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Abstract

The lack of direct evidence for physics beyond the SM at the LHC has led some to reevaluate

the need for such physics to solve the hierarchy problem. Instead, the notion that the SM, or

something like it, is valid up to the Planck scale and that technical naturalness is sufficient for

solving the hierarchy problem has been suggested. This thesis examines minimal extensions

of the SM that address its phenomenological and theoretical shortcomings while avoiding

new physics between the electroweak and Planck scales that introduces a hierarchy problem.

This thesis first studies two issues with the νMSM — an extension of the SM by three

right-handed neutrinos — and their possible solutions. The first issue is the tension between

dark matter production in the νMSM and constraints from the Lyman-α forest data. To

avoid this tension, the νMSM is extended by a Higgs singlet φ and neutrino dark matter

is produced through the decays of φ rather than through left-right neutrino mixing. It is

shown that the hierarchical parameters of this model can arise from symmetries broken at

or near the Planck scale for two specific examples: one in which φ stabilizes the electroweak

vacuum and one in which φ is a light inflaton.

The second issue pertains to Higgs ξ-inflation. In the νMSM, a large non-minimal cou-

pling ξ of the Higgs to gravity gives inflation but leads to a possible violation of perturbative

unitarity below the inflationary scale. A study of Higgs ξ-inflation with Mh ' 125–126 GeV,

for which the Higgs self-coupling λ runs to small values near the Planck scale, is carried

out. It is shown that small λ can significantly reduce ξ required for inflation, but ξ cannot

be small enough to address the possible unitarity issue. For small λ, a new region of Higgs

ξ-inflation with a large tensor-to-scalar ratio r that is consistent with BICEP2 is discovered.

This thesis then studies the technical naturalness and cosmology of a model that addresses

the strong CP problem. It is shown that a classically scale invariant DFSZ invisible axion

model with a Peccei-Quinn scalar S, whose couplings to the SM are ultra-weak, can solve the

strong CP problem and generate electroweak symmetry breaking via the Coleman-Weinberg

mechanism. The ultra-weak couplings of S are natural due to an underlying approximate

shift symmetry. The model contains a light pseudo-Goldstone dilaton that can be consistent

with cosmological bounds while the axion can be the dark matter of the universe.

Finally, a summary of the thesis is presented and future research topics are suggested.
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Chapter 1

Introduction

The Standard Model (SM) — defined as the renormalizable quantum field theory (QFT)

based on the SU(3)×SU(2)×U(1) gauge group with three generations of chiral fermions (ex-

cluding right-handed neutrinos) and one Higgs doublet — does remarkably well in fitting

the large collection of precision measurements in high energy physics. Other than a small

number of discrepancies at the few-σ level [1–3] and, in a strict sense, the observation of

neutrino oscillations, results from the Large Hadron Collider (LHC) and other direct experi-

mental tests of the SM are in excellent agreement with the predictions of the SM. Moreover,

no direct evidence for supersymmetry (SUSY), technicolour, large extra dimensions, or any

of the other well-motivated beyond the SM (BSM) theories has been observed up to the

energy scales probed to date.

1.1 Evidence for BSM physics

That is not to say there is no indirect evidence for BSM physics. There are a number of issues

that the SM cannot explain in a satisfactory way and for which new physics is likely required.

It is useful to distinguish between two types of evidence for BSM physics: phenomenological

evidence, which encompasses results that cannot be explained within the SM, and theoretical

considerations, which vary from the desire to explain fine-tuned parameters in the SM to

the aesthetic appeal of certain underlying symmetries of nature.

1.1.1 Phenomenological evidence

From a phenomenological point of view, several results suggest that the SM is incomplete.

The strongest evidence for BSM physics includes:
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Neutrino oscillations

Many reactor-based and atmospheric neutrino experiments have confirmed that oscillations

of the three neutrino flavours take place (see [4] and references therein). Neutrino oscillations

imply that neutrinos are massive with a misalignment of their weak and mass eigenbases [5].

A recent fit to the oscillation parameters gives [6]

∆m2
sol ' 7.5× 10−5 eV2,

∣∣∆m2
atm

∣∣ ' 2.4× 10−3 eV2, (1.1)

where the sign of ∆m2
atm is not yet known and is related to whether the neutrino mass

spectrum is normal or inverted. The physics that is responsible for generating neutrino

masses is, in a strict sense, BSM physics if one assumes the SM is defined with massless

neutrinos. It is also argued that neutrino masses cannot come from Planck-scale physics

since the lowest Planck-suppressed operator that is capable of generating neutrino masses,

O5 = Aαβ

(
L̄αH̃

) (
H†Lcβ

)
, L = LSM +

∞∑
n=5

On
Mn−4

Pl

, (1.2)

leads to neutrino masses on the order of mν ∼ v2/MPl ∼ 10−6 eV [7]. This is much smaller

than the mass scale mν &
√

∆m2
sol ∼ 10−2 eV required by neutrino oscillation experiments.

Dark matter

Numerous cosmological results indicate that a sizable component of the universe’s energy

density is in the form of non-baryonic dark matter (see [8] and references therein). Evidence

for dark matter can be found in the rotation curves of spiral galaxies [9], gravitational

lensing in galaxy clusters [10], and structure formation inferred from the cosmic microwave

background (CMB) [11, 12]. The Planck 2013 fit of the cosmological parameters gives a

value for ΩDM, the dark matter abundance as a fraction of the total energy density today,

of [12]

ΩDMh
2 ' 0.12, (1.3)

where h ≡ H0/(100 (km/s)/Mpc) ' 0.7. Although the existence of dark matter is well

established, the SM does not contain a particle candidate that satisfies the properties of

dark matter,1 and it is generally agreed that cosmological objects such as primordial black

1Massive neutrinos behave as hot dark matter (HDM), but the energy density in left-handed (active)
neutrinos is too small to be all of the dark matter [13, 14]. Observations of small scale structure and
numerical simulations of structure formation also disfavour an entirely HDM scenario.
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holes are disfavoured as dark matter candidates [15]. The majority of proposed dark matter

candidates are new particles that appear in BSM physics,2 with examples including neu-

tralinos [19, 20] and other weakly-interacting massive particles (WIMPs), singlet scalar dark

matter [21, 22], axions [23–25], and right-handed neutrinos [26]. Whatever dark matter is,

its origin likely involves BSM physics.

Baryon asymmetry

The observed abundance of baryonic matter in the universe is about 109 times larger than the

relic abundance expected for a state in thermal equilibrium [27]. It is therefore necessary to

have a large primordial asymmetry between baryons to anti-baryons to prevent their mutual

annihilation. This in turn requires some out-of-equilibrium process that violates baryon num-

ber (B), charge conjugation (C), and charge parity (CP) — conditions that are collectively

known as the Sakharov conditions [28] — to dynamically generate the baryon asymmetry.

In the SM, processes during a first-order electroweak (EW) phase transition involving CP-

violating scattering and baryon number violating sphalerons satisfy the Sakharov conditions

and can, in principle, produce a sufficiently large baryon asymmetry [29–31]. However, the

lack of a first-order EW phase transition for the measured Higgs mass [32, 33] prevents the

realization of such a scenario [34].3 Therefore some BSM physics must be responsible for

producing the primordial baryon asymmetry of order [4]

η ≡ nb

nγ
' 6× 1010, (1.4)

where nb and nγ are the number densities of baryons and photons, respectively. Proposed

models for the baryon asymmetry production include Grand Unified Theory (GUT) baryo-

genesis [38],4 Affleck-Dine baryogenesis [42], EW baryogenesis from the decay of heavy right-

handed neutrinos [43] or neutrino oscillations [44], and many others.

2Interestingly, modified Newtonian dynamics (MOND) [16] offers an empirical solution to the dark mat-
ter puzzle that does not involve new particles. Instead, it proposes a modification of the classical 1/r2

gravitational interaction at very small accelerations a . 10−8 cm/s2. MOND does quite well in reproducing
the rotation curves of galaxies but fails on the level of galaxy clusters [17]. It has also proven difficult to
formulate a underlying relativistic theory for MOND [18].

3Moreover, CP violation in the SM may not be sufficiently large to produce the required baryon asymmetry
even with a first-order EW phase transition [35–37].

4If the GUT is supersymmetric, GUT baryogenesis faces a problem with the overproduction of relic
gravitinos for the large reheat temperature Treh & ΛGUT required by the model [39]. However, a stage of
pre-heating after inflation may rescue the scenario [40, 41].
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Inflation

A period of inflation in the early universe provides an elegant explanation for the flatness,

isotropy, and homogeneity of the universe today [45–49]. Moreover, it provides a very plau-

sible mechanism for generating the nearly scale invariant spectrum of primordial density

fluctuations that are inferred through the CMB [11, 50].5 Although many details of inflation

are unknown, a period of inflation is generally assumed to have occurred. A large number of

inflationary models that extend the scalar degrees of freedom in the SM have been proposed

(see [52, 53] for an overview), and for some time it was thought that no scalar field in the

SM could be the inflaton. Recently, though, there have been a number of proposals in which

the Higgs boson may be the inflaton [54–63]. Most of these models involve specific forms

of Higgs couplings to gravity, which rely heavily on assumptions about the ultraviolet (UV)

completion of gravity, or have other issues that require some BSM physics for their resolu-

tion. If there is no viable scenario in which the SM Higgs boson alone can be the inflaton,

inflation provides a strong indication of BSM physics.

1.1.2 Theoretical considerations

From a theoretical point of view, the clearest evidence of the need for BSM physics is

arguably that the SM does not include gravity. Gravity inevitably affects particle physics

at the reduced Planck scale MPl/
√

8π ' 2.44× 1018 GeV or below, but since gravity is non-

renormalizable it is not a valid QFT in the usual sense. Some fundamentally new physics is

therefore necessary to reconcile gravity with particle physics.

One may suppose that the UV completion of the SM that includes gravity does not

invalidate the predictions of the SM up to the Planck scale. However, even in this case there

are several theoretical problems with the SM that may require solutions in BSM physics.

U(1) Landau pole problem

If there was no expectation of new physics at the Planck scale from gravity, there would still

be reason to believe the SM is inconsistent as a QFT up to arbitrarily large energy scales

because the U(1)Y gauge coupling g′ suffers from a Landau-pole; a naive renormalization

5Specifically, during inflation quantum fluctuations of the nearly massless inflaton result in inflation
lasting different amounts of time in different regions. Each region undergoes the same history (post-inflation
oscillations, reheating, etc.) but at a slightly different time, thereby leading to density perturbations [51].
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group (RG) running of g′ gives an infinite value for the coupling at some finite scale. Some

non-perturbative physics or UV completion of the SM would therefore be required at a scale

below the Landau pole to keep the coupling finite and produce sensible results.6

Since the Landau pole occurs above the Planck scale, however, the problem is often

ignored under the assumption that the complete theory of quantum gravity also resolves

the Landau pole problem [64]. In a discussion of BSM physics, though, it is important to

note that if an extension of the SM introduces a Landau pole below the Planck scale then

it is typically assumed that the UV completion of gravity is unrelated to the solution of the

Landau pole problem; that is, a Landau pole problem exists and additional BSM physics is

required for its resolution.

Gauge hierarchy problem

The often-cited gauge hierarchy problem is related to the fact that heavy states with suf-

ficiently strong couplings to the Higgs induce radiative corrections to the bare Higgs mass

parameter m2
0 that are much larger than the measured sum

m2 ≡ m2
0 + δm2 =

m2
h

2
' − (89 GeV)2 (1.5)

that is needed for successful EW symmetry breaking. In the cutoff regularization scheme

with a high momentum cutoff Λ, the radiative correction δm2 has the form [65, 66]

δm2 =
∑

gauge bosons

Ngg
2
g

16π2

(
Λ2 +M2

g ln
M2

g

Λ2
+ . . .

)
−

∑
fermions

Nfg
2
f

16π2

(
Λ2 +M2

f ln
M2

f

Λ2
+ . . .

)
+
∑

scalars

Nsg
2
s

16π2

(
Λ2 +M2

s ln
M2

s

Λ2
+ . . .

)
, (1.6)

where each Ni is some O(1) factor that counts the number of degrees of freedom of the

particle, gi is the coupling strength of the particle to the Higgs, and Mi is the mass of the

particle. The gauge hierarchy problem is often mistakenly associated with the quadratic

divergences ∝ Λ2 in (1.6); in a renormalizable field theory such as the SM, these divergences

are unphysical and absorbed into the definition of the physically measurable parameter m2

6For the former case, it is possible that a non-perturbative g′ leads to confinement and new bound states at
the non-perturbative scale (as in quantum chromodynamics (QCD)) that prevent g′ from becoming infinite.
Since the Higgs doublet is charged under U(1)Y , however, these very heavy states would couple to the Higgs
and introduce a gauge hierarchy problem, again suggesting the need for new physics.
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in the renormalization procedure.7 The renormalization procedure also replaces Λ2 in the

logarithmic terms with the renormalization scale µ2, and so the logarithmic corrections from

the SM particles, which are physical, are under control. The actual hierarchy problem occurs

if one introduces a new particle with mass M2
i � m2 that couples to the Higgs with strength

gi ∼ 1,8 which is the case for many well-motivated BSM theories. In this case, the logarithmic

term in (1.6) that is proportional to M2
i induces a large correction δm2 � m2. The gauge

hierarchy problem is therefore the question of why m2 is so light if the BSM physics at some

high scale contains heavy states that are sufficiently strongly coupled to the Higgs.

A number of models including SUSY, technicolour, and extra dimensions are able to

address the hierarchy problem and accommodate heavy states with new physics at the EW

scale. Alternatively, if there is no sufficiently strongly coupled BSM physics then there may

be no hierarchy problem. With regards to the latter case, note that the UV completion of

gravity is expected to introduce states with masses at or near the Planck scale. However,

it is possible that there is some symmetry of the underlying UV theory, for instance a

classical scale invariance, that sets m2 to some small value at the Planck scale. Then,

without sufficiently strongly coupled new physics between the EW and Planck scales, the

RG running preserves the small value of m2 down to the EW scale and ensures that small

m2 is technically natural.

Strong CP problem

Another fine-tuning problem in the SM is related to the quark sector and known as the

strong CP problem. In general, the symmetries of the SM allow a term in the Lagrangian

of the form [67]

Lθ =
θg2

s

32π2
Ga
µνG̃aµν , (1.7)

where Ga
µν are the QCD field strengths, gs is the strong coupling constant, and θ is an angular

parameter related to the QCD vacuum structure. An anomalous chiral transformation of

the quarks, which is performed in diagonalizing the quark mass matrix Mq, also induces a

7This result is seen more clearly by using the dimensional regularization scheme instead of the cutoff
regularization scheme, in which case the quadratic divergences never appear.

8More precisely, if the coupling gi is large enough that (Nig
2
i /16π2)M2

i ln(M2
i /M

2
Z) & (100 GeV)2 then

some level of fine-tuning is necessary to get m2 ' −(89 GeV)2.
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term of the form (1.7) and shifts θ to give the physically measurable angle

θ̄ = θ + arg detMq. (1.8)

Thus θ̄, whose deviation from zero measures the strength of CP violation in strong interac-

tions, is a sum of two unrelated and presumably O(1) terms: the bare Lagrangian parameter

θ and the quark mass matrix. However, bounds on the neutron electric dipole moment [68, 69]

|dn| ' 5× 10−16θ̄ e cm (1.9)

. 3× 10−26 e cm (1.10)

give the constraint
∣∣θ̄∣∣ . 10−10. The strong CP problem is the question of why the CP-

violating angle θ̄ is so small, particularly since CP is violated elsewhere in the SM [70].

Moreover, unlike the hierarchy problem, the strong CP problem is a low-energy one; a

symmetry that sets θ to zero at some high scale does not prevent θ̄ from being generated at

the EW scale due to the contribution from the quark mass matrix.

Possible solutions to the strong CP problem that do not require new physics include hav-

ing a massless up quark, which is currently disfavoured [4], and employing special boundary

conditions, which some have argued is not well motivated [67]. Barring these possibilities,

some form of BSM physics is required to solve the strong CP problem. The most appealing

solution is to introduce a global chiral U(1) symmetry in the SM known as a Peccei-Quinn

(PQ) symmetry [71, 72]. Doing so leads to a new light pseudo-scalar axion field in the SM

spectrum and, depending on the implementation of the PQ symmetry, additional quarks or

Higgs doublets.

Origin of flavour

While the gauge sector of the SM Lagrangian is uniquely determined by the choice of the

SU(3)×SU(2)×U(1) gauge group, the flavour sector of the SM contains many parameters

that can only be measured experimentally and then must be set by hand. For instance, the

SM does not provide an explanation for the masses of the fermions, the quark mixing angles,

or even why there are three generations or “flavours” of fermions.9 The issue is particularly

9One might argue that at least three generations of fermions are required to have a CP-violating phase in
the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix and that CP violation is necessary to produce
the observed baryon asymmetry. However, since the CP violation in the SM is insufficient for producing the
baryon asymmetry [35–37], arguing for three generations of fermions along these lines lacks some appeal.

7



vexing since the three generations exhibit a fairly regular hierarchy in their masses [4] and

since the quark mixing angles appear to have an underlying pattern or structure to their val-

ues (made clear, for instance, by the Wolfenstein parametrization of the CKM matrix [73]).

If one does not believe that these parameters are accidental, then an explanation of their

values requires going beyond the SM. It has been supposed for a long time that some un-

derlying flavour symmetry with an origin in BSM physics may be responsible for generating

the pattern of masses and couplings in the quark sector. With the discovery of neutrino

oscillations and an analogous set of mixing angles in the lepton sector, though with a very

different values, there has been a renewed interest in the ideas of flavour symmetries and

BSM physics (see [74] and references therein).

Cosmological constant problem

Although inextricably linked with the UV completion of gravity, the cosmological constant

problem is worth mentioning on its own to put other fine-tuning problems into perspective.

Without gravity, shifting the Lagrangian by a constant term L → L+ Λ does not have any

physical effect; it simply introduces an overall multiplicative factor in the functional integral

Z =

∫
Dφei

∫
d4xL(x), (1.11)

which ultimately drops out of calculations in elementary particle physics.10 In cosmology,

however, Λ does have an observable effect since it represents a constant energy density that

permeates the universe and couples to gravity. Current estimates of Λ from the CMB through

its effect on the cosmological expansion give [12]

ΩΛ ' 0.69 =⇒ Λ '
(
2.3× 10−3 eV

)4
. (1.12)

When studying EW symmetry breaking in the SM, constant terms in the potential V of

order (100 GeV)4 are ignored because they are assumed to cancel with the bare cosmological

constant to give the value of Λ in (1.12). This represents a fine-tuned cancellation to about

one part in 1055 and is referred to as the cosmological constant problem.11 A number of

unsuccessful solutions have been put forth (see [75] for a review), and it is assumed that the

10For fermionic path integrals, rescalings of measure can have physical effects through anomalies.
11If one suspects contributions to the potential energy from Planck-scale physics of order V ∼ M4

Pl, then
the fine-tuning is to an astonishing one part in 10122.
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solution to the cosmological constant problem is contained in the correct theory of quantum

gravity, other BSM physics, or is due to anthropic selection.

1.2 Approaches to BSM physics

For the past few decades, it has been widely assumed that there is some new physics between

the EW and Planck scales with coupling strengths that are comparable to those of the

SM gauge couplings; that is, coupling strengths that are O(1). A classic example is the

embedding of the SM into a GUT based on the group SU(5) [76] or SO(10) [77] at the

scale ΛGUT ∼ 1016 GeV — a theoretically appealing scenario suggested by the approximate

unification of the SM gauge couplings around this scale. The resulting gauge hierarchy

problem and the idea that the SM is somehow “natural” in the presence of this new physics

has dominated much of the theoretical effort over the last few decades. In particular, it has

led to many proposals of BSM physics at or near the EW scale designed to stabilize the

bare Higgs mass parameter and preserve the experimentally successful predictions of EW

symmetry breaking.

The LHC has, in some respects, brought this line of reasoning into question. With

roughly 5 fb−1 of data taken at
√
s = 7 TeV and 20 fb−1 taken at

√
s = 8 TeV [32, 33], the

LHC results are remarkably consistent with the predictions of the SM; the LHC indicates

that EW symmetry breaking is due to an elementary weakly coupled scalar field and has

not seen any evidence for SUSY, technicolour, extra dimensions, or other BSM physics. The

LHC now places bounds on the simplest versions of these BSM physics models that push

them into regions of parameter space with a fine-tuning of about 1% or more [78, 79]. Since

the primary purpose of many of these models is to solve the hierarchy problem in a natural

way, some of their appeal has been lost and the principle of naturalness has been brought

into question [80, 81].

At the same time, the LHC measurement of the Higgs mass Mh ' 125–126 GeV [32, 33],

which allows an accurate determination of the Higgs self-coupling λ in the SM, suggests

something interesting: the SM lies in a special region of parameter space in which both λ

and its beta function βλ vanish near the Planck scale for a top quark mass that is a few σ

above its central value [82]. This result may be a simple coincidence or it may be, as some
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have argued, an indication of some deeper underlying physics [83]. For instance, an infrared

(IR) fixed point in an asymptotically safe theory of gravity may ensure very small values of

λ(µ) near the Planck scale [64]. Since new physics that is introduced around the EW scale to

solve the hierarchy problem typically modifies the running of λ and spoils this result, Higgs

measurements further suggest that perhaps there is no new physics to be found at the LHC

and that the SM running is valid up to the Planck scale.

It is then tempting to consider a different approach to BSM physics in which naturalness

through the presence of new EW scale physics is not the guiding principle. After all, Grand

Unification is not a necessary feature of the UV completion of the SM but an aesthetic

requirement that is placed upon such a theory. One approach, which is along the lines of [84],

is the following: suppose that there are no intermediate scales of new physics between the

EW and Planck scales — or, more precisely, that there are no intermediate scales of new

physics that are sufficiently strongly coupled to the Higgs to introduce a hierarchy problem.12

This is an example of the principle of technical naturalness, which allows small parameters in

a model so long as they are stable in the presence of radiative or quantum corrections. With

the principle of technical naturalness in mind for addressing the hierarchy problem, put aside

for the moment other fine-tuning problems such as the strong CP problem.13 Instead, focus

on addressing the phenomenological shortcomings of the SM with the minimal extension

required. A very simple extension of the SM that explains neutrino oscillations is then the

Type I seesaw, which introduces right-handed neutrinos that are singlets under the SM gauge

group. At least two right-handed neutrinos are needed to explain the (at least) two massive

neutrinos implied by oscillation data. Adding the fewest number of additional right-handed

neutrinos that are also needed to explain dark matter and the baryon asymmetry gives the

neutrino minimal Standard Model (νMSM) [87, 88] — an extension of the SM by three

right-handed neutrinos14 with no intermediate scales of new physics.

Such an approach, though still suffering from fine-tuning problems such as the strong

CP problem, is appealing from a practical point of view. Much work can be carried out on

12As discussed in section 1.1.2, an underlying symmetry that gives a small value of m2 at the Planck scale
would then ensure that small m2 is natural even with heavy states from the UV completion of gravity.

13Some proposals to solve the strong CP problem with extra dimensions claim to avoid introducing an
intermediate scale of new physics [85, 86] but seem to reintroduce the hierarchy problem.

14From a theoretical point of view, introducing three right-handed neutrinos is also attractive because it
completes the left/right partnering of fermions in the SM.
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the phenomenology of the νMSM, including examining how extensions of the νMSM may be

required to solve some of its phenomenological issues and how the model of Higgs inflation

in the νMSM behaves for the measured Higgs mass.

With no intermediate scale of new physics that couples significantly to the Higgs, all

values of m2, including small ones, are technically natural [89]. Since there is no a pri-

ori reason for nature to prefer a value of m2 ' −(89 GeV)2 over any other value,15 it is

also interesting to consider the possibility that the renormalized m2 is zero; this is the only

intrinsically special value for m2 and corresponds to a scale invariance in the SM at the

Lagrangian or “classical” level. One can then take the approach that classical scale invari-

ance is a fundamental principle of physics, including BSM physics, or suppose that it is an

emergent symmetry arising from the RG evolution of mass parameters in UV physics down

to the Planck scale (at which point BSM models are defined). In either case, the Higgs mass

parameter must be generated by quantum corrections through the Coleman-Weinberg (CW)

potential [90], which places non-trivial constraints on BSM physics.

Now, in the context of a classical scale invariance, return to one of the major SM fine-

tuning problems: the strong CP problem. The most attractive solution to the strong CP

problem is that of the invisible axion. In its original formulations, the invisible axion solution

introduces a global chiral U(1)PQ symmetry and a complex scalar field to the SM as well

as either an additional quark or Higgs doublet. The complex scalar field is a singlet under

the SM gauge group but charged under the U(1)PQ symmetry. Due to experimental and

cosmological constraints, the PQ scalar must develop a very large vev that breaks the U(1)PQ

symmetry [67, 68]. In a classically scale invariant model, this spontaneous symmetry breaking

must occur radiatively through the CW mechanism rather than through a large negative mass

term for the PQ scalar. It is important to show that the ultra-weak couplings of PQ scalar

to the Higgs sector, which are necessary to prevent a large tree-level contribution to the

Higgs mass from the vev of the PQ scalar, are technically natural and hence do not result

in a hierarchy problem. The invisible axion model with a classical scale invariance also has

interesting phenomenological consequences, particularly with regards to the additional light

state associated with the PQ scalar and its possible influences on cosmology.

15The size of the negative m2 drives EW symmetry breaking and sets the Higgs vacuum expectation value
(vev), so a larger or smaller value of m2 just produces a different scale of EW symmetry breaking.
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1.3 Overview of the thesis

This thesis is comprised of several self-contained topics that are connected by the general

approach to BSM physics outlined above. Note that a complete and self-consistent picture

of BSM physics that uses the principle of technical naturalness, together with a classical

scale invariance, to address all phenomenological and theoretical issues with the SM is not

provided here.16 If such a picture exists, the details go beyond the scope of this thesis.

The topics of this thesis are organized as follows. Motivated by tension in the νMSM

with the Lyman-α forest data and other small scale structure bounds, chapter 2 considers

an extension of the νMSM in which the Majorana masses for the right-handed neutrinos

originate from the vev of a Higgs singlet φ and dark matter is produced through the decays

of φ rather than through active-sterile neutrino mixing. Like the νMSM, though, the neu-

trino next-to-minimal Standard Model (νNMSM) requires a specific hierarchy of Majorana

masses and Yukawa couplings without an obvious origin. In chapter 2, it is shown that

the hierarchical parameters of the νNMSM can arise from Planck-scale symmetries for two

specific examples of this model: one in which φ helps stabilize the EW vacuum through a

scalar threshold effect and one in which φ is a light inflaton. Both examples require a com-

plex φ and have several experimental signatures that are distinct from the νMSM, including

additional dark radiation and, for the former, a possibly large invisible branching ratio of

the Higgs.

Chapter 3 focuses on the model of Higgs inflation that is used by the νMSM and its close

extensions. In particular, a non-minimal coupling ξ of the SM Higgs field to gravity can

give rise to inflation, but it is usually argued that large ξ is required. A naive estimate for

the scale of perturbative unitarity violation, MPl/ξ, is then well below the inflationary scale

MPl/
√
ξ and therefore spoils the self-consistency of the model and its predictions. Chapter 3

re-examines this claim for a Higgs mass in the range 125–126 GeV for which the Higgs self-

coupling λ runs to very small values near the Planck scale. A small self-coupling λ near

the Planck scale, which may be due to some underlying physics, can significantly reduce the

value of ξ required for inflation. Using the two-loop RG equations and effective potential

for Higgs ξ-inflation, it is found that familiar inflationary solutions can have a non-minimal

16For instance, no serious attempt is made to solve the cosmological constant problem or provide a complete
model for the origin of flavour.
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coupling as small as ξ ∼ 400 without the potential developing a second minimum. A new

observationally allowed region of Higgs ξ-inflation with ξ ∼ 90 and distinct inflationary

predictions, including an observable level of the tensor-to-scalar ratio r, is also found.

Chapter 4 moves away from issues related specifically to the νMSM and develops the

ideas of classical scale invariance and technical naturalness within the invisible axion solution

to the strong CP problem. In particular, chapter 4 shows that a Dine-Fischler-Srednicki-

Zhitnitsky-like (DFSZ-like) axion model with an ultra-weakly coupled PQ scalar can solve

the strong CP problem and give rise to successful EW symmetry breaking through the CW

mechanism. Due to an approximate underlying shift symmetry, the ultra-weak couplings

of the PQ scalar are technically natural and hence the model does not contain a hierarchy

problem for the Higgs mass parameter. It does, however, contain a light pseudo-Goldstone

dilaton that can be consistent with cosmological bounds while the axion can be the dark

matter of the universe.

Finally, chapter 5 summarizes the thesis and discusses how the ideas of classical scale

invariance and radiative EW symmetry breaking in the DFSZ-like axion model may be

combined with the νMSM. Future research topics along these lines are suggested.

1.3.1 Novel work

The novel work presented in this thesis is as follows. In chapter 2, the most important original

contribution is the study of flavour symmetries that can produce the hierarchical parameters

of the νNMSM, either in general or for the two examples of the scalar sector provided. To

realize such symmetries, it is necessary to consider a complex singlet φ rather than the real

singlet that is typically considered for adequate dark matter production through the decays

of φ. Though the details of dark matter production for the complex and real singlet cases

are similar, a minor discussion of the distinguishing experimental signatures for the complex

singlet case, which include an increase in the effective number of neutrino species Neff and a

possibly large invisible branching ratio of the Higgs, is also new.

In chapter 3, the model of Higgs ξ-inflation is not original. However, the detailed two-loop

study of the inflationary model in the region of small λeff is the first of its kind following the

measurement of the Higgs boson mass. The analysis demonstrates clearly how small ξ can

be in this region, which is important for the discussion of the self-consistency of the model,
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and discovers a new region of Higgs ξ-inflation with large tensor-to-scalar ratio. The latter

result has become particularly important for proponents of the νMSM after the BICEP2

collaboration hinted at the observation of a large tensor-to-scalar ratio.

In chapter 4, the study of invisible axion models with a classical scale invariance and CW

symmetry breaking is also original. The demonstration that one such invisible axion model

can solve the strong CP problem without introducing a hierarchy problem for the Higgs

mass is an important conceptual result for the approach to BSM physics that is guided by

classical scale invariance and technical naturalness. Unlike the usual implementation of the

invisible axion, the classical scale invariance in this model results in a light pseduo-dilaton

state with non-trivial cosmological implications. The technical discussion of the cosmology

of the light pseudo-dilaton state, specifically how the energy density of the state is efficiently

dissipated after inflation, is new.
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Chapter 2

Dark matter, singlet extensions of the
νMSM, and symmetries

The first topic of the thesis addresses the question of the origin of flavour in an extension of

the SM that can explain most if not all of the phenomenological evidence for BSM physics

with right-handed neutrinos. The aim is to show how underlying flavour symmetries can be

used to reproduce the necessary pattern of Majorana masses and Yukawa couplings for the

right-handed neutrinos, so the small parameters in the scalar sector (and in some instances

the hierarchy problem introduced by new scalar fields) are generally left unexplained. These

issues might be resolved with ultra-weakly coupled sectors that are technically natural,

as discussed in chapter 4, but here the choices of scalar sector parameters are motivated

primarily by phenomenological issues with the νMSM.

Disclaimer: This chapter contains a nearly identical copy of my work in ref. [91] plus a

discussion of recent developments that have occurred since publication.

2.1 Introduction

The νMSM [7] is an extension of the SM that attempts to explain all observed phenom-

ena beyond the SM using only three sterile neutrinos with Majorana masses below the EW

scale. In the νMSM, one sterile neutrino, N1, is responsible for dark matter [87] while

two additional sterile neutrinos, N2 and N3, are responsible for baryon asymmetry produc-

tion [88]. Moreover, the Higgs boson with a non-minimal coupling to gravity is responsible

for inflation [54].

Although a detailed study of the νMSM (see [92] for a recent update) shows that this

minimal model can explain most of the observed phenomena beyond the SM, there are several
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indications that an extension of the νMSM, such as by a Higgs singlet, may be necessary:

• Lyman-α forest bound : The Lyman-α forest [93] — a series of absorption lines in the

spectra of distant quasars caused by interstellar clouds of hydrogen gas — and other

observations of small scale structure [94, 95] impose strong constraints on the non-

resonant production of warm dark matter in the νMSM when combined with X/γ-ray

limits [96]. Several solutions to this problem have been proposed, including a resonant

production of dark matter from a large lepton asymmetry [97] and a dilution of dark

matter from a late entropy release [98–101]. Generating a sufficiently large lepton

asymmetry requires an inverted neutrino hierarchy as well as a high level of fine-

tuning or the use of an approximate Planck-scale symmetry and non-renormalizable

operators [102], while generating a sufficiently large entropy dilution requires some new

physics beyond the νMSM [98–101]. An attractive alternative to these scenarios uses

the decays of a Higgs singlet, whose vacuum expectation value provides an origin for

the Majorana masses of the sterile neutrinos, to give a primordial production of dark

matter [103–107].

• Electroweak vacuum stability : For a Higgs mass in the range mh ' 125–126 GeV [108,

109], the Higgs potential develops an instability below the Planck scale unless the top

mass is about 2σ below its central value; for its central value, an instability develops

at 1011 GeV [110]. While more precise measurements of the top mass may lower its

central value and relieve this tension, it has been shown that, if necessary, the addition

of a Higgs singlet below the instability scale can stabilize the potential through its

contribution to the RG evolution of the Higgs quartic coupling [111, 112] or through a

tree-level scalar threshold effect [112, 113].

• Higgs inflation: There has been some discussion about unitarity violation and the self-

consistency of Higgs inflation with a non-minimal coupling ξH†HR, where R is the

scalar curvature and ξ ∼ 104 (see [114] and references therein). In brief, this model

of Higgs inflation violates unitarity at the scale Λ0 ∼ MPl/ξ when expanding about

a small background Higgs field. Although the scale of unitarity violation is raised to

MPl/
√
ξ when expanding about the large background Higgs field during inflation [114],

if the theory is eventually embedded into a more complete one that is valid up to the
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Planck scale then new physics is expected to appear at MPl/ξ [115]. Several solu-

tions that do not abandon the minimality of the model have been proposed, including

non-renormalizable Higgs interactions that accompany the non-minimal coupling and

restore unitarity [116] as well as strong coupling in graviton exchange processes that

only break unitarity perturbatively [117]. However, it has not yet been shown that these

scenarios can actually be realized [117]. Alternatively, an extension of the νMSM by a

Higgs singlet can “unitarize” Higgs inflation [115]1 or provide a workable scenario with

the singlet as the inflaton [103–105].

The fact that a Higgs singlet can both provide an origin for the Majorana masses of the

sterile neutrinos and allow a simple dark matter production mechanism that, unlike the

non-resonant production of dark matter in the νMSM, is consistent with the Lyman-α forest

bound is a strong motivation for considering singlet extensions of the νMSM (e.g. [103–

107]). It is then natural to ask whether such extensions can also address the issues with

Higgs inflation, as in [103–105], or help stabilize the EW vacuum, if necessary.

These singlet extensions of the νMSM, like the original model, require a particular hier-

archy of Majorana masses and Yukawa couplings without an obvious origin. An important

open question for these extensions is whether it is possible for such structure to come from an

underlying symmetry. In the context of the νMSM, models employing a U(1) flavour symme-

try [118, 119], discrete flavour symmetries [120], the split seesaw mechanism [121, 122], and

the Froggatt-Nielsen mechanism [123–125] have been suggested for producing a hierarchical

pattern of Majorana masses and Yukawa couplings. Similar techniques should also be able

to produce the necessary pattern of masses and couplings in singlet extensions, but this has

not been demonstrated explicitly.

In this chapter, we consider extensions of the νMSM by a Higgs singlet φ that address

some of the model’s possible phenomenological problems and demonstrate how underlying

symmetries can give the necessary pattern of Majorana masses and Yukawa couplings in these

extensions. In particular, our starting point is a generic model in which the decays of φ allow

for primordial dark matter production that is consistent with the Lyman-α forest bound and

in which the vev of φ provides an origin for the Majorana masses of the sterile neutrinos. We

1In [117], it is argued that this is not a true completion of Higgs inflation but rather an induced gravity
inflation model added onto the SM.
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then construct symmetries broken at or near the Planck scale that can produce the hierarchy

of parameters for two specific examples of this model: one in which φ helps stabilize the EW

vacuum through a scalar threshold effect [113] and one in which φ is the inflaton [103–105].

Both examples require a complex φ to be realized with underlying symmetries and have

several experimental signatures that are distinct from the νMSM.

The chapter is organized as follows. In section 2.2, we review the constraints on the

νMSM and primordial dark matter production from a Higgs singlet. In section 2.3, we

develop symmetries broken at or near the Planck scale that can produce the required pattern

of Majorana masses and Yukawa couplings for two examples of this model. Section 2.4 gives

the conclusions.

2.2 The νMSM and dark matter production from a

Higgs singlet

In this section, we first review the constraints on the νMSM and motivate the scenario of

dark matter production from a Higgs singlet. We then discuss the constraints on dark matter

production from a Higgs singlet.

2.2.1 The νMSM

The Lagrangian of the νMSM is given by

L = LSM + N̄Ii∂µγ
µNI − FαIL̄αNIH −

MIJ

2
N̄ c
INJ + h.c., (2.1)

where LSM is the SM Lagrangian, NI (I = 1, 2, 3) are the sterile neutrinos, Lα (α = e, µ, τ)

are the lepton doublets, H is the Higgs doublet, FαI are the Yukawa couplings for neutrinos,

and MIJ are the Majorana masses for the sterile neutrinos. One of the striking features of the

νMSM is the highly constrained and hierarchical pattern of parameters required for successful

baryogenesis and dark matter production. These constraints are often best expressed not in

the basis NI of (2.1) but in the basis of the physical mass eigenstates Nm
I with masses MI

and Yukawa couplings F̃αI . The two bases are related by the unitary transformation given

in [118].

First, consider the constraints on Nm
2 and Nm

3 . The oscillations between Nm
2 and Nm

3

above TEW produce a lepton asymmetry in the active neutrinos that is converted into a
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baryon asymmetry by sphalerons [88].2 Nm
2 and Nm

3 cannot enter thermal equilibrium at

temperatures much above TEW or else the lepton asymmetry produced in their oscillations

is wiped out, giving the constraint [118]

F2 . 1.2× 10−6, (2.2)

where F 2
I ≡

(
F †F

)
II

and, by convention, F2 is taken to be larger than F3 with ε ≡ F3/F2 ≤ 1.

Similarly, masses M2,M3 � TEW are required so that lepton number violating processes are

negligible for T & TEW; masses satisfying

M2,M3 . 20 GeV (2.3)

are generally considered acceptable [88, 126]. Meanwhile, effective baryon asymmetry pro-

duction requires M2,M3 ' M to be highly degenerate with a mass difference ∆M ≡

M3 − M2 � M [88]. The baryon asymmetry produced can be expressed as a function

of F2, ε,M,∆M , and the neutrino hierarchy. Since active neutrino masses are generated via

the seesaw mechanism, one of F2, ε, and M (typically F2) can be expressed in terms of the

others with the relation [118]

∆matm '
κv2εF 2

2

2M
, (2.4)

where ∆matm ' 0.05 eV, v = 246 GeV, and κ = 1(2) for the inverted (normal) hierarchy.

Analytic expressions for the baryon asymmetry are given in [88, 127] while a numerical study

has been carried out in [126]. The allowed range of each parameter individually is [126]

M & 140 MeV, (2.5)

10−3 eV . ∆M . MeV, (2.6)

10−4 . ε ≤ 1, (2.7)

though the combination must produce the observed asymmetry nB/s ' (8.4–8.9)×10−11 [128].

Note that the lower bound (2.5) comes from demanding that Nm
2 and Nm

3 decay before Big

Bang nucleosynthesis (BBN) [129, 130]3 and that a significant amount of parameter space

for M . 500 MeV is ruled out by the CERN PS191 experiment and other accelerator

2TEW ' 140 GeV for a Higgs mass mh ' 125 GeV [126].
3Recent work [131, 132] suggests this bound can been strengthened to M & 1.4 GeV in the RP scenario,

discussed later.
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bounds [126, 130].4 For the parameter space allowed by (2.5)–(2.7), a lower bound on F2 is

approximately

F2 & 3× 10−8. (2.8)

Now consider the constraints on the dark matter candidate Nm
1 . Mixing with active

neutrinos below TEW allows the 1-loop decay Nm
1 → νmγ with width [7, 133]

ΓNm
1 →νmγ =

9αG2
F

1024π4
sin2 (2θ1)M5

1

' 5.5× 10−22θ2
1

(
M1

keV

)5

s−1,

(2.9)

where θ2
1 = v2F̃ 2

1 / (2M2
1 ) and F̃ 2

1 is evaluated with [118]

F̃α1 ∼ Fα1 +
M12

M
Fα2 +

M13

M
Fα3. (2.10)

The second and third terms on the right hand side of (2.10) are contributions to F̃α1 induced

by the mixing of N1 with N2 and N3 to form the mass eigenstate Nm
1 . Direct searches for the

X/γ-ray line corresponding to this decay provide the strongest limits on θ1 (as a function of

M1) for the mass range relevant to the νMSM. A summary of these limits is given in [96].

In general,

θ2
1 . 3× 10−5

(
keV

M1

)5

(2.11)

must be satisfied for 0.5 keV . M1 . 14 MeV, though the constraint is typically 100 times

stronger than (2.11) for masses outside the 12–40 keV range [96]. For Nm
1 produced entirely

from active-sterile neutrino mixing, M1 can be bounded above by combining the X-ray

constraints with the requirement of sufficient dark matter production (∝ θ2
1). The bound

obtained depends on the lepton asymmetry at the time of Nm
1 production: a negligible

lepton asymmetry is called the non-resonant production (NRP) scenario while a large lepton

asymmetry is called the resonant production (RP) scenario. The bounds for these two

scenarios are [96, 97, 99]

MNRP
1 . 2.2 keV, MRP

1 . 40 keV. (2.12)

Meanwhile, M1 can be bounded below by phase-space density arguments for dwarf spheroidal

galaxies [134, 135], the Lyman-α forest data [93, 136], studies of gravitationally lensed

4The fixed target CERN PS191 experiment looked for heavy neutrinos in the decays of charged mesons
π+/K+ → e+N , where the heavy neutrino decays as N → e+e−vα. Bounds on these processes constrain
regions of the mass-mixing plane of Nm

2 and Nm
3 for M < mK+ ' 493.7 MeV.
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QSOs [94], and N-body simulations of the Milky Way [95]. The bounds from the Lyman-α

forest data and N-body simulations of the Milky Way are the strongest and give5

MNRP
1 & 13 keV, MRP

1 & 2 keV. (2.13)

Combining (2.12) and (2.13) rules out the simpler NRP scenario, even with a possibly large

entropy dilution from the decays of Nm
2 and Nm

3 [99]. The RP scenario is still allowed for a

range of M1; it requires an even larger degeneracy than (2.6), on the order ∆M . 10−7 eV,

to produce the required lepton asymmetry for enhanced dark matter production [102]. This

level of degeneracy is unstable in the presence of radiative corrections and must be achieved

with either fine-tuning or an extension of the model by a Planck-scale symmetry and non-

renormalizable operators [102].

2.2.2 Dark matter production from a Higgs singlet

An alternative dark matter production scenario that is capable of satisfying the Lyman-α

forest bound for warm dark matter (or allows for heavier cold dark matter) uses a real Higgs

singlet φ and its decays to Nm
1 [103]. This scenario is arguably simpler than the RP scenario

and has the advantage that Majorana masses originate from the vev of φ rather than as bare

mass terms. This extension of the νMSM, which we will call the neutrino Next-to-Minimal

Standard Model (νNMSM), is the basis of this chapter.

In the νNMSM, the Majorana mass term in the Lagrangian (2.1) is modified to

∆L = −λIJ
2
φN̄ c

INJ , (2.14)

where MIJ = λIJ 〈φ〉 once φ acquires a vev. In the mass basis Nm
I , λIJ → λI where

MI = λI 〈φ〉. The mixing angle θ2
1 is assumed small enough that dark matter production from

active-sterile neutrino mixing is negligible and the X/γ-ray constraint (2.11) is satisfied.6

Assuming no miraculous cancellations of terms in (2.10), this requires

Fα1,
M12

M
Fα2,

M13

M
Fα3 . 10−13. (2.15)

5These are the (Bayesian) 2σ bounds. Although [95] quotes a stronger bound for MRP
1 , it is based on a

simple mass rescaling argument that is shown to be insufficient for a more rigorous analysis of the Lyman-α
forest bound in the RP scenario [136].

6Since the NRP and RP bounds (2.12) no longer apply, M1 may exceed the range in which (2.11) is
valid. In this case, γ-ray constraints from EGRET [137] and FERMI [138] give τ & 1026 s, or equivalently

θ2
1 . 2× 10−20 (MeV/M1)

5
, for masses up to 30 TeV.

21



With (2.15), one can show that the induced contributions to M1 from M12 and M13 are

small [118] and hence λ1 ' λ11. Dark matter production then proceeds via the decays

φm → Nm
1 N

m
1 with the partial width [103]

Γ =
λ2

1

16π
mφ '

λ2
11

16π
mφ, (2.16)

where mφ > 2M1 is the mass of the physical mass eigenstate φm.7 This production depends

on the thermal history of φm, specifically the ratio of its mass to its freeze-out temperature,

rf ≡ mφ/Tf [107]. For the case that φm is in thermal equilibrium down to temperatures

T � mφ (i.e. rf � 1), the dark matter abundance is given by [103]

ΩNm
1
' 0.2f(mφ)

S

(
λ11

10−10

)2(
M1

4 keV

)(
GeV

mφ

)
, (2.17)

where f(mφ) ' (10.75/g∗ (mφ/3))3/2 and 1 ≤ S . 2 is a factor that accounts for entropy

production from the decays of Nm
2 and Nm

3 after Nm
1 is produced.8 Using M1 ' λ11 〈φ〉 in

(2.17), the appropriate dark matter abundance ΩNm
1
' 0.23 is generated when

λ11 ' 4× 10−9

(
S

f(mφ)

)1/3(
mφ

〈φ〉

)1/3

. (2.18)

For the case that φm is a thermal relic decaying out of equilibrium (i.e. rf � 1), the dark

matter abundance is given by [107]

ΩNm
1
' 0.3

S

(
M1

keV

)(
10.75

g∗(Tf )

)(
B

0.01

)
, (2.19)

where B ≡ Γ/Γtot
φ is the branching ratio of φm → Nm

1 N
m
1 .9 Analytic expressions relevant to

the intermediate case rf ∼ 1 can be found in [107], and the result is a combination of (2.17)

and (2.19).

The Lyman-α forest bound for this dark matter production mechanism can be estimated

by rescaling the NRP bound, giving [99, 107]

MHiggs
1 & 10

(
10.75

g∗(Tprod)

)1/3

keV, (2.20)

where Tprod is the temperature at which Nm
1 is produced. Further constraints come from the

requirement that the interactions φm ↔ Nm
2 N

m
2 and φm ↔ Nm

3 N
m
3 (and any interactions

7We have assumed a small mixing angle θhφ between the Higgs boson h and φ so that φm ' φ, hm ' h,
and the decays hm → Nm

1 N
m
1 are negligible compared to φm → Nm

1 N
m
1 [107]. This is a good approximation

for both models considered in section 2.3.
8Since Nm

1 production peaks at Tprod ≡ mφ/2.3, (2.17) is a good approximation for rf & 3 [107].
9As in [107], we neglect any φφ annihilations that could reduce (2.19) by up to a factor of 2.
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SM↔ Nm
2 N

m
2 and SM↔ Nm

3 N
m
3 mediated by φm) do not bring Nm

2 and Nm
3 into thermal

equilibrium at the characteristic temperature of leptogenesis [139]

TL ∼
(
M∆MM0

3

)1/3

, (2.21)

where M0 ' 7 × 1017 GeV, and spoil baryogenesis.10 Moreover, the addition of φ must

not open an invisible branching ratio of the Higgs greater than 30% at 2σ [140]. These

constraints are discussed further in section 2.3 for specific models of the scalar sector.

Although we have assumed φ is real in the discussion above, it is also possible (with some

restrictions) to have a complex φ. (We parametrize φ = (ρ+ iχ) /
√

2 for a complex φ but

continue to use mφ and φm instead of mρ and ρm to maintain consistency with the notation

for a real φ.) In previous studies of the νNMSM, which do not attempt to explain the origin of

its parameters, φ is typically assumed real to avoid a massless Goldstone boson χ and hence

the unsuitably fast decay channel Nm
1 → νmχ for dark matter [103–107]. We have found it

difficult, however, to explain the parameters of the νNMSM with an underlying symmetry

if φ is real and hence uncharged. To construct such a symmetry, we must therefore consider

a complex φ and address the problems and constraints associated with a Goldstone boson.

There are several ways to avoid the decay Nm
1 → νmχ for a complex φ. First, if φ is

charged under a discrete symmetry and terms of the form φn + φ†n are allowed, these terms

give χ a mass and can kinematically forbid the decay Nm
1 → νmχ. If the analogous decays

Nm
2 , N

m
3 → νmχ are still allowed, they can relax the constraint (2.5) to M & few MeV [118].

Alternatively, if χ remains light enough to allow Nm
1 → νmχ then the mixing of N1 with

other neutrino species can be suppressed or forbidden by a symmetry, thereby suppressing

the decay. This case is particularly interesting since χ can contribute to the effective number

of neutrino species and give a value of Neff above the SM or νMSM prediction, as recent

measurements prefer (see [141] and references therein).11 The contribution of χ to Neff

depends on the freeze-out temperature Tf : it can be as large as ∆Neff ∼ 1 for a thermal

distribution of χ or much smaller if χ decouples early. The Planck experiment and other

future CMB experiments will therefore be able to constrain these models with a complex

φ [143].

10If these interactions bring Nm
2 and Nm

3 into thermal equilibrium below TL, the asymmetry in the sterile
neutrinos will be wiped out but the asymmetry in the active neutrinos will remain.

11The real component of φ can also contribute to Neff during BBN if mφ . 10 MeV [142]. For the models
of the scalar sector considered in section 2.3, however, mφ � 10 MeV.
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2.3 Symmetries and the νNMSM

The νNMSM, like the νMSM, requires parameters that are constrained to be hierarchically

small. An important question is whether it is possible for such structure to come from

an underlying symmetry. In the context of the νMSM, flavour symmetries [118–120], the

split seesaw mechanism [121, 122], and the Froggatt-Nielsen mechanism [123–125] have been

explored for producing the required pattern of Majorana masses and Yukawa couplings.

Following this approach, we would like to demonstrate explicitly how the flavour sector

parameters of the νNMSM can arise from symmetries broken at or near the Planck scale.

Since the values of some parameters (e.g. λ11 in (2.18)) depend on an unspecified scalar

sector, we first keep the discussion general and then consider two specific models of the

scalar sector: one in which φ helps stabilize the EW vacuum [113] and one in which φ is the

inflaton [103–105]. These models of the scalar sector, though motivated as minimal solutions

to other possible problems with the νMSM, are meant only to provide definite examples for

the symmetries used in the flavour sector; other realizations of the scalar sector may certainly

be considered.

Note that we do not provide an explanation for the values of parameters in the scalar

sector or the associated hierarchy problems in this chapter. A separate symmetry or mech-

anism, such as the scale symmetry discussed in chapter 4, may be responsible for producing

hierarchically small scalar sector parameters that are technically natural and hence avoid a

hierarchy problem.

2.3.1 Symmetries in the flavour sector

First consider how the structure of the νNMSM Lagrangian,

∆L = −FαIL̄αNIH −
λIJ
2
φN̄ c

INJ + h.c., (2.22)

can arise from an underlying symmetry without regard to the size of the couplings FαI and

λIJ . There are several ways this structure can arise:

• Conformal symmetry/scale invariance: The structure (2.22), which has only terms

with dimensionless couplings, can arise from models with a classical conformal symme-

try [144–146] or hidden scale invariance [147, 148]. These models have been motivated
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N1 N2 N3 Lα Eα Qi Ui Di H φ
U(1) -1 -1 -1 -1 -1 1/3 1/3 1/3 0 2
Z3 1 1 1 1 1 0 0 0 0 1

Table 2.1: Examples of an anomaly-free global U(1) and Z3 symmetry that can give the
Lagrangian structure (2.22). Note: Eα are the right-handed charged leptons, Qi (i = 1, 2, 3)
are the left-handed quark doublets, and Ui, Di are the right-handed quarks.

as a solution to the hierarchy problem: the conformal symmetry forbids tree-level scalar

mass terms while radiative breaking of this symmetry by the conformal anomaly is re-

sponsible for EW symmetry breaking and, in [147, 148], a hierarchy between the EW

and Planck scales from a choice of large scale f .

• (Approximate) Global U(1) symmetry : For a complex φ, the structure (2.22) can arise

from a global U(1) symmetry under which φ is charged. We use a global symmetry

to avoid introducing a new low-energy gauge sector. Since it has been argued that

the only symmetries allowed in an effective low-energy theory are those that derive

from gauge symmetries [149], note that approximate global symmetries (approximate

because they are broken by non-perturbative effects) can arise from string theory as

the remnant of a non-linearly realized U(1) gauge symmetry in which the gauge boson

acquires a string scale mass through its coupling to a Stueckelberg field [150]. For

a consistent model, the underlying U(1) gauge symmetry must be anomaly-free or

Green-Schwarz anomalous [151, 152]. An anomaly-free example in which matter fields

have U(1)B−L charges is given in table 2.1.

• Discrete ZN symmetry : A discrete ZN symmetry can also give the structure (2.22).

Such symmetries can arise from the spontaneous breaking of a gauge symmetry at a

high scale [153] or from coupling selection rules on heterotic orbifolds (see [154] and

references therein). Note that it is often easier to satisfy the anomaly cancellation

conditions for ZN symmetries [154, 155] than those for U(1) symmetries: an anomaly-

free Z3 example is given in table 2.1.12 However, the spontaneous breaking of discrete

symmetries can produce domain walls [158] and care must be taken to avoid these,

such as by having the symmetry breaking phase transition occur below 1 MeV [159].

12The mixed ZN -U(1)Y -U(1)Y anomaly does not pose a meaningful constraint since the hypercharge
normalization is not fixed [156, 157].
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Constructing a model with a classical scale invariance to give the desired Lagrangian struc-

ture (2.22) is intriguing but goes beyond the scope of this chapter; these ideas are considered

further in chapter 4. For now, we use a global U(1) symmetry rather than a discrete ZN

symmetry to avoid introducing the problems associated with domain walls at this stage.

Now consider the hierarchy of Majorana masses and Yukawa couplings in the νNMSM.

To explain the small Yukawa couplings F̃α1 . 10−13 and, for a complex φ, to prevent the

fast dark matter decay channel Nm
1 → νmχ, we introduce a Z2 symmetry under which only

N1 is charged (see table 2.2).13 This symmetry allows only the couplings

FαI =

0 Fe2 Fe3
0 Fµ2 Fµ3

0 Fτ2 Fτ3

 , λIJ =

λ11 0 0
0 λ22 λ23

0 λ23 λ33

 , (2.23)

and hence forbids mixing of N1 with the other neutrinos, making Nm
1 completely stable

(θ1 = 0) and one active neutrino exactly massless. The required pattern of Majorana masses

and Yukawa couplings can then be produced if there are strong hierarchies in the remaining

λIJ and FαI , specifically if

Fα2 ∼ F2, Fα3 ∼ F3,

λ11 ∼
M1

〈φ〉
, λ23 ∼

M

〈φ〉
, max {λ22, λ33} ∼

∆M

〈φ〉
.

(2.24)

We consider two possibilities for generating these hierarchies from an underlying symmetry,

in which case the small couplings in (2.24) are preserved under the RG flow:

• Froggatt-Nielsen mechanism: The Froggatt-Nielsen mechanism [160] is a well-known

method of generating hierarchical parameters. In brief, a new U(1)FN gauge symmetry

that is spontaneously broken by a flavon field ϑ at a very high scale is introduced.

Fields of the νNMSM are charged under this U(1)FN so that ϑ (or ϑ†) must couple

to the terms in (2.22) with various powers to form gauge singlets. After the U(1)FN

is spontaneously broken, these non-renormalizable terms are suppressed by powers of

η ≡ 〈ϑ〉 /MPl, where η is a free parameter (though typically assumed to be on the

order of the Cabibbo angle [123, 161]). Of course, multiple flavon fields ϑi with various

ηi ≡ 〈ϑi〉 /MPl may be used, as well as a discrete ZN symmetry in place of the U(1)FN.

13The anomaly cancellation conditions for this Z2 are trivially satisfied. Therefore this symmetry is exact
at the quantum level.
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• Non-perturbative symmetry breaking : Another possibility for generating hierarchical

parameters comes from non-perturbative symmetry breaking in string theory. In [162],

for example, it is shown that heterotic string compactifications on Calabi-Yau manifolds

can give models with the SM gauge group and additional U(1) symmetries. These

additional symmetries can play a role analogous to that of the U(1)FN: if the νNMSM

fields are charged under these symmetries, the terms in (2.22) may require couplings

to various powers of ϑi ≡ e−T
i/MPl to form gauge singlets, where T i = ti + 2iχi are

Kähler moduli with axionic components χi (not to be confused with the Goldstone

boson χ) that transform non-linearly under the U(1). After these symmetries are

spontaneously broken by 〈ti〉 � MPl [162, 163], the terms in (2.22) are suppressed by

powers of ηi ≡ e−〈ti〉/MPl . Again, discrete ZN symmetries may be used in place of the

U(1) symmetries.

Although either mechanism may be used to generate the hierarchical parameters (2.24) for

the same charge assignment, the non-perturbative symmetry breaking mechanism does not

require additional symmetry breaking or scalar particles below the Planck scale and therefore

adheres closer to the “minimal” philosophy of the νMSM.

To fix the absolute scale of the couplings λIJ and hence construct an explicit model of

symmetries in the flavour sector, the values of mφ and 〈φ〉 must be fixed (see (2.18) and

(2.24)) by some model of the scalar sector. We now consider two models of the scalar sector

that are motivated as solutions to other possible problems with the νMSM.

2.3.2 Stabilization of the electroweak vacuum

For a Higgs mass mh ' 125–126 GeV, the SM (and hence νMSM) potential develops an

instability below the Planck scale unless the top mass is about 2σ below its central value [110].

While it is possible that more precise measurements of the top mass will lower its central

value and relieve this tension, we first consider a model of the scalar sector in which the

Higgs singlet can, for the central value of the top mass, stabilize the EW vacuum through a

scalar threshold effect.

This model, described in [113], considers a complex φ and scalar potential of the form

V = λh

(
H†H − v2

2

)2

+ λφ

(
φ†φ− w2

2

)2

+ 2λhφ

(
H†H − v2

2

)(
φ†φ− w2

2

)
, (2.25)
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which is the most general renormalizable potential that respects a global Abelian symmetry

under which only φ is charged. Values of λh, λφ > 0 and λ2
hφ < λhλφ are assumed so that

the minimum of this potential is given by

〈
H†H

〉
=
v2

2
,
〈
φ†φ
〉

=
w2

2
, (2.26)

where v = 246 GeV. The mass matrix for the real components of H and φ is then

M2 = 2

(
λhv

2 λhφvw
λhφvw λφw

2

)
, (2.27)

while the imaginary component of φ (i.e. χ) remains massless. In contrast to other models

that use a Higgs singlet to stabilize the EW vacuum (e.g. [111, 112]), this model assumes

w � v. The two eigenstates of (2.27) then have masses

m2
h = 2v2

[
λh −

λ2
hφ

λφ
+O

(
v2

w2

)]
, (2.28)

m2
φ = 2w2

[
λφ +

λ2
hφ

λφ

(
v2

w2

)
+O

(
v4

w4

)]
, (2.29)

with a mixing angle θhφ ∼ v/w. Integrating out the heavier state for scales below mφ gives

the effective potential

Veff = λ

(
H†H − v2

2

)2

, λ ≡ λh −
λ2
hφ

λφ
, (2.30)

where the matching condition for the Higgs quartic coupling gives a tree-level shift δλ ≡

λ2
hφ/λφ from λ just below mφ to λh just above mφ. Provided mφ is below the instability scale

Λ ' 1011 GeV [110], a value of δλ ' 0.01 can push the instability beyond the Planck scale.

Due to the massless Goldstone boson χ, the value of λhφ is constrained by limits on the

invisible branching ratio of the Higgs. For mh ' 125 GeV, the total SM decay width of the

Higgs is [164]

ΓSM = 4.07 MeV, (2.31)

while the invisible decay width for hm → χχ is [165]

Γinv =
λ2
hφv

2

8πmh

. (2.32)

Allowing an invisible branching ratio of up to 30% [140] gives the constraint

λhφ(mh) . 0.01. (2.33)
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N1 N2 N3 Lα Eα Qi Ui Di H φ ϑ1 ϑ2

U(1) -1 -1 -1 -1 -1 1/3 1/3 1/3 0 -1 3 0
Z3 0 1 -1 0 0 0 0 0 0 0 0 1
Z2 1 0 0 0 0 0 0 0 0 0 0 0

Table 2.2: Charge assignments for the stabilization of the EW vacuum scenario. The global
U(1) symmetry gives the structure (2.22) while the discrete Z3 and Z2 symmetries, together
with the fields ϑ1 and ϑ2, give the required hierarchies in FαI and λIJ .

A value of δλ that stabilizes the EW vacuum and is consistent (2.33) can then be obtained

for λφ . 0.01 (the running of λhφ and λφ is small for these values). We illustrate this by

constructing a model with λhφ, λφ ∼ 0.01 and hence an invisible branching ratio of the Higgs

of about 30%.14 For these values, one can show that χ remains in thermal equilibrium down

to temperatures just below mµ. The model therefore has a ∆Neff ' 4/7 contribution to the

effective number of neutrino species from χ and hence a total value of Neff ' 3.6. This value

can be tested by the Planck experiment and other future CMB experiments [143].

Now consider the flavour sector of the νNMSM for this model of the scalar sector. For

λhφ ∼ 0.01, the interactions H†H ↔ φmφm keep φm (the real component of φ) in thermal

equilibrium down to temperatures T � mφ for any mass mφ . Λ. We are therefore in the

dark matter production case rf � 1. For λφ ∼ 0.01, the ratio mφ/ 〈φ〉 is fixed by (2.29) and

(2.18) gives a value of

λ11 ∼ 1× 10−8 (2.34)

to produce the correct dark matter abundance.15 The Lyman-α forest bound (2.20) is

therefore satisfied for a choice 〈φ〉 & 500 GeV. Taking 〈φ〉 ' 108 GeV, a pattern of masses

MIJ and couplings FαI that gives the correct dark matter abundance and baryon asymmetry

can be achieved with two fields ϑ1, ϑ2, the values η1 ' 10−8, η2 ' 10−7, and the charge

assignments given in table 2.2. We stress that this is the simplest anomaly-free model we

could find, though other charge assignments are possible.16

For the sake of definiteness, suppose that the non-perturbative symmetry breaking mech-

anism is used for generating the hierarchies in FαI and λIJ ; that is, ϑi = e−T
i/MPl and

14It is, however, quite simple to construct models with a smaller invisible branching ratio by taking smaller
λhφ and λφ while keeping δλ fixed.

15Here we have used S ' 1 (anticipating M ∼ 1 GeV) and taken mφ & TEW for f (mφ). Also, λ11 must
be a factor of

√
2 larger than in (2.18) for a complex φ since only the real component of φ can decay to Nm

1 .
16The Z3 and Z2 symmetries could be combined in a single Z6, if desired.
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ηi = e−〈ti〉/MPl for i = {1, 2}. From table 2.2, the Lagrangian for the flavour sector is then

∆L = −fα2ϑ
†
2L̄αN2H − fα3ϑ2L̄αN3H −

h11

2
ϑ1φN̄

c
1N1 −

h22

2
ϑ1ϑ2φN̄

c
2N2

− h23

2
ϑ1φN̄

c
2N3 −

h32

2
ϑ1φN̄

c
3N2 −

h33

2
ϑ1ϑ

†
2φN̄

c
3N3 + h.c., (2.35)

where fαI and hIJ are O(1) couplings. Meanwhile, the scalar potential is given by (2.25) plus

the additional terms ϑ†iϑiH
†H, ϑ†iϑiφ

†φ, and ϑ1φ
3 +ϑ†1φ

†3 involving ϑ1 and ϑ2. Note that we

must assume these additional terms, which are allowed by the symmetries, have sufficiently

small coefficients to preserve (2.25). For the former two terms, this assumption corresponds

to a hierarchy problem in the scalar sector unless the small coefficients of these terms can

arise in a technically natural way. Demonstrating that such a scenario is possible, if indeed

it is, goes beyond the scope of this chapter. It is interesting to see, however, that in order

to produce hierarchical parameters in the flavour sector of the νNMSM with symmetries the

hierarchy problem in the scalar sector may be made worse.17 For the latter terms ϑ1φ
3+ϑ†1φ

†3,

we similarly accept a small parameter in the scalar sector without explanation,18 but note

that these terms could also be forbidden by an additional U(1) symmetry under which φ

and ϑ1 have opposite charges.

After the spontaneous symmetry breaking associated with ϑ1 and ϑ2, (2.35) reduces to

(2.22) with the textures

FαI ∼

0 η2 η2

0 η2 η2

0 η2 η2

 , λIJ ∼

η1 0 0
0 η1η2 η1

0 η1 η1η2

 . (2.36)

The parameters of the νNMSM are then

Fα2 ∼ 1× 10−7, Fα3 ∼ 1× 10−7,

M1 ∼ 1 GeV, M ∼ 1 GeV, ∆M ∼ 100 eV,
(2.37)

up to O (1) constants. This example shows that, in contrast to the νMSM, dark matter in

the νNMSM can be much heavier than the keV scale. Active neutrino mixing in this model

17This point is particularly relevant to the recent work [166], which has suggested that the Higgs mass
in the SM does not have the quadratic divergence that is usually identified with the hierarchy problem.
In this case, trying to explain the hierarchical parameters of any model with additional heavy scalars may
reintroduce the hierarchy problem.

18The ϑ1φ
3 + ϑ†1(φ†)3 terms give χ a small mass and lead to the formation of a discrete Z3 symmetry in

φ after the spontaneous symmetry breaking associated with ϑ1, which can introduce potentially dangerous
domain walls when this Z3 is later broken by the vev of φ. The domain wall problem can be avoided for
sufficiently small coefficients that bias the different vacua, which leads to a subsequent collapse of the domain
wall structure [159].
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is anarchical (up to charged lepton corrections) while the charged lepton and quark Yukawa

couplings remain unsuppressed. Therefore additional flavour symmetries using the Green-

Schwarz anomaly cancellation mechanism, such as in [123, 167], must be used to produce

hierarchies in the charged lepton and quark sectors.

As a consistency check on this model, we must verify that Nm
2 and Nm

3 are out of

thermal equilibrium at the characteristic temperature of leptogenesis TL ∼ 3×103 GeV. Since

mφ ' 2 × 107 GeV � TL, φm has decayed away by leptogenesis19 and only the scattering

processes H†H ↔ Nm
2 N

m
2 and H†H ↔ Nm

3 N
m
3 mediated by φm and χ need to be considered.

For λhφ ∼ 0.01, these processes are out of equilibrium at TL for λ2, λ3 ' λ23 . 10−5, which

is satisfied by (2.36).

This model demonstrates that it is possible to use symmetries broken at or near the

Planck scale to obtain the hierarchical pattern of Majorana masses and Yukawa couplings

required for successful baryogenesis and dark matter production in the νNMSM. The model

obeys all phenomenological constraints and allows for the possibility of Higgs inflation by

ensuring that the Higgs potential does not develop a second minimum before the Planck

scale. Of course, the symmetries used do not address the hierarchy problem associated

with radiative corrections to the scalar sector. To do so would involve implementing a

supersymmetric version of the theory, which departs from the underlying philosophy of the

νMSM, or implementing a conformal symmetry solution, which requires an understanding

of how to include gravity in such a theory. This is something we cannot do at present.

2.3.3 φ Inflation

Although the Higgs inflation of the νMSM has not been ruled out, it relies on the question-

able assumption that new strong dynamics appearing at the scale of perturbative unitarity

breakdown, MPl/ξ, preserve the intact shape of the Higgs potential even above MPl/ξ [82].

We now consider another model of the scalar sector for the νNMSM, given in [103] and de-

veloped further in [104, 105], in which the Higgs singlet φ can be a light inflaton (mφ < mh)

and thus provide an alternative to Higgs inflation. The scalar potential of this model is

V = λ
(
H†H − α

λ
φ†φ
)2

+
β

4

(
φ†φ
)2 − 1

2
m2φ†φ, (2.38)

19Note that a relic CP-even distribution of Nm
2 and Nm

3 from the decays of φm does not affect leptogenesis.

31



where it is assumed that m �
√
βMPl so that chaotic inflation proceeds via the quartic

term and, in contrast to [103–105], we require φ to be complex to explain the hierarchical

parameters of the νNMSM with an underlying symmetry. The potential (2.38) is then the

most general renormalizable potential that respects a global U(1) symmetry under which

only φ is charged, assuming the bare mass term for the Higgs is negligible.20 Successful

chaotic inflation requires β ' 1.5 × 10−13 to give the correct amplitude of adiabatic scalar

perturbations and α . 10−7, λIJ . 1.5×10−3 to ensure that the flatness of the potential is not

spoiled by radiative corrections from the loops of SM particles and sterile neutrinos [105].21

Achieving a sufficiently high reheating temperature Tr > TL for baryogenesis requires α &

7 × 10−10 [104]. Moreover, a value of λ ' 0.13 is required for mh ' 125 GeV. For these

parameters, expanding the potential (2.38) about its minimum gives the relations

〈H〉 =
v√
2
, 〈φ〉 =

√
λ

2α
v, mh '

√
2λv,

mφ ' m '
√
βλ

2α
v, θhφ '

√
α

λ
,

(2.39)

where v = 246 GeV. The upper bound on α can be further strengthened by limits on axion

searches in the CHARM experiment [105]. The mass range allowed by this experiment,

270 MeV . mφ . 1.8 GeV, corresponds to 2 × 10−10 . α . 8 × 10−9 for mh ' 125 GeV.

Note that we do not provide an explanation for the small values of α and β in the scalar

potential; we simply take their values to be within the range allowed by successful inflation.

Also note that, for α . 8× 10−9, the invisible branching ratio of the Higgs is negligible.

Now consider the flavour sector of the νNMSM for this model of the scalar sector. As

in [103], we assume an inflaton mass mφ & 300 MeV so that the mixing angle θhφ is large

enough to keep φm in thermal equilibrium down to temperatures T � mφ via the interactions

φm ↔ e−e+, φm ↔ µ−µ+, etc. We are therefore in the dark matter production case rf � 1.

The ratio mφ/ 〈φ〉 =
√
β is fixed by (2.39) and (2.18) gives a value of

λ11 ∼ 3× 10−11 (2.40)

20For a real φ, (2.38) was originally presented as the most general scale invariant potential in which the
scale invariance is explicitly broken by a mass term for φ [103].

21As mentioned in [103], chaotic inflation with a quartic potential is disfavoured by WMAP data [168].
However, only a very small non-minimal coupling to gravity of ξ & 0.0027 can help bring this model in line
with the data [169].
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N1 N2 N3 Lα Eα Qi Ui Di H φ ϑ1 ϑ2

U(1) 5 -4 -4 -1 -1 1/3 1/3 1/3 0 2 3 0
Z4 0 1 -1 0 0 0 0 0 0 0 0 1
Z2 1 0 0 0 0 0 0 0 0 0 0 0

Table 2.3: Charge assignments for the φ inflation scenario. The global U(1) symmetry gives
the structure (2.22) while the discrete Z4 and Z2 symmetries, together with the fields ϑ1 and
ϑ2, give the required hierarchies in FαI and λIJ .

to produce correct dark matter abundance.22 The absolute scale of 〈φ〉, however, is not fixed.

There is a relatively narrow window 7 × 105 GeV . 〈φ〉 . 2 × 106 GeV that is consistent

with the constraints on α, the assumption mφ & 300 MeV, and the Lyman-α forest bound.

Taking 〈φ〉 ' 106 GeV, a pattern of masses MIJ and couplings FαI that gives the correct

dark matter abundance and baryon asymmetry can be achieved with two fields ϑ1, ϑ2, the

values η1 ' 2× 10−3, η2 ' 5× 10−5, and the charge assignments given in table 2.3. Again,

this is the simplest anomaly-free model we could find, though other charge assignments are

possible.

Suppose this time that the Froggatt-Nielsen mechanism is used for generating the hier-

archies in FαI and λIJ , and hence η1 = 〈ϑ1〉 /MPl and η2 = 〈ϑ2〉 /MPl.
23 From table 2.3, the

Lagrangian for the flavour sector is then

∆L = −fα2

(
ϑ1ϑ

†
2

M2
Pl

)
L̄αN2H − fα3

(
ϑ1ϑ2

M2
Pl

)
L̄αN3H −

h11

2

(
ϑ†41

M4
Pl

)
φN̄ c

1N1

− h22

2

(
ϑ2

1ϑ
†2
2

M4
Pl

)
φN̄ c

2N2 −
h23

2

(
ϑ2

1

M2
Pl

)
φN̄ c

2N3

− h32

2

(
ϑ2

1

M2
Pl

)
φN̄ c

3N2 −
h33

2

(
ϑ2

1ϑ
2
2

M4
Pl

)
φN̄ c

3N3 + h.c., (2.41)

where fαI and hIJ are O(1) couplings. Meanwhile, the scalar potential is given by (2.38)

plus the additional terms ϑ†iϑiH
†H, ϑ†iϑiφ

†φ, and ϑ†21 φ
3 + ϑ2

1φ
†3 involving ϑ1 and ϑ2. Again,

we must assume that these additional terms in the scalar sector, which are allowed by the

symmetries, have sufficiently small coefficients to preserve (2.38). Once ϑ1 and ϑ2 acquire

vevs, (2.41) reduces to (2.22) with the textures

FαI ∼

0 η1η2 η1η2

0 η1η2 η1η2

0 η1η2 η1η2

 , λIJ ∼

η4
1 0 0
0 η2

1η
2
2 η2

1

0 η2
1 η2

1η
2
2

 . (2.42)

22We have anticipated S ' 1 and mφ ' 400 MeV in obtaining (2.40), though these parameters only have
an O (1) effect on λ11.

23Here we assume that the messenger states that are integrated out to give the higher dimensional operators
have Planck-scale masses.
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The parameters of the νNMSN are then

Fα2 ∼ 1× 10−7, Fα3 ∼ 1× 10−7,

M1 ∼ 20 keV, M ∼ 4 GeV, ∆M ∼ 10 eV,
(2.43)

up to O (1) constants. As before, active neutrino mixing is anarchical (up to charged lepton

corrections) and additional flavour symmetries must be used to produce hierarchies in the

charged lepton and quark sectors. We also have the parameters

α ' 4× 10−9, mφ ' 400 MeV, θhφ ' 2× 10−4. (2.44)

For these values, it can be shown that χ remains in thermal equilibrium roughly while φm

does (to temperatures below mµ) via the interactions φm ↔ χχ. The near massless χ

therefore contributes ∆Neff ' 4/7 to the effective number of neutrino species.

As a consistency check on this model, we must verify that Nm
2 and Nm

3 are out of

thermal equilibrium at the characteristic temperature of leptogenesis TL ∼ 2 × 103 GeV.

Since mφ < 2M , the processes φm → Nm
2 N

m
2 and φm → Nm

3 N
m
3 are kinematically forbidden

and the dominant processes are H†H ↔ Nm
2 N

m
2 and H†H ↔ Nm

3 N
m
3 . These are out of

equilibrium at TL for λ23 . 0.01, which is satisfied by (2.42). One can also verify that the

reheating temperature for α ' 4× 10−9 can be as large as Tr ' 5× 103 GeV [104], which is

above the leptogenesis temperature.

This model demonstrates that, for a scenario in which φ is a light inflaton, it is again

possible to use symmetries broken at or near the Planck scale to obtain the pattern of

Majorana masses and Yukawa couplings required for successful baryogenesis and dark matter

production in the νNMSM. This model obeys all phenomenological constraints and provides

an alternative to the Higgs inflation of the νMSM, but it requires small parameters in

the scalar potential without explanation (a problem that plagues virtually all inflationary

models) and does not improve the stability of the EW vacuum.

2.4 Conclusion

The νMSM is an extension of the SM that attempts to explain neutrino oscillations, dark

matter, the baryon asymmetry of the universe, and inflation using only three sterile neutrinos

with masses below the EW scale. Despite the phenomenological successes of the νMSM, a
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further extension may be necessary to accommodate the Lyman-α forest bound, stabilize

the EW vacuum, and allow for inflation. In this chapter, we have studied extensions of the

νMSM by a Higgs singlet φ that can address these issues and have demonstrated how the

required pattern of masses and couplings in the flavour sector of such models can arise from

an underlying symmetry.

Our starting point has been an extension of the νMSM in which the decays of φ give

a primordial production of dark matter that is readily consistent with the Lyman-α forest

bound and in which the vev of φ produces the Majorana masses of the sterile neutrinos.

For this next-to-minimal model, or νNMSM, we have considered two specific models of the

scalar sector: one in which φ helps stabilize the EW vacuum through a scalar threshold effect

and one in which φ is a light inflaton. For these definite examples, we have demonstrated

that symmetries broken at or near the Planck scale can produce the required hierarchical

pattern of Majorana masses and Yukawa couplings. The former model uses a U(1)×Z3×Z2

symmetry while the latter uses a U(1)×Z4×Z2 symmetry; both require a complex φ rather

than, as typically assumed, a real φ. The domain wall problem associated with the breaking

of the discrete ZN symmetries can be avoided for an appropriate choice of scalar sector

parameters. We have not, however, provided an explanation for scalar sector parameters or

addressed the hierarchy problem associated with radiative corrections to the scalar sector.

The models presented in this chapter satisfy all phenomenological constraints and make

several experimental predictions that are distinct from the νMSM. These predictions include

completely stable Nm
1 dark matter (hence no visible X/γ-ray signals from its decays) as well

as anarchical active neutrino mixing angles (up to charged lepton corrections) with one active

neutrino exactly massless. Moreover, due to the complex φ, both models have Neff ' 3.6 for

the effective number of neutrino species while the former model has an invisible branching

ratio of the Higgs of about 30%. It will therefore be possible to test these models with the

Planck experiment and the LHC in the near future.

2.5 Recent developments

Since the publication of this work, two independent collaborations have claimed the detection

of a 3.55 keV photon line using data from the XMM and Chandra satellites [170, 171]. One
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possible interpretation of the signal, if confirmed, is a sterile neutrino with a mass of 7.1 keV

and a mixing angle of sin2(2θ) ' 7 × 10−11. In the context of this work, such a state is

naturally identified with N1 and is just within the range where the Lyman-α bounds might

be satisfied for a RP of dark matter scenario in the νMSM (see discussion around (2.12)).

Alternatively, in the νNMSM it is within the Lyman-α bound (2.20) for g∗s(Tprod) & 30 and

is compatible with dark matter production from the decay of the Higgs singlet. It should

be mentioned, however, that similar X-ray signals have been reported in the past [172] and

subsequently disappeared [173], and the strength of the current signal shows a significant

dependence on the modelling of nearby potassium and chlorine lines [174–176].

Updated limits from the LHC have also put a stronger bound on the invisible branching

ratio of the Higgs, which now must be less than about 18% [177]. The example of the

νNMSM presented here with the stabilization of the EW vacuum, which has λhφ, λφ ∼ 0.01

and an invisible Higgs branching ratio of approximately 30%, is therefore in some tension

with the new bound. As mentioned above, though, it is straightforward to take λhφ and λφ

slightly smaller while maintaining the ratio δλ = λ2
hφ/λφ so that the EW vacuum is stabilized

and the Higgs invisible branching ratio bound is also satisfied. Interestingly, the pattern of

couplings λφ ∼ λ2
hφ � 1, which is what is needed to stabilize the EW vacuum through a

scalar threshold effect, is technically natural (see chapter 4) and can avoid the hierarchy

problem associated with large corrections to the Higgs mass from the singlet scalar φ for

λφ ∼ v/w. The hierarchy problem from the additional scalar fields ϑi, however, remains

unless the couplings for the terms ϑ†iϑiH
†H and ϑ†iϑiφ

†φ are also sufficiently small and arise

in a technically natural way.
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Chapter 3

Higgs ξ-inflation for the 125–126 GeV
Higgs: a two-loop analysis

The second topic of the thesis also studies the phenomenology of the νMSM, but the focus

is on issues related to the model of Higgs inflation used in the νMSM. Specifically, the work

is concerned with the technical details of Higgs ξ-inflation and its numerical predictions in

the region for which the Higgs self-coupling λ runs to small values near the Planck scale, as

suggested by the Higgs mass measurement of Mh ' 125–126 GeV. This small λ scenario is

relevant to the picture of the SM up to the Planck scale if there is some underlying symmetry

enforcing the boundary condition λ(MPl) ∼ 0.

Disclaimer: This chapter contains a nearly identical copy of my work in ref. [178] plus

a discussion of recent developments that have occurred since publication.

3.1 Introduction

A period of exponential expansion of the early universe driven by the potential energy of a

scalar field — the inflaton — is an elegant explanation for the flatness, isotropy and homo-

geneity of the universe today [45–49]. Furthermore, it provides a very plausible mechanism

for generating the nearly scale invariant spectrum of primordial density fluctuations that

have been imprinted on the CMB [11, 50] and have grown into the large scale structure of

galaxies [179]. The nature of the inflaton is, however, still unknown. While a large num-

ber of inflationary models that extend the scalar degrees of freedom of the SM have been

proposed (see e.g. [52, 53]), the possibility that the SM Higgs boson is the inflaton — a

scenario attractive for its minimality — still remains for the model of Higgs inflation from a
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non-minimal coupling to gravity [54].1

This model of Higgs inflation, based on the work of [180–183], makes use of a large non-

minimal gravitational coupling ξH†HR between the Higgs doublet H and the Ricci scalar

R.2 The effect of this coupling is to flatten the SM potential above the scale MPl/
√
ξ, thereby

allowing a sufficiently flat region for slow roll inflation. An analysis of the tree-level potential

finds ξ ' 5 × 104
√
λ is required to produce the correct amplitude of primordial density

fluctuations [54], which for Mh ' 125–126 GeV [184] gives ξ ∼ 2× 104. The predictions for

the spectral index and the tensor-to-scalar ratio are also well within the current 1σ allowed

regions from WMAP9 [11] and Planck 2013 [50].

It has been pointed out, however, that Higgs ξ-inflation with the large value ξ ∼ 104

suffers from a serious problem. Perturbative unitarity is violated at the scale MPl/ξ, and new

physics entering at MPl/ξ to restore unitarity is naively expected to contain new particles

and interactions that affect the potential in an uncontrollable way [185–188].3 The self-

consistency of the model in the inflationary region h & MPl/
√
ξ is therefore questionable.

To address the issue of unitarity violation while preserving the minimality of Higgs inflation,

one must make a rather strong assumption that either additional non-renormalizable Higgs

interactions accompany the non-minimal coupling and restore unitarity [116] or that new

strong dynamics entering at MPl/ξ restores unitarity in a non-perturbative way [114, 189,

191, 192]. It is unknown whether the former approach can be made consistent with quantum

corrections or the effect of additional potential and Yukawa interactions [117], while it is

unclear whether strong coupling in graviton exchange processes for the latter scenario can

unitarize scattering cross sections without requiring new physics [117]. If the latter scenario

is possible, however, an approximate shift symmetry of the potential in the inflationary

1Other proposed models of Higgs inflation make use of special features of the SM potential that develop
if the Higgs quartic coupling λ runs to very small values. The quasiflat SM potential considered in [55],
however, predicts too large an amplitude of density fluctuations while false vacuum inflation [56–58] requires
an additional scalar particle to achieve a graceful exit from inflation. Further possibilities, not discussed here,
make use of derivative couplings of the Higgs to gravity or other non-renormalizable Higgs couplings [59–63].

2This is the only local, gauge-invariant interaction with mass dimension four or less that can be added
to the SM once gravity is included.

3It has been argued that the scale of perturbative unitarity violation for a large background Higgs field
is higher than the small background field estimate MPl/ξ and, in particular, does not spoil the perturbative
analysis of inflation [114, 189, 190]. In this case, one must make a non-trivial assumption about the new
physics sector that the scale of new physics is background dependent [117]. In this chapter, we make the
more conservative assumption that the scale of new physics is independent of the background Higgs field
and therefore must be taken to be the lowest scale of perturbative unitarity violation, MPl/ξ.
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region h &MPl/
√
ξ may keep quantum corrections to the potential under control [114].

The problem of perturbative unitarity violation in Higgs ξ-inflation, at least with regard

to new physics entering at MPl/ξ below the inflationary scale, is perhaps not as severe as the

tree-level estimate of ξ suggests. A Higgs mass Mh ' 125–126 GeV is in the region that, for

a top quark mass only about 2σ below its central value, the effective Higgs quartic coupling

λeff(µ) can run to very small (positive) values near the Planck scale [64, 82, 193]. The effect

of small λeff(µ) near the Planck scale is to reduce the value of ξ necessary for successful

inflation [189, 191, 194] and hence push the scale of perturbative unitarity violation toward

the inflationary scale. If inflation with ξ ∼ 1 is possible for sufficiently small λeff(µ) — a

scenario that is not yet explored — the problem of perturbative unitarity violation occurring

below the inflationary scale can be avoided.4 Of course, an investigation of this possibility

requires a proper treatment of the RG evolution and effective potential within the framework

of Higgs ξ-inflation.

Extending the analysis of Higgs ξ-inflation to higher loop order is not entirely straight-

forward. While the RG equations of the SM are perfectly adequate for describing the RG

evolution below MPl/ξ, there are two ambiguities in the RG evolution above MPl/ξ due to

the non-minimal coupling of the Higgs. First, quantum loops involving the physical Higgs

field (and not the Nambu-Goldstone bosons present in the Landau gauge) are heavily sup-

pressed in this region [189, 191]. To deal with this, one can either use the chiral EW theory

(SM with frozen radial Higgs mode) to derive the RG equations above MPl/ξ [189] or one

can simply use the RG equations of the SM with a suppression factor for each Higgs running

in a loop [191, 195–197]. Second, radiative corrections to the SM potential (in particular the

choice of the renormalization scale µ(h)) depend on whether they are computed in the Ein-

stein or Jordan frame [194], and it is unclear which frame should be used without knowledge

of physics at the Planck scale.

In this chapter, we extend the two-loop analysis of Higgs ξ-inflation [189, 191] to include

the three-loop SM beta functions for the gauge couplings [198] as well as the leading three-

loop terms for the RG evolution of λ, the top Yukawa coupling yt, and the Higgs anomalous

dimension γ [199]. For the first time, a complete two-loop insertion of suppression factors

4In this case, note that although the potential during inflation V 1/4 . 2× 1016 GeV is constrained to be
sub-Planckian [11, 50], the non-minimal coupling ξH†HR with ξ ∼ 1 is still relevant to inflation since the
Higgs field h ∼MPl/

√
ξ is then assumed to be near the Planck scale.
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for the physical Higgs loops, which was missing in [191], is carried out. The use of these RG

equations provides a modest update to the previous analyses of Higgs ξ-inflation. The main

focus of this chapter, however, is to investigate the region of parameter space with λeff(µ)� 1

near the Planck scale that exists for the recently measured Higgs mass Mh ' 125–126 GeV

and a top quark mass Mt ∼ 171 GeV, about 2σ below its central value.5

The chapter is organized as follows. In section 3.2, we give a brief review of Higgs

ξ-inflation and the tree-level analysis. In section 3.3, the RG equations and the effective

potential relevant for a two-loop analysis of Higgs ξ-inflation are presented. The numerical

results and inflationary predictions for both the Einstein and Jordan frame renormalization

prescriptions, with a particular focus on the small λmin
eff region, are given in section 3.4. A

summary of the results and the conclusions are given in section 3.5.

3.2 Tree-level analysis

Let us first briefly review Higgs ξ-inflation and the tree-level computation of the inflationary

predictions. Although the tree-level results will differ from those in the two-loop analysis,

many qualitative features of the computation will remain the same.

As an example of inflation from a non-minimally coupled scalar, Higgs ξ-inflation is

characterized by a non-minimal gravitational coupling ξH†HR between the Higgs doublet

H and the Ricci scalar R. The Lagrangian of the model is given by [54]

L = LSM −
M2

2
R− ξH†HR, (3.1)

where LSM is the SM Lagrangian and M is a mass parameter (the bare Planck mass) that can

safely be identified with the present Planck mass value MPl = (8πGN)−1/2 ' 2.4× 1018 GeV

for
√
ξ � 1017. The part of (3.1) that is relevant to inflation gives the action

SJ =

∫
d4x
√
−g
[
−M

2
Pl

2

(
1 +

2ξH†H

M2
Pl

)
R+ (∂µH)† (∂µH)− V

]
, (3.2)

where V = λ
(
H†H − v2/2

)2
is the SM potential and the subscript J denotes the Jordan

frame. This is the frame in which the inflationary model is defined.

5For the top quark mass central value, the SM potential develops an instability at around 1011 GeV [82,
193]. Since Higgs ξ-inflation requires the stability of the potential up to the inflationary scale MPl/

√
ξ, one

could interpret this result as disfavouring Higgs ξ-inflation at 2σ. The position advocated here is that a
special region of Higgs ξ-inflation with λeff(µ)� 1 exists within only 2σ of experimental measurements.
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To compute the inflationary observables, it is convenient to first remove the non-minimal

coupling to gravity in (3.2) by performing the conformal transformation

gµν → g̃µν = Ω2gµν , Ω2 = 1 +
2ξH†H

M2
Pl

. (3.3)

The resulting Einstein frame action is given by [200]

SE =

∫
d4x
√
−g̃
[
−M

2
Pl

2
R̃+

1

Ω2
(∂µH)† (∂µH) +

3ξ2

Ω4M2
Pl

∂µ(H†H)∂µ(H†H)− V

Ω4

]
, (3.4)

where R̃ is calculated with the metric g̃. The action (3.4) simplifies greatly in the unitary

gauge H = 1√
2

( 0
h ), which may be used for the tree-level computation, giving

SE =

∫
d4x
√
−g̃
[
−M

2
Pl

2
R̃+

1

2

(
Ω2 + 6ξ2h2/M2

Pl

Ω4

)
∂µh∂

µh− V

Ω4

]
, (3.5)

where V = λ
4

(h2 − v2)
2

and Ω2 = 1 + ξh2/M2
Pl. It is also convenient to remove the non-

canonical kinetic term for the Higgs field in (3.5) by changing to a new scalar field χ, defined

by

dχ

dh
=

√
Ω2 + 6ξ2h2/M2

Pl

Ω4
. (3.6)

The Einstein frame action then takes the form

SE =

∫
d4x
√
−g̃
[
−M

2
Pl

2
R̃+

1

2
∂µχ∂

µχ− U(χ)

]
, (3.7)

where the potential is given by

U(χ) =
V

Ω4
=

λ(h2 − v2)2

4(1 + ξh2/M2
Pl)

2
(3.8)

with h = h(χ). It is the flattening of the potential U(χ) to a constant value U0 ≡ λM4
Pl/4ξ

2

in the region h &MPl/
√
ξ that allows slow roll inflation to occur.

The standard analysis of inflation in the slow roll approximation can be carried out for

the field χ and potential U(χ). In the inflationary region h2 & M2
Pl/ξ � v2, the slow roll

parameters for ξ � 1 can be approximated by [191, 201] (see [182] for exact expressions)

ε =
M2

Pl

2

(
dU/dχ

U

)2

' 4M4
Pl

3ξ2h4
, (3.9)

η = M2
Pl

d2U/dχ2

U
' 4M4

Pl

3ξ2h4

(
1− ξh2

M2
Pl

)
, (3.10)

ζ2 = M4
Pl

(d3U/dχ3) dU/dχ

U2
' 16M6

Pl

9ξ3h6

(
ξh2

M2
Pl

− 3

)
. (3.11)
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Slow roll ends when either ε ' 1 or |η| ' 1. For (3.9) and (3.10), this occurs when ε ' 1 at

a field value hend ' (4/3)1/4MPl/
√
ξ ' 1.07MPl/

√
ξ. The number of e-folds of inflation as h

changes from h0 to hend is given by [202]

N =

∫ h0

hend

1

M2
Pl

U

dU/dh

(
dχ

dh

)2

dh ' 3

4

[
h2

0 − h2
end

M2
Pl/ξ

+ ln

(
1 + ξh2

end/M
2
Pl

1 + ξh2
0/M

2
Pl

)]
. (3.12)

The values of the parameters (3.9)–(3.11) at a particular field value h0, corresponding to the

time at which the pivot scale k∗ ' 0.002Mpc−1 left the horizon during inflation, can be used

to compare with the CMB data. This value of h0 (or equivalently N) is a model-dependent

quantity that is sensitive to the details of reheating. For Higgs ξ-inflation, an analysis

of reheating finds that N ' 59, or equivalently h0 ' 9.14MPl/
√
ξ, is the value at which

k∗ left the horizon during inflation [202, 203]. Using (3.9) in the WMAP9 normalization

U/ε ' (0.0274MPl)
4 [11], the required value of ξ is6

ξ ' 48000
√
λ = 48000

Mh√
2v
' 17000. (3.13)

The predictions for the spectral index ns, the tensor-to-scalar ratio r, and the running of the

spectral index dns/d ln k are given by

ns = 1− 6ε+ 2η ' 0.967, (3.14)

r = 16ε ' 0.0031, (3.15)

dns
d ln k

= 24ε2 − 16εη + 2ζ2 ' 5.4× 10−4. (3.16)

These predictions for ns and r are well within the current 1σ allowed regions from [11, 50],

while the prediction of dns/d ln k is consistent with observations at the 1–2σ level.

3.3 Two-loop analysis

An analysis of Higgs ξ-inflation beyond the tree level must include both the running of

the couplings and loop corrections to the (effective) potential [189, 191, 194]. The most

significant effect of these higher order corrections comes from the running of the Higgs

quartic coupling λ = λ(µ). For Mh ' 125–126 GeV, it is well known that the running of

λ(µ) — or more specifically λeff(µ) — causes the SM potential to develop an instability below

6The Planck 2013 normalization U/ε ' (0.0269MPl)
4

[50] gives ξ ' 18000.
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the Planck scale unless the top quark mass is about 2σ below its central value [82, 193]. Since

Higgs ξ-inflation requires the stability of the potential up to the inflationary scale MPl/
√
ξ,

in order to realize this model of inflation one must make the moderate assumption of a

top quark mass Mt . 171 GeV. In this case, it has been shown that the small values of

λeff(µ) near the Planck scale can significantly reduce the non-minimal coupling ξ required

for successful inflation [189, 191, 194].7 The reason for this is relatively simple: the tree-level

estimate (3.13) shows that it is the combination λ/ξ2 that must be small (∼ 4 × 10−10) to

give the proper normalization of the CMB power spectrum. If λeff(µ) is much smaller in the

inflationary region than its tree-level value λ ' 0.13, then ξ must also be smaller than the

tree-level estimate ξ ' 18000.

The smaller value of ξ required for successful inflation is particularly important since it

is closely related to one of the most significant drawbacks of Higgs ξ-inflation: the violation

of perturbative unitarity at the scale MPl/ξ. For ξ → 1, this scale is pushed toward the

inflationary scale MPl/
√
ξ and the questionable assumptions of non-renormalizable opera-

tors [116] or new strong dynamics [114, 189, 191, 192] entering to restore unitarity are no

longer required.8 Since the lower limit of ξ in the case of small λeff(µ) during inflation has

not been explored, an important question is whether it is possible to realize Higgs ξ-inflation

with ξ ∼ 1 and hence avoid the perturbative unitarity issues with the model. Such a region

is, by its nature, highly sensitive to the running of λeff(µ) and requires a proper loop analysis

within the Higgs ξ-inflation framework.

To investigate the lower limit of ξ with λeff(µ)� 1 during inflation, we first describe the

RG equations and the two-loop effective potential that are appropriate for Higgs ξ-inflation

in sections 3.3.1 and 3.3.2, respectively. The analysis of inflation, including the lower limits

on ξ and the inflationary predictions, are presented in section 3.4.

7Actually, the one-loop [194] and two-loop [189, 191] analyses predate the Higgs mass measurement and
were carried out to determine the range of Mh allowed for Higgs ξ-inflation. In retrospect, however, a Higgs
mass near the lower end of the allowed region suggests a value of ξ . 103 is required for successful inflation,
with the lower limit of ξ unknown.

8Of course, the Higgs field h during inflation becomes trans-Planckian in this case and one must worry
about the effects of higher dimensional operators suppressed by the Planck scale, which may spoil the flatness
of the potential or the inflationary predictions [202]. As remarked in [191], however, the same worry applies
to many minimal models of inflation, such as m2φ2 chaotic inflation.
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3.3.1 Renormalization group equations

The modification of the well-known RG equations of the SM for the Higgs ξ-inflation scenario

has been discussed in [189, 191, 194–197]. Essentially, the scalar propagator of the physical

Higgs field, which enters into loop diagram calculations for the RG equations, must be

multiplied by the field-dependent factor [191, 196]9

s(h) =
1 + ξh2/M2

Pl

1 + (1 + 6ξ)ξh2/M2
Pl

. (3.17)

For small field values h � MPl/ξ, s ' 1 and the RG equations for the SM are perfectly

adequate for describing the RG evolution. For large field values h � MPl/ξ, however, the

physical Higgs propagator is suppressed by a factor s ' 1/(1 + 6ξ) and hence the RG

equations differ from those of the SM. Two methods of dealing with this effect have been

considered in the literature [189, 191], leading to somewhat different results.

The first method of treating the suppressed Higgs loops, which is described in [191], is

to insert one suppression factor s into the RG equations of the SM for each off-shell Higgs

propagator. Originally this was done by extracting out all Higgs doublet propagators at

one-loop order and inserting the appropriate factors of s, repeating the process only for

obvious terms at two-loop order [191]. It was later pointed out, however, that only the

propagator of the physical Higgs field and not the Nambu-Goldstone bosons that are present

in the Landau gauge should come with such a factor [189]. The corrected RG equations

with systematic insertions of s for all two-loop terms, except for βλ, are given in [197].

By using these RG equations in the full two-loop SM effective potential from [82] (with

m2 → 0 and M2
h → 3sλh2) and demanding that the potential be independent of µ, we have

been able to extract the two-loop part for βλ.
10 A similar procedure can then be used to

obtain the two-loop RG equation for the Higgs mass parameter m2 (in the notation of [82])

with appropriate suppression factors. Although βm2 is not actually required for an analysis

of Higgs ξ-inflation, it can be used to derive the RG equation for ξ through the relation

βξ = (ξ + 1/6) γm, where γm = βm2/m2 [196]. The complete set of two-loop RG equations

9The reason for this suppression is that the canonical momentum of h (which is evaluated in the Einstein
frame with a canonical gravity sector) gives a non-standard commutator [h(~x), ḣ(~y)] = i~s(h)δ3(~x − ~y) in
the Jordan frame after imposing the standard commutation relations [h(~x), π(~y)] = i~δ3(~x− ~y).

10In the process, we believe that two typos in the complete expression for the two-loop SM effective
potential have been discovered. In [82], the final term of (A.3) should read −χIttg instead of −χIttz and the
second last term on the third line of (A.5) should read −3Iw00 instead of +Iw00.
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with suppressed physical Higgs loops is given in appendix A.

The second method of treating the suppressed Higgs loops is to instead view the effect as

a suppression of the effective Higgs coupling to other SM fields and, for large ξ, neglect the

physical Higgs field altogether in the region h &MPl/ξ [189]. The resulting theory (SM with

frozen radial Higgs mode) is known as the chiral EW theory and has been studied previously

in the literature. It is therefore possible to extract one-loop RG equations, which are valid

for ξ � 1, from earlier works such as [204]. In [189], however, the RG equations for λ, yt,

and ξ derived in this way differ from (A.1), (A.2), and (A.6) with s = 0. A closer look

reveals two sources (though not necessarily errors) for this discrepancy. First, the equation

for the running of v2 used in [189], which was first given in [204], differs from the running of

the SM Higgs field h2 in the Landau gauge,

16π2µ
∂

∂µ
h2 =

(
3

2
g′2 +

9

2
g2 − 6y2

t

)
h2. (3.18)

In the usual SM case, the running of the Higgs vacuum expectation value v2 and the Higgs

field h2 are both gauge-dependent quantities [205] and have the same running [206]. Although

it has been argued that v2 in the chiral EW theory is a gauge-invariant parameter and

therefore its running should also be gauge invariant, we have found it difficult to reproduce

the chiral EW theory result using Feynman diagrams and understand why its running differs

from the running of h2 in the SM. In any case, if eq. (5.6) of [189] is replaced by the similar

expression (3.18), the resulting one-loop equation for βyt agrees with (A.2) for s = 0. Second,

βλ is derived in [189] by demanding that the one-loop effective potential be independent of

µ, where the one-loop potential does not include the usual contribution from the Nambu-

Goldstone bosons [82]

∆U1 =
3M4

G

64π2

(
ln
M2

G

µ2
− 3

2

)
, (3.19)

where M2
G = λh2. Although the Goldstone boson contribution to the effective potential is

strongly suppressed for prescription I (see section 3.3.2), the result of excluding this term

in deriving βλ is equivalent to suppressing some Feynman diagrams with off-shell Goldstone

boson propagators; that is, the (6 + 18s2)λ2 term in (A.1) disappears entirely. While this

difference is small in the region h & MPl/ξ (numerically it is smaller than the two-loop

correction to βλ), if the contribution (3.19) is included in eq. (4.1) of [189] the resulting

one-loop equation for βλ agrees with (A.1) for s = 0. Note that the one-loop equation for βξ
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in [189] still differs from (A.6) even after accounting for these changes. Specifically, the latter

has a factor of ξ+1/6 instead of ξ and an additional term (6 + 6s)λ compared to the former.

Again, these differences in βξ are small (typically below the size of the two-loop correction

to βξ) since we always have ξ � 1/6 and since λ is small in the region MPl/ξ . h .MPl/
√
ξ

over which ξ runs.

It is also worth mentioning that the second method includes the effects of additional

counterterms taken from the chiral EW theory [204] that arise to cancel divergences in

the non-renormalizable SM sector without a Higgs field. These effects appear through the

additional couplings α0 and α1 that modify the renormalization of the Z boson mass [189]

and contribute to the effective potential at the two-loop level. Numerically, however, the Z

boson mass contribution at the two-loop level, and hence this effect, is subleading [82].

The two methods of treating the suppressed Higgs loops for h & MPl/ξ are therefore

quite similar, at least for large ξ. The first method uses s factors to smoothly interpolate

between the SM-like RG evolution at low energies and the RG evolution with suppressed

physical Higgs propagators at high energies, while the second method models this transition

as an abrupt change at MPl/ξ.
11 Since the s-factor treatment also handles the case ξ ∼ 1,

though, we adopt the first method [191, 195–197] and use a suppression factor s for each off-

shell Higgs propagator in the SM RG equations for our analysis of Higgs ξ-inflation. Despite

the different treatments of the RG equations described above, the numerical differences are

small enough that a two-loop analysis in the region h &MPl/ξ should be justified.

With the recent SM calculation of the three-loop beta functions for the gauge cou-

plings [198] and the leading three-loop terms for βλ, βyt , and γ [199], it is relatively simple

to include these contributions in the RG equations (A.1)–(A.7) so that the Higgs ξ-inflation

analysis matches the NNLO analysis of [82] for h .MPl/ξ (see appendix A). Note that we do

not attempt to insert the appropriate factors of s into these expressions since the corrections

would be smaller than the uncertainty in the RG equations for h &MPl/ξ.

For a complete description of the RG evolution in Higgs ξ-inflation, the equations (A.1)–

(A.7) with the three-loop corrections (A.8)–(A.13) must be supplemented by values of the

SM couplings at the EW scale and the value of ξ at some high scale, say MPl/ξ. Appropriate

11A smooth interpolation is preferred, but for ξ � 1 the function s(h) changes rapidly in the region
h ∼MPl/ξ and so the modification of the numerics is negligible [189].
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initial values for the SM couplings can be found in [82]. For the central values of α−1
Y (MZ)

and α−1
2 (MZ), the initial values of the gauge couplings g′ and g are

g′(MZ) =

√
4π

98.35
' 0.3575, (3.20)

g(MZ) =

√
4π

29.587
' 0.65171, (3.21)

where MZ = 91.1876 GeV. For the strong gauge coupling gs, the initial value depends more

sensitively on the uncertainty in αs(MZ) = 0.1184± 0.0007. It is given by

gs(Mt) = 1.1645 + 0.0031

(
αs(MZ)− 0.1184

0.0007

)
− 0.00046

(
Mt

GeV
− 173.15

)
, (3.22)

where Mt is the top quark pole mass determined from experiment. The initial value of the

top quark Yukawa coupling yt is

yt(Mt) = 0.93587 + 0.00557

(
Mt

GeV
− 173.15

)
− 0.00003

(
Mh

GeV
− 125

)
− 0.00041

(
αs(MZ)− 0.1184

0.0007

)
± 0.00200th, (3.23)

where Mh is the Higgs pole mass, while the initial value of the Higgs quartic coupling λ is

λ(Mt) = 0.12577 + 0.00205

(
Mh

GeV
− 125

)
− 0.00004

(
Mt

GeV
− 173.15

)
± 0.00140th. (3.24)

Note that the theoretical uncertainty for λ(Mt) in (3.24) is equivalent to an uncertainty in

the Higgs pole mass of ±0.7 GeV [82]. This means, in particular, that for the measured

Higgs mass Mh = 125.7±0.4 [207] it is quite reasonable to use values of Mh ' 124–127 GeV

in (3.23) and (3.24). For the non-minimal coupling ξ, we are (a priori) free to choose its

initial value ξ0 at some high scale. We take the scale to be MPl/ξ0 so that, by definition,

ξ(MPl/ξ0) = ξ0. (3.25)

The RG equations (A.1)–(A.13) with the initial values (3.20)–(3.25) are therefore the

ones we use to describe the RG evolution of the couplings for Higgs ξ-inflation.

3.3.2 Two-loop effective potential

The effective potential for Higgs ξ-inflation, like the RG equations, differs from the well-

known SM result [82, 208] due to the suppression of the physical Higgs propagators. As
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described in [194], however, the effective potential cannot be fixed unambiguously; there are

two inequivalent renormalization prescriptions depending on whether quantum corrections

to the potential are computed in the Einstein frame (prescription I) [54] or the Jordan frame

(prescription II) [209]. Without knowing the behaviour of the quantum theory at the Planck

scale, it is unclear which prescription should be used; the two choices lead to different theories

with different predictions. The former prescription has been connected to ideas of a possible

quantum scale invariance [210–212] while [209] has argued that the latter prescription is

correct because the Jordan frame is the one in which physical distances are measured.

For sufficiently large λeff(µ), the running of λeff(µ) during inflation is small and the choice

of renormalization prescription is irrelevant from a practical point of view [82, 189, 194]. For

the small λeff(µ) allowed by the recent Higgs mass measurement, however, the choice of

renormalization prescription can significantly affect the behaviour of λeff(µ) and hence the

potential during inflation. Both renormalization prescriptions must therefore be considered.

For prescription I, the tree-level SM potential

V0(h) =
λ

4

(
h2 − v2

)2 ' λ

4
h2 (3.26)

is first rewritten in the Einstein frame (h = h(χ)) using (3.8), giving

U0(χ) =
λh4

4Ω4
. (3.27)

Note that the v2 term in (3.26) has been safely neglected in the inflationary region h2 &

M2
Pl/ξ � v2. The one-loop radiative corrections induced by the fields of the SM then take

the CW form [82]12

U1(χ) =
1

16π2

[
3M4

W

2

(
ln
M2

W

µ2
− 5

6

)
+

3M4
Z

4

(
ln
M2

Z

µ2
− 5

6

)
− 3M4

t

(
ln
M2

t

µ2
− 3

2

)
+
M4

h

4

(
ln
M2

h

µ2
− 3

2

)
+

3M4
G

4

(
ln
M2

G

µ2
− 3

2

)]
, (3.28)

where the particle masses MW , MZ , Mt, Mh, and MG are computed from the tree-level

12Up to corrections from the time-dependence of the background Higgs field as it rolls down its potential.
Such corrections have been considered in [213, 214] for the simpler Abelian Higgs model but have not yet
been studied for the Higgs ξ-inflation model. Analyzing these corrections goes beyond the scope of this
chapter.
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potential (3.27), giving [54, 194, 215]13

M2
W =

g2h2

4Ω2
, M2

Z =
(g2 + g′2)h2

4Ω2
, M2

t =
y2
t h

2

2Ω2
,

M2
h =

3sλh2

Ω4

(
1− ξh2/M2

Pl

1 + ξh2/M2
Pl

)
, M2

G =
λh2

Ω4
. (3.29)

Note that the particle masses M2
W , M2

Z , and M2
t in (3.29) differ from the flat space results

by the conformal factor Ω2 = 1 + ξh2/M2
Pl that appears in the denominator, while the

physical Higgs mass M2
h and Goldstone boson mass M2

G contain additional factors. With

the exception of the suppression factor s = s(h) in the physical Higgs mass, the appearance

of these additional factors in M2
h and M2

G is due to using the asymptotically flat tree-level

potential (3.27) to determine particle masses rather than the Jordan frame potential (3.26).

These additional factors lead to a suppression of the physical Higgs and Goldstone boson

contributions to the effective potential (relative to those from W , Z, and t) during inflation

for prescription I, as found in [54, 194, 215].

The two-loop radiative corrections U2(χ) can easily be found by using the modified par-

ticle masses (3.29) in the two-loop SM result of [82], but due to the rather long and unen-

lightening form of this expression we do not reproduce it here. The RG-improved effective

potential is then determined from Ueff(χ) = U0 + U1 + U2 in the usual way by using the RG

equations from appendix A to run the couplings and making the replacement h → eΓ(µ)h,

where

Γ(µ) = −
∫ µ

Mt

γ(µ′)d lnµ′ (3.30)

and γ = −d lnh/d lnµ is the anomalous dimension of the Higgs field [216].14 The effective

Higgs quartic coupling λeff(µ) is then defined through

Ueff(χ) ≡ λeff(µ)h4

4Ω4
, (3.31)

where all couplings in (3.31) are evaluated at some renormalization scale µ. The depen-

dence of the effective potential on the scale µ is spurious, but to minimize the logarithms

from higher loop corrections it is appropriate to take µ = κh/Ω proportional to the back-

13We obtain this result by expanding H = 1√
2

( 0
h ) +

(
Ĝ+

(ĥ+iĜ0)/
√

2

)
in the full expression for the tree-level

potential U0 = λ(H†H)2/Ω4 = λ(H†H)2/(1 + 2ξH†H/M2
Pl)

2 to quadratic order in the fields ĥ, Ĝ+, Ĝ0,

where h is the classical background value of the Higgs field ĥ [215].
14Note the difference in sign between the definition of γ here and the definition of γ in [82].
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ground mass of a vector boson or top quark [189]. For simplicity, we choose the constant of

proportionality to be κ = 1.

For prescription II, quantum corrections to the potential (3.26) are computed in the

Jordan frame before transforming to the Einstein frame. In this case, the one-loop radiative

corrections to the effective potential take the form [196]

U1(χ) =
1

16π2Ω4

[
3M4

W

2

(
ln
M2

W

µ2
− 5

6

)
+

3M4
Z

4

(
ln
M2

Z

µ2
− 5

6

)
− 3M4

t

(
ln
M2

t

µ2
− 3

2

)
+
M4

h

4

(
ln
M2

h

µ2
− 3

2

)
+

3M4
G

4

(
ln
M2

G

µ2
− 3

2

)]
, (3.32)

where the particle masses M2
W , M2

Z , M2
t , M2

h , and M2
G appear without the conformal factor

Ω2 or additional factors in their denominators,

M2
W =

g2h2

4
, M2

Z =
(g2 + g′2)h2

4
, M2

t =
y2
t h

2

2
,

M2
h = 3sλh2, M2

G = λh2. (3.33)

The two-loop radiative corrections U2(χ) can be found by using the particle masses (3.33)

in the two-loop SM result [82] and dividing the expression by the conformal factor Ω4. The

effective Higgs quartic coupling λeff(µ) is again defined through (3.31), but in this case taking

the renormalization scale to be proportional to the background mass of a vector boson or

top quark requires µ = κh. For simplicity, we again choose κ = 1.

In practice, the most significant difference between the effective potentials for the two

renormalization prescriptions is the functional dependence µ = µ(h).15 For prescription I,

µ = h/Ω approaches a constant value in the inflationary region h & MPl/
√
ξ (and hence so

do the couplings g(µ), g′(µ), etc. in (3.29)) while for prescription II the renormalization scale

µ = h does not. As a result, the effective potential for prescription I approaches a constant

value in the inflationary region (even after including radiative corrections) while the effective

potential for prescription II, due to the continued running of the couplings, does not. This

difference, as we will see, can have a large impact on Higgs ξ-inflation and its predictions for

small λeff(µ).

15The additional suppression of the physical Higgs and Goldstone boson masses for prescription I is rela-
tively minor since these masses, and hence their contributions to the effective potential, are small compared
to MW , MZ , and Mt for the small λ in the inflationary region.
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3.4 Numerical results

For a fixed Higgs mass Mh, top quark mass Mt, strong coupling αs(MZ), and non-minimal

coupling ξ0, it is straightforward to solve the RG equations (A.1)–(A.13) numerically with the

initial conditions (3.20)–(3.25) and use the effective potential U(χ) (for either prescription I

or II) to compute the inflationary parameters. However, since the focus of this chapter is

on the region of parameter space with λeff(µ) � 1, we instead replace the parameter Mt

in favour of λmin
eff ≡ min{λeff(µ)}. Intuitively, this can be understood as adjusting the top

quark mass Mt to yield the desired λmin
eff for a fixed choice of Mh, αs(MZ), and ξ0. Figure 3.1

shows that the special region λmin
eff ' 0 exists for a top quark mass Mt ∼ 171 GeV about

2–3σ below its central value. Since values of λmin
eff ∼ 0.01 are typical within the experimental

and theoretical uncertainty of the various parameters, a fine-tuning of some combination of

parameters is necessary to achieve 0 < λmin
eff . 0.01.16 Note that negative values of λmin

eff ,

as well as sufficiently small positive values, cause the effective potential to develop a second

minimum below the inflationary scale and hence spoil Higgs ξ-inflation. We therefore restrict

ourselves to the region 0 < λmin
eff . 0.01 in which the effective potential is stable.

The non-minimal coupling ξ0 is not actually a free parameter, of course, but must be

chosen to give the correct normalization of the CMB power spectrum (see section 3.2). For

a fixed Mh and αs(MZ), the procedure for determining the inflationary predictions for a

particular choice of λmin
eff and renormalization prescription is as follows:

1. Choose a value of ξ0. Adjust the top quark mass Mt to give the desired value of λmin
eff

when solving the RG equations. For λmin
eff . 0.01, this may involve fine-tuning Mt.

2. Use the effective potential U(χ) (for prescription I or II) to compute the inflationary

parameters and determine U(h0)/ε(h0) at a field value h0 corresponding to N = 59

e-folds before the end of inflation.

3. Repeat the steps above for different values of ξ0 until the correct normalization U/ε '

(0.0274MPl)
4 is achieved.17

16In [64] it is argued that a IR fixed point in an asymptotically safe theory of gravity may ensure very
small values of λ(µ) near the Planck scale. In this case, fine-tuning may only be necessary for values of λmin

eff

smaller than the typical size of the shift in λeff(µ) due to radiative corrections to the effective potential,
δλeff(µ ∼MPl) ∼ 4× 10−4.

17Note that prescription II with sufficiently small λmin
eff can have two solutions for ξ0. The large ξ0 solution,

however, predicts ns > 1.02 and is therefore inconsistent with observations [11, 50].
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Figure 3.1: Values of λmin
eff as a function of Mt for fixed αs(MZ) = 0.1184 and ξ0 = 1000. The

four solid (dashed) curves correspond to a Higgs mass Mh of 124, 125, 126, and 127 GeV
from bottom to top for renormalization prescription I (II). The vertical dashed and dotted
lines give the central value and ±2σ range for Mt [82]. A shift in αs(MZ) of ±1σ (±0.0007)
roughly corresponds to a shift in Mh of ±0.5 GeV while changing ξ0 by an order of magnitude
has little effect.

4. Compute the inflationary predictions for the spectral index ns, the tensor-to-scalar

ratio r, and the running of the spectral index dns/d ln k.

We discuss the numerical results for prescriptions I and II separately.

3.4.1 Inflationary predictions for prescription I

For prescription I, the results for ξ0 and the inflationary predictions for ns and r (as a

function of λmin
eff ) are presented in figure 3.2. The running of the spectral index dns/d ln k

always remains small, within the range (5.0–5.6)× 10−4.

Let us first discuss the non-minimal coupling ξ0. Figure 3.2 shows that the value of ξ0

required for the CMB normalization deviates from the tree-level estimate ξ0 ' 48000
√
λmin

eff

as λmin
eff decreases below about 10−4. In particular, ξ0 reaches a minimum value of ξ0 ∼ 400

at λmin
eff ∼ 10−4.4 and then begins to increase. This behaviour can be traced to the rapid

decrease in ε (and hence the tensor-to-scalar ratio r = 16ε) over this range, which causes

U/ε to increase despite smaller values of λmin
eff . A larger non-minimal coupling ξ0 is therefore

required to give the correct CMB normalization. This result demonstrates that the sharp

decrease in ξ0 seen in [194] and figure 4 of [189] for prescription I does not continue indefinitely
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Figure 3.2: Numerical results for the non-minimal coupling ξ0 and inflationary predictions for
the spectral index ns and the tensor-to-scalar ratio r as a function of λmin

eff for prescription I.
The four solid curves correspond to a Higgs mass Mh of 124, 125, 126, and 127 GeV from
left to right while the dashed lines give the tree-level predictions. A shift in αs(MZ) of ±2σ
(±0.0014) roughly corresponds to a shift in Mh of ∓0.5 GeV. Changing the number of e-folds
from N = 59 to 62 shifts the tree-level predictions by a small (calculable) amount but does
not change the qualitative behaviour of the curves about the tree-level predictions.
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but only allows ξ0 as small as about 400. The violation of perturbative unitarity at the scale

MPl/ξ0 �MPl/
√
ξ0 therefore remains a problem for Higgs ξ-inflation in the small λmin

eff region.

For sufficiently small λmin
eff (e.g. . 10−4.6), no solutions for ξ0 are possible since the effective

potential develops a second minimum and hence spoils the Higgs ξ-inflation scenario.18

Figure 3.2 also shows small deviations in the inflationary predictions for the spectral index

ns and the tensor-to-scalar ratio r. As λmin
eff decreases below about 10−3.5, the spectral index

rises to about 0.970 from its tree-level prediction of 0.967 before decreasing rapidly, while

the tensor-to-scalar ratio drops quickly below its tree-level prediction of 0.0031. Although a

similarly rapid change in ns and r can be seen in [189, 194] as the Higgs mass approaches

values corresponding to λmin
eff ' 0, the results presented here (as a function of λmin

eff ) provide a

much clearer picture of Higgs ξ-inflation in this now experimentally favoured region. From a

practical point of view, we see that the deviations of ns and r from the tree-level predictions

are sufficiently small that they would be difficult to distinguish from the tree-level results

observationally. Consequently, for all allowed values 10−4.6 . λmin
eff . 10−2, the predictions for

ns and r are well within the current 1σ limits [11, 50]. The small prediction for dns/d ln k ∼

5× 10−4 is also consistent with observations at the 1–2σ level [11, 50].

3.4.2 Inflationary predictions for prescription II

For prescription II, there are two disjoint regions of λmin
eff that can lead to acceptable inflation:

one with larger values λmin
eff & 10−3.3–10−2.3 (depending on Mh) and one with smaller values

λmin
eff ∼ 10−4. The results for ξ0 and the inflationary predictions for ns and r are quite

different for these two regions and are presented in figures 3.3 and 3.4, respectively.

Let us first consider the region of larger values of λmin
eff , which is the only one that has been

considered previously in the literature [189, 191, 194]. Figure 3.3 shows that the required

value of ξ0 in this region behaves similarly to that of prescription I except that the minimum

value of ξ0 — if it can be reached without the potential developing a second minimum —

occurs at larger λmin
eff (i.e. λmin

eff & 10−3). This difference is due to the stronger effect of

the running of λeff(µ) for prescription II. Specifically, the running of λeff(µ) to its minimum

18In this case, the effective potential rises to a local maximum and then decreases slowly to a constant
value as h → ∞. The shape of the potential may be suitable for a sort of false vacuum inflation in which
the Higgs field can start with any value h &MPl/

√
ξ, but an analysis of this case goes beyond the scope of

this chapter.
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Figure 3.3: Numerical results for the non-minimal coupling ξ0 and inflationary predictions
for the spectral index ns and the tensor-to-scalar ratio r in the larger λmin

eff region for prescrip-
tion II. The four solid curves correspond to a Higgs mass Mh of 124, 125, 126, and 127 GeV
from left to right while the dashed lines give the tree-level predictions. A shift in αs(MZ)
of ±2σ (±0.0014) roughly corresponds to a shift in Mh of ∓0.5 GeV. Changing the number
of e-folds from N = 59 to 62 shifts the tree-level predictions by a small (calculable) amount
but does not change the qualitative behaviour of the curves about the tree-level predictions.
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value overcomes the flattening of the potential in the inflationary region more quickly than

for prescription I, and hence causes the effective potential to develop a second minimum

for more moderate values of λmin
eff . As a result, a non-minimal coupling only as small as

ξ0 ∼ 2000–4000 (depending on Mh) is allowed for this region of λmin
eff . Similar lower limits

for ξ0, as well as the qualitative rise in ξ0 as λmin
eff decreases, have been found in [189, 194] for

prescription II. Again, these values of ξ0 are not small enough to prevent the perturbative

unitarity violation at MPl/ξ0 from occurring well below the inflationary scale.

Figure 3.3 also shows that the predictions for the spectral index ns and the tensor-to-

scalar ratio r decrease from their tree-level values as λmin
eff → 0. The decrease observed here

(similar to prescription I) is consistent with the results of [189, 194] rather than with the

increase observed in [191]. Also note that the variation in ns over the allowed range of

λmin
eff is larger for prescription II than for prescription I. Since a deviation from the tree-level

prediction of ∆ns & 0.01 should be visible by Planck [217], it may therefore be possible

to connect a measurement of the spectral index with the RG evolution of λeff(µ) near the

Planck scale for prescription II. The running of the spectral index dns/d ln k always remains

quite small, within the range (4.5–6.4)× 10−4.

While the results of the larger λmin
eff region for prescription II are qualitatively similar

to those for prescription I, prescription II also allows a region of smaller λmin
eff and ξ0 with

distinct inflationary predictions. The existence of this region, which has not been considered

in the literature before, can be understood as follows. For typical Higgs ξ-inflation with large

λmin
eff , the slow roll parameter ε decreases rapidly in the inflationary region (see eq. (3.9)) and

the required N = 59 e-folds of inflation are produced quickly (see eq. (3.12)). For smaller

λmin
eff and ξ0, however, there is a region of parameter space in which the running of λeff(µ)

causes ε to increase before the N = 59 e-folds are reached. The inflationary observables are

then computed at a field value h0 in a qualitatively different region of parameter space with

larger ε, leading to distinct predictions.

Figure 3.4 gives the numerical results for ξ0 and the inflationary predictions for the

spectral index ns and the tensor-to-scalar ratio r in this region. The results are shown

together with the most recent constraints from Planck [50]. Since many well-motivated

models with Higgs ξ-inflation contain additional degrees of freedom that can contribute to

the effective number of neutrino species Neff (e.g. the νMSM [87, 88] with 3 light sterile
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Figure 3.4: Predictions for the spectral index ns and the tensor-to-scalar ratio r for Higgs
ξ-inflation with prescription II and λmin

eff ∼ 10−4. The solid blue (brown) curve gives the
results for a Higgs mass Mh = 124 GeV (124.5 GeV) while the lower and upper shaded
regions correspond to a shift in αs(MZ) = 0.1184 of up to ±2σ (±0.0014), respectively. The
marked points along the solid curves indicate values of (λmin

eff , ξ0). Results are shown with
the marginalized joint 68% and 95% confidence level regions from Planck 2013 [50].
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neutrinos), it is most appropriate to compare the results with the ΛCDM+r+Neff data.

It can be seen that, for λmin
eff ∼ 10−3.9 and Mh ' 124 GeV, there is a region of Higgs ξ-

inflation that is consistent with Planck at the 2–3σ level.19 This region, though marginally

disfavoured, is important for two reasons. First, unlike for the larger λmin
eff region, the tensor-

to-scalar ratio r & 0.15 in this region is quite large and would be visible by Planck [217]. It

is therefore possible that the tensor modes from Higgs ξ-inflation could be detected in the

Planck polarization data.20 Second, the non-minimal coupling ξ0 ∼ 90 required in this region

is about an order of magnitude smaller than previously considered in the literature. Although

still not small enough to address the problem of perturbative unitarity violation occurring

below the inflationary scale, it provides the lower limit on ξ0 that is acceptable for Higgs

ξ-inflation. Smaller non-minimal couplings, including ξ0 ∼ 1, seem generally unattainable

because they require λmin
eff . 10−6 to give the correct CMB normalization, which ultimately

causes the effective potential to develop a second minimum before the inflationary scale.

3.5 Conclusion

Higgs ξ-inflation is an attractive model of inflation since it does not require scalar degrees

of freedom in addition to those of the SM. For a large non-minimal coupling ξ, however,

the violation of perturbative unitarity at the scale MPl/ξ � MPl/
√
ξ threatens the self-

consistency of the model in the inflationary region. In this chapter we have investigated the

possibility that a Higgs mass Mh ' 125–126 GeV — a mass for which the effective Higgs

quartic coupling λeff(µ) runs to very small values near the Planck scale — may significantly

reduce the size of ξ required for inflation and address the perturbative unitarity violation

problem. This possibility, like the Higgs ξ-inflation scenario in general, requires a top quark

mass Mt ∼ 171 GeV, about 2σ below its central value.

To investigate this possibility we have updated the two-loop analysis of Higgs ξ-inflation

to include the three-loop SM beta functions for the gauge couplings as well as the leading

19Recall that even with the Higgs mass measurement of Mh = 125.7 ± 0.4 [207], using Mh ' 124 GeV
in the RG evolution is still quite reasonable due to the theoretical uncertainty in determining λ at the EW
scale.

20The running of the spectral index in this region is also much larger (and negative) than typically found
in Higgs ξ-inflation: dns/d ln k ∼ −0.002 and −0.008 for Mh = 124 and 124.5 GeV, respectively. A large
running of the spectral index relaxes the constraints on r from Planck [50] and could open up even more of
the small λmin

eff region for detection.
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three-loop terms for the RG evolution of λ, the top Yukawa coupling yt, and the Higgs

anomalous dimension γ. We have also included, for the first time, a complete two-loop

insertion of suppression factors for the physical Higgs loops in the RG equations. The two-

loop SM effective potential with particle masses modified appropriately for Higgs ξ-inflation

has been used to match the level of the RG equations.

We have found that successful inflation in the region λeff(µ) � 1 requires smaller ξ

than previously considered in the literature, but even with a fine-tuning of parameters to

give arbitrarily small λmin
eff it is not possible to achieve ξ ∼ 1 and prevent the violation

of perturbative unitarity below the inflationary scale. Specifically, we have found that the

Einstein frame renormalization prescription (prescription I) allows a non-minimal coupling

as small as ξ ∼ 400 for λmin
eff ∼ 10−4.4 without the potential developing a second minimum

and hence spoiling inflation. The predictions for the spectral index ns and the tensor-

to-scalar ratio r remain close to their tree-level values in this case and are within the 1σ

allowed region from CMB measurements. For the Jordan frame renormalization prescription

(prescription II), there are two distinct regions of λmin
eff that can lead to successful inflation.

The larger λmin
eff region behaves similarly to prescription I and allows a non-minimal coupling

as small as ξ ∼ 2000 without the potential developing a second minimum. The smaller λmin
eff

region, which has not been considered in the literature before, requires ξ ∼ 90 and predicts an

observable tensor-to-scalar ratio r & 0.15 for λmin
eff ∼ 10−3.9. Smaller non-minimal couplings,

including ξ ∼ 1, seem generally unattainable since they require λmin
eff . 10−6 to give the

correct CMB normalization, which ultimately causes the effective potential to develop a

second minimum before the inflationary scale.

3.6 Recent developments

Since the publication of this work, the BICEP2 collaboration has released data indicating the

detection of B-modes in the polarization of the CMB at greater than 5σ [218]. Interpreted

as a primordial signal from inflation (at a lesser significance, of course), the result suggests

a tensor-to-scalar ratio r ' 0.2+0.07
−0.05 that is incompatible with the tree-level estimate of

r ' 0.003 for Higgs ξ-inflation. Consequently, after the BICEP2 announcement several

studies of Higgs ξ-inflation in the region with small λ near the Planck scale were carried out

59



to determine if Higgs ξ-inflation is compatible with a large tensor-to-scalar ratio [219–221].

Qualitatively, these studies arrive at the same conclusion as this work in that larger r can

be consistent with the BICEP2 result near the critical point λmin
eff ' 0. However, smaller

values of ξ ∼ 10 are quoted in these studies, which this work has found is incompatible

with the overall stability of the SM effective potential. The discrepancy is likely due to the

approximate one-loop expansion of the potential used in the works [220, 221] rather than

the two-loop effective potential used here.

The question of whether Higgs ξ-inflation is compatible with the BICEP2 result may

be moot; there is now a general consensus that the analysis from BICEP2 underestimates

the polarized emissions from foreground and that modelling uncertainties can account for

most of the primordial B-mode signal being claimed [222]. The upcoming data release from

Planck and other experiments in the near future should clarify the existence of a primordial

signal in the BICEP2 range.
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Chapter 4

Classical scale invariance and the
strong CP problem

We now turn our attention to a fine-tuning problem in the SM (or the νMSM) that persists

even if the model is valid up to the Planck scale: the strong CP problem. This problem,

unlike the cosmological constant problem, can be formulated within the framework of the

SM alone and hence its solution may not be related to the correct theory of quantum gravity.

Moreover, there does not appear to be an anthropic reason for having a small CP-violating

angle θ̄. In this chapter, we consider how new physics that is introduced to solve the strong

CP problem in a classically scale invariant theory can preserve the technical naturalness of

the SM, even though it will be necessary to relax the assumption of no intermediate scales

of new physics.

Disclaimer: The work contained in this chapter has been carried out jointly with Gra-

ham Ross and Christopher Hill. Though I have written the chapter myself, some of the more

technical results (most notably the derivation of the interaction rate of the dilaton with the

thermal background at finite temperature) and the overall progression of ideas has devel-

oped from collaborative efforts rather than mine alone. The original works can be found in

refs. [223, 224].

4.1 Introduction

Since the discovery that a classically scale invariant theory can lead to spontaneous symmetry

breaking through the conformal anomaly [90], an attractive scenario for spontaneous EW

symmetry breaking has been to set the Higgs mass parameter m2 to zero and induce the EW

scale radiatively. In this scenario, the EW scale does not have to be introduced by hand into
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the SM with a bare mass term but can be generated from a theory with only dimensionless

parameters.

The SM with a classical scale invariance and radiative EW symmetry breaking can also

be motivated by the hierarchy problem and the principle of technical naturalness. From

a field theoretical point of view, the quadratically divergent corrections to the bare Higgs

mass parameter are not physically meaningful; they are absorbed into the definition of the

physically measurable parameter m2 in the renormalization procedure. Without heavy in-

termediate states such as GUT states that couple significantly to the Higgs, logarithmic

corrections to the Higgs mass parameter are under control and small m2 is technically nat-

ural [89]. Even in the presence of gravity, small m2 might emerge from the RG evolution

of mass parameters in UV physics down to the Planck scale. It is therefore interesting to

consider the possibility that m2 = 0, which corresponds to a classical scale invariance in the

SM, and that EW symmetry breaking arises as a purely quantum mechanical effect.

Unfortunately, EW symmetry breaking through the CW mechanism is not possible in

the SM alone for the measured values of the top quark and Higgs mass. The original CW

scenario applied to the SM, which predates the large top quark mass measurement, requires

λ ∼ g4 and a Higgs mass of approximately 10 GeV [225]. Similarly, including the effects of a

large top quark Yukawa coupling requires a Higgs mass of about 218 GeV [225, 226]. Some

extension of the SM is therefore required to realize EW symmetry breaking through the CW

mechanism.

A large number of recent papers [226–252] have therefore explored classical scale invari-

ance and radiative EW symmetry breaking in minimal extensions of the SM. Although these

papers typically address the hierarchy problem, they do not address the strong CP problem.

This is an important omission since it is unclear whether a solution to the strong CP problem

can be consistent with the classical scale invariance approach.

One of the most attractive solutions to the strong CP problem is that of the invisible

axion. This solution introduces a new SM singlet scalar field S that is charged under a

U(1)PQ symmetry [71, 72] and develops a large vev [68]. There have been two main proposals

for the implementation of the PQ symmetry. The DFSZ axion model [253, 254] extends

the SM Higgs sector to include a second Higgs doublet in addition to the complex PQ

scalar S. Both Higgs doublets are charged under the PQ symmetry and couple to S through
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terms in the potential. Alternatively, the Kim-Shifman-Vainshtein-Zakharov (KSVZ) axion

model [255, 256] takes all the SM fields to be singlets under the PQ symmetry and adds

a new heavy quark that carries non-zero PQ charge and couples to S. In both models,

the axion is identified with the phase (angular component) of S while the modulus (radial

component) is identified with a new real scalar field. The spontaneous breaking of the PQ

symmetry through the vev of S is typically generated with a large negative mass term for

the PQ scalar, in which case the modulus obtains a large mass and can be integrated out of

the low-energy theory.

In this chapter, we study classically scale invariant versions of the invisible axion models

— those in which the negative mass term for S is forbidden — and determine whether

they are consistent with spontaneous symmetry breaking through the CW mechanism. In

particular, we show that a classically scale invariant version of the DFSZ model solves the

strong CP problem and can give rise to successful radiative breaking of the PQ symmetry

followed by a spontaneous breaking of the EW symmetry. The result relies on an ultra-weak

coupling of the scalar S to the SM sector, which is technically natural due to an underlying

approximate shift symmetry of the model. The model therefore does not contain a hierarchy

problem from the large vev of S. Due to the classical scale invariance, the modulus of S

obtains only a small loop-induced mass and can be identified as a light pseudo-dilaton. We

discuss the cosmological consequences of this unusually light state in detail.

4.2 Electroweak symmetry breaking via the Coleman-

Weinberg mechanism

The invisible axion models with EW symmetry breaking via the CW mechanism are devel-

oped in two steps. First, in section 4.2.1 we discuss radiative EW symmetry breaking in a

classically scale invariant extension of the SM with a real singlet scalar. This model provides,

in a simplified context, some intuition for the ultra-weak sector in the invisible axion models

that follow. It is also relevant to schemes in which the Planck scale is spontaneously gener-

ated from the vev of a real singlet scalar. The full DFSZ and KSVZ invisible axion models

with a complex PQ scalar, as well as the other model-specific states, are then discussed in

sections 4.2.2 and 4.2.3.
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4.2.1 The real singlet scalar model

Consider an extension of the SM in which the Higgs sector includes an additional real scalar

field σ that is a singlet under the SM gauge group. Moreover, suppose that the model has

a classical scale invariance so that only dimension four terms in the Lagrangian are allowed;

that is, the bare mass terms for the Higgs and σ are forbidden. The most general Lagrangian

for the scalar sector of the model is then

L =
1

2
∂µσ∂

µσ + (DµH)†DµH − V (H, σ), (4.1)

where Dµ is the usual covariant derivative, H =

(
φ+

1√
2

(v + h+ iφ0)

)
is the SU(2) Higgs

doublet, v ' 246 GeV is the Higgs vev, and the potential V (H, σ) is given by

V (H, σ) = λ
(
H†H

)2
+
ζ1

2

(
H†H

)
σ2 +

ζ2

4
σ4. (4.2)

The basic idea of this model is that once σ obtains a vev through the CW mechanism, EW

symmetry breaking is driven by the negative Higgs mass term m2 ' ζ1w
2/2 that is induced

through the Higgs portal coupling ζ1

(
H†H

)
σ2/2 with ζ1 < 0. Since the invisible axion

models discussed later must have a large vev for the PQ scalar, we consider the case 〈σ〉 � v

for this real singlet scalar model. The coupling ζ1 ∼ m2
h/ 〈σ〉

2 � 1 must then be ultra-weak.

The CW mechanism uses loop-level effects to break the classical scale invariance and

generate a vev for σ. These effects can be captured through the one-loop RG equations of

λ, ζ1, and ζ2, which are given by

βλ =
1

16π2

[
24λ2 − 3λ

(
3g2 + g′2

)
+

3

8

(
g2 + g′2

)2
+

3

4
g4 + 12λy2

t − 6y4
t +

1

2
ζ2

1

]
, (4.3)

βζ1 =
1

16π2

[
6ζ1ζ2 + 12ζ1λ+ 4ζ2

1 −
3

2
ζ1

(
3g2 + g′2

)
+ 6ζ1y

2
t

]
, (4.4)

βζ2 =
1

16π2

[
2ζ2

1 + 18ζ2
2

]
, (4.5)

where βλ ≡ dλ(µ)/d lnµ and βζi ≡ dζi(µ)/d lnµ. An immediately obvious feature of the

RG equations (4.3)–(4.5) is that the set of couplings ζi is multiplicatively renormalized.

Therefore if all the couplings ζi are small, they remain small over a large range of scales

in the RG running and are technically natural. This result is due to the approximate shift

symmetry of the Lagrangian under the transformation σ → σ + f , which is broken only by

the couplings ζi. According to the ’t Hooft naturalness condition [257], the enhanced shift
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symmetry of the Lagrangian in the limit ζi → 0 protects the ultra-weak couplings ζi from

large radiative corrections, and hence small ζi are technically natural. The Higgs doublet,

in contrast, does not have an approximate shift symmetry due to its gauge couplings and so

λ receives large corrections from the gauge sector.

Despite the ultra-weak couplings ζi, the σ field can have a one-loop CW potential with a

non-trivial minimum at some high energy scale. To see this, let us momentarily neglect all

terms in the potential that involve the Higgs. Then only the quartic term for σ remains and

ζ2 must change from negative to positive values under the RG running to give a non-trivial

minimum. Integrating (4.5), the solution for ζ2 is, to a good approximation,

ζ2(µ) ' βζ2 ln
( µ
M

)
, (4.6)

where βζ2 > 0 is treated as a constant and M is the scale at which ζ2(M) = 0. Substituting

this result back into (4.2) and taking the renormalization scale µ = σ, the effective CW

potential for the σ field is given by

VCW '
βζ2
4
σ4 ln

( σ
M

)
, (4.7)

which has a minimum at w ≡ 〈σ〉 = e−1/4M . Note that at this minimum the coupling ζ2

satisfies

ζ2(w) ' −1

4
βζ2 = − 1

64π2

(
2ζ2

1 + 18ζ2
2

)
. (4.8)

This relation shows that the minimum of the CW potential occurs when the one-loop expres-

sion βζ2 is comparable to the tree-level coupling ζ2. It also shows how the CW mechanism

generates a dimensionful scale w from a dimensionless theory.

To satisfy (4.8) for a perturbative coupling ζ2 . 4π, the dominant term in βζ2 must be

ζ2
1 . Thus

βζ2 '
ζ2

1

8π2
=⇒ ζ2 ' −

1

4
βζ2 ' −

ζ2
1

32π2
, (4.9)

and so there is a large hierarchy ζ2 ∼ ζ2
1 � |ζ1| � 1 amongst the ultra-weak couplings.

Although the origin of this hierarchy is not the focus of this chapter, we note that it might

arise from an underlying symmetry for which every power of σ2 that appears in the terms

of a Lagrangian is associated with a small symmetry breaking parameter ε ∼ |ζ1|.
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To describe EW symmetry breaking in the real singlet scalar model, though, we must

also include the terms in the potential that involve the Higgs field. Reintroducing these

terms gives the mixed Higgs-σ potential

V (H, σ) ' λ
(
H†H

)2
+
ζ1

2

(
H†H

)
σ2 +

ζ2

4
σ4. (4.10)

The minimum of this more complicated potential can be found by writing (4.10) as the sum

of two terms

V (H, σ) ' λ
(
H†H − εσ2

)2
+
ζ ′2
4
σ4, (4.11)

where

ε = − ζ1

4λ
, ζ ′2 = ζ2 −

ζ2
1

4λ
, (4.12)

and ζ1 is negative. In analogy to (4.7), the second term in (4.11) leads a priori to a CW

potential for σ with a minimum at w ≡ 〈σ〉 = e−1/4M , where M now corresponds to the

scale at which ζ ′2(M) = 0. However, the running of ζ ′2 is dominated by the top quark Yukawa

coupling,

βζ′2 = βζ2 −
ζ1

2λ
βζ1 +

ζ2
1

4λ2
βλ '

1

16π2

[
−3y4

t

2λ
ζ2

1

]
, (4.13)

and hence βζ′2 < 0. This gives a CW potential that is unbounded from below and hence

does not lead to successful EW symmetry breaking — at least for a phenomenologically

viable version of this model.1 One of the invisible axion models that follows, however, has

a potential similar to (4.11) with the corresponding beta function positive. We therefore

continue the discussion of this simpler model assuming βζ′2 > 0 and a minimum w = e−1/4M

to further develop our intuition for the invisible axion model.

For 〈σ〉 = w, the minimum of the first term in (4.11) occurs at

〈H〉 ≡ v√
2

=
√
εw, (4.14)

where v ' 246 GeV is fixed by EW symmetry breaking in the SM. Equations (4.12) and

(4.14) also give the useful relations

ε =
v2

2w2
= − ζ1

4λ
, (4.15)

which show that ε ∼ v2/w2 can be used as an expansion parameter in the limit v � w.

1If the top quark was lighter, βζ′2 would be dominated by the gauge boson contribution in βλ and have
the correct sign to give successful EW symmetry breaking.
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Now consider the phenomenology of this model. The scalar mass eigenstates can be

found in the unitary gauge (H†H → h2/2) by diagonalizing the mass matrix

M =

〈
d2V

dφidφj

〉
=

 2λv2 −2λv3

w

−2λv3

w

2λv4

w2
+ βζ′2w

2

 , (4.16)

where φi = {h, σ}. To obtain the simplified form (4.16), the approximate solution ζ ′2 '

βζ′2 ln(σ/M) has been used in (4.11) together with the minimization conditions〈
dV

dh

〉
= λv3 +

ζ1

2
vw2 = 0, (4.17)〈

dV

dσ

〉
=
ζ1

2
v2w +

βζ′2
4
w3 + βζ′2w

3 ln
( w
M

)
= 0 (4.18)

for v, w 6= 0. Denoting the physical mass eigenstates by ĥ and σ̂, in the limit v � w we find

ĥ ' h− v

w
σ, σ̂ ' σ +

v

w
h. (4.19)

The corresponding masses of the physical eigenstates are

m2
h ' 2λv2, m2

σ ' βζ′2w
2 ∼ ζ2

1

8π2
w2 ' λ2v4

2π2w2
' m4

h

8π2w2
. (4.20)

Note that σ̂ is very light due to the classical scale invariance, which forbids a bare mass term

for the state and forces σ̂ to obtain only the much smaller loop-induced mass.

The real singlet scalar model is predictive for a specific choice of w. In particular, for

mh ' 125.5 GeV the model predicts a light scalar state σ̂ with mass

mσ ' 0.18

(
1010 GeV

w

)
keV. (4.21)

This state can be identified as a pseudo-dilaton that couples to everything the SM Higgs

does, albeit with couplings that are suppressed over those of the Higgs by a factor of v/w due

to the small h component in σ̂. For instance, the dilaton can decay via the one-loop process

σ̂ → γγ through the dimension five operator σ̂FµνF
µν . The decay width of this process can

be found by rescaling eq. (1) of [258], giving

Γσ̂→γγ ' C2
σ

α2m3
σ

256π3w2
, (4.22)

with the coefficient Cσ given by

Cσ =
∑
Q

e2
QNcAf (0) + AW (0) =

11

3
, (4.23)
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where Af (0) = 4/3, AW (0) = −7, and the sum over Q extends over all charged fermions in

the SM, yielding
∑

Q e
2
QNc = 8.2 Using (4.21), the lifetime of σ̂ is then

τσ ' 1.3× 1023
( w

1010 GeV

)5

sec. (4.24)

The dilaton is therefore a viable dark matter candidate for certain choices of w, provided there

is a production mechanism for σ̂ that can give the necessary abundance. A more complete

analysis of the dilaton as a dark matter candidate, however, is left for the discussion of the

invisible axion models.

4.2.2 The DFSZ model

To consider a realistic invisible axion model with classical scale invariance, replace the real

singlet scalar field σ from the previous section with the complex singlet scalar field S — the

PQ scalar. The strong CP problem is solved in the usual way by giving S a charge under a

new global chiral U(1)PQ symmetry.3 The spontaneous breaking of the U(1)PQ gives a light

pseudo-Nambu-Goldstone boson, the axion a, whose vev promotes θ̄ in (1.8) to a dynamical

variable that depends on 〈a〉.4 The axion then adjusts its vev spontaneously to reach the

CP-conserving minimum θ̄ = 0 of its QCD potential [259].

There is some freedom in the implementation of the U(1)PQ for invisible axion models.

The DFSZ invisible axion model [253, 254] contains two Higgs doublets H1 and H2 that

couple to the up-type and down-type fermions, respectively, in addition to the PQ scalar S.

The vev of H1 gives masses to the up-type fermions while the vev of H2 gives masses to

the down-type fermions. In this model, the PQ transformation can be taken to be a chiral

rotation of the right-handed quark and lepton fields [260]

uR → e−iαX1uR, dR → eiαX2dR, eR → eiαX2eR,

H1 → e+iαX1H1, H2 → e−iαX2H2, S → e+iα(X1+X2)/2S, (4.25)

where X1 6= −X2 to ensure that the transformation is chiral. The most general classically

scale invariant potential for H1, H2, and S that is consistent with the PQ symmetry (4.25)

2This is in contrast to the Higgs case for which the sum only includes the top quark and W loops and
the functions Af (τf ) and AW (τW ) in eq. (2) of [258] are evaluated at non-zero τi since mh ∼ mi.

3The original PQ model [71, 72] did not have the SM singlet field S but instead had the SM Higgs doublet,
as well a second Higgs doublet necessary for absorbing the independent chiral transformations of the quarks,
charged under the PQ symmetry. The resulting EW scale axions were quickly ruled out by experiment,
hence the need for invisible axion models [67].

4The axion would be massless if the U(1)PQ was exact, but the symmetry is broken by the QCD anomaly.
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is

V (H1, H2, S) = λ1(H†1H1)2 + λ2(H†2H2)2 + λ3(H†1H1)(H†2H2) + λ4(H†1H2)2

+ ζ1(H†1H1)(S∗S) + ζ2(H†2H2)(S∗S) +
(
ζ3(H†1H2)(S∗S) + h.c.

)
+ ζ4(S∗S)2, (4.26)

where the Higgs doublets and the PQ scalar are parametrized as

H1 =

(
φ+

1
φ1√

2
eia1/v1

)
, H2 =

(
φ+

2
φ2√

2
eia2/v2

)
, S =

φs√
2
eias/vs , (4.27)

with 〈φ1〉 ≡ v1, 〈φ2〉 ≡ v2, and 〈φs〉 ≡ vs. For an invisible axion model, we also have the

relation v1, v2 � vs since the axion decay constant fa ≡ vs/NDW must be very large to escape

the experimental and astrophysical limits [261].5 For the DFSZ model, NDW = 6 and so vs

must fall within the range

2× 109 GeV . vs . 1012 GeV, (4.28)

where the lower limit is given by constraints from SN 1987A [261] and the upper limit is

given by constraints on the energy density contained in axions (see section 4.4 for details).

At this point, we simplify the model by taking λ4 = 0; λ4 is generated by gauge inter-

actions, but in this case it remains negligibly small compared to other terms in the poten-

tial [252] (see appendix B). We also consider the parameter range for which v2 � v1, thereby

allowing for an analytic diagonalization of the mass matrix.6 A more complete study of the

model’s parameter space requires a numerical analysis, which goes beyond the scope of this

discussion.

Scalar mass spectrum

The scalar mass spectrum of the DFSZ model can be found by diagonalizing the mass matrix

M2
ij = 〈∂2V/(∂φi∂φj)〉. For (4.26) with λ4 = 0, the mass matrix is a 3×3×2 block-diagonal

matrix where the blocks are formed by the CP-even neutral fields {φ1, φ2, φs}, the CP-odd

neutral fields {a1, a2, as}, and the charged fields {φ+, φ−}, which separately mix to form the

5Here NDW is the model-dependent domain wall number or colour anomaly factor.
6Because only the down-type fermions obtain their masses from v2, the bottom quark Yukawa coupling

remains perturbative for values of v2 as small as about a GeV.

69



physical mass eigenstates.7 At the tree level, we have

Vmass =
1

2

(
φ1, φ2, φs

)
M(1)

ij

φ1

φ2

φs

+
1

2

(
a1, a2, as

)
M(2)

ij

a1

a2

as

+
(
φ+

1 , φ
+
2

)
M(3)

ij

(
φ−1
φ−2

)
, (4.29)

where

M(1)
ij =


3λ1v

2
1 +

λ3

2
v2

2 +
ζ1

2
v2
s λ3v1v2 +

ζ3

4
v2
s ζ1v1vs +

ζ3

2
v2vs

λ3v1v2 +
ζ3

4
v2
s 3λ2v

2
2 +

λ3

2
v2

1 +
ζ2

2
v2
s ζ2v2vs +

ζ3

2
v1vs

ζ1v1vs +
ζ3

2
v2vs ζ2v2vs +

ζ3

2
v1vs

ζ1

2
v2

1 +
ζ2

2
v2

2 +
ζ3

2
v1v2 + 3ζ4v

2
s

 ,

(4.30)

M(2)
ij =


−ζ3

4

v2

v1

v2
s

ζ3

4
v2
s

ζ3

2
v2vs

ζ3

4
v2
s −ζ3

4

v1

v2

v2
s −

ζ3

2
v1vs

ζ3

2
v2vs −ζ3

2
v1vs −ζ3v1v2

 , (4.31)

M(3)
ij =

2λ1v
2
1 + 2λ3v

2
2 + ζ1v

2
s λ4v1v2 +

ζ3

2
v2
s

λ4v1v2 +
ζ3

2
v2
s 2λ2v

2
2 + λ3v

2
1 + ζ2v

2
s

 . (4.32)

The tree-level tadpole conditions that can be used to simplify (4.30)–(4.32) before diagonal-

ization are 〈
∂V

∂φ1

〉
= λ1v

3
1 +

λ3

2
v1v

2
2 +

ζ1

2
v1v

2
s +

ζ3

4
v2v

2
s = 0, (4.33)〈

∂V

∂φ2

〉
= λ2v

3
2 +

λ3

2
v2

1v2 +
ζ2

2
v2v

2
s +

ζ3

4
v1v

2
s = 0, (4.34)〈

∂V

∂φs

〉
=
ζ1

2
v2

1vs +
ζ2

2
v2

2vs +
ζ3

2
v1v2vs + ζ4v

3
s = 0. (4.35)

For the region of parameter space with v2 � v1, it is best to use (4.33)–(4.35) to eliminate

the parameters λ1, ζ3, and ζ4 from the mass matrices. Eliminating these parameters and

diagonalizing the mass matrices gives

V 0
mass =

1

2

(
h,H, s

)m2
h 0 0

0 m2
H 0

0 0 0

h
H
s

+
1

2

(
G0, A, a

)0 0 0
0 m2

A 0
0 0 0

G0

A
a


+
(
G+, H+

)(0 0
0 m2

H±

)(
G−

H−

)
, (4.36)

7By writing 〈H1〉 =
1√
2

(
0
v1

)
, 〈H2〉 =

1√
2

(
0
v2

)
, and 〈S〉 =

1√
2
vs, we have assumed that the form of the

potential is such that the Higgs vacuum structure is automatically both CP and charge conserving [262]. In
this case, one can distinguish between the CP-even and CP-odd scalar fields since they do not mix.
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where h is the observed Higgs boson, H is a heavier CP-even neutral Higgs, s is the dilaton,

G0 and G± are the Nambu-Goldstone bosons eaten by the Z and W bosons respectively,

A is a massive CP-odd neutral scalar, and a is the axion.8 The masses of the fields are given

by the approximate expressions

m2
h ' −ζ1v

2
s , (4.37)

m2
H ' m2

A ' m2
H± '

ζ2

2
v2
s +

λ3

2
v2

1, (4.38)

where the dilaton and axion are massless.

It is important to note that (4.37) and (4.38) are only the tree-level results; the breaking

of the classical scale invariance through the CW mechanism gives rise to a non-zero mass

for the dilaton s [228], thereby turning it into a pseudo-dilaton, and the axion a obtains its

usual zero temperature mass from the QCD anomaly of [263]

ma ' 6.0× 10−6

(
vs/NDW

1012 GeV

)−1

eV. (4.39)

CW symmetry breaking

There are two ways in which the CW mechanism can break EW symmetry in this model. In

the first, the dominant one-loop CW term is proportional to λ2
3 and the interaction between

the two Higgs doublets drives λ1 negative at some scale. This case is equivalent to that

studied in [252] and requires such a large λ3 that there is a Landau pole in the 3–10 TeV

range.

To avoid the appearance of a Landau pole below the Planck scale, we therefore turn to

the second possibility in which λ3 is negligible and EW symmetry breaking is triggered by

a negative Higgs mass squared ζ1v
2
s (where ζ1 is negative) from the vev of the PQ scalar.

This case is analogous to EW symmetry breaking mechanism used in the real singlet scalar

model. Since 2× 109 GeV . vs . 1012 GeV, the singlet couplings ζ1,2,3 must be very small;

ζ1,2,3 . m2
h/v

2
s , where mh is the observed Higgs mass. Moreover, for CW symmetry breaking

to proceed through vs it is necessary for ζ4 to be even smaller; ζ4 . ζ2
1,2,3. Again, the ultra-

weak couplings ζi are technically natural due to the underlying approximate shift symmetry

S → S + f , which is broken only by ζi and ensures that these couplings are multiplicatively

8The axion is composed primarily of the phase of S and, up to normalization, is given by a ' as + 2v1
vs
a1.
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renormalized as a whole (see appendix B). The smaller value of ζ4 is also stable under

radiative corrections due to the partial scale symmetry S → λS, where ζ1,2,3 scale as λ and

ζ4 scales as λ2. It is interesting to note that if this symmetry is broken by a term scaling as

λ, perhaps by gravity, the hierarchy ζ4 � |ζ1,2,3| � 1 results automatically.

Even though the couplings ζi are ultra-weak, CW symmetry breaking in the φs-φ1 sector

is possible. To see this, consider the limit in which the term proportional to ζ2 provides the

dominant one-loop CW term in the potential; that is, neglect the λ3v
2
1/2 term in (4.38). In

this case, the additional Higgs states H, A, and H± coming from the second Higgs doublet

can be heavy enough to have escaped detection to date [264–267]. The potential, including

the dominant one-loop correction, can be written as

V (φ1, φs) '
λ1

4

(
φ2

1 − αφ2
s

)2
+
ζ ′4
4
φ4
s +

1

64π2

(
ζ2φ

2
s

)2
[
ln

(
ζ2φ

2
s

2M2

)
− 3

2

]
, (4.40)

where

α ≡ − ζ1

2λ1

, ζ ′4 ≡ ζ4 −
ζ2

1

4λ1

, (4.41)

and M is the scale at which the couplings are defined. Note that, in contrast to the real

singlet scalar model, βζ′4 ' ζ2
2/ (8π2) is dominated by the positive contribution from the heavy

Higgs states in βζ4 rather than the negative contribution from the top quark in βλ1 . This

ensures βζ′4 > 0 and that a proper minimum for φs is generated, thus leading to successful

EW symmetry breaking. In particular, the minimum of (4.40) occurs at

v2
s '

2M2

ζ2

exp

(
1− 16π2ζ ′4

ζ2
2

)
, v2

1 ' αv2
s . (4.42)

The vev v2 is, in turn, driven by the term proportional to ζ3 in (4.34), giving

v2 ' −
ζ3

2ζ2

v1. (4.43)

Now let us find an expression for the mass of the pseudo-dilaton s, which is induced by

the breaking of the classical scale invariance through the CW mechanism. The minimum

(4.42) allows the potential (4.40) to be written in the form

V (φ1, φs) '
λ1

4

(
φ2

1 − αφ2
s

)2
+
ζ2

2φ
4
s

64π2

[
ln

(
φ2
s

v2
s

)
− 1

2

]
. (4.44)

Since the mixing between the states φ1,2 and φs is small, φs ' s and hence the latter term

of (4.44), denoted by VCW(φs), induces a mass for the pseudo-dilaton of

m2
s '

〈
d2VCW

dφ2
s

〉
' ζ2

2

8π2
v2
s . (4.45)
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The model therefore predicts a very light scalar field in the mass spectrum. Its origin is

ultimately due to the classical scale invariance of the model, which forbids a large mass term

for this field and hence requires a small coupling ζ2 to achieve successful EW symmetry

breaking through the CW mechanism.

To summarize, a classically scale invariant version of the DFSZ invisible axion model can

give successful EW symmetry breaking through the CW mechanism with ultra-weak but

technically natural couplings ζi. For a particular choice of vs, we have

m2
h ' 2λ1v

2
1 ' −ζ1v

2
s , m2

H ' m2
A ' m2

H± '
ζ2

2
v2
s , m2

s '
ζ2

2

8π2
v2
s , (4.46)

as well as the axion with its usual zero temperature mass (4.39).

4.2.3 The KSVZ model

In the KSVZ invisible axion model [255, 256], the SM states are all singlets under the PQ

symmetry. Instead of having the SM states feel the PQ symmetry directly, one introduces a

new heavy quark XL,R that carries a PQ charge and interacts directly with the PQ scalar S

through the Yukawa interaction [260]

∆LKSVZ = −fX̄LSXR − f ∗X̄RS
†XL. (4.47)

After imposing a classical scale invariance on the model, the scalar potential has the relatively

simple form

V (H,S) = λ(H†H)2 + η1(H†H)(S∗S) + η2(S∗S)2, (4.48)

where H is the SM Higgs doublet. The vev of S, which is proportional to the axion decay

constant fa, must again be very large to satisfy experimental and astrophysical constraints.

Using the same parametrization for S as in (4.27), the KSVZ model with NDW = 1 requires

vs to be within the range 4× 108 GeV . vs . 1012 GeV [261].

Due to the non-observation of additional coloured states up to the TeV range (mX ∼

fvs & TeV) and the need to keep the Higgs light (η1v
2
s . (100 GeV)2), it can be seen from

(4.47) and (4.48) that f must be the largest coupling to the S field. The dominant one-

loop correction to the S potential therefore involves the new heavy quark, which gives a

contribution to the potential with a sign opposite that of (4.40) in the DFSZ case. This does
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not give rise to successful EW symmetry breaking because it gives a potential for S that is

unbounded from below and drives the Higgs vev to an unacceptably large scale. Thus the

KSVZ axion model with a classical scale invariance is not a viable model.

To produce a KSVZ-like model that leads to successful EW symmetry breaking, some

additional CW term that dominates the potential with an opposite sign is required. Such a

term could originate from additional SM singlet fields or it could be engineered at the two-

loop level through fermion loops in a way similar to the model discussed in [252]. However,

we do not explore these possibilities here and instead focus only on the DFSZ model by

continuing with a discussion of its phenomenology.

4.3 Phenomenology of the DFSZ model

The DFSZ model requires the SM to be extended by a second Higgs doublet and a complex

PQ scalar S, the latter of which contains the axion a and the pseudo-dilaton s. The fact that

the couplings ζi are ultra-weak means that, for collider experiments, the phenomenology of

the model is just that of the Type II two Higgs doublet model (2HDM) with the common

mass scale of the additional Higgs states {H,A,H±} determined by the ratio

R ≡ mH

mh

'

√
− ζ2

2ζ1

. (4.49)

In most studies of the 2HDM, additional Higgs states with masses of roughly 350 GeV or

more, corresponding to R & 3, are allowed in significant regions of parameter space [264–

267].9 This lower bound on R comes from limits on the charged Higgs states H±, so it is

possible that a more detailed numerical study of this model that relaxes the assumptions

v2 � v1 and λ4 = 0 and produces different masses for {H,A,H±} will allow for smaller

R. Meanwhile, an approximate upper bound R . 5 comes from the requirement that one

does not introduce a little hierarchy problem from the coupling between the light and heavy

Higgs sectors. This bound requires the masses of the heavy Higgs states to be smaller than

roughly 600 GeV.

In the usual implementation of the DFSZ model, the pseudo-dilaton is very heavy with

a mass of O(vs). The novel feature of the model discussed here is that s is very light.

9Note that the convention in studying the Type II 2HDM is to have H2 couple to the up-type quarks rather
than H1. Therefore when applying 2HDM limits to this model, one should use the definition tanβ ≡ v1/v2

rather than the usual tanβ ≡ v2/v1.
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Specifically, from (4.46) we have

ζ1 ' −
m2
h

v2
s

' −1.6× 10−20

(
1012 GeV

vs

)2

(4.50)

and hence

ms '
√
− ζ1

2π2

(
mH

mh

)2

mh '
R2

√
2π

m2
h

vs

' 32

(
1012 GeV

vs

)(
R

3

)2

eV, (4.51)

where mh ' 125.5 GeV has been used. Since the pseudo-dilaton is light and couples to

quarks through its mixing with the SM Higgs, one possible way to detect it is through fifth

force experiments. However, using the estimate

α5 ∼
1

4π

[√
2

(
2mu +md

vs

)]2

(4.52)

for the coupling strength of the pseudo-dilaton to protons and λ = 1/ms for the effective

range of the force, it can be seen that the pseudo-dilaton lies outside the region probed by

Casimir-force and neutron scattering experiments [268]. It is possible that future terrestrial

experiments can be devised to look for the pseudo-dilaton directly, but this remains unex-

plored. At present, the only way to constrain the pseudo-dilaton is through its cosmological

influences, which we turn to a discussion of now.

4.4 Cosmology of the pseudo-dilaton

As an ultra-weakly interacting particle, the pseudo-dilaton influences cosmology primarily

through its energy density. After the PQ scalar S acquires its vev and the PQ symmetry is

broken, the energy stored in the dilaton potential is released as a coherent oscillation of the

dilaton field. If this symmetry breaking occurs before inflation, the energy density contained

in the dilaton is diluted away in the rapid expansion of the universe. This is the case if the

dilaton mass is larger than the Hubble parameter during inflation, which requires a low scale

of inflation

V
1/4

inf . 105

(
1012 GeV

vs

)1/2

R GeV, (4.53)

and if the reheat temperature is sufficiently low that the PQ symmetry is not restored after

inflation. On the other hand, if the PQ symmetry breaking occurs after inflation, the energy

75



stored in the dilaton oscillation persists to late times (the Polonyi problem [269]) and can

have a significant impact on the cosmological evolution. We consider both cases in turn,

starting with the latter case.

4.4.1 High scale inflation

The energy stored in the dilaton potential depends on the initial value of the dilaton. For the

case that the Hubble parameter during inflation is much larger than the dilaton mass, the

dilaton performs a random walk of step length Hinf/2π in each Hubble time. The maximum

dilaton energy corresponds to the largest initial value of φs, which in turn corresponds to the

maximum Hubble parameter during inflation, Hinf ∼ 1014 GeV, that is consistent with the

BICEP2 result [218]. To be conservative, let us consider this extreme case since all others

will have a smaller amount of energy initially stored in the dilaton and will be more weakly

constrained. For 60 e-folds of inflation, one may expect the initial value of the dilaton field

from the random walk to be given by φs,i ∼ 1014 GeV.10

After inflation and reheat, s ' φs begins to oscillate when its effective mass becomes

larger than the Hubble parameter H. Even though s is not in thermal equilibrium, in the

presence of a thermal plasma it obtains a large thermal mass [270]

m2
s,th '

ζ2

6
T 2, (4.54)

where we have neglected all but the largest coupling of φs to thermalized particles, namely

ζ2. For a sufficiently high reheat temperature, the thermal mass (4.54) dominates the dilaton

potential and the dilaton oscillates about a zero vev once it begins to roll, which occurs when

ms,th ∼ H corresponding to the temperature

Troll ' 5× 107R

(
1012 GeV

vs

)
GeV. (4.55)

The energy density in the dilaton at the beginning of its roll is given by

ρs,roll '
1

2
m2
s,thφ

2
s,i '

ζ2T
2
roll

12
φ2
s,i, (4.56)

which is much less than the energy density of a relativistic degree of freedom at that time.

Moreover, as the universe expands the energy density (4.56) redshifts as radiation, i.e.

10Some models of inflation have many more than 60 e-folds, in which case one might expect φs,i � 1014 GeV
from the longer random walk. The exact initial value of the dilaton field is not particularly important to the
subsequent discussion so long as φs,i . 1018 GeV.
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ρs,roll ∝ T 4 [270]. This is faster than the matter redshift that one might expect because

the temperature-dependent thermal mass also redshifts. Therefore the energy in the dilaton

oscillations from the slow roll inflation era always remains negligible compared to the energy

in the thermal plasma.11

When the temperature drops to T ∼ 20R GeV, the thermal mass term for the dilaton

becomes comparable to the latter term of (4.44) and hence the minimum at φs = vs appears.

However, the amplitude of the dilaton oscillations φ̄s at this time is too small for the dilaton

to make it over the potential barrier; φ̄s scales ∝ T from its initial value φs,i at Troll, so at

T ∼ 20R GeV we have

φ̄s,CW

vs
' 4× 10−5

(
φs,i

1014 GeV

)
� 1. (4.57)

The tunnelling rate of the dilaton to the true vacuum is also very slow, therefore the dilaton

continues to oscillate about a zero vev even after the minimum at vs appears.

The dilaton oscillates about a zero vev until the EW symmetry is ultimately broken by

non-perturbative effects in QCD, which occurs as follows. When the colour force becomes

confining at T ∼ ΛQCD ∼ 200 MeV, it drives a quark condensate that gives masses to the

W and Z bosons as well as the Higgs. Once the temperature drops below this Higgs boson

mass, the stabilizing thermal mass term for the dilaton (4.54) rapidly vanishes due to the

Boltzmann suppression of the Higgs [270] and the dilaton rolls to its minimum at vs.

Until the EW symmetry is broken, though, the energy density of the universe is dom-

inated by the potential energy in the Higgs and dilaton fields for temperatures below

about T ∼ 10R GeV. This gives rise to a period of thermal inflation with approximately

ln(10R GeV/200 MeV) ∼ 5 e-folds of inflation. This period of inflation is sufficiently short

that it does not affect the density perturbations coming from the initial stage of slow roll

inflation and still allows for successful baryogenesis from an earlier epoch.

Once the EW symmetry is broken, the potential energy stored in the Higgs and dilaton

fields (see (4.40))

∆V ' V (0, 0)− V (v1, vs) '
ζ2

2v
4
s

128π2
' R4m4

h

32π2
(4.58)

11Note that the dilaton does not enter thermal equilibrium through processes such as tt̄ → h → h + s
since the h2s coupling is proportional to the amplitude of the dilaton oscillations φ̄s, which decreases with
temperature as ∝ T [270].
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is released as coherent oscillations of the fields. Due to the large decay width of the Higgs,

which acts as a friction term in its equation of motion

φ̈1 + (3H + Γh) φ̇1 + λ1

(
φ2

1 −
v2

1

v2
s

φ2
s

)
φ1 = 0, (4.59)

the energy in the Higgs oscillations is quickly lost and goes into reheating the thermal plasma.

Since the Higgs’ couplings to the plasma are O(1), we approximate the reheating as instant.

If roughly half of the energy (4.58) is released into the thermal plasma,12 the resulting reheat

temperature is

Treh ∼ 30

(
R

3

)(
90

g∗s

)1/4

GeV. (4.60)

The rest of the energy,

ρs ∼
R4m4

h

64π2
, (4.61)

is released as coherent oscillations of the dilaton that redshift as matter, i.e. ∝ T 3.

Dissipation of the dilaton oscillations

The energy density (4.61) is large enough that it will quickly dominate the energy density

of the universe, thereby spoiling the predictions of BBN and other late-time cosmology,

unless it is somehow dissipated. Following eqs. (3.27) and (3.28) of [271], the dissipation

rate of the oscillating dilaton field through processes such as s + c → c → SM states and

s+ h→ h→ SM states is found by taking the imaginary part of the self energy

Π̃J(ms,eff,0) = λ2
sc̄c

∫
d4q

(2π)4
(fF (q0)− fF (q0 +ms,eff)) tr

[
ρFc (q0,q)ρFc (ms,eff + q0,q)

]
(4.62)

+ Λ2
shh

∫
d4q

(2π)4
(fB(q0)− fB(q0 −ms,eff)) ρBh (q0,q)ρBh (ms,eff − q0,q). (4.63)

In (4.62), λsc̄c is the coupling of s to the charm quark, which in analogy to (4.19) is given by

λsc̄c ' λhc̄c

(
v1

vs

)
=

mc

v1/
√

2

v1

vs
=

√
2mc

vs
. (4.64)

12Writing the potential in the form V ' λ1

4 v
4
1

[(
x2 − y2

)2
+ cy4

(
− 1

2 + ln y2
)]

, where x ≡ φ1/v1, y ≡
φs/vs, and c ≡ R4m2

h/(2π
2v2

1) ∼ 1, one finds that the steepest descent of the potential is typically along the
x = y direction. Therefore if φs rolls some small distance dy to release energy dE in coherent oscillations
of the dilaton, the much heavier Higgs field undergoes rapid oscillations with amplitude dx = dy that are
quickly damped and release the same energy dE into the thermal plasma.
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The fermionic distribution function and spectral density in (4.62) are given by

fF (q0) =
1

eq0/T + 1
, ρFc (q0,q) ' 1

2

Γc,q

[q0 − ωq]2 + Γ2
c,q/4

(
/q

q0

)
, (4.65)

where ωq =
√
m2
c + |q|2 is the energy of the charm quark and Γc,q is its thermal width.

Similarly, in (4.63), Λshh = ζ1vs/2 is the dimensionful coupling of the trilinear term shh and

fB(q0) =
1

eq0/T − 1
, ρBh (q0,q) =

2q0Γh,q[
q2

0 − Ω2
q

]2
+ [q0Γh,q]2

, (4.66)

where Ωq =
√
m2
h + |q|2 is the energy of the Higgs h and Γh,q is its thermal width.13 Consider

the process s+ c→ c→ SM states for the moment since its rate turns out to be sufficiently

large to dissipate the energy in the dilaton oscillations for all vs of interest. For small ms,eff,

the dissipative rate corresponding to (4.62) can be approximated by [271]

Γdiss
s ' λ2

sc̄c

2T

∫
d4q

(2π)4
fF (q0) (1− fF (q0)) tr

[
ρFc (q0,q)ρFc (q0,q)

]
. (4.67)

By replacing one of the spectral density functions in (4.67) by a delta function

ρFc (q0,q) ' 2πδ (2(q0 − ωq))
/q

q0

= πδ (q0 − ωq)
/q

q0

, (4.68)

which is applicable in the narrow width approximation, one obtains

Γdiss
s ' λ2

sc̄c

2T

∫
d3q

(2π)3
fF (q0) (1− fF (q0))

4m2
c

q2
0Γc,q

, (4.69)

where q0 =
√
m2
h + |q|2 is now a function of q. The 1/Γc,q behaviour of (4.69), which is

critical to obtaining a large dissipation rate, can be understood physically from the fact that

the coherent oscillation of a scalar field can be treated as a collection of zero momentum

particles. Upon colliding with a charm quark from the thermal plasma, the dilaton produces

a nearly on-shell quark q0 ' ωq whose propagator is dominated by its decay width, thus

leading to a resonant enhancement of the process.

The thermal width Γc,q can be found by computing the imaginary part of the one-loop

self-energy diagram of the charm quark with the decay products running in the loop, as

in [272]. Rather than perform this calculation, however, simply consider the region T . mc

for which Γc,q can be approximated by the zero temperature decay width [273]

Γc '
G2
Fm

5
c

192π3
. (4.70)

13There are analogous formulas for the processes s + b → b → SM states and s + H → H → SM states,
but as we will see it is not necessary to consider these.
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Using Γc,q ' Γc in (4.69) and performing the integration over q in the non-relativistic limit

gives

Γdiss
s '

√
2m4

c

π3/2v2
sΓc

(
T

mc

)1/2

e−mc/T . (4.71)

The exponential factor e−mc/T arises from the Boltzmann suppression of the charm quark in

the thermal plasma for T . mc.

If Γdiss
s is larger than the Hubble rate for some temperature T . mc, all of the en-

ergy stored in the coherent oscillation of the dilaton is dissipated into the thermal plasma.

Comparing (4.71) with the Hubble rate14

H '

√√√√ 8π

3M2
Pl

R4m4
h

64π2

[(
T

Treh

)4

+

(
T

Treh

)3
]
, (4.72)

we find that values of vs . 5 × 1014 GeV have Γdiss
s & H for some range of temperatures

T∗ < T . mc. Thus for all values of vs within the range of interest (4.28), the energy density

in the dilaton oscillations is dissipated shortly after reheating at T ∼ mc, if not earlier.

Dark matter

Although the energy density in the zero momentum dilaton oscillations is quickly dissipated,

a relativistic population of dilatons can still be produced at temperatures below Treh through

mixing with the Higgs states. The dominant production channel is the scattering process

g + q → q → q + s, (4.73)

where g is a gluon and q is a thermalized quark. Note that these dilaton production processes

do not have a resonant enhancement like the dissipation rate because none of the incoming

particles are zero momentum coherent states. Due to the low reheat temperature (4.60),

the number density of the top quark — and hence its associated interaction rate — is

exponentially suppressed for T < Treh. Therefore it is the bottom quark in (4.73) that gives

the largest rate of dilaton production. To estimate the dilaton abundance generated by this

process, take the coupling of s to the bottom quark to be

ysb̄b ' yHb̄b

(
v2

vs

)
=

mb

v2/
√

2

v2

vs
=

√
2mb

vs
(4.74)

14Starting from Treh, the energy density in the relativistic thermal plasma scales as T 4 while the energy
density in the dilaton oscillations scales as T 3.
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and the thermally averaged cross-section for T & mq, including the quark colour factor of 3,

to be

〈σv〉 ∼ 3 ·
(
mq

vs

)2
αs
T 2
. (4.75)

Then the rate of dilaton production is given by

Γprod
s = n 〈σv〉 ∼ 4 · 3ζ(3)

4π2
T 3 × 3 ·

(
mb

vs

)2
αs
T 2

∼ 6× 10−19

(
2× 109 GeV

vs

)2

T, (4.76)

where n is the number density of the bottom quark with 4 degrees of freedom. As a rough

estimate, the ratio of the dilaton abundance to that of a thermal distribution is given by the

maximum of the ratio Γprod
s /H for T & mb. This estimate gives

ns
neq
s
∼ max

{
Γprod
s

H

}
=

Γprod
s

H

∣∣∣∣
T=mb

∼ 0.4

(
2× 109 GeV

vs

)2

, (4.77)

where g∗s(mb) ' 90 has been used.

After production, the energy density in the dilaton is given by the standard relic cal-

culation. If the dilaton is sufficiently long lived, it is non-relativistic today with an energy

density

ρs,0 =
ns
neq
s
×ms

ζ(3)

π2

g∗s(T0)

g∗s(mb)
T 3

0 (4.78)

and hence an abundance of

Ωs ∼ 0.3

(
R

3

)2(
7× 109 GeV

vs

)3

, (4.79)

where we have again taken g∗s(mb) ' 90. For a region of parameter space with R ∼ 3 and

vs ∼ 7×109 GeV, the dilaton would therefore have just the right relic abundance to be dark

matter.15 However, to constitute dark matter the dilaton must be stable on cosmological

timescales. The dominant direct decay mode of the dilaton is to two axions with the decay

rate

Γs→aa =
1

32π

m3
s

v2
s

' R6m6
h

64
√

2π4v5
s

, (4.80)

15In this case, (4.51) shows that the dilaton is a warm dark matter (WDM) candidate with a mass in

the keV range; specifically, ms ' 5
(
R
3

)2
keV. Since the observation of small scale structure through the

Lyman-α forest excludes thermal relic dark matter candidates with masses ms . 3.3 keV [274], the dilaton
is sufficiently heavy that it should not wipe out small scale structure.
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giving a lifetime

τs ' 3.4× 1018

(
3

R

)6(
vs

7× 1010 GeV

)5

sec. (4.81)

Constraints on decaying dark matter generally require the lifetime to be on the order of

100 Gyr (3× 1018 sec) or longer, provided the particle makes up all of the dark matter [275–

281].16 For vs ∼ 7 × 109 GeV, the dilaton is not stable on cosmological timescales and

therefore cannot be dark matter. Moreover, the large conversion of energy density to rela-

tivistic axions at late times would likely pose problems for structure formation and rule out

the parameter space with vs . 7 × 109 GeV. Conversely, for vs & 7 × 1010 GeV for which

the dilaton is sufficiently long lived to be dark matter, (4.79) shows that the dilaton has a

negligible dark matter abundance (Ωs . 3× 10−4).

The axion, however, provides a very plausible cold dark matter candidate. The contri-

bution to the energy density of the universe from the coherent oscillations (zero mode) of

the axion through the vacuum realignment mechanism is [282]

Ωah
2 ' 0.236θ2

i f(θi)

(
vs/NDW

1012 GeV

)7/6

, (4.82)

where NDW = 6 for this model, θi is the initial misalignment angle, and the function f(θi) =

[ln(e/(1− θ2
i /π

2))]
7/6

encodes the anharmonic effect. Since the PQ symmetry is broken after

inflation, the initial misalignment angle varies between horizons and so θi must be averaged

over in (4.82); taking 〈θ2
i f(θi)〉 ∼ 2.67× π2/3, for instance, is reasonable [282]. Meanwhile,

the higher momentum axion modes and the axions produced in the decay of strings and

domain walls contribute a comparable amount to the energy density as vacuum realignment

(for details, see [283–285]). For vs ∼ 1012 GeV, the axion can therefore provide all of the

dark matter.

Domain walls

For invisible axion models with NDW = 1, the network of domain walls that forms after the

PQ symmetry breaking is unstable and decays away [284, 286]. For invisible axion models

with NDW > 1, which includes this DFSZ model, domain walls are stable and it is important

to consider how the problem associated with their large energy density can be avoided [287].

16If the dilaton comprises only some of the dark matter, the bounds are relaxed accordingly.
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In general, the energy density in stable domain walls is many orders of magnitude larger than

the critical energy density for closing the universe. However, a small breaking of the PQ

symmetry can cause the domains walls to decay and hence avoid their large energy density

while preserving the axion solution to the strong CP problem [287]. A qualitative picture of

how this can happen in our model is as follows. Note that the most general scale invariant

potential V (H1, H2, S) includes the terms

∆V (H1, H2, S) = λ5(H†1H2)2 + ζ5(H†2H1)S2 + ζ6S
4 + h.c, (4.83)

which break the PQ symmetry and split the degeneracy of the discrete Z(NDW) symmetry

that leads to the domain wall problem. The couplings λ5, ζ5, and ζ6 are multiplicatively

renormalized and so they can be naturally small. With an explicit PQ symmetry breaking

λ5 ∼ ζ1,2,3 of the same order as the breaking of the scale symmetry S → λS, the terms in

(4.83) are in the range needed to solve the domain wall problem without disturbing the axion

solution to the strong CP problem [287]. In this scheme, note that ζ5 and ζ6 are smaller than

λ5 by one and two powers of the scale symmetry breaking parameter, respectively, since they

break both the PQ symmetry and the scale symmetry.

In summary, the large thermal mass of the dilaton produces a period of thermal inflation

with approximately 5 e-folds after the usual slow roll inflation. At the end of this thermal

inflation, the energy in the dilaton potential that is released as coherent oscillations of the

field is large enough that it poses a potential problem for late-time cosmology. For all choices

of vs allowed in this model, though, the interactions of the dilaton with the thermal plasma

are sufficiently fast to dissipate the energy density in the oscillations due to a resonant

enhancement of the process. A significant relativistic population of dilatons is produced in

the region of parameter space with vs . 7×109 GeV, but the decay of dilatons to two axions

is too fast in this region to allow the dilaton to be dark matter. The dilaton can therefore

only have a negligible contribution to dark matter. The coherent oscillations of the axion,

on the other hand, can comprise all of the dark matter for vs ∼ 1012 GeV. The axion domain

wall problem can be solved with small but technically natural terms that explicitly break

the PQ symmetry and hence the Z(NDW) degeneracy between the vacua.
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4.4.2 Low scale inflation

In the case that (4.53) is satisfied and the reheat temperature is sufficiently low (Treh .

100 GeV) that the dilaton does not obtain a thermal mass that forces it to roll to vs = 0, the

PQ symmetry remains broken during and after slow roll inflation. As a result, the energy

density in the dilaton oscillations are driven exponentially small and the axion field gets ho-

mogenized by the expansion of the universe during the inflationary phase, thereby preventing

the formation of domain walls [284]. The usual result (4.82) for the axion contribution to the

energy density from vacuum realignment still holds17 and the axion can provide all of the

dark matter for vs ∼ 1012 GeV and θi ∼ 1.18 The dilaton, however, never plays a significant

role in cosmology.

4.5 Summary and conclusions

The discovery of a Higgs scalar with properties very close to that predicted by the SM,

together with the lack of any strong indication of BSM physics at the LHC, has led some

to rethink the need for such BSM physics to solve the hierarchy problem. An alternative

approach, which is motivated by the technical naturalness of a small Higgs mass parameter

in the absence of sufficiently strongly coupled new physics, takes m2 = 0 corresponding to a

classical scale invariance of the model. Simple extensions of the SM scalar sector then allow

successful EW symmetry breaking through the CW mechanism.

These classically scale invariant extensions of the SM, however, do not address the strong

CP problem or discuss whether the usual invisible axion solution is compatible with this ap-

proach. We therefore examined the DFSZ and KSVZ invisible axion models in the context

of a classical scale invariance and CW symmetry breaking. We showed that while the KSVZ

model with a classical scale invariance does not lead to successful radiative symmetry break-

ing, the DFSZ invisible axion model with a classical scale invariance and an ultra-weakly

coupled PQ scalar can give rise to successful EW symmetry breaking through the CW mech-

anism. Moreover, the ultra-weak couplings ζi between the PQ scalar and the Higgs sector

17The contribution from the quantum fluctuations of the axion field during inflation, which are included
by making the replacement θ2

i → θ2
i + σ2

θ in (4.82) where σ2
θ ' (HI/2πfa)2 [282], are negligible for HI

satisfying (4.53).
18As discussed in [263], with moderate fine-tuning to give θi ' π, the axion can provide all of the dark

matter for smaller values vs due to the anharmonic effect.
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are technically natural due to the underlying approximate shift symmetry of the model, and

hence they do not introduce a hierarchy problem.

The DFSZ model requires two Higgs doublets and predicts a collection of new Higgs

states that are observable at the LHC.19 As a result of the classical scale invariance, the

model also contains a light pseudo-dilaton in the scalar mass spectrum that is not present

in the usual DFSZ axion model. We discussed the cosmology of this light pseudo-dilaton in

detail and showed that it does not pose a problem for cosmology within a large range of the

parameter space available to the model. Moreover, the axion provides a plausible cold dark

matter candidate for vs ∼ 1012 GeV.

19Although not explicitly mentioned, note that the additional couplings arising from the two Higgs doublets
can be chosen to avoid the vacuum instability of the SM at Λ ∼ 109–1010 GeV [288].
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Chapter 5

Summary and outlook

The SM does a remarkably good job in fitting the large collection of experimental results in

high energy physics. Moreover, when combined with the standard Big Bang cosmology it

provides a compelling picture of processes in the early universe back to at least the era of

primordial nucleosynthesis.

Despite its successes, the SM is unable to provide an adequate explanation for several

important phenomenological results. It also introduces a number of unanswered theoretical

questions. In the former category, the discovery of neutrino oscillations implies that neutrinos

are massive with a misalignment of their weak and mass eigenbases. Although a complete

description of neutrino masses and mixings has not been determined yet, massive neutrinos

are a relatively simple extension of the SM and can easily be accommodated by right-

handed neutrinos. The remaining phenomenological shortcomings of the SM are related to

cosmology. Dark matter and the baryon asymmetry of the universe are both necessary to

our understanding of the cosmological evolution, but they do not have compelling particle

candidates or mechanisms within the SM. Similarly, a period of inflation in the early universe

may require some particle beyond the SM.

On the theoretical side, the seemingly fine-tuned parameters in the SM corresponding

to the gauge hierarchy problem, the strong CP problem, and the cosmological constant

problem indicate that some new physics is needed to explain their small values. The pattern

of masses and mixing angles in the flavour sector of the SM also hints at the existence of an

underlying flavour symmetry. As with the phenomenological shortcomings of the SM, these

theoretical shortcomings provide motivation for a number of BSM theories, many of which

have significant couplings to the SM sector and observable signatures at the LHC.
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The fact that there has been no strong indication of new physics at the LHC so far has

led us to pursue an alternative approach to BSM physics in this thesis: consider minimal

extensions of the SM required to explain BSM phenomenology and avoid introducing new

physics between the EW and Planck scales that couples significantly to the Higgs. In this

approach, the lack of an intermediate scale of new physics with significant Higgs couplings

avoids the gauge hierarchy problem — at least in the technical sense that the quadratically

divergent corrections to the Higgs mass are unphysical and there are no heavy states giving

large logarithmic corrections to the Higgs mass. This approach is closely related to the more

general principle of technical naturalness, under which small Lagrangian parameters are

acceptable so long as they remain small in the presence of radiative or quantum corrections.

Following these ideas, we first considered issues related to an extension of the SM known

as the νMSM. This minimal model attempts to explain neutrino oscillations, dark matter,

and the baryon asymmetry of the universe using three right-handed neutrinos with masses

below the EW scale. In chapter 2, tension between the simplest form of dark matter produc-

tion in the νMSM and small scale structure bounds from the Lyman-α forest data led us to

consider a singlet extension of the model, the νNMSM, in which sterile neutrino dark matter

is produced through the decays of the singlet. We showed that the hierarchical pattern of

Majorana masses and Yukawa couplings in the νNMSM can arise from flavour symmetries

broken at or near the Planck scale for two specific versions of the model: one that stabilizes

the EW vacuum of the νMSM and one that provides an alternative model of inflation for

the νMSM. Both models require a complex singlet for the flavour symmetry to be realized.

We discussed the experimental signatures of the νNMSM that distinguish it from the νMSM

and briefly described the possibility that the complex singlet has ultra-weak couplings to the

Higgs that are technically natural and hence avoid a hierarchy problem.

Chapter 3 examined the remaining aspect of the νMSM that is important to its mini-

mality: Higgs ξ-inflation. As discussed in the chapter, a large non-minimal coupling ξ � 1

of the Higgs to gravity causes the SM potential to flatten above MPl/
√
ξ and allows slow roll

inflation to occur without the need for an additional scalar field. However, a naive estimate

for the scale of perturbative unitarity violation in the model is MPl/ξ, thereby bringing into

question the self-consistency of Higgs ξ-inflation and its predictions. In chapter 3, we studied

whether the running of the Higgs self-coupling λ to very small values near the Planck scale,
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which might arise as the boundary condition of some underlying UV physics, allows ξ to

be small enough to avoid the unitarity issues with the model. Using a two-loop analysis,

we found that values of ξ as small as ξ ∼ 90 led to successful inflation within the bounds

from Planck 2013. Although these values of ξ are still too large to address the unitarity

problem, a new region of Higgs ξ-inflation with an observable level of the tensor-to-scalar

ratio r & 0.15 was discovered.

Chapter 4 moved away from phenomenological issues related to the νMSM and considered

the strong CP problem in a classically scale invariant extension of the SM. Such extensions

are motivated by the technical naturalness of a small Higgs mass parameter, for which m2 = 0

is the only intrinsically special value, and from the possibility that an approximate classical

scale invariance may arise from the RG flow of mass parameters down to the Planck scale. We

showed that a DFSZ-like invisible axion model with an ultra-weakly coupled PQ scalar can

solve the strong CP problem and give rise to successful EW symmetry breaking through the

CW mechanism. An approximate underlying shift symmetry of the model ensures that the

ultra-weak couplings of the PQ scalar are technically natural and therefore that the model

does not have a hierarchy problem. Moreover, as a result of the classical scale invariance, the

DFSZ-like model contains a light pseudo-Goldstone dilaton. We discussed the cosmology of

the light dilaton in detail and showed that it can be consistent with cosmological bounds

while the axion can be the dark matter of the universe.

In conclusion, the long-held belief that new physics must be present at the EW scale to

solve the gauge hierarchy problem may have to be replaced with the idea that something

closely resembling the SM is valid all the way up to the Planck scale. In this regard, the

lack of strong evidence for BSM physics at the LHC and the possibility that ultra-weakly

coupled physics can solve the phenomenological and theoretical problems with the SM have

led some to rethink the usual ideas about fine-tuning. A principle of technical naturalness

can instead be adopted to guide BSM physics. According to this principle, there are a

number of ways in which the SM can be extended to address its shortcomings. Without

providing a complete picture of BSM physics, this thesis has examined several issues with

the SM and its extensions, as well as their possible solutions, while attempting to preserve

as much of the SM up to the Planck scale as possible.
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5.1 Future directions

There are a number of ways the work presented here can be developed further. An obvious

direction of future research would be to combine the DFSZ-like invisible axion model from

chapter 4 with the νNMSM from chapter 2; the classical scale invariance used in the DFSZ-

like axion model forbids the bare Majorana masses of the right-handed neutrinos in the

νMSM and forces a singlet extension like the νNMSM. The PQ scalar S, which solves the

strong CP problem, could then be identified with the complex singlet scalar φ that provides

the Majorana masses for the right-handed neutrinos. In a region of parameter space with

vs . 7×109 GeV, a significant dilaton population would be produced and the dilaton can be

heavy enough to decay to O(10 keV) mass right handed neutrinos Nm
1 through s→ Nm

1 N
m
1 .

The rate of this decay is comparable to that of the dilaton to two axions, so if a moderate

fraction of the dilaton abundance (4.79) is converted into sterile neutrinos, it might provide

the correct abundance in Nm
1 for dark matter and be consistent with small scale structure

bounds from the Lyman-α forest data.

Alternatively, the axion could provide all of the dark matter in this combined model for

vs ∼ 1012 GeV. In this case, Nm
1 is not required for dark matter and may participate in

the right-handed neutrino oscillations that produce the baryon asymmetry of the universe.

Another direction of research would therefore be to study the more complicated three-body

system of neutrino oscillations involving {Nm
1 , N

m
2 , N

m
3 } to see if the high mass degeneracy

between Nm
2 and Nm

3 that is required in the νMSM can be avoided — for instance, by con-

sidering the original mechanism for baryogenesis through neutrino oscillations as proposed

in [44]. If such a scenario is possible and can be realized with all right-handed neutrinos Nm
I

at a common mass scale, a much simpler flavour symmetry than those considered in chap-

ter 2 may be sufficient to produce the necessary pattern of Majorana masses and Yukawa

couplings in the model.

On a different note, a detailed study of the inflationary possibilities in the DFSZ-like

axion model would be worth carrying out. In this regard, a non-minimal coupling of the

Higgs doublets and/or the PQ scalar would likely allow for successful inflation with similar

predictions as Higgs ξ-inflation from chapter 3. With the additional scalar degrees of freedom,

however, the realization of a model of inflation that avoids the violation of perturbative
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unitarity at low energies might be possible. Since the running of the SM Higgs self-coupling

λ to approximately zero near the Planck scale is spoiled by the couplings of the second Higgs

doublet, a tree-level analysis of the inflationary scenarios would likely be sufficient.

As mentioned in chapter 4, a numerical study of the DFSZ-like axion model in which the

assumptions v2 � v1 and λ4 = 0 can be relaxed would also be a useful direction of future

research. In this case, the heavy Higgs states {H,A,H±} separate from their common mass

scale and may exhibit interesting hierarchies. Such a numerical study would be important

for determining the range of parameter space in the model that is ruled out by the current

LHC data1 and for determining the experimental signatures of the model. In the latter

regard, further exploration of how the light dilaton might be detected directly in fifth-force

experiments or cavity search experiments would also be worthwhile.

Another important direction of future research for the models discussed in chapter 4

would be to demonstrate more precisely how an approximate low-energy classical scale in-

variance can arise from the RG flow of mass parameters above the Planck scale. If successful,

such a study would provide a stronger theoretical basis for considering a classical scale in-

variance and EW symmetry breaking through the CW mechanism.

Finally, although its consideration deviates from the approach taken in this thesis, a

supersymmetrization of the DFSZ-like axion model would allow for a stage of Grand Unifi-

cation without introducing the hierarchy problem. Some preliminary work along these lines

has been carried out in [224], but many phenomenological possibilities in a SUSY version of

the model remain unexplored.

1For instance, a wider range of the parameter R than that considered in chapter 4 might be allowed.
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Appendix A

Renormalization group equations for
Higgs ξ-inflation

In this appendix we list the (gauge-independent) RG equations for the couplings λ, yt, g
′,

g, gs, and ξ in the MS scheme that are used in our analysis of Higgs ξ-inflation. For each

coupling we write dx/dt = βx, where t = ln(µ/µ0). The anomalous dimension of the Higgs

field γ in the Landau gauge, for use in (3.30), is also given. As described in section 3.3.1,

the RG equations contain one suppression factor s = s(h) for each off-shell physical Higgs

propagator.1 Note that the RG equations for the SM can be recovered by setting s = 1.

The two-loop RG equations for λ, yt, g
′, g, gs, and ξ are as follows. For the Higgs quartic

coupling we have

βλ =
1

(4π)2

[(
6 + 18s2

)
λ2 − 6y4

t +
3

8

(
2g4 +

(
g2 + g′2

)2
)

+
(
−9g2 − 3g′2 + 12y2

t

)
λ

]
+

1

(4π)4

[
1

48

(
(912 + 3s) g6 − (290− s) g4g′2 − (560− s) g2g′4 − (380− s) g′6

)
+ (38− 8s) y6

t − y4
t

(
8

3
g′2 + 32g2

s +
(
12− 117s+ 108s2

)
λ

)
+ λ

(
−1

8

(
181 + 54s− 162s2

)
g4 +

1

4

(
3− 18s+ 54s2

)
g2g′2 +

1

24

(
90 + 377s+ 162s2

)
g′4

+
(
27 + 54s+ 27s2

)
g2λ+

(
9 + 18s+ 9s2

)
g′2λ−

(
48 + 288s− 324s2 + 624s3 − 324s4

)
λ2
)

+ y2
t

(
−9

4
g4 +

21

2
g2g′2 − 19

4
g′4 + λ

(
45

2
g2 +

85

6
g′2 + 80g2

s −
(
36 + 108s2

)
λ

))]
.

(A.1)

1The suppression factor s(h) = s(h(µ)) can be written in terms of µ by inverting µ = h/Ω or µ = h for
prescriptions I or II, respectively (see section 3.3.2).
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For the top quark Yukawa coupling we have

βyt =
yt

(4π)2

[
−9

4
g2 − 17

12
g′2 − 8g2

s +

(
23

6
+

2

3
s

)
y2
t

]
+

yt

(4π)4

[
−23

4
g4 − 3

4
g2g′2 +

1187

216
g′4 + 9g2g2

s +
19

9
g′2g2

s − 108g4
s

+

(
225

16
g2 +

131

16
g′2 + 36g2

s

)
sy2

t + 6
(
−2s2y4

t − 2s3y2
t λ+ s2λ2

)]
. (A.2)

For the gauge couplings g′, g, and gs we have

βg′ =
g′3

(4π)2

[
81 + s

12

]
+

g′3

(4π)4

[
199

18
g′2 +

9

2
g2 +

44

3
g2
s −

17

6
sy2

t

]
, (A.3)

βg =
g3

(4π)2

[
−39− s

12

]
+

g3

(4π)4

[
3

2
g′2 +

35

6
g2 + 12g2

s −
3

2
sy2
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]
, (A.4)

βgs =
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s

(4π)2 [−7] +
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(4π)4
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9

2
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]
. (A.5)

And for the non-minimal coupling ξ we have

βξ =
1

(4π)2

(
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1

6

)[
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2
g2 + 6y2
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t
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+
(
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)
λ2
]
. (A.6)

In addition, the Higgs anomalous dimension γ = −d lnh/dt is given by

γ =− 1

(4π)2

[
9

4
g2 +

3

4
g′2 − 3y2

t

]
− 1

(4π)4

[
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32
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2

(
9

4
g2 +

17

12
g′2 + 8g2

s

)
y2
t +

27

4
sy4

t − 6s3λ2

]
.

(A.7)

The RG equations (A.1)–(A.7) can easily be extended to include (i) the complete three-

loop expressions for the gauge coupling beta functions [198] and (ii) the leading three-loop

corrections to βλ, βyt , and γ [199]. These improvements can be made by adding the following
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terms to the beta functions:

∆βλ =
1
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, (A.9)
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∆γ = − 1

(4π)6
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where ζ3 ≡ ζ(3) ' 1.202.

93



Appendix B

Renormalization group equations for
the DFSZ axion model

The RG equations for the DFSZ invisible axion model with a classical scale invariance can

be found from the results for a general QFT given in [289–291]. For the potential (4.26), the

one-loop RG equations for the couplings λi are

βλ1 =
1

16π2

[
9

8
g4 +

3

4
g2g′2 +

3

8
g′4 − 6y4

t +
(
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, (B.1)
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, (B.2)
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where βx ≡ dx/d lnµ. Note that, up to the contribution 3g2g′2 + 12y2
t y

2
b + ζ2

3 , the coupling

λ4 is multiplicatively renormalized and so typically remains small if it is assumed small to

begin with. The one-loop RG equations for the ultra-weak couplings ζi are

βζ1 =
1

16π2

[(
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g2 − 3

2
g′2 + 6y2
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βζ2 =
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Note that the set of ultra-weak couplings is multiplicatively renormalized as a whole. There-

fore there is no expectation for the magnitude of their values and small values are technically

natural. Finally, for the gauge couplings we have

βg = − 3g3

16π2
, βg′ =

7g′3

16π2
, βgs = − 7g3

s

16π2
, (B.9)

and for the Yukawa couplings we have
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