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Abstract

Hypergraphs extend traditional networks by capturing multi-way or group interactions. Given the
complexity of hypergraph data and the wide range of methodology available for pairwise network
analysis, hypergraph data is often projected onto a weighted and undirected network. The simplest
of these projections, often referred to as a node co-occurrence matrix, is known to be non-unique,
as distinct non-isomorphic hypergraphs can produce the same weighted adjacency matrix. This non-
uniqueness raises important questions about the structural information lost during the projection
and how to efficiently quantify the complexity of the original hypergraph. Here we develop a search
algorithm to identify all hypergraphs corresponding to a given projection, analyze its runtime, and
explore its parallelisability. Applying this algorithm to projections derived from a random hypergraph
model, we characterize conditions under which projections are non-unique. Our findings provide a
new framework and set of computational tools to investigate projections of hypergraphs.

1 Introduction

Hypergraphs are a useful representation for inter-
action data featuring multi-way or group inter-
actions. As a generalization of pairwise network
representations, hypergraphs are more flexible as
mathematical objects since they can represent in-
teractions among groups of arbitrary sizes. In their
most general form, including both parallel edges
and repeated nodes, hypergraphs are multi-sets of
multi-sets, and are often represented numerically
by sparse high-dimensional tensors or incidence
matrices [21, 2]. Throughout this paper, we will fo-
cus on simple hypergraphs, meaning hypergraphs
in which no hyperedges occur more than once (no
parallel or multi edges) and no node occurs more

than once in a given hyperedge (no self-loops).
Simple hypergraphs can be represented formally
as sets of sets.

The representational complexity of hyper-
graphs, itself a consequence of their combinatorial
complexity, sometimes leads researchers to sim-
plify hypergraph data by projecting it back onto
the set of nodes, creating an undirected dyadic
multigraph where a link is placed between two
nodes for each hyperedge they share [6, 9, 8,
11, 23, 12]. This projection technique can be ap-
plied to both bipartite (or two-mode) data and
group interaction data, where it is sometimes re-
ferred to as the hypergraph adjacency matrix or
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Figure 1 Overview of node co-occurrence projections of hypergraphs and our TwinSearch framework. The left panel
shows a node co-occurrence projection matrix, optionally computed from a reference hypergraph. This forms the input
to the TwinSearch procedure, shown in the middle panel and detailed in pseudocode in Algorithm 1. We first represent
the projection as a factor graph, a bipartite graph computed from an adjacency matrix where one set of nodes represents
pairwise edges and the other represents cliques [27]. In this example, we limit to only 3-cliques or triangles, which will in
turn limit the output to 3-uniform hypergraphs. The TwinSearch procedure iteratively searches subgraphs of the factor
graph that are consistent with the input projection matrix and any user-imposed constraints, such as a desired hyperedge
size or node hyperdegree distribution based on the reference hypergraph. The output of the search is a set of hypergraphs
that all realize the input node co-occurrence projection that we call the set of twins.

weighted clique expansion [10, 18, 3, 2].1 This
matrix is a convenient representation of hyper-
graph data because it corresponds to an adjacency
matrix describing a weighted and undirected net-
work, facilitating the direct application of pairwise
network based methods to the analysis of group
interaction data. Using the hypergraph adjacency
matrix also reduces the largest dimension from the
number of hyperedges (as in an incidence matrix)
down to the number of nodes.

In this paper, we will refer to this matrix as
the labeled node co-occurrence projection matrix
of a hypergraph and define it as follows:

Definition 1.1 (Labeled node co-occurrence pro-
jection). Given a hypergraph H = (V, E) with
n = |V | nodes labeled 1, . . . , n and m = |E|
hyperedges labeled 1, . . . ,m, the weighted node
co-occurrence projection is a matrix Wuv ∈ Zn×n

≥0

with off-diagonal entries containing the number

1We note that there is sometimes confusion in the literature,
and that this nomenclature is not unique to this specific ob-
ject. Moreover, there exist alternative ways to define the node
projection of a hypergraph. See for example [5, 8, 11].

of hyperedges in which the pair of nodes (u, v)
co-occur:

Wuv := |{(u, v) ⊂ e}|e∈E .

The co-occurrence projection may or may not
include diagonal entries, which correspond to node
hyperdegrees in a hypergraph context and self-
loops in a network context. If we represent the
hypergraph H as an m × n incidence matrix A,
where Aαu = 1 indicates that the hyperedge α
contains the node u, we can write the matrix
defined above as:

W := ATA,

when self-loops are included, and

W := ATA−D,

when self-loops are excluded. Here D is the n ×
n diagonal matrix containing node hyperdegrees
(the number of hyperedges in which the node
occurs). Throughout this work, we will consider
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co-occurrence projections both with and without
hyperdegrees on the diagonal.2

It is known that a node co-occurrence projec-
tion is not in general unique to a single hypergraph
[18, 10, 23, 11]. In this paper we explore sets of
hypergraphs that correspond to the same node
co-occurrence projection. For example, Figure 1
shows a node co-occurrence matrix that can be re-
alized by at least six different hypergraphs. For the
sake of precision and ease of reference, we define
sets of twin hypergraphs as follows:

Definition 1.2 (Set of twin hypergraphs). Given
a node co-occurrence projection Wuv, the set of
twin hypergraphs associated to Wuv is a set of hy-
pergraphs T := {h1, . . . , hℓ} such that Wuv is the
node co-occurrence projection for each hi and for
each distinct pair i and j we have hi ̸= hj , mean-
ing that the two labeled hypergraphs do not have
the same incidence matrices.

As noted in Definition 1.1, we can choose
whether to consider the diagonal elements in Wuv

and it turns out that this choice can change the
set of twins substantially. In the most general
case, which we will refer to as the “unrefined”
set of twins, we consider all hypergraphs to be
in the set of twins if the off-diagonal entries of
their projections match the off-diagonal entries of
Wuv, effectively setting the diagonal to 0. In this
unrefined set, properties such as the number of hy-
peredges, the hyperedge size distribution, and the
node hyperdegrees are all unconstrained beyond
the structure encoded in the off-diagonal entries
of the projection matrix.

We will consider three refinements of the set
of twins. First, we refine the set of twins to those
hypergraphs from the unrefined set whose projec-
tions also have the same non-zero diagonal entries
as the input projection, meaning the hypergraphs
all have the same labeled node hyperdegree dis-
tribution. Beyond the diagonal, we will also refine
the set of twins by constraining the number of hy-
peredges to be exactly m, or the hyperedge size
distribution to be k-uniform, meaning all hyper-
edges have exactly k nodes. For this to make sense,

2We note that throughout this paper we will use Wuv , We

(with index e = (u, v) assumed), and simply W interchange-
ably depending on context. Each refers to a node co-occurrence
projection matrix.

we need as input not only the node co-occurrence
matrix of interest, but also a fixed number of hy-
peredges and/or hyperedge size distribution that
can realize it, usually obtained via a reference
hypergraph.

For any set of twins, we can also define the
set of non-isomorphic twins to be the same set,
but with only one representative from each hyper-
graph isomorphism class. We say two hypergraphs
are isomorphic if there is a mapping between their
node labels such that applying the mapping to one
hypergraph makes it indistinguishable from the
other. We can compute a partition of a set of twin
hypergraphs into disjoint subsets based on isomor-
phism, then count how many subsets (also known
as isomorphism or equivalence classes) we have in
our partition. Hypergraphs can be tested for iso-
morphism by running graph isomorphism tests on
their bipartite representations [23].

Sets of twins are closely related to the concept
of Gram Mates, analyzed recently by Kirkland [18]
and then Kim and Kirkland [17]. Gram Mates
are pairs of binary rectangular matrices (including
both incidence matrices of hypergraphs and bipar-
tite adjacency matrices) with the same projection
in both directions. Formally:

Definition 1.3 (Gram Mates ). A pair of bi-
nary rectangular matrices (A,B) ∈ {0, 1}M×N are
Gram Mates if the following conditions hold:

(i) AAT = BBT ,
(ii) ATA = BTB, and
(iii) A ̸= B.

Condition (ii) above is the node co-occurrence
projection matrix with hyperdegrees on the diag-
onal (see Definition 1.1). Kirkland showed that
as the number of nodes or the number of hyper-
edges goes to infinity, the asymptotic probability
of randomly finding a pair of Gram Mates vanishes
[18]. Later, Kim and Kirkland showed that Gram
Mates can be constructed by changing the signs
of their singular values and defined some infinite
families of Gram Mates, including non-isomorphic
Gram Mates [17].

While Gram Mates are closely related to
the motivations of this paper, the additional re-
quirement that the line graph is also equivalent
(condition (i) in Definition 1.3) is stronger than
necessary to pose a problem for network science
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methods. We note that the distinction between
sets of twins and pairs of mates immediately sug-
gests one plausible route for remediation, which is
to study not only the node co-occurrence projec-
tion, but also the weighted line-graph projection,
which is always equal in Gram Mates, but not nec-
essarily equal among sets of twins. We also note
that Aksoy et al. have found that tensor centrality
methods can distinguish Gram Mates, suggesting
that tensor methods may be a promising direction
for future research [2].

The goal of our work is to understand the rela-
tionship between node co-occurrence projections
and their sets of twin hypergraphs. We will take an
algorithmic and numerical approach by describing
and applying an algorithm, called TwinSearch,
that accepts a node co-occurrence projection ma-
trix as input and enumerates all hypergraphs that
can realize the input projection, i.e., the set of
twins. We then analyze these sets of twins first in
terms of their overall size, then their diversity with
respect to properties such as hyperedge size dis-
tributions, node hyperdegree distributions, pairs
of Gram Mates, and pairwise distances. Figure 1
shows an overview of our approach to enumerating
and analyzing sets of twins.

The motivation of our work is to provide a
framework for researchers to assess whether, and
to what extent, the non-uniqueness of node co-
occurrence projection matrices may pose a chal-
lenge for projection-based methods in capturing
the complex structure of hypergraphs. The main
risk involved when using a node co-occurrence
projection matrix is finding that structurally dis-
tinct hypergraphs, including non-isomorphic pairs
with differing numbers of hyperedges, can pro-
duce identical projections, and thus cannot be
distinguished by methods relying on the pro-
jection to encode the hypergraph structure. For
example, recent research in dynamical systems
on hypergraphs has shown that non-isomorphic
hypergraphs with isomorphic node co-occurrence
projection matrices can exhibit different dynam-
ical behaviors from one another and from their
projection [23, 11]. Further, some methods for
analysis of hypergraphs may also be sensitive to
these issues. Methods that project hypergraph
data to node co-occurrence matrices may not be
sensitive to the replacement of the original hyper-
graphs with non-isomorphic counterparts [12].

Also related to our research are the papers
by Young et al. [27] and Wang and Kleinberg
[26], both of which study reconstruction of hy-
pergraphs from pairwise projection matrices. The
essential difference between their work and ours
is that we are interested not in inferring hyper-
edges from pairwise data, but in the distribution
or ensemble of hypergraphs corresponding to the
same labeled node co-occurrence projection ma-
trix. Directly related to this latter point is the
recent paper by Agostinelli et al. [1] that sampled
cliques of varying sizes to construct null models
for understanding hypergraph dissimilarity mea-
sures. We will discuss this work in more detail in
the Results.

Contributions

In the remainder of this paper, we describe our
TwinSearch algorithm to enumerate all hyper-
graphs associated to a labeled node co-occurrence
projection matrix. We then use this algorithm to
study the extent to which non-uniqueness of node
co-occurrence projection matrices emerges in a
random setting and the relationship between ba-
sic properties of hypergraphs and the uniqueness
of their node projections and vice versa.

The paper is organized as follows. In the next
section we give our TwinSearch algorithm for
finding the set of twin hypergraphs associated to
a node co-occurrence projection. We briefly an-
alyze the runtime and describe how it can be
parallelized. We then use the algorithm to char-
acterize the parameter space of a simple random
hypergraph model, studying the size of the set
of twins and related quantities. Along the way,
we also consider some basic combinatorial upper-
bounds on the possible number of twins and
discuss the implications of fixing different hyper-
graph properties, namely the hyperedge size and
node hyperedgeree distributions. Then we analyze
sets of twins through measures of pairwise hy-
pergraph dissimilarity and finally conclude with
a discussion of some practical implications of our
results and open avenues for future research.

2 Enumerating sets of twins

Let us assume that we are given as input a node
co-occurrence projection matrix Wuv where each
off-diagonal entry contains the number of hyper-
edges in which the pair of distinct nodes (u, v)
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co-occur (see Definition 1.1). We need not assume
anything else to define the algorithm. However, it
is worth reiterating that we will sometimes be par-
ticularly interested in the diagonal of the input
projection, and in later sections we will also focus
on k-uniform hypergraphs, where all hyperedges
have k nodes, and will use non-uniform to refer to
hypergraphs with hyperedges of arbitrary sizes.

We now describe and analyze our algorithm for
enumerating sets of twins from node co-occurrence
projection matrices, shown in pseudocode in Al-
gorithm 1. We are given a weighted node co-
occurrence projection matrix W . The output is
the set of twins, meaning all hypergraphs that
have labeled projections equal to W (see Defini-
tion 1.2). The idea of the algorithm is to enumer-
ate hypergraphs with equivalent projections by
iteratively selecting an edge in W , searching over
all of the possible combinations of cliques in W
that could satisfy the edge, then repeating until
either a hypergraph satisfying W is found or no
further hyperedges can be added without violat-
ing a constraint. This defines a tree search over
partial hypergraphs consistent with W , which can
be implemented equivalently as either depth-first
or breadth-first. Since every partial hypergraph
in the search is guaranteed to be unique, the
procedure can be parallelized (discussed below).

The most generic version of the algorithm will
simply output all simple hypergraphs consistent
with the input, but we may also wish to filter
the set of twins based on some refinement cri-
teria, e.g., representatives of twins that are not
isomorphic to one another, or twins that also have
equivalent line graph projections (Gram Mates,
see Definition 1.3). This filtering can occur dur-
ing the execution of the algorithm, which may
allow early termination of some branches at the
expense of simple parallelization, or at the end
using pairwise comparisons.

We implement our algorithm using the factor
graph representation of an adjacency matrix as de-
fined in [27]. The factor graph is a bipartite graph
where one set of nodes corresponds to the edges
from the adjacency matrix (edge-nodes), and the
second set of nodes correspond to all of the cliques
in the projection (clique-nodes). Importantly, the
factor graph includes all cliques from the adja-
cency matrix, not only maximal cliques. In our
application, the adjacency matrix of interest is
the node co-occurrence projection W . Since the

Algorithm 1 Enumerate all hypergraphs on n
nodes that have the same labeled pairwise projec-
tion W .
1: procedure TwinSearch(W )
2: twins ← ∅
3: F (Ve, Vc, ηe)← FactorGraph(W )
4: Choose edge e ∈ Ve s.t. We > 0

// Init. stack with combinations

// of cliques that would satisfy e

5: S ← ∅
6: for δ ∈

(
ηe

We

)
do

7: S ← S ∪ δ
8: while S ̸= ∅ do

// Get next partial hypergraph

9: T ← pop(S)
10: Compute projection W ′ of T
11: R←W −W ′

12: if
∑

R = 0 then
// Twin found

13: twins ← twins ∪ T
// Check for line graph equiv.

// and/or isomorphism

14: else
// Otherwise, continue search

15: Compute F ′ with V ′
c = Vc \ T

16: Choose an edge-node e with Re > 0

17: for δ ∈
(
η′
e

W ′
e

)
do

18: push(S, T ∪ δ)
return twins

weights ofW do not play a role in the construction
of the factor graph, we can consider its binarized
equivalent. The factor graph is then defined as a
tuple F = (Ve, Vc, ηe) computed fromW , where Ve

is the set of edge-nodes (non-zero entries e = (u, v)
in Wuv, u < v), Vc is the set of clique-nodes, and
ηe is the adjacency list indexed by edge-nodes,
where each index contains the list of clique-nodes
of which the index edge-node is a subset. We show
example factor graphs in Figure 1.

Using the factor graph, we can view our search
as a constraint satisfaction problem where we
search for subgraphs of the factor graph satisfy-
ing W . That is, we want to find subgraphs of the
factor graph such that each edge-node e = (u, v)
has Wuv neighbors. We also use the factor graph
to impose further constraints on the search. For
example, if we are interested in k-uniform hyper-
graphs, we can include in the factor graph only
cliques of size k nodes, potentially reducing the
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search space substantially. Similarly, if we wish to
find hypergraphs with a specific hyperedge size
distribution Mk, we can impose that the sum
of degrees for clique-nodes of each size k is ex-
actly Mk · k and reject any partial hypergraphs
that violate this constraint. If W has non-zero en-
tries along the diagonal, we can also track these
throughout the algorithm by including the indi-
vidual nodes alongside the set of edge-nodes in the
factor graph, or by simply maintaining the node
hyperdegree distribution separately.

The algorithm proceeds as follows. First, we
construct the factor graph F = (Ve, Vc, ηe) from
W . We then choose an edge-node e with posi-
tive We.

3 Every combination of We clique-node-
neighbors from ηe, each corresponding to a partial
hypergraph that satisfies e, is added to a stack (or
queue) before entering the main loop.

In the main loop, we pop a partial hypergraph
off of the stack, compute its projection W ′ and
the remaining edges R = W −W ′. If the sum of
R is 0, then the current hypergraph has satisfied
all of the edge-nodes, meaning it is consistent with
the input. At this point we may choose to either
immediately check this hypergraph against other
hypergraphs we have discovered thus far for fil-
tering, or we may simply add it to the set of all
hypergraphs corresponding to this projection to
be checked later.

If the sum of R is non-zero, we choose another
edge-node e with positive W ′

e and repeat. If at any
point we find that the constraints cannot be satis-
fied (for example, we have edges with Re > 0, but
|ηe| = 0) we add nothing to the stack and move
on, ending the search along the current branch.

Once the algorithm returns, we are left with a
set of hypergraphs on n nodes that all have node
co-occurrence projection matrices equal to the in-
put matrixW , subject to our imposed constraints.
If necessary, the last step is to compare all of the

3In practice, we choose this edge in the fastest way possible,
thus making the order of execution arbitrary. One can impose
an ordering on the satisfaction of edges to achieve a specific
goal. For example, to minimize the size of the search tree, we
can satisfy fully-determined edges first by always choosing the

edge that minimizes c(e) =
( |ηe|
Wuv

)
. When c(e) = 1, all of the

clique-nodes attached to edge-node e in the factor graph must
be included in a hypergraph that satisfies the constraints of W .
By satisfying edges with c(e) = 1 immediately, we avoid adding
a layer of depth later in the search tree when it may be wider,
thus adding unnecessary nodes, and start from the smallest
possible problem. However, in the worst case computing this
constraint requires a loop over the pairwise edges at every node
in the search tree, which may not always be practical.

hypergraphs to one another and keep only one rep-
resentative for each isomorphism class by running
the graph isomorphism test on the bipartite repre-
sentations (following the same procedure as [23]).
We may also check for any pairs of Gram Mates
by comparing the line graph representations of
each pair of hypergraphs. If the input W does not
correspond to any simple hypergraph (subject to
constraints), the algorithm will simply finish with
the set of twins still empty.

2.1 Parallelization

The TwinSearch algorithm searches a tree where
each node corresponds to a partial hypergraph
(see the middle panel of Figure 1 for a visual ex-
planation). Each partial hypergraph is considered
exactly once, thus each descendant is independent
from all others. For this reason, the algorithm
can be parallelized using any paradigm that al-
lows for work to be added dynamically as the
process unfolds. For example, in our implementa-
tion (available at [20]) we use a queue that can
receive new partial hypergraphs as they are gen-
erated by processing previous nodes. At any point
in the program this queue in effect represents the
“boundary” of the search, meaning that nodes on
the queue correspond to the deepest point reached
on a specific branch of the search tree.

2.2 Computational Complexity

Since the algorithm is a tree search, to compute
a bound on the computational complexity we can
first compute the complexity of the initialization,
then the complexity of processing an individual
node, then finally bound the total number of nodes
in the search tree.

In the initialization phase we compute the
factor graph representation, which involves enu-
merating all of the cliques up to the maximum size
k. We will use Ci to denote the number of cliques of
size i ∈ 2, . . . , k. We know that C2 is just the set of
edges. To get the 3-cliques, we can loop over each
of the C2 edges and check for common neighbors
with any of the other n− 2 nodes. We can achieve
this by summing the rows of the binarized projec-
tion matrix corresponding to each member of the
clique; any entry in the resulting vector with value
exactly i is a common neighbor. This requires an
O(n · i) vector addition for every clique. Thus to
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get the cliques up to size k, we can repeat this op-
eration for increasing clique sizes for a complexity
of ∑

i∈3···k
Ci · n · i.

Once the factor graph has been constructed,
we then choose an edge e in constant time and add(
ηe

We

)
nodes to the stack or queue, corresponding

to the possible combinations of cliques connected
to e that are compatible with W . This is the main
work that needs to be done at every node of the
search tree.

We now turn to the size of the search tree. A
trivial upper bound on the depth of the tree is
O(|E|), meaning there is one layer for every edge
in the projection. In practice, especially for sparse
projections, we expect the depth to be smaller,
since some edges will be satisfied incidentally
through the satisfaction of earlier edges.

The maximum number of items that can be
added to the stack is an upper bound on the width
of each layer. This number is bounded by the max-
imum number of sets of cliques that could satisfy
any edge e, computed on the full factor graph:

C = max
e

(|ηe|
We

)
.

This gives a trivial worst-case search tree size of
O(C |E|), the case where every layer of the tree
has the same width. A tighter bound on the worst
case search tree size is simply the product of the
widths at every edge:

O(
∏

e

(|ηe|
We

)
). (1)

Later we will show numerical results regarding
the relationship between this worst-case running
time and properties of the input, as well as wall-
clock running time in our C++ implementation
(see Figure 6) [20].

3 Results

In this section we give some results regarding
the relationship between properties of a node co-
occurrence matrix and its set of twins. In the first
two subsections we focus on some basic analytical
results to help contextualize the search for twins.
We first give a combinatorial upper bound on the

number of hypergraphs corresponding to a given
projection and explain how this upper bound over-
counts by ignoring the detailed topology of the
projection matrix. Then, we discuss in detail the
implications of considering the diagonal entries of
the projection in the k-uniform and non-uniform
cases.

In the remaining subsections we focus on nu-
merical results. Our results center around comput-
ing sets of twins for projections that correspond
to hypergraphs sampled from a modified Gk(n,m)
or Erdős-Rényi model for k-uniform hypergraphs,
described below. We analyze how the size of
the set of twins changes with the parameters of
the model and search constraints, including both
k-uniform and non-uniform hyperedge size distri-
butions, and we discuss the concentration of pairs
of Gram Mates among the projections. Then, we
analyze the distribution of pairwise distance mea-
sures among sets of twin hypergraphs. Finally, we
present results from sampling projections for a
wider variety of parameters.

3.1 Combinatorial Upper Bounds

We can begin to relate node co-occurrence pro-
jections to their sets of twin hypergraphs through
combinatorial arguments. These arguments are
closely related to our previous description of the
size of the tree searched by the algorithm. We
again assume we are given a node co-occurrence
projection matrix W on n nodes. We further as-
sume we are given a reference hyperedge size
distribution, denotedMk.

First let us assume that the hypergraph is
k-uniform, meaning Mk is non-zero only for k.
We can immediately give an upper bound on
the number of possible k-uniform hypergraphs
corresponding to W as:

((
n
k

)

Mk

)
.

The inner binomial coefficient corresponds to the
number of possible k-hyperedges on n nodes and
the outer binomial counts the total number of
hypergraphs on Mk k-uniform hyperedges. If we
further know Ck, the distribution of the number of
cliques of each size k in W introduced previously,
we can refine this to:
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( Ck
Mk

)
.

We know that Ck ≤
(
n
k

)
, therefore this sec-

ond bound is always better except in the case
where every possible clique on k nodes exists in
the projection.4

We expect that this quantity will overcount
the hypergraphs corresponding to a specific pro-
jection, since we are using only the distribution of
clique and hyperedge sizes, thus losing all infor-
mation about the detailed structural relationships
between pairs of nodes contained in the projec-
tion. To illustrate the potential for overcounting
precisely, consider the example shown in Figure 2,
where we have a projection on n = 5 nodes
with C3 = 5 cliques on 3 nodes. To under-
stand the overcounting problem, it is sufficient to
consider the 3-uniform case with M3 = 4 hy-
peredges on 3 nodes. As illustrated in Figure 2,
any 3-uniform hypergraph corresponding to this
projection must contain the triangle {bde}, oth-
erwise the edges {be} and {de} will not appear.
Since the remaining structure is a 4-clique, we
have 4 ways of choosing 3 more triangles as hy-
peredges, each of which will correctly match the
projection. However, the quantity

( Ck

Mk

)
does not

disallow the hypergraph made up of the 4 trian-
gles in the 4-clique, even though this hypergraph
does not match the projection. Thus the binomial
counts 1 extra hypergraph in this case and can
overcount hypergraphs in general without further
constraints.

If Mk instead corresponds to a non-uniform
hypergraph, meaning it has non-zero entries for
multiple values of k, we can also compute this up-
per bound by taking a product over the relevant
values of k, using the distribution of clique sizes
in W as before:

∏

k s.t. Mk>0

( Ck
Mk

)
. (2)

We will refer to the product of binomials in
Equation 3.1 as the clique approximation to the
size of the set of twins. Each term in this prod-
uct is susceptible not only to the overcounting

4We note that in this analysis the cliques are binary while
the projection is weighted. Thus having all possible cliques in
the projection does not necessarily fix the set of twins.

a b

dc

e

Input Projection

T = { abc, abd, acd, bcd, bde}
Triangles

Hypergraphs Matching Projection

|{bde} ∪
(
T\{bde}

3

)
| =

(
4
3

)
= 4
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|
(
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4

)
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(
4
4

)
= 1

Ck = |T | = 5
R
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u
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H
y
p
ered

ge

(
Ck
Mk

)
Overcounts Hypergraphs

Figure 2 Example describing how binomial coefficients
overcount the number of hypergraphs associated to a pro-
jection in the 3-uniform case. Given the input projection
on the left, when Mk = 4 hyperedges of size k = 3, there
is 1 extra hypergraph counted by the binomial coefficient( Ck
Mk

)
that does not have the input projection as its node

co-occurrence projection matrix.

described above, but also to overcounting by not
respecting the weights in W in other ways. For ex-
ample, if we assume there is an edge in W with
weight 1 that participates in at least 1 triangle,
the above product counts hypergraphs where that
edge would appear both as a 2-hyperedge and in a
3-hyperedge, which would result in a weight larger
than 1.

The question remains how many of those pos-
sible hypergraphs actually correspond to the input
projection W? More complex counting arguments
may be fruitful, however we elect to approach the
problem numerically, using the TwinSearch algo-
rithm to investigate the relationship between the
weighted edge structure of a node co-occurrence
projection and its corresponding set of twins.
Later, in Figure 6, we will show the relationship
between the true number of twins with a given hy-
peredge size distribution Mk corresponding to a
projection with a given clique size distribution Ck
and the approximation given in Equation 3.1.

3.2 Dealing With the Diagonal

The diagonal entries of the node co-occurrence
projection correspond to node hyperdegrees.
These hyperdegrees have different importance
with respect to sets of twin hypergraphs depend-
ing on whether we are interested only in k-uniform
hypergraphs or in all possible non-uniform hyper-
graphs. In particular, for k-uniform hypergraphs,
the diagonal entries are redundant and fixed by
the off-diagonal entries, meaning they are always

8
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Figure 3 Left: Number of unique (up to isomorphism) node co-occurrence projections (blue, left-hand vertical axis) and 3-
uniform hypergraphs (orange, right-hand vertical axis) in G3(6,m) for increasing m. Middle: Percentage of 3-uniform twins
(green line) and isomorphism classes (purple line) corresponding to projections of hypergraphs with m hyperedges. Right:
Histogram counting the number of projections with a given number of 3-uniform twins, broken down by whether projections
have a total of 1 isomorphism class (brown bars) in the set of twins versus 2 (dark gray bars), the only values observed.

equal among sets of twins. Formally, given a k-
uniform hypergraph as an incidence matrix A and
its node co-occurrence projection P = ATA, we
have diagonal entries

Pu,u =

∑
v ̸=u Pu,v

k − 1
.

This means that for any 3-uniform incidence
matrix B that is a twin of A, we have

ATA = BTB ⇐⇒ ATA−DA = BTB −DB ,

where DA and DB are diagonal matrices that con-
tain node hyperdegrees. Therefore, when we think
about twins of k-uniform hypergraphs, we need
not consider the diagonal entries.

However, this is not the case when we allow
for non-uniform hypergraphs, since different size
distributions among twins will result in different
node hyperdegree distributions, meaning that we
need to take some extra care in how we analyze
sets of twins in non-uniform hypergraphs. The
most trivial example is the individual 3-hyperedge
and the triangle on 3 pairwise edges. In both
cases the off-diagonal entries of the projection are
exactly the same, but the hyperdegrees in the
single 3-hyperedge case are 1, while in the pair-
wise edge case they are 2. However, the problem
is more complex, as it can also occur when the
same number of hyperedges are used. For example,
the hypergraphs with edge sets {AD,CD,ABC}
and {AB,BC,ACD} have the same off-diagonal
projection, but nodes B and D have different hy-
perdegrees, since they replace one another in the
isomorphism between the two hypergraphs.

There are various ways we can deal with this
practically. For the results of this paper, we usu-
ally compute all of the twins, regardless of the
diagonal, then present results broken down by
whether the hyperdegree distributions match. As
noted previously, we could also modify the algo-
rithm to impose the constraint that the diagonal
entries must match the input projection, first by
stopping the search of a partial hypergraph if any
diagonal becomes too large, then by rejecting any
hypergraphs where a diagonal entry is too small.

3.3 Case Study: Exhaustive Search

We now turn to numerically analyzing sets of
twins. We will focus our analysis on a modi-
fied Erdős-Rényi model for hypergraphs in which
we choose m hyperedges uniformly without re-
placement from

(
n
k

)
possible hyperedges, rejecting

hypergraphs where some node u is not included
in any of the m sampled hyperedges (i.e., u is a
singleton), guaranteeing that the minimum hyper-
degree of any node is 1. We choose to impose this
constraint in this context because for our algo-
rithm there is no difference between a hypergraph
on n nodes that includes ns singletons and a hy-
pergraph on n− ns nodes, since all entries in the
projection matrix involving any of the ns singleton
nodes will be 0.

In this section we will focus in detail on projec-
tions of hypergraphs from the 3-uniform ensemble
on 6 nodes, denoted G3(6,m). We focus on these
parameters because it is practical to enumerate all
simple hypergraphs and their node co-occurrence
projections across all values of m between 2 and(
6
3

)
= 20.
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For each enumerated hypergraph, we com-
pute its node co-occurrence projection, then run
a pairwise isomorphism test between all projec-
tions and keep only one representative of each
isomorphism class. The number of unique node co-
occurrence matrices up to isomorphism for simple
hypergraphs from G3(6,m) for each m is shown
in the left-hand plot of Figure 3 (blue line, left-
hand vertical axis), as well as the total number of
hypergraphs (ignoring our minimum-degree con-
straint) given by the binomial coefficient (orange
line, right-hand vertical axis, log scale). We then
run TwinSearch on each projection to enumer-
ate the set of twin hypergraphs and study the
properties of sets of twins as m increases.

In Figure 3 we focus on 3-uniform hypergraphs
found by the algorithm. The middle plot shows the
number of 3-uniform twins as a percentage of the
number of unique projections for each m (shown
in the left-hand plot). If every projection was real-
ized by exactly one unique hypergraph, both lines
would be flat at 100%, as we see outside of the
range from m = 4 . . . 17 for all twins (green) and
outside the range m = 7 . . . 13 for isomorphism
classes (purple). The total number of twins reaches
a peak of 15% larger than the number of pro-
jections at m = 10, while the total isomorphism
classes is maximum for m = 9, 10, 11 at around
2.5% of the number of projections.

In the right hand plot of Figure 3, we show his-
tograms of the number of projections that have a
given number of twins, broken down by the num-
ber of isomorphism classes among the twins. We
show results for m = 10, where all of the quan-
tities in the left and middle plots are maximum,
and we only show the distribution for projections
that have more than 1 twin (since having only 1
twin implies only 1 isomorphism class). Our first
observation is that while projections with exactly
2 twins are most likely to have only 1 isomorphism
class, those projections also have the largest ab-
solute number of projections with 2 isomorphism
classes. Among the projections with 3 hypergraphs
in their set of twins, more projections correspond
to 2 different isomorphism classes than 1. Some
projection matrices correspond to many hyper-
graphs that are all isomorphic to one another, e.g.,
the far right brown bar corresponds to a projec-
tion matrix with 12 hypergraphs in its set of twins,
with each pair of hypergraphs isomorphic (hence 1
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Figure 4 Relationships between number of hyperedges m
and the distribution of various quantities of interest, includ-
ing: (a) the number of non-uniform twins; (b) the number
of isomorphism classes among the set of twins; (c) the num-
ber of unique hyperedge size distributions; (d) the number
of cliques in the projection; (e) worst case search tree size;
(f) elapsed running time (note: vertical axis is cut off in
log scale due to 0s corresponding to sub-millisecond run-
times); and pairs of exact (g) and isomorphic (h) Gram
Mates. Each boxplot corresponds to the distribution of the
quantity per projection from hypergraphs with m hyper-
edges. Boxes span from 1st to 3rd quartiles, orange lines
show median values, and whiskers represent minimum and
maximum values. The blue lines in (g-h) show the number
of projections with at least one pair of Gram Mates.

isomorphism class). In contrast, the gray bar fur-
thest to the right shows that there is 1 projection
that has 7 hypergraphs in its set of twins, with 2
isomorphism classes among them.

From these results analyzing only 3-uniform
sets of twins, we already see that the node co-
occurrence projection operation can obscure sub-
stantial higher-order information and that this
information loss is not homogeneous, even among
projections sampled via the same random hyper-
graph model with the same parameters.

3.4 Non-uniform Twins

We now expand our analysis to sets of twins
including non-uniform hypergraphs, where the hy-
peredge sizes are constrained only by the clique
size distribution in the projection (equiv. the

10



Figure 5 Hyperedge size distributions and twin set size distributions for non-uniform hypergraphs corresponding to the
unique (up to isomorphism) node co-occurrence projections of hypergraphs from G3(6, 10). The left plot shows only statistics
for hypergraphs in the twin set that have exactly m = 10 hyperedges (matching the sampling procedure), while the right plot
shows statistics over the whole set of twins. Each set of bars along the horizontal axis shows a hyperedge size distribution
(indexed to the left-hand vertical axis). Each point in the line graphs is a statistic relating to that hyperedge size distribution:
the gray line shows the total number of twins with that distribution, the red line shows the total number of isomorphism
classes among those twins, and the yellow diamonds count the number of twin hypergraphs with hyperdegree distributions
(diagonal entries) matching the input projection.

clique-nodes in the factor graph), i.e., hyper-
edges can in principle range in size from 2, . . . , n.
Figure 4 shows relationships between the num-
ber of hyperedges m and distributions of various
statistics among the full sets of twins associated to
unique up to isomorphism node co-occurrence pro-
jections computed from hypergraphs in G3(6,m).
The distributions are shown as box and whisker
plots, where the limits of the box show the 1st
and 3rd quartiles, the orange lines show the me-
dian, and the whiskers extend to the minimum and
maximum values in the data.

The top row shows the distributions of the
number of non-uniform twins (Figure 4(a)) and
isomorphism classes (b). The number of twins
grows monotonically with m and the distribu-
tions are not noticeably different, implying that a
substantial proportion of twins are unique up to
isomorphism.

Figure 4(c) shows distributions of the num-
ber of hyperedge size distributions as m increases.
Again we observe fast growth up to more than 100
hyperedge size distributions for the twins corre-
sponding to the projection at m = 20. In Figure 5,
we zoom in on the distributions for m = 10,
showing a summary of the non-uniform hyper-
graphs corresponding to the unique projections
from G3(6, 10). Along the horizontal axis we show
hyperedge size distributions as bar charts indexed
to the left-hand vertical axis. The plot on the
left of Figure 5 is limited to only those twin hy-
pergraphs that have exactly m = 10 hyperedges,
matching the input, while the right-hand plot does
not limit the number of hyperedges. In both cases
it is clear that there are many more possible hy-
pergraph configurations corresponding to the node

co-occurrence projections beyond the 3-uniform
hypergraphs we used as input.

The line graphs in Figure 5 correspond to the
right-hand vertical axis and show the number of
twins (gray) and number of isomorphism classes
(red) among twin hypergraphs corresponding to
each hyperedge size distribution, per projection.
The yellow line with diamond markers shows the
number of hypergraphs with the corresponding
hyperedge size distribution that have the same
diagonal as the 3-uniform input projection.

Focusing first on the set of twins with m =
10 hyperedges (left-hand plot), we observe that
3-uniform twins are ranked third out of the 6
possible size distributions in terms of the to-
tal number of twins. We also note that in this
case there is always exactly one 3-uniform twin
with a matching diagonal. However, when we al-
low any number of hyperedges (right-hand plot of
Figure 5), we see a marked increase in the num-
ber of hyperedge size distributions. We also find
that, contrary to the m = 10 case, there are mul-
tiple distributions where the hyperdegrees on the
diagonal match the input. Further, we note that
there are some size distributions with many iso-
morphic twins, as well as some size distributions
with exactly one twin.

Returning to Figure 4, plot (d) shows the dis-
tribution of the total cliques of sizes 3, . . . , 6 in the
input projections. With m = 6, there are already
some projections that have the maximum number
of cliques, which we can compute as:

∑

k∈3,...,6

(
6

k

)
= 42,
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Figure 6 Left: Number of twins against worst case search tree size (see Eq. 2.2) for unique up to isomorphism projection
matrices from G3(6,m) (color in the first 3 plots corresponds to m). Middle: Numerical evidence of overcounting using the
clique approximation (see Eq. 3.1, Fig. 2, and surrounding discussion). The second plot shows results for every observed
combination of clique size distribution Ck and hyperedge size distribution Mk, while the third plot shows the average over
all combinations for each projection. Right: Kendall’s τ of rankings of projections by worst case search tree size (Eq. 2.2,
orange triangles) and the sum of the clique approximations for every combination of clique and hyperedge size distribution
(Eq. 3.1, blue circles), both compared against the ranking of projections by their total number of non-uniform twins.

and after m = 16 all possible cliques are included
in every projection, highlighting the importance
of the weighted structure of the matrices.

Figure 4(e) shows the distribution of the worst
case search tree size (Equation 2.2). As the num-
ber of hyperedges grows, the worst case complex-
ity increases exponentially. Figure 4(f) shows the
elapsed runtime in our C++ implementation [20].
The runtime grows more slowly than the worst
case search size, but still at an exponential rate
with respect to m.

Figures 4(g) and (h) show how the number of
pairs of Gram Mates grows with the number of
hyperedges. We identify pairs of Gram Mates in
two ways. First, we check for exact pairs, meaning
that the labeled incidence matrices are compared
against the conditions in Definition 1.3. Each pair
that meets those conditions is counted as an ex-
act mate pair, shown in Figure 4(g). However, we
note that the labeling of hyperedges in twins com-
puted by TwinSearch is an implementation detail.
Therefore, we also count pairs of hypergraphs that
we call isomorphic Gram Mates, where the equali-
ties in Definition 1.3 are changed to isomorphisms
(Figure 4(h)). For a given projection, the pairs
of exact mates are a subset of the isomorphic
mate pairs. We see from these distributions that
the number of Gram Mate pairs increases steadily
with m and that the number of isomorphic pairs
of Gram Mates is orders of magnitude larger than
the number of exact Gram Mates.

Taken together, the results in Figures 4 and
5 exemplify the diversity within the set of non-
uniform twins corresponding to the node co-
occurrence projection in terms of the number of

hyperedges, the distribution of hyperedge sizes,
node hyperdegrees, and GramMates. Our analysis
so far shows that many key characteristics corre-
late with the density of hyperedges m. Notably,
the worst case search tree size appears to correlate
strongly with both the value of m and, compar-
ing across Figure 4(a) and (e), the total number of
non-uniform twins. This observation leads to our
final analysis in this section, where we ask whether
we can use approximations that do not require
enumerating sets of twins to predict the number
of twins associated to an individual projection.

In the leftmost plot of Figure 6, we show the
worst case search tree size (Equation 2.2) against
the total number of twins for each projection. We
see a clear correlation between the two variables,
meaning that a larger set of twins implies a larger
search tree. This is on the one hand intuitive, since
each twin is a leaf in the search tree, thus the
number of twins is a trivial lower bound on the
tree size. However, as can be seen from the order
of magnitude of the worst case search tree size,
there are large numbers of search tree nodes, both
non-twin leaves and intermediate nodes, whose
quantity could in principle have been less directly
correlated to the true twin set size. What is power-
ful about the relationship between the number of
twins and the search tree size is that it allows for
the possibility of comparing projection matrices
using just Equation 2.2, which can be computed
based only on the node co-occurrence matrix and
its factor graph, without enumerating the full set
of twins with TwinSearch.

12



We have also described another approximation
for the number of twins, the clique approxima-
tion introduced in Section 3.1. In the middle two
plots of Figure 6, we show the relationship be-
tween the number of twins and Equation 3.1. The
second plot shows results for all combinations of
clique size distribution Ck and hyperedge size dis-
tribution Mk found in the data, while the third
plot shows the average computed over all observed
combinations of the two distributions per projec-
tion. Broadly, the approximation overcounts by
orders of magnitude, but similarly to the worst
case search tree size, there is an apparent corre-
lation between the true number of twins and the
approximation.

We now have evidence that our two approxi-
mations correlate with the true number of twins.
However, the extent to which this information is
practically useful remains to be seen. As a step
in this direction, we use a simple rank correla-
tion approach to understand whether these two
approximations might be used to compare node
co-occurrence projection matrices in terms of their
number of twins, without running TwinSearch.

In the rightmost plot of Figure 6, we show
Kendall’s τ rank correlations based on rankings
of projection matrices. For each input hyperedge
size m such that there are at least 2 unique up to
isomorphism node co-occurrence projections, we
compute three rankings. First, we rank the projec-
tions by their total number of non-uniform twins;
second, we rank by the the worst case search tree
size (Eq. 2.2); third, by the clique approximation
(Eq. 3.1), summed over all observed combinations
of Ck and Mk. We then compute Kendall’s τ
rank correlation coefficients between the number
of twins ranking and the two other rankings based
on the approximations.

The rank correlation statistics for both ap-
proximations are generally positive and significant
(below 0.05), with some exceptions at the lowest
and highest values of m, where there are rela-
tively few projections (numerical coefficients and
p-values are available in Appendix A, Table 1).
While neither ranking is fully concordant with the
number of twins, which would be the ideal out-
come, the approximations do appear to provide
some meaningful information about the relative
number of twins among different projection ma-
trices. This is promising evidence that it may be
feasible to compare node co-occurrence projection

matrices with respect to their sets of twins with-
out enumerating them, however we leave further
exploration of this possibility for future work.

3.5 Hypergraph Distances Among
Sets of Twins

We have so far characterized the set of twin
hypergraphs associated to a node co-occurrence
projection based primarily on the size of the set
and the range of hyperedge size distributions. A
natural next step is to evaluate the diversity of the
hypergraphs within sets of twins. In this section,
we use measures of pairwise hypergraph dissimi-
larity to analyze the diversity of sets of twins and
connect twin set diversity back to properties of the
node co-occurrence projection matrices.

We use three measures of hypergraph dis-
similarity. First, to get a broad picture for the
commonalities among the set of twin hypergraphs,
we measure the Jaccard Index between their hy-
peredge sets. Given two sets A and B, the Jaccard
Index is measured as the difference between 1 and
the intersection over the union of the two sets:

1− |A ∩B|
|A ∪B| .

A Jaccard Index of 1 indicates that there is no
intersection between the two edge sets (i.e., they
are disjoint), while a value of 0 indicates that
the two sets are congruent. Since we have defined
sets of twins such that the pairs of hypergraphs
are distinct from one another, congruent sets are
not possible in our setting, thus we know that
the Jaccard Index between two twins will always
be greater than 0. A value of 1 is possible, espe-
cially when comparing hypergraphs with different
hyperedge size distributions, where there may be
very little overlap between hyperedge sets.

We also compare two hypergraph dissimilarity
measures recently adapted from pairwise network
approaches by Agostinelli and colleagues [1]. The
first is an extension of the NetSimilie network
comparison method [7]. This method embeds a hy-
pergraph by first computing a feature vector for
every node, then concatenating statistics of the
node feature vectors to get an embedding vec-
tor for the hypergraph. Two hypergraphs are then
compared by computing the Canberra distance
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Figure 7 Left: Distribution of non-uniform twins per unique node co-occurrence projection at various levels of refinement.
Each row shows a different level of refinement of the twin set, from all twins (top row) to only the twins with the same
number of hyperedges and node hyperdegrees as the input (bottom row). Right: Distribution of the mean distance among
twin hypergraphs for all unique up to isomorphism projections from G3(6,m).

between their feature vectors [1]. The second mea-
sure is an extension of the Portrait Divergence
for networks [4] to hypergraphs and is based on
a 4-dimensional tensor that counts the number of
hyperedges of size m having k hyperedges of size
n at distance L. This tensor is normalized into
a probability distribution before the distance be-
tween two normalized portraits is computed using
the Jensen-Shannon divergence [1].

There is a direct connection between our work
and that of Agostinelli et al., as they use hy-
pergraphs with the same pairwise projection to
show why higher-order methods for hypergraph
dissimilarity are needed beyond existing pairwise
network approaches [1].5 They achieve this by de-
signing a null model that begins from a reference
hypergraph, then projects a random fraction of
the hyperedges to pairwise interactions. They also
formulate a second version of this null model from
the opposite direction, beginning from a pairwise
projection and randomly promoting a fraction of
cliques of various sizes following the reference hy-
peredge size distribution into hyperedges. Both

5An important distinction is that their pairwise projection
operator does not include the diagonal entries and is un-
weighted, whereas we consider weighted node co-occurrence
matrices with diagonal entries.

of these are potential ways of randomly generat-
ing hypergraphs from the unrefined set of twins.
They apply this procedure to a real hypergraph,
showing that as the fraction of random projections
or promotions increases, so does the distance be-
tween the original and randomized hypergraphs,
even while their pairwise projections remain equal.
In contrast to these two complementary random-
ization procedures, our algorithm enumerates all
of these hypergraphs into one set of twins, and in
this section we evaluate how dissimilarity methods
distinguish hypergraphs within the set of twins.6

We again analyze the sets of twins based on
our exhaustive search of G3(6,m). For each unique
projection, we compute the distance between each
pair of hypergraphs in its set of twins using the
three measures described above. This gives us a
pairwise distance distribution for every projection,
which we then further divide based on refinements
of the twin set. Due to the growth in the number
of pairs of twin hypergraphs, as well as the com-
putational complexity of the distance measures as

6We note in passing that this approach is conceptually rem-
iniscent of the within-ensemble graph distance proposed by
Hartle and colleagues [15].
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implemented, we computed pairwise distances for
sets of twins up to m = 13.

We show results in Figure 7. The left-hand
plots shows the distribution of twin set sizes at
various refinement levels. The unrefined set (top
row) is the largest on average, followed by the set
where we enforce the number of hyperedges to be
exactly m, then the set of twins with matching
hyperdegrees on the diagonal, and finally the set
of twins with both of the previous two properties
(bottom), where no projection has more than 100
twins remaining after refinement.

The right-hand box plots show the distribution
of the average pairwise distance per projection
at each refinement level. The hypergraph Net-
similie method stands out as the most consistent
and intuitive of the three measures in the sense
that it is not particularly sensitive to the number
of hyperedges or the refinement level, and with
the maximum amount of refinement, the average
pairwise distance is 0. The Hypergraph Portrait
Divergence shows similar results to NetSimilie for
the unrefined and fully refined twin sets, but shows
substantial variability for the two intermediate re-
finements. This is consistent with the finding in
the original work that the Portrait Divergence is
very sensitive to the hyperedge size distribution
[1]. Finally, the Jaccard distance follows a similar
pattern across all refinements. It is consistently
larger in magnitude than the other two measures,
with a decrease in average distance as m increases.
In contrast to Hypergraph NetSimilie and Portrait
Divergence, which both show dissimilarity values
at or near 0 at the highest level of refinement,
the Jaccard distributions remain relatively large
and with some extreme values, reflecting the fact
that the sets of hyperedges remain dissimilar even
among hypergraphs that are “similar” according
to their statistical and topological properties.

3.6 Sampled k-uniform Search

Beyond G3(6,m), it is generally not feasible to
enumerate all hypergraphs or node co-occurrence
projections as we did in the above analysis. In-
stead, in this section we run our algorithm on ran-
domly sampled node co-occurrence projections. To
guarantee that every projection matrix we sam-
ple is hypergraphical in the same way, we sample
random projection matrices by first sampling a
random hypergraph from Gk(n,m) as defined in

the beginning of this section, then computing its
node co-occurrence projection.

This sampling procedure has two important
implications. First, as stated above, it trivially
guarantees that every sampled projection corre-
sponds to at least one k-uniform hypergraph.
Second, it implies that our results are likely to be
overcounts, since we may sample the same projec-
tion multiple times either by sampling the same
hypergraph repeatedly or by sampling different
hypergraphs that have the same projection. This
is especially likely when the binomial coefficient
governing the number of possible hypergraphs is
small relative to the number of samples. Simi-
larly, our counts are also potentially inflated by
isomorphism between projections, since two pro-
jections that are isomorphic will have the same
number of twins. While overcounting is not ideal,
the trade-off is that we can easily do the sam-
pling and computations in parallel over a wider
range of parameters than if we need to pairwise
compare every sampled projection to all previous
projections to ensure uniqueness.

In the remainder of this subsection we focus
on the relationship between the properties of the
random projections and the size of the set of
k-uniform non-isomorphic twins. As discussed in
Section 2, to avoid extraneous computation and
allow us to cover a wider range of parameters, we
limit the factor graph to contain only k-cliques.
However, the results would be the same if we com-
puted all non-uniform twins, then post-processed
the results to only the k-uniform twins.

In the left column of Figure 8 we show re-
sults from varying the number of nodes n and
hyperedges m from 6, . . . , 16 (similar to Salova
and D’Souza [23]) for k ∈ {3, 4}. Each cell in the
heatmap corresponds to the proportion of 1000
sampled projections whose set of non-isomorphic
twins has at least two k-uniform isomorphism
classes. For both values of k this proportion is
largest around n = 9,m = 16 where more than
60% of sampled projections correspond to at least
two isomorphism classes of k-uniform hypergraph.

In the right column of Figure 8, we expand
the columns of the heatmaps for n ∈ 7, 8, 9 for
k = 3 and n ∈ 7, 8 for k = 4. The plots show the
average and standard deviation of the number of
isomorphism classes per sampled projection across
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Figure 8 Left Column: Heatmaps showing proportion of
1000 projections sampled from Gk(n,m) for k ∈ {3, 4} that
have at least 2 k-uniform isomorphism classes in their set
of non-isomorphic twins for varying values of n (horizon-
tal) and m (vertical). Right: Average number of k-uniform
isomorphism classes per sampled projection (500 samples)
for varying values of n (lines) up to maximum values of m
(horizontal axis) for simple hypergraphs.

the entire hyperedge space for simple hypergraphs

for each k, n pair, i.e., when
((nk)

m

)
> 0.

In general, as the number of nodes increases,
so does the maximum number of twins per hyper-
graph. While the shape of the curves is similar,
the order of magnitude of the average number of
isomorphism classes increases substantially with
k and n, reaching averages above 103 for k =
3, n = 9 and k = 4, n = 8. Further, the symme-
try of the curves over the full range of m indicates
that increasing the density of the hypergraph in-
creases the average size of the k-uniform set of
non-isomorphic twins so long as it increases the
number of possible hypergraphs, that is, while the
binomial coefficient is increasing. This suggests
that, similar to binomial coefficients in general, for
a number of hyperedges m the set of complements
with

(
n
k

)
−m hyperedges is likely to have similar

properties. We leave further analysis of this dual
relationship for future work.

4 Conclusion

In this paper we have defined and analyzed sets of
twins associated to node co-occurrence projection
matrices and presented an enumeration algorithm
for their computation. We have related some prop-
erties of node co-occurrence projections with the

size of the set of twins, and shown that a sin-
gle projection may correspond to a wide variety
of hypergraph structures, including hypergraphs
that are not isomorphic with one another and
those with different hyperedge size or hyperde-
gree distributions. These results, while limited in
important ways, represent a substantial step to-
wards a deeper, more systematic understanding of
the information loss incurred by the use of node
co-occurrence matrices for hypergraph analysis.

Many avenues for future research remain open.
First, our results were limited to small and rel-
atively simple hypergraph structures, with most
results computed for hypergraphs on n = 6 nodes
up to a maximum of n = 9, and the largest number
of hyperedges m = 20. Relatedly, all of the node
co-occurrence projection matrices we studied were
sampled based on a k-uniform hypergraph model
with a homogeneous node hyperdegree distribu-
tion. This leaves open the possibility of studying
larger hypergraph structures as well as more com-
plex random models that explicitly incorporate
features like hyperdegree and hyperedge size het-
erogeneity, node clustering, hyperedge overlap,
and modular or community structure.

The important question of the impact of the
non-uniqueness of node co-occurrence projections
on real datasets also remains open. Progress in
this direction would allow us to evaluate directly
the impact of non-uniqueness on methods that
operate on the node co-occurrence projection.
Since real group interaction datasets tend to be
much larger than those we analyzed here, im-
provement over the basic enumerative approach,
either through faster algorithms or, perhaps more
likely, sampling or statistical inference methods,
will likely be necessary to make analysis of real
datasets feasible in general.

It may also be fruitful to further explore how
properties of node co-occurrence matrices can be
used to directly predict properties of their sets
of twins. Here we have taken some first steps by
evaluating the size of the search tree; the clique
approximation; the number of twins, twin iso-
morphism classes, and pairs of Gram Mates; the
diversity of hyperedge size distributions; and pair-
wise distances within sets of twins. However, we
did not identify a single measure that can be
computed from a node co-occurrence matrix and
predict the complexity of the set of twins, nor did
we find a single comparative measure that can
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correctly rank matrices by their twin set size with-
out enumerating it. Such a measure could be used
in conjunction with a null model to immediately
evaluate, at least heuristically, whether the node
co-occurrence matrix of a given hypergraph may
be more or less susceptible to problems associated
with non-uniqueness. It is clear from our results
that properties such as the density of cliques in
the projection matrix, the worst case search tree
size, and the clique and hyperedge size distribu-
tions are all important factors, but we did not find
any one of these factors to be strictly predictive.

We have also only analyzed hypergraph dis-
tances among sets of twins using a small selection
of potential measures, which could be expanded in
the future [24, 22]. It may also be promising to ex-
plore the possibility of using sets of twins to design
a within-ensemble hypergraph distance, similar to
the distance defined by Hartle et al. [15].

Finally, future work may focus specifically on
the relationship between node co-occurrence ma-
trices, sets of twins, and dynamical outcomes.
Previous work has shown that the existence of
twins matters [23, 11]. The ability to enumerate
these twin hypergraphs opens the door for sys-
tematic approaches to understanding the impact
of non-uniqueness on dynamics at both lower and
higher orders.

Code & Data Availability

A C++ implementation of the TwinSearch proce-
dure, as well as code for the analyses presented in
this paper, will be made available on GitHub [20].
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A Rank Correlation
Coefficients

In Table 1, we show for each value of m the
number of unique up to isomorphism node co-
occurrence matrices, as well as the numerical
values of Kendall’s τ computed for the clique and
worst case tree size approximations and the asso-
ciated p-values corresponding to the data shown
in the rightmost plot of Figure 6.

Clique Approximation Worst Case Tree Size

m matrices τ p-value τ p-value

3 3 1.000000 0.157299 1.000000 0.157299
4 15 0.878833 0.000012 0.717409 0.000511
5 37 0.600001 0.000000 0.535934 0.000005
6 88 0.533118 0.000000 0.494202 0.000000
7 155 0.427996 0.000000 0.383663 0.000000
8 243 0.403728 0.000000 0.331698 0.000000
9 303 0.432917 0.000000 0.312208 0.000000
10 342 0.461773 0.000000 0.322247 0.000000
11 304 0.535480 0.000000 0.335398 0.000000
12 245 0.605213 0.000000 0.347856 0.000000
13 159 0.663137 0.000000 0.363363 0.000000
14 94 0.696488 0.000000 0.366120 0.000000
15 43 0.740864 0.000000 0.371827 0.000761
16 21 0.647619 0.000011 0.433594 0.008701
17 7 0.809524 0.010714 0.514344 0.116852
18 3 1.000000 0.333333 0.000000 1.000000

Table 1 Kendall’s Tau rank correlation coefficients and
p-values for points from Figure 6.
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