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Abstract

This thesis studies the existence and uniqueness of G-kernels on those C∗-

algebras classified by the Elliott programme. We develop two obstructions

to the possible H3 invariants of a G-kernel. These obstructions arise from

studying the unitary algebraic K1 group and the topological K0 group of

a C∗-algebra. As a consequence of these obstructions, we show that any

G-kernel on the Jiang-Su algebra has trivial H3 invariant. Similarly, for

finite groups G, any G-kernel on the Cuntz algebra O∞ must have trivial

H3 invariant.

We construct multiple examples of G-kernels with non-trivial H3 invariant

and, under a UHF-absorption condition, we classify those G-kernels that

have the Rokhlin property on both Kirchberg algebras satisfying the UCT

and unital, separable, simple, nuclear, tracially AF C∗-algebras that sat-

isfy the UCT. As a follow up to this classification, we study the structure

of G-kernels with the Rokhlin property.
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Chapter 1

Introduction

Operator algebras arose as an axiomatisation of the algebra of observables of a quan-

tum system in the work of Murray and von Neumann ([100]). An operator algebra

is a subalgebra of the bounded operators on a complex Hilbert space that is closed

under taking adjoints. There are two main families: von Neumann algebras, those

that are closed under pointwise limits; and C∗-algebras, those that are closed under

uniform limits.

Ever since the origins of operator algebras, questions about their structure and

classification have been a centrepiece of the theory. The first major result in this

direction is Murray and von Neumann’s proof that there is a unique approximately

finite dimensional type II1 factorR ([101]). This result was vastly extended in Connes’

seminal work establishing that R is unique in the a priori larger class of injective II1

factors. Furthermore, Connes classified all injective factors ([27]) with the exception

of one type that was later completed by Haagerup ([57]).

On the other hand, the classification of approximately finite dimensional C∗-

algebras (AF-algebras) requires extra information, as was noticed by Glimm in his

classification of uniformly hyperfinite C∗-algebras (UHF-algebras) that arise as infinite

tensor products of matrix algebras ([52]). Glimm’s result was vastly generalised in El-
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liott’s complete classification of AF-algebras by their ordered K-theory groups ([40]).

The inquiry for analogous classification results to the Connes–Haagerup classification

of injective factors in the setting of C∗-algebras, led to the formation of the Elliott

classification programme. The ultimate goal of this programme was the classification

of simple, separable, amenable C∗-algebras through tractable invariants. Recently,

this project has achieved a successful resolution; unital, simple, nuclear C∗-algebras,

with additional necessary regularity properties, are classified by K-theoretic and tra-

cial data (see Theorem 2.7.1). Hereinafter, we will call the C∗-algebras satisfying the

hypothesis of the classification theorem (Theorem 2.7.1) classifiable.

While studying the structure of operator algebras is a compelling endeavor, equally

fascinating is the exploration of the structure of their automorphisms. This question

is closely interwoven with the classification of algebras themselves, as can be seen in

Connes’ proof for the uniqueness of the injective II1 factor ([27]) and recent novel

approaches to the classification of C∗-algebras ([21]). Studying the automorphisms of

an operator algebra is not only natural from a mathematical standpoint but also holds

physical significance: an automorphism of an operator algebra can be interpreted as

a symmetry of the quantum system it describes.

The automorphisms of an operator algebra A form a group denoted Aut(A). In

[26] Connes classifies automorphisms of R. Building on Connes’ work, V. Jones

classified finite group actions G → Aut(R) ([78]). Subsequently, Ocneanu classified

actions of amenable groups on R ([105]). The classification of amenable group actions

on injective factors was completed by Katayama, Sutherland and Takesaki ([82]).

In the spirit of these works, there has been extensive research towards classifying

group actions on C∗-algebras (see [68]), with recent breakthroughs using the powerful

machinery of equivariant KK-theory ([48]).
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G-kernels and anomalous symmetries

For a unital operator algebra A the group Aut(A) has a normal subgroup Inn(A)

consisting of inner automorphisms. These are of the form Ad(u) for a unitary u in

A, where Ad(u)(x) = uxu∗ for any x ∈ A. The quotient group Aut(A)/Inn(A) is de-

noted Out(A). In physical interpretations of C∗-algebra theory, inner automorphisms

correspond to gauge symmetries of the system described by A, these are regarded

as redundant symmetries. Therefore, studying the outer automorphism group is a

prominent theme in applications of C∗-algebras to theoretical physics (see [19, 20]).

In [26, 28] Connes begins detailed analysis of Out(R) by classifiying outer auto-

morphisms of R up to conjugacy in Out(R).1 Connes’ invariant is composed firstly of

the order of the automorphism in Out(R) and secondly, in the case that the automor-

phism is of finite order n, an associated n-th root of unity which arises as follows: Let

u ∈ R be a unitary such that θn = Ad(u). As Ad(u)θ = θn+1 = θAd(u) = Ad(θ(u))θ

and the centre of R is trivial, there exists λ ∈ C such that θ(u) = λu. By applying θ

n-times to u, it follows that λn = 1. That the n-th root of unity does not depend on

u is shown in [28]. We can now state Connes’ classification theorem.

Theorem A. (Connes cf. [26, 28]) Let θ, α ∈ Aut(R). Then θ is conjugate to α

in Out(R) if and only if they have the same order in Out(R) and associated root of

unity. Moreover, for any n ∈ N and n-th root of unity γ there exists an automorphism

which has order n in Out(R) and associated n-th root of unity γ. Similarly, there

exists an automorphism of infinite order in Out(R).

One of the central questions of this thesis is to what extent an analogue of Theorem

A can be achieved in the setting of simple, separable, amenable C∗-algebras. More

generally, this thesis is devoted to the study of group homomorphisms G → Out(A)

(called G-kernels) and the closely related notion of anomalous actions. Examples of

1An automorphism is called outer if it is not an inner automorphism.
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G-kernels come from group actions G→ Aut(A) by further composing with the quo-

tient map Aut(A) → Out(A). However, not all G-kernels come from group actions.

For example, Connes’ (n, γ) automorphisms of R for non-trivial n-th roots of unity

γ, define Zn-kernels that can not come from an action of Zn. If θ : G→ Out(A) is a

G-kernel, one may pick a lifting (θ, u) where θ : G → Aut(A) is a lift of the map θ

and u : G × G → U(A) are unitaries witnessing the failure of the multiplicativity of

θ, namely

θgθh = Ad(ug,h)θgh, ∀g, h ∈ G. (⋆)

Using the associativity of Aut(A) and (⋆) one may associate a 3-cocycle of G with

values in the centre of the unitary group of A (see [39, Section 7]). The resulting

cohomology class is an invariant of the G-kernel θ known as its H3 invariant. Non-

triviality of the H3 invariant is an obstruction to lifting the G-kernel to a group action

on A. The root of unity computation for Connes’ invariants for automorphisms, is an

instance of this construction as H3(Zn,T) is isomorphic to the group of n-th roots of

unity.

V. Jones and Ocneanu achieve a classification for pointwise outer G-kernels on R

generalising Theorem A.

Theorem B. ([28] for cyclic groups, [78] for finite groups, [105] for amenable groups)

Let G be a countable, discrete, amenable group. Then any two pointwise outer G-

kernels on R are classified up to outer conjugacy by their H3 invariant

The classification of pointwise outer G-kernels on injective factors was completed

by Katayama and Takesaki ([83]). V. Jones further shows that one can achieve any

H3 invariant for G-kernels on R.

Theorem C. (V. Jones cf. [77, Theorem 2.5]) For any countable, discrete group G

and [ω] ∈ H3(G,T) there exists a G-kernel on R with H3 invariant [ω].

While G-kernels on factors have received considerable attention in the literature,
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the same cannot be said for simple, separable C∗-algebras. This thesis aims to fill this

gap by providing a comprehensive and extended analysis of G-kernels on C∗-algebras.

The research in this thesis is motivated by the fundamental questions regarding the

existence and uniqueness of G-kernels on classifiable C∗-algebras, building upon the

groundbreaking results of Connes, V. Jones, and Ocneanu for G-kernels on R.

In [74] C. Jones introduces the notion of ω-anomalous actions. These are closely

related to G-kernels. In the case that A has trivial centre (for example if A is simple)

an ω-anomalous action of a group G on A coincides with a lift of a G-kernel on A

with H3 invariant [ω]. If A has non-trivial centre, an anomalous action on A is a lift

of a G-kernel on A with associated 3-cocycle valued in T rather than potentially in

Z(U(A)), making them distinct from lifts of G-kernels (see Section 3.3 for a detailed

explanation). This extra condition for anomalous actions is justified by physical

interpretations in [74].

Throughout this thesis, we formulate our results in the formalism of anomalous

actions. Since we are mainly concerned with simple C∗-algebras, this is equivalent

to studying G-kernels. However, the formalism of anomalous actions will allow us to

define inductive limits and to construct non-trivial G-kernels on simple C∗-algebras

through anomalous actions on non-simple C∗-algebras. Moreover, another benefit of

this formalism, is that anomalous actions are easily seen to fit into the framework of

actions of C∗-tensor categories. This framework provides a unifying framework for

studying group actions, anomalous actions and the more general notions of quantum

symmetry arising from subfactor theory ([79],[110]).

Main results

My results can be subdivided into two main parts. The first is investigating the

existence (or non-existence) of ω-anomalous actions with prescribed 3-cocycle ω. The
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second is the classification of ω-anomalous actions subject to their existence. For

the first question, we will be interested in specific examples of C∗-algebras that are of

special importance in the classification programme. Two examples that are especially

relevant in my work are the Jiang–Su algebra Z and the UHF-algebras. Due to its role

in the classification of C∗-algebras, the Jiang–Su algebra Z is often regarded as the

C∗-analogue of R and therefore presents itself as a natural example to consider these

questions. Moreover, every classifiable C∗-algebra tensorially absorbs Z; showing

existence of ω-anomalous actions on Z with a given ω would imply their existence on

any other classifiable C∗-algebra.

Although the results of this thesis are expressed in the language of anomalous

actions in the main body, all of the results discussed in this introduction will entail

anomalous actions on simple C∗-algebras and therefore may equivalently be rephrased

as results about G-kernels (see Remark 3.3.3). Therefore, for the purpose of this

introduction, we rephrase them in terms of G-kernels to emphasise their resemblance

to Theorems A, B and C.

Existence

The first main result of this thesis is an obstruction to the possible H3 invariants

of G-kernels on C∗-algebras. This obstruction arises as the unitary group of a C∗-

algebras may have non-trivial abelianisations (see Chapter 4). In the case of Z and

UHF-algebras the abelianisations of their unitary group may be computed through

the de la Harpe–Skandalis determinant. The results of the following theorem are

contained in my joint work with Evington (see [46]).

Theorem I. (cf. Theorem 4.2.7, Theorem 4.2.10 and Corollary 4.2.13)

Let G be a discrete group and θ a G-kernel on Z, then the H3 invariant of θ must be

trivial.

Let G be a discrete group with H3(G,Z) finitely generated. If θ is a G-kernel on
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⊗
i∈N Mni

(C) then the H3 invariant of θ has finite order r and r∞|
∏

i∈N ni.

For finite groups G, we may apply [74] to construct G-kernels with arbitrary H3

invariant on the UHF algebra
⊗

i∈N M|G|. These existence and non-existence results

for G-kernels of UHF algebras allow us to achieve the analogue of the existence part

of Theorem A in the setting of UHF algebras.

Theorem II. (cf. Corollary 6.2.7) Let ni be a sequence of natural numbers, n ∈ N

and γ an n-th root of unity. There exists an automorphism of A =
⊗

i∈N Mni
(C) of

order n ∈ Out(A) with associated n-th root of unity γ if and only if the order of γ

appears with infinite multiplicity in
∏

i∈N ni.

Although the obstruction set out in Chapter 4 restrict the H3 invariants of G-

kernels on fairly general classes of C∗-algebras, it has no implications for the existence

of G-kernels on simple, infinite C∗-algebras. Izumi has shared with me a fascinating

idea utilizing topological K-theory that yields a second obstruction to the possible

H3 invariants of G-kernels on C∗-algebras, this is fleshed out in Chapter 5. Izumi’s

obstruction implies that if G is a finite group and θ is a G-kernel on the Cuntz algebra

O∞, then the H3 invariant of θ must be trivial. Through thorough analysis of Izumi’s

obstruction and applying homological techniques, we can achieve divisibility in K-

theory as a consequence of the existence of G-kernels with non-trivial H3 invariants.

Theorem III. (cf. Corollary 5.4.3) Let G be a finite group and A a simple, separable,

unital C∗-algebra with K1(A) = 0 and no |G|-torsion in K0(A). Then if θ : G →

Out(A) is G-kernel on A with K0(θg) = idK0(A) for all g ∈ G, then K0(A) is uniquely

divisible by the order of the H3 invariant of θ.

Using these obstruction results for G-kernels and the explicit constructions of G-

kernels performed in Chapter 6, we achieve better understanding of the H3 invariants

that arise for G-kernels on the Cuntz algebras On of [29] (see Section 5.3 and Propo-

7



sition 6.4.10), unital AF-algebras (see Corollary 5.4.4) and other relevant C∗-algebras

in the scope of the classification programme.

Classification

After considering the existence of G-kernels we turn to their classification. To achieve

this, we take inspiration from the methods used in Theorems A and B. In these

theorems, an important role is played by adaptations of Connes’ non-commutative

Rokhlin Lemma, which yields that outer group actions on R satisfy a condition called

the Rokhlin property that is analogous to properties of ergodic measure preserving

actions of amenable groups on probability spaces ([115],[106]). In the C∗-setting

the analogous property is often not automatic. However, there has been substantial

progress in classifying group actions on C∗-algebras that satisfy the Rokhlin property

(see e.g [59, 60, 66, 67]).

To classifyG-kernels, we restrict our scope to finite groups andG-kernels satisfying

the Rokhlin property. In [66, 67], Izumi uses the Rokhlin property to boost the

classification of Kirchberg algebras ([109, 84]) and unital, simple, nuclear, separable

tracially approximately finite dimensional (TAF) algebras ([90]) by their K-theory, to

a classification of finite group actions with the Rokhlin property on these classes of C∗-

algebras by the induced module structure on K-theory ([67, Theorem 4.2, Theorem

4.3]). Assuming that our C∗-algebras additionally satisfy a UHF absorbing condition

previously considered in [3], we are able to bootstrap Izumi’s result to achieve a

classification of G-kernels. We state a specific case of our classification result below

that makes no reference to TAF algebras by combining succeeding structural results

of ([95]) and ([138]). This Theorem will appear in my paper in preparation [51].

Theorem IV. (cf. Theorem 7.2.2 and Theorem 7.2.3) Let G be a finite group if

• A is a Kirchberg algebra satisfying the UCT such that A ∼= A⊗M|G|∞ or,
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• A is a unital, separable, simple, nuclear, unique trace C∗-algebra, satisfying the

UCT and A ∼= A⊗M|G|∞

and θ, α are G-kernels on A with the Rokhlin property. Then θ and α are conjugate

in Out(A) through an automorphism that preserves K-theory if and only if Ki(θg) =

Ki(αg) for all g ∈ G and the H3 invariants of θ and α coincide.

The strategy of Theorem IV is to bootstrap existing classification results for group

actions with the Rokhlin property, which are currently only available for Kirchberg

algebras or unital, simple, separable TAF-algebras in the work of Izumi. Recent but

yet unpublished work of Szabó classifies Rokhlin group actions on all classifiable C∗-

algebras by using more recent classification results for C∗-algebras. With this result

in hand, the methods of Theorem IV classify G-kernels with the Rokhlin on any

classifiable M|G|∞-stable C∗-algebras by the H3 invariant and the module structure

of the K-theory groups.

Following our classification of G-kernels with the Rokhlin property we proceed

to study their structure in more detail. Chapter 8 is devoted to understanding in

how far the structure of G-kernels with the Rokhlin property resembles that of group

actions with the Rokhlin property. For example we are able to show that a certain

lifting criterion for G-kernels of cyclic groups holds generalising [66, Lemma 3.12] (see

Corollary 8.1.6). We are also able to compute fixed point algebras of some lifts of

G-kernels and show cohomology vanishing type results for their K-theory modules in

spirit of [67].

Anomalous actions and tensor categories

In the final chapter of this thesis we discuss C∗-tensor categories. These categories

are intimately related to Jones’ subfactor theory ([79]). As a consequence of decades

of work C∗-tensor categories are understood as the mathematical object encoding
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the symmetry of a subfactor ([110, 111, 97, 76]). Adaptations of subfactor theory

to C∗-algebras ([143, 65, 24]) also allow us to see C∗-tensor categories as the math-

ematical structure encoding the symmetry contained in a finite index inclusion of

C∗-algebras. In particular, questions about existence and classification of actions of

C∗-tensor categories on C∗-algebras can be understood as looking for analogues of

Popa’s classification and reconstruction theorems for subfactors ([110, 111]).

In Chapter 9 we show that an ω-anomalous actions of a group G can be understood

as an action of the tensor category Hilb(G,ω) and vice-versa. Therefore, we are able

to rephrase our results of Chapters 4 and 5 as obstructions to the existence of actions

of the category Hilb(G,ω) on C∗-algebras.

Thesis structure

After recalling some useful preliminaries in Chapter 2, we introduce the essentials

on G-kernels and anomalous symmetries in Chapter 3. In Chapter 3 we also discuss

relevant classification results for group actions on C∗-algebras.

In Chapter 4 and 5 we introduce two obstructions to the possible values of three co-

cycles ω of anomalous actions on a given C∗-algebra. Chapter 4 develops an algebraic

obstruction that arises from considering the abelianisations of the unitary groups of

C∗-algebras. This chapter is a fleshed out version of my work with Evington ([46]).

In Chapter 5 we develop the details of a topological obstruction whose existence was

brought to my attention by Masaki Izumi. We also apply the obstruction to examples

of purely infinite C∗-algebras and extract general implications of this obstruction.

Chapter 6 is dedicated to constructions of anomalous actions. We recall the gen-

eral framework introduced by C. Jones in [74] for building anomalous actions on

C∗-crossed products and apply it in various settings. These methods allow us to

build ω-anomalous actions with interesting three cocycles ω on UHF algebras, matrix
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amplifications of Cuntz algebras and various other relevant C∗-algebras.

In Chapter 7 we prove our classification theorem for Rokhlin anomalous actions.

We also discuss applications of this result. We then perform a structural analysis

of Rokhlin anomalous actions in Chapter 8, where we discuss obstructions to the

existence of Rokhlin anomalous actions and the structure of their fixed point algebras.

In Chapter 9 we rephrase our results in the context of actions of C∗-tensor categories.
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Chapter 2

Preliminaries

In this chapter, we will set up our standard notation and recall some background

knowledge that will be useful in later chapters. The treatment of the material in

Section 2.5 is based on that of [46, Section 1.2] in my joint work with Samuel Evington.

2.1 Assumed knowledge

Throughout this thesis, we assume that the reader knows the basics of topology and

category theory, as can be found in [98] and [92]. We may also assume understanding

of basic concepts of homological algebra. Our standard reference will be [145].

We will assume familiarity with the basics of operator algebras, as can be found

in [99, 15, 119]. In particular we will assume that the reader knows the basics on

nuclearity and semidiscreteness as in [15, Chapter 2 and Chapter 3].

2.2 Notational conventions

Throughout this thesis we will usually use the symbols A,B to denote C∗-algebras

and G,H,K,Γ or Q to denote groups.

Let A be a C∗-algebra. We denote by A+ the positive elements in A, by A1 the
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elements in A of norm less than or equal to 1 and by A+
1 the intersection A+∩A1. We

write Asa for the self adjoint elements in A. We denote by Ã the “forced unitization”

of A (see for example [119, Section 1.1.6]). The algebra Ã coincides with the minimal

unitization of A when A is non-unital. We writeM(A) for the maximal unitisation of

A. If A and B are C∗-algebras we will denote by A⊗B their minimal tensor product.

The state space of A will be denoted by S(A); that is the convex topological space,

under the weak∗-topology, of positive linear functionals on A of norm 1. A positive

linear functional τ ∈ S(A) is called a tracial state (we often refer to it as a trace) if

τ(ab) = τ(ba) for all a, b ∈ A. We denote the space of all tracial states by T (A); we

often refer to it as the tracial state space. The space T (A) is compact and convex. In

fact it is a Choquet simplex (see [122, Theorem 3.1.18]).

For any G-module M we denote the action of g ∈ G by gm for all m ∈ M . We

denote the invariants by MG = {m ∈ M : gm = m ∀g ∈ G} and the coinvariants by

MG =M/⟨gm−m : g ∈ G,m ∈M⟩.

For a category C we denote by Obj(C) the class of objects in C and for any

A,B ∈ Obj(C) we denote by HomC(A,B) the set of morphisms between them. We

will often drop the category C from the morphism notation and denote HomC(A,B)

by Hom(A,B) instead. We denote the category whose objects are C∗-algebras and

morphisms are ∗-preserving homomorphisms by C*alg. The full subcategory of sepa-

rable C∗-algebras is C*algsep. We denote the subcategory of C*alg whose objects are

unital C∗-algebras and morphisms are unit preserving ∗-homomorphisms by C*alg1.

We write Ab for the category of abelian groups.

2.3 Inductive limits

An inductive sequence in a category C is a sequence of pairs (An, φn) for n ∈ N with

An ∈ Obj(C) and φn ∈ Hom(An, An+1). For n > m we denote the composition
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φm,n = φn−1 . . . φm ∈ Hom(Am, An).

An inductive limit of (An, φn) in C is an object A ∈ Obj(C) along with a family

of maps µn ∈ Hom(An, A) such that

Am An

A

φm,n

µm µn
(2.3.1)

commutes for all n ∈ N. We also require a universality condition, that for any other

object B ∈ Obj(C) and morphisms ηn ∈ Hom(An, B), with the equivalent diagrams

to (2.3.1) commuting, there exists a unique morphism λ ∈ Hom(A,B) such that

An

A B

µn ηn

λ

(2.3.2)

commutes for all n ∈ N.

It follows from the definition that an inductive limit, if it exists, is unique in the

sense that if (A, µn) and (B, ηn) are inductive limits of (An, φn), then there exists a

unique isomorphism λ ∈ Hom(A,B) making diagrams (2.3.1) and (2.3.2) commute.

Due to the uniqueness of inductive limits, we denote the underlying object by lim−→An

and the connection morphisms by φn,∞ ∈ Hom(An, lim−→An).

We will mainly be interested in inductive sequences in categories of C∗-algebras.

In C*alg inductive limits always exist. Indeed, for an inductive system (An, φn) the

inductive limit is given by setting lim−→An to be the completion of

A =

{
(an) ∈

⊕
l∞ Aj⊕
c0
Aj

: ∃N ∈ N such that aj+1 = φj(aj) ∀ j ≥ N

}
(2.3.3)
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with respect to the norm ∥(an)∥ = limn→∞ ∥an∥An . We set the maps φn,∞ to be

φn,∞(a) =


0 for k < n

φn,k(an) for k ≥ n

for a = (an) ∈ A. A more detailed discussion on inductive limits for C∗-algebras can

be found for example in [127, Chapter 8].

A specific example of inductive limits which we will use throughout this thesis is

that of infinite tensor products. Recall that we use ⊗ to denote the minimal tensor

product of C∗-algebras. Let An be a sequence of unital C∗-algebras. Define the C∗-

algebra
⊗

n∈NAn to be the C∗-inductive limit arising from the inductive sequence

(
n⊗
i=1

Ai, φn) with

φn(a) = a⊗ 1An+1 , a ∈
n⊗
i=1

Ai.

For example, one could take each An to be a full matrix algebra.

Example 2.3.1. A uniformly hyperfinite algebra (or in short UHF-algebra) is a C∗-

algebra A such that there exists a sequence of natural numbers ni for i ∈ N with

A ∼=
⊗

i∈NMni
. Glimm classified UHF algebras by the formal product

∏
i∈N ni in

[52]. What Glimm’s classification result yields, is that for any two sequences of

natural numbers ni and mi, the C
∗-algebras

⊗
i∈N Mni

and
⊗

i∈N Mmi
are isomorphic

if and only if the set of powers of primes that divide the product
∏

i∈N ni and the set

of powers of primes that divide the product
∏

i∈Nmi coincide. The formal product∏
i∈N ni associated to a UHF algebra A is called its supernatural number. When the

sequence ni is constant and equal to n ∈ N for an i ∈ N we denote the associated

UHF algebra by Mn∞ .

We will be interested in inductive limit C∗-algebras whose building blocks are of
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a specific form.

Example 2.3.2. A C∗-algebra A that is the inductive limit of an inductive sequence

(An, φn) of finite dimensional C∗-algebras is called an approximately finite dimensional

C∗-algebra or AF-algebra. The UHF-algebras of Example 2.3.1 are AF-algebras. How-

ever, there are examples of AF-algebras that are not UHF. For example, the compact

operators arises as the inductive limit (Mn, φn) with φn : Mn → Mn+1 defined by

φn(A) =

A 0

0 0

.

Example 2.3.3. A subhomogeneous C∗-algebra A is a C∗-algebra such that the ranks

of its irreducible representations have an upper bound. By [6, IV.1.4.3] a C∗-algebra A

is subhomogeneous if and only if it is a C∗-subalgebra of C(X,Mn) for some n ∈ N and

compact Hausdorff space X. A C∗-algebra is called an approximately subhomogeneous

algebra or ASH-algebra if it is the inductive limit of a sequence of subhomogeneous C∗-

algebras. This class covers AF-algebras but also many other examples of C∗-algebras.

We will postpone discussion of more general examples of ASH-algebras until later

sections.

To show that two inductive limits are isomorphic the following Lemma will be

extremely useful.

Lemma 2.3.4 (cf. [119, Exercise 6.8]). Let C be a category admitting inductive

limits and (Ai, φi), (Bi, ψi) be inductive sequences in C. Suppose there are morphisms

µn : An → Bn and νn : Bn → An+1 such that the following diagram commutes

. . . // An
µn

��

φn // An+1
// . . . // lim−→An




. . . // Bn−1

νn−1

==

ψn // Bn

νn

==

// . . . // lim−→Bn

KK
(2.3.4)

then there are mutually inverse isomorphisms denoted by the curved arrows that make

the whole diagram commutative.
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We will call a commuting diagram as in Lemma 2.3.4 an intertwining.

2.4 Central sequence algebras

To a C∗-algebra A we start by associating another C∗-algebra A∞ which is constructed

from sequences in A. The advantage of this is that it allows us to write approximate

statements about elements in A as exact statements holding in A∞. This will not only

benefit the presentation of our results but it will also allow us to streamline certain

arguments which would otherwise look unnecessarily complicated.

Let A be a C∗-algebra, let A∞ be the quotient C∗-algebra

A∞ =
l∞(A)

c0(A).
(2.4.1)

Every element in A∞ is represented by a bounded sequence of elements an ∈ A.

For any bounded sequence (an) in A we say (an) ∈ A∞ to refer to the image of the

sequence (an) under the canonical quotient map. For a C∗-subalgebra B ⊂ A∞ we

may consider the commutant C∗-algebra A∞ ∩ B′. For example, take B = A where

A is embedded in A∞ by sending a ∈ A to the constant sequence an = a for n ∈ N.

We call A∞ ∩ A′ the central sequence algebra.

Any ∗-homomorphism of C∗-algebras θ : A → B induces a ∗-homomorphism

θ : A∞ → B∞ through (an) 7→ (θ(an)).
1 Therefore, the mapping A 7→ A∞ defines a

functor from the category of C∗-algebras into itself. In particular, any automorphism

θ ∈ Aut(A) defines an automorphism of A∞. If B ⊂ A∞ is invariant by both θ and

θ−1, the automorphism θ restricts to an automorphism of A∞ ∩B′.

1Note the abuse of notation.
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2.5 Group homology and cohomology

In this section, we recall some background from group homology and cohomology

that will be used throughout this thesis. Details can be found in [11]. As group

cohomology will be the most relevant out of the two theories for this thesis, we start

by discussing its construction in detail.

2.5.1 Group cohomology

Fix a group G and a ZG-moduleM . An n-cochain is a function f : Gn →M . The set

of all n-cochains Cn(G,M) inherits a ZG-module structure fromM . The coboundary

maps dn+1 : Cn(G,M) → Cn+1(G,M) are defined by

dn+1(f)(g1, g2, . . . , gn+1) = g1f(g2, . . . , gn+1) (2.5.1)

+
n∑
i=1

(−1)if(g1, . . . , gigi+1, . . . , gn+1)

+ (−1)n+1f(g1, . . . , gn).

An n-cocycle is an n-cochain f satisfying dn+1f = 0; the set of all n-cocyles form an

abelian group Zn(G,M) under addition. An n-coboundary is an n-cochain f satisfying

f = dnη for some (n − 1)-cochain η; the set of all n-coboundaries forms an abelian

group Bn(G,M) under addition.

Since dn+1 ◦ dn = 0, it follows that Bn(G,M) ⊆ Zn(G,M). The quotient group

Hn(G,M) = Zn(G,M)/Bn(G,M) is the n-th cohomology group of G with coefficients

in M . An n-cocycle f is called normalised if f(g1, . . . , gn) = 1 whenever any gi = 1

for some 1 ≤ i ≤ n. Any n-cocycle is cohomologous to a normalised one (see for

example [43, Remark 2.6.3]).

Formula (2.5.1) assumes that M is written additively. In multiplicative notation,

18



the right hand side would be

αg1(f(g2, . . . , gn+1)) ·
n∏
i=1

f(g1, . . . , gigi+1, . . . , gn+1)
ϵi · f(g1, . . . , gn)ϵn+1 ,

where ϵi = (−1)i and where αg denotes the action of g on M .

For two ZG-modules M ′ and M and a ZG-module map φ : M ′ → M , one can

define a map of abelian groups φ∗ : H
n(G,M ′) → Hn(G,M) by

φ∗(f)(g1, . . . , gn) = φ(f(g1, . . . , gn)).

This endows Hn(G, ·) with the structure of a covariant functor from the category

of ZG-modules to the category of abelian groups. This functor sends short exact

sequences of ZG-modules

0 →M ′ ι−→M
π−→M ′′ → 0,

to long exact sequences. (See [11, Section III.6]).

. . . Hk(G,M ′)
ι∗−→ Hk(G,M)

π∗−→ Hk(G,M ′′)
δ−→ Hk+1(G,M ′) . . .

Similarly, for any group homomorphism ρ : G → Q and Q-module M one can

induce a G module structure on M through gn = ρ(g)m for any g ∈ G and m ∈ M .

Under this induced G-module structure, one can define a map of abelian groups

ρ∗ : Hn(Q,M) → Hn(G,M) by

ρ∗(f)(g1, . . . , gn) = f(ρ(g1), . . . , ρ(gn)).
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2.5.2 Group homology

Group cohomology is the dual theory to group homology. For G a group, M a ZG-

module and n ≥ 0 the n-th homology group of G with coefficients in M is an abelian

group denoted by Hn(G,M). One could construct the homology groups in a similar

fashion to the construction of Section 2.5.1. However, as we do not require these

details we refer the interested reader to [11]. The homology groups satisfy analogous

properties to the cohomology groups. For instance, Hn(G, ·) is a covariant functor

from the category of ZG-modules to the category of abelian groups. The functor

Hn(G, ·) sends short exact sequences of ZG-modules

0 →M ′ ι−→M
π−→M ′′ → 0

to long exact sequences

. . . Hk(G,M
′)

ι∗−→ Hk(G,M)
π∗−→ Hk(G,M

′′)
δ−→ Hk−1(G,M

′) . . .

In this thesis, M will often be an abelian group endowed with the trivial ZG-

module structure, where gm = m (additive notation) or αg(m) = m (multiplicative

notation) for all g ∈ G and m ∈M . In this case, the universal coefficient theorem of

group cohomology [139, Proposition 11.9.2] holds.

Theorem 2.5.1 (Universal coefficient theorem). Let M be an abelian group endowed

with the trivial ZG-module structure. Then for every n ∈ N there is a short exact

sequence

0 → Ext1Z(Hn−1(G,Z),M) → Hn(G,M) → HomZ(Hn(G,Z),M) → 0.

Here Z is endowed with the trivial ZG-module structure. The short exact sequence is

natural in all entries.
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We refer to [145, Chapter 3] for the definition of Ext1Z. It is a useful fact that if

M is a divisible abelian group, then Ext1Z(M
′,M) vanishes for any abelian group M ′.

2.5.3 Tate cohomology

In the setting of finite groups one may combine group homology and cohomology into

a combined theory called Tate cohomology. Fix a finite group G and a ZG-module

M , we denote by N the norm element of ZG given by

N =
∑
g∈G

g.

The element N yields a map N :M →MG by taking any m ∈M to Nm. Moreover,

as any element of the form m′ = gm−m for g ∈ G and m ∈M is in the kernel of N ,

we get an induced map N : MG → MG. We may now define the Tate cohomology

groups (see [11, Section VI.4]).

Definition 2.5.2. The n-th Tate cohomology group of G with coefficients in M is

defined by

Ĥ∗(G,M) :=



Hn(G,M), n > 0,

CokerN, n = 0,

kerN, n = −1,

H−n−1(G,M), n < −1.

Tate cohomology glues together the long exact sequences for homology and coho-

mology. A short exact sequence of ZG-modules

0 →M ′ ι−→M
π−→M ′′ → 0
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induces a long exact sequence of Tate cohomology

. . . Ĥk(G,M ′)
ι∗−→ Ĥk(G,M)

π∗
−→ Ĥk(G,M ′′)

δ−→ Ĥk+1(G,M ′) . . .

for k ∈ Z. In Section 8 we will be interested in the following structural property of

ZG-modules.

Definition 2.5.3. A ZG-moduleM is said to be cohomologically trivial if Ĥn(H,M)

vanishes for all n ∈ Z and all subgroups H ⊂ G.

In the following Theorem we combine a few useful results from [11, Section VI.8]

which will help us decide when a module is cohomologically trivial.

Theorem 2.5.4. (cf. [11, VI Theorem 8.7, VI Proposition 8.8]) Let G be a finite

group and M be a ZG-module. For every prime p||G| choose a p-Sylow subgroup

G(p) < G. Then M is cohomologically trivial if and only if it is cohomologically

trivial viewed as a ZG(p)-module for every prime p. Moreover, if G itself is a p-

group, then M is cohomologically trivial if and only if Ĥn(G,M) vanishes for two

consecutive integers.

2.6 K-theory

TheK-theory of a C∗-algebra A consists of a pair of abelian groupsK0(A) andK1(A).

This association is functorial, meaning that both K0 and K1 are functors from C*alg

to Ab. In this section we discuss some of the basics of K-theory. For more details on

K-theory for C∗-algebras see [119] and [144].

2.6.1 The K-theory groups

We recall the construction of the functors K0 and K1 in the case that A is a unital

C∗-algebra.
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We start by setting up some notation. Let A be a unital C∗-algebra and n ∈ N.

Denote by Pn(A) the set of projections in Mn(A), i.e. p ∈ Mn(A) such that p2 = p

and p = p∗. We omit the subscript 1 in P1(A) and write P (A) for the projections in

A. We say two projections p, q ∈ Pn(A) are Murray–von Neumann equivalent if there

exists a partial isometry v ∈ Mn(A) such that vv∗ = p and v∗v = q. We denote this

by p ∼ q. Denote by P∞(A) =
⋃∞
n=1 Pn(A), where Pn(A) is embedded into Pn+1(A)

in the top left corner and with a zero in the bottom right entry, i.e. p 7→

p 0

0 0

 .

We start by discussing K0. If p, q ∈ P∞(A), then define their direct sum to be

p⊕ q =

p 0

0 q

.

Definition/Proposition 2.6.1 (see [119]). Let A be a unital C∗-algebra, then P∞(A)/ ∼

is an abelian semigroup under the operation ⊕. Its Groethendieck completion is an

abelian group denoted by K0(A).

The Groethendieck completion is a way of producing a group from an abelian

semigroup, see [119, Section 3.1.1] for details.

For any n ∈ N, a projection p ∈ Pn(A) has an image in K0(A), denote this image

by [p]0. For any element x ∈ K0(A), there exists some n ∈ N and p, q ∈ Mn(A) such

that x = [p]0 − [q]0. (This is a feature of the Groethendieck completion, see [119,

Proposition 3.1.7] for details.)

It is worth noting that, as we have passed to the Groethendieck completion of

P∞(A)/ ∼ to construct K0(A), it is no longer necessarily true that if p, q ∈ P∞(A)

and [p]0 = [q]0 then p ∼ q. However, it is always true that if [p]0 = [q]0, then there

exists some n ∈ N such that p ⊕ 1⊕nA ∼ q ⊕ 1⊕nA (see for example [119, Proposition

3.1.7]). A C∗-algebra is said to satisfy cancellation, if for any p, q ∈ P∞(A), then

[p]0 = [q]0 implies that p ∼ q. We will discuss the cancellation property further in

Section 2.7.3.
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We now discuss K1. Denote by Un(A) the group of unitaries in Mn(A), i.e.

u ∈ Mn(A) such that uu∗ = u∗u = 1Mn(A). We omit the subscript 1 in U1(A)

and instead write U(A). Set U∞(A) =
⋃∞
n=1 Un(A); this union is taken under the

inclusion Un(A) ⊂ Un+1(A) via the embedding u 7→ u⊕ 1A.
2

Endow U∞(A) with the direct limit topology, i.e. V ⊆ U∞(A) is open if and only

if V ∩ Un(A) ⊆ Un(A) is open for all n ∈ N. We can now define K1.

Definition/Proposition 2.6.2 ([119]). Let A be a unital C∗-algebra, K1(A) is the

space of path components of U∞(A), i.e. K1(A) = π0(U∞(A)). It is an abelian group

under multiplication.

For any n ∈ N, a unitary u ∈ Un(A) defines a class in K1(A); we denote this class

by [u]1. In fact, by definition, every class of K1(A) is represented by a unitary in

some matrix amplification of A. Every compact subset K ⊆ U∞(A) lies in UN(A)

for some N ∈ N by [53, Lemma 1.7]. So continuous paths [0, 1] → U∞(A) will factor

through UN(A) for some N ∈ N. It follows that for any two unitaries u, v ∈ U∞(A),

[u]1 = [v]1 if and only if there exists some N ∈ N such that u and v are homotopic in

Mn(A).
3

Similarly, we could’ve defined K1(A) as π0(Gl∞(A)). This would yield the exact

same group as every invertible element in a C∗-algebra is homotopic to a unitary

through its polar decomposition (see [119, Proposition 2.1.8]).

Let A,B be (unital) C∗-algebras and φ : A→ B a (unital) ∗-homomorphism. For

any n ∈ N, the (unital) ∗-homomorphism φ induces a (unital) ∗-homomorphism from

Mn(A) to Mn(B). This homomorphism takes a matrix (ai,j) ∈ Mn(A) to the matrix

(φ(ai,j)) ∈ Mn(B). We will abuse notation and denote these ∗-homomorphisms also

by φ.

2Although we had only defined the operation ⊕ for P∞(A), its definition makes sense as a map
from Mn(A)×Mm(A) → Mn+m(A).

3Two unitaries u, v ∈ A are said to be homotopic in A (u ∼h v), if there exists a continuous path
of unitaries u(t) in A such that u(0) = u and u(1) = v.
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We are now ready to discuss the functoriality of K-theory. If φ is a unital ∗-

homomorphism, K0(φ) is defined by K0(φ)([p]0 − [q]0) = [φ(p)]0 − [φ(q)]0 for p, q ∈

P∞(A). Similarly, K1(φ) is defined by K1(φ)([u]1) = [φ(u)]1 for u ∈ U∞(A). This

makes K0(·) and K1(·) functors from C*alg1 to Ab

Remark 2.6.3. In the not necessarily unital case, one needs to take care to extend

the functors K0 and K1 to functors from the category C*alg while still preserving

half exactness. We sketch the not necessarily unital case in this remark.

Let A be a not necessarily unital C∗-algebra. For a ∗-homomorphism φ : A → B

we denote its unitization by φ̃ : Ã→ B̃; this is defined by φ̃(a+ λ1Ã) = φ(a) + λ1B̃.

It is routine to check that φ̃ : Ã→ B̃ now defines a unital ∗-homomorphism. Denote

by πA the canonical homomorphism from Ã → C defined by πA(a + λ1Ã) = λ. The

groups Ki(A) are defined to be the kernel of the map Ki(πA) : Ki(A) → Ki(C) for

i = 0, 1. For a ∗-homomorphism φ : A→ B, one can induce a map of abelian groups

Ki(φ) : Ki(A) → Ki(B) by setting Ki(φ)(x) := Ki(φ̃)(x). This definition coincides

with our previous definitions when restricted to the category C*alg1 ([119, 4.1.2,

Proposition 8.1.6]).

We now state a few results about K-theory that we will need in later sections. We

start with a useful corollary of Brown’s stable isomorphism theorem ([12]).

Proposition 2.6.4. (Brown cf. [146, Corollary 2.7.18]) Let p be a full projection in

a C∗-algebra A and ι : pAp → A the inclusion.4 Then the maps K0(ι) and K1(ι) are

isomorphisms.

In Chapter 8 we will require perturbation results for projections and unitaries.

These results vaguely say that anything that almost acts like a projection/unitary

algebraically, is close to a projection/unitary in norm. The results are folklore (see

e.g. [119, Exercise 2.7, Exercise 2.8]) they follow as an application of functional

calculus.
4An element a in a C∗-algebra A is called full if the ideal generated by a is all of A.
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Lemma 2.6.5. Let A be a C∗-algebra. For all ε > 0 there exists δ > 0 such that if

a ∈ A satisfies ∥a − a∗∥ ≤ δ and ∥a2 − a∥ ≤ δ, then there exists a projection p ∈ A

with ∥a− p∥ ≤ ε.

Lemma 2.6.6. Let A be a C∗-algebra. For all ε > 0 there exists δ > 0 such that if

a ∈ A satisfies ∥aa∗ − 1∥ ≤ δ and ∥a∗a − 1∥ ≤ δ, then there exists a unitary u ∈ A

with ∥a− u∥ ≤ ε.

Similarly we will also need to know that close projections and close unitaries are

homotopic to one another.

Lemma 2.6.7. (cf. [119, Proposition 2.2.4]) Let p, q be projections in a C∗-algebra

A with ∥p− q∥ < 1, then p ∼h q.
5

Lemma 2.6.8. (cf. [119, Lemma 2.1.4]) Let u, v be unitary elements in a C∗-algebra

A with ∥u− v∥ < 2, then u ∼h v.

Finally, almost Murray von Neumann equivalence of projections implies genuine

Murray von Neumann equivalence.

Lemma 2.6.9. Let p, q be projections in a C∗-algebra A. If there exists a ∈ A such

that ∥aa∗ − p∥ ≤ 1/2 and ∥a∗a− q∥ ≤ 1/2 then p ∼ q.

2.6.2 Bott periodicity

In this section we discuss Bott periodicity ([2]). This important theorem of Atiyah

and Bott gives an alternative description of the K0 functor.

Note that U∞(A) endowed with the inductive limit topology may not be a topo-

logical group, as multiplication may not be jointly continuous. In fact U∞(A) will

only be a topological group in the inductive limit topology if A is a finite dimensional

5In particular p ∼ q. This follows as homotopic projections are Murray von Neumann equivalent.
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C∗-algebra (see the discussion in [21, Footnote 58, Section 2.2]). However, any ho-

motopy [0, 1]2 → U∞(A) will factor through UN(A) for some N ∈ N. In particular,

following for example [9, III.2 Problem 1 and 2], yields that π1(U∞(A)) is an abelian

group.

Theorem 2.6.10 (Bott periodicity). Let A be a unital C∗-algebra. The fundamental

group of U∞(A), denoted π1(U∞(A)), is an abelian group under pointwise multiplica-

tion.6 Moreover, the map φ : K0(A) → π1(U∞(A)) given by φ([p]0)(t) = pe2πit+(1−p)

for t ∈ [0, 1], extends to a well defined isomorphism of abelian groups.

Let A be a unital C∗-algebra. It is worth noting that, due to the specific form of the

isomorphism in Theorem 2.6.10, the Bott isomorphism induces a pointed isomorphism

(K0(A), [1]) ∼= (π1(U∞(A)), [ϵ1]) where by ϵ1 we denote the path ϵ1(t) = e2πit. For a

proof of Theorem 2.6.10 see [119]; this proof is based on the proof of Bott and Atiyah

in [2].

There are higher K-functors Kn for any n ∈ N (see [119, Chapter 10]). What Bott

periodicity owes its name to, is that it implies that for any n ∈ N and C∗-algebra A

the groups Kn(A) and Kn+2(A) are isomorphic.

2.6.3 The Künneth formula and the UCT

In this subsection we discuss the universal coefficient theorem and the Künneth the-

orems of Rosenberg and Schochet ([121],[124]). The universal coefficient theorem

(UCT) provides a way of computing the Kasparov bivariant KK theory groups (in-

trodued in [81]) through the more tractable K-theory groups.

Kasparov’s KK-theory is a bifunctor from the category of separable C∗-algebras

to the category of abelian groups. What this means is that for any two separa-

ble C∗-algebras A and B, there is an abelian group KK(A,B) and for any two

6in fact also concatenation, these two operations are the same by the Eckmann–Hilton argument
(see [38, Theorem 1.12])
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∗-homomorphisms φ : A→ C and ψ : B → D, for C,D C∗-algebras, one has induced

morphisms of abelian groups KK(φ,B) : KK(C,B) → KK(A,B) and KK(A,ψ) :

KK(A,B) → KK(A,D) such that KK(A,ψ)◦KK(φ,B) = KK(φ,D)◦KK(C,ψ).

This construction is such thatKK(·, B) andKK(A, ·) are contravariant and covariant

functors respectively from C*algsep to Ab.

The abelian group KK(A,B) is often viewed as a group of generalised morphisms

between A and B. For example, any ∗-homomorphism from A to B defines a class

in KK(A,B). In fact, there is an associative product; KK(A,B) × KK(B,C) →

KK(A,C) that restricts to composition on ∗-homomorphisms ([81]). This product is

called the Kasparov product. The Kasparov product allows us to construct the KK-

category, whose objects are separable C∗-algebras and whose morphisms are elements

in KK; the composition operation of this category is given by the Kasparov product.

The universal coefficient theorem ([121, Theorem 1.17]) states that for any C∗-algebra

that is isomorphic in the KK-category to an abelian C∗-algebra, there is a natural

short exact sequence that relates the KK bifunctor, with respect to any other C∗-

algebra, to the K0 and K1 functors. See [5, 23.1.1] for the precise statement of the

UCT.

The class of C∗-algebras that are isomorphic in the KK-category to an abelian

C∗-algebra is called the UCT class and denoted by N . Many nuclear C∗-algebras are

known to be contained in N . For example the Cuntz algebras (see Example 2.7.8),

UHF-algebras and the Jiang-Su algebra Z (see Section 2.7). It is a major open

problem whether every nuclear C∗-algebra is contained in N . Equivalently, whether

every nuclear C∗-algebra satisfies the conclusion of the UCT or in short satisfies the

UCT (see [125, Proposition 5.3]). See [14] for a recent survey on the UCT problem.

We refer to [5] for more details on N and the UCT.

We now state the Künneth formula for tensor products which will allow us to

compute the K-theory of the tensor product of two C∗-algebras.
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Theorem 2.6.11 (Künneth formula for tensor products [124]). Let A,B be C∗-

algebras with A in N . There are short exact sequences

0 →

(K0(A)⊗K0(B))

⊕

(K1(A)⊗K1(B))

→ K0(A⊗B) →

TorZ1 (K0(A), K1(B))

⊕

TorZ1 (K1(A), K0(B))

→ 0

and

0 →

(K0(A)⊗K1(B))

⊕

(K1(A)⊗K0(B))

→ K1(A⊗B) →

TorZ1 (K0(A), K0(B))

⊕

TorZ1 (K1(A), K1(B))

→ 0

that are natural in each entry.7

2.7 The classification programme

In analogy with the classification of injective factors, C∗-algebraists have worked for

decades on a classification of simple, nuclear C∗-algebras. The first major classi-

fication result for C∗-algebras is Elliott’s classification of inductive limits of finite

dimensional C∗-algebras by their ordered K0 group ([40]).8 Further classification re-

sults for inductive limits of C∗-algebras with nice building blocks in [41] and [42]

lead for Elliott to conjecture that simple, separable, unital, nuclear C∗-algebras are

classified by their K-theoretic and tracial data.

A satisfactory classification result for a large class of simple, separable, nuclear

C∗-algebras was achieved in 2015. This is the culmination of decades of work and the

involvement of many, we cite some of the major breakthroughs towards the achieve-

ment of this theorem ([40], [41], [42], [84], [109], [90], [148], [55], [43], [138], [23])

7See [145] for details on TorZ1 .
8We have not discussed the order structure of the K0 group of a C∗-algebra yet, see Section 2.7.3.
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Theorem 2.7.1 (Classification Theorem). The class of infinite dimensional, simple,

unital, separable, nuclear Z-stable C∗-algebras which satisfy the universal coefficient

theorem are classified by K-theory and traces.9

We refer to C∗-algebras satisfying the hypothesis of Theorem 2.7.1 as classifiable

C∗-algebras. Notice that, unlike in the Connes–Haagerup classification, notions of

amenability, simplicity and separability are not enough for classification. We have

discussed the universal coefficient theorem in Section 2.6.3. As stated in Section 2.6.3,

it is open whether every nuclear C∗-algebra satisfies the UCT. If this were the case,

one could remove the UCT as a hypothesis from Theorem 2.7.1. We will discuss

Z-stability in Section 2.7.1.

Remark 2.7.2. Apart from the UCT and Z-stability, the classification result of

Theorem 2.7.1 is in complete analogy with the classification of amenable factors with

separable predual by Connes [27] and Haagerup [57].

The analogy is as follows. Every von Neumann factor has no non-trivial strong

operator topology closed ideals and hence is simple as a W∗-algebra ([135, Corollary

4.7]). Any von Neumann algebra M with separable predual is represented on a

seperable Hilbert space; its unit ball in the strong operator topology is metrisable ([6,

I.3.1.4]). Hence, the unit ball ofM , and soM itself, is separable in the strong operator

topology. For a von Neumann algebra, amenability is equivalent to semidiscreteness

([27, Theorem 6]); the norm version of semidiscreteness coincides with nuclearity on

C∗-algebras (see [15, Chapter 3.8]).

2.7.1 Jiang–Su stability

The Jiang-Su algebra Z was introduced in [73] by Jiang and Su as an infinite dimen-

sional, simple, separable, unital, nuclear C∗-algebra that has the same K-theory and

9See Section 2.7.2 for a precise statement.
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traces as the complex numbers. That is K0(Z) = Z, K1(Z) = 0 and Z has a unique

trace. The original construction of the Jiang-Su algebra was as an ASH-algebra with

subhomogeneous building blocks of the form

Zp,q = {f ∈ C([0, 1],Mpq) : f(0) ∈ Mp ⊗ 1Mq and f(1) ∈ 1Mp ⊗Mq} (2.7.1)

for p, q relatively prime. Jiang and Su chose the connecting maps in such a way

that it ensured that its inductive limit Z had the properties discussed in the pre-

vious paragraph. After Jiang and Su’s construction, many alternative constructions

followed ([120],[94],[123]). The existence of a C∗-algebra with the properties of Z

was a counterexample to early versions of the Elliott conjecture, as it had the same

K-theoretic and tracial information as C, yet it is infinite dimensional. Its exis-

tence implies structural properties on the class of C∗-algebras that can be classified

by K-theoretic and tracial information. Indeed, by the Künneth formula for tensor

products, for any unital C∗-algebra A, K0(A ⊗ Z) ∼= K0(A), K1(A ⊗ Z) ∼= K1(A)

and also T (A ⊗ Z) ∼= T (A). The tracial isomorphism is given by sending τ ∈ T (A)

to τ ⊗ τZ , where τZ is the unique trace on Z. This suggests that any invariant solely

composed of tracial and K-theoretic information will not distinguish A and A⊗Z.

Definition 2.7.3. A C∗-algebra A is said to be Z stable if A⊗Z ∼= A.

In fact, further results in [140], clarify that any classification of a class of simple,

separable, unital, nuclear C∗-algebras outside of the Z-stable case would require much

wilder invariants.

2.7.2 The invariant

In this section, we discuss Theorem 2.7.1 in more detail. In particular, we elaborate

on what is meant for a C∗-algebra to be “classified by K-theory and traces”. For this

we begin by discussing the trace space T (A) of a C∗-algebra A.
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Let A,B be unital C∗-algebras and φ : A → B a ∗-homomorphism. One can

induce a map T (φ) : T (B) → T (A) by T (φ)(τ) = τ ◦φ for any trace τ ∈ T (B). This

equips T (·) with the structure of a contravariant functor from C*alg1 to the category

of convex topological spaces.

We will mainly work with the covariant version of the functor T (·). Let Aff(T (A))

be the space of affine, continuous, real valued functions on the trace space of A. For

any unital C∗-algebra A the real vector space Aff(T (A)) is an Archimedean order

unit space under the order induced by R pointwise. For a unital ∗-homomorphism

φ : A → B define the unital, positive, continuous map Aff(T (φ))(f)(τ) = f(τ ◦ φ)

from Aff(T (A)) to Aff(T (B)). This makes Aff(T (·)) a covariant functor from C*alg1

into the category of Archimedean order unit spaces. The functors Aff(T (·)) and T (·)

capture the same information (this is explained in [21, Section 2.1]).

We now turn to the classification invariant, consisting of K-theoretic and tracial

information, which underlies the statement of Theorem 2.7.1.

Definition 2.7.4. Let A be a unital C∗-algebra. The total invariant of A is given by

KTu(A) = {(K0(A), [1A]0), K1(A),Aff(T (A)), ρA : K0(A) → Aff(T (A))}.

We have seen the first three components of the invariant in previous sections.

The pairing map ρA takes an element m ∈ K0(A) and produces an affine function

on the trace space of A by ρA(m)(τ) = τ(m) for each τ ∈ T (A). In most accounts

of classification, the classification invariant of choice is the Elliott invariant (see for

example [117],[55]). Under the assumptions of Theorem 2.7.1, the Elliott invariant

captures the same information as the total invariant. In fact, the Elliott invariant

carries unnecessary extra information. This is because the order structure on K0 can

be recovered from the pairing map under the assumptions of Theorem 2.7.1. Indeed, if

A is a simple, unital, tracial, Z-stable C∗-algebra thenK0(A) is a weakly unperforated
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ordered group by [54]. If moreover A is nuclear (exact is enough), then the positive

cone of K0(A) can be recovered as those elements that are strictly positive under the

pairing map (this follows from [127, Theorem 13.3.8] as every state on K0(A) when

A is unital and exact is given by a trace of A [58]).

We now turn to describe the category that KTu(·) maps into. For the purpose

of this exposition we will denote it by Ell. The category Ell consists of quadruples

{(G0, e), G1, S, ρ : G0 → S} with (G0, e) a pointed abelian group, G1 an abelian

group, S an Archimedean order unit space which is concretely realised as a function

space and ρ an additive map sending e to an order unit of S. An morphism Φ from

{(G0, e), G1, S, ρ : G0 → S} to {(H0, h), H1, R, η : H0 → R} in Ell consists of a triple

Φ = (ϕ0, ϕ1, ψ) where ϕ0 : (G0, e) → (H0, h) is a pointed homomorphism of abelian

groups, ϕ1 : G1 → H1 is a homomorphism of abelian groups and ψ : S → R is a

positive, continuous, unital map such that the diagram

H0 R

G0 S

η

φ0

ρ

ψ (2.7.2)

commutes. It is clear that if φ : A → B is a unital ∗-homomorphism then the

map KTu(φ) : KTu(A) → KTu(B) consisting of the triple (K0(φ), K1(φ),Aff(T (φ)))

induces a morphism between KTu(A) and KTu(B) in Ell making KTu(·) a functor

from C*alg1 into Ell. We can now precisely state the classification theorem.

Theorem 2.7.5 (Precise formulation of Theorem 2.7.1). Let A,B be simple, unital,

separable, nuclear, Z-stable C∗-algebras which satisfy the universal coefficient the-

orem. Then A ∼= B if and only if KTu(A) ∼= KTu(B). Moreover, for any X in

Obj(Ell) there exists a simple, unital, separable, nuclear, Z-stable C∗-algebra satisfy-

ing the universal coefficient theorem with KTu(A) ∼= X.
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2.7.3 A dichotomy

Due to Kirchberg’s dichotomy ([117, Theorem 4.1.10]) any classifiable C∗-algebra is

either purely infinite or stably finite.

Definition 2.7.6. A C∗-algebra A is said to be finite if no projection in A is Murray

von Neumann equivalent to a proper subprojection. A is said to be stably finite if

Mn(A) is finite for all n ∈ N.

Examples of stably finite C∗-algebras are AF-algebras (Example 2.3.2), irrational

rotation algebras [33, Section VI] and the Jiang-Su algebra Z. Under the assumption

of nuclearity (in fact exactness is enough) every unital, simple, stably finite C∗-algebra

has at least one tracial state [58].

For a unital, stably finite C∗-algebra A, its K-theory K0(A) becomes an ordered

abelian group by letting the positive cone be K0(A)
+ = {[p]0 : p ∈ P(A)} (see [119,

Proposition 5.1.5]). Often, extra information is carried in the order structure of

the K-theory groups. For example, in Elliott’s classification of unital AF-algebras

([40]), the classification invariant is the pointed, ordered K0-group. Elliott’s theo-

rem states that any two unital AF-algebras A and B are isomorphic if and only if

(K0(A), K0(A)
+, [1A]0) ∼= (K0(B), K0(B)+, [1B]0) i.e. there exists an isomorphism

φ : K0(A) → K0(B) sending K0(A)
+ to K0(B)+ and [1A]0 to [1B]0.

At the other side of the dichotomy are the purely infinite C∗-algebras.

Definition 2.7.7. A simple, unital C∗-algebra A ̸= C is said to be purely infinite if

for every non-zero a ∈ A+ there exists x ∈ A such that 1A = xax∗.

The motivating examples of simple, purely infinite C∗-algebras are the Cuntz

algebras introduced in [29].

Example 2.7.8. The Cuntz algebra On for n ∈ {2, 3, . . . } are the universal C∗-
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algebras generated by n isometries sk for 1 ≤ k ≤ n such that

n∑
k=1

sks
∗
k = 1.

It is easy to see that the Cuntz algebras are infinite. Indeed the generators sk are

proper isometries. In [29, 30] Cuntz shows that they are simple, purely infinite and

(K0(On), [1On ], K1(On)) ∼= (Zn−1, 1 mod (n− 1), 0).

Similarly, Cuntz also introduces O∞. The C∗-algebra O∞ is the C∗-algebra gen-

erated by infinitely many isometries sk for k ∈ N with orthogonal range projections.

The C∗-algebra O∞ is also simple, purely infinite and (K0(O∞), [1O∞ ], K1(O∞)) ∼=

(Z, 1, 0).

A simple, purely infinite C∗-algebra A has no traces. In fact, the definition implies

that any two non-zero projections in A are Murray–von Neumann subequivalent to

each other.10 There are also notions of pure infiniteness for non-simple non-unital

C∗-algebras ([86]).

Those C∗-algebras that are simple, purely infinite, separable and nuclear are called

Kirchberg algebras. The Kirchberg–Phillips classification theorem ([109]) classifies

Kirchberg algebras satisfying the UCT by their K-theory. In fact, the Kirchberg–

Phillips classification does more, it says that any two unital Kirchberg algebras which

are KK-equivalent, such that the KK-equivalence preserves the class of the unit,

are isomorphic. The UCT is used to obtain KK-equivalence of Kirchberg algebras

through an isomorphism of their K-groups. For unital Kirchberg algebras Theorem

2.7.1 simplifies to the Kirchberg–Phillips classification theorem.

Theorem 2.7.9. (Kirchberg–Phillips cf. [109]) Let A,B be unital Kirchberg algebras

satisfying the UCT then A ∼= B if and only if (K0(A), [1A]0) ∼= (K0(B), [1B]0) and

K1(A) ∼= K1(B).

10Let p, q ∈ P (A), p is said to be Murray–von Neumann subequivalent to q (p ⪯ q) if there exists
a partialy isometry v ∈ A with vv∗ = p and v∗vq = v∗v.
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For the remaining part of this section we discuss the K-theory groups of simple,

purely infinite C∗-algebras.

Proposition 2.7.10 (cf. [30]). Let A be a simple, purely infinite C∗-algebra. For

any two non-zero projections p, q ∈ P (A), [p]0 = [q]0 implies that p ∼ q. Moreover,

the map

{[p]D | p ̸= 0 ∈ P (A)} → K0(A)

is a bijection of sets.11

Proposition 2.7.10 says that for a simple, purely infinite C∗-algebra A, any class

in K0(A) can be represented by a projection in A; one does not need to consider

differences of projections in matrix amplifications of A. It also implies that any two

non-zero projections that represent the same class in K0(A) are genuinely Murray

von Neumann equivalent in A. We call this second property cancellation of non-zero

projections. However, cancellation does not in general hold for Kirchberg algebras.

This can be seen for example in O2, as there are non-trivial projections that are

equivalent to 0. On the other hand, any simple, nuclear, Z-stable, finite C∗-algebra

satisfies cancellation (see [118, Theorem 6.7] and [5, Proposition 6.5.1]).

The K1 group of a purely infinite C∗-algebra also behaves nicely.

Proposition 2.7.11 (cf. [30, Theorem 1.9]). Let A be a unital, simple, purely infinite

C∗-algebra. Then the canonical map π0(U(A)) → K1(A) is an isomorphism.

Remark 2.7.12. If A is unital, separable and simple, it follows from [66, Lemma

2.3](cf. [7, Theorem 1.4 (a)]) that B = A ⊗ O∞ is unital, simple, purely infinite.

By the Künneth formula, K0(A) ∼= K0(B) and K1(A) ∼= K1(B). In particular, any

unital, simple, separable C∗-algebra has a unital, simple, separable, purely infinite

C∗-algebra with the same K-theory.

11For p ∈ P (A), [p]D denotes the Murray von Neumann equivalence class of p in A.
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We now turn to a particular class of Kirchberg algebras. A unital Kirchberg

algebra A is said to be in Cuntz standard form if the class [1A]0 is zero in K0(A).

Any Kirchberg algebra A contains a Kirchberg algebra Ast as a corner such that

K0(A
st) = K0(A) and K1(A

st) = K1(A) but A
st is in Cuntz standard form. One can

build Ast by using pure infiniteness of A to realise a projection p ∈ A with p ∼ 1A

but p < 1A strictly. The orthogonal projection 1 − p is a non-zero projection in

A with [1 − p]0 = 0. By Brown’s stable isomorphism theorem [12] the full corner

(1− p)A(1− p) is stably isomorphic to A and therefore Ki((1− p)A(1− p)) ∼= Ki(A)

for i = 0, 1 and so (1−p)A(1−p) is an instance of Ast. C∗-algebras in Cuntz standard

form will make an appearance in Chapters 5 and 6.

2.7.4 Tracially AF-algebras

After successfully classifying Kirchberg algebras, the focus of the classification pro-

gramme shifted to the stably finite setting. This proved to be significantly more

complex due to the presence of traces. Early progress was made for C∗-algebras aris-

ing from inductive limits of well-defined building blocks. A significant breakthrough

occurred in [90], Lin achieved a conceptual leap by classifying C*-algebras without

relying on an inductive limit decomposition. Lin’s classification encompassed C*-

algebras that can be locally approximated by finite-dimensional C∗-algebras in trace.

Definition 2.7.13. (cf. [90, Section 2]) A simple, unital C∗-algebra A is tracially

AF (TAF ) if for all ε > 0, F ⊂ A finite and a ∈ A+ \ {0}, there exists a non-zero

projection p and finite dimensional C∗-subalgebra B ⊂ A with 1B = p such that

(i) ∥px− xp∥ ≤ ε for x ∈ F ,

(ii) dist(pxp,B) < ε for x ∈ F ,

(iii) 1− p is equivalent to a projection in aAa.

37



Under the presence of strict comparison of projections by traces (in the sense of

[141, Section 2]), condition (iii) can be replaced with the condition that τ(1− p) < ε

for every τ ∈ T (A). 12

In [95, Theorem 6.1] it is shown that any unital, separable, simple, nuclear C∗-

algebra that absorbs a UHF algebra and is quasidiagonal, is a tracially AF C∗-algebra.

Quasidiagonality is an external approximation property that can be more easily ver-

ified than the local approximations of TAF algebras. Moreover, combining Matui–

Sato’s result with the quasidiagonality theorem of Tikuisis, White and Winter we get

the following.

Theorem 2.7.14. (cf. [95, Theorem 6.1] and [138, Corollary B]) Let A be a unital,

separable, simple, nuclear C∗-algebra satisfying the UCT such that A has a unique

trace and A⊗B ∼= A for some UHF-algebra B. Then A is tracially AF.

In [90] Lin classifies unital, simple, separable, nuclear TAF algebras satisfying the

UCT by their pointed, ordered K-groups.13

Theorem 2.7.15. (Lin cf. [90, Theorem 5.2]) Let A and B be two unital, simple,

separable, nuclear TAF algebras satisfying the UCT. Then A ∼= B if and only if

((K0(A), K0(A)
+, [1A]0), K1(A)) ∼= ((K0(B), K0(B)+, [1B]0), K1(B))

12This property is immediate for many of the C∗-algebras we consider. For example by [118,
Corollary 4.6] any unital, simple, separable, nuclear, Z-stable C∗-algebra satisfies strict comparison
of positive elements by traces.

13Every unital, simple TAF algebra quasidiagonal and hence stably finite ([89, Theorem 3.4]), so
their K0 group comes with a prescribed order.
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Chapter 3

An introduction to anomalous

symmetries

In this chapter we set out the technical preliminaries to anomalous actions. The

material in Sections 3.2 and 3.3 is based on that of [46, Section 2].

3.1 Symmetries of operator algebras

We start by setting up notation. Let A be a C∗-algebra. We denote by Aut(A) the

group of ∗-automorphisms of A. Any unitary u ∈ U(M(A)) induces an automorphism

of A by conjugation which we denote by Ad(u), such an automorphism is called inner.

Our convention is that Ad(u)(a) = uau∗ for any a ∈ A. The collection of all inner

automorphisms of A form a normal subgroup of Aut(A); we denote it by Inn(A).

Indeed, observe that if α ∈ Aut(A), u ∈ U(M(A)) and a ∈ A

αAd(u)α−1(a) = α(uα−1(a)u∗) = Ad(α(u))a (3.1.1)

for the unique extension α of α to Aut(M(A)) (see [16, Proposition 3.8]). From now

on we will denote the extension of an automorphism α ∈ Aut(A) to an automorphism
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of M(A) also by α. An automorphism on A is called outer if it is not contained in

Inn(A). We denote by Out(A) the quotient group Aut(A)/Inn(A).

Usually, a symmetry of an operator algebra is encoded in a group action. That is,

there exists a group G and a group homomorphism G→ Aut(A). In this chapter we

discuss anomalous actions, they are a more general notion of symmetry than that of

a group action. For a physical motivation of anomalous actions see [74, Section 2.3].

Anomalous actions fit into the framework of quantum symmetries. Quantum sym-

metries encode actions of higher dimensional objects; examples are those arising from

subfactor theory ([97],[110],[45],[76]). There are multiple ways to encode quantum

symmetries. The viewpoint that we take is to start with the notion of a group action,

replace the acting group by a category equipped with a multiplication operation that

need no longer be invertible and Aut(A) with an appropriate category of symmetries

of A that contains non-invertible elements. A precise definition of these generalised

symmetries, and how anomalous actions fit into this framework, will be discussed in

Chapter 9.

3.2 G-kernels

Before discussing anomalous actions we start by discussing the closely related notion

of G-kernels.

Definition 3.2.1. Let G be a group. A G-kernel on A is a group homomorphism

θ : G→ Out(A).

Motivated by an analogous concept of the same name in group theory ([39]), the

study of G-kernels in the setting of von Neumann algebras was initiated by Nakamura

and Takeda ([102, 134]) and developed by Sutherland ([128]) and Jones ([78]).

Fix a G-kernel θ : G → Out(A). We now discuss the H3 invariant associated to

a G-kernel. The H3 invariant of a G-kernel was first defined in [39] for G-kernels on
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groups (defined as in Definition 3.2.1 but exchanging the C∗-algebra A with another

group H). The calculations in [39] also work in the setting of Definition 3.2.1, we

recall the construction of the H3 invariant.

For each g ∈ G, choose a lift θg ∈ Aut(A) for θ(g). Since θ is a group homomor-

phism, there exist unitaries ug,h ∈ U(M(A)) such that θgθh = Ad(ug,h)θgh for each

g, h ∈ G. Given g, h, k ∈ G, we may use associativity in Aut(A) to compute θgθhθk

in two different ways. Firstly, we have

(θgθh)θk = Ad(ug,h)θghθk (3.2.1)

= Ad(ug,h)Ad(ugh,k)θghk

= Ad(ug,hugh,k)θghk.

Secondly, we have

θg(θhθk) = θgAd(uh,k)θhk (3.2.2)

= Ad(θg(uh,k))θgθhk

= Ad(θg(uh,k))Ad(ug,hk)θgθhθk

= Ad(θg(uh,k)ug,hk)θghk.

Hence, Ad(θg(uh,k)ug,hk) = Ad(ug,hugh,k) for all g, h, k ∈ G.

The kernel of the group homomorphism Ad : U(M(A)) → Aut(A) is the centre

of the unitary group Z(U(M(A))). Therefore, we may define a function ω : G×3 →

Z(U(M(A))) by

ω(g, h, k) = θg(uh,k)ug,hku
∗
gh,ku

∗
g,h (3.2.3)

for all g, h, k ∈ G.

The group Z(U(M(A))) is abelian, and can be endowed with a ZG-module struc-

ture where g acts via θg|Z(U(M(A))). So ω is a 3-cochain with coefficients in Z(U(A)).
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Moreover, a simple but tedious computation shows that dω = 0; see [39, Lemma 7.1].

Hence, ω ∈ Z3(G,Z(U(M(A)))). The cohomology class [ω] ∈ H3(G,Z(U(M(A))))

is the H3 invariant of the G-kernel θ̄, we denote it by ob(θ). It does not depend on

the choice of lifts θg or the choice of unitaries ug,h; see [39, Theorem 7.1].

3.3 Anomalous actions

The main objects of study in this thesis are anomalous actions.

Definition 3.3.1 ([74, Definition 1.1]). An anomalous action of a countable discrete

group G on a C∗-algebra A consists of a pair (α, u) where

α : G→ Aut(A)

u : G×G→ U(M(A))

are a pair of maps such that

αgαh = Ad(ug,h)αgh, for all g, h ∈ G, (3.3.1)

αg(uh,k)ug,hku
∗
gh,ku

∗
g,h ∈ T · 1M(A), for all g, h, k ∈ G. (3.3.2)

We use lowercase notation to improve readability, i.e. α(g) = αg and u(g, h) =

ug,h. As explained in Section 3.2 the formula in (3.3.2) defines a 3-cocycle ω ∈

Z3(G,T), this is called the anomaly of the action. We often write (α, u) is a (G,ω)

action on A instead of (α, u) is an anomalous action of G on A. We may also say

(α, u) is an ω-anomalous action of G on A. We will use o(α, u) to denote the anomaly

of (α, u) and ob(α, u) = [o(α, u)] to denote the class that ω represents in H3(G,T).

There is a slight change of conventions in Definition 3.3.1 to [74, Definition 1.1]

and [46, Definition 2.1]. We make this change to be in tune with the conventions on
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cocycle actions in the C∗-algebra literature (see e.g. [66]). Where a cocycle action is

an anomalous action with unitary product in (3.3.2) being identically one. Given our

conventions in Definition 3.3.1, a (G,ω) action induces an ω-anomalous action as in

[74, Definition 1.1], this is seen by taking mg,h = u∗g,h.

Remark 3.3.2. Suppose ω is a normalized 3-cocycle and (α, u) is a (G,ω) action.

Then one can construct a new anomalous action (α′, u′) such that α′
g = αg, u

′
g,h = ug,h

for all g, h ∈ G \ {1G} and α′
1G

= idA, ug,1G = u1G,g = 1 for all g ∈ G. The pair

(α′, u′) still satisfies (3.3.1) and condition (3.3.2).

Remark 3.3.3. Suppose Z(M(A)) = C. Then everyG-kernel lifts to an ω-anomalous

action of G on A, where the cohomology class of ω coincides with the H3 invariant.

This follows from the derivation of the H3 invariant in Section 3.2 as Z(U(M(A))) =

U(Z(M(A))) = T. Conversely, any (G,ω) action (α, u) on A induces a G-kernel α by

setting αg = αg + Inn(A) ∈ Out(A). This induced G-kernel has H3 invariant [ω].

Moreover, suppose (α, u) is a (G,ω)-action on A with ω′ is cohomologous to ω.

Then ω′ = dλ · ω for some 2-cochain λ ∈ C2(G,T). Setting u′g,h = λ(g, h)ug,h, we

have that (α, u′) is an ω′-anomalous action of G on A.

Due to Remark 3.3.3, we will often use the terminology of anomalous actions and

G-kernels interchangably in the case that Z(M(A)) = C. In this thesis we will mainly

be interested in simple C∗-algebras, in which case Z(M(A)) = C is automatic.

Proposition 3.3.4. Let A be a simple C∗-algebra then Z(M(A)) = C.

Proof. By definition Z(M(A)) is an abelian C∗-algebra. Therefore, if Z(M(A)) is

non-trivial there exists two non-trivial orthogonal elements x, y ∈ Z(M(A)). The

ideals xA and yA have trivial intersection as xA∩ yA = xA · yA = 0. However, as A

is simple, xA = A = yA which is a contradiction.

Remark 3.3.5. When G is a group and α is a group action on A, the family of

automorphisms αg also define a group action on A∞. Similarly, if B ⊂ A∞ is an
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α invariant subalgebra the automorphisms αg define a group action on A∞ ∩ B′. If

(α, u) is a anomalous action on a unital C∗-algebra A it need not induce an anomalous

action on A∞ ∩A′ as ug,h will not be a unitary in A∞ ∩A′. However, the assignment

αg : (an) 7→ (αg(an)) induces a group action on A∞ ∩ A′. Indeed if a = (an) ∈

A∞ ∩ A′ then αgαh(a) = (αgαh(an)) = (Ad(ug,h)αgh(an)) = αgh(an) as any inner

automorphism of A is trivial on central sequences of A.

We now discuss a few constructions which will be useful to keep in mind for later

sections. Firstly, if φ : A → B is an isomorphism of C∗-algebras and (α, u) is a

(G,ω) action on B then the pair (φ−1αφ, φ−1(u)) with (φ−1αφ)g = φ−1αgφ and

φ−1(u)g,h = φ−1(ug,h) is a (G,ω) action on A.

If ρ : G→ Q is a homomorphism of groups, one can induce a (G, ρ∗(ω)) action on

A from a (Q,ω) action on A. Indeed, suppose (α, u) is a (Q,ω) action on A, define

the pair (ρ∗(α), ρ∗(u)) by

ρ∗(α)g(a) = αρ(g)(a),

ρ∗(u)g,h = uρ(g),ρ(h)

for all g, h ∈ G. It is a straightforward computation that (ρ∗(α), ρ∗(u)) is a (G, ρ∗(ω))

action on A.

Another construction that will be useful for us is the tensor product of anomalous

actions. If A,B are C∗-algebras and (α, u) is a (G,ω) action on A and (β, v) is

a (G,ω′) action on B then (α, u) ⊗ (β, v) defined by the pair (α ⊗ β, u ⊗ v) is an

anomalous action on A ⊗ B. It is a routine computation to show that the anomaly

of the tensor product (α, u)⊗ (β, v) corresponds to the product of 3-cocycles ωω′.
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3.3.1 Anomalous actions of cyclic groups

We now turn to discuss anomalous actions of cyclic groups. Let G = Zn and T be

equipped with the trivial ZG-module structure, using the periodic resolution, it is

standard to show that H3(Zn,T) ∼= Zn. In fact, specific cocycle representatives for

the cohomology classes have been computed in [63, Proposition 2.3]. We write the

formulas here for convenience. Let ξ = e2πi/n and g be the class of 1 + nZ in Zn; a

complete set of normalised cocycle representatives for H3(Zn,T) is given by

λk(g
l, gr, gs) = ξ

kl(r+s−[r+s])
n (3.3.3)

for 0 ≤ k, l, r, s ≤ n − 1.1 By Remark 3.3.3, the existence of (G,ω) actions is

independent of the choice of representative cocycle in [ω]. In particular, one can

use the specific form of the representative cocycles λk in H3(Zn,T) as in (3.3.3), to

package the information encoded in an anomalous action of a cyclic group only in

terms of one unitary and one automorphism.

Lemma 3.3.6. Let A be a C∗-algebra and ω ∈ Z3(Zn,T) with k ∈ {0, 1, 2, . . . , n− 1}

such that [ω] = [λk]. There exists a (Zn, ω) action on A if and only if there exists

an automorphism α ∈ Aut(A) and a unitary u ∈ U(M(A)) with αn = Ad(u) and

α(u) = ξku.

Proof. Suppose we have an automorphism α, a unitary u and 0 ≤ k ≤ n−1 such that

αn = Ad(u) and α(u) = ξku. We produce a (Zn, ω) action on A by letting αgm = αm

for 0 ≤ m ≤ n− 1, ugi,gj = 1 whenever i + j < n and ugi,gj = u whenever i + j ≥ n

for 0 ≤ i, j ≤ n− 1. It is a straightforward calculation that (3.3.2) is satisfied for λk.

For the reverse direction, suppose (α, u) is a (Zn, ω)-action on A. Pick 0 ≤ k ≤

n−1 such that [λk] = [ω]. By Remark 3.3.3, one may assume that (α, u) is a (Zn, λk)-

action on A. By Remark 3.3.2, as the cocycle is normalized, one may also assume

1r + s is the sum in Z and [r + s] the sum modulo n.
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that ugm,1 = u1,gm = 1 and α1 = idA for all m ∈ Z. In particular, (α, u) consists of

n−1 automorphisms αgi for 1 ≤ i < n and (n− 1)2 unitaries ugl,gs for 1 ≤ l, s < n. It

follows by induction that (αg)
m = Ad(ug,gug2,g . . . ugm−1,g)αgm for m ∈ Z. Indeed, the

m = 2 case is immediate and if it holds for m− 1 then by the induction hypothesis

(αg)
m = (αg)

m−1αg = Ad(ug,gug2,g . . . ugm−2,g)αgm−1αg = Ad(ug,gug2,g . . . ugm−1,g)αgm .

In particular, it follows that αng = Ad(ug,gug2,g . . . ugn−1,g). It remains to show that

αg(ug,g . . . ugn−1,g) = ξkug,g . . . ugn−1,g in which case the automorphism αg and the

unitary ug,gug2,g . . . ugn−1,g is the desired pair. Indeed, using the specific form of the

cocycle λk (see (3.3.3))

ξk
(3.3.2)
= λk(g, g

n−1, g) = αg(ugn−1,g)u
∗
g,gn−1 , (3.3.4)

1
(3.3.2)
= λk(g, g

j, g) = αg(ugj ,g)ug,gj+1u∗gj+1,gu
∗
g,gj , (3.3.5)

with (3.3.5) holding for all 1 ≤ j < n− 1. It follows that

αg(ug,gug2,g . . . ugn−1,g) = αg(ug,gug2,g . . . ugn−2,g)αg(ugn−1,g)

(3.3.4)
= ξkαg(ug,gug2,g . . . ugn−2,g)ug,gn−1

= ξkαg(ug,gug2,g . . . ugn−3,g)αg(ugn−2,g)ug,gn−1

(3.3.5)
= ξkαg(ug,gug2,g . . . ugn−3,g)ug,gn−2ugn−1,g.

Now repeatedly applying (3.3.5)

αg(ug,g . . . ugn−1,g) = ξkug,g . . . ugn−1,g.
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As part of the proof of Lemma 3.3.6 we have shown that if A is a C∗-algebra with

a pair α ∈ Aut(A) and u ∈ U(M(A)) such that αn = Ad(u) and α(u) = γu for some

n-th root of unity γ, then one can induce a Zn-anomalous action (α, u). When a

Zn-anomalous action is of this form for some automorphism α, we will say it arises

from an automorphism. In Section 3.5 we show that every anomalous action of a

cyclic group arises from an automorphism.

3.3.2 Anomalous actions on R

In [28], Connes considers automorphisms α ∈ Aut(R) such that αn = Ad(u) for some

u ∈ U(R). He shows that α(u) = γu for some n-th root of unity γ ∈ C. These pairs

(α, u), as above, induce anomalous actions on R (see Lemma 3.3.6).

For any n ∈ N and nth root of unity γ, Connes constructs an automorphism sγn

with order n in Out(R) such that (sγn)
n = Ad(u) and sγn(u) = γu for some u ∈ U(R).

Connes result is recorded below.

Theorem 3.3.7 (Connes cf. [28, Proposition 1.6]). Fix n ∈ N, R =
⊗

i∈N(Mn, trn).

Let πi : Mn → R be the embedding into the i-th tensor factor, and let θ : R → R be

the endomorphism such that θπi = πi+1 for all i ∈ N.

Let γ be an n-th root of unity. Set

u =
n∑
j=1

γjπ1(ej,j) (3.3.6)

v = π1(en,1)θ(u) +
n−1∑
j=1

π1(ej,j+1). (3.3.7)

Then the sequence (Ad(vθ(v)θ2(v) · · · θk(v)))∞k=1 converges pointwise in the ∥·∥2-norm

topology to an automorphism sγn such that (sγn)
n = Ad(u) and sγn(u) = γu.

Remark 3.3.8. (cf. [28, Proposition 1.6]) For any element of the algebraic tensor

product
⊙

i∈N Mn, Connes shows that the sequence (Ad(vθ(v)θ
2(v) · · · θk(v))(x))∞k=1 is
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eventually constant. It follows that sγn restricts to an automorphism of the UHF alge-

bra
⊗

i∈NMn and (Ad(vθ(v)θ2(v) · · · θk(v)))∞k=1 converges in the point norm topology

on this subalgebra.

As γ ranges over all n-th roots of unity, there is an ω-anomalous Zn-action on

R for any ω ∈ Z3(Zn,T). Connes result was later generalised by Jones to cover all

countable discrete groups.

Theorem 3.3.9 (Jones cf. [77, Theorem 2.5]). Let G be a countable discrete group

and ω ∈ Z3(G,T). Then there exists a (G,ω) action on R.

In Jones’ construction, R is realised as a (twisted) crossed product. We will revisit

this construction in Section 6.

3.4 Classification of actions

Following the classification of injective factors there was a great body of work towards

classifying symmetries of injective factors. Before we state these results, we discuss the

notion(s) of equivalence of group actions on C∗-algebras, that usually get considered

for classification in the literature.

Definition 3.4.1. Let A,B be C∗-algebras and α : G → Aut(A), β : G → Aut(A)

be group actions. Then we say that

• α is conjugate to β, if there exists an isomorphism θ : A → B such that

αg = θβgθ
−1 for all g ∈ G. We denote it by α ∼ β.

• α is cocycle conjugate to β, if there exist unitaries ug ∈ U(M(A)) for g ∈ G

such that ugα(uh) = ugh and the group action α′
g = Ad(ug)αg is conjugate to

β. We denote this by α ≃ β.

• α is outer conjugate to β, if the induced G-kernels α and β are conjugate. Or

equivalently, if there exists an isomorphism θ : A→ B such that α = θβθ−1.
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A family of unitaries ug for g ∈ G such that ugαg(uh) = ugh (as used in the

definition for cocycle conjugacy) is called an α-cocycle. Conjugacy implies cocycle

conjugacy which in turn implies outer conjugacy. Usually, conjugacy is too fine of

an equivalence relation for classification (see e.g. [68, Section 2.2]). Hence, most

classification results for actions are done up to cocycle conjugacy. It also makes sense

to talk about outer conjugacy of G-kernels, in fact the setting of G-kernels is a more

natural setting for this equivalence relation.

The classification of group actions on injective factors was a major success. In [26]

and [28] Connes classified actions of cyclic groups on R, Jones then classified actions

of finite groups on R ([78]) and Ocneanu further generalised these results to the case

of discrete amenable groups acting on R ([105]). We package a special case of these

classification results below. An action α of a group G on a C∗-algebra A is called

pointwise outer or free if αg is an outer automorphism for all g ∈ G.

Theorem 3.4.2 ([28],[26],[78],[105]). Let G be a discrete, amenable group. Then any

two pointwise outer actions α, β : G↷ R are cocycle conjugate.

Connes, Jones and Ocneanu also achieve a classification result for G-kernels.

Theorem 3.4.3 ([28],[26],[78],[105]). Let G be a discrete, amenable group, then any

two pointwise outer G-kernels θ and β on R are outer conjugate if and only if ob(θ) =

ob(β).

The classification of actions of discrete amenable groups on type III factors was

completed in [82]; that of G-kernels in [83] (see also [93] for a unified approach).

In analogy to the classification of group actions on injective factors, there has also

been substantial work towards classifying group actions on classifiable C∗-algebras.

We will mainly discuss the case of finite groups.

Uniqueness results, as in Theorem 3.4.2, no longer hold in the case of separable

C∗-algebras, even for those classifiable C∗-algebras that have analogous properties to
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R. An example of this lack of uniqueness can be seen in [47] for actions of Z2 on

UHF algebras. Hermann and Jones in [59] and [60] circumvented this problem by only

considering actions that have a “Rokhlin type property”. The analogous property in

the setting of von Neumann algebras is automatic for pointwise outer actions on R

by the results of Connes, Jones and Ocneanu. The Rokhlin property is motivated by

the structure of ergodic probability measure preserving (p.m.p) actions of amenable

groups on measure spaces. In the case of integer actions the motivating property was

shown by Rokhlin in [115]. Rokhlin showed that if T : X → X is an ergodic p.m.p

transformation on a standard probability space X then for any n ∈ N there exists a

measurable subset E such that E, TE, T 2, . . . T n−1E are pairwise disjoint and their

union is almost 1 in measure. Such results were further generalised in [106] for actions

of amenable groups on measure spaces.

Many results regarding the classification of group actions on C∗-algebras either

assume or show a Rokhlin type property (see [68] and references therein). For finite

group actions, the Rokhlin property was introduced by Izumi in [66].

Definition 3.4.4. Let G be a finite group and α : G ↷ A an action on a unital

C∗-algebra A. Then α is said to have the Rokhlin property if there exist projections

pg ∈ A∞ ∩ A′ for g ∈ G such that

∑
g∈G

pg = 1A, (3.4.1)

αg(ph) = pgh for g, h ∈ G. (3.4.2)

An example of a group action with the Rokhlin property is the infinite tensor

product of the left regular representation

µG =
∞⊗
i=0

Ad(λG) (3.4.3)
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on the UHF algebra
⊗

i∈N B(l2(G)) ∼= M|G|∞ (see [66, Example 3.2]). Although we

have explicitly noted the isomorphism in this case, we will often identify the C∗-

algebras B(l2(G)) and M|G|. This isomorphism is immediate from writing a bounded

operator in matrix form by choosing a basis for l2(G).

Remark 3.4.5. It is immediate that any Rokhlin G action α on A is automatically

pointwise outer. Otherwise, if αg is inner for some g ̸= 1G, then αg = Ad(u) for

u ∈ U(A). For any projection p ∈ A∞ ∩ A′ one has that αg(p) = p. As αg(p) is not

orthogonal to p this contradicts (3.4.1) of Definition 3.4.4.

The Rokhlin property for an action α : G ↷ A can be equivalently characterised

as the existence of one projection p ∈ A∞ ∩ A′ such that
∑

g∈G αg(p) = 1A. In this

case p corresponds to the projection p1G and the projections pg of Definition 3.4.4 are

recovered as αg(p1G).

Exploiting the Rokhlin property, in [67, Theorem 4.2 and 4.3] Izumi classifies

finite group actions on both Kirchberg algebras that satisfy the UCT and unital,

simple, separable, nuclear TAF-C∗-algebras that satisfy the UCT (see Sections 2.7.3

and 2.7.4). These actions are classified by the induced module structure at the level

of K-theory.

Theorem 3.4.6. (Izumi cf. [67, Theorem 4.2 and 4.3]) Let G be a finite group

and A be a unital Kirchberg algebra satisfying the UCT, or a unital, simple, nuclear,

separable TAF-algebra satisfying the UCT. Let α, β : G → Aut(A) be group actions.

If Ki(αg) = Ki(βg) for all g ∈ G and i = 0, 1 then there exists θ ∈ Aut(A) such that

θαgθ
−1 = βg and Ki(θ) = idKi(A) for i = 0, 1.2

Note that Theorem 3.4.6 classifies actions on a C∗-algebra A up to conjugacy

with the extra condition that the automorphism θ witnessing the conjugacy induces

the trivial automorphism in K-theory. We will often call this equivalence relation

K-trivial conjugacy and denoted by ≃K .

2Note that TAF algebras are called C∗-algebras of tracial topological rank zero in [67].
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Izumi’s classification result relies on the classification of Kirchberg–Phillips (The-

orem 2.7.9) and Lin (Theorem 2.7.15). More precisely, it relies on classification of

morphisms ; that the ∗-homomorphisms between Kirchberg algebras are classified up

to approximate unitary equivalence by a K-theoretic invariant (see [67, Theorem

2.7]). Similarly, the ∗-homomorphisms between unital, simple, separable, nuclear

TAF-algebras are classified (see [32, Theorem 1.1]). Recently, Szabó announced a

classification of finite group actions with the Rokhlin property on all classifiable C∗-

algebras by using the more novel classification of morphisms results in [56]. Szabó’s

result is still unpublished.

Theorem 3.4.7. (Szabó) Let G be a finite group and A,B classifiable C∗-algebras.

Suppose α, β are G actions with the Rokhlin property on A,B respectively, then

KTu(α) ∼ KTu(β) if and only if α ∼ β.3

3.5 Equivalence relations for anomalous actions

In this section, we discuss equivalence relations for anomalous actions that generalise

those discussed in Definition 3.4.1. Before we do so, we start by introducing some

notation that will allow us to streamline future definitions.

Definition 3.5.1. Let (α, u) be an anomalous action of a group G on a C∗-algebra

A. If vg ∈ U(M(A)) for g ∈ G the pair (αv, uv) with

αvg = Ad(vg)αg, g ∈ G,

uvg,h = vgαg(vh)ug,hv
∗
gh, g, h ∈ G

is an anomalous action. We say that (αv, uv) is a unitary perturbation of (α, u).

3As explained in Section 2.7.2, KTu(·) is a functor. In particular, for an action α on A there is
an induced action KTu(α) on KTu(A). Therefore, we denote KTu(α) ∼ KTu(β) if there exists an
isomorphism θ ∈ Hom(KTu(A),KTu(B)) such that θKTu(αg)θ

−1 = KTu(βg) for all g ∈ G.
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it is straightforward that o(α, u) = o(αv, uv) for any map v : G→ U(M(A)).

Definition 3.5.2. Let A,B be C∗-algebras, (α, u) be an anomalous action on A and

(β, v) be an anomalous action on B. Then we say that

• (α, u) is conjugate to (β, v) if there exists an isomorphism θ : A→ B such that

αg = θβgθ
−1 and vg,h = θ(ug,h) for all g, h ∈ G. We denote this by (α, u) ∼ (β, v)

• (α, u) is cocycle conjugate to (β, v) if there exist unitaries sg ∈ U(M(A)) for

g ∈ G such that (αs, us) is conjugate to (β, v). We denote this by (α, u) ≃ (β, v).

• (α, u) is outer conjugate to (β, v) if the G-kernels α and β are conjugate.

We use the same terminology as in Definition 3.4.1. There is no ambiguity in doing

so as the definitions laid out in Definition 3.5.2 coincide with those in Definition 3.4.1

when restricted to group actions.

Conjugacy preserves the anomaly of an action. Namely, if (α, u) ∼ (β, v) then

o(α, u) = o(β, v). Similarly, the anomaly is preserved under unitary perturbations so

if (α, u) ≃ (β, v) then o(α, u) = o(β, v). This is not the case for outer conjugacy. For

example, if (α, u) is an anomalous action of a group G on a C∗-algebra A, one may

perturb (α, u) by a cochain λ : G × G → T, to yield an anomalous action (α, λu)

which is outer conjugate to (α, u) (as (α, u) and (α, λu) define the same G-kernel).

However, o(α, λu) = dλo(α, u) which is not equal to o(α, u) unless λ is a cocycle.

The difference between outer conjugacy and cocycle conjugacy for (G,ω) actions

can be measured by 2-cohomology, to see this we introduce an invariant associated

to a pair of anomalous actions that yield the same G-kernel.

Let G be a group, ω ∈ Z3(G,T) and (α, u), (β, v) be (G,ω) actions on A such that

αg = βg mod Inn(A) for any g ∈ G.4 Then there exists sg ∈ U(M(A)) for g ∈ G

4Or equivalently that the G-kernels α and β are equal.
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such that βg = Ad(sg)αg. Moreover, for all g, h ∈ G

βgβh = Ad(sg)αgAd(sh)αh

= Ad(sgαg(sh))αgαh

= Ad(sgαg(sh)ug,h)αgh

= Ad(sgαg(sh)ug,hs
∗
gh)βgh

= Ad(usg,h)βgh.

So Ad(usg,h) = Ad(vg,h) for all g, h ∈ G. Therefore, there exists λg,h ∈ Z(U(M(A)))

such that

λg,h = usg,hv
∗
g,h (3.5.1)

Proposition 3.5.3. Let G be a group, ω ∈ Z3(G,T) and (α, u), (β, v) be (G,ω)

actions on a C∗-algebra A with αg = βg mod Inn(A) for all g ∈ G. For any sg ∈

U(M(A)) such that Ad(sg)αg = βg for g ∈ G the 2-cochain λ : G×G→ Z(U(M(A)))

defined by

λg,h = usg,hv
∗
g,h

is a 2-cocycle. The cohomology class [λ] ∈ H2(G,Z(U(M(A)))) is independent of the

choice of unitaries sg. We denote it by ob((α, u), (β, v)).

Proof. First we check that λ is a 2-cocycle. Indeed for g, h, k ∈ G using the fact that
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λ is valued in the centre we have that

βg(λh,k)λg,hkλgh,kλh,k = ωg,h,kβg(vh,k)vg,hkv
∗
gh,kv

∗
g,hβg(λh,k)λg,hkλgh,kλh,k

= ωg,h,k(βg(λh,kvh,k))(λg,hkvg,hk)(λgh,kvgh,k)
∗(λg,hvg,h)

∗)

= ωg,h,k(βg(u
s
h,k)u

s
g,hk(u

s
gh,k)

∗(usg,h)
∗)

= ωg,h,k(Ad(sg)αg(u
s
h,k)u

s
g,hk(u

s
gh,k)

∗(usg,h)
∗)

= 1.

The last equality holds as the anomaly associated to (αs, us) is also ω. It remains

to check that the cohomology class of λ is independent of the choice of unitaries

sg such that Ad(sg)αg = βg. If s′g for g ∈ G is another family of unitaries such

that Ad(s′g)αg = βg there exists a family of unitaries rg ∈ Z(U(M(A))) such that

s′g = rgsg. Denote by λ′ the 2-cocycle defined by s′ namely

λ′g,h = us
′

g,hv
∗
g,h

= s′gαg(s
′
h)ug,h(s

′
gh)

∗v∗g,h.

Substituting s′g = rgsg and using the fact that rg ∈ Z(U(M(A))) then

λ′g,h = λg,hrgαg(rh)r
∗
gh

for all g, h ∈ G. Therefore, λ′ = λdr for the 1-cochain r : G → Z(U(M(A))).

Therefore the cohomology classes of λ and λ′ are equal and the 2-cohomology invariant

is well-defined.

Fix a group G, ω ∈ Z3(G,T) and C∗-algebras A and B. Suppose (α, u) and (β, v)

are outer conjugate (G,ω) actions on A and B respectively. By definition, there exists

sg ∈ U(M(A)) and φ : A→ B an isomorphism such that αsg = φ−1βgφ for all g ∈ G.
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The failure of the pair φ and s constituting a cocycle conjugacy between (α, u) and

(β, v) is measured by the multiplicative difference between usg,h and φ−1(vg,h). This

is precisely the 2-cocycle associated to the pair (αs, us) and (φβφ−1, φ−1(v)) as in

(3.5.1). If ob((α, u), (φβφ−1, φ−1(v))) vanishes, we can boost the outer conjugacy

between (α, u) and (β, v) to a cocycle conjugacy. We see an instance of this in the

following corollary.

Corollary 3.5.4. Let G be a group such that H2(G,Z(U(M(A)))) is trivial, ω ∈

Z3(G,T) and A,B be C∗-algebras. Let (α, u) and (β, v) be (G,ω) actions on A and

B respectively then if (α, u) and (β, v) are outer conjugate they are cocycle conjugate.

Moreover, if (α, u) and (β, v) are anomalous actions on the same C∗-algebra A, then

if they induce the same G-kernel on A, (β, v) is a unitary perturbation (α, u).

Proof. As (α, u) and (β, v) are outer conjugate, there exists an isomorphism φ : A→

B and unitaries sg ∈ U(M(A)) for g ∈ G such that

αsg = φ−1βgφ (3.5.2)

for all g ∈ G. If the unitaries φ−1(vg,h) and u
s
g,h are equal for all g, h ∈ G, then (α, u)

and (β, v) are cocycle conjugate. Although this might not be the case, we will use

the invariant of Proposition 3.5.3 to show that we may tweak sg by centre valued

unitaries, to ensure that the equality described in the previous sentence holds. The

anomalous actions (α, u) and (φ−1βφ, φ−1(v)) have the same anomaly and induce the

same G-kernels so the 2-cochain

λg,h = usg,hφ
−1(v∗g,h). (3.5.3)

for g, h ∈ G is a 2-cocycle by Proposition 3.5.3. As H2(G,Z(U(M(A)))) is trivial, the

cohomology class [λ] ∈ H2(G,Z(U(M(A)))) is trivial. Therefore, there is a 1-cochain
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r : G → Z(U(M(A))) such that λ = dr. Now (αr
∗s, ur

∗s) is conjugate through φ to

(β, v). Indeed, as rg ∈ Z(U(M(A))) = ker(Ad) for all g ∈ G and Ad(sg)αg = φ−1βgφ,

then Ad(r∗gsg)αg = φ−1βgφ for g ∈ G. Moreover, by (3.5.3) we get that for g, h ∈ G,

ur
∗s
g,h = r∗gsgαg(r

∗
hsh)ug,hrghs

∗
gh

= λg,hu
s
g,h

= φ−1(vg,h).

The final statement is clear by setting φ = idA in the argument.

We may now rephrase Lemma 3.3.6.

Corollary 3.5.5. Let n ∈ N and λk ∈ Z3(Zn,T) as in (3.3.3) for 0 ≤ k ≤ n − 1.

Denote by g the element 1+nZ in Zn. Let (α, u) be a (Zn, λk) action on a C∗-algebra

A. Then (α, u) is a unitary perturbation of the (Zn, λk) action on A given by the pair

(α′, u′) defined by

α′
gk = (αg)

k (3.5.4)

u′gk,gl =


1 for l + k < n

ug,gug2,g . . . ugn−1,g for l + k ≥ n

(3.5.5)

with 0 ≤ l, k ≤ n−1. Therefore, every (Zn, λk) action is a unitary perturbation of an

anomalous action that arises from an automorphism in the sense of Section 3.3.1.

Proof. That (α′, u′) yields an anomalous action is shown in Lemma 3.3.6. By con-

struction α and α′ induce the same Zn-kernels. Moreover, the cohomology group

H2(Zn,T) is trivial for any n ∈ N ([15, pg 58]). Therefore, by Corollary 3.5.4, (α′, u′)

is a unitary perturbation of (α, u).

Remark 3.5.6. Let G be a group and θ be a G-kernel on a C∗-algebra A. For any

lift (θ, u) of θ one has an associated 3-cocycle in Z3(G,Z(U(M(A)))) through the
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computations of Section 3.2. If (θ, u) and (α, v) are arbitrary lifts of θ with the same

associated 3-cocycle one may also define a 2-cohomology invariant ob((θ, u), (α, v))

as in Proposition 3.5.3. This follows from observing that the computations we have

performed did not require the products θg(uh,k)ug,hku
∗
gh,ku

∗
g,h and αg(vh,k)vg,hkv

∗
gh,kv

∗
g,h

to be contained in T. This last condition is the only extra requirement for a lift of a

G-kernel to be an anomalous action.
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Chapter 4

An algebraic K-theory obstruction

In this chapter, we discuss an obstruction to the possible values of anomalies for

anomalous symmetries on C∗-algebras. This obstruction arises from considering the

unitary algebraic K1 groups for C*-algebras. The content of this section is a fleshed

out version of the work undertaken by Evington and myself in [46].

We start by recalling the definition of the unitary algebraic K1 group of a unital

C∗-algebra.

Definition 4.0.1. Let A be a unital C∗-algebra. The unitary algebraic K1-group of

A is defined as the abelianisation of U∞(A),

Kalg
1 (A) =

U∞(A)

[U∞(A), U∞(A)]
. (4.0.1)

A couple of variants of the algebraic K1-group are possible. Firstly, one can re-

place unitary groups with general linear groups throughout (see for example [61]).

Secondly, one can define Hausdorffised unitary algebraic K1 by replacing the commu-

tator subgroup [U∞(A), U∞(A)] by its closure in the direct limit topology on U∞(A)

(see for example [137]). In this chapter, we will mainly be interested in Kalg
1 although

in some cases other variants may be referred to.
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Example 4.0.2. Kalg
1 (C) ∼= T. We compute this by using the determinant. Indeed,

det : U∞(C) → T is a group homomorphism and [U∞(C), U∞(C)] is contained in

the kernel of det. We show that ker(det) = [U∞(C), U∞(C)]. Let n ∈ N and u ∈

Un(C) such that det(u) = 1. Without loss of generality, we may assume that u is

diagonal. Otherwise there exists a unitary v ∈ Un(C) and a diagonal matrix d such

that u = vdv∗. Hence, ud−1 ≡ 1Mn(C) mod [U∞, U∞] so u ≡ d mod [U∞, U∞]. Let

u = diag(λ1, λ2, . . . , λn) with λi ∈ T for 1 ≤ i ≤ n. As det(u) = 1 we also have that∏n
i=1 λi = 1. For λ, µ ∈ T,

λµ 0

0 1

 =

λ 0

0 µ


0 1

1 0


µ 0

0 1


0 1

1 0


µ 0

0 1

 ≡

λ 0

0 µ

 mod [U∞, U∞].

Hence, by applying this equality repeatedly to any 2× 2 block down the diagonal, it

follows that

1Mn(C) = diag(
n∏
i=1

λi, 1, . . . , 1)

≡ diag(λ1,
n∏
i=2

λi, 1, . . . , 1) mod [U∞, U∞]

≡ diag(λ1, . . . , λn) mod [U∞, U∞]

≡ u mod [U∞, U∞].

So the kernel of the determinant is [U∞(A), U∞(A)]. It follows from the isomorphism

theorem that Kalg
1 (C) ∼= T.

4.1 The de la Harpe–Skandalis determinant

Let A be a unital C∗-algebra. There is a canonical surjection κA : Kalg
1 (A) ↠ K1(A),

which is typically not injective. For example, K1(C) = 0 as the unitary groups Un(C)
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are path connected, whereas by Example 4.0.2, Kalg
1 (C) ∼= T. To gain information

about the kernel of κA for arbitrary A, one needs variants of the determinant for

arbitrary C∗-algebras.

Denote by U
(0)
∞ (A) the path component of 1A in U∞(A). Given a tracial state

τ ∈ T (A), de la Harpe and Skandalis define a group homomorphism

∆τ : U
(0)
∞ (A) → R

τ∗(K0(A))
,

where τ∗ is the induced state onK0(A). We outline the construction below, full details

can be found in [35] or [34].

Suppose u ∈ U
(0)
n (A). Let ξ : [0, 1] → Un(A) be a smooth path with ξ(0) = 1A

and ξ(1) = u.1 Then

∆τ (u) =
1

2πi

∫ 1

0

(τ ⊗ Trn)(ξ
′(t)ξ(t)−1) dt+ τ∗(K0(A)). (4.1.1)

It is not immediately clear that ∆τ is independent of the choice of path ξ. However,

de la Harpe and Skandalis prove this in [35, Lemme 1]. This result follows from

Bott periodicity as the difference of two paths with the same end point yield a loop

around the identity in U∞(A). Bott periodicity implies precisely that loops around

the identity, up to homotopy, come from elements in K0(A). A direct computation

using the product rule yields that

(ξ1ξ2)
′(t) = ξ′1(t)ξ2(t) + ξ1(t)ξ

′
2(t). (4.1.2)

Combining this with the trace identity for τ , we get that ∆τ is a group homomorphism.

In the case that u = exp(2πih) for some self-adjoint h ∈ Mn(A). Taking ξ to be

1By [119, Proposition 2.1.6] u can be written as a product of exponentials u =
exp(ih1) · · · exp(ihr) for hi ∈ Asa. Therefore, there exists a path of the form ξ(t) =
exp(ith1) · · · exp(ithr). This path is C∞-smooth.
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the path ξ(t) = exp(2πith)

∆τ (u) =
1

2πi

∫ 1

0

τ(2πih exp(2πith) exp(2πith)−1)dt+ τ(K0(A))

= τ(h) + τ(K0(A))

In particular, for x ∈ R, we have

∆τ (e
2πix1A) = x+ τ∗(K0(A)). (4.1.3)

Combining the de la Harpe–Skandalis determinants ∆τ for all τ ∈ T (A), we obtain

a group homomorphism

∆A : U (0)
∞ (A) → Aff(T (A))

ρA(K0(A))
. (4.1.4)

See Section 2.7.2 for an explanation on the notation used above. We call this map

the universal de la Harpe–Skandalis determinant.

Remark 4.1.1. In [35], de la Harpe and Skandalis carry out their construction with

any continuous linear map τ : A → E into a Banach space E satisfying the trace

identity τ(ab) = τ(ba). The universal de la Harpe–Skandalis determinant can also be

obtained by this method starting with the universal trace Tr : A → AffC(T (A)). By

[31, Proposition 2.7], we have Ker(Tr) = span{ab − ba : a, b ∈ A}, and the universal

trace can alternatively be viewed as taking the quotient of A by this closed subspace.

Using the universal de la Harpe Skandalis deteminant, it follows from a result of

Ng and Robert ([103]), that the kernel of κA is completely determined when A is a

classifiable C∗-algebra.
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Theorem 4.1.2 (cf. [103, Theorem 1.1]). Let A be a unital, simple, separable, exact

and Z-stable C∗-algebra with T (A) ̸= ∅. There is a short exact sequence

0 → Aff(T (A))

ρA(K0(A))

(∆̄A)−1

−−−−→ Kalg
1 (A)

κA−→ K1(A) → 0. (4.1.5)

Proof. The K1-class of a unitary u ∈ U∞(A) is its path component in U∞(A). So

Ker(κA) =
U

(0)
∞ (A)

[U∞(A), U∞(A)](0)

Moreover, for any u, v ∈ UN(A), we have

[u, v]⊕ 1A ⊕ 1A = [u⊕ u∗ ⊕ 1A, v ⊕ 1A ⊕ v∗]. (4.1.6)

Therefore,

Ker(κA) =
U

(0)
∞ (A)

[U
(0)
∞ (A), U

(0)
∞ (A)]

. (4.1.7)

It remains to show that the universal de la Harpe–Skandalis determinant

∆A : U (0)
∞ (A) → Aff(T (A))

ρA(K0(A))
(4.1.8)

is surjective and that its kernel is precisely [U
(0)
∞ (A), U

(0)
∞ (A)].

For every f ∈ Aff(T (A)), there is a self-adjoint h ∈ A with τ(h) = f(τ) for all

τ ∈ T (A) by [91, Theorem 9.3], which builds on results of Cuntz and Pedersen ([31]).

Then ∆A(exp(2πih)) = f + ρ(K0(A)). Therefore, ∆A is surjective.

By construction Ker(∆A) ⊇ [U
(0)
∞ (A), U

(0)
∞ (A)]. The reverse inclusion follows from

[103, Theorem 1.1] since A is a simple, separable, pure C∗-algebra with stable rank

one and where all quasitraces are traces. (Pureness is a consequences of Z-stability;

see [147, Proposition 2.7]. Stable rank one follows from Z-stability when A is stably

finite; see [118, Theorem 6.7]. All quasitraces are traces as A is exact; see [58].)
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Remark 4.1.3. By [36, Theorem 3], every unitary in a unital, simple, infinite C∗-

algebra in the path component of the identity is a product of commutators. Hence,

the canonical surjection κA : Kalg
1 (A) ↠ K1(A) is an isomorphism. With Theorem

4.1.2 this facilitates the computation of Kalg
1 (A) for any classifiable C∗-algebra.

Given a unital ∗-homomorphism f : A → B. There is a well defined group

homomorphism Kalg
1 (f) : Kalg

1 (A) → Kalg
1 (B) given by [u]Kalg

1 (A) 7→ [f(u)]Kalg
1 (B). In

particular, Kalg
1 (·) is a covariant functor from C*alg1 to Ab. The same is true for

K1(·) and Aff(T (·)) (see Section 2.6 and Section 2.7.2).

The short exact sequence (4.1.5) is natural, in the sense that a morphism of unital

C∗-algebras will induce a morphism between the corresponding short exact sequences.

For every A, the short exact sequence (4.1.5) will split since Aff(T (A)) is a divisible

group. However, the splitting is not natural.

4.2 The obstruction

We now showcase the obstruction to the existence of anomalous actions arising from

Kalg
1 . The obstruction arises as the unitary group of a C∗-algebra can have non-trivial

abelian quotients. This is not the case for R, as every unitary in R can be written

as a product of commutators (see for example [10]).

We start by discussing the general obstruction, we then apply it to Z and to UHF-

algebras. We finish the section by proving a general theorem that applies under more

general assumptions. The following is the key observation. We apply this proposition

in the cases that Γ is the unitary group or its connected component of the identity.

Proposition 4.2.1. Let G be a group, ω ∈ Z3(G,T) and (α, u) be a (G,ω) action on

a C∗-algebra A. Suppose Γ < U(M(A)) is an α invariant subgroup containing T and

ug,h for all g, h ∈ G and q : Γ →M is a group homomorphism with M a ZG-module

satisfying q(αg(v)) = g · q(v) for v ∈ Γ and g ∈ G. Then [q ◦ ω] = 0 in H3(G,M).
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Proof. Let g, h, k ∈ G. Since addition in M is commutative, applying q to (3.2.3)

yields

q(ω(g, h, k)1A) = q(αg(uh,k)) + q(ug,hk)− q(ugh,k)− q(ug,h) (4.2.1)

= g · q(uh,k)− q(ugh,k) + q(ug,hk)− q(ug,h)

= dη(g, h, k),

where η is the 2-cochain defined by η(g, h) = q(ug,h).

In order to make use of Proposition 4.2.1, we need a candidate for the homo-

morphism q. This is where the unitary algebraic K1 group enters the picture. By

construction, Kalg
1 (A) is an abelian group and every automorphism of A induces

an automorphism of Kalg
1 (A) with inner automorphisms acting trivially. Hence, an

anomalous action on A gives rise to a ZG-module structure on Kalg
1 (A).

The reason for working with Kalg
1 (A) instead of K1(A) is that scalars always have

trivial K1 class but can have non-trivial Kalg
1 class. This is necessary in order to get

a non-trivial conclusion.

Theorem 4.2.2. Let G be a group and ω ∈ Z3(G,T). Let (α, u) be an (G,ω) action

on a unital C∗-algebra A. View Kalg
1 (A) as a ZG-module where g acts via Kalg

1 (αg).

Then the 3-cocycle given by (g, h, k) 7→ [ω(g, h, k)1A]Kalg
1

is trivial in H3(G,Kalg
1 (A)).

Proof. The result follows from Proposition 4.2.1, taking M = Kalg
1 (A) with the in-

duced ZG-module structure and q : U(A) → Kalg
1 (A) to be the map u 7→ [u]Kalg

1
.

Remark 4.2.3. The proof of Proposition 4.2.1 still works in the case that ω may

be valued in Z(U(M(A))). Therefore, this also leads to obstructions to the possible

values of H3 invariants for G-kernels on A.

Theorem 4.1.2 can compute Kalg
1 for classifiable C∗-algebras and extract infor-

mation about the ZG-action. It will be easier to extract obstructions to anomalous
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actions when the unitaries of the anomalous action are connected to the identity.

In many of the examples we will consider, the C∗-algebra A will have a connected

unitary group, so all the anomalous actions will be of this form. However, to allow

us to work in greater generality we introduce the following definition.

Definition 4.2.4. Let G be a group and A a unital C∗-algebra. We say an anomalous

action (α, u) of G on A is connected if ug,h ∈ U (0)(A) for all g, h ∈ G.

Remark 4.2.5. If A is a unital C∗-algebras with trivial K1(A) and A has stable rank

one, it follows from [114, Theorem 10.10] and [114, Corollary 4.10] that U (0)(A) =

U(A) and hence every anomalous action on A is connected. By Kirchberg’s dichotomy,

any classifiable C∗-algebra is either stably finite or purely infinite. By virtue of [118,

Theorem 6.7] any stably finite, classifiable C∗-algebra has stable rank one. Moreover,

any simple, unital, purely infinite C∗-algebra with trivial K1 has a path connected

unitary group by Proposition 2.7.11. Therefore, if A is a classifiable C∗-algebra with

trivial K1, any anomalous action on A is connected.

The following special case of Proposition 4.2.1 will be important to achieve ob-

structions to the existence of anomalous actions.

Corollary 4.2.6. Let G be a group and ω ∈ Z3(G,T). Let A be a unital C∗-algebra

and (α, u) be a connected (G,ω) action on A. Let τ ∈ T (A) be invariant under αg

for all g ∈ G.2 Then [∆τ ◦ ω] = 0 in H3(G,R/τ∗(K0(A))), where

∆τ : U
(0)
∞ (A) → R

τ∗(K0(A))
(4.2.2)

is the de la Harpe–Skandalis determinant with respect to the trace τ , and the abelian

group R/τ∗(K0(A)) has the trivial ZG-module structure.

Proof. As ug,h ∈ U (0)(A) for g, h ∈ G we may apply Proposition 4.2.1 with q = ∆τ .

The fact that ∆τ (αg(v)) = ∆τ (v) follows from (4.1.1) since τ is invariant under αg.

2A trace τ is said to be invariant under an automorphism α if τ ◦ α = τ .
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We can now apply the obstruction. We first apply it to the Jiang-Su algebra Z.

It makes sense to start by asking whether there is a (G,ω) action on Z for a given

ω ∈ Z3(G,T). Indeed, in the case that (α, u) is a (G,ω) action on Z, then one could

induce a (G,ω) action on any classifiable C∗-algebra A as (idA⊗α, 1A⊗u) is a (G,ω)

action on A⊗Z ∼= A.

Theorem 4.2.7. Let G be a discrete group and ω ∈ Z3(G,T). There exists a (G,ω)

action on Z if and only if [ω] = 0 in H3(G,T).

Proof. The Jiang–Su algebra Z has a unique tracial state τ (and therefore τ is invari-

ant under all automorphisms). Moreover, K0(Z) ∼= Z with the isomorphism given by

τ∗. Also K1(Z) = 0 (see [73, Theorem 1]). Therefore, as observed in Remark 4.2.5,

any anomalous action on Z is connected.

Suppose there exists an ω-anomalous action of G on Z. Then, by Corollary 4.2.6,

we have [∆τ ◦ ω] = 0 in H3(G,R/Z). However, ∆τ restricted to Z(U(Z)) = T is an

isomorphism by (4.1.3). Hence, [ω] = 0 in H3(G,T).

The converse follows by Remark 3.3.3 as every group acts on Z.

When G is countable, one can also ensure that there exists a free action of G on

Z. That is, that there is an action α : G → Aut(Z) such that αg /∈ Inn(A) for any

g ∈ G. Indeed, the action of G on Z ∼=
⊗

g∈GZ defined by permuting the tensor

factors is free. We will use this action of G on Z in later sections, we will informally

call a group action that arises from permuting in a tensor product decomposition a

Bernoulli shift.

We now turn to discuss the existence of (G,ω) actions on UHF algebras. We

begin with a preliminary result that is of independent interest. Given an anomalous

action on A, the following lemma will allow us, under certain conditions, to induce

anomalous actions on corners of A. Before we state this preliminary lemma we recall

the definition of approximate unitary equivalence.

67



Definition 4.2.8. Let A,B be separable C∗-algebras and α, β : A → B be ∗-

homomorphisms. We say α and β are approximately (multiplier) unitary equivalent

if there exists a sequence of unitaries un ∈ U(M(B)) such that

lim
n→∞

∥unα(a)u∗n − β(a)∥ = 0

for all a ∈ A. We denote this by α ≈a.u β. If φ : A → A is a homomorphism such

that φ ≈a.u idA we say φ is approximately inner.

Lemma 4.2.9. Let G be a group and ω ∈ Z3(G,T). Let A be a C∗-algebra with can-

cellation of non-zero projections. Then any (G,ω) action (α, u) on A which preserves

the K0-class of a non-zero projection p ∈ P (A) induces a (G,ω) action (α′, u′) on

pAp. Moreover;

(i) if α preserves every K0 class so does α′.

(ii) If A is separable and αg is approximately inner for every g ∈ G, then so is α′
g.

3

Proof. Suppose (α, u) is an ω-anomalous action of G on A. Since A has the can-

cellation property, there exist partial isometries vg ∈ A such that vgv
∗
g = p and

v∗gvg = αg(p) for each g ∈ G. Define

α′
g = Ad(vg) ◦ αg|pAp, (4.2.3)

u′g,h = vgαg(vh)ug,hv
∗
gh. (4.2.4)

3The second part of this Lemma also works in the non-separable setting by allowing for a notion
of approximate unitary equivalence which involves nets rather than sequences.
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Then u′g,h ∈ U(pAp) and we have

Ad(u′g,h)α
′
gh = Ad(vgαg(vh)ug,h)αgh (4.2.5)

= Ad(vgαg(vh))αgαh

= Ad(vg)αgAd(vh)αh

= α′
gα

′
h (4.2.6)

Computing the 3-cocycle ω′(g, h, k) associated to (α′, u′) using (3.2.3), we find that

ω′(g, h, k) = α′
g(u

′
h,k)u

′
g,hku

′∗
gh,ku

′∗
g,h (4.2.7)

= vgαg(vhαh(vk))αg(uh,k)αg(v
∗
hk)v

∗
g · vgαg(vhk)ug,hkv∗ghk

· vghku∗gh,kαgh(v∗k)v∗gh · vghu∗g,hαg(v∗h)v∗g

= vgαg(vh)αgαh(vk)αg(uh,k)ug,hku
∗
gh,kαgh(v

∗
k)u

∗
g,hαg(v

∗
h)v

∗
g

= vgαg(vh)αgαh(vk)ω(g, h, k)αgαh(v
∗
k)αg(v

∗
h)v

∗
g

= ω(g, h, k)vgαg(vhαh(p)v
∗
h)v

∗
g

= ω(g, h, k)p

Therefore, (α′, u′) is an (G,ω) action on pAp.

We now show (i). Suppose α preserves every K0-class. As pAp is unital, it

suffices to show that for any n ∈ N and (non-zero) projection q ∈ Mn(pAp) the

classes K0(α
′
g)[q]0 = [q]0. Fix q ∈ Mn(pAp). Firstly, as α preserves every K0-

class K0(αg)[q]0 = [q]0. So, by cancellation of non-zero projections, there exists

sg ∈ Mn(A) such that sgs
∗
g = αg(q) and s∗gsg = q for g ∈ G. Denote the matrix in

Mn(pAp) with entries vg on the diagonal and 0’s elsewhere by diag(vg, vg, . . . , vg). The

partial isometries rg = diag(vg, vg, . . . , vg)sg for g ∈ G are contained in Mn(pAp) =
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diag(p, p, . . . , p)Mn(A) diag(p, p, . . . , p) and satisfy r∗grg = q and rgr
∗
g = α′

g(q). Indeed,

rgr
∗
g = diag(vg, vg, . . . , vg)sgs

∗
g diag(v

∗
g , v

∗
g , . . . , v

∗
g)

= diag(vg, vg, . . . , vg)αg(q) diag(v
∗
g , v

∗
g , . . . , v

∗
g)

= α′
g(q)

and

r∗grg = s∗g diag(v
∗
gv

∗
g , . . . , v

∗
g) diag(vg, vg, . . . , vg)sg

= s∗g diag(αg(p), αg(p), . . . , αg(p))sg

= s∗g(αg(diag(p, p, ...., p)sgs
∗
g)sg

= s∗gαg(q)sg

= s∗gsg.

We now turn to (ii). If αg is approximately inner, then for each g ∈ G then there

exists a sequence of unitaries wgn ∈ U(M(A)) such that αg(x) = limn→∞Ad(wgn)(x)

for all x ∈ A. The product rn(g) = vgw
g
np is contained in pAp. Pick finite increasing

sets Fn ⊂ A containing p such that
⋃
n∈N Fn is dense in A and εn > 0 such that εn → 0

as n→ ∞. We may pass to a subsequence to ensure that ∥wgnxwgn∗ −αg(x)∥ ≤ εn for

any x ∈ pFnp. Note that

∥rn(g)rn(g)∗ − p∥ ≤ ∥vgwgnpwgn
∗v∗g − vgαg(p)v

∗
g∥ ≤ ∥wgnpwgn

∗ − αg(p)∥ ≤ εn.

Similarly, ∥rn(g)∗rn(g)− p∥ ≤ εn. Let δn > 0 such that δn → 0 as n→ ∞. For n ∈ N

one can choose εn small enough to ensure that there exist unitaries un(g) ∈ U(pAp)

such that ∥rn(g) − un(g)∥ ≤ δn/2; this follows from Lemma 2.6.6. Let V be a

finite set in pAp and ϵ > 0. Let n ∈ N large enough such that V ⊂ pFnp and
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maxf∈V (δn, ∥f∥δn, εn) < ϵ. For f ∈ V

∥Ad(un(g))f − Ad(vg)αg(f)∥ ≤ ∥Ad(un(g))f − Ad(rn(g))f∥

+ ∥Ad(rn(g))f − Ad(vg)αg(f)∥

≤ 3ε

as required.

Theorem 4.2.10. Let G be a finite group and {nk}k∈N a sequence of natural numbers.

Suppose there is a (G,ω) action on
⊗

k∈NMnk
. Let r be the order of [ω] in H3(G,T).

Then r∞ divides the supernatural number
∏

k∈N nk.

Proof. Let G be a finite group and ω ∈ Z3(G,T) with r its order in H3(G,T) (see

Remark 4.2.11). Let A be the UHF algebra
⊗

k∈N Mnk
with supernatural number

n =
∏

k∈N nk. Then A has a unique tracial state τ , which is therefore invariant under

all automorphisms. As A is AF, U (0)(A) = U(A), so any anomalous action on A

is connected. The K0 group of A is isomorphic via τ∗ to the subgroup Q(n) ⊆ R

generated by { 1
n
: n ∈ N, n | n}.

Suppose there exists an ω-anomalous action of G on A. By Corollary 4.2.6, we

have [∆τ ◦ ω] = 0 in H3(G,R/Q(n)). The short exact sequence of modules

0 → Q(n)

Z
ι−−−−→ T ∆τ−−−−→ R

Q(n)
→ 0, (4.2.8)

where ι(x) = e2πix, induces a long exact sequence of cohomology groups. There-

fore, since ∆τ∗[ω] = 0 in H3(G,R/Q(n)), we have that [ω] = ι∗(η) for some η ∈

H3(G,Q(n)/Z).

Every element in Q(n)/Z has order dividing the supernatural number n. Since

G is finite, the same is true for elements of C3(G,Q(n)/Z) and so for elements of

H3(G,Q(n)/Z). Therefore, r divides the supernatural number n.

71



An inductive argument, based on Lemma 4.2.9, now shows that in fact r∞ divides

n. Suppose rk divides n. Then there exists a projection p ∈ A of trace r−k. As A

is a UHF algebra, A has the cancellation property and all automorphisms of A act

trivially on K0(A). Therefore, we may apply Lemma 4.2.9 to obtain a (G,ω) action

on pAp. Since pAp is a UHF algebra with supernatural number r−kn, we can apply

the argument above to pAp to get that r divides r−kn. Hence, rk+1 divides n.

Note that in the proof of Theorem 4.2.7 it would be sufficient to use the Haus-

dorffised version of unitary algebraic K1. However, for the proof of Theorem 4.2.10

the non-Hausdorffised version of unitary algebraic K1 is required.

Remark 4.2.11. It is a standard result in group cohomology that, for a finite group

G, every element inH3(G,T) has order dividing |G|; see for example [11, III. Corollary

10.2]. This further restricts the possible values of r in Theorem 4.2.10. In particular,

it follows from 4.2.10 that if |G| is coprime to the supernatural number
∏

k∈N nk, then

for any (G,ω) action on
⊗

k∈N Mnk
we have that [ω] = 0 in H3(G,T).

We end this section with a general result for unital C∗-algebras which encompasses

both Theorem 4.2.7 and Theorem 4.2.10.

Theorem 4.2.12. Let G be a group, ω ∈ Z3(G,T) and A be a unital C∗-algebra. Let

(α, u) be a connected (G,ω) action on A and τ ∈ T (A) be invariant under αg for all

g ∈ G. Suppose [ω] has finite order r in H3(G,T). Then 1
r
∈ τ∗(K0(A)). If [ω] has

infinite order, then τ∗(K0(A)) is dense in R.

Proof. Consider the short exact sequence of abelian groups

0 → τ∗(K0(A))

Z
ι−−−−→ T ∆τ−−−−→ R

τ∗(K0(A))
→ 0. (4.2.9)

Applying the universal coefficient theorem for group cohomology (Theorem 2.5.1) we
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obtain the following commuting diagram

Ext1Z(H2(G,Z), R
τ∗(K0(A))

) H3(G, R
τ∗(K0(A))

) HomZ(H3(G,Z), R
τ∗(K0(A))

)

Ext1Z(H2(G,Z),T) H3(G,T) HomZ(H3(G,Z),T)

ρ1

ρ2

∆τ∗ ∆τ∗

where the rows are short exact sequences.

Notice that the Ext terms vanish as T and R/τ∗(K0(A)) are divisible groups. In

particular, both ρ1 and ρ2 are isomorphisms and so, the order of ρ2([ω]) and that of [ω]

is the same. Moreover, ∆τ∗([ω]) = 0 by Corollary 4.2.6. As the diagram commutes,

we deduce that ρ2([ω]) is a group homomorphism f : H3(G,Z) → T that takes

values in τ∗(K0(A))/Z. Since the group operation of HomZ(H3(G,Z),T) is pointwise

multiplication, the order of f is the same as the exponent of the group Im(f) ⊆ T.

Suppose [ω] has finite order r. The only subgroup of T with exponent r is the

group of r-th roots of unity, so Im(f) is this subgroup. Since f takes values in

τ∗(K0(A))/Z, this means that 1
r
∈ τ∗(K0(A)). Suppose [ω] has infinite order. Then

Im(f) is an infinite subgroup of T. All such subgroups are dense. It follows that

τ∗(K0(A))/Z is dense in T. Therefore, τ∗(K0(A)) is dense in R.

In Chapter 6, we will see that the conclusion of Theorem 4.2.12 can fail for anoma-

lous actions that are not connected.

In the process of proving Theorem 4.2.12, we showed that after identifyingH3(G,T)

with HomZ(H3(G,Z),T), if there exists a (G,ω) action on A admitting an invariant

trace τ , then [ω] comes from HomZ(H3(G,Z), τ(K0(A))/Z). If G is infinite this gives

more information than the conclusion of Theorem 4.2.12. We illustrate this in the

following corollary.

Corollary 4.2.13. Let G be a discrete group with H3(G,Z) finitely generated, ω ∈

Z3(G,T) and nk ∈ N for k ∈ N. If there exists a (G,ω) action on
⊗

k∈N Mnk
(C), then

the cocycle ω is of finite order r and r∞ divides the supernatural number
∏

k∈N nk.
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Proof. Suppose there exists a (G,ω) action on A =
⊗

k∈NMnk
(C). As A has a unique

trace, it is invariant under the action. It follows from the proof of Theorem 4.2.12

that [ω] has the same order as an element ρ2([ω]) ∈ HomZ(H3(G,Z),Q(n)/Z), where

n =
∏

k∈N nk andQ(n) is as in the proof of Theorem 4.2.10. By hypothesis H3(G,Z) is

finitely generated and so any element in HomZ(H3(G,Z),Q(n)/Z) is of finite order. In

particular, [ω] has finite order. The remaining claim follows from Theorem 4.2.12.

For many finitely generated groups G the homology group H3(G,Z) is finitely

generated. This is the case for the lattices Zn, Poly-Z groups (these are groups which

have a subnormal series with each step being an extension by Z) or more generally

any group whose classifying space is compact. However, there are finitely presented

groups G with H3(G,Z) not finitely generated ([126]).

Remark 4.2.14. Izumi has informed me that if A is a UHF algebra of type n∞ then

there exists a (Z3, ω) action on A whenever [ω] ∈ Z[ 1
n
] ⊂ T = H3(Z3,T).4 This result

is currently unpublished. Combining Izumi’s result with Corollary 4.2.13, there exists

a (Z3, ω) action on the UHF algebra
⊗

k∈N Mnk
(C) if and only if the order of [ω] is a

finite number r and r∞|n where n =
∏

k∈N nk.

Proposition 4.2.1 may also be used to observe that if A is a non-unital C∗-algebra

and (α, u) is an anomalous action on A with u ∈ U(Ã), then ob(α, u) is trivial.

Indeed, applying Proposition 4.2.1 with q : U(Ã) → T the restriction of the quotient

map Ã ↠ Ã/A ∼= C we obtain that [ω] = 0. This precisely is the reason we allow

unitaries in the multiplier algebra rather than unitaries in the minimal unitisation in

definitions 3.2.1 and 3.3.1.

4The group Z[ 1n ] is the additive subgroup of R generated by fractions of the form ( 1n )
k for all

k ∈ N.
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Chapter 5

Izumi’s K0 obstruction

In Chapter 4, we introduced an obstruction to the existence of anomalous actions

that arose from considering the algebraic K1 group of C∗-algebras. This obstruction

only allowed us to extract implications about the existence of anomalous actions in

the case that the C∗-algebra acted upon had traces (see for instance Theorem 4.2.12).

The reason for this, is that the starting point of our algebraic K1 group obstructions

was the implication that if (α, u) was an ω-anomalous action on A then the three

cocycle Kalg
1 (ωg,h,k) was trivial (Proposition 4.2.1). However, the algebraic K1 group

of a unital, infinite C∗-algebra A corresponds to the topological K1 group of A by

[36]. Therefore Kalg
1 (ωg,h,k) = K1(ωg,h,k) is always trivial.

1

In this chapter, we discuss an obstruction to the existence of anomalous actions

of finite groups that has a topological flavour rather than the algebraic flavour of

the obstruction in Chapter 4. This obstruction will work without the need for a

trace and so restricts the possible anomalies that arise on infinite C∗-algebras. An

instance of this obstruction can already be seen when one applies it to the C∗-algebras

On (see Theorem 5.3.1). For example, this implies that any anomalous action of a

finite group on O∞ has trivial anomaly (Corollary 5.3.2). In general, we may use

1The three cocycle ω is scalar valued and the K1 class of any scalar is the same as the K1 class
of the unit.
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this obstruction to deduce K-theoretic divisibility for some C∗-algebras that admit

non-trivial anomalous actions (see Theorem 5.4.2). Even though the results of this

chapter will recover the results for anomalous actions on Z and UHF algebras of

Chapter 4 when the acting group is finite, they will not yield any obstruction if the

acting group is infinite. This implies that the obstruction set out in this chapter and

that of Chapter 4 are seperate and should be used together.

This obstruction was pointed out to me by Masaki Izumi and builds on his previous

work with Matui in which they introduce invariants for cocycle actions ([69, Section

7]). Section 5.1 and Theorem 5.3.1 are based on a two page note that Izumi shared

with me by email as a follow up to one of my talks. I would like to thank Izumi for

sharing this with me.

5.1 Izumi’s invariant

Throughout this section, A will be a unital C∗-algebra and G a group. We start by

setting up some notation and conventions. A path in a C∗-algebra will be a continuous

map f : [0, 1] → A. If f and g are paths in A we will say they are homotopic if f and

g have the same endpoints and there is an endpoint preserving homotopy between

f and g. In this chapter, we will be concerned with paths of unitaries. Two paths

f, g : [0, 1] → U(A) will be called homotopic if they are homotopic within the unitary

group U(A). If ũ is a path in U(A) we let ũ∗ the path given by ũ∗(t) = ũ(t)∗ for

t ∈ [0, 1]. We denote by ũrev the path which starts at ũ(1) and ends at ũ(0) by

reversing the path ũ. When defined, we denote the concatenation of two paths ũ and

ṽ by ũ ⋆ ṽ and the pointwise product by ũṽ. Also, let eu be the path which is constant

at the element u ∈ U(A).

We start with a lemma that will allow us to commute homotopy classes of paths

of unitaries. A slightly less general result is used in the proof of [69, Lemma 7.5].
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Lemma 5.1.1 (cf. [69, Lemma 7.5]). Let A be a unital C∗-algebra and v, w : [0, 1] →

U (0)(A) paths into the path component of the identity in U(A). Then

(i) if v(0) ∈ Z(U(A)) and w(1) ∈ Z(U(A)) then vw and wv are homotopic as paths

from v(0)w(0) to v(1)w(1) in U(A).

(ii) if v, w are paths such that v(0) = 1 and v(1) = w(1)∗z for z ∈ Z(U(A)) then

vw and wv are homotopic as paths from w(0) to z in U(A).

Proof. The proof follows from standard techniques see [96, Problem (3) Chapter 7]

for a similar exercise. We start with showing (i). First, by performing the paths v and

w in half the time, we may assume that up to passing to homotopic paths v(t) = v(0)

for all 0 ≤ t ≤ 1/2 and v(t) = w(1) for all 1/2 ≤ t ≤ 1. Now vw = wv pointwise.

Now let v, w, z as in the hypothesis of (ii). Let ρ : 1 → w(1) be a continuous

path. Then w ∼h (w ⋆ ρrev) ⋆ ρ and v ∼h (v ⋆ (ρ∗z)rev) ⋆ ρ∗z. The paths w ⋆ ρrev and

v ⋆ (ρ∗z)rev satisfy the conditions of (i). Applying (i) we get that

wv ∼h ((w ⋆ ρ
rev) ⋆ ρ)((v ⋆ (ρ∗z)rev) ⋆ ρ∗z) ∼h (v ⋆ (ρ

∗z)rev)(w ⋆ ρrev) ⋆ ρ∗zρ ∼h wv.

Let A be a unital C∗-algebra. Recall that we call an anomalous action (α, u) on

A connected if ug,h ∈ U (0)(A) for all g, h ∈ G. To any connected anomalous action,

we will start by associating a cohomological invariant.

Lemma 5.1.2. Let G be a group, A be a unital C∗-algebra and (α, u) a connected

anomalous action of G on A. The set

K#
0 (A) := {f : [0, 1] → U(A) : f(0) = 1, f(1) ∈ T}/∼h

(5.1.1)

is an abelian group under pointwise multiplication of paths and a G-module under the

action g · f = αg(f).
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Proof. That K#
0 (A) is abelian follows from (i) Lemma 5.1.1. To show that K#

0 (A)

is a G-module, note that αgαh(f) = Ad(ug,h)αgh(f) for any unitary valued path f

and g, h ∈ G. By hypothesis ug,h are in U (0)(A), pick paths ũg,h from 1 to ug,h, these

paths give homotopies αgαh(f) ∼h αgh(f).

Hereinafter, we will denote by [ϵλ] for λ ∈ R the path homotopy class of the scalar

valued unitary path ϵλ : [0, 1] → U (0)(A) defined through ϵλ(t) = e2πiλt. Note that

any connected anomalous action (α, u) on a unital C∗-algebra A, induces a module

structure on π1(U(A)) by sending a class of a loop of unitaries f to the class of the

loop αg(f).

Proposition 5.1.3. Let G be a discrete group, A a unital C∗-algebra and (α, u) be a

connected anomalous action of G on A. There is an isomorphism of G-modules

R⊕ π1(U(A))

Z(−1, [ϵ1])
∼= K#

0 (A)

with R carrying the trivial action.

Proof. Consider the mapping

R⊕ π1(U(A))
φ−→ K#

0 (A)

(λ, f) → [ϵλf ].

It is clear that φ is a well-defined G-module morphism. We begin by showing sur-

jectivity. Any representative path f of an element of K#
0 (A) has f(1) = e2πiλ for

some λ ∈ R so ϵ−λf is a loop at 1A in U(A) and satisfies φ(λ, [ϵ−λf ]) = [f ]. We now

compute the kernel of φ. Suppose φ(λ, f) = 0, then ϵλf ∼h e1A , and so f(1) = e−2πiλ.

As f is a loop at 1A, λ = n for some n ∈ Z and hence f ∼h ϵ−n. Therefore, the kernel

of φ is given by Z(−1, [ϵ1]). The result follows by the isomorphism theorem.
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Let (α, u) be a connected anomalous action of a group G on a unital C∗-algebra

A. Pick paths ũg,h such that ũg,h(0) = 1A and ũg,h(1) = ug,h for all g, h ∈ G. For

g, h, k ∈ G let

ω̃g,h,k := αg(ũh,k)ũg,hkũ
∗
gh,kũ

∗
h,k. (5.1.2)

As (α, u) is an anomalous action ω̃g,h,k(1) ∈ T and so ω̃g,h,k defines an element in

K#
0 (A) for any g, h, k ∈ G.

Lemma 5.1.4. Let (α, u) be a connected anomalous action on a unital C∗-algebra

A and ω̃ be as in (5.1.2). Then ω̃ ∈ Z3(G,K#
0 (A)). Moreover, the class [ω̃] ∈

H3(G,K#
0 (A)) is a well defined invariant of (α, u), we denote it by õb(α, u).

Proof. The proof follows [69, Lemma 8.1]. We write the argument for completeness.

Throughout this proof we will repeatedly apply homotopies. The main homotopies

we will use are those laid out in Lemma 5.1.1. We will also use that if u is a unitary

in U (0)(A) and [f ] ∈ K#
0 (A) then [Ad(u)f ] = [f ]. Following the proof may be a bit

tedious so we will colour code the paths on which we preform a homotopy operation

the line before we do so. Firstly we check that ω̃ is a 3-cocycle. Let g, h, k ∈ G, then

g · ω̃h,k,lω̃−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [αgαh(ũk,l)αg(ũh,klũ
∗
hk,lũ

∗
h,k)]ω̃

−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ug,hαgh(ũk,l)u
∗
g,hαg(ũh,klũ

∗
hk,lũ

∗
h,k)]ω̃

−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [u∗g,hug,hαgh(ũk,l)u
∗
g,hαg(ũh,klũ

∗
hk,lũ

∗
h,k)ug,h]ω̃

−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [αgh(ũk,l)u
∗
g,hαg(ũh,klũ

∗
hk,lũ

∗
h,k)ug,h][ũgh,kũghk,lũ

∗
gh,klαgh(ũ

∗
k,l)]ω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ũgh,kũghk,lũ
∗
gh,klu

∗
g,hαg(ũh,klũ

∗
hk,lũ

∗
h,k)ug,h]ω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ug,hũgh,kũghk,lũ
∗
gh,klu

∗
g,hαg(ũh,klũ

∗
hk,lũ

∗
h,k)ug,hu

∗
g,h]ω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ug,hũgh,kũghk,lũ
∗
gh,klu

∗
g,hαg(ũh,klũ

∗
hk,l)αg(ũ

∗
h,k)]ω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

We evaluate the last item colour coded in red at 1. We will show that this is equal
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to the adjoint of the evaluation at 1 of the blue colour coded path modulo scalars.

Therefore these paths satisfy the hypothesis of Lemma 5.1.1 (ii). Indeed

ug,hũgh,kũghk,lũ
∗
gh,klu

∗
g,hαg(ũh,klũ

∗
hk,l)(1) = ug,hugh,kughk,lu

∗
gh,klu

∗
g,hαg(uh,klu

∗
hk,l)

= ug,hugh,k(ω
−1
gh,k,lu

∗
gh,kαgh(uk,l))u

∗
g,hαg(uh,klu

∗
hk,l)

= ω−1
gh,k,lαg(αh(uk,l)uh,klu

∗
hk,l)

= ω−1
gh,k,lωh,k,lαg(uh,k)

as required. We may now apply Lemma 5.1.1 (ii) to swap the red and the blue colour

coded paths. We continue with our computation of the 3-cocycle formula for ω̃,

g · ω̃h,k,lω̃−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [αg(ũ
∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,hαg(ũh,klũ

∗
hk,l)][αg(ũhk,l)ũg,hklũ

∗
ghk,lũ

∗
g,hk]ω̃

−1
g,h,klω̃g,h,k

= [αg(ũ
∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,hαg(ũh,kl)ũg,hklũ

∗
ghk,lũ

∗
g,hk]ω̃

−1
g,h,klω̃g,h,k.

We wish to apply Lemma 5.1.1 (ii) again to swap the red and blue colour coded paths.

To do this we need to check that the evaluations at 1 of the red and blue paths are

adjoint to each other up to an element in the centre of the unitary group. We start

by calculating the evaluation at 1 of the blue path,

αg(ũh,kl)ũg,hklũ
∗
ghk,lũ

∗
g,hk(1) = αg(uh,kl)ug,hklu

∗
ghk,lu

∗
g,hk

= (ωg,h,klug,hugh,kl)u
∗
ghk,lu

∗
g,hk.
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Now evaluating the red path at 1 we have

αg(ũ
∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,h(1) = αg(u

∗
h,k)ug,hugh,kughk,lu

∗
gh,klu

∗
g,h

= (ω−1
g,h,kug,hku

∗
gh,k)ugh,kughk,lugh,klu

∗
g,h

= ω−1
g,h,kug,hkughk,lu

∗
gh,klu

∗
g,h.

So the red and blue paths evaluated at 1 are indeed adjoint up to a scalar. We apply

Lemma 5.1.1 (ii) and proceed with our computation of the 3-cocycle identity for ω̃,

g · ω̃h,k,lω̃−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [αg(ũh,kl)ũg,hklũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,h][ũg,hũgh,klũ

∗
g,hklαg(ũ

∗
h,kl)]ω̃g,h,k

= [ũg,hũgh,klũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,h]ω̃g,h,k.

Once more, evaluating the blue path at 1 yields

ũgh,klũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,h(1) = ugh,klu

∗
ghk,lu

∗
g,hk(ω

−1
g,h,kug,hku

∗
gh,k)

ugh,kughk,lu
∗
gh,klu

∗
g,h

= ω−1
g,h,ku

∗
g,h.

Which is, up to a scalar factor, the adjoint of the evaluation at one of the red path.

We apply Lemma 5.1.1 (ii) to get that

g · ω̃h,k,lω̃−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ũgh,klũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ug,hũgh,kũghk,lũ

∗
gh,klu

∗
g,hũg,h]ω̃g,h,k.

As the orange path ends at 1A and ũgh,kũghk,lũ
∗
gh,kl starts at 1A Lemma 5.1.1 (i) allows
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us to swap these paths. Our three cocycle computation is complete with need of one

final application of Lemma 5.1.1 (ii) to the red and blue colour coded paths below,

g · ω̃h,k,lω̃−1
gh,k,lω̃g,hk,lω̃

−1
g,h,klω̃g,h,k

= [ũgh,klũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ug,h(u

∗
g,hũg,h)ũgh,kũghk,lũ

∗
gh,kl]ω̃g,h,k

= [ũgh,klũ
∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)ũg,hũgh,kũghk,lũ

∗
gh,kl][αg(ũh,k)ũg,hkũ

∗
gh,kũ

∗
g,h].

= [ũg,hũgh,kũghk,lũ
∗
gh,klũgh,klũ

∗
ghk,lũ

∗
g,hkαg(ũ

∗
h,k)][αg(ũh,k)ũg,hkũ

∗
gh,kũ

∗
g,h]

= 1.

It remains to check that the cohomology class of ω̃ is independent of the path of

unitaries chosen. This will establish that the class õb(α, u) is well defined. It will

follow from repeated use of Lemma 5.1.1 (i). We will use colour coding to denote the

paths to which we apply Lemma 5.1.1 (i). For g, h ∈ G, let ûg,h be another path of

unitaries with ûg,h(0) = 1 and ûg,h(1) = ug,h and ω̂g,h,k its associated 3-cocycle, then

ω̃g,h,kω̂
−1
g,h,k = [αg(ũh,k)ũg,hkũ

∗
gh,kũ

∗
g,hûg,hûgh,kû

∗
g,hkαg(û

∗
h,k)]

= [αg(ũh,k)ũg,hkũ
∗
gh,kûgh,kû

∗
g,hkαg(û

∗
h,k)][ũ

∗
g,hûg,h]

= [αg(ũh,k)ũg,hkû
∗
g,hkαg(û

∗
h,k)][ũ

∗
gh,kûgh,k][ũ

∗
g,hûg,h]

= [αg(ũh,k)αg(û
∗
h,k)][ũg,hkû

∗
g,hk][ũ

∗
gh,kûgh,k][ũ

∗
g,hûg,h]

= (dη)g,h,k

with η a 2-cochain valued in K#
0 (A) defined by η(g, h) = [ũg,hûg,h] for g, h ∈ G.

The invariant defined in Lemma 5.1.4 yields the following obstruction to the ex-

istence of anomalous actions.

Theorem 5.1.5. Let A be a unital C∗-algebra and (α, u) be a connected (G,ω) action

on A. Denote by ev1 the map from K#
0 (A) → T given by ev1([f ]) = f(1). Then [ω]
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is in the image of the map H3(G,K#
0 (A))

ev1∗−−→ H3(G,T).

Proof. Let õb(α, u) as in Lemma 5.1.4. Then ev1∗(õb(α, u)) = [ω].

5.2 The invariant for G-kernels

The invariant of Lemma 5.1.4 has a counterpart for G-kernels. We discuss this in this

section.

Lemma 5.2.1. Let G be a group, A a unital C∗-algebra with connected unitary group

and θ a G-kernel on A. Choose a lifting (θ, u) of θ. The set

K$
0(A) := {f : [0, 1] → U(A) | f(0) = 1, f(1) ∈ Z(U(A))}/∼h

(5.2.1)

is an abelian group under pointwise multiplication of paths and a G-module under the

action g · f = θg(f). The G-module structure is independent of the choice of lift of θ.

Proof. The fact that it is a G-module follows exactly as in Lemma 5.1.2. Any other

lift of θ is given by Ad(vg)θg for unitaries vg ∈ U(A), g ∈ G. As the unitary group

is connected Ad(vg)f ∼h f for any representative path f in K$
0(A). Therefore the

G-module structures defined by θg and Ad(vg)θg for g ∈ G are equal.

Let θ : G → Out(A) be a G-kernel of a unital C∗-algebra A and (θ, u) a lifting

of θ as in Section 3.2. Let ω ∈ Z3(G,Z(U(A))) be the 3-cocycle associated to (θ, u).

We proceed exactly as in Section 5.1. Pick paths ũg,h such that ũg,h(0) = 1 and

ũg,h(1) = ug,h and define

ω̃(g, h, k) := αg(ũh,k)ũg,hkũ
∗
gh,kũ

∗
h,k ∀g, h, k ∈ G. (5.2.2)

Lemma 5.2.2. Let G be a group, A a unital C∗-algebra with connected unitary group

and θ be a G-kernel on A. Let ω̃ be as in (5.2.2). Then ω̃ ∈ Z3(G,K$
0(A)). Moreover,

83



the class [ω̃] ∈ H3(G,K$
0(A)) is a well defined invariant of θ, we denote it by õb(θ).

Proof. The calculation of Lemma 5.1.4 works verbatim to show that ω̃ is a 3-cocycle

and that its cohomology class is independent of the unitary paths chosen. It remains

to check that the cohomology class [ω̃] is independent of the lift (θ, u) of θ.

Firstly, we show that if we choose a lifting (θ, u) of θ and tweak ug,h by unitaries

λg,h ∈ Z(U(A)), the associated 3-cocycles are cohomologous. Indeed, pick paths

ũg,h, λ̃g,h ∈ U(A) for each g, h ∈ G with ũg,h(0) = λ̃g,h(0) = 1A, ũg,h(1) = ug,h and

λ̃g,h(1) = λg,h. Note that the paths λ̃g,h need not be valued in the centre of the

unitary group, even though λg,h ∈ Z(U(A)). Let ω̃ be the associated 3-cocycle to

(θ, u) and ω̃′ the associated 3-cocycle to (θ, λu). As in the proof Lemma 5.1.4 we will

be required to apply (ii) Lemma 5.1.1 repeatedly. We will colour code the paths to

which we apply the Lemma before we perform the homotopy;

ω̃′
g,h,k = [θg(λ̃h,k)θg(ũh,k)λ̃g,hkũg,hkũ

∗
gh,kλ̃

∗
gh,kũ

∗
g,hλ̃

∗
g,h]

= [θg(ũh,k)λ̃g,hkũg,hkũ
∗
gh,kλ̃

∗
gh,kũ

∗
g,h][θg(λ̃h,k)][λ̃

∗
g,h]

= [λ̃∗gh,kũ
∗
g,hθg(ũh,k)λ̃g,hkũg,hkũ

∗
gh,k][θg(λ̃h,k)][λ̃

∗
g,h]

= [ũ∗g,hθg(ũh,k)λ̃g,hkũg,hkũ
∗
gh,k][θg(λ̃h,k)][λ̃

∗
gh,k][λ̃

∗
g,h]

= [λ̃g,hkũg,hkũ
∗
gh,kũ

∗
g,hθg(ũh,k)][θg(λ̃h,k)][λ̃

∗
gh,k][λ̃

∗
g,h]

= ω̃g,h,k(dλ̃)g,h,k.

So ω̃ and ω̃′ are cohomologous. Now let (θ′, u′) be another lift of θ. Then there exist

unitaries vg ∈ U(A) and λg,h ∈ Z(U(A)) for g, h ∈ G such that θ′g = Ad(vg)θg and

u′g,h = λg,hvgθg(vh)ug,hv
∗
gh. Due to the preceeding computation, we may assume that

λg,h = 1 for every g, h ∈ G. Pick continuous paths ṽg ∈ U(A) with ṽg(0) = 1, ṽg(1) =

vg. Let ũ′g,h = ṽgθg(ṽh)ũg,hṽ
∗
gh and ω̃′

g,h,k = θ′g(ũ
′
h,k)ũ

′
g,hkũ

′∗
gh,kũ

′∗
g,h, these constitute

paths which start at 1 and such that ũ′g,h(1) = u′g,h and ω̃′
g,h,k(1) ∈ Z(U(A)). We
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have that

ω̃′
g,h,k = [θ′g(ũ

′
h,k)ũ

′
g,hkũ

′∗
gh,kũ

′∗
g,h]

= [vgθg(ṽhθh(ṽk)ũh,kṽ
∗
hk)v

∗
g ṽgθg(ṽhk)ũg,hkũ

∗
gh,kθgh(ṽ

∗
k)ũ

∗
g,hθg(ṽ

∗
h)ṽ

∗
g ]

As the colour coded path ends at 1A and θg(ṽhθh(ṽk)ũh,kṽ
∗
hk) starts at 1A we may

apply (i) Lemma 5.1.1 to swap the two paths. Therefore, applying (i) Lemma 5.1.1

once more to the orange colour coded path below

ω̃′
g,h,k = [vg(v

∗
g ṽg)θg(ṽhθh(ṽk))θg(ũh,k)θg(ṽ

∗
h,k)θg(ṽh,k)ũg,hkũ

∗
gh,kθgh(ṽ

∗
k)ũ

∗
g,hθg(ṽ

∗
h)ṽ

∗
g ]

= [ṽgθg(ṽhθh(ṽk))θg(ũh,k)ũg,hkũ
∗
gh,kθgh(ṽ

∗
k)ũ

∗
g,hθg(ṽ

∗
h)ṽ

∗
g ]

= [ṽgθg(ṽhθh(ṽk))θg(ũh,k)ũg,hkũ
∗
gh,ku

∗
g,hθgθh(ṽ

∗
k)ug,hũ

∗
g,hθg(ṽ

∗
h)ṽ

∗
g ]

= [ṽgθg(ṽhθh(ṽk))θg(ũh,k)ũg,hkũ
∗
gh,ku

∗
g,h(ug,hũ

∗
g,h)θgθh(ṽ

∗
k)θg(ṽ

∗
h)ṽ

∗
g ]

= [ṽgθg(ṽhθh(ṽk))θg(ũh,k)ũg,hkũ
∗
gh,kũ

∗
g,hθgθh(ṽ

∗
k)θg(ṽ

∗
h)ṽ

∗
g ].

We may swap the red and blue colour coded paths by (ii) Lemma 5.1.1 to get that

ω̃′
g,h,k = [θg(ũh,k)ũg,hkũ

∗
gh,kũ

∗
g,hθgθh(ṽ

∗
k)θg(ṽ

∗
h)ṽ

∗
g ṽgθg(ṽhθh(ṽk))]

= ω̃g,h,k

as required.

One may apply Lemma 5.2.2 to yield the G-kernel counterpart to the obstruction

laid out in Theorem 5.1.5.

Corollary 5.2.3. Let G be a group, A be a unital C∗-algebra such that U (0)(A) =

U(A) and θ a G-kernel on A. Denote by ev1 the map ev1 : K
$
0(A) → Z(U(A)) defined

by ev1(f) = f(1). Then ob(θ) ∈ im(ev1∗).
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5.3 Implications for Cuntz algebras

We start by applying the obstruction developed in Section 5.1 to the Cuntz algebras

On for n ∈ {2, . . . ,∞}. Note that any anomalous action on On is connected as the

unitary group of On is connected by [30, Corollary 3.12].

Theorem 5.3.1. Let G a group and ω ∈ Z3(G,T). If there exists a (G,ω) action

on On with n ∈ N \ {1} then [ω] ∈ (n − 1)H3(G,T). If instead n = ∞ then [ω] ∈

kH3(G,T) for every k ∈ N.

Proof. Firstly, suppose that n ∈ N \ {1}. By [136, Theorem 4.3] there is a pointed

isomorphism (π1(U(On)), [ϵ1]) ∼= (π1(U∞(On)), [ϵ1]). This composed by the Bott iso-

morphism (see Theorem 2.6.10) yields a pointed isomorphism (π1(U(On)), [ϵ1]) ∼=

(K0(On), [1On ]0). The pointed group (K0(On), [1On ]0) has been computed by Cuntz

(see [30, Theorem 3.7]) to be isomorphic to (Zn−1, [1]). We will denote the class 1 in

Zn−1 by s. By Lemma 5.1.2, K#
0 (On) ∼= R⊕Zn−1

Z(−1,s)
equipped with the trivial G-module

structure, the triviality of the G-module structure follows as every automorphism of

On is approximately inner ([116, Theorem 3.6]). The map φ : K#
0 (On) → T given by

φ(λ, sk) = e
2πi(λ+k)

n−1 is an isomorphism and the map ψ making the diagram

T T

K#
0 (On) T

ψ

φ

ev1

id

commute is uniquely defined by ψ(µ) = µn−1 for any µ ∈ T. By Theorem 5.1.5, [ω] is

in the image of the map ev1∗ : H
3(G,K#

0 (On−1)) → H3(G,T). Equivalently [ω] is in

the image of ψ∗ that, as the group operation of H3(G,T) is pointwise multiplication,

corresponds to the subgroup (n − 1)H3(G,T) (written additively) or H3(G,T)n−1

(written multiplicatively).

We now consider the case n = ∞. Firstly, as in the case n ∈ N \ {1}, a combina-
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tion of [149] and Bott periodicity implies that (π1(U(O∞)), [ϵ1]) ∼= (K0(O∞), [1O∞ ]).

Cuntz also computed in [30, Corollary 3.11] that (K0(O∞), [1O∞ ]0) ∼= (Z, 1). There-

fore by Lemma 5.1.2, K#
0 (O∞) ∼= R⊕Z

Z(−1,1)
(as in the n ∈ N \ {1} case this also has

the trivial G-module structure by [116]) . The map φ : K#
0 (O∞) → R given by

φ(λ, k) = λ− k is an isomorphism and the map ψ making the diagram

R T

K#
0 (O∞) T

ψ

φ

ev1

id (5.3.1)

is uniquely defined as ψ(µ) = e2πiµ for µ ∈ R. Hence, Theorem 5.1.5 implies that [ω]

is in the image of ev1∗ : H
3(G,K#

0 (O∞)) → H3(G,T) or equivalently (by (5.3.1)) in

the image of ψ∗ : H3(G,R) → H3(G,T). Any cocycle in the image of ψ∗ is of the

form [ω] = [e2πiη] for a 3-cocycle η ∈ Z3(G,R). For k ∈ N, let ν ∈ Z3(G,T) be given

by νg,h,l = e
2πiηg,h,l

k for g, h, l ∈ G. Then [ν]k = [ω] (written multiplicatively) or k[ν]

(written additively).

For any finite group G the cohomology group H3(G,T) is |G|-torsion (see [11, III.

Corollary 10.2]). Thus it is an immediate corollary of Theorem 5.3.1 that there are

no anomalous actions with non-trivial anomalies of finite groups on O∞.

Corollary 5.3.2. Let G be a finite group. There exists a (G,ω) action on O∞ if and

only if [ω] = 0 ∈ H3(G,T).

Remark 5.3.3. In Theorem 5.3.1 we used that (K0(A), [1A]) ∼= (π1(U(A)), [ϵ1]) is a

pointed isomorphism of abelian groups when A = On. This holds more generally for

any Z-stable, unital C∗-algebra A by [72, Theorem A].

In fact not only does there not exist any finite group anomalous action on O∞

but there also does not exist any on O∞ ⊗K or Ost
∞. Recall that Ost

∞ is the cut down

of O∞ by a non-zero projection with K0 class zero (see Section 2.7.3).
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Proposition 5.3.4. Let G be a finite group. There exists a (G,ω) action on Ost
∞ or

O∞ ⊗K if and only if [ω] = 0 ∈ H3(G,T).

Proof. The if statement is trivial, we show the only if statement. Let G be a finite

group and ω ∈ Z3(G,T). We start by showing that if there exists a (G,ω) action on

Ost
∞ then [ω] = 0. Suppose (α, u) is an ω-anomalous action of G on Ost

∞ with ob(α, u)

non-trivial. Then π : g 7→ K0(αg) ∈ Autf.o(K0(Ost
∞, [1]0)) for g ∈ G defines a group

homomorphism.2 The subgroup H := {g ∈ G : K0(αg) = idK0(O∞)} < G fits into an

exact sequence

0 −→ H −→ G
π−→ Autf.o(K0(Ost

∞), [1]0). (5.3.2)

We will start by showing that we can reduce to the case that H = G. The group

(K0(Ost
∞), [1]0) ∼= (Z, 0) and so the group Autf.o(K0(Ost

∞), [1]0) ∼= Z2. To be more

precise, the group Autf.o(K0(Ost
∞), [1]0) is generated by an element Φ of order two

which sends a projection [p]0 representing the class of 1 ∈ Z ∼= K0(Ost
∞) to the class

−[p]0. By [4, Theorem 4.3] there exists β ∈ Aut(Ost
∞) such that β2 = idOst

∞ and

K0(β) = Φ. We may now define a group action θ of G on Ost
∞ as follows

θg(a) =


a, if π(g) = idK0(Ost

∞)

β(a), π(g) = Φ.

By the Kirchberg-Phillips classification theorem (Theorem 2.7.9) and the Künneth

formula for tensor products (Theorem 2.6.11) the isomorphism φ : Z⊗ Z → Z given

by φ(n,m) = nm lifts to an isomorphism φ from Ost
∞ ⊗Ost

∞ to Ost
∞ with K0(φ) = φ.

Therefore, the tensor product anomalous action (φ(α ⊗ θ)φ−1, φ(u ⊗ 1)) of Ost
∞ has

anomaly ω. We will now preform a computation to deduce that the induced action

in K0 given by φ(α⊗ θ)φ−1 is trivial. In this computation we will naturally identify

2For a unital C∗-algebra A, the group Autf.o(K0(A), [1]0) is the group of finite order automor-
phisms of the K0 group of A that preserve the class of the unit.
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K0(Ost
∞⊗Ost

∞) and K0(Ost
∞)⊗K0(Ost

∞). We are free to do so by the Künneth formula

for tensor products. Now, for g ∈ G such that π(g) = Φ

K0(φ(αg ⊗ θg)φ
−1)([p]0) = K0(φ)(K0(αg)⊗K0(θg))([p]0 ⊗ [p]0)

= K0(φ)(Φ([p]0)⊗ Φ([p]0))

= K0(φ)((−[p]0)⊗ (−[p]0))

= K0(φ)([p]0 ⊗ [p]0)

= [p]0.

So for g ∈ G such that π(g) = Φ the automorphism K0(φ(αg ⊗ θg)φ
−1) = idK0(Ost

∞).

Similarly, for g ∈ G such that π(g) = idK0(Ost
∞) both K0(θg) and K0(αg) are trivial and

therefore K0(φ(αg⊗ θg)φ
−1) = idK0(Ost

∞). Replacing (α, u) by (φ(α⊗ θ)φ−1, φ(u⊗ 1))

we may assume that the group G = H or equivalently that K0(αg) = idK0(Ost
∞) for all

g ∈ G. Therefore, the class [p]0 is fixed by K0(αg) for g ∈ G and by Lemma 4.2.9

the anomalous action (α, u) induces an ω-anomalous action on the corner pOst
∞p.

However, as pOst
∞p is a full corner in Ost

∞ the inclusion pOst
∞p

ι−→ Ost
∞ induces an

isomorphism in K-theory (Proposition 2.6.4). In particular, the pointed K0 group of

pOst
∞p is isomorphic to (Z, 1) and the K1 group is trivial. So pOst

∞p has the same

(pointed) K-theory groups as O∞ and by Theorem 2.7.9 the C∗-algebras pOst
∞p and

O∞ are isomorphic. However, as the first admits an ω-anomalous action so does the

second. By Corollary 5.3.2 the cohomology class [ω] is trivial.

We now turn to the case of (G,ω) actions on O∞⊗K. If (α, u) is an ω-anomalous

action on O∞⊗K then K0(αg)[p]0 = [p]0 for any non-zero projection p ∈ P (O∞⊗K)

whose K0 class is zero. By Lemma 4.2.9 (α, u) induces a (G,ω) action on p(O∞⊗K)p

which is isomorphic to Ost
∞ by Theorem 2.7.9. Therefore, [ω] = 0.
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5.4 Divisibility in K-theory

In this section, we have a closer look at the obstruction defined in Section 5.1. The goal

is to achieve divisibility in K-theory as a consequence of the existence of anomalous

actions. This is a step towards characterising for which C∗-algebras A there exists a

(G,ω) action for a fixed group G and 3-cocycle ω ∈ Z3(G,T).

Lemma 5.4.1. Let G be a finite group, ω ∈ Z3(G,T) of order r in H3(G,T) and A

be a unital C∗-algebra. If (α, u) is a connected (G,ω) action on A such that there is

no |G| torsion in K0(A)G then [1A]0 ∈ K0(A)G is r-divisible.

Proof. Let K#
0 (A) be as in Section 5.1. Let π : K#

0 (A) → K#
0 (A)G be the quotient

map. The map ev1 descends to a well defined map on K#
0 (A)G and so

H3(G,K#
0 (A)) H3(G,T)

H3(G,K#
0 (A)G) H3(G,T)

ev1∗

π∗ id

ev1∗

commutes. By Theorem 5.1.5 the class [ω] is in the image of ev1∗ : H
3(G,K#

0 (A)) →

H3(G,T) and so, [ω] is also in the image of ev1∗ : H3(G,K#
0 (A)G) → H3(G,T). As

K#
0 (A)G has the trivial G-module structure, the universal coefficient theorem (see

Theorem 2.5.1) applies. This yields the following commuting diagram:

H3(G,K#
0 (A)G) H3(G,T)

HomZ(H3(G,Z), K#
0 (A)G) HomZ(H3(G,Z),T).

ev1∗

η

φ

(5.4.1)

With φ : HomZ(H3(G,Z), K#
0 (A)G) → HomZ(H3(G,Z),T) the map induced by the

module map ev1. Note that η is an isomorphism as T is a divisible group. Therefore,

the order of η([ω]) is also r. The order of the function η([ω]) ∈ HomZ(H3(G,Z),T) is

the same as the exponent of the group Im(η([ω])) ⊂ T. So, as the only subgroup of
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the circle which is of exponent r is the subgroup of r-th roots of unity, there exists

x ∈ H3(G,Z) such that η([ω])(x) = e2πi/r. We will now preform a diagram chase

to complete the proof. As [ω] is in the image of ev1∗ the commutativity of diagram

(5.4.1) establishes the existence of a function f ∈ HomZ(H3(G,Z), K#
0 (A)G) such

that φ(f) = η([ω]). The map φ is induced by ev1 so φ(f)(x) = ev1(f(x)) = e2πi/r.

By Lemma 5.1.2 there is an isomorphism of G-modules

K#
0 (A)

∼=
R⊕ π1(U(A))

Z(−1, [ϵ1])
.

Under this isomorphism, ev1 corresponds to exponentiating the R component. Us-

ing this picture of K#
0 (A), f(x) = [(1/r, a)] for some a ∈ π1(U(A))G. But f is in

HomZ(H3(G,Z), K#
0 (A)G) and the order of x divides the size of the group |G| (see

[11, Corollary 10.2]). Hence, denoting by k the order of x ∈ H3(G,Z) the equation

0 = f(kx) = kf(x) = k[(1/r, a)] holds. In particular, there exists s ∈ Z such that

k/r = −s and ka = s[ϵ1] and so

rka = −k[ϵ1]. (5.4.2)

Now note that the canonical homomorphism ι : π1(U(A)) → π1(U∞(A)) and the Bott

isomorphism φ : π(U∞(A)) → K0(A) are G-equivariant (the equivariance of the first

map is by definition, the equivariance of the second map can be deduced directly from

the form of the Bott isomorphism, see Theorem 2.6.10). Therefore φ◦ ι descends to a

map from π1(U(A))G to K0(A)G and maps [ϵ1] to [1A]0. Hence applying φ◦ι to (5.4.2)

we have that kφ ◦ ι(ra) = −k[1A]0. As K0(A)G has no |G| torsion it has no k torsion

and dividing through by k we have that r(φ◦ ι(−a)) = [1A]0 with φ◦ ι(−a) ∈ K0(A)G

as required.

Theorem 5.4.2. Let G be a finite group and ω ∈ Z3(G,T) of order r in H3(G,T).

Let A be a unital C∗-algebra with no |G| torsion in K0(A) and cancellation of non-zero
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projections. If (α, u) is a connected (G,ω) action on A inducing the trivial G-module

structure on K0(A), then K0(A) is uniquely r-divisible.

Proof. As K0(A) has no |G| torsion it has no r-torsion, so it suffices to show that

K0(A) is r-divisible. Suppose there exists an element x ∈ K0(A) which is not r-

divisible. As A is unital, x is given by a difference of projections x = [p]0 − [q]0 for

p, q ∈ P (Mn(A)) for some n ∈ N. Without loss of generality [p]0 is not r-divisible.

The induced action on K0(A) is trivial, so [αg(p)]0 = [p]0 for all g ∈ G. As A has

cancellation of non-zero projections, it follows from Lemma 4.2.9 that you have an

induced (G,ω) action on the corner pMn(A)p. This action similarly induces the trivial

G-module structure on K0(pMn(A)p). So, the hypothesis of Lemma 5.4.1 is satisfied,

and it follows that [p]pMn(A)p is r-divisible. Hence there exists c ∈ K0(pMn(A)p) such

that

[p]pMn(A)p = rc.

It follows that [p]Mn(A) = rι∗(c) with ι : pMn(A)p → Mn(A) the inclusion. As the

inclusion A → Mn(A) induces an isomorphism in K0 the class [p]0 is also r divisible

in K0(A).

Corollary 5.4.3. Let G be a finite group and ω ∈ Z3(G,T) of order r in H3(G,T).

Let A be a simple, separable, unital C∗-algebra with no |G| torsion in K0(A). If (α, u)

is a connected (G,ω) action on A inducing the trivial G-module structure on K0(A)

then K0(A) is r-divisible.

Proof. The (G,ω) action αg ⊗ idO∞ on A ⊗ O∞ for g ∈ G induces a connected

anomalous action on a simple purely infinite C∗-algebra (see Remark 2.7.12). The

K0 group of A ⊗ O∞ is isomorphic to that of A by the Künneth theorem for tensor

products (see Theorem 2.6.11) and the induced module structure on K0(A⊗O∞) is

trivial due to naturality of the Künneth exact sequence. Therefore, without loss of

generality, we may assume that A is simple purely infinite. As every simple purely
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infinite C∗-algebra has cancellation of non-zero projections (see Section 2.7.3) the

result follows by Theorem 5.4.2.

We will see in Chapter 6 that the torsion assumption in Proposition 5.4.2 can not

be dropped (see for example the discussion succeeding Proposition 6.4.10).

Under the assumptions of Theorem 5.4.2, if one further has that A falls within a

class of C∗-algebras classified by K-theory and traces, then the existence of a (G,ω)

action on A, that acts trivially on K-theory, will imply a UHF-stability condition.

Corollary 5.4.4. Let G be a finite group. Let A be a classifiable C∗-algebra with

K1(A) = 0 with no |G|-torsion in K0(A), or alternatively let A be a unital AF-

algebra. If there exists a (G,ω) action on A inducing the trivial G module structure

on K0(A), with r the order of [ω], then A⊗Mr∞
∼= A.

Proof. We first show the result in the case that A is a classifiable C∗-algebra with

K1(A) = 0 and no |G|-torsion in K0(A). Note that A ⊗Mr∞ is also classifiable. By

Theorem 2.7.1 A is isomorphic to A⊗Mr∞ if and only if KTu(A) ∼= KTu(A⊗Mr∞).

Let (α, u) be a (G,ω) action on A with [ω] of order r. As K1(A) = 0 it follows

from Remark 4.2.5 that (α, u) is connected. Therefore, by Corollary 5.4.3 K0(A) is

uniquely r-divisible. The result will follow if we show that for any unital C∗-algebra

A with K1(A) = 0 and K0(A) uniquely r-divisible, then KTu(A) ∼= KTu(A⊗Mr∞).

This is well known to experts (see for example [3, Example 4.4]). However, as the

author could not find a proof in the literature we provide a proof for completeness.

By the Künneth Theorem for tensor products (Theorem 2.6.11) K0(A⊗Mr∞) ∼=

K0(A) ⊗ Z[1/r] and K1(A ⊗ Mr∞) ∼= TorZ1 (K0(A),Z[1/r]). The TorZ1 term vanishes

as Z[1/r] has no torsion and hence is a flat module. So K1(A ⊗Mr∞) vanishes. We
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show that the homomorphism of abelian groups

ψ : K0(A) → K0(A)⊗ Z[1/r]

a→ a⊗ 1

is a bijection. As K0(A) is uniquely r-divisible then for any a ∈ K0(A) there is a well

defined element r−1a ∈ K0(A) and φ(r
−1a) = r−1a⊗ 1 = a⊗ r−1 yielding surjectivity

of ψ. To show injectivity of ψ consider the homomorphism of abelian groups φ :

K0(A)⊗ Z[1/r] → K0(A) defined on elementary tensors by φ(a⊗ k/rj) = kr−ja. It

is clear that φ ◦ψ = idK0(A) and so ψ is injective. Therefore, K0(A) ∼= K0(A⊗Mr∞).

There is also an isomorphims of trace spaces T (A) ∼= T (A ⊗ Mr∞) as Mr∞ has a

unique trace. The isomorphism is given by sending a trace τ ∈ T (A) to τ ⊗ τr∞ with

τr∞ the unique trace on Mr∞ . Under the identification of K0(A⊗Mr∞) with K0(A)

the pairing maps on A and A⊗Mr∞ also coincide.

We now turn to the case that A is a unital AF-algebra. As A⊗Mr∞ is also a unital

AF-algebra, by Elliott’s classification theorem ([40]) it suffices to show that K0(A)

and K0(A ⊗ Mr∞) are isomorphic as ordered groups. This is equivalent to showing

that KTu(A) ∼= KTu(A ⊗ Mr∞). Indeed, every AF-algebra has unperforated K0

group so the order structure of K0(A) can be recovered from the traces. (See [119,

Proposition 7.2.8] for a proof that the K0 group of an AF-algebra is unperforated

and [119, Section 5.2] for how the order structure is recovered from the traces in

this case.) By Theorem 5.4.2 we have that K0(A) is uniquely r-divisible and hence

KTu(A) ∼= KTu(A⊗Mr∞) as shown in the previous part of the proof.

We will see in Chapter 6 that for any finite group G and 3-cocycle ω ∈ Z3(G,T)

there exists a (G,ω) action on M|G|∞ . This comes close to a characterisation of

the existence of (G,ω) actions which act trivially on K0 for those C∗-algebras which

satisfy the hypothesis of Corollary 5.4.4.
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Chapter 6

Explicit constructions

Building ω-anomalous actions with non-trivial 3-cocycle ω is not an easy task. The

mere non-triviality of the cohomology class of ω implies that, unlike in the case of

group actions, there exist no trivial ω-anomalous actions on C∗-algebras. In fact, it

is clear from the obstructions layed out in Chapters 4 and 5 that whether or not a

C∗-algebra admits an anomalous action is an intricate question.

As a counterpart to the obstruction results, in this chapter we take on the task

of building anomalous actions on C∗-algebras. As discussed in Section 3.3.2 anoma-

lous actions have been constructed on R. In the setting of C∗-algebras, anomalous

actions have been constructed on continuous trace C∗-algebras in [20] and on abelian

C∗-algebras in [74]. Actually, the work of [74] gives a systematic way of building

anomalous actions on C∗-crossed products. General constructions of actions of uni-

tary tensor categories on C∗-algebras can also be used to yield anomalous actions on

C∗-algebras ([104],[111],[64]).

In this chapter, we are primarily interested in producing anomalous actions on

classifiable C∗-algebras. We start by considering anomalous actions on UHF alge-

bras; we provide two constructions. The first construction is based on the general

framework of [74]. The second construction is established through an inductive limit
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of anomalous actions on finite dimensional C∗-algebras. These two constructions will

be shown to yield equivalent actions as a corollary of our classification results of

Chapter 7. In the remaining part of the chapter, we restrict to discussing anomalous

actions of cyclic groups. Section 6.4 introduces a particular method for constructing

anomalous actions of cyclic groups on C∗-algebras. This technique was introduced

by the author and Evington in [46]. Even though it can now be inferred from the

framework of [74] it was developed independently. Applying this method we construct

anomalous actions of cyclic groups on irrational rotation algebras, Bunce–Deddens al-

gebras, crossed products of strongly self absorbing C∗-algebras by Bernoulli shifts and

matrix amplifications of Cuntz algebras. The first construction of anomalous actions

on UHF algebras (Theorem 6.2.3), the actions on irrational rotation algebras (Propo-

sition 6.4.2) and on Bunce–Deddens algebras (Proposition 6.4.4) were contained in

my joint work with Evington (see [46]).

Before we get going with our constructions we begin with a preliminary section

in which we discuss some properties of interest that anomalous actions may satisfy.

6.1 Structural properties of anomalous actions

Throughout this chapter, we will not only be interested in examples of anomalous

actions but also in structural properties that these examples may satisfy. Firstly, it

is natural to consider the following generalisation of the Rokhlin property for finite

group actions (Definition 3.4.4).
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Definition 6.1.1. Let G be a finite group and (α, u) an anomalous action on a

unital C∗-algebra A. Then (α, u) is said to have the Rokhlin property, if there exist

projections pg ∈ A∞ ∩ A′ for g ∈ G such that

∑
g∈G

pg = 1A, (6.1.1)

αg(ph) = pgh for g, h ∈ G. (6.1.2)

Example 6.1.2. Let n ∈ N and γ be an n-th root of unity. The Zn anomalous action

on the UHF algebras A =Mn∞ induced by the automorphism sγn (see Theorem 3.3.7

and Remark 3.3.8) has the Rokhlin property. To show this it suffices to construct a

projection p ∈ A∞ ∩A′ such that
∑n−1

i=0 (s
γ
n)
i(p) = 1A. Indeed the projections (sγn)

i(p)

for 0 ≤ i ≤ n− 1 would satisfy conditions (6.1.1) and (6.1.2) of Definition 6.1.1.

Denote by ri : Mn →
⊗

i∈N Mn for i ∈ N the unital embedding of Mn into the i-th

tensor product factor. Our candidate projection is p = (pk) = (rk(e1,1)). Firstly, p

belongs to A∞ ∩ A′ as any finite set of Mn∞ =
⊗

i∈N Mn is approximately contained

in finitely many tensor factors. Moreover, it is a straightforward computation to

show that sγn(rk(ei,i)) = rk(ei+1,i+1) for any 1 ≤ i ≤ n. (Where the addition in

the subscripts is understood mod n.) Therefore, the k-th entry of a representative

sequence for
∑n−1

i=0 (s
γ
n)
i(p) is given by

∑n−1
i=0 (s

γ
n)
i(rk(e1,1)) =

∑n
i=1 rk(ei,i) = 1A so∑n−1

i=0 (s
γ
n)
i(p) = 1A.

It also makes sense to define the Rokhlin property for G-kernels through consider-

ing an arbitrary lift. This property is independent of the lift chosen. Indeed, if there

exist projections pg ∈ A∞ ∩ A′ satisfying conditions (6.1.1) and (6.1.2) for a family

of automorphisms αg, the conditions also hold by replacing αg with Ad(vg)αg for any

family of unitaries vg for g ∈ G. This follows as the projections pg are contained in

A∞ ∩ A′ and hence invariant under inner automorphisms of A.
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Definition 6.1.3. Let G be a finite group and A a unital C∗-algebra. A G-kernel

θ of A has the Rokhlin property if for some/any lift (θ, u) there exist projections

pg ∈ A∞ ∩ A′ for g ∈ G such that

∑
g∈G

pg = 1A, (6.1.3)

θg(ph) = pgh for g, h ∈ G. (6.1.4)

Remark 6.1.4. The Rokhlin property for a finite group action α on unital C∗-

algebra A can be reformulated as the existence of an equivariant ∗-homomorphism

Φ : (C(G), λg) → (A∞ ∩A′, αg). If δg are the point masses of C(G) their image Φ(δg)

yield Rokhlin projections. Similarly, one can define an equivariant ∗-homomorphism

from a set of Rokhlin projections by sending δg to pg. This equivalence of formulations

also trivially holds in the generality of anomalous actions.

To introduce the next property, we start by discussing inductive limits of G-C∗-

algebras and of unital (G,ω)-C∗-algebras. Let G be a group, we denote the cate-

gory whose objects are pairs (A,α) with A a C∗-algebra and α : G → Aut(A) a

group action on A and whose morphisms are equivariant ∗-homomorphisms by G-

C*alg. Suppose (An, αn, φn) is an inductive sequence in G-C*alg, then (An, φn)

is an inductive sequence in C*alg with limit (A,φn,∞) (see Section 2.3). The map

αg((an)) = (αn(g)(an)) is a well defined bounded ∗-automorphism on the dense ∗-

subalgebra A ⊂ A defined in (2.3.3). Therefore, the continuous extension of αg to

all of A defines an action on A. The maps φn,∞ are αn to α equivariant and it is a

routine check that (A,α, φn,∞) defines the inductive limit of (An, αn, φn) in G-C*alg.

Remark 6.1.5. In [133] Szabó considers a more general notion of morphism that he

calls an cocycle morphism. In his work, Szabó considers the category whose objects

are G-C∗-algebras and whose morphisms are cocycle morphisms and shows that this
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category admits inductive limits. This generalises the discussion proceeding this

remark.

Similarly, inductive limits exist in the categories of (G,ω)-C∗-algebras. Let ω ∈

Z3(G,T), we let (G,ω)-C*alg1 be the category whose objects are triples (A,α, u) with

A a unital C∗-algebra and (α, u) a (G,ω)-action on A (we call this a (G,ω)-C∗-algebra)

and Hom((A,α, u)), (B, β, v))) is given by α to β equivariant unital ∗-homomorphisms

φ : A→ B such that φ(ug,h) = vg,h for g, h ∈ G. Let (An, αn, un, φn) be an inductive

sequence in (G,ω)-C*alg1. Let (A,φn,∞) be the inductive limit of (An, φn) in C*alg.

Once more αg((an)) = (αn(g)(an)) for (an) ∈ A extend to automorphisms of A for

any g ∈ G. Setting ug,h = φ1,∞(u1(g, h)) the pair (α, u) defines a (G,ω) action on

A. The data (A,α, u, φn,∞) can be seen to be the inductive limit of (An, αn, un, φn).

This brings us to the following definition.

Definition 6.1.6. Let A be a unital AF-C∗-algebra and (α, u) be a (G,ω)-action on

A. We say α is a strict AF-action if there exists an inductive limit (An, φn) consisting

of finite dimensional C∗-algebras An and (G,ω) actions (αn, un) on An such that

1. φnαn = αn+1φn, ∀n ∈ N,

2. φn(un) = un+1,∀n ∈ N,

3. (A,α, u) = lim−→(An, φn, αn, un).

Remark 6.1.7. If G is finite, a (G,ω) strict AF-action is an instance of an AF-action

of the fusion category Hilb(G,ω) as introduced in [25, Definition 4.8]. (See Section

9.2 to see how (G,ω) actions fit within the framework of [25].) We now translate the

notion of an AF-action of [25] to the setting of anomalous actions by applying the

results of Chapter 9. In [25] the authors construct inductive limits in the category

whose objects are unital (G,ω)-C∗-algebras and whose morphisms are given by pairs

(φ, v) : (α, u) → (β, v) with φ : A → B a unital ∗-homomorphism and v : G → U(A)
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unitaries such that Ad(vg)φαg = βgφ and φ(ug,h) = v∗ghvg,hαg(vh)vg for g, h ∈ G.

Therefore, an anomalous AF-action is one which is cocycle conjugate to an inductive

limit, in this generalised category of (G,ω)-actions, of anomalous actions on finite

dimensional C∗-algebras.

Although AF-actions are more natural from the categorical standpoint, we will

not require them in this thesis and so we restrict ourselves to strict AF-actions. The

difference is that we require morphisms in our category to be on the nose equivariant

rather than equivariant up to isomorphism, which in the categorical picture is wit-

nessed by the v. Moreover, although strict AF-actions are preserved under conjugacy,

they may not be preserved under unitary perturbations. Allowing for perturbations

up to cocycle conjugacy in the definition of AF-actions is motivated categorically as

cocycle conjugacy coincides with natural isomorphism of functors.

6.2 Anomalous actions on UHF algebras: construc-

tion 1

We begin this section with a review of Vaughan Jones’ construction of anomalous

actions on R using twisted crossed products and its recent adaptation to the C∗-

setting by Corey Jones in [74]. We will then use this construction to build anomalous

actions on UHF algebras.

We assume that the reader is familiar with the construction of the crossed prod-

uct(s) of a C∗-algebra A by a discrete group G with respect to an action α : G →

Aut(A). (A good treatment of the subject can be found in [15].)

The crossed product construction can be generalised by twisting the multiplication

in G by a 2-cocyle c ∈ Z2(G,T), i.e. the canonical unitaries {vg : g ∈ G} in the
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multiplier algebra of a twisted crossed product satisfy

vgvh = c(g, h)vgh for g, h ∈ G, (6.2.1)

vgav
∗
g = αg(a) for g ∈ G, a ∈ A. (6.2.2)

We write A⋊alg
α,c G for the algebraic twisted crossed product, whose elements can be

viewed as (finite) formal sums
∑

g∈G agvg with ag ∈ A. As in the non-twisted case,

there are two natural choices of completions: the reduced twisted crossed product

A⋊r
α,cG and the maximal twisted crossed product A⋊max

α,c G; see [17] or [107] for full

details. Note that when c is trivial, we recover the usual crossed products.

We can now state an existence theorem for anomalous actions, due to Corey Jones

([74]), which in turn is based on Vaughan Jones’ construction in the von Neumann

setting ([77]). Notice that some formulas in this exposition appear different to those

contained in [74]. This is a consequence of our choice of conventions for anomalous

actions.

Theorem 6.2.1. Suppose we have the following data:

• a group G and [ω] ∈ H3(G,T) with a normalised representative ω ∈ Z3(G,T);

• a group Γ and a surjective homomorphism ρ : Γ ↠ G with kernel K;

• a normalised cochain c ∈ C2(Γ,T) such that dc = ρ∗(ω);

• a C∗-algebra B and an action π : Γ → Aut(B).

Then there exists an ω-anomalous action of G on the reduced twisted crossed product

B ⋊r
π,c K, where cg,h = cg,h for g, h ∈ K is the 2-cocycle given by restricting the

pointwise conjugate of c ∈ C2(Γ,T) to K.1

1We use G to denote the acting group. In [74] the acting group is denoted by Q instead.
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A detailed proof of Theorem 6.2.1 can be found in [74, Theorem 3.1]. We provide

a brief outline on how the anomalous action is constructed.

The anomalous action is in fact defined on the algebraic twisted crossed product

and shown to extend to the reduced twisted crossed product.2 The automorphisms

θg ∈ Aut(B ⋊r
π,c K) are given by

θg

(∑
k∈K

akvk

)
=
∑
k∈K

cĝkĝ−1,ĝcĝ,kπĝ(ak)vĝkĝ−1 , (6.2.3)

where g 7→ ĝ is a choice of set theoretic section of ρ : Γ ↠ G. The unitaries

ug,h ∈ U(M(B ⋊r
π,c K)) are given by

ug,h = cĝ,ĥcµ(g,h),ĝhvµ(g,h), (6.2.4)

where µ : G×G→ K is defined by ĝr̂ = µ(g, r)ĝr.

In order to access Theorem 6.2.1, we will also need the following lemma of a

cohomological nature. This lemma also goes back to Vaughan Jones ([77]) with the

additional observations in the case when G is finite due to Corey Jones ([74]).

Lemma 6.2.2. Let G be a group and [ω] ∈ H3(G,T) with a normalised representative

ω ∈ Z3(G,T). There exist

• a group Γ,

• a surjective homomorphism ρ : Γ ↠ G with abelian kernel K,

• a normalised 2-cochain c ∈ C2(Γ,T) such that dc = ρ∗(ω).

Moreover, when G is finite, then K can be chosen to be a finite abelian group whose

order is a power of |G|, and c can be chosen such that c|K = 1.

2The action also extends by universality to the full twisted crossed product.
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Proof. See [77, Lemma 2.3] for the general case and [74, Lemma 3.7] for the technical

improvements when G is finite. We observe that, in the proof of [74, Lemma 3.7], K

is defined to be the quotient of HomZ(ZG,Z|G|) by a copy of Z|G|. Hence, the order

of K is |G||G|−1.

Theorem 6.2.3. Let G be a finite group and let ω ∈ Z3(G,T) be any 3-cocycle.

There exists a (G,ω) action on the UHF algebra M|G|∞. We denote this action by sωG.

Proof. As any 3-cocycle is cohomologous to a normalised 3-cocycle we may assume

that ω is normalised (see Remark 3.3.3). Let Γ, K, ρ : Γ ↠ G, [ω] and c ∈ C2(Γ,T)

be as in the conclusion of Lemma 6.2.2 where |K| is a power of |G| and c|K =

1. Note that |Γ| = |K||G| is finite. Let λΓ : Γ → U(B(ℓ2(Γ))) denote the left

regular representation of Γ. Write Ad(λΓ) for the induced action on B(ℓ2(Γ)) given by

Ad(λΓ)γ(T ) = λΓ(γ)TλΓ(γ)
∗ for all T ∈ B(ℓ2(Γ)) and γ ∈ Γ. Let B =

⊗
j∈N B(ℓ2(Γ))

and let π = Ad(λΓ)
⊗∞.

Applying Theorem 6.2.1, we obtain an ω-anomalous action of G on B⋊r
π,cK. The

remainder of this proof consists of demonstrating that this twisted crossed product is

in fact isomorphic to the UHF algebra with supernatural number |G|∞.

First, we observe that, since c|K = 1, the twisted crossed product B ⋊r
π,c K is in

fact not twisted in this case. Moreover, as K is finite, there is no distinction to be

made between the algebraic, the reduced and the full crossed products. Therefore,

we shall simplify our notation and write B ⋊π K instead of B ⋊r
π,c K.

Next, we consider the restriction of λΓ to K. By decomposing Γ into right K-

cosets, we see that λΓ|K is equivalent to |Γ/K| = |G| copies of the left regular repre-

sentation λK : K → B(ℓ2(K)). Hence, λΓ|K is equivalent to λK ⊗ 1ℓ2(G) where 1ℓ2(G)

denotes the trivial representation of K on the Hilbert space ℓ2(G).
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It follows that we have an equivariant isomorphism of C∗-algebras

⊗
j∈N

B(ℓ2(Γ)) ∼=
⊗
j∈N

(B(ℓ2(K))⊗ B(ℓ2(G)), (6.2.5)

where K acts by π on the left hand side and by σ := Ad(λK ⊗ 1ℓ2(G))
⊗∞ on the right

hand side.

Taking crossed products, we have

B ⋊π K ∼=

(⊗
j∈N

B(ℓ2(K))⊗ B(ℓ2(G)

)
⋊σ K (6.2.6)

∼=

(⊗
j∈N

B(ℓ2(K))⋊Ad(λK)⊗∞ K

)
⊗ B(ℓ2(G))⊗∞.

Since B(ℓ2(G))⊗∞ is a UHF algebra with supernatural number |G|∞, it suffices show

that the crossed product
⊗

k∈N B(ℓ2(K))⋊Ad(λK)⊗∞K is isomorphic to a UHF algebra

with supernatural number |K|∞. This follows from a combination of deep results in

the literature as explained in the proof of [46, Theorem C]. However, we will compute

this directly for the purpose of this exposition.

Since K is a finite abelian group it is isomorphic to a product of cyclic groups

K = K1× · · ·×Kr. As the left regular regular representation λK is equivalent to the

tensor product λK1 ⊗ · · · ⊗ λKr of the respective left regular representations

⊗
j∈N

B(ℓ2(K))⋊Ad(λK)⊗∞ K ∼=
r⊗
i=1

⊗
j∈N

B(ℓ2(Ki))⋊Ad(λKi
)⊗∞ Ki. (6.2.7)

Therefore, it suffices to show that each
⊗

j∈N B(ℓ2(Ki)) ⋊Ad(λKi
)⊗∞ Ki is isomorphic

to a UHF algebra with supernatural number |Ki|∞.

The final step required for this proof is to explicitly compute the crossed product⊗
j∈N B(ℓ2(Zm)) ⋊ Zm, where the action is Ad(λZm)

⊗∞. As this action leaves the

104



finite-dimensional subalgebras An =
⊗n

j=1 B(ℓ2(Zm)) invariant, we have

⊗
j∈N

B(ℓ2(Zm))⋊ Zm = lim
n→∞

An ⋊Ad(λZm )⊗n Zm. (6.2.8)

Each crossed product in the inductive limit on the right hand side is a finite-dimensional

C∗-algebra, we compute the Brattelli diagram of this inductive limit.

We let u ∈ B(ℓ2(Zm)) be the image of the left regular representation at the

generator 1+mZ of Zm, and write v for the canonical unitary in the crossed products

An⋊Zm coming from 1+mZ. (Note that v is common to all stages of the inductive

limit.) We have

vav∗ = (u⊗n)a(u⊗n)∗ (6.2.9)

for all a ∈ An. In particular, v and u⊗n commute.

Any element x ∈ An ⋊Zm may be written as a sum x =
∑m−1

i=0 aiv
i with ai ∈ An.

Let a ∈ An. We compute that

ax− xa =
m−1∑
i=0

aaiv
i − aiv

ia (6.2.10)

=
m−1∑
i=0

[aai − ai(u
i)⊗na(u−i)⊗n]vi.

Thus, x commutes with a if and only if ai(u
i)⊗n commutes with a for i = 0, . . .m−1.

Since Z(An) ∼= C, we see that the only possible central elements of An ⋊ Zm are∑m−1
i=0 ci(u

−i)⊗nvi where ci ∈ C. Since v and u⊗n commute these elements are indeed

central.

Therefore, Z(An⋊Zm) has dimension m and is isomorphic to the group algebra of

Zm with the element (u−1)⊗nv representing the object 1+mZ in the group algebra. In

particular, Fourier theory establishes that the minimal central projections of An⋊Zm
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are

p
(n)
ξ =

1

m

m−1∑
i=0

ξi(u−i)⊗nvi, (6.2.11)

where ξ ranges over the set of m-th roots of unity.

We now consider the dual action of Ẑm on An ⋊ Zm. By definition, α ∈ Ẑm =

Hom(Zm,T) fixes elements in An and maps v to α(1 + mZ)v. Hence, α maps p
(n)
ξ

to p
(n)
α(1+mZ)ξ. Therefore, Ẑm acts transitivity on the minimal central projections of

An ⋊ Zm. Consequently, the matrix algebras p
(n)
ξ (An ⋊ Zk)p(n)ξ are mutually isomor-

phic. Since dim(An ⋊ Zm) = m dimAn, we conclude that An ⋊ Zm is isomorphic to⊕m
j=1Mmn .

To compute the Bratelli diagram, we need to consider the inclusion of An ⋊ Zm

into An+1 ⋊ Zm. Let ξ1 and ξ2 be any m-th roots of unity. We compute that

p
(n)
ξ1
p
(n+1)
ξ2

=
1

m2

m−1∑
i=0

m−1∑
j=0

ξi1ξ
j
2(u

−i)⊗n(u−j)⊗n+1vi+j. (6.2.12)

Applying the canonical conditional expectation EAn+1 : An+1 ⋊ Zm → An+1, we get

EAn+1(p
(n)
ξ1
p
(n+1)
ξ2

) =
1

m2

m−1∑
i=0

ξi1ξ
−i
2 (u−i)⊗n(ui)⊗n+1 (6.2.13)

=
1

m2

m−1∑
i=0

ξi1ξ
−i
2 (1⊗n ⊗ ui)

̸= 0,

since 1, u, . . . , um−1 are linearly independent in B(ℓ2(Zm)). Therefore, p(n)ξ1
p
(n+1)
ξ2

̸= 0.

It follows that the Bratelli diagram for the inclusion An ⋊ Zm in An+1 ⋊ Zm is

a complete bipartite graph Km,m. The multiplicity of each edge must be one by

dimension counting. Therefore, the Bratelli diagram for the inductive limit is of the
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form

M⊕m
m

Km,m−−−→ M⊕m
m2

Km,m−−−→ M⊕m
m3

Km,m−−−→ M⊕m
m4

Km,m−−−→ · · · . (6.2.14)

The AF algebra with this Bratelli diagram at each stage is known to be the UHF

algebra with supernatural number m∞. (See for example [33, Example III.2.4], where

the m = 2 case is analysed in detail.)

Proposition 6.2.4. For any finite group G and ω ∈ Z3(G,T) the action sωG has the

Rokhlin property.

Proof. Let B = M|G|∞ . We adopt the same notation as in the proof of Theorem

6.2.3. Moreover, denote by ri : B(l2(Γ)) → B the unital embedding into the i-th

tensor factor. Let eK in B(l2(Γ)) be the projection onto l2(K), that is

eK(
∑
γ∈Γ

µγγ) =
∑
γ∈K

µγγ

for any complex scalars µγ. Let pn = rn(eK) for n ∈ N. Note that the projection

p = (pn) ∈ B∞ commutes with any constant sequence of elements in B. This follows

as for any finite set F of B there exists a large enough m ∈ N such that F is approxi-

mately contained in the subalgebra
⊗m

i=0 B(l2(Γ)) ⊂ B. Moreover, considering p as a

projection in (B⋊K)∞ it will also commute with the subalgebra C∗(K) ⊂ (B⋊K)∞.

Indeed, eK is invariant under Ad(λΓ)k for any k ∈ K and therefore for any n ∈ N

and k ∈ K

vkpnv
∗
k = Ad(λΓ)

⊗∞
k (rn(eK))

= rn(Ad(λΓ)keK))

= rn(eK)

= pn

Therefore, p ∈ (B ⋊K)∞ ∩ (B ⋊K)′.
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We claim that the projections pg := sωG(g)(p) = (sωG(g)(pn))n∈N form a set of

Rokhlin projections. We start by showing that the sum
∑

g∈G s
ω
G(g)(p) = 1. Let

n ∈ N and g ∈ G, then as the cocycle c is normalised it follows from (6.2.3) that

sωG(g)(pn) = πĝ(pn) (6.2.15)

= Ad(λΓ)
⊗∞
ĝ (pn)

= Ad(λΓ)
⊗∞
ĝ (rn(eK))

= rn(Ad(λΓ)ĝ(eK)).

The maps rn are unital so it suffices to show that
∑

g∈GAd(λΓ)ĝ(eK) = 1B(l2(Γ)). To

see this, let γ ∈ Γ, g ∈ G and δγ ∈ l2(Γ) the point mass at γ then

Ad(λΓ)ĝ(eK)(δγ) = λΓ(ĝ)eKλΓ(ĝ
−1)(δγ) (6.2.16)

= λΓ(ĝ)eK(δĝ−1γ)

=


δγ if γ ∈ ĝK,

0 otherwise.

The left K cosets are pairwise disjoint and cover the whole group Γ. Therefore,

it follows that
∑

g∈GAd(λΓ)ĝ(eK)(δγ) = δγ for every γ ∈ Γ. As the operators∑
g∈GAd(λΓ)ĝ(eK) and idB(l2(Γ)) coincide on a spanning set of l2(Γ), these operators

are equal.

It remains to show that if for any h, g ∈ G the projections sωG(h)pg = phg. This

is immediate since sωG(h)pg = sωG(h)s
ω
G(g)p = Ad(uh,g)s

ω
G(hg)p = Ad(uh,g)phg = phg

where the last equality in the chain holds as phg commutes with B ⋊K.

As a corollary of Theorem 6.2.3 one can build (G,ω) actions for G a finite group

on O2, O|G| or any UHF algebra whose associated supernatural number is divisible by

|G|∞ by tensoring on the action of Theorem 6.2.3. (See Section 3.3 for a discussion
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on the tensor product of anomalous actions.)

Similarly, one can also construct a (G,ω) action on the Jacelon–Razak C∗-algebra

W ([70]) as it absorbs M|G|∞ for any finite group G. If G is an infinite, countable

group and ω ∈ Z3(G,T) one can also use Corey Jones’ theory to construct (G,ω)

actions on both O2 and W .

Corollary 6.2.5. Let G be a countable discrete group and ω ∈ Z3(G,T) then there

exists a (G,ω) action on O2.

Proof. By Kirchberg’s O2 absorption theorem (see [85]), it suffices to construct a

(G,ω) action on a unital, simple, separable, nuclear C∗-algebra B.

Let A be a simple, separable, unital C∗-algebra with an outer action α of G on A.

For instance, let A be a tensor product of some infinite dimensional, simple, separable,

unital C∗-algebra indexed over G and α the Bernoulli shift action. By Lemma 6.2.2

there exists a short exact sequence of groups K
ι−→ Γ

π−→ G such that π∗(ω) = dc

for some 2-cochain c ∈ C2(G,T) and K is abelian. By Theorem 6.2.1 there exists a

(G,ω) action on B = A⋊α,cK. The C∗-algebra B is unital and separable, it is simple

by [87] or [18] and nuclear as K is amenable.

Before we proceed to consider the case of W , we need to introduce some termi-

nology. Let A be a C∗-algebra with a unique trace τ and πτ its GNS representation,

we say an automorphism φ ∈ Aut(A) is strongly outer if the extension of φ to an

automorphism of πτ (A)
′′ is an outer automorphism. Similarly, for a group G, we say

an anomalous/group G-action α is strongly outer if αg is strongly outer for all g ∈ G.

Corollary 6.2.6. Let G be a countable discrete group and ω ∈ Z3(G,T) then there

exists a (G,ω) action on W.

Proof. By the results of [22] and [55] (see [22, Corollary D]), if A is a simple, separable,

nuclear, monotracial C∗-algebra then A⊗W ∼= W . Therefore, it suffices to construct

a (G,ω) action on some simple, separable, nuclear, monotracial C∗-algebra.
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Let A =
⊗

g∈GZ and α the Bernoulli shift action of G on A. By Lemma 6.2.2

there exists a short exact sequence of groups K
ι−→ Γ

π−→ G such that π∗(ω) = dc

for some 2-cochain c ∈ C2(G,T) and K is abelian. By Theorem 6.2.1 there exists a

(G,ω) action on B = A ⋊α,c K. The C∗-algebra B is separable, simple and nuclear.

That B is monotracial follows from [137, Theorem 5.4] as α is strongly outer.3 (Note

that [137, Theorem 5.4] is only stated for genuine crossed products, the result will

hold for twisted crossed products by circle valued 2-cocycles σ by following the same

argument.)

In some cases, our construction and obstruction results so far, allow us to char-

acterise the existence of anomalous actions on certain classes of C∗-algebras. For

example, a consequence of Theorem 4.2.10 and Connes’ construction ([28]) we can

characterise the existence of anomalous actions of finite cyclic groups on UHF alge-

bras.

Corollary 6.2.7. Let G be a finite cyclic group, ω ∈ Z3(G,T) and r be the order

of ω. Then there exists a (G,ω) action on a UHF algebra
⊗

k∈NMnk
if and only if

r∞|
∏

k∈N nk.

Proof. The only if direction follows from Theorem 4.2.10. We turn to the if direction.

Let G = Zm and ξ an m-th root of unity of order r. We take the viewpoint of Lemma

3.3.6, it suffices to construct an automorphism α of
⊗

k∈N Mnk
and a unitary v such

that αm = Ad(v) and α(v) = ξv. First suppose that m and r have the same prime

factors. By Theorem 3.3.7 (see also Remark 3.3.8), there is an automorphism α of

Mm∞ and a unitary v such that αm = Ad(v) and α(v) = ξv. As Mm∞ ∼= Mr∞ we

can induce a (Zm, ω)-action on Mr∞ for any [ω] of order r. As r∞|
∏

k∈N nk one may

induce an action on
⊗

k∈NMnk
∼=
⊗

k∈NMnk
⊗Mr∞ by acting on the tensor copy of

Mr∞ .

3That the Bernoulli shift on Z is strongly outer is folklore, see e.g. [49, Proposition 4.2]. I could
not find a proof in the literature. However, it follows as in the proof of Proposition 9.3.6 as the GNS
closure of the Bernoulli shift on Z is the Bernoulli shift on R.
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For arbitrary m decompose m = st for s, t ∈ N with t∞ = r∞ and gcd(s, r) = 1.

By Theorem 3.3.7, there is an automorphism θ ∈ Aut(Mr∞) and u in U(Mr∞) such

that θt = Ad(u) and θ(u) = ξu. Then θ will satisfy θm = (θt)s = Ad(us) and

θ(us) = ξsu. The function ξ 7→ ξs is a bijection on the set of m-th roots of unity of

order r (as gcd(r, s) = 1). Therefore, there exist (Zm, ω) actions on Mm∞ ∼= Mr∞ for

any m ∈ N and ω ∈ Z3(Zn,T) of order r. The result follows as previously.

One may prove the if direction of Corollary 6.2.7 more directly. Indeed, using

the same notation as in the hypothesis of Corollary 6.2.7, after close analysis of the

representative cocycles of cyclic groups in (3.3.3), there exists a surjection ρ : G→ Zr

such that ω = ρ∗(η) for some η ∈ Z3(Zr,T) of order r ∈ H3(Zr,T). Also, there exists

a (Zr, η)-action on Mr∞ and hence on
⊗

k∈N Mnk
as r∞|

∏
k∈N nk. This (Zr, η) action

induces a (G,ω) action on
⊗

k∈N Mnk
through ρ (as explained in Section 3.3).

In the case that the order of [ω] is the size of the group |G| we may use the

obstruction results of Chapter 5 along with the existence of (G,ω) actions on UHF

algebras to characterise the existence of (G,ω) actions on Cuntz algebras.

Corollary 6.2.8. Let G be a finite group and ω ∈ Z3(G,T) with [ω] of order |G|.

There exists a (G,ω) action on On for n ≥ 2 if and only if gcd(|G|, n− 1) = 1.

Proof. Suppose there is a (G,ω) action on On. By Theorem 5.3.1 it follows that

[ω] = (n− 1)[η] for some [η] ∈ H3(G,T). Any element of H3(G,T) is annihilated by

|G| (see [11, III. Corollary 10.2]) so
(
|G|/ gcd(|G|, n−1)

)
[ω] =

(
|G|(n−1)/ gcd(|G|, n−

1)
)
[η] = 1. Therefore |G| = |G|/ gcd(|G|, n− 1) and so gcd(|G|, n− 1) = 1.

If gcd(|G|, n − 1) = 1, then On ⊗M|G|∞ ∼= On by combining Theorem 2.7.1 and

Theorem 2.6.11 (see the proof of Corollary 5.4.4). So the anomalous action idOn ⊗sωG

induces a (G,ω) action on On.
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6.3 Anomalous actions on UHF algebras: construc-

tion 2

In this section we give another construction of a (G,ω) action on the UHF algebra

M|G|∞ . Our classification results in Chapter 7 will imply that this action is equivalent

to that of Theorem 6.2.3. Unlike the construction performed in 6.2.3 this construction

will be visibly compatible with a Bratteli diagram ofM|G|∞ . In particular, it is a strict

AF-action in the sense of Definition 6.1.6. The existence of a strict AF ω-anomalous

G action on M|G|∞ follows from an adaptation of the Ocneanu compactness argument

to the C∗-setting ([104]). However, in this case, it is easier to construct a strict

AF-action explicitely through the inductive limit.

A key idea for this construction is to make use of the canonical (G,ω) action on

C(G). The existence of this action is well known to experts, we record this in the

proposition below.

Proposition 6.3.1 (cf. [8]). Let G be a countable discrete group and ω ∈ Z3(G,T).

The pair (λG, u) with

λG(g)(f)(h) = f(g−1h) (6.3.1)

ug,h(k) = ωk−1,g,h (6.3.2)

for g, h, k ∈ G and f ∈ C(G) induces a (G,ω) action on C(G).

Proof. The left regular representation λG is an action of G on an abelian C∗-algebra.

Therefore for any g, h ∈ G one has that λG(g)λG(h) = Ad(ug,h)λG(gh). Moreover,

for g, h, k, l ∈ G

λG(g)(uh,k)ug,hku
∗
gh,ku

∗
g,h(l) = ω(g−1l)−1,h,kωl−1,g,hkωl−1,gh,kωl−1,g,h

= ωg,h,k
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by applying the 3-cocycle formula.

For any finite group G and circle valued 3-cocycle ω, the (G,ω) action from

Proposition 6.3.1 induces an action on the first layer of a Bratelli diagram for M|G|∞ .

The task will consist of inductively constructing anomalous actions on further layers

of the Bratteli diagram that restrict to the action on the preceeding layer.

Proposition 6.3.2. Let G be a finite group and ω ∈ Z3(G,T), then there exists a

strict AF ω-anomalous G-action with the Rokhlin property on M|G|∞. We denote this

action by θωG.

Proof. In this proof we will use the symbols g, h, k, x, y, xi, yi, si for i ∈ N to denote

elements of the group G. Let An = C(G) ⊗
⊗n−1

i=1 B(l2(G)) for n ∈ N, where by

convention A1 = C(G). For f ∈ C(G), let Mf ∈ B(l2(G)) be the multiplication

operator by f . Consider the ∗-homomorphisms φn : An → An+1 defined by φn(f ⊗

T ) = 1⊗Mf ⊗ T for f ∈ C(G) and T ∈
⊗n−1

i=1 B(l2(G)).

The inductive system (An, φn) has an inductive limit (we write the limit by A)

which is known to be isomorphic to M|G|∞ . Indeed, the Bratelli diagram of this AF-

algebra is easily seen to be the complete bipartite graph on |G|-vertices, it is common

knowlegde that this coincides with the UHF-algebra of type |G|∞ (see [33, Example

III.2.4] for the case |G| = 2) We construct a (G,ω) action on each finite dimensional

algebra An such that the actions commute with the inclusion maps φn. This will

induce a strict AF ω-anomalous G action on M|G|∞ by the universal property of the

inductive limit (see Section 6.1).

To be precise, we construct a family of maps θn : G→ Aut(An) and un : G×G→

U(An) such that:

1. θn(g)θn(h) = Ad(un(g, h))θn(gh),

2. ωg,h,k = θn(g)(un(h, k))un(g, hk)un(gh, k)
∗un(g, h)

∗,
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3. φn(un(g, h)) = un+1(g, h),

4. φnθn(g) = θn+1(g)φn,

for all n ∈ N. To build this we will consider the group actions θ′n : G → Aut(An)

defined by θ′n(g) = λG(g)⊗
⊗n−1

i=1 Ad(λG)g where λG is the left regular representation

of G. Note that φnθ
′
n(g) = θ′n+1(g)φn. To take into account the anomaly, we will

tweak θ′n by suitable diagonal operators dn ∈ Aut(An) and ensuring that (1) and (2)

hold. To define dn we start by introducing some notation. Let δk ∈ C(G) be the

point mass at k i.e.

δk(g) =


1 if g = k,

0 otherwise.

Let eg,h ∈ B(l2(G)) be defined by

eg,h(f)(k) =


f(g) if k = h,

0 otherwise,

for f ∈ l2(G). We now let

θn(g) = dn(g)θ
′
n(g)

with dn(g) defined inductively

d1(g) = idA1 ,

d2(g)(δk ⊗ ex1,y1) =ωx−1
1 ,g,g−1kωy−1

1 ,g,g−1k(δk ⊗ ex1,y1),
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and

dn(g)(δk ⊗ ex1,y1 ⊗ · · · ⊗ exn−1,yn−1)

= ωx−1
n−1,g,g

−1xn−2
ωx−1

n−3,g,g
−1xn−2

ωy−1
n−1,g,g

−1yn−2
ωy−1

n−3,g,g
−1yn−2

(dn−2(g)(δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ exn−2,yn−2 ⊗ exn−1,yn−1)

for all n > 2 with the convention that x0 = y0 = k. As we have defined dn(g) on a

spanning set of An, dn(g) extend to linear maps from An to itself. In fact each dn(g)

is an endomorphism of An. First, it is clear that they preserve the ∗-operation. To

show the multiplicativity, it is sufficient to check on the spanning set. We show this

by induction. For the case n = 2 the only non-trivial statement is that

d2(g)(δk ⊗ ex1,y1)d2(g)(δk ⊗ ey1,y2) = d2(g)(δk ⊗ ex1,y2).

Expanding the left hand side we have that it is given by

d2(g)(δk ⊗ ex1,y1)d2(g)(δk ⊗ ey1,y2)

= ωx−1
1 ,g,g−1kωy−1

1 ,g,g−1kωy−1
1 ,g,g−1kωy−1

2 ,g,g−1k(δk ⊗ ex1,y2)

= ωx−1
1 ,g,g−1kωy−1

2 ,g,g−1k(δk ⊗ ex1,y2)

which coincides with the right hand side. To show that dn(g) is multiplicative for

n > 2 it suffices to show that

dn(g)(δk⊗ex1,y1 ⊗ · · · ⊗ exn−1,yn−1)dn(g)(δk ⊗ ey1,s1 ⊗ ....⊗ eyn−1,sn−1)

= dn(g)(δk ⊗ ex1,s1 ⊗ ....⊗ exn−1,sn−1).

This follows immediately from the induction hypothesis and a direct computation of

the left hand side (as in the case for n = 2). Notice that each dn(g) fixes elements of
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the form δk ⊗ ex1,x1 ⊗ ex2,x2 . . . exn−1,yn−1 .

Let (θ1, u1) be the (G,ω) action on A1 defined in Proposition 6.3.1. Now, let

un(g, h) = φ1,n(u1(g, h)) and θn(g) = dn(g)θ
′
n(g). For the remaining part of the proof

we check that (θn, un) satisfy (1)-(4) for all n ∈ N. We will repeatedly use the 3-

cocycle formula during the calculations, instead of commenting on this every time,

we will instead colour code the parts of our equations to which we apply the 3-cocycle

formula.

We start by showing (1). Firstly,

θn(g)θn(h) = dn(g)θ
′
n(g)dn(h)θ

′
n(h)

= dn(g)θ
′
n(g)dn(h)θ

′
n(g)

−1θ′n(gh)

= dn(g)[g · dn(h)]θ′n(gh)

denoting g · dn(h) = θ′n(g)dn(h)θ
′
n(g)

−1. It is clear that (1) holds for all n ∈ N if and

only if dn(g)g ·dn(h)dn(gh)−1 = Ad(un(g, h)) on An for all n ∈ N. This holds trivially

for n = 1. For n = 2 it follows from the 3-cocycle formula that

d2(g)g · d2(h)d2(gh)−1(δghk ⊗ ex1,y1)

=d2(g)g · d2(h)(δghk ⊗ ex1,y1)ωx−1
1 ,gh,kωy−1

1 ,gh,k

=dn(g)(δghk ⊗ ex1,y1)ωx−1
1 ,gh,kωy−1

1 ,gh,kωx−1
1 g,h,kωy−1

1 g,h,k

=(δghk ⊗ ex1,y1)ωx−1
1 ,gh,kωx−1

1 g,h,kωx−1
1 ,g,hkωy−1

1 ,g,hkωy−1
1 ,gh,kωy−1

1 g,h,k

=(δghk ⊗ ex1,y1)ωg,h,kωx−1
1 ,g,hωg,h,kωy−1

1 ,g,h

=Ad(φ1(u1(g, h))(δghk ⊗ ex1,y1).

We now proceed with an inductive argument for arbitrary n. We assume that (1)
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holds for n− 2, preforming a similar computation to the case n = 2;

dn(g)g · dn(h)dn(gh)−1(δk ⊗ ex1,y1 · · · ⊗ eghxn−2,ghyn−2 ⊗ exn−1,yn−1)

=
(
Ad(un−2(g, h))((δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ eghxn−2,ghyn−2 ⊗ exn−1,yn−1)

ωx−1
n−1,gh,xn−2

ωx−1
n−1g,h,xn−2

ωx−1
n−1,g,hxn−2

ωx−1
n−3,gh,xn−2

ωx−1
n−3g,h,xn−2

ωx−1
n−3,g,hxn−2

ωy−1
n−1,gh,yn−2

ωy−1
n−1g,h,yn−2

ωy−1
n−1,g,hyn−2

ωy−1
n−3,gh,yn−2

ωy−1
n−3g,h,yn−2

ωy−1
n−3,g,hyn−2

=
(
Ad(un−2(g, h))((δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ eghxn−2,ghyn−2 ⊗ exn−1,yn−1)

ωg,h,xn−2ωx−1
n−1,g,h

ωg,h,xn−2ωx−1
n−3,g,h

ωg,h,yn−2ωy−1
n−1,g,h

ωg,h,yn−2ωy−1
n−3,g,h

=
(
Ad(un−2(g, h))(δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ eghxn−2,ghyn−2 ⊗ exn−1,yn−1

)
ωx−1

n−1,g,h
ωx−1

n−3,g,h
ωy−1

n−1,g,h
ωy−1

n−3,g,h

=(δk ⊗ ex1,y1 · · · ⊗ exn−1,yn−1)ωx−1
n−1,g,h

ωy−1
n−1,g,h

=Ad(un(g, h))(δk ⊗ ex1,y1 · · · ⊗ eghxn−2,ghyn−2 ⊗ exn−1,yn−1).

For (4) it suffices to show that φndn(g) = dn+1(g)φn. For n = 1

d2(g)φ1(δk) =
∑
r∈G

d2(g)(δr ⊗ ek,k)

= (1⊗ ek,k)

= φ1d1(g)(δk)

as d1 is the identity map. The case n = 2 follows too

d3(g)φ2(δk ⊗ ex,y) =
∑
r∈G

d3(g)(δr ⊗ ek,k ⊗ ex,y)

= (1⊗ ek,k ⊗ ex,y)ωx−1,g,g−1kωy−1,g,g−1k

= φ2d2(g)(δk ⊗ ex,y).

117



Assuming that the case n− 2 holds, we now argue by induction,

dn+1(g)φn(δk ⊗ ex1,y1 · · · ⊗ exn−1,yn−1)

=dn+1(g)(φn−3(δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ exn−2,yn−2
⊗ exn−1,yn−1)

=(dn−2(g)φn−3(δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ exn−2,yn−2
⊗ exn−1,yn−1)

ωx−1
n−1,g,g

−1xn−2
ωx−1

n−3,g,g
−1xn−2

ωy−1
n−1,g,g

−1yn−2
ωy−1

n−3,g,g
−1yn−2

=(φn−2dn−2(g)(δk ⊗ ex1,y1 · · · ⊗ exn−3,yn−3)⊗ exn−2,yn−2
⊗ exn−1,yn−1)

ωx−1
n−1,g,g

−1xn−2
ωx−1

n−3,g,g
−1xn−2

ωy−1
n−1,g,g

−1yn−2
ωy−1

n−3,g,g
−1yn−2

=φndn(g)(δk ⊗ ex1,y1 · · · ⊗ exn−1,yn−1)

Condition (3) is immediate. It remains to show that (2) holds for arbitrary n. This

follows from (2) for the case n = 1 and from (4). For n ∈ N

θn(g)(un(h, k))un(g, hk)un(gh, k)
∗un(g, h)

∗

= θn(g)(φ1,n(u1(h, k)))φ1,n(u1(g, hk))φ1,n(u1(gh, k)
∗)φ1,n(u1(g, h)

∗)

= φ1,n(θ1(g)(u1(h, k))u1(gh, k)u1(g, hk)
∗u1(g, h)

∗)

= ωg,h,kφ1,n(1A1)

= ωg,h,k.

To show that θωG has the Rokhlin property we construct a family of Rokhlin projec-

tions. The projections δg ⊗ idB(l2(G))⊗n−1 ∈ Z(An) satisfy θn(g)(δh ⊗ idB(l2(G))⊗n−1) =

δgh⊗idB(l2(G))⊗n−1 and
∑

g∈G δg⊗idB(l2(G))⊗n−1 = idAn . Note also that for any ε > 0 and

finite set F ⊂ M|G|∞ there exists n ∈ N such that dist(F , Am) < ε for m ≥ n. There-

fore, the projections pg ∈ A∞ with n-th coordinate given by φn,∞(δg ⊗ idB(l2(G))⊗n−1)

for g ∈ G satisfy the conditions of Definition 6.1.1.

Remark 6.3.3. In the case that ω = 1 the construction in Proposition 6.3.2 greatly
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simplifies. Indeed, dn(g) is the identity automorphism and un(g, h) is the unit for all

g, h ∈ G and n ∈ N. Therefore, θ1G restricts to the group action θn = λG
⊗n−1

i=0 Ad(λG)

on each An. We denote θ1G simply by θG. The action θG is conjugate to the infinite

tensor product action µG of (3.4.3). To show this we will use Lemma 2.3.4. The G-C∗-

algebra (M|G|∞ , µG) is the inductive limit of (Bn, µn, ϕn) with Bn =
⊗n

i=1 B(l2(G)),

µn = Ad(λG)
⊗n and ϕn(M) = idB(l2(G))⊗M for anyM ∈ Bn. The maps ηn : An → Bn

and νn : Bn → An+1 defined by ηn(f ⊗ M) = Mf ⊗ M and νn(N) = 1 ⊗ N for

f ∈ C(G), M ∈
⊗n−1

i=1 B(l2(G)) and N ∈
⊗n

i=1 B(l2(G)) are easily seen to produce

an intertwining between (An, θn, φn) and (Bn, µn, ϕn). Hence by Lemma 2.3.4 the

actions θG and µG are conjugate.

Let ω ∈ Z3(Z2,T) be the standard representative of the non-trivial element of

H2(Z2,T) (see (3.3.3)). After identifying B(l2(Z2)) with M2 and C(Z2) with C ⊕ C

under a choice of basis, one can intertwine the two Bratelli diagrams for M2∞ in a

similar fashion to Remark 6.3.3 to show that θωZ2
(1+ 2Z) and Connes’ automorphism

sγ2 of Section 3.3.2 for γ = −1 are conjugate. However, it is not immediate whether the

automorphisms θλ1Z3
(1 + 3Z) and θλ2Z3

(1 + 3Z) for the standard representative cocycles

λ1, λ2 ∈ Z3(Z3,T) (see 3.3.3 for the formula of the cocycles λ1 and λ2) are conjugate

to sξ3 and s
ξ2

3 respectively, with ξ the primitive third root of unity. It will follow from

a later classification result (Theorem 7.2.3) that the actions induced by sγn and θλkZn

for γ = e2πik/n are cocycle conjugate.

6.4 Anomalous actions of finite cyclic groups

In this section, we present a method for building (Zn, ω) actions on C∗-algebras that

arise as crossed products by the integers. This method was independently discovered

by Corey Jones (see for example [74, Corollary 3.6]). Let A be a C*-algebra, through-

out this section we will denote by v the unitary generating C∗(Z) ⊂ U(M(A⋊ Z)).
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We take the viewpoint of Lemma 3.3.6. To construct anomalous actions of Zn on

a C∗-algebra B = A ⋊ Z for all possible 3-cocycles ω ∈ Z3(G,T), it is sufficient to

construct for any n-th root of unity ξ an automorphism α ∈ Aut(B) and a unitary

u ∈ U(M(B)) such that αn = Ad(u) and α(u) = ξu. Our method is abstracted in

the following lemma.

Lemma 6.4.1. Let A be a C∗-algebra, α ∈ Aut(A) and ξ an n-th root of unity. If

there exists an automorphism β ∈ Aut(A) such that βn = α then the mapping

ϕ(
m∑
k=1

akv
k) =

m∑
k=1

ξkβ(ak)v
k (6.4.1)

defines an automorphism of A⋊α Z such that ϕn = Ad(v) and ϕ(v) = ξv.

Proof. That the formula in (6.4.1) defines an automorphism of A⋊Z follows from the

universal property of the crossed product. By construction ϕn(a) = βn(a) = α(a) =

Ad(v)a for a ∈ A and ϕn(v) = v = Ad(v)(v) so ϕn = Ad(v) on A⋊α Z. Moreover, ϕ

is defined in a way such that ϕ(v) = ξv.

We start by considering anomalous actions on the rotation algebras Aθ. For θ ∈ R

the rotation algebra Aθ is the universal C∗-algebra generated by two unitaries u and

v such that

e2πiθvu = uv

Proposition 6.4.2 (cf. [74, Corollary 3.6]). Let θ ∈ R and Aθ be the rotation algebra.

For any n ∈ N and ω ∈ Z3(Zn,T) there exists a (Zn, ω) action on Aθ.

Proof. The rotation algebra Aθ is isomorphic to C(T)⋊αZ (see e.g. [33, Section VI])

with α(f)(t) = f(e−2πiθt). For any n ∈ N the automorphism β(f)(t) = f(e−2πi θ
n t)

satisfies βn = α. The result follows from Lemma 6.4.1.

Remark 6.4.3. In the case that the angle θ is irrational the rotation algebra Aθ is
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simple. Therefore, Proposition 6.4.2 induces a Zn-kernel onAθ with lifting obstruction

[ω] for arbitrary [ω] ∈ H3(Zn,T) and n ∈ N.

Moreover, still under the assumption of irrational θ, Aθ has a unique trace τ and

K0(Aθ) ∼= Z + Zθ ⊆ R with the isomorphism induced by the trace τ (see e.g. [33,

Example VIII.5.1]). However, Proposition 6.4.2 does not contradict Theorem 4.2.12

since the anomalous action constructed in Proposition 6.4.2 is not connected.

We now turn to the Bunce–Deddens algebras (see [33, Section V.3]). These al-

gebras arise as the crossed product of a Cantor space by an odometer action. Like

the UHF algebras, Bunce–Deddens algebras are classified up to isomorphism by a

supernatural number n =
∏

k∈N nk. In the odometer construction, nk is the num-

ber of values on the k-th dial of the odometer (see [33, Theorem VIII.4.1]). The

Bunce–Deddens algebra Bn has a unique trace τ , K0(Bn) = Q(n) and K1(Bn) = Z.

Proposition 6.4.4. Let n =
∏

k∈N nk be a supernatural number. Let Bn be the

corresponding Bunce–Deddens algebra. For any m ∈ N, which is coprime to n and

any ω ∈ Z3(Zm,T) there exists a (Zm, ω) action on Bn.

Proof. Let X =
∏

k∈NXk where Xk is a discrete topological space with nk points.

Let α ∈ Homeo(X) be the odometer map and α∗ ∈ Aut(C(X)) be the induced

automorphism. Then Bn
∼= C(X)⋊α∗ Z.

The automorphism α has an m-th root whenever m is coprime to n. In the case

where n = p∞, this is just the observation that m is invertible in the ring of p-adic

integers. In general, we work in the topological ring R that arises as the inverse limit

of the system

· · · → Z
n4n3n2n1Z

→ Z
n3n2n1Z

→ Z
n2n1Z

→ Z
n1Z

. (6.4.2)

We identify X with the underlying topological space of R and α with addition by 1R.

Since the image of m · 1R is invertible at each stage of the system, it is invertible in
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R. The result follows by Lemma 6.4.1.

We now turn our attention to C∗-algebras that arise as crossed products by

Bernoulli shifts on infinite tensor products.

Proposition 6.4.5. Let A be a unital C∗-algebra isomorphic to
⊗

i∈ZA and let σ be

the right shift on the tensor product. That is, after identifying A with
⊗

i∈ZA, the

automorphism σ is given by σ(
⊗

i∈Z ai) =
⊗

i∈Z ai−1 on elementary tensors of finite

support. For any n ∈ N and any ω ∈ Z3(Zn,T) there exist a (Zn, ω) action on A⋊Z.

Proof. As A ∼=
⊗

i∈ZA it follows that A ∼=
⊗

i∈Z(
n
⊗
s=1
A). Let ai,s ∈ A for i ∈ Z and

1 ≤ s ≤ n with ai,0 := ai−1,n. Consider the automorphism β ∈ Aut(A) defined by

β(
⊗

i∈Z(⊗n
s=1ai,s)) =

⊗
i∈Z(⊗n

s=1ai,s−1). Then β
n = σ, the result follows from Lemma

6.4.1.

Relevant examples of C∗-algebras isomorphic to their infinite tensor product are

given by the strongly self absorbing C∗-algebras of [142]. Examples of these are UHF

algebras of infinite type, Z and O∞.4 Proposition 6.4.5 yields (Zn, ω) actions on

Z ⋊ Z, O∞ ⋊ Z and Mk∞ ⋊ Z for any k, n ∈ N and ω ∈ Z3(Zn,T).

For any finite group G, in [67, Lemma 5.2] Izumi builds a Kirchberg algebra D

in the UCT class with K0(D) ∼= Z|G|, K1(D) = 0 and a G-action α on D with

the Rokhlin property, such that K0(D) and the group ring Z[G] are isomorphic as

G-modules. Izumi uses these Rokhlin actions to characterise the pair of modules

that arise as the K-theory groups of a Kirchberg algebra in the UCT class, with the

module structure arising from a Rokhlin action on the underlying Kirchberg algebras

(see Theorem 8.2.3).

If G is a cyclic group and ω ∈ Z3(G,T), we can also construct a Kirchberg

algebra in the UCT class D and a (G,ω) action on D with the Rokhlin property

4Recall that a UHF algebra is said to be of infinite type if it is an infinite tensor product of the
same matrix algebra i.e. the supernatural number associated to it is n∞ for some n ∈ N.
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such that K0(D) ∼= Z[G] and K1(D) = 0 as G-modules. By the Kirchberg–Phillips

classification theorem, D will coincide with Izumi’s construction. We first recall the

notion of approximate representable actions which is dual to the Rokhlin property by

[66, Lemma 3.8].

Definition 6.4.6. Let G be a finite abelian group and A a unital C∗-algebra. A G

action α on A is called approximately representable if there exists unitaries ug ∈ A∞

fixed by α such that

αg(a) = ugau
∗
g, a ∈ A, g ∈ G (6.4.3)

and uguh = ugh.

In the following proof we denote by σn the automorphism of O∞ ∼=
n⊗
k=1

O∞ given

by σn(a1 ⊗ a2 ⊗ . . . an) = an ⊗ a1 ⊗ · · · ⊗ an−1 for ai ∈ O∞.

Proposition 6.4.7. Let n ∈ N. For any 1 ≤ m ≤ n the assignments

αm(
n−1∑
k=0

akv
k) =

n−1∑
k=0

e2πik/nσmn2(ak)v
k

for ak ∈ O∞ and v the unitary coming from 1+nZ in O∞⋊σnZn define automorphisms

of O∞⋊σnZn. The automorphisms αm satisfy αnm = Ad(vm) and αm(v
m) = e2πim/nvm.

Hence, the automorphisms αm induce Zn anomalous actions on O∞ ⋊σn Zn. These

anomalous actions have the Rokhlin property and as Zn-modules K0(O∞ ⋊σ Zn) ∼=

Z[Zn] and K1(O∞ ⋊σ Zn) = 0.

Proof. Notice that αm are automorphisms by the universal property of the crossed

product. Moreover αnm(a) = σmnn2 (a) = σmn (a) = Ad(vm)(a) for a ∈ O∞ and αnm(v) =

(e2πik/n)nv = v = Ad(vm)(v) so αnm = Ad(vm) on O∞ ⋊σn Zn. Moreover, αm(v
m) =
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e2πim/nvm. Denote by g the class of 1 + nZ in Zn. As in Lemma 3.3.6 the mappings

αm(g
k) = αkm, 0 ≤ k ≤ n− 1

um(g
i, gj) =


1, i+ j = n

vm, i+ j > n

define anomalous actions of Zn on O∞ ⋊σn Zn.

We now turn to the module structure of the K-theory groups of O∞⋊σn Zn under

αm. It follows from [130, Corollary 6.9] that the inclusion ι : C∗(Zn) ↪→ O∞⋊σn Zn is

a KK-equivalence. Therefore, K0(O∞ ⋊σn Zn) = Zn, K1(O∞ ⋊σn Zn) = 0. Moreover,

standard Fourier theory establishes a family of generators for theK0 classes of C
∗(Zn),

through the inclusion ι the generators of K0(O∞⋊σn Zn) are given by the projections

pξ =
1

n

n−1∑
i=0

ξivi (6.4.4)

where ξ ranges over the set of n-th roots of unity. To understand the module structure

of K0(O∞ ⋊σn Zn), we compute αm evaluated at the generating projections pξ. The

automorphism αm restricts to the dual action of Ẑn on C∗(Zn). So αm(pξ) = pe2πi/nξ

for any n-th root of unity ξ. Therefore, as a Zn module K0(O∞ ⋊σn Zn) ∼= Z[Zn]

(note that the module structure is independent of m).

It remains to show that the anomalous actions defined by αm have the Rokhlin

property. By [130, Corollary 6.10] the Zn2 action on O∞ given by σn2 is approxi-

mately representable. The reason αm has the Rokhlin property is due to the duality

between approximate representability and the Rokhlin property ([66, Lemma 3.8]).

We proceed to show this by following the argument in [66, Lemma 3.8]. By approxi-

mate representability of the Zn2 action given by σn2 (see Definition 6.4.6) there exists
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a unitary u ∈ (O∞)∞ fixed by σn2 such that for all a ∈ O∞

σn2(a) = uau∗ (6.4.5)

and un
2
= 1. As u is fixed by σn2 it is fixed by σn = σnn2 and hence commutes with v.

Define a unital ∗-homomorphism φ by

φ : C∗(Zn) → (O∞ ⋊σn Zn)∞

gk 7→ (u−nv)k.

for 0 ≤ k ≤ n − 1. The Fourier transform induces an isomorphism F : C∗(Zn) →

C(Ẑn) with Ẑn ∼= Zn the dual group. Moreover, F is equivariant from the dual

action on C∗(Zn) to the (left) regular representation of Ẑn on C(Ẑn). Therefore, by

Remark 6.1.4, it suffices to show that the image of φ commutes with O∞ ⋊σn Zn

and that φ is equivariant from (C∗(Zn), χ) to (O∞ ⋊ Zn, α) with χ the dual action.

We start by showing that the image of φ commutes with O∞ ⋊σn Zn. To show this,

it suffices to show that φ(g) commutes with any element in the algebraic crossed

product O∞ ⋊alg
σn Zn. Let ak ∈ O∞ for 1 ≤ k ≤ n then

φ(g)
n−1∑
k=0

akv
k = u−nv

n−1∑
k=0

akv
−1vvk =

n−1∑
k=0

u−nσn(ak)v
kv

=
n−1∑
k=0

u−nσn(ak)u
nu−nvkv

=
n−1∑
k=0

aku
−nvkv

=
n−1∑
k=0

akv
ku−nv

=
n−1∑
k=0

akv
kφ(g).
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It remains to show the equivariance of φ. Let 0 ≤ k, l ≤ n− 1 then

φ(χ(gl)(gk)) = e2πikl/nu−nkvk

= e2πikl/nσmln2 (u−nk)vk

= αlm(u
−nkvk)

= αm(g
l)(φ(gk)).

Corollary 6.4.8. For any n ∈ N and ω ∈ Z3(G,T) there exists a (Zn, ω) action

with the Rokhlin property on a unital Kirchberg algebra D in the UCT class such that

K0(D) ∼= Z[Zn] and K1(D) = 0 as Zn-modules.

Proof. This follows immediately from Proposition 6.4.7 as O∞ ⋊σ Zn is nuclear, it

is simple by [87] and purely infinite as a consequence of [71, Theorem 3]. Moreover,

O∞⋊σZn satisfies the UCT as the inclusion ι : C∗(Zn) ↪→ O∞⋊Zn is a KK-equivalence

by [130, Corollary 6.9].

We finish this section by discussing the existence of anomalous actions of cyclic

groups on matrix amplifications of Cuntz algebras. In Corollary 6.2.8 we discussed the

existence of anomalous actions on On through tensorial absorption of UHF algebras.

We now construct actions on matrix amplifications of Cuntz algebras that can not

arise in this form. We begin by recalling a construction of Cuntz ([29]).

Let n ∈ N, Bn = Mn∞ ⊗ K and τ the unique semifinite trace on Bn normalised

such that τ(1 ⊗ e11) = 1. Let θ be the automorphism of Bn with the property that

τ(θ(x)) = 1
n
τ(x) for any x ∈ B+

n . Precisely, θ is defined by the composition

Mn∞ ⊗K ∼= Mn∞ ⊗ (Mn ⊗K) =
(
Mn∞ ⊗Mn

)
⊗K ∼= Mn∞ ⊗K.

In [29, Section 2] it is shown thatBn⋊θZ ∼= On⊗K. We will need to understand the

K-theory of Bn⋊θZ in detail. Therefore we summarise the Pimsner–Voiculescu exact
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sequence associated to Bn ⋊θ Z following [33, VIII.5.3]. (See for example Theorem

[33, Theorem VIII.5.1] for a statement of the Pimsner–Voiculescu exact sequence.)

Denote by ι : Bn → Bn ⋊θ Z the inclusion. As K1(Mn∞) = 0, the Pimsner–

Voiculescu exact sequence reduces to the following exact sequence

0 → K1(Bn ⋊θ Z) → Z
[
1

n

]
id∗ −θ∗−−−−→ Z

[
1

n

]
ι∗−→ K0(Bn ⋊θ Z) → 0. (6.4.6)

The automorphism θ∗ is uniquely determined by where it sends the class [1 ⊗ e11]0.

As τ∗ : K0(Bn) → Z
[
1
n

]
is an isomorphism and θ scales τ by 1

n
, the map θ∗ is given

by multiplication by 1
n
. Therefore, id∗−θ∗ is the map of multiplication by n−1

n
. So

id∗−θ∗ is injective and (6.4.6) reduces to

0 → Z
[
1

n

]
×n−1

n−−−→ Z
[
1

n

]
ι∗−→ K0(Bn ⋊θ Z) → 0. (6.4.7)

Appealing to the isomorphism theorem, K0(Bn⋊θ Z) ∼= Zn−1. Moreover, [ι(1⊗ e11)]0

coincides with the class of 1 + (n− 1)Z in K0(Bn ⋊θ Z) under this isomorphism.

Lemma 6.4.9. Let k ∈ N and ξ a k-th root of unity. For every m ∈ N there exists

an automorphism α ∈ Aut(Omk ⊗K) and a unitary u ∈ U(M(Omk ⊗K)) such that

αk = Ad(u)

α(u) = ξu.

Proof. We adopt the notation introduced in the previous few paragraphs. As Omk⊗K

is isomorphic to Bmk ⋊θZ, it is sufficient to show that the second algebra admits such

a pair (α, u). The automorphism β of Bmk given by

(⊗
i∈N

Mmk

)
⊗K ∼=

(⊗
i∈N

Mmk

)
⊗ (Mm ⊗K) =

(⊗
i∈N

Mmk ⊗Mm

)
⊗K ∼=

⊗
i∈N

Mmk ⊗K
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satisfies τ(β(x)) = 1
m
τ(x) for any x ∈ B+

mk . By construction βk = θ. Define α ∈

Aut(Bmk ⋊θ Z) by

α(
m∑
i=1

aiv
i) =

m∑
i=1

β(ai)v
i

for any m ∈ N and
∑m

i=1 aiv
i ⊂ Bmk ⋊θ Z. The pair (α, v) satisfy the requirements

of the proposition (see Lemma 6.4.1 for a similar computation).

Recall a unital, simple, purely infinite C∗-algebra is in Cuntz standard form if its

class of the unit [1]0 is zero. We may combine Lemma 6.4.9 and Lemma 4.2.9 to

induce actions on both matrix amplifications of Cuntz algebras and Cuntz algebras

in Cuntz standard form.

Proposition 6.4.10. Let k ∈ N and ω ∈ Z3(Zk,T). For any m ∈ N there exists

a (Zk, ω) action on Ost
mk and on Omk ⊗ M mk−1

gcd(mk−1−1,mk−1)

. In particular, there is a

(Z2, ω) action on Om2 ⊗Mm+1.

Proof. Firstly, by Lemma 6.4.9 there exists a (Zk, ω) action (α, u) on Omk ⊗ K. To

prove this proposition, we will be required to understand the automorphism α∗ ∈

Aut(K0(Omk ⊗ K)). It will be convenient for us to switch to the crossed product

presentation and work instead with Bmk ⋊θ Z. By abuse of notation we denote by

(α, u) the Zn anomalous action on Bmk ⋊θZ constructed in the proof of Lemma 6.4.9.

Before we proceed, recall from the proof of Lemma 6.4.9 that β is the automor-

phism of Bmk with the property that τ(β(x)) = 1
m
x for every x ∈ B+

mk and that

α(a) = β(a) for any a ∈ Bmk . To make sense of α∗ it suffices to know the image

under α∗ of a generator of K0(Bmk ⋊θ Z). We have computed in the paragraphs

preceeding Lemma 6.4.9 that such a generator is given by [ι(1 ⊗ e11)]0. The auto-

morphism β scales the trace by 1
m
, it follows that [β(1 ⊗ e11)]0 = 1

m
∈ Z

[
1
mk

]
and

α∗[ι(1⊗e11)]0 = ι∗[β(1⊗e11)]0 = ι∗
1
m
. Moreover, by (6.4.7), the map of multiplication

by mk−1
mk is contained in the kernel of ι∗. Therefore, ι∗(

1
m
) = ι∗(

1
m
+ mk−1

mk (mk−1)) =
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ι∗(m
k−1) = mk−1ι∗[1⊗ e11]0. So α∗ ∈ Aut(Bmk ⋊θ Z) = Aut(Zmk−1) is multiplication

by mk−1. And thus, α∗ is multiplication by mk−1 considered as an automorphism of

K0(Omk ⊗K) too.

Denote by m0 = mk−1
gcd(mk−1−1,mk−1)

. The elements [0] and [m0] in Zmk−1 are fixed

under the map of multiplication by mk−1. Indeed

[m0m
k−1] = [m0(m

k−1 − 1)] + [m0] = (mk− 1)[
mk−1 − 1

gcd(mk−1 − 1,mk − 1)
] + [m0] = [m0].

Pick a non-zero projection p in Omk such that [p ⊗ e11]0 = [0]. We may now apply

Lemma 4.2.9 to induce (Zk, ω) actions on (p⊗e11)(Omk⊗K)(p⊗e11) ∼= Ost
mk . Similarly,

[1⊗(e11+e22+...+em0m0)]0 = [m0] and applying Lemma 4.2.9 it follows that there exist

(Zk, ω) actions on (1⊗(e11+...+em0m0))(Omk⊗K)(1⊗(e11+...+em0m0))
∼= Omk⊗Mm0 .

For the observation in the case that k = 2, note that m2−1 = m(m−1)+(m−1).

Therefore gcd(m2 − 1,m− 1) = m− 1 and so m0 = m+ 1.

Proposition 6.4.10 allows us to construct interesting anomalous actions. For in-

stance, there exists a (Z2, ω) action on O9⊗M4 for the non-trivial 3-cocycle ω. How-

ever, there does not exist a (Z2, ω) action for non-trivial ω on O9 due to Theorem

5.3.1. This example also establishes that the torsion assumption in Theorem 5.4.2 is

necessary. Indeed, O9 ⊗ M4 is unital, has cancellation of non-zero projections and

all its automorphisms are approximately inner (the last of these follows from [116]).

However, its K0 group is Z8 which is not 2-divisible.
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Chapter 7

Classification

In this chapter, we consider the classification of anomalous actions on C∗-algebras.

Building on work of Connes in [28], we develop an abstract method for reducing the

problem of classifying anomalous actions to that of classifying cocycle actions (see

Lemma 7.2.1). Recall that a cocycle action is a specific type of anomalous action, a

pair (α, u) as in Definition 3.3.1 with the further restriction that the unitary product in

(3.3.2) is the trivial 3-cocycle. As discussed in Section 3.4 there are multiple results for

the classification of group actions on C∗-algebras, these classification results may also

entail classification for cocycle actions of groups on C∗-algebras through cohomology

vanishing type results (see e.g. [66, Lemma 3.12]). The main idea for our classification

is that if a C∗-algebra A tensorially absorbs a strongly self-absorbing C∗-algebra D,

that admits anomalous actions with arbitrary anomaly, then one may cancel out the

anomaly of any (G,ω) action on A by tensoring with a (G,ω) action on D to reduce

to a cocycle action. This allows to boost classification results for cocycle actions

to classification of anomalous group actions by further adding the anomaly to the

invariant.

In Chapter 6, we have shown that if G is a finite group and ω ∈ Z3(G,T), then

there exists a (G,ω) action on M|G|∞ . This existence result, allows us to use our
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strategy to boost Izumi’s classification of Rokhlin actions of finite groups on unital

Kirchberg algebras satisfying the UCT and unital, separable, simple, nuclear TAF-

algebras that satisfy the UCT ([66],[67]) to a classification of anomalous actions on

these C∗-algebras, if one further restricts to those that tensorially absorb a particular

UHF-algebra. A crucial step to execute this strategy is a model action absorption

result which we show in Section 7.1. We finish the chapter by discussing an application

of the classification results of [25]. We show that in some cases, every AF-anomalous

action has the Rokhlin property. The content of this chapter will appear in my article

in preparation [51].

7.1 Absorption of model action

In this subsection we show that any Rokhlin anomalous action of a finite group G, on

an M|G|∞-stable C∗-algebra, absorbs the action µG of (3.4.3) up to cocycle conjugacy.

The methods utilised in this chapter are an adaptation of Vaughan Jones’ work ([78])

to the C∗-setting. We start by recalling strongly self-absorbing C∗-algebras.

Definition 7.1.1. (Toms–Winter cf. [142, Definition 1.3]) A unital, separable C∗-

algebra D is called strongly self-absorbing if there exists an isomorphism φ : D →

D ⊗D and unitaries un ∈ U(D ⊗D) with

lim
n→∞

∥φ(a)− un(a⊗ 1D)u
∗
n∥ = 0

for all a ∈ D

It is easy to see that UHF-algebras of infinite type are strongly self-absorbing.

However, it is much harder to see that Z ([73]), O2 ([117, Theorem 5.2.1]) and O∞

([117, Theorem 7.2.6]) are strongly self-absorbing.

In his work [131, 132, 129], Szabó establishes the theory of strongly self-absorbing
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C∗-dynamical systems as an equivariant version of strongly self-absorbing C∗-algebras.

We recall the main definition.

Definition 7.1.2. Let G be a locally compact group. A G action γ on a separable,

unital C∗-algebra D is called strongly self-absorbing if there exists an equivariant

isomorphism φ : (D, γ) → (D⊗D, γ⊗γ) and unitaries un ∈ U(D⊗D) fixed by γ⊗γ

with

lim
n→∞

∥φ(a)− un(a⊗ 1D)u
∗
n∥ = 0

for all a ∈ D.

The relevant example of a strongly self-absorbing action for this section is µG.

That µG is strongly self-absorbing follows as a consequence of [131, Example 5.1].

In [131, Theorem 3.7] Szabó shows equivalent conditions for a cocycle action to

tensorially absorb a strongly self-absorbing action. Although Szabó’s theory only

treats the case of cocycle actions absorbing a given strongly self-absorbing group

action, many of the arguments follow by the same methods when replacing cocycle

actions by anomalous actions that may have non-trivial anomaly. The proofs of

[131, Lemma 2.1, Theorem 2.6] and [131, Theorem 3.7, Corollary 3.8] for example,

make no use of the anomaly associated to (α, u) and (β, w) being trivial. Under this

observation, we can state a specific case of [131, Corollary 3.8].

Theorem 7.1.3 (cf. [131, Theorem 2.8]). Let A and D be separable, unital C∗-

algebras and G a finite group. Assume (α, u) : G ↷ A is an anomalous action. Let

γ : G ↷ D be a strongly self-absorbing group action. If there exists an equivariant

and unital ∗-homomorphism

(D, γ) → (A∞ ∩ A′, α∞),

then (A,α, u) is cocycle conjugate to (A⊗D, α ⊗ γ, u⊗ 1D) through a map φ : A →

A⊗D that is approximately unitarily equivalent to the first factor embedding idA⊗1D.
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We still require a few more results before we can achieve the model action ab-

sorption. These are based on known results in the setting of group actions. As the

proofs are sufficiently short, we include them to clarify that the arguments also work

for anomalous actions.

Lemma 7.1.4 (cf. [62, Theorem 3.3]). Let A be a unital C∗-algebra, G a finite

group and (α, u) an anomalous action of G on A with the Rokhlin property. If B is

a separable α-invariant C∗-subalgebra of A∞ containing A and there exists a unital

homomorphism M → A∞ ∩ B′ for some separable C∗-algebra M , then there exists a

unital homomorphism M → (A∞ ∩B′)α.

Proof. Fix a unital homomorphism ψ :M → A∞∩B′. By the Rokhlin property there

exist projections pg ∈ A∞∩A′ such that
∑

g∈G pg = 1 and αg(ph) = pgh. By a standard

reindexing argument, one may additionally assume that each pg commmute with both

∪g∈Gαg(ψ(M)) and B. Now consider the unital ∗-homomorphism φ : M → A∞ ∩ B′

given by

φ(m) =
∑
g∈G

αg(ψ(m))pg.

For m ∈M and k ∈ G

αk(φ(m)) =
∑
g∈G

αk (αg(ψ(m))) pkg

=
∑
g∈G

Ad(uk,g)(αkg(ψ(m)))pkg

= φ(m).

In the last line we have used that each αg is an automorphism of A∞ and B is α

invariant so α maps A∞ ∩ B′ into itself. Hence as A ⊂ B, we have that A∞ ∩ B′ ⊂

A∞∩A′ and any inner automorphism of A acts trivially on the image of αg|A∞∩B′ for

any g ∈ G. Therefore, φ defines a unital ∗-homomorphism into (A∞ ∩B′)α.
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In the next Lemma we use [a, b] to denote the additive commutator ab− ba. Also,

recall that if α is a action of a group G on a unital C∗-algebra A, an α-cocycle is a

family of unitaries vg ∈ U(A) for g ∈ G such that vgαg(vh) = vgh.

Lemma 7.1.5 (cf. [60, Lemma III.1]). Let A be a unital C∗-algebra and G a finite

group. Let (α, u) be an anomalous action of G on A with the Rokhlin property. Let B

be a separable α-invariant C∗-subalgebra of A∞ containing A. For any α-cocycle vg

for the action induced by α on A∞ ∩B′ there exists U ∈ A∞ ∩B′ with U∗αg(U) = vg.

Proof. By the Rokhlin property there exists a family of projections pg ∈ A∞∩A′ such

that
∑

g∈G pg = 1 and αg(ph) = pgh holds for all g, h ∈ G. As in the previous lemma,

one may additionally ensure that ∥[pg, vh]∥ = 0 and ∥[pg, b]∥ = 0 for all g, h ∈ G and

b ∈ B. Consider U =
∑

g∈G vgpg ∈ A∞ ∩B′. Then UU∗ = 1 = U∗U and also

Uαg(U
∗) =

∑
h,k

vhphpgkαg(v
∗
k)

=
∑
k

pgkvgkαg(v
∗
k)

=
∑
k

pgkvgkv
∗
gkvg

=
∑
k

vgpgk

= vg,

as required.

The proof of the next lemma is based on the proof of [78, Proposition 3.4.1].

Lemma 7.1.6. Let G be a finite group and (α, u) be an anomalous action with the

Rokhlin property on a unital, separable C∗-algebra A such that A ∼= A⊗M|G|∞. Then

there exists a G-equivariant unital embedding

(M|G|∞ , µG) → (A∞ ∩ A′, α).
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Proof. To prove this we inductively construct equivariant ∗-homomorphisms ϕn :

(B(l2(G)),Ad(λG)) → (A∞ ∩ A′, α) for n ∈ N with commuting images. Then the

map defined by a1 ⊗ · · · ⊗ an ⊗ · · · 7−→
∏

i∈N ϕi(ai) will induce a µG to α equivariant

map into A∞ ∩ A′.

As A ∼= A ⊗M|G|∞ there exists a unital embedding M|G| → A∞ ∩ A′. Hence by

Lemma 7.1.4 this induces a unital embedding M|G| → (A∞ ∩ A′)α, or equivalently a

collection of matrix units (e′g,h)g,h∈G in (A∞∩A′)α. Consider the permutation unitary

vg =
∑

h e
′
gh,h. This gives a unitary representation of G on (A∞ ∩ A′)α. Indeed,

vgvk =
∑
h′,h∈G

e′gh,he
′
kh′,h′

=
∑
h′∈G

e′gkh′,h′

= vgk.

In particular vg is an α-cocycle on A∞ ∩ A′. Therefore, by Lemma 7.1.5 there exists

a unitary u ∈ A∞ ∩ A′ such that uαg(u
∗) = vg. Now fg,h = u∗e′g,hu for g, h ∈ G is a

set of matrix units such that

αk(fg,h) = αk(u
∗)e′g,hαk(u)

= u∗vke
′
g,hv

∗
ku

= u∗(
∑

h′,h′′∈G

e′kh′,h′e
′
g,he

′
h′′,kh′′)u

= u∗(e′kg,kh)u

= fkg,kh.
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For g, h ∈ G, let eg,h ∈ B(l2(G)) be defined by

eg,h(f)(k) =


f(g) if k = h,

0 otherwise,

for f ∈ l2(G) and k ∈ G. The elements eg,h form a set of matrix units for B(l2(G)).

Define a ∗-homomorphism

ϕ1 : B(l2(G)) → A∞ ∩ A′

eg,h 7→ fg,h.

It is straightforward that this defines an Ad(λG) to α equivariant ∗-homomorphisms.

Suppose ϕ1, ϕ2, . . . , ϕn : (B(l2(G)),Ad(λG)) → (A∞ ∩ A′, α) are equivariant maps

with commuting images. Pick a unital embedding of M|G| into the C∗-algebra A∞ ∩

C∗(A, im(ϕ1), . . . , im(ϕn))
′ (As A ⊗ M|G|∞ ∼= A there exists a unital embedding

of M|G| into A∞ ∩ A′, moreover by reindexing one can assure that the image of

this embedding also commutes with the images of ϕi for 1 ≤ i ≤ n). As im(ϕi)

is G-invariant for all 1 ≤ i ≤ n, it follows that α induces an action of G on

A∞ ∩ C∗(A, im(ϕ1), . . . im(ϕn))
′. By Lemma 7.1.4 there exists a unital embedding

M|G| → (A∞ ∩ C∗(A, im(ϕ1), . . . im(ϕn))
′)α. Repeating the argument for the case

when n = 1 but replacing A∞ ∩ A′ by A∞ ∩ C∗(A, im(ϕ1), . . . im(ϕn))
′ now yields a

unital equivariant homomorphism

ϕn+1 : (B(l2(G)),Ad(λG)) → (A∞ ∩ C∗(A, im(ϕ1, . . . ϕn))
′, α).

Considering ϕn+1 as a unital equivariant homomorphism into A∞ ∩ A′ the induction

argument is complete.

We have collected all the necessary ingredients to prove the model action absorp-
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tion.

Proposition 7.1.7. Let G be a finite group and A a unital, separable C∗-algebra such

that A ∼= A⊗M|G|∞. Let α be a (G,ω) action on A with the Rokhlin property. Then

the anomalous actions (α, u) and (α ⊗ µG, u⊗ 1M|G|∞ ) are cocycle conjugate through

an isomorphism that is approximately unitarily equivalent to idA⊗1M|G|∞ .

Proof. By Lemma 7.1.6 there exists a G-equivariant unital embedding (M|G|∞ , µG) →

(A∞ ∩ A′, α). Thus, by Theorem 7.1.3 the result follows.

7.2 Classification

We now discuss the abstract approach to bootstrapping the classification of group

actions on a given class of C∗-algebras, to a classification of anomalous actions. This

method is a generalisation of that used by Connes in [28, Section 6].

Before proceeding with the result, we set up notation. For a group G, we say

“(α, u) is an anomalous G-action on A” and “(A,α, u) is an anomalous G-C∗-algebra”

interchangebly. Let F be a functor whose domain category is C*alg. We say F is

invariant under approximate unitary equivalence if F (α) = F (θ) whenever α ≈a.u θ.

We also say that F satisfies existence of isomorphisms restricted to a subcategory

C ⊂ C*alg, if whenever Φ ∈ Hom(F (A), F (B)) is an isomorphism for A,B ∈ C,

then there exists an isomorphism φ : A → B in C with F (φ) = Φ. The sort of

functors with these properties are those used in the classification of C∗-algebras. For

example, the functor consisting of pointed K0 and K1 is invariant under approximate

unitary equivalence, it also satisfies existence of isomorphisms when restricted to

the category of unital Kirchberg algebras satisfying the UCT (see [109]). Similarly,

the functor KTu of Section 2.7 is invariant under approximate unitary equivalence

and satisfies existence of isomorphisms when restricted to classifiable C∗-algebras by

Theorem 2.7.1.
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If F is invariant under unitary equivalence, an anomalous action (A,α, u) induces

a G-action on F (A) through the automorphisms F (αg). If (A,α, u) and (B, β, v) are

anomalous actions, we say the induced actions F (αg) and F (βg) are conjugate if there

exists an isomorphism Φ : F (A) → F (B) with ΦF (αg)Φ
−1 = F (βg) for all g ∈ G. We

denote this by F (α) ∼ F (β).

Let (A,α, u) and (A, β, v) be two anomalous G-C∗-algebras, we denote (α, u) ≃F

(β, v) if (α, u) ≃ (β, v) through an automorphism θ with F (θ) = idF (A). This notion

recovers K-trivial cocycle conjugacy of Section 3.4 when F is taken to be the functor

consisting of K0 ⊕ K1. Finally, if R is a class of anomalous G-C∗-algebras, we will

say R is closed under conjugacy, if whenever (A,α, u) ∈ R and φ : A → B is an

isomorphism in C*alg then (B,φαφ−1, φ(u)) ∈ R.

Lemma 7.2.1. Let G be a group, D a strongly self absorbing C∗-algebra and R a

class of anomalous G-C∗-algebras that is closed under conjugation. Let F be a functor

with domain category the category of C∗-algebras which is invariant under approxi-

mate unitary equivalence and satisfies existence of isomorphisms for C∗-algebras in

R. Suppose further that,

(A1) there exists a G-action (D, µG, 1) such that if (A,α, u) ∈ R, then (A,α, u) ≃

(A⊗D, α⊗µG, u⊗ 1) through an automorphism that is approximately unitarily

equivalent to idA⊗1D;

(A2) if there exists a (G,ω) action in R for some ω ∈ Z3(G,T), then there exist

a (G,ω) and (G,ω) action (D, sωG, uω) and (D, sωG, uω) respectively such that

(D, sωG, uω) ⊗ (D, sωG, uω) ≃ (D, µG, 1) and for any (G,ω)-action (A,α, u) ∈ R,

(A,α, u)⊗ (D, sωG, uω) ∈ R;

(A3) for cocycle actions (A,α, u), (B, β, v) ∈ R (i.e. o(α, u) = o(β, v) = 1), F (α) ∼

F (β) if and only if α ≃ β.
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Then, if (A,α, u) and (B, β, v) in R, (A,α, u) ≃ (B, β, v) if and only if F (α) ∼ F (β)

and o(α, u) = o(β, v).

With the same hypothesis but replacing (A3) with the condition that

(A3’) for cocycle actions (A,α, u) and (A, β, v) in R, (A,α, u) ≃F (A, β, v) if and

only if F (αg) = F (βg) for all g ∈ G,

then if (A,α, u) and (A, β, v) in R, (A,α, u) ≃F (A, β, v) if and only if o(α, u) =

o(β, v) and F (αg) = F (βg) for every g ∈ G.

Proof. First we show that if (A1)-(A3) hold and (A,α, u), (B, β, v) are anomalous

actions in R, then (A,α, u) ≃ (B, β, v) if and only if F (α) ∼ F (β) and o(α, u) =

o(β, v). If (A,α, u) ≃ (B, β, v), it is clear that o(α, u) = o(β, v) and also that F (α) ∼

F (β) as F is trivial when evaluated at inner automorphisms. We now turn to the

converse. Suppose F (α) ∼ F (β) and o(α, u) = o(β, v). First note that this implies

that also F (α ⊗ idD) ∼ F (β ⊗ idD). Indeed, by (A1) let ϕA : A → A ⊗ D and

ϕB : B → B ⊗ D be isomorphisms which are approximately unitarily equivalent to

the first factor embeddings and Φ : F (A) → F (B) be an isomorphism such that

ΦF (αg)Φ
−1 = F (βg) for g ∈ G. Note F (αg⊗ idD)F (ϕA) = F (αg⊗ idD)F (idA⊗1D) =

F (αg⊗1D) = F (ϕA)F (αg) (and similarly replacing A by B). Hence we compute that

F (αg ⊗ idD)F (ϕA)ΦF (ϕB)
−1 = F (ϕA)F (αg)ΦF (ϕB)

−1

= F (ϕA)ΦF (βg)F (ϕB)
−1

= F (ϕA)ΦF (ϕB)
−1F (βg ⊗ idD)

it follows that F (ϕB)ΦF (ϕA)
−1 conjugates F (αg ⊗ idD) to F (βg ⊗ idD) for all g ∈ G.
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Now, by hypothesis we have that

(A,α, u)
(A1)
≃ (A⊗D, α⊗ µG, u⊗ 1D)

(A2)
≃ (A⊗ (D ⊗D), α⊗ (µωG ⊗ µωG), u⊗ (uω ⊗ uω))

= ((A⊗D)⊗D, (α⊗ µωG)⊗ µωG, (u⊗ uω)⊗ uω)

(A3),(A2)
≃ ((B ⊗D)⊗D, (β ⊗ µωG)⊗ µωG, (v ⊗ uω)⊗ uω) (7.2.1)

= (B ⊗ (D ⊗D), β ⊗ (µωG ⊗ µωG), v ⊗ (uω ⊗ uω))

(A2)
≃ (B ⊗D, β ⊗ µG, v ⊗ 1D)

(A1)
≃ (B, β, v).

Where in the third isomorphism we have used (A3) for the cocycle actions (A⊗D, αg⊗

µωG, u⊗uω) and (B⊗D, βg⊗µωG, v⊗uω). The reason we may apply (A3) in this setting

is that µωG is approximately inner (every automorphism of an strongly self-absorbing

C∗-algebra is approximately inner) and hence our previous computation shows that

F (αg⊗µωG) = F (αg⊗ idD) ∼ F (βg⊗ idD) = F (βg⊗µωG) as required for the application

of (A3).

Now suppose that we replace condition (A3) with (A3’). We will show that under

the hypothesis of the lemma, (A3’) implies (A3). Therefore, the cocycle conjugacies

in (7.2.1) still hold. Then we compute the isomorphisms that induce the cocycle

conjugacies in (7.2.1) and show that their composition is the identity after applying

F . Let (A,α, u) and (B, β, v) be cocycle actions in R. Suppose F (α) ∼ F (β). There

exists an isomorphism Φ ∈ Hom(F (A), F (B)) such that ΦF (βg)Φ
−1 = F (αg) for all

g ∈ G. By existence of isomorphisms for F , there exists a ∗-isomorphism φ : B → A

with F (φ) = Φ. Therefore F (φβgφ
−1) = F (αg) for all g ∈ G. By (A3’) one has that

(A,α, u) ≃F (A,φβφ−1, φ(v)) ≃ (B, β, v).

Set A = B in (7.2.1). Reading from top to bottom in (7.2.1), denote by φ1, φ2, φ3,

φ4 and φ5 the isomorphisms inducing each of the conjugacies. Note that φ5 = φ−1
1
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and φ4 = φ−1
2 . By (A1), φ1 ≈a.u idA⊗1D. Moreover, φ2 ≈a.u idA⊗ idD ⊗1D by ([142,

Corollary 1.12]). Denote by φ the isomorphism inducing the cocycle conjugacy from

(A⊗D, α⊗µωG, u⊗uω) to (A⊗D, β⊗µωG, u⊗uω) which satisfies F (φ) = F (idA⊗ idD).

We may use the functoriality of F and its invariance under approximate unitary

equivalence to see that

F (φ5φ4φ3φ2φ1) =F (idA⊗1D ⊗ 1D)
−1F (φ⊗ idD)F (idA⊗1D ⊗ 1D)

= F (idA⊗1D ⊗ 1D)
−1F (idA⊗ idD ⊗ idD)F (idA⊗1D ⊗ 1D)

= idF (A) .

We now prove our classification theorems. Recall that two anomalous actions

(α, u) and (β, v) on a C∗-algebra A are K-trivially cocycle conjugate if they are cocycle

conjugate and the automorphism φ performing the conjugacy satisfiesKi(φ) = idKi(A)

for i = 0, 1. We denote this by (α, u) ≃K (β, v)

Theorem 7.2.2. Let G be a finite group and A be a unital Kirchberg algebra satisfying

the UCT with A ∼= A ⊗ M|G|∞. If (α, u), (β, v) are anomalous actions of G on A

with the Rokhlin property then (α, u) ≃K (β, v) if and only if o(α, u) = o(β, v) and

Ki(αg) = Ki(βg) for all g ∈ G and i = 0, 1.

Proof. We check that the hypothesis of Lemma 7.2.1 is satisfied. Let D = M|G|∞ , F

be the functor consisting of the pointed K0 group direct sum the K1 group and R

the class of Rokhlin anomalous G-actions on unital Kirchberg algebras satisfying the

UCT. That F satisfies existence of isomorphisms follows from [109]. Condition (A1)

follows from Proposition 7.1.7. For any ω ∈ Z3(G,T), we have actions (D, sωG, uω) by

Theorem 6.2.3. That (D, sωG, uω)⊗ (D, sωG, uω) ≃ (D, µG, 1) follows from [60, Theorem

III.6] combined with [65, Lemma 3.12] as the actions (D, sωG, uω) have the Rokhlin

property (and hence property R∞) by Proposition 6.2.4. Therefore, (A2) is also

satisfied. Finally (A3’) is satisfied by Izumi’s classification result [67, Theorem 4.2]
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and that every cocycle action with the Rokhlin property is a unitary perturbation of

a group action [67, Lemma 3.12].

Theorem 7.2.3. Let G be a finite group and A be a unital, simple, nuclear TAF-

algebra in the UCT class such that A ∼= A ⊗M|G|∞ and (α, u), (β, v) are anomalous

actions on A with the Rokhlin property, then (α, u) ≃K (β, v) if and only if o(α, u) =

o(β, v) and Ki(αg) = Ki(βg) for all g ∈ G.

Proof. We apply Lemma 7.2.1 with D = M|G|∞ , R the class of Rokhlin anomalous

actions on M|G|∞-stable unital, simple, separable, nuclear TAF-algebras satisfying the

UCT and F the functor consisting of ordered K0 and K1. Firstly, F satisfies existence

of isomorphisms by [90]. (A1) holds by Proposition 7.1.7. (A2) holds for the same

reason as in the proof of Theorem 7.2.2. Condition (A3’) follows from a combination

of [67, Theorem 4.3] and [66, Lemma 3.12].

More generally, we may use Szabó’s unpublished classification result (Theorem

3.4.7) to classify Rokhlin anomalous actions of G on classifiable M|G|∞-stable C∗-

algebras.

Theorem 7.2.4. Let G be a finite group. Let A and B be unital, simple, separable,

nuclear, M|G|∞-stable C∗-algebras satisfying the UCT and (α, u), (β, v) be anomalous

G-actions with the Rokhlin property on A and B respectively. Then (α, u) ≃ (β, v) if

and only if KTu(α) ∼ KTu(β) and o(α, u) = o(β, v).

Proof. We apply Lemma 7.2.1 with D = M|G|∞ , R the class of Rokhlin anomalous

actions on M|G|∞-stable unital, simple, separable, nuclear C∗-algebras satisfying the

UCT and F = KTu. Firstly, F satisfies existence of isomorphisms by Theorem 2.7.1.

(A1) holds by Proposition 7.1.7. (A2) holds as in the proof of Theorem 7.2.2. (A3)

follows from a combination of Szabó’s classification (Theorem 7.1.3) and [66, Lemma

3.12].
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We have shown a classification of anomalous actions on some classes of simple C∗-

algebras by the anomaly and the induced action on K-theory. Such a classification

also implies a classification of G-kernels, we illustrate it by using Theorem 7.2.4, the

same argument may also be used to rewrite the results of Theorems 7.2.2 and 7.2.3.

Corollary 7.2.5. Let A and B be unital, simple, separable, nuclear, M|G|∞-stable C∗-

algebras satisfying the UCT and α, β be G-kernels with the Rokhlin property on A and

B respectively. Then α and β are outer conjugate if and only if KTu(α) ∼ KTu(β)

and ob(α) = ob(β).

Proof. The forward direction is clear. To show the reverse direction, pick lifts (α, u)

of α and (β, v) of β such that o(α, u) = o(β, v). This can be done as ob(α, u) =

ob(β, v). As (α, u) and (β, v) satisfy the hypothesis of Theorem 7.2.4, it follows that

(α, u) ≃ (β, v) and so α and β are outer conjugate.

For a finite group G, we may combine the result of Theorem 7.2.3 with Theorem

2.7.14 to achieve the classification of anomalous actions of G on unital, separable, sim-

ple, nuclear, unique trace M|G|∞-stable C∗-algebras satisfying the UCT thus obtaining

Theorem IV (see also the proof of Corollary 7.2.5 and Theorem 7.2.2).

As an application of Theorem 7.2.3, we get that for any finite group G and 3-

cocycle ω ∈ Z3(G,T) the actions sωG of Theorem 6.2.3 and θωG of Proposition 6.3.2

are cocycle conjugate. Indeed, θωG has the Rokhlin property and similarly sωG has the

Rokhlin property by Proposition 6.2.4. Therefore, as θωG is a strict AF-action (see

Definition 6.1.6) sωG is an AF-action in the sense of [25] (see Remark 6.1.7).

We finish this chapter by studying to what extent Rokhlin anomalous actions on

AF-algebras are AF-actions and vice versa. To do this, we will require results of [25].

In [25], the authors associate an invariant to any AF-action F , of a fusion category C,

on a AF-algebra A. Vaguely, this invariant consists of the K0-groups of all Q-system

extensions of A by F and all natural maps between these extensions. The authors also
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show that any two AF-actions on AF-algebras A and B are equivalent if and only if

their invariants are isomorphic. As observed in [25, Section 5.1], if the acting category

C is torsion-free (see [1, Definition 3.7]), the invariant of [25] simplifies to just the

module structure of K0(A) under the action of the fusion ring of C. We apply this

when the acting category is Hilb(G,ω) and the action is induced by an anomalous

action (α, u) as explained in [46, Proposition 5.6]. The fusion ring of Hilb(G,ω) is

just Z[G] and the module structure of K0(A) is just given by K0(αg).

Corollary 7.2.6. Let G be a finite group and A a simple, unital AF-algebra such that

A ∼= A⊗M|G|∞. Let (α, u) be a (G,ω)-action on A with K0(αg) = idA for all g ∈ G.

If (α, u) has the Rokhlin property, then it is an AF-action. Moreover, if [ω|H ] ̸= 0 for

any non-trivial subgroup H < G then the converse holds.

Proof. If (α, u) has the Rokhlin property, then by Theorem 7.2.3 it is cocycle conju-

gate to the AF ω-anomalous G-action idA⊗ θωG on A. Therefore (α, u) is AF as (by

definition) being AF is preserved under cocycle conjugacy (see Remark 6.1.7).

We now consider the converse statement. An AF ω-anomalous G action (α, u)

induces an AF-action of the fusion category Hilb(G,ω) in the sense of [25] (to see

how a (G,ω)-action induces a Hilb(G,ω) action see [46, Proposition 5.6], that this

will be AF is discussed in Remark 6.1.7). By the hypothesis on ω, the fusion category

Hilb(G,ω) is torsion free, so as K0(αg) = idA and K0(idA⊗ θωG) = idA, then [25,

Theorem A] yields that the AF ω-anomalous G actions induced by (α, u) and idA⊗ θωG

are cocycle conjugate. As the Rokhlin property is preserved under cocycle conjugacy,

(α, u) has the Rokhlin property.

Remark 7.2.7. One may drop the hypothesis that A ∼= A⊗M|G|∞ in Corollary 7.2.6

if one instead assumes that the H3 class of the anomaly ω of (α, u) has order |G|.1

Indeed, then A will automatically absorb M|G|∞ as a consequence of Corollary 5.4.4.

1If one assumes this, it is also automatic that [ω|H ] ̸= 0 for any subgroup H < G.
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The behavior observed in the converse of Corollary 7.2.6 is quite different from the

behaviour of group actions. It was already observed in [47] that there exist AF-actions

of Z2 on M2∞ which do not have the Rokhlin property.
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Chapter 8

Anomalous actions with the

Rokhlin property

In this chapter, we aim to investigate the extent to which the structural properties and

K-theoretical restrictions demonstrated in [66, 67] in the setting of cocycle actions

of finite groups with the Rokhlin property also apply in the setting of finite group

anomalous actions with the Rokhlin property.

In Section 8.1 we restrict our attention to anomalous actions of cyclic groups.

Motivated by a notion studied by Connes for automorphisms of II1 factors ([28]),

we introduce automorphisms of minimal period for C∗-algebras with trivial centre.

These automorphisms are particularly well behaved. For example, we are able to

compute their fixed point algebras in certain settings. We show that every anomalous

action of a cyclic group with the Rokhlin property is a unitary perturbation of an

automorphism of minimal period. In the case that G is a cyclic group, this result

generalises Izumi’s proof that every cocycle action of G with the Rokhlin property

is a unitary perturbation of a G-action ([66, Lemma 3.12]). Our computation of the

fixed point algebras for automorphisms of minimal period allows us to show that the

counterpart of a unitary cohomology vanishing result of Izumi does not hold in the
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setting of anomalous actions (see Proposition 8.2.9).

After discussing automorphisms of minimal period, we discuss the K-theoretical

restrictions to the existence of Rokhlin anomalous actions. This is motivated by the

work of Izumi in [66, 67] which we briefly recall in Section 8.2.1.

8.1 Automorphisms of minimal period

Fix a unital C∗-algebra A with trivial centre. In this section we study automor-

phisms of minimal period as introduced by Connes in [28, Theorem 2.5]. In [28]

Connes classifies finite order automorphisms of R. Connes associates to any auto-

morphism α ∈ Aut(R) that is of finite order in the outer automorphism group, a

pair of invariants (p0(α), γ(α)). The value p0(α) is defined to be the order of α in

Out(R). The invariant γ(α) is a p0(α)-th root of unity. The invariant γ(α) arises

from taking a unitary u such that αp0(α) = Ad(u) and computing the multiplicative

difference α(u)u∗ = γ(α). These invariants also make sense for automorphisms of

arbitrary C∗-algebra with trivial centre. In fact, Connes’ root of unity computation

is an instance of the computation performed in Section 3.2 by setting G = Zp0(α) and

considering the G-kernel

Zp0(α) → Out(A)

k + p0(α)Z 7→ αk + Inn(A)

for any 0 ≤ k ≤ p0(α) − 1. The root of unity is associated to the G-kernel as an

example of aH3 invariant computation forG-kernels (as discussed in Section 3.3, there

is a set of representative 3-cocycles for H3(Zp0(α),T) that are uniquely determined by

the p0(α)-th roots of unity).

For any root of unity γ, we will also denote by o(γ) the order of γ in the circle.

We may now recall the definition of an automorphism of minimal period.
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Definition 8.1.1. (cf. [28, Theorem 2.5]) Let A be a C∗-algebra with trivial centre

and α be an automorphism of A. Then α is said to be of minimal period if α is an

automorphism of finite period and its period is equal to p0(α)o(γ(α)).

The reason for this terminology is that if α ∈ Aut(A) is an automorphism of finite

order, then it also has finite order as an element of Out(A). Therefore, there exists

some unitary u ∈ U(A) such that αp0(α) = Ad(u) and α(u) = γ(α)u. We want to

consider the smallest number p such that αp could be potentially equal idA. Firstly,

as αp = idA ∈ Out(A) we know that p0(α)|p. Therefore, there exists some j ∈ N such

that p = p0(α)j. Evaluating α
p0(α)j at u we have αp0(α)j(u) = αjAd(u)(u) = αj(u) =

γ(α)ju. Thus, if αp = idA, then p needs to be a multiple of p0(α)o(γ(α)). The

automorphism α is of minimal period precisely when the order of α is p0(α)o(γ(α)).

We have seen a few examples of automorphisms of minimal period in previous

sections.

Example 8.1.2. The automorphisms sγn ∈ Aut(Mn∞) of Theorem 3.3.7 (see also

Remark 3.3.8) are of minimal period for any n ∈ N and n-th root of unity γ. Indeed,

fix n ∈ N and γ an n-th root of unity. Using the notation of Theorem 3.3.7 the

automorphism sγn is built such that there exists a unitary u ∈ U(Mn∞) with (sγn)
n =

Ad(u), sγn(u) = γu and uo(γ) = 1. Also, by construction p0(s
γ
n) = n and γ(sγn) = γ.

Therefore, (sγn)
o(γ(sγn))p0(s

γ
n) = (sγn)

o(γ)n = Ad(uo(γ)) = idMn∞ .

Example 8.1.3. Fix n,m ∈ N and γ = e2πim/n . In Proposition 6.4.7 we construct

automorphisms αm on the C∗-algebra O∞⋊σn Zn with σn the automorphism given by

shifting the indexing set in the tensor product decomposition
n⊗
i=1

O∞ ∼= O∞. These

automorphisms satisfy αnm = Ad(vm) and αm(v
m) = γvm for v the canonical unitary

coming from 1 + nZ in O∞ ⋊σn Zn.

To compute Connes’ invariants for αm, notice that by Proposition 6.4.7 the anoma-

lous action of Zn induced by the pair αm and vm has the Rokhlin property. Therefore
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αjm is outer for any j < n. Moreover, as αnm = Ad(vm), the invariant p0(αm) = n.

Also αm(v
m) = γvm by construction, so γ(αm) = γ. We now check that α

o(γ)n
m is

the identity. Note that αnm(v) = v, so to check that α
o(γ)n
m = idO∞⋊Zn it suffices to

check whether the equality α
o(γ)n
m |O∞ = idO∞ holds. As γ = e2πim/n we have that

o(γ) = n/ gcd(m,n). Therefore, for a ∈ O∞

αo(γ)nm (a) = σ
o(γ)nm

n2 (a) = σ
n2(m/ gcd(m,n))

n2 (a) = a.

The automorphisms of minimal period that we consider in Examples 8.1.2 and

8.1.3 come from anomalous actions of cyclic groups. If this is the case we will say

that the anomalous action (α, u) of Zn on A arises from an automorphism of minimal

period (see Section 3.3.1 where we use the same terminology from cyclic anomalous

actions coming from automorphisms of finite order in Out(A)).

In [66, Lemma 3.12] Izumi shows that if (α, u) is a cocycle action with the Rokhlin

property on A, then there is a unitary perturbation (αs, us) such that αs is a group

action of G and usg,h = 1 for all g, h ∈ G. In the remaining part of this subsection, we

are interested in understanding to what extent the analogous statement is true for

anomalous actions with the Rokhlin property.

First, we recall that up to replacing (α, u) by (α, λu) for some circle valued 2-

cochain λ and performing a unitary perturbation, every anomalous action is induced

by an automorphism α such that αn = Ad(u) and α(u) = γu for some unitary

u ∈ U(A) and n-th root of unity γ (see Proposition 3.3.6 and Corollary 3.5.5). If

γ = 1, the pair (α, u) defines a cocycle action on A. In this case [66, Lemma 3.12]

implies that there exists a unitary V ∈ U(A) such that Ad(V )α is an automorphism

of order n. However, when γ is a non-trivial root of unity the automorphism Ad(V )α

can not be of order n. We show that, assuming the Rokhlin property, one may choose

V such that Ad(V )α is of minimal period. Before we do this, we need a few lemmas.
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The first is a technical lemma that we will require in the proof of Lemma 8.1.5. For

l > 0 and λ ∈ C we denote by Bl(λ) the open ball of radius l centred around λ.

Lemma 8.1.4. Let A be a unital C∗-algebra, n ∈ N, α ∈ Aut(A), u ∈ U(A) and γ

an n-th root of unity such that

αn = Ad(u),

α(u) = γu

and the induced Zn anomalous action (α, u) has the Rokhlin property. If there exists

some 0 < l < π/o(γ) with σ(u) ⊂
⋃

1≤j≤o(γ)
Bl(γ

j), then for any ε > 0 there exists

v ∈ U(A) satisfying

∥(vα(v) . . . αn−1(v)u)o(γ) − 1∥ ≤ ε, (8.1.1)

∥v − 1∥ ≤ ε+ o(γ)l, (8.1.2)

σ(vα(v) . . . αn−1(v)u) ⊂
⋃

1≤j≤o(γ)

Bε(γ
j). (8.1.3)

Proof. By assumption, the unitary u has spectral gaps at the midpoints of T be-

tween neighbouring o(γ)-th roots of unity. Therefore, the characteristic functions

with respect to the arcs Bπ/o(γ)(γ
j) ∩ T for every 1 ≤ j ≤ o(γ) are continuous when

restricted to σ(u). Let pj = χBπ/o(γ)(γ
j) for 1 ≤ j ≤ o(γ) through functional calculus.

The projections pj are pairwise orthogonal and

o(γ)∑
j=1

pj = 1. (8.1.4)

Let e0, e1 . . . en−1 ∈ A∞ ∩ A′ be a family of Rokhlin projections for (α, u) and r =∑o(γ)
k=1 γ

kpk ∈ U(A). Set

s = ru∗e0 + (1− e0) ∈ U(A∞). (8.1.5)
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Then using that the ei are pairwise orthogonal and commute with A we have that

sα(s) . . . αn−1(s) = (ru∗e0 +
n−1∑
j=0
j ̸=0

ej)(γ
−1α(r)u∗e1 +

n−1∑
j=0
j ̸=1

ej) . . . (γ
1−nαn−1(r)u∗en−1 +

n−2∑
j=0

ej)

=
n−1∑
j=0

γ−jαj(r)u∗ej .

As ro(γ) = 1, it follows that

(sα(s) . . . αn−1(s)u)o(γ) = 1. (8.1.6)

By the spectral mapping theorem, it follows that the spectrum of sα(s) . . . αn−1(s)u

is contained in the o(γ)-th roots of unity. Moreover,

∥s− 1∥ = ∥(
o(γ)∑
k=1

γkpk)u
∗e0 − e0∥

≤ ∥(
o(γ)∑
k=1

γkpk)u
∗ − 1∥

≤
o(γ)∑
k=1

∥γkpk − upk∥ (8.1.7)

=

o(γ)∑
k=1

sup
z∈Bl(γk)∩T

∥γk − z∥

≤ o(γ)l.

The second last equality holds as pk are the spectral projections of u onto the subset

of the spectrum contained in Bl(γ
k). As s is a unitary in A∞, one may use Lemma

2.6.6 to write s = (sn) for a sequence of unitaries sn ∈ U(A). As conditions (8.1.6)

and (8.1.7) hold for s and σ(s) is contained in the set of o(γ)-th roots of unity, then
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for any ε > 0 one may pick n large enough such that

∥(snα(sn) . . . αn−1(sn)u)
o(γ) − 1∥ ≤ ε,

∥sn − 1∥ ≤ ε+ o(γ)l,

σ(snα(sn) . . . α
n−1(sn)u) ⊂

⋃
1≤j≤o(γ)

Bε(γ
j)

as required.

Lemma 8.1.5. Let A be a unital C∗-algebra, n ∈ N, α ∈ Aut(A), u ∈ U(A) and γ

an n-th root of unity such that

αn = Ad(u),

α(u) = γu.

If the induced Zn anomalous action (α, u) has the Rokhlin property, then there is a

unitary W ∈ U(A) such that (Ad(W )α)o(γ)n = idA.

Proof. Let (α, u) be as in the hypothesis and e0, . . . , en−1 ∈ A∞∩A′ be Rokhlin projec-

tions for α. First, notice that if we replace α by Ad(r)α, the n-th power (Ad(r)α)n =

Ad(rα(r) . . . αn−1(r)u) and Ad(r)α(rα(r) . . . αn−1(r)u) = γrα(r) . . . αn−1(r)u. More-

over, the projections ei for 0 ≤ i ≤ n−1 are also Rokhlin projections for the anomalous

action defined by the pair (Ad(r)α, rα(r) . . . αn−1(r)u). Therefore, for any r ∈ U(A),

the pair (Ad(r)α, rα(r) . . . αn−1(r)u) still satisfy the hypothesis of the Lemma. We

will use this observation regularly throughout this proof.

We now proceed with the proof of the lemma. The strategy is similar to the

proof of [66, Lemma 3.12]. We build a sequence of unitaries vm ∈ U(A) such that

lim
m→∞

vmvm−1 . . . v1 converges to a unitary W ∈ U(A) and (Ad(W )α)o(γ)n = idA. We
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first set

s′ = u∗e0 + (1− e0) ∈ U(A∞).

Exactly as in the computation for the unitary defined in (8.1.5), it is clear that

(s′α(s′) . . . αn−1(s′)u)o(γ) = 1.

As s′ ∈ U(A∞) by Lemma 2.6.6 one may pick a sequence of unitaries s′n ∈ U(A)

such that s = (s′n). Choosing n ∈ N sufficiently large, one can find some unitary r =

s′n ∈ U(A) with the difference between 1 and (rα(r) . . . αn−1(r)u)o(γ) being arbitrarily

small. So for any 1 > δ > 0 there exists rδ ∈ U(A) such that

∥(rδα(rδ) . . . αn−1(rδ)u)
o(γ) − 1∥ < δ. (8.1.8)

As the spectral radius of a normal element is bounded by its norm, (8.1.8) implies

that σ((rδα(rδ) . . . α
n−1(rδ)u)

o(γ)) ⊂ Bδ(1) ∩ T and by the spectral mapping theorem

σ(rδα(rδ) . . . α
n−1(rδ)u)

o(γ) = σ((rδα(rδ) . . . α
n−1(rδ)u)

o(γ))

⊂ Bδ(1) ∩ T.

We may hence pick δ sufficiently small to ensure that

σ(rδα(rδ) . . . α
n−1(rδ)u) ⊂ ∪o(γ)j=1Bπ/2o(γ)(γ

j) ∩ T. (8.1.9)

Set α1 = α, u1 = u and v1 = rδ. Subsequently, let α2 = Ad(v1)α1 and u2 =

v1α(v1) . . . α
n−1(v1)u1. By (8.1.9) and the discussion at the beginning of this proof,

the pair (α2, u2) satisfies the hypothesis of Lemma 8.1.4. Therefore, there exists

153



v2 ∈ U(A) such that

∥(v2α2(v2) . . . α
n−1
2 (v2)u2)

o(γ) − 1∥ ≤ π

o(γ)4
,

∥v2 − 1∥ ≤ π

4o(γ)
+
π

2
,

σ(v2α2(v2) . . . α
n−1
2 (v2)u2) ⊂

⋃
1≤j≤o(γ)

Bπ/4o(γ)(γ
j).

Suppose for m ≥ 2 there is αm ∈ Aut(A), um ∈ U(A) such that αnm = Ad(um),

αm(um) = γum and the anomalous actions (αm, um) has the Rokhlin property and

vm such that

∥(vmαm(vm) . . . αn−1
m (vm)um)

o(γ) − 1∥ ≤ π

o(γ)2m
, (8.1.10)

∥vm − 1∥ ≤ π

2mo(γ)
+

π

2m−1
, (8.1.11)

σ(vmαm(vm) . . . α
n−1
m (vm)um) ⊂

⋃
1≤j≤o(γ)

Bπ/2mo(γ)(γ
j). (8.1.12)

Set αm+1 = Ad(vm)αm and um = vmαm(vm) . . . α
n−1
m (vm)um. Applying Lemma 8.1.4

we there exists vm+1 ∈ U(A) such that

∥(vm+1αm+1(vm+1) . . . α
n−1(vm+1)um+1)

o(γ) − 1∥ ≤ π

o(γ)2m+1
,

∥vm+1 − 1∥ ≤ π

2m+1o(γ)
+

π

2m
,

σ(vm+1αm+1(vm+1) . . . α
n−1
m+1(vm+1)um+1) ⊂

⋃
1≤j≤o(γ)

Bπ/2m+1o(γ)(γ
j).

Continue this construction inductively. Let wm = vmvm−1 . . . v1 then by (8.1.11), for

any m ≥ 2,

∥wm+1 − wm∥ ≤ ∥vm − 1∥ ≤ π

2m+1o(γ)
+

π

2m
.

The bound achieved for ∥wm+1 − wm∥ constitutes a summable sequence and hence
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(wm) is Cauchy. Therefore wm converges to a unitary lim
m→∞

wm = W . Moreover, for

any a ∈ A, (Ad(W )α)o(γ)n(a) = Ad((Wα(W ) . . . αn−1(W )u)o(γ))a = a by (8.1.10).

First, we consider an immediate corollary of Lemma 8.1.5 for G-kernels of cyclic

groups.

Corollary 8.1.6. Let n ∈ N, A be a unital C∗-algebra with trivial centre and θ :

Zn → Out(A) be a Zn-kernel with the Rokhlin property. Let k|n be the order of the

H3 invariant of θ and π : Znk → Zn the canonical surjection. The Znk kernel π∗θ

lifts to an action of Znk on A.

Proof. Let θ be an automorphism lifting θ1+nZ then θj lifts θj+nZ for 0 ≤ j ≤ n− 1.

As θ is a Zn-kernel with H3 invariant of order k, there exists a unitary u such that

θn = Ad(u) and a k-th root of unity γ with θ(u) = γu. By Lemma 8.1.5 there exists

a unitary W ∈ U(A) such that (Ad(W )θ)kn = idA. The automorphism Ad(W )θ also

lifts θ1+nZ = π∗θ1+nkZ and so (Ad(W )θ)j lifts π∗θj+nkZ for all 1 ≤ j ≤ nk − 1. So

j + knZ 7→ (Ad(W )θ)j is a Zkn action lifting π∗θ.

We now rephrase Corollary 8.1.6 to the language of anomalous actions. For anoma-

lous actions we also need to keep track of the unitaries. This makes the argument

more tedious. Recall that if (α, u) is an anomalous action of a group G on A and

vg ∈ U(A) for g ∈ G, the unitary perturbation (αv, uv) is defined by αvg = Ad(vg)αg

and uvg,h = vgαg(vh)ug,hv
∗
gh.

Corollary 8.1.7. Let n ∈ N and ω ∈ Z3(Zn,T). Let (α, u) be a (Zn, ω) action with

the Rokhlin property on a unital C∗-algebra A with trivial centre. Up to potentially

replacing ug,h with λg,hug,h for g, h ∈ Zn with some 2-cochain λ : Zn ×Zn → T, there

exists a family of unitaries vg ∈ U(A) for g ∈ Zn such that (αv, uv) arises from an

automorphism of minimal period.
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Proof. Let (α, u) be a (Zn, ω) action on A. By replacing u by λu for some 2-cochain

λ : Zn × Zn → T we may assume that (α, u) is a (Zn, λk) anomalous action for some

0 ≤ k ≤ n− 1, where λk is the 3-cocycle from (3.3.3) (see Remark 3.3.3). Therefore,

by Corollary 3.5.5 some unitary perturbation of (α, u) arises from an automorphism.

Namely, there exists a pair β ∈ Aut(A), v ∈ U(A) and unitaries sg for g ∈ Zn

such that βn = Ad(v), β(v) = e2πik/nv and (αs, us) = (β, v) (here we have denoted by

(β, v) the anomalous action induced by the automorphism β and unitary v, see Section

3.3.1). As (α, u) has the Rokhlin property, and the Rokhlin property is preserved by

unitary perturbations, (β, v) has the Rokhlin property. By Lemma 8.1.5 there exists

W ∈ U(A) such that (Ad(W )β)gcd(k,n)n = idA. Let

rk+nZ = Wβ(W ) . . . βk−1(W )

for any 0 ≤ k ≤ n − 1. It follows from a straightforward computation that (βr, ur)

arises from the automorphism Ad(W )β. Therefore, (αrs, urs) arises from the auto-

morphism Ad(W )β. To complete the proof it suffices to check that Ad(W )β is of

minimal period. We know that (Ad(W )β)gcd(k,n)n = idA. Therefore, Ad(W )β is

of minimal period if and only if gcd(k, n)n = o(γ(Ad(W )β))p0(Ad(W )β). Since β

has the Zn Rokhlin property, βj is not an inner automorphism for any 1 ≤ j < n.

Moreover, βn ∈ Inn(A). So p0(β) = p0(Ad(W )β) = n. Also, as the n-th root of

unity invariant of Connes is preserved under unitary conjugation o(γ(Ad(W )β)) =

o(e2πik/n) = gcd(k, n).

I suspect that Corollary 8.1.6 holds in greater generality. This brings me to pose

the following problem.

Problem 8.1.8. Let G be a finite group, A be a unital C∗-algebra with trivial centre

and θ : G→ Out(A) be a G-kernel on A with the Rokhlin property and H3 invariant

[ω]. If π : Γ ↠ G is a surjection with π∗[ω] = 1 does π∗θ lift to a Γ action on A?
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8.1.1 The fixed point algebra of an automorphism of minimal

period.

We now discuss the fixed point algebras for automorphisms of minimal period. These

computations will be relevant in later sections (see Proposition 8.2.9). Through study-

ing fixed point algebras of minimal period we will be able compute the fixed point

algebras of the automorphisms sγn ∈ Aut(Mn∞) introduced in Section 3.3.

Lemma 8.1.9. Let A be a unital C∗-algebra with trivial centre and α ∈ Aut(A) be

an automorphism of minimal period. Then there exists a partition of unity consisting

of projections r0, r1, . . . , ro(γ(α))−1 ∈ P (A) such that

(i) αp0(α) = Ad

(
o(γ(α))−1∑

j=0

γ(α)jrj

)
,

(ii) α(ri) = ri−1, with the addition understood modulo o(γ(α)),

(iii) The map

idA⊕α⊕ α2 · · · ⊕ αo(γ)−1 : (r0Ar0)
αo(γ(α)) −→ Aα

is an isomorphism.

Proof. To simplify the notation of the proof we let n = p0(α), k = o(γ(α)) and

γ = γ(α). We start by showing (i). By assumption there exists a unitary u ∈ U(A)

such that αn = Ad(u) and α(u) = γu. As α is of minimal period, we have that

idA = αnk = Ad(uk) and so uk is contained in the centre of A. As A has trivial

centre, it follows that uk = λ for some λ ∈ T. Therefore, by replacing u by λ−ku, we

may assume that uk = 1. We claim that the spectrum σ(u) coincides with the k-th

roots of unity. This claim combined with the spectral theorem will imply (i).

If λ ∈ σ(u) as uk = 1 then λk = 1. Therefore, λ is an k-th root of unity. We

now show that the spectrum contains all k-th roots of unity. The spectrum is a

non-empty subset of the complex plane, so there exists some k-th root of unity ω
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such that u − ω is non-invertible. Therefore, αj(u − ω) = γju − ω is non-invertible

and so u − γ−jω is non-invertible for any j ∈ N. As the action of the group of

k-th roots of unity on itself is transitive, all the k-th roots of unity are contained

in σ(u). Letting r0, r1, . . . , rk−1 ∈ P (A) be the spectral projections with respect to

1, γ, . . . , γk−1 respectively, we have u =
∑k−1

j=1 γ
jrj.

Equation (ii) follows as

k−1∑
j=0

γjα(rj) = α(u) = γu =
k−1∑
j=0

γj+1rj.

Therefore the projections α(rj) = rj−1 for 0 ≤ j ≤ k.

We now turn to (iii). Firstly, note that if a ∈ Aα then αn(a) = Ad(u)(a) = a so

we have the containment Aα ⊂ AAd(u). Moreover, if a ∈ AAd(u) then Ad(u)α(a) =

α(Ad(u)(a)) = α(a) as α(u) = γu. Therefore, α restricts to an automorphism of

AAd(u) and we have an equality Aα = (AAd(u))α.

We will start by computing the fixed point algebra AAd(u). The fixed point algebra

AAd(u) is given by elements in A commuting with u. Namely, it coincides with the

algebra C∗(u)′ ∩ A. By the spectral theorem C∗(u) = C∗(r0, r1, . . . , rk−1) and so

AAd(u) = C∗(r0, r1, . . . , rk−1)
′ = r0Ar0⊕r1Ar1⊕· · ·⊕rk−1Ark−1. We may now use (ii)

to compute that Aα = (AAd(u))α = {a ⊕ α(a) ⊕ · · · ⊕ αk−1(a)|a ∈ (r0Ar0)
αk}. Thus

the map

idA⊕α⊕ α2 ⊕ · · · ⊕ αk−1 : (r0Ar0)
αk −→ Aα

is an isomorphism of C∗-algebras.

If α is an automorphism of minimal period such that its associated root of unity

γ(α) is a primitive p0(α)-th root of unity, the fixed point algebra of α is a corner in

A.
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Corollary 8.1.10. Let A be a unital C∗-algebra with trivial centre and α ∈ Aut(A)

be an automorphism of minimal period such that p0(α) = o(γ(α)). Then there exists

a projection r ∈ P (A) such that rAr ∼= Aα. In particular, if A is simple, then

K0(A) ∼= K0(A
α).

Proof. The first part follows immediately from Lemma 8.1.9 (iii) as

αo(γ(α)) = αp0(α) = Ad

( o(γ(α))−1∑
j=0

γ(α)jrj

)

fixes any element in r0Ar0. Denote by φ : r0Ar0 → Aα an isomorphism. When A is

simple, r0 is a full projection. By Proposition 2.6.4 the map K0(ι) : K0(r0Ar0) →

K0(A) induced by the inclusion ι : r0Ar0 → A is an isomorphism. Therefore,

K0(φ)K0(ι)
−1 is an isomorphism from K0(A) to K0(A

α).

Even in the case that p0(α) ̸= o(γ(α)), Lemma 8.1.9 can be useful to compute the

fixed point algebra of automorphisms of minimal period. We show an instance of this

for UHF algebras.

Theorem 8.1.11. Let A be a UHF algebra and α ∈ Aut(A) an automorphism of

minimal period. If the induced Zp0(α)-kernel α has the Rokhlin property then Aα ∼= A.

Proof. We let n = p0(α), k = o(γ(α)) and γ = γ(α). Firstly, by Lemma 8.1.9 there

is a partition of unity rj for 0 ≤ j ≤ k − 1 such that αn = Ad(
∑k−1

j=0 γ
jrj) and

Aα ∼= (r0Ar0)
αk
. It suffices to show that A ∼= (r0Ar0)

αk
.

First we show that A ∼= r0Ar0. Every automorphism of a UHF algebra is approx-

imately inner, so by Lemma 8.1.9 (ii) the projections rj for 0 ≤ j ≤ k− 1 are Murray

von Neumann equivalent. Therefore, τ(rj) = 1/k for every 0 ≤ j ≤ k − 1. The Zn-

kernel induced by α has anomaly of order k, so by Theorem 4.2.10 the supernatural

number n of A is formally divided by k∞. In particular, r0Ar0 is a UHF algebra with

supernatural number k−1n = n. So A ∼= r0Ar0 by Glimm’s classification ([52]).
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We now show that r0Ar0 ∼= (r0Ar0)
αk
. For this we make use of the Rokhlin

property. As α is a Zn-kernel with the Rokhlin property, there is a projection q ∈

A∞ ∩ A′ such that
n−1∑
j=0

αj(q) = 1.

The automorphism αk|r0Ar0 satisfies (αk|r0Ar0)n/k = Ad(
∑k−1

j=0 γ
jrj)|r0Ar0 = idA. There-

fore, the automorphism αk|r0Ar0 is at most of order n/k. Consider the Zn/k action on

r0Ar0 given by j + n
k
Z 7→ (αk|r0Ar0)j for 0 ≤ j < n/k. This group action inherits the

Rokhlin property from α. To see this consider the projection

q′ =
k−1∑
j=0

αj(q)r0

contained in (r0Ar0)∞ ∩ (r0Ar0)
′. This projection satisfies the Rokhlin conditions for

the action induced by αk|r0Ar0 as

n
k
−1∑
j=0

αkj(q′) = r0

n
k
−1∑
j=0

(
k−1∑
i=0

αkj+i(q)

)

= r0.

So j+ n
k
Z 7→ (αk|r0Ar0)j is a Rokhlin action of Zn/k on the UHF algebra r0Ar0. By [66,

Theorem 3.13] the inclusion ι : (r0Ar0)
αk → (r0Ar0) induces an ordered isomorphism

K0(ι) : K0((r0Ar0)
αk
) → K0(r0Ar0)

K0(αk)
. Similarly, by [60] the fixed point algebra

(r0Ar0)
αk

is an AF-algebra. By Elliott’s classification theorem for AF algebras ([40])

the AF algebras r0Ar0 and (r0Ar0)
αk

are isomorphic as required.

One can apply Theorem 8.1.11 to compute the fixed point algebras of the auto-

morphisms sγn introduced in Section 3.3.2 (see also Example 6.1.2). It is shown that

sγn are of minimal period in Example 8.1.2 and that they have the Rokhlin property

in Example 6.1.2. Thus they satisfy the hypothesis of Theorem 8.1.11. It follows that
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the fixed point algebras (Mn∞)s
γ
n ∼= Mn∞ for every n ∈ N and n-th root of unity γ

8.2 Cohomology vanishing

In [66, 67] Izumi shows K-theoretical constraints to the existence of Rokhlin actions

of finite groups on C∗-algebras. These come in the form of Tate cohomology vanishing

for the acting group with coefficients in the K-theory modules (see Section 2.5.2 for

Tate cohomology). In this section we study to what extent these constraints hold in

the setting of anomalous actions with the Rokhlin property.

Throughout this section, whenever we consider a G-C∗-algebra (A,α) or a (G,ω)-

C∗-algebra (A,α, u), we will view the K-theory groups of A as G-modules through α.

We start by recalling Izumi’s results.

8.2.1 Cohomology vanishing for group actions

First we recall some notation. Let n be a natural number and Γ be an abelian group,

we denote by nΓ = {ng : g ∈ Γ}, nΓ = {g ∈ Γ : ng = 0} and Γn = Γ/nΓ.

In [67, Theorem 3.3] Izumi exhibits the following restriction for modules that arise

as K-theory groups of simple, unital C∗-algebras with the module structure induced

by a Rokhlin group action.

Theorem 8.2.1. (Izumi cf. [67, Theorem 3.3]) Let G be a finite group and α a

Rokhlin action of G on a unital, simple C∗-algebra A. The modules Ki(A), nKi(A)

and Ki(A)n are cohomologically trivial for all i = 0, 1 and n ∈ N.1

The conditions of Theorem 8.2.1 are packaged in the following definition.

Definition 8.2.2. (Izumi cf. [66, Definition 3.8]) LetG be a finite group. AG-module

M is called completely cohomologically trivial if M , nM and Mn are cohomologically

trivial for all n ∈ N.
1See Definition 2.5.3.
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Theorem 8.2.1 is an obstruction to the existence of Rokhlin actions of groups

on C∗-algebras. A simple example of this obstruction is in the case that A is the

UHF-algebra M3∞ and G is the cyclic group of order two. The C∗-algebra M3∞ does

not admit a Rokhlin action of Z2. This follows from Theorem 8.2.1 as any automor-

phism on M3∞ is approximately inner, so acts trivially on K-theory. Moreover, the

cohomology group Ĥ2(Z2, K0(M3∞)) ∼= Ĥ2(Z2,Z[1/3]) ̸= 0 ([11, pg 58]).

In fact, the obstruction of Theorem 8.2.1 was shown to be the unique obstruction

to lifting a group action on the K-theory groups of a unital Kirchberg algebra A that

satisfies the UCT to a Rokhlin action on A.

Theorem 8.2.3. (Izumi cf. [67, Corollary 5.4]) Let A be a unital Kirchberg algebra

satisfying the UCT and G a finite group. Let α0 be a G-action on K0(A) fixing the

class [1A]0 and α
1 be a G-action on K1(A) such that Ki(A) are completely cohomolog-

ically trivial for i = 0, 1. Then there exists a G-action on A with the Rokhlin property

such that Ki(αg) = αig for all g ∈ G and i = 0, 1.

Proof. This is just a reformulation of [67, Corollary 5.4], we include an argument to

explain how to acquire this reformulation.

Let A, α0 and α1 be as in the hypothesis. By [67, Corollary 5.4] there exists a

unital Kirchberg algebra B satisfying the UCT and β a Rokhlin action of G on B

such that there are isomorphisms

Φ0 : (K0(B), [1B]0) → (K0(A), [1A]),

Φ1 : K1(B) → K1(A)

with ΦiKi(βg) = αigΦi for all g ∈ G and i = 0, 1. By Kirchberg–Phillips classification

([109]), there exists an isomorphism φ : B → A with Ki(φ) = Φi for i = 0, 1. The

Rokhlin action α on A given by αg = φβgφ
−1 for g ∈ G is such that Ki(αg) = αig for

all g ∈ G and i = 0, 1.
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Theorem 8.2.1 is not only relevant as a tool to characterise the existence of Rokhlin

actions on unital Kirchberg algebras that satisfy the UCT. It is also crucially used in

Izumi’s classification theorem (Theorem 8.2.3).

A crucial ingredient for the proof of Theorem 8.2.1 is the following K-theoretical

consequence of the Rokhlin property for group actions.

Theorem 8.2.4. (Izumi cf. [66, Theorem 3.13]) Let A be a simple, unital C∗-algebra

and α be a Rokhlin action of a finite group G on A. Let Aα be the fixed point algebra

and ι : Aα → A the inclusion. Then

Ki(ι) : Ki(A
α) → Ki(A)

G

is an isomorphism for i = 0, 1. Moreover, the map

Ki(A)

∑
g∈GKi(αg)

−−−−−−−−→ Ki(A)
G

is surjective for i = 0, 1.

8.2.2 K-theoretic restrictions to Rokhlin anomalous actions

We now turn to discuss K-theoretical obstructions to the existence of Rokhlin anoma-

lous actions. Recall that if M is a G-module, the norm map N :M →MG is defined

by m 7→
∑

g∈G gm for m ∈M . We start with a lemma that shows the surjectivity of

the norm map for anomalous actions with the Rokhlin property. The proof follows

standard techniques (see e.g. the proof of [66, Theorem 3.13]). For any ε > 0, in the

following proof we will denote by O(ε) any expression which is polynomial in ε with

constant term 0.
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Lemma 8.2.5. Let G be a finite group, A be a simple, unital C∗-algebra and (α, u)

be an anomalous action of G on A that has the Rokhlin property. Then the mapping∑
g∈GKi(αg) : Ki(A) → Ki(A)

G is a surjection for i = 0, 1.

Proof. It is sufficient to show this for A simple, purely infinite. Indeed, we claim that

the map
∑

g∈GKi(αg) : Ki(A) → Ki(A)
G is surjective if and only if the map

Ki(A⊗O∞)

∑
g∈GKi(αg⊗idO∞ )

−−−−−−−−−−−−→ Ki(A⊗O∞)G

is surjective. To see this, notice that by the Künneth theorem for tensor products

(Theorem 2.6.11), there are isomorphisms φi : Ki(A) → Ki(A⊗O∞) such that

K0(A) K0(A)

K0(A⊗O∞) K0(A⊗O∞)

Ki(αg)

φi φi

Ki(αg⊗idO∞ )

commutes for all g ∈ G and i = 0, 1. So φi|K0(A)G : K0(A)
G → K0(A ⊗ O∞)G is

an isomorphism for i = 0, 1. Thus, using commutivity of the diagram,
∑

g∈GKi(αg)

corestricted to Ki(A)
G is surjective if and only if

∑
g∈GKi(αg ⊗O∞) corestricted to

Ki(A⊗O∞)G is surjective. Moreover, A⊗O∞ is simple, purely infinite (see Remark

2.7.12)

Similarly, it is sufficient to show the statement for i = 0. Indeed, by the Künneth

formula, the surjectivity of the norm map for i = 1 for the action (α, u) on A is

equivalent to the surjectivity of the norm map for the case i = 0 for the Rokhlin action

(α⊗ idP∞ , u⊗ 1) with P∞ the simple, purely infinite C∗-algebra with K0(P∞) = {0}

and K1(P∞) = Z.

Let [p] ∈ K0(A)
G be non-zero then [p] = [αg(p)]. By cancellation of non-zero

projections there exist partial isometries vg ∈ A for g ∈ G such that p = vgv
∗
g and

αg(p) = v∗gvg. For any ε > 0 and finite set F ⊂ A containing vg,vgv
∗
h and αg(p) for all
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g, h ∈ G pick projections eg ∈ A for g ∈ G such that

∑
g∈G

eg = 1,

∥αg(eh)− egh∥ ≤ ε, ∀g, h ∈ G,

∥[x, eg]∥ ≤ ε, ∀g ∈ G, x ∈ F .

Let f = e1p. Note that,

∥f 2 − f∥ = ∥e1pe1p− e1p∥ ≤ ∥pe1 − e1p∥ ≤ ε.

In particular, for any δ > 0, provided ε is sufficiently small, there exists a projection

q in A with ∥f − q∥ ≤ δ (see Lemma 2.6.5). Now let w =
∑

g∈G egvg. Then

∥ww∗ − p∥ = ∥
∑
g,h∈G

egvgv
∗
heh − p∥

= O(ε) + ∥
∑
g∈G

egp− p∥

= O(ε)

and

∥w∗w −
∑
g∈G

αg(q)∥ = ∥
∑
g∈G

(v∗gegvg − αg(q))∥

= O(ε) + ∥
∑
g∈G

(egαg(p)− αg(q))∥

= O(ε) +O(δ) + ∥
∑
g∈G

(egαg(p)− αg(e1)αg(p))∥

= O(ε) +O(δ).

Therefore, choosing ε and δ sufficiently small, it follows from Lemma 2.6.9 that
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∑
g∈G αg(q) ∼ p and hence [p]0 ∈ im(

∑
g∈GK0(αg)).

We can now show cohomological triviality of the K-theory modules for Rokhlin

anomalous action. This will follow exactly as in [66, Theorem 3.3]. Let N be the

norm map of a module M , recall that we denote by N the induced map by N from

MG to MG (see Section 2.5.3).

Theorem 8.2.6. Let G be a finite group and (α, u) a Rokhlin anomalous action of

G on a unital, simple C∗-algebra A. The modules Ki(A) are cohomologically trivial

for all i = 0, 1.

Proof. By the Künneth formula (Theorem 2.6.11) there are Ki(αg) to Ki(αg ⊗ idO∞)

equivariant isomorphisms φi : Ki(A) → Ki(A⊗O∞) for i = 0, 1. Therefore, it suffices

to prove the statement for A simple, purely infinite through replacing (A,α, u) by

(A⊗O∞, α⊗ id, u⊗ 1) if necessary (see Remark 2.7.12).

Due to Theorem 2.5.4, it will suffice to show that Ĥ0(G,Ki(A)) and Ĥ
1(G,Ki(A))

vanish for i = 0, 1. In fact, it will suffice to do this for the case i = 1. Indeed, let P∞

be the unital, simple, purely infinite C∗-algebra with K0(P∞) ∼= 0 and K1(P∞) ∼= Z.

By the Künneth formula, there are Ki+1(αg) to Ki(αg⊗ id) equivariant isomorphisms

ψi : Ki+1(A) → Ki(A ⊗ P∞) for i = 0, 1. Therefore, if we show that Ĥ0(G,K1(A))

and Ĥ1(G,K1(A)) vanish for all anomalous actions with the Rokhlin property on

simple, purely infinite A, then Ĥ0(G,K1(A⊗ P∞)) and Ĥ1(G,K1(A⊗ P∞)) vanish.

Equivalently Ĥ0(G,K0(A)) and Ĥ1(G,K0(A)) vanish. Summarising, it suffices to

show that Ĥ0(G,K1(A)) and Ĥ
1(G,K1(A)) vanish for any anomalous Rokhlin action

(α, u) on a unital, simple, purely infinite C∗-algebra A.

Firstly, Ĥ0(G,K1(A)) = Coker(N) with N the norm map for K1(A). By Lemma

8.2.5 the map N is surjective. Therefore N is surjective and Ĥ0(G,K1(A)) vanishes.

We now show that Ĥ1(G,K1(A)) = H1(G,K1(A)) vanishes. This follows exactly as

in the proof of Theorem [67, Theorem 3.3], we include the argument for completeness.
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Let c ∈ Z1(G,K1(A)), namely a map c : G→ K1(A) such that

gc(h)− c(gh) + c(g) = 0, g, h ∈ G. (8.2.1)

As A is simple, purely infinite we may pick ug ∈ U(A) for g ∈ G such that [ug] =

c(g). Then (8.2.1) may be rephrased as [ug] = [ughαg(u
∗
h)]. Therefore, there exists a

homotopy of unitaries v
(t)
g,h for g, h ∈ G with

v
(0)
g,h = ughαg(u

∗
h)

and

v
(1)
g,h = ug.

Also choose 0 = t0 < t1 < ... < tm = 1 such that

∥v(ti)g,h − v
(ti+1)
g,h ∥ < 1

2|G|
, ∀g, h ∈ G, 1 ≤ i ≤ m.

Let ϵ > 0 and F a finite set in A containing uh for all h ∈ G. Then as a

consequence of the Rokhlin property, one can find a partition of unity of projections

{eg}g∈G such that

∥egh − αg(eh)∥ ≤ ε, ∀g, h ∈ G,

∥[eg, x]∥ ≤ ε, ∀g ∈ G, x ∈ F .

Let

u =
∑
h∈G

ehu
∗
h

and

w(ti)
g =

∑
h∈G

eghv
(ti)
g,h , g ∈ G, 1 ≤ i ≤ m.
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Then it is easy to see that

∥uu∗ − 1∥ ≤ O(ϵ),

∥u∗u− 1∥ ≤ O(ϵ),

∥w(ti)
g w(ti)

g

∗ − 1∥ ≤ O(ε), ∀g ∈ G, 1 ≤ i ≤ m,

∥w(ti)
g w(ti)

g

∗ − 1∥ ≤ O(ε), ∀g ∈ G, 1 ≤ i ≤ m,

∥u∗αg(u)− w(0)
g ∥ ≤ O(ε), ∀g ∈ G,

∥w(ti)
g − w(ti)

g ∥ < 1/2, ∀g ∈ G, 1 ≤ i ≤ m.

The first four equations ensure that for ε small enough u and w
(ti)
g are close to unitaries

in A (see Lemma 2.6.6) and in particular are invertible for all g ∈ G and 1 ≤ i ≤ m.

Moreover, the last two equations ensure that by passing to close unitaries, one may

further choose ε small enough so that for every g ∈ G one has homotopies u−1αg(u) ∼h

w
(0)
g ∼h w

(t1)
g ∼h · · · ∼h w

(1)
g = ug (see Lemma 2.6.8). Therefore, one has the following

chain of equivalences for K1 classes g[u] − [u] = [w
(0)
g ] = [w

(1)
g ] = · · · = [ug] = c(g).

So the cochain [u] is such that d[u]g = c(g) for all g ∈ G, and c is a coboundary.

In Theorem 8.2.6 we show cohomological triviality of theK-theory modules for any

Rokhlin anomalous action on a simple, unital C∗-algebra. In the group action case,

Izumi can establish complete cohomological triviality (see Theorem 8.2.1). Izumi’s

proof is reliant on the maps Ki(ι) : Ki(A
α) → Ki(A)

G being an isomorphism for

i = 0, 1 (see Theorem 8.2.4). For the remainder of this section we show that this

isomorphism does not hold, even if we restrict ourselves to Rokhlin automorphisms of

minimal period. However, different methods may still show complete cohomological

triviality of Ki(A), it would be useful to understand whether this is still the case.
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Problem 8.2.7. Let G be a finite group and (α, u) a Rokhlin anomalous action of G

on a unital, simple C∗-algebra A. Are the modules Ki(A) completely cohomologically

trivial?

8.2.3 The case of automorphisms of minimal period

In this subsection we explore to what extent the analogous result to Theorem 8.2.4

holds for automorphisms of minimal period. Firstly, we note that the inclusion from

the fixed point algebra into A, still induces a surjection from the K-theory of the fixed

point algebra to the fixed points in K-theory.

Proposition 8.2.8. Let A be a simple, unital C∗-algebra, α be an automorphism of

minimal period such that its induced anomalous action has the Rokhlin property and

ι : Aα → A the inclusion. Then Ki(ι) : Ki(A
α) → Ki(A)

Ki(α) is a surjection for

i = 0, 1.

Proof. First, we may assume that A is simple, purely infinite. Indeed, if the result

holds for all simple, purely infinite C∗-algebras then for any simple, unital A one has

that the inclusion ι′ : (A ⊗ O∞)α⊗id → A ⊗ O∞ is such that Ki(ι
′) is surjective for

i = 0, 1. As (A⊗O∞)α⊗id = Aα⊗O∞, the map ι′ = ι⊗ idO∞ . A diagram chase using

the Künneth formula (as in the proof of Lemma 8.2.5) yields that Ki(ι) is surjective

for i = 0, 1. Similarly, it is sufficient to show the surjectivity ofK0(ι). The surjectivity

of K1(ι) will follow by replacing (A,α) with (A⊗P∞, α⊗ id). Note that both A⊗O∞

and A⊗ P∞ are simple, purely infinite by Remark 2.7.12.

Let k = o(γ(α)) and n = p0(α). By Lemma 8.1.9 there is a unitary u ∈ U(A) such

that αn = Ad(u) with u =
∑k−1

i=0 γ(α)
iri for some partition of unity of projections ri

such that α(ri) = ri−1 modulo k. We start by showing that for any projection p in

A, such that [p]0 ∈ K0(A)
K0(α), there is a projection f in A∩C∗(u)′ with [f ]0 = [p]0.

Let [p]0 ∈ K0(A)
K0(α), by Lemma 8.2.5 the map

∑n−1
j=0 K0(α

j) : K0(A) → K0(A)
K0(α)
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is a surjection. So there exists a projection q ∈ A with [p]0 =
∑n−1

r=0 [α
j(q)]0. As

A is simple, r0 is a full projection. By Proposition 2.6.4 the inclusion r0Ar0 → A

induces an isomorphism in K-theory. Let q′ in r0Ar0 be a projection with [q′]0 =

[q]0 + [αk(q)]0 + . . . [αn−k(q)]0 (note we don’t need to go to matrix amplifications of

r0Ar0 as corners of simple, purely infinite C∗-algebras are simple, purely infinite).

The projection f =
∑k−1

j=0 α
j(q′) commutes with u and [f ]0 = [p]0 as required.

Therefore, it suffices to show that for any class [p]0 ∈ K0(A)
K0(α) such that p ∈

A ∩ C∗(u)′, there exists another projection q ∈ Aα such that q is equivalent to p. As

K0(p) = K0(α(p)) and A has cancellation of non-zero projections, there exist partial

isometries vj ∈ A for 1 ≤ j < n such that p = vjv
∗
j and αj(p) = v∗j vj . For any δ > 0

and finite set F ⊂ A containing {αs(vl), αl(p), p, u} for all 0 ≤ l, s < n, the Rokhlin

property yields projections ej for 1 ≤ j ≤ n such that

∥αi(ej)− ej+i mod n∥ ≤ δ,

∥[ej, x]∥ ≤ δ, ∀x ∈ F

and
n−1∑
j=0

ej = 1.

A simple computation shows that for some constant C depending only on n

∥αj(e1)αi(e1)∥ ≤ Cδ; (8.2.2)

∥1−
n−1∑
i=0

αi(e1)∥ ≤ Cδ; (8.2.3)

∥[αj(e1), αi(p)]∥ ≤ Cδ; (8.2.4)

∥[αj(e1), ul]∥ ≤ Cδ, (8.2.5)

for all 0 ≤ i ̸= j < n − 1 and 1 ≤ l < k. Let e =
∑n−1

j=0 α
j(e1p) and v = e1p +
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∑n−1
j=1 α

j(e1)vj. By the estimates, there exists a constant D dependent on n such that

∥vv∗ − p∥ ≤ Dδ, (8.2.6)

∥v∗v − e∥ ≤ Dδ. (8.2.7)

Similarly, applying (8.2.2)-(8.2.5) and that p commutes with u there is a constant C1

only depending on n such that

∥e− α(e)∥ ≤ δ, (8.2.8)

∥e2 − e∥ ≤ C1δ, (8.2.9)

∥e− e∗∥ ≤ C1δ. (8.2.10)

Let m = nk. As α is of period m, Eα = 1
m

∑m−1
j=0 α

j : A → Aα is a conditional

expectation. By (8.2.8) and (8.2.9) there is a constant K dependent on m such that:

∥Eα(e)− e∥ ≤ ∥Eα(e)−
∑n−1

i=0 α
i(e)

n
∥+ ∥

∑n−1
i=0 α

i(e)

n
− e∥ ≤ Kδ,

∥Eα(e)2 − Eα(e)∥ ≤ ∥Eα(e)2 − Eα(e)e∥+ ∥Eα(e)e− e2∥+ ∥e2 − e∥ ≤ Kδ.

Therefore Eα(e) is an element in Aα which is Kδ close to satisfying the defining prop-

erties of a projections. Similarly, by (8.2.10) and (8.2.9) e is cδ close to satisfying the

defining properties of a projection for some constant c. One may choose δ sufficiently

small to apply Lemma 2.6.5. Therefore, with a sufficient small choice of δ > 0 there

exist projections q ∈ Aα and q0 ∈ A with

max{∥Eα(e)− q∥, ∥Eα(e)− e∥, ∥vv∗ − p∥, ∥v∗v − e∥} < 1

4
,

∥q0 − e∥ < 1

8
.
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Notice ∥q − q0∥ = ∥q − Eα(e)∥ + ∥Eα(e) − e∥ + ∥e − q0∥ < 1 and by Lemma 2.6.7

q ∼ q0. Similarly, ∥v∗v − q0∥ ≤ ∥v∗v − e∥ + ∥e − q0∥ < 1/2 and by Lemma 2.6.9

q0 ∼ p. Combining these equivalences q ∼ p with q ∈ Aα as required.

However, even in the case that α is an automorphism of minimal period, the

Rokhlin property does not imply the injectivity of K0(ι) : K0(A
α) → K0(A)

K0(α).

Proposition 8.2.9. Let α1 be the automorphism of minimal period of O∞ ⋊σ2 Z2

described in Proposition 6.4.7 (see also Example 8.1.3). Let ι be the inclusion map

ι : (O∞ ⋊σ2 Z2)
α1 → O∞ ⋊σ2 Z2. Then K0(ι) is not injective.

Proof. Denote by v the canonical unitary corresponding to 1+ 2Z in O∞ ⋊σ2 Z2. Let

p = 1+v
2

∈ P (O∞ ⋊σ2 Z2). Consider the following composition of maps

K0(O∞ ⋊σ2 Z2) → K0(p(O∞ ⋊σ2 Z2)p)
1+K0(α1)−−−−−→ K0((O∞ ⋊σ2 Z2)

α1)
K0(ι)−−−→ K0(O∞ ⋊σ2 Z2)

K0(α1)
.

Reading from left to right, the first map is an isomorphism as p is a full projection

(Proposition 2.6.4). By Proposition 6.4.7 the anomalous action induced by α1 has the

Rokhlin property. So the second map is an isomorphism by Corollary 8.1.10. Hence,

K0(ι) is injective if and only if the composition fromK0(O∞⋊Z2) → K0(O∞⋊Z2)
K0(α)

is injective. However, K0(O∞ ⋊ Z2) ∼= Z ⊕ Z and K0(O∞ ⋊ Z2)
K0(α1) ∼= Z (see

Proposition 6.4.7). There is no injection of groups from Z⊕ Z to Z.
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Chapter 9

Implications in the setting of

tensor categories

In this chapter, we rephrase anomalous actions as actions of unitary tensor categories

(UTC’s). These categories are equipped with a multiplication operation that weakly

resembles that of groups. Unitary tensor categories represent one of the several ax-

iomatisations of the mathematical structure underlying the symmetry present in a

subfactor ([97, 76, 110]).

For a group G and ω ∈ Z3(G,T) we relate ω-anomalous actions of G to actions of

the unitary tensor category Hilb(G,ω). This reformulation will allow us to reword

the existence and obstruction results for anomalous actions of Chapters 4, 5 and 6,

as existence and obstruction results for actions of the category Hilb(G,ω) on C∗-

algebras. For example, we will show that Hilb(G,ω) only acts on Z when [ω] =

0 ∈ H3(G,T). The results of this section yield obstructions to the existence of

actions of unitary tensor categories on C*-algebras, that go beyond the previously

known restrictions of K-theoretic nature on the dimensions of the simple objects of

the acting category ([80],[65, Section 4],[24, Proposition 5.2]).

The correspondence between ω-anomalous actions and actions of Hilb(G,ω) was
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first pointed out in my work with Evington in the unital case (see [46, Section 5]).

As we require this correspondence for possibly non-unital C∗-algebras, we extend this

result to the generality of σ-unital C∗-algebras in Proposition 9.3.1. As a corollary

of Proposition 9.3.1, we may apply one of our findings of Section 5.1 to show that

for any finite group G and ω ∈ Z3(G,T) the category Hilb(G,ω) acts on O∞ only

if [ω] = 0. The remainder of Section 9.2 and Section 9.3 are a fleshed out version of

[46, Section 5].

9.1 Hilbert bimodules

Before we discuss tensor categories, we swiftly recall some basics on Hilbert bimod-

ules. This will be a fast paced introduction to the necessary concepts; more detailed

accounts of the theory of Hilbert modules and bimodules can be found for instance

in [88] or [112]. First we recall the notion of a (right)-Hilbert module introduced by

Paschke ([108]).

Definition 9.1.1. Let X be a vector space over C and B a C∗-algebra, we call

X a (right)-Hilbert B-module if X is a right B-module equipped with a function

⟨·, ·⟩B : B ×B → B such that

(i) ⟨·, ·⟩ is left conjugate linear and right linear;

(ii) for any x, y ∈ X and b ∈ B one has that ⟨x, yb⟩ = ⟨x, y⟩b.

(iii) for any x ∈ X, ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 if and only if x = 0;

(iv) ⟨x, y⟩ = ⟨y, x⟩∗ for each x, y ∈ X;

(v) X is complete with respect to the norm given by ∥⟨x, x⟩∥1/2.

We call ⟨·, ·⟩ with properties (i)-(iv) a right B-inner product on X. A left-Hilbert

B-module is defined similarly but instead equipping a vector space X over C with a
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left B-action and a left B-inner product. In this thesis the default will be right-Hilbert

modules.

For Hilbert B-modules X and Y we denote the vector space of algebraically ad-

jointable operators from X to Y by L(X, Y ). These operators will automatically

be bounded module maps and the algebra L(X,X) = L(X) is a C∗-algebra ([112,

Section 2.2]). If x, y ∈ X we can construct a rank one operator |x⟩⟨y| ∈ L(X) defined

by |x⟩⟨y|(z) = x⟨y, z⟩ for all z ∈ X. The closure of the span of rank one operators in

L(X) is denoted by K(X). We now turn to Hilbert bimodules.

Definition 9.1.2. Let A,B be C∗-algebras, a (right)-Hilbert A-B-bimodule is a

(right)-Hilbert B-module X equipped with a non-degenerate ∗-homomorphism λ :

A → L(X). The homomorphism λ is called the left action of A on X and is often

denoted by ax or a · x instead of λ(a)x.1

If X and Y are right-Hilbert A-B-bimodules we denote by Hom(X, Y ) the vec-

tor space of right adjointable operators that commute with the left A-action. So,

Hom(X,X) := L(X) ∩ A′ is a C∗-algebra. We call T ∈ Hom(X, Y ) such that

TT ∗ = idY and T ∗T = idX a unitary and say X, Y are unitarily equivalent if there

exists a unitary T ∈ Hom(X, Y ).

Similarly, there is the notion of a left-Hilbert A-B-bimodule. A left-Hilbert A-B

bimodule is a left-Hilbert A-module with an adjointable right B-action. Our default

Hilbert bimodules will be right-Hilbert bimodules.

If X is a Hilbert A-B-bimodule and Y is a Hilbert B-C-bimodule we may form

their internal tensor product X ⊗ Y that is a Hilbert A-C-bimodule. We sketch this

construction and refer to [88, Section 4] for details. To perform the internal tensor

product one starts by considering the algebraic tensor product of vector spaces X⊙Y .

1The reason we include “(right)” in the naming of these bimodules is to emphasise that the
bimodules only carry a right inner product. Later on we will also be intersted in bimodules which
carry left inner products.
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We identify the elements of the form xb⊙ y with x⊙ by to form the quotient

V = X ⊙ Y/Span{xb⊙ y − x⊙ by : x ∈ X, y ∈ Y, b ∈ B}.

We denote the image of the elementary tensor x⊙y of X⊙Y in V under the canonical

quotient map by x⊗ y. One may define a right C-action and a right C-inner product

on V by

(x⊗ y)b = x⊗ yb,

⟨x⊗ y, z ⊗ w⟩ = ⟨x, ⟨y, z⟩w⟩,

for any x, z ∈ X and z, w ∈ Y . It follows that V equipped with this C-action and

C-valued inner product satisfies (i)-(iv) of Definition 9.1.1. We produce a Hilbert

C-module X ⊗ Y by completing V under the norm defined by the inner product.

Moreover, one can induce a left A action on X ⊗ Y through

a(x⊗ y) = ax⊗ y

for all a ∈ A, x ∈ X and y ∈ Y . This equips X ⊗ Y with the structure of a Hilbert

A-C-bimodule. The following family of bimodules will be relevant to us in later

sections.

Example 9.1.3. (cf. [13, Section 3]) Let A be a C∗-algebra and θ ∈ Aut(A). Let Aθ

be the Hilbert A-A-bimodule with underlying vector space A, where the A-actions

and A-inner product are given by

a · x · b = axθ(b), (9.1.1)

⟨x, y⟩ = θ−1(x∗y). (9.1.2)

Suppose θ, ϕ ∈ Aut(A). If A is unital, any morphism f ∈ Hom(Aθ, Aϕ) must be
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given by right multiplication with f(1), and f(1) must intertwine the right A-actions.

It follows that Aθ and Aϕ are unitary isomorphic if and only if there is a unitary u ∈ A

with θ = Ad(u)ϕ and an isomorphism from Aθ to Aϕ is given by a 7→ au for a ∈ A.

Similarly, in the case that A is non-unital, it is shown in [13, Corollary 3.2] that if

Aθ ∼= Aϕ then there is a unitary u in M(A) with θ = Ad(u)ϕ and an isomorphism

from Aθ to Aϕ is given by a 7→ au for a ∈ A. Moreover, Hom(Aθ, Aθ) = Z(M(A)).

We also have Aθ ⊗ Aϕ ∼= Aθ◦ϕ via the unitary isomorphism J(x ⊗ y) = xθ(y). We

denote the bimodule AidA simply by A.

A Hilbert A-B-bimodule X is called invertible if there exists a Hilbert B-A-

bimodule Y such that X ⊗ Y ∼= B and Y ⊗X ∼= A. By [37, Lemma 2.4], invertible

bimodules coincide with imprimitivity bimodules. Imprimitivity bimodules were in-

troduced by Rieffel to study Morita equivalence for C∗-algebras ([113]). Recall that

a (right)-Hilbert A-module is called full if Span{⟨x, y⟩ : x, y ∈ X} is dense in A.

Definition 9.1.4. Let A,B be C∗-algebras an imprimitivity A-B-bimodule is a com-

plex vector space X which is a full right-Hilbert A-B-bimodule and a full left-Hilbert

A-B bimodule. Moreover

(i) Denoting by L⟨·, ·⟩ the left inner product and by ⟨·, ·⟩R the right inner product

one has L⟨x, y⟩z = x⟨y, z⟩R for x, y, z ∈ X;

(ii) For x ∈ X, a ∈ A and b ∈ B one has (a · x) · b = a · (x · b).

For an imprimitivity A-B bimodule X one can define its contragrediant bimodule

X = {x : x ∈ X} with C-vector space structure given by x + y = x+ y and λx =

λx for any x, y ∈ X and λ ∈ C. The left and right actions of X are defined by

bxa = a∗xb∗ and its left and right inner products are defined by L⟨x, y⟩ = ⟨x, y⟩R

and ⟨x, y⟩R = L⟨x, y⟩. The contragrediant bimodule X is clearly an imprimitivity
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B-A-bimodule and the maps

Φ :X ⊗X → A (9.1.3)

x⊗ y 7→ L⟨x, y⟩ (9.1.4)

and

Ψ :X ⊗X → B (9.1.5)

x⊗ y 7→ ⟨x, y⟩R (9.1.6)

are bimodule isomorphisms. Conversely, every invertible bimodule X is an imprimi-

tivity bimodule and its inverse is isomorphic to X by [37, Lemma 2.4].

For θ ∈ Aut(A), the bimodules Aθ of Example 9.1.3 are imprimitivity. This

follows as Aθ is invertible with inverse Aθ−1 . One could also check that it satisfies the

conditions of Definition 9.1.4 taking the left inner product L⟨a, b⟩ = ab∗ for a, b ∈ A.

Two C∗-algebras A and B are called Morita equivalent if there exists an imprimi-

tivity A-B-bimodule. A relevant example of an imprimitivity bimodules is the Morita

equivalence between a σ-unital C∗-algebra A and its stabilisation.

Example 9.1.5. (cf. [144, Example 15.1.7]) Let A be a C∗-algebra. We let HA be

the Hilbert A-module with underlying vector space

HA := {(xn) : xn ∈ A for n ∈ N and
∑
n∈N

x∗nxn converges}

and right A-action and right A-inner products given by

(xn)a = (xna),

⟨(xn), (yn)⟩A =
∑
n∈N

x∗nyn,

178



for (xn), (yn) ∈ HA and a ∈ A. The right Hilbert A-moduleHA is full. By Proposition

[112, Proposition 3.8] taking K(HA)⟨(xn), (yn)⟩ = |(xn)⟩⟨(yn)| for (xn), (yn) ∈ HA

equips HA with the structure of a imprimitivity K(HA)-A-bimodule. A computation

shows that K(HA) ∼= A ⊗ K (see e.g. [144, Example 15.2.11]). Therefore HA is an

imprimitivity A⊗K-A-bimodule.

9.2 C∗ tensor categories and their actions

In this section we recall the notion of a C∗-tensor category and what it means for

one to act on a C∗-algebra. All categories that we shall consider will be C-linear

categories, meaning that the space of morphisms Hom(X, Y ) between any two objects

of the category is endowed with a C-vector space structure and the composition of

morphisms is a bilinear mapping.

Definition 9.2.1. ([50]; see also [75, Section 2]) A C∗-category is a C-linear category

C equipped with a conjugate linear map ∗ : Hom(X, Y ) → Hom(Y,X) for every

X, Y ∈ Obj(C) such that

1. ϕ∗∗ = ϕ for all ϕ ∈ Hom(X, Y );

2. (ϕ ◦ ψ)∗ = ψ∗ ◦ ϕ∗ for all ψ ∈ Hom(X, Y ), ϕ ∈ Hom(Y, Z);

3. The function ∥ · ∥ : Hom(X, Y ) → [0,∞] given by

∥ϕ∥2 = sup{λ > 0 : ϕ∗ ◦ ϕ− λ idX is not invertible}

is a complete norm on Hom(X, Y );

4. ∥ϕ ◦ ψ∥ ≤ ∥ϕ∥∥ψ∥ for all ψ ∈ Hom(X, Y ), ϕ ∈ Hom(Y, Z);

5. ∥ϕ∗ ◦ ϕ∥ = ∥ϕ∥2 for all ϕ ∈ Hom(X, Y );
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6. For all ϕ ∈ Hom(X, Y ), ϕ∗◦ϕ is a positive element of the C∗-algebra Hom(X,X).

A C∗-functor F : C → D between C∗-categories is required to be C-linear on mor-

phisms and ∗-preserving. A natural isomorphism ν : F → G is said to be unitary if

νx ∈ Hom(F (X), G(X)) satisfies ν∗X ◦ νX = 1F (X) and νX ◦ ν∗X = 1G(X) for all X ∈ C.

A simple example of a C∗-category is Hilb, whose objects are finite-dimensional

Hilbert spaces over C and morphism are linear maps. The map ϕ 7→ ϕ∗ is the Hilbert

space adjoint. More generally, for any C∗-algebra A, the (right)-Hilbert A-modules

and adjointable maps form a C∗-category (see for example [88]).

We now consider tensor product structures on a C∗-category.

Definition 9.2.2. (see for example [44, 75]) A C∗-tensor category is a C∗-category

C together with a C-linear bifunctor − ⊗ − : C × C → C, a distinguished object

1C ∈ Obj(C) and unitary natural isomorphisms

αX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z), (9.2.1)

λX : (1C ⊗X) → X,

ρX : (X ⊗ 1C) → X,

such that (ϕ⊗ψ)∗ = (ϕ∗⊗ψ∗) and the following diagrams commute for anyX, Y, Z,W ∈

Obj(C)

((W ⊗X)⊗ Y )⊗ Z

(W ⊗ (X ⊗ Y ))⊗ Z (W ⊗X)⊗ (Y ⊗ Z)

W ⊗ ((X ⊗ Y )⊗ Z) W ⊗ (X ⊗ (Y ⊗ Z)),

αW,X,Y ⊗idZ

αW⊗X,Y,Z

αW,X⊗Y,Z αW,X,Y ⊗Z

idW ⊗αX,Y,Z

(9.2.2)
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(X ⊗ 1C)⊗ Y X ⊗ (1C ⊗ Y )

X ⊗ Y.

αX,1,Y

ρX⊗idY idX ⊗λY
(9.2.3)

The C∗-category Hilb can be endowed with the additional structure of a C∗-

tensor category by taking − ⊗ − to be the Hilbert space tensor product, 1Hilb to be

the 1-dimensional Hilbert space C, and taking

αX,Y,Z : (x⊗ y)⊗ z 7→ x⊗ (y ⊗ z), (9.2.4)

λX : 1C ⊗ x 7→ x,

ρX : x⊗ 1C, 7→ x

for X, Y, Z Hilbert spaces and x, y, z in X, Y, Z respectively. We now state the addi-

tional examples of C∗-tensor categories that will be relevant for the remainder of the

thesis.

Example 9.2.3. In the following examples, G is a discrete group, ω ∈ Z3(G,T) is a

3-cocyle, and A is a C∗-algebra.

1. Hilb(G): The objects are finite-dimensional, G-graded Hilbert spaces, i.e. finite-

dimensional Hilbert spaces X with a decomposition X =
⊕

g∈GXg. The

morphisms are linear maps that preserve the G-grading. The tensor prod-

uct is the usual Hilbert space tensor product with the G-grading defined by

(X⊗Y )g =
⊕

h∈GXh⊗Yh−1g. The remaining structure is the same as for Hilb.

2. Hilb(G,ω): Defined exactly the same as Hilb(G) except that the associators

are now given by

αX,Y,Z : (x⊗ y)⊗ z 7→ ω(g, h, k)x⊗ (y ⊗ z)
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for x ∈ Xg, y ∈ Yh, z ∈ Zk and g, h, k in G.

3. Bim(A): The objects are (right)-Hilbert A-A-bimodules. The morphisms are

the adjointable right A module maps that commute with the left A-action. The

tensor product is the internal tensor product.

Finally, we recall the notion of a C∗-tensor functor.

Definition 9.2.4. A C∗-tensor functor (F, J) : C → D is a C∗-functor F : C → D

such that F (1C) ∼= 1D together with unitary natural isomorphisms JX,Y : F (X) ⊗

F (Y ) → F (X ⊗ Y ) such that the following diagram commutes

(F (X)⊗ F (Y ))⊗ F (Z) F (X)⊗ (F (Y )⊗ F (Z))

F (X ⊗ Y )⊗ F (Z) F (X)⊗ F (Y ⊗ Z)

F ((X ⊗ Y )⊗ Z) F (X ⊗ (Y ⊗ Z)).

αF (X),F (Y ),F (Z)

JX,Y ⊗idF (Z) idF (X) ⊗JY,Z

JX⊗Y,Z JX,Y ⊗Z

F (αX,Y,Z)

(9.2.5)

We are particularly interested in fully faithful C∗-tensor functors F : C → D,

i.e. functors for which the the induced map Hom(X, Y ) → Hom(F (X), F (Y )) is an

isomorphism for all X, Y ∈ Obj(C). We say the C∗-tensor category C acts on a unital

C∗-algebra A if there exists a C∗-tensor functor C → Bim(A), we denote this by

C ↷ A.

There is also the notion of unitary tensor category which more closely describes

the symmetries that arise in subfactor theory (see e.g. [24, Section 2] for a defini-

tion). Loosely speaking, a unitary tensor category C is a C∗-tensor category which

additionally satisfies a notion of duality that weakly resembles both invertibility for

groups and duality for representations. We do not define unitary tensor categories

as we will not need the technicalities of its definition, but we do remark that the

categories Hilb(G,ω) are unitary tensor categories for any group G and 3-cocycle ω.
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9.3 Anomalous actions as actions of C∗-tensor cat-

egories

We now consider the relationship between anomalous actions of a group G on a

C∗-algebra A and an action of Hilb(G,ω) on A. Before we do so we set up some

notation. We write Cg for the Hilbert space C viewed as as G-graded Hilbert space

that is homogeneous of degree g.

Recall that HA is the canonical imprimitivity A⊗K-A-bimodule of Example 9.1.5

and HA its contragrediant bimodule. Denote by Φ : HA ⊗ HA → A the canonical

isomorphism (see (9.1.3)). We write (Ad(HA), K) : Bim(A) → Bim(A ⊗ K) for

the equivalence of C∗-tensor categories that sends a Hilbert A-A bimodule X 7→

HA ⊗ X ⊗ HA, a morphism of Hilbert A-A bimodules T 7→ idHA
⊗T ⊗ idHA

and

KX,Y = idHA⊗X ⊗Φ ⊗ idY⊗HA
. We denote by (Ad(HA), K)−1 a choice of inverse

functor.

Proposition 9.3.1. Let G be a discrete group, ω ∈ Z3(G,T), and A a σ-unital C∗-

algebra. An ω-anomalous action (θ, u) of G on A⊗K, induces an action of Hilb(G,ω)

on A given by composing the functor (F, J) : Hilb(G,ω) → Bim(A⊗K) such that

F (Cg) = (A⊗K)θg , (9.3.1)

JCg ,Ch
(x⊗ y) = xθg(y)ug,h, (9.3.2)

with the equivalence of C∗-tensor categories (Ad(HA), K)−1 : Bim(A⊗K) → Bim(A).

The action of Hilb(G,ω) is fully faithful whenever A is simple and (θ, u) is free.

Conversely, any action of Hilb(G,ω) on A induces an ω-anomalous action of G on

A⊗K.

Proof. As (Ad(HA), K)−1 is an equivalence, (Ad(HA), K)−1◦(F, J) will be an action of

Hilb(G,ω) on A if and only if (F, J) is an action of Hilb(G,ω) on A⊗K. Similarly,
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(Ad(HA), K)−1 ◦ (F, J) is fully faithful if and only if (F, J) is fully faithful. So it

suffices to construct an action (F, J) : Hilb(G,ω) → Bim(A⊗K) and check the fully

faithfulness conditions for (F, J).

We define F on a general object X =
⊕

g∈GXg of Hilb(G,ω) by F (X) =⊕
g∈GXg ⊗C (A ⊗ K)θg . On a general morphisms f =

⊕
g∈G fg ∈ Hom(X, Y ), we

define F (f) =
⊕

g∈G fg ⊗C id(A⊗K)θg
.

Since (θ, u) is an ω-anomalous action we have

ug,hθgh(a) = θg(θh(a))ug,h, (9.3.3)

ω(g, h, k)ug,hugh,k = θg(uh,k)ug,hk, (9.3.4)

for a ∈ A⊗K and g, h, k ∈ G. It follows that JCg ,Ch
(x⊗y) = xθg(y)ug,h defines a uni-

tary isomorphism of bimodules (A⊗K)θg ⊗ (A⊗K)θh
∼= (A⊗K)θgh , and the monoidal

structure axiom (9.2.5) holds when X = Cg, Y = Ch, Z = Ck. The definition of the

tensorator JX,Y for general objects X =
⊕

g∈GXg and Y =
⊕

h∈G Yh is uniquely de-

termined by naturality. It has the form JX,Y =
⊕

g,h∈G idXg ⊗C idYh ⊗C JCg ,Ch
. Hence

the monoidal structure axiom remains valid by naturality.

Suppose A is simple and (θ, u) is a free anomalous action. Then by freeness we

have that Hom((A ⊗ K)θg , (A ⊗ K)θh) = 0 whenever g ̸= h, and that Hom((A ⊗

K)θg , (A⊗K)θg)
∼= Z(M(A⊗K)); see Example 9.1.3. Moreover, as A is simple so is

A ⊗ K and Z(M(A ⊗ K)) = C. It follows that F is fully faithful when restricted to

the objects Cg for g ∈ G. As any object in Hilb(G,ω) is a finite direct sum of Cg

the functor F is fully faithful.

For the converse, supposeHilb(G,ω) acts onA. Then by composing with (Ad(HA), K)

there exists a C∗-tensor functor (F, J) : Hilb(G,ω) → Bim(A ⊗ K). As F (Cg) ⊗

F (Cg−1) ∼= F (Cg−1)⊗F (Cg) ∼= F (1C) ∼= 1Bim(A⊗K) the bimodules F (Cg) are invertible

for all g ∈ G and so are a self-Morita equivalence by [37, Lemma 2.4]. As A ⊗ K is
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stable and σ-unital [13, Corollary 3.5] implies the existence of θg ∈ Aut(A⊗K) and

unitary isomorphisms F (Cg) ∼= (A⊗K)θg for g ∈ G. Let g, h ∈ G. Then

(A⊗K)θgh
∼= F (Cg ⊗ Ch) ∼= F (Cg)⊗ F (Ch) ∼= (A⊗K)θgθh . (9.3.5)

This unitary isomorphism of bimodules must be implemented by right multiplication

by a unitary ug,h ∈ U(M(A⊗K)) satisfying (9.3.3). Moreover, (9.3.4) holds since F

and J satisfy the monoidal structure axiom (9.2.5). Hence, (θ, u) is an ω-anomalous

action of G on A⊗K.

Proposition 9.3.1 allows us to translate the constructions of Chapter 6 into the

framework of actions of Hilb(G,ω). Indeed, any anomalous action (θ, u) on a C∗-

algebra A or a matrix amplification of A (see e.g. Proposition 6.4.10) induces an

action on A ⊗ K by considering (θ ⊗ idK, u ⊗ 1B(H)). Moreover, under the light of

Proposition 9.3.1 one can immediately rephrase Proposition 5.3.4.

Corollary 9.3.2. Let G be a finite group and ω ∈ Z3(G,T). Then Hilb(G,ω) acts

on O∞ if and only if [ω] = 0 ∈ H3(G,T).

To access our obstruction results for anomalous actions on Z and UHF-algebras

we will need to take a closer look at the invertible bimodules over these C∗-algebras.

Recall that an object X in a C∗-tensor category C is invertible if there exists another

object Y ∈ C with X ⊗ Y ∼= 1C ∼= Y ⊗ X. We shall say that X has finite order if

X⊗N ∼= 1C for some N ∈ N.

Lemma 9.3.3. Let A be a unital C∗-algebra with the cancellation property. If Aut(K0(A), K0(A)+)

is trivial, then every invertible element X ∈ Bim(A) is unitary isomorphic to a bi-

module of the form Aθ for some θ ∈ Aut(A).

Similarly, if Aut(K0(A), K0(A)+) has no non-trivial elements of finite order, then

every invertible element X ∈ Bim(A) of finite order is unitary isomorphic to a

bimodule of the form Aθ for some θ ∈ Aut(A).
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Proof. Let X ∈ Bim(A) be an invertible bimodule. Then X is a self-Morita equiva-

lence of A by [37, Lemma 2.4]. Then Y = Ad(HA)(X) is a self-Morita equivalence of

A⊗K. As A⊗K is stable and σ-unital, Y ∼= (A⊗K)θ for some θ ∈ Aut(A⊗K) by

[13, Corollary 3.5]. Let θ∗ ∈ Aut(K0(A), K0(A)+) be the induced automorphism.

Suppose Aut(K0(A), K0(A)+) is trivial. Then θ∗ = idK0(A). Therefore, [θ(1A ⊗

e11)]K0(A) = [1A ⊗ e11]K0(A). Since A has the cancellation property, there exists a

partial isometry v ∈ A⊗K with v∗v = 1⊗ e11 and vv∗ = θ(1⊗ e11). The series

u =
∞∑
i=1

θ(1⊗ ei1)v(1⊗ e1i) (9.3.6)

converges in the strict topology onM(A⊗K) and defines a unitary u ∈ U(M(A⊗K))

such that θ(1 ⊗ eij) = Ad(u)(1 ⊗ eij) for all i, j ∈ N. It follows that Ad(u∗)θ fixes

1⊗K, and so is of the form θ′⊗ idK for some θ′ ∈ Aut(A). Hence, Y ∼= (A⊗K)θ′⊗idK ,

and we have X ∼= Ad(HA)(Y ) ∼= Aθ′ , as required.

If X⊗N ∼= 1Bim(A), then in the above argument θN is an inner automorphism, so

θN∗ = idK0(A). Hence, in this case, it suffice to know that Aut(K0(A), K0(A)+) has no

non-trivial elements of finite order.

We are now ready to rephrase some of our results from Chapter 4.

Corollary 9.3.4. Let G be a finite group and ω ∈ Z3(G,T). Then Hilb(G,ω) acts

on Z if and only if [ω] = 0 ∈ H3(G,T).

Proof. Suppose that there exists an action (F, J) : Hilb(G,ω) → Bim(Z). As

(K0(Z), K0(Z)+) = (Z,Z+), there are no non-trivial elements of Aut(K0(Z), K0(Z)+).

Moreover, Z is simple, unital and has the cancellation property by virtue of having

stable rank one (see [5, Proposition 6.5.1]). Hence, by Lemma 9.3.3, up to uni-

tary isomorphism all invertible bimodules in Bim(Z) are of the form Zθ for some

θ ∈ Aut(Z).
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Since (J, F ) is a C∗-tensor functor, we have that F (Cg) is invertible with inverse

F (Cg−1) for each g ∈ G. Therefore, there exists θg ∈ Aut(Z) such that F (Cg) ∼= Zθg

for all g ∈ G. One may repeat the argument of the converse of Proposition 9.3.1

to deduce that there exists an ω-anomalous action of G on Z. By Theorem 4.2.7,

[ω] = 0 in H3(G,T).

Corollary 9.3.5. Let G be a finite group and ω ∈ Z3(G,T). There exists an action

of Hilb(G,ω) on
⊗

k∈N Mnk
only if, letting r be the order of [ω] ∈ H3(G,T), r∞

divides the supernatural number
∏

k∈N nk.

Proof. Let A =
⊗

k∈N Mnk
be a UHF algebra with supernatural number n =

∏
k∈N nk.

Let G be a finite group and ω ∈ Z3(G,T). Let (F, J) : Hilb(G,ω) → Bim(A) be

C∗-tensor functor.

The ordered group K0(A) is isomorphic to the subgroup Q(n) ⊆ Q generated by

{ 1
n
: n ∈ N, n | n} with the order inherited from Q. Since Q is uniquely divisible,

any automorphism of Q(n) is determined by the image of 1. It follows that the only

automorphism of Q(n) with finite order is multiplication by -1, which doesn’t preserve

the order structure. Hence, Aut(K0(A), K0(A)+) has no non-trivial elements of finite

order. Since UHF algebras are simple, unital and have the cancellation property,

we may use Lemma 9.3.3 to deduce that, up to unitary isomorphism, all invertible

bimodules of finite order in Bim(A) are of the form Aθ for some θ ∈ Aut(A).

Since (J, F ) is a C∗-tensor functor, we have that F (Cg) is invertible with inverse

F (Cg−1) for each g ∈ G. Moreover, as G is finite, F (Cg) has finite order for each

g ∈ G. Therefore, there exist automorphisms θg ∈ Aut(A) such that F (Cg) ∼= Aθg .

The same argument as in the converse of Proposition 9.3.1 yields that there is an

ω-anomalous action of G on A. By Theorem 4.2.10, if r is the order of [ω] then r∞

divides the supernatural number n.

Proposition 9.3.1 allows us to convert the anomalous actions of Chapter 6 into ac-
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tions of the category Hilb(G,ω). However, we are more interested in the existence of

fully faithful actions of Hilb(G,ω). Proposition 9.3.1 also establishes that full faith-

fulness of the Hilb(G,ω) action induced by an anomalous action (θ, u) is equivalent

to freeness of (θ, u). We finish this chapter by discussing that, under the presence of

Z-stability, one can always produce a free anomalous action from one which may not

necessarily be free.

Let (α, u) be any (G,ω)-action on a simple C∗-algebra A. Set K = α−1(Inn(A)),

one has a short exact sequence

0 → K
ι−→ G

π−→ G/K → 0.

Choosing a set theoretic lift q 7→ q̂ to the quotient map π we may define a G/K-kernel

on A by

θ : G/K → Out(A)

q 7→ [αq̂].

The construction of θ is such that the pullback π∗(θ) = α. Denoting by [ω′] the H3

invariant of θ, it follows that π∗[ω′] = [ω]. If the group G is finite and (α, u) is not

free |G/K| < |G|. Hence as π∗[ω′] = [ω] and the order of [ω′] divides |G/K| by [11,

III. Corollary 10.2], the order of [ω] also divides |G/K|. This observation shows that

the freeness of (α, u) is automatic whenever [ω] has order |G|. More generally, if [ω]

does not vanish when restricted to any subgroup of G, any ω-anomalous action of the

group G will be free.

The following tensor product trick can be used to obtain free anomalous actions

on Z-stable C∗-algebras.

Proposition 9.3.6. Let (θ, u) be a (G,ω) action of a countable discrete group G on

a C∗-algebra A. Let α : G↷
⊗

g∈GZ be the Bernoulli shift action. Set θ′g = θg ⊗ αg
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and u′g,h = ug,h ⊗ 1Z . Then (θ′, u′) is a free (G,ω) action of G on A⊗ (
⊗

g∈GZ).

Proof. Since α is a G action, it follows immediately that (θ′, u′) is a (G,ω) action. It

remains to show that (θ′, u′) is free.

Let (zn)
∞
n=1 be a central sequence in Z where each zn is a self-adjoint element with

spectrum [−1, 1]. Set xn = 1A ⊗ zn ⊗ (
⊗

g ̸=1G
1Z). Then

∥θ′g(xn)− xn∥ = ∥zn ⊗ 1Z − 1Z ⊗ zn∥Z⊗Z (9.3.7)

= sup
s,t∈[−1,1]

|s− t|

= 2

for all n ∈ N and g ̸= 1G. However, limn→∞ ∥ϕ(xn)− xn∥ = 0 for all inner automor-

phisms ϕ, since zn is a central sequence in Z.
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