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Abstract
We show that strong electron–electron interactions in quantummaterials can give rise to electronic
transitions that couple strongly to cavity fields, and collective enhancement of these interactions can
result in ultrastrong effective coupling strengths. As a paradigmatic examplewe consider a Fermi–
Hubbardmodel coupled to a single-mode cavity andfind that resonant electron-cavity interactions
result in the formation of a quasi-continuumof polariton branches. The vacuumRabi splitting of the
two outermost branches is collectively enhanced and scales with µg L2eff , where L is the number of
electronic sites, and themaximal achievable value for geff is determined by the volume of the unit cell
of the crystal.We find that geff for existing quantummaterials can by far exceed thewidth of thefirst
excitedHubbard band. This effect can be experimentally observed viameasurements of the optical
conductivity and does not require ultrastrong coupling on the single-electron level. Quantum
correlations in the electronic ground state as well as themicroscopic nature of the light–matter
interaction enhance the collective light–matter interaction compared to an ensemble of independent
two-level atoms interacting with a cavitymode.

1. Introduction

Collective phenomena in light–matter interactions are of tremendous interest in quantumphysics. The
characteristic feature of these phenomena is that observable quantities increase with the number of emitters, and
thus intrinsically small quantum effects can be elevated to amacroscopic level. One of the first studied examples
is superradiancewithin theDickemodel [1, 2], which comprises an ensemble of independent two-level atoms
interactingwith a singlemode of the radiationfield.

Collective light–matter interactions are conveniently describedwithin the framework of polaritons, which
are combined excitations of light andmatter. A prominent example is given by dark-state polaritons in laser-
driven atomic gases [3] andmore recently, polaritons have been investigated in various solid state systems
coupled to cavities [4–20]. For example, Bose–Einstein condensation of exciton polaritons in semiconductor
materials attracted considerable attention [4, 5], andmolecular systems [6–8] coupled to cavities can exhibit
giant Rabi splittings between polariton branches. The strong coupling ofmagnetic excitations tomicrowave
cavities was investigated in [9–14], and two-dimensional electron gases coupled to THz cavities were studied in
[15–20]. In all these systems [4–20], Coulomb interactions between electrons play aminor role and are not
directly involved in the formation of polaritons.

A particularly intriguing yet challenging platform for investigating light–matter interactions are quantum
materials [21–24]. In these systems strong electron–electron interactions give rise a plethora of physical effects
that are difficult to describe due to their intrinsically quantummany-body nature. An example is given by the
Mottmetal–insulator transition [25, 26]which can bemodelledwithin the Fermi–Hubbardmodel [27].

First steps investigating howquantummaterials couple to classical and quantum light have been undertaken
recently. The interaction of quantummaterials with strong, classical lightfields was investigated in [28–31], and
superradiance of quantummaterials coupled to a cavityfieldwas predicted in [32]. The possibility of inducing
superconductivity by coupling electron systems to terahertz andmicrowave cavities was explored in [33–36].
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Furthermore, it was shown in [37, 38] that second-order electron-cavity interactions reduce themagnetic
exchange energy in cavity-coupled quantummaterials and lead to a collectively enhancedmomentum-space
pairing effect for electrons.

Here we show that strong electron–electron interactions in quantummaterials can give rise to electronic
transitions that couple strongly to cavity fields. Collective enhancement of these interactions results in
ultrastrong effective coupling strengths that can change themacroscopic properties of the quantummaterial. As
a canonical example we consider a one-dimensionalHubbardmodel coupled to a single-mode cavity as shown
infigure 1(a).Wefind that the optical conductivity of this system features two peaks that are separated in energy
by the collectively enhanced vacuumRabi frequency µg L2eff , where L is the number of electronic sites.
Macroscopically large energy splittings are thus even possible for weakly coupled electron–photon systems. The
largest possible value of geff is attained if thematerial fills the entire cavity. In this case, the effective coupling
constant becomes independent of L and µg v1eff uc , where vuc is the volume of the unit cell of the crystal. As
an example, for the quantummaterial ET-F2TCNQ,which is well described by a one-dimensionalHubbard
model, geff can exceed 250meV. This is several orders ofmagnitude larger than collective energy shifts in atomic
systems [39–41] and comparable to the extremely large energy splittings achieved in cavity-coupledmolecular
materials [6–8].

The resonant light–matter interactions considered here are schematically shown infigure 1(b). An electronic
state at halffilling andwith no electronic excitation is resonantly coupled via a cavity photon to an electronic
state with one doubly occupied state (doublon) and an empty site (holon)next to it. These states differ in energy
by the on-site Coulomb interactionU, which corresponds to theMott gap of the quantummaterial. The
transition dipolemoment between these two states is of the order of d e (d: lattice spacing, e: elementary charge),
which is comparable to strong transitions in alkalimetal atoms [42].Wefind that the resonant coupling of this
transitionwith a single-mode cavity gives rise to polariton states.

Note that the underlying principle of this effect is that strong electron–electron interactions split the
electronic energy levels into different bands. Transitions between these bands can exhibit large dipolemoments
and couple strongly to cavity fields. In this sense our results are quite generic and do not only apply to the system
shown infigure 1(a), but to quantummaterials with strong on-site electron–electron interactions in general. In
the special case studied here, the resonant electron–photon interactions lead to a quasi-continuumof polariton
states, and the two branches with the largest energy splitting geff can be constructed from the electronic ground
state. The collective energy splitting µg L2eff of these branches gives rise to the two peaks in the optical
conductivity.

Our scheme is qualitatively different to conventional quantumoptics systems like theDickemodel
[1, 2, 43, 44]where dipole transitions of non-interacting atoms couple collectively to the cavityfield. Comparing
our systemwith theDickemodel reveals two important features of our scheme. First, the quantum correlations
in the ground state of the electronic system lead to an enhancement of geff by≈18%. Second, geff for the

electronic system is larger by a factor of 2 than in theDickemodel.We show that this difference is caused by
the differentmicroscopic nature of the light–matter coupling in these systems.

Figure 1. (a)The system of interest comprises an electronic system that is weakly coupled to a single-mode cavity with resonance
frequencyωc and photon energyΩ=ÿωc.We consider a one-dimensional Fermi–Hubbardmodel with on-site interactionU and
hopping amplitude t for the electronic system. (b) Schematic illustration of the resonant electron–photon couplingwith coupling
strength g between the electronic ground state and a doublon-holon pair state with energyU.
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This paper is organised as follows. The theoreticalmodel describing the system shown infigure 1(a) is
introduced in section 2. Our results are presented in section 3, and the derivation of theMott polaritons in the
manifoldwith one excitation is outlined in section 3.1.We then show in section 3.2 that a direct signature of the
light–matter hybridisation appears in the optical conductivity. The discussion in section 4 gives an intuitive
explanation for the collective enhancement of the polariton splitting and illustrates similarities and differences
of our systemwith theDickemodel. The experimental observation of the predicted effects is discussed in
section 5, and a summary of our results is provided in section 6.

2.Model

In this sectionwe present the theoreticalmodel established in [37, 38] for the quantumhybrid system shown in
figure 1(a). The electronic system is described by the one-dimensional Fermi–Hubbardmodel [27]with on-site
energyU and hopping amplitude t. The electrons areweakly coupled to a single-mode cavity with resonance
frequencyωc, andΩ=ÿωc is the photon energy.

The gross energy structure of our system in the parameter regime of interest (U,Ω?t) is determined by the
Hamiltonian

= +ˆ ˆ ˆ ( )H P D, 10

where

= Wˆ ˆ ˆ ( )†P a a 2

describes the cavity photons and ˆ†a (â) is the bosonic photon creation (annihilation) operator. The operator D̂
in equation (1) accounts for the on-site Coulomb repulsion between electrons

å=
=

ˆ ˆ ( )D U k , 3
k

L

k
D

0

whereU is the interaction energy and ̂k
D
is the projector onto themanifoldwith k doubly-occupied sites [37].

In the followingwe refer to these excitations as doublons. The eigenstates of Ĥ0 are tensor products of photon
number states ñ∣ jP with j photons andWannier states [27]with k doublons. The associated eigenvalues
W +j kU are generally highly degenerate and formmanifolds as shown infigure 2.We denote the projector
onto amanifoldwith j photons and k=n− j doublons by

  = Ä-
ˆ ˆ ˆ ( )( )

, 4n
j

n j
D

j
P

where n is the total number of excitations,  = ñáˆ ∣ ∣j jj
P

P P projects onto the subspacewith j photons and

 å=
=

ˆ ˆ ( )( )
5n

j

n

n
j

0

projects onto all sub-manifolds with n excitations.

Figure 2. Schematic drawing of the spectrumof = +ˆ ˆ ˆH D P0 forU=Ω. ̂
( )
n

j
projects onto a sub-manifold with j photons and n−j

doublons, and ̂n is the projector onto themanifoldwith n excitations. Onlymanifolds with n�2 excitations are shown. The
resonant cavity coupling g between sub-manifolds is indicated by arrows.Higher-order couplings induced by V̂ are not shown.
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Modifications to the simple energy structure shown infigure 1 arise from the electron hopping and the
electron–photon interaction. The hopping operator is

å= - +
s

s s
á ñ

ˆ (ˆ ˆ ) ( )†T t c c h.c. , 6
jk

j k, ,

where á ñjk denotes neighbouring sites with j<k and sˆ†cj, ( sĉj, ) creates (annihilates) an electron at site j in spin
state s Î  { }, .

The electron–photon interactionwas derived in [37, 38] via the Peierls substitution [27] and by expanding
the resulting interactionHamiltonian up to second order in the electron-cavity coupling

= + - +ˆ ( ˆ ˆ ) ˆ ( ˆ ˆ ) ˆ ( )† †V g a a
g

t
a a T

1

2
, 7

2

2
2

where

 å= - -
s

s s s s
á ñ

ˆ (ˆ ˆ ˆ ˆ ) ( )† †c c c ci 8
jk

j k k j, , , ,

is the dimensionless current operator. The parameter g=tη in V̂ determines the coupling strength between the
electrons and photons, and


h

e w
= ( )de

v2
9

c0

is a dimensionless parameter that depends on the lattice constant d and the cavitymode volume v (e: elementary
charge, ε0: vacuumpermittivity, ÿ: reduced Planck’s constant). The derivation of V̂ assumesη=1, and this
condition is also required to grant the validity of the single-mode cavity approximation [45].

With the preceding definitionswe arrive at the totalHamiltonian for the quantumhybrid system infigure 1

= +ˆ ˆ ˆ ( )H H H , 100 1

where

= +ˆ ˆ ˆ ( )H T V a, 111

= - + + +
⎡
⎣⎢

⎤
⎦⎥( ˆ ˆ ) ˆ ( ˆ ˆ ) ˆ ( )† †g

t
a a T g a a b1

1

2
. 11

2

2
2

For the parameters of interest ( W  U t g, ),H1 can be treated as a perturbation to the gross energy structure
dictated byH0. The general effectiveHamiltonian Ĥeff corresponding to Ĥ can bewritten as

å=
=

ˆ ˆ ˆ ( )( )
H H , 12

n

n
neff

0
eff

where ˆ ( )
H

n
eff is the effectiveHamiltonian in subspace ̂n [46].

In the following section 3we investigate the formation ofMott polaritons through resonant electron–
photon interactions in ̂1. To set the stage for this we recall how the cavitymodifies the physics in ̂0, whichwas
investigated in [37, 38] using second-order perturbation theory. For the special case ofΩ=U and an electronic
system at half filling, the effectiveHamiltonian in ̂0 is given by [37, 38]

= Äˆ ˆ ˆ ( )( )
H H , 13

P
eff

0
S 0

where

 å= -
á ñ

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ˆ ˆ ˆ ˆ ˆ ( )

†
H J b b 14c

D

kl
kl kl

D
S 0 0

and

= -   
ˆ (ˆ ˆ ˆ ˆ ) ( )

† † † † †b c c c c 2 15kl k l k l, , , ,

creates a singlet pair at sites k and l. ĤS acts only on the electronic system and is an isotropicHeisenbergmodel
(see appendix A)with coupling

= ( )J
t

U

4
, 16c c

2
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where

 = - ( )g

t
1

1

2
17c

2

2

is a dimensionless scaling factor. Note thatRc is equal to unity for g=0 andRc<1 for g>0, and thus the cavity
reduces themagnetic exchange interaction. In addition, we have Jc>0 for all permitted values of g=t and
thus the ground state ñ∣G of ĤS is an antiferromagnetic state [27].

3. Results

Throughout this sectionwe consider an electronic system at half filling andΩ=U. In section 3.1we show that
resonant electron–photon interactions result in the formation of polaritons, and the energy splitting of the two
outermost polariton branches is collectively enhanced. Evidence for this light–matter hybridisation can be
found in the optical conductivity as shown in section 3.2.

3.1.Mott polaritons
Thefirst excitedmanifold ̂1 contains all states with either one doublon or one photon. The effective
Hamiltonian in ̂1 and infirst order inH1 is (see appendix B)

   = + + -ˆ ˆ ˆ ˆ ˆ ˆ ( )( ) ( ) ( )
H U T H . 18c D Peff

1
1 1

0
1
0

Higher-order terms inH1 are neglected in equation (18) and become negligible in the limitU?t, g. Thefirst
term in equation (18) is a constant energy offset of the states in ̂1. The second termdescribes the dynamics of
the doublon and holon in ̂1 and gives rise to the first excitedHubbard band. At g=0, thewidth of this band is
8t [47, 48], and the scaling factorc reduces this width slightly for g>0. The last term in equation (18) accounts
for the resonant doublon-photon interaction and is given by (see appendix C)

   = Ä + Ä-ˆ ( ˆ ˆ ˆ ˆ ) ( )† †
H g , 19D P

where

 = ñáˆ ∣ ∣ ( )0 1 20P P

is a transition operator between the vacuum and the one-photon state and

  =ˆ ˆ ˆ ˆ ( )21
D D
0 1

mediates a transition between one and zero doublon states.We note that the definition of ̂ allows us towrite ̂
as

  = - -ˆ ( ˆ ˆ ) ( )i , 22R L

where

  å=
s

s s
á ñ

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ˆ ˆ ˆ ˆ ˆ ( )†c c a23R

D

jk
j k

D
0 , , 1

  å=
s

s s
á ñ

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ˆ ˆ ˆ ˆ ˆ ( )†c c b. 23L

D

jk
k j

D
0 , , 1

Since j<k in á ñjk , thismeans that ̂R ( ˆ )†
R annihilates (creates) a doublon-holon pair where the doublon is to

the right of the holon. Similarly, ̂L ( ˆ )†
L annihilates (creates) a doublon-holon pair where the doublon is to the

left of the holon.
We emphasise that -ĤD P is offirst order in the electron–photon coupling since it is proportional to the

coupling strength g. This is in contrast to the ground-statemanifoldwhere the leading term is of second order in
the electron–photon coupling [37, 38].We thus expect that the electron-cavity coupling has amuch stronger
effect in ̂1 than in ̂0 for a fixed value of g.

The resonant electron–photon coupling described by -ĤD P in equation (19) results in the formation of
doublon-photon polaritons. All eigenstates of -ĤD P with non-zero eigenvalues can be constructed from the
eigenstates of ĤS with non-zero eigenvalues (see appendix C). For each eigenstate ñ∣gj with

ñ = ñˆ ∣ ∣ ( )H g g 24j j jS
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and  < 0j the corresponding pair of polariton states is


y ñ = ñ Ä ñ  ñ Ä ñ- 

⎡
⎣⎢

⎤
⎦⎥∣ ∣ ∣ ( ˆ ∣ ) ∣ ( )†

g g
1

2
1

1

2
0 , 25D P

j
j P

j
j P

where

 = - ( )J 26j j c

is a rescaled eigenvalue of ĤS with òj>0 and

y yñ =  ñ- -  - ˆ ∣ ∣ ( )( ) ( )H g2 . 27D P D P
j

j D P
j

Each polariton state in equation (25) is amaximally entangled superposition of a state with one doublon and no
photon, and a statewith no doublon and one photon. The largest value òmax corresponds to the ground state ñ∣G
of ĤS in equation (13)with energy G, and thus

 = - » ( )J L log 2 28G cmax

for L?1, see appendix A. The energy difference between the corresponding polariton states y ñ- ∣ D P
max is

= » ( )g g L g L4 log 2 3.33 , 29eff

and carries a direct signature of the collective doublon-photon coupling. Note thatwe also provide an
approximate but intuitive derivation for the value of geff in section 4.

An upper bound for geff can be obtained by assuming that thematerial fills themode volume v of the cavity
such that =v Lvuc, where vuc is the volume per lattice site. Furthermore, we assume  lv c

3 (λc: cavity
wavelength) such that the spatial dependence of the cavitymode function is small and h= µg t v1 . It
follows that the value of geff is independent of L and just depends on vuc.

The values of òj for a systemwith L=12 sites are shown infigure 3(a), and the corresponding density of
states is shown in figure 3(b). Even a relatively small systemwith L=12 sites exhibits a quasi-continuumof
polariton states, with the largest density of states for intermediate values of òj.

Note that the states y ñ- ∣ D P
j in equation (25) are not eigenstates of the full effectiveHamiltonian in

equation (18) due to the kinetic energy term  ˆ ˆ ˆ( ) ( )
T1

0
1
0
. However, we show in appendix C that the states y ñ- ∣ D P

j

are approximate eigenstates of ˆ ( )
Heff

1
if their energy splitting ismuch larger than t. In this case,  ˆ ˆ ˆ( ) ( )

T1
0

1
0
only

leads to a broadening of the polariton states by coupling themoff-resonantly to the quasi-continuumof the first
Hubbard band.

Figure 3. (a)All values of òj for a systemwith L=12 sites at halffilling and total spin S=0. (b)Density of states of the òj values shown
in (a). (c)Density plot ofωσ(ω) for L=12 sites at halffilling, zero temperature andU=Ω=20t, whereσ(ω) is the optical
conductivity and = ( )s te d0

2 2 . =g g L3.33eff is the collective coupling strength, and the red dashed lines indicate the energies
 g0.5 eff of y ñ- ∣ D P

max . Each termof the sum in equation (30)was artificially broadenedwith a Lorentzian ofwidth 0.5t.
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3.2.Optical conductivity
Adirect signature of the collective doublon-photon coupling in thefirst excitedmanifold can be found in the
optical conductivity [27]




ås w
p y y

w w
d w w w=

á ñ
-

- -
>

( ) ∣ ∣ ˆ ∣ ∣ [ ( )] ( )e t

d
, 30

m

m

m
m

2 2

3
0

0
2

0
0

where y ñ∣ m are the eigenstates of the full Hamiltonian Ĥ with energies w=Em m andE0=ÿω0 is the energy of
the ground state y ñ∣ 0 .We calculate the optical conductivity with the full systemHamiltonian using Krylov
subspacemethods [49] for a half-filled electronic systemwith L=12 sites. Figure 3(c) shows a density plot of the
optical conductivity spectrum as a function of geff andω. At geff=0 the optical conductivitymaps out the first
excitedHubbard band ofwidth 8t that describes the kinematic excitations of a single doublon. At geff/t≈3 the
optical conductivity splits into two branches that become narrowerwith increasing geff. The peaks of the optical
conductivity signal approximately follow the energies of the polariton branches y ñ- ∣ D P

max .
These results suggest that the optical conductivity signal ismostly dominated by the two outermost polariton

branches y ñ- ∣ D P
max for g t 3eff which can be understood as follows. States which are split strongly by the

cavity’s lightfield are also expected to couple strongly to an externally applied lightfield, and thus they show a
strong signal in the optical conductivity. This can also be confirmed by noting that y yñ = ñ- ∣ ∣m D P

max are the only
polariton states contributing to the sum in equation (30) if we approximate the ground state by
y ñ » ñ Ä ñ∣ ∣ ∣G 0P0 . Thefinite width of the optical conductivity signal is caused by the coupling of polariton

states to thefirstHubbard band via  ˆ ˆ ˆ( ) ( )
T1

0
1
0
, and this coupling becomes less effective with increasing energy

splittingµgeff (see appendix C). The slight asymmetry in the intensity and position of the two conductivity
branches aswell as the slight increase of the energy splitting comparedwith the analytical result is a consequence
of the higher order terms that are neglected in equation (18) but taken into account in the numerical evaluation
ofσ(ω).

4.Discussion

In section 3we have shown that there is a one-to-one correspondence between the polariton branches in the
manifold ̂1 and the eigenstates of ĤS in equation (14)with zero excitations. The two branches with the largest
splitting geff contribute significantly to the optical conductivity signal and correspond to the electronic ground
state ñ∣G of ĤS. A rigorous derivation of the results presented in section 3 is provided in appendix C.Here we give
an alternative and approximate derivation of the two polariton branches with the largest energy splitting geff.
Thismore intuitive picture allows us to gain further insights into our system and highlights similarities and
differences with other polariton systems.

Our elementary derivation of geff starts by approximating the electronic ground state ñ∣G of ĤS by
ñ » ñ∣ ∣ ́G GNeel , where

ñ =    ¼ñ∣ ∣ ( )́G , , , 31Neel 1 2 3

is the antiferromagnetic Néel state. Note that we also employed this state for L=5 to illustrate the electronic
ground state infigure 1(b). Applying the doublon-holon creation operator ̂† (see equation (21)) to this state
results in a state with one doublon excitation,

  ñ = - ñ∣ ( ˆ ˆ )∣ ( )́
† †

́E Gi , 32R LNeel Neel

where  is a normalisation constant. Assuming open boundary conditions, the operators ̂
†
L and ̂

†
R each

create -L 1 states with a holon-doublon pair. Since all these states are orthonormal, we have
 = - »( )L L1 2 1 1 2 for L?1. Ignoring boundary effects thematrix element of -ĤD P between the
states ñ Ä ñ∣ ∣́G 1PNeel and ñ Ä ñ∣ ∣́E 0PNeel is thus

á Ä á ñ Ä ñ »-[ ∣ ∣] ˆ [∣ ∣ ] ( )́ ́E H G g L0 1 2 . 33P D P PNeel Neel

Diagonalisation of -ĤD P in the two-dimensional subspace spanned by ñ Ä ñ∣ ∣́G 1PNeel and ñ Ä ñ∣ ∣́E 0PNeel results
in two polariton states with energy splitting

=[ ́ ] ( )g g LNeel 2 2 . 34eff

This value needs to be compared to geff in equation (29).Wefind that geff is larger than [ ́ ]g Neeleff by a factor of

»2 log 2 1.18, i.e. =[ ́ ]́g g Neel 2 log 2eff Neel . The reason for this is that ñ∣ ́GNeel is not the true ground state of
the electronic system, which is an entangled superposition ofWannier states. It follows that the correlations in
the true ground state of the electronic system enhance the polariton splitting by about 18%.

Next we compare our results to those obtained for L independent two-level atomswith transition energyU
that interact resonantly with a single cavitymode. Thismodel is a special case of the so-called Tavis–Cummings
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[43, 44] orDicke [1]model, and in the followingwe refer to it as theDickemodel. A brief description of the
DickeHamiltonian is given in appendixD. Themanifoldwith zero excitations has only one non-degenerate
ground state where the cavity is in the vacuum state and all atoms are in the ground state. Themanifoldwith one
excitation contains two states that are split by (see appendixD)

=[ ] ( )g g LDicke 2 , 35eff

which is smaller than [ ́ ]g Neeleff in equation (34) by a factor of 2 . This difference can be attributed to the
different nature of the light–matter interaction for atoms and electrons: The cavity field couples to the atomic
density in theDickemodel, whereas the light–matter coupling in the electronic system is proportional to the
current operator. Starting from ñ∣ ́GNeel the operator -ĤD P can create a doublonwith the holon either to the left
or two the right, giving rise to 2L possible states as discussed above. On the contrary, the corresponding
Hamiltonian for the atoms can only locally excite one atomat site k, and there are only L different states. Taking
into account the normalisation of the corresponding states gives rise to collective coupling strengths
proportional to L2 in the case of electrons and L in the case of atoms.

5. Experimental realisation

Todiscuss the experimental observation of the collectively enhanced light–matter coupling in our systemwe
consider ET-F2TCNQ [50–53], which is a generic example of a one-dimensionalMott insulatorwhereU?t.
The optical conductivityσ is the centralmaterials quantity of interest since it determines the dielectric function
of thematerial and thus its reflectivity and transmittance, for example. Typical experimentsmeasure the optical
conductivity indirectly, e.g. via reflectivitymeasurements and self-consistent calculations utilising Kramers–
Kronig relations [53]. Optimal strategies formeasuringσ depend on the specifics of the experimental setup and
are beyond the scope of this work.

In order to observe the splitting of the optical conductivity spectrum shown infigure 3we require geff/t3.
In addition, the photon-doublon couplingmust bemuch faster than the cavity decay rateκ, i.e. geff?ÿκ. In the
case of ET-F2TCNQ [50]we find geff/t≈6.4. It follows that the two branches in the optical conductivity should
be clearly visible, and their energy splitting can be as large as geff≈250 meV. Even larger values of geff/t are
possible inmaterials with a smallerMott gap or smaller unit cells. The condition geff?ÿκ is also fulfilled in
ET-F2TCNQwhere  p» ´t 2 10 THz [50, 51], which is at least two orders ofmagnitude larger than cavity
decay rates of lossymicrocavities with frequencies in the lowTHz regime [54].

Finally we address thefinite lifetime τD of doublon excitations which increases exponentially withU/t [55].
The experimentallymeasured value for ET-F2TCNQat ambient pressure is t » 0.5 psD [53], which
corresponds to a decay rate of k » t0.2D . This decay rate is smaller than the artificial broadening introduced
in the numerical evaluation of equation (30), where each termof the sumwas broadenedwith a Lorentzian of
width 0.5t/ÿ.We thus conclude that the finite lifetime of doublons does not hinder the observation of the two
peaks in the optical conductivity.

6. Summary

Wehave shown that the resonant coupling between strongly correlated electrons and a single-mode cavity
results in the formation ofMott polaritons. Themanifoldwith one excitation exhibits a dense spectrumof
polariton branches which can be derived from the eigenstates in the zero excitationmanifold. At half filling the
effectiveHamiltonian in themanifoldwith zero excitations is an isotropicHeisenberg chain. Each eigenstate
with non-zero eigenvalue  < 0j gives rise to two polariton branches, and themagnitude of their energy

splitting is proportional to - j . The two branches with the largest energy splitting are thus associatedwith the

ground state of the isotropicHeisenberg chain, and their energy splitting geff is proportional to L2 , where L is
the number of electronic sites.

An approximate derivation for geff in section 4 illustrates that quantum correlations in the ground state

result in an enhancement of the polariton splitting by 18%. Furthermore, µg L2eff is a direct consequence of
the fact that the electron–photon interaction ismediated by the current operator. The absorption of a photon is
associatedwith an electronic hopping process creating a holon-doublon pair where the doublon is either to the
right or the left of the holon. This two-fold excitation pathway is in contrast to atomic systemswhere the atomic
density couples to the cavity field, allowing only for one local excitationwhen absorbing a photon. The collective
polariton splitting for L independent two-level atoms and in themanifold with one excitation is consequently
smaller by a factor of 2 compared to our electronic system.

Wefind that the collectively enhanced polariton splitting is directly observable in the optical conductivity,
which features two peaks separated by µg L2eff . If thematerial fills thewholemode volume of the cavity, the

8

New J. Phys. 21 (2019) 073066 MKiffner et al



magnitude of the splitting is independent of themode volume and just depends on v1 uc , where vuc is the
volume of the unit cell of the crystal. As a generic example of a one-dimensionalMott insulatorwe consider
ET-F2TCNQ, andfind that its unit cell is small enough such that the splitting of the optical conductivity signal
exceeds thewidth of thefirst Hubbard band. The optical conductivity thus carries a clear signature of the
collective electron–photon coupling.

We emphasise that µg v1eff uc togetherwith the small unit cells in solid statematerials can result in
macroscopically large polariton splittings geff. In the case of ET-F2TCNQ,wefind geff≈250meV,which is
several orders ofmagnitude larger thanwhat has been achieved in atomic systems [39–41]. In addition, we note
that the near-resonant electron–photon coupling described in this work ismuch larger than the effects described
in [37, 38], which aremediated by virtual, second-order electron–photon interactions.

In this paperwe focused on the resonant electron–photon coupling in themanifoldwith one excitation. In
conventional quantumoptics systems like theDickemodel one can approximately diagonalize theHamiltonian
in several excitation subspaces simultaneously via bosonization techniques. Since this approach is in general not
applicable to our fermionic system [27], it is an intriguing yet challenging prospect for future studies to
investigate near-resonant electron–photon interactions in higher-excitedmanifolds, see figure 2. Since the
electron–photon interaction increases with the number of photons j as j , the energy spectrum is anharmonic.
Like in atomic systems [56] this feature results in giant photon nonlinearities and further amplifies the
intrinsically large optical nonlinearity ofMott insulators [57]. Furthermore, the physics inmanifolds with a large
number of excitations will be fundamentally different from theDickemodel. The reason is that themaximal
number of atomic excitationswithin theDickemodel is L, but atmost L/2 doublons can be created in the
electronic system.

A further intriguing avenue for future studies is the investigation of higher-dimensional systems. For
example, the electron-cavity interaction in higher-dimensional systems can be tuned via the relative orientation
between the crystal and the cavity polarisation vector [37, 38]. In k-dimensional systemswhere the cavity couples
to all spatial directions one expects µg k2eff due to the additional excitation pathways to nearest-neighbour
sites, and thus a further enhancement of the effective coupling strength.
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AppendixA. IsotropicHeisenbergmodel

The effectiveHamiltonian ĤS in equation (14) can be cast into the form [27]

å= -
á ñ

⎛
⎝⎜

⎞
⎠⎟ˆ ˆ · ˆ ˆ ˆ ˆ ( )S SH J

n n

4
, A1c

jk
j k

j k D
S 0

where = +   ˆ ˆ ˆ ˆ ˆ† †n c c c cj j j j j, , , , is the number operator at site j and the components of the local spin operator

=ˆ ( ˆ ˆ ˆ )S S S S, ,j x
j

y
j

z
j
are defined as

= +   ˆ (ˆ ˆ ˆ ˆ ) ( )† †S c c c c a
1

2
, A2x

j
j j j j, , , ,

= -   ˆ (ˆ ˆ ˆ ˆ ) ( )† †S c c c c b
i

2
, A2y

j
j j j j, , , ,

= -   ˆ (ˆ ˆ ˆ ˆ ) ( )† †S c c c c c
1

2
. A2z

j
j j j j, , , ,

At halffilling every site is occupied precisely by one electron, and thus

å= -
á ñ

⎜ ⎟⎛
⎝

⎞
⎠ˆ ˆ · ˆ ˆ ( )S SH J

1

4
A3c

jk
j k

D
S 0

is an isotropic spin-1/2Heisenberg chainwith exchange coupling Jc. The ground state energy of ĤS per electron
and in the thermodynamic limit (  ¥L ) is  = -L J log 2G c [58], and thus equation (28) follows.
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Appendix B. EffectiveHamiltonian in ̂1

An approximate effectiveHamiltonian in themanifold ̂1 that only takes into account the perturbation Ĥ1 in
first order and forΩ=U is [46, 27]

  = +ˆ ˆ ˆ ˆ ˆ ( )( )
H U H . B1eff

1
1 1 1 1

The eigenvalues of ˆ ( )
Heff

1
will coincidewith the eigenvalues of the full Hamiltonian Ĥ in ̂1 in the limitU?g, t

where higher-order terms in Ĥ1 are negligible. Thefirst term in equation (B1) represents the unperturbed energy
of themanifoldwith one excitation, which can be either a photonwith energyΩ=U or a doublon. The second
term in equation (B1) can bewritten as

       = + +ˆ ˆ ˆ ˆ ˆ ˆ ˆ [( ˆ ˆ ) ˆ ] ˆ ( )( ) ( ) †H T g a a , B2c1 1 1 1
0

1
0

1 1

wherewe used   =ˆ ˆ ˆ( ) ( )
T 01

1
1
1

at half filling. The second term in equation (B2) is

  + = -ˆ [( ˆ ˆ ) ˆ ] ˆ ˆ ( )†g a a H , B3D P1 1

where -ĤD P is defined in equation (19). Combining equations (B1)–(B3) shows that the expression for ˆ ( )
Heff

1
in

equation (B1) is the same as equation (18).
A comparison of the eigenvalues of the effectiveHamiltonian ˆ ( )

Heff
1
and the systemHamiltonian Ĥ is shown

infigure B1 for a systemwith L=4 sites at half filling and as a function of the cavity coupling g. The eigenvalues
are in very good agreement for large values ofU=Ω, and their differences are of the order of higher-order
corrections( )g U t U gt U, ,2 2 that are neglected in equation (B1).

AppendixC. Spectrumof ^ -HD P

Herewe investigate the spectrumof theHamiltonian -ĤD P in equation (19). To this endwe considermatrix
elements of -ĤD P between states in the ̂1manifold. Note that -ĤD P can only couple states with one photon and
no doublon to states with no photon and one doublon. In afirst step, we construct electronic states ñ∣ej with

exactly one doublon from the eigenstates ñ∣gj of ĤS with non-zero eigenvalue  < 0j ,


ñ = ñ∣ ˆ ∣ ( )†

e g
1

2
, C1j

j
j

where ̂ and òj are defined in equations (21) and (26), respectively. At half filling it is straightforward to prove
the operator identity

Figure B1.Comparison of the eigenenergies E of the systemHamiltonian Ĥ in themanifoldwith one excitation and ˆ ( )
Heff

1
defined in

equation (18).We consider a systemwith L=4 sites at halffilling and showE as a function of the cavity coupling g. The eigenvalues

corresponding to Ĥ ( ˆ ( )
Heff

1
) are shown by red solid (black dotted) lines. The exact diagonalization calculations take into account

photon states ñ∣ jP with Î { }j 0, 1, 2, 3, 4 , andwe setU=Ω=200t.
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 = -ˆ ˆ ˆ ( )†

J
H a

4
C2

c
S

 å=
á ñ

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ˆ ˆ ˆ ˆ ( )

†
b b b4 , C2

D

kl
kl kl

D
0 0

and hence the states ñ∣ej are orthonormal

 
 dá ñ = á ñ =∣ ∣ ˆ ˆ ∣ ( )†

e e g g
1

4
. C3i j

i j
i j ij

Nextwe define the following states in ̂1,

y ñ = ñ Ä ñ∣ ∣ ∣ ( )( ) g a1 , C4P
j

j P

y ñ = ñ Ä ñ∣ ∣ ∣ ( )( ) e b0 . C4D
j

j P

Thematrix elements of -ĤD P with respect to these states can be found via equation (C3) and are given by

y y dá ñ =-∣ ˆ ∣ ( )( ) ( )H g2 . C5D
i

D P P
j

i ij

It follows that thematrix representation of -ĤD P reduces to a simple 2×2 block diagonal form in the states
defined in equation (C4), and diagonalizing these blocks leads to the polariton states in equation (25).

It remains to show that thematrix elements in equation (C5) and their complex conjugates are the only non-
zeromatrix elements of -ĤD P in ̂1. This can be understood as follows. First, we consider states y ñ̂∣ ( )

D
k that

complement the states y ñ∣ ( )
D

j to an orthonormal basis in ̂
( )
1
0
. Since

y yñ µ ñ-ˆ ∣ ∣ ( )( ) ( )H C6D P P
j

D
j

according to equations (19) and (C1), wefind

y yá ñ =^ -∣ ˆ ∣ ( )( ) ( )H 0 C7D
k

D P P
j

for all values of j and k. Second, we consider the eigenstates ñ∣g
l
0 of ĤS with eigenvalue zero. The states

y ñ = ñ Ä ñ^∣ ∣ ∣ ( )( ) g 1 C8P
l

l P
0

complement the states y ñ∣ ( )
P
l to a basis in ̂

( )
1
1
. According to equation (C2)wehave

á ñ =∣ ˆ ˆ ∣ ( )†
g g 0, C9

l l
0 0

and thus  ñ =ˆ ∣†
g 0

l
0 . It follows that allmatrix elements of -ĤD P involving y ñ̂∣ ( )

P
l vanish

y yá ñ =- ^∣ ˆ ∣ ( )( ) ( )H a0, C10D
j

D P P
l

y yá ñ =^ - ^∣ ˆ ∣ ( )( ) ( )H b0, C10D
k

D P P
l

which concludes our proof of the spectrumof -ĤD P.

Finally, we note that the polariton states y ñ- ∣ ( )
D P

j are not coupled by the kinetic energy term  ˆ ˆ ˆ( ) ( )
T1

0
1
0
,

  y yá ñ µ á ñ =-  - ∣ ˆ ˆ ˆ ∣ ∣ ˆ ˆ∣ ( )( ) ( ) ( ) ( ) ( )
T e T e 0. C11D P

i
D P

j
i j1

0
1
0

1
0

The second equality in equation (C11) follows from the fact that in ñ∣ei , the doubly occupied site has an adjacent

empty site to its right or left. On the other hand,  ñˆ ˆ∣( )
T ej1

0
is either zero or describes a state where the doublon

and the holon are separated by a singly occupied site, and hence this state is orthogonal to ñ∣ei .

Note that  ˆ ˆ ˆ( ) ( )
T1

0
1
0
has non-zeromatrix elements between the states y ñ̂∣ ( )

D
k that form the quasi-continuum

of the firstHubbard band. Furthermore,  ˆ ˆ ˆ( ) ( )
T1

0
1
0
couples y ñ̂∣ ( )

D
k to the polariton states y ñ- ∣ ( )

D P
j via the states

y ñ∣ ( )
D

j . This coupling leads to a broadening of the polariton states but becomes less effective if the polariton
splitting exceeds the tunnelling amplitude t.We thus expect the resonances in the optical conductivity to become
sharperwhen the collective coupling increases.

AppendixD.Dickemodel

TheTavis–Cummings orDickeHamiltonian for a systemof L independent two-level atoms interactingwith a
single cavitymode and in rotating-wave approximation is given by [1, 2, 43, 44]

= W + + +- +ˆ ˆ ( ) ( )† †H a a US g a S aS , D1zDicke
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where g is the light–matter coupling constant. The collective atomic operators are defined as

å= ñá - ñá
=

(∣ ∣ ∣ ∣) ( )S e e g g a
1

2
, D2z

k

L

k k k k
1

å= ñá+
=

∣ ∣ ( )S e g b, D2
k

L

k k
1

å= = ñá- +
=

∣ ∣ ( )†S S g e c, D2
k

L

k k
1

where ñ∣gk ( ñ∣ek ) denotes the ground (excited) state for the kth atom. There are two eigenstates ofHDicke in the
subspace of one excitation, and their energy difference forΩ=U is geff[Dicke] defined in equation (35).
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