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Abstract

This thesis is concerned with the use of indefinite causal orders (ICOs) for thermody-
namic tasks, and a new context in which these exotic causal structures might arise
— from superpositions in time. I propose a thermodynamic refrigeration cycle which
uses indefinite causal orders to achieve non-classical cooling. The cycle cools a cold
reservoir while consuming purity in a control qubit. I first show that the application
to an input state of two identical thermalising channels of temperature T in an
indefinite causal order can result in an output state with a temperature not equal
to T'. This result allows the construction of the refrigeration cycle. I investigate its
properties and show that thermodynamically, the result is compatible with unitary
quantum mechanics in the circuit model, but could not be achieved classically.
This result suggests the development of a new class of thermodynamic resource
theories in which operations are allowed to be performed in an indefinite causal
order. I proceed to detail a simulation of the protocol using the IBM cloud quantum
computing service, which is open to all users of the internet. The simulation, which
is itself a quantum refrigerator, shows that the refrigeration cycle is robust to noise
and can be implemented on Noisy Intermediate-Scale Quantum (NISQ) devices.
This represents the development of a promising new test-bed for ICO protocols.
Finally, the possibility for ICOs to arise from superpositions in time is considered.
A new formalism, developed to analyse such superpositions, is applied to the case
of two events which have a quantum uncertainty associated with their times. It is
shown that these events can be used as triggers which enable an ICO. The fact that
such commonplace phenomena can give rise to indefinite causal orders suggests that
they might be much more common in nature than is typically understood.
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We possess scientific knowledge of a thing only when
we know its cause...

—Aristotle’s Posterior Analytics
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1.1 Basic Overview

Causality has always been at the heart of human understanding of the world. The
laws of cause and effect govern our daily lives, and seem so intuitive to us that we
take their operation for granted. The concept of causality plays a long and important
role in the history of Physics. In the first recorded work of Physics, Aristotle’s
Physics, written in the 4" century BC, the four causes (material, efficient, formal,
and final) play a central role in understanding the natural world. The classical

Physics of Galileo and Newton enable a quantitative understanding of the causes of
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the motions of objects, in terms of the forces which act on them. These developments
made possible a general framework of cause and effect which claimed to explain all
of physical reality. Einstein’s special and general theories of relativity transformed
our understanding of space and time in very counter-intuitive ways, showing, for
example, that whether two events are simultaneous is an observer-dependent fact.
However, causality remained a crucial concept in the new framework. The theory
of special relativity places a limit on how fast light, and therefore information can
travel. This defines an observer-independent causal past and causal future for each
event, giving rise to a fixed causal relationship between these events.

as well as the ability of an event in the past to cause an event in the future,

But it is the quantum mechanical revolution that has transformed our un-
derstanding of causality in the most fundamental way since Aristotle. Although
the equations which govern the evolution of quantum systems are deterministic,
when an observer makes measurements on such a system, sometimes the results
he obtains will be distributed randomly. This randomness poses problems for
any system of universal causation, in which every event has a cause. After all, if
a measurement is truly random then it is impossible to answer the question of
what caused a certain measurement result, when another result was just as likely.
When it comes to describing the experiences of an observer, quantum mechanics
lacks a complete framework of causality.

Another counter-intuitive aspect of causality in quantum mechanics, which will
be the focus of this thesis, is the possibility for events to take place in a superposition
of causal orders. In the classical picture, there is one absolute order in which all
events in the universe take place. Even in the relativistic picture, where the time of
an event depends on its observer, events which can causally influence one another
have a fixed order for all observers (they are time-like separated). In quantum
mechanics however, it is not disallowed that operations are applied to a system in a
superposition of different orders, just as a particle can be located at a superposition
of different positions. Thus, a situation can arise in which events that are causally

linked have an order which is not well-defined classically.
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It can be shown that the effects of two or more operations applied in such an
indefinite causal order are very surprising, differing dramatically from those of
the operations applied individually or in any classical order. One example is a
recent work in which it was shown that two communication channels which are
ordinarily completely useless — noisy channels which replace the input state with a
completely random state — can become useful when applied in an indefinite causal
order. If the receiver of the output state is allowed access to a control qubit which
is correlated with the quantum order in which the noisy operations are performed,
then he will be able to extract some information about the input state. In other
words, communication channels which can normally transmit no information are
able to do so, when applied in an indefinite causal order.

These exotic causal structures, and their surprising usefulness in thermodynamics
(the science of work and heat), are the subject of this thesis. In the first main
chapter, a novel approach to quantum refrigeration is developed, which relies upon
indefinite causal orders. The protocol relies on a strange property of thermalising
operations in an indefinite causal order. A thermalising operation ordinarily has a
very simple outcome; the output state does not depend at all on the input state,
but is always the same random state with a certain temperature (temperature £,
for instance). When these operations are applied in an indefinite causal order the
resulting state is very different. In this case, the output state retains a dependence
on the input state, and, most surprisingly, the output state in general will not have
the same temperature (f), which is the normal output temperature of the operation.

In everyday terms, a thermalising operation can be imagined as the placing
of a cup of tea inside a bathtub full of water. After some time has elapsed, the
tea inside the cup will be at the same temperature as the water in the bath. Of
course, if we repeat this experiment with two baths (A and B), both filled with
water at the same temperature, the outcome will be the same. Whether we place
the cup into bath A first, and then into bath B, or vice versa, the tea will finish at
the common temperature of the baths. The results of this thesis indicate however,

that if we were able to place these operations in a quantum superposition of orders,
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placing the cup into bath A first then into bath B, and placing the cup into bath
B first then into bath A, at the end of the process, the tea in the cup would have
a different temperature to the water in the bathtubs.

The strange properties of thermalising channels, when placed in an indefinite
causal order, enable the construction of a refrigeration cycle, which transfers
heat from a colder reservoir to a hotter reservoir, and whose only energy cost
is that of performing a measurement. This cycle is explained and analysed in
the chapter [2] of this thesis.

A version of the refrigeration protocol can be run on a quantum computer. In the
chapter [3| the implementation of the protocol on an IBM Quantum cloud quantum
computer is described. Quantum bits of this computer are shown to have been cooled,
providing proof of principle of the Indefinite Causal Order quantum refrigerator.
This demonstration is achieved using resources available to all users of the internet.

The experimental implementation of the refrigerator allows the robustness of
the refrigeration protocol to be tested. It is verified that refrigeration can be
achieved using a noisy platform, which is encouraging for the future applicability
of the protocol in various systems.

At the time of writing, there is a degree of controversy about the physical
situations in which an indefinite causal order might arise. Some argue that only a
theory of quantum gravity, in which the fabric of space-time can be in a superposition
of configurations, could describe a scenario in which indefinite causal orders are
present. In chapter [, the possibility of indefinite causal orders arising from
quantum superpositions in time, without the need for complicated theories of
quantum gravity, is discussed.

There are phenomena which are naturally ‘fuzzy’ in time in quantum mechanics,
such as the decay of an excited atom. The atom must decay at some point, but
there is no deterministic way to predict the particular time when this event will
occur. Instead, at each time, the atom can be considered to be in a superposition of
not-decayed and already-decayed states. A novel formalism is used to treat the time

of the decay of the atom as a quantum variable, which is itself in a superposition.
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We proceed to examine the situation of two excited atoms ready to decay. Each
atom is connected to a machine in such a way that its decay triggers the operation
of the machine on a target system. Because the time of decay of both atoms is in
a superposition, the operations trigger in an indefinite causal order. When atom
A decays first then operation A triggers first and then operation B. When atom
B decays first then the operations take place in the opposite order. The result
is a quantum superposition of orders of the operations.

As well as developing a theoretical description of how indefinite causal orders
might arise from superpositions in time, we propose two specific physical imple-
mentations of the protocol, using decaying atoms, as discussed above, and using
photons which are entangled in time. That indefinite causal orders can arise simply
from processes which are ‘fuzzy’ in time, which occur commonly in nature, implies
that they themselves may be more common in nature than previously imagined. It
is even possible that there are phenomena in nature which can only be explained
with reference to indefinite causal orders. We now proceed to lay some of the

conceptual foundation necessary for the results which follow.
1.2 The Channel Picture in Quantum Mechanics

1.2.1 Unitary Evolution

In quantum mechanics, the evolution of an isolated system is governed by the

Schrodinger equation [1):

L, 0 A
iho, [0()) = H[$(?)), (1.1)

where [1(t)) is the vector in Hilbert space representing the quantum state at the
instant of time ¢, and H is the Hamiltonian operator, corresponding to the energy
of the system. This linear differential equation can be solved to give the value

of [1(t)) for all times, with the solution being

() = e [yp(0)) (1.2)
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Here |¢(0)) represents the initial state of the quantum system. The time evolution

operator e " is unitary, so we write

[W(t)) = U(t) [1(0)) . (1.3)

This statement of the equation of motion explicitly demonstrates that the full
evolution of an isolated system under the laws of quantum mechanics is unitary.

However, when we consider subsystems which are interacting with their environ-
ment, further refinements are necessary. It is not true in general that the evolution
of subspaces of the full Hilbert space is unitary. To see this, let us consider the
action of a unitary operator on a bipartite system which begins in a product state
11(0)) = [¢4(0)) , ®|¢5(0)) 5. In this initial product state, there is no entanglement
between subsystems A and B, and each can be fully described without reference

to the other. The time-evolved state is then given by

(1)) = U(t) |64(0)) 4 ® [65(0)) . (1.4)

In some cases, the total unitary U (t) can be decomposed into two components so that
it becomes U4(t)@Up(t), where Uy (t) and Up(t) operate on the Hilbert subspaces A
and B respectively. In this case, each subsystem separately obeys the time-evolution
equation (|1.3)). However, in the general case in which this decomposition is not
possible, the evolution of each subspace is non-unitary. If an observer is restricted
to one of these subspaces, he will therefore require a new formalism to describe the
evolution which he observes. Furthermore, in general, the state of the full system
|1)(t)) will no longer be able to be written as a product state on the two subspaces
A and B. As a result, an observer with access to only one subsystem will no longer
be able to describe this subsystem with a vector in his Hilbert subspace. Such an

observer will need a new mathematical object to describe the states that he observes.
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1.2.2 Density Operators

The density operator [2] is a more general representation of the state of a quantum
system which can be used even when this state has an uncertainty associated with
it. Mathematically, it is a positive semi-definite, Hermitian operator on the Hilbert

space, with unit trace. This operator admits the decomposition

p= Zpi |hi) (il - (1.5)
This is the density operator for a system which is prepared in the pure quantum
state [¢;), with probability p;. Each probability p; must be positive and the set of
all probabilities must sum to unity. Thus constructed, it is easy to see that the

time-evolution of the density operator of a closed system is given by

p(t) = pU(#) [9:(0)) (wi(0)| U () = U@)AO)T (1) (1.6)
since this represents the unitary evolution of equation ([1.3) applied to each of
the possible pure states of the system.

Let us return to the bipartite system considered above. The initial product

state can be written

pap(0) = pa(0) ® pp(0), (1.7)

with p4(0) = [64(0)), (94(0)], and ps(0) = |¢5(0)), (65(0)], The state after

time ¢ then becomes

A

pap(t) = U(t)pa(0) ® pr(0)TT(2). (1.8)

It is now possible to describe the state of a single subsystem using the density
operator formalism. The reduced density operator of subsystem A, which contains
all information about this subsystem which is available without reference to B,

is defined via the partial trace

ﬁA ETI‘B(ﬁAB). (19)
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For a general state on two subsystems A and B (expanded in basis states |1;) , and

9i) )

Uag =D Cir [10i) (5] 4 @ [64) (Dl (1.10)

ijkl
where c¢;j;; are complex coefficients. The partial trace superoperator Trp is it-

self defined by

Trp(Van) = D e [0 (U514 Tr([6n) (@1l ), (1.11)

ikl
where Tr( D) 5 (1] B) = (¢i|¢x) 5 1s the ordinary trace operation. This relation

can also be written

Trp(Vap) = 3 (14 ® (bil ) Van(la ® [bi) ), (1.12)

)

where I 4 is the identity on Hilbert subspace A, and the set {|b;)z} forms a basis
for Hilbert subspace B.

It can be shown that the definition of the reduced density operator yields the
correct measurement statistics (the measurement probabilities for an observable
on the subspace are identical whether calculated from the full state or the reduced
density operator), and is thus a good representation of the knowledge about the
state of a subsystem that an observer restricted to its subspace can possess. The
density operator formalism thus enables us to describe quantum systems which
are interacting with their environment and whose state is subject to a degree of

uncertainty. It is to the evolution of such systems that we now turn.

1.2.3 Quantum Channels

The generalisation of the Schrodinger equation for open quantum systems is given

in the quantum channel picture by

p(t) = N()[p(0)], (1.13)
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which replaces equation from the pure state vector formalism (from this point
we suppress the operator hat notation, e.g. g, to simplify notation). The quantum
channel N takes the mathematical form of a completely positive trace-preserving
(CPTP) map. These properties ensure that a quantum channel always maps a valid
density operator onto another valid density operator. A quantum channel acting on
a system can always be represented by a unitary operation acting on the system plus

an environment. Such a representation is called the unitary extension of the channel:

Nlps] = Trg (USE[PS ® [0) <0|E]U;E)' (1.14)

Here Ugg is the unitary extension of the channel and acts on the joint space of the
system and environment S ® E. The initial state of the environment is labelled
|0) (0] 5, and is chosen to be a pure state for the sake of simplicity. The fact that
any quantum channel can be written in this way is known as Stinespring’s dilation
theorem [3]. From this relation follows a decomposition for quantum channels which
will be of particular utility in what follows. Writing out the partial trace in terms

of basis states of the environment |i), according to equation (|1.12)), we have

Nlps] = Y (Is @ (il ) (Usslps @ [0) (0] ULz (Is @ |i) ), (1.15)

(2

which can be manipulated to give

Nlps] = ZKz'psKiT- (1.16)

This is known as the Kraus decomposition of the quantum channel, whose Kraus

operators are defined by

Ki = (i, Usg 0) - (1.17)

The Kraus operators satisfy the completeness relation

S KK =1, (1.18)
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which ensures that any quantum channel constructed via equation (1.16]) is trace pre-
serving.
Now that we have the mathematical tools in place, we turn to the phenomenon

which will be central to each part of this thesis, that of Indefinite Causal Orders
(ICOs).

1.3 Indefinite Causal Orders
1.3.1 Causal Orders for Closed Laboratories

The existence of a fixed causal structure underlying events that take place is a
feature of all of classical and most of quantum physics. In the field of Quantum
Information this is most recognisable when one considers the quantum circuit
formalism. In a quantum circuit, the causal relationship between each gate is fixed
— determined by the configuration of the wires which connect them. The output of
each gate is connected to the input of the next in a straightforward way, and there
can be no loops, since this would represent information travelling back in time.

More recently, however, a body of work (e.g. Refs. [4-8]) has arisen concerning
situations in which the causal order is not fixed. In these cases, unlike in a quantum
circuit, it is not possible to assign a definite causal relationship between the events
or operations which occur. These situations are said to exhibit indefinite causal
order. One particular context in which more interesting causal structures may be
considered is that of experimenters who are located in laboratories which are closed,
that is, they are isolated from any events happening outside their laboratories. The
only exception to this is that each laboratory is opened once to allow a quantum
system (perhaps a spin-% particle) to enter, and once to allow this system to leave.
While the system is inside each laboratory, the experimenter may perform operations,
including measurements, on it. Inside each laboratory the causal order is fixed, but
the causal relationship between each laboratory need not be so.

Let us consider a situation in which there are two experimenters, Alice and
Bob, each inside their own closed laboratory. This is the same situation as that

considered in [5], and what follows is a summary of the main result of that paper.
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A certain communication task is given to Alice and Bob. Once the system enters
the laboratory of either experimenter, they toss a fair coin (generate a random
bit), and label the result a and b for Alice and Bob respectively. Bob generates a
further random bit, labelled &', the result of which determines the objective of the
task. After generating these bits, the experimenters may perform operations on the
system and then send it out of their laboratory. In all cases, each experimenter
then makes a guess of the other’s random bit, labelled x and y for Alice and
Bob’s guess respectively. In the case b’ = 0, then only Alice’s guess is counted. If
b’ = 1 then it is Bob’s guess which is counted. If the guess which is counted is
correct, then the experimenters have succeeded. The experimenter’s probability

of success in the task can therefore be written

Powee = 3 [pe = WY = 0) + ply = olt = 1) (119)

It is possible to show that, for situations in which there is a definite causal order

(DCO), the following bound holds for any strategy [5]:

3
Price < 7 (1.20)

As an example, let us consider the causal order in which Bob receives the system
first, and then sends it to Alice. If &’ = 0 (Alice must guess correctly), then the
experimenters will succeed — Bob simply encodes his bit b in the system and then
sends it to Alice. However, if ' = 1, Bob must guess Alice’s bit. This guess will be
random however; there is no way for Alice to signal to Bob, since Alice’s operations
and guesses are in the causal future of those of Bob. Therefore p(z = b|’ = 0) =1,
and p(y = all/ = 1) = 1/2, hence the bound is saturated.

In order to treat more general cases, where the causal structure in which the
experimenters are embedded is indefinite, we must introduce the process matrix
formalism. This formalism will only be touched on here in the interests of brevity,
but is treated more thoroughly in other works [5, |9} |10], and will be addressed
again in section [£.5] A process matrix maps a set of local operations which are

used in an experiment to probability distributions which describe the outcomes of
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the experiment. The mapping is determined by the causal relationship between
the operations.

To each experimenter we associate an input and an output Hilbert space.
In Alice’s case these are labelled H4' and H42, respectively. Within the lab,
Alice performs an operation, which has a certain outcome ¢ from the set of all
possible outcomes {1, ...,n}. The transformation from the input to the output state
associated with a given outcome i is given by the completely positive (CP) map
MA D L(HAY) — L(HA2), where £(HY) is the space of matrices on the Hilbert
space H~. The sum over all outcomes i of these CP maps is a CPTP map, whose
Kraus operators therefore satisfy equation . The relevant object that we want
to compute is the probability distribution of all possible outcomes i for Alice and
j for Bob, which are associated with their transformations M# and MP. This
probability distribution we will label with P(M;', M%)

It can be shown [5] that the properties of local quantum operations implies
that P(M, MP) must be a bilinear function of the maps M and MP. This

implies that the distribution can be written

P(M, M) = Tr[WAA2Bi8 (At @ M) | (1.21)

Where W4142B182 g the process matrix and M;'“? and Mf B2 are the Choi-
Jamiotkowsky (CJ) [11, [12] matrices of maps M and MP respectively. The
requirement that all probabilities P(/\/l,f‘,J\/l;-B ) be non-negative for all possible
maps implies the condition W4142B182 > (0 A further condition on the process
matrix is implied by the stipulation that >, P(M?,MJB) = 1, i.e the sum of
the probabilities is unity.

As an example of a process matrix for a situation in which there exists a definite
causal structure, let us return to the ordering discussed above, where Bob receives
an input state p?' and sends his output to Alice via a quantum channel C. This

implies that the probabilities are given by

P(MP, MP) = Tr[ Mo Co MP(p™)]. (1.22)
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These probabilities correspond to a process matrix

WA1A23132 — ]IAz ® CBZAl ® pBl7 (123)

with CP241 representing the CJ matrix associated with the channel C, which
connects Bob’s output (Bs) with Alice’s input (Ay). This is a process matrix for a
situation in which the causal order is definite, and as such, the probabilities, for the
communication task described above, P(./\/lf‘,/\/lf ) obey the causal inequality
of equation ([1.20]).

The fascinating result derived in [5], is that there are valid process matrices,
which obey the laws of local quantum operations, but whose associated causal
order is not well defined, for which the causal inequality can be violated. One

such example is the matrix

WwhAABL B2 l[ﬂAlAQBlBQ + i(oAzafl + aflaflam)}, (1.24)

4 \/5 z z

where o; are the Pauli matrices. This process matrix contains terms which are
characteristic to both situations in which Alice is in the causal past of Bob and
vice versa. The term o205 allows signalling from Alice to Bob; it represents
a connection from Alice’s output space (Ay) to Bob’s input space (Bj). The
term oA1oBigB2 allows signalling from Bob to Alice; it represents a connection
from Bob’s input and output spaces (B; and Bs) to Alice’s input space (A;).
Importantly, the full process matrix cannot be broken down into a probabilistic
mixture of process matrices which contain only one-way signalling terms of the
form WAiA2BiB2 — qWWA=B 4 (1 — ¢)WWB=4 where W4=P is a process matrix
for a situation in which Alice’s actions are in the causal past of Bob’s and vice
versa. It is thus termed non-separable, and is not compatible with any definite
or classically random causal structure.

For the process described by equation , Alice and Bob can violate the
causal inequality of equation ((1.20]) if Bob makes a measurement in a basis which
depends on his bit & which defines their goal. If his bit & = 0, he must communicate

his bit b to Alice. He then makes his measurement on the system in the x basis.
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Inserting the appropriate CJ operator (which contains the factor |z.) (x4 |”") for
this measurement into equation annihilates the term 022051, What remains
is a noisy channel from Bob to Alice which can be used to transmit the bit b.
If instead o' = 1 then Bob must make his measurement on the system in the z
basis. Then the term o4toP1552 is similarly annihilated, leaving a noisy channel

from Alice to Bob, which can be used to transmit the bit a. The resulting success

probability from equations ((1.19) and ([1.21]) is

2 2 3
R ] (1.25)

The violation of this inequality bears some similarity with that of Bell’s inequality
[13]. Bell’s inequality gives a bound on correlations between measurements on
spatially separated systems which obey local realism. This equality can be violated
when we relax the requirement of local realism and allow quantum entanglement
between the systems. In the case of causal orders, the causal inequality of equation
holds for all cases in which the causal order of a scenario is definite. As
we have seen, in cases where this requirement is relaxed and the causal order is
indefinite, this bound can be exceeded, even when the operations embedded in
this causal order obey the regular laws of quantum operations. The fact that this
violation can be achieved, and that a communication task becomes possible when
the causal order is allowed to be indefinite, is a strong motivation to consider
further the implications and applications of quantum causal orders, and in what

circumstances they might arise.

1.3.2 The Quantum SWITCH

The quantum SWITCH [6] (developed independently from and slightly before [5])
is the main formalism for indefinite causal orders that will be utilised in this thesis.
The quantum SWITCH describes the causal structure of a situation, illustrated
in figure 1.1}, in which the order of application of two operations (e.g N; and N3)
is correlated with a control qubit. If the control qubit is in the state |0)., then

operation N is performed first, followed by operation Nj. If the control qubit is
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in the state |1)_, then the order is reversed. It is possible for the control qubit
to be prepared in a superposition of |0), and |1)_ states. In this case, it is not
possible to assign a definite causal order to the operations; instead they take place
in a superposition of causal orders. For this reason, it is impossible to represent
the action of the quantum SWITCH with the two operations placed (once each)

in a conventional quantum circuit.
a)  pe=10)(0 b)  pe=[1)(1
N, NG|

2 ’ p
1 1
s /s

- -l = - -

M Ve

Figure 1.1: (a) and (b) illustrate channels A7 and N3 placed in a definite order,
corresponding to the control qubit being in state |0) (0] and |1) (1| respectively. In (c) the
quantum SWITCH places the channels in a superposition of causal orders. It entangles
the order of the two channels with the state of the control qubit, in this case |+) (+].

Mathematically, the quantum SWITCH is a superoperator: it maps quantum
channels to quantum channels. The output channel S of the quantum SWITCH,
with input channels N; and N, acts on the product of a control and a target

subspace H¢ ® HT, and takes the form, analogously with equation ([1.16]),

S<N1’N2)(pc®p) :ZMJ'(pc@p)WiE" (1‘26)
i,J
Here W;; are the Kraus operators of the new channel, and p. and p are the

initial states of the control qubit and the target system respectively. The Kraus

operators themselves take the form
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Wi = [0) (0], ® KK + 1) (1], @ KK, (1.27)

where K j(l) and KF) are the Kraus operators of channels N7 and N3 respectively,
and act on the target system. These Kraus operators satisfy the completeness
relation of equation , >ij WJJVVZJ = I, assuming that the Kraus operators
of the constituent channels also satisfy the completeness relation. This ensures
that the new channel is a valid quantum channel. Despite this fact, it has been
shown [6] that it is not possible to generate the output of the quantum SWITCH
in the quantum circuit picture without using more than a single instance of N; or
N3, or including a closed time-like curve. In some contexts, this might represent a
problematic increase in the resources necessary to complete a task.

In fact, it is possible to use the process matrix formalism described above to
represent the causal structure of the quantum SWITCH precisely. To understand
the quantum SWITCH in the process matrix framework as described above, we
may simply consider the channels N; and N5 to represent the actions of two
experimenters contained within two closed laboratories. This has been done in [14],
where it was shown that the quantum SWITCH can be represented by a process
involving four parties (or experimenters as termed above). The associated process
matrix is non-separable, confirming that the operation of the quantum SWITCH

is indeed incompatible with a fixed causal order between the operations.

1.3.3 Physical Realisation

If and how a quantum SWITCH, or an indefinite causal order more generally, can be
physically realised is the subject of ongoing discussion. This debate centres around
whether tabletop experiments have been able to faithfully realise the quantum
SWITCH. One of the original motivations for considering such causal structures
is the possibility that they might be a feature of a quantum theory of gravity [4].
In general relativity, the causal relations between events are determined by the
metric, which is itself determined by the positions of massive objects. Since, in

quantum theory, massive objects can be in superpositions of positions, it is then
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natural to consider the possibility that these superposed masses might give rise
to superpositions of causal orders. A simple example has been hypothesised [15],
which involves the superposition of one massive object (e.g. a planet!), with each
branch of the superposition inducing a different causal order of events.

More conventional experiments, however, have been performed, which are claimed
to exhibit indefinite causal orders in the form of the quantum SWITCH. The majority
of these are tabletop photonic experiments [16-22]. Recently there has been a nuclear
magnetic resonance (NMR) approach put forward [23]. There has been some debate
over whether such experiments really do constitute faithful implementations of
the quantum SWITCH. With some, for example Ref. [24], arguing that in such
implementations it is not correct to say that each channel only operates once. On
the other hand, some [10] have argued, using the process matrix formalism, that
these implementations are faithful, since they have the correct process matrix. We
will leave further discussion of this point for chapter [ where we will discuss this

question more, in light of the results presented therein.

1.3.4 Applications

The use of indefinite causal orders to violate the bound of equation for the
success probability of a particular communication task indicates that indefinite
causal orders might enable other, more useful tasks to be performed. This has
turned out to be the case. In particular, the quantum SWITCH has been shown
to provide advantages in quantum computation [25-27], communication [28-30],
and metrology [31-33].

In the field of quantum computation, ICOs have been shown to reduce from
two to one the number of queries required to discriminate between channels with
commuting and anti-commuting Kraus operators [25]. The quantum SWITCH has
been shown [26] to allow the programming of all permutations of a series of N
unitary channels with just one use of each channel, where a conventional quantum

circuit would require N uses of each channel. The quantum SWITCH has been used
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[27] to reduce the number of queries required to determine the unique property from
a list of n! properties that a list of n matrices all satisfy from O(n?) to O(n) queries.

In quantum metrology, a protocol [33] using the quantum SWITCH has been
developed which outperforms any definite causal ordered protocol for a task which
involves estimating the average displacements that a series of black boxes impart
to a harmonic oscillator. There are 2N boxes, half of which impart a position
displacement and the other half a momentum displacement. These displacements
are independent from each other. The task is to estimate the product of the
average displacements in position and momentum, and the root mean square
error (RMSE) scales as 1/N for the optimal fixed causal order protocol. The
quantum SWITCH protocol however, achieves an RMSE which scales as 1/N2.
Other quantum SWITCH protocols have shown an increase in Fisher information
obtained when compared to definite causal order protocols for thermometry [31]
and channel identification [32].

Communication channels which have zero information capacity can become useful
when combined using a quantum SWITCH [30]. One particular protocol [28] is of
particular interest, since the completely depolarising channel, which is ‘activated’ by
the quantum SWITCH, is the quantum communication analogue of the thermalising

channel in quantum thermodynamics, which will be studied in the following chapter.
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2.1 Thermalising Channels in an Indefinite Causal
Order—

Recent work has demonstrated the counter-intuitive result that two com-
pletely depolarising channels, when placed in an indefinite causal order, can transmit

information. This is despite the fact that these channels have no information capacity

19
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when used in any fixed or classically random ordering. The action of the fully
depolarising channel NP can be represented by uniform randomisation over d?

orthogonal unitary operators U;

I 1 &
NP(p) = Trlp] - = = Z U,pU;. (2.1)

Recalling equation , the Kraus operators for this channel are KP = éUi.
It is evident that this channel is constant, and as a result it has no information
capacity. However, when two of these channels are used in an indefinite causal
order, non-zero Holevo information can be transmitted. We would like to exploit
the intimate relationship between information theory and thermodynamics, so we
turn to thermalising channels - the closest equivalent to depolarising channels in
the world of thermodynamics. A completely thermalising channel is defined by a
certain inverse temperature 3, and maps any input state p to the output state 7,
which is a thermal state with effective inverse temperature 5. The density operator
representing the state 7 in the energy basis is a diagonal matrix with entries %e‘BEJ',

where E; are the energy eigenvalues of the system’s Hamiltonian and Z is the

normalising partition function. The action of the thermalising channel N7 is

N7 (p) = Tr[p|T = cliA (Z UmUJ) A, (2.2)

where A is the square root of the diagonal matrix 7. It can be easily seen, in the
second equality of equations (2.1) and (2.2), that from the depolarising channel

to the thermalising channel the Kraus operators change from

1 1
KP = =Ui — K] = \[dAU,-. (2.3)

The new operators do indeed satisfy the requirement for Kraus operators that
> K TKZ = [, since the set {Ug} is also a set of orthogonal unitary operators,
and so equation can be used to obtain identity.

We now calculate the result when two identical thermalising channels in an

indefinite causal order are applied to a state p and control system p.. If the control
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system is initialised in the state p. = |1.) (¢.|, where |[¢.) = /a'|0) + /1 — a|1),
then the output state, after interaction with the thermalising channels in an

indefinite causal order, will be:

SN N (pe ® p) = 5 Z ( 10Y (0], ® AU, AU,pUt AU A1
+(1 = a) |1) (1], ® AU; AU pUf ATUT AT

+y/a(l —a)|0) (1], ® AU AU, pUf ATUT AT

+a(l—a)|1) 0\ ®AUjAUZ-pUjTATUZTAT>

Z 10) (0|, ® AU U] A ><1yc®AUjTUjAT

all —a)
> (10) (1], @ 7Tx[U; pAJUS AT + |1) (0], ® ATr[ATpUf]U;7)
J

= ([0) 0, + (1 — ) [1) (1)) © 7 + y/ (1 — ) (|0) (1], + [1) (O[,) @ Tp7.  (2.4)

The first equality is given by the application of the quantum SWITCH in equation
(1.26]). The second equality is the action of the depolarising channel in equation
. In the third equality, the diagonal terms are computed by another application
of the depolarising channel, and the off diagonal terms are computed using the fact
that the operators U; form an orthonormal basis for the set of d x d matrices.
Instead of thermalising to the expected thermal state 7, the final state of the
system is, in general, different. We note that the final state of the system is
entangled with the state of the control qubit. If the control qubit is measured in the
computational basis, then the system will be found in the thermal state 7. However,

if the control qubit is measured in the {|+),,|—) .} basis then we recover:

AEISNTNT)(pe @ p) |£), = o

D fall- a)m], (2.5)

with,

L= TrB + \/MT,OT], (2.6)

giving the probabilities of measuring the control qubit in the states |+),_ or |—)..
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Two features of this result should be noted. First, the final state preserves some
dependence on the initial state p. This is counter-intuitive, since ordinarily the
thermalising channels would remove any such dependence. Secondly, the effective
temperature of the final state will be different than that of the expected thermal
state 7. The reason for this result is that the Kraus operators of the thermalising
channels do not commute with one another, so the action of the quantum SWITCH
of the two identical channels is non-trivial. The temperature of the final state will
be higher or lower, depending on whether the |+)_ or |—),_ state is measured on the

control qubit. It is this fact that we will exploit to perform refrigeration.

2.2 Simulation Quantum Circuit

It is possible to construct a unitary quantum circuit which acts on the system
plus environments and has the same output as the quantum SWITCH of the

thermalising channels.

Pc

N FSNT N7 (pin @ pe)

Here, the order in which the swaps occur is determined by the state of the control
qubit. The label after the upper two wires indicates that the marginal state on the
control and working qubits at the output of this circuit is identical to S(N™,N7)(p®
pe) in equation . Although there are, in principle, an infinite number of circuits
with different environments which give this output, this particular representation is
helpful for thermodynamic considerations, because the environments (two bottom
inputs 7) can be thought of as qubits randomly drawn from a reservoir which is a
thermal bath of qubits each with thermal state 7. For any energy-conserving unitary

circuit which commutes with the overall Hamiltonian of the qubits, the free energy of
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the output is equal to the free energy of the inputs. The only subsystem of the input
state that has non-zero free energy in the case when p;, = 7, is the control, since all
the other inputs are in a thermal state. In this case, which we discuss below, some
of the free energy in the control is then distributed to the system and the reservoir
environments. Although the output of the circuit is the same as that of the quantum
SWITCH of two thermalising channels, the circuit uses controlled thermalising
channels, and two of each such channels, and so is not operationally equivalent, in
that the requirements for its execution are different. The circuit is provided here to
aid intuition about what is happening, thermodynamically speaking, during the

quantum SWITCH of two thermalising channels. It will be returned to in chapter [3|

2.3 ICO Refrigerator

A natural question is whether the ability to perform operations in an ICO can be
useful in performing thermodynamic tasks. The fact that a system can ‘thermalise’
with identical reservoirs, while the resulting state has a temperature not equal to
the temperature of the reservoirs, suggests that this is the case.

For simplicity, we will consider the situation where the working system has two
energy eigenstates - a ground and an excited state, |g) and |e). This assumption
simplifies our considerations, because in a two-level system every state can be
assigned a consistent effective temperature. The Hamiltonian for the system is
defined as H = A |e) (e|. Since we are interested in these operations in the context
of thermodynamic work cycles, let us restrict ourselves to thermal initial states.

Then the density matrix for the initial state is

1 /1 0 _
Pzz(o 5) Zy=1+c ", (2.7)
p

where 3, is the state’s inverse temperature. We also note that the state obtained

after thermalising classically with the reservoir is

1 /1 0 -
=g (o o ha) zmrre (2:8)
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Let us take our initial state and the reservoirs to be at the same temperature,

i.e B, = B, = B, and Z, = Z, = Z. Using equation 1' and setting o = %
(an equal superposition of orders), the resulting state after ICO thermalisation

and control system measurement is:

1
1+ — 0
Trl, » Prco = —38A | - :
r[pIC’O] 0 —BA 1 €
€ ZQ

After this transformation, the system is at a different temperature than the reservoir.

prco =

Hence one can create a thermodynamic cycle, the operation of which transfers heat
from colder to hotter reservoirs, while consuming purity in the control qubit, or,
equivalently, consuming work due to the erasure of the results of measurement.
We will consider two related protocols, which differ in the number of reservoirs
and associated temperature levels that the refrigerator runs between. In this section,
the steps of the refrigeration cycles will be outlined. A detailed mathematical
description of the changes which accompany each step and the overall performance

of the cycle can be found in section [2.4]

2.3.1 Two-level Refrigeration Cycle

For the first protocol, the two-level refrigerator, there are two relevant temperatures,
Bc and By, for the hot and cold reservoirs respectively. Since the quantum SWITCH
requires two channels, the cold reservoir is divided into at least two sub-reservoirs.
The working system starts at the temperature of the cold reservoirs.

The cycle is illustrate in figure 2.1} In the first step (i), two of the cold reservoirs
are placed in an indefinite causal order using the quantum SWITCH, and the
working system ‘thermalises” with them. The control qubit is measured in the
{I+).,|—).} basis and the result is placed in a memory. In the second step (ii),
if the result of the measurement in step (i) was |—),, then the system has heated
up and is thermalised classically with the hot reservoir. In the case that |+)_ was

measured, this step is skipped (no operation is performed). In the third step (iii),
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Figure 2.1: The three steps of the refrigeration cycle of the two-level ICO Fridge.
The black dot represents the working system, and the colour of the outline indicates
the temperature of the last reservoir(s) with which it has interacted. In step (i) the
working system undergoes thermalisation in an ICO with the cold reservoirs. The solid
lines represent the operations in the event of a measurement of |—)_ for the state of the
control system in step (i), whereas the dotted lines represent those in the event of a
measurement of |+)_. In step (ii), if the result of the measurement was |—) ., the working

system is thermalised classically with the hot reservoir. In step (iii) the working system
is thermalised classically with the cold reservoir to complete the cycle.

the system is thermalised classically with a cold reservoir, and all the cold reservoirs
are thermalised classically with one another, so that they remain identical.

In step (i), averaging over both possible measurement results, there is no net
transfer of heat, either from the reservoirs to the working system or from these
systems to an outside system. This statement is justified in the calculations of
the fridge’s performance in section . In step (ii), the net result is that heat is
transferred from the working system to the hot reservoir. In step (iii), therefore,

the net result must be that heat is transferred from the reservoirs to the working
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system. Since this is the only step which involves a net heat change for the cold
reservoirs, it can be deduced that the overall action of the cycle is to transfer
heat from the cold to the hot reservoirs.

The conclusion that heat is transferred from the cold to hot reservoirs can also
be drawn by considering heat transfers from the set of systems comprised of the cold
reservoirs, the working system, and the control qubit. The only step of the protocol
in which these systems interact with a system outside this set is step (ii), whose net
outcome is a heat transfer to the hot reservoir and, therefore, out of the set. However,
the working system is returned to its initial state in step (iii), and the control qubit
has zero heat capacity. The only system in the set, therefore, which could have
undergone a heat flow is the cold reservoir. Hence, it can be concluded that the
overall result of the cycle is that heat flows from the cold to the hot reservoirs.

It is important to note that despite the fact that a measurement is made in the
process of the operation of the refrigeration cycle, and the next step is conditioned
on the result of this measurement, the cycle does not rely on post-selection to gain its
advantage. The outcomes where an undesired result is measured are fully accounted
for in the consideration of the average thermodynamic performance of the cycle.

In fact, there is an equivalent cycle without a projective measurement at all.
Instead of measuring the control qubit at the end of step (i), the execution of step (ii)
is controlled (on the state |—)_) by the control qubit, and step (iii) is carried out as
normal. The end result will be a superposition of a branch where the control qubit
is in the state |+),, and a branch where the control qubit is in the state |—),. The
average heat flow over the two branches will be from the cold to the hot reservoirs. To
run the cycle again, the old control qubit is discarded and a new control qubit in the
state |+), must be introduced. Once the old control qubit is discarded, the remaining
systems must be represented by a mixed state, making the situation identical to that
described above. When implemented in this way, the cycle consumes free energy
from the purity in the control qubit, rather than the work cost of measurement,

to run. The two implementations are thermodynamically equivalent.
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2.3.2 Three-level Refrigeration Cycle

The three-level refrigeration cycle makes use of an ensemble of ‘middle’ reservoirs,
with a temperature 3, between that of the hot and cold reservoirs. The working

system starts at the temperature of the middle reservoirs.
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Figure 2.2: The three steps of the refrigeration cycle of the three level ICO Fridge. The
solid lines again represent the operations in the event of a measurement of |—)_ for the
state of the control system in step (i), and the dotted lines represent those in the event of
a measurement of |[+)_. The cycle is similar to that of the two-level fridge, except for the

addition of the colder reservoir and the fact that a thermalisation is performed in step (ii)
regardless of the measurement result in step (i).

In the first step (i), two of the middle reservoirs are placed in an indefinite
causal order using the quantum SWITCH, and the working system ‘thermalises’

with them. The control qubit is measured. If the control qubit is found in the state
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| )., the working system will now be at a higher temperature. If it is measured
in the state |+),, then it will now be at a lower temperature.

The action taken in the second step (ii) depends on the result of the control
qubit measurement in step (i). If |—), was measured, then the working system is
thermalised classically with the hot reservoir. If |[+)_ was measured, then the working
system is thermalised classically with the cold reservoir. In the third step (iii), the
working system is thermalised classically with a middle reservoir, and all the middle
reservoirs are thermalised classically with one another, so that they remain identical.

Let us consider the heat changes that accompany each step. In step (i) only the
middle reservoirs are involved. Conservation of energy, and calculations performed
in section imply that when both measurement results are taken into account,
there is no net heat flow from the reservoirs. In step (ii), in the case that |—), was
measured, heat is transferred from the working system to the hot reservoir. In the
opposite case, heat flows out of the cold reservoir into the working system. In step
(iii), for the |—)_ case, heat is transferred from the working system to the middle
reservoirs, for the |+), case, the flow of heat is reversed. We will see that it is
possible to configure the temperatures of the reservoirs so that the net result of step
(iii) is zero heat flow. In this case, then the only relevant heat flows for determining
the net result of the cycle are those of step (ii), and it can be deduced that the

overall action of the cycle is to transfer heat from the cold to the hot reservoirs.

2.4 Performance of the Refrigerators
2.4.1 Two-level Refrigerator Performance

In this subsection the performance characteristics of the two-level quantum fridge
are derived. The average heat flow per cycle is calculated, then the work cost per
cycle and hence the efficiency of the fridge are determined. The performance of
the ICO fridge is dependent on the temperatures of the hot and cold reservoirs
and the Hamiltonian of the working substance. In order to calculate heat flows,
we assume that all thermalisations are isochoric, i.e. that all changes in internal

energy correspond to heat flows to or from the relevant systems.
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First, let us examine the net heat changes accompanying the first step of the
cycle, justifying comments made in the previous section. The net heat flow to

the working system during this step is given by

0Q% = prdQuY + p_sQyY, (2.10)

where pi are the probabilities of the two possible measurements of the control
qubit, and 5@#1) are the heat changes accompanying step (i) when £ is measured,

themselves given by

5@#0 — Tr[pﬁl(i)H] — Tl"[pg/?/)H], (211)

where p(vg,) and H are the initial state and the Hamiltonian of the working sys-

tem respectively.
Equation (2.5 gives the state of the working system after ICO thermalisation
and measurement:

(0) (0)

ij/EV(i) N T;Tij:f';%;ﬂ = iprWT. (212)
Combining these expressions we obtain the net heat change
0QW = Tr[(r + Tpi/7) H] = Tr[(7 + piy/r) H| Tx[piy H]
FT{(r — ol 7) H] — (7 — 7pl0)7) H]Tel o H)
= 2Tv[(r — PV H] = 0. (2.13)

The last equality comes from the initial conditions of the cycle — the working
system starts in a thermal state at the same temperature as the reservoirs (p%,?/) =7).
Since there is no flow of heat from the working system, we conclude that there is
likewise no flow of heat from the reservoirs. There is no other system to which this
heat could flow; the control qubit is the only other system involved in this step,
and it has zero heat capacity. Equivalently, straightforward energy conservation
implies the same conclusion.

Now the net heat change per cycle is calculated. As in section[2.3] let us consider

the heat flows from the set of systems which is comprised of the cold reservoirs,
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working system, and control qubit. The only step in which any member of this
set interacts with a system outside this set is step (ii). The net heat flow into

the working system during this step is given by

5@%}) — p_Tl"[(p_(ﬁ) _ p_(i))H]. (2.14)

Here p~) and p~@ denote the state of the working system after steps (ii) and
(i) respectively. The subscript W has been suppressed to reduce the density of
notation. Only the branch of the cycle in which |—)_ is measured is considered,
since in the other branch no operation is performed during step (ii).

Writing the initial state of the working system

1 /1 0
) — =1+
P - (O 7“0) ) ZC 1 o, (215)

where we have taken r, = ¢’ to ease the burden of notation, equation (2.9) gives
the unnormalised state of the working system after step (i) with a measurement
of |-)

. on the control qubit as

1 1

i Z
p 0= ZOC e | =17 | (2.16)
Zc Z3,

This expression can be manipulated to yield the normalised state

0
Uro+1|. (2.17)

re + 2

—(i) o 7“04—2

P = 3o43 10

The state of the working system after thermalising with the hot reservoir in step (ii) is

p (1 0 ) , (218)

- 1 + rg O Ty
and equation ([2.14]) therefore implies the net heat transfer to the working system

during this step is

TH 2rc + 1
l+ryg  3(14re)

QW = -y~ rala = - |

]A. (2.19)
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Here the index (2,2) labels the relevant element of a density matrix. This heat flow
represents the only flow from our set of systems. Since in step (iii) the working
system is returned to its initial state and the control qubit has zero heat capacity, we

therefore conclude that the net heat flow to the cold reservoirs over the full cycle is

e Pul 2e~PcA 11 A
14 ePud T 3(14efod)] T

Q¥ = 0QY =p (2.20)

where we have replaced the shorthand notation. This relation implies that there
is a range of temperatures over which the fridge can operate successfully, defined

by the ‘positive refrigeration’ condition

2e7Pch +1 - e~ Pul
J(ePeAr +1) " 14 e Pt

(2.21)

This condition is equivalent to ensuring that after step (i) of the cycle, the
effective temperature of the working substance is higher than the temperature
of the hot reservoir.

The work cost associated with the running of the cycle arises from the measure-
ment performed in step (i). Each time a measurement is made, the result of the
measurement must be stored in a register. The cycle then proceeds according to
the value in the register. Once the result of the measurement is no longer needed
then the register must be erased in order to return it to its initial state. Since the
measurement itself can be performed with no energy cost (since the control qubit
is assumed to have a zero Hamiltonian), the energy cost comes from this process
of erasure [35], otherwise known as Landauer’s erasure [36].

In the case of a projective measurement, with operators { P}, on a system p,
the probability of a given outcome is given by py = Tr[Pgp]. After the measurement

the Shannon entropy of the register p,; is given by

S(pm) = =D peln(py). (2.22)

The energy cost to reset the register in contact with a resetting reservoir with

inverse temperature Sr is then
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R

In the case of the measurement in step (i) of our cycle, the probabilities for

measurement are given by equation ([2.6))

Pt = Tr[; +/a(l - a)rpr], (2.24)

and so the work cost for erasure is

1
Wpg = i > piln(py). (2.25)
-

The coefficient of performance can then be calculated by dividing the heat transfer

from the cold reservoir in equation (2.20|) by this work cost:

cycle
Cold  __ p—Bu

Wevele S~ piIn(pg)

e PuA 2e~FeA 11
1+eBud  3(14efchd)

A, (2.26)

Ncop = —5

where we have chosen the hot reservoir as the resetting reservoir (Sr = fu).
The efficiency of the fridge is on the order of the Carnot efficiency for a very
low temperature cold reservoir and a suitably chosen hot reservoir, but for most
parameters the efficiency is much lower. The reason for the cycle’s reduced efficiency
is that during step (i) there are correlations produced in the reservoirs which are
not utilised, but simply allowed to ‘thermalise away’ In addition, the thermalising
procedures in steps (ii) and (iii) are irreversible isochoric thermalisations. It is likely
that a related scheme, which instead used reversible processes, would achieve an

efficiency closer to the Carnot bound for more general parameters.

2.4.2 Three-level Refrigerator Performance

The properties of the three-level refrigeration cycle are very similar to those of the
two-level cycle. There are three relevant temperatures, that of the cold reservoir f¢,
the middle reservoirs 5y, and the hot reservoir Sg. The aim of the cycle is to transfer

heat from the cold to the hot reservoir. As such, the middle reservoirs should be
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considered as part of the machinery of the cycle, and so must, on average, be left
unchanged by the cycle as a whole. It was shown in the preceding subsection ([2.4.1])
that during the ICO step there is no heat flow from the participating reservoirs
(in this case the middle reservoirs). Since the middle reservoirs do not participate
in step (ii) of the cycle, their net heat change in step (iii) must be zero, so that

they remain undisturbed by the cycle:

6Q51" = —5QW" = ~(p+6Qi™ +p-5Qu™) = 0. (2:27)
Since 5@?;}“” is determined by the temperatures of the three reservoirs, this relation
gives a constraint which fixes the temperature of the middle reservoirs ), for
a given B¢ and f[g.

The net heat change per cycle for the cold reservoir is p+5Qg(ii), since this
reservoir is only involved in the cycle in step (ii), and only if |[+), is measured on
the control qubit. This heat change can be derived in terms of p_5Q;Vii), which
has already been calculated above. This is because, since the working system

returns to its initial state, we must have

JQ = Q% +0QY) +0Qi) = (2.28)

The first term of this sum has been shown to be zero in equation (2.13). The third
term must be set to zero as in equation (2.27)), by choosing the correct temperature

Bur for the middle reservoirs. This leaves

SQ = pr0Qi" + p_Qu™ =0 = poQ" = paQy,  (229)

since the heat which flows into the working system in the |4)_ branch of step
(ii) flows directly from the cold reservoir (p+5QJV§/(ii) = —p+6Qg(ii)). Utilising

equation ([2.20[), we therefore write

e~ Pul 2e PMA 41

cycle +(id) _ (i) _ —
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The positive work condition for the three level fridge is hence given by

e~ PuA +1 - e PHA
3(ePud 4 1) " 1+ e Pud’

(2.31)

The work cost per cycle of the three-level refrigerator is similar to that of the
two-level refrigerator. This is because the measurement and erasure procedure is
the same for both protocols, the only difference being that since By < B¢, p—
is slightly greater in the case of the three-level refrigerator. Since p_ is always
less than one half, this results in an increase in the work cost for resetting the
register according to equation ([2.25).

It is evident that, for a given S and [y, the three-level fridge protocol has a
higher heat transfer per cycle, and a higher efficiency. Once [, is chosen according
to equation ([2.27)), we will have 8y, < Bc. This implies that the working system
after ICO thermalisation and |—), measurement on the control qubit, p;‘,(i), will
have a higher temperature in the case of the three-level cycle. As a consequence,
more heat will be transferred to the hot reservoir during step (ii) in the case of this
measurement. Furthermore, p_ is greater for lower inverse temperatures 5. The
magnitude of §Q”* = pJSQ%,W) is therefore greater for the three-level refrigeration
cycle. This effect is more than enough to overcome the slight increase in work

cost, since p_/6Weyee is a strictly increasing function in p_. Overall, therefore, the

three-level refrigerator has a higher coefficient of performance.

2.5 Discussion

These results show that thermalisation processes happening in a world where
the causal order is indefinite exhibit radically different features compared to
thermalisation processes happening in a well-defined order. More broadly, they
open up a new direction of research on the study of quantum thermodynamical
operations enhanced by indefinite causal order. Additionally, the results are of
interest for resource theories of thermodynamics, since they show that a certain

thermodynamic task - the transfer of heat from a cold to a hot reservoir - can be
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achieved by using thermalising channels alone, if one is allowed to apply them in an
indefinite causal order (as well as measure a control qubit). This task would clearly
be impossible if the channels could only be applied in a fixed or classically random
order. This capability, provided by the ICO, becomes particularly relevant in the
case where the control qubit cannot be used for direct thermalisation (perhaps
because its states are degenerate in energy). Thus, the ICO acts as a ‘tap’ which
allows us to access the free energy of the control qubit, which is the only source
of free energy for the protocol. This free energy is made available for use by the
manner in which the control qubit contols the order of the operations. It ends the
process in a mixed state with reduced free energy, with the difference transferred
to the other systems. The fact that it is possible to perform this task with only
thermalising channels suggests the development of a new class of thermodynamic
resource theories, in which operations can be performed in indefinite causal orders.
It is reasonable to expect that these theories might have exotic properties that
differ substantially from their counterparts with fixed casual orders.

These results demonstrate that in at least one case, a quantum uncertainty in
the causal structure of a thermodynamic processes can provide a thermodynamic
advantage. It is natural to believe that there might be other thermodynamic
protocols that can be made possible or enhanced with the use of indefinite causal
order. It is hoped that this work will encourage more investigation into new avenues
utilising indefinite casual orders in thermodynamics.

Experimental realisation of refrigeration using indefinite causal orders should
be achievable. Tabletop photonics experiments [19-21] have already been carried
out to demonstrate enhanced communication using the quantum SWITCH. The
step from these experiments to implementing the ICO refrigerator should be, in
principle, not too great. An implementation of the simulation circuit should also be
achievable on many other qubit platforms using current technology.

The application of the pseudo-density matrix formalism [37] to the two level

system before and after its ICO interactions could provide an interesting insight into
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the causal structure underlying the operation of the quantum SWITCH. This

is left for future work.
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This chapter is based on a paper, written in collaboration with Felix Tennie,
which is currently under review for publication in Physical Review Letters. The
pre-print can be found on arXiv.org [38]. The author of this thesis designed and

carried out the experiment with much helpful input from FT.

3.1 Introduction

In the previous chapter, it was demonstrated that the quantum SWITCH could
be used to allow quantum refrigeration using thermalising channels that would
ordinarily be useless for this task. There have been experiments aiming to implement
this protocol in nuclear magnetic resonance [23| and photonic [39] systems. In

this work, we implement a quantum refrigeration protocol based on the 1CO

37
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protocol, using superconducting qubits, hosted on a cloud based server which is
open to all users of the internet.

The quantum SWITCH of two channels cannot be simulated with a single
use of each channel embedded in a definite causal order, or in a conventional
quantum circuit, without the presence of time-like curves [6]. However, by relaxing
the restriction that each channel be used only once, it is possible to create a
quantum circuit which gives the same output as the SWITCH. This enables a
proof of principle test of the refrigeration protocol, as well as an investigation of
its robustness to noise. Although this quantum circuit protocol should strictly be
called a simulation of the indefinite causal order refrigerator, it is a true example
of a quantum refrigerator in its own right, and its operation is closely based on
and analogous to that of its progenitor.

The experimental platform that is used for the simulation is provided by IBM
Quantum [40]. Since this cloud quantum computing platform was launched in 2016,
it has been used to obtain several experimental results (e.g. [41-49]). There are
a number of superconducting transmon qubit processors on which programs can
be executed, with varying numbers of qubits and operational fidelities. Some of
these quantum processors available to anyone for use, and others require affiliation
with certain institutions for access. For the simulation detailed in this work, only
the processors in the former category were used, illustrating the suitability, not
only of currently available, but even of less than state of the art systems for
the execution of the protocol.

Recall that, mathematically, the quantum SWITCH of two quantum channels

is itself a quantum channel.

SN NG (pe ® p) = > Wis(pe @ p) Wi,

0]

where

Wy =10y (0], ® KVK® + 1) (1], @ KPP K
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are the Kraus operators of the composite channel generated by the quantum
SWITCH. The fact that the output of the quantum SWITCH is a quantum channel,
implies that there is a unitary quantum circuit which acts on the system and an
environment to give an identical output (equation .

In the previous chapter it was shown that the quantum SWITCH of two
thermalising channels displays some remarkable properties. For initial p. = |+) (4],
the output of the quantum SWITCH of these channels, after measurement of the

control qubit in the |£), basis, reads

1
AE SN N0 ® p) &), = 5 £ 57pm,

where 7 is the density operator representing the thermal state which is the output
of the thermalising channel N'7. Note that if the channels are performed in any
classically determined or random order, then the output must be 7. We see however,
that this expected outcome is not obtained when the channels are applied in an
indefinite causal order. Instead, the output state retains some dependence on the
input, and in general will exhibit a different effective temperature than 7.

These features were used to create a thermodynamic refrigeration cycle (section
2.3|) which transfers heat from cold to hot reservoirs, by thermalising a working qubit
with those reservoirs in an indefinite causal order. The target system, henceforth
called the working system, starts at the temperature of the two cold reservoirs. It
is acted on by the quantum SWITCH of two thermalising channels, one for each
reservoir. The control qubit is then measured in the |£), basis. If the result of
the measurement yields |+) (+],, then the working system has been cooled down.
It is then thermalised classically with the cold reservoirs. If the result yields
|—) (—|,, then the working system is first thermalised with the hot reservoir, and
then finally with the cold reservoir. The net result of this cycle is that heat is
transferred from the cold to the hot reservoir.

In order to simulate this refrigeration protocol on a quantum computer, the
first step is to find a quantum circuit which gives an identical output to the output

of the SWITCH of two thermalising channels.
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3.2 Methods

It is possible to construct a Quantum Switch of thermalising channels using a unitary

quantum circuit which acts on the control and target systems, plus environments [34]:

pC O O

, SN N (pin @ pe)

Here, the control qubit is represented by the uppermost wire, the working qubit by
the second wire, and the two reservoir qubits by the third and fourth wires. The
gates of the circuit are controlled swap operations. The target qubits, indicated
by the crosses, are swapped conditional on the control qubit being in the state |1),
for a filled circle, or |0), for an empty circle. The output of this circuit for the
upper two qubits is identical to S(NT,N7)(p @ p.) above (see appendix for a
derivation of this result). If the reservoir is a bath of thermal qubits, then since the
Hamiltonian of the reservoir can be decomposed into a sum over the energy of each
qubit, the Gibbs state of the reservoir is the product state of single qubit Gibbs
states 7. The third and fourth qubits in the circuit can then be thought of as having
been drawn randomly from the reservoir. Any heat flow to or from these qubits
thus implies a heat flow to or from a reservoir. It is then clear that the individual
swaps performed are unitary extensions of the individual quantum thermalising
channels we wish to implement in the quantum SWITCH, so we implement the
correct channels in an order determined by the control qubit. It is interesting to note
that, after a measurement of the control qubit is made, the effective temperature of
each marginal state on the reservoir wires is identical to that of the working system.

Our aim was to implement this refrigeration protocol in a physical system. We

ran the experiment on the cloud quantum computing platform provided by IBM
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Quantum. The quantum processors accessible via this program are comprised of
superconducting transmon qubits [50, [51].

Specifically, we used the ibmq 5 yorktown backend (figure , which is one
of the IBM Quantum Canary Processors. The processor consists of 5 transmon
qubits, and possesses a universal gate set with high connectivity (six out of ten
potential couplings are possible) and relatively high fidelity, and so is ideally

suited for our purpose.

Figure 3.1: Image of the IBM Quantum yorktown canary processor, taken from the
readme documentation. Qg4 label the transmon qubits, Ry_4 the readout resonators,
and Bj_o the bus resonators coupling Q2, Q3, Q4 and Qq, @1, Q2 respectively.

It is important that the circuit be reduced and simplified as much as possible, to
improve the overall fidelity. We first notice that the circuit above can be simplified

using circuit identities to become:

pC [ o S

}S(pin ® pe)

Pin
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The (controlled) swap gates can be decomposed into Toffoli and C-NOT gates.
The circuit is then transpiled using the native IBMq transpiler for the allowed
operations and connectivity of the particular backend which has been selected
for the experiment. The depth of the final transpiled circuit is 31. The circuit
consists of 51 gates, of which 19 are two qubit gates. These two qubit gates
have a higher error by an order of magnitude, so care is taken to minimise the
number of such gates in the circuit.

The control qubit is initialised in the state |+),. The refrigeration protocol
requires that the work and reservoir qubits are initialised in thermal mixed states,
all at the same inverse temperature, 5;,. In order to achieve this, we run the circuit
40960 times[] with each possible computational basis state for the thermal qubits.
One example outcome for a particular input basis state is shown in Fig. [3.3] The
desired input mixed state is created by randomly selecting runs with a weighting
for each input state that depends on the desired input state. Simply by including
a fifth qubit representing a hot reservoir and relabelling the qubits depending
on the measurement result of the control qubit, we can then reproduce the two
level refrigeration cycle presented in section [2.4.1] The data were analysed by
separating the runs according to the measurement result for the control qubit and
then summing over both results of all the qubits except the qubit of interest. This

gives an average output temperature for the working system and reservoir qubits.

3.3 Results

Our results demonstrate that non-classical cooling has been achieved. For a range
of input temperatures, we find that the reservoir and working qubits have been
cooled below their common input temperature. In accordance with the theoretical
predictions detailed above, we find that the temperature of the thermal qubits is
correlated with the state of the control qubit - something that is not consistent

with the channels being applied in any classical order, thus demonstrating the

IThis reduces the sampling error to an acceptable level. The precise number is the result of
the options for number of runs provided by IBMq.
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Figure 3.2: Dimensionless inverse temperature of the working qubit after thermalisation
in an indefinite causal order, plotted as a function of input temperature. The blue line
represents the outcome in the classical case - the channels are performed in a definite
causal order and so there is no change in temperature. The yellow line is the output
temperature when the control qubit is measured to be |+). In this case, for all input
temperatures, the output is cooler than the case when the control is found in the state |—)
(red line). Top Left — Experimental Result. Top Right — QASM noise model simulation
with IBMq backend calibration data. Solid and dashed line represents ideal temperature
trajectory over multiple cycles with measurement result |[4). Bottom Left — Noiseless
theoretical prediction. Bottom Right — Dimensionless inverse temperature as a function
of the number of consecutive cycles with measurement result |[+). The temperature
converges to an asymptote (blue dashed line for experiment, red dashed line for noise
model simulation).

crucial role of indefinite causal order in the cooling process. For a given range of
input temperatures, we observe that the thermal qubits are cooled below the input
temperature when the control qubit is found in the state |+)., and are heated above
the input temperature when it is found in state |—)., as shown in Fig. [3.2] This
presents a clear signature that quantum refrigeration has been performed.

In the noiseless case, the lower bound on the temperature to which the qubits
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can be cooled by the protocol is absolute zero. Our results, however, indicate
that there is a temperature, below which the qubits cannot be cooled. This is
a result of the inherent temperature of the noise associated with the operations
performed. This temperature bound can be read off the graph in Fig. (Top
Left), from the point where the line representing the output temperature when
|+), is measured crosses the line Sy = fin. For the IBMq Yorktown backend that
was used, the inverse temperature bound was given by A - g &~ 0.3, where A is the
energy gap of the qubits. It is also possible to infer from our results the minimum
number of cycles necessary to cool all the thermal qubits by a certain temperature
(Fig. B.2] Bottom Right), in the ideal case where |+). is measured each time (and
thus no thermalisation with a hot reservoir is required). This is a lower bound
on the number of cycles which must be performed. More generally, the expected
number of cycles depends on p, and p_ (the probability of measuring |+). and
|—). respectively). For the relevant temperature ranges, it is reasonable to take
p+ ~ p_ =~ 1/2. Then, the expected number of cycles required will be approximately

2" where n is the number of steps required in the ideal case.

3.4 Noise Considerations

A close examination of the data presented in Fig. reveals a number of unexpected
features that warrant further discussion. In particular, let us consider the outputs
in the regime where the input inverse temperature is very low (5, — 0). First, we
observe that the experimental data (Top Left) shows that for low /3;, the temperature
of the working system is decreased for both possible measurements of the control
qubit. Also, the temperature depends on the result of this measurement, whereas
in the theoretical model (Bottom Left), for g, = 0, we have (B, = 0, for both
|+)e and |—). measurements. The first feature of the data can be understood with
reference to a very simple model of the noise associated with the operations of
the computer. In this model, we assume that there are two possible outcomes of
the process. With some probability, the computer operates perfectly and gives the

theoretically expected output for a given input temperature, py,(5i), otherwise, the
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output is a fixed density matrix pr.i. We calculate the ‘success probability” (psuc)
by multiplying together the fidelities (from the backend calibration data) of each of

the quantum gates and measurements performed. The output then takes the form

Pout = Psuc pth(ﬁin) + (]- - psuc)pfail- (31)

The form of py,y is unknown (the error processes can be represented by some
combination of depolarising and dephasing channels), but since the off-diagonal
elements are unimportant, there is only one parameter relevant to the model: the
effective temperature of the state. Since this effective temperature will be finite,
and pg,. is less than unity, S, = 0 can never be achieved, even when 3;, = 0.
However, this model does not explain why, when f;, is very low, ., depends on the
measurement results (|4). or |—).) of the control qubit. In fact, the model above
(Eq. predicts that there will be no splitting in output temperature when S, = 0.

A simple modification to the model can explain this second feature of the data.
Let us assume that the input states of the process are not perfectly prepared,
but rather are prepared correctly with a certain probability, and otherwise are
initialised in some thermal state of unknown temperature. Thus, the effective
temperature of the input states cannot be controlled precisely. It is therefore clear

that the input states will never have a temperature of exactly 3, = 0. Therefore,

pw, in Eq. (3.1) must be replaced with

Pin(Bin) = Pone Ptn(Bin) + (1 — Plue) pen(Brain)

where p’, . is the probability of a faithful initialisation and S,y is the temperature
of the input when the initialisation fails. Since [, is a finite temperature, with p},
we still expect a splitting of 5oy for the |[+). and |—). measurement results.

A more sophisticated noise model, provided by IBM Quantum, with parameters
specific to the quantum backend used, gives a more accurate picture of the noise
processes which occur. This model includes sources of error such as single qubit
operation errors, readout errors and errors associated with C-NOT operations. We

provide a sample histogram (Fig. [3.3|) for comparison between the measured data
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Figure 3.3: Histogram of the output measurement results for a particular input
computational basis state (in this case work qubit ‘1’ reservoir A ‘0’ and reservoir B ‘0’).
The measurement outcome labels on the horizontal axis have bits which correspond to,
from least to most significant bit: control qubit, reservoir A, work qubit, reservoir B. Left,
Blue — Experimental Result. Right, Red — QASM Noise Model Prediction. It is easily
observed that the result is not compatible with the noise model within statistical error.
This indicates the presence of correlated noise which is not accounted for in the model.

(blue) and this model’s prediction (red). These data arise from a particular input
computational basis state of the thermal qubits. Still, there is a deviation of the
measured data, even from this comprehensive noise model, which cannot be resolved
within the bounds of sampling errors. This inaccuracy may arise because, either
the calibration data were not accurate for the time that the experiment took place,

or because of unknown and unaccounted sources of correlated noise.

3.5 Future Circuits

As the fidelities of quantum information systems improve, variants of the circuit
described in this chapter will become possible which make certain steps of the
thermodynamic procedure more explicit. For example, it might be desired that
the mixedness of the initial states entering the circuit be generated by some other
means, besides the post-processing step of collating runs of the experiment based

on a weighting corresponding to the desired input temperature.
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Ry :|0) — Ry(65)

Ry :[0) — Ry(5)

a : |0) <> A
a : |0) < A
a : 10) d— A

This circuit achieves a mixedness for the input via entanglement and quantum
measurement. The gates R,(03) are rotations about the y-axis of the Bloch sphere
by an angle 6 which is determined by the desired input temperature. Once the
auxiliary qubits ag, ay, as are measured, and the results discarded, the states of
the work and reservoir qubits W, Ry, Ry respectively will be projected into the
desired random mixed states. Another improvement on the circuit implemented in
this chapter would be one which implements every step in the refrigeration cycle

explicitly, without the need for relabelling qubits. Such a circuit is given below:
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This circuit simulates every step of the refrigeration protocol of section [2.4.1]
Re1_3 are 3 qubits drawn randomly from the cold reservoir, and Ry is a qubit drawn
randomly from the hot reservoir. The first four controlled swaps implement step (i).
The Hadamard gate along with the fifth control swap gate implements step (ii) —
if the control qubit is in the state |—)_ then the working system is thermalised with
the hot reservoir. Step (iii) is performed by the last swap gate which thermalises the
working system with the cold reservoir and returns it to its initial state. At the end of
the cycle the reservoir qubits are returned to the appropriate reservoirs. To perform

the cycle again the control qubit must be reset and new reservoir qubits drawn.

3.6 Discussion

As far as the author is aware, this work, together with Ref. [23], constitutes the
first refrigeration cycle run on a programmable quantum computer. It has been
shown that current quantum processors can be used to successfully implement such
protocols, and provide a new test bed for quantum thermodynamics.

The implementation of the quantum SWITCH on a quantum computer allows
for easy generalisation and extension of any ICO protocol. For example, it is
possible to choose any desired input state of the control qubit, and any channels
to place in a superpostion of orders. It is also possible to straightforwardly extend
the SWITCH to N > 2 channels and orders. This permits a full investigation of
the advantage provided by the quantum SWITCH.

The experiment is a proof of principle of the indefinite causal order refrigeration
cycle. A very simple model of the noise which explains the major features of the
observed data, as well as a more sophisticated one, capable of reproducing the key
features of the data, have been presented. The successful implementation of the
cycle in a noisy system proves the robustness of the protocol, and indicates that
other ICO protocols need not necessarily be rendered impotent on account of noise.

Further understanding the impact of noise on ICO-enhanced tasks is essential to
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evaluating the full potential of the quantum SWITCH for applications not limited
to thermodynamics, but also including communication and metrology. These results
are a promising indicator for the robustness of ICO protocols to noise.

This work motivates further research on the limitations of the quantum SWITCH
in assisting thermodynamic tasks, and the search for other, perhaps more efficient,
(refrigeration) protocols. One open question is whether it is possible to realise
an ICO thermodynamic cycle whose efficiency can, in principle, approach Carnot
efficiency. It is likely that this might be possible using a modified version of
the cycle implemented here.

It has been demonstrated that a thermodynamic ICO protocol can be imple-
mented using current technology. The search is on for more such protocols, and

the prospect for their physical realisation is very encouraging.
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People talk about this being an uncertain time. You
know, all time is uncertain.

—Warren Buffett (Crippen, 2010)
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4.1 Introduction

A growing literature has arisen describing events that take place without a well
defined causal structure in quantum mechanics |46, 8, |16, 1821} 2631}, |34]. On the
one hand, these works are motivated by the hypothesis that an eventual quantum
theory of gravity might predict superpositions of spacetime geometries, in which
the causal relationship between events is itself in a superposition [4]. On the
other hand, it has been argued that indefinite causal orders (ICOs) can be found
already within traditional quantum mechanics, without the need for superpositions
of spacetime geometries [16, 18-21} [27].

In this thesis, the main example of an indefinite causal structure we have
considered is the quantum SWITCH, in which an auxiliary degree of freedom
controls coherently the order in which operations act on system. The quantum
SWITCH is a higher order quantum operation that cannot be represented ex-
actly using a standard quantum circuit [6]. As already discussed, the quantum
SWITCH has been shown to provide advantages in quantum computation [26, 27],
communication [28-30], metrology [31-33], and, as previously described, quantum
refrigeration [34]. Considering these many useful applications of the quantum
SWITCH, a relevant question is how this higher order operation might be realised,
and the resources which are required for this realisation. The demonstration of
the use of the quantum SWITCH, has been claimed in recent experiments |16,
18-21] using tabletop photonics. There is however some debate about whether
these experiments exhibit a true ICO.

In this chapter, we obtain ICOs from the natural uncertainty regarding the
moment at which two events A and B occur, e.g., the detection of spontaneous
decays or the arrival of particles in an apparatus. We couple this uncertainty
in a precise way, such that the quantum SWITCH of operations U4 and Up is
implemented on a system §. Thus, without resorting to unknown high-energy
quantum gravitional effects, we provide a scheme in which U, and Upg act in a

temporal superposition that encompasses both possibilities “U4 acting before Ug”
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and “Up acting before U,.” These unitary operations can also be thought of as

extensions of quantum channels in an 1CO.

4.2 Formalism for Quantum Events

Although in this work we deal with the Schrodinger prescription of QM, where a
time coordinate tracks the evolution of the system, we treat the instant of time when
an event occurs as an observable. In this context, we will take advantage of certain
aspects of an approach developed recently [53], where a space-time-symmetric
formalism for events is proposed, to compute a quantum state with indefinite causal
orders. The formalism is used to describe measurements on a system Q, using a
timer 7, which is coupled to a detector D. The detector performs a measurement
of the observable a = }-, a o) (|4 of the system. We consider first the interaction

of the detector with the system. The initial combined state is given by

|wi>QD = ’0>Q ® ‘O>D = Z <04’0>Q |O‘>Q ® ’0>D7 (4.1)

where |0) 5 is the initial state of the system and |0),, that of the detector. Once the

detection has taken place, then the overall state of the system can be written

Wf>QD :Z<O‘|O>Q’O‘>Q® ) p - (4.2)

«

For our purposes, we would like to be able to describe events which happen at
a time which is subject to quantum uncertainty, so let us consider the timer
system which records the moment of the detector’s measurement. We represent 7
as a Salecker-Wigner-Peres-like timer [54) [55], in which an ideal quantum clock,
coupled with the detector D, stops running at the moment of detection. The

initial state of the systems is thus

[¥(t0)) opr = 1000 @ 10)p ® [to) 7 = D_(alO)g la)g ®[0)p ® [to) . (4.3)

«

We break up the subsequent evolution into infinitesimal time steps which are

much shorter than the other relevant time scales of the process. Here, unlike in
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Ref. [53], we will assume, for the sake of simplicity, that the system Q has a
zero Hamiltonian and hence does not evolve while isolated. After the first such

step the state of the systems becomes

W’(tl))QDT = - 529(1) e Z <04|0>Q |O‘>Q ® |O>D &® ‘t1>fr

[0}

+ oy Yo (al0)g la)g @ ady ® [11)r- (4.4)

«

In the second line of this expression, with probability dp;, the detection has taken
place, and so the detector records a value for a and the timer stops ticking, recording
the time #;. In the first line the detection has not taken place, so the detector
remains in its initial state, and the timer continues ticking. This term in general

has some phase ¢; relative to the second. After NV such steps the state is given by

[0(tn)) opr = Taltn, to) D (@]0)g ) g @ [0)p @ |tn)

o

+k§>~<(tk) §<a|0>g @) @ |a)p @ [t) (4.5)
where
N
At to) = 1:[ VL= 0pgy €, (4.6)
and )

X(ty) = \/op 1:[ V1= 90pq e, (4.7)

The first line of expression (4.5)) represents the case in which, after N time steps,
the detection has still not occurred. The second line is a sum over all possible
detection time steps. Inspecting this expression, we see that the uncertainty in
time of the detection has led to a superposition of these times, which is reflected in
the superposition of different states of the timer 7. In [53|, the author goes on to

consider multiple events and examine how a succession of such events, associated
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with an observer (a collection of timers and detectors), can give rise to the bottom-
up emergence of time, by incorporating elements of the Page-Wootters formalism
[56]. However, the possibility for events to occur in non-predetermined orders was
not explored, and, as we will see, the approach detailed above can be fruitfully
applied to such situations. We will thus extend it by allowing events to occur in
different orders, and by allowing the detections which occur to trigger operations
on other systems. With these extensions we will be able to describe the emergence

of indefinite causal orders, and specifically, the quantum SWITCH.

4.3 Deriving ICO from Superpositions in Time

For the sake of clarity, we will show how indefinite causal orders can arise in a simple
situation in which the decays of two uncorrelated atoms take place in a superposition
of temporal orders. Consider the spontaneous emission of two atoms S4 and Sp
with decay rates v4 and ~p, respectively. The emitted photons from S4 and Sp
trigger the unitary operations Uy ® H and Up ® o, to act jointly on the system (S)
and the control qubit (C), via a machine M. Here, H and o, are the Hadamard and
the Pauli-z matrix in the basis {|0)¢, |1)¢}, respectively. M registers the instant
that the photons were received and performs their respective unitaries. To this
end, the machine can have (among other subsystems) internal timers, such as the
Salecker-Wigner-Peres-like timer 7, where the clock stops running when M detects
the decay S4 or Sp. We assume that the operations take place instantaneously and
that the free evolution of the system S and control C is the identity.

The system starts in the state

¢ (t0)) = le,e)ap |0,0)m [+)c |@)s, (4.8)

where |e, ) 4p are the excited states of S4 and Sg, and |0, 0) r4 is the ready state
of M’s degrees of freedom that register the two different instants at which the
operations take place. |¢)s is the initial state of S and |4+)¢ = (|0)¢ + |1)¢)/V/2 is
chosen as the ready state of the control qubit. To prevent a dense notation, we

avoid using the symbol ®. Let us calculate |¢(¢)) by breaking up the Schrodinger
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evolution into infinitesimal steps 6t = ¢4 —tp < 1/7; (k=1,2,...) in such a way

that after the first step of the evolution, the initial state (4.8]) has evolved to

(1)) = /1= 0pay/1 = 0ps e, €)an 10,000 [+)e [0)s
+1/0pay/1 —0ps |g.€)an [t1,0)m [0)c Ua |@)s
+ /1 —=6pay/opa le,9)ap [0,t1)m [=)e Us |@)s,

(4.9)

with dp; = 7,0t < 1 being the probability of detecting the emission of S; in the
interval 0t. This ensures that the time step used is short enough such that we
can neglect the probability dpadpp of both events A and B (detections of S4 and
Sp decays) happening simultaneously.

In the first line of the expression for |1 (1)), we verify that with a high probability
(1 —0pa)(1 — dpp), A and B do not take place (Us and Up are not triggered),
and hence the machine and the control qubit remain in their initial states. In the
next lines, with probability dpa(1l — dpg) [0ps(1 — dpa)], Sa [Sp] decays, and thus
Us® H [Ug ® 0,] acts on § ® C. The machine registers ¢; in different degrees
of freedom, depending on which operation is applied.

Calculating this evolution up to the N-th step, we have

[W(tn)) =Taltn, to) It to) le;e)ap [0,00m [+)e |@)s

+Tp(tn,to) Y Xaltr te=1) 19,€) a8 [tk, O)a1 [0)c Ua lo)s
k=1

N
+Ta(tn, to) Z B(tr, tk—1) 1€, 9)aB [0, ti)m |=)c U |@)s

2

(4.10)
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where,
T(tn,to) = (1 — dp;)N/? (4.11)
is the probability amplitude for the system S; not to decay in the interval [¢y, tx], and

)N(j(tk, tkfl) = \/(5pj (1 — 5pj)(k71)/2 (412)

is the probability amplitude for S; to decay in the interval [t;_1,t;]. Here, we
assume that dp; is the same for all intervals, but the generalisation when this is
not the case is straightforward. We have also ignored the phases of equation [4.7]
which are not important in what follows.

In the first line of equation , we verify that A and B do not happen in
the interval [to, ty], thus M remains in the initial state. In contrast, in the second
(third) line, A (B) takes place in the interval [t;_1, ], M registers t; in its first
(second) degree of freedom, and S (S4) remains in the excited state. Finally, Sa
and Sp are in the ground state in the fourth (fifth) line, with S4 (Sp) decaying at
the instant ¢, Sp (S4) decaying later at the instant ¢,, and M registering t;, and ¢,.

We are interested in |¢(t)) from the moment we can guarantee that both
detections A and B have indeed occurred, and hence both U4 and Upg have acted
on S. We therefore evaluate |¢(ty)) when ty > ty + max(1/v4,1/75), so that
L;(tn,to) = 0. For simplicity, let us take ty — oo. In this scenario, as the
atoms Sy and Sp are no longer correlated to the other systems, the state of MSC

[lv) = [¢(ty — o0))] in the continuous limit becomes
) mse :/t | dtadtp Xap(ta, tp) |ta,tB)rm
0 0
®[@(t3 —t4) [0)c Up Ua |¢)s

+O(ta —t5) [1)c Ua Up |p)s|, (4.13)

where xap(ta,tg) = xa(ta)xs(ts) is the continuous versions of x, and O(t, —t,) =1
for ¢, > t,, and 0 otherwise. Besides the indefinite causal order between U, and
Usg, |¥) msc contains a superposition of all possible instants t4 and tp (with weight

Xap(ta,tp)) at which Uy and Ug can act on S.
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To obtain x;(t;), notice that the probability for S; to decay in the interval
[k, trk41] can be calculated either by x;(tx,tr+1) squared (equation (4.12])) or by
the modulus square of x;(¢;) at the instant ¢, multiplied by é¢. By equating these

two expressions, as dp; < 1, we have
dp;j (k —1)dp; ~ |x;(te)|* dt. (4.14)

Then, since dp; is time-independent, let us take dp; = 7;0t. By considering
ty —to = kdt and isolating |x;(¢4)|? in equation (4.14), we obtain that the probability

density amplitude for S; to decay at the instant ¢; can be written as

X;(t;) = 7 e llatol2 (4.15)

for t; > o, and x;(¢;) = 0 otherwise.

It is worth noticing that since we chose a time-independent dp;, X;(t;) is simply
the time derivative of the traditional spontaneous decay amplitude. Also, one can
verify that for more complex events — where, for instance, the events associated
with S4 and Sp are correlated — |)) mise has the same format as equation (4.13)),
but with a non-separable time probability amplitude xag(ta,tp).

It is evident that the superposition in equation contains branches in which
decay A happens first and U, acts first and branches in which decay B happens first
and Up acts first. The causal order in this situation is thus indefinite. However, we
have not yet recovered the mathematical form of the quantum SWITCH, because
the final state of the system & and control C are still entangled with the machine
M, and depend on the distribution x45. Nevertheless, by including C and M as

part of a composite subsystem C’, and defining the states

0)er = V2 t th/t dtp XaB(ta,tB) [ta,tB)m|0)c
0 A
(4.16)

and

|1>C’ - \/5 \ dtB/t th XAB(tA7tB> |tA7tB>M|]->C7
0 B

(4.17)
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equation (4.13]) acquires, in principle, the mathematical structure of the action

of the quantum SWITCH of Uy and Up,

$)es = 5 (1000 Uslia + 1)y Ualn ) ). (1.15)
with (0[1)¢r = 0 and (0]0)¢r = (1|1)er = 1. Note that for |¢))¢rs to be the output of a
usable quantum SWITCH, one should be able to distinguish between the states |0)¢
and |1)¢r, as well as measure these systems in the complimentary basis. If this is
not possible (perhaps because these systems are too complex), or if a control system
which involves only a single qubit is required, then it is necessary to disentangle
M and C. We proceed to consider two physical realisations which are engineered

such that the original quantum SWITCH is recovered.

4.4 Strategies for a Quantum SWITCH via Time
Superpositions

4.4.1 Via Time-Bin Entanglement

For the first strategy, we consider a timer state that describes time-bin entangled pho-
tons, such as the ones produced in Refs. [57, 58]: |¢) 45 = % (e)allhg + 10 4le) p)-
For our purposes, such states can be considered to be superpositions in time
with the labels e and [ denoting early (forward photon) and late (backward
photon). Considering that the time-bin entangled photons (Ss and Sp) trigger
the operations U4 and Up via the machine M as previously discussed, the time
probability amplitude of Egs. and is then given by |xap(ta,t5)]* =
%[5(@1 —te)0(tg — 1) +0(ta —t)d(tp — te)], where t, and t; are the early and late
times respectively. Then, there is a superposition of operation A happening at

time ¢, then operation B at time ¢;, and of operation B happening at time ¢, then

operation A happening at time ¢;. Performing the integration from Eqgs. (4.16])

and (4.17), we obtain

|O>C/ = |t67tl>M |0>c and |1>C’ = |tl;te>/\/l |1>C (419)
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Notice that in the particular case of this first strategy, we can neglect C, since
M itself can play the role of the control qubit. Substituting these states into
equation (4.18]), we have completely recovered the action of the original quantum
SWITCH on an initial state |¢)g. Later, we will argue that this scheme constitutes

a true implementation of the quantum SWITCH supermap.

4.4.2 Via Decaying Atoms

Although a method using time-bin entangled photons has been put forward, it might
be objected that the control over this set of states is too exquisite to be practical.
Also, it may appear that the scheme depends entirely on time-bin entanglement
as a resource. To mitigate these concerns, we show here that one can realise the
usual quantum SWITCH using the decays of two unentangled atoms, as previously
described. To this end, we have to decouple M from the other systems. First, if the
two atoms are positioned so that the emitted photons enter the machine at different
positions, then the machine can record the order in which the two decays took place.
The diagram for the scheme is presented in Fig. m, with V{ = H and V§ = o..

By inspecting Egs. and (or equation (£.13) for xap(ta,ts) =
Xa(ta)xs(tg) with x(t) = xp(t), we verify that in order to decouple the machine
states |ta,tp) pm from the system and the control qubit, it is sufficient that |t 4, t5) pm
= |tg,ta)pm. This is the reason for the beam splitter before the timer in Fig. [4.1}
The timer, which represents the state of the machine, records the time of arrival
of both photons, but not which one arrived first, because the beam splitter sends
both photons to the two detectors D;+ and Doy with equal probability.

As |ta,tg)m = |ts,ta) m, we can perform the change of variables t4 = tp in
the integral of the state |1)¢ of equation (or, similarly, in the second integral

of equation (4.13) to obtain |¢)es = [¢)) mes written as

V) mse :/t th/t dtg x(ta)x(ts) |[ta,tB)m
0 A

® DO)c Up Ua lp)s +[1)c Ua Up |<P>s} (4.20)
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Figure 4.1: Photons from the decays of atoms A and B travel to the machine, which
operates on the system and control qubit with the corresponding unitary when a photon
is received. A photon enters the machine and undergoes parametric down conversion
(PDC), being split into two photons. One of these photons travels to a detector (Da/Dpg)
which triggers the unitary associated with that particular atom on the system (Uy /B On
S) and the control (VE/B on C). The other travels, via a beam splitter (BS), to one of
two detectors (D17 or Doy ), which cause the timer (7)) to record the time of arrival of
the photon, but not which photon arrived first.

Now the machine (M) and the rest of the system (SC) are in a product state. We
are thus free to discard M. What remains is the desired result — the expression

for the quantum SWITCH with a simple two-level control system.

4.4.3 Alternative Derivation for Decaying Atoms protocol

In the derivation of the quantum SWITCH from events which are uncertain in time
detailed in section [4.3] the Schrodinger equation is applied in short time slices to
the overall state of all of the systems involved in the process. The ‘superposition
in time’ is apparent from the state of the machine which records the time of the
triggering events. It might be contended that this implies that the superposition
in time is not fundamental for the emergence of the indefinite causal order, but
is instead its byproduct. In this section, an alternative derivation is presented,
in which the fundamental role of the superposition in time is more explicit. The

two derivations are equivalent, but highlight different aspects of the protocol. The
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first derivation proceeds in order of temporal priority (the Schrodinger equation is
applied step by step in time). This second derivation proceeds in order of logical
or causal priority. We derive the states of the relevant systems at the end of the
process by considering the correlations that are built up by their interactions.
As in the section above, we consider the situation in which two excited atoms
(A and B) are positioned so that the photons associated with their decay will
enter the machine at two different positions, as in figure [f.1] Atoms are used as
an example, but, as in the first derivation, any process which can give rise to the
required superposition can be utilised. If there were a timer which recorded the
time of the decay of one of the atoms (or one of the events) then its state after

sufficient time has elapsed could in general be written

Ty = [ dt x(t) |t)r., (4.21)

to
where the states |t) are the orthogonal basis states of the timer associated with
the time of the decay. In the case of two events, the state representing their

times can similarly be written

TaB) :/t th/t dtg x(ta,ts)|ta, te)r - (4.22)
0 0

In this particular case, the time at which the decays take place are ‘recorded’ by

the photons emitted. So we can make the substitution:

|t:) 7 — al, |0), . (4.23)

The initial state of the total system is the product state

[Wo) = le,€) 4510}, 10,0) p [+)c |#)s 5 (4.24)

where the first ket represents the atoms in their excited states, the second is the
vacuum of the photon field, the third represents the state of the machine, and the
fourth and fifth are the initial states of the register (control) qubit and the target

system respectively. Thus, once the decays take place, the full state becomes
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Wy) = /to dtadtp x(ta,tB) 19, 9) 4 GIAGIB 10),10,0) p( [ l9)s,  (4.25)

to

where the labels on the photon creation operators denote the time of emission.
After the photons are absorbed by the machine, and the machine records the times

of arrival and acts on the system and control, the state becomes

W2) = [ dta [ dtn x(tarta)19,9) a5 10), I a) i VEVE e UnUa o)

[t [ dta x(ta.t5) 19.6) a5 100, Ia.t) o VEVE [0 UaUs )
(4.26)
The integral has been split into two parts, for the first t4 < tp, and for the
second t4 < tp. Again, |ta,tp),, is the state of the machine having operated
at times t4 and tp. As above, we choose V{ = H and V§ = 0. so that the
control qubit will end up in one of the orthogonal states [0/1)., depending on
the order of application of V{ and Vg.

In order to recover the output of the quantum SWITCH, there is one further
requirement. We must decouple the machine and register states from the control
and system qubits. As in the previous section, it is sufficient to have machine states
|ta,tB) \( that are symmetric with respect to a swap in their arguments. That is to
say that the mechanisms might record the times at which photons arrived, but not
which photon arrived first. This is intuitively expected, since if any information
about the order of events is stored in the environment then the entanglement
between the control qubit and the target system will be reduced.

Assuming that we prepare our system in such a way that the states |t4,tp)
satisfy this condition, and assuming an analogous symmetry for the probabil-
ity amplitude y, by swapping the integration variables in the second integral

(ta = tp) we have:
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) = 19.9)4g 100, [ dta [ dtn X(tartn) |tasta) o
A

&(10)e ® UsUa l)s + 1) @ UaUs I9)s ). (.27

which is the desired product state between the different parts. Tracing out the
atoms, photon field and mechanisms for the register and machine systems yields

the output of the quantum SWITCH.

4.5 Discussion

This work was motivated in part by the ongoing debate about what constitutes a
true implementation of an indefinite causal order, and whether one can be achieved
without superpositions of space-time in a quantum gravitational framework. We
will now ask whether our quantum SWITCH protocol represents a true ICO and
in what respects it is similar and different to other implementations.

A similarity between our scheme and the quantum SWITCHes that have already
been implemented in experiments is that they share the same representation in the
process matrix formalism. This formalism gives a framework for quantum mechanics
in situations where the causal structure is indefinite. The quantum SWITCH has
been studied [10] using this formalism, including cases where the operations are
performed on time-delocalised subsystems. The process matrix specifies the input
and output Hilbert spaces on which the quantum operations taking place during the
process act. In our scheme, the nature of the time-delocalisation is explicit — the
input and output Hilbert subspaces are given by the Hilbert subspaces associated
with each time slice of Fig. [4.2]

Let us consider the spaces on which the operations are performed in the case
of the time-bin entangled photons implementation, since there are then only two
relevant times, t. and ;. At any particular time ¢, the full Hilbert space of all

the relevant systems is given by

iotal = HtC ® Hfs (428)
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The input Hilbert space for operation A is contained within a tensor product of

Hilbert spaces associated with the systems at different times

H,y, =He @ HE © He © He, (4.29)

where the times t._ and ¢,_ denote the moments before the operations are executed
at the early and late times respectively. However, the input space itself is a subspace
of this larger space. This subspace, H4,, is a factor of H)y , and is defined by

the observable algebra generated by the operators

Oa, =0) (0], ® 0% @ I& + 1) (1], ® T§ ® Od . (4.30)

Similarly, the output space for operation A is contained within the product

Wy, =He' @ Hat @ Het @ Hit, (4.31)

where the times ¢., and t;; denote the moments after the operations are executed

at the early and late times respectively, and is defined by the algebra generated by

Oup = 10) (0], ® Ot @ T + 1) (1], ® 15" @ 0%, (4.32)

The spaces relevant to operation B are identical, except with |0) (0|, replaced by
1) (1], and vice versa. These input and output subspaces are tensor products
of Hilbert spaces which are associated with systems at different times, with the
correct form for physical realisations of the quantum SWITCH (once the spaces
with label t.. are identified with those with label ¢;_, since no operations are
performed between these two times).

It can be seen, therefore, that the process described above is represented by
the same process matrix as discussed in Ref. [10], implying that this scheme is
a true implementation of the quantum SWITCH. The only difference is that the
delocalisation in time of the operations is the fundamental and explicit foundation

of this protocol.
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Figure 4.2: Spacetime diagrams for three implementations of the quantum SWITCH a)
An implementation using a superposition of spatial trajectories to achieve the SWITCH
must have 4 spacetime points associated with the operations. The spatial degree of
freedom of the system is in a superposition (green and blue), and so the operations all
take place at 4 distinct spacetime points: [(z4,t1),(xp,t1),(x4,t2),(zB,t2)]. b) and c)
show our scheme using time bin entangled photons (EPS) (b) and decaying atoms A and
B (c¢). An implementation using our scheme relies upon superpositions in time, rather
that in space, of the events. It is therefore possible to construct a SWITCH in which
there are only two spacetime points associated with the operations.

We now comment on the major difference between our scheme and previously
implemented protocols. It has been argued [24] that the photonic implementations
of the quantum SWITCH are disqualified from being genuine ICOs, because they
involve four spacetime events. It is therefore important to address whether our
scheme can be criticised in the same way. The two situations are represented in Fig.
M. Diagram a) represents schematically implementations that rely on superposition
in space, such as the photonic implementations mentioned above. Diagrams b) and
¢) represent two versions of our protocol, relying on superpositions in time.

From these diagrams, we can see that in Ref. [18], for example, the control
qubit is entangled with the spatial degree of freedom of the system. Then, in one
branch Alice applies the Uy controlled unitary at spacetime event (¢1,x4) and Bob
applies the controlled unitary Ug at (t2,zp), while in the other branch Bob acts
at (t1,zp) and Alice at (t2,24). Then the system and control are recombined.

We therefore see that four spacetime events are relevant to describe the process
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that the system undergoes.

In our approach, however, the system is not required to become delocalised
in space. The unitaries are performed at the same spatial location. It is not
difficult to identify then that there are only two space-time points where the system
undergoes a transformation. These are (t1,xs) and (t3,xg). It has been claimed
[24] that this difference in the number of meaningful spacetime points is important
for determining whether a true ICO has been achieved. We therefore believe that
this protocol really does implement a genuine quantum SWITCH.

This work only considers how the quantum SWITCH might arise as a result
of superpositions in time. However, the SWITCH is not the only indefinite causal
structure. Further work is needed to discover which other structures can arise in
a similar way, and whether there are any allowed causal structures which cannot
be realised using superpositions in time.

Since processes that are indefinite in time occur widely in nature, and we have
shown how an ICO can arise straightforwardly when such superpositions exist,
this work suggests that exotic causal structures might be more widespread than
previously thought. This encourages the search for exotic causal structures arising
naturally. It is possible that certain natural phenomena might be able to be

explained only with reference to such causal structures.



68



And further, by these, my son, be admonished: of
making many books there is no end; and much study
is a weariness of the flesh.

—FEcclesiastes 12:12 (KJV)

Summary and Further Work
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5.1 Summary of Research Findings

The focus of this thesis has been the examination of novel properties of indefinite
causal orders. The results herein demonstrate new applications for, and new origins
of, these phenomena. The author believes that this work adds to the growing
body of evidence that indefinite causal orders are an important and fruitful field
of research, providing new insights into various fields of Physics.

From its origins at the dawn of the industrial revolution, the study of thermo-
dynamics has been based upon principles derived from machines which operate in
a cycle with a predetermined causal ordering. The author has outlined the first
thermodynamic cycle which operates in a quantum superposition of orders. It
was shown that operations which by themselves are useless for thermodynamic
tasks when applied in any fixed causal order, can be ‘activated’” and become useful

for performing such tasks. In particular, a protocol for refrigeration, which uses
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thermalising channels in an indefinite causal order controlled by the quantum
SWITCH, was developed. This refrigerator is the first to rely on indefinite causal
orders. It shares some similarity with ‘Maxwell’s Demon’-like quantum heat engines,
such as the Szilard engine [59], since the cost of its operation comes from the erasure
of information. This first application of ICOs to thermodynamics opens up an
entirely new arena for their application. Additionally, applying the formalisms
of thermodynamics to indefinite causal orders will open up new knowledge about
the physics underlying them.

In the third chapter of this thesis, the first simulation of indefinite causal
order on a programmable quantum computer was presented, using cloud quantum
computing resources available to all users of the internet. The refrigeration protocol
of the preceding chapter was adapted so that it could be implemented using IBM’s
superconducting transmon qubit processors. As far as the author is aware, this
also represents the first refrigeration cycle to be run on a programmable quantum
computer. The fact that this is possible demonstrates that current quantum
computing technology provides an excellent test bed for protocols involving ICOs
and thermodynamic protocols in general. It also demonstrates the robustness of the
refrigeration cycle to noise, motivating more investigation into ICO protocols
using NISQ era devices.

Lastly, a new context for the generation of indefinite causal orders was put
forward. It was shown that processes which have a quantum uncertainty associated
with their timing can be exploited in such a way as to give rise to ICOs. The
various disagreements about the validity of physical realisations of quantum causal
orders were discussed, and it was argued that the scheme constitutes a genuine
ICO, on the grounds that it shares the correct process matrix and has only two
relevant spacetime points. The fact that ICOs can arise from phenomena that are
so common in nature indicates that they might be much more widespread than has

previously been imagined, and so are an important subject for further study.
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5.2 Avenues for Further Investigation

The ICO refrigerator detailed in this thesis is only the first thermodynamic protocol
to use exotic causal structures. This work paves the way for further investigation
and development of new procedures — it is reasonable to assume that there will be
many other examples which are discovered over the coming years. An obvious next
step would be the development of a heat engine which uses quantum causality for
its operation. Another open question is whether the efficiency of the refrigeration
cycle proposed can be improved. The author believes that this should be possible,
by replacing certain irreversible classical steps of the protocol with reversible ones,
for instance. In principle, there seems to be no reason why the efficiency of a cycle
based on ICOs should not approach the Carnot efficiency. If it was discovered
that this was impossible then this would be a surprising result, and would raise
an interesting question about the thermodynamic properties of quantum causal
orders. The potential for thermalising channels alone to execute refrigeration, when
these channels are allowed to be performed in a superpostion of causal orders,
suggests that a thermodynamic resource theory which included ICOs would have
very different properties from one in which the causal order was fixed. The set of
achievable tasks, given a set of free operations, is different in at least this one case,
and it is reasonable to assume that there are other examples. Formalising such a
resource theory would be a very promising avenue for further work.

Quantum computers offer an excellent method for the exploration of the
properties of diverse kinds of ICO protocols. Any channel can be chosen for
placement in a simulated quantum SWITCH, and the SWITCH itself can be
generalised for the placing of three or more channels in a quantum causal order.
The versatile nature of the programmable computers provided by IBM makes
the adaptation and testing of different procedures very efficient. Several concrete
proposals were put forward in chapter [3] — fuller simulations of the quantum
fridge which might help further assessment of the protocol’s suitability for different

applications. More broadly, this new context for testing ICO protocols should
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encourage further probing for the limitations of the quantum SWITCH in assisting
thermodynamic and other types of tasks.

The fact that superpositions in time, when configured in a suitable way, can
give rise to the quantum SWITCH, suggests that it might be possible to produce
other causal structures in a similar way. This possibility is yet to be explored. To
take a simple example: by simply adding more triggering events (i.e. more atoms),
higher order quantum SWITCHes could, of course, be constructed.

In addition, several simplifying assumptions were made in the construction of
the quantum SWITCH from time superpositions. It is possible that by considering
more general cases, new [CO protocols could be constructed which might have
different properties than those which have already been proposed. For example, it
was assumed that in the time between triggering events, the system does not evolve
- if this assumption was relaxed, in the case of a continuous probability distribution
for the events (i.e. decaying atoms), then a continuous superposition of different
states would arise, corresponding to the times of the second decay. By then making
a measurement of the times in a suitable basis, it might be possible to use the
interference between these states in a constructive way. Another assumption was
that the operations were performed instantaneously, and thus there could be no
overlap between their times. Relaxing this assumption would also lead to some
non-trivial, and perhaps useful, superposition. Lastly, we did not discuss the case
where the events which are used to trigger the operations are themselves entangled
so that there are interesting correlations between their times.

Finally, investigations into quantum causal orders were first motivated by
discussions concerning quantum gravity [4]. Perhaps, by considering how these
structures can arise from the simplest phenomena, it might be possible to shed

some light on this difficult subject.
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A.1 Quantum Circuit Output Calculation

Here the output of the simulation circuit implemented in chapter [3|is calculated, in
order to verify that that this circuit generates the correct output. We reproduce

this circuit below for ease of reference.

Pe

Pin

T

T

Recall that the initial state of the control qubit p. = |¢.) (.|, where |¢).) =
Val0) + /1 —«ll). We can then write the output of the circuit as a sum over
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the matrix elements of p..

out
Ptotal — &

10)
+y/a(l —a)|0)
+y/a(l —a)|l)

)

+(1—a)1

m®&&pm®T®ﬂ§%

(
1@ S8 (pmn@T®T
(
(

(
(
(0 ® 1.5, Si
(1] ® 5,9 (pin © T @ T) S35

)sis
pm®T®T)
) (A.1)

where the tensor product proceeds in descending order along the qubits in the
circuit and 57 and S, are the unitaries representing swaps between the second and
third qubits, and the second and fourth qubits, respectively. Note that, on each
line, only two unitaries act from each side. This is because, for each basis state
of the control qubit, there are two gates which do not act.

We now expand the density operators for p;, and T in terms of the com-

putational basis states.

Pin = Y15 1) (J
ij

T = zk:qk |k) (k] . (A.2)

The form of p;, is kept general, but T" must be diagonal. Let us now consider the
action of the swapping unitaries on the states of the bottom three qubits. For

the control qubit state |0), Sy acts first and then S,.

10) ® 525 (i) @ [k) ® [m) )
=10) ® S5 (|k) ® |i) ® |m) )

=10) ®|m) @ i) ® |k). (A.3)
For the control qubit state |1), Sy acts first and then S;.

1) @ $1.55( i) @ |k) @ [m) )
= 1)@ Si(|m)® k) @ i) )

=) ® k) @ |m) ® 7). (A.4)
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It is now possible to rewrite equation [A.T}

Plotat = D_ Tij0km [a 10) (O] @ [m) (m| @ [3) (7] @ [F) (k|

ijkm

+y/a(l = a) |0) (1] @ |m) (k| @ |i) (m| ® [k) (j]
+y/a(1—a) [1) (0] @ k) (m] @ [m) (j] ® li) (k]
1 —a)|1) (U@ k) (K @ |m) (m| @ 1) (7] | (A5)

We proceed to trace out the reservoir qubits in order to recover the quantum channel
which acts on the control and system qubits. Let us each of the four terms in this
expression. The diagonal (first and last) terms, reduce simply:
> Tij@kGm [0) (0] @ [m) (m] @ [i) (i ® |k) (k] = 10) (0] @ D _ g [m) (m],  (A.6)
ijkm m
and
> T |1) (L @ k) (k| @ [m) (m| @ [i) (5] = [1) (1] @ >_aw [k) (k. (A7)
ijkm k
The off-diagonal terms are slightly more complicated. We consider initially the

term with control qubit factor |0) (1|. First we trace out the fourth qubit.

> TiiQkGm [0) (L] @ [m) (k[ @ [i) (m] @ |k) (3|

— ; riQrdm (PIK) (Glp) |0) (1] © [m) (k| @ [4) (m]
= ; TijQkdmOpkOip [0) (1 @ |m) (k[ @ [i) (m]
=>_riim [0) (1] @ Jm) (j| @ [i) {m] . (A.8)

Next the third qubit is traced out.

> _Tidiam [0) (1] @ [m) (j| @ [i) (m]
= > 71j¢i9m (sli) (mls) [0) (1] @ [m) (j]
= Z Ti§4iQmOsi0ms 0) (1] @ [m) (j

= ryaig; 10) (1 @) (. (A.9)

iyms
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The final term with control qubit factor |1) (0| reduces similarly:

> Tii QG 1) (O @ k) (m] @ [m) (i @ |i) (k| = >_ 1450095 10) (1] ® [i) (j] . (A.10)

ijkm i
By recombining these four terms and recalling the definitions of equation (A.2]), we

see that the output marginal state of the control and system qubits is given by

P = (al0) O]+ (1-a) 1) (1) T
+ /a1l = a)(10) (1] + [1) (0] ) ® TpinT. (A.11)

Here, the subscript of p°“ denotes the qubits which remain after the tracing-
out process. This expression is identical to that for the quantum SWITCH of
thermalising channels S(NT, N7T)(p, ® pi,) derived in equation , therefore we
conclude that the circuit gives the correct output.

One further consideration is the marginal output state of the reservoir qubits.
Of particular interest is the effective temperature of each reservoir qubit after the
circuit has been implemented. Starting again from equation , we instead
trace out all but the first and last qubit to give:

P = a|0) (0| ® > gy k) (k|
+/a(l —a)[0) (1] ® > 7i6; i) (il
+y/a(l = a)[1) (0] @ rid; i) (J]

+(1 —a) 1) <1|®qu\k> (k| . (A.12)

k
In the case where p;,, is diagonal (i.e. 7;; = 6;;74), then this is identical to equation
(A.11)), implying that the marginal output effective temperatures are the same

for the work (second) qubit and the reservoir (thrid and fourth) qubits. This

is the case considered in chapter [3

A.2 1IBMq Transpiled Circuit

The circuit which is given as input to the IBMq transpiler is reproduced in
figure [A.1] The controlled swaps are represented by a combination of Toffoli

and controlled-not gates.
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Figure A.1: The input circuit for a particular input computational basis state (in this
case work qubit (q2) ‘1’, reservoir A (q;) ‘0" and reservoir B (q3) ‘0’). H labels Hadamard
gates, + not gates, and the first operation involving g3 is a swap gate. The final four
operations are measurements, with the results stored in a classical register.

This circuit must be executed using a quantum processor that does not have full
connectivity, and cannot natively perform Toffoli gates. It is therefore transpiled
into a form which is compatible with the processor architecture. This transpiling is
carried out automatically when a job is sent to the IBMq servers. The resulting

circuit is given below:
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Figure A.2: Transpiled circuit (for the input in figure |A.1]) which is executed by the
Yorktown quantum processor. The circuit is divided between two lines for readability.
RZ labels rotation around the z-axis in the Bloch sphere.
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The Qiskit code for this circuit, which can be run directly using IBMq, is

reproduced here for reference and to provide numerical values for gate rotations:

from qiskit import QuantumRegister, ClassicalRegister, QuantumCircuit
from numpy import pi

greg_q = QuantumRegister(5, ’q’)

creg_c = ClassicalRegister(5, ’c’)
circuit = QuantumCircuit(qreg_q, creg_c)
circuit.rz(1.5707963267948961, qreg_ql[0])
circuit.sx(qreg_ql0])
circuit.rz(1.5707963267948966, qreg_q[0])
circuit.x(qreg_ql[2])
circuit.cx(qreg_ql1], qreg_ql2])
circuit.rz(1.5707963267948961, qreg_ql1]l)
circuit.sx(qreg_ql1])
circuit.rz(1.5707963267948966, qreg_ql1]l)
circuit.cx(qreg_ql2], qreg_ql1l)
circuit.rz(5.497787143782137, qreg_ql1])
circuit.cx(qreg_ql0], qreg_ql1l)
circuit.rz(0.7853981633974487, qreg_ql1])
circuit.cx(qreg_ql2], qreg_ql1])
circuit.rz(5.497787143782137, qreg_ql[1])
circuit.cx(qreg_ql[0], qreg_ql1l)
circuit.rz(2.356194490192344, qreg_ql1])
circuit.sx(qreg_ql[1])
circuit.rz(1.5707963267948966, qreg_ql1ll)
circuit.rz(0.7853981633974487, qreg_ql2])
circuit.cx(qreg_ql0], qreg_ql2])
circuit.rz(0.7853981633974487, qreg_q[0])
circuit.rz(5.497787143782137, qreg_ql2])
circuit.cx(qreg_ql0], qreg_ql2])
circuit.x(qreg_ql[0])
circuit.cx(qreg_ql1], qreg_ql2])
circuit.cx(qreg_ql[2], qreg_q[3]1)
circuit.cx(qreg_ql[3], qreg_ql2])
circuit.cx(qreg_ql[2], qreg_ql[3])
circuit.cx(qreg_ql1]l, qreg_ql2])
circuit.rz(1.5707963267948961, qreg_ql1])
circuit.sx(qreg_ql1])
circuit.rz(1.5707963267948966, qreg_ql1])
circuit.cx(qreg_ql2], qreg_ql1l)
circuit.rz(5.497787143782137, qreg_ql1l)
circuit.cx(qreg_ql0], qreg_ql1])
circuit.rz(0.7853981633974487, qreg_ql1ll)
circuit.cx(qreg_ql2], qreg_ql1l)
circuit.rz(5.497787143782137, qreg_q[1])
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circuit.
circuit.
.sx(qreg_ql1])
circuit.
.rz(0.7853981633974487, qreg_ql2])
circuit.

circuit

circuit

circuit.

circuit

circuit.
circuit.
circuit.
circuit.
circuit.

circuit
circuit
circuit
circuit

cx(qreg_ql0], qreg_ql1l)
rz(2.356194490192344, qreg_q[1])

rz(1.5707963267948966, qreg_ql1]l)

cx(qreg_ql0], qreg_ql2])
rz(0.7853981633974487, qreg_ql0])

.rz(5.497787143782137, qreg_ql2])

cx(qreg_ql0], gqreg_ql2])
rz(1.5707963267948961, qreg_ql[01)
sx(qreg_ql0])
rz(1.5707963267948966, qreg_ql[01)
cx(qreg_ql1l]l, qreg_ql2])

.measure(qreg_q[0], creg_c[0])
.measure(qreg_ql1], creg_c[1])
.measure(qreg_q[2], creg_c[2])
.measure(qreg_ql[3], creg_c[3])

A.2. IBMq Transpiled Circuit
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