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ABSTBACT

Chapter I of tola thaaia considers tha frequency theory of 
probability and in particular ita traatmant of individual events. Attempts by 
frequentlsts to give aa account of ordinary statements of probability which are 
fanarally about individual events are criticized at length: Belchanbaoh's attempts 
to daal with tha problem of Individual events is found to be unsatisfactory in virtue 
of his Introduction of such dubious entitles a a fictitious probabilities'; Salmon's 
related suggestion to treat tha problem of the single case la terms of 'waighta* 
determined by an 'application1 of his theory of probability ia also found to be 
unsatisfactory, for tha concept of probability defined by his theory can not, on 
his own admission, be applied to tha single case. Proposals by Keynes and 
Popper to treat the single case along frequentlet lines, while apparently more 
promising, torn out in tha and to be too rudimentary and sketchy to fulfill even 
tha minimal condition for sa adequate semantic definition of probability - tha 
specification of a probability function which provides an interpretation of tha 
axioms of probability. Tha basic difficulty for a fraquantiat in assigning 
probabilttftea to Individual events ia (not surprisingly) found in Chapter I to be 
that the probability of an individual event will vary depending on what reference 
elaas ta chosen to determine its probability.

m Chapter B, however, tha dependence of tha probability of 
individual events on tha reference class chosen la aaan not to present a genuine 
difficulty in formulating an adequate semantic definition of probability, Tha 
variability of tba probabilities assigned to individual events indicates that they 
are relational probabilities crucially Involving a reference class in one term of 
tha relation; once recognized tha relational character of tha probability of 
Individual events provides tha basis of an adequate semantic interpretation of tha 
standard axioms of probability. It la shown that tht resulting theory of probability 
can maat tha objections raised by Salmon, Von Mlsea and Baichanbach against tha 
assignment of probabilities to individual events and, Indeed, this theory of 
probability resolves contradictions found to be Inherent in Reichenbaoh and Salmonvi 
traatmant of tha single case.

Chapter ffl begins with a discussion of a methodological principle 
by which tha relational theory given in Chapter II can be applied to actual 
altuationa to determine tba unique probability values often needed for tha purpose a 
of action. This ia tba well-known principle of choosing tba narrowest reference 
class for which statistics are available. This principle, usually referred to in 
tha theais aa that of choosing tha narrowest available reference class, ia given 
a preliminary (and traditional) formulation at tha start of Chapter m. Von Ml as a* 
requirement of randomneaa ia than analyzed in light of this principle and it la



found thai if we employ this principle to determine unique probabilities, only 
random classes of events can be ueed to assign unique probabilities to every 
individual member of the class. This 10 found to account for the view - 
expressed in Van Mlees' requirement of randomnsss - that only random elaeeee 
are truly probabilistic.

In Chanter IV various problems concerning the principle of 
choosing the narrowest available reference class are considered* Some of 
these are familiar, e.g. Ayer's objection to frequentlsts'use of this principle* 
the difficulties caused by unlawllk* predicates, and the problems raised by the 
quite common absence of complete statistical knowledge. Less familiar 
problems are also considered, In particular Chapter IV Is concerned with the 
question of precisely what kinds of reference classes can be considered 
'available' for determining the probability of Individual events, A solution to 
this problem Is devised, based, in the first instance, on the concept of an 
effectively calculable function introduced by Church into discussions of 
raadomness* A reference class is said to be available for determining the 
probability of an individual event if and only if there exists a determinate 
procedure which, If carried out, would yield the result that the event belongs 
to that reference class* la the case of reference classes formed by mathematical 
roles of selection, the existence of a determinate procedure leading to a result 
Is equated with the existence of a recursive function leading to that result. In the 
ease of reference classes based on empirical predicates, the class of determinate 
procedures is the totality of experimental procedures extant In the scientific field 
la question. This line of argument is extended to explicate the concept of 
'available evidence', which figures prominently in many theories of probability. 
Various objections to this explication of available evidence are considered and 
a more refined analysis eventually emerges.

Chapter V considers Caro&p'e thesis that there exist two distinct 
concepts of probability and it is shown that this conclusion can be avoided by 
adopting the frequency theory for the singe case given in Chapter n in place of 
the standard frequency theory - the definition of probability expressed in our 
theory is shown to be an instance of the definition of probability as a quantitative 
relation between evidence and hypothesis and thus to have distinct affinities to 
Cs map's theory of probability^ Chapter V concludes with a discussion of 
subjectivism in theories which mate probability a relation between evidence and 
hypothesis and it Is shown how both our theory of probability and the logical 
relation theory avoid such subjectivism*

ChapteriVI and VII are concerned with the principle of Indifference. 
Chapter VI begins with a survey of a variety of opinions on the principle and then 
presents a new Interpretation of it as a rudimentary form of semantic definition 

of probability. It Is shown that the principle, In stating conditions under which 
alternatives are equally probable, actually fixes identity conditions for the 
concept of probability and, as widely understood since Frege, any statement 
which fixes Identity conditions for a concept fixes a particular sense for that



concept, a particular se magics. The definition of probability encapsulated 
in the principle is that of probability aa a comparative relation of evidential 
support. E i« further explained how such a comparative conception of probability 
will have ted to the numerical assignments of probability traditionally arrived 
at by uae of the principle of indifference - when, as was the case with the 
principle's usual employment, a set of n mutually exclusive and exhaustive 

ft are (comparatively) Judged to be equally likely, it follows directly
from the axioms of probability that each hypothesis has the numerical 
probability - . That the principle of indifference encapsulates the semantic
definition of probability as the comparative concept of evidential support is found 
to accord with the classical theorists' definition of probability as the ratio of 
favourable cases to possible oases, where each case is equl-posslbie. H we 
take the expression *equi-po0siblev to be an undefined primitive term* the 
classical definition of probability constitutes a natural (and fruitful) uainterpreted 
axiomatic definition of probability. In accordance with the argument of the earlier 
pert of Chapter VI, the principle of indifference - which even in classical times 
wee regarded ae fixing a sense or interpretation for the expression tequt-posaibie* 
* then can be understood as providing, in a rudimentary way* a semantic 
interpretation for the basic undefined term of tills axiom system.

Chapter VH, which concludes the thesis* analyses a variety of 
objections that have been raised against the principle and the analysis there 
supports the over-all claim thst the principle of indifference wee the first, and 
therefore, not eurprlslngy, somewhat confused, attempt to state the highly 
pbraeible definition of probability as the comparative concept of evidential 
support.

Approximate length of thesis: 70, 000 - 78,000 words.
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INTEODUCTION

In this thesis I will treat a number of problems in probability 

theory that seem to me of particular interest and which, I believe, have not as 

yet been satisfactorily resolved in the literature of the field. To begin with, I 

hope to formulate a definition of probability that will constitute a genuine frequency 

theory for the single case* White the possibility of such a theory has been 

considered for some time, much of the previous discussion of this problem has 

been unsystematic, inconclusive and, on occasion, inconsistent* In Chapter I 

I will consider some of the history surrounding this problem and in Chapter H 

I will present a theory which I believe represents the correct solution to It. Once 

properly formulated, a frequency theory for individual events can, I think, be shown 

to be preferable to the standard frequency theory In which probabilities are 

denied to individual events* In arguing for this I will, in later chapters,
--.•"*"• ,""••- " •

consider various issues in probability theory that are, in the first instance, of 

interest quite independently of the problem of alngie case probabilities* la 

Chapter m I will argue that despite Yon Mises* explicit denial of probabilities 

to Individual events, his requirement of randomness is best understood as a 

consequence of a frequency theory in which genuine probabilities are assigned 

to individual «TOnts, Besides supporting the line of argument of the earlier 

chapters, this discussion hopefully enhances our understanding of Von Mises' 

celebrated requirement.



Tho diaouaalon in Chapter m wili involve, crucially, a well- 

known adjunct to froquancy theortes of probability, tha principle of ohooaing 

tha narrowaat reference oiaaa for which atatiatica ara available, fe Chapter IV 

I will examine thia (and tha x*Xated requirement of total evidence) at length for 

X believe thai* ara a number of interesting, but in some cases hitherto unexplored, 

problems Involved in atatiag thia principle rigorously, to Chapter V X will turn 

to Carnap'a famous thaala that their exist two distinct concepts of probability - 

oaa statistical, oat epiatemic ~ and wfll ahow how tha frequency theory for tha 

single cam X haw offerred providea a meana for reconciling thtae two oonoepta. 

IQr frequency theory for tha single case will turn out (on tha a&aiyela given in 

Chapter V) to be one in which probability ia defined aa a quantltive and empirical 

relatioo between evidence and hypotheaiai from thia vantage point Caraap** two 

cocoepta of probability wiXX a{^pear to arlee cmly from the existence of two dietlnct 

meane for arriving at numerical meaaurementa of the relation of evidential
' . ' ''_-'~.^ '.-"• ' -• -.

aupport. At the end of Chapter V X will disouaa at aoma length the problem of 

aubjectiviam In theoriea of probebUity.

In the laat two ohaptera of the thaela I wiXX argue that the classical 

theory of probability Uton with tha famoua. or if yon prefer infamooa* principle 

of indifference actually presented in a rudimentary and somewhat muddled way 

a definition of probability closely related to that found in Chapter V to underlie 

Caraap*a two (apparently) distinct concepts of probability. In particular I believe 

tha principle of indifference itself constitutes a semantic definition of probability - 

one In which probability is defined as a comparative relation between evidence



and bypotbeeie* Tbia interpretation of the principle - which I believe to ba 

novel - allowa ua, on tba one band to underatand why the principle baa ao long 

faeointtted writer* on probability theory, for the definition of probability It 

eaoepeulfttee ia highly pluuelbie. On tba other band, this interpretation alao 

allowa oa to underetand why the principle baa ao often been criticleed, for tba 

critlcUm* levelled agatoet It ean be aeen as natural, bat not insurmotmt

objectiona to the definition of probability encapsulated to the principle and the 

rudimentary manner to which that definition ia expreeead*

Given tba myriad controwralea that baw artaan over tha

principle, the dlacuaai<» of It to tba laat two obantara of &la theala ia of neoeaaitj 

qtiite long* Thia, unfortunately, baa meant that I b«t» bad to forego eoneideratlon 

of a number of leet»« ralatant to varloua othar parta of the theals. Among tba 

relevant toptoa that I neve been unable to oonaider are tba problem of Induction 

and veoent propanafty theortaa of probability, Otbar queationa reoelve only 

peering attan^on, where a ftill diacuaai<» wonld have been more dealrable. 

If eonaidertog a limited number of problema at length, at the expanaa of other 

topiee, I baw hoped to gate to depth what baa been loat to aoopa.



4

CHAPTKB I

Frequencies and Individual Eveata

The history of the theory of probability ie 
the hietory of attempt* to ftod an explication 
for the prescientlflc concept of probability*

B. Garnap, Logical Foundatione of Probability, p. 2$.

attempt at explicating the ooaeept of 

probability ie the definition of probability ae relative frequency to the long 

run* There are numeroua objection* to this definition, only one of which I 

ahall be concerned with here, ft ie the objection that probability, when defined 

ae relative frequency In the long run, become* a relational property not of

Individual event* but of olaeeee of event* and that each a conclusion doee not
^> .... .......

e*eord with oar intuition* OB the nature of probability. The aim of the flret

two chapter* of thi* the»i* ie to develop a theory which, although defining
-   - _  -   - -.-.   -tf. -..••'

probability to terme of relatift frequency, doee not do *o to a manner that
-a..-- . j»i- - -

make* probability eoiely a relational properly of claeeee of Individual event*.

take it for granted that eome frequency definition of 

probability ie deeirable. Time maay of the u*ual objection* to the frequency 

theory, except the one already mentioned, will be ignored to theee first two 

chapter*. That the frequency theory preeuppoeee induction, that etatemente
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about Infinite aeojuencea of empirical data are unverifiabla, etc. are objection* 

tbft marita of which wfll not concern ma In tbaaa chaptara. % baelc poeWon ia 

that while the ataadard frequency theory may or may not meet thaee objection* in

 ozaa plaualbfe fashion, tt still would haw to bt rejected aa an adequate definition 

of our ppaaolenUflo concept of probability becauae it mataea probability a property 

of, or relation between, daaaaa of individual event*. I will not argue at length 

that our preacienttflc concept of probability doaa genuinely apply to Individual

 vanta. baeanaa the grounda for auch an argumant are only our tntuitiona on to* 

concept of probabilityi hence whet "argument" there ia can be no more than aa 

appeal to these intuitlona*

tt la perhapa beat to begin with a atrtightforward expoaition of 

the ataadard frequency theory* In point of fact the wldeepread appeal of the 

ataadard fre<|uenoy theory haa toanrad It numarotte forzoulationa; the following* 

combining featurea of Heiohenbach'e and Von Mlaea 1 fommlationa, aeaina moat 

appropriate ia view of the eubaequent dlactiaaion of raadomnaaa. Given aa an 

ordered pair the infinite olaaa A of ropaatedexperimenta x^....^*.. and 

another infinite olaaa B of experimenta (poaaibly but not neceaaarlly a eub-cleea 

of A)t probabUity ia defined aa a function that aaaigna to the ordered pair of 

claeaee (A, B) a real number equaling the limit p of the relative frequency 

of Boo A, TheclaaaA ia traditionally called 'the reference claaa1 - though 

'collective' ia alao uaed if the further condition of randonmaaa ia fulfilled - 

while the etaaa B la generally known aa the attribute daaa*

a! . .   »' .".-:"
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As is customary thU definition of probability consists In 

specifying a particular function which to known as 'e probability'. Throughout 

fee thesis I wlU take the specification of a particular function as the standard 

method of defining a quantitative concept of profeebiU*?, For eowenlenoe I will 

often then go on to adopt the common philosophical usage in whleh such a definition 

10 referred to by toe nature of the domain of the probability function specified 

Lo. in the definition given above probability to define* as a 2-piaoe relation m

Thto definition can be Illustrated ~ and indeed made to appear 

quite plausible - by the simple example of a oof*. Our repeated experiments 

Xj**.*!*.* eonalste of tossing the coin and examining to see if It is heads or tails* 

The class A consists of all sad only tosses of this coin, the class B consists of 

tosses of coins which land beads*; accordingly *IL £ A * x_ £ B1 signifies that

In this example, as will as in the precise statement of the frequency definition, 
the reference class A consists of all and only ths elements of a given sequence 
of experiments. Tnto parallels Van Mtoe»' definition of probability In relation 
to a collective but to siigntty ISM general than Relchenbach's definition, to 
Reicbenbech, seqoenoes o* experiments (such as the one in our definition) 
oontalning all and only members of a particular reference class are said to 
be  compact 1 oa tost refei«ae* class and, although toss* sequences figure 
prominently In Belchenbach's work, his definition of the probability of an 
attribute class oa a reference class to formulated in terms of sequences which 
are not compact on that reference class* Ons advantage of oar less ganeral 
definition 10 that we need not distinguish between reference classes of experiments 
end sequence* of experiments. Technically e sequence of experiments will be a 
set of them under some order relation, e.g. order In time, while a reference class 
would be an unordered set of elements, ff we are only concerned with reference 
classes on which some sequence to compact, we may speak Indifferently of 
sequences of experiments or reference classes of experiments, for every 
reference class will contain all and only the elements of the sequence compact 
on it,



tilt nrat toaa haa landed heada, ale. Advocates of tot standard f requency theory 

cUim that defining a probability function which tafeaa tatat olaaaaa aa arguments 

aad determines probability valuta la acoordaaoa with tat Umit of relative frequency 

of B on A corresponds lo taa ordinary manner of sneaking la which wa say taa 

probability of 'heads' (B) with tola coin (A) ia Urn percentage til tat long ma* 

Admittedly there ia always a degree of controversy o*ar tat Identification of 

an oaobatmble limit of rtlatlvt frtquaa^r with taa ordinary idea of ptroaatagt 

in the long nm, but except whart I aptolfloaUy dtal with thia quttUoe, I wifl
. . , -V . -..- -• . ••.- ' •:••• ' •..'"•„.

aootpt the view of moat fra^uaattata that taa Umit of relative frequency la aa 

infinite atqutnoe la a piaaalblt fonanlatloa of our ordinary concept of percentage
., w;f • " ^f:^ -. ' ' '.".''• • .

fa tat loag ma*

To facilitate forthar dltouaaicm wa afaould dittinguiah dearly 

batwtan individual experUatata j^, x^ etc. whloh art aoaalalt membera of 

te reftrenoe aad attribute claaata A aad B and tot event of aucb experliaenta 

actually belonging to tbo« cleeeeg e.g. a^£ A or m^ B ato* IwUluatthe 

expression 'Individual event1 to designate tat toot taal a parttetOar experiment 

occurt aa a mambtr of a raJtraaot clmaa or attribute claaa. Thla terminology 

 Uowa ua 0 apaak simply and naturally of tat phenomena with which w« a re 

primarily conoeratd, tat occurrenoe or non-occurptnce of an Individual 

experiment aa a zotmbtr of a given attribute claaa - thia will be the occurrenoe 

or non-occurrence of aa individual tvtnt. Moraovar alaoa tvery exparlmant la 

ao far aa It baloaga to a reftrtaoa claaa or attribute «taaa conaUtutea an individual 

event la tola aaaat, wt may now adopt the cuatomary description of tat frequency
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theory M a definition of probability aa a 2-place relation on classes of Individual

Baf ore proceeding further we should note that It la possible to 

transform our d«flniUon of probability aa 2-piaoa relation on classes of individual 

events Into an equivalent but simpler definition la term* of classes of sentences. 

Hare we simply exploit tb» correspondence - long noted In probability theory ~ 

between Individual events and sentences aaaarting tbt occurrence of these 

events. Above probability was defined la terra* of toe limit of relative frequency 

batneen aa infinite reference olaaa A of Individual experiments ^   nu** and aa 

attribute das* B, to wnieh the experiments mlgnt or might not also belong. If *  

form the sentential matrix 'XL g A and x. £ Bf, we can generate an infinite daa* 

of sentences by substituting t&$ L f o every experiment JL of A that turns out 

also to bt B will correspond a true sentence la the class formed by this matrix; 

to every experimant JL of A that is not B will correspond a false sentence. 

Acoordlngly t If the relative frequency of B on A approaches a limit p as the 

munbar of experiments n   > oo , then the percentage of true sentences formed 

by this matrix oa the total number of sentences formed will alto approach p aa 

a  » M. JBf we call this percentage of true sentences among total sentenoea the
' •'.."' ••..-•. .••.:•;-.'>; . :

truth frequency of the class of sentences, we may define probability aa the limit 

of truth frequency of suoh a class of sentences* As for moat purposes such a 

definition la equivalent to the one already given, I shall toep to the original 

formulation until much later In this thesis.



9

Probability defined aa the limit of relative frequency between 

classes of events aatiaflea in a quite straight forward manner the commonly 

used mathematical formulation of the axioms of probability* However for oar 

purposes we ehould inatead consider the frequency theory 1 a interpretatioB of the 

more traditional and leaa formal formulations of the axiom* of probability. A a 

roe axiom systems found in non-mathematical writer* on probability notoriously 

differ in detail, let us consider a simple axiom system containing the five axioms 

that figure prominently in almost every system.

Al (A3 B) :> P(A, B) » 1

A2 ( P(A, B) - p . P(A, B) « q ) :> p » q

AS O £P(A t B) £ 1

A4 P(A f BvC) » F(A, B) + P(A t C) - P(A t B. C)

A8 1>(A, B . C)   P(A, B> ^ FfA . B, C)

Axiom 1, which with Axiom 9, ii sometimes known aa an axiom of normalization, 

asserts that if B la certain given A, then the probability of B on A ia 1. Axiom 9 

aaaerta that the probability function ia non-negative and baa values in the interval 

0-1. Axiom 2, roe axiom of univocallty, aaeerts the unlqueneas of probability 

values. Axioma 4 and 5 are, respectively, roe well-known general addition and 

multiplication theorems.

Ob the standard frequency interpretation the symbols 'A', *B% 

*C\ etc, are variable* taking aa values infinite claaaes of experiments. The 

operator *P( )' la interpreted aa a 2-place function on theae classes, with
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numerical values determined on the basis of limits of relative frequency. 

Logical symbols within the scope of the probability operator are Interpreted In 

terms of the set theoretic equivalents of ordinary logical operations, e.g. 

P(A t B v C) Is the probability of the union of B and C on A and P(A, B . C) is 

that of the intersection of B and C on A* To each axiom correspond* a 

mathematical truth concerning limit* of relative frequency, e* g. trivially for 

the ease of axiom 3. we have the truth that there is at most one limit of relative 

frequency for an attribute in a given Infinite sequence. Axioms 4 and 5 are 

obviously more Interesting and It win be instructive if we consider the frequency 

Interpretation of one of them* Qa the ftequeney theory's Interpretation Axiom 8 

states that the limit of relative frequency of the class B A C on A equal* the
"->'- St . - - .: ; •• y* " '

odoet of the limit of Ban A and tl» limit of ConAo B. Proof, as Beichenbecfa

potato out , to virtually immediate. Uaing Keichenbach»a notation we may
. . : . - .

abbreviate the relative frequency of f on ^ In n trials as * ( p , jf* > and the 

 amber cf ffi'e that have occurred In n trials as lA (f)). It is clear that the 

relative frequency IB * trial* of f OB Is rfWjfr > and so we obtain!

B (A, B . C)   N11 (A . B . C) - $ . B) . K* (A » B. C>
IP (A) »P(A) I^CA. B)

, B) * F* (A . B , C) (5)

The equalities to Reichenbech'a equation (5) remain valid for transition to the

limit and thus we have

F* (A , B. C) * FB(A , B) . Fn (A . B , C)f

which in the frequency Interpretation is axiom 5.
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Tns Intuitive meaning of axiom 5 as Interpreted by the frequency 

theory perhaps comes out mote clearly in a simple schema used by Belchenbacfa 

to represent occurranoea of event* in A that are and are not member* of the 

attribute classes B and C:

BllBlBlB (7)

With It understood that tha frequency he la concerned with Is always relative 

frequency on the reference class A, Belchenbech explalnst

Tha frequency FP(A,B.C) repreeeate the
frequency of the couplee B.C; the first
of the expreealona standlnf on the right
side of (5), F'V.B), count* tna frequency
of B, Now B ssleets from the eequenoe of  
C'a a eubeequenoe, the elements of which
are marked by a lower double bar In (T)f
this subsequence, of course, contains
elements C as well asQ [I.e. events not
tn tte class Cl   The number of elements
of this subsequence Is glwsn by N°(A.B)i
therefore Fn(A.B,C) means the relatlw
frequency of C In tna subeequenoe...
Formula (5) states that the desired
frequency of the pair B.C can ba represented
as tee product of that frequency B by the

of C DOsaetsd within tna eubeequenoe
selsctsd by B*

Ij* •. .'..'" ' , . • .''-V, • ' ' .-..

Having looked at the details of the frequency theory's definition 

of probability - and In particular the Interpretation It provides for the axioms 

of probability * we may now torn to the main concern of this chapter, the 

question of determining probabilities for Individual events. As should ba 

abundantly clear by now the standard frequency theory defines a concept of



probability la which, etrictly apeakJag, Individual events ara aot aaalgaad 

probabilltiee. Probabilities are only aeelgned to ciaaees of Individual events, 

or rather palra of aaeh clasaae. The obvioua conflict between auch a vtaw 

aad our ordinary discourse la which wa habitually assign probabilities to 

individual events (and indeed do ao la light of observed frequenclea) hat 

praaaad advocate* of the frequency theory to mount a aplritod, if often 

vacillating, defense of this central feature of their theory. The main (and . 

tadeed uaually the oaly) argniaeat pot forward by them la the wall known 

objection that th» assignment of probtbilittee to Indivtduai avaata OB the 

baaia of cUaa frequenciaa will yield ooofiicting reaulta depending oa the 

olaaa ohoaaa. Tbat ia to a«y if wa atipulata, aa aeama natural, that the 

probability of aa individual experiment being the member of a given attribute 

olaaa B la to be meaeurad by the relative frequency of B on eome Infinite 

reference elaaa, wa muat acknowledge that w» win determine different 

probabUitlea for the individual event If B diaplaye dUfereat frequenctaa oa 

dtflerent reference claaaaa. Von Miaes, for example, produoea eeveral 

inatanoea of thia dimoulty cad then goea oa to conclude: We ahall aot apeak 

oC probability until a collective hue been defined1. It la clear from the context 

that he beUoved tale to rule oat the aeaignraaat of probabllittea to individual 

event a. 4

However, immediately after having announced thia poattlon, 

contradiotiona begin to appear la the very examples he uaaa to Oluatrata It* 

This ta perhapa cleareat with a celebrated example he borrow* from Laplace,
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that of our eurprlee on obtaining the word 'Constantinople* In a random draw 

from oarda containing eingte lettera of the alphabet. The intereat of tibia 

example ie that all combinationa of 14 lettere are equally improbable aa, on 

firat analyaia, tha appearance of the word *Con0Uatinople* ahoiOd not be any 

more eurpriai&g than that of any other combination of lettere. Yon Mate* 

 aalyaia la tbat in the collective of repeated draw* of 14 lattera, eombi&atiaoe 

Laving the attribute 'meanlngleaa* will vaatly predominate over thoea that are 

'meaningful 1 ; accordingly the appearance of the attribute fmeaningful* In a 

given caee ia exceedingly improbable.

Thia analysU aeema correct up to a point and doea, indeed, 

underline You Mtaea* contention that a collective and an attribute are central 

to aaoriptiona of probability} however, U ie perfectly clear that thla example 

concerns the probability (or improbabaity) of an individual event. E ia the 

appearance of the attribute 'meaningful* (under the guiee of 'Coaatantlnople') 

011 * particular draw which 10 deemed to have been an extremely improbable 

event. The conflict here between YOB Ml0a«f claim that individual eveste 

cannot have probabilities and hie reliance on such probablllUee in hia examplee 

te |u0t one Inata&oe of the vacOlatlng poattlon which advocatea of the ataodard 

freqtiency theory take up ever Individual eventa.

The dlfflcultieg inherent in their explicit denial of probabUiliea 

to mdlviduftl eveata beeomee more aod more apparent when they attempt to 

give aome account of the role of probability la guiding our actlona in tha face 

of uncertainty over an Individual event* Beioheabach, for one, readily admlte



14

that practical exigencies demand an account of how long run frequencies relate 

to behaviour in the face of Individual aventa whose outcome la uncertain; in 

fact he begins and end* Ma treatment of the eingie oaae with particular emphasis 

on the need for an account of the single caee that does justice to our actions In
§the face of uncertainty , Bit aolution la ultimately in terma of *welghted posits 1

• *• -.-' r: ' . ' ' - -

b<* tee eaaance of his argument can be stated quite dearly without reference to 

hie concept of poaits:

If we are aated to Had the 
probability holding for an Individual future 
event, we mast first Incorporate the case to 
a suitable reference eiaes* Aa Individual thing 
or event may be Incorporated In many reference 
classes* from which different probabilities will 
result* This ambiguity has been called the problem 
of the reference class* Assume that a ease of 
illneaa can be characterized by its Inclusion in the 
claaa of eases of tuberculosis* If additional 
information is obtained from an X-ray, the same 
ease may be Incorporated in the olaaa of serious 
esses of tuberculosis* Depending on the clasaiflcatlon, 
different probabilities will result for the prospective

We then proceed by considering the 
narrowest class for which reliable atatletloa can 
be compiled. If we are confronted by two over** 
lapping classes, we shall choose their common 
class.
*.   We do not affirm that this method is 
perfectly unambiguous. Sometimes it may be 
questioned whether a transition to a narrower 
Glass is advisable, because* perhaps* the 
statistical knowledge regarding the class is 
incomplete* We are dealing here with a method 
of technical statistics; the decision for a certain 
reference class will depend on balancing the 
Importance of the prediction against the reliability 
available, ft is no objection to this Interpretation 

' that it mabes the probability constructed f or the 
single case dependent on the state of our knowledge. 
This knowledge may even be of such a kind that it 
does not determine one class as the best. *,.
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Whereas the probability of a single 
ease Is thus made dependent on our state of 
knowledge, this consequence does not hold for 
a probability referred to classes* If the reference 
class Is stated, the probability of an attribute Is 
objectively determined, though we may be mistaken 
In the numerical value we assume for It on the basis 
of inductions. ... The dependence of a single-case 
probability on our state of knowledge originates from 
the Impossibility of giving this concept an independent 
Interpretation; there exist only substitutes for it, 
given by class probabilities* and the choice of the 
substitute depends on our state of knowledge. My 
thesis that there exists only one concept of probability, 
which applies both to classes and to stogie eases, must 
therefore be given the more precise formulations there 
exists only one legitimate concept of probability, which 
refers to classes, and the pseudoconcept of a probability 
of a single case must be replaced by a substitute 
constructed in terms of class probabilities* • * *

I regard the statement about the probability 
of the single case, not as having a meaning of its own, 
but as representing an elliptical mode of speech, m 
order to acquire meaning the statement must be 
translated into a statement about a frequency in a 
sequence of repeated occurrences* The statement 
concerning the probability of the single case thus is 
given a fictitious meaning, constructed by a transfer 
of aiming from the general to the particular ease* 
The adaptation of the fictitious meaning is Justifiable, 
not for cognitive reasons, but because it serves the 
purpose of action to deal with such statements as 
meaningful*

Reichenbach completes his account by adding that the numerical 

value of the frequency in the reference class eventually chosen for an Individual 

event is the 'weight* to be assigned to the proposition asserting the occurrence of 

that event by our fictitious transfer* from the general to the particular. The 

weight assigned to a proposition about an individual event determines our action
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about that event, Indeed to tha point of determining tha fair betting ratio for 

it* I will shortly examine tba concept of weight in more datail aa, later, I 

will eoaalder tha details of Reichenbech'a criterion of choosing tha narrowaai 

available reference claaa; for tha moment however, wa should note the moat 

ealient feature of Reichenbaoh'a account * that the concept of a probability of 

a single case la fictitious, Indeed a 'paaudoconcapt* for which 'there exists 

only substitutes ... given by class probabilities".

Admittedly by introducing tha concept of weight, or fictitious 

probability, of a single case determined by tha narrowest available reference 

class, Relchenbaoh (aa wa will aaa in more datail later) provides much of what 

ia necessary for an account of how long-run frequencies can be uaed in datorminin 

our action over single cases. But equally clearly Relchenbach haa not given a 

theory in which genuine probabilities are assigned to individual events, such 

probabilities ara for him fictitious and tha resulting concept of probability ia 

a peaudocancept, whatever that may be. V a definition of probability were 

given which genuinely applied to tha single caaa, tba resulting probabilities 

eould not be fictitious; or, to put it another way, if tha aamantica of a concept 

have baan properly given, tha meanings ao given ara m no way fictitious. To 

characterize the meaning giv*n to the concept of a single case probability aa 

fictitious ia simply to admit that such * concept hti not baan properly defined*

This point emerges clearly in tha recant writings of Salmon, 

a lucid follower of Relchenbaoh. Salmon remarka:
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Beichenbach admits that the meaning 
of "probability" for the single case is fictitious. 
He does not offer rules which assign probability 
values univocally. It is apparent that very 
practical considerations determine the value 
actually assigned, It would have been bettor, 
I think, if he had refused to apply the term to 
eingie events at all but had reeerved some other 
term such as weight which he often used for this 
purpose. W* could then say that probability is 
literally and exclusively a concept that applies 
to infinite sequences, not to single cases, 6

Thus despite Belchenbach's efforts we are back where we were 

before * without definition of probability which does Justice to our pr«scientific 

intuitions that probability does apply to individual events.

Salmon himself, however, otters a new version of Belchenbaeh's 

proposal for treating the single ease along frequentist lines* Salmon first 

proposes a procedure for selecting the correct reference class for a single 

ease which is essentially equivalent to Beichenbach's selection of the narrowest 

available reference class; Salmon's formulation (to be studied in detail later) 

is in terms of selecting the broadest homogeneous reference class. In order 

to explain the role of this principle Salmon cites a distinction made by Caraaps

Carnap has made an extremely important 
and useful distinction between inductive logic and the 
methodology of induction... Inductive logic contains 
the systematic explication of degree of confirmation, 
and analytic degree of confirmation statements that 
hold for a given confirmation function In a given 
language. The methodology of induction contains 
rules for the application of inductive logic - that is, 
rules that tell us how to mate use of the statements 
of degree of confirmation in deciding courses of 
practical action. As I indicated the requirement of 
total evidence Is one of the Important methodological 
rules, and the rule of maximising estimated utility 
is another. 7
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Salmon then employs this distinction to clarify Beichenbach's 

original proposal and we should consider Salmon's argument in full, even if 

It Involves some repetition from above s

Beicbenbaoh, unfortunately, did not 
make the same dear distinction between probability 
theory proper and the practical rules for the 
application thereof. Such a distinction would have 
been helpful particularly for the problem of the 
single case*

Reichenbach admits that the meaning 
of "probability" for the single case Is fictitious, 
fie does not offer rules which assign probability 
values unlvocally. ft is apparent that very 
practical consideration* determine the value 
actually assigned* ft would have been better, I 
think, if he had refused to apply the term to single 
events at all but had reserved some other term 
such as weight which he often used for his purpose. 
W« could then say that probability Is literally and 
exclusively a concept that applies to infinite 
sequences, not to single cases* K we want to 
find out how to behave regarding a single case, 
we must use probability knowledge; the problem 
Is one of deciding how to apply such knowledge to 
single events* Our rules of application would tell 
lit to find an appropriate reference class to which 
our single case belongs and use the value of the 
probability in that infinite sequence as the weight 
attached to the single case* The rule of selecting 
the broadest homogeneous reference class becomes 
a rule of application, not a rule for establishing 
values of probabUlt&s/veStfcia tita theory proper.. * 
This treatment of the single oesa mows a deep 
analogy between the requlreiijent of total evidence 
and the rule for selecting the appropriate reference 
class. Both are rules of methodology not of 
probability theory* Each rule requires us to mate 
use of all relevant available information in arriving 
at practical decisions.
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The problem with Salmon's proposal is that it may be well and 

good to distinguish the definition of probability offe red by a particular theory 

from the details of applying that definition in actual circumstances with a 

particular aim in mind, but the definition of probability offer -ed by Salmon 

(and Peichenbaoh) can not be applied to single oases at all. In their theories 

the only genuine arguments to the probability function are classes of individual 

events and so no 'application' of that function can be made to individual events.

This difficulty is highlighted by Salmon's own words for he tells 

us at one point that 'probability is literally and exclusively a concept that applies 

to Infinite sequences, not single eases' and yet it is rules of application for, 

presumably, the concept of probability which are intended to deal with the single 

case.

Thus despite his comments on their similarity, Salmon's proposal 

differs considerably from Carnap's original suggestion. Carnap originally put 

forward the requirement Of total evldeno* as a principle for selecting In any 

given situation one particular evidence sentence e that should be used as one 

argument for the two place confirmation function he defined; this in turn yields 

s unique degree of confirmation for our hypothesis h which is the other 

argument to the confirmation function. With Salmon's proposal we are, in a 

given situation, able to choose one particular reference class: however treating 

this as an argument for the probability function defined by Salmon does not yield 

s probability value for the Individual event we are concerned with, for the only 

other arguments to Salmon's probability function are classes of events. The
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here is that Ca map's methodological rules give application to his 

definition of confirmation in that they tell us which among the many confirmation 

yalues determined by his (relational) theory of confirmation is the one most 

appropriate for a given situation. But when faced with an individual event, any 

probability values determined by Salmon's theory are irrelevant for they are 

all probabilities of classes; accordingly methodological rules for applying that 

definition do not help in the single case.

Now, of course, in pointing this out, I am deliberately denying 

Salmon's proposal a certain grain of salt, for his intentions are clear enough, 

even if they are somewhat muddled. However that Salmon is in a genuine 

muddle is Important for us as it is Just another Instance of the vacillation 

mentioned earlier among frequentists over the single case. In Von Mlses 

smgle case probabilities were ostensibly banished only to reappear in examples
- ;*•

like that of Laplace. In Beichenbfloh's single case probsbiltties are tentatively 

countenanced and then treated as fictitious. Salmon, following on, quite rightly 

corrects Reiehsnbach's infelicity in admitting such dubious entitles as 

fictitious probabilities - only to find himself treating the single case as an 

alleged application of a theory that admittedly does not apply to such cases.

ft is obvious by now, I should think, that the difficulty which 

advocates of the standard frequency theory have over the single case springs 

from their insistence that the only genuine concept of probability applies to 

class/of individual events. Not surprisingly with this assumption in the 

background, any attempt at providing a theory which does apply to Individual 

events must contain some vacillation or inconsistency. A more promising
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probability is that of class frequencies and, rather, adopt the view that 

individual events have genuine probabilities in virtue of these class frequencies. 

The constructive theory put forward in the next chapter is an attempt to do this 

in a systematic and persp&idus way. Before presenting that theory, it will be 

worth our while to consider anticipations of it in the work of two eminent writers 

on probability, Keynes and Popper. Both have proposed treatments of the single 

which closely resemble those of Salmon and Belchenbech but which, promisingly, 

do (almost) unequivocally permit genuine probabilities for the single case.

Popper, for example, after commenting that the frequency theory 

usually rules out statements ascribing probabilities to the single case remarks!

It is easy, however, to interpret these 
statements as correct, by appropriately defining 
formally singular probabilities with the help of the 
concept of objective probability or relative frequency. 
I use ' <*P.( j> )* to denote the formally singular
probability that a certain occurrence k has the 
property ̂  , In Its capacity as an element of a 
sequence % - in symbols k e cc - and I then 
define the formally singular probability as follows:

* pk(^)* ^(J) <*£*) (Definition)

This can be expressed in words as: The formally 
singular probability that the event k has the property 
$ - given that k is an element of the sequence a * 
Is, by definition, equal to probability of the property

within this reference sequence
As the definition shows, s formally singular 

probability statement would be incomplete if it did not 
explicitly state a reference-class. But although <x is 
often not explicitly mentioned, we usually know in such 
rases which & is meant. ...



In many oases there may be several 
different reference sequences for an event k. In 
these oases it may be only too obvious that different 
formally singular probability statements can be made 
about the same event. ... ft is not possible to lay 
down a general rule as to which out of several possible 
reference-classes should be chosen, (The narrowest 
reference-class may often be the most suitable, 
provided that it is numerous enough to allow the probability 
estimate to be based upon reasonable statistical 
extrapolation* and to be supported to a sufficient 
amount of corroborating evidence*)

Obviously this proposal, down to a qualified recommendation
**

of the principle of choosing the narrowest reference class, closely parallels 

that found in Reichenbach* Probabilities are still defined in the first instance 

ss properties of sequences and only derivatively assigned to individual elements. 

But while this leads us to two apparently distinct concepts of probability - one 

applying to sequences, the other to individual elements - at least Popper does 

not regard the derived probabilities as fictitious*

Keynes'c proposal, credited in part to Whitehead, while quite 

similar to Popper's and Belchenbech'a, even more clearly endorses the validity 

of probabilities assigned to individual events In virtue class frequencies. As 

with Popper the probability assigned to an individual event (or rather a 

proposition about an Individual event), is, for Kfeynes, to be measured by the 

frequency of true propositions in a class of similar propositions. Again as in 

Popper, the probability for a single case will vary depending on the class chosen, 

for the proposition about the individual event will belong to different classes with 

different frequencies of truth. However, unlike Popper, the probability of the

single case is for Keynes the uniquely correct concept of probability - the class



frequencies which determine the probabilities for the single case are just that,
10frequencies and not probabilities.

-t Hv •••• . • •

^lille these proposals of Popper and Keynts are Intuitively 

attractive, they are, alas, little more than that, Their proposals simply 

consist in stating the practical precept that we are to measure the probability 

of an Individual event (or proposition about it) by reference to class frequencies. 

How far this is from a full theory of probability U apparent when we realise that 

the very minimum condition for an acceptable theory of probability is that it 

specify a probability function which is an adequate semantic interpretation of 

the axioms of probability. Clearly the precept advocated by Kfeynes and Popper 

does not, In unelaborated form, provide a semantic interpretation of the axioms 

of probability! nor, for that matter, do Keynes or Popper clearly indicate any 

one probability function determined by their theories. For example In Popper 

It is unclear whether probability is being defined by one or two functions - If 

one, how can legitimate probabilities apply both to classes of events and individual 

events. If two - one for classes of events and one for individual events - what is 

the relation between them? Are we to take both as Independently acceptable 

interpretations of the axiomatic concept of probability or is one somehow 

dependent on the other ?

In Keynes the matter is even worse for his frequency theory for 

the single case makes the probability of the single case relative to a reference 

chosen and the data available at the time we mate that choice. Thus at times 

it looks as If the probability function Keynes has in mind Is 2-place function on
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propositions and classes to which those propositions belong, while at other times 

it looks as if it is a 2-place function between propositions and data about those 

propositions. He clearly Intends the latter when he investigates the adequacy of 

the theory as an interpretation of the axioms of probability, but (hot surprisingly 

in light of the ambiguity over the arguments to the probability function) he

eventually concludes that this theory does not provide an adequate model for
12 the axioms of probability and so should be rejected.

To his credit, though, Kfeynes, unlike Popper, at least investigated 

the adequacy of a frequency theory for the single case as an interpretation of the 

axioms. Moreover, despite the fact that proposals like Keynes's to determine 

probabilities for the single case by reference to class frequencies have had a 

certain currency in more recent literature, no attempt to my knowledge has been 

made to elaborate any of them to the very minimal level of providing an adequate 

interpretation of the axioms. The difficulties involved here become most 

apparent when we think of the axioms in their non-mathematical formulation,
,,*-<.-' • * . '.. •'..•-

given above in five axioms.
'. t • ' *

•--•••• Let us assume that proposals along the lines of Kteynes and 

popper do provide a means for determining the probability of an individual 

event B relative to some constant A (whatever, in fact, A will turn out to 

be on such a proposal); the problem is that it still is not clear how these 

proposals envision determining probabilities for individual events B and C 

relative to A, or C relative to A and B, for that matter. Without



explanations of this kind we can not begin to investigate, much less prove 

that, for example, Axioms 4 and 5 come out valid.

In point of fact Axiom 2 presents the most egregious difficulties 

for proposals along the line of Kfeynes and Popper. Axiom 2 states that 

probability valves are to be unique and both Kfeynes and Popper admit that their 

proposals permit numerous different probabilities for a given single case. 

Moreover, this variability of single ease probabilities was, of course, the 

basic reason Von Mlses, Belchenbach and Salmon denied genuine probabilities 

to individual events.

Now to my knowledge neither Von Mlses, Reichenbach nor 

Salmon ever object to the variability of probabilities for the alngl« case 

explicitly on the grounds that such variability violates the axiom of univocallty. 

But whatever other difficulties may be raised by the variability of single case 

probabilities e. g. for the purposes of action, the first and most basic problem 

is that raised by the axiom of univocallty, for, as already Indicated, the 

minimum requirement for a satisfactory definition or semantics for the 

concept of probability is that It specify a function which is adequate as an 

Interpretation of the axioms of probability.

In point of fact the variability of single case probabilities does 

not present an insurmountable difficulty in constructing the semantics of a 

frequency concept of probability applicable to the single case; Indeed the 

apparently troublesome variability itself suggests the probability function



which will provide an adequate 'frequency 1 Interpretation of the axioms. The 

details of this semantics will be presented in the next chapter; we may 

summarise this chapter by noting again why the proposals in Belcbenbach, 

Salmon, Kfeynes and Popper for single case probabilities do not,as they stand, 

provide the required semantics. Belchcnbach and Salmon, as we saw in detail, 

specify probability functions which take only classes of events as arguments 

and this point alone ensures that their treatment of the single case can hardly 

be adequate. Keynes and Popper avoid this difficulty but their proposals are 

too rudimentary to fulfill the minimum adequacy condition for a definition of 

probability: neither clearly specifies one definite probability function, nor 

are their proposals shown to provide an adequate model for the axioms of 

probability.
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CHAPTEB H

A Definition Applicable to Individual Events

At tbe does of tbe previous chapter, it was euggetted that tbe 

variability of single case probabilities could lead to a frequency* Interpretation 

of the axioms of probability genuinely applicable to Individual events* Kow aSacs 

the probability of an individual event varies with tbe reference class chosen* tbe 

probability of an Individual event ia, formally speaking, a relation between it and 

a reference class* How in fact it is widely accepted that tbe most natural axiom 

systsma for probability are relational in character* that Is, employ a 2-term 

probability operator* m tbe informal system given above, the five axioms all 

embody a two-term probability operator and very similar formulations have been 

put forward by Kaynes, Kneale, Carnap, Popper, Relchenbach and Salmon, to 

name Just a few* 3& the mathematical formulation of the axioms the relational 

character of probability is less overt, but undeniable. Probability is defined 

ia terms of a measure function on tub-sets of an original sample space t* 

All mathematical treatments emphasize that a probability function can only 

be defined relative to auch a sample space and so, although overtly a one-term 

function, the probability function can be thought of as having tacitly a second 

argument, namely the sample specs 8 presupposed.



29

Since the variable probability of an Individual event can be thought 

of as a relation between it and a reference class, we can, to pot it crudely, avail 

ourselves of this relation in giving a semantic interpretation for the similarly 

relational axioms of probability. To put this more exactly let us return to the 

symbolism used earlier In the previous chapter in explaining the standard

frequency theory's definition of probability as a 2 place function on classes of
til

individual events. There *x € A 1 represented the fact that the n experiment

in a sequence belonged to a reference class A t *x s B 1 represented a favourable 

outcome of that experiment, namely that it was a member of the attribute class B* 

Now in considering the problem of assigning probability to this particular outcome 

on the basis of the long run frequency of B, we noted that the probability of the

individual event x 6 B will vary as the attribute B approaches different limitingn
values of relative frequency on different reference classes A; that Is, the 

probability of x e B varies as the experiment x is thought of as belonging to 

different reference classes. This suggests that we define probability as a 2 place 

function that assigns real numbers in the interval 0 * 1 to ordered pairs consisting 

of the Individual event of an experiment belonging to a particular reference class

(x € A) and the individual event of that experiment belonging to the attribute classn ......<-
we are interested in (x £ B). The numerical degree of probability assigned toa .. . . .
these ordered pairs of individual events is to be determined by the limiting value 

of the relative frequency of the attribute class on the reference class* In 

contrast to the standard frequency definition of probability as a function from 

a set of ordered pairs of reference class and attribute class, probability here is
•'*•*'• • '"'- " . , •,' •'' "• 't,(*-

defined as a function from a set of ordered pairs, each pair consisting, respectively.



of the individual event of a given experiment belonging to a particular reference 

class and the individual event of that experiment belonging to an attribute class.

Put more intuitively this definition of probability comes to the 

following: we are interested in the probability of the occurrence of a certain 

individual event, the favourable outcome of a given experiment - this can be 

thought of as the probability of that experiment belonging to a particular attribute 

class. The probability of this event's occurrence will vary depending on which of 

the different conditions under which the experiment is held is considered * the 

different reference classes to which the experiment belongs. As the probability 

of the favourable outcome so varies with the reference class the experiment is 

thought to belong to, the probability of that outcome is defined only in relation 

to another individual event consisting of the experiment belonging to a particular 

reference class. Thus the elements in the domain of our probability function are 

ordered pairs consisting of the individual events of an outcome of an experiment 

coupled with the event of the experiment belonging to a certain reference class. 

In order to get a frequency definition of probability we define our probability 

function from the set of such ordered pairs of individual events so that the
, ' ; -X , - .

numerical values assigned as the degree of probability to these pairs are 

determined by limiting values of relative frequency of attribute classes on 

reference classes. By having our probability function assign the limiting 

value of relative frequency between attribute and reference class as probability 

value to the ordered pair of individual events, we give a definition of probability
4. • . ••••-''•..

that formally expresses the intuition that individual events have genuine 

probabilities but only in virtue of long run class frequencies.
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In accordance with philosophical usage this definition, like that 

etandard frequency theory, will often be referred to by the nature of the 

domain of the probability function i.e. as a definition of probability as a (2 place) 

relation on individual events. Such usage highlights the central feature of the 

definition proposed here, namely that genuine probabilities are assigned to 

individual events, such as outcomes of experiments, but only relative to 

another individual event representing conditions under which the experiment Is 

held.

This definition of probability entails that a statement of 

probability about an individual event x £ B will be incomplete unless it 

includes mention of antecedent event x € A. This is not to eay, however, 

that ordinary usage necessarily contains reference to such 'antecedent' 

Individual events. Indeed, ordinary usage, on the above analysis, must be 

construed as elliptical, as ordinary probability statements about Individual

events x £ B do not always, or even often, contain reference to the additional n
term x £ A indicated here as necessary.

B

Construing ordinary probability statements as elliptical for 

relational statements is a widely accepted precept in various theories of 

probability; such an analysis is most often found in theories which make 

probability a relation between evidence and hypothesis. In general the 

evidence tacitly relied on but not explicitly referred to is taken to be the 

total available relevant evidence. Although I will discuss the role played

by the total available evidence in much detail later, we should note for the
a
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moment that the principle of selecting the narrowest available reference class 

corresponds closely to employing the total available relevant evidence. (A 

similar point was made, as we saw, by Salmon in terms of choosing the 

broadest homogenous reference class). This naturally suggests that in 

analyzing probability statements in ordinary usage which do mention a specific 

reference class, we can understand the speaker to be relying on the narrowest 

available reference class. For example, if, as is done in the United States, 

a numerical probability is assigned to the chance of rain for a given day, we 

should understand that this value is the expected limit of relative frequency of 

rain in the class of days most similar to the one In question and for which adequate 

statistics are available, he. the narrowest reference class for which statistics 

are available.

Having seen how our relational definition of probability for the 

single case accords with apparently non-relational probability statements, we 

must now consider its adequacy as a semantic interpretation of the axioms of 

probability. This is a relatively straightforward matter once the relational 

character of these probabilities is recognized, la fact the demonstration of 

the adequacy of this interpretation follows closely, but not exactly, that already 

given for the standard frequency theory* Considering our system of five axioms, 

we may recall that the standard frequency definition interpreted the symbols 

*A f, *B'» fC' etc. as variables taking as values infinite classes of experiments. 

For our frequency theory for the single case these symbols are interpreted as 

variables whose values are individual events consisting of a particular experiment

xn belonging to just tbese classes I.e. x c A, x € B, etc. » n n
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The probability operator *P( )' was interpreted in the 

standard frequency theory as a 2-piace function on infinite classes of 

experiments; it is now interpreted as a 2-place function on individual events 

involving these experiments' membership in the infinite classes* The numerical 

values of probability for the function are determined by the limit of relative 

frequency between the classes to which the particular experiments belong 

t.e. P(A, B) Is interpreted as the probability of x i B given that x £ A 

and equals the limit of B on A, To keep this interpretation of the probability 

operator in mind I will use a small *pf to indicate when it is intended i.e.

p(x t A, x £ B) is to represent the probability of the event x € B in n n n
relation x fc A and equals the limit of B on A. n

In this interpretation logical symbols are throughout given their 

ordinary meaning) however, when these symbols occur within the scope of a 

probability operator they are obviously equivalent to the set-theoretic operations 

employed In the standard frequency interpretation. For example, P(A, B v C) 

is Interpreted as p(x £ A, x t B or x e C), which is obviously equivalent

to p(x E A, x «. BUG). This, of course, equals the limit of relative frequency n n
of BUG on A.

Since the values of the probability function are all determined by 

limits of relative frequency, the axioms and theorems of the probability calculus
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come out as valid under this interpretation in exactly the same fashion they 

did under the standard frequency theory's Interpretation. Two examples should

suffice to illustrate this: P(A, B), the probability p(x £ A, x € B), equals then n
limit of relative frequency of B on A. As only one limit of relative frequency 

can exist for an attribute class In a given sequence A, Axiom 2 of univocality 

comes out as valid, and, of course, it is in virtue of the uniqueness of the limit 

of relative frequency that the standard frequency theory satisfied Axiom 2. What 

doubts may have existed before over the capacity of a frequency theory for the 

single case to satisfy the axiom of univocality are now seen to be groundless* 

Ajdomatlcally probability is a binary operator and thus the interpretation given 

to it Is to be a 2-place function. The probability function on Individual events we 

have defined Is indeed a 2-place function corresponding to the variable or 

relational probability of a given individual event. The axiom of univocality 

only requires that between any two arguments to the function there exist at 

most one probability and, as we have seen, this is insured by our definition of 

probability.

The general multiplication theorem also provides a clear 

illustration of the adequacy of our definition of probability as an Interpretation 

of the probability calculus. Axiom 5 states that

P(A, B . C) » P(A, B) * P(A. B, C) 

In our theory this comes out as:

(1) p(x * A, xft£ B and xfi£ C) m P^A, *n*B) • P(xQtA and xftt B, xj C)
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This In turn Is equivalent to

(2) pfc t A, x I BAC) « p(x e A, x C B) • pte I AAB, x * C) n n n n n n

As the values of the probability function p(x,y) are determined by limits of 

relative frequency of y on x, (2), in the symbolism found in chapter I, is 

equivalent to llmF* (A.BA C) - UmFn (A,B) * llm F° (AfXB.C)
oo n — *oo n

This Is exactly the same theorem employed In the standard frequency theory's 

Interpretation of axiom 5, the proof of which we have considered already.*

Having seen the adequacy of our theory as an Interpretation of 

the axioms of probability, we should now consider some philosophical Issues 

raised by II, An important feature of our definition is, of course, the 

variability of the probability of an individual event. We do not try to avoid 

this frequently cited variability but rather understand it as stemming from the 

relational character of the concept of probability. Thus the theory provides as 

with a viable alternative to the skeptical conclusions of Von Mlses, Belchenbaeh

*For those who may wonder how this theory so readily supplies an adequate 
Interpretation of the axioms - while a similar theory was found by Keynes 
not to do so - the answer is simple. Keynes, as indicated above, was 
unnecessarily vague about the domain of the probability function he intended* 
In considering his theory's Interpretation of the axioms he did not take 
probability to be a relation between two propositions about an Individual 
event, one mentioning a reference class. Had he done BO - or even made 
probability a relation between a proposition about an individual event and a 
reference class to which the proposition belonged - his theory would have 
been sufficiently similar to the one offerred here to supply an adequate 
Interpretation of the axioms* Bather he made probability a relation between 
a proposition and data on which a reference class could be chosen and for 
reaaona that can be found in his original text, this does not give a satisfactory 
Interpretation to the axioms*
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and Salmon already cited. Reichenbach, for one, claimed that the variability 

of the probability of an individual event on different reference claeeee indicated 

'that there exiete only one legitimate concept of probability which refers to 

claeeee' and that the probability of individual events wae 'a pseudoconcept' that 

could at beet be given a certain 'fictitious' meaning for the purposes of action. 

But the dependence of the probability of individual events on the reference class 

chosen does not indicate that such probabilities are illegitimate; rather It only 

indicates that the probability of an individual event is a relation between it and 

the reference class chosen, or more exactly, a relation between it and another 

individual event consisting of the experiment in question belonging to the reference 

class chosen,

la addition we may also note that contrary to his claim our 

relational probabilities for Individual events are as 'objectively determined* 

as the class probabilities Belchenbach speaks of. The degree of probability 

between two individual events x e A and XD € B Is determined quite 

objectively by the limit of relative frequency of B In A - for example the 

probability of heads on a particular toss (x^ € B), given that it is a toss of 

a regular and symmetrical coin (XB £ A), is the limit of relative frequency 

of heads (B) in repeated tosses of regular and symmetrical coins (A).

We could, of course* make similar comments on Salmon's 

rejection of probabilities for individual events - in favour of ^weights' - as his 

reasons are essentially those of Reichenbach. Although Yon Ml see obviously 

advocated a similar line in his dismissal of probabilities for individual events,
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the tmphasis is somewhat different in his writings. He repeatedly argues 

that probabilities can only be spoken of in reference to a collective or, as we 

saw him put It, 'We shall not speak of probability until a collective has been 

defined*. Although, as we remarked, it seemed clear Von Mists believed this 

conclusion ruled out probabilities for individual events, we can now see that 

this conclusion does not actually do so. In the theory ..given above we indeed 

can not speak of a probability of an individual event until a reference das*, w 

collective, has been defined, for the probability of such an ewttt is a relation 

between it and another Individual event consisting of the experiment in question 

belonging to a particular reference class. This of course explains how Von Mlses 

could use examples concerning individual events to illustrate his dictum that 

probability can only be spoken of once a collective has been defined, In the 

example we considered it was indeed the low frequency of an attribute - 

'meaningful' - in a collective that accounted for our surprise at the appearance 

of 'Constantinople', but it was the appearance of that attribute on a particular 

occasion that we found improbable. In making probability a relation between 

an individual experiment membership in an attribute class and its membership 

in a reference class we see how probability (and improbability) can be legitimately 

ascribed to the attribute's appearance in a particular experiment, still maintaining 

that a reference class is essential to the probability statement.

In a like fashion we may now understand Beichenbach's assertion 

that probability statements about the single case are an 'elliptical mode of speech', 

requiring translation into a statement about frequency in a sequence'. Probability
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statements about an individual event are indeed elliptical for statements 

involving mention of a sequence or reference class on which frequencies are 

displayed. However, elliptical modes of speech are not to be'translated 1 into 

other idioms, they are to be expanded within their own. Thus, as we saw, any 

probability statement about an individual event which did not mention a reference 

class would have to be treated as elliptical and expanded £o include such mention. 

But once in the properly expanded form our probability statements are not, as 

Beichenbach claims, solely about relations between classes of events, for 

individual events are given genuine, albeit relational, probabilities*

More generally we are now able to understand why advocates 

of the standard frequency theory could only give vacillating and contradictory 

accounts of the single case. In Von Mises we found examples which contradicted 

his stated views on individual events* Reichenbach's fictitious* probabilities 

are an obviously not very satisfactory attempt to have it both wayst individual 

events do have a probability but not a real one* Salmon's account, which tries 

to remedy this inconsistency, goes wrong in a subtler but similar wayt for 

him 'probability is literally and exclusively a concept that applies to infinite 

sequences', and yet it Is supposedly rules of application for that concept which 

cover the single ease. The cause of this vacillation is quite simply the failure 

of these writers to appreciate the relational character of the probability of 

individual events.
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In failing to see that the probability of the outcome of a particular 

experiment is a relation crucially involving a reference class which has long 

ran frequencies, Beichenbach and Salmon are driven to find some other means 

of characterising the manner in which such outcomes have probabilities but only 

on the basis of frequencies in reference classes. A 'fictitious probability* which 

is a 'substitute constructed in terms of class probabilities' is Beichenbach's 

attempt at such a characterization; in Salmon this characterization is given 

in terms of a weight determined by rules of application for the concept of class 

probabilities. Unfortunately neither of these accounts provide^an adequate, or 

even consistent, view of the actual nature of the relationship between the probability 

of a particular outcome and the class frequencies which determine that probability*

From this perspective it is easy enough now to remedy the 

inconsistencies we found in Beichenbach and Salmon. For Beichenbach this is 

a straightforward - we need only admit that his 'fictitious probabilities' 

derived from class frequencies are genuine relational probabilities involving 

those classes. For Salmon the matter is slightly more complicated for, with 

the benefit of Beichenbach's experience and Carnap's distinction between 

probability theory uroper and rules of application thereof, he has constructed 

an account In which the inconsistency is more deeply buried.

OH the frequency theory for the single case given here, probability 

Is a relation between two individual events; as we have repeatedly seen, this 

leads to numerous different probabilities for any individual event. But, as 

noted in connection with Carnap's theory, what we ordinarily require for the
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purposes of action is a unique probability in a given situation* And, as in 

Carnap, it is Just here that methodological considerations come into play; we 

use certain methodological principles to give unique application of our relational 

definition of probability.

Now as we will see in the next two chapters when we consider 

in detail the principle of choosing the narrowest available reference class, 

Salmon (building on ideas of Beichenbech) articulates the correct methodological 

principle for determining unique probabilities for individual events. This principle 

is then indeed a rule of application for the concept of probability, but only if 

probability is defined as a relational property of individual events, rather than 

a relation between classes of them. In short, the theory of probability which 

Salmon correctly gives rules of application for is not the standard frequency 

theory be explicitly advocates, but rather is the relational theory put forward 

in this chapter for the probability of individual events.

Although the treatment suggested by ReiUhenbach and Salmon of 

the single case can only be consistently worked out if the standard frequency 

theory as such is abandoned in favour of the one advocated here, it may be 

doubted if this latter theory can provide an adequate account of the class 

probabilities of which the standard frequency theory provided a clear and 

consistent account. For example, when we spotae of the probability of lie ads' 

with a particular coin - as opposed to heads on a given toss - it seemed quite 

plausible to accept the standard frequency theory's identification of probability 

with the limit of relative frequency of heads in repeated tosses* Of course one
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might accept the standard frequency account as valid for some range of cases - 

olaes probabilities - and the alternative offer ed here as valid for other examples - 

single case probabilities. But here we are left with two distinct frequency 

concepts of probability and, of course, this is to be avoided if possible*

In point of fact our frequency theory for individual events is 

easily - and literally - generalized to cover the case of so-called class 

probabilities, and it is with a discussion of this topic that I will conclude the 

present chapter. Given that we have defined a probability function whose 

arguments are individual events, examples in which probability Is apparently 

assigned to classes of Individual events can easily be understood as the 

assignment of that probability to each member of the class in question. That 

Is to say statements about class probabilities are to be understood as universal 

quantifications over probabilities ascribed to individual events*

The treatment of class probabilities as universal quantifications 

over Individual events * which I will elaborate on shortly - can be traced back 

in one form as far as Von Kzies, whose opinion to this effect is cited and

rejected by Von Mises* Ironically, however, Reiohenbach's account of
2 class probabilities is given in just this fashion . Belchenbach begins by

characterizing probability as a relation of Implication between individual 

events, symbolized '... p ,.,' and read 'If ... then ... Is probable to 

degree pf. Individual events (which are specified in the dots) consist for him 

of a member of a sequence of experiments x- .. • x. ... belonging to a 

reference class and a member of a sequence of experiments y. ... y. ...
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belonging to an attribute class B. The sequence y.. ... y. ... Is possibly, 

but not necessarily, the same as the sequence x.. . . . x. . . . (When the two 

sequences are the same, Reichenbach's symbolism collapses to the simpler 

one used here).

Reichenbach tentatively suggests

*l £A yi €B

as the form of a probability statement. This corresponds exactly (save for 

the use of two variables x and y) to our theory in which probability Is assigned

to an individual event x * B In relation to another event x £ A. But havingn n
formulated (2), Beiehenbach hastily addst

However, even (2) does not completely represent 
the form of the probability statement; we must add 
the assertion that the same probability implication 
holds for each pair x., y.« This generalization is 
expressible by two all-operators meaning, 'for all 

/ SL and for all y". Using an abbreviation, we can 
reduce the two all-operators to one by placing only 
the subscript i in the parentheses of the operator. 
Thus the probability statement is written;

(i) (x^ A 3j y^ B) (8)

This expression represents the final form of the 
probability statement. The probability statement 
is a general implication between statements 
concerning a class membership of the elements 
of a certain given sequence.

' This latter qualification concerning the addition of the universal 

quantifier is, of course, what leads him to endorse the standard frequency theory:
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Therefore, strictly speaking, the probability 
implication must be regarded as a three term 
relation between two classes and a sequence 
pair. The pair of sequences provides the 
domain with respect to which the probability 
implication assumes a determinate degree.

However, and this is the important point here, the probability 

statement (3) is in fact most naturally understood as a form of universal 

quantification ascribing a probability p for an outcome of a certain kind 

(y £ B) to each individual event xf £ A. Thus the statements about class 

probabilities which apparently provide a certain justification for the standard 

frequency theory are In no way incompatible with the frequency theory for 

individual events put forward here. In our theory probabilities are assigned 

to individual events in pairs on the basis of cla ss frequencies and, as Belchenbech's 

formulation clearly brings out, class probabilities can readily be treated as 

probabilities attaching to aU pairs of certain individual events, I.e. the peirs

.t A, y t B/ for all I of a sequence of experiments. On our theory the 

numerical value assigned to each such pair would be the limit of the relative 

frequency of B on A and this of course accords with the numerical values 

Indicated as appropriate for class probabilities by advocates of the standard 

frequency theory*

Thus, for example, when we speak of the probability of mortality 

In the next year among 40 year old men and say that this equals the percentage 

p of death over a year among this class, we are - on my view - making a 

statement about the probability of mortality for each member of that class of



44

men. We are saying that every man, in so far as he is 40 years old, has a 

certain chance, p, of death* Of course, any particular man of 40 might 

have other properties in relation to which his chance of mortality would 

vary, but Ignoring such possibilities, and so relative simply to the fact that 

he Is 40, each man has the probability p of dying within the next year* On 

this account of the matter, when we make a statement about the probability of 

mortality in a given class of men we are not ascribing to that class of men a 

property that no individual man can possibly have; rather (more plausibly) we 

are ascribing a pt aperty that any individual man can, and indeed will, have in 

so far as he belongs to the class in question.

Such an account of class probabilities assigns two roles to 

reference class of the standard frequency theory. First of all each Individual 

experiment x. of the reference class A Is assigned a probability for an outcome 

(in our symbolism x t B). The probability for the individual events x. r B Is 

not absolute but Is relative to the events x £ A. This relational probability 

for all the pairs of individual events is nevertheless genuine and this, of 

course, is the difference between our theory and the standard theory. But 

secondly, the probability for the individual events x £ B, relative to x £ A, 

is to be measured by the limit of B on the reference class A and this, of course, 

Is a point of similarity between our theory and the standard one. To put It 

generally, a class probability is, for me, a probability for an outcome for 

every individual experiment of a class, relative to the fact the experiment 

belongs to that class. The numerical value of probability for this outcome is
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determined by the frequency of that kind of outcome in the reference class. 

For the standard theory class probabilities are just these frequencies.

This treatment of class probabilities in our theory has been 

dwelt on at length for two reasons. First of all it primo. facie provides an 

additional argument in favour of our frequency theory for Individual events* for 

our theory is shown capable of giving a satisfactory account of the class 

probabilities that figure so prominently in the standard theory* Bit of course 

the converse does not hold, for, as we have seen, the standard frequency 

theory cannot provide an adequate account of probabilities for individual 

events. Thus on the grounds of generality alone our theory for individual 

events is to he preferred.

Secondly I think this argument can be extended to explain why 

many, following Von Mises, have further held that we can only legitimately 

•peek of a class probability if the class in question fulfills the condition of 

randomneas. Exploration of this point must, however, await further discussion 

in the next chapter of a procedure for determining unique probabilities for 

individual events on the basis of the admittedly relational definition of probability 

given la this chapter.
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FootnoteB Chapter H.

1. Von Mltea, B., op. cit, p. 18.

2. K«lchenbach, op. cit., p.46£f.
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CHAPTER III

Bandomness and Unique Probabilities

While the definition of probability offered in the prevloue 

chapter 10 genuinely applicable to individual evente, it ia abundantly clear 

that this definition does not provide a criterion for assigning unique probability 

values to Individual events, m the above definition the widely recognised 

variability of the probability of individual events on the reference class chosen 

Is not avoided, rather that variability is simply taken to be a result of the 

relational character of probability. Accordingly in so far as It is accepted as
' c*v •

SB adequacy condition on definitions of probability that they warrant the 

assignment of unique probability values, the definition of probability given in 

Hie previous chapter win be found Inadequate, m this chapter I wish to investigate 

both the details and consequences of modifying the above definition to assign unique 

probability values to Individual events.

I will begin this chapter with a preliminary version of such a 

modification and then Investigate the relationship between It and Yon Mises* 

concept of randomness. This study of this relationship Is of some independent 

Interest and will be seen to support persuasively the legitimacy of a frequency 

concept of probabilities for individual events. In addition the study of this
••''."'..T. ;W4 ' •" 'V.^V.^j , -•-" . '/:.',;*.

relationship wttl provide us with a perspective from which we may constructively
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approach in the next chapter various difficulties that will have arisen for our 

preliminary version of a principle for assigning unique probabilities to 

individual events*

As we have seen with quotations from Belchenbech, Popper and 

Salmon, the most natural means for those of a frequentlst persuasion to 

determine unique probabilities for individual events is to rely on the frequencies
'r~ -

found In the narrowest reference class for which statistics are available. As a 

historical point we should note that this procedure was sufficiently appealing to
,' ' ••?*,'•

have attracted Venn's attention to one form sf It in the 19th Century and Kteynes» 

following Venn, considers it at some length in his Treatise. In the next two 

chapters I will refer to this procedure as that of selecting the narrowest 

available reference class for this is a convenient manner of expression and 

serves to stress the parallels to the procedure of using the total available 

evidence.

ff we wish to have a definition of probability which assigns 

unique probabilities to individual events, we simply amend the definition 

offered in Chapter H in light of the procedure of choosing the narrowest 

available reference class. In Chapter H any infinite class to which an 

experiment belonged could serve as the reference class required by our theory 

of probability; In order to overcome the variability of probability values so 

determined we would reformulate the definition by limiting the possible 

reference classes to those that constitute the narrowest available reference 

class.
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2 In point of fact it is a matter of considerable controversy

whether an adequate definition of probability must determine unique 

probabilities * if probability is accepted as a relational concept there Is no 

inconsistency in offering a definition that yields variable or relational 

probabilities. However, even if we think an adequate theory of probability 

may assign variable or relational probabilities, it must be admitted that the 

practical need for a unique response in the face of uncertainty presses us to 

supplement any relational theory of probability with an explanation of how it 

can be applied in particular situations to yield unique results. This, as we saw 

in the previous two chapters, is one role envisioned by Carnap for methodological 

rules of application and I shall follow him here in this. Thus rather than 

abandoning the relational definition of probability offered In Chapter H, I shall 

continue to use that definition and treat the principle of choosing the narrowest 

available reference class as a methodological rule, required by our practical 

needs, for determining unique probabilities for individual events* (This, of 

course, was Just the status intended for an equivalent principle advocated by 

Salmon; unfortunately, as we saw, the definition of probability expounded by 

Salmon did not apply to individual events and so, strictly speaking, his rule of 

application could not yield the desired results).

As a start we may formulate the methodological principle of 

choosing the narrowest available reference class thus in terms of the definition 

offered in Chapter Us
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In ascribing a probability to the individual event x e B in 

relation to the event x ^ A choose only individual events x £ A for which the
A &

reference class A fulfills the following conditions:

(1) The class A must be (potentially) 
infinite and the existing observational data 
sufficiently extensive to justify extrapolating 
current observations of relative frequency of B 
on A to a limit*

(2) The defining characteristic of the 
class A must be of such a kind that we can aecertai n 
of the individual experiment x whether or not it 
fulfills that characteristic prior to knowledge of the 
occurrence or non-occurrence of x £ B.

B

(3) The class A must not contain any 
proper sub-class fulfilling conditions (1) and (2), 
except where the limit of the relative frequency of 
B on that sub-class = the limit of B on A itself.

Save fat a problem to be raised as (d) at the start of the next 

chapter, conditions (1) - (3) are intended as a preliminary but plausible 

formulation of the necessary and sufficient conditions for a reference class 

being the narrowest available* Condition (3) contains the definition of narrowness 

as well as the usual stipulation that a narrower class with unchanged limits be 

disregarded*

Condition (2) is intended to rule out such 'unavailable' narrower 

reference classes as, e.g., the class of tosses of this coin that lands heads up. 

Clearly unless we can ascertain of an experiment x that it fulfills the defining

characteristic of A prior to knowledge of the outcome of x , we can not 'avail*n
ourselves of A for determining the probability of the outcome of x . As itn
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stands condition (2) allows a large number of 'available 1 reference classes for 

It only requires that the defining characteristic of the class allow us to be able 

to ascertain that x fulfills it i.e. belongs to A , prior to knowledge of the

occurrence or non-occurrence of x £ B. On the one hand, condition (2) asn
It stands insures the objectivity of our methodological principle, for the 

failure of a particular person actually to ascertain that x t A prior to the

occurrence , or non-occurrence of x *. B does not entail that A was unavailablen
for him; condition (2) permits as available reference classes those classes to 

which x belongs and for which it is possible to determine, prior to knowledge 

of the eventual result, that x does indeed belong to that class.

On the other hand, condition (2) gives rise to two difficulties.

First of all it may be doubted whether all reference classes that fulfill condition (1) 

can be deemed available simply on the basis of also fulfilling condition (2) as it 

stands. For example, consider the case of a horse that has a rare and as yet 

undetected disease. This disease is known to affect running performance to a 

determinate degree (thus allowing condition (1) to be fulfilled) and, moreover, 

can be diagnosed quite early if the proper tests are administered. In using 

the principle of choosing the narrowest available reference class to determine 

the correct probability of this horse winning a particular race, are we to use 

as the relevant statistic the roughly calculated frequency of victory in the class 

of horses of similar blood line* previous form etc ? Or rather are we to 

regard the narrowest available reference class as the one containing all horses 

of similar blood line, current form etc., who also have this rare disease.
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Condition (2) as formulated above indicates the latter as correct, for the 

disease, while rare and undetected, could in theory be diagnosed without 

knowing the result of the race if the correct tests were made. This conclusion 

seems not wholly implausible but is debatable, as we could hardly expect even 

a well informed punter to be aware of what is the narrowest available reference 

class here; however, for the purposes of convenience, debate over this point 

will be postponed until the next chapter. Asa preliminary formulation 

condition (2) will suffice and while the results of applying it may set standards 

for determining probabilities correctly that appear high for punters or bookmakers, 

these standards are not demonstrabiy inappropriate for the more exact sciences.

Similarly we may note another difficulty with condition (2) which, 

however, will also only be discussed at length in the next chapter. The 

objectivity insured by condition (2) is purchased at the expense of rigour, for 

as it stands condition (2) relies on the rather vague concept of a defining 

characteristic of 'such a kind that we can ascertain of any individual experiment x 

whether or not it fulfills that defining characteristic prior to knowledge of the

occurrence or the non-occurenoe of x £ B f . Although the intention of thisn
criterion is clear, It is far from obvious if it has a wholly determinate application. 

The obsoufity Implicit in the vague formulation of condition (2), or any similar 

criterion, presumably accounts for some of the misgivings often expressed 

concerning the principle of choosing the narrowest available reference class. 

We shall return to this problem in the next chapter. However, for the moment 

we are not concerned with resolving all difficulties with the principle of choosing 

the narrowest available reference class: rather we are only spelling out to a
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preliminary fashion a plausible formulation of what is generally, if a bit vaguely, 

understood by that principle - and for this purpose condition (2) as it stands 

seems adequate.

Condition (1) obviously formulates part of what is usually 

understood by an available reference class; in particular, for an infinite class 

with a limit of relative frequency to be 'available 1 to us for measuring 

probabilities by that limit we must be able to estimate the limit from our 

always finite data. While less vague than condition (2), condition (1) obviously 

requires further comment. However, insofar as it does not inhibit eventual 

discussion of the problem of applying idealized conceptions t*> empirically given 

situations, It seems both desirable and expedient in constructing a frequency 

theory of probability to develop as much of it as possible in isolation from the 

problem of extrapolation to infinity from finite observational data. Accordingly, 

the remainder of this chapter will only deal with ideal sequences with known 

limits; thus we may assume that we begin with a specific set of feflnite 

sequences with known limits both for the main sequence and any sub-sequence 

we are concerned with. Condition (1) is then replaced by (lx ); (1 / ) The 

reference class A must be an infinite sequence with known limiting properties. *

*The phrase 'with known limiting properties' is not meant to imply that we are 
restricted to infinite sequences in which a genuine limit is approached. It is 
possible that our narrowest available reference class will be one which we 
know has an oscillating value of relative frequency. For such a case we must 
stipulate that the Individual event in question can not be assigned a unique 
probability.
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Turning our attention to toe concept of randomness, we may recall 

that Von Mlses defined a reference class (collective) of experiments as random 

in respect to an attribute class B if and only if there existed no mathematically 

defined infinite sub-sequence of the collective in which the limit of B differ red 

from the limit of B in the collective itself. The mathematical rule which determined 

the selection or deletion of experiments x. of the collective in order to form toe 

Infinite sub-sequence, must be such that the selection or deletion of x. is 

independent of the result B or ^B for x., that is, depends only on the number 

i and the results of the previous experiments x. ... x. ... To this definition 

of randomness Von Mlses added the restriction that only random sequences were 

probability sequences - his so-called requirement of randomness.

Beichenbach, for one, disputed Von Mlses' requirement of
4 randomness and in Von Mlses' original presentation of it as an additional

requirement on the standard frequency theory, it Is difficult to see anything 

more than a vague, albeit strong, intuitive plausibility for the requirement, 

Von Mises himself claimed that his requirement of randomness - also known 

as the Principle of the Impossibility of a Gambling System * was obtained by

generalizing on the experience of games of chance as, for example, those
V carried on by gamling banks and Insurance companies. This Justification for/*

his requirement of randomness, of course, accords wtth Von Mlses 1 view of 

probability theory as an empirical science, just like, say, mechanics. 

Whatever the merits of this poslUvist account of probability theory - and lib* 

Caroap and Waismann , I for one, would dispute it - such a view can: not be 

used to justify his requirement of randomness.
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In the first instance the claim that only random sequences are 

probabilistic is circular if based on a generalization of games of 'chance*, for 

'caanoe' phenomena are not specified independently of our intuitive identification 

of chance and probability. Admittedly Von Mises often states that he has simply 

delineated a set of empirical phenomena, the etudy of which he proposes to eall 

probability theory. One characteristic by which this set is defined is the property 

of randomnees and, of course, one can not deny anyone the risjht to specify a 

set of phenomena and then set about studying the properties and relations of 

thftXphenomena. But one may deny that such a study corresponds to what has 

traditionally been known as probability theory or that such usage of the term 

•probable' coincides with our ordinary usage. As Rcichenboch pointed out, 

many sequences ordinarily called probabilistic do not obey Von Mlses' 

requirement, e.g., the sequences of automobile accidents in cities for which 

the frequency will vary regularly with daya of the week.

Von Mises f reply to tide objection was that his theory was 

truly scientific and so, of necessity, had to diverge at certain points from 

ordinary usage and previous unscientific studies of related phenomena. 

However, It is widely known that the frequency theory can be given a perfeotly 

exact formulation without the requirement of randomnees and, moreover, that 

all the fundamental theorems (e.g. the Laws of large Numbers) can be proved 

without the requirement of randomnees. In addition, as Retchenbaoh again 

pointed out, there are many examples of non-random sequences in physics



which are known as probability sequences and it is obviously desirable for 

these to be treated in any 'scientific 1 theory of probability.

However, and this is the central point of this chapter, we may 

give a perfectly clear justification for Yon Mlses* requirement of randomness if 

we abandon the standard frequency theory to which it was originally added and 

instead accept the frequency theory for individual events proposed in Chapter n, 

with the additional restrictions on reference classes embodied in conditions (1 ) - 

(3) to assign unique probability values. The justification for the requirement is 

now as follows! we have found that probability of the individual event x £ B will

vary as the experiment x is thought to belong to different reference classes.n
To overcome this we appeal to the principle of choosing the narrowest available 

reference class i.e. a class fulfilling conditions (I/) - (3).

Now let us assume that a particular reference class A with a 

limit p for &Dpresents itself to us as the narrowest available one to measure

the probability of x £ B. Now, and this is crucial, if A is not random withn
respect to B, it is quite possible that, contrary to our assumption, A is not

the narrowest one available for measuring the probability of x e B. If A isn
not random with respect to B, there will be some rule that will select out an 

infinite sub-sequence A in which B approaches a limiting value of relative 

frequency not equal to p* Assuming x belongs to that infinite sub-sequence A-,

then A« will constitute for the event x £ B an available reference class narrower 1 n
than A. The sub-sequence with a different limit is, by definition, infinite and a 

proper sub-class of the initial reference class A. All that is further required
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for this infinite sub-sequence A, to which x belongs to constitute a narrower1 n
available reference class for measuring the probability of x fc B is that wen
be able to ascertain that x fulfills the defining characteristic of A, prior ton 1
knowledge of the occurrence or non-occurrence of x £ B. But this is guaranteedn
by the definition of randomness, for randomness is defined in terms of selections 

and deletions of x. by rules based only on the number i and the results 

x~ .... x ... To put it more explicitly, the defining characteristic of an 

infinite sub-sequence A that violates the randomness of the initial sequence 

A will be a mathematical rule for selecting elements x based only on the Index 

number 1 and the results x1 ... x. . Thus the question of whether or not a 

particular experiment x belongs to A can be settled on the basis of only the

number n and the results x. ... x , i.e. prior to knowledge of the occurrencei n~i
or non-occurrence of x £ B. Therefore, if x is a member of an infiniten n
sub-sequence of the kind that makes initial sequence A non-random, that 

sub-sequence will constitute a reference class narrower than A and one

which is available for measuring the probability of x fc B.n

Of course as not all x, of A need belong to the infinite sub-sequence 

(or sub-sequences if there are more than one) which violate the randomness of

A, the above analysis will not necessarily apply to the particular x of A wen
are at any moment concerned with. However it is clear that some, indeed an 

Infinity, of x. of A will belong to the sub-sequence (or tub-sequences) which 

violate the randomness of A. Accordingly any non-random reference class A 

can not be the narrowest reference class available for_aU its individual elements.
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Thus the requirement of randomness Insures that we only use those sequences 

that are suitable for determining unique probabilities for all of their constitutlent 

experiments.

These considerations go a long way towards accounting for the 

interest and significance of Von MJses' concept of randomness as well as his 

emphatic Insistence that only random sequences are truly probabilistic. As 

originally presented In terms of the standard frequency theory, Von Mi see' 

requirement of randomness had at best a certain intuitive appeal-, re-Interpreted 

as above In terms of a frequency theory designed to give unique probabilities to 

Individual events, its rationale becomes perfectly clear. Despite Von Mlses f 

and others' explicit claims, ordered pairs consisting of an infinite reference 

class and attribute class are not what we ordinarily deem probable, rather it 

is ordered pairs of Individual events that we hold probable on the bests of 

frequencies In infinite sequences of experiments. And, in light of the most 

natural criterion for determining unique probabilities, only frequencies in 

random sequences of experiments can suffice for determining unique 

probabilities for all the experiments of the sequence. Random sequences 

are required insofar as we are concerned with assigning unique probabilities 

to every member of a sequence on the basis of a frequency in that sequence; 

thus in constructing a theory of probability which assigns unique probabilities 

to the individual members of a sequence we will, like Von Mlses, regard only 

random sequences as truly probabilistic for only they can be used to assign 

unique probabilities to all thtir members.



Let me express this point In another way: in Chapter n we 

saw that statements about class probabilities were to be construed as 

universally quantified statements assigning a (relational) probability p for 

the occurrence of an attribute B to each experiment x. of a given class A. 

The frequency of B in this class also served to measure the probability of B 

for each experiment x , relative to the fact that x. was a member of A. Now 

it can easily be shown that Von Mlses 1 claim that 'class probabilities' ~>nly obtain 

when we have random classes follows directly from this analysis of class 

probabilities, given only the further proviso that we wish to assign unique 

probabilities by using the narrowest available reference class. Class probabilities, 

on the analysis of feared, are probabilities for each and every member of a class 

numerically equal to the frequency found in that class. And, as we have Just seen, 

it is only frequencies in random classes that can be assigned as a unique probability 

to each and every constitutient member of a class - an infinite sub-sequence that 

violates the randomness of an original collective constitutes a reference class 

with a different limit, narrower than the original collective, and one that, 

moreover, Is 'available' for determining the probability of some of the experiments 

of the original collective.

Thus Von Mises celebrated requirement of randomness can be 

seen as a direct consequence of the frequency theory for the single case 

advocated in Chapter n, when that theory Is supplemented by a methodological 

principle for determining unique probabilities. Given that little, if any, other 

argument can be given to justify the requirement of randomness (we saw how
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indecisive Von Mlses' original arguments were), it seems plausible to think 

that the widespread acceptance of it depends on this (admittedly unrecognized) 

status as a consequence of a frequency theory designed to assign unique 

probabilities to individual events.

This conclusion extends to the standard frequency theory with 

the requirement of raadomness the line of argument already put forward for 

the theory without the requirement - that our theory is the more general in 

so far as examples which figure prominently in the standard theory can be 

understood as special instances of our theory. In Chapter II we saw how class 

probabilities could be understood as the special case of relational probabilities 

for an outcome assigned to each of a class of individual experiments. Now we 

see that Von MSses proposal to assign class probabilities only to random 

classes can be understood as deriving from the special case in which we desire 

to assign unique probabilities to each of a class of individual experiments.

Curiously enough this line of argument concerning the standard 

frequency theory with the requirement of randomness is, to some extent,

supported by various passages from Reichenbach and Salmon. They, like
7 other writers , perceived that there is a connection between randomness and

ordinary statements in which probabilities are apparently ascribed to the 

single case. In discussing the question of the 'weight* to be given to scientific 

hypotheses, Reichenbach returns to the question of choosing a suitable reference 

class. He correctly sees that such hypotheses are simply one instance of the 

problem of the single case. Reichenbach suggests that for scientific hypotheses
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we should choose a 'homogeneous' reference class. This Is explained thus:

A class of tuberculosis is & homogeneous reference 
class. But it would seem unwise to compile death 
statistics in « class of persons with different 
diseases or in a class Including human beings and 
animals. The definition of the predicate 'homogeneous' 
depends on the state of our knowledge. An 
Inhomogeneous class can be defined ns a class 
for which we know methods by means of which the 
class can be so subdivided without the use of the 
attribute (see Section 30), that subclasses of 
different frequencies for the attribute result. 
The subdivision will sometimes be achieved by 
reference to other attributes such as are given 
in the example of different diseases or biological 
species. However, It can be achieved also by 
dividing the total sequence, or ordered class, 
tmto consecutive sections.

The section SO referred to is devoted to a discussion of Von Mises requirement 

of randomness and although Beichenbach nowhere explicitly discusses the 

relationship between randomness and homogeneity, it is clear that he held them 

to be connected concepts. One difference is apparent - the procedures of 

subdivision that define homogeneity include selection by physical attributes, 

whereas randomness, of course, is defined solely in terms of mathematical 

rules of selection. Moreover as homogeneity is defined in terms of known 

methods of subdivision, it is unclear whether all the mathematical rules of 

selection by which rondo ranees is defined would figure in Belchenbach's definition 

of homogeneity.

*'<>>.

Salmon, as we have seen, developed Relchenbach's suggestion
.• . .tf

here systematically and In fact proposed In general to replace the principle of 

selecting the narrowest available reference class with the equivalent formulation
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to Von Mises* conoept of randomness, without any elaboration, Salmon proceeds 

to define homogeneity exactly as Reichenbach did - save that for him homogeneity

is not relativised to our knowledge, i.e. a class may be inhomogeneous and yet,
9 as he puts It, we may 'not know of a way to make a relevant partition of It'.

This additional proviso makes it fairly clear (as it was not in Beichenbach) 

that, for Salmon, all homogeneous classes will be random in Von Mises 1 sense, 

since if I read him correctly, all mathematical procedures of selection envisioned 

by Von Mises are included in his definition of homogeneity. Salmon further states 

that in assigning a weight to the single case we are to employ the broadest 

homogeneous reference class for this ensures that we consider the maximum 

number of relevant cases in oar estimation of frequencies ('broadest class1 here 

means that including the oi

How Reichenbach's proposal to use homogeneous reference for 

determining the 'weight' of scientific hypotheses and Salmon's proposal to use 

the broadest homogeneous reference class for determining weights for all single 

esses both capture something of the relationship between randomness and single 

ease probabilities I have elaborated here and so their proposals support, in 

some rough degree, the line of approach taken in this chapter. Bit there is 

a crucial difference between what Salmon and Beichenbach, on the one hand, 

and I, on the other, perceive to be the relationship between randomness and 

the single case and it is with a comparison of our positions here I will close 

this chapter.
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Oh their accounts we are not given - and could not be given - 

any explanation of why Yon Mlses, or anyone else, might think that only random 

classes are truly probabilistic - the so-called requirement of randomness. Cta 

their account, probability indeed only applies legitimately to classes but no 

additional requirement of randomness is Imposed. Bandomness then figures 

as part of a concept, (homogeneity) used in the verbal (or rather written) 

expression of a rule for determining 'weights' for single cases.

But on the view advocated here, probability is legitimately (and 

solely) a relational property of individual events and the concept of a class 

probability is to be construed in terms of universal quantification over these 

probabilities. If we desire unique probabilities for individual events we are 

required to adopt a principle for selecting a unique reference class for an 

Individual event; for this purpose the principle of choosing the narrowest 

available reference class Is both long standing (pre-dating the works of 

Vm Mlses, Reichenbach and Salmon) and highly plausible. It then can be 

shown that this principle conjoined to our frequency theory for Individual 

events and Its explanation of so-called class probabilities entails that only 

random classes display class probabilities. This, furthermore, suggested 

that It was a tacit acceptance of such a theory for the single case which all 

along made Von Mlses1 requirement of randomness seem so plausible.

80 the account given by Salmon and Peichenbech of weights 

(rather than probabilities) for the single case, determined by homogeneous
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reference classes, misses the essential point: by taking probability to apply 

only to single cases (or In quantified statements classes of them) we may give 

a full Justification of the widely accepted requirement of randomness. To 

repeat, as advocates of the standard frequency theory, Salmon and Beichenbach 

missed (and had to miss) the essential point that VOB Mtses' requirement of 

randomness is a direct consequence of a frequency theory designed to assign 

genuine and unique probabilities to the single case.
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CHAPTER IV

Choosing The Narrowest Available Reference Class

As the line of argument in Chapter m depends heavily on the 

principle of choosing the narrowest available reference class, it is essential 

that we subject this principle to careful critical scrutiny. In Chapter m we 

noticed three prime, facie difficulties with the provisional formulation of it in 

clauses (1 ), or (1), - (S). Let me review these and mention, for good measure, 

two other problems. The problems already noticed are:

(a) Clause (1 7 ), as opposed to (1), relies on the unrealistic 
and idealized conception of infinite sequences whose 
limiting properties are taken as known. Although more 
realistic, clause (1) relies on an unexplained concept of 
extrapolability which requires further explanation and 
elucidation.

(b) Clause (2) sets particularly high standards for the range 
of classes deemed available for determining probability 
values. As our example of the diseased horse showed, 
there is little reason to expect even a prudent investigator 
to be able to identify invariably the narrowest reference 
class available in the sense of (2).

(c) The standards set by (2) are not only extremely high but 
also quite vague, relying on an unexplicated concept of 
knowledge that 'could be ascertained' prior to knowing 
the outcome of an experiment, even if it is not.
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In addition to theae difficulties we should note that, contrary to the impression 

given In Chapter m, there ia no guarantee that olauaea (1'), or (1), - (8) are 

sufficient to determine Just one class to be the narrowest one available for a 

given individual experiment. Consider a somewhat unusual sequence of tosses Q 

**" coin - one for which we know the limiting value of heads in prime numbered 

tosses to be, roughly, 90%. The limit on, even tosses is known to be, roughly, 

40%. What probability should be assigned to heads on the second toss, which is 

both even and prime ? The difficulty here is that both Hie class of prime tosses 

and that of even tosses fulfill clauses (1 /) - (3) for Hie second toss, but each 

have different limits for heads.

The existence of a number of different reference classes 

Af • • Av *H fcUittiBf conditions (I 7 ), or (1), *,(3) for a particular outcome 

« *. B would be unproblematic if each such reference class had the same limit 

of relative frequency for the attribute B, sines we could simply ascribe this 

limit p as the probability of the event x t B. However, if there are 

different limits of relative frequency of B on the classes A .. .A. fulfilling 

conditions (1 x ), or (1), - (3) we can not assign, a unique probability value to
_^ - vh£. B.

While there seems nothing problematic about formulating a 

methodological principle intended to determine unique probabilities that fails 

to do so in a certain minority of actual cases, clauses (1 ), or (1), - (3) 

obviously should be re-forraulated in some way so as to minimize this 

possibility. We may call this problem
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(d) That of finding a re-formulation of clauses (I 7 ), or 
(1), - (9) which maximises the chance of determining 
a unique probability.

Finally we should note

(a) Ayer's objection. Ayer has argued that, although the 
policy of choosing the narrowest available reference 
class is correct, there can be no justification for it 
within a frequency theory for the single case1 . Ayer, 
without spelling out in detail any frequency theory for 
the single case, clearly has in mind a theory similar 
to that advocated in Chapter II; Ms objection is that 
such a theory can not justify the methodological 
principle in question.

We may begin with (e) land work our way back to (a), ft is not 

altogether clear why Ayer requires a frequency theory for the single case to

justify a rule for determining unique probabilities. Some have disputed this
2 requirement in general ; in any case, on the construction given here, the policy

of choosing the narrowest available class is a principle of application prompted 

by practical needs. All that is required to justify this policy is a demonstration 

that adopting It leads to desirable results. Here Salmon, again following 

Betchenbaoh, has quite correctly pointed out that the policy of determining 

betting odds on the basis of the frequency in the narrowest available reference 

class is highly desirable, for anyone who adopts it will gain in the long run at the 

expense of those who otter higher odds or accept lower ones.

V we know the long run probabilities, a certain 
type of success is assured by following the 
methodological rules for handling single events. 
A given individual deals with a great variety of 
single events.... ft is demonstrable that he will 
be successful 'in the locg run* if he follows the



methodological rules laid down. He will win 
a few and lose a few, but if be so acts that he 
has a positive expectation of gain in each case, 
he will come out ahead in the long run.

The basic point here is readily Illustrated by a favourite example 

of frequent!ats, that of an insurance company attempting to maximize its profits. 

With Salmon we may assume that the company has extensive knowledge of, say, 

long run mortality rates for numerous categories of potential policy holders. 

It knows, for example, that the long run rate of mortality among the class A., 

of 40 year old men passing a particular medical test la, say, p-. In addition 

it knows that the mortality rate among the sub-class A of A of 40 year old
Z JL

men who smoke heavily is p., where p, < p . Similarly it knows p to be
ft i f> 3

the rate among the sub-class A of 40 year old smokers who also work in a«
particularly stressful occupation; p. here is greater than p_. The company

3 *

now must decide on a premium for life insurance to charge members of the 

class A . To fix a particular premium is, of course, to offer certain betting
3

odds on a man's life, although this is a rather callous way of putting it.

It should be obvious that the company will lose in the long run 

if it adopts the lower mortality rates p1 or p Instead of p to fix premiums
A ft 3

for members of the class A , Similarly it would gain In the long run if it&
were able to find clients among members of A who would pay higher premiums5

based on a mortality rate higher than p . Thus as remarked above, fixing
o

betting odds, or premiums, on the basis of the long run frequency in the 

narrowest available reference class - here A for the members of A -
3 3
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toads to long run profit at the expense of those who do not so use the narrowest 

available reference class. More generally, It is the case that transition to the 

frequency found in a narrower reference class will increase one's long run gain, 

or decrease one's loss, even if the frequency in the narrowest available reference 

class is for some reason not used - an insurance company using p to determine
A

the premium for members of A would lose less than one using p1 .
8 A

One point should be made about this last remark that transition 

to frequencies in a narrower class will increase one's long run gain even if the 

narrowest available class is not itself used. Ayer might reply by pointing out 

that this hinges on the assumption that the frequencies found in the progressively 

narrower reference classes become progressively closer ami closer to each other. 

That is, in our example p < p < p and so, in particular p4 is closer to p
JL Z S A 9

than is p1 . If, instead, we had, say, P1 '/p0 but p = p.., there would be no
X 1 2 8 1

gain in using the frequency p_ as found in A for members of A rather than p-
3 «f 31

as found in A.. Moreover, there would actually be a long-run loss involved if

one used the frequency found to A rather than that In A., for determining premiums

for members of A . In general, unless the frequencies found in progressively
3

narrower reference classes become closer and closer, use of progressively 

narrower reference classes can not be relied on to maximize long-run gain.
. •. "V. ii r" •• .' '''^u •'

The answer to such a rejoinder on behalf of Ayer can be derived 

from Reichenbach'B original discussion of the principle by choosing the narrowest 

available reference class, part of which was cited in Chapter I. In a passage not 

already quoted Reichenbach points out:
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According to general experience the 
probability [Le. relative frequency of the attribute 
will approach a limit when the stogie caee 10 encloeed 
in narrower and narrower daeeee, to the effect that 
from a certain etep on farther narrowing will not 
result in noticeable Improvement.

The approach to a limit * or rather apparent approach to a limit 

ae thia la all we can observe * for freqaenoiee found when transition is made to 

progressively narrower reference classes of course Insures that the frequencies 

tn such elasees eventually become closer and closer to each other. Indeed 'approach 

to a limit* is aa exact way of describing a progressive narrowing of differences. 

Thus the kind of change in frequencies required to Justify transition to narrower 

and narrower reference classes is actually found in experience.

Our next problem (d) is at first glance quite formidable, m fact 

It cam easily be shown that clauses (1 ), or (1), - (S) as they stand never determine 

a unique reference class for an individual event. Any individual experiment x 

belongs to every class (p where 0 * ^ U<! XJ * V &•*• <**& take any value 

and this is the heart of the difficulty. Consider, for example, the toss of a

regular die. To determine die probability of it landing face 6 up on toes xn
we will estimate the frequency of 6'e in the class A of repeated tosses of regular 

die. We may assume A is observed to have a frequency of - for 6 and fulfills
V

clauses (1) - (3), thus (apparently) being the narroweet available referenee class. 

But the toss x also belongs to the quite arbitrarily constructed class A / (J { x / , 

where A Is the repeated toss of a die which has six faces marked 6. Clearly 

A U { x \ fulfills clauses (1) - (3) for it contains no infinite subsequence A of



which x la member and in which we eatimate the long run frequency of 6 isn
different from that in A7 * We now have two reference daaeee A and A U ( x 

for x and, crucially, neither ia a sub-class of the other. Bather than a unique 

aarroweat available reference claae, we have two relarenee olae0e0 with 

different frequencies, each, aa it were, equally narrow.

The problem here is general and, moreover, ia Just one of a

more exteneive family of difficultiea * examples involving Goodmaneeque
4 predioatea would ralae aimilar issues. Hempel, ia a closely related context,

ha0 suggested that euoh dilficultiea can be overcome by restricting our0elveo to 

uae of reference classes baaed oa lawlike 1 predioatea. The relarenee olaas

A \J $ x { would be ruled out on this proposal, aa would many other problematic n*
reference claseea.

.'-.., ; '

Although the concept of a lawlike' predicate is notoriously 

difficult to define, this is a problem endemic to the philosphy of science as a 

whole and time should ad be eeen aa an insurmountable obstacle for our theory 

In particular. Accordingly, 00 aa admitted over-simplification, we may 

incorporate into our clauea (2) the additional requirement that the defining 

characteristic of any admissible reference class be expressed in terms of a 

lawlike predicate.
• ' .• •'<•' •'..'; i^-'' ;;- ••.- ' ' •'••'•

However, even if we reatzict our attention to olaases baaed on 

lawlike' predicates, it haa been argued that oonditiona such as (1) - (3) wfll 

not usually yield unique assignments of probability. To establish this Kyburg ,
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for one, produces the following example: we wish to determine the probability 

that an object n belonging to the class C,0 C_rv C has the property G. Our
X Z 3

relevant statistical knowledge is

(1) The proportion of C- that is G lies in the interval (0.77, 0.82)
(2) The proportion of C that is G lies in the interval (0.70, 0.80)
(3) The proportion of C, that is G lies in the Interval (0.78, 0.81)
(4) The proportion of (CJ 0 C ) that is Q lies in the interval (0.70, 0.85)
(5) The proportion of (C-O C ) that Is G lies in the interval (0.76, 0.95)
(6) The proportion of (C*0 CT) that is G lies in the interval (0.75, 0.85)
(7) The proportion of (C, ft C^ ft C J that is G lies in the interval (0.00, 1.00)

1*3

The difficulty here is that we lack knowledge of the relative frequency of G in 

(CO C JV CJ which would be the narrowest possible reference class; moreover 

the value of frequency among the equally narrow classes C-ft C , CLrt C e,
1 £ 1 3

, ' - - /'' . • • ' " ' - - :^-

C A C 0 varies considerably.
* * . .

I remarked above that such cases would not present a serious 

problem for our methodological principle if they occurred rarely since our 

principle is, after all, only a general rule to facilitate practical decisions* 

Kyburg, however, contends that this kind of problem 'constantly confronts 

the scientist and man of affairs, as well as, in somewhat foggier form, the 

ordinary citizen.' But is this actually so ?

In IQrburg's example we begin with classes C , C , C , all
* e» O

. • ' • * . *

with frequencies for G ranging within fairly narrow bounds around points 

between . 75 and . 80 - this much is quite plausible, for we will indeed find 

statistics where frequencies for different classes range within narrow bounds 

around some common points. But when we consider the narrower classes

C.,0 C^, C-K C fl , C Jl C , we find the Intervals within which our frequencies 
12 1 *» * 3

lie becomes much wider, e.g. the proportion of G in CJ\ C lies in the interval
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(0.75, 0.95) while the widest Interval among our original classes was (0.70, 

0.80).

At first glance this may appear plausible enough * to move 

from frequencies In C- and C9 separately to tha frequency In CLrt C. we must 

find cases that are both Ct and C.. Perhaps these are a bit uncommon and so
1 3

our observed results will be accepted with the qualification that the actual 

frequency In C,ft C. may only coincide roughly with our limited Initial
1 3

observation. But on more careful scrutiny something rather curious has gone 

on In the transition from statistics for C, and C 0 to the statistic for C^O C 0.
13 13

We believe that the proportion of G'e In CLft C. may be ae high ae . 95. Ae tt
1 3

is known that the proportion of G'e In C. and C_ eeparately Is never higher than
1 3

. 82, this belief must be based on observation of an Increase In the Incidence of 

G among those members of C, and C_ that are members of C,rt C 0. On the
13 13

other hand we are also supposed to believe that the proportion of G'e in 

C,fl C0 may be ae low ae 0.75. As It Is known that the proportion of G'e In
1 3

C, and C. eeparately to not leee than 0.77, this belief must be baeed on some
1 3

indication of a email, but perceptible, decrease in the incidence of G'e among 

those members of C, and C0 which belong to C, A Ca. But these two assumptions
13 13

about the change of Incidence of G In transition from C and C separately to
1 3

CA C0 are obviously contradictory. 13

ft ie in fact the statistic for C A C 0 that causes most of the
1 3

difficulty In IQrburg's example; as the process by which we arrive at It seems 

prima facie Inconsistent, it can hardly be claimed that the difficulty sketched 

here constantly confronts ue. Perhaps one could concoct a story ae to how
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muoh a atatiatlc arose; more plausibly, oae could change slightly the 

atatiatioa la the example to avoid outright contradiction, m either event we 

will require further demonstration* that each example a are very oommoa - a 

demonstration that transition to narrower reference classes constantly leads 

from knowledge of frequencies wtthia narrow bounds around eommon points to 

knowledfe of frequencies within wide boundsaround more disparate pointa. Of 

course such eases eaa always be Imagined and do, presumably, occur from time 

to time; however Kyburg'a claim that such eases constantly arise now begins to 

look rather implausible.

A final point should be made about Kyburg'a example: 1st as 

assume that we have atatiatica whieh indicate the proportion of G among the 

three equally narrow classes C-/I C_, C, f\ C*» and C.n c to be in the
1219 38 3

Intervals (.70, .85), (0.7ft, 0.95), and (0.75, 0.tft)respectively. Here** 

may simply conclude that the probability of aa a whieh belongs to C, rt C0 fl C-
123

being G is In the interval (0.70, 0.96). The basis for this coaoiusioa is not 

that we expect the proportion of G taCjrt CgrtC. to be in this interval 

(although such aa expectation is not unreasonable) - it is that the three 

narrowest classes to which a belongs aad for which adequate statistics 

are available all have frequencies wtthia this rather broad interval, m 

Kyburg'a example we are meant to conclude that aa a which belongs to 

Ctfl C8 but not 0^ has a probability In the Interval (0.75, 0.95) of being 

G. V such a vague estimate of probability is acceptable, why should we not 

be satisfied in other casea with the only allghiiy more vague estimate of a
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probability In the interval (0.70, 0.95)? For many practical purposes such 

a vague estimate of probability is all that we require and such an estimate can 

be thought of as a numerical equivalent of everyday statements in which we hold 

events to be quite probable, but not certain.

To treat such examples in thla way is only to extend slightly 

a point made already. At the start of the discussion of 0), I noted that If we 

had numerous 'equally narrow 1 reference classes with a common limit, we 

could assign that limit as the unique probability for the Individual event In 

question* How In reality we must extrapolate to limits from observations In 

finite sequences and the resulting estimates will always be of limits within a 

certain Interval, a certain specified degree of accuracy. For a set of equally 

narrow reference classes to have a common limit Is then, In fact, for their 

limits to be expected to lie within a common Interval. The unique probability 

assigned to an individual event on the basis of a 'common limit' will then only 

be a probability within a certain degree of accuracy ~ the degree of accuracy 

determined by the bounds of the common interval, ft Is only a small extension 

of this procedure to hold that events which belong to equally narrow reference 

classes whose limits are estimated to lie within different Intervals are to be 

assigned unique probabilities within a degree of accuracy that Includes all 

possible limits of the different classes. Such a proposal will only be of use 

If the different intervals within which the limits are expected are not very 

disparate but, X should think, this will usually be the case when there Is the 

kind of statistical conflict Kyburg envisions. Thus in allowing ascriptions of
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unique probabilities within a degree of accuracy we substantially increase 

the chances of assigning unique probabilities within such degrees of accuracy.

As we are more interested in analyzing the philosophical 

problems surrounding the principle of choosing the narrowest available 

reference class than in constructing an elaborate methodology, these somewhat 

sketchy remarks will suffice for our discussion of (d), for all we required was 

an indication of how we might maximlee our chances of assigning unique 

probabilities. The above proposal to assign unique probabilities within a 

degree of accuracy coupled with a restriction to reference classes based on 

lawllte predicates should suffice for tills purpose.

Turning to (c) above, it must be admitted that the argument in 

Chapter ffl relied heavily on the idea of a set of classes for which we can 

ascertain that individual experiments fulfill the defining characteristic prior 

to knowing the result in question, even if we have not done so. Explication of 

clause (2) in this respect Is not an idle exercise in rigour, it is the first step 

in elucidating a concept of availability which is central to a wide variety of 

theories of probability. The problem involved in explicating clause (2) can 

be dealt with more easily if we distinguish two methods of forming reference 

classes: those which rely on mathematical functions on the numbering and 

order of success of the elements of a sequence and those which rely on 

empirical predicates. Mathematical functions only allow us to form reference 

classes narrower than one already given, e.g. the reference class constating 

of every second element In the sequence of tosses of a coin. Empirical
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predicates can determine reference olaaaaa directly, e.g. the olaae formed 

by the predicate »x amohaa 60 clgarettee a day1 , aa well aa classes narrower 

than an original one, for example, the sub-class of 40 year old men who amohe 

60 elgarettee a day* Now, of oouree, it la dear that the mathematical function 

which aaleota every second element of a sequence yielde a reference olaea 

acceptable or 'available* in the eenae of clause (2); similarly it la clear that 

our empirical predicate baaed on cigarette consumption yielde a reference olaae 

available in the eenae of (2). But a eolation to our problem (0) requires a general 

and exaet characterization of each meana of determining acceptable reference 

claeeea.

How should we eat about giving each a characterization? An 

Indication of one plausible approach can be found near the end of the previous 

Chapter where we aaw that Salmon, building on suggestions of Belchenbach, 

proposed to reformulate the principle of choosing the narrowest available 

reference class in terms of choosing tha broadest homogeneous reference 

class. Homogeneous reference classes were then defined in a manner similar 

to random classes. Although, aa we aaw, Salmon missed much of tha 

significance of the relationship between randomness and probabilities for the 

single case, hie suggested reformulation captured something of this relationship. 

How that we are explicitly concerned with reformulating exactly the principle of 

choosing the narrowest available reference class, wa might do well to follow 

up Salmon's proposal and employ the concept of randomneae directly in our 

reformulation. The primary advantage in doing so is that we can thereby
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bring latter day refinements of the concept of randomness to our aid in 

explicating clause (2). Salmon himself apparently overlooked this possibility - 

or was not interested in ft - for the concept of randomness he briefly refers 

to in his reformulation is Von Bases original concept, which, as we will soon 

i, is not very satisfactory for explication (2),

It is natural to begin an explication of (2) by delineating 

rigorously the set of mathematical functions which form reference classes 

acceptable under it. Asa flrct, and very obvious step, we might identify 

this set of functions with those that select an infinity of elements x. from an 

initial reference class x, . » . * x. . . . . , where the rule of selection uses only 

the number 1 and the results x_ . . . . x, -. Mathematically the Idea of a rule 

of selection based on the index number i and the results *,»•*• x. 1 is 

usually expressed by a function on an infinite sequence of integers which encodes 

for each x. the index number i and the results XL . . . . x,* $ the values to this 

function determine which elements: x. of the original sequence are to be 

selected. Thus, the first step in explicating clause (2) consists simply in 

stipulating that the set of acceptable mathematical functions is the totality of 

all such selection functions on the sequence encoding the index number i and 

the results

Unfortunately this proposal does not constitute any sort of
(' : " '

advance for, contrary to the assumption up to now, the idea stemming from
• '• ' '.''•-"il '"' : ••"••• ' •

Von Mises of all selection functions on the sequence encoding the index
, ' ' •;• •'(*'" V(1

' l''*^

number i and the results x^ * . . . x. 1 is known to be unsatisfactory for the



80

6 purpose intended. So, as mentioned above, Von Mlses original definition of

randomness is of little use to us here.

Happily considerable research has been directed to finding a 

criterion similar in intent to Von Mtses original one but more rigorous In detail; 

The most satisfactory result in this area la Church's well-known proposal in terms 

of effectively calculable functions on the sequence encoding the index number i and 

the results x, .... K . This proposal can be adapted in a perfectly straightforward 

way to our present concern: the set of functions which form reference classes 

acceptable under clause (2) is stipulated to be the set of effectively calculable 

functions on the encoding sequence. More explicitly, a narrower reference class 

A derived from an original reference class A by a mathematical function (p on 

an encoding sequence is 'available' for determining the probability of Individual

experiments x of A if and only If x € A and u) is effectively calculable. & n i /

There is a strong and, ! think, interesting philosophical rationale 

for adopting such an explication of (2). The rationale here Is suggested by Church's 

own justification for his proposal. Just before giving the mathematical formulation 

of his proposal Church stresses that gambling systems - the exclusion of which 

constitute randomness - should be defined in such a way that we have an effective 

procedure to determine what elements we are to gamble on.

To a player who would beat the wheel 
at roulette a system ie unusable which corresponds 
to a mathematical function known to exist but not 
given by explicit definition; and even the explicit 
definition is of no use unless it provides a means 
of calculating the particular values of the function.
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Church achieves the desired result by defining gambling systems 

In terms of general recursive, or effectively calculable, functions on an 

encoding sequence. The crucial point is that each effectively calculable 

function will not only determine an infinite sub-sequence A from an initial 

sequence A , but will also constitute a procedure by which in a finite time we

can decide of any particular x of A whether it belongs to A,. The use of an i
sequence encoding the index numbers i and the results x^ . . . . JL insures 

that the procedure by which we decide this for a given x relies only on Index 

number n and the results up to n-1.

ft should thus be clear that by stipulating the reference classes to
*

which x belongs that are available under (8) are those formed by effectively n
calculable functions on an encoding sequence, we insure that there always

exists a procedure for ascertaining (deciding) that x belongs to an availablen
reference class. The procedure is the calculation of the values of our recursive

function up to a point where we find whether or not x belongs to the class inn
question; moreover since the arguments to the recursive function are numbers 

from a sequence encoding only the index number i and the results x . . . * x t , 

our procedure will never rely on the result x In question. This answers 

exactly to our needs in explicating (2) for we wish to explain the sense In which,

without recourse to the result of x , we can ascertain that x belongs to an n
given reference class, even if we do not actually do so. On the proposal we

are now considering the sense in which we can ascertain that x belongs ton
:- \ • .

the reference class is that there exists a procedure which would yield this
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conclusion if it were carried out. Here, as In other mathematical contexts, 

we equate the existence of a procedure that would yield a particular conclusion 

with the existence of a recursive or effectively calculable function that leads to 

that conclusion.

Thus the research done on randomneas, culminating in Church's 

proposal, provides for mathematical functions the general and exact 

characterization required for a solution to (c). Moreover the argument so for 

suggests a solution to (c) for empirical predicates as well. The crucial point 

derived from Church's definition of randomness Is that we can give a perfectly 

clear sense to the troublesome concept of 'being able to ascertain p' in terms 

of the existence of a procedure which, if carried out, would tell us that p. This 

suggests that we may delineate the empirical predicates that are acceptable 

under (2) by designating a certain finite set of predicates which correspond to 

extant scientific procedures, such as tests for time, spatial co-ordinates, 

temperature, cigarette consumption etc. As with recursive functions, the 

Intuitive rationale for holding reference classes determined by these procedures 

to be available for measuring the probability of individual experiments is that 

we can always perform the relevant procedure and ascertain that the experiment 

belongs to the reference class, even if in reality we do not.

Of course not all predicates based on existing scientific 

procedures will figure in our finite list - we must confine ourselves to thaee 

procedures which do not involve knowledge ~>f the result in question. To say 

this is not to define the intended class of predicates - a definition couched in 

such terms would be circular for we are attempting to give sense to the concept
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of those predicate a which can be known to apply to experiments prior to knowing 

the outcome of the experiment. Sense is fixed for this concept by explicitly 

defining a finite set of predicates as its extension and the above remark on 

avoiding use of the result in question is only intended to remind us of the basic 

motivation behind thia definition.

The actual procedures designated as determining acceptable, 

or available, predicates will, of course, depend on the kind of phenomena we 

are interested in; moreover it will be researchers familiar with the field of 

study in question, rather than philosphers, who will be the most suited for 

specifying just what procedurea exist for determining probability valuea. (The 

term field of study' like that of 'scientific procedure* may be understood 

loosely here - if we are concerned with horse racing, those familiar with the 

field of study will include informed punters, jockeys, trainers etc. The 

'scientific' procedurea they might specify would typically include those 

sufficient to determine a horses blood line, general health, performance in 

training etc.)

In principle it should be possible to give an exhaustive 

specification of all the extant procedurea appropriate for every field of 

study - the number of scientific experiments already carried out is obviously 

finite and thia alone Insures that the number of procedures used to determine 

the parameters in these experiments is finite. However, it would obviously 

be a burdensome taak to carry out a specification of the appropriate procedures 

extant at this time and so we must confine ourselves simply to indicating that
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such a specification would constitute for empirical predicates an explication 

of clause (2) analogous to that given above for mathematical functions in terms 

of effective calculabttity. In both cases the explication of the possibility of 

ascertainment referred to in (2) is given in terms of extant procedures that 

would so ascertain. For the ease of mathematics the set of extant procedures 

will be the set of recursive functions. For the empirical case the set of extant 

procedures can only be given by (finite) enumeration*

It is worthwhile to note that the class of empirical predicates 

corresponding to scientific procedures extant at a particular time is similar to, 

but narrower than, the class of 'lawllfce 1 predicates discussed earlier. Tbe best 

known characterization of lawltke* predicates is Goodman's own in terms of 

entrenchment; roughly speaking *lawl!be f predicates are those that have become 

'entrenched' by repeated use in the past. Obviously predicates corresponding to 

extant scientific procedures will be entrenched in Goodman's sense. Our class 

of predicates will be narrower than that of lawllke 1 predicates in virtue of 

excluding those which involve use of the result of the experiment in question.

This proposal, to explicate (2), which I think suffices to resolve
'•''!' .'"•''

the difficulty expressed in (c), can be extended to provide part of an explication
^

of die Important concept of available evidence, and it is now convenient to 

examine some of the details of this extension. The similarity between the 

requirement of total evidence and our principle of choosing the narrowest 

available reference class has already been noted and is, in fact, rather obvious:
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in uslBg the frequency expected IB • reference class A to measure the probability 

of an individual event x £ B, we are, of course, relying on the evidence that x
B B

belongs to A. Progressively narrower reference classes A , A , etc. to which
1 £i

x belongs obviously correspond to more and more detailed specifications of n
the conditions under which the experiment x is held. In using the narrowestn
reference class available to us, we IB effect employ the most detailed (i.e. total) 

evidence available to us.

Furthermore it seems natural to say, on analogy to clause (2) for 

reference classes, that evidence available to us for an experiment Is that which 

we can ascertain prior to knowing the outcome of an experiment. In light of the 

above considerations we can now give an exact characterization of what evidence 

might be so ascertained. Evidence which can be so ascertained is evidence 

which would be obtained * prior to knowing tbe result - if some extant procedure 

were carried out. The concept of extant procedure Is then defined as above, 

that Is, in terms of recursive fractions on an encoding sequence when we are 

concerned with evidence about the number and position in order of success of 

an event IB a sequence of events and In terms of a finite list of procedures for 

the case of 'empirical* predicates.

Such an explication of available evidence and available reference 

olass leads to a highly objective criterion of availability -what is available to us 

Is fixed quite objectively by the current state of science . Accordingly if we 

make our assignments of probability relative to such strongly defined available 

evidence (or reference class) we arrive at a conception of probability that will,
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to some degree, satisfy those seeking an * objective f account of probability.
7 MsUor , for example, argues that frequency and logical relation theorists are

not able to give a satisfactory account of 'plainly non-relational objective 

probability statements':

Their attempts founder on the 
problem of setting a non-arbitrary limit to the 
amount of evidence, or closeness of specification 
of the reference class, to be invoked in making 
the probability assignment.

The proposal considered here obviously does provide such a non-arbitrary 

limit and indeed carries out Mellor's subsequent suggestion!

The problem might be overcome, 
for example by an adequate explication of 
available evidence*

Later on I shall elaborate on the sense in which such an

explication of available evidence leads to an objective conception of probability. 

More important for our present interest is that in giving an explication of 

available evidence (or reference class) which is sufficiently strong to capture 

some of the objective features of the concept of probability, we are led to a 

criterion demonstrably stronger than that found in actual practice. One instance 

of the kind of problem involved here has already been cited - the diseased horse 

of Chapter in* The general problem has been formulated under (b). In terms 

of the present discussion, the difficulty now is that available evidence is 

explicated in such a strong way that a person who fails to carry out any extant 

scientific procedure which yields relevant information at the appropriate time 

will fail to make use of all the available evidence. Similarly, of course, he 

will have failed to use the narrowest available reference class and, as our
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example showed, this placed unnaturally high demands on even the prudent 

researcher who wishes to use the narrowest available reference class. 

Moreover, as we will see later, our explication of clause (2) for mathematical 

functions leads to analogous difficulties; for the moment, however, the problem! 

arising from the explication for empirical predicates are sufficient for our 

attention.

We can easily multiply examples similar to the original one in 

which It seemed unsatisfactory to say information concerning a rare and 

undetected disease was available to the interested and informed punter. Om 

drawn from Reichenbach highlights well the seriousness of the problems at 

issue here. Reichenbach remarks of a game of roulette that with

*. .precise observation of the 
initial velocity of the spinning bell, it should 
be possible to foretell with toy degree of 
exactness where it will come to rest* ft is 
only lack of technical ability that prevents us 
from equaling Laplace's superman. Once the 
velocity of the spinning ball has died down 
noticeably, such a computation comes into 
the scope of technical possibilities. This is 
well known to owners of gambling places, who 
stop such attempts by the croupier's call, 
"Rlen ne va plus". 8

The question for us la: what are we to take as the total evidence 

available just prior to the croupier's call? H this evidence - in relation to 

which we are to make our judgment of probability - includes highly precise 

specifications of the ball's velocity then, contrary to our ordinary assumption, 

the end result is not a matter of chance. If we accept Reichenbach's hypothesis 

that such precise observations are beyond our technical resources, we can
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deny that this 'evidence* Is available to us, for, by hypothesis, there exists 

no scientific procedure that would yield the information. But clearly now 

(and presumably also at the time Relchenbach wrote) numerous scientific 

procedures do exist which could determine with sufficient accuracy the 

velocity of the spinning ball in time to predict the result in question. Such 

procedures may only be able to be carried out with elaborate and bulky 

equipment but nonetheless they do exist.

Mast we then conclude that evidence of the balls initial velocity 

is available to us and, accordingly, that roulette is not truly a game of chance? 

From this conclusion it would be a very small step to conclude that a wide 

variety of events are actually determinate, but that, failing to consider all 

the available evidence, we mistakenly take them to be probabilistic. Such a

conclusion - which Blackburn claims is inevitable on an objective conception of
g probability - often seems lurking dangerously round the comer for various

theories of probability and is one which should be avoided, I think most will
t

agree, if at all possible.

It is perhaps all too obvious that we are on the verge of such a 

conclusion only because of the strength of our explication of available evidence 

or reference class. And of course it was the strength of our original vague 

formulation of clause (2) that first prompted our objection (b). It thus is 

apparent that we should give an explication of clause (2) weaker than the one 

already considered. To see the general form such an explication should take, 

we need only recall that our precept of using the total available evidence,



89

like that of using the narrowest available reference class, is only intended ss 

a precept to guide our actions in the face of uncertainty. But as Ayer points 

outt

A methodological principle, 
considered simply as a guide to action, may 
be expected to be vague: so let us say that 
the principle is simply that we should always 
try to maximise the relevant evidence. In 
actual practice, this could be taken too far. 
There are times when it is rational to act on 
evidence which one knows to be incomplete: a 
general who refused to launch an attack until 
he had ascertained the position of every enemy 
soldier would not be very successful. There 
may be moral as well as practical limitations* 
If I am trying to pick a winner on a race-course, 
the principle of maximising evidence may be 
held to fall short of requiring me to attempt to 
bribe the stable boys. W

Besides the explicit point he makes, Ayer's remarks here 

illustrate well the variety of circumstances in which we seek to maximise 

evidence, and for us this is crucial. Every action in the face of uncertainty 

involves a decision made on imperfect knowledge, that is, on knowledge which 

is not sufficient to predict an outcome with certainty. Naturally in all such 

circumstances we desire to maximise our knowledge, that Is,maximise the 

relevant evidence known to us. However, the circumstances in which we are 

required to make decisions with imperfect knowledge are many and varied. 

Oto the one hand we have occasions (rather like those facing the general) in 

which life and limb depend on the outcome of a trial for which complete knowledge
i • - „• «)o"

Is difficult or impossible. At the other extreme we find occasions in which few 

practical consequences follow and for which we Impose artificial constraints on
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our knowledge for the pleasure of testing our capacity for decision making 

under Imperfect knowledge. Card games for small stakes with imperfect 

disclosure are clear examples of this, m between these extremes lie a whole 

host of circumstances in which imperfect knowledge figures in yet different 

ways - decisions on stock speculation are obviously of sufficient importance 

to require serious efforts at attaining the maximum possible information but, 

sensibly enough, many governments enforce special restrictions preventing the 

use of finside f information, m roulette the practical consequences may be little 

or great and the restrictions on information would be imposed in the end by 

casino owners.

With such a myriad of circumstances in which we either need or 

desire to act with less than perfect knowledge, it would be unreasonable to 

expect me unambiguous guide for action; in other words, any precept governing 

oar actions in the face of imperfect knowledge will have to be sufficiently pliable 

to allow diverse application to very different circumstances. Since the precept 

to choose the total available evidence (or narrowest available reference class) 

is our guide to action in the face of imperfect knowledge, we must expect dn 

actual practice a multiplicity, or family, of related criteria for applying these 

concepts, rather than a single clear criterion. The cause of our present 

difficulties now appears to be that the criterion of available evidence, or 

reference class, given by our first explication of clause (2) is appropriate 

for certain situations, but wholly inappropriate for others.
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Our game of roulette provides a particularly clear illustration 

of this - if the total available evidence is defined to include any evidence that 

could be obtained at the right time by an extant scientific procedure, the ball's 

eventual resting place will be wholly determinate on the total available evidence. 

But of course it is rather implausible to think casinos would permit the fairly 

elaborate testing required to measure the crucial factor of the ball's initial 

velocity. And so, in a very real sense, such evidence is not available to actual 

gamblers. Indeed, as Beichenbach indicates, the crouper's call rBien na va plus* 

insures that the evidence available to gamblers in wagering is even less than can 

be gathered by the naked eye prior to the outcome of the wager.

(Such restrictions on the evidence 'available' to us in various 

situations may, for convenience, all be termed 'practical'. But because of 

the complexity of our practice, these practical restrictions can not be codified 

in a way that yields one clear criterion of what is available evidence, or what 

is an available reference class, ff this view is correct, we have it on Wittgenstein's 

authority that any exhaustive codification of what in varying circumstances we 

ordinarily regard as available evidence (or reference class) would be exceedingly 

complex. Accordingly I will only try to indicate briefly the broad outlines of our 

ordinary concept of available evidence (similar remarks, of course, will apply 

to the concept of available reference class).

At one end of a continuum of criteria for what constitutes 

available evidence, there is the criterion we have in mind when we judge what 

evidence is available to a scientist engaged in research proper. Unlike the



card player who cheats if he trlea to obtain all poaaible knowledge, a scientist 

engaged in research is expected to take all possible atepe to maximize his 

knowledge. Accordingly, our formulation of a criterion for the evidence 

ordinarily considered 'available' to a scientist should be as strong aa possible. 

The initial explication of available evidence for the case of empirical predicates, 

in terms of information resulting from the implementation of extant scientific 

procedures suffices here and, indeed, was proposed with this purpose in mind, 

A scientist who wishes to mate probability judgments on the basis of all the 

evidence available to him therefore must ensure that he has not overlooked any 

relevant evidence asoertainable by an extant procedure of his science, for such 

evidence is 'available* to him. This seems a wholly satisfactory conclusion, 

indeed the only poaaible one. In our example of a horse with a rare but 

undetected disease, it seemed inappropriate to say that evidence of this 

disease was available to the average punter, as he could not be expected to 

obtain it. But a scientist attempting to confirm a physiological theory of 

equine motor activity would be expected to test for and uncover this disease 

if, for example, he were trying to explain why the horse failed to fulfill a 

prediction of his theory* Conversely, when attempting to predict the horse's 

motor activity on the basis of his theory, he would be expected to carry out 

this and any other relevant test and so it is plausible to characterize such 

information as available to him.

It was remarked earlier that adopting an explication of

available evidence along these lines led to an objective conception of probability. 

The reason for this should now be apparent: objective judgments are those which
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conform to the standards set by the current state of science and so probability 

judgments based on all the evidence which can be obtained by extant scientific 

procedures will be, in an important sense, objective. In light of this, I will, 

In what follows, speak of the objective criterion, or objective sense, of 

'available evidence'; by Available evidence' in this objective sense I will 

mean that evidence which can be known by Implementing any relevant extant 

scientific procedure.

At the furthest remove from such an objective sense, or 

criterion, of available evidence, some have defined the evidence available to 

a person as that of which he Is consciously aware. Although this criterion is 

so weak as to collapse entirely the distinction between available evidence and 

known evidence, it is worth some attention: if we understand available 

evidence in this weak sense the requirement of total evidence reduces to the 

very weak, but not Implausible, requirement that probability judgments made 

by a person must be relative to the total evidence known to him at that time he 

makes the judgment. Carnap is the most eminent writer who understands 

available evidence in this weak sense*

Suppose that inductive logic 
supplies a simple result of the form *c(h,e) » r 1 , 
where h and e are two given sentences and r 
is a real number. How is the result to be applied 
to a given knowledge situation? The question is 
answered by the following rule, which is not a 
rule of inductive logic but of the methddology of 
induction:

1. He expresses the total 
knowledge of X at the time t, that Is to say, 
his total knowledge of the results of his observations, 
than X is justified at this time to believe h to 
degree r and hence to bet on h with a betting 
quotient not higher than r.
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Ctee of the decisive points in this rule is 
the fact that it lays down the following 
stipulation:

2. Requirement of total 
evidence: in the application of inductive 
logic to a given knowledge situation, the 
total evidence available must be taken as 
a basis for determining the degree of 
confirmation*. * ** £My underlining}

It may well be that there are circumstances in which such a 

weak requirement is the most appropriate one for Judgments of probability.

But of course this weak form of the requirement of total evidence can not do
12 in general: as Ayer points out , with such a requirement we need never look

for new evidence in making probability judgments.

It is also worthwhile to note that acceptance of Carnap's weak 

requirement of total evidence leads to a form of gubjectivlsm in the application 

of his theory to obtain the unique probability values we so often believe in and 

use as the basis for action. Of course, as Caraap repeatedly stressed his 

theory of probability is objective in the sense that the degree of confirmation

given to a hypothesis h by evidence e is independent of any particular person's
IS judgments. However, if the requirement of total evidence imposed is the

weak one suggested by Carnap, the application of his theory of confirmation 

to a given situation to determine 'unique* results will actually give results 

that vary subjectively from person to person, depending on what evidence 

that person knows. The degree of probabilityt determined by X in a given 

situation will be the (objective) degree of confirmation c given to the hypotheals 

h by the total evidence e known to X at that time. Thus the value of c for
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h decided on for the purposes of action depends on the subjective matter of 

how much evidence X actually knows and will be different for people who 

know different amounts of evidence.

Whether or not this is a serious flaw in Carnap's methodology 

need not detain us in this chapter; his remarks here are primarily of interest 

to us in setting a lower bound for the range of criteria we employ in determining 

what evidence is available to us. The upper bound has already been fixed in 

terms of that which can be obtained by implementing extant scientific procedures - 

available evidence in the so-called objective sense of that word. When, as with 

Caraap, the evidence available to a person is understood as that which happens 

to be known to him, I will say that 'available evidence* is being understood in a 

weak subjective sense. I myself am in some doubt if there are any circumstances 

in which we actually understand Available evidence' In such a weak subjective 

sense, but, obviously enough, Carnap believes there are and I, for the moment, 

am content to tabs him at his word.

In between such extreme circumstances in which available 

evidence would be understood in, respectively, the objective and subjective 

sense, there is a middle ground compris ht :^ a large variety of circumstances 

in which the evidence ordinarily (teemed available to us is limited by what I 

have called 'practical restrictions*. Obviously in each of these circumstances 

the evidence deemed available will be some proper sub-set of that which could 

be obtained by the totality of extant scientific procedures, e. g. the evidence 

'available* in a casino is a proper sub-set of that available in a laboratory;
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similarly if the evidence which we regard as available in these circumstances 

coincides with that known by a particular person, this will only be due to his 

diligence In acquiring evidence, for the evidence we regard as available to him 

will not, as a matter of definition, be just that known to him.

This latter consideration suggests one feature common to many 

circumstances in which probability Judgments are made relative to a body of 

evidence deemed the total available. Even when the criterion we have in mind 

for 'available evidence* is weaker than the objective one appropriate to the 

practice of science proper, it is primarily an inter-subjectIve criterion. By 

this I mean that evidence deemed available to one person In a given situation 

will ordinarily be thought available to all in a similar situation. Honest gambling 

houses make provision to ensure no privileged information Is accessible to a 

minority of players and, as we saw, stock markets often prohibit participation 

of those with fInside 1 information. Even card games in which privileged access 

to his own hand is given to each player are only a trivial exception to this - all 

Information other than that of his own hand is available to each player on an 

equal basis.

Perhaps there are other features common to the evidence 

deemed available for those circumstances which fall between our two extremes. 

This writer can not readily think of any and, as we are dealing with extremely 

practical matters* the task of elucidating such common features (if they exist) 

would be difficult. I will therefore adopt this somewhat rough - and not 

necessarily exhaustive - distinction between objective, subjective and inter-
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subjective criteria of available evidence and conclude this discussion of (b) 

with a few general remarks about these different kinds of criteria. It should 

be obvious that these different criteria for available evidence also constitute 

dtfferent criteria for reference classes deemed available In the sense intended 

by clause (2). Indeed the entire discussion above could have been (and in 

places was) expressed in terms of what reference classes are plausibly thought 

of as available to us for determining probability values. Conversely, although 

(b) initially was expressed as an objection to construing a wide range of classes 

as available for determining probabilities* it is obviously equivalent to an 

objection to construing the parallel range of evidence available. The reply to 

(b) - In either form - which has emerged above is that for a wide range of 

phenomena no one set of scientific procedures can be delineated to provide a 

plausible explication of what is meant by available evidence or available 

reference class. Evidence 'available' to a scientist in bis laboratory is not 

the same as that 'available' to a gambler playing roulette in a casino. This 

point, to some degree implicit in Ayer's remarks on the vagueness of our 

methodological principle, was expressed above by saying that the concept of 

available evidence (and par! passu available reference class) had a multiplicity, 

or family, of criteria of application in our actual practice.

Accepting such a viewpoint allows us to give a perspicous 

solution to a serious problem encountered, and briefly analyzed, above. 

Adopting the strongest criterion of available evidence, the objective, we saw 

how ordinary games of 'chance*, such as roulette, could easily appear 

deterministic - If the available evidence means that which a scientist using
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all extant procedures could obtain, the outcome in roulette Is determinate on 

the total available evidence well before any wagers need be made. A similar 

point could be made about many other apparently probabilistic matters and we 

can thus easily be le<J to the unhappy conclusion that for many oases ordinarily 

thought matters of chance the 'actual probability ts something near 1 or 0, but 

that normally we do not know which % as Blackburn puts it . This is of course

a perennial philosophical difficulty - Hacking, for example, discussed it nearly
15 a decade before Blackburn.

However, in the example of roulette the reasoning to this 

conclusion was seen to involve the application of a criterion of available 

evidence, the objective, to situations hi which this was deraonstrably inappropriate. 

Again invoking the name of Wittgenstein we can now generally diagnose this 

philosophical difficulty as arising from a disregard of the multiplicity of 

criteria found in our complex practice. Cases for which the objective 

criterion of available evidence is appropriate - the practice of science proper - 

are fastened on to and tacitly treated as paradigmatic. Application of this 

criterion to very different cases - ones in which our knowledge Is deliberately 

limited for the sake of sport - leads us into the quandryt surely roulette is
rs

a game of chance, yet surely It Is deterministic. The way out of the quandry 

is to see it as arising from treating as paradigmatic a criterion for available 

evidence which In fact is only appropriate to a limited range of cases.
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Our rough classification here of objective, subjective and inter- 

subjective criteria of available evidence only pertaina to evidence based on 

what I have called empirical predicates. This classification arose from the 

realization that the explication of (2) which sufficed to resolve (c) for the 

empirical case would have to be refined further in light of (b) - in particular 

the finite list of extant scientific procedures which first fixed the sense of (2) 

constituted an objective criterion for available evidence that codified our 

practice In scientific research proper, but was too strong for other cases. 

Sub-seta of this finite set would represent the evidence ordinarily deemed 

available in these other cases because, to put it roughly, in different contexts 

different kinds of evidence is thought available for determining probabilities. 

But the question remains whether there is one set of mathematical functions 

which can plausibly be thought to determine available evidence or reference 

classes in every context. The issues involved here are most easily expressed 

In terms of the criteria employed in holding a reference class, rather than 

evidence, available and so I will return to explicit discussion of the reference 

classes which are to be held available in the sense of clause (2).

Initially, following Church, it was proposed that the set B of 

recursive functions on an encoding sequence fixed the set of functions 

acceptable under (2). Although this was a rlgovrous - and fruitful - suggestion, 

it now must be admitted that it was at best an Idealized, and therefore 

unrealistic, proposal, to essence our problem (b) was that in many contexts 

there were a number of extant scientific procedures that we could not expect 

even the prudent non scientist to carry out; accordingly, we could not reasonably
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hold every reference class based on such a procedure to be available to us. 

But if we can not regard every reference class formed by one of a finite number 

of relevant extant scientific procedures to be available to us in every context, 

we can hardly regard every reference class formed by a denumerable infinity 

of recursive functions to be available to us in every context.

The difficulties involved here have been covered up so far by 

our assumption (1 ) that any Infinite sequence we are presented with is one 

for which we know all the limits In its sub-sequences. Although this was a 

convenient (and common) idealization, the reality is that we can only observe 

frequencies in finite sequences and their sub-sequences, All 'knowledge' of 

limits must be gained by estimation and extrapolation from observation of 

such finite frequencies.

It is to this reality of limits estimated on the basis of frequencies 

observed in finite sequences that any methodological principle for determining 

unique probabilities must apply and, unfortunately, to tills reality the proposed 

explication of (2) for mathematical functions is patently inappropriate. To see 

this suppose we observe the frequency p for an attribute B In a finite 

sequence a; on the basis of this observation we expect p as the limit of B 

If the sequence a were extended indefinitely to form an infinite sequence A. 

(Here and throughout this discussion I assume for simplicity that we use the 

so-called straight rule of induction for estimating limits on the basis of finite 

observations). The next experiment that occurs in the Indefinite extension of

• is, say, x and we desire a unique probability value for the experiment x & n
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turning out to have the property B. Before we can use the expected limit p 

in A as this value, we must determine that x does not belong to a narrower 

available reference class with a different limit. As we are now c-mceroed with 

the explication of (2) for mathematical functions, we may disregard the possibility 

that A can be sub-divided by use of empirical predicates. (Similarly we may, 

for simplicity, Ignore the possibility discussed under (d) - that there might

exist other equally narrower classes to which x belongs.) Thus before wen
can regard the indefinite extension A of a as the narrowest available reference

class for determining the probability of x we need - for our present purposes -n
only ascertain that A can not be sub-divided by mathematical rule into some 

infinite sequence A to which x belongs and for which we expect a limit p.^ p. 

Since - and this is the important point - we only have the finite sequence a from 

which to extrapolate to limits, the limit p. in A will be estimated as equal to 

the frequency found in the finite sub-sequence selected from a by the same 

mathematical rule which selects A from A. I will call this finite sequence

v
Thus, for example, if we have tossed a coin 1000 times (the

finite sequence a) with roughly 500 heads, a unique probability of — can bet>
assigned the next toss x by the principle of choosing the narrowest available 

reference class, if we believe (1) that Indefinitely repeated tosses of this coin 

under the same conditions (the infinite sequence A) would have a limit (p) of 

— for heads and (2) that there is no infinite sub-sequence among these repeated

tosses A which would have a different limit for heads and to which x alson
belongs, If, to take the classic case, every odd numbered toss in the first 1000
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(the sub-sequence a ) turned out to be heads, we could expect the limit (p.) 

of heada in the infinite aub-sequence of all odd tosses of this coin (A J to be 

1. m such a case we would have to aaaign the probability 1 to the 1001st toaa

(x ) by the principle of chooalng the narrowest available reference class, n

How, to return to the general problem, of courae we need not

(and could not) determine that x belongs to no infinite subsequence A. suchn i
that the expected limit p f p; we are only interested in sub-divisions of our 

indefinitely extended sequence A which are baaed on functions that fulfill aome 

version of clause (2) e.g., the sequence of every odd toaa in the above example. 

The problem Is that the explication proposed earlier for (2) in terms of recursive 

functions B on an encoding sequence clearly will not now do - it la absurd to 

think of someone attempting to consider each recursive function B which 

selects a sub-sequence A of the Indefinite extension A of a finite sequence 

a and then checking to see if the expected limit p baaed on the frequency in 

a equals the expected limit p in A baaed on the frequency in a. Among 

other problems, the cardinality of the aet of such recursive functions is 

infinite and ao, of course, we can not actually consider every recursive 

function.

'.••', ;f • ' . y • _' .-

The baaic queation to ask here Is what in general would 

constitute a satisfactory delineation of the set of mathematical functions that 

form available reference classes, the aet acceptable under (2). Abatracting 

from the point Juet made - in a somewhat unhappy psychological mode ->f 

expression at that - we may give a simple answer; for the principle of
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choosing the narrowest available reference class to have genuine practical 

utility, we must be able to effectively (i.e. recursively) decide if the indefinite 

extension A of an observed finite sequence a will be the narrowest reference 

elass available for a given experiment x or if, instead, there exists for x 

a mathematical function forming a sub-division A of A such that its expected 

limit is different from that expected in A, If such an A exists It will form a 

narrower available reference class than A*

Let me hasten to add here that the question for which we want 

an effective decision procedure Is not whether, if extended indefinitely, our 

finite sequence a with observed frequency p will actually form an infinite 

sequence A with limit p which is the narrowest reference class available 

for its constitutient experiments. As we can never conclusively verify that 

some sequence has a genuine limit - the results of subsequent experiments 

can always contradict the assumption of a given limit - we could not even have 

a decision procedure for the question of whether the indefinite extension of 

some finite sequence actually possesses a limit, much less whether It forms 

the narrowest available reference class. What we want is a decision procedure 

for the question of whether the infinite class A we envision at a time t as 

the indefinite extension of our finite sequence a can be regarded at t as the 

narrowest available reference class. If the finite sequence a is actually 

extended by carrying out more trials, all sorts of things can happen that prevent 

us from regarding it after t as the narrowest reference class available for any 

of its constituLent experiments - a very obvious pattern might develop which
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had not obtained before t etc. Obviously such eventualities can not be catered 

for at time t, so what we require is a procedure for telling us if the finite 

sequence observed at time t has already exhibited patter^ which can be 

expected to continue if the sequence is later extended. If such a pattern has 

already occurred by t, as for example with a finite sequence of tosses of a 

coin alternating between heads and tails, we can not at t plausibly think that 

the indefinite extension of this sequence will be the narrowest reference class 

available for the individual tosses. Thus above, and in what follows, when I

speak of a procedure for effectively deciding if the indefinite extension of a>
finite sequence is the narrowest reference class available, it mast be understood 

that what I intend is a procedure which decides if a finite sequence can be regarded 

at the time of Its observation as one which, if Indefinitely extended, would form 

the narrowest available reference class.

In demanding a procedure which allows us ^effectively decide ix 

the extension of a given finite sequence is to be regarded sr? tbe narrowest 

reference class available, we are only giving a precise formulation to our 

need for a methodological principle for determining unique probabilities that 

we can be sure can be applied in practice. To be more exact, we are demanding
... -..•,', i .f. '- ,,-. . . -V .'• 1.-.:. .'IO; '. • ; ,;:- t •' .: ..'. :,*',•••-.

a methodological principle that we can be sure is applicable if other things are 

equal, that is, if there are not numerous equally narrow reference classes
*•-,.•.. . • •

with different limits or empirical procedures of sub-division to be considered. 

Since as indicated above, these considerations are irrelevant to our present 

concern, we may here ignore them and conveniently express the adequacy 

condition for the delineation of the mathematical Junctions acceptable
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under (2) by saying that it should lead to an effective procedure for deciding 

if the indefinite extension of a given finite sequence Is to be regarded as the 

narrowest available reference class.

Needless to say, if the set of mathematical functions which form 

reference classes available under (2) is delineated in a way that leads to am 

effective procedure for deciding this question* doubts of the kind expressed 

In (b) for our methodological principle are resolved for the case of mathematical 

functions. The researcher who wishes to know if the infinite extension A of a 

finite sequence a is the narrowest available reference class need only carry 

out a clearly defined procedure, for there will exist a determinate procedure 

which settles this question in a finite time. Conversely it seems clear that 

any specification of mathematical functions in explicating (2) that does not 

lead to such an effective procedure will be undesirable because there will be 

no assurance that we will be able to say if the indefinite extension of an 

arbitrarily given finite sequence constitutes the narrowest reference class 

available.

Unfortunately, as the reader may have already perceived, 

our initial explication of (2) in terms of recursive functions is effective in 

this sense, but for a most unwelcome reason. We have a finite sequence 

a, this we imagine extended indefinitely to form a reference class A which 

Includes the next experiment x . Now whatever the frequency of B in a 

other than 0 or 1 (and hence whatever expected limit in A other than 0 or 1),
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we can be sure that there exists some recursive function B which selects

a sub-sequence A. of A to which x belongs and for which all thei n
experiments a selected by B. from a have the property B. The expected 

limit of B in A would then be 1 and A then would be a narrower reference 

class than A which, moreover, is available to us for measuring the probability 

of x under the proposed explication of (2).

The problem raised in the above paragraph can be expressed 

perspioously if we note, as the reader may have done already, that our use of 

Church's definition of randomness in explication (2) entails that the problem of 

deciding whether a given infinite sequence can be subdivided to form reference 

classes narrower than that sequence and yet available under (2), is equivalent 

to the question whether o? not the sequence is random in Church's sense. 

The problem cited in the last paragraph really stems from the well-known 

difficulty that the Church - Von Mlses definition of randomness can not be 

extended to apply to finite sequences. If one were to define a finite sequence 

as random if and only if it contained no finite sub-sequence determined by a 

recursive function which had a different frequency of the attribute in question, 

one finds that the only finite random sequences are those with 0 or 1 as the 

frequency for the attribute. Any other finite sequence a will have numerous 

sub-sequences a picked out by some recursive function R f , where all 

elements of a. have the attribute in question. If we use Church'8 definition 

of randomness for our explication of (2), it also follows that no finite sequence
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a with a frequency other than 1 or 0 can be the Initial segment of an infinite 

class A which could be the narrowest reference class available for all its 

constlturent experiments. Every such finite sequence a can always be 

sub-divided by a recursive function into a sub-sequence a. with a frequency 

of l. Since every sub-division carried out by a recursive function Is supposed 

to yield an available reference class narrower than A itself, the infinite 

extension A of a will be an available reference class and one with an 

expected limit of 1. This was exactly the problem noted in the previous 

paragraph.

To avoid this difficulty we obviously require a definition of 

randomness applicable in an interesting way to finite sequences. Happily

considerable research has been done on this problem, particularly by
1 fi Kolmogorov and Martin-Lor * In essence they propose to define a finite

sequence as random if and only if the degree of complexity of the shortest 

programme required to compute the sequence is nearly as great as the 

complexity of the sequence itself. The complexity of a sequence and the 

programme used to compute it are defined relative to a particular language 

for automata and a particular calculating device, say a Turing machine. 

Roughly speaking, the complexity of a sequence and the programme used to 

compute it will correspond to their length*, thus a random sequence is one 

that can only be produced by programmes nearly as long as itself. The basic 

idea here is that finite sequences which can be produced by programmes much 

simpler, i.e. shorter, than themselves are plausibly thought of as embodying
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'complex* or long as themselves only involve artificial regularities that can 

be fouod for any finite sequence. The latter complex sequences can be regarded 

as random, while the former can not be.

17 The technical details of thia definition are now widely accessible

and ao need not detain ua hare* What ia important for ua la the fact that thia 

proposal can be adopted to yield an explication of clause (2) that avoids the 

conclusion that only a finite sequence with frequency of 0 or 1 can be taken to 

be the initial segment of sequence that would form the narrowest available 

reference class. Again assume we observe a finite sequence a with a 

frequency p of B. A a before to determine the probability of the next 

experiment x being B we Imagine a extended to form the infinite reference 

olaas A; p will then be the expected limit of relative frequency of B in A. 

Disregarding the possibility of sub-division by empirical predicates and other 

equally narrow reference classes, we may now aay we are entitled to treat

A aa the narrowest reference class available for x if and only if ? la randomn
on the basis of the complexity definition given by Kolmogorov and Mart In-Lot, 

H a Is random in thia sense the sub-divisions a. of a that do exist with 

different observed frequencies will not be regarded a a sequences which if 

extended indefinitely would yield new narrower available reference classes 

with a limit different from that in A. The intuitive rationale for this is that 

the sub-divisions a. that have different frequencies than thoae found In a 

finite random sequence a will not arise from genuine regularities which
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could be expected to continue if more trials .were made, rather they will be 

tilt outcome of 'complex 1 and thus artificial selections on a.

The only remaining problem here is that already raised concerning 

the effectiveness of our concept of available reference class. As we saw, what 

we really required for the case of reference classes formed by mathematical 

roles of selection was an effective procedure for deciding whether the indefinite 

extension of a finite sequence a observed at time t can be regarded at t as 

the narrowest available reference class. As we have just now proposed to 

identify those finite sequences whose extension can be regarded as the narrowest 

available reference class with those that are random on the Kolmogorov - 

Martin-Lof definition, It follows directly that our new proposal will be effective 

In the desired sense if and only if the Kolgomorov - Martin-Lof definition of 

randomness is effective. Unfortunately, as is widely known, this definition 

Is non-effective: that is, there does not exist a recursive procedure for 

determining whether a given finite sequence fulfills this definition of 

randomness.

Although in light of (b) this must count against the explication 

of (2) in terms of the Kolgomorov - Martin-Lof proposal. It puts our remaining 

problem into sharp focus. What is required for a thoroughly satisfactory 

explication of (2) Is an effective definition of randomness applicable to finite 

sequences, ff we say that the indefinite extension of a finite random sequence 

can be regarded as the narrowest reference class available for its constttut ent 

individual experiments, an effective definition of randomness allows us to decide
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effectively if the indefinite extension of a particular finite sequence constitutes 

the narrowest reference das a available f">r its constituent experiments.
X—

The task of finding- such an effective definition of randomness applicable to 

finite sequences is a highly technical matter, regrettably beyond the scope 

of this thesis. It is, of course, widely appreciated that such a definition is
18 desirable , although (to this writer's knowledge) no such account has yet

been given. We must therefore conclude our discussion of (b) with the 

observation that for the case of ma the mat I en 1 functions, we have yet to find 

a thoroughly satisfactory explication of (2).

We are left now with our problem (a) which, happily, can

be dealt with more expedlously than our previous problems (e) - (b). m*\

Chapter HI two formulations were given to our methodological principle, one 

to terms of clause (1), the other in terms of (1 '). The discussion in 

Chapter HI was, on the whole, carried out under the assumption expressed 

fa (1 / ) that we are given infinite sequences for which we know all the 

relevant limits. This assumption was appropriate for Chapter H! as our 

main concern there was with Von Mises requirement of randomness and, 

of course, his definition if randomness was given on the assumption expressed 

in (1 / ) that we did know all the relevant limits In infinite sequences. However, 

no matter what the merits of adopting the assumption (1') in discussing 

Von Mises 1 requirement of randomness, it Is clear that any satisfactory 

formulation of the principle of choosing the narrowest available reference 

class must eventually be given In terms of clause (1) rather than (1 )*
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Already several times in this chapter we have had to remind 

ourselves that in reality we are never presented with infinite sequences with 

known limits, but rather may only extrapolate to such limits on the basis of 

observation of finite sequences. The problem (a) that remains is to give a 

general account of the procedures by which we extrapolate from observed 

frequencies in finite sequences to expected limits in infinite classes.

Regrettably, but perhaps not surprisingly, no such account 

will be offered here. The precise specification of procedures by which such 

extrapolation may plausibly be carried out is a problem in statistics or, more 

accurately, the foundation of statistics. The question of whether any procedure 

of extrapolation from past observation into the future can ever be Justified is, 

of course, just the problem of induction. Although there can be no clear 

dividing lines between the study of probability theory, induction and the 

foundations of statistics, I will here avoid as far as possible the knotty 

problems that have been so widely discussed in the latter two fields. To 

avoid lengthy discussion of these problems I will simply - or perhaps 

simplistic ally - accept as valid the so-called straight rule of induction, 

that is, the principle that we may expect the limit of frequency in the 

indefinite future extension of a sequence to match closely the frequency 

already observed in the finite initial segment*

Beichenbach, among probability theorists, is this rule's

most ardent proponent, offering a lengthy and famous argument justifying
19 its use . Salmon offers a searching analysis of Relchenhach's argument
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here and also indicates something of the relevant recent philosophical literature
20 surrounding the straight rule of induction .

Among statisticians, Fisjher's influential principle of maximum

likelihood oan readily be shown to lead to the straight rule of induction when the
21 principle is used for extrapolation to Infinite sequences . Hacking has offer red

a perspicuous analysis of a wide variety of statistical techniques in the hopes of 

showing the principle maximum likHhood as fundamental for all statistical
A .»

22 inference. Carnap, on the other hand, has argued convincingly that the

straight rule of induction - and thus Flasher's principle of maximum likllhood

when applied to infinite sequences - is at best a convenient approximation for a
28 continuum of more plausible methods.

Since we are not here concerned with the foundations of statistics 

or Inductive logic, we will tab* our cue from Carnap and resolve our last 

problem (a) by accepting the straight rule as the simplest and most convenient 

procedure of inductive extrapolation from finite data. In thl a chapter I already 

assumed the validity of tills rule in the discussion of extrapolation from finite 

sequences And will, in what follows, again assume its validity wherever 

appropriate.

With this as a somewhat cursory consideration of our last 

problem (a), let me now summarize the findings of this chapter. We began 

by noting five prime facie difficulties for the methodological principle of 

choosing the narrowest available reference class as formulated In Chapter
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Since the argument found there depended heavily on adopting this principle in 

one form or another, it was necessary to see if any of these difficulties were 

insurmountable. As the principle of choosing the narrowest available reference 

class has played an important rdsriamwaydlsaissbnB of probability, the 

difficulties (a) - (e) were not merely problems for the argument of Chapter in 

but represented, in varying degrees, substantial issues of intrinsic interest. 

With regard to problem (e), we were able to reply to Ayerfs objection on the 

basis of remarks made by Salmon and Reichenbcch. In considering the problem 

raised in 0), we found that doubts over the efficacy of our principle in determining 

unique probabilities were less serious than some (e.g. Kyburg) have maintained. 

To deal properly with (c) we had to offer a rigorous explication of the concept of 

available reference class, which in turn lead to an analogous explication of our 

concept of available evidence. Given the prominence attached to this concept in 

a wide variety of theories of probability, the findings here are, hop fully, of
••X

some general interest.

The explication initially offer -ed of the concept of available
*ta^

evidence or reference class later had to be refined in light of (b). Indeed it 

turned out that for the case of empirical predicates, no one explicans would 

do for the expllcandum figured prominently in a wide variety -»f different and 

complex practices. Inattention to the multiplicity of criteria found in the actual 

employment of the concept of available evidence or reference class was, 

moreover, diagnosed as the cause of one common and serious quandry over 

the concept of probability - the dilemma that for many matters ordinarily 

thought probabilistic, the probability of an event appeared to be nothing other
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than our negligent Ignorance in the face of Its actually deterministic 

character.

The problem of delineating precisely - and yet usefully - 

the set of mathematical functions that form 'available' reference classes was 

given a partial solution. For the idealized case tf infinite classes with known 

limits, we could adopt Church's definition of randomness and Identify these 

functions with recursive functions. For the actual case of finite sequences, u 

adopted the Kolraog^rov - Martin-Lof definition of randomness.

The only problem left outstanding in this discussion was that 

our proposed explication of (2) for mathematical functions left us without an 

effective procedure for determining when a particular finite sequence was the 

initial segment of a reference class that would be the narrowest available. 

This was seen to involve a technical mathematical problem and one that has 

already received considerable attention.
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CHAPTEK V

Two Concepts of Probability

ft has become the fashion In probability theory to differentiate 

a number of distinct concepts of probability. The most influential proponent 

of such a view is of course Carnap * his view that there are two concepts of 

probability is now a familiar part of probability theory. Recently Hacking, 

in his book on the emergence of probability, has accepted what I will call 

Carnap fs thesis and, further, has argued that such a 'duality* has been 

implicit in usage of the term 'probability'ever since its 'emergence' around 

1660. Moreover, he claims that the distinction between probability.., which

he calls an 'epistemic' concept, and probability , the 'aleatory* concept, wasft
explicitly recognized by philosophers as early as 1785, in particular in the 

works of Condorcet . Other writers go further than Hacking and Carnap and 

distinguish more than two concepts of probability. Mackie, who provides the 

most extended recent discussion of various concepts of probability, considers 

Carnap's thesis and concludes that there are 'at least five fairly distinguishable

probability concepts with sub-divisions within several of them, as well as links
2 between them'.

The consequence of such a multiplication of concepts is, on 

occasion, somewhat unnerving. Hacking in his earlier book on the foundation 

of statistics remarks:
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In the course of this essay we shall need to refer 
to practically everything which the word 'probability* 
has ever been used to refer to; to avoid confusion 
It Is better to abandon the word altogether and use 
other expressions which have not yet been made so 
equivocal. 3

Certainly probability theory has fallen Into a sorry state If usage of Its 

fundamental term has become so equivocal as to recommend Its wholesale 

abandonment.

Such a terminological anomaly, moreover, points to a serious 

philosophical Issue. If, using Occam's razor, we are to trim the growth of 

entitles employed In philosophical analysis, an appeal to a multiplicity of 

concepts of probability can only be justified if unavoidable; thus we must in 

good conscience mate every effort we can to reduce to a minimum the number 

of concepts used to account for our intuitions on probability.

That there may exist Just one single concept of probability 

underlying an apparently diverse usage has already been suggested by Gillies ,
fi 6 Aytrs and Mellor . Given the proliferation of theories of probability

claiming to elucidate distinct concepts of probability it would be a very 

ambitious, perhaps even fool hardy, person who attempted to demonstrate 

in detail that all these concepts reduce to one. Accordingly I will here 

consider only a few prominent theories of probability to see to what extent, 

If any, we may locate a common concept amidst these apparently very different 

theories, m this chapter I will be concerned with the logical relation theories 

of Kbynes, Jeffreys and Carnap. In particular I will try to show how, contrary
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to Caraap's thesis, it is possible to identify one basic concept underlying the 

epistemlc and statistical concepts of probability, and probability originally
•»• Z

distinguished by Carnap. The next chapters of the thesis will be devoted to 

a study of the classical theory of probability and its notorious companion, the 

principle of indifference,

Carnap'g theory of probability is of course the most sophisticate/ 

logical relation theory and so is the one with which I will be primarily concerned. 

On the face of it, Camap's theory of probability, is, as he himself claimed, very 

different from any frequency theory of probability. Probability, is defined as a 

quantitative relation between propositions holding solely in terms of logical, or 

a priori, considerations; whereas, on any frequency theory of probability, 

probabilities will be assigned on the basis of factual considerations of long term 

frequencies. Secondly, probability judgments are determined by measures of 

the 'range' of two sentences about our individual events, one of which constitutes 

the evidence for the other. Here the contrast with the standard frequency theory,

which Carnap meant when he spoke of probability , is even greater. First ofi
all, even if the standard frequency is formulated as a one place relation on 

sentences about individual events, probability is still defined as a property of

a class or sequence of sentences, rather than as a property of sentences about
7 just one individual event. Secondly as a one place relation on classes of

sentences or a two place relation on classes of events, probability as defined 

by the standard frequency theory is not relative to evidence - as advocates 

of the standard frequency theory are fond of pointing out, probability for them 

is an absolute property of the world independent of whatever 'evidence 1 might 

have been gathered.
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Butt &• we have seen, just because the standard frequency 

theory applies only to classes or sequences, it can not provide an adequate 

account of single case probabilities and so in the end is to be modified along 

the lines proposed in Chapter IL There probability was defined as a legitimate, 

albeit relational, property of individual events. As we will now see, this definition 

is readily transformed into one whose arguments are pairs of sentences about a 

given individual event and thus one formally similar to Camap's definition of 

probability..
1 :-,.••::• -*..':£'••'•' • '••...•' •..••'..... . - •• '

To recast the definition of Chapter H into a form similar to 

Camap's definition of probability 1 , we need only replace the pairs^individual1 /x

events which there were the arguments to our probability function with pairs of

sentences stating the occurrence of those events * for this purpose I will
*

adopt the expedient of naming the sentence which states the occurrence of an 

individual events x £ A etc* by putting single quotation marks around the 

expression used to designate the event. In Chapter H the probability of an

individual event x t B was made relative to an individual event x £ A jB n
B is here the attribute class we are interested In and A is the reference 

class required to complete our probability statement. The probability 

assigned to such pairs of events was determined by the limit of relative 

frequencyBonA, !? ^ if,, ,

As we have noted before, it has long been recogniced by writers 

on probability that an assignment of probability to an individual event x t B
'.-*' '/.I' , ',.'-»•'..-'"'•' 7>"' '• ••"''?' **V"V'J

Is equivalent to an assignment of probability to the sentence 'x £ Bf asserting
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tha ooourraaoa of that event. Similarly, of couree, tha aaalgameat of a 

relational probability to tha paira of event* (xft* A, x^i B^wffl ba equivalent

to aa aeelgnment of probability to tha paira of aanteaoaa 0*L£ A 1 , «x fc B7 •a a 'a a 
Thua wa may ofter a definition of probability equivalent to that of Chapter n by

defining probability aa a function whoa* domain ia a aat of ordarad paira of 

eentenoae. Oaa aaatenoa of aaoh ordarad pair will aaaart that tha experiment 

la quaation balonga to tha attribute olaM B wa ara interaated ia; tha othar 

aentence will atate that tha experiment balonga to a particular ralaraaoa claaa A.

Thadagraaof probability aaalgned to thia pair of sentences/ 'x c A », 'x^f B1 )* a a r
la * la Una with tha frequency character of tha daflnitlona of Chapter H - to ba 

•goal to tha limit relative fraquancy of B oa A,

Tha interest ia reformulating tha dafiaitioa of Chapter n ia thia 

maaaar ia that ia thia form tha relationship between our dafiaitioa of probability 

aad Catnap fa baoomaa wholly clear. Wa noted repeatedly that tha definition of 

probability offered ia Chapter n made thia probability of a particular experiment x 

hairing a oartaia outooma B relative to what ralaraaoa claaa A., or A ate, , that 

experiment waa regarded aa belonging to, la terms of the reformulation Juat 

propoeed, wa may aay that the probability aaaigned to a eentanoe aaaerttng 

that aa experiment belonga to aa attribute claaa will be relative to eentencea 

aaaertlng what reference fclaea that expeiinaant balonga to. Tha former aentence 

(*x E Bf) ia obvlovaly what Caraap would call our 'hypotheaia', while the latter 

eantenoea (*x c A I I , ^C A g » etc,) atating vartoua reference claaaaa to which 

tha experiment belonga otnrioualy ara sentences providing different piecea of



evidence for oar hypotheeia. That la, aa wa aaw IB Chapter Iff, epecificatlona 

of what rafaraaoa daaa aay experiment beloaga to am obfiooeJgr atoo 

apeotficationa of evidence about that expertmeat » avldo&oa to taa effect that 

the experiment talflila tha eonditlona whleh define taa reference claea.

Thae ta daftatag probability aa a function wboae domain ie a 

t ptaoa relation oa aaataaoaa aaaarttag the occurrence of eveato at i A aad 

a^i B, vo raaha probability a 2 plao* ralfitioa oa aaataaoaa that oooatltato 

ovldaaoa aad hypothaato about an oxperimont «ft. Thto to of oouraa Juat what 

to doaa by Caraap*a taaory of probability 1 aa a logieal eolation of ooaftraMtSoa* 

aad to, 10 with Camp, oar ^formulated d^n&itioB matea probabtiity a 

qtsantltatiw rtlatioa batwaaa avWteuoo aad bypothoala« Of couraa aa taa 

orlfiaal daftaition of Cbapatr 0 to aaoquivalent forxmdatioa to t&a oaa we arc 

oooaidariBg aow» it atoo taaMot mada probabiltly a valaticm bativoan ovMeaoa 

aad hypotbaaia. prior to now, bowa^or, thla ftiel baa baon obaoured by tha 

original formulation to Chapter H of oar dafiattifla ta tana* of a relation 

batwaoa Individual

m potat of faot* taa only diffevaaoa BOW balwaaa our 

of probability aad Carnap'a daflnitioa <rf probabUtty1 ia that tte probabUity 

yalattoa obtalntag Uatnoau evideooe aad hypotbaaia to, IB our thaory, measured 

by empirically givoa loaf roa fioqueaclea, while for Camap It to maaaured by 

a inMiaara teaoltoa aolaoM a priori. That to to aay tha probability, or decree

of cooftrroaUon, aaaigDed bgr o«r thaory to the hypotheaii X ^ Bf wlatl^a to
B

theeYidenoe •* t- A 1 to tho long n» frequency of B OB A, tha limit of B oa A
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for Carnap the probability assigned to auch a pair of aantencee 10 determined 

by an a priori selection of a measure function for the range of these sentences.

Caraap'0 a priori selection of a measure function 10, of course, 

what makes Ms theory that of a purely logical relation between evidence and 

hypotheeis. mdeed Camap mates It perfectly clear that the purely logteal 

nature of the problem he 10 concerned with rule0 out selection of a measure 

function for determining confirmation values that r0tte0 on such factual matter* 

00 statistical experience of long run frequencies. Citing a suggestion by Wai0maan 

that the ohoic0 of a measure function b0 made 00 as to accord with 'statistical 

experience r Carnap remarkat
• iv. i, • •;. . • • ..'••,-. •'•••'

m our theory, on the other hand, the choice of 
. * • an m-functlon 10 regarded as a purely logical

question} we shall later defue a certain m-ftmction 
m* 00 the 00010 for inductive logic. According to 
our conception, the empirical knowledge of faot0 
enters inductive logic only at 000 point, vis,, 00 
formulated In the evidence 0, but it cannot 
determine the definition of c [the confirmation 
function derived from the in-functlon] *

However, In contraat, on our definition, the degree of probability, or 

confirmation, an evident* sentence 0 provides for a hypothesis h 10 

much determined by factual considerations - in particular by long run frequencies, 

which I have Identified with limits of relative

Here the roadar may wlah to object that this very Identification 

of long run frequenclee with Umite In Infinite sequences tnvalldateg the claim 

that the probability valuea determined on our theory are ba0ed on factual
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ooB0id0rattooa for, of courae, wo oaa nrver know 00 a fact that a particular 

0oau*aoa haa a limit, Thla objection matee uao of the frmUiar point that 

Umit0 of relative froqiMaoy oaa never be ooocfoalvely verified. However, 00 

t indicated at th0 owteet of Chapter K, It 1100 maay othor0 of a frequenttat 

pereuaeion, regard the limit of relative Irequeney to an infinite eequence aa a 

pj0«0ioi0 foriaalaUop of our ordinary oonoept of fr0qy>acy in the long run. Long 

nm froqooaetea are of coiurot faota of ej^artaooa aad ao aa a formulation of our 

ordlnaiy oonoafit of long run f nqatacy, llmtta of illative frequency are b«re to 

be tt»atedaafBoteofexparl0ace. That we can nemr oonolualvely verify 0uoh 

*fcioU of ojq^erienoe 1 10 at ftrat aig^H a eerioua anomaly, but on more oarefiil 

refleotlOB tt appeara that uavertfiabte limtta are not wiiolly diflareot from other 

09-caHed Yaotaof experteaoa1*

Caraap, for example, in TeatahOity and Meaning ably e^re00e0 

0 oommonly hold view feat 00 tentettoe about the world oaa ha oompiietely aad 

cooofaaively ve rifled i

ffwrlftoatioaUiiadenrtoodBaa 
complete and defteltlve eetabUahment of troth then 
a univer0el aoatenoe* o*0> a 0o*oaIM law of 
phy01oa or fetology, eaa never be verified, a fact 
which ha0 often been re marked*.**

How a little reflection wlU toad ua 
to the reeult that there 10 ao fundamontal difference 
between a unlTeraa! eentence aad a particular 
eentenoe with regard to verifUWllty but only 0 
difference in degree. Take for inataaoe the 
fotlowtag 00at0ao0: 'There 10 a white aheet of 

M peper on th!0 table", to order to aaotrtala 
whether thie thing 10 paper, wo may maa0 a 

v, . ; , get of 01mnle oboenratlone and then, If there
etill rematne eome doubt, we may mate eoroe 

- s phyrtoal aad chemical experiment*, Hero aa



aa in tot otat of the law, wt try to 
txamlfit aaafeaaota which wt later from 
tha ttnttnot In quaatloa. Thttt laltrrod 
atnttaott art prtdiotloat about fotaxa 
obatrvatlona. Tha wunbtr of prtdlotioea 
wttofc wa cam dtrivt from tht atattiot It 
laflalfet; tad thtrafort tht atafetaot ota 
ntTtr bt oornplttitly yartfttd* Tbtrtfora 
BO complate vavi&ettioa la poaalbia bt* 
only t pvotaaa of gradually Inorataiflf 
ooaftnattloB*9

^fc wa^tap wamr A^^V WnOT^v*"*iVHiv ^wapwwiirw* ^ajmwt^^F JUMP w-nm wi^v Aw^fc aiMPVP^tipffBHi^vBr^p •^•jf^^piv

ouch ordinary ttata of a^tiitnot* at tht colour of a piaot of papar ata

^»9^^wtM^t|pa9yV ^i^^^*^**Jp^^upp ^aj^a^Ra^^Mp^ a^"w aw^^^BW^aiP^^frp ^ajaPM* il^^aPl^^^ ^^* w^r afc 99uf a^B^p 4p|p£aAv'Wv *^k

taltitw fraquta^r* Inditd H la both natural and aomaaott to apaafc of laoraatlogly 

Uqpgoftd tttimtltt of taoh Unite tad to, oa aaalogy to our taaratalag eoofldtaot 

about tlmplt £aott of axptriaaot, wa may tptak of laerattlaf eoafidaaoa about 

iiiafte of rtlati^a frtqutncy* How tha ttudy of ftfet prootduwt that yield bttttr 

tad bttttr tattcattat of Untta of rtlatlyt frtqutaoy btloagt to tttttttlot proptr 

tad tht fooadttlatt of ttatlattot and, ta Indlcattd tt tht and of tht latt chapter, 

thttt toplct art btyoad tht aeopa of thlt thttU) what U Important for ut U that 

tha unvt rifUhUity of ttoh Umltt la tufflotontiy aaaltfout to tht unva rtflabOtty 

of ordtu ry ffeota of ajptrianot to aUow ut to tdopt bt rt tht qommon fraqutotitt 

poalttoo that thaat Unite tra facte of ajparteaoa*

Cbt ftuthtr ob^totian to rtfanUng Umltt erf Irttjutncy at factt 

of taptritnct thooU bt niaaUoaad btfort wa prooaad* ft la aa objaettoa which

ladtrUtt many diaooaataa of tfat frtojuancy thaory tad haa rtotnUy baaa
10 formulated anoowotly by Mtokla • la dltcuttlng Voa Mlaaa 1 frtqu«ncy thaory
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Mfcokte remarkas

........ limitingfrequencies can never ba
observed. The statement that tosses of a 
oartain penny hava a oartain limiting frequency 
of baada ia at baat an hypothesis, it haa at baat 
tha aama status aa a universal law atatamant 
or a law-like statement about an individual 
object, e.g. that whenever thia panny Is placed 
in watar it ainka.

Thia ia, of course, essentially tha point Just discussed concerning the 

impossibility of verifying a limit atatamant. However Mactie goea on to 

explain another aanae in which limit atatamanta are hypothetical:

We are not really concerned with any actual 
eequence of toaaaa of thia penny* Baal pennies, 
unlike the one we guppoeed above, are never 
tossed more than, aay, a million tlmaa* 
Moreover, they do wear, and it ia reasonable 
to euppoee that wear may change our unbiased 
penny into a biaaed one or vice veraa, i*** 
alter ita limiting frequency of heada. For 
thaaa reaaona the limiting frequenciea wa 
are concerned with are not, aa anejpafted 
above, hypotheaized frequenciee in actual 
aequenoea, bat hypotheaized frequenciea in 
hypothetical eequence a i the aa^nan0a wo are 
concerned with is what we would gat if thia 
panny were toaaed indefinitely without ita 
present characteristics being changed.

Although it »eems to ma possible to take such a view of
•

limiting frequency statements, and so develop a frequency theory along thaaa 

lines, I do not think it is necessary to do ao and in general have not done so 

in thia thaaia. To do so, as Mackie himself remarks, la to weaken any 

frequency theory's claim to objectivity for tha limlta referred to in such 

theories are not properties of any actual eequence, but rather are properties 

of, aa it ware, creatures of our Imagination, ft seems to ma preferable to
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taka tha vtaw that there ara cartaln sequences of events riven to mi in 

experience which, although obviously finita in aiaa, ean ba extended indefinitely. 

Any sequence whioh la extended indefinitely oan ha*» a genuine limit of frequency, 

for a limit of frequency ia defined in tarma of sequences in whioh the number of 

triala n increaess Indefinitely, I.e. aa n—-*oo. Moreover, although we can 

never ba aura that the frequency we have observed ao far ia the actual Umlt,it 

la perfectly possible that the frequency observed ao far ia equal to tha limit in 

the Indefinitely extended sequence.

But what of Mackla's quite correct remarks that no one penny, 

die ate*, is ever tossed indefinitely and ao doaa not form a sequence with an 

actual limit. The answer here * and it ia ona that I think la in the back of the 

mind of moat frequenttsts ~ ia aa followst although any particular penny will 

not ba tossed more than, say, a million times and certainly oan not ba tossed 

wry much more than this without its present characteristics changing, there 

are a vast number of other panntea with exactly the aama relevant characteristics 

aa thia ona. Of course no two pennies oan have all the same characteristics - 

if they did they would be one and the same by Leibnlx's law - but nor wfll the 

aame penny have an Its characteristics the same on any two toaaaa* Even if 

there ia no phyaieai change at all batwaan two toaaaa of the aama coin fwhlch ia 

unlikely)* each toss occurs at a different tin*.

What in fact matters in choosing a sequence for determining tha

probability on an individual toss of a penny ia that all the characteristics
{ '•"•** • •.. • .-.•'
relevant to the outcome ara tha same on each toss of tha sequence. Over and
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above the force with which it ia toaaad aad ita Initial poaitioa - both of which 

ara propertiee of the toaa rather thaa the penny itaall - the only properly of 

a given penny that affecta the outcome ia Ita weighting aad, of course, thia 

oaa vary rather widely without aay real effect oa the outcome. Thua the 

aaquanoa of repeated toaaaa of all roughly symmetrical pemiiaa la Just aa 

material to tibia roughly symmetrical penny's probability oa a given toaa aa 

ia the sequence of repealed toaaaa of it itself*

The sequence of repealed toeaaa of ordinary roughly symmetrical 

pennies will of oouraa never contain more thaa a finite number of elements but, 

aad this ia the important point, there la ao finite number which neoeasarily 

fiaae aa upper bound to the number of toaaaa of regular pennies. Thia ia 

only to aay that wa oaa indefinitely extend the sequence of toaaaa of peaateei 

I euppoee to fully justify thia view one would have to argue that the human race 

will continue indefinitely (not ao improbable) and that ita members will continue 

to gamble (again not ao Improbable) aad that Inflation will not devalue currency 

ao rapidly that the penny oeaeea to be minted for commercial uae (?), but the 

general point hare ahould he clear * it ia that wa are constantly confronted ia 

experience with triala which ia all relevant reepects ara not only repeated 

frequently bat moreover can* if wa wish, be repeated indefinitely. Such 

empirically given aad indefinitely exteadlbia sequenoea may well have a limit 

of frequency for the outcome we ara concerned with aad it la la light of oar 

beat estimates of thia limit that wa mate judgments of probability, m the 

eneuing discussion then I wiS follow over tills point the original definition
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found In Chapter n and regard tha relational probability between eenCeneee 

B* and fxn ^ A* ae determined by tha limit of relative frequency of B In 

the aotual and Indefinitely extendibie sequence Aj lor the reason* I have just 

given above I wfll continue to regard such limlta aa 'empirical facts 1 found In 

the world aa It la.

Since $• Empirically determined) relational probabllltlea

between sentences •* * A* and *x * B* arrived at on our theory oan ben n
regarded ae relational probabilities for the hypothesis *x £ B' en the evidencen
•gg* A 1, the difference between our theory and Carnap'a oan now be expressed 

concisely by saying thai for us probability If a quantitative empirical relation 

between evidence and hypothesis, while for Carnap It ie a quantitative logical 

relation* How the proposal to taha probability ae an empirical, rather than 

logical, relation between evidence and hypothesis Ie not original to this 

writers Indeed* versions of such a proposal have been advocated almost as 

long ago as the logical relation thaela. No one writer ie traditionally 

associated with such a proposal, but as far back as the early ISSO's Watsmana , 

and (In passages) Popper , both quite explicitly argued that probability should 

be regarded as an empirical relation between evidence and hypothesis, that Is,

one the numerical values of which are determined by long run frequencies.
18 More recently Knaaie has proposed a range theory very similar to Caraap'a

save that the measures for the ranges he proposes are primarily determined 

In the light of statistical experience. Yet more recently Mackto hatf drawn 

attention to examples In which the probability relations between evidence and 

hypotheses are empirical.
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. .. v Now, aa wa aaw, Carnap waa folly awara of at least one such 

propoaal to regard probability aa an empirical relation between evidanoa and 

hypothaaia, aamaly Waiamana'a suggestion that measure functions for tha 

range of sentences ba ohoaan to accord with our statistical experience of 

long ran f requenclee. Why than should Carnap maintain that thara ara two 

quite distinct concepts of probability, one baaed on empirically given long-ran 

frequencies, the othar on ralationa between evidence and hypothaaia ? Or, 

perhaps more to the point, why ahoald anyone alaa aeoapt such a distinction 

If, aalhava triad to show, the long run f requencies found ia statistical 

experience can ba regarded aa empirical measures of tha probability relation 

between evidence and hypothesis? Tha answer, of course, ia that tha concept

of probability, that Carnap waa at pains to distinguish from the concept of az
logical relation between evidence and hypothesis was that found ia tha standard 

frequency theory* Aa wa noted aaar tha outsat of thla chapter, the standard 

frequency theory's concept of a clmas probability, or limit of relative frequency, 

la fit a nambar of different respects distinct from that of probability aa a 

relation between evidence and hypotheais. B is a frequency theory for the 

single caae, aa developed In Chapter Q and reformulated in this chapter, 

that bears a strong resemblance to Ca map's theory of probability., rater 

than the standard frequency ttaory, which indeed ia a very diffarant matter.

But if, as I argued in Chapters I - m, the standard frequency 

theory moat ba modified because it is so egregiously falls to deal properly 

with tha single case, we aaed no longer accept tta vary distinct conception
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of probability* By abandoning the standard frequency theory In favour of 

the frequency theory for the single oaee I have argued for, we also abandon 

a concept of probability radically distinct from that of a logical relation 

between evidence and hypothesis for, as we have seen in thle chapter, our 

frequency theory for the single case can be regarded ae one which makes 

probability an empirical relation between evidence and hypothesis.
•« *••$•• z ' ' .' / -••"•:' • i.- .••••£-. ' _ :'• . ,, ;•••'-, • •.'*,:•'' '• • ••. •• >

Mow of course no act of philosophical analyst* a can reduce 

the concept of limit of relative frequency in an infinite sequence to that of 

a relation between evidence and hypothesis and so, strictly speaking, one 

cannot reduce the standard frequency theory's concept of a class probability 

to that of a relation between evidence and hypothesis* But the real question 

Is whether there is a genuine concept of probability such that probabilities 

are identical with limits el relative frequency. As acknowledged near the 

end of Chapter H, we do quite naturally speak of the probability of, say, 

heads In repeated tosses of a coin (which of course form a class) or, say, 

the probability of mortality among a certain class of men* Accordingly it 

Is natural to speak of class probabilities; moreover In general we will 

regard the numerical value of probability In such eases as equal to the 

frequency in the class In question* ;

However, this is not to say that these quite legitimate 'class 

probabilities' are identical with frequencies; rather, ae X argued, at the
a;<••*•,' - - :• K., ,, ••--.-. • •:•.'•, fv^'^v

end of Chapter H, it is more plausible to regard these 'class probabilities9 

as relational probabilities for each of the individual members of the class



132

In question, where the numerical value of the relational probability is fixed 

by the frequency in the class. When we spote, lor example, of the probability 

of mortality p among 40 year old men we did not mean to aeoiibe to thle 

daea of men tome property that no individual man could conceivably have, 

rather we meant that each person, in ao far aa he wag a man of 40, would 

have the probability p of dying within a certain period of time. In terma 

of the current discussion, we may aay that the so-called claaa probability 

of mortality among 40 year old men la the probability of mortality for each 

(and every) person, on the evidence that he ie a mm of 40. The long run 

frequency in thla claaa of men la not iteelf the probability, but ie, like 

Carnapfa a priori meaeure fonctlons, that by which the numerical value of 

thie relational probability la determined,
i *,ii v'fi~ •., < : *: .-.?>>.va'. •" '•;•&$*;&•&?•: '.•• •••• •' ' --•- :":.:;•:•• '• .':•.;•<<"•>:• •

Put more generally, we found in Chapter E that a claea 

probability of degree p for an attribute B in a repeated sequence A of
-JO

eipeHmente *£•*• *!*** wag not identical with the frequency of B on 

A, but rather was a probability p numerically equal to thla frequency for 

the pair* of Individual eventa (JL* A, x ; B ) for all x. of A, An 

obvioujly equivalent analyaia of the claaa probability p of B on A la
• j/ •. . • .

that it la a probability of p for the pairs of sentences ^ *xi * A f, 'Xjf B* 

for every x. of A - here we again simply exploit the equivalence already 

noted between the assignment of probabilities to events and to sentence a 

asserting the occurrence of those events.
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JL <tf «

If this analyaia of olaaa probabilittea is acoapted we may
.•v , . 'ft ,' , . .
; ^.;, , • * * £ J, •,; _..%. ;;;',..,, ':''.'' 'i ••

readily abandon the view that there la a concept of a statiatical 'claes 

probability' distinct from that of probability aa a relation between evidence 

and hypothesis. Tha quite natural Idioms in which a probability for aa 

attribute B numerically equal to the long run frequency p in a class A of 

experiments la apparently aacrlbed to A * atatementa about so-called olaaa 

probabilities ~ are now seen aa equivalent to universally quantified statements 

in which a probability p ia assigned for the hypothesis of B to each experiment 

JL of A, on the evidence that JL belongs to A*

Ift this way Caraap's two distinct concepts of probability are 

reduced to one more baeic one - that of probability aa a quantitative relation 

between evidence and hypothesis about individual experimenta. Tola relation 

can be measured in two different waya - logically by use of measure functions 

chosen a priori and empirically by use of the long run frequencies found la 

claaaas of repeated eventa; moreover, of oourae, thla relation is capable 

of figuring la two kinds of statements - singular, or unquantiflad, stafeemenU 

as wall aa universally quantified statements. Statements about the olaaa 

probability of B on A which appeared to justify Introduction of a distinct 

concept of probability are BOW seen aa equivalent to universally quantified 

statements to tha effect that a probability relation measured by tha- frequency 

of B on A holds between tha hypotheaia ^ i B 1 and the evidence •JLS; A 1 for
u.. •: . , e. , --./.. .'• .

each jLOfA*
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Haying ahown how Camap's two concepts of probability can thus 

be reduced to one more fundamental one by abandoning $e standard frequency 

theory in favour of the modification proposed here, we should now eonsider one 

objection to the above line of Analysis that might be made by an advocate of the 

standard frequency theory. The objection is that while the frequency definition 

given here genuinely applies to the single case, it does so at the expense of 

'objectivity 1 . The probabilities assigned to the single case are relational and, 

in the last (or rather the above) analysis, such relational probabilities turn out 

to be relative to evidence known about the single case* Thus in contrast to the 

probabilities of the standard frequency theory which are objective long run 

frequencies, our probabilities are relative to evidence, which, since evidence is 

that which is known, depends on the subjective matter of what can be known*

Although, as it stands, I think this objection is misguided, it 

is simply a variant of an objection that has had some currency among 

probability theorists. This is the objection that logical relation theories 

lead to subjectivism* ft is somewhat easier to document the existence of 

this objection than to express it in a convincing manner. Keynes and Jeffreys* 

who prior to Carnap, offered the most elaborate theories of probability as a 

logical relation between evidence and hypothesis, seem to be the most common 

targets for such a change of subjectivism. Popper simply calls Kfeynes's 

theory of probability the 'subjective* theory and the rationale he offers would

appear to extend this sobriquet to any who took probability to be a relation
is between evidence and hypothesis . In a similar vein Von Mlses calls
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Ktynee 'a persistent subjecttvist' and, regards the theories of both Jeffreys 

and Catnap as equally subjective . More recently, Lucas has argued that

the logical relation theory, and if I understand him correctly, any theory of
17 confirmation, readily leads to subjectivism .

However, both Keynes and Carnap go to considerable effort to 

establish the objectivity of their theories* As we noted briefly already In 

Chapter IV, Caroap's theory is objective in the important sense that the

numerical value of confirmation, or probability^ given to any pair of evidence
18 and hypothesis is not dependent on actual beliefs about the correct value .

Keynes makes the identical point about his theory In the first chapter of hie 

Treatise. A similar, and perhaps stronger, reply can be made to a charge 

of subjectivism raised against our theory. Probability for us Is not a logical 

relation between evidence and hypothesis, but an empirical one determined by 

factual considerations of long run frequencies.

Now as I pointed out in Chapter H, this account of probability 

retains an important feature of the standard theory's account of probability, 

namely that probabilities are wholly objective entities determined by features 

of the world as it actually is and so are independent of whatever people might 

believe about probabilities. On the standard frequency theory these objective 

probabilities were objective relations between classes of events, viz., limits 

of relative frequency; on my theory probabilities were relations between 

Individual events but the probability relation which obtains between two
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individual event*, eay x^' A and x * B, 10 determined quite objectively 

by facts in the world* vis* * the limit of relative frequency of B on A. 

Similarly of course the probability relation between the sentence »x£ A 9 

as evidence about an experiment and 9xe B9 as hypothesis about that experiment 

is determined quite objectively by the same fact of the world, the limit of 

frequency of B on A,

Thus as with the logical relation theory asespeused by Kfcyaee
'-•'''. i. * ." '

and Carnap, the probability values determined by our theory wiU not be a 

matter of any ones9 subjective opinion of what this degree of probability is*
. : ;'••-. _ { ', •*•.'. -' " \ •• •

Furthermore, unlike the probability values determined by the logical relation 

theory, the values determined by our theory are not given by measure functions 

selected a priori but by actual foots of experience, vis* long run frequencies*
.#' -.'•'•- ,:'"•'••••;'-•

Accordingly, in so far as the charge of subjectivism against logieal relation
f - . ./..."'.-•' .-

theorists arises from such theories 1 contention that the degree of probability
•. • ii -- ;!.- !•„'-•.•: •'"-•

between evidence and hypothesis is to be determined without regard to other 

fact* of experience, our theory wfll be found objective in the sense that theirs
• .,„• • .•.'•''';.;.•'•'•'•'*•$•,. ^;* ; " • . • • '•?<•' :.•••' . vv .;••• ..

is not.

As I indicated above, 1 have found it somewhat easier to 

locate charges of subjectivism against the logical relation theory than 

express them clearly and so I can not be sure of the exact grounds for such 

charges* However, Von Mlsea and Popper do appear to object to the logical 

relation theory as subjsettviet because its relational probabilities are

determined by purely a priori considerations of logic9 rather than empirically
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given frequtnctea - both writera explicitly etate that their objectlona to the 

allegedly subjective logical relation theory would be resolved if the degree 

of probability between evidence and hypotheaie ware to be determined by long 

run f requenoiea rather than the a priori canons of inductive logic.

A good example of tills attitude la found in Von Mlses' concluding 

remark on the logical relation theoryt

t certainly do not wish to contest 
the uaefulneaa of logical investigations, but I 
do not see why one cannot admit to begin with 
that any numerical statements about probability^ 
about plausibility, degree of confirmation, etc., _ 
are actually statements about relative frequencies.

ft should, I think, be clear that our theory of probability aa a relation between
• ••'-;-<•>

evidence and hypothesis measured by limits of relative frequency wholly 

conform* with the conception of Von Mlaes of what a theory of confirmation 

should look 1110; for similar reasons, it coincides with Popper's views ae 

stated in Sections 71 and 72 of The Logic of Scientific Discovery. (Indeed 

Popper's view* in theee sections are sufficiently similar to thoee given here 

that t<e find him suggesting,aa I have done, that it might be possible to 

resolve some of the differences between frequency theorists and logical 

relation theorists by defining probability aa a relation between evidence and 

hypothesis to be measured by long run frequencies).

The charge of subjectivism raised by Lucas against the logical 

relation theory appears to have a somewhat different basis from that found in 

Von Mlses and Popper and, as far aa I can see, nothing said so far in this



chapter suffices to deal with his argument. Lucas bases his argument on the 

quits correct observation that logical relation theories must construe many 

ordinary uses of the word 'probable' as elliptical. But, he argue a {

*«**»****« this will not do. &
sad all related words are elliptical, as alleged* 

: , sad were short for 'probably * on - the - basis *
of * information - at * present - in - my - 

cm possession' the* there would he no inconsistency
st all between my saying VB will probably rain'
and your saying 'B prbbably will not'. We should
he talking about different relations, just as If I
were saying *B £s a long way from home 1 and you 

,v, ,; . were saying '& is not a long way from home 1 . . . .
We are in fuel talking about the same thing, 

, ,- ,_ namely whether it will rein tomorrow or not,
and not two different things* namely the relation 

v-> : .-•,, •;..'!«* between the proposition that it will rain on
Wednesday sad my other beliefs, sad the 

< .- relation between thai seme proposition sad
your other beliefs.

Lucas elaborates OB this argument and then concludes that for 'these reasons 

logical relation theorise realiy b*A to subjectivism.*1

' • • '-,!'-*', •/'• ' •• ' r ' ,•" '

, , . Although different from the charge of subjectism already 

discussed in this chapter, the reader may find a familiar ring to the argument 

adduced here by Lucas. In point of fset it is closely related to, If not Identical 

with, SB observation made in Chapter IV concerning the requirement of total 

evidence as formulated by Carnap, Carnap, as we saw, construed the 

evidence available to a person at a given time a* that he was aware of at 

that timet the requirement to tafee the tola! available evidence then reduced 

to the rather weak requirement that one should consider sH the information
,»-*," : '.'.'•••. - .„ ,f .. ... •..'•,•(' •' ,''*'i,.W : .£»;.!*••. • • '•-•>•..,, •.. '.'•'.•'• . .•

one la aware of. fa Chapetr Hf we noted that this introduced an element of
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•objectivism whan Caraap'e theory waa applied to actual situations to 

determine the unique probabiimea required for tt* pttrpee* of action. The 

probability vatae determtnid for an hypotheses by hi* relational theory in 

conjunction with the requirement of total evidence would vary from person to 

pereon depending on the subjscttve matter of Just what evidence wae known by 

the peraon making Hie probability lodgment*

The oomactton of thia remark from Chapter IV to Loess's 

argument here ie obvionet virtually all logical relation theoriata agree that 

apparently non-relational probability etatemente ere elliptical for one :a 

involving the total evidence available at th» time the etatement la made, time 

any logical relation theorist who ragarde the total evidence available to 

someone when he ia making a probability statement ae just that of whteh he 

far aware* mast conclude that apparently non-relational probability statements 

made by people who know different amounts of evidence win be about different 

probability relations. This is Just the unhappy conclusion Lucae baa drawn 

attention toj moreover, aa he appreeiatea, any theory which makee probability 

a relation between evidence tad hypotheele* whether logtoal or empirical, can
•.-»,-. ' '. • ••;•. ..- :'•;. su ,•;•' • .V-, ••:•.•••.. . •••• • • • ••

aimflsrfy lead to ttiia coacloaioii.

Mow in the flrst inetaaoe It mi^t be thougbt that the only body 

of evidence that coojd be emM to be Uoitly relied on whan someone makea an 

apparentiy non-relational probability statement ia &* totality of evidence 

known to him. Indeed, the reasoning goes* the only kind of evidence eomeone 

could have in mind when he mak»e an apparently non-relational statement of
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probability ia, to put it glibly, the evidence in hia mind, that la, tha evidence 

actually known to him. ft can hardly ba auppoaad, thia reasoning continuea, 

that someone making a probability statement believes hia statement to ba 

relative to evidence unknown to him. But, aa wa Just saw, such a view of 

apparently non-relational probability statements leads inevitably to a form of 

subjeetivlam.

ft ia, happily, quite easy to show this reasoning to ba miataten* 

Consider Uaoaa'a own example of a dispute over the probability of rain for 

the next day between A and B who have different baUefa about the conditions 

obtaining at the moment. Lucas seems to me to be correct that A and B 

are talking about tba same thing, and so not talking about tba two different 

relations between tba hypothesis of rain and the evidence believed by A versue 

the evidence believed by B. But what la tha same thing they are talking about?

This ia readily answered If wa consider how A and B might 

settle their dlsputet what in toe end they are prepared to agree on la Juat 

tbat thing they were talking about to begin with but, for some reason, disagreed 

•far* A might point out that B, in claiming tbat rain waa improbable, 

ignored tba fact that tha air pressure waa falling rapidly aa shown by a 

barometer. B might not have known thia or woraa might have mistakenly 

believed tha pressure to ba rlatng. B, however, while accepting tba fact 

tbat it la really falling and, to some extent, the implications of thia, remains 

unoonvinoad* though now aUgbtly less aura of himself. A tban points out 

the presence of a kind of aloud usually found prior to rain. Again perhaps
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B failed to notice this. If B stfll were not convinced, A might, sensibly 

tatteja, suggest calling the weather service. They do this and, on hearing 

the prediction of rain for the morrow, B finally agrees that A was correct 

all along.

What has A done In persuading B of his mistake? By 

pointing out ths fall in air preesare and the presence of clouds fitting a 

certain description A has appealed to evidence which can be obtained hy 

implementing extant - and In tale case simple - eclentiflo procedures, namely 

checking a barometer and naked eye observation of cloud formatioa. This 

evidence wee la a very natural eanse available at the time, although as he 

haa to admit, B himself did not know It. Obviously any appeal to Information 

gathered la such a way is germane to their dispute and, in fact, in the end the 

dispute 10 settled by an appeal to that Institution assumed to know all the 

evidence that can be obtained by existing relevant scientific procedures, the 

weather service.

- The totality of evidence which can be obtained by implementing 

all relevant extant procedures is what I called the total evidence available, la 

the objective sense of 'available* explained la Chapter IV. That A and B 

are prepared to settle their dispute by an appeal to experts presumably 

aware of this totality of evidence shows that what In fact they were disputing 

all along was the probability of rain in relation to the total available evidence, 

understood in thie strong objective eanse. The dispute originally arose 

because unaware themeelvee of all the evidence in thie totality - perhaps
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exact nature of the probability relation between the hypotheele of rain and 

Bile totality of evidence.

Thua contrary to what Lucas claimed, we need not analyse 

apparently non-relational probability etatexnenta made by speakers with 

different belief a to be about different relation* for the hypothesis in question* 

rather, ae hie own example shows, eueb etatamenta are usually about the 

eame relation* that between the typothoels and the total evidence available, 

In our atrong objective sense of this word* Thua, Lucas's cUim that theoriee 

of probability ae a relation between evidence and hypoth99ie Seed to 

eubjeotlviBm ie now seen to depend on an over-simplification, the simplification 

that euoh theorise must analyse apparently non-relational statements of 

probability ae elliptical for one * making reference to the totality of evidence 

known by the person making the statement.

Lucas's argument here illustrates well why many have though* 

that theories of probability as a relation between evidence and hypothesis 

lead to subjectivism * and why, on the whole, they were wrong In thinking 90.
'•' - . ' ' '* ,...'.' .'•'>",' '•'•'/ J" ! • " •*- '• :"'.•' ' '.

Ae acknowledged throughout this thesis, we can not simply aseert thai
*.'•"•, • • .'•"'•'i;«'^'.:-(-, -• •''''- . ••' '-''' •.-.'.• . ; -

probability ie a relational concept and Ignore the faot that we not only often
' '•'.. * '• ,- ".•'•> •,- ' '••-: '•'••'.: X! :-V.i ;''^<

require a unique probability for the purposes of action, but also believe in 

general there actually is one probability value to be preferred for the purpose 

of action. We were abU to give an aceourt of thU fact vrtthin to 

of the relational theory put forward In Chapter n by demonstrating that the
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probability value for an event ralativa to tba narroweat available reference 

elaaa would ba tha moat advantagaoua for tba purpoaa of action. Given tha 

equivalence of probability for eventa and for aantencea asserting tba 

oocmrranoa of thoaa eventa. aa wall aa tha similarity between the principta 

of choosing tha narroweat available reference elaaa and tbat of uatng the 

total available evidence, we can for similar reasons aay that tbe probability 

for a hypotheels to ba prafarrad for tha pnrpoaa of action la that relative to 

the total available evidence.

But if the total evidence available to a peraon ia understood aa 

just tbat evidence ba ia aware of. thia acoouat of which probability value ia to 

ba preferred for tha purpoaa of action antaila that different paopla knowing 

different amounts of evidence can quite rightly single out different 'prefereaiiar 

probabilitiea for tbe aama hypothaala. Since tha preferential valuea decided 

on for the pnrpoaaa of action ara auch an aaaantiai part (aome would aay tba 

aaaantiai part) of bow and why we mate Judgments of probability, auch an 

account of tba matter laada to a conception of probability that ia subjective 

In a vital raapaot - tha preferential probabilltiaa for tba purpoaa of action 

thia account aanetiona do not reflect any objective feature of tba world but 

inataad depend on tha subjective matter of Juat bow much evidence ia known by 

tba peraon making tba judgment of probability*

Thia I take it ia |uat what, in a beck-handed way, Lucaa baa 

faataned on to, Tha probability value prafarrad for tha purpose of action la, 

of course, tba value we apeak of in our ordinary and apparently no* relational
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state menta of probability. Thus if apparently non-relational atatexnente of 

probability are analyzed ae relative to the total evidenoe known to the 

pereon making the statement, we are, in effect, regarding the preferential 

valuae of probability ueed for the purpoee of action to be thoee relative to 

the total evidence known to the pereon making the probability Judgment, Aa 

remarked at the end of the above paragraph thia doee teed to a subjective 

conception of probability, aa Lucas claimed.

However our discussion of Lucas's argument alao ahowed 

that thia charge of subjectivism could only be sustained by taking an over* 

simplified, and not very plausible view, of the body of evidanoe which 

relational theorlea of probability identified aa the one to be need for the 

purpoee of action, H the preferential probability value la identified aa the 

one relative to the total available evidenoe, when 'available evidence 9 ie 

defined in the etrong objective eenae of that which can be known by 

implementing any relevant extant scientific procedure, the preferential 

value for a given hypothesis will not vary from pereon to person depending 

on what evidenoe ie known* Bather the preferential value for a given 

hypotheeia will be fixed quite objectively for it la toe one relative to the 

totality of evidence which caa be obtained by implementing the relevant
'•,

scientific procedures extant at the time.

Tale entire discussion of subjectivism can conveniently, 

and profitably, be brought together by stating quite generally the conditions 

which need to be fulfilled tf a theory of probability a« a relation between
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evidence aad hypothaala la to avoid aubjaotlvlam of aay kind* Flrat of all, 

of oourat, tha thaory muat aaalga probability valuaa * or aa Caraap would 

can tham measure valuee - to given palra of avtda-aoa aad hypothaala la a 

way that doaa not dapand on mare poraoaal opinion. To haw a convenient 

term wa may aay that any thaory that fulfills thla eoadlttoa la free from 

aubjaotlvlam la tha thaory proper. Aa wa have eeea, both our theory of 

probability aa aa empirical i«lattcm aad tha logical relation thaory fulfill 

thla condition and ao no subjectivism enters Into these theories proper.

But aa we haw Juat aaaa at laagth, a different form of 

subjectivism eaa enter when a relational theory of probability la applied to 

a given situation with the hops) of determining unique probability vataaa* 

Aaauming, aa moat wrltara do, that the methodological rula wa follow ta 

attempting to determine unique probability vatoea la that of uateg the total 

available^ evidence, the raaulta of applying tba thaory wffl actually vary 

from paraoa to paraoa If tha total available evidence la understood la tha 

weak aense of tha totality of evidence known to the paraoa making tba 

probability Judgment. To aeotd auch subjectively variable raaulta wa may 

atlll adhere to our principle of using tha total available evidence, but we 

then muat define available evidence la a way that la stronger than this senae. 

Tha objective criterion of availability elucidated la Chapter IV la, ta the first 

Instance, a plausible way of ao defining tba available evidence. Aa tba 

fajader will haw appreciated from tha above discussion, treating tha 

evidence to be uaad in applyiag, aay, Carnap'a theory of probability to a



146

given situation as the total available in this objective sense leads to results 

that are highly objective. The probability value for a particular hypothesis 

in relation to the total evidence available in a given situation will be unique 

and, what is more Important for us now, will also be Independent of both 

what evidence happens to be known by particular people and what those 

particular people believe are the correct probability values to be assigned 

to given pairs of evidence and hypothesis. The evidence available for a
-' ./ - -y ' - - •• .. . t:

hypothesis will be an objective matter, depending on what scientific procedures
.•»VV -sy ",-•: -,•-".-• .-.. - _ • , • . .-':'-•• : .. . ' .••• *

are extant, and the number assigned to a hypothesis in relation to the total
?• :"../: :,,• - --- ;- : - -, ' • -.'... ' '.-;, ^ ' - • ' •' ..-, , :-> .

available evidence will be objectively fboed by the canons of inductive logic*

That we will obtain higMy objective results if we apply a theory 

Use Carnap's in relation to the total available evidence understood In this strong 

objective sense is precisely the point I made in Chapter IV when discussing the 

doubts raised by Mellor over the objectivity of relational theories of probability.
S.TN.Subsequently, we found that such objective criterion of available evidence was 

demoaatrably not that relied on In all circumstances and In the end distinguished 

a multiplicity of criteria for what was ordinarily regarded as the available 

evidence. This suggests that a more Intuitively tattslaetory way to avoid any 

subjectivism arising in the application of a relational theory of probability 

might be to adopt the objective criterion of what is to be regarded as the 

evidence available In applying the theory to certain circumstances and various, 

what I called, inter-subjective oriteria for the evidence regarded as available 

in applying the theory to other circumstances. When the amount of evidence
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available in a attention ie determined by an Inter-subjsctlve criterion 

strongs* than the 'subjective* criterion, the application of our theory wfll 

arrive at results that are Inter-subjectively valid in thoea circumstances, 

that la, results thai do not depend on juat what evidence happena to ba believed 

by particular people-, rather they will depend on what can ba known, within the 

botmde of certain practical restrictions, to any number of people.

In any event* by adopting either the objective criterion of 

available evidence or a mixture of the objective criterion and various inter* 

•objective criteria depending on cirem&etancea» the principle of using the 

total available evidence will give unique appUcation in actual ettaationa lo 

theories of probability aa a relation between evidence and hypothesis i 

moreover* the numerical value of these unique probabtUtfee will not ba 

subjectively dependent on what evidence happens to be known by people in 

that situation* Thus the upshot of this discussion of subjectivism is that it 

is possible to insure that no element of subjectivism eaters into either Camap's 

theory of probability as a logical relation between evidence and hypothesis or 

our theory of probability as an empirical relation between evidence and 

hypothesis. Both are free from any taint of what I called subjectivism in 

His theory proper and* by formulating our methodological rule of application 

along the lines Just indicated, we oan ensure that the preferential values of 

probability sanctioned for tha purpose of action do not vary from person to 

person for a given hypothesis depending on what evidence Is known about 

that hypothesis*
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Thus, to return to the context In which the topic of subjectivism 

was first raised, we may be confident that if we abandon the standard frequency 

theory in favour of the frequency theory for the single case proposed here no 

new element of subjectivism will enter probability theory as the standard 

frequency theory exits. Accordingly - and tills brings us foil circle beck 

to the original topic of tats chapter * we will be fully Justified in abandoning 

tike standard frequency theory in favour of one in which probability is treated 

as an empirical relation between evidence and hypothesis - a relation measured 

by long ran frequencies - and in doing so we find ourselves with one fundamental 

concept of probability as a relation between evidence and hypothesis In place of 

the two distinct concepts originally articulated by Catnap.
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Chapter VI

The Principle of Indifference and 

The Classical Theory of Probability

Having thus shown that the concept of a relation between evidence 

and hypothesis underlies the statistical and epistemic concepts of probability 

originally distinguished by Carnap, I will now examine the classical theory of 

probability and the principle of indifference to see if, taken together, they 

constitute a concept of probability distinct from this basic one so far discussed.
.; ."_ , .- ._ - - . . "f- : i, •''..-,.-

In fact I will argue in this chapter that the classical theory taken together with
.--•''.. '.'•••- '.' ' -. 5*?. _•'. :•

the principle of indifference should be understood as the first and therefore,
• • .- i • • . . . • - : •'-•-.. ""..** i*'- *;> • ':" , •

not surprisingly, somewhat muddled attempt to put forward a version of Just
••; ..-. .. ' ' . . -' • ' ..•••'.•••* I..; :•'.'...'

this definition of probability as a relation between evidence and hypothesis*
• ' • i ' ; •-"•'•- . . • -.-'•' -J-'i *'

Of course many writers have pointed out affinities between the classical theory
f • •'-,.-. - ' "*•' ••"•':•'• " . -

of probability and the modern logical relation theory. Carnap, for example, 

cites numerous passages from classical writers to support his general 

contention that the expticandum they had in mind is his concept of probability t .
* -' • • '

But the position I wish to maintain is considerably stronger than this and it 

depends on a detailed analysis of the controversial prlncip^ of indifference. 

What I wish to claim is that the principle of indifference is itself really an 

early and rudimentary version of the definition of probability as a relation
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between evidence and hypothesis, a version in which probability is defined as 

the comparative concept of evidential support. Moreover* I hope to be able 

to show that most of the well-known objections to the principle are natural, 

but not insoluble objections, to the definition of probability as a relation 

between evidence and hypothesis incapsulated In the principle and to the 

rudimentary and, to some extent, muddled way this definition Is expressed 

by the principle. Indeed the analysis of the principle given in this chapter - 

and the lengthy discussion of objections to the principle of the next chapter -

isofferied primarily in the hopes of Illuminating and resolving some of these
: • ..-....••.• • ,

long-standing objections to it.

At first sight it might appear strange to construe the principle 

of Indifference as In any sense an Instance of the definition that probability is 

the relation of evidential support. Certainly Its usual formulation to the effect 

that alternatives are equally likely if and only if there Is no reason to choose 

between them does nov, on the face of it, look like a definition of probability. 

To see the sense In which the principle of indifference should be understood 

as a definition of probability akin to the definition of probability as the , 

relation of evidential support 1 have already discussed, we need to refer to an 

important Insight of Frege on the nature of semantic definitions, namely the 

insight that a perfectly proper - perhaps the only proper - way to provide the 

semantics for a concept is to state Identity conditions for that concept. Thus, 

I will claim, In Just the way the statement of the conditions under which
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classes4' were equal in number constituted the essence of Frege's definition 

of number, the principle of indifference can be understood as offering a semantic 

definition of probability In so far as it fixed the conditions under which different 

alternatives were equal in probability.

Let me hasten to add that I do not wish to maintain that previous 

proponents of the principle of Indifference have put It forward as a definition 

of probability In the sense that I believe It is; indeed if such an Interpretation 

of the principle already existed there would be little point in my arguing for It 

here. Bather my contention is that both proponents and opponents of the principle 

have failed to see its essentially definitional character and in consequence have 

to a large degree failed to appreciate what are the real issues involved in the 

controversies surrounding the principle. Certainly such a situation would not 

be without precedent in the history of science; until the definitional and 

empirical components of Newton's Third Law of Motion were clearly separated 

and identified by Mach, one could not properly evaluate various objections to 

Newton's Introduction of the concepts of 'force' and 'mass' in his theory. Once 

the definitional and empirical components of the Third Law were separated it 

became clear that critics of Newton were correct if they maintained that Inertial
y. . • •

mass (and thus by the Second Law force as well) was not a concept that could be 

*Or rather for him 'concepts' In his extensional sense of that expression.
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given a meaning independently of the Third Law, but were incorrect in denying

him the right to introduce a concept that could be operationally defined and

which, moreover, occurred in a set of laws that had various testable consequences*

m a somewhat similar vein much of this and the subsequent 

chapter will be aimed at clarifying the issues in question in previous discussions 

of the principle of indifference by arguing for the definitional status of the 

principle; accordingly, we should begin with at least a quick look at some of 

the variety of views put forward concerning the principle. To begin with we 

find writers who claim it to be analytically valid in virtue of what the term 

'probability* meanst
. - . ' ~ • ' " ' "''**?'.••.

ff there is no reason to believe one 
hypothesis rather than another, the probabilities 
are equal, m terms of our fundamental notions 
of the nature of inductive inference, to say that 
the probabilities are equal is a precise way of 
saying that we have no ground for choosing between 
the alternatives. All hypotheses that are sufficiently 
definitely stated to give any difference between the 
probabilities of their consequences will be compared 
with the data by the principle of inverse probability; 
but if we do not take the prior probabilities equal we 

. - -, . are expressing confidence in one rather than another 
before the data are available, and this must be done 
only from definite reason. To take the prior 
probabilities different in the absence of observational 
reason for doing so would be an expression of sheer 
prejudice. The rule that we should take them equal 
is not a statement of any belief about the actual 
composition of the world, nor is it an inference 
from previous experience) it is merely a formal 
way of expressing ignorance ..... It is not a new 
rule in the present theory because it is an Immediate 
application of Convention 1 Uhat 'We assign the 
larger number on given data to the more probable 
proposition (and therefore equal numbers to equally 
probable propositions) j .
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The reader may be excused for failing to see exactly how the 

principle of indifference follows directly from Jeffrey's Convention 1 as the 

convention presupposes that we have already determined certain propositions 

to be equally probable - and that is exactly what the principle of indifference is 

Intended to provide a criterion for. Be that as it may, it is clear that Jeffreys 

sees the principle as following directly from the meaning of the term 'probable* 

and there is, to my mind, little doubt that there is some intuitive plausibility 

to this claim. The intuition that the principle borders on the analytic is felt 

most strongly if we try to think of a counter-example to it, that is, two 

propositions that we hold to be equally probable, despite having reason to 

prefer one to the other. The difficulty of finding such a counter-example readily 

convinces us that, as Keynes puts it,
,.„" .,' '" '" "•- '" ' ' ' ' ' " 1' .S -;-v '. i - ' - '

... the principle certainly remains as a negative 
^ criterion} two propositions cannot be equally 

probable, so long as there is any grounds for 
,,..„.,.,, discriminating between them.

;"<-•' .. ">' ••••'. i , .

On the other hand, there are those, particularly of a frequentist 

persuasion, who, far from accepting the principle as analytic, whole-heartedly
•% • r , .

reject it - and not without a certain apparent justification. Von Mfces, for 

example, cites the famous argument that by using the principle of indifference 

one can arrive at the seemingly absurd result that any proposition of which we 

know nothing other than that It or its negation may be true is i probable, because 

by hypothesis, we have no reason to choose between the two alternative 

propositions. He then goes on, in reply to l^eyjieste attempt to resolve this and
'"•••• • • • •- ~ - • .,,

related difficulties to argues
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ft does not occur to Mm [Keynes] 
to draw the simple conclusion that if we know 
nothing about a thing, we cannot say anything 
about its probability.

Between the extremes of outright acceptance and outright rejection, 

we find numerous writers who, while admitting that an unrestricted application of 

the principle can lead to absurdities and contradictions, think it has sufficient 

merit tfwt some substantive reformulation of it &*& render it acceptable. The 

details of the reformulations proposed vary considerably; for the moment we 

wttt restrict ourselves to those of Kneale, Keynes and Catnap.

Beginning rather in the vein of the remark *Ex nihfto nihil* made 

as early as 1842 by Ellis , Kneale says, 'Probability statements may be modest 

assertions, but even they can not be Justified by mere ignorance* . Kneale then 

attempts to reformulate the principle so as to base judgements of equal probability 

on the knowledge of absence rather than the absence of knowledge i - :

I have argued that we are entitled to treat alternatives 
as equiprobable if, but only if, we know that the available 
evidence does not provide a reason for preferring any 
one to any other. According to the principle of indifference 
we may call alternatives equiprobahle if we do not know 
that the available evidence provides a reason for preferring 
any one to any other. Instead of knowledge>of absence 
Laplace and those who agree with him accept absence of 
knowledge as a sufficient ground for judgments of probability. 
This change accords with their subjectivism. For 'absence * 
of knowledge 1 signifies only a fact about the mind, whereas 
'knowledge of absence* signifies not only a fact about a mind, 
but also a truth about something independent of that mind. 
The same point can be put in another way by distinguishing two 

senses of ̂ be word 'indifferent*. According to the principle of 
indifference alternatives tire equally probable if I am 
indifferent in my attitudes towards them. According to the 
theory I have put forward it is necessary that the alternatives 
themselves should be indifferent i.e. without difference in a 
certain respect. 7
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The charge of subjectivism leveled by Kneale at the principle is, 

of course, accommon complaint, put forward by many others. For the moment 

the merits of this objection need not detain us - we note it only for the purpose of 

conveying something of the range of not implausible objections to the principle. 

Within this range we find writers, who while raising other objections to the 

principle, do not find its alleged subjectivism problematic. Keynes, for 

example, acknowledges that unless certain precautions are taken, the principle 

leads to outright contradictions; however, once the principle's application has 

been restricted in such a way as to avoid these contradictions, Keynes thinks 

the principle wholly acceptable. He begins his famous chapter on the principle 

by sayings

The rule as it stands may lead to 
paradoxical and even contradictory conclusions. 
I propose to criticise it in detail and then discover 
whether any valid modification of it is discoverable.

A particularly simple version of the contradictions to which Keynes refers is 

his now classic example of the probability of the colour of a given book.

Thus [by the principle of Indifference} 
If a and a are contradictories, about the subject of 
which we have no outside knowledge, it is inferred 
the probability of each is i. m the same way the 
probabilities of two other proposition , b and e, 
having the same subject as a may be each J .. . 
H, for instance, having no evidence relevant to 
the colour, we could conclude that J is the probability 
of This book is red', we could conclude equally that 
the probability of each of the propositions This book 
is black* and This book is blue* is also i So that 
we are faced with the impossible case of three 
exclusive alternatives all as likely as not. [This 
quotation, like most others from Keynes, Is to be 

, ^, v t fouBd to Copter IV of the Treatise; unless other­ 
wise stated all references to Keynes in the remaining 
parts of this thesis are from this chapter,]
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After leading us through a maze of similar contradictions* 

engendered in large part, as we shall see later, by dividing up a given problem 

into different sets of mutually exclusive and exhaustive alternatives, Keynes 

proposes, for non-geometrical probability, that the principle be only applied 

to those cases where the alternatives a re 'ultimate 1 For geometrical 

probabilities, his restrictions for avoiding difficulties are more complicated 

but, he assures us, if 'we are careful to enunciate the alternatives in a form 

to which the principle can be applied unambiguously we shall be . . . able to 

reach conclusions in geometrical probability which are unambiguously valid. '

We should note that Keynes never explicitly characterizes the 

logical status of his resurrected principle of indifference. Despite the existence 

in Part n of the Treatise of an elaborate classiflcatory system of definitions, 

axioms and theorems for the fundamental principles of the probability theory, 

the principle evades classification. Unlike Jeffreys, who justifies it twice by 

stating it to be at once a direct application of a fundamental convention and also 

am analytic consequence of the terms involved, Keynes only characterizes It as 

most important* rule Hby means of which the probabilities of different
9 arguments can be compared* *

Just such status as a rule of somewhat unclear logical lineage 

seems to have been the fate of the principle of indifference at the hands of 

most of its proponents. Only with the advent of the heightened standards of 

rigour imposed on the philosophy of science by advances in syntax and 

semantics have we seen attempts made to classify the logical status of the
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Principle of Indifference. Carnap's pioneering work on Inductive Logic is 

perhaps the best example of a system in which the logical status of the 

principle becomes clear.

Carnap believed that what in most previous writers appeared 

to be a rule for determining probabilities would be in his more rigorous system 

a measure function m (leading directly to a confirmation function c) on the 

atomic sentences of the language in question. Although this does, of course, 

seem the most natural status to ascribe to the role traditionally played by the 

principle of indifference, it is not the status that I think correctly characterizes 

It, nor, in fact, as I will argue later, is it one that best fits with certain rather 

scute remarks that Keynes eventually makes concerning the principle.

But first let us look in some detail at Carnap's treatment of the 

principle for it provides us with at least one perfectly clear statement of the 

logical status of the principle of indifference construed solely as rule for 

determining probability values. Carnap in his Logical Foundations of Probability 

and The Continuum of Inductive Methods intends to explicate what he calls the 

concept of probability., probability as the logical relation of evidential support* 

Thi degree of confirmation - c(h, e), or probability. , assigned to a hypothesis
- ' • : ••.:..-i';' •-,•£..'•:*$. ' ."'.' < -'' •'•.. • ..

h on the basis of evidence e is determined by the ratio of the measure of the

evidence and the hypothesis to the measure of the evidence alone i.e.

o(h, e) * mfe. h). Thus to fix a confirmation function and thereby explicate

the concept of probability, we need only determine a measure function for the
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sentences of our language* In keeping with his range conception of probability, 

Ceraap stipulates that the measure m(j) for a sentence j is the measure 

assigned to the range of j. The range of a sentence ] is the set of state 

descriptions in which j holds, with a state description defined as an assignment 

of one from each set of exclusive and exhaustive primitive predicates (and their 

negations) to each individual constant of the language. Thus with a language with 

one primitive Predicate P and two individual constants a and b, there are 

four state descriptionsi Pa* Pb, Pa. ~ Pb, ~ Pa, Pb, and ~Pa. ~Pb. 

As the measure assigned to a range, i.e. set of state descriptions, is the sum of 

the measures of an the constituent state descriptions, the determination of a 

measure for a sentence j depends on determining a measure for state 

descriptions. As we obtain a confirmation function directly from measures 

on atomic sentences, the problem of finding a confirmation function for h and 

e is eventually reduced to the question of finding a measure function for the 

individual state descriptions of the language*

Enter now the principle of Indifference. Carnap cites one of 

the long standing controversies surrounding the principle of indifference: 

whether individual distribution (constitutions) or statistical distributions 

(ratios) are to be assigned equal probabilities in the absence of relevant 

Information. To understand this controversy and Camap's treatment of it, 

think of an urn of which we know nothing except that it contains two balls, 

•ach white or not-white. By the principle of indifference we might argue 

that in the absence of any reason for preference, bell a is as likely to be
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white as not-white and the same for ball b. Beading W for white and ~ W 

for not-white, this renders us four distinct possibilities each equally likely t

Ball a___________Ball b

W W 
W ~W

A/W W

Her* we hold each Individual distribution or constitution equally 

likely (note.for future reference, the similarity of individual distributions to 

state descriptions). Alternatively in the absence of any relevant information, 

we might reason that the over-all statistical distributions (ratios) of two 

not-whites, one not-white and one white, and two whites are each equally 

likely. This contradicts our previous result in that the combination of two 

white balls would now have a probability of 1 in 3, rather than 1 in 4. Carnap 

rightly remarks that as the debate stands neither side is correct, for either 

the assumption that individual distributions are equally iM^iPR fl^ft^*10* 

distributionsare equally likely can be shown to be internally inconsistent unless 

substantially qualified.

To see this inconsistency consider what happens if we find out 

that there are exactly two distinct ways a ball of the urn can be not white, 

either by being black or red. By assuming individual distributions to be 

equally likely, we would then conclude that there are nine distinct and equally 

likely possibilities; ^ ^
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Ball a_______________Ball b

B B
B W
B B
W W
W B
W E
B B
R W
B B

Here by holding Individual distributions to be equally likely we reach the 

conclusion that there is a 1 in 9 chance of both balls being white, whereas by 

holding individual distributions equally likely and considering only the two 

predicates 'white* and 'not-white' we arrived at a figure of 1 in 4 for this 

result. Obviously the probability of there being two white balls varies 

considerably depending on which set of predicates are used for the basis of 

determining the equally likely individual distributions. This line of argument, 

which is simply one instance of the contradictions to which the principle of 

indifference can give rise, can easily be applied to show that, with our three 

colours, each of the 6 statistical distribution (e.g. 2 reds, 1 red 1 black ... 

etc.,) is equally likely.

Carnap concludes that such difficulties can only be met by 

using consistently one set of exhaustive and mutually exclusive predicates 

to describe a given situation. Not unnaturally he favours using those sets of 

exclusive and exhaustive predicates that explicitly Involves all the relevant 

primitive predicates of the language - the set of 'W, 'B', and 'B 1 in our 

example. In Camap's system the matter is expressed in terms of Q divisions;
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unfortunately the definition 'Q divisions' for languages with any finite number 

of primitive predicates is fairly complicated and it would be Inappropriate to 

explain here all the details of this definition. However in a language with one
•...-',£' ' ' .:;.'•....•'

set of exclusive and exhaustive predicates, it is quite easy to see what a Q 

division is and so it will be convenient throughout this discussion to keep in 

mind our language with tWt, *B f and 'B' as the primitive predicates. A division 

is defined by Carnap as a set of predicates (not necessarily primitive) such that 

every individual constant of the langage has one but only one of the predicates 

of that set. m our language with primitive predicates *W«, »B', and 'B', the 

set of (molecular) predicates £ NL , M ? where NL • W and EL » B v B, 

form a division, and these two predicates of course are the troublesome 

predicates *white t and 'not-white' from above, But the set of predicates

S Qt * Q«» Q«^ where Q. * W, Q * B, Q0 * B also formsa division and v 1 2 * J 4 4 , #
since this division involves explicitly all the primitive predicates of the 

language, it is what Carnap calls a Q-dlvlBlon. Carnap diagnoses the problem
.;•• •• .-.>'*- - • -'MtV .:.; : V ;,:>, -;-.. : ;.

we have Jrntot considered as arising from an application of the principle of 

indlffeiccce to different divisions, one formed by the predicates M. and ItiL, 

the other formed by Q- * Q. and Q0. He stipulates that the problem is to be
. 4, __ . *.. ..3 ., ..... : ...

resolved by applying the principle only to Q-dlvlslons formed by the predicates

'.i'1 ;; ' '^'-fSt'V'

But this still leaves us with the question of whether, by the
• • •• -. •'M':* ' ' '••;•-' •' : ' ; •''•

principle of indifference, we should assign equal probabilities to individual 

distributions under the Q~division or to statistical distributions under the 

Q-division. In Camap's system individual distributions under the Q-division
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constitute state descriptions. Similarly statistical distributions under the Q 

division correspond to Caroap's 'structure descriptions*. Thus, in order to 

avoid contradiction by using different sets of predicates (different 'divisions'), the 

traditional debate surrounding the principle of indifference in regard to individual 

distributions and statistical distributions reduces for Carnap to the question of 

whether state descriptions or structure descriptions should be given an equal 

weight. Thus we finds

The controversy ^surrounding the principle of 
indifference] concerned the question as to which 
of the following rules should be accepted:

(A) Individual distributions have equal 
m [measure] values

(B) Statistical distributions have equal 
m [measure] values.

Now it can easily be shown that either rule leads 
to contradiction if taten in the given unrestricted 
form and hence applied to all divisions.

However, each of the two rules 
becomes consistent if restricted to any one division. 
It seems natural to take here for each system the 
strongest division possible in the system, which is 
that formed by the Q's. The individual distributions 
for all the individuals of the system with respect to 
the Q's are the state descriptions. The corresponding 
statistical descriptions ... Ore) structure descriptions 
... Thus the two modified rules are as followss

(A') State descriptions have equal m values 
[measures)

(B*) Structure descriptions have equal m 
values [measures] 10

••,.*
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The next point to note is that rules (A') and (B1 ) are not, for 

Carnap, merely cleaned up versions of the principle of indifference, they are 

also the most natural rules for a measure function used to explicate the concept 

of probability^ That is, as we noted earlier. Carnap required only a measure 

function that determined values for the state descriptions in whieh the hypothesis 

h and the evidence e held in order to construct his confirmation function for 

determining the probability of h on e. Rules (A?) and (B') derived from the 

principle of indifference are C«map's first proposals for such a measure 

function. (A' ) obviously determines measures for each state description by 

holding all state description equal iflf) taking, as one must, the sum of the 

measure of all state descriptions to be 1. (B') also determines measures for 

all state descriptions, but in a slightly less direct manner - each statistical 

distribution or structure description is assigned an equal measure e.g. in our

example of balls that can be red black or white only the measure of - would be''.'.' •"

given to each structure description '2 white billf % '1 whfc> b«ll 1 red',

*2 black balls' etc* To determine measures for the state descriptions of this
<'"vV- • ' . '

example we must, according to Carnap, apportion out the measures for each 

structure description equally among the state descriptions that could lead to 

that structure description (To use Carnap's terminology, we divide the 

measures of the structure descriptions by the number of isomorphlc state 

descriptions). That is to say, the state description: 'Wa. Wb1 receives a

measure of — as that is the only state description by which the structure 6
description 2 white balls can be achieved. The state description 'Wa. Bbf 

is given a measure of — as it Is one of two state descriptions that leads to
JL&

the structure description of 1 white 1 red ball the other being 'Ra. Wb.'
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The Important point to note, In understanding Ca map's enterprif a,
•';

Is that the probability of drawing a second white ball, after a first one, will be 

very different depending on whether owe base tfw&r measure function (and thus 

confirmation function) on (A' ) rather than (B')* Taking h as fWb» and e as 

'Wa' we see that a measure function m based on A' yields m (e) = -r
3

(chdlda in three of nine state descriptions, each given an equal measure by

(A' ) ); similarly m (e.h) « ~, Thus, as the confirmation c ; follows directly
9

from the measure function m by c (h,e) * m ffi ;^ , we have c (h,c) = — .m c 3

But using rule (B' ) to establish a measure function m*, we see 

that m*(e) <*7+rL+r:> aB Tase holds In three state descriptions,
O JLZ ** 3

'Wa. Wb1 and 'Wa, Bbf , and 'Wa. Rbf given, respectively r measures of

1 I I
6* S' 12

have c*(h,e) * -, using rule (B*) for our measure function, m general
2 . .

rule (A ') leads to assignments of probability wherein the probability of a 

hypothesis h on evidence e is independent of the content of the evidence e - 

the reader may confirm this by applying rule (A x ) to the proposition e': *Ba' 

and finding the value of c (h,e/ ) ** - again. However, the confirmation
v

function c* based on (B' ) leads to probability assignments wherein the 

probability of a hypothesis h concerning the occurrence of a property 

increases In virtue of evidence tff previous Instances of that property.
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This fact allows Carnap to adjudicate between his two improved 

versions of the principle of indifference, rules (A') and (B1 ). Carnap notes 

that many prominent writers 'have accepted the principle of indifference in the 

form of (A1 ), among them Keynes and Wittgenstein1. He also notes that the

derived confirmation function c is 'simple, natural* and 'at first glance
12 + quite plausible.' However as the c determines probability values for

hypothesis on evidence irrespective of the content of the evidence

... the choice of c as the degree of confirmation 
would be tantamount to the principle never to let 

, our past experience influence our expectations for 
the future. This would obviously be in striking 
contradiction totthe basic principle of all inductive 
reasoning, 3

But using the principle of indifference in form (B') leads to the 

measure function m* and the confirmation function c*; the confirmation function 

c* has Just the properties desired for inductive reasoning, and so the m* measure 

function is, for Camap, the acceptable form of the principle of indifference:

The preceding considerations show 
that the following argument, admittedly not a strong 
one, can be offered in favour of m*. Of the two 

v m functions which are most simple and suggest 
themselves as the most natural ones [via the 
principle of Indifference) , in* Is the only one 
which is not entirely inadequate. 14

The essential point here is that Carnap sees the principle of 

indifference as the basis for measure and confirmation functions used to 

explicate his concept of probability^. For him one fairly standard interpretation 

of the principle yields an apparently plausible but essentially unsatisfactory
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measure of confirmation function, while another well-known interpretation 

does lead to an adequate measure function and confirmation function.

It may be thought, and I suspect most people do think, that 

Camap's c* function for Inductive logic owes more to Carnap's ingenuity than 

to the principle of indifference. However, not only is it clear that Carnap
.;;.

himself saw the m* and c* functions as derived from the principle of 

indifference, it is also clear that prior to Carnap it had been recognized
; - . • . ' --,..•.*. •••• ".>!<(£• ' ',-'' • • -"• • .

that probability assignments based on giving equal weights to statistical 

distributions would lead to results consonant with inductive reasoning - Keynes 

cites Poisson as offering just such an analysis.

Lest the reader become so convinced at this point by Carnap's 

interpretation of the principle of indifference that he has little curiosity in reading
' - . . . *' • ' . .; -L'- i '•-''•,-••» • •*•'•.' ,.>' . ' •. . •

further, let me hasten to point out that Ca map's proposal, rather than vindicating
• '•••••.:•'..* -:>. •is.v.,'.; ..•;> . ...;. ^

the assignment of equal measures to structure (or statistical) descriptions at the
-.-• -.-.-•>•••; , - 4V-V. ,.

expense of equal measures to state (or individual) descriptions, actually tacitly 

relies on the assumption, at certain crucial points, that state descriptions are 

to be given equal measures. That is, with Carnap's m* function each state 

description that is an Instance of a given structure description is assigned an
..";•-,.,'";;; i',-.;' -;" .

equal measure - the measure for each state description is the measure for the
. -. "jt ••. '.."•-• -'•'•"'.••• - •'

structure description of which it is an instance, divided by the number of 

isomorphic state descriptions. But once we have abandoned the Idea that we 

can use the principle of indifference to justify assigning equal measures to all



163

state descriptions, it becomes difficult to see the justice in assigning equal 

measures to all state descriptions that fall under a given structure description.

* • '-' '.'•,'(-

However, we need not for the moment consider further the merits 

of Car-nap's derivation of the m* function from the principle of indifference. 

We need only note, at the pain of some repetition, that Carnap quite clearly 

interprets the principle of indifference - both for his own work and in the
-; ''•• - •' • '.V^. ' '*::;•' r •-.•?'; .'. ;' : ' '

writings of others - as an (admittedly somewhat ambiguous) proposal for a 

measure function m determining a confirmation function c, which function
• *••.-.;.,; •:•*?.$.•& • >&••::-. •^'••- . . •. •. • •

c then may serve to explicate his concept of probability^

- , Having now surveyed some of the historically significant 

treatments of the principle of indifference in a spectrum which extends from 

outright rejection to acceptance as, somehow, analytically valid, I now wish 

to offer the alternative analysis Indicated earlier. To repeat what I said there, 

my basic position is that the principle of indifference is to be understood as the
'."• ': 6~ , • ,

first, and therefore crude and somewhat muddled, attempt to define probability 

as the relation of evidential support between evidence and hypothesis. This
'• •".•' ,'j': •

view is not one that 1 know to have been explicitly advocated before and, indeed, 

in large measure It conflicts with the kinds of views towards the principle that 

we have just canvassed (with the possible exception of Jeffreys* rather sketchy
«* •.. : • • , "• •'•;•• ., - * • v- '•'• :$••:••.':- ':'••• - "#?»''•

remarks concerning the analyticlty of the principle),
.*»' • » : .' C • t* 'f:1'. ~ . •.>!".-'•'' ' '• •

, To appreciate the definitional aspect of the principle it is 

necessary to realize that we may never speak of there being 'no reason to 

prefer* one alternative to another slmpliclter, but rather it is only in relation
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to some body of evidence that we speak of there being no reason to choose 

between them. This point is accepted, either explicitly or implicitly, by 

numerous writers on the principle. Keynes, for example, begins his discussion 

of the principle thus:

The Principle of Indifference 
asserts that if there Is no known reason for 
predicating of our subject one rather than 
another of several alternatives, then relatively 
to such knowledge the assertions of each of 
these alternatives have an equal probability*

Full Justification for the view that only in relation to some body 

of evidence may we speak of reason to prefer one hypothesis to another can fee 

found if we inquire carefully into the meaning of «ir Intuitive concept of reasorf* 

R seems clear that in regard to epistemic matters - which alone concern us 

here * it is only some body of relevant evidence that can provide or constitute 

a reason for a particular hypothesis. More exactly we may say that in ordinary 

usage it is only some body of evidence which supports a hypothesis more than its
• • '.;" ''l£i? « :

negation that is called a reason in favour of accepting that hypothesis. Conversely, 

evidence which supports the negation of a hypothesis more than the hypothesis 

itself constitutes or provides a reason against that hypothesis.

This characterization of 'reason for* a hypothesis in terms of
: ft' '-• • '. -t' ' "•.'"- • "•/'• ' •. - • -

extent evidence supporting that hypothesis can readily be extended to explain 

the crucial Idom of having reason to prefer one hypothesis to another. Since 

it is some extant body of supporting evidence that alone can constitute a reason 

in favour of a hypothesis, only some body of evidence which supports a
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hypothesis q, more than q can constitute a reason for preferring q, to
* * X

q , This can easily be generalised to the sets of mutually exclusive and 

exhaustive alternative hypotheses q.... qu that provide the primary application 

for the principle of indifference: a reason for preferring q1 to any of q ... q
* mt "

is, quite simply, some body of evidence which supports q- more than it 

supports any of q •»• a •
-; •.'• , > ' ' '

1 ; -K. '''.,''' . .

Moreover it should be clear on reflection that while any evidence 

which supports a hypothesis q, more than each of q .,, a constitutes or 

provides a reason for preferring q, to each of q •,, a , we would not
' : -. • • • • • •••.:/ '^4f

ordinarily say we have reason to prefer q. to each of these unless the total
v. i',-•'-.- -.; -.-•.'!>*_'-' , •';.'.:,..-,

available relevant evidence, taken as a whole, supported q. more than each 

of them. That is to say, one would obviously be arguing in a fallacious manner 

if, in the face of overwhelming evidence in favour of a hypothesis q., it was 

maintained that there was reason to prefer, say, q because some small 

part of the over-all evidence did in fact support q. more than q-. It Is the

evidential support provided by the total available relevant evidence taken as a
'•'.-•:•.'>/i£ - ;>:---• ; : • 

whole, rather than isolated parts of it, that constitutes the grounds of reason
; • ..-"., ~,.?j.,' -*.-"•'.....••.,

for preference among competing hypotheeea.
,;•'.•*'"''••. - ' - - ' -

(That it is the total available evidence taken as a whole that
'• -i ,"''•,'.' ~ • '•..""

constitutes reason for preference among competing hypotheses seems to me 

a crucial element in giving a correct analyses of the principle of indifference
• •_..._."• - ; .'v-,-i • '

and one that I will discuss at length later in this chapter* Now as we saw in
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previous chapters there are a number of different senses of the expression 

'available evidence', ranging from a subjective one in which 'available evidence* 

means known evidence to an objective one in which the evidence available is
'''', "•'''" ' ','•'-. '- •' "" ••

fixed by what procedures are extant in science* Given these different senses 

of 'available evidence* there is admittedly a good deal of vagueness In my 

assertion that it is the total available evidence taken as a whole that 

constitutes grounds for preference, for it is not yet clear in which of these 

senses I here understand available evidence. As undesirable as it may at 

first seem, I wish to leave the matter vague for sometime further and then 

discuss the matter later in full* Thus for the time being I will continue to 

say, somewhat vaguely, that it is the evidential support provided by the total
• • .f •. • •• - ' •. ' . -•

available evidence, taken as a whole, that constitutes the grounds of reason for 

preference among competing hypotheses.)

Characterized in this way it then becomes apparent that the 

idiom of 'reason to prefer* which figures so prominently in .the principle of 

indifference is nothing other than an intuitive expression of what Carnap has 

called the comparative concept of confirmation or, as we may alternatively 

call it, the comparative concept of evidential support - with it understodd that
**•. .'"..' • ,

ths evidence occurring in these comparisons is the total available. The concept
'' " •'"' • \ m ti -'•-.'.

of evidential support at issue is, I think, clearly comparative in that when we 

judge there to be reason for preference among hypotheses we simply are 

judging the available evidence to give unequal degrees of support to those
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hypotheses. The basic point at issue here, which is in my opinion essential 

to unravelling the controversies surrounding the principle, is that the truth 

conditions for the idiom of having 'reason to prefer* one hypothesis to another 

are those in which we Judge the available evidence to provide a greater degree 

of support to that hypothesis than to the other. Similarly when we speak of 

there being no reason to prefer one hypothesis to another, we only mean that 

what evidence there is supports each hypothesis equally well, This analysis 

applies as well to the problematic case - to be discussed in detail later - wherein 

the available evidence provides no information relevant to the hypotheses in 

question. In such cases the ascription of equal probability values to the 

hypotheses by the principle is again based on judgements of equal, and here 

null, evidential support*

In this light, it should be clear that the principle of indifference

merely states that alternative hypotheses are equally likely if and only if the
^ 

hypotheses are given an equal degree of evidential support by the extfnt, or

total available* evidence, To put it more generally, the principle of indifference 

simply specifies the identify conditions for Judgments of probability in terms of 

comparative Judgments of evidential support where the evidence used in the
. 5' ' '' -/T '..''-

comparisons is the total amount available. From this interpretation of the 

principle, it is a short step -and one we will take shortly - to the conclusion 

that the principle of indifference is primarily definitional in character for, as 

clearly seen by Frege, it is the essential feature of a definition that it provides 

a criterion of identity for the concept to be defined.
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First, however* let us note that, Interestingly enough, the view 

propounded here of the principle of indifference as a statement which fixes 

Identity conditions for probability judgments in terms of comparative Judgments 

of evidential support can be extracted almost intact from Keynes* trenchant 

analysis of a 'reason for preference. * Beginning a line of argument that 

includes, near its end, the passage from the Treatise most recently cited, 

Kfeynes says:
i« - . • ' •. . ''••.'

The principle states that there must 
be no known reason for preferring one set of 
alternatives to any other. What does this mean?

•< . What are reasons, and how are we to know whether 
they do or do not justify us in preferring one

- / alternative to another? I do not know any
discussion of Probability in which this question 

c-. ••: has been so much as asked. If, for example, we 
are considering the probability of drawing a black

.- - • ball from an urn containing balls which are black 
and white, we assume that the difference of 
colour between the balls is not reason for 
preferring either alternative. But how do we 
know this, unless by a judgement that, on the 
evidence in hand, our knowledge of the colour 
of the balls Is irrelevant to the probability in 
question. We know of some respects in which 
the alternatives differ, but we judge that a 
knowledge of these differences is not relevant... 
Before, then, we can begin to apply the 
Principle of Indifference, we must have a 
number of direct judgements to the effect that

, < the probabilities under consideration are 
unaffected by inclusion in the evidence of 
certain particular details. We have no right 
to say of any known difference between the two 
alternatives that it is no reason for preferring 
one of them, unless we have judged that a 
knowledge of this difference is irrelevant to 
the probability m question.
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Keynes then goes on to define more exactly what is meant by 'irrelevance* and,
: •' : •:: - •>.

by contra at, relevance. Although the theory of relevance can be quite complex
• • ." ->' l5v-.; - • -.'• -;• -•:. ••"• •.

we need only consider here Keynes's 'simplest definition of irrelevance, f which 

still forms the basis of the theory of relevance*

h^ is irrelevant to x on evidence h, If 
the probability of x on h h is the same 
as its probability on evidence li A

Evidence b^ is relevant to x If and only if it is not Irrelevant. We should note 

that in this account, as in others* irrelevance and,thus relevance, is defined in 

terms of judgments of equal probability viz., ^ is irrelevant to x on h if 

and only if the probability x/Kjh * x/h. Since for Keynee the equal (or 

unequal) probabilities of hypotheses on evidence represent the equal (or unequal) 

degrees of confirmation or evidential rapport for those hypotheses, we may r 

express his definition of irrelevance (and relevance) more exactly using ''* " 

Carnap's symbolism and notation for confirmation : evidence e^ is irrelevant 

to a hypothesis h on e if and only if c(h,e.e1 ) » c(h,e). r

Keynes proceeds to use these concepts to elucidate the principle
- ;••"'•"" •-' ' • ' '.••• «'<:• • •. -•;. /'> ' '•'• .•:' ;'"'''••,••'••'."' -.';."' •- ' , • • '•

of indifference and It is worth our while to consider in full the passage in which 

he does this:

This distinction enables us to
-** '" formulate the Principle of Indifference at any ^ 

rate more precisely. There must be no
#iri:wx- * relevant evidence relating to one alternative,

unless there is corresponding evidence 
;t * relating to the other; our relevant evidence,

that is to say, must be symmetrical with 
n- - > regard to the alternatives, and must be

applicable to each in the same manner.
This Is the rule at which the Principle of
Indifference somewhat obscurely aims.
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We must first determine what parts of our 
evidence are relevant on the whole by a 
series of judgements of relevance, not 
easily reduced to rule, of the type 
described above. If this relevant 
evidence is of the same form for both 
alternatives, then the Principle authorises 
a judgement of Indifference [i.e. a 
judgement of equal probability]

The interesting feature about this line of argument is that Keynes, 

very much in contrast to Carnap and Ca map's interpretation of him, does not 

use the principle of indifference to define a measure function and corresponding 

confirmation function which would determine the degree of probability of some 

hypothesis x on evidence h; rather Keynes requires the existence of judgments, 

similar tetttes* determined by/confirmation function as a pre-condition for the
...i • \.\ • ' • •'•; ' • . : ';i>".. . . ' ,' ,. ••>-'• Nv,

employment of the principle of indifference. That is to say, Keynes' 'judgments 

of relevance' and judgments that the evidence is 'symmetrical with regard to the 

alternatives' and 'applicable to each in the same manner' which are the 

pre-requisites for employing the principle of indifference are all judgments 

as to the degree and means by which evidence supports, or confirms, the 

hypotheses In question. As such these are judgments that in a rigorous 

quantitative system such as Carnaps would be determined by the confirmation 

function. Whereas Carnap determined a measure function and confirmation 

function by using the principle of indifference, Keynes requires for use of the 

principle a series of judgments equivalent to those determined by a confirmation 

function, except that the judgments of relevance, Irrelevance, symmetry and 

applicability that Keynes requires are, primarily, comparative rather than
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numerical judgments of confirmation. (For example a judgment that h is 

relevant to x on h is a judgment that h h supports x to a greater or 

lesser, but not equal, degree as h itself supports x).

How then should we characterise the logical status of the 

principle of indifference in Keynes account if it is not used to determine 

Judgments of confirmation or evidential support, but rather presupposes them? 

Keynes in summarising his views on the principle provides us with the following 

answer: "' • -•:.-./* - •

In the first place we have stated the Principle 
of Indifference in a more accurate form by 
displaying its necessary dependency upon 
judgments of relevance and so bringing out 

( the hidden element of direct judgment or 
intuition, which it was always involved. 

' ft has been shown that the Principle lays 
down a rule by which direct judgments of 

1 relevance and irrelevance can lead to
judgments of preference and indifference. 

f [judgments of unequal and equal probability]

What Keynes has accurately seen here is that the principle simply makes the 

truth conditions for judgments of equal and unequal probability to be judgments 

of relevance and irrelevance of evidence on the hypotheses. Like Keynes* less 

exactly defined but similarly important judgments of applicability and symmetry 

of evidence, these judgments (as we just noted) clearly concern the greater, 

lesser or equal degree to which various pieces of evidence support the hypotheses 

we are concerned with. Accordingly, Keynes's account of the principle turns out 

to be remarkably similar to that offered earlier, namely that the principle does 

nothing more than fix comparative judgments of evidential support as the truth 

conditions for judgments of probability.
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Moreover* we find in Keynes exactly the same tacit assumption 

noted before,viz. that the evidence in relation to which we are to apply the 

principle is the total amount available. This much, I think, is clear from his 

insistence that in applying the principle there should be no relevant evidence 

relating to one alternative unless it is balanced by relevant evidence for the other 

alternatives. Only if the total available relevant evidence were considered could 

we determine if this were so - if we considered only part of the relevant evidence 

we could not know that some other part might be favourable to one alternative with 

no similar evidence in favour of the other alternatives. Thus in so far as Keynes 

recognized in his analysis of the principle that the truth conditions for the 

judgments of equal and unequal probability determined by it were comparative 

judgments of evidential support, where the evidence employed for the comparisons 

is the total relevant evidence available* his analysis wholly supports the conclusion 

reached before - that the principle of indifference simply fixes identity conditions 

for judgments of probability in terms of the comparative concept of evidential 

support, given that the evidence we are to use in comparing degrees of evidential 

support for our hypotheses is always to be the total relevant evidence available.

With this conclusion in mind we are now in a position, I think, to 

understand the long standing appeal of the principle and the great historical 

importance attached to it* This is most easily done, if we begin by considering 

the principle in so far as it specifies identity conditions for judgments of probability 

In terms of comparative judgments of evidential support. The additional fact that 

it is the total available evidence we use in making these comparisons is best left 

as a separate matter for later discussion.
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Let us now recall that the discovery and assertion of the

identity conditions for a concept is far from being an idle enterprise; following 

Frege it has been widely appreciated that statements of identity conditions for 

a concept fix the sense of that concept in that they express the conditions in 

virtue of which we repeatedly apply that concept. Thus any assertion that 

fixes identity conditions for a concept will serve as at least the rudiments of 

a semantic definition of that concept. In so far, then, as the principle of 

indifference specifies the identity conditions for Judgments of probability between 

hypotheses in terms of comparative judgments of evidential support for those 

hypotheses, it serves as a rudimentary form of the definition of probability as 

the comparative concept of evidential support. Considering the widespread 

appeal of the definition of probability a* a relation of evIdt&Ual support and 

the well-known preference of traditional writers for comparative probability 

Judgments, it is hardly surprising that an even rudimentary and inexplicit form 

of the definition of probability as the comparative concept of evidential support 

would play a central, even the central, role in the history of probability* The 

degree of thorough going conviction with which the principle was once widely 

advocated is now seen to stem not from its perhaps dubious claims for 

assigning 'a priori* probabilities but rather from its status as a tacit form of 

the highly plausible definition of probability as the comparative concept of
,,'••'''* ..,. i • • .-' • ^' • . • • •

evidential support.
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Of course, it should be stressed that no proponent of the principle 

explicitly put it forward with the aim of defining probability as the comparative 

concept of evidential support. Indeed, in the classical theory of probability the 

principle was only used as a hand-maiden to the allegedly correct definition of 

probability as the ratio of favourable cases to possible oases, where the oases 

were equiprobable (or 'equipossible* as was sometimes said in a rather 

unsuccessful attempt to mask an obvious circularity). But as we have seen 

specifically with the passage from Jeffreys* Theory of Probability, much of the 

principle's charm has stemmed from at least an appearance of analyticlty and 

this indicates that, at the very least, the principle should have been thought of 

as a direct consequence of some definition of probability. Having seen that the 

principle fixes identity conditions for probability judgments in terms of 

comparative Judgments or, as we might now say, comparative relations of 

evidential support, we need only recall that statements that fix identity conditions 

for a concept determine the sense of that concept in order to see the principle as 

a form of the definition of probability as the comparative concept of evidential 

support.
• f- : -..'••. ' -."•...••• " '

To put this same point another way, my claim Is that the principle 

merely fixes identity conditions for probability judgments in terms of comparative 

relations of evidential support and, whether or not it is recognized by anyone who 

does so, fixing identity conditions for a concept amounts to fixing a particular 

sense for that concept. My claim here about the principle is, as I remarked
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before, analagous to Mach's claim about Newton's Third Law - Newton did not 

regard the Third Law as a definition of Inertial mass, rather he took that concept 

to be clear enough and thought of the Third Law as a purely empirical statement. 

What Mach realised was that the Third Law, among other things, provided an 

operational criterion of when objects were equal or unequal in insert ial mass 

and so acted implicitly as a definition of inertlal mass. In just the «ame sense* 

I wish to claim that by fixing identity conditions for judgments of probability the 

principle constitutes implicitly and in an admittedly rudimentary way a definition 

of probability. ? >
»

Further confirmation of this interpretation of the principle as a 

rudimentary form of definition can be found if we turn to some of Wittgenstein's 

remarks on meaning. For him the conditions actually used for repeated application 

of a concept are a far better indication of the meaning attached to that concept than 

are any explicit statements put forward as a definition - particularly if such
. . ' -* •

statements are put forward by philosophers. There can, I think, be little doubt 

that, historically, writers who advocated the principle of indifference were not in 

the least lax in actually using (to the point of abusing) the conditions for equal 

probability expressed in the principle. Thus if they did not explicitly state that 

the principle of indifference was to be taken as a definition of probability, their 

extensive use of comparative relations of evidential support as criteria of identity 

for probability statements showed that they did in fact take probability to be 

defined as the comparative concept of evidential support.
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Now, this interpretation of the principle of indifference can 

easily be objected to on the grounds that, as it stands, it provides no account 

of the primary (and perhaps exclusive) use to which the principle was historically 

put - the determination of unique quantitative probability values. Interpreting 

the principle as a version of the definition of probability as the comparative 

concept of evidential support seems, at first glance, to be at -variance with 

this practice in two important xespectsi first of all, a salient feature of the 

definition of probability as the comparative concept of evidential support 10 that 

probability assignments to hypotheses will usually take the form of non-quantitative 

comparative judgments as to the greater, lesser or equal degree of probability 

between various hypotheses. Secondly, the other salient feature of the definition 

of probability as the comparative concept of evidential support is that numerous 

different orderings of a given set of hypotheses in respect of comparative degrees 

of probability will be possible, for these orderings will be relative to the body of
r*

evidence chosen, e.g. the probability of h and h relative e might be the
.':'.-' : '• V •'" •,"•'-:..• V ' '.''.•.'••'•• . '

same, but relative to different evidence e'lu might be more probable than h *
J •* £•

\'- " ' : - . • ' . •'.'•. f'-.-H -' . ' ..'•' •. '• '• • .

But this variability of the comparative probability of hypotheses, which features
• ••*',_•;• , . - . . ; > " : . • •" ,-"''-.. ••' • ''-..-' ''-.'-

prominently in the definition of probability a a the comparative concept of evidential 

support* seems a tar cry from the actual practice of proponents of the principle 

who, apparently, used it with the hope of arriving at unique (and indeed numerical) 

probability values.

The reply to this two-fold objection to my interpretation of the 

principle is, I think, highly instructive and in the end substantiates this
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interpretation. First of all attention to the circumstances in which the 

principle of indifference was used to arrive at numerical results readily 

convinces us that its proponents did have a comparative conception of 

probability in mind. Almost invariably the principle was applied to sets^of 

mutually exclusive and exhaustive alternatives, e.g. 'heads and tails', 'red 

and non-red* etc. In such oases (and only such cases) can comparative 

Judgments of probability be turned into quantitative judgments. By the fact 

that the n alternatives are exhaustive we deduce that the sum of their separa 

probabilities is 1. If we then are able to make the comparative judgment that 

each of the n exclusive alternatives are equally likely, we can directly conclt 

that the probability of each is - . Thus the application of the principle in 

arriving at numerical results depends only on comparative judgments of 

probability, applied to members of an exclusive and exhaustive set of 

alternatives.

There now remains the apparent difficulty that in defining 

probability as the comparative concept of evidential support the principle of 

indifference would lead to different relational probabilities rather than the 

unique probabilities traditionally arrived at. Now it is widely appreciated 

that the definition of probability as a relation of evidential support, whether 

we use a quantitative or comparative concept, will yield unique results only 

if It is supplemented by a methodological criterion for selecting a unique 

body of evidence. And as we have already seen at length elsewhere in this
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thesis the most common and natural proposal for selecting a preferred body 

of evidence on the basis of which we are to make unique assessments of 

probability is that we are to use the total available relevant evidence. In so 

far as the total available evidence is the body of evidence that Is used in applying 

the definition of probability as the comparative concept of evidential support to 

given situations* this definition will yield unique orderings in respect of 

comparative degrees of probability. It then follows (by the above reasoning) 

that this definition will yield unique numerical probabilities in those situations 

in which our comparative judgment is that each of a set of mutually exclusive 

and exhaustive alternatives is equally likely in relation to the total available 

evidence.

Now, and this is the crucial point, the absence of 'reason for 

preference* on which alone the principle can determine equal probabilities 

consists in the total available evidence not supporting any alternative more 

than another. Thus, in point of fact, the principle of indifference is correctly 

applied to determine equal probabilities only on the basis of the total available 

evidence, for we can only legitimately Judge that there is no reason for preference 

among competing alternatives when we have judged that the total available
•»,:•.. f . 3 -*

evidence does not support one more than the other. As we have just now 

seen, when the definition of probability as the comparative concept of evidential 

support is applied on the basis of the total available evidence it will yield unique 

and sometimes numerical probabilities. Thus the fact discerned earlier - but put 

off for full discussion until now - that the evidence which gives 'reason for
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preference* when we apply the principle Is the total available evidence 

insures that the principle will yield unique and sometimes numerical probabilities. 

The principle embodies the definition of probability as the comparative concept of 

evidential support in that It fixes identity conditions for the concept of probability 

in terms of comparative relations of evidential support; however that the principle 

Is only correctly applied on the basis of the total available evidence Insures that 

the relational definition of probability incorporated in it will have the unique 

application to actual situations that can lead to unique numerical probabilities*

•-'""'' • " - • ".'•*- '; ,-: .- ••-. .

In this analysis I have quite deliberately separated out In the 

principle components which, of course, are intertwined In its actual

expression - the components being the principle's specification of Identity
-,-,-.•• - ...... . - . jf
conditions for judgments of probability In terms of the comparative concept of 

evidential support and the additional fact that the evidence used when the principle 

Is correctly applied Is the total amount available. Only by separating out these
* ••• •• .- •*

components can we, on my view, come to a proper understanding of the principle
- • • - -i- • .
and its role in the history of probability theory. The principle, as I have

-•'•. - - • • ' j»
claimed from the outset, Is largely definitional hi character for it specifies 

identity conditions for the concept of probability; unfortunately, the definitional
• • , • \,

aspect of the principle has long been overlooked for the definition of probability 

as the comparative concept of evidential support it offers is in a rudimentary 

form that, moreover, seems at variance with the unique and numerical 

probabilities so often arrived at by the principle. However, once we see the 

principle as a version of this definition and further realize that the principle 

is correctly applied only on the basis of the total available evidence, we see
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that the principle can yield unique orderings of comparative degrees of 

probability. In the cases, so favoured by advocates of the principle, in which

a number of mutually exclusive and exhaustive alternatives are found equally
... •". -~'f • •,.•••'•

likely, we are led to our unique numerical results.
• ' ,-" 'j-.. v - .

Admittedly this analysis hinges on my claim that the principle 

is only correctly applied on the basis of the total available evidence, m point 

of fact there does not seem to be any uniform interpretation among philosophers 

about the evidence on which the principle of indifference is correctly applied* 

Some critics of the principle, such as Kneale, appear to believe that its proponents 

intended it to assign equal probabilities on the basis of bodies of evidence 

corresponding to particular people's often deficient knowledge. Even writers 

who treat the principle more sympathetically sometimes interpret it as correctly 

applied on the basis of the, knowledge of a particular person at a particular time. 

Mackie, who believes that the principle is instrumental in arriving at what he 

calls Judgments of simple'probability, says of the principle that 'its function is
• . >. • "••-- ••.'."-•.. i

merely to indicate what Is reasonable to believe in the light of whatever information 

we now have,' This is also the way hi which the principle is characteristically
•S /•'•• •>,, •'-''.

interpreted when referred lain decision theory.

However, another recent writer, Blackburn, analyzes the, *>•.'' • - • ..,. , •...
principle in such a way that it is only correctly applied on the basis of the total 

evidence one could reasonably be expected to gather. In criticizing Kneale'a
•f-^y ' \t , , - ^T - •• , • *, '• • ' i . - '• ' •' ' v . . '

characterization of how the principle was understood by classical writers,
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Blackburn asserts that the proper formulation of the principle as originally 

intended is that

(4) Nothing that I know, nor rationally believe, 
nor should have discovered, favours A rather than 
B and nothing that I know, nor rationally believe, 
nor should have discovered, favours B rather than 
A.

entails

(2) It is unreasonable to have other than the same 
degree of confidence in A and B.

Blackburn, although he does not mention it, appears to have some weight of 

authority on his side. Bemouilli, in the same section of Are Conjectandi in 

which he first enunciated the principle of indifference, states what Keynes calls 

his second maxim, that in determining probabilities:

Non sufflcit expendere unum 
alterumve argumentum, sed conqulrenda 
sunt omnia, quae cognitionem nostram 
venire possunt, atquc ullo modo ad 
probatlonem rei facere vldentur17 [it 
is not sufficient to weigh just one piece 
of evidence but all of the evidence is to 
be sought out which can enter into our 
knowledge and seems in anyway to relate 
to the demonstration of the matter)

>'..-. • **

Thus it seems clear, particularly from the occurrence of the verb 'possunt', 

that Bernoulli! would have regarded the principle of indifference as correctly 

applied only on the basis of the total available evidence, with available 

evidence understood as that which can be known in a situation, rather than that 

which just happens to be known.
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IE is exactly because of the divergent opinions of the evidence on 

which the principle is correctly applied that I have been content throughout this 

chapter so far to leave vague Just what body of evidence I meant when I spoke of 

the total available evidence* As we saw in Chapters IV and V, and again in this 

chapter, available evidence can, be, and has been, understood in a number of
•'..'' -V ' . •'.''•-,''

different senses ranging from an objective sense to a subjective one in which 

the total evidence available to a person at a time is just what he knows at that
-•*.;• '.'*•••- :•'••.!,'..•'• ;••••"•'

time. By leaving it vague in which of these senses 'available evidence 1 was to
'•' •• - •' • • '}-• '''-';- r .'-'••'.'' • - • -

be understood, it was possible to give an analysis of the principle that remains 

valid whether we think the principle is correctly applied on the basis of the kind 

of evidence envisioned by Blackburn and Bernoulli <the evidence which can or 

should be known) or, instead, on the basis of the kind of evidence envisioned 

by Kneale and Mackle, (the evidence which is actually known).

I think it must be clear how the analyst s I have given of the 

principle works if it is thought that the principle is correctly applied on the 

basis of the kind of evidence envisioned by Blackburn and Bernoulli!* I have 

claimed that the principle embodies the definition of probability as the comparative 

concept of evidential support and yet leads to unique numerical probabilities 

because it is only properly applied on the basis of a unique body of evidence,
* •* .,' - ; ^,. \ - .; •- .•'•.'-, • '.. '••'•'

the total available at a given time. Since two perfectly natural flrnt strong)
'. V •..-'' ••'•.'.-,•.,..••- -..-..

senses of 'available evidence' which so fix a unique totality at a given time are
•. ' • • .'•''.'.v .-'.A.I.';>•• >;>te 

that which can be known (as in Bernoulli! ) or that which should be known
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(as in Blackburn), their interpretations of the principle agree perfectly with 

mina and so accord with my analysis*

What happens to this analysis if we accept Kne ale's and Hackle's 

claim that proponents of the principle intend it to be applied by people on the basis 

of their perhaps deficient knowledge ? If, as they claim, the principle was used, 

and was intended to be used, to determine probability values on the basis of the 

limited knowledge of particular people at particular times, it is still the case 

that the principle would have been used, and, clearly, must have been intended 

to be used, on the basis of the total knowledge known to those people. To
\

parallel what was said previously, if a person asserted that relative to what 

ha knew there was reason to prefer q. to, say, q he would obviously be
.;; ; JL 2

misleading us if by this he meant some small part of his knowledge favoured ql

while his knowledge in its entirety in fact favoured q . Reason for preference,£
even when relative to a particular person's knowledge* depends not on that 

knowledge taken partially but rather on the totality of that knowledge considered 

on balance.
- - .. ' • . • •'; -.-•••>.• -- . '- • '• >•*"'•*.

If the principle is understood as used in relation to a particular 

person's limited knowledge, the fact that the principle would only be properly 

employed on the basis of his total knowledge suffices to sustain the analysis 

offerred here. This analysis purported to show how the principle, by embodying 

the definition of probability as the comparative relation of evidential support,



189

could be used to arrive at unique numerical probabilities because It was
- f.'

correctly applied to a given situation only on the basis of one body of evidence. 

Now of course the total evidence known to any person at a given time Is just as 

much a single unique body of evidence as the total 'available' evidence, in some 

strong sense of that word. For different people, of course, the total evidence 

known at a given time will be different but not so for one and the same person, 

Thus if a person always applied the definition of probability as the comparative 

concept of evidential support expressed in the principle on the basis of his current 

knowledge, he would always be led to what for Mm would be unique ordering* 

for hypotheses in respect of comparative degrees of probability. When he found 

a set of mutually exclusive and exhaustive hypotheses which were equally well 

supported by the totality of his current knowledge, the definition of probability 

expressed in the principle would allow him to assign unique and equal numerical 

probabilities to each hypothesis. To put the point generally, the total but perhaps 

limited knowledge of a particular person at a particular time, just as much as 

the total evidence then available (in some strong sense of that word), constitutes 

a unique body of evidence; accordingly the relational definition I have claimed 

to be embodied In the principle of Indifference will yield results which are unique 

for anyone who applies it on the basis of his total knowledge.

Thus* the logical analysis I have given of the principle as

embodying a relational definition of probability and yet leading to unique numerical 

probabilities because it Is in fact applied on the basis of unique bodies of evidence,
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is essentially the same whether we regard the principle as properly applied 

in relation to the total evidence 'available' in a strong sense of this word or 

the total evidence known to a particular person at a particular time. Since 

the latter evidence can also be called the total 'available' evidence - in the 

weak subjective sense of that word we found Carnap using - it has previously 

been convenient to express my analysis of the principle in terms of a vaguely 

understood notion of Available evidence; capable of different interpretation 

Including this weak one. Indeed since my analysis of it is essentially the same 

ao matter which of these interpretations is given to the principle, it is equally 

acceptable and more convenient to use even rougher terms such as 'the extant 

evidence' or 'our evidence* etc. to indicate the body of evidence - whether we 

think of it as the total 'available' in a strong sense of that word or in the weak 

subjective sense - in relation to which the principle is applied to arrive at 

unique and sometimes numerical probabilities. Accordingly until the end of 

the next chapter when finer distinctions become necessary I will adopt such 

usage as convenient.

Having now argued for the definitional character of the principle - 

and shown no matter what we take to be the evidence on which it is correctly 

applied the definition expressed in it can lead to Hmique' numerical probabilities - 

I should like now to conclude this chapter by indicating how this interpretation 

of the principle accords with the definition of probability explicitly recommended 

by the principle's first and most ardent advocates, the classical theorists.
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The definition of probability explicitly off erred by them was that of the ratio 

of fovomrable cases to possible cases, provided each case was equiprobable 

or equiposslble. The principle of Indifference was thought by them simply to 

provide a criterion for determining equlprobable or equipossible cases. Now 

construing the principle itself as a definition of probability yields the apparent 

anomaly that the classical writers had In mind two distinct definitions of 

probability. . ' . .

But this anomaly Is only apparent for the two different definitions 

here are in no way incompatible - indeed the two definitions answer roughly to 

what we now distinguish as an unlnterpreted axiomatic definition of the concept 

of probability and a semantic definition for the concept. If we understand 

'equipossible cases* as a primitive undefined term,the classical definition of 

probability as the ratio of favourable to equipossible cases constitutes an 

uninterpreted axiomatic definition of probability; the principle of indifference^ 

which even in classical writings was understood as fixing a sense for the concept 

of equipossible cases, is then to be regarded as the semantic rule which gives 

an interpretation to the basic undefined term of the axiom system*

Carnap, despite his criticisms of the principle and, in my 

opinion, misappropriation of It to provide a measure function, admirably sets 

the stage for this characterization of the relationship between the principle of 

indifference and the definition of probability as the ratio of favourable to 

equipoaslble cases:
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At the first look, the classical 
theory seems to be much stronger than the 
modern axiom systems; in other words stronger 
than a mere theory of regular c-function [the class 
of functions for which the axioms of probability hold]. 
And we find indeed many stronger theorems stated by 
classical authors. However, a closer examination 
shows that proofs for these stronger theorems make 
use, explicitly or implicitly, of the principle of 
indifference. The classical theory claims to give a 
definition for probability, based on the concept of 
equipossible cases. The only rule given for the 
application of the latter concept is the principle of 
Indifference; since we know today that this principle 
leads to a contradiction, there is In fact no definition , 
for the concept of equipossibllity. In order to base 
the classical theory on a consistent foundation, we 
may proceed in the following way. We regard it, not 
as an interpreted theory as it was intended, but as an 
uninterpreted axiom system with 'equipossible cases' 
as undefined primitive term without interpretation. 
Then we take the classical definition of 'probability* 

v based 'equipossible'. Thus this definition is here an - . 
uninterpreted axiomatic definition. 18

Car-nap's remarks here seem all the more compelling when it is realized that 

the classical definition of probability as the ratio of favourable to equipossible 

cases Is distinctly similar to the modern axiomatic definition of probability as
-"*. >' .''-.'•-''• * ' • ' • • '•" •'•'. •' - •'•'•''.••,;':.'•--'•

the measure of an attribute space (favourable cases) in a sample space (possible 

cases). Moreover one can hardly deny that the classical authors as mathematicians 

pursued with great insight the consequences of an axiomatic definition of probability.

Now, of course, any axiomatic definition of probability requires 

supplementation by a semantic definition, which today is given explicitly by 

rules of interpretation for the undefined terms of the axiom system. We can 

hardly expect the classical writers to have given a semantic
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definition of probability by explicitly formulating rules of interpretation in the 

modern style for all the terms of their axiom system. However as 'equiposstble 

cases' is the fundamental term of the axiom system of the classical writers, it 

might well be that the semantic definition classical writers had in mind became 

expressed in the rule of interpretation for this fundamental term, the principle 

of indifference. And indeed this is just what we have found already in this 

chapter - the entire discussion in this chapter so far has been to the effect that 

the principle of indifference in fixing identity conditions for Judgments of probabllii 

in terms of comparative relations of evidential support actually embodies (in a 

rudimentary way) the highly plausible semantic definition of probability as the 

comparative concept of evidential support. Thus my claim that the principle of 

indifference is, essentially, a semantic definition of the concept of probability in 

no way conflicts with the classical theorists definition of probability as the ratio 

of favourable to equipoeelble cases. Bather once we see thatthi* definition 

without a rule of interpretation for the fundamental term 'equlpossibto cases' 

is an uninterpreted axiomatic definition of probability, there is every reason to 

expect that a rule which provided an interpretation for It would constitute, in 

essence, a semantic definition of the concept of probability. The rule which . 

classical theorists proposed for interpreting the term 'equlposslble cases* 

was of course the principle of indifference and so our analysis of it as offe ring 

a semantics for the concept of probability is wholly in accord with the definition 

they explicitly off erred in terms of the ratio of favourable to equiposslble cases*
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Moreover, in this light the concept of probability the classical 

theorists articulated does not appear to be the relic of a bygone era that s<? 

many now regard it as; rather the concept of probability they articulated is 

close approximation to a highly plaupible and thoroughly modern one. Their 

theory presented an astonishingly fruitful axiomatic definition of probability in 

terms of the ratio of favourable to equipogsible cases and moreover, with the 

principle of indifference, they supplied in rudimentary form the highly plausible 

semantic definition of probability as the comparative relation of evidential 

support to supplement their axiomatic definition.

Although, needless to say, I hope that this conclusion already 

seems correct to the reader, it is of course now necessary to consider the many 

criticisms that have been levelled against the principle. Only if these can be 

explained - and to some extent explained away - by the interpretation I have 

given here of the classical theory and the principle of indifference can it be 

accepted that the concept of probability they articulated is a close approximation 

to a plausible modern concept. In the next chapter then I will turn to the myriad 

objections that have been raised to the principle of indifference and will attempt 

to show how these objections can be understood as natural, but not insoluble, 

objections both to the semantic definition I have taken the principle to have 

offe red and to the rudimentary way in which it does offer it.
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CHAPTEB VH

Tbe Principle and Its Critic*

Objections to the principle of indifference are ao numerous 

that any attempt to deal with all of them will, perforce, be rather lengthy* Aa 

X hope bete to analyze at leaet the moat Important objection* to the principle 

from the perspective offt red In the laet chapter. I wfll later eubdhride thia 

chapter Into several sections* But let me begin what will be a lengthy - and 

concluding * chapter of thia theaia with conelderatlon of a topic already dleeneeed 

at eome length* Camap'e claim to have settled much of the controversy over the 

principle by demonstrating that, when formulated to avoid any contradiction* It 

leade to two different meaeure and confirmations functions of which one pair la 

clearly preferable*

My primary objection to his analysis ie Just his contention that 

the principle leads to the m and m* measure function* and thus to the c and 

c* confirmation functions* As we saw In our discussion of Keynes's treatment 

of the principle, Judgments about comparative degrees of evidential support 

(i.e* Judgments of relevance and irrelevance)^ required before the principle 

can be applied. The principle, as Keynea realized, only equates equal probability 

with equal evidential support and so can only be applied to yield probability values 

when we have already made comparative Judgments about degrees of evidential
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•upport. Now Carnap's confirmation function* lay down in quite rigorous fashion 

roles for correctly Judging quantitative degrees of eytdential support. Thus the 

principle could be used after such quantitative Judgments were made, for it is 

easy enough to deduce comparative Judgments from quantitative ones. But 

this is a very different matter from using the prinoipie to derive a quantitative 

confirmation function, for rather than leading immediately to quantitative 

Judgments of evidential support the principle requires a series of comparative 

Judgments of evidential support before it can even be applied. Hence Catnap's 

use of the principle of Indifference to arrive directly at the o and o* functions 

for the atomic sentences of a language has the cart very much before the horse - 

we require rules for determining comparative degrees of confirmation for the 

atomic sentences of the language before we can apply the principle at all.

More particularly, as indicated before, I find Camap's 

derivation of the m* and c* from the prinoipie of indifference spurious, 

because, despite the apparent use of the principle as applied to structure 

descriptions rather than state descriptions, it would require a secondary 

application of the principle to each state description falling under a particular 

structure description to lead to the m* function. Thus it is particularly clear 

that the m41 and c* functions are not arrived at by a legitimate use of the 

principle as originally intended but only by an apparent use that coincides 

with Camap's desire to find a plausible confirmation function.

Moreover, on serious reflection, Carnap'g ascription of the m* 

and c* functions to Kbynes and other previous proponents of the principle is
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not very plausible. As Carnap himself remarks these function* are tantamount 

to the principle never to let our pest influence our expectations of the future*' 

Such a principle can hardly be seriously attributed to the author of The Economic 

Consequences of Peace, More generally we must remember that most advocates 

of the principle were at pains to emphasise that Judgments of equal probability 

between hypotheses about the future were only Justified if experience gave no 

reason to choose between them* Given that 'experience* can only have taken 

place in the past, such a reservation concerning the conditions for applying the 

principle clearly indicates that, contrary to Carnap'a assertion, the proponents 

of the principle did believe that the past should influence our expectations for the 

future* Thus the ascription of the m and c functions to various proponents 

of the principle seems seriously at variance with their own application of it.* 

As with the m* and c* functions, the m and c function* are not derived 

from the principle of Indifference'a traditional employment but rather are 

derived only by an apparent application of it in Carnap'g own system*

Despite what I think is his misinterpretation of the principle as 

traditionally advocated, Carnap is, on the whole, obviously sympathetic to it* 

Not so with othere who have discussed it * as we saw at the start of the previous 

chapter - and we should now consider these negative responses to it* To do this 

properly we must first elaborate in some detail on the exact nature of the

*Xn fairneas to Carnap, we should note that the ascription of the m and o 
functions to Wittgenstein, as opposed to Keynes and others, is not implausible. 
Wittgenstein in the Tractates apparently does advocate giving equal measures 
to all elementary propositions and this is usually interpreted along the lines 
Carnap advocates*
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evidence which offers no reaeon for preference among the alternatives which 

the principle, then, treat* ae equally probable, ft will be my contention that 

much of the crlticiem that the principle hae received depends on quite natural, 

but, in many cases, not Insurmountable, misgivings concerning the nature of this 

evidence.

Mow, the principle of Indifference states that we are to hold 

hypotheses equally likely if there la no reaeon to choose between them. Further 

we saw this meant that the extant evidence gave no reaeon to choose between 

them, for reasons for preference were always derived from evidence. But, 

and I think this accounts for a great deal of the controversy surrounding the 

principle, there is an ambiguity aa to how the extant evidence might give no 

reaeon to choose between alternative hypotheses. Since it ie only evidence 

which can provide reaeon for hypotheses, one possible circumstance in which 

the extant evidence would give no reaeon to choose between our hypotheses is 

when that evidence is distinctly relevant to the matter in hand but, on balance, 

is equally favorable to each hypothesis. The clearest examples of such relevant 

evidence that is equally balanced between various alternatives are those in which 

we have Information that the alternatives have in the past occurred, or will in 

the future occur, In equal proportions. To put roughly what has been discussed 

elsewhere more rigorously, consider a coin which has been carefully examined 

and found to be exactly symmetrical in its weight distribution. Furthermore, 

extensive tests on it and similarly weighted coins have revealed a percentage 

of roughly 50% heads in tosses by the kind of mechanism we are employing; 

we may also imagine we have extensive knowledge of the workings of our 

tossing mechanism. Here we very obviously have evidence relevant to the
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competing hypotheses that on a given tots the coin will land heads or tails - 

indeed no information could be more relevant - but it should be clear that our 

evidence here Is plausibly thought of as equally balanced between the two hypotheses 

supporting the hypothesis of heads no more or less than it support* the hypothesis 

of teas*

In terms of the analysis given in Chapter V of the relationship 

between frequency and evidential support we may, to put it generally, say that 

information concerning the occurrence of properties (f) and ^ in a particular 

trial constitutes the evidence pertaining to that trial,while our best estimates of 

the limit of relative frequency of different alternatives a, b, e, etc. in trials in 

which ^) and V occur determines the degree of support we regard such 

evidence as giving to hypotheses about the occurrence of a, b, c etc. in a 

trial. Thus statistical date to the effect that a series of trials held under 

conditions 0 and V result in equal proportions for the alternatives at b, c ..* 

will allow us to believe with equal confidence in the hypothesis of alternative 

a as the outcome in a particular trial held under conditions 0 and P , as 

in the hypothesis of b as the outcome, and so on for c, d, etc.

But in contrast to such circumstances in which the extent 

evidence gives no reason for preference among alternatives because it is 

relevant and provides an equal measure of support for each, we have a more 

problematic circumstance in which our evidence may be said to give no reason 

for preference among alternatives. This more problematic circumstance occurs 

when the extent evidence is wholly irrelevant to the question at hand and, as such,



201

tell* ua aothiag about any of oar alternative bypotheaea. Thla total abeenoe 

of knowledfat, go often referred to la tha principle of indifference 'a hletory, 

la alao obviously oaa ia whU& our evidence gtvea ao reaeon for preference 

among oar aiternativee, for mob raaaoti could only be provided by a body of 

evidence relevant to the nutter which aupported oaa alternative more then 

another.

Now before I go (m to examine the consequence of the ambiguity 

that evidence may give ao reaeoo for preference either by being relevant and 

equally balanced or by being the null relevant evidence (aa I will now oall the 

latter ciroumatance), we ahoold briefly look at laaat ooa paaaage from the 

literature aurroundlng the principle to convince ouraelvee that thia ambigoity 

doea eidat, for* to my knowledge, ft haa never beenexpUcmy articulated 

before. "' •

la point of fact a eraoial paaaoge from Kaynea, already ctted 

twice. Uluatratea well thia ambiguity:

There rotiat be no relevant evidence relating 
to oaa alternative, unteea there ia corresponding 
evidence relating to the othar. , . Thta la the 
rale that tat Principle of indifference obecurely 
alma at.

Bat quite clearly either the nuH relevant evidence or a body of evidence which 

ie aymmotrlcal, l.e* evenly balanced, ia reapect of the altematlvea would 

fulfill thia condition for tha application of the principle.
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Mow admittedly not all proponents of the principle of Indifference 

have amployad it in a manner that ia ambiguoua between aaaigning equal 

probabilitiea on tha baaia of null relevant evidence or equally balanced 

relevant evidence - Caraap, for the purpose of constructing a priori measure 

functions, waa exclusively couoemed with tha principle's application in relation 

to tha nun relevant evidence. However, thia ambiguity dees attaeh to the 

principle for the majority of wrltara on it, and haa been dwelt on at length, 

because, tafeen in light of the definitional character of the principle brought out 

already, am appreciation of thia ambiguity permits a clear underatanding of much 

of the coatroveray aurrounding the principle. With the principle construed as 

offering a definition or semantics for the concept of probability in tarma of 

comparative relations of evidential support,the ambiguity outlined above can be 

•sea to stem front fundamentally distinct features of the semantics offarred by 

the principle.

To pat this mere clearly we should note that the comparative 

relations of evidential support with which the principle of Indifference defines 

probability will hold between pairs consisting of evidence sentences coupled 

with hypotheses (whioh we also take to be sentences), For example, If we say 

thst e gives an equal degree of evidential support to h aa e f does to h* we 

have /(]**•} • (a^?) as an element In the extension of the relation of 

equal evidential support. With this in mind we may characterise the two 

circumstances In which we have seen the principle to be applicable thuat 

in eases where our evidence is relevant to tha question at hand, tha Identity
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conditions for Judgment! of probability given by the principle are comparative 

relations of evidential support between ordered pelre of eentenoea / h,e^ 

and yh'.e 1/ where e l§ relevant to h and e1 relevant to h*. When the 

evidence Is the rail relevant evidence, the Identity conditions for Judgments of 

probability given by the principle are comparative relations of evidential support 

between ordered pairs (b.«) and ^h',«'^ where e la Irrelevant to h and e' 

irrelevant to h1 . Since, a« we have seen, the stipulation of Identity conditions 

constitutec at least the rudiments of a definition or semantics for a concept, we 

may say that the ambiguity, as to the circumstances In which the principle of 

indifference appllea, refleota tba basic fact that the semantics off*-red by the 

principle includes comparative relations between ordered pairs of evidence and 

hypothesis where, la some cases, the evidence to relevant to the hypothesis in
. ' "i; 

'

question, white to others It to not.

Cast tit this form It to possible to understand, without necessarily 

accepting, the rationale that le*<fc eminent writers to argue that the principle 

could assign *qaal probability values In the total absence of relevant Information* 

Consider any two pairs of sentences ^a,e\ and ^hf,e'^> where e to 

irrelevant to h and ev Irrelevant to h* (e and e* can be, but needn't be* 

identical)* The character of the evidentiary relation (as we may call it) 

between the hypothesis h and Its null relevant evidence e to obviously 

essentially similar to that of the relation holding between the hypothesis h* 

and Its null relevant evidence e*. Now If we wish to construct a non-arbitrary 

semantics of probability on the basis of relations between evidence and hypothesis,
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it i0 clearly d00irabi0 that all paira of evidence aad bypotheala bearing a 

aimilar relation to each other be treated in a almilar fashion. Thla

that if w0 are to aaaign any probability value to theee pairs of evidence aad 

hypothesis, we must aaaign equal probabilities to each pair. Here the 

a0aignment of equal a priori probabilities epringa from a deelre to avoid 

arbitrariness and thl0 accords with the vlewa expressed by a number of 

wrttera ia Justifying equal « priori probabilities ~ for example Jeffreys 

rexnarke, already cited, oa the need to assign equal a priori probabilities to 

avoid 'prejudice*.

To pot the matter generally, we see that in giving the semantic0 

for the concept of probability ia terms of comparative relations of evidential 

support, we are naturally faced with a decision at some point 00 to whether we 

can compare, ia respect of degree of evidential support, pairs of evidence aad 

hypothesis whUte the evidence Is the mill relevant evidence. Once decided the 

need for a non-arbitrary semantics requires that all such pairs be treated ia 

the tame way* Now, ia fact, we here have two options: on the one hand we 

may wish to admit that such pairs can be compared la degree of evidential 

support aad this deolelon then leads to the conclusion that all such pairs are 

equal ia this respect. Ob the other hand, we may 0impiy decide that such pair0 

are not comparable ia degree of evidential support and* again, treating them all 

fa a similar fa0hlon, we would simply refuse to assign comparative degrees of 

probability to any two of such pairs. That 10 to say, ia giving our semantics 

for the concept of probability in terms of comparative relations of evidential
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0upport, wo may aimply declda to exclude from the aemantlee comparative 

relationa between palr0 of evidence and hypotheala whore the evidence 10 wholly 

Irrelevant* T&I0, of ooarav, dooo not atop 110 from retaining the other *nd» I 

Chink cloarfy more platutfbie part of the eemaattce oHe^-red by the prtnelpte of 

indifference, the part which deftnea probability In term* of ooa$*?ath« relaticse 

of evidential oupport between pcira of evidence and bypotheeia whore the evidonoe 

10 relevant*

How, of oooroe, It might be argued that If we wore to reject that 

part of the principle'0 oamentlea that tadudea and treata aa equal each evldei*U*y 

relation between a hypotheala and ita mttt relevant evidence, one baa, 00 to apeak, 

thrown the baby oat with the bath water. That la, historically much Lntereat In 

te principle hag focueed on it0 capacity to aael0a a priori ^robabdttlea end, of 

oouree, tha dteeovery of a measa to aeetgn a priori probabllitlee 10 not xtnlike 

flbe dlacorery of tt* proverbial phlio0opherf0 0tone. Bet to hold that the 

prinofpleg mala tolereet and appeal atema from tte determination of a priori 

probahmty tahiea la, I think, to fat the mattar the wrong way round. Cbee 

we aee the principle 00 ottering a aemantlca for file concept of probability In 

term* of comparative relaUong of evidential euppdrt and realise how plaoelble 

thla 10 In thooe ca0e0 where the evidentiary rtlatlong to bo compared are thoao 

between typotheeee and their relevant evidence, we can aee the comperleon In 

tha 00000 where the evldenoe 10 Irrelevant aa a natural, but mlagulded. eaqainalon 

of 0 pUuatble eemantlca to Include kaa plauaible 00000*
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Now as the principle of Indifference ia genuinely ambiguoua 

between aaalgnmenta of equal probability in relation to evenly balanced and 

relevant evidence and the nun relevant evidence, the principle must ha construed 

aa offa ting semantics Including both aorta of 00000* But once thla le appreciated
N_X

we can 000 that the more plausible part of the semantics of&rrod by the principle 

would attract us by having that appearance of analyttcity found in plaualble 

definitions, while the 1000 plaueible part would puccle ua and seem objectionable. 

Tbla, I think, largely explains why the principle has appeared at ttmes almost 

analytically valid and other times highly objectionably for the objectionable 

featurea stem from Just one part of a aemantlce which la, in other parts, 

highly plausible,
-' - .-;:';"• • .' <f • • '-•- • ... .-.- •

fodeed It is ju0t because much of the controversy over the 

principle can, in my opinion, be traoad back to this ambiguity that ! have 

devoted 00 ranch attention to elucidating it ia a chapter ostensibly concerned 

with the principle'a critics* Oboe the nature and consequences of this ambiguity 

art appreciated it is possible, in large measure, to deal satisfactorily with 

moat objections to the principle. In feet in what remains of this chapter I 

will try to show explicitly, first, that all but one of the moat common objections 

to tba principle are readily avoided if the principle's use 10 restricted to ca0es 

in which we have relevant evidence and, secondly, that there 10 every reason 

to believe that most classical theorists actually envtaloned the principle to be 

applied in such 00000 where relevant evidence existed.
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Aa to the first point, it is clear, for example, that restricting 

the principle's use to cases in which there exists relevant evidence would 

overcome the objection that, in violation of the maxim 'ex nihilo nihlT, the 

principle produces knowledge out of nothing, for it is only in the total absence 

of relevant evidence that we know nothing concerning a particular set of 

hypotheses. Similarly such a move would forestall Voa Mlses* objection that 

if *we know nothing about a thing, we can not say anything about its probability', 

for restricting the principle to circumstances In which the evidence was 

relevant to the matter at hand would insure that *we knew something about a 

thing' before we assessed its probability.

In the same vein, it is interesting to note that if recast to 

assign equal probabilities solely on the basis of equally balanced relevant 

evidence, rather than on null relevant evidence as well, the principle will 

actually be in a form quite similar to an apparently fundamental modification 

of the principle urged by many of its critics. Kneale, as evidenced by the 

passage cited at the start of the previous chapter, claimed that a correct 

basis for probability Judgments waa not the 'absence of knowledge' but the 

'knowledge of absence'. In a similar vein Reiohenbech, while criticising the 

principle, is prepared to accept a criterion of equlprobability if 'the equlprobability 

does not appsar aa following from tha absence of reasons, but as a result of the

existence of definite reasons*. Mellor also attempts a reconstruction of the
2 principle along these lines and from Keynea's remarks on the history of the

principle it would apfsar that Czuber attempted such a reformulation of the
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principle in tha 19th Century under tha guise of tha 'Principle of Compelling 

Reason'.

Mow tha existence of relevant but evenly balaaoad evidence that 

I have indicated aa the more satisfactory grounds for the principle of indifference's 

aaaignment of equal probabilitiaa doea constitute Juat such a definite, or compelling, 

raaaoft for holding alternatives equally probable. Wa have eeen how definite 

raaaoa for assigning unequal probabilities could only be provided by relevant 

avidenoe that aupportad one hypothesis more than another and, so, by similar 

reasoning, it ia clear that what ia meant by definite reason for assigning equal 

probabilities would be the existence of relevant evidence that ia equally balanced 

between hypotheses. Since Just such evenly balanced relevant evidence can be 

used la connection with tha principle wa see that, restricted to such evidence, 

the principle ia in a form not merely acceptable to, but actually advocated by, 

many of ita oritioa.

to addition I think it should be pointed out In thia context that
x- • .

to practice vary littts would be lost by abandoning the principle's uaa in 

determining a priori probabilities for, in reality, wa rarely, if ever, ara 

faced with hypotbesea about which we have abaolutaly BO knowledge at all* 

Realistically speaking, tea, tha determination of a priori probabUltiaa ia not 

a practice so necessary that we need severely lament ita passing.
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I bait closed tha above section by remarking that many objectioaa 

to fee principle oaa ba avoided * at Uttla cost * by abandoning ita application in 

relation to the anil relevant evtdeaee but retsiaiae; it in cases whore relevant 

evidence exists. Bignlftonntly enough, it cam In Mas with this posit Ion, ba 

ahowa that tba cant radictloaa to which tha principle la known to tod only occur 

whan Hai prtncipl* la applied !a relation to ti» aaatt valavaat tvWenot, rathar than 

^ a boojr of evmly balmoad raJtevai^ cvidfittoe» Cooaidar Koynaafa axanqpto of tba 

ooloor of a particular boolu &»yna« aaeplieitly atataa that tha example la one la 

wblohwahaw »ao evideaoo xtiavaat to tha colour* of tba book la question, aoit 

onjy ramataa to ba aao& that tWs ooatradlotioa oooM aot have ariaaa if, iaataad, 

wo tod a bodjy (rfa^aaly balaaoad rotovaat evidaaoe. Now, the first atop of tba 

roaaoniag that laada to our ooalmdiotioa i« that biflftf w> itwoa to oaooa« 

batweea TMa book la rod' tad ita aegntioa, wa muat lUNdga oaoh a probability 

ef|. Thia flrat atep QO^ bo arrii^ at 1^ ta ai^Ucation of tiia prb^ 

ladtfteraaoa to rolatloa to«aawniy balaaoad .Wty of rolavaatavSdanoa -for

•JGEuapia it n^at ba kaowa that rod, baiag an «yo-catoblag odour, waa wad 

vary atari? half tha tixna If puWlahora, with the ramalnlng pybttoatioaa diftdad 

owaly batwooa a aaiabar of oommoa ooloura auch »a btua, black, graoa ate. V
1 ••.;•'.. ".'.•. . - . ,>S . -

taat w»va tha total airaOabia ovidaaoo wa would hav* no raaaoa to proJar rod to 

not rod or vice veraa aad ao» by the principle of todlflerenoe, oaob would ba 

probabl*. But BOW wa oaa aot taka tha aaxt atap la our reaeoning to a ooutradlction- 

that wa have no reason to prefer tha hypotheaU * Thla book ia black* to ita 

natation * for wo do indeed have a reason to prefer ita negation aa tha predicate

•aot black1 encompasses tha more frequently used colour red.
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It should be clear that a similar line of argument will suffice to 

deal with many of the celebrated contradictions that the principle of indifference

i to: if we take a body of equally balanced relevant evidence as the basis 

for our judgment that there is no reason to choose between a set of mutually 

exclusive and exhaustive alternatives, that body of evidence will provide 

reason for preference among the members of those different sets of mutually 

exclusive alternatives that exhaust the same problem, whose use lead>to 

contradictions. The alternatives under the second set will encompass varying 

numbers of alternatives from the first set and, by hypothesis, our extant evidence 

gives equal reason to expect only equal numbers of the alternatives from the first set,*

*I am indebted to Mr. Mackie for indicating to me in a public discussion of a version of 
my argument here a point that may require some elaboration* He made the suggestion 
that the assignment of equal probabilities on the basis of equally balanced relevant 
evidence, as I have described it, apparently does lead to absurdities, if not 
contradictions. To keep with the example of the colour of a book, consider someone 
who has observed only a limited number of books, say, 20. Half of these have been 
red, the other half not red, and, in fact, these other 10 have all been black* All the 
evidence he knows is equally balanced between the hypothesis of red versus not red 
and so he concludes, rather absurdly we should think, that red is as likely as not* 
Mr. Mackie added that I could not in all fairness rule out such absurdities by 
suggesting that the man had simply failed to uncover the extant relevant evidence that 
book publishers use other colours; if I could appeal to this fact in explaining away 
such absurdities, then (Mr. Mackie argued) one should have been allowed to appeal to 
such relevant evidence to avoid the contradiction of Keynes's Initial example. The 
point, however, Is that Keynes's Initial example concerns the assignment of 
probabilities In the absence of all relevant evidence and so - If we are to remain 
within his terms of reference - we can not appeal to relevant evidence to avoid the 
contradiction. That such absurdities and contradictions can be avoided If we assign 
probabilities on the basis of relevant evidence is of course something I would admit 
and indeed this is at the heart of my analysis of the contradictions that principle 
leads to.

Once It Is accepted that I, unlike Keynes in his initial example, can 
appeal to the existence of relevant evidence to remove the appearance of absurdity, 
the difficulty raised by Mr. Mackie is easily dealt with. Interestingly enough what 
Mr. Mackie points to is an absurdity not an outright contradiction, as In Kfeynes*s 
example. I think It Is clear that the absurdity of concluding after observation of 10 
red and 10 black books that red Is as likely as not Is really the absurdity of reaching 
conclusions about probability after very limited observations. When I spoke of evidence 
equally balanced between different alternatives in virtue of the equal proportionality 
found in actual trials, 1 took it for granted that we had observed an extensive number 
of relevant trials. Unless we have done so, we can be led into absurdity - but not 
contradiction - by the method of weighing evidence I have relied on because this 
method Is appropriate only when extensive observations have been made.
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The ootxtradictiona In regard to geometrical probabilities can be 

deatt with In a almttar, but allghtly more conqple*, way. As aa example tot 110 

ooi>0id0r Bertread'e paradox* to moet famoue of to dlffictiltiee tot the principle 

givee rlee to in to fold of ftoimtrU^ |u^bUltiee« to thie paradox we are 

«0fced to determine to probability of & chord In a circle drawn aft random 

0*c0edtng to length of to 0id0 of an inserted equilateral triangle* Ewe think 

of to <dior4 ae toed by det«rmiaing an an^e from a tangent to to cirete, to 

principle of iadifierenoe apparently yteid* to ooc^ueloii that to

the chord exceeding the length a« the aide oC to trUngJe le ii the chord will be 

longer than to 0140 when, and only when, the angle from the tangent 10 tn the 

reap 6(K1200 and having no reaeon to prefer the anglea of 60^120° toOd-6<r* 

or ISO* to *•$** we conclude by to jfflnoiple that eaoh of theee poeelbttittes 

eqoally Ul»ly . AitornaU^ely we may think of to flfcatd »e llaad by the locution 

of ita mid point. Viewed in this faahlon to prtncipto of todltferenoe can yield 

to »00«ll tot tt U i probable that to chord wlU be longer than the side of the 

trlangeet if , and only If t to mid-point of to chord te at a dletaaoe leee than|
'•.'-..' > •.-•':.-'•••,•

from to center wffi to eliowt 10 loiter and d&ee tore ie no rea0on for the 

diord^ mid-point t» be kw than | from the oenter, rmlher than nm«, each 

of theee poeetbflitiee le equally lltety. But, to ghe ue a ttlid a^ioatioo of 

to principle to thla problem, It ehocld be clear that tf to <Aord 10 long»r than

to elde of to triangle when and only wbeo Ita mid-potot ie leee than { fromz

to center of the circle, a ooftoeotrlo circle at rtdiue | enoompaeeee aU to 

area in which to mid-point erf to chord can fall if It ie to be longer than to 

eide of to triangle. Stooe to tree of thia concentric circle la i that of the
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original circle and etnoe thara ia no reaaon to expect the mJd~polnt to fall within 

any particular area, las prtaoipla of indifference here yields tha raault that the 

probability of tha chorf being longer than tha aids of the triangle is

The problem hare, as Keynes acutely saw, is that the principle of 

Indifference is applied to choices between three different Infinite sats of possibilities 

where every possibility in each sat gfvss a determinate result to the question at 

hand. That is* selection of aa angle f rom the possibilities 0°~ls0° determines 

the relative lengths If we think of the chord ae drawn at that angle to a tangent. 

But similarly, selection of a linear distance from the center for tha mid-point erf 

the chord determines Oat relative length*. And finally selection of the mid-potnt'a 

location within tha area of the circle determines tha relative lengths. Now the 

principle of indtfEerenoe, in the absence of any relevant Information, is said to 

accord each poaaibaity within the three different sets an equal measure Us, each 

angle, distance and area are to be treated equally, aad fills in turn tsads to 

inconsistent results.

Accordingly, as Ktoynas recognised, it is a necessary condition 

far the resolution of Bertread'e paradox that one particular sat of possibiUtlas 

be dastdsd on as tha appropriate one. This, as Kfesals's later and more detaJlad 

analyais of (fee difficulty a&ggasts, is easy enough tf ws teow tha spssifle means

by which the chord Is to be drawn, If we know that the location oC He mid-point la 

to be determined by the fan of a rain drop, it seems most appropriate to determine 

the probability of tha ohord exceeding the side in length by reference to the area 

in which tha mid-point lisa and, if ws tato all arena as equally liMy, our result 

Is i. Alternatively, if ws know that the ohord is drawn along the Una of a pointer
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Oat la epon around aa axle on to edge of to circle, It la moat appropriate to 

determine to probability value by reforence to to angle formed by to chord 

to a tangent, and, If i« hoM aach ai^lo equally likely , our raautt la i Otor 

mechaniame for drawing to chord would make to diatanoe of to raid-point 

from to cantor to appropriate factor to be conaidered.

Important thing to note bere la that to line of a eoluttonto 

the paradox - the data H e of which COB be Sound iR Ktaeate 'e dUoueelon c tted 

abovt - Tvquirea oa to bave teowladgi* of to nsattod IQT wMoh to Aord la 

BotoeHy drawn. Bet once we have mich kDowledgt we haw paaaad from mir 

atate of total igaoraaoe aad tana) tefui to aoqutre evldenoe wbioli ta nalewBt 

to to problem at baad* So, aa with the oaav of noa-feoinetrte pr^ebUttiee, 

the dtflloaitiee tot to prteolpte gtfa Hae to oen lia reaoivad by aa appeal to
' •=••••••# ,- •• ll<
-%"^' : -:^ ft •''•• •*.' .

Thla perhapa baeomae clearer If we ocmelder tiiat our e vldenoe 

n»diaiilam Igr i^ali tti» clior^ la 4*iawi ta «ott tottaetf, 

eufflolest to determine to inlqaa probability vaioe we deeire* For«miaaJa» 

glYen that we toow to chord to be drawn by epiuUac a pointer aligned with the 

edge of to circle, we oaJy know tot to probebUi^r of the chord eaweeding the 

side tn length depende on to ptrobabOHgr of the pointer forming wioue anglaa 

wtthitaaida. CWy If wa take all anglea equally Ukely do we arrive at to

Here, of ooeree, we might try appealing to to principle of 

fcBdiftofnoe-fcnowteg nothing about to nature of to epinnlng maehanlam*
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we might aeaame awry aagla equally litely, aa taera to ao reaaon to prefer 

aagr particular angle. But thto to nothing move or toaa than an application of the 

principle of Indifference to a problem of geometrical probabHttiea to the abaaane 

of relevant evidence and, aa Bertrand'e paradox emowe to a particularly elegant 

and appealing way, «u^ api^eaitOM kad to <K»^radlotoi7 tvaiOta. Aa Keynee 

puta It, tfaa baMo problem with applying tha prtootpla to geometrical probaMtiltoa 

totbat • • ^,, . . ,,

If x aad f(*) ara both oontinou 
variablaa, fa«ytog ahrayg to tha aaiaa or to
A^L^_ ^^^^^^fc^fc^^J^^^ ^^^^^^^^^& ^fc,^^fcJJ ^M 1^^ •! > ^^A W Jf^^ ^^^^^^^^^^^^^^^ioa appogna aavaa« aaa x moaiiia Miwaatt 

batinaaii o aad df v^ara a <« ^d < b, aa
to ba aad tea probabOity lhat f (K) llea

' ..'•>

aad fd to be
•X •*.'.*•

expreeaioaa, whieh repreeent the probabUitiea
of aaceaaarUy eoncordaat ynchiaioaa, are not, ^ .
aa they ought to be, equal. 5

So although we have evidence relevant l» fat selection of a chord 

t«*. knowledp that a apinning meohanlam to need, and time can avoid Bertraada 

paradox* we wfll aaad farther relevant evidence about the nature of tha aptaatog
'**«;,' ''.,-•''-. ' ' •-•-,.

mechaniam to avoid arriving at contradictory ctMteluaione about it tiurough tsaa of 

the principle of Indifference.

li poiat of faot moat aeriooe avaluattone of Barlraad *a paradox have 

indeed been forced eventually to call cm further relevant evidence to aatobitoh the 

eqaal probabUitiea required for a numerical anewar to the original problem. 

Kaeale, for example, maiatatoa, by uaa of a celebrated argument of Potooatre,



215

that only a few further plausible assumptions, auch aa the relative size of the 

aroaa covered by each possibility, are required for aa ultimate unique solution. 

MeU0r contends ta reply that the assumptions are actually quite sweeping, fa 

any event, both writers agree that 610 paradox requires for its solution further 

empirical evidence which wifl be highly relevant to the question at hand. Moreover, 

tn so far as we are aH0, oa the basis of such relevant evidence, to reach the 

conclusion that a certain 00! of alternatives are equally litely, this evidence eaa 

be said to be equally balanced ta favour of each alternative. As with non-geometrio 

probabilities the e00enUal grounds for our evidence to be equally balanced will bo 

tha occurrence of the alternattvea in equal proportions in ttie past, ffthey or 

similar events did aot occur ia the past we would have ao relevant evidence, aad 

tf they occurred ia unequal proportions, the evidence would favour 00001 altoraativea 

over others. & foot, it seems fairly clear It 10 just such observed equal proportions 

oa actual occasions involving geometrical probabilities e.g. spins of roul*t*e 

wheels, that warrant the assignment of equal probabilities to each altoroativa.

Thus tn considering geometrical probabilities we find that th0 

contradictions to which 610 principle eaa toad only arise with Its use In relation 

to the null relevant evidence aad are naturally resolved by aa appeal to some body 

of relevant evidence, furthermore we 000 that ta the actual probabllstlc situations 

in which we might use the principle, the existing empirical data is relevant to the 

problem aad eaa be shown to be equally balaaood ia the very Important sense that 

It Indicates tha equal proportionality of the results obtained for each alternative. 

So ia bringing oat emphatically thi difficulties Involved ta applying the principle
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in relation to the null relevant evidence, ae well ae pointing out the efficacy of 

the principle in relation to relevant but evenly balanced evidence, a consideration 

of geometrical probability a strongly supports the suggestion that the principle 

can be satisfactorily formulated by restricting it to cases IB which the available 

evidence 10 relevant and evenly balanced*

Now, as already Indicated, such a restriction on the principle'a 

application amounts, on the interpretation offe^red here, to a decision to exclude 

comparative relations involving the null relevant evidence from the semantics
'..'•• w

given for the concept of probability. Curiously enough, the contradictions we 

have been discussing which recommend such an exclusion are themselves 

engendered by the need for a non-arbitrary semantics. Or eo, at least, I hai* 

claimed, for it was argued above that the conclusion that any two pairs of 

hypotheses and their null relevant evidence must be Judged equal in degree of 

evidential support (If they are to be compared at all) in order to avoid arbitrary 

treatment of essentially similar pairs. And it 10, of course, Just this conclusion 

as to the equal degree of evidential support of any two such pairs that leads to 

the contradictions when the equal degrees of evidential support are Identified, 

by the principle of indifference, with equal degrees of probability, It ia now 

possible to give a perspioous account of the cause of these contradiction* - to 

do 00 we should note that the contradictions in question are ia the first 

instance contradictions of the axioms of probability. For example Kfcynes's 

'Impossible case of three exclusive alternatives all as lltory as not', as he 

expresses the difficulty with the colour of a book, is Impossible because it
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violates the axioms, or syntax, of probability. By the special addition theorem 

we know that the probability of a disjunction of exclusive hypotheses Is the sum 

of their Individual probabilities and 00, on one line of reasoning, the probability 

of the hypothecs that a given book 10 red or black or blue wouldbeli This 

contradicts the axiom that all probabilities values are real numbers In the 

Interval 0-1. Other contradictions violate this or other axioms, e.g. Bertrandto 

paradox violates the axiom, formulated for a two place probability function, that 

the there Is only one probability value for a term b ra relation to a constant term 
a (Miking a as the null relevant evidence and b as the hypothesis that the chord 

exceeds the aide of the Inscribed triangle In length)*

'•'..I*

Put generally then, the difficulty Involved In the contradictions 10 

tbist If we desire a non-arbitrary semantics lor the concept of probability In
• '*; v

terms of comparative relations of evidential support and wish, moreover* to
• • .'. . . - •:•'.Include tn It comparative relations Involvbif the null relevant evidence, we are 

required to stipulate that any two hypotheses in relation to their null relevant 

evidence are equal In probability, for each such pair of hypothesis and evidence
'* •'

10 an instance of the same evidentiary relation. Unfortunately there exist 

hypothesee drawn from different sets of mutually exclusive and exhaustive 

hypotheses which can be compared each one by one and Judged equally probable 

In relation to the null relevant evidence. But taken collectively the probability 

values 00 determined violate the axioms or syntax of probability.

ff this characterisation of the contradictions to which the principle 

can lead 10 correct, we might expect to find arbitrary any solution to them other
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than abandoning all application of the principle on tha baaia of the null relevant 

evidence, for it wae Juat tha deaire for a non-arbitrary eemanilca including caaea 

of null relevant evidence that lead. to tha contradiction*. Thia, in foot, ia Juat 

what we do find with tha varioue propoaala that havo been put forward to reaolve 

the contradiction* without wholly abandoning tha principle'a a priori application.
7 AAyer , citing an example of Watting , puta juat thia point in general and compelling 

faahion. Hare 1 ahall ooacentrate on the particular featurea of the one line of 

aolution to th« contradiction* we have already eonaidered, vis., Carnap'e 

reatriction of the a priori applications of the principle to Q-dtviaiona.

Aa we aaw in the previoua chapter, for a aimpte example of a 

language with one family of predicatea (*W% *B% fB') and two Individual conatant* 

(V and V), Carnap'a Q-divieioa ia the three predicatea QX * B^Qf » W and 

Qs * B, for tbeee form a dlviaion and involve explioiily all the primitive predioatea 

of the language. Camap held It to be a matter of controverey whether* in applyteg 
the principle to the Q-dtvtetoo, we held Individual or atattatlcal dlstrlbutlonj 

aqtially probable, with aou&d inductive reaaoai&g favouring the latter* Our 

concern for the moment, however, ia the eelection of the Q-diviaion aa the one 

to which the principle ia to ha applied and we ahall aaeume for the take 

expoettory almptioity that once we have choaen a particular dlviaion, we will 

apply the principle to Individual distributions of that dlviaion, A a we aaw, eneh 

an application of the principle to a Q-division lead* to equal probabllttlea for 

each atate deecriptton, for aft Individual dfatribution under the Q-dlvlaion to 

a atate description, But aft alternative division was available in our example 

with the BO called molecular predicatea M - W and M » R v B, or more
^* tQ
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•imply W and ^W. Uaing the principle to assign equal probabilities to 

individual distributions under this division led to quite different probability 

assignments than if we applied the principle to the Q-divialon, and, to avoid 

such a contradiction, we are required by Caraap to choose the more 'natural 9 

Q-divlsion, This, in particular, meant that we ware to hold all state descriptions 

equally litely and thus we would, for example, deem the hypothesis 'Wa' less 

likely than » ~wa f for the latter holds in « state descriptions (*Ba, Wb9t 

' BB. Bb* ....)» while the former only holds in three ('Wa, Wb'» *Wa» Bb%

But can the greater degree of probability assigned to ' 

be justified in the absence of all relevant evidence ? ff, by thi principle's 

dictum that we are to treat alternatives as equally litely if and only if there Is 

no reason to choose between them, the unequal probability values assigned to 

*Wa f and ' *vWa* would require a reason to be known in favour of ' ~Wa% 

but, In the absence of any relevant evidence, there can be no such re* son, ^ 

Only relevant evidence can provide a reason for preference.

9 How it has been claimed as early as Sigwart, and more recently

by Ksynes and Blackburn , that in such cases we do have knowledge that

provides a reason for preference between, in our ejumple, 'Wa 1 and ' 

The knowledge Is that already discussed, namely that ' M¥a* involves the 

assignment of two primitive predicates to a, and thus v ~ Wa' holds in 6
• • ''*i

individual distributions under the Q-divlslon, whereas We* involves the 

assignment of one and thus only holds in three individual distributions under



22

the Q-dlvlslon. In C a map'a terminology what is claimed here la that we always 

have relevant evidence which favours hypotheses covering more individual 

distribution* under the Q-divielon {e. g. ' *w Wa') over thoae that cover lees 

('Wa'). That the existence of such relevant information could resolve some 

of the contradictions fully accords with the point made already, that the 

contradictions only arise in relation to the null relevant evidence. But if we 

claim that this knowledge does provide reason for preference we must abandon 

any pretence that our probability values are determined In the total absence of 

relevant evidence* for we now are assigning probability values on the basis of 

the evidence, deemed relevant* of the number of primitive predicates covered 

by a hypothesis - which of course is proportional to the number of individual 

distributions the hypothesis holds in under the Q division. Given that we deem 

as relevant evidence the number of primitive predicates involved in a hypothesis 

and thus as relevant the number of individual distributions under the Q-divlstan, 

the assignment of unequal probabilities to 'Wa 1 and ' n/Wa 1 Is not done in the 

total absence of relevant evidence* but rather is done on the basis of relevant 

evidence favourable to one hypothesis.

Put In this way I hope it begins to appear somewhat suspicious 

to claim that the number of primitive predicates, and hence individual distributions 

under the Q-divlsion, is evidence relevant to the probability of hypotheses of our 

language. As far as I can see, in saying this we have not offered an argument 

of any kind, but have only stipulated that we intend to regard the number of 

individual distributions under the Q-divlslon as relevant evidence. What
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independent rationale can be given for regarding this as relevant evidence ? 

Can we not Just as easily regard the number of Individual distributions under 

the division formed by the predicates Mj and ML as the relevant evidence 

which decides the matter. We may feel Ubi saying that hypotheses covering 

more distributions under the Q-divialon can happen in more waysi after all 

1 <*Wa* can occur as *Ba > or tBe t. But only by regarding the matter from, 

so to speak, the perspective of the Q-dlvtsion can such hypotheses happen In 

more ways' t it is equally true that ' "Wa f , like *Wa', happens in only one 

way, namely by a not being white* " "

Again one might be tempted to reply here that hypotheses like 

1 "Wa* can really happen in more ways than ones like *Wa% because there

are more state descriptions in which ' <vWa* holds and the number of state'•'•.' i- . • ..£.
descriptions in which a hypothesis holds is the Important fact* But now we 

have oome full circle: a state description simply is an individual distribution 

under the Q-dlvision and so claiming that the number of state descriptions In 

which a hypothesis holds Jf. the relevant evidence, we simply have re-stated 

cur previous claim that the number of individual distributions under the 

Q-dlvlslon is the relevant evidence. And again I ask why is this evidence, 

as opposed to evidence of the number of individual distributions under some 

other division, the relevant evidence that decides the matter.

argument here against the claim that we have knowledge 

that gives us reason to prefer those hypotheses covering more individual 

distributions under the Q-division (those holding in more state descriptions),
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dose not, to fact, materially affect the main point I wish to make about the 

contradictions! it was acknowledged that the eontradiotions oouid be resolved 

if we used the principle of Indifference in relation to relevant evidence* The 

discussion in the above two paragraphs only concerns what we may legitimately 

appeal to as relevant evidence* Now the important fact at the moment is that 

Carnap, whose solution to the contradictions we are considering, does not, 

and coatd not, regard the information of the number of state descriptions la 

which a hypothesis holds as evidenoe relevant to that hypothesis* Rtthor the 

number of state descriptions in which a hypothesis holds determines its range 

and it is other sentences having different ranges that constitute evidenoe for the 

hypothesis. How then can he Justify as other than arbitrary the choice of the 

Q-divtsion as the unique division to which the principle of indifference is to be 

applied? The probability values that result are different for certain different 

hypotheses and if we think of the probability values as reflecting degrees of 

rational credence, such assignments apparently reflect different degrees of 

rational credence to be accorded various hypotheses. But it is difficult to see 

how, in the absence of any evidenoe relevant to two competing hypotheses, we 

can rationally have more credence in one than the other, and so &tueh probability 

assignments will be arbitrary*

The arbitrariness of the semantics offe -red by a consistent 

assignment of equal probabilities in relation to the null relevant evidence is 

most clear when we consider geometrical probabilities. We have seen that 

any Inconsistency is avoided fact a wholly natural way if we assign equal
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probabilities on the basts of equally balanced relevant evidence, such as, for 

Bertrand's paradox, knowledge of the kind of method used for drawing the 

chord and knowledge of the proportions yielded by this method. But what are 

we to do in relation to the null relevant evidence ? To ask this is, of course, 

just to ask which of the three methods of determining probabilities used in 

Bertrand's paradox is to be chosen as the correct one in a state of total 

ignorance. The force of Bertrand's paradox is that any choice must be wholly 

arbitrary - this, I take it, is what Borel and Polnca^re meant when, as Kieynes 

puts it, they found the choice of any particular procedure for determining 

geometric probabilities with the principle simply a matter of 'convention'. 

Unlike non-geometrical probabilities for which certain restriction to avoid 

contradiction* (such as Carnap's proposal to use only the Q-divislon) appear 

at first glance not to be wholly arbitrary, geometrical probabilities are amenable 

only to restrictions that are all patently arbitrary.

We thus are forced to admit that if we wish the semantics

offe -red by the principle of indifference to include comparative relations 
>*s

between pairs of hypotheses and their null relevant evidence we must accept 

an arbitrary semantics if our semantics is to provide a consistent and thus 

adequate interpretation of the axiomatic features of the concept of probability. 

This consideration seems to me the most compelling of any so far adduced to 

persuade us to exclude such comparative relations from our semantics and thus 

abandon the attempt to determine a priori probabilities by use of the principle. 

This, of course, simply reinforces the point made at the end of the previous
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section of this chapter, namely that the principle will he in a form that avoids 

most serious objections If, but only If, its use is restricted to cases where 

we have relevant and evenly balanced evidence.

An Historical Remark

Having seen the numerous difficulties that the principle

encounters if, but only if, it is used to asaign equal probabilities in the absence 

of all relevant evidenoe, it now seems appropriate to note that all along meet 

traditional advocates of the principle, as opposed to its critics, Intended it to 

** u*ed primarily to determine equal probabilities on the unproblematie basis 

of relevant but equally balanced evidence. Once we hare established this it should, 

I think, be acknowledged that the principle of indifference, even as traditionally 

advocated, deserves the respect due to the first (If somewhat confused) attempt 

to define probability as the comparative concept of evidential support, rather

than the disrepute that Its association with dubious a priori probabilities has
* 

brought It.

First of all let us consider Bernoulli's second maxim already 

discussed, namely that we are to take all the relevant evidence that we can in a 

given situation. Such a malrim was hardly called for it it were envisioned that 

the total evidence possible would, in most cases of interest, turn out to be the 

Bull relevant evidence. Given the expectation that we shall usually have to deal
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with the null relevant evidence, we need not be exhorted to consider the total 

relevant evidence possible, for there is no such evidence to be considered in 

part or in toto. Thus Bernoulliii maxim Is only really appropriate in the context 

of the expectation that the total evidence will, on the whole, be relevant.

Admittedly this is not a particularly strong argument for showing 

that Bernoulli was primarily concerned with comparative relations of evidential 
support involving relevant evidence; however it does suggest that a careful 

look at the kind of use that the principle was put to might well reveal a 

predominant concern among its proponents for such comparative relations. How 
proponents of the principle were, somewhat notoriously, given to asserting that 
the principle could determine probability values on the basis of mere Ignorance. 
But the ignorance spoten of is more often than not further characterized as 
ignorance of any reason for preference. And, as we have seen, such ignorance 
of reason for preference can arise from awareness of evidence relevant to the 
matter at hand, when that evidence is evenly balanced between the alternatives. 
Judgments of equal probability made in such circumstances are, as we have seen, 
based on unproblematlc comparative relations of evidential support between pairs 
of evidence and hypothesis where the evidence is relevant to each hypothesis.

UJLFurthermore, let us consider the kinds of probalistlc situations
r\

to which the principle traditionally was applied. Despite the occasional excursion 
of proponents of the principle to matters as far from games of chance as theology 
and astronomy, the principle was most characteristically applied to, and 

illustrated by, ordinary and simple games of chance involving dice, roulette
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wheels, cards etc. Now of course, coins and dice have been tossed for a very 

long time; the physical properties that are deemed relevant are simple 

measurable magnitudes of weight and size, while the statistical results, if 

carefully gathered, can be easily evaluated. (Many philosophical studies of 

probability actually cite lengthy trials of coin tossing)* Moreover, even in the 

absence of any seriously gathered statistics It is widely believed (and correctly 

so in my opinion) that the actual proportions occurring in tossing of ordinary coini 

or dice, as well as spins of roulette wheels and distributions of shuffled cards, 

are roughly equal for each ordinary alternative, e.g. *heada9 or 'black' etc,, 

involved in these games. And, I think, it is Just such a belief that serves as 

the basis for the Judgments of equal probability made by the principle of indiffereo 

in these cases* We have no reason to prefer heads to tails in a coin in ordinary 

circulation because such coins are believed, on the whole, to produce heads in 

one out of every two trials, similarly so for the other games. And we have seem 

at length already, the assignment of equal probabilities in such circumstances is 

clearly based on the existence of relevant but evenly balanced evidence.

With this in mind let us look at the writings of an eminent
\ iX

philosopher who, among English authors, has the dubious distinction of being 

known as the most ardent advocate of the principle's application on the bests of 

null relevant evidence, namely W.S. Jevons. Now, admittedly we will find 

Jevons advocating equal a priori probabilities but, I think, with the above 

considerations in mind, it wffl become clear how small a part these a priori 

probabilities play in hia over-all treatment of the principle. This will, I hope,
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Indicate In general how traditional proponents of the principle primarily 

regarded It*

Consider the passage from Jevons wtth whloh he begins a section 

called •Fundamental Principles of the Theory* and whloh might, at first glance, 

appear to deal wtth the assignment of equal probabilities on the basis of the mill 

relevant evidence.

We must treat equals equally, and 
what we know of one case may be affirmed of every 
case resembling it In the necessary circumstances. 
The theory consists In putting similar eases on a par, 

- and distributing equally among them whatever knowledge 
we possess* Throw a penny into the air and consider 
what we know wtth regard to Ita way of telling. We 
know that It will certainly fall upon a side, so that 
either heed or tafl will be uppermost; but as to 
whether it will he bead or tall, our knowledge Is 
equally divided. Whatever we know concerning head, 
we alao know concerning toll, so that we have no 
reason for expecting one more than the other* The 
least predominance of belief to either side would be 
irrational t it would consist In treating unequally * 
things of which our knowledge is equal.

The theory does not require, as some ' 
writers haw erroneously supposed, that we should 
first ascertain by experiment the equal facility of the 
events we are considering... Nor does the theory show

• that the coin will fall as often on the one side as the
other, ft is almost impossible that this should happen, 
because some inequality in the form of the cote, or 
some uniform manner in throwing It up, is almost 
sure to occasion s slight preponderance In one 
direction. But as we do not previously know In

• which way a preponderance will exist, we have no
reason for expecting head more than tall. Our state 
of knowledge wfll be changed should we throw up the 
coin many times and register the results* Every 
throw gives us some slight information as to the 
probable tendency of the coin, and in subsequent

• •• calculations we must take this into account, m ^< k 
eases experience might show that we had been
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entirely mistaken; we might expect that a die 
would fall aa often on each of the alx atdea aa 
on each other aide in the long runt trial might 
•how that the die waa a loaded one, and falle 
moat often on a particular face. The theory 
would not have misled usi it treated correctly 
the information we had, which ie all that any 
theory can do. **

Kotiee that in thla paesage Jevona repeatedly emphaaizea that 

it ie knowledge, ae well ae Ignorance, that la evenly distributed in the application 

of the principle of Indifference - indeed he explicitly states at another point that 

applications of the principle might as well be characterized as 'engaged with the

equal distribution of knowledge 1 as by saying it is engaged 'with the equal
. '••* '$jr-•- .•''••'- • 

distribution of ignorance'* On the analysis offered in this chapter, we can

understand this equal distribution of knowledge in virtue of which equal probabilitiea
;.;t : ,. _ .< -.. . . .. .;. v • . • • w-" ,.;.•'•. . . . •.••••/

are aeslgned as the awareness of relevant evidence of a kind that ie equally balanced
"-/;• ' '•; >'. ,•*",,. ' • • • J ' •• • --."'••.• - . .

between the alternatives. For example, the coin of which Jevons says our knowledge 

Is equally divided between heads and tails is just that kind of case in which, as we
' ? •*,'*'-••• • '

have Just seen, we do have relevant evidence, namely the information that the 

coin has been drawn out of circulation in the ordinary fashion and moreover, that
1 ' ' • ••> ;rv . • "•:•. • . .

the ratio of heads to tails in the past with such coins has been roughly even. That 

Jevons Is concerned with such relevant evidence, evenly balanced by equal 

proportions in past trials, can be seen in his other example of the die. Hare, 

by the principle of Indifference, we are led to expect that va die would fall as 

often on each of the six sides aa on each other in the long run.' But surely 

such an expectation is not formed merely on the basis of null relevant evidence,
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paat experience haa ahown that auch 10 tha proportion to ba found among dice 

00 a whole. That tha die, unbeknown to ua, might ba loadad doaa not affect 

tha fact that in tha ab0anoa of information about ita exact weighting, we do 

haw relevant evidence about it, namely that it 10 made oat of a certain subetaaee 

and, to tha naked eye, haa regular edgea with symmetrical markings etc, -And, 

of ooume, auch objects have been eeen in the paat to produce roughly equal 

proportion* for each face* Further information about ita exact wight Is, of 

eouree, relevant and Indeed highly significant but this 10 not to say that in its 

absence we lack any relevant information*

Finally let us consider in thia light what thoae Interested in the 

minutiae of the principle's history might well regard as the nadir of a priori 

probabilities in tha papa of Jevon's Principles of Science and the footnotes of 

Kieynea'a Treatise. Jevons at one point remarks:

If I ask the reader to assign the 
odds that e PlatythUptio Coefficient ia poafUva 
he will hardly eee Ms way of doing so, unless 
he regard them aa even* I3

Evtn Ksynes, who as we have seen waa sympathetic to tha principle, 

balks here for he concludes, naturally enough, that thia passage shows that 

Jevona will go 00 far in assigning equal probabilities in the absence of relevant 

information ae to assign them to even apparently meaningless propositions:

Oevona's particular example, 
however, ia also open to the objection that 
we do not even know the meaning of the subject 
of tha proposition. Would he maintain that there 
ia any eenae in saying that for tho0a who know no
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Arable the probability of every atatement 
expressed in Arabic la even. How far ha a 
he been influenced by known characteriatica 
of tha predicate 'positive' ? Would he have 
aaaigned the probability i to the propoeition 
•A Platythllptic Coefficient ia a perfect cuba T ? 
What about fee proposition 'A Platythllptic 
Coefficient ia aj}o geneous' ?

But Keynea aeexna to have miaaad Jevons's point here, Jevons's example waa 

chosen particularly because the proposition appears meaningless. Moreover, 

and this ia the Important point, it waa ohoaen aa meaningleaa in order to show 

how rare are the caaea in which probability vaiuea are aaaigned in the abaenee 

of any relevant evidence. Immediately before the paaaaga just quoted from 

Jevons we find him asserting:

We ban hardly Indeed invent a 
proposition concerning the truth of which we 
are absolutely ignorant, except when we are 
entirely ignorant of the terms used.

So Jevons's example of the 'Platythleptio Coefficient* far from ahowing him to 

be primarily Interested in using the principle of indifference in oaaea where we
" ''•!,'•

lank relevant evidence, is produced only to show how rare such oaaea are 

(although, of course, there is no doubt that he did think in auoh caaea we ahouid 

assign tha probability J to each proposition and He negation),

Thua save for such oaaea aa the 'Platythllptic Coefficient' and a 

few literally far fetched caaea auoh aa a famoua 18th and 19th Century diapute ^ 

over properties of the star Sirius , even Jevons can be understood aa primarily 

concerned wl th the assignment of equal probabilities on the basis of equally 

relevant evidence rather than the null relevant evidence. And so,
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as I suggested before, in fairness to many advocates of the principle, we 

should consider it as primarily intended to offer the plausible definition of 

probability as the comparative concept of evidential support, where the evidence 

employed is relevant to the hypotheses in question*

Subjectivism and the Principle of Indifference

Now I do not wish to claim that all_ object Ions to the principle 

have arisen because of its application in relation to the null relevant evidence. 

Thus even if we accept the findings of the previous sections that, (1), most 

objections to the principle do regard its use for determining a priori probabilities 

and, (2), that the principle was primarily intended by classical writers to 

determine probabilities on the less problematic basis of relevant but equally 

balanced evidence, there still may remain certain objections to the principle. 

In fact the only significant objection to the principle still outstanding is that it 

leads to a subjective conception of probability and In this .. section of thin 

chapter 1 will examine this objection at length on the basis of the interpretatioa 

I have put forward of the principle as definitional in character.

Let me first of all explain the sense in which it is not, in my 

opinion, the use of the principle to determine a priori probabilities that 

accounts for the appearance of subjectivism often associated with the principle. 

The Important point here is put quite simply in terms of our example of the
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Platythliptlc coefficient being poattlve. Bar* admittedly we have BO evide

relevant to tbia proposition, but tbla la hardly a eubjeetlve mattar * It la a 

quite objective fact that BO evidence can ba relevant to tola propoettloa for it 

tea BO dear meaning. Thus there la nothing 'subjective* about aaatgoing tbla 

proposition toe probability it objeetftoaable aa It la OB otter grounde. 

Similarly tf It la thought that we have BO evidence relevant to a given coin landtag 

heada until it la toaaed repeatedly (I, for one, don't think tale}* any coin which 

tea not yet baea toaaad win be one for which, quite objectively, there la BO 

relevant evtdenee*

So whatever grounds there are for claiming that the principle 

leads to objectivism, they will not be Its admittedly problematic use In relation 

to tte null relevant evidence aa such. The real basis for such charges can, t 

think, ba uncovered If we recall the discussion in Chapter V of subjectivism, 

te Chapter V X Indicated that theories which define probability aa a relation 

between evidence and hypothesis could lead to two different kinds of subjeotiviams 

flrat af all subjectivism could eater into the theory proper, aa I pot it* A theory 

of probability as the relation of evidential aupport would be aubjectiviat !a tills 

uiiiise tf the probability value that a peraon were to aaslgn pairs of evidence and 

hypotteais OB tte baele of tte theory could depend OB his actual baitofa about the 

relationship of tte evidence to the hypothesis Both Kaynea aad Camap were at 

to ahow that their theoriea of probability aa a logfoal relation of evidential 

support made tte degree of probability to be aaaigned to palra of evidence and 

hypothesis dapaad only OB purely logical relations between evidence aad
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hypothe010, which obtained quite Independently of what any Individual might 

believe. Thus, as I also said about my own theory of probability 00 as 

empirical relation between evidence and hypothesis, no subjectivism entered 

into theee theories proper. But there waa a second variety of subjectivism to 

which theories of probability 00 th0 relation of evidential support could lead to 

and title waa one which would eome about when theee theories were applied lo 

0ttuaUon with the hope of determining the unique probabilities often needed for 

the purpose of action* If, 00 Caraap appeared to propose, the methodological 

requirement to take the total available evidence was understood in the weak 

sense that a given person at ft given that was only required to consider all the 

evidence he them knew, the probability valuea determined by this requirement fot 

purposes of action would depend on the amount of evidence known to each person, 

Subjectivlem of this kind could be avoided for a theory of probability 00 0 

relation between evidence and hypothesis if, but only if, the methodologies! 

rule0 by which that theory was applied to yfeld unique probabHttiea were
&

formulated in a sufflctantly strong manner, "''

•' •' , • • ' • '. ' ' '4 ' • •' '

With this analyses of the two different varieties of subjectivism 

a theory of probability as a relation between evidence and hypotheele can lead 

to, it 10 possible to give a perfectly clear account of why the principle of 

indifference wa0 00 often believed to lead to subjectivism. On the analysis
•

I have o£E0 red, the principle Js an early and rudimentary version of the
'•..,;'', :.'!•:• • • • ,

definition of probability as a relation between evidence and hypothesis - a
1 \

version In which probability 10 defined, through fbdng Identity conditions.
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tt a comparative relation bttweeu evidence and hypothetit, or, at I have often 

4ald, defined at tbe comparative concept of evidential support. At tuob it can 

lead to Just theee two kindt of subjectivism unless proper precautions are taioen*

Flret of all let nt oontider what I bave called subjectivism In a 

theory propers here a theory which deflnea probability at a relation between 

evidence and bypothetit would lead to subjective results if the probability valuet 

tttigntd to pairs of evidence and hypothesis were made to depend on . peopled 

actual belief 0 about the relationship between the evidence and hypotheses* to a 

theory in which probability it defined as a comparative relation of evidential 

tnpport, palm of evidence and hypothesis are not asslgnod numerical probabilities 

one by one, but only comparative probabilities In relation to Oder pairs of 

evidence and hypothetit* to recent timtt probability theorists bave devottd 

considerably less attention to the comparative concept of probability than to the 

quantitative concept} however* even since Keynet* Koopman hat offered a theory 

of probability at a comparative relation of confirmation and Carnap himtelf 

devotes considerable attention to giving the outline* of such a theory * 

Carnap, and thla 10 what it important for us, it again at paint to develop 

thit theory in t way that makes the comparative probabilities atelgned to 

pelrt of evidence and hypothetit in relation to each other depend only on purely 

logical relations between the evidence and hypothesis of each pair. At with 

quantitative probebilitiet, comparative probabilities assigned to pairs of 

evidence and hypothetit will not, In Caraap's system, depend on the subjective 

matter of Individual btUeft about the evidence and hypothesis. Thus at least
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tree from our first variety of subjectivism*

Bet. of ootirea, there is no necessity to regard the comparative 

degrees of probability holding between paira of evidenoe and hypothesis to 

depend eaiely on iogioal relations between evidence and hypothesis* These 

comparative probabilities might depend on empirical relations between evidence 

and hypothesis or, simply, on opinions people have about tbe evidence and the 

hypothesis* Certainty in practice comparative degrees of probability are not 

always assigned on the basis of purely logical relations * people of certain 

religious persuasions believe hypotheses to be batter supported by evidenoe 

of Biblical quotations than by tte evidence gathered by scientific observations; 

others, of course, do not. If comparative degraea of probability between 

different pairs of evidence and hypothesis were in practice always determined 

by purely logical relations between evidence and hypothesis, such differences 

of opinion would not occur. However, as this example clearly illustrates* a 

theory of probability that allows comparative degreee of probability to be 

assigned on extra-logical considerations runs the risk of sanctioning different 

comparative probabilities between the same pairs of evidence and hypothesis 

for different people depending on their different belief a - and this* of course, 

is our first variety of subjectivism.

What of the definition of probability aa the comparative concept 

of evidential support which I have claimed Is Implicit in the principle of 

indifference? To take the primary case, are the equal probabttitiee sanctioned
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by the prinoiple when the available evidence gives no reason for preference 

baaed on purely logical relations between that evidence and tho hypotheeea in 

queation? Well, the prinoiple of Indifference, aa I interpret it, only presents 

in a rudimentary way a aemantles for the concept of probability; among other 

reasons why thia definition muat bo regarded aa rudimentary ia that the classical 

theorists did not tate the trouble to explain cleariy and rigorously the phrase 

'reaaon for preference 1. In the absence of an explanation of thia expression we 

can only conjecture what the classical theorists would have regarded as the 

grounds for aaying a body of evidence did or did not give reaaon for preference. 

Waa it purely logical considerations, aay, of the range of the evidence and 

competing hypotheeea that made one hypotheaia preferable to another on given 

evidence ? Or could someone rightly hold that a body of evidence made one 

hypothesia preferable to another just because it looked that way to him? It eeeras 

plausible to think that the classical theorists did not hold the latter view, but, 

alternatively, it would bo a gross anaehronlem to ascribe the former view to them*

It li now posaible to understand one reaaon that the principle 

appears to some to lead to subjectivism. A a we saw, the crucial idom of 

rreaaon for preference' waa to be analyzed In terms of the comparative concept 

of evidential aupport * there would be reaaon to prefer one hypotheaia to another 

if, but only if, tte available evidence supported that hypothesis more than the 

other, ft was in light of this analysis of 'reasons for preference* that I 

concluded that the prinoiple in fact offe -red the comparative concept of 

evidential aupport aa a definiena for the concept of probability - thus the failure
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of classical writers to elucidate what constituted 'reasons for preference* 

then is tantamount to a failure to explicate the dsftnlens they offered for the 

concept of probability. Our brief consideration of Carnap's (outline of a) 

definition of probability as the comparative concept of confirmation or evidential 

support, shows that it is possible to give an account of the deflnlene here in such 

a way that the comparative degrees of confirmation assigned to different pairs of 

evidence and hypothesis would depend solely on logical relations between the 

evidence and hypotheses in question. But as we also saw, it was not necessary
4<

to do;* failure to make the comparative probabilities depend on purely logical 

considerations did, however, run the risk of leaving us with a subjective conception 

of probability. Since classical theorists writing on the principle did not explain 

what considerations made evidence provide, or fail to provide, reasons for 

preference (that is, did not explain the comparative concept of evidential support 

which is the deflniens for the concept of probability offr red by the principle), It 

is perfectly possible to believe that they did not hold that purely logical relations 

between evidence and hypothesis were the relevant ones* B then is distinctly 

possible that the definlens for the concept of probability offerred by the principle 

is a concept of evidential support such that comparative degrees of evidential 

support assigned to pairs of evidence and hypothesis are not determined by purely 

logical relations between evidence and hypothesis. Depending on what other 

considerations might for them have determined reasons for preference the 

conception of probability the principle leads to would be subjective. Certainly 

the conception would be subjective if, along the lines I hypothetloally suggested
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above, claealcal theorists believed a pereon could rightly bold that a body of

evidence five no reason for preferring one hypothesis to another just beeanee 

It looted that way to him.

Mow Caraap hae argued that the classical theorists did on Hie 

whole believe probability to be an objective, logical, relation between evidence 

and hypothesis, In this X think be Is correct? however, at Hie moment we are 

not concerned with their vlewa 'on the whole' but their views on Hie principle 

of Indifference, ra eo far ae the classical writers were not forthcoming an to 

what sort of relations between evidence and hypothesis constituted reason* for 

preference, it remains an open possibility that Hie principle leads to a subjective 

conception of probability - the reasons for preference which by Hie principle 

determines probabilities might depend on the subjective matter of peoples* beliefe 

about the evidence and hypotheses in question.

Now my interest here Is not so much to charge the principle with 

subjectivism or vindicate ft from such a chargs - In faet 1 think a verdtot of 

not proven ie more appropriate - rather I am more concerned with explaining
'•'i • ••. . : .j,

why the principle might appear to eome to lead to a subjectivlet oonoeptlon of 

probability, but not eo to others. Cbe reason for this hae emerged so far from 

my analysis of the principle as a rudimentary version of the definition of 

probability ae a relation between evidence and hypothesis - any theory which 

defines probability as a relation between evidence and hypothesis will lead to 

•ubjectivlem If it permits probabilities to be assigned to patre of evidence and
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hypothesis in a way that depends on personal opinions rather than objective 

relations between evidence and hypothesis. Since the classical writers did 

not explain what sort of relations between evidence and hypothesis were

grounds for preferring one hypothesis to another on a given body of 

evidence - that is, did not explain what relations determined the degree 

of support or probability of a hypothesis on a given body of evidence - It 

is an open possibility that the concept of probability defined by the principle 

leads to just this variety of subjectivism. This is a possibility that has all 

too eagerly been fastened on to by the principles critics.

However on the view given here it is not the case that the 

definition of probability encapsulated in the principle actually leads to 

subjectivism; rather it is that that definition is given in such a rudimentary 

way - and expressed in such a vague intuitive Idiom - that the kind of elaboration 

required in a relational theory to avoid such subjectivism just was not provided. 

It is an open possibility that the relations deemed relevant by classical writers 

for determining probabilities by the principle were of a kind that do lead to 

subjectivism; however, it is just as much an open possibility that the relations 

deemed relevant were of a kind that would avoid subjectivism. Depending on 

which open possibility one opted for in interpreting it, the principle would or
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would not appaar to lead to subjectivism. This I tato it is Just what has 

happened in tha course of tha principle'a long and controversial history* with 

proponents and opponents of the principle seizing on different possibilities of 

those left open. As both possibilities were genuinely left open by lacunae 

In tha classical theorists1 ti»s*msnt of tha principle, the appropriate verdict 

on the charge of subjectivism so far considered seems to me to be toot proven!

The variety of subjectivism we have so far considered is that 

which X called subjectivism i& a theory proper* However, as we saw* then* is 

a second variety of subjectivism to which theories of probability as a relation 

between evidence and hypothesis cam lead: that which may arise whan the theory 

Is applied in tbe hopes of obtaining tha unique probabilities so often needed for 

tha purposes of action. We have aasa how for this purpose most writers who 

present a theory of probability aa a relation between evidence and hypothesis ' 

recommend, l» ona form or another, tha maxim that wa ara to taka the total 

available evidence-, although, as we also noticed, different interpretations of 

what constitutes available evidence exist, ranging from an objective one to a 

subjective one. If 'available evidence 1 Is understood in tha latter subjective 

asase, the maxim to teas the total available evidence leads to results that 

are only unique for a given person at a given time-people knowing other 

amounts of evidence will decide on a different probability value for a hypothesis 

for the purposes of action* This* as we aaw, constituted a second variety of 

•objectivism and ona that could only ha prevented by atrong enough methodological 

rules of application*
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How it was explained near the end of the previous chapter now 

the principle of indifference would frequently yield unique numerical probabilities* 

Such results were arrived at because, although encapsulating a comparative and 

relational definition of probability, the principle was so formulated that any 

given person at any given time could only apply it in relation to one body of 

evidence. Just what body of evidence this was turned out to be a matter of 

some dispule * Hackle and Kneale held that the principle was properly applied 

by someone on the basis of the evidence he then was aware of, which, of course, 

meant the total evidence he was then aware of* Blackburn and Bernoulli held 

tost the evidence to be used was the total amount one should or could obtain in 

a given situation. On either line of interpretation one parson at one time could 

apply the principle on the basis of one body of evidence alone and so would 

arrive at Just one ordering of the competing typothesss ia respect of comparative 

degrees of probability. This in turn lead to a single numerical value in those 

oases in which a set of mutually exclusive and exhaustive hypotheses were found 

equally Utoiy.

It should be dear that if the MacWe-Kneale Interpretation of the 

principle is accepted, the principle can lead to different numerical values of 

probability for different people In the same situation, depending on the different 

amounts of evidence they know. Thus, on their interpretation of it, the principle

leads to a kind of subjectivism by warrantiag different probability values for• • *•
different people in the same situation - different people will apply the principle 

in relation to different bodies of evidence. Significantly enough, the kind of
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eejbjectivlsm hare is Juet tha aaoond variety we haw discussed » tha subjeetivlem 

that results when a theory of probability ae tha relation of evidential support fa 

applied to determine unique probabUitiea on tha baata of tha evidence whleh 

happen* to be known at tha time by those who are applying tha theory.

Convereely, tf tha BlacWb«m-Bemoulli interpretation of the 

principle ia accepted, the principle will not lead to this kind of subjectlvlem, 

for on their interpretation the principle ia only properly applied In relation to 

the totality of evidence ana could or should have known In a given situation. 

Both the evidence we could have known and the evidence one should have known 

are totalities of evidence fixed quite independently of what evidence ia actually 

known by particular people in a situation. Thus if we determine probabilities 

by fliiplying the principle on tha basis of either such totalities of evidence, the 

results of applying it will not vary because different people happen to know
c-,«"

different amounts of evidence. Aad it was Just tha possibility such variation
A

tm the results of applying the principle to determine unique probabilities that 

made tha principle appear to lead to our second variety of subjectivism.

How aa before I am not primarily interested in arguing for 

ti»e Koaale-Mackle Interpretation of the principle, and so convicting it a form 

of subjectivism, or arguing for the Blackburn-Berno^Jli Interpretation and 

vindicating ft* Bather, again, I am interested in elucidating the reaaon why 

the principle has seemed for eoxna to toad to a subjective conception of 

probability and not seemed so to othare. A aaoond reaaon baa now emerged 

for thia - although encapsulating a relational definition of probability, the 

principle wffl yield the unique probabilities we eo often desire for It Is
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expreaeed in 0uch a way that it will alwaya be applied by a peraon in relation 

to Juet one body of evidence. Depending on how the principle la interpreted, 

thla body will either be the totality known to the peraon who wlahea to apply it 

or a larger totality Incorporating evidence whioh In eome eenae is available, 

although not neoeagarily knowa to tho p0r0oii in quaatioe. Cfe the former 

interpretation found in Kneato aad M»clde, the principle win lend to that Mad 

of aujtyeotiviam we dlagnoeed aa ariaing when we attempt to give unique 

application to theoriea which define probability aa a relation of evidential 

0upport, OH the Utter Interpretation found in Bernoulli and Blackburn thii 

variety of aubJecUviam ia entirely avoided.

Now it might eeem In all fairnese to Bemoo ili we afaould regard 

hi0 interpretation of 610 principle of indifference aa correct and thua vindicate 

the principle here of the charge of eubjectiviam. But what eeema to me the 

important point ia that fair or unfair, the Kneale-Mackie interpretation of the 

priAoipie baa aa a matter of fact often been given - and not merely by Ita critic* - 

aad 00 not eurpriaingly the principle baa appeared to many to load to eutyeetiviem. 

That it haa not 00 appeared to othera 10* of couree, explicable given the exiatence 

of the alternative Bernoulli-Blackburn interpretation of It.

Thaa we find that the principle of indifference aa a rudimentary 

v*r0iOB of a theory in which probability U defined aa a rolatioc between evidence 

aad hypothoala can laad to both of what I called aubjectivtam in a theory propor 

and 0ub|eoilviam in the application of that thoory. However, it only doea 00 

on certain poeaible, but far from neoeeeary, interpratationa of it* In the oaaa
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of the former variety of subjectivism, the relevant different Interpretations are 

over what claeslcal writers would have regarded ae the grounds for a given eoty 

of evidence providing reason for preference and the possibility of different 

Interpretations here stem from lacunae in their development of the principle* 

With the latter kind of subjectivism the different Interpretations pertain to exactly 

what amount of evidence the principle Is correctly applied in relation to and no 

matter what the origin of the different Interpretations of the principle over this 

point* there can be no doubt that each different Interpretations do exist and eo 

would lead to conflicting opinions about the principle.

•:;'- ,' . \ •. - "•• . , .."•--.,. •'.>;,-. -••••• ''.••' ' '" '•'".- ; "H'

Let me conclude this section by compering my rather general
'.• • •• *>-.^... •'• -.- .. >.••;. • : ,; .'.<&'" • "•• '"••••<' '•-.-'••"•, ' • - •'

eommente on subjectivism ami the principle of indifference with one specific
'' . " . • .- ; ' ,',-'.""'• •'. . . '.- •'•'v . ' ^i.V. •• •- " • ".-•.-.

criticism of the principle as leading to subjectivism, that voiced by Kneals, 

As we have seen Kneale claimed that the principle of Indifference ted to 

subjectivism because It allowed probabilities to be assigned in the'absence 

of knowledge 9. Kneale elaborated thle point by saying that the principle of — 

Indifference allows us to *call alternatives equiprobable If we do not know that 

the available evidence provides a reason for preferring any one to any other4* 

Blaekbnrn finds this formulation obeoure and remarks apropro* of Kneale thai

- ,..it Is not clear why the state of Ignorance 
which we are trying to characterise... Is 
best described in terms of Ignorssjoo of the 
properties of the available evidence* What 
le thle concept« Itself very unclear - doing 
in a description of a state of Ignorance about 
two alternatives?17
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Although I think Blackburn la correct in re mar king on the 

obaourtty of thia paaaage in Kaeale, I think it 10 poaeibie to explain even thia 

objection to the principle within the framework I have provided* How, we may 

aak, would it be possible for ua not to know of the available evidence that it 

givea reaaoa for preference ? ft aeema to me thla ia oaly poesibla la three 

way0i first of all we might not actually know all of (he available evidence, 

for them* of course, wa could not know if that evidence did give reaaoa lor 

preference. Secondly, assuming we were aware of all the available evidence, 

we would not know that it gave reason for preference if we had mistakenly 

evaluated part or all of It. And thirdly, even ff we wave fully aware of all the 

available evidence and made no definite errors of miajudgment, we might 

aimply be unable to evaluate some, or all, of that evidence*

. In the first case * failure to be aware some material part of 

the total available evidence-we clearly would be guilty of determining 

probabilities subjectively if we accorded equal probabilities to each alternative 

lor we would have failed to consider all the available evidence. This is exactly 

the second variety of subjectivism I have discussed above and thus, so tar, 

Knealea charge of subjectivism ia Just an obscurely stated version of a charge 

I considered at length. To put the matter generally, it now appears that the 

absence of knowledge' that Kneale (and others) found an objectionable basis for 

determining probabilities might aimply consist in the failure of the person 

assigning the probabilities to consider the total available evidence and this 10 

a possibility which has been carefully examined already.
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A aimilar point can be made in regard to the next way in which 

we could, ae Kneale puta it, fail to know that the available evidenoe givea 

reaaon for preference * thoee cases in which we have considered all Hie 

available evidence but misjudged it seriously. Obviously probability judgmeata 

made oa such a basis would be subjective, due lo our owa failure in valuation. 

Here probabilities are again objectionably assigned fa the absence of knowledge 

but thia absence of knowledge consists in the absence of someone's knowledge 

of the genuine import of the available evidence. IB so far as the principle of 

Indifference warrants the assignment of probabilities la the absence of ksiowledfa 

of the genuine import of a body of evidence, tt is guilty of the first variety of 

subjectivism I discussed. Theories of probability could lead to thia variety 

of subjectivism, as the reader will recall, by allowing probability values to 

be assigned ta paira of evidence aad hypothesis in a way that depended oa 

particular peoplea' beliefs about the relationship between the evidenoe aad 

hypotheala in question, ff after considering the total available evidence aad 

deciding that in our opinion It did not give reason to prefer any of a aet of 

competing hypotheses - when, objectively speaking, it did give reaaon for 

preference - we assign equal probabilities by use of the principle, these 

equal probabilities would not be baaed oa objective (for example purely 

logioal) relations between the evidenoe and the hypotheaea, but rather would 

be baaed on our (subjective) opinions about the relationship of the evidenoe 

to the hypotheeis. & waa exactly such a possibility that aa I said waa left 

open by the claesical writers failure to explain clearly their concept of 

*re*aon for preference 1 and, again, the variety of subjectivism thia could 

lead the principle into baa already been dealt with th t>rougbly ta thia section.
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The third way in which we might not know that the total available 

evidence gave reason for preference le if we were unable to evaluate some or 

all of the total available evidence, even though we were aware of it all. The 

subjectivism that would arise if we allowed the assignment of equal probabilities 

on the basis of such Ignorance can, in fact, be explained in Just the way we have 

explained the subjectivism that would arise if we allowed the assignment of equal 

probe bill ties on the basis of misjudging the total available evidence. If we can 

not evaluate some or all of the total available evidence, the sensible thing to do, t 

of course, is not to make any assignment of probability. If, instead, in this 

state of ignorance we use the principle of indifference to assign equal probabilities 

to each of our competing hypotheses, we may just be lucky enough to have hit on 

the correct probability value for the .hypotheses in relation to the total available 

evidence properly evaluated. However, this would only be a matter of luck and 

quite often the beliefs about the probability values we would arrive at in this way 

would not correspond to what would have been arrived at had the total available 

evidence been properly evaluated* m such casec the probability values we 

believe in for our hypotheses in light of the total available evidence again 

obviously do not correspond to any objective relations between the evidence 

and our hypotheses. The equal probabilities we believe in will simply reflect our 

own personal beliefs arising from an inability to evaluate all or some of the evidence 

in question. Moreover the probability values people would come to believe in by 

using tbs principle in this manner would vary from individual to individual, depending 

on their ability to evaluate the available evidence. I take it something very
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much like this is one of the possibilities Kneale had in mind when he claimed 

that the principle led to subjectivism by allowing us to assign equal probabilities 

when we do not know that the available evidence gave reason for preference. 

But the subjectivism that the principle leads to here is just our first variety 

of subjectivism all over again, for with this 'subjectivism in a theory proper* 

the probability values for pairs of evidence and hypothesis warranted by a theorj 

reflect individual beliefs about these values, rather than objective relations 

between evidence and hypothesis and this is just the difficulty here.

Thus each kind of subjectivism ^hlch would arise from assigning 

equal probabilities when 'we do not know that the available evidence gives reason 

for preference 1 is an instance of one or the other of the two varieties of 

subjectivism considered earlier. Thus Kneale's somewhat obscure formulation 

of the charge of subjectivism against the principle in fact readily accords with 

the explanation given in this section of why, on certain interpretations of it,
'/' •- *

the principle appeared to lead to subjectivism. But, let me finally add, we 

also have seen that there are possible, and indeed plausible, interpretation* 

of the principle that vindicate it from the charge of subjectivism of either 

variety and so, of course, vindicate it from Kneale's obscure formulation of 

such charges*
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Summary of Discussion of The Principle

I hope that this discussion of the charges of subjectivism levelled 

against the principle will confirm in the readers mind the over-all interpretation 

te tfce principle espoused here. The principle is seen as expressing Implicitly 

and in a rudimentary way the definition of probability as the comparative concept 

of evidential support - theories in which probability is so defined as a relation 

between evidence and hypothesis can lead to subjectivism in two different ways 

and thus, as Just explained, ths principle can well appear to lead to subjeotivism 

in one or both of two ways* However, the principle need not be understood in a 

way that leads to either variety of subjectivism as there exist oilier plausible 

interpretations of the principle that do not lead to any kind of subjectivism. 

Thus with the analysis of the principle as largely definitional in character I <. 

hope to have shown both why charges of subjectivism have been raised against 

it and also how the principle can be interpreted so as not to lead to subjectivism* 

Similarly, we saw previously that if the principle is regarded as providing, IB 

a rudimentary way, semantics for the concept of probability in terms of 

comparative relations of evidential support, other controversies surrounding 

the principle can be perspicously understood and to a large extent resolved:

In the semantics offered by the principle equal degrees of probability are
.••••--•• "'* - \

equated with equal degrees of evidential support. It then turned out that 

evidence could provide equal degrees of evidential support for competing 

hypotheses in two quite different ways: the evidence could be relevant to the 

hypotheses, yet equally balanced, or the evidence could be totally irrelevant*
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That is to say, the semantics offered by the principle involved two distinct 

kinds of evidentiary relations, that between hypotheses and evidence relevant 

to them and that between hypotheses and evidence irrelevant to them. The 

plausibility of the semantics offered by the principle in terms of evidentiary 

relations of the former kind may well tempt us to accept a semantics including 

the latter kind as well, but, as we saw, this involves numerous difficulties not 

the least of which was the contradictions the principle has been found to lead to* 

Such considerations suggested that the principle would be far more satisfactorily 

formulated if restricted to prevent the assignment of a priori probabilities} 

moreover it was found on careful analysis that even an ardent defender of the 

principles capacity to assign a priori probabilities such as Jevons was, IB 

fact, primarily concerned with equal probabilities assigned on the basis of 

relevant but equally balanced evidence. As this was the primary concern of even 

the classical theorists, it seemed proper to regard the principle as primarily 

intended to offer the highly plausible semantic definition of probability as tt» 

comparative concept of evidential support, where the evidence which supports 

toe hypotheses is understood as relevant to it.

Since the definition of probability explicitly given by classical 

theorists - the ratio of favourable to (equi) possible cases - Is to be regarded 

as an axiomatic definition of probability for which the principle of indifference 

provided part of a semantic interpretation, the classical theory as a whole can. 

In this way, be regarded as a first and therefore not surprisingly rudimentary 

attempt to state what we would now regard as a highly plausible theory of
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probability, with an axiomatic and semantic part* There can be no doubt, of 

course, that the semantic part expressed in the principle is quite rudimentary, 

and in places egregiously incomplete - vide, the failure of the classical theorists 

to elucidate the concept of 'reason for preference'« Moreover the semantic part 

expressed In the principle is admittedly somewhat confused being ambiguous 

between warranty assignments of equal probability based on relevant and 

equally balanced evidence versus their assessment on the null relevant evidence. 

Such lacunae and ambiguities are what have lead to the apparently interminable 

controversies over the principle but such difficulties should not prevent us from 

seeing the principle for what It is: the first attempt to put forward the highly 

plausible definition of probability as the relation of evidential support, It Is 

as such that the principle has, 1 believe, rightly commanded a central place in 

the history of probability theory.

As It is perhaps fitting to conclude the last chapter of this thesis 

with a few general remarks, we may also note that this concept of probability 

as a relation between evidence and hypothesis first put forward by the principle 

of indifference has, elsewhere in this thesis, been found in varying forms to 

underlie a variety of apparently quite different theories of probability. In 

Chapter I - in I argued that the proper account of the idea of statistical 

probability was that given in my frequency theory for the single case. This 

was an admittedly relational theory of probability, but in Chapter IV, we 

considered at length a methodological rule which could give this theory unique 

application when desired. On the analysis given in Chapter V, this frequency
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theory for the single case was seen to be one in which probability was defined 

as a quantitative and empirical relation between evidence and hypothesis, a 

relation the quantity of which, so to speak, was fixed by the empirical facts 

of long run frequencies. This, as we also noted in Chapter V, allowed us to 

reduce Camap's apparently distinct concepts of probability and probability,.
1 i

to a more fundamental one of probability as a (quantitative) relation between 

evidence and hypothesis, the quantity of which could be determined by either 

logical or empirical considerations. The discussion of these last two chapters 

has shown the classical theory with the principle of indifference to have heem 

concerned with a closely related concept, that of probability as a comparative 

relation between evidence and hypothesis*
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