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Abstract

The scaling limit of connected components in critical undirected random graphs has been
well studied and shown to be universal between different critical models of undirected
random graphs. Work by Goldschmidt and Stephenson has established the scaling limit
of a the strongly connected components of critical directed Erd6s-Rényi random graphs.
We investigate whether the same scaling limits arise in different critical models of random

directed graphs.

We study two models in particular: the directed configuration model and inhomogeneous
directed random graphs. Our first main result is a scaling limit for the strongly connected
components in a critical directed configuration model. Our proofs rely on two main in-
gredients: a depth first exploration of the directed configuration model to construct an
out-forest for the model and also the identification of a distinguished subset of edges not in
the out-forest, called candidates, which are the only edges not in the out-forest which can
be part of a strongly connected component. The number of such candidate edges remains
bounded asymptotically and will converge to point identifications on the real trees that
arise as the scaling limits of the out-forests. We can then extract a directed multigraph
with edge lengths by taking the root of each real tree and the point identifications, then
orienting each edge away from the root. From these multigraphs, we can extract the con-
tinuum strongly connected components. We also present work in progress on establishing
a similar scaling limit for a family of rank-1 inhomogeneous random directed Poissonian
graphs. We use similar techniques to the directed configuration model but use a coupling

with a queueing process instead to construct an out-forest.
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Chapter 1

Introduction



1.1 Undirected graphs

1.1.1 The Erd6s—Rényi model

One of the first models of random graphs studied was the Erdés—Rényi random graph model. There
are two variants of this model — the G(n, m) model introduced by Erdés and Rényi [29] and the G(n,p)
model introduced by Gilbert [32]. Both have been studied extensively by Erdds and Rényi. Due to its

nicer independence properties, we will be looking at the G(n,p) model.

The G(n,p) model is defined for n € N and p € [0, 1]. It is the random graph on n vertices where
each of the (Z) possible edges are included in the graph with probability p independently of the other

edges. More formally, G ~ G(n,p) if G is a random graph on [n] with law given by
B(G = H) = p" (1 —p)) =D

where e(H) is the number of edges in H.

The connectivity of G(n, p) is a well studied area, tracing back to the very first papers on the model.
What is of most relevance to us is the phase transition in the size of the largest component of G(n, p).
This transition was first observed by Erdés and Rényi [30]. The following version of the result is taken

from [38, Theorem 5.4].

Theorem 1.1. Consider G(n,p) where p=c/n. Let C7,C¥, ... be the components of G in decreasing

order of size.

1. If ¢ > 1 then |CT| = O,(n) and |CF| = O,(logn).

2. If ¢ <1 then |C}| = Op(logn).

Much more can be said about the critical phase when ¢ = 1. In the highly influential work [4],
Aldous encodes an exploration of the graph by a random process. Using this technique, it is proved
that not only do the components in the critical window scale as n/3, but in fact there is an intimate
link between the sizes of the components and excursions of a Brownian motion with quadratic drift
above its running minimum. Aldous not only proves a limit for the component sizes but also for the

surpluses of the components. The surplus of a connected graph G is given by

e(G) — |G| + 1.



A connected graph has surplus 0 if and only if it is a tree.
Theorem 1.2. Consider G ~ G(n,n~ '+ n=4/3) for A € R. In decreasing order of size, let C7*,C%, ...
be the components of G. In decreasing order of length, let 1,72, ... be the excursions of

W) — m[in] W2 where W} =W, + M\ — %t2
s€[0,t

and (Wy)i>0 is a Brownian motion. Let |vy;| be the length of v;. Then
n2 (071,18, ) == (Inls el - ) (1.1)

as n — oo with respect to the {? metric on decreasing sequences. Further, let Z be the surplus of
CP'. Let u(vy;) be the area under the excursion «y;. Then conditional on (1,72, ...), let Z1,Zs, ... be

independent with distribution Z; ~ Po(u(~;)). Then, jointly with the convergence in Eq. (1.1),
n on (d)
(Zl,ZQ,...) — (Zl,ZQ,...)

as n — oo with respect to the product topology. This means initial segments of arbitrary length converge.

Note the surpluses of the components require no scaling in order to converge. This is important for

later.

Addario-Berry, Broutin, and Goldschmidt [1] showed not only that the component sizes have a
scaling limit, but that the rescaled components viewed as a whole can be understood as converging
to a sequence of metric spaces. To make this more precise we will first need to recall definitions on

distances between compact metric spaces.

Let (M,d) be a metric space. Then given two non-empty compact subsets C; C M and Cy C M,

the Hausdorff distance dg between them is defined to be

dy(Cq,Co) max{ sup d(z1,C3), sup d(zg,Cl),}
z1€Cy z2€C2

where d(z,C) = inf,cc d(z,y) is the distance between a point x and a set C'. Then for two non-empty
compact metric spaces (X,dx) and (Y,dy), the Gromov-Hausdorff distance dgy between X and Y
is defined to be

den(X,Y) =supsupsupdy (ix(X),iy(Y))

M ix iy



where the supremum is taken over all metric spaces M and all isometric embeddings ix : X — M and

iy 1Y — M.

Note that any finite connected graph G can be interpreted as a compact metric space consisting of
the vertex set equipped with the graph distance. We will use the notation aM for the metric space
M’ where the metric is scaled by «, meaning d’(z,y) = ad(z,y). Then the following is the key result
of [1].

Theorem 1.3. Let G ~ G(n,n~" + An=*3). In decreasing order of size, let CJ',C%,... be the
components of G. Then viewing the C]' as compact metric spaces under graph distance, there exists a

sequence of random compact metric spaces My, Mo, . .. such that

n=V3CP, 08, .. ) = (My, My, . ..)

as n — oo with respect to the £* metric based on the Gromov-Hausdorff distance.

My, Ms, ... are constructed from a one-parameter family of random compact metric spaces M (o).
We will not give the details here as they are unnecessary for the sequel. Conditional on the excursions

V1,72, - . as defined in Theorem 1.2, M; is distributed as M (|v;|) independently of the other Mj.

1.1.2 Universality

These limiting objects turn out to be not specific to the critical Erd6s—Rényi model. Two other
models that exhibit the same scaling limit, under suitable conditions, are the configuration model and

inhomogeneous random graphs, as we now explain.

To sample the configuration model, we start with a degree sequence (dy,...,d,) of a graph. Then
we take n vertices with dy, . .., d, half-edges respectively. After that we randomly pair the half-edges to
sample the configuration model. Further, conditional on the resulting graph being simple we obtain a
uniform random graph with the given degree sequence. A phase transition for these random models is
proven by Molloy and Reed [46]. Bhamidi and Sen [5] and Conchon—Kerjan and Goldschmidt [19] both
address the scaling limits for critical configuration models, but take quite different approaches. Bhamidi
and Sen [5] addresses deterministic degree sequences whereas Conchon-Kerjan and Goldschmidt [19]
addresses i.i.d. random degree sequences, who both show (with slight caveats) that the objects M (o)

show up as the scaling limit, under appropriate assumptions.

An inhomogeneous random graph is similar to an Erdés—Rényi graph, in that different edges are



present or absent independently of each other, but the probability of inclusion for each edge may vary.
Bollobds, Janson, and Riordan [11] prove a phase transition for these models. Bhamidi, Sen, and Wang
[6] and Broutin, Duquesne, and Wang [13] show that the objects M (o) also appear as the scaling limit

for critical rank-1 graphs, a type of inhomogeneous random graph, under appropriate assumptions.

The overarching philosophy of this thesis is that this universality should also be present for cor-
responding models of directed random graphs, and this will be addressed in Section 1.2.4. Before we
do so, we should first go over background material, motivating examples and definitions for directed

graphs.

1.2 Directed graphs

When working with directed graphs (digraphs) there are two notions of connectivity - strong and weak
connectivity. We will be working with the strong notion. Let D be a digraph. Then we say a vertex
w € D is reachable from a vertex v € D if there exists a directed path from v to w. We say v and w
are strongly connected, written v <> w, if both v is reachable from w and w is reachable from v. Then
< is an equivalence relation on the vertex set and the equivalence classes are the strongly connected
components (SCCs). We will use the term SCC interchangeably for the set of vertices and the digraph
they induce. Finally, D is itself strongly connected if it has exactly one SCC, or in other words any

pair of vertices in D are strongly connected.

1.2.1 Directed Erdés—Rényi model

The directed Erdés—Rényi model D(n,p) is the random graph on n vertices where each of the possible
n(n — 1) directed edges are present with probability p independently of the other edges. Luczak [45]
and Karp [40] showed this model exhibits a phase transition in the size of the largest SCC similar to

that of the largest component of G(n,p). We rephrase the result from Karp [40].

Theorem 1.4. Let C7,C%, ... be the SCCs of D(n,p) in decreasing order of size where p = £.

1. If ¢ > 1 then |C7| = O,(n) and |CF| = O,(logn).

2. If c <1 then |C}| = Op(logn).

Hence, taking inspiration from the undirected case, it is reasonable to try and find a scaling limit

for SCCs in the critical phase.



In defining the scaling limit of components of an undirected graph we used metric spaces. For
the scaling limit of SCCs we face two problems. The first is that metric spaces can’t capture the
directionality of edges. Metrics must be symmetric. The second more subtle but, perhaps, more
fundamental problem is that SCCs are not fractal structures. SCCs in digraphs and components in

undirected graphs look very different.

To illustrate this point, Fig. 1.1a shows some samples of the largest critical component in the
undirected case. As can be seen, the components of the undirected graph exhibit a complex tree
structure. In contrast, Fig. 1.1b shows the SCCs of critical directed graphs consist of finitely many

cycles.

A much better point of comparison is the 2-core of the undirected components. The 2-core of a
graph G is defined to be the maximal subgraph of G with minimum degree 2. Algorithmically it can
be obtained by repeatedly deleting leaves from the graph until no more leaves are left, including new
leaves created by previous deletions. A connected graph can be decomposed into its 2-core and then
a collection of pendant trees ‘hanging’ off the 2-core. Thus 2-cores show the cyclical structure of G,

much as SCCs show the cyclical structure of digraphs.

Sample 2-cores for the critical undirected case are plotted in Fig. 1.1c. Since no scaling on the
surplus is required in Theorem 1.2, the surpluses of the critical components remain asymptotically
bounded. Moreover, for a connected graph G with surplus s, the number of cycles in G can be
bounded by 2°. This can be proved by picking a spanning tree of G and noting that every distinct
cycle in G must use a distinct subset of edges not in the spanning tree. In particular even though the
lengths of paths in the 2-core are diverging to infinity, the actual number of cycles in the 2-core will

remain finite.

Since the 2-cores have finite structure, it is excessive to view them as metric spaces. Instead, to
capture their structure, we will replace paths in the graph by single edges weighted by the length
of the path they are replacing. This will result in a weighted multigraph. We can then define a
distance between weighted multigraphs by taking an ¢°° distance between the weights on the edges if
the multigraphs are isomorphic, or setting the distance to be infinite if they are not isomorphic. We

can then scale the graphs by scaling the weights on the edges.

It is reasonable to conjecture that the structure of the SCCs will also remain finite in the limit.
Then the above method is easily adapted to the directed case by simply working with weighted directed

multigraphs instead. This is the approach taken by Goldschmidt and Stephenson [34].



(a) The largest component from samples of G(n,1/n)

(b) The largest SCC from samples of D(n,1/n)

Empty 2-core

Empty 2-core Empty 2-core

(¢) The 2-core of the largest component from samples of G(n,1/n)

Fig. 1.1: Plots of samples of critical random graphs. In all cases n = 10000.



While the 2-cores provide motivation, the formal relationship between the 2-cores of the undirected
Erdés-Rényi model and the SCCs of the directed Erdés-Rényi model remains an open question. It
remains to be seen if the limiting distribution of the sequence of 2-cores is absolutely continuous with
respect to the limiting distribution of the sequence of SCCs (once the direction of edges in the SCC

are removed), and, if so, what the density function would be.
We will go through the notation and definitions in the directed case more formally. A directed

multigraph is a tuple (V, E,r) where

1. V is a finite set of vertices,
2. E is a finite set of edges, and

3. r: E— (V,V) maps E to the set of all directed edges in the graph.

Associated with r are two functions r1,79 : E — V such that r(e) = (r1(e),72(e)). Then the tail of an
edge e is 71 (e) and the head of e is ro(e). It’s more appropriate to think about the weights as lengths
in our case, so rather than using the term ‘weighted directed multigraph’ we will use the term metric
directed multigraph (MDM). An MDM is a tuple (V, E,r,l) where (V, E,r) is a directed multigraph
and [ : E — [0,00) assigns a length to each edge. We use £ to denote the MDM which consists of a

single vertex and a self-loop of length 0.

Consider two MDMs M = (V, E,r,l) and M’ = (V/,E',r',l"). An isomorphism (iy,ig) between

M and M’ is a pair of bijections iy, : V — V' and ig : E — E’ such that for all e € E/

r'(ip(e)) = (iv(ri(e)), iv(r2(e))).
If such an isomorphism exists then we say that M and M’ are isomorphic.
We define a distance dg between M and M " by

inf;, ;, sup.cg|l(e) —U'(ig(e))] if M and M’ are isomorphic,
dg(M, M) =

00 otherwise,

where the infimum is taken over all isomorphisms (iy,ig) between M and M’.

Consider an MDM M and a vertex w € M with in-degree 1 and out-degree 1 which is not a self-loop.
Let w and v be the unique in-neighbour and out-neighbour of w respectively. The MDM obtained by

smoothing w is obtained by deleting the edges e; and es such that r(e;) = (u,w) and r(e2) = (w,v),



(e1) I(e2) 7/\ l(e1) + l(e2)
A (-

(a) The graph before smoothing w (b) The graph before smoothing w

Fig. 1.2: Smoothing a vertex w

(a) D

Fig. 1.3: An example of a digraph D and its kernel k(D)

then adding an edge e such that r(e) = (u,v) and assigning it length I(e) = I(e1) + I(e2). This is

illustrated in Fig. 1.2. Then the kernel of a digraph D is obtained by doing the following:

1. Assign a length 1 to each edge.

2. Iteratively smooth vertices with in-degree 1 and out-degree 1 that are not self-loops until there

are none remaining.

3. Replace all singletons by £.

Denote the resulting MDM by k(D). An example is shown in Fig. 1.3. We can now state the main

theorem in [34].

Theorem 1.5. Let C7',CY%,... be the SCCs of D(n,p) in descending order of size. We pad this
sequence by an infinite tail of singletons. Then there exists a sequence of random MDMs My, Ms, . ..

such that

— mn mn d
0= V3 (k(CT), K(CD), .. D (M, Mo, .. )

as n — 0o with respect to an ¢' distance using dg. The scaling is applied to the lengths of edges in the

MDM.



The description of the limiting random MDMs is rather involved and will be explained in the
chapter on the directed configuration model. Also, for any fixed i, we expect C* to not be a singleton
with high probability as n — co. Therefore, M; will not be a singleton for any i. Hence, we insist that

the kernel of a singleton is £ so that it can be isomorphic to the limiting object.

1.2.2 Directed configuration model
Description of the model

We adapt here the introduction from [26]. First consider a deterministic degree sequence dy,...,d,
where d; = (d; ,d) € Nx N for i = 1,...,n. We say a directed graph with vertex set [n], where
[n] = {1,...,n}, has degree sequence dy,...,d, if (d~(i),d*(i)) = (d; ,d]) for i =1,...,n.

In order to sample a uniformly random graph with a given degree sequence, we first consider the
directed configuration model introduced by Cooper and Frieze [20]. Take n vertices vy, ..., v, such that
v; has d; in-half-edges and d;" out-half-edges. Then construct a multigraph by choosing a uniformly
random pairing of the in-half-edges with the out-half-edges. Cooper and Frieze [20, Sec. 2.1] proved

that if we condition on the resulting multigraph being simple, we obtain a uniformly chosen random

digraph with the given degree sequence.

We will consider the case where the degree sequence consists of n i.i.d. random variables conditioned
on the total in-degree being equal to the total out-degree. Let v be a distribution on N x N, and let

D4,...,D,, be a sequence of i.i.d. random variables with distribution ». We condition on the event

{Z?ZI D; = Z?:l Dl+} )

observing that this is an asymptotically singular event as n — oo. Let én(y) be a digraph chosen
uniformly at random from all digraphs with degree sequence Dy,...,D,. We are interested in the

limit under rescaling of the SCCs of G, (1) as n — cc.

Criticality

Let us examine when such a random graph is critical. Consider the directed configuration model and
let (V,,,W,) be a uniformly chosen edge. For now, ignore the conditioning on the total in- and out-

degrees being equal. We consider the distribution of the in- and out-degree of W,,. Because the degree

10



sequence is an i.i.d. sequence, W, is equally likely to be any vertex i. Thus, for any k = (k—, k™),

P(d~(W,) =k~ ,dt*(W,) = k) = nP(W,, = 1,D; = k)

Conditionally on the degree sequence, we have that W, = i with probability proportional to D, since

we used a uniform pairing of the in- and out-half-edges. Therefore,

k_
P(Wn:1|D1:k7D2,’Dn):m—nH
=2 "1
Thus,
_ _ k™ -
P(d~(W,) = k ,d+(Wn)k+)El1(k_+Zn D_)]]P[D — k=, Dt =k*].
n =2 "1

Using the law of large numbers, the above will converge to

E[kD_]P (D~ = k=, DT = k*].
Let (Z~,Z7%) be such that P(Z~ = k=, Z% = k™) is given by the above expression. We say (Z~, Z7)
has the law of the degree distribution size-biased by in-degree. For large n, any other fixed out-edge
of W, is then also distributed approximately like a uniformly chosen edge (here we are ignoring the
fact that we have already sampled an edge) since we chose the in- and out-edge pairing uniformly at
random. Therefore, the out-degree of the head will have approximately the same distribution as ZV.
Thus, if we were to look at the graph of all vertices leading from W,,, it would look approximately

like a Bienaymé tree! with offspring distribution Z+. It is well known that such trees exhibit critical

behaviour when E[Z 1] = 1. This is equivalent to assuming E[D~D*] = E[D™].

Cooper and Frieze [20] studied this phase transition for a deterministic degree sequence dy,...,d,.

They defined the parameter
Yy difd;
i1 dy

which is a counterpart of E[Z ] for deterministic degree sequences. They then showed that, under

d =

additional assumptions, there exists a phase transition for the existence of a giant SCC depending

1For p a probability distribution on N, a Bienaymé tree with offspring distribution p is the family tree of a branching
process with offspring distribution p. Bienaymé trees are often referred to as Galton-Watson trees, but we decide to
follow the name change suggested by Addario-Berry et al. [2].

11



on whether d is strictly greater than or less than 1. In Chapter 2 we show corresponding condition,

E[Z~] =1, is also the correct criticality condition to take for i.i.d. random degree sequences.

1.2.3 Inhomogeneous random directed graphs
Description of the model

Inhomogeneous directed random graphs are a natural generalisation of directed Erdds-Rényi random
graphs where we allow the connection probability between two vertices ¢ and j to depend on ¢ and
j. We do this by assigning two weights to each vertex which determine how likely an edge is to exist

coming into and going out of the vertex respectively. This is formally described below.

Our work will draw heavily on Broutin et al. [13] and [12]. We will consider a similar model of
an inhomogeneous random graph but modified for the digraph setting. Consider a bi-weight sequence
W,, = (w},...,w"), where each w!" € (0,00) x (0,00) is a bi-weight: w}"~ is the in-weight and w]""
is the out-weight of vertex i. Further let £ = 2" w™* and I,, = I;; 4+ I;'. We say D is distributed
as a inhomogeneous random directed graph (IRDG) on n vertices with bi-weight sequence W,,, written
D ~ D(W,,), if D is a random digraph on [n] where each directed edge (i, j) is present independently

with probability

P((i,§) € D) = 1 — exp (-7“”1) .

This is the directed analogue to the undirected random Poissonian graphs, also known as the Norros-
Reittu model. For the largest connected components in the undirected case, a metric space scaling

limit is established by Broutin et al. [13].

A more general model of directed inhomogeneous random graphs using a kernel function is studied
by Cao and Olvera-Cravioto [17]. While we would also like to study more general graphs, even in the
undirected case the metric space scaling limit of the connected components is only well understood for

rank-1 graphs. Therefore, for now, we are restricting our attention to the Poissonian case.

We see that for any pair of distinct vertices ¢ and j, a higher in-weight w.”~ will lead to a higher
probability of an edge (j,7) leading into i existing, whereas a higher out-weight wf’+ will lead to

a higher probability an edge (7,j) leading out of ¢ existing. We will be working in regimes where

12



n,+wn7—

2w, /1, will be small, thus the approximation

w,

n,+, n,—

.. w; 7
P((i,j) € D) ~ ——

will be valid.

The directed Erdés-Rényi random D(n,p) is a special case of the IRDG D(W,,) where all weights

are equal. Specifically, setting w; = (¢,¢) for alli = 1,...,n for ¢ € R corresponds to a D(n, 1 —6_0/2")

C

random graph. For large n this is approximately a D(n, 5= ) random graph.

Criticality

Cao and Olvera-Cravioto [17] studied whether or not the largest SCC will take up an asymptotically
positive proportion of the vertices for general directed inhomogeneous random graphs. We will rephrase
their results here for IRDGs. Let p, be the measure on R? which is the empirical measure of the in-

and out-weights, meaning
1 n
= Z;(S(w?”,w?'+)'
Then the following is an application of [17, Proposition 3.13].

Theorem 1.6. Suppose there exists a Borel probability measure supported on (0,00) x (0,00) such that
n — p weakly. We also assume the following:

1. There exists a positive constant 0 such that lﬁ — 60 asn — .

2. The following two limits hold and are finite:
n,+ =

3 1 - - i : 1 - —wTwh T
Jm 33 S = i oSS (1)

i=1 j=1 i=1 j£i

+ —
= [ el
R2 JR2

Let C7 be the largest SCC of D(W,,). Then there exists a constant p such that

OTL
|1\g>p.

n

Further p > 0 if and only if E]W W] > 0 where (W, W) ~ p.

13



We have that E[W-W+] ~ L 37" w™ w* and 6 ~ 11,,. This suggests we have criticality when

n 1= 2 n

n n,— mn,+
lim 2=t W W)
n—o0 ln

The exact rate of this convergence will determine whether or not we have criticality; specifically,

whether or not the largest SCCs are all ©,(n'/?) in size.

To conjecture a critical window for this model, recall that we see critical behaviour for the Erdds-
Rényi random graph D(n, p,,) when p,, = %—i—# for some A € R. Using the approximation 1—e™® ~ x

for small z, this approximately corresponds to a IRDG where w;”~ = w?’+ =2+ ni—% Hence,

L
s Wi W; —9o\n-1/3
In

Thus, we conjecture we get critical behaviour, meaning the largest SCCs are all of order ©(n!/?) in

size, when there exists a constant « € R such that

n n,— mn,+
<1 — —Zi:l u;l i ) n'/? = « (1.2)

as n — oo. This will be our conjectured criticality condition. This mirrors the assumption made in

[13] to get a metric space scaling limit in the undirected case.

1.2.4 Aim of the thesis

Since the directed configuration model and IRDGs both exhibit a phase transition in the size of the
largest SCC, it is reasonable to conjecture that the scaling limits we obtain for the directed Erdos—
Rényi model will also appear at criticality under certain moment conditions on the vertex degrees. The
aim of this thesis is to demonstrate this universality. In particular, we conjecture the following to be

true:

Conjecture 1.7. Let C7,C%, ... be the SCCs of a random graph on n vertices sampled from either

1. the directed Erdés—Rényi model, or
2. the directed configuration model, or
3. the inhomogeneous random directed graph model
at criticality. Suppose CT,C%, ... are listed in decreasing order of size. We pad this sequence by an
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infinite tail of singletons. Then there exists a four parameter family of random sequences of MDMs
M(a,b,c,d) = (M, Ms,...) such that, under appropriate additional assumptions, there is a choice of

parameters a, b, c,d such that

A (R(CE), K(CE), ) <2 Mla,b,e,d)
as n — 0o with respect to an ' distance using dg. The scaling is applied to the lengths of edges in the

MDM. Further

The part of the result on the directed Erdés—Rényi model has been proved by Goldschmidt and
Stephenson [34] and is stated here in Theorem 1.5. No additional assumptions are needed. The part of
the result for the directed configuration model is proven in joint work with Serte Donderwinkel in [26].
We present this result in Chapter 2, along with a detailed explanation of the additional assumptions.
The part of the result on IRDGs remains a conjecture. In Chapter 3, we present a conjecture scaling
limit and the additional assumptions we believe would be required. Under these assumptions, we prove
a scaling limit for the height process of a subforest of the IRDG. We also summarise what remains to
be proved in order to prove the conjecture. We discuss the parameters in more detail in Section 1.3.3

after we introduce background material on discrete and real trees.

Our proof techniques rely on exploring the out-forest of a directed graph and showing a Gromov-
Hausdorff convergence of the out-forest to a sequence of real trees. The exploration gives a planar
order to the vertices making this is subgraph of the directed graph a sequence of plane trees. These
plane trees have the property that for any vertex v, all vertices w that can be reached by v and have
not yet appeared in the planar order will be a descendant of v. The interaction between edges in the

out-forest and a subset of edges called candidates (see Section 2.2.1) will create the SCCs.

In the last section of this chapter, we will cover some background material and terminology on both

discrete and real trees which is essential for the rest of the work in this thesis.
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1.3 Trees

1.3.1 Plane Trees

Basic definitions of plane trees

A plane tree is a rooted finite tree where an order is specified for the children of each vertex. To
formalise this it is convenient to use Ulam-Harris labelling for the vertices. The ideas is to label each
vertex by a finite sequence of positive integers where (i1, ...,ig+1) will label the igy1-th child of the

vertex labelled (i1,...,ig). Let
(oo}
u=|[Jnr
n=0

where NO = {()} is a singleton set containing the empty tuple ) = (). This is the set of all possible

labels. Then a plane tree T is finite subset of U satisfying the following properties:

1. 0eT.
2. If (a1,...,ak,ax+1) € T, for k > 0, then (aq,...,ax) € T.

3. If (a1,...,ax) € T then (ay,...,ax_1,j) € T for j=1,..., as.

These labels fully encode the graph structure of the plane tree. Then ) is the root vertex of T. For

each v € T, its height h(v) is given by its length |v|, or equivalently its graph distance from the root.

The contour walk of the vertices is a sequence of vertices wy, ..., ws,_1 defined as follows. Let wy
be the root (). Given w;, let w;;1 be the smallest child of w; that is not included in {wy, ..., w;} if such
a child exists. If such a child does not exist, let w;;1 be the parent of w;. The walk will start and end
at the root and visit all vertices. The depth-first order of the vertices is the same as the lexicographical
order. It can also be obtained from the contour walk by keeping only the first occurrence of each

vertex.

Coding functions of plane trees

Consider a plane tree with n vertices. Suppose the contour walk is given by wy, ..., ws,_1 and suppose

the vertices in depth-first order are given by v1,...,v,.

The contour process (referred to as the search depth in [3]) is the function f : [2n — 1] — N where

f(i) = h(w;). This is related to the Harris path, which is the function f : {0,...,2n} — N where
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f(0) = f(2n) =0 and f(i) = f(i) + 1 for i € [2n —1].
The height process is the function h : [n] — N where h(i) = h(v;) (this overloads the symbol h, but

it should be clear from context which function is being used).

The Lukasiewicz path is a function g : {0,...,n} — N defined inductively as follows:

1. g(0) = 0.

2. g(i + 1) = g(4) + number of children of v;41 — 1.

We can obtain the height function from the Lukasiewicz path as follows:

p0) = #{i=toekigli) = min o0} (1.3
i={7,j+1,..., k}

The contour walk is obtained from the DFS order by backtracking. Similarly, we can obtain the

contour function from the height process by adding sections to the path. Suppose h(i + 1) # h(i) + 1.

Then we decrease in steps of 1 until we reach h(i + 1) — 1, then go up to h(i + 1).

Finally, we can recover the plane tree from the contour process. To formalise this process, define

the pseudometric

d(i,j) = f()+ f(G) =2 _ min  f(k).

ke{ing,...,ivj}

Let ~ be the equivalence relation where i ~ j if d(i,j) = 0. Let V = [2n — 1]/ ~ and let cl(i) denote
the equivalence class of 7. The function d induces a metric d on V where d(cl(i), cl(j)) = d(i, j) which
is the graph distance of a tree with vertex set V. We can recover the edges of the tree by adding an
edge between any two vertices that are at d-distance 1 from each other. We root the tree at cl(1).
Finally, we order the children of each vertex by the smallest index in their equivalence class in order

to recover our plane tree.

Hence, the height process, contour walk and Lukasiewicz path all fully encode the structure of the

plane tree.

These definitions can all be extended to a sequence of plane trees by concatenating the functions

for each tree side by side in the order they appear in the sequence.

1.3.2 Real trees

The continuum limit of the out-forests we construct will be a sequence of real trees.
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Definition of real trees

A real tree (or R-tree) is a metric space (T,d) such that for any two points a,b € T the following

properties hold:

1. There exists a unique isometry fop : [0,d(a,b)] — T such that f,;(0) = a and f,5(d(a,b)) = 0.

2. If ¢: [0,1] — T is any injective continuous map such that ¢(0) = a and ¢(1) = b then ¢ and f,

have identical images.

Real trees via continuous excursions

Let f :[0,I] — [0,00) be a continuous function such that f(0) = f(I) = 0. We describe now how to

obtain a real tree from such a function. For s,t € [0,!], define the pseudometric

d(s,t)=f(s)+ f(t) =2 min _f(r).

re[sAt,sVi]

Let ~ be the equivalence relation where s ~ t if d(s,t) = 0. Then 7 = [0,{]/ ~ equipped with the
metric induced by d is a real tree and cl(s) be the equivalence class containing s. The pseudometric
d induces a metric d on T by d(cl(s),cl(t)) = d(s,t). Then (T,d) is a real tree encoded by f. This is
akin to the how we recover plane trees from a discrete contour function, as described in Section 1.3.1.
In fact we can linearly interpolate the discrete contour functions to a continuous function, and the
corresponding real tree will be the metric space obtained by adding line segments of length 1 between

connected vertices in the discrete tree.

The following theorem, taken from [44, Lemma 2.3], shows the encoding is continuous with respect

to the uniform norm on functions and the Gromov-Hausdorff topology on real trees.

Theorem 1.8. Let f and f’ be two continuous functions [0,1] — [0,00) which both start and end at

0. Let T and T’ be the real trees encoded f and f' respectively. Then

deu(T,T') < sup [f(t) = f'(t)].

te[0,1]
The Lukasiewicz path in the continuum

The above theorem allows us to prove convergence of random discrete trees to random real trees

in distribution with respect to the Gromov-Hausdorff topology if we can prove convergence of the
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contour processes. However, it is not straightforward to directly prove convergence of the contour
process. Instead, it is often easier to first prove convergence of the Lukasiewicz path because the
Lukasiewicz path is constructed as a random walk, to which we can apply tools such as Donsker’s

theorem or martingale convergence theorems.

Duquesne and Le Gall [27] cover in great detail the case where the Lukasiewicz path will converge
to a Lévy process X which almost surely does not drift to +oco and has paths of infinite variation.
Following Eq. (1.3), we define the corresponding height process to be the ‘measure’ of the set

{Sgt:XS: inf XT}.

s<r<t

However, the Lebesgue measure of this set will be 0, and we instead need to consider a local time.
Under additional assumptions, they show there is a continuous process H such that for every fixed
t > 0, the following limit holds in probability:

1 t
H; = lim — JI{XSS inf Xr+e}.
0

e—0 € s<r<t

We refer to this as the continuous height process associated with X. In particular, in [27, Section 1.2],
they showed that if X; = —at + 0 B; where a € R, 0 > 0 and B is a standard Brownian motion, then
H; can take the form
H, = % (Xt — 21%ng> .

In the continuum, the difference between the contour process and the height process becomes blurred.
In [27, Section 2.4], it is shown for a sequence of critical Galton-Watson trees that is the height
processes converge to H when rescaled then the contour process will converge to (Hy/2):>0 under the
same rescaling. Thus the contour process and height process in the continuum are the same up to a

1/2 rescaling in the argument.

1.3.3 The parameters of the scaling limit

Recall the 4 parameter family of random sequences of MMDs c¢M (a,b,¢,d) in Conjecture 1.7. The
parameters a,b and ¢ will correspond to the linear term, quadratic term and Brownian motion of
the Lukasiewicz path X (t) = at — %bt2 + ¢B; that will be used to construct the scaling limit of the

out-forest.

The parameter d is used to control the intensity of the Cox processes used to construct point
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identifications on the real trees, corresponding to the candidate edges. A formal construction of the
limiting object is found in Section 2.2.2 The value of these parameters for the directed Erdds-Rényi
model is a = A and b = ¢ = d = 1. The value of these parameters in the context of the configuration
model can be found in Section 2.2.2. For IRDGs, conjectured values of a, b and ¢ are given in

Section 3.1.3.
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Chapter 2

Directed Configuration Model
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2.1 Introduction

This chapter is joint work with Serte Donderwinkel. We have submitted a version [26] which has been

published in the Electronic Journal of Probability.

We recall here the definition of the the model én(u) from Section 1.2.2. Let v be a distribution on

N x N. We then sample Dy, ..., D, asi.i.d. samples from v conditioned on the event that
n n
{30 =320}
i=1 i=1
Then G, (v) is a digraph chosen uniformly at random from all digraphs with degree sequence Dy, ..., D,,.

2.1.1 Assumptions

Suppose (D™, DT) has law v. We will require the following assumptions to hold:

1. E[(D7){(D%)i] < oofor 1 <i+j<3,(i,j) = (1,3) and (i,5) = (3,1).
2. E[D"] = E[D].

3. D™ — D7 is strongly aperiodic. This means that for all p > 1, there does not exist k € Z such
that

P(D™ — Dt € k+pZ) =1.

4. E[D~D*] = E[D™] or E[D~D*] = E[D7], where both statements are equivalent supposing the

second condition holds.

The first condition is required to ensure that the steps of a random walk used in the proof have
finite variance, so that the random walk will convergence under rescaling to a Brownian motion. It

also ensures similar regularity of other random variables that we use to encode the directed graph.

The second and third conditions make sure the event {37 | D" = >""" | D7} is well-behaved. The
second condition ensures that it is not a large deviation event. Using a result from Spitzer [54, Page 42,
P1], the third condition ensures that the event has positive probability for all sufficiently large n > 1.
This condition can be relaxed to assuming that D~ — D7 is non-constant by taking limits for n € pN
rather than n € N where p is the periodicity of D~ — D*. However, for simplicity of presentation, we

will keep it as an assumption.
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The fourth assumption is the criticality condition, which is discussed in Section 1.2.2.

Recall that (Z~,Z%) is distributed as (D~, D) size-biased by D~, that is

P(Z-=k",Z2"=k") = P(D™ =k~,D* =k™)

E[D~]
for all k=, kT € N.

We define the following parameters that will determine the behaviour of the SCCs in the limit.

1. p:=E[D"]| =E[D*] = E[D~ D]

2. v_=E[Z]—1= L))
5

3. 02 :==Var(Z7) = “E[(D7)3]H—2E[(D7)2]2

E[D~ (D*)?]—
4. 0% :=Var(Zt) = w

(Z-,7+) = ED*D-E(D7)

5. 0_y = Cov m

2.1.2 Our results

For M an MDM and ¢ € (0,0), let ¢M be equal to M with all lengths multiplied by c. Let C;(n) for
1 > 1 be the kernels of the SCCs of én(y), listed in decreasing order of number of edges, breaking ties

arbitrarily. Complete the list with an infinite repeat of £. Then, our main theorem is as follows.

Theorem 2.1. There exists a sequence C = (C;,i € N) of random strongly connected MDMs such that
71/30. - (d) o
n i(n),i € N) — (C;,i € N)

as n — 00, with respect to the product dg-topology. The law of C = (C;,i € N) depends only on the

parameters u, oy, and (0_4 +v_)/u. Further, for each i > 1, C; is either 3-reqular or a loop.

We will describe the limit object and some of its further properties in Subsection 2.2.2.

The law of the limit object places some particular cases of our model in the universality class of the
directed Erdds—Rényi model as studied by Goldschmidt and Stephenson [34]. Note however that their
result holds in a stronger topology: they use an ¢;-like topology on the space of sequences of MDMs,

whereas we show our result in the product topology.
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Theorem 2.2. Consider G, (v), with v such that
p=o0oy=o0o_4+v_ =1

Let (C¥(n),i > 1) be the kernels of the SCCs of G,,(v). Furthermore, let (CEE(n),i > 1) be the kernels
of the SCCs of G(n,1/n). Then, (n=1/3C¥(n),i € N) and (n=Y/3CFE(n),i € N) have the same limit

in distribution in the product-dgz-topology as n — oc.

Note that the condition in Theorem 2.2 is satisfied by v(k~, k%) = v1 (k™ )ro(k™), with 14 and vy

the law of a Poisson(1) random variable.

Moreover, Theorem 2.1 has the following immediate corollaries, which were previously unknown.

Corollary 2.3. Let E! and V! be the number of edges and vertices in C;(n) respectively, both appended

with infinite repeats of 0. Then there exists a random sequence (E;,i € N) € R, such that
(n*1/3E;1,n*1/3v;",i e N) 9D, (B, Ei i e N)

as n — oo in the product topology on (R%)N.

In particular, note that, in the above corollary, the number of vertices and number of edges have

the exact same scaling limit.

Corollary 2.4. Forv,w € G, (v) such that v — w, let d(v, w) denote the length of the shortest directed

path from v to w, and let

Diam (én(u)) = max {d(v,w) : v = w}

v,weV

be the diameter of C_jn(u) Then, for any e > 0, there is a § > 0 such that
P (n_1/3 Diam (én(y)) > 5) >1—¢
for all n large enough. Equivalently, Diam (én(u)) = Qp(n1/3).

This follows because the diameter is at least the length of the shortest path between any two vertices
in the largest SCC. We know from the scaling limit that there are points in the SCC where the distance
between them scales like n'/3, thus the diameter grows at least at quickly as cn!/3 for some ¢ > 0.

The actual scaling rate of the diameter is still an open question.
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2.1.3 Previous work

The configuration model was introduced by Bollobds [10] to sample a uniformly random undirected
graph with a given degree sequence. (For a discussion of the configuration model and proofs of standard

results, we refer the reader to [55, Chapter 7].)

Most results on the configuration model are proved for models with a deterministic degree sequence.
The phase transition for the undirected setting was shown in [46, 47, 37]. The law of component sizes
at criticality and in the critical window were obtained by Riordan [50] under the assumption that the
degrees are bounded. Dhara, van der Hofstad, van Leeuwaarden and Sen showed convergence of the
size and surplus edges in the critical window with a finite third moment [23] and in the heavy-tailed
regime [24]. Bhamidi, Dhara, van der Hofstad and Sen obtained metric space convergence in the critical

window in [7], a result that the authors later improved to a stronger topology in [§].

Configuration models with a random degree sequence are considered in [39], [19], and [25]. Joseph
[39] showed convergence of the component sizes and surpluses of the large components under rescaling
at criticality, both for degree distributions with finite third moments and for the heavy-tailed regime.
Conchon-Kerjan and Goldschmidt [19] show Gromov-Hausdorff-Prokhorov convergence of the rescaled
components ordered by decreasing size at criticality in these two regimes. The results in [19] in the
heavy-tailed regime are extended to the critical window by the first author in [25]. Our techniques are

closely related to the techniques introduced in [19].

Some results have been obtained for other directed graph models. Cao and Olvera-Cravioto [17]
consider a class of inhomogeneous directed random graphs. Their results include a phase transition
for the existence of a giant SCC. This is a generalisation of work by Bloznelis, G&tze and Jaworski in
[9], in which a smaller class of inhomogeneous directed graphs is considered. Samorodnitsky, Resnick,
Towsley, Davis, Willis and Wan [51] studied the tails of the degree distribution in the directed pref-
erential attachment model. As previously mentioned, Goldschmidt and Stephenson [34] have studied
the directed Erddés—Rényi model in the critical window, and were the first to obtain metric space

convergence of the SCCs of a directed graph. Our methods build on their techniques.

The directed configuration model was first considered by Cooper and Frieze [20]. They consider a
deterministic degree sequence under a number of conditions. As discussed previously in Section 1.2.2,
a phase transition for the SCCs occurs when a parameter d is equal to 1. They show that for d < 1,
with high probability, all SCCs contain O(Alog(n)) vertices, for A the maximal degree. On the other

hand, for d > 1, there is a unique SCC that contains a positive proportion of the vertices and edges.
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Their conditions are restrictive, and include finite second moments for both the in- and out-degree of
a uniformly chosen vertex, and a bound of size n'/1?/log(n) on the largest degree. Their proofs are
based on an algorithm to explore the directed graph. The condition on the largest degree was later
relaxed to O(n'/*) by Graf [35]. These results are in contrast with the critical case, with Corollary
2.3, which says that in our set-up the number of vertices and edges in the largest strongly connected

components are ©(n'/?) in probability.

Recently, Cai and Perarnau have obtained a number of results on the directed configuration model
with deterministic degrees. In [16], they show, under first and second moment conditions of the degree
of a uniformly picked vertex, for d # 1 (i.e. not at criticality), that the diameter of the model on
n vertices, rescaled by log(n) converges to a constant that they identify. This is in contrast with
Corollary 2.4, which says that in our set-up the diameter is Q(n'/3) in probability at criticality. Then,
n [14], they show a law of large numbers for the number of vertices and edges in the largest SCC,
under slightly stronger moment conditions, and again away from the critical point. In [15], they study

the behaviour of a random walk on a directed configuration model.

A necessary and sufficient condition for the existence of a giant weakly connected component for the
directed configuration model with a deterministic degree sequence is discussed in the physics literature

by Kryven [41]. He also studies the distribution of the in- and out-components in [42].

The directed configuration model with random in- and out-degrees is also considered by Chen and
Olvera-Cravioto [18] although, importantly, they do not allow for the in- and out-degree of a vertex
to be dependent. The authors consider a model in which the in- and out-degrees are two independent
sequences of i.i.d. random variables drawn from different probability distributions. They propose
an algorithm to sample degree sequences that correspond to a simple graph and show the limiting

distribution of the degrees generated by this algorithm.

2.1.4 Proof outline

We will study the law of the SCCs of a uniform directed graph with degree sequence (Dq,...,D,),
conditional on Y .-, D7 = > | D;r by exploring the configuration model in a depth-first manner.
This sampling naturally gives rise to a directed subforest of the resulting multigraph, which we call
the out-forest. The sampling procedure is described in Algorithm 1, and is also illustrated in Figure

2.1a. The definition of the out-forest is illustrated in Figure 2.1b.

The sampling procedure uses a queue of unpaired out-edges (represented by the label of their
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(a) The gray arrows represent unpaired out-half-edges of vertices that have been discovered. One by one, in
depth first order, these are paired to a uniform unpaired in-half-edge.

49 5¢ 6
9 3 Unpaired out-edge
e True vertex
1 B Dummy vertex

(b) The out-forest is defined based on the exploration of the digraph. For each surplus edge, we add a dummy
leaf. The labels of the vertices correspond to the time step in the exploration at which the vertex is added.
The gray edges lead to vertices of which we do not know whether it is a dummy vertex, and if not, what its

degree is.

Fig. 2.1: Partial constructions of the configuration model and out-forest
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corresponding vertex). When the queue is empty, we are at the start of a new out-component and
pick a new vertex w with probability proportional to its in-degree if there are vertices with positive
in-degree remaining. Else, we pick a new vertex uniformly at random. If the queue is not empty, we
pair the first out-edge in the queue to a uniform unpaired in-edge and call the corresponding vertex w.
In both cases, if w is not yet in the list of discovered vertices, we add the out-edges from this vertex
to the front of the queue of edges (this choice is what makes the exploration depth-first) and add w to
the list of discovered vertices. The order in which vertices are added to the list of discovered vertices

is referred to as their order of discovery.

This procedure will discover vertices with in-degree O last. This is fine since such vertices form

singleton SCCs, so we have discovered the non-trivial SCCs first.

At each step we also track two natural numbers §~ (k) and 5% (k). The first one, 5§ (k) keeps track
of the number of unpaired in-edges of discovered vertices at time k. The second one, §7 (k) is akin to a
Lukasiewiscz path. At any given step it is equal to the size of the queue after subtracting the number

of fully explored out-components.

We also construct a directed forest for which §* (k) will be the true Lukasiewicz path. At each
step of the process we will examine a vertex w. If w has not been discovered yet then either we are at
the start of a new out-component, in which case we make w the root of the next out-component, or
we added an edge (v, w) to the multigraph with v already discovered, in which case we add the edge
(v, w) to the out-forest as well. If w has already been explored we cannot add (v, w) to the out-forest
without creating cycles or connecting two different components. We instead add a dummy leaf to the
out-forest and an edge from v to the dummy leaf. We call any vertex that is not a dummy leaf a true

vertex. This is illustrated in Figure 2.1b.

Consider an edge (v, w) in the directed multigraph. If (v, w) is not in the out-forest we refer to the
edge as surplus. Such an edge will instead correspond to an edge (v,d) in the out-forest where d is a

dummy leaf.

An important motivation for studying the out-forest is the fact that the vertex set of any SCC is
contained in one of the components of the out-forest. This is a straightforward property which we will
prove below as part of Lemma 2.5. Moreover, we defined the out-forest in such a way that every time

step in the exploration corresponds to one vertex in the out-forest.

Our technique relies on dismissing surplus edges that cannot be part of a strongly connected com-

ponent (for example, surplus edges between two different out-components cannot form a directed cycle
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Data: A set of vertices V = {vy,...,v,} with degree pairs
(d™(v1),d"(v1))y. .., (d™ (vp),dt(vy,)) satisfying >"d~(v;) = > d*(v;)

V < an empty ordered list of vertices // the list of discovered vertices;

Q < an empty ordered list of vertices // the queue;

(dunpaired (V1) - - - s Dunpairea (V) = (A7 (v1), ..., d™ (vn)) // the number of unpaired
in-edges per vertex;

k+0 // the index of the current step ;

57«0 // the number of unpaired in-edges of discovered vertices;

st 1 // the queue size minus the number of explored out-components ;

F < a directed forest with vertices V' and no edges // current out-forest;

M < a directed multigraph with vertices V' and no edges // current di-multigraph;
while there exist undiscovered vertices OR Q is non-empty do

if Q is empty then // we start a new out-component
if there exist undiscovered vertices with positive in-degree then

‘ w < a random vertex not in V chosen with prob. proportional to d~(w) ;

else
| w < a uniformly random vertex not in V
end
R | // we have explored a component;
else
v < first entry in Q // we will pair an unpaired out-edge of v;
remove first entry from Q ;
st 5t -1 // the queue size decreases by 1;
w < a random vertex chosen with prob. proportional to d;npaired(w) ;
add (v,w) to M // we pair the out-edge of v with a uniform unpaired
in-edge;
dljnpaircd (’LU) A d;npaircd(w) - 1;
§T 5 -1 // we have paired an in-edge;
if w €V then // we sampled a surplus edge
‘ add a dummy leaf to F' and an edge from v to the leaf;
else
| add (v,w) to F;
end
end
if w ¢V then
append w to the end of V // vertex w is now discovered;
append d*(w) repeats of w to the start of Q;
St 8T +dt(w) // the queue size has increased;

§7 + 8 4+d (w) // the number of unpaired in-edges of discovered vertices
has increased;

end

k< k+1;
st o ot
§5 8%,
S, 57
end

Algorithm 1: The edge depth-first configuration model
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and are never part of a strongly connected component). We define a necessary condition for a surplus
edge to be part of an SCC (see Definition 2.6 and Proposition 2.7), and we call dummy leaves that
correspond to surplus edges with this property candidates. Then, we define a procedure to sample only

the out-forest and the edges corresponding to candidates, which allows us to find the SCCs.

We note the following key facts. Firstly, the order in which the true vertices are discovered does
not depend on the positions of the dummy leaves. Secondly, the positions of the dummy leaves do
not depend on the position of the heads of the surplus edges. Finally, whether a dummy leaf is a
candidate does not depend on the position of the heads of the surplus edges. This allows us to define

the following step-by-step sampling procedure.

1. We sample the order of discovery of the true vertices.
2. We sample at which time steps we add a dummy leaf instead of a true vertex.
3. For each dummy leaf we sample whether it is a candidate.

4. For each candidate we sample the position of the head of the corresponding surplus edge.

For an exact description of the sampling procedure, see Subsection 2.2.1. The analogous sampling
procedure for the limit object is described in Subsection 2.2.2. Then, our approach to show convergence

is as follows.

1. We find the limit under rescaling of the Lukasiewicz path and height process of the out-forest
up to time m, = ©(n?/?) conditional on the event {37 | D; = """ | D }. This is the content
of Proposition 2.34. Note that we condition on an asymptotically singular event, which causes
significant difficulties. Our method relies on a measure change between the sequence of degrees
in order of discovery under this conditioning and a sequence of i.i.d. random variables in N x N.

In Section 2.3 , we show the convergence of the measure change under rescaling.

2. We establish that the positions of the tails of the surplus edges corresponding to the candidates

converge. This is the content of Proposition 2.52, Lemma 2.54, and Proposition 2.55.

3. We show that the positions of the heads of the surplus edges corresponding to the candidates

converge, which is the content of Proposition 2.56.

4. We identify the tails and heads of the surplus edges corresponding to the candidates, and recover
the SCCs from the resulting digraph via a cutting procedure. We use a result from [34] to show

that the cutting procedure converges. This summarised in Corollary 2.60.
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5. We show that conditioning on the resulting multigraph being simple does not affect the sampling

procedure on the time scale O(n?/3). This is the content of Proposition 2.48.

6. We prove that for any § > 0, with high probability, all SCCs with more than én'/3 edges are
contained in the exploration up to time O(n2/ 3). Therefore, we can choose m,, such that, with
high probability, we do not miss any large SCCs by not considering the exploration beyond time
m.,, which finishes the proof of the convergence in the product topology. This is the content of

Lemma 2.61.
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2.2 Sampling the MDM in the discrete and the continuum

If we forget about the directions of the edges in C_jn(y)7 the resulting undirected graph is supercritical,
and, with high probability, the graph contains a unique giant component with surplus going to infinity
as n — oo (see e.g. [46, 47, 37] for a discussion of the phase transition in the undirected configuration
model). This suggests that if we do not dismiss a large amount of edges, we will not be able to study
the digraph in enough detail to find a metric space scaling limit of the SCCs. Therefore, we will not
try to sample the entire digraph, but focus on the information that we need to find the SCCs. We
start by studying the discrete digraph model, with the goal of identifying which edges can be part of
an SCC, and how to sample them. In Subsection 2.2.1, we establish necessary conditions for an edge to
be part of an SCC. These conditions imply that we only need to study the out-forest, and the surplus
edges corresponding to a small subset of the dummy leaves. We call these dummy leaves candidates. In
Subsections 2.2.1 and 2.2.1 we study the law of the out-forest and the surplus edges corresponding to
the candidates respectively, and we define a procedure to sample them both. This yields a sequence of
directed multigraphs with edge lengths in which the SCCs are embedded. In Subsection 2.2.2, we define
the continuous counterpart of the sampling procedure. The resulting object will be the limit under
rescaling of the sequence of directed multigraphs with edge lengths in which the SCCs are embedded

that was constructed in Subsections 2.2.1 and 2.2.1.

2.2.1 The discrete case

We will discuss the different type of edges that we can encounter in the exploration. Recall from
Subsection 2.1.4 that by slight abuse of terminology, we call the dummy leaf that corresponds to a

surplus edge its tail.

Necessary conditions for an edge to be part of an SCC

Amongst the surplus edges, ancestral surplus edges, which are surplus edges that point from a vertex
to one of its ancestors, play a special role. All other surplus edges are called non-ancestral. This is
illustrated in Figure 2.2a. In Figure 2.2b we show how surplus edges affect the structure of the SCCs.

This is the content of the next lemma.

Lemma 2.5. The following facts hold for SCCs.

1. The vertices of an SCC are contained in precisely one of the components of the out-forest.
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® True vertex

B Dummy vertex

|
i Ancestral surplus edge
|

Non-ancestral surplus edge

(a) This figure illustrates an example of a depth-first exploration of two out-components
with the different type of surplus edges highlighted. The ancestral surplus edges point
from a vertex v to one of its ancestors. They are always part of an SCC.

(b) The edges that are part of an SCC are depicted in black. Two vertices are in the
same SCC if and only if they are connected by black edges.

Fig. 2.2: We illustrate the different types of surplus edges and how they affect the structure of the
SCCs.
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2. Ancestral surplus edges are always part of an SCC.

3. A non-ancestral surplus edge is part of an SCC only if its head is an ancestor of the tail of a

surplus edge that is part of an SCC.

4. An edge in the out-forest is part of an SCC only if its head is an ancestor of the tail of a surplus

edge that is part of an SCC.

5. For any non-trivial SCC, the first surplus edge of the SCC that is explored is an ancestral surplus
edge, and a component of the out-forest contains an SCC if and only if it contains an ancestral

surplus edge.

Proof. We start with 1. Let v and w be two vertices in the same SCC. Without loss of generality, v
is explored first in depth-first order in the out-direction. Since v and w are part of the same SCC, we
know that there is a path from v to w in the out-direction. This implies that w will be part of the
out-subtree consisting of the descendants of v. This implies that they are part of the same component

of the out-forest.

To prove 2, suppose there is an ancestral surplus edge from v to w. This implies that w is an
ancestor of v in an out-component, which implies that there is a path from w to v as well. It follows
that w and v are in the same SCC and that the ancestral surplus edge from v to w is in this SCC as

well.

To prove 3 and 4, suppose there is a non-ancestral surplus edge from v to w that is part of an SCC,
or that (v,w) is an edge in the out-forest that is part of an SCC. Then, there is some directed path
(zo,...,Tm) with g = w and z,, = v. Let k be minimal such that zj is not a descendant of w (such a
k exists, because by assumption, v is not a descendant of w). Then, (zx_1,xx) is a surplus edge that

is in the same SCC as v and w, and x;_; is a descendant of w by definition of k.

Finally, 2 and 3 imply 5. O

Lemma 2.5 motivates the following definition.

Definition 2.6. A dummy vertex is a candidate if one of the following statements holds for the surplus

edge that it corresponds to.

e [t is an ancestral surplus edge, or

e [ts head is an ancestor of a candidate.
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The following proposition is at the core of our strategy to study the SCCs.

Proposition 2.7. Any edge that is part of an SCC is either a surplus edge corresponding to a candidate,
or is contained in the subforest of the out-forest that is spanned by the candidates and the roots of the

out-components.
Proof. This follows from Definition 2.6 and Lemma 2.5. O

Proposition 2.7 implies that to sample the SCCs, we do not need to sample the heads corresponding
to all dummy leaves. Instead, for every dummy leaf, we only need to know whether it is a candidate,

and if so, where its head is.

Sampling the out-forest

This subsection discusses how to obtain the out-forest conditional on the order in which the vertices
are discovered. We will study the law of the degrees in order of discovery in Section 2.3. The out-forest
is obtained in the following way. Let (f)n,l, e ﬁnn) be the degree pairs in order of discovery (i.e. the
order given by V in Algorithm 1). Up to time-step k, suppose we have discovered the first m < k <n

elements of (f)n,l, ce f)mn). Then, at time k + 1,

1. If we have finished a component of the out-forest, let the next out-component have a root with

out-degree lA):{’m_H.
2. Otherwise,

(a) With probability proportional to the total in-degree of the undiscovered vertices, i.e. pro-

portional to > . 41 D7, let the next vertex in depth-first order be a true vertex with

n,i’
out-degree ﬁ:{m 41

(b) With probability proportional to the number of unpaired in-half-edges of the m discovered
vertices, let the next vertex in depth-first order be a dummy leaf, and reduce the total

number of unpaired in-edges of the m discovered vertices by 1.

We make this rigorous in the following proposition.

~

Proposition 2.8. Suppose that the sequence of degrees in order of discovery (D, 1, ..., ﬁnn) s given.

Suppose that after time-step k, there are still unpaired out-half-edges. Suppose that, for 1 <1 <k, up
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to time I, Pn(l) surplus edges have been sampled. Then,

1-Pp (1) R
(Sfma<i<k)=| > Df,-t1<1<k
=1

is the Lukasiewicz path of the out-forest up to time k. Moreover, for

define
I—P, (1)

(A;(l),lglgk):: N Db, -l-If+ni<i<k|,
i=1

so that S’g(k) is equal to the number of unpaired in-half-edges of discovered vertices at time k. Then,

the probability that we sample a surplus edge at the (k + 1)th time-step is given by

Sp(k+1) .
n _ = A;i_ :A,‘f - )
S D — k- i (k)+1 Ur®=E-n}

We do not need to know the position of the heads of the surplus edges in order to sample the out-forest.

Proof. Note that if up to time k, P, (k) surplus edges have been sampled, this implies that k — P, (k)
true vertices have been discovered. Thus, up to time k, the out-forest contains I:’n(k;) dummy leaves,

~

and true vertices with degrees (D; . ,13"’

BT mk_[}"(k)), so by definition of the Lukasiewicz path, its value

is indeed equal to Sjl‘ (k) at time k. Moreover, up to time k, the total in-degree of the discovered true

i=1

vertices is equal to ) lA);Z At every time-step, we pair one in-half-edge of a discovered vertex,
unless we start a new component. The value —IA,T (k) corresponds to the number of out-components
that are fully explored up to time k, so the total number of unpaired in-half-edges of discovered vertices
at time k is equal to S’; (k). By the same reasoning, the total number of unpaired in-half-edges is equal
to>.r D —k— f;f(k) + 1. The probability of sampling a surplus edge at step (k + 1) follows. We
note that this probability does not depend on the positions of the heads of the surplus edges, but only

on their number, which implies that we can sample the out-forest without sampling the positions of

the heads. O
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Sampling the candidates

We will now study the law of the candidates and their heads conditional on the out-forest. We will
first identify the candidates amongst the dummy leaves, and then we will sample the positions of their

heads.

If the vertex discovered at time k is a dummy leaf, the head of the corresponding surplus edge is
a uniform pick from the S~ (k) unpaired in-half-edges of discovered vertices at time k. Therefore, the
probability that a dummy leaf added at time k corresponds to an ancestral surplus edge is given by the
number of unpaired in-edges on its path to the root divided by S ~ (k). This implies that to understand
the law of the position of ancestral surplus edges, we need to understand where the unpaired in-edges

are.

We will study this by modifying the edge lengths in the out-forest. We extend our definitions in
Section 2.1.4 to trees with edge lengths as follows. Suppose T' = (V, E, p) is an ordered rooted finite
tree, and suppose we have a function ¢ : E — [0,00). Then, we can view T as a metric space by
regarding an e as a line segment with length ¢(e). The distance dgﬂ between points a; and as on line
segments [y and Iy respectively is then defined as the length of the unique non-self-intersecting path
between a; and as that traverses the line segments of the tree, and we denote the resulting metric
space (T, dé) by T¢, and call it a ordered rooted finite tree with edge lengths. This gives rise to an

alternative height process, referred to as h¢, which is defined

i.e. for all 4, h*(i) equals the distance from v; to the root in T¢. We set the Lukasiewicz path of T*

equal to the Lukasiewicz path of T.

We will now study the positions of the unpaired in-edges by modifying the edge lengths as follows:
for a vertex v with in-degree m, the edges connecting it to its children will all have length m — 1
(unless v is the root of an out-component, in which case the edges connecting to its children will be
assigned length m). The height of vertex w in this forest with modified edge lengths corresponds to
the number of in-half-edges that can be used to form an ancestral surplus edge with tail w. We assign
lengths to all edges in the out-forest and call the resulting forest with edge lengths the out-forest with
edge lengths. Denote the height process of the out-forest with edge lengths by (HZ(k),k > 1). Recall
from Lemma 2.5 that the surplus edge corresponding to the first candidate in any component of the

out-forest is ancestral. The following proposition illustrates the importance of H¢ in finding the first
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ancestral surplus edges in the out-components.

Proposition 2.9. Consider the exploration of the out-forest at time k. If no ancestral surplus edge
has been sampled in the current component, then the probability that the kth vertex in depth-first order
s a candidate is given by

Hy, (k)

n

) Lyp (k)= By (—1)=1}"

This event is conditionally independent of the positions of the heads of the surplus edges that were

found before time k, given that none of them were ancestral in the current component.

Proof. We claim that if no ancestral surplus edge has been sampled in the current component, none of
the ancestors of k are the head of a surplus edge. Indeed, for z an ancestor of &, all vertices that are
discovered since the discovery of x up to time k are descendants of x, because the out-forest is explored
in a depth-first manner. Therefore, any surplus edge with head x sampled up to time k is ancestral.
This implies that for d~ the in-degree of x, the number of unpaired in-half-edges of x at time k is equal

to d” — 1 (unless z is the root of the out-component, in which case it has d~ unpaired in-half-edges).

Therefore, the number of unpaired in-half-edges corresponding to ancestors of & is equal to H*(k).
Moreover, note that, by definition of the dummy leaves, k is the tail of a surplus edge if and only if k is
a dummy leaf, i.e. if and only if Pn(k) — Pn(k —1) = 1. In that case, the probability that it connects to
given unpaired in-half-edge of a discovered vertex is equal to 1/ S',j (k). The stated probability follows.

The independence of the positions of the heads of earlier surplus edges is immediate. O

We now illustrate how to find the other candidates in a component of the out-forest.

Let T7' be a component of the out-forest with root g, + 1 and component size o,,. Suppose the
first ancestral surplus edge with vertices in T} corresponds to a dummy leaf Vi* € [g,, + 2, g5 + 7).
Let V" < k < gp, + 05, and suppose the candidates found up to time k are given by Vi*,..., V>, Let
T,:L’mk be the subtree of T} spanned by {g, +1,V{*,..., V" k}, and let ((T,?’mk) be its total length

with edge lengths as encoded by (H'(i),i € [gn + 1, gn + o))

Proposition 2.10. The probability that k is a candidate is given by

n,mk\)
(m)om
S (k) {Pn(k)—Pn(k—1)=1}

Proof. Note that if k is a dummy leaf, it gets paired to a uniform pick from the S- (k) as-yet unpaired

in-half-edges of discovered vertices. By Definition 2.6, in that case, k is a candidate if and only if the

38



head of its corresponding surplus edge is in T}, k- Observe that ¢ (T . ’mk) is equal to the number of
in-half-edges of T} that can be used to form surplus edges. By the definition of a candidate, exactly
m of those have been paired: one for each element in {V;*,...,V.*}. This implies that ¢ (Tg’mk) -m

of the S‘(k:) options will cause k to be a candidate. O

Note that the probability that a dummy leaf is a candidate only depends on the out-forest and the
number of candidates that have been found in the component so far. The position of the heads of the

surplus edges corresponding to candidates can be found as follows.

Let T, be a component of the out-forest with root g, + 1 and component size o,,. Suppose its
candidates are given by {V}",..., V]Gn}. Then, for 1 <1i < N, suppose the heads of the surplus edges

corresponding to Vi*,... V[ | are given by W', ..., W/ | respectively.

Proposition 2.11. The in-half-edge that V" gets paired to is a uniform pick from the

n,mk

unpaired in-half-edges of Ty that remain.

Proof. Given that V;" is a candidate, its head will be in T{}f‘;zmk. Then, the distribution follows. O
Propositions 2.8, 2.9, 2.10, and 2.11 justify the following sampling procedure.

1. Sample the out-forest, and suppose it has N vertices.

2. Define a counting process (A4, (k),k < N), with the probability of an increment at time k given
by
H,, (k)

n

——1;p 5 —11-
S;(k) {Pn(k)fpn(kfl)*l}

3. For i > 1, let X = min{k : A,(k) = i} be the time that the ith ancestral surplus edge is
sampled. For ¢ > 1, let G} be the left endpoint of the excursion of S'f{ above its running infimum
that encodes the out-component that contains the ith ancestral surplus edge, and let X7 be the

length of this excursion, i.e.

(3

G! = min{k >1: 8 (k) =min{S}(1): 1< in}}

E?:min{kz1:min{§f{(l):l§G?+k}<min{'§$(l)5l§Xin}}v
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so that for each ¢ > 1, the excursion (S’+(k), kel|Gr+1,G? + Zf]) encodes the out-tree con-
taining X'. For each (gn,0,) € {(G},%}')}, let T} be the tree in out-forest with root g, + 1,

and do the following.

(a) Set Vi = min{m > 1: A,(m) = An(gn) + 1}, and find the other candidates {V3',..., Vg }

according to the procedure described in the statement of Proposition 2.10.

(b) For the tails V", ..., Vx » sample their corresponding heads W1',..., W respectively ac-

cording to the procedure described in the statement of Proposition 2.10.

(c) Let T™™%(g,) be the subtree of T} spanned by {g, +1,V*,...,V{ }. Then, quotient it
by the equivalence relation ~ which identifies V" and W;* for each 1 <i < N,, to obtain a

rooted metric space with surplus N,

n __ ,mk
Mgn - Tn (gn)/ ~ .

Then, all SCCs of én(y) are sub-digraphs of {Mg?,i > 1}. Call the kernels of these SCCs, ordered by
decreasing size, (C;(n),i > 1), completed with an infinite repeat of £. Observe that we may view Mgn
as a finite rooted directed multigraph Mg? whose edges are endowed with lengths. To be precise, in
Mg?, let the vertex set consist of Gi*+1, W;" for i < Ny, and the branch points V;" AV} for ¢ # j < N,.
Then, we obtain (C;(n),i > 1) by ordering the kernels of the non-trivial SCCs in {Mg?,i > 1} by
decreasing size, and completing the list with an infinite repeat of £. See Figures 2.3a, 2.3b and 2.3c

for an illustration of this procedure.

2.2.2 The continuum case

We will define now define the continuous counterpart of the sampling procedure of the out-forest and

the candidates. This is a modification of the procedure defined in Subsection 3.2.2 of [34].

The limit object

Let B = (B, t > 0) be a standard Brownian motion, and set

B= (Bt,tzo) — (Bt—wt2,t20>.
2041
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(a) This is a subtree of an out-component spanned by the root of the

out-component and the candidates (v1,...,v7). Call the marked tree Tk,
The heads of the surplus edges corresponding to candidates are denoted by
(wl,...,w7).

(b) Identifying v; with w; for ¢ € [7] gives M.

) We find the SCCs that are contained in M.

Fig. 2.3: We illustrate the procedure to find the SCCs in a component of the out-forest after finding
the candidates. Taken from [34] with permission of the authors.
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Remark 2.12. We note that the coefficient of the parabolic drift ofB is negative. Indeed, by definition
of 04— and v_, the sign of the parabolic drift is the same as the sign of u—E[(D~)?D*], and we note
that

EKD-VDH__CwD+Dﬂ>2:EMD—VD+1_1

E[D] E[D] P
is the variance of D~ under the law of D size-biased by DT, which is positive. Hence E[DY(D™)?]/u >

1, and the claimed negativity follows.

Define the reflected process
R=(Ryt>0)= (Bt—inf{Bs : sgt},tzo).

Then, it follows from the argument in Section 2.4 that (%Rt, t> O) is the height process corresponding
to an R-forest with Lukasiewicz path (O’+Bt,t > 0). Call this forest the out-R-forest.

Conditionally on R, let (A;, ¢ > 0) be a Cox process of intensity

200y +v_) ~
ostv)py
O+p

at time ¢t. Then, for 7 in {1,2,...}, set X; = min{¢: A; =4}. For i in {1,2,...}, define

G; = inf {t >0: B, =inf{B,:s< Xi}} and

) :inf{t >0: inf{BS s <Gi+t)< inf{BS 15 < Xi}},

so that for each ¢ in {1,2,...}, (ﬁfi’/t,t e G;, G + EZ]> encodes the R-tree in the out-R-forest that
contains X;. For each element of {(G;,%;) : i =1,2,...} we will sample the candidates in the R-tree.
Fix 4, and set (g,0) = (G;,%;). Let Vi3 = inf{s > 0: A(s) = A(g) + 1}, so that g <V} < g+ 0o by
definition of (g,0). Let T, be the R-tree encoded by (ﬁﬁft,t €lg, 9+ O']) and let pg : [g,9+ 0] = T;

be the projection onto 7, given by the encoding. Set

2 .
Hnn=mm{z%tewg+a@,
O+

the height of T,.
Suppose we have found candidates {Vi,...,V,,}. For V,, < s < g+ o, let T™ be the subtree of Ty

spanned by py ({g, Vi, ..., Vin, s}), and let |T™K| be its total length. Then, let V41 be the first arrival
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time of a Poisson process on [V,,, g + o] of intensity

Tt 2V kg,

If the process does not contain a point, let {Vi,...,V,,} be the candidates of T,, and set N = m.
Otherwise, we repeat the inductive step for {V1,..., V41 }. If the induction does not terminate, we
set N = oo.

We show that P(N = oo) = 0, by adapting the argument in Subsection 3.2.2 of [34] to our set-up.

Indeed, note that V;,, < s < V11 implies that |T™%| < (m + 1)|7,||. Therefore,
IP)(N 29+1,Vm+1 —Vin < t‘N > g) < P(Em+1 < t),

for (Ex,k > 1) a sequence of exponential random variables with respective rates

o_4 + v_
,LL2

k[ Tgll-

Then,

1=2

P(N =) =P (N = co and Sup{Vi:iGN}<g+U)SP(ZEk§g+UV1>.

However, >:°, Ej, = 0o a.s., because the harmonic series diverges, so, indeed, P (N < co0) = 1.
Finally, for 1 < i < N, let the head corresponding to V;, which we call W;, be a uniform pick from the
length measure on T{};k.

Let 7™k (g) be the subtree of T, spanned by {g, Vi, ..., Vn}. Then quotient T™%(g) by the equivalence

relation ~ which identifies V; and W; for each 1 <7 < N to obtain a rooted metric space
My =T (g)/ ~ .

View M, as an element of G in the natural way. To be precise, let the vertex set of M, consist of
g, W; for i < N, and the branch points V; A V; for ¢ # j < N. The directions are inherited from 7y,
by considering all edges directed away from the root. Remove all edges that do not lie in an SCC of
M, and delete any isolated vertices that are thus created. Then, apply the smoothing operation as
defined in Section 1.2.1. This creates a collection C, of strongly connected MDMs. Doing this for each

(g9,0) € {[Gi, 2]} yields the collection of strongly connected MDMs C that has the law of the limit in
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Theorem 2.1.

The parameters of the limit object

As mentioned in Section 1.3.3, we can parametrise the limiting object as M(a,b, c,d) = (C1,Ca,...)

where

a=0, (2.1)
p— It (2.2)
I
¢=o4,and (2.3)
o—++v_
d= */ﬂ (2.4)

Here a, —%b and c¢ are the coefficients of the linear term, quadratic term and the Brownian motion in
0’+B , which is the Lukasiewic path used to construct the real tree limit of the out-forest. The value d
is the coefficient the height process used to construct point identifications. We have that a = 0 because

we are not considering a scaling window here, and are instead assuming exact criticality.

Properties of the limit object

We note that the distribution of the limit object is encoded by 3 parameters: the out-R-forest is encoded
by a Brownian motion with variance o3 and parabolic drift with coefficient —(o_4 + v_)/(2u), and
the identifications are a Cox process with intensity (0_, + v_)/u? on the length measure of the
subtree spanned by the previously found candidates and the currently explored vertex as described in
Subsection 2.2.2. The limit object that is studied in [34] corresponding to A = 0 (i.e. at criticality) is
equal to our limit object in the case 0% =1, —(0_4 +v_)/(2u) = —1/2, and (o4 +v_)/(p?) = 1.
Note that these three conditions are satisfied if we let D~ and D™ be independent Poisson(1) random
variables. In [34], some properties of the limit object corresponding to these specific parameters are
shown. A quick check shows that the proofs do not depend on the values of the parameters, so we

deduce that the same properties also hold for our limit object. Let M := UGi Mag,.
Proposition 2.13. 1. The number of complex connected components of M has finite expectation.
2. The number of loops of M is a.s. infinite.

Proposition 2.14. The SCCs of M all have different lengths almost surely.
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Write C for the SCCs of M and C; for those of M, in decreasing order of length, with M; as defined
in Subsection 2.2.2. Write Ccpix for the list of complex components of C in decreasing order of length.
For sequences (K7, ..., K;) and (Ji, ..., J;) of directed multigraphs, write (J1,...,Jx) = (K1,..., K;)

if j = k and J; is isomorphic to K; for each i < j. Extend this notation naturally to the case where

one or both of the sequences has edge lengths by ignoring the edge lengths.

Theorem 2.15. Let Ky,...,K; be a finite sequence consisting of 3-regular strongly connected directed

multigraphs or loops. We have

]P[Cl = (Kl,...,Kj)] > 0.
Assuming that K1,...,K; are all complex, we also have that
P [Ccplz = (Kl, cey Kj)] > 0.
Let (e;,1 < @ < M) be an arbitrary ordering of the edges of Ki,...,K;. Then, conditionally on

C = (Ku,....K;), (resp. Copiz = (K1,...,Kj)), C; (resp. Cepiz) gives lengths ({(e;),1 < i < M) to

these edges, and their joint distribution has full support in

x=(z1,...,0y) ERY VI <i<j—1, Z xp > Z Tp
k:ex€E(K;) kiex€E(Kit1)
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2.3 Analysis of the measure change

Recall (ﬁml, f)mg, e ,ﬁnn) are are the degree pairs of the vertices in order of discovery. Let R, be
the number of vertices with positive in-degree. The behaviour of the f)mm for m < R, and m > R,
is rather different. Before R,,, new vertices are discovered with probability proportional to their in-
degree. After R, all vertices with positive in-degree have already been discovered and we choose to

explore the remaining vertices in some uniform order.

Later in Section 2.5, we show that we only need to consider timescales of the order of m = ©(n?/3).
Let p = P(D~ > 0) such that R, is distributed as a Binomial(n,p) random variable. We show now

that the probability that m < R,, will converge exponentially to 1.

Lemma 2.16. If m = ©(n?/3) then there exists ¢ > 0 such that P(R,, < m) < e~ °".

Proof. If m = ©(n?/3) then E[R,] —m = pn —m = O(n). Thus by Hoeffding’s inequality
P(R, <m) =P (E[R,] — Ry > E[R,] — m) < e~ ElRnl=m)?  g=en

for some ¢ > 0. O

Hence it is sensible to prove results on the event that m < R,,.
When discussing the criticality condition, we gave heuristics showing that the limiting distribution

of ﬁn’l is given by Z where

-
P(Z =k ,ZT=kT)=—P(D =k,D" =k™).
1

Similarly, lA)mg is also approximately distributed like Z for large n, and so on. In this section we in

~

fact prove a precise relation between Dy, 1,...,Dy, » and a sequence Z;, Zs, ... of i.i.d. copies of Z.

The results proved in this section do not actually require the criticality condition, so let us define

notation for the mean of the ZijE and the two corresponding centered random walks. Let

e =E[Zf] and VE(n)= Y0, (ZF - As).
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The criticality condition is then equivalent to assuming Ay = 1. We also define the notation

(1]
[1]

n
=Y + = _ =t
e = D and A,=Z&, -E&E]
i=m—+1

such that {A, = 0} is the event that the total out-degree is equal to the total in-degree.

The following proposition asserts the existence of the measure change ¢;. , and its joint scaling limit

with the random walks V= and V+ when m = |n?/*T| for some T > 0.

Proposition 2.17. For all positive integers n and m such that m < n, there exists a function ¢}, :

(N x N)" — [0,00) such that
E (Do Do) 1R = m}| Ay = 0] = E[u(Zs, .., Zn)65 (Z, - Zon)
for all bounded test functions u : (N x N)™ — R. Define
D(n,m) = ¢ (Zy,...,2Z,).

Further, let (W=, W) be a pair of correlated standard Brownian motions with correlation Corr(Z; , Z})

o (T o2 4
®(T) =exp —;/ sdW, — —=T°].
@) wJo 62

and, for T > 0, define

Then for all T > 0,

(<I)(n, 1n2/3T)), (n‘1/3V‘ (LnQ/BtJ) 3y (an/?)tj))te[o’ﬂ)

(d) -
— (q)(T), (U*Wt uO—+Wt+)t€[O,T])

in R x D([0, T],R?) as n — oo, even in the absence of the criticality condition.

The rest of this section is dedicated to proving this proposition.

2.3.1 Exact form of the measure change

To determine the exact form of the measure change, we first need to know the law of the ordering of
the first R,, vertices. Let Z,, = {i € [n] : D; > 0}. The first R,, vertices we explore in Algorithm 1 will

have positive in-degree, thus there exists a random bijection %, : [R,] — Z, such that f)m =Dsx,
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fori=1,...,R,.
Lemma 2.18. X, has law given by

Rn D=
P(S, =0 |Dy,...,D,) = HR;;))_
i=1 Zj:i a(4)

for all bijections o : [Ry] — T,.

Proof. In Algorithm 1, a vertex first becomes explored in two ways. Either it is at the start of an

out-component or it is discovered when an out-half-edge is paired to one of its in-half-edges.

Suppose we have explored m vertices and m < R,,. If the next vertex is explored by pairing one
of its in-half-edges, then we have chosen it with probability proportional to its in-degree since in- and
out-half-edges are paired uniformly at random. Otherwise, it is at the start of a new out-component,
and since m < R,, there are still vertices of positive in-degree. Thus we still pick a new vertex with

probability proportional to its in-degree.

Therefore in all cases,

PE,(m+1)=c(m+1)|X,(1) =0(1),...,3,(m) =c(m),Dy,...,Dy,)
_ D;(erl) o D;(m+1)
- m - - Rn - '

Zier, Vi =221 Doy X2 Doy

From this, repeated applications of the definition of conditional probability yields the desired result. [

Next we establish the form of the measure change when we condition on the exact value of R,, but

not A,, = 0.

Lemma 2.19. For all integers 0 < r <mn and test functions u: (N x N)" x N = R,

E [u (ﬁm, Dy S ege Dj) ‘ R, = r} _E [u (zl, T ST Ej) r(Za, ..., Z,)

where
1y (r—i+1
wr(kla- 7kr)_7 ( T —)'u
and Ef,EY ... are i.i.d. random variables such that E; has the same distribution as D* conditioned

on D~ = 0. We take the sequences (E;

K2

)i>1 and (Z;);>1 to be independent.
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Proof. For any ki,...,k,, € N* x N for all i and s € N.

P(f)n’l:kl"" nT—kTﬁZzeIc ; —SR )

-y ¥ IP(DZn(l):kl,...,DZ( =k, Yier: ~—SIn:IZn:a>

IC[n] o:[r]—TI
[I|=r

where the second summation is taken over all bijections o : [r] — I. We examine a single summand.

P (DEn(l) = kl; .. -aDEn(T) = kaieIﬁ Dz+ =s5,1,=1%,= 0')

:]P’(Da(j):k-forjzl, ST iere D T =s,D; —OforiEIC,En:U)
HZ _xHAkix]P’( iere D =s,D; =0 forieI.

J1J i=1

where A\ = P(D; = k). We have

P(Y,e; Df =8,D7 =0foricI¢)=(1—p)" P (z;l;[ Bf = s) ,

Also
— T u
SR | N | GRS | g
Z; ik o “ i1 Q=i K
T ou
=P(Z, =ki,...,Z, = k,) x Hif
i1 =ik
Therefore
P (ﬁn,l —ki,...,Dp, =k, Yiep Df =5, Ry = 7')
n : 1Y n—r n—r rp+
:< > x 7! xHﬁ x (1 —p) xP(Zl =ki,....,2, =k.,> .| E; :s>
" im1 2og=i K
_ {4 (r—i+1)u S
—(")pra—p T x [ P (21 =K1, 2y =k, S B = s).
( ) P Pl Z]_:Z ki ( 1 )
Finally dividing by P(R, =r) = (7)p"(1 — p)"~" gives the desired measure change. O

Using the previous lemma we can prove existence and give the exact form of the desired measure

change ¢7.,.
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Lemma 2.20. For all m < n and test functions u: (N x N)™ - R,
E [u (f)n’l,...,ﬁn}m) 1{R, > m} ‘ A, = o} —E[u(Zy,. .., Zon) (2, Zon)] s

where

" (ky,... . kp)=-——F

O - 1+1)
=S a0l 5|

7j=1

Proof. By Lemma 2.19, for all » > m

E[u (ﬁn,l, .. ,f)n,m) 1{A, =0} ‘ R, = r}

where

(k... k) =E

1=m-+1 =1 =1

b Z;nl J +Zg m+IZ pT ml m+1 Z]:’LZJ_
r—m n—r m
{3 - Se -3 m}x

=1 i=1

r—m

Lﬁ (r—i+1p H (r—m—i+1)u
pm Z] zk] +ZT 1 '_ e Ej. 7 Z;

i=1 J

3
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since (Z;)j_,,,1 has the same law as (Z;);_;". Then applying Lemma 2.19 again shows that

’Y’m(klﬂ"'v Z n—m,i n mz Z D+ Z k_) X
=1 EITCL m =1
1 5 (r—i—i—l)u

R, ,,=7r— m] .
77L r—m —
=1 Zy 7 _] + Z ‘Dn m,J

Conditional on R,,_,, = r — m, we have

r—m
D, ;- n m,] E D =A,_,, and E Dn maj = Sn—m-
j:1 ieTe_

Therefore,

i 1 m (7" — i+ 1)u

’}/:}’m(kl,u-akm):E — p ﬂAn Ry_,,=7r—m ’

p 11;[1 Z] =i k] T =n
where
1%&Muxm={Anm=§]W—h>}
i=1

Hence,

E [u (f)ml,...,ﬁn,m) L{R, > m, A, = o}} —E {u(zl,...,zm)(;}"m(zl,...,zm) :

where

1 14 (r—i+1p
71_[ ST/ P
pm Zj:ikj +‘—‘n m

1 (l+m—i+1)u
L1l = L.
p i:lzj zk] + 2

Rn—m =Tr—= m]

R - Z] |

~

We wish to view the sum as an expectation over R,,_,,. In order to do this, we rewrite the expression so

that we are taking a sum over the probabilities of a Binomial(n — m, p) distribution. We can calculate

()P (L —p)" o | R
(P (L =) LG =ity
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Therefore,

- — [n—m n—2—|—1,u
¢m<k1,...,km)=z( l )p< )R H Tl anzz]
=1 J =i -
o (n—i+ 1) 1
=E [E p— An Rnfm
iI;[lZJ zkj T Zn—m
" (n—itu ]
=K H - 11,4” :
EJ k=L
Finally, dividing by P(A,, = 0) yields the desired form of ¢7,. O

2.3.2 Asymptotic lower bound on the measure change

Recall that our goal in Proposition 2.17 is to determine the limiting distribution of
O(n,m) = ¢ (Z1,...,Zn),

as n — 00, in the regime where m = @(nQ/ 3). When dealing with convergence in distribution, it is
sufficient and necessary to work on a sequence of events occuring with high probability. In particular,

for the proof of Proposition 2.17, we work on the event &,, where

g = { s[5 0] <o

and  max |Y'_ (25 — M| < 1/21og(m)}.

1=1,....m

This says that the centered random walks corresponding to Zi+ and Z; both do not deviate by more
than m'/2log(m) in the first m steps. The conditions in Section 2.1.1 ensure each Z;" and Z; has

finite variance, thus this event will occur with high probability.

The following lemma is an analogue of Conchon—Kerjan and Goldschmidt [19, Lemma 6.7]. In it
we prove a deterministic lower bound on ¢, (ki,...,k;,), for all kq, ..., k,, corresponding to the event

Em, up to an error which vanishes as n — oo.

Proposition 2.21. Define
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Suppose that kq,...,Kk,, are such that

max |[s7 ()] < m? log(m) and  max [sT(i)] < m? log(m) (2.5)

i=1,..., i=1,...

Then in the regime m = ©(n?/3), as n — oo,

- o_ m?’
Gk, km) > exp (12(8(2') — s~ (m)) >+O(1),

o 2= N
where the o(1) error term is independent of k1, ..., K., satisfying the assumption in Eq. (2.5).

The fact that we only prove a lower bound may seem strange at first. To understand why this is
sufficient, first note that all measure changes are non-negative random variables and have expectation
1. Hence if the sequence of lower bounds on the measure changes converge to a limit that also has
expectation 1, then we have not have lost a significant amount of probability mass. It follows that the
measure changes converge to the same limit as the lower bounds. This is made formal by Conchon—
Kerjan and Goldschmidt [19, Lemma 4.8]. In Proposition 2.17 we are considering the joint convergence
of the measure change with two other random walks, and thus we adapt [19, Lemma 4.8] to allow for

an additional coordinate that is converging jointly with the first coordinate.

Lemma 2.22. Let (X,,,Y,, Z,)n>1 be a sequence of [0,00) x [0, 00) x S-valued random variables where
S is a metric space. Suppose there exists a [0,00) x S-valued random variable (Y,Z) such that the

following holds:

1. (Yo, Zy) @, (Y,Z) as n — 0.
2. X, > Y, almost surely for all n.
3. E[X,] =1 for alln and E[Y] = 1.

Then (Xn, Zn) @, (Y,Z) also. Moreover (Xp)n>1 s a sequence of uniformly integrable random

variables.

The proof of this lemma is obtained by simply adding the corresponding Z, or Z coordinate to

quantities in the proof of [19, Lemma 4.8] and so we will not repeat it here.
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Discrete local limit theorem

To prove Proposition 2.21, we first need to understand the denominator of ¢}, which, as given by
Lemma 2.20, is P(A,, = 0). The random variable A,, is a sum of independent integer-valued random
variables and the asymptotic behaviour of such a sum being equal to some value is described by the
discrete local limit theorem. Such a theorem was first proven by Gnedenko [33]. Here we borrow the

presentation from Durrett [28, Section 3.5].

Let X1, Xo,... be ii.d. integer-valued random variables with mean y and finite variance 2. Then,
by the central limit theorem,

n
Zl—lo-\/lﬁ n:u (d) N(O, 1)

as n — oo. Thus we expect > ., X; to be distributed like a N(np,no?) random variable for large
values of n. Therefore the probability mass function of } ;" ; X; should be well approximated by the

probability density function of a N(nu,no?) distribution, i.e.

n —(s—n 2
P(Xi, Xi=s) = \/%1”02 exp ( (2n02u) )

for all integers s. Specifically we hope that

sup|[P( 7y Xi = 5) = ke exp (G207 )| = ofn /%), (2.6)
se

This, however, is not always the case. Suppose, for example, that each X; is almost surely even

such that P (3}, X; = s) = 0 for all odd s. Let s, be the closest odd integer to nu. Then

suplP(SL, X0 = ) = 7y o (522 )| 2 e (S0 ) — ()
$€Z V2rno? 2no

Fortunately this kind of periodic behaviour can be mitigated by normalizing the random variables.
A one-dimensional random variable X is lattice if it is not almost surely constant, and there exists
h > 0 and ¢ € R such that X € ¢+ hZ almost surely. The largest such h is called the span of X. For
example, if X is almost surely even then X has span at least 2. If X is lattice with span h and c is in
the support of X, then the affine transform %(X — ¢) is an integer-valued random variable with span
1, for which it can be shown that the approximation in Eq. (2.6) does hold. This gives us the discrete

local limit theorem:
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Theorem 2.23 (Discrete local limit theorem). Let X1, Xs, ... be i.i.d. R-valued lattice random vari-

ables with span h and fix arbitrary ¢ € supp(X1). Then

n —(s—nu)? _
sup [P(S0, X = 5) — S exp (25729 ) | = o012,
senc+hZ

Remark 2.24. For each sequence of integers (s,)n>1 such that |s, — nu| = w(n'/?), we have that

1 —(8n — np)? _
Vamno? exp( oz ) =)

Hence the discrete local limit theorem (Theorem 2.23) tells you only that P (31 X; = s,) = o(n~1/?);

it gives no precise characterization of the leading order term.

While this remark will be important later, here A,, is centered and we are interested in the prob-
ability P(A,, = 0). In addition, the strong aperiodicity condition in Section 2.1.1 tells us exactly that
the D~ — D7 is lattice with span 1. Thus the following is a direct corollary of the discrete local limit

theorem (Theorem 2.23).

Corollary 2.25. We have

as n — oo, where o is the variance of D~ — D¥.

Remark 2.26. The exact value of 02 is not important for the asymptotic behaviour of g7, because we

show later that it will cancel with a term in the numerator of ¢u,.

Exponential Tilting

Next we turn to the numerator of ¢;,. By Lemma 2.20, this is given by

E

- n—z Dy
H{Anmzz }H e —-::7 ] (2.7)

i=1 ]

For convenience, let A4,, denote the event in the indicator function, i.e.

A, = {An_m = i(kj - k;)} .

i=1

When the ki, ..., k,, satisfy the condition in Eq. (2.5), we face two problems in evaluating the expec-

tation in Eq. (2.7).
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The first problem concerns the event A4,. To evaluate the expectation we need to understand
the asymptotic probability of this event. Unfortunately a naive application of the discrete local limit

theorem will not work in this case, as we now explain. Firstly, note that

m

Z(k; — k) =s"(m) —sT(m) + Ay — A )m.

i=1

We have that
Ay =A- =E[Z" = Z"] = LE[D"D* — (D7)’

which is, in general, non-zero. Then m = ©(n?/?) whereas, if ki, ..., k, satisfy Eq. (2.5), s~(m) and
sT(m) are both of order O(n'/3logn). Therefore

m

Y (ki — k) =0(n*?).

i=1

In contrast, A,_,, is centered, so A, is looking at the event that A,_,, takes a value at distance
O(n?/3) away from its mean. As stated in Remark 2.24, the discrete local limit theorem provides no

useful information in this regime.

The second problem is that even in absence of the indicator function, the expectation being eval-
uated in Eq. (2.7) is not dictated by the typical fluctuations of the random variables E,_, . In other

words, it is not the case that

—i+1)u —i+1)p
H 7” = ?é H —— (2'8)
J i k] +=, ] i k] + E[ n— m]

It turns out that both of these issues can be addressed by introducing a sequence of exponentially
tilted measures. The first effect of the exponentially tilted measures will be to shift the mean of A,,_,,
in such a way that, after the tilting, the event 4,, concerns only a typical deviation of A,,_,, which
can be addressed by a local limit theorem. The second effect is that the expectation being evaluated

in Eq. (2.7) will be dictated by the typical fluctations of Z,_,, under the tilted measure.

The next result defines this tilt and then gives asymptotic expansions for cumulant generating

function of D™, the mean of D~ and the mean of D+ under this tilting.

Lemma 2.27. Define a measure Py, for 6 > 0, by its Radon—Nikodym derivative

— =exp (0D~ —a(f)) where «a(f) =logE [e_eDf} .
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Then as 0 | 0 we have

a(0) = —pf + 2 Var(D7)6*> — 2E [(D™ — p)*] 6% + 0(6°),
Eg[D™] = pu — Var(D™)6 + O(6?),

and Eo[DT] = p— Cov(D™, D)0+ O(6?).
Proof. Since E [|D‘|3] < oo and D~ is non-negative, by the dominated convergence theorem
E [(D7)}exp(—0D7)] =E [(D7)%] + (1) (2.9)

as 6 | 0. Integrating Eq. (2.9) with respect to 6 and applying Fubini’s theorem to exchange the order

of the expectation and integral gives
0 L 0
E l/ (D)3 0P de’] _E [/ (D) +0(1)}d0'| =E[(D)*] 6 + o(6).
0 0
Evaluating the integral with respect to 6’ on the left hand side and rearranging gives that
E [(D*)%*"D’} —E[(D7)2] —E[(D7)*] 6+ o(6).
Repeating this method yields

E [D—e—w’} — u—E[(D7)?] 0+ LE[(D)?] 6>+ 0(67), (2.10)

and E [e—”’} =1— b+ LE[(D7)2] 02— LB [(D)%] 6% + o(6?). (2.11)
Similarly integrating the equation
E[(D7)’D" exp(—0D)]| =E [(D7)>D*] + o(1)

twice gives

E [D*a”’"} —ub—E[DD*] 0+ LE[(D7)2D*] 62 + o(6?). (2.12)

Eq. (2.11) gives the small-6 expansion of the normalising constant of the measure change. Combining
this with Eq. (2.10) and Eq. (2.12) yields the expansions for E¢[D~] and Ey[D*] respectively. Taking

the logarithm of Eq. (2.11) gives the expansion of the cumulant generating function «(6). O
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To achieve the recentering of A,,_,, we desire, let us define a sequence of tilted measures P,, defined

by their Radon-Nikodym derivative

dP, —
p =P (0050 — (n—m)a(6,)) , (2.13)
where 6,, = ;”—n This factorises and so Dy, ..., D,, remain i.i.d. under this tilting, each having the law

of D under Py, . Applying Lemma 2.27, we can compute that
EnlAn-m] = m(As = A_) + O(n1/3).
Hence,

Sk — k) = En[An ] = s~ (m) — st (m) + [m(Ay —A) —E, [An,m}]

= O(n'3logn),

which is within the O(n!/?) range from the mean required for a typical deviation. This justifies our

m

choice of 0, = 2.
un

Expansion of the numerator

Remarkably the same tilting to apply the local limit theorem also correctly recenters = such

n—m

that the expectation in Eq. (2.7) is dominated by the typical behaviour of =, under P,. Using

m
Lemma 2.27, we have that

E.[Z,_,.] = un— A _m+O(n'/?)

under the tilting. Thus we will expand the numerator under the event
Bu = {[E_ — pm+ A m| < n*log(n) }.

This event is saying that = is at ‘typical fluctations’ from its tilted mean. The next lemma then

n—m

expands the numerator of ¢}, on the event B,,.
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Lemma 2.28. We have that

n_Z U o_ m3
ﬂA,mB,L = —j_i ] = {GXP (1 Z(S_(i) — s (m)) — 6u2ng> + 0(1)}

J

where the o(1) term is bounded independently of ki, ..., Kk, satisfying the assumption in Eq. (2.5) on

page 5H3.

Proof. Firstly,

where

Note that

For convenience, define

such that B = {|| < n'/?logn}. Then we have

V= St (T DA 9 Aoy
; un

m
= Z lOg (1 + Ai,n + Bi,n)

i=1
where

Ain = i{Q_ —[s7(i-1)—s"(m)]}, Bin= —/\;(2—1)

) ILtn n ) un

Then on the event B,

_max \A | =0 Y?logn) and max |Bi| = O(n=1/3).

i=1,...,m i=1,...,m
where the O bounds are uniform for ky, ..., k,, satifying Eq. (2.5). There are m = (n?/3) terms in

the summation. Thus to keep all terms of order (1), we keep terms of order Q(n=2/3), uniformly in
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i, when expanding log(1 + A; , + Bi ). The only such terms are A, ,,, B; ,, and Bfn Moreover,

m 3

Z ————I—o and Z (Bi)? 77: + o(1).

Therefore,

m

Yo = (Ain+ Bin—3B},) +o(1)
1=1
m

= = 2o (70 57 L = S - TR o),

where we use that 7", (s7(1 — 1) — s~ (m)) = Y1~ (s7 (i) — s~ (m)).

Similarly we can expand X, as

X, =—— -5 +o(1
n 2n 3TL2 +O( )
Thus,
n -1+ 1
ﬂA,mB,L e
> Tk 2L
- pn B — Y T T 5 o 1) |1 .
exp (M" ;(8 (i) — s (m)) " + o - + 62 n? +o(1) |14,n8,

In addition, using Lemma 2.27, the measure change can be expanded as

_ 2 )\2_2 3 3
dd% exp(_mQ;+(A— pm* (A2 —pH)m?®  om? 1>.

= % 7 62 n2 62

Hence,

(n—i+1u
14,08, H — 1
l Jzkj +Znm

B dP (n—i+p
=E, P, —— 14,08, H LS ]
1 <& . _ o_ m3
=E, | 14,05, exp (W ;(3 (1) — s~ (m)) — 62 2 + 0(”)]
1 < . _ o_ m3
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as required. 0

Multivariate Local Limit Theorem

To complete the proof of Proposition 2.21 we need to understand the asymptotic behaviour of P, (A, N

B.). Recall an effect of the tilting was to center A,,_,, in such a way that the probability of the event
An = {Bnem = 30 (6T — k7))

can be addressed by the local limit theorem. However, due to the tilting, PP, changes with n. In effect,
A,, under P, has the same distribution as Y ;" X,, ; where (X,, ;)"_; has the same joint distribution
as (D; — D)™, under P,,. Then X, 1,..., X, are i.i.d. but the distribution of X, ; can change
with n. A collection of random variables (X, 1,..., X, )52 satisfying this property is a row-wise

i.9.d. triangular array. Thus we require a generalisation of the discrete local limit theorem which can

deal with such arrays. In addition, to deal with the event
B, = {’E;ﬁm —un + )\,m‘ < nt/? logn} ,

we will prove a multivariate local limit theorem applicable to (A, —,, 2, under P,, and then sum

n—m)
over the possible values of = .

Before we state the result we use, we first define some terminology regarding lattices in R%. A set

of points in R? is a lattice if there exists a basis ay, ..., aq of R? such that
A= {Z?ﬂ”iai in; GZfori:L...,d}.

We say A is generated by ay,...,a4. We can summarise the basis by a n X n matrix A whose columns

are ap,...,a,. In other words A;; = agi). The choice of basis generating a lattice is not unique, and
the following lemma adapted from [52, Corollary 4.3a] characterises when two basis generate the same

lattice.

Lemma 2.29. Let A and B be n x n matrices of full rank. Then the columns of A and B generate
the same matriz if and only if there exists a matriz U such that U has integer entries, det(U) = +1

and A= BU.
iherefore we can define det(A) to be |det(A)| for any matrix A whose columns generate A, and this
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definition is independent of the choice of A.

For integer lattices, we can obtain a canonical choice of the basis generating the lattice. We say a

d x d matrix A is in Hermite normal form if A is lower triangular with entries

ai,i 0
A =
ag1 -+ Q44
satisfying
1. a;; is a non-negative integer for alli =1,...,d and j > 1,
2. a;; >0foralli=1,...,d, and
3. a;; < a;; forall j =1,...,d, in other words the unique maximal entry in each row is on the

diagonal.

Then the following lemma, adapted from [52, Corollary 4.3b], gives existence of a canonical choice

of basis generating an integer lattice.

Lemma 2.30. Suppose A C Z% is a lattice. Then there exists a unique d x d matriz A in Hermite

normal form such that the columns of A form a basis which generates A.

An R%valued random variable X is non-degenerate if it is not supported on an affine hyperplane
of RY. X is lattice if it is non-degenerate and supported on a translation of a lattice. To avoid dealing
with translations, it is convenient to work with the symmetrisation of X. This is the random variable
X* = X; — X5 where X; and X5 are independent copies of X. For each lattice A, X is supported on

a translation of A if and only if X* is supported on A without translation.

If X is lattice, the main lattice A(X) of X is the intersection of all lattices containing the support

of X*. This is in itself a lattice, and is explicitly given by

o0
AX) = U {Zle n;x; :n; € Z and x} € supp(X*) fori=1,.. .,k} .
k=1

It will turn out that if X is an R%valued lattice random variable with main lattice A, then det(A) can

be seen as a generalisation of the span of an R-valued random variable.
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To deal with the triangular array, we recall the exponential tilt is given by

dP,, —_
B = OP(OnE L — (0= m)a(6))

where 6,, = [L”—n Since 6,, — 0, the distribution of D; under P, is converging to that of D; under P as

n — oo. This allows us to ignore the tilting in the limit.

Theorem 2.31. For each n > 1 let X,, be an R? valued random variable and

Xn,laXn,% o aXnn

)

be i.i.d. copies of X,,. Assume that the following holds:

1. There exists a random variable X such that X,, g X as n — oo.

2. (|IXnll?)n>1 is @ uniformly integrable sequence of random variables. Explicitly

Jlim supE [1X 120 {| X, )12 > L}] = 0. (2.14)
—00 pn

3. For all n, X,, and X are lattice with common main lattice A.

Then X has finite second moment. Further, for each n let c, be an arbitrary element in the support

of >oi Xpi. Then uniformly fory € ¢, + A,
1}»( S X = y) = 172 det(A) f (xn(y)) + 0 (n™42)  where x,(y) = ¥="EXul
and f is the density of a N(0,Cov(X)) distribution. This means that

lim sup )nd/QP( Yo X = y) —det(A) f(x,(y))| = 0.
N0 yecn,+A

We defer the proof of this to Appendix B in the appendix, and instead make a few remarks. Firstly

X is assumed to be lattice and thus non-degenerate. Hence Cov(X) is invertible, ensuring N (0, Cov (X))

has a valid density f, which is explicitly given by

= ! ex —1x~ ov —Ix
) = e TaetCon (%) p( g% CovX) )
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Secondly, since the Xi,Xs,... do not necessarily live in the same probability space we should
not technically refer to the sequence (||X,||?)n>1 as uniformly integrable. However the condition in

Eq. (2.14) is still well defined.

We apply Theorem 2.31 to (2, _,.,An_m). Suppose (D~ — DT, D7) is non-degenerate and let A

—n—m>
be its main lattice. By Lemma 2.30, A is generated by the columns of a matrix A in Hermite normal
formal. Since D~ — DT has span 1, it must be the case that Ai11 = 1. Thus there exists positive

integers p and ¢ such that

Finally let 3 be the covariance matrix of (D~ — DT, D~). With this notation, the following lemma
holds:

Lemma 2.32. Suppose (D~ — DT, D7) is non-degenerate. For each n, let ¢, be in the support of
(Ap—m,B,,_,)- Then uniformly for (x,y) € ¢, + A,

]Pn (An—m = E[An—m] +z, E;_m = E[E;—m} + y)

d e - 2 [° +o(n™")
= — X _— on
2 det(X)Y/2 n Plaog \* ¥

as n — Q.

Proof. Let X = (D~ — D", D). For each n, let X,, be distributed as (D~ — D", D~) under Py, .

Then
Dy — Dfr D, — Df
Dy D>

n

.. . . d
under P,, can be seen as n i.i.d. copies of X,,. Since 6,, — 0, we have that X,, Q) X as n — oo.

For any L > 0,

SUp B [[Xa 21X |2 > £3] = supE [e 2™~ X |P{IX|1* > L}
n

< (supe—a“n)) E[|X|P1{|X|P > L}]
n
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since 6,, and D, are non-negative. Since §,, is convergent,

supe ) < 0.
n

Moreover E [||X|>1{||X||? > L}] — 0 as L — oo as X has finite second moment. Thus ([ X,[|*)n>1
satisfies the uniform integrability condition in Eq. (2.14).

Finally the exponential tilt does not change the support of the random variables. Thus X and X,

share a common main lattice A. In addition, det(A) = q.

Hence the result follows by Theorem 2.31. There is a small change in that we are considering a
sum of n — m random variables rather than n. However since m = o(n), the same asymptotic result

holds. O

Now we show P(A,, B,,) has the same asymptotic behaviour as P(A,, = 0). We only prove a lower

bound, but this is sufficient for proving Proposition 2.21.

Lemma 2.33. Under the assumptions of Proposition 2.21,

i 1
Pl Ao =S (6 — k), |2 —E.E._ ]| <nZlogn | > ——(1+o(1)).
n( n Y ;(z 7,) |n m "[ n m]| g) \/m( ())

Proof. For convenience let

m
N e — 1
P, =Py (A’ﬂm = Z(k;r - kz )7 ‘:nfm - En[:‘nfm” <n? 10gn> .
i=1
Firstly, suppose (D~ — DT, D7) is degenerate. Then since we assume that D~ — D™ is non-constant,

it must be the case that either D~ or D7 is constant. Either way, it becomes the case that
{An—m = Z(kj_ = ki) [Enem — BB, < n IOgn} = {An—m = Z(kj - kz_)} :
i=1 i=1

Then applying Theorem 2.31, as we did in the proof of Lemma 2.32, shows that

P (g = S (6 = ) = ————(1 + o(1)).

2mo?n

Otherwise assume that (D~ — DT, D7) is non-degenerate. Define
m
an =Y (ki = k) = En[An .

i=1
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Also let
L, = {y: <ZZ’11(1€?— _ki_)7y) € Cn"'A}'

L,, has a simpler representation. Fix any yg € L,,. Then if A is generated by the columns of

we must have L, = yg + ¢Z. Fix an arbitrary M > 0. Then

P, = Z P, (An—m = ]En[An—m] + an, E;_m = ETL[ET_L—m} + y)
yeLy,
ly|<n'/?logn

> Y Pu(Anem =Ea[Anom] 4 an, By = EnlE0 0] +9)
yeL,
ly|<Mn'/?

for all n sufficiently large. By Lemma 2.32, using that the error is uniform, we have that

4 —1 [ —1 [ @n -1/2
P, > E ——————5—exp | — D +o(n™ %)
= 1/2
vl 2w det(X)1/2n 2n y y
lyl<Mn

We wish to factorise the summand. To this end, we make a change of variables. There exists ¢ € R
such that

Cov(D~ —¢(D~ = D*%),D~ —D%)=0.

Let 72 be the variance of D~ — ¢(D~ — DT). Then

q
21 det(X)Y/2n R ™

1 1 a2 q 1 (y—cap)?
=———exp| 55— | —V—=exp| 55— |.
V2moin 202 n ) \onr2n 272 n
We now examine the asymptotic behaviour of a,. By Lemma 2.27,

En[An_m] = (n — m)Eg [D~ — D*]

= —(A_ = A)m+0(n'3).
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Therefore

an = 54 (m) —s_(m) + 0(n'/?) = O(n'/3logn),

by the assumption in Eq. (2.5). Thus

P > #(1+0(1)) Z 9 1 (y—can)? +o(n~1/2)
"= V2rain vel VonTin P 272 n
\y\SMr'zW
Note that
q 1 (y—can)? q y—ca
S e (et )= T (A
vl 2TT4n T n veln \/’ﬁ \/ﬁ
lyl<Mn'/? lyl<Mn'/?

where

2) 1 . —22
= xp | =— |-
g V2rT? P\ 2
Since a,, = O(n'/3*€), for n sufficiently large
q 1 (y—can)? q z
Y - ) D W ) (s 2.15
2, P ( 272 1 = NRA (2.15)

yeL,
ly|<mnt/? |z| <3 Mn'/?

= > % 9(=) (2.16)

where
L, — can,

NG

Then L,, N [f%M, %M] is a partition of [f%M7 %M] where adjacent points are distance ¢/+/n apart

L=

from each other. Thus Eq. (2.16) is a Riemann sum approximation of an integral. Hence

3 ﬁe’{p (_2;@—;6%)2) > (1+o(1))/_21:;g(z)dz.

YELn
ly|<Mnt/?
Thus
Px o) [0 g
n > ——=(1+0o(1 / z)dz.
2mo?n ) —%Mg
This holds for all M > 0, and [~ _g(z) dz = 1. Therefore,
1
P, > (1+0(1)),

TV 2mo2n
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as required. 0

2.3.3 Proof of lower bound

Now we are ready to prove Proposition 2.21.

Proof of Proposition 2.21. By Lemma 2.20 and Lemma 2.28 we have that

e o_ m3 n n n
bk, k) > {exp (1 Z(s‘(i)—s‘(m)) ) +0(1)} m

n 2 o

where the o(1) term is independent of ki, ..., k,, satisfying our assumptions. Then by Lemma 2.32

and Corollary 2.25 we have that
P, (A, NB,)

(A, =0) >1+o0(1)

where the o(1) term is independent of ki, ..., k,, satisfying our assumptions. Thus

i o_ m3
(K1, ) > exp (;ﬂ S (57 () — 5~ (m)) — ) +o(1)

as required. O

2.3.4 Convergence of the measure change
We are now ready to prove the main result of this section.

Proof of Proposition 2.17. The existence of the measure change is covered by Lemma 2.20. Define

I'(n,m) = exp ii(vwi)fv(m)) - L—Q”i: .
un 6p* n

i=0

Then by Donsker’s invariance principle,

(n_1/3V— ([tn2/3]), n= Y3V ([tn2/3] )) LON (0_ W, 0, W;)

>0 >0

inD ([0, 00), RQ), where (W, , W, )0 are a pair of correlated standard Brownian motions with corre-
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lation Corr(Z; , Z;"). We can write

L Tl

n

|Tn?/3 | +1
V(i) = n_2/3/ D=3V (L)) du
i=0 0

W23\ T2/ 41))
/ n~ 3y ( Lsnz/gj) ds.
0

Thus, by the continuous mapping theorem,

1 [Tn?/3] @ [T T
- (V_(i)—V_(m)) —>/ (W;—Wf)ds:—/ sdW, .
. 0 0

Hence,

(F(n, |Tn?/3)), (nil/gvi(tt”Z/gJ)a ”1/3v+(un2/gj)>te[o,ﬂ"]>

(@ _
— (®(T), (c-W; 0. W; )iepo,))

in R x D([0,T],R), as n — cc. Recall the event

By Proposition 2.21, it is the case that

®(n,m) > (I'(n,m) + o(1))1¢

m

The processes (Vi(n))nzo are discrete martingales. Therefore, by Doob’s maximal inequality,

max |VE(i mY/2log(m E[(V*(m))?] _ o2
P (e V(01> ! ogtmy ) < LW T

.....

as m — oco. Thus P(&,,) — 1 as m — oo. Hence, we still have that

((F(n, | Tn2/3]) + 0(1))]1EL”2/3J , (n_l/gV_(LmWBJ)’ n_1/3V+(Lmzwj))te[o,T])

(d) _
— (@(T), (U,Wt 7U+Wt+)t€[O,T]) .

We have E[®(T)] = 1 by a standard stochastic calculus calculation. Therefore, by Lemma 2.22, we get

69



the desired result that

(‘I)(n, [Tn?/3)), (”_1/3‘/_(Lt”2/3J)a”_1/3v+(megp)te[oﬂ)

(d _
—)> ((I)(T), (U*Wt 7U+Wt+)t€[0.,T]) >

and that (®(n, [Tn*?])),>1 is a uniformly integrable sequence.
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2.4 Convergence of the out-forest

Fix T > 0. In this section we will show that the Lukasiewicz path and height process corresponding
to the out-forest converge under rescaling up to time |Tn%/3]. Note that the out-forest will contain at
least n vertices, so for n large enough, LTnQ/ 3| < n and the encoding processes are well-defined up to

time |Tn?/3].

We will show that the convergence under rescaling of the Lukasiewicz path and height process
(S (k), Hy(k), k < | Tn?/3|) occurs jointly with convergence in distribution under rescaling of (S;; (k), P, (k), k <
| Tn?/3]), for S;; (k) the number of unpaired in-half-edges of vertices that have been discovered at time
k, and P, (k) the number of dummy leaves added in the first k& time-steps.

We let (B;)i>0 be a Brownian motion, and define

(By,t > 0) = (Bt e N 0) .
2041

We define the reflected process

(Ry,t > 0) = (Et—inf{BS:sgt},tZO).

The main result of this section is as follows.

Proposition 2.34. It holds that
(n—l/?’é,j (LW%J) nTYVRH, (Ln2/3tj) < T) @, (U+Bt7 %Rt,t < T)
in D([0,T],R)?, and
(n*Q/SSg (Ln2/3tj> ,n~Y3p, (an/?’tj) < T) o), (Vt, ;—;tQ,t < T>
in D([0,T],R)? as n — oo.

We prove Proposition 2.34 by studying two other forests that are related to the out-forest via a
change of measure.

The proof is structured as follows.

~

1. Recall that (]A)ml7 ..., Dy, ) are the degree pairs of the vertices in order of discovery. Also recall
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Z1,Zs, ... in an i.i.d. sequence of N x N-valued random variables, Z; := (Z; , Z;"), such that

“P(D- = k—. D+ = |+
]P’(Z;:k‘,Zj:k+):k P(D-=k~,D" =k ).
n

In Section 2.3, we showed that the law of (D, 1, ..., D) conditional on 327, D7 = 7 D}
and m < R, is absolutely continuous with respect to that of (Z4,...,Z,,), and we showed the

convergence under rescaling of the Radon-Nikodym derivative ¢;!, for m = LTnQ/ 3.

2. Point 1 motivates us to study a Bienaymé forest with offspring distributed as Zf‘ . The conver-

gence of the Lukasiewicz path of this forest under rescaling follows from Donsker’s theorem.

3. In Subsection 2.4.2, we modify the Bienaymé forest in order to include dummy leaves. We add
extra randomness, approximating the procedure described in Proposition 2.8, in such a way that
at some time-steps, a dummy leaf is added. We call the resulting forest the forest with dummy
leaves. We respect the order of the degrees in the Bienaymé forest, in the sense that for any k,
the kth true vertex in the forest with dummy leaves has the same number of children as the kth
vertex in the Bienaymé forest. The law of the forest with dummy leaves depends on n, because
the probability of finding a dummy leaf depends on n. We then show that the Lukasiewicz path
and height process of the forest with dummy leaves converge under rescaling, jointly with the
convergence of the Lukasiewicz path and height process of the Bienaymé forest under rescaling

up to time |Tn?/3].

4. We show convergence under rescaling of the out-forest up to time LTnz/ 3| by applying the
measure change to the forest with dummy leaves and showing that the resulting forest is a good

approximation of the out-forest.

2.4.1 Convergence before adding the dummy leaves

We define the two processes
k

YE(R) =Y (DE, - 1),

=1

for 1 < k < n, which encode the degrees in order of discovery.

We will study these processes via the measure change that we defined in Section 2.3. Let



be the corresponding walks for (Z;)$2,. Then, in the critical case, these are related to the centered

random walks V* by
YHk) = VHE) and Y (B) =V (k) = (Ao — Dk =V~ (k) — v_k.

Therefore, we obtain the following corollary of Proposition 2.17.

Corollary 2.35. Suppose we are in the setting of Proposition 2.17 and that the criticality condition
holds. Then for all'T > 0,

<<I>(n, LnQ/STJ)’ (n*1/3V’ (Ln2/3tj) ,n 3y (LHQ/?’ﬂ))te[O,T])

(d)
— (®(T), (- Wy, 04 W )eciom)

in R x D([0,7T],R?) as n — oo and (P(n, Ln2/3TJ))n>1 is uniformly integrable.

Let (By,t > 0) be distributed as follows. For F a suitable test function, and for (B;);>¢ a Brownian

motion,

E [F(J+Bt,0 <t< T)}

T 2 3
. T
_E lexp <_"+/ sdBs — 2—‘;2> F(0.B,,0<t<T)
0+K Jo oL K

Proposition 2.36. We have that

(n_Z/?’Y_ (Ln2/3tj> ,n_l/?’fﬂr (Ln2/3tj) ,0<t< T) ﬂ (I/,t,UJrBt,O <t< T)
in the Skorokhod topology as n — co.

Proof. We recall from the statement of Corollary 2.35 that (W~ , W ™) is a pair of correlated standard
Brownian motions with correlation Corr(Z; , Z;"). Let (B},t > 0) and (B2,t > 0) be two independent

Brownian motions, so that we may define

2 1/2
(oW, 0, W t>0)= (MB} + (02 - U;) B? 0,B},t> 0> :
O+ 93
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Then, Corollary 2.35 implies that for F' a continuous, bounded test function,

E [F (n—1/3Y+ (W”’tj) 0<t< T)}
—E [F (n*1/3i/+ (W“tj) 0<t< T) nLTnz/SJSRJ +o(1)

=E [cp(n, 1n23T|)F (n*1/3v+ (W/%J) 0<t< T)] +o(1).
By the proof of Proposition 2.17, we see that for

- o_ m3
I(n,m) = exp (1 D (V@) =V (m)) - > ,

pn 6u2 n?

we have that

E[|®(n, [n**T]) = T(n, [n*T))|| = 0
as n — 00, so it sufficient to show that
E[T(n, [n?3T))F <n—1/3v+ (W/?ﬂ) 0<t< T)} S E [F (0+3t,0 <t< T)] .
Write V(Z) (t) = n~V3V+ ([n?/3t]) and Vi (t) = n~1/3V = ([n?/3t]). Then we observe that

r o |Tn2/33
CGu ) o (4 [ (10 V@) - 7 T

For a path z € D([0,T],R), let

1 [T o_
O(z,T) = exp 7/ z(t) —z(T)) dt — —T°3
(&) (Mm () d - £
so that © is a continuous functional of its first argument and
E Hr(n, 1n2/3T) — @(v(;),T)H =0

as n — oo. This implies that it suffices to show that

E|O(V,.T)F (V(;g)(t),() <t< T)} —E {F (U+Bt,o <t< T)} .
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But, by the continuity of © and Corollary 2.35, we get that

E [@(V* T)\F (V+

o 50,0t <T)| S E[6(0 W, T)F (0, W,7,0 <t <T)]

1 (T - 2 1/2 T3 52
=E |exp _7/ sd "*B;Jr(ai—a‘;) B? —7"2— F(04B},0<t<T)
©Jo o4 oL 61
T 2 3
_ T
=E |exp I sdB;—Ufz#2 F(oyBHLO<t<T)|.
ot Jo 605 p

Then, the fact that (Y'(k),k > 1) is a random walk with steps of mean v_ implies that
(n—2/3Y— (Ln2/3tj> > 0) ©u_t,t>0),

and then, by repeating the argument above, noting that the change of measure does not affect the

deterministic process (v_t,t > 0), also
(n”/?’if* ([n2/3tj> > 0) ) u_tt>0),

which proves the statement. O

The following proposition characterises the distribution of (Bt, 0<t<T).

Proposition 2.37. We have that
(02B,,0<t<T) % (0+Bt - 02‘7*1&2,0 <t< T) ,

where (By)i>0 5 a standard Brownian motion.

Proof. Firstly, we have that for any ¢ € [0,7] and § > 0,

O+t

t 29 2 t3
:E[exp (—0_+/ (S—&-U+ M) st—igf; 2)]
o+1 Jo 0—+ oYK
o? ¢ o2 0u\ > o 3
o (i [ (0 Y0 28
205 p* Jo o_4 6o4

Qt - t2
= exp ((7;92 + 0+¢9>

. B t 2 t3
E [exp(—GmrBt)] =E [exp <_U+/0 sdBs — ;;iﬁ - 90+Bt)]

o (o)

(0]



Then, more generally, for m >0,0=ty <t; <---<t, =T, and 04,...,0, € R,

E exp <— Z 0i(0’+Bti — U+Bti1)>]
i=1
m _ ti 2 (13 43
=[[E |exp —"—*/ sst—M—am(Bt By )
i1 O+l Jt; 4 60+H2 ! !
A 2, [ 20,1\ 2,1 —1?
=[[exp —705+ / s+ ZHH) g - ool Zty) = =)
i=1 2U+u2 ti—1 0—+ 60+M2
" o2 (ty —t;_ o_.(t2 —t2
=Hexp< 3 ( . 1)9¢2+ +(12 i 1)9i)
i=1 H
= o_
=E |exp (— 0; <0'+(Bt — By,) — T*(tf — t?_ﬂ))} ,
i=1 K
which proves the result. O

2.4.2 Adding dummy leaves to a Bienaymé forest

We would like to add dummy leaves to the forest encoded by (Y(I),1 < I < k). However, in the
absence of a true stack of in-edges, we need to approximate the probability of adding a dummy leaf.
We do this by approximating the stack size by its mean un. We use this idea to define the forest with
dummy leaves and its Lukasiewicz path (S,f(k),k > 1) as a function of (Y~ (k),Y*(k),k > 1) and

some extra randomness to decide at which time-steps we add a dummy leaf.

1. Set P,(1) =0, Sf(1) =2 -1, 8,(1)=Z;.

n

2. Suppose we are given (P, (1), S, (1), S, (1),1 <1< k). Define I'" (k) = min{S,(I),l < k}. Then,

n

with probability
Sy ()

—— n

P () + 1 Lir+ (k)=1+ (k-1)}

independent from everything else, set P, (k + 1) = P, (k) + 1. Otherwise, set P,(k+ 1) = P, (k).

3. Set
SHk+1) =Y (k+1—-Pu(k+1)) — Pu(k + 1),

and

S;(k+1)=Y (k+1-Py(k+1)—P,(k+1)—I"(k)+1.

Let the forest with dummy leaves be the forest with Lukasiewicz path (S;7(k), k > 1) in which the kth

vertex is a dummy leaf if and only if P*(k) — P"(k —1) = 1.
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Convergence of the Lukasiewicz path

To show the convergence of the Lukasiewicz path corresponding to the forest with dummy leaves, we
will first examine the limit of (P, (k),k > 1) under rescaling. We will first prove tightness, after which

we will show convergence.
Lemma 2.38. We have that,

(n71/3pn (an/gtj»

n>1

is tight for all t > 0.

Proof. Set m = [n?/3t] and fix € > 0. Tt is trivial that for any k < m,
k
S7(k) <> Z7 =Y (k)+k.
i=1

Moreover, un — k — I (1) +1 > un — k. Therefore,

Y=(k) + k

<
DPe+1 = n—k

This upper bound is increasing in k. Consequently, conditional on (Y (5),Y~(5),j > 1), n= /3P, (m)

is stochastically dominated by a binomial random variable with parameters m and

Y=(m)+m
un —m

A L.
Since (Y~ (k) +k,k > 1) is a random walk with steps of finite mean, (n=2/3(Y'~(m) +m))__ is tight.
Therefore,

<n1/3 Y~ (m)+ m)
L |

is tight, which implies that a binomial random variable with parameters m and

Y=(m)+m A
un —m

1

is tight. The statement follows. O

Lemma 2.39. We have
—1/3 2/3 (@) (V-2
n= PP, (In*°t]),t >0) — 3 t“,t>0
In

T



in D(R4,R) as n — oo.

Proof. Recall that
Sek)
un —k—I+(k)+1 {Ir =1 (k=-1}-

Pk+1 =

Define M+ (k) = min{Y*(l) : I < k} so that 0 > I'*(k) > M™*(k) — P,(k). Then, by Lemma 2.38,
the convergence under rescaling of Y™ shown in Corollary 2.35, and the continuous mapping theorem,

(n=31F([n%3t))) is tight for all ¢ > 0. We will now argue that the indicator, which ensures that

n>1

the roots are never dummy leaves, does not have an effect on (P, (k),k < m) on the scale of interest.

Let m = [n?/3t|. Define

By S — S
(m) == 2 k— I+(k) + 1 {I+(k)#£I+ (k—1)}
< —rr(mXtm
un —m

so since I't(m) is of order n'/3 and % is of order n=/3, (EP(m)),>1 is tight. This means that
if we allow the roots to be dummy leaves, with high probability, we would only sample O(1) roots that
are dummy leaves up to time O(n?/3). This does not affect (P,(k),k < m) on the scale of interest.

Then, the convergence under rescaling of Y~ and Y+ shown in Corollary 2.35, the tightness of

(n=/31%([n%3t))) and Lemma 2.38 imply that

n>1

57 (1n?°1)
<ﬂ1/3 pn — [n2/3t] — Ip+ ([n2/3t]) + 1»15 > 0)

_ nl/sY_ (In2/3t] — P, (In?/3t])) — P, ([n¥3t)) — I ([n*/3t]) + l,t >0 (2.17)
pn — |[n?/3t] — I+ ([n2/3t]) + 1

LN (”t,t > 0)
1

in D(R4,R) as n — oo. Then, by the continuous mapping theorem and the tightness of (E?(m)),>1,
Ln2/3tJ
—1/3 t>0| &L (>0
WS ot e

=0

in D(R4,R) as n — co.

Let G = (Gk, k > 1) denote the filtration such that Gy contains the information on the shape of the
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forest until time k, including which of the first k vertices are dummy vertices. Then,

k

M, (k) := Z(H{Pn(i)—Pn(i—l)zl} —pi)
i=1

is a G-martingale. We claim that (n='/3M,,(|n?/3t]),t > 0) converges to 0 in probability in D(R,R).

Indeed, for any t > 0,

LnQ/StJ
E[n =3 M,([n*?t]))*] =n=* > EE[(1p, @) -r,i-1)=1} — i)’ |Gi1]]
i=1
[n?/%¢]
=n =23 Z E[p; — p?] — 0.
i=1
Hence, since for all ¢ > 0,
Ln2/3tj
n3P,(In?3t)) = nt/3 Z Lip,(i)— P, (i—1)=1}
i=1
[n2/3¢]
=n /3 Z pe +n"Y3M, (Ln2/3tj) ,
i=0

we have

(n’l/an(LnQ/?’tJ),t > 0) @, <;t2,t > 0> ,
i

which proves the statement.

O

The convergence of P, under rescaling implies the convergence of S, and S;, under rescaling, which

is the content of the following lemma. Let (By,t > 0) be a Brownian motion, and define

v_

2+>0]).
2poy T >

(Bl t>0) = (Bt -
Lemma 2.40. We have
(n*l/?’Y+ (Ln2/3tj) Y38t (Ln2/3tj> > 0) ), (04By,0.Blt >0)

in D(Ry,R)? and
—2/3 o— 2/3 (p)
(n S (Ln tJ),tzO) ®y_t,t>0)
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in D(Ry,R) as n — oo.

Proof. This follows from the convergence under rescaling of Y+ and Y~ shown in Corollary 2.35 and

Lemma 2.39, and the expressions
Stk+1) =Yt (k+1—Py(k+1)) — Py(k+1),

and

So(k+1) =Y (k+1—Pu(k+1)) — Pu(k+1) — I (k) + 1.

Convergence of the height process

In this subsection, we will extend Lemma 2.40. We will show that, under rescaling, the height process
of the forest with dummy leaves converges jointly with the other encoding processes of the forest with
dummy leaves. Let (H, (k),k > 1) be the height process corresponding to the forest with dummy
leaves. Set

(R{,t>0)= (B —inf {BS : s < t},t>0).

Proposition 2.41. We have that

(o s (1254)) oot (1n200)) oo (10#)) st 2 0)
@, (U+Bt,o+Bf7 %Rf,t > 0)
+

in D(Ry,R)3, and

(n—2/3S; (Ln2/3tj> > 0) ot >0)

in D(Ry,R) as n — oo.

The difficulty in proving this proposition is the fact that the forest with dummy leaves is not
a Bienaymé forest, because the probability of sampling a dummy leaf changes as the exploration
is performed. The theory of convergence of height processes under rescaling is well-developed for
Bienaymé processes (see e.g. Duquesne and Le Gall [27]), but this is not the case for more general

processes. We will adapt a technique that Broutin, Duquesne and Wang developed in [12] to show
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e True vertex

B Dummy vertex

Q Tree consisting of filler vertices

Fig. 2.4: Given a component of the forest with dummy vertices (left), we modify it by sampling
independent Bienaymé trees with offspring distributed as Z* consisting of filler vertices and identifying
each dummy leaf with a root of such a tree. The resulting tree (right) is a Bienaymé tree, and the
resulting forest is a Bienaymé forest.

the convergence of the height process of an inhomogeneous random graph under rescaling. The key
idea is that the forest with dummy leaves itself is not a Bienaymé forest, but we can embed it in a
Bienaymé forest that does not depend on n. We call the extra vertices filler vertices and call the
resulting forest the forest with dummy and filler vertices. We then show convergence under rescaling
of the height process corresponding to the forest with dummy and filler vertices, and use this to obtain
height process convergence for the forest with dummy leaves.

We start by defining the forest with dummy and filler vertices. Informally, we obtain it by modifying
the forest with dummy leaves in such a way that a sub-tree consisting of the descendants of a dummy
vertex has the same law as a sub-tree consisting of the descendants of a true vertex. We do this by
sampling extra Bienaymé trees with offspring distributed as Z*, whose vertices are all filler vertices,
and then identifying their roots with the dummy leaves. The resulting forest is a Bienaymé forest
containing true, dummy and filler vertices, in which the forest with true vertices and dummy leaves is

embedded. This is illustrated in Figure 2.4.

The formal procedure is as follows. Suppose we are given (Y (k), S, (k), P.(k),k > 1), which

encodes the forest with dummy leaves.

1. Let (Yf(k),k > 1) be an independent copy of (Y*(k),k > 1), which will encode the pendant

subtrees that consist of filler vertices.
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2. Define 0, (k) =k — P,(k — 1) + min{j : YI(j) = —P,(k — 1)}.
3. Set A, (k) =max{j:0,(j) <k} — P,(max{j: 0,(5) < k}).

4. We now define
YUK, k> 1) = (YT (An(k) + Yk = An(k), k> 1) (2.18)

and we let the forest with dummy and filler vertices be the forest with Lukasiewicz path (Y4 (k), k >
1), in which P, (max{j : 6,(j) < k}) of the first k vertices are dummy vertices, A,,(k) of the first
k vertices are true vertices, and the rest are filler vertices. We let (HY(k),k > 1) be the height

process corresponding to the forest with dummy and filler vertices.

By removing the filler vertices from the forest with dummy and filler vertices, we obtain the original

forest with dummy leaves. We make the following observations.

1. We claim that 6,,(k) is equal to index in depth first order of the kth true or dummy vertex in the
forest with dummy and filler vertices. Indeed, note that min{j : Y(j) = —P,(k — 1)} is equal

to the number of vertices in the first P,(k — 1) trees in the forest encoded by Y*, so that

min{j : Y(j) = =P,(k — 1)} — Py(k — 1)

is equal to the number of filler vertices in depth-first order until the kth true or dummy vertex.

2. Note that A, (k) is the number of true vertices amongst the first k vertices. This follows from
the fact that max{j : 6,,(j) < k} is the number of true or dummy vertices amongst the first &

vertices.

3. By the previous remark, (A,(k),k > 1) only takes steps of size 0 or 1. Both (Y (k),k > 1)
and (Yf(k),k > 1) are random walks with steps distributed as Z* — 1, so, by construction,
(Y¥(k),k > 1) is a random walk with steps distributed as Z+ — 1, so the forest with dummy

and filler vertices is a Bienaymé forest with offspring distributed as Z+.

4. By construction, (H(6,,(k)),k > 1) is the height process corresponding to the forest with

dummy vertices. Moreover,

(S:(k)) k> 1) = (Ydf(en(k)) - E<9n(k))7k > 1)) (219)
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where F(k) counts the number of children of the kth vertex in the forest with dummy and filler

vertices that are filler vertices.

In order to prove Proposition 2.41, considering the construction above and Lemma 2.40, it is sufficient

to prove the following lemma.

Lemma 2.42. There exists a process (D, t > 0) such that

(o [t (o (o)) = (o)) o vem (0 (1n4)) ) 2 0)

2
@, (U+Dt, (D, —inf {D,,s < 1}),t > 0)

0+

in D(Ry,R)? as n — oo and (% (Dy —inf {Ds,s <t}),t > O) is the height process corresponding to

(O’+Dt7t Z 0)

The next lemma show that the pathwise construction of (YU (k), H¥(k),k > 1) converges to its

continuous counterpart.

Let (B, t > 0) and (B!, ¢ > 0) be two independent Brownian motions and let
0(t) :=t—|—inf{s >0:0,.Bf < —;;tz} ,
and A(t) = inf{s > 0: 60(s) > t}. Define

(B, 2 0) == (Bag) + Bl_a(y:t = 0) (2.20)

and set

(R, t > 0) := (B —inf{B, s <t},t>0).

Lemma 2.43. We have that ((2/04)R{,t > 0) is the height process corresponding to (o4 Bif, ¢t > 0).

Moreover,

2
(n‘l/SYdf (Ln2/3tj) .~V (Ln2/3tj> > 0) @, (U+Bff, —R¥ ¢ > 0) (2.21)
O+

in D(Ry,R)2, jointly with

(n*1/3Y+ (an/ztD /Byt (an/:’)tD > 0) @, (04 By, 0Bt >0)
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in D(R,,R)? and
(n_2/3An (W/% J) ,n=2/3%, (W% J) > o) D (A), 8(1), ¢ > 0)
in D(Ry,R)? as n — co. Moreover,
(nfl/Sydf (Gn (an/stJ)) /3 ppat <9n (an/m)) > 0) @, <J+Bg(ft), %Rgft),t > 0) (2.22)

in D(R,,R)? as n — oo jointly with the other convergences.

In the proof of Lemma 2.43 we use the following straightforward technical result that follows
immediately from the characterization of convergence in the Skorokhod topology given in Ethier and

Kurtz [31, Proposition 3.6.5], .

Lemma 2.44. If hy, — h and f, — f in D(R4,R) as n — oo, and h, and h are monotone non-

decreasing and h is continuous, then

hno fn— ho f

and

Jnohy — foh
in D(R4,R) as n — oo.

We also use the following technical result, that is proved in Appendix C.

Lemma 2.45. If f, — f in D(R4,R) as n — oo, and f is a continuous function that is not bounded

from above, with f(0) =0 and with unique local mazima, then
(inf{t : fn(t) > s},s > 0) — (inf{t: f(t) > s},s > 0)

in DRy, R) as n — oo.

Proof of Lemma 2.43. Firstly, note that since (Y4 (k),k > 1) encodes a critical Galton-Watson forest

with offspring variance o2, the proof of Theorem 1.8 in Le Gall [43] gives us that for (BZ,s > 0) a
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Brownian motion,

(n—l/Bydf (Ln2/3sj) /3t (an/gsj) s> 0)

2
), <U+B;, 2 (B —inf{Bf iu<s)),s> o) (2.23)
O+

in D(Ry,R)? as n — oo, and that (%(B; —inf{B},u<s}),s> 0) is the height process correspond-

ing to (04 B, s > 0). Then, we note that since (Y (k),k > 1) 4 (Y4 (k), k > 1), so that also
(n*1/3Y+ (Ln2/3tj) > 0) 9D, (5, B,,t>0)

in D(Ry,R) as n — co. Then, since also (YT (k),k > 1) £ (YH(k),k > 1) and by Lemma 2.45 and the

almost sure uniqueness of the local minima of Brownian, we get that

(72T (1n2/%s)) on 2 in (ko= 2Y (k) < —a} s > 0,02 0) (2.24)

ﬂ (U+B£,inf {u : U+B£ < —x} , 8§ >0, > 0)

in D(R,,R)? as n — oo.

Since (P, (k),k > 1) is non-decreasing, applying Lemma 2.44, and combining the convergence in

Eq. (2.24) with Lemma 2.39 gives that also

(wsint (i v < -2 (120 = 1) oz 0) 9 (iwt fusoml < 2o o0
in D(R4+,R) as n — oo jointly with the convergence in Eq. (2.24). Therefore,
(n*2/39n (W/%J) > 0) 9D o@t),t > 0) (2.25)
in D(R4,R) as n — oo jointly with the convergence in Eq. (2.24). Recall that
An(k) = max{j : 0,(j) < k} — Pa(max(y : 6,()) < }).

By definition, for all n, (6,,(k),k > 1) and (6(¢),t > 0) are strictly increasing, so

(n=22 maxc{j : 6(7) < [n*/t)}),¢ > 0) <2 (A1), ¢ > 0)
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in D(Ry,R) as n — oo jointly with the convergence in Eq. (2.24) and Eq. (2.25). Since max{j :

0.(j) < [n*/?t]} is of order n*/?, and, by Lemma 2.39, P,,([n*/%t]) is of order n'/?, we get that
(2200 (1n®2]}) .t 2 0) <2 (A(1), £ > 0)

in D(R4,R) as n — oo jointly with the convergence in Eq. (2.24) and Eq. (2.25).
To finish the proof, we examine the construction of (Y4 (k), k > 1) in Eq. (2.18) and the construction
of (BY,s > 0) in Eq. (2.20). Note that A, (k) and k — A,,(k) are non-decreasing. Again, by Lemma
2.44, this implies that

(n*1/3ydf (Ln2/3tj) > 0) 9Dy (B ¢ > 0)

in D(Ry,R) as n — oo jointly with all earlier mentioned convergences. Combining this with the
convergence in Eq. (2.23) proves Eq. (2.21). The fact that (6, (k), k > 1) is non-decreasing and Lemma
2.44 then imply Eq. (2.22). O

Lemma 2.46. We have that

(n*1/35+ (Ln2/3tj>),n’1/3H+ (W/%J) > o)

2
9, (UJngECt)7 or (Bg{t) —inf{B{": s < Q(t)}) = 0)

in D(R_,R)? as n — 0.

Proof. By Eq. (2.19), and by Lemma 2.43, it is sufficient to show that for any ¢ > 0,

We remind the reader that F(k) counts the number children of the kth vertex in the forest with dummy

and filler vertices that are filler vertices, so
n~Y% max E(k)<n™Y?®  max (Yik)-Yik-1)+1),

k<|n2/3t k<0, (|n2/3t])

which converges to 0 by tightness of (n=2/3¢"(|n*/3t])) _ and the fact that

(nfl/ng (Ln2/3sj) , 8> O)
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converges in distribution to a continuous process in D(R4,R) as n — oo. O

The following lemma is the last ingredient in the proof of Lemma 2.42.

Lemma 2.47. We have that with probability 1,

2
O+

(2 (Bg(ft) ~inf{BY s < 9(t)}) < T) = (

df : df .
or (Be(t) — lnf{Be(s) .S S t}) ,t S T) s

which is continuous, and it is the height process corresponding to (0’+Bg(ft), t < T).

Proof. From [43], we know that (ﬁR?f, t> O) is the height process corresponding to (o4 B{f,¢ > 0).

By definition of the height process, it is sufficient to show that, firstly, with probability 1, (Bg(ft),t >0)

is continuous, and, secondly, for all ¢+ > 0, and all s such that 6(t—) < s < 6(t), we have B3 > Bg(ft).

Recall that (By,t > 0) and (Bf,t > 0) are two independent Brownian motions,

0(t) :t—l—inf{s >0:0,B < —;/:ﬁ},

we have A(t) = inf{s > 0:6(s) > t}, and

(Bt 2 0) = (Bage) + Bl_aqt 2 0).

Firstly, note that the jumps of 6 correspond to excursions above the infimum of Bf. With probability
1, for each of these excursions, the minimum on the excursion is only attained at the endpoints. This
can be seen by the almost sure uniqueness of local minima of Brownian motion. We will work on this

event of probability 1.

Now fix ¢ such that 0(t—) # 6(t) and let s € (0(t—),60(t)). Observe that A is equal to ¢ on
[0(t—),0(t)]. For [6(t—),6(t)) this follows by definition of A, and for 6(t) it follows since (6(u) : u > 0)

is strictly increasing. This implies that

s — A(s) < 0(t) — A(A(t)) = inf {u >0:0,Bf < ;/;tz} .

By our assumption on the minima of the excursions above the infimum of B, this implies that

£ Vo  f
By ags) > —@t = By)-ao(1))
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where the last equality follows from continuity of Bf. Combining this with A(s) = A(#(¢)) implies that
B > By,
Finally,

f £ f
Bg(t—) = Bao-)) + Bo—y-no—y) = Bt + By

and by continuity of (B, s > 0),

Bg(t_)_t =Bf (lsiglinf{u B < VS2})

2
o £ .pf V=2
_lsl1r*rtlB <1nf{u.Bu< 2MS })
__ V-
= o
_B;(t)ft’
so B4 = pdf O

0(t—) 0(t)

2.4.3 Proof of Proposition 2.34

We will now combine the convergence of the measure change under rescaling, which is the content of
Corollary 2.35, and the convergence of the encoding processes of the forest with dummy leaves, which

is the content of Proposition 2.41, in order to prove Proposition 2.34.

Proof of Proposition 2.34. Recall that P, (k) denotes the number of dummy leaves amongst the first
k vertices in the forest with dummy leaves. Then, as shown in Proposition 2.8, the probability that
the (k + 1)th vertex in the out-forest is purple, given the degrees in order of discovery and the dummy

leaves amongst the first k vertices is equal to

S (k)

3

iy Dy — k= LE(k)

dk+1 =

Liron=izm}

where It (k) = min{S;* (1) : I < k}. In order to use the results on the forest with dummy leaves,
we need to replace the term > ; D; in the denominator by pn. Therefore, define a new forest, the
approximate out-forest, in which the degrees in order of discovery are the same as in the out-forest.

However, in this forest, the probability that the (k + 1)th vertex is a dummy leaf, given the degrees in
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order of discovery and the dummy leaves amongst the first k vertices, is equal to

S (k)

G = ——— 7 )

+ k—I,(k) {In(k=1)=I.(k)}
where 5’5 (k) is the number of unused in-edges of previously discovered vertices in the approximate out-
forest up to time k£ and —I}J[ (k) is the number of components in the approximate out-forest up to time
k. We let Pn(k) denote the number of dummy leaves amongst the first k vertices in the approximate

out-forest. We claim that there exists a coupling such that

[n2/?T)
S la—al 2o
=1

as n — 0o. Indeed, by the convergence in Proposition 2.36,

LnQ/STJ

n=2/3 Z ZA)Z"
i=1

n>0

is tight. Moreover, with a slight adaptation to the proof of Lemma 2.38, we can show that the

sequence (n’l/ 3P, (In?/ 3TJ)) is tight. This, combined with the convergence under rescaling of
n>0

(Y, (k), k > 1), implies that also (n’1/3l~j (Ln2/3TJ)> is tight. Since D7, ..., D, arei.i.d. random
n>0
variables with mean y and finite variance, (n=%/2 (31, D; — ,un))n>0 is tight. By using the trivial

identity a/b — ¢/d = (b(a — ¢) — ¢(d — b))/bd, this implies that (n?/3 maxy<|p2/57) [k — (jk\)n>0 is

tight, which implies that there exists a coupling such that (maxkqnz/aT | |P, (k) — ﬁn(k)|) ) and
- n>

(manSan/aTJ \IH (k) — I~T‘l’(k)\)n>1 are tight, which implies that, again by a/b — ¢/d = (b(a — ¢) —

e(d —1))/bd, (n5/6 maxy< | p2/s7) |k — dk|)n>0 is tight, which implies that

Ln2/3TJ ( )
~ p
Z g — Gi| —> 0
i=1

as n — 0o. Therefore, under the right coupling,

P < max |P,(k) — P, (k)| > 0) — 0.
k<|n2/3T]

In other words, we can couple the out-forest and the approximate out-forest in such a way that we do
not see any difference on the scale of interest. Therefore, we can show convergence under rescaling of

the encoding processes of the approximate out-forest instead. To avoid further complicating notation,
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we will from now on refer to its encoding processes as

Then, these processes are constructed out of sample paths of (YT (k),Y ™ (k),1 < k < [n¥3T]) and

independent randomness in exactly the same way as the sample paths of

(S} (k), Hf (), Sy, (k), Po(k),1 < k < [n?/3T))

(corresponding to the forest with dummy vertices) are constructed out of sample paths of (Y +(k), Y= (k),1 <

k < |n**T|) and independent randomness. We will use the following notation:

Let f: D([0,T],R)> — R be a bounded, continuous test-function. Then, for m = |n?/3T|

E £ (Y S8y Hon )| =B [7 (V)85 Hon ) Lz | +0(1)
=E[E[s (W (n)’Hw))‘ﬁn,h---7f>n,m] L,z +0(1)
= |e(nmz | £ (¥, Sn),H(n))‘zl,...,zmH+0(1)
=E[2(n,m)f (Y, Sty HEy )| +0(1),

where we use that E {f <Y(:), S(Z)v ﬁ(n)) ’ ]f)nyl, ey ]A)nm} and 1R, >, are bounded, adapted functions
of ]A)nyl, .. ,]f)n,m, and that ®(n,m) is the measure change from (Zy,...,Z,,) to (]5,L,1, e 7]A)nml).
Then, if we repeat the proof of Proposition 2.36, using Proposition 2.41 to include the convergence of

S-‘r

(n) and H(Z)v we obtain that

2
E [f( (n),S(n),H(n))] S E [(I)(T)f <U+Bt,a+Bt+, ZRj,o <t< T)} .
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Since

v_
(B+,t20)=<Bt— t2,t20>,
! 2041

Proposition 2.37 implies that the limit object has the right law. By Proposition 2.41, S, converges
in distribution under rescaling to a deterministic process, which will not be affected by the measure

change. This completes the proof. O

2.4.4 The convergence of the out-forest holds conditionally on the multi-

graph being simple

We will now show that the parts of the directed multigraph we observe far beyond the timescale of
interest are with high probability simple. We will then use an argument by Joseph [39] to show that
this implies that Proposition 2.34 holds conditional on the resulting multigraph being simple. We let
B, (k) be the number of ‘bad edges’ up to time k; to be precise, it equals be the number of self-loops
and edges created parallel to an existing edge in the same direction as that edge, up until discovery of

the kth vertex of the out-forest. Following [19], we call these anomalous edges.

Proposition 2.48. Suppose 8 < 1. Then we have
P (Bn([n"]) >0) =0

as n — o0.

Remark 2.49. We adapt the proof of [39, Lemma 7.1] and of [19, Proposition 5.3] to the directed

setting. A significant complication is caused by the conditioning on

(S-S}

We observe that in both papers, the proof of the aforementioned result is not fully correct, because the
authors use the wrong expression for the probability of sampling an anomalous edge. Howewver, the

argument below can be adapted to the setting of [39] and [19] to yield a correct proof.

Proof. We distinguish between the following types of anomalous edges.
Self-loops occur when the out-half-edge of a vertex is paired to an in-half-edge of the same vertex. Let
B} (k) be the number of self-loops that are found up to time k. For v explored up to time [n?], a

vertex with in-degree d;, and out-degree d;, there are d, d; possible combinations of an in-half-edge

91



and an out-half-edge that form a self-loop connected to v. Any of these combinations of half-edges is

paired with probability bounded above by

1
D imne 41 D7

Parallel edges occur when an out-half-edge of a vertex is paired to an in-half-edge of one of its previously
explored children. Let B2 (k) be the number of parallel edges that are found up to time k. For any
vertex v with in-degree d;;, and a parent p(v) with out-degree d:(v), there are at most d, d;'(v) possible
combinations of an in-half-edge and an out-half-edge that form a parallel edge from p(v) to v. Again,

any of these combinations of half-edges is paired with probability bounded above by

1
D iene 41 D7

The last type of anomalous edges is a surplus edge with multiplicity greater than 1. Let B3 (k) be the

number of surplus edges with multiplicity greater than 1 that are found up to time k. For a vertex

v

w with out-degree df and a vertex v with in-degree d;, a multiple surplus edge from w to v can
only occur if v is discovered before w. In that case, there are at most (d.)?(d; )? possible pairs of

combinations of half-edges, and each of these pairs appears with probability bounded above by

2
( )
ZZLR””-‘rl Li

Let p(i) denote the index of the parent of the vertex with index i. Also, denote

Then, by the conditional version of Markov’s inequality,

"] p-Dp+
P(BL(n)) > 0| ) < 2=t Di Doy
Zi:LnBJJrlDi
B ~ o~
Sl DrE[ Dy |6t
P(B2([nf]) > 0]g") < = | o }Al,
Zi:l_nﬁj—HDi
n? [N n—
2>, (DHA(D; )

(ZL [nf ] +1 ﬁi_) :

P (B (|n")) > 0| ") < AL
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where we note that p(i) is not adapted to G", because ancestral relations in the tree also depend on

the surplus edges. However, we observe that by the Cauchy-Schwarz inequality,

[”ﬂJ [nﬁJ 1/2 nB 1/2
> DrE|Dj, |97 < | YD) > E|Dj, ”}
=1 =1 =1
R A A e
=1 (D) D (DI E (1| G"]
i=1 j=1 i=1
LnﬂJ ~ 1/2 L"ﬁJ ~ 1/2
<> (D) > (Df)?
=1 =1
We will show that
P (By([n"]) + BA(In®]) + B(|n”]) > 0|G") &0 (2.26)
as n — oo. We note that
n n [nﬁj—l
>, D= Dp7 - > D
i=|nf|+1 i=1 i=1

and by the weak law of large numbers, + 3" | D 2 un, so Eq. (2.26) follows if we show that
15 B B,
15 B bF Bo,
ZM[J( D;)? 20, and
LD Bo
as n — 0o. The proposition will then follow from the bounded convergence theorem.

Note that we can only show the convergence of the Radon-Nikodym derivative ®(n,m) under
rescaling for m = O(n?/3), so it is not straightforward to use the measure change to prove results on
the time scale O(n?) for f > 2/3, such as the convergences above. Therefore, instead, we will use

Poissonization to sample (D, 1,...,Dg, »). This technique was also used by Joseph in [39].

Let R, be as before, and, conditional on R,,, let D?’+, e ,D?L’jRn ii.d. random variables with the
law of DT conditional on the event {D~ = 0}, and set S,, = Z?:_IR" D", Suppose R, = r and
Sn = s. Let

(dt /{21, kg) = ’I”P( = kl, = k2|D7 > O)kl exp(—klt)dt

be a measure on R x N2, and let Iy be a Poisson point process with intensity measure 7, conditional
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on IIH(R,N,N) = r. We view the first coordinate as the time coordinate, and refer to the second

and third coordinate as the point. Then, the points in Ily ordered by time have the same law as

~

(Dy1s - .,f)rm) (before conditioning on the event {} ., D; = >.i" D;}). The intensity of this

process is not constant in ¢, so we perform a time change. Define
Lp(z,y) =E [exp(—aD~ —yD")| D™ > 0],

and set

$(t) = (1 - Lp(-,0)7",

so that, by a trivial adaptation of [39, Lemma 4.1], for
me(dt, ki, ko) == P(D™ = ki, D" = ko| D™ > 0)ky exp (—ky9(t/r)) ' (t/r)dt
on (0,7) x N2, we have that for t € (0,7), there exists a probability measure P, on N? such that
mp(dt, ki, ko) = Po(D™ = ki, D" = ky)dt.

Let II" be a Poisson point process with intensity .. Define N, = I1,.((0,7),N,N) and A, = f(o )X NN2 (k1—

ko)II"(dt, k1, ko) = s. Then, let II™* have the law of II, conditional on the events {N, = r} and

~

{A, = s}. Then, the points of II"** ordered by time are distributed as ([A)ml, ..., Dy, gr,) conditional
on the events {31, D; => " D}, {R, =} and {S,, = s}. Let A" be the marginal density of
II™* in ¢, so that there exists a probability distribution P,**(k1, k2) on N2 such that for 7;"*(k1, k2) the

marginal intensity measure on N2 of IT™* in ¢,
W:’S(kla kQ) = )\:ﬁptr’s(klv kZ)

for all ki, ko € N.

For any L > 0, define

& = {\Rn “E[R,]| < Ln'/2,|S, — E[S,]| < Lnl/Q} .
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Then, note that

[n”]
1 ~ o~
Pl > DD} >e| <P(Ef) +P (g, s, ((0,2n°),N*) <n’| L)
i=1
1
+ P 7/ k1k2HRn,Sn(dtaklak2) >¢€|l &L
T J(0,2n8)x N2

Fix € > 0. By the central limit theorem, we can pick an L such that P(£§) < e for all n. We condition

on &r. Suppose R, =r and S,, = s. Then, for P a Poisson random variable with rate 2n”,

P (P <n?)
B 2 B
P (s (0,207, N) <) < pra——5 N =)

We note that the numerator is the probability of a large-deviation event and decreases exponentially
fast in n®, while the local limit theorem yields that the denominator is of order n~'/2 uniformly in all

r and s that we consider on £7,. This implies that
P (Ilg, s, ((0,2n°),N?) <n’|€,) =0

as n — 0o. Now, note that for F;"® denoting the expectation with respect to P;"*,

1 1
E */ k‘lkgnns(dt,kl,k‘g) = */ /\:’SE:’S[D_D-F]dt,
1 J(0,2n8)x N2 v J(0,2n8)

so we start by bounding F;*[D~D*]. We note that

P[A, = s, N, =r|IL.(t, D~,D%) = 1]
P[A, = s, N, =]

Bl [D-D*] = E [D-D*| A, = s,N, = 1] = £ [DD+ .
By the fact that I, is a point process, we have that for ki, ks in N|

P[A, = s, N, =r |, (t, k1, k) = 1] =P[A, = s+ ky — k1, N, =r — 1],

so that, since N, ~ Poisson(r), and since on the event {N,, = r — 1} (resp. {N, =r}), A, — s is the

sum of 7 — 1 (resp. r) ii.d. random variables with finite variance and mean at most O(n~/2), we
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observe that, by the local limit theorem,

P|A, =s N, =r|D; =ky,Dif = k2:| = O(n~Y?), and
P[A, = s, N, =] = O(n~/?)
for any k1 and k2, and any r and s that we consider on £5,. Therefore, there exists a ¢; such that

P|A, =s,N, =r|D; =ki,D}jf =k
P[A, = s, N, =]

< C1

for any ki, ko, t and n, and any r and s that we consider on &;. If we show that for some co
E; [ﬁ’f)*} < ¢

for all 7 in the interval that we consider and all ¢ < 2n?, it follows that there is a c3 such that

Etr’s {ﬁ_ﬁ+} < c3

for any ki, ko, t and n, and any r and s that we consider on £;,. We note that by definition of

Wr(dt, kl,kl),

d3
o [p-p+] = EmERt s
‘ Loz
dz ~D\T Y) (4 (t/r),0)

Careful analysis of Lp(x,y) and (s) implies that this quantity is bounded uniformly for all n, all r
in the interval that we consider and all ¢ € (0,2n”). We refer the reader to the proof of [39, Lemma

A.1] for the details of a similar argument in the undirected setting. This implies that

E l/ Eykoll, o(dt, ky, ka) | < Q]E 1L, ((0,2n"),N,N)] .
(0,2n8) x N2 n

n

Then, we note that for any = > 0, for P a Poisson random variable with rate 2n?,

X nﬂ
P (1L (020,51 > (o + 1) < = VB

Then, by the local limit theorem and the exponential tail of the Poisson distribution, we obtain that
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there exist ¢4, c5 > 0 such that for all n, all » and s in the interval of interest and all x > 1,
P (Hr,s ((0, Qnﬁ), N, N) > (z+ 1)2nﬁ) <ecy exp(—cycnﬁ).
This implies that there is a constant cg such that
E [Hm ((O, Qnﬁ),N,N)} < cgn®
for all » and all » and s that we consider under &£7,. It then follows that

1
E 7/ klkgnr’s(dt,kl,kg) —0
T J(0,2n8)x N2

as n — oo uniformly in all r» and s of interest, so for n large enough,

1
P 7/ kleHRn,Sn(dta kl,kg) >elfp | <e
™ J(0,2n8) x N2
This implies that
1 Ln” ]
-N"D;Df Bo
The other convergences are proved similarly, and the result follows. O

Proposition 2.50. Proposition 2.34 holds conditionally on the resulting multigraph being simple.

Proof. Let p(n) = inf{k > 1: B, (k) > 0}, and note that the event that the multigraph formed by the
configuration model on n vertices is simple is equal to {p(n) = co}. Proposition 2.48 shows that we do
not observe any anomalous edges far beyond the timescale in which we explore the largest components
of the out-forest. This allows us to conclude that all of the results we prove using the exploration up
to time O(n?/?) are also true conditioned on {p(n) = oco}. This follows from the proof of Theorem 3.2

in [39]. O

The results that follow are all obtained by studying the exploration up to time O(nz/ 3), so will also

be true conditional on the resulting directed multigraph being simple.
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2.5 Convergence of the SCCs under rescaling

In this section, we will use the convergence of the out-forest that we obtained in Section 2.4 to show
that the SCCs ordered by decreasing number of edges converge under rescaling in the dg-product

topology.

2.5.1 Convergence of the out-components that contain an ancestral surplus

edge

In this subsection, we will prove that the out-components that are explored up to time O(ng/ 3) that
contain an ancestral surplus edge converge under rescaling. Recall the definition of (A, (k),k > 1)
from Subsection 2.2.1, and recall that the out-components that contain a non-trivial SCC are the out-
components on which (A, (k),k > 1) increases. Moreover, if (A4, (k),k > 1) increases on a component,
the law of the first increase time corresponds to the position of the tail of the first ancestral surplus
edge in the component.

We first study the convergence of (H(k),k > 1) under rescaling. This is an extension of Proposi-

tion 2.34. Recall that for (B:,t > 0) a standard Brownian motion, we defined

(By,t > 0) = <Bta++yt27t20>7
2041

and its reflected process

(Re,t > 0) = (Et—inf{észsgt},tZO).

Proposition 2.51. We have that

(n71/3§$ (an/stD V3, (an/stD nYBH! (Ln2/3tJ> < T)

.2 . 20 ) -
E)%<J+Bt,Rt,(U++V)Rt,t§T>
0+ O+H

in D([0,T],R)3, jointly with

(2255 (1n2)) on= 0k, (In*4)) e < ) & (u_t, ;—;tQ,t < T)
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in D([0,T],R)? as n — oo.

Proof. We use de Raphélis [22, Theorem 1], which states the convergence of the height process of a
Bienaymé forest with edge-lengths under a few conditions on the degree and edge length distribution.
We will apply this result to the Bienaymé forest with dummy and filler vertices, as defined in Subsection

2.4.2.

We equip this forest with edge lengths similarly to how we equipped the out-forest with edge-lengths
when we described how to sample the candidates in Subsection 2.2.1. We do this as follows. For a
dummy or filler vertex with out degree d*, sample its in-degree with law Z~ for Z conditional on the
event {ZT = dT}. The in-degree of the true vertices is encoded by (Y~ (k),k > 1). Then, for a vertex
with in-degree d—, let the edges connecting it to its children have length d~ — 1 (unless it is the root of
the component, then let the edges connecting it to its children have length d~). Let (H(k), k > 1)
be the height process of the resulting forest.

We will translate the conditions of Theorem 1 in [22] to our setting and check them. The conditions

are as follows.
1. E[Zt] =1
2. 1<E[(Z1)?] < 0

3. E[ZT 1 z-20y] = 0(z72) as z — oo.

Under these conditions, using the notation from Subsection 2.4.2,

(nfl/Bydf (Lmz/gD VBt (meJ)  n~1/3 it (Ltn2/3j) > 0)
)

2 2 _ _
@, <U+B&RS’<J++V>

Rg,t > O> (2.27)
o+ KO+

in D(R;,R)3 as n — oo. Then, we observe that the rest of the argument in Subsections 2.4.2 and
2.4.3 can be extended to include the height process with edge lengths. This yields the result.
Therefore, to finish the proof, we need the conditions of Theorem 1 in [22] to hold. The conditions are

equivalent to

1. ]E[D*D*] = E[D*]
E[(D1)2D~

3. E[DtD 1p-+,] =o(x72) as x — cc.
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Note that the first and second conditions follow directly from the assumptions, and the third condition

is implied by E[DT(D7)?] < cc. 0O

Proposition 2.52. We have, jointly with the convergence in Proposition 2.51,
2/3 (d)
An [[tn°] )t <T) — (4, t <T),

as n — 0o, where (A, t > 0) is a Cox process of intensity

2(0-+ +v_) 4
(ostv) p
O+H

at time t. The convergence is in D(][0,T],R).

Proof. By definition, (A4,(k),k > 1) is a counting process with compensator

s
[
o
>
S
—
~.
S~—

By Daley and Vere-Jones [21, Theorem 14.2.VIII], the claimed convergence under rescaling of (A, (k), k >

1) follows if we show that

t
comp 2/3 > (d) Z(J*Jr + l/*) / 1 >
(An (Ltn j) > o) S (T ) Redetz0 (2.28)

in D(Ry,R) as n — oo jointly with the convergence in Proposition 2.51. Therefore, we will now prove

that Eq. (2.28) holds. Since
—1/3A(2/3 >>p Voo oo
(n B, (In tj),t_O —><2Mt,t_0
in D(R4,R) as n — oo, we get that

(n*2/3 min{l > 1: nil/gpn(l) >t} t> 0) LN (min {s >0: ;;32 > t} Jt > 0)
1

=: (7(¢),t 2 0)
in D(R4,R) as n — oo, because (;—;tz,t > O) is strictly increasing. Then, Proposition 2.51, Lemma
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2.44, Slutsky’s lemma and the continuous mapping theorem imply that

L”l/stj a2 g4 . 7 t D
: > — — R‘r s
Bt RO o) @ (Hostr) [ By o
Sy (min{l : P, () > k}) O b o V-7(s)

j=1

in D(R4+,R) as n — oo. If we combine this with the convergence under rescaling of (P,(k),k > 1)
from Lemma 2.39 and apply Lemma 2.44, some simple analysis then yields Eq. (2.28), which proves

the statement. 0

2.5.2 Finding the important components in the out-forest

In this subsection, we will show that, conditional on the convergence under rescaling in Proposition
2.52, the sequence of intervals that encode the trees with ancestral surplus edges sampled up to time
|Tn?/3 /2| converges as well under rescaling. We want all of the trees that contain such an ancestral
surplus edge to be fully explored by time LTn2/ 3|, so we let T be large enough so that this is likely. To be
precise, fix € > 0 and, from now on, let T’ be large enough such that inf{B;,t < T} < inf{B,,t < T/2}

with probability at least 1 — e.

Lemma 2.53 is a statement about extracting excursion intervals from deterministic functions with
marks, which we will apply to the sample paths of (S (k), k > 1) with the increase times of (A, (k), k >
1) playing the réle of the marks. The lemma tells us that if the sample paths and increase times converge
under rescaling, then the beginnings and endpoints of the excursions above the running infimum that

contain the increase times converge as well.

Let (fn(t),t <T) for n > 1, and (f(¢),t < T) be functions in D(R;,R), such that
(fa(0);t <T) = (f(1),t <T)

in D([0,T],R) as n — oco. Assume that (f(t),t < T) is continuous and that the local minima of
(f(t),t > 0) are unique. Moreover, let (z})1<i<m, for n > 1, and (2;)1<i<m be elements of [0,T]™
such that for all ¢ € [m], 2 — x; in [0,T] as n — oo, and such that f(z;) —inf{f(s) : s < a;} >0
for all ¢ € [m]. Moreover, assume that inf{f(¢) : t < T} < inf{f(¢) : t < x,,} and that inf{f,(¢) : t <

T} <inf{f,(t): t <al} . For i € [m],n > 1, let g be the left endpoint of the excursion of f, above
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its running infimum that contains «', and let ¢}* be the length of this excursion, i.e.

g =inf {t > 0: f,,(t) = inf{fn(s) : s < al'}},

of =inf{t > 0 :inf{f,(s) : s < g' +t} <inf{fn(s) : s <a]}}.

Similarly, let g; be the left endpoint of the excursion of f above its running infimum that contains z;,

and let o; be the length of this excursion, i.e.

g =inf{t >0: f(t) =inf{f(s): s < x;}},

o; =inf {t > 0:inf{f(s): s < g; +t} <inf{f(s):s <mz;}}.

For S = {(a;,b;),7 € [m]}, let ord(S) be a sequence consisting of the elements of S put in decreasing

order of a;, with ties broken arbitrarily, and concatenated with (0,0);>1 so that ord(S) € (R?)*.

Lemma 2.53. We have that
ord ({(gl*,0l') : 1 <i<m}) — ord ({(gs,07) : 1 <i <m})

in (R?)>° equipped with the product topology as n — oc.

Note that if a given excursion of f above its running infimum contains multiple marks, only one
instance of its left endpoint and excursion length will appear in ord ({(¢7, o) : 1 < i < m}). Therefore,

the number of non-zero entries of ord ({(¢97,07) : 1 <¢ < m}) can vary as n varies, which is why we

work in (R?)°°. This lemma is proved in Appendix C.

We now apply this result to our process to extract the excursion intervals that contain the marks
representing ancestral backedges that are sampled up to time LTnz/ 3/2]. We recall the following
definitions from Subsection 2.2.1. We have that G? is the left endpoint of the excursion of S above
its running infimum that encodes the out-component that contains the ith ancestral surplus edge, and

37 is the length of this excursion. Moreover, G; and ¥; are their continuous counterparts. Formally,

forie {1,..., A, (|Tn*3/2])},

3

G =min {k > 1: $} (k) = min{S5+ (1) : 1 < X7} and

PIARES min{k >1: min{gg’Jr(l) 1< GY Jrk} < min{gg’Jr(l) i< Xin}}a
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and for i € {1,...,A(T/2)},

G; = inf {t >0: 0’+Bt = inf{U+BS 15 < X,}} and

¥, = inf {t >0:inf{o, By :5 < Gi+1t} <inf{o By :5< Xi}} .

We recall that the function ord sorts a set of elements by decreasing second coordinate and appends

an infinite sequence of zeroes; the formal definition was given before the statement of Lemma 2.53.

Proposition 2.54. It holds that
ord ({ (n*/SG;L,n*?/?’zg) 1<i< A, (LTnz/?’/QJ)}) Dy ord ({(Gi, ) : 1 < i < A(T/2)})

in the product topology on (R?)* as n — oo, jointly with the convergence in Proposition 2.52.

Proof. By Skorokhod’s representation theorem, we may work on a probability space where the conver-
gence in Proposition 2.52 holds almost surely. We only consider the event on which the convergence
holds and inf{B;,t < T} < inf{B,,t < T/2} holds and claim that we can apply Lemma 2.53 to the

sample paths of (n_l/‘n’gﬁb‘ ([n?/3t]) ,t < T) with marks

(n_2/3XfL) )
1<i<A, ([Tn?/3/2])

where we observe that by the convergence, for n large enough, also
inf {S,f (LnQ/StJ) < T} < inf {Syj (Ln2/3tj) < T/2}

holds. We check the conditions. Firstly, note that by A, (|Tn?3/2]) — A(T/2) as n — oo, we
can pick n large enough such that A, (|Tn?/3/2]) = A(T/2). By the local absolute continuity of

(Bt,t > 0) to a Brownian motion, its local minima are almost surely unique. Since
(An (Lm% J) < T/z) U (A(E),t < T/2)

in D(R,,R) as n — oo, we observe that for all i € {1,..., A(T/2)}, n=2/3X — X; almost surely in
R as n — oo. The intensity of the Cox process (A, t > 0) at time ¢ is proportional to Ry, so RXi >0

for all ¢ almost surely. This allows us to apply Lemma 2.53, and the convergence follows. O
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2.5.3 Convergence of the set of candidates

By Lemma 2.53, we know that the intervals that encode the out-components that contain an ancestral
surplus edge converge under rescaling. This convergence holds jointly with the convergence under
rescaling of the first time-step at which an ancestral surplus edge is found in each of these components.
We will show that the positions of the other candidates in a component converge as well under rescaling.

Recall the procedure to sample candidates that is described in Subsection 2.2.1.

We will now show convergence under rescaling of the sequence of candidates in a particular com-

ponent of (E,(k), k> 1) .

By Skorokhod’s representation theorem, we may work on a probability space where the convergence
in Propositions 2.52 and 2.54 holds almost surely. Let (g,0) € {(G;,%;) 1 < A(T/2)}, so that, for each
n large enough, we can find (gn,0,) € {(G?,E7) 14 < A, ([Tn*?/2])} such that (gn,0,) — (g,0).
Set Vi = inf{t € [g,9 + 0] : A(t) = A(g) + 1}, and similarly, set V{* = min{g, < k < gn + o, :
An(k) = An(gn) + 1}, which are well-defined by definition of g, o, g, and o,. By construction,
{gn+1,...,9n + 0,} encodes an out-component. Call this component T, . We apply the procedure
defined in Proposition 2.10 to find the candidates in T} . Let 'V, (gn) denote the sequence of candidates
in T, . Similarly, [g, g+0] encodes a component of the out-R-forest. Call this component 7, and apply

the procedure in Subsection 2.2.2 to find the candidates in 7,. Denote the sequence of candidates by

V(g).

Proposition 2.55. Jointly with the convergence in Proposition 2.54,
02V () 5 V()

in the product topology.

Proof. We will find a coupling such that n=2/3V,,(g,) “3 V(g). By the convergence in Propositions
2.52 and 2.54, n=2/3V* “3 V;. In general, let V" denote the m?" candidate that is found in T, , and
let V,, denote the m!* candidate that is found in T4. Suppose that, for some m, we have found a
coupling such that

nT2BVE L VMY (Vi V). (2.29)

Then, V,,, is distributed as the position of the first jump of a counting process K, , (k) on [0,00)
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with compensator

k g (E7L7H1k> - m
Kcnomp,erl (k) = Z S,_—H{Pn(z) = Pn<z - 1) + 1}
=Vl (1)
for k € [V + 1,9, + 0,) and 0 otherwise, where Ti"’mk is the subtree of T,' spanned by {g, +
1L, Vi, ...,V i}. Moreover, for Ty the subtree of 7, spanned by {g,V1,...,Vy, s}, and |T§| its length
as encoded by (ﬁf%t,t > O), Vins1 1s the first jump in a counting process K,,+1(t) on [0,00) with

compensator

t
o_4 t+Vv_
Kcomzvm-i-l(t) :/ +72‘T3|d3
Vin 2

for t € [Vin, g + o] and 0 otherwise. By the convergence under rescaling of (HY(k),k > 1) in Proposi-
tion 2.51, and by Proposition 2.54, we get that the metric structure of 7)) with distances defined by
(H.(K),k > 1), and its projection onto [n=2/3(g,, +1),n=2/3(g,, +0,)], converge under rescaling to the

metric structure of 7, with distances defined by

<2(U‘+ i V‘)Rt t> 0)
O_JFM ) -

and its projection onto [g,g + o]. This, combined with Eq. (2.29) implies that

(=20 (T10s)) sV St < g o) 3 (”*j”th‘“ka <t<l+ 0)
W

[tn2/3]

in D([Vin,9 + 0], R;) as n — oo. Then, a similar argument to that used in the proof of Proposition

2.52 implies that

(Kg,mp,m » (Ltnz/a J) Vi <t<g+ 0) 5 (Koompmi1(t), Vin <t < g+0),
D(R4,Ry) as n — oo. This implies that
(d)

(K aa ([tn??]),1 2 0) == (Kt (1), > 0)

in D(R4,Ry) as n — oo and, in particular, we can find a coupling such that K,,(co) > 0 if and only

it K7 (00) > 0 for all n large enough, and such that on this event,

—92/3 a.s.
n / VY:LL-&-I — Vm+1-
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If K;(00) =0, set V(g) = (Vi,..., Vi), Vaulgn) = (VI*,..., V"), and the statement follows. If

m
K, (00) > 0, apply the induction step to (Vi, ..., Vinq1) and (VI*, ..., Vv, ;). The fact that [V (g)| < oo
almost surely, as shown in Subsection 2.2.2, implies that the induction terminates. O

The following proposition shows that also the law of the heads of the surplus edges corresponding to
a candidate converges under rescaling. Moreover, we show convergence under rescaling in the pointed
Gromov-Hausdorff topology of an out-component with the location of the candidates and the heads of

their corresponding surplus edges.

Proposition 2.56. Suppose the convergence in Propositions 2.52, 2.5/ and 2.55 holds almost surely.
Then, for Viu(gn) = (VI*,...,V{. ), V(g) = (V1,...,VN), let W] be the index of the vertex that the
surplus edge corresponding to V;* connects to. Similarly, let W; be the index of the vertex that the

surplus edge corresponding to V; connects to. Then,

(2T =2 (g + 1), (2P 2w ) (2 2w )
d
2, (Tg: 1, Vi, W), ..., (Vv, Wn))

in the (2N + 1)-pointed Gromov-Hausdorff topology.

Proof. For S a subset of the vertices of T7' , let T (S) denote the subtree of T, spanned by S. By
definition, for m < N,,, W is the vertex corresponding to a uniform unpaired in-half-edge of the

vertices in T;' ({gn + 1, V1",..., V1 }). By Proposition 2.51 and Slutsky’s lemma,

(W,t > O) “3 <J++V,t > 0)

H, ([tn?/3])" — 2u B

in D(R4,R) as n — oo, which implies that the law of W) converges to the law of a uniform vertex in
Ty ({gn+ 1, V", ..., Vh}). Note that, by Theorem 2.34, Propositions 2.54 and 2.55, we know that the
height process of 7' converges under rescaling to the height process of 7, jointly with the convergence
under rescaling of the positions of the candidates. By the proof of Proposition 5.4 in [34], this implies
that

(n_1/3T£L7n_2/Sgn +1, n—?/?lvvln7 o 7n—2/3VTZ) a._s>. (E,g’ Vi,..., Vm)

in the (m + 1)-pointed Gromov-Hausdorff topology. Since the relation
1T ({gn + L,V VED| = T2 ({gn + LV, ..., VR, Wi )|
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passes to the limit, with |- | denoting the length in the tree as encoded by (H,(k), k > 1), the limit in
distribution of n_z/SW,’}l is a uniform point on the subtree of 7, spanned by (g, Vi, ..., V;,), which is

equal to the law of W,,,. This proves the statement. O

The proofs of Propositions 2.55 and 2.56 imply the following proposition.

Proposition 2.57. By Skorokhod’s representation theorem, we may work on a probability space where
the convergence in Propositions 2.55 and 2.56 holds almost surely. Let T™™(g,) be the subtree of
T7 spanned by {gn + 1,V1",...7VJGTL}, and similarly, let T™(g) be the subtree of Ty spanned by

g
{9, V1,...,Vn}. Then, also

(nil/?’T”’mk(gn), n*2/3(gn +1), (n72/3V1”, n*Q/BWf) ce (n*Q/SVﬁn,nfz/?’Wﬁfn))

= (T™(9), 9, V1, W1),....(Vy, Wn))

almost surely in the (2N + 1)-pointed Gromov-Hausdorff topology as n — co. Also the total length in
the trees converges, i.e.

n71/3 }Tn,mk(gn” N ‘ka(g”

almost surely as n — oco.

We now identify the candidates, as described in Subsection 2.2.1. In T™™k(g,,), set V;* ~ W for
each 1 <i < N, and set M’ := Tk (g,)/ ~. Moreover, in T™*(g), set V; ~ W; foreach 1 <i < N,
and set M, := T™k(g)/ ~. View both as elements of G in the natural way. To be precise, in Mg,
let the vertex set consist of g, + 1, W/ for i < N, and the branch points V;" A V" for i # j < Np,.
Similarly, in My, let the vertex set consist of g, W; for ¢ < N, and the branch points V; A Vj for

i # 7 < N. Then we have the following proposition.

Proposition 2.58. On the probability space where the convergence in Propositions 2.55 and 2.56 holds

almost surely, n’1/3M;n s Mg in G

Proof. The proof is analogous to the proof of Proposition 5.6 in [34]. O

Proposition 2.59. On the probability space where the convergence in Propositions 2.55 and 2.56 holds
almost surely, the SCCs in n_1/3Mg”n, listed in decreasing order of length, converge to the SCCs in

My, listed in decreasing order of length, in G almost surely as n — 0.
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Proof. This follows from Proposition 5.3 in [34]. This proposition requires that the lengths of the SCCs

in M, have different lengths almost surely, which is the content of Proposition 2.14. O

Proposition 2.60. Let T > 0, and let (CI'(n),i > 1) be the kernels of the SCCs that contain a
candidate with label at most |Tn?/3/2|, ordered by length. Similarly, let (CF,i > 1) be the kernels of

the SCCs obtained from the out-R-forest with a candidate before time T /2, ordered by length. Then,

(n’l/?’CiT(n),i > 1) Wy eTi>1)

in the g—product topology, as n — co.

Proof. This follows from Proposition 2.54, Proposition 2.59, and the fact that all SCCs in the limit

object have a different length by Proposition 2.14. O

Finally, we claim that we can choose T large enough such that the SCCs with the highest number
of edges are explored before time |Tn?/3|. This is the content of the following lemma. The proof is in

the same spirit as Aldous [3, Lemma 9.

Lemma 2.61. For§ > 0 and I an interval, let SCC(n,I,) denote the number of SCCs whose vertices

1/3

have at total of at least on'/3 in-edges (including those which are not part of the SCC) and whose time

of first discovery is in n*/3I. Then,

lim limsup P (SCC(n, (s,00),0) > 1) =0 for all § > 0.

§— 00 n

Proof. Fix § > 0. Suppose there is an SCC C with vn'/3 total in-edges. Conditionally on this fact, the
in-edges that are paired up until the time the first in-edge of C' is paired are uniform picks (without
replacement) from the total set of in-edges. We use Z, to denote the time of discovery of the first
in-edge of C' multiplied by n=2/3. Then, =, @, Exp(v). Fix € > 0. We have that, by the memoryless

property at time s,

P(SCC (n,(s,2s),8) =0[SCC (n,(s,0),0) > 1)

is asymptotically bounded from above by exp(—sd) by the memoryless property at time s. So that we

can find an s > 0 such that for all n large enough,

P(SCC (n,(s,00),0) > 1 and SCC (n, (s,2s),0) =0) < e.
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We claim that, by possibly increasing s and n, we also get that
P(SCC (n,(s,25),0) =0) >1—c¢,

which proves the statement. Firstly, we observe that the ratio of the length of an SCC and its total
in-degree are asymptotically equal to % by the proof of Proposition 2.56. Then, note that it

is clear from the description of the limit process that, for s large enough, with probability at most

€/2, an SCC with total length at least £__§ is discovered after time s. By the convergence of the

o_4+tv_

exploration process on compact time intervals, by choosing n large enough, we can then ensure that
P(SCC (n,(s,25),0) =0) > 1 —e.

We conclude that

P(SCC (n,(s,0),8) > 1) < 2e. O

Note that the number of edges in an SCC is bounded from below by the total number of in-edges

of vertices in the SCC.

We now show that for any j and any € > 0, we can pick T large enough such the j largest components

in (C;,i > 1) are contained in (C},i > 1) with probability at least 1 — e.

Lemma 2.62. For all j holds that

lim P (Vi <j,C; € (Ci>1)) =1.

T—o0

Proof. Fix € > 0. By [34, Proposition 5.10] adapted to our limit object, for k large enough, with
probability 1 — €/2, the j largest components of (C;,7 > 1) are contained in the k largest components
of the out-forest with identifications. Moreover, for T large enough, with probability 1 — €¢/2, the k
largest excursions above the infimum of a Brownian motion with negative parabolic drift occur before

time T (see [4, Section 3]). This implies the statement. O

Theorem 2.1 then follows from Proposition 2.60, Lemma 2.61 and Lemma 2.62.
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Chapter 3

Inhomogeneous Random Directed

Graphs
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3.1 Introduction

In this section we present work for proving the scaling limit of strongly connected components for a

class of inhomogeneous random directed graphs.

We recall here the definition of D(W,,) from Section 1.2.3. Consider a bi-weight sequence W,, =
(W}, ..., w?), where each w? € (0,00) x (0,00) is a bi-weight: w}"~ is the in-weight and w}"" is the
out-weight of vertex i. Further, let IF = >0 w* and I, = I; + ;7. We say D is distributed as
an inhomogeneous random directed graph (IRDG) on n vertices with bi-weight sequence W,,, written
D ~ D(W,,), if D is a random digraph on [n] where each directed edge (i, ) is present independently
with probability

N g
P((i,j) € D) =1 — exp —’li .

3.1.1 Previous work

Soderberg [53] first introduced a model for undirected inhomogeneous random graphs as an extension
of the Erdés-Rényi model where each vertex has a different type and the probability of each edge being
realized depends on the type of the two vertices in the edge. This model was studied formally by
Bollobés et al. [11], where they demonstrate a phase transition in the largest connected component
like what is seen in the Erdés—Rényi random graph. Our work on the scaling limits is based heavily on
Broutin et al. [13], who determined a metric space scaling limit for a class of rank one inhomogeneous

n

random graphs. In their model, instead of a bi-weight, each vertex has a single weight w}, for i =

1,...,n, and each undirected edge (i, ) is present with probability

1-— exXp | — W .
1= 3

For the directed inhomogeneous model, Cao and Olvera-Cravioto [17] studies phase transition in
the size of the largest strongly connected component. A restatement of their results and how it is used
to conjecture a critical window for our model is found in Section 1.2.3.

3.1.2 Assumptions
Following the work of Broutin et al. [13], we will not be assuming convergence of the empirical distri-

bution of in- and out-weights, but will be assuming convergence of %” Further, in order to get sensible
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limits, we will assume the empirical third moments of the weight distribution will also converge to

finite constants. This is akin to the finite moment assumptions for the directed configuration model.

In [13] they showed that when the maximum weight of a vertex is Q(n'/3) in size then the scaling
limit of the undirected components will no longer be Brownian but instead related to a Lévy tree.
While we are interested in a similar phenomenon for directed graphs, we will first tackle the problem
where the conjectured limit is Brownian. Thus, we will also assume the maximum in- and out-weight

are o(n'/?3) in size.

We summarise these assumptions below, along with a reminder of the criticality assumption from
Section 1.2.3 for easy reference. We assume there exist finite positive constants £ and 3,3, for every
pair of non-negative integers a and b satisfying a+b < 3, and a real constant « such that the following

limits hold:

L " o(wT +wt 1
bn _ Zz_l(wz +w) = (3.1a)

n n K

n n,=\a(, Mt \b
2= () l V) L g, Vatb<s. (3.1b)
n~ Y% max {whwih} — 0 where wlii = _nax wE (3.1¢c)
n n,— mn,+
(1 _ W) nt’3 = . (3.1d)
n

It is convenient to work with £ = lim,_, 7~ rather than lim, %" as we will be dividing by [,, in
most of our limits. Similarly to the directed configuration model, a further bound is required on one
of the empirical fourth moments when we analyse adding back edges to an out-forest exploration of

the IRDG. So we also assume:

< 00. (32)

3.1.3 Conjectured result

Like for the scaling limits of the connected components of critical undirected random graphs, we believe
the scaling limits of the SCCs found for the directed configuration model should exhibit universality.

Hence, we conjecture the following:

Conjecture 3.1. Suppose the (W,,)5 is a sequence of bi-weight sequences such that the assumptions

in Egs. (3.1a) to (3.1d) hold. Let C7,C%,... be the SCCs of D(W,,) in descending order of size. We

pad this sequence by an infinite tail of singletons. Then there exists a four parameter family of random
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MDMs M(a,b,c,d) = (My, Ms,...) such that

(d)

n~ Y3 (k(CP), K(CY),...) M(a,b,c,d)

as n — oo with respect to an ¢' distance using dg. This is the same 4 parameter family as for the

directed configuration model and the directed Erdds-Rényi model. Further

a=—a, b=~rBr1, and c= /P2

We do not yet have a conjectured value for the parameter d. Justification for the conjectured values

of the parameters a,b and ¢ are found in the next section.

3.1.4 Finite queue coupling

Before we present our main result for this chapter, we present a decomposition of an IRDG. Like for
the directed configuration model, the strategy for proving convergence of the SCCs is to prove a metric
space convergence of an out-forest for the IRDG, then prove a point process convergence of important
additional edges. For the IRDG, there is a nice coupling of the IRDG with a queueing process that

naturally yields an out-forest exploration of the IRDG.

Definition of the queue
We can couple an IRDG D(W,,) with a queueing process satisfying the folowing description:

1. There are customers 1,...,n arriving into the queue.
2. The arrival time E; of customer 4 is distributed as an Exp(w;"~ /l,,) random variable, indepen-
dently of the other customers.

n,+

4 .

3. The service time of customer 7 is w

4. There is a single server with a last-in-first-out (LIFO) service policy, meaning that the arrival of

a new customer will interrupt any ongoing service, and then immediately enter service.

Let L™(t) be the total load on the server at time ¢. This is the time required for the server to finish

serving all the customers present in the queue at time ¢. To compute L™ (t), we first define the algebraic
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load on the server, which is given by

Yr(t)=—t+ Y wTI{E; <t}

i=1

The summation gives the total service time of customers that have arrived into the queue by time ¢.
The —t term accounts for the service that has been completed, but this keeps subtracting service even
when the server is idle. Thus the true load on the server is given by the excursions of Y™ above its
running infinum, i.e.

L(t) = Y™ (t) — inf Y™(s).
(t) (t) By (s)

Let H"(t) be the number of customers in the queue at time ¢. We refer to this as the height process
associated with the algebraic load Y. Note we have the formula

H"(t)=# {s €[0,¢] : inf Y"™(r)> Y"(s—)}7

r€ls,t]

so that we can obtain H™ from the process Y" without needing to refer to the queue.

The queueing process gives rise naturally to an associated queueing forest F™ which is a sequence
of directed trees where 4 is a child of j if and only if customer i interrupts the service of j. Each tree
is rooted at a customer which arrives when the server is idle. This is well defined because there are
almost surely no arrivals at the same time. See Fig. 3.1 for an example of the algebraic load annotated
with the types of customers arriving in the queue, and the corresponding directed forest. This forest

will act as a spanning forest for the IRDG.

Then algebraic load and H™ are continuous-time counterparts of the Lukasiewicz path and height

process of this forest, hence why H™ is itself refered to as the height process.

Y"(t)

AN
VAN

Fig. 3.1: Algebraic load Y™ annotated with types of arriving customers. The associated forest is
shown on the right.
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Sampling of additional edges

To obtain the IRDG, we need to add edges to the queueing forest. For all (i,7) such that i # j, let
W;’]’»Jr be the remaining service time of ¢ once j arrives into the queue. We take Wn,f = w, "+ for

7

convenience. First note the following properties of WZJTJF:
4+ A o . ..
L W%" = w;"™ if j arrives before 4 in the queue.
2. Wﬁj’* = 0 if j arrives after ¢ leaves the queue, in other words if j is not a direct descendant of @
in F™.

3.0< WZ-"j’-'|r < wt if j arrives while 4 is in the queue or is being served, in other words if j is a

direct descendant of ¢ in F™.

Then conditionally on the process Y™ (and therefore F™ and the values of Wl"]Jr), for each i,5 € [n],

we add the directed edge (i,5) to F with probability

W.”z"‘w”’_
1 —exp __ v I
In

independently of the other edges. We ignore any multiple edges created by resampling existing edges

of F. The resulting graph is distributed as the IRDG D(W,,), which is proven in Section 3.2.1.

Edges added in this manner from i to j where j arrives before i are called back edges. Otherwise
they are surplus edges. This definition is different from the directed configuration model where all
edges that are not part of the out-forest are labelled as surplus, and is more akin to the classification

of edges used by Goldschmidt and Stephenson [34].

It is the interaction between the back edges and the edges of the queueing forest that creates the
SCCs of the IRDG. Notice that the surplus edges do not affect the directed connectivity structure of
the out-forest since they go from i to j where there is an existing directed path from 4 to j. Thus their
removal would not affect which vertices are in which SCC, although surplus edges can still be included

in SCCs if they are between two vertices in the same SCC.

3.1.5 Main Result

Our main result is the convergence of the height function of the forest F™ in the Skorokhod topology.
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Theorem 3.2. Then under the assumptions in Eqs. (3.1a) to (3.1d),
(n—1/3Hn (n2/3t)) ONS=:
>0
where B is a standard Brownian motion,

Y(t) = —at - 1&62 112+ /BraB: and H(t) = i(Y(zs) — inf Y(s)).
2 7 61,2 s€[0,t]

The form of Y is what motivates our conjectured parameters.

The proof of this is presented in Section 3.2 with the following structure. First in Section 3.2.1, we
prove that the coupling presented in Section 3.2.1 is valid. We then study a Markovian modification of
the queueing process in Section 3.2.2. The forest corresponding to the Markovian modification of the
queueing process is a Bienaymé-Galton-Watson tree, and we show convergence of the corresponding
height processes. In Section 3.2.3, we establish and prove the scaling limit of the algebraic load for the
finite queue. We then use a method in [12], which we call the red-blue coupling, to derive convergence

of the height process H”, thus proving Theorem 3.10.

3.1.6 Next steps

We describe the steps required to complete this proof. We need to prove convergence of a counting
process which counts the number of ancestral back-edges which come out of vertices corresponding to
customers we have seen by time ¢. This would be the counterpart of Proposition 2.52. In Appendix A
we present a scaling limit for the height process of F™ where we augment the tree with edge lengths,
which would be the starting point of proving such a counterpart. The rate of such a counting process

would determine the parameter d, which we have not yet conjectured a value for.

After we do so, we would need to separate out a subset of ‘important’ candidate edges from the
back-edges. Following Section 2.5, we would use the limiting height process and point process to prove

convergence of these candidate edges jointly with the out-trees containing those candidate edges.

We would also need to handle the surplus edges. While they do not affect the connectivity structure,
they will still be included if they appear between two vertices in the same SCC. However, we conjecture
this will be an event of vanishing probability for SCCs we observe by time n2/3T for T' > 0. This would

also need to be proven.
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We would also need an of analogue of Lemma 2.61 showing for all § > 0. In particular let A(n,t, )
be the event that by time tn?/3 in the queueing process, there is still a customer yet to arrive which

corresponds to a vertex in a SCC with size greater than en'/3. We need to show that

lim limsupP(A(n,t,d)) = 0.

t—=00 psoo
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3.2 Convergence of the height process

3.2.1 Coupling with IRDGs

Firstly we prove the coupling in Section 3.1.4 is valid, meaning we need to show the graph constructed
in the section is distributed as the IRDG D(W,,). We will prove this inductively. Let I, I, ..., I, be
the customers in order of arrival, and Zy, = {I1, ..., I} be the set of the first k customers. Let F}" be
the associated queueing forest for the first k customers. FJ}' is then the subforest of F™ induced by the

vertices I, ..., 1y .

Then conditional on the process Y™ up to the arrival of the kth customer, we add edges (i, j) to

F} independently with probability

n,+ n,—
Wij wj i ;
1 —exp g if i € Iy and j € Ty, (3.3a)
n,+_ n,—
: w.:
1 —exp (—T) if i € Zp, and j & 7y, (3.3b)
witwl
1—exp —17] if i & Iy, (3.3¢)

to obtain the random digraph G7}. In particular G7}. is the construction described previously since

T, = [n], so all edges are sampled according to case 3.3a.

Proposition 3.3. Each G} has the same distribution as D(W,,).

Proof. We prove this by induction on k. Gf is distributed as D(W,,) since F{}' is an empty forest and

Ty is empty. Thus, all edges as sampled according to case 3.3c.

Suppose G is distributed as D(W,,). Then first consider sampling the edges from I} to vertices
j & Zy. This can be done by taking independent exponential random variables E’j ~ Exp(w;l’7 /1) and
adding an edge if Ej < WI’; Z = WZ’Jr. The Ej can be interpreted as the time required for customer j

to arrive after customer Iy, conditional on the queue up to the arrival of I;,. These are still independent

exponentials with the required parameters due to the memoryless property of exponentials.

Let £ = min;gz, E’j = Elk+1 be the time of the next arrival. If E < VVIT;’+7 then the edge from

I}, to the next vertex Iy is in included as the new edge in F,?_H. The remaining edges from I to
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vertices j ¢ 7y, should still be included if and only if Ej < W};’jk, which is equivalent to
By E<wit - F.

By properties of competing exponentials (see [49, Theorem 2.3.2]), conditionally on F and I, k+1, the
Ej — E are still independent and exponentially distributed with parameter w;“* /l,,. Further W}: 1 -F
is exactly the service time remaining for customer Ij once Iy joins the queue. Thus,

wpt —E=wpt

wole kolkt1”

Hence, conditional on E and I k+1, these edges are now added independently with probability

1-— exp(—W}:ijw;“_/ln).

Further, we still have Wznlj = VVi"I’:+1 for i # I. Hence, the probabilities used to add the remaining

edges for G match the construction of G ;. Thus, they have the same distribution.

On the other hand, if E > W}:Jr, then this corresponds to customer I leaving before I arrives.
In that case there are no edges from I, to j & Zj. This matches with the construction of G} since
in this case we would have W}Z ,jk+1 = 0. Then by the memoryless property again, the times after
the departure of I; to the arrival of the jth customer, for j & 7, are still distributed as independent
exponentials with parameter w?’7 /1. So we can repeat the previous argument with I, (it is possible

to have er: ’i L= 0 if I—1 left the queue before Ij arrived) until either I interrupts a customer,

or all customers depart.

Thus, in all cases, the constructions of G and G7.,, coincide. Hence, G7.,, is also distributed as

D(W,,). The result follows by induction on k. O

3.2.2 The infinite queue

The algebraic load for the finite queue is not Markovian. This is because we need to know which
customers have already been served and have left the queue in order to know the future behaviour of
the queue, and this cannot be inferred from the current queue length. To mitigate this, we can instead

consider a queue where there are infinitely many customers separated into n types.

e There are infinitely many customers of types 1,...,n arriving into the queue.
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Customers of type ¢ arrive according to a Poisson process of rate w;”™ /l,.

e The service time of customers of type i is w}"*.

The arrival of customers of different types are independent of each other.

There is a single server with a LIFO service policy.

As for the finite queue, we can define the algebraic load of the infinite queue as

X"(t)=—t+ Y w N/(t)

i=1

where N7*(t) is the number of customers of type i that have arrived by time ¢. Hence, (N7 (t));>0 are

independent Poisson processes where V' has rate wi"’_ /1, for 1 < i < n. We can similarly define an

associated height process

H(t) = # {s €[0,¢]: inf X"(r) > X"(s—)}.

re(s,t]

For future proofs, it is useful to recall some bounds on the Taylor remainder for the exponential

T

function. Let Ry denote the kth Taylor remainder of e~ meaning
k
_ T (71)1 l
Ri(x)=e —Z T
1=0

Then for all > 0, by the integral form of the Taylor remainder, we have the bound

|Ri(z)| =

x (_1)ke_t(l' . t)k dtl < l{L‘k(l _ e—x) < lxk—&-l (3 4)
, K =5l = '

Scaling limits for the infinite queue

In contrast to the finite queue, the algebraic load for the infinite queue is Markov. And it turns out to
be a Lévy process. Using this, we can derive the scaling limit of X™ when appropriately rescaled. Let

B be a standard Brownian motion and let

X(t) = —at ++/P12B:
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for ¢ > 0, where we recall from Eq. (3.1b) that

) Zf}il wn,*(wﬂ#)z
— 1 1= 2 ? .
iz = lim I

The next lemma shows that X is the desired scaling limit.

Lemma 3.4. Under the assumptions in Egs. (3.1a) to (3.1d),

(n172x (n2/3t)>t20 Dy (X))o

as m — oo with respect to the Skorokhod topology on D([0, c0),R).

Proof. Let ¢, be the Lévy exponent of X", meaning that

E [e—xxw)} — etn (V)

for all A € R. As X™ and X are both Lévy processes, a result shown in Jacod and Shiryaev [36,

Chapter VII, Corollary 3.6] states that the convergence in this lemma holds if and only if
—1/2 yny, 2/3y (D)
n= /X" (n ) — X (1)

in R as n — oo. Since the moment generating functions of n=/3X"(n?/3) and X (1) are n?/3¢,,(n='/3))

and ¢(\) respectively, both of which are finite for all A € R, it suffices to show that
n?Ben(n~1EN) = ad + 38120

for all A € R. We can compute that

~wpw) L ()2 5 g~ wi n+
_<1—4 >A+Z>\ +; TR (W)

In
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The Lévy exponent of the rescaled process (n=!/3X™ (n?/3t)) _ is then given by

n2/3,(n13)) = nl/3 (1 _

n n,— n,+ n n,— n,+\2
w;T Wy 1 (w;" ) (w" ") 1o
> T >/\+ 22 A

l
i=1 i=1 n

N L’l - Ry (n_1/3w?’+)\) .
i=1 "

By the assumption in Eq. (3.1d), the first summand will converge to aA. By the assumption in
Eq. (3.1b), the second summand will converge to % B1.2A%. Finally, by using the inequality in Eq. (3.4),

we can bound the third summand as follows:

n

n,— n n,— n,+\3
n2/3 Z wll R, (n—1/3w?,+)\) }n—1/3 Z (w7 ) (w;" ™) 23
i=1 "

IA

2 . Iy
i=1
i g ()
— 2 nl/3 — I
which will converge to 0 by the assumptions in Egs. (3.1b) and (3.1c¢). O

We now address the scaling limit of the contour process. Recall from [27, Eq. 1.7] that the continuous

height process associated with X is given by

M) = = (X(t) i X(s)).

B1,2 s€[0,t]

Once convergence of (n~/3X"(n?/3t));>0 to X is established, a combination of Propositions 2.2 and

2.3 in [12] gives the following result

Proposition 3.5. Under the assumptions in Fgs. (3.1a) to (3.1d), as n — oo,

((n_1/3Xn (n2/3t)>t>o’ (n—l/an (n2/3t)>t>0> ﬂ (X, H)

on D(]0,00), R)xC([0, 0], R) equipped with the product topology of the Skorokhod topology on D([0, c0), R)

and the uniform topology on C([0, 00],R).

Proof. Proposition 2.2 in [12] gives the required convergence of the rescaled height process if we can

check conditions (C1) to (C4). In our context, (C1) corresponds to our assumption in Eq. (3.1d), (C2)

corresponds to our assumption in Eq. (3.1b) and (C3) corresponds to our assumption in Eq. (3.1c).
b

We are considering a scaling regime (a;nglt)tZO for a, = n'/3 and b,, = n?/3. Here lim,,_, o & =1

which is strictly positive, hence by the remark in paragraph after [12, Proposition 2.2], condition (C4)
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is also satisfied. O

3.2.3 Convergence of processes for the finite queue

Let
A() = Srbaat?
Y(t) = X(t)+ A(t) = —at — %wg,lﬁ +/B12B;, and
H(t) = Bi (Y(t) - Sér[})f:t]Y(s))

for ¢ > 0.

Convergence of the algebraic load

We start by proving that Y™ will converge to Y when properly rescaled. To do this, we couple the
finite queue with the infinite queue using a first arrival coupling. Since the first arrival time of a
Poisson process of rate A is distributed exponentially with rate A, we can recover our finite queue by

only considering the first customer of each type. The algebraic load of the resulting queue is given by

Y™ (t) = —t + iw?’*]l{Ni"(t) >1}.
i=1

We also define the process
n

AM() =Y wi (NP — 1)
i=1
which counts the total queue time contributed by customers from repeated types at time . We call

any jump in X" that is due to a customer from a repeated type an excess jump. Then Y™ is obtained

by removing excess jumps from X". The processes X™, Y™ and A™ are related by X" = Y™ 4+ A™.

This coupling allows us to derive the scaling limit of Y™ using the scaling limits of X™ and A™. We

first prove the scaling limit of A™.

Lemma 3.6. Under the assumptions in Egs. (3.1a) to (3.1d),

E [sup n~l/3 A" (n2/3t) - %mﬁthQH —0 (3.5)

t<to

as n — oo for all tg > 0. In particular (n_1/3A" (n2/3t))t>0 ﬂ) (%%62)11?2)»0 with respect to the
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Skorokhod topology on D([0, c0),R).

Proof. Suppose N is a Poisson process of rate A. Let T" be the time of the first jump of N, which will
be an Exp(\) random variable. Then (N(¢) — 1)4 is the process obtained by skipping the first jump

of the process. Hence
(N(®) = 1)y = N((t = T)4 +T) — N(T) = N((t - T)-)

where N(t) = N(t +T) — N(T). By the strong Markov property of Poisson processes, N is another

Poisson process that is independent of T'. Since (N () — Af);>0 is a martingale,

(N(H) = 1)y = At =T)s = N((t = T)4) = At = T)

is also a martingale. Therefore, if we define

where T is time N/ makes its first jump, then A" — C™ is a martingale. Hence, by Doob’s L?

inequality we have that

B |sup (4"(1) — C"(0)° ] < 4B [(4"(a) - C" (1)

t<to

where the last equality follows because the summands are independent with mean 0. We can compute

E [{(N(t) 1), A T)+}2] - /OtE [{N(t 8 At — s)}z} Ae™e ds

= Ri(\t) < N2,

by the bound in Eq. (3.4). Therefore,

n n ~ (w7 (w] ) ot N (@) (wT)
E tsgtpo (A™(t) — C (t))z] < 42 %t% <Adwlit ! 2 L2
< i=1 n i=1 n
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Hence, after rescaling we get that

) - n-‘r)

2 [ (e () e () < a3 T

t<to

which converges to 0 by the assumptions in Egs. (3.1a) to (3.1¢). Thus, it suffices to prove that

E [sup (n_l/SC” (712/315) — é/i5271t2)2:| -0

t<to

as n — 00. To help with this, note that

(=70 = [ 14N = 1yau

for all t > 0. Therefore

n?/3t

n-Y30cm <n2/3t) n—1/3 Z wiwi /0 1{N*(u) > 1}du
:/ ( 1/32 wi” {N"( 2/38> > 1}) ds
where we have changed variables with u = n?/3s. Let 9C™ denote the integrand, meaning
oC"(s) = nl/BZ Wi {N" (nQ/Bs) > 1},

for all s > 0. Then

(n_1/3C" <n2/3t) _ %,{52’1152)2 = (/t (0C"(s) — KB2,15) ds)
0

¢
t/o (8C™ () — KB2.15)° ds

2

by Jensen’s inequality. Hence,

E [sup (n_l/SC" (nz/gt) — éﬁﬁg71t2)2:| <t /to E [(80"(8) — /*662718)2} ds
0

t<to

<t2supE [(80“(3) - Kﬁg’ls)ﬂ .

Sgto
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Therefore, it suffices to prove that
sup|E [0C"(s)] — kB218| = 0 and sup Var(dC"(s)) — 0.

SStU Sgto

We have
n n,—\2 n,+ n n,— n,+
_nr > (wi )* (w; )s _ /3 Z w; lwi R, (nz/gwf’_s/ln) .

n wh ™ 2 wﬂ,-i-
K 0 S0 B

which will converge to 0 by the assumptions in Egs. (3.1a) and (3.1b). Secondly, using the bound in
Eq. (3.4),

n n,—, n,+

n1/3zwi lwi R1( 2/3 W™ s/l)

i=1 n

+)t(2)

sup
Sgto

n,— 71
n wmax
— lz nl/3 Z

which will converge to 0 by the assumptions in Egs. (3.1a) to (3.1¢). Hence,

sup |E [0C"(s)] — kB2,18| — 0

s§t0

as n — oo. Finally,

sup Var(9C™(s)) = sup n?/? Z

s<to s<to

<1 . efn2/3w?’7s/ln) efn2/3w?’7s/l”

T T3 (g )2
< sup n4/3z (w;"") (w )

s
s<to i—1 l%
1 (i) (Wind) S~ (W) (i)
< T n2/3 ; I to
which converges to 0 by the assumptions in Egs. (3.1a) to (3.1c). O

Since the scaling limit for A™ has no jumps, we can immediately get joint convergence for

(n_l/gX" <n2/3t) n /34 (nz/gt) ,nV3yn (n2/3t>>

t>0
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with respect to D(]0, 00), R3) using the relationship Y = X" — A",

Corollary 3.7. Under the assumptions in Eqs. (3.1a) to (3.1d),
(n—1/3X <n2/3t) 134 (n2/3t) -3y (n2/3t)> Do (X (1), A1), N())e>0
as n — oo with respect to the Skorokhod topology on D(]0, 00), R3).

We would like to get a scaling limit for n—1/3H™ (n2/3t). However, since Y is not a Lévy process,
this does not immediately follow from the convergence of n=1/3y™ (n2/ 3t) to Y using [12, Proposition
2.2]. Instead, we will use the fact that the scaling limit of the height process corresponding to X is
known. However, with this coupling there is no way to obtain the queueing forest for the queue with
repeat customers from the queueing forest for the queue with duplicated customers removed. This
is illustrated in Fig. 3.2, which shows two examples of X" for queues with repeat customers. The
queueing forest for X™ in both (a) and (b) are the same. In contrast, the queueing forest for Y™ in (a)
is a line whereas the queueing forest for Y™ in (b) is a wedge. As the queueing forests are different,
the corresponding height processes are also different. To fix this, as in Section 2.4.2, we borrow the

idea of the red-blue coupling from [12].

X"(t) Y'(t)

We— P N

We— B P N

(a) The queueing forest for X" is a line and the queuing forest for Y™ is a line.

Xn(t) Yo 1 2

We e R« N

t 1 3

(b) The queueing forest for X™ is a line and the queueing forest for Y™ is a wedge.

Fig. 3.2: Two examples of algebraic loads for which the queueing forests are the same, but the queueing
forests after keeping only the first customer of each type are different.
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X"(t)

(a) The combined red-blue algebraic load X™.

Y5(s) X7(s)

(b) The separated blue algebraic load Y;* and the red algebraic load X;'. Note that jumps which occur at
transitions from blue to red are not included in the red process.

K\J\;K\,?

(¢) The red-blue queueing forest ) The blue queueing forest

Fig. 3.3: An example of a red blue coloring of a forest associated with a queueing process, along with
the algebraic load and the extracted red and blue processes.
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Red-blue coupling

Consider the exploration tree. We colour the vertices of the graph in their order of arrival. A vertex

of type i is coloured according to the following rules:

e If there is a blue vertex of type ¢ which arrived earlier, colour the vertex red;
e If it is a child of a red vertex, colour the vertex red;

e Otherwise colour the vertex blue.

The blue vertices can be obtained following the vertices in order of exploration then discarding any
vertex and its descendants when we see a repeated type. An example of this can be seen in Fig. 3.3.
Then the forest of blue vertices and edges connecting them will have the same distribution as the forest

for the finite queue.

In fact, this is not that different from the first arrival coupling. Instead of ignoring customers of
repeated types, we just wait until they naturally leave the queue and skip the time it takes for them to
do so. Because the queueing process labelled with arrival types is a Markov process and the arrival of
a repeated type is a stopping time, the evolution of the queueing process after the repeated customer
leaves is the same as if the customer never arrived in the first place. We will color the process X" red
at time ¢ if a customer corresponding to a red vertex is being served at time ¢, and color X™ blue at
time ¢ otherwise (so when no customers are being served or a customer corresponding to a blue vertex

is being served).

Consider splitting the queue into red and blue parts. First define

AZ(E) = /0 LX) is blue) i and AT (E) = /0 LX) is red) dt

which measures the amount of time elapsed for the red and blue processes respectively, such that

A} (t) + A7 (t) = t. We also define their respective right-continuous generalised inverses
Op(s) =inf{s >0:Ap(s) >t} and 6](s)=inf{s >0:A}(s) >t}
We can then extract the process
07 (s)
X (s) = / L{X"™(t) is red} dX ()
0
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for s > 0, which will have the same law as the original process (X" (¢))¢>0. The combined process X"

always transitions from blue to red at jumps. We do not include these jumps in the red process.

Further, we also extract the blue process
07 (s)
Yy (s) = / 1{X"(t) is blue} X" (£) = X" (6(s)).
0

The nicer representation in the last equality is due to the fact X™ is always continuous at transitions

from red to blue. These processes are also shown in Fig. 3.3.

The blue process (Y,'(s))s>0 can be obtained by carrying out the coupling in the previous section
on an augmented process (X;'(s))s>o0 which also has the same law as (X™(t));>0 and is independent

of the red process (X (s))s>o0-

It can be easier to view this in reverse: to first define the red and blue processes and then stitch

them together to get a single process. We start the with the blue process

n
X['(s) = —s+ Z w?’+Ngfi(s)
i=1
where each N}, is a independent Poisson process with rate w;"" /l,. Thus X" and X" have the same

law. Further, define

Ap(s) = wF(Ngy(s) = 1)

=1

Let the red process X' be an independent copy of X;'. We can then define
vo =1inf{s > 0: X'(s) < —z}

which measures how long it takes for the queue corresponding to the red queue to be idle for time z.

To form X", we will run the blue process X;' until we see an excess jump. Then from that point
on, we will run the red process X, until X™ returns to its value before the excess jump. If time s has
passed for the blue queue, then we need to run the red queue to compensate for all excess jumps in
the blue queue by time s. The combined size of all such jumps is given by A} (s), and therefore we will
have run the red queue for time ’yﬁg (5)" Therefore, if §;'(s) is the time the combined queue needs to

run for the blue queue to have run for time s, then
n _ n
0y (s) = s+ Vin(s)-
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Then we define A} (¢) to be the right-continuous generalised inverse, i.e.
Ap(t)=inf{s>0:6p(s) >t}.
Finally, we can stitch together the red and blue process to get a single combined process
X"(t) = Xg (A7 (1) + X (¢ — AP (t)).

Then (X",Y;") is distributed according to the red-blue coupling described in this section. Further,
(X7,Y;") is distributed according to the first arrival coupling. This is a similar idea to using filler
vertices for the directed configuration model in Section 2.4.3, although the details of the coupling

differ.

The convenience of this coupling is that if H;' and H" are the height processes associated with the

algebraic loads Y,* and X™ respectively, then we have the relation

Hi'(s) = H" (05 (s))-

We now set up the notation for their continuous analogues. Let (X, Ap,Ys) and (X, 4,,Y,) be

independent copies of (X, A,Y), the limiting processes in Corollary 3.7. Let

vz =1inf{s > 0: X,(s) < -z},
Ob(5) = s+ Va,(s)s
Ap(t) =1inf{s > 0:6p(s) > t}, and

X(t) = Xp(Ap(t)) + Xon(t — Ap(1)).

Since we have established the convergences in Corollary 3.7, we can exactly follow the proof of [12,

Proposition 5.1] to establish the following lemma:

Lemma 3.8. Under the assumptions in Egs. (3.1a) to (3.1d),

(n172vy (n2/38) =g (1) (n2/28) ) <D (X(0(8), H(O,(1)))

The final lemma needed to prove Theorem 3.10 is the following;:
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Lemma 3.9. We have almost surely that

<’H<eb<t>>>t>o=( 2 (X(B(t)) — in X(9b<s>>>) .

6?72 s€[0,t]

This is analogous to Lemma 2.47 for the directed configuration model. The proof is almost identical,
just that we have a Brownian motion with drift instead of a Brownian motion, so we will not repeat

it. We are finally ready to prove Theorem 3.10, which we restate below:

Theorem 3.10. Then under the assumptions in Egs. (3.1a) to (3.1d),
(nil/‘gH" (n2/3t)) E)% H
>0

where B is a standard Brownian motion,

Y(t) = —al — 2kBort® +/BraB: and H(t) = ——(Y(t)— inf Y(s)).
2 P12 s€[0,t]

Proof. Since we know that n=1/3Y;" (n?3t) converges in law to Y}, we know that (X (6,(t)))¢>0 and

Y, must have the same law. Thus, Lemma 3.8 and Lemma 3.9 combined prove Theorem 3.10. O
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Appendix A

Ancestral back edges in the IRDG

model

An ancestral back edge is a back edge which goes from a vertex i to an ancestor j or i. As for the
directed configuration model, knowing how they arise is important to understand the structure of the

SCCs since they immediately create a cycle.

Let H™~ (t) be the sum of the w;"~ for all the customers in the infinite queue at time ¢. Another
way to think about this is to consider adding edge lengths to the forest associated with the infinite
queue as follows: for each vertex representing customer of type i, assign length w."~ to all edges from
the vertex to its children. Then H™ ™~ (¢) is the distance from the root to the vertex corresponding to

the customer being served at time ¢ with these new edge lengths.

Note that the resulting forest is a BGW forest in which N™ the number of offspring of a vertex and
the L™ length of the edge joining a vertex to its offspring are distributed in an i.i.d. fashion according

to the law
n n,— —
w,;”’ l
N L") ~Y ———Po(w" ™) Q8 -
v~ 3 o (wrt ) wa,,
where Po()) is the Poisson distribution with mean \. Let (N™, L") be (N™, L") size-biased by N™.

Then note that

n n,— n,+

l
i=1 n
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and that

o EINPLY 1 O (w0 )P ()
E[L ] - E[Nn} - E[Nn} — I - 62,1

as n — oo. Then by applying [22, Proposition 4] the following holds:

Proposition A.1. Suppose the assumptions in Eqs. (3.1a) to (3.1d) and Eq. (3.2) hold. Then, for all
to > 0,

sup
te[0,t0]

n—1/3HTL,— (n2/3t) _ 62’1,”—1/3/}_[” (n2/3t)‘ ﬂ 0
as n — oQ.

Proof. This is proven in the same manner as Proposition 2.51 using [22, Proposition 4]. The conditions

of the theorem, translated into our setting, are the following:

1. E[N"] = 1.
2. sup,, E[(N")?] < oco.
3. sup, P (ﬁ" > x) =o(z7?) as z — oo.
The first condition is not satisfied here exactly, which introduces a factor of E[N™]~ [n*"°T] to normalise

a measure change that is shown in [22, Proposition 3]. However since

) —|n"2/37)

E[Nn]an2/3Tj _ (1 +0(n72/3) N 1,

as n — 00, it does not affect the proof.

For the second condition, we can calculate that

This is uniformly bounded in n by the assumption in Eq. (3.1b).

Finally, the last condition is satisfied if sup,, E[I:”] < 00 by the Markov inequality. We have

E[L

n n,—\3, n,+
E[N"] &

i=1

which we have assumed to be uniformly bounded in n by Eq. (3.2). O
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Let H™~ be the sum of the w."~ for the customers in the finite queue at time ¢. The next corollary

then immediately follows from Proposition A.1 by using the red-blue coupling,.

Corollary A.2. Suppose the assumptions in Eqs. (3.1a) to (3.1d) and Eq. (3.2) hold. Then, asn — oo,
(n_1/3H"’_ <n2/3t)) D, g~
>0

with respect to the Skorokhod topology on D([0,00),R) where H- = 31 H.
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Appendix B

Multivariate triangular local limit

theorem

The goal of this section is to prove Theorem 2.31. This can be deduced from Mukhin [48, Corollary
1]. However, Mukhin’s result is more general than is needed to prove Theorem 2.31. As a result, the
conditions which we need to check in order to apply Mukhin’s result are rather complicated. Instead,

we offer here an elementary proof.

First, we recall some definitions. An R%valued random variable X is lattice if it is non-degenerate
and is supported on the translation of some lattice. The symmetrisation of X is given by X* = X; — X,

where X; and X5 are independent copies of X. If X is lattice, the main lattice of X is given by
A= U {37 nixt i n; € Z and x; € supp(X*) for all i = 1,...,m}.
m=1

Now we restate Theorem 2.31.

Theorem 2.31. For each n > 1 let X,, be an R? valued random variable and

Xn,laXn,% R 7Xnn

)

be i.i.d. copies of X,,. Assume that the following holds:

1. There exists a random variable X such that X,, g X asn — o00.
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2. (|IXnll*)n>1 is a uniformly integrable sequence of random variables. Explicitly

: 2 2 _
Jim supE [ X[ "1 {||X.[* > L}] = 0. (2.14)

3. For all n, X,, and X are lattice with common main lattice A.

Then X has finite second moment. Further, for each n let c,, be an arbitrary element in the support

of >oi 1 Xi. Then uniformly fory € ¢, + A,
]P’( Yo X = y) =n"Y2det(A) f (xu(y)) + 0 (n"Y?)  where x,(y) = w\/%xn]
and f is the density of a N(0,Cov(X)) distribution. This means that

lim sup ‘nd/2P< S X = Y) —det(A) f(xn(y))| = 0.

n—oo y€cn+A

Before we prove Theorem 2.31, we first prove a sequence of lemmas. Our proof of the local limit
theorem will use characteristic functions. Let X be R%valued. We use the convention that the

characteristic function of X is given by
p(u) =E [e™*].

The following lemma shows the points at which the characteristic function of a lattice random variables
attains 1 in absolute value can be precisely characterised when the main lattice is known. This is an

adaptation of [54, P.67, T1].

Lemma B.1. Suppose X is lattice with main lattice Z¢ and characteristic function ¢. Then |p(u)| = 1

if and only if u € (2wZ)%.

Proof. If every coordinate of u is a multiple of 27, then u - X has support in ¢t + 27Z for some t € R.

Therefore e®*X is constant and hence |¢(u)| = 1.

For the converse, note the characteristic function of the symmetrisation X* satisfies
E {eiu~x*:| = E [¢"%1] E [e-1%2] = |E [¢™X] |2 -1
Thus e™*" € 277 for all x* in the support of X*. Since the fundamental lattice of X is Z?, there
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* in the support of X* and kq, ..., k,, € Z such that

exists x7,...,X,,

Therefore,

uV = Z kiu-x; € 2nZ.
i=1

Repeating this argument for the other coordinates of u shows all coordinates of u are multiples of

2. O

The next lemma shows convergence of the means and covariance of X,, to that of X, and moreover

shows the uniform integrability condition still holds after centering the random variables.

Lemma B.2. Suppose conditions (1) and (2) of Theorem 2.31 hold. Then, as n — oo,
EX,] = E[X] and Cov(X,)— Cov(X).

Further for each n, let X, = X, —E[X,,], and X = X —E[X]. Then the uniform integrability condition

in Eq. (2.14) holds for the centered random variables (X, )n>1. This means that
lim sup B [[| X1 {1 X, > L}] = 0.
L—oo p

Proof. By Skorokhod’s representation theorem, we can assume without loss of generality that (X,,)n>1
and X are in the same probability space and X,, — X almost surely as n — oco. Then, the condition in
Eq. (2.14) gives uniform integrability of (|| X||3),>1. Thus, by Vitali’s convergence theorem, X,, — X
in L? as n — oo. Therefore, X has finite second moment and the mean and covariance of X,, converge

to that of X.

Since the means converge, the centerings X,, — X in L? as n — oo also. Thus, (||X,[|3)n>1 is

uniformly integrable by the converse statement in Vitali’s theorem, as required. O

The following lemma shows that we have a normal central limit theorem.

Lemma B.3. Suppose we are in the setting of Theorem 2.31. Then

(X, — E[X,]) 2 N(0, %)

1 n
Vi &

K2

139



as n — Q.

Proof. We use the Lindeberg-Feller central limit theorem. We will use the notation ¥ = Cov(X),

Y, = Cov(X,), X, = X,,; — E[X,,] and X, =X, — E[X,]. We will reduce the problem to the

one-dimensional case. By the Cramér—Wold device it is sufficient to show that
1l . - @
%;u-xm — N(0,u - 3u)

for all u € R?., Define

1 N
VTR

Then by the version of the Lindeberg—Feller central limit theorem stated by Durrett in [28, P.128-129,

Theorem 3.4.10], to complete the proof it suffices to check that

L limy, o0 Do E[AZ )] =u- Su.

2. For all € > 0, lim,, 00 Y14 E[Afm-]l {l4,.:] > e}} =0.

To check condition (1),

1 2 — 1 . X 2 — 1 . — .
nh—{%oz;E[A"’i] = lim E[(u Xn) } lim u-X,u=u-3u
=

n—oQ n—oQ

by Lemma B.2. To check condition (2), for all € > 0
n A A
nli_}rr;OZE{Ai,i]l {1 An.| > e}] - nlgr;OE[(u - X,)%1 {(u X,)? > ezn}]
=1
N ~ €2
<l i |15, 2 {1 2> 5}
=00 [[ul]

~ ~ 62
X *2 {Xkll2 > n}
[[ulf>

< [Jul? nh_}rrgo st;pE

=0

by Lemma B.2. O

The last lemma we prove provides bounds on the absolute value of the characteristic functions of

X,,. This will be used to apply the dominated convergence theorem in the main proof.
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Lemma B.4. Suppose we are in the setting of Theorem 2.31. Moreover assume that the common
main lattice A is Z. Let ¢,(u) be the characteristic function of X, =X, — E[X,]. Then there exist

d,¢>0, pe(0,1) and N such that for alln > N
1. |pn(a)| <1 = cl[ul]? for all u € S(5), and
2. [pn(0)] < p for allu € S(m) \ S(0)

where, for all v > 0, S(r) = [-r,7]?.

Proof. Firstly we use a analytical lemma stated by Durrett in [28, P.116, Lemma 3.3.19]. By that

lemma, there exists a constant A > 0 such that

‘e” - (1+iz— %x2)| < Amin{|z|,1}2?
for all x € R. Then applying this with z = u - (X,, — E[X,])

|pn(u)| < |1 = 3u- Cov(X,)u| + Ry, ()

where
R,(u) < AE [min{|u X,|, 1} (u - Xn)ﬂ .
We provide bounds on R, and |1 — Ju - Cov(X,)ul, starting with |1 — 2u - Cov(X,)ul.

Let Aminy and Apax, be the minimum and maximum eigenvalues of Cov(X,,) respectively. Then,

by standard theory for quadratic forms,
/\minn||u||2 <u-Cov(X,)u < )‘maXnHu”2~

Moreover, let Apin and Apax be the minimum and maximum eigenvalues of Cov(X) respectively. The
eigenvalues of a matrix are continuous in its entries and Cov(X,,) — Cov(X) by Lemma B.2. Therefore

Aminn, = Amin a0d Amaxy, — Amax s 1 — 0.

We have assumed that Cov(X) is non-degenerate thus Ayin > 0. Hence, there exists N such that
for allm > N,

1
5)\min S )\minn S )\maxn S 2)\max-

There also exists §; > 0 sufficiently small that Ayax/ul|? < 1 for all u € S(4;). Then for all n > N
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and u € S(61),
|1 — u-Cov(Xy)u| =1—Ju- Cov(X,)u < 1— Ay ul. (B.1)

To bound R,,, by the Cauchy-Schwarz inequality
Ry (u) < AE,(u)[lul*  where B, (u) = Elmin{|[u]||X,]|, 1} Xn[[]

Then for all L > 0, splitting the expectation into the case where ||X,||? < L? and the case when

IXa? > L2,

sup B, (u) < L min{L|ul|,1} +supE [||XnH211 {HX,LHQ > LQH

— supE [HX,,HQH {||5<n|\2 > LQ}]
n

as u — 0. This holds for all L > 0, hence taking the limit L. — oo and using Lemma B.2 we obtain

that limy,_,0 sup,, £, (u) = 0. Thus, there exists do such that for all u € S(d2)

R () < = i [[u]]*. (B.2)

ool —

Thus setting ¢ = min {d1,d2}, for all n > N and u € S(9)
|6n(u)] <1 = clluf?,

where ¢ = %)\min.

We now address the second bound. let ¢ be the characteristic function of X. We assume X has
main lattice Z%, thus |¢(u)| = 1 if and only if every entry of u is a multiple of 27 by Lemma B.1. In
particular |¢(u)| < 1 for all u € S(w) \ S(d). ¢ is continuous and S(w) \ S(J) is compact. Therefore

there exists € > 0 such that sup,e g\ s)lP()] <1 -

d
Since X, (—)> X as n — 00, ¢, — ¢ uniformly on compact sets. Therefore there exists N such
that for alln > N
sup o) < p=1- e O

ueS(m)\S(4)

We are finally ready to prove Theorem 2.31

Proof of Theorem 2.31. We first address the case where the main lattice of X and all X,, is Z%. The
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main trick in the proof is to notice that if n is integer valued then

1 [ .
ﬂ{nzO}:%/ ™ du.

—T

Forally €c, +Z%, Y X,;—y € Z%, so

P X, = 1 'Lu-( " XT,,y,;—y) d
<; " y) (2m) /Sur) ‘ "

1 / —iu-(y—nE[X
- P (1) eI TREXA]) gy
2m) Js(m)
where ¢, (u) = E[e®™ Xn—EXaD] and S(r) = [—r,r]? for all > 0. Recall
X, =n" 2 (y — nE[X,]).

Then, changing variables with s = y/nu,

n 1 ‘
d/QP E X, . = _ / n_—is-Xn
n n,i y an(s/\/ﬁ) € ds.
(i_l ) 2m) Js(xym)

By the Fourier inversion theorem,

1 —1i8-X
Fx) = W/Rdz/)(s)e ds

where ¢ is the characteristic function of the N (0, Cov(X)) distribution. Therefore

sup ‘nd/zﬂ” i Xni=y)— f(xn(y»‘
YEc,+A

= sup
yEcn+A

< / | Lsrym) (8)6n(s/ V)" — ()| ds.
Rd

/]Rd (HS(W\/E)(S)an(S/\/ﬁ)" — ¢(S)) e s xn(¥) (g

We apply the dominated convergence theorem. To dominate the integrand, first note that ¢ is inte-

grable. Secondly let 4, ¢, p and N be as in Lemma B.4. For all n > N and for all s € S(6y/n),

lbn(s/v/m)|™ < (1= c||s||?/n)"™ < e~clsll”,
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Let C = —log(p). Note if s € S(wy/n) then ||s||?> < 72dn. Thus for all n > N and s € S(7\/n)\ S(6y/n)
|6 (s/v/n)|" < e O < e Fallsl®,

Hence for all n > N,

Ly (8) b (3/ V)" — 1(s)| < @B 4 =5 lsI” [y (s))

where, in particular, the right hand side is integrable. By Lemma B.3,

On(s/vn)" = (s)

as n — oo for all s € R%. Thus for all s € R?

Lg(rym) (8)@(s/v/n)" — 1b(s)

as n — 0o. Hence by the dominated convergence theorem

lim sup |[n¥?P i Xni=y) — f(xn)| =0,
n—=00 yee LA

as required.

Finally we generalise to any main lattice A. Suppose that A is generated by the columns of the
invertible matrix A. Then A, viewed as a linear transform, is a isomorphism mapping Z% to A. Thus
A"'X,, and A~'X will have common lattice Z¢ for all n. Moreover we can check the remaining
assumptions of Theorem 2.31 still hold, thus uniformly for y in the translation of A containing the

support of Y1 | X, ;,

P(i/}lxmi — A1y> _ (1 exp (;(Alxn)Til(Alxn)) + O(n—d/Q)'

i=1 21n)d det ¥

where 3 = Cov(A~1X). This simplifies to

- 1 1 -
P(an,i = y) = ————exp (—2XZ(AEAT)_1X»,L> + o(n=%?),
i (2mn)ddet 2
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We have that
¥ = Cov(A™1X) = A~ Cov(X)(4~H)T.

Therefore

det(X) = det(A) "2 det(Cov(X)) = det(A)~2 det(Cov(X))

and so

; i = = det(A) ex —le ov —Ix o(n~4/?
P(ZX”’”_‘V)_\/(27m)ddet(covx) p( 5%n Cov(X) n)+ (n=7),

as required.
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Appendix C

Proof of technical lemmas

Proof of Lemma 2.45. Denote g,(s) = inf{t : f,(¢t) > s} and g(s) = inf{¢t : f(t) > s}. By Proposition
3.6.5 in the book by Ethier and Kurtz [31], it is sufficient to show that for any s > 0, for any s,, — s,
L max{|gn(sn) — 9(s)],gn(sn) — g(s=)[} — 0;
2. If u, < s, for all n, s, = s, u, = s and g,(s,) = g(s—), then g, (u,) — g(s—);
3. If u, > s, for all n, s,, = s, u, — s and g, (sn) — g(s), then g, (u,) — g(s).

Fix s > 0. If g(s—) = g(s), the result is straightforward, so we focus on g(s—) < g(s).

We start by proving the first property. Fix € > 0 and suppose s,, — s. We observe that g(s—) < g(s)
implies that f has a local maximum at g(s—) and that f(g(s—)) = f(g(s)) = s. By the uniqueness of
local maxima of f and the definition of g, there exists a §; > 0 such that for all ¢t < g(s—) — ¢, we have
that f(t) < s — 1. Similarly, there exists a o > 0 such that for all g(s—) + € <t < g(s) — €, we have

that f(t) < s — d2. Moreover, define

3 =sup {f(t) : g(s) <t <g(s) + et —s,

so that, by definition of g, we have that d3 > 0. Define § = min{dy, d2, d3}. Now, let n be large enough

such that sup,cio g(s)t¢ [fn(s) — f(s)] < /2 and [s;, — s| < 6/2. Then, it holds that

1. fot) <s—0/2 < sy forallt <g(s—)—e¢;

2. fu(t) <s—0d < s, forall g(s—)+e<t<g(s)—e
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3. There is a g(s) < t < g(s) + € such that f,(t) > s+ /2 > s,.
These tree facts imply that g,(s,) C [g(s—) —€,g(s—) + €] U [g(s) — €, g(s) + €], which proves the first
of the three conditions.

Then, the second and third property follow immediately from the first property and the monotonic-

ity of g, and g. O

Proof of Lemma 2.53. First, note that g, o', ¢;, and o; are well-defined for all ¢ € [m], n > 1 by

inf{f(t): ¢t <T} <inf{f(t) : t <y} and inf{f,,(t) : ¢t < T} < inf{fn(t) : t < 2 }.

Fix i. We will first show that ¢ — g¢; and o — o0; as n — oo. Firstly, note that by the
assumption that f(x;) — inf{f(s) : s < x;} > 0 and the continuity of f, ¢; < x; < ¢g; + 0;. Fix
0 < e <min{x; — g;,9; + 0; — x;}/2. We claim that the following conditions are sufficient for g — g;

and o] = 0; as n — oo. For all n large enough,

l.gi+e<al <gi+o;—ce¢
2. inf {fu(s) :s € (9 —€, 9+ €)} <inf{fn(s):s€[gi+e9i+0;i—€},
3. inf{fn(s):s€(9i—€g;i+¢)} <inf{fn(s):s€[0,9; — €|},

4. inf{f.(s):s€(gitoi—€gi+o;+e€)}<inf{fn(s):s€[0,9; +0; — €|}

Indeed, conditions 1, 2 and 3 imply |g* —g;| < €, while conditions 1, 2 and 4 imply |(g]'+07)—(gi+0:)| <
€. Note that condition 1 holds for n large enough by definition of € and the convergence of z to z;.

To show the other conditions, define

6 =inf {f(s):s€[gi+e.gi+0i — €]} —nf{f(s):5 € (g: — €, 9i + )}
Oy =Inf{f(s) :s€[0,9; — €]} —inf {f(s):s€(g9i—€,9: +€)}

O3 =inf{f(s) :s€(0,gi+o;—¢€} —inf{f(s):s€(git+o;—€g9i+o,+¢€)}.

By uniqueness of local minima and the definition of g; and o;, we have § := min{dq,d2,d3}/3 > 0.
Then, note that for n large enough, sup{|f.(s) — f(s)| : s < g; + €} < §, which implies conditions 2, 3,
and 4 for such n.

Since ¢ was arbitrary, and m is finite, we find that

(950 )1<i<m = (94, 0i)1<i<m
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in R?™ as n — oo.

We now claim that g;* — g; and g7 — g; implies that g;' = gj for n large enough. Indeed, by definition

n
)

of gi*, gj and o7', we have that g; < g}’ implies that g} — g;" > 0", and by the argument above,

7

ol = 0g; > 0,80 g — g% — 0 can only hold if g* = g" for n large enough. This implies that
i % J % 7 g g

#{(gho7) 1< i<m) o #{(go) 1 <i<m).

Then, the result follows. O
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