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Abstract

In the last decade, deep learning has enabled remarkable progress in various fields
such as image recognition, machine translation, and speech recognition. We are
also witnessing an explosion in the range of applications. However, there are many
challenges that stand in the way of the widespread deployment of deep learning.
In this thesis, we focus on two of the key challenges, namely, neural network
verification and automated machine learning.

Firstly, deep neural networks are infamous for being ‘black boxes’ and making
unexpected mistakes. For reliable AI, we want systems that are consistent with
specifications like fairness, unbiasedness and robustness. We focus on verifying the
adversarial robustness of neural networks, which aims at proving the existence or
non-existence of an adversarial example. This non-convex problem is commonly
approximated with a convex relaxation. We make two important contributions
in this direction. First, we propose a specialised dual solver for a new convex
relaxation. This was essential because although the relaxation is tighter than
previous relaxations, it has an exponential number of constraints which make the
existing dual solvers inapplicable. Second, we design a tighter relaxation for the
problem of verifying robustness to input perturbations within the probability simplex.
The size of our relaxation is linear in the number of neurons, which enables us to
design simpler and efficient algorithms. Empirically, we demonstrate the performance
by verifying the respective specifications on common verification benchmarks.

Secondly, deep neural networks require extensive human effort and expertise. We
consider automated machine learning or meta learning which aims at automating the
process of applying machine learning. We make three contributions in this context.
First, we propose efficient approximations for the bi-level formulation of meta
learning. We show its efficiency in the context of learning to generate synthetic data
for training neural networks by optimizing state-of-the-art photorealistic renderers.
Second, we propose a technique to automatically optimize the learning rate of
gradient-based meta learning algorithms. We demonstrate a substantial reduction
in the need to tune training hyperparameters. Third, we show an application
by tackling video segmentation as a meta learning problem and demonstrating
state-of-the-art results on common benchmarks.
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Row 3 provides outputs from the final trained segmentation model. 154
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segmentation output (right) obtained using our model. It can be
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D.7 Success cases of our method, and comparison to RGMP Wug Oh
et al. (2018). In each of these videos, our method is able to accurately
track the objects labelled in the first frame throughout the video.
First video: Our algorithm accurately segments the person throughout
the video, whilst RGMP cannot deal with the scale and viewpoint
changes of the person and mistakes him for the motorbike. Second
video: Our method is able to segment the kite-surfing harness and
wires whilst RGMP loses track of these fine structures. Additionally,
note how we are able to segment the heavily-occluded surf-board
throughout the video, unlike RGMP. Third video: Both methods
perform well on this example. Fourth video: RGMP loses track of
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robust to this occlusion. Mask propagation methods, such as RGMP,
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frames, our method confuses the cyclists legs and motorbike. RGMP
segments the person properly, but not the entire motorbike. Third
video: Our algorithm struggles to segment the fine structures of the
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The final test of a theory is its capacity to solve the
problems which originated it.
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1.1 Preamble

Deep neural networks have enabled remarkable progress on a wide range of problems,

such as image recognition (Krizhevsky et al., 2012), machine translation (Luong et al.,

2015) and speech recognition (Hinton et al., 2012). Alongside the improvement

in performance on established academic tasks (Deng et al., 2009), we are also

witnessing an explosion in the range of applications. Deep neural networks are now

being used in many parts of daily life, like web-searches (Raghavan, 2020), social

media (Naumov et al., 2019; Covington et al., 2016), spam filtering (Dada et al.,

2019), virtual assistants (van den Oord et al., 2016) and many more.

However, many challenges stand in the way of widespread deployment of deep

learning. One of the key challenges is that deep learning algorithms remain unreliable

(Goodfellow et al., 2015; Carlini and Wagner, 2017; Biggio and Roli, 2018). Since

neural networks are infamous for being ‘black boxes’ and make unexpected mistakes,

they pose a substantial risk in safety critical applications. In applications like

autonomous cars, aircraft collision avoidance, healthcare, and finance, a small

mistake can cause loss of human life or millions of dollars. Thus, it is important

to verify them, that is, give guarantees that they will behave in a certain way

for a given set of inputs.

Another important challenge is that deep learning requires significant human

effort and expertise. Instances of this include collecting and preprocessing data,

designing appropriate models, post-processing predictions, and tuning hyperparame-

ters. This limits its use to a smaller community of scientists and engineers; and such

hand-designed components can make the overall system sub-optimal. Automated

Machine learning (He et al., 2019), which is the process of automating the task of

applying machine learning to real-world problems, is thus essential. AutoML, which

includes meta-learning (Finn et al., 2017c), hyper-parameter optimization (Bergstra

et al., 2011) and architecture search (Elsken et al., 2019), can help towards removing

the requirement of machine learning expertise, making machine learning pipelines

end-to-end, and producing models that often outperform hand-designed models.
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In this thesis, we provide solutions for both automated machine learning and

verification of neural networks. We begin by formulating both these problems using

the framework of optimization. This allows us to build on the existing knowledge of

optimization to provide solutions to the challenges encountered in practice. In the

next sections, we provide a more detailed discussion of these two problems. Finally,

we outline our contributions in the context of automated and verified deep learning.

1.2 Neural Network Verification

Current Artificial Intelligence (AI) systems are biased (Alvi et al., 2018), unfair

(Mehrabi et al., 2021), and non-robust (Goodfellow et al., 2015). This is concerning

as it brings into question the safety of these systems. For safe and reliable AI,

we want systems that are consistent with specifications like fairness, unbiasedness

and robustness to adversaries.

We focus our attention on the specification of robustness to adversaries. One way

to check the robustness of neural networks is to use adversarial attacks (Goodfellow

et al., 2015; Carlini and Wagner, 2017; Moosavi-Dezfooli et al., 2016), which aim

at finding a counter-example to the specification. However, these attacks provide

a false sense of security as they cannot provide a guarantee that no such counter-

example exists. Thus, they are not sufficient for safety critical applications, where

it is crucial to give provable guarantees about the consistency of the system with

respect to the specification.

Neural network verification aims at providing guarantees that a neural network

either satisfies or violates a particular specification. For the specification of

adversarial robustness, this would mean to either: (i) prove that no counter-example

exists (the specification is true); or (ii) identify a counter-example (the specification

is false). As discussed above, adversarial attacks are typically used to identify

counter-examples. In contrast, establishing the veracity of a specification requires

solving verification. A visualization of the neural network verification problem is

provided in Figures 1.1 and 1.2. We are interested in proving a property on an

input domain by examining whether the final output satisfies the property. The
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Figure 1.1: Visualization of neural network verification: We are interested in proving a property
on an input domain by examining whether the final output satisfies the property.
Input: The dotted polygon represents the input domain and the blue connected part is a trained
neural network. We have some conditions on the input to determine the domain. For example, the
domain can be an ℓ∞ norm ball around the input image to include all slightly perturbed images.
Network: We pass this domain into the neural network. The domain is transformed by each layer
which is a linear transformation, followed by a ReLU operation. The ReLU operation truncates
all negative values to zero. So after each layer, the image of the domain is a polyhedron. The
non-linearity can make these polyhedrons non-convex, as shown in blue. This non-convexity makes
the verification problem difficult to solve.
Property: The red line represents our property. The property is satisfied if the output area is to
the left side of the line.

Figure 1.2: Convex Relaxation: The non-linear activation can be relaxed with a convex relaxation,
such that the domain of each layer becomes convex as shown in orange. This convexity makes
the problem tractable. The most commonly used relaxation for ReLU activation is the Planet
relaxation (Ehlers, 2017).
Property: The property is satisfied only if the entire over-approximated output is to the left side.
Thus only a subset of properties can be verified. In this example, the property is satisfied. The
whole process is neural network verification.
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input domain is transformed by each layer which is a linear transformation, followed

by a ReLU operation. The non-linearity of the commonly used activation functions,

for example ReLU, makes the problem non-convex. One possible way is to solve a

suitable convex relaxation to obtain a lower bound on the minimum output.

1.3 Automated Machine Learning

Automating the process of applying machine learning to real-world problems is

crucial for the widespread deployment of machine learning. AutoML is a broad area

encompassing architecture search (Elsken et al., 2019), hyper-parameter optimization

(Bergstra et al., 2011), meta-learning (Finn et al., 2017c), etc. In this work, we

focus on automated machine learning and meta-learning from a computer vision

perspective. Meta-learning—or “learning to learn”—concerns machine learning

models that can improve their learning quality by altering aspects of the learning

process such as the model architecture, optimization rules, initialization, or hyper-

parameters (Thrun and Pratt, 2012; Schmidhuber, 1987a; Hochreiter et al., 2001a).

Meta-learning methods are often classified into three categories, namely, gradient-

based, non-parametric and model-based methods. We briefly discuss the first two

since they are most relevant here.

Both automated machine learning and meta-learning can be formulated as a

bi-level optimization problem, as shown in Figure 1.3. The inner problem is the

neural network training and the outer problem optimizes aspects of the learning

process, for example, the learning rate, architecture or activation function. In

fact, all gradient-based methods can be seen as some approximation to the original

bi-level problem. Different approximations are chosen based on the application and

the aspect of the learning process that the outer problem is trying to optimize.

Metric learning methods are also effective for meta learning (Koch et al., 2015),

where one learns a metric space in which learning is sample efficient. These

works are inspired from the classical machine learning approaches like the nearest

neighbors algorithm. Most popular amongst these are the prototypical networks
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Figure 1.3: Bi-level formulation for AutoML: The inner problem is the neural network training
and the outer problem optimizes aspects of the learning process, for example, the learning rate,
architecture etc. The objective is to find the optimal hyper-parameter such that the model (Object
Detector in this figure) trained with this hyper-parameter, achieves maximum accuracy on a
downstream task represented by the validation set Dval.

(Snell et al., 2017b) and matching networks (Vinyals et al., 2016a). These methods

are discussed in more detail in the thesis.

1.4 Thesis Outline & Contributions

Chapters 2 and 3 of the thesis investigate neural network verification. Chapters

4, 5 and 6 investigate automated machine learning.

In the remainder of this section, we discuss the contents and contributions of

different chapters. Each chapter has a dedicated related work section discussing the

relevant literature. This thesis is in an integrated format and is thus a collection

of papers. Each of the chapters corresponds to a publication of which I am

the first author.

One of my papers titled ‘Incremental Tube construction for Human Action

Detection’ was published in BMVC 2018. It has however not been incorpo-

rated in this thesis.

1.4.1 Scaling the Convex Barrier with Active Sets

Corresponding publication. de Palma et al. (2021), published in ICLR 2021.

Summary. We present a specialised dual solver for a tight ReLU convex relax-

ation for neural network verification. We demonstrate that it speeds up formal
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verification significantly.

General Contributions. Tighter and efficient neural network bounding is critical

for scaling neural network verification. Recent work has shown the effectiveness

of dual solvers for the verification problem. More recently, a tighter relaxation

was proposed. However, this relaxation has an exponential number of constraints,

thus the existing dual solvers are not easily applicable. We propose a novel dual

solver for this relaxation. We also present a unified dual treatment that includes

both the linearly sized LP relaxation (Ehlers, 2017) and the tighter relaxation

(Anderson et al., 2019b). The solver obtains bounds better than off-the-shelf solvers

in only a fraction of their running time. We demonstrate that the solver allows

us to obtain significant speed-ups in formal verification.

Algorithmic Contributions. Designing an efficient solver for the Anderson re-

laxation is non-trivial because it has an exponential number of constraints. We

propose an efficient solver for this relaxation. Our solver satisfies the following

properties: (i) sparsity: linear in terms of memory and computation, (ii) achieves

tight bounds like the primal solver, (iii) provides valid bounds at each step. These

properties are crucial for a solver to be effective in the complete verification setting.

The solver uses an active set of dual variables corresponding to primal constraints,

and we propose an efficient criterion for selecting which constraints to add to

the active set. The proposed algorithm enjoys massive parallelism within a GPU

implementation. It also leverages the convolutional network structure with custom

designed ‘masked’ forward and backward passes.

1.4.2 Overcoming the Convex Barrier for Simplex Inputs

Corresponding publication. Behl et al. (2021), published in NeurIPS 2021.
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Summary. We design a tighter convex relaxation for the non-convex optimization

problem of verifying robustness to input perturbations within the probability simplex.

The size of our relaxation is linear in the number of neurons, which enables us

to design simpler and efficient algorithms.

General Contributions. Tighter and efficient relaxations are one of the key com-

ponents needed for scaling neural network verification. Recently, Tjandraatmadja

et al. (2020) proposed a tight relaxation for verifying the robustness of a neural

network to ℓ∞ input perturbations. This relaxation has exponentially many (in

the number of variables) constraints, and thus requires customised solvers as we

proposed in de Palma et al. (2021). Taking inspiration from this work, we propose

a tighter relaxation for verification with simplex inputs. We derive the convex hull

for the composition of a linear function with a convex non-linearity such as ReLU

or SoftPlus. Our relaxation only requires constraints linear in the dimensionality of

the simplex. We demonstrate the scalability of our approach using the specification

of robustness to ℓ1 perturbations for MNIST and CIFAR-10 classification. We also

demonstrate the benefits of the proposed relaxation for the challenging specification

of global robustness in multi-modal classification.

Algorithmic Contributions. As described above, we derived a concise description

for the convex hull for the composition of a linear function with a convex non-

linearity, when the input lies in a simplex. We first propose an algorithm to

propagate simplex constraints through the different layers of the network, given the

simplex on the input. This allows us to use our convex hull on different layers of the

network. For obtaining the lower bound for our overall relaxation, we also propose

an efficient propagation based solver (Zhang et al., 2018; Singh et al., 2018). This

algorithm expresses the lower and upper bounds as linear functions of the inputs of

each neuron. The complexity of our solver for computing a valid lower bound is

equivalent to the cost of two backward passes through the network.
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Theoretical Contributions. We prove that the proposed relaxation represents the

convex hull of the composition of a linear function of a vector in a simplex with the

ReLU non-linearity. We also characterize the tightness gap between our proposed

relaxation and the Planet relaxation (Ehlers, 2017), and show that our relaxation is

tighter than both the Planet and Anderson relaxations (Tjandraatmadja et al., 2020).

1.4.3 AutoSimulate: Learning Synthetic Data Generation

Corresponding publication. Behl et al. (2020a), published at ECCV 2020.

Summary. We design an efficient bi-level optimization algorithm to meta-learn

synthetic data generation for training neural networks. The objective is to optimize

the renderer such that the data generated is optimal for training neural networks.

The method can also optimize non-differentiable photo-realistic renderers.

General Contributions. The current pipeline for generating synthetic data for

training neural networks involves manually handcrafting the simulator parameters,

which might not be optimal and requires substantial human effort. While recent

work has formulated the setting of simulator parameters as a bi-level problem,

they treat the entire data generation and model training pipeline as a black-box,

and use policy gradients, which require multiple expensive objective evaluations at

each iteration. As a result, learning synthetic data generation with photo-realistic

renderers has remained a challenge. Our key contribution lies in proposing a

novel differentiable approximation of the objective, which allows us to optimize the

simulator requiring only one objective evaluation at each iteration, with improved

speed and accuracy. The proposed method can be used with non-differentiable

simulators and handle very deep neural networks. We demonstrate the effectiveness

of our method on two renderers, the Clevr data generator and the state-of-the-art

photo-realistic renderer Arnold.
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Algorithmic Contributions. We formulate the simulator optimization problem as

a bi-level optimization problem of training on simulated data (inner) and validation

on real data (outer). We propose a differentiable approximation for the inner

objective which exploits the local convergence of the Newton method (Nocedal and

Wright, 2006). This allows us to optimize the simulator requiring only one objective

evaluation at each iteration. This is critical since the overall objective evaluation is

quite expensive as it requires data generation from the simulator and training of

the neural network on it. We also propose a technique to propagate batch gradients

through non-differentiable computer vision simulators. These approximations allow

us to propose a differentiable objective of the overall bi-level objective, which in turn

allows us to optimize the simulator in an efficient end-to-end manner. Furthermore,

we also propose efficient approximations for the second-order term in the gradient

which offer different speed-accuracy trade-offs.

1.4.4 Meta-Learning Deep Visual Words for Fast Video Object
Segmentation

Corresponding publication. Behl et al. (2020b), published at IROS 2020 and

NeurIPS Workshop 2019.

Summary. We propose a fast and causal algorithm for video object segmentation.

Unlike previous methods, we ensure that the training objective matches the inference

procedure by utilizing meta-learning. It achieves state-of-the-art results on common

video object segmentation datasets.

General Contributions. Personal robots and driverless cars need to work in novel

environments, which requires them to learn new objects and segment them in a

causal and efficient manner. Previous video segmentation methods take pretrained

segmentation networks and fine-tune them on the labelled first frame, which is very

time consuming. In this work, we propose a metric-learning based meta-learning

approach, which learns to learn about the objects from the first frame, to segment

them in the rest of the video. Our approach does not require fine-tuning and
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uses no optical flow or extra post-processing, in order to develop a fast and causal

algorithm. And it can segment a variable number of objects in a single forward

pass. The proposed method performs at par with the offline fine-tuning based

methods while being an order of magnitude faster. It also lies on the Pareto

front for four of the most common video segmentation datasets, namely DAVIS-16,

DAVIS-17, Youtube-Objects, and SegTrack-v2.

Algorithmic Contributions. We formulate the video segmentation problem as a

meta-learning problem, where each task is to learn from the object labels in the

first frame of the video (support set) to segment and track them in rest of the

video (query set). Taking inspiration from metric-learning methods, we represent

each object with a fixed number of cluster centroids in the embedding space (visual

words). These visual words are learned without any explicit supervision by clustering

our embedding space. We use meta-learning to ensure that our training objective

matches our inference procedure. This contrasts with related metric-learning based

approaches (Chen et al., 2018b; Najafi et al., 2018; Li et al., 2018) which are trained

with surrogate, and sometimes unstable, losses. Our meta-training algorithm

alternates between the unsupervised learning of deep visual words and supervised

learning of pixel classification given these visual words.

1.4.5 Alpha MAML: Adaptive Model-Agnostic Meta-Learning

Corresponding publication. Behl et al. (2019), published at ICML AutoML

Workshop 2019.

Summary. We propose an extension of the state-of-the-art model-agnostic meta-

learning (MAML) algorithm (Finn et al., 2017b) by incorporating adaptive tuning

of both the learning rate and meta-learning rate. Our results demonstrate a

substantial improvement in MAML training stability, with reduced sensitivity

to hyperparameters.
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General Contributions. Model-agnostic meta-learning (MAML) (Finn et al.,

2017b) is a conceptually simple and general algorithm that has been shown to

outperform existing approaches in tasks including few-shot image classification and

few-shot adaptation in reinforcement learning. However, the generality of MAML

comes with the difficulty of choosing hyperparameters to achieve stable training in

practice (Antoniou et al., 2019). In this work, we provide a conceptually simple

solution to this problem, by introducing an extension of the MAML algorithm

to incorporate adaptive tuning of both the learning rate and the meta-learning

rate. This eliminates the need to tune meta-learning and learning rates. Our

results demonstrate a substantial reduction in the need to tune MAML training

hyperparameters and an improvement in training stability.

Algorithmic Contributions. Our aim is to make it possible to use MAML without

or with significantly less parameter tuning, and to make the algorithm converge

in fewer iterations. We derive online update rules for both the learning rate and

the meta-learning rate. Our solution is inspired from hypergradient descent (HD)

algorithm (Baydin et al., 2018), which automatically updates the learning rate by

performing gradient descent on the learning rate alongside the original optimization

steps. The proposed algorithm does not need any extra gradient computations and

just involves storing the gradients from the previous optimization step.
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Abstract

Tight and efficient neural network bounding is of critical importance for the scaling
of neural network verification systems. A number of efficient specialised dual solvers
for neural network bounds have been presented recently, but they are often too
loose to verify more challenging properties. This lack of tightness is linked to the
weakness of the employed relaxation, which is usually a linear program of size linear
in the number of neurons. While a tighter linear relaxation for piecewise linear
activations exists, it comes at the cost of exponentially many constraints and thus
currently lacks an efficient customised solver. We alleviate this deficiency via a novel
dual algorithm that realises the full potential of the new relaxation by operating
on a small active set of dual variables. Our method recovers the strengths of the
new relaxation in the dual space: tightness and a linear separation oracle. At the
same time, it shares the benefits of previous dual approaches for weaker relaxations:
massive parallelism, GPU implementation, low cost per iteration and valid bounds
at any time. As a consequence, we obtain better bounds than off-the-shelf solvers
in only a fraction of their running time and recover the speed-accuracy trade-offs
of looser dual solvers if the computational budget is small. We demonstrate that
this results in significant formal verification speed-ups.



2.1 Introduction

Verification requires formally proving or disproving that a given property of a neural

network holds over all inputs in a specified domain. We consider properties in

their canonical form (Bunel et al., 2018), which requires us to either: (i) prove

that no input results in a negative output (property is true); or (ii) identify a

counter-example (property is false). The search for counter-examples is typically

performed by efficient methods such as random sampling of the input domain (Webb

et al., 2019), or projected gradient descent (Carlini and Wagner, 2017). In contrast,

establishing the veracity of a property requires solving a suitable convex relaxation

to obtain a lower bound on the minimum output. If the lower bound is positive,

the given property is true. If the bound is negative and no counter-example is

found, either: (i) we make no conclusions regarding the property (incomplete

verification); or (ii) we further refine the counter-example search and lower bound

computation within a branch-and-bound framework until we reach a concrete

conclusion (complete verification).

The main bottleneck of branch and bound is the computation of the lower

bound for each node of the enumeration tree via convex optimization. While

earlier works relied on off-the-shelf solvers (Ehlers, 2017; Bunel et al., 2018), it

was quickly established that such an approach does not scale-up elegantly with the

size of the neural network. This has motivated researchers to design specialized

dual solvers (Dvijotham et al., 2019; Bunel et al., 2020a), thereby providing initial

evidence that verification can be realised in practice. However, the convex relaxation

considered in the dual solvers is itself very weak (Ehlers, 2017), hitting what is now

commonly referred to as the “convex barrier” (Salman et al., 2019). In practice, this

implies that either several properties remain undecided in incomplete verification,

or take several hours to be verified exactly.

Multiple works have tried to overcome the convex barrier for piecewise linear

activations (Raghunathan et al., 2018; Singh et al., 2019a). Here, we focus on

the single-neuron Linear Programming (LP) relaxation by Anderson et al. (2020).

Unfortunately, its tightness comes at the price of exponentially many (in the
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number of variables) constraints. Therefore, existing dual solvers (Dvijotham

et al., 2018; Bunel et al., 2020a) are not easily applicable, limiting the scaling

of the new relaxation.

We address this problem by presenting a specialized dual solver for the re-

laxation by Anderson et al. (2020), which realises its full potential by meeting

the following desiderata:

• By keeping an active set of dual variables, we obtain a sparse dual solver that

recovers the strengths of the original primal problem (Anderson et al., 2020) in

the dual domain. In line with previous dual solvers, our approach yields valid

bounds at anytime, leverages convolutional network structure and enjoys massive

parallelism within a GPU implementation, resulting in better bounds in an order

of magnitude less time than off-the-shelf solvers (Gurobi Optimization, 2020).

• We present a unified dual treatment that includes both a linearly sized LP

relaxation (Ehlers, 2017) and the tighter formulation. As a consequence, our

solver provides a wide range of speed-accuracy trade-offs: (i) it is competitive

with dual approaches on the looser relaxation (Dvijotham et al., 2018; Bunel

et al., 2020a); and (ii) it yields much tighter bounds if a larger computational

budget is available. Owing to this flexibility, we show that our dual algorithm

yields large complete verification gains compared to primal approaches (Anderson

et al., 2020) and previous dual algorithms.

2.2 Preliminaries: Neural Network Relaxations

We denote vectors by bold lower case letters (for example, x) and matrices by upper

case letters (for example, W ). We use ⊙ for the Hadamard product, J·K for integer

ranges, 1a for the indicator vector on condition a and brackets for intervals ([lk,uk])

and vector or matrix entries (x[i] or W [i, j]). In addition, given W ∈ Rm×n and

x ∈ Rm, we will employW ⋄x andW@x as shorthands for respectively∑i coli(W )⊙x

and ∑
i coli(W )Tx, where coli(W ) denotes the i-th column of matrix W .
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Let C be the network input domain. Similar to Dvijotham et al. (2018); Bunel

et al. (2020a), we assume that linear minimisation over C can be performed in closed-

form. Our goal is to compute bounds on the scalar output of a piecewise-linear

feedforward neural network. The tightest possible lower bound can be obtained

by solving the following optimization problem:

min
x,x̂

x̂n s.t. x0 ∈ C, (2.1a)

x̂k+1 = Wk+1xk + bk+1 k ∈ J0, n− 1K , (2.1b)

xk = σ (x̂k) k ∈ J1, n− 1K , (2.1c)

where the activation function σ (x̂k) is piecewise-linear, x̂k,xk ∈ Rnk denote the

outputs of the k-th linear layer (fully-connected or convolutional) and activation

function respectively, Wk and bk denote its weight matrix and bias, nk is the

number of activations at layer k. We will focus on the ReLU case (σ (x) =

max (x, 0)), as common piecewise-linear functions can be expressed as a composition

of ReLUs (Bunel et al., 2020b).

Problem equation 2.1 is non-convex due to the activation function’s non-linearity

equation 2.1c. As solving it is NP-hard (Katz et al., 2017), it is commonly

approximated by a convex relaxation (see §2.4). The quality of the corresponding

bounds, which is fundamental in verification, depends on the tightness of the

relaxation. Unfortunately, tight relaxations usually correspond to slower bounding

procedures. We first review a popular ReLU relaxation in §2.2.1). We then

consider a tighter one in §2.2.2.

2.2.1 Planet Relaxation

The so-called Planet relaxation (Ehlers, 2017) has enjoyed widespread use due to

its amenability to efficient customised solvers (Dvijotham et al., 2018; Bunel et al.,

2020a) and is the “relaxation of choice" for many works in the area (Bunel et al.,

2020b; Lu and Kumar, 2020). Here, we describe it in its non-projected formMk, the
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LP relaxation of the Big-M Mixed Integer Programming (MIP) formulation (Tjeng

et al., 2019). Applying Mk to problem equation 2.1 results in:

min
x,x̂,z

x̂n s.t. x0 ∈ C

x̂k+1 = Wk+1xk + bk+1 k ∈ J0, n− 1K ,
xk ≥ x̂k, xk ≤ ûk ⊙ zk,
xk ≤ x̂k − l̂k ⊙ (1− zk),
(xk, x̂k, zk) ∈ [lk,uk]× [̂lk, ûk]× [0, 1]

 :=Mk k ∈ J1, n− 1K ,

(2.2)

where l̂k, ûk and lk,uk are intermediate bounds respectively on pre-activation

variables x̂k and post-activation variables xk. These constants play an important role

in the structure ofMk and, together with the relaxed binary constraints on z, define

box constraints on the variables. We detail how to compute intermediate bounds in

appendix A.5. Projecting out auxiliary variables z results in the Planet relaxation

(cf. appendix A.2.1 for details), which replaces equation 2.1c by its convex hull.

Problem equation 2.2, which is linearly-sized, can be easily solved via com-

mercial black-box LP solvers (Bunel et al., 2018). This does not scale-up well

with the size of the neural network, motivating the need for specialised solvers.

Customised dual solvers have been designed by relaxing constraints equation 2.1b,

equation 2.1c (Dvijotham et al., 2018) or replacing equation 2.1c by the Planet

relaxation and employing Lagrangian Decomposition (Bunel et al., 2020a). Both

approaches result in bounds very close to optimality for problem equation 2.2 in

only a fraction of the runtime of off-the-shelf solvers.

2.2.2 A Tighter Relaxation

A much tighter approximation of problem equation 2.1 than the Planet relaxation

(§2.2.1) can be obtained by representing the convex hull of the composition of

equation 2.1b and equation 2.1c rather than the convex hull of equation 2.1c alone.

A formulation of this type was recently introduced by Anderson et al. (2020). Let

us define Ľk−1, Ǔk−1 ∈ Rnk×nk−1 as: Ľk−1[i, j] = lk−1[j]1Wk[i,j]≥0 + uk−1[j]1Wk[i,j]<0,

and Ǔk−1[i, j] = uk−1[j]1Wk[i,j]≥0 + lk−1[j]1Wk[i,j]<0. Additionally, let us introduce

2Wk = {0, 1}nk×nk−1 , the set of all possible binary masks of weight matrix Wk,
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and Ek := 2Wk \ {0, 1}, which excludes the all-zero and all-one masks. The new

representation results in the following primal problem:

min
x,x̂,z

x̂n

s.t. x0 ∈ C

x̂k+1 = Wk+1xk + bk+1 k ∈ J0, n− 1K ,
(xk, x̂k, zk) ∈Mk

xk ≤


(Wk ⊙ Ik) xk−1 + zk ⊙ bk
−
(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− zk)

+
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ zk

 ∀Ik ∈ Ek
 := Ak k ∈ J1, n− 1K .

(2.3)

Both Mk and Ak yield valid MIP formulations for problem equation 2.1 when

imposing integrality constraints on z. However, the LP relaxation of Ak will yield

tighter bounds. In the worst case, this tightness comes at the cost of exponentially

many constraints: one for each Ik ∈ Ek. On the other hand, given a set of primal

assignments (x, z) that are not necessarily feasible for problem equation 2.3, one

can efficiently compute the most violated constraint (if any) at that point. The

mask associated to such constraint can be computed in linear-time (Anderson

et al., 2020) as:

Ik[i, j] = 1T((1−zk[i])⊙Ľk−1[i,j]+zk[i]⊙Ǔk−1[i,j]−xk−1[i])Wk[i,j]≥0. (2.4)

We point out that Ak slightly differs from the original formulation of Anderson et al.

(2020), which does not explicitly include pre-activation bounds l̂k, ûk (which we treat

via Mk). While this was implicitly addressed in practical applications (Botoeva

et al., 2020), not doing so has a strong negative effect on bound tightness, possibly

to the point of yielding looser bounds than problem equation 2.2. In appendix A.6,

we provide an example in which this is the case and extend the original derivation

by Anderson et al. (2020) to recover Ak as in problem equation 2.3.

Owing to the exponential number of constraints, problem equation 2.3 cannot

be solved as it is. As outlined by Anderson et al. (2020), the availability of a

linear-time separation oracle equation 2.4 offers a natural primal cutting plane

algorithm, which can then be implemented in off-the-shelf solvers: solve the Big-M
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LP equation 2.2, then iteratively add the most violated constraints from Ak at

the optimal solution. When applied to the verification of small neural networks

via off-the-shelf MIP solvers, this leads to substantial gains with respect to the

looser Big-M relaxation (Anderson et al., 2020).

2.3 An Efficient Dual Solver for the Tighter Relaxation

Inspired by the success of dual approaches on looser relaxations (Bunel et al., 2020a;

Dvijotham et al., 2019), we show that the formal verification gains by Anderson

et al. (2020) (see §2.2.2) scale to larger networks if we solve the tighter relaxation

in the dual space. Due to the particular structure of the relaxation, a customised

solver for problem equation 2.3 needs to meet a number of requirements.

Fact 1. In order to replicate the success of previous dual algorithms on looser

relaxations, we need a solver for problem equation 2.3 with the following properties:

(i) sparsity: a memory cost linear in the number of network activations in spite of

exponentially many constraints, (ii) tightness: the bounds should reflect the quality

of those obtained in the primal space, (iii) anytime: low cost per iteration and valid

bounds at each step.

The anytime requirement motivates dual solutions: any dual assignment yields a

valid bound due to weak duality. Unfortunately, as shown in appendix A.1, neither

of the two dual derivations by Bunel et al. (2020a); Dvijotham et al. (2018) readily

satisfy all desiderata at once. Therefore, we need a completely different approach.

Let us introduce dual variables α,β and functions thereof:

fk(α,β) = αk −W T
k+1αk+1 −

∑
Ik βk,Ik +∑

Ik+1(Wk+1 ⊙ Ik+1)Tβk+1,Ik+1 ,

gk(β) =
 ∑Ik∈Ek

(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ βk,Ik + βk,0 ⊙ ûk + βk,1 ⊙ l̂k

+∑
Ik∈Ek

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ βk,Ik +∑

Ik∈Ek βk,Ik ⊙ bk,
(2.5)

where ∑Ik is a shorthand for ∑Ik∈2Wk . Starting from primal equation 2.3, we relax

all constraints in Ak except box constraints (see §2.2.1). We obtain the following
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dual problem (derivation in appendix A.3), where functions fk, gk appear in inner

products with primal variables xk, zk:

max
(α,β)≥0

d(α,β) where: d(α,β) := min
x,z
L(x, z,α,β),

L(x, z,α,β) =
[ ∑n−1

k=1 bTkαk −
∑n−1
k=0 fk(α,β)Txk −

∑n−1
k=1 gk(β)Tzk

+∑n−1
k=1

(∑
Ik∈Ek(Wk ⊙ Ik ⊙ Ľk−1) @ βk,Ik + βTk,1(̂lk − bk)

)
s.t. x0 ∈ C, (xk, zk) ∈ [lk,uk]× [0, 1] k ∈ J1, n− 1K.

(2.6)

This is again a challenging problem: the exponentially many constraints in the

primal equation 2.3 are now associated to an exponential number of variables.

Nevertheless, we show that the requirements of Fact 1 can be met by operating

on a restricted version of dual equation 2.6. To this end, we present Active Set, a

specialised solver for the relaxation by Anderson et al. (2020) that is sparse, anytime

and yields bounds reflecting the tightness of the new relaxation. Starting from

the dual of problem equation 2.2, our solver iteratively adds variables to a small

active set of dual variables βB and solves the resulting reduced version of problem

equation 2.6. We first describe our solver on a fixed βB and then outline how to

iteratively modify the active set (§2.3.2). Pseudo-code can be found in appendix A.4.

2.3.1 Active Set Solver

We want to solve a version of problem equation 2.6 for which the sums over the

Ik masks of each layer k are restricted to Bk ⊆ Ek1, with B = ∪kBk. By keeping

B = ∅, we recover a novel dual solver for the Big-M relaxation equation 2.2

(explicitly described in appendix A.2), which is employed as initialisation. Setting

βk,Ik = 0, ∀ Ik ∈ Ek \ Bk in equation 2.5, equation 2.6 and removing these from

the formulation, we obtain:

fB,k(α,βB) =
[
αk −W T

k+1αk+1 −
∑
Ik∈Bk∪{0,1} βk,Ik ,

+∑Ik+1∈Bk+1∪{0,1}(Wk+1 ⊙ Ik+1)Tβk+1,Ik+1

gB,k(βB) =
 ∑Ik∈Bk

(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ βk,Ik + βk,0 ⊙ ûk + βk,1 ⊙ l̂k

+∑
Ik∈Bk

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ βk,Ik +∑

Ik∈Bk βk,Ik ⊙ bk,

(2.7)

1As dual variables βk,Ik are indexed by Ik, B = ∪kBk implicitly defines an active set of variables
βB.
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along with the reduced dual problem:

max
(α,βB)≥0

dB(α,βB) where: dB(α,βB) := min
x,z
LB(x, z,α,βB),

LB(x, z,α,βB) =
[ ∑n−1

k=1 bTkαk −
∑n−1
k=0 fB,k(α,βB)Txk −

∑n−1
k=1 gB,k(βB)Tzk

+∑n−1
k=1

(∑
Ik∈Bk(Wk ⊙ Ik ⊙ Ľk−1) @ βk,Ik + βTk,1(̂lk − bk)

)
s.t. x0 ∈ C, (xk, zk) ∈ [lk,uk]× [0, 1] k ∈ J1, n− 1K. (2.8)

We can maximize dB(α,βB), which is concave and non-smooth, via projected

supergradient ascent or variants thereof, such as Adam (Kingma and Ba, 2015). In

order to obtain a valid supergradient, we need to perform the inner minimisation

over the primals. Thanks to the structure of problem equation 2.8, the optimisation

decomposes over the layers. For k ∈ J1, n− 1K, we can perform the minimisation

in closed-form by driving the primals to their upper or lower bounds depending

on the sign of their coefficients:

x∗
k = 1fB,k(α,βB)≥0 ⊙ ûk + 1fB,k(α,βB)<0 ⊙ l̂k, z∗

k = 1gB,k(βB)≥0 ⊙ 1. (2.9)

The subproblem corresponding to x0 is different, as it involves a linear mini-

mization over x0 ∈ C:

x∗
0 ∈ arg minx0 fB,0(α,βB)Tx0 s.t. x0 ∈ C. (2.10)

We assumed in § 2.2 that equation 2.10 can be performed efficiently. We refer the

reader to Bunel et al. (2020a) for descriptions of the minimisation when C is a

ℓ∞ or ℓ2 ball, as common for adversarial examples.

Given (x∗, z∗) as above, the supergradient of dB(α,βB) is a subset of the

one for d(α,β), given by:

∇αkd(α,β) = Wkx∗
k−1 + bk − x∗

k, ∇βk,0d(α,β) = x∗
k − z∗

k ⊙ ûk,

∇βk,1d(α,β) = x∗
k −

(
Wkx∗

k−1 + bk
)

+ (1− z∗
k)⊙ l̂k,

∇βk,Ikd(α,β) =
 x∗

k − (Wk ⊙ Ik) x∗
k−1 +

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− z∗

k)
−z∗

k ⊙ bk +
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ z∗

k

 Ik ∈ Bk,

(2.11)

for each k ∈ J0, n− 1K. At each iteration, after taking a step in the supergradient

direction, the dual variables are projected to the non-negative orthant by clipping

negative values.
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2.3.2 Extending the Active Set

We initialise the dual equation 2.6 with a tight bound on the Big-M relaxation by

solving for d∅(α,β∅) in equation 2.8. To satisfy the tightness requirement in Fact

1, we then need to include constraints (via their Lagrangian multipliers) from the

exponential family of Ak into Bk. Our goal is to tighten them as much as possible

while keeping the active set small to save memory and compute.

The active set strategy is defined by a selection criterion for the I∗
k to be added2

to Bk, and the frequency of addition. In practice, we add the variables maximising

the entries of supergradient ∇βk,Ikd(α,β) after a fixed number of dual iterations.

We now provide motivation for both choices.

Selection criterion The selection criterion needs to be computationally efficient.

Thus, we proceed greedily and focus only on the immediate effect at the current

iteration. Let us map a restricted set of dual variables βB to a set of dual variables

β for the full dual equation 2.6. We do so by setting variables not in the active

set to 0: βB̄ = 0, and β = βB ∪ βB̄. Then, for each layer k, we add the set of

variables βk,I∗
k

maximising the corresponding entries of the supergradient of the

full dual problem equation 2.6: βk,I∗
k
∈ arg maxβk,Ik{∇βk,Ikd(α,β)T1}. Therefore,

we use the subderivatives as a proxy for short-term improvement on the full dual

objective d(α,β). Under a primal interpretation, our selection criterion involves a

call to the separation oracle equation 2.4 by Anderson et al. (2020).

Proposition 1. βk,I∗
k

(as defined above) represents the Lagrangian multipliers associ-

ated to the most violated constraints from Ak at (x∗, z∗) ∈ arg minx,z LB(x, z,α,βB),

the primal minimiser of the current restricted Lagrangian.

Proof. See appendix A.4.1.
2adding a single I∗

k mask to Bk extends βB by nk variables: one for each neuron at layer k.
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Frequency Finally, we need to decide the frequency at which to add variables

to the active set.

Fact 2. Assume we obtained a dual solution (α†,β†
B) ∈ arg max dB(α,βB) using

Active Set on the current B. Then (x∗, z∗) ∈ arg minx,z LB(x, z,α†,β†
B) is not

necessarily an optimal primal solution for the primal of the current restricted dual

problem (Sherali and Choi, 1996).

The primal of dB(α,βB) (restricted primal) is the problem obtained by setting

Ek ← Bk in problem equation 2.3. While the primal cutting plane algorithm by

Anderson et al. (2020) calls the separation oracle equation 2.4 at the optimal solution

of the current restricted primal, Fact 2 shows that our selection criterion leads to a

different behaviour even at dual optimality for dB(α,βB). Therefore, as we have

no theoretical incentive to reach (approximate) subproblem convergence, we add

variables after a fixed tunable number of supergradient iterations. Furthermore,

we can add more than one variable “at once" by running the oracle equation 2.4

repeatedly for a number of iterations.

We conclude this section by pointing out that, while recovering primal optima

is possible in principle (Sherali and Choi, 1996), doing so would require dual

convergence on each restricted dual problem equation 2.8. As the main advantage of

dual approaches (Dvijotham et al., 2018; Bunel et al., 2020a) is their ability to quickly

achieve tight bounds (rather than formal optimality), adapting the selection criterion

to mirror the primal cutting plane algorithm would defeat the purpose of Active Set.

2.3.3 Implementation Details, Technical Challenges

Analogously to previous dual algorithms (Dvijotham et al., 2018; Bunel et al.,

2020a), our approach can leverage the massive parallelism offered by modern

GPU architectures in three different ways. First, we execute in parallel the

computations of lower and upper bounds relative to all the neurons of a given

layer. Second, in complete verification, we can batch over the different Branch

and Bound (BaB) subproblems. Third, as most of our solver relies on standard
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linear algebra operations employed during the forward and backward passes of

neural networks, we can exploit the highly optimised implementations commonly

found in modern deep learning frameworks.

An exception are what we call “masked" forward/backward passes: operations of

the form (Wk ⊙ Ik) xk or (Wk ⊙ Ik)T xk+1, which are needed whenever dealing with

constraints from Ak. In our solver, they appear if Bk ̸= ∅ (see equations equation 2.8,

equation 2.11). Masked passes require a customised lower-level implementation for

a proper treatment of convolutional layers, detailed in appendix A.7.

2.4 Related Work

In addition to those described in §2.2, many other relaxations have been proposed

in the literature. In fact, all bounding methods are equivalent to solving some

convex relaxation of a neural network. This holds for conceptually different ideas

such as bound propagation (Gowal et al., 2018b), specific dual assignments (Wong

and Kolter, 2018), dual formulations based on Lagrangian Relaxation (Dvijotham

et al., 2018) or Decomposition (Bunel et al., 2020a). The degree of tightness varies

greatly: from looser relaxations associated to closed-form methods (Gowal et al.,

2018b; Weng et al., 2018; Wong and Kolter, 2018) to tighter formulations based

on Semi-Definite Programming (SDP) (Raghunathan et al., 2018).

The speed of closed-form approaches results from simplifying the triangle-shaped

feasible region of the Planet relaxation (§2.2.1) (Singh et al., 2018; Wang et al., 2018).

On the other hand, tighter relaxations are more expressive than the linearly-sized

LP by (Ehlers, 2017). The SDP formulation by Raghunathan et al. (2018) can

represent interactions between activations in the same layer. Similarly, Singh et al.

(2019a) tighten the Planet relaxation by considering the convex hull of the union of

polyhedra relative to k ReLUs of a given layer at once. Alternatively, tighter LPs

can be obtained by considering the ReLU together with the affine operator before it:

standard MIP techniques (Jeroslow, 1987) lead to a formulation that is quadratic

in the number of variables (see appendix A.6.2). The relaxation by Anderson et al.

(2020) detailed in §2.2.2 is a more convenient representation of the same set.
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By projecting out the auxiliary z variables, (Tjandraatmadja et al., 2020) recently

introduced another formulation equivalent to the one by Anderson et al. (2020),

with half as many variables and a linear factor more constraints compared to

what described in §2.2.2. Therefore, the relationship between the two formulations

mirrors the one between the Planet and Big-M relaxations (see appendix A.2.1).

Our dual derivation and the Active Set algorithm can be adapted to operate

on the projected relaxations.

Specialised dual solvers significantly improve in bounding efficiency with respect

to off-the-shelf solvers for both LP (Bunel et al., 2020a) and SDP formulations (Dvi-

jotham et al., 2019). Therefore, the design of similar solvers for other tight

relaxations is an interesting line of future research. We contribute with a specialised

dual solver for the relaxation by Anderson et al. (2020) (§2.3). In what follows,

we demonstrate empirically that by seamlessly transitioning from the Planet

relaxation to the tighter formulation, we can obtain large incomplete and complete

verification improvements.

2.5 Experiments

We empirically demonstrate the effectiveness of our method under two settings.

On incomplete verification (§2.5.1), we assess the speed and quality of bounds

compared to other bounding algorithms. On complete verification (§2.5.2), we

examine whether our speed-accuracy trade-offs correspond to faster exact verification.

Our implementation is based on Pytorch (Paszke et al., 2017) and is available at

https://github.com/oval-group/scaling-the-convex-barrier.

2.5.1 Incomplete Verification

We evaluate incomplete verification performance by upper bounding the robustness

margin (the difference between the ground truth logit and the other logits) to

adversarial perturbations (Szegedy et al., 2014) on the CIFAR-10 test set (Krizhevsky

and Hinton, 2009). If the upper bound is negative, we can certify the network’s

vulnerability to adversarial perturbations. We replicate the experimental setting

https://github.com/oval-group/scaling-the-convex-barrier
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Figure 2.1: Upper plot: distribution of runtime in seconds. Lower plot: difference with the bounds
obtained by Gurobi with a cut from Ak per neuron; higher is better. Results for the SGD-trained
network from Bunel et al. (2020a). The width at a given value represents the proportion of
problems for which this is the result. Comparing Active Sets with 1650 steps to Gurobi 1 Cut,
tighter bounds are achieved with a smaller runtime.

from Bunel et al. (2020a). The networks correspond to the small network architecture

from Wong and Kolter (2018). Here, we present results for a network trained via

standard SGD and cross entropy loss, with no modification to the objective for

robustness. Perturbations for this network lie in a ℓ∞ norm ball with radius

ϵver = 5/255 (which is hence lower than commonly employed radii for robustly

trained networks). In appendix A.9, we provide additional CIFAR-10 results on

an adversarially trained network using the method by Madry et al. (2018), and

on MNIST (LeCun et al., 1998), for a network adversarially trained with the

algorithm by Wong and Kolter (2018).

We compare both against previous dual iterative methods and Gurobi (Gurobi Op-
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Figure 2.2: Pointwise comparison for a subset of the methods on the data presented in Figure 2.1.
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corresponds to the equality.
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timization, 2020), the commercial black-box solver employed by Anderson et al.

(2020). For Gurobi-based baselines, Planet means solving the Planet Ehlers (2017)

relaxation of the network, while Gurobi cut starts from the Big-M relaxation

and adds constraints from Ak in a cutting-plane fashion, as the original primal

algorithm by Anderson et al. (2020). We run both on 4 CPU threads. Amongst

dual iterative methods, run on an Nvidia Titan Xp GPU, we compare with BDD+,

the recent proximal-based solver by Bunel et al. (2020a), operating on a Lagrangian

Decomposition dual of the Planet relaxation. As we operate on (a subset of) the

data by Bunel et al. (2020a), we omit both their supergradient-based approach

and the one by Dvijotham et al. (2018), as they both perform worse than BDD+

(Bunel et al., 2020a). For the same reason, we omit cheaper (and looser) methods,

like interval propagation Gowal et al. (2018b) and the one by Wong and Kolter

(2018). Active Set denotes our solver for problem equation 2.3, described in §2.3.1.

By keeping B = ∅, Active Set reduces to Big-M, a solver for the non-projected

Planet relaxation (appendix A.2), which can be seen as Active Set’s initialiser. In

line with previous bounding algorithms (Bunel et al., 2020a), we employ Adam

updates (Kingma and Ba, 2015) for supergradient-type methods due to their faster

empirical convergence. Finally, we complement the comparison with Gurobi-based

methods by running Active Set on 4 CPU threads (Active Set CPU). Further

details, including hyper-parameters, can be found in appendix A.9.

Figure 2.1 shows the distribution of runtime and the bound improvement with

respect to Gurobi cut for the SGD-trained network. For Gurobi cut, we only add

the single most violated cut from Ak per neuron, due to the cost of repeatedly

solving the LP. We tuned BDD+ and Big-M, the dual methods operating on the

weaker relaxation equation 2.2, to have the same average runtime. They obtain

bounds comparable to Gurobi Planet in one order less time. Initialised from 500

Big-M iterations, at 600 iterations Active Set already achieves better bounds on

average than Gurobi cut in around 1/20th of the time. With a computational

budget twice as large (1050 iterations) or four times as large (1650 iterations),

the bounds significantly improve over Gurobi cut in still a fraction of the time.
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As we empirically demonstrate in appendix A.9, the tightness of the Active Set

bounds is strongly linked to our active set strategy (§2.3.2). Remarkably, even if our

method is specifically designed to take advantage of GPU acceleration, executing

it on CPU proves to be strongly competitive with Gurobi cut, producing better

bounds in less time for the benchmark of Figure 2.1.

Figure 2.2 shows pointwise comparisons for a subset of the methods of Figure 2.1,

on the same data. Figure 2.2a shows the gap to the (Gurobi) Planet bound for

BDD+ and our Big-M solver. Surprisingly, our Big-M solver is competitive with

BDD+, achieving on average better bounds than BDD+, in the same time. Figure

2.2b shows the improvement over Planet bounds for Big-M and Active Set. The

latter achieves markedly better bounds than Big-M in the same time, demonstrating

the benefit of operating (at least partly) on the tighter dual equation 2.6.

2.5.2 Complete Verification

We next evaluate the performance on complete verification, verifying the adversarial

robustness of a network to perturbations in ℓ∞ norm on a subset of the dataset

by Lu and Kumar (2020), replicating the experimental setting from Bunel et al.

(2020a). The dataset associates a different perturbation radius ϵverif to each CIFAR-

10 image, so as to create challenging verification properties. Its difficulty makes

the dataset an appropriate testing ground for tighter relaxations like the one
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by Anderson et al. (2020) (§2.2.2). Further details, including network architectures,

can be found in appendix A.9.

Here, we aim to solve the non-convex problem equation 2.1 directly, rather

than an approximation like §2.5.1. In order to do so, we use BaSBR, a branch

and bound algorithm from Bunel et al. (2020b). Branch and Bound works by

dividing the problem domain into subproblems (branching) and bounding the local

minimum over those domains. Any domain which cannot contain the global lower

bound is pruned away, whereas the others are kept and branched over. In BaBSR,

branching is carried out by splitting an unfixed ReLU into its passing and blocking

phases. The ReLU which induces maximum change in the domain’s lower bound,

when made unambiguous, is selected for splitting.

A fundamental component of a BaB method is the bounding algorithm, which

is, in general, the computational bottleneck (Lu and Kumar, 2020). Therefore, we

compare the effect on final verification time of using the different bounding methods

in §2.5.1 within BaBSR. In addition, we evaluate MIP Ak, which encodes problem

equation 2.1 as a Big-M MIP (Tjeng et al., 2019) and solves it in Gurobi by adding

cutting planes from Ak, analogously to the original experiments by Anderson et al.

(2020). Finally, we also compare against ERAN (Singh et al., 2020), a state-of-

the-art complete verification toolbox: results on the dataset by Lu and Kumar

(2020) are taken from the recent VNN-COMP competition (VNN-COMP, 2020).

We use 100 iterations for Active Set, 100 iterations for BDD+ and 180 iterations

for Big-M. For dual iterative algorithms, we solve 300 subproblems at once for the

base network and 200 for the deep and wide networks (see §2.3.3). Additionally,

dual variables are initialised from their parent node’s bounding computation. As

in Bunel et al. (2020a), the time-limit is kept at one hour. Due to the difference

in computational cost between algorithms operating on the tighter relaxation by

Anderson et al. (2020) and the other bounding algorithms3, we also experiment with

a stratified version of the bounding within BaBSR. We devise a set of heuristics

to determine whether a given subproblem is easy (therefore looser bounds are
3For Active Set, this is partly due to the masked forward/backward pass described in appendix

A.7.
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Base Wide Deep
Method time(s) sub-problems %Timeout time(s) sub-problems %Timeout time(s) sub-problems %Timeout

BDD+ BaBSR 883.55 82 699 22.00 568.25 43 752 13.00 281.47 10 763 5.00
Big-M BaBSR 826.60 68 582 19.00 533.79 35 877 12.00 253.37 9347 4.00
A. Set BaBSR 422.32 9472 7.00 169.73 1873 3.00 227.26 2302 2.00

Big-M + A. Set BaBSR 402.88 11 409 7.00 179.73 3713 3.00 197.99 3087 2.00
G. Planet + G. 1 cut BaBSR 1191.48 2044 14.00 1272.99 1352 10.00 704.59 678 3.00

MIP Ak 3227.50 226 82.00 2500.70 101 64.00 3339.37 435 91.00
ERAN 805.89 - 5.00 632.12 - 9.00 545.72 - 0.00

Table 2.1: We compare average solving time, average number of solved sub-problems and
the percentage of timed out properties on data from Lu and Kumar (2020). The best
dual iterative method is highlighted in bold.

sufficient) or whether we need to operate on the tighter relaxation. Instances

of this approach are Big-M + Active Set and Gurobi Planet + Gurobi 1 cut.

Further details are provided in appendix A.8.

Figure 2.3 and Table 2.1 show that Big-M performs competitively with BDD+.

Active Set verifies a larger share of properties than the methods operating on the

looser formulation equation 2.2, demonstrating the benefit of tighter bounds (§2.5.1)

in complete verification. On the other hand, the poor performance of MIP + Ak and

of Gurobi Planet + Gurobi 1 cut, tied to scaling limitations of off-the-shelf solvers,

shows that tighter bounds are effective only if they can be computed efficiently.

Nevertheless, the difference in performance between the two Gurobi-based methods

confirms that customised Branch and Bound solvers (BaBSR) are preferable to

generic MIP solvers, as observed by Bunel et al. (2020b) on the looser Planet

relaxation. Moreover, the stratified bounding system allows us to retain the speed

of Big-M on easier properties, without excessively sacrificing Active Set’s gains on

the harder ones. Finally, while ERAN verifies 2% more properties than Active Set

on two networks, BaBSR (with any dual bounding algorithm) is faster on most

of the properties. BaBSR-based results could be further improved by employing

the learned branching strategy presented by Lu and Kumar (2020): in this work,

we focused on the bounding component of branch and bound.

2.6 Discussion

The vast majority of neural network bounding algorithms focuses on (solving or

loosening) a popular triangle-shaped relaxation, referred to as the “convex barrier"
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for verification. Relaxations that are tighter than this convex barrier have been

recently introduced, but their complexity hinders applicability. We have presented

Active Set, a sparse dual solver for one such relaxation, and empirically demonstrated

that it yields significant formal verification speed-ups. Our results show that scalable

tightness is key to the efficiency of neural network verification and instrumental in the

definition of a more appropriate “convex barrier". We believe that new customised

solvers for similarly tight relaxations are a crucial avenue for future research in the

area, possibly beyond piecewise-linear networks. Finally, as it is inevitable that

tighter bounds will come at a larger computational cost, future verification systems

will be required to recognise a priori whether tight bounds are needed for a given

property. A possible solution to this problem could rely on learning algorithms.
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Abstract

Recent progress in neural network verification has challenged the notion of a convex
barrier, that is, an inherent weakness in the convex relaxation of the output of a
neural network. Specifically, there now exists a tight relaxation for verifying the
robustness of a neural network to ℓ∞ input perturbations, as well as efficient primal
and dual solvers for the relaxation. Buoyed by this success, we consider the problem
of developing similar techniques for verifying robustness to input perturbations
within the probability simplex. We prove a somewhat surprising result that, in this
case, not only can one design a tight relaxation that overcomes the convex barrier,
but the size of the relaxation remains linear in the number of neurons, thereby
leading to simpler and more efficient algorithms. We establish the scalability of our
overall approach via the specification of ℓ1 robustness for CIFAR-10 and MNIST
classification, where our approach improves the state of the art verified accuracy
by up to 14.4%. Furthermore, we establish its accuracy on a novel and highly
challenging task of verifying the robustness of a multi-modal (text and image)
classifier to arbitrary changes in its textual input.



3.1 Introduction

Verification refers to the challenging computational problem of determining whether

a neural network satisfies a given specification. Perhaps the most popular specifica-

tion is to prove or disprove that a neural network classifier is robust to perturbations

of the input that lie within an ℓp ball (Wong and Kolter, 2018; Zhang et al., 2018;

Weng et al., 2018; Mirman et al., 2018; Dvijotham et al., 2018), with impressive

state of the art results recently achieved in Wang et al. (2021). The ability to

verify neural networks would open the door to better understanding their nature,

and allow us to apply deep learning in safety critical domains where errors can

have a large cost. Given the importance of the problem, it is unsurprising that it

has attracted considerable atttention from the machine learning and automated

verification communities (Katz et al., 2017; Ehlers, 2017).

Early work in verification lead to the notion of a convex barrier, that is, a

limitation in the tightness of the bounds obtainable by the convex relaxation of

the output of a neural network (Salman et al., 2019). This weakness was seen

as a primary reason for the slow convergence of branch-and-bound algorithms for

verification, which rely on convex relaxations to compute the bounds, on a large

number of specifications on standard datasets. However, recent work has been

able to successfully overcome this barrier. Specifically, Anderson et al. (2018)

proposed a tight relaxation that precisely defines the convex hull of a composition

of a linear function of a vector within an ℓ∞ ball with the ReLU non-linearity.

While their relaxation has a large number of constraints (exponential in the size of

the vector), they provide an efficient algorithm for identifying the most violated

constraint at any infeasible point. This enables the use of efficient cutting plane

algorithms to solve the primal (Anderson et al., 2018), active sets to solve the

dual (de Palma et al., 2021), and even approximate linear bound propagation

algorithms (Tjandraatmadja et al., 2020).

Buoyed by the possibility of realizing practical verification using tight relaxations,

we consider an important specification, namely, robustness to perturbations that lie

in a probability simplex. Examples of such a specification include robustness to ℓ1
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perturbations or to word substitutions (Huang et al., 2019). Previous approaches

for addressing this specification relied on fairly loose relaxations based on interval

bound propagation (Huang et al., 2019; Gowal et al., 2018a). To alleviate this

deficiency, we derive the convex hull of the composition of a linear transformation

of the probability simplex with a convex non-linearity such as ReLU or SoftPlus.

Somewhat surprisingly, we show that, unlike the previously considered case of ℓ∞

balls, the probability simplex helps greatly simplify the description of the convex

hull. In fact, the number of constraints required is linear in the dimensionality of the

simplex. By using a novel technique to propagate the simplex constraints through the

hidden layers of the network, we derive a tight relaxation for the output of a network

whose size scales linearly with the size of the network. Furthermore, we suitably

extend a linear bound propopagation algorithm (Zhang et al., 2018) to solve the tight

relaxation efficiently, thereby realizing practical verification over simplex inputs.

We demonstrate the scalability of our approach using the specification of

robustness to ℓ1 perturbations for MNIST and CIFAR-10 classification. Our method

achieves 13.6% higher verified accuracy on MNIST and up to 14.4% higher verified

accuracy on CIFAR-10 compared to the state of the art baselines on the same

networks given the same computational budget.

To further demonstrate the benefits of our tight relaxation, we consider a novel

and highly challenging specification of global robustness in multi-modal classification.

Specifically, we consider the Food 101 dataset (Wang et al., 2015), where each

sample consists of an image of a food item together with its recipe. Our specification

requires a neural network trained to classify the food item to be robust to arbitrary

changes in the text of a sample. This specification captures the scenario where

the image is carefully curated while the text is crowd-sourced and can therefore be

easily manipulated by adversarial actors. While similar specifications have been

considered in previous works (Jia et al., 2019; Huang et al., 2019), they focus on

substituting a very small subset of words with their synonyms, which leads to

simpler verification problems. We show that, on our significantly more difficult
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global verification task, our method achieves up to 25% higher verified accuracy

in the same amount of time as the state of the art baseline.

3.2 Preliminaries

We provide a formal mathematical description of our verification problem, and

briefly discuss the existing relaxations in order to contextualise our contributions.

3.2.1 Problem description

We denote the m-dimensional probability simplex as ∆m, that is, ∆m = {x ∈ Rm |

x ≥ 0, 1⊤x ≤ 1}. As mentioned in the previous section, we are interested in verifying

specifications of a given neural network when its input is constrained to lie in a

simplex. We focus on networks with a layered architecture to keep notation simple,

but our ideas easily extend to any feed-forward network, including residual networks.

We consider a neural network with n layers. Each layer is assumed to be composed

of two operations: (i) an affine operation (fully connected layer or convolution

layer), which we denote by Lk(·); and (ii) a non-linear activation function, which

we denote by σ(·). In other words, given its input xk−1 ∈ Rnk−1 , the k-th layer

performs the operation x̂k = Lk(xk−1) ∈ Rnk , followed by xk = σ(x̂k) ∈ Rnk .

While we place no restriction on the linear operation, we make the following

assumption on the activation function.

Assumption 1. We assume that the activation function σ is an element-wise convex

function (for example, ReLU or SoftPlus).

Verification problem: Using the above notation, the verification problem we

solve can be formulated as

min
x

Ψ (x̂n) (3.1a)

s.t. x̂k = Lk (xk−1) ,xk = σ(x̂k) k ∈ [n], (3.1b)

x0 ∈ ∆n0 , (3.1c)
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where [n] denotes the set {1, · · · , n}. The objective function Ψ is a scalar-valued

linear function of the output of the final layer of the the network. For example, say

we wish to verify that a classification network is not vulnerable to any adversarial

attacks. In this case, we define Ψ as the difference between the true logit and a target

logit outputted by the network. The sign of the optimum value of problem (3.1)

can be used to either prove or disprove the aforementioned specification.

We illustrate the practical importance of considering simplex inputs using two

examples. These examples will also form the basis of our experimental setup.

ℓ1 perturbations: Consider a network with a continuous valued input x ∈ Rm.

We are interested in verifying the behavior of the network under input perturbations

that lie within an ℓ1 ball: {x | ∥x− x0∥1 ≤ ϵ}. This input domain can be

reformulated as a simplex as

x = x0 + ϵMz, z ∈ ∆2m, M
(m×2m)

=


1 −1 0 0 . . . 0 0
0 0 1 −1 . . . 0 0
...
0 0 0 0 . . . 1 −1

 . (3.2)

Bag of words models: Consider a text classification network that takes text as

input and makes predictions based on an embedding of the text. A commonly used

embedding is the so-called “bag of words”. Here, we first take an embedding for every

word in the text (for example, using a precomputed set like GloVe (Pennington et al.,

2014) or Word2Vec (Mikolov et al., 2013)). Next, we take the mean of all the word

embeddings to obtain the final representation. We denote the word embeddings

as a matrix E ∈ Rd×v, where each d-dimensional column represents an embedding

of a putative word in a vocabulary of size v. Using the above matrix, the text

embedding is given by Ex where x represents the normalized counts of words from

the vocabulary in the text. In other words, x ∈ ∆v assuming that arbitrarily long

text with arbitrary numbers of repetitions of each word in the vocabulary are allowed.

3.2.2 Planet and disjunctive relaxations

Ehlers (2017) proposed a convex relaxation for the ReLU activation function, which

is commonly referred to as Planet in the literature. The Planet relaxation has been
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widely used in many verification algorithms (Bunel et al., 2020b; Dvijotham et al.,

2018; Bunel et al., 2020a; Lu and Kumar, 2020). Briefly, it relaxes the sequence of

two operations: x̂ = wTx+ b where x ∈ Rm, followed by y = ReLU(x̂). To this end,

it utilizes lower and upper bounds on x̂. In our case, since x ∈ ∆m, we can compute

the bounds as l̃ = wmin + b ≤ wTx+ b ≤ wmax + b = ũ. Here, wmin and wmax denote

the minimum and maximum entries of w respectively. Using the bounds on x̂, the

Planet relaxation for the set S = {y,x | y = ReLU(wTx+ b),x ∈ ∆m} is defined as

P∆ : y ≥ wTx+ b, y ≥ 0, y ≤ ũ
ũ− l̃

(
wTx+ b− l̃

)
, x ∈ ∆m. (3.3)

In Anderson et al. (2019b, 2020), the authors propose a tighter relaxation and

characterize the exact convex hull of the set

{(x, relu
(
wTx+ b

)
) : ℓ ≤ x ≤ u}.

However, this characterization involves exponentially many inequalities. And

efficient algorithms based on it need to resort to cutting plane methods, adding

violated inequalities sequentially. Doing so is computationally challenging and

requires significant effort to implement in a scalable manner. Further, this does

not handle the simplex constraint on the input. Thus using this relaxation would

require replacing the simplex constraint with the unit hypercube, a much weaker

constraint on the inputs.

3.3 A Concise Convex Relaxation

In this section, we derive our novel tight convex relaxation for problem (3.1). In order

to make the exposition clearer, we assume that we have access to simplex constraints

for all xk, k ∈ [n− 1]. As will be seen in the next section, such constraints can be

derived by propagating the simplex constraint on the input x0 through the network.
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Figure 3.1: The input domain x ∈ ∆2 is shown in light blue, while the output function y =
ReLU(wTx+b) is shown in blue. It can be seen that the upper bound corresponding to the Planet
relaxation (shown in green), is significantly looser in comparison to the upper bound corresponding
to the proposed relaxation (shown in orange). Even the Anderson relaxation (shown in yellow) is
much looser than our relaxation.

3.3.1 An exact convex relaxation for a single neuron

We begin by considering the simple case of a single neuron, which will form the

building block of our final relaxation. Similar to the previous relaxations, we consider

the set S = {y,x | y = σ(wTx + b),x ∈ ∆m}, where σ is a convex activation

function, for example ReLU. We aim to characterize the convex hull CH∆ of the set S.

Theorem 2. The convex hull CH∆ of S is defined by the following convex constraints

y ≥ σ
(
wTx+ b

)
, x ∈ ∆m, (3.4a)

y ≤
∑
i

xi
(
σ
(
wTei + b

)
− σ (b)

)
+ σ (b) , (3.4b)

where ei ∈ Rm, eii = 1, eij = 0∀j ̸= i, denotes the i-th coordinate vector in Rm.

By the definition of a convex hull, the proposed relaxation is the tightest

possible relaxation for a single neuron with x ∈ ∆m. Note that, when σ is the

ReLU activation function, the only difference between the proposed relaxation

and the Planet relaxation P∆ is the upper bound on y. Figure 3.1 compares the

upper bound of the Planet relaxation P∆ with the proposed relaxation CH∆ for

the case where m = 2. As can be seen, our relaxation is significantly tighter than

Planet, which paves the way for tractable verification over simplex inputs. The
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following proposition formally characterizes the difference between the tightness

of CH∆ and P∆.

Proposition 3. For any input dimension m, CH∆ is provably tighter than P∆.

Specifically, we can characterize the gap between CH∆ and P∆ by the gap in the

optimal value of the problem

max
x

y − y′ subject to (y,x) ∈ P∆, (y′,x) ∈ CH∆.

The gap in the optimal value is proportional to the variance in the weight vector w

(see supplementary material for details).

The proofs of the above theorem and proposition are provided in the supple-

mentary material. The proof of Theorem 2 utilizes a fundamental result from

convex analysis, that any linear function obtains the same maximum value over

S as over its convex hull CH∆.

Note that our relaxation overcomes the convex barrier by providing bounds

that are significantly tighter than the Planet relaxation. Convex barrier is a

term introduced in Salman et al. (2019), which is defined as the gap between

the optimal value of the original verification problem and the optimal convex

relaxation of the non-linearity.

Comparison to Tjandraatmadja et al. (2020) Our relaxation requires only a linear

number of inequalities to describe the convex hull for the composition of a linear

function with a convex activation function for simplex inputs. In contrast, the

Anderson relaxation (Tjandraatmadja et al., 2020; Anderson et al., 2020, 2019a)

requires an exponential number of constraints. The submodularity based proof for

deriving the relaxation from Tjandraatmadja et al. (2020) can help us understand

the discrepancy. The method makes use of the Kuhn triangulation of [0, 1]n (Todd,

1976), which describes the collection of simplices whose union is [0, 1]n, and requires

an exponential number of simplices. Since a unique affine interpolation of the

function needs to be constructed on each of these simplices, it requires an overall

exponential number of inequalities. In contrast, our relaxation only requires a linear
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number of inequalities. Note that the input simplex ∆n is not one of the simplices

from the Kuhn triangulation whose union is the unit hypercube. We provide a

visualization for this intuition in the supplementary material.

3.3.2 Final relaxation

Using the convex hull for a single neuron, we can now describe our overall relaxation.

Recall that we have assumed xk ∈ ∆nk for each k ∈ [n − 1]. This is ensured

through a simplex propagation algorithm described in the next section. In addition,

we also compute interval bounds on the pre-activations x̂k ∈ [ℓk, uk]. Using the

interval bounds, we define θk = uk
uk−ℓk

, γk = −ℓk, uk (x) = θk ⊙ (Lk (x)− γk)

and u′
k (x) = ∑

i xi (σ (Lk (ei))− σ (Lk (0))) + σ (Lk (0)). Furthermore, since x̂n
is itself a linear function of xn−1, with a slight overload of notation, we denote

the objective function of our relaxation as Ψ (xn−1). Using the above notation,

the overall proposed convex relaxation of problem (3.1) for the ReLU activation

function can be written as

min
x

Ψ (xn−1) (3.5a)

s.t. xk ≥ Lk (xk−1) ,xk ≥ 0 k ∈ [n− 1], (Planet lower bound) (3.5b)

xk ≤ uk(xk−1), k ∈ [n− 1], (Planet upper bound) (3.5c)

xk ≤ u′
k(xk−1), k ∈ [n− 1], (from equation 3.4b) (3.5d)

xk ∈ ∆ k ∈ {0} ∪ [n− 1]. (3.5e)

Similar relaxations can be derived for other convex activation functions by linearizing

the convex function around a given point. However, we focus on the ReLU case

for brevity of exposition, particularly since ReLU is the most commonly used

convex activation function.

3.4 Algorithm

Our verification algorithm is composed of two phases: (i) propagating simplex

constraints on the activations at every layer; and (ii) computing a lower bound on

problem (3.1). We describe these in the following subsections.
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3.4.1 Simplex propagation

We assume that the output of each layer is non-negative. If this is not the case, we

can simply add a constant to the activation of each layer so that the output becomes

non-negative. Let us denote hk(x) = σ (Lk (x)). Since hk(.) is an element-wise

convex function of its inputs, 1Thk(.) is also a convex function. Using the fact

that the maximum of a convex function over the simplex is attained at one of the

vertices, it can be shown that the following inequality holds true

∑
i

xki ≤ max
j∈{0,...,nk−1}

1Thk
(
ej
)

= αk. (3.6)

Here, xki denotes the i-th coordinate of the vector of activations xk at the out-

put of layer hk.

Note that the above inequality can be rewritten in the form ∑
i x̃ki ≤ 1, where

x̃ki = xki
αk

, so that we can propagate simplex-like constraint simply by rescaling

activations at the layer appropriately. Details for conditioning the intermediate

layers into simplex using inequalities of the above form are provided in the

supplementary material.

3.4.2 Efficient solver

The optimization problem (3.5) is a Linear Program and as such can be solved

easily by off-the-shelf solvers (Gurobi Optimization, 2020). However, given the

size of modern deep networks, such an approach would struggle to scale. Hence,

researchers have recently started developing scalable custom solvers for relaxations

of neural network outputs.

Zhang et al. (2018); Singh et al. (2019b) developed efficient solvers for relaxations

that rely on bounds on the output of a neuron that are expressed as linear functions

of the input. Such solvers have been scaled to be extremely efficient and amenable

to use within branch and bound frameworks (Wang et al., 2021). Inspired by their

success, we extend their capabilities to solve our novel tight relaxations derived

in the previous section. To this end, we first relax problem (3.5) to a form that

can be solved efficiently using a single backward pass. Concretely, we combine the
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lower bounds (3.5b) and the non-negativity constraint from (3.5e) into a single

lower bound using weighting coefficients ak. We also combine the upper bounds

(3.5c and 3.5d) into a single upper bound with weighting coefficients āk. The values

of the weighting coefficients ak and āk are constrained to lie between 0 and 1.

This leads to the following optimization problem

L(a,a) = min
x

Ψ (xn−1) (3.7a)

s.t. x0 ∈ ∆ , (3.7b)

xk ≥ ak ⊙ Lk (xk−1) k ∈ [n− 1], (3.7c)

xk ≤ ak ⊙ uk (xk−1) + (1− ak)⊙ u′
k (xk−1) k ∈ [n− 1]. (3.7d)

It turns out that the above formulation can be solved efficiently by a single

backward pass over the network. In order to derive the solution, it is useful

to introduce the notion of decomposition of an affine function into monotone,

anti-monotone and constant parts.

Definition 1. For any scalar-valued affine function f (x), define

f+ (x) =
(

max
(
∂f

∂x
, 0
))T

x, f− (x) =
(

min
(
∂f

∂x
, 0
))T

x, f c = f (0) , (3.8)

so that f (x) = f+ (x) + f− (x) + f c.

Since f+ only involves the positive coefficients in the gradient of f , it is

monotonically increasing, and similarly, f− is monotonically decreasing. Exploiting

this and the fact that Ψ is a scalar valued linear function, we obtain

Ψ (xn−1) = Ψ0 + Ψ− (xn−1) + Ψ+ (xn−1)

≥ Ψc + Ψ−
(
an−1 ⊙ un−1 (xn−2) + (1− an−1)⊙ u′

n−1 (xn−1)
)

+ Ψ+ (an−1 ⊙ Ln−1(xn−2)) . (3.9)

The lower bound above is an affine function of xn−2 and hence leads to a recursive

algorithm where we compute lower bounds on the specification expressed as a
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function of xk−1 given a lower bound on the specification expressed as a linear

function of xk.

Therefore, this leads to a recursive algorithm for computing a lower bound on the

optimal value of (3.7), that is presented in the Subroutine SIMPLEX_BACKWARD

function on line 11 in Algorithm 1. It can in fact be proven that this is the exact

optimal value, using an argument similar to Salman et al. (2019), Section 3.

The computation required to express a lower bound on the specification given

as a linear function of xk+1 to a lower bound expressed as a linear function of xk is

shown on line (14) of Algorithm 1. Note that this computation can be conveniently

done in frameworks that support automatic differentiation, by computing the

gradient of the expression on the right hand side of line 14 at 0 and its value at

0, which gives the vector of coeffients and the bias term of the affine function of

xk. Thus, the cost of implementing line 14 of the algorithm is equal to the cost

of performing backpropagation through a single layer of the network.

Denote the projection onto the unit hypercube as π (x) = min (max (x, 0) , 1).

Our overall algorithm is presented in Algorithm 1. It consists of two main functions

SIMPLEX_BACKWARD and SIMPLEX_VERIFY. The SIMPLEX_BACKWARD

algorithm computes L (a,a) for a fixed value of a,a. However, this lower bound

is valid for any choice of these parameters. Hence SIMPLEX_VERIFY performs

projected gradient ascent on L with respect to a,a to obtain the tightest possible

lower bound on the (equation 3.1). The idea of optimizing the weighting coefficients

a,a to obtain tighter bounds is inspired from the algorithm of Xu et al. (2021),

with suitable adaptations to the setting involving our novel relaxation.

Proposition 4. Algorithm 1 computes a lower bound on the optimal value of (3.1).

Proof. Follows by recursively applying the lower bound at each layer while defining

fk.
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Computational Complexity: The complexity of SIMPLEX_BACKWARD function

11 for computing bounds for a given value of at, āt, is the same as the cost of

two backward passes through the network. This is twice the cost of CROWN

(Zhang et al., 2018), or one iteration of auto-lirpa (Xu et al., 2021), which uses

a single backward pass.

Algorithm 1 Simplex Verify
1: function Simplex_verify(Ψ)
2: Initialise a and ā with values between 0 and 1
3: for t ∈ J0, tmax − 1K do
4: L(at,at) = Simplex_backward(Ψ,at,at)
5: Compute gradients dL

dat
, dL
dat

via backpropagation
6: at+1, āt+1 ← update gradient ascent (or Adam)
7: at+1,at+1 ← π (at+1) , π(at+1) (projection)
8: end for
9: return L(at+1, āt+1)

10: end function
11: function Simplex_backward(Ψ,a,a)
12: fN ← Ψ
13: for k ∈ Jn− 1, 0K do
14: Set fk (x) ← f−

k+1 (ak ⊙ uk (x) + (1− ak)⊙ u′
k (x)) + f ck+1 +

f+
k+1 (ak ⊙ Lk (x)).

15: end for
16: L(a,a) = minx0∈∆ f0 (x0)
17: return L(a,a)
18: end function

3.5 Experiments

In this section, we demonstrate the effectiveness of the proposed method on two

specifications: (i) robustness to ℓ1 perturbations for image classifiers (Sec 3.5.1),

and (ii) robustness of multi-modal classifiers to text perturbations (Sec 3.5.2).

3.5.1 ℓ1 robustness verification

Experimental Setup We verify the ℓ1 robustness of networks from (de Palma

et al., 2021; Bunel et al., 2020b) and VNN-COMP (2020). We compute the lower

bound on the robustness margin (difference between the ground truth logit and the

other logits) using the verification methods. An image is said to be verified if the
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lower bound across all possible labels is positive. We evaluate the effectiveness of

various methods for incomplete verification on the MNIST (LeCun et al., 2010) and

CIFAR-10 (Krizhevsky and Hinton, 2009) datasets. For MNIST, we evaluate on the

entire test set, and for CIFAR-10 we evaluate on 1000 random images from the test

set (Krizhevsky and Hinton, 2009). The MNIST and CIFAR-10 datasets are widely

used in the machine learning community, and are available under the creator’s

consent and MIT license respectively. For both MNIST and CIFAR-10, we use the

model architectures from (de Palma et al., 2021). The models are trained using

the SLIDE attack (sparse ℓ1-descent attack) from Tramer and Boneh (2019) with

ϵ = 0.3 for all networks except the VNN-comp big network, which is trained with

ϵ = 0.05. We used the publicly available training implementation of (Ding et al.,

2019) (see supplementary material for details). The code is made available under

the LGPL License online 1. We also test on the SGD trained CIFAR Wide model

from (de Palma et al., 2021). We verify robustness against input perturbations lying

in ℓ1 norm ball with ϵ = 0.35 for the MNIST network, ϵ = 0.2 for the VNN-comp

big network and ϵ = 0.5 for all the other CIFAR-10 networks.

Methods We compare against other propagation based solvers and Gurobi. Gurobi

baselines employ the commercial black-box solver Gurobi (Gurobi Optimization,

2020). Gurobi solves the problems to optimality, giving the tightest possible bounds

for the corresponding relaxations. Gurobi Planet corresponds to solving the Planet

relaxation (Ehlers, 2017) of the network. Gurobi Simplex corresponds to solving

our relaxation using Gurobi. Both the methods are run on 4 CPU threads on an

Intel(R) Core(TM) i7-4960X CPU @ 3.60GHz processor. We also compare against

an optimized LiRPA solver for the Planet relaxation (Ehlers, 2017), and refer to

it as Opt-Lirpa Planet. The solver remains the same as our solver, with the only

difference being that the upper bound corresponding to our relaxation is not present

(see supplementary material for details). Note that the intermediate layer bounds

in Opt-Lirpa Planet are not jointly optimized. Simplex Verify corresponds to our
1https://github.com/BorealisAI/advertorch.

https://github.com/BorealisAI/advertorch


48 48

solver described in Sec 3.4.2. Both the LiRPA based solvers use Adam (Kingma and

Ba, 2015) for updating the weighting vectors a, and are run on a single Nvidia Titan

Xp GPU. All the methods use the same intermediate bounds, which are computed

using Opt-Lirpa Planet run for 20 iterations. We compare the effectiveness of the

different methods for computing the final layer bounds. Further details about the

baselines and experimental settings, including the hyper-parameters, are provided

in the supplementary material.

Results Table 3.1 shows the verified accuracy and average verification time per

sample of different methods. Gurobi Simplex achieves much higher verified accuracy

(up to 16.5% higher) in comparison to Gurobi Planet. This is in line with Theorem

2 and Proposition 3 because our proposed relaxation is much tighter than Planet.

This also shows the benefit of using tighter relaxations. For a fair comparison, the

number of iterations of both LiRPA based methods were tuned such that each

of them take the same amount of time. We tuned the number of iterations on

a subset of images. It is worth noting that the proposed solver, Simplex Verify,

achieves much higher verified accuracy than Opt-Lirpa Planet, in the same amount

of time. Simplex Verify also achieves comparable accuracy to Gurobi Simplex,

while being nearly 3 orders of magnitudes faster, which shows the effectiveness

of the proposed solver in solving Problem 3.5.

We also compare the tightness of the bounds achieved by different methods. We

obtained the lower bounds provided by different solvers. We can get the upper

bounds using the sparse PGD attack, SLIDE (Tramer and Boneh, 2019). A smaller

gap between the PGD upper bound and verified lower bound, indicates tighter

verification. Figure 3.2a shows the pointwise comparison of the gap to PGD for

Gurobi Planet and Gurobi Simplex, on the same data. PGD gap is much smaller

for Gurobi Simplex in comparison to Gurobi Planet, thereby showing that our

relaxation achieves much tighter verification. Figure 3.2b shows the pointwise

comparison of the gap for Opt-Lirpa Planet and our Simplex Verify. Simplex

Verify achieves much tighter verification.
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Figure 3.2: Pointwise comparison of the lower bounds on CIFAR-10 test set on the
adversarially trained Wide model, for a subset of the methods. Darker colour shades
mean higher point density (on a logarithmic scale). The oblique dotted line corresponds
to the equality.

3.5.2 Multi-modal classifier robustness verification

Experimental Setup In this section, we are interested in verifying the robustness

of multi-modal classifiers to text-based attacks. The motivation are scenarios

where image based models are augmented with text to improve the accuracy of the

classifier. However, this makes the model vulnerable to text based attacks. The aim

of this experiment is to show the adversarial vulnerability of such models and verify

their robustness. For this experiment we verify the robustness of models on the

UPMC FOOD-101 dataset (Wang et al., 2015), which is a commonly used dataset

for multi-modal classification (see (Kiela et al., 2019)). This dataset consists of

images and recipes of different food items. It is made available by the creators’

consent online 2. The specification that we are interested in verifying is as follows:

for a given image and text pair, only the text is perturbed and any possible text

from the given vocabulary is allowed in the attack. The aim of this specification

is to characterise the worst-case sensitivity of the model. We are not aiming for

perfect robustness to the noise in text, but aim to check its sensitivity. We use a

ConcatBOW model for this task as proposed in Kiela et al. (2019). The model

extracts an image embedding using a standard pretrained ResNet-152 model. It

also extract a Bag of words embedding for the text. The model concatenates the
2http://visiir.lip6.fr/

http://visiir.lip6.fr/
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embeddings and feeds them into a multilayer perceptron (MLP) classifier, which

has 1,846,200 parameters. Arbitrary changes in the text can be modelled as a

simplex as described in Section 3.2.1. The model follows the same architecture as

the state-of-the-art model for this dataset (Ignazio Gallo and Grassa, 2020), except

that we replace Bert embeddings with BOW embeddings. We reduce the dataset

from 101 classes to 10 classes. More details are provided in the supplementary.

Related Work Huang et al. (2019) considered verification against synonym re-

placements or character flip perturbations on text classification models. The input

specification was modeled as a simplex and they proposed to use Interval bound

propagation (IBP) for the same. Concurrent to Huang et al. (2019), Jia et al. (2019)

considered a specification where every word in the text can be replaced with a similar

word and used IBP. Xu et al. (2020) use more recent LiRPA variants for verification

of synonym-based word substitution with a maximum of 6 word substitutions.

Concurrent to our work, Bonaert et al. (2021) proposed a new method for certifying

Transformers to synonym based attacks. They provide a lifting from ℓ∞ analysis

techniques to other norms, and propose a new convex relaxation for a number

of settings, but none of these characterize the convex hull exactly in any setting.

In contrast to these works, we consider a much more challenging specification

where any possible text from the vocabulary is allowed. This specification includes

arbitrary length sentences. Further, even our baseline, Opt-Lirpa Planet, is much

tighter than IBP. We also propose a tighter relaxation which characterises the

convex hull for our setting of a composition over a convex activation function and

an activation function where the input is constrained to be in the simplex, and

propose an efficient algorithm for the relaxation. It is also important to note that we

perform experiments on verification-agnostic networks unlike Huang et al. (2019).

Results We compare the lower bounds on the robustness margin for Opt-Lirpa

Planet and Simplex Verify. We use PGD attack for computing the upper bound.

The networks are trained to be robust to simplex perturbations using PGD training.

Figure 3.3 shows the pointwise comparison of the gap to PGD upper bounds for
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Opt-Lirpa Planet and Simplex Verify. Note here that a smaller gap indicates tighter

verification. For a fair comparison, the iterations of the propagation algorithms were

again tuned such that each of them takes the same amount of time (0.08s). It can be

seen that Simplex Verify achieves much tighter bounds in the same amount of time.
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Figure 3.3: Pointwise comparison of runtime
(left) and gap of lower bounds to PGD upper
bounds (right) for the global specification on
Food-101 dataset.

In Table 3.2, we present the verified

accuracy achieved by the different meth-

ods with the nominal and Pgd accuracy.

We present results for networks trained

with different weighting for nominal and

PGD loss during the adversarial train-

ing. Network trained only on images

achieves 87.82% accuracy. Note that

our method achieves remarkably higher

verified accuracy, up to 25% higher, as compared to Opt-Lirpa Planet in the same

amount of time. This shows the benefit of our approach over the existing solvers.

3.6 Discussion and Broader Impact

Accuracy Nominal 86.3% 87.3% 92.3%
Pgd 84.7% 84.5% 19.2%

Verified Opt-Lirpa Planet 17.9% 08.0% 01.2%
Accuracy Simplex Verify 42.2% 32.8% 01.3%

Table 3.2: Verified accuracy achieved by different
solvers on the 2164 test images of the reduced
Food-101 dataset. Results are presented for net-
works trained with different weighting for nominal
and PGD loss. Our method (Simplex Verify)
achieves up to 24% higher verified accuracy, in
the same amount of time as the state of the art
baseline Opt-Lipra Planet.

As machine learning continuously

finds new application domains, the

robustness of machine learning sys-

tems in the face of adversarsarial

behavior becomes increasingly rel-

evant. Neural network verification,

which seeks to obtain provable guar-

antees on robustness of neural net-

works, has mostly focused on ℓ∞

perturbations. However, real security threats often involve more drastic changes

that could lead to arbitrary perturbations in the input. In this paper, we have

we have proposed an efficient algorithm for verification of neural networks against

simplex constrained perturbations. We have shown the practical importance of
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this specification through two applications. Firstly, we verify the robustness of

image classifiers to ℓ1 perturbations, which could be an appropriate threat model

when perturbations of different features are correlated. Secondly, we consider a

challenging specification, whereby any arbitrary text perturbations are allowed on

multi-modal (image and text input) classifiers. This highlights the vulnerability

of multi-modal classifiers to text attacks. The proposed algorithm improves the

state of the art verification accuracy by up to 25%.

Multi-modal data is used in various domains including social media, and the

internet in general. We believe that our work could find application in verifying

classifiers which label advertisements and social media posts as illegal or hateful.

Although we tackle arbitrary perturbation in the text input, our work does not verify

against all possible perturbations on the multi-modal input. Another limitation is

that we have considered only a particular class of multi-modal architectures. It is

also important to verify other commonly used architectures. Further, verification

exposes flaws in neural network models, which on the one hand can help improve

their robustness, but on the other hand, can be exploited by an adversary.
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Abstract

Simulation is increasingly being used for generating large labelled datasets in
many machine learning problems. Recent methods have focused on adjusting
simulator parameters with the goal of maximising accuracy on a validation task,
usually relying on REINFORCE-like gradient estimators. However these approaches
are very expensive as they treat the entire data generation, model training, and
validation pipeline as a black-box and require multiple costly objective evaluations
at each iteration. We propose an efficient alternative for optimal synthetic data
generation, based on a novel differentiable approximation of the objective. This
allows us to optimize the simulator, which may be non-differentiable, requiring only
one objective evaluation at each iteration with a little overhead. We demonstrate
on a state-of-the-art photorealistic renderer that the proposed method finds the
optimal data distribution faster (up to 50×), with significantly reduced training
data generation and better accuracy than previous methods.



4.1 Introduction

Massive amounts of data needs to be collected and labelled for training neural

networks for tasks such as object detection Ren et al. (2017); He et al. (2017),

segmentation Shelhamer et al. (2017) and machine translation Luong et al. (2015).

A tantalizing alternative to real data for training neural networks has been the

use of synthetic data, which provides accurate labels for many computer vision

and machine learning tasks such as (dense) optical flow estimation Dosovitskiy

et al. (2015); Richter et al. (2016), pose estimation Varol et al. (2017); Doersch

and Zisserman (2019); Xiang et al. (2018); Tekin et al. (2018); Kehl et al. (2017),

among others Su et al. (2015); Gaidon et al. (2016); Hinterstoisser et al. (2018);

Rad and Lepetit (2017); Dwibedi et al. (2017); Ros et al. (2016). Current paradigm

for synthetic data generation involves human experts manually handcrafting the

distributions over simulator parameters Le et al. (2017); Sakaridis et al. (2018), or

randomizing the parameters to synthesize large amounts of data using game engines

or photorealistic renderers Dosovitskiy et al. (2015); Richter et al. (2016); Ros et al.

(2016). However, photorealistic data generation with these approaches is expensive,

needs significant human effort and expertise, and can be sub-optimal. This raises

the question, Has the full potential of synthetic data really been utilized?

Recent approaches Louppe and Cranmer (2019); Ganin et al. (2018); Ruiz

et al. (2019); Kar et al. (2019) have formulated the setting of simulator parameters

as a learning problem. A few of these methods Louppe and Cranmer (2019);

Ganin et al. (2018) learn simulator parameters to minimize the distance between

distributions of simulated data and real data. Ruiz et al. Ruiz et al. (2019) proposed

to learn the optimal simulator parameters to directly maximise the accuracy of

a model on a defined task. However these approaches Kar et al. (2019); Ruiz

et al. (2019) are very expensive, as they treat the entire data generation and

model training pipeline (Figure 4.1, outer loop) as a black-box, and use policy

gradients Williams (1992), which require multiple expensive objective evaluations

at each iteration. As a result, learning synthetic data generation with photorealistic

renderers has remained a challenge.



57 57

Simulator ModelDtrain Ltrain(θ,ψ) θ̂(ψ) = argminθLtrain(θ,ψ) Lval(θ̂(ψ))

ψ̂ = argminψLval(θ̂(ψ))

Dval

pψ(ζ) hθ
Inner loop (training)

Outer loop (validation)

Figure 4.1: Overview of the bilevel optimization setup. A simulator pψ(ζ) is used to generate
a synthetic dataset Dtrain; inner loop: a model hθ is then trained on this dataset with training
loss Ltrain(θ,ψ) to obtain optimal model paramaters θ̂(ψ); a real-data validation set Dval is used
to evaluate the performance of this trained model with validation loss Lval(θ̂(ψ)), providing a
measure of goodness of simulator parameter ψ; outer loop: ψ is updated until we find optimal
simulator parameters ψ̂.

In this work, we propose a fast optimization algorithm for learning synthetic data

generation, which can quickly optimize state-of-the-art photorealistic renderers. We

look at the problem of finding optimal simulator parameters as a bi-level optimization

problem (Figure 4.1) of training (inner) and validation (outer) iterations, and derive

approximations for their corresponding objectives. Our key contribution lies in

proposing a novel differentiable approximation of the objective, which allows us to

optimize the simulator requiring only one objective evaluation at each iteration,

with improved speed and accuracy. We also propose effective numerical techniques

to optimize the approximation, which can be used to derive terms depending on

desired speed-accuracy tradeoff. The proposed method can be used with non-

differentiable simulators and handle very deep neural networks. We demonstrate

our method on two renderers, the Clevr data generator Johnson et al. (2017) and

the state-of-the-art photorealistic renderer Arnold Georgiev et al. (2018).

4.2 Related Work
Expert Involvement and Random Generation

One of the initial successful work on training deep neural networks on synthetic

data for a computer vision problem was done on optical flow estimation, where

Dosovitskiy et al. Dosovitskiy et al. (2015) created a large dataset by randomly

generating images of chairs using an OpenGL pipeline by pasting objects onto

randomly selected real-world images. This strategy has been applied in other

problems like object detection, instance segmentation and pose estimation Su et al.

(2015); Hinterstoisser et al. (2018); Rad and Lepetit (2017); Tekin et al. (2018);
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Dwibedi et al. (2017). Though this approach is simple to implement, the foreground

objects are always pasted onto out-of-context background images, thereby requiring

careful selection of the background images to achieve good accuracy as shown by

Dvornik et al. Dvornik et al. (2018). Other issues with this technique include

these images not being realistic, objects not having accurate shading, and shadows

being inconsistent with the background.

Another line of work explores generation of photorealistic images with objects

rendered within complete 3D scenes Richter et al. (2017, 2016); Hodaň et al. (2019);

Ros et al. (2016); Gaidon et al. (2016); Tremblay et al. (2018); Handa et al. (2016);

Zhang et al. (2017b). Though this is a well accepted approach for synthetic

data generation, it suffers from several issues. First, given the data generation

process is independent of the neural network training, these approaches synthesize

a large set of redundant training images, as shown in experiments section. This

might add a massive redundant burden on the rendering infrastructure. Second,

this requires human expert involvement, e.g., to set the right scene properties,

material and texture of objects, quality of rendering, among several other simulator

parameters Hodaň et al. (2019). This hinders widespread adaptation of synthetic

data to different tasks. Finally, some sub-optimal synthesized data can corrupt

the neural network training.

Learning Simulator Parameters

In order to resolve these issues, recent research has focused on learning the simulator

parameters. The non-differentiability of the simulators has posed a challenge for

optimization. Louppe et al. Louppe and Cranmer (2019) proposed an adversarial

variational optimization technique for learning parameters of non-differentiable

simulators, by minimizing the Jensen–Shannon divergence between the distribution

of the synthetic data and distribution of the real data. Ganin et al. Ganin et al.

(2018) incorporated a non-differentiable simulator within an adversarial training

pipeline for generating realistic synthetic images.



59 59

Ruiz et al. Ruiz et al. (2019) focused on optimization of simulator parame-

ters with the objective of generating data that directly maximizes accuracy on

downstream tasks such as object detection. They treated the entire pipeline of

data generation and neural network training as a black-box, and used classical

REINFORCE-based Williams (1992) gradient estimation. However, this approach

suffers from scalability issues. A single objective evaluation involves generating a

synthetic dataset, training a neural network for multiple epochs, and calculating

the validation loss. And this method requires mutiple such expensive objective

evaluations for taking a single step. Thus it has a very slow convergence and is

difficult to scale to photorealistic simulators which have hundreds of parameters. In

contrast, our method AutoSimulate, requires only a single objective evaluation at

each iteration and works well with state-of-the-art photorealistic renderers. Making

an assumption that a probabilistic grammar is available, Kar et al. Kar et al. (2019)

proposed to learn to transform the scene graphs within this probabilistic grammar,

with the objective of simulataneously optimizing performance on downstream task

and matching the distribution of synthetic images to real images. They also use

REINFORCE-based Williams (1992) gradient estimation for the first objective like

Ruiz et al. (2019), whose limitations were discussed above.

In bi-level optimization, differentiating through neural network training is a

challenge. MacKay et al. (2019) proposed to learn an approximation of inner

loop using another network. Concurrent work Yang and Deng (2020) makes

an assumption that the neural network is trained only for one or few iterations

(not epochs), so they can store the computation graph in memory and back-

propagate the derivatives, in a similar spirit as MAML Finn et al. (2017b); Behl

et al. (2019). In constrast, we proposed a novel differentiable approximation of the

inner loop using a Newton step which can handle many epochs without memory

constraints. We also proposed efficient approximations which can be used for

desired speed-accuracy tradeoff.
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4.3 Problem Formulation

In supervised learning, a training set Dtrain = {z1, ..., zm} of input–output pairs

zi = (xi,yi) ∈ X × Y is used to learn the parameters θ ∈ Rn of a model hθ that

maps the input domain X to the output codomain Y. This is accomplished by

minimizing the empirical risk 1
n

∑n
i=1 l(zi,θ), where l(z,θ) ∈ R denotes the loss

of model hθ on a data point z.

Our goal is to generate synthetic training data using a simulator such that

the model trained on this data minimizes the empirical risk on some real-data

validation set Dval. The simulator defines a data generating distribution pψ(ζ)

given simulator parameters ψ ∈ Rm, from which we can sample training data

instances ζ ∼ pψ(ζ), where we use ζ to denote simulated data as opposed to real

data z. The objective of finding optimal simulator parameters ψ̂ can then be

formulated as the optimization problem

min
ψ

Lval
(
θ̂(ψ)

)
(4.1a)

s.t. θ̂(ψ) ∈ arg min
θ

Ltrain(θ,ψ) , (4.1b)

where Lval
(
θ̂(ψ)

)
= ∑

zi∈Dval l
(
zi, θ̂(ψ)

)
is the validation loss, Ltrain(θ,ψ) =

Eζ∼pψ

[
l(ζ,θ)

]
is the training loss, θ̂(ψ) denote the optimum of model parameters

after training on data generated from the simulator parameterised by ψ, and ψ̂

denote the optimum simulator parameters that minimize Lval. In this paper we

will refer to Equations 4.1a and 4.1b as the outer and inner optimization problems

respectively. This formulation is illustrated in Figure 4.1.

Equations 4.1a and 4.1b represent a bi-level optimization problem Colson et al.

(2007); Franceschi et al. (2018); Bennett et al. (2008), which is a special kind of

optimization where one problem is nested within another. To compute the gradient

of the objective Lval
(
θ̂(ψ)

)
with respect to ψ, one needs to propagate derivatives

through the training of a model and data generation from a simulator, which is

often impossible due to the simulator being non-differentiable Louppe and Cranmer

(2019). Even in the case of a differentiable simulator, backpropagating through
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entire training sessions is impracticable because it requires keeping a large number of

intermediate variables in memory Maclaurin et al. (2015). One technique to address

this challenge is to treat the entire system as a black-box and use off-the-shelf

hyper-parameter optimization algorithms such as REINFORCE Williams (1992),

evolutionary algorithms Mitchell (1998) or Bayesian optimization Snoek et al. (2012),

which require multiple costly evaluations of the objective in each iteration. An

important distinction from neural network hyper-parameter optimization is that

evaluating the objective Lval
(
θ̂(ψ)

)
at a given ψ is much more expensive in our

setting because it involves the expensive step of running the simulation for synthetic

dataset generation along with neural network training.

In this paper we propose an efficient technique based on locally approximating

the objective function Lval
(
θ̂(ψ)

)
at a point ψ, together with an effective numerical

procedure to optimize this local model, enabling the efficient tuning of simulator

parameters in state-of-the-art computer vision workflows.

4.4 AutoSimulate

We will derive differentiable approximations of the outer and inner optimization

problems (Figure 4.1) using Taylor expansions of the objectives Lval and Ltrain.

Outer Problem Our goal is to find ψ̂, the optimal simulator parameters which

minimise Lval(θ̂(ψ)) in the outer (validation) problem, so we construct a Taylor

expansion of Lval(θ̂(ψ)) around ψt at iteration t as

Lval
(
θ̂(ψt + ∆ψ)

)
= Lval

(
θ̂(ψt)

)
+ ∆ψdθ̂(ψt)

dψ

dLval
(
θ̂(ψt)

)
dθ̂(ψt)

+ ...

= Lval
(
θ̂(ψt)

)
+ ∆θ̂ψ

dLval
(
θ̂(ψt)

)
dθ̂(ψt)

+ ... , (4.2)

where ∆θ̂ψ = ∆ψ dθ̂(ψt)
dψ

≈ θ̂(ψt + dψ) − θ̂(ψt).

Inner Problem To obtain parameter update ∆θ̂ψ for the inner (training)

problem, which requires retraining on the dataset generated with the new simulator
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parameter ψt + ∆ψ, we write the loss function Ltrain(θ,ψt + ∆ψ) as its Taylor

series approximation around the current θ̂(ψ) as

Ltrain
(
θ̂(ψt) + ∆θ,ψt + ∆ψ

)
= Ltrain

(
θ̂(ψt),ψt + ∆ψ

)
+ ∆θ⊤ ∂

∂θ
Ltrain

(
θ̂(ψt),ψt + ∆ψ

)
+ 1

2∆θ⊤H
(
θ̂(ψt),ψt + ∆ψ

)
∆θ + ... , (4.3)

where the Hessian H
(
θ̂(ψt),ψt + ∆ψ

) def= ∂2

∂θ2Ltrain
(
θ̂(ψt),ψt + ∆ψ

)
∈ Rn×n.

We are interested in our local model in the limit ∆ψ → 0, implying that our

initial point θ̂(ψt) will be in close vicinity to the optimal θ̂(ψt + ∆ψ). Thus we

utilize the local convergence of the Newton method Nocedal and Wright (2006)

and approximate Ltrain(θ,ψt + ∆ψ) by the quadratic portion. Assuming the

H
(
θ̂(ψt),ψt + ∆ψ

)
is positive definite, and minimizing the quadratic portion

with respect to ∆θ, we get

∆θ̂ψ ≈ arg min
∆θ

(
∆θ⊤∂Ltrain

(
θ̂(ψt),ψt + ∆ψ

)
∂θ

+ 1
2∆θ⊤H

(
θ̂(ψt),ψt + ∆ψ

)
∆θ

)

= −H
(
θ̂(ψt),ψt + ∆ψ

)−1∂Ltrain
(
θ̂(ψt),ψt + ∆ψ

)
∂θ

. (4.4)

Differentiable Approximation Putting this back into Equation 4.2, and ignoring

higher-order terms in ∆θ, we get the approximation for our objective as

L̃val
(
θ̂(ψt + ∆ψ)

)
= Lval

(
θ̂(ψt)

)
−

∂Ltrain
(
θ̂(ψt),ψt + ∆ψ

)
∂θ

⊤

H
(
θ̂(ψt),ψt + ∆ψ

)−1dLval
(
θ̂(ψt)

)
dθ

, (4.5)

which is equivalent to writing

L̃val
(
θ̂(ψ)

)
= Lval

(
θ̂(ψt)

)
−
∂Ltrain

(
θ̂(ψt),ψ

)
∂θ

⊤

H
(
θ̂(ψt),ψ

)−1 dLval
(
θ̂(ψt)

)
dθ

,

(4.6)

and is our local approximation of the objective. A visualization of this approximation

is provided in Figure 4.2.
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Figure 4.2: Visualization of proposed differentiable approximation of objective Lval(θ̂(ψ)) (blue).
Red curves show the loss surface Ltrain(θ,ψ) for the current training data and the loss surface
Ltrain(θ,ψ + ∆ψ) for data after a small update ∆ψ in the simulator parameters. We assume
θ̂(ψ+ ∆ψ) to be close to θ̂(ψ), and use a single step of Newton’s method to update θ. This gives
us an approximation for updates in optimal θ̂. We then use these to construct an approximation
(black) for updates in optimal ψ.

We propose to optimize our local model using gradient descent, and its derivative

at point ψt (simulator parameter at iteration t) can be written as

∂L̃val
(
θ̂(ψ)

)
∂ψ

∣∣∣∣∣
ψ=ψt
= − ∂

∂ψ

[
∂Ltrain

(
θ̂(ψt),ψ

)
∂θ

⊤

H
(
θ̂(ψt),ψ

)−1dLval
(
θ̂(ψt)

)
dθ

]∣∣∣∣∣
ψ=ψt
.

(4.7)

Using the definition of Ltrain
(
θ̂(ψt),ψ

)
and ignoring the higher order derivative

∂
∂ψ
H
(
θ̂(ψt),ψ

)
, we get

∂L̃val
(
θ̂(ψ)

)
∂ψ

∣∣∣∣∣
ψ=ψt
= − ∂

∂ψ
E

ζ∼pψ

[
∂

∂θ
l
(
ζ, θ̂(ψt)

)]⊤
∣∣∣∣∣
ψ=ψt
H
(
θ̂(ψt),ψt

)−1 d

dθ
Lval

(
θ̂(ψt)

)
.

(4.8)

Next we show how to approximate the term ∂
∂ψ Eζ∼pψ

[
∂
∂θ
l
(
ζ, θ̂(ψt)

)]
∈ Rm×n

which requires backpropagation through the dataset generation using a stochastic

simulator.

4.4.1 Stochastic Simulator (Data Generating Distribution)
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ψ s ζ

N

We assume a stochastic simulator that involves a determin-

istic renderer, which may be non-differentiable, and we make

the stochasticity in the process explicit by separating the

stochastic part of the simulator from the deterministic rendering. Given the

deterministic renderer component ζ = r(s), we would like to find the optimal values

of simulator parameters ψ that parameterize s ∼ qψ(s) representing the stochastic

component, expressing the overall simulator as ζ ∼ pψ(ζ). Thus we can write

pψ(ζ) =
∫
s∈{s|r(s)=ζ}

qψ(s)ds . (4.9)

For example, lets say we want to optimize the location of an object in a scene.

Then ψ could be the parameters of a Gaussian distribution qψ(.) that is used to

sample the location of the object in world coordinates, and s denotes the location

of the object sampled as s ∼ qψ(s). Now this sampled location s is given as

input to the renderer to generate an image ζ as ζ = r(s). The overall simulator,

including the stochastic sampling and the deterministic renderer, thus samples

the images ζ as ζ ∼ pψ(ζ), where pψ(ζ) denotes the distribution over the images,

parameterized by ψ. Therefore we get

∂

∂ψ
E

ζ∼pψ

[
∂

∂θ
l
(
ζ, θ̂(ψt)

)]
= ∂

∂ψ
E

s∼qψ

[
∂

∂θ
l
(
r(s), θ̂(ψt)

)]
. (4.10)

The gradient of expectation term for continuous distributions can be computed

using REINFORCE Williams (1992) as

∂

∂ψ
E

s∼qψ

[
∂

∂θ
l
(
r(s), θ̂(ψt)

)]
= E

s∼qψ

[
d

dψ
log qψ(s).

[
∂

∂θ
l
(
r(s), θ̂(ψt)

)]⊤
]

≈
K∑
k=1

d

dψ
log qψ(sk).

[
∂

∂θ
l
(
r(sk), θ̂(ψt)

)]⊤
, (4.11)

where sk denotes samples drawn from the distribution qψ. This can be derived

similarly for discrete distributions Schulman et al. (2015); Rezende et al. (2014),

and we provide a derivation in the supplementary material. Therefore we can

write the update rule as

ψt+1 ← ψt + α
∂

∂ψ
E

ζ∼pψ

[
∂

∂θ
l
(
ζ, θ̂(ψt)

)]⊤
∣∣∣∣∣
ψ=ψt

H
(
θ̂(ψt),ψt

)−1 d

dθ
Lval

(
θ̂(ψt)

)
.

(4.12)
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Algorithm 2 AutoSimulate
for number of iterations do

Sample dataset of size K: Dtrain ∼ pψt(ζ)
Fine-tune model for ϵ epochs on Dtrain
Compute H

(
θ̂(ψt),ψt

)−1 d
dθLval

(
θ̂(ψt)

)
using CG

Compute gradient of expectation as
∑K
k=1

d
dψ log qψ(sk).

[
∂
∂θ l
(
r(sk), θ̂(ψt)

)]⊤
Update simulator by descending the gradient

− ∂
∂ψ Eζ∼pψ

[
∂
∂θ l
(
ζ, θ̂(ψt)

)]⊤∣∣∣∣
ψ=ψt

H
(
θ̂(ψt),ψt

)−1 d
dθLval

(
θ̂(ψt)

)
end for

It can be seen that we have transformed our original bi-level objective in

Equation 4.1a, into iteratively creating a local model L̃val(θ̂
(
ψt + ∆ψ)

)
and

minimizing it with respect to ∆ψ.

4.4.2 Efficient Numerical Computation

The benefit of the proposed approximation is that it enables us to use techniques

from unconstrained optimization. The update rule in Equation 4.12 requires an

inverse Hessian computation at each iteration, which is common in second-order

optimization. We now discuss an efficient strategy for optimizing our model.

Regularization for Hessian The first challenge is that the Hessian might have

negative eigenvalues. Thus the inverse of the Hessian may not exist. We regularize

the Hessian using the Levenberg method Moré (1978) and use H + λI, where λ

is the regularization constant and I denotes the identity matrix. This is common

in second-order optimization of Neural Networks Botev et al. (2019); Henriques

et al. (2019); Martens and Grosse (2015).

Inverse Hessian–vector product computation Secondly, to compute the update

term in Equation 4.12, we split it as follows: we first compute vψt
def= H−1

θ̂(ψt)
gval and

then compute ∂
∂ψ

L̃val
(
θ̂(ψ)

)∣∣∣∣∣
ψ=ψt

= −vψt .∇ψ gtrain, where gval
def= d

dθ
Lval

(
θ̂(ψt)

)
and gtrain

def= d
dθ
Ltrain

(
θ̂(ψt),ψ

)
.

The inverse Hessian vector product H−1g can be computed by solving problem

minv{1
2v

⊤Hv− g⊤v} using the conjugate gradient method Shewchuk (1994). This
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Approximation (∆θ̂ψ) Derivative Term ( ∂
∂ψ

L̃val(θ̂(ψ)))

Quadratic −H(θ̂(ψt),ψ)−1 ∂
∂θ

Ltr.(θ̂(ψt),ψ) − ∂
∂ψ Eζ∼pψ[ ∂

∂θ
l(ζ, θ̂(ψt))]⊤

∣∣∣
ψ=ψt
H(θ̂(ψt),ψt)−1 d

dθ
Lval(θ̂(ψt))

Approx.
Quadratic

−H(θ̂(ψt),ψ) ∂
∂θ

Ltr.(θ̂(ψt),ψ) − ∂
∂ψ Eζ∼pψ [ ∂

∂θ
l(ζ, θ̂(ψt))]⊤

∣∣∣
ψ=ψt
H(θ̂(ψt),ψt) ddθLval(θ̂(ψt))

Linear − ∂
∂θ

Ltr.(θ̂(ψt),ψ) − ∂
∂ψ Eζ∼pψ [ ∂

∂θ
l(ζ, θ̂(ψt))]⊤

∣∣∣
ψ=ψt

d
dθ

Lval(θ̂(ψt))

No Val 1 − ∂
∂ψ Eζ∼pψ [ ∂

∂θ
l(ζ, θ̂(ψt))]⊤

∣∣∣
ψ=ψt

Table 4.1: Proposed approximations for ∆θ̂ψ.

is common in second-order optimization. Thus the update term in Equation 4.12

can be obtained as

vψt ≡ arg min
v
Q(v) def= {12v

⊤Hθ̂(ψt)v − g
⊤
valv} , (4.13a)

ψt+1 ← ψt + α vψt .∇ψgtrain . (4.13b)

The CG approach only requires the evaluation of Hθ̂v. Using automatic differenti-

ation, Hessian-vector product requires only one forward and backward pass, same

as a gradient, without explicitly forming Hθ̂. In practise, a good approximation

for the inverse hessian vector product can be obtained with few iterations, as

noted in Martens (2010).

Approximations for ∆θ̂ψ We proposed a novel approximation for the solution

of the inner problem. To further reduce the compute overhead, we propose

approximations for ∆θ̂ψ. Table 4.1 shows some other alternative approximations for

the inner problem, which can be obtained by using a linear approximation for the

inner problem or using an approximate quadratic approximation. Using automatic

differentiation, Hessian-vector product requires only one forward and backward

pass, same as a gradient. Another baseline we try is a constant approximation

for the inner problem where the method does not use the real validation set at

all and just finds data which gives minimum model loss.

4.5 Experiments

In this section, we demonstrate the effectiveness of the proposed method in learning

simulator parameters in two different scenarios. First we evaluate our method
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on a simulator with the goal of performing a per-pixel semantic segmentation

task. Second, we also conduct experiments with physically based rendering for

solving object detection task on real world data. In supplementary material we

provide more details about the data generation process from a simulator. In

our experiments, we have used two physically based simulators: Blender-based

CLEVR and the Arnold renderer.

Baselines In all our experiments, we compare our proposed method for learning

simulator parameters against three state-of-the-art baseline algorithms. The

main baseline is “learning to simulate” (LTS) Ruiz et al. (2019) which uses the

REINFORCE gradient estimator. As the code for this is not public, we implemented

it. Please note that Meta-sim Kar et al. (2019) also uses REINFORCE. In addition,

we also compare against the two most established hyper-parameter optimization

algorithms in machine learning; for Bayesian optimization we use the opensource

Python package bayesian-optimization Nogueira (2014–) and for random search

we used the Scikit-learn Python library Pedregosa et al. (2011). Please note that

prior work Ruiz et al. (2019); Kar et al. (2019); Yang and Deng (2020) did not

compare against these two approaches and in our results we found that out-of-the-

box BO and Random search outperform REINFORCE Ruiz et al. (2019).

4.5.1 CLEVR Blender

In this experiment, we use the CLEVR simulator Johnson et al. (2017) which

generates physically based images. The main task is semantic segmentation of the

three classes present in the CLEVR benchmark, namely, Sphere, Cube and Cylinder.

The images are generated using the CLEVR dataset generator. We optimize multiple

CLEVR rendering parameters including the intensity of ambient light, back light,

number of samples, number of bounces of light, image size, location of the objects

in the scene, and materials of objects. The validation set is composed of synthetic

images generated with a particular simulator configuration shown in Figure 4.5.

Task Network For the task network, we use a UNet Ronneberger et al. (2015)

with eight convolutional layers. UNet is very common for segmentation and we
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Method Time Images Test mIoU

REINFORCE (LTS) 3h2m 3,750 61.0
Random search 2h38m 2,090 60.8
BO 43m 960 62.9
AutoSimulate 53m 390 62.9

Table 4.2: Segmentation on Clevr. Comparison of time, number of images, and test
accuracy achieved by different methods.

have used an openly available Pytorch implementation1 of UNet. The performance

is measured in terms of mean IoU (intersection over union).

Results Quantitative results are shown in Table 4.2. BO and LTS methods

to learn simulator parameters achieve similar test accuracy to ours. However,

both these methods generate significantly more images to reach a similar accuracy.

Essentially, to reach to the same level of test accuracy, the proposed approach

requires 2.5× and 5× less data than BO and LTS methods respectively. This

translates into saving time and resources required for the data generation and CNN

training steps. Figure 4.5 shows some qualitative examples for this task.

4.5.2 Photorealistic Renderer Arnold

We next evaluate the performance of our proposed method on real-world data. For

this, we use LineMod-Occluded (LM-O) dataset Hodan et al. (2018) for object

detection task that consists of 3D models of objects. The dataset consists of eight

object classes that includes metallic, non-Lambertian objects, e.g., metallic cans.

The data has recently been used for benchmarking object detection problem Hodaň

et al. (2019). We use the same test split for evaluating the performance of our

method. Further, we use the same simulator as Hodan et al. Hodaň et al. (2019),

based on Arnold Georgiev et al. (2018), to generate photo-realistic synthetic data

for training an object detector model. Note that Hodan et al. Hodaň et al. (2019)

heavily relied on human expert knowledge to correctly decide the distributions for

different simulator parameters. In comparison, we show how our approach can
1https://github.com/jvanvugt/pytorch-unet

https://github.com/jvanvugt/pytorch-unet
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Figure 4.3: Synthetic images generated with Arnold renderer used for training.

be used to instead learn the optimal distribution over the simulator parameters

without sacrificing accuracy.

In this experiment, we are given three scenes and nine locations within each

scene. These locations signify the locations within the scene where objects can be

placed. They can be arbitrarily chosen or can be selected by a human. Further,

there are two rendering quality settings (high and low). The task is to optimize the

categorical distribution for finding the fraction of data to be generated from each

of these locations from different scenes under the two quality settings. Thus, the

problem requires optimising 54 simulator parameters. Some of the images generated

during simulator training have been shown in Figure 4.3.

Task Network For this task we use Yolo Redmon and Farhadi (2017), which

is an established method for object detection and the code is freely available

and easy to use2. We use Yolo-spp which has 112 layers with default parameter

setting. The object detection performance is measured in terms of mean average

precision (mAP@0.50).

Results Quantitative results are provided in Table 4.3 where we compare the

presented method against the baselines. We evaluate these methods on three

different criteria: mAP accuracy achieved on the object detection test set, total

images generated during training of the simulator, and total time taken to complete

simulator training. AutoSimulate provides significant benefit over the baseline
2https://github.com/ultralytics/yolov3

https://github.com/ultralytics/yolov3
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Method Val. mAP Images Time(s) Test mAP

REINFORCE (LTS) 40.2 86,150 114,360 37.2
Bayesian Optimization 39.3 9,200 83,225 37.5
Random Search 40.3 34,300 134,318 37.0
AutoSimulate 37.1 8,950 23,193 36.1
AutoSimulate(Approx Quad) 40.1 2,950 2,321 37.4
AutoSimulate (Linear) 41.4 17,850 30,477 45.9

Table 4.3: Object Detection. Comparison of methods. We run each method for a 1,000
epochs and report: Val. mAP: maximum validation mAP, Images and Time: number
of images generated and time spent to reach maximum validation mAP, Test mAP: test
mAP of the result.

Figure 4.4: Sample detections on real images from LM-O dataset, using a network trained on
synthetic images generated by Arnold renderer, which is optimized with AutoSimulate using
real-world images.

methods on all the criteria. Our method, AutoSimulate (Linear), achieves a

remarkable improvement of almost 8 percent in mAP on test set. Further, it

requires much lesser data (Figure 4.6) generation in comparison to baseline methods,

and takes almost 2.5–4× less time to train simulator parameters compared to all the

baselines including LTS, BO and random search. Our AutoSimulate (Approx Quad)

is almost 35–60× faster than the baselines while also achieving the same mAP

accuracy. This shows the effectiviness of the proposed method for learning simulator

parameters. In Figure 4.4, we show qualitative examples of object detections in real-

world images from the LM-O dataset, using a neural network trained on synthetic

images generated by Arnold renderer optimized using AutoSimulate.

In supplementary material, we also show results on training simulator along

with Faster-rcnn Ren et al. (2017) another popular object detection model.
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Figure 4.5: Images Rendered with the Clevr Simulator. Top: samples from validation set. Bottom:
images rendered during the simulator training, showing variation in the quality of images, lighting
in the scene, and location of objects.
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Figure 4.6: Comparison of the number of synthetic images required during training using the
photorealistic renderer Arnold.

4.5.3 Additional Studies

Approximations for θ In this ablation, we analyse the different possible approxi-

mations for ∆θ̂. The quantitative results are provided in Table 4.4. We observe

that linear approximation of ∆θ̂ achieves the best test accuracy (mAP). Further,

our Approximate Quadratic takes the least time to converge and requires the

least amount of data generation. Thereby giving the user freedom to select the

approximation based on their speed–accuracy requirements.

Method Test mAP Time(s) Images

Exact Quadratic (Ours) 36.1 2,3193 8,950
Approximate Quadratic (Ours) 37.4 2,321 2,950
Linear (Ours) 45.9 30,477 1,7850
No Validation 29.3 5,539 6,400

Table 4.4: Effect of Approximations
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0 frozen layers 98 frozen layers 104 frozen layers

Method mAP Time(s) Images mAP Time(s) Images mAP Time(s) Images

REINFORCE (LTS) 37.2 114,360 86,150 33.0 114,360 86,150 31.9 145,193 104,600
Bayesian Optimization 37.5 83,225 9,225 31.7 13,940 3,550 31.7 30,538 6,050
Random Search 36.8 134,137 34,300 30.2 8,913 3,500 28.9 73,411 21,650
Ours 45.9 30,477 17,850 37.1 2,321 2,950 35.8 958 1,000

Table 4.5: Effect of Freezing Layers

Effect of Freezing Layers It is a common practise to train on synthetic data

with the initial layers of the network frozen and trained on real data. For this

ablation, we use networks pretrained on COCO dataset. The effect of freezing

different numbers of layers are shown in Table 4.5. In particular, we show the effect

of freezing 0, 98 and 104 layers out of the total 112 layers. We observe that freezing

no layers achieves better accuracy than freezing layers of the CNN model. However,

it leads to higher convergence time. The faster convergence of frozen layers can

be attributed to fast Hessian approximation computation.

Generelization and Effect of Network Size In this ablation, we study whether a

simulator trained on a shallow network generalizes to a deeper network. We first

examine the effect of network depth on simulator training. In particular, we show

results of using two networks: YOLO-spp with 112 layers and YOLO-tiny with

22 layers in Table 4.6. Our approach on shallow network takes almost 7×, 15×,

135× less time to converge than LTS, random search and BO methods respectively.

On the other hand, our method on deep network takes 4×, 2.5× and 4× less time

than the three baseline methods. This highlights that the relative improvement

of our method with the shallow network is much better than the deeper network.

Further, in the supplementary material we also show the generalization of simulator

parameters trained using shallow network on generating data for training deeper

network. It gives users freedom to select size of network according to resources

available for training the simulator.
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Yolo-spp Yolo-Tiny

Method mAP Time(s) Images mAP Time(s) Images

REINFORCE (LTS) 37.2 114,360 86,150 24.7 3,475 11,550
Bayesian Optimization 37.5 83,225 9,225 19.5 65,760 35,700
Random Search 36.8 134,137 34,300 20.6 7,319 11,620
Ours 45.9 30,477 17,850 21.2 484 280

Table 4.6: Effect of Network Size

4.6 Conclusion

Recent methods optimize simulator parameters with the objective of maximising

accuracy on a downstream task. However these methods are computationally very

expensive which has hindered the widespread use of simulator optimization for

generating optimal training data. In this work, we propose an efficient algorithm for

optimally generating synthetic data, based on a novel differentiable approximation

of the objective. We demonstrate the effectiveness of our approach by optimising

state-of-the-art photorealistic renderers using a real-world validation dataset, where

our method significantly outperforms previous methods.
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Abstract

Personal robots and driverless cars need to be able to operate in novel environments
and thus quickly and efficiently learn to recognise new object classes. We address
this problem by considering the task of video object segmentation. Previous accurate
methods for this task finetune a model using the first annotated frame, and/or use
additional inputs such as optical flow and complex post-processing. In contrast,
we develop a fast, causal algorithm that requires no finetuning, auxiliary inputs or
post-processing, and segments a variable number of objects in a single forward-pass.
We represent an object with clusters, or “visual words”, in the embedding space,
which correspond to object parts in the image space. This allows us to robustly
match to the reference objects throughout the video, because although the global
appearance of an object changes as it undergoes occlusions and deformations, the
appearance of more local parts may stay consistent. We learn these visual words in
an unsupervised manner, using meta-learning to ensure that our training objective
matches our inference procedure. We achieve comparable accuracy to finetuning
based methods (whilst being 1 to 2 orders of magnitude faster), and state-of-the-art
in terms of speed/accuracy trade-offs on four video segmentation datasets. Code
is available at https://github.com/harkiratbehl/MetaVOS.

https://github.com/harkiratbehl/MetaVOS
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Figure 5.1: Video object segmentation using a dictionary of deep visual words. Our proposed
method represents an object as a set of cluster centroids in a learned embedding space, or “visual
words”, which correspond to object parts in image space (bottom row). This representation allows
more robust and efficient matching as shown by our results (top row). The visual words are learned
in an unsupervised manner, using meta-learning to ensure the training and inference procedures
are identical. The t-SNE plot Maaten and Hinton (2008) on the right shows how different object
parts cluster in different regions of the embedding space, and thus how our representation captures
the multi-modal distribution of pixels constituting an object.

5.1 Introduction

Personal robots and driverless cars need to be able to operate in novel environments,

and thus be able to quickly and efficiently learn to recognise object categories that

they were not originally trained on. Furthermore, detailed segmentations of objects

are also required for applications such as robot manipulation Kenney et al. (2009);

Siam et al. (2019), grasping and learning object affordances Do et al. (2018); Siam

et al. (2019). Finally, as live camera streams are processed in such applications,

efficient and causal algorithms are required. This paper addresses these problems

by considering the task of video object segmentation, following the protocol defined

in the DAVIS datasets Caelles et al. (2018); Pont-Tuset et al. (2017). Here, the

ground-truth object mask of one or more objects are provided only in the first frame,

which must then be tracked at a pixel-level throughout the rest of the video. Since

obtaining even a pixelwise segmentation for a single-frame may be too onerous in

robotics applications, we also further extend the problem definition to only provide

a bounding-box of each object in the first frame.

Accurate approaches to video segmentation trained a fully convolutional network

(FCN) Long et al. (2015) for foreground/background segmentation on existing

datasets, and then adapted it to the testing video by finetuning the network on the

first, fully-annotated frame Caelles et al. (2017); Luiten et al. (2018); Voigtlaender
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and Leibe (2017); Khoreva et al. (2017); Shin Yoon et al. (2017); Ci et al. (2018).

Although these methods produce accurate results (and can be improved further

by using optical flow Tsai et al. (2016); Bao et al. (2018); Cheng et al. (2017); Hu

et al. (2017); Xiao et al. (2018) or post-processing with DenseCRF Krähenbühl

and Koltun (2011); Caelles et al. (2017); Bao et al. (2018); Cheng et al. (2018)),

they are extremely time consuming, taking between 700s to 3h to finetune per

DAVIS video Caelles et al. (2017); Khoreva et al. (2017), rendering them unsuitable

for real-life applications and robotics.

This paper, in contrast, considers the more challenging (and practical) scenario

where the network is not finetuned at all, and uses no optical flow or extra post-

processing, in order to develop a fast and causal algorithm. Our approach is inspired

by metric-learning methods which embed pixels from the same object close to each

other in a learned embedding space, and pixels from different objects far apart.

Chen et al. Chen et al. (2018b) used this idea to formulate video segmentation

as a pixel-level retrieval task, where each pixel of the ground-truth mask was

embedded in the first frame to form an index, and pixels in subsequent frames

were classified with nearest neighbours. Contrastingly, in the related context of

few-shot learning, Prototypical networks Snell et al. (2017b) represent each class

with the mean of their embeddings and classify subsequent queries with a softmax

over distances to each prototype.

Prototypical networks, although simple and fast, do not have sufficient capacity

to model complex, multi-modal data distributions such as an object in a video

that undergoes deformations, occlusions and viewpoint changes. Nearest neighbour

approaches Chen et al. (2018b); Li et al. (2018); Najafi et al. (2018); Hu et al.

(2018) have greater modelling capacity, but are more computationally expensive

as the time and memory cost to perform a lookup grows linearly with the size of

the index. For pixel-level tasks, they also store many redundant pixels with similar

appearance in the index. Furthermore, they are more prone to overfitting and noise,

which becomes more prevalent during the “online adaptation” of video segmentation
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models to account for variations throughout the video Chen et al. (2018b); Hu

et al. (2018); Voigtlaender and Leibe (2017); Ci et al. (2018).

Our flexible approach interpolates the spectrum of metric learning approaches

by representing an object with a fixed number of cluster centroids in the embedding

space. We denote this as a dictionary of visual words, because each cluster centroid

in the embedding space corresponds to a part of the object in the image space as

shown in Fig. 5.1, even though these words are formed in an unsupervised manner.

The use of visual words enables more robust matching, because even though an

object as a whole may be subject to occlusions, deformations, viewpoint changes,

or disappear and reappear from the same video, the appearance of some of its

more local parts may stay consistent. Moreover, the robustness of this approach

allows us to easily extend it to the scenario where we only have weak bounding-box

supervision in the first frame.

These visual words are learned without any explicit supervision by clustering

our embedding space, and using meta-learning to ensure that our training objective

matches our inference procedure. This is in contrast to related metric-learning

based approaches Chen et al. (2018b); Najafi et al. (2018); Li et al. (2018) which

are trained with surrogate, and sometimes unstable, losses. Furthermore, as our

method requires only a single forward-pass to segment a variable number of objects

per video, it naturally scales to the multi-object setting. Related methods Wug Oh

et al. (2018), in contrast, segment each object independently before combining

results and are thus slower for multiple objects.

The advantages of our simple and intuitive approach is reflected by its perfor-

mance on multiple single- and multi-object video segmentation datasets (DAVIS

2016 Perazzi et al. (2016), DAVIS 2017 Pont-Tuset et al. (2017), SegTrack v2 Li

et al. (2013), YouTube-Objects Prest et al. (2012); Jain and Grauman (2014)) where

we achieve comparable accuracy to finetuning-based methods (whilst being 1 to

2 orders of magnitude faster), and lie on the Pareto front as no other published

methods to our knowledge are both faster and more accurate.
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5.2 Related Work

Fine-tuning based approaches The most accurate video segmentation methods

using the DAVIS protocol Perazzi et al. (2016); Pont-Tuset et al. (2017) currently

finetune models on the first frame of the video Luiten et al. (2018); Caelles et al.

(2017); Voigtlaender and Leibe (2017); Khoreva et al. (2017) and/or use optical

flow Hu et al. (2017); Xiao et al. (2018); Cheng et al. (2017); Tsai et al. (2016)

or DenseCRF Caelles et al. (2017); Bao et al. (2018); Cheng et al. (2018) post-

processing, or use self-paced learning Zhang et al. (2017a) to improve performance.

Our proposed approach does not involve finetuning, or additional information

such as optical flow, and still achieves comparable performance whilst being one

to two orders of magnitude faster.

Fast approaches Fast approaches to video segmentation, that do not finetune on

the first frame or use optical flow, can broadly be divided into methods performing

mask propagation or metric learning. Mask propagation methods, such as Perazzi

et al. (2017); Wug Oh et al. (2018); Jampani et al. (2017), use the segmentation

mask from the one frame to guide the network to predict the mask in the next frame

(i.e. pixel-level tracking). These methods use the prior that objects move smoothly

and slowly over time, and thus struggle when there are temporal discontinuities

like occlusion or rapid motion. Moreover, errors accumulate over time as the

model “drifts”, particularly if the algorithm loses track of the object. Li et al. Li

and Change Loy (2018) addressed this issue using re-identification modules which

traverse the video back-and-forth to recover any potential missed objects. However,

this method is not causal as it looks at future frames. Oh et al. Wug Oh et al.

(2018) do not only use the previous frame, but also the first reference frame, to guide

the tracking. However, this does not completely alleviate the problem of model

drift, as if the model loses track of the object, its appearance may have changed so

much from the first frame that the reference frame is not effective in recovering it.

Moreover, since these methods match the entire object as a whole, they struggle

with occlusions. This is in contrast to our approach which represents objects by their
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constituent parts to be more robust to appearance changes. Finally, Wug Oh et al.

(2018) is designed for tracking a single object, and thus handling multiple objects

require processing each object individually before heurstically merging results. Our

method in comparison segments multiple objects in a single-forward pass.

Metric learning based approaches Our work is more similar to methods using

pixel-to-pixel matching or metric learning Chen et al. (2018b); Hu et al. (2018);

Najafi et al. (2018); Shin Yoon et al. (2017); Li et al. (2018). Chen et al. Chen et al.

(2018b) formulated video segmentation as a pixel-level retrieval problem, where

embeddings from the first reference frame are used to form an index for a nearest

neighbour classifier. Note that the method of Chen et al. (2018b) is trained with

a variant of the triplet loss, which though common for metric learning, does not

optimise explicitly for the nearest neighbour search at inference time. The triplet

loss is also difficult to train with, as it is very sensitive to triplet selection Schroff

et al. (2015); Hermans et al. (2017). Siamese networks have also been employed in a

similar manner Hu et al. (2018); Najafi et al. (2018); Shin Yoon et al. (2017), where

one branch computes embeddings from the annotated first frame which are used

to match to the embeddings computed by the other branch on the current frame.

When classifying query images, these methods all effectively search all the pixels

from the reference frame. This approach is not only expensive in terms of time and

memory (as it retains redundant embeddings of similar pixels), but is also more

susceptible to noise. This is an issue during the “online adaptation” Chen et al.

(2018b); Ci et al. (2018); Hu et al. (2018); Voigtlaender and Leibe (2017) of the

model which may introduce incorrectly labelled embeddings. Our method retains

only cluster centroids in the embedding space (which correspond to exemplars of

object parts), which enables faster and more robust matching.

Taking inspiration from classical computer vision, learned feature descriptors

have been used in localization Sarlin et al. (2019), motion removal Sun et al. (2018)

and feature matching Ono et al. (2018) because of their robustness and efficiency.

Note that our main contributions are that we can learn to segment new object
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classes in video from very few examples, and use a meta-learning technique to train

our model so that the training and testing procedures match each other. The utility

of object parts for more robust matching for video segmentation has been identified

before by Cheng et al. (2018). However, Cheng et al. Cheng et al. (2018) use

handcrafted heuristics to form object parts based on bounding boxes in the image

space. In contrast, we cluster our embedding space in an unsupervised manner to

obtain visual words which resemble object parts (as pixels with similar appearance

cluster together). Moreover, the method of Cheng et al. Cheng et al. (2018) – which

tracks bounding boxes of object parts and then merges foreground segmentations

within these boxes – consists of two separately trained modules (using different

datasets), whereas our method is trained via meta-learning with a single objective

function that matches our inference procedure.

Meta-learning Finally, we note that meta-learning has not been explored much in

the context of video segmentation. Yang et al. Yang et al. (2018) used meta-learning

to adapt the weights of the final layer of a segmentation network at test time. This

is in contrast to our method which adaptively computes the initial dictionary of

visual words from the first labelled frame in the video. Note that our method

can be viewed as a generalisation of Protoypical networks Snell et al. (2017b) and

Matching networks Vinyals et al. (2016b) for few-shot classification. Prototypical

networks represents the training data from each class as a single prototypical vector.

Matching networks, on the opposite end of the spectrum, consider all training data

samples of a particular class to make a classification regardless of how redundant

or noisy these samples may be. Our method interpolates these two methods by

representing an object class via a fixed number of cluster centroids, which correspond

to exemplars of object parts in the case of video segmentation.

5.3 Proposed Approach

We first describe the formulation of video object segmentation as a meta-learning

problem. This allows us to train our model in same way that it will be tested,
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Figure 5.2: Overview of the proposed method. The first frame of the video (reference frame),
which forms the support set S in our meta-learning setup, passes through a deep segmentation
network f(θ) to compute a d = 128 dimensional embedding for each pixel. A dictionary of deep
visual words are then learned by clustering these embeddings for each object in the reference frame
(Eq. 5.2). Pixels of the query frame are classified as one of the objects based to their similarities
to the visual words (Eq. 5.3 and Eq. 5.4). The model is meta-trained by alternately learning the
visual words given model parameters θ, and learning model parameters given the visual words.
During testing, the bottom path, without blue lines, is applied to all frames, whereas, the top
path is only applied to the first frame and the online adaptation frames.

unlike other metric-learning based approaches to video segmentation Chen et al.

(2018b); Hu et al. (2018).

5.3.1 Video Object Segmentation as Meta-Learning

Meta-learning, or learning to learn, is often defined as learning from a number of

tasks in the training set, to become better at learning a new task in the test set

Schmidhuber (1987b); Naik and Mammone (1992); Hochreiter et al. (2001b); Finn

et al. (2017a). In the context of video object segmentation, the task is to learn from

the ground-truth masks of the objects in the first frame of the video (support set) to

segment and track them in rest of the video (query set). Our meta-learning objective

is to learn model parameters θ on a variety of tasks (videos), which are sampled

from the distribution p(T ) of training tasks (i.e. meta-training set), such that the

learned model performs well on a new unseen task (test video). Denoting the loss

of the model on the nth task, Tn, as LTn(θ), the meta-training objective is thus

θ∗ = arg min
θ

∑
Tn∼p(T )

LTn(θ). (5.1)
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The support set S is the set of all labeled pixels in the first frame, S = {xi, yi}Ni=1.

Here xi represents the pixel i in the first frame, yi ∈ C = {1, ..., C} is the ground

truth class label of pixel xi, N is the number of labeled pixels in the frame, and C

is the number of object classes that need to be tracked and segmented in the video.

Similarly the query set is defined by Q = {xj, yj}
NQ
j=1, where NQ is the number of

labelled pixels in the video after the first frame, j is the index. The output of each

task T is the set of predicted class labels for the pixels in Q, Ŷ = {ŷj}
NQ
j=1.

Next, we describe our model for estimating the outputs of each task, i.e. the

object label for every pixel in the query frames of the video.

5.3.2 Model

In order to predict the label for each pixel in the query set Q, we need to learn

a representation for each object using information from the support set S. We

represent each object in the video using a dictionary of deep visual words. Each

pixel in the query set is then labelled based on the deep visual word that it is

assigned to. Our method is an online method does not use future-frames during

runtime, i.e, to segment a new frame, only the information upto that point is used.

Learning visual words is a challenging task, as we do not have any ground

truth information of the object parts that they correspond to. Consequently, as

summarised in Fig. 5.2, we use a meta-training algorithm, where we alternate

between the unsupervised learning of deep visual words (Sec. 5.3.2) and supervised

learning of pixel classification given these visual words (Sec. 5.3.2). Our model

thus learns to learn a better classifier, by optimising the visual words that it

will produce at test-time.

Unsupervised Learning of Deep Visual Words

We initially pass the first frame of the video, which is the support set S, through a

deep neural network f(θ), which is an artificial neural network with multiple layers

between input and output, to compute the embedding for each pixel xi in S, fθ(xi).

We then compute a set of deep visual words for all the pixels in each object class.



84 84

Let Sc be the set of pixels in S with class label c. Each set Sc is partitioned into K

clusters Sc1, ....,ScK using the k-means algorithm Arthur and Vassilvitskii (2007),

with µck being the respective centroids of the clusters, using the objective:

Sc1, ....,ScK = arg min
Sc1,....,ScK

K∑
k=1

∑
xi∈Sck

∥fθ(xi)− µck∥2
2 , (5.2a)

µck = 1
|Sck|

∑
xi∈Sck

fθ(xi). (5.2b)

In other words, we represent the distribution of the pixels within each set Sc in

the learned embedding space with a set of deep visual words Mc = {µc1, ..., µcK}.

We can, in principle, use any clustering algorithm here and choose k-means as

it is computationally efficient and simple.

Supervised Learning for Pixel Classification

Once the deep visual words for each object have been constructed, the probability

of assigning a pixel xj ∈ Q to the kth visual word from the cth object class is

computed using a non-parametric softmax classifier,

p(ck|xj) =
exp

(
cos(µck, fθ(xj))

)
∑
µi∈M exp

(
cos(µi, fθ(xj))

) , (5.3)

where M = ⋃C
c=1Mc is the dictionary of deep visual words for all objects present

in the video, and cos is the cosine similarity function. We enable our model

to account for intra-class variations by encouraging each pixel to resemble only

one relevant visual word. As a result, the probability of pixel xj taking the

object class label c is defined as

p(ŷj = c|xj) = maxk∈{1,..,K} p(ck|xj)∑C
c′=1 maxk∈{1,..,K} p(c′

k|xj)
. (5.4)

This allows our model to learn meaningful visual words that correspond to the

diverse object parts that constitute an object. Note from the T-SNE visualisation

of our embeddings in Fig. 5.1 that pixels from different parts of the same object

cluster in separate regions of the embedding space. Finally, our loss function for

this pixel classification problem is the cross-entropy loss.
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5.3.3 Meta-training procedure

Each iteration of our meta-training algorithm consists of an unsupervised learning

process to construct a dictionary of visual words from the support set S, followed

by a supervised learning step where the segmentation network parameters, θ, are

updated by minimsing the cross-entropy loss function according to Eq. 5.1. In other

words, the model learns to learn deep visual words in the first frame of the video

to minimise a pixel-level loss over the rest of the video.

Our method is a form of non-parameteric meta-learning, as described in Finn

and Levine (2019). Note that the cluster centroids can be seen as the parameters

of the final classification layer (Eq. 5.3). Prototypical networks Snell et al. (2017b)

represent each class with a single prototypical vector (i.e. one visual word), whilst

Matching networks Vinyals et al. (2016b) represent each class using all the samples

of that class in the support set (i.e. the embedding of each pixel in S would

form a visual word). Our method interpolates between these two approaches to

build a more robust representation of the support set S. Also note that previous

metric-learning approaches to video object segmentation such as Chen et al. (2018b)

learn an embedding using variants of the triplet loss and perform nearest neighbour

classification at test time. This approach is thus similar to Matching networks

Vinyals et al. (2016b), with the key difference being that the training objective

(triplet loss) does not correspond to the inference procedure (nearest neighbour

search), which is an essential component for meta-learning Finn and Levine (2019).

Our method ensures that meta-train and meta-test setup match.

5.3.4 Online Adaptation

The objects of interest from the first frame, as well as the background, often

undergo deformations, occlusions, viewpoint changes. As a result, adapting the

model throughout the video is vital to achieve good performance and done by

state-of-art video methods Voigtlaender and Leibe (2017); Chen et al. (2018b);

Hu et al. (2018); Behl et al. (2018).



86 86

We adapt our model by simply updating the set of visual words that represent

the object. Concretely, given a dictionary of visual words M, captured up to the

frame tj, we predict the segmentation map in frame tj+δ, and treat it as a new

support set Sδ = {xδi , yδi }Ni=1, where yδi is the predicted object class for pixel xδi .

Next, we compute an updated set of deep visual words Mδ from the new support

set using k-means as described in Sec. 5.3.2, and compute their corresponding

cluster centroid representations by

µδck = 1
|Sδck|

∑
xi∈Sδ

ck

fθ(xi). (5.5)

To filter out incorrect predictions and prevent errors from compounding, we only

add new words that still resemble the existing ones. This is based on the assumption

that within a time interval δ, where δ is chosen moderately, the objects will deform

slowly and their pixel-level embeddings will also not vary greatly. Concretely, we

update the main visual word set M with the new set Mδ, if there are mδ ∈ Mδ
c

and m ∈ Mc, for which
∥∥∥µδm − µm∥∥∥ ≤ α.

Additionally, to ensure that online adaptation uses reliable and confident pixel-

level predictions to update the visual words, we apply a simple outlier removal process

(that assumes spatio-temporal consistency of objects over time) to the pixel-level

predictions. Specifically, we discard regions from the adaptation process if they have

no intersection with the predicted object mask in the previous frame, using connected

components. Note that during online adaptation, none of the existing words within

M are discarded, because each object may revert to its original shape, appearance

or viewpoint during a video. This is also why the Eq. 5.4 takes the maximum value

to match to only the most relevant visual word. The effect of this online adaptation

procedure, and other design choices, are experimentally validated next.

5.4 Experimental evaluation
5.4.1 Experimental setup

Model We use a Deeplab v2 architecture as the encoder Chen et al. (2018a), f(θ),

which uses a ResNet-101 He et al. (2016) backbone with dilated convolutions. The
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encoder maps an input frame of size H ×W to a feature of size H ×W × 2048.

We add an additional convolutional layer to produce an embedding of d = 128

dimensions, and bilinearly upsample this to the original image size. These 128-

dimensional embeddings are then clustered to form our visual words. Unless

otherwise specified, we use k = 50 visual words for the foreground object classes. As

the background typically contains more variation, we use four times as manyclusters

for the background. For online adaptation, we set α = 0.5. The ablation study

in Sec. 5.4.4 shows the effect of the number of visual words, k.

Datasets We evaluate on standard video segmentation datasets for tracking both

single objects (DAVIS-2016 Perazzi et al. (2016), YouTube-Objects Prest et al.

(2012); Jain and Grauman (2014)) and multiple objects (DAVIS-2017 Pont-Tuset

et al. (2017), SegTrack v2 Li et al. (2013)) given fully-annotated object masks in the

first frame. DAVIS-2016 contains 30 training and 20 validation videos. DAVIS-2017

extends DAVIS-2016 to 60 training and 30 validation videos. Furthermore, multiple

objects (ranging from 1 to 5, with an average of 2) are annotated in the first frame

and must be tracked through the video, making it considerably more challenging

than DAVIS-2016. YouTube-Objects and SegTrack v2 do not have a training split,

so we evaluate our model trained on DAVIS-2017 on them.

Training Following competing methods which use a model pretrained on image

segmentation datasets Hu et al. (2018); Wug Oh et al. (2018); Chen et al. (2018b);

Yang et al. (2018); Maninis et al. (2018); Voigtlaender and Leibe (2017), we initialise

the encoder of our network using the public Deeplab-v2 model Chen et al. (2018a)

that has been trained on COCO Lin et al. (2014). Thereafter, we meta-train our

model following the “episodic training” procedure, which is the standard practice

Vinyals et al. (2016b); Snell et al. (2017b); Finn et al. (2017a); Behl et al. (2019).

Each training episode is formed by sampling a support set S and a relevant query

set Q. The idea of episodic training is to, at each iteration, mimic the inference

procedure. In other words, the query set should be classified given only the support

set. Here, we build each episode by first randomly sampling a video from the
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training dataset, treating the pixels of the first frame of the video as S, and

randomly selecting a set of query frames from the rest of the video and treating

their pixels as Q. Randomly selecting sets of frames in the video make the method

robust to temporal discontinuties, occlusions and object complexity, thereby making

it more generic. We sample from as low as 3 frames to the entire video length.

Evaluation metrics We report standard metrics defined by the DAVIS protocol

Perazzi et al. (2016): The mean IoU (J ), the F-score along the boundaries of the

object (F) and the mean of these two values (J&F). We also report the “decay”

Perazzi et al. (2016) in J . This is calculated by splitting a video temporally into

four clips, and taking the difference of the IoU in the last clip to the first clip. Lower

scores of “decay” are better, and was proposed by Perazzi et al. (2016) to measure

whether a model is robust or if its predictions degrade over time.

Finally, we also report our runtime per-frame. Our runtime is measured

on a desktop machine with a single Titan X (Pascal) GPU, and an Intel i7-

6850K CPU with six cores. More details and experiments are available in the

supplementary material1.

5.4.2 Comparison to state-of-art

Table 5.1 shows our state-of-art results on DAVIS-2017, DAVIS-2016, YouTube-

Objects and SegTrack-v2. On all these datasets, there is no method that is both

faster and more accurate than us. This Pareto front is also visualised in Fig. 5.4 for

DAVIS-2017, the most challenging dataset. The methods that are more accurate

than us all finetune on the first frame, use optical flow or additional post-processing

such as CRFs Krähenbühl and Koltun (2011) and thus have a runtime that is larger

by a factor of at least 8 Li and Change Loy (2018); Caelles et al. (2017).

The only method that is close to us in terms of speed and accuracy is RGMP

Wug Oh et al. (2018). However, the runtime of RGMP increases linearly with

the number of objects being tracked from the first frame. This is because RGMP
1Supplementary materials https://harkiratbehl.github.io/

https://harkiratbehl.github.io/
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processes each object instance independently through the “encoder” part of their

network Wug Oh et al. (2018), and combine their results together at the end.

Therefore, even though RGMP is faster than our method on DAVIS-2016 (a single-

object dataset), it is actually slower on DAVIS-2017 (a multi-object dataset). As

the authors did not report the runtime of their method on DAVIS-2017, we ran

their publicly available inference code, and obtain an average runtime of 0.30s per

frame on DAVIS-2017 (Tab. 5.1). However, DAVIS-2017 only averages 2 objects

per video. We measured RGMP to average 0.11s, 0.41s and 0.60s per frame for

videos with 1, 3 and 5 objects respectively. The runtime of our method, in contrast,

increases much slower, taking 0.25s, 0.38s and 0.53s respectively. Thus, the runtime

of RGMP increases by 5.4× from 1 object to 5 objects, whilst our runtime only

increases by 2.1×. This is because our model only requires a single forward-pass

through the network, irrespective of the number of objects being tracked. Thus,

there is only a minor increase in runtime from DAVIS-2016 to DAVIS-2017 as

there are more visual words. Note that the runtime advantage of our method

would increase over RGMP Wug Oh et al. (2018) if even more objects were to be

tracked in a video. Moreover, our speed could also be improved by implementing

CUDA kernels for k-means clustering.

Note that our method also achieves a lower J Decay Perazzi et al. (2016) than

RGMP Wug Oh et al. (2018) indicating greater robustness. This is also shown

qualitatively in Fig. 5.3 where our method overcomes occlusions and can recover

from errors made in previous frames, unlike mask propagation methods like RGMP.

We believe that representing objects with cluster centroids in the embedding space

(visual words), which correspond to object parts in the image space, increases

the robustness of our matching, as the appearance of more local parts typically

stays consistent even though the object as a whole transforms. And as our online

adapatation process retains a memory of previous visual words, our method can

handle objects disappearing and reappearing (Fig. 5.3) unlike RGMP.
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Ours

RGMP

Ours

RGMP

Figure 5.3: Qualitative comparison of our method to RGMP Wug Oh et al. (2018). RGMP
obtains good results initially in the video (first two columns), but cannot recover after making
errors (third column). Note how it misclassifies the yellow person (first example) and loses track
of the rider (second example). In contrast, our method overcomes occlusions in all of these cases
by robustly matching an object to its constituent parts.

5.4.3 Bounding box based initial mask

In this section, we do experiments when only bounding box supervision is available

in the first frame. Hence the aim is to segment the object in the video, given only

the bounding box in the first frame. To generate the dictionary of visual words for a

given object, we use a mechanism similar to our online adaptation. We first take the

embeddings of all pixels in the bounding box of the object and segment them into

clusters. We then discard the ones that resemble the background, with the difference

that here we use resemblance with the background to eliminate some regions of

the bounding box. The remaining clusters are then used to construct the visual

word dictionary for this object. The rest of the algorithm remains the same. The

results are shown in Table 5.2. It can be seen that there is not a substantial drop in

performance in comparison to the mask based case. We believe that our part-based

approach makes our model more robust to the noise in the input in this scenario.

5.4.4 Ablation study

This section studies how different design choices in our algorithm impact overall

performance on DAVIS-2017.
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Effect of Meta-Learning To evaluate the efficacy of meta-learning, we evaluated

our MS-COCO initialised network and obtained a mean IoU of (J ) of 50.7. Meta-

training significantly improves our IoU to 63.9% (Tab. 5.1). Perhaps surprisingly,

our initialisation already outperforms published work like Mask-RNN Hu et al.

(2017) (Tab. 5.1).

Object representation We represent the object given in the first frame with a

dictionary of k visual words in the embedding space. An alternative is to represent

each object with a single vector, i.e. k = 1 (as in Prototypical networks Snell et al.

(2017b)). In our case, this prototype is formed by taking the mean embedding of

all pixels of the object labelled in the first frame. The other end of the spectrum is

to represent each object with separate embeddings for all of its pixels, i.e. k = n

where n is the number of labelled pixels in the first frame, like Chen et al. (2018b)

and Matching networks Vinyals et al. (2016b).

Table 5.3 compares these approaches for our MS-COCO pretrained network. It

shows that using k = 50 clusters outperforms both nearest neighbour classification

and a single prototypical vector per class. This motivates our reason for using

k visual words to represent an object and suggests why we outperform methods

such as Chen et al. (2018b) in Tab. 5.1.

Note how matching using our visual words representation has a similar runtime

to a single prototype and is significantly faster than performing a nearest neighbour

search. This is because the search time is linear in the number of pixels, O(n).

And like the other approaches we compare to in Tab. 5.3, we do the matching

at full resolution. The runtime could be greatly reduced by doing the look-up

on a subsampled image (for example, Chen et al. (2018b) do the look-up at 1/8

resolution which reduce the time by about a factor of 64).

Number of visual words Table 5.4 examines the effect that the number of visual

words in the dictionary has on accuracy and runtime on DAVIS-2017. We can see

that accuracy steadily increases as the number of clusters is increased from k = 1

(which corresponds to Prototypical networks Snell et al. (2017b)) and plateaus
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Figure 5.4: Comparison of speed and accuracy on DAVIS 2017. Entries on the Pareto front (i.e.
no other method is both faster and more accurate) are marked by a star. Note the speed axis uses
a logarithmic scale.

at k = 50. We believe that complex objects with high intra-object variations

produce embeddings with multi-modal distributions, which is why they are better

represented with multiple visual words. Although increasing k beyond 50 does not

substantially change the accuracy, it does increase the runtime, which is why we

use k = 50 when comparing to existing methods in Tab. 5.1. Setting the number

of visual words to n, the number of pixels in the first frame, would amount to the

nearest neighbour search done by Chen et al. (2018b).

5.5 Conclusion and Future Work

We proposed a novel representation of objects by their cluster centroids in the

embedding space (visual words) which correspond to object parts. These visual

words were learned without supervision, using meta-learning. Visual words enable

robust matching, as the appearance of local parts may stay consistent whilst the

object as a whole deforms or is occluded. Our novel representation, and meta-

training procedure enabled our method to achieve state-of-art performance on

four common datasets in terms of speed and accuracy trade-offs (with comparable

accuracy to expensive finetuning-based methods that take at least 8 times longer).
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Moreover, our method readily scales to multiple objects in videos, with its runtime

only increasing slightly from single-object DAVIS-2016 to multi-object DAVIS-2017.

Finally, the robustness of our part-based algorithm allows us to easily extend

it to the scenario where we only have bounding-box supervision in first frame.

Future work is to learn the number of clusters automatically, and learn to generate

synthetic data Behl et al. (2020a) for video segmentation.
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DAVIS-2017 DAVIS-2016 YouTube-Objects SegTrack-v2

Ours 63.8 81.5 81.1 72.0
Ours-BB 51.5 77.5 75.8 66.5

Table 5.2: Results of our method (J&F) with only bounding box based initialization.
Ours-BB: Our model with only bounding box mask provided in first frame.

Model J (%) Time(s)

Single prototype 32.9 0.14
5 Nearest neighbours 45.9 5.50
Visual words (k = 50) 48.4 0.17

Table 5.3: The effect of different object representations The same MS-COCO pretrained
network is used, without any online adaptation. We use the 5 nearest neighbours, following
Chen et al. (2018b).

Dictionary Size (k) 1 5 10 50 100 200 400 1500 3000

J (%) 49.9 54.5 54.8 55.8 56.3 56.3 56.4 56.2 54.5
Time (s) 0.140 0.168 0.170 0.173 0.199 0.254 0.373 0.97 1.42

Table 5.4: The effect of the size of visual word dictionary on model performance Results
are on DAVIS-2017, without any online adaptation.
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Abstract

Model-agnostic meta-learning (MAML) is a meta-learning technique to train a model
on a multitude of learning tasks in a way that primes the model for few-shot learning
of new tasks. The MAML algorithm performs well on few-shot learning problems
in classification, regression, and fine-tuning of policy gradients in reinforcement
learning, but comes with the need for costly hyperparameter tuning for training
stability. We address this shortcoming by introducing an extension to MAML,
called Alpha MAML, to incorporate an online hyperparameter adaptation scheme
that eliminates the need to tune meta-learning and learning rates. Our results
with the Omniglot database demonstrate a substantial reduction in the need to
tune MAML training hyperparameters and improvement to training stability with
less sensitivity to hyperparameter choice.



6.1 Introduction

Meta-learning—or “learning to learn”—concerns machine learning models that can

improve their learning quality by altering aspects of the learning process such as the

model architecture, optimization rules, initialization, or learning hyperparameters

(Thrun and Pratt, 2012; Schmidhuber, 1987a; Hochreiter et al., 2001a). An

important application of meta-learning is in few-shot learning problems (Vinyals

et al., 2016a; Behl et al., 2020b), where one is concerned with developing methods

able to learn new concepts from one or only a few instances (Lake et al., 2015). In

this paper we focus on the state-of-the-art model-agnostic meta-learning (MAML)

(Finn et al., 2017b) method, which is a conceptually simple and general algorithm

that has been shown to outperform existing approaches in tasks including few-shot

image classification and few-shot adaptation in reinforcement learning (Antoniou

et al., 2019). MAML aims to solve the few-shot learning problem by being just

few gradient descent steps away from any new concepts, doing so by making the

assumption that learning a new concept will just involve few parameter updates

(Algorithm 3). In other words, MAML is based on learning an initial representation

that can be efficiently fine-tuned for new tasks in a few steps.

The generality of MAML comes with the difficulty of choosing hyperparameters

to achieve stable training in practice (Antoniou et al., 2019). MAML has two

important hyper-parameters, namely the learning rate α and the meta-learning rate

β, thus increasing any hyperparameter grid search computation by an order, and

making it significantly more time and resource consuming than comparable methods.

Another complication to this problem is the fact that it is currently not established

whether the technique can benefit from a conventional decaying schedule for the inner

learning rate α. Furthermore, a good value of α in MAML is even more important

than for any conventional stochastic gradient descent (SGD) optimization, because

only a handful of samples are available in the few-shot learning case. This has

significant consequences, making it difficult to scale this algorithm to problems bigger

than toy scales, due to the difficulty in assessing whether MAML is not suitable for

a complex task or whether the hyperparameters are not sufficiently tuned.
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In this paper, we provide a conceptually simple solution to this problem, by

introducing an extension of the MAML algorithm to incorporate adaptive tuning

of both the learning rate α and the meta-learning rate β. Our aim is to make it

possible to use MAML without or with significantly less parameter tuning, and thus

to reduce the need for grid search. We also aim to make the algorithm converge in

fewer iterations. The solution we propose is based on the hypergradient descent

(HD) algorithm (Baydin et al., 2018), which automatically updates a learning rate

by performing gradient descent on the learning rate alongside original optimization

steps. The proposed algorithm does not need any extra gradient computations, and

just involves storing the gradients from the previous optimization step.

6.2 Related Work

Our work is primarily related with the subfields of hyperparameter optimization

and meta-learning. In hyperparameter optimization one typically uses parallel

runs to populate a selected grid of hyperparameter values (e.g., a range of learning

rates), or use more advanced techniques such as Bayesian optimization (Snoek

et al., 2012) and model-based approaches (Bergstra et al., 2013; Hutter et al., 2013).

An interesting line of research, which also inspired our approach in this paper,

is to use gradient-based optimization for the tuning of hyperparameters (Bengio,

2000). Recent work in this area include reversible learning (Maclaurin et al., 2015),

which allows gradient-based optimization of hyperparameters through a training run

consisting of multiple iterations, and hypergradient descent (Baydin et al., 2018),

which achieves a similar optimization in an online, per-gradient-update, fashion.

Meta-learning is often referred to as “learning to learn” (Thrun and Pratt, 2012),

meaning a learning procedure (most of the time gradient-based) is able to improve

aspects of the learning process itself, such as the optimizer, hyperparameters like the

learning rate, and initializations. In this sense, the “meta” concept of meta-learning

has aspects in common with hyperparameter optimization. The MAML model (Finn

et al., 2017b) on which we base our method, relies on meta-optimization through

gradient descent in a model-agnostic way. Another recent method, Meta-SGD
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(Li et al., 2017), performs online optimization of a per-parameter learning rate

vector α, to which the authors refer as learning both the learning rate and update

direction (because of the per-parameter nature being able to modify direction),

and model parameters θ, using a single hyper-learning rate β. Our work differs

from Meta-SGD as we perform simultaneous online optimization of both MAML

learning rates α and β, which are both scalars.

6.3 Model-Agnostic Meta-Learning (MAML)

The MAML algorithm, given model parameters θ, aims to adapt to a new task Tt with

SGD:

θ′
t = θ − α∇θLTtrain(t)(fθ) , (6.1)

where t is the task number and α is the learning rate. Ttrain(t) and Ttest(t)

denote the training and test set within task t. The tasks are sampled from a

defined p(T ). The meta-objective is:

min
θ
LTtest(t)(fθ′

t
) = LTtest(t)(fθ−α∇θLTtrain(t) (fθ)) (6.2)

The model aims to optimize the parameters θ such that with just one SGD step

it can adapt to the new task. For the optimization in Eq. 6.2, this looks as follows:

θt = θ − β∇θLTtest(t)(fθ′
t
) , (6.3)

where β is the meta step size. This gives an algorithm that learns an initialization

of θ that is useful for being adapted to new tasks efficiently with a small number of

iterations. An important advantage is that this is achieved without making any

assumptions on the form of the model. Another advantage is that the meta-learner,

introduced in this way based on conventional gradient descent, does not introduce

extra model parameters to learn as in model-based approaches in meta-learning.

The full algorithm is shown in Algorithm 3. It can be seen that unlike usual SGD

which has only one learning rate, MAML has two learning rates α and β, which

require time-consuming hyperparameter tuning.
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Algorithm 3 MAML
Input: p(T ) : distribution over tasks.
Input: α, β : learning rates
randomly initialize θ.
while not done do

Sample batch of tasks Tt ∼ p(T )
for all Tt do

Evaluate ∇θLTtrain(t)(fθ) with respect to K examples.
Compute adapted parameters with gradient descent: θ′

t = θ − α∇θLTtrain(t)(fθ)
end for
Update θ = θ − β∇θ

∑
Tt∼p(T ) LTtest(t)(fθ′

t
)

end while

Algorithm 4 Alpha MAML
Input: p(T ) : distribution over tasks.
Input: α0, β0 : initial learning rates
Input: αhyperlr, βhyperlr : hypergradient learning rates
randomly initialize θ.
while not done do

Sample batch of tasks Tt ∼ p(T )
for all Tt do

Evaluate ∇θLTtrain(t)(fθ) with respect to K examples.
Compute adapted parameters with gradient descent: θ′

t = θ − αi∇θLTtrain(t)(fθ)
end for
αi+1 = αi + αhyperlr

∑
Tt∼p(T )∇θ′

t
LTtest(t)(fθ′

t
).∇θi−1LTtrain(t)(fθi−1)

βi = βi−1 + βhyperlr
∑

Tt∼p(T )∇θi−1LTtest(t)(fθ′
t
).∇θi−2LTtest(i−1)(fθ′

t
)

θi = θi−1 − βi

∑
Tt∼p(T )∇θi−1LTtest(t)(fθ′

t
)

end while

6.4 Alpha MAML

Eq. 6.1 is regular gradient descent for adapting to the task t, with α being the

task-level learning rate. Similarly, Eq. 6.3 is regular gradient descent for the meta

update, with β being the meta-learning rate. In addition to the update rules in

Equations 6.1 and 6.3, we would like to derive update rules for the learning rates α

and β as well. Our algorithm, Alpha MAML, can simply be written in four update

equations as shown in the following derivation. Here i is the iteration number. We

first derive the algorithm for the simpler case when each batch has only one task,

thus the iteration number is same as the task number t = i.

Firstly, our goal is to update the value of α towards the optimum value α∗
i that

minimizes the value of the meta objective Eq. 6.2 in the next iteration. However,
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we have not computed θ′
i yet. If we assume that the optimal value of α does not

change much across iterations, we can estimate it by α∗
i−1. Therefore we perform one

gradient descent step over the previous value of learning rate αi−1, with gradient:

∂LTtest(i−1)(fθ′
i−1

)
∂α

=
∂LTtest(i−1)(fθ′

i−1
)

∂θ′
i−1

T
∂θ′

i−1
∂α

= ∇θ′
i−1
LTtest(i−1)(fθ′

i−1
)T

∂(θi−2 − αi−1∇θi−2LTtrain(i−1)(fθi−2))
∂α

= ∇θ′
i−1
LTtest(i−1)(fθ′

i−1
).(−∇θi−2LTtrain(i−1)(fθi−2))

(6.4)

We can estimate α∗
i−1 as follows:

αi = αi−1 + αhyperlr∇θ′
i−1
LTtest(i−1)(fθ′

i−1
) .∇θi−2LTtrain(i−1)(fθi−2) , (6.5)

where αhyperlr is the hyper learning rate for α.

Secondly, we also want to derive an update rule for the meta learning rate

β. Similar to α, we would like to update β towards its optimal value β∗
i that

minimizes the value of the objective LTtest(i)(fθ′
i
) in the next iteration, making

an assumption that the optimal value of β does not change much between two

consecutive iterations. For this, we compute:
∂LTtest(i)(fθ′

i
)

∂β
=
∂LTtest(i)(fθ′

i
)

∂θi−1
.
∂θi−1

∂β

= ∇θi−1LTtest(i)(fθ′
i
).(−∇θi−2LTtest(i−1)(fθ′

i−1
))

(6.6)

We can estimate β∗
i−1 as follows:

βi = βi−1 + βhyperlr∇θi−1LTtest(i)(fθ′
i
).∇θi−2LTtest(i−1)(fθ′

i−1
) , (6.7)

where βhyperlr is the hyper learning rate for β. It is important to note that in

Eq.6.4 and Eq.6.6, the gradients are computed with respect to the loss on the test

set of a batch. This is done in accordance with the meta-objective. The final Alpha

MAML algorithm can thus be written down into just 4 update equations:

θ′
i = θi−1 − αi∇θi−1LTtrain(i)(fθi−1)

αi+1 = αi + αhyperlr∇θ′
i
LTtest(i)(fθ′

i
).∇θi−1LTtrain(i)(fθi−1)

βi = βi−1 + βhyperlr∇θi−1LTtest(i)(fθ′
i
).∇θi−2LTtest(i−1)(fθ′

i−1
)

θi = θi−1 − βi∇θi−1LTtest(i)(fθ′
i
)

(6.8)
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It can be seen that no extra gradient needs to be computed, as the gradients

from the last iteration can be used, requiring only the extra memory storage of

the gradient from the previous iteration. The full algorithm with the more general

case of multiple tasks in one batch is shown in Algorithm 4. The derivation for

this case is shown in the appendix E.1.

6.5 Experiments

To evaluate the performance of Alpha MAML in comparison to MAML, we perform

experiments on the few-shot image recognition task on the Omniglot dataset (Lake

et al., 2011), which is commonly used in related work (Finn et al., 2017b; Ravi

and Larochelle, 2017; Snell et al., 2017a; Vinyals et al., 2016a). We keep the

experimentation configuration the same as the original MAML work, for a fair

comparison. Omniglot comprises 20 instances (drawn by 20 different people) of

1,623 characters from 50 alphabets. We follow the N-way Omniglot task setup,

which was introduced by Vinyals et al. (2016a), and also used in MAML (Finn

et al., 2017b). The N-way classification task is set up as follows: the model is

shown K instances from N unseen classes, and then evaluated on some other

instances from these N classes. To keep the procedure the same as MAML, we also

randomly select 1,200 characters for training, and use the rest for testing. The

network architecture follows the architecture used by Finn et al. (2017b), and more

implementation details are in the appendix E.1.

Behaviour of Alpha MAML vs MAML: Here we choose a good case (where the

MAML user picked a good pair of α0 and β0, i.e., the tuned case) and a bad case

(where the user picked a bad pair of α0 and β0, i.e., an untuned case), and plot the

evolution of αi and βi as a function of iterations, also showing the training and

validation losses during training. Figure 6.1 shows the evolution of learning rate αi,

meta-learning rate βi, and the training and validation losses. Results show that even

the badly picked α0 and β0 values can be automatically tuned by the online learning

rate adaptation scheme in Alpha MAML, tuned in the sense that the algorithm does
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Figure 6.1: Convergence comparison of Alpha-MAML and MAML, with and without tuned
initial learning rate hyper-parameters α0 and β0. Columns: left: tuned initial learning
rates; middle: untuned initial learning rates, with varying βhyperlr for Alpha-MAML;
right: untuned initial learning rates, with varying αhyperlr for Alpha-MAML. Rows: first:
evolution of the learning rate α; second: evolution of the meta learning rate β; third:
training loss; fourth: validation loss.

the necessary adjustments to αi and βi in each iteration to achieve a loss similar to

the good case. This can be seen in Figure 6.1 middle and right columns.

Insensitivity with respect to hyperparameter choices: Here we run a series

of training experiments to study the effect of initial learning rate values on the

number of iterations needed for the algorithms to reach a particular chosen loss

threshold. Figures 6.2 and E.1 show this grid search for tuning the learning rate

hyper-parameters. It can be seen that MAML shows very slow convergence for a

range of initial learning rates, more specifically for α0 = 1e − 4, β0 = 1e − 6 and

α0 = 1e− 5, β0 = 1e− 7. In comparison, Alpha MAML shows comparatively faster

convergence for these initial learning rates also, for a wide range of αhyperlr and βhyperlr.
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Figure 6.2: Grid Search for selecting the hyper-parameters in MAML and Alpha-MAML:
shows the number of iterations to converge to a training loss of 2.5 for Omniglot dataset.
Here the blank cells denote the cases where algorithm did not converge till 500 iterations.
It can be seen that as we go far from the tuned hyper-parameter range, converge of
Alpha-MAML is better than MAML. Specially for the case of α0 = 1e− 3, β0 = 1e− 5
Alpha-MAML converged for some cases of αhyperlr and βhyperlr, whereas MAML does not
converge till 500 iterations. Same is the case with α0 = 1e− 4, β0 = 1e− 6, for half of the
choices of αhyperlr and βhyperlr, Alpha-MAML converged but MAML does not converge in
less than 500 iterations.

For the cases where MAML shows fast convergence, Alpha MAML also shows fast

convergence for all values of αhyperlr and βhyperlr. This indicates that in practice no

matter which values one chooses for the initial learning and meta-learning rates α0

and β0, Alpha MAML always shows faster, or in the worst case the same, convergence

as MAML. In other words, Alpha MAML is less sensitive to the hyperparameter

choice as compared to MAML, and hence needs significantly less tuning.

6.6 Conclusion

Meta-learning is an important and currently relevant approach with potential

impact in solving hard problems in computer vision and reinforcement learning.

The training instability of meta-learning algorithms as a function of hyperparameter

choices is a known shortcoming and currently an active area of research. We have

proposed an extension of the state-of-the-art MAML algorithm (Finn et al., 2017b)

based on the application of the hypergradient descent technique (Baydin et al.,
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2018) to make MAML training more robust to hyperparameter choices.
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7.1 Summary

There are many challenges that stand in the way of widespread deployment of

deep learning. This thesis deals with two of these challenges, namely, neural

network verification and automated machine learning. We formulated both these

problems using the framework of optimization, and built on the existing knowledge

of optimization to provide solutions to these challenges. We first summarise our

contributions and then discuss extensions.

In chapter 2, we designed an efficient bounding algorithm for the convex

relaxation of Tjandraatmadja et al. (2020). Since the relaxation has an exponential

number of constraints, the existing algorithms are not directly applicable. We

designed a sparse dual algorithm by keeping an active set of dual variables. This

allowed us to attain better bounds than off-the-shelf solvers for the relaxation,

in an order of magnitude less time.

In chapter 3, we proposed a tighter relaxation for the neural network verification

problem with simplex inputs, which describes the convex hull of the composition

of a linear function with an element-wise convex non-linearity. In contrast to a

similar relaxation (Tjandraatmadja et al., 2020) for verification with ℓ∞ inputs

which requires an exponential number of constraints, our relaxation only requires

constraints linear in the dimensionality of the input simplex. This allowed us to

design more efficient bounding algorithms for the problem.

In chapter 4, we proposed a bi-level algorithm for optimizing simulators with the

objective of generating data that is optimal for training models for a downstream

task. Our algorithm can optimize non-differentiable renderers. Unlike black-box

methods like Reinforce and Bayesian optimization, our algorithm exploits the

structure of the problem explicitly. Thereby requiring only a single objective

evaluation at each iteration and is much faster than these methods.

In chapter 5, we proposed a meta-learning based algorithm for video segmentation.

Unlike previous methods which use surrogate losses, we ensure that the training

objective matches the inference procedure. We demonstrated state-of-the-art

performance on multiple video segmentation datasets.
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In chapter 6, we proposed an extension of model-agnostic meta-learning (MAML)

to overcome its shortcoming of training instability as a function of learning rates.

We incorporated an online hyperparameter adaptation scheme that eliminates the

need to tune meta-learning and learning rates. We demonstrated a substantial

improvement in training stability.

7.2 Discussion

In this section, we present a critical discussion of the different methods pre-

sented in this thesis.

Scaling the Convex Barrier with Active Sets Convex barrier is a term introduced

by Salman et al. (2019) to define the gap between the optimal value of the original

verification problem and the optimal convex relaxation of the non-linearity. Anderson

et al. (2019b) proposed a relaxation with the potential to overcome this barrier.

We proposed a dual solver to realise this potential in an efficient manner in both

incomplete and complete verification, thereby scaling the convex barrier.

After our work, Wang et al. (2021) showed that even propagation-based algo-

rithms can be very useful and efficient for complete verification. While subsequent

work (Palma et al., 2021) has improved the performance of dual algorithms,

propagation-based algorithms still remain more effective. Another benefit of

propagation based algorithms is that they require less hyper-parameter tuning

than Lagrangian dual solvers.

It remains to explore whether a propagation-based approach for the tighter

relaxation by Anderson et al. (2019b) can be helpful in the context of complete

verification. This would involve utilizing the constraints from the Anderson

relaxation (Anderson et al., 2019b) in the formulation of Wang et al. (2021),

as we did in our next work (Behl et al., 2021).
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Overcoming the Convex Barrier for Simplex Inputs Taking inspiration from the

work of Anderson et al. (2019b), we proposed a tighter relaxation for verification

with simplex inputs. We also proposed a technique to propagate simplex constraints

through different layers to use the tighter relaxation. A promising direction is to

write the tighter relaxation as an explicit function of the propagated simplex, and

jointly optimise the simplex propagation along with the final layer bounds. This

would also allow jointly optimising the intermediate bounds.

We believe that our work can be used as a component for building relaxations

for self-attention layers, but not in isolation. The output of the self-attention

layer will lie in the convex hull of the value vectors. Hence, our framework can be

used as part of a tight relaxation for the self-attention layers. However, it would

additionally require relaxations of other non-linearities such as the softmax function

and the bilinear function. It would also be interesting to explore whether the

same relaxation will provide some gains in the ℓ∞ setting. This could be done

by propagating simplex in that setting too.

AutoSimulate: Learning Synthetic Data Generation We tried to automate the

pipeline of using synthetic data for training neural networks, by optimizing renderers.

However, there are still certain components which require expert intervention. In

the current pipeline, these factors include (i) choosing the distribution over the

simulator parameters, (ii) human expertise needed to design 3d models of objects.

We have tried to address the second limitation in a recent work that was

submitted to CVPR 2022. This involved using NeRF (Mildenhall et al., 2020) as

the data generator instead of a traditional graphics renderer. However, the first

challenge still remains open. We believe that a hybrid approach using a combination

of deep generative models like VAEs/GANs and NeRF could be helpful for this.

Meta Learning Deep Visual Words for Fast Video Object Segmentation We

formulated the problem of video segmentation as a meta learning problem and

proposed a causal approach for the problem by constructing visual words. However,

the number of visual words was kept as a hyperparameter which needs tuning. An
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extension would involve exploring ways to remove the need for this tuning, for e.g.,

by using the Chinese restaurant process (Murphy, 2012).

More recently, transformer based architectures have been shown to be effective

for segmentation (Chen et al., 2021). It would be interesting to explore using our

framework with a transformer backbone. Another direction would be to try to

back-propagate through the clustering or use an end-to-end alternative instead.

Alpha MAML: Adaptive Model-Agnostic Meta-Learning We proposed a scheme

to automatically tune the learning rates of gradient based meta-learning algorithms

by taking inspiration from Baydin et al. (2018). It would be interesting to explore

other developments in adaptive learning methods for training neural networks

(Berrada et al., 2019a,b). We can also leverage the recent research in deep bilevel

optimization (Lorraine et al., 2020).

A significant limitation of the MAML algorithm itself is the assumption that

the inner problem would only involve a few gradient steps. This approximation is

quite loose for large scale problems and Rajeswaran et al. (2019), thus, proposed

to use implicit gradients. This is related to our AutoSimulate work (Behl et al.,

2020a) where we use a second order approximation for the inner problem. We

had also proposed more efficient alternatives for this implicit gradient, which can

be explored in this context.
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A.1 Limitations of Previous Dual Approaches

In this section, we show that previous dual derivations (Bunel et al., 2020a;

Dvijotham et al., 2018) violate Fact 1. Therefore, they are not efficiently applicable

to problem equation 2.3, motivating our own derivation in section 2.3.

We start from the approach by Dvijotham et al. (2018), which relies on

relaxing equality constraints equation 2.1b, equation 2.1c from the original non-

convex problem equation 2.1. Dvijotham et al. (2018) prove that this relaxation

corresponds to solving convex problem equation 2.2, which is equivalent to the

Planet relaxation (Ehlers, 2017), to which the original proof refers. As we would

like to solve tighter problem equation 2.3, the derivation is not directly applicable.

Relying on intuition from convex analysis applied to duality gaps (Lemaréchal, 2001),

we conjecture that relaxing the composition equation 2.1c ◦ equation 2.1b might

tighten the primal problem equivalent to the relaxation, obtaining the following dual:

max
µ

min
x

Wnxn−1 + bn +
n−1∑
k=1
µTk (xk −max {Wkxk−1 + bk, 0})

s.t. lk ≤ xk ≤ uk k ∈ J1, n− 1K ,

x0 ∈ C.

(A.1)

Unfortunately dual equation A.1 requires an LP (the inner minimisation over

x, which in this case does not decompose over layers) to be solved exactly to

obtain a supergradient and any time a valid bound is needed. This is markedly

different from the original dual by Dvijotham et al. (2018), which had an efficient

closed-form for the inner problems.

The derivation by Bunel et al. (2020a), instead, operates by substituting

equation 2.1c with its convex hull and solving its Lagrangian Decomposition dual.

The Decomposition dual for the convex hull of equation 2.1c ◦ equation 2.1b (i.e.,

Ak) takes the following form:

max
ρ

min
x,z

WnxA,n−1 + bn +
n−1∑
k=1
ρTk (xB,k − xA,k)

s.t. x0 ∈ C,

(xB,k,WnxA,n−1 + bn, zk) ∈ Adec,k k ∈ J1, n− 1K ,

(A.2)
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where Adec,k corresponds to Ak with the following substitutions: xk → xB,k, and

x̂k → WnxA,n−1 + bn. It can be easily seen that the inner problems (the inner

minimisation over xA,k,xB,k, for each layer k > 0) are an exponentially sized LP.

Again, this differs from the original dual on the Planet relaxation (Bunel et al.,

2020a), which had an efficient closed-form for the inner problems.

A.2 Dual Initialisation

Algorithm 5 Big-M solver
1: function bigm_compute_bounds({Wk,bk, lk,uk, l̂k, ûk}k=1..n)
2: Initialise duals α0,β0

M using interval propagation bounds (Gowal
et al., 2018b)

3: for t ∈ J1, T − 1K do
4: x∗, z∗ ∈ arg minx,z LM(x, z,αt,βtM) using equation A.5-A.6
5: Compute supergradient using equation A.7
6: αt+1,βt+1

M ← Adam’s update rule (Kingma and Ba, 2015)
7: αt+1,βt+1

M ← max(αt+1, 0),max(βt+1
M , 0) (dual projection)

8: end for
9: return minx,z LM(x, z,αT ,βTM)

10: end function

As shown in section 2.3, our Active Set solver yields a dual solver for the Big-M

relaxation equation 2.2 if the active set B is kept empty throughout execution. As

indeed B = ∅ for the first Active Set iterations (see algorithm 6 in section A.4), the

Big-M solver can be thought of as dual initialisation. Furthermore, we demonstrate

experimentally in §2.5 that, when used as a stand-alone solver, our Big-M solver

is competitive with previous dual algorithms for problem equation 2.2. The goal

of this section is to explicitly describe the Big-M solver, which is summarised

in algorithm 5. We point out that, in the notation of restricted variable sets

from section 2.3.1, βM := β∅.

We now describe the equivalence between the Big-M and Planet relaxations, be-

fore presenting the solver in section A.2.3 and the dual it operates on in section A.2.2.
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A.2.1 Equivalence to Planet

As previously shown (Bunel et al., 2018), the Big-M relaxation (Mk, when consider-

ing the k-th layer only) in problem equation 2.2 is equivalent to the Planet relaxation

by Ehlers (2017). Then, due to strong duality, our Big-M solver (section A.2.2) and

the solvers by Bunel et al. (2020a); Dvijotham et al. (2018) will all converge to the

bounds from the solution of problem equation 2.2. In fact, the Decomposition-based

method (Bunel et al., 2020a) directly operates on the Planet relaxation, while

Dvijotham et al. (2018) prove that their dual is equivalent to doing so.

On the k-th layer, the Planet relaxation takes the following form:

Pk :=



if l̂k ≤ 0 and ûk ≥ 0 :
xk ≥ 0, xk ≥ x̂k,
xk ≤ ûk ⊙ (x̂k − l̂k)⊙

(
1/(ûk − l̂k)

)
.

if ûk ≤ 0 :
xk = 0.

if l̂k ≥ 0 :
xk = x̂k.

(A.3)

It can be seen that Pk = Projx,x̂ (Mk), where Projx,x̂ denotes projection on

the x, x̂ hyperplane. In fact, as zk does not appear in the objective of the primal

formulation equation 2.2, but only in the constraints, this means assigning it the

value that allows the largest possible feasible region. This is trivial for passing or

blocking ReLUs. For the ambiguous case, instead, Figure A.1 (on a single ReLU)

shows that zk = x̂k−l̂k
ûk−l̂k

is the correct assignment.

zk

xk

xk = x̂k − l̂k � (1− zk)

xk = ûk � zk

10 zk =
x̂k−l̂k
ûk−l̂k

Cσ(x̂k, zk)

Figure A.1: Mk plotted on the (zk,xk) plane, under the assumption that l̂k ≤ 0 and ûk ≥ 0.
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A.2.2 Big-M Dual

As evident from problem equation 2.3, Ak ⊆Mk. If we relax all constraints in Mk

(except, again, the box constraints), we are going to obtain a dual with a strict

subset of the variables in problem equation 2.6. The Big-M dual is a specific instance

of the Active Set dual equation 2.8 where B = ∅, and it takes the following form:

max
(α,β)≥0

dM(α,βM) where: dM(α,βM) := min
x,z
LM(x, z,α,βM),

LM(x, z,α,βM) =


−∑n−1

k=0

(
αk −W T

k+1αk+1 − (βk,0 + βk,1 −W T
k+1βk+1,1)

)T
xk

+∑n−1
k=1 bTkαk −

∑n−1
k=1

(
βk,0 ⊙ ûk + βk,1 ⊙ l̂k

)T
zk

+∑n−1
k=1 (̂lk − bk)Tβk,1

s.t. x0 ∈ C, (xk, zk) ∈ [lk,uk]× [0, 1] k ∈ J1, n− 1K.
(A.4)

A.2.3 Big-M solver

We initialise dual variables from interval propagation bounds (Gowal et al., 2018b):

this can be easily done by setting all dual variables except αn to 0. Then, we

can maximize dM(α,β) via projected supergradient ascent, exactly as described in

section 2.3.1 on a generic active set B. All the computations in the solver follow from

keeping B = ∅ in §2.3.1. We explicitly report them here for the reader’s convenience.

Let us define the following shorthand for the primal coefficients:

fM,k(α,βM) =
(
αk −W T

k+1αk+1 − (βk,0 + βk,1 −W T
k+1βk,1)

)
gM,k(βM) = βk,0 ⊙ ûk + βk,1 ⊙ l̂k.

The minimisation of the Lagrangian LM(x, z,α,β) over the primals for k ∈

J1, n − 1K is as follows:

x∗
k = 1fM,k(α,βM)≥0 ⊙ ûk + 1fM,k(α,βM)<0 ⊙ l̂k z∗

k = 1gM,k(βM)≥0 ⊙ 1 (A.5)

For k = 0, instead (assuming, as §2.3.1 that this can be done efficiently):

x∗
0 ∈ arg min

x0
fM,k(α,βM)Tx0 s.t. x0 ∈ C. (A.6)
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The supergradient over the Big-M dual variables α,βk,0,βk,1 is computed exactly

as in §2.3.1 and is again a subset of the supergradient of the full dual problem

equation 2.6. We report it for completeness. For each k ∈ J0, n − 1K:

∇αkd(α,β) = Wkx∗
k−1 + bk − x∗

k, ∇βk,0d(α,β) = xk − zk ⊙ ûk,

∇βk,1d(α,β) = xk − (Wkxk−1 + bk) + (1− zk)⊙ l̂k.
(A.7)

A.3 Dual Derivations

We now derive problem equation 2.6, the dual of the full relaxation by Anderson

et al. (2020) described in equation equation 2.3. The Active Set (equation equa-

tion 2.8) and Big-M duals (equation equation A.4) can be obtained by removing

βk,Ik∀ Ik ∈ Ek \ Bk and βk,Ik∀ Ik ∈ Ek, respectively. We employ the following

Lagrangian multipliers:

xk ≥ x̂k ⇒ αk,

xk ≤ ûk ⊙ zk ⇒ βk,0,

xk ≤ x̂k − l̂k ⊙ (1− zk)⇒ βk,1,

xk ≤


(Wk ⊙ Ik) xk−1 + zk ⊙ bk
−
(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− zk)

+
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ zk

⇒ βk,Ik ,

and obtain, as a Lagrangian (using x̂k = Wkxk−1 + bk):

L(x, z,α,β) =

∑n−1
k=1 α

T
k (Wkxk−1 + bk − xk) +∑n−1

k=1 β
T
k,0 (xk − zk ⊙ ûk)

+∑n−1
k=1

∑
Ik∈Ek β

T
k,Ik

 (
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− zk)− (Wk ⊙ Ik) xk−1

−bk ⊙ zk −
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ zk + xk


+∑n−1

k=1 β
T
k,1

(
xk − (Wkxk−1 + bk) + (1− zk)⊙ l̂k

)
+Wnxn−1 + bn

(A.8)

Let us use ∑Ik as shorthand for ∑Ik∈Ek∪{0,1}. If we collect the terms with

respect to the primal variables and employ dummy variables α0 = 0, β0 = 0,

αn = I, βn = 0, we obtain:
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L(x, z,α,β) =

−∑n−1
k=0

(
αk −W T

k+1αk+1 −
∑
Ik βk,Ik

+∑Ik+1(Wk+1 ⊙ Ik+1)Tβk+1,Ik+1

)T
xk

−∑n−1
k=1


∑
Ik∈Ek βk,Ik ⊙ bk + βk,1 ⊙ l̂k + βk,0 ⊙ ûk

+∑
Ik∈Ek

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ βk,Ik

+∑
Ik∈Ek

(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ βk,Ik


T

zk

+∑n−1
k=1 bTkαk +∑n−1

k=1

(∑
Ik∈Ek(Wk ⊙ Ik ⊙ Ľk−1) @ βk,Ik + βTk,1(̂lk − bk)

)

(A.9)

which corresponds to the form shown in problem equation 2.6.

A.4 Implementation Details for Active Set Method

From the high-level perspective, our Active Set solver proceeds by repeatedly

solving modified instances of problem equation 2.6, where the exponential set Ek

is replaced by a fixed (small) set of active variables B. The full solver procedure

is summarised in algorithm 6.

Algorithm 6 Active Set solver
1: function activeset_compute_bounds({Wk,bk, lk,uk, l̂k, ûk}k=1..n)
2: Initialise duals α0,β0

0,β
0
1 using Algorithm equation 5

3: Set βk,Ik = 0,∀ Ik ∈ Ek
4: B = ∅
5: for nb_additions do
6: for t ∈ J1, T − 1K do
7: x∗, z∗ ∈ arg minx,z LB(x, z,αt,βtB) using equation 2.9,equa-

tion 2.10
8: if t ≤ nb_vars_to_add then
9: For each layer k, add output of equation 2.4 called at (x∗, z∗)

to Bk
10: end if
11: Compute supergradient using equation 2.11
12: αt+1,βt+1

B ← Adam’s update rule (Kingma and Ba, 2015)
13: αt+1,βt+1

B ← max(αt+1, 0),max(βt+1
B , 0) (dual projection)

14: end for
15: end for
16: return minx,z LB(x, z,αT ,βTB )
17: end function
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We conclude this section by proving the primal interpretation of the selection

criterion for adding a new set of variables to B.

A.4.1 Active Set Selection Criterion

We map a restricted set of dual variables βB to a set of dual variables β for the

full dual equation 2.6 by setting variables not in the active set to 0: βB̄ = 0,

and β = βB ∪ βB̄.

Proposition 5. Let βk,I∗
k

be the set of dual variables maximising the correspond-

ing entries of the supergradient of the full dual problem equation 2.6: βk,I∗
k
∈

arg maxβk,Ik{∇βk,Ikd(α,β)T1}. βk,I∗
k

represents the Lagrangian multipliers associ-

ated to the most violated constraints from Ak at (x∗, z∗) ∈ arg minx,z LB(x, z,α,βB),

the primal minimiser of the current restricted Lagrangian.

Proof. In the following, (x∗, z∗) denotes the points introduced in the statement.

Recall the definition of ∇βk,Ikd(α,β) in equation equation 2.9, which applies beyond

the current active set:

∇βk,Ikd(α,β) =
 x∗

k − (Wk ⊙ Ik) x∗
k−1 +

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− z∗

k)
−z∗

k ⊙ bk +
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ z∗

k

 Ik ∈ Ek.

We want to compute I∗
k ∈ arg maxIk{∇βk,Ikd(α,β)T1}, that is:

I∗
k ∈ arg max

Ik∈Ek

 x∗
k − (Wk ⊙ Ik) x∗

k−1 +
(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− z∗

k)
−z∗

k ⊙ bk +
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ z∗

k

T 1.

By removing the terms that do not depend on Ik, we obtain:

max
Ik∈Ek

 − (Wk ⊙ Ik) x∗
k−1 +

(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− z∗

k)
+
(
Wk ⊙ Ik ⊙ Ǔk−1

)
⋄ z∗

k

T 1.

Let us denote the i-th row of Wk and Ik by wi,k and ii,k, respectively, and define

Ek[i] = 2wi,k \ {0, 1}. The optimisation decomposes over each such row: we thus

focus on the optimisation problem for the supergradient’s i-th entry. Collecting the

mask, we get:

max
ii,k∈Ek[i]

∑
j

( (1− z∗
k[i])⊙ Ľk−1[i, j] + z∗

k[i]⊙ Ǔk−1[i, j]− x∗
k−1[i]

)
Wk[i, j]

Ik[i, j].
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As the solution to the problem above is obtained by setting I∗
k [i, j] = 1 if its

coefficient is positive and I∗
k [i, j] = 0 otherwise, we can see that the optimal Ik

corresponds to calling oracle equation 2.4 by Anderson et al. (2020) on (x∗, z∗).

Hence, in addition to being the mask associated to βk,I∗
k
, the variable set maximising

the supergradient, I∗
k corresponds to the most violated constraint from Ak at

(x∗, z∗).

A.5 Intermediate Bounds

A crucial quantity in both ReLU relaxations (Mk and Ak) are intermediate pre-

activation bounds l̂k, ûk. In practice, they are computed by solving a relaxation

Ck (which might be Mk, Ak, or something looser) of equation 2.1 over subsets

of the network (Bunel et al., 2020a). For l̂i, this means solving the following

problem (separately, for each entry l̂i[j]):

min
x,x̂,z

x̂i[j]

s.t. x0 ∈ C

x̂k+1 = Wk+1xk + bk+1, k ∈ J0, i− 1K ,

(xk, x̂k, zk) ∈ Ck k ∈ J1, i− 1K .

(A.10)

As equation A.10 needs to be solved twice for each neuron (lower and upper

bounds, changing the sign of the last layer’s weights) rather than once as in

equation 2.3, depending on the computational budget, Ck might be looser than

the relaxation employed for the last layer bounds (in our case, Ak). In all our

experiments, we compute intermediate bounds as the tightest bounds between the

method by Wong and Kolter (2018) and Interval Propagation (Gowal et al., 2018b).

Once pre-activation bounds are available, post-activation bounds can be simply

computed as lk = max(̂lk, 0),uk = max(ûk, 0).
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A.6 Pre-activation Bounds in Ak

We now highlight the importance of an explicit treatment of pre-activation bounds

in the context of the relaxation by Anderson et al. (2020). In §A.6.1 we will show

through an example that, without a separate pre-activation bounds treatment,

Ak could be looser than the less computationally expensive Mk relaxation. We

then (§A.6.2) justify our specific pre-activation bounds treatment by extending

the original proof by Anderson et al. (2020).

The original formulation by Anderson et al. (2020) is the following:

xk ≥ Wkxk−1 + bk

xk ≤


(Wk ⊙ Ik) xk−1 + zk ⊙ bk
−
(
Wk ⊙ Ik ⊙ Ľk−1

)
⋄ (1− zk)

+
(
Wk ⊙ (1− Ik)⊙ Ǔk−1

)
⋄ zk

 ∀Ik ∈ 2Wk

(xk, x̂k, zk) ∈ [lk,uk]× [̂lk, ûk]× [0, 1]


= A′

k. (A.11)

The difference with respect to Ak as defined in equation equation 2.3 exclusively

lies in the treatment of pre-activation bounds. While Ak explicitly employs generic

l̂k, ûk in the constraint set via Mk, A′
k implicitly sets l̂k, ûk to the value dictated

by interval propagation bounds (Gowal et al., 2018b) via the constraints in Ik = 0

and Ik = 1 from the exponential family. In fact, setting Ik = 0 and Ik = 1, we

obtain the following two constraints:

xk ≤ x̂k −M−
k ⊙ (1− zk)

xk ≤M+
k ⊙ zk

where: M−
k := min

xk−1∈[lk−1,uk−1]
W T
k xk−1 + bk = Wk ⊙ Ľk−1 + bk

M+
k := max

xk−1∈[lk−1,uk−1]
W T
k xk−1 + bk = Wk ⊙ Ǔk−1 + bk

(A.12)

which correspond to the upper bounding ReLU constraints in Mk if we set l̂k →

M−
k , ûk → M+

k . While l̂k, ûk are (potentially) computed solving an optimisation

problem over the entire network (problem A.10), the optimisation for M−
k ,M

+
k

involves only the layer before the current. Therefore, the constraints in equation A.12

might be much looser than those in Mk.



123 123

In practice, the effect of l̂k[i], ûk[i] on the resulting set is so significant that

Mk might yield better bounds than A′
k, even on very small networks. We now

provide a simple example.

A.6.1 Motivating Example

Input - 0 Hidden -
1

Hidden -
2

Output -
3

x0[0] x1[0] x2[0]

x3[0]

x0[1] x1[1] x2[1]

(1)

−1

(−1)

(1)

+1(−1)

(−1)

−2

(2)

(−2)

(1)

(2)

(−1)

Figure A.2: Example network architecture in which Mk ⊂ A′
k, with pre-activation bounds

computed with Ck =Mk. For the bold nodes (the two hidden layers) a ReLU activation follows
the linear function. The numbers between parentheses indicate multiplicative weights, the others
additive biases (if any).

Figure A.2 illustrates the network architecture. The size of the network is

the minimal required to reproduce the phenomenon. Mk and Ak coincide for

single-neuron layers (Anderson et al., 2020), and l̂k = M−
k , ûk = M+

k on the first

hidden layer (hence, a second layer is needed).

Let us write the example network as a (not yet relaxed, as in problem equa-

tion 2.1) optimization problem for the lower bound on the output node x3.

l3 = arg min x,x̂

[
2 −1

]
x2 (A.13a)

s.t. x0 ∈ [−1, 1]2 (A.13b)

x̂1 =
[
1 −1
1 −1

]
x0 +

[
−1
1

]
x1 = max(0, x̂1) (A.13c)

x̂2 =
[
−1 2
−2 1

]
x1 +

[
−2
0

]
x2 = max(0, x̂2) (A.13d)

x3 =
[
2 −1

]
x2 (A.13e)
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Let us compute pre-activation bounds with Ck =Mk (see problem equation A.10).

For this network, the final output lower bound is tighter if the employed relaxation

is Mk rather than Ak (hence, in this case, Mk ⊂ A′
k). Specifically: l̂3,A′

k
=

−1.2857, l̂3,Mk
= −1.2273. In fact:

• In order to compute l1 and u1, the post-activation bounds of the first-layer,

it suffices to solve a box-constrained linear program for l̂1 and û1, which at

this layer coincide with interval propagation bounds, and to clip them to be

non-negative. This yields l1 =
[
0 0

]T
, u1 =

[
1 3

]T
.

• Computing M+
2 [1] = maxx1∈[l1,u1]

[
−2 1

]
x1 = 3 we are assuming that x1[0] =

l1[0] and x1[1] = u1[1]. These two assignments are in practice conflicting,

as they imply different values for x0. Specifically, x1[1] = u1[1] requires

x0 =
[
u0[0] l0[1]

]
=
[
1 −1

]
, but this would also imply x1[0] = u1[0],

yielding x̂2[1] = 1 ̸= 3.

Therefore, explicitly solving a LP relaxation of the network for the value

of û2[1] will tighten the bound. Using Mk, the LP for this intermediate

pre-activation bound is:

û2[1] = arg min x,x̂,z

[
−2 1

]
x1 (A.14a)

s.t. x0 ∈ [−1, 1]2, z1 ∈ [0, 1]2, x1 ∈ R2
≥0 (A.14b)

x̂1 =
[
1 −1
1 −1

]
x0 +

[
−1
1

]
(A.14c)

x1 ≥ x̂1 (A.14d)

x1 ≤ û1 ⊙ z1 =
[
1
3

]
⊙ z1 (A.14e)

x1 ≤ x̂1 − l̂1 ⊙ (1− z1) = x̂1 −
[
−3
−1

]
⊙ (1− z1)

(A.14f)

Yielding û2[1] = 2.25 < 3 = M+
2 [1]. An analogous reasoning holds for M−

2 [1]

and l̂2[1].



125 125

• In Mk, we therefore added the following two constraints:

x2[1] ≤ x̂2[1]− l̂2[1](1− z2[1])

x2[1] ≤ û2[1]z2[1]
(A.15)

that in A′
k correspond to the weaker:

x2[1] ≤ x̂2[1]−M−
2 [1](1− z2[1])

x2[1] ≤M+
2 [1]z2[1]

(A.16)

As the last layer weight corresponding to x2[1] is negative (W3[0, 1] = −1),

these constraints are going to influence the computation of l̂3.

• In fact, the constraints in equation A.15 are both active when optimizing

for l̂3,Mk
, whereas their counterparts for l̂3,A′

k
in equation A.16 are not. The

only active upper constraint at neuron x2[1] for the Anderson relaxation is

x2[1] ≤ x1[1], corresponding to the constraint from A′
2 with I2[1, ·] = [0 1].

Evidently, its effect is not sufficient to counter-balance the effect of the tighter

constraints equation A.15 for I2[1, ·] = [1 1] and I2[1, ·] = [0 0], yielding a

weaker lower bound for the network output.

A.6.2 Derivation of Ak

Having motivated an explicit pre-activation bounds treatment for the relaxation

by Anderson et al. (2020), we now extend the original proof for A′
k (equation

equation A.11) to obtain our formulation Ak (as defined in equation equation 2.3).

For simplicity, we will operate on a single neuron xk[i].

A self-contained way to derive A′
k is by applying Fourier-Motzkin elimination

on a standard MIP formulation referred to as the multiple choice formulation

(Anderson et al., 2019b), which is defined as follows:

(xk−1,xk[i]) = (x0
k−1,x0

k[i]) + (x1
k−1,x1

k[i])
x0
k[i] = 0 ≥ wT

i,kx0
k−1 + bk[i](1− zk[i])

x1
k[i] = wT

i,kx1
k−1 + bk[i]zk[i] ≥ 0

lk−1[i](1− zk[i]) ≤ x0
k−1 ≤ uk−1[i](1− zk[i])

lk−1[i]zk[i] ≤ x1
k−1 ≤ uk−1[i]zk[i]

zk[i] ∈ [0, 1]


= S ′

k,i (A.17)
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Where wi,k denotes the i-th row of Wk, and x1
k−1 and x0

k−1 are copies of the previous

layer variables. Applying equation A.17 to the entire neural network results in a

quadratic number of variables (relative to the number of neurons). The formulation

can be obtained from well-known techniques from the MIP literature (Jeroslow, 1987)

(it is the union of the two polyhedra for a passing and a blocking ReLU, operating

in the space of xk−1). Anderson et al. (2019b) show that A′
k = Projxk−1,xk,zk(S

′
k).

If pre-activation bounds l̂k, ûk (computed as described in section A.5) are

available, we can naturally add them to equation A.17 as follows:

(xk−1,xk[i], zk[i]) ∈ S ′
k,i

l̂k[i](1− zk[i]) ≤ wT
i,kx0

k−1 + bk[i](1− zk[i]) ≤ ûk[i](1− zk[i])
l̂k[i]⊙ zk[i] ≤ wT

i,kx1
k−1 + bk[i]zk[i] ≤ ûk[i]zk[i]

 = Sk,i (A.18)

We now prove that this formulation yields Ak when projecting out the copies of

the activations.

Proposition 6. Sets Sk from equation equation A.18 and Ak from problem equa-

tion 2.3 are equivalent, in the sense that Ak = Projxk−1,xk,zk(Sk).

Proof. In order to prove the equivalence, we will rely on Fourier-Motzkin elimination

as in the original Anderson relaxation proof (Anderson et al., 2019b). Going along

the lines of the original proof, we start from equation A.17 and eliminate x1
k−1,

x0
k[i] and x1

k[i] exploiting the equalities. We then re-write all the inequalities as

upper or lower bounds on x0
k−1[0] in order to eliminate this variable. As Anderson

et al. (2019b), we assume wi,k[0] > 0. The proof generalizes by using Ľ and Ǔ for

wi,k[0] < 0, whereas if the coefficient is 0 the variable is easily eliminated. We get

the following system:

x0
k−1[0] = 1

wi,k[0]

wT
i,kxk−1 −

∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i]− xk[i]
 (A.19a)

x0
k−1[0] ≤ − 1

wi,k[0]

∑
j>1
wi,k[j]x0

k−1[j] + bk[i](1− zk[i])
 (A.19b)
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x0
k−1[0] ≤ 1

wi,k[0]

wT
i,kxk−1 −

∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i]
 (A.19c)

lk−1[0](1− zk[i]) ≤ x0
k−1[0] ≤ uk−1[0](1− zk[i]) (A.19d)

x0
k−1[0] ≤ xk−1[0]− lk−1[0]zk[i] (A.19e)

x0
k−1[0] ≥ xk−1[0]− uk−1[0]zk[i] (A.19f)

x0
k−1[0] ≤ 1

wi,k[0]

wT
i,kxk−1 −

∑
j>1
wi,k[j]x0

k−1[j] + (bk[i]− l̂k[i])zk[i]
 (A.19g)

x0
k−1[0] ≥ 1

wi,k[0]

wT
i,kxk−1 −

∑
j>1
wi,k[j]x0

k−1[j] + (bk[i]− ûk[i])zk[i]
 (A.19h)

x0
k−1[0] ≥ 1

wi,k[0]

(̂lk[i]− bk[i])(1− zk[i])−
∑
j>1
wi,k[j]x0

k−1[j]
 (A.19i)

x0
k−1[0] ≤ 1

wi,k[0]

(ûk[i]− bk[i])(1− zk[i])−
∑
j>1
wi,k[j]x0

k−1[j]
 (A.19j)

where only inequalities equation A.19g to equation A.19j are not present in the

original proof. We therefore focus on the part of the Fourier-Motzkin elimination

that deals with them, and invite the reader to refer to Anderson et al. (2019b) for

the others. The combination of these new inequalities yields trivial constraints. For

instance:

equation A.19i+ equation A.19g =⇒ l̂k[i] ≤ wT
i,kxk−1 + bk[i] = x̂k[i] (A.20)

which holds by the definition of pre-activation bounds.

Let us recall that xk[i] ≥ 0 and xk[i] ≥ x̂k[i], the latter constraint resulting

from equation A.19a + equation A.19b. Then, it can be easily verified that the

only combinations of interest (i.e., those that do not result in constraints that

are obvious by definition or are implied by other constraints) are those containing

the equality equation A.19a. In particular, combining inequalities equation A.19g

to equation A.19j with inequalities equation A.19d to equation A.19f generates

constraints that are (after algebraic manipulations) superfluous with respect to

those in equation A.21. We are now ready to show the system resulting from the

elimination:
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xk[i] ≥ 0 (A.21a)

xk[i] ≥ x̂k[i] (A.21b)

xk[i] ≤ wi,k[0]xk−1[0]−wi,k[0]lk−1[0](1− zk[i]) +
∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i]

(A.21c)
xk[i] ≤ wi,k[0]uk−1[0]zk[i] +

∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i] (A.21d)

xk[i] ≥ wi,k[0]xk−1[0]−wi,k[0]uk−1[0](1− zk[i]) +
∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i]

(A.21e)
xk[i] ≥ wi,k[0]lk−1[0]zk[i] +

∑
j>1
wi,k[j]x0

k−1[j] + bk[i]zk[i] (A.21f)

lk−1[0] ≤ xk[i] ≤ uk−1[0] (A.21g)

xk[i] ≥ l̂k[i]zk[i] (A.21h)

xk[i] ≤ ûk[i]zk[i] (A.21i)

xk[i] ≤ x̂k[i]− l̂k[i](1− zk[i]) (A.21j)

xk[i] ≥ x̂k[i]− ûk[i](1− zk[i]) (A.21k)

Constraints from equation A.21a to equation A.21g are those resulting from the

original derivation of A′
k (see (Anderson et al., 2019b)). The others result from the

inclusion of pre-activation bounds in equation A.18. Of these, equation A.21h is

implied by equation A.21a if l̂k[i] ≤ 0 and by the definition of pre-activation bounds

(together with equation A.21b) if l̂k[i] > 0. Analogously, equation A.21k is implied

by equation A.21b if ûk[i] ≥ 0 and by equation A.21a otherwise.

By noting that no auxiliary variable is left in equation A.21i and in equation A.21j,

we can conclude that these will not be affected by the remaining part of the

elimination procedure. Therefore, the rest of the proof (the elimination of x0
k−1[1],

x0
k−1[2], . . . ) proceeds as in (Anderson et al., 2019b), leading to Ak,i. Repeating

the proof for each neuron i at layer k, we get Ak = Projxk−1,xk,zk(Sk).
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A.7 Masked Forward and Backward Passes

Crucial to the practical efficiency of our solvers is to represent the various operations

as standard forward/backward passes over a neural network. This way, we can

leverage the engineering efforts behind popular deep learning frameworks such

as PyTorch (Paszke et al., 2017). While this can be trivially done for the Big-

M solver (appendix A.2), the Active Set method (§2.3.1) requires a specialised

operator that we call “masked" forward/backward pass. Here, we provide the

details to our implementation.

The masked forward and backward passes respectively take the following

forms: (Wk ⊙ Ik) xk, (Wk ⊙ Ik)T xk+1 and they are needed when dealing with the

exponential family of constraints from the relaxation by Anderson et al. (2020). A

crucial property of the operator is that the Ik mask may take on a different value for

each input/output combination. While this is straightforward to implement for fully

connected layers, we need to be more careful when handling convolutional operators,

which rely on re-applying the same weights (kernel) to many different parts of the

image. A naive solution is to convert convolutions into equivalent linear operators,

but this has a high cost in terms of performance, as it involves much redundancy.

A convolutional operator can be represented via a matrix-matrix multiplication

if the input is unfolded and the filter is appropriately reshaped. The multiplication

output can then be reshaped to the correct convolutional output shape. Given a filter

w ∈ Rc×k1×k2 , an input x ∈ Ri1×i2×i3 and the convolutional output convw(x) =

y ∈ Rc×o2×o3 , we need the following definitions:

[·]I,O : I → O

{·}j : Rd1×···×dn → Rd1×···×dj−1×dj+1×···×dn

unfoldw(·) : Ri1×i2×i3 → Rk1k2×o2o3

foldw(·) : Rk1k2×o2o3 → Ri1×i2×i3

(A.22)

where the brackets simply reshape the vector from shape I to O, while the

braces sum over the j-th dimension. unfold decomposes the input image into the
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(possibly overlapping) o2o3 blocks the sliding kernel operates on, taking padding and

striding into account. fold brings the output of unfold to the original input space.

Let us define the following reshaped versions of the filter and the convo-

lutional output:

WR = [w]Rc×k1×k2 ,Rc×k1k2

yR = [y]Rc×o2×o3 ,Rc×o2o3

The standard forward/backward convolution (neglecting the convolutional bias,

which can be added at the end of the forward pass) can then be written as:

convw(x) = [WR unfoldw(x)]Rc×o2o3 ,Rc×o2×o3

back_convw(y) = foldw(W T
R yR).

(A.23)

We need to mask the convolution with a different mask for each input-output

pair. This means employing a mask I ∈ Rc×k1k2×o2o3 . Therefore, assuming vectors

are broadcast to the correct output shape1 , we can write the masked forward

and backward passes as:

convw,I(x) = [{(WR ⊙ I ⊙ unfoldw(x)}2]Rc×o2o3 ,Rc×o2×o3

back_convw,I(y) = foldw({WR ⊙ I ⊙ yR}1).
(A.24)

Owing to the avoided redundancy with respect to the equivalent linear operation

(e.g., copying of the kernel matrix, zero-padding in the linear weight matrix), this

implementation of the masked forward/backward pass reduces both the memory

footprint and the number of floating point operations (FLOPs) associated to the

passes computations by a factor (i1i2i3)/(k1k2). In practice, this ratio might be

significant: on the incomplete verification networks §2.5.1) it ranges from 16 to 64.

A.8 Stratified Bounding for Branch and Bound

As seen in the complete verification results in Figure 2.3 (§ 2.5.2), the use of a tighter

bounding algorithm results in the verification of a larger number of properties. In
1if we want to perform an element-wise product a⊙ b between a ∈ Rd1×d2×d3 and b ∈ Rd1×d3 ,

the operation is implicitly performed as a ⊙ b′, where b′ ∈ Rd1×d2×d3 is an extended version of b
obtained by copying along the missing dimension.
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general, tighter bounds come at a larger computational cost, which might negatively

affect performance on “easy" verification properties, where a small number of domain

splits with loose bounds suffices to verify the property (hence, the tightness is not

needed). As a general complete verification system needs to be efficient a priori,

on both easy and hard properties, we employ a stratified bounding system for use

within Branch and Bound-like complete verification algorithms.

We design a set of heuristics to determine whether the children (i.e., the

subproblems arising after splitting on it) of a given subproblem will require tight

bounds or not. The graph describing parent-child relations between sub-problems

is referred to as the BaB search tree. Given a problem p, we individually mark it as

difficult (with all its future offspring) if it meets all the conditions in the following set:

• The lower bound on the minimum over the subproblem, pLB, should be

relatively “close" to the decision threshold (0, in the standard form by Bunel

et al. (2018)). That is, pLB ≤ cLB. We argue that tighter bounds are worth

computing only if they are likely to result in a crossing of the decision threshold,

thus cutting away a part of the BaB search tree.

• The depth pdepth in the BaB search tree should not be below a certain threshold

cdepth. This is a way to ensure a certain number of splits is performed before

adopting tighter bounds.

• The running average of the lower bound improvement from parent to child pimpr
should fall below a threshold cimpr. This reflects the idea that if splitting seems

to be effective on a given section of the BaB tree, it is perhaps wiser to invest

computational budget in more splits (with cheaper bounding computations,

more splits can be performed in a given time) than tighter bounds. Empirically,

this is the criterion with the largest effect on performance.

Additionally, we do not employ tighter bounds unless the verification problem itself

(in addition to the individual subproblems) is marked as “hard". We do so when

the size of the un-pruned domains reaches a certain threshold chard.
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The set of criteria above needs to address the following decision trade-off: one

should postpone the use of tighter bounds until sure the difficulty of the verification

task requires it. At the same time, if the switch to tighter bounds is excessively

delayed, one might end up computing tight bounds on a large number of subproblems

(as sections of the BaB tree were not pruned in time), hurting performance for

harder tasks. In practice, we set the criteria as follows for all our experiments:

cdepth = 0, cLB = 0.5, cimpr = 10−1, chard = 200. As seen in Figure 2.3, this resulted

in a reasonable trade-off between losing efficiency on the harder properties (wide

model) and gaining it on the easier ones (base and deep models).

A.9 Experimental Appendix

We conclude the appendix by presenting supplementary experiments and additional

details with respect to the presentation in the main paper.

A.9.1 Experimental Setting, Hyper-parameters

All the experiments and bounding computations (including intermediate bounds)

were run on a single Nvidia Titan Xp GPU, except Gurobi-based methods and

“Active Set CPU". These were run on i7-6850K CPUs, utilising 4 cores for the

incomplete verification experiments, and 6 cores for the more demanding complete

verification experiments. The experiments were run under Ubuntu 16.04.2 LTS.

Complete verification results for ERAN, the method by Singh et al. (2020), are

taken from the recent VNN-COMP competition (VNN-COMP, 2020). These were

executed by Singh et al. (2020) on a 2.6 GHz Intel Xeon CPU E5-2690 with 512

GB of main memory, utilising 14 cores.

Gurobi-based methods make use of LP incrementalism (warm-starting) when

possible. In the experiments of §2.5.1, where each image involves the computation

of 9 different output upper bounds, we warm-start each LP from the LP of the

previous neuron. For “Gurobi 1 cut”, which involves two LPs per neuron, we first

solve all Big-M LPs, then proceed with the LPs containing a single cut.
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Hyper-parameter tuning for incomplete verification was done on a small subset

of the CIFAR-10 test set, on the SGD-trained network from Figures 2.1, 2.2. BDD+

is run with the hyper-parameters found by Bunel et al. (2020a) on the same datasets,

for both incomplete and complete verification. For all supergradient-based methods

(Big-M, Active Set), we employed the Adam update rule (Kingma and Ba, 2015),

which showed stronger empirical convergence. For Big-M, replicating the findings

by Bunel et al. (2020a) on their supergradient method, we linearly decrease the step

size from 10−2 to 10−4. Active Set is initialized with 500 Big-M iterations, after

which the step size is reset and linearly scaled from 10−3 to 10−6. We found the

addition of variables to the active set to be effective before convergence: we add

variables every 450 iterations, without re-scaling the step size again. Every addition

consists of 2 new variables (see pseudo-code in appendix A.4), which was found

to be a good compromise between fast bound improvement and computational

cost. On complete verification, we re-employed the same hyper-parameters for both

Big-M and Active Set, except the number of iterations. For Big-M, this was tuned

to employ roughly the same time per bounding computation as BDD+.

As the complete verification problem is formulated as a minimisation (as in

problem equation 2.1), in Branch and Bound we need a lower and an upper bound

to the minimum of each sub-problem. The lower bound is computed by running

the bounding algorithm, while the upper bound on the minimum is obtained by

evaluating the network at the last primal output by the bounding algorithm in the

lower bound computation (running the bounding algorithm to get an upper bound

would result in a much looser bound, as it would imply having an upper bound on

a version of problem equation 2.1 with maximisation instead of minimisation).

A.9.2 Dataset Details

We now provide further details on the employed datasets. For incomplete verification,

the architecture was introduced by Wong and Kolter (2018) and re-employed by

Bunel et al. (2020a). It corresponds to the “Wide" complete verification architecture,

found in Table A.1 . Due to the additional computational cost of bounds obtained
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Network Name No. of Properties Network Architecture

BASE
Model 100

Conv2d(3,8,4, stride=2, padding=1)
Conv2d(8,16,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 3172)

WIDE 100

Conv2d(3,16,4, stride=2, padding=1)
Conv2d(16,32,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 6244)

DEEP 100

Conv2d(3,8,4, stride=2, padding=1)
Conv2d(8,8,3, stride=1, padding=1)
Conv2d(8,8,3, stride=1, padding=1)
Conv2d(8,8,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 6756)

Table A.1: For each complete verification experiment, the network architecture used and
the number of verification properties tested, a subset of the dataset by Lu and Kumar
(2020). Each layer but the last is followed by a ReLU activation function.

via the tighter relaxation equation 2.3, we restricted the experiments to the first

3450 CIFAR-10 test set images for the experiments on the SGD-trained network

(Figures 2.1, 2.2), and to the first 4513 images for the network trained via the

method by Madry et al. (2018) (Figures A.3, A.4).

For complete verification, we employed a subset of the adversarial robustness

dataset presented by Lu and Kumar (2020) and used by Bunel et al. (2020a),

where the set of properties per network has been restricted to 100. The dataset

provides, for a subset of the CIFAR-10 test set, a verification radius ϵver defining

the small region over which to look for adversarial examples (input points for

which the output of the network is not the correct class) and a (randomly sampled)

non-correct class to verify against. The verification problem is formulated as the

search for an adversarial example, carried out by minimizing the difference between

the ground truth logit and the target logit. If the minimum is positive, we have

not succeeded in finding a counter-example, and the network is robust. The ϵver
radius was tuned to meet a certain “problem difficulty" via binary search, employing
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a Gurobi-based bounding algorithm (Lu and Kumar, 2020). The networks are

robust on all the properties we employed. Three different network architectures

of different sizes are used. A “Base” network with 3172 ReLU activations, and

two networks with roughly twice as many activations: a “Deep” network, and a

“Wide” network. Details can be found in Table A.1.

A.9.3 Adversarially-Trained Incomplete Verification
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Figure A.3: Upper plot: distribution of runtime in seconds. Lower plot: difference with the
bounds obtained by Gurobi with a cut from Ak per neuron; higher is better. Results for the
network adversarially trained with the method by Madry et al. (2018), from Bunel et al. (2020a).
The width at a given value represents the proportion of problems for which this is the result.
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Figure A.4: Pointwise comparison for a subset of the methods on the data presented in Figure
A.3. Darker colour shades mean higher point density (on a logarithmic scale). The oblique dotted
line corresponds to the equality.

In addition to the SGD-trained network in §2.5.1, we now present results relative

to the same architecture, trained with the adversarial training method by Madry

et al. (2018) for robustness to perturbations of ϵtrain = 8/255. Each adversarial
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sample for the training was obtained using 50 steps of projected gradient descent. For

this network, we measure the robustness margin to perturbations with ϵver = 12/255.

Figures A.3, A.4 confirm most of the observations carried out for the SGD-

trained network in §2.5.1, with fewer variability around the bounds returned by

Gurobi cut. Big-M is competitive with BDD+, and switching to Active Set after

500 iterations results in much better bounds in the same time. Increasing the

computational budget for Active Set still results in better bounds than Gurobi cut

in a fraction of its running time, even though the performance gap is on average

smaller than on the SGD-trained network.
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Figure A.5: Upper plot: distribution of runtime in seconds. Lower plot: difference with the
bounds obtained by Gurobi with a cut from Ak per neuron; higher is better. Results for the
SGD-trained network from Bunel et al. (2020a). The width at a given value represents the
proportion of problems for which this is the result. Sensitivity of Active Set to selection criterion
(see §2.3.2).
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Figure A.6: Upper plot: distribution of runtime in seconds. Lower plot: difference with the
bounds obtained by Gurobi with a cut from Ak per neuron; higher is better. Results for the
SGD-trained network from Bunel et al. (2020a). The width at a given value represents the
proportion of problems for which this is the result. Sensitivity of Active Set to variable addition
frequency ω, with the selection criterion presented in §2.3.2.
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A.9.4 Sensitivity to selection criterion and frequency

In section 2.3.2, we describe how to iteratively modify B, the active set of dual

variables on which our Active Set solver operates. In short, Active Set adds

the variables corresponding to the output of oracle equation 2.4 invoked at the

primal minimiser of LB(x, z,α,βB), at a fixed frequency ω. We now investigate

the empirical sensitivity of Active Set to both the selection criterion and the

frequency of addition.

We test against Ran. Selection, a version of Active Set for which the variables

to add are selected at random by uniformly sampling from the binary Ik masks. As

expected, Figure A.5 shows that a good selection criterion is key to the efficiency

of Active Set. In fact, random variable selection only marginally improves upon

the Planet relaxation bounds, whereas the improvement becomes significant with

our selection criterion from §2.3.2.

In addition, we investigate the sensitivity of Active Set (AS) to variable addition

frequency ω. In order to do so, we cap the maximum number of cuts at 7 for all

runs, and vary ω while keeping the time budget fixed (we test on three different

time budgets). Figure A.6 compares the results for ω = 450 (Active Set), which

were presented in §2.5.1, with the bounds obtained by setting ω = 300 and ω = 600

(respectively AS ω = 300 and AS ω = 600). Our solver proves to be relatively

robust to ω across all the three budgets, with the difference in obtained bounds

decreasing with the number of iterations. Moreover, early cut addition tends to

yield better bounds in the same time, suggesting that our selection criterion is

effective before subproblem convergence.

A.9.5 MNIST Incomplete Verification

We conclude the experimental appendix by presenting incomplete verification results

(the experimental setup mirrors the one employed in section 2.5.1 and appendix

A.9.3) on the MNIST dataset (LeCun et al., 1998).

We report results on the “wide" MNIST network from Lu and Kumar (2020),

whose architecture is identical to the “wide" network in Table A.1 except for the
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first layer, which has only one input channel to reflect the MNIST specification (the

total number of ReLU activation units is 4804). As those employed for the complete

verification experiments (§2.5.2), and differently from the incomplete verification

experiments in section 2.5.1 and appendix A.9.3, the network was adversarially

trained with the method by Wong and Kolter (2018). We compute the robustness

margin to ϵver = 0.15 on the first 2960 images of the MNIST test set. All hyper-

parameters are kept to the values employed for the CIFAR-10 networks, except the

Big-M step size, which was linearly decreased from 10−1 to 10−3, and the weight of

the proximal terms for BDD+, which was linearly increased from 1 to 50.

As seen on the CIFAR-10 networks, Figures A.7, A.8 show that Active Set yields

comparable or better bounds than Gurobi 1 cut in less average runtime. However,

more iterations are required to reach the same relative bound improvement over
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Figure A.7: Upper plot: distribution of runtime in seconds. Lower plot: difference with the
bounds obtained by Gurobi with a cut from Ak per neuron; higher is better. MNIST results for a
network adversarially trained with the method by Wong and Kolter (2018), from Lu and Kumar
(2020). The width at a given value represents the proportion of problems for which this is the
result.
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A.7. Comparison of runtime (left) and improvement from the Gurobi Planet bounds. For the
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The oblique dotted line corresponds to the equality.
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Gurobi 1 cut (2500 as opposed to 600 in Figures 2.1, A.3). Furthermore, the smaller

average gap between the bounds of Gurobi Planet and Gurobi 1 cut (especially

with respect to Figure 2.1) suggests that the relaxation by Anderson et al. (2020)

is less effective on this MNIST benchmark.
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B.1 Proofs

In this section, we present proofs for the theoretical results presented in the

main paper Section 3.1.

Theorem 7. The convex hull of set S, CH(S), is the set of all (y,x) satisfying the

following convex constraints:

y ≥ σ
(
wTx+ b

)
, x ∈ ∆, (B.1a)

y ≤
∑
i

xi
(
σ
(
wTei + b

)
− σ (b)

)
+ σ (b) , (B.1b)

where ei ∈ Rn, eii = 1, eij = 0∀j ̸= i, denotes the i-th coordinate vector in Rn.

140
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Proof. In this proof, for brevity, we write CH to denote CH (S). To begin with, we

note that CH is clearly a convex set, since σ is a convex function.

The convex hull of the set

S = {(x, y) : y = σ
(
wTx+ b

)
,x ∈ ∆}

can be characterized as the intersection of all the halfspaces that contain it (Boyd

and Vandenberghe, 2004). Equivalently, if we demonstrate that any linear function

obtains the same maximum value over S as over CH, the proof is complete.

Let α ∈ Rn, β ∈ R denote coefficients of a linear function on S.

If β > 0, the maximum is given by

max
(x,y)∈S

αTx+ βy = max
x∈∆

αTx+ βσ
(
wTx+ b

)
= max

e∈V
αT e+ βσ

(
wT e+ b

)
where V = {0, e1, e2, . . . , en} denotes the set of vertices of the simplex ∆, and the

second inequality follows from the fact that the objective is a convex function of x.

Since the constraint is invariant to scaling β, we can assume β = 1. Thus, we have

that for any (x, y) ∈ S,

max
(x,y)∈S

αTx+ y = σ (b) + max
(

max
i
αi + σ

(
wTei + b

)
− σ (b) , 0

)

If we optimize the same linear function over CH, we obtain

max
(x,y)∈CH

αTx+ y = max
x∈∆

αTx+
∑
i

xi
(
σ
(
wTei + b

)
− σ (b)

)
+ σ (b)

= max
x∈∆

∑
i

xi
(
αi + σ

(
wTei + b

)
− σ (b)

)
+ σ (b)

= σ (b) + max
(

max
i

(
αi + σ

(
wTei + b

)
− σ (b)

)
, 0
)

Thus the linear functions obtain the same optimum over both sets when β > 0.

If β < 0, the maximum value of the linear function over S

max
(x,y)∈S

αTx+ βy = max
x∈∆

αTx+ βσ
(
wTx+ b

)
= max

(x,y)∈CH
αTx+ βy

where the last equality follows from the fact that β < 0 and CH only contains one

lower bound on y for any fixed x, ie, y ≥ σ
(
wTx+ b

)
(equation B.1b) and the

objective is optimized by setting y to its lower bound.
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The only remaining case is when β = 0 and in this case, the optimization over

both S, CH reduce to

max
x∈∆

αTx = max
e∈V

αT e

and are indeed identical.

Thus, we have demonstrated that the maximum value of any linear function

over S and over CH are identical, and hence CH is the convex hull of S.

Proposition 8. For any input dimension m, CH∆ is provably tighter than P∆.

Specifically, we can characterize the gap between CH∆ and P∆ by the gap in the

optimal value of the problem

max y − y′ subject to (y,x) ∈ P∆, (y′,x) ∈ CH∆. (B.2)

The gap in the optimal value is shown to be proportional to the variance in the

weight vector w.

Proof. Let x ∈ ∆n, h(x) = ReLU(wTx+ b). Let wmin = miniwi. Note here that

wmin includes comparison to 0 to take care of the origin point of the simplex. Let

imin or imax denote the indices corresponding to wmin and wmax respectively. We

use the pre-activation bounds computed using simplex, as per the definition of P∆,

which is l = wmin + b and u = wmax + b. We assume that l ≤ 0 ≤ u. The upper

bounding cut in planet relaxation is

yP(x) = u

u− l
(wTx+ b− l).

We can write this as

yP(x) = wmax + b

wmax − wmin
(wTx− wmin).

To compare the tightness, we compare the difference yP − h(x) for the simplex

vertices. We begin by noting that the value yP at a vertex point ei will be

yP(ei) = wmax + b

wmax − wmin
(wi − wmin). (B.3)

By the definition and construction of the Planet relaxation, yP = h(.) when

i = imin or i = imax. For i ∈ {0, .., n} we have
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yP − h (ei) =


− l wmax − wi

wmax − wmin
if wi + b ≥ 0,

u
wi − wmin

wmax − wmin
if wi + b < 0.

(B.4a)

(B.4b)

Since the difference yP − h (ei) will be non-zero, we can conclude that the planet

relaxation does not represent the convex hull. Since our relaxation represents the

convex hull (see Theorem 7), thus it follows that our relaxation is tighter than the

Planet relaxation.

Let yCH denote the upper bound corresponding to our proposed relaxation.

Note that at the simplex vertices ei, yCH = h(ei). Thus at these vertices, the gap

yP−yCH can be given by Equation B.4. This difference provides a valid lower bound

to the gap in Equation B.2. Note that this gap is proportional to the variance in

the weight vector w.

B.2 Comparison to Anderson relaxation

To compare the tightness with respect to the Anderson relaxation (Anderson et al.,

2020; Tjandraatmadja et al., 2020), we use a two dimensional example. The example

corresponds to the weights in Figure 1 of the main paper. We use x ∈ ∆2 with

w = [2, 1], b = −1.25 and y = ReLU(wTx+ b). To derive the anderson relaxation

for this two dimensional setting, we take inspiration from Example 1 in Appendix

of Tjandraatmadja et al. (2020). Figure 1 in our main paper compares the tightness

between different relaxations. It can be seen that the Anderson relaxation does not

describe the convex hull, and is much looser than our proposed relaxation.

For using the Anderson relaxation, we need to replace the input simplex with

the unit hypercube. The relaxation first uses Kuhn triangulation of [0, 1]n (Todd,

1976), which is used to describe the collection of simplices whose union is [0, 1]n. It

requires an exponential number of simplices to describe the unit hypercube. The

method then constructs a unique affine interpolation of the function h(x) on each

of these simplices. This gives an overall exponential number of inequalities. For

our two dimensional example, we need to divide the unit square into two triangles
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T1 and T2 as shown in Figure B.1. Then constraints r1 and r2 are constructed

using these two triangles. In contrast, our relaxation works directly with the input

simplex and only requires one upper constraint. Figure B.1 shows a visualization for

this intuition behind why our relaxation only requires a linear number of constraints

in comparison to the exponential constraints of the Anderson relaxation (Anderson

et al., 2020). To show a direct correspondence, we construct this figure by modifying

Figure 3 from Appendix of Tjandraatmadja et al. (2020).

B.3 Implementation Details

In this section, we provide implementation details for various components of the

method.

Conditioning from ℓ1 to simplex Here we show how ℓ1 norm perturbations on

images can be modelled as simplex perturbations. Let x ∈ Rm denote the image

input space and let the input perturbations lie within an ℓ1 ball: {x | ∥x− x0∥1 ≤ ϵ}.

This input domain can be reformulated as a simplex as

x = x0 + ϵMz, z ∈ ∆2m, M
(m×2m)

=


1 −1 0 0 . . . 0 0
0 0 1 −1 . . . 0 0
...
0 0 0 0 . . . 1 −1

 . (B.5)

This transformation can be achieved by conditioning the first layer as

Wx+ b = W (x0 + ϵMz) + b (B.6a)

= ϵWMz + (Wx0 + b) (B.6b)

= W ′z + b′, (B.6c)

where W ′ and b′ denote the weights and bias of the conditioned layer whose

input lies in a simplex.
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(a) Constructing r1 (yellow)
using T1 from the Anderson
relaxation.
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T2

(b) Constructing r2 (yellow)
using T2 from the Anderson
relaxation.

x2
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y

T∆

(c) Constructing r∆ using the
input simplex T∆. Our relax-
ation can directly model the
input simplex T∆.

Figure B.1: Visualisation for the intuition behind why our relaxation requires only a linear
number of inequalities, whereas the Anderson relaxation (Tjandraatmadja et al., 2020) requires
an exponential number of constraints. Note that since the Anderson relaxation (Tjandraatmadja
et al., 2020) relaxation cannot handle the simplex constraint on the input, we have to replace the
input constraint with the unit hypercube. Sub-figures B.1a and B.1b show the construction of the
simplices in Kuhn triangulation of the unit [0, 1]2 cube, which requires an exponential number of
simplices. The bottom figure in each sub-figure shows the simplex and the top figure shows the
constraint corresponding to the simplex. Since there are an exponential number of simplices, an
exponential number of constraints are required to describe the convex hull.
Sub-figure B.1c shows the input simplex T∆, and the upper bound (in red) corresponding to our
relaxation. It can be noted that we only require one upper bound, and a total linear number of
inequalities to describe the convex hull for the composition of a linear function with a convex
activation function, when the input lies in a simplex.
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Conditioning intermediate layers In Section 4.1 of the main paper, we proposed

a technique to propagate simplex constraints throughout the network. We derived

inequalities of the following form on the intermediate layers:

∑
i

xk,i ≤ max
j∈{0,...,nk−1}

1Thk
(
ej
)

= αk. (B.7)

Here, xk,i denotes the i-th coordinate of the vector of activations xk at the output of

layer hk. Here we show how to condition the activations of the layers to propagate

simplex using the above inequality, assuming that the non-linearity σ is ReLU.

It requires conditioning both layer k, (hk) and layer k + 1, (hk+1). We first

condition layer k. Let the cut be ∑i xk,i ≤ α, where αk > 0. We can write it as

∑
i

xk,i
αk
≤ 1 (B.8a)

∑
i

σ(∑jWk,ijxk−1,j + bk,i)
αk

≤ 1 (B.8b)

∑
i

σ(
∑
j

Wk,ij

αk
xk−1,j + bk,i

αk
) ≤ 1 (B.8c)

∑
i

x̃k,i ≤ 1. (B.8d)

We have achieved ∑
i x̃k,i ≤ 1 by down-scaling each xk,i by a factor αk. Note

that we also need to condition layer k+ 1, (hk+1), such that the final output remains

the same. This is achieved by up-scaling the weights of layer k + 1 by a factor αk.
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B.4 Opt-Lirpa Planet Baseline

Algorithm 7 Opt-Lirpa Planet
1: function Opt-Lirpa_Planet(Ψ)
2: Initialise a with values between 0 and 1
3: for t ∈ J0, tmax − 1K do
4: LP (at) = Opt-Lirpa_backward(Ψ,at)
5: Compute gradients dLP

dat
via backpropagation

6: at+1 ← update gradient ascent (or Adam)
7: at+1 ← π (at+1) (projection)
8: end for
9: return LP (at+1)

10: end function
11: function Opt-Lirpa_backward(Ψ,a)
12: fN ← Ψ
13: for k ∈ Jn− 1, 0K do
14: Set fk (x)← f−

k+1 (uk (x)) + f+
k+1 (ak ⊙ Lk (x)) + f ck+1.

15: end for
16: LP (a) = minx0∈∆ f0 (x0)
17: return LP (a)
18: end function

As mentioned in the main paper, the Opt-Lirpa Planet baseline uses a similar

algorithm as our proposed simplex verify algorithm, with the only difference being

that it does not have the upper bound corresponding to our relaxation. More

precisely, it solves the following optimization problem

LP (a) = min
x

Ψ (xn−1) (B.9a)

s.t. x0 ∈ ∆ (B.9b)

xk ≥ ak ⊙ Lk (xk−1) k ∈ [n− 1], (B.9c)

xk ≤ uk (xk−1) k ∈ [n− 1]. (B.9d)

Note that there is only one upper bound, and thus there is no need for an upper

weighting coefficient a. The complete algorithm is shown in Algorithm 7.

B.5 Experimental Appendix

In this section, we present experimental details for the experiments presented in

the main paper. We also present a comparison to other baselines.
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B.5.1 Comparison Anderson Relaxation

In Anderson et al. (2019a, 2020), the authors proposed a tight relaxation that

describes the convex hull of a composition of a linear function of a vector within an

ℓ∞ ball with the ReLU non-linearity. Although the relaxation has an exponential

number of constraints, it admits a linear time separation oracle. More recently,

de Palma et al. (2021) proposed an efficient dual algorithm for this relaxation.

The dual algorithm uses Lagrangian relaxation, and maintains and updates a set

of active constraints (Active Sets). Please see de Palma et al. (2021) for more

details. In this section, we establish a comparison with the Active Set method (de

Palma et al., 2021). This relaxation does not directly handle the simplex constraint

on the input. Since it relies on ℓ∞ constraints on the input to derive the upper

bounds, we use the unit hypercube to derive the upper bounds for the first layer.

For the intermediate layers, we can use the intermediate upper and lower bounds

to form the relaxation. We also compare with the Bigm-adam solver presented

in (de Palma et al., 2021), which is a Lagrangian relaxation based dual solver for

the unprojected version (Bigm) of the planet relaxation.

The Verification accuracy and time taken are compared to other solvers presented

in the main paper, in Table B.1. Note that Bigm-adam and Active Set methods

also use the same intermediate bounds as the other methods. We compare the

efficiency of the different methods in computing the final layer bounds. We use

850 iterations for Bigm-adam as is used in de Palma et al. (2021). Active set

method is initialized with Bigm-adam run for 500 iterations, and the active set

is then run for 100 iterations. The active set uses 2 inequalities, which is the

same as is used in de Palma et al. (2021).

It can be seen that our Simplex Verify achieves better verified accuracy than the

Active Set solver, while being 2 orders of magnitudes faster. One main limitation of

the anderson relaxation (Anderson et al., 2020) is that it requires multiple upper

bounds to define the convex hull. In comparison, our method only requires a single

upper bound to describe the convex hull. In future work, it would be interesting to
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explore a combination of upper bounds from the anderson relaxation (Anderson

et al., 2020) and our proposed relaxation, for even tighter verification.

B.5.2 Experimental Setting, Hyper-parameters

Hyper-parameter tuning for ℓ1 perturbation experiments was done on a small

subset of the CIFAR-10 test set, on the adversarially-trained Wide network. All

the methods use the same intermediate bounds. The intermediate bounds were

computed using Opt-Lirpa planet run for 20 iterations. The weighting coefficients

are optimized using the Adam optimizer (Kingma and Ba, 2015). The coefficients

corresponding to the lower bounds are initialized using CROWN coefficients. The

initial and final learning rates are 10−5 and 1 respectively.

We compare the efficiency of the different methods in computing the final layer

bounds. For a fair comparison, the iterations for both the Lirpa style algorithms

(Opt-Lirpa Planet and Simplex Verify) are tuned such that they take the same

amount of time. The weighting coefficients corresponding to the lower bounds

in both the methods are initialized with CROWN coefficients. Opt-Lirpa Planet

is run for 6 iterations, and Simplex Verify is run for 3 iterations. The weighting

coefficients are optimized using the Adam optimizer (Kingma and Ba, 2015). The

initial and final learning rates for the weighting coefficients corresponding to the

lower bounds are 10−5 and 10 respectively, for Simplex Verify. The initial and

final learning rates for the weighting coefficients corresponding to the upper bounds

for Simplex Verify are 102 and 103 respectively.

Details about the network architectures used for the ℓ1 experiments are presented

in Table B.2. Note that the MNIST network uses the same architecture as CIFAR-

Wide network, except that it has 1 input channel. These architectures are the

same as used in de Palma et al. (2021).

The networks for multi-modal experiment are also trained with adversarial

training. Both during training and verification, we allow arbitrary text perturbations

from the vocabulary. For these attacks, the vocabulary comprises of the 1000 most

frequent words from the training dataset. We also selected a subset of 10 classes
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from the Food-101 dataset. These classes include donuts, pizza, french fries, ice

cream, onion rings, chicken wings, pad thai, apple pie, chicken curry, waffles.

The models in both, ℓ1 robustness verification and multi-modal classifier robust-

ness verification, are trained using SLIDE (sparse ℓ1-descent attack) from Tramer

and Boneh (2019). Tuning of the sparsity constant for the SLIDE attack was

crucial for training robust networks for the multi-modal classifier on the Food-101

dataset. We used sparsity of 0.3 for all the networks on this dataset. The same

sparsity was used for computing the upper bounds for CIFAR networks. We noted

that the SLIDE attack performed much better than the normal ℓ1 PGD attack

for training on Food-101 dataset. We also tried the EAD attack for the MNIST

network, where SLIDE accuracy was 98.2% and the EAD accuracy was 98.3%.

SLIDE performs at par with the EAD attack while being computationally much

more efficient than the EAD attack. See Appendix C of Tramer and Boneh (2019)

for an empirical comparison between the EAD attack and SLIDE. This was the

motivation for choosing the SLIDE attack over the EAD attack.
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Dataset MNIST CIFAR-10

Model Wide Base Wide Deep Wide
Training SLIDE SLIDE SLIDE SLIDE SGD

Accuracy Nominal 98.80% 75.1% 79.3% 72.1% 74.4%
Pgd 98.23% 73.5% 77.0% 69.8% 73.3%

Gurobi Planet 31.7% 34.1% 18.4% 11.1% 13.5%
Verified Gurobi Simplex 45.2% 48.6% 29.4% 13.4% 23.7%

Accuracy Bigm-adam (de Palma et al., 2021) 31.4% 33.6% 17.8% 10.6% 13.4%
Active Set (de Palma et al., 2021) 43.0% 45.5% 26.8% 10.9% 20.9%

Opt-Lirpa Planet 31.0% 33.7% 17.9% 10.8% 13.5%
Simplex Verify 44.6% 48.0% 28.8% 13.4% 22.4%

Gurobi Planet 74.61s 22.80s 114.92s 86.84s 114.70s
Avg. Verified Gurobi Simplex 72.47s 22.95s 72.17s 59.22s 70.42s
Time/Sample Bigm-adam (de Palma et al., 2021) 4.46s 4.36s 4.56s 6.80s 4.45s

Active Set (de Palma et al., 2021) 4.45s 4.63s 4.60s 7.00s 4.63s
Opt-Lirpa Planet 0.04s 0.04s 0.04s 0.06s 0.04s

Simplex Verify 0.04s 0.04s 0.04s 0.05s 0.04s

Table B.1: Verified accuracy and verification time of different solvers on MNIST and
CIFAR-10 models. We test on the entire test set for MNIST, and random 1000 test
images for CIFAR-10. Simplex Verify denotes our proposed solver. Our proposed method
achieves much higher verified accuracy in comparison to the state of the art baseline, in
the same amount of time.
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Network Name No. of Properties Network Architecture

OVAL-BASE 1000

Conv2d(3,8,4, stride=2, padding=1)
Conv2d(8,16,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 3172)

OVAL-WIDE 1000

Conv2d(3,16,4, stride=2, padding=1)
Conv2d(16,32,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 6244)

OVAL-DEEP 1000

Conv2d(3,8,4, stride=2, padding=1)
Conv2d(8,8,3, stride=1, padding=1)
Conv2d(8,8,3, stride=1, padding=1)
Conv2d(8,8,4, stride=2, padding=1)

linear layer of 100 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 6756)

VNN-COMP-Med 1000

Conv2d(3, 32, 5, stride=2, padding=2)
Conv2d(32, 128, 4, stride=2, padding=1)

linear layer of 250 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 16634)

VNN-COMP-Big 1000

Conv2d(3, 32, 3, stride=1, padding=1)
Conv2d(32, 32, 4, stride=2, padding=1)
Conv2d(32, 128, 4, stride=2, padding=1)

linear layer of 250 hidden units
linear layer of 10 hidden units

(Total ReLU activation units: 49402)

Table B.2: For each incomplete verification experiment, the network architecture used
and the number of verification properties tested, a subset of the CIFAR-10 test dataset.
Each layer but the last is followed by a ReLU activation function.
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C.1 CLEVR Blender

The different simulator parameters optimized for the Clevr experiment and the

underlying distributions are shown in Table C.1. The validation set of 30 images is

composed of synthetic images generated with a particular simulator configuration

which involved a particular lighting configuration, quality of images, image size,

location and material of images. This is shown in the right column of the last

row of Fig.C.1. This configuration is hidden during the simulator training and

only the validation set is available.

The test set and validation set are generated from the same hidden simulator.

The simulator is initialized from a different configuration than the validation
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Parameter Distribution Range

Number of Samples (Quality) Categorical 2, 128, 512
Number of Bounces (Quality) Bernoulli 8, 128
Image Size Categorical 32x32, 128x128, 256x256
Ambient Light Intensity Gaussian 0 to 100
Back Light Intensity Gaussian 0 to 100
Each Object Location (3 Objects) Gaussian -10 to 10
Each Object Material (3 Objects) Bernoulli Rubber, Metal

Table C.1: Distributions over Clevr simulator parameters

simulator. During training, the simulator learns to generate data which is optimal

for training a neural network for perforimng well on the validation set. Figure C.1

shows the evolution of the simulator with training. It can be seen that the simulator

starts from poor lighting, quality and location of objects and improves itself during

training, along with improving the segmentation performance on the validation set.

Figure C.1: Evolution of CLEVR simulator during training using AutoSimulate. Left: rows show
the images generated by the simulator at different iterations during simulator training. It can be
seen that the simulator evolves from poor lighting and low quality (Row 1 and 2) to good lighting
and quality (Row 4) and also learns the object positions, as are in the validation set. Row 4 shows
images generated from the final trained simulator. These images are used to train a semantic
segmentation model. Right: semantic segmentation model output on 3 validation images (Row 4)
across simulator training iterations. Row 3 provides outputs from the final trained segmentation
model.
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C.2 Photorealistic Renderer

We briefly describe the rendering technique used to generate photo-realistic images

in the main set of experiments. There are three essential components to the

rendering system. First component is acquiring accurate 3D CAD models of objects;

which involves assigning accurate geometric properties, along with material, texture

and color to the objects. Then, these 3D objects models are rendered within a

realistic scene, which is essential for capturing the context around these objects.

A realistic scene should also have accurate geometric shapes, background objects,

along with accurate materials, texture and lights.

Second component is the proper placement of these objects and camera within

a scene such that the images renderer are plausible. Objects are placed in the

scene such that rigid body properties are not violated, for example, they should

not intersect with each other. A physics engine (Nvidia PhysX) is used to generate

possible object arrangements. A set of camera positions is randomly generated

for each object arrangement.

Finally, in order to generate photorealistic images, accurate simulation of

reflectance and light properties, including shadows, soft shadows, inter-reflections

etc, is necessary. Physically based rendering method, for example Arnold Georgiev

et al. (2018), is then used to generate highly photorealistic images. This system

uses ray tracing which relies on shooting rays through within a scene. The quality

of rendered images depends on the number of rays sampled and the number of

bounces of lights from (diffused and specular) surfaces. A user can control the

quality of images by specifying the values for these parameters. More details

about data generation with the simulator can be found in the work of Hodaň et al.

(2019) and Arnold Georgiev et al. (2018).

Implementation Details

For calucation of the inverse hessian vector product using the Conjugate Gradient

(CG) algorithm, we used the fmin_ncg function from python library scipy.optimize
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Method mAP (Faster-rcnn) mAP (Yolo)

REINFORCE (LTS) 51.8 37.2
Bayesian Optimization 46.0 37.5
Random Search 50.3 36.8
Ours 55.1 45.9

Table C.2: Effect of Network Architecture

1. Furthermore, a standard implementation of Grid Search from Scikit-learn Python

library Pedregosa et al. (2011) was used to tune the hyper-parameters for all the

baselines and our algorithm, and the best results are reported for every algorithm.

The size of the dataset K generated in each iteration is tuned over the values

20, 50 and 70. The simulator learning rate α is tuned over the values 0.01, 0.1 and 10.

For LTS, the number of datasets generated at each iteration is tuned over the values

5, 10, 40 and 50. The weight decay regularization λ of the hessian is tuned over

0.1 and 10. We observed a standard deviation of around 3% in the Test mAP

with this hyper-parameter tuning.

C.2.1 More Ablation Studies

We now show another experiments to compare and evaluate the robustness and

performance of different algorithms.

Effect of Network Architecture

In this experiment we evaluate the effect of the network architecture on simulator

training for different methods. In particular, we show results using two networks:

Faster-rcnn with Resnet50-fpn backbone and YOLO with 112 layers in Table C.2. We

observe that our methods is much better than all the other baseline methods across

different network architectures, thereby demonstrating the generality of the method.

C.3 Extended Related Work

Kar et. al. Kar et al. (2019) proposed an interesting method that learns to

transform scene graphs sampled from the given probabilistic grammar of scenes
1https://het.as.utexas.edu/HET/Software/Scipy/generated/scipy.optimize.fmin_

ncg.html

https://het.as.utexas.edu/HET/Software/Scipy/generated/scipy.optimize.fmin_ncg.html
https://het.as.utexas.edu/HET/Software/Scipy/generated/scipy.optimize.fmin_ncg.html
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with the goal of simultaneously optimizing performance on downstream task (using

REINFORCE-like gradient estimator) and matching the distribution of simulated

images to real images. The method aims to reduce the content gap between

simulated and real images, however it is still limited by the slow REINFORCE-like

gradient estimator. In contrast, our contribution lies in making a more efficient

algorithm for optimizing performance on a downstream task. Furthermore, we also

focus on optimizing the parameters that impact realism of rendered images such

as rendering quality, material of objects, illumination in the environment, while

also optimizing content parameter such as location of objects in the scene. We

believe both the autosimulate and meta-sim approaches are orthogonal and can

benefit from each other. Efficient optimization method proposed in the autosimulate

method can replace REINFORCE in the meta-sim approach. Similarly, distribution

matching loss between simulated and real images from the meta-sim work can be

used within autosimulate framework. These are interesting directions. However, a

complete validation of these ideas is beyond the scope of this paper.

C.4 Gradient of Expectation for different distributions

We discuss a technique to compute the term d
dψ Es∼pψ [f(s)] which is the gradient

of expectation of a function over a distribution, with respect to parameters of

the distribution. For continuous distributions we can directly use REINFORCE

Williams (1992), as follows:

d

dψ
E

s∼pψ
[f(s)] = E

s∼pψ
[f(s) d

dψ
log pψ(s)]

(C.1)

Gaussian Distribution

For the mean of Gaussian distribution, we have
∂
∂ψ

log pψ(x) = Σ−1(x − ψ), where ψ is the mean and Σ is the covariance matrix.

Putting this into Eq. C.1 we get:

d

dψ
E

s∼pψ
[f(s)] = E

s∼pψ
[f(s) Σ−1(s− ψ)] (C.2)
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For discrete distributions we can derive it similarly Schulman et al. (2015);

Rezende et al. (2014). Here we give the derivations for Bernoulli and Categorical

distributions which we used in our experiments.

Bernoulli Distribution

Let s take value 1 with probability ψ and value 0 with probability 1−ψ, defined as

pψ(s) = ψs(1− ψ)(1−s). The gradient over expecation term can be computed as:

∂

∂ψ
E

s∼pψ
[f(s)] = ∂

∂ψ
(1− ψ)f(0) + ∂

∂ψ
ψf(1)

= f(1)− f(0)

(C.3)

Categorical Distribution

Let the parameter be ψ = (ψ1, ψ2, ..., ψK) s.t ψ1 + ψ2 + ...+ ψK = 1 where ψi is the

probability of seeing element i. Let [s = i] be 1 if s = i and 0 otherwise, then:

pψ(s = i) =
K∏
i=1

ψ
[s=i]
i

E
s∼pψ

[f(s)] =
K∑
i=1

[s = i]ψif(s)

∂

∂ψi
E

s∼pψ
[f(s)] = ∂

∂ψi
[s = i]ψif(s)

= f(i) (C.4)
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D.1 Additional ablation studies

In this section, we present an additional experiment on the temporal consistency

of our visual words, the effect of online adaptation and the size of the visual

word dictionary.

D.1.1 Temporal consistency of our visual words

In this experiment we aim to infer whether our visual words remain in the same

region/part on the object throughout the video. We use the Physical Parts Discovery

Dataset Del Pero et al. (2016) for this experiment. This dataset contains videos
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Figure D.1: Qualitative examples of our experiment on the temporal consistency of visual words
on the Physical Parts Discovery (PPD) Dataset Del Pero et al. (2016) Note how the visual words
that our model learns in an unsupervised manner (third row) are consistent over time. The PPD
dataset contains ground-truth annotations for animal classes (second row) which we leverage for
our experiment. Note that our visual words will not correspond exactly to the ground truth parts
as we learn our visual words in an unsupervised manner.

for two object classes, namely, “tiger” and “horse”. There are 16 videos for each

class, with 8 videos with the animal facing right and the other 8 videos with the

animal facing left. Ground truth annotation for 10 body parts of the object is

provided for a subset of frames in the video.

We use this dataset, as it is the only one that we are aware of that annotates

the parts of an object throughout the video. However, as our method produces

object parts in an unsupervised manner, we first form a mapping from each of our

visual words to a ground truth object part. Thereafter, we evaluate the consistency

of these visual-word-to-object-part mappings over time.

Mapping visual words to ground truth object parts We initially run our algorithm

on the first frame of the video, to obtain k visual words for the object. We then

map each visual word to a ground truth object part. This assignment is done

based on the majority vote from all the pixels in that visual word, i.e. a visual

word is assigned to the part which it has the maximum spatial overlap with it.

This is then the ground truth assignment of the visual words to the object parts
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Dictionary Size (k) 10 15 20 30 40 50 60 80 100

Part consistency score (%) 77.4 75.1 74.1 71.9 71.1 71.1 70.9 69.9 69.6

Table D.1: Part consistency score as a function of the number of visual words, k. The
relatively high score (the maximum is 100) suggests that our method indeed forms visual
words that consistently correspond to the same parts of the tracked object throughout the
video. This is performed on the Physical Parts Discovery Dataset Del Pero et al. (2016).

and will be used next for evaluation.

Evaluation For all other frames of the video, we run our method and match each

pixel to a visual word of the object. We then find the part that these visual words

now belong to, which is following the previous paragraph performed according to

the maximum spatial overlap. We then calculate how many visual words still belong

to the part that they were assigned to in the first annotated frame. The percentage

of these consistent mappings, averaged over the entire dataset, is our performance

metric, which we denote the “Part consistency score”. This metric measures the

consistency of our visual words over time, as it indicates if a visual word is still

in the same region of the object as it was in the first frame.

Results Table D.1 performs this experiment for different numbers of visual words,

k. For k = 10, the accuracy is 77.4%, showing that our method is indeed consistently

tracking parts of the object. This is also shown visually in Fig. D.1 and in the

supplementary video. Table D.1 also shows that the part tracking accuracy decreases

as k is increased. We believe this is because each of the regions corresponding

to a visual word decreases as k is increased, and thus there is higher variance

in visual-word-to-object-part mapping.

D.1.2 Effect of Online Adaptation

Online adapation, as described in Sec. 5.3.4, updates the dictionary of visual words

to account for appearance changes in the object throughout the video. Figure D.2

shows an example of the online adaptation of our model on the DAVIS-2017 dataset.
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Figure D.2: The effect of online adaptation on the representation of dynamic objects. As the
object pose changes over time, newer visual words (denoted by gray and light-blue colors) are
learned and added to the dictionary of visual words.

Interval (δ) NA 30 20 10 5 2 1

J (%) 55.8 58.6 59.2 61.3 63.9 63.7 62.8

Table D.2: The effect of online adaptation on model performance. δ denotes the frame
interval before every step of online adaptation. Small values of δ help the model to adapt
to quickly changing scenes, but too small a δ can introduce noise into the visual words.
NA: No online adaptation.

Table D.2 shows how updating the dictionary,M, improves performance. Smaller

values of the update interval, δ, meansM is updated more frequently and thus helps

the system smoothly adapt to dynamic scenes and fast-moving objects. However,

very small values of δ, such as δ = 1 also increase the chance of adding noisy visual

Outlier Removal Online Adaptation J (%)
✗ ✗ 55.8
✗ ✓ 60.4
✓ ✓ 63.9

Table D.3: The effect of outlier removal and online adaptation
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Figure D.3: The effect of the α hyper-parameter used in the online adaptation of on our method.
Note how our IoU on the DAVIS-2017 validation set barely changes for α ∈ [0, 0.7] showing that
our algorithm is not very sensitive to this hyper-parameter.

words, which may explain why δ = 5 performs the best. Table D.3 also shows

that our simple “outlier removal” step improves results as well, by encouraging

spatio-temporal consistency from one frame to the next.

Note that our online adaptation system adds little overhead as it simply

updates the existing dictionary of visual words. No additional forward or backward

passes through the network are required, unlike methods such as Voigtlaender

and Leibe (2017).

Effect of α on online adaptation Figure D.3 shows the effect of distance threshold

in online adaptation, α, on our accuracy on DAVIS-2017. It shows that our

algorithm is robust to the choice of alpha, performing similarly in a wide range

of values when α lies in the interal [0, 0.7], thus motivating our decision to use

α = 0.5 in our experiments. Although our method is tolerant to a wide range of

α values, setting it too high (α ≥ 0.8) introduces noisy visual words into online

adaptation process which harms performance.
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Figure D.4: The effect of visual word dictionary size hyper-parameter on our algorithm’s accuracy
(IoU), runtime (s) and memory consumption (GB). The accuracy, in terms of the IoU (J ) starts
saturating around k = 50. However, the runtime and memory increase linearly with the number
of clusters, k.

D.1.3 Effect of visual word dictionary size

Table 3 of the main paper already showed the effect of the visual word dictionary size

on performance. Figure D.4 examines this in more detail by showing the accuracy

(measured by the IoU, J ), the runtime in seconds and the memory consumption as

a function of the size of the visual word dictionary. We can see that the accuracy

starts saturating after around k = 50 clusters. However, the runtime and memory

consumption increase linearly as the number of visual words is increased. So we use

k = 50 clusters, as it provides a good balance between accuracy and speed.

Additionally, Fig. D.5 presents some of the visual words, corresponding to object

parts, that are automatically learned by our model. Finally, Fig. D.6 shows the

qualitative effect on our final segmentation results by increasing the number of

visual words in the dictionary.
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Input image Visual words Final segmentation

Figure D.5: Visual words formed by our model. Each row represents a video from DAVIS-2017
dataset, with the original image (left), the object parts formed by our model in different colors
(middle), and the segmentation output (right) obtained using our model. It can be seen that our
model forms meaningful visual words which represent body parts in objects.

D.2 Qualitative Results

Figures D.7 and D.8 present further qualitative comparisons of our method with

RGMP Wug Oh et al. (2018).
D.3 Additional quantitative results

Tables D.4, D.5 and D.6 present per-sequence results on the DAVIS-2016, DAVIS-

2017 and YouTube-Objects datasets respectively.
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Original Image k = 1 k = 3 k = 50

Figure D.6: The effect of visual word object representation on qualitative segmentation outputs.
This figure shows that increasing the size of the visual word dictionary (K) improves the
representation of the object, and thus improves segmentation outputs (qualitative). This is
because it can better capture the intra-object variance. For instance, the lost face of the human in
yellow (first row), the lost tail of the dog (third row), and the missing legs of the horse (last row)
have been recovered in the last column (50 visual words), because of this property. Similarly, our
method can address partial occlusions by representing different object parts using visual words,
and tracking them robustly over the video (fourth row). All the visual words are learned in an
unsupervised manner to represent object parts, as described in the main paper. The results are
obtained without any fine-tuning.
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Figure D.7: Success cases of our method, and comparison to RGMP Wug Oh et al. (2018). In
each of these videos, our method is able to accurately track the objects labelled in the first frame
throughout the video. First video: Our algorithm accurately segments the person throughout the
video, whilst RGMP cannot deal with the scale and viewpoint changes of the person and mistakes
him for the motorbike. Second video: Our method is able to segment the kite-surfing harness and
wires whilst RGMP loses track of these fine structures. Additionally, note how we are able to
segment the heavily-occluded surf-board throughout the video, unlike RGMP. Third video: Both
methods perform well on this example. Fourth video: RGMP loses track of the cyclist from the
fourht frame onwards, whereas our method is robust to this occlusion. Mask propagation methods,
such as RGMP, struggle with such occlusions. Our representation of objects as visual words is
more robust in these situations. Full video results of these clips are included in the supplementary
video.



168 168

Ours

RGMP
Wug Oh
et al.
(2018)

Ours

RGMP
Wug Oh
et al.
(2018)

Ours

RGMP
Wug Oh
et al.
(2018)

Ours

RGMP
Wug Oh
et al.
(2018)

Figure D.8: Failure cases of our method and RGMP Wug Oh et al. (2018). First video: Note how
our method does not properly segment the green box through the video. RGMP, on the other
hand, loses track of the whole box, and also cannot deal with the two people occluding each other
in the last two frames. Second video: In the fourth and fifth frames, our method confuses the
cyclists legs and motorbike. RGMP segments the person properly, but not the entire motorbike.
Third video: Our algorithm struggles to segment the fine structures of the parachute. RGMP, on
the other hand, completely loses track of the parachute after the first frame. Fourth video: Our
segmentation of the bicycle (particularly its spokes) is not very accurate. RGMP, on the other
hand, makes a larger error between the bicycle and person when they occlude each other from the
third frame onwards. Full video results of these clips are included in the supplementary video.



169 169

Sequence Blac
ksw

an

Bmx-T
ree

s

Brea
kd

an
ce

Cam
el

Car-
Rou

nd
ab

ou
t

Car-
Sh

ad
ow

Cow
s

Dan
ce-

Twirl

Dog Drif
t-C

hic
an

e

F 0.98 0.77 0.70 0.85 0.92 0.99 0.98 0.81 0.95 0.72
J 0.94 0.55 0.69 0.81 0.96 0.96 0.94 0.81 0.93 0.65

Sequence Drif
t-S

tra
igh

t

Goat Hors
eju

mp-H
igh

Kite
-Su

rf

Libb
y

Moto
cro

ss-
Ju

mp

Para
gli

din
g-L

au
nch

Park
ou

r

Sc
oo

ter
-B

lac
k

So
ap

bo
x

F 0.83 0.91 0.93 0.64 0.89 0.65 0.45 0.94 0.82 0.89
J 0.90 0.87 0.82 0.62 0.75 0.82 0.61 0.89 0.85 0.90

Table D.4: Per-sequence video object segmentation results for DAVIS-2016 Perazzi et al.
(2016) dataset.
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J 0.69 0.77 0.58 0.15 0.90 0.52 0.48 0.93 0.64 0.80 0.33 0.59 0.44 0.84 0.75 0.76

Table D.5: Per-sequence video object segmentation results for DAVIS-2017 Pont-Tuset
et al. (2017) dataset.

Sequence Aero
pla

ne

Bird Boat Car Cat Cow Dog Hors
e

Moto
rbi

ke

Trai
n

J (%) 87.1 84.7 81.0 82.9 78.8 76.3 80.3 72.9 77.8 89.5

Table D.6: Per-sequence video object segmentation results for Youtube-Objects
dataset Prest et al. (2012); Jain and Grauman (2014).
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E.1 Appendix

We also derive the Alpha MAML update equations for the bigger case of multiple

tasks in one batch as follows, where i denotes the iteration number and t is

used to denote the task index:

θ′
t = θi−1 − αi∇θi−1LTtrain(t)(fθi−1)

αi+1 = αi + αhyperlr
∑

Tt∼p(T )
∇θ′

t
LTtest(t)(fθ′

t
) .∇θi−1LTtrain(t)(fθi−1)

βi = βi−1 + βhyperlr
∑

Tt∼p(T )
∇θi−1LTtest(t)(fθ′

t
) .∇θi−2LTtest(i−1)(fθ′

t
)

θi = θi−1 − βi
∑

Tt∼p(T )
∇θi−1LTtest(t)(fθ′

t
)

(E.1)

In the update for β, the second gradient is the previous step’s gradient.
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Figure E.1: Grid Search for selecting the hyper-parameters in MAML and Alpha-MAML: shows
the number of iterations to converge to a training loss of 2.99 for Omniglot dataset. It can be
seen that as we go far from the tuned hyper-parameter range, converge of Alpha-MAML is better
than MAML. Specially for the case of α0 = 1e− 4, β0 = 1e− 6 Alpha-MAML converged in less
than 15 iterations for a wide range of αhyperlr and βhyperlr, whereas MAML takes 165 iterations.
Same is the case with α0 = 1e − 5, β0 = 1e − 7, for most of the choices of αhyperlr and βhyperlr,
Alpha-MAML converged in lesser number of iterations than MAML.
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Implementation details The network has four modules with 3×3 convolutions

and 64 filters. This is followed by batch normalization, a ReLU activation, and

strided convolutions. The final output is fed into a softmax layer. The images are

downsampled to 28×28, and the dimensionality of the last hidden layer is 64.

An augmentation scheme similar to original MAML implementation is applied,

where images are augmented with 90 degrees rotated images.
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