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Abstract

It has been shown that spatiotemporal dynamics of neuronal activity
can be well described using state-related behaviour, comprising a
discrete set of reoccurring quasi-stable states associated with distinct
patterns of spatial and functional connectivity. Most methods of
analysis will either assume stationarity of these states, as in ICA; or
constrain the dynamics to be Markovian, as in hidden Markov models
(HMMs). These tools lack the capability to explicitly model the higher
order temporal dependencies that can occur over timescales of various
scales.

In this thesis, we introduce a model that combines probabilistic
state-space models with recurrent neural networks (RNNs), enabling
us to relax the Markovian constraint of HMMs and learn temporal
features of the data occurring over longer timescales. The model takes
the form of a recurrent state-switching network, which models the
uncertainty in time-varying state labels via discrete random variables.
We introduce a variational Bayesian framework for computationally
efficient inference of the model that also generalises to a variety of

time series models.



Using simulations, data taken from the resting state magnetoen-
cephalography (MEG) scans of 55 participants, and data taken from
the MEG recordings of a face-viewing task undertaken by 19 partic-
ipants, we demonstrate that we can reliably infer a set of states that
fits the data better than where the Markovian constraint is enforced,
however we do not see significantly different temporal behaviour
emerging. We additionally demonstrate that unlike the Markovian
model, the recurrent model can internally represent the temporal

dynamics of the data.
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ABSTRACT

It has been shown that spatiotemporal dynamics of neuronal activity
can be well described using state-related behaviour, comprising a
discrete set of reoccurring quasi-stable states associated with distinct
patterns of spatial and functional connectivity. Most methods of
analysis will either assume stationarity of these states, as in ICA; or
constrain the dynamics to be Markovian, as in hidden Markov models
(HMMSs). These tools lack the capability to explicitly model the higher
order temporal dependencies that can occur over timescales of various
scales.

In this thesis, we introduce a model that combines probabilistic
state-space models with recurrent neural networks (RNNs), enabling
us to relax the Markovian constraint of HMMs and learn temporal
features of the data occurring over longer timescales. The model takes
the form of a recurrent state-switching network, which models the
uncertainty in time-varying state labels via discrete random variables.
We introduce a variational Bayesian framework for computationally
efficient inference of the model that also generalises to a variety of
time series models.

Using simulations, data taken from the resting state magnetoen-
cephalography (MEG) scans of 55 participants, and data taken from
the MEG recordings of a face-viewing task undertaken by 19 partic-
ipants, we demonstrate that we can reliably infer a set of states that
fits the data better than where the Markovian constraint is enforced,
however we do not see significantly different temporal behaviour

emerging. We additionally demonstrate that unlike the Markovian



model, the recurrent model can internally represent the temporal

dynamics of the data.
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THESIS



INTRODUCTION

The human brain is a fantastically complex organ, comprised of over
100 billion neurons, each of which may make up to as many as 1000
synaptic connections. Somehow, this tangled web of interconnected
processing units gives rise to perception, learning, thinking. Under-
standing the complex organisation of the brain at both micro- and
macroscopic scales from neuroimaging data represents a key challenge
for systems neuroscience, and one that has already uncovered some
key insights into the ways in which the brain operates.

To this end, there exist a number of modalities in which we can
measure (non-invasively) the activity of the brain. This chapter will
briefly review one of the main techniques that have been utilised to
record this activity, magnetoencephalography (MEG). We will also
touch on some others, such as functional magnetic resonance imaging
(fMRI) and encephalography (EEG), but we have a particular emphasis
on MEG as this is the modality that the data analysed within this

thesis has been recorded using.

1.1 A BRIEF PRIMER ON MEG

The basis for communication between neurons is both electrical and
chemical in nature; action potentials are electrical signals propagated
rapidly along neurons, which is then converted to a chemical message
to be passed to other neurons across synapses. It is the magnetic fields

associated with post-synaptic potentials that an MEG system is able



1.1 A BRIEF PRIMER ON MEG

to detect. MEG is not sensitive to activity on the level of individual
neurons, but rather necessitates neural assemblies comprising between
10,000 to 50,000 neurons [84]. The total post-synaptic potentials of
a population of neurons is equivalent to the sum of potentials of
the constituent neurons. It is therefore important that in order to
measure the phenomena at a distance, the responsible neurons must
be activated in a coherent and synchronous manner. These assemblies
form macroscopic equivalent current dipoles that are able to pass
unencumbered through the skull and are measurable at the scalp
through the use of MEG [49]. For this reason, MEG is most sensitive
to currents located in cortical regions close to the skull and sensitivity
falls away with depth from the sensors [54]. However, MEG is not
entirely blind to deeper activity, as experiments and simulations show
[2, 24], though localisation accuracy is likely to be much poorer in
comparison to superficial sources.

The magnetic fields elicited by neuronal activity are exceedingly
small (from 1072 - 10~ tesla, or T), while background noise gen-
erated by external electrical and magnetic equipment can be much
larger by comparison (around 10~7 T). Specialist equipment is there-
fore required to measure these magnetic fields, called Superconducting
Quantum Interference Devices (SQUIDs), which combine high sensi-
tivity with the ability to reject external noise. State-of-the-art MEG
systems include around 300 such sensors contained within a cryo-
genic vessel called a dewar containing liquid helium. The system is
additionally located within a magnetically shielded room such that
environmental noise is reduced as much as possible. Additional sup-
pression of noise is achieved with the use of gradiometers, which
measure the magnetic field gradient instead of the magnetic field. As

the magnetic field strength of a current dipole follows the inverse
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square law, the gradient near a source is large, whereas a more distant
source has a much lower gradient.

In order to accurately estimate the spatial locations of discrete
neural sources, it is necessary to first solve the forward problem, which
involves determining the associated magnetic field pattern that can
be generated by a known distribution of current dipoles in the brain.
This problem is relatively straightforward, as we can treat the entire
head space as homogenous (in contrast to EEG where the conductive
properties of the skull mean electric potential are distorted) and we
can therefore model these dipole patterns in relatively straightforward
manner. The reverse is not quite so simple; given a measured magnetic
field distribution across sensors, reconstructing where the current
sources are localised within the brain has no unique solution. This
problem is known as the inverse problem. It is solved by introducing
constraints on the spatial distributions of the current dipoles to exclude
all but the most suitable solution.

There are a number of solutions that attempt to solve this problem,
for example minimum norm estimation, which deals with the non-
uniqueness of the inverse problem by introducing a spatial prior in the
form of a source covariance matrix that favours solutions that minimise
the L2 norm of the source estimate, simultaneously balancing fitting
the data and minimising the contributions of noise [50]. Beamforming
is another common source estimation approach. At each point in a
predefined grid, a narrow-band spatial filter estimates the contribution
of the source model while suppressing contributions from other brain
regions. Beamformers make an assumption that data is generated
from a discrete set of current dipoles, and there is no high temporal
correlation between any of these dipoles — in this case they are
interpreted by the beamformers as emerging from a single source

[54]. It is therefore an important caveat that any source reconstructed
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data is unlikely to be a true representation of the neural activity
underlying the sensor recordings, however it is likely to be at least a

good approximation.

1.1.1  Other modes of acquisition

Contrary to the uncertainty obtained through MEG, fMRI offers unpar-
alleled whole-brain spatial resolution. Unlike MEG, which provides a
direct measure of brain activity, fMRI provides a method to demon-
strate changes within brain metabolism [87]. Essentially, fMRI uses
blood oxygenation as a proxy for neuronal activation, where oxygen
usage is increased in areas of the brain that are in use. The measure
is referred to as the blood-oxygen-level dependent (BOLD) contrast.
fMRI allows the characterisation of the spatial dynamics of brain activ-
ity with sub-millimetre precision, however the latency and temporal
blurring of the haemodynamic response results in poor temporal reso-
lution, on the order of seconds. PET also measures the haemodynamic
changes induced by neuronal activity, and again suffers from the same
issue of poor temporal resolution.

In EEG, measurements of the electrical currents in the brain are
inferred through extracranial measurement of electric potential dif-
ferences [8]. As with MEG, the neural currents must be estimated by
projecting the extracranial voltage recordings onto the brain — this
indirect measure of activity results in poor spatial resolution, but as
with MEG, the recordings are limited only by the sampling rate, and
therefore millisecond resolution can be achieved. While each of these
modalities has advantages and disadvantages that come part-in-parcel
with non-invasive imaging, it is increasingly seen that these limitations
can be overcome to some degree by combining multiple modalities,

though these can also come with non-trivial technical challenges [61].
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1.2 SPONTANEOUS NEURAL OSCILLATIONS

The post-synaptic potentials that convey information to the brain ex-
hibit a repetitive temporal structure, formed of spikes, or bursts of
spikes, called oscillations [76]. The oscillatory activity of the human
brain is dominated by a number of distinct frequency ranges and
spatial patterns, and the frequency content and rhythm of the oscil-
lations vary as a function of a given subject’s mind state, attention,
and behaviour. Broadly, this oscillatory activity is categorised into one
of five frequency bands: delta (0.2-3 Hz), theta (4-7 Hz), alpha (8-13
Hz), beta (14-31 Hz), and gamma (32-90 Hz). [81]. Any kind of task
stimuli can elicit both evoked and induced activity in these oscillations,
where evoked signals are tightly time and phase-locked to a stimulus
onset (and visualised by averaging responses to stimuli, time-locked
to stimulus onsets), and induced signals are sustained over the course
of stimulus presentation, however they are not time or phase-locked.
The total activity is the combined evoked and induced activity [52].

In contrast to previous beliefs that spontaneous oscillations observed
at rest were simply noise, they have become popular for the study of
functional connectivity, both in the context of resting state analysis,
and more traditional task paradigms.

Neural oscillations of different frequencies can also interact with one
another [65]. This interaction is referred to as cross-frequency coupling
(CFC), and exists in a number of types of interactions, for example
phase-amplitude coupling, where the amplitude of high-frequency
oscillations is modulated by the phase of low-frequency oscillations,
or phase-phase coupling where there is amplitude-independent phase
locking between n cycles of high frequency oscillations and m cycles
of low frequency oscillations (which account for the name n : m

phase synchrony) [9o]. Recent studies suggest that CFC may well
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serve a functional role. For a comprehensive review on the role of

cross-frequency coupling, refer to [19].

1.3 THE FUNCTIONAL ANALYSIS OF REST

In the seminal rs-fMRI study by Biswal et al. [10], Biswal studied
how different regions of the brain communicated in the absence of
a task, focusing on low frequency fluctuations (< 0.1 Hz) in the
BOLD signal, and found that the left somatosensory cortex was highly
correlated with homologous areas in the contralateral hemisphere.
Unfortunately, his studies were initially disregarded by the scientific
community at large and attributed to another signal source, however
they are now widely replicated and accepted as a valid way to map
functional brain networks. rs-fMRI in particular has seen a huge
amount of interest. The study of resting state has the advantage over
a task-based paradigm due to its ease of acquisition, and the minimal
effort it requires from the patients. Contrary to a task-based study,
wherein subjects are instructed to undertake specific tasks to identify
regions that are functionally involved in that task, resting state is
acquired in the absence of a stimulus or task and can therefore be
utilised for patients who may struggle with task instructions; as in
the case of paediatric patients or patients suffering from neurologic
or psychiatric conditions [111]. Despite it’s overwhelming popularity
in fMRI, there are nonetheless an increasing amount of MEG-based
studies examining the resting state, e.g. [15, 86]. Resting state MEG
particularly complements rs-fMRI owing to the high temporal and
spectral resolution which is unavailable in fMRI, and the fact that it is
a more direct neuronal measure, free from confounds related to the

vascular response (which could be affected for example in disease).
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1.4 THESIS OVERVIEW

The aim of this thesis is to exploit recent advances in the field of
machine learning, combined with more traditional probabilistic state-
space modelling, to obtain a framework for which we can construct
and infer upon models capable of learning complex spatiotemporal
dynamics. We would like to particularly use these models to describe
the interactions between different cortical regions, as recorded using
a MEG scanner, into functional connectivity networks and to charac-
terise the behaviour of such networks over time. It is hoped that the
model might reveal interesting temporal dynamics of neural connec-
tivity, but also that the framework outlined here might be applied to
questions and models beyond what we have outlined here.

The thesis is broadly structured into two sections; first we aim to
provide some background and define our model and the inference

techniques and the novel algorithm we shall use to train the model.

e Chapter 2 reviews what exactly functional connectivity is. We
explain the two main approaches to analysing functional con-
nectivity; statically and dynamically. We then review the most
widely-used approaches to analysing such types of functional
connectivity, including the HMM, which provides the primary
methodological motivation for this work. The chapter concludes
by briefly defining deep learning and describes gated recurrent

units, a particular architecture of artificial neural networks.

e Chapter 3 introduces the model we will use. We explain the
motivation for both the choice of temporal model and the spatial
model. We explain how we are able to make use of a multi-
variate Normal distribution to directly encode the functional
connectivity structure of each network we are attempting to

learn.
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e Chapter 4 reviews the ideas behind variational Bayesian infer-
ence, and stochastic gradient variational Bayes. We explain how
to amortise inference such that a neural network can be trained
to learn a mapping from the data space to some latent space,
and the specific tricks that must be employed to train such a
network. Finally, we outline how we can construct our inference

framework from these constituent pieces.

Having outlined the technical details of the method, we will first
evaluate its ability to model various spatiotemporal dynamics through
training it upon a number of types of simulated data, and then demon-
strate its applicability to both resting state MEG recordings as well as

task data.

e Chapter 5 applies the model to a number of simulations, both
Markovian and non-Markovian in nature. We compare the
results to that of a HMM and demonstrate comparable perfor-
mance upon both Markovian and non-Markovian simulated

sequences.

e Chapter 6 makes use of the model to learn a set of spatial
networks in the resting state MEG scans of 55 subjects. We test
the robustness of the model, and compare the inferred temporal
dynamics learned by our recurrent model to those inferred by a

HMM.

e Chapter 7 involves applying the model to task data, where 19
subjects were recorded while performing a face viewing task.
We should that we can learn a set of task-relevant connectivity
networks, and that the corresponding activations of a number of
these networks are significantly associated with specific periods
of the task. We again make comparisons between the recurrent

model and the HMM.
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Finally, in Chapter 8, we will present some concluding remarks, as

well as a brief outline of potential future work.



CONNECTIVITY, FAST AND SLOW

Modern ideas about the characterisation of human brain function find
their inception in the early 19" century. They can be thought specifi-
cally to have roots in early attempts to refute the field of phrenology, a
theory of the mind postulated by the German physician Franz Joseph
Gall, based on the idea that the brain is comprised of a series of dis-
tinct mental “organs”, each of which associated with specific traits
that together determine human personality. While phrenology was
ultimately deemed unscientific and invalid by a scientific committee
of the Athénée at Paris * and is still known to be a pseudo-science to
this day, the notion that distinct brain functions could be localised still
persists.

The idea first entered the scientific mainstream through the efforts
of Paul Broca [14], who noticed that a patient with focal brain lesions
in the frontal lobe showed highly specific impairments, notably forms
of aphasia (a speech and language disorder that can result in the loss
of ability to talk, read, and/or write), in this case an inability to say
anything except for the word“tan”. He declared to the Anthropological
Society in Paris that the left frontal lobe was therefore the seat of
speech. Shortly after, a similar connection was made in a case of
aphasia by Carl Wernicke [124], this time owing to lesions within the
temporal and parietal lobes. While the concept of functional localisation
remained fiercely debated in subsequent years, it was generally agreed

that at least some basic sensory and motor functions were localised in

The fact that Gall gave Napoleon Bonaparte a rather unflattering examination of the
skull may well have contributed to the conclusions reached by the committee...
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2.1 FUNCTIONAL CONNECTIVITY

specific brain regions. However, the questions still remained: exactly
how specialised were these regions of the brain, and exactly what
functions were carried out in those specialised regions — was it only
basic sensory and motor functions, or did it also apply to higher level
cognitive functions?

With regards to the first question, we find that this is a matter of
degrees, rather than simply all or none, and we arrive at the concept of
functional segregation. The general idea of functional segregation is that
a given cortical area is specialised for a particular aspect of cognitive
processing, distributed across anatomically segregated regions in the
cortex. A given function may then be supported by a complex infras-
tructure involving a number of specialised areas functionally integrated
at a variety of levels [114].

As to the second question, we find that in fact a myriad of functions
may take place within a single brain region. Contrary to the declara-
tion of Broca that the left frontal lobe was specialised for aspects of
speech, recent neuroimaging research has suggested that certain areas
of the brain that have been associated with language processing appear
to be recruited as well in other cognitive domains, suggesting that
language may draw on some set of neural mechanisms shared across
other functional specialisations [46], and language is not an isolated
example in this aspect. It is evident that the concepts of functional
segregation and functional integration are intimately linked, and the

state of affairs is somewhat more complex than Broca believed.

2.1 FUNCTIONAL CONNECTIVITY

Throughout much of the history of neuroimaging, the field has pri-
marily concerned itself with the topic of functional segregation, while

functional integration has been more difficult to assess. Since the end

12



2.1 FUNCTIONAL CONNECTIVITY

of the 20™ century, we have nonetheless seen a shift in emphasis of
studies in the field towards functional integration, in particular the
concept of connectivity. This idea takes place on a massive scale: the
number of connections within the brain sits at well over 100 trillion
by many estimates. These connections provide a scaffold for neural
structures to become transiently sychronised or functionally connected
[17]. Such a complex network of interacting components facilitates the
emergence of dynamically coupled neuronal assemblies, acting as the
basic substrate for cognitive functions; perception, thinking, learning
— all of which require precise integration of neural activity at highly
specific spatiotemporal scales [116]. This synchronisation occurs over
a range of times scales, and over both short and long intercerebral
distances.

There are two main types of connectivity we can consider: func-
tional, and effective. Functional connectivity focuses specifically on
correlations between spatially remote neurophysiological events [43],
where a deviation from statistical independence between neural ar-
eas implies functional cooperation. However, functional connectivity
refers only to statistical dependencies between neural regions, and it
does not incorporate any knowledge or assumptions about the struc-
tures or mechanisms of the neural structures in question. In order
to gain a more causal insight, it is necessary to instead consider effec-
tive connectivity. Effective connectivity refers to the direct or indirect
influence that one neural system exerts over another, either at a cor-
tical level, or a synaptic level. Conceptually, we can therefore infer
effective connectivity using models that describe causal links and that
are based on proven measures of functional connectivity [60]. We are
primarily concerned here with functional connectivity, as it underpins

the analysis of neural interactions in functional neuroimaging data.
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2.1 FUNCTIONAL CONNECTIVITY

Studies of functional connectivity have taken place in a wide variety
of modalities: PET, fMRI, EEG/MEG — and at a variety of levels:
the activity of individual neurons, neural assemblies, or the activity
of the whole brain. Non-invasive techniques have largely proved to
be the most useful methods for obtaining the mapping of functional
connections within the whole brain, primarily due to the fact that
connectivity can be so widespread. The first such mappings were
acquired using PET [41, 42], however were limited by the short half
life of the radio-label used, '>O (2.05 minutes). Soon after, the first
fMRI study of functional connectivity was made by a graduate student
at the Medical College of Wisconsin [10] in what is now recognised
as a seminal paper, paving the way for innumerable other subsequent
studies. fMRI provided improved spatial and temporal resolution over
PET, which was reflected in the signal. By correlating all voxels in
the brain with a single voxel in the sensorimotor cortex (an approach
now commonplace, and referred to as seed-based correlation analysis),
Biswal et al. found that even in the absence of a task they were able to
see correlations between the left and right sensorimotor cortices. While
this result received little attention at the time, this method of placing
seeds in various areas of the brain soon after received widespread
attention after revealing a previously-unknown brain network that
appeared to play a key role in baseline, or default, behaviour of the
brain [97]. Other such large-scale networks of correlated brain regions
were soon after discovered during rest, corresponding to a variety
of functions including vision, auditory, and working memory [6, 27,
38, 39, 109]. These networks exhibited the same functional structure

and organisation as seen during tasks, and this connectivity structure

proves to be robust even under anaesthesia or during sleep [104, 121].

Owing to their occurrence during rest, these networks are referred to

as resting state networks (RSNs).
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2.2 FUNCTIONAL CONNECTIVITY ANALYSIS

Approaches to studying functional connectivity lie along a spectrum
of temporal resolution; on one end, static models make the assumption
that connectivity between regions is constant over some arbitrarily
long window, and the other end, dynamic connectivity models may
reveal time-resolved connectivity at a timepoint-by-timepoint level
(for instance, via sliding window approaches). Falling somewhere in
the middle are models that make use of discrete, temporally contigu-
ous brain states, each of which characterise a particular connectivity
structure (e.g. HMMs or sliding windows + clustering). In these
state-based models of connectivity, the dependence is typically as-
sumed to be static within states, and the connectivity only changes
upon transitioning to a new state.

What follows in this section will be a look at all three of these
types of models of connectivity, the advantages and pitfalls of using
such a model, and then outline some example methods for analysing

connectivity in this way.

2.2.1 Static connectivity

Static measures of connectivity typically assume the functional connec-
tivity in the brain remains constant over a period of a scanning session,
or over the duration of a task. The primary ‘classical’ measures of
functional connectivity include Pearson’s correlation coefficient and
cross-correlation. These are all linear methods and include an implicit
assumption of Gaussianity, though there also exists some non-linear
measures, primarily information theoretic in nature.

Pearson’s correlation coefficient measures the linear correlation

(in the time domain) between two signals X = (xt)I:1 and Y =
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(yt)]_,. For demeaned and normalised signals with zero mean and

unit variance, it is defined as:

.
1
Rxy = T tZ1 Xt " Yt, (2.1)

and Rxy takes values of between -1 and 1, where -1 denotes total in-
verse correlation between X and Y, 1 is total direct correlation between
the two signals, and a value of o is linear independence.

The cross-correlation function measures the correlation between two

signals as a function of the time-lag between the two signals:

T—7

1

Cxv(T) = === D X(tsn) Yoo (22)
t=1

When 1 = 0, we can see that the cross-correlation is simply the Pear-
son’s correlation coefficient. Like the Pearson’s correlation coefficient,
the cross-correlation takes values between -1 and 1, with the same
interpretations of the values.

These are two of the most straightforward measures of functional
connectivity, but there exist a multitude more; coherence, phase syn-
chronisation, phase-slope index, and Granger causality, to name a
few. Most of these measures are undirected, but Granger causality
and related metrics are capable of providing estimates of directed
connectivity for a single pair, include the directed influence of X on Y,

as well as the directed influence of Y on X.

2.2.2  Dynamic connectivity

While it certainly cannot be contested that studies operating under the
premise of static connectivity have afforded a wealth of information
in the understanding of large-scale distributed brain function, ulti-

mately such an analysis is only a temporal average of a very complex
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Network A Network B
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change (+)

Time window 1

change (-)

FC strength @
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FC sign
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ehanee ©)
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Figure 2.1: [llustration of functional connectivity. Each diagram shows possi-
ble changes in connectivity that can occur over a period of time.
The connectivity can be altered in magnitude, as shown in the
second row, the sign can change (as seen in the third row), or
can even be lost entirely if the magnitude falls above or below a
threshold, causing a membership change of each network, as seen
in the final row. All of these changes are lost when averaging
over time. Figure reproduced from [62].

spatial and temporal process. We know from empirical results that
brain activity is largely dynamic and condition dependent [96], and
therefore examining them as if they are invariant physiological and
functional networks provides a useful, but possibly over-simplified
characterisation of the brain’s functional networks. Such networks
have been demonstrated to change in the presence of tasks [34, 37, 40,
112] or physiological state changes such as sleep or sedation [47, 58,
59]. Additionally, it is not just inter-subject connectivity that is highly
variable, but even within-subject connectivity has been shown to vary
considerably, even across different scans in the same session [57, 77,
108].

To give a simple example; though of course a single neuron is
spatially constrained in terms of it’s connections, a typical voxel or

parcel contains many millions of neurons. And though a cluster of
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2.2 FUNCTIONAL CONNECTIVITY ANALYSIS

neurons within a given region may be connected to one region, there
may be other clusters with strong connections to entirely different
regions. If there is some periodicity of the two firing patterns between
the different regions, the consideration of different time-scales or
windows may show an entirely altered dominant set of connections
between such sub-populations of neurons. A visual representation of
some different ways in which averaging over time can misrepresent
the underlying dynamics is shown in Figure 2.1. We can therefore
obtain a greater understanding of the true connectivity by taking
a more temporally-motivated approach to our analysis, rather than
simply averaging out all of the connections.

Below, we review two popular strategies designed to characterise
non-static spatiotemporal connectivities, ranging from the instanta-
neous reorganisations of FC that can be provided by sliding-window
correlations, to the switching models of stationary connectivity de-

scribed by hidden Markov models and other extensions.

2.2.2.1 Temporal ICA

Independent component analysis is a method for separating a signal
into additive subcomponents, by assuming the subcomponents are
non-Gaussian, and are maximally independent from each other. ICA
can be applied to neural data, maximising independence in either
space or in time; the former is referred to as ‘spatial ICA” (sICA), while
the latter is ‘temporal ICA’ (tICA). Spatial ICA has proved common in
fMRI analysis, owing to the high spatial and relatively low temporal
dimensionality of fMRI scans — it is also typically more robust, as
it is thought that the underlying neural processes are more non-
Gaussian in space than in time. However, for obtaining functionally
independent functional networks, where no spatial independence is

enforced (such that states can be spatially overlapping), temporal ICA
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2.2 FUNCTIONAL CONNECTIVITY ANALYSIS

is ideal. Motivated by this precise reason, that a given brain region
may be involved in multiple functional networks, Smith et al. made
use of temporal ICA to identify a number of distinct networks they
termed “temporal functional nodes” (TFMs) during resting state [110].
They found that these networks differed from networks identified
using spatial ICA or seed-based correlation approaches. tICA has
also been applied in MEG [15, 86] and EEG [21] in conjunction with
source localisation to identify resting state network. Unlike fMRI, both
MEG and EEG offer modalities well suited to the method due to their
high temporal resolution and their typically high number of temporal

samples.

2.2.2.2  Sliding window approaches

Sliding windows may well be considered to form the cornerstone of
the dynamic functional connectivity analysis toolbox, and are the most
widely-utilised strategy for estimating dynamic FC [1, 4, 20, 51, 63,
66, 68, 113, 127]. A sliding window analysis consists of calculating
a given FC measure, for example the Pearson correlation coefficient,
over consecutive windowed segments of data. The window has a fixed
length, and is shifted in time by a fixed amounts (this amount varies
from a single time point to the length of a complete window) such
that there is a defined overlap between successive windows. This re-
sults in series of time-varying functional connectivity estimates, which
can be then used to assess fluctuations in FC within sessions. This
sliding window approach can be then used to detect transient and
reproducible patterns of connectivity by way of clustering the result-
ing correlation/covariance matrices computed within each window.
The centroids of each cluster can then be taken as the average state

connectivity (Figure 2.3).
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Figure 2.2: Detection of states containing similar functional connectivity
using a sliding window approach. Correlation matrices are com-
puted in windowed portions of a subjects scan, and are aggre-
gated across all subjects. K-means clustering is applied to detect
the centroids of each cluster of repeating connectivity, and then
the corresponding time-courses for when each state is active
can be derived from the corresponding cluster labels for each
covariance matrix.

Despite it’s popularity, the sliding window approach is not a panacea.

It requires that certain parameters should be selected a priori: the size
of the window, the window step size, and the weighting scheme for
the data within each window (e.g. should the window be tapered?).
The window size is a crucial parameter — there is a trade-off to be had
here, whereby a smaller window size increases the capability of track-
ing faster temporal changes, at the cost of reducing statistical power
and introducing sensitivity to noise/spurious fluctuations, while a
longer window increases the robustness to noise but comes at the
expense of averaging out the faster changes that occur [75, 105, 106].
Typical values for window sizes in fMRI are around 30-60 seconds
[62], while MEG are on the order of 10 seconds [91]. The step size
of the window is commonly selected as a single time point [1, 62].
There also exist a variety of window types that can be applied; while
a number of studies simply employ a block rectangular window, there
are also numerous such studies that make use of a weighted /tapering

scheme, for example using Gaussian functions [92].
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2.2 FUNCTIONAL CONNECTIVITY ANALYSIS

2.2.2.3 Hidden Markov models

While it is certainly possible to use sliding windows to obtain a
discrete set of reproducible states corresponding to distinct patterns of
functional connectivity, it is also possible to obtain such a description
by taking a more principled, model-driven approach, via hidden
Markov models (HMMs). HMMs assume that the time series data can
be described by a fixed number of unknown brain states. Each state is
characterised by a distinct set of parameters that describe a particular
observation model, such as a multivariate Gaussian distribution [3].
In the case of the Gaussian distribution, the covariance structure
of each state can be used to capture the state-specific connectivity
patterns. Unlike the sliding window approach, we are able to obtain
FC estimates from the data, weighted by the probability of the brain
being in a given state at that time — therefore deriving FC in a far
more efficient manner.

Hidden Markov models are a class of generative models that de-
scribe a system where the observable data X = (xt)I:1 (e.g. the MEG
recordings) are governed by some unknown hidden process given by
a sequence of states Z = (z¢){_;, of which the dynamics are described
by a Markov chain® [9, 33]. The probabilistic model for a HMM with

K states is given by the joint distribution

.
pP(X,Z,0) =p(z1;71) p(x1lz1; 0x H (ztlz(1—1); A) p(xtlze; 6x), (2.3)

where © = (71, A, 0«) are the parameters of the HMM. The temporal
dynamics of the hidden state sequences are dictated by the initial prob-
ability distribution 7, and a K x K matrix A called the transition prob-

ability matrix, where each row of the matrix Ay . gives the probability

Whilst the brain is unlikely to be a truly Markovian system, the HMM has been
applied extensively to many other problems that are not explicitly Markovian, such
as speech recognition (for a comprehensive review, refer to [44]).
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Figure 2.3: Detection of states containing similar functional connectivity
using a HMM. The contribution of every point in time to each
state is weighted by the probability of that state being active at
that point in time. We can therefore efficiently use the entire
session to compute each state’s parameters. In the case of the
multivariate Gaussian HMM, we learn the Covariance matrices,
which directly encode the functional connectivity.

of transitioning from a given state p(zt|z(t_1) == k). The observed
dynamics are described by a set of distributions called the observation
models, or emission distributions, with parameters 0x = (61,---,0k),
where 0y is the parameter set for the k-th state emission distribution.

HMMs have been used in the context of functional connectivitiy on a
number of occasions. Baker et al. [3] applied a HMM with zero-mean
multivariate Gaussian observation models to broadband amplitude
envelopes of source reconstructed MEG data. They identified a set
of 8 transient states that were consistent with previously established
resting state networks, bursting on time scales on the order of 100
ms — much faster than previously demonstrated results. HMMs
have also been used to demonstrate the hierarchical nature of these
states; Vidaurre et al. made use of a HMM to show that these states
are organised into one of two metastates consistently across subjects,
where transitions within a given metastate were far more likely to

occur. Eavani et al [32] also made use of a HMM for resting state fMRI
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2.2 FUNCTIONAL CONNECTIVITY ANALYSIS

data, using covariance matrices formed from a set of sparse rank-one
basis matrices. Quinn et al. [95] also demonstrated that connectivity
patterns in the presence of explicit cognitive tasks by using states
with distinct power amplitudes and correlations (e.g. multivariate
Gaussian observation models), and additionally with distinct spectral
and cross-spectral properties.

While HMMs are adept at handling states occurring on very fast
timescales, the Markov assumption does come with some limitations
when it comes to modelling longer state durations. Notably, due to
the structure of the transition matrix, state lifetimes (defined as the
amount of time a state remains stable before transitioning to a new
state) are distributed according to a geometric distribution, such that
the probability of a given state lifetime decreases monotonically as
the duration of this lifetime increases. While this does not mean that
the empirical distribution of state lifetimes inferred from MEG or
fMRI data is necessarily geometrically distributed, it does mean the
model will place more weight on shorter lifetimes, which may not be
appropriate in the context of functional connectivity.

To this end, the hidden semi-Markov model (HSMM) has emerged
as a very interesting extension of the HMM, which is essentially a
HMM except state lifetimes are no longer modelled by the transition
probability matrix, but instead explicitly modelled using a distribu-
tion over state lifetimes, either parametric or nonparametric in form.
Trujillo-Barreto et al. [115] made use of HSMM with a truncated
log-Normal distribution for state lifetimes and a multivariate Normal
observation distribution for analysing resting state EEG and reported
higher state lifetimes than those seen by Baker et al. (on the order
of 200-400 ms). Shappell et al. also make use of a HSMM in both
task and resting-state fMRI [107]. They emphasise the importance of

an appropriately specified lifetime distribution, and suggest where it
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may be difficult to estimate (as in the case of resting state scans), a
non-parametric distribution may be appropriate.

The dynamic programming algorithm at the core of HMM inference,
the forwards-backwards algorithm, is also adaptable to a number of
other extensions and variations upon the hidden Markov model, for
example hierarchical hidden models [36] that explicitly model higher
level states that might perform the same function as those identified
by Vidaurre et al. in [119], or higher-order HMMs (HOHMMSs) where
a n-th order HMM’s current state no longer depends on the state

immediately preceding it, but all states going back n time-steps.

2.3 “DEEP” LEARNING

Hidden Markov models make use of the Markov property to facilitate
computationally tractable learning of sequences, however this is by
no means a requirement. Recent years have seen an explosion in the
development of various artificial neural network architectures, such as
recurrent neural networks (RNNs) or convolutional neural networks
(CNNSs). The term “deep” learning comes from the fact that such
networks are typically multilayered, thus “deep”. They have been
shown capable of exponential gains in efficiency over more traditional
machine learning models, i.e. given the same quantity of training
data, deep neural networks can learn much more complex features
than traditional linear/kernel methods [7, 74, 83]. They have also
proven to be able to model highly complex natural sequences, such as
voice, text, polyphonic music, or handwriting — therefore they should
provide ideal tools for modelling neural activity. In particular, we are
interested in building upon the foundations of the HMM for obtaining
time-varying estimates of FC, so it stands to reason the most relevant

tools are recurrent neural networks.
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Figure 2.4: Graphical representation of 1 cell GRU unit. A GRU unit allows a
network to store information by way of two gates; an update gate
and a reset gate. The two gates z; and 1 are nonlinear summation
units (usually logistic sigmoids so that the gate remains between
o and 1 — off or on) that control via multiplication whether to
allow information to persist, or how to combine the new input
with previous values. The activation h; of the GRU is a linear
interpolation of the previous activation h(;_1) and the candidate

activation hy. Image taken from [22].

2.3.0.1 Recurrent neural networks

Recurrent neural networks are a class of artificial neural networks that
contain cyclic connections, enabling them to make use of sequential
data. Theoretically, this leads to the persistence of information within
the RNN —a “memory”, of sorts. In practice, the influence of any given
input on the output of a network either decays to zero or becomes
exponentially large with increasing iterations of the network; an issue
known as the vanishing gradient problem.

The addition of “gates” provide one way of addressing this issue, as
in the case of Gated Recurrent Units (GRUs) or Long-Short Term Memory
(LSTM) cells. With the addition of multiplicative “gates” that control
access to a vector of memory cells, instructing them when to write,
delete and output information, the GRU and LSTM cells are able to

mitigate the effects of the vanishing gradient problem [22, 55].
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The GRU architecture is implemented by the following equations:

zt = 0(Wyzxt + Wizh(_1) +b2), (2-4)
T = 0(Wixrxe + Whrh(i—1) +by), (2.5)
hy = tanh(Wyrx¢ +1¢ © Whrh(t—1) +bn) (2.6)
hy = (1_Zt)*h(tfl)+zt*ﬁt (2.7)

where o denotes the logistic sigmoid function. z and r, are the update
gates and the reset gates, respectively, and the ® symbol represents
element-wise multiplication. W refers to the weight matrix correspond-
ing to its respective subscript. An example GRU unit is illustrated in
Figure 2.4. A GRU unit allows information to persist through the use
of it’s two gates; the update gate decides how much of the previous
memory to retain, while the reset gate defines exactly how much of
the new input is combined with the ‘memory’. The main distinction
between an LSTM and a GRU is the addition of a persistent cell state
in the case of an LSTM, as well as the addition of a read and write
gate that controls when to write to the cell, and when to read from
it. While the core idea of memory is the same within the two types
of RNNs, the LSTM is more complex, and therefore may be more
difficult to train.

As with other types of RNNs, GRUs and LSTMs are differentiable
function approximators that can be trained with the use of gradient

descent in order to minimize some objective function.

2.4 SUMMARY

There exist many methods of quantifying functional connectivity, both
statically and dynamically. Whilst static estimates of functional connec-

tivity have provided useful insights, dynamic functional connectivity
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is being increasingly used. In particular, model-driven estimates pro-
vide flexible yet statistically principled approaches. We have outlined
a few, notably the HMM and it’s derivatives (HSMMs, HOHMMs,
etc.). We have also provided a brief introduction to recurrent neu-
ral networks. In the following chapter, we will outline how we can

combine the ideas underpinning HMMs and RNNSs.
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GENERATIVE MODEL

3.1 INTRODUCTION

Our aim is, in general terms, to obtain a parsimonious set of “states”
describing spontaneous neural dynamics, such that each state de-
scribes a distinct pattern of connectivity. Contrary to the assumption
of stationarity (where a stationary process is one in which the statisti-
cal properties are constant over time) made by methods such as ICA
or time-averaging, studies have shown that the temporal dynamics
underpinning the recordings obtained through tools like MEG are rich
and varied over a range of time-scales, from hundreds of milliseconds
to tens of seconds. In order to get high quality estimation of func-
tional connectivity, this dynamic temporal nature should be explicitly
accounted for.

We therefore present here a model that learns both the spatial
patterns of activity and also the temporal dynamics in a wholly un-
supervised manner. Unlike in ICA, we can explicitly specify some
transition distributions and a more complex observation distribution
that is not simply an activation map. Additionally, while we do not
constrain the temporal dynamics, it is important to note that prior
knowledge of the form of these dynamics can easily be integrated

with slight modifications to the model structure.
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3.1.1 Probabilistic model

The simplest method of achieving such a model is by way of a Hidden
Markov Model (HMM), upon which we shall build our model. To
revisit the HMM; a basic HMM consists of a hidden process Z = (zt)L]
with dynamics dictated according to a first order Markov chain with
a discrete state space of size K, and an observed process X = (x¢){_;
occurring sequentially over a set of discrete time points {1,---,T},
with each x; € RY. The following set of conditional independence

assumptions are made to model both of these processes:

p(zlzi.(t—1)) = plztlz(t—1)) (3.1)

pxthx1:t=1),21:.=1)) = P(xtlzt), (3-2)

where p(z¢|z(¢—1)) and p(x¢|z¢) are referred to as the transition distri-
bution and emission distribution, respectively. The temporal dynamics
of the HMM are dictated by a K x K matrix A called the transition
probability matrix, where each row of the matrix A;,. gives a transition
distribution p(z¢|z(y_1) == 1), and each element of the matrix A;;
gives a probability p(zy == jlz(t_1) == 1). In general, an emission

distribution can take the shape of any static distribution.

3.2 LATENT SPACE

It is first necessary to decide on the form of the latent variables Z.
As with the HMM, we propose a state-switching model wherein the
latent space is the discrete set of state labels {k}X_,, making each z; a
categorical variable. A state time-course then consists of a sequence

of mutually exclusive states switching between each other. This kind
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Figure 3.1: Graphical representation of a hidden Markov model. Latent
variables are denoted by white nodes, observed variables by
shaded nodes, and parameters are not enclosed within nodes.
Arrows indicate conditional dependence.

of switching behaviour has been applied across multiple modalities;
while there are some methodological differences, HMMs have been
employed in modelling the temporal variability of MEG [3] as well as
fMRI [32, 88]. Furthermore, while the idea of neural activity originat-
ing in a finite number of distinct networks that are entirely mutually
exclusive is perhaps a simplistic picture of the true dynamics, there
is some conjecture that the states identified by using the HMM can
be interpreted as the “dominant” states occurring at a given point
in time [3]. Though relaxation of the mutual exclusivity assumption
would also provide a useful model, unfortunately given the observa-
tion model we have chosen particularly, this leads to a model that is
no longer well determined. We have therefore chosen to assume the

states are mutually exclusive.

3.3 SPATIAL MODEL

We will be modelling the activity of “source space” MEG data. When
the analysis of MEG data takes place at the sensor level, we are re-
stricted to a spatial analysis that conveys limited information about the

cortical regions that are involved in the underlying processes we are
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examining. Additionally, sensor positions are variable across subjects,
which means sensor-space analysis may result in spurious results. By
solving the inverse problem, we are able to project the measurements
from sensor space to obtain voxel time-courses containing estimates of
the source currents. We can therefore potentially obtain more accurate
information regarding which brain regions are functionally connected.
This source space data for each subject S() comprises of the activity
of D voxels over T(V) time points, such that we have for each subject a

matrix XV ¢ RO *TH,

3.3.1  Multivariate Gaussian distribution

Recall that functional connectivity refers to the statistical dependencies
between each voxel. Under an assumption of Gaussianity, we can
therefore investigate functional connectivity with only second-order
dependencies in the form of of covariances or correlations. While
the Gaussian assumption is most certainly a simplification of the
distribution that underpins the true network dynamics, it is not an
unreasonable one; and indeed, it lies at the heart of many source
localisation methodologies employed in MEG, in addition to a number
of approaches that have made use of the covariance structure of the
multivariate Gaussian distribution to model functional connectivity
[26, 82, 117].

Formally, the observation model associated with each state zy =k
will be given by a multivariate Normal distribution with zero mean

and covariance matrix X,. We have

pxtlze = k) = N(x¢; 0, i) (3-3)

The observation distributions are thus defined entirely by a set of

covariance matrices, ¥ = {Zk}]]é:p each Xy corresponding to one of

31



3.4 TEMPORAL MODEL

the K states. We make use of a model with zero mean such that all the
information is contained within these covariance matrices and they
can then be directly interpreted as the functional connectivity. The
estimation of such covariance matrices through the optimisation of an
objective function can be a difficult problem, owing to the constraint

that a covariance matrix must be positive semi-definite.

3.3.2 Covariance matrix parametrisation

It is therefore necessary to reparametrise the covariance matrix in such
a way that it is amenable to unconstrained optimisation. Because Ly is
a symmetric positive semi-definite covariance matrix, it may therefore

be factored by

Iy =Lyl (3-4)

where L is a lower triangular matrix known as the Cholesky matrix.

This method does have some issues, owing namely to the fact that a
Cholesky factor is not unique; if Ly is a Cholesky factor of Ly, then
so is any matrix obtained by multiplying a subset of the rows of Ly
by —1. Numerical issues may arise in the optimisation of objective
functions where multiple optimal solutions lie close together in the
parameter space. Nonetheless, the Cholesky factorisation presents a
computationally simple way to parametrise the covariance matrix, and

therefore suits our purposes.

3.4 TEMPORAL MODEL

Owing to the temporal resolution available through the use of MEG,

we hope to be able to explicitly capture the underlying dynamics that
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drive functional connectivity at a variety of timescales. It is therefore
necessary that we have an appropriate temporal model. In order to
make learning tractable, previous models we have referenced have
made use of simplistic models for temporal dynamics, relying on the
use of Markov (and occasionally semi-Markov) chains. We would
like to introduce a model that enables us to relax this Markovian (or
semi-Markovian) constraint to account for longer histories — to build

a generative model with a “memory” to some extent.

3.4.1 Relaxing the Markov constraint

One method to address the limitation of first order Markovian dy-
namics is to extend the framework to encompass higher order HMMs
(HOHMMs) that allow the latent sequence Z to depend on time points
extending further back into the past. We say a HOHMM has an order of
q if the dynamics are dictated by the set of conditional independence

assumptions

p(ztlz1.t—1)) = P(2tlz(t—q):(t=1)) (3-5)

pxtlx1:(t=1),21:(.=1)) = P(xtlze)- (3.6)

While this framework allows us to relax the first order Markov
assumption, it comes at a cost; the number of parameters of the model
scale exponentially with the order of the model. Take a HOHMM
with K states and order ; the transition distribution can be described
by K9 probability distributions with K mass points each. Hence it
involves a total number of (K — 1)K9 parameters, which very quickly

becomes unmanageable.
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3.4.2 Deep models

A more efficient method for representing the dynamics could perhaps
come in the guise of an RNN. Both RNNs and the more traditional
state space models (of which the HMM and HOHMM are both exam-
ples) are widely used model classes that are able to model temporal
sequences of vectors {x{}. Both models work on the basis that there
exists some hidden state dynamics governing the observed behaviour
of the system in question. However, while the hidden variables of
state space models are probabilistic in nature, the hidden states of
RNNSs are deterministically determined.

An RNN makes use of this deterministic hidden state h € RP
to model sequences, by means of the application of a parametrised
nonlinear function f over the duration of the sequence. At each time
step t in the sequence, the value of x; is passed into the networks, and

its hidden state is updated to

hy = f(x¢, heo1))- (3.7)

A common choice for this function f is a gated activation function such
as a long-short term memory (LSTM) cell [56], or a gated recurrent
unit (GRU) [22].

While RNNs are powerful tools for modelling, the deterministic na-
ture of their hidden state limits the capabilities of modelling stochastic
sequences, as it becomes necessary for all the output distribution to
model the entirety of the uncertainty in the system. Indeed, many such
studies show dramatic improvements in the performance of RNNs
that explicitly include uncertainty in their hidden states [5, 12, 23, 35,
45, 48]. We can also benefit by similarly combining the two model

classes.
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Our solution is to use a state space model, however instead of the
transition function being given by a transition probability matrix, we
instead introduce an RNN as a transition function. In practice, this
means that rather than having to optimise a set of free parameters cor-
responding to each individual transition weight, we instead optimise
a parametrised function that learns a mapping from previous latent
states to future ones, similar to that presented in [72].

This parametric function has the advantage of having the number
of parameters be constant with respect to the order of our model,
enabling us to reasonably take into account a ‘memory’ of potentially
hundreds of time steps. The limiting factor is no longer the number of
parameters of the function but of the ability of the network to retain
information, often called the receptive field of the network.

We denote the distribution p(z¢|z;.(¢—1)) accordingly:

p(ztlz1.(¢1—1)) = g(ht) (3-8)
he = f(h—1), 2(e=1)), (3.9)
g(-) = Softmax(linear(-)) (3.10)

where h; is the hidden state of the network, f is a GRU, and g is some
function mapping from the hidden state to the possible outputs (for
example a linear affine transformation followed by a softmax function).
We make use of a GRU rather than an LSTM or some other model
as they are less complex computationally and therefore are typically
thought to be simpler to train. The choice of layers and hidden states
of the network is less straightforward, and will largely be decided
by experimentation, though it is also possible to make use of more

systematic hyperparameter optimisation methods.
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Figure 3.2: Graphical representation of the full model structure. Latent/hid-
den variables are shown in white, while observed variables are
given by the shaded nodes. Diamond nodes indicate deterministic
variables. Solid lines indicate the explicit conditional dependency
structure of the model, while the dashed lines show the indirect
conditional dependencies that exist owing to the deterministic
nature of the hidden states. Owing to the recursive nature of
RNNSs, h? contains information about not only z(¢_y), but all
previous states, which is contained in h?:( Y (up to the limit of

the receptive field of the RNN).

3.5 FULL MODEL SPECIFICATION

The full model is therefore given by the following:



3.5 FULL MODEL SPECIFICATION

.
p(X,Z;8) = p(z1;0:) plxalzi;0:) [ [ p
t=2

p(z1;62) = Cat(n°)
plztlz1.(t-1);02) = Cat(af)
oc? =g(ht)
=GRU(h(¢—1),2(t—1),0z)
p(xtlzt) = N(o, Z2,)

g(+) = Softmax(linear(-))

(ztlz1. (t—1)

0.) p(xtlze;

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)

(3-17)

where 0, = {79, ©.} are the parameters of the initial probability distri-

bution and the GRU weights, respectively, and 0 = {Zy}{_; are the

covariance matrices of each state.
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INFERENCE

Given some MEG data, we wish to infer an underlying state sequence
that is consistent with our probabilistic model. There are two main av-
enues to solving this problem; the first is to simply get point-estimates
for each of the latent variables (using either maximum a posteriori
or maximum likelihood estimates), however this is not ideal as we
are unable to quantify the uncertainty associated with the resulting
variables. The second is to do this within a Bayesian framework by
finding a (joint) posterior distribution of each latent variable. However,
calculating a full posterior analytically is not often possible, especially
given here we are using a highly non-linear mapping between the
latent states. We shall make use of the latter method here, focusing
specifically on the use of variational Bayesian inference to achieve this
in a computationally-efficient manner.

What follows in this chapter is an overview of variational Bayesian
methods, and how it must be adapted to utilise it within a derivative-
based optimisation scheme. We will then describe the details of the

implementation of our model.

4.1 BAYESIAN IDEAS

There are two primary interpretations of statistical inference; that of
frequentist inference, and that of Bayesian inference. The frequentist
understanding of probability is that it is a limiting frequency; there-

fore a frequentist feels most comfortable assigning probability in the
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context of experiments that are random and well-defined. Bayesian
inference on the other hand, uses probability as a tool to represent an
individual’s degree of belief in a statement. Unlike the frequentist, a
Bayesian is able to assign probability to an event where the uncertainty
comes not from randomness, but it is also due to lack of knowledge.

Bayesian inference then specifies how one should update one’s
beliefs upon observing data. We can derive this from Bayes” Theorem.
Bayes’” theorem expresses the conditional probability of an event Z
after X is observed, called the posterior probability, in terms of the
marginal likelihood of X, the prior probability of Z, and the the likelihood

of X given Z occurred.

Likelihood Prior

—
p(XIZ) p(Z)
PX)

~——
Marginal likelihood

Posterior

—
p(ZX) = (4.1)

where the term in the denominator, known as the marginal likelihood,

is given as:

b0 = | pixizip2)az (42

—00

Let us consider a simple example of Bayes’ theorem in action: imag-
ine a model of the world, given by p(world). We would therefore
implicitly expect to see certain types of behaviour under this prior
model. Upon making an observation of the real world, we obtain
a likelihood of this observation under our prior model, denoted as
p(observation|world). We then obtain a new model of the world with
the aid of Bayes’ theorem, p(world|observation), called the poste-
rior distribution. In the case that the observation is in line with

the expected behaviour of the world under the prior model, then
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p (observation|world

). . L.
b (observation) 15 close to 1, and our posterior would remain similar

to the prior.

4.2 VARIATIONAL METHODS

First let us set up the problem. Consider a joint probability density

of some observed variables X = {xm™M_,, with x; € X and latent

m=1’/
variables Z = {z, }TT:] ,2i € Z,
p(X,Z) =p(X|Z) p(2). (4.3)

The model first draws the latent variables from a prior density p(Z),
and then relates them to the observations through the likelihood
p(X|Z). While this is trivial in practise, obtaining the reverse is much
more challenging. This process of inference involves conditioning the
latent space upon the data in order to compute the posterior p(Z|X). As
this is not explicitly defined in Equation 4.3, we could try to compute
it using Bayes rule, as in 4.1, but this is made difficult because of
the marginal likelihood (also called the evidence). Unfortunately, for
complex models, this computation is intractable and thus necessitates
approximate inference procedures.

The idea behind variational inference is that while p(Z|X) may have
an arbitrarily complex form (even in the case of simple priors and
likelihoods), instead of trying to compute it exactly, we posit a family
of approximate densities Q over the latent variables, and then try to
find the member of that family q(Z) that best approximates p(Z|X)

[67, 122]. We can write this as

q°(Z) = q(rrzli)relQ G(q(2)[p(ZX)),
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where G is some dissimilarity measure between the two densities.
How you pick Q and G can lead to different methods of inference.
For example, Laplacian methods require Gaussian approximations
to the posterior using the distance between the Hessians of the pdfs,
while variational inference chooses G to be the Kullback-Leibler (KL)

divergence.

4.2.1  Relevant concepts from information theory

Before we continue with the overview of variational inference, it will
be useful to take a slight detour to first define some terms taken from

Information Theory.

4.2.1.1  Entropy

While the term entropy originated in statistical thermodynamics, we
are more interested in the information theoretic idea of entropy. More
specifically, when we speak of entropy, we refer in particular to Shan-
non entropy.

Given a probability distribution with density or mass function p,

the entropy is defined as

Hip) =~ | p(X)logpix)ax. (4.4

The value of —logp(X) is called the information content, or surprisal,
and quantifies the amount of information gained when X is sampled
using p (or you could think of it in terms of how ‘surprised” you
would be by the sample). The entropy is the expected rate at which
information is produced by X, and can be intuitively thought of as a
measure of the dispersal, or uncertainty, associated with X. Note that

in the case of p(X) = 0, the convention is for the value of 0-log0 is
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taken to be 0. Entropy has the unit of measure nats when the natural
logarithm is used, and bits when the logarithm is base 2.

To give an example, consider flipping an unfair coin that has a 99%
chance of heads, and a 1% chance of tails. If we flip a coin once and
get an outcome of heads, we are not very surprised, and hence the
information content is low. The information entailed by heads is given
as —log, 0.99 = 0.014 bits, whereas the information for tails is 6.64
bits. To obtain the entropy, we must calculate the average rate of

information, which is given by

42

H(x) = — Z p(x)log, p(x) = —(0.99-log, 0.99+0.01-log, 0.0T) = 0.08 bits.

This is quite low, as the entropy is dominated by the heads outcome.

In the case the the coin we flip is fair, e.g. p(0) = p(1) = %, the
entropy will be maximised (with a value of 1), as we have no reason
to expect any particular outcome more than the other. Conversely,
the entropy will be minimised in the case of an extremely unfair coin
where p(0) = 1 and p(1) = 0, as in the case where the coin we flip
has heads on both sides. This is due to the fact that there will be no
surprise at all — we are certain of the outcome of when we sample x

according to p.

4.2.1.2  Cross-entropy

Cross-entropy is, unsurprisingly, strongly related to the concept of en-
tropy; whereas the entropy is the expectation under p of the surprisal
—log p(X), cross-entropy is defined as the expectation under p of the

surprisal for a different distribution —log q(X):*

Ha(p) == | piX)loga(X)ax. (45)

Note that this is non-standard notation, and would typically be denoted H(p, q).
However, this is the same notation as used in joint entropy, and furthermore gives
the impression that cross-entropy is symmetric (which it is not).



4.2 VARIATIONAL METHODS

Going back to our example with coin flips; assume the coin we are
flipping is fair, with the outcome given by p(0) = p(1) = 0.5, and yet
we believe it to be unfair and given by q(0) = 0.99 and q(1) = 0.01.
While the entropy is given by H(p) = 1, the cross-entropy is given by

Hq(p) = —(0.5-10g, 0.99 +0.5 - log, 0.01) = 3.329.

That is, if we know the coin is fair, then the average surprise we
experience is 1, however if we believe the coin to be strongly biased in
favour of heads, the average surprise we experience is 3.329, and we
are left scratching our heads and wondering how we are getting so
many tails!

As we can see from this example, if your belief of the world diverges
from the truth, your expectations will often be incorrect, and conse-
quently you will be surprised more often. This can be demonstrated

using Gibb’s inequality:

with equality only where p(X) = q(X).

4.2.1.3 KL divergence

Given that we know that when your beliefs do not match reality, you
are going to be on average more surprised by events, the obvious
question is then: by how much? We can calculate this using the KL

divergence of p with respect to g, given as *

Dq(p) = Hgq(p) —H(p), (4-7)

This is also nonstandard notation; typically the KL divergence is denoted by Dy (p||q),
or KL(pllq).
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or expanded to give

X
Da(p) =~ | p0x)1og I35 ax 49)

By 4.6, we have that Dq(p) > 0, with D4(p) = 0 if and only if
p(X) = q(X) for all values of X.

The KL divergence can also be used as a difference metric between
two distributions p and q [73], although it is not a distance metric as
it is not symmetric. For an intuitive interpretation from a Bayesian
perspective, D4(p) can be thought of as the information gained when

we move from a prior ¢ to the posterior p.

4.2.1.4 Forward and reverse KL divergence

We noted that the KL divergence is not symmetric, i.e. Dq(p) # Dy (q).
The former, we call the forward KL divergence, whilst the latter is
referred to as the reverse KL divergence.

Examining the forward KL divergence Dq(p) given in 4.8, we see
that there is a large positive contribution to the KL divergence where
q(X) is near zero, unless p(X) is also close to zero. Consequently,
an optimal variational distribution that minimises the forward KL
divergence will attempt to stretch so as to maximally cover all of p(X).

Conversely, the reverse KL divergence D, (q) gets a large contribu-
tion from regions in X space where p(X) is near zero, unless q(X) is
also close to zero. The effect on an optimal variational distribution
in this case that it will tend to underestimate p, by avoiding regions
where p(X) is small.

In the case where p(X) is multimodal and q(X) is unimodal, we
see very different behaviour of q(X). The forward KL will encourage
q to place mass across all peaks, which invariably ends up with the

point of maximum density for q(X) may reside in an area that has low
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density in the original distribution. Meanwhile, the reverse KL will

result in g matching at least one of the modes of p(X).

4.2.2  Variational inference

Returning to the problem at hand; we have some intractable Bayesian
inference problem p(Z|X) we are trying to compute, where X is our
observed data and Z are the hidden variables. We are trying to find
an approximate distribution q such that it minimises the reverse KL
divergence — mostly due to the zero-forcing nature of the reverse KL
divergence (where it discourages situations where q(X) is high but
p(X|Z) is low). We can apply Bayes’ rule to give this in a form that is

easier to work with:

[ Z
Dy zix)(q(Z)) = . q(Z)log p%(qz)) dZ
_ q(Z)
=1, q(Z)log (X, Z) dZ + L q(Z)logp(X)dz
(4-9)
_ q(Z)
=1, q(Z)1 851X, Z) dZ +logp(X). (4.10)
Rearranging, we get:
108X = Dz (4(2)) - |_a(2)10g U2z
=Dy zix)(aq(Z)) + £(q, Z; X), (4.11)

where £ is called the (negative) variational free energy. The log evidence
log p(X) is constant with respect to ¢, therefore by maximising the
variational free energy £, we also minimise the KL divergence D (q)

as required.
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Examining the negative variational free energy in more detail gives

some intuition about the optimal variational distribution q:

vy | q(Z)
L£(q,Z;X) = Zq(Z)logp(X,Z)dZ
0 q(Z)
L 8 X2y p(z 4
— | ' a7z a(z)
. q(Z)log (X\Z)dz L q(Z) logp(z) dz
_ q(Z)
—J q(Z)logp(X|Z)dZ — L q(Z) logp(z) dz
z)llog p(X|Z)] — Dy, (z)(q(2)). (4.12)
or alternatively expressed:
£(q,Z;X) =Eq(z)llogp(X, Z) —log q(Z)] (4.13)

We have now shown that we can rewrite £ to give us a sum between
the expected log-likelihood of the data, given the model q, and the
KL divergence between the prior p(Z) and the variational distribution
q(Z). The first term, the log-likelihood of the data, will encourage
densities that place their mass on configurations that explain the data,
while the negative KL divergence between the prior and the variational
distribution will encourage densities close to the prior.

Now, with the aid of the variational free energy, we can omit ex-
plicitly computing the marginal likelihood entirely and save ourselves

from something of a headache.

4.2.3 Factorised approximations

Remember that Z is made up of N hidden variables Z1,---,ZN. In
general, this will mean that 4.11 will have multiple integrals (or in the

case of discrete variables, multiple summations). One straightforward
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Figure 4.1: Visualisation of a mean-field approximation for a two-
dimensional Gaussian posterior. The color plot shows the poste-
rior density, whilst the contour plot shows the effect of mean-field
factorisation. Marginal densities are shown for each dimension,
for both the exact posterior (in blue), and the mean-field approxi-
mation (in red).

simplifying assumption that we can make for our density q is that we

can partition the variables into independent parts. This assumption is

called the mean field approximation, and looks like this:

N
p(ZIX) = q(Z) = q(z1,-- ,zn) = [ ] qi(z0). (4.14)

i=1

We have factorised here such that we have single variable per partition,
but a partition can contain any number of variables. Each partition
has an associated variational density q; chosen to maximise the lower
bound in 4.12, and should take a parametric form appropriate to the
corresponding random variable(s), for example a continuous variable
should have a continuous density, such as a Gaussian or Gamma
distribution, whereas a categorical variable should have a categorical

distribution.
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The mean field approximation does come with some trade-offs how-
ever. While q(Z) is able to approximate the joint distribution, the
individual qgj(z;) are poor approximations to the true marginals p;(z;),
and should not be expected to necessarily resemble them. Addition-
ally, the mean-field approximation is unable to capture correlations
between partitions.

These can both be demonstrated in Figure 4.1. Consider a highly
correlated bivariate Gaussian posterior, as shown by the color plot. A
mean-field approximation to this posterior would involve the product
of two independent univariate Gaussian distributions, as shown by
the contour plot. While the mean is the same for both the posterior
and the approximation, the covariance structure differs in that it is
completely decoupled. We also see the the marginal variances greatly
differ from those of the true density — a consequence of optimising
using Dy (q), where q(Z) is penalised for placing mass on areas where

p(Z) has little mass.

4.3 STOCHASTIC GRADIENT VARIATIONAL INFERENCE

In order to optimise 4.12, we need to be able to calculate the gradient
with respect to the parameters of both p(X, Z) and q(Z). We will refer

to these parameters as 0 and ¢, respectively, such that we have:

0 =(0x,0z) (4.15)

d):(q)]/"'/q)N) (416)

p(X,Z;6) = p(X|Z;0x)p(Z;02) (4.17)
N

a(Z; ) = | [ ailzi ds)- (4.18)
i=1

We use 6(0x,07) as the parameters of the generative model, where

Ox are any parameters of the observation model (mean, covariance,
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etc.), and 07 are the parameters of the latent distribution. We then can

rewrite 4.12 to explicitly include these parameters:

L(8,$;X) = Eq(z,¢)log p(XIZ;0x)] — Dy z,0,)(d(Z; d)), (4.19)

or alternatively:

L£(0,d;X) =Eq(z,¢)llogp(X, Z;0x,0z) —logq(Z; ). (4.20)

After calculating the gradient with respect to both 0 and ¢, we
can make use of a first-order iterative optimisation method. For
traditional mean-field variational inference, where both the prior
densities and their corresponding variational distribution are in the
same exponential family (we say they are conditionally conjugate), the
expectations in 4.19 can be calculated analytically, yielding a closed
form objective. However, the calculation of the gradient may scale
with the size of X, and may therefore be particularly expensive if X
is large. Additionally, if we are unable to analytically compute the
expectations, it is necessary to instead use statistical estimators (not to
be confused with numerical estimation). Both of these issues can be
addressed with the use of stochastic optimisation, where instead of

computing exact gradients, we instead take noisy estimates of them.

Calculating the gradient of 4.19 with respect to 0 is straightforward.

We can make use of Leibniz’s rule for the gradient of the expectation

of the likelihood:
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VouEq (2 08 PXZi0x)] = Vo, | a(Zid)logpiXiZiex)az
~ | alzi9)%a, logp(xiziox)az

=Eq(z;¢)[Voy logp(X|Z;0x)].,

(4.21)

where Vg, represents the gradient of this term with respect to 0,
and is zero. The gradient of the KL term with respect to 67 may be
computed analytically, however in the case where we cannot analyti-
cally calculate the KL divergence, we are instead required to use the
gradients of 4.20, which is a similar procedure as above.

In other words, the gradient of the expectation is equal to the expec-
tation of the gradient for the parameters of the generative model 0.
This becomes a more difficult problem when calculating the gradient
with respect to ¢, which parametrises the expectation. Again we use

Leibniz’s rule:

Vo Eq(z:¢)logp(XIZ;0x)] = Vg JZ q(Z; ¢)logp(X|Z;0x)dZ
(4.22)
_ L log p(XIZ; 0x)V q(Z; b)dZ,

(4-23)

however 4.23 does not take the form of an expectation, meaning we
cannot simply use a Monte Carlo estimator. We must therefore find
an alternative way of calculating V¢ E(z,¢)[log p(X|Z; 0x)]. There are
two main ways that this can be achieved, the use of pathwise gradient
estimators, or the use of score function estimators. We will outline the
pathwise gradient estimators below, and the score function estimator

method is detailed in the appendix.
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4.3.1 Pathwise gradient estimators

We can obtain lower variance estimators with some additional assump-
tions, by way of pathwise gradient estimators.

Pathwise gradient estimators make use of the reparametrisation trick
[11, 71, 93, 99, 102] to evaluate 4.22 by reparametrising Z in terms
of an auxiliary noise variable € with a known distribution p(e) that
does not depend on the variational parameters ¢. We choose some
deterministic transformation t(€; ¢) such that Z = t(X, €; ¢) is still
distributed according to q(Z; ¢).

We can then make use of this to obtain Monte Carlo estimates of

the gradient of the expectations of some function f(Z)

Vo Eq 2, [F(2)] = Vg L 4(Z; 9)F(2)dz
Vo Lp(e)f(t(x,e;qmde
=J (Vo F(L(X, & §))de

= | ple)Vzf(Z)Vy t(X, e Pp)de

N

=E,)[Vzf(Z)Vy t(X € D). (4-24)

This yields the estimators for the gradient:

S

D Vzlogp(XIZ&;0x) Ve t(X, e ),

1

v(b IEq(Z;cp)[lng(X‘Z)eX)] g
s=1

(4.25)

Vo Eq(z;¢)logp(XIZ;0x) —

(/7 \

s
Z (logp(X|Z'*); 0x)

—q(Z29; )V t(X, e )
(4.26)

where Z(5) = t(X,e(8); ¢) and €(5) ~ p(e).
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A simple example is the case of a univariate Gaussian: let Z ~
N(u, 02). A valid reparametrisation is given by Z = u+ o - €, where
€ is an auxiliary noise variable drawn from the standard normal

distribution € ~ N(0, 1), and we have for some function f(Z)

Ex(z;u,02)[f(Z2)] = Ex(e0,1)[f(L+ 0 €)]
1

~
~

S
Z f(u+ oe'®)), where ') ~N(0,1).
s=1

%)

(4.27)

There are three primary assumptions made in order to make use of

the reparametrisation trick:

1. Z should be a continuous random variable, and there should

exist a known differentiable reparametrisation Z = t(e; §);
2. Itis easy to generate samples from the distribution p(e);
3. f(Z) is differentiable with respect to Z.

The question is then: for what types of variational distributions
are we able to choose such a differentiable transformation t(-; ¢) and
auxiliary variable € ~ p(€)? As outlined in [71], there are three primary

approaches:

1. Tractable inverse CDF: In this case, a valid transformation is to
let t(-; ¢) be the inverse cumulative distribution function (CDF)

of q(Z; ¢), and € ~ U(o, I).

2. Location-scale family: Similarly to how the univariate Gaussian
was reparametrised, any "location-scale" family of distributions
can be expressed in terms of the standard distribution with loca-
tion = o, and scale = 1. Set p(e) to be the standard distribution,

then t(-; ¢) = location + scale - €.
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3. Composition: In this case, the transformation t(-; ) is obtained
by expressing Z as different transformations of auxiliary vari-
ables, as in the case of e.g. the log-normal distribution, where

Z=exp(p+o0-€),and e ~N(0,1).

In the case that a differentiable transformation t(-; ¢) that falls into
one of the above categories does not exist, it may be possible to instead

use approximations to the inverse CDF.

4.3.2  Mini-batch stochastic gradient descent

Once we have calculated Vg ,£(0, $;X), we can make use of the
gradient to iteratively approach a local or global minimum3. A stan-
dard gradient descent algorithm would process all of the data when

updating the parameter values, e.g.

b =0b—aVel(0,d,X). (4-28)

For a sequence X of length T, we can subsample smaller sequences
of the data X(s) = (xt)ii:.ln, where i € {1, T — L}, and then update the
weights after analysing each sample. Therefore stochastic gradient

descent (SGD) looks like this:

b= —aVel(0,d, X)) (4-29)

Now, unlike in standard gradient descent, we no longer have to see all
of the training data between updates, which can be time prohibitive
for large data sets. Additionally, unlike standard gradient descent,
we do not have to keep the entire dataset in memory. However, the

noisy gradient approximations can result in slow convergence [18],

We have been discussing maximising the negative variational free energy 4.19, however
we can equivalently minimise the non-negative variational free energy
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although the extra stochasticity conferred by sampling can also help
move away from local minima. Taking multiple samples can allow
for closer approximations of the gradient without sacrificing much in
the way of computational efficiency. We call this minibatch stochastic

gradient descent:

b
1
(1:b)y — E (s)
Vd)L(G, d)/X ) - E vdDL(el CbIX s )/ (430)

s=1

b= —aVel(d, o, X)) (4-31)

Minibatch stochastic gradient descent does not guarantee conver-
gence; learning rate choices can be difficult, leading to very slow
convergence or even divergence depending on whether it is too small
or too large, and learning rate schedules have to be specified in ad-
vance. Additionally, it can be prone to becoming trapped in local
minima [29]. A number of extensions to SGD exist, including Adam
[69] and Adagrad [31]. These make use of techniques like momentum
[94], and adaptive and per-parameter learning rates to improve the

performance of the “vanilla” SGD optimiser.

4.3.3 KL annealing

In order to facilitate training the generative model, we can also make
use of a technique called KL annealing [13]. This involves adding a
variable weight to the KL term in the cost function during training.
This weight is set to zero at the start of training, such that the infer-
ence network learns to encode as much weight into Z as possible. As
training then progresses, this weight is gradually increased according
to some annealing schedule, and the prior starts to encourage the
inference network to smooth out the inferred state sequences. Eventu-

ally this weight reaches 1 and the weighted cost function is equivalent
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to the true variational free energy. A typical annealing scheme makes

use of a sigmoid schedule.

4.3.4 Amortized inference

Even with efficient sampling procedures, inference can still be com-
putationally expensive. Consider an example where each data point
X € X is governed by a corresponding latent variable Z € Z with
variational parameter ¢. Traditional VI requires that it is necessary to
optimise each ¢ for each local variable Z, which means that it does
not scale well to large datasets — in particular when the optimisiation
is embedded in a global parameter update loop. Amortisation pro-
poses that rather than optimising each local variational parameter ¢,
instead we optimise a set of global parameters and we can amortise
the computational cost by framing the per-data-point optimisation
process instead as a regression problem; rather than solving for our
optimal proposal q*(Z) directly, we make use of a parametric function
(sometimes called a recognition model) f4, € F(Q) : X — Q that pre-
dicts the value of q*(Z). We similarly construct a parametric function
go € §(P) : Z — P, where P is a family of distributions over X, G is a
family of functions indexed by parameters 0 to define the generative
model.

Once the functions are estimated, it is then possible to “infer” new
latent variables by passing new data points through the function fy,
or to generate new data by passing new latent states through the
function ge.In the case that fy takes the form of a neural networks, it

may also be referred to as a recognition network or inference network.
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4.4 IMPLEMENTATION OF INFERENCE NETWORK

Armed with our toolbox of approximate inference techniques, we are
now well-equipped to deal with most problems requiring scalable
probabilistic inference, even those with non-parametric and highly

non-linear distributions governing the dynamics. It remains now to

construct a working inference routine from our constituent pieces.

Given data X = (x¢){_; and latent variables Z = (z{){_;, recall our

generative model:

.
P(X,Z;0) =p(z1;02)p(x11z1;0x) | [ plzelzr.(t—1); 02)p(xelze; 0x),
t=2

(4-32)

where we use a GRU to parametrise the distribution p(zt|zy.(t—1);0z).

As we have previously mentioned, the use of a highly nonlinear

mapping between the latent states means that inference of the true

posterior is intractable, and we are required to use variational inference.

We shall now define a variational distribution q(Z|X; ¢).

4.4.1  Factorisation over time

Considering the temporal structure of our probabilistic model in 4.32,
it is appropriate to similarly factor the distributions over Z over time.
However, a naive mean-field approach whereby each local distribution
is treated as independent would likely result in a poor fit with slow
convergence. We shall therefore make an initial attempt at ensuring

the approximate posterior integrates information over longer periods
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Figure 4.2: Graphical representation of the inference structure. Latent/hid-
den variables are shown in white, while observed variables are
given by the shaded nodes. Diagonal nodes indicate deterministic
variables. Solid lines indicate the explicit conditional dependency
structure of the model, while the dashed lines show the indirect
conditional dependencies that exist owing to the deterministic
nature of the hidden states. The inference network makes use
of a bidirectional recurrent neural network that makes use of
information from both earlier and later in time.

of time. We are able to simply condition each z; on the entire sequence

of X

a(Z;d) = [ alzdX; ¢), (4-33)

t=1

this way we can integrate information contained in the entirety of the

sequence in order to best estimate the value of each z;.

4.4.2  Recurrent recognition model

Owing to the form of the generative model, the posterior distribution

at each time-point takes the form of a categorical distribution:

q(zelX; d) = Cat(o). (4.34)
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It is now necessary to parametrise this distribution. One way of
obtaining each o is with a neural network.

While neural networks are common in amortisation, owing to the
sequential nature of the conditional distribution we are learning, a
recurrent neural network would be an ideal choice for a recognition
model, in particular a GRU. We will make use of two distinct GRUs

to parametrise this function; the first makes use of information from

t

the past, (xi);_;, while the second makes use of information from the

future, (xi){_,. This structure, where two recurrent networks running

in opposite directions are combined, is known as a bidirectional RNN.

The forwards and backwards are respectively given by the equations

= —
ht =GRU(h ((_1),%t), (4-35)

W = GRU(W (141, x0), (4.36)

where ?L) € R™ denotes the hidden states of the forwards network

and ? € R™ the backwards network. The recursion on these hidden

states is what allows information to persist through time.
Combining the two networks, we arrive at the equations for the

variational distribution:

q(z/x;8) = [ ] o((N+, hu)). (437)

t=1

Here g(-) is some parametric function that maps the concatenated
hidden states to Q. In deciding how to parametrise g, we are faced
with the question of what form do we want q(z¢|X; ¢) to take? To
start with, z¢ € {k}E:1 is essentially a state assignment. Much like the

distribution p(zt|zq.(+_1);0.), that means this variational distribution

is a categorical distribution. We therefore construct g(-) as follows.

First, it is necessary to make use of a linear affine layer to map from
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4.4 IMPLEMENTATION OF INFERENCE NETWORK

R(Mi+h2)  RK We can then make use of a softmax function to map

to the parameters of a categorical distribution.
ocf[b = softmax([?ft,%t]). (4.38)

4.4.2.1  The Gumbel-softmax distribution

As was mentioned in section 4.3, we are unable to directly calculate
the gradient with respect to the variational parameters ¢, so approxi-
mate methods must be used. We would like to apply a low variance
estimator if at all possible, and so the pathwise gradient estimators
(recall: the “reparametrisation trick”) are a good first choice. The
issue is that, as we noted at the end of the last section, the distribu-
tion we would like to use is a discrete one. The question of how to
apply a differentiable transformation of a categorical variable that is
discontinuous by nature is then a requisite one for our purposes.

The Gumbel-softmax [64, 80] approximation is a way to overcome
the limitations of the reparametrisation trick when applied to discrete
data, by making use of a continuous approximation that depends on
a temperature parameter T, where the zero-temperature degenerates
to the discrete case.

As is hinted by the name, this approximation makes use of the
Gumbel distribution. A random variable v has a standard Gumbel
distribution if it can be given by y = —log(—log(e)) with e ~ U(0, 1).
For some discrete random variable z, we can parametrise it in terms

of Gumbel random variables:

z = argmax(log m + vi), (4-39)
k

with P(z = k) o 7t and {yy} a set of i.i.d. standard Gumbel random

variables.
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4.4 IMPLEMENTATION OF INFERENCE NETWORK

Unfortunately, argmax is neither a continuous nor a differentiable
operator. We can instead use the softmax function as both a continuous

and differentiable approximation, where we have the softmax given

by

exp(mi/T)

T F explme/)

(4-40)

While we will not draw random variables that take the form of one-hot
vectors (where all 7ty values are zero, save for a single index with the
value one) as with the application of the argmax operator, the softmax
will result in values that lie within the K — 1 simplex, e.g. z € AK~1.

We therefore have the random variable z given as

exp((log m +vi)/T) } (4.41)

z ={zi} = {f(logmx +vi; T} = {Z exp((log i +vi)/7)

with density

K (—t—1)
— T2y K—1
(z;m,t) = M(K)x(K=1 I | <>, z€ A7 (442
i AT 42

While samples from the Gumbel-softmax distribution (also called
the Concrete distribution, for being continuous and discrete) are dif-
ferentiable, they are not identical from the samples drawn from a
Categorical distribution for non-zero temperatures. Where this is a
requirement, we can make use of the straight-through estimator, where
samples are discretised using argmax, but the approximation in 4.41 is
used when calculating the gradient. This might be appropriate where
it is necessary to use the sample as an index.

Returning to 4.37, we now have a parametrised distribution q(Z[X; ¢),
and a method to approximately sample from it in a differentiable man-

ner, albeit through a surrogate distribution §:

§(z¢/X; &) = Gumbel(a?) ~ Cat(a?) = q(zX; d) (4-43)
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4.4 IMPLEMENTATION OF INFERENCE NETWORK 61
4.4.3 Objective function

As with more standard stochastic gradient variational inference, we
train both our inference and generative models jointly by maximising
the variational free energy. By substituting 4.32 and 4.33 into the
equation for variational free energy, we can obtain a timestep-wise

variational lower bound:

.
L£(6,¢;X) =— L qlze; @) log [ [ plxelze; 0x)dze

t=1
T .
+J q(7~1 :t;d)) log Ht 14 Zt’d)) dZ]:t
A p(z1;0 Ht 2 P(ztlz1: (11, 02)
u q(z1; ¢)
=— ; d)logp(xtlze; Ox)d —|—J ;0)—=d
ZJ (zt; §) log p(xtlze; Ox)dze Zq(Z1 ¢)p(z1;ez) z1

+ZJ (z1:1; ) log ( 4lze; @) dzi.¢

P(ztlz1:(t—1);02)
.
== Eq(z)logp(xelze; 0x)] + Dp 2,0, (d(z1; d))

t=1

N
+ZL q(z1:(t-1); P)Dp (20121, 1)02) (A (26 §)) Az (1 1)
t—2

T
== Eq(z;4) 008 p(xtlz; 0x)] + Dy (2,0, (d(z15 b))
t=1
T
+ZIE q(Z];d)) [Dp(Zt‘Z]:(t_”,‘ez)(q(zt;(b))]'
t=2

q(zi—1y;4)
(4-44)

While we are unable to analytically calculate the expectation terms

in 4.44, we can approximate them using:

S
hE (2, ) 10g P (xtzt; 0x)] Z log p(xtlzL™; 0x) (4-45)

%2 \

Me 1

Q

wn| =

E q(zi;0) [Dp(ltlzl:(t—l)?ez)(q(zt;q)))]'

D ) _(s) ];ez)(q(zt;d))),
q(z—1);¢)

P p(Zt‘Z1 r"'/Z(
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4.5 FULL INFERENCE SPECIFICATION

where samples ng)

~ q(zi; ¢) are drawn in topological or temporal
order; starting with p(z1;0z) which has no parents, we sample sequen-
tially through time by conditioning each variable on values sampled
in previous steps, proceeding this way until all t — 1 values have been
sampled, and we can then calculate the KL divergence analytically
using the distributions conditioned on our samples. We can therefore

approximate the distribution p(z¢|z1,---,z(t—1);0z) in linear time.

We call this ancestral (or forward) sampling.

4.5 FULL INFERENCE SPECIFICATION

4.5.1 Inference model

Our full inference model is therefore the following:

ll[]q ze[X; §) (4-47)

i

q(z:lX; ¢) = Cat(a) (4.48)

q(ze|X; b) = q(zeX; §) (4-49)

a(z¢/X; ) = Gumbel (o) (4.50)
o« = gy, o)) (4.51)
Ty =GRU(N ((_1),xt), (4-52)
T =GRU(N ((11),x1), (4.53)
g(-) = Softmax(linear(-)) (4-54)

where ¢ are the weights of the GRU networks. Note here that Z is
therefore only variable here were are being probabilistic over, as it is

difficult to introduce priors over RNN weights.
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4.5 FULL INFERENCE SPECIFICATION 63

The final cost function is as follows:

K
ogIZ s)l—i—xIZ xt] + Z ocﬁs) log

¢(s)
[oct i ] (4-55)
s=11t=2 k=1 t,i

]S T
cee =13 3 |-

»
—_
-+
Il
—_

l\/]‘* N\
I\/]x

where the first term is the log likelihood for a multivariate Gaussian
distribution with zero mean, calculated using the covariance matrix
indexed by the value of z; sampled via the reparametrisation trick.
The remaining terms are the KL divergence between the parameters of
both the variational distributions and the prior distributions, indexed
over each latent dimension, such that «; ; is the probability of being

in state i at time t. For the sampling, it is sufficient to simply use a

value of S =1 [71].

4.5.2  Stochastic gradient optimisation algorithm

Algorithm 1 Sequential Autoencoding Variational Bayes

Precondition: Generative distribution pg, generative network fg with
parameters 0, variational distribution qg,, inference network fg,
with parameters ¢, observed data X = (xt)L].

[

0, ¢ « Initialise parameters

2: repeat

3: X® <= Xi:it+1, i ~ Uniform(T —L) > Sample subsequence of x
4 ocg) — fp(x®) > Parameterise q¢
5 25 ~ qg (2% o) > Sample from q¢ using reparam trick
6: cx? +— fo(29) > Parameterise pg using samples from qg,
7 g < Vo, L(x%,25, oc?, cxg’) > Calculate gradients
8: 0, ¢ + Update parameters using g

9: until convergence of 0, ¢

return 0, ¢

=
e

Note that while we specify here that the generative distribution is
parametrised by a GRU, in fact this algorithm can be applied to any

sequential latent variable model that is entirely composed of differen-
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tiable steps; a standard HMM for example, Linear Gaussian models,
Autoregressive models, and so forth. In the case of alternative distribu-
tions that do not lend themselves towards the reparametrisation trick,

alternative methods can be used including score function estimators.
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SIMULATION RESULTS

In this chapter we aim to address a key point in the implementation of
this model and the inference framework we have outlined — do they
actually work? What follows in this chapter is the recurrent model and
the inference algorithm demonstrated upon some toy data to illustrate
their modelling capabilities. We shall also experiment with making
use of a Markov chain in place of the recurrent temporal model to
evaluate whether the addition of a more flexible generative model
improves the performance of inference, particularly in the case of data
that is non-Markovian (or at least only partially Markovian), and then
make the comparison between these two models and a hidden Markov

model.

5.1 SIMULATION DETAILS

We tested both the recurrent generative model and the Markovian
model upon three different toy models. These three models shared
a common observation model, and differed only in their underly-
ing temporal model. We evaluated a number of types of generative
temporal models; first using a basic Markov chain, where transitions
are dictated by a transition probability matrix. Secondly, we made
use of a hierarchical /switching Markov chain, characterised by two
meta-states where the first meta-state characterised a sequence where
only forward transitions were allowed (e.g. 1 — 2 — ... — K), and the

other meta-state was the reverse (K — K—1 — ... — 1).Thirdly, we
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5.1 SIMULATION DETAILS

examined the idea that HMMs are biased towards shorter transitions,
by making use of a number of semi-Markov chains, each characterised
by a different state lifetime: 50, 100, 200, 400, and 1000 timesteps.
Finally, we examined the effect of changing temporal scales by making
use of a switching semi-Markov model, which switched between each
of the previous state lifetimes after n time-steps. A more detailed

account of each model generated from follows:

5.1.1  Observation model

Each of the models makes use of the same observation model, with
the same parameters; a set of 6 10-dimensional Gaussian distributions
with zero mean, and full covariance matrices. Each covariance was
generated randomly. In order to ensure that these random matrices
were still positive-semidefinite, we constructed them according to the

following method:

Wy € (0,1)P! (5.1)
wi,i,1 ~ U0, T) (5.2)
Vi € (0,1)P (5-3)
vi,i,1 ~ U0, 1) (5.4)
Yy = Wi W] +diag(Vi), (5.5)

and writing out the observation model explicitly, we have:

p(xtlze ==k) =N(o, Zy). (5.6)
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5.1 SIMULATION DETAILS

5.1.2  Temporal models

We construct the generative model by pairing the above observation
model with a temporal model. The temporal model is responsible for
emitting sequences of what we shall term emission states, which in turn
are responsible for indexing a set of parameters for the observation
model. Each temporal model was responsible for generating a total of

100,000 observations.

5.1.3 Markov chain

By combining the observation model with a Markov chain, we obtain
a HMM, where the transition through emission states is dictated by
a transition probability matrix A. We generated a random transition
probability matrix A by randomly sampling K x K values from a
uniform distribution over [0, 1], adding an additional weight to the
diagonal to ensure some degree of stability, and subsequently applying

the softmax function to each row to ensure it summed to 1.

5.1.4 Semi-Markov chain

A hidden semi-Markov model (HSMM) is similar in structure to a
hidden Markov model, except for the fact that instead of parametrising
a distribution over the probability of staying in the same state, as in
the HMM, the HSMM parametrises a distribution over how long a
state will remain fixed until transitioning into a new state. The choice
of this distribution is entirely optional (though the distribution must
have support over positive integers, as a model cannot have negative
lifetimes, and it must be an integer as we are operating upon discrete

time-steps, rather than using a continuous process).
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5.1 SIMULATION DETAILS

We generated 5 semi-Markov chains, each with the same transi-
tion probabilities (given by a transition probability matrix with no
self-transitions) and a different set of lifetime distributions, ranging
from shorter lifetimes (50 time-steps) to much longer lifetimes (1,000
time-steps). The lifetimes for each state was sampled from the same
distribution, a uniform distribution over [lifetime, lifetime + 10], where
lifetime is set to 50, 100, 200, 400, and 1,000 for each respective realisa-

tion of the semi-Markov chain.

5.1.5 Hierarchical Markov chain

In the case of a hierarchical models, the emission states serve as the
bottom layer in a ‘hierarchy” of states, where higher level states are
responsible for dictating the behaviour of the lower level states. We
refer to these higher-level states as meta-states.

We use here a 2 layer hierarchical Markov chain, with 2 meta-states,
and 6 emission states. Essentially, each meta-state indexes a different
transition probability matrix. We tried to ensure the dynamics of
each meta-state are completely different, and so imposed an offset
diagonal structure on the transition probability matrices such that the
first meta-state characterised by forwards transitions, and the second
meta-state was characterised by reversed transitions. We additionally
had a transition probability matrix dictating the transitions between

meta-states.

5.1.6 Hierarchical semi-Markov chain

Finally, we wanted to expand on the semi-Markov example to examine
the effect of having multiple scales of lifetimes present in the data. We

did this by combining the previous two models, such that we had 5
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Figure 5.1: Accuracy of each of the models upon the different datasets. (A)
the hidden Markov model dataset, (B) the hierarchical hidden
Markov model dataset, and (C) the switching semi-Markov model
dataset. (D) shows the KL divergence between the prior and
variational distributions while training for the different prior
models.

meta-states, each of which was associated with a different lifetime. We
could therefore have both very fast transitions immediately followed
by much longer transitions. We additionally set a lifetime for each

meta-state of a total of 2,000 time-steps.

5.2 RESULTS

The RNN we used were 64 hidden state GRUs with 2 layers, and made
use of dropout during training with a keep-probability of o.5. The
data was batched into sequences of length 200, and a minibatch size
of 40 was used. We trained the model for 50 epochs, using the Adam
optimiser [70], with a learning rate of 0.001 and all other parameters
fixed. We also made use of KL-annealing using a logistic function with
mean 10 and scaling parameter 0.3. We split the data into a training
and a validation dataset, using a 80:20 ratio, and then performed the
final inference upon the whole dataset. Dropout was turned off for the
final inference. We also used a Gaussian HMM from the HMM-MAR

toolbox [120] with 6 states.
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We trained 5 realisations of both the recurrent model and the HMM
upon each of these datasets to ascertain how well they could infer the
true dynamics that generated the data. We additionally aimed to see
the effect of replacing the recurrent prior with a Markov chain, on
the basis that given the training data is (at least partially) Markovian,
it should still provide comparable results to the use of the recurrent
prior. Figure 5.1 shows the results of running each of these realisations,
showing that each of the models obtain very accurate results across all
datasets. It is clear that even if the dynamics are not directly Marko-
vian, the HMM is nonetheless able to infer the correct state sequence
to a very high degree of accuracy, consistently more accurately than
both the Markovian and recurrent prior models. Even in the case
where the data has both very long and very short transitions as in the
case of the switching semi-Markov model in Figure 5.1C, the HMM is
nonetheless able to infer the correct sequence, showing the duration of
state lifetimes have little effect on the accuracy of the inference. In the
case of the recurrent model, addition of a more flexible temporal prior
appears to aid inference even in the case where the original prior is
consistent with the underlying data. We can see the effect of the choice
of prior on the KL divergence during training in Figure 5.1D. While
both sequences share the same characteristic shape, the recurrent prior
reaches a much smaller peak before starting to converge, and does so
earlier. It may well be that identifying a better generative model earlier

in the training has the effect of identifying better a local optimum.

1000
0.995

0.980
Warkov Prior
RNN Prior
HMM

0975

[} 00 400 00 800 1000
State Lifetime

Figure 5.2: Accuracy for different length lifetimes. Shown is the accuracy for
each model class in inferring the true state
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5.2.1 Effect of state lifetimes

While we showed that both types models are able to learn the inferred
sequence of a variety of different state lifetimes, we were curious to
see the effect of different durations upon the final inference — were
we able to show more accurate inference in the presence of long, or
of short lifetimes. Figure 5.2 shows the result of this experiment.
In all cases, the accuracy increases as the duration of state lifetimes
also increase, although the effect is more pronounced in the recurrent

model.

5.2.2  Effect of RNN size

We also wanted to investigate the effect hyperparameter selection
upon the resulting inferred results, specifically the capabilities of the
GRU as dictated by the hidden state size of the networks (not to
be confused with the latent space size K, which was fixed over all
experiments). We therefore trained a model with different numbers of
hidden states (2, 16, 64, 128, 256) to evaluate the resulting accuracy,
and the speed of convergence. Results are shown in Figure 5.3. As
we can see from Figure 5.3B, we achieve very accurate (> 99%) results
for all models with the exception of using only 2 hidden states in the
GRU which performs very poorly. While increasing the number of
hidden states from 16 doesn’t seem to increase the accuracy of the
model significantly, we can see from Figure 5.3A that is does appear

to increase convergence speed.
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Figure 5.3: Hidden state size comparison upon switching semi-Markov chain
data. (A) While increasing the number of hidden states appears
to result in improved free energies, there appears to be some
convergence, indicating both that it does not appear to result in
drastic overfitting, but also that it does not result in any significant
gains to accuracy. We also tried increasing the number of layers
to 2, as shown by the loss for“64_2", which denotes a 2 layer
network with 64 hidden states. (B) The agreement of the inferred
states with the true states that generated the data for each number
of hidden states.

5.3 CONCLUSION

We demonstrated in this chapter a number of points. We first em-
pirically validated the recurrent network on a variety of Markovian
and non-Markovian models. In all of the datasets we presented, we
were able to achieve over 97% accuracy with the recurrent model,
although we also demonstrated that the HMM provides a benchmark
even when the data is not explicitly Markovian in nature.

While we do not have any decisive reason for the slight difference
in performance, it may be perhaps due to an greater requirement for
data on the part of the GRU in order to achieve direct correspondence
with the HMM. We also see that it is not necessary to have a large
network to perform approximate inference, as we achieve comparable
results using a single layer GRU with 16 hidden states and a GRU
with 256 hidden states. However, increasing the network size also
increases the efficiency of learning, and larger networks require far

fewer training epochs.
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RESTING STATE RESULTS

What follows in this chapter is an overview of the results obtained
by applying this model to learn the spatial maps and corresponding
time courses that characterise the resting state neural activity of a set
of 55 subjects. As the model acts in a wholly unsupervised manner,
and as there is no objective ground truth, we make use of a HMM to
provide a baseline for comparison, and show the improved ability of

the recurrent model to explicitly capture the dynamics of the data.

6.1 DATA

The data used in this chapter was originally collected from the Uni-
versity of Nottingham as part of the UK MEG Partnership. Resting
state data was collected from a total of 55 subjects between the ages of
18 and 48 (77 participants were originally scanned, but 22 had to be
discarded due to excessive head motion or artefacts), with a mean age
of 26.5 years old. 35 of the subjects were male. Both MEG and MRI

data was acquired for each subject.

6.1.1  Data acquisition

MEG data acquisition was carried out using a 2y75-channel CTF whole-
head system (MISL, Conquitlam, Canada) with third-order gradiome-
ter correction applied. The subject was seated in the scanner and

presented with a fixation target, whist data was recorded for 300 sec-
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onds at a sampling rate of 1200 Hz, and subsequently down sampled
to 600 Hz with a 300 Hz low-pass anti-aliasing filter. Three head
position indicator (HPI) coils were attached to the participant’s head
as fiducial markers for tracking head position at the nasion, left and
right preauricular points. These coils were periodically energised
throughout the acquisition in order to enable localisation of the head,
relative to the MEG sensor array. Structural MRI scans were used for
the purposes of MEG coregistry. The scans were acquired at an 0.8mm

isotropic resolution, using a Phillips 7T Achieva MRI system.

6.1.2 Data preprocessing

The MEG system geometry was coregistered to the subject’s anatomi-
cal MRI using a Polhemus FASTRAK 3D digitiser system that recorded
the position of the fiducial points, and the subject’s head shape. The
digitised head shape could then be registered to the structural MRI
in order to determine the position of the MEG sensors relative to the
subject’s head shape. By registering the structural MRI to the MNI152
standard brain, all source space analysis could then be performed in
MNI space.

The data was converted to SPM12 format, and down sampled to
250 Hz using an anti-aliasing low-pass filter, and then data was then
bandpass filtered from 1-45 Hz. Artefact detection was carried out
using an OSL (OHBA Software Library) function that identifies regions
with particularly high variance, and those regions were omitted from
further analysis.

This filtered data was then projected onto an 8mm grid spanning the
whole brain using Linearly Constrained Minimum Variance (LCMV)
beamforming [118, 125], and parcellated into 38 distinct brain regions.

We were able to compute a single activity timecourse for each of these
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regions by taking the first principal component of the activity in the
voxels within each region. We then compensated for spatial leakage
by using symmetric multivariate orthogonalisation, as developed by
Colclough et al. [25]. This algorithm essentially projects all parcel time-
courses onto a new orthogonal basis, such that zero-lag correlations

are removed.

6.1.3 Amplitude envelopes

After orthogonalisation, the oscillatory amplitude envelopes for each
parcel were computed by taking the magnitude of the Hilbert trans-
form and down sampled to 40 Hz by temporally averaging within
sliding windows of 100 ms in length, with 75% overlap between con-
secutive windows. The data was demeaned over time and normalised
by the global standard deviation across all parcels, and batched across
subjects such that we did not have to deal with jumps between two

different subjects.

6.1.4 Model training

The data was split into sequences of 1000 timesteps in length, and
minibatches consisting of 40 randomly sampled sequences (sampled
without replacement) were used to input data into the model. The
model was trained over the course of 100 epochs using the inference
algorithm detailed in previous chapters. GRUs with 2 layers and 32
hidden cells were used in both the inference and the prior model, and
the parameters were optimised with the Adam [69] optimiser, using
a learning rate of 0.001. KL annealing was performed by scaling the

KL-divergence by a logistic function with mean 30 and scale parameter

0.5.
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6.2 ANALYSIS

Before we carry out any analysis, it is necessary to first ask the ques-
tion: exactly how many states are we trying to infer? If we expect
to find that our states bear some resemblance to the canonical rest-
ing state networks found in fMRI analysis, that may give us a good
starting point — while the total number of reported networks in such
studies vary depending on groups of subjects, analysis methods, or
acquisition protocol [6, 10, 28, 30, 53, 103], there are a number of
networks that are consistently reported; the default mode network,
the primary sensorimotor network, the primary visual network, the
extra-striate visual network, the left parietal and frontal network,
the right parietal and frontal network, the frontal network, and the
insular-temporal and anterior cingulate cortex network. This is by no
means a comprehensive list however, and therefore does not provide
a conclusive answer to the question.

An alternative method may be to take a data-driven approach to
the specification of the total number of states. While it is true that as
it is, our model requires a priori specification of the number of latent
states to infer, there are a number of ways in which we can change
this,, for example by making use of stick-breaking priors, where the
model is free to increase the number of states as necessary [85], or
by way of automatic relevance determination, where states may be
eliminated if they are not supported by the data [78, 79]. Another
alternative that requires no architectural considerations is to make use
of the Bayesian model evidence to make an unbiased decision. Whilst
it would be intractable to compute this exactly, we are able to obtain

an approximation by way of the variational free energy.
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6.2.1 Latent dimensionality

In practise, we intentionally avoided making use of a wholly unsu-
pervised approach to the problem of dimensionality specification, as
we are interested in interpreting and comparing the results with a
previous study [3].

To see the effect of specifying different numbers of states, we ran the
model with a range of values; 2, 4, 5, 6, 7, 8, 9, 10, 12, 14, and 20 states.
As different initialisations of gradient optimisation methods can lead
to convergence to different local optima, we attempted to address this
issue by repeating the training procedure a total of 8 different times
for the 55 subjects. The results are shown in Figure 6.1. We saw a
monotonic reduction in the average free energy as we increased the
total number of states (and appeared to avoid overfitting on the basis
of the held out validation set), although by the time we reached 8
or 9 states we started to see diminishing returns with the addition
of each subsequent state. It also appeared that models with fewer
number of states converged to more consistent free energy values; by
the time we were inferring 9 states and higher, we saw a greater range
of values, indicating that the solutions reached by the model across
each realisation were somewhat more sensitive to initial conditions.

So as to better understand the consistency and stability of the
inferred states across each run, we looked to implement a similar
methodology to that described by Yang et al. [126] for each set of
realisations. We first calculated the absolute value of what is termed
the RV coefficient [100] (a multivariate generalisation of the squared
Pearson correlation coefficient) between each pairwise spatial map
across every realisation. We were then aiming to group states across
different realisations according to those most spatially correlated, such

that we could obtain a consistent set of spatial maps that were all
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Figure 6.1: A total of 8 different realisations of the model were obtained for
various values of K, each initialised with a different random seed.
The average variational free energy was then computed for the
entire data set, as shown by the box plots. The red trend line is
for illustrative purposes only.

highly correlated. It was therefore necessary to define some threshold
for the correlation coefficient to determine at which point two states
were not considered “the same”.

We did this by plotting the histogram of all the spatial correlations
for the set of realisations. An example of this can be found in Figure
6.2A for K = 8. The histograms shows a roughly bimodal distribution,
with modes near o and 1, representing a large number of uncorrelated
states, and a smaller number of highly correlated states. We set the
threshold at a point between the two modes; in our case we used a
value of 0.75, although we repeated the analysis with values between
0.6 and 0.8 and obtained comparable results.

We then took an iterative approach to matching states, where the
most similar pair of neural states (that is, the pair with the highest
correlation coefficient of covariance matrices) from different realisa-
tions were assigned to the same group. The process could then be
repeated until we had assigned each state to a group, or there were no
longer any remaining state with correlation coefficients greater than
our chosen threshold. The remaining states were then all grouped
together into what we will consider a non-significant group. Note that

each realisation could contribute at most one state to each group.
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Figure 6.2: State stability for K = 8. (A) Histogram for all 2D spatial cor-
relation coefficients between states across each different realisa-
tions.The grey line indicates the chosen threshold of o0.75. (B)
Resulting clustered states, ordered by average stability. We find
8 stable groups emerging, with an additional group comprising
mostly uncorrelated states.

After grouping the states across all realisations, the “stability” could
be assessed by calculating the average correlation between each within-
group pair of brain states. For full results across all values of K, refer to
the appendix, however the resulting groupings for K = 8 are shown in
6.2B — we identified a total of 8 stable states, along with an additional
group of uncorrelated states (which upon visual inspection appear
to resemble the other groups, likely the result of a poor initialisation
ending up in a local minima). Higher than 9 states appear to result
in increasing numbers of groups, for example K = 10 resulted in 13
groups, while K = 14 identified 19 total stable groups.

In order to provide a like-for-like comparison with the results of [3],
we selected the run with 8 states. We then sorted and labelled each
group in the order of descending stability. To ensure we were closest
to achieving a global optimum, we selected the realisation with the

lowest free energy for further comparisons. We also experimented
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Figure 6.3: Unthresholded spatial distributions of power deviation from the
mean, and spatial distributions of connectivity. (A) The activation
maps inferred by the final model, ordered by stability. The surface
rendering shows the mean activation by way of the z-score for
each state across the left and right lateral, and the left and right
medial positions. Brighter red regions indicate higher power
than the average power across all states, while brighter blue
regions indicate lower than average power. (B) Within-state func-
tional connectivity as given by degree/connectedness. Brighter
red regions indicate higher connectivity, while blue means less
connectivity.

with using the average of each group for initialisation, but this did not

prove to achieve any increase in performance.

6.2.2  Spatial maps

Once we have fitted the complete model, we are able to extract infor-
mation about the spatial distribution directly from the observation
models that parametrise each state. We can examine the variance
associated with each parcel to generate state-wise activation maps,
which represent the deviation of the power within each region in the
brain from the average power across the whole brain. Similarly, we
can estimate the functional connectivity by assessing how correlated a

parcel’s time course envelope is with the rest of the brain.
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The power of the 8 brain states inferred from the entire dataset,
which we denote as S1-S8 (sorted by order of stability), are shown
by the unthresholded z-maps in Figure 6.3A. Group averaged state
specific increases in oscillatory power within a given parcel are de-
noted by red regions, while blue indicates a decrease in power. State 1
shows increased activation in the frontal and left lateralised temporal
nodes. Both state 2 and state 6 display increased activation in the
visual cortex, with state 6 seeing particularly reduced activation in the
temporal and sensorimotor regions. Both state 3 and 5 appear to be
sensorimotor networks, with state 3 experiencing a notable reduction
in parietal activation. Both state 4 and state 8 show decreases in activ-
ity in parietal regions in parallel with increases in the frontal regions.
State 7 meanwhile appears to be a right auditory network.

There appear to be strong similarities with those states identified in
[3]. With the exception of state 8, we seem replication of most states.
State 4 appears resemble the DMN identified using the HMM, and
we likewise see multiple visual states, a parietal state, left and right

lateralise temporal states, and a sensorimotor state.

6.2.3 Temporal dynamics

While each state is associated with a distinct set of spatial and connec-
tivity features, we also obtain a probabilistic time course containing
the periods of activity for each state. This time course is the poste-
rior probability, that is the probability that each state is active given
the data. We can estimate a number of statistics about the temporal
dynamics of each state using these probabilistic maps. The primary
measures we will be reporting include the state fractional occupancy
across subjects, which is the relative proportion of time spent in any

given state; the average state lifetimes, or the average amount of time

81



6.2 ANALYSIS

elapsed between a states activation and subsequently switching to a
new state; and finally the state interval time. The interval time for a
state is simply the duration between successive state visits.

These posterior probabilities are also useful for decoding purposes
to estimate the optimal sequence of states Z* = (z;)]_;. This “optimal”
sequence of states for a given data set consists of the most likely state
sequence that generated the data, or

Z* = max p(xq, - ,X1,21, " ,ZT)- (6.1)
Z1, 2T

In the case of the HMM, this can be achieved by way of a dynamic
programming algorithm called the Viterbi algorithm, and owing to
the Markovian conditions within which the HMM operates, we can
guarantee that, for a given HMM, the Viterbi algorithm estimates the
optimal path. Unfortunately, our model has no such constraint, and so
to guarantee that a given sequence is the global optimal is not feasible.
We are however, able to find an approximate sequence by passing the
data through the complete inference network to obtain q(z¢|X; ¢), and
then simply taking the state that has the highest posterior probability
of occurring at each time point.

We calculated the temporal statistics on the posterior distributions,
and subsequently decoded the “optimal” state sequence. Temporal
statistics are reported in Figure 6.4, as well as a portion of the state
sequence from the first subject. From the statistics, we see that the
states state time courses are characterised by relatively short lived
(median lifetimes are around 50 ms and, average state lifetimes are
all around 100 ms or less), rapidly transitioning sets of states. These
durations are faster than even the quick transitions reported by Baker
et al. [3], who saw state durations of between 100 and 200 ms, let
alone those typically associated with resting state networks. Each

distribution of lifetimes has an extremely long tail however, and some
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Figure 6.4: State time course example and temporal statistics of state activa-
tions computed on the state posterior time course for each subject.
(A) Example state time course from between the first 40 and 45
seconds of the scan of the first subject. Each background color
indicates the estimated active state, while posterior distributions
for each state are denoted by the solid lines for each associated
colour. (B) Fractional occupancy across subjects reported for each
state. (C) State lifetimes, also known as dwell times, were com-
puted by calculating how long each state visit lasts. (D) State
interval times, defined as the time elapsed between successive
state visits. The state lifetimes and interval times reported are
across all subjects.

states have maximum lifetimes of over a second. State 4 in particular
appears to have higher range of lifetimes, with lifetimes of over 2
seconds occurring. We find that approximately 20% of the time is
spent in state 4 on average, and on average the lifetime is also greater
for state 4. Conversely, states 1, 2 and 3 appear to be visited less
frequently. Interestingly, we see another group of states, 5-8 that
exhibit relatively high fractional occupancy (between 11 and 16%);
despite their short lifetimes (median lifetimes around 50 ms), the states
exhibit comparatively low interval times.

We then looked to see whether there were any particular transitions
between pairs of states that occurred particularly frequently, or that
were particularly rare — these might indicate a commonality between

the states. We counted the number of transitions occurring between
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Figure 6.5: State transition frequencies. (A) Average number of transitions
(across subjects) between pairs of states occurring significantly
more than on average. (B) Average number of transitions between
pairs of states occurring significantly less than on average. In both
images, the position in the (i,j) element of the matrix denotes
a transition from state i to state j. Only those with significance
differences (p < 0.0009) between the means are shown in each
figure. The colour map indicates the average number of each
transition occurring in each subject. (C) State transition matrix
from the HMM.

each pair of states across subjects, and then recorded transitions for
which there was a significant difference in average (we did not test
self-transitions, so a Bonferroni correction was applied to account for
the 56 other possible pairs of states). This information is explicitly en-
coded within the transition matrix of the HMM, however a subsequent
analysis of the HMM transition probability matrix did not appear to
show this same structure, as shown in Figure 6.5C

We see that there appear to be two clusters of states; a core group
that transition between each other frequently, comprised of states 3-7,
and a peripheral group made up of states that are transitioned into
much more rarely (states 1, 2, and 8). The core group is made up of a
sensorimotor networks (state 5), a visual network, an left lateralised
network, a frontal network, and state 3, which given its increased inter-
val time, may be somewhat analogous to a default mode. Conversely,
the peripheral group is made up of two states associated with the
frontal lobe; a frontal DMN and what may be referred to as an anterior
DMN. Given that the frontal lobe is responsible for executive functions,
it is unsurprising that they display reduced transition frequency in

the context of a resting state scan.
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Figure 6.6: Shown is the split-half reproducibility of the recurrent model.
Each state from both halves of the data was paired to the corre-
sponding state in the full data, and the spatial correlation was
recorded. Both the correlation between the spatial maps of each
half of the data was calculated (Half-Half), as well as the correla-
tion between the spatial maps inferred on half the data and the
full data (Full-Half).

6.2.4 Reproducibility

While we have shown that our model returns a number of states fairly
reliably when applied to the whole data set, however we would also
like to assess the reliability of the model when applied to entirely
different sets. One way to do this is by way of split-half testing; we
split the complete set of 55 subjects into 2 non-overlapping groups of
subjects (27 and 28 subjects each). Each half was then used to train
a different model with 8 states. Initialisations were obtained using
the methodology defined above, where we initialised the final models
with the top 8 most stable states within each respective half of the
data set. We then independently paired the spatial maps of each state
to those trained on the full data, and reported the spatial correlations
between each corresponding state, as shown in Figure 6.6.

These results suggest that of the 8 states we have inferred, at least 5
of them (states 1, 3, 4, 5, and 8) occurred reliably even in a reduced

subset of the data. We can therefore have some degree of confidence
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Figure 6.7: Temporal statistics of state activations across subjects compared
between the two halves, in particular (A) the fractional occupancy,
(B) the median lifetimes, and (C) the median interval times. We
report the median as the long tailed nature of the distribution
makes visualisation difficult.

that these were not simply spurious states. We also see that each state

from the full data was represented well (over 0.8) in at least one half

of the data set, though the between-half reproducibility of states 2, 6

and 7 are both fairly low at 0.37, 0.29 and 0.05, respectively. This could

indicate that there is more natural variation across subjects within

these states, and therefore the group average was not well represented

within the subset of subjects used in the respective half. This spatial

reproducibility largely indicates that we have not simply found a local

minima, however perhaps the model performance would be increased

if we could account for the natural variation that occurs within the

states.
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Figure 6.8: Mean activation z-maps for the recurrent model derived from the
entire data set, from the HMM, and from each recurrent model
run on non-overlapping halves of the data. Spatially similar states
have been aligned such that they lie in the same column, and
are ordered from left to right in order of average stability of the
states in the full recurrent model.

As shown in Figure 6.7, we see that many of the temporal features
of each state are highly reproducible (we again applied a correction
such that o« = 0.05/24 = 0.002). We see some differences in the
features of the second and sixth states, both of which were states
that exhibited significant spatial variance. Additionally, a comparison
of the lifetimes across all states with the full dataset shows that the
model is finding states with on the order of half of the lifetimes
found in the model trained upon the full dataset. The cause of this is
highly likely to be noisier estimates of the posterior distribution in the
presence of less data, which results in smoother state time courses in
the full data set. While this does potentially flag up some issues for
smaller datasets, we have nonetheless shown that we have identified a
relatively parsimonious set of states that not only have reproducible
spatial features, but also have reproducible temporal features, and

then inferred the most probable state at each time.

6.2.5 Comparison with HMM

Given our model has similarities with the HMM, it is natural that we

make a direct comparison with a Gaussian HMM from the HMM-
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Figure 6.9: Comparison of the temporal features of the recurrent model with
the HMM. (A) Comparison of two inferred state sequences; the
recurrent model on top, the HMM on the bottom. (B) Spatial and
temporal correlation between recurrent model and HMM. (C-E)
Temporal features of both the recurrent model and the HMM
compared. All p-values are reported, and an « of 0.002 was used
for significance.

MAR toolbox. [120] Using the amplitude-envelope GHMM detailed
in [3], we fully trained 5 realisations of an 8-state HMM with ran-
dom initialisations. We performed inference upon the temporally
concatenated amplitude envelopes

The ensuing spatial maps can be seen in Figure 6.8, although for
larger images (and for the functional connectivity maps) refer to the
appendix. Unsurprisingly given the observation models are the same,
the two models found very visually similar activation patterns. Spatial
correlations across all states are high, with the exception of state 7,
the right lateralised network. The HMM seemed to detect the left
lateralised network. A casual glance also shows that in the 6th state,
the HMM identified reduced activation in this very same region, as

well as the motor cortex. Interestingly, both of these states were picked
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up by the split half models, perhaps giving reasonable due cause
for the exploration of higher numbers of states. Spatial correlations,
shown in Figure 6.9B, show high spatial correspondence across all
states, with the exception of in state 7.

Considering the temporal correlations between the probabilistic time
courses tells largely the same story; each recurrent model state time
course is correlated with its HMM counterpart, with the exception of
state 7. State 8 also exhibits reduced spatial and temporal correlations,
as again the HMM appears to have identified the mirror image of the
recurrent state.

A comparison of the time course for the recurrent model that we
showed earlier with the HMM sequence for the same period illustrates
this point in Figure 6.9A; there is high correspondence between the
state sequences, with the exception of state 7. The activations of state 7,
shown by the light maroon colour, are completely different in the two
sequences. A comparison of the temporal features across these states
in 6.9B-D demonstrates that the states have comparable fractional
occupancies, with the exceptions of states 2 and 3. We do however
find highly significant differences between the median lifetimes and
interval times between each pair of states, with the recurrent model
finding state lifetimes lasting around 20 ms less than the HMM, and

shorter interval times by a similar margin.

6.2.6  Generative modelling capabilities

We have our models, and they produce comparable results when
performing inference — so why bother? One question we had was
given we have a more flexible model in the recurrent model, one that
is not bound by the structure of the transition distribution, does this

enable it to explicitly “learn” temporal dynamics of the data? The
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Figure 6.10: Temporal features of synthetic sequences generated by using the
recurrent and HMM. Orange histograms show the features from
sequences generated from the HMM, while light blue histograms
show the features from the recurrent model-generated sequences.
The red dashed line shows the empirical distributions derived
from the data.

most trivial way to test to see whether it has learnt these dynamics is
to generate new sequences, and then evaluate the temporal properties
of the generated sequences. This is simply a case of feeding the
generative model, whether it be a GRU or a transition probability
matrix, a random seed state and sampling from the distribution of
next states. We can then proceed forwards in time in an iterative
fashion by using the current state to generate a new state.

We generated a total of 8oo minutes worth of data from both models.
An example of the lifetimes and the interval times for the resulting
samples for states 1 and 2 can be seen in 6.10, and the full features can
be found in the appendix. Unsurprisingly, the lifetimes of all HMM
states are that of an geometric distribution, as the state lifetimes of a
markov chain are essentially Poisson processes, and the state lifetimes
are therefore geometric distributions, and likewise with state interval
times. We can see that our empirical distributions do not take this
shape, although the HMM appears to provide a relatively good ap-
proximation to the interval times. We see that the sequence generated

by the recurrent neural network does a better job of approximating
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the empirical distribution of state lifetimes in both cases. While the
mass is not quite so focused on the median, and allocated further out
in the tail, we nonetheless have recovered the median. In each state,
despite not specifying any explicit form for the state duration, we
seem to have roughly recovered the empirical dynamics, where the
lifetime distribution is a highly skewed with a very long tail. This
understanding of the empirical distributions would be particularly
helpful in the case of HSMMs, where we could use the features de-
rived from this nonparametric empirical distribution to inform future

model specifications, for example choice of lifetime distributions.

6.3 SUMMARY

In this chapter, we have introduced a robust way to estimate the total
number of stable states that can be used to model the dynamics of
the brain as a multivariate state switching model. Our model was
able to identify a total of 8 stable networks that were reproducible
across subsets of the data and in other models, however we found
some indication that further such networks exist. In particular, we
also identified additional states that appeared to be the mirror images
of each of the lateralised networks identified by the model. From
this we can conclude that 8 states is perhaps a conservative value
for a complete set of descriptive states — although we did see that
increasing the additional states increases the complexity of the model
and increases the propensity for the optimisation space to have more
local minima, as shown by the increasing variance on the complete
free energy values across realisations in Figure 6.1. The same holds
true when considering the inherent stability of the resulting states;
more states result in increasing total groups of identified states across

realisations.
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In terms of the temporal dynamics, we saw that these states act over
very fast timescales, with state lifetimes lasting on the order of 100
ms. We saw that we could broadly stratify the groups into 2 groups
on the basis of transition frequency; one core group of five states
(S3-7) that appear to be very strongly linked with each other, very
frequently transitioning between one-another. The second group (S1,
2, 8) exhibits much lower frequency of occurrence..

One point we noticed about the temporal dynamics of the states
is that the state lifetimes vary significantly; the maximum lifetime of
state 4 for example, is over 4 times that of state 7, while the median
lifetimes vary by a factor of two. This indicates that care should be
taken when performing a conventional sliding-window based analysis
on functional connectivity, as application of certain fixed window
lengths may result in merging multiple states together — a model
such as the recurrent model or the HMM could be applied initially to
decode the data to better inform the window lengths.

We then compared the resulting spatial maps and state time courses
of the recurrent model to those of the HMM. We saw that despite the
memory-less temporal model used by the HMM, it was nonetheless
able to successfully decode the data and achieve in comparable results
to those of the recurrent model. When evaluating the performance
of the two generative models for explicitly capturing the structure of
the temporal dynamics within the transition function, the recurrent
model proved the superior. While the HMM is limited by the form
of the transition probability matrix, it is possible to combine the
HMM with parametric distributions over the state lifetimes to learn
the state dynamics, as in the case of hidden semi-Markov models
[115]. However, the advantage of the recurrent model lies in the
fact that we are able to model complex dynamics without specifying

properties of the model a priori. In theory at least, recurrent neural
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networks are universal function approximators, and therefore should
be able to learn any arbitrary transition function. In practise, this
is largely subject to having access to sufficient amounts of data and
training time. We saw that for the 55 subjects here (and the particular
hyperparameters used in the case of this model), we were able to
approximately recover the distribution over state lifetimes — while the
medians of the sampled sequences aligned with that of the empirical

distribution seen in the data, more mass was allocated in the tail of

the distribution in the sampled sequences than was seen in the data.

It should be noted that we did not subject the model to an exhaustive
hyperparameter search to find the optimal distribution, so it may be
likely to achieve superior performance given the quantity of data we

had available.
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VISUAL TASK RESULTS

In the previous chapter, we applied the model to resting state data.
As noted, there is no way of objectively assessing the “correctness” of
the inferred results. In this chapter we aim to apply the model on
a unsupervised dataset in the form of an MEG face processing task
performed by 19 subjects. In lieu of known labels, we therefore used
the task analysis to find behaviourally relevant states and time courses,
and then examined the plausibility of the within-state activation and
connectivity patterns given the particular task they were associated
with. To begin with, we shall first explore the appropriate number
of states with which to train the model with. We shall then proceed
in a similar manner as the previous chapter involving resting state
analysis, however we shall focus particularly on identifying task-
associated states and their properties. Further, we will aim to identify
key features that relate to task-processing, both temporal and spatial

in nature.

7.1 DATA

We used open source data MEG data taken from a study performed
upon members of the MRC Cognition and Brain Sciences Unit par-
ticipants panel (Wakeman and Henson, 2015 [123]; Revision 0.1.1). A
total of 19 participants were scanned, who were between the ages of 23

and 37, and of which 8 were female and 11 were male. Subjects were
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scanned for both the MEG experiment and so as to obtain a structural

MRI.

7.1.1  Experimental design

The experiment was conducted over the course of 6 MEG scans during
which they completed a visual perception task. The stimuli consisted
of two sets of greyscale photographs, half of which were of famous
people selected in order to be recognisable to the majority of British
adults, while the second half consisted of non famous people unknown
to the participants. These photographs were cropped to show only the
face. An additional set of scrambled faces was generated by applying
a set of transformations to the famous and nonfamous faces, and then
cropping to a mask made up by a combination of a famous and a non-
famous face. Each trial began with a fixation cross for a duration of
between 400 and 600 ms, after which the stimulus (face or scrambled
face) was presented for a duration of between 8oo and 1000 ms. To
ensure attention, the participants were asked to press one of two keys
with either their left or right finger on the basis of how symmetric
an image was, and reaction time was recorded. For full details of the

experimental paradigm, refer to the original study [123].

7.1.2 Data acquisition

Acquisition for the MEG data was performed using a 306-channel
Elekta Neuromag Vectorview 306 system (Helsinki, Finland). Subjects
were seated in the scanner, and the stimuli was presented over six
runs of 7.5 minutes in length, and the data was acquired at a sampling
rate of 1100 Hz with a 350 Hz lowpass filter. A 3D digitiser was used

to record the locations of the HPI coils relative to the nasion, left and
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right preauricular points. The resulting data was then processed with
a MaxFilter 2.2 with the aim of removing spurious data that originated
from external noise sources. MRI data was collected at a standard
1 mm isotropic resolution using a Siemens 3T TIM TRIO (Siemens,
Erlangen, Germany). The structural scans were obtained for MEG
coregistry, and used an MPRAGE sequence. They were additionally

de-faced for anonymity, as this was a publicly available dataset.

7.1.3 Data preprocessing

As the structural scans did not have all Polhemus head shape points
due to the de-facing, coregistration between the structural MRI and
the MEG geometry was performed using only the Fiducial landmarks.
The MEG data was then downsampled to 250 Hz and bandpass
filtered from 1-45 Hz. The data was cleaned by performing artefact
detection and rejection, which essentially identifies outliers within
non-overlapping windows on the basis of high variance.

As the data was collected using an Elekta Neuromag system, which
contains both Magnetometers and Planar-Gradiometers, it is necessary
to correct for the different variances for each sensor type during
beamformer estimation by normalising each type of sensor prior to
beamforming. The data was projected onto an 8 mm grid spanning
the MNI152 brain with the aid of an LCMV beamformer, using each
session independently. We parcellated the source localised data into 39
distinct brain regions, and estimated the timecourse for each of these
regions from the first principal component across voxels, with voxel
contributions weighted by the parcellation. We corrected for the effects

of spatial leakage using symmetric multivariate orthogonalisation [25].
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7.1.4 Amplitude envelopes

We obtained the amplitude envelopes using the Hilbert transform,
and then smoothing using a 100 ms moving average filter. We then
demeaned and normalised the data using the global variance across

all parcels, and temporally concatenated over subjects.

7.1.5 Model training

We split the data into sequences of length 1000 timesteps, and ran-
domly sampled 40 of these sequences for each minibatch. The model
was trained over the course of 100 epochs using the inference algorithm
detailed in previous chapters. The model was trained unsupervised,
i.e. the model had no knowledge of the different trials and the task
structure. GRUs with 2 layers and 32 hidden cells were used in both
the inference and the prior model, and the parameters were optimised
with the Adam [69] optimiser, using a learning rate of o.0o1. KL
annealing was performed by scaling the KL-divergence by a logistic

function with mean 30 and scale parameter o.5.

7.2 ANALYSIS

As with the resting state analysis, before inferring our model, it is
necessary to first specify the total number of states that we will use.
We proceed in largely the same manner as with the resting state MEG
data in chapter 6. We first trained models with 2, 4, 5, 6,7, 8, 9, and 10
states over a total of 8 realisations each. Figure 7.1 shows the resulting
average free energies across the whole of the data achieved for each

number of states. As with the resting state data, we see that as the
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Figure 7.1: 8 different realisations of the model were obtained for various
values of K, each initialised with a different random seed. The
average variational free energy was then computed for the entire
data set, as shown by the box plots. The red trend line is for
illustrative purposes only.

number of states increases, the fit of the model is improved, although
the improvement is reduced with each additional state.

While we could simply specify the model with the lowest free
energy, in the interest of reproducibility we aim to obtain a “stable”
set of parameters with which to initialise the observation models. As
variational inference can be prone to getting stuck in local minima, we
would like to ensure that states consistently appear across multiple
realisations. We shall again cluster the states into those with the
highest degree of spatial correlation across realisations using the RV
coefficient for each number of states.

Upon grouping and sorting the states in the order of descending
stability (whereby we consider state 1 to be the most stable state), we
are left with an idea of the state landscape across each specification
of K. We show the resulting states and their associated stability for
K = 8 and K = 9 in Figure 7.2 (refer to the appendix for the full
graphs), both of which identified roughly 9 stable states (although
K = 8 identified an additional pair that are roughly 50% correlated
with each other). Owing to the better model fit achieved by using 9

total states, as evident by the free energy, we decided to use 9 states
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Figure 7.2: State stability shown for K = 8 and K = 9. Both values find 9
total stable states, although K = 8 also identifies an additional set
of poorly matching states.

for the final analysis, and selected the run with the lowest free energy

as the final realisation.

7.2.1 Spatial maps

We extracted the spatial maps from the observation distributions of
each state. We have visualised the activation maps, which correspond
to the average power associated with each region of the brain, in
Figure 7.3A, while Figure 7.3B shows the functional connectivity in
each state given by the parcels containing the strongest covariance. As
before, we show the complete, unthresholded z-maps, as a choice of
thresholding can be somewhat arbitrary, and the complete maps show
a more complete picture than simply showing the strongest areas.
The maximum and minimum values for the colour maps for both the
activations and functional connectivity were set to be the same across
all states to better show relative activity levels.

Similar to the resting state analysis in Chapter 6, we appear to

have recovered a number of specialised connectivity networks. State 1
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Figure 7.3: Unthresholded spatial distributions of power and connectivity.
(A) The activation maps inferred by the final model, ordered by
stability. The surface rendering shows the activation by way of
the z-score for each state across the left and right lateral, and
the left and right medial positions. Brighter red regions indicate
stronger power, while brighter blue regions indicate lower than
average power. (B) Within-state functional connectivity. Brighter
red regions indicate higher connectivity, while blue means less
connectivity.

appears to represent a default mode network, while state 2 exhibits
power through the frontal and sensorimotor regions. States 5 and 7
both show increased power in the right and left lateralised parietal
regions respectively, with the other lateralised hemisphere showing
little to no activation. We also have state g that has power distributions
focused in the right lateralised temporal lobe, and exhibits strong
connectivity with the right temporal and occipital lobes.

As with the previous chapter, there is some indication of shared
average power distributions across some states. For example, states 3
and 6 appear to be strongly visual states, with activation focused on the
primary visual cortex, and deactivation across the frontal and temporal

lobes. States 3 and 6 exhibit connectivity localised to the visual cortex,
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Figure 7.4: State Temporal Features. (A) Example state time course from

between the first 40 and 45 seconds of the scan of the first subject.

Each background color indicates the estimated active state, while
posterior distributions for each state are denoted by the solid
lines for each associated colour. (B) Average fractional occupancy
across subjects reported for each state. (C) State lifetimes, also
known as dwell times, were computed by calculating how long
each state visit lasts. (D) State interval times, defined as the time
elapsed between successive state visits. The state lifetimes and
interval times reported are across all subjects.

and the parietal lobe respectively. Once again, similar activation

patterns with markedly different characteristic connectivity patterns.

States 4 and 8 are both active in the left lateralised temporal lobe and

the frontal lobe, while connectivity within state 4 is high in the left

temporal lobe/frontal lobe and low in the right parietal/occipital lobe.

State 8 is again inverted; high in the right parietal /occipital lobe, and

low in the left temporal and frontal lobes.

7.2.2  Temporal dynamics

Characterisations of the temporal properties of each of these states are
shown in Figure 7.4. All of the nine states have a fractional occupancy
of around 15%, with the exception of State 1. Median state lifetimes

are in the region of 50-80 ms, and median interval times are around
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400 ms, with the exception of state 1 which is on the order of between

1 and 2 seconds, with some intervals lasting as long as 2 minutes.

7.2.3 Task-evoked occcupancies
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Figure 7.5: Group level task evoked factional occupancies. The results of
the GLM analysis computed on the state posterior probabilities
for (A) all trials, (B) the faces vs scrambled faces. Coloured bars
below the fractional occupancies indicate periods of significant
change.

We then wanted to investigate the link between the tasks and state

time course. To obtain the task-dependencies of the state posterior

probabilities, we followed the methods outlined by Quinn et al. [95].

This involved performing an event-related potential-like analysis upon

the state time courses, resulting in an evoked fractional occupancy
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giving the evoked fractional occupancy at any given point in the trial.
From this evoked fractional occupancy, we can see the proportion of
the trials for which the recurrent model was in any given state at each
time step over the entirety of the trial.

Once we had the evoked fractional occupancies, we passed this into
a two-level GLM. We first normalised the evoked occupancies by the
baseline period before object onset (this is between 130 ms and 30 ms
before the object onset). The first level of the GLM was to fit the evoked
fractional occupancy for each participant across trials at each time
point using a trial-wise design matrix. The second level computed the
effect across participants, and modelled any between-subject variance
as random effects. We made use of a design matrix with regressors
for the mean and each of the trial types corresponding to famous
faces, unfamiliar faces, and scrambled faces, and obtained parameter
estimates for each of the regressors using 3 Contrast of Parameter
Estimates (COPESs); one for the mean, and two for a contrast between
the famous faces versus unfamiliar faces conditions, and the scrambled
faces versus faces conditions. For the full details of the structure and
implementation of the GLM, refer to [95].

The results from the GLM can be seen in Figure 7.5. Despite the
increased number of states that we have used over the analysis by
Quinn et al. (from 6 states to g states), we see largely similar results,
particularly in the states that show significant increases in occupancy
post-stimulus relative to baseline.

Following task onset, we very quickly see an increase in the occu-
pancy within states 6 and 3, although only 3 shows significance. State 6
reaches a peak of about 5% evoked fractional occupancy within go ms
post stimuli-onset — though we do not find this achieves significance,
however state 3 shows a significant increase between 110 ms and 160

ms, peaking at 7% occupancy. We see no significant increases across
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Figure 7.6: Trialwise state activation raster plots. State activations across
every trial for (A) state 3, (B) state 2, and (C) state 8. The solid
and dashed red lines indicate the onset of the stimulus and the
average reaction time across all trials and subjects respectively.

the other contrasts, despite a slight increase for state 3 in a similar
time period for the faces vs scrambled faces contrast. We also see a
second, greater peak in the fractional occupancy of state 3 occurring
at the end of the task, roughly 1.4 seconds after the stimulus onset,
peaking at 9%. Recall that both states 3 and 6 showed clear power
in the occipital cortex relative to the other states. Interestingly, state
6, which showed connectivity with the parietal lobe, peaked before
state 3, which exhibited connectivity primarily within the occipital
cortex — we might have expected this to occur the other way around
due to visual information cascading through the rest of the brain.
Nonetheless, it is likely that both of these states are involved in early
visual processing. We can compare the trial-wise occupancy of each
of these states in Figure 7.6B and Figure 7.6C, which show that state 6
is much more consistently active over each trial out of the two states.
State 3, though more sparsely active, does appear to be more isolated
in the periods of activity to immediately after stimulus onset and at
the end of the task, while state 6 appears more intermittently. The
raster plots for all other states can be found in the appendix.
Subsequent to this early occipital response, we see a marked reduced
occupancy in both states relative to the baseline, and a large and

sustained response on the part of states 2 and 8. Following the
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Figure 7.7: Split half reproducibility after matching all states to their nearest
counterpart in the full data set. Both the correlation between the
spatial maps of each half of the data was calculated (Half-Half),
as well as the correlation between the spatial maps inferred on
half the data and the full data (Full-Half).

reduction in the occipital response, state 2 peaks between 370 ms and
700 ms at around 9% occupancy, while state 8 reaches significance
roughly 70 ms later, between 440 ms and 670 ms, at a slightly reduced
8%. By 1.2 seconds, both these states have started dropping below
the baseline. We see from Figure 7.5B that state 2 has increased
fractional occupancy in the faces compared with the scrambled faces,
and shows a (delayed) slight increase in evoked fractional occupancy
in the famous faces compared to the unfamiliar faces. Both states 2
and 8 were associated with high power in the frontal cortex, although
we can see that the two other states associated with frontal cortex
activity — states 1 and 4 — show no significant changes over the
course of the task. The differentiating element between the two sets of
states is that both states 2 and 8 show high connectivity with the visual
cortex. The frontal cortex is largely responsible for decision making,
therefore it appears that these two states are integrating information
from the visual cortex in order to make a decision regarding which

key to press.
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Figure 7.8: Temporal statistics of state activations across subjects compared
between the two halves, in particular (A) the fractional occupancy,
(B) the median lifetimes, and (C) the median interval times. We
report the median as the long tailed nature of the distribution
makes visualisation difficult.

7.2.4  Split-half reproducibility

We aimed to assess how consistent models would be if trained upon
only a subset of the data, and so split the subjects into two groups
containing a total of 10 and 9 participants in the first half and the sec-
ond half, respectively. We assessed a number of metrics; the temporal
metrics of the state fractional occupancies, their interval times, and
their median lifetimes; and we also tested for the consistency of the
spatial maps across the two split subjects, and across the full cohort,
by way of measuring the corresponding spatial correlations.

The spatial correlations between the full data set and each subset of
the subjects (Full-Half), as well as between the two halves (Half-Half),
is shown in Figure 7.7. We can see that there are three states that are
highly repeatable in particular; states 1, 2, and 4 all have correlations
over .97. The remaining states show a lower degree of consistency, but
all states remain highly correlated (greater than .7), suggesting that all
of the identified states correspond to the same states, but there exists
a higher degree of spatial variability across subjects.

The state posterior time course dynamics remain highly repro-

ducible (Figure 7.8), for all states with the exception of state 1. Despite
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Figure 7.9: Activation z-maps for the recurrent model derived from the entire
data set, from the HMM, and from each recurrent model run on
non-overlapping halves of the data. Spatially similar states have
been aligned such that they lie in the same column, and are
ordered from left to right in order of average stability of the states
in the full recurrent model.

being incredibly consistent spatially (correlations over 0.99), there
nonetheless exists a large disparity between the dynamics of this state
in each half; in the first half, the median lifetime is just under half in
the first split (50 ms versus 8o ms), while the interval time differs by a
factor of 4 (approximately 1 second versus 4 seconds). Both of these
differences are highly significant (where a Mann-Whitney U test was
applied with an « = 0.05/27 = 0.002). The lifetimes of state 5 differs
between the two sets also, though not quite as dramatically as the
first state. It should be noted perhaps that neither state 5 nor state 1
proved to have particularly strong associations with the task, while
we might expect states that were associated with the task (as in the
case of states 2, 3 and 8) to be be consistent due to the repeated tasks

undergone by each subject.

7.2.5 Comparison with HMM

As a second level of reproducibility checks, we look to see whether our
results are repeatable across models (albeit ones that differ only in the
temporal domain). We temporally concatenated the data, and trained

the HMM in a completely unsupervised way such that it remained
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Figure 7.10: Comparison of the temporal features of the recurrent model
with the HMM. (A) Comparison of two inferred state sequences;
the recurrent model on top, the HMM on the bottom. (B) Spatial
and temporal correlation between recurrent model and HMM.
(C-E) Temporal features of both the recurrent model and the
HMM compared. All p-values are reported, and an « of 0.002
was used for significance.

blind to the tasks, as with the recurrent model. We then randomly
initialised the HMM using 9 states across a total of 5 realisations, and
picked the one with the lowest free energy to ensure we were as close
as possible to a global minima.

We present the spatial maps, aligned as best as possible to the
spatial maps that were obtained from the recurrent model, in Figure
7.9. There is strong correspondence across almost all of the states
identified by the two models, however there do appear to be a few
differences; namely, while the recurrent model broke up each of the
lateralised parietal lobes into distinct states (states 5 and 77), the HMM
grouped them together into a single state (state 6). The extra state
gained appears to be have power distributed primarily in the temporal

lobes on both the right and left hemispheres.
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Correlations between the state posterior distributions across time
prove to be somewhat less correlated between the two models; whilst
fractional occupancies are similar across all states (there are no signifi-
cant differences, even between the cases where states are completely
different), but then the fractional occupancies for all states bar 1 and 2
fell between 10% and 20%. Most states (with the exception of state one)
also appear to share similar lifetimes and interval times — although
the recurrent model detects lifetimes on average 22 ms shorter, and

interval times 250 ms shorter.

7.3 SUMMARY

Using task data, we have demonstrated that even given completely dif-
ferent temporal models, the recurrent model and the hidden Markov
model arrive at largely the same solution; that is to say, both models
were able to identify a set of g stable neural states, all of which were
largely reproducible across subjects, realisations, and models. Despite
the fact that we impose no spatial constraints upon the states, we find
the states identified in the model exhibit smooth contiguous increases
and decreases of power and connectivity across the whole brain. Fur-
thermore, unlike the states that were observed in the previous chapter,
these states appear to be largely related to the task at hand, relating
primarily to the visual cortex or the frontal lobes, reflecting the visual
and perceptual elements of the task.

In particular, we identified 3 main states associated with the visual
perception task given to the 19 subjects. We identified one state with an
early occipital response occurring very shortly after the subjects were
shown each stimulus, followed by a sustained frontal response in two
distinct states. Of these three task associated states, only a single state

showed any difference in the task-specific contrasts, showing increased
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occupancy at around 700 ms in the famous faces vs unfamiliar faces,
and 600 ms in the faces vs scrambled faces. This state (state 2) showed
activation in the frontal lobe, and connectivity with the visual cortex,
implying some degree of visual integration in the decision process.
As with the previous chapter, we also saw some degree of similar
power distributions across pairs of states, where only the connectivity
differed, specifically where we saw two behaviours for each; a ‘discon-
nected’ state where connectivity was specific only to the regions with
a higher average power, and a ‘connected” state, where the regions
with higher power were functionally connected to the regions with

lower average powet, as in the case mentioned earlier with state 2.
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CONCLUSIONS AND FUTURE WORK

This thesis has two main components; a methodological contribution
regarding constructing flexible generative temporal models and per-
forming inference with them, and a subsequent characterisation of the
spatio-temporal dynamics of both resting state and task MEG data. We
additionally compared the recurrent generative and inference models
with a hidden Markov model. Below, we will summarise the major
conclusions and discuss related future avenues for extending this

work.

8.1 CONCLUSION

For the methodological contribution, the aim of this project was to
explore the effect of relaxing the Markovian constraint, and whether
moving to a more flexible generative model would result in signifi-
cantly different temporal dynamics. To achieve these aims, we have
introduced a novel extension of a hidden Markov model such that
the state transitions are parametrised by a recurrent neural network.
This model focused specifically on the modelling functional connec-
tivity of the brain as a switching process, comprised of a discrete set
of static connectivity states represented by a zero-mean multivariate
Gaussian distribution, where the connectivity patterns of each state
were encoded within each respective covariance matrix.

Standard inference routines are unfortunately not applicable to

highly nonlinear functions like recurrent neural networks, so it was
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therefore necessary to derive a new one. Unfortunately, existing
stochastic gradient variational Bayes algorithms do not facilitate the
learning of a temporal prior, rather they operate using fixed (typically
uninformative) priors. The novel contribution of this algorithm was
they key point of making use of ancestral sampling in order to train
the temporal prior, which was optimised through the KL-divergence
component of the free energy.

We primarily explored effect of relaxing the Markovian constraint
through the exploration of the temporal and spatial dynamics of two
sets of data: the resting state scans of 55 subjects, and the scans of
19 subject engaged in a face viewing task paradigm. Our analysis
demonstrated that the temporal dynamics of the recurrent model were
entirely consistent (though not a direct replication) with previously
reported analyses. When we compared the inferred states and state
time-courses from the recurrent model and the HMM, we found that
the results were both highly spatially and highly temporally correlated,
and shared similar temporal features. An additional visual comparison
makes it clear that the two models are detecting comparable solutions.

In particular, we observed that the complex interactions that occur
during rest can be decomposed into rapid switches between a set
of states that bear much correspondence with resting state networks
obtained through fMRI scans. We observed a “default mode” state, as
well as other common RSNs: visual, sensorimotor, and frontal-parietal.
We saw a similar pattern in the task recordings, although the observed
states were far more task-relevant than those demonstrated during
rest. Again we saw a state that appeared to bear strong resemblance
to the DMN, both spatially and temporally, as well as some states that
were highly significantly time-locked to the post-stimulus onset.

Unexpectedly, the recurrent model identified faster state switching

than identified by the HMM, with lifetimes approximately 20 ms
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shorter in duration. Owing to the HMM'’s inherent geometric distribu-
tion over state lifetimes, we expected it to have a slight bias towards
shorter timescales, and thus we expected the recurrent model (which
we hoped to not suffer from this bias) to show longer state lifetimes.
Upon analysing the recurrent generative model in the resting state
data, we did find concurrence with the inferred results (the medians
were approximately equal).

What we have largely shown through this work is the flexibility of
the HMM as a model. We see that it is highly robust to violations of
the Markov assumption, even in the case of data with such complex
dynamics as neural activity. Given the constraints imposed by both
the discrete nature of the state space, and the static nature of the
observation models, it may well be that by using the RNN we are

essentially overcomplicating the model more than necessary.

8.2 FUTURE WORK

As always, the work here is far from complete, and there yet remains
much work to be done in building on the results presented here, in
terms of enabling the generative model to better capture the subject-
level spatial variability in functional connectivity, exploring new model
structured to exploit observations we have made over the course of
this work, and in order to make the inference algorithm more robust.

Firstly, there are some issues with the way the model handles multi-
ple subjects; namely, we temporally concatenate the data, and use a
point estimate for the covariance matrices that define the functional
connectivity. We are therefore computing group-averaged estimates of
functional connectivity and the corresponding time-courses for these
group averaged states. While it is true that we can still obtain subject-

specific spatial maps through a post-hoc analysis, it increases the
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utility (particularly in cases where the resulting networks are shown
to be disrupted) of the model to explicitly account for subject-level
variability. This could be implemented by way of a prior over the
covariance matrices. In the HMM, Baker et al. made use of a Wishart
prior. Unfortunately we are working within the limitations of the
Pytorch framework, and they do not have efficient samplers for any
distributions over positive-semi-definite matrices (e.g. Wishart or LK]
distributions). New features are being added every day though, and
therefore this may be feasible in the near future.

Secondly, the actual inference routine needs some improvements
to ensure it is sufficiently robust. While it worked for the amplitude-
envelope data, simulations showed that the result of applying the
model/inference to data with low amounts of signal reverted to show-
ing a single state active, and the HMM was far more tolerable of low
SNR. It may well be possible to improve this by way of a more intelli-
gent sampling routine, for example importance weighting as in [16], or
perhaps sequential Monte Carlo methods. We could also improve the
initialisation of the model. As with all variational Bayesian approaches,
even stochastic ones are highly sensitive to initialisations and will only
ever converge to a local minimima. Given that the covariance matrices
for each observation have no degree of uncertainty associated with
them, this leads to a model that is highly sensitive to initialisation.
It may well end up that by incorporating a spatial prior over each
distribution, the model becomes less likely to end up in a poor local
minima.

Finally, the inference algorithm presents us with the ability to
quickly prototype and learn new models without all of the over-
heads typically associated with Bayesian inference. While traditional
probabilistic models are often subject to numerous constraints to make

learning tractable, or require complex mathematics to derive param-
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eter optimisation schemes, with sequential SGVB it is all computed
via automatic differentiation, meaning it is only necessary to derive
some form of loss term for your model. Possible directions include the
use of hierarchical models to explicitly represent the kind of temporal
structure demonstrated in Chapter 6 by the dichotomy between the
dominant and transient states, as well as the structure observed in
[119]. There may also have been some evidence of the nonstationarity
of states, as shown especially by the two visual states observed during
the face viewing task. While they had comparable power distributions,
their connectivity structures greatly differed. A hierarchical structure
could likewise help here, where the first level states define the power
distribution, and the lower level states define connectivity. Alterna-
tively, we could abandon the Gaussian observation model entirely,
and make use of some non-stationary model, as in the HMM-MAR
[119]. The use of amortised inference could also prove valuable in the
case of online learning, as future datasets simply require a forward

pass through the inference network.
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APPENDIX A

A.1 SCORE FUNCTION ESTIMATORS

While pathwise gradient estimators are convenient for their low-
variance, they are limited in the distributions they are amenable to.
Fortunately, we are able to make use of score function estimators in
other cases. The REINFORCE algorithm [101], which is also known as
the score function estimator, makes use of the differentiation rule for

the logarithm, colloquially referred to as the "log-derivative trick":

Vo q(Z;¢) = q(Z;$) Vg log q(Z; d). (A.1)

We can use this to help calculate the gradient of the expectation of a

function f(Z):

Vo Eq(za (2] = Va | alZio)i(2)az

~| Velazemznaz

_ :Z f(Z)V q(Z; b)dZ

_ | f(2)q(Z; $)V ¢y logq(Z; $)dZ

Jz

=Eq(z,4)[f(Z)V¢ logq(Z; d)], (A.2)

where the term V, q(Z; §) is called the score function, which has the

nice property of having an expectation of zero. Since we now have a
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way of moving the gradient to inside the expectation, we can compute

unbiased estimates of 4.23 using Monte Carlo sampling;:

Vo Eq(z¢)logp(X[Z;0x)] J logp(X|Z;0x)V ¢ q(Z; d)dZ
=Eq(z,¢)logp(X|Z;0x)Vy logq(Z; d)]
Zlogp X|Z%);0x)V g log q(Z25); ¢),
(A-3)

or in the case where we cannot calculate the analytic KL term, as in

Equation 4.20,

hV ¢ Eq(z,¢)logp(XIZ;0x) — q(Z; d)] = L(logP(XIZ;Gx)

—q(Z;$))Ve q(Z; d)dZ
=Eq(z¢)[(logp(X|Z;0x)

q(Z;$))Vy logq(Z; )]
S
Z logp(XIZ'%); 0x)

—q(Z2%;9))Vy logq(Z'); ¢),
(A.4)

where Z(5) are samples drawn from q(Z; ¢), and S is the number of
samples drawn. This assumes it is possible to draw samples cheaply,
however it places minimal restrictions on the nature of log p(X|Z; 6x)
— it does not even have to be differentiable to estimate the gradients
of its expected value.

In practice, however, the variance of the estimator can be very
large, as sampling rare values of Z can lead to large scores (and
therefore high variance). There have been multiple strategies designed
to address this issue; common methods are Rao-Blackwellization and

control variates [89, 98].

118



APPENDIX B

B.1 RESTING STATE NETWORK STABILITY

We present here the number of stable states inferred for each specified

value of K.
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Figure B.1: Groupings of states by stability. The histogram shows all correla-
tions across each run, and the dashed line indicates where the
chosen threshold for grouping similar states was made.
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B.2 RESTING STATE NETWORKS

In the following section, we show all spatial power distribution and
connectivity maps for the full recurrent model, the HMM, and each

split half.
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Figure B.2: Unthresholded spatial distributions of power and connectivity
for the full data inferred by the recurrent model. (A) The mean
activation maps inferred by the recurrent model applied to the
entire data set, ordered by stability. (B) Within-state functional
connectivity as given by degree/connectedness
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Figure B.3: Unthresholded spatial distributions of power and connectivity
for the full data inferred by the HMM. (A) The mean activation
maps inferred by the HMM applied to the entire data set, ordered
by stability. (B) Within-state functional connectivity as given by
degree/connectedness
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Figure B.4: Unthresholded spatial distributions of power and connectivity for
the first half of the data inferred by the recurrent model. (A) The
mean activation maps inferred by the recurrent model applied to
the first half of the dataset, ordered by stability. (B) Within-state
functional connectivity as given by degree/connectedness
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Figure B.5: Unthresholded spatial distributions of power and connectivity
for the second half of the data inferred by the recurrent model.
(A) The mean activation maps inferred by the recurrent model
applied to the second half of the dataset, ordered by stability. (B)
Within-state functional connectivity as given by degree/connect-
edness
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C.1 TASK STATE NETWORK STABILITY

We present here the number of stable states inferred for each specified

value of K.
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Figure C.1: Groupings of states by stability. The histogram shows all correla-
tions across each run, and the dashed line indicates where the
chosen threshold for grouping similar states was made.



C.2 TASK STATE NETWORKS 128

C.2 TASK STATE NETWORKS

In the following section, we show all spatial power distribution and
connectivity maps for the full recurrent model, the HMM, and each

split half.
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Figure C.2: Unthresholded spatial distributions of power and connectivity
for the full data inferred by the recurrent model. (A) The mean
activation maps inferred by the recurrent model applied to the
entire data set, ordered by stability. (B) Within-state functional
connectivity as given by degree/connectedness
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Figure C.3: Unthresholded spatial distributions of power and connectivity
for the full data inferred by the HMM. (A) The mean activation
maps inferred by the HMM applied to the entire data set, ordered
by stability. (B) Within-state functional connectivity as given by
degree/connectedness



C.2 TASK STATE NETWORKS 131

Figure C.4: Unthresholded spatial distributions of power and connectivity for
the first half of the data inferred by the recurrent model. (A) The
mean activation maps inferred by the recurrent model applied to
the first half of the dataset, ordered by stability. (B) Within-state
functional connectivity as given by degree/connectedness
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Figure C.5: Unthresholded spatial distributions of power and connectivity
for the second half of the data inferred by the recurrent model.
(A) The mean activation maps inferred by the recurrent model
applied to the second half of the dataset, ordered by stability. (B)
Within-state functional connectivity as given by degree/connect-
edness
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C.3 TRIAL-WISE STATE ACTIVATIONS

In the following section, we display raster plots of each state activation

across all subjects and all trials.
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Figure C.6: Trialwise state activation raster plot for state 1.
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Figure C.7: Trialwise state activation raster plot for state 2.
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Figure C.8: Trialwise state activation raster plot for state 3.
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Figure C.9: Trialwise state activation raster plot for state 4.
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Figure C.10: Trialwise state activation raster plot for state 5.
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Figure C.11: Trialwise state activation raster plot for state 6.
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Figure C.12: Trialwise state activation raster plot for state 7.
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Figure C.13: Trialwise state activation raster plot for state 8.
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Figure C.14: Trialwise state activation raster plot for state 9.
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