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Abstract

In the first part of this thesis, we discuss some aspects of the four-dimensional N' = 2
superconformal index of theories of class §. We first consider a generalized index on
St x 83/7Z,, and prove S-duality in a particular fugacity slice. We then go on to study the
(round) superconformal index in the presence of surface defects. We develop a systematic
prescription to compute surface defects labeled by arbitrary irreducible representations of
the gauge group and subject those defects to various tests in several different limits. Each
of these limits is interesting in its own right, and we go on to explore them in some depth.

In the second part of this thesis, we construct the gravity duals of large N super-
symmetric gauge theories defined on squashed five-spheres with SU(3) x U(1) symmetry.
The gravity duals are constructed in Euclidean Romans F(4) gauged supergravity in six-
dimensions, and uplift to massive type IIA supergravity. We compute the partition func-
tion and Wilson loop in the large N limit of the gauge theory and compare them to their
corresponding supergravity dual quantities. As expected from AdS/CFT, both sides agree
perfectly. Based on these results, we conjecture a general formula for the partition function
and Wilson loop on any five-sphere background, which for fixed gauge theory depends only
on a certain supersymmetric Killing vector. We then go on to construct rigid supersym-
metric gauge theories on more general Riemannian five-manifolds. We follow a holographic
approach, realizing the manifold as the conformal boundary of the six-dimensional bulk
supergravity solution. This leads to a systematic classification of five-dimensional super-
symmetric backgrounds with gravity duals.

The first part of this thesis is based on original material in |1,2] as well as [3]. The
second part is based on [4,5] and [6]. The author’s graduate work also included |7], which
is only partially related to the present topics, as well as [8], which would go beyond the

scope of this thesis.



Contents

T ich I o

(1.1 ~ Dualities of four-dimensional supersymmetric gauge theories| . . . . . . . .

[[.2 The gauge/gravity correspondence in five

six dimensions| . . . . . ... ..

I The superconformal index and surface defects|

2 The superconformal index and theories of class S|

[2.1 Definition of the superconformal index| .

2.2.1 SU(2) theories] . . ... .. ...
2.2.2  SU(N) theories . . . . ... ...
[2.2.3  Higgsing| . . . .. ... ... ...

[2.3  Limits and TQF'T" interpretation of the supercontormal index|{. . . . . . . .

2.4 'The supercontormal index in the presence

of surface defects|. . . . . . . ..

[2.5 Bootstrapping the superconformal indexl|

[3 The lens index and its TQF'T structure|

15

22

23
23
26
29
33
35
37
37
39
41
42
43
45

48



CONTENTS ii

3.1 The superconformal index on S* x L(r, 1)[ . . . ... ... ... .. .... 49
[3.2 A particular slicel . . . . ... o 51
[3.3  Two-dimensional TQF'T" interpretation| . . . . . .. . ... ... ... ... 52
[3.4  Crossing symmetry| . . . . . . . ..o 55

4  An elliptic algebra of surface defects and their TQFT interpretation| 58

4.1 Elliptic algebra of four-dimensional surface defects|. . . . . . . . . . . . .. 59
[4.1.1 Composition of difference operators| . . . . . . . . .. .. ... ... 59
[4.1.2  The algebra of surtace detects| . . . . . . .. ... ... ... .... 59
[4.1.3  Properties of difterence operators| . . . . . . .. ... ... ... .. 68
41.4 The Schur Imit] . . . . . . . . .. 68

4.2 Two-dimensional TQF'T" and Verlinde algebral . . . . ... ... ... ... 69
[4.2.1  TQFT structure]. . . . . . . . ..o 69
[4.2.2  g-Deformed Yang-Mills: Defect punctures|. . . . . . . .. ... ... 70
.23  (q,t)-Deformed Yang-Mills| . . . . . . ... ... ... ... 73

B Relahn I - [Four=d onal T [cfocts 76

[5.1 Algebra of three-dimensional line defects| . . . . . . . .. ... .. .. ... 76
[>.1.1  From the superconformal index to a 3d partition function|. . . . . . 7
[>.1.2  Wilson loops in three-dimensional star-shaped quivers/. . . . . . . . 79
[>.1.3  Three-dimensional algebral . . . . . . .. .. ... ... ... .... 86

[>.2 't Hooft loops in the four-dimensional N' = 2% theory| . . . . . . . . . . .. 87
[>.2.1  Four-sphere partition functionl . . . . . . . . .. ... ... 88
[5.2.2  S-duality domain walll . . . ... ... ... 000 90
[5.2.3  Supersymmetric loop operators] . . . . . . ... ... ... 92
[5.2.4 Intertwining Wilson and 't Hooft loops| . . . . . . . . .. ... ... 95

[5.2.5  Verlinde operators in Toda CF'I1. . . . ... ... ... ... .... 97




CONTENTS il

Il Supersymmetric gauge theories in five dimensions and their |

leravity duals| 100

6 Supersymmetric gauge theories on squashed five-spheres and their grav- |

1ty duals 101
[6.1 Supersymmetric gauge theories on squashed five-spheres| . . . . . . . . .. 102
[6.1.1 SU(3) x U(1) squashed five-sphere| . . . . . . ... ... ... ... 102
[6.1.2  Twisted reduction and the partition functionl . . . . . . . . . . . .. 107
[6.1.3 The large N lmit| . . . . . ... ... ... ... ... ..., 109

[6.2 Romans F'(4) supergravity| . . . . . . . . . ... 114
[6.2.1 Uplift to massive type IIA| . . . . . . . ... ... ... ... ... 114
[6.2.2  Euclidean theory| . . . . . . . .. . ... ... .. 116
[6.2.3  Killing vector bilinear|. . . . . . . ... ... 118

[6.3  Supergravity solutions| . . . . .. ..o 119
[6.3.1 SU(3) x U(1) invariant ansatz[. . . . . . . .. ... ... ... ... 119
[6.3.2 3/4 BPSsolutions|. . . . . ... ... ... 121
[6.3.3 1/4 BPSsolutions|. . . . . . . ... ... ... ... 123

[6.4 Holographic free energy|. . . . . . . . . . . ... 125
6.4.1  On-shell action| . . . . .. .. .. ... ... . 125
[6.4.2 Boundary counterterms|. . . . . . . . ... ... oL 126
[6.4.3  Free energy of the solutions| . . . . . . ... ... ... ... ..., 128

6.5 Wilson loops|. . . . . . . . . . 130
[6.5.1 Large N field theory| . . . . . .. .. ... ... ... .. ... ... 130
[6.5.2  Dual fundamental strings|. . . . . ... ... ... ... ....... 132

[6.6 'I'wo conjectures| . . . . . . . ... 135
[7 Supersymmetric gauge theories on five-manifolds| 137
(7.1 Rigid supersymmetry from holography| . . . . . . .. ... ... ... ... 137

[7.2  Background geometry|. . . . . . .. ..o 141




CONTENTS iv

[(.2.1 Differential constraintsl . . . . . . . . . . . ... 142

[[.2.2  Geometric structurel . . . . ... ... o000 145

[7.2.3 Examples . . . . . . ... 148

[7.2.4  From geometry to supersymmetryl. . . . . . . .. ... 156

[7.2.5 Summary| . . . . ... 160

(.3 Discussionl . . . . . . ..o 161

[A° Macdonald polynomials and the refined S-matrix| 163
[A.1 Group theory| . . . . . . . . . 163
[A.2  Schur polynomials and the modular S-matrix|. . . . . ... ... ... ... 164
[A.3 Macdonald polynomials and the refined S-matrix] . . . ... .. ... ... 165

(B S-duality kernel 168
B.1 Example: N =4 theoryon S . . ... .. .. ... ... ... ... .... 170

[C Factorization of Toda 3-point function| 172
[C.1 Normalized conformal blocksl . . . . . . ... .. .. ... ... ... ... 173
(C.2  Nekrasov partition tunction| . . . . . . . . .. ... ... ... ... ... 175

[D Supergravity Killing spinors| 177

(Bibliography| 180




List of Figures

M1

A 4d/2d correspondence relating the four-dimensional superconformal in-

dex to some two-dimensional TQF'T, which can be described as an analytic

continuation of refined Chern-Simons theory on S* X Cypf. . . . . . . . . .

2

Schematic illustration of the renormalization group flow /vy — 7z that can

be used to itroduce surtace defects. The white dots represent full punctures

with SU(N) symmetry while the black dot is a simple puncture with U(1)

symmetry. The red dot represents a codimension-four defect engineering a

surtface defect 1n four dimensions. . . . . . . . . . .. ...

3

Sequence of dualities that maps the four-dimensional 7y theory (upper-left)

to the three-dimensional star-shaped quiver theory (lower-right).. . . . . .

R1

Three different types of punctures of an SU(5) theory. We denote by a white

dot a full puncture with associated SU(5) flavor symmetry, by a black dot

a simple puncture with U(1) flavor symmetry and by a circle with a dot a

generic puncture, in this case with S|U(1) x U(2)| flavor symmetry,| . . . .

28



LIST OF FIGURES

vi

P2

Left: Three different degeneration limits of an SU(2), Ny = 4 theory, corre-

sponding to a sphere with four punctures. They are related to weak coupling

limits of the theory via S-duality and triality. Right: The space of coupling

constant 7 modulo S-duality. The different cusps correspond to the three

degeneration limits of the picture on the left. It also coincides with the

complex structure moduli space of a sphere with four labeled (inequivalent)

punctures.| . . . . ... Lo

31

B3

Closing a puncture of an SU(2) gauge theory. We start with a theory with

two SU(2) flavor punctures A and B. By taking an appropriate weakly

coupled frame, we can essentially treat the system as gauging a tritunda-

mental hypermultiplet. By giving a non-zero VEV to the hypermultiplet,

and flowing to the IR, we essentially close the A puncture.| . . . . . . . ..

!

Partition functions for the sphere with one, two and three punctures respec-

tively, for g-deformed YM in the zero area limit. Here Sg ¢ is the modular

o-matrix as defined in Appendix Al . . . . ... o000

25

The left picture illustrates the Riemann surface C,,, corresponding to a

theory /iy, which is obtained by coupling the theory ;g to a bifundamental

field. An RG flow, that is initiated by turning on a Higgs vev for the

bifundamental scalar, relates the theory /iy, to the original theory /;z with

a surface detect G,. 'T'his is illustrated on the right.| . . . . . . . ... ...

PG

The superconformal index can be written as a TQF'T correlator. This cor-

relator is diagonal in the eigenfunctions 1g(a;) of the difference operators

B1

T'he four point correlation tunction should be crossing symmetric. On both

sides one should sum over the holonomy m of the internal state. | . . . . .




LIST OF FIGURES

vil

AT

The left picture illustrates the Riemann surface C,, corresponding to the

theory 7;,,, which is obtained by coupling the theory 77z to two bifunda-

mental fields. An RG flow, that is initiated by turning on Higgs vevs for

both bifundamental scalars, relates the theory 7y to the original theory

“Jir with two surface defects G, and G,,. This 1s illustrated on the right.| .

%)

Disk amplitude in the presence of a detect puncture|. . . . . . . . .. ...

60
71

‘4.3

The index without surtace defects corresponds to a correlator of g-YM. In-

serting a surface defect/acting with a difference operator in the 4d theory

corresponds to inserting a defect puncture on the 2d side.|. . . . . . . . ..

73

531

Left: Star-shaped quiver corresponding to the mirror of the three-dimensional

T theory. Right: Linear quiver description of the three-dimensional 7 (SU(N))

theory| . . . . .

80

52

Left: The ellipsoid partition function in the presence of an S-duality do-

main wall can be constructed by gluing the domain wall partition function

Z(a,a’,m) in between the half-sphere partition functions G(a,m;7) and

G(a',m;7), while gauging their flavor symmetries. Right: The same ellip-

soid partition function can be constructed by gluing the half-sphere partition

functions G(a, m; 7) and G(a, —m; —1). | ...................

.3

An 't Hoott loop operator Tz can be moved through the S-duality domain

wall to obtain a Wilson loop operator Wg. | . . . . . .. .. ... ...

530!

'T'he four-sphere partition function of the N' = 2* theory is equal to a Toda

correlation function on the punctured torus with a semi-degenerate vertex

operator V),, with momentum g, inserted at the puncture|. . . . . . . . ..

6.1

The fundamental string is located at a point on the internal S* hemisphere

and wraps the radial direction of Mg together with the Wilson line in the ten

dimensional supergravity background given by a warped product of Mg x S*[133




Chapter 1

Introduction and overview

Supersymmetric gauge theories were originally intended to describe the nature of elemen-
tary particle physics. However with their development it became apparent that they serve
as much more than that. In particular, dualities of supersymmetric gauge theories have
been a cornerstone of progress in theoretical physics, and have motivated some of the most
interesting and nontrivial new relations between physics and mathematics. Nowadays their
study is a fully established branch of research in theoretical high energy physics. The rea-
son for this is severalfold. On the one hand it became apparent that supersymmetric
gauge theories describe the low energy worldvolume dynamics of certain branes in string
and M-theory. This realisation was a crucial ingredient in the development of the famous
AdS/CFT correspondence [9]. On the other hand supersymmetric gauge theories have a
rich mathematical structure which goes hand in hand with their physical interpretation.
One famous example is the seminal discovery by N. Seiberg and E. Witten [10}/11], which
revolutionised the study of four-manifolds in a purely mathematical setting.

More recently other prominent examples of the synergy between physics and math-
ematics have been uncovered. An important example is the AGT correspondence [12],
which stems from the discovery of a duality between supersymmetric gauge theory in four
dimensions and conformal field theory in two dimensions. The aim of the present thesis is

to further study two particular cases of such dualities.
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In part |I| of this thesis, we will focus on the study of a particular 4d/2d duality sim-
ilar to the AGT correspondence. More precisely we will study a BPS index, called the
superconformal index. This object, defined for a four-dimensional N' = 2 superconformal
field theory of class § is conjectured to be dual to a topological quantum field theory. In
analogy to the AGT correspondence, this duality is motivated by the compactification of
an elusive six-dimensional ' = (2,0) superconformal field theory.

In part , we will concentrate on the two sides of a particular example of the AdS/CFT
correspondence. We will be working on five-dimensional gauge theories and their six-
dimensional holographic duals. The idea is to compute exact quantities via localization
for gauge theories with rigid supersymmetry on the five-dimensional background and com-
pare them to the corresponding quantities in supergravity. Furthermore we shall use this
correspondence as a tool to extract important results for the dual five-dimensional super-

symmetric gauge theory.

1.1 Dualities of four-dimensional supersymmetric gauge
theories

Four-dimensional N = 2 supersymmetric gauge theories have proved a fertile arena from
both the mathematical and physical perspectives and have been a constant focus of research
for the past few decades. Several years ago, it was observed [13,/14] that a large subset of
them, called of class S, can be viewed in a more unified manner. The authors argue that
based on the Seiberg-Witten construction there is a way to describe and classify theories
of class § in terms of the data on Riemann surfaces.

The idea is to describe four-dimensional supersymmetric gauge theories in the setting of
M-theory. M-theory is an 11-dimensional theory with membranes as fundamental objects.
It was introduced as an extension of string theory, such that known string theories can
be obtained as a limit of it. It contains three- and six-dimensional objects called M2-

and Mb5-branes respectively. On the worldvolume of a stack of parallel M5-branes lives a
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six-dimensional A" = (2,0) superconformal field theory (SCFT) [15}{18][]] This is an always
strongly coupled theory, which at present does not have a Lagrangian description, which
makes it extremely difficult to work with directly.

To gain control over this theory, it is convenient to study its dimensional reductions. By
doing so, we can essentially work with the resulting lower dimensional effective theory of
which we usually have a more thorough grasp. For example we can consider the dimensional
reduction on Cy, a Riemann surface of genus g, to obtain a four-dimensional supersymmetric
gauge theory.

Let us for simplicity focus on a six-dimensional theory of type g = A;. The spinor
bundle over C, is nontrivial, i.e. the supercharges are charged under the SO(2) metric
curvature of C;,. In order to preserve a subset of supersymmetries in four dimensions,
we have to perform a partial twist in the dimensional reduction. The idea is to pick an
SO(2)g subgroup of the SO(5)g flavor symmetry of the six-dimensional parent theory to
compensate for the metric curvature of C,. An obvious choice is SO(2)r x SO(3)r C
SO(5)r, where one uses the SO(2)g for the partial twisting. Then the resulting four-
dimensional theory preserves N’ = 2 supersymmetry. An important consequence from the
partial twist is that most of the four-dimensional physics does not depend on the particular
choice of metric, but only on the total area and the complex structure of C,. For example
the Riemann surface associated to maximally (N = 4) supersymmetric Yang-Mills (sYM)
theory in four dimensions is a torus and the complexified coupling constant of the gauge
theory corresponds to the complex structure modulus of the associated torus. Furthermore
the well-known Montonen-Olive duality [19] of N = 4 sYM is geometrically realized as the
modular transformation of the torus.

A Riemann surface can also be decorated with puncturesP| Let us denote a general
Riemann surface of genus g and with n punctures by C,,. A puncture locally looks like a

cylinder St x I, where I is a finite interval. Hence we can study a puncture by performing

IThis is strictly only true for N' = (2,0) theories of type g = Ay.
2In general there is a label associated to each puncture — see Chapter [2 For now we will only focus on
type A; theories with full punctures.
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a Kaluza-Klein reduction of the six-dimensional theory on S'. The N/ = (2,0) SCFT
compactified on a circle becomes maximally sYM in five dimensions [20,21]f] We thus
get five-dimensional N’ = 2 sYM on an interval, which corresponds to an N' = 2, SU(2)
vectormultiplet in four dimensions with coupling constant related to the length of the
cylinder.

Since a Riemann surface C, ,, is categorised by its genus g and number of punctures n,
the above observations naturally imply a classification of four-dimensional N = 2 SCFTs
of class S by the set (g,n). We shall denote such theories by 7,,. A Riemann surface can
be decomposed into different pairs-of-pants, 7.e. three-punctured spheres Cy 3, connected
by thin tubes. Similarly the field theory 7,, can be decomposed into different building
blocks 7y 3, where one has to appropriately define “sewing pairs-of-pants” in the gauge
theory language [13|. However, following the Riemann surface logic, various pairs-of-pants
decompositions of 7,, give generically different descriptions of the same theory. More
precisely, a choice of decomposition corresponds to a particular degeneration limit in the
parameter space of the theory. All such descriptions have to be related to one another by
intricate dualities, such as generalized Seiberg- and Argyres-Seiberg dualitites [22,23] — see
Figure for example.

Now consider a physical observable in the six-dimensional, N” = (2,0) SCFT on S* x
Cyn, and assume that this observable is independent of the ratio of the “sizes” of S* and
Cyn. Intuitively it makes sense that a (twisted) Kaluza-Klein compactification of the theory
on S* should give a physical quantity on a field theory living on C,,,. Similarly a reduction
on C,,, should result in a physical observable in the theory 7,, on S* This is exactly
the idea behind the AGT correspondence 12|, which states that the partition function
of N' = 2, SU(2) gauge theory on S* corresponds to the n-point correlation function of
Liouville conformal field theory (CFT) on C,,. It was subsequently extended to SU(N)
gauge theories and Ay_; Toda CFT [12,24].

3The precise reduction is not clear as of this point. For example the Kaluza-Klein modes seem to be
in correspondence with the 5d instanton numbers, which would naturally lead to double-counting in 5d
computations.
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Following this discovery a variety of new dualities and relations among field theories in

various dimensions was found. Here are some examples:

¢ The superconformal index (SCI) [25,26], which is a twisted partition function of
theories on S'x S3, was shown to have an interpretation in terms of a two-dimensional
topological quantum field theory (TQFT) [27]. The TQFT was shown to be a (p, g, t)-

deformed version of two-dimensional Yang-Mills in the zero-area limit [28-30].

o A class T[M3] of three-dimensional A/ = 2 theories labeled by three-manifolds M3
was discovered in [31-33]; such theories are said to be of class R. The 3d/3d corre-
spondence states that the partition function of the 7[Mj3] theory on S® with gauge
group SU(N) is equivalent to the partition function of the SL(N, C) Chern-Simons
theory on Ms.

o Similarly a class of two-dimensional theories 7[M,]| was found to be labeled by four-

manifolds M, and are said to be of class H [34-36].

In the present thesis we shall mainly focus on the first example in this list, namely the
superconformal index and its relation to two-dimensional TQFT. The superconformal index
computes a trace over BPS states of a superconformal field theory in radial quantizationE]
It is a comparatively simple quantity, because it does not depend on exactly marginal
deformations of the four-dimensional SCF'T. From a six-dimensional perspective this means
that the SCI does not depend on the complex structure of C, ,,, and so one expects that the
dual two-dimensional theory on C,, is topological [27]. The authors of |28| showed that in
a particular limit, the normalized superconformal index of the SU(2), Ty 3 SCFT (i.e. the

theory corresponding to a three-punctured sphere) can be written as

SCI[7o.5)(a, b, ) Z Xr(@ dlm Xr(c) (1.1.1)

where a, b, ¢ are the fugacities at a puncture, the sum is over irreducible representations R

of SU(2), xr is a Schur polynomial and dim, is the quantum dimension. This has precisely

4See Chapter E for a definition and a detailed discussion of its properties.
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6d N = (2,0) on S' x S x Cy.p,

/@ e

Comn s‘ny &%\mall

—

4d Index of N = 2 theory Chern-Simons Theory
on S! x §3 2d qYM on Cy , on St x Cy
® & - (e

Figure 1.1: A 4d/2d correspondence relating the four-dimensional superconformal index to some
two-dimensional TQFT, which can be described as an analytic continuation of refined Chern-
Simons theory on St x Cyn-

the form of a three-point correlator of two-dimensional ¢-deformed Yang-Mills theory in
the zero-area limit El An alternative way of thinking of this two-dimenisonal TQFT
is as an analytic continuation of refined Chern-Simons theory on S' x C,,, where the
Chern-Simons coupling is related to ¢ — see Figure

Alternatively in [42], the authors explicitly reduce the six-dimensional N = (2, 0) parent
theory of type A; to two-dimensional g-deformed YM. They do so by first reducing to five-
dimensional NV = 2 sYM on S® x C,,,. This is a well-known theory with a Lagrangian
description and one can localize its partition function. The path integral decomposes into
constant modes along S3, which give rise to two-dimensional YM on the remaining two
directions, and fluctuations about the constant modes, which induce the g-deformation. In
Chapter [2| of this thesis we review the most important aspects of this duality relevant for

the remainder of part [[ Chapters [3]—[5

An interesting way to extend this particular 4d/2d correspondence is by studying the
lens indez. This is a twisted partition function on S'x S3/Z,. It is a particularly interesting

object, since it is sensitive to the global properties of the gauge group . The localized

°For an extensive review of two-dimensional Yang-Mills, see \\
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partition function contains a sum over flat connections [44]. Consequently every puncture
is labeled by additional discrete data corresponding to a choice of holonomy around the
Hopf fibre of S3/Z,. However, the TQFT structure should still be inherent. In Chapter
we focus on a particular limit of the lens index and prove this, by explicitly showing that
S-duality holds. Our strategy is to find a similar factorization as in the round case — see
equation . We find that the index corresponding to a sphere with three punctures

labeled by (a;, m;) can schematically be written as

2
Z Z fz(z”k)(Q)Uﬁl)(al)Uﬁ}”(aa)Ul(;ZL?’)(ag) , (1.1.2)

R Llijk=1

where fgj k)(q) and U gﬁ)(a) are some functions, we shall specify in Chapter . From this
factorization, S-duality follows from some orthogonality relations of U gz)(a) under the
integration measure. Subsequent to our work, it was found that in a more general limit
the two-dimensional correlation functions are described by a combination of so-called non-

symmetric Macdonald polynomials [45].

Gauge theories can be decorated with general global defects, such as Wilson and ’t
Hooft loops as well as higher dimensional analogues. For example 1/2 BPS surface de-
fects in N' = 4 sYM were defined and studied in [46},47], by specifying a codimension-two
singularity in the field configuration, such that half of the supersymmetries are preserved.
An alternative way to define surface defects is by coupling the four-dimensional theory to
two-dimensional degrees of freedom on the supported surface and subsequently integrating
them out in the path integral. It has become apparent that global defect operators are
crucial in the study and classification of gauge theories. For example, there are known cases
of disparate field theories that can only be distinguished by the insertion of defects [48].
Therefore, in order to properly define a quantum field theory it is crucial to carefully
analyse the spectrum of extended objects in the theory.

From the six-dimensional M-theory perspective there are two distinct constructions of

surface defects in four dimensions. On the one hand they can descend from codimension-
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four defects in the parent theory arising from M2-branes ending on the stack of M5-branes.
On the other hand, they can also descend from codimension-two defects in six dimen-
sions, which come from Mb-branes intersecting the stack of coincident M5-branes. This is

summarized in Table [LL1]

My Con Name Type
(1) 4 0 flavor puncture Mb5-brane
(ii) 2 2 surface defect M5-brane
(iii) 2 0 surface defect M2-brane

Table 1.1: Summary of the defects in the six-dimensional N = (2,0) theory on My x Cy,,. My
is the four dimensional space-time and Cgy, is a decorated Riemann surface. (i) and (ii) show
configurations of codimension-two defects while (iii) shows the configuration of a codimension-
four defect.

Let us first discuss codimension-two defects of the N/ = (2,0), type g theory in six-
dimensions, which are labeled by embeddings p : su(2) — g. These defects play an
important role in the construction of theories of class S: a codimension-two defect that is
inserted at a point on the Riemann surface C,, and spans all four space-time dimensions
corresponds to a flavor puncture in the construction of [13,/14] - see (i) of Table
Alternatively, wrapping the same codimension-two defect on the whole Riemann surface
Cyn leads to a surface defect in the four-dimensional theory - see (i) of Table [1.1] This
class of surface defects has been studied, for example, in [49,50].

On the other hand, there are codimension-four defects in the N = (2,0) theory in
six-dimensions, which are expected to be labeled by an irreducible representation of g, see
for example [51] and references therein. Inserting a codimension-four defect at a point on
the Riemann surface C,,, engineers another class of surface defects in the four-dimensional
theory - see (iii) of Table [I.I} In Chapters [4] and [5] we focus on the study of this second
class of surface defects in four-dimensional N' = 2 theories of class S.

A central ingredient in our analysis is the assumption that such codimension-four defects
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Tir Tuv Tir

Figure 1.2: Schematic illustration of the renormalization group flow Ty — Trgr that can be used
to introduce surface defects. The white dots represent full punctures with SU(N) symmetry while
the black dot is a simple puncture with U (1) symmetry. The red dot represents a codimension-four
defect engineering a surface defect in four dimensions.

are labeled by irreducible representations of g. Important evidence for that comes from
the AGT correspondence. In this correspondence, flavor punctures are represented by
vertex operators labeled by non-degenerate and semi-degenerate representations of the
Virasoro or Wy-algebra. There are also completely degenerate representations labeled by
two dominant integral weights of g, or equivalently, by two irreducible representations R;
and R, of g. Correlation functions with additional insertions of completely degenerate
vertex operators compute the four-sphere partition function in the presence of surface
defects [52]. In particular, the labels Ry and Ry characterize the surface defects supported
on orthogonal two-spheres[]

Inspired by the connection to degenerate vertex operators and the analytic structure of
Virasoro/Wy-algebra conformal blocks, the authors of [30] introduced a renormalization
group flow that can be used to construct the surface defects from vortex configurations
in a larger theory. Let us consider the simplest example of this procedure illustrated in
Figure (1.2

The starting point is a theory T;gr with a full flavor puncture encoding an SU(N)
flavor symmetry. We then form the larger theory 7 by adding a simple puncture nearby
with U(1) flavor symmetry. This corresponds to adding an additional hypermultiplet in
the bifundamental of SU(N) x SU(N) by gauging the diagonal SU(N). The extra U(1)
symmetry corresponds to the baryonic symmetry of the bifundamental hypermultiplet and

the position of the simple puncture controls the gauge coupling of the gauged SU(N).

6Recently this was made precise by explicitly computing the coupled 4d — 2d partition function |53|.
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The theories T;r and Ty are connected by a renormalization group flow that is initi-
ated by turning on a constant vacuum expectation value for the hypermultiplet scalar. By
turning on a position-dependent vacuum expectation value corresponding to a 1/2-BPS
vortex configuration in 7y, the endpoint of the renormalization group flow is a surface
defect in the original theory 7;z. These surface defects are labeled by a pair of positive
integers (71, r2) corresponding to the vortex numbers in orthogonal two-planes. This con-
struction is analogous to the Toda construction of codimension-four surface operators |52].
Hence our working conjecture is that they give a representation of codimension-four surface
defects labeled by a pair of symmetric tensor representations of g.

A concrete prescription was given in [30] to implement this renormalization group flow
at the level of the superconformal index. In full generality, the N' = 2 superconformal index
depends on three parameters denoted by {p,q,t} that are associated to combinations of
bosonic conserved charges commuting with a chosen supercharge. It also depends on flavor
parameters {ai,...,ay}, such that [];a; = 1, for each global SU(N) symmetry and an
additional parameter b for each U(1) flavor symmetry. The superconformal index is thus
denoted by

Z(p,q,t,a;b,...). (1.1.3)

The superconformal index of the theory T;z with surface defects is obtained by com-
puting a residue of the superconformal index of the theory 7Ty in the additional fugacity
b associated to the additional U(1) symmetry. The result is a difference operator G,, ,
that acts on the superconformal index of the original theory 77z by shifting the fugacities

of the SU(N) flavor symmetry. Schematically, the difference operator is defined by

1

Gry o - Lir(ag,...) ~ . Res |:EIUV<aj7ba"')} , (1.1.4)
b=t2pr1/Ngra/N

where the proportionality constant is discussed in section [2.4] The difference operator

G, », corresponds to inserting a surface defect in the original theory 7;z that is labeled by

the pair (ry,rs).
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In what follows we concentrate on the case r; = 0 and simply label the difference
operators by G, where r € Z>,. The label r can be thought of as denoting a symmetric

tensor representation of rank r. The resulting expression for G, is

mkl

G, - I(a;) = Z H H gty ks p) 7 (aj — gN T a;) , (1.1.5)

SN my=r dk=1 L m=0 k/aj;p)

where the theta-function 6(z, p) is defined in section [2.3.1]

Following our arguments above, we expect that there exist difference operators Gy cor-
responding to surface defects labeled by all irreducible representations R of g. In principle,
they could be constructed by starting from a theory 7y with an additional puncture with
a larger flavor symmetry.ﬂ However, in Chapter , we follow a different approach. Namely
we complete the algebra of difference operators. For the difference operator associated to

the representation R we make an ansatz
Gr-T ZC’R,\ P, ¢, t,a;) (g May) (1.1.6)

where the sum is over the weights A of the representation R, (, ) is the standard inner
product on the Cartan subalgebra of g, and h; are the weights of the fundamental repre-
sentation. This ansatz is compatible with what we already know about difference operators
G, for symmetric tensor representations R = (r).

The coefficients Cr(p,q,t,a;) are then determined by imposing that the full set of

difference operators G is closed under composition
GR1 OGR2 = ZNRl,RgRS(p7Q7t> GR3, (117)
R3

and forms a commutative algebra. Since the symmetric tensor representations form an
over-complete basis, there are many compatibility conditions for the system (1.1.7) to be

solved consistently. It is thus non-trivial that a solution exists. Nevertheless, we can find

"However that would include non-Lagrangian ingredients that are hard to deal with.
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a solution using the following method.

First, we notice that all irreducible representations in the case g = su(2) are symmetric
tensor representations, so that there are no additional difference operators. Even though
it is not obvious and requires numerous functional identities for theta-functions, the sys-
tem can be solved uniquely in this case. The structure coefficients N, RQR3 (p,q,t)
turn out to be an elliptic generalization of the (g,t)-deformed Littlewood-Richardson co-
efficients.

If we then assume that for any rank of the gauge group the structure coefficients
Nk,. R2R3 (p,q,t) are given by this elliptic generalization of the Littlewood-Richardson coef-
ficients, the system (|1.1.7)) can be solved consistently and uniquely for all of the difference
operators Gr. In particular, we find that the difference operators G-y labeled by the
rank r antisymmetric tensor representations, can be conjugated to the Hamiltonians of
the N-body elliptic Ruijsenaars-Schneider integrable system. We shall discuss this in more
details in section 4.1l

The superconformal index of N/ = 2 theories of class S has a dual description in
terms of a two-dimensional topological quantum field theory on the surface C,,. We show
that the difference operators G are natural objects in this two-dimensional TQFT. In a
truncation — called the Macdonald slice (see section — where we take p = 0, the
operators G(1r), labeled by antisymmetric tensor representations, can be conjugated to
the so-called Macdonald operators, whose eigenfunctions are the Macdonald polynomials
Ps(a,q,t) labeled by an irreducible representation S. We find that the eigenvalue of a

general, conjugated, difference operator Gz in the Macdonald limit is given by

_ S
Gr- Ps(aj,q,t) = ﬁPS(aj,q,t), (1.1.8)

)

where Sg ¢ is an analytic continuation of the modular S-matrix of refined Chern-Simons
theory, which depends on ¢ and ¢. A consequence is that the surface defect introduced
by the operator G is equivalent to a Wilson loop wrapping around the S' of the three-

manifold S* x C,,. In the Macdonald limit, the structure constants Nz, g, R3(q, t) become
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Figure 1.3: Sequence of dualities that maps the four-dimensional 7y theory (upper-left) to the
three-dimensional star-shaped quiver theory (lower-right).

the (g,t)-deformed Littlewood-Richardson coefficients and the algebra of difference oper-
ators G is identified with the Verlinde algebra. We expect that this Verlinde algebra
has a natural interpretation in the (analytically continued) chiral boundary theory on the
two-torus boundary near a puncture of C,,,. We discuss these aspects in section @

In Chapter p| we find further confirmation of the physical relevance of the difference
operators GGr by reducing the superconformal index to the squashed three-sphere partition
function, following [54-56|. In particular, we consider the dimensional reduction of the four-
dimensional Ty theory, which is obtained by compactifying the six-dimensional N' = (2, 0)
theory on a three-punctured sphere with three full punctures. The dimensionally reduced
Txn theory has a Lagrangian mirror description as a star-shaped quiver theory [57]. This
is illustrated in Figure [I.3] In particular, each full puncture of the three-punctured sphere
is represented by a three-dimensional linear quiver theory called T (SU(N)).

It is expected that the surface defects Gg introduced above dimensionally reduce to
supersymmetric Wilson loops in the representation R of g for the central node of the star-
shaped quiver. This is in fact equivalent to the statement that the partition function of the

T(SU(N)) theory is an eigenfunction of the dimensionally reduced operators ng). The
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three-dimensional partition function Z(x,y) of the 7 (SU(N)) theory depends on two mass
parameters x and y associated to the Higgs branch and the Coulomb branch respectively,

and is symmetric under x <+ y. For the case of a round four-sphere, we show that indeed
3d
Giin W) - Z(z.y) = Wan () Z(,y), (1.1.9)

where Wi () is a supersymmetric Wilson loop in the r-th antisymmetric tensor repre-
sentation.
For other (non-minuscule) representations we find that this is not quite correct. In

particular, the Wilson loops obey the algebra

W, - Wry = > Niyg,"™ W, (1.1.10)
R3

where Np, R, are the ordinary Littlewood-Richardson coefficients, whereas the algebra
of the three-dimensional operators ng) is not of this form. Instead, we find that when the
representation R is non-minuscule, the dimensionally reduced operators ng) are linear
combinations of operators @gd), with |S| < |R|, that are dual to Wilson loop operator
This gives a simple invertible linear transformation on the algebra of difference operators.
Finally, in section [5.2, we embed the three-dimensional 7 (SU(N)) theory as an S-
duality domain wall in the four-dimensional N" = 2* theory, we interpret the dimensionally
reduced difference operators ng) as operators that introduce 't Hooft defects, labeled by
irreducible representations R, into the four-sphere partition function of the N' = 2* theory.
Again, when the representation R is an antisymmetric tensor representation, we find perfect
agreement with both localization [58] and (in the case of the fundamental representation)
computations of Verlinde operators in Liouville/Toda conformal field theory [52,59-H61],
while for other representations we once more find an invertible linear transformation on

the algebra of operators.

8We define the partial ordering of representation by |R;| < |Rz| <= dim R; < dim Ra.
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1.2 The gauge/gravity correspondence in five /six dimen-
sions

In the second part of this thesis we will focus on a particular case of the AdS/CFT
correspondence. The AdS/CFT correspondence is an instance of the holographic prin-
ciple |62,63]. This is the idea that quantum gravity in a volume is naturally formulated
in terms of degrees of freedom on its surface. The Bekenstein-Hawking formula is one of
the main examples, relating the entropy of a black hole to the area of its surface [64].
The AdS/CFT correspondence [9] predicts an equivalence between string theory living on
particular backgrounds of the form AdS; x X and quantum field theory on the (d — 1)-
dimensional boundary of AdS;, where AdS, is the d-dimensional anti-de Sitter spacel
The original example considered by J. Maldacena consists of a duality between superstring
theory on AdSs x S° and four-dimensional N = 4 supersymmetric Yang-Mills theory.

The AdS/CFT duality was introduced in the setting of superstring theory.lT_UI Let us
consider N coincident D3-braned'] in type IIB string theory with string coupling g. At
gN < 1, string perturbation theory is a good approximation and by taking the low energy
limit, we arrive at a theory of massless open and closed strings. The dynamics of the
D3-branes is then described by a four-dimensional N' = 4, SU(N) gauge theory on the
brane worldvolume [77] and the closed strings decouple.

At gN > 1, we can describe the same setup as a black brane |78| system in supergrav-
ity |79]. Taking the low energy limit again leads to closed strings in the bulk as well as
states near the horizon. This is because of the redshift; an object being brought closer and
closer to the horizon of the black brane would appear to have lower and lower energy for

the observer at infinity. In the near horizon limit, the metric can be shown to be given by

9We refer to [65H68| for excellent reviews of this vast subject.

10Tt can also be understood without the explicit use of string theory, by applying the holographic
principle to a quantum field theory. The idea is to write the five-dimensional graviton as a two boson state
in four-dimensions [68}[69].

UD_Branes were originally introduced in |70,/71]. For general reviews about branes in string theory,
see [72H76].
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AdS; x S°.

Together — if we decouple the massless closed strings in the bulk for both limits — we
arrive at an astounding result: we obtain a gauge theory at weak coupling and at strong
coupling we have the string states in the AdSs x S® region. Assuming that the low energy
limit commutes with the limits gN < 1 and gN > 1, it follows that the strongly coupled
gauge theory is identical to the full string theory in the AdSs x S° region.

Ever since its discovery, the AdS/CFT correspondence has been subjected to innumer-
able tests. For example a simple consistency check is to match the global symmetries on
both sides of the duality. More involved tests include the matching of states or supersym-
metric amplitudes on both sides.

The correspondence has also been generalized to different dimensions and brane sys-
tems. An important extension consists of looking at M-theory brane configurations. For
example we can consider the low energy limit of a stack of M2-branes. The near horizon
geometry is then AdS, x X7, where X7 is a seven-dimensional compactification manifold in
11-dimensional M-theory. On the M2-brane worldvolume lives the ABJM-theory, a three-
dimensional N/ = 6 superconformal Chern-Simons matter theory [80]. A consequence of
the AdS/CFT is that the partition function of the ABJM theory on S® is supposed to
match the partition function of M-theory on AdS, x X7 [81}82]

Zapym [S?] = Z[AdS; x X7] . (1.2.1)

When N is large, the M-theory partition function can be computed in the genus-zero limit,
and at strong coupling, the supergravity approximation is sufficient. Therefore by taking

the large N and strong coupling limits on both sides, we end up with
Zpggm [S?] ~ exp (= I[AdS4]), (1.2.2)

where I [AdS,] is the classical gravity action evaluated on the AdS, metric. The left hand

side of this equation can be computed explicitly at large N using localization [83),84] and
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matrix model techniques [85-87][%

Localization as a tool to compute exact quantities in gauge theories on compact mani-
folds with rigid supersymmetry was introduced rather recently by V. Pestun in [83|. Follow-
ing his seminal work a plethora of new exact observables were computed in supersymmetric
gauge theories in various dimensions. As a consequence this led to a variety of new checks of
the AdS/CFT correspondence by comparing the large N limit of exact results on the gauge
theory side to the corresponding quantities in the holographic dual supergravity. A lot of
effort was put into understanding and extending this three-dimensional case culminating
in the computation of the partition function on a large class of three-manifolds [89,90] and

comparing it to an equally large class of gravity duals [91].

In part [II| of this thesis we will discuss the gauge/gravity correspondence in five/six
dimensions. The status in five/six dimensions is in a much more elementary phase than its
lower dimensional cousins. It is a well-known fact that five dimensional gauge theories are
generically non-renormalizable, and therefore they generally do not exist as a microscopic
theory. In some cases theories with specific gauge groups and matter contents can be shown
to have a strongly coupled five-dimensional superconformal fixed point in the UV [92-94].
Such theories usually stem from brane constructions in string theory. There is a particular
class of five-dimensional superconformal gauge theories, with gauge group USp(2N), which
arises from a D4-D8-brane system. In the context of AdS/CFT, this is expected to have a
large N description in terms of massive type IIA supergravity [95-97].

Let us consider type I’ string theory with N D4-branes, two orientifold planes O8 and
16 D8-branes.

o1 2 3 4 9
08| x X X X X
D8 | x X X X X
D4 | x X X X X

Let one of two O8 branes be located at 2 = 0 and the other far away at some 2° = b > 0.

12For a nice review, see also [88].
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We are only interested in the dynamics near one of the O8-branes and so we take Ny
D8-branes at #° = 0 and the remaining 16 — N; at z° = b. The low energy dynamics of
the theory on the D4-branes located at 2 = 0 is given by taking the field theory limit.
It was shown in [92| that this theory at the origin of the Coulomb branch with Ny < 8
massless hypermultiplets sits a non-trivial fixed point of the renormalization group of a
five-dimensional supersymmetric field theory. More precisely, the worldvolume theory is
a five-dimensional N/ = 1 supersymmetric gauge theory with gauge group USp(2N), a
single hypermultiplet in the antisymmetric representation and N; hypermultiplets in the
fundamental representation arising from D4-D8 strings.

On the other hand, we can view this system from a black brane perspective. One
considers Ny D8-branes on top of the O8-plane being probed by N D4-branes. It was
shown in [96] that the near horizon geometry of this system is described by a fibration of
AdSg over S*. Taking N large, one enters a region where the near horizon theory can be
characterized by classical massive type ITIA supergravity["y] The warped AdSg x S* that
arises in the near horizon treatment is precisely the 10-dimensional background considered
in [99]. In this reference, the authors showed that compactifying type ITA supergravity on
the warped S* gives rise to Romans F(4) gauged supergravity [100].

Hence analogous to the prototypical AdS/CFT example, this leads to a duality between
massive type IIA supergravity on a warped product of AdSg x S* and the superconformal
fixed point of a five-dimensional gauge theory with gauge group USp(2N), Ny hypermulti-
plets in the fundamental representation, and a single hypermultiplet in the antisymmetric
representation of the gauge group. Ultimately one wants to test this duality for example
by comparing the free energies on both sides, analogous to (1.2.2)).

In |101] the large N limit of the partition function of these USp(2N) theories on the
round sphere was computed and successfully compared to the entanglement entropy of the
dual warped AdSg x S* supergravity solution. In Chapter [6| we shall present the first con-

struction of gravity duals to gauge theories on non-conformally flat backgrounds (specif-

13Note that — as discussed in |79] — the theory between two D8-branes in type I’ is given by IIA
supergravity [98].
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ically, certain families of squashed five-spheres). We effectively work in six-dimensional
Romans F(4) supergravity [100], being a consistent truncation of massive ITA supergravity
on S* [99] — see also section [6.2.1l Having constructed supergravity solutions that have

squashed five-sphere conformal boundaries, we compute the holographic free energy
F = —logZ

by holographically renormalizing the on-shell Euclidean action. More specifically, we con-
struct families of solutions with different numbers of preserved supercharges. Two of these
families are shown to be dual to the 1/4 BPS and 3/4 BPS gauge theories defined in [102].
The perturbative partition function for these theories has been computed in [103] and we
explicitly show that the large N limit of these partition functions is in precise agreement
with the holographic free energies of our supergravity solutions. We also present more
general solutions (and in particular a 1/2 BPS solution) which have not previously been
considered from the gauge theory side.

From the Killing spinors of a supersymmetric supergravity solution one can always
construct a certain Killing vector K. For all solutions found in Chapter [0] the free energy

is only sensitive to this Killing vector
F o= F(K),

and not to other parameters of the solution. It is natural to conjecture that this is also the
case for more general solutions, extending what happens in four dimensions [91]. In addition
in section[6.5 we compute the expectation values of BPS Wilson loops in these backgrounds,
both in supergravity and in the large N matrix model, finding precise agreement. Again
the expectation value depends only on the Killing vector K.

An interesting consequence of these results is that from the general local supersymmetry
constraints in the six-dimensional supergravity we obtain constraints for rigid supersymme-

try on the conformal boundary M5 — see section Similar to [104] in lower dimensions,
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in Chapter [7] we shall realize M; as the conformal boundary of the six-dimensional bulk
solution of Romans F'(4) gauged supergravity. We start with a general supersymmetric
asymptotically locally AdS solution to the Romans theory, and extract the conditions this
imposes on the five-dimensional conformal boundary. Although the resulting spinor equa-
tions are quite complicated, we will show they are completely equivalent to a very simple
geometric structure["¥] We shall call this the holographic approach to rigid supersymmetry.

Five-dimensional supersymmetric gauge theories are currently not as well-developed
as their lower-dimensional cousins. They were constructed and studied on the round S°
in [105H108]. The product background S* x S* studied in [109,[110] leads to the super-
conformal index. As in lower dimensions, the first constructions of non-conformally flat
backgrounds were produced via various ad hoc methods. These include the squashed S° ge-
ometries of [102,103], and the product backgrounds S% x 35 [42/[111] and S? x M3 [112-114].
In the latter two cases the spheres are round, while supersymmetry on the Riemann surface
Y5 or three-manifold Mj is achieved via a topological twist utilizing the SU(2) g symmetry
of the theory.

A systematic method for constructing rigid supersymmetric field theories on curved
backgrounds, in any dimension d, was initiated in [115]. Here one first couples the field
theory to off-shell supergravity, and then takes a decoupling limit in which the gravity
multiplet becomes a non-dynamical background field. This approach was applied to five-
dimensional Poincaré supergravity [116-118| in the series of papers [119-H121]|. Supersym-
metry of the background requires a certain generalized Killing spinor equation to hold,
whose related geometry was investigated in [119], together with an algebraic “dilatino”
equation which was studied in [120]. The latter reference recasts these conditions into
local geometric constraints on the five-manifold M;5. As in lower dimensions, one finds
that the background is parametrized by various arbitrary functions/tensors. In particular
(M3, g) is equipped with a Killing vector field £ = 9, with dual one-form S?(d+ + p) and

transverse four-dimensional metric g, where locally the function S = ||£|| and tensors p

14We note that in [6], we also analyse the supersymmetry transformations and Lagrangians of theories
on such general backgrounds.
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and ¢ are ¢-invariant but otherwise freely speciﬁable. The authors of [120] furthermore
show that locally all deformations of the background fields lead to Q)-exact deformations
of the action, where () is the supercharge. Despite this generality, these backgrounds do
not include the conformally flat geometry S* x S* [120].

In Chapter [7] we take the holographic approach instead. We find that the following
conditions for M5 are necessary and sufficient for rigid supersymmetry coming from holog-
raphy. Namely M5 is equipped with a conformal Killing vector £ = 0, which generates
a transversely holomorphic foliation. This is compatible with an almost contact form
n = dy + p, where — up to global constraints that we describe — the norm S = ||£|| and
p are arbitrary, and the transverse metric ¢ is Hermitian. The only other remaining
freedom is an arbitrary function « (such that S« is {-invariant), which together with the
metric determines all the remaining background data. This structure is similar to the
rigid limit of Poincaré supergravity described above, but with the addition of an integrable
transverse complex structure and Hermitian metric. In fact it is a natural hybrid of the
“real” three-dimensional rigid supersymmetric geometry studied in [89,/122] and the four-
dimensional supersymmetric geometry of [123,]124] (where the four-manifold is complex

with a compatible Hermitian metric).

15There are also additional freely specifiable fields, which determine the rest of the background.



Part 1

The superconformal index and surface

defects



Chapter 2

The superconformal index and theories

of class S

In this chapter we introduce the most important notions and concepts relevant for the
remainder of part [I| of this thesis. This is a very large topic and so we cannot deliver a
complete and self-contained treatment. However we do attempt to introduce most relevant

ideas in a concise manner. For more details we refer to the excellent reviews [125-136].

2.1 Definition of the superconformal index

The superconformal index is a trace over states of a superconformal field theory in radial
quantization. We will focus here on N’ = 2 theories in four dimensions. The bosonic part
of the four-dimensional N' = 2 superconformal algebra consists of the conformal algebra,
50(2,4), times the SU(2)g x U(1), algebra. We denote by E the dilatation generator, by
J» = jo—71 and j, = jo+7j1 the generators of the SO(4) ~ SU(2); x SU(2)s isometry group
of the spherd] and by R and r the Cartan generators of the SU(2)z x U(1), symmetry.
The fermionic part of the algebra is generated by eight supersymmetry generators QZ, Ora,

and their superconformal counterparts S¢ and ST¢ with S = Qf and S = Q. Here o = +,

'We are parametrizing S* by two complex coordinates (z,w) obeying |z|? +|w|?> = 1, and the generators
j. and j,, are rotations in the orthogonal z- and w-planes respectively.

23
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& =+ is an SU(2);, SU(2)s index respectively and Z = 1,2 is an SU(2)g index [25,[137].

We define the superconformal index as
7 = Tr(—l)ijz_quw_Tt”“RHafjefg‘;?% : (2.1.1)
J

where

26,- = {Q-,Q) -} = E—j.—ju—2R+7. (2.1.2)

The f; are generators of the Cartan subalgebra of the flavor symmetry group. The com-
binations of generators appearing in the powers of (p, ¢,t, a;) in equation (2.1.1]) are those
combinations that commute with the supercharge QQ,;. The letters p, ¢, t and a; are

fugacities for these symmetries and obey

ol lals It [pg/t] < 1, laj| = 1, (2.1.3)

ensuring that the index is well-defined.

In the definition , the trace is taken over states of the theory in radial quantization
satisfying d, - = 0. The superconformal index is a Witten index [138]. Hence, by the
usual arguments, the index counts the short multiplets of the superconformal algebra with
energies at the unitarity bound given by £ = j. + j, + 2R — r, up to those states which
are recombined into long multiplets once the energy is perturbed away from the unitarity
bound [25]. As a consequence the index is invariant under the continuous variation of
exactly marginal couplings of the theory, and in particular it is independent of j3.

If there exists a weakly coupled Lagrangian description of the theory, the superconfor-
mal index can be computed in the free limit. In practice this is done by summing up all
the gauge invariant states of the theory with d, - = 0 or by computing the path integral

in the free limit. The basic ingredients are the single letter or single particle indices of a
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half-hypermultiplet and vectormultiplet, which are given by

vi-t
1-p1-q) (2.1.4)

pq
va,q,t = - - + .
(P 4.%) l-p 1-q (1-p)(1—gq)

ZH(pa q, t) =

The full index is then the plethystic exponential of those single-particle contributions,
which accounts for higher order oscillations [139;/140].

We shall focus on G = SU(N) gauge theories. Then the superconformal index of a free
hypermultiplet in the bifundamental representation of SU(N) x SU(N) is

I(aj, bj,c) = PE [Z'H(p, q,t) i (aibijr . )] = ﬁ r (\/Z(aibjC)i;p, q) , (2.1.5)

aibjc

i,j=1 i,j=1

where PE stands for the plethystic exponential, defined as

PE [f(x1,22,...)] = exp (Z %f@?;,ﬂ,...)) : (2.1.6)

The parameters {a;} and {b;} are fugacities for the SU(N) x SU(N) symmetry and c is
the fugacity for the overall U(1) symmetry under which the two half-hypers have opposite
charges. Furthermore, the elliptic gamma function I'(z;p, ¢) is defined as

0 (1 _ Z—lpi+1qj+1)

P(zpg) = [] = or'd)

1,j=0

(2.1.7)

Similarly, the superconformal index of a vectormultiplet is given by
N
A = PE|: t — -1 . 2.1.8
v(a) [w(p,q, ) (; o ) ] (2.1.8)

An important operation on the superconformal index is that of gauging a global sym-

metry. If the theory has a Lagrangian description, a global symmetry can be gauged in
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the limit of vanishing coupling constant. Then, the only effect of the gauging action is
Gauss’ law requiring the projection onto gauge-invariant states. Given the superconformal
index Z(a) of a theory with SU(N) flavor symmetry and corresponding fugacity a, the
superconformal index of the theory where the flavor symmetry has been gauged is given
by

]{A(a)IV(a) Z(a), (2.1.9)

where Zy is the superconformal index of a vectormultiplet in the adjoint representation of
SU(N) and A is the invariant Haar measure. This formula precisely enforces the projection

over gauge-singlets. For SU(N) gauge theories the Haar measure is

N-1

Ala) = [H Qi?;]] ~ H (1 - —) (2.1.10)

7]

2.2 Class S theories

Let us review theories of class S [13|[14]. These four-dimensional SCFTs are defined by
a twisted compactification of a six-dimensional N' = (2,0) SCFT on a Riemann surface.

They are constructed by the following procedure:

(i) Pick a simply-laced Lie Algebra g = {Ayn, Dy, Eg, E7, Es} of the six-dimensional
parent theory.

(ii) Choose an ultraviolet curve (also known as Gaiotto curve) C,,, of genus g and with n
punctures of various types, on which to put this theory. A puncture can be interpreted

as a codimension-two defect of the six-dimensional N' = (2,0) theory.

(iii) Go to the low energy limit and decouple the higher dimensional degrees of freedom.

The resulting four-dimensional theories are called class S theories. The data defining
them is encoded in the corresponding curve Cy,. In particular the complex structure
moduli of C,,, correspond to the exactly marginal gauge couplings of the four-dimensional

superconformal field theory.
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We will solely focus on g = Ay type theories. Such theories are defined by a Seiberg-
Witten curve 3 encoding the low energy effective action of the theory [10/11]. It can be

presented as an N-fold covering of the ultraviolet curve C,,, given by the equation

N
AV =) () AV, (2.2.1)
k=2
where ) is the Seiberg-Witten differential and ¢ (z) are meromorphic differentials of order
k with appropriate poles at the punctures of Cg,,.

If the order of a pole of ¢x(z) satisfies deg ¢ < k, the puncture is called regular or
tame, otherwise it is called irregular or wild. We shall mainly restrict to regular punctures,
which are labeled by a choice of embedding A : su(2) — g. The centralizer of the image
A(su(2)) C g then corresponds to the flavor symmetry associated to the puncture. In
the case of g = Ax_1, such embeddings can be described by partitions of N, (¢1,...,¢y)
such that ¢, > £y > -~ > fy = 0, and 3V, ¢ = N. We call a puncture full or
mazimal if the defining embedding is trivial A = 0. Consequently the corresponding flavor
symmetry is the full SU(N). In terms of Young diagrams, this case corresponds to the
partition (N,0,...,0). Similarly a puncture is essentially removed (i.e. the associated
flavor symmetry is {0}) by choosing the principal embedding, or equivalently a partition of
the form (1,...,1). Lastly a puncture is called simple or minimal if the defining embedding
is associated to the partition (2,1¥72 0). This leads to an associated U(1) flavor symmetry
in the field theory — see Figure [2.1

In general, a singularity at a point on the UV curve associated to a Young diagram

labeled by (¢, ...,¢x) gives rise to the flavor symmetry
SlU(ny) x U(ng) x -+ x U(nyg)],

where n; is the number of columns of the Young diagram of height j. In the Seiberg-Witten

description py = k — ji. is the order of the pole of ¢ (z) at the corresponding singularity.



2.2. CLASS S THEORIES 28
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SU(5) U(l)  S[UQ1) xU©2)

Figure 2.1: Three different types of punctures of an SU(5) theory. We denote by a white dot a
full puncture with associated SU(5) flavor symmetry, by a black dot a simple puncture with U(1)
flavor symmetry and by a circle with a dot a generic puncture, in this case with S[U(1) x U(2)]
flavor symmetry.

Here we have defined

Giyoojn) = (1,...,1,2,...,2,...).

A surface C,,, can be constructed by gluing together elementary building blocks, so
called pairs-of-pants, 7.e. spheres with three punctures. More precisely, we pick local co-
ordinate patches G; and (G5 with coordinates z; and zy around two full punctures and
glue these two patches together via the prescription z129 = ¢. In the gauge theory lan-
guage this operation corresponds to coupling an SU(N) vectormultiplet to the diagonal
SU(N) c SU(N) x SU(N) flavor symmetry. The corresponding SU(N) gauge theory has

complexified UV coupling constant

related to the sewing parameter by ¢ = exp(27it). This is the process of gauging described
in equation (2.1.9) for the superconformal index. Taking the limit in which the cylinder
becomes very long corresponds to the weak coupling (or rather decoupling) limit. In the

following we shall illustrate this for several interesting examples.
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2.2.1 SU(2) theories
SU(2) theory with Ny =4

We start by considering an N' = 2, SU(2) theory with Ny = 4 hypermultiplets in the
fundamental representation of SU(2). This theory is superconformal and the Seiberg-
Witten curve 3 has been computed a long time ago [10,/11]. In the spirit of (2.2.1)), it can

be rewritten as a double-cover of Cy 4

Q(2) dz?

A= y(z) = 0,  ¢ulz) = EES (2.2.2)

Here z is a coordinate on a sphere, Q(z) is some quartic polynomial which explicitly depends
on the Coulomb branch parameter as well as the hypermultiplet masses, and the quadratic
form ¢9(2) has poles of order two at z = 0,1, q,00. From the Seiberg-Witten differential
we can compute the coupling constant in the weak coupling limit. This explicitly shows
that ¢ = exp(27ir), where 7 = 71y, the coupling constant in the ultraviolet.

The masses of the hypermulitplets are encoded in (z). In particular from the treat-
ment of [10,/11], it is known that the Seiberg-Witten differential has simple poles with
residues proportional to the mass parameters. It is thus clear that the double poles of
(2.2.2)) — or equivalently four coefficients of the polynomial ()(z) — encode the same masses.

Since the doublet and anti-doublet representation of SU(2) are identical, we can rear-
range the four hypermultiplet scalars (Q%, Q%) with i = 1,...,4, into ¢ with I =1,...,8.
The mass term in the superpotential 1;Q;Q’ is then written as M'”/q%q} e, which is man-

ifestly gauge invariant, and where
MIJ - diag(_ilLL10-27 sy _i/”'l/40-2) )

with second Pauli matrix 9. This is a constant matrix with anti-symmetric SO(8) index.
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It is convenient to decompose the flavor symmetry
SO(8) D SO(4) x SO(4) ~ SU2)4 x SU(2)p x SU(2)c x SU(2)p .

In this decomposition M’/ reduces to diagonal matrices for each of the SU(2) factors with

eigenvalues
+8F2 for SU(2)a, £8522 for SU(2)p, +434 for SU(2)c, £454 for SU(2)p .

These are precisely the residues one finds for A in (2.2.2)), where SU(2) 4 is associated to
z =0, SU2)p to z = q, SU(2)¢c to z = 1, and SU(2)p to z = oo. The masses p;
are precisely the ones in the BPS mass formula. In summary, the behaviour of A near a
singularity is governed by an SU(2) matrix M. This matrix has eigenvalues related to the
BPS masses p in the superpotential.

We can take the weak coupling limit ¢ — 0. Graphically that means that the two
punctures A and B are very close together and decouple from the other two punctures.
The gauge group becomes non-dynamical and we are left with two three-punctured spheres.
They correspond to two free hypermultiplets (Q¢, Qz), for a,i = 1,2. Once again one
can recombine them into ¢f with / = 1,...,4 an SO(4) index and decompose SO(4) ~
SU(2) x SU(2) to get eight half-hypermultiplets guq, in the trifundamental of SU(2)3.
Note that this decomposition will not work in general; the SU(2) case is special because
the fundamental representation is pseudoreal.

We can also take the strong coupling limit ¢ — oo. This can equivalently be described
as the weak coupling limit of the theory with ¢ = 1/¢ — 0. With regards to the weak
coupling limit above, this exchanges the singularities B and C. There is a third limit we can
take, namely ¢ — 1. Again this can be recast into the weak coupling limit of ¢ = 1—¢ — 0.
This has the effect of interchanging A and C. These different duality frames are precisely
the famous SL(2,Z) strong-weak duality of the SU(2) theory with Ny = 4 accompanied
by triality of SO(8), which exchanges the three fundamental representations of SO(8),
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Figure 2.2: Left: Three different degeneration limits of an SU(2), Ny = 4 theory, corresponding
to a sphere with four punctures. They are related to weak coupling limits of the theory via S-
duality and triality. Right: The space of coupling constant 7 modulo S-duality. The different
cusps correspond to the three degeneration limits of the picture on the left. It also coincides with
the complex structure moduli space of a sphere with four labeled (inequivalent) punctures.

8, <> 8¢ <> 8. — see Figure . This duality action was first discovered in 11| and it is an
instance of the more general principle of S-duality.

The fundamental domain of the complex structure parameter of a sphere with four
inequivalent punctures is given in Figure 2.2l An important observation is that the fun-
damental domain of the marginal UV coupling of the Ny = 4 theory modulo S-duality is
precisely the same, and we can identify the former with the latter. This is an important

observation, which also more generally true.

N = 2* theory

In the above example we have seen that the trifundamental hypermultiplet — usually de-
noted by 75 (more generally Ty for the generalization to SU(N)) — can be viewed as the
main building block in an SU(2) generalized quiver gauge theory. Its UV curve corresponds

to a sphere with three punctures and the Seiberg-Witten curve is given by

N o= ¢y(2), (2.2.3)
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where the precise form of ¢o(z) follows from the requirement that the three double poles
have coefficients related to the hypermultiplet masses.

Let us apply this to another important example, the N = 2* theory. This is the mass
deformation of the ' = 4 gauge theory, i.e. an SU(2) gauge theory with a single hypermul-
tiplet in the adjoint representation with nonzero mass. We shall construct it by coupling
two SU(2) flavor symmetries of a single trifundamental hypermultiplet to a vectormulti-
plet. More precisely we start with the trifundamental ¢,., and couple a vectormultiplet
to the indices a and «. This leads to the tensor product of the two fundamental represen-
tations which decomposes into a triplet plus a singlet quo., — q,(;i &) qq(f), with £ = 1,2, 3.
The singlet hypermultiplet is completely decoupled and we (essentially) end up with a
hypermultiplet q,gli in the adjoint representation with remaining SU(2) flavor symmetry,
to which we can associate a mass deformation.

It follows from this construction that the UV curve is a single-punctured torus. The
Seiberg-Witten curve is as in equation , however z is now a coordinate on the torus.
Putting the puncture at z = 0, ¢o(2) is given by the requirement that the double pole
is given by the squared hypermultiplet mass. Again it turns out that the space of the

coupling constant can be identified with the moduli space of the torus.

Relation to theories with N; < 4

So far we have only discussed theories with exactly marginal gauge couplings. It is natural
to ask whether we can use this formalism for more general N' = 2 theories. Let us for

example consider the pure Ny = 0 theory. The Seiberg-Witten curve is given by

A d
;—I-AQZ = 2’ —u, A= $?z (2.2.4)

Here A is the dynamical scale and u is the Coulomb branch parameter u = (Tr®?)/2. We

can rewrite this in a form as above

A? (1 4+ 2%) +uz dz?

M= ¢y(2), Po(2) = . — (2.2.5)
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However now ¢,(z) has poles of order three at z = 0 and z = co. This is an example of a
theory with irregular or wild punctures.

Similarly the Ny = 1 theory leads to a pole of order four at z = 0, indicating that
there is a hypermultiplet in the fundamental representation at this puncture, and a second
pole of order three at z = oo, which means there is no matter at this puncture. Of course
an order four pole will have its own SU(2) flavor symmetry, whereas an order three pole
will have none. By carefully keeping track of the order of the irregular punctures and the

dynamical scales of each gauge group, one can extend the above formalism to these cases.

2.2.2 SU(N) theories
SU(N) theories with Ny = 2N

Let us consider an SU(N) gauge theory with Ny = 2N flavors in the fundamental repre-
sentation of SU(N). This theory is superconformal and the Seiberg-Witten curve can be

viewed as an N-fold covering of a UV curve with four punctures
AV 4 9o (2)AV 2 4 o (2) = 0. (2.2.6)

Then ¢;(z) has poles of order less than or equal to k at z = 0,¢,1,00. Generically the

residues of A at these singularities are given by

(,uly"‘?MN)7 at Z = 07
(M7>ﬂ>_M<N_1))> at Z = 4q,

(2.2.7)
(v,...,v,—v(N —1)), at z =1,
(v1,...,vN) at z = 00,

where p;, i1, v and v; are the mass parameters appearing in the BPS mass formula, which

N

are related to the bare mass parameters via finite renormalization, and > ", p; = > ;" v = 0.
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Similar to the N = 2 case, it is convenient to decompose the flavor symmetry
U2N) D UN)xU(N) ~ SU(N); xU(1)y x U(1l)3 x SU(N)y.

The singularities at z = ¢ and z = 1 encode the U(1) mass parameters associated to U(1),
and U(1);. Similarly the singularities at z = 0,00 encode the SU(N);, SU(N)s mass
parameters respectively. In the nomenclature introduced above, the punctures of the UV
curve associated to an SU(N) flavor symmetry are full punctures and the ones associated
to the U(1) flavor symmetry are simple punctures.

Again in analogy to the SU(2) discussion, one can take several limits in ¢. In the
decoupling limit, we find that cutting the tube leaves a full puncture and we end up with
two spheres with each two full and one simple puncture. Each of those corresponds to
N flavors (Q%, Q%) with a,i = 1,..., N, in the bifundamental of SU(N) x SU(N). The
remaining U(1) flavor symmetry is the one acting with charge —1 on Q¢ and +1 on Q;
We obtain the original Ny = 2N gauge theory by coupling an SU(N) vectormultiplet the
hypermultiplets.

We can also take the ¢ — oo strong coupling or equivalently the ¢§ = 1/¢ — 0 weak
coupling limit. The resulting theory is again an SU(N) theory with N; = 2N flavors,
where now the two U(1) punctures are exchanged. Things get more complicated when we
take ¢ — 1. The decoupling limit leads to a conformal field theory of which we do not have
a Lagrangian description in general [141]. In the case of SU(3) this is part of the famous
Argyres-Seiberg duality [23].

Higher rank A = 2* theory

Let us also extend our description of the N' = 2* theory to higher rank gauge groups. The
construction is the same as in N = 2; we start with a free theory of N flavors (Q¢, Q;)
and couple them to an SU(NN) gauge group. Correspondingly we obtain a singlet, which
completely decouples plus a hypermultiplet in the adjoint representation. Hence pictorially

we are left with a torus with one single simple puncture encoding the U(1) flavor symmetry
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of the adjoint hypermultiplet (notice that this was enhanced to SU(2) in the rank-one case).
We can add a mass, deforming the NV = 4 to the N' = 2* theory.

2.2.3 Higgsing

Let us briefly introduce the notion of Higgsing. This gives a way of obtaining theories with
general reduced (regular) punctures from theories with full punctures. The point is that a
puncture can be (partially) closed by (partially) Higgsing the full SU(N) flavor symmetry
and flowing to the infrared.

Let us start by considering a bifundamental hypermultiplet (Q?, Qf), with SU(N), x
SU(N); flavor symmetry. The moment maps for the SU(N) action on the hyperkéhler
Higgs branch are given by

pto= Qi@ 10 = (@NiQy - QY nT = (@NHQY); (2:2.8)

The existence of these operators is guaranteed by the A/ = 2 superconformal algebra; in
particular they sit in a supermultiplet with the flavor symmetry currents. We shall now

assign a vacuum expectation value to u* given by
(W = Jy = Jy @@, with > =N, (2.2.9)
i=1
where J; is the £ x ¢ Jordan matrix. This breaks the original flavor symmetry as

SUN) — Gy = S[Hwnj)]. (2.2.10)

We can think of (¢1,...,4,) as defining a Young diagram. The number n; are then the
number of columns of length 7. By introducing this VEV, the original theory flows to a

theory with reduced flavor symmetry plus some Nambu-Goldstone bosons

(wt) = Jy

T [flavors x U(1) x SU(N)] ——— T [flavors x Gy| 4+ NG modes. (2.2.11)
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Figure 2.3: Closing a puncture of an SU(2) gauge theory. We start with a theory with two SU(2)
flavor punctures A and B. By taking an appropriate weakly coupled frame, we can essentially
treat the system as gauging a trifundamental hypermultiplet. By giving a non-zero VEV to the
hypermultiplet, and flowing to the IR, we essentially close the A puncture.

We now have a theory with a mass scale set by the VEV, and so take the IR limit, as we
are interested in conformal field theories. We decouple the Nambu-Goldstone modes from
the IR limit and define the remanent as the partially closed theory. Notice that in order to
access the Higgs branch in the first place, we may have to tune some of the Coulomb branch
parameters. Furthermore it is important to realize that via the F-term constraints, the
VEV of u* may cause some of the other hypermultiplets in the theory to obtain non-zero
VEVs. This may break the original gauge group to some subgroup.

Let us look at the example of closing a puncture of an SU(2) gauge theory. Consider a
theory with two punctures A and B with flavor symmetry SU(2)4 x SU(2)p. We can take
a limit in which we have a hypermultiplet in the trifundamental gq,, with flavor symmetry
SU(2)a x SU(2)g x SU(2),, where SU(2), is gauged — see Figure The moment map

can only take one possible non-trivial VEV,

<Qabg> = 5a1€bg- (2212)

This is equivalent to the above description with (1) = J,. We see that only a diagonal
subgroup SU(2)p C SU(2)pxSU(2), survives. Furthermore by acting with SU(2) 4 on the
above VEV| §,1 — §,, which is precisely the expected Nambu-Goldstone hypermultiplet.

Together we end up with a theory with the A-puncture removed — see Figure [2.3|
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2.3 Limits and TQFT interpretation of the superconfor-
mal index

As we remarked above, the complex structure moduli of the surface C,,, are related to the
exactly marginal deformations of SCFTs of class S. Since the index is independent under
S-dualities and exactly marginal deformations, it is independent of the complex structure
moduli of the associated UV curve. Hence it may be regarded as a correlation function of
a topological quantum field theory defined on the UV curve |27]. A TQFT is a field theory
whose observables do not depend on the metric (g;;), but only on the topological data of
the underlying space, 7.e. in two dimensions on the genus and punctures of the Riemann
surface. To make this more precise, let us look at two particular limits of the index. The

general case can be treated in a similar way.

2.3.1 The Schur index

First we notice that using the superconformal algebra, the index in can be rewritten

in a more suggestive manner

T = Tr(—1)F 151q§6it’”+RHaf]e %% (2.3.1)

where

25l = (@1 (1)) = Bt 2R -1,
200 = {QL(QY)'} = E-jutji- 2R, (2.3.2)
22 = {©=Q,} = E—jo—ju—2R+7.
Let us take a particularly nice truncation. In these variables this is given by ¢ = ¢ and

p arbitrary. Then the definition in equation (2.3.1]) reduces to

T = Tr(-1)"g=— = T af (2.3.3)
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where now the trace is over states in theory that are annihilated by two supercharges Q*
and QZ;, and their Hermitian conjugates. The p-dependence is Q; -exact and therefore
drops out.

In the Schur limit, the index of an SU(N) vectormultiplet is

N

Ty(ai) = (¢;9)* ] (qai/a;:9)* (2.3.4)
i#]
where (a; ¢) = [[.2,(1 — ¢'a) is the g-Pochhammer symbol. A free hypermultiplet in the
bifundamental representation of SU(N) x SU(N) is given by

N
1
Tu(abye) = [] ———— . (2:35)
Z'El 9((]% aibjc ; Q)
where the theta-function is defined as 0(a;q) = (a;q)(q/a;q). Gauging is done using the
prescription in equation (2.1.9)).
The relation to two-dimensional TQFT becomes apparent if we rewrite the index of an
SU(N) SCFT corresponding to a sphere with three full punctures (i.e. the Ty theory) in

a more suggesting form [28,29|

ITl(abe) = — GO T 0T Z Xr(Wxr(bXR(S) 5 5 6y
H;.\;l(l — qI)N-i dlmq R
where the sum is over irreducible representations of SU(N), xr are the Schur polynomials

as defined in Appendix [A] Furthermore
dimg R = g (qN7V/2 ¢WN=372 g~ (V=1/2)

is the quantum dimension of the representation R and by a = (aq,...,ay) we label the
SU(N) flavor fugacity with Hfil a; = 1. The important point is that by an appropriate
normalization of the index, the gauging measure A(a)Zy (a) simply reduces to the Haar

measure. By construction the Schur polynomials are orthonormal under the Haar measure.
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The relation to TQFT is now apparent: by picking an appropriate normalization, such that
gauging is performed by the Haar measure, we can precisely match to a three-point
function of g-deformed Yang-Mills in the zero-area limit. By gluing together different
pairs-of-pants and by Higgising punctures, one can generate the SCFT corresponding to
any Riemann surface with arbitrary punctures. For example the free bifundamental SU(N)

hypermultiplet corresponding to a sphere with two full and a simple puncture is given by

(q;Q)Nil _% > an/Q CNn—{—chn
Ty(a,b,c) = m [Zv (a)Zv (b)] "2 exp ; e - a
» Z Yr(@)Xr(B)xr(cgN=2/2, . . cq-(N=2)/2 c1-N) 3.
7 dim, R

We see that the full puncture is reduced to a simple puncture by Higgsing and the TQFT
structure is still evident.

Let us elaborate on the Higgsing procedure for the SU(2)-case. As we have seen in the
previous section, by assigning a VEV to p*, we can (partially) close a puncture. Picking the
VEV in for an SU(2)¢ flavor symmetry preserves a diagonal subgroup SU(2)r C
SU(2)r x SU(2)¢. In the IR SU(2)g is the diagonal combination of the original fugacities
related to SU(2)g and SU(2)¢. In the superconformal index this corresponds to the

12 However, this leads to a singularity in the prefactor Zy (c), coming

replacement ¢ — ¢
from the Nambu-Goldstone contributions. Removing these contributions, we precisely go

from a three-punctured to a two-punctured sphere.

2.3.2 Relation to g-deformed Yang-Mills

The g-deformed version of Yang-Mills can be understood as an analytic continuation of
Chern-Simons theory on C,,, x S* [40,142]. The fundamental variables are the connection

AonC,y, and a periodic adjoint valued scalar ¢ given by the holonomy of the Chern-Simons

e = Pexp (lji A) : (2.3.8)

connection around the S!,
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The gauge fixed path integral is

- | X(Con) oy [~ L R
z ~ [TTaor @) p( %LME:@E>, (2.3.9)

7

where the path integral measure A(¢) = [[,<; <y 2sin (@) takes into account the
periodicity of ¢ and leads to the deformation with parameter ¢ = e79%. This provides an
analytic continuation of Chern-Simons theory away from integer level k£ by moving ¢ away

2mi/(k+N) on the unit circle.

from rational points e

The partition function on a Riemann surface C,,, with boundaries can be evaluated by
surgery. The starting point for this construction is the Hilbert space obtained by Hamilto-
nian quantization on R x S!. This is given by gauge invariant functions of the connection
A, which are symmetric polynomials in the holonomy eigenvalues a = (ay, ..., ay_1) of the
connection around the S*. The path integral on a Riemann surface with a boundary where
the holonomy eigenvalues are held fixed at a defines a wavefunction ¢(a) in the Hilbert
space associated to that boundary.

A convenient basis is given by the Schur polynomials xg(a) labeled by irreducible

representations S. The Schur polynomials are orthonormal in the Haar measure and any

wavefunction can be expanded in terms of those
va@) = Svsxs@),  vs = [ldaxsla) wia ). (23.10)
s

The amplitudes for Riemann surfaces with boundaries can be glued by identifying the
holonomy eigenvalues and integrating with respect to the Haar measure.

The partition function on any Riemann surface with boundaries can be computed by
gluing together the basic amplitudes with one, two and three boundaries, shown in Fig-

ure The general result for a Riemann surface of genus g with n punctures with
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0 ¢ U

a ’ b
> Ssoxs(a) Y xs@xs) > Ssoxs(a)xs(b)xs()
S S

S

Figure 2.4: Partition functions for the sphere with one, two and three punctures respectively,
for g-deformed YM in the zero area limit. Here Sg g is the modular S-matrix as defined in

Appendix [A]

boundary conditions fixed to ay,...,a, is given by
>S50 " xslar) . xs(an). (2.3.11)
s

Clearly by an appropriate normalization one can match this to the index in (2.3.6]).

2.3.3 The Macdonald index

Let us look at another particular limit, which will be important further below. We set

p — 0 in the index (2.3.1)) to obtain

T = Tr(-1)"¢ " ] af, (2.3.12)
J

where we are restricting the trace to states with 261 = {Q! (QY)"} = 0 and so we are
summing over states annihilated by Q! as well as QQV; and their Hermitian conjugates.
Hence we are adding up the same states as in the Schur index but in addition we are
keeping track of the quantum numbers of R + r now. Accordingly the Schur limit can be
reproduced by taking g = t.

The discussion is essentially the same as above. The important difference is however
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that by an appropriate normalization, the vectormultiplet measure is given by the Mac-

donald measure

1 Y da, (ai/aj; q)
A(n) _ 1 i i/ @j; ‘ 2.3.13
q,t (a) NI g 2mia; ki (tai/aj§ C]) ( )

The discussion is now analogous to the previous sections if we replace the Schur polynomials
with the Macdonald polynomials Pg(z,q,t), which are orthogonal under the Macdonald
measure. We refer to Appendix for more details on these special functions. One now
obtains a factorisation as in and by replacing the Schur polynomials with
the Macdonald ones. Of course the Macdonald polynomials reduce to the Schur ones in
the limit ¢ = ¢, which makes the story consistent.

The TQFT associated to the superconformal index in the Macdonald limit is a certain
deformation of ¢-deformed Yang-Mills, which is closely related to an analytic continuation
of refined Chern-Simons theory on C, ,, x S [142]. The refinement of the theory is associated

to the change of measure in the path integral.

2.3.4 General case

The general index has been shown to have a similar factorization. However the functions
diagonalizing it are not known and have so far not been found explicitly. In [30] the
authors argue that a factorization such as and has to exist in the general
case as well by looking at surface operators acting on the superconformal index. It can
be shown that Schur and Macdonald polynomials are eigenfunctions of these operators in
their respective limits and the same is expected to be true in the general case. A further
argument then shows that the index has to be factorized by such unknown eigenfunctions.
In order to understand this argument, let us first introduce a way to obtain the index in

the presence of surface defects.
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2.4 The superconformal index in the presence of surface

defects

In this section, we review the construction of the superconformal index in the presence of
a certain class of surface defects, which arise as the infinite tension limit of background
vortex configurations |30]. They are labeled by a nonnegative integer r, the vortex number,
which may be interpreted as the magnetic flux through the vortex core.

The starting point is any superconformal field theory 7z with a global SU(N) flavor
symmetry. By gauging this flavor symmetry, the theory may be coupled to a hypermultiplet
in the bifundamental representation of SU(N) x SU(N). The resulting superconformal
field theory Tyy has an additional baryonic U(1) symmetry acting on the bifundamental
hypermultiplet Q and Q with charges —1 and +1 respectively.

The two theories T;z and Ty are related by a renormalization flow initiated by turning
on a Higgs branch vacuum expectation value for the bifundamental scalar field g. When
this expectation value is a constant, the RG flow brings us back to the theory 7;r. When
the expectation value is taken to be coordinate-dependent, the theory 7T;r is modified along
a surface and in the low energy limit we recover the theory 77 in the presence of a surface
defect.

More precisely, we can introduce a vacuum expectation value for the baryon operator

B = det () of the form

T

B(z) = [](z= =), (2.4.1)

i=1
where z is a complex coordinate in a two-plane, the degree r corresponds to the vortex
number, and the parameters z; are the positions of the vortex strings. Taking the z; = 0
leads to r coincident vortices. This construction then leads to surface defects labeled by
r € Zso. For N' = 2 superconformal field theories of class S, this construction has an
elegant interpretation in terms of the curve C,,, — see Figure [2.5]

This field theoretic construction of surface defects can be implemented concretely in the
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o i o
Tuv ®e  Tr 9 O
/I S

Figure 2.5: The left picture illustrates the Riemann surface C,,, corresponding to a theory Trv,
which is obtained by coupling the theory T;r to a bifundamental field. An RG flow, that is
initiated by turning on a Higgs vev for the bifundamental scalar, relates the theory Ty to the
original theory T;r with a surface defect G,.. This is illustrated on the right.

superconformal index for surface defects supported on the S x S* defined by the locus {z =
0}. Denoting the superconformal index of Trgr by Z;g(aj,...), then the superconformal

index of Ty is
Tuv(bj,c,...) = %A(ai) Ty (a;) T (as, b, ¢) Tir(a; ', .. ) (2.4.2)

This has simple poles that originate from simple poles in the integrand pinching the contour.
We consider the simple poles of the integrand coming from the bifundamental hypermul-

tiplet index at

a; = t%qmi : (2.4.3)

where o is a permutation of {1,..., N} and ), m; = r where r € Z>o. They correspond
to the chiral ring generated by derivatives of components of the bifundamental scalar field,

(D)™ Qf(i). For each permutation o, these poles pinch the contour when

o
I
~
(NI
L)
2=

(2.4.4)

leading to a simple pole in the integral at this point. This pole then corresponds to the
chiral ring generated by derivatives of the baryon operator (9,,)" B where B = det (), which
is charged only under the U(1). The residue at this pole corresponds to the index of Trx

in the presence of a surface defect obtained by giving an expectation value B = z" to the
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baryon operator of 7y and flowing to the IR.

As demonstrated in [30], the residue takes the form of a difference operator G, acting
on the superconformal index of 7;g. There is one term in the operator for each distinct
set of integers {m,...,my} such that ) m; = r. The precise prescription defining the

difference operator is
1
G,« : I[R(bi, .. ) = Nl-v(bz) RGST |:EIU\/(C, bz', .. ):| . (245)

The result of the computation is

m+mj m’tb /b, ) P
G, I(bi)= Y H H e mjb]/b“;) T (b qv ™b), (2.4.6)

Z] 1My=r ij=1 L m=0

where the theta-function is defined as above.

The difference operators G, constructed by this method are formally self-adjoint with
respect to the measure A(a)Zy(a) used for gauging. They are labeled by a nonnega-
tive integer r € Zso. Furthermore each term in the operator can be identified with a
weight of the r-th symmetric tensor representation of su(/N). In particular, the numbers
{my,ma,...,my} denote the number of times the integers {1,..., N} appear in the corre-
sponding Young tableau. Based on this observation, we associate these operators to surface

defects labeled by the symmetric tensor representations of su(V).

2.5 Bootstrapping the superconformal index

Recall that for any superconformal field theory of class & the superconformal index is
related to some two-dimensional TQFT on the associated Riemann surface C,,. In the
Schur and Macdonald limit, this was observed by rewriting the index in terms of correlation
functions of the TQFT in equations and (2.3.7). We present here the argument that
this can be done in general.

In order verify this, it is necessary to extract a certain function K(a) from the su-
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perconformal index for each full SU(N) flavor puncture. In what follows, we define the

normalized index Z(™ through the equation
Z(a,b,...) = (K(a)K(b)---)IT"™(a,b,...), (2.5.1)

where

= []T(tai/a;,p.q). (2.5.2)

i

The normalized index Z" is now gauged using the measur

™ () = KA () = L (@2:P)29) (tai/a;, p, q)
Ata) = Ky la) = o (B2E0) HM B Y

The difference operators G, acting on the normalized index are thus obtained by con-

jugation with K (a) and are given by

N mj—

Gt = N 3] 1 i OG0/ 050) g (gxomi) - (25.4)

7
ZJ L my=r ,j=1 m=0 / 7 )

Comparing with and noting the reflection property 0(z,p) = 0(p/z, p) we see that
the effect of the conjugation is simply to interchange ¢ <> pq/t.

We will assume that the difference operators G, admit a complete set of eigenfunctions
{1s(a;)}, indexed by irreducible representations S of su(NN). Suppose the eigenvalues are
non-degenerate (this can explicitly be checked), the eigenfunctions are then automatically
orthogonal under the measure Ap qt( a). Now the TQFT structure of the superconformal
index can be made very explicit |30].

Consider for instance the sphere with three maximal punctures. The corresponding
four-dimensional superconformal field theory is known as 7Ty. It has at least SU(N)3

flavor symmetry. The superconformal index of this theory can be expanded in terms of the

2Notice that in the Schur, Macdonald limit the normalized measure precisely reduces to the Haar,
Macdonald measure respectively.
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—— IM(a,bc) = Y Csvos(a)yps(b)vs(c)
’

a
D Gr : w,S'(a) — ET,S¢S(G)

Figure 2.6: The superconformal index can be written as a TQFT correlator. This correlator is
diagonal in the eigenfunctions 1g(a;) of the difference operators Gp.

set of eigenfunctions {vg(a;)} as

I (a,bc) = Y Cs 5.8 Us, (a) s, (0)hs,(c) (2.5.5)

S1,52,53
where Cg, s, s, are the structure constants of the two-dimensional TQFT. By generalised
S-duality, acting on different punctures must give the same answer. Since the eigenvalues
are non-degenerate, the superconformal index is in fact diagonal in this basis, i.e. the
structure constants are nonzero only for S; = S; = S3, and we end up with the general

result

I(a,b,c) = Y Csrhs(a)ts(b)is(c). (2.5.6)
S



Chapter 3

The lens index and its TQFT structure

In this chapter we study the supersymmetric partition function on S'x L(r, 1) = S'x.S3/Z,..
This is an interesting extension of the superconformal index, which we introduced in the
previous chapter. The lens index is a particularly interesting object, since it is sensitive
to global properties of the theory [43|. It was originally computed in [44], where S-duality
was checked up to a few orders in a fugacities expansion. The aim of the present chapter is
to prove S-duality in a subspace of the space of fugacities resembling the Schur limit. We
shall follow a strategy similar to [28], i.e. we uncover the structure behind S-duality by
rewriting the index in a way that resembles the correlation function of a two-dimensional
topological quantum field theory, as in equation . The structure of the index on lens
spaces however, is much more complicated and we are not able to identify the relevant
two-dimensional TQFT.

In interesting follow-up work to our paper [1], it was found that the two-dimensional
TQFT dual to the lens index in a limit reminiscent of the Macdonald limit, has correlation
functions described by a combination of non-symmetric Macdonald polynomials [45|. The
authors follow the bootstrapping approach which was introduced in |30] and outlined at

the end of the previous chapter for the round index.

48
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3.1 The superconformal index on S* x L(r,1)

The lens space L(r, 1) = S3/Z, is defined as the orbifold of S C C? under the identification

(z1,22) ~ (e%i/rzl,e_%/r@), where |z]? + |2 = 1.

The isometry SU(2); of S? acts on (21, 22) as a doublet and Z, acts on the Hopf fibre S}, of
S3. The lens index is then defined as the round index in equation , where the trace
is now taken over the Hilbert space of the theory on S%/Z, in radial quantisation. In [44],
it was computed as a path integral of the theory on S x L(r, 1) in the free field limit.
The important new feature is that the orbifold theory has a set of vacua labeled by a
non-trivial holonomy V' along S} with V" = 1. In the remainder of this chapter, we will

only treat g = A; type theories, in which case the holonomy can be taken of the form
V = diag (e¥™m/r, 2mitrmmiry | m = 0,1,..,[r/2], (3.1.1)

and the flavor fugacities a = (a1, az) can be expressed in terms of a single parameter a =
ay = ay . Different sectors of the theory are then labeled by the integer m. Furthermore
punctures are now labeled by the data (a,m) consisting of a continuous fugacity a and
a discrete choice of m € {0,...,|r/2]}. As a consequence, the gauging action involves a
finite sum over all possible choices of m.

As discussed in the previous chapter, the total index of an SU(2) theory of class S is
constructed from the following building blocks: a trifundamental hypermultiplet and an
SU(2) vectormultiplet, which can be interpreted as a three-point function and a propagator

of a two-dimensional TQFT. For the lens index they are given by

%

(m1,m2,m3) __~7(m1,ma2,m3) 1 n.,n _n. 3 $1Mm _Sam _S3n

Ly (a1,az,a3) =1 €xXp E : Z nH (t Py g ’[Zizlmisi}r) ay Gy asz |
n=1 s;=+

m = 1 n ,n n sn
0™ (a) =ni™ exp [Z > —iv (" q" [msl) o™ |

n=1 s=%2,0
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where [z], = x mod r, the zero-point contributions are

(m1,m2,m3)
IO Y

( " >—}1 Zsi:i([m181+m252+m383]r—[m151+m282+m353}3/r)

pq

1.2
+ [2m],—[2m]2/r (3 )
" = (—)
pq
and the single letter contributions are given by
" + i 1
. 1—pr 1—q"
t ; = — 1+—-]—-1—t Om.0 3.1.3
in(t,p,q;m) — (pq< +t) )+ 0 (3.1.3)
2+ Pq
iv(t,p,gsm) = —H——— <\/%——). 3.1.4
(tpgim) = L o (3.1.4)

The total index is then obtained by gluing such basic building blocks. For instance, the

four-point function is obtained by joining two three-point functions with the corresponding

propagatorsﬂ

[da]ngs},mz,m) (al,a% a)n(m) (a):[t(r—i;"L,ma,m4)(a—l7 a37a4) :

[da]m — Q—GZ;a*Q %1 ) [2m]r = Oa (315)
=%, [2m], # 0

S-duality implies that the four-point function is symmetric under the interchange of any

two pairs (a;, m;) <> (aj, m;) .

INote that Zy,; ¢ is invariant under exchange m <> —m and a < a=l.
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3.2 A particular slice

In the Macdonald limit (iz.e. p — 0) we find the following expressions

1
Zmemams) (g1 ay ag) = IS . (3.2.1
trif ( 1; %2 3) 0 snt (\/%ailGSQa§3q[*m181*m252*m383}r; qr) ( )
( ) _a2 5777,,0
n(m)(a) = (m) (qr; qr)(t; qr) H(GZSQ[—Qms]T; qr)(CLZstq[—2m5]T; q'r') : (3‘2'2>

s==

where (a; q) = [[;2,(1 — ¢‘a) is the g-Pochhammer symbol. The zero-point contributions
will be discussed momentarily. Mimicking the discussion of the round index in [27] and

reviewed in section 2.3 we define the rescaled structure constants

Clmmam)(ay, ay, a5) = \/77(”“)(al)ﬁ(m)(az)ﬁ(mg’)(%) 7" 0, az,a3) . (3.2.3)

Note that the zero-point contributions are subtle in this limit, since they are proportional
to p to some power. It can be checked that this power is always bigger than or equal to zero.
Furthermore, quite remarkably, this power is exactly zero (and so the contribution does
not vanish in the p — 0 limit), provided m;, my and my satisfy a selection rule. Namely,
for fixed my and ms, mg should run between |m; — mg| and min(|r —my — ma|, mq + my).
Note that this agrees with the selection rules for su(2),, the affine algebra at level r.

In what follows, we will make a further simplification in the space of fugacities, and we
will consider the limit ¢ = ¢". Note that this reduces to the Schur limit for r = 1 and so
the two-dimensional TQFT we are after should reduce to g-deformed YM in the zero area
limit [28]. It is the natural extension of the Schur limit to the lens case, since it has the

same enhanced supersymmetry — see section [2.3.1



3.3. TWO-DIMENSIONAL TQFT INTERPRETATION 52

3.3 Two-dimensional TQFT interpretation

We would like to interpret the rescaled structure constants as the three-point correlation

functions of some two-dimensional TQFT. Let us start by defining

1—4q"
(q"5q")

Clmim2ms) (g, g a3) = é(ml’m%mg)(ala az,az) . (3.3.1)

Using the results of [28] we can immediately write

((0.0.0) xe(ar)xe(az)xe(as) 339

(ala a2, &3 dlmqrg ) ( )

where we introduced the Schur polynomials and the ¢"-deformed dimension as in the pre-
vious chapter and Appendix [A]

In [1], we find that for general m; # 0, the structure constants can be expanded as

Cimmams) () ay ag) | (3.3.3)

O(m1’m27m3) (ala ag, a3) -

[M]¢

1

~
I

and we define the three-point correlation functions of our putative TQFT as

o0

(O (@)0" (02) 0" (a))eys = J_(O"(a)O" (a2)0 (ag))e, (3:3.4)

(m1,ma,m3)
Cg (al , A2, a3)

\/ N (@ )N2) ()N ™) ()

(0 (1) 02 (as) O™ (ag)), . (3.3.5)

where the normalization factor is such that in the two-dimensional TQFT the gluing is

done with the measure factor

da a2qr72m + a72q2m
da] = N ith N™(a) = 1—
[da] 51 (@), with N'"(a) v

(3.3.6)

Note that the m-dependence of the measure factor can be removed by taking a — aq™.
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Furthermore, note that for ¢ — 1, the measure factor reduces to the usual SU(2) Haar
measure, as given in (2.1.10)). Even though the correlation functions of the two-dimensional

TQFT do not factorize into functions of the a;, we find the following general form

2
(O™ (@)0"(@)0"a))e = 3 Mo fyp Ui (@)U (@)U (@),
irj k=1
(3.3.7)
where Ug(ff)(a) and Ug(?)(a) are some functions, which satisfy orthonormality properties

with respect to the above measure ([3.3.6))

1 da
b =N (m) (m) — g
o a N (a) Ué,i (G)U/J- (CL) = (5@/52] . (338)
Furthermore in ([3.3.7) we have stressed the fact that the functions ¢ (q) and fz(g)k(q)
will depend on ¢. Besides the explicit dependence on m; in the functions Ug(gli)(ai), the
value of fe(z)k(q) can change as we jump from one “region” to another. Here R runs over
the possible regions and the values of the m; fix the region we are in. Let’s for simplicity

consider the case in which r is odd and assume 0 < m; < my < mz < r/2, then

[, mi+mo +mo =1,
R = I, my+me=ms, (3.3.9)
111, other cases.

This division into regions is of course expected, due to the presence of [}, m;s;]  in (3.2.1)).
Within a region we have a “continuous dependence” on the m;, but the expression “jumps”
when we cross to a different region. The normalization factor ¢™ has been pulled out in

order to have féfinl =1, and is given by

1
VitT

1—4q
(1) S
) V1+4q"

Dig) = (g) = (3.3.10)

The structure constants have certain symmetry properties under permutation of the holonomies

m;. This implies certain symmetries among the functions fg?k, namely fe(g . and fg(IH) are

Jijk
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o4

invariant under permutation of i, j, k and fg(gll is invariant under the interchange ¢ <> 7.

Furthermore, up to a very high order in the g-expansion, we have checked the additional

symmetries

(In 1D (1I1) (II1)
111 — Jei22 = fﬁ 212 = fe 111 = fﬁ 122 =
(In _ p1n (I11) (II1)
112 = Jeio1 = fmn fe 112 fe 121 =

(III) _ ,(III)
0212 = Je221 >
(1) _

0011 = 0.

All in all, at each order ¢ and for generic r, the structure constants depend on eight

functions of the fugacity ¢ (for small values of r not all the regions are present). Let us

introduce the following notation

hél)(Q) = z(,ll)na

hf)(q) = fe(,l1)12 (plus permutations),

hf’)(q) = fe(ll)22 (plus permutations) ,

hg”(‘l) = fz,222>

ha) = [ = Fi = T = i) = fik (plus permutations),
Ba) = fiam

B@) = fiam

B a) = i

Up to very high powers in the fugacity, and for several values of ¢ and r, we have found

the following expressions for these functions

K (g) g V2D (1—¢") (14 q¢" + ¢*" — ¢+7)
‘ (L+4¢7)(1—g¢") ’
_ 1—q")(1+ q”
B2 — 1/2(¢— 1)7"( 1 _ gle=Dr 2r _ (6+1)r
h(g)(q) _ _q71/2(€ Dr (1— qr)(l - q(g D4 gfr + q%’")
‘ (1+¢)(1—q") ’
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ey L= )L +g") 1= 2¢ 04 g
(1+¢)(1—q') \/1 — @ Dr + g2tr — gl+Dr
1—qg"
hES)(q) — g q

') = —ig

1 — qér )
(6) _ 120+ 1)r 1—q"
hy'(a) = —q T
1—4g" 2 1 Or 1
W(g) = gt 1+ d7)

1 - qér 1 — —1)r + 20r _ A(l+1)r ’
q q q
(1-¢")(1+q")
(1= L a1~ )

h§8) (q) — 2iq1/2(€—1)r

These expressions are also valid for r even, except the case where m; + mg = m3 = r/2

(which can only exist for r even). If we call that region R = IV, we find

avy vy (1 —q")(1+¢")
2111 — 0221 — ,
’ ’ 14+4¢7)(1—q*
( 7 ) (3.3.11)
avy _ avy (11— q’“)\/l — qU=r — gD g2t
b fﬁ,?ll - (1 + qr)(l — qﬁr) )

as well as ¢/Y)(q) = 1. Remember that if m3 = /2, the third index of f; . is forced
to be one. Hence, we have fully defined the structure constants of the putative two-
dimensional TQFT. Equivalently, we can say that these are the partition functions of the
two-dimensional TQFT on a sphere with three punctures, where the punctures have labels
(a;,m;). It turns out to be impossible to diagonalise the structure constants. This is
because in region R = I1 they are not invariant under permutations, i.e. fz(,1212)1 # fe(]211)2 =
fé(1112)27 whereas an ansatz U, [(T) = o;U, E(T) + B;U, e(gl) leading to a purely diagonal form, would

require them to be.

3.4 Crossing symmetry

As mentioned above, the structure constants correspond to the partition function of a two-
dimensional TQFT on a sphere with three punctures. The partition function on a generic

Riemann surface with punctures can be computed by the gluing procedure, decomposing
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the Riemann surface into pairs of pants joined by tubes. A novel feature, not present in a

usual two-dimensional TQFT, is the sum over the holonomy m of the intermediate state.

The factorization 7)) implies a result of the form

(O™ (ar) - O™ (a))e,, = Y. Y. I (@QUS (@) U (), (34.1)

£ i1,in

mi,...,Mn

where the g-dependent factors f,; """ (q) can be easily computed from the formulae given
in this chapter. For the gluing procedure to be consistent, it should not matter which
particular pants decomposition we choose in order to do the computation. From the point
of view of the four-dimensional index, this is true once we assume S-duality. From the two-
dimensional TQFT perspective, this happens provided the four-point correlation function

satisfies crossing symmetry, see Figure [3.1]

ag, M2 as, ms
g, M2 ag, msg

ap, My Ay, My
ay, my Ay, 1My

Figure 3.1: The four point correlation function should be crossing symmetric. On both sides one
should sum over the holonomy m of the internal state.

More precisely, we should have

> Flda™ (0 (@)0(az) 0™ (@) (O™ (@) O™ @) O (a)) =
= 3 PO @)0" @) 0 (@) (O @O (@) 0" ag), (342

where the sums over m run over the holonomies compatible with the selection rules of the

putative two-dimensional TQFT, discussed above, and the integration over a is done with

the measure defined in (3.3.6). The factorization (3.3.7) implies that crossing symmetry
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has to hold at each level ¢ independently. For a fixed choice of the external holonomies
m123.4, crossing symmetry holds provided the functions hy)(q) satisfy specific quadratic
constraints. When r is large enough, the number of constraints is much larger than the

number of functions. It turns out that one can isolate seven “basic”’ constraints:

W@l = g W - <1—|e|qrh§3><q>’2|<gq;+raqrhf”(q»
h? (@) = by (@)h? (q) = ﬁ h(q) = | g‘lqr,
0 = i ) = 500,
L= @ty b @1
¢+ @y e

which imply all the constraints for any values of 0 < m; 34 < /2. Here we have used the

shorthand notation |¢|, for the quantum dimension

02 0)2

q q

|€|q = dlmqf = m

One can explicitly check that the functions hgi)(q) found in this chapter indeed satisfy
these constraints. As a result, correlation functions of this two-dimensional TQFT possess
crossing symmetry and the superconformal lens index possesses S-duality in the particular

fugacity slice of p = 0 and t = ¢".



Chapter 4

An elliptic algebra of surface defects

and their TQFT interpretation

In this chapter we continue the study of the (round) superconformal index of four-dimensional
N = 2 theories of class S in the presence of surface defects. Our starting point is the pre-
scription of the index in the presence of surface operators coming from the infinite-tension
limit of vortex loops as first obtained in [30], and reviewed in section Let us for con-
venience state the main result again: we consider any theory of class § in the presence of
a surface defect labeled by an integer r. This defect acts as a difference operator on a full

SU(N) puncture of the index given by the formula

G I(by..) = Y H H (g™ et b3 ) T (bvs g% ™y, .

Z] | mG=r 3,7=1 L m=0 qm m]b]/b“p)

In the present chapter, we introduce surface operators for any irreducible representations of
su(N). We do so by constructing an algebra of difference operators by composition. For the
fully antisymmetric tensor representations these difference operators are the Hamiltonians
of the elliptic Ruijsenaars-Schneider system. Furthermore, the structure constants of the
algebra are elliptic generalizations of the Littlewood-Richardson coefficients. In the Schur

and Macdonald limit, we identify the difference operators with local operators in the two-

o8
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dimensional TQFT interpretation of the superconformal index.

4.1 Elliptic algebra of four-dimensional surface defects

4.1.1 Composition of difference operators

We start by considering and analysing the composition of two difference operators, G,, oG, .
This can be given a physical interpretation by coupling the theory 7;r to a single hyper-
multiplet @; in the bifundamental representation of SU(N) x SU(N) and then to another
bifundamental hypermultiplet ()5. The resulting theory 7, is illustrated in Figure
It has two additional flavor symmetries U(1)s; and U(1);2 that act on the two bifun-
damental hypermultiplets ()1 and @5 respectively. The original theory T;g is reached by
turning on constant vacuum expectation values for both baryon operators B; = det (); and
B, = det 2 charged under the additional flavor symmetries U(1);; and U(1)s2. In the
superconformal index, this corresponds to the residues of Zyy at the simple poles ¢; = t'/2
and ¢y = tY/2 in the fugacities associated to U(1);; and U(1);5 respectively. Turning
on position dependent vacuum expectation values By = 2" and By = 2" corresponds to
computing the residues at simple poles ¢; = t'/2¢" and ¢, = t'/2¢™. The order in which

the residues are computed is irrelevant and the result
GT’l ' (GT2 'IIR) = Grg . (Grl : IIR) 5 (411)

defines the (commutative) composition G,, o G,,. This construction again has an interpre-

tation in terms of the curve Cg, for theories of class S, shown in Figure [£.1]

4.1.2 The algebra of surface defects

The operators G, constructed above do not form a closed algebra under composition and
addition. More precisely: except for su(2) the composition G,, o G,, cannot be written as

a sum of other operators G,, with coefficients that are independent of the flavor fugacities
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Figure 4.1: The left picture illustrates the Riemann surface C,,, corresponding to the theory ’T(}V,
which is obtained by coupling the theory 7rr to two bifundamental fields. An RG flow, that is
initiated by turning on Higgs vevs for both bifundamental scalars, relates the theory 7{}\, to the
original theory 7ig with two surface defects Gy, and G,,. This is illustrated on the right.

{a;} acted on by the operators.

In order to close the algebra, we need to enlarge the set of difference operators G,.
Having identified the label r with the r-th symmetric tensor representation of su(NV), it
is natural to introduce operators G for any irreducible representation R of su(N) and to

force them to obey the algebra

Gr oGr, = Y Nrin,™ Gr,, (4.1.2)
R3

where the coefficients Ny, g, s are non-zero only when the representation R appears in
the direct sum decomposition of the tensor product R; ® Ry. Indeed, it turns out that this
determines the operators G and the algebra coefficients Nz, g, ™ (essentially) uniquely,
in a sense we explain in detail below. The closure of the algebra is a highly non-trivial
statement, since it is depending on intricate theta-function identities.

Let us explain the procedure is some more detail. For each irreducible representation
R of su(N), we make an ansatz for the operator Gg. The ansatz is a sum over the weights

A of the representation R,
Gr-T(a;) = Z Cra(p,q.t, GJ)I(Q_(A’}”)C%) ) (4.1.3)
A

for some unknown functions Cr(p,q,t,a;). Here, the bracket (, ) denotes the standard
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inner product on the Cartan subalgebra normalized such that (e;,e;) = 2 for all simple
roots. Furthermore, h; are the weights of the fundamental representation, which obey
(hi,hj) =0d;; —1/N.

The weights of an irreducible representation R of su(N) can be represented by semi-
standard Young tableaux that are obtained by placing a number 1,..., N in each box of

the Young diagram (as we review in Appendix . Each weight can be written as a sum

N
)\ = ij h]’, (414)
j=1

where m; are the filling numbers of the corresponding semi-standard Young tableau. In

particular, the weights of the r-th symmetric tensor representation are given by

N
A=) mjhy, (4.1.5)
j=1

where the numbers m; are such that 3, m; = r. Since (A, h;) = m; — §, the chosen ansatz
is compatible with the symmetric tensor operators G,.
Now we substitute the coefficients Cr \(p, q,t, a;) for the symmetric tensor operators,

as well as our ansatz for the remaining representations, into the algebra relations
Gp, oG, = ZNRI,RQ& Gr, - (4.1.6)
R3

We first solve these relations for the su(2) coefficients N, ., *(p, q,t), and propose a gen-
eralization for the su(N) coefficients Nz, r, " (p,¢,t). We then find that the remaining
coeflicients Cr(p,q,t,a;) are determined uniquely. The fact that this procedure works
requires intricate theta-function identities, providing a strong self-consistency check of our
ansatz.

As a preliminary step, we introduce a normalization of the operators G, labeled by r-th

symmetric tensor representations. We redefine the operators by multiplying them by the
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factor
r—1

(- 0", p)
N, = e A e) (4.17)

—1—1

The purpose of the normalization is to render the leading algebra coefﬁcien‘ﬂ equal to one.

Rank 1

A good starting point is su(2), since its irreducible representations are exhausted by r-fold
symmetric products of the fundamental representation. Thus, the algebra of difference
operators should close without introducing any new operators. In particular, we expect
that the product G,, o GG, can be decomposed according to the tensor product of the

corresponding irreducible representations

r1+r2
Gr 0G,, = Z Novry Gy (4.1.8)

r=|ri—ra|

where we can compute the OPE coefficients N, ., (p, ¢,t). Consistency of this struc-
ture demands that the coefficients N, ,," constructed in this way are independent of the
fugacity parameter a;.

For simplicity, let us first consider the Macdonald limit p — 0. In this limit, the ratios
of theta-functions in the operators are replaced by rational functions of the remaining

variables ¢ and t. The operators GG, become

m;—1 (1 _ qm—l—mj—miﬁ

61y = x0TI

— . Qg
mitma=r ij=1 | m=0 <1 —qm" a-:)

) T (a;i—q¥ ™a;), (4.1.9)

where a; = a and ay = a~ L.

When composing any two such rational operators G,, and G,,, we indeed find that
the product G,, o G,, decomposes according to the tensor product of the corresponding

irreducible representations, in such a way that the structure constants N, ,.,"(q,t) are

'Here we mean leading in the sense of the partial ordering |R;| < |Rg| <= dimR; < dimRs.
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rational functions of ¢ and .

As mentioned above, we have normalized the difference operators such that the struc-
ture constant for the leading OPE coefficient N, ,,"* ™™ = 1. The remaining structure
constants can be computed straightforwardly in each case. For example, G; o G; =
Gy + N11° Gy, where

Mg t) = Q%%%%%@. (4.1.10)

This is a particular case of the more general decomposition
Gl e} G»,« - Gr+1 +N1,7«T71 Gr—h (4111)

where

1 (= H-q")
N (g,t) = (1—tqg1)(1—tq")

Similar formulae can be derived for any other example.

(4.1.12)

Remarkably, we observe that the structure constants N, ,,"(q,t) are equal to the (g, t)-
deformed Littlewood-Richardson coefficients. In other words, the operators G, in the limit
p — 0 obey the same algebra as the Macdonald polynomials P.(a,q,t) for 511(2)E|

It turns out that the structure constants of the general elliptic operator algebra can be
obtained in a canonical way by lifting the structure constants A;, ,"(q,t) of the Macdonald

algebra. This works as follows.

(i) First we express the (g,t)-deformed Littlewood-Richardson coefficients as rational
functions consisting of factors of the form (1 — x), where « is a monomial of the form

q°t8.
(ii) We then lift each factor to an elliptic function 6(z,p) whose second argument is the
additional parameter p. The original coefficients are obtained in the limit p — 0.

Note that apparent ambiguities in writing the (g, t)-deformed Littlewood-Richardson coef-

ficients as rational functions of the form (1 — z) lead to a well-defined elliptic lift, because

2We refer to Appendix for more details regarding Macdonald polynomials and (g,t)-deformed
Littlewood-Richardson coefficients.
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of the theta-function identity
0(z""p) = —=0(2p). (4.1.13)
z

For example in

0 _a=-®)a-q _ (0-30-9
Ni1"(q,1) T 00-a) ~ G-Da-1) (4.1.14)
the elliptic lift
N ’(p,g,t) = Ot p) bla,p) (4.1.15)

0(t, p) O(at, p)
is uniquely defined by the above procedure due to the relation (4.1.13]).
Verifying the composition rules for the elliptic difference operators G, now requires nu-

merous theta-function identities. For instance, checking that Gi0G, = G2+./\/‘1,10(p, q,t) Go

requires

0(t*,p)0(q,p) ( ,p)0(t",p) 0 (ta? p) b (ta®,p)

Wty i >e< a2, p) 6 (q-1a2, p) B(at. p) (4.1.16)
0 l,p)Q(ta ) (tg"'a®,p) O(t'.p)0(ta® p)O(tg 'a?p)
0 (a=2,p)0(t, )(‘1a2,p) 0 (a?,p)0(t,p)0 (¢ 'a=2,p)

which can be checked for instance by expanding around p = 0.
Similarly, when composing the fundamental operator G; with the operator G, for any
other irreducible representation of su(2), we find that another elliptic theta-function iden-

tity brings the non-trivial structure constant into the form

9(t*¢"*,p) 0(q", p)
0(tq™*,p) 0(tq", p)

N pog,t) = (4.1.17)

In fact, for any other check we did, we find that the structure constants N, ,," are in-
dependent of the fugacity parameter a and can be expressed as ratios of theta-functions.
Even better, we find that they are elliptic (lifts of (g, t)-deformed) Littlewood-Richardson

coefficients, in the sense explained above.
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The elliptic operators G, thus obey an elliptic version of the Macdonald polynomial
algebra. In particular, this provides evidence for the conjecture that the surface defects

labeled by r € Z>( are to be identified with irreducible representations of su(2).

Higher rank

For su(N), with N > 2, the algebra of the difference operators G, is not closed. We
introduce a new set of operators Gr labeled by irreducible representations of su(N). By
doing so we identify the difference operators G, with the operators G,y labeled by the
rank r symmetric tensor representationE] We systematically find expressions for the novel

operators by imposing the algebra relation
GRl OGR2 = ZNRl,RgRB GR3, (4118)
R3

where we assume that the coefficients N, Ry.Ro f3(p, q,t) are given by the elliptic (lifts of (g, t)-
refined) Littlewood-Richardson coefficients, which can be found uniquely for any triple of
representations Ry, Ry and Rj.

In the rank 2 and 3 cases, we have explicitly computed a large set of elliptic difference
operators Gr, and performed ample consistency checks amongst them. These computa-
tions reveal several structures amongst the difference operators, and we are to make some
proposals for general N. Let us give a few examples here.

First, consider the composition of two operators each labeled by the fundamental repre-
sentation, G(1y o G(1). This representation (1) ® (1) decomposes into the symmetric tensor
(2) and the antisymmetric tensor (1,1) representations. The coefficient of the operator

G(2) labeled by the symmetric tensor representation is one, following from our choice of

normalization. Choose the coeflicient

0(q,p) 0(t*, p)
0(t,p) 0(qt,p)

3We label by (¢1,...,¢n_1), with £1 > 9 > --- > {x_1 > 0 the representation associated to the Young
diagram whose j-th row has length ¢;.

Nyt (p,a,t) = (4.1.19)
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to be the uplift of the corresponding (g, t)-deformed Littlewood-Richardson coefficient. The
difference operator G(y,1) labeled by the rank-two antisymmetric tensor representation of

su(N) can then be determined from the equation

GuyoGu = G+ Guy - (4.1.20)

By this method, we find that the elliptic difference operator G ;) for the antisymmetric

tensor representation is given by

_ 0 <éaj1/ak’7p> 0 <éaj2/akap> PR
G(Ll) . Z(al) - Z H 0 (a'k’/ajl7p) 0 (ak/ajzap) z <QN 6%{]1’]2}6%) ’ (4121)

J1<g2 k#{j1,42}

The term in the sum labeled by j; < ja corresponds to the weight A\ = h; + hj, in the
antisymmetric tensor representation (1, 1).

Next, we determine the difference operator G ;1) from the equation

0(¢* p) 0(qt*, p)
0(qt, p) 0(q*t, p)

(G oGu)-T = G T+ Gony - T, (4.1.22)

where
0(q*,p) 0(qt*,p)
0(qt,p) 0(¢*t, p)

is the elliptic lift of the (g, t)-deformed Littlewood-Richardson coefficient Nz 1y*"(q, t).

Ny ®V(p,q,t) =

(4.1.23)

We verify that the difference operator G(,,1) can indeed be written as a sum over the
weights A = Y. m;h; with >, m; = 3, i.e. as a sum over the weights in the representation
labeled by the Young diagram (2,1). These weights can be divided into two groups.
The weights {m;, = m;, = m;, = 1} occur with multiplicity two, whereas the weights
{m;, =2, m;, = 1} occur with multiplicity one.

We then expand the resulting operator to lowest order in p, read off its elliptic lift and



4.1. ELLIPTIC ALGEBRA OF FOUR-DIMENSIONAL SURFACE DEFECTS 67

check this in an expansion in p. For instance, for su(3) we find that

Qg (1
G2y - L(ar, az,a3) = Z 0210(%(1),%(2),%(3))1( q( )7aa(2)7qa0(3))

o€E€Ss3

(4.1.24)
+ Chii(ar, az, as) I(al, az, a3) .

The first group of terms in this sum correspond to weights A = 2h,(1)+h,(2) that occur with

multiplicity one. These terms are given by a single product over ratios of theta-functions:

las (1) tas(1) tas(2) o(1
_ t29<q%<2>’p)0( ’p)9<‘1%<3>’p)6(q ao<3>’p>

CY210(acr(1)7 Ag(2), &0'(3)) -
9 <a‘0(2) ’p> 9 ( o(3) ,p> 0 (aa(?)) ’p> 9 <qaa(3) 7p>

o (1) 4o (1) %o (2) Ao (1)

(4.1.25)

The last term in (4.1.24]) corresponds to the weight A = hy + hy + hs3, which occurs with

multiplicity two. Its contribution is given by

2
RIOIC
0(q'.p)0(qt? p)
o (Gt) 0 (Gor) 0 (Gtor) 0 (5 om) 0 (ein) (5 0)
>< Z O' O' o o

3 ( A5 (1) ) ( A5 (2) ) ( o(3) > < A5 (1) )0( o(3) > (qaa(Q) )
oES3 qas(2)’ qaq(1)’ ay(1)’ ay(3) ay(2)’ Ay (3)
,p) 0 ) (b
p)o )

0(1,p)20(¢%,p) 002, p)O(%2,p) 0(%%,p) 02, p) (%2, p) D)
( ,p)

0
as ’
9(q,p)29(q%,p) e(an’p)g(qaﬂp) ( - Q(Q;;ap)
Continuing this strategy, one can systematically find the elliptic difference operators

0111(CL17CL2,G3) =

)

%%%

( qatl1

for any given representation R of su(N) and perform consistency checks on it. We have
explicitly computed all su(3) and su(4) difference operators labeled by Young diagrams
with up to four boxes. From these results we infer that the difference operator G(;r),

corresponding to the rank r antisymmetric representation of su(N), is given by

a’/ak’ T
G - Lla;) = t7=N/2 ’ Nirg,) 4.1.26
ar) - L(a;) = > ] Qak/a,p Z(q a;) ( )
Sl -

where the summation is over subsets I C {1,..., N} of length |I| = r and where the
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symbol 0;; is one if ¢ € I and zero if i ¢ I. As we will show in more detail in the
next section, these operators are related by conjugation to the Hamiltonians of the elliptic

Ruijsenaars-Schneider model.

4.1.3 Properties of difference operators

Let us summarize a few properties of the resulting difference operators Gg:

(i) They are formally self-adjoint with respect to the vectormultiplet measure A, ;+(a) Zy (a)

on the unit circle |a| = 1.
(ii) The composition Gg, o Gg, is commutative.

(iii) The difference operators Gr obey the algebra

GR1 OC;R2 = ZNR17R2R3 GRg, (4127)

R3

where the coefficients Nz, g, are elliptic lifts of the (g,t)-deformed Littlewood-

Richardson coefficients.

(iv) They can be expanded as
Gr-I(a;) = Z Cra(p,q,t,a;) T(gMay)
A
where the summation is over weights A in the representation R.

4.1.4 The Schur limit

We have not found a closed expression for the coefficients Cg \(p, ¢, 1, a;) in general. How-
ever, we note that the elliptic lift of the (¢, t)-deformed Littlewood-Richardson coefficients
Nz, .z, (p, q,t) have the same number of terms in the numerator and denominator. In the

Schur limit (i.e. ¢ = t) these terms all cancel each other and the elliptic algebra reduces
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to the Schur algebra. By inspecting many examples we can conjecture a closed formula for

the surface operators for any irreducible representation of su(NV) in this limit

N
Gr-I(a;) = Z [H ai\/m] (]_% 2 nit i ing T (Q\RVN—W ai) ) (4.1.28)
A Li=t
Here the n; = (h;, \) + |—]}3| denote the filling numbers of the Young tableau of the state A

and |R| =), ¢; is the number of boxes in the Young diagram.

4.2 Two-dimensional TQFT and Verlinde algebra

In this section we identify the difference operators G with local operators in a topological
quantum field theory on the Riemann surface C,,,. In the case p = 0, this can be identified
with an analytic continuation of refined Chern-Simons theory on S* x C,,, and the relevant

local operators arise from Wilson loops in the representation R wrapping the S?.

4.2.1 TQFT structure

Let us start by defining conjugated difference operators by G = ﬁ(G r - K(a)), where
K(a) = Hl oy I'(ta;/a;,p,q) as given in equation (2.5.2) — see section . We have seen
there that this operation simply reduces to replacing ¢ — pg/t. The conjugated surface
operators for fully antisymmetric representations R = (1") acting on the normalized index

Z(™ are then

_ t(l ag, T g,
Gary - T(@) = 0> 1] Gy ?80;/0%,P) “(qN g, (4.2.)

a;/a
= rkEI (a;/ar, p

where the summation is over all subsets I C {1,2,..., N} of length r. Remarkably, the
conjugated antisymmetric tensor operators G(V) are precisely the Hamiltonians of the
elliptic Ruijsenaars-Schneider model, extending the observation made in |30].

In the remainder of this section we will restrict ourselves to the Macdonald slice
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p,q,t) = (0,q,t). In this limit, the antisymmetric difference operators G-y turn into
y (1)

the Macdonald operators

Gan - T (a) = #0702 37T 5 (9;/a;p) I(”)(qN %uig;), (4.2.2)

7]= rkel (a;/ar;p

and the normalized vectormultiplet measure becomes the Macdonald measure Aj(fq) (a).
The operators G(lr) are self-adjoint with respect to this measure on the unit circle |a| = 1
and their common eigenfunctions are the Macdonald polynomials Pg(a;;q,t), which are
labeled by irreducible representations S of su(N). They are by construction orthogonal

with respect to the measure Aﬁ,’fq) (a) and are normalized such that

Ps(ai;q,t) = xs(ai)+ Y esrlg,t) xr(as) . (4.2.3)
T<S

In this equation, the cgp are rational functions of ¢ and ¢ that are uniquely fixed by ensuring
that Ps(a;;q,t) is an eigenfunction of the Macdonald operators Gir) for r =1,..., N — 1.
In this limit the structure constants Cg in the factorization (2.5.6) are simply given by

Cy = —, (4.2.4)

where Sg ¢ is an analytic continuation of the modular S-matrix of refined Chern-Simons

theory.

4.2.2 g-Deformed Yang-Mills: Defect punctures

Let us first discuss the case of the Schur limit. The corresponding TQFT is then ¢-deformed
Yang-Mills in the zero-area limit. The partition function can be enriched by the insertion

of gauge invariant operators constructed from the scalar

Qr = xr(e?), (4.2.5)
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whose correlators are independent of their position on C,, [40]. In Chern-Simons theory
on S x C,,, an insertion of the operator Q5 on C,,, corresponds to inserting a Wilson loop
around the S* in the representation R. In the following, we will refer to insertions of such
operators as defect punctures to distinguish them from normal flavor punctures.

To compute correlation functions with defect punctures, we return to the cylinder
amplitude with holonomy eigenvalues a and b respectively — see Figure [2.4] In the Chern-
Simons theory on S* xC, ,,, the boundary with holonomy eigenvalues b becomes a boundary

torus S* x S'. The first step is to interchange those circles using the modular S matrix

S o st
> xsla)xs(h) "= xs(a) Ss.sr x5 (b), (4.2.6)
s 8,9

so that we are now fixing the holonomy eigenvalues b on S*. To insert a Wilson line in
the representation R, we multiply by yg(b) and integrate over the holonomy b. From the

orthonormality of Schur polynomials with respect to the Haar measure we find
(Qr)os = Z Xs(a) Ssr - (4.2.7)
s

This is the amplitude for a disk with holonomy eigenvalues a and a defect puncture labeled
by the irreducible representation R — see Figure [.2]

a
Qr

= Z xs(a)Ss,r
5

Figure 4.2: Disk amplitude in the presence of a defect puncture.

Any amplitude with defect punctures can now be calculated by gluing the above am-
plitude to fixed holonomy boundaries. For example, starting from the sphere with three

boundaries we can obtain the amplitude for three defect punctures in representations Ry, Rs
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and FRs

Ss ny Ss i S . f
<QR1QRzQR3>C0,o = Z SR ;;ZQ SFe NRthRS, (428)
S )

where the numbers Ng, z,”™ are simply the Littlewood-Richardson coefficients for SU(N).
This is an analytic continuation of the Verlinde formula.

In full generality, for the amplitude of a Riemann surface of genus g, with n boundaries
with fixed holonomies (ay, ..., a,) and defect punctures in representations (R, ..., R;) we

have

n l
(U, - e, 252 27 T xs(a:) (4.2.9)
=1

Therefore, adding a defect puncture labeled by the irreducible representation R inserts a

factor Sg g/Sso into the sum over representations. From the formula
Ss.r Ssr, = Sso Y Navr," Ssnr (4.2.10)
R
we derive the operator product expansion

Qg = ZNRle (4.2.11)

inside the correlation function. This is (an analytic continuation of) the representation of
the Verlinde algebra for Chern-Simons theory on S* x C,,.

Now we are ready to spell out the precise dictionary in the Schur. First recall that the
rescaled index without surface defects is given by the expression involving a sum
over irreducible representations S. When acting with the transformed difference operator
Gg on a flavor puncture, each term in the sum picks up a factor of Ss.r/Sspo. This is
equivalent to the insertion of a defect puncture {2z in the ¢-deformed YM correlator, see
(4.2.9). Hence, surface defects in the four-dimensional theory correspond to defect punc-
tures in g-deformed YM, see Figure [£.3] Finally, let us mention that the OPE expansion

(4.2.11) guarantees consistency if we add several defect punctures.
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OOC
<
I(n)(a,b,c,...) == a/ \O/
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) B °
Gr-I™(a,b,c,...) = B

Figure 4.3: The index without surface defects corresponds to a correlator of g-YM. Inserting a
surface defect/acting with a difference operator in the 4d theory corresponds to inserting a defect
puncture on the 2d side.

4.2.3 (q,t)-Deformed Yang-Mills

Let us now have a brief look at the more general Macdonald limit. The discussion goes
exactly through by replacing the Schur with the more general Macdonald polynomials. In
this limit the dual two-dimensional TQFT is a (g, t)-deformation of Yang-Mills theory in
the zero-area limit. Equivalently this can be interpreted as the analytic continuation of
refined Chern-Simons theory on S' x C,,. Hence a surface operator insertion into the
superconformal index corresponds to inserting a defect puncture into the 2d theory. This
is given by the insertion the analytically continued modular S-matrix.

We now briefly outline the reasoning of why we obtain (g, ¢)-deformed Littlewood

Richardson coefficients in the operator algebra,

7, 0 Gpr, = ZNRI,& : (4.2.12)
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Operator algebra from Macdonald polynomials

The Macdonald polynomials obey
Ps, - Ps, = ZNSI,SQS3P53 ; (4.2.13)
s

where N, s, % are the (q,t)-deformed Littlewood-Richardson coefficients. Remarkably, we
have found that the conjugated difference operators G obey the same algebra. Let us try
to understand this fact.

Consider for instance the case of SU(2). The eigenvalues of the difference operators G,

can be computed from explicit formulae that we have found. They are given by

Gm ’ PT‘2 (CL) = S"lﬂ? P,

. 4.2.14
S0, 1 ( )

where S, ,, is an analytic continuation of the modular S-matrix of refined Chern-Simons
theory (see Appendix [A| for the construction of this quantity). This S-matrix is known to
obey the (g, t)-deformed Verlinde formula

ST’LS : ST2,S = SO,S ZM”l,TQTST,S . (4215)

Let us now act with the composition of the operators G,, and G,, on the Macdonald

polynomial P, and apply the refined Verlinde formula

~ ~ Sr SST' S
G0 Gyy) - Py = 220
( n° ) SO,s SO,s

Ps = ZMLTQT%:ZPS = ZNTI,T’QTG'I".PS' (4216)

Since the Macdonald polynomials form a complete basis of symmetric functions, we find
that the structure constants of the difference operator algebra are indeed the (g, t)-deformed
Littlewood-Richardson coefficients.

Similarly, we have verified that the generalized difference operators Gpg, labeled by
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irreducible representations R of su(N), satisfy the eigenvalue equation

- S
GRl ' PR2 = iz PRz

SO,RQ

in the Macdonald slice.

(4.2.17)



Chapter 5

Relation to three- and four-dimensional

line defects

5.1 Algebra of three-dimensional line defects

In Chapter 4] we constructed the superconformal index of ' = 2 theories on S* x S% in the
presence of certain surface defects supported on S* x S'. These surface defects were labeled
by an irreducible representation R of su(/N) and could be added to any superconformal
theory with an SU(NV) flavor symmetry. In this section, we consider the reduction of the
four-dimensional superconformal index to a partition function on a squashed three-sphere
S3 . following [54H56]. In this limit, the surface defects become codimension-two defects in
the three-dimensional theory wrapping an S C S3.

For four-dimensional theories of class S, upon dimensionally reducing on S* the theory
flows to an N = 4 superconformal field theory in three-dimensions. Moreover, this has
a mirror description in terms of a star-shaped quiver theory [57]. It is expected that the
surface defects introduced by the difference operators G become supersymmetric Wilson
loops in the representation R for the central node of this star-shaped quiver upon dimen-
sional reduction. We demonstrate this explicitly for antisymmetric tensor representations

R = (17) and the case of a round three-sphere. For non-minuscule representations R, how-

76
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ever, we find that the difference operators GGr introduce a linear combination of Wilson

loops in irreducible representations S with [S| < |R].

5.1.1 From the superconformal index to a 3d partition function

The four-dimensional superconformal index on S* x S3 can be reduced to a partition
function on the squashed three-sphere S®, as demonstrated in [54/56]. This limit is taken

by parametrizing the fugacities by
p = e, q = e, t = e P, a; = e P (5.1.1)

with 8 > 0 and then taking the limit 3 — 0. Here we have introduced the convenient
notation € = £ 4 im where ¢ = b+b"".
The real parameter b > 0 encodes the geometry of the three-sphere, defined by the
embedding
b 222 + BPw)® = 1, (z,w) € C%. (5.1.2)

The parameters z; with Zf\il x; = 0 are real mass parameters for the global SU(N)
symmetry that is inherited by the three-dimensional theory. It is convenient to repackage
the components x; into a vector x such that z; = (x, h;). In addition, the real parameter m
gives a mass to the adjoint chiral multiplet inside the background N = 4 vectormultiplet,
breaking the supersymmetry to A/ = 2 in three dimensions.

Let us consider two important examples. Firstly, the three-dimensional limit of

the superconformal index of a free hypermultiplet is given by
Zu(z) = S, (g + m;) . (5.1.3)

Secondly, the superconformal index of an SU(N) vectormultiplet combined with the Haar
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measure becomes the partition function of a three-dimensional N' = 4 vectormultiplet

Zy(r) = H 2sin (irb* ;) K(), (5.1.4)

1<J

where

K(z) (5.1.5)

1,j=1
with € = £ —im. Note that IC(z) is the contribution from the N’ = 2 adjoint chiral multiplet
inside the three-dimensional N = 4 vectormultiplet. We use the double sine function that
obeys the difference equation Sy(z + b*) = 2sin(nb*x)Sy(x) and the reflection property
Sp(2)Sy(qg—x) = 1. Further properties of this special function can be found in Appendix|[C]
Let us now consider the three-dimensional limit of the difference operators Gy that
introduce surface defects into the four-dimensional A/ = 2 theory. The three-dimensional

limit can be evaluated using the fact that the ratio of theta-functions with a common

second argument reduces to a ratio of sine-functions,

0 ™) o sin(malB)
0 (e7v, ebp) sin (my/8)

(5.1.6)

Let us from now on focus on the rank r antisymmetric tensor representation (1") of
su(N). In sectionwe found that up to a power of ¢ the corresponding difference operator
is

G(lr) I CLz Z H aj/ak p (q%f‘si’lai) , (517)

\I|=r jEI O(ar/a;, p)
kg1
where the summation is over subsets I C {1,..., N} of length |I| = r and where the

symbol 0, ; is one if ¢ € I and zero if ¢ ¢ I. In the three-dimensional limit, we obtain the

operator

3d) sinh (" — iz ;i)
G- 2@ = > ] S b iz, : <x +ib hy ) (5.1.8)

1|= riz jel
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acting on the squashed three-sphere partition function Z(x). We use the shorthand z;, =
x; — x;, and remember that the weights obey (h;, h;) = §;; — 1/N. Similar computations
can be performed for the four-dimensional difference operators G corresponding to any
irreducible representation R of su(N).

The dimensionally reduced operators ng) have similar properties to their four-dimensional
ancestors. We define an inner product in three dimension with respect to the three-

dimensional N = 4 vectormultiplet measure (5.1.4) on RV~!,

et = [ [dN_yle%m (imb*2) K@) | - i) fole). (5.09)

1<j

The adjoint operator (ng))T of ng) is then given by Ggfl ), where R* is the conjugate rep-
resentation of R. Furthermore, the operators ng) generate a commutative algebra that can
be derived by applying the limit to the general structure constants Nz, g, Bs(p,q,t)
that we found in the four-dimensional case.

Finally, in section we pointed out that the four-dimensional difference operators
with the replacement ¢t — pq/t were related by a similarity transformation. In the three-
dimensional limit, this corresponds to m — —m or quivalently ¢ — ¢*. Thus, either by
direct computation or by taking the three-dimensional limit of the the result in section
we find that

ey _ L sea 1.1
G = ey R K@), (5.1.10)

where the operator ng) is related to ng) by the replacement ¢ — ¢* and K(z) is the

partition function of an adjoint A/ = 2 chiral multiplet inside an N' = 4 vectormultiplet.

A consequence is that the eigenfunctions of the two sets of operators are proportional.

5.1.2 Wilson loops in three-dimensional star-shaped quivers

Since the dimensional reduction is performed along a circle on which the surface defect is

supported, we expect that the difference operators (5.1.8) introduce defects in the three-
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dimensional theory supported on the circle |z|> = b?. In the following we will perform
indirect checks of this prediction by exploiting three-dimensional mirror symmetry to relate

these defects to supersymmetric Wilson loops.

T @ T(SU(N))

) VDO
™)

o (). o

Figure 5.1: Left: Star-shaped quiver corresponding to the mirror of the three-dimensional Ty
theory. Right: Linear quiver description of the three-dimensional 7 (SU(N)) theory.

Upon dimensional reduction, a four-dimensional N = 2 theory of class S flows to
an N = 4 superconformal field theory in three dimensions, which is related by mirror
symmetry to a star-shaped quiver gauge theory [57]. For example, the mirror of the three-
dimensional reduction of the Ty theory is given by a star-shaped quiver with three legs,
shown in Figure 5.1} More generally, each full puncture in four dimensions gives rise to
one copy of the linear quiver illustrated on the right in Figure [5.1] The corresponding
field theory is known as the 7 (SU(N)) theory [143,[144]. This theory contains N' = 4
vectormultiplets for the gauge groups U(1),...,U(N —1). These gauge groups are coupled
linearly through U(k) — U(k + 1) bifundamental hypermultiplets. Lastly, there are N
hypermultiplets in the fundamental representation of the largest gauge group U(N — 1).

The T(SU(N)) theory has a manifest SU(N) Higgs branch symmetry acting on the
N hypermultiplets whose mass parameters are denoted by the vector z. In addition, we
can introduce N — 1 Fayet-Illiopoulos parameters t¢1,...,ftx_1, which are mass parameters
for the topological U(1) symmetries associated to each node of the quiver. Let us express
these parameters in terms of a new vector y such that ¢, = yx — yxr1 and let us denote

the partition function of 7 (SU(N)) by Z(z,y). This partition function is expected to be



5.1. ALGEBRA OF THREE-DIMENSIONAL LINE DEFECTS 81

invariant under exchanging = <> y and € <> €*. This symmetry reflects an enhancement
of the Coulomb branch symmetry to “SU(N) in the infrared, as well as the presence of
mirror symmetry exchanging SU(N) < LSU(N).

The partition function of the three-dimensional mass-deformed 7Ty theory is given by

dN 1w
N!

Zr(r,y,2) = Zy(w) Z(w,z) Z(w,y) Z(w, z), (5.1.11)

where Zy (w) is the partition function of an N' = 4 vectormultiplet. This multiplet is used
to gauge the diagonal combination of SU(N) Higgs branch symmetries.

Let us now consider the action of the three-dimensional operators ng) on the partition
function Z(z,y, z). Similar as in four dimensions, the result should be independent of which

puncture we act on. This condition is guaranteed if the partition function of each quiver

tail T(SU(N)) is an eigenfunction of the operator GE‘I’?; . We will now show that in fact we
have
GENy) - Zu,y) = Wan(x) Z(,y) (5.1.12)
where
Wone) = 3 et 5119

1<
is the expectation value of a supersymmetric Wilson loop in the rank r antisymmetric
representation of the SU(N) flavor symmetryff] with mass parameter z.

However let us first remark that equation tells us that introducing a back-
ground defect in the 7 (SU(N)) theory for the Coulomb branch symmetry, through the
operator GE?E))(y), is equivalent to introducing a background Wilson loop W (z) for the
Higgs branch symmetry. This means that mirror symmetry interchanges the defects intro-

(3d

duced by the operators G/},

)) and supersymmetric Wilson loops in the r-the antisymmetric
representation of SU(N). In the context of the mirror description of the three-dimensional
Tn theory, the operators Gﬁ’f)) therefore introduce a dynamical Wilson loop for the central

node of the star-shaped quiver theory.

'Recall that Wilson loops are labeled by irreducible representations of the gauge group.
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T(SU(2))

We first show equation (5.1.12]) in complete generality for the partition function of the
mass deformed T (SU(2)) theory on a squashed three-sphere. This partition function is

given by
1

ZG(JZ, y) = Sb(ﬁ*)

/dz Q(x, z) ™= (5.1.14)

where
S (% +ix — iz)
Sb(q—%ﬂ:ix—iz) 7

Qx,z) = (5.1.15)

x is the SU(2) mass parameter and y the FI parameter and the contour is given by
z € R+ 10 with § > 0. Note that the NV = 2 mass deformation m in the hypermultiplet
contribution appears with the opposite sign compared to equation ([5.1.3). The reason is
that after dimensional reduction, there is a mirror symmetry required to reach the star-
shaped quiver description.

It is expected that the partition function has the following properties

Zé(x7y> = ZE(_x7y):Zﬁ(x7 _y),
Z(x,y) = Zo(y,x), (5.1.16)
G W) Zz,y) = Way(z) Ze(w,y),

where
: . o : ‘o '
sin7h (" — 2ix) by, sin b (e* + 2iz) _iby,

G(3d) (I‘) _

0 (5.1.17)

sin wb(—2ix) sin wb(2ix)
is the fundamental difference operator for SU(2), and Wyy(z) = €*™ + e72™% is the
fundamental Wilson loop expectation value.

The first line of equation represents the enhancement of the Higgs and Coulomb
branch symmetry to SU(2) x L'SU(2) in the infrared. The second line illustrates the mirror
symmetry of the mass-deformed T (SU(2)) theory. These properties were demonstrated
in |145]. Here we would like to prove the final line of equation . Using mirror
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symmetry this line is equivalent to
Gy (@) Z(x,y) = W) Zd(a,y), (5.1.18)

where C’E?;l)(:c) is obtained from Gg’;j) (x) by the replacement m — —m. Let us prove the
intertwining property in this equivalent form.

As a preliminary step, we derive a few properties of the function Q(x,z) defined in
equation . From the difference equation and the reflection property obeyed by the

double sine function Sy(z), it is straightforward to show that

sinwh($ £ iz — iz)

b0
- - - : 5.1.19
e Qe 2) sinwh(q — § £ iz — iz) Az, 2) ( )
and
by _ibg [ sinh($ — ix — iz) ]
e2®Q(x,z) = e 2% | — — — Q(z,2) |, (5.1.20)
sinh(q — 5 — iz — iz)
_iby _ibg [ sinwb(%—kix—iz) |
e 2%Q(x,z) = e 2% | — ———OQ(x,2) | . (5.1.21)
sinwh(q — S +ir —iz)

Using these results we can now compute the action of the difference operator GE??)(.’B) on

this function,

sin7b (e — 2ix) sinwb(S — ix — iz)

Gi(2)- Qla,z) = 4% [

sinwb(—2iz) sinwb(q — S — iz — iz)

sin b (e 4+ 2ix)  sinwb(S + iz — iz)

sinmb(2ix) sinwb(q — 5 + iz — iz)

] Q(x, 2)

(5.1.22)
by sinh($ + iz — iz)
= e 277

Q(z, 2)

sinmb(q — § + iz — iz)

= (6%82 + e_%az)Q(z, x).

In going from the first to the second line we have applied a simple trigonometric identity.

Armed with this result, we now consider the action of the difference operator Gﬁ’?) (x)
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on the full partition function ((5.1.14]) of the 7(SU(2)) theory. The difference operator can
be brought inside the integral to act on Q(z,z) as in equation (5.1.22). By shifting the

contour of integration by z — 2z £ %, we find

1

~(3d) _ by, | _ibg, riyz
G(l) (3’,’) Ze<$,y) = m/dz [(6 + e )Q(l’, Z)] 64 Yy

2

= #/Q(m,z) [<€%az —i—e_%az)emyz} (5.1.23)
)

im)
= W (y) Ze(z,y).
Using the analytic structure of the double sine function S,(x), it is straightforward to check

that no poles are crossed in shifting the contours provided the mass is real. Now, applying

mirror symmetry we have

Gy ) Zley) = W(@)Zda,y), (5.1.24)

which is the required result.

An important consequence of this result, together with the similarity transforma-
tion (5.1.10f) relating the operators G’g’?) and C_}’g’?), is that the partition function of mass
deformed T (SU(2)) theory obeys

Ze(z,y) = K(y) 2e(z,y), (5.1.25)
which is rather non-obvious from the integral representation.

T(SU(N))

Let us now consider equation ((5.1.12)) for the general 7(SU(N)) theory. In this case, we
simplify the problem and prove a weaker result by taking the limit of N = 4 supersymmetry
(m = 0) and a round three-sphere (b = 0).
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In this limit, the operators for the fully antisymmetric representations are given by

G- Z(2) = ()™ N Z(ati(hy, + o+ hy,) (5.1.26)
1< <Jr
Hence, up to a sign, the operators are simply a sum of shift operators with coefficients one
and shifts determined by the weights of the representation R = (1").
Furthermore, the zero mode integrals in the partition function of the 7(SU(N)) theory
can be performed explicitly [146,147|. The result iﬂ

S pesy (F1)PET R T

[[i.; 2sinh7(z; — z;) 2sinh 7w (y; — y;)

Z(x,y) = , (5.1.27)
where the summation in the numerator is over the group Sy of permutations of {1,..., N}.

In this case, mirror symmetry acting as x <+ y follows from the identity

Z (—1)Pe2m Eima T)Y = Z (—1)Pe2™ Eila 2%t (5.1.28)

peSN peSN

(3d

Let us now act with the operator G(lr

)) on the partition function Z(x,y). First, note
that up to a factor of (—1)"™=") each term in the operator Gg’f)) leaves the denominator
invariant. This factor cancels the overall sign of the operator. Thus we can concentrate on

the numerator of Z(z,y) and find

Gg’f))(y) . Z (_1)p627r12§v:1 Yo(i)Tj — Z Z (_1)p627ri2£7=1 yP(’“)xke_Qﬂ-zp(i)EI x; 7

peSN [|=r | peSN

whereby the overall background shifts vanish due to Zf\il x; = 0. Now label each subset
I c{l,...,N} with [I| = 7 by I, for 1 < ¢ < N, = (). Furthermore split S into
Zy, @ (SN ® S7), where SV ® S” gives all the permutations satisfying p(I;) = I for a
fixed choice of I and ¢, and Zy, gives the different choices of ¢ (or I). Since this splitting

2Here we drop the subscript m on the partition function of 7(SU(N)) because we have set m = 0.
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is an isomorphism we can write the sum over all p € SV as a double sum over sets I with
|| = r and permutations in SY~" ® S" preserving p(I;) = I. With that in mind, we can

rewrite the above as

Nr
Gl )+ Do (F1petmiEmmon = 3 e mmenn § 7R 7 (—qpetnEiamn,
/=1

peSN H|=r pesN
ple)=I

which is equal to the Wilson loop vacuum expectation value W) (x) times the numerator
of Z(x,y). The eigenvalue of the operator ng)) acting on the full partition function
Z(x,y) is thus precisely the localization expression for a supersymmetric Wilson loop in

the antisymmetric representation R = (17) of SU(N).

5.1.3 Three-dimensional algebra

In the above, we have shown that the defect operator Ggi’f)) is dual to a Wilson loop in the
rank 7 antisymmetric representation of SU(N) under mirror symmetry. This turns out not
to be the case for non-minuscule representations.

One immediate way to see this is the following. Denote the operator that is exactly
dual to a Wilson loop in the representation R by ég’d). The operators @gd) must obey the
algebra

Gl o GG = N Npy g™ GRY (5.1.29)

where Ny, z,"™ are the (plain) Littlewood-Richardson coefficients. Indeed, the supersym-
metric Wilson loops are characters and hence obey this algebra. Instead, the elliptic
Littlewood-Richardson coefficients Ng, g, Rs (p, q,t) reduce in general to non-integer coeffi-
cients in three dimensions.

For example, let us consider SU(2) and the composition of two operators in the funda-

3Any p € SV can be uniquely characterized by p(c(I;)) = m(I) for a unique I, or I and o € S",
7 € SV~ permutations of I, Zy \ I respectively.
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mental representation. In the three-dimensional limit we find that

(3d) (Bd) _ ~(3d) 1 (3d)

Since ég’?) = GBY and GBI = G(S?) = 1, we read off from equation ([5.1.29)) that

~ ) 1
(3d) _ ~(3d) (3d)

The operator ég?) that is dual to a Wilson loop thus differs from the difference operator
Gg;‘) by lower order contributions.

In general, the relation between the operators Gg’d) appearing in the vortex construction
and the operators ég’d) that are exactly dual to Wilson loops in the three-dimensional limit
is given by

GRY =GR+ D s GYY. (5.1.32)
ISI<|R]
Even though the difference operators ng) are thus not exactly dual to Wilson loops, this
is merely an invertible linear transformation on the algebra that these operators obey.

The original basis of operators Gr appears to be more fundamental from a four-
dimensional perspective, since in the limit p — 0 they are precisely dual to Wilson loop
operators in refined Chern-Simons theory on S' x C,,,. On the other hand, in the three-
dimensional limit, the basis ég’d) seems more fundamental since it is dual to a basis of

Wilson loop operators in the star-shaped quiver theories.

5.2 ’t Hooft loops in the four-dimensional N = 2* theory

In this section, we realize the mass-deformed theory 7 (SU(NV)) on a squashed three-sphere
as an S-duality domain wall in four-dimensional " = 2* theory on an ellipsoid, as described
in [145,|148]. We then use this observation to interpret the three-dimensional difference

operators Gg’d) as operators that introduce supersymmetric 't Hooft loops in the N = 2*
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theory partition function on a four-sphere.

The four-dimensional N' = 2* theory can also be obtained by compactifying the six-
dimensional N' = (2,0) theory of type Ax_; on a torus with a simple puncture. A con-
sequence of this construction is that via the AGT correspondence [12,24], the four-sphere
partition function of the A/ = 2* theory can also be computed as a correlation function
in Liouville or Toda CFT on the punctured torus. The difference operators ng) can
then be interpreted as Verlinde loop operators that act on suitably normalized Virasoro or

W-algebra conformal blocks on a punctured torus.

5.2.1 Four-sphere partition function

The exact partition function of A/ = 2 supersymmetric gauge theories on an ellipsoid
has been computed by supersymmetric localization in [149|, extending the computation of
Pestun for the round four-sphere S* [83]. The ellipsoid geometry can be embedded into
five-dimensional Euclidean space as
1
T3 + b—Q(x% +a3) + b (x5 +2]) = 1, beRs. (5.2.1)
The equator {xg = 0} is identified with the squashed three-sphere geometry considered in
the previous section by setting z = 1 + izg and w = x3 + ixy.
Let us concentrate on the AV = 2* theory and denote the real hypermultiplet mass
parameter by m and the complexified gauge coupling by 7. The result of the localization

computation can be written as a matrix integral

Zga(m,T) = /da | Z(a,m;7) ‘2 (5.2.2)

over a real slice of the Coulomb branch. In this integral Z(a, m; 1) is the Nekrasov partition

function for the four-dimensional N' = 2* theory in the Omega-background R* with

€1,€27

equivariant parameters ¢; = b and e, = b~ [150,/151]. It can be split into a classical,
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1-loop and instanton piece as
Z(a,m;7) = Za(a;7) Z1-100p(a, M) Zingt(a, m; 7). (5.2.3)

In this chapter we advertise an alternative factorization of the ellipsoid partition func-
tion Zgs. We find it insightful to rewrite the matrix integral (5.2.2) in the form (for a
derivation of this representation see Appendix

Zg(m;T) = /da,u(a)|g(a,,m;7') 2, (5.2.4)
where
pla) = H 2sinh (7b(e, a)) 2sinh (7b~" (e, a)) (5.2.5)

is the Haar measure times the partition function of a three-dimensional N' = 2 vectormul-
tiplet on the squashed three-sphere at the equator {zq = 0}. Here we take the product
over the positive roots e > 0 of the gauge group.

We expect that the factorization has the following interpretation [60]. We can cut
the ellipsoid into two half-spheres {zy > 0} and {zo < 0} and impose Dirichlet boundary
conditions on the fields in the N' = 2* theory at the boundary {zy = 0}. This decouples
the dynamics on both half-spheres. Restricting the gauge transformations to the identity
on the boundary, leaves a flavor symmetry group SU(N) acting on the values of the fields
at zop = 0. We can reconstruct the partition function of an ellipsoid by inserting a three-
dimensional N = 2 SU(N) vectormultiplet on the boundary {zy; = 0} and gauging the
diagonal SU(N) symmetry. We thus claim that G(a,m;7) in the matrix integral is
the partition function of ' = 2* theory on the upper half of the ellipsoid {zo > 0} with
Dirichlet boundary conditions, and similarly for W on the lower half {z¢ < 0}.

Note that G(a,m;T) can be split into classical, one-loop and instanton contributions
just like the Nekrasov partition function in . Whereas we take its classical and
instanton contributions to be the same as those of Z(a, m;7), i.e. Gu(a;7) = Z4(a; 7) and

Ginst(a, m; 7) = Zinst(a, m; ), the one-loop factor Gi_joep is not canonically determined.
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We claim that it is fixed by imposing Dirichlet boundary conditions on the half-sphere, in

such a way that

[T Ty (¢ +i(a, w) +im)

glfloop(aam) = wead) : - y (526)
[T To(g +i(a, ))T's(q —i(a, ¢))
e>0
where ¢ = b+ b~! and T'y(z) is the Barnes’ double gamma function. The numerator

contains the contribution from the vectormultiplet and the denominator that from the
adjoint hypermultiplet with mass m in the N' = 2* theory.

Let us mention that for SU(2), via the AGT correspondence this choice is equivalent
to a commonly used normalization of Virasoro conformal blocks in Liouville theory [59].
For this choice of normalization, we will show that the expectation values of 't Hooft loop
operators in the N' = 2* theory are given by acting on G(a, m; 7) with the three-dimensional

difference operators ng) , constructed in section .

5.2.2 S-duality domain wall

The three-dimensional theory 7 (SU(N)) appears as an S-duality domain wall between two
four-dimensional N' = 4 SYM theories with gauge groups SU(N) and LSU(N) respectively
and equal holomorphic gauge coupling 7 [143]|144]. Furthermore, the mass deformation m
of the domain wall theory can be identified with the canonical mass deformation of the
bulk theory to N' = 2* by giving a mass to the adjoint N' = 2 hypermultiplet.

On the ellipsoid Sy, one can introduce the S-duality domain wall at the equator {zq = 0}
in a way that preserves half of the supersymmetries of the bulk [60]. As above, let us assume
that the normalized function W corresponds to the partition function of the N/ = 2*
theory with gauge group SU(N) on {xy < 0} with Dirichlet boundary conditions for the
vectormultiplet, and similarly that G(a’,m;7) corresponds to the partition function of the
N = 2* theory with gauge group “SU(N) on {xy > 0}. Let us also denote the partition
function of the 7 (SU(N)) theory on the squashed three-sphere at the equator {zy = 0} by
Z(a,a’,m), where a and o’ are mass parameters for the SU(N) x ZSU(N) global symmetry
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G(a’,m;T)
G(a,—m; —7)
Z(a,a’,m) ’.4 —
G(a, m;7)

G(a,m;T)

Figure 5.2: Left: The ellipsoid partition function in the presence of an S-duality domain wall can
be constructed by gluing the domain wall partition function Z(a, a’,m) in between the half-sphere
partition functions G(a,m;7) and G(a’, m; ), while gauging their flavor symmetries. Right: The
same ellipsoid partition function can be constructed by gluing the half-sphere partition functions
G(a,m;7) and G(a, —m; —1).

T

as in section Then the combined partition function in the presence of the S-duality

domain wall is
[ dadd nta) w(a) GTasmi ) 2 (e d'om) 6o’ i), (5.2.7)

where p(a) pu(a’) is the partition function of three-dimensional AV = 2 vectormultiplets on
the equator {zy = 0} gauging the symmetry SU(N) x LSU(N) — see Figure .

Another interpretation of the same domain wall is as a Janus domain wall interpolating
between holomorphic gauge coupling 7 for {xy < 0} and —1/7 for {xy > 0}. The two
pictures are related by an S-duality transformation of the theory on {zo > 0}. Another
way of saying this is that the partition function Z(a,a’,m) should be an S-duality kernel
relating the functions G(a,m;7) and G(a, —m;—1/7) through the measure du(a). This
statement is rather hard to check in field theory because there is in general no closed
expression for the G(a, m; ’/')E|

On the other hand, in the context of the AGT correspondence, it has been checked

4We demonstrate this explicitly in the limit m = 0 and b = 1 in Appendix
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in [145,|148| that the partition function Z(a,a’,m) on a squashed three-sphere of the
T (SU(2)) theory is precisely equal to the S-duality kernel of a normalized conformal block

in Liouville theory [152] under the relevant identification of parameters.

5.2.3 Supersymmetric loop operators

Since we can embed the mass-deformed 7 (SU(N)) theory as a domain wall in the four-
dimensional N/ = 2* theory on an ellipsoid, it is natural to think that supersymmetric loop
operators in the two theories on {z < 0} and {z > 0} are related. In particular, one can
introduce a loop operator on one hemisphere and push it through the domain wall to find
another loop operator on the other hemisphere. For an S-duality wall one expects that
this process turns a Wilson loop operator in the four-dimensional A/ = 2* theory into an
't Hooft loop operator.

Let us briefly summarize a few facts that are known about supersymmetric loop oper-
ators on the four-sphere. The four-sphere partition function can for instance be enriched
with Wilson and 't Hooft loop operators. To preserve half of the supersymmetries such

loop operators should be supported on the circle

Tg = cosp, wx = bsinpcosy, xy = bsinpsing, x3 = x4 = 0, (5.2.8)

where 0 < ¢ < 27 and 0 < p < m, or alternatively supported on the circle obtained by
interchanging b <+ b~! and {z, x5} > {x3,74}. The support of the loop operator lies in the
squashed three-sphere at the equator {xq = 0} when p = 7/2. However, the expectation

value of the loop operator is independent of p.

Wilson loops

Supersymmetric Wilson loops in the four-dimensional N' = 2* theory are labeled by irre-
ducible representations of the gauge group G. The expectation values of supersymmetric

Wilson loops on the ellipsoid have been computed in [149|.
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The expectation value for a supersymmetric Wilson loop in the irreducible representa-

tion R around a circle in the (21, z2)-plane is obtained by inserting the factor

Wir(a) = Y e (5.2.9)
wER

into the matrix integral. For example, for a rank r antisymmetric tensor representation of

SU(N) we insert the factor

Wary(a) = Z e~ 2mb (@ tag,) (5.2.10)
{i1<..<gr}
The expectation value for supersymmetric Wilson loops in the (z3,x4)-plane is obtained

by replacing b — b1,

’t Hooft loops

A supersymmetric 't Hooft loop is defined by computing the path integral in the presence
of a singular boundary condition along a circle that preserves half of the supersymmetries.
The boundary condition is specified by the image of an abelian 't Hooft monopole under
a homomorphism p : U(1) — G, with gauge transformations acting by conjugation on p.
These configurations are classified by irreducible representations R of the Langlands dual
LG |153).

The expectation values of supersymmetric ’t Hooft loop operators in the N/ = 2* theory
on the round four-sphere have been computed in [58]. It was found that it can be expressed

as (where now b = 1)

/dam [TR . Z(a,m; T)] , (5.2.11)

where Tj is a difference operator that acts on the Coulomb branch parameters a. The

difference operator takes the general form

Tr-Z(a) = ZC’V(a,m)Z(a—l—iu), (5.2.12)
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where the sum is taken over the weights v of the representation R.
For the antisymmetric tensor representations R = (1") the coefficients C,(a, m) only

receive one-loop contributions. In this case

sinh7(a;x —m)sinhw(—aj;, —m) 1/2
C,(a,m) = - - J , 5.2.13
(a,m) ]lg [ sinh 7(aj) sinh 7(—a;y,) ( )
kg1

where we have denoted the weights of the r-th antisymmetric tensor representation by
v=7> ichjfor I ={ji <...<j,} For general representations R there are additional
non-perturbative monopole bubbling contributions to the coefficients C,(a, m).
Here, we want to re-express the expectation value of the 't Hooft operator in terms of
a difference operator Tr acting on the half-sphere partition function G(a, m; ) in the case
b=1, i.e.
/da w(a) Gla,m; 1) | T - Gla,m;7)] . (5.2.14)

The difference operator fR is related to Tk by conjugating with the one-loop factor that
relates the Nekrasov partition function Z(a,m;7) to the half-sphere partition function
G(a,m;7). Later it will be important that fR is self-adjoint with respect to the measure
p(a)da.

In Appendix [C| we perform this conjugation explicitly for the antisymmetric tensor

representations to find

~ sin —1ak—1m
Ty - j h; 5.2.15
R 01 e T (00 U BN

[1|=r 961 jerI
ke

Remarkably, this difference operator is in agreement with the difference operators G(lr
that introduce codimension-two defects in the 7 (SU(NV)) theory by acting on the three-

dimensional partition function Z(a,a’,m).
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5.2.4 Intertwining Wilson and 't Hooft loops

Let us now explain why the difference operators ng) are related to 't Hooft operators TR.
We consider the four-sphere partition function in the presence of both an S-duality wall and
a supersymmetric loop operator. Recall that on the lower half-sphere {zq < 0} we have the
gauge group SU(N) for which the Wilson loops are labeled by irreducible representations
of SU(N). On the upper half-sphere {zq > 0}, we have the gauge group “SU(N) for which
the 't Hooft operators are labeled by irreducible representations of SU(N).

Thus, let us now consider an 't Hooft loop labeled by an irreducible representation of
SU(N) inserted at some point p > /2 in the upper half-sphere {zq > 0}. The expectation

value of this system takes the form
/da da’ p(a) u(a") G(a,m;7) Z(a,a’,m) T(lw)(a’) -G(a',m; 7')] : (5.2.16)

where for simplicity we focus on antisymmetric tensor representations.

The expectation value is independent of the position p. Thus we can imagine moving
the 't Hooft loop through the S-duality domain wall to some point p < 7/2 in the region
{zo < 0}. According to the transformation of loop operators under S-duality, it should
become a Wilson loop in the antisymmetric tensor representation R = (17). At the level of
the partition function, since the operator T, (1r)(a’) is self-adjoint with respect to the measure
w(a'), we can bring it to act on Z(a,a’,m). Provided that Z(a,a’,m) is an eigenfunction
such that

Tan(a') - Z(a,d’,m) = Wary(a) Z(a,a’,m), (5.2.17)

we find

/da da’ p(a) p(a’) G(a,m; 7) Z(a,d’,m) [T’(lr)(a') -G(d',m; 7')] =

dada’ pu(a) p(a’) G(a, m;T) |:T(1r)(a//> - Z(a,d, m)] G(a',m;T)
)

— /dada'u(a),u(a/) [W(y)(a)g(a,m; 7'):| Z(a,d',m)G(a',m;T),
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G(a',m;T) G(a',m;T)

G(a,m; ) G(a,m; )

Figure 5.3: An ’t Hooft loop operator Tr can be moved through the S-duality domain wall to
obtain a Wilson loop operator Wg.

which is the expectation value of an S-duality domain wall together with a Wilson loop in
the representation (1") at some point p < 7/2. Thus compatibility with S-duality demands
that Z(a, a’,m) intertwines 't Hooft loops and Wilson loops according to equation ((5.2.17])) —
see Figure 5.3l In section [5.I] we have argued that three-dimensional mirror symmetry
requires Z(a,a’,m) to obey the same intertwining property with respect to the three-
dimensional limit of the surface defect operators Gg’f)) . Thus the corresponding operators
should agree. Above we checked that this is indeed the case for a round four-sphere.

Let us now make some comments on non-minuscule representations R. Since Wilson

loops are defined by a trace over the representation R, they obey the character algebra

WR1 ¢) WR2 = Z NR1,R2R3 WR3 y (5218)
R3
where Ng, g,’™ are the standard Littlewood-Richardson coefficients.
Therefore, we can define a new set of operators Tr by taking T(lr) = f(lr) — or equiva-

lently TA(IT) = Gg’f)) — for antisymmetric representations and imposing the character algebra

Tp,oTr, = > Npor, T, . (5.2.19)
R3

The resulting operators Tr automatically transform in the expected way under S-duality,

and it is natural to expect that these operators encode the expectation value of 't Hooft
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-

Figure 5.4: The four-sphere partition function of the N’ = 2* theory is equal to a Toda correlation
function on the punctured torus with a semi-degenerate vertex operator V,,, with momentum g,
inserted at the puncture.

loops for general representations.

However, we emphasize that the Tr do not seem to correspond to the expectation value
of an 't Hooft loop with magnetic weight given by the highest weight of the representation
R, when the representation is non-minuscule. For example, for SU(2) the 't Hooft loop
whose magnetic weight is double that of the 't Hooft loop of minimal charge is given
by T} o T} rather than 77 o T7 — Ty. This is again an invertible linear transformation
on the algebra of the operators. In this case, the origin of the basis transformation is a
natural resolution of the Bogomolnyi moduli space that arises for representations with non-
perturbative monopole bubbling effects [58]. Once again, we emphasize that the simplest

and unambiguous operators are those in antisymmetric tensor representations.

5.2.5 Verlinde operators in Toda CFT

Everything we have discussed so far in this section can also be framed in the language of
Liouville or Toda conformal field theory. This approach has the benefit that, at least for
the 't Hooft loop in the fundamental representation, we can compute the required operator
for general squashing parameter b.

Let us briefly review aspects of this correspondence. For the N' = 2* theory with gauge
group SU(N), the ellipsoid partition function is related to a Liouville or type Ay_; Toda
correlator on the punctured torus with an insertion of a semi-degenerate primary field.

The parameters on both sides of the correspondence are related as follows:

(i) The geometric parameter b is a dimensionless coupling in the conformal field theory
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and gives the central charge ¢ = (N — 1)(1 + N(N + 1)¢?), where ¢ = b+ b~ L.

(ii) The holomorphic gauge coupling 7 is the complex structure parameter of the punc-

tured torus.

(iii) The mass m of the adjoint hypermultiplet is encoded in the momentum of the semi-
degenerate primary field,

w=N (% + im) WN_1. (5.2.20)

Choosing a pants decomposition, the correlation function of the primary field on the
punctured torus can be written as an expansion in Liouville or Wy-algebra conformal

blocks
[ 22,20 - ) FEmnF ). (5.2.21)

where the integral is over non-degenerate momenta z = @) +ia, with « € RV~ and Q = qp,
where p is the Weyl vector of Ay _;.

The conformal blocks F(a, u; 7) are normalized to contain the classical and instanton
contributions to the Nekrasov partition function. The three-point function C'(u, z, 2Q) — z)
is proportional (up to an m-dependent piece that can be absorbed in the normalization of
the primary field) to the modulus squared of the 1-loop contribution | G;_jeep |* times the
measure ji(a).

Loop operators in the four-dimensional gauge theory are realized as Verlinde operators
in the dual conformal field theory [52,59]. The Verlinde operators act on the space of
Virasoro or Wy-algebra conformal blocks by transporting a chiral primary field around
a simple closed curve C' on the Riemann surface. The operators constructed in this way
depend only on the homotopy class of the curve C' up to a choice of ‘framing’ that will not
be important here.

Let us choose the pants decomposition of the punctured torus determined by the A-
cycle in Figure 5.4 Then a supersymmetric Wilson loop in the A/ = 2* theory in the
rank r antisymmetric tensor representation corresponds to transporting a degenerate chiral

primary with momentum 7 = —bw; around that A-cycle. The resulting expression changes
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from the original conformal block by the factor

WEED = Y et (5.2.22)
{n<..<jr}
which is in agreement with the localization computation.
An ’t Hooft loop in the r-th fundamental representation corresponds to transporting the
same chiral primary around the B-cycle of the punctured torus. This Verlinde operator has
been computed directly in Toda theory for the fundamental representation in [61]. Acting

on the conformal blocks F(z, u; 7), the operator is given by

N N

TG F(2) = > ] = (i a.k) (bg 4; i a]‘k)  FG-bh). (3223)
prgurpl (% + ibaj, — ibm) T (% + ibaj, + ibm)

where z = () 4+ ia is the momentum around the loop that defines the pants decomposition.
To construct an operator that acts on the normalized conformal blocks G(a, m; ), we
have to conjugate by the one-loop contribution (5.2.6). In Appendix [C| we perform this

conjugation to find

N

N
b
T((IJ?T g Z H sin la]k m) g (a " lbhj) 7 (5224)

sm7rb (—iajk)
J=1 k#j

which is precisely equal to the three-dimensional operator Gggi) for any real b (see equa-
tion ((5.1.8))). This provides another check on the relation of the difference operators ng)

to the 't Hooft loop operators for the fundamental representation.



Part 11

Supersymmetric gauge theories in five

dimensions and their gravity duals



Chapter 6

Supersymmetric gauge theories on
squashed five-spheres and their gravity

duals

In this chapter we construct the gravity duals of large N supersymmetric gauge theories
defined on squashed five-spheres with SU(3) x U(1) symmetry. These five-sphere back-
grounds are continuously connected to the round sphere, and we find a one-parameter
family of 3/4 BPS deformations and a two-parameter family of (generically) 1/4 BPS
deformations. The gravity duals are constructed in Euclidean Romans F'(4) gauged super-
gravity in six dimensions, and uplift to massive type ITA supergravity. We holographically
renormalize the Romans theory, and use our general result to compute the renormalized
on-shell actions for the solutions. The results agree perfectly with the large N limit of
the dual gauge theory partition function, which we compute using large N matrix model
techniques. In addition we compute BPS Wilson loops in these backgrounds, both in su-
pergravity and in the large N matrix model, again finding precise agreement. Finally,
we conjecture a general formula for the partition function on any five-sphere background,

which for fixed gauge theory depends only on a certain supersymmetric Killing vector.

101
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6.1 Supersymmetric gauge theories on squashed five-
spheres

We begin first by describing the squashed five-sphere backgrounds of interest [103]. One can
define a supersymmetric gauge theory with general matter content on such a background,
and in [102] the perturbative partition function was computed via a twisted reduction
of the supersymmetric index in six dimensions[] that we summarize in section [6.1.2] As
discussed in the introduction to this thesis, a particular class of five-dimensional gauge
theories, with gauge group USp(2N) arising from a D4-D8-brane system in massive type
ITA string theory, is expected to have a large N limit with a gravity dual. In section [6.1.3]
we compute the large N limit of the partition function for these theories using matrix

model techniques.

6.1.1 SU(3) x U(1) squashed five-sphere

The squashed S® backgrounds of interest are homogeneous spaces with symmetry SU(3) x

U(1). In particular this is the isometry group of the metric

1
&2

ds? =
s

1
(d7 + C)* +do? + 1 sin? o(d6? + sin? Odp?)

1
+ cos® o sin® o(de) + cos fdy)? (6.1.1)
where we have defined the (local) one-form
1,
C = — 5 sin o(dy + cos Ody) . (6.1.2)

We refer to the parameter s as a squashing parameter, and note that s = 1 is the round
sphere. The coordinates in (6.1.1)) realize the five-sphere as the total space of the Hopf circle

bundle over CP?, where 7 is a 27-period coordinate along the circle fibre. The coordinates

1See also [154].
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o,1,0, ¢ are then coordinates on the base CP?, with v having period 47, ¢ having period
2m, while 0 € [0, 7], 6 € [0, 7]. The local one-form C' in (6.1.2)) satisfies

1
dC = 2w = —sinocosodo A (dy) + cos0dy) + 5 sin? o sin 0df A de, (6.1.3)

where w is the Kéhler two-form on CP?.
In order to preserve supersymmetry one must also turn on other backgrounds fields. In
particular in [103] it was shown that one can define general supersymmetric gauge theories

on the above squashed five-sphere, provided one turns on a background SU(2)r gauge field

(1+QV1—s2)y/1—s2

2

A = (dr + O, (6.1.4)

S

where we have embedded U(1)r C SU(2)g. More precisely, writing the SU(2)g ~ SO(3)r
gauge field as a triplet of one-forms A?, i = 1,2, 3, we have A = A? = 0, while A% = A
is given by . For supersymmetric backgrounds the parameter () takes the values
@ = 1 and @ = —3, which lead to 3/4 BPS and 1/4 BPS solutions, respectively. Notice
that the gauge field is also invariant under SU(3) x U(1), and is real when |s| < 1
but complex for |s| > 1.

A supersymmetric background of course admits an appropriate Killing spinor, which
then enters the supersymmetry transformations of a supersymmetric gauge theory defined
on the background. Recall that a Killing spinor x on the round S° with s = 1, solving
VX = —%fymx where 7, generate the Clifford algebra Cliff(5,0) in an orthonormal frame,
transforms in the 4 of the SU(4) ~ SO(6) isometry. The squashing breaks this symmetry
to SU(3) x U(1), and for Q = 1 the resulting Killing spinor transforms as 3.3, while for
() = —3 the resulting Killing spinor instead transforms as 1_3. Similarly, solutions to
VinX = %fymx transform in the 4 of SU(4), which is broken to 3_; and 1,3 in the two
cases, respectively.

The corresponding Killing spinor equation for the squashed S° was obtained in [103]

via a twisted reduction (described in the next subsection) of a standard Killing spinor
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equation in six dimensions. In order to write this down, we first introduce an orthonormal

frame for the metric (6.1.1)

1

! (dr+C), 6?5) = do, 6?5) = §Sinacosa7'3,

€5) =
(6.1.5)
4
€(5) =

N =W | =

sino 7y, e = §sinaﬁ,

where 7;, i = 1,2,3, are left-invariant one-forms on SU(2). These are parametrized in

terms of the Euler angles as
T 4ir = e ¥(df 4 isinfdyp), 73 = dy 4+ cosfdy. (6.1.6)

The Killing spinor equation then reads
i(1+QV1-+?)

+14—;82 (3Ym% — $0Ym) X1 5 (6.1.7)

vaI—i_%Ain(o-i)IJxJ = - (@) ymxs

which is supplemented by the following algebraic equation
QV1—s2x; = —V1—82yx; —ivV1 —s2(0%), xs . (6.1.8)

Here x;, I = 1,2, form a doublet under the SU(2)g symmetry, 7, generate the Clifford
algebra Cliff(5,0) in the orthonormal frame (6.1.5), and (¢%);” denote the Pauli matrices.
Recall also that w denotes the Kéhler form on CP?, given by , and if « is a p-form
we denote ¢ = %!aml...mpvml'"mp.

Of course in the case at hand we have that the SU(2)r gauge field A’ is only turned
on in the ¢ = 3 direction, with A% = A given by (66.1.4)), and we may also write (6.1.7)) and
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as
i(14+QV1-s?) V1= g2

vaj: + %‘AmXi = + %25 TYmX+ + 4s (S’YmQé - ¢7m) X+ (619)

QV1—s2xy = —V1—s2yxe FivVl—s?xs, (6.1.10)

where x4 = x1, X_ = X2. Provided the background fields are real, meaning in particular
that the metric and A are real and |s| < 1, then notice that the equations for y_ are simply

the charge conjugates of the y, equations, where we define the charge conjugate as
X = i)', (6.1.11)

and the charge conjugation matrix Cs satisfies C;'7,,Cs = 7. In particular it is then
consistent to impose the symplectic Majorana condition y_ = x%, or equivalently ¢,”x, =
CsX7, as we shall see below.

Notice that in setting s = 1 to obtain the round sphere one has that is trivially
satisfied, while the Killing spinor equation implies that y; and y» transform in the
4 and 4 of the enhanced SU(4) ~ SO(6) symmetry, respectively. In order to present the
general solution to , , we first introduce the following basis of Cliff(5,0)

(12 o) (0 12) ( 0 10—3)
7= ) Y2 = 5 Y3 = 5
O —12 12 0 —10'3 0

0 io? 0 io!
Y4 = 5 V5 = ;

—ic? 0 —ic! 0

where as above 0%, i = 1,2, 3 denote the Pauli matrices, and 15 is the 2 x 2 identity matrix.

A choice of the charge conjugation matrix in this basis is

C; = 7 . (6.1.12)
0 —102
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Then for the 1/4 BPS background we find the general solution to (6.1.7), (6.1.8) (or
equivalently (6.1.9)), (6.1.10])) is given by

0 —1
sir | 1 3ir 0
X+ = cie 2 : X- = c_ez2 , (6.1.13)
0 0
0 0

where ¢4 are constants of integration. In particular then notice that the symplectic Majo-

o e . _
rana condition x_ = x4 simply imposes c_ = ¢

For the 3/4 BPS background the solution is a little more complicated. One finds

coso +ir,(s)e'2 SV sino

_ L) iz 0
X+ = ay'e? ¢ o)) , (6.1.14)
iA_(s)sino —e'25]’ coso
—ie’i%Sf)
where 0 o

s = S(il)(Q, p) = aPeF? cos = — aPeE sin -,
z g (6.1.15)

S = 8P0,0) = aPeFE cos 2 + aPeF T sin 3

and where we have introduced Ai(s) = (£1 + V1 — s?)/s. As expected, the solution

depends on three integration constants ai”, af), af). Similarly, one finds

0
: % (1) .
_ () iz coso —iAi(s)e7 2S5 sino
Xo = e it g@ 5 (6.1.16)
—iA_(s)sino — e s S(_l) Ccos o

@

where a”’ are integration constants. One can once again impose the symplectic Majorana

condition, which leads to the relation (a,@)* = ag) fori=1,2,3.
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6.1.2 Twisted reduction and the partition function

The backgrounds above may be obtained via a twisted reduction of R x S®, starting from
the round metric on S°. This is important, as the perturbative partition function on the
squashed five-spheres was computed in [102] indirectly, by taking a limit of the supersym-
metric index of a corresponding six-dimensional theory on R x S°.

We thus begin with the product metric on R times the round S°
3
dst,gs = A+ |dwf?, (6.1.17)
i=1

where the complex coordinates w; on C3 = RS 4 = 1,2, 3, satisfy the constraint Z?:l lw;|? = 1.

We then compactify this space by identifying
(t,w;) ~ (t+ B, e Pwy) (6.1.18)

where § > 0 and the pu; are also sometimes referred to as squashing parameters. Notice

that (6.1.18]) is an isometry for p; € R. We may then change coordinates
pie¥i = e ity (6.1.19)

where p; > 0 and the ¢; have period 27. In terms of these new coordinates the identification
(6.1.18) reads (t, p;, i) ~ (t+ 05, pi, ;). We then dimensionally reduce along the ¢-direction

to obtain the five-dimensional metric
3 1 3 2
dsi = Y (dpf + pide}) — ———— pipide; | (6.1.20)
2 L+ 300, p2p? 2

=1 =1

One then makes contact with the previous section by choosing

—p1 = pl2 = p3 = iV1—s?, 3/4 BPS,

(6.1.21)
M1 = Mo = U3 = —i\/1—82, 1/4BPS
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Notice these are real only if |s| > 1. The metric (6.1.20)) then agrees with the metric (6.1.1])

on making the standard polar coordinate identifications
Pl = COSO, pa = sinocos =, p3 = sinasini, (6.1.22)

together with

1 1
Yr= -7, ¢2:T_§(¢+80)7 @3:T—§(¢—@), 3/4BPS7

2 2 (6.1.23)
$Y1r= T, @227_§(¢+@)7 ¢3:T_§<¢_(p)7 1/4BPS

The Killing spinor equation and algebraic equation (6.1.8) were then obtained
in [103] by dimensionally reducing a standard Killing spinor equation on the R x S® back-
ground .

In practice the perturbative contribution to the squashed S® partition function, with
more general squashed metric , was computed in [102] by dimensionally reducing the
superconformal index of a corresponding six-dimensional theory on the R x S® background
(6.1.17) with twisted identification , and then taking the limit # — 0, so that the
radius of the circle we reduced on to obtain (6.1.20]) is sent to zero. For a gauge theory
with gauge group G, prepotential .%# — a cubic polynomial in the vectormultiplet scalar o

— and matter in the real representation R ® R of G, the result is

rank G :
Zoert = H / do, ¢ i 7 (@) 1, 5 (_110‘(“) |b) . (6.1.24)
[1, S5 (—ip(o) + 5(b1 + by + b3) | b)

Here we have introduced

and the prefactor C'(b) in (6.1.24)) depends only on (by, b, b3), and in particular will not

contribute to the large N limit of interest in the next sectionﬂ The perturbative partition

2The precise formula for C(b) may be found in [102].
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function thus localizes onto field configurations in which the only non-zero field is a constant
mode for the scalar ¢ in the vector multiplet, and this is then integrated over in (6.1.24]).
As usual in such expressions the product over « in the numerator is over roots of G, while
the product over p in the denominator is over the weights of R. Finally, S;(z | b) is the

triple sine function, which is a special case of the multiple sine functions defined by
Sy (2| b) = (2 | b)™ Dar(bros — 2 | b)HY, (6.1.26)

where we have written b = (by, ..., by) and defined by, = Zfil b;. The function I'y(z | b)

is the so-called Barnes’ multiple gamma function

-1

00 N
Tn(zlb) = ] [Znibi—i—z (6.1.27)
ni,...,iny=0 Li=1

We conclude this section by noting from (6.1.21]) and (6.1.25)) that for the SU(3) x U(1)

squashed five-spheres in section [6.1.1

b1: ].+\/].—82, b2:b3:1—\/1—82, 3/4BPS,

(6.1.28)
b1: b2:b3:1+\/1—82, 1/4BPS

In particular it is straightforward to see |102] that in the 1/4 BPS case the perturbative

partition function (6.1.24]) is independent of the squashing parameter s.

6.1.3 The large N limit

The result for the perturbative partition function ((6.1.24)) in the previous section is valid for
a general supersymmetric gauge theory in five dimensions. We now focus on a particular
class of theories with gauge group G = USp(2N), that arises from a system of N D4-branes
and some number of D8-branes and orientifold planes in massive type ITA string theory. As
briefly reviewed in the introduction, these theories are expected to have a large N limit that

has a dual description in massive type IIA supergravity [95-97]. Indeed, in [101] the large
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N limit of the partition function of these theories on the round five-sphere was computed
and successfully compared to the entanglement entropy of the dual warped AdSg x S*
supergravity solution. Here the gauge theories flow to a UV superconformal fixed point,
and in particular the localization computation in the IR supersymmetric Yang-Mills theory
coupled to matter theory successfully reproduces the expected N°/? scaling of the number
of degrees of freedom.

In general one certainly expects non-perturbative contributions to the full partition
function Z, in addition to the perturbative result . In particular in the localization
computation of [107] on the round five-sphere one finds that the gauge multiplet localizes
onto instanton configurations on CP?. There is thus a non-perturbative contribution to Z
involving a sum over the instanton number. For fixed instanton number n # 0 and fixed
choice of instanton, in addition to the classical instanton action there will also be one-
loop determinant contributions around that instanton, plus an integral over the instanton
moduli space with fixed n. In general this expression will be very difficult to evaluate.
However, in [101] it was argued that in the large N limit these instanton contributions
should be suppressed. We shall also assume this to be the case on the squashed five-
sphere, although clearly this issue deserves further study. In particular, for general choice
of the vector b = (by, by, b3) we expect to find instantons not on CP?, but rather instantons
transverse to the Killing vector K = 377 | b;0,,,, as in [155]. These contact instantons were
discussed in the latter reference in the context of the partition function on Sasaki-Einstein
manifolds.

Our task thus reduces to computing the large N limit of the perturbative result (6.1.24)),
for the USp(2N) gauge theories of interest. This may be carried out using the matrix model
saddle point method originally introduced in [86], and subsequently applied to the round
S® partition function in |101]. As in the latter reference, we also set the Chern-Simons
level for the theory k& = 0 (thus setting the cubic terms in the prepotential .% (o) to zero).
The quadratic and linear terms of .% (o) will only contribute to subleading order in the
large N limit. This is because the leading contribution to the free energy arises from the

scaling ¢ ~ O(N'?). Such a behaviour for ¢ leads to an O(N?) contribution for the



6.1. SUPERSYMMETRIC GAUGE THEORIES ON SQUASHED FIVE-SPHERES 111

classical parts in the perturbative partition function . Thus in the limit of large N
we only have to analyse the behaviour of the two one-loop determinants from the vector
and matter multiplets. In particular, for a given theory we will have to find the expansion
of the logarithm of the triple sine function entering .

The USp(2N) gauge theories have Ny matter fields in the fundamental and a sin-
gle hypermultiplet in the antisymmetric representation of the gauge group. Let us de-
note an element in the Cartan subalgebra for USp(2N) as {\i,...,An}, so that ¢ =
diag(A1, ..., An, = A1, ..., —An). The Weyl group acts as \; — —\; for each 4, and also
permutes the \;. If the normalized weights of the fundamental representation are given

by +e;, where {e;,...,ex} is a basis of RY, then the antisymmetric representation has

N

weights {e; + ¢;},,; and the adjoint representation has weights {e; £ e;},,; U {£2e;};_,.

Therefore we can write the free energy for this theory as

N
F(\) = Z Gv(Ni+ X | b)+Gv(Ni—Aj | B)+Gu(Ni+ A | b)+Gr(Ni — A | b)
ij=1
-
N
+ Z Gy (2X\; | b) + Gy (=2X; | b) + N¢[Gu (N | b) + Gy (=X | b) ], (6.1.29)
i=1
where Gy and Gy are the logarithms of the triple sine functions in the numerator and
denominator of (6.1.24]) for the vector and the hypermultiplets, respectively. We are inter-
ested in their asymptotics for large A; only, because we assume that the eigenvalues scale

with N* for some a > 0. These asymptotics are explicitly computed in [5], and here we

simply quote the results:

Gy(z |b)+Gy(—z |b) = —logSs(—iz | b) —logS; (iz | b)
™ 3 ™ (b%ot + blbg + b1b3 + bgbg)
~ — _ 1.
Shrab | 6 b1babs =1, (6:1.30)

where we have expanded in the limit |x| — oco. Here we have used the fact that b; > 0 for

each ¢ = 1,2, 3, as this is the case of interest. Similarly, for the free energy contribution of
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the hypermultiplet we obtain

7 (b + b3 + b3)
24 b1bybs

™

Gg(z |b) = logSs (%bmt —iz | b) ~ _6b1b21)3

jl* —

2| (6.1.31)

in the asymptotic limit |z| — oo.
Using the Weyl symmetry of USp(2N) we may take A\; > 0, and we shall furthermore
assume that these eigenvalues scale as \; = N%z; to leading order in the large N limit,
1

with o > 0. We next introduce the density p(z) = % SV, 8 (x — ;) , which becomes an

integrable function with

/p(m)dx =1, (6.1.32)

upon taking N — co. In that limit, the discrete sums in (6.1.29)) become Riemann integrals

N

1 o

N ; o /0 p(x)dz. (6.1.33)
Hence taking the large N limit of (6.1.29), we obtain to leading order

Foa 8 [ ota) [0 [GeO) £0) )+ Gulha) £ Aw) | B)]dyds

+N

p
0
(@) [Gy(27(#) | b) + Ny Gu(A(x) | b)]da (6.1.34)
0
By assumption we have A\(z) = N®z to leading order in the continuum limit, and hence
we may use the above expansions for the vector and hypermultiplet contributions ,
respectively. Then the leading order term in the first line of scales as

N?*@ because the cubic terms in the asymptotic expansion of Gy and Gy cancel. The
leading order term of the second line in (6.1.34]) however does not cancel, and is given by

N'32 In order to obtain a non-trivial saddle point, both terms must contribute and we
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deduce that o =1/ 2E| Putting everything together we obtain

b2 (8 = Ng)m
N5/2/ / _ "ot o . f 31 dud N3/2 )
e+ g1+ e = o)~ S o | agar +O(N)

It thus remains to solve a simple variational problem for p(z) extremizing the free
energy. We add a Lagrange multiplier term to impose the constraint (6.1.32), namely
1 (fy p(z)dz — 1), and then solve £ = 0 for p(z). Doing so we find (with Ny < 8)
4(8 — Ny)
pla) = == al, (6.1.35)
tot
inside the interval [0, ], with p identically zero outside this interval, and where extremizing
F over the end-point z, gives

b2
2 tot
= ot 6.1.36
T 2(8 — Ny) ( )

We may then evaluate the free energy by substituting these saddle point configurations

back into (6.1.34]) to obtain

F - _ \/_Wbtot N5/2—|—O(N3/2) ’ (6.1.37)

15,/8 — Ny bybobs

which may be rewritten as (where recall we have assumed that b; > 0 for each i = 1,2, 3)

(by + ba + b3)?
f - 27b1b2b3 fsrsound ) (6138)

where Fgs  is the large N limit of the free energy on the round five-sphere computed in

round

reference [101]

9v/ 21 N>/2
Fos = = _ VAN + O (N*2) (6.1.39)
round 5 8 _ Nf

3This can be confirmed by a numerical analysis.
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We note that the above result has a very similar structure to that obtained in three
dimensions [156]. Also notice that we get the same result, (6.1.38)), for the orbifold theories
discussed in [97,/101].

We conclude this section by noting that for the SU(3) x U(1) squashed five-spheres,
with the vector b = (by, ba, b3) given by ([6.1.28)), we obtain the large N free energies

1 3-vI—s2)
Feo 3/4 BPS |
o )2t 1T S (6.1.40)

fs5 1/4 BPS

round ’

6.2 Romans F(4) supergravity

When the USp(2N) superconformal theories discussed in section are put on the round
S5, they are conjectured to be dual in the large N limit to the AdSg x S* solution of massive
type IIA supergravity [95-97]. In order to find gravity duals to the same superconformal
theories put on different background five-manifolds, it is then natural to work in the six-
dimenional Romans F'(4) supergravity theory [100]. The key here is that, as shown in
[99], the Romans theory is a consistent truncation of massive type ITA supergravity on S*.
In the next subsection we shall review this uplift to ten dimensions, and then present the

Romans theory in Euclidean signature in section [6.2.2]

6.2.1 Uplift to massive type ITA

The Romans theory [100] is a six-dimensional gauged supergravity that admits an AdSg
vacuum. The bosonic fields consist of the metric, a dilaton ¢, a two-form potential B,
a one-form potential A, together with an SU(2) ~ SO(3) gauge field A, i = 1,2,3. It
is convenient to introduce the scalar field X = exp(—¢/2v/2), and we define the field
strengths as H = dB, F = dA+ 2gB, F' = dA" — $ge;;s AJ A A*. Here g denotes the gauge
coupling constant. Notice that B appears in the field strength for A.

As shown in [99], this Romans theory is a consistent truncation of massive type IIA
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supergravity on S*. This means that any solution to the Romans theory automatically
uplifts, via the non-linear Kaluza-Klein ansatz of [99] presented in below, to a
solution of massive type ITA. Moreover, the AdSg x S* solution of the latter is the uplift
of the AdSg vacuum of the Romans theory.

In section [6.5, we shall need some details of how the six-dimensional solutions uplift
to ten dimensions. The gauge coupling constant ¢ is related to the ten-dimensional mass

parameter by mua = ? g, while the remaining fields uplift via

3
ds?y, = (sin€)1EXs |ARds? + 2 2AFX%dE® + %g‘QA‘gX‘l cos? & Z(%" — gA")?| |
=1
Fuy = —Lg73BASAT2UdE A voly — V2¢ 3 B3AAT2X 2 dX A voly
+\/§g_181/3cX4 «H N d§ — %34/3X_2*F + %9_231/30 Fhi A dE
— 50 S BEATIX T AW A RF e
Fgy = $°H +g7's™PeF AdE,

2/3
F(g) = \/LQS/F,
e? = §TOAVAXTHA (6.2.1)
where

X cos? € 4+ X 3sin? €,

(6.2.2)

U= X%"-3X*"+4X - 6X 7.

Here ds?, is the ten-dimensional metric in Einstein frame, @ is the ten-dimensional dilaton,
F{3) is the NS-NS three-form field strength, while F(4) and F{y) are the RR four-form and
two-form field strengths, respectively. The 7¢, i = 1,2, 3, are left-invariant one-forms on a
copy of SU(2) = S3. These are defined precisely as in (6.1.6]), except here this S? is in the
internal space (hence the hats). We have also defined h? = 7/ — gA?, vol3 = h' AR AR3, and
s =siné and ¢ = cos&. The Hodge duals in are computed with respect to the six-

dimensional metric dsZ. This is defined on some six-manifold Mg, and the ten-dimensional

metric in (6.2.1)) then describes a warped product Mg x S*. More precisely, the solution
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only describes “half” of a four-sphere, where the coordinate £ € (0, 7] is a polar coordinate
for which constant £ € (0, §) slices are three-spheres, parametrized by Euler angles on S3
as in . The solution is smooth at the north pole § = 7, where the S3 slices of S*
collapse to zero size, but singular on the equator £ = 0. Nevertheless, it is argued in [96,97]

that the supergravity solution (6.2.1)) can be trusted away from this singularity.

6.2.2 Euclidean theory

The equations of motion and action for the Romans theory in Lorentz signature appear
in [99,/100]. However, the gravity duals to the large N field theories on the squashed
five-sphere of section will be constructed in Euclidean signature. The corresponding
Wick rotation is not entirely straightforward because the Romans theory contains Chern-
Simons-type couplings, that become purely imaginary in Euclidean signature in order that
the theory is gauge invariant. The associated factors of i are also crucial for supersymmetry

in Euclidean signature. The Euclidean equations of motion for the Romans supergravity

fields are

d(X**«H) =iFANF+$F'NF' + 29X 2% F,

d(X7?«F) = —iFAH,
D(X?%F') = —iF'ANH, (6.2.3)
d(X '%dX) = —¢® (32X O —2X 24+ 1X?) %1

—AX P (FA*F + F'A*F') + 1 X*H N H .

Here Dw' = dw' — ge;j A7 A w” is the SO(3) covariant derivative, and our convention for
the Hodge duality operator is fixed via a A %3 = ﬁ@m---upﬁmmﬂp x 1 ,where a and  are

p-forms [[]

“In particular this convention differs from that in [99).
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The Einstein equation is

B = 4XT0,X0,X 49" (5X7° = IX7 = 1X?) g, + 4X* (HE, - 1H’9,)
+iX72 (ij — %F2gw) +1x7? ((Fi)fw — %(Fifgw) , (6.2.4)

where Fiu = F,,F,” and H =H,,,H/

ppo

The Euclidean action which gives rise to these field equations is

1

Iy = —
E 167Gy

/ [ 1= 4X 72X A X — g7 (3X° = SX2 - 2X%) x1

— X (FA*F + F'AxF") — LX"H A *H (6.2.5)

—iBA(JdANAA+IBAdA+ 2P BAB+3F AFY)].

In particular notice that the final term is a Chern-Simons-type coupling, and is accom-
panied by a factor of i. This is required for gauge-invariance in the path integral with
Euclidean measure exp(—Ig). It is also implied by supersymmetry. Indeed, a solution
to the above equations of motion is supersymmetric provided the following Killing spinor

equation and dilatino equation hold:

i — 14 14
Dyer = 4\[ g(X + X Irep — WX 'F (T, — 65,"T")er (6.2.6)
1 1 .
——X?H,,,I'°T, " ——X"'F (T,"”” —65,'T")I ,
13 p wlver + 765 oo (L )T7(a) 17

1
0 = —iX 19, XTI+ ——=g (X — X ) Trer +
1 I 2\/59( )71
1

———X"'F,T"e _ L x- 1FZ e € 6.2.7
8\/_ €r 8\/5 7( )I J - ( )

i
57 Hyug " Tres

Here €;, I = 1,2, are two Dirac spinors, I', generate the Clifford algebra Cliff(6,0) in an
orthonormal frame, and we have defined the chirality operator I'; = il'g12345, which satisfies
['2 = 1. The SO(3) ~ SU(2) gauge field A’ is an R-symmetry gauge field, with the spinor
€7 transforming in the two-dimensional representation via the Pauli matrices (o%);”. Thus

the covariant derivative acting on the spinor is D,e; = V€7 + gAZ (o)) 7€y
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Returning to the equations of motion (|6.2.3)), notice that the exterior derivative of the
first equation (the equation of motion for B) implies the second equation on using the
Bianchi identities for F' and F*, where note that dF = %gH . This is related to the fact
that the theory possesses a gauge invariance A — A + % g\, B — B — d\, where A is an
arbitrary one-form. Using this freedom one can then gauge away A = 0, leaving F' = % gB.
The kinetic term for F' in the action then becomes a mass term for the B-field; that
is, the B-field “eats” the U(1) gauge field A in a Higgs-like mechanism. Notice that there
is also a cubic Chern-Simons coupling for B in (|6.2.5)), making it a somewhat exotic field.
We may also make a simple rescaling of the fields via g, — g%gw,, B — g%B, A — éA,
Al — éAi, after which one sees that the coupling constant g only appears in the action as
an overall constant 1/¢g* factor. Thus we may without loss of generality set g = 1, which

we henceforth will do.

6.2.3 Killing vector bilinear

Given a supersymmetric solution to the Euclidean Romans theory, one can verify that the
bilinear

K, = "€/ Cl e, (6.2.8)

is a Killing one-form. Here C is the charge conjugation matrix, satisfying Ff =C'r,C.
In our conventions it is antisymmetric satisfying C? = —1. If we also impose a symplectic
Majorana condition

Cet = g€y, (6.2.9)

then this Killing one-form may be rewritten as
K, = ell,er, (6.2.10)

which is then manifestly real. In particular we will be able to impose this symplectic

Majorana condition for the solutions we construct in section [6.3]
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6.3 Supergravity solutions

In this section we present supergravity duals to the SU(3) x U(1) squashed five-sphere
backgrounds of section [6.1] Via the consistent truncation to the Romans theory in the
previous section, this effectively becomes a filling problem in six-dimensional gauged su-
pergravity: one seeks a smooth, asymptotically locally Euclidean AdSg supergravity so-
lution, with conformal boundary data given by the squashed five-sphere background in
section [6.1] In particular this means that the bulk supergravity solution is equipped with
an SU(2)g doublet of Killing spinors €;, I = 1,2, solving (6.2.6|) and (6.2.7)), which should
suitably approach the boundary Killing spinors in section [6.1.1] We shall indeed find such
fillings for both the 3/4 BPS and 1/4 BPS solutions.The 1/4 BPS solution corresponds to

a two-parameter family, containing a one-parameter 1/2 BPS subfamily of new solutions.

6.3.1 SU(3) x U(1) invariant ansatz

The squashed five-sphere backgrounds of section have SU(3) x U(1) symmetry, and
one expects this symmetry to be preserved by the bulk supergravity filling. Indeed, for
asymptotically locally Euclidean AdS solutions of the vacuum Einstein equations this is a

theorem [157]. This leads to the following ansatz for the Romans supergravity fields

1
ds? = o®(r)dr? ++2(r)(dr + C)* + B*(r) [d02 + ) sin® o(d6? + sin® 0dy?)

1
+ = cos? o sin? o(dep + cos Hdgp)Q] :
4 (6.3.1)

1
B =p(r)drA(dr+C)+ §q(r)d0,

A = fi(r)(dr+C), i = 1,2,3,

together with X = X (7). Recall here that we have used the gauge freedom to set the U(1)
gauge field (which is really a Stueckelberg field) to A = 0. The additional coordinate r is a
radial coordinate, and we shall choose a parametrization in which the conformal boundary

is at r = oo. For fixed r, provided v(r) and S(r) are non-zero the constant r surfaces
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in are squashed five-spheres. We shall seek solutions with the topology of a ball,
so that r € [rg,00) with r = rq being the origin. At this point the squashed five-spheres
must become round in order that the metric extends smoothly to the origin of the ball.
Similarly, in order for the gauge fields B, A’ in to be non-singular at the origin
they must tend to zero sufficiently quickly at » = ry. In writing the ansatz we have
used the fact that the only SU(3) x U(1) invariant one-form on the squashed five-sphere
is the global angular form dr + C for the Hopf fibration S* < S° — CP?, while the only
invariant two-form is the pull-back %dC’ = w of the Kihler form on CP?.

Substituting the ansatz into the equations of motion (6.2.3)) and Einstein equa-
tion leads to a rather complicated coupled system of ODEs. The equations of
motion for the background SU(2)g gauge field imply fi(r) = x;f(r), i = 1,2,3. The equa-
tions for the other fields then depend only on the SU(2) ~ SO(3) invariant combination
k% + k3 + k3, which we can set to one by rescaling f(r). The equations of motion then
result in the coupled ODEs for the functions a(r), 5(r), v(r), p(r), q(r), f(r), X(r).

Since the solutions we find are continuously connected to Euclidean AdSg, we first

present the latter in these coordinates:

3v/3 3v6r2 —1
6r> — 1 V2 (6.3.2)

X(r) =1, p(r) = q(r) = f(r) = 0.

Here only the metric is non-trivial, and realizes Fuclidean AdSg as a hyperbolic
ball with radial coordinate r € [\/Lé, 00), and the conformal boundary at infinity r = oc.
Thus the origin is at rg = \/ié. Notice in particular that the conformal boundary at r = oo
is equipped with a round metric on S°, which is conformally flat. We would like to find
families of solutions that generalize by allowing for a squashed five-sphere boundary,
keeping the metric asymptotically locally Euclidean AdS near » = oo. That is, near r = oo

the metric should approach
9dr?

212

dsi ~ + 27r%ds?, (6.3.3)
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where ds? is the squashed five-sphere (6.1.1)). For such solutions we may thus define the
squashing parameter by

im 1) _ 33 é (6.3.4)

r—oo T

so that s = 1 for the round sphere. Even though we did not manage to find supersymmetric
solutions in closed form, the solutions can nevertheless be given as expansions around

different limits. In general notice that we can use reparametrization invariance to set

36T 1

8y = =2

, (6.3.5)

which we assume henceforth. In particular this fixes the origin of the ball to be at ry = \/Lg..

In the following we summarize the various families of supersymmetric solutions we have
constructed with the ansatz . Some more details of the computations may be found
in Appendix B of [5].

6.3.2 3/4 BPS solutions

There is a one-parameter family of 3/4 BPS solutions parametrized by the squashing

parameter s. The solution expanded around the conformal boundary is given by

31 N 8+s% 1 N

\/§r 36\/5527"3 ey

3V3 —16+7s21 —1280 + 1120s2 + 241s% 1
’r‘ —

(6.3.6)

r) = - - - :
(r) s 12¢/3s3 1 2592v/3s° re
1—s*—3V1—-s21 s2V1 — s2k 1
54s o 12(1-s24V1-s2)r
/2 (2 +3VT— - 1) 4
p(?”) = - 83 ﬁ_{—u
5 (VovI—s?) o\ HVI— s (55 + VT =52 —5) 4
q(r) = - T+ —+...,
s 3s3 r
1-s?+vV/1—s2 2(-2+28%-(2+)V1-s2) 1 &
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where we have computed this expansion up to O(1/r%). The extra parameter x is fixed

by requiring regularity at the origin r = \/Lg (see (6.3.8]) below). Notice that the SU(2)g

gauge field at the conformal boundary agrees with the gauge field (6.1.4) with @ = 1. We

may also expand the solution around Euclidean AdSg, which has s = 1:

3v/3 (—5v/6+3301/6r2—3744r34+1620v/6r1+:8640r° —75601/6r°+5184v/6r% ) (1)
a(r) = + 573 o
6r2 — 1 9v2r2(6r2—1)

3v6r2 — 1 (55v/2—384/3r+1080v/2r2+768v/3r% —5400v/2r1+11232v/2r0 — 11664v/2r® ) (1—s)
(r) = V2 6(6r>—1)7” T

X(T):l_\/i(l—m/érwr?) e

3(6r2 — 1)
() = V2 (Vo - 1(667:_121\)257“ —1Vor)

3iv2 (=4 + 9v6r — 2412 — 12+/613 + 361/61°
atr) = - 22 - JT=5+ ...

£(r) = V2(3+ jﬁr__g’fﬂ T360) e (6.3.7)

In particular one can check that these functions lead to a regular solution at the origin

r = \/Lg, although this is not manifest in the formulas presented above. Indeed, we have

computed this expansion up to sixth order, and by comparing the two expansions we find
that regularity at the origin fixes the parameter  in (6.3.6|) via

3V3 V2 U3 25 o 1127

2 35
= 0+ —0° 5
T + 3 + +

+ +
36 9v/2 288 9v/2

O+ (6.3.8)

where we have introduced

1
82 = S (6.3.9)

The explicit solution ¢; to the Killing spinor and dilatino equation for this
solution may be found in Appendix [D} In particular there are three independent constants
of integration after imposing the symplectic Majorana condition . Using this solution
one can compute the Killing vector bilinear (6.2.8)). Requiring that this Killing vector lies
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in the Lie algebra of the maximal torus U(1)®> C SU(3) x U(1) fixes the constants of

integration, up to an overall irrelevant scaling. In this case we obtain
K = 010y, + b20,, + b30,, (6.3.10)

where by = 1 4+ /1 — 82, by = b3 =1 — /1 — s? and the coordinates ¢; are related to 7, ¥
and ¢ via (6.1.23)).

6.3.3 1/4 BPS solutions

We also find a two-parameter family of 1/4 BPS solutions, parametrized by the squash-
ing parameter s and the background SU(2)g field at the conformal boundary, which is

parametrized by fy. The solution expanded around the conformal boundary is given by

31 252 +9(=2 2 —6fy(—1 )1
Oé(’f’) - 2 05 + ( +S> fO( +S)_+ :

Jar 5673 St

2f2s%2 —12fy (—1 2 — 252) 1

) = B3 288 12 (L4 ) 4 9(3 4201,

s 121/3s r

L 18— 3fy— 1882+ 12fps? — 2f262 1

iy/3(=3+ fo) B+ (=34 fo)s?) 4
p(?") = S T—2+,

3IV6 (34 (=3 + f0)s?)  i(3+(=3+/0)s?) (f2s2+9(—14+57)—6fo(1+52)) 1 &
Q(T'):— - 0 T‘i‘( )( 6\/6£ ) ( ));_i_r_;_i_,

2(—3 4+ 1

flr) = fw%ﬁJr%Jr.m (6.3.11)

Again, we have found this solution up to O(1/r?). The constants &; and &, are again fixed
by requiring regularity at the origin.

There are a number of interesting special cases. First, we obtain the one-parameter
family of 1/4 BPS squashed five-spheres of section by choosing the constant f, so
as to reproduce with Q = —3. That is, fo = (1 — 3v/1 — s2)v/1 — s2/s%. Another
interesting case is fo = 0. In this case the SU(2)r background gauge field is completely
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switched off, but the solution is still supersymmetric with a squashed five-sphere at the
conformal boundary. This solution has enhanced supersymmetry — as we show in Ap-
pendix @, it is 1/2 BPS. On the other hand we may also set s = 1, so that the conformal
boundary is the round five-sphere, but keep the parameter fy. This shows that one can
define non-trivial Killing spinors on the round S° by turning on other fields.

We may also expand the solution around Euclidean AdSg with s =1

3v/3 N V3 (1= 54r? + 96v/6r3 — 324r* + 2161°)
6r2 — 1 2r2 (6r2 — 1)7/?
3v6r2 —1 (15— 48v/6r + 27012 — 540r* 4 648r)
V() = + 57 (1—s)+...,
V2 V2 (612 — 1)
(1 —2v6r +6r?) (4 +w)

X(r) = 1+ ot~ 17 (1—s)+...,

p(r) = — 18V (/34 8\/57;(;212_\/13)22 +H12V5r) 6+ ) (I—s5)+...,

() = 2 (—4+9v6r — 2470(26;213{)6;3 +36/6r°) (6 + w) Lot

sy = 227 8\/(6gr2_3617;2+ e _gp (6.3.12)

where we have introduced the parameter w via (1 — s)w = fy. As before it can be checked
explicitly that the solution is regular at r = \/Lé. We have checked this up to fourth order

in the expansion variable § = % — 1, and we deduce

[ (144 1302
€ = 206+ w)s — +9i“’+ sy

2(—v6 2v/6w?
52:2\/2;6— (—V/6w + \/_w)52+
3V 3 45

(6.3.13)

The explicit solution ¢; to the dilatino and Killing spinor equation (6.2.7)), (6.2.6]) for this

solution may also be found in Appendix[D] In this case there is a single integration constant.

The Killing vector automatically lies in the Lie algebra of the torus U(1)3 c SU(3) x U(1),
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and with an appropriate scaling we obtain
K - 87— - blaq,l + b28<p2 + b384p3 5 (6314)

where b; = by = b3 = 1 and the coordinates ¢; are related to 7, 1) and ¢ via (6.1.23)).

6.4 Holographic free energy

In this section we describe how the on-shell action for the Euclidean Romans theory given
in section can be computed. For asymptotically locally Euclidean AdS solutions one
has to holographically renormalize the action by adding boundary counterterms |158-160).
We evaluate the renormalized on-shell action for the supersymmetric solutions presented

in section and determine their holographic free energies.

6.4.1 On-shell action

We will work in the gauge A = 0. Starting from the Euclidean action (6.2.5) and using
the equations of motion (6.2.3) together with the Einstein equation (6.2.4)) and its trace,

we find the following for the on-shell action defined on a manifold Mg with boundary 0Mg

[on—shell = [bulk + Iboundary ) (641)

where

1 , S . .
Thuie = / X2 (243X« L+ X 2P A«F' + IBAFAF', (6.4.2)
167TGN Mg

1
Loundary = 2 (X '%dX)+LYBAX*xH). 6.4.3
boundary 167TGN/6M63( FdX) =50 * H) ( )

Here we have used Stokes’ theorem to write a total derivative as a boundary integral. In
particular this assumes that the potentials B and A® are globally defined, which is the case
for our supergravity solutions. The Hodge duals in (6.4.3) are defined on Mg, and then
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restricted to the boundary. The on-shell action is divergent due to the infinite volume of
Mg and OMg, and from divergences in the supergravity fields as the conformal boundary
r — oo is approached. Consequently, I,y should be understood as integrated up to a
finite cut-off which is then sent to infinity only after adding counterterms which regularize
the divergences. In addition, because of the presence of boundary terms in the on-shell

action, one should add a Gibbons-Hawking term [161]

1
Icy = — / KvVdet hd’z . (6.4.4)
87TGN O Mg

This involves the trace K of the extrinsic curvature of the boundary, and where h,,,, is the

induced boundary metric, and also leads to divergences. Hence the finite on-shell action is

[renormalized = Ion—shell + [GH + Icounterterms . (645>

In the next subsection we discuss how to determine the precise form of the counterterms.

6.4.2 Boundary counterterms

We now very briefly outline the construction of the counterterms needed to regularize the
action of the Euclidean Romans F'(4) theory (for more details we refer to [5]). We assume
a general expansion of the fields for an asymptotically locally Euclidean AdSg solution. In

particular, we take the metric to be given in Fefferman-Graham form [162,163|
2 62 2 1 m n
dsg = ;dz + ;’ymn(z,x)dx dz", (6.4.6)
where ¢ = 3/ V2 is the AdSg radius, and

’}/mn(Z, 1}) = V?nn + ZZ’VErm + Z47§rm _'_ 0(25) : (647>
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Here 72, (z) is the metric induced on the conformal boundary which, due to the radial

coordinate transformation r — %, is now at z = 0. The Gibbons-Hawking term is then

1
Icy = / 29 Vdeth &z, (6.4.8)

87TGN oMy 14

and h,,, = Z%’ymn is the induced metric on the boundary. We also assume an asymptotic

expansion for bulk scalar and gauge fields, namely

X = 142X+ 2 X0+,

1
B = -b+dzNAg+ By +zdzNAi +2B; +---,
Zl ] (6.4.9)
H=dB = —;dZ/\b—F;db—dZ/\dAQ—l-dBO—i-dZ/\Bl—ZdZ/\dAl,

F' = flrde ANA +2dz A A+ 2F) + -+ -

The basic principle is to plug this expansion into the Romans field equations, leading to
relations among the fields, and then plug them into the on-shell action. For example at
the lowest order term in z in each of the equations of motion and and Einstein equations,
the leading order term in the X and B equation of motion dictates X; = 0 as well as
=3/V2.
Hence, setting X; = 0 and ¢ = 3/4/2, the first divergence we encounter is at order
O(1/€®), where z = ¢ is the finite cut-off. The divergence comes from expanding the

2X72(2+3X") x 1 integrand in Iy and the Gibbons-Hawking term. It is given by

: 11 44/2
div _ 5
151y = 87N & /8M6 —T\/det’yo d°z, (6.4.10)

and hence it is simply cancelled by adding the counterterm

1 42 P
Jcounterterm . det h d5 . 6.4.11
5 87TGN 3 dMg ¢ v ( )

Continuing in this way, a long and strenuous but straightforward calculation for the diver-
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gences of order O(1/€*) up to order O(1/¢) leads to explicit expressions for the counterterms
[gevnterterm iy o Jeounterterm - (Collating all these expressions for the counterterms we finally

arrive at [4}5]

1 42 1 1 3
Icounererms =5~ _+—Rh ——||B 2+_RhmnRhmn
» 87TGN/8MG{{3 SR = SIBIR + s R(h) (D
15 3 . 1 13 1
— ——R(h)? = —=||F'||} + —=TryB* — ——||B||} — —=||dB|?
G5 R = T AIF IR+ s TaBt = =B~ Bl

5 . 1 .
+ -2 _||d%, B+2BAB|? -~ ——(B,dé,B + “2d %, BA B
8\/§” h s 1% 4\/§< h e=d x, )h

44/2 9 . 9 2 5
+ T(l - X)) - E(Rl@(h) oB,B), + 32—\/§R(h)||BHh} Vdet hd’x

—ﬁBA d xy, dB+@B/\6hB—§BA*h(B/\B)”. (6.4.12)
Here Ric(h);; = R(h);; denotes the Ricci tensor of the metric h;;, with R(h) the Ricci scalar.
The inner product of two p-forms 14, vy is defined by <u1,y2>hm Pz = vy A 10,
which then also defines the square norm via |[v||? = (v,v),. The adjoint §;, of d with
respect to h;; acting on the two-form B is 0,8 = *,d %, B, and we have also defined
Tr,B* = B,B;*B,!B,’. Finally, we have defined the p-form (S o v);.., = S, Vs,

where S;; is any symmetric 2-tensor, and v is any p-form.

6.4.3 Free energy of the solutions

The renormalized on-shell action determined in the previous subsection holds for all Ro-
mans supergravity solutions which are asymptotically locally AdS. In particular we may
use these results to compute the holographic free energy for the supersymmetric solutions

of section [6.3] In order to present the results, we first split the renormalized action as

Irenormalized = ]bulk + Inon—bulk ) (6413)
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where Iy is the bulk integral given by (6.4.2)), while

[nonfbulk = [boundary + [GH + [counterterms ) (6414)

where Iyoundary 1 the boundary contribution to the on-shell action (6.4.3)), Igy is the
Gibbons-Hawking term, while I ounterterms is the full counterterm (6.4.12)). For our SU(3) x

U(1) ansatz (6.3.1), with f*(r) = f2(r) = 0 and f3(r) = f(r), we have in particular

/0

e = 5o | . [3X2(7")04(7’)B4(7‘)7(7‘) +6L1(r) [F)p(0r) + alr) ()

L 24P (r)y?(r) +8a%(r) BY(r)y*(r) + 36%(r)(f'(r))?
AX2(r)a(r)y(r)

dr, (6.4.15)

where A is the cut-off for the r coordinate.

3/4 BPS solution

For the one-parameter family of 3/4 BPS solutions in section |6.3.2) by taking A — oo we

obtain the following finite result

272 8 164/2 68 282 32
]renorma ize = - 1 _52 —(53 _(54 —(55 —(56 . 6.4.16
tized 4GN(+3 Ty Ot T O 0t ) ( )

where the six-dimensional Newton constant is given byﬂ

1578~ N
Gy = V2~ (6.4.17)

44/2N5/2

The holographic free energy is identified with Ilenormalizea and agrees precisely with the
series expansion of the large N field theory result (6.1.40))

1 (3—\/1—52)3]__
S0 -T2

>This was effectively calculated in [101] by identifying the holographic free energy of Euclidean AdSg
with an entanglement entropy. The N°/? scaling of the free energy had previously been predicted in |96].

(6.4.18)
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where recall that s = 1/(1 + 6?).

1/4 BPS Solution

We may similarly compute the holographic free energy of the two-parameter family of
1/4 BPS solutions in section . Again we obtain two divergent contributions whose
divergences cancel. The finite piece may be computed as an expansion in § = % — 1 using
the series expansions of the parameters &, & in ((6.3.13). Putting everything together we
obtain

2772
Lienormalized = _4GN (1 + 0(55>) . (6419)

This again agrees with large N field theory result (6.1.40f). Notice that this result holds

for any values of fj.

6.5 Wilson loops

In this section we compute the expectation values of certain BPS Wilson loops, both in
the large N matrix model of section [6.1.3] and also in the supergravity dual solutions of
section [6.3] More precisely it will be important to uplift these solutions to massive type
ITA supergravity, where the Wilson loop in the fundamental representation is dual to a
fundamental string. Minus the action of this string precisely matches the logarithm of the

Wilson loop VEV in the large N limit, as a function of the parameters of the solutions.

6.5.1 Large N field theory

An interesting observable to consider is the VEV of the Wilson loop in a representation R

of the gauge group G:

1

(Wa) = M<TIRPeXp/(dmx'm—l—a|yb|)dt> | (6.5.1)
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Here 7 denotes the dynamical gauge field for the gauge group G, o is the scalar in the
corresponding vector multipet, and the worldline is parametrized by x™(t). It is straight-
forward to see that is invariant under the supersymmetry transformations for the
squashed five-sphere provided the Wilson loop wraps an orbit of the five-dimensional Killing
vector bilinear

Ko = X" Clsyymx - (6.5.2)

That is, we take 2™ (¢) to be an integral curve of K. The supersymmetry variations of the
two terms in then cancel each other.

The large N limit of for the USp(2N) gauge theories described in section
was computed for the round five-sphere in [164]. It is straightforward to extend this to
the more general squashed sphere matrix model in section [6.1.3. The key point is that the
insertion of the Wilson loop into the path integral does not affect the leading order saddle
point configuration because its logarithm scales as N'/2, while the free energy instead
scales as N°/2. The dynamical gauge field &7 localizes to zero, so only the constant scalar
o contributes to the Wilson loop in the localization computation. Thus the VEV
, for the fundamental representation of USp(2N), is effectively computed in the large

N matrix model as

( Whana ) =/ MA@ p(z)da, (6.5.3)
0

where p(x) is the saddle point eigenvalue density , with the eigenvalues supported
on [0, z,| with z, given by . We have also denoted by 2m.% = [ |&|dt the length of
the integral curve of K which is wrapped by the Wilson loop, and recall that A(z) = N'/2z
to leading order. Thus we find the large N result

2
log < qund> _ (bl + b2 + b3)\/_7rgN1/2 + O(NI/Q)

V38— Ny (6.5.4)

(b1 + by + b3).Z

- 3 1Og < qund >r0und .
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Indeed, recalling that
K == bl&pl + bg@m + bgawg 5 (655)

in terms of the standard U(1)? action on S° C R* @ R?* @ R?, then the orbits of K are
always closed circles at the origins of any two copies of R%. If we call these U(1)? invariant

circles S}, i =1,2,3, then .£ = 1/b; and we may write

(by + by + b3)

1 . .D.
3bz 0g < qund >round (6 5 6)

log ( qund, st > =

We now explain how to reproduce this large N result from the dual supergravity solutions.

6.5.2 Dual fundamental strings

The supergravity dual of the Wilson loop Wy,g was studied in [164] for the round five-
sphere. The supergravity background is in this case the massive type IIA uplift AdSg x S*
of the AdSg vacuum of the Romans theory of section [6.2] The Wilson loop maps to a
fundamental string sitting at the north pole £ = 7 of the internal S4-hemisphere, in the
notation of section m The string then wraps a copy of R? C AdSg parametrized by the
radial direction r in AdS together with the Wilson loop curve S C S°.

We now generalize this to our supergravity backgrounds in section (6.3, Here the type
ITA background is a warped and fibred product Mg x S*, together with various non-trivial
background fluxes. However, My still has the topology of a ball, with a natural radial
direction r. Thus the candidate dual of the Wilson loops computed in the previous section
is a fundamental string sitting at £ = 7 in the internal S of (6.2.1), together with the

Wilson loop curve S' c S5 4 and the radial direction r — see Figure . This is

squashe
then a copy of ¥y = R? C Mg, and we would like to compute the regularized action of a
fundamental string wrapping this submanifold.

In order to compute the string action we must first convert to the string frame metric

in (6.2.1)), which introduces a factor of e®/2, where ® is the ten-dimensional dilaton. The
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S4 Ms

5
‘_/ Ssquashed

Figure 6.1: The fundamental string is located at a point on the internal §* hemisphere and wraps
the radial direction of Mg together with the Wilson line in the ten dimensional supergravity
background given by a warped product of Mg x S%.

induced string frame metric on Mg at the north pole § = 7 of S* is then
dsiyy le=g.sming = X 2dsg (6.5.7)

where ds2 is the Romans supergravity metric. The B-field then uplifts to the type ITA
B-field with curvature F(3) = H = dB via (6.2.1) at the north pole { = 7. In section

we have set most of the physical scaling parameters to specific numerical values — for

example the Romans mass is set to mya = ?, while the correctly normalized value for
the supergravity dual to the USp(2N) gauge theories is (8 — Ny)/(2nls) where ¢ is the

string length. In particular restoring the AdS radius to its physical value (as in [164])

82N
L' = ————11 6.5.8
the string frame action is
2N1/2
S = VRN X~2y/detyd%z +iB, (6.5.9)
3y (8 —Ny) Js,

where 74, is the metric induced on Y5 via its embedding into the Romans metric ds% on
Mg, and we have included the usual Wess-Zumino coupling to the ten-dimensional B-field.

More precisely, (6.5.9) is divergent, and as usual one may regularize it by cutting off the r
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integral at some r = A, and including a boundary counterterm given by the length of the

boundary S' C S° at »r = A. Thus the regularized action reads

V2 N1/2 U 3
Setring = ———— X72/detyd*z +iB) — —=length(9%,)] , 6.5.10

where this is understood to mean the limit as one takes the cut-of A — co. We now

compute this for our various solutions.

1/4 BPS background

We begin with the 1/4 BPS background, as in this case the supersymmetric Killing vector
bilinear is simply K = 0,. Via the SU(3) symmetry of the background all orbits of K are
equivalent, and thus there is effectively only one Wilson loop to compute. This wraps the
7 and r directions at, say, o = 0 (which is a point on the base CP? of Sﬁopf — S5 — CP?,

all points being equivalent under SU(3)). The regularized string action ([6.5.10)) is

X 0)alr) ) +ip)] dr—%v(A) (6.5.11)
.

Sstring =

. NY22\/or /A
hm —_——
A0 34 /(8 = Ny) | /o=

where we have used that 7 has period 27. Evaluating this for the two-parameter family of

1/4 BPS solutions, as a series in the parameter ¢, we find

G = YT
string — \/m

which agrees precisely with the large N field theory result (6.5.4) since K = 0, = 0, +
Opy, + O,y s0 that by = by = b3 = 1.

NY2 4 0(8%), (6.5.12)

3/4 BPS background

For the 3/4 BPS solution recall that the supersymmetric Killing vector K has b = 1 +
V1 — 82, by = b3 =1—+/1— s2. For generic values of the squashing parameter s the generic

orbit of K will be open. However, the orbits always close over the circles S} defined in
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section which have lengths £ = 27 /b;. Since by = b these circles give rise to two
distinct Wilson loop VEVs:

9 1= ]"
10g (Wiyna, s ) 3(1+V1—s%) (6.5.13)
10g < qund >round B 3 — 1 —s2 a
v i =23

We may then compare these results to the regularized string action , where for S}
the fundamental string wraps the circle @; together with the 7 direction. More precisely, S{
is located at 0 = 0 in the coordinates , while S3 is located at {o = Z, 6§ = 0}, as one
sees from (6.1.22)). The result for S} is the same as that for S} due to the SU(2) C SU(3)
symmetry preserved by the bosonic solution and supersymmetric Killing vector. On the

other hand, due to the signs in ((6.1.23)) the relevant string actions to compute are then

1 V2

=175

N'/22\/21 A . . 3
m[/ (X (r)alry(r) ip(r)] dr — —=y(A) | (6.5.14)

respectively. Evaluating this for the one-parameter family of 3/4 BPS solutions, as a series
in the parameter ¢ up to sixth order where §% = % — 1, we find that they agree precisely

with the series expansions of ((6.5.13]) computed in field theory.

6.6 Two conjectures

Given any supersymmetric supergravity solution one can construct the Killing vector K* =
eleTCytey, where €, I = 1,2, is the SU(2) doublet of Killing spinors. For our solutions

the free energy takes the form

(|b1] + |ba] + |bs])?
27|b1babs|

F = ]:AdS6 ) (66]‘)
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where we write the supersymmetric Killing vector as K = 2?21 b;0,,, and 0,, are standard
generators of U(1)3 € SU(3) x U(1) acting on S C R? @ R* ® R?. Given the corre-
sponding 4d/3d results of [89,91], it is then natural to conjecture that holds for
any supersymmetric supergravity solution with the topology of a six-ball and for which
the supersymmetric Killing vector K may be written as K = Z?:1 b;0,,. In the present
chapter we chose orientation conventions so that b; > 0 for ¢ = 1,2,3. More generally we
expect the orientations of 8y, to be fixed as in [91], leading to the modulus signs in (6.6.1]).
We also conjecture that any supersymmetric gauge theory, with finite N, defined on the
conformal boundary of such a supergravity solution depends only on by, by, b3.
We find that one can write the Wilson loop VEV as

bi| + |ba| + |

log <W>AdSG R (662)

where the Wilson loop wraps the ¢; circle. Again, it is natural to conjecture that (6.6.2)
holds for general supergravity backgrounds with U(1)? symmetry and the topology of a
six-ball. In a forthcoming paper we will prove this conjecture from the supergravity point

of view in the general setting of any supergravity solution of six-ball topology [§].



Chapter 7

Supersymmetric gauge theories on

five-manifolds

In this chapter we construct rigid supersymmetric gauge theories on Riemannian five-
manifolds. We follow a holographic approach, realizing the manifold as the conformal
boundary of the six-dimensional bulk supergravity solution discussed in Chapter [6] This
leads to a systematic classification of five-dimensional supersymmetric backgrounds with
gravity duals. We show that the background metric is furnished with a conformal Killing
vector, which generates a transversely holomorphic foliation with a transverse Hermitian

structure. Moreover, we prove that any such metric defines a supersymmetric background ]

7.1 Rigid supersymmetry from holography

In this section we determine the form of the Euclidean Romans supersymmetry conditions
— as given in section , equations and — at the five-dimensional conformal
boundary. We employ the notation M, N,... € {0,1,2,3,4,5} and p,v,... € {1,...,5} in
the following. We again use the Fefferman-Graham coordinates outlined in section

with a change of coordinates z — 1/r, so that the conformal boundary is now at r = co.

n [6], we also explicitly construct supersymmetric Lagrangians for all these background. However due
to space limitations, we will not discuss this here.

137
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The metric hence admits an expansion of the form

@ .| datda” (7.1.1)

1
2
ds® = =—— +7r gw,—i-r—QgW

Here the conformal boundary has metric ¢ = (g,). Notice that the particular form of
the metric in (7.1.1]) is not reparametrization invariant under r — Ar, where A = A(z#).
However, the correction terms under such a transformation are subleading in the 1/r
expansion. This will play an important role in the next section however.

Let us introduce six-dimensional vielbeins { EM}3,_, such that
ds? = EMEM = E°E° 4 E*EM. (7.1.2)

If we denote by {e}’_; the five-dimensional vielbeins for g, then the six-dimensional

frame components may be written as

3 dr

E° = —,
V2

EF = rel 4+ ..., (7.1.3)

where the ellipsis denotes subleading powers of r. The six-dimensional spin connection

Q2458¢ then expands as

v 14 \/§ v 1 12 14 1 14
QM =0 = Q™, Q% = — 50w e Q= ;w,f’d) P, (7.1.4)
where w,(f’d) P is the spin connection associated with the five dimensional boundary metric

(g) and w,” is a higher order correction.
As detailed in section [6.4.2] the asymptotic bulk field expansions in the local six-

dimensional coordinates are

2 2
= Ty ZArAA® 4.

3 3 (7.1.5)

1
X =1+5Xo+--, B
r
F3 = f4+..., A= a4+ .
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For simplicity we have assumed Abelian solutions in which A' = A? = 0, and A3 = A,
with field strength F!' = F?2 = 0 and F® = dA, such that f = da.
We start by decomposing the six-dimensional gamma matrices and spinors. We take

our coordinate-independent Cliff(6,0) gamma matrices to be

0 1 0 i 1, 0
T, — N R RN I ! (716
L 0 iy, 0 0 1,

where 7, are a Hermitian basis of Cliff(5,0). Then the six-dimensional spinor €; is decom-

€
€ = : (7.1.7)
€1
+

where € are four-component spinors.

posed as

Let us focus on the expansion of the M = 0 direction in the bulk Killing spinor equa-
tion (6.2.6). To do so we substitute in the expansions of the fields (7.1.5). At first order

this leads to the simple differential equation

oref i €
( oo ) = E( o ) (7.1.8)
€r = <€}:> :\/7_"( ),CI >+%<.¢I>+"" (7.1.9)
€r —IX71 1pr

As in the Chapter [6] we consider a “real” class of solutions for which €; satisfies the

with solution

symplectic Majorana condition £,7¢; = Cse = €5, where Cg denotes the charge conjugation
matrix, satisfying I'l, = C;'I'yyCs. The bosonic fields are all taken to be real, with the
exception of the B-field which is purely imaginary. With these reality properties, one can
show that the Killing spinor equation (6.2.6)) and dilatino equation for e are simply

the charge conjugates of the corresponding equations for ;. In this way we effectively
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reduce to a single Killing spinor € = €1, with SU(2)g doublet (¢,€e°). We then note the

following large r expansions of bilinears:

€Tre = 4aS+---,

ie' T Tye = 251K, —3vV2Sdr +--- . (7.1.10)

Here we have defined I'(jy = 'y B and S = x'x. We also note that the bilinear 'T';)e
is a Killing one-form in the bulk — see Chapter [6] This will hence restrict to a conformal
Killing vector on the boundary at r = co.

Using the expansion for the Killing spinors and analyzing the large r expansion
of the remaining components of the Killing spinor equation , we find

i \/§ 1 Vo 1 v
(Vu + 5%) X = —?1%(,0 — mbwvﬂ X + ﬁbMVV X (7.1.11)
i i y 1 Vo 3 y

1 14
48(db)upw R e 1214# + 59 WX

to first and second order respectively. Here V denotes the Levi-Civita spin connection for
the boundary metric (g, ).
A similar analysis for the bulk dilatino equation (|6 gives the algebraic five dimen-

sional boundary condition

1 V2 i
— b — X e db) ey A0ty = 0. (7.1.1
N aX + 8\/_f“7 x+24( vV TX — 18“7X 0. (7.1.13)

We note here that equation may be rewritten in the form of a charged conformal
Killing spinor equation, with additional b-field couplings [5]. Setting b = 0 one obtains
the standard charged conformal Killing spinor equation, whose solutions (twistor spinors)
have been studied in the holographic context for three-manifolds and four-manifolds in [104,

124//165H167]. On the other hand, previous work on rigid supersymmetry in five dimen-
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sions [119+121] has used Killing spinor equations of a different form, without the coupling
to @ in ([7.1.11)). We may make closer contact with this work by noting that supersymmetry
in the bulk also implies the algebraic relation

i
p = —ax— 5(K2)"x. (7.1.14)

This follows from the bilinear expansions ([7.1.10)).
In the remainder of this chapter we shall take equations (7.1.11), (7.1.12)), (7.1.13]), and

(7.1.14)) as our starting point for a purely five-dimensional analysis.

7.2 Background geometry

In this section we start with a Riemannian five-manifold (M5, g), on which we would like
to define rigid supersymmetric gauge theories. The gauge/gravity correspondence implies
that this should be possible, provided the spinor equations derived in the previous section
hold.

Let us summarize the background data. In addition to the real metric g, we have two
generalized Killing spinors y, ¢. Globally these are spin® spinors, being sections of the spin
bundle of M; tensored with L=2 x, ¢ € TI'[Spin(Ms) ® L~/2], where L is the complex
line bundle for which the real gauge field a is a connection. This Abelian gauge field is
a background field for U(1)g C SU(2)g, with (x, x°), (v, ¢°) forming SU(2)r doublets,

where x¢ = Cx* with C the five-dimensional charge conjugation matrix. The spinors y, ¢

then satisfy the coupled Killing spinor equations ([7.1.11), (7.1.12)), where the background b-

field is taken to be a purely imaginary two-form, A is a purely imaginary one-form, while
Wy = Guow,” 18 Teal and symmetric. Furthermore, x and ¢ are related algebraically by
(7.1.14]), which introduces the additional background fields o and K5, which are respectively
a real function and real one-form. Finally we have the dilatino equation , which
introduces the real background function Xs.

In the remainder of this section we shall analyse the geometric constraints that these
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equations impose on (Ms,g). Although the background data and equations (7.1.11])—
(7.1.14) appear a priori complicated, in fact we shall see that the geometry they are

equivalent to is rather simple.

7.2.1 Differential constraints

In the analysis that follows it is convenient to assume that the spin® spinor y is nowhere
zero. More generally x could vanish along some locus Z C Ms;, and the local geometry
we shall derive below is valid on My \ Z. If Z is non-empty one would need to impose
suitable boundary conditions, although we shall not consider this further here. A nowhere
zero spin® spinor equips (Ms, g) with a local SU(2) structure. Specifically, we may define

the bilinears

S = x'y, K, = %XTV(U)Q
i, T (7.2.1)
J = —axex, Q= -z ex.
Here we have introduced the notation 7y, = %’ym..ﬂndx“l A -+ Adatn ) where x#, 1 =
1,...,5, are local coordinates on M;. Since x is nowhere zero the scalar function S is

strictly positive, and it makes sense to normalize the bilinears as in . We note that
K is a real unit length one-form, while J is a real two-form with square length ||.J||* = 2.
Here the square norm of a p-form ¢ is defined via ||¢[|? vols = ¢ A x¢, where x denotes the
Hodge duality operator on (Ms, g) and vols denotes the Riemannian volume form. The
complex bilinear € is globally a two-form valued in the line bundle L*.

That x, or equivalently the bilinears , defines a local SU(2) structure follows
from some simple group theory. The spin group is Spin(5) = Sp(2) C U(4), with the
latter acting in the fundamental representation on the spinor space C*. The stabilizer
of a non-zero spinor is then Sp(1) = SU(2). When M; is spin and L is trivial, so that
x € I'[Spin(M5)], this defines a global SU(2) structure. However, more generally we require
only that Mj is spin®, and in this case the global stabilizer group is enlarged to U(2): the
additional U(1) factor rotates the spinor by a phase, which may be undone by a U(1)

gauge transformation. To see this in more detail we introduce a local orthonormal frame
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e’ a=1,...,5, so that
K, = ¢, J =ce net+ePnet, Q = (e' +ie*) A (€ +ie?), (7.2.2)

where the metric is g = 3.°_ (¢%)2. The U(2) = SU(2) xz, U(1) structure group acts in
the obvious way on the C? spanned by e! + ie?, e? +ie*. This leaves K, J and the metric
¢ invariant, but rotates 2 by the determinant of the U(2) transformation. In order for
this to be undone by a gauge transformation, this identifies the line bundle as L = A?9.
The latter is the space of Hodge type (2,0)-forms for the four-dimensional vector bundle
spanned by e!, €2, €3, e*, and with almost complex structure I for which e! +ie? and e +ie?
are (1,0)-forms. Thus our rigid supersymmetric geometry will in general be equipped with
a global U(2) structure on M; (or more precisely on Ms \ Z).

The one-form SK; = XTV(l) X arises simply from the restriction of the bulk Killing one-
form ETF(l)E to the conformal boundary, and thus defines a conformal Killing one-form on
(Ms, g). This is easily confirmed from the Killing spinor equation for x, which
implies

Vu(SKi)y) = Le(logS)gu , (7.2.3)

where we have introduced the dual vector field £, defined by ¢(&,-) = SK;, and £ denotes

the Lie derivative.

One finds that the spinor equations (7.1.11)—(7.1.14)) imply the following differential

constraints:
45 = —g(smmgb), d(Sa) = —2—\1/§i5da, (7.2.4)
d(SK;) = ¥ |:2CYSJ+SK1/\K2+iSb—%if(*b)] , (7.2.5)
A(SKy) = iiedb — iLe(log S)b, (7.2.6)
d(SJ) = —V2KyA(SJ), (7.2.7)
d(SQ) = —i (a—2\/§aK1—i\/§K2> A (S9). (7.2.8)
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Here (iv$)a,.a, 1 = V'®bay-a,_, defines the interior contraction of a vector V' into a p-form

¢. Notice that the background data Xy, A® and w,, in (7.1.11)—(7.1.14) does not enter
equations ([7.2.4)—(7.2.8)): they simply drop out (one only needs to use the reality properties

we specified, together with the fact that w,, = w,, is symmetric).

It is straightforward to verify that (7.2.4)—(7.2.8]) are invariant under the Weyl trans-

formations
a — AN la a — a K—>K—idloA
) 9 2 2 \/5 g )
S — AS, Ky — AKy, b — Ab, (7.2.9)
g — A, J — A*J, 0 — AQ.

This symmetry is of course inherited from invariance under the change of radial variable
r — Ar in the bulk. If S is nowhere zero notice that one might use this symmetry to set
S=1.

Using equations f one can show that the conformal Killing vector & pre-
serves all of the background geometric structure, provided one rescales the fields by appro-
priate powers of S according to their Weyl weights in . For instance, contracting &
into the second equation in ([7.2.4) shows that L¢(Sa) = 0. On the other hand, taking the
exterior derivative of the same equation one finds L;da = 0. One can hence locally choose
a gauge in which a is invariant under L¢, so that the second equation in is solved
by

Sar (7.2.10)

I
= —ica.
22 ¢
In a similar way, one can show that also S™'b and S—2.J are invariant under £¢, while S—2Q

is invariant under £, in the gauge choice for which ((7.2.10)) holds. Notice that the first

equation in (7.2.4) implies that ic Ky = —\%ﬁg(log S).

Without loss of generality it is convenient to henceforth impose L¢S = OE| In terms

of the bulk expansion in section [7.I] this means choosing the radial coordinate r to be

2An exception being the S! x §* geometry discussed in section
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independent of the bulk Killing vector. This is a natural choice, which in turn implies that
LeS =0 and SK; is Killing, and we shall make this convenient (partial) conformal gauge

choice in the following. We may then introduce a local coordinate 1) so that
§ = 0y. (7.2.11)

The condition £S5 = 0 is then equivalent to S being independent of .

7.2.2 Geometric structure

The Killing vector ¢ has norm S, and the dual one-form K; may be written locally as
Ky, = S(dy+p) = 9, (7.2.12)

where i¢p = 0. Notice that n has Weyl weight zero and norm 1/S. The local frame
e1, €2, e3,e4 provide a basis for D = kern, and D inherits an almost complex structure

from J. One then defines an endomorphism & of the tangent bundle of M5 by
S|p=1, Q.= 0, (7.2.13)

where I is the almost complex structure. One easily verifies that ®? = —1 + £ ® i, which
is a defining relation of an almost contact structure. Moreover, the five-dimensional metric
takes the form

dsi. = S +dsj, (7.2.14)

where ds? is (almost) Hermitian with respect to I. Although ¢ is Killing, this structure is
in general not a K-contact structure, which is a stronger condition. In particular the latter
requires [168| that dn is the fundamental (1, 1)-form J associated to the transverse almost
complex structure (which in general is not the case here), which in turn implies that 7 is a
contact form, i.e. that n A dn A dn is a volume form (which in general is also not the case

here). Notice that since £ is nowhere zero, its orbits define a foliation of Ms;.
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Let us now turn to the differential constraints ((7.2.4))—(7.2.8). The two equations ((7.2.4])

allow us to write

3
b = iSn A <K2+Edlog5) +b,, a = 2V2San+a, , (7.2.15)

where b, and a, are basic forms for the foliation defined by &; that is, they are invariant
under, and have zero interior contraction with, £. Recall that in writing the gauge field
in the form in ([7.2.15)) we have made a (partial) gauge choice, as in ((7.2.10]). This leaves
a residual gauge freedom a; — a; + d\, where X is a basic ({-invariant) function. The
equation is simply equivalent to b being invariant under &.

The differential constraint reduces to

2
dp = % (—i%4 b +2ib) +4aJ) . (7.2.16)

Here #, is the Hodge dual with respect to the transverse four-dimensional metric ds?, with

volume form e! A e? A e? A e*. Tt is then convenient to introduce
b = bt 4b, (7.2.17)

decomposing into the transversely self-dual and anti-self-dual parts. Equation ((7.2.16)) is

then equivalent to

3 i
bt = i(4ad — —=5d +) . b = ——Sdp. 7.2.18
l(a ode 75ode ( )

The constraint ((7.2.7)) simply identifies

0 = JodJ = —V2K, —dlog$, (7.2.19)

with the Lee form 6 of the transverse four-dimensional Hermitian structure. That is, every

four-dimensional Hermitian structure with fundamental two-form J satisfies dJ = 0 A J.
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Finally, the differential constraint ((7.2.8)) now reads
dQ = (0 —iay) A Q. (7.2.20)

This implies that the almost complex structure I is integrable, thus defining a transversely
holomorphic foliation of My. In particular this means that the almost Hermitian structure
of the transverse space is actually Hermitian. We may introduce local coordinates ¢, 21, 2o
adapted to the foliation, where the transition functions between the zi, zo coordinates are

holomorphic.

Notice that we may rewrite ((7.2.20]) as

dQ = _ia'Chern VAN Q, (7221)
where we have defined

Achern = ay — 1(60), (7.2.22)
and I(0) = —igxJ, where 0% is the vector field dual to #. To obtain an explicit expression

for the Chern connection acpem, we begin by noting that Q A Q = 2J A J. Using local

coordinates 2%, a = 1, 2, for the transverse space we may write

i

Q = fdz' Ad2?, J = 5

gz N dz” (7.2.23)

which implies that |f] = y/det g®). Notice that globally f is a section of L™!, where
L = A*Y = K is the canonical bundle. Writing f = |f|e'® we then have

1
dQ = dlog fAQ = i <§dclogdetg(4) +d¢>) ASY, (7.2.24)
where d° = I o d. We thus recognize (up to gauge)

1
GChern = —Edclogdetg(4) (7.2.25)
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as the Chern connection on the canonical bundle.

The geometric content of the differential constraints f may hence be sum-
marized as follows. Mj5 is equipped with a transversely Hermitian structure, so that the
metric takes the form

dsi, = S*(dv + p)® +dsj. (7.2.26)

Here the Killing vector is £ = 0y, which generates a transversely holomorphic foliation.
The almost contact form is = (di) + p), and ds? is a transverse Hermitian metric. One

is also free to specify the functions a and S. Given this data, the remaining background

fields a and b that enter ([7.2.4)—(7.2.8)) are determined via

a = 2v2San + achem + 1(0),

i i
——Sn A (0 —2dlogS) + diad — —S(3dpT +dp7).
70 ( og S) + 4dia \/5( pT+dp)

(7.2.27)

In particular the choice of a transverse Hermitian metric ¢* fixes the two-form J, and
hence the Lee form 6, while the Hodge type (2,0)-form Q and Chern connection acper in
(7.2.25)) are also determined up to gauge. Notice that the terms San and () entering the
formula for a in are both global one-forms on Mj5, implying that globally a is a
connection on L = A2°,

We shall furthermore show in section that any choice of transversely Hermitian
structure on M; of the above form gives a supersymmetric background. In particular the
remaining background fields X,, A and wy, appearing in the spinor equations —
(7.1.14)) are also determined by the above geometric data.

7.2.3 Examples

In this section we shall present some explicit examples of the above construction. These
include all explicit examples appearing in the literature (within the Abelian truncation on
which we are mostly focusing), including examples with six-dimensional gravity duals, plus

large families of new solutions.
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General families

We begin by noting some special families of backgrounds:

o Setting p = 0 and S = 1 gives a product metric M5 = R x My or M5 = S* x My,
where M, is any Hermitian four-manifold. Notice this four-manifold geometry is the
same as the rigid supersymmetric geometry one finds in four dimensions [104,123].
The first reference here follows a similar holographic approach to the present chapter,

while the second takes a rigid limit of “new minimal” supergravity in four dimensions.
¢ If d8 = 0 then the transverse Hermitian metric is locally conformally Kéhler.

* If furthermore 6 = 0 then the transverse four-metric is Kahler.

* If § = 0 and dp is a positive constant multiple of J then the five-metric is
locally conformally Sasakian. Supersymmetric gauge theories on Sasaki-Einstein
manifolds, for which furthermore S = 1 and g is a positively curved Einstein

metric, were defined in [155], and further studied in [169-172].

o We may take any circle bundle over a product of Riemann surfaces S* < ¥, x3,. The
Hermitian metric may be taken to be simply a product of two metrics on the Riemann
surfaces, while p is the connection one-form for the fibration. One can generalize this

further by allowing S* orbibundles over a product of orbifold Riemann surfaces.

* If we only fibre over ¥;, this leads to direct product M3 x 3, solutions, where
M3 is a Seifert fibred three-manifold. Notice this three-manifold geometry is
the same as the rigid supersymmetric geometry in three dimensions [122]. Max-
imally supersymmetric Yang-Mills theory has been studied on similar back-
grounds in [42,111H114], including the direct products S x ¥y and M3 x S2.
Here the spheres are equipped with round metrics and the associated canoni-
cal spinors, while the spinors on ¥, and M; are constructed by topologically

twisting with the SU(2)r symmetry.
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o Finally, if dp has Hodge type (1,1) the transversely holomorphic foliation admits
a complexification [173], i.e. adding a radial direction to £ we naturally have a
complex six-manifold Mg, with a transversely holomorphic foliation. Notice that
Sasakian geometry and the direct product S' x M, are special cases. When the
orbits of ¢ all close, Mj fibres over a Hermitian four-orbifold My, and the associated
U(1) orbibundle is the unit circle in a Hermitian holomorphic line orbibundle over
M,. The corresponding complex Mjy is then simply the total space of the associated

C* bundle over M,.

Squashed Sasaki-Einstein

We have already noted that a Sasakian five-manifold is a particular case of a supersym-

metric background. Recall that Sasakian metrics take the form
ds? = n? +dsj, (7.2.28)

where 7 defines a contact structure on Ms, with Reeb Killing vector field £, and ds? is a
transverse Kihler metric. Moreover dn = dp = 2J. If the transverse Kahler metric ¢
is Einstein, then the metric is said to be a squashed Sasaki-Einstein metricﬁ For
a given choice of transverse Kéhler-Einstein metric, we obtain a two-parameter family of

backgrounds, parametrized by the constants cy, cs:

1
SEla K2:__6507 a = C,

V2 (7.2.29)
a = con, b = i(4c; — 3v2)J .

The Kihler-Einstein metric g satisfies the Einstein equation Ric® = 2(2v/2¢; — ¢;)g™®.
Notice that we have presented the solution ([7.2.29)) in a different gauge choice to (7.2.10)).
We may impose the latter gauge choice by simply transforming a — a + (2\/501 — cg)dv),
although the form of a in makes it clear that we may take a to be a global one-form

3In the mathematical literature [168] these are called 7-Sasaki-Einstein metrics.
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on Ms; for this particular class of solutions.
When g, is taken to be the standard metric on CP?, the above geometry is a squashed
five-sphere. This corresponds to the conformal boundary of the 1/4 BPS bulk Romans

supergravity solutions constructed in the previous chapter.

Black hole boundary

In this section we consider the conformal boundary of the 1/2 BPS topological black hole
solutions constructed in [174]. We begin with the following product metric on S* x HH,

where H* is hyperbolic four-space:

ds? = dr* +

T 1dq2 + ¢*(d¥? + sin® ¥de] + cos? ¥dy3) . (7.2.30)
q

Here 7 is a periodic coordinate on S', ¢ is a radial coordinate with ¢ € [0,00), ¥ € [0, 5]
while 1, @5 have period 27. The metric in brackets is simply the round metric on S®. For
this solution b vanishes identically, while a is gauge-equivalent to zero. The Killing spinors
for this background in general depend on four integration constants, but for simplicity here

we present only the “toric” solution discussed in |174]. The remaining fields are then

3 3
S =Ve¢eE+1, @ = ———— K, = ——=dlog(¢*+1), (7.2.31)

2V2 /2 + 1 2v/2

while in a gaugd’] in which a = 0 the U(2) structure is given by

1
Ky = ——— [d7 + ¢*(cos® ¥dips — sin* ¥dyy)] |
VvV +1
2
J = % sin 29 d9 A (dgol + ngQ) + ﬁdq N |:d7' + sin? ddp, — cos? Ides |
q ei(@l_T_‘P2)
Q ————|sin20 (¢d7 — idq) A (dp1 + dps) + g sin 20 dpy A depg
2\/q¢*>+1
+2iqdd A (d7 + sin® 9dep; — cos® Idipy) — 2dg A d19:| . (7.2.32)

4This is different to the gauge choice (7.2.10]), where instead a = —3dr for this solution.
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The supersymmetric Killing vector is
€ = g(SKy,-) = 0;+0,, — Oy, - (7.2.33)

Furthermore, notice that rescaling .J by 1/(¢*+1) leads to a closed two-form, hence showing
that the Hermitian metric transverse to £ is conformal to a Kéahler metric. Moreover, one
can also check that the almost contact form n = K;/S is in fact a contact form in this

case, i.e. that n A dn A dn is a volume form.

Conformally flat S! x S*

In this section we consider the conformally flat metric on S* x S*, which we may write as
ds? = dr? +ds%, (7.2.34)

where

dsz = df? +sin® B(dV? + sin® Idp] + cos® ¥dyp3) . (7.2.35)

Here 7 is a periodic coordinate on S!, while the metric in brackets in is simply the
round metric on a sphere of unit radius, as in the previous black hole boundary example.
The polar coordinate 5 € [0,7]. The metric of course arises as the conformal
boundary of Euclidean AdS in global coordinates, and as such the background fields a and
b vanish, a = 0 = b. There are many Killing spinors in this case, and here we simply choose

one 8o as to present simple expressions for the remaining background data. We find

dr. (7.2.36)
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The U(2) structure is given by

K, = sinfdp —cosgdr,

J = sin®Bsin(p; + 302){ cot(p1 + @2) (A9 A d7r — cot fdB A dY) — sin? 9 dd A dipy
—cos? ¥ dd A dgg + sind cos ¥ [(cot BdB+dr) A (dpr — dgs)

— cot(ip1 + 2) dipr A d902} } ;

Q = isin?Bsin(er + o) [cowdﬂ AdY — i A dr + sind cosd gy A d@}
+ sin® Bsin [sinﬁ +1icos ¥ cos(py + g02>i| (cot BdB A dp; — cotddd A dps
+d7 A dg01> + sin? B cosﬁ[cos ¥ — isind cos(pr + 902)] (COt BdS A dep,

+tand dd A dgy + dT/\dg@). (7.2.37)

Notice that in this example we obtain a conformal Killing vector from the Killing spinor
bilinear, but not a Killing vector. As described at the end of section [7.2.1] we may always
make a Weyl transformation of the background to obtain a Killing vector. In the case at
hand this corresponds to the Weyl factor A = €7, and the corresponding Weyl-transformed
metric is then (locally) flat, with the Weyl-transformed J and Q both closed and hence
defining a transverse hyperKéhler structure. Nevertheless, the fact that the metric ((7.2.34])
leads to a conformal Killing vector explains why this background is missing from the rigid
supersymmetric geometry in [119,/120]: in the latter references the corresponding bilinear
is necessarily a Killing vector. This also suggests that the conjecture made in |120] is likely
to be correct: that is, to obtain the S x S* background from a rigid limit of supergravity,
one should begin with conformal supergravity in five dimensions, rather than Poincaré

supergravity.



7.2. BACKGROUND GEOMETRY 154

Squashed S°

We consider the squashed five-sphere metric

1 1
dsg — _2(d7- + C’)2 +de? + 1 sin? O'(d192 + sin? 19dg02)
S

1
+ 2 cos? o sin? o(d + cos ¥dip)?
where s € (0, 1] is the squashing parameter and
1,
C = —5sin o(dB + cosvdy) . (7.2.38)

The coordinates o, 3,1, ¢ are coordinates on the base CP?, with 8 having period 4, ¢
having period 27, while o € [0, %], ¥ € [0, 7], and £dC is the Kéhler two-form on CP?. For

the “toric” family discussed in Chapter [6] we find

cos?o  sino

S = 7.2.39
by + by ( )

where

by = 14+V1—s2, by = 1—vV1—3s2. (7.2.40)
The other background fields are, in an appropriate gauge (i.e. not that in (7.2.10)),

b1 (b1 + bo)(by — Tbe 4 (by — by) cos 20)
44/2(by cos? o + by sin® o)
a = b12b2b2 (dr+C) ,
o i(by — be)
a 2v/2b1 by (by + by)
V2 (by — by) sin20

Ky = do = —V2dlog (b cos® o + bysin® ) .
2 by cos? o + bysin® o g V2 og (by cos” o + by sin” o)

)

(7.2.41)




7.2. BACKGROUND GEOMETRY 155

The U(2) structure is

1
K= bt + ba) (by — by + (by + by) cos 20)d
' 4b1ba(by + by) (by cos? o + by sin® o) {( 1+ b2) (b — bz + (b1 + b) cos 20)dr

1
) sin o ((bl — by)? cos 20 + b} — 4byby — b%) (dB + cos ﬁdw)} ,

sino
s = 4 <2b 4 by)do Ad
8b1bo (bl +b2)2 (b1 C0820+b2 sin? 0') [ cosa ( 1 2) o T

—bydo A (dS + cos ﬁd@)) + 2sin ¥ sin o (by cos® o + by sin® o)dd) A dgp] ,

sin g (75
Q= —'2("19bd/\d
8b1ba (b1 + b2)? (by cos® o + by sin® o) [ sin 20 (isind (bydp Adf

2(by + o) dr A dg) — 2(by + ba) A9 A d7 + by dD A (dB + cos 19dg0))

—4 (by cos® o + by sin? o) (sin¥) do A dg + idd A da)} . (7.2.42)
The supersymmetric Killing vector is
& = b10- +2(by + b2)0p . (7.2.43)

One also computes

b33 (by + by)?
105 (b1 + bs) [(by — b2)? cos 20 + b2 — dbyby — b2)]

nAdnpANdn =
2 (b1 cos? o + by sin® 0)5 (7.2.44)

X [(bf — bg) cos 20 + b3 — 6byby + bg} vols ,

where vols denotes the Riemannian volume form and n = K /S is the almost contact form.
The right hand side of (7.2.44) can have non-trivial zeros, and we thus see that in general
71 does not define a contact structure. These backgrounds arise as the conformal boundary

of the 3/4 BPS solutions of Romans supergravity constructed in Chapter @
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7.2.4 From geometry to supersymmetry

In this section we will show that any choice of transversely Hermitian structure on Mj;
defines a supersymmetric background. The background U(1)g gauge field a and the b-field
are given in terms of the geometry by . It then remains to show that the geometry
also determines the fields X5, A© and Wy, in such a way that the original spinor equations
(7.1.11)—(7.1.14)) are satisfied.

We first examine the Killing spinor equation for x. In order to proceed it is

convenient to choose a set of projection conditions (see for example [175])

YieX = VX = IX, X = X. (7.2.45)

These allow one to substitute for the fields b and K in terms of the geometry, via ((7.2.27))
and ([7.2.19)), into the right hand side of equation (7.1.11). In doing this calculation it is

also convenient to write 2 = Jy +1iJ;, J = J3 so that
J1 = e+ e, Jy = e13 — eau, J3 = ep+es. (7.2.46)

Notice that J;, © = 1,2, 3 span the transverse self-dual two-forms, and hence may be used
as a basis thereof. One can furthermore make use of various identities that easily follow
from 7 such as iy, x = JmnY"X, where myn = 1,...,4, and (87 )y x = 0 for
any transverse anti-self-dual two-form (.

In this way it is straightforward to show that the y = 5 (the ¢ direction) component
of simply imposes Oy x = Oﬂ Thus x is independent of . Taking instead pu = m,
m =1,2,3,4, one finds is equivalent to

1

1 1
VEX = 20" %X = 5(00)mX + 5(Omlog S)x, (7.2.47)

1

SWithout loss of generality we take the four-dimensional frame e!,...,e* to be independent of the

Killing vector £ = 0y.
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where V® denotes the Levi-Civita spin connection for the transverse four-dimensional
metric. Recall that the latter metric is Hermitian. It is then more natural to express
equation ([7.2.47)) in terms of an appropriate Hermitian connection, which preserves both

the metric and the two-form .J. The Chern connection is such a connection, defined by

ern 1 ern
Vi X = Omx 4 (@i )X
X (7.2.48)
where (Wi ™pg = (W5 )pa + §Jmn<dj>npq :

m m

This coincides with the Levi-Civita connection if and only if dJ = 0 (equivalently 6 = 0),
so that the metric is Kéahler.
Next, let us notice that under the Weyl transformation ((7.2.9) we have y — A2y, so

that it is also natural to introduce
X = S'%y, (7.2.49)
so that x is Weyl invariant. In this notation ([7.2.47]) becomes

vr(Tthernj% + %G/Chernx = 07 (7250)

where recall that acpern = @1 — I(0) is the Chern connection for the canonical bundle
K = A%0, given explicitly by (7.2.25). It is then a standard fact — and is straightforward
to show — that any Hermitian space admits a canonical solution y to . Specifically,
any Hermitian space admits a canonical spin® structure, with twisted spin bundles Spin® =

Spin ® K~/2. In four dimensions this is isomorphic to
Spin® = (A®? @ A%?) @ A”', (7.2.51)

where AP denotes the bundle of forms of Hodge type (p, q). In the case at hand, these are
defined transversely to the foliation generated by the Killing vector €. Under ([7.2.51)) the

1/2

Killing spinor ¥ = S~/2y is a section of the trivial line bundle A®?. Moreover, the Chern
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connection restricted to this summand is flat, with the induced connection —%aChem on the
twist factor K~'/2 effectively cancelling that coming from the spin bundle. Concretely, in
terms of local complex coordinates 2%, a = 1,2, we have (w®™) # = (9g™W),(g)7#, and
using the projection conditions one can show this precisely cancels the contribution
from . The spin® spinor Y is simply a constant length section of this flat line bundle.

1/2y is constant.

Put simply, the rescaled Killing spinor y = S~
Next we turn to the dilatino equation ([7.1.13]). Substituting for ¢ in terms of ¥,

using ([7.1.14]), after a somewhat lengthy computation one finds the dilatino equation holds

provided
AO = Z <d b—ib/\b> (7.2.52)
and
X, = —4a? —1<K K)——S( A<0>—3<da J) — ’ (Ky,dlogS). (7.2.53)
2 4 25 2 6\/_ 7]7 6 1y 4\/§ 25 g . WL
Here we have introduced the notation ¢; A *x¢py = i,(qbl, ¢2>V015 for the inner product

between two p-forms ¢1, ¢». Notice that under the Weyl scaling (|7 we have

1
—X,. (7.2.54)

1 9
A(O) — — (A(O)+§id10gA#b) , X2 — A

A

The fact that X, has Weyl weight —2 is clearly consistent with the bulk expansion ,
but the “anomalous” transformation of A in naively appears to contradict ,
for which A®) has Weyl weight —1. However, this is where the comment above equation
(7.1.5) is relevant: the reparametrization r — Ar does not preserve the subleading terms
in the metric . It is therefore not a strict symmetry of the system we have defined.
However, the leading order terms in the expansions , are invariant. This
explains why the differential constraints — have the Weyl symmetry ,
while the higher order term A arising in the expansion of the B-field does not. One could

restore the full Weyl symmetry by adding a cross term 9‘%«—”€de“ into the metric 1 ,
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so that
¢ — € —dlogA, (7.2.55)

under r — Ar preserves the form of the metric. Then % is a new background field on Ms,
and one finds

AO = —2 % [ (d+2€N) % b— %Mb : (7.2.56)
This now has Weyl weight —1, as expected, and the anomalous variation in arises
simply because we have made the gauge choice ¥ = 0 in our original expansion. In
general notice that a field of Weyl weight w will couple to a Weyl covariant derivative
9, =0, +wE,, with w =2 for xb.

It remains to show that the background geometry implies the ¢ Killing spinor equation
. At this point notice that everything is fixed uniquely in terms of the free functions
a and S, and the transversely Hermitian structure on M;s, apart from the higher order
spin connection term w,, which appears in . After a lengthy computation, in our

orthonormal frame one finds the expression

1 1
= —6v2a% — —= (K, Ky) — V2Xo — —=(da,, J) — (Ks,dlog S),
Wss (67 3\/§< 2 2> 2 2\/§< a| > < 2 0g >
1 . 1 _
Wsm = Wms = [_mZbeJ_—i_zdlogS# <2aJ+ESdp )Ll ,
A A ) (7.2.57)
Wmn — ?(K2)m(K2)n - V(4)(m(K2)n) - (gSO& dp— + Eda’l)mp{]pn

2
- <2x/§a2 + £Xz -

1 1
—= (K, Ko) + —=(dai, J) |0 -
X s K+ stdan )

42

This is manifestly real and symmetric, apart from the last term in the penultimate line.

However, it is straightforward to show that (87 )m,J%, is symmetric for any transverse

anti-self-dual two-form 8~. Thus (7.1.12)) is satisfied provided w,, is given by (7.2.57)).
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7.2.5 Summary

A supersymmetric asymptotically locally AdS solution to six-dimensional Romans super-

gravity leads to the coupled spinor equations ((7.1.11))—(7.1.14)) on the conformal boundary

Ms. These are a rather complicated looking equations for the spin® spinors x and ¢, de-

pending on the large number of background fields g, X5,a, A® b and w,, on Ms, with ¢
and y related to each other by the further background fields o and K, via ((7.1.14). How-

ever,

we have shown these equations are completely equivalent to a very simple geometric

structure:

(i)

(i)

(i)

(iv)

The five-manifold Mj5 is equipped with a transversely holomorphic foliation, with
the one-dimensional leaves generated by the (conformal) Killing vector field £ = 0y.
This structure is a natural odd-dimensional cousin of a complex manifold, and means
we may cover My locally with coordinates 1, z1, zo, where the transition functions
between the zi, zo coordinates are holomorphic. More formally we have an open
cover {U;} and submersions f; : U; — C? with one-dimensional fibres, such that on

overlaps U; N U; we have f; = g;; o fi where gj; are biholomorphisms of open sets in

C2.

This foliation is compatible with an almost contact form n = dy + p. Choose a
particular p = pg, which is defined only locally in the foliation patches, gluing together
to give the global 1. Then for fixed foliation any other choice of p is related to this
by p = po + v, where v is a global basic one-form. That is, v is a global one-form on

M;5 satisfying Lev = 0 = dgv.

One can choose an arbitrary transverse Hermitian metric ds?, invariant under £ and

compatible with the foliation.

Finally, one is free to choose the {-invariant real functions a and S (with S nowhere

Z€r0).
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We have shown that any choice of the data (i)—(iv) determines a supersymmetric back-

ground, solving the spinor equations ((7.1.11))—(7.1.14)), and conversely any such solution

determines a choice of the above geometric data. Furthermore, solving (7.1.11)—(7.1.14))

is equivalent to finding a supersymmetric asymptotically locally AdS solution to Romans
supergravity, to the first few orders in an expansion around the conformal boundary Ms5.
Of course whether or not this extends to a complete, non-singular supergravity solution,

as some of the explicit examples in section do, is another matter.

7.3 Discussion

In this chapter we have constructed rigid supersymmetric gauge theories with matter on
a general class of five-manifold backgrounds. By construction these are the most general
backgrounds that arise as conformal boundaries of six-dimensional Romans supergravity
solutions. We find that (M5, g) is equipped with a conformal Killing vector which generates
a transversely holomorphic foliation. In particular the transverse metric ¢ is an arbitrary
Hermitian metric with respect to the transverse complex structure. This is a natural
hybrid /generalization of the rigid supersymmetric geometries in three and four dimensions
constructed in [122-124], and includes many previous constructions as special cases.

Let us mention here, that an entirely different approach to defining supersymmetry on
M; is followed in [105,[172]. In [105] a twisted version of ' = 1 super-Yang-Mills theory
is defined on contact five-manifolds (Ms,n). Here 1 is a contact one-form, meaning that
n Adn A dn is a volume form. On a Sasaki-Einstein five-manifold [176] one can construct
N = 1 supersymmetric Yang-Mills coupled to matter [155]. This is essentially because the
two Killing spinors on a Sasaki-Einstein manifold satisfy the same Killing spinor equations
as those on the round sphere. For the special class of toric Sasaki-Einstein manifolds of [177]
the localized perturbative partition function has been computed in [169-171], with the last
reference also giving a conjectured formula for the full partition function. The authors
of [172] furthermore show that one can define a twisted version of N = 2 super-Yang-Mills

theory on any K-contact five-manifold.
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It is interesting to compare the geometry we find to the rigid limit of Poincaré supergrav-
ity [119,/120] and the twisting of [172]. In the former case the backgrounds naively appear
to be more general, as there is no almost complex structure singled out, nor integrability
condition. However, they do not include the S' x S* geometry relevant for the supersym-
metric index, which as we show in section is included in our backgrounds. In fact the
singling out of the almost complex structure is related to the fact that in section we
focus on the case where we turn on only an Abelian U(1)g C SU(2)g. This was motivated
in part for simplicity, and in part because the known solutions to Romans supergravity
discussed in Chapter [6] also have this property. It should be straightforward to analyse the
geometric constraints in the more general case with arbitrary SU(2)g gauge field. Indeed,
this is certainly necessary, and presumably sufficient, to reproduce the partially topologi-
cally twisted backgrounds S? x M3 of [112H114], since the SU(2) spin connection of Ms is
twisted by SU(2)g. On the other hand recall that the twisting in [172] requires that M; be
a K-contact manifold. This shares many features with our geometry, with one important
difference: for a K-contact manifold the transverse two-form is closed, so the correspond-
ing foliation is transversely symplectic; however, our case is in some sense precisely the
opposite, namely transversely holomorphic. These intersect precisely for Sasakian mani-
folds. It is interesting that these various approaches generally seem to lead to different
supersymmetric geometries, with varying degrees of overlap.

Given the geometry we find and the results of [90], it is natural to conjecture that the
partition function and other BPS observables depend only on the transversely holomorphic
foliation, i.e. for fixed such foliation they are independent of the choice of the remaining
background data (functions S, «, the one-form v defined in section , and the transverse
Hermitian metric ¢(). It will be interesting to verify that this is indeed the case, and to
compute these quantities using localization methods. Notice that locally a transversely
holomorphic foliation always looks like R x C?, which perhaps also explains why in [120]

the authors found that locally all deformations of their backgrounds were ()-exact.



Appendix A

Macdonald polynomials and the refined

S-matrix

A.1 Group theory

The finite dimensional irreducible representations of Ay are in one-to-one correspondence

with dominant integral weights,
N-1
A= Z )\Z W;
i=1

whose Dynkin labels (A1, A, ..., \y_1) are nonnegative integers. Equivalently, irreducible
representations are labeled by partitions (¢1, (s, ..., ¢y) where ¢; > {5 > ... > {y = 0, such
that

Ui = N+ X1+ o+ Av-r (A.1)

Each partition is associated to a Young diagram whose i-th row has length ¢;. For instance,

the following diagram
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in SU(4) corresponds to the partition (4,2,2,0). The partition labels (¢, 0y, ..., ¢y) are

related to the components of the weight in the orthogonal basis

. N
1

wi:€1—|—"'—|—€i—NZ€j (AQ)

7=1

where

N 1N—l
A= i€ s g = Ui — — (6 —Liiq). A3
e ¥ it~ tm) (A3)

The states in a given irreducible representation are in one-to-one correspondence with
semi-standard Young tableaux. They are obtained by filling the boxes of a Young diagram
with the numbers {1,..., N}, such that the numbers are non-decreasing from left to right
and strictly increasing from top to bottom. Finally, to each semi-standard Young tableau,
we attach the labels (nq,...,ny), where n; denotes the number of times that i appears in
the semi-standard tableau. As an example below we include a few semi-standard tableaux

for the adjoint 8 representation of SU(3) with their corresponding labels.

1 1 1 2
2] 3 2] 13

A.2 Schur polynomials and the modular S-matrix

Let us introduce coordinates a;, for j = 1, ..., N, obeying Hf\il a; = 1. For a; = €% they
are coordinates on the maximal torus of SU(NN). The Schur polynomials form a basis of
symmetric functions in the variables {ay,...,ax} labeled by irreducible representations.
The Schur polynomial of the irreducible representation of highest weight A labeled by the
partition (¢1,...,¢y) is given by the determinant formula

det aﬁiJrN_i
xala) = —— 5 (A1)

N—i
det a;
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An important property of the Schur polynomials is that they are orthonormal with respect

to the inner product on the space of symmetric functions

(fq) = / Ala) f(a)g(a™) (A2)

where A(a) is the Haar measure and the integration is over the maximal torus of SU(N).
Products of Schur polynomials decompose according to the tensor product of the irreducible

representations

X (@) xy (@) = Z N Xﬂ(a) ) (A.3)

where Ny, »," are the Littlewood-Richardson numbers.

In order to construct the modular S-matrix we introduce the Weyl weight p, which is the
highest weight of the adjoint representation of SU (). Its components in the Dynkin basis
are p = (1,1,...,1). In the orthogonal basis {¢;} , in which the simple roots are written
as o; = € — €41, fori=1,...,N — 1, the components of p are p; = (N — 25 +1)/2 .
Now consider two irreducible representations A and A" with components ; and ! in the

orthogonal basis. Then the modular S-matrix is given by

S = So0 Xa (@, s V)X (P L PN (A.4)

where X denotes the complex conjugate representation of \'.

A.3 Macdonald polynomials and the refined S-matrix

The Macdonald polynomials are symmetric polynomials in the variables {a,...,ay} that
depend on two additional complex parameters ¢ and t. They are labeled by irreducible

representations A of SU(N) and reduce to the corresponding Schur polynomials when ¢ = ¢.
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The Macdonald polynomial labeled by the irreducible representation A is

P)\(au q7t = X/\ + Z C)\,u Q7 X,u ) (Al)

p<A

where ¢, ,(¢,t) are rational functions of ¢ and ¢ that are uniquely determined by ensuring

Py(a,q,t) is a simultaneous eigenfunctions of the difference operators

ta; — a;
G, = ¢tV L =1,...,N— .
r Z H a; — aj T17 r 17 7N 17 (A2>
IC{1,...N} icl,j¢I
Il=r
where

¢ Na, ifeel

Tr:a; — (AS)
g Na,, ifidl.

Here we have included a background shift by ¢='/~ compared to the standard Macdonald
difference operators in order to preserve the condition [ a; = 1 relevant for SU(N). The

difference operators are self-adjoint with respect to the inner product

o) = [AR@s@ea. Al - ﬁlj MZH Wi a) ()

(taifaj; q)’

where (a; ¢) = [[;2,(1 — ¢'a) is the g-Pochhammer symbol. The Macdonald polynomials
are non-degenerate and orthogonal with respect to the same measure.
The product of Macdonald polynomials decomposes according to the tensor product of

irreducible representations
P)\l (Cl, q, )P)\z a Q7 ZN)\l,/\z Q7 (CL q, t) <A5)

where the N}, 5,"(q,t) are rational functions in ¢ and t.
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Analogous to the modular S-matrix, the refined S-matrix is given by
S = Soo Pa(tF, ... tPN) Py (672 g™, ... 1PN g™ . (A.6)

It is then an easy exercise to check that the ratios Sg g/S0 s are indeed the eigenvalues of

the difference operators Gr in the Macdonald limit, namely

S
Gr- Ps(ai,q,t) = %’jps(ai,q,t)' (A7)



Appendix B

S-duality kernel

It is natural to expect that the mass-deformed 7 (SU(N)) theory encodes the field theory
degrees of freedom on a so-called S-duality domain wall in the N' = 2* theory [144,|178].
Such a domain wall is defined so that the four-dimensional theories on either side are
related by the transformation S : (1,m) — (—1/7, —m). In this appendix we will verify
that this is indeed the case if we assume that G, is the partition function on the half-sphere
with Dirichlet boundary conditions.

Before introducing the S-duality domain wall, let us briefly consider the ellipsoid parti-
tion function Z Sa of the N = 2* theory with gauge group SU(N). The AGT correspondence
relates this to a Toda correlator on the once-punctured torus. We thus expect that the

ellipsoid partition function transforms as a modular form [179|

Zgs(—m; —=1/7) = |72 Zgs(m; 1), (B.1)
with modular weight
N(N -1 2

This modular property of the ellipsoid partition function is guaranteed if the half-sphere
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partition function G, transforms as
Gy(—m,a; —1/7) = (—iT)A(m)/da’ub(a') Zy(a;,a’ ,m) Gy(m,d';7), (B.3)
where we integrate over a real slice of the Coulomb branch. The integration kernel
Zy(a,a’;m) must obey two important properties:
(i) It must obey the symmetry Zy(a,a’,m) = Z(d’,a, —m).

(ii) It must be unitary with respect to the measure p;(a) da, in the sense that
/da up(a) Zy(a’;a,m) Zy(a,a”,—m) = wp(a’)d(a’,a"). (B.4)

Now consider the ellipsoid partition function with the insertion of an S-duality domain
wall. Assuming that G, is the half-sphere partition function of the N/ = 2* theory with
Dirichlet boundary conditions, the S-duality partition function on the squashed four-sphere

should be given by

/da p(a) Go(m, a; 7) Go(—m, a; —1/7) =

:/da,u(a) /da’,u(a’) Gy(m,a;7) Zy(a,a’,m) Gy(m,a'; 7). (B.5)

Consequently, Z,(a,a’,m) should encode the gauge degrees of freedom localized on the
domain wall. Specifically, we expect that Z,(a, a’, m) is the partition function of the mass-
deformed T (SU(N)) theory on a squashed three-sphere.

In this context, the symmetry Zy(a,a’,m) = Zy(a’,a,—m) is equivalent to three-
dimensional mirror symmetry. The unitarity property follows because the partition
function Z(a,a’,m) is an eigenfunction of the self-adjoint operator Gg’d) with respect to

the measure p,(a)da (see equation (5.1.9))). Indeed, let us denote the integral (B.4) by

I(d',a") = /daub(a) Zy(a',a,m) Zy(a,a”,—m) . (B.6)
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The self-adjoint operator Gg’d)(a’ ) can act inside this integrand in either direction, which

must lead to the same answer. Consequently we find
(Wr(a) — Wgr(a")) Z(a,a") = 0, (B.7)

where Wg(a) is the expectation value of a Wilson loop in the representation R. This

implies that the integral vanishes if a # a” modulo Weyl transformations.

B.1 Example: A =4 theory on S*

Let us check the above transformation properties of the half-sphere partition function G,
on the round four-sphere, when b = 1, and in the N’ = 4 limit, when m — 0.

First, we compute the explicit expression for G,—; (7, m, a;) for gauge group SU(N). Its
one-loop contribution simplifies to the formula

T Q5

1
Gi-toop(m, a;) = T E sinh(7a;;) ,

(B.1)

where a;; = a; — a; with the constraint that Zfil a; = 0. Its classical contribution times

its instanton contribution is given by

N 2

gcl(&i; T) ginst(ai; 7—) = €—7ri7'( =t ai) n(T)liN ) <B2)

where 7(7) is the Dedekind 7-function. This can be argued as follows. If the gauge group
would be U(N), the instanton contribution would be G,v = 1 [180]. For gauge group
SU(N), however, one must first divide by the U(1) factor. We can find this U(1) factor

by comparing with the ¢ = exp(7)-expansion of the Toda conformal block
Flagr) = ¢>@75 Y ¢ F. (B.3)
k

In particular, using the known expressions for the Toda central charge ¢ and the momentum
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A(a;), we can verify the classical contribution to G Gins for any N. Furthermore, we can
match the full expressions in an expansion of the instanton parameter g for N = 2, 3.

Putting the pieces together, we have

Ta;j

n
V2 H sinh(ma;;)

Go—1(ai;7) = emm(Tkied) (r) . (B.4)

After performing (N — 1) Gaussian integrals we find the partition function

1

Z B.5
si, (1) o 7(7) 28D T (r)(¥>-D/2 (B.5)
which transforms as expected under S-duality
1
2, (-3) = 12,00, (5.6)

We have indeed verified this for N = 2,3. In the above, we have used pp—1(a) =
[[;-; 4sinh(ma;)?* and A(0) = RIGES

We can also check that the three-sphere partition function

N Dpes, (TR w0
Zp— iy ;) — )
o= ) [[ic; 2sinh7(a;;) 2 sinh 7(aj;)

(2

(B.7)

is the S-duality kernel for the half-sphere partition function G,—1(7,a;). This is again a
matter of performing Gaussian integrals and using the modular property of the n-function.

In particular, for N = 2,3 we explicitly verified that

—N(N 1)

/ da, iy (al) Zpr (a5, 0) Gy (s 7) ~ (—i7) TGy (a1 /7).

This completes the argument and gives some evidence that G, is indeed the half-sphere

partition function with Dirichlet boundary conditions.



Appendix C

Factorization of Toda 3-point function

Let us briefly review some properties of special functions we need in order to manipulate
one-loop contributions. As in the main text, b € Ry, is a real parameter and we define
q = b+b~!. The double gamma function I'y(z) is a meromorphic function of x characterized

by the functional equation
Ty(z+b) = V2 b 2Ty(x)/T(ba), (C.1)

where I'(z) is the Euler gamma function and its value I'y(¢/2) = 1. We will also need the
double sine function, which is a meromorphic function that can be defined in terms of the
double gamma function by the formula Sy(z) = I'y(x)/T'y(¢ — x). The double sine function

is characterized by the functional equation
Sp(x +b) = 2sin(wbx)Sy(z) . (C.2)

We will furthermore need the function Yy(x)™' = [y(x)[y(q—z), which is entirely analytic.
A more complete discussion of the properties of these functions can be found, for example,
in [181].

Let us begin by considering the three-point function C(z,2Q — z,v) in Ay_; Toda

theory corresponding to the trivalent vertex in the pants decomposition of a torus with

172
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a simple puncture. The momentum in the internal channel z = @) + ia, with a € R, is
non-degenerate and describes a delta-function normalizable state, while the momentum
v = N(q/2+im)wn_1, with m € R, is semi-degenerate. Substituting these momenta into

the more general result of |182,/183] we find that

ﬁ‘ Tb (1aw) Tb (—iaij)
C(2,2Q — z,v) = f(m) =2 , (C.3)

N
IT Y (% + 1a;; + im)
ig=1

where a;; = a; —a;. The proportionality factor f(m) is independent of the internal param-
eter a. We will not need to know the details of f(m) and so it will be omitted whenever
convenient in what follows.

The complete correlation function on a torus with simple puncture is

/da C(2,2Q — z, ) F(z, p;7) F(z, 15 7) (C4)

where F(z, u; 7) are the Wi-algebra conformal blocks. This correlation function computes
the ellipsoid partition function of the four-dimensional N” = 2* theory on an ellipsoid, with
the parameters identified as in the main text.

We now consider two different ways of factorizing the three-point function and absorbing
it into the Wiy-algebra conformal blocks. The first way is chosen to maximally simplify
the expressions for the Verlinde operators and we expect that this corresponds to a half-
sphere partition function of N = 2* theory with Dirichlet boundary conditions for the
vectormultiplet. The second way corresponds to computing the Nekrasov partition function

of the N/ = 2* theory with deformation parameters ¢; = b and e, = b~ 1.

C.1 Normalized conformal blocks

Let us express the Toda three-point function in terms of double gamma functions and ma-

nipulate the answer into a convenient factorized form. For the hypermultiplet contribution,
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we have 2
H T, ( +la;; + ) H I, ( + ia; 1m> (C.1)
,j=1 i)
For the vectormultiplet contribution
N N 1 )
g Ty (iaij) Ty (—iai;) = p(a) g Ty (¢ + iay) Ty(q — iay) | (C.2)

where p(a) is the 3d partition function of an N' = 2 vectormultiplet on a squashed three-
sphere [184], which is identified here with the equator {z¢ = 0}.
As described in the main text, we can now absorb the three-point function into the

W-algebra conformal blocks, by defining new renormalized blocks

N
Gla,m;T) = Nw=1 F(a,m;T) (C.3)
1T (g +iai;) Ly(g — iaij)

i<j

such that the correlation function becomes

/da w(a)| Gla,m;7)|*. (C4)

In order to transform between Verlinde operators acting on F(a, m; 7) and those acting on
G(a, m;T) we have to conjugate by the factor in front of F(a,m;7) in equation (C.3]).

Let us concentrate on the Verlinde operator corresponding to the fundamental 't Hooft
loop. Acting on the unnormalized conformal blocks, the difference operator has been

computed in [61]. The result is given by

Z H I (iba;) I" (bg + ibay;) A, (C.5)

I (% +ibay; — ibm) T (% + ibay; + ibm)

J=1

where we have introduced the notation A; : @ — a + ibh;. Now, by patient and repeated

application of the functional equation for the double gamma function, we find that the
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conjugated operators are given by

N[N _. P
Z 1—151n7rb(2+1akJ im) A, (C.6)

prll sin b (iax;)

as claimed in the main text. With patient bookkeeping, the same computation can be
performed for the difference operators in any other completely antisymmetric tensor rep-

resentation.

C.2 Nekrasov partition function

For comparison with the exact computation of an 't Hooft loop on the four-sphere in [58],
it is necessary to consider another factorization of the Toda three-point function. In this
factorization the difference operators act on the Nekrasov partition function Z(a,m;7),
with ¢, = b and €5 = b1,

Thus we now express the three-point function as

C(z,2Q — z, ;) = f(m)| Zl_lo"p(a, m;T) |2 , (C.1)
where
N 1/2
H‘ Tb (1aw) Tb (—iaij)
Zl_IOOp(CL, m; 7_) — lj<vj (02)
‘Hl Tb (% + iaij + 1m)
1,J=

is the one-loop contributions to the Nekrasov partition function and f(m) is independent
of the internal momentum a as before. The classical and instanton contributions to the
Nekrasov partition function are encoded in the Wy-algebra conformal blocks. Thus, up to

the factor f(m), the complete Toda correlator can be expressed as

/da!Z(a,m;T) 2, (C.3)
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in agreement with the exact computation of the partition function of the N' = 2* theory
on an ellipsoid in [149].

To obtain difference operators acting on the Nekrasov partition function, it is easier at
this stage to start from the relationship to the normalized Wy-algebra conformal blocks.
In fact, from the relationship between the double gamma, the double sine functions and

upsilon functions, we find that

N 1/2
I So(q +1ai;)Se(q — iaij)
Z(a,m;T) = = ~ Gla,m;T). (C4)
Hlsb(g +ia;; +im)
ig=

Now, using the functional equation for the double sine function, we conjugate A; with the

prefactor in ((C.4) and we obtain

[ ﬂ sin7h (£ + iag; + im) sin wb(iay;) 2 (C5)
) : :

oy sin b (% +iag; — im) sin wh(q + iay;

Thus, combining with equation ((C.6)), we conjecture that the fundamental 't Hooft loop
operator acting on the Nekrasov partition function with ¢, = b and €, = b~! has the general

form
1/2

A, (C.6)

zk: ﬂ sin b (% +iak; + im) sin b (% +iag; — im)
sin b (iax; ) sin wb(q + iax;)

J=1 L k#j
This agrees with the exact computation of the fundamental 't Hooft loop operator in the
case of a round four-sphere b = 1 [58]. Again, with patient bookkeeping the same conclusion

can be reached for 't Hooft loops labeled by any antisymmetric tensor representation.



Appendix D
Supergravity Killing spinors

Having found the supersymmetric solutions for the gravity dual of a squashed five-sphere
in Romans F'(4) gauged supergravity (as presented in the main text), we now proceed
to solve the dilatino (6.2.7)) and Killing spinor equation (6.2.6) for the Killing spinors ey,
I=1,2.

1/4 BPS solution

For the 1/4 BPS solution we find

~—~ o
>~
I
—~
=
SN—

o~
no
|
.
o o o 3 o o o
~—~
=
~—

<
~—

|

S
oo T o o o

—~

=

N—

where

k’l (7’) =

66 T 432

r

_3)s _ 3)2,2 _ 3/2
\/;+(fo 3)L+5(f0 3)"s” +6(4/0 = 9) (1) n
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br) = vi- 2Ly

5(jb —’3)282'+’6(4jb —'9)

ORG

432

3/2
) i

(D.2)

as expansions around the conformal boundary at r — oo. The Killing spinors contain

two constants of integration cy. These constants are generically complex, but imposing

the symplectic Majorana condition enforces certain reality conditions. The functions k;(r)

depend only on r and can also be expanded around Euclidean AdS.

Supersymmetry gets enhanced for the case fo = 0 (or w = 0). In this limit the gauge

field vanishes and the two Killing spinors e¢; for I = 1,2 decouple and have the same

structure. They read

€ =

0(12) ky(r)e
3iT
2

cgl) ko(r)e™ "z

where cgj ) for j = 1,2 are the integration constants and k;(r) are as in (D.2)) with fo = 0.

This solution may be referred to as the 1/2 BPS solution.

3/4 BPS solution

For the 3/4 BPS solution we find

kQ(T)

(1 iz

|

cos o + i)\+(s)ei% SS) sin 0'i|

0

iks(r) [sin o —ir,(s)eiz S cos a}

iks(r)Ay (s) e 15 51

—iky(r) [cos o+ i)\+(8)ei% S(j) sin a}

0

ki(r) [Sina - i)\+(s)ei%8(+l) cos 0]

ky () Ay (s)e 12 5%




D. SUPERGRAVITY KILLING SPINORS 179

0
iky(r) [cosa —iA_(s)e 25 sin a}
— k1 (r)A_(s) elé” 5<2>
k1 (r) [sm o+ iX_(s)e” ) cos a}
0
ko (r) [COS o— i)\(s)e_i%S(,l) sin 0’}
iks(r) A_(s)eit §@
—iks(r) [Sina +ir_(s)e 25 cos a}

o

where we have introduced

0 0
Sﬁ) = Sg)(ﬁ,gp) = as_f’)ei B cos 5 — CLS_L)ejF12 sm§,
. 0 : 0
Sf) — Sf)(ﬁ, p) = as_g)ej”% cos 3 + af)eh% sin 5

Ae(s) = HAvizs 21_52 : (D.6)

The Killing spinors now contain in total six constants of integration ai), 1 =1,2,3. Impos-

ing the symplectic Majorana condition enforces certain reality conditions. The functions

k;(r) expanded around the conformal boundary are

Rr) = AT ;1‘82¢F+%%+
ko(r) = \fr— 5”16?/52 ﬁ+...,
—14++v1—52 1 1
B = = 7“‘77
5V1—52-3

6\/68 W *

(D.7)

]{4(7’) = \/;‘i‘

From the expansion (D.2)) and (D.7) the corresponding Killing spinors at the boundary

r — oo can be read off. They precisely agree with their corresponding 5d counterparts

(6.1.13) and (6.1.14).
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