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1 Introduction

In this paper we address the systematic study of Fayet-Iliopoulos (FI) deformations [1] of
3d N = 4 unitary quiver gauge theories. In the literature, the moduli spaces of vacua of 3d
N = 4 theories, as well as other quantities, are typically studied in two extreme settings:
either all FI terms are set to a generic non-zero value, the Coulomb branch is lifted and
the Higgs branch is resolved;1 or all FI terms (and masses) are taken to be zero, Higgs,
Coulomb and all mixed branches are present and singular, see figure 1. In the following we
will consider all options of FI terms such that there is at least one supersymmetric vacuum.

FI parameters of a 3d N = 4 theory are a real triplet valued in the Cartan subalgebra
of the Coulomb branch symmetry algebra

ζ ∈ R3 ⊗ tC . (1.1)

Different choices of FI can trigger different RG flows, hence there is a notion of stratification
in the space of FI deformations [3]. Rather than obtaining such a stratification through
some geometric observable on the space of FI deformations, we will use quantum field theory
considerations and focus on the notion of minimal deformations. We consider a deformation
as minimal if the rank of the Coulomb branch global symmetry of the quiver drops by one.2

1Alternatively sometimes all mass terms are set to generic values. Masses and FI terms are exchanged
by 3d mirror symmetry [2].

2Typically a FI deformation can trigger an RG flow to multiple SCFTs expressed by various quivers Qi

with Coulomb branches Ci. In this case it is the rank of the combined global symmetry of all Cis which
should drop by one.
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We conjecture that these deformations precisely parametrize the lowest dimensional loci in
the full deformation space, see figure 1. Consecutive minimal deformations will eventually
lead to completely deforming the theory. In algebraic geometry we are studying the hyper-
Kähler quotient

Hn ///
ζ
G (1.2)

where G is the gauge group and ζ ∈ R3 ⊗ tZ(G∨) is the level of the moment map. In other
words we are studying resolutions / deformations of the Higgs branch [4, 5]. However, it is
important to note that the physical deformation parameters present in the quantum field
theory need not coincide with the allowed deformation parameters of the Higgs branch as
a geometric space. A simple example is a discrete gauge theory with one hypermultiplet
charged under the gauge group Zk: the Higgs branch is Ak−1 = C2/Zk, which geometrically
has k − 1 deformation parameters, but there are no such parameters in the discrete gauge
theory.3 We will only use the deformations visible in the Lagrangian theory, i.e. the center of
the gauge group. For this reason we will not consider orthosymplectic quivers or non-simply
laced quivers, and we are not able to probe rank enhancement of topological symmetry in
unitary quivers, as happens for moduli spaces of instantons [11] and other examples [12].
Furthermore we limit our study to good theories in the sense of [13], since FI deformations
of bad theories not only deform the Higgs branch but also partially lift it [14, 15], see
also [16, appendix B] for a brane explanation.

This technique of FI deformations is very useful in the context of magnetic quivers,
to study mass deformations of theories with 8 supercharges in spacetime dimension higher
than 3. FI deformations on magnetic quivers were used successfully to

• derive magnetic quivers for 4d N = 2 S-fold theories from magnetic quivers for 6d
N = (1, 0) SCFTs [17],

• study mass deformations of 5d N = 1 SCFTs, and generate their RG-flow trees [18],

• derive magnetic quivers for 4d N = 2 theories on the worldvolume of D3 branes
probing 7-branes on orbifolds [19].

In the following we will implicitly pick a 3d N = 2 subalgebra, and work only with
complex F-terms / moment maps and complex FI parameters, as opposed to a real triplet.
Because of the underlying hyper-Kähler structure there is no loss of generality. As dis-
cussed in [17–19], and as will be reviewed and generalized below, one can study the F-term
equations of motion in presence of a complex FI term, and use meson propagation to obtain
the theory at the endpoint of the flow triggered by the FI deformation. This can be turned
into a graphical quiver subtraction algorithm.4 The main result of the present paper is

3It has been understood for a long time that is it not sufficient to characterize theories by geometry alone,
but that one needs to specify allowed deformations. Fundamental instances are the frozen singularities in
string theory [6], see also [7], and this idea is particularly important in the classification of theories from
their moduli space geometry [8–10].

4The FI quiver subtraction algorithm computes the type of singularities in the Higgs branch of the
theory resolved by an FI term. This is not to be confused with what is commonly referred to as quiver
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Minimal Deformation

No DeformationGeneric Deformation

FI parameter space

Figure 1. Stratification of FI space (orange plane). At the origin, the HB (black) is singular while
at a generic point it is resolved. The CB is lifted at a generic point; on the locus of a minimal
deformation, the CB symmetry drops in rank by one, by definition of minimality.

a precise rule that identifies the quivers that have to be subtracted, given a minimal FI
deformation. We give an executive summary in the next subsection 1.1.

1.1 Summary

Let Q be a good unitary quiver. We work in the framework of complexified gauge trans-
formations, in which the Higgs branch HQ is the algebraic variety obtained by imposing
F-term constraints and invariance under the complexified gauge group. The FI param-
eters are deformation parameters for the F-term equations, hence for the Higgs branch
HQ. Under this deformation, the conical singularity generically breaks down into several
singularities, see figure 2. The goal of this paper is to identify the singularities thereby
created as Higgs branches of other quivers Qi ≡ Qi(Q; ζ).

Our first result is a reformulation of this question as a well defined problem, that we
call the FI-Meson problem, which lies at the intersection between linear algebra and graph
theory. This problem takes as an input the quiver Q and the deformation ζ and the output
is the finite set S of solutions, which are subquivers S satisfying two conditions:

α) Any node in Q where ζ takes a non-zero value is present in S with the same rank

β) The ranks of the other nodes are constrained by Theorem 1.

subtraction [20, 21] which computes symplectic leaves and transverse slices in the Coulomb branch of the
theory with mass and FI terms set to zero. The two algorithms are different in a number of ways, as detailed
below.
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H0 (Q)

FI deformation

of Higgs branch

Hζ′ (Q)

H0 (Q1)

H0 (Q2) H0 (Q3)

Q

Q1

Q2

Q3

FI triggered
RG flows

Figure 2. Top: schematic depiction of the conical Higgs branch H0 (Q) of a good unitary quiver
Q with FI term ζ = 0 (left), and the deformed Higgs branch Hζ′ (Q) after turning on an FI term
ζ = ζ ′ 6= 0 (right). The singularity of the undeformed Higgs branch splits into several separated
singularities, which in turn can be described locally as Higgs branches of good unitary quivers Qi

which are determined from Q and ζ.
Bottom: rG flows triggered by ζ = ζ ′. The SCFT Q may flow to a number of SCFTs Qi depending
on a precise choice of Higgs branch VEV, i.e. choosing one of the singularities in the deformed Higgs
branch.
While a split into three singularities is shown, in general any number of separated singularities may
be produced by a non-zero FI term. Determining all Qi(Q; ζ) for a choice of Q and ζ is the question
we address in this paper.

The set of solutions is partially ordered, see figure 3, and it admits a finite number of local
minima that we call the extremal solutions Si(ζ)

(Q, ζ) FI-Meson−−−−−−→ S ⊃ min(S) = {Si(ζ)} . (1.3)

Our second result provides a one-to-one correspondence between the extremal solutions
Si(ζ) to the FI-Meson problem and the quivers Qi(Q; ζ). When the solutions Si(ζ) are
known, the quivers Qi(Q; ζ) are obtained straightforwardly using a quiver subtraction al-
gorithm,

Q − Si(ζ) = Qi(Q; ζ) . (1.4)

This subtraction algorithm has two steps: first one subtracts the ranks of the nodes of Si(ζ)
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Poset of solutions
S(ζ = 0)

S = 0

S = Q S = Q

S = 0

S3(ζ ′)S2(ζ ′)

S1(ζ ′)

Poset of solutions
S(ζ = ζ ′)

Figure 3. The geometric deformations and RG flows of figure 2 are mirrored in the poset of
solutions S(ζ) to the FI-Meson problem. When ζ = 0, the poset S(ζ) has a unique minimal
element S = 0, meaning that there is no deformation. For generic values ζ = ζ ′ 6= 0, the poset
S(ζ ′) can have several minima Si(ζ ′). These minima are in one-to-one correspondence with the
singularities after deformation, using the subtraction (1.4).

from those of Q, and then one rebalances using one or several additional nodes (which can
have arbitrarily high rank).

The main practical difficulty is that the FI-Meson problem remains generically hard to
solve. However it can be addressed explicitly for small enough quivers; in addition, when a
brane system is available, the analysis can be greatly simplified, as illustrated at length in
subsequent sections. In this case the FI deformations are interpreted as brane moves, and
the singularities in figure 2 are visible as brane intersections. In general, the solution set
S has several minima. Geometrically, this means that the singularity breaks into several
singularities, as illustrated in figure 2 and figure 3. Physically, this implies that turning on
FI parameters triggers a flow towards more than one theory.

As an application of our methods, we compare the results it produces with what is
known from other approaches. One interesting example is SQCD, which although elemen-
tary displays a surprisingly rich variety of phenomena. As another example, the graphs of
mass deformations of certain families of SCFTs in various dimensions have been worked
out from field theory and / or higher dimensional compactification, and they match with
our results applied on their magnetic quivers.

Comparison of two quiver subtraction algorithms. It should be emphasized that
the FI subtraction algorithm shares some superficial similarities with the ‘symplectic leaf

– 5 –
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quiver subtraction’ developed in [21, 22] to uncover the stratification of the Coulomb branch
of the quiver (which is a symplectic singularity) into symplectic leaves. This is the geometric
incarnation of a generalized Higgs mechanism along Coulomb branch directions. However,
these two algorithms are very different and should not be confused. As will be amply shown
in the present work,

• The identification of the quiver to be subtracted, S, is straightforward in the sym-
plectic leaf algorithm (one simply goes through the list of known minimal symplectic
singularities). In the FI algorithm, it is an algorithmically hard problem.

• Typically, in the symplectic leaf algorithm one subtracts quivers of affine type, i.e.
good quivers. In the FI algorithm, one typically subtracts bad or ugly quivers.

• The rebalancing process in the FI algorithm is rich, it can involve several non-abelian
nodes, while it just involves one abelian node in the symplectic leaf algorithm.

• In the symplectic leaf algorithm, the subtracted quiver S corresponds to the theory
obtained in the IR after Higgsing along the Coulomb branch, while in the FI algo-
rithm, Q− S is the IR theory that remains at one of the most singular points in the
resolved Higgs branch.

FI deforming 3d theories vs mass deforming SCFTs in higher dimensions.
While studying FI deformations of 3d N = 4 theories is interesting in its own right,
we are mainly motivated by the possibility to study mass deformation triggered RG flows
between SCFTs with 8 supercharges in various dimensions. As depicted in figure 2 a single
FI deformation of a 3d N = 4 SCFT Q can trigger different RG flows to distinct 3d N = 4
SCFTs Qi, depending on a choice of vacuum. However for e.g. a 5d N = 1 SCFTs T with
magnetic quiver Q any mass deformation triggers a flow to either a single new strongly
coupled SCFT T ′, or to a weakly coupled theory. Let us consider a mass deformation to
a new SCFT. This mass deformation can be mapped to an FI deformation ζ ′ of Q. If this
FI deformation leads to multiple RG flows Qi, then the Higgs branch of T ′ is the union of
the Coulomb branches of Qi, see figure 4.

Plan of the paper. In section 1.2 we present a new 3d mirror which is found by studying
FI deformations of the magnetic quiver of SU SQCD. In section 2 we study the simplest ex-
amples, A- and D-type Dynkin quivers, through their brane system and through FI quiver
subtraction. These basic examples clarify what happens, when there are several inequiva-
lent solutions to the equations of motion, i.e. several inequivalent FI quiver subtractions.
In section 3 we develop a more general understanding of both solving equations of motion
and deriving rules for FI quiver subtraction. In section 4 we apply what we learned to FI
deform magnetic quivers of SQCD theories with unitary and special unitary gauge groups
to obtain the mass deformations of SQCD, yielding interesting results about the moduli
space of SQCD and the effective low-energy theories at its singular points. We will in par-
ticular see that the low-energy theory in general involves matter fields in the determinant
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representation of a unitary gauge group.5 In section 5 we FI deform magnetic quivers for
4d N = 2 rank-2 SCFTs and for instanton moduli spaces. We will in particular show that
via FI deformations we flow from the magnetic quiver of instanton moduli spaces to that of
nilpotent orbits of the same group. In section 6 we provide some questions we hope will be
addressed in the future. In appendix A we collect various linear algebra results we derived
to study the FI-Meson problem. In appendix B we comment on the action of the Weyl
group on FI deformations. In appendix C we discuss in more detail our new 3d mirror
pair. In appendix D we show all minimal FI deformations of E-type Dynkin quivers.

1.2 A new 3d mirror pair

As a by-product of our analysis of the FI deformations of SQCD theories, we have found
a new 3d mirror pair:

1 2
· · ·

M
· · ·

M
· · ·

2 1
B − 1

1 2
· · ·

N
· · ·

N
· · ·

2 1
A− 1

1 1 (1.5a)

is the 3d mirror dual of

SU(N) U(1) SU(M)
M

A
N

B

ZNM
(1.5b)

with gauge group SU(N)×U(1)×SU(M), A hypermultiplets in the fundamental representa-
tion of SU(N) of charge M under U(1) and B hypermultiplets in the antifundamental rep-
resentation of SU(M) of charge N under U(1), gauging the 1-form ZNM ⊂ ZN×U(1)×ZM .
The number of hypermultiplets is indicated above the double lines, while the U(1) charges
are inserted within the line. 3d mirror symmetry was checked by computing the Higgs
and Coulomb branch Hilbert series of both quivers for various choices of M,N,A,B (see
appendix C). Notice that for M = 1 (1.5b) reduces to a U(N) gauge theory with a generic

5Many interesting 3d N = 4 dualities involving unitary gauge groups and determinant representation
have recently been uncovered [23, 24].
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number of hypermultiplets in the fundamental and determinant representations:

1
· · ·

1
B − 1

1 2
· · ·

N
· · ·

N
· · ·

2 1
A− 1

1 1 (1.6a)

is the 3d mirror dual of

U(N)

A

B

(1.6b)

where the solid and dotted lines denote the fundamental and determinant representations
of U(N) respectively. The duality between (1.6) and (1.6b) has been recently discussed
in [23], generalizing the findings of [18, 25].

2 Warm-up with branes: affine A-&D-type Dynkin quivers

In this section we consider FI deformations of A- and D-type Dynkin quivers. These FI
deformations are mapped to mass deformations in the respective 3d mirror theories, which
are good U(1) and SU(2) gauge theories with fundamental hypermultiplets [2].

1

Nf

1 1
· · ·

1 1

1

Nf − 1

↔ (2.1)

SU(2)

PSO(2Nf )

1

1
2

. . .

2
1

1

Nf − 3

↔ (2.2)

2.1 Type A

Mass deformations of SQED. The affine A-type Dynkin quivers are dual to SQED
with charge 1 hypers. We begin this section by studying mass deformations of the latter
theory, as it may be more common to the reader. We employ the Hanany-Witten brane
system [26]. Our conventions are summarized in figure 5.
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x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5 x x x x x x
D3 x x x x
D5 x x x x x x

(x6)

(x3, x4, x5)

(x7, x8, x9)

NS5 NS5

k D3

N D5

. . .

k

N

(1)

(2)

Figure 5. (1) The Type IIB set-up: the ’x’ mark the spacetime directions spanned by the various
branes. The x6 direction can be seen as an S1 direction when we engineer unframed affine quivers
later in this section. (2) Depiction of the brane system for U(k) with N flavors, with all deformation
parameters turned off, at the origin of its moduli space.

Example 1. Let us begin by studying the example of SQED with two flavors, which
is self-mirror, (2.1) with Nf = 2. This theory has one6 mass parameter m and one FI
parameter ζ. The moduli space for m = ζ = 0 consists of a Coulomb branch A1 and a
Higgs branch a1.7 If m 6= 0 the Higgs branch is lifted and the Coulomb branch is resolved.
If ζ 6= 0 the Coulomb branch is lifted and the Higgs branch is resolved. If both parameters
are turned on then there is no supersymmetric vacuum and we do not consider such a case.

6All parameters come as triplets of SU(2)C or SU(2)H , where the former group acts on the Coulomb
branch and the latter group on the Higgs branch. We consider one such triplet as a single parameter.

7We use the standard notations that aN denotes the closure of the minimal nilpotent orbit of sl(N +1,C),
while AN is the Kleinian singularity C2/ZN+1. Note that A1 = a1 and we only make the distinction to fit
with later examples.
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We can depict the moduli space of the theory depending on m and ζ schematically:

m 6= 0 ζ 6= 0 (2.3)

where the Coulomb branch is depicted in red and the Higgs branch is depicted in blue. We
can visualize this much less schematically using brane systems and Hasse diagrams:

A1 a1

1 1

m 6= 0 ζ 6= 0 (2.4)

where we denote the dimension of the smooth factor of the Coulomb branch or Higgs branch
at the bottom of the Hasse diagram without giving its precise geometry. The notation is
taken from [27].

Example 2. Let us turn to SQED with 5 flavors, i.e the left hand side of (2.1) with
Nf = 5. There are four masses m1,m2,m3,m4 and one FI deformation ζ.8 A web of
various deformations is depicted in figure 6. There, we see the effect of turning on m1 6= 0,
followed by m2 6= 0, followed by m3 6= 0, etc. However, there are other mass deformations,

8The four masses parametrize the Cartan subalgebra of su(5), they correspond to the differences of the
mass parameters for the individual hypers. A global shift in all the masses is equivalent to a shift of the
scalar in the vector multiplet.
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for instance

A4 a4

a1 A1 A2
a2

m2 6= 0 (2.5)

where we set m2 6= 0 while still keeping the other masses zero. The Hasse diagram after
deformation deserves some explanations. There are now two singular points in the Coulomb
branch (corresponding to the D3 brane hitting each one of the two stacks of D5 branes).
As we flow to m2 → ∞ we have to make a choice, and decide which stack of branes to
keep. In the field theory this means the flow can lead to two different theories, depicted on
the level of Hasse diagrams as follows:

a4 A4
a1 A1 A2

a2 a1 A1 A2
a2

m2 6= 0 m2 →∞

(2.6)
or in terms of quivers:

1

5
→

1

2

1

3
. (2.7)

The two theories on the right hand side of (2.7) represent the two distinct endpoints of the
RG-flow triggered by the mass deformation.

General case. The examples above are immediately generalized as follows. For SQED
with Nf flavors, there are 2Nf−1 phases corresponding to whether mi is zero or not, for
i = 1, . . . , Nf−1. The minimal deformations are those where only one mass mi is non-zero.
This mass triggers a flow where two theories can ultimately be reached:

1

Nf

→
1

i

1

Nf − i
(2.8)

If i = 1 or i = Nf −1, one of the theories is free, and one can safely focus on the interacting
one, but even this is an arbitrary choice. Turning on another mass mj can be analyzed
in exactly the same way on the resulting pair of theories. For this reason, we will mostly
focus in the following on minimal mass deformations. In the next subsection, we give a
geometric interpretation of this minimality.
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FI deformation of magnetic quiver. The mass deformations for SQED correspond
to FI deformations for the mirror quiver, on the right of (2.1). When turning on an FI
parameter in a unframed unitary quiver — with gauge nodes U(ni) and corresponding FI
terms ζi — one needs to respect the condition [17, (3.16)]∑

i

niζi = 0 . (2.9)

Using the same labeling of the nodes as before, the minimal mass deformation mi 6= 0
corresponds to ζi = −ζ0 6= 0.

We can realize the unframed mirror quiver in a Hanany-Witten brane setup with the
x6 direction as a circular dimension. For concreteness we pick Nf = 5. We depict the
brane system for our theory in the Higgs phase, suppressing the (x3, x4, x5) directions:

(x6)
(x7, x8, x9)

NS5
D3

1

1

1

1

1

(2.10)
The dashed line denotes the (x7, x8, x9) position the 5 NS5 branes are at. Consider the
deformation (2.5), (2.7). We depict in orange the two nodes where the FI terms λ and −λ
are turned on respectively:

1

1

1

1

1

λ (2.11)

We now have 3 NS5 branes at one (x7, x8, x9) position, and 2 NS5 branes at another
(x7, x8, x9) position, the two (x7, x8, x9) positions are depicted by two dashed lines. The
split of the one dashed line in (2.10) into two dashed lines in (2.11) reflects that the singular
conical Higgs branch of the quiver in (2.10) is partially resolved creating two singularities.
Either of the two singularities locally looks like the Higgs branch of a new quiver. Taking
the limit λ→∞ we are sending NS5 branes off to infinity. There are two possible scenarios:
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1. We are left with

(2.12)

which corresponds to the FI quiver subtraction

1

1

1

1

1

− 1

1

1 =
1

1

1

(2.13)

The subtraction algorithm will be explained in full generality in section 3; suffice it
to say here that the orange node on the right hand side of (2.13), which is read from
the brane system, will be interpreted later on as a rebalancing node.

2. We are left with

(2.14)

which corresponds to the FI quiver subtraction

1

1

1

1

1
−

1

1

1
1

=

1

1 (2.15)

The two quivers we obtain are the magnetic quivers of the two resulting quivers in (2.7).
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Higgs branch deformation via bug calculus. The conclusions of the previous
section can be reproduced by looking at FI deformations of the 3d mirror theory, given on
the right hand side of (2.1). The nodes are labeled by i ∈ ZNf

= {0, 1, . . . , Nf − 1}. Let
us denote by Qi and Q̃i the chiral multiplets that form hypermultiplets (Qi, Q̃i) between
nodes i and i+ 1.

It is useful to pick a framed version of the mirror quiver to analyze the FI deformations
via ‘bug calculus’ [5]. We can pick without loss of generality the ungauging node to be
i = 0. We then turn on FI terms λi ∈ R on the node i = 1, . . . , Nf − 1. We denote this
situation with the diagram

1 1
· · ·

1 1

1 1

λ1 λ2 λn−1 λn

Q̃0

Q̃1 Q̃Nf−1

Q̃Nf
Q0
Q1

QNf

(2.16)

The vacuum equations read

QiQ̃i − Q̃i+1Qi+1 = λi+1 . (2.17)

One can form the usual three invariantsX = QNf
QNf−1 · · ·Q1Q0, Y = Q̃0Q̃1 · · · Q̃Nf−1Q̃Nf

and Z = Q0Q̃0. The equation for the deformed ANf−1 singularity is

XY = Z(Z − λ1)(Z − (λ1 + λ2)) · · · (Z − (λ1 + · · ·+ λNf−1)) . (2.18)

Geometrically, the only thing that really matters is the partition of Nf defined by the
factorization on the right-hand side. This partition is unchanged under the action of the
Weyl group on the weight space element λ = λ1$1 + · · ·+λNf−1$Nf−1 of ANf−1. Focusing
as previously on minimal deformations translates in this language into looking at Weyl
orbits of fundamental weights. The space of FI parameters can be seen, in this example, as
the space of ANf−1 weights. It admits a natural stratification in terms of facets of the Weyl
chambers. The dimension 1 walls, which are generated by fundamental weights, correspond
to the minimal deformations. For the fundamental weight $i, the equation (2.18) becomes

XY = Zi(Z − 1)Nf−i . (2.19)

Note that the weights $i and $Nf−i correspond to the same deformation.

Example. If we consider Nf = 3, the equation is XY = Z(Z − λ1)(Z − λ1 − λ2).
We have a two-dimensional space spanned by (λ1, λ2). There are singularities when the
polynomial on the right-hand side has double roots, i.e. when either λ1 = 0 or λ2 = 0 or
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λ1 + λ2 = 0. Let’s represent this graphically:

λ2 = 0

λ1 = 0λ1 + λ2 = 0

(1, 0)

(0, 1)(−1, 1)

(−1, 0)

(0,−1) (1,−1)

(2.20)

The dimension 1 facets of the Weyl chambers are the lines. On these lines the theory is
mass deformed as (2.8) with Nf = 3 and i = 1. This is a precise illustration of the cartoon
shown in figure 1.

Summary. We have seen several aspects of the mass deformations in SQED. Minimal
mass deformations (2.8) correspond to minimal FI deformations in the mirror, and the
latter can be implemented algebraically at the level of the equations of motions (2.19), or
equivalently using quiver subtraction.

2.1.1 Affine A-Type Dynkin Quiver with higher rank nodes

Let us consider the brane system (2.10) with two D3 branes instead of one

2

2

2

2

2

(2.21)
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We can now turn on an FI term for the same nodes as in (2.11). We get

2

2

2

2

2

(2.22)

The Higgs branch of the quiver in (2.22)9 has three most singular points:

1. Both D3 branes probe the ‘inner most’ NS5 branes. In this case we have the FI quiver
subtraction

2

2

2

2

2

− 2

2

2 =
2

2

2

(2.23)

2. Both D3 branes probe the ‘outer most’ NS5 branes. In this case we have the FI
quiver subtraction

2

2

2

2

2
−

2

2

2
2

=

2

2 (2.24)

3. There is another option, where one D3 brane probes the inner NS5 branes while
the other D3 brane probes the outer NS5 branes. This corresponds to an FI quiver

9The Coulomb branch Hilbert series of the quiver in (2.21) cannot be computed through the monopole
formula of [28] as it diverges, this doesn’t affect our discussion however.
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subtraction of two quivers10

2

2

2

2

2
−

1

1

1
1

− 1

1

1
=

1

1 1

1

1

(2.25)

This last case deserves some further remarks. The result of the FI deformation is a
disjoint union of two quivers, the moduli space of this theory is the product of the
two individual moduli spaces of each quiver. In the limit of λ → ∞ the two sets of
NS5 branes are infinitely far apart, yet there is a D3 brane probing each of them.
The two D3 branes don’t talk to each other since they are infinitely far apart, and
hence their worldvolume theory is a disjoint union.

2.1.2 Affine A-Type Dynkin Quiver with higher rank nodes and one flavor

Let us now consider the brane system (2.21) with an added D5 brane providing a flavor to
one of the nodes.11

2

2

2

2

1

2
(2.26)

10See e.g. [18, (2.8) and below] for a previous example of such a double FI quiver subtraction.
11The Coulomb branch of the resulting quiver is a moduli space of instantons and its Hilbert series can

be computed straight forwardly using the monopole formula. Other FI deformations of this quiver are
discussed in section 5.
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Again we turn on FI terms on two nodes just as before

2

2

2

2

1

2
(2.27)

Again there are three most singular points in the resolved Higgs branch:

1. Both D3 branes probe the ‘inner most’ NS5 branes. In this case we have the FI quiver
subtraction

2

2

2

2

1

2
− 2

2

2 =
2

2

21

(2.28)

2. Both D3 branes probe the ‘outer most’ NS5 branes. In this case we have the FI
quiver subtraction

2

2

2

2

1

2 −
2

2

2
2

=

2

1

2
(2.29)

3. One D3 brane probes the inner NS5 branes while the other D3 brane probes the outer
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NS5 branes

2

2

2

2

1

2 −
1

1

1
1

− 1

1

1
=

1

1
1

1

1

1

(2.30)
The resulting unframed quiver is connected, it can be disconnected however e.g. by
framing the U(1) node which corresponds to the (flavour) D5 brane in the brane
system.

2.2 Type D

We now turn to the SU(2) gauge theory with fundamental matter (2.2).

Branes. The right hand side of (2.2) is realized in a brane system on a circular dimension
with two ON− planes as follows (drawn here for Nf = 7) [11, 29, 30]:

(2.31)

The orientifold planes act as (x6, x7, x8, x9)→ (−x6,−x7,−x8,−x9), which corresponds in
this picture to a reflection through the horizontal line containing the two orientifolds and
a reflection with respect to the circle they belong to.

Consider for instance the FI deformations

1

1

−2λ

2 2

λ

2 2
1

1 (2.32)

The non abelian nodes in this quiver correspond to the four D3 brane intervals that stretch
between the five central NS5 branes in (2.31), while the abelian nodes correspond to the
two D3 brane intervals next to the orientifold planes. Therefore the FI deformation is
accomplished in the brane system by lifting three NS5 branes adjacent to the orientifold
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on the left. The D3 branes, whose motion is restricted by the orientifold action, give rise
to two distinct phases:

(2.33)

In one phase (left), the world-volume of the D3 branes contains the same branes as in (2.31)
but with Nf = 4. In the other phase (right), the D3 branes have left the orientifold fixed
locus, and the local physics on their world-volumes is that of (2.10) with Nf = 3. This
constitutes the brane proof that the singularity D7 splits under the FI deformation to two
singularities D4 and A2.

The previous result can be recovered directly via quiver subtraction as follows:

1

1
2 2 2 2

1

1

−

1

1
2 2 1

1 2
1

1
1

− 1
1 2 2 2

1

1

1
1

1

(2.34)
The quivers that need to be subtracted can be read directly from the brane systems (2.33).
Note that on the left we subtract a finite Dynkin diagram of type D5, while on the right we
subtract another quiver that has the shape of the D7 Dynkin diagram but different ranks.
Both quivers are ugly, in the terminology of [13], and their 3d N = 4 Coulomb branches
are freely generated.
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As is hopefully clear from these examples, the FI deformations can be implemented
easily from a quiver subtraction algorithm, without referring to a brane system. However,
the brane system was essential in identifying which quiver to subtract. In general situation,
with an arbitrary quiver, brane systems are in general not available. Therefore, we need
an independent way of identifying which quivers to subtract. Note in particular that we
should be able to reproduce the subtraction of disconnected quivers as in (2.25). The
whole problem of FI deformations reduces to this question, which we now address in full
generality in the next section.

3 FI-flows via FI-subtractions

When the Higgs branch of a given theory can be described by a magnetic quiver, assumed
to be unitary and simply laced, its mass deformations correspond to FI deformations for
the magnetic quiver. It is therefore of interest to identify and characterize the minimal FI
deformations of a unitary quiver.

In this section, we formalize this question and show that it is in general a difficult
algebraic problem. We show that it can always be treated as a quiver subtraction procedure,
generalizing what we saw in the previous section, but identifying which quivers to subtract
is the central difficulty. In particular, it should be stressed that it is not enough to subtract
finite Dynkin quivers or restrict to subtracting quivers with a freely generated Coulomb
branch.

3.1 Rephrasing into linear algebra

Consider a quiver with unitary gauge nodes and only bifundamental matter.12 We assume
that every gauge node U(k) has at least 2k fundamentals. Formally, the quiver is defined
by a set of vertices V , a list13 E of edges e ∈ V 2 and a list of ranks kv ∈ Z>0 for each
v ∈ V . We turn on FI terms ζ = (ζv)v∈V ∈ CV at the vertices, which have to satisfy∑

v∈V
ζvkv = 0 . (3.1)

In terms of fields, we associate to each edge e = (e1, e2), with e1, e2 ∈ V , two chiral
multiplets Qe and Q̃e transforming respectively in the representations e1×e2 and e2×e1.
We see Qe as a e1 × e2 matrix and Q̃e as a e2 × e1 matrix. To each edge e = (e1, e2)
one can associate two mesons: Me = QeQ̃e, transforming in the adjoint representation of
U(ke1), and M̃e = Q̃eQe transforming in the adjoint representation of U(ke2). The F-term
equations read ∑

e|e1=v
Me −

∑
e|e2=v

M̃e = ζv1kv . (3.2)

The Higgs branch of the magnetic quiver is parametrized by the gauge invariant combina-
tions of the Qe and Q̃e subject to (3.2).

12Throughout this paper, we use quivers without framing, it being understood that a diagonal U(1) has
to be ungauged. In some of the examples we used framed versions for convenience.

13The list can have repetitions. Note that the edges are oriented.
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The problem can now be stated as follows. Given a quiver, and a list of FI parameters
(ζv)v∈V , what is the set of mesons (Me, M̃e) satisfying (3.2), up to gauge transformations?
There are two aspects to this question, which we attack in two steps. First, we need to
characterize the possible pairs (Me, M̃e) of matrices associated to a given edge, and second,
we need to find an arrangement of these matrices in such a way that the sum (3.2) at each
vertex is satisfied. Both steps involve simple linear algebra, but in combination they yield
a difficult problem. We look at these in turn.

• Edges: Let us look closer at the relation betweenMe and M̃e for a given edge e ∈ E.
This boils down to the following linear algebra problem: what is the relation between
two matrices of the form QQ̃ and Q̃Q? The answer to this question is provided by
the Theorem 1 stated and proved in appendix A. The bottom line is that the Jordan
blocks ofMe and M̃e with non zero eigenvalues are the same, while the Jordan blocks
with 0 eigenvalue have sizes that can differ by at most one. Two matrices that satisfy
this condition can always be written as QQ̃ and Q̃Q for some rectangular matrices
Q and Q̃ of appropriate shape.

• Vertices: The vertices v are distinguished by the number of edges reaching them,
and the value of ζv. If only two edges reach v, then (3.2) is straightforward to
solve. Assume for simplicity that the orientations are such that the equation reads
Me−M̃e′ = ζv1kv . ThenMe = M̃e′+ζv1kv , and this simply shifts the eigenvalue of all
the Jordan blocks of M̃e′ by ζv. At bifurcations however the problem is more intricate,
even if ζv = 0. Consider for instance the equation Me = M̃e′ + M̃e′′ . The constraints
from the edges characterize the types of Jordan blocks for these three matrices, it is
difficult to characterize the blocks of a sum from those of its summands.

Given a set of meson pairs (Me, M̃e) satisfying (3.2), one constructs a subquiver S of
Q as follows. The sets of vertices and nodes are the same as those of Q, and the ranks are

k′v = max
(

max
e|v∈e

re, kv(1− δζv )
)

(3.3)

where δζv is a delta function whose value is zero whenever the FI parameter at v vanishes
and is one otherwise and

re = max(rank(Me), rank(M̃e)) . (3.4)

The quivers S that can be obtained this way are called solutions of the FI-Meson problem.
The set S of all solutions is partially ordered is the obvious way: for two solutions S1

and S2 (with nodes of ranks k1
v and k2

v) we say that S1 � S2 if for all v ∈ V , k1
v ≤ k2

v . With
this partial order the solution set S, which is finite, has a number of minimal elements that
we call the extremal solutions:

Sextr = minS = {Si|i = 1, . . . , n} . (3.5)
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Notations. In the following, it is convenient to show solutions of (3.2) in a graphical
way, without having to explicitly name the edges and vertices. We do this using the
following notation. For each edge, we show the two matrices corresponding to Me and M̃e

at the ends of the edge e, next to the vertex for which these matrices transform in the
adjoint representation:

k1 k2

M̃M

(3.6)

This notation means that M is an k1 × k1 matrix, M̃ is an k2 × k2 matrix, and they are
related as given by Theorem 1. For instance,

2 3

 2 −1 −1
1 0 −1
1 −1 0

(
1 0
0 1

) (3.7)

is admissible, as the Jordan block decomposition of the 3× 3 matrix is J2(1)⊕ J1(0). Here
we use the following standard notation for k × k Jordan blocks:

Jk(λ) =



λ 1
λ 1

λ
. . .
. . . 1

λ


. (3.8)

Vertices v where ζv = 0 are painted in white, and the sum of adjacent matrices has to sum
to 0 (with appropriate signs). Vertices v with ζv 6= 0 are painted in orange, the value of ζv
is indicated in orange next to the vertex, and the adjacent matrices have to sum to ζv times
the identity matrix (again with appropriate signs). When only two nodes are painted, there
is no need to indicate the value of ζv as it is fixed up to an overall constant. Thus, for a
given quiver the solution in terms of mesons can be drawn by putting all the (non-zero)
meson matrices as in (3.6). From there the solution quivers S can be read directly by
looking at the ranks of the meson matrices on edges adjacent to each vertex. For instance,
the D-type Klein singularities studied in section 2.2 are shown in figure 7. One can check
that the solutions presented there are extremal.

Subtraction algorithm. Let us first assume that the solution is irreducible, i.e. there
is no basis in which all the matrices Me and M̃e can be written into block diagonal form
in a non trivial way, with each block being a solution of the equations. In this case, there
is only a U(1) group, acting on the Qe and Q̃e, that leaves the set of all these matrices
invariant. This U(1) is what replaces the group∏

v∈V
U(k′v) . (3.9)
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(a)

1 2
· · ·

2 2 2 2 2
· · ·

2

1
11

(2)

(
1 1
1 1

)

(
0 0
1 0

) (
1 1
0 1

)

(
0 1
0 0

)

(b)

1 2
· · ·

2 2 2 2 2
· · ·

2

1
11

(2)

(
2 0
0 0

)

(
1 0
0 −1

)

(
0 1
1 0

) (
0 1
0 0

)

(
0 0
1 0

)

1 2
· · ·

2 2 2 2 2
· · ·

2 1

11

(a)
−

1 2 2
· · ·

2 2 1

1

1 2
· · ·

2 1

11

(b)
−

1
· · ·

1 1 2 2 2
· · ·

2 1

11

1 1
· · ·

1 1

1

Figure 7. Two solutions for D type and corresponding subtractions. The subtractions realize the
splitting Dn → Ak−1Dn−k. The orange node in the middle is the kth starting from the left. This
reproduces the subtraction (2.34) obtained from the brane system.
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This is illustrated in figure 7. More generally, if the solution can be decomposed into the
direct sum of K copies of a given solution, the group is broken to U(K). A new quiver is
obtained, with nodes U(kv−k′v) and an additional node U(K) and edges used to rebalance.
If the solution can be decomposed into K1 times a solution, plus K2 times another one, etc,
then one adds nodes U(K1), U(K2), etc. This is what is at play in the “double subtraction”
in (2.25). Several other examples of this are given in section 4.1.

3.2 Example solutions and complexity

In general, it is difficult to find explicit matrix solutions to (3.2). The reason is that while
the Jordan structure of the matrices at each junction is known, the basis in which the
canonical Jordan form is reached depends on each leg. To make the problem manifest, we
look at two examples among the possible deformations of E-type Klein singularities. It
should be noted that these are still very simple spaces, but the complexity of the linear
algebra problem already requires computer assistance.

Example 1. For an illustration of the complexity of the problem, one can have a look
at the quiver

1 2 3 2 1

2

1

(3.10)

We consider the affine E6 quiver, and turn on FI terms as indicated by the orange numbers.
For simplicity, label the three legs by 1, 2, 3, oriented from the central node, leg 1 being
the one where an FI term is turned on for a U(1) node, leg 2 having an FI term for a U(2),
and leg 3 having no FI term. In any given solution, leg i gives a 3 × 3 matrix Mi, and
these have to satisfy M1 + M2 + M3 = 0. Let’s try to solve this equation. Consider first
the Jordan types of the Mi, which are constrained by Theorem 1 in appendix A:

• We begin with M1: since the Jordan type of the 1× 1 matrix at the end of the leg is
J1(2), the type of M1 is either J1(2)⊕ J2(0) or J1(2)⊕ J1(0)⊕ J1(0).

• ForM2, the type of the 2×2 matrix before the FI node is either J2(0) or J1(0)⊕J1(0).
Therefore the type of M2 is either J2(1)⊕ J1(0) or J1(1)⊕ J1(1)⊕ J1(0).

• Finally, M3 is nilpotent, its Jordan type is either J3(0), J2(0) ⊕ J1(0) or J1(0) ⊕
J1(0)⊕ J1(0).

We now are left with solving the equation M1 +M2 +M3 = 0 with these Jordan form
constraints. Using brute force computation, we find exactly two extremal solutions up to
conjugation. This is summarized in table 1. Once these solutions are known, it is easy
to complete all the meson matrices, as depicted in figure 8. This means that two quiver
subtractions are possible: they are shown in figure 8. Geometrically, this means that the
E6 singularity is deformed to a space with two singularities, of types A1 and A4.

– 27 –



J
H
E
P
0
4
(
2
0
2
3
)
0
1
5

1 2

1

3 2 1

2

1−2

−1 −1 0
0 −1 0
0 0 0


 0 0 0
−1 0 0
0 0 0



 1 1 0
1 1 0
0 0 0

(
−1 −1
0 −1

)

(
1 1
1 1

)

(2)

(
0 0
0 0

)(
0 −1
0 0

)

1 2

1

3 2 1

2

1−2

−2 1 1
−1 0 1
−1 1 0


 0 0 0

1 0 0
1 −1 0



 2 −1 −1
0 0 −1
0 0 0

(
−1 0
0 −1

)

(
2 0
0 0

)

(2)

(
0 0
1 0

)(
0 0
0 0

)

Figure 8. The two minimal deformations corresponding to the given FI in orange. The top quiver
displays Solution 1 in table 1, and the bottom quiver displays Solution 2.
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Matrices M1 M2 M3

Possibilities
J1(2)⊕ J2(0)

J1(2)⊕ J1(0)⊕ J1(0)
J2(−1)⊕ J1(0)

J1(−1)⊕ J1(−1)⊕ J1(0)

J3(0)
J2(0)⊕ J1(0)

J1(0)⊕ J1(0)⊕ J1(0)

Solution 1

J1(2)⊕ J1(0)⊕ J1(0)
1 1 0
1 1 0
0 0 0


J2(−1)⊕ J1(0)
−1 −1 0
0 −1 0
0 0 0


J2(0)⊕ J1(0)

0 0 0
−1 0 0
0 0 0



Solution 2

J1(2)⊕ J2(0)
2 −1 −1
0 0 −1
0 0 0


J1(−1)⊕ J1(−1)⊕ J1(0)

−2 1 1
−1 0 1
−1 1 0


J3(0)

0 0 0
1 0 0
1 −1 0


Table 1. Solutions for the FI deformations (3.10). The columns are labelled by the 3 × 3 meson
matrices, one for each leg in the quiver. The possibilities are the possible Jordan types compatible
with the FI constraints. Then we show the two extremal solutions in terms of Jordan forms, and
with a choice of representative.

Example 2. We now turn to the quiver

1 2 3 4 5 6 4 2

3
(3.11)

One can perform exactly the same analysis as for the previous example. Given the lengths
of the legs and using the theorem, the possibilities are given respectively by the 7 partitions
of 5, the 3 partitions of 4 with no entry > 2, and the 4 partitions of 6 with no entry > 2.
This is summarized in table 2. We find a unique extremal solution up to conjugation, and
it leads to the subtraction shown in the appendix, see (D.22).

3.3 How to find extremal solutions?

The previous subsection shows that finding extremal solutions for a given quiver Q and FI
parameters ζ can be difficult in general. Here we list a few methods that have helped us
identifying extremal solutions for specific examples.

• The first method is brute force computation, exploring all possible cases. We first
use Theorem 1 in appendix A to restrict the possible Jordan forms of various meson
matrices, and solve the graph constraints using generic basis transformations on the
intersecting nodes. This boils down to studying an algebraic variety embedded in
affine space of dimension ∼ ∑

v k
2
v . This quickly becomes intractable as the ranks

increase.

• A handy set of extremal solutions is provided by the Klein singularities C2/ΓADE .
Indeed, there is a well known resolution of the singularities involving a set of r
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Matrices M1 M2 M3

Possibilities

J1(2)⊕ 5J1(0)
J1(2)⊕ J2(0)⊕ 3J1(0)
J1(2)⊕ 2J2(0)⊕ J1(0)
J1(2)⊕ J3(0)⊕ 2J1(0)
J1(2)⊕ J3(0)⊕ J2(0)
J1(2)⊕ J4(0)⊕ J1(0)

J1(2)⊕ J5(0)

J1(−1)⊕ J1(−1)⊕ 4J1(0)
J1(−1)⊕ J1(−1)⊕ J2(0)⊕ 2J1(0)

J1(−1)⊕ J1(−1)⊕ 2J2(0)

6J1(0)
J2(0)⊕ 4J1(0)
2J2(0)⊕ 2J1(0)

3J2(0)

Solution

J1(2)⊕ J3(0)⊕ 2J1(0)
1 −1 0 −1
−1 3 1 1
1 −3 −1 −1
1 −2 −1 −1



J1(−1)⊕ J1(−1)⊕ J2(0)⊕ 2J1(0)
−1 0 0 0
0 −1 0 0
0 0 0 −1
0 0 0 0



2J2(0)⊕ 2J1(0)
0 1 0 1
1 −2 −1 −1
−1 3 1 2
−1 2 1 1


Table 2. Solutions for the FI deformations (3.11). Note that a trivial block 2J1(0) appears in the
solution everywhere, and we show only the non trivial 4× 4 block in the explicit solution.

compact P1 divisors intersecting transversely [31], where r is the rank of the ADE
algebra. A minimal FI deformation corresponds to a partial resolution where one of
these compact divisors is blown up, while the r−1 other compact divisors can be kept
at zero size. This guarantees that there is exactly one minimal FI deformation for
each simple root αi of the algebra, i.e. each node in the finite ADE Dynkin diagram.
In our language, an FI term is turned on at that node, and at the affine node, in
order to guarantee the vanishing (3.1). Then we have exactly one extremal solution
to the FI-Meson problem for each connected component of the finite Dynkin diagram
with node αi removed. It turns out they correspond to free quivers. All these cases
are shown explicitly in appendix D.

• Building up on the previous point, we have observed that given a quiver Q with
prescribed FI deformation ζ, one can usually easily find solutions Sfree

i which are free
quivers (meaning that their 3d Coulomb branch is spanned by free hypermultiplets).
In the case of the Klein singularities, these are extremal. This is not the case in
general, as many examples in sections 4 and 5 demonstrate. However, it appears
heuristically useful to use the free solutions Sfree

i as starting points in the poset of
solutions S(ζ), and to find extremal solutions Sextremal

i � Sfree
i , see figure 9.

• Given an extremal solution S for a quiver Q, if we replace in Q a node U(k) by a
chain of nodes U(k), thus forming a new quiver Q̃, then an extremal solution S̃ is
obtained by performing a similar replacement of a node by a chain in S.
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S = Q

S = 0

Sfree
1 (ζ ′)

Sfree
2 (ζ ′)

Sfree
3 (ζ ′)

S3(ζ ′)S2(ζ ′)

S1(ζ ′)

Poset of solutions
S(ζ = ζ ′)

Figure 9. Given an FI deformation ζ ′ one can look for free quiver solutions, shown here in red.
They can happen to be extremal (as is the case here for Sfree

3 (ζ ′) = S3(ζ ′). If they are not, they
can be used as seeds to restrict the space of potential extremal solutions to explore to the solutions
that lie below the free solutions.

4 SQCD

In this section, we consider U(k) and SU(k) SQCD with Nf ≥ 4 flavors. The relevant
mirror pairs are well-known [13, 26]:

U(k)

Nf

1

. . .
k

. . .
k k k

. . .

1

1

Nf − 1

↔ (4.1)
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SU(k)

Nf

1

. . .
k

. . .
k k k

. . .

1 1

1

Nf − 1

↔ (4.2)

This is a good testing ground for our methods as the mass deformations of the SQCD
theories are easily understood, and we furthermore have a straightforward brane system
to engineer the theories. On the other side, the FI-flows on the magnetic quivers shown
above display a vast array of phenomena. Rather than attempting a cumbersome fully
general discussion in terms of Nf and k, we focus on specific examples and put emphasis
on interesting phenomena: subtraction of bad and ugly quivers, rebalancing with multiple
nodes, and Weyl group symmetry.

4.1 Unitary gauge group

Let us focus on U(2) SQCD with Nf = 10 flavors and study its mass deformations. The
brane system describing the magnetic theory is

(4.3)

Now we turn on a mass deformation in the electric theory, which in the brane system is
implemented by moving a subset of NS5 branes. Let us consider for example moving the
first, 5th, 6th and 10th branes in the above figure. Clearly this requires rearranging the
D3 branes in order to preserve supersymmetry. We have three possibilities and for each
one of them we provide the corresponding brane system in figure 10.

The mass deformation is equivalent to the following FI deformation in the magnetic
quiver Q:

1

λ

2 2 2

−λ

2 2

λ

2 2 1

−λ

1

(4.4)

In this context the three frames arise because there are three extremal solutions to the
FI-Meson problem. The first frame is realized by propagating the vev from the leftmost
node in (4.4) to the rightmost going through the abelian node on top. The second frame is
obtained by propagating the vev along the A9 quiver, without involving the abelian node
on top. The third frame instead arises by leaving the central U(2) node unbroken. These
extremal solutions SF , for each frame F = I, II, III , are drawn in figure 10, along with
the resulting quivers QF = Q− SF .

Interestingly, it can be checked that the same results can be obtained by simplifying
the FI deformation taking into account the action of the Weyl group of the global sym-
metry, as explained in appendix B. Here the global symmetry is ANf−1 = A9, which is
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generated in the magnetic quiver by the 9 balanced nodes in the chain. The FI defor-
mation is labeled by a weight of A9, that we write in the basis of fundamental weights
$ = [1, 0, 0,−1, 0, 0, 1, 0, 0,−1]. We observe that $ is in the Weyl orbit of the funda-
mental weight $4 := [0, 0, 0, 1, 0, 0, 0, 0, 0], and therefore we can equivalently consider the
deformation

1 2 2 2 2 2 2 2 1

1
(4.5)

The quivers that need to be subtracted are depicted in the rightmost column of figure 11.
For Frames I and III, the solutions to the F-term equations are clear (they are similar to
those shown in figure 7 for the D-type singularities). Frame II is more interesting, and an
extremal solution to the FI-Meson problem is easily worked out to be

1 (
−1 0
0 0

)(
0 0
0 1

)

(
−1 0
0 0

) (−1) (1)

2 2 2 2 2 2 2

(
0 0
0 1

)

1

1

(4.6)

This solution instructs us to subtract a “bad” quiver:

1 1 2 1 1 1 1

1

(4.7)

Note however that the matrices in (4.6) provide a rationale why this is, and show that an
alternative interpretation is as shown in figure 11 (Frame II, weight [0, 0, 0, 1, 0, 0, 0, 0, 0]).

In the more general case of U(Nc) SQCD we find for every minimal FI deformation
Nc + 1 frames, depending on how we distribute the D3 branes between the two stacks of
five branes. Let us illustrate this at the level of the brane system for U(3) SQCD, where we
take the number of flavors to be 12 for definiteness. The relevant brane diagram in Type
IIB is

(4.8)

If we now displace the D5 branes 1, 2, 6, 7, 11, 12 along the direction wrapped by the NS5
branes we find the following four frames:
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• Frame I

1 2 3 2 1

1

(4.9)

• Frame II

1 2 2 2 1

1

1 1 1 1 1

(4.10)

• Frame III

1 1 1 1 1

1

1 2 2 2 1

(4.11)

• Frame IV

1 2 3 2 1

1
(4.12)

One easily checks that these results can be recovered via quiver subtraction, as we have
done for U(2) SQCD in table 11.

4.2 Special unitary gauge group

A new mirror pair. Let us now discuss the special unitary case (4.2). One particularly
interesting subset of mass deformations is described by the following FI deformation of the
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mirror dual:

1
· · ·

k
· · ·
N + k

· · ·
N + k

· · ·
k
· · ·

1

1 1

Nf − 1

1
· · ·

N
· · ·

N
· · ·

1

1 1

k1
· · ·

1
· · ·

Nf − 2k − 1

(4.13)
In this case, the FI-Meson problem is trivial, the unique extremal solution S is the direct
sum of k quivers ANf−2k. The subtraction algorithm instructs us to subtract these quivers
(or equivalently subtract a linear quiver of length Nf + 1 − 2k with U(k) nodes) and
rebalance with a U(k) node. The result is the quiver on the right, which is just a special
case of (1.5a) with B = 2M = 2k and can be interpreted as the mirror dual of the following
theory (see (1.5b)):

SU(N) U(1) SU(k)
k

Nf − 2k
N

2k

ZkN
(4.14)

with gauge group SU(N)×U(1)×SU(k), Nf−2k hypermultiplets in the fundamental repre-
sentation of SU(N) of charge k under U(1) and 2k hypermultiplets in the antifundamental
representation of SU(k) of charge N under U(1), and gauged 1-form ZkN symmetry indi-
cated by the quotient. Graphically, the number of hypermultiplets is indicated above the
double lines, while the U(1) charges are inserted within the line. As supporting evidence for
our claim, we observe that the moduli space dimensions and Hilbert series of the candidate
dual theories match. We actually find that the matching of Hilbert series extends to the
more general family (1.5a) and (1.5b). We defer a detailed discussion of the Hilbert series
to appendix C.

In the special case k = 1 the theory (4.14) is equivalent to a U(N) gauge theory
with Nf − 2 fundamentals and two hypermultiplets in the determinant representation. If
we instead set N = 1 (4.14) reduces to a U(k) gauge theory with 2k fundamentals and
Nf − 2k hypermultiplets in the determinant representation, whose mirror dual according
to (4.13) is

· · ·
1 1

k1
· · ·

1
· · ·

Nf − 2k + 1

(4.15)

Based on the above results, it is natural to propose that the mirror dual of U(N) SQCD
with Nf ≥ 2N flavors and n hypermultiplets in the determinant representation is given by
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the quiver

U(N)

Nf n · · ·
1 1

N
· · ·

N1
· · ·

1
· · ·

n+ 1

Nf − 1

(4.16)

This reproduces the result found in [23] (and of course the case Nf = 2N + 1, n = 1
discussed in [18, 25]) and is clearly consistent with the special cases we have considered
above.

An exhaustive case study. In this subsection we carry out the exhaustive study of
deformations for the case (4.2) with k = 3 and Nf = 7. More precisely, we consider all
the FI-deformations which involve exactly two nodes in the magnetic quiver.14 In general,
for the SQCD theory SU(k) with and odd number Nf > 2k of flavors, and using charge
conjugation symmetries to eliminate redundant cases, there are precisely (Nf +1

2 )2 cases to
consider. Here, with Nf = 7 this gives 16 deformations; in each case the number of extremal
solution appears to be between one and three. The results are gathered in tables 3, 4, and 5,
where we have picked a numbering of the 16 minimal deformations, from #1 to #16.

Many extremal solutions correspond to cases that have already appeared in earlier
examples: those involving two nodes of the same rank were discussed in section 4.2, and
those involving a U(1) node and a U(2) node were given in figure 7. We are left with
deformations involving one U(3) node and either a U(1) or a U(2) node, which are more
interesting and which we discuss now in detail. For case #3, there are three solutions,
but two of them are related by a graph isomorphism, so it is enough to give the two non
isomorphic solutions, which are given explicitly as follows:

1 2 3 2 1

1

 0 0 0
1 0 0
1 1 0


 0 1 1

0 0 1
0 0 0



 1 1 1
1 1 1
1 1 1

(
0 0
1 0

) (
3
) (

0 1
0 0

)

(4.17)

14For these deformations we don’t write explicitly the value of the FI terms on the quivers, as it is fixed
uniquely up to an irrelevant overall magnitude by the ratio of the ranks of the two gauge nodes. It is enough
to paint two nodes in orange to fully specify the FI deformation.
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and

1 3 3 1

1 1

 0 0 0
1 0 0
1 0 0


 0 1 1

0 0 1
0 1 0


 0 0 0

0 0 1
0 1 0



 1 1 1
1 1 1
1 1 1


(

3
)

 0 0 0
0 0 1
0 0 0



 0 0 0
0 0 0
0 1 0


(4.18)

For case #4, the first two solutions are deduced straightforwardly from (4.17) and (4.18).
The third solution appears in the deformations of the Klein E6 surface, and for this reason
is given in figure 8 in appendix D. Next, we move on to case #9, where the E6 solution is
used again (with a trivial extension in the third solution). The same applies to the first
solution in case #10. For the second solution, one can use a slight modification of (4.18).
The most difficult case is #13, where both nodes with FI terms are non-abelian. The first
extremal solution is given explicitly as follows:

2 3 2 1

1 1

(
3 0
0 3

)

 0 0 0
0 3 0
0 0 3


−4/3 0 −1

0 1 0
4/9 0 1/3

 (
0 1
1 0

)

 2/3 0 −1
0 0 0

4/9 0 −2/3



(
0 1
0 0

)

(
0 0
1 0

)

(4.19)

The other solutions are obtained by making use of the pair of matrices (D.6). Case number
#14 is similar, with the only exception being the last entry in case #14, for which we find
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the following solution

2 3 3 11

1 1

(
0 1
0 0

)  3 1 0
0 3 0
0 0 0


 3 1 0

1 3 0
0 0 0



 0 0 0
1 0 0
0 0 0




1
2

1
2 1

1
2

1
2 1

−1
2 −

1
2 −1




1
2

1
2 −1

1
2

1
2 −1

1
2

1
2 −1


(4.20)

We note that we can only conjecture these solutions are extremal, and we acknowledge it
would be helpful to have a systematic way to check extremality.

5 SCFTs and non-Lagrangian theories

In this section we will explore FI deformations of magnetic quivers for higher dimensional
theories. In particular we will discuss mass deformations for rank two N = 2 SCFTs in four
dimensions, which are quite well-understood, and then show how FI deformations relate
multi instanton moduli spaces to non-minimal nilpotent orbits for the same group G.

5.1 4d SCFTs

Four dimensional SCFTs form a set of theories of prime importance, and display a large
varieties of behaviors: the theories can be Lagrangian or not, they can have Coulomb branch
operators of fractional scaling dimension (Argyres-Douglas theories [32]), some possess a
conformal manifold while others are isolated, etc. The low rank theories have been studied
in [8, 33–35]. Their Higgs branches can be studied using magnetic quivers [11, 17, 34, 36–
60]. For theories of ranks 1 and 2, a systematic exploration of the magnetic quivers was
given in [43, 61]. This shows that a full description of 4d SCFTs requires at least non simply
laced quivers, with orthogonal and symplectic gauge groups in addition to unitary ones.
Here, in line with the rest of this paper, we will focus for simplicity on 4d theories with a
simply-laced unitary magnetic quiver. For concreteness, we concentrate on rank 2 theories,
where the mass deformations have been analyzed in detail in [62], and is reproduced with
magnetic quivers in [61, figure 3]. In this section, we show how these results are confirmed
by our FI-flows.

The top of the mass deformation tree is given by two models: the rank two E-string
theory and the so(20) model. The corresponding magnetic quivers are drawn on top of
figure 12. We will now identify the FI deformations which implement the RG flows to their
descendant theories.
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# Deformation Extremal Solutions Subtractions Interpretation

1 1 2 3 3 2 1

1 1

1 1 1

1

1 2 3 2 1

1 1

SU(3)

6

2 1 2 3 3 2 1

1 1

1 2 2 1

1

2 2 2 1

1 1

1 2 2 1

11

1 1 1 1 1

1

SU(3)

5
⇔

U(2)

5 1

U(1)

2

U(1)

5

3 1 2 3 3 2 1

1 1 1 2 3 2 1

1

1 2 3 2

11

1 3 3 1

1 1

1 1 1

1 1

1 2 1

1

1 1 1 1

1

U(1)U(1)

14

U(2)

4

U(1)

3

U(1)

3

4 1 2 3 3 2 1

1 1 1 2 3 3 2 1

1

1 3 3 1

11

2 3 2 1

1 1

1

1

1 1 1 1

1

1 2 1

1

U(1)U(1)

11

U(1)

3

U(1)

3

U(2)

4

5 1 2 3 3 2 1

1 1 1 2 2 1

1 1

1 2 2 2 1

1

1 2 2 2

1 1

1 2 2 1

1

1 1 1 1

1 1

1 1 1 1 1

1

U(2)

5

U(1)U(1)

15

U(1)

2

U(1)

5

6 1 2 3 3 2 1

1 1

1 1 1 1

1

1 2 2 2 1

11

U(2)

6 1

7 1 2 3 3 2 1

1 1

1 1

1 1

1 2 2 2 2 1

1

U(2)

7

Table 3. Analysis for SU(3) with 7 flavors (1/3).
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# Deformation Extremal Solutions Subtractions Interpretation

8 1 2 3 3 2 1

1 1

1 2 2 1

1

1 2 2 2 1

1

1 2 2 1

1 1

1 1 1 1

1 1

U(2)

5 1

U(1)U(1)

15

9 1 2 3 3 2 1

1 1 1 2 3 2 1

1

1 2 3 2

1 1

1 2 3 3 2 1

1

1 1 1

1 1

1 2 1

1

1

1

U(1)U(1)

14

U(2)

4

U(1)U(1)

11

10 1 2 3 3 2 1

1 1 1 1 2 3 2 1

1

1 1 3 3 1

1 1

1 2 3 3 2 1

1

1 1

1 1

1 1 1

1

1

1

U(1)U(1)

13

U(1)U(1)

23

U(1)U(1)

11

11 1 2 3 3 2 1

1 1 1 1 1 2 2 1

1

1 1 2 2 2 1

1

1 1 2 2 2

1 1

1 2 1

1 1

1 1 1

1 1

1 1 1 1

1

U(2)

4 1

U(1)U(1)

14

U(1)U(1)

24

12 1 2 3 3 2 1

1 1

1 1 1 1 1 1 1 2 2 1

1 11

U(2)

5 2

Table 4. Analysis for SU(3) with 7 flavors (2/3).
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# Deformation Extremal Solutions Subtractions Interpretation

13 1 2 3 3 2 1

1 1

2 3 2 1

1 1

1 2 3 2 1

1

1 2 3 2

1 1

1 2 3 3 2 1

1

1 1 1 1

1

1 1 1

1 1

1 2 1

1

1

1

U(1)U(1)

2 4

U(1)U(1)

4 1

U(2)

4

U(1)U(1)

1 1

14 1 2 3 3 2 1

1 1 2 2 3 2 1

1 1

1 2 2 3 2 1

1

1 2 2 3 1

1 1

1 1

1

1

1

1

1

1

11

U(1)U(1)

2 2

U(1)U(1)

2 1

U(1)U(1)

2 3

15 1 2 3 3 2 1

1 1

2 2 2 2

1

1 1

1

1 2 1

U(2)

4 3

16 1 2 3 3 2 1

1 1

3 3 1 2 3 2 1

1 1

SU(3)

6

Table 5. Analysis for SU(3) with 7 flavors (3/3). The first column specifies the FI deformation, the
second column shows the extremal solutions and the third column gives the result of the subtraction.
The last column gives a 3d mirror.

Let us start from the rank two E-string theory. It was already shown in [18] that we
can flow to the rank two e7 theory and then from there to the e6 theory reproducing the
known pattern for rank one models. A novelty with respect to the rank one case is the
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existence of the flow from the rank two e6 theory to su(3) SQCD with six flavors

1

2λ

2

−3λ

4

λ

6 4 2

4

2

1
2

3

11

2
1

(5.1)

An explicit solution for this case is

1

−2

2

3

4

−1

3 2 1

2

1

(
−2

) (
−2 0
0 0

) (
1 0
0 3

)


1 0 0 0
0 1 1 1
0 1 1 1
0 1 1 1




0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 0



 0 1 1
1 0 1
1 1 0



 0 1 1
0 0 1
0 0 0

 (
0 1
0 0

)

 0 0 0
1 0 0
1 1 0



(
0 0
1 0

)

(5.2)
The solution is not irreducible, as indicated by the separation in the matrices. This means
the subtraction involves two quivers, or equivalently, the rebalancing is done with two U(1)
nodes. These are the two abelian nodes on top of the resulting quiver in (5.1).
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Apart from these flows, we also have the mass deformation to the e8 model discussed
in [34, 63]:

1 2 4 6 8 10 12 8 4

6

−
1 2 2 2 2 2 2 1

1

2 4 6 8 10 7 4 1

5
(5.3)

Finally, we can also reproduce the flow to the so(14)× u(1) SCFT:

1

2λ

2 4 6

−2λ

8 10

λ

12 8 4

6

1 2 3 4 5

3
1

3
1

(5.4)

Notice that also in this case the deformation is implemented by subtracting two quivers:

1

2λ

2 4 6

−2λ

8 10

λ

12 8 4

6

−

1 1 1 1

5 5 10 10 5

5

(5.5)

and the rebalancing is done with a U(1) node and also a U(5) which ends up being the
central node of the magnetic quiver for the so(14)× u(1) SCFT.
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e8 × su(2) so(20)

e8 e7 × su(2)

e6 × su(2)

so(16)× su(2)

so(14)× u(1)

u(6)

su(10)

su(8)× su(2)

1 2 4 6 8 10 12 8 4

6

1 2 2 2 2 2 2 1

1

8 8 8 8

1 2 3 4 5 6 7 8 5 2

4

1 2 2 2 2 2 2 2 1

1

2 4 6 4 2

4

2 4 6 8 10 7 4 1

5

1 2 4 6 8 6 4 2

4

2 2 2 2 2 2 2

1 2 3 4 5 6 4 2 1

3

1 1 1 1 1 1 1 1 1

3 3 3 3

3

1 2 3 4 5 4 3 2 1

2

1 1 1 1 1 1 1 1 1

1 2 4 6 4 2

4 2

1 2 3 4 5 3 1

3 1

1 2 3 4 3 2 1

2 1

1 2 3 2 1

11

(5.2)

(5.5)

Figure 12. Top: part of the graph of mass deformation for 4d N = 2 SCFTs of rank 2. We
stop at the point where the theories become Lagrangian (here the SU(3) SQCD theory). Bottom:
corresponding graph of magnetic quivers, along with the solutions to be subtracted to implement
the mass deformations. Most subtractions are straightforward. The non-trivial ones are discussed
in the text.

Let us now consider the mass deformations of the so(20) model. These involve only
subtractions of finite quivers of types A and D. Overall, we recover the known tree of
mass deformations of 4d N = 2 rank two SCFTs which admit a simply-laced magnetic
quiver [62],15 shown in figure 12.

As a final remark, we notice that studying mass deformations of 4d N = 2 Lagrangian
SCFTs via their magnetic quivers is subtle, since minimal mass deformations can look non
minimal at the level of FI deformations of the corresponding magnetic quivers and for this
reason we refrain from discussing them in detail. In order to illustrate this point, let us
focus on the SU(3) theory with six flavors we have mentioned before. It is known that

15Here we have omitted the RG flows involving two or more mass parameters, focusing on the minimal
FI deformations.
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this model can be mass deformed both to the D2(SU(5)) SCFT (see [62, 64]) and to U(2)
SQCD with six flavors.16 Moreover, both models can be mass deformed to U(2) SQCD with
five flavors. The main point now is that upon dimensional reduction to 3d the D2(SU(5))
theory becomes equivalent to U(2) with five flavors [50, 65] and therefore the flow from
SU(3) SQCD with six flavors to D2(SU(5)), which is a minimal mass deformation in 4d,
in 3d is equivalent to a sequence of two deformations: to U(2) SQCD with six flavors first
and then to the U(2) theory with five flavors and this is precisely what we see at the level
of FI deformations of the magnetic quiver. The above discussion can be summarized as
follows:

4d 3d

SU(3) w/ 6 flavors

D2(SU(5))U(2) w/ 6 flavors

U(2) w/ 5 flavors

SU(3) w/ 6 flavors

U(2) w/ 6 flavors

U(2) w/ 5 flavors

(5.6)

The corresponding FI deformations leading from SU(3) SQCD to the U(2) theory with five
flavors are

1
2

3

11

2
1

1 2 2

1

2 1

1 2

1

2 1

(5.7)

16More precisely, the flow to U(2) SQCD with six flavors involves both giving a common mass to all the
flavors and also moving on the Coulomb branch of the theory.
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The phenomenon we have just described is rather common and arises also for rank one
SCFTs: the SU(2) theory with four flavors can be mass deformed either to D2(SU(3)) or
to SQED with four flavors (see e.g. [9]) and these two theories can both flow to SQED with
three flavors. Upon compactification to 3d, it is known that the D2(SU(3)) SCFT reduces
to SQED with three flavors [66, 67].

5.2 Instanton moduli spaces

In this section we will see that via FI deformations the magnetic quivers describing G

instanton moduli spaces reduce to those describing nilpotent orbits of G. This statement
can be understood by considering the cases G = A,D: the moduli space of k instantons
of SU(N) is known to coincide with the Higgs branch of U(k) SQCD with N flavors and
one adjoint hypermultiplet. This theory has SU(2) × SU(N) symmetry and the SU(2)
clearly acts on the adjoint field only. By turning on a mass term for SU(2) we make the
adjoint massive and the theory reduces to U(k) SQCD with N flavors, whose Higgs branch
describes the nilpotent orbit of SU(N) labeled by the partition [N − k, k].

At the level of magnetic quivers this is implemented as follows: as is well known, the
mirror dual of the adjoint SQCD theory is given by the quiver [2]

k k
· · ·

k k

k

1

N − 1

(5.8)

where we have colored in orange the nodes at which we turn on the FI deformation de-
scribing the SU(2) mass term. The equations of motion can be solved by setting the vev
of the U(1)×U(k) bifundamentals Q and Q̃ to

Q̃T = Q =
√
λ(1, 1, . . . , 1). (5.9)

As a result, the vev of the meson in the U(k) adjoint becomes a k×k matrix whose entries
are all equal to λ. It is then consistent to assign nilpotent vev to the adjoint mesons built
out of U(k) × U(k) bifundamentals on the left and on the right of the top U(k) gauge
node in (5.8): one meson will have all entries above the main diagonal equal to λ whereas
the other will have non-vanishing entries below the main diagonal only. These vevs will
propagate along the quiver, partially higgsing the various U(k) groups. This results in the
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following RG flow

k k
· · ·

k k

k

1

N − 1

1 2

. . .
k

. . .
k

. . .
2 1

1

N − 1

(5.10)

where on the right of (5.10) we recognize the magnetic quiver of U(k) SQCD with N flavors
and no adjoints, as expected.

We can similarly analyze the k-instanton moduli space of SO(2N), which coincides
with the Higgs branch of USp(2k) SQCD with N hypermultiplets in the fundamental
representation and one in the rank-2 antisymmetric. As in the previous case, the global
symmetry of the theory is SO(2N) × SU(2) where the SU(2) acts on the antisymmetric
only. If we turn on a mass term for the SU(2) we therefore remove the hyper in the
antisymmetric from the infrared spectrum and the theory reduces to the USp(2k) theory
with N fundamentals.

Let us reproduce this result from the mirror dual side using FI deformations. We focus
for simplicity on the case k = 2. The mirror dual of USp(4) SQCD with N > 3 flavors and
an antisymmetric hypermultiplet is given by the quiver (see [2] and also [68, 69] for the
corresponding brane construction)

1
2

· · ·
4 4

2

22
N − 3

(5.11)

and, as in the previous case, turning on a SU(2) mass term is equivalent to activating a FI
deformation at the abelian node and at the U(2) next to it. As we have seen, this RG flow
is described by a D-type quiver subtraction:

1
2

· · ·
4 4

2

22
N − 3

−

1
2

1

2 1
=

1

2 3 4

1

· · ·
4

2

2N − 5

(5.12)
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where the bottom quiver in (5.12) is the mirror dual of USp(4) SQCD with N fundamentals
as expected (see [29]).

In the exceptional case we have to rely on the magnetic quiver analysis only, since we do
not have a Lagrangian description of the theory whose Higgs branch is the instanton moduli
space of E6,7,8. We consider again the two instanton case and turn on FI deformations which
correspond to a mass term for the SU(2) global symmetry. Also in this case the deformation
is implemented via quiver subtraction and we end up with the magnetic quivers associated
with the next-to-minimal nilpotent orbits of E6,7,8 [70].

1 2 4 6 8 10 12 8 4

6

2 4 6 8 10 7 4 1

5

1 2 4 6 8 6 4 2

4

2 4 6 5 4 2

13

1 2 4

2

6 4 2

4

2 4

3

3

2

2
1

(5.13)

6 Outlook

In this paper we have seen that we can efficiently study mass deformations of field the-
ories with eight supercharges by considering FI deformations of their magnetic quivers.
Remarkably this holds true even when the theory is strongly coupled, providing us with
an efficient tool to study RG flows which would be otherwise intractable. As the many
examples we have discussed in the paper clearly show, the method is very general and
allows us to understand deformations for a wide variety of moduli spaces.

Although we have not found an algorithmic method to solve the algebraic problem in
general, the reformulation in terms of quiver subtractions allows us to greatly simplify the
analysis and in several cases identify the answer rather easily. Moreover, for a large class
of quivers the problem can be addressed by exploiting brane technology, making it much
simpler to identify the infrared quiver.

Apart from finding a systematic way of solving the FI-meson problem, there are several
interesting directions for future investigations. One is the study of FI deformations for non
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simply-laced quivers, which have no known Lagrangian description. Sometimes these can
be understood by first unfolding the quiver, deforming it and then refolding, although
this method is not applicable in general. Studying this problem in detail would definitely
shed light on the physics of non simply-laced quivers. Another point we did not address
in this paper is the role of adjoint matter (or even more general representations) in the
quiver when considering FI deformations. This is known to arise e.g. in magnetic quivers
for SCFTs in dimensions 4-6. A more challenging problem is to generalize the technique
to orthosymplectic quivers, where the FI deformation involves monopole operators and
therefore does not have a simple Lagrangian description. We hope to come back to some
of these problems in the future.

Finally, we would like to remark that in this work we have primarily focused on un-
derstanding the RG flow triggered by a given FI deformation. This however is one side of
the problem: in order to study systematically RG flows for SCFTs with eight supercharges
with this method, one also needs to understand the correspondence between relevant de-
formations of the SCFT and FI deformations of the corresponding magnetic quiver. More
precisely, it would be important to identify the map between the generalized Coulomb
branch (which includes the space parameterized by mass parameters) of the SCFT and the
space of FI deformations. In this work we have exploited as a guiding principle to identify
the relevant FI deformation the global symmetry preserved along the RG flow. This sig-
nificantly constrains the set of candidate FI deformations and in many cases allows us to
identify it unambiguously, up to the action of the Weyl group of the Coulomb branch global
symmetry of the quiver. In general however, this is not enough to fully specify the map we
are after. In [18] a partial answer was provided in the context of relevant deformations of
5d SCFTs, by noticing that the generalized toric polygon describing the 5d theory provides
constraints on the choice of FI deformation. It would be important to fill in this gap and
provide a general rule to identify the FI deformation describing the RG flow of interest.
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A The meson propagation theorem

In this appendix, we prove the central theorem which underlies the FI-Meson problem. It
gives a necessary and sufficient condition for two matrices to be expressible as AB and BA
respectively. This plays a central role in section 3.

Let M and M̃ be two square matrices with complex coefficients, of respective sizes m
and n. We write

M ! M̃ (A.1)
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if there exists two matrices A and B, of sizes respectively m × n and n × m, such that
M = AB and M̃ = BA. In the notation of (3.6), this is the necessary and sufficient
condition to be able to write

n m

M̃M

(A.2)

Note that although the relation ! is reflexive and symmetric, it is not transitive,
and therefore it does not define an equivalence relation. We begin with three elementary
properties. The first one ensures that one can safely reduce M and M̃ to their Jordan
normal form, and the second and third one relates the characteristic polynomials and
ranks of M and M̃ .

Lemma 1. Let M ∈ Cm×m, M̃ ∈ Cn×n, P ∈ GL(m,C) and Q ∈ GL(n,C). We have

M ! M̃ ⇐⇒ P−1MP ! Q−1M̃Q . (A.3)

Proof: This follows from the fact that if M = AB and M̃ = BA, then P−1MP =
(P−1AQ)(Q−1BP ) and Q−1M̃Q = (Q−1BP )(P−1AQ).

Lemma 2. Let M ∈ Cm×m, M̃ ∈ Cn×n. If M ! M̃ then xnχM (x) = xmχM̃ (x).
Proof: This is a consequence of det(AB) = det(BA).

Lemma 3. Let A ∈ Cm×n, B ∈ Cn×m. Then

2r(BA)− n ≤ r(AB) . (A.4)

Proof: This follows from Sylvester’s rank inequality, which states that r(A) + r(B)−
n ≤ r(AB). Since we also know that r(BA) ≤ r(A) and r(BA) ≤ r(B), the lemma follows.

We now turn to the central point of the argument. The previous lemmas show how
certain conjugacy invariant quantities (eigenvalues, rank) behave with respect to the rela-
tion (A.1). It turns out one can entirely characterize this relation by inspecting the Jordan
decompositions.

Lemma 4. Let M ∈ Cm×m, M̃ ∈ Cn×n with m ≤ n. Assume that M has Jordan
decomposition Jm(λ).

• If λ 6= 0 then: M ! M̃ if and only if M̃ has Jordan decomposition Jm(λ) ⊕
(J1(0))⊕n−m

• If λ = 0 then: : M ! M̃ if and only if M̃ has Jordan decomposition Jm(0) ⊕
(J1(0))⊕n−m or Jm±1(0)⊕ (J1(0))⊕n−m∓1.
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Proof: Using Lemma 1, we can assume the matrices M̃ and M are in the form of
Jordan blocks. Let A ∈ Cm×n, B ∈ Cn×m such thatM = AB and M̃ = BA. We introduce
the decomposition

A = (A1, A2) , B =
(
B1
B2

)
(A.5)

with A1, B1 ∈ Cm×m. Then

M = AB = (A1B1 +A2B2) , N = BA =
(
B1A1 B1A2
B2A1 B2A2

)
. (A.6)

• We start with the case λ 6= 0. Using Lemma 2, we know that the eigenvalues of M̃
are λ with multiplicity m and 0 with multiplicity n − m. Therefore we know that
M̃ , which is in Jordan form, is block diagonal with blocks of sizes m and n − m.
We get that B1A1 = Jm(λ) is a non-singular matrix since λ 6= 0, therefore A1 is
non-singular. Since B2A1 = 0 because of the block diagonal form of N , this implies
B2 = 0, and therefore B2A2 = 0. We conclude M̃ = Jm(λ) ⊕ (J1(0))⊕n−m. The
converse is deduced from an elementary computation.

• Let us now move on to λ = 0. Now both M̃ and M are nilpotent. Using Lemma 3,
we have

m− 2 = 2r(AB)−m ≤ r(BA) ≤ m, (A.7)

so17

|r(M)− r(M̃)| ≤ 1 . (A.8)

Let’s now have a closer look at the maps involved:

Cn Cn Cn

Cm Cm

M̃ M̃

M

A AB B (A.9)

Since the rank ofM ism−1, r(ABA) ≥ r(A)−1. On the other hand r(ABA) < r(A)
(otherwise BA = M̃ would be invertible). Therefore r(ABA) = r(A)−1, so Im(ABA)
is a vector subspace of Im(A) with codimension 1. Therefore r(BA) − r(BABA) is
either 0 or 1. It can’t be 0 as M̃ = BA is nilpotent, so it is 1. This means that
r(M̃2) = r(M̃) − 1, so there is at most one Jordan block in M̃ with size > 1. From
the inequality (A.8), this block has size m− 1, m or m+ 1, which proves the lemma
(again, the converse is deduced from an elementary computation).

From this, one obtains a complete characterization of the relation (A.1) as follows.
17One can also argue with the nilpotency index: if kM is the nilpotency index of M and kM̃ the nilpotency

index of M̃ , we have M̃kM +1 = BMkM A = 0 so kM̃ ≤ kM +1. Conversely, kM ≤ kM̃ +1, so |kM −kM̃ | ≤ 1.
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Theorem 1. Let M ∈ Cm×m, M̃ ∈ Cn×n with m ≤ n. Assume that M has a block
decomposition Mp ⊕

⊕
Jmi(λi), with Mp nilpotent in the orbit Op and λi 6= 0 and M̃ has

a block decomposition M̃q ⊕
⊕
Jnj (µj), with M̃q nilpotent in the orbit Oq and µj 6= 0.

Then M ! M̃ if and only if up to reordering mi = nj and λi = µj and the partitions p
and q are related by

|pk − qk| ≤ 1 (A.10)

for a certain ordering of the entries, and including zeros.
In other words, the invertible Jordan blocks stay the same, and the nilpotent Jordan

block can see their sizes change by at most one unit.

Examples. To illustrate let us give a few examples. The following transition is allowed:

3 2

−4/3 0 −1
0 1 0

4/9 0 1/3

 (
0 1
1 0

)
(A.11)

as the Jordan decompositions are respectively J1(1)⊕ J1(−1)⊕ J1(0) and J1(1)⊕ J1(−1).
This particular example appears in equation (4.19).

B Weyl orbits

In this section we consider framed quivers with a set of balanced gauge nodes. For framed
quivers there is no condition (2.9) on the FI parameters. If the quiver is viewed in it’s
unframed version, then the additional U(1) gauge node will carry an FI parameter specified
by solving (2.9), which could either be zero on non-zero.

For a balanced subset of nodes in the shape of the Dynkin diagram of an algebra g
we find, that several choices of FI parameters lead to the same deformation of the Higgs
branch. The equivalent choices are related by an action of the Weyl group of g. This is
visible particularly well from the linking number of NS5 branes in a Hanany-Witten system.

Example 1. Let us consider a specific example, the quiver:

1 2 3

4

. (B.1)

The balanced nodes form an A3 Dynkin diagram, circled in blue.
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We can now turn on an FI term λ on the U(1) gauge node, which corresponds to the
weight [1, 0, 0] of the A3 algebra.

1

λ

2 3

4

←→ [1, 0, 0] (B.2)

The Weyl group orbit of this weight is

{ [1, 0, 0] , [−1, 1, 0] , [0,−1, 1] , [0, 0,−1] } . (B.3)

This implies that the following FI deformations are equivalent:

1

λ

2 3

4

, 1

−λ

2

λ

3

4

, 1 2

−λ

3
λ

4

, 1 2 3
−λ

4

(B.4)
We can use the brane system to check that all choices of FI parameters indeed lead to the
same answer. The brane system with FI parameters turned off, in the Coulomb phase, is

. (B.5)

In order to do the FI deformation, we move to the Higgs phase

. (B.6)

For a more symmetric picture we perform a Hanany-Witten transition.

. (B.7)

An FI deformation corresponds to moving an NS5 brane. The four choices in (B.3) cor-
respond to moving one of the four NS5 branes (and the frozen D3 brane connected to it).
No matter which NS5 brane is sent away to infinity, one obtains the same brane system:

. (B.8)
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Moving to the (partial) Coulomb phase, after performing some Hanany-Witten transitions

, (B.9)

we can read off the resulting theory

1 2

3

+ 3 free hypers

. (B.10)

Example 2. Based on the last example one could ask, whether it never matters which
NS5 brane one moves in a brane system. This is obviously not the case, as we demonstrate
with another simple example. Consider the theory

1 2 3

5

. (B.11)

The set of balanced nodes, circled in blue, make up an A2 Dynkin diagram. Let us again
turn on an FI term on the first node, corresponding to the weight [1, 0] of A2. The Weyl
group orbit of this weight is

{ [1, 0] , [−1, 1] , [0,−1] } . (B.12)

The brane system with FI parameters turned off, in the Coulomb phase, is

. (B.13)

We can again move to the Higgs phase

, (B.14)

and perform a Hanany-Witten transition, bringing all NS5 branes to the left

. (B.15)
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Here we see that moving the first three NS5 branes away leads to the same brane system.
However, moving the last NS5 brane leads to a different brane system.

Applications: the Weyl orbit can be used to simplify an FI deformation. Take for
example the quiver and FI deformation

1 2

λ

3

−λ

4

1
λ

2

2 (B.16)

We can frame the quiver in the following way

1 2

λ

3

−λ

4

1
2

2 (B.17)

leaving intact the subset of balanced gauge nodes which make up a D6 Dynkin diagram.
The FI deformation corresponds to the weight [0, 1,−1, 0, 0, 0]. In the same Weyl orbit we
have the weight [1, 0, 0, 0, 0, 0]. Therefore we have an equivalent FI deformation

1

λ

2 3 4

1
2

2 (B.18)

Which in its unframed form is

1

λ

2 3 4

1
−λ

2

2 (B.19)

Indeed one can check that both FI deformations (B.16) and (B.19) are equivalent. Hence
the action of the Weyl group can turn seemingly more complicated FI deformations into
simpler ones, involving less nodes.

Linear Quivers. We can do the general case of linear framed quivers. Let n be a
positive integer, we consider a linear framed quiver with gauge nodes U(ki) and flavors Ni

for i = 1, . . . , n. This defines two partitions as follows:

λi = ki+1 − ki +
i∑

j=1
Nj (B.20)

µTi =
n+1−i∑
j=1

Nj . (B.21)
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These correspond to linking numbers of branes: the λi (i = 1, . . . , n) are the linking
numbers of the NS5 and the µj (j = 1, . . . , nT ). Turning on FI corresponds to picking one
NS5 and moving it out of the local brane system. Moving two branes with the same linking
number gives equivalent FI deformations. In terms of partitions, we choose an integer ` in
the partition λ. The resulting theory is defined by λ′, µ′ where λ′ is obtained from λ by
removing one occurrence of ` and µ′ = µ− [1`, 0, . . . ].

C Hilbert series check of the mirror pair

In this appendix we provide a computational check of the mirror pair (1.5a)–(1.5b) by
checking the equality of the Hilbert series for the Higgs and Coulomb branches of both
quivers. The first equality is

HS(C[1.5a]; t) = HS(H[1.5b]; t) , (C.1)

and it is straightforward to check, as the 1-form symmetry gauging in (1.5b) does not affect
this Hilbert series, and one can use the standard hyper-Kähler quotient. We focus instead
here on the other check, involving the Coulomb branch Hilbert series of (1.5b), which is
sensitive to the quotient. The computation of HS(C[1.5b]; t) uses the monopole formula.
We spell out the details, as there are subtleties due to the SU gauge groups and the gauging
of 1-form symmetry.

Hilbert series before gauging the 1-form symmetry. Consider first the su(N)
algebra, with fundamental weights ($1, . . . , $N−1). We parametrize its coweights, which
are identified to the weights as the algebra is simply laced, by $ = a1$1 + · · ·+aN−1$N−1
with ai ∈ Z. The fundamental Weyl chamber is given by ai ∈ N. We parametrize coweights
of the u(1) algebra by b ∈ Z, and the coweights of su(N) by ci ∈ Z. The Hilbert series for
the quiver before gauging the 1-form symmetry is

∑
a1,...,aN−1∈N

∑
b∈Z

∑
c1,...,cM−1∈N

t∆(a,b,c)P
SU(a; t)P SU(c; t)

1− t2

×δ
(
N |

N−1∑
i=1

iai

)
δ

(
M |

M−1∑
i=1

ici

)
, (C.2)

where ∆(a, b, c) is the monopole operator conformal dimension [28], P SU(a; t) is a dressing
factor defined below, and δN |∑ iai

δM |
∑

ici
imposes that the sum is restricted to the weights

of the Langlands dual groups PSU(N) and PSU(M), i.e. the root lattice. The dressing
factor P SU(a; t) depends only on which of the ai are vanishing, encoding which facet of the
Weyl chamber the weight belongs to. If there are r strings of zeros of lengths l1, . . . , lr in
the string a1, . . . , aN−1 then

P SU(a; t) = PE

(N − 1−
r∑
i=1

li

)
t2 +

r∑
i=1

li∑
j=1

t2+2j

 . (C.3)
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Gauging the 1-form symmetry. In order to implement gauging the 1-form symmetry,
we use the embedding:

Z → Z (SU(N)×U(1)× SU(M))
I 7→ (e−2πi I

N 1N , e2πi I
NM , e−2πi I

M 1M )
(C.4)

specified by the charge of the hypers in (1.5b). The kernel of this morphism is NMZ so
the image is isomorphic to ZNM . We shift the magnetic lattices accordingly [71], which
leads us to introduce the sums

H[I] =
∑

a1,...,aN−1∈N

∑
b∈Z+ I

MN

∑
c1,...,cM−1∈N

t∆(a,b,c)P
SU(a; t)P SU(c; t)

1− t2

×δ
(
N |
(
−I +

N−1∑
i=1

iai

))
δ

(
M |

(
−I +

M−1∑
i=1

ici

))
, (C.5)

for any integer I ∈ Z. The final result is then given by

HS(C[1.5b]; t) =
∑

I∈ZNM

H[I] . (C.6)

One finds that this agrees with the Higgs branch Hilbert series for the mirror, thus providing
a strong argument for the validity of the mirror pair.

D Minimal deformations of ADE singularities

We perform the minimal deformations of ADE-type singularities using finite quiver subtrac-
tion. It is known that the minimal deformations of Kleinian singularities are in bijection
with the fundamental weights of the associated algebra. Therefore we turn on FI parame-
ters for the affine node as well as one of the other nodes for each such minimal deformation.
The quivers to subtract are obtained by finding all minimal free sub-quivers which contain
both nodes with non-zero FI.
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D.1 Type An

For type A, the only breaking pattern is An → AkAn−k−1. The subtractions are shown in
section 2.

D.2 Type Dn

D.2.1 Dn → An−1

1 2
· · ·

2 1

11

−

1
· · ·

1

11

1 1
· · ·

1 1

1

(D.1)

D.2.2 Dn → Ak−1Dn−k

See figure 7.
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D.3 Type E6

D.3.1 E6 → D5

1 2 3 2 1

2

1

−

1 1 1

1

1

1 2 2 1

1 1

(D.2)

D.3.2 E6 → A1A4

1 2 3 2 1

2

1

−

2 3 2 1

2

1

−

1 2 2 1

1

1

1

1

1

1 1 1

1

(D.3)
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D.3.3 E6 → A2A1A2

1 2 3 2 1

2

1

−

1 3 2 1

2

1

−

1 2 3 2 1

1

1

−

1 2 3 1

2

1

1

1 1

1

1

1

1 1
(D.4)

An explicit solution for the first and third subtractions here is given as follows:

1 2 3 2 1

2

1

M3 M2

 3 0 0
0 0 −1
0 0 0

(
0 1
0 0

)

(
3 0
0 0

)

(3)

(
0 0
0 0

)

(D.5)

We note that the solution requires to find three matrices, say M1, M2 and M3 such that
M1 has Jordan form J1(3)⊕ J2(0), M2 is nilpotent of order 2 and M3 is nilpotent of order
3, and M1 + M2 + M3 = 13. Abstractly, we are looking for three endomorphisms of a
3-dimensional vector space satisfying with prescribed Jordan forms and constrained by an
overall linear relation. Without loss of generality we can put one of the endomorphisms in
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Jordan form by picking an appropriate basis. The question becomes: write the following
matrix as the sum of two nilpotent matrices M2 and M3 with nilpotency degrees 2 and 3:

−2 0 0
0 1 1
0 0 1

 = M2 +M3 , M2
2 = M3

3 = 0 . (D.6)

One way to address this question is to write the most general nilpotent matrix (the orbit
of J3(0)) and impose that the difference with (D.6) squares to 0. This provides many
solutions, none of which appear to be particularly simple. We pick one solution

M2 =


8
9 −

2
3

10
9

4
9 −

1
3

5
9

−4
9

1
3 −

5
9

 M3 =


10
9

2
3 −

10
9

−4
9 −

2
3

4
9

4
9 −

1
3 −

4
9

 . (D.7)

D.3.4 E6 → A5

1 2 3 2 1

2

1

−

1 2 1

2

1

1

1 1 1 1 1

(D.8)
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D.4 Type E7

D.4.1 E7 → E6

1 2 3 4 3 2 1

2

−

1 1 1 1 1 1 1

1

1 2 3 2 1

2

(D.9)

D.4.2 E7 → A1D5

1 2 3 4 3 2 1

2

−

2 3 4 3 2 1

2
−

1 2 2 2 1

1

1

1

1

1 2 2 1

1

(D.10)
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D.4.3 E7 → A2A4

1 2 3 4 3 2 1

2

−

1 3 4 3 2 1

2
−

1 2 3 3 2 1 1

1

1

1 1

1

1 1 1

1

(D.11)
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D.4.4 E7 → A3A1A2

1
2

3
4

3
2

1

2

−

1
2

4
3

2
1

2
−

1
2

3
4

3
2

1

1
−

1
2

3
4

2
1

1

2

1

1
1

1

1

1

1

1
1

(D.12)
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D.4.5 E7 → A5A1

1 2 3 4 3 2 1

2

−

1 2 3 3 2 1

1
−

1 2 3 4 3 1 1

2

1

1 1 1 1

1 1

1

(D.13)

D.4.6 E7 → D6

1 2 3 4 3 2 1

2

−

1 2 2 2 1

1

1

1 2 2 2 1

1

(D.14)
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D.4.7 E7 → A6

1 2 3 4 3 2 1

2

−

1 2 3 2 1 1

2

1

1 1 1 1 1 1

(D.15)

D.5 Type E8

D.5.1 E8 → E7

1 2 3 4 5 6 4 2

3

−

1 2 2 2 2 2 1

1

1

1 2 3 4 3 2

2

(D.16)
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D.5.2 E8 → A1E6

1 2 3 4 5 6 4 2

3

−

1 1 3 4 5 6 4 2

3
−

1 2 3 3 3 3 2 1

1

1

1

1

1 2 3 2 1

2

(D.17)

D.5.3 E8 → A2D5

1 2 3 4 5 6 4 2

3

−

1 1 2 4 5 6 4 2

3
−

1 2 3 4 4 4 2 1

2

1

1 1

1

1 2 2 1

1

(D.18)

D.5.4 E8 → A3A4

1 2 3 4 5 6 4 2

3

−

1 1 2 3 5 6 4 2

3
−

1 2 3 4 5 5 3 1

2

1

1 1 1

1

1 1 1

1

(D.19)
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D.5.5 E8 → A4A1A2

1
2

3
4

5
6

4
2

3

−

1
1

2
3

4
6

4
2

3
−

1
2

3
4

5
6

4
2

2
−

1
2

3
4

5
6

3
1

3

1

1
1

1
1

1

1

1

1
1

(D.20)
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D.5.6 E8 → A6A1

1 2 3 4 5 6 4 2

3

−

1 1 2 3 4 5 4 2

2
−

1 2 3 4 5 6 4 1

3

1

1 1 1 1 1

1 1

1

(D.21)

D.5.7 E8 → D7

1 2 3 4 5 6 4 2

3

−

1 1 1 2 3 4 3 2

2

1

1 2 2 2 2 1

1

(D.22)

D.5.8 E8 → A7

1 2 3 4 5 6 4 2

3

−

1 1 2 3 4 5 3 1

3

1

1 1 1 1 1 1 1

(D.23)
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