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We study stream reasoning in DatalogMTL—an extension of Datalog with metric temporal operators.
We propose a sound and complete stream reasoning algorithm that is applicable to forward-
propagating DatalogMTL programs, in which propagation of derived information towards past time
points is precluded. Memory consumption in our generic algorithm depends both on the properties of
the rule set and the input data stream; in particular, it depends on the distances between timestamps
occurring in data. This may be undesirable in certain practical scenarios since these distances can
be very small, in which case the algorithm may require large amounts of memory. To address this
issue, we propose a second algorithm, where the size of the required memory becomes independent
on the timestamps in the data at the expense of disallowing punctual intervals in the rule set. We
have implemented our approach as an extension of the DatalogMTL reasoner MeTeoR and tested it

experimentally. The obtained results support the feasibility of our approach in practice.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Decisions in industry increasingly depend on the analysis of
large volumes of streaming data. Algorithmic trading requires
real-time processing of stock tickers and news items [1], oil
companies monitor sensor readings to detect equipment mal-
function and predict maintenance needs [2], network providers
analyse flow data to identify traffic anomalies [3], and Internet
of Things (IoT) applications typically require real-time analysis of
data coming from multiple devices [4].

Data analysis in these applications relies on the ability to
recognise relevant events as the input data stream is processed.
For example, an analyst in a diagnostics centre may be interested
in identifying signals received with high frequency over a period
of time. Metric temporal logic (MTL) has been proposed as a
suitable formalism for specifying and reasoning in real time over
such complex events [5-11]. MTL provides complex formulas
such as 8, k,1¢ (0F Sk, k,19), With ki and k; rational numbers,
which hold at time ¢ if formula ¢ holds at each (respectively,
some) timepoint within [t — k,,t — k¢]. In particular, we can
capture our previous example about high frequency signals using
a formula syq k1 ©|0,k,) Signal(s1), which holds if signal s; has been
received continuously over a time interval lasting at least k; with
gaps between consecutive readings of length at most k.
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MTL satisfiability checking, however, cannot be used to cap-
ture analysis tasks involving recursive propagation of informa-
tion; query answering in a temporal rule language such as
DatalogMTL [12,13] is better suited to that effect.

Example 1. Consider a network where nodes are monitoring
different signals. A node receiving readings for a signal with suffi-
ciently high frequency flags the signal by sending a message to all
neighbouring nodes in the network, which will then also monitor
the signal for a fixed period of time. The analyst is interested
in tracking which nodes are monitoring which signals at any
point in time. This generic monitoring task involves analysing
how information propagates recursively over time throughout the
topology of the network, and can be captured by the following
DatalogMTL rules:

Flag(x, z) < Monit(x,z) A

Blo.4] ©[0,2) Signal(z), (1)
®[0,31Monit(x, z) < Flag(y, z) A Connect(x, y). )

Rule (1) states that a node monitoring a signal will flag it when-
ever the signal has been received continuously over an interval
of length at least 4 with gaps between consecutive readings of
length at most 2. In turn, Rule (2) ensures that each signal z,
flagged by a node y, will be monitored in the future by all nodes
x directly connected to y in the network for a period of length at
least 3.

In contrast to standard query answering, where the input data
is assumed to be static and finite, streaming data is seen as
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an unbounded sequence of facts that flow through the system
and must be processed incrementally. Streaming jobs are long-
running: standing queries are deployed once and continue to
produce results in near real-time, in the form of an output stream,
using only limited memory resources.

Stream reasoning, the problem of query answering over data
streams in the presence of background knowledge, has received
a great deal of attention in the literature [14-22], and we refer
the reader to Section 8 (Related Work) for a detailed discussion
of the relevant literature. Stream reasoning in a recursive metric
temporal language such as DatalogMTL, however, has not been
studied to the best of our knowledge, and raises a number of
technical challenges discussed next.

To ensure correctness, stream reasoning systems must com-
pute results over the received segment of a data stream as if
the entire (infinite) stream had been available. Furthermore, to
achieve low latency and to satisfy memory restrictions, systems
can only store a limited history of received information to per-
form further computations. Rules in DatalogMTL, however, can
propagate derived information both towards past and future time
points and hence results can depend on data that has not yet
been received or which arrived far in the past. This may force
systems to keep in memory a large (or even unbounded) input
history, and/or to delay the output of results (even indefinitely) to
ensure correctness. Therefore, there exists a fundamental trade-
off involving the basic properties that a stream reasoning algo-
rithm must satisfy, namely (i) soundness—every computed answer
follows logically from the rules and the entire infinite stream:;
(ii) completeness—each answer that follows from the rules and
the infinite stream will eventually be streamed out; and (iii)
minimal storage and latency—answers are streamed out as early
as possible, and stored information is kept to a minimum.

Our contribution. This work extends our conference paper [23],
where we provided first results on the problems surrounding
stream reasoning for DatalogMTL. In line with other works [9,11,
22,24], we focus on forward-propagating rules, which are syntac-
tically restricted to preclude propagation of derived information
towards past time points. Such rules are motivated by the ob-
servation that received data in streaming applications typically
influences only present and future events (e.g., a flag is raised
only after a pattern in signal data is detected).

We propose a sound and complete stream reasoning algorithm
for forward-propagating DatalogMTL programs that relies on a
sliding window to limit memory usage. The analysis of our algo-
rithm, however, reveals that memory usage not only depends on
the rule set defining the query and the number of different objects
mentioned in the stream, but also on the distances between
timestamps in the stream. This may be problematic since the
minimum distance between consecutive time points in a stream
can be very small (i.e., bounded by the precision of the measuring
devices) and, in particular, orders of magnitude smaller than the
length of intervals in rules. To address this issue, we propose
a modified algorithm where memory consumption no longer
depends on the distance between consecutive facts at the expense
of disallowing in rules operators mentioning punctual intervals,
such as [1, 1], which contain a single time point.

We have implemented our approach as an extension of the
MeTeoR system [25] and evaluated its performance on a temporal
extension of the Lehigh University Benchmark and on one of the
tasks from the Hackathon Challenge at the 2021 Stream Reason-
ing Workshop. Our experiments show that our stream reasoner
is able to keep in memory only a very limited number of facts
at each point in time. Initially, memory consumption increases
rapidly as the first window is populated and new facts are de-
rived; however, as soon as the window starts sliding and the
algorithm starts forgetting old facts that are no longer relevant,
memory consumption stabilises and remains essentially constant
from then onwards.
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2. Preliminaries

In this section we recapitulate the syntax and semantics of
DatalogMTL, focusing on the standard continuous semantics over
the rational timeline [13], as opposed to the integer timeline [26]
and the pointwise semantics [27].

Time and Intervals. The (rational) timeline is the ordered set Q
of rational numbers; each element of the timeline is called a time
point. A set T C Q of time points is discrete if each non-maximal
t € T has a successor succr(t) in T; that is, if succr(t) € T,
t < succy(t), and there is no t' € succy(t) such thatt < t’ <
t < succy(t). For definiteness, we let succy(t) = oo if t is the
maximal element of T. The greatest common divisor ofasetT C Q
of rational numbers, written as gcd(T), is the greatest rational
number which divides all the numbers in T to integer values (or
it is not defined, if such divisor does not exist). The existence
of a gcd for a set of time points ensures existence of a minimal
distance between them. Indeed, in (infinite) sets without a gcd,
such as {0, 3,2, Z, ...}, there is no minimal distance between
numbers.

An interval o is a non-empty subset of Q satisfying two prop-
erties: (i) for all t1, t;,t3 € Q with t; < t; < t3 and tq, t3 € g, it
is the case that t, € g; and (ii) both the greatest lower bound
o~ and the least upper bound ¢* of ¢ are in Q U {—o0, co}.
The bounds ¢~ and o* are the left and right endpoints of o,
respectively, and |g| = ¢ — o~ is the length of . Interval g is
punctual if it contains a single time point, it is positive if it does
not contain negative time points, and it is bounded if both of
its endpoints are rational numbers. For intervals ¢ and o’ we
define the following operations, which will be useful to concisely
formulate our algorithms:

o+o ={t+t'|tepandt €},
o—o ={t—t'|tepandt €'},
o®o ={t|({t}-0o) <ok

for example, [0, 10] 4 [2, 4] = [0+ 2, 10+ 4] = [2, 14], [0, 10] —
[2,4] = [0 — 4,10 — 2] = [—4, 8], whereas [0, 10] & [2,4] =
[0 + 4,10 4+ 2] = [4, 12]. We use the standard representation
{0, o) for an interval o, where the left bracket ( is either [ or (,
the right bracket ) is either ] or ). Brackets [ and ] indicate that the
corresponding endpoints are included in the interval, whereas (
and ) indicate that they are not. We often abbreviate a punctual
interval [t, t] as t. Since different intervals cannot have the same
representation, we often abuse notation and identify an interval
representation with the interval it represents.

Syntax. Assume a function-free first-order signature. A relational
atom is a first-order atom of the form P(s), with P a predicate and
s a tuple of terms whose length matches the arity of P. A metric
atom is an expression given by the following grammar, where P(s)
is a relational atom and o a positive and non-empty interval:

M:=T|L|P(S)| ©M | &M |
8oM | oM | MS,M | MU,M.
A rule is an expression of the form
M < M;A---AM,, forn>1, 3)

where each M; is a metric atom; furthermore, M’ is a metric
atom not mentioning &, ¢, S, and ¢/, and hence generated by the
following grammar:

M :=T|L|P(s)|g,M | ®M'.
The conjunction My A - - - A M, in Rule (3) is the rule’s body; each

M; is a body atom and M’ is the rule’s head. A rule is safe if each
variable mentioned in the head occurs also in its body, and this
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Table 1

Semantics of ground metric atoms.
J,tET for each t
J,tE L for no t
J,t = oM iff  3,t' =M for some t’ witht —t' € ¢
J,t = $.M iff  3,t' =M for some t’ witht' —t € ¢
J,t E5,M iff J,t'E=Mforallt witht—t €p
J,t =@M iff J,t'E=Mforallt witht' —tep

J,t EMiS,M, iff  3,t' =M, for some t’ with t —t' € ¢
and J,t" =M, for all t” e (t', t)
J,t' = M, for some t’ with t' —t € o

and J,t” =M, for all t” € (t, ')

J,tE M]Z/IQMZ iff

occurrence is not in a left operand of S or U/. A program is a finite
set of safe rules. An expression (metric atom, rule, or program) is
ground if it has no variables.

A metric fact over an interval g is an expression M@p, with M
a ground metric atom; it is relational if so is M and bounded if
so is o. A dataset is a finite set of relational facts. The grounding
ground(IT) of IT is the set of ground rules obtained by assigning
constants to variables in 7. In turn, the grounding ground(/7, X)
of IT with respect to a set X of expressions (e.g., facts and atoms)
is the restriction of ground(/T) to ground rules mentioning only
constants occurring in I7 and X.

Semantics. An interpretation J is a function which assigns to each
time point t a set of ground relational atoms; if an atom P(c)
belongs to this set, we say that P(c) is satisfied at t in J and we
write J, t = P(c). This notion extends to ground metric atoms
with temporal operators as specified in Table 1. Interpretation J
satisfies a metric fact M@p, written J = M@p, if 3, t = M for all
t € o. An interpretation J satisfies a ground rule r if, whenever J
satisfies each body atom of r at a time point t, then 7 also satisfies
the head of r at t. An interpretation J satisfies a program [7 if it
satisfies all rules in ground(/T). An interpretation J is a model of
a program [T if it satisfies I7, and it is a model of a set M of
metric facts if it satisfies each element of M. A set M of metric
facts entails a metric fact M@ if in every interpretation J such
that 7 = M'@¢’, for each M'@g’ € M, it holds that 7 &= M@p.
A program [T and a set M of metric facts (e.g., a dataset) entail
a set M’ of metric facts, written (I7, M) = M/, if each model of
both IT and M is also a model of M’. We may write M = M’
instead of (4, M) = M. Moreover, if M or M’ is a singleton, say
{M@p}, then we may omit curly brackets and write M@p = M’
and M = M@y, respectively.

An interpretation J contains an interpretation 7', written
3 C3, if ¥,t &= P(s) implies J,t = P(s), for each ground
relational atom P(s) and time point t. Then, J is the least inter-
pretation in a set S of interpretations if 7 C 7 for every 7' € S.
Each set M of relational facts admits the least interpretation J 4
amongst all models of M and we say that a set M represents an
interpretation J if 7 = J 4.

Canonical Interpretation. The immediate consequence operator
Ty for a program I7 is a function mapping an interpretation J to
the least interpretation containing J and satisfying the following
property for each r € ground(/7): whenever 7 satisfies each body
atom of r at a time point t, then T;(J) satisfies the head of r at t.
The successive application of Ty to J,,, where M is a (possibly
infinite) set of relational facts, defines a transfinite sequence of
interpretations Tf(J ) for ordinals « as follows:

T (Im)

J )
TE(Im) = Tr(TE '(In)),  for a successor «,

M
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Ta(m) = | J TH(@wm).  for alimit a.

B<«a

The canonical interpretation € ¢ of IT and M is defined as
T5' (3 ), Where oy is the first uncountable ordinal [28]. If 17 and
M have a model, then €, is the least model of /7 and M.
The canonical interpretation € ¢ can be divided into regularly
distributed (I7, M)-intervals whose time points satisfy the same
ground atoms [13]. In particular, the (I7, M)-ruler is the set of
time points of the form t + i - div(I7), for t € Q mentioned in
M and i € Z, and where div(IT) = % with k being the product
of all denominators in the rational endpoints of the intervals
mentioned in IT (for definiteness, if IT has no intervals with
rational endpoints we let k = 1 and hence div(/T) = 1). A
(IT, M)-interval is either a punctual interval over a time point
on the (IT, M)-ruler, or an interval (tq, t;) with t; and t, con-
secutive time points on the (I7, M)-ruler. Interpretation J is a
([T, M)-interpretation if for every relational fact M@t it holds
that J = M@t implies J = M@p, where o is the (I7, M)-interval
containing t. It turns out that € ¢ as well as T§(J ), for any
ordinal «, are ([T, M)-interpretations [13].

Reasoning. A key reasoning tasks in DatalogMTL is to check
whether a relational fact is entailed by a program and a dataset.
This problem is PSpace-complete in data complexity [13], that is,
when the size of a program is considered fixed, and ExpSpace-
complete in combined complexity [28]. These complexity bounds
hold already in the case of bounded programs and datasets [29].

3. Streams and stream queries

Streaming data is often represented as an unbounded se-
quence of timestamped facts. Similarly to Brandt et al. [12], we
represent timestamps as non-negative rational numbers; this
generalises other models of streaming data in the literature
where timestamps are assumed to be natural numbers [20,21].
We also assume that the timeline of a stream is discrete—that is,
it is always possible to tell which is the next time point for which
data is available in the stream.

Definition 2. A stream is a function S assigning a (possibly
empty) finite set of ground relational atoms to each t € Q. The
temporal domain Ts of S is the set of time points t satisfying
S(t) # @; we require that the temporal domain of every stream
is a discrete set. Moreover, we say that S is regular if gcd(Ts)
is well-defined. The object domain Os of S is the set of all
constants occurring in the values of S. By slight abuse of notation,
we identify a stream S with the (possibly infinite) set of facts
{M@t |t € Ts and M € S(t)}.

A stream query defines a transformation of an input stream
into an output stream by means of logical entailment.

Definition 3. A stream query is a pair (IT, Q) consisting of a
program [T and a predicate Q. The answer to (I7, Q) over a stream
S, relative to a discrete set T € Qxo, is the stream {Q(c)@t | t €
T and (11, S) &= Q(c)@t}.

Note that set T in the previous definition specifies the time
points for which answers are required in the output; thus, T
contains the temporal domain of the answer stream.

4. Forward-propagating programs
In the context of stream reasoning we will not consider arbi-

trary DatalogMTL programs, but instead we will restrict ourselves
to programs that are forward-propagating.
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On the one hand, forward-propagating programs are always
consistent with a dataset, which allows us to focus on fact entail-
ment as the key reasoning problem. On the other hand, rules in a
forward-propagating program are syntactically restricted so that
their application to a set of facts can derive information relevant
to present and future time points, but not to past time points.

This fragment is motivated by the observation that events in
streaming applications are typically recognised based on previ-
ously received data only (and not based on future data); similar
restrictions have been adopted in the stream reasoning [24],
monitoring [11], and database view update literature [30]. From
an algorithmic perspective, these restrictions will allow us to
limit memory consumption by forgetting previously received
facts without compromising completeness.

Definition 4. A rule is forward-propagating if it satisfies all of the
following restrictions:

- it does not mention T or L,

- it does not mention in the body any metric operators except
@ and ¢, and

- it does not mention in the head any metric operators except
E.

A DatalogMTL program is forward-propagating if so is each of the
rules it contains. A stream query (I7, Q) is forward-propagating
if sois IT1.

For convenience, and without loss of generality, we will as-
sume that forward-propagating programs are given in the normal
form defined next, where there is no nesting of metric temporal
operators.

Definition 5. A forward-propagating program is in normal form
if it contains only rules of the following forms:

M <« o.M, (4)
M < g,M, (5)
M <~ M A--- AMp, forn>1, (6)

where M, M’, My, ..., M, are relational atoms and o is a positive
non-empty interval. A forward-propagating stream query (I7, Q)
is in normal form if so is IT.

As we show next, each forward-propagating program can be
normalised in polynomial time.

Proposition 6. Each forward-propagating program IT can be
transformed in polynomial time into a program IT’ in normal form
such that, for every stream S and each relational fact P(c)@o with P
in the signature of IT and S, we have (11, S) = P(c)@p if and only
if (IT', 8) = P(c)@o.

Proof. We construct [T’ in two steps. First, we ensure that rule
heads do not mention =m. To this end, we use the correspondence
between the box and diamond operators and replace each rule
Bo, * - Bo P(S) <~ My A --- A M, with the following two rules:
P'(s) < My A --- A My and P(S) < &g, 4.4, P'(s), where P’
is a fresh predicate of the same arity as P. In the second step,
we introduce additional rules with fresh predicates in order to
eliminate temporal operators from rules with conjunctions in
bodies and to flatten nested operators from the remaining rules.
For example, a rule M" <= My A - -+ A M, with My = 8,, &, P(S)
is replaced with three rules P'(s) < ©,,P(s), P”(s) < 8,,P'(s),
and M’ < P”(s) A --- A My, where P’ and P” are fresh predicates
of the same arity as P. O
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Example 7. Observe that the program in Example 1, which
consists of Rules (1) and (2), is forward-propagating, but it is not
in normal form. Indeed, after normalisation of Rule (1) we obtain
the following rules:

P(z) < ©p0,2;Signal(z), (7)
P'(z) < B10,4/P(2), (8)
Flag(x, z) < Monit(x, z) A P'(z), 9)

and after the normalisation of Rule (2) we obtain:
P’(x, z) < Flag(y, z) A Connect(x, y),

Monit(x, z) < ©0.3P"(x, 2),

where P, P/, and P” are fresh predicates.

In the remainder of this paper, we will focus on forward-
propagating stream queries in normal form.

5. A generic stream reasoning algorithm

In this section, we present a generic stream reasoning al-
gorithm applicable to forward-propagating stream queries. Our
procedure (Algorithm 1) takes as input a stream S and outputs,
also as a stream, the answers to a standing forward-propagating
query (7, Q). The query is assumed to be in normal form and
fixed, as a parameter. The algorithm is also parametrised with a
discrete set T, which specifies the temporal domain of the answer
stream, and a value step which controls the incrementality of
query processing.

Algorithm 1: Generic stream reasoning algorithm

Parameters: A stream query (/7, Q) with a
forward-propagating program /7 in normal
form, a discrete set T C Qxo, and step € Q~¢

Input: A stream S

1t := —step; // current time point
2 W =0 // window contents
3 H =0; // history contents

4 t; = maximal rational endpoint in intervals of IT (or O if
IT does not mention rational numbers);

5 loop

6 if succs(t) < t + step then

7 thext := succs(t);

8 W = W U S(thext);

9 else

10 | tnext =t + step;

1 W := ApplyRules(IT, W, H, t, thext);

12 for each Q(c)@p € W do

13 for each t’ € o N (¢, thext] N'T do

14 L L stream out Q(c)@t’;

15 t = thexts
16 (W, H) := Forget(W, H, t, tr);

To simplify the presentation, and without loss of generality,
we assume that the input stream S mentions only predicates
occurring in I7 (facts involving other predicates are irrelevant for
answering the query) and that all constants from /7 occur in S
(this can be easily achieved by extending S with facts explicitly
mentioning these constants).

Algorithm 1 is initialised in Lines 1-4; Line 1 initialises the
current time point t in the input stream to a value smaller than
all time points in Ts (note that we initialise t as —step, but we
could use any value smaller than the first time point in the input
stream), and Line 4 sets t; to the maximum rational number
occurring as an interval endpoint in program 7. Moreover, Lines
2 and 3 initialise the memory contents, which consist of the
following two parts.
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- The window W-—a set of relational facts storing informa-
tion about atoms holding in the most recent interval (in
particular, in the interval [t — tp, t]).

- The history H—a set of relational atoms storing information
about atoms which hold further back into the past than the
recent window covered by W, without specifying exactly
when.

The core of the algorithm is an infinite loop, where each iter-
ation consists of the steps detailed next, and where the current
time point t is incremented at the end of each iteration. In Lines
6-10, the algorithm processes the next fragment of the input
stream by either moving to the next time point in the stream
containing data and loading the relevant facts into the window
memory, or moving forward by step (if there is no data point
between t and t + step). In Line 11, the algorithm updates W
by applying to them rules from IT which derive new information
within the interval (t, tnex]. In Lines 12-14 the algorithm outputs
all answers to the query in-between t and tpe. Finally, in Line
16 the algorithm trims the window W by forgetting information
that is no longer relevant and updates the history .

Next, we describe in detail the procedures ApplyRules and
Forget from Lines 11 and 16, respectively. Procedure ApplyRules
is presented in Algorithm 2. It takes as input a program I7, a win-
dow W, a history #, and two time points t and t,e,, t0 compute
updated W. In particular, ApplyRules successively applies rules
of IT to W and # (Lines 2-3) to derive all the facts that hold
within the interval (t, t,ex]. If no more rules can be applied (Line
17), the procedure terminates and returns updated W (Line 18).
The rules in IT of Form (4) are applied in Lines 3-7; rules of
Form (5) in Lines 8-10; and rules of Form (6) are applied in Lines
11-13. Additionally, in Lines 14-16, facts in YW mentioning the
same atoms are coalesced by merging together facts over adjacent
intervals.

Algorithm 2: ApplyRules

Input: A forward-propagating program /7 in normal form,
a set W of facts, a set # of atoms, and time points

t, tnext
Output: A set of facts

1 repeat

2 for each r € ground(IT, W U H) do

3 if r is of the form M' <— $,,M then

4 for each M@p¢ € W such that
0=(01+ 02) N (t, text] is non-empty do

5 | Add M'@p to W;

6 if 0, is unbounded and M € # then
| Add M'@(t, thext] to W;

8 if r is of the form M" <— g,,M then

for each M@p, € W such that
0=(01® 02) N (L, tnex] is non-empty do
10 | Add M'@p to W;

f r is of the form M’ < My A - -+ A M, then

=

11

12 for all M1@pq, ..., M,@po, € W such that
0 =01N---No, is non-empty do

13 | Add M'@g to W;

14 for each M@p,, M@p, € W do

15 if 0 = 01 U g3 is an interval then

16 | Add M@g to W;

17 until no more elements are added to W;
18 return W,
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Example 8. Consider Algorithm 2 running on a program I7
consisting of Rules (7)-(9) presented in Example 7, empty history
‘H, window W with facts

Signal(s;)@96.3,
Signal(s;)@98,
Signal(s;)@100,

and time points t = 100, tne, = 101, and t7 = 4.

Algorithm 2 extends W with new facts. In Lines 3-7, Rule (7)
is applied to the fact Signal(s;)@100, and so, P(s;)@(100, 101] is
added to w.

Facts P(s;)@[97, 100] and P(s;)@(100, 101] are coalesced in
Lines 14-16, and so the fact P(s{)@[97, 101] is added to W. In
Lines 8-10, Rule (8) is applied to the fact P(s{)@[97, 101], adding
P'(s1)@101 to W.

Next, Rule (9) is applied to facts P'(s;) @101 and
Monit(n, s{)@101 in Lines 11-13, and Flag(n, s;)@101 is added to
W, as a result.

P(s1)@[97, 100],
Monit(n, s;)@101,

We next describe the procedure Forget specified by Algorithm
3, which trims the window memory W by forgetting information
that is no longer relevant and adds corresponding atoms to H. In
Lines 1-7, the algorithm ‘slides’ the window by deleting from W
old information that falls outside [t — t;7, t] and by extending the
history # with corresponding ground atoms (not mentioning in-
tervals); intuitively, such atoms hold outside the sliding window,
that is, somewhere within the range (—oo, t — t7). Then, in Lines
8 and 9, the algorithm it eliminates redundancy by deleting from
W all relational facts subsumed by others.

Example 9. Consider Algorithm 3 running on an input consisting
of the window W computed by ApplyRules in Example 8 and
the time points t = 101 and t; = 4. In Lines 1-7 the algorithm
forgets all facts that hold to the left of the sliding window (i.e., to
the left of t — t; = 97). In particular, the fact Signal(s;)@96.3 lies
(at least partially) to the left of the sliding window (as 96.3 < 97);
hence, its ground atom Signal(s,) is added to # in Line 3 and
Signal(s1)@96.3 is removed from W in Line 5.

Furthermore, in Lines 8 and 9, the facts P(s;)@[97, 100] and
P(s1)@(100, 101] are deleted from W, as they are both subsumed
by P(s)@[97, 101], which is also in W.

Algorithm 3: Forget

Input: A set W of facts, a set # of atoms, and time points
t,t
Output: A pair consisting of a set of facts and a set of
atoms
1 for each M@p € W do
2 if o Z [t — t, t] then
3 Add M to H;
4
5

ifoN[t—tg,t] =0 then
| Delete M@o from W;

else
7 | Replace M@ by M@oN [t—tp, t] in W;

8 f(;r each M@p,, M@p, € W with o1 C 0, do
9 | Delete M@p, from W;

10 return (W, #);

The following theorems establish soundness and completeness
of Algorithm 1.

Theorem 10 (Soundness). Each fact streamed out by Algorithm 1 is
in the answer to (I1, Q) over S relative to T.
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Proof. Each fact Q(c)@t’ streamed out by Algorithm 1 is such
that t' € T and there exists Q(c)@0 € W with t' € o (see
Lines 12-14). Thus, it suffices to show that if Q(c)@o € W, then
(I1,S) E Q(c)@g. To this end, we will show that, in each step
of Algorithm 1, the following statements hold for all relational
atoms M and all intervals ¢ (where t is the current time point
kept by Algorithm 1):

1. If M@g € W, then (I1, S) = M@op.
2. If M € H, then (IT, S) = M@t’ for some t' <t — tp.

To show these statements we proceed inductively on the number
of computations adding new elements to W or H.

Basis of induction: The basis for Statements 1 and 2 holds trivially,
as W and H are initially empty (by Lines 2 and 3).

Inductive step for Statement 1: New facts can be added to WV only
in Line 8 of Algorithm 1, in Lines 5, 7, 10, 13, and 16 of Algorithm
2, and in Line 7 of Algorithm 3. We will argue that all the new
facts are entailed by IT and S.

If a fact is added to W in Line 8 of Algorithm 1, then this fact
holds in S. Thus, the fact is entailed by I7 and S.

If M'@p is added to W by Algorithm 2 in Line 5, there is M@p
inwand M’ < ¢,,M in ground(/1, WUH) such that o € 91+0>.
By the inductive assumption, we have (11, S) = M@p,. Hence, by
the semantics of ©,,, we obtain that (I7, S) = M’01+ 02, and so,
(11, 8) = M'@g.

If M'@(t, thex:] is added by Algorithm 2 in Line 5, there is M
in 7% and M’ < ,,M in ground(/T, W U #), with unbounded
0. By Statement 2, (/T,S) = M@t’ for some t' < t — tp, SO
(1, S) = M'@t’ + g,. By the definition of t;7, we have g, < tp,
so t' 4+ o, < t.Since g, is unbounded, (1T, S) = M'@(t, oo) and
thus (17, S) ': M/@(t, tnext]'

If M'@po is added to W by Algorithm 2 in Line 10, then
(I1,S8) E M'@p, by a similar argument to the one we used in
the case of Line 5, but where we now use the correspondence
between @ and = instead of that between + and ¢.

If a fact is added to W by Algorithm 2 in Lines 13 or 16,
it follows from the inductive assumption that this fact must be
entailed by 7 and S.

Finally, if a fact M@o N [t — tg,t] is added to W in Line
7 of Algorithm 3, then there was already M@p in W so, by
the inductive assumption, (/7,S) &= M@p, which implies that
(I1,8) = M@o N[t —tng,t].

Inductive step for Statement 2: An atom M can be added to H only
in Line 3 of Algorithm 3; therefore, there exists M@p € W with
0~ <t —tg. By Statement 1, (I1, S) = M@p, so there is t’' € ¢’
such that t' < t — t and (1, S) = M@t’, as required. O

Theorem 11 (Completeness). Each fact in the answer to (I1, Q) over
S relative to T is streamed out by Algorithm 1.

Proof. If a fact Q(c)@t’ is in the answer, (IT,S) &= Q(c)@t'.
By Lines 12-14 in Algorithm 1, this fact will be streamed out
provided that Q(c)@o € W, for some interval ¢ containing t'.
Thus, we show that, for each relational fact M'@t’, if (IT, S) =
M’'@t’ then, at some step during the execution of Algorithm 1
there exists M'@p € W such that t’ € o.

For a time point t' > —step and ¢ € {1,..., 16}, we use
W(t', £) and H(t', £) to respectively represent the contents of W
and # after executing Line £ in the iteration of the main loop of
Algorithm 1 in which t’ € (t, tnex], for the value of t,,; obtained
just after executing Lines 6-10. Since all facts entailed by /T and S
are satisfied in T,"-jl(JS), it suffices to show that, for each ordinal
« and each relational fact M'@t’, if T} (Js) = M'@t’, then there
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exists M'@p in W(t’, 11) such that t' € . We will prove this
implication by a transfinite induction on ordinals «.

Basis of induction: Clearly, we have T9(Js) = Js. If T9(Js)
= M'@t, then S = M'@t’. Thus, by Lines 7 and 8, we obtain
M'@t’" € W(t', 8). As executing ApplyRules in Line 11 does not
delete any facts from W, we have M'@t" € W(t’, 11).

Inductive step for a successor ordinal e: We assume that T5(Js) =
M'@t’, but Tg’l(js) = M’'@t'. Hence, by the definition of Tp,
there exists r € ground(IT) of one of Forms (4)-(6), such that
the body of r holds at t’ in T,";”(js) and the head of r is
M’. By the inductive assumption and the fact that all constants
occurring in the entailed facts occur in W or H, we obtain that
r € ground(I7, W U H).

Assume that r is of Form (4), that is M’ <= ©,, M. Then, there
exists t” such that T '(Js) =EM@t” and t' € t” + 0. Thus,
by the inductive assumption, M@p” € W(t", 11), for some p”
with t” € ¢”. The execution of Forget in Line 16 ensures that
either there exists M@p; € W(t’, 11) with t” € o1, or the inter-
val g, is unbounded and there exists M € H(t’, 11). In the first
case, by Line 3-5 of Algorithm 2, we have M'@p € W(t', 11), for
0 = (01 + 02) N (L, thex). In the latter case, by Lines 6 and 7 of
Algorithm 2, we obtain that M'@p € W(t', 11), for 0 = (t, thext]-
Since t’ € (t, thext], We obtain that t’ € g, as required.

Next, assume that r is of Form (5), that is M’ <— 8,,M. Hence,
TE (Js) = Bo,M@0', where ¢ is such that o’ @ 0, = t'. Since
IT is forward propagating, o, needs to be bounded, so ¢’ is
also bounded and (¢’)t < t. Thus, we can use the inductive
assumption to show that, for each t” € ¢/, there exists o” such
that M@p"” € W(t’, 11). Moreover, by Lines 14-16 of Algorithm
2, there exists o1 such that ¢’ C o7 and M@p; € W(t/, 11). By
Lines 8-11 of Algorithm 2, we obtain that M'@o € W(t/, 11), for
0 = (01 ® 02) N (L, thex]. Since 01 D 02 =t' and t’ € (t, tnext], We
gett’ € o.

Finally we assume that rule r is of Form (6), that is
M < M; A --- AM,. Thus, all of My, ..., M, need to be satis-
fied at t’ in Tg’l(fis). By the inductive assumption, there exist
intervals g1, ..., o, such that all of M1@p;, ..., M,@p, belong
to W(t’,11)and t’ € o1 N --- N g,. Thus, by Lines 11-13 of Algo-
rithm 2, we get M@p € W(t’, 11), for o = 91 N --- N gy, and so,
t' € o.

Inductive step for a limit ordinal «: By the definition, Tf(Js) =
U,3<a Tg(js). Thus, if T (Js) = M'@t’, then there exists < «

such that T};(js) = M'@t’. Then, by the inductive assumption, we
obtain that there exists M'@p in W(t’, 11) such that t’ € 0. O

Finally, we analyse the memory requirements of Algorithm
1 by providing a bound on the number of facts stored in the
window and the history at any point during its execution.

Theorem 12 (Memory Bound). At each point during the execution
of Algorithm 1 on a regular (i.e., with well-defined gcd) input stream
S, the number of elements in the set W U H is bounded by

2
t + step A
Al 1) +1)-p- 08P,
( (gcd(TsUNU{Step})+ ) " ) O]

where N is the set of rationals mentioned as interval endpoints in
I1, P is the number of predicates in I1, and A is the maximum arity
of these predicates.

Proof. We observe that each element of A is a ground atom
which mentions one of P predicates from /7 and at most A
(possibly repeating) constants from |Os|. Hence the cardinality
of H is bounded by P - |Og|*. Similarly, for any interval o, there
are at most P- |Qg|” relational facts of the form M@y in W. Thus,
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it suffices to determine a bound on the number of intervals that
may occur in W. To this end, we observe that, by the construction
of W, the endpoints ¢~ and o* divided by gcd(Ts U N U {step})
need to yield integer values and that ¢ C [t—tf, t+step]. Indeed,
the former follows from the definition of operations + and &
on intervals, whereas the latter follow from the fact that o C
[t —tr, thext] and t + step < ey (due to Lines 6-10 of Algorithm

1). As a result, there are m + 1 possible endpoints of

2
tr7+step 7 + 1) intervals,

0, and thus g is one of at most 4- (m

where factor 4 takes into account whether the interval is left/right
open or closed. Then, the bound from the theorem follows. o

Since each application of a rule in /7 introduces at least one
new fact, the bound from Theorem 12 also provides a bound on
the number of iterations of the main loop of ApplyRules, each
time this procedure is called by Algorithm 1. In general, however,
Theorem 12 does not provide a finite bound on the memory size.
In particular, the algorithm may consume unbounded memory
if the input stream S is such that the object domain Og has
infinitely many elements, or the temporal domain Ts has no
gcd. In many practical scenarios we may assume that the object
domain of all streams is finite (e.g., the set of nodes and moni-
tored signals in our running example is finite over time) and that
the timestamps in a stream have a fixed gcd (e.g., the devices
timestamping the data have a finite precision).

The gcd of the input stream, however, can be very small
compared to the size of the window, resulting in an impractically
large bound on memory requirements; furthermore, gcd may not
be known to the designer of the query, which makes it difficult to
estimate memory efficiency at design time. It is hence desirable
to have an algorithm for which the size of the window and the
history can be bounded independently of the temporal domain of
the input stream. In the next section, we modify Algorithm 1, so
that it will enjoy this desirable property for a particular class of
programs.

6. Stream-independent memory guarantees

In this section we present a stream reasoning algorithm with
bounded memory usage for all input streams. This guarantee,
however, is only provided for stream queries not mentioning
punctual intervals in rules. This is in contrast to Algorithm 1,
where memory bounds apply to all forward-propagating queries,
but only under certain assumptions on the input stream.

Let us define the granularity gran(/T) of a program IT as
the minimal length of the intervals mentioned in IT (or oo if
IT does not mention any interval). Hence, programs with non-
zero granularity are exactly the programs which do not mention
punctual intervals. Let Algorithm 6 be obtained from Algorithm 1
by replacing

- the call to ApplyRules in Line 11 with a call to the procedure
ApplyRules* given in Algorithm 4, and

- the call to Forget in Line 16 with a call to the procedure
Forget® given in Algorithm 5.

Our modifications exploit the following observations:

1. Facts in W holding at ‘short’ intervals cannot be used to
derive new information using rules mentioning g in the
body. In particular, a rule M’ < 5,,M does not apply to
M@g; in W if |o1] < |o2l.

2. Let M be an atom that holds in W in a set X of intervals
and consider the application of a rule of the form M’ «
©o,M to W. If the gaps between intervals in X are smaller
than gran(IT), then we can equivalently apply the rule to a
single fact M@p with o the minimal interval containing all
intervals in X.
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Motivated by the second observation, we introduce a new type
of fact in W of the form M#p. Intuitively, a fact M#o holds if
ground atom M is true ‘sufficiently often’ in the interval ¢. In
particular, if M#o € W, then for each t' € g there is a closed
interval p; € o with t’ € o’ and | o1 |< gran(IT), such that
(11, 8) = M@p; and (11, S) = M@p7 . Clearly, if M@p € W and
gran(IT1) # 0 then M#o holds in W, but the converse does not
always hold.

Procedure ApplyRules* (c.f. Algorithm 4) extends Algorithm 2
with new derivation rules capturing the semantics of this new
type of facts. In particular, Lines 3 and 4 generate a fact M#p
for each fact of the form M@p in the window memory; Lines
5-7 describe the application of rules M’ <— &,,M to facts M#o;
whereas Lines 8-10 coalesce facts of the form M#p.

Algorithm 4: ApplyRules™

Input: A forward-propagating program /7 in normal form,
a set W of facts, a set H of atoms, and time points
t, tnext

Output: A set of facts

1 repeat

2 Execute Lines 2-16 from Algorithm 2;

3 | for each M@p € W do

4 L Add M#p to w;

for each M" <— &,,M in ground(/1, W U ) do
for each M#90, € W such that
0 = (01 + 02) N (t, tnext] is non-empty do

[

7 | Add M'@g to W;

8 for each M#0,, M#0, € W do

9 if 01 U 0, is an interval or o < o, and
0, —o0F < gran(IT) then

10 Add M#p to W, where o is the minimal interval
L containing o; and g;;

11 until no more elements are added to W;
12 return W;

Algorithm 5: Forget*

Input: A set W of facts, a set H of atoms, and time points
t, tg
Output: A pair consisting of a set of facts and a set of
atoms
1 Execute Lines 1-9 from Algorithm 3;
2 for each M@p € W do

3 | if ot <t and |o| < gran(/T) then

4 | Delete M@o from W;

5 for each M#p € W do

6 if o Z [t — t, t] then

7 Add M to H;

8 if oN[t—ty,t] =0 then

9 | Delete M#o from w;

10 else

1 | Replace M#o by M#o N [t—ty, t]in W;

12 f(;r each M#01, M#0, € W with o1 € 0, do
13 L Delete M#o, from W;

14 return (W, H);

Analogously, procedure Forget® (c.f. Algorithm 5) extends Al-
gorithm 3. In Lines 2-4, the algorithm deletes from W all facts



P.A. Watega, M. Kaminski, D. Wang et al.

M@p where interval g is ‘too short’, as these facts cannot be used
to derive new information. Then Lines 5-12 forget facts of the
form M#o, by adding an atom to H and either removing the fact
or shortening its validity interval, in the same way as Lines 1-9
in Algorithm 3 forget facts of the form M@p.

Correctness of our modified algorithm is established by
Theorems 13 and 14, which are provided next.

Theorem 13 (Soundness). Each fact streamed out by Algorithm 6 is
in the answer to (I1, Q) over S relative to T.

Proof. As in Theorem 10, we show that Q(c)@o € W implies
(I1,8) E Q(c)@p. For this, we show that the following state-
ments hold for all relational atoms M and all intervals ¢ at each
step in the execution of the algorithm, where t represents the
current time point being processed.

1. If M@p € W, then (11, S) = M@p.

2. If M € H, then (IT, S) = M@t’ for some t' <t — tp7.

3. If M#o € W, then for each t’ € o there exist tq, t; € o such
that t; < t' < ty, ty — t; < gran(IT), (I1, S) = M@ty, and
(11, S) = M@t,.

As in the proof of Theorem 10, we proceed inductively on the
number of computations adding new elements to W or H, where
the base case holds trivially as both W and # are initially empty.
To show the inductive step, it suffices to show that the new
computations from Algorithms 4 and 5 (which were not present
in Algorithms 2 and 3, respectively) preserve Statements 1-3.

Inductive step for Statement 1: The only new computations adding
facts M'@p to W are in Line 7 of Algorithm 4. The fact M'@p is
added to W if M#p; € W and if there exists

M’ < ©,,M € ground(IT, WU H) such that o = (o1 + 02)
N (t, thexe] is non-empty. We will show that (17, S) = M'@t’, for
eacht’' € o1 + 02.If (11, S) = M@t" forsome t” ino” ={t" | t' €
t" 4+ 0,}, then, by M" <— &,,M, we have (11, S) = M'@t’. Thus, it
suffices to show (I7, S) = M@t” for some t” € o”. Observe that
lo”| > gran(IT). Hence, if o” C o1, by the inductive assumption
for Statement 3 and M#p; € W, there exist ty, t;, € o” such that
(I1,8) & M@t and (I1, S) = M@t,. Assume that ¢” & ©1. By
construction, o” N o1 # @; thus, ¢” contains a left-most or a
right-most fragment of o,. Hence, by the inductive assumption
for Statement 3 and M#p; € W, there exists t” € ©” such that
(11, S) = M@t

Inductive step for Statement 2: The only new computations ex-
tending A are in Line 7 of Algorithm 5, where M is added
whenever M#o € W for some o with o~ < t — ty. By the
inductive assumption for Statement 3 and M#p € W, there exists
t' € osuchthatt’' <t —tygand (11, S) = M@t'.

Inductive step for Statement 3: Facts of the form M#p can be
added to W in Lines 4 and 10 of Algorithm 4, or in Line 11 of
Algorithm 5. If M#p is added to W in Line 4 of Algorithm 4, then,
by the inductive assumption for Statement 1, we have (I, S) =
M@p, which implies the inductive step. If M#p is added to W
in Line 10 of Algorithm 4, then there are M#p,, M#0, € W such
that p is the minimal interval containing ¢ and o,, and moreover,
01Uo; is aninterval, or o] < 0, and 0, —o; < gran(J7). In both
cases, by the inductive assumption for Statement 3 and the fact
that M#p, M#0, € W, we obtain that the inductive step holds.
Finally, if M#oN[t—ty, t] is added to W in Line 11 of Algorithm 5,
then M#p € W. By the inductive assumption for the Statement 3
and the fact that o N[t — t, t] C o, the inductive step holds. O

Theorem 14 (Completeness). Each fact in the answer to (I1, Q) over
S relative to T is streamed out by Algorithm 6.
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Proof. To represent contents of W and # in a run of Algorithm 6,
we use notation W(t’, £) and H(t’, £) as in the proof of Theo-
rem 11. We show by transfinite induction on ordinals « that, for
each relational fact M'@t’, if T} (Js) = M'@t’, there exists M'@p
in W(t’, 11) such that t’ € p. The basis of induction and the
inductive step for limit ordinals hold by the same arguments as
in the proof of Theorem 11, so it suffices to show the inductive
step for successor ordinals.

Inductive step for successor ordinal «: Let us assume that
TE(Js) = M'@t, but TS '(Js) = M'@t". Hence, there need to
exist a ground rule r € ground(I7, W U H) of one of Forms (4)-
(6), such that the body of r holds at ¢’ in T%'(Js) and the head
of ris M'.

We assume that r is of the form M’ < &,,M. Hence, there
exists t” such that T% (Js) =EM@t” and t' € t” + 0. Thus,
by the inductive assumption, M@p” € W(t", 11), for some p”
with t” € ¢”. Moreover, by Line 4 of Algorithm 4, we have
M#o"” € W(t", 11). The algorithm’s execution ensures that either
(i) t” € [t — tg, thexe) and there exists M#p; € W(t’, 10) with
t"” € o1, or (ii) t” < t, interval g, is unbounded, and there exists
M € H(t’, 10). In the first case, by Line 7 of Algorithm 4, we have
M'@p € W(t', 11), for 0 = (01 + 02) N (¢, trext]- In the latter case,
by Line 7 of Algorithm 2, we obtain that M'@p € W(t’, 11), for
0 = (t, thext]- Since t’ € (t, trext], We have t’ € g, as required.

Next, assume that r is of the form M’ < g,,M. The proof for
this case is similar to that for Theorem 11, but we argue that
deleting from W facts over intervals shorter than gran(IT) (Lines
2-4 from Algorithm 5) does not invalidate the argumentation. We
have T3 '(Js) = 8,M@¢’, where ¢’ is such that o’ @ 0, = t'.
Since IT is forward propagating, ¢, needs to be bounded, so
o' is also bounded and ¢'" < t;. Now, we use the inductive
assumption to obtain that for each t” € o', there exists ¢”, with
t” € ©” such that M@p"” € W(t”, 11). Furthermore, by coa-
lescing the intervals ¢” in Lines 14-16 of Algorithm 2 and the
fact that the right endpoint of the coalesced intervals is never
smaller than the current time point t, we observe that facts with
such coalesced intervals cannot be deleted in Lines 2-4 from
Algorithm 5. Therefore, there exists o1 such that ¢’ € o7 and
M@p; € W(t’, 11). By Lines 8-10 of Algorithm 2, we obtain that
M'@p € W(t', 11), for 0 = (01 ® 02) N (L, thext)- Since 01 P07 =t
and t’ € (t, thext), We get t’' € o.

If r is of Form (6), then the argumentation is exactly the same
as in the proof of Theorem 11. o

Finally, we obtain a bound on memory size that no longer
depends on the temporal domain of input streams.

Theorem 15 (Memory Bound). At each step during the execution of
Algorithm 6, on a normalised forward-propagating program IT such
that gran(IT) # 0, the number of elements in W U # is bounded by

2
[’H try +step A
9. ({2 ——+2)-R « -P-|0s|7,
< (gran(ﬂ)+ ) ) Os]

where R is the number of rules in I1, K is the least non-zero endpoint
of intervals mentioned in I1, P is the number of predicates in IT, and
A is the maximum of their arities.

Proof. Since # contains only ground atoms, it has at most P -
|0s|* elements. We next show a bound on the size of W which, in
each iteration of Algorithm 6, has a maximal number of elements
after executing ApplyRules™.

We start by considering the contents of W after executing
Forget* in the end of the previous iteration of the algorithm. If
M@p in W, then ¢ C [t — ty, t] by Lines 1-7 of Algorithm 3;
moreover, by Lines 2-4 of Algorithm 5, we obtain that |o| >
gran(IT) unless o™ = t. Thus, there are at most (t;;/gran(JT))+ 1
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such intervals p. If M#p € W, then, by Lines 5-11 of Algorithm 5,
we have ¢ C [t —tp, t]; furthermore, by Lines 8-10 of Algorithm
4 and Lines 12-13 of Algorithm 5, the minimal distance between
o and any @' # o such that M#o’ € W is at least gran(/T), and so
there are at most (t;7/gran(I7)) + 1 intervals p. Hence, in total,
W mentions at most C = 2 ((tg/gran({1)) + 1) intervals after
executing the procedure Forget®.

We next analyse the number of elements in W after executing
ApplyRules*. Assume that M@p or M#o was added to W. Then,
o~ is of the form x + k- a; + - - - + ky, - an, where (i) X iS t 0T tpext,
or a left endpoint of an interval mentioned in W before executing
ApplyRules*, (ii) ai,...,a, are the left endpoints of intervals
02 in rules M’ < &,,M and the right endpoints of intervals
0, mentioned in rules M’ <— 8,,M, and (iii) kq, ..., k, are any
natural numbers. Since the number of intervals mentioned in W
before executing ApplyRules™ is at most C, we obtain that x can
take at most C + 2 different values. We note that n < R, each
a; > K, and each k; < (t;7 +step)/K, since o~ € [t — t7, t + step].
Therefore, the number of possible values of o~ is bounded by

(C+2)- Rt”?‘ep. By an analogous argument, we obtain the same
bound on the number of possible values of o*. Since g is deter-
mined by its endpoints and the types of its left and right brackets
(there are 4 possible combinations of the brackets), the number

of new intervals appearing in W after executing ApplyRules*
try +step

is at most 4-((C+2)-R K

2
) . Hence, the total number of

intervals mentioned in W is at most C + 4 - ((C +2)- Rtntmp) .
Therefore the number of facts of the form M@p in W is bounded
by

tr7 +ste| 2
<c+4~ (c+2)-r"5) ) P |og*

and the same bound holds for facts of the form M#p in W. In
total, the number of facts in W U H is bounded by

try +step

2-<c+4-((c+2)-a K

2
) )-P-|@S|A+P-|@s|“.

B¥ gelplacing C with its definition and given that C > 2 and
e > 1( I1 is non-empty and gran(/T) # 0) we can simplify
this expression to the bound in the theorem. ©

7. Experiments

We have implemented Algorithm 1 as an extension of the
MeTeoR reasoner [25]. In this section, we refer to our stream
reasoning extension as MeTeoR-Str.

We have conducted experiments on two benchmarks. The first
one is based on the temporal extension of the Lehigh University
Benchmark (LUBM) [31] introduced by Wang et al. [25], which
provides a fixed DatalogMTL program and a generator of temporal
datasets of various sizes. The second benchmark is based on a
task provided during the Hackathon challenge at the 2021 Stream
Reasoning Workshop.

All experiments were conducted on a Dell PowerEdge R730
server with 512 GB of RAM and two Intel Xeon E5-2640 2.6 GHz
processors running Fedora 33, kernel 5.8.17. Note, however, that
our implementation does not involve any multi-threading. The
code and data are available online.'

7.1. Temporal LUBM benchmark

The extension of the LUBM benchmark by Wang et al. [25]
provides a fixed DatalogMTL program and temporal datasets gen-

1 https://github.com/wdimmy/StreamReasoningWithDatalogMTL.
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Fig. 1. Temporal distribution of facts in input streams.
Table 2
Maximal number of facts stored by MeTeoR and MeTeoR-Str.
Ds Do Dis Dao
I MeTeoR 41 612 83 196 124 717 165 812
nr MeTeoR-Str 1006 2015 2 841 3738
b MeTeoR 92 243 186 087 279 019 369 664
’ MeTeoR-Str 2829 5699 8353 10 945

erator. The benchmark’s program I7 extends the 56 Datalog rules
obtained from the OWL 2 RL fragment of the LUBM ontology with
29 temporal rules involving recursion and mentioning all metric
operators in DatalogMTL.

Several rules in I7 are not forward-propagating; hence, we
chose two query predicates P, and P, for which the relevant
fragments of I7, namely IT,, and IT,, are non-recursive and recur-
sive forward-propagating programs, respectively. We generated
timestamped datasets using the data generator in the aforemen-
tioned temporal LUBM benchmark and assigned time points to
facts from a range [0, 300]. In this way, we generated temporal
datasets Ds, D1g, D15, and Dy consisting of 5, 10, 15, and 20 mil-
lion facts, respectively. The distribution of facts in these datasets
over various time points is depicted in Fig. 1.

For each dataset D;, with i € {5, 10, 15, 20}, and each query
(I}, P;), with j € {nr, r}, we computed the set of all query answers
within the time interval [0, 300]. We did this in two different
ways:

1. We passed program [J; and the entire dataset D; as an input
to MeTeoR and computed all facts P;@t, with t € [0, 300],
which are entailed by /7; and D;.

2. We ran MeTeoR-Str, which implements Algorithm 1, on [J;
and dataset D; ‘sliced’ as a stream, in which facts were
passed on as input in 0.5 time increments.

In both cases, we reported memory usage as the maximal number
of temporal facts stored in memory at any point during the
execution of the algorithm.

The results are summarised in Table 2, and clearly suggest
that MeTeoR-Str uses significantly less memory than MeTeoR (ap-
proximately a 40-fold reduction in memory consumption in most
cases). This is thanks to the sliding window mechanism, which
allows Algorithm 1 to keep in memory only a limited number of
facts by forgetting ‘old’ facts that are no longer relevant.

The results from Table 2 also indicate that memory usage in
Algorithm 1 increases linearly with the size of the input datasets
Ds—D,p passed on as streams. This is due to the fact that larger
datasets were generated by increasing the density of the input
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Fig. 2. Memory usage of MeTeoR-Str running on the non-recursive query
(ITyr, Ppy) and different input streams.
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Fig. 3. Memory usage of MeTeoR-Str running on the recursive query ([T, P;)
and different input streams.

streams, rather than by expanding the overall temporal inter-
val over which facts are generated. Indeed, we have monitored
memory usage of Algorithm 1 as the stream is processed and the
window slides accordingly; the results for the non-recursive and
the recursive benchmark queries are given in Figs. 2 and 3, re-
spectively. The figures show that, initially, memory consumption
increases rapidly as the first window is populated and materi-
alised and no facts have been forgotten yet; however, as soon
as the algorithm starts forgetting old facts, memory consumption
stabilises and remains roughly constant from then onwards. This
is a crucial property of stream reasoning algorithms, and suggests
that the algorithm is able to process datasets of any size in a
streaming fashion.

7.2. Hackathon benchmark
The Hackathon Challenge, organised at the Stream Reasoning
Workshop 20212 [32] provides a stream generator together with

several reasoning tasks. We considered the scenario where input
streams contain data from Eclipse Simulation of Urban MObility

2 https://streamreasoning.org/events/srw2021/.
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Fig. 4. Temporal distribution of facts in input streams.

(SUMO)? describing road vehicles in a traffic jam, and the task is
to detect vehicles that make a short stop (less than 5 s).

We use input streams S; and S,, where S, contains a signifi-
cantly larger number of facts than S;. Both streams provide new
data every second indicating vehicles’ positions, speeds, acceler-
ations, etc. We used the initial fragments of these streams for the
first 200 s; in this fragment S; contains 23,828 facts, whereas S,
contains 80,124 facts. The distribution of facts in S; and S, over
various time points is depicted in Fig. 4.

To solve the task we have constructed a stream query
(I, ShortStop), with a DatalogMTL program I71 consisting of the
following rules, where Speed_q(x) and Speed .,(x) mean that a
vehicle x has currently a zero or non-zero speed, respectively,
whereas NotOnMap(x) indicates that a vehicle x is not on the map
at the moment:

Speed_.o(x) <= NotOnMap(x),

ShortStop(x) <— Speed_.o(x) A B1Speed_q(x) A
2 Speed_(x),

ShortStop(x) < Speed_.o(x) A @1Speed_q(x) A
= Speed_q(x) A E3Speed¢0(x),

ShortStop(x) <— Speed_.o(x) A B1Speed_q(x) A
8, Speed_qy(x) A B3Speed_q(x) A
B4 Speed_(x),

ShortStop(x) < Speed_.o(x) A @1Speed_q(x) A
g Speed_qy(x) A B3Speed_q(x) A

B4 Speed_q(x) A BsSpeed_.q(X).

By the first rule, vehicles not present on a map are treated as
having non-zero speed (short stops are detected only for vehicles
on the map). The remaining four rules define the concept of
a short stop; in particular, they state that a vehicle makes a
short stop if it has zero speed in exactly one, two, three, or four
consecutive time points of the input stream.

We report reasoning times and memory consumption of
MeTeoR-Str on Figs. 5 and 6, respectively. Our results on the
Hackathon data are consistent with those on the temporal LUBM
benchmark: memory consumption of MeTeoR-Str rapidly in-
creases in the beginning until the first sliding window is popu-
lated with materialised facts, and then remains essentially stable

3 http://www.eclipse.org/sumo/.
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Fig. 6. Time consumption of MeTeoR-Str running on the query (I7, ShortStop)
and the input streams S; and S,.

with fluctuations depending on the number of facts arriving
in the input streams (see Fig. 5). These fluctuations are much
more visible than in the temporal LUBM benchmark since the
distribution of facts in the input streams is much less uniform
for the Hackathon benchmark (c.f. Fig. 4). For the same reasons,
we can also observe fluctuations in reasoning times (Fig. 6).
Note, however, that maximal reasoning time for each window
remains below one second; since the input streams generate new
facts each second, it means that MeTeoR-Str is able to perform
reasoning in real time as data arrives.

8. Related work

In this section we discuss related work in the areas of stream
query processing, temporal and stream reasoning, temporal de-
ductive databases, and temporal model checking.
8.1. Query languages for stream processing

The foundations of stream query processing in databases were

established by Arasu et al. [33], Babu and Widom [34] and Bab-
cock et al. [35]. These works led to the development of CQL:
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an extension of SQL with specific window constructs for stream
processing. CQL has since then become the basis for Semantic
Web stream query languages [15,16,36-39].

8.2. Temporal extensions of datalog

There have been many proposals within the databases and KR
research communities for extending Datalog with temporal con-
structs. In this context, the focus is typically on query answering
over (static) temporal datasets, rather than on stream processing.

Datalog;s [40] is an extension of Datalog, where predicates
are equipped with an additional argument over terms of a spe-
cial sort constructed using non-negative integer constants and a
unary successor function symbol. In this setting, time points are
represented as non-negative integers and the successor function
symbol represents the ‘next time point’ relation. It turns out
that Datalogs is equivalent in expressive power to TempLog—
an extension of Datalog with temporal modal operators [41].
However, Datalogys is strictly less expressive than DatalogMTL; in
particular, each Datalog;s program can be equivalently rewritten
as a DatalogMTL program using only diamond operators and
punctual intervals and interpreted over the integer timeline [26].
Datalogqs can also be seen as a fragment of bi-directional ASP
programs, which extend Datalog with disjunction, negation-as-
failure, and function symbols while preserving decidability of
reasoning [42]. Despite its simplicity, however, fact entailment
in Datalog;s remains PSpace-complete in data complexity [40].
Datalog;s is a core temporal KR language, which has been ex-
tended with various other temporal constructs, such as integer
periodicity constraints [43]. We refer the reader to the work of
Baudinet et al. [44] for an extensive survey on temporal deductive
databases.

The complexity of query answering in DatalogMTL and its frag-
ments under continuous semantics has been studied by Brandt
et al. [12] and Walega et al. [13], who, respectively, showed that
the problem is ExpSpace-complete for combined complexity and
PSpace-complete for data complexity. Low complexity fragments
of DatalogMTL have been studied by Watega et al. [45] and
Brandt et al. [ 12] and alternative semantics with potentially more
favourable computational properties have also been proposed by
Watega et al. [26] and Ryzhikov et al. [27]. DatalogMTL has also
been recently extended with stratified negation-as-failure [46]
and subsequently with arbitrary negation under stable model
semantics [47]. To the best of our knowledge, in addition to
MeTeoR, there are two DatalogMTL reasoners available. The first
one [12] is based on Ontop and supports only non-recursive
rules; the second one is based on Vadalog, and does not ensure
termination of reasoning [48]. These systems were not publicly
available for testing at the time of writing.

8.3. Rule and ontology-based stream reasoning

Reasoning over streams in the presence of an OWL 2 ontol-
ogy has been widely by studied [14-18]. OWL 2 ontologies are,
however, non-temporal and hence, in contrast to DatalogMTL
rules, ontological axioms are not well-suited for defining complex
temporal events. Although temporal extensions of Description
Logics have been proposed in the literature [49], to the best of
our knowledge they have not been investigated in a streaming
setting beyond the cases where the ontology can be compiled into
the query using query rewriting techniques [17].

Stream reasoning has also been studied for Datalogis
[19,20,22,24]. Similarly to our work, Ronca et al. [22,24] study a
forward-propagating version of Datalog;s and define an algorithm
based on a sliding window that is conceptually similar to ours.
Datalogqs, however, does not allow for metric operators and
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rules are evaluated over the natural numbers, which makes their
technical results very different to ours.

The LARS framework [21] aims to unify various approaches to
stream reasoning and defines an ASP language with (non-metric)
modal temporal operators and windowing constructs. In contrast
to our work, the LARS framework considers only reasoning over
finite data (i.e., streams in LARS are intrinsically bounded), and
windows are used to select finite fragments of streams. Reasoning
over streams in LARS has been implemented in the Laser [50] and
Ticker [51] systems; furthermore, distributed implementations
have also been recently considered [52].

8.4. Related problems

The evaluation of MTL formulas over streams has received
significant attention in the literature. Basin et al. [11] propose an
algorithm for checking satisfiability of propositional MTL formu-
las w.r.t. a stream of facts under continuous semantics; similarly
to our work, formulas are given in the past fragment of MTL, and
memory consumption is limited by bounding the number of data
points in a stream per unit of time. Baldor and Niu [9] propose
an algorithm which assumes a representation of streams as a
set of signals capturing changes of truth values of propositional
variables; memory consumption is bounded by assuming a finite
number of signal changes in any finite length interval. Formula
evaluation over streams under the pointwise semantics of MTL
has also been extensively studied [5-11]. In all these works,
reasoning amounts to model checking over an infinite model; in
contrast, we study an entailment problem over a recursive rule
set where rules can derive new information. Finally, disallowing
punctual intervals in MTL formulas is a well-known restriction
to obtain more favourable computational properties; satisfiability
and model checking of unrestricted MTL formulas are undecid-
able [53], but become ExpSpace-complete if punctual intervals
are disallowed [54].

Stream reasoning is also related to the problem of checking
temporal integrity constraints in databases [30], where such con-
straints are typically expressed in an extension of first-order logic
with past-only temporal operators; this is similar in spirit to
our restriction to forward-propagating rules. Incremental update
algorithms in the presence of temporal integrity constraints are
also conceptually similar to reasoning stream reasoning algo-
rithms since they also compute and store logical consequences for
increasing time points while keeping in memory only a bounded
number of temporal facts.

9. Conclusion and future work

In this paper, we have studied the problem of stream rea-
soning in the context of DatalogMTL and proposed and analysed
two sound and complete algorithms which offer precise memory
bound guarantees under different assumptions. We have imple-
mented our techniques as an extension of the MeTeoR reasoner
and obtained very encouraging empirical results, which supports
the practical feasibility of our approach in streaming applications.

We see many avenues for future work. First, we will extend
our algorithms to support the since operator S,, and also con-
sider extensions with stratified negation-as-failure. It would also
be interesting to consider relaxing the syntactic restrictions of
forward-propagating programs to allow for bounded (i.e., non-
recursive) propagation of derived information towards past time
points.

Second, our evaluation suggests the feasibility of our approach
in practice. Therefore, we are planning to explore potential appli-
cations in close collaboration with our industrial partners at the
SIRIUS Centre for Scalable Data Access and at Samsung Research
UK.
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