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Abstract

This thesis presents novel Bayesian machine learning-based approaches to selected prob-

lems in finance. We investigate and model perceived market inefficiencies with respect to

curated financial data sets, then assess market trading and investment strategies, yielding

the following three contributions.

Firstly, we consider a modern deep learning prediction model given intraday limit

order book data constituting of a subset of Eurodollar futures contracts, the popular and

liquidly traded set of interest rate derivatives. The data is spatio-temporal in nature, such

that the model utilises convolutional neural networks for automated feature extraction and

recurrent neural networks for time series prediction. We show how to train the network

to yield short-term forecasts paired with aleatoric uncertainty estimates by specifying a

suitable loss function. Further, we estimate an approximation to epistemic uncertainty via

a pseudo-Bayesian deep learning method. This work demonstrates the utility of the model

output for deciding the relative allocation of risk capital across trades. That is, investment

sizes are scaled between trade opportunities in a principled and data-driven way. We

calculate the trading benefit and demonstrate model outperformance relative to strategies

that either do not take uncertainty into account, or that utilize an alternative-yet-common

market-based statistic as a proxy for uncertainty.

The Black-Litterman model extends the framework of the Markowitz Modern Portfo-

lio Theory to incorporate investor views. In our second work, we recognise this extension

as a Bayesian formulation, and relate view uncertainty to its aleatoric or epistemic counter-

part. We consider the novel case where multiple view estimates, including uncertainties,

are given for the same underlying subset of assets at a point in time. We find that data

fusion techniques – for combining similar information from multiple sources – can help to

synthesise a collection of views into a single investment strategy. In particular, we present

consistency-based methods that yield fused view and uncertainty pairs; such methods

are not common to the quantitative finance literature. We show a relevant, modern case

of incorporating machine learning model-derived view and uncertainty estimates, and

the impact on portfolio allocation, with an example subsuming Arbitrage Pricing Theory.

Hence we show the value of the Black-Litterman model in combination with information

fusion and artificial intelligence-grounded prediction methods.

Our third contribution further leverages preceding work. We devise a novel Bayes-

based conditional factor model for a multivariate portfolio of United States equities in

the context of analysing a statistical arbitrage trading strategy. A state space framework

underlies the factor model whereby asset returns are assumed to be a noisy observation of a



linear combination of factor values and latent factor risk premia. Filter and state prediction

estimates for the risk premia are retrieved in an online way. Such estimates induce filtered

asset returns that can be compared to measurement observations, with large deviations

representing candidate mean reversion trades. Further, in that the risk premia are modelled

as time-varying quantities, non-stationarity in returns is de facto captured. We study an

empirical trading strategy respectful of transaction costs and demonstrate performance

over a long history of 29 years, for both a linear and a non-linear state space model. Our

results show that the model is competitive relative to other methods, including simple

benchmarks and other comparable innovative approaches published in the literature. Also

of note, while strategy performance degradation is noticed through time – especially for the

most recent years – the strategy continues to offer compelling economics, and has scope

for further advancement.
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Chapter 1

Introduction

1.1 Preliminaries

This thesis concerns novel Bayesian machine learning-based approaches to financial trading

and investment. Such approaches amount to quantitative strategies that are necessarily data

dependent insofar that economic ‘edge’ can be identified, tested, and/or modelled, with a

subsequent possibility of being earned. In alternative terms, edge represents the knowledge

of a logical action one could take that yields an outcome with positive expectancy. We

adhere to a stylised workflow for end-to-end strategy development observable – if not

explicit – in a large subset of the decades-long history of academic literature and publicly

available industry media, and still very much relevant today. This workflow is given by:

(i) Sourcing raw data and constructing a clean data set from it;

(ii) Making use of the cleaned data to investigate and model aspects of a hypothesised

market edge; and then

(iii) Implementing a terminal strategy attempting to capture the edge optimising for some

preferred statistic(s), such as maximising returns (or risk-adjusted returns).

These steps have been subject to scrutiny, and implemented with due care, in creating

the contributions presented within this thesis. Not the least, the interdependence between

these three steps is clear; for example, one can hardly estimate a (statistical) model without

data, or execute the market-facing (probability distribution-dependent) strategy without an

estimated model. Also, each of the three steps require unique technical approaches and

nuanced thought processes. Because of this, the consideration and effort devoted to each

step was almost equal.

Elaborating on approach, handling data is a critical responsibility, and for a given

project a task that often needs to be managed intricately. The workflow item (i) can
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be conceptualised in two parts, beginning with sourcing and curating the raw data. In

practice, data used for financial applications can take many forms, be it time series data

generated by market order books, or data representing visual imagery or text. The term

‘big’ data has been popularised in recent years, suggestive of curated, managed data sets

whose size have become increasingly large with respect to the volume of data that they

contain. The management of large data sets often requires dedicated oversight. Also,

many data sets are becoming increasingly valuable, evidenced by the growing (real) cost

of obtaining them. With respect to useful financial data, avoiding such costs is unlikely,

whether the data is obtained via proprietary or otherwise gated repositories, or collected

from the public domain. For this work, we make use of two raw data sets collected from

well-known financial data providers – Thomson Reuters, and Wharton Research Data

Services (WRDS)1. Given raw data, a natural next step is to clean – or ‘preprocess’ – it for

its intended use. Preprocessing includes inspecting the data set for erroneous or unexpected

values, including missing data or data containing an insidious bug. We support efforts that

engage in detailed and early data cleaning to minimise the need to rework the subsequent

analysis that is necessarily dependent on that data. Finally, a data set may be expanded

upon by engineering and storing additional data features useful for downstream modelling

and analysis. Throughout this work, such tasks are supported by the Structured Query

Language (SQL) and Python programming language.

Despite the similar importance we ascribe to the workflow items, it is step (ii) above,

pertaining to investigating and modelling edge, which commands the greatest amount

of attention within this thesis. Ultimately, this work explores modern Bayesian machine

learning for finance, and it contains innovations around particular modelling tasks. As

George Box stated, “All models are wrong, some are useful” [2]; we certainly find the

usefulness of models for gaining insight from well-engineered data and with respect to a

perceived edge. To be clear, there is no suggestion that a model itself is the edge. Edge can

be found in sources such as academic theory, financial market experience and knowledge,

1In the spirit of open science we describe how to retrieve and process these data sets, though regretfully

they are gated such that we are prohibited from providing free and direct access.
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or inspired data exploration and analysis; models often help to sharpen understanding of

edge. In any case, present day modelling in cross-domain research continues to evolve

alongside the broader, burgeoning theme of Artificial Intelligence (AI). The literature

has become saturated with contributions containing machine learning-based modelling.

Some of these models were conceptualised in decades past, while others represent bleeding

edge innovation. Regardless, researchers refocus on – and further development of –

such models has been catalysed by ever more powerful computing resources and big

data. The quantitative finance modeller’s toolkit has been expanded in large part by deep

learning, and innovations to architecture of neural network models. To their advantage,

the modeller can conceive of fresh approaches to the enduring problem of estimating

predictive or explanatory relationships between variables. Also, particular classes of

machine learning models have natural Bayesian or pseudo-Bayesian extensions, yielding

frameworks inclusive of a notion of model uncertainty. Such frameworks yield flexible

and expressive models; this can benefit terminal strategies for trading and investment that

subsume estimates of uncertainty.

Many model-supported edges in quantitative finance entail mappings between data

and a vector of expected return estimates for a future time increment, as well as the

associated return covariance matrix, for a collection of assets. Given this, one can take

the actions to buy or sell these assets with the view to optimise some performance criteria.

Deciding exactly how much to buy and sell falls into the remit of the terminal strategy of

workflow step (iii). Theoretically optimal strategy can be found in Markowitz’s Modern

Portfolio Theory (MPT) [3], under whose assumptions one may choose portfolio weights

for the target assets on an ‘efficient frontier’, upon solving a mean-variance optimization

problem. Many investors seek a portfolio on the efficient frontier maximising the Sharpe

ratio, a performance measure of (excess) return per unit of risk [4]. MPT can be extended

to account for practical realities of trading and investing, including transaction costs and

the market impact of trade execution – both of which can be a function of portfolio size

– as well as adjustments for investor risk preferences. Bayesian modelling extends the
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MPT framework, whereby ‘epistemic’ – or model – uncertainty adjusts the estimates of

the return distribution parameter, and hence the optimal portfolio weights. Other strategies

include the Kelly criterion [5], which finds the optimal proportion of bankroll to wager to

maximise portfolio growth, given a known edge with a known payout. Canonically, Kelly

is often described in the context of discrete bets, though it has a continuous extension. We

explore the connection between the Kelly criterion and MPT in the next chapter. Thirdly,

there are many simplified terminal strategies in the literature, for example, unit sizing long

or short based on a directional signal. In that such actions are not theoretically justified, we

do not consider them here. There are, however, more ad hoc rules-based sizing strategies

for capturing edge, often dependent on strong assumptions about the nature of asset price

evolution. One such assumption is the propensity for large error deviations to mean

revert; we will visit this in the context of statistical arbitrage trading later in this document.

Given a terminal strategy, one can test for capturing an edge on historical data, and/or

implement the strategy in production – potentially within a broader portfolio – quantifying

performance in terms of various statistics of return and risk. In practice, there are often

additional considerations for terminal strategy around risk management, though we deem

this predominantly beyond the scope of this work2.

1.1.1 Aside: Edge at (time)scale

A large subset of financial market participants concern themself with the search for edge.

Edge can be ephemeral, nebulous and hard found. There are also relatively simple and

genuine edges straightforwardly retrievable from the public domain. The existence of edge

is despite the Efficient Market Hypothesis (EMH) and its suggestion that market prices are

set with respect to all available information at any time [7]. From this, one might infer

edge does not exist; we proceed assuming that it does.

Edge – and any associated quantitative strategy workflow – can be conveniently

2Those in the investment management industry should see [6] for a thought-provoking resource on this

theme.
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categorised in a variety of ways. A natural mode of thinking considers edge with respect to

the time scale on which (a practitioner, or computer) executes the buying and selling of

financial assets relevant to the strategy. Conversely, setting a time scale in which to pursue

an edge begets myriad considerations for the tasks of data sourcing, edge modelling, and

terminal strategy implementation. Any strategy’s scale, or the implied bankroll capacity

for pursuing the edge, is an additional and non-trivial consideration.

For example, market actions taken over periods of fractions of a second, or mere

seconds, are the domain of high-frequency trading (HFT). An edge in this domain sees

market makers compete to settle buy and sell orders brought to market, with an emphasis

on speed of order fulfillment and spread capture. Like other reactive intraday trading

strategies over periods of seconds and minutes, the trader may achieve remarkable Sharpe

ratios (amongst other favourable strategy performance statistics), net of transaction costs.

Annualised Sharpe ratios for successful firms have been reported to be in the range of

2-5, and possibly higher (for example, see [8, 9]). Limitations of any such strategies may

include their relatively brief period of exploitability (whether edge erosion is a consequence

of extreme competition, seasonality, or otherwise), or their relatively low capacity for

sizing, within a particular market. An operator in the space might like to consider an

ever-wider breadth of markets to trade in search of scale.

Mid-frequency trading, such as strategies executed intraday at the order of minutes

and hours, or even interday, may include the well-known momentum trading strategy,

mean-reversion trading, and other systematic and opportunistic strategies. These strategies

exhibit performance metrics that appear good taken in their own rite, though quoted

Sharpe ratios are often significantly worse than for HFT. On the other hand, mid-frequency

strategies may be compensated by better trade capacity, and a reduced cost of pursuit –

and are still in the keen focus of market participants.

Let us term ‘investment’ (rather than ‘trading’) those market actions with the lower

– yet still acceptable – net Sharpe ratios, and executed over the longest time frames with

portfolio’s varying over the timescale of weeks, months, quarters and years. These strategies
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are often the target for deployment of the largest pools of capital. Across these categories,

and for the broad spectrum of both traditional and modern asset classes, diverse market

participants have produced an abundance of theory, experimental results, and practical

case studies. In this context, we leverage Ross’s Arbitrage pricing theory (APT) [10] and

choose an equity factor model as the backdrop to the investment strategy of Chapter 4.

With respect to these preliminaries on quantitative strategyworkflow given a perceived

edge, we present the objectives of this thesis, and its contributions.

1.2 Objectives

The motivating objective of this thesis was to examine the role of uncertainty estimation

within the quantitative strategy workflow introduced above. There were three subobjec-

tives:

• To explore (ii) and (iii) with clear reference to uncertainty estimation. Hence, we

could assess how uncertainty estimation contributed to a strategy (if at all).

• To perform experiments with respect to strategies inspired by edges spanningmultiple

time scales of action.

• To complete the necessary data preparation, per (i), to enable our experimental work,

and to clearly present how the processed, clean data set was constructed.

Given these objectives, we were able to make the following contributions to the

academic literature.

1.3 Contributions

Our primary contributions are based on the development of research that led to two peer-

reviewed, published works, and a third work available in the public domain and submitted

for peer review.

In the first work, for a high-to-mid-frequency trading setting, we adapt DeepLOB

[11], a deep learning model designed for limit order book (LOB) data, augmented for
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modelling spatio-temporal data and pseudo-Bayesian uncertainty estimation. We test the

models’ predictive capabilities, and aleatoric and epistemic uncertainty estimates, with

respect to a trading strategy optimising for portfolio Sharpe ratio. The model is applied

to a large collection of United States dollar (USD)-denominated interest rate futures. We

find that the model uncovers and exploits lead-lag temporal correlations that are strongest

between adjacent contracts within the term structure.

Inspired by field of portfolio optimization, we explore a Bayesian analogue of

Markowitz portfolio theory: the well-known Black-Litterman model [12]. We consider

the novel case of a manager synthesising multiple investor view estimates – where views

consist of expected return and uncertainty assessments – before deciding terminal portfolio

allocation. In combining views, we do not assume their independence, but instead call

algorithms from the information fusion literature to summarise them, and hence extend

the Black-Litterman model for the case of multiple views. We demonstrate the impact of

fusion on terminal strategy portfolio metrics, net of transaction costs, for large investors

with relatively slow rebalance periods for a large asset pool.

In our final project, noticing a state space representation implicit within the dynamic

Black-Litterman conditional factor model framework, we consider a classic mid-frequency

trading strategy respective of factor evolution. Indeed, we find a novel approach to statis-

tical arbitrage for a long history of equities data, and demonstrate how high-performing

if not simple models are further enhanced when uncertainty is explicitly modelled. Our

results are comparable with other well-known published studies, that also serve as mean-

ingful benchmarks; our approach is favourable not only to these works, but also yields

commendable performance statistics on an outright basis over a long history of 29 years.

Finally, before any experiments could be completed, it was important to construct

two data sets, spanning time scales and asset classes. Throughout this thesis, we present

clear and detailed accounts outlining processes for data collection and the construction

of finalised, clean data sets. This not only gives clarity with respect to our experimental

process, but can also assist interested researchers with reproducibility.
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1.4 Outline of thesis

We offer a literature review in Chapter 2, in two parts. The first part reviews the evolution of

Bayesian modelling and machine learning, as it relates to understanding the edge within our

strategies. We review the concepts of aleatoric and epistemic uncertainty, and estimation

(or approximation) thereof. We briefly review classical (Bayesian) time series models, as

well as state space models and Gaussian process models for time series. This contrasts

with the subsequent sections focussed on deep learning methods. This includes deep neural

networks, as well as tree-based ensemble methods, which have both found utility for

modelling financial data.

In the second part, we have an explicit focus on portfolio optimization as a framework

for our terminal strategy of capturing edge in financial trading and investment. On the one

hand, we consider the classic risk-adjusted return framework for portfolio optimization of

Markowitz, and a Bayesian extension in the Black-Litterman model. In contrast, and for

completeness, we also review the well-known Kelly criterion for optimizing the growth

rate of a bankroll assuming the existence of favourable discrete wagers. We also consider

an extension for assuming asset returns modelled by a log normal distribution, and compare

it with the approach of Markowitz.

Our research depends on two data sets – one for each of the two asset classes that we

examined. We describe these data sets in detail throughout, including the sources for the

raw data or other data that we accessed, as well as the details of the preprocessing steps

including that way the data was (i) cleaned, and (ii) expanded with additional variables

upon feature engineering.

In Chapters 3 to 5, we adapt our completed project work into chapters reminiscent of

their published (or submitted) manuscripts. This includes, respectively, the aforementioned

contributions relating to (i) position sizing with model uncertainties for intraday trading;

(ii) view fusion for investing; and (iii) noise filtering for statistical arbitrage trading. We

conclude in Chapter 6 with a summary of the thesis.



Chapter 2

Literature review

2.1 Introduction

In this chapter we provide a two-part review of some key ideas from the academic literature

that have relevance with regard to modern quantitative finance. The first part pertains

to the statistical modelling toolkit that underlies the research contained in later chapters.

There is a particular focus on Bayesian model extensions and approaches to uncertainty

estimation. The second part revises classical – yet essential – notions of how the prediction

and uncertainty estimates gleaned from such models come to have a bearing on trading

and investing. Per the prior chapter and with respect to end-to-end strategy development

for quantitative finance, the necessity of joint consideration of these two parts anchors the

underlying philosophy of this thesis. The chapters subsequent to this brief review contain

ideas extending this well-known literature, which provide empirical support to the case for

incorporating Bayesian machine learning in finance.

2.2 Models in support of edge

An age-old mantra of financial market traders and investors is ‘buy low, sell high’. This

seemingly simple pair of actions is made difficult, or course, in that they are performed

sequentially in time. This induces the possibility of a realised profit or loss on capital, even-

tually. In this sense, the notion of ‘edge’ amounts to some minimal useful knowledge about

an asset’s value that skews some strategy’s payout (net) positive – at least in expectation.

Edge can be found via theory, intuition, and experience, and in present day quantitative

finance is often supported by suitable data and scientific modelling frameworks. Edge

can manifest in a variety of forms. This manuscript is mostly concerned with cases of
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straightforward edge with respect to asset returns1.

Given an asset price 𝑆 a canonical model (see, for example, [14]) supposes price

changes are Normally distributed on small time increments Δ𝑡:

𝑆𝑡+Δ𝑡 − 𝑆𝑡
𝑆𝑡

=∶ 𝑟𝑡+Δ𝑡 ∼ 𝑁(𝜇Δ𝑡, 𝜎2Δ𝑡), (2.1)

with parameters 𝜇 and 𝜎2 denoting the (annualised) mean and variance, respectively, of

returns 𝑟𝑡+1. Of course, these parameters are unknown and subject to specification; the

parameters can be straightforwardly estimated, for example, by calculating empirical

averages given a batch of historical data. There exist many alternative models of asset

returns, born of diverse schools of thought. A classic model of expected returns from

portfolio theory is given by the Capital Asset Pricing Model (CAPM) [15]:

𝔼𝑟𝑡 = 𝑟𝑟𝑓,𝑡 + 𝛽(𝔼𝑟𝑚,𝑡 − 𝑟𝑟𝑓,𝑡). (2.2)

Here 𝑟𝑚,𝑡 denotes the market return, and 𝑟𝑟𝑓,𝑡 the (deterministic) ‘risk-free’ rate of return.

The real-valued parameter 𝛽 relates the expected asset return, denoted 𝔼𝑟𝑡, in proportion

to the expected return of the market, 𝔼𝑟𝑚,𝑡; the CAPM relationship says that an asset’s

expected return depends only on its exposure to undiversifiable (systematic market) risk.

In extension of CAPM, factor models of returns were introduced in Ross’s APT [10].

In this model, systematic risk is decomposed into a linear combination of interpretable

factors, yielding a more granular expression of asset return drivers:

̃𝑟𝑡 = 𝜷𝑓𝒓𝑓,𝑡 + 𝜖𝑓, (2.3)

In this relationship, ̃𝑟𝑡 denotes excess returns (that is, returns in excess of the risk-free

rate), while the real-valued vectors 𝜷𝑓 and 𝒓𝑓,𝑡 contain factor betas (or exposures) and

factor values, respectively. Further, 𝜖𝑓 is an independent and identically distributed (i.i.d.)

zero-mean white noise process with some variance 𝜎2
𝑓 . Specifying the factors precisely,

especially what they represent and how many factors are used, is an area of decades-long

1Evidently, there is a wide range of literature for financial market prediction that does not concern

returns; in the recent review of [13], note that only about 18% of the 57 articles do (per Table 17).
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and unsettled research. Regardless, the works of Fama and French [16, 17] and Carhart

[18] present fundamental economic factors that continue to endure in both industrial and

academic modelling frameworks, such as firm size, value, and return momentum.

Amodel of returns often analysed from the perspective of researchers in fields such

as applied mathematics, statistics and engineering is of the form

𝑟𝑡+Δ𝑡 = 𝑓(𝒙𝑡) + 𝜖𝑛, (2.4)

for 𝑓 a function of a vector of real-valued data 𝒙𝑡 known at time 𝑡, and an i.i.d. zero-mean

white noise process 𝜖𝑛 with variance 𝜎2
𝑛. Here 𝑓 is some linear or non-linear parametric

function, and 𝒙 can be collected from diverse sources and subsumes both cross-sectional

and time series data deemed to be sufficiently predictive of returns. The specification of,

and estimation methods for, 𝑓 has broadened with recent advances in machine learning

research. Some of the most transformative methods are introduced in this chapter and used

as part of trading or investing strategies as shown in later chapters.

Similarly, a catalyst for the recent innovation with respect to modelling and model

estimation has been data development – especially data sets becoming increasingly large in

size, and novel in their content. Such data takes various forms. Asset price and return time

series data is ubiquitous, though can have high barriers to access. Alternative financial

data increasingly includes image data such as satellite imagery of the earth’s surface,

text data such as news articles or official speech transcripts, and myriad qualitative and

quantitative data representing consumer activity. In current times, financial data continues

to be collected, stored, and managed as an item of exceedingly high value. Further, data

sets may show a low price elasticity of demand [19].

The equations (2.1)-(2.4) are applicable in a variety of trading and investing settings.

They supported the investigation of edge that underlies this thesis. With respect to Equation

(2.4), we found instances where simpler and more parsimonious specifications of 𝑓 were a

better fit within an end-to-end strategy, though this was not always the case. This suggests

that a modeller’s toolkit is enriched by a diverse range of modelling methods. Further,

the returns model is obviously amenable to various extensions, many that present in later
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chapters. The literature contains examples including those extending an asset return to a

vector of potentially correlated asset returns, paired with a return covariance; incorporating

models for time-varying error (co-)variance; updating the model target to a mean-reverting

idiosyncratic error variance of return spreads; and incorporating Bayesian analysis to

model parameter uncertainty, which includes hierarchical models for factors. This thesis

gives special consideration to the latter theme of Bayesian analysis and its consequences

within a broader trading and investing strategy. We review Bayesian frameworks briefly

throughout.

2.2.1 Established Bayesian paradigms

A Bayesian framework

The relationship given by Equation (2.4) is inherently probabilistic, and the density function

𝑝(𝑟|𝒙) is clearly Gaussian. If the density 𝑝 is known it may be used, along with some

query data denoted 𝒙∗, to make a prediction about the random, unobserved quantity 𝑟|𝒙∗,

which is naturally given by the expected value 𝔼(𝑟|𝒙∗). The associated prediction variance

var(𝑟|𝒙∗) represents a measure of prediction ‘uncertainty’ that is aleatoric in nature. It

is an irreducible quantity characteristic of the underlying randomness assumed for 𝑟|𝒙.

Taken as a pair, the prediction and associated uncertainty are critical inputs to the trading

strategies used in later chapters.

On the other hand, to progress with model-based inference – still with respect to

Equation (2.4) – one typically (i) sets the functional form of 𝑓, and (ii) assumes that 𝑓 is

parameterised by the elements of some estimable parameter vector 𝜽𝑓. In the case of (i),

it is implicitly assumed that the choice of 𝑓 is sufficient for describing the true – but, for

our problems of interest, unknowable – relationship 𝑓∗ mapping 𝒙 to 𝑟. That is, we do

not suppose the existence of any model error between 𝑓 and 𝑓∗ induced by a misspecified

functional form.

Considering the case of (ii), first define 𝜽 = (𝜽𝑓, 𝜎2
𝑛). The parameter vector 𝜽

has quantities seldom ‘known’ but that are estimated given suitable data. This can be
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achieved by the principle of maximum likelihood: given a set of 𝑛 observed data points

𝒟 ∶= {(𝒙𝑖, 𝑟𝑖) ∶ 1 ≤ 𝑖 ≤ 𝑛; 𝒙𝑖 × 𝑟𝑖 ∈ ℝ𝑑 × ℝ} an estimate ̂𝜽 is a maximiser of the

likelihood function 𝑝(𝒟|𝜽), with respect to 𝜽. Further, the parameter vector 𝜽 can also be

modelled distributionally; then, for a random sample of observed data representative of the

true population, beliefs about 𝜽 can be refined. This concept forms a basis for Bayesian

inference. Firstly, a prior distribution is assumed that reflects beliefs about the parameters,

𝑝(𝜽). Then by Bayes’ rule, the prior is updated via the likelihood yielding the parameter

posterior distribution given data: 𝑝(𝜽|𝒟) ∝ 𝑝(𝒟|𝜽)𝑝(𝜽). For a query data point 𝒙∗, the

(posterior) predictive distribution can be written

𝑝(𝑟|𝒙∗, 𝒟) = ∫ 𝑝(𝑟|𝒙∗, 𝜽)𝑝(𝜽|𝒟)𝑑𝜽. (2.5)

From this density one can compute the updated point prediction 𝔼(𝑟|𝒙∗, 𝒟) and predic-

tion variance var(𝑟|𝒙∗, 𝒟), which integrate probabilistic beliefs about 𝜽 updated for the

observed data.

It is convenient that given suitable assumptions about the functional form of the prior,

the posterior predictive distribution – and the corresponding expectation and variance – is

solvable in closed form. Though this is not always the case. For example, for the class of

problem relating to classification, which models the probability the target 𝑟 takes the value

of any of a discrete set of class labels, then Equation (2.5) is an intractable integral. In such

cases, methods for numerical integral approximation are often necessary [20]. Variational

inference is another established statistical technique for estimating intractable distributions;

we have added some preliminary details to Appendix A below.

The Bayesian framework implies an additional contribution to model uncertainty

induced by the prior and posterior distributions of 𝜽, which we call the epistemic un-

certainty. While the aleatoric and epistemic uncertainty are not strictly decomposable

as components of the total predictive uncertainty, the law of total variance makes for a

compelling distinction:

var(𝑟|𝒙∗, 𝒟) = var𝜽|𝒟(𝔼(𝑟|𝒙∗, 𝜽)) + 𝔼𝜽|𝒟(var(𝑟|𝒙∗, 𝜽)). (2.6)
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On the right-hand side of the equation the subscript on the outer variance and expectation

terms denote that the integral is calculated with respect to the conditional density for 𝜽|𝒟.

The terms are representative of epistemic and aleatoric uncertainty, respectively, in the

Bayesian framework. We will see there are benefits to such a decomposition; for example,

for deep learning it forms the basis of a pseudo-Bayesian approximation to estimating

uncertainty for a neural network in both regression and classification settings [21, 22]. But

first, we recall Gaussian process regression as a paragon of Bayesian modelling.

Gaussian process regression

Gaussian process (GP) regression generalises inference from that concerning finitely many

latent random variables as in the Bayesian framework above, to inference that concerns

(potentially, infinite dimensional) random processes [23]. This yields an alternative, non-

parametric Bayesian methodology for estimating dependence relationships given data. A

key introductory reference to GP is given by [24], which influences the following outline

(and partially, notation).

Consider a function 𝑓 mapping from its domain 𝒳 to the real numbers ℝ. Then 𝑓 can

be perceived as a stochastic process, that is, a collection of random variables – potentially

of infinite size – indexed by each point 𝒙 ∈ 𝒳. Suppose further that the process 𝑓 has a

GP prior, which we write 𝑓 ∼ 𝐺𝑃(𝜇, 𝑘) for a mean function 𝜇 and covariance function 𝑘

called the kernel. Then by the definition of a GP, for any finite collection on 𝑚 elements

from 𝒳 – that we write as 𝑿 = {𝒙1, ..., 𝒙𝑚} – the corresponding finite set of random

variables 𝑓(𝑿) ∶= {𝑓(𝒙1), ..., 𝑓(𝒙𝑚)} has a multivariate normal distribution. That is,

𝑓(𝑿) ∼ 𝑁(𝝁(𝑋), 𝐾(𝑋, 𝑋)) with mean vector

𝝁(𝑋) = [𝝁(𝒙1), ..., 𝝁(𝒙𝑚)]
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and covariance matrix defined in terms of the kernel as

𝐾(𝑋, 𝑋) =

⎡
⎢
⎢
⎢
⎢
⎣

𝑘(𝒙1, 𝒙1) … 𝑘(𝒙1, 𝒙𝑚)

⋮ ⋱ ⋮

𝑘(𝒙𝑚, 𝒙1) … 𝑘(𝒙𝑚, 𝒙𝑚)

⎤
⎥
⎥
⎥
⎥
⎦

.

Oftentimes it is assumed that the mean function is everywhere zero, for example, in

the case of de-meaned data. The derivations below continue under this assumption. Also,

in specifying the kernel, 𝐾 must be a positive semi-definite matrix.

A GP is suitable for modelling the relationship in Equation (2.4), despite the presence

of the additional noise term. Indeed, in assuming the i.i.d. zero-mean white noise nature

of the noise process, it can be subsumed into our GP modelling framework by addition to

the diagonal of the covariance matrix:

𝐾(𝑋, 𝑋) → 𝐾(𝑋, 𝑋) + 𝜎2
𝑛𝐼,

for 𝐼 an 𝑚 × 𝑚 identity matrix [25].

Continuing with our returns model, suppose we have the set of 𝑚 training data2

𝒟 ∶= {(𝒙𝑖, 𝑟𝑖) ∶ 1 ≤ 𝑖 ≤ 𝑚; 𝒙𝑖 × 𝑟𝑖 ∈ ℝ𝑑 × ℝ}, and write 𝒓 = {𝑟1, ..., 𝑟𝑚}. Then fitting

a GP amounts critically to kernel engineering – that is, selecting an appropriate functional

form for the kernel before optimizing the free hyperparameters given observed data. The

optimisation objective is to minimise the negative log-likelihood

− log 𝑝(𝒓|𝑋) ∝ 1
2

𝒓𝑇(𝐾(𝑋, 𝑋) + 𝜎2
𝑛𝐼)−1𝒓 + 1

2
log |𝐾(𝑋, 𝑋) + 𝜎2

𝑛𝐼|.

At prediction time, given 𝑚∗ test points 𝑋∗ = {𝒙∗
1, ..., 𝒙∗

𝑚∗}, one yields prediction

estimates for the corresponding 𝒓∗ = {𝑟∗
1, ..., 𝑟∗

𝑚∗} based on a conditioning property of

the Gaussian distribution. Indeed, it can be shown that 𝑝(𝑓(𝑋∗)|𝑋∗, 𝒟) is the density of a

Gaussian random variable with mean and covariance given by, respectively,

𝜇∗ = 𝐾(𝑋∗, 𝑋)[𝐾(𝑋, 𝑋) + 𝜎2
𝑛𝐼]−1𝒓

Σ∗ = 𝐾(𝑋∗, 𝑋∗) − 𝐾(𝑋∗, 𝑋)[𝐾(𝑋, 𝑋) + 𝜎2
𝑛𝐼]−1𝐾(𝑋∗, 𝑋)𝑇.

2We drop the time label 𝑡, for brevity of notation.
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It follows that 𝒓∗|𝑋∗, 𝒟 is itself Gaussian with mean 𝜇∗ and covariance Σ∗ + 𝜎2
𝑛𝐼.

The chief bottleneck of naively applying GP models is in the necessary inversion of

the covariance matrix. Given 𝑛 data points, and hence an 𝑛 × 𝑛 covariance matrix, one

finds 𝑂(𝑛3) computational complexity. The limitation imposed by this requirement is

even more challenging in modern ‘big data’ regimes, where 𝑛 can be large indeed. There

exist approximation-based methods for scaling GPs for big data applications, though this

is an ongoing research domain. Recent attempts include those of [26, 27]. On the other

hand, for financial applications with relatively smaller data set sizes, GPs are indispensable

inclusions to the modeller’s toolkit. Further, it should be noted that GPs are suitable for

modelling both spatial and time series data [25].

State space modelling

We briefly note an historic class of time series models that, though perceivable as ‘classical’,

nonetheless display utility in Chapters 4 and 5 that follow. State space models relate

the evolution of a latent stochastic process indexed by discrete time to noisy process

observations. A linear Gaussian state space model is given by the time-varying system of

equations:

𝒙𝑘+1 = 𝑨𝑘𝒙𝑘 + 𝝐𝒙
𝑘 , (2.7)

𝒚𝑘 = 𝑩𝑘𝒙𝑘 + 𝝐𝒚
𝑘 . (2.8)

All quantities are indexed by time 𝑘. Here 𝝐𝒙
𝑘 and 𝝐𝒚

𝑘 model independent zero-mean white-

noise processes with respective covariances 𝚺𝑥
𝑘 and 𝚺𝑦

𝑘, assumed to be known functions

of time. The matrices 𝑨𝑘 and 𝑩𝑘 are also assumed to be known functions of time. We

call Equations (2.7) and (2.8) the ‘state’ and ‘measurement’ equations, respectively, for

the latent random state 𝒙𝑘 and noisy measurement 𝒚𝑘. Given the system parameters,

probabilistic beliefs about the state can be inferred, and these beliefs can be iteratively

updated given measurement data by Bayesian inference.

The Kalman filter is a well-known algorithm for efficient, online state estimation

given streaming observation data. The algorithm has a long history and has been the focus
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of many extensions and improvements. For example, the state space modelling framework

can be extended for the inclusion of exogenous data, for modelling parameter uncertainty

in the specified terms, and can handle missing data [28, 29]. Per subsequent chapters, the

framework can also model non-linearities at the level of both the state and measurement

equations and can handle multiple measurements from alternative sources in the same time

step. A full account of state space modelling is beyond the scope of this work, and we

defer interested readers to the references within this and later chapters of this manuscript.

2.2.2 Deep learning

Artificial neural networks (ANN) are of historic importance for modelling non-linear

relationships between data. ANNs were put on a mathematical basis by the physiology-

inspired description of an artificial brain neuron by McCulloch and Pitts in the 1940s [30].

Subsequently, Rosenblatt’s Perceptron [31] demonstrated a basic neural network for binary

classification. The theory of ANNs has seen rapid development since; a good introduction

to ANNs starting from the Perceptron can be found in [32]. Of chief importance is the

universal approximation theorem that puts the use of ANNs on a strong theoretical basis –

we see that single-layer ANNs with a finite number of nodes can approximate a continuous

function with compact support arbitrarily well, under certain conditions [33, 34].

Though decades old, the effectiveness of deploying neural networks for solving a

variety of problems continues to be demonstrated, and improved. There are many historical

reasons for this, but in the last decade the neural network-based field of deep learning

has burgeoned. A key driver of the modern resurgence of neural network models is

attributed to acceleration in computer hardware development [35]. Indeed, the availability

of computing power has allowed for the processing of increasingly large data sets, while

concurrently neural network architectures have gained increasingly more layers, parameters

and consequently, complexity. So called ‘deep’ neural network learning is popularly

presented in [36], and a thorough recent history of innovation in deep neural networks can

be found in [37].
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In this subsection, we review some key deep learning model architectures based on

feedforward and recurrent neural networks, and some concepts of model estimation. We

describe the complexity and practical challenge of estimating theoretically justified deep

Bayesian models, and present approximation methods that present compelling substitutes.

Deep learning should be of interest to quantitative finance researchers as a collection of

supplementary methods in support of data modelling and analysis.

Feedforward neural networks

A feedforward neural network (FNN) can be described in terms of a vector of input data

𝒙, target output vector 𝒓, and at least one intermediate – or ‘hidden’ – layer containing

one or more nodes, which taken together parameterise a latent function 𝑓. Sometimes this

structure is referred to as a ‘multi-layer perceptron’.

For a FNN, each of the 𝑗 nodes of the 𝑖𝑡ℎ hidden layer are associated a real-valued

weight vector 𝒘𝑖𝑗 and bias term 𝑏𝑖𝑗, and calculation ℎ(𝑖𝑗) given by

ℎ(𝑖𝑗)(𝒙(𝑖−1); 𝒘𝑖𝑗, 𝑏𝑖𝑗) = 𝜎𝑖𝑗(𝒘𝑖𝑗𝒙(𝑖−1) + 𝑏𝑖𝑗). (2.9)

Activation functions 𝜎𝑖𝑗(.) are mappings applied to the linear transformation of the node

input that (typically) contribute to expressing any non-linear relationship between 𝒙 and

𝒓. To be clear: for input data 𝒙(𝑖−1) into hidden layer 𝑖, the corresponding output data

𝒙(𝑖) is a vector with 𝑗𝑡ℎ element given by the scalar value of Equation (2.9). Of course,

(𝒙(0), 𝒙(𝐿)) = (𝒙, 𝒓) for 𝐿 the number of network layers. In modern parlance ‘deep

learning’ refers to neural network models where 𝐿 is at least three, corresponding to two

hidden layers – though there is not a strictly defined threshold.

Some FNNs are designed with additional structure – we briefly present two such

models, beginning with the autoencoder. An autoencoder is a FNN with multiple hidden

layers that can be described as two parts. The first part is an ‘encoder’ component –

a collection of upstream hidden layers within the network architecture with (typically)

a decreasing number of hidden layer nodes with layer depth. This is followed by a

corresponding ‘decoder’ – a collection of subsequent hidden layers within the network
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architecture with (typically) an increasing number of nodes with layer depth. Often,

the input data and the target output are the same. An estimated model can be applied,

for example, with respect to the two parts. Firstly, the encoder can be used to reduce

the dimensionality of the input data, whereby the network learns a lower-dimensional,

compressed representation of the input as preprocessing for downstream tasks. On the

other hand, the decoder can be used to reconstruct data of the original dimensionality.

Another FNN dominant in the deep learning literature is the convolutional neural

network (CNN) [38]. A CNN has input data with some ordering. For many applications,

the input data is spatial in nature, and includes, for example, 2D images represented as

numerical data, such as a colour gradient across a pixel grid, and 3D data represented as a

collection of 2D representations across multiple ‘channels’, such as a RGB colour scheme.

Regardless, within a CNN a hidden layer amounts to sliding ‘filters’ – or ‘kernels’ – of

varying size over the input space, with filter weights (and subsequent activation functions)

learning summary feature maps across the input. Filters can be stacked, or themselves

have channels, to learn multiple latent feature representations, and can potentially learn

both fine and coarse features of the input data. Many CNN architectures also include

downsampling layers, which can reduce model dimension, and is thought to contribute

translation invariance to the model. Of course, adding CNN layers to a model adds to the

set of hyperparameters for consideration, such as kernel dimension, stride value, and the

particulars of the pooling layers. Choices for these terms can be empirically determined.

There are many examples of the successful modelling of spatial input data using

CNNs. For example, in the domain of computer vision, the tasks of model-based image

classification and object detection have been vastly improved [39]. FNNs, including CNNs,

have also been used for sequence modelling, hinting at use cases for modelling time series

[40]. Further, researchers have shown that a combination CNN-LSTM network can be

effective for modelling spatio-temporal data [41] – the architecture is designed for sequence

prediction problems with spatial inputs. Considering this, we proceed to discuss the long

short-term memory network (LSTM), or more generally, the recurrent neural network
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(RNN), next.

Recurrent neural networks

Consider a sequence of input data with a discrete index set that we will use to denote time:

{𝒙1, ..., 𝒙𝑡}. A RNN [42] – an alternative class of neural networks relative to FNNs above

– models a target variable with sequence data, connecting historical information, as well as

the most recent data, to the current prediction.

To do this, RNNs maintain a rolling summary of the previous hidden state and use

it to augment the input data at each time step. Extending the notation used previously to

make the time index 𝑡 explicit, then similar to the case of FNNs, the hidden layer output is

calculated as

ℎ(𝑖𝑗)(𝒙(𝑖−1)
𝑡 , 𝒙(𝑖)

𝑡−1; 𝒘𝑖𝑗, 𝒘𝑖𝑗
𝑙 , 𝑏𝑖𝑗) = 𝜎𝑖𝑗(𝒘𝑖𝑗𝒙(𝑖−1)

𝑡 + 𝒘𝑖𝑗
𝑙 𝒙(𝑖)

𝑡−1 + 𝑏𝑖𝑗).

The tanh function often serves as the activation function 𝜎𝑖𝑗(.) for vanilla RNNs. From

the equation above, the hidden layer’s output (as a vector of scalar node outputs) feeds

back into the hidden layer at the next time increment – along with the next data vector of

the given sequence. This has an interpretation of maintaining model ‘memory’.

It is important to note that the internal RNN weights are independent of time. This

obviously reduces the number of parameters to be learned. Regardless, the standard

backpropagation algorithm (reviewed below) does not apply outright for RNN weight

estimation. Instead, we depend on ‘Backpropagation through time’ [43], leading to a

now-standard algorithm that adapts backpropagation by, intuitively speaking, ‘unrolling’

an RNN and calculating accumulated errors across time steps, before updating model

weight estimates.

Amongst the limitations of RNN models, two are critical. Firstly, calculated gradients

are liable to explode or vanish, causing numerical instability on estimation. Secondly, it

is not clear the extent RNNs apply ‘memory’ to arbitrarily long time series, let alone that

layer outputs are sufficiently influenced by observations only a few time steps back. This

has led to the development of alternative RNN models, which attempt to remedy these



Chapter 2. Literature review 21

limitations. Indeed, LSTM models, a type of RNN first outlined in [44], have proven

effective for modelling sequences of temporal data. For example, in the field of natural

language processing, LSTMs have improved machine-enabled language translation [45].

LSTMs have also been applied to time series forecasting [46]. By design, the LSTM has

a hidden layer like that of the RNN in that it takes encoded past information as a second

input. However, there are two notable distinctions – the hidden layer computations as

below are obviously more intricate; and there exists a second layer output fed back into the

hidden layer at the next time step. These differences serve to improve model ‘memory’,

and numerical stability at training time.

The internal LSTM layer structure are slightly more complicated than that of RNNs,

containing the following components:

ℎ(𝑖𝑗)
𝑡,𝑢 (𝒙(𝑖−1)

𝑡 , 𝒙(𝑖)
𝑡−1; 𝒘𝑖𝑗

𝑢 , 𝒘𝑖𝑗
𝑢,𝑙, 𝑏𝑖𝑗

𝑢 ) = 𝜎𝑖𝑗
𝑢 (𝒘𝑖𝑗

𝑢 𝒙(𝑖−1)
𝑡 + 𝒘𝑖𝑗

𝑢,𝑙𝒙
(𝑖)
𝑡−1 + 𝑏𝑖𝑗

𝑢 ),

ℎ(𝑖𝑗)
𝑡,𝑜 (𝒙(𝑖−1)

𝑡 , 𝒙(𝑖)
𝑡−1; 𝒘𝑖𝑗

𝑜 , 𝒘𝑖𝑗
𝑜,𝑙, 𝑏𝑖𝑗

𝑜 ) = 𝜎𝑖𝑗
𝑜 (𝒘𝑖𝑗

𝑜 𝒙(𝑖−1)
𝑡 + 𝒘𝑖𝑗

𝑜,𝑙𝒙
(𝑖)
𝑡−1 + 𝑏𝑖𝑗

𝑜 ),

ℎ(𝑖𝑗)
𝑡,𝑓 (𝒙(𝑖−1)

𝑡 , 𝒙(𝑖)
𝑡−1; 𝒘𝑖𝑗

𝑓 , 𝒘𝑖𝑗
𝑓,𝑙, 𝑏𝑖𝑗

𝑓 ) = 𝜎𝑖𝑗
𝑓 (𝒘𝑖𝑗

𝑓 𝒙(𝑖−1)
𝑡 + 𝒘𝑖𝑗

𝑓,𝑙𝒙
(𝑖)
𝑡−1 + 𝑏𝑖𝑗

𝑓 ),

ℎ(𝑖𝑗)
𝑡,𝑔 (𝒙(𝑖−1)

𝑡 , 𝒙(𝑖)
𝑡−1; 𝒘𝑖𝑗

𝑔 , 𝒘𝑖𝑗
𝑔,𝑙, 𝑏𝑖𝑗

𝑔 ) = 𝜎𝑖𝑗
𝑔 (𝒘𝑖𝑗

𝑔 𝒙(𝑖−1)
𝑡 + 𝒘𝑖𝑗

𝑔,𝑙𝒙
(𝑖)
𝑡−1 + 𝑏𝑖𝑗

𝑔 ).

The labels 𝑢, 𝑜, 𝑓 and 𝑔 denote calculations internal to an LSTM ‘cell’ (with the former

three sublabels well-known in the literature for denoting ‘input’, ‘output’ and ‘forget’

terms). Collecting the terms over nodes 𝑗 into time-dependent vectors 𝑢𝑡, 𝑜𝑡, 𝑓𝑡 and 𝑔𝑡

(and dropping the layer label 𝑖, for brevity), the additional memory term of the LSTM cell

output can be compactly written

𝒙(𝑖,2)
𝑡 = 𝒙(𝑖,2)

𝑡−1 ⊗ 𝑓𝑡 + 𝑔𝑡 ⊗ 𝑢𝑡

where ⊗ denotes the Hadamard product. This term weights the ‘memory’ of the previous

cell state by a ‘forgetting’ factor then adds the current hidden state update weighted by the

input term. Finally, the hidden output is given by

𝒙(𝑖)
𝑡 = tanh(𝒙(𝑖,2)

𝑡 ) ⊗ 𝑜𝑡.

One can extend this model for temporal output sequences, so that sequence input and/or

sequence outputs can be modelled. Of course, in the most recent years yet another class of
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sequence-to-sequence models have gained immense popularity – the Transformer network,

and the underlying Attention mechanism. We discuss this in the context of future work in

later sections.

Concepts for model training

Consider a neural network-based model 𝒓 = 𝑓(𝒙; 𝜽) for 𝑓 subsuming a hidden layer or

composition of hidden layers, such as those described above. Then the 𝑝-dimensional

parameter vector 𝜽 collects model weights that we might think to estimate, given a data set

𝒟 ∶= {(𝒙𝑖, 𝒓𝑖) ∶ 1 ≤ 𝑖 ≤ 𝑚; 𝒙𝑖 × 𝒓𝑖 ∈ ℝ𝑑𝑥 × ℝ𝑑𝑟}, by solving

̂𝜽 = argmin
𝜽∈ℝ𝑝

ℒ(𝜽; 𝒟)

for the network loss function ℒ. In the case of regression setting, the loss function sums

the squared estimation error over all 𝑚 training data3:

ℒ(𝜽; 𝒟) =
𝑚

∑
𝑖=1

𝑑𝑟

∑
𝑗=1

(𝒓𝑖,𝑗 − 𝑓𝑗(𝒙𝑖; 𝜽))2,

where the subscript 𝑗 denotes the (scalar) 𝑗𝑡ℎ vector component. The general optimisation

problem is non-convex in the weights, though for typical models, is differentiable. Hence

solution estimates are commonly found with the support of gradient-based optimisation

algorithms.

Indeed, such algorithms have gradient descent at their core. The ideas underpinning

gradient descent-type optimisation algorithms, and in particular backpropagation for ma-

chine learning, can be found in work spanning decades of the last century [47, 48, 49]. In

more recent times, with ever increasing data set and model sizes (in terms of the number

of hidden layers and nodes), there has come an increased requirement for computational

resources to support model development. Gradient descent lends itself to parallelisation

via graphics processing units (GPUs) that, supported by open-source software, has seen

estimation of deep networks become increasingly efficient.

3And in the case of classification, typically cross-entropy.
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The idea of the gradient descent algorithm is to iteratively update the model weight

parameter estimates in a way that minimises the loss. Such weight updates occur in the

direction of the negative gradient of the loss (with respect to the target weight). A particular

weight 𝑤 is updated at the (𝑘 + 1)𝑡ℎ iteration according to

𝑤(𝑘+1) = 𝑤(𝑘) − 𝛾 𝜕ℒ
𝜕𝑤(𝑘) .

For the algorithm, the required (partial) derivatives are calculable via an application of

the chain rule. The parameter 𝛾 is called the learning rate and determines the size of the

adjustment to the parameter at each iteration. The algorithm terminates after a suitable

convergence criterion (typically with respect to the loss function) is achieved, implying

weight estimates in the neighbourhood of some reasonable local minimum.

Neural networks derivative updates via gradient descent encompass the notion of error

‘backpropagation’ [49]. For a model ‘forward pass’, the input data is used for calculating

the model output error at the final model layer, given the existing weight estimates. Then

for intermediate layers, at each node a weighted sum of errors from connected, subsequent

nodes can be calculated, and used for computing the required partial derivatives.

Researchers have developed many innovations to the gradient descent algorithm.

Learning rate specifications, or schedules, can lead to improved estimation convergence in

many cases. The Adagrad algorithm innovates over learning rates parameterwise such that

large weight updates are tempered, and relatively smaller weight updates are magnified

[50]. The addition of a ‘momentum’ term – that weights successive gradient estimates

with their past values – has been shown to smooth the sequence of weights learnt [49].

The ‘Adam’ algorithm innovates on gradient descent by calculating normalised gradients,

which can add to algorithmic stability [51]. In the weight-update step of gradient descent,

the entire training data can be used in calculating gradients, or data subsets (in which case

the algorithm is known as ‘mini-batch’ gradient descent), or even a single observation per

update (‘stochastic’ gradient descent) [52]. Such choices can be made empirically in a

trade-off between computational efficiency and accuracy.

The predictive performance of an estimated model can be analysed across measures
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of model quality or fit. In a theoretical instance, consider the bias-variance decomposition

of [53], and the out-of-sample mean square error further averaged over all possible data

sets 𝒟∗ (of the same cardinality):

𝔼𝒟∗ [𝔼(𝑟 − ̂𝑓(𝒙))2|𝒙, 𝒟∗] = 𝜎2 + bias ( ̂𝑓(𝒙))
2

+ var ( ̂𝑓(𝒙)) (2.10)

where

bias( ̂𝑓(𝑥)) = 𝔼𝒟∗ ̂𝑓(𝑥) − 𝔼𝑟|𝒙 (2.11)

var( ̂𝑓(𝑥)) = 𝔼𝒟∗ ( ̂𝑓(𝑥) − 𝔼𝒟∗ ̂𝑓(𝑥))
2

, (2.12)

where ̂𝑓 depends on the data 𝒟 and 𝜎2 is some irreducible error of aleatoric nature. Then

the bias term captures a quantum of model error whereby 𝑓 is on an average an imperfect

estimator of some unknown ground truth 𝔼𝑟|𝒙. Also, the variance of the estimator 𝑓, as

given in Equation (2.4), can be large or small reflective of a high or low sensitivity to a

particular draw of training data. It follows that a high variance estimator, for example,

may not generalise well to a particular set of ‘out-of-sample’ data – some collection of

data independent of that used in the calculations during model training – as evidenced by a

relatively large empirical error. This issue is sometimes referred to as model ‘overfitting’.

In this sense, training methods can be adapted via regularisation to reduce overfit-

ting. There are many regularisation techniques, multiple of which can be simultaneously

implemented with respect to the estimation of some model. A well-known regularisation

method is that of weight decay, which adds a penalty term to the loss function given by an

𝐿𝑝-norm:

ℒreg(𝜽; 𝒟) = ℒ(𝜽; 𝒟) + 𝜆||𝜽||𝑝𝑝,

for some (nonnegative) hyperparameter 𝜆. Common choices are 𝑝 = 1, yielding the

so-called ‘LASSO’ penalty [54], and 𝑝 = 2, the ‘ridge’ penalty [55]. A consequence of

LASSO regularisation is to estimate relatively more weight parameters equal to 0 compared

with ridge regression – acting somewhat as a device for automatic feature selection4.

4Though we leave to the financial practitioner modelling noisy returns by a number of potentially

correlated features to consider on what basis one approach may be more desirable than the other.
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Another form of regularisation is ‘early stopping’. In the sense of an iterative model

estimation algorithm such as gradient descent, one can monitor a model error metric

evaluated on a data subset independent of the training data. A heuristic rule may be set

to define when estimation updates should cease, for example, if the monitored error is

decreasing at too slow a rate, or if it has been increasing for too many iterations.

Dropout was first presented in [56] as a regularisation method to prevent neural

network overfitting and to improve model performance on hold-out data. Dropout is

implemented by randomly omitting some proportion of hidden units (by setting them

to zero) in each training iteration of a neural network, and rescaling the final parameter

values by this proportion at test time. The dropout rate presents as an additional model

hyperparameter. Dropout was originally interpreted as giving a similar effect to calculating

many different neural networks architectures (varying on which parameters were omitted)

and taking their average result as a better predictor than any one model on out-of-sample

data. Dropout has been extended for use in deep neural networks, and as well as being

used for regularisation has led to a pseudo-Bayesian method of approximating network

epistemic uncertainty. For a review of the many recent developments of dropout for deep

learning we recommend [57].

Bayesian methods for neural networks

We end this section with a brief comment on Bayesian methods for uncertainty estimation

in neural networks. Early work of MacKay delivers such a framework for feed forward

neural networks [58]. A theoretical link between GPs and neural networks is established in

the thesis of Neal [59], enabling exact Bayesian inference for regression problems through

neural networks [60].

In modern deep learning research [61] is the first to to represent neural network

weights as probability distributions and offer a (mean field) variational solution method.

Indeed, the authors show that given the negative evidence lower bound (ELBO) of Equation

A.1 as a cost function, unbiased gradient estimates are calculable by Monte Carlo sampling
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to yield a ‘backpropagation-like’ algorithm popularly coined ‘Bayes by Backprop’ (BbB).

This approach folds epistemic uncertainty into the modelling framework and yields a

regularisation benefit. The approach generalises [62] who use the ‘reparameterisation trick’

to apply variational inference to the stochastic hidden units of an autoencoder. As with

variational methods, in BbB the factorisation assumptions underlying the weight layers

can lead to large biases that scale with the network size.

The idea of extending Bayesian uncertainty to neural network-based models has been

presented through the lens of a technique called dropout. The recent analysis of [63]

has shown that optimizing a neural network with both dropout and 𝐿2-regularisation is

equivalent to a variational inference-like model estimation (conditional on mild assump-

tions). The author’s insight is that statistics calculable from Monte Carlo samples drawn

from the dropout neural network at test time yield an epistemic uncertainty approximation.

The approximating distribution 𝑞(𝑤) is the product of Bernoulli random variables and

the respective weights. This makes sampling efficient since it amounts to drawing from

Bernoulli random variables. There are particulars given different network layers. For

example, [64] propose the same dropout mask for each time step for both input, output, and

recurrent layers; see [65] further CNNs. Finally, and leading into the next brief section on

tree-based models, we leave the reader with the intuitive idea that Monte Carlo dropout (or

‘dropout sampling’) can be viewed as an ensemble method – such methods are discussed

further in the next section.

2.2.3 Decision trees

Decision trees are non-parametric models for learning a target variable as a function of

a data set via a sequence of decision rules. They are applicable for both regression and

classification problems, and the mechanics for either case are similar. Put simply, starting

from a model’s initial decision node – commonly called the ‘root’ – a data set feature is

partitioned into two or more mutually exclusive groupings representative of decision node

outcomes. For each grouping, the tree has either a subsequent decision node, or terminates
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at a ‘leaf’ node. The leaf represents a value or class label estimate for the target variable.

Characteristics of the decision nodes can be optimised with respect to a broad variety of

criteria. In the long history of decision trees5, the classification and regression tree (CART)

algorithm of [67] has endured for some decades as a theoretical mainstay, and it can be

efficiently implemented via a variety of statistical software packages.

There are many advantages to modelling with decision tree; not the least they are

relatively simple to implement (compared to, say, a deep learning model), they can model

non-linear relationships, and the decisions made and hence the output estimated are directly

interpretable. On the other hand, decision trees have been observed to display ‘high

variance’ [68]. In the case of regression-based trees, that is, the variance per the bias-

variance decomposition of Equation (2.10), can be high. A suggested remedy to this is

given in ensemble methods which average the estimates of multiple submodels as an

approach to variance reduction, while not increasing model bias. For intuition about how

this might work for a regression problem, consider a collection of 𝑛 identically distributed

random variable 𝑓 with finite second moment 𝜎2. Then one can show that

var(∑ 𝑓𝑖
𝑛

) = 1
𝑛2 (𝑛𝜎2 + 𝑛(𝑛 − 1) ̄𝜌𝜎2) = 𝜎2

𝑛
+ (𝑛 − 1) ̄𝜌𝜎2

𝑛
(2.13)

where ̄𝜌 denotes the average of the pairwise correlations between the members of {𝑓𝑖 ∶

1 ≤ 𝑖 ≤ 𝑛}. We perceive immediately that if submodels are such that ̄𝜌 is (i) negative,

the variance reduction benefit is greatest; (ii) zero, then the result is the original variance

scaled in inverse proportion to the number of submodels; (iii) positive, then any ensembling

benefit erodes entirely as the average correlation reaches its maximum (of 1).

A common ensemble method is that of ‘bagging’ [69]. The main idea of bagging is

to create bootstrap data sets from the original data, and then to independently estimate a

collection of trees over the bootstrapped data sets. Subtree predictions are combined into

an aggregate predictor that may yield a variance reduction benefit as outlined above. In the

case of regression, the sample average is the aggregation function, while for classification

5The antecedents of decision trees within the statistics literature are outlined in [66], though the earliest

tree models predate the references in this body of work.
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predictions are combined based on a majority vote. Another ensemble approach, called

‘random forests’, are a bagging variant that – as well as bootstrapping the data set – withhold

a random number of features within each bootstrap sample. This technique can reduce the

pairwise correlation amongst the set of predictors, and hence ̄𝜌 as given above. Further, such

a reduction can come from a relatively elevated level (of epistemic uncertainty), compared

to regular bagging. Regardless, both ensembling approaches are typically built from a

CART algorithm-based estimation of the underlying trees, and so maintain a simplicity of

implementation, while yielding somewhat powerful predictive models.

An alternative approach to ensembling can be found in ‘boosting’models [70, 71, 72].

There are a variety of boosting algorithms; one such foundational procedure is found in

Adaboost [73, 74] whereby (i) submodels are learned sequentially (rather than in parallel, as

with bagging), and (ii) error feedback is propagated between submodels via a reweighting of

the underlying data. That is, when estimating the next submodel, data subsets are assigned

relatively larger (or smaller) weights if they were associated with larger (or smaller) errors in

previous submodels. Gradient boosting is a second sequential algorithm that, starting from

an initial (constant) function, adds successive submodels with the objective of minimising

a loss function, for each step [75, 76]. The choice of submodel is set with respect to a

principle of gradient descent in function space; it can be shown that a suitable summand is

proportional to a tree trained on (pseudo-) residual error terms of the most recent model.

Many modern innovations in decision tree theory extend the set of boosting models.

The XGBoost (‘extreme gradient boosting’) algorithm is similar to that of gradient boosting;

an obvious difference is that both the submodel training data and the optimisation problem

depend on the first and second derivatives of the loss function [77]. That is not to say

one algorithm is strictly ‘better’ than the other; there are trade-offs between the models

regarding the details of tree structure estimation, and we defer the interested reader to

[78] for a richer comparison. The LightGBM framework is a compelling alternative to

XGBoost; the key algorithm can yield faster implementation and execution, with sustained

performance [79]. One component of the efficiency gain of LightGBM, for example, is
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via a novel weighting of data points, favouring those associated with larger gradients.

An alternative gradient boosting algorithm is given by CatBoost, which, amongst other

benefits, natively supports categorical features [80].

There are many similarities between the training of decision tree ensembles and the

deep learning techniques introduced in this section. For example, the objective function

is subject to specification and tuning, both 𝐿1 and 𝐿2 regularisation are applicable, and

hyperparameter optimisation – such as with respect to learning rate – is typically a critical

practical matter. On the other hand, there are hyperparameters unique to trees that should

also be managed by cross-validation; for example, maximum tree depth, and (in the case

of XGBoost) the minimum number of samples required for a new node, both of which

can be controlled in an attempt to reduce model overfitting. Finally, as with deep learning,

ensemble methods can be modified to include SHAP for interpreting predictions via feature

importance [81], via a variety of modern software packages.

Further the comparison to deep learning, ensemble methods have been extended via a

consideration of uncertainty, which can be modelled in various ways. On one hand, models

based on bagging are not explicitly probabilistic, though, as per Equation (2.13), a measure

of epistemic uncertainty can be approximated as a function of the collection of ensemble

predictions. Recent work on random forests considers model epistemic and aleatoric

uncertainty for a classification setting [82]. Gradient boosting, on the other hand, has

methods for incorporating both epistemic and aleatoric uncertainty. The NGBoost (‘Natural

Gradient Boosting’) algorithm extends gradient boosting to jointly learn the parameters of

a conditional probability distribution via the loss function, yielding an estimate of aleatoric

uncertainty [83]. Aleatoric uncertainty, and a pseudo-Bayesian estimate of epistemic

uncertainty based on the sampling a collection of models – essentially an ensemble-of-

ensembles – is considered in [84], and implemented within the Catboost library.

We conclude this section with a note on time series and time-independent data for

ensemble methods based on trees. Of course, tree methods are not traditional time se-

ries models. A researcher may find techniques applicable to bagging, such as the block
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bootstrap [85], that robustify such models to particular characteristics of a time series –

such as heteroskedasticity or autocorrelation6. Regardless, in that ensemble methods are

a workhorse for modelling tabular data, one might therefore aggregate time series data

over historical windows to engineer features that conform to the structure of tabular data.

The availability of ensemble methods for problems in financial trading and investment is

advantageous, not the least for the relative simplicity with which many ensemble methods

can be implemented, be it for efficient preliminary and/or exploratory analysis, or in lieu

of other more complex modelling approaches outright on a performance basis.

2.3 Risk-return based trading and investment

Models appropriate for describing edge require a terminal implementation strategy. There

are many reasons a well-fitting model with naive backtest do not translate to useful tools in

practice. At a minimum, terminal strategy for portfolio weightings (or trade ‘sizings’), as

well as consideration of transactions costs, seem reasonable – if not essential – additions

to a strategy model. With this in mind, we present some enduring frameworks and ideas in

this subsection.

2.3.1 Mean-variance portfolio optimisation

Consider a single-period investment setting. Assume that there exist 𝑛 investable assets

within a market with excess return vector 𝒓 whose distribution is modelled as multivariate

normal over discrete time increments, denoted 𝒓 ∼ MVN(𝝁, 𝚺). Here 𝝁 denotes the mean

vector of returns, and 𝚺 denotes the return covariance. Then the foundational Markowitz

MPT framework [3, 86] gives a solution to the mean-variance optimisation problem:

max
𝒘∈𝒞

𝔼(𝒘′𝒓) − 𝛾
2
var(𝒘′𝒓).

where the investor portfolio weights 𝒘 = (𝑤1, ..., 𝑤𝑛), 𝒞 is a set of weight constraints,

if any, and 𝛾 > 0 is the investor risk aversion parameter, denoting preferences balancing

6This may be an avenue of future research – if applicable at all.
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return and risk.

One can impose various weight constraints such as that the sum of portfolio weights,

or absolute weights, is 1, or that weights are non-negative, corresponding to the precise

objectives of an investment strategy. This induces complex optimisation problems, though

Markowitz also proposes the efficient Critical Line Algorithm in the solution toolkit.

Otherwise, in the simple unconstrained case the solution to the optimal portfolio weights

𝒘∗ in terms of (𝝁, 𝚺) is

𝒘∗ = (𝛾𝚺)−1𝝁. (2.14)

This solution also yields the maximum portfolio Sharpe ratio. The parameters (𝝁, 𝚺)

can be estimated by the sample mean vector and sample covariance matrix, given historical

data, so that the weights 𝒘∗ can be calculated by direct substitution. This approach has

led to problems in practice, and particular cases are prone to corner solutions or otherwise

impractical weight estimates. Ziemba questions the impact of estimation error in the

above parameter estimates with an empirical study [87]. There have been a myriad of

suggestions for improved estimation methods added to the literature. The covariance

shrinkage method of [88] is recommended as a substitute for the sample covariance matrix,

while the Bayes-Stein estimator is given in [89] as a popular alternative for the sample

mean. A quite different approach is to express returns in terms of linear combination of

factors in the framework of Ross’s APT [10]; we revisit this in later chapters.

More recently – research on portfolio optimisation has focus heavily on the risk

component; we note this here for context, and to support intuition. The method of volatility

targeting [90] and risk parity [91] set portfolio weights in inverse proportion to asset

volatility. Similarly hierarchical risk parity [92]: hierarchical models can be understood

in terms of a (machine learning-based) cluster model, in lieu of a prediction model, that

groups similar assets before applying the risk-targeting optimisation routine on partitions.

[93] shows that the simple 1-on-N portfolio (of 𝑁 assets) can outperform many more

sophisticated methods, at least making for a compelling benchmark.
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There are many extensions to Markowitz beyond innovations applied to parameter

estimation. Investing is extended for a multi-period setting in [94], beyond typical single-

period considerations. Another important extension is to incorporate transaction costs,

which have noticeably been either omitted or suboptimally implemented in many studies

[95]. There are many ways to account for transaction costs, including fixed and linear costs

[96, 97]. An elegant approach to this is to make a minimal adjustment to the Markowitz

objective of Equation (4.1):

max
𝒘∈𝒞

𝔼(𝒘′𝒓) − 𝛾
2
var(𝒘′𝒓) − 𝑇 𝐶,

with 𝑇 𝐶 denoting transaction costs measured in percentage of invested wealth. Solution

methods for a single-period model can be found in [94, 98]. Such methods depend on a

transaction cost model accounting for portfolio size, portfolio turnover over time increments,

daily volume traded of an asset and hence an estimate of market impact to size traded.

Given the above specification dollar transaction-costs erode dollar returns quadratically

with increasing wealth. Also, the above specification has the added benefit of regularising

turnover. Regardless, these terms are estimable from empirical data. For example, the

recent estimates of [99] suggest a 10 basis point market impact when trading 1% of the

daily dollar volume of some US equity (whether long or short).

Other strategies include Sharpe optimisation for non-linear models at the level of

loss function, whereby the estimated model outputs position size directly [100]. Such an

approach adds difficulties being so literally data-driven – epistemic uncertainty may be

difficult to incorporate; model interpretability can decrease; and the method is not proven

to scale to a large portfolio of correlated trades.

We finish this subsection with a concept that will reprise in a later chapter. Implicit

in multistrategy hedge funds is the need to allocate from centralised capital between

alternative substrategies with the view to maximise overall portfolio Sharpe ratio. A related

(but unique) problem of allocating between strategies can be found in [101]. The author

considers combining a long-only portfolio, and an uncorrelated long-short strategy. Even if

the long-short strategy alpha is small, investor may seek to add it to the core long portfolio
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since in the case of (uncorrelated) strategies:

𝑆2 = 𝑆2
𝐿 + 𝑆2

𝐿𝑆.

For 𝑆 the combined portfolio Sharpe ratio, and the subscripts 𝐿 and 𝐿𝑆 denoting the

long-only and long-short portfolios. We see immediately that, given our assumptions, the

combined strategy is never worse off.

2.3.2 Black-Litterman

An extension to Markowitz’s MPT is given by the Black-Litterman model [12]. The

Black-Litterman model amounts to a portfolio optimisation framework that incorporates

(subjective) investor beliefs about asset returns. Such beliefs are termed ‘views’. Views

can be obtained from diverse sources, including market pundit opinions, Reserve Bank

statements, and as output of statistical models.

In its original formulation, the Black-Litterman framework assumes asset returns

as in Equation (2.1). However, the mean parameter 𝝁, in addition, is assumed to be a

random variable with prior distribution such that 𝝁 ∼ N(𝜫, 𝚺𝜇). The original authors

– and many researchers since – initialise the mean parameter 𝜫 of the prior distribution

based on an estimated CAPM model per Equation (2.2). This underwrites the analysis

with a foundational theoretical result. The uncertainty term 𝚺𝜇 is given by 𝜏𝚺, for 𝚺 the

return covariance and 𝜏 a scaling parameter. The scaling parameter is set heuristically, for

example, depending on confidence interval widths as estimated from historical data. The

precise specification of the view uncertainty continues to be researched within academic

literature; in Chapter 4 we offer a new Bayesian perspective.

Investor views on market asset returns are expressed

𝑷 𝝁 = 𝑄 + 𝜖,

where 𝑷 is a 𝐾 × 𝑁 matrix whose rows are asset weights, and 𝑄 is a 𝐾-vector of the

expected returns on these portfolios. The error term given by 𝜖 ∼ N(0, 𝛀) is assumed to

be is independent of the asset return covariance and the covariance of the prior.
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The work of Black and Litterman shows that views induce an update of the return

distribution parameters. Firstly, the expected return given the views can be shown to be

Normally distributed with mean 𝝁𝑣 and covariance 𝚺𝑣 given by

𝝁𝑣 = 𝚺−1
𝑣 [(𝜏𝚺)−1𝜫 + 𝑃 𝑇Ω−1𝑄],

𝚺𝑣 = [(𝜏𝚺)−1 + 𝑃 𝑇Ω−1𝑃 ]−1.

Then, the return distribution given the views is also Normal with mean parameter 𝝁𝑣,

and covariance 𝚺𝑣 + 𝚺. Once the return distribution given the views is estimated, one

can proceed with mean-variance optimisation to yield a solution to a portfolio allocation

problem.

Since its introduction, the Black-Litterman model has been formalised through the

lens of Bayesian statistics. The interested reader can refer to [102] for a summary of the

Bayesian Black-Litterman theory, and a review of various extensions and reinterpretations.

The works [103, 104] make for intriguing supplements. Notably, [105] extend the Black-

Litterman approach with respect to an underlying factor model of returns – as in Equation

(2.3) – in a Bayesian setting. In this case, views relate to beliefs about temporal factor

evolution, rather than asset returns. More can be found on this approach, and a novel

extension, in Chapter 4 of this thesis.

2.3.3 Kelly criterion

In the 1950s – the decade that MPT changed finance – the Kelly criterion also emerged [5].

The Kelly criterion gives the optimal proportion of bankroll to wager to maximise bankroll

growth in (i) a multi-period decision-making setting, where (ii) one can optionally wager

discrete independent ‘bets’ with known payoffs to unit staking, 𝑏, and known probabilities

of receiving those payoffs, 𝑝. The optimal proportion can be found to be the ratio of ‘edge’,

𝑝𝑏 − (1 − 𝑝), to ‘odds’ 𝑏 – an acceptable wager assuming the ratio is greater than zero.

Around a similar time, Latane presented the strategy of wager sizing based on geometric

mean maximization (GMM) with respect to a (discrete) probability distribution of returns,
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to maximise the probability of realising the greater terminal portfolio value after a large

number of (independent) wagers, relative to other ‘reasonable’ alternative strategies [106].

Some decades later, Thorpe [107] presented a continuous approximation to the Kelly

framework subsuming a limiting log normal diffusion process for an underlying asset’s

price evolution, and an investor instantaneously rebalancing their portfolio weightings

between the asset and risk-free cash. The optimal position size in terms of fraction of

bankroll 𝑓∗ wagered on an opportunity is given elegantly:

𝑓∗ = 𝜇
𝜎2 ,

where 𝜇 denotes the asset return in excess of the risk-free interest rate. This result is

extendable to the case of two or more risky assets modelled by an underlying multivariate

geometric Brownian motion [108]. In this case, 𝑓∗ is the same as in Equation (2.14),

assuming the risk aversion parameter equals 1. That is, there is an equivalence between

this Kelly approach and the MPT framework outlined above.

Risk-aversion can be implemented into the Kelly framework; a well-documented

downside of the Kelly strategy is the extreme volatility of portfolio-level returns that may

realise. Increasing risk-aversion amounts to wagering in proportion 𝑘 ∈ (0, 1) to 𝑓∗;

for example, for 𝑘 = 1/2 is known as wagering ‘half-Kelly’. Here the optimal growth

rate is reduced in an attempt to reduce realised volatility . Over-wagering, on the other

hand, occurs for 𝑘 > 1 and is detrimental to the portfolio growth rate [107]. For 𝑘

sufficiently large, the portfolio growth rate becomes negative, and the investor should

expect to eventually lose their entire bankroll. This point adds support to the task of

careful estimation of the mean and covariance parameters used in portfolio allocation –

misestimation in either term could lead to overstaking and eventual ruin.

The Kelly strategy – tempered or not for risk-aversion – is not immune from expert

criticism; Samuelson claims the arbitrariness of the strategy with a counterexample for an

investor with a particular utility function [109]. Indeed, a more general asset allocation

framework can be described in terms of utility theory. This is a deep theory from the

economics literature, and nearly 300 years old with its origins in Bernoulli [110]. An
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account of utility theory is beyond the scope of this work. We note however, that the

theory subsumes (i) Markowitz as a special case given a specific utility function or return

distribution assumptions, and, expectedly then, (ii) the Kelly criterion. We recommend to

the interested reader [111] for a recent, preliminary review.

We complete this section with a practical observation about temporal portfolio perfor-

mance and the assumption of Normally distributed underlying asset returns that began this

chapter. This could motivate future research, and is also an important practitioner note,

with a lesson for anyone that considers decision making under uncertainty.

Consideration of a limit of Equation (2.1), asΔ𝑡 ↓ 0, leads to a well-known continuous

time model for stock price evolution called geometric Brownian motion:

𝑑𝑆𝑡
𝑆𝑡

= 𝜇𝑑𝑡 + 𝜎𝑑𝐵𝑡, (2.15)

where 𝐵 denotes a standard Brownian motion. By Ito’s lemma, a celebrated result within

the theory of stochastic calculus, it can be determined that

ln (𝑆𝑡/𝑆0) ∼ 𝑁 ((𝜇 − 1
2

𝜎2) 𝑡, 𝜎2𝑡) ,

for time 𝑡 and initial asset price 𝑆0 [112].

Now, again as per [14], the continuously compounded rate of return of a process, 𝑐, is

defined

𝑐 = 1
𝑡
ln (𝑆𝑡/𝑆0) .

This random variable denotes the (geometric) growth rate of a process, and it immediately

follows that it has expectation 𝔼𝑐 = 𝜇 − 1
2𝜎2. The second term in this expression is known

as the ‘volatility drag’. The drag differentiates the expected process growth rate from the

process’s expected annualised return. Intuitively, on inspecting 𝔼𝑐, one may conjecture that

a process can tend to zero with time, even for some cases where both 𝜇 and 𝜎2 are positive

(further consideration of this is beyond the scope of this work). Secondly, consistent

with observations in [113], extreme downside risk (or downside ‘tail’ risk), particularly

that inconsistent with our modelling assumptions, may be of practical concern due to its

outsized contributions to the volatility drag. This may motivate a market participant to
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hedge or otherwise insure such risk, and such a strategy could exist within a portfolio as a

supplementary source of ‘edge’, improving the portfolio growth rate. Secondly, of course,

hedges come with associated costs, so while the portfolio risk experienced may decrease in

the extremes, portfolio-level expected return may also be eroded – but hopefully sufficiently

slowly to justify the hedge. Regardless, in such a case, realised absolute performance could

be scaled to achieve targets via an increase in net portfolio leverage. Again, this is beyond

our scope, but makes for an interesting and important consideration in applied trading and

investing.

2.4 Conclusion

In this chapter we briefly review a wide breadth of information pertaining to quantitative

finance. The first part concerns a subset of models from machine learning, statistics, and

econometrics with utility for edge modelling. In the second part, we discuss terminal strat-

egy that dictates position sizing and bankroll management given the estimates yielded from

a model. We claim the interrelatedness of each part for quantitative finance applications

in pursuit of a market edge. Many of the tools and ideas introduced are showcased in the

following chapters with respect to both quantitative trading and investing.



Chapter 3

Position sizing using model uncertainties

for intraday trading

3.1 Introduction

In practice, it is common for investors to size investment positions based on conviction in

trade ideas. Some traders highlight the importance of investment sizing at least with the

view to leverage exposure to the positive right-tail of the profit and loss distribution [114].

However, there is relatively little by way of academic discussion regarding achieving the

task in a data-driven way. Inspired by recent innovations in financial machine learning,

we present a case for utilizing uncertainty estimates gleaned from a prediction model, for

the purpose of investment sizing within a trading strategy. Further, we show how this can

improve relative investment performance.

The trading strategy depends on a financial asset price prediction model at its core.

In this context, and in the era of big data, deep learning models often present as the state

of the art. This is particularly true for models estimated given high-frequency limit order

book data, whereby many millions of pieces of unique information may be collected and

processed according to data-intensive algorithms. In recent work, prediction models for

financial time series have been improved on by deep convolutional neural networks (CNN)

and long short-term memory (LSTM) networks [115, 116]. A state-of-the-art CNN-LSTM

with inception (CNN-LSTM Inc) was shown to be of utility for formulating financial

prediction as a classification problem [11].
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Figure 3.1: We utilize deep learning models of changes in a subset of the interest rate curve

for a collection of liquid Eurodollar futures contracts, and recover uncertainty estimates around

predictions. Above, predictions for the next event time are shown in dark blue, versus the actual

realised outcome in orange. Total uncertainty is shown as the one-standard deviation dashed light

blue lines, which subsumes an estimate of aleatoric (epistemic) in the part shaded dark blue (ice

blue). The left-hand image depicts a prediction more certain, and corresponding closer to the target

outcome, relative to the right-hand image.

We build from this work to model high-frequency data at Level 1 of the Eurodollar

Futures1 limit order book. Important variations include our framing of prediction as a

regression problem for modelling outright price changes, and that both our input and output

data are over a multi-dimensional asset price space. Further, this approach complements

recent literature advancing interest rate derivative price prediction [117, 118].

However, while there is ongoing innovation and success applying deep learning pre-

diction models in finance, less has been shown by way of retrieving meaningful prediction

uncertainties. This is despite innovations and demonstrable utility within a diverse range of

application domains, including computer vision, medicine, and astrophysics [21, 119, 120].

1Here, we note the class of derivative in focus are the popularly traded interest rate derivatives, whose

reference contract interest rate applies to a hypothetical United States dollar-denominated unsecured bank

funding deposit – rather than a foreign exchange derivative on the EURUSD currency pair.
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Of course, prediction uncertainty can arise from a variety of sources, though two stylized

facets of uncertainty are often modelled. On one hand, aleatoric uncertainty; we model this

explicitly as expressed through a (spatial) heteroskedastic variance-covariance matrix of

the predicted prices. On the other hand, and less directly, we model epistemic uncertainty

as induced by the model specification. In the context of deep learning, pseudo-Bayesian

approximations to epistemic uncertainty have been proposed. For example, it has been

shown that epistemic uncertainty can be cheaply approximated in deep learning models

with dropout [63]. Given that dropout is often a component of deep learning models for

financial prediction, and the relative ease by which dropout sampling can be implemented,

this approximation seems a practical, yet relatively underexplored, component of prediction

uncertainty for financial applications; refer to [121] for an early attempt.

In any case, the utilization of model predictions and uncertainty estimates – such as

displayed in Figure 1 – can become apparent in the details of a trading strategy. A proof

of concept of potential usefulness can be found in improving standard and preliminary

performance metrics over which trading strategies are typically evaluated. We target

improvement in the Sharpe ratio [4]. Some authors have improved on a vanilla long/short

trading strategy by directly incorporating ameasure of Sharpe in the loss function [100, 122],

or by applying parameterised decision rules for investment sizing [123]. Our approach

is closer in spirit to the latter: with the addition of reference uncertainty estimates for

model-based beliefs of price returns, we can optimize the Sharpe metric inspired by how

some successful traders intuitively adjust trade sizes in the real world – by scaling into high

conviction trades (corresponding to lower uncertainty) offering sufficiently large reward

with relatively more bankroll.

In the subsequent sections, beginning with Section 3.2, we specify the data set and

preprocessing steps (3.2.1), the model (3.2.2), and the trading strategy (3.2.3). Results and

discussion are offered in Section 3.3. We conclude in Section 3.4 and offer avenues for

future research.
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Table 3.1: Median daily number of quotes, trades, and total volume executed for Eurodollar futures

contracts EDc1 to EDc15. Data recorded on each (US) trading day of 2018. Units are in 000s. Data

source: Thomson Reuters.

1–6 7 8 9 10 11 12 13 14 15

Quotes 14.4 157.5 242.6 243.8 308.8 287.1 286.2 317.3 264.2 274.8

Trades 0.8 2.0 1.8 2.2 1.9 2.3 1.8 1.6 1.5 1.8

Volume 47.9 37.3 34.5 48.7 28.7 24.5 19.5 22.1 10.9 11.7

3.2 Data and modelling choices

3.2.1 Data commentary

Seeking to model high-frequency Eurodollar futures prices, and hence a component of

an interest rate curve, we have collected Thomson Reuters data for continuous contract

EDc1 to EDc15 for each US trading day of 2018. This data reflects Level 1 limit order

book best bid-ask-volume quotes, with some additional trade execution data. The first 15

contracts are a subset of the 44 available market traded contracts through CME group. In

terms of the number of quotes and trades, and total volume traded, we observe greater

trading activity in contracts EDc7 to EDc15, relative to the earlier contracts; see Table 3.1

for reference. Owing to this market activity, we focus our analysis on EDc7 to EDc15.

A key step of our data preprocessing is to construct a time series of microprices for

each contract 𝑐, 𝑃 𝑐 ∶= {𝑃 𝑐
𝑡 : 𝑡 ∈ 𝑇 𝑐}, such that

𝑃 𝑐
𝑡 ∶=

ask volume𝑐
𝑡 ⋅ bid price𝑐

𝑡 + ask price𝑐
𝑡 ⋅ bid volume𝑐

𝑡

ask volume𝑐
𝑡 + bid volume𝑐

𝑡
,

following the definition of microprice in [124]. Table 3.2 displays various percentile levels

for the median daily difference in the high versus the low in 𝑃 𝑐, offering some intuition

around daily variability by contract. This stands in contrast to the median daily bid-ask

spread of 0.5 basis points (bps) for each contract, throughout 2018.

A second key step is to align and down-sample {𝑃 𝑐 ∶ 𝑐 ∈ [EDc7, … ,EDc15]}.

Aligning over index sets 𝑇 𝑐 is essential given the irregular temporal sampling across

contract microprices, while down-sampling conveniently filters for sufficiently small

microprice fluctuations, significantly reducing the size of the aligned data set. We define a
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Table 3.2: Summary statistics for the yield data used in these notes: difference in contract microprice

levels (bps) high and low on each (US) trading day of 2018; percentiles and daily standard deviation.

Data source: Thomson Reuters.

EDc7 EDc8 EDc9 EDc10 EDc11 EDc12 EDc13 EDc14 EDc15

min 0.3 1.2 1.4 1.6 1.7 1.8 1.3 1.1 1.6

25th perc. 2.3 2.8 3.1 3.4 3.6 3.8 4.0 4.0 4.0

50th perc. 3.0 3.7 4.3 4.6 4.8 5.0 5.1 5.1 5.3

75th perc. 4.4 5.3 5.9 6.5 6.9 6.9 7.2 7.3 7.5

max 16.2 17.1 20.6 22.1 23.3 24.9 25.8 26.2 26.2

𝜎(daily Hi-Lo) 2.4 2.6 2.8 3.0 3.2 3.2 3.3 3.4 3.3

cutoff parameter 𝑀 and set it to 0.1bps, and for each trading day construct a time series of

curve observations 𝐶 ∶= {𝑷𝑡 = (𝑃 𝑐
𝑡 ∶ 𝑐 ∈ [EDc7, … ,EDc15]) ∶ 𝑡 ∈ 𝑇 } for a common

temporal index set 𝑇, according to the following rules:

1. For a new trading day, record an initial curve observation at the first time that there

exists a microprice for each contract;

2. Given an observation time 𝑡∗, find the earliest time 𝑡 > 𝑡∗ such that |𝑃 𝑐
𝑡 − 𝑃 𝑐

𝑡∗ | ≥ 𝑀

for at least one contract 𝑐, and record an observation of each contract’s most recent

microprice at or equal to 𝑡. If such a time does not exist, revert to 1. for the next

trading day.

Finally, we construct a time series𝐷 ∶= {(𝑫𝑡, 𝒀𝑡) = ((𝑷𝑡+𝑘 ∶ 𝑘 ∈ {−99, … , 0}), 𝑷𝑡+1) ∶

𝑡 ∈ 𝑇 } consisting jointly of a rolling window of 100 sequential curve observations2, and the

curve observation at the next event time. Further, for each member of 𝐷, we implement a

window normalization whereby each microprice subseries in 𝑫𝑡 is shifted by its empirical

mean within the window, and scaled by the standard deviation of the set of all (shifted)

window values. Similarly, we then normalize the corresponding members of 𝒀𝑡 using these

same statistics (computed over the backward-looking window). To be clear, we comment

that all no step of our data preprocessing introduces look-ahead bias.

2The value ‘100’ is chosen for comparison with [11], and has been seen to work well in practice. Note

no extensive optimization of this parameter has been performed here.
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Figure 3.2: Model architectures for predicting curve moves with simultaneous aleatoric uncertainty

learning. The MLP specification was chosen such that it had a similar number of parameters to

the CNN-LSTM Inc – the latter model has nearly 100, 000 parameters, while the former has about

133, 000. Anecdotally, we determined that the branching architecture, featuring a common module

before branching (shaded yellow above), improved fit significantly relative to the exclusion of a

common module.

3.2.2 Model specification

Given our data set construction, we model the prediction target 𝒀𝑡 as a multivariate normal

random variable with parameters dependent on our window observations:

𝒀𝑡 ∼ MVN(𝝁(𝑫𝑡), 𝚺(𝑫𝑡)). (3.1)

For brevity, we continue by writing 𝝁𝑡 ∶= 𝝁(𝑫𝑡) to denote the mean vector of dimension

1 × 𝑐 and 𝚺𝐴
𝑡 ∶= 𝚺(𝑫𝑡) to denote the variance-covariance matrix of dimension 𝑐 × 𝑐

(and with a superscript 𝐴 to denote “aleatoric” uncertainty [21]).

We consider two model architectures for estimating 𝝁𝑡 and 𝚺𝐴
𝑡 . With respect to 𝝁𝑡,

we are inspired to adapt the CNN-LSTM Inc of [11], and we seek to compare trading

strategy performance to a more straightforward 2-hidden layer multi-layer perceptron
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(MLP). Further details for the architectures are offered in Appendix B, and a schematic

of the model architectures are as depicted in Figure 3.2. A key point of interest, and

novel for financial applications, is the network branching, whereby we estimate our targets

over two output heads. We recall [125] that appends an auxiliary output to a network

architecture to yield a heteroskedatic variance estimate in conjunction with predicting the

mean of a univariate Gaussian. This was extended recently for the multivariate case [126].

Requiring that 𝚺𝐴
𝑡 is a symmetric positive definite matrix, its inverse is also symmetric

positive definite and can be expressed as its Cholesky decomposition. Hence, writing

(𝚺𝐴
𝑡 )−1 = 𝑳𝑡𝑳𝑇

𝑡 for a lower triangular matrix 𝑳𝑡, as per [126], and with minor notional

updates for our specific problem, the network loss function ℒ has been shown to be

ℒ = −2[
𝑐

∑
𝑖=1

log 𝑙𝑖𝑖𝑡 ] + (𝒀𝑡 − 𝝁𝑡)𝑇𝑳𝑡𝑳𝑇
𝑡 (𝒀𝑡 − 𝝁𝑡). (3.2)

Here 𝑙𝑖𝑖𝑡 denotes the 𝑖th diagonal entry of 𝑳𝑡. It is interesting to note that 𝚺𝐴
𝑡 is

implicitly learnt through the loss function, without reference to explicitly labelled variance-

covariance data. We estimate 𝑳𝑡 as output to each model, applying a linear activation

function after the final layer. The diagonal elements are then exponentiated, ensuring the

positive definiteness and hence invertibility of (𝚺𝐴
𝑡 )−1, so that 𝚺𝐴

𝑡 is recoverable.

There are various proposals for approximating epistemic uncertainty for deep neural

network models, including pseudo-Bayesian approximations. One popular technique

applies to models estimated with dropout.

Recall that dropout was first presented in [56] as a regularization method to prevent

neural network overfitting and improve model performance on out-of-sample data. The

intuition for implementing dropout is to randomly omit some proportion of hidden weights

(by setting them to ‘0’) for each training iteration of a network, and rescaling the final

model weights by this proportion at test time. This was originally interpreted as giving

a similar effect to calculating an ensemble of models (depending on which parameters

were omitted) and taking their average result as a better predictor than any one model on

out-of-sample data. In the context of modern deep learning, dropout is popular amongst

some practitioners for the perceived regularization benefit and for its relative ease of
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implementation. The key to retrieving the epistemic uncertainty approximation is the

technique of ‘dropout sampling’ [63]. This technique is applied by generating many model

predictions for a single input datum with random dropout sampling enabled at test time. It

has been shown that one can naturally retrieve an approximation to epistemic uncertainty

for predictions, calculating the estimate in a straightforward manner by averaging [63].

Hence, we have that for 𝑁 stochastic dropout samples associated with a single model

prediction, our parameter estimates are calculated as:

𝔼𝒀𝑡 ∶= 𝝁̂𝑡 = 1
𝑁

𝑁
∑
𝑛=1

𝝁̂𝑡,𝑛 and 𝚺̂𝐴
𝑡 = 1

𝑁

𝑁
∑
𝑛=1

𝚺̂𝐴
𝑡,𝑛,

with the expectation estimate according to [63], andwhere the covariance estimate conforms

to [127]. Again, as in [127], an estimate of the epistemic uncertainty of the prediction is

given by

𝚺̂𝐸
𝑡 = 𝑁

𝑁 − 1
⋅ ( 1

𝑁

𝑁
∑
𝑛=1

𝝁̂𝑡,𝑛𝝁̂𝑇
𝑡,𝑛 − 𝝁̂𝑡𝝁̂𝑇

𝑡 ),

where we have made an additional adjustment to yield an unbiased sample covariance

estimate. Hence the total prediction uncertainty estimate can be written

̂Var(𝒀𝑡) ∶= 𝚺̂𝑡 = 𝚺̂𝐴
𝑡 + 𝚺̂𝐸

𝑡 .

3.2.3 Trading strategy

In this section, we present a trading strategy that depends on our model outputs 𝝁̂𝑡 and 𝚺̂𝑡

for selecting 𝛼𝑡, the investment size for a particular trade at each decision time 𝑡.

In the literature, a typical backtest given a classification or regression model often

amounts to selecting a trading decision based on one of 3 choices: sell 1 unit, do nothing

or buy 1 unit, respectively corresponding to 𝛼 ∈ {−1, 0, 1}. However, a more flexible

range of permissible investment sizes, such as the case of continuous 𝛼 ∈ [−1, 1], could

lead to trading strategies showing non-trivial improvement across real-world performance

outcomes. When interpreting 𝝁̂𝑡 and 𝚺̂𝑡 as true parameters of the underlying return

distribution, one can intelligently scale relative investment sizing depending on a pre-

defined trading objective. An example objective that we present is to maximise the
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Loss Mean (Std dev.) SE

month MLP CLI MLP CLI

7 -4.91 -6.74 0.483* (2.335) 0.491 (2.275)

8 -1.83 -5.64 0.744 (2.691) 0.719* (2.482)

9 -1.83 -4.93 0.738* (2.593) 0.756 (2.474)

10 -1.22 -4.33 0.647 (2.141) 0.615* (2.012)

11 -4.08 -6.66 0.519 (2.093) 0.474* (2.011)

12 - - - -

Avg -2.77 -5.66 0.626 (2.371) 0.611 (2.251)

*p ≤ 0.0001 for each one-tailed

test of least model MSE by month

Figure 3.3: Left: Validation loss and standard error statistics by month for MLP and CNN-LSTM

Inc models. Each model is estimated using the full year’s data, up to but excluding the validation

month. Right: 𝛼-surface of Section 3.2.3, with 𝛼 set to 1 for (𝜇, 𝜎) = (0.3, 0.1).

out-of-sample Sharpe ratio trading performance metric. Assuming additive rather than

multiplicative returns, and further assuming the simplified setting whereby trade opportu-

nities present for each estimated pair of distribution parameters a uniformly equal number

of times, we show in Appendix B that the optimal investment size is given by

𝛼𝑡,𝑖 =
̂𝜇𝑡,𝑖

𝜎̂2
𝑡,𝑖

.

Here, 𝜇𝑡,𝑖 denotes the 𝑖th element of 𝝁̂𝑡, and 𝜎̂𝑡,𝑖 denotes the square root of the 𝑖th diagonal

element of 𝚺̂𝑡.

To assist intuition, we chart the corresponding 𝛼-surface on the right-hand panel of

Figure 4.1, where we have made the additional arbitrary choice to rescale the surface such

that the point (𝜇, 𝜎) = (0.3, 0.1) corresponds to 𝛼 = 1.

There are two pleasing outcomes of this approach relative to [121], an early work to

utilize an approximation to Bayesian uncertainty estimation for trading given the predictions

of a deep classification model. Firstly, we do not increasingly penalise a trade based on

increased uncertainty alone, but rather based on risk-adjusted returns. This corresponds

to real-life, where high uncertainty for a trade is not necessarily outright undesirable – a

trade proposition should have its estimated uncertainty considered in conjunction with the

expected return size. Secondly, we do not depend on an ad hoc rules-based approach for
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setting 𝛼𝑡, and instead select it in a more intuitively pleasing way.

3.3 Results

Given we have one full year of data, we partition by month and evaluate and verify our

models by training on months 1 to 𝑀 − 1, validating using month 𝑀, and finally testing

our trading strategy using month 𝑀 + 1, for 𝑀 ∈ {7, 8, 9, 10, 11}. This designation is

arbitrary, but somewhat logical within, say, a trading platform that may be updated on a

monthly basis.

All models are estimated using Keras [128]. We trained with the objective of minimis-

ing validation loss and implemented an early stopping rule with a patience of 15, restoring

the best model weights. We utilize the Adam optimization algorithm when training models

[51]. We batch-train our models whereby each batch contains 1024 samples, with the

whole year of data consisting of about 7450 batches3. All results were generated using

Tensorflow-GPU 1.9.0 on a 6 core Xeon W-2133 3.2GHz / 12GB NVIDIAGTX 1080 ti /

64GB RAMmachine. Of important note, we trained the MLP and CNN-LSTM Inc with di-

agonal variance-covariance matrices to compare to the proposed ‘full’ variance-covariance

case. Also, for practicality, we tuned an 𝐿2 weight regularisation parameter, and selected a

uniform dropout rate, by grid search over the validation data, for the MLP with diagonal

covariance model. Hence, these parameter values were respectively set to 1e-8 and 0.1 for

each of the four models4. Other key details of a linear Bayesian baseline model, that we

offer as a relevant benchmark when discussing out-of-sample trading performance, are

included in Appendix B.

In the left-hand table of Figure 4.1, we see that the validation data loss is uniformly

lower for CNN-LSTM Inc relative to the MLP model, on average differing by a factor of

3We collected 25GB of raw data in .csv files for our target contracts, and then prepared just over 50GB

in .h5 files at conclusion of preprocessing (and accounting for windows of input data).

4Where applicable, dropout layers are included as per [63]; for convolutional and recurrent layers we

follow [65] and [64], with the exception that we add no dropout within the inception layer. We calculate 30

dropout samples for each prediction. Further, we found that trading strategy performance showed negligible

difference using 60 samples.
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2.0. On a mean-square error basis, the CNN-LSTM Inc outperforms the MLP for 3 out of

5 months for a one-tailed 𝑡-test of least MSE, with p-values ≤ 0.0001 in each case. On

average across all months, the CNN-LSTM Inc MSE is 2.5% smaller. The outperformance

of the CNN-LSTM Inc model in these respects supports the claim of the usefulness of this

model for the prediction task.

Next, we discuss the results for the trading strategy described in Section 3.2.3, fo-

cussing on the monthly and cumulative Sharpe performance on out-of-sample data. Firstly,

for all strategies, we note that we have defined a trading threshold of 0.1bps such that any

trade entered must have a predicted (absolute) asset price change greater than or equal to the

threshold. This threshold was chosen to be equal to the cutoff parameter defined in Section

3.2.1. Next, we define a strategy called Base that enters a trade position 𝛼 ∈ {−1, 1}

depending on the sign of the predicted price change (respectively, lower or higher, and also

corresponding to short or long). We also analyse a trading strategy that takes the notion of

prediction uncertainty into account as proposed in Section 3.2.3, and explore 2 additional

substrategies whereby we estimate uncertainty by alternative methods. For the strategy

Rlsd vol, the realised volatility of the input data window is used as a proxy for uncertainty

and serves as an alternative benchmark. For Alea, aleatoric uncertainty is instead used,

and for Al+Ep, we use the sum of aleatoric and epistemic uncertainty as per Section 3.2.2.

We do not present results for an analogous strategy based on epistemic uncertainty alone,

on finding cases of unreasonably large 𝛼 corresponding to an uncertainty estimate for a

particular prediction close to zero.

The out-of-sample Sharpe ratios are shown for the performance of each model by

investment sizing strategy in Figure 3.4. For comparison, we show the results for both the

diagonal (top row) and full (bottom row) variance-covariance model variants. For three of

the four subtables, we notice that the cumulative 5-month Sharpe performance is greatest

for the Al+Ep strategy, with Al second greatest in each case (with outperformance between

0.7 and 2.2%). For the fourth subtable, Al is greatest and marginally ahead of Al+Ep (by

0.7%). More strikingly, the relative outperformance across Al+Ep strategies compared to
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Figure 3.4: Monthly Sharpe performance for MLP and CNN-LSTM Inc models for a set of

investment sizing strategies, on out-of-sample data. Cumulative 5-month Sharpe is shown in the

last row of each table. Investment size is scaled by realised window volatility (Rlsd vol), the

aleatoric uncertainty estimate (Alea), and the sum of aleatoric and epistemic uncertainty (Al+Ep).

Base has no investment sizing by uncertainty.

MLP CNN-LSTM Inc

Rlsd vol Base Alea Al+Ep Rlsd vol Base Alea Al+Ep

7 - - - - - - - -

Diagonal 8 0.87 0.81 0.88 0.89 1.01 0.88 0.97 0.98

𝚺 9 1.99 2.32 1.98 2.00 1.39 1.64 1.86 1.81

10 1.76 2.47 1.96 1.98 1.75 2.45 2.25 2.23

11 1.33 1.14 1.21 1.21 1.31 1.20 1.23 1.25

12 2.69 2.90 2.98 2.99 2.57 2.99 2.95 2.94

Cuml 1.29 1.40 1.42 1.44 1.24 1.27 1.37 1.38

7 - - - - - - - -

Full 8 0.89 0.83 0.95 0.96 0.95 0.82 1.01 1.02

𝚺 9 1.84 2.19 2.12 2.12 1.65 1.85 2.17 2.15

10 1.71 2.47 1.84 1.88 1.73 2.46 2.45 2.41

11 1.34 1.12 1.24 1.24 1.27 1.15 1.18 1.20

12 2.65 2.87 2.87 2.87 2.57 2.94 2.91 2.91

Cuml 1.25 1.38 1.39 1.42 1.27 1.26 1.42 1.41

Base ranges from 2.9 to 12.7%, and we observe a minimum 11.3% outperformance relative

to Rlsd vol). These results offer a preliminary demonstration of the utility of incorporating

estimates of both aleatoric and epistemic uncertainty in the context of investment sizing

within our high-frequency trading setting.

Of interest, we highlight what on one hand appears to be the outperformance of the

diagonal MLP Al+Ep strategy versus any other, and on the other hand the apparent strong

performance of the Bayesian OLS Base strategy as shown in Appendix B in Figure B.1.

To rationalise this, we first consider the sample paths of returns as in the left-hand panel of

Figure 3.5. We observe that the out-of-sample daily cumulative (basis point) return of the

presented strategies appear mostly without outliers and exhibit relative smoothness, and

we do not attribute any outperformance due to any obvious lucky or outsized earnings.
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Figure 3.5: Left: Out-of-sample normalised daily cumulative basis point return for Base and Al+Ep

long/short trading strategies for the baseline, MLP and CNN-LSTM Inc models. Right: 5-month

out-of-sample Sharpe ratio for Base and Al+Ep long/short trading strategies for the baseline, MLP

and CNN-LSTM Inc models, accounting for transaction costs. The 𝑥-axis varies by multiple of

transaction costs, where a multiple of ‘1’ represents a cost of 1
20

th
of the trading threshold of 0.1bps.

Instead, we next consider the stylised impact of transaction costs for comparing model and

strategy outperformance.

Firstly, we define an element of total net transaction cost to be equal to 0.005bps

per unit volume. Based on our trading threshold of 0.1bps, this corresponds to 5% of

the minimum prediction size such that |𝛼𝑡| > 0 for any trade. We accrue the transaction

cost in proportion to volume transacted at each time step. To be clear, we only trade the

delta-adjustment to achieve the required position of size 𝛼𝑡 for the specific asset, relative

to the existing position on the day’s most recent trade time. From the right-hand panel

of Figure 3.5 we see 5-month out-of-sample Sharpe ratio for Base and Al+Ep long/short

trading strategies for the linear baseline, MLP and CNN-LSTM Inc models, accounting for

multiples from 0 to 12 of our defined element of transaction cost. To be clear, the label ‘0’

denotes the absence of transaction costs, and the upper label of ‘12’ is the minimal
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Figure 3.6: Left: 5-month out-of-sample Sharpe ratio for trading strategy based on long/short

positions without uncertainty (Base), with aleatoric uncertainty only (Alea), and using our full

uncertainty estimate (Al+Ep), for varying dropout rates, given a diagonal covariance MLP model.

Right: 5-month out-of-sample profit over volume (left-hand axis) for varying trading thresholds

(𝑥-axis) for the full covariance CNN-LSTM Inc model. The right-hand axis the log average daily

volume traded for each trading threshold.

integral multiple of transaction costs such that the Sharpe ratios for each presented strategy

is negative. From this Figure it is immediately clear that the CNN-LSTM Inc model with

uncertainty outperforms all other models at most levels of transaction costs, and that the

outperformance is greatest at the middle of the range. This analysis contributes toward

understanding the relative utility between alternative models, and strongly vindicates

CNN-LSTM Inc with uncertainty for trading. Of course, the careful reader may notice

that the transaction costs analysed here are significantly less than the median daily bid-ask

spread of 0.5bps quoted in Section 3.2.1. With respect to this observation, it is important

to understand that the approach presented may not necessarily be traded outright as a

standalone strategy in practice. The utility of the approach may be derived from its addition

to a broader market making or execution strategy, where trading is occurring anyway.

Hence a deeper understanding of the impact of transaction costs, especially relative to the
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bid-ask spread, may depend on a more realistic and sophisticated trading framework. We

leave these considerations for future work.

Other points of interest around our backtest include observing how the choice of

dropout rate or trading threshold impacts out-of-sample performance. In the case of

varying the dropout rate, for the diagonal MLP, we tested cumulative 5-month Sharpe for

varying dropout rates for Base, Al+Ep and Al, and chart the results in the left-hand panel

of Figure 3.6. Interestingly, we see that for either of the two trading strategies utilizing

uncertainty, the Sharpe ratios are relatively stable, ranging by less than 1.8% each across our

three tested non-zero dropout rates. However, similar stability is clearly not evident in the

case of the Base strategy, which achieves peak Sharpe performance at the choice of dropout

rate of 0.1, but displays sharp decrease in performance for increasing dropout rates, and

when dropout is not utilized at all. One may wonder to what extent this trading performance

stability for varying dropout rates might be observed in increasingly sophisticated models

such as CNN-LSTM Inc. If so, this could dominate the need for a large degree of tuning of

the dropout rate when estimating the model – this is an increasingly resource consuming

task with such model complexity. We leave this as a consideration for future work.

Next, we consider the case of varying the trading threshold, and refer to our results in

the right-hand panel of Figure 3.6. Here we see 5-month out-of-sample profit over volume

(left-hand axis) for varying trading thresholds (𝑥-axis) for the full covariance CNN-LSTM

Inc model. This statistic can be alternatively recognised as the breakeven net transaction

cost for a strategy, with higher values corresponding to strategies with greater average net

profit per trade. It is interesting to note that we can optimize the threshold to maximize the

Sharpe ratio, though we leave further consideration of this to the interested practitioner. For

added interest, we also plot the log average daily volume traded for each trading threshold

on the right-hand axis and see that it is approximately log linearly decreasing with an

increasing threshold.

Finally, by the right-hand panel of Figure B.1 inAppendix B, we plot estimated model

reward-risk ratio versus realized monthly Sharpe on out-of-sample data, for the diagonal
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MLP. In that this plot is sufficiently representative of each of the four models, we infer

that despite the obvious underperformance in the tails (where sample sizes are relatively

small anyway) the models appear somewhat sensibly calibrated, though we leave any other

tuning in this respect as future work.

3.4 Conclusion

We present a model for price change prediction of the Eurodollar Futures curve, as a

function of a recent history of asset price data, within a high-frequency domain. In doing

so, we extend the existing state-of-the-art model deep learning architecture of [11] to

multivariate, correlated price data, and improved price prediction relative to benchmark

models, for small time horizons and in a regression setting. Importantly, we develop a

preliminary analysis describing the estimation of deep learningmodel-generated uncertainty

for financial prediction, and further showed how these uncertainties can be useful for

investment size scaling within trading strategies. There is future work that could improve

on this analysis, with much of it potentially important for applications at an industrial

scale. With respect to data, a larger subset of available Eurodollar futures contracts could

be used, as could alternative, correlated asset prices or economic information. One could

also include deeper order book data, such as Level 2 quotes. With respect to the models

used, there is more to be done in optimally engineering model architecture for aleatoric

uncertainty estimation. Alternative methods for estimating epistemic uncertainty could be

explored. On one hand, concrete dropout could be attempted for automating the tuning

of the dropout rate [129]. On the other, Hamiltonian Monte Carlo methods could be

explored as an alternative to estimating epistemic uncertainty, and potentially applied, for

example, with hamiltorch [130]. Finally, with respect to the realities of implementing a

trading strategy in practice, we allude to three main avenues of further research; a deeper

appreciation of the impact of transaction costs beyond our preliminary analysis, the return

to fine-tuning the dropout rate if performance metrics around trading are relatively stable,

and finally further consideration of model calibration.



Chapter 4

View fusion for investing

4.1 Introduction

The Black-Litterman model extends the Markowitz portfolio optimisation framework to

incorporate investor beliefs about asset returns [12]. Such beliefs are termed ‘views’. In its

original formulation, the Black-Litterman framework is such that a given view induces an

update of a prior assumption about the mean parameter of a Gaussian return distribution.

Making use of views in this way can result in non-trivial differences to the estimated

weights of a portfolio allocation strategy, and hence the relative investment outcome.

Views can be obtained from diverse sources, including market pundit opinions, Re-

serve Bank statements, and as output of statistical models. Consequently, in practice, a

portfolio manager or trader may possess multiple views about the same underlying asset,

or subset of assets, over the next investment period. A contribution of this work is to both

consider and extend the Black-Litterman framework to incorporate multiple such views.

It is natural to formalise elements of the Black-Litterman model with respect to ideas

from Bayesian statistics. See [102] for a review summary, with [103, 105] intriguing

supplements. We note that the modelling of this paper presupposes the canonical Bayes-

based Black-Litterman formalism. This approach is useful for practitioners in allowing

for a strong theoretical grounding of the model prior in the Capital Asset Pricing Model

(CAPM) [15], and for the relative ease with which one can incorporate market views.

Specifically, views are given as a function of asset mean return estimates, and accompanied

by an uncertainty estimate that encapsulates a notion of confidence about that mean. The

specification of the view uncertainty is a domain for debate in the literature. In contrast,

the uncertainty specification is of critical importance to the mechanics of the Bayesian

estimation framework. The literature often tacitly assumes that uncertainty is to be specified
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in excess of the given mean estimate. A prevailing method is to set the uncertainty term

in proportion to a quantity such as an estimate of the underlying return covariance. The

proportionality constant can then be tuned akin to a model hyperparameter. Such ad hoc

specification can be unsatisfying; fortunately, scientific modelling offers an alternative.

Machine learning methods are enjoying a resurgence as oracles for financial markets,

particularly given the advances underlying modern deep learning. Indeed, such methods

have utility for forecasting time series, and predictions are often naturally partnered with

uncertainty estimates. Such uncertainties are typically categorised in the literature as

aleatoric or epistemic. Aleatoric uncertainty relates to the modelled random error of the

underlying data generating process, while epistemic uncertainty encompasses much more,

including error relating to the model specification, which also subsumes uncertainties about

parameter estimates. These two categories of uncertainty are recognised across multiple

research domains, and the models contained therein. In any case, the estimation of views

by statistical forecasting models, coupled with the uncertainty estimate, allows for a more

principled approach to setting view parameters when modelling with Black-Litterman. We

describe this further in Section 4.3 below. This interpretation stands in stark contrast to

existing methods – with one popular technique described above – that are more ad hoc.

Our approach has the further benefits of preserving the intent of the canonical model, and

has utility for automating an aspect of the investment decision-making process.

Further our extended modelling framework, we consider combining multiple views

for expected returns over the next time increment with respect to view correlation that may

be non-zero. Although we consider the single-step case, we are inspired by the relationship

between Black-Litterman and a state space modelling framework as recently described

in [104]. Indeed, at the core of our approach are techniques from the information fusion

literature, which allow us to combine views in a principled way. In Section 4.3, we present

methods for fusing views assuming both zero and non-zero correlation between them, and

consider a conservative fusion method for sets of views that may be inconsistent with one

other (according to some distance metric between distributions). In their relative simplicity,
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the principles of these fusion methods are understandable, and the resulting fused estimate

are explainable. Some practitioners may find this advantageous relative to alternative black

box methods. In our empirical work, we find fusion-based methods that improve on of

the mean and median of our 3 view-generating models in a statistically meaningful way.

This is interesting to the investment practitioner that cannot know ex-ante which of a set

of views might outperform; a fusion-based method may be selected instead.

To show the utility of data fusion, and in connection with recent work by [105], we

offer an application of the Black-Litterman model assuming a multi-factor model for asset

returns. Factor models present in finance with various specifications; see [131] for a recent

review. We consider a conditional factor model, as inspired by theArbitrage Pricing Theory

(APT) of Ross [10]. In Section 4.2, before we further develop view fusion in Section 4.3,

we expound on the Black-Litterman-APT as a Bayesian hierarchical model; a schematic

for the model is given in Figure 4.1 below. In Section 4.2.3 we carefully derive the solution

for the optimal portfolio weights under an unconstrained Markowitz portfolio allocation

as a further contribution to the literature. With a desire to extend our empirical work, we

offer a preliminary model accounting for transaction costs, with details specified in Section

4.2.4 This model permits a reasonable proof-of-concept, which could be built upon for

industrial application or as future academic work.

Notes for the data set construction are offered in Section 4.4. To the extent the raw

data is available in the public domain (via the Wharton Research Data Service), these notes

could lead to a straightforward replication. In Section 4.5, we use the ideas and results

of the preceding sections to give empirical results that showcase view fusion whereby

estimates – including measures of uncertainty – are sourced from a collection of machine

learning models. We discuss the ways in which fusion-based methods lead to investment

outperformance relative to methods based on a singular view. We also contrast our methods

with the difficult benchmark of a buy-and-hold investment in the S&P 500. We conclude

and summarise avenues for future work in Section 4.6.
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Figure 4.1: LHS: Schematic of the Black-Litterman methodology as it applies to the APT model.

Asset returns are linearly projected onto factor returns, and the algorithm at the level of the factor

model is such that at each time-step views are collected, before the factor returns model is updated

and predictions gleaned. RHS: Hierarchical schematic suggestive of the relationship between terms

in the BL-APT model, as described in Section 4.2.

4.2 Black-Litterman

4.2.1 A recap

Assume there exist 𝑛 investable assets within a market with excess return vector 𝒓 whose

distribution is modelled as multivariate normal over discrete time increments, denoted

𝒓 ∼ MVN(𝝁, 𝚺). Here 𝝁 denotes the mean vector of returns, and 𝚺 denotes the return

covariance. Then in a Markowitz Modern Portfolio Theory framework [3], assuming a

single-period investment setting, the investor portfolio weights 𝒘 = (𝑤1, ..., 𝑤𝑛) are a

solution to the mean-variance optimisation problem:

max
𝒘∈𝒞

𝔼(𝒘′𝒓) − 𝛾
2
var(𝒘′𝒓). (4.1)
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Here𝒞 is a set of weight constraints, if any, and 𝛾 > 0 is the investor risk aversion parameter,

denoting preferences balancing return and risk. In the unconstrained case, differentiating

Equation (4.1), setting it to zero and solving for the optimal portfolio weights 𝒘∗ in terms

of (𝝁, 𝚺) yields

𝒘∗ = (𝛾𝚺)−1𝝁. (4.2)

On analysing the second derivative one finds that this solution is indeed a maximum. In

practice, these weights could be solved for – and a portfolio subsequently implemented –

upon estimation of the return distribution parameters, for example, upon substitution of a

computed sample mean vector and sample covariance matrix, given historical data.

The Black-Litterman model [12] extends this framework to incorporate (subjective)

investor beliefs about asset returns, that are called ‘views’. A single view is assumed to be

a function of real-valued vectors of length 𝑛 denoting portfolio weights 𝒑 and expected

asset returns 𝝁, a real-valued scalar denoting the portfolio value 𝑞, and a strictly positive

real-valued scalar 𝜖 denoting uncertainty in the portfolio value, that can be written

𝒑′𝝁 = 𝑞 + 𝜖. (4.3)

To be explicit, let us call a collection of 𝑘 views a ‘range’, for natural numbers 𝑘. Then

similar to the original presentation of Black and Litterman, a range of views can be arranged

thus:

𝑷 𝝁 = 𝒒 + 𝝐, 𝝐 ∼ 𝑁(0, 𝛀). (4.4)

Here 𝑷 ∈ ℝ𝑘×𝑛 is a real-valued matrix of portfolio weights, where the 𝑘𝑡ℎ row is given

by 𝒑′
𝑘 as defined above; 𝒒 ∈ ℝ𝑘 is a real-valued vector collecting 𝑘 portfolio values; and

𝛀 ∈ ℝ𝑘×𝑘 is assumed to be a diagonal matrix of portfolio value estimate uncertainties,

where we have further assumed independence between views.

Given the above formulation, a view can express both ‘absolute’ and ‘relative’ relation-

ships between mean asset returns. The case of an absolute (normalised) view corresponds

to 𝒑 taking a unit value at the 𝑖𝑡ℎ entry, and zero otherwise, so that the left-hand side of



Chapter 4. View fusion for investing 59

(4.3) equals 𝜇𝑖. Any other (non-trivial) view we call relative; a common relative view, for

example, is a belief on the return spread 𝜇𝑖 − 𝜇𝑗 = 𝑞. This could be expressed by setting

alternate positive and negative unit values at the 𝑖 and 𝑗 index of 𝒑, and zero elsewhere. In

the work that follows, we assume absolute views. We further assume that 𝑷 is of full rank.

Given these preliminaries, the Black-Litterman model is such that the existing return

distribution parameter assumption is updated given views. We understand such updating

in the context of Bayesian statistics, as prior authors have noted [102, 103, 105, 104].

The Bayesian specification assumes a prior distribution 𝑝(𝜽), where 𝜽 denotes the

target parameter of the return distribution that we wish to express via a parametric proba-

bilistic model. Most commonly, 𝜽 = 𝝁. The original authors – and many since – set the

prior given an estimate of the CAPM model [15], and hence underwriting the prior with a

foundational theoretical result.

Next, the view is related to the target parameter via a likelihood function 𝑝(𝒒|𝜽), such

that, by the laws of conditional probability and Bayes’ Theorem, an updated posterior

distribution for the target parameter is given by

𝑝(𝜽|𝒒) ∝ 𝑝(𝒒|𝜽)𝑝(𝜽). (4.5)

Finally, we can write a posterior predictive distribution for the asset returns given the views

as

𝑝(𝒓|𝒒) = ∫ 𝑝(𝒓|𝜽)𝑝(𝜽|𝒒)𝑑𝜽. (4.6)

Hence, the expectation and covariance of the random quantity 𝒓|𝒒 can be computed

analytically – or otherwise estimated if the integral is intractable – before substitution into,

say, Equation (4.2) to yield a solution to the portfolio allocation problem.

4.2.2 Black-Litterman in the context of Factor models

In line with recent work by [105], we offer an application of the Black-Litterman model

assuming a factor model for asset returns, and we conveniently conform with some of their

notation.
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For context, we note that in many investment studies of equity markets the empirical

estimation of the return covariance is challenging, especially when the universe of equities

under consideration is large. The linear factor model that we outline below, whereby

𝑘 ≪ 𝑛, is relatively practical and efficient. This has contributed to its popularity within the

literature, and bolsters the case for industrial use [132]. We consider a conditional factor

model, as inspired by theArbitrage Pricing Theory (APT) of Ross [10]. In the single-period

investment setting, we model

𝒓 = 𝑿𝒇 + 𝝐𝑟, 𝝐𝑟 ∼ 𝑁(0, 𝑫). (4.7)

Here 𝒓 is the 𝑛-dimensional random vector containing the cross-section of excess returns

for 𝑛 equities over the next time increment [𝑡, 𝑡 + 1]; 𝑿 is a non-random 𝑛 × 𝑘 matrix of

observable factor exposures estimated at 𝑡, for 𝑘 the number of explanatory asset factors;

𝑫 is a covariance matrix for the returns, also known at 𝑡 and assumed to be diagonal; and 𝒇

is a 𝑘-dimensional latent factor vector that we estimate at each time step by cross-sectional

regression. Within a Black-Litterman framework, consider that our parameter of interest is

now 𝜽 = 𝝁𝒇, such that

𝒇 = 𝝁𝒇 + 𝝐𝑓, 𝝐𝑓 ∼ 𝑁(0, 𝑭 ). (4.8)

We refer to the elements of 𝝁𝒇 as the factor risk premia.

Black-Litterman in the context of APT, henceforth labelled ‘BL-APT’, amounts to a

Bayesian hierarchical model. A schematic for the model is given in the right-hand panel of

Figure 4.1. We note that in comparison to the Black-Litterman model applied to the return

mean, an analogue to the CAPM prior does not exist. In the work that follows, we set the

prior parameters as a simple function of recent data, per the discussion in Section 4.5. On

the other hand, view estimates for the factor risk premia at time 𝑡 induce return forecasts

(with uncertainties) over the next time period. These parameter estimates can then be used

to estimate portfolio weights.

In the next section, we carefully show the derivation for the optimal portfolio weights

of an unconstrained ‘BL-APT’ as a reference contribution to the literature.
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4.2.3 Solving for optimalweights –Hierarchical BayesianBlack-Litterman

forAPT

We can express our model for asset returns, factor returns and views carefully as a hierar-

chical Bayesian model, with a suggestive schematic shown in Figure 4.1 above. We derive

the optimal portfolio allocation after finding 𝑝(𝒓|𝒒), as defined below.

We begin by writing the joint distribution of random variables of interest as a condi-

tional probability:

𝑝(𝒓, 𝒇, 𝜽, 𝒒) = 𝑝(𝒓, 𝒇|𝜽, 𝒒)𝑝(𝜽, 𝒒).

Substituting 𝑝(𝜽, 𝒒) = 𝑝(𝜽|𝒒)𝑝(𝒒) and dividing both sides by 𝑝(𝒒) yields

𝑝(𝒓, 𝒇, 𝜽|𝒒) = 𝑝(𝒓, 𝒇|𝜽, 𝒒)𝑝(𝜽|𝒒).

Integrating both sides over 𝜽 we find that

𝑝(𝒓, 𝒇|𝒒) = ∫ 𝑝(𝒓, 𝒇|𝜽, 𝒒)⏟⏟⏟⏟⏟
=𝑝(𝒓,𝒇|𝜽)

𝑝(𝜽|𝒒)𝑑𝜽.

Again, integrating both sides, this time with respect to 𝒇, we have that

𝑝(𝒓|𝒒) = ∬ 𝑝(𝒓, 𝒇|𝜽)𝑝(𝜽|𝒒)𝑑𝜽𝑑𝒇. (4.9)

With one more simplification, writing 𝑝(𝒓, 𝒇|𝜽) = 𝑝(𝒓|𝒇, 𝜽)𝑝(𝒇|𝜽) = 𝑝(𝒓|𝒇)𝑝(𝒇|𝜽), we

find

𝑝(𝒓|𝒒) = ∫ 𝑝(𝒓|𝒇) ∫ 𝑝(𝒇|𝜽)𝑝(𝜽|𝒒)𝑑𝜽
⏟⏟⏟⏟⏟⏟⏟⏟⏟

=𝑝(𝒇|𝒒)

𝑑𝒇. (4.10)

Since we assume 𝜽 = 𝝁𝒇, there holds the well-known facts that the posterior 𝑝(𝜽|𝒒) is

normal and that the posterior predictive 𝑝(𝒇|𝒒) is normal. Hence it is clear that 𝑝(𝒓|𝒒) is

also normal, with its expectation and covariance given in closed-form by the following

three-step process.

Firstly, choosing the prior 𝑝(𝜽) ∼ 𝑁(𝝃, 𝑽 ), by Bayes’ rule for linear Gaussian sys-

tems, as in [133], we have that the posterior 𝑝(𝜽|𝒒) is multivariate normal with covariance
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and mean

var(𝜽|𝒒) = (𝑽 −1 + 𝛀−1)−1,

𝔼(𝜽|𝒒) = var(𝜽|𝒒) ⋅ (𝑽 −1𝝃 + 𝛀−1𝒒).

Secondly, recall the convolution integral for sums of random variables: if 𝑿𝑖
𝑖.𝑖.𝑑.∼

𝑁(𝝁𝑖, 𝚺𝑖), 𝑖 = 1, 2, then

𝑓(𝒛) ∶= ∫ 𝑓𝑿1
(𝒙)𝑓𝑿2

(𝒛 − 𝒙)𝑑𝒙 ∼ 𝑁(𝝁1 + 𝝁2, 𝚺1 + 𝚺2). (4.11)

Writing the inner integral of Equation (4.10) with the change of variable 𝒇 ↦ 𝒇 − 𝜽, we

find

𝑝(𝒇|𝒒) = ∫ 𝑝(𝒇 − 𝜽|𝜽)⏟⏟⏟⏟⏟
∼𝑁(0,𝑭 )

𝑝(𝜽|𝒒)𝑑𝜃

so that by Equation (4.11) we have that 𝑝(𝒇|𝒒) is normally distributed with expectation

and covariance given by

𝔼(𝒇|𝒒) = (𝑽 −1 + 𝛀−1)−1 ⋅ (𝑽 −1𝝃 + 𝛀−1𝒒) = 𝔼(𝜽|𝒒),

var(𝒇|𝒒) = (𝑽 −1 + 𝛀−1)−1 + 𝑭 = var(𝜽|𝒒) + 𝑭 .

Thirdly, we solve the outer integral of Equation (4.10) (deferring some of the details of the

algebraic manipulations to the Appendix, for brevity). Writing

𝑝(𝒓|𝒒) = ∫ 𝑝(𝒓|𝒇)𝑝(𝒇|𝒒)𝑑𝒇, (4.12)

we collect and expand the terms in the exponent up to a factor of−1
2 , complete the square in

𝒇, and integrate what is recognisable as a Gaussian integral. By the recursive nature of the

integrals, we also retrieve a Gaussian for 𝒓|𝒒. Hence, as supported by further calculations

within the Appendix below, we have that the posterior predictive distribution 𝑝(𝒓|𝒒) is

multivariate normal with covariance and mean

var(𝒓|𝒒) = [𝑫−1 − 𝑫−1𝑿[𝑿𝑇𝑫−1𝑿 + var(𝒇|𝒒)−1]−1𝑿𝑇𝑫−1]−1,

𝔼(𝒓|𝒒) = var(𝒓|𝒒)𝑫−1𝑿[𝑿𝑇𝑫−1𝑿 + var(𝒇|𝒒)−1]−1
var(𝒇|𝒒)−1𝔼(𝒇|𝒒).
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By Equation (4.2), we write the optimal weights for a single-step Black-Litterman portfolio

allocation as

𝒉∗
𝑏𝑙𝑏 = 𝛾−1var(𝒓|𝒒)−1𝔼(𝒓|𝒒)

= 𝛾−1𝑫−1𝑿[𝑿𝑇𝑫−1𝑿 + var(𝒇|𝒒)−1]−1
var(𝒇|𝒒)−1𝔼(𝒇|𝒒). (4.13)

This expression differs meaningfully with other optimal weights given in the literature.

This is the case in that we have carefully accounted for all of the specified terms within the

hierarchy of the returns model.

4.2.4 An optimal weight model under transaction costs

In this section we consider a more realistic objective function for solving for portfolio

weights, in that it incorporates transaction costs. We do this bymaking aminimal adjustment

to the Markowitz objective of Equation (4.1):

max
𝒘∈𝒞

𝔼(𝒘′𝒓) − 𝛾
2
var(𝒘′𝒓) − 𝑇 𝐶, (4.14)

with 𝑇 𝐶 denoting transaction costs measured in percentage of invested wealth. Of the

many ways to account for transaction costs, we broadly follow the single-period model

recently presented in [98]. Despite the differences in our application domains, our analysis

and results contrast somewhat consistently, and certainly interestingly, with theirs.

Firstly, we choose a transaction cost model inspired by [94] so that transaction costs

measured in dollars, 𝑇 𝐶𝑑, is given by

𝑇 𝐶𝑑
𝑡 = 1

2
𝜟′

𝑡𝜦𝑡𝜟𝑡.

Here 𝜟𝑡 is the portfolio turnover vector for a time increment, defined as

𝜟𝑡 ∶= Π𝑡(𝒘𝑡 − 𝑹𝑡−1𝒘𝑡−1),

and the ‘market impact’ vector 𝒎 is given by

𝒎𝑡 = 1
2

𝜦𝑡𝜟𝑡.
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We use the subscript 𝑡 to explicitly account for time-dependence. The real scalar Π𝑡

denotes total wealth investable at time 𝑡. Clearly, given the above specification dollar

transaction-costs erode dollar returns quadratically with increasing wealth. The term 𝑹𝑡−1

denotes a diagonal matrix whose diagonal elements account for the realized returns for the

assets held in the portfolio at 𝑡 − 1, over the time step [𝑡 − 1, 𝑡), and adjusted for wealth

delta. We assume that the term 𝜦𝑡 is a diagonal matrix whose elements depend on the

daily (dollar) volume traded in each underlying asset. Given the recent estimates of [99],

we assume a 10-basis point market impact when trading 1% of the daily dollar volume 𝑳𝑡

of US equity underlyings whether long or short, so

𝒎𝑡 = 10bps ⋅ 1 = 1
2

𝜦𝑡 × 1%𝑳𝑡

⟹ 𝜦𝑡 = 1
5

𝑳−1
𝑡 . (4.15)

In the work that follows, we set the values for daily dollar volumes at their 6-month rolling

average. Further, we assume that investor wealth grows proportionally with the market;

specifically, we make the somewhat arbitrary assumption that at each time step the total

investable capital is one-tenth of the sum of the daily dollar volumes of the assets in our

trade universe, as known at the most recent time step.

Hence Equation (4.14) can be written, noting that 𝑇 𝐶 = 𝑇 𝐶𝑑/Π, as

max
𝒘𝑡∈𝒞

𝔼(𝒘′
𝑡𝒓𝑡) − 𝛾

2
var(𝒘′

𝑡𝒓𝑡) − Π𝑡
2

(𝒘𝑡 − 𝑹𝑡−1𝒘∗
𝑡−1)′𝜦𝑡(𝒘𝑡 − 𝑹𝑡−1𝒘∗

𝑡−1)

(4.16)

and conveniently solved in closed-form for optimal weights:

𝒘∗
𝑡 = (𝛾𝚺𝑡 + Π𝑡𝜦𝑡)

−1(𝝁𝑡 + Π𝑡𝜦𝑡𝑹𝑡−1𝒘∗
𝑡−1). (4.17)

Hence the optimal portfolio weights for the BL-APT model can be found by substitut-

ing estimates for 𝔼(𝒓|𝒒) and var(𝒓|𝒒) into Equation (4.17), as an alternative to Equation

(4.13), when taking transaction costs into account.
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4.3 View fusion

4.3.1 Preliminaries

The Black-Litterman model – sans solving for the portfolio weights – can be expressed via

a state space representation; this was recently presented in [104] in the context of modelling

temporal dependency in asset returns and parameter view estimates1. In a simple case,

consider ranges of views generated from a source at discrete time increments 𝑘 = 0, 1, ... .

We can infer the underlying target mean 𝝁𝑘 in an online way, via the linear time-varying

system of equations:

𝝁𝑘+1 = 𝝁𝑘 + 𝝐𝝁
𝑘 , (4.18)

𝒒𝑘 = 𝑷𝑘𝝁𝑘 + 𝝐𝒒
𝑘. (4.19)

Here 𝝐𝝁
𝑘 and 𝝐𝒒

𝑘 model independent zero-mean white-noise processes with respective co-

variances 𝚿𝑘 and 𝚺𝑘. We call Equations (5.1) and (5.2) the ‘state’ and ‘measurement’

equations, respectively. Solving the state space representation of Black-Litterman, assum-

ing absolute views, we have the probability distribution for 𝝁𝑘|𝒒𝑘, analogous to Equation

(4.5) and solved equivalently to solving for 𝑝(𝜽|𝒒) per Section 4.2.1. The predictive distri-

bution for 𝝁𝑘+1|𝒒𝑘, analogous to Equation (4.6) can be solved equivalently to solving for

𝑝(𝒇|𝒒), also of Section 4.2.1. On the other hand, within the Black-Litterman literature, as

in our model from Section 4.2, the prior is typically re-initialised to 𝑝(𝝁0) at each time-step,

rather than dynamically updated given a sequence of view estimates. In the following

work, we follow this approach, and leave consideration of prior updates based on a larger

subset of recent data as future work. In any case, such state space modelling naturally

inspires an extension of the Black-Litterman framework to handle the combination – or

‘fusion’ – of multiple views held about a particular portfolio.

1There exists an extensive literature on state space modelling, with applications across many domains.

See, for example, [134] for an instructive review of filtering methods for mathematical finance.
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4.3.2 Information fusion

To this point we have described the Black-Litterman model assuming a singular source for

a range of views. Next, we consider the realistic – though in the context of Black-Litterman

modelling, unexplored – case of multiple sources generating views simultaneously for

each time increment, and analyse the impact on the predictive distribution. We extend

Equation (5.2) thus (for brevity, keeping to the case of absolute views):

𝒒𝑘,𝑠 = 𝝁𝑘,𝑠 + 𝝐(𝒒)
𝑘,𝑠, (4.20)

where 𝒒𝑘,𝑠 denotes the view is from source 𝑠, 1 ≤ 𝑠 ≤ 𝑆, and each 𝝐(𝒒)
𝑘,𝑠 is a zero-mean

white-noise process with covariance 𝚺𝑘,𝑠. Multiple views could realistically arise in the

context of implementing a systematic trading or asset management strategy, whereby

multiple predictions across multiple (potentially, broadly diverse) models need to be fused

before capital allocation.

Information fusion has been common to the state space literature since the work of

[135]. However, fusion is not limited to the state space framework, and instead applies more

generally to the problem of fusing multiple estimates of an underlying random variable2.

Correspondingly, data fusion can take place at the level of the state or measurement

equations, though we assume the former for our empirical work below.

Typically, fusion techniques amount to solving for an optimal fused estimate (𝝁, 𝚺̂) for

the true underlying values (𝝁, 𝚺) given a collection of 𝑆 underlying estimates {(𝝁𝑠, 𝚺̂𝑠) ∶

1 ≤ 𝑠 ≤ 𝑆}, with the mean parameter a weighted linear combination of the underlying

estimates:

𝝁 = ∑
𝑠

𝑾𝑠 𝝁𝑠. (4.21)

2Various approaches exist in the data fusion literature for incorporating information from multiple

sources; introductory reviews can be found in [136, 137].
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Figure 4.2: Concentration ellipses for three example bivariate Gaussian measurements of a single

state𝒙 = (𝑥1, 𝑥2) (light orange), and the optimal fused state estimates for the four methods outlined

in Section 4.3.

(Omitting the subscript 𝑘, for ease of notation,) ‘Optimal’ fusion is such that (i) 𝚺̂ is

minimal in some sense – typically with respect to matrix trace or determinant; and also that

(ii) 𝚺̂ is consistent. Within the fusion literature, a consistent estimate is such that 𝚺̂ ≥ 𝚺,

in the sense that 𝚺̂ − 𝚺 is positive semi-definite. That is, the consistent estimate subsumes

a covariance no less than the covariance𝚺 of the distribution of the true underlying process;

see, for example, [138]. We note that this definition is independent of the well-known

definition of a consistent estimator from the statistical literature, whereby a parameter

is called consistent if it converges in probability to the true value of the parameter. The

consistency property is crucial for many investors conscious of risk, particularly those that

do not want to understate risk3. Another benefit of consistency is that probabilistic bounds

3In the case of (multi-period) Kelly investing, to which the fusion of this paper could directly apply,

investment size is inversely proportional to variance. But the investor faces almost sure ruin if they sufficiently

over-invest (which can happen if uncertainty is estimated to be too small) relative to the optimum strategy

[139].
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for the state of the system can be deduced, as discussed in [140].

Given themean and covariance of a bivariate random variable, recall the ‘concentration

ellipse’ [141] defined as the locus of points {𝒙 ∶ (𝒙 − 𝝁)𝑇𝚺−1(𝒙 − 𝝁) = 1}. For visual

intuition, we depict such ellipses, estimated using the fusion methods described in the

following subsections, in Figure 4.2 above. These results are shown for the case of three

underlying data sources, assumed to each yield a noisy estimate of the same target.

Precision-weighted fusion

We first consider precision-weighted (PW) fusion for the case that the cross-covariances

between sources is known to be zero. Suppose that for each 𝑠, 𝝁𝑠 is an unbiased estimate,

and each 𝚺̂𝑠 is a known error covariance estimate that is consistent. It follows that the

fused estimate given in Equation (4.21) is an unbiased estimate if and only if ∑𝑠 𝑾𝑠 = 𝑰,

for weight matrices 𝑾𝑠, and 𝑰 the identity matrix. To find the weight estimates we solve

min
𝑾

trace(𝚺̂) subject to ∑
𝑠

𝑾𝑠 = 𝑰.

Let 𝚺̂𝑖𝑗 denote the cross-covariance estimate between the unique sources 𝑠𝑖 and 𝑠𝑗, and

write

𝚺̂ = ∑
𝑠

𝑾𝑠𝚺̂𝑠𝑾 𝑇
𝑠 + ∑

𝑠𝑖≠𝑠𝑗

𝑾𝑠𝑖
𝚺̂𝑖𝑗𝑾 𝑇

𝑠𝑗
. (4.22)

Assuming the cross-covariances are everywhere zero, solving for the optimal weights one

finds that, on weight substitution,

𝚺̂ = (𝚺̂−1
1 + ... + 𝚺̂−1

𝑆 )−1, (4.23)

𝝁 = 𝚺̂(𝚺̂−1
1 𝝁1 + ... + 𝚺̂−1

𝑆 𝝁𝑆). (4.24)

Further details of this well-known result can be found in [142, 135]. The analogous

result for fusing two sources that have known, non-zero correlation is given in [143], though

for our financial modelling framework this is less useful since the cross-correlations are not

estimated. On the other hand, the case of unknown, potentially non-zero cross-correlation is

the domain of the Covariance Intersection method, as presented in the following subsection.
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Covariance Intersection

One could reasonably expect that views on the same underlying asset returns, as functions

of similar or equal underlying data, exhibit non-zero cross-correlation. However, the

cross-correlation is not necessarily known, or easily estimable. Such a setting is the domain

of application for the Covariance Intersection (CI) fusion method of [144]. The insight of

this approach is that, given Equation (4.22), the covariance ellipses for {𝚺̂𝑠} contain 𝚺̂ in

their intersection, for any values of the cross-covariance terms. Hence the method yields

𝚺̂−1 = ∑
𝑠

𝜔𝑠𝚺̂−1
𝑠 , (4.25)

𝝁 = 𝚺̂ ∑
𝑠

𝜔𝑠𝚺̂−1
𝑠 𝝁𝑠, (4.26)

for scalars 𝜔𝑠 ∈ [0, 1] with ∑𝑠 𝜔𝑠 = 1, since a convex combination of covariances

ensures 𝚺̂ encloses the intersection region. The 𝜔𝑠 terms can be computed via a standard

optimization routine subject to minimising the trace of 𝚺̂. Further, it has been shown

that the CI method applied to a pair of consistent estimates yields a consistent estimate

[138]. Finally, Equations (4.25) and (4.26) as given above extend the canonical case of

two sources, as offered in [145].

CI is a straightforward method that holds for any cross-covariance, but a cost of its

flexibility is that the estimate can be too conservative for many practical use cases. We next

consider Inverse Covariance Intersection that attempts to retain the consistency benefit of

CI, while being less conservative.

Inverse Covariance Intersection

The method of inverse Covariance Intersection (ICI) is similar in approach to that of CI, but

achieves a less conservative estimate while still maintaining consistency. The algorithm

was presented recently in [146]. A central insight, inspired by [147], is to first consider
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estimates pairwise, such that for 𝑠 = 1, 2:

𝝁𝑠 = 𝚺̂𝑠((𝚺̃𝑠)−1𝝁𝑠 + 𝜞 −1𝜸), (4.27)

𝚺̂𝑠 = ((𝚺̃𝑠)−1 + 𝜞 −1)
−1

. (4.28)

This is to say, that each estimate is itself the PW fusion of a sub-estimate from the collection

{(𝝁𝑠, 𝚺̃𝑠) ∶ 1 ≤ 𝑠 ≤ 2}, for sub-estimates uncorrelated between sources, and a shared

set of information denoted (𝜸, 𝜞 ), also uncorrelated with each sub-estimate; we proceed

assuming such a decomposition exist. If the shared information is known, then fusion can

be solved optimally by subtracting the shared covariance from the PW fusion covariance

for the original pair of estimates [146]. But since it is not known, the second insight is to

instead solve for, and subtract, an upper bound for the shared covariance, valid for any true

underlying shared information. Further, regardless of the shared information, it is shown

that a consistent, tight covariance estimate – if it exists – is of the form

𝚺̂−1 =
2

∑
𝑖=1

𝚺̂−1
𝑠 − (

2
∑
𝑠=1

𝜔𝑠𝚺̂𝑠)
−1

, (4.29)

for scalars 𝜔𝑠 as in the case of CI, with the ICI covariance estimate achieving this form

exactly [146]. With a modicum of algebra, it follows that the fused mean is given by

𝝁 =
2

∑
𝑠=1

𝐶𝑠𝝁𝑠, (4.30)

where 𝐶𝑠 = 𝚺̂ ⋅ (𝚺̂−1
𝑠 − 𝜔𝑠(

2
∑
𝑠=1

𝜔𝑠𝚺̂𝑠)
−1

).

It is important to recognise that this formula does not generalise to more than two

information sources in an obvious way – the ICI algorithm fuses information sources

pairwise. However, ICI can be applied recursively. This follows from the assumption that

any pairwise-fused estimate has a decomposition analogous to Equations (4.27) and (4.28)

[146]. For further results and details we also recommend [148].

Covariance Union

The fusion methods outlined above assume that each source’s estimate is itself consistent

with respect to the target. We relax this assumption by requiring that at least one of the
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Figure 4.3: Cumulative factor returns to risk premia as described in Section 4.2.2; replication of

Figure 1 of [105]. A single year is shown for ease of visualisation. The year 2011 is arbitrarily

chosen.

source estimates are consistent. A given estimate could be inconsistent, as evidenced by,

say, mean components sufficiently different between estimates, given relatively smaller

covariance estimates. This could be apparent, for example, when the Mahalanobis distance

between some pair of estimates exceeds a critical threshold. Further, we may not know

precisely which of the underlying estimates is consistent, or it may be (in some sense)

costly to resolve. The Covariance Union (CU) algorithm has been proposed as a fusion

method for this setting [149]. CU constructs a fused estimate guaranteed to be consistent,

since the fused estimate is consistent with respect to each underlying estimate:

𝚺̂ ≥ 𝚺̂𝑠 + (𝝁 − 𝝁𝑠)(𝝁 − 𝝁𝑠)𝑇, 1 ≤ 𝑠 ≤ 𝑆.

While the idea behind CU is relatively simple, the numerical implementation for

estimating the fused estimate is more challenging. In an attempt to simplify the compu-

tation, we offer the following details. Firstly, CU can be implemented using non-convex
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optimisation software such as SolvOpt [150]. We follow [151] for implementing a SolvOpt-

based solution for calculating the results of Section 4.5 below. Secondly, a key step is to

define the coefficient vector that we wish to solve for, 𝒙. The first 𝑛 elements of 𝒙 are

the elements of 𝝁, and the remaining 𝑛(𝑛+1)
2 elements of 𝒙 are the elements of the upper

triangle of 𝚺̂. Then 𝒙 becomes the optimization target for SolvOpt. We seek to minimise

the determinant of 𝚺̂ subject to the constraint that

∀𝑠, 𝚺̂∗
𝑠 ∶= 𝚺̂ − 𝚺̂𝑠 − (𝝁 − 𝝁𝑠)(𝝁 − 𝝁𝑠)𝑇 ≥ 0. (4.31)

A particular feature of the SolvOpt software is that it requires a constraint 𝑐(𝒙) such that,

for any input, 𝑐(𝒙) ≤ 0. Since 𝚺̂∗
𝑠 is required to be positive semi-definite, it must have

non-negative eigenvalues for all choices of 𝑠, and the constraint is satisfied for a choice of

𝑐 such that

−𝑐(𝒙) ∶= min{{eigenvalues(𝚺̂∗
𝑠) ∶ ∀𝑠}} ≥ 0.

Finally, for the interested reader, the works of [151, 152] offer further efficient approxima-

tion methods for implementing CU, as required for particular practical use cases.

4.4 Data

We describe the data set construction for replicating the empirical example for BL-APT

of [105]. This construction matches the original descriptions as closely as possible, and

we make note of any additional required assumptions made. While we have attempted

to carefully reproduce the database, our results need not match exactly. Not in the least,

we have no guarantee that the underlying database that we call is the same 5 years later,

even if our data replication process is perfectly faithful. A visual comparison can be made

between our factor values against the source given Figure 5.3 above, which demonstrates

a reasonable replication.

The data is sourced from CRSP and IBES databases with access granted via the

Wharton Research Data Service. The original work sourced daily US equity market data
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from 1992-2015; we extend our data set till 2022 to include the market crash of March

2020, and subsequent market rebound, for interest’s sake.

For each day, set 𝑛 = 2000 and select the top 𝑛 stocks within the US market sorted

by market capitalisation. The data set is filtered for USD denominated common stock only

– there are no closed end funds, REITs, ETFs, unit trusts, depository receipts, warrants etc.

We also collected the S&P500 (excess) return time series, stock market capitalisations, and

earnings per share, adjusted for splits.

The data set requires the creation of 5 risk factors: market beta, size, volatility,

momentum and value. The reasonableness of our data set construction is per the output

of Figure 5.3, which accords with expectations. We also create 70 industry factors; these

are one-hot encoded based on the industry given by SIC. Calculating size is relatively

straightforward in CRSP as the product of shares outstanding and the daily close price.

Value was determined by analysing IBES data, and could be merged back to the CRSP

database based on the CUSIP identifier. We note that risk factor construction is often

non-trivial. Momentum was codable using CRSP data and the definitions of [153]; we

calculated the daily compounded 12 month returns sans the most recent 1 month of data.

We created the market Beta and volatility factors using the relevant CRSP data and the

details of [105]. Indeed, over a two-year rolling window we estimate a collection of

linear functions by regressing each asset’s daily excess returns against the S&P500 excess

returns. The market Beta is the regression gradient, while the volatility factor is set to be

the regression mean-square error.

The data is constructed for semimonthly rebalancing to facilitate the experiments of

the following section.

4.5 Results

View models. To proxy multiple sources of view generation, we implemented various

models with utility for forecasting financial time series. Indeed, machine learning models

have proven useful for not only prediction, but also for estimating prediction uncertainty.
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We implement an ARIMA, boosted regression and Gaussian Process model for generating

views, and calculate model-derived uncertainty estimates. Relevant details are included

in the Appendix, since time series prediction modelling is not the primary focus of this

paper. We denote the three view models ‘ARIMA’, ‘Boost’ and ‘GP’, respectively. We

also implement the 4 fusion methods outlined in Section 4.3.

Parameter choices. Per Figure 4.1 and the outline in Section 4.2, the BL-APT model

requires the specification of 𝒒, 𝑭 , 𝛀, 𝝃, 𝑽 and 𝑫. We set 𝒒 as the mean prediction estimate

given by a view model, with the view models as previously described. The accompanying

epistemic uncertainty estimate is set to 𝛀, and 𝑭 is set equal to the aleatoric uncertainty

estimate. The prior hyperparameter 𝝃 is estimated as an average of 𝒇 over a recent rolling

lookback window of the most recent 20 observations. This window size was arbitrarily

decided, and is the same for all rolling windows introduced hereafter. The total variance

of each underlying factor is calculated relative to out-of-sample data, and we yield an

approximation to epistemic uncertainty by the estimation method as described for the

ARIMAmodel in the Appendix below. We set 𝑽 as this estimate. Our estimate for 𝑫 is a

diagonal covariance matrix equal to 𝜎̂2𝑰, where 𝜎̂2 is the mean square error yielded from

estimating Equation (5.16), and 𝑰 is the identity matrix. Finally, we set the relative risk

aversion parameter to a constant value of 10.

Transaction costs. An effect of accounting for transaction costs, and carefully setting

the transaction cost model parameters, is to significantly reduce portfolio turnover rela-

tive to the unconstrained Markowitz approach with costs assumed nil. Indeed, without

transaction costs, it is well-known that this latter approach usually results in unrealistic

and unreasonably large leverage suggested for the optimal portfolio, and high portfolio

turnover. Recent results of [98] show that incorporating an appropriate transaction cost

model goes some way to mitigate these limitations in empirical studies. We implement the

model outlined in Section 4.2.4 above to the same ends. We set our portfolio rebalance

period to be semimonthly, which is sufficiently long – given our assumed wealth process,

and the potential return
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Figure 4.4: View-based portfolio excess return performance net of trading costs. Benchmark SPX

strategy is gross of (negligible) transaction costs, but total returns are calculated in excess of the

risk-free rate.

being significantly larger than the cost of rebalancing – such that the reward of updating

weights is not dominated by the cost of trading.

Results – benchmark. We have tabulated performance results by year and model over

a 29-year period, and include them in the Appendix. The method ‘S&P500 (TR)’ denotes

the total return of the S&P500 for the year. The annual returns may appear slightly less than

commonly reported since they are net of the risk-free rate. The S&P500 (TR) represents a

useful benchmark in that it represents the market buy-and-hold strategy, accessible to the

modern-day investor and with a potential for exceptionally competitive fees, especially

in the more recent years. For comparisons sake, all results dependent on an underlying

view model are reported based on normalised underlying data, such that ex-post annualised

return volatility is equal to that of the benchmark portfolio. We make a note that, on

perusing the tables, there is obvious decay in the performance of the view-based models

over the 30-year period, as evidenced, for example, by the significant decline in Sharpe

ratios over time.
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Results – statistics. We depict the Sharpe ratio statistics from the tabulated data in

Figure 4.4 above. The left-most chart shows box & whisker plots for the annual Sharpe

ratio for the collection of portfolios over the 29-year period. Investment in the S&P500

(TR) is clearly superior to our underlying modelling approach. On the other hand, there are

improvements that could increase the view model performance that we deem beyond the

scope of this work. For an easier comparison of centrality for the various method’s Sharpe

distributions, we show each portfolio’s median and mean Sharpe ratio over the 29-year

period in the right-most chart. This visual depiction summarises how fusion and non-fusion

based methods performed relative to each other through time (and relative to the market

total return portfolio). We observe that fusion-based medians are increasing through PW

(0.11), CU (0.16), CI (0.38) and ICI (0.48), with the means showing a similar but less

pronounced trend. The set of mean Sharpe ratios for the single-view based methods have a

smaller range than the medians (0.21-0.30 versus 0.01–0.53, respectively); similarly for the

fusion-based methods (0.17–0.31 versus 0.11–0.48). When considering the mean Sharpe

ratio over the full data sample, ICI outperforms amongst the set of fusion-based methods

and the single-view-based models. Similarly to the median, ICI outperforms amongst the

set of fusion-based methods and sits closely to the best of the single-view-based models.

We test for statistical significance of differences in these measures of distribution centrality

per the results in Table 5.1 below. Despite the small sample sizes there is some interesting

supporting evidence for the outperformance of fusion-based methods.

We test for the difference of means between methods with a collection of pairwise

1-sided t-tests. Such tests make a critical assumption of independence in the pairwise

Sharpe ratio differences as indexed by year. We note that despite individual time series of

model performance statistics potentially displaying serial correlation, it seems reasonable

to suggest that the performance between models over the years does not. This is clearly

a critical claim. We examine the autocorrelation function for the 28 possible pairwise

comparisons and find 1 case of rejecting the null hypothesis of no autocorrelation in a

Ljung-Box test at the 10% level of significance. We further assume normality of the
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differences and test this with a (one-sided) Shapiro-Wilk test for normality, also at the

10% level of significance. We find that this assumption is rejected for 3 cases. Finally,

we assume the non-existence of outliers in the difference data, and validate this claim on

visual inspection of box and whisker plots.

On testing for the difference of means with a paired-t test, we find, of particular interest,

that ICI outperforms the ARIMA and GP models, while CI outperforms the ARIMA only

(though in this case the Shapiro-Wilks test leads us not to rely on some of the t-test p-

values). To support testing for significance in the difference of means between groups, we

bootstrap 2-sided bias-corrected and accelerated (BCa) bootstrap 90% confidence intervals

for paired data [154]. We find evidence that ICI outperforms the ARIMA and GP models,

and again the CI outperforms theARIMAmodel. We also test for the difference in medians

between groups with BCa confidence intervals, but they are broadly less conclusive. This

is potentially owing to the small sample size. On the other hand, we have evidence that

both ICI and CI outperform GP on this metric.

Alternatively, to testing for the difference of medians across all samples, we can

test for the median of the differences between pairwise annual Sharpes. To this end, we

utilise the Wilcoxon signed-rank test for paired samples [155]. In addition to assuming

independence, a critical assumption is that of symmetry about the distributions of paired

differences. Given the results of the Shapiro-Wilk tests, and visual inspection of what

appear to be reasonable QQ plots, we continue assuming symmetry is satisfied. We perform

1-sided tests at the 10% level of significance and find evidence that ICI outperforms the

ARIMAmodel for this comparison.

It is interesting that the CI and ICI methods achieve more compelling outperformance

than the CU and PW fusion methods, relative to the underlying view models. The assump-

tion of PW that the underlying views have 0 cross-covariance may be suboptimal, such that

the method is yielding inconsistent estimates and in turn impacting trading performance.

On the other hand, perhaps CU could be used more sparingly and strategically, such as

when the underlying views have relatively high dispersion and so appear sufficiently
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Table 4.1: Tabulated p-values and confidence intervals for a battery of statistical tests for comparing

annual 29-years of annual Sharpe ratios pairwise between strategies. Yellow highlighting is applied

for significance at the 10% level. The rightmost four columns represent one-sided tests.



Chapter 4. View fusion for investing 79

contradictory. An alternative fusion method such as ICI could be employed otherwise.

Corroborating our intuition about the relative strength of the S&P500 (TR) strategy

relative to all others, we see that SPX improves on all models – both single-view- and

fusion-based – for almost all tests. Sufficiently strong view models are required to compete

with the market portfolio, but beyond the scope of this work. It is perhaps surprising that

view- and fusion-based models net of transaction costs have net positive Sharpe ratios at

all. Indeed, we estimate global Sharpe ratios between 0.10 (PW) and 0.34 (ICI) for the

entirety of the 29-year period.

Closing remark. The results presented offer preliminary evidence supporting fusion-

based methods within a Black-Litterman framework subsuming a relatively complex

investment strategy net of transaction costs. Fusion-based methods result in a weighted-

average performance respectful of uncertainty estimates. These methods could certainly be

ex-ante preferred when all views are to be incorporated into an investment decision, in the

case that the best viewmodel is unknown (and/or as in our presented work, when the method

constituting the best view model is both largely unpredictable, and changing through time).

We have supporting evidence for a rare ‘free lunch’ in financial investing by way of model

fusion, essentially amounting to a benefit we could call ‘model diversification’. This could

be of further application in alternative trading domains, perhaps with more sophisticated

underlying view models, and we hope to inspire readers to consider their practical use.

4.6 Conclusion and next steps

In this work, we further characterise view uncertainty within a Bayesian Black-Litterman

framework. In doing so, we offer optimal portfolio weights for a case of Black-Litterman

in an Arbitrage Pricing Theory setting. Considering the Bayesian Black-Litterman model

via an equivalent state space representation, we are inspired by the information fusion

literature for combining correlated prediction mean and uncertainty estimates streamed

from diverse sources. Hence, we demonstrate prediction and uncertainty fusion for multi-

ple, simultaneous views within the Black-Litterman framework, and describe consistent
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uncertainty estimation within financial investing contexts. In our empirical work, we

demonstrate the utility of our approach for BL-APT. Future practical work could be based

on more realistic investment strategies, not the least incorporating methods of drawdown

control.



Chapter 5

Noise filtering for statistical arbitrage

trading

5.1 Introduction

Statistical arbitrageurs seek trading opportunities whereby an asset price (or return) is

dislocated from ameasure of fair value to which it is assumed it will revert. Such dislocation

needs to be sufficiently large so as to be profitably traded – at least, in expectation. These

strategies are documented as originating within the financial services in the late 1970s

and early 1980s, within both the hedge fund and investment banking industries [156]. To

this day, statistical arbitrage strategies are of popular practical application, and strategy

techniques and insights have inspired a deep academic literature. A comprehensive review,

for work dated up till 2016, can be found in [157].

Indeed, much of the academic literature on statistical arbitrage ultimately concerns

estimating a fair valuemodel for an asset spread or portfolio, and/ormodelling and analysing

the stochastic dynamics of the dislocation about fair value. This paper is mostly concerned

with the former. To our knowledge, we are the first authors to present and assess a

conditional factor model for estimating fair value in the context of statistical arbitrage. The

model assumes that future returns are predictable given (i) the asset-wise factor exposures

for the universe of assets of interest, and (ii) a latent factor vector that is estimable by

regression in the asset cross-section. Further, we assume the dynamic nature of the factor

vector, suggesting a state space framework for the joint modelling of factors and asset

returns.

Our fair value model is closest in spirit to existing work that presents explanatory

models of returns based on Principal Component Analysis (PCA) [158, 159]. In these
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papers, the principal components (and their loadings) that are deemed to have sufficiently

high explanatory power are an analogue to our model’s factor exposures (and factor vectors).

However, the papers differ significantly in many key workflow assumptions relative to

ours, most importantly with respect to data set construction, asset feature modelling, and

the trading strategy assumed. We posit, critically, that the details of each of these steps

can have a significant impact on the estimated performance statistics. Hence we clearly

describe our methods in the interest of ease of interpretability and reproducibility, and

present a range of performance data based on competing sets of reasonable assumptions.

Owing to transparency, we also find two key, well-known works with which we can directly

compare our results; this is less commonly found possible for academic quantitative finance

papers that depend on strategy backtests. In any case, we further describe these comparable

papers, and other recent work in the spirit of ours, in Section 5.2 below. This summary

mostly covers work not contained in the aforementioned review [157], due to their recency.

In Section 5.3, we present further the state space framework as it relates to the

conditional factor model. We model returns as a noisy observation of the latent factor

vectors, and describe the well-known Kalman Filter algorithm for the case of a linear

model, and the Unscented Kalman Filter algorithm for the case the model specified is

non-linear. In Section 5.4 we review details of the data set construction, and the factor

dynamics model. We also discuss the particulars of the trading strategy, which amounts to

the management of a long-short beta neutral equity portfolio. We present the specification

of the trading rule, realistic transaction cost assumptions, the hedging of market risk, and

the calculation of strategy returns and bankroll management.

Our results are presented in Section 5.5. We show that the conditional factor state

space model is useful for trading mid-frequency statistical arbitrage in US equity markets.

This is true with respect to a meaningful benchmark model and a simpler ordinary least

squares-based approach, and to the results given in other well-known academic studies

calculated over similar data sets. We conclude in Section 5.6, and given that the model

presents as a compelling starting point for building a strategy at larger scale, we include
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notes for both academic and practitioner future work.

5.2 Existing literature

We collect and describe studies relating to statistical arbitrage trading, for work mostly

post the review period of [157]. Unsurprisingly, many recent methods for approaching the

problem subsume modern machine learning techniques. These approaches mostly concern

pairs trading. For example, surrendering performance interpretability, the work of [160]

presents a spectrum of techniques – PCA for dimension reduction of raw data, clustering

as a strategy for pairs identification, and forecasting with deep learning seeking better trade

entry points. Similarly, [161], but without the lattermost step. Many authors appeal to

dimension reduction when a large universe of portfolio assets are under consideration; this

often amounts to an application of PCA. (Non-PCA based) Factor models are an alternative

with a strong theoretical grounding, and are presented (amongst many other introductory

ideas) in the well-known work of [162]. Such models are often characterised by a collection

of hand-constructed theoretically justified features called ‘factors’ that to correlate to price

or returns time series of the target assets. An insightful empirical demonstration of both

applied PCA and factor models can be found in [158]; also of note, the paper jointly trades

a multivariate portfolio of assets – beyond targeting pairs only. The approach of [163] is

to model returns via a statistical factor model, with an Ornstein-Uhlenbeck process for

the error term. Novelty is introduced at the level of trade execution, formulated via a

stochastic control model, though only applied on synthetic data. Approaches to optimizing

mean-reverting multivariate portfolios, subject to either budget or leverage constraints,

and influenced by Modern Portfolio Theory, are found in [164, 165]. An approach to

multivariate statistical arbitrage modelling beyond factor models is found in [166], that

presents a framework for both linear and non-linear relationship modelling via vine copulas.

State space models combine knowledge of the data process with noisy measurement

data; a focus of this work is to consider their utility for statistical arbitrage applications.

Hence our eventual contribution – a filtering approach to multivariate statistical arbitrage,
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scalable to large portfolios. Indeed, state space models for finance have been reviewed

in [167, 168]. The articles include applications to stochastic volatility modelling, and the

modelling of the term structures of commodity prices and interest rates. Applications to

pairs trading are relevant, and were introduced by the seminal work of Elliott [169], who

models a latent pair spread, and noisy observations thereof, in a state space setting. Their

results are presented for synthetic data. The work of [170, 171] extends the research by

introducing time-varying parameters to the model, hence improving model flexibility, and

testing the theory in realistic online trading settings. The Elliott model is also generalised

somewhat for richer spread dynamics in [172], which designs a novel trading strategy

based on model-estimated probabilities of large dislocations mean reverting. Further

generalisations are apparent in the recent article [173] which presents a quasi-Monte Carlo

estimation algorithm for the state space framework presented. This allows for estimating

models with richer specifications, designed to express stylized features of financial data,

including non-Gaussianity and heteroskedastic variance.

It is natural to incorporate (dynamic) factor models into a state space framework, as

in [174], which also models stochastic volatility within the state variable; similarly, [175].

Arguments for dynamic factor modelling for statistical arbitrage are given by [159], though

the approach does not model volatility (beyond a white noise process). PCA for factor

mining, and prediction (of note, at the level of asset prices, rather than returns) is a heavily

exploited feature of the trading strategy.

The studies related to statistical arbitrage are summarised in Table 5.1 below, and

include information on the underlying market data analysed, by asset class, time scale and

date range. ‘SS’ denotes modelling in a state space framework, ‘Target’ is given by ‘pair’

for pair-trading examples, and ‘MV’ for multi-variate portfolios, while ‘Dim. red.’ denotes

a dimension reduction technique is a feature of the modelling approach.
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Author (Year) SS Target Dim. red. Asset class Date range Time scale

[157] (2017) pair - - -

[160] (2020) pair 3 CMDTY 2009–2019 intraday – 5min

[161] (2023) MV 3 Equities – Global 2011–2021 daily

[162] (2004) pair 3 - - -

[158] (2010) MV 3 Equities – US 1997–2007 daily

[163] (2019) MV 3 - - -

[164] (2018) MV Equities – US 2012–2014 daily

[165] (2019) MV Equities – US 2010–2014 daily

[166] (2016) MV Equities – US 1992–2015 daily

[169] (2005) 3 pair - - -

[170] (2011) 3 pair Equities – US; CMDTY 1980–2008 daily

[171] (2010) 3 pair Equities – US 1997–2005 daily

[172] (2016) 3 pair Equities – US, BR 2011–2013 daily

[173] (2021) 3 pair Equities – US, TW, HK 2012–2019 daily

[159] (2016) 3 MV 3 Equities – US 1989–2011 daily

Table 5.1: Literature themed around statistical arbitrage, toward applications of state space models

for multivariate portfolios. Note ‘CMDTY’ is used to abbreviate the word ‘Commodities’.

5.3 A dynamic model of returns and factors

State space modelling. Consider the case of discrete time increments 𝑘 = 0, 1, .... Then a

linear Gaussian state space model is given by the time-varying system of equations:

𝒙𝑘+1 = 𝑨𝑘𝒙𝑘 + 𝝐𝒙
𝑘 , (5.1)

𝒚𝑘 = 𝑩𝑘𝒙𝑘 + 𝝐𝒚
𝑘 . (5.2)

Here 𝝐𝒙
𝑘 and 𝝐𝒚

𝑘 model independent zero-mean white-noise processes with respective

covariances 𝚿𝑘 and 𝛀𝑘, assumed to be known functions of time. The matrices 𝑨𝑘 and

𝑩𝑘 are also assumed to be known functions of time. We call Equations (5.1) and (5.2) the

‘state’ and ‘measurement’ equations, respectively. The state 𝒙𝑘 is assumed to be a latent

random variable, of which 𝒚𝑘 denotes a noisy measurement at time 𝑘. Given the system

parameters, probabilistic beliefs about the state can be inferred, and these beliefs can be

updated given measurement data.

Kalman filter. By the classic Kalman filter (KF) algorithm, given an initial state 𝒙0,

and the state and measurement equations above, the filter distribution for 𝒙𝑘|𝒚1∶𝑘 at time
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𝑘 > 0 can be shown to be ∼ 𝑀𝑉 𝑁(𝝁𝑓
𝑘, 𝚺𝑓

𝑘) where

𝝁𝑓
𝑘 = 𝝁𝑝

𝑘 + 𝑮𝑘(𝒚𝑘 − 𝑩𝑘𝝁𝑝
𝑘), (5.3)

𝚺𝑓
𝑘 = (𝑰 − 𝑮𝑘𝑩𝑘)𝚺𝑝

𝑘. (5.4)

These equations describe the mean and covariance in terms of the ‘Kalman gain’𝑮 given

by:

𝑮𝑘 ∶= 𝚺𝑝
𝑘𝑩′

𝑘(𝑩𝑘𝚺𝑝
𝑘𝑩′

𝑘 + 𝛀𝑘)−1.

Also, the predictive distribution for 𝒙𝑘+1|𝒚1∶𝑘 at time 𝑘 can be shown to be ∼

𝑀𝑉 𝑁(𝝁𝑝
𝑘, 𝚺𝑝

𝑘) where

𝝁𝑝
𝑘 = 𝑨𝑘𝝁𝑓

𝑘, (5.5)

𝚺𝑝
𝑘 = 𝑨𝑘𝚺𝑓

𝑘𝑨′
𝑘 + 𝚿𝑘. (5.6)

Unscented Kalman Filter. Generalising Equations (5.1) and (5.2), we consider the

non-linear system dynamics

𝒙𝑘+1 = 𝑓(𝒙𝑘; 𝑨𝑘) + 𝝐𝒙
𝑘 , (5.7)

𝒚𝑘 = 𝑔(𝒙𝑘; 𝑩𝑘) + 𝝐𝒚
𝑘 . (5.8)

Here 𝑓 and 𝑔 may be non-linear functions of the state and parameters. An extension of

the Kalman filter was developed based on the unscented transform [176], a method for

calculating statistics of a random variable that has undergone a non-linear transformation.

The idea behind the algorithm – called the Unscented Kalman Filter (UKF) – is to first draw

sigma points, which are sample points drawn from the support of an underlying probability

distribution. The sigma points are passed through a non-linear function, so that by the

unscented transform the means and covariances of the predictive and filter distributions

are estimable; indeed, they are calculable as functions of (weighted) sample means and

(cross-)covariances of the transformed points.

In keeping with the approach of [177], so for 𝑁 the state dimension, at initialisation

we define vectors of weights 𝒘𝑐, 𝒘𝑚 of size (2𝑁 + 1), and select a set of sigma points
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denoted 𝒳1. Each sigma point is transformed on passing through 𝑓, yielding the set of

transformed sigma points 𝒴 = 𝑓(𝒳). Then the predictive distribution for 𝒙𝑘+1|𝒚1∶𝑘 at

time 𝑘 can be shown to be ∼ 𝑀𝑉 𝑁(𝝁𝑝
𝑘, 𝚺𝑝

𝑘) where

𝝁𝑝
𝑘 =

2𝑁
∑
𝑖=0

𝑤𝑚
𝑖 𝒴𝑖,𝑘, (5.9)

𝚺𝑝
𝑘 =

2𝑁
∑
𝑖=0

𝑤𝑐
𝑖 (𝒴𝑖,𝑘 − 𝝁𝑝

𝑘)(𝒴𝑖,𝑘 − 𝝁𝑝
𝑘)𝑇 + 𝚿𝑘. (5.10)

Next we calculate 𝒵 ∶= 𝑔(𝒴), and ̂𝒚−
𝑘 ∶= ∑2𝑁

𝑖=0 𝑤𝑚
𝑖 𝒵𝑖,𝑘. Then the filter distribution

for 𝒙𝑘|𝒚1∶𝑘 at time 𝑘 can be shown to be ∼ 𝑀𝑉 𝑁(𝝁𝑓
𝑘, 𝚺𝑓

𝑘) where

𝝁𝑓
𝑘 = 𝝁𝑝

𝑘 + 𝑮𝑘(𝒚𝑘 − ̂𝒚−
𝑘 ), (5.11)

𝚺𝑓
𝑘 = 𝚺𝑝

𝑘 − 𝑮𝑘𝑷𝑦,𝑘𝑮𝑇
𝑘 . (5.12)

In analogy with the Kalman gain defined above, here we have 𝑮 given by:

𝑷𝑦,𝑘 ∶=
2𝑁
∑
𝑖=0

𝑤𝑐
𝑖 (𝒵𝑖,𝑘 − ̂𝒚−

𝑘 )(𝒵𝑖,𝑘 − ̂𝒚−
𝑘 )𝑇, (5.13)

𝑷𝑥𝑦,𝑘 ∶=
2𝑁
∑
𝑖=0

𝑤𝑐
𝑖 (𝒴𝑖,𝑘 − 𝝁𝑝

𝑘)(𝒵𝑖,𝑘 − ̂𝒚−
𝑘 )𝑇, (5.14)

𝑮𝑘 ∶= 𝑷𝑥𝑦,𝑘𝑷 −1
𝑦,𝑘. (5.15)

A state space conditional factor model. We consider a conditional factor model,

as inspired by the Arbitrage Pricing Theory (APT) of Ross [10]. For a single-period

investment setting, we assume the predictive model

𝒓𝑘+1 = 𝑿𝑘𝒇𝑘 + 𝝐𝑟
𝑘, 𝝐𝑟

𝑘 ∼ 𝑁(0, 𝑫𝑘). (5.16)

Here 𝒓𝑘+1 is the 𝑛-dimensional random vector containing the cross-section of excess

returns for 𝑛 equities over the next time increment [𝑘, 𝑘 + 1]; 𝑿𝑘 is a non-random 𝑛 × 𝑚

matrix of observable factor exposures estimated at 𝑘, for 𝑚 the number of explanatory

asset factors; 𝑫𝑘 is a covariance matrix for the returns, assumed to be diagonal; and 𝒇𝑘 is

1There are various suggestions within the literature for how one might choose the weights and sigma

points; we keep with the presentation of [177] for our implementation.
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an 𝑚-dimensional latent factor vector that we estimate at each time step by cross-sectional

regression.

We write the state space conditional factor model

𝒇𝑘+1 = 𝑔(𝒇𝑘; 𝜽𝑓
𝑘) + 𝝐𝒇

𝑘, (5.17)

𝒓𝑘+1 = 𝑿𝑘𝒇𝑘 + 𝝐𝒓
𝑘, (5.18)

assuming dynamics in the latent factor vector. The state equation implies the dynamic

predictability of 𝒇 via some known function 𝑔. Recently, non-linear models for factor

evolution have been explored in [178].

Of course, a popular modern choice for 𝑔 might be one of the various machine

learning-based time series models. Such models could depend on a recent history of the

state variable, rather than just the current state. In the case of the factor model above, we

can expand the state space to include lags in 𝑓. Consider the one-dimensional case where

𝑓𝑘 = 𝑔(𝑓𝑘−1, … , 𝑓𝑘−𝑀; 𝒘) + 𝑣𝑘.

The function 𝑔, for example, can be estimated by a time series model, with 𝑣𝑘 being its

aleatoric uncertainty estimate. For this single factor case, per [177], the state space model

can be written:

𝒇𝑘+1 = 𝒈(𝒇𝑘; 𝒘) + 𝑩𝝐𝒇
𝑘,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑓𝑘+1

𝑓𝑘

⋮
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⎦
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+
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⎢
⎢
⎣

1

0

⋮

0

⎤
⎥
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𝑣𝑘,

𝑟𝑘+1 = [ 1 0 … 0 ] 𝑓𝑘 + 𝜖𝑟
𝑘.
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Figure 5.1: Factor risk premia as estimated by a conditional factor model using (i) ordinary least

squares (‘OLS’); and (ii) an underlying non-linear state space model (‘UKF’). Four factors are

displayed – size, volatility, momentum, and value, for the year 1997 (which was arbitrarily chosen).

We demonstrate an application of the model for four latent factors, assumed uncor-

related, showing a sample of model output in Figure 5.3 above. This compares with a

predictive model for returns as a function of factors estimated by ordinary least squares.

We provide further details of the model specification as part of the following section on

experimental methods and strategy.

5.4 Experimental methods and strategy

Our statistical arbitrage scheme has three non-trivial components – data set construction

and feature creation, data modelling, and specification of the trading strategy. Each of

these components can have a significant bearing on performance results. In Section 5.3 we

introduced the data model, and we present details of the particulars here. We also address

the other two components in this section, commenting on the data and the trading strategy.
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Data. The data set construction is the same as used in [179], with the exception that

the period is daily rather than bi-monthly. From that work, recall that the data is sourced

from CRSP and IBES databases, with access granted via the Wharton Research Data

Service. The raw data is daily US equity market data for the years 1992-2021 inclusive. On

each trading day, we select the top 𝑁 greatest stocks across all available US equities sorted

by market capitalisation, for 𝑁 = 2000. The data set is filtered for USD denominated

common stock only – there are no closed end funds, REITs, ETFs, unit trusts, depository

receipts, warrants etc. We also collected the S&P500 (excess) return time series, stock

market capitalisations, and earnings per share, adjusted for splits.

In that we experiment with factor models, the data set requires the creation of our 5

chosen risk factors: market beta, size, volatility, momentum, and value. Calculating size is

relatively straightforward in CRSP: the calculation is the product of shares outstanding

and the daily close price. Value was determined by analysing IBES data, and could be

merged back to the CRSP database based on the CUSIP identifier. We note that risk

factor construction is often non-trivial. Momentum was codable using CRSP data and the

definitions of [153]; we calculated the daily compounded 12 month returns sans the most

recent 1 month of data. We created the market Beta and volatility factors using the relevant

CRSP data and the details of [105]. Indeed, over a two-year rolling window we estimate a

collection of linear functions by regressing each asset’s daily excess returns against the

S&P500 excess returns. The market Beta is the regression gradient, while the volatility

factor is set to be the regression mean-square error.

State space model specification. The state space models described in Section 5.3

require the specification of the state transition function 𝑔, and the state and measurement

covariances, denoted 𝑭 and 𝑫. In the case of the linear model, we choose 𝑔 to be the

identity function2, and estimate a diagonal state covariance for 𝒇𝑘+1 − 𝑔(𝒇𝑘; 𝜽𝑓
𝑘) based on

a rolling (lookback) window of size 20. For the non-linear model, we estimate a multi-layer

perceptron model for 𝑔, that takes the previous history of 𝑓 on a window of size 10, and

2The choice of 𝑔 is in analogy with the state space model underlying the pairs trading application of

[171].
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that predicts 𝑓 at the next time-step, and well as the aleatoric uncertainty of 𝑓, which we

set as an estimate of 𝑭. To be clear, this estimate is a weighted average of the individual

uncertainty estimates collected when calculating the state update equation for each sigma

point. For reference, an image of the neural network architecture is given by Figure 5.2.

This model is in the spirit of [180], and in this simplified setting we implement a multi-layer

perceptron with 32 nodes followed by a dropout layer with rate 0.1, and 𝐿2 regularisation

with parameter fixed at 10−5 chosen by cross-validation on data from the earliest years.

Finally, for both the linear and the non-linear model, our estimate for 𝑫 is a diagonal

covariance gleaned from estimating Eq. (5.16) via ordinary least squares regression.

Figure 5.2: Suggestive neural network

architecture for a non-linear latent factor

vector state evolutionmodel. Themodel

outputs state prediction and aleatoric un-

certainty estimates given an input his-

toric time series.

Benchmark models. We utilise a benchmark

model with the trading strategy mechanics as out-

lined below, but with the key difference that the

spread 𝑆 is defined by the rolling 10-day sum total

returns for each asset against the mean total return

over a rolling 10-day window. This benchmark is

discussed in [181], and is intuitive for considering

reversals of returns. To be clear, this benchmark

strategy is with reference to the total return series

for each stock only; that is, it makes no reference to

any underlying factors.

Trading strategy. The state space model-

inspired trading strategy is a long/short strategy,

hedged to be beta neutral. The strategy depends

on the spread defined by the rolling sum total returns in excess of the rolling sum filtered

total returns – as estimated using the models of Section 3 – for each asset. That is, for each

time 𝑘, 𝑟𝑘, 𝑋𝑘 and 𝑋𝑘−1 are observed, so the filter estimate for 𝑓𝑘−1, denoted by 𝑓 (filt)
𝑘−1 , is

calculable. Hence we can calculate 𝑟(filt)
𝑘 = 𝑋𝑘𝑓 (filt)

𝑘−1 . The spread, or (sum) error deviation,

∑(𝑟𝑘 − 𝑟(filt)
𝑘 ) is the target for our trading strategy, and we implicitly assume that it is
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Figure 5.3: Trades are entered when the Z score deviation of the difference between returns and

filtered returns passes a high (absolute) threshold; these points are indicated by the large green dots.

Trades are closed at the first time the deviation has crossed the origin, as indicated by the large red

dots.

mean-reverting.

Being arbitrary, the rolling window size for calculating the spread, denoted 𝑊𝑆, is

a target parameter for performance sensitivity analysis. Given a trading threshold 𝐿 (𝑆),

a trade is entered long (short) the first time the Z score of spread divergences is below

(above) the negative (positive) values of 𝐿 (𝑆). The trade is exited the first time the Z

score reverts to, or through, the level 0, with trades ‘closed out’ on the last trading day

of the year otherwise. The quantity 𝐿 (𝑆) should represent a sufficiently large deviation

such that expected excess returns are not dominated by transaction costs. All position sizes

long or short are set to a constant notional value. To assist intuition, the mechanics of the

strategy are outlined diagrammatically in Figure 5.3 above, for the choice 𝐿/𝑆 = 1.0/1.0,

for a target asset over the course of a year.

There are two other minor assumptions to the trading strategy that we state for
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completeness. Firstly, when entering a trade, we assume that we can execute at the market

close price. Secondly, at time 𝑡, if our database contains no close price for a stock at 𝑡 + 1,

we assume that time 𝑡 is the last trading day for the stock, and that this is known to market.

Hence, we close any existing position in the stock at the time 𝑡 close price, and do not enter

a new trade at 𝑡 in the event that the trade entry criteria is met.

Transaction costs. In our primary experiments transaction costs are set to 5 basis

points (bps) per trade entry and per trade exit, making 10 bps for a round-trip trade in

a single underlying (be it a single stock or index). This is consistent with the works of

[166, 158] and chosen for ease of comparison; these works are important benchmarks for

multivariate statistical arbitrage in US equities. Further, we assume that we can always

borrow to short, and that the transaction costs subsume any cost of borrowing. This deviates

to some extent from reality, where not all stocks can be shorted all the time, and where some

stocks incur a ‘hard to borrow’ fee, particularly when in high demand. Unless specified

otherwise, all returns discussed for stocks and indices are total returns, and short positions

pay the risk-free rate assuming funding is received at the time of shorting, and able to be

invested in the riskless asset. We test the robustness of our strategies to alternative levels

of transaction costs; this is discussed further in the Results section below.

Hedging market risk. We hedge our trading strategy to be beta neutral. Our simple

approach is to calculate the market beta of our portfolio of long and short positions each

trade period, and to maintain a position of dollar value 𝑃 in the S&P500 index, where

𝑃 = −𝛽𝑝𝑜𝑟𝑡Π,

thus, providing the hedge. The term Π denotes the market dollar value of the portfolio to

be hedged (and is defined further below). A positive value of 𝑃 indicates a net long postion

in the index as the hedge, while a negative value indicates a short position. The term 𝛽𝑝𝑜𝑟𝑡

denotes the weighted-average beta of the portfolio given by

𝛽𝑝𝑜𝑟𝑡 = 𝜷𝑫𝑇

Π
.

The term 𝑫 is an 𝑁-vector of position sizes whose 𝑖𝑡ℎ entry, consistent with the trading
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strategy notes above, takes the value 1,−1 or 0 for a long, short, or nil position in stock 𝑖.

The term 𝜷 is an 𝑁-vector of corresponding stock beta estimates.

Implicit in the hedging strategy is the assumption that we can trade long or short

positions in the S&P 500 index and earn or pay the total return of the index each period. In

reality, the investor would take a position in the futures contract written on the index, which

has a myriad of practical implications. Regardless, we do not consider these further, and

so, for example, we ignore the spot / futures basis that could induce additional slippage.

Strategy returns. We assume a 100% leverage portfolio so that for each dollar invested

in the portfolio, a position of up to a dollar’s worth long and / or a dollar’s worth short

can be entered. Therefore, the market cost for 𝑙 longs and 𝑠 shorts is Π = max(𝑙, 𝑠). We

calculate (excess, unhedged) portfolio returns for a time period [𝑘, 𝑘 + 𝑑𝑡] thus:

ΔΠ𝑘/Π𝑘 =
∑𝑖(𝑅

𝑙
𝑖,𝑘 − 𝑟𝑘𝑑𝑡) + ∑𝑗(𝑅

𝑠
𝑗,𝑘 − 𝑟𝑘𝑑𝑡)

Π𝑘
+ 𝑟𝑘𝑑𝑡𝑆𝑘

Π𝑘
− 𝑇 𝐶 ⋅ 1 ⋅ (Δ𝑫𝑘)|⋅|

Π𝑘
.

Here 𝑅𝑙
𝑖,𝑘 (𝑅𝑠

𝑗,𝑘) denotes the return over the period for a long (short) position held, 𝑟𝑘

denotes the (annualised) risk-free rate of return, 𝑇 𝐶 denotes the transaction cost, and

𝑿|⋅| defines an operator returning a vector of elementwise absolute values of the input 𝑿.

Hence the terms on the right-hand side of the summation account for, respectively, the

excess return of the long and short positions, the risk free rate earned on the proceeds of

the short sales deposited in a money account, and the transaction costs for changes to the

portfolio holdings3.

5.5 Results

In this section, we present performance statistics for the state space factor models of Section

5.3, relative to our benchmarks and the long-only market portfolio. For readers inclined, it

is possible to replicate the results given the descriptions of the data and methodology as

outlined in Section 5.4.

3The calculation is similar to that found in [158], and is equal when Π = 𝑠. Otherwise, our return is
slightly more conservative for the case Π = 𝑙, though this has negligible impact on the final value calculated.
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We find that the multivariate statistical arbitrage strategy has shown reasonable

performance through time, which is consistent with the expectations for a mid-frequency

strategy with reasonable capacity. Performance is best during the first half of our 29-year

sample, and we conjecture that the impressive returns have diminished due to increased

market competition and efficiency through time. Also, we find sufficient differences

between strategy performance that supports the use of a state space conditional factor

model for multi-variate statistical arbitrage, instead of other less complex - albeit relatively

powerful - models. Despite all strategies showing relative underperformance in the most

recent years, practitioners may find latitude for improvement by further modifying or

optimizing components of the strategy; we briefly describe some preliminary ideas for

research direction at the end of this section.

5.5.1 Strategy performance

The earlier years: 1993–2007. Given the data set and assumed fair value models, per

the methods described in Section 5.4 there is an implied sensitivity of any estimated

performance statistics to the key assumptions underlying the trading strategy. Not the least,

this includes the setting of parameters denoting (i) the trade entry threshold Z score; (ii) the

size of the returns window; and (iii) the level of transaction costs. We set the parameters of

(i) and (ii) based on strategy performance over the ‘earlier years’ of 1993-2007. We assume

a transaction cost level of 5 bps for each trade in all results that follow, unless otherwise

specified. Choosing the parameters in this way also allows for a reasonable performance

comparison between our strategy relative to results given by other well-known academic

works. Finally, the parameter choices are maintained when we assess strategy aggregate

performance, and performance conditioned on later years only.

For various combinations of Z score-based entry thresholds for the long and short

legs (denoted L and S), and various window sizes (denoted WS), we show average Sharpe

ratio and maximum drawdown statistics in Figure 5.4, on the next page. Drawdowns are

calculated on a 252-day rolling window. We find utility in solving for the trade entry
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parameters for the long and short legs separately, making no assumption that the same

cut off should be optimal for both. We test the entry level to balance entering a sufficient

number of trades, but not entering too early (or late) such that the trade is not held too

long (or missed entirely). As expected, we find firstly that as the threshold decreases, the

number of trades increases to the extent that small thresholds have bad economics owing

to large turnover and cumulative transaction costs. Window size is similarly tested, for

sizes of 1, 5 and 10, corresponding to daily, weekly, and fortnightly rolling windows.

Per Figure 5.4, we notice two clear clusters of data, whereby (i) one exhibits the highest

average Sharpe ratio, but also exhibits amongst the worst for maximum drawdowns; and

(ii) the other is a cluster with good average Sharpe ratio, but amongst the strategies with

the better of the maximum drawdowns. It is reasonable to suggest that different investors

might have different preferences for either cluster, so we extend our study for recent years

with respect to them. The first cluster is characterised by models with a window size of

5, and long/short entry thresholds in {0.5,1.0,1.5,2.0 : 𝐿 < 𝑆}. The second cluster is the

same except that the window size is 10. For both clusters, the state space models tend to

dominate both benchmark models with respect to both statistics of interest. However, the

performance between the state space models is less noticeable, though is such that the KF

tends to have the higher Sharpe, for worse drawdowns, relative to the UKF, and for all

choices of cutoff. Regardless of an investor’s preference, these differences are relatively

small for this experiment.

One also notices from Figure 5.4 that the strategies that have a lower entry threshold

for the longs, and relatively larger entry threshold for the shorts, tend to exhibit the better

performance statistics. It is the case that the longs outperform the shorts for this data

sample4, with the shorts also more likely to have a negative year of performance. The

effect of increasing an entry threshold is to reduce the number of trades entered on that

long or short leg; this reduces relatively positive or negative returns, hence the observation.

We leave the question of why the longs may more often outperform the shorts as future

4Recently, other authors have analysed long-short equity factor portfolios, albeit in an alternate strategy

setting, and made the same outperformance observation [182].
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Figure 5.4: Average Sharpe ratio over the 15 years from 1993-2007 versus maximum drawdown

for a collection of models underlying the trading strategy.
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Table 5.2: Tabulated average annual Sharpe ratios by date range, for our conditional factor model

(hedged UKF, L/S = 1.5/2.0, WS=5) and two leading external methods. Note I: All methods assume

transaction costs of 5bps per trade. Note II: * results mean ‘excluding 1992 due to lack of data’.

Strategy Date range Avg ann Sharpe TR SPX Notes (Models for cited work)

[158, 166] Ours

Ours 1993-2021 - 1.29 0.87 -

[158] 1997-2007 1.44 1.61 0.47 PCA based

2003-2007 0.90 1.01 0.78 PCA based

1997-2007 1.10 1.61 0.47 ETF based

2003-2007 1.51 1.01 0.78
ETF based – incorporating

additional volume feature

[166] 1992-2015 0.75-1.12 1.67* 0.73*
Vine based. Range across 4

alt. trade selection methods

work, and include no assumption as to what leg may outperform for any period within our

backtest; this could possibly be a source of improvement of the strategy alpha.

Our results can be reasonably compared with other well-known results from the

literature. Our approach has a similar data set to the others (daily US equities data, albeit

with different universe sizes), but most notably different models for fair value – in [158]

factors are modelled based on Principal Component Analysis, with an additional ETF-

based model, and in [166] asset relationships are modelled with Vine copulas. Our trading

strategy is similar to [158], though we do not refine a trade exit threshold; we have less

in common with [166], who refine their trading rules with many more steps relative to

our approach. Importantly, across all papers, the transaction cost assumption is equal.

For the papers cited, it is easiest to compare average annual Sharpe ratios over the date

ranges given in the cited paper. We tabulate the results of this comparison in Table 5.2

above, and include the total (excess) return of the S&P 500 over the same period. Our

results are similar in magnitude to [158], and we conjecture that daily US equity mean

reversion could be captured by strategies using a variety of underlying fair value models

over the considered date range. Superficially, there appears to be some outperformance in

our approach, though this claim would benefit from comparison given outcomes of a
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Figure 5.5: Sharpe ratio distribution over 29-years for 4 models underlying the trading strategy

outlined in Section 5.3, grouped by long/short entry Z score criteria, and lookback window size for

cumulative returns. The performance of the S&P 500 with respect to total (excess) return is also

included for reference.

controlled experiment. On the other hand, though the average Sharpe ratios appear similar,

our methods do show sufficient variation in Sharpe ratio year-on-year. For example, the

PCA based method shows severe performance degradation, and negative Sharpes, in later

years. On the other hand, our approach had no negative years between 1997 and 2007. The

outperformance of our approach is more striking against [166], and with many degrees of

freedom in the formulation of the copula-based strategy it is hard to conjecture exactly

why this may be the case.

Aggregate performance. In Figure 5.5 below, we depict the annual Sharpe ratio

distribution over 29-years by way of box and whisker plots, for the 4 underlying models.

Further, we show the performance across 4 sets of parameter choices, which include

window sizes of 5 and 10, and long/short entry thresholds of 0.5/2.0 and 1.5/2.0. We also

show a plot for the Sharpe ratio of total (excess) return of the S&P 500.
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Modelwise, the KF and the UKF outperform relative to OLS and BM across all

but one groupwise comparisons of 1st, 2nd and 3rd quantiles, and averages, of annual

Sharpe ratios. On the other hand, any UKF under/outperformance over the KF is not

apparent, so that the additional computational complexity of the UKF is not justified for

this particular application. If stronger non-linear relationships between variables were

observed, or expected, given additional training data, the UKF may still find use. The

OLS approach induces satisfactory results, with the (U)KF appearing to be a worthwhile

refinement, that is, the introduction of uncertainty quantification has a benefit. The nature

of the outperformance appears to vary depending on the parameter settings of the trading

strategy.

Transaction costs (bps)

0 5 10 15

25th 1.11 0.39 -0.08 -0.76

WS 5 50th 1.39 0.99 0.57 -0.09

75th 2.75 1.91 1.14 0.70

25th 0.80 0.35 -0.10 -0.66

WS 10 50th 1.09 0.59 0.26 -0.17

75th 1.90 1.47 1.05 0.83

Table 5.3: Sharpe ratio percentiles by transaction

cost and window size levels for UKF 0.5/2.0.

In Table 5.3, we show the results of

an exploration of robustness of our strat-

egy to the transaction cost assumption. As

mentioned, we implemented our strategies

assuming a 5 bps (10 bps round-trip) trans-

action cost for each asset traded. We show

Sharpe ratio percentile levels for transac-

tion costs of 0,5,10 and 15 bps for the UKF

0.5/2.0 across window sizes. The yellow

highlighted data are for the 5 bps transac-

tion cost level. Clearly this is a sweet spot

– and while the quoted performance can

sustain a slightly higher transaction cost as-

sumption, there is an obvious performance

decay such that at 15 bps of transaction costs, the median annual Sharpe ratio over the

sample realises negative. Finally, we should mention that the cost of short selling may

have been significantly more than estimated in this work, if the capacity to borrow to sell

was even available, particularly so for the earlier years of study. On the other hand,
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Figure 5.6: Top: Percentage of the stock universe (N=2000) invested in, long or short, at a given

time. Bottom: Strategy rolling window (252-day) drawdown versus the long only market portfolio;

transaction cost = 5bps.

practitioners may have strategies for cheapening transaction costs when trading. Given

these latter points, and other cited academic studies, we think our primary transaction cost

assumption is reasonable.

The bottom panel of Figure 5.6 shows rolling 252-day drawdown for 2 UKF based

strategies differing on window size. In the years up till 2007 the strategies largely avoid the

worst of the drawdowns realised by the market portfolio, which has drawdowns touching

-10% or worse on 3 occasions. In these cases, our strategies realise drawdowns between -7

and -5 %, except for the strategy with window size of 5 that realises a -9.5% drawdown on

one of the three occasions. Post-2007, the two severe market drawdowns of 2008 and 2020,

both being worse than -20%, are matched by strategy drawdowns about -16 and - 12%,

respectively. The first of these drawdowns, within the years of the Great Financial Crisis,

was to the chagrin of many real-world strategies, such that we find it less of a concern that
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Figure 5.7: Sharpe ratio distribution over 29-years for a UKF model-based trading strategy as

outlined in Section 5.3, the S&P 500 with respect to total (excess) return, and a portfolio of a

weighted combination of the two.

our strategy did not register greater outperformance during this period. For intuition, we

also depict the proportion of assets under consideration that are invested in for all times, in

the top panel of Figure 5.6. We notice the obvious empirical fact that with a larger window

size, more assets are held. There is an annual seasonality apparent, whereby at the end

of each year positions are closed out, and at the start of the year there are spikes for new

trades re-entered, as expected by the definition of our trading strategy.

It is reasonable to assume that the beta neutral statistical arbitrage strategy has zero or

low (absolute) correlation of returns to the long only market portfolio. Hence, in theory, a

blended investment taking a position in the strategy and the long only portfolio could show

an outperformance (with respect to Sharpe ratio) relative to both [101]. We implement

such a blended strategy by weighting the statistical arbitrage strategy and the long only

portfolio as

𝑤𝑖 = 𝑆𝑖
𝑆𝐿 + 𝑆𝐿𝑆

, 𝑆𝑖 ∶= 𝜇𝑖
𝜎2

𝑖
, 𝑖 ∈ {L, LS},
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where the weights 𝑤 depend on the mean 𝜇 and variance 𝜎2 of the long portfolio 𝐿 or

long-short portfolio 𝐿𝑆 returns, optimizing for maximum Sharpe ratio [101, 180]. The true

values of the mean and variance parameters are unknown, and for demonstration purposes

we take the straightforward approach of setting the means and variances equal in the first

year, and equal to their historical values on a rolling window of size (up to) 10 otherwise.

We find that the results are not particularly sensitive to (reasonable) values of the choice

of rolling window size. Images summarising the Sharpe ratio performance are given in

Figure 5.7. Of note, given the right-hand side chart, we notice considerable performance

improvement with respect to the blended strategy for the first, second and third quartiles,

supporting the theoretical result, and offering a practical hint for deploying such a strategy.

Recent performance: 2008–2022. We notice from the left-hand side image of Figure

5.7 that the strategy has not performed so well in the most recent years, particularly for the

years 2015-2019. We conjecture that this could be due to a lower volatility market regime

during this time, increased sophistication of market participants and with it competition

for alpha / eroded edge, or otherwise due to limitations derived from some underlying

assumption of our strategy. Overcoming these challenges is likely of interest to the

motivated academic or practitioner, and we offer some avenues for future work in the

following conclusion.

5.6 Conclusion

We study multivariate statistical arbitrage under a conditional factor model augmented in a

state space framework for US equities trading. Our study shows the modelling approach

can yield compelling performance statistics over a 29-year period, an absolute basis and

relative to a reasonable benchmark, and relative to a model estimating returns as a function

of factors via ordinary least squares. However, for our experimental set up, we did not

find that the non-linear state space model was justified relative to the linear case; though

it was no worse, any outperformance benefit does not contrast well with the increased

modelling complexity introduced. When we compare our results to existing attempts in the
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literature, we find that our approach compares well. We also show empirical evidence that

blending our investment capital between the long-short strategy and the long-only market

portfolio as a function of each strategies estimated mean and variance yields a strategy

with improved annual Sharpe ratio, consistent with theory. All results are with respect to

reasonable level of transaction costs.

There is the scope for academic and practitioner work on the strategy presented in this

paper, particularly with respect to exploring the potential for improvement on the period of

strategy underperformance in recent years. We conclude with some final remarks:

• Regarding the data underlying the quantitative strategy, the addition of alternative

data beyond factor data and returns time series may improve the predictive power of

the model. With respect to the data set we constructed, and by the recent work of

[183], it is the case that estimating submodels over clusters of data – for example,

stocks grouped by sector – could lead to significant performance improvement.

• The recent work of [178, 184] consider alternative specifications of dynamic factor

models for investing, including those with non-linearities at the level of the measure-

ment equation. Such expressions could be handled by our UKF-based framework,

and present as a reasonable target for improving performance.

• Recall our brief discussion on related literature in Section 5.2, whereby almost all

work cited made use of data on a daily time scale. The literature would be bolstered

by analysis completed on alternative time frames, particularly on intraday time scales.

This is arguably harder, not the least in terms of data set curation. On the other hand,

the recent work of [185] provides evidence of intraday return predictability as a

function of factors using machine learning; this could support refining reactive entry

and exit rules within the trading strategy.

• Modelling techniques subsuming regime filters could support our statistical arbitrage

trading strategy, with recent evidence to this end for a pairs trading application given

in [186].

• Finally, and requiring more expert / domain knowledge, it would be interesting to
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understand trades entered that are directly mappable to a market phenomenon, such

as a stock going ex-dividend, or being influenced by index rebalancing. This is

interesting in the context of determining whether the quantitative strategy’s profitable

trades are explainable in terms of a well-known market effect, or else is supportive

of the underlying factor-based theory.



Chapter 6

Conclusion

6.1 Summary remarks

This thesis is written in support of novel Bayesian machine learning-based approaches to

financial trading and investment.

In the introduction of Chapter 1, we described a relevant end-to-end workflow for

developing quantitative strategies relating to economic edge. The workflow had three

chief components essential to both academic and industry research practices: (i) data

collection and suitable preprocessing, (ii) data-driven edge modelling, and (iii) the strategic

implementation of a terminal strategy designed to optimally capture edge. The overarching

objective of this thesis was to examine the role of uncertainty estimation within this

workflow. This led to three project contributions to the academic literature, which leveraged

a breadth of ideas from the existing literature as presented in Chapter 2.

The first project was presented in Chapter 3 and concerned strategy position sizing.

We developed a model for price change prediction within a high-frequency domain. This

extended an existing state-of-the-art deep learning model architecture to a case of multi-

variate, correlated futures price data. Considering our objective, we engineered our model

to output prediction uncertainty estimates, and showed how such uncertainties were useful

for weighting position sizes within a trading strategy. This work also provided conceptual

motivation for a subset of the themes contained in Chapter 4.

Indeed, in the project work of Chapter 4, the Bayes-based consideration of uncertainty

manifested in multiple interesting ways. As a proxy for investor ‘views’, we modelled

equity factor predictions using various machine learning methods, and characterised view

uncertainty within a Black-Litterman framework. In developing terminal strategy, we could

find optimal portfolio weights for the case of a hierarchical Bayesian Black-Litterman
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model crafted in an Arbitrage Pricing Theory setting (‘BL-APT’). Thirdly, inspired by the

information fusion literature for combining correlated prediction mean and uncertainty

estimates streamed from diverse sources, we argued for the data fusion of multiple views

held simultaneously about the same portfolio, and demonstrated how this fits within the

Black-Litterman framework. We performed extensive empirical work to demonstrate the

utility of our theory for BL-APT, achieving reasonable results net of a realistic transaction

cost model.

In Chapter 5, we proceeded to reuse the data set constructed in the modelling of Chap-

ter 4, this time in novel pursuit of an alternative edge – a multivariate statistical arbitrage

under a conditional factor model, augmented within a Bayesian state space framework.

Our filtering model yielded compelling performance statistics over a 29-year period, on

an absolute basis, with respect to a reasonable benchmark, and comparable to alternative

well-known approaches from the literature where directly comparable. Secondarily, we did

not find evidence within our experimental set up that a non-linear specification of the state

space model was justified relative to the linear case. Though the non-linear framework was

no worse, any outperformance benefit did not contrast well with the increased modelling

complexity introduced. Finally, we showed preliminary empirical evidence that blending

a pool of investment capital between our long-short statistical arbitrage strategy and the

long-only market portfolio, as a function of each strategies estimated mean and variance,

yields a combined strategy with improved annual Sharpe ratio, consistent with theory.

Again, all results were with respect to reasonable assumptions around transaction costs.

6.2 Contrast and recommendations

The project work explored settings where a market edge could be hypothesised and po-

tentially earned under a reasonable trading or investing strategy. Thus far, this summary

makes clear not only the content, but also the sequential nature of the inspiration that lead

to the creation of each project. In this final subsection, we offer insights contrasting the

core projects, and preliminary recommendations for researchers or practitioners seeking to
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either improve the work or find extended avenues of exploration. This is in addition to the

suggested ‘future work’ of previous chapters.

Of course, as is often characteristic of research more generally, in developing the

projects, numerous ideas were discarded at varying points of failure within the workflow

development cycle. This is a likely reality for those seeking to discover, model and

potentially capture market edge via quantitative approaches. On the other hand, our success

in discovering sufficiently interesting strategies for capturing market edge depended on

the broad exploration that generated such failures. Consequently, the projects demonstrate

diversity in that they include multiple asset classes (US equities and interest rate futures),

strategy themes (lead-lag trading, longer-term investing and statistical arbitrage), and time

scales of trade execution (intraday, daily and semimonthly). Still, the projects can be

improved or extended in a variety of ways, or benefit further from cross-applying some of

their contained techniques.

In fact, on critical review of Chapter 3 we would certainly recommend that practi-

tioners improve on the strategy exploring the potential for higher backtest-gleaned net

risk-adjusted returns. That is, the transaction cost analysis offered implies that the frame-

work is not likely outright tradeable in a production environment with sufficiently high

Sharpe – without, at least, further modification. Such modification is conceptually simple –

one could, for example, increase the cutoff parameter defined before data set construction,

so that the strategy might trade futures moves more likely to overcome a higher transaction

cost hurdle, hence improving risk-adjusted returns. Another idea would be to update the

strategy to target and trade futures spreads or butterflies (essentially spreads of spreads),

rather than trade particular single contracts directionally. This could help in hedging ex-

posure to ‘parallel’ moves of the futures curve, or uncover alternative idiosyncratic edge.

Also, the framework devised could have been utilised for its benefit as an estimated ‘gross’

signal only, in support of or as input to some other existing strategy. Such strategies are

those of interest, say, for intraday-to-mid frequency interest rate relative value hedge funds,

and include classic statistical arbitrage or lead-lag plays between a market interest rate
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curve and some measure of fair value. An overarching strategy may be based on a slower

signal, whereby the gross signal of our project, calculated on a faster time scale, supports

superior trade entries and exits, or otherwise improves the trading strategy within some

book. Put more succinctly: a signal that is less compelling under reasonable transaction

cost assumptions can still be a useful component of an ensemble of signals (that may induce

a profitable trading strategy).

These comments, of course, overlap with the ideas given in Chapter 5. The factor-

based statistical arbitrage strategy presents as a reasonable starting point net of transaction

costs, and showed genuine relative outperformance in all but the most recent few years.

Although this presents as a compelling strategy, it could be further improved for today’s

competitive market environment, most obviously, by incorporating more of the current

state-of-the-art in modern statistical arbitrage. Many ‘future work’ ideas for assessing and

trading the idiosyncratic error about fair value are given in Chapter 5, but for practical

industrial purposes incorporating a richer initial data set is likely amongst the ‘lowest

hanging fruit’. This includes the inclusion of data at different time scales, but also data

beyond merely US equity returns, including the various alternative data now available

in the marketplace, and cross-asset signal or return data, and even cross-regional data

from global time zones. The ideas of generation and fusion of multiple signals of Chapter

4 could also be of benefit. The project’s concepts remain immediately useful, at least,

for hedge funds in intraday-to-mid frequency statistical arbitrage. We note that it likely

requires sufficient deep, creative work to yield higher, more persistent Sharpe ratios – say,

from the estimated recent 0.5-1.0-like range to a more desirable 1.0-2.0. We suspect that a

successful system demonstrating such performance would be relatively enduring – despite

the strategy theme being known and explored for well over 30 years.

Finally, the project of Chapter 4 presents a compelling proof of concept to (i) clarify

the Black-Litterman framework – a Bayes-based portfolio optimisation method incor-

porating investor views – including with a factor model underlying (given the enduring

contemporary popularity and practicality of factors); and to (ii) incorporate signal fusion
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in the context of multiple return mean and (co-)variance estimates. For practicality –

that is, relative to available suitable data – this strategy concept was demonstrated in an

investment management setting. Using fair implementation assumptions, including respect

of transaction costs, this strategy has amongst the least compelling Sharpe ratio, however it

trades on the longest time scale and, in practice, arguably offers amongst the best capacity.

It would be difficult to implement this framework for genuine investment, however the

overarching techniques could definitely be applied in broader domains with respect to more

meaningful sources of edge, for example, within hedge funds with a focus on statistical

arbitrage.

To their benefit, all strategies presented have fairly robust and simple explanations as

to why they work and are expected to be of utility. However, they do harbour significant

and non-trivial design and implementation challenges within their end-to-end development

– namely across the three dimensions of data set construction, modelling, and portfolio

optimization or trade sizing. These dimensions can be expanded on with seemingly

arbitrarily high complexity – to the extent improvements support the global strategy.

Evidently, such is the competitive and ongoing quest to unveil and capture market edge.
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A.0.1 Variational inference

Variational inference is a common technique in statistical inference for estimating in-

tractable distributions. The approach to inference is to approximate an unknown posterior

distribution 𝑝(𝜽|𝐷)with a tractable, parameterised distribution 𝑞(𝜽), such that the Kullback-

Leibler (KL) divergence between 𝑞(𝜽) and 𝑝(𝜽|𝐷) is minimised. That is, one finds an

optimal 𝑞∗ such that

𝑞∗(𝜽) = argmin
𝑞(𝜽)∈𝐹

𝐾𝐿(𝑞(𝜽)||𝑝(𝜽|𝐷)) = argmin
𝑞(𝜽)∈𝐹

𝔼 log 𝑞(𝜽)
log 𝑝(𝜽|𝐷)

.

Here 𝐹 denotes a set of candidate densities for 𝑞.

By the above specification, the estimation problem is presented as one of optimisation:

𝑞(𝜽) depends on hyperparameters that are optimised in an iterative way, with respect to

minimising a divergence measure. Samples can then be efficiently extracted from 𝑞(𝜽)

and used for approximate analysis.

Adding a further complication, the objective function above is not computable owing

to the KL divergence term depending on 𝑝(𝐷) in the denominator. An alternative, equiva-

lent (up to a constant), and solvable optimisation problem can be expressed via the ELBO

[187], defined as

ELBO(𝑞) ∶= 𝔼 log 𝑝(𝜽, 𝐷) − 𝔼 log 𝑞(𝜽). (A.1)

With amodicum of algebra it can be shown that minimising the Kullback-Leibler divergence

is equivalent to minimising the negative ELBO, since

log 𝑝(𝐷) = 𝐾𝐿(𝑞(𝜽)||𝑝(𝜽|𝐷)) + ELBO(𝑞),

and log 𝑝(𝐷) does not depend on 𝑞.

In mean field variational inference it is assumed that 𝑞 is a fully-factorised Gaussian –

𝑞(𝜽) ∼ 𝑁(𝝁𝑞, 𝚺𝑞) – such that elements of 𝜽 are mutually independent and have unique
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density factors in 𝑞. The optmisation problem can be solved via a coordinate ascent

algorithm, whereby the density factors are optimised iteratively, all else held constant[188].

Alternative, often complex approaches to variational inference exist, but are beyond the

scope of this document.

Compared to, say, sampling methods (given enough time to converge), variational

inference is biased. However, variational inference can be less computationaly demanding.

That is to say, at least, that in choosing to implement either sampling methods or variational

inference there is usually a trade-off between approximation accuracy and scalability.
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B.0.1 Choosing alpha – sketch intuition

Assume we are given 𝑁 trading opportunities {𝑋𝑖} with normally distributed and uncor-

related returns, parameterised by means and variances given by (𝜇𝑖, 𝜎2
𝑖 ) for each choice

𝑖. Also assume these parameters take strictly positive values, and that we trade each

opportunity an equal number of times. We seek to trade an optimal amount 𝛼𝑖 of 𝑋𝑖 to

maximises the Sharpe ratio 𝑆 of the return. We write

𝑆 =
∑ 𝛼𝑗𝜇𝑗

√∑ 𝛼2
𝑗 𝜎2

𝑗

.

Taking the derivative of 𝑆 with respect to 𝛼𝑖 yields

𝑑𝑆
𝑑𝛼𝑖

=
𝜇𝑖 ∑𝑗≠𝑖 𝛼2

𝑗 𝜎2
𝑗 − 𝛼𝑖𝜎2

𝑖 ∑𝑗≠𝑖 𝛼𝑗𝜇𝑗

(∑ 𝛼2
𝑗 𝜎2

𝑗 )3/2

which equals 0 for

𝛼∗
𝑖 = 𝜇𝑖/𝜎2

𝑖
∑𝑗≠𝑖 𝛼∗

𝑗𝜇𝑗/ ∑𝑗≠𝑖 𝛼2∗
𝑗 𝜎2

𝑗
.

One can see that a solution for each 𝑖 is given by

𝛼∗
𝑖 = 𝜇𝑖

𝜎2
𝑖

.

Taking the second derivative of 𝑆 with respect to 𝛼𝑖 yields

𝑑2𝑆
𝑑𝛼2

𝑖
=

−𝜎2
𝑖 (∑𝑗≠𝑖 𝛼𝑗𝜇𝑗 ∑ 𝛼2

𝑗 𝜎2
𝑗 + 3𝛼𝑖𝜇𝑖 ∑𝑗≠𝑖 𝛼2

𝑗 𝜎2
𝑗 − 3𝛼2

𝑖 𝜎2
𝑖 ∑𝑗≠𝑖 𝛼𝑗𝜇𝑗)

(∑ 𝛼2
𝑗 𝜎2

𝑗 )5/2 .

Substituting 𝛼∗
𝑖 we have that

𝑑2𝑆
𝑑𝛼2

𝑖
∣
𝛼𝑖=𝛼∗

𝑖

=
−𝜎2

2( ∑𝑗≠𝑖 𝜇2
𝑗 /𝜎2

𝑗 ∑ 𝜇2
𝑗 /𝜎2

𝑗 + 3𝜇2
𝑖 /𝜎2

𝑖 ∑𝑗≠𝑖 𝜇2
𝑗 /𝜎2

𝑗 − 3𝜇2
𝑖 /𝜎2

𝑖 ∑𝑗≠𝑖 𝜇2
𝑗 /𝜎2

𝑗 )

(∑ 𝜇2
𝑗 /𝜎2

𝑗 )5/2

=
−𝜎2

2 ⋅ ∑𝑗≠𝑖 𝜇2
𝑗 /𝜎2

𝑗

(∑ 𝜇2
𝑗 /𝜎2

𝑗 )3/2

< 0,

hence for this optimal 𝛼∗
𝑖 the Sharpe ratio is indeed maximised.



114 B.0. Contrast and recommendations

B.0.2 Modelling notes

Initial exploration. We compare a suite of models for predictive performance on out-of-

sample data to develop intuition about suitable rates curve model architectures. This is

independent of considering any uncertainty measures. Listing these models by increasing

complexity, we explore simple and exponentially-weighted averaging, ordinary least

squares, PCA, single- and multi-layer perceptrons, CNN, LSTM, CNN-LSTM, and finally

a CNN-LSTM Inc in the spirit of [11]. We evaluate model fit by comparing mean-squared

error and Huber loss [189] on our validation data, whereby the proceeding observations

were broadly consistent. The first clear result is that for the 𝑡 + 1 prediction horizon, there

is a clear trend in significantly decreasing prediction error as model complexity increases.

Further, the CNN-LSTM Inc always outperforms every other model for both error types,

which complements the results of [11]. Secondly, each model broadly displays larger

error for larger prediction horizons, which accords with intuition. Considering the 𝑡 + 100

prediction horizon, there is such little variation in error across rows that it is clear that not

only do we we have a poor ability to forecast price action relatively far into the future, but

all models appear to be of about as little utility as each other. An inflection point for these

observations seems apparent at the 𝑡 + 10 prediction horizon.

CNN-LSTM Inc model details. The model architecture is as shown in Figure 3.2, and we

follow our reference closely, since we have no strict advantage in selecting this beyond

intution. Akey difference for our setting, however, is that we do not include any information

from the order book beyond Level 1, and the spatial component analogue for our model is

equal to adjacent asset prices on the curve, rather then levels of limit order book data on the

single asset. Another difference is that our reference work’s initial 3 convolutional layers,

that convolve price and volume levels at different depths of the limit order book, are not

relevant in our case, and so are excluded. To recapitulate some of the other details, we use 6

convolutional layers of 16 filters each and with kernel sizes, respectively, (1,2), (4,1), (4,1),

(1,8), (4,1), (4,1). All layers have a leaky ReLU output with parameter 𝛼 = 0.01. Same

padding is applied to the latter two layers. The inception layer is a 2x3 tower whereby
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the input layer consists of a MaxPooling layer with pool size (3,1) and stride of 1, and 2

convolutional layers with kernel size (1,1) and 32 filters. The output layer of the inception

network is 3 more convolutional layers with kernel sizes (1,1), (3,1) and (5,1) respectively,

all with 32 filters. All inception modules have same padding, and the convolutional layers

have ReLU activation. The LSTM layers have 64 units, with a subsequent dense layer, and

linear output activation function. Finally, for replicability sake we add that the MLPmodel

uses ReLU activations at all dense layers but the last, where a linear activation function is

instead implemented.

Bayesian linear baseline model details. We follow the Bayesian framework for multioutput

regression outlined in Appendix A.2 of [190] in estimating a suitable baseline model for

comparing our results. Similarly to Section 2.2 of that paper, we model 𝒀𝑡 ∼ MVN(𝝁𝑡, 𝚺)

where 𝝁𝑡 = 𝑫𝑡𝜷 is an affine function. [Hence we have adjusted our earlier definition

of 𝑫𝑡 by appending a constant term.] We make the natural assumption that the prior

distribution for 𝚺 is inverse-Wishart, that is, 𝚺 ∼ 𝑊 −1(𝛀, 𝜈0). We further assume that

the prior for 𝜷|𝚺 is matrix normal, that is, 𝜷|𝚺 ∼ 𝑁(100𝑐+1)×𝑐(𝜷0, 𝚺, 𝚺0). Hence, the

posterior predictive of𝒀𝑡 given 𝑛 historical data observations𝒟 ∶= (𝑫, 𝒀 ) = {(𝑫𝑖, 𝒀𝑖) ∶

1 ≤ 𝑖 ≤ 𝑛} and a single new observation 𝑫𝑡 can be shown to be a multivariate student

distribution:

𝒀𝑡|𝑫𝑡, 𝒟 ∼ 𝑇 ((𝛀 + 𝑨∗).𝐶−1, 𝑛 + 𝜈0),

for matrices 𝑨∗ = 𝒀 𝑇𝒀 +𝜷𝑇
0 𝚺−1

0 𝜷0 −(𝑫𝑇𝑫 ̂𝜷+𝚺−1
0 𝜷0)𝑇(𝑫𝑇𝑫+𝚺−1

0 )−1(𝑫𝑇𝑫 ̂𝜷+

𝚺−1
0 𝜷0) and ̂𝜷 = (𝑫𝑇𝑫)−1𝑫𝑇𝒀, and scalars 𝐶−1 = 1 + 𝑫𝑡(𝑫𝑇𝑫 + 𝚺−1

0 )−1𝑫𝑇
𝑡 , and

𝜈0 = 𝑛0 − (𝑐 + (100𝑐 + 1)) + 1. Hence, the required output prediction and uncertainty

estimates can be written

̂𝔼[𝒀𝑡|𝑫𝑡, 𝒟] = 𝑫𝑡(𝑫𝑇𝑫 + 𝚺−1
0 )−1(𝑫𝑇𝒀 + 𝚺−1

0 𝜷0), and

̂Var[𝒀𝑡|𝑫𝑡, 𝒟] = 1
𝑛 + 𝜈0 − 2

(𝛀 + 𝑨∗).𝐶−1.
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Bayesian OLS

Base Al+Ep

7 - -

Full 8 0.90 0.85

𝚺 9 2.23 1.46

10 2.51 1.95

11 1.32 0.90

12 2.69 2.93

Cuml 1.39 1.10

Figure B.1: Left: Monthly Sharpe performance for baseline Bayesian OLS model, for comparison

with Table 4.3, for estimating the full covariance matrix. While the base strategy appears to show

comparable performance to the more sophisticated models, it does not appear to generally improve

taking uncertainty into account. Right: Median out-of-sample model predicted risk-reward ratio

(for months 8 to 12 of out-of-sample data) versus monthly Sharpe, for a diagonal covariance MLP.

The greatest long (short) ratio is shown to the right (left). Here, out-of-sample Sharpe performance

for the short positions is multiplied by −1.
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C.0.1 FurtherAPT calculations

This section supplements the calculations of Section 4.2.3 with additional detail. In determining

the expectation and covariance for 𝒓|𝒒 in the case of unknown mean but known covariance, given

Equation (4.12) we collect and expand the terms in the exponent up to a factor of −1
2 , complete the

square in 𝒇, and integrate what is recognisable as a Gaussian integral:

(𝒓 − 𝑿𝒇)𝑇𝑫−1(𝒓 − 𝑿𝒇) + (𝒇 − 𝝁)𝑇𝚺−1(𝒇 − 𝝁)

= 𝒓𝑇𝑫−1𝒓 − 2𝒇𝑇𝑿𝑇𝑫−1𝒓

+ (𝑿𝒇)𝑇𝑫−1𝑿𝒇 + 𝒇𝑇𝚺−1𝒇 − 2𝒇𝑇𝚺−1𝝁 + 𝝁𝑇𝚺−1𝝁

= 𝒓𝑇𝑫−1𝒓 + 𝒇𝑇𝑯𝒇 − 2𝜷𝒇 + 𝝁𝑇𝚺−1𝝁

where 𝝁 and 𝚺 denote the mean and covariance for 𝒇|𝒒, 𝑯 ∶= 𝑿𝑇𝑫−1𝑿 + 𝚺−1 and 𝜷 ∶=

𝑿𝑇𝑫−1𝒓 + 𝚺−1𝝁. Completing the square,

𝒇𝑇𝑯𝒇 − 2𝒇𝑇𝜷 = (𝒇 − 𝝂)𝑇𝑯(𝒇 − 𝝂) − 𝝂𝑇𝑯𝝂, 𝝂 = 𝑯−1𝜷,

whereby

∫ exp( − 1
2

(𝒇 − 𝝂)𝑇𝑯(𝒇 − 𝝂))𝑑𝒇 = √(2𝜋)𝑘

|𝑯|
.

Therefore

𝑝(𝒓|𝒒) ∝ exp( − 1
2

[𝒓𝑇𝑫−1𝒓 + 𝝁𝑇𝚺−1𝝁 − 𝝂𝑇𝑯𝝂])

= exp( − 1
2

[𝒓𝑇𝑫−1𝒓 + 𝝁𝑇𝚺−1𝝁 − 𝜷𝑇𝑯−1𝜷]), (C.1)

and we retrieve the exponent of the Gaussian for 𝒓|𝒒. Inspired by [105], we next make use of the

following Lemma:

Lemma 1 If a multivariate normal random variable𝜽 has density 𝑝(𝜽) and−2 log 𝑝(𝜽) = 𝜽′𝑯𝜽−

2𝝂′𝜽 + (terms without 𝜽) then var(𝜽) = 𝑯−1 and 𝔼𝜽 = 𝑯−1𝝂.
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Collecting quadratic terms in 𝒓 from the exponent of Equation (C.1):

−𝜷𝑇𝑯−1𝜷 + 𝒓𝑇𝑫−1𝒓 = −[𝑿𝑇𝑫−1𝒓 + 𝚺−1𝝁]𝑇𝑯−1[𝑿𝑇𝑫−1𝒓 + 𝚺−1𝝁] + 𝒓𝑇𝑫−1𝒓

= −𝒓𝑇𝑫−1𝑿𝑯−1𝑿𝑇𝑫−1𝒓 + 𝒓𝑇𝑫−1𝒓 + lower-order terms in 𝒓

(C.2)

= 𝒓𝑇[−𝑫−1𝑿𝑯−1𝑿𝑇𝑫−1 + 𝑫−1]𝒓 + lower-order terms in 𝒓

Making use of the lemma, we have that the posterior predictive distribution 𝑝(𝒓|𝒒) is multivariate

normal with covariance

var(𝒓|𝒒) = [−𝑫−1𝑿𝑯−1𝑿𝑇𝑫−1 + 𝑫−1]−1,

= [𝑫−1 − 𝑫−1𝑿[𝑿𝑇𝑫−1𝑿 + [(𝑽 −1 + 𝛀−1)−1 + 𝑭 ]−1]−1𝑿𝑇𝑫−1]−1.

Futher, we collect the linear terms in 𝒓 from Equation (C.2):

−𝒓𝑇𝑫−1𝑿𝑇𝑯−1𝚺−1𝝁 − 𝝁𝑇𝚺−1𝑯−1𝑿𝑇𝑫−1𝒓 = −2𝝁𝑇𝚺−1𝑯−1𝑿𝑇𝑫−1𝒓,

so that again by the lemma

𝔼(𝒓|𝒒) = var(𝒓|𝒒)𝑫−1𝑿𝑯−1𝚺−1𝝁

= var(𝒓|𝒒)𝑫−1𝑿[𝑿𝑇𝑫−1𝑿 + [(𝑽 −1 + 𝛀−1)−1 + 𝑭 ]−1]−1

⋅ [(𝑽 −1 + 𝛀−1)−1 + 𝑭 ]−1(𝑽 −1 + 𝛀−1)−1(𝑽 −1𝝃 + 𝛀−1𝒒).

C.0.2 View fusion under model-based forecasts

Brief overview of view models

To yield the results of Section 4.5 above we first implement three diverse view models. For

completeness, we provide the implementation details below.

We implement a Gaussian Process model using scikit-learn in Python [191]. The kernel function is

given by the sum of a radial basis function and a white-noise kernel; see, for example, [192] for

context on Gaussian Processes for timse-series modelling. We re-fit the model on a semimonthly

basis on a rolling data window of 1 year. The predict method is used to generate prediction

estimates and an accompanying (total) uncertainty estimate. The uncertainty can be decomposed
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into epistemic and aleatoric components by setting the latter as the noise-level parameter estimated

for the white-noise kernel. By Equation (2.6) above, the epistemic uncertainty is then the difference

between the total uncertainty and the aleatoric uncertainty estimates.

We implement a boosted regression model making use of CatBoost [80]. We re-fit the model on a

semimonthly basis on a rolling data window of 2 years. The model yields an aleatoric uncertainty

estimate owing to modelling this uncertainty directly via the loss function. An estimate for epistemic

uncertainty is approximated by the variance of the underlying ensemble of predictions. Further

details of this method can be found in [193].

We estimate an ARIMAmodel for view generation as a well-known baseline model. Further, this

model naturally yields an aleatoric uncertainty estimate. To approximate epistemic uncertainty

for this model, we are inspired by Algorithm 3 of [194]. We note that our method is somewhat ad

hoc, and has subtle differences: we estimate prediction error variance on a recent out-of-sample

lookback window of size 6 months, estimating epistemic uncertainty as the difference between this

term and today’s aleatoric uncertainty estimate, to a minimum of 1e-8. We re-fit the model on a

semimonthly basis on a rolling data window of 1 year.

C.0.3 Performance results by year

The following pages contain performance metrics for market total return (in excess of the risk-free

rate), against a collection of Black-Litterman models with varying underlying prediction methods to

generate and/or fuse views, over the 29-year observation period. Methods sans the index allocation

are normalised by return volatility to equal the ex-post annual return volatility of the market index.
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Table C.1: Performance metrics for a collection of Black-Litterman models with varying underlying

prediction methods, 1993-1998.
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Table C.2: Performance metrics for a collection of Black-Litterman models with varying underlying

prediction methods, 1999-2004.
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Table C.3: Performance metrics for a collection of Black-Litterman models with varying underlying

prediction methods, 2005-2010.
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Table C.4: Performance metrics for a collection of Black-Litterman models with varying underlying

prediction methods, 2011-2016.
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124 C.0. Contrast and recommendations

Table C.5: Performance metrics for a collection of Black-Litterman models with varying underlying

prediction methods, 2017-2021.
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