Textured Exciton Insulators

Yves H. Kwan," * Ziwei Wang,? * Glenn Wagner,? Steven H. Simon,? S.A. Parameswaran,®* and Nick Bultinck®

! Princeton Center for Theoretical Science, Princeton University, Princeton NJ 08544, USA
2 Rudolf Peierls Centre for Theoretical Physics, Parks Road, Ozford, OX1 3PU, UK
3 Department of Physics, University of Zurich, Winterthurerstrasse 190, 8057 Zurich, Switzerland
4 Max Planck Institute for the Physics of Complex Systems, Néthnitzer Str. 38, 01187 Dresden, Germany
5 Department of Physics, Ghent University, Krijgslaan 281, 9000 Gent, Belgium

We introduce and study new interacting topological states that arise in time-reversal symmetric
bands with an underlying obstruction to forming localized states. If the U(1) valley symmetry
linked to independent charge conservation in each time-reversal sector is spontaneously broken, the
corresponding ‘excitonic’ order parameter is forced to form a topologically non-trivial texture across
the Brillouin zone. We show that the resulting phase, which we dub a textured exciton insulator,
cannot be given a local-moment description due to a form of delicate topology. Using toy models of
bands with Chern or Euler obstructions to localization we construct explicit examples of the Chern
or Euler texture insulators (CTIs or ETIs) they support, and demonstrate that these are generically
competitive ground states at intermediate coupling. We construct field theories that capture the
response properties of these new states. Finally, we identify the incommensurate Kekulé spiral phase
observed in magic-angle bi- and trilayer graphene as a concrete realization of an ETI.

I. INTRODUCTION

Understanding the insulating state remains an endur-
ing challenge in condensed matter physics. An early dis-
tinction was drawn between band insulators — where the
insulating behaviour is driven by interactions of electrons
with the periodic lattice of positive ions — and Mott or
correlated insulators, which require electron-electron in-
teractions. This has since been greatly enriched by the in-
jection of ideas from both symmetry and topology, most
famously with the prediction [1-7] and subsequent dis-
covery [8, 9] of topological insulators and their myriad
generalizations, leading to a finer classification of band
insulators. An equally important yet perhaps less widely
known theme is the recognition that in many cases cor-
related insulators must either break symmetries or host
emergent fractionalized excitations [10-14], features that
arise from the interplay of crystalline and time reversal
symmetries with charge or spin conservation. Together,
these ideas serve as key organizing principles for classi-
fying different insulating phases of matter.

A traditional starting point for understanding inter-
acting insulators takes an atomic limit wherein the elec-
tron charge is frozen on lattice sites, so that the ultimate
phase structure is decided by the behaviour of other on-
site degrees of freedom, most commonly the electron spin.
However, such a description in terms of ‘local moments’
can be obstructed in situations where the combination of
symmetry and band topology forbids the construction of
localized orbitals for the low-energy electrons [15-17].

In this work, we introduce new examples of broken-
symmetry correlated insulators that cannot be under-
stood from a local-moment picture. The absence of such
a description ultimately stems from the obstruction to
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a symmetry-preserving localized Wannier representation
as dictated by the non-zero Chern or Euler invariants of
the underlying symmetry-unbroken bands. This forces
any ‘excitonic’ order parameter describing the breaking
of one of the protecting global U(1) symmetries within
these bands to form a topologically non-trivial texture
across the Brillouin zone. Although this texturing is
typically disfavored at strong coupling, we demonstrate
that it characterizes the generic non-fractionalized and
translation symmetry-preserving insulating state at in-
termediate coupling. In the latter regime, the frustration
between kinetic dispersion and exchange ferromagnetism
enables such texturing to be energetically competitive.
We explore properties of these new insulating states via
a series of toy models and effective field theories. (We
use the terms ‘Chern texture insulator’ (CTI) or ‘Euler
texture insulator’ (ETI) — omitting ‘exciton’ for brevity
— to reflect that these arise from distinct obstructions,
and reserve the umbrella term ‘textured exciton insula-
tor’ to describe both collectively.) We then show that
the previously-predicted ‘incommensurate Kekulé spiral’
(IKS) [18] state of matter in magic-angle graphene bilay-
ers and trilayers is an example of an Euler texture insula-
tor, and explain the hitherto-mysterious fact that it only
emerges in the presence of strain. Given the recent ob-
servation of IKS order via scanning tunneling microscopy
(STM) [19, 20], this connection immediately roots the
ETI in experimental reality. In a companion paper [21],
we use numerical Hartree-Fock studies to identify sev-
eral Chern-obstructed moiré materials as candidates for
realizing CT1Is.

A. Motivation

We motivate our considerations by introducing the
simplest setting in which a textured excitonic insulator
can arise, consisting of a pair of degenerate Chern bands
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FIG. 1. Schematic representation of a Chern tex-
ture insulator from C = +1 bands. Top plots show the
non-interacting band structures e, (k) in valley 7 = + with
Chern numbers C; = +1 and corresponding creation oper-
ators CL’T. The I'-point, where the dispersion has its mini-

IVC

mum, is indicated with a cyan (magenta) square in 7 = +
(=). The maximum of the dispersion is at 7P. Mid-
dle plot shows the momentum-dependent valley pseudospin
order n(k) in the CTI; state at half-filling in a smooth
gauge. The pseudospin order is defined by its components
ni(k) = ZTJ/ <EL,T0'3,T/5)¢,T/>, where o° is a Pauli matrix with
= 2,9, 2, 5L7+ = CL’_,_, and EL’_ = cL_,_q’_. Intervalley co-
herence hybridizes k in 7 = + with k+q in 7 = —. The
spiral wavevector q is influenced by kinetic energy consider-
ations, e.g. aligning the band maximum at P in 7 = 4+ with
the band minimum at I" in 7 = —. Color shows the 7. com-
ponent, which is also related to the Berry curvature. n(k) is
defined using a smooth gauge, which implies that the order
parameter winds by 47 around the Brillouin zone due to topo-
logical considerations. Bottom plots illustrate Bloch spheres
with the pseudospin n(k) corresponding to valley polarization
along 7 = +, valley polarization along 7 = —, and intervalley
coherence respectively.

with C; = 7C, distinguished by a time-reversal-odd ‘val-
ley’ index 7 = 4+1. Such a valley degree of freedom is rel-
evant to several semiconductors, graphene [22-24], and
moiré materials. We will assume that this is a purely in-
ternal degree of freedom’ that realises a U(1)y symmetry,
equivalent to the independent conservation of charges in
each valley. Working at an electron density sufficient to

fill one of the two bands sets the stage for one of the ba-
sic questions we explore in this work: how do repulsive
interactions open a gap in this time-reversal invariant
system?

Opening an insulating gap in the absence of general-
ized translational symmetry breaking® or fractionaliza-
tion requires the spontaneous breaking of (at least) one
of the two symmetries: time-reversal or U(1)y [10-12].
The first case is easy to understand: electrons can form
a fully valley-polarized (VP) phase termed an orbital
Chern insulator [25-28]; for |C| = 1 this has the same
underlying topology as a Landau level, and is hence non-
localizable. Breaking U(1)y symmetry is more subtle,
since this implies inter-valley coherence (IVC), i.e. a non-
zero expectation value of the form Ay = <civkc_7,k,>,
which is equivalent to an ‘exciton condensate’ where the
pairing is between a particle and a hole taken from bands
with equal and opposite Chern numbers. For topologi-
cal reasons, such an order parameter cannot be constant
throughout the Brillouin zone of allowed momenta k, k’,
and is forced to vanish within it, making it energeti-
cally unfavorable at strong coupling unless interactions
are tuned into a regime that is physically difficult to
achieve [25]. Therefore the resulting inter-Chern coherent
U(1)y-breaking states were considered unlikely to emerge
in the flat-band, strong coupling limit [25, 27, 29]. Sim-
ilar arguments can also be applied to ‘Euler-obstructed’
bands®, characterized by a Cy,7 symmetry (a composi-
tion of time-reversal and a m-spatial rotation), which can
in a sense be viewed as a ‘doubled’ version of the C' = £1
problem described above.

As we motivate shortly, upon introducing a finite band-
width that moves the problem away from strong coupling,
a new type of U(1)y-breaking state, that we term the
‘Chern texture insulator’ (CTI), emerges under generic
conditions. The structure of the CTI is best understood
by considering how the valley order parameter evolves
across the BZ: it lies at the poles of the valley Bloch
sphere (indicating maximal VP) at a pair of time-reversal
conjugate points (‘nodes’) in the BZ, but rotates gradu-
ally to lie in the plane (indicating maximal IVC order)
away from these points (see Fig. 1). The mandates of the
underlying band topology are satisfied by a 27 winding
of the IVC order about each of the nodes. (Formally, the
pattern near each node is that of a ‘meron’ [32-34].) If

1 In the moiré setting this is an excellent approximation facilitated
by the separation of atomic and superlattice scales. However, the
spatial structure linked to valley degrees of freedom is important
when considering experimental probes, especially STM.
Generalized translation symmetry is generated by the valley-
dependent operator TReiq‘RT/2, where q is some wavevector,
and T is the usual translation operator by a lattice vector
R. Note that the Lieb-Schultz-Mattis constraints [10-12] can
be straightforwardly applied to generalized translations [18].
Previous work has considered the related but distinct question of
Euler-obstructed Cooper pairing in bands with non-trivial Euler
number [30] (see also Ref. [31]).
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the two nodes have the same VP, the texture breaks time
reversal, leading to a |C| # 0 state with coexisting time
reversal breaking and IVC. This state, that we dub the
tilted-valley-polarized (TVP) insulator, cannot be local-
ized for the same reason as the orbital Chern insulator
(although we show below that its IVC properties mark it
as a subtly distinct toplogical phase). In contrast, if the
nodes have opposite VP the texture can preserve time
reversal. The resulting phase, the CTI, has C' = 0 so
it is not obvious whether a similar order could arise in
a model of local moments. We address this question in
Sec. I B by describing the topological properties of this
state.

The stabilization of IVC in this intermediate-coupling
regime can be motivated from the fact that a finite band-
width favors an equal occupation of the two valleys, while
Coulomb interactions seed exchange ferromagnetism. A
final axis of complexity arises from the freedom of the
IVC to involve electrons at k — 7q/2 in valley 7; when
q # 0 the order parameter is a ‘spiral’ in valley space.
This allows the system to lower the energy cost of the tex-
tured exciton insulator by adjusting the points where the
electron is polarized in valley 7 to coincide with minima
of the dispersion in that valley. The problem of optimiz-
ing q to achieve the lowest energy can be framed in terms
of a heuristic ‘lobe principle’ that appropriately aligns
the dispersion minimum in one valley with the disper-
sion maximum in the other valley [18]. The combination
of this freedom as well as the ability of the valley order
parameter to smoothly evolve from VP to IVC across the
Brillouin zone — thereby minimizing the loss of exchange
energy — together explain why the textured exciton insu-
lator emerges as a competitive ground state for non-zero
dispersion (and also why it was missed in previous varia-
tional studies). The additional variational freedom of the
state to adjust its choice of q in response to changes in
twist angle, strain, etc. also explain why it is a relatively
robust energetic state that survives in experimentally re-
alistic systems [19, 20].

B. Topology of the Chern Texture Insulator

In order to understand the topology manifested by the
CTI, it is useful to first distinguish three types of topol-
ogy encountered in band theory: namely, ‘strong’, ‘frag-
ile’; and ‘delicate’. The distinction between trivial and
strong topological phases is robust against the addition
of any number of topologically trivial filled or empty
bands*. In contrast, fragile topological phases can be
trivialized upon the addition of filled trivial bands, i.e.
valence bands that lie below the Fermi energy [35-37].
Finally, the recently-introduced notion of delicate topo-
logical phases refers to those unstable to adding addi-
tional filled or unfilled bands either above or below the

4 This is linked to the notion of ‘stable equivalence’ in K-theory.

Fermi energy (i.e. both in the conduction and valence
subspaces) [38, 39]. The distinction between the forms
of topology can depend on the symmetries imposed: for
example, the flat bands of TBG exhibit strong topology
if the (approximate) particle-hole symmetry is elevated
to an exact symmetry [40, 41], but otherwise only exhibit
fragile topology [42-47]. Which of these notions applies
to the Chern texture insulator?

To address this question conceptually, we now intro-
duce a simplified four-band model that captures the es-
sential topological features while abstracting away de-
tailed energetics. (We simply sketch the arguments here
and defer detailed computations to Appendix A.) Con-
sider the Bloch Hamiltonian

H=[d(k)-o]77, (1)

where 7% labels the U(1) charge, and the Pauli matrices
o' act on an orbital index labelled by A and B. We take
the time-reversal symmetry (TRS) to act as T = 77K
(K : 4 — —i is complex conjugation), which implies that
d. (k) and d, (k) are odd functions of k and d,, (k) is even.
We can introduce a topological gap while preserving both
U(1) and 7 by choosing d(k) such that the unit vector
d(k)/|d(k)| covers the unit sphere once, resulting in a
lower (upper) band with valley-dependent Chern num-
ber C = 1, (—7,). Half-filling the lower band subspace
furnishes a setting for the CTT: a pair of |C] = 1 bands
that are exchanged by 7, a global U(1)y symmetry cor-
responding to the valley charge conservation, and enough
electrons to fully fill exactly one band. (If we take charge
neutrality to coincide with the gap between the lower and
upper subspaces, this corresponds to filling v = —1.)
Now, we observe that since C # 0, it is impossible
to choose a smooth and periodic gauge for the Bloch
functions for any single band, and this forces slower-
than-exponential decay of their Fourier transform, i.e. the
Wannier functions [48]. Hence it is impossible to con-
struct exponentially localized Wannier states while pre-
serving U(1)y (unless, of course, we hybridize the lower
and upper bands). We now argue that upon introducing
intervalley coherence and hence spontaneously breaking
U(1)y, it is possible to remove this obstruction by hy-
bridizing only the lower bands in the two valleys. This
is especially transparent for the model in Eq. (1). To
see why, first note that it is possible to build a perfectly
localized valley-polarized v = —1 state by hybridizing
upper and lower bands within a single valley (say, the
one with 7, = 1) — for example, we could simply place
a single electron in the A orbital in each unit cell. Evi-
dently, such a state has inter-Chern but not inter-valley
coherence. Next, we note that by construction the or-
bital wavefunction of the C' = —1, 7, = —1 lower band is
exactly equivalent to that of the C' = —1, 7, = +1 upper
band. Therefore, by starting with the wavefunction of
inter-Chern valley-polarized state described above writ-
ten in the band-and-valley basis and simply swapping la-
bels in the C' = —1 sector (simultaneously from 7, = +1
to 7, = —1 and upper to lower), we obtain an inter-



Chern and inter-valley coherent state built solely from
the lower bands in each valley. The resulting occupied
inter-valley coherent band has C' = 0 and hence admits
an exponentially-localized Wannierization [49].

Nevertheless, a vestige of the underlying obstruction
remains if we consider correlation functions of operators
with a definite U(1)y charge: such correlators cannot be
made strictly on-site. To see this, we argue by contra-
diction. For a fermion bilinear to have a purely on-site
expectation value, its Fourier transform must be constant
across the Brillouin zone. However, the non-zero Chern
number implies that each of the two orbital components
of the valence band Bloch states in a single valley van-
ish at least once in the Brillouin zone. Therefore, in the
state we have constructed, any momentum-space fermion
bilinear with a definite valley charge will pick up such
zeroes, obstructing its adiabatic continuity to a constant
non-zero value. Hence we conclude that such expectation
values cannot be made fully onsite. Thus, we find that
such operators retain a memory of the non-trivial topol-
ogy of the U(1)y-symmetric bands, which manifests itself
as an obstruction to a trivial atomic limit with strictly
on-site correlations. Perhaps more intuitively, we argue
(see Appendix A) that as a corollary, the charge vari-
ance within a single unit cell is always non-vanishing.
In a true ‘local moment’ picture we would expect that
such charge fluctuations vanish. This is similar to the
notion of ‘multicellularity’ introduced in the context of
delicate topological phases [38]. This analogy suggests
that the obstruction to making operators with definite
valley charge onsite can be removed if we mix in another
set of trivial orbitals either above or below the Fermi en-
ergy. We confirm explicitly that this is indeed the case
in Appendix A.

We conclude from this that the CTI exhibits an ob-
struction to an atomic limit that is a form of delicate
topology inherited from the fragile/strong topology of the
parent bands. While mixing with other bands can remove
this obstruction, this is typically penalized energetically
in many settings, making the delicate topological limit a
good starting approximation. In fact, we will show that
the CTI generically (i.e., except possibly for a measure-
zero set of parameters) belongs to the subset of delicate
topological phases that exhibit a stronger form of ‘non-
compact’ topology [50]°. This means that there exist no
Wannier functions which are strictly compact, i.e. they
can be exponentially localized but with tails extending
to arbitrarily distant unit cells.

While the model we have introduced is highly sim-
plified, we will show that its important features apply
more generally, to systems with either non-trivial strong
or fragile topology in the symmetric bands.

5 Note that it is not known if being delicate is a sufficient condition
for non-compactness [50], hence this requires a separate analysis.

C. From Chern to Euler Textures

The Euler texture insulator (ETT) poses a conceptually
distinct setting from the CTI. Here, the minimal model
involves two bands in each valley — four in total — as
required in order to define a nontrivial Euler class [40, 43,
51]. This is associated with a symmetry that acts within
a single valley — for example the Co.T symmetry in TBG
— and forces the two bands in a valley to be linked by
a pair of Dirac points with the same winding number
(which is reversed in the other valley). Our goal is to find
a Co,- and '7Ad—preserving insulator at v = £1, such that
we have enough electrons to fill exactly one of these four
bands. Attempting to replicate the CTI construction in
the ‘Chern bases’ within the four-band subspace would
break Cs, symmetry, necessitating a different approach.

Recall that in the CTI, gaplessness due to the topo-
logically mandated zeros in the U(1)y order parameter
was evaded by valley polarizing in the vicinity of these
nodes. Imagine now that we are instead in the ETT set-
ting, where even before imposing any IVC we have gap-
less Co, T-mandated Dirac nodes in each valley, which we
can view as a local singularity in the Bloch states. We can
then bring the Dirac points in one valley, say 7 = +, into
coincidence with non-singular patches of the BZ in the
opposite valley with 7 = —1 (if necesssary, by boosting
the momentum in one valley) and then choose to locally
polarize into this non-singular valley. TRS then forces us
to do the opposite for the singular points in the 7 = —
valley, and we are then free to impose IVC everywhere
else (one can show that this IVC would have to involve
both inter- and intra-Chern components). The resulting
valley texture is similar to that of the CTI, but plays
a subtly different role: instead of directly gapping out
nodes in an IVC order parameter, here the valley tex-
ture instead ‘hides’ the Euler-enforced band singularity
in one valley by forcing the electrons into the other val-
ley where the singularity is at a different point of the BZ,
and vice-versa. It is because of this distinct topological
role played by a superficially similar valley texture that
we distinguish the CTI and ETL.

The preservation of Co, has further important impli-
cations for the topological response of the ETI, making
it distinct from the CTI; one can instead view the ETI
as symmetry-tuned to a boundary between two distinct
CTTIs with opposite choice of valley Chern number. The
ETI is also a delicate topological phase in that it can be
trivialized by hybridizing with additional trivial bands.

D. Plan of Attack and Outline of This Paper

Itinerancy, interactions, and topology each play an im-
portant role in the CTI and ETI. Understanding the in-
fluence of each of these ingredients is a challenging task,
that we address by deploying a series of models and ap-
proximations. In outlining these now, we also sketch the
organization of this paper.



We begin in Sec. II by introducing the CTI within
the context of the so-called ‘Lowest Landau level’ (LLL)
model, which comprises a pair of LLLs with valley-
contrasting magnetic fields (and hence opposite Chern
numbers) subject to a periodic potential. The LLL basis
states are caricatures of the strong-coupling bands that
are used as a starting point for study of several graphene-
based moiré materials, while the finite dispersion allows
us to move away from the flat-band limit and into the
intermediate coupling regime. This setup, first studied
in Ref. [25], is relevant to Ch,-violating moiré platforms
which can have isolated valley Chern bands in the single-
particle band structure. As discussed above, the IVC
order parameter cannot be uniform due to the Chern
obstruction. To address this, Ref. [25] introduced the ex-
citon vortex lattice (EVL), a candidate IVC phase that
is gapless due to the presence of vortices in the IVC or-
der parameter. This phase, among others, was predicted
to compete with the valley-polarized Chern insulator in
the presence of finite dispersion and/or valley interaction
anisotropy. In our self-consistent Hartree-Fock (HF) cal-
culations, we find that the phase diagram is dominated
for a large parameter regime by a previously overlooked
phase: the Chern-texture insulator, which we identify as
the CTI;5. We demonstrate that the CTI; can be viewed
as a gapped version of the EVL, where the vortex cores
are converted into merons whose positions are dictated
energetically by the lobe principle. We also identify a
second |C| = 1 insulating phase distinct from the fully
valley-polarized phase positioned between the CTI; and
the fully valley-polarized phase, that we dub the tilted
valley polarized (TVP) insulator.

To generalize the problem to capture ‘Euler-obstructed
bands’ — as relevant, for instance, to TBG — we must
include Cs, symmetry. This is done, in Sec. III, by con-
sidering a setup with two bands in each valley with net
non-zero windings at Dirac point band touchings (equiv-
alent to non-zero Euler number). We argue that at half-
filling of the conduction or valence bands, a valley U(1)
breaking insulating mean-field state with Co.T symme-
try must be an ETI, which is a Cy,-symmetric generaliza-
tion of the CTI discussed previously, where the role of the
valley texture is to ‘hide’ the Dirac nodes — which are
mandated by C5,7 — by locally valley-polarizing in the
BZ so as to empty the valley in which the nodes occur.

In Sec. IV, we further investigate various properties of
the CTI; and TVP via low-energy effective field theo-
ries, which we use to show that a real-space IVC vortex
in the CTI; induces a charge density wave (CDW) halo
at 2k*, with k™ the momenta of the meron cores in the
ground state. We also construct the appropriate response
actions for the two phases. The CTI; exhibits a mixed
Chern-Simons term between the gauge fields for charge
and translation, implying that a real-space vortex of a

6 We use the subscript ‘n’ in CTI, to indicate that the underlying
valley-symmetric bands have Chern number C' = 4+nr,.

translational-symmetry breaking charge density-wave or-
der binds an electric charge of +e/2. Interestingly, we
find that the TVP realizes the second entry of Kitaev’s
16-fold way [52]. We comment on the connection between
the CTI and the ETI in light of the topological response.

As we have emphasized at the outset, moiré materials
provide natural candidate platforms for the textured ex-
citon insulators introduced in this work, and indeed this
work was motivated in part by the STM observation of
IKS order near v = —2 in twisted bilayer [19] and mirror-
symmetric trilayer graphene [20]. In Sec. V we argue that
the TKS state in both these systems is an example of an
ETI, thereby demonstrating the experimental reality of
the ETI. In a companion paper [21], we use microscopic
HF simulations to predict the emergence of CTIs asso-
ciated with spiral IVC order in an array of other moiré
materials that lack Co, symmetry.

We close with a discussion and outlook in Sec. VI. Vari-
ous topological aspects of the CTI/ETI are discussed in a
pair of appendices while additional analytical derivations,
model Hamiltonians, and numerical results are provided
in the Supplementary Material (SM).
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II. LLL MODEL AND CHERN TEXTURE
INSULATORS

In this section, we study a lowest Landau level (LLL)
based Hamiltonian designed to capture the essential
physics of CTIs in systems that lack C3, symmetry.
We begin by explaining the basic picture of CTIs in
Sec. ITA. The Hamiltonian of the LLL model is de-
scribed in Sec. 11 B, while its phase diagram is presented
in Sec. IIC. In Sec. II D, we describe the exciton vortex
lattice (EVL) order parameter, which provides physical
intuition behind the various phases. Finally, we discuss
some generalizations in Sec. [T E.

A. Basic picture

A key aspect of the CTI is the interplay between en-
ergetic considerations and topological constraints, which
we now briefly exemplify with the simplest Cs,-breaking
scenario of two TRS-related bands with opposite Chern
number C' = 7 in the two valleys 7 = £ (see Fig. 1).

For one electron per unit cell, an insulating mean-field
state that preserves (generalized) translation symme-
try can be described by a normalized valley pseudospin
ni(k) = 32, <5£,70;715k,7/> defined over the Brillouin
zone (BZ), where ¢ is a Pauli matrix with i = 2,9, 2,
EL,+ = CL’+, and E;Lﬁ = C,Tc+ - As discussed shortly, the
introduction of q allows for spiral IVC states. The ground
state at strong interaction U is expected to be a TRS-
breaking valley-polarized Chern insulator (n || 2) in order

to minimize exchange energy. If the single-particle band-
width W is comparable to U, then the dispersion e, (k)
needs to be taken into account. An insulating mean-field
state with good kinetic and exchange energy can be ob-
tained by inducing IVC as follows. In the example of
Fig. 1, the band dispersions in the two valleys both have
their global minimum in the BZ at T', while their band
maxima are at 7P. As a result, hybridizing the valleys
at relative wavevector ¢ = 0 is not desirable since only
one of these minima can be occupied. Similarly, there is
no guarantee that such IVC will effectively avoid occupa-
tion of the band maxima at 7P. The lobe principle [18]
resolves these concerns by considering IVC at a finite
q. In particular, the ‘boost’” momentum gq is chosen such
that the band maximum (which is associated with a high-
energy ‘lobe’) in 7 = + aligns with the band minimum
(a low-energy lobe) in 7 = —, and vice versa. For Fig. 1,
this is achieved with ¢ = —P. An energetically compet-
itive TRS-invariant valley spiral is then constructed by
inducing IVC across most of the BZ, except at the lobes
where n(k) tilts towards the valley with lower kinetic en-
ergy. Favorable valley exchange is ensured by enforcing
a smooth modulation of n(k) across the BZ.

At this point, our discussion of IVC has not addressed
the electronic band topology. Therefore, it could equally
well be applied to topologically trivial models, such as the
Hubbard model with spin U (1)-preserving spin-orbit cou-
pling. For the latter in the strong-coupling regime, the
IVC spiral is connected to kinetically-driven (superex-
change) magnetism of localized valley moments [53-56].
Such a picture evidently cannot hold if the underlying
bands are topological. For the valley Chern bands in
Fig. 1, the key topological constraint is that the IVC or-
der parameter (CL’Jrck_m,_) [i.e. the in-plane part of n(k)]
must possess at least two vortices in the BZ. This arises
because in a smooth gauge, c}; . winds by 277 around
the BZ, and hence the IVC order parameter has a net
47 winding [25]. These vortices would naively just lead
to gapless points (see the discussion of the exciton vor-
tex lattice in Sec. IID) and an energy penalty for the
IVC spiral. However, the lobe principle naturally admits
patches in momentum space where the valley pseudospin
is compelled by the kinetic energy to orient towards the
poles. Hence, the IVC vortices can be accommodated
as smooth merons in n(k) that maintain good exchange
energy, as illustrated in Fig. 1, leading to a fully gapped
insulator.

We call the resulting state a Chern texture insulator
(CTIy). It is an example of a textured exciton insulator,
because condensation of intervalley excitons of the valley-
polarized state, which can restore 7-symmetry, is topo-
logically frustrated due to the opposite Chern numbers
carried by the bands. This mandates a complex texture
in the valley pseudospin n(k). In fact, at this filling,
the CTI; is the unique time reversal invariant insulat-
ing mean-field phase that preserves translation symme-
try for all U(1)y-symmetric observables. The subscript
‘1’ in CTI; indicates that the constituent bands have



C = 41. This notation alludes to the existence of re-
lated CTTs distinguished by the type and degree of the
underlying topological frustration, but which share com-
mon characteristics such as time-reversal symmetry and
kinetically-driven IVC between bands related by 7. Our
analysis clarifies that the lobe principle and the trigger-
ing of k-dependent intervalley order, possibly at finite
spiral wavevector q, are general energetic considerations
that frequently arise in the intermediate-coupling regime
where U ~ W. Note that the commensurability of g is
considered a subsidiary issue that depends on the spatial
symmetries and details of the model. However, there can
be additional topological constraints on IVC depending
on the topology of the participating bands. The complex
interplay between these energetic and topological factors
yields the CTI, which forms a novel family of electronic
states.

B. Model
1. Magnetic Bloch basis

We now turn to a concrete interacting model to ex-
plicate the properties of the CTI and related competing
states. The description of the LLL model below closely
follows that of Ref. [25]. The single-particle Hilbert space
consists of two LLLs that carry a valley index 7 = 4+ and
experience opposite magnetic fields B = —7BZ leading
to opposite Chern numbers C' = 7. With the magnetic
length ¢p set to 1, the LLL wavefunctions in Landau
gauge A = —7Buxy are

1

. _ (z—7k)?
eMe 2

(2)

Uk (1) = —=
w2 L,

with corresponding creation operators cLT. Note that the
position-momentum locking goes in opposite directions in
the two valleys. This setup clearly breaks Cs, symme-
try, which interchanges the valleys and would require the
Chern numbers to be identical. We note that related se-
tups of opposite-field Landau levels have previously been
considered in Refs. [25, 57-67].

We consider a square lattice with lattice constant
a = /27 corresponding to one flux per unit cell. We
define the magnitude of the primitive reciprocal lattice
vector @) = %’r = a. We consider a cylinder geometry
with L, = Nya — oo and periodic direction L, = Nya.
The first magnetic BZ contains momenta k such that
ky € [0,Q),k, € [0,Q), for both valleys. The magnetic
Bloch functions

1 1Tk n
drr(r) = er ka (Ky + Q)uky+nQ,T(r)
2mn
kx:Nza’ n=0,...,N, — 1 (3)
2
ky =" n=0,...,N,—1,

)
Nya

are eigenfunctions of the magnetic translation operators

TT,a: = e_iTQyTz7 T‘r,y = Ty
Sror (7 + af) = €7 Wk=ag, (7) (4)

Phr (r + ag) = "¢y 1 (r)
where Ty, T}, are ordinary translation operators (ie. T, =
e'®P=). The magnetic Bloch functions are defined with

a smooth gauge that is not periodic in the momentum
argument k

Dkrir(r) = €9 (1),  Griogr(T) = drr(r).

(5)
The gauge choice above is inherited by the associated
magnetic Bloch basis creation operators d;T. We impose

an anti-unitary time-reversal symmetry 7 that relates
the valleys

Td, Tt =d, .. (6)

2.  Single-particle dispersion

To model a single-particle dispersion, we project a pe-
riodic potential Vgp(r) onto the LLLs

ST = / dr Vap (1) (1) (), (7)

where 11 (7) is the LLL-projected fermion creation oper-
ator. The harmonics of the potential, which are compat-
ible with the choice of magnetic unit cell, are mapped to
the dispersion e, (k) according to [25]

2N, x
cos
a

2
cos ( MyY + (/)y> — e (k)=e"
a

TL27\'
+ gf)m) — e (k) = e~ cos(tngkya + ¢z)

n2n

2 cos(Tnykza + ¢y).
(8)

For a lowest-harmonic square cosine potential with ¢, =
¢y = 0, we obtain

2 2
Vsp(r) = —w (cos e + cos 7ry>
a a

9)

w .
e-(k) = _I(COS kya + coskya), W =4dwe™?2,

which will be used in this section unless otherwise stated.

3. Interactions

For the interaction Hamiltonian, we consider the
U(1),-symmetric density-density interaction

w=s5p S Un(@):pel@pr(-a):  (10)

geall, 7,7’



where A = L,L, is the system area, and p,(q) is the
projected density operator

PT(Q) = e_qT Z eiT(km—i_%)qyd};Tkorq,T (11)
keBZ
= Z Ar(kaq)diq—dk—i-q,T (12)
keBZ

which implicitly defines the form factors A, (k, q) [see also
Ref. [68] and Supplementary Material (SM) [69], Sec. S1].
The bare interaction potential in valley space is

(q@) wo(q) —ui(q)
o ) B

For the isotropic component ug(q), we choose the dual
gate screened interaction ug(q) = QWU% where dsc
is the distance between the gates and the sample plane.
We also introduce a valley-anisotropic component u1(q).
For simplicity, we consider an overall scaling

u1(g) = ayuo(q) (14)

which effectively corresponds to different dielectric con-
stants for the intravalley and intervalley interactions for
ay # 0. Unless otherwise stated, we set U = 1.

4.  Winding of order parameters and boosting

In a smooth gauge, certain order parameters are ex-
pected to wind around the BZ. Consider the IVC (inter-
Chern) order parameter A(k) for a translation-invariant
state, and its value after shifting in momentum space by

Qi
Ak) = (dL’erk)J — Ak + Qi) = A(k)e* 9, (15)

where we have used Eq. 5. On the other hand, A(k)
is periodic in the k, direction. This implies that A(k)
must wind by 47 when traversing the boundary of the
BZ counter-clockwise. In particular, this means that
any A(k) that corresponds to a physically sensible state
(i.e. no discontinuities) must have at least one zero in the
BZ in order to accommodate the winding, which could
be achieved by e.g. two vortices each with winding 2.
In our HF calculations, we will sometimes ‘boost’ the
momentum in valley 7 = — by q in order to access valley
spiral orders. This amounts to allowing hybridization
between d; 4 and dl in which case the analogous

k+q,—>
(smooth) order parameter is

Aq(k) = (df, , drq) (16)

which similarly must have vortices in the BZ to accom-
modate the 47 winding.
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FIG. 2. HF phase diagram of the LLL model at half-
filling. . is the valley interaction anisotropy, and W is
the kinetic bandwidth arising from a square cosine potential.
The gate distance dsc = 6a, and the interaction scale U = 1
(see Sec. IIB3). Color indicates the magnitude of interval-
ley coherence (IVC). White lines indicate approximate phase
boundaries. System size is 24 x 24, and the valley boost is
fixed to either g = (0,0) or (Q/2,Q/2). [VP: valley-polarized;
TVP: tilted valley-polarized; CTI;: Chern texture insulator]

C. Phase diagram

We perform self-consistent HF calculations on an N, X
N, momentum mesh at half-filling, i.e. when there are
enough electrons to fully occupy one of the two bands.
The one-body density matrix P~ = (dL’Tdk/J/)
is constrained to satisfy a generalized translation in-
variance parameterized by a wavevector g, which will
be referred to as the ‘boost’. This means that only
Py ks Prtiktq—> and Pryg .+ are allowed to be
non-vanishing, i.e. IVC is only permitted at wavevector
q:

Pk,+;k/,7 0.8 Aq(k)ék/7k+q. (].7)

A non-zero IVC at g # 0 implies valley spiral or-
der. On the other hand, wvalley-diagonal observ-
ables yield translation-invariant expectation values since
(d, dir =) ~ O g

Fig. 2 presents a HF phase diagram as a function of
kinetic bandwidth W and valley interaction anisotropy
ay. [See SM [69], Sec. S1 for analogous results with
an additional second harmonic component to the dis-
persion €,(k)]. For reasons to be made apparent later,
we restrict the boost to ¢ = (0,0) or (Q/2,Q/2). All
data points shown have a positive indirect gap. We
first summarize the broad features of the phase diagram.
Around the lower left corner (o, = W = 0), we find
the valley-polarized (VP) phase where all electrons oc-
cupy one of the two valleys. This is an exact eigenstate



across the phase diagram, since it is the unique many-
body state in its U(1), sector. The VP phase is sur-
rounded by a narrow sliver of states with finite IVC, but
which still have a non-zero valley polarization. We dub
this the tilted valley-polarized (TVP) phase, whose boost
is q =(Q/2,Q/2), except for W = 0 where we find that
q = (0,0) and (Q/2,Q/2) are degenerate’. For larger W
and oy, the phase diagram is dominated by the CTI;.
The CTI; has T symmetry, and its boost g follows the
same rules as for the TVP. Below, we discuss these phases
and their transitions in more detail by zooming in on the
ay and W axes of Fig. 2.

1. ov-axis

Fig. 3a focuses around the phase transitions in the flat
band limit (W = 0), with boost ¢ = (0,0). The VP
phase for small o, has uniform Berry curvature, and its
HF band structure is also flat for W = 0. As proposed
in Ref. [25], the VP is the candidate state for the quan-
tized anomalous Hall (QAH) insulator observed in hBN-
aligned TBG at v = +3 [70, 71], and is expected to have a
finite threshhold of stability against o, and W. The fact
that VP survives a non-zero a,, > 0 (i.e. weaker interval-
ley vs. intravalley interactions) is at first glance surprising
— in the usual quantum Hall bilayer at v = 1, a non-zero
interlayer distance d weakens the interlayer interaction
and drives interlayer excitonic condensation to minimize
the charging energy [34, 72]. However the situation in
the LLL model is different, as the two valleys have oppo-
site Chern numbers®, and there is no SU(2), symmetry
even for o, = 0. Moreover, Ref. [25] argued that IVC is
energetically penalized because the corresponding order
parameter A(k) must admit vortices due to topological
constraints (see Sec. [IB4). By mapping to an effective
problem of a superconductor in a magnetic field, Ref. [25]
derived a trial time-reversal invariant IVC state, dubbed
the exciton vortex lattice (EVL), and showed that its en-
ergy was higher than the VP for small ay,. In the BZ, the
EVL possesses two 27 vortices where the band structure
forms Dirac points. The EVL and its order parameter
will be discussed in more detail in Sec. ITD.

At oy ~ 0.013, the VP begins to develop IVC through
what appears to be a continuous phase transition. In
the resulting TVP phase, which is still a QAH state with
|C| = 1, the HF gap and valley polarization remain fi-
nite. In fact, the valley pseudospin remains within one
hemisphere throughout the BZ. For the boost g = (0,0)
enforced here, the IVC develops across the entire BZ

7 In fact, all q are degenerate in the W = 0 limit.

8 Intervalley pairing is not obstructed by the opposite Chern topol-
ogy. However, we consider a positive-definite interaction poten-
tial, so the ground state does not have superconducting order at
the mean-field level [73].

except at two fully valley-polarized nodes which can ei-
ther be at £(Q/4,Q/4) or £(Q/4,3Q/4). Just below the
phase transition at higher «a, ~ 0.025, the momentum-
resolved valley pseudospin resembles two merons in mo-
mentum space (Fig. 3b left). Note that the ‘core polar-
ization’ and the in-plane winding of 27 are identical for
the merons, the latter being consistent with the net 47
winding around the BZ that is topologically required for
the IVC order parameter A(k). While the HF dispersion
E(k) of the conduction band (the HF valence band dis-
persion is —FE(k) due to particle-hole symmetry) has a
minimum at the meron cores, it remains gapped through-
out the TVP phase. The gap is smallest at the meron
cores because the rapid texturing of the valley pseudospin
there suppresses the Fock exchange. As will be explained
in Sec. II D, the TVP in this limit resembles the EVL with
small valley masses of the same sign at the two vortices.
A weakly first-order topological transition occurs at
ay =~ 0.025 where one of the merons changes its core
valley polarization (see Fig. 3c). The resulting CTI; pre-
serves 7 and hence has C' = 0. While the net valley
polarization |(7,)| vanishes, its average magnitude across
the BZ (|7.|) is non-zero due to the valley polarization
around the meron cores. At these positions, the HF gap is
smallest, and the Berry curvature has pronounced peaks
with opposite signs. The CTI; resembles the TVP except
with opposite valley masses at the two EVL vortices®.

2. W-axis

For valley isotropic interactions (a, = 0), Fig. 3d
shows the phase diagram with boost ¢ = (Q/2,Q/2) in
the vicinity of the phase transitions. We remark that the
physics of the LLL model along the W-axis is more rele-
vant to the moiré materials in Sec. V and Ref. 21, since
the long-range density-density interaction naturally has
oy = 0, and the bandwidth W is usually comparable to
the interaction strength and can often be tuned with a
displacement field. Similar to Sec. II C 1, the transition
at W ~ 0.8 between the VP and TVP appears to be con-
tinuous or very weakly first-order. However, the TVP has
some qualitative differences to that along the «, axis. As
shown in Fig. 3e for a TVP that has a net polarization
in 7 = +, the valley pseudospin tilts into the opposite
hemisphere around k = (Q/2,Q/2), but maintains finite
IVC and does not fully polarize along 7 = —. The zeros
in Ag(k), required by the net 47 pseudospin winding, are
at k= (0,Q/2) and (Q/2,0).

As can be inferred from the small peak in the HF dis-
persion of the TVP at (Q/2,Q/2) (Fig. 3e), the non-
zero valley boost and tilting into the opposite valley is

9 We emphasize that the momentum-space merons have identical
vorticities in the TVP and CT1;, which is compatible with the 47
winding of the pseudospin around the BZ. Since the pseudospin is
not BZ-periodic we cannot define a topological skyrmion number.
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FIG. 3. HF phase diagram of the LLL model at half-filling along the o, and W axes. The gate distance dsc = 6a,
and the interaction scale U = 1. a) Phase diagram as a function of anistropy a. for zero dispersion (W = 0). C' is the Chern
number, Wycc. is the bandwidth of the occupied HF valence band, IVC is intervalley coherence, and VP is valley polarization.
Boost is fixed at ¢ = (0,0). b) Properties of a representative TVP state. Left: momentum-dependent valley order parameter.
Color indicates (7.), while arrows indicate in-plane order. Right: HF conduction band dispersion. The valence band has —E(k)
due to particle-hole symmetry. c,e,f) Same as b) except for different parameters and states. d) Same as a) except as a function
of dispersion W for zero anistropy (a. = 0). Boost is fixed at ¢ = (Q/2,Q/2). System size for all plots is 24 x 24.

driven by the details of the non-interacting band struc-
ture, which we now explain with the lobe principle out-
lined in Sec. ITA. For the square cosine potential used
here, the dispersion e(k) has a minimum at (0,0) and
a maximum at (Q/2,@Q/2) in the unboosted ‘lab frame’.
Consider initially a VP state that is fully polarized in
7 = +. This has good exchange energetics, but poor ki-
netic energy around the maximum of e(k) at (Q/2,Q/2).
The system can lower its kinetic energy while remaining
insulating (with uniform particle occupation of 1 across
the BZ) in the following way. We boost valley 7 = — by
g = (Q/2,Q/2), which aligns the dispersion minimum in
that valley with the maximum in 7 = +. Then, we tilt
the VP state towards 7 = — at k = (Q/2,Q/2) (where
k is defined relative to the unboosted BZ of 7 = +).
This tilting, which introduces IVC, is done smoothly in
momentum space in order to reduce the loss of exchange
gain. For sufficiently large W, the lowering of kinetic
energy is able to overcome the exchange penalty.

At larger W ~ 0.92, there is a strongly first-order tran-
sition to the T-invariant CTI; phase. As shown in Fig. 3f,
the valley pseudospin is fully polarized along 7 = +
(r=—-)at k= (0,0) [k =(Q/2,Q/2)]. The HF band
structure clearly shows the influence of the kinetic energy.
Unlike in the W = 0 case in Sec. [IC1, the HF gap is
maximum at the valley-polarized meron cores, which are
now significantly more spread out in momentum space
to take advantage of the band extrema. The way that
exchange and the dispersion e(k) combine to shape the
properties of the CTI; is reminiscent of the lobe principle
used to explain the stabilization of the IKS in TBG [18].
The precise relationship between the CTI and the IVC

phases in moiré graphene will be explained in more detail
in Sec. V and Ref. 21. As we will see, while the IKS in
TBG requires a Cs,-symmetric model for a proper de-
scription (see Sec. IIT), the CTT in the LLL model has
closely related cousins in other materials [21].

Since the lowest-harmonic dispersion of Eq. 9 has in-
tervalley nesting at half-filling, the CTI; phase persists as
W — oco. However, we emphasize that the CTI; is funda-
mentally an intermediate-coupling order which does not
rely on weak-coupling nesting instabilities. In Sec. S1 of
the SM [69], we show that the CTI; phase survives for a
large range of parameters at finite W ~ 1 in the presence
of higher harmonics in the dispersion, which eliminates
the nesting.

D. Exciton vortex lattice

In this section, we discuss exciton vortex lattice (EVL),
which was first introduced in Ref. [25], and its relation
to the CTL

1. Construction of order parameter

We first briefly recap the motivation behind the
EVL [25]. Our goal is to write down an order param-
eter corresponding to strong IVC between the two val-
leys, which in real space involves the fermion bilinear
A(r) « <wi(r)z/)_(r)>, with 1 (7) the position creation
operator in valley 7. By performing a particle-hole trans-
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FIG. 4. Properties of the CTI; constructed from the
EVL ansatz (Eq. 20) with ¢ =0 and s = —1 in the LLL
model. Plots show the in-plane pseudospin (arrows) and out-
of-plane valley polarization (color) in the BZ. a) Results for
W/Ap = 0. b) Same as a) but for W/Ay = 0.5.

form in valley 7 = —, we see that A(r) effectively de-
scribes a superconducting order parameter in a fictitious
system that experiences a net magnetic field. As there is
no Meissner effect in 2d, the system is forced to accom-
modate the field through vortices in the order parame-
ter, which will arrange to form a lattice'. The resulting
phase is dubbed the exciton vortex lattice (EVL).

In momentum space, we can derive the order parame-

ter of the EVL (see SM, Sec. S1 [69] for details)

) _ ks +1k, s+1
= Agvyr q(—k — g)
(18)

where Ag is some overall normalization and g denotes
the intervalley boost of 7 = — relative to 7 = +. The
Jacobi theta function of the third kind 65(z, o) has nodes
at z = ma+n+ O‘TH where m,n € Z. Hence Agyy, q(k—
2) either has vortices at +(Q/4,3Q/4) for s = 1, or
+(Q/4,Q/4) for s = —1.

Fig. 4a plots the in-plane order of the ground state
projector of the mean-field Hamiltonian

constructed using the EVL order parameter with g = 0.
Thus, Agvyr(k) controls the direction of the in-plane
component of the valley pseudospin n(k). As we have
chosen s = —1, the IVC exhibits nodes at +(Q/4,Q/4).
Consistent with the discussion in Sec. II B4, the pseu-
dospin winds by 47 when going around the BZ counter-
clockwise. Since the magnetic Bloch operators are pe-
riodic in the &, direction, it is straightforward to detect

10 Since the lattice vectors of the LLL model form a square lattice
due to the external potential, the vortices will not arrange in the
usual triangular lattice.
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the vorticity of each vortex by tracking the rotation of the
pseudospin along k, as a function of k.. For instance, the
pseudospin does not wind along k, at k, = 0, but after
passing the vortex at k, = @)/4, the pseudospin winds by
2w along k.

2. Trial state for CTI

The quasiparticle spectrum of the EVL state is gap-
less due to the Dirac points at the two vortices. How-
ever, there is no symmetry that protects these Dirac
points. Hence the EVL requires fine-tuning, and it is
natural to ask what proximate phases are obtained by
gapping the Dirac points, which would likely reduce the
total energy. In fact, we already know the answer from
the discussion in Sec. IIC 1. As shown in Fig. 3b,c, the
TVP can be reached from the EVL by generating iden-
tical interaction-induced valley masses at the two Dirac
points, while the CT1; is obtained by generating opposite
valley masses. By smoothly canting towards the poles of
the valley Bloch sphere at the vortex cores and forming
pseudospin merons in momentum space, the system can
lower the exchange energy, while respecting the topologi-
cal constraints imposed on the order parameter (i.e. van-
ishing of IVC at the meron cores). This possibility of
gapping the Dirac points of the EVL by tilting in val-
ley space was missed in the analysis of Ref. [25]. Along
the ay-axis of the HF phase diagram (Fig. 3a), the tran-
sition between the TVP and CTI; appears very weakly
first-order, such that the EVL is skipped entirely.

The CTI; at finite bandwidth W (Fig. 3f) can also
be obtained by orienting the pseudospin of the EVL
(with appropriate g) along opposite poles at the vor-
tex cores. This case is conceptually simpler because the
single-particle dispersion €, (k) is an obvious candidate
for the origin of the valley masses'!. To see this, con-
sider for simplicity the ¢ = 0, s = —1 EVL whose vortices
are at +(Q/4,Q/4) in the BZ (Fig. 4a). We then apply
a lowest-harmonic cosine potential (Eq. 8) with phases
¢y = —¢y = —m/2 chosen so that the minima and max-
ima of the dispersions in the two valleys anti-align, and
coincide with the vortex cores'?. We now solve the 7T-
symmetric mean-field Hamiltonian

HMF = Z dL7ThT,T’(k)dk,T’

k,T,m’
B (20)
e+ (k A k)
= (i “24")

11 The general form of the ansatz in Eq. 20 can also be used to
model the TVP and CTI; for W = 0, though one would need to
specify some other functions to lie along the diagonals of h(k).

12 If we chose different phases ¢y, ¢y, then we would need to tune
the intervalley boost g in order to anti-align the valley band
extrema, and have them coincide with the vortices. The con-
struction of the CTI; trial state follows similarly.



to obtain the density matrix P; ./ (k) = (d;’c cdir). As
shown in Fig. 4b, the resulting pseudospin texture forms
two merons with opposite core polarities in momen-
tum space, resembling the CTI; obtained within self-
consistent HF calculations. Apart from the U(1), phase,
the only non-trivial free parameter in Eq. 20 is the ratio
W/Ag between the bandwidth and the IVC mean-field
strength. By tuning this ratio for ¢ = (Q/2,Q/2) and
¢. = ¢y = 0, we can recover the CTI; state in Fig. 3f
with errors in the local pseudospin of less than 1%, rein-
forcing the notion that the CTI; is a gapped version of
the EVL.

E. Extensions

So far, the calculations in this section have used a first-
harmonic single-particle dispersion whose ‘lobe’ spacing
(Q/2,Q/2) coincides with the vortex spacing in the EVL
ansatz of Eq. 18. As a result, the CTI; can be intuitively
understood as simply applying opposite valley masses
around the two Dirac points (see Eq. 20 and Fig. 4).
However, the band structures in realistic materials are
complex and prone to interaction-induced renormaliza-
tion. External effects like strain can also break rota-
tional symmetries. In the Supplementary Material [69]
(Sec. S1), we show that the CTI; survives for more gen-
eral single-particle dispersions ¢, (k). This underscores
the fact that ¢) the topological frustration of the CTI;
is a generic feature of coherence between opposite Chern
bands, and ) the flexibility of the lobe principle provides
a broad energetic basis for the stabilization of CTIs in a
variety of conditions.

The LLL model does not straightforwardly accommo-
date bands with higher Chern numbers |C| > 1, but we
can anticipate the general properties of the CTI,, for a
one-band model with C' = n7 in the two valleys. In this
case, the IVC order parameter in a smooth gauge must
wind by 4n7 around the BZ. Hence, the CTI,, must have
vortices/merons in the BZ to accommodate this wind-
ing. Their positions and multiplicities will be controlled
by the interplay between exchange physics and the de-
tails of e, (k). An example of a CTI, with n = 2 in a
moiré system is presented in Ref. 21.

Finally, we comment on the effects of introducing ad-
ditional bands. As discussed in Sec. IB and App. A1,
the CTI has C' = 0 and possesses exponentially-localized
Wannier orbitals, but yet does not admit an atomically
localized description. However, this obstruction is del-
icate in that it is not robust to adding trivial bands.
In App. A2, we show that a CTI can in principle re-
lax its non-trivial valley texture by mixing into these
bands, eventually connecting to the atomically trivial
limit, though such mixing may be energetically unfavor-
able especially if the additional bands are sufficiently re-
mote in energy.
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III. EULER-TEXTURED INSULATORS

_In this section we discuss the physics of the ETI in
Cs,- and T-symmetric systems where the single-particle
Hamiltonian in each valley has a non-trivial Euler topol-
ogy. The focus is on the topological considerations un-
derlying the ETI, though we briefly comment on ener-
getic considerations where relevant. We first summarize
the properties of the Euler class that will be relevant for
our purposes. The Euler class e; is an integer-valued
topological invariant that characterizes the topology of
two-band systems with a space-time inversion symmetry
that squares to one, which we will take to be C5,7T in
this work. A non-zero e; presents an Euler obstruction
to a symmetric exponentially-localized Wannier represen-
tation, and enforces gapless band crossings with a net
winding number of —2es between the two bands [43, 51].
A single C’gz'f'—symmetric band from this two-band sub-
space therefore has singularities. It is always possible
to construct a non-symmetric basis consisting of bands
with Chern numbers C' = ey, such that Cs,7 maps the
Chern bands onto each other [30, 74-76]. An example
of |ea| = 1 is given by the central bands of TBG within
a single spin-valley flavor. This can be seen from the
existence of a sublattice-polarized ‘Chern basis’ in TBG
with C = 7o, where C5,7T flips the sublattice index but
leaves the valley invariant. In Sec. S2 of the SM [69], we
introduce another two-band model with es = 1 that is
based on LLLs and generalizes the model of Sec. II.

In Sec. IIT A, we first demonstrate that a gapped U (1)~
breaking mean-field insulator at v = £+1 in a two-valley
model with an Euler obstruction in each valley that oth-
erwise preserves all other symmetries must be an ETI. In
Sec. ITI B, we discuss an effective toy model that further
elucidates the physics of the ETI. Further variants of the
toy model are studied in the Supplementary Material [69]
(Sec. S2).

A. General arguments

We consider a model with two bands per valley'® which
preserves Cs., 7 and U(1l)y,. As usual, Cy, and 7T flip
the valley index. We require that the two single-particle
bands within a valley carry a non-zero Euler class es.
Importantly, this means that within a valley, any single
Cs, T-symmetric band selected from the two-band space
must have singularities in the BZ. We add electron in-
teractions that preserve all the symmetries. The filling
v = 0 corresponds to charge neutrality, so that the sys-
tem is fully occupied at v = +2 and fully unoccupied at
v=—-2.

_ We are interested in constructing a gapped Cy.- and
T-symmetric insulator at ¥ = +1. Ruling out fractional-

13 Spin can be incorporated as a spectator degree of freedom.



ization and both time-reversal and translation symmetry
breaking means that such an insulator must be interval-
ley coherent. Since there are multiple bands and no net
Chern number in each valley, the CTI discussion in Sec. 11
does not straightforwardly apply here, and it is a priori
not clear that there is an obstruction to having a uniform
non-vanishing IVC across the BZ.

We now demonstrate that such an insulating IVC state
is still frustrated at v = £1 owing to the non-trivial Euler
topology. To see this, we focus on ¥ = —1 for concrete-
ness, and consider the occupied intervalley-coherent band
|HF, k) at v = —1 that is separated by a charge gap to
other bands. This band can be expressed generally as

HF, k) = a(k) [HF . k) + 8(k) [HF_ k) (21

which implicitly defines a pair of time-reversal-related,
valley-diagonal, and normalized bands |HF,, k) and
|[HF_, k), dubbed the ‘valley-filtered’” bands'*. The co-
efficients a(k) and ((k), whose magnitudes are gauge-
independent, parameterize the momentum-dependent
valley structure of the IVC insulator. Given our as-
sumptions, each valley-filtered band individually obeys
Cs,T-symmetry. However, due to the non-trivial Euler
class of the two-band Hilbert space in each valley, the
valley-filtered bands must contain singularities in the BZ
as pointed out above. In order to construct a physi-
cally smooth insulating state, the valley pseudospin can-
not solely lie in-plane, but must fully cant towards the
poles for some momenta in order to hide the effects of
these singularities. In other words, (k) and (k) each
must vanish (i.e. the system is locally valley polarized)
at different points in the BZ, manifesting a non-trivial
valley texture. We dub this type of insulating order an
ETI, an example of which is the IKS in TBG and TSTG
(see Sec. V).

Our analysis highlights that a Cy.- and i’-symmetric
ETI at |v| = 1 can be insulating despite the intrin-
sic two-band Euler topology within each valley, because
the U(1), symmetry-breaking mixes the valleys into a
combined four-band problem. An alternative Cy.T- and
U(1),-symmetric stripe insulator at half-filling of a single
spin-valley flavor of TBG, which furnishes a single two-
band space with |ea| = 1, was proposed in Ref. [77] (see
also Ref. [78]). There, the spontaneous doubling of the
moiré unit cell leads to a four-band problem in the recon-
structed BZ, enabling a gap to be opened at the Fermi
level via non-Abelian braiding of Dirac points [43, 79].

We now compare and contrast the construction of the
CTI and ETI with reference to the general decomposi-
tion of a gapped IVC band in Eq. 21. In the CTI, set-
ting, there is only one band in each valley, such that the
valley-filtered bands |HF,, k) are fixed, and are generic
Chern bands. Owing to the mandatory 47n winding of

4 For a given |HF, k), the valley-filtered bands are unique up to a
momentum-dependent phase.
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the order parameter, introducing IVC as in Eq. 21 leads
to vortices, whose positions can be anywhere in the BZ,
with associated Dirac points in the electronic spectrum.
The vortex positions are ultimately fixed by energetic
considerations, such as the lobe principle, and the CTI,
is realized upon gapping these Dirac points and forming
a smooth valley pseudospin texture.

On the other hand, in the ETI setting where each val-
ley contains two bands with non-trivial Euler class, the
valley-filtered bands are not uniquely specified at the out-
set. Indeed, we could pick any set of |HF,, k) as long as

they satisfy Cy. and T. Crucially, different choices lead
to different positions of singularities which are required
due to the Euler topology. To create an IVC insula-
tor, these singularities would need to be hidden by lo-
cally valley-polarizing in momentum space, leading to an
ETI with a non-trivial valley texture. Again, the precise
choice of ETI that is stabilized (if at all) in some Hamil-
tonian depends on energetic details that are influenced
by many factors such as band dispersion and quantum
geometry.

B. Toy model for ETI

The previous subsection highlighted the choice of
valley-filtered bands |HF,, k) in Eq. 21 as an important
aspect of the ETT, i.e. which band from each valley is cho-
sen to participate in intervalley coherence in the occupied
band? To further illuminate the physics of the ETI, we
focus on a regime where the appropriate valley-filtered
bands can be approximated in a physically intuitive man-
ner. In particular, we imagine that the band structure
in each valley is strongly dispersive, with the lower and
upper bands connected with two non-interacting Dirac
points with identical winding consistent with |es] = 1
(see Fig. 5). At v = —1, the non-interacting Fermi level
intersects the lower band in each valley. If the interac-
tion is relatively weak compared to the bandwidth, then
a putative ETI at ¥ = —1 would primarily be built from
the lower bands, and a reasonable assumption is to take
these to be |HF,, k) (highlighted in blue). This fixes at
the outset the singularities of the valley-filtered bands to
where they would have connected to the upper bands in
the non-interacting band structure.

We now introduce a phenomenological toy model that
captures the formation of an ETT in the regime described
above. We choose the BZ to be the same as that of the
LLL in Sec. II, so that k, € [0,Q),k, € [0,Q) for both
valleys. The two bands in each valley are described by



T=+.k, =Q/4 T=—k,=3Q/4
0.5 0.5
=00 =00
—0.5 —0.5
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
ky/Q ky/Q

FIG. 5. Non-interacting band structure of the ETI toy
model. In each valley, we take a linecut in k, that intersects
the non-interacting Dirac points. We take k1 = (Q/4,3Q/8)
and k2 = (Q/4,5Q/8) in Eq. 22. When constructing the ETI
in Sec. III B, we project onto the lower bands (highlighted
blue).

a 5(k) wu b log10 |A(K)| o
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FIG. 6. Toy model for ETI in the BZ, projected to the
lower bands. The unprojected valley-diagonal kinetic term
is given in Eq. 22. Any boost g has been absorbed into the
momentum origin such that TRS takes k — —k. a) Differ-
ence §(k) between the dispersions of the lower bands in the
two valleys. Non-interacting Dirac points in valley 7 = + are
at k1 = (Q/4,3Q/8) [grey triangle] and k2 = (Q/4,5Q/8)
[black triangle]. TRS-related non-interacting Dirac points
in valley 7 = — are indicated with dots. b,c,d) Projected
IVC matrix element A(k) [Eq. 29] for a fixed TIVC cou-
pling strength Arrve = 0.1 (Eq. 30) and variable inter-
Chern coupling strength (Eq. 31). b,c,d) corresponds to
Ainter = 0,—0.085, —0.1 respectively. Note that the lower
limit of the color scale has been clamped. Red stars indicate
residual Dirac points in the projected Hamiltonian of Eq. 29.
The residual Dirac points have annihilated in d), leading to
the formation of an ETI.
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2 x 2 matrices H, (k) and H_(k) in sublattice space'®:

0 flkik1)* f(k; ka)*
109 = gsshy sk T T E) e

H_(k) = H(~k). (23)

The system is invariant under TRS and two-fold rotation
which act on valley and sublattice as 7 = 7*/C and Cs, =
7?07 respectively. TRS leads to the constraint (23) that
links the Hamiltonians in the two valleys. The sublattice
basis carries Chern number C' = 7%¢% so that the Euler
class |ea| = 1 in each valley.

The inter-sublattice tunneling function f(k;k’) has
a vortex at k' in the BZ and satisfies the appropriate
(quasi)-periodicity in momentum space for Chern bands.
In particular, we choose here

Flli k) = eilka =k, +Q/2)ky o~ (ky —ky+Q/2)? /2
x O3((k = K)/Q + (1+1)/2,0), (24)

which satisfies f(k + Qi; k') = f(k; k')e?*? and f(k +
Qy; k') = f(k; k'), meaning that H,(k) obeys boundary
conditions consistent with the LLL Bloch wavefunctions
(see Eq. 5). The non-interacting Dirac points that con-
nect the lower and upper bands in valley 7 are located
at 7k; and Tky and have opposite winding in the two
valleys'®. Since we are interested in filling v = —1 where
the upper bands will be remote in energy, and are as-
suming that the ETI will be constructed solely from the
lower bands, we can safely project into the lower bands:

1 1
[lower, +, k) = |+) ® 7 (_eie(k:)> (25)

1 1
[lower, — k) = |-) ® 7 (_e_w(k)> ) (26)

where

0(k) = arg[f (k; k1) f (k; k2)] (27)
p(k) = arg[f(—k; k1) f(—k; k2)]. (28)

The goal is to induce a gapped 7- and égz—symmetric
IVC state at half-filling of this projected subspace (equiv-
alent to ¥ = —1 in the full four-band problem). The pro-
jected Hamiltonian can be generally parameterized as

~ _ [(e(k) + (k)
H(’“)‘( Ak

A(k)
e(k) — 5(k:)> ’ (29)

15 We assume that any requisite boosting has been absorbed into
the momentum coordinates so that any IVC will be induced at
q =0, and TRS takes k — —k.

16 For physically natural IVC insulators where the intervalley
physics is driven by a kinetic lobe principle, k1 and k2 are not
expected to be at time-reversal invariant momenta.



where €(k) + 70(k) is the dispersion of the lower band in
valley 7, and A(k) describes the projected intervalley co-
herence, to be discussed below. In order to open a direct

gap at v = —1, 1/|A(k)|2 + (k)2 must be non-vanishing

for all momenta k. In Fig. 6a, we show a representative
plot of the valley dispersion difference 6(k). This takes
values of opposite signs near the non-interacting Dirac
points within each valley!”, since they are high-energy
features of the band dispersion of the lower bands. The
non-interacting Dirac points in one valley are therefore
separated by lines of §(k) = 0 from those of the other val-
ley. The formation of an ETI thus requires a projected
IVC mean-field A(k) that does not vanish at momenta
where §(k) = 0.

_ As a first attempt to obtain an ETI, we add following
Cs,T-symmetric uniform IVC term'®

Hrive = Arivem™o” (30)

which could arise from interaction effects. Note that since
7%0% only hybridizes Chern bands with the same Chern
number, there is no topological obstruction to having a
uniform Arryc. In Fig. 6b, we plot the corresponding
projected matrix element'® |A(k)|, which exhibits two
nodal lines that connect the non-interacting Dirac points
in opposite valleys at k1 and —k2, as well as ky and —k;.
The bands of H(k) are now connected by two residual
Dirac points (red stars in Fig. 6b) where (k) = A(k) =0
with opposite winding number. In the Supplemental Ma-
terial [69] (Sec. S2), we show that this happens generally
for any k1, ko.

To bring the residual Dirac points together and anni-
hilate them, we add an additional inter-Chern IVC term
that preserves the Cs, and T symmetries but now cou-
ples bands of opposite Chern numbers

Hinter = Re[Ainter (K)]7° + Im[Ajpier (k)] 7Y%, (31)

We choose Ainter(k) = Ainter f (ks Kinter) f (k5 (T + 9)Q —
Kinter) With Kinter = 0. This functional form satisfies the
topological winding required for hybridization between
bands of different Chern number. Hiyte, is also projected
to the lower bands, which yields a contribution to A(k).

17 Despite the fact that the upper bands have been projected out,
we continue to use the term ‘non-interacting Dirac point’ to mean
the momentum points where the lower bands would have con-
nected to the upper bands in the original Hamiltonian, and hence
where [lower, 7, k) has singularities.

The name TIVC refers to a particular symmetry-breaking order
within the low-energy U(4) x U(4) strong-coupling hierarchy in
TBG [80, 81]. This can lead to a fully gapped state in spinful
TBG (which contains eight flat bands) at even integer fillings,
which in the spinless 4-band ETI toy model translates to v =
0,+2. However as we argue here, uniform Arpyc leads to a
gapless state at v = £1 of the spinless 4-band setting.

19 The projected matrix element is computed as A(k) =

(lower, +, k| Hrrvc |lower, —, k).
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As shown in Figs. 6¢,d, a sufficiently strong Ajnter
‘rewires’ the nodal lines of the projected IVC matrix
element |A(k)|, so that they now connect the non-
interacting Dirac points within each valley. As a re-
sult, the residual Dirac points between the lower two IVC
bands annihilate and a direct gap opens at v = —1, lead-
ing to an ETI?". This illustrates that a simple uniform
IVC term does not suffice to generate a gapped ETI,
and a more complicated combination of IVC terms is re-
quired.

We relegate more detailed aspects of the toy model
and related Hamiltonians to the Supplementary Mate-
rial [69] (Secs. S2 and S3). There, we also discuss ener-
getic considerations regarding the positions k1, ko of the
non-interacting Dirac points. Having them close together
within one valley, and far apart from those in the other
valley, is conducive towards the formation of a gapped
ETI. Finally, we also repeat the calculation without pro-
jecting onto the lower bands.

IV. FIELD THEORY

In the LLL model introduced and analyzed in Sec. II,
we found two unconventional exciton condensates, the
TVP and CTI; states, which spontaneously break the
valley U (1), symmetry. The TVP state also breaks time-
reversal symmetry and is a quantum anomalous Hall
state, whereas the CTI; state is time-reversal symmet-
ric. In this section we analyse the physical consequences
of the delicate and strong topology of these two states
via a low-energy effective field theory. At the end of this
section we comment on the generalization to the ETI.

To identify the relevant continuum model, let us start
by summarizing the main ingredients of the LLL model.
We start with two Chern bands with valley quantum
number 7% = C, where C = =1 is the Chern num-
ber. The relevant symmetries, besides charge conserva-
tion and translation, are

U(1)y : €7 (valley U(1),) (32)
T : 77K (time reversal, K : i — —i). (33)
Both the TVP and CTI; states can be described at the

mean-field level by the following two-band Hamiltonian
in the valley (7%) basis (c.f. Eq. 20)

k) Ak
H(k) = (ka((k)) 5_(<k))>’ (34)

where A(k) is the valley symmetry-breaking order pa-
rameter. If time-reversal is preserved, then e_(k) =

20 Additional interaction effects that do not affect the topological
properties of the state may be required to open a full indirect

gap.



e+ (—k). As explained previously, because the valley co-
herence is between two bands with opposite Chern num-
ber with |C| = 1, the order parameter must have two
vortices with the same winding. In the vicinity of a vor-
tex located at k* we can write

A(k) = A [(k} — ko) + (k) — k)] +O((k" —k)?) . (35)

If time-reversal is preserved, then the two vortices are at
+k*. Crucially, we see that near the vortex, the mean-
field Hamiltonian takes the form of a Dirac Hamiltonian,
and M = (e4(k*) —e_(k*))/2 is the Dirac mass.

We can now write down a low-energy Hamiltonian as-
suming that the Dirac mass is much smaller than A.
If time-reversal symmetry is preserved, corresponding to
the CTI; state, it is given by?!

Hp(k) = (ka7 + kym¥ + M717)10% (36)

where we have adopted units such that A = 1, and
w? labels the two mini-valleys, i.e. the two different
gapped Dirac fermions. Note that time-reversal acts as
T = p*7K, and translation becomes a mini-valley U(1)
symmetry. The time-reversal breaking case, correspond-
ing to the TVP state, can be described with

Hp(k) = (ks + kym¥)p* + M77, (37)

i.e. now the Dirac mass has the same sign in the two
mini-valleys. Below we will use these two different Dirac
Hamiltonians as the starting point for our analysis of the
topological properties of the TVP and CTI; states®?.

A. IVC vortex-core states

Let us first introduce a real-space vortex in the IVC
order parameter. The corresponding low-energy Hamil-
tonian in a single mini-valley is

H = [R(0)],,, 7" (10, + %&ﬂﬂz) + Mr7*, (38)

where
cosf, sin6,
R(6r) = (— sin @, cos 9r> (39)

is the SO(2) matrix which rotates over an angle 6,. For
a vortex configuration, we take 6, to be the polar angle,
i.e. O, = tan~!(y/x). The Hamiltonian in Eq. (38) is the
same as the Read-Green Hamiltonian which describes a

21 The generalization of CTI; to CTI, can be done in a straight-
forward way by taking |n| copies of the Dirac Hamiltonian in Eq.
(36). If sgn(n) is negative, one simply changes the chirality of
all the Dirac fermions (e.g. by taking k, — —ky).

22 See Supplementary Material [69], Sec. S5 for a discussion of the
edge modes of these states based on the Dirac Hamiltonians.
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vortex in the order parameter of a p + ip superconduc-
tor [82], with the important difference that in our case H
is defined in valley space, and not in Nambu space. De-
spite this difference, we can immediately conclude that
there is a midgap state which is exponentially localized
at the vortex core. In particular, it holds that H|¢) = 0
for

= (1) = (a0

where r is the radial distance to the vortex core at the ori-
gin, and we have assumed that M > 0. Note that gener-
ically |¢) is a midgap state and not a zero-mode. For
a superconductor it would be a true zero mode because
of the particle-hole symmetry. In our case, however, the
Hamiltonian can contain a term 1(e; (k*) + e_(k*))/2
proportional to the identity, which we have ignored in
our low-energy Dirac Hamiltonian. This term shifts the
entire single-particle spectrum and hence shifts |1)) away
from zero energy. Despite not being a zero-mode, |¢)
nevertheless remains a midgap state (in the two-band
model).

1. CTIL case

In the time-reversal symmetric (CTI;) case the vortex
core will bind the following two midgap states, coming
from the two different mini-valleys:

. —Mr/2

i) = (1) (a1)
. —Mr/2

o) = (L) ey

These two states are degenerate as they are inter-
changed by time reversal. We can energetically split the
midgap states in a time-reversal symmetric way by rais-
ing/lowering the energy of the states

) = cos(k* -t + a) (_lz> x "’5;/2 (43)
o) = sin(k* - T + @) (fz) x e_j;m (44)

These states will induce a halo of charge density oscilla-
tions with wavevector 2k*. So we can lower the energy
of the vortices of the CTI; state by coupling to a charge
density wave (CDW) order parameter.



2. TVP case

In the time-reversal broken (TVP) case the two vortex-
core states coming from the two mini-valleys are

. 1 e—Mr/Z
_ _ik™r
i) = (1)

. —Mr/2
R O R

In this case taking linear combinations does not induce
charge oscillations.

B. Response action

Let us now couple the low-energy theory to background
gauge fields in order to identify potential quantized re-
sponse coefficients. In the presence of background gauge
fields, the Lagrangian (without mass term) is

L =YDy — T el 7D, (46)

where 1 contains four complex fermions 1,, labeled by
valley and mini-valley, and

D, =0, +iA, +iw,m° +iB,u* . (47)

This Lagrangian is invariant under

Ve Py A, AL+ 0,0 (48)
Y — e My B, — B, + 0, (49)
U — e_i‘”zz/}, Wy = wy + 0up,

em = €' [R(20)]im. (50)

The gauge fields for charge, translation and valley are
thus respectively A, B and w. Note that w is an SO(2)-
restricted version of the spin connection, and ej}, can be
thought of as a restricted vielbein. Hermiticity of the
Hamiltonian requires that

Onel, = 2ere™uw, . (51)
This equation can be solved by taking

1
Wy = Zelmel,ﬁneﬁ@. (52)

Under time reversal, the gauge fields transform as

(A07 Axa Ay) - (AOa _Aa:a _Ay) (53)

(BOaBrvBy) — (7B0aBrvBy) (54)

(W07wx7wy) — (_WOawxawy) . (55)
1. CTI case

Let us now add the time reversal symmetric mass term
M+t77 %) to the Lagrangian in Eq. (46) and integrate
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out the fermions. The resulting response action contains
following mixed Chern-Simons term:

1
sgn(M) x — AdB. (56)
2m

Note that this term is time-reversal symmetric because
the A and B gauge fields transform oppositely under
time reversal. The response term in Eq. (56) has previ-
ously also been found in Ref. [83] for mono-layer graphene
gapped with a staggered sublattice potential. To estab-
lish the connection to this work, note that in our notation
the low-energy Dirac Hamiltonian of graphene is written
as

Hyvine = k,7°p° + kyr¥ + M77, (57)

where M 77 is the mass term generated by the sublattice
potential. Time-reversal symmetry acts as Tyrg = p*K.
If we perform a basis transformation with 7% in (mini-
Jvalley p* = —1, we obtain

Hig = (ko™ + kym¥ + M7T7)p7 (58)

and Ty = 7°p*K. The basis transformation thus maps
both the low-energy Dirac Hamiltonian and the time-
reversal operator of graphene to those of the CTI;. And
as graphene gapped with a sublattice potential goes to
a trivial atomic insulator for M — oo, we thus conclude
that the response term in Eq. (56) does not imply that
the CTI; has non-trivial stable topology, which agrees
with our previous conclusion that the CTI; topology is of
the delicate type. Nevertheless, the mixed Chern-Simons
term in Eq. (56) does have physical consequences. For
example, if we induce 2k* CDW order by adding (u*, u¥)
mass terms, then a vortex of the CDW phason trapped
by a 7 flux of B carries an electric charge @Q = +1/2 (for
mono-layer graphene the same happens for a vortex in
the valence-bond order parameter [83-86]).

Despite the similarity between the low-energy theories
of trivially gapped graphene and the CTI;, there are also
important differences between the two systems: (1) the
Dirac dispersion in the CTI; case is generated by a U(1)
order parameter, and (2) in contrast to graphene, M —
oo does not correspond to a trivial atomic limit for the
CTI;. This is because the CTI; mass term changes sign
in the Brillouin zone (as it has a different sign in the
two mini-valleys). As a result, for M > 1, the CTI;
state can be thought of as a metallic state with a Fermi
surface located at M (k) = 0, i.e. where (k) = e_(k),
weakly gapped by the IVC order parameter.

2. TVP case

In the time-reversal broken case we add the mass term
Mtr#1) to the Lagrangian in Eq. (46). Integrating out
the fermions now produces following terms with quan-
tized coefficients in the response action:

1 1
sgn(M) x EAdA - Ewdw . (59)



The first term tells us that the system is a quantum
anomalous Hall state. The second term is a descendent
of the gravitational Chern-Simons term. In the SM [69]
(Sec. S4) we provide an explicit perturbative derivation
of the gravitational Chern-Simons term in order to en-
sure that Eq. (59) contains the correct level with our
normalization convention for the fields.

The Chern-Simons term for w implies that the TVP
state is an IVC version of the the second entry in Kitaev’s
16-fold way [52]. To see this, imagine that the valley U(1)
symmetry is gauged. The IVC order is a valley charge-2
condensate, and induces a Higgs phase with a surviving
deconfined Z; gauge field. The valley w-fluxes, which
are screened by a 27w vortex of the IVC order, remain
well-defined anyonic quasi-particles. We will call these
anyons a. The valley Chern-Simons term implies that
the topological spin of a is [87]

0, = e 278 (60)

which is equal to the topological spin of w-fluxes in the
second entry of the 16-fold way [52]. Note, however, that
in the original 16-fold way, the a anyons are 7w-fluxes asso-
ciated with the fermion-number conservation symmetry,
whereas for the TVP the a anyons are valley fluxes asso-
ciated with the valley-charge conservation symmetry.
Because the U(1) charge of every local operator is
equal to its U(1), charge modulo 2, a U(1) and U(1),
7 rotation are equivalent, and hence the continuous part
of the symmetry group before exciton condensation is
(U(1)xU(1)y)/Z2. If U(1), is gauged, the remaining
global symmetry group is U(1)/Z;. The modding out
by Zs reflects the fact that charges of local operators in

the gauge theory are quantized in multiples of 2 (e.g.

c}(ck, is uncharged under the gauge group and hence a

local operator). Let us now imagine adiabatically thread-
ing a thin solenoid of 7 flux through the system. After
gauging U(1),, a U(1) 7 flux is invisible to all local op-
erators, and hence is ‘pure gauge’, i.e. it can be removed
by a large gauge transformation. So the combined oper-
ation of adiabatically threading a U(1) 7 flux followed by
a large gauge transformation maps between eigenstates
of the U(1), gauge theory. But due to the AdA Chern-
Simons term, a charge 1/2 is nucleated during the flux
threading. We thus arrive at the conclusion that the flux
insertion creates an anyon with electric charge 1/2. Due
to the Z, fusion rules (a* = 1) [52], and the requirement
that all local operators have even integer charge, the only
anyon which can have charge 1/2 is a.

C. Connection to the ETI

We finally comment on the connection between the re-
sults obtained in this section and the ETI state intro-
duced in Sec. ITI. Our low-energy theory for the TVP and
CT1I; is derived from a two-band model. The ETI, how-
ever, results from symmetry breaking in a set of bands
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with an Euler obstruction, and hence requires at least
four bands. This means that our low-energy theory can-
not be applied to the ETT in a straightforward way. Nev-
ertheless, the ETI and the CTI,; are closely related. To
see this, consider for concreteness the ETI toy model in
Sec. III B, where the ETT is constructed by hybridizing
the lower band of the Cs,7-symmetric non-interacting
model H, (k) in each valley (Egs. 22 and 23). Due to the
Euler topology, the lower band in each valley is connected
to the upper band by two non-interacting Dirac points.
These can be gapped by applying a small C5.-odd sublat-
tice mass 0%, generating Chern bands. If the sublattice
mass takes the same positive value in both valleys, then
the lower bands of H, (k) have Chern number C' = 7, and
hybridizing them with IVC would lead to a CTI;. On the
other hand, a negative coefficient for 0% would generate
lower bands with C = —7, giving rise to a CTI_; upon
inducing IVC. The ETI can hence be interpreted as the
C5,-symmetric boundary between the CTI; and CTI_;.
Given that the coefficient of the BdA term has a different
sign for the CTI_; than for the CTI;, we thus conclude
that the BdA term is odd under é'gz, and hence vanishes
for the ETI. Similarly, the CTIL; host different vortex
core states (1,Fi)T. We therefore expect that neither of
these states will appear as midgap states for the ETL.

V. ETIS IN EXPERIMENTS: IKS ORDER

As promised, after having elucidated the topological
and energetic aspects of CTIs and ETIs in model sys-
tems, we now turn to exploring their emergence in more
realistic systems. In the interests of sharply delineat-
ing predictions from the interpretation of existing exper-
iments, we focus here on the latter. We examine two cases
where the spiral IVC order anticipated in a textured ex-
citon insulator has already been directly observed in ex-
periment: namely, the IKS states observed via STM in
twisted bilayer graphene and mirror-symmetric twisted
trilayer graphene (TSTG). In both cases, IKS states
emerge in C’gz—symmetric settings so that we identify
them as ETIs. In a companion work [21], we use nu-
merical HF studies to propose that CTIs can emerge
in experimentally-accessible parameter regimes in several
other Cs,-breaking moiré materials.

A. Twisted bilayer graphene
1. Background

Magic-angle TBG is a Cy.-preserving system that is
an archetypal example where itineracy, interactions, and
topology are all important in understanding the phase
diagram. Near the magic angle § ~ 1.05°, each spin
and valley possesses two narrow bands at charge neutral-
ity that are connected by Dirac points, and energetically
isolated from the remote bands [88, 89]. While in-plane
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FIG. 7. Twisted bilayer graphene (TBG) at 6 = 1.1°. Uniaxial heterostrain of strength e = 0.25% is applied along &. HF
is performed at ¥ = —2 on a system of size 30 x 30, with a fixed boost g that connects I'nt to My along the & direction, as
plotted in b). The ground state is a spin-unpolarized ETI, referred to as an incommensurate Kekulé spiral (IKS) in Ref. [18].
We project to the central bands, and use the ‘average’ interaction scheme. All plots are shown for one spin sector. a) The
non-interacting dispersion of the valence band in valley K. The cyan square labels I'ys and the triangles label the Dirac points.
Heterostrain unpins the Dirac points and moves them towards I'y;. The dipersion in valley K’ is a time-reversed copy of that
in valley K. b) Momentum-resolved valley polarization of the HF ground state. The magenta square indicates 'y in valley K’
and the non-interacting Dirac points in valley K’ are indicated with dots. At some momentum near I'y; of each valley, there
is perfect polarization into the opposite valley. ¢) The color plot shows the trace of the quantum metric of the valley-filtered
basis in valley K, |HF;). We observe diverging quantum metric near I'as, which indicates a singularity. We further expand
the valley-filtered basis into the Chern basis |[HF ) = %(|C =+1)4 e ¥|C = —1)), and show the angle § with arrows. We
observe a winding of 47 at the singularity. In the ETI, the singularity is smoothed out by complete polarization into the

opposite valley.

rotation Cs. and spinless time-reversal symmetry (TRS)
7 combine to prevent a non-zero Berry curvature in the
single-particle basis, the central bands in each flavor are
anomalous and carry a non-zero Euler index.

The phase diagram of the correlated (often, insulat-
ing) states that emerge near integer filling of the central
bands at low temperatures represents one of most ba-
sic characterizations of the interacting physics of TBG.
It also places important constraints on the theoretical
model and influences the physics of proximate metallic
phases. In the “strong-coupling” framework [80, 81, 90],
correlated insulators can be intuitively constructed by
polarizing into Chern bands in a similar vein to quantum
Hall ferromagnetism?? [95]. While this provides some in-
tuition and has various elegant analytically-tractable lim-
its, it is unable to explain some key experimental facts.
Most notable is the empirical finding that despite the re-
producible presence of correlated insulators at v = £2,
the state at charge neutrality v = 0 is gapless in most
devices [96-106], precisely where strong-coupling theory
would predict the most robust insulators.

A resolution to this discrepancy was provided in the
STM experiment of Ref. [19], which obtained high-
resolution images of the microscopic graphene-scale or-
dering over moiré length scales. It concluded that in
typical TBG devices that had non-negligible amounts of
strain, the charge neutrality point is gapless, as pointed
out theoretically in Ref. [107, 108], while the normal
state across a range of non-zero fillings, including the

23 This picture works best for small chiral ratios . For larger chi-
ral ratios near the realistic value, the topological heavy fermion
framework [91-94] is more suitable.

gapped insulator at v = +2, is consistent with the in-
commensurate Kekulé spiral (IKS) order that was first
predicted earlier in Ref. [18] (see also subsequent the-
ory in Refs. [109, 110]). The characteristic feature of the

IKS, which preserves Cs, and T, is intervalley coherence
(IVC) at a finite incommensurate wavevector g, i.e. the
system hybridizes the two graphene valleys K and K’ at
finite momentum and forms an intervalley spiral. The
IVC generates a symmetry-breaking Kekulé pattern on
the graphene scale [111, 112], which modulates slowly on
the moiré scale according to g. As noted by Ref. [18],
the competition between exchange physics and kinetic
energy that drives the formation of an intervalley spiral
can be understood in terms of the heuristic ‘lobe prin-
ciple’, which we briefly recapitulated in Sec. IT A. This
also provides a quantitative prediction of g, which can
be compared with STM experiments that extract this
wavevector by carefully tracking the spiral modulation
of the microscopic Kekulé pattern across the moiré su-
perlattice [19]. However, the manner in which topology
both underpins the frustration and characterizes the re-
sulting IKS state was previously unknown, and the pre-
cise role played by strain has been unclear. As we will
argue shortly, these are clarified by the recognition that
the IKS state is an ETI.

Before proceeding, we comment on the real-space tex-
turing of the IVC order parameters within each moiré
unit cell. By comparing to theoretical calculations,
Ref. [19] used characteristic features of the intra-moiré-
cell IVC modulations seen in STM, in particular the pat-
terns of real-space vortices, as further evidence for IKS
order. We caution though that these real-space nodes
cannot directly be used to infer CTI or ETT character, be-



cause even ‘trivial IVC’ insulators®* can host such nodes.
We show an explicit example for a different moiré ma-
terial in Ref. [21], but provide a simple argument here
motivating this possibility. Consider a textured exciton
insulator that contains IVC vortices in real-space. As
explained in the introduction, the momentum-space IVC
nodes can in principle be unfrustrated by a small amount
of hybridization with remote bands, reflecting the deli-
cate topology of the textured exciton insulators. Such
small mixing though does not remove the real-space IVC
vortices, which are locally stable. Nevertheless, we em-
phasize that detailed mapping of the intra-moiré cell tex-
turing remains invaluable in pinning down the nature of
the correlated states [19].

2. IKS as ETI

At the non-interacting level, heterostrain unpins the
Dirac points from the Ky, K}, corners, which migrate
towards the mBZ center [113] (see the non-interacting
band structure in Fig. 7a). This tendency of the Dirac
points to move towards I'y; is enhanced by the intrinsic
nematic instability, whose origin can be traced to the in-
homogeneous Berry curvature of the Chern bands [108].
Since strain also broadens the bandwidth, this raises the
possibility of IKS states with a finite ¢ whose value is
determined by the kinetic energy considerations of the
lobe principle. Fig. 7b,c show an example IKS state
for v = —2, and analogous results can be obtained
for |v| = 2,3. HF calculations generally find that the
gapped IKS for |v| = 2,3 preserves Cs,. Furthermore,
within our spin-collinear calculations, these states are
spin-unpolarized at |v| = 2 or spin-polarized at |v| = 3.
As argued in Sec. III A, this necessitates intervalley frus-
tration and the formation of an ETI owing to the C5,7-
protected topology. One signature of this is the perfect
valley polarization (which implies vanishing IVC) at cer-
tain points in the mBZ as shown in Fig. 7b. This perfect
valley polarization is necessary to smooth out the singu-
larity in the valley-filtered basis due the non-trivial Euler
topology, which manifests in a diverging quantum metric.
There is also a non-zero winding in the Chern basis at a
singularity close to I'ps, as shown in Fig. 7c. We notice
that the singularity has 47 winding, which may be con-
trasted with the two Dirac points with 27 windings each
in the non-interacting dispersion. This results from the
hybridization between single particle valence and conduc-
tion bands due to energetic reasons.

Beyond clarifying the nature of the non-trivial topol-
ogy in the IKS, our analysis also emphasizes the im-
portance of the close proximity of the (interaction-
renormalized) Dirac points within each valley. Other-
wise (as we illustrate using a two-band variant of the LLL

24 By ‘trivial’, we mean that the IVC is not topologically obstructed
and is allowed to be non-vanishing across the BZ.
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model in SM Sec. S3 [69]), the IVC state may end up gap-
less, or spontaneously break C'zz to neutralize the inter-
valley frustration. The results of Sec. III also shed light
on the absence of a gapped IKS in TBG for |v| = 0,1. At
v = 0, both spin sectors are at charge neutrality with Er
around the Dirac points. Hence, there is minimal kinetic
penalty for occupying the valence band of each valley,
which precludes kinetically-driven (spiral) IVC which is
essential to the formation of any textured exciton insu-
lator. At |v| = 1, moderately strong interactions may in-
duce a spin polarization such that one spin sector is now
at odd filling. In this sector, the competition between
valley exchange and kinetic energy can then lead to a
frustrated intervalley condensate, with a boost g chosen
according to the lobe principle. However, the other spin
sector is still at its charge neutrality point, and therefore
remains gapless. This explains the absence of a charge
gap in the IKS at |v| =1 [18].

We also comment on the g-independent distinction be-
tween the IKS and certain strong-coupling states that
also satisfy ng and spmless TRS T focusing on v =
—2 for concreteness®®. A spin-polarized version of the
so-called TIVC insulator can be constructed by oc-

cupying [v4) = (KA1 + [K'B1)) and o)
%(\KB 1) +|K’A1)) in the Chern basis®®, which ex-

hibits non-vanishing IVC across the mBZ. This state is
able to evade IVC frustration because the spin polar-
ization means that there is never a single isolated band
below or above the gap within each spin sector, invali-
dating the argument for the ETI outlined in Sec. ITTA.
|4) and |¢_) involve hybridization between bands of
the same Chern number, which is not topologically ob-
structed, and are mapped into each other under 7. A
quantum spin Hall variant of the TIVC that still pre-
serves U(1), consists of 1) = %(|KA M+ |K'B1))

and [9-) = J(KB ) + K4 1)

satisfies a spinful TRS, and not spinless 7A'—symmetry
This therefore 1nvahdateb the Euler obstruction which
requires Co. T symmetry. The TIVC can be stabilized
in low-strain HF calculations including electron-phonon
coupling [114-116] and may explain the observed IVC in
the ultra-low strain sample of Ref. [19].

We discuss the role of égz—breaking in enabling a
gapped ETI in TBG. If Cs, is not explicitly or sponta-
neously broken, the spiral wavevector q can only take val-
ues I'nvp, K or K3 for which the Kekulé pattern is moiré-
commensurate . Any of these choices leads to at least one
momentum in the mBZ which contains one Dirac point
from both valleys. At the Dirac point, the states with
conjugate Cj3, eigenvalues are degenerate since they are
mapped into each other under C5,7. Hence, it is not

, but this state only

25 All strong-coupling states at |v| = 3 are T-breaking with |C| = 1.

26 The Chern basis |Tos) with Chern number C' = o7 can be ob-
tained by diagonalizing the microscopic sublattice operator o~
within the central bands.



possible, even in the presence of CA’gz'f'—preserving IvVC,
to energetically isolate a single band above or below Er
in each spin sector without breaking C3,. Our analysis
thus highlights why strain plays such a crucial role in
stabilizing IKS order in TBG/TSTG, by providing the
requisite C’gz—breaking, an aspect that has until now been
somewhat mysterious.

Finally, the Cs,-symmetry can be explicitly broken by
aligning to the hBN substrate, whose effect can be mod-
elled with a sublattice mass Apgno® [26, 70, 71, 117].
This imbues the non-interacting bands with non-zero
Chern numbers, and has been invoked to explain the
QAH effect observed at v = +3 [25, 26, 118]. While
the IKS in Ref. [18] persists for a finite range of Appn,
the ETI designation is no longer valid due to the lack of
C5,. By studying the valley-filtered basis, we find in our
HF calculations that the IKS becomes a CTIL; in the
presence of a small Apgn.

B. Mirror-symmetric twisted trilayer graphene

Mirror-symmetric twisted trilayer graphene (TSTG)
shares many similarities with TBG, since its Hilbert
space can be decomposed into a mirror-even TBG sector
and a mirror-odd monolayer graphene sector at zero in-
terlayer potential [119, 120]. Soon after the experimental
identification of the IKS in TBG, similar hallmark signa-
tures were reported in mirror-symmetric twisted trilayer
graphene (TSTQG) around v = £2 [20]. Transport mea-
surements also yield results consistent with the IKS [121].

In previous work, we explored the HF phase diagram
of TSTG under varying heterostrain and displacement
field [122]. These studies indeed identify the usual IKS
at finite strain; in the absence of a displacement field AV,
this is an ETI with similar properties to the IKS state in
TBG. .

In addition, Ref. [122] also identified a distinct C',-
breaking Kekulé spiral phase at large displacement field,
which survives to the limit of zero strain where the
wavevector ¢ becomes commensurate with the moiré lat-
tice. Since C5, is spontaneously broken, this phase can-
not be an ETI. As discussed in Ref. 21, the question of
whether this is a CTT is more subtle due to the presence
of multiple bands near Er, and the lack of clear spec-
tral gaps that are present in the other platforms stud-
ied above. Our analysis suggests that the Cs,-breaking
Kekulé spiral is also not a CTT [21].

VI. DISCUSSION

Textured exciton insulators belong in the regime where
interactions, band dispersion, and electronic topology are
all significant. In contrast, the physics at weak-coupling
is centered around the Fermi surface, and nesting, which
is not generic, is necessary to open a full insulating gap.
In the case of intervalley order, the spiral wavevector q is
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a purely kinetic property set by the details of the Fermi
surfaces that are local in the BZ. On the other hand,
when interactions dominate, a global view of the BZ
is important. For trivial single-particle bands, conven-
tional intervalley spiral order can arise from a localized
Mott-like picture. For topological bands, ferromagnetic
and topological insulators are expected, akin to quantum
Hall ferromagnetism. When interactions and kinetic en-
ergy are comparable, both global properties of the single-
particle wavefunctions across the whole BZ, such as the
band topology, and local properties, such as the details
of the kinetic dispersion, come together to stabilize and
shape the textured exciton insulators. We emphasize
that the physics here cannot be fully understood through
the lens of either the weak- or strong-coupling limits.

For moiré systems, the intermediate-coupling regime
can be accessed by appropriate choices of physical pa-
rameters such as the interaction strength, twist angle,
displacement field, and strain. These conspire to stabilize
the IKS state in magic-angle bi- and trilayer graphene,
which as we have argued above is an example of an ETL
As we show in Ref. [21], several Cs,-breaking moiré ma-
terials favor the formation of CTIs in physically plausible
parameter regimes. The presence of band topology can
often be experimentally verified through observation of
correlated (fractional) Chern insulators, including with
a perpendicular magnetic field. From the perspective
of strongly-interacting topological physics, it is typically
desirable for interactions to be dominant relative to the
band dispersion. In this context, we believe that tex-
tured exciton insulators are important for several rea-
sons. As evidenced in the HF phase diagrams at inte-
ger fillings, they are often the correlated phases that are
adjacent to more conventional flavor-polarized (topologi-
cal) insulators. An understanding of the stability of such
strong-coupling states thus requires careful consideration
of the energetic competition with textured exciton insu-
lators. Furthermore, factors such as interaction-induced
band renormalization [123-127], and experimentally rel-
evant variables like twist angle inhomogeneity [102] and
strain [128-130], may complicate our assessment of the
relative strength of interactions, and favor the emergence
of intermediate-coupling orders. A prime example of this
is the ubiquity of IKS order in TBG and TSTG devices
examined by STM [19, 20], which arises due to unin-
tentional strains whose introduction is often unavoidable
when preparing twisted samples.

For the models considered here, as well as TBG, TSTG
and most of the materials in Ref. 21, although several
single-particle bands may participate non-trivially in the
formation of the textured exciton insulator, the interval-
ley frustration can be straightforwardly diagnosed since
the relevant interacting bands are isolated. A natural
question that arises is how the classification of CTIs and
ETIs generalizes to more complicated multiband situa-
tions. For instance, thAe Eyler index ey relevant to the
ETI is a property of a Cy, T-symmetric set of two bands,
but there are other possible multi-gap topologies char-



acterized by different symmetries or greater numbers of
bands. However, involvement of other bands can com-
plicate the analysis if there are no clear spectral gaps to
higher remote bands.

We have shown that textured exciton insulators in-
herit a delicate topology that obstructs an adiabatic con-
nection to an atomically localized description. One way
to understand this is that the strong or fragile topol-
ogy of the constituent symmetric bands forces the val-
ley pseudospin to form a complex texture in momentum
space. The latter implies a non-vanishing quantum ge-
ometry for the textured exciton insulator, as we show
in Appendix B by deriving a lower bound for the inte-
grated trace of the quantum metric [131]. The Chern
or Euler topology of the underlying bands also leads to
certain conditions on the components of their quantum
geometric tensor [74, 132-134]. Tt would be interesting
to combine this with the intervalley frustration to de-
velop more refined quantum geometric bounds for the
CTI or ETI, and investigate their physical consequences
for quantities such as the superfluid weight for supercon-
ductivity [30, 74, 131, 135-137].

Another important consideration is the impact of cor-
rections beyond mean-field theory. It may be possible to
establish the stability of the various textured exciton in-
sulator phases using more sophisticated techniques. For
instance, the presence of IKS order in strained TBG has
been theoretically corroborated at |v| = 3 in the density-
matrix renormalization group study of Ref. [110]. Since
the competing spin-valley polarized phases that appear
at strong interaction strengths are likely to be close to
Slater determinant states, we expect that inclusion of
quantum fluctuations should relatively favor the textured
exciton insulators. This is a question that should be con-
sidered both in highly-controllable settings such as the
simplified models introduced in this work, but also for
more realistic ones that capture the more involved fea-
tures of moiré materials.

The numerical phase diagrams in this work are based
on HF calculations assuming a generalized translation
symmetry. The latter is generated by TRAeiq'RTZ/ 2, where
q is the IVC spiral wavevector, and Tg is a transla-
tion operator by a moiré lattice vector R. This guaran-
tees that valley-diagonal observables, such as the moiré-
scale charge density, remain moiré-periodic. However,
alternative symmetry-breaking orders such as CDWs
can also exploit the non-negligible dispersion, as pro-
posed in Ref. [138] for TBG. In the flat-band limit,
Refs. [57, 58, 67] have shown that phase separation can be
energetically favorable for the LLL model. More detailed
calculations are required to fully flesh out the various
phase diagrams.

Consider the situation where the non-trivial interact-
ing physics predominantly occurs within one pair of TR-
related Chern bands CL’T with C = 7n. At half-filling, the

CTI, is the unique gapped mean-field phase that has T
and generalized translation symmetries. Beyond mean-
field level, it is still meaningful to detect the topological
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frustration of a CT1I,, based on correlators of c}; 1 Chtq,—
However, there is the possibility of other genuinely many-
body incompressible phases that still preserve translation
and time-reversal symmetries, especially for strong inter-
actions. One exotic example for n = 1 is a fractional
topological insulator [139-144] adiabatically connected
to the product of two time-reversed lattice analogs of
the Moore-Read state [145].

The fluctuations of the textured exciton insulators,
which have a gapless branch due to broken U(1),-
symmetry, impact the finite-temperature responses, and
may help seed other proximate phases such as supercon-
ductivity. An avenue for future work is to study whether
there are universal features in the collective modes arising
from the topological intervalley frustration, which may
constrain their coupling to the low-energy electronic de-
grees of freedom. Furthermore, the range of stability of
the CTIs and ETIs to finite doping should be established,
as has been done theoretically for the IKS in TBG [109].

In a companion paper [21], we have investigated the

HF phase diagrams for several égz—breaking moiré sys-
tems, and we leave a detailed discussion of the feasibility
of realizing CTTs in specific settings to that work. Look-
ing beyond moiré, other platforms that contain the mini-
mal ingredients — topological bands in the intermediate
coupling regime with a U(1) index that is flipped un-
der time-reversal symmetry — are prime candidates for
hosting textured exciton insulators.

We comment on the distinction between the con-
straints derived from electronic topology on the excitonic
(intervalley) order parameter considered here, and the
topology of individual excitons that has been addressed
in previous works [61, 146-154]. The latter concerns the
evolution of the wavefunction |1exc(q)) of a single ex-
citon as a function of its centre-of-mass momentum gq.
The possibility of non-trivial exciton topology can be
motivated from the LLL model in the absence of band
dispersion, where the neutral excitation spectrum of the
valley-polarized insulator at ¥ = 1 consists of a set of flat
excitonic bands with Cexe = 1 [61] Various novel many-
exciton phases have also been studied [62, 64, 150, 151].
However for general models, the topology at the single-
exciton level can be trivialized by the envelope function,
which can depend sensitively on the details of the inter-
acting Hamiltonian. In contrast, the non-trivial condi-
tions on the excitonic order parameter of textured exciton
insulators depend only on the electronic band topology,
and are impervious to the specifics of the single-exciton
problem.

Topological phases such as (fractional) Chern insula-
tors in 2d materials are usually experimentally identified
by measuring quantized electrical Hall response in trans-
port, or tracking how the incompressible state evolves in
a magnetic field according to the Streda formula with
various probes. Such signatures are absent in textured
exciton insulators. They are hence challenging to detect
directly, and require comparatively indirect evidence to
verify their presence. Properties of the integer phase di-



agram can help narrow down the possibilities. For in-
stance, the presence of an insulating phase and unbro-
ken time-reversal symmetry (e.g. absence of anomalous
Hall effect) at odd integer fillings implies either den-
sity wave order or intervalley coherence if the more ex-
otic possibility of topological order is not invoked. If
there is independent evidence of well-isolated topological
bands, the scenario of intervalley coherence then likely
implies a CTI or ETI phase. In graphene systems, IVC
can be probed directly by imaging the Kekulé distortion
on the graphene lattice scale. The intervalley wavevec-
tor g has been extracted experimentally by analyzing
the long-wavelength spiral modulation in moiré superlat-
tices [19, 20]. In Ref. [19], the identification of vortices in
the spatial profile of the local valley and sublattice order
within the moiré unit cell was further used to support the
presence of IKS order in TBG. An interesting question is
whether textured exciton insulators more generally im-
pose non-trivial constraints on the real-space patterns of
such vortices. Finally, as derived in Sec. IV, order pa-
rameter defects can induce CDW order, which may be
detectable with local imaging techniques.
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Appendix A: CTI and topology

The simplest setting of a CTT involves an energetically
isolated pair of Chern bands which are interchanged by
TRS and labelled with a ‘valley’ U(1), label 7 = +.
The U(1), symmetry prevents these bands from hybridiz-
ing with each other in the absence of interactions. Due
to the non-trivial stable Chern topology, there is ev-
idently an obstruction to U(1),-symmetric exponential
Wannier localization, let alone an atomically trivial de-
scription. As detailed in Sec. II of the main text, a CTI
can form at half-filling when interactions spontaneously
break the valley conservation, leading to a charge gap.
Since CTIs preserve TRS, the resulting filled band has
C = 0 and hence can be exponentially localized. De-
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spite the removal of the Wannier obstruction, one can
still ask whether the CTI can be treated in a Mott or
atomic limit picture, where the ground state is a Slater
determinant of real-space fully localized valley moments.
In this appendix, we use a toy model calculation to illus-
trate that this is not possible—the Wannier obstruction
of the U(1),-symmetric bands translates to an obstruc-
tion against atomic localization for the CTI. Certain one-
body correlation functions are required to have nonvan-
ishing non-onsite elements, and the local charge density
has non-zero fluctuations. We then demonstrate the ob-
struction against atomic localization is ‘delicate’, in that
mixing with remote bands allows for deformation to the
atomic limit without closing the gap. Finally, we discuss
whether the Wannier functions of the CTI can be made
compact.

1. Toy two-band model and local moment
obstruction

As a motivating example, consider a system with two
orbitals 0 = A, B and two valleys 7 = +. Importantly,
here we consider the orbitals to be trivial atomically lo-
calized orbitals. For any many-body state, we define
the filling to be v = —2 when all orbitals are empty,
and v = +2 when all orbitals are occupied. The single-
particle U(1),-preserving Hamiltonian is

(A1)

where TRS 7 = 7%K constrains d,(k), d.(k) to be odd
functions, and dy(k) to be an even function. We assume
that the 2 x 2 Hamiltonian d(k) - o is gapped, and the
valence band has Chern number C' = +1, while the con-
duction band has C = —1. We let o, (k) and a. (k)
denote the negative and positive eigenvalue eigenvector
of d(k) - o respectively. In components, we have

cos Oy ete1 ()
Oév(k) = (sin 6kei302(k) 5

. N sin Oy e~ ie2(k)
ac(k) =ioYay (k) = (_ Coszke—iWI(k) :

(A2)
Crucially, the non-zero Chern number implies that
d(k)/|d(k)| covers the unit sphere once, such that cos 6
and sin 6y, each vanish at least somewhere in the BZ. For
simplicity, we assume that this happens once in the BZ
for each of cosfy and sin 6. We consider a smooth but
non-periodic gauge, such that ¢; (k) winds by 27 around
where cos @ vanishes, and @so(k) winds by 27 around
where sin 0y, vanishes.
Let

lun (k) =y o (k) |k, 7, 0) (A3)



denote the eigenstates of H, where n = ¢,v indexes the
conduction or valence band. We have the inverse relation

k, o) =D lup o (R)]" Ju, (k) (A4)

n

Note that the Fourier transform
1 —ik-r
r,T,0)=—F= e’ k, T,O
o) = 75 et ko)
1 ik
_ e—z -r u‘r k * U,T kf , A5
U8 2T AR, (A9)

where N is the number of unit cells, yields atomically
localized basis orbitals |r, T, o).

From Eq. A1, we see that H is designed such that the
valence band of 7 = + has the same A/B-orbital Bloch

state as the conduction band of 7 = —, such that
uj’g(k) = av,o(k’)a u;"’g(k) = ac,o(k’)v
Uy o (K) = aco(k), U, (k)= ayq(k). (AG)

A single Chern band within a valley does not admit
an exponentially-localized Wannier representation. How-
ever, the two Chern bands within a valley carry opposite
Chern numbers and hence can be easily recombined to
yield atomically localized orbitals (see Eq. A5). Ignoring
any energetic considerations for the moment, consider
building a new band |4 4(k)) by invoking inter-Chern
coherence between the conduction and valence bands in
the 7 = + valley:

s (k) = [y ()] o) (k)
= [u) g (k) ut, (k) [k, +,0)

=" (e, a (k)] v o () |k, +, 0)

FlacaB) aco (k) [k, +,0))

=|k,+,A). (AT)

If we now build a v = —1 state by fully occupying this
new band, then all one-body correlation functions

PTO’,T’O-/ (’l”, T’I) — <Ci.77-,gcr’.,7'/,o">

1 —ik-(r—7r’ To,7' o’
:NZB k(r=r) pror’al (k) (A8)
k

would be purely on-site » = 7’ and localized on 7 = +
and o = A.

If the conduction band is much higher in energy than
the valence band, then the physics can be projected onto
the valence bands, The situation is then analogous to
the LLL model in Sec. II, and a CTI can be stabilized
at v = —1 by breaking U(1), due to interactions (note
that the valence band projection amounts to energeti-
cally forbidding the single-valley inter-Chern state dis-
cussed above, so the only route to inter-Chern coherence
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is to also require inter-valley coherence). We consider the
occupied band of the following specific CTI:

[Weri(k) =D [uf 4(k)]" |uf (k)

=S [up A (k)] U], (k) [k, 7, 0)

TO

=" (lavalk)] 0w o (k) [k, +,0)

g

Flac,a(k)] e (k) |k, — o). (A9)
The construction of [hcrr) above is superficially very
similar to that of [ 4) in Eq. A7. In both cases, we
are combining a C' = —1 and a C = +1 band to cre-
ate a C' = 0 band, such that there is no obstruction in
the latter to constructing exponentially-localized Wan-
nier functions. Indeed, even the expansion coefficients
are similar, which has been deliberately done in an at-
tempt to maximize the localization. The only difference
is that |¢cTr) mixes the valleys: yet this difference is cru-
cial to the topological structure of the CTI, as we now
elucidate.

The key point is that |cTr) does not admit a fully
localized representation, and possesses non-onsite corre-
lations. To see this, we first write down the projector in
momentum space

PERT (k) = (up a(R)uig o (k))°) (g a (0] 7 (R))

(A10)
Now consider the following summed one-body correlation
function

() g}

1 : ’ r !
_ N Z e—zk~(r—'r‘ )PTO',T o (k?)

k, 77’

(A11)

For the CTI, the above evaluates to 0 r/05 5.4 by ex-
ploiting orthonormality. While this is purely onsite, this
does not correspond to the expected value for a band
|t-,,4) of fully localized in-plane valley moments local-
ized on the A orbitals

) = [ % (I A) + I — A)),  (A12)

which instead yields 20, »/645,.4 for Eq. All. In fact,
any one-body correlator for |1, 4) is purely onsite. On
the other hand, observables for |[¢cTr) that carry definite
valley charge give non-onsite contributions. For instance,
the correlator

(e () = 1 3™ ud () uf ()]
k

X ([, 4 (k)] u,, 5 (K)
(A13)



cannot be strictly onsite, because the product of u’s nec-
essarily vanishes at certain points in the BZ for Chern
bands. We thus find that any operator with definite val-
ley charge retains a memory of the non-trivial topology
of the U(1),-symmetric bands, which is manifested as an
obstruction to a trivial atomic limit with strictly onsite
expectation values.

The non-locality of correlation functions in [¢crr) also
leads to onsite charge fluctuations. Consider the onsite
number operator n(r) =Y. ¢l (r)c ,(r) and its vari-
ance

Var[n(r)] = (n(r)?) — (n(r))
= (n(r)) — Y [ (r)er o (m)P. (Al4)

T1'oo!

For both |94 4) and |¢,, ), we have Var[n(r)] = 0 as
expected. For |¢cTr), we have

VarCTI [n(r)] =1- % ;TI'[PCTI(k:)PCTI(k/)] (A15)

where Tr is a trace over all orbitals labeled by ¢ and 7.
Since Pori(k) necessarily varies in the BZ for a CTI, we
thus find finite onsite charge fluctuations.

2. Additional bands and delicate topology

In this subsection, we first illustrate generally that a
CTT in a model with one band per valley can be deformed
infinitesimally into a trivial IVC state without closing the
charge gap by introducing remote degrees of freedom.
By trivial IVC, we mean that the IVC is non-vanishing
throughout the BZ, and hence the valley-filtered bands
have zero Chern invariant. We consider a CTI,, state
with n = 1 for simplicity. We therefore conclude that
the obstruction to an atomic limit for a CTI is a form of
delicate topology inherited from the strong topology of
the U(1),-symmetric system.

Begin with a general one-band CTI constructed from
|ur(k)) (the cell-periodic part of the Bloch function),
where 7 = + indicates the valley, which is locked to the
Chern number C = 7. We choose a smooth gauge for
these bands, such that dy, |u,(k)) is finite. This can al-
ways be done if we allow the gauge to be non-periodic.

The general form of the filled band of the CTT is

lucti(k)) =Y er (k) Jur (K)).

T

(A16)

We assume that the CTT is fully-polarized towards 7 = —
at ko. This means that c_(k) ~ 1 near kg. At the
same time, we must have a vortex in ¢4 (k), which re-
flects the fact that the overall valley pseudospin has a
meron centered at kg when plotted in a smooth gauge.
With appropriate choice of smooth gauge, we can choose

25

ct (k) ~ (kg — koz) + i(ky — koy). Hence the CTI wave-
function near kg can be parameterized as

lucTi(k)) = ((kz = koz) +i(ky = koy)) |u4 (k)
+ V11— |k —kol? [u_(k)).

We now introduce some remote set of states
|tt rem (K)) in valley +. This could be a band defined over
the BZ, but we will see shortly that this is not necessary
for the present argument. We simply require |u4 yem (k))
to be gauge-fixed such that it is smooth in the vicinity of
ko. We would like to mix in an infinitesimal amplitude
d(k) of |ut rem(k)) near ko. Hence, we choose 6(k) to be
an infinitesimal and smooth function that decays rapidly
away from kg. Having d(k) decay for large k — ko avoids
potential issues about topological constraints due to any
non-trivial topology of |uy (k)) and |uy rem(k)). We now
write down the filled band corresponding to some new
IVC state

|[Utrivial (k) = ((kcc — koz) + Z(ky - kOy)) \u+(k)>
+ 6(k) |t rem (K)) (A18)
+ V1= |k — kol — 6(k)? |u_(k)) .

Note that we can perform an analogous deformation us-
ing |u_ rem(k)) at the other lobe at —ko where the CTI
is fully-polarized towards |uy(k)). The short range of
d(k) prevents the deformations from interfering with each
other.

|ttrivial(K)) is evidently an infinitesimal deformation
of lucTi(k)). Furthermore, |utivial(k)) is trivial because
the IVC never vanishes. If the charge gap of the CTI was
finite, then the charge gap of |utrivial(k)) remains finite.

We address whether |utivial(k)) corresponds to a
‘physically smooth’ state. The criterion we use here is
that the quantum geometry of |uiyivial(k)) is finite and
does not diverge. The quantum geometric tensor of some
band |u(k)) is

R = (On,u(k)|Qr|On, u(k))

where Qg = 1—|u(k)) (u(k)|. For the quantum geometric
tensor to be not divergent, a sufficient condition is that
Ok, lu(k)) does not diverge. Since the Bloch states in
Eq. A18 are smooth, it is clear that Jg, |utrivial(k)) does
not diverge.

At the same time, the ‘valley-filtered’ (VF) basis does
diverge. We can write down the normalized VF basis
luvr +(k)) for |uyiviai(k)) in valley 7 = + near kg

(ks — kog) +i(ky — koy)
VIk = kol? +5(k)?
6(k)

Ik —kol? + (k)
This certainly has a diverging quantum geometry, since
it rapidly flips from |uem(k)) to |us(k)) as we move in-
finitesimally away from ko for infinitesimal §(k). How-

ever, the key is that the valley polarization near kg in
|ttrivial (K)) cancels out this divergence.

(A7)

(A19)

luvr, + (k) =

s (k) (A20)

5 |urem(k)> .




We now show that the initial CTI can be further de-
formed to a trivial atomic limit using the remote states.
To do so, we now specify that |ur rem(k)) comes from a
valleyful and atomically-trivial symmetric set of orbitals
that satisfies TRS. We can then deform §(k) to be 1//2
across the entire BZ without encountering singularities,
leading to

tasomic (k) = %(\m,rem(k» o (B))),

which clearly represents a limit of atomically localized
moments.

(A21)

3. Non-compactness of translation-invariant CTI
with intra-valley C3, symmetry

In App. A it was shown that the CTI exhibits a form of
delicate topology which obstructs an atomic limit. Here
we show the that in the presence of an intra-valley Cy,
symmetry, i.e. a 2n-fold rotation symmetry along an axis
perpendicular to the plane, the CTI Wannier functions
cannot even be made compact if strict translation sym-
metry is imposed — i.e. with these symmetries the CTI
is a noncompact atomic insulator [50]. We also show
that if the CTT admits compact Wannier functions in the
absence of an intra-valley Cs,, symmetry, such CTIs are
extremely rare.

We start from the filled CTI band, which we write as

[ucti(k)) = Y er(k)or (k))|7) |

T

(A22)

where we have used the notation |u,(k)) = |v,(k))|7)
to make explicit that the two Chern bands with Chern
number C' = 7 live in different valleys and hence are
mutually orthogonal. The corresponding CTI Wannier
state centered at position R is then

[Wr(r)) = %Zeik'(r*m Y elur(k))lr)  (A23)
k T

Let us now consider the part of the Wannier function
which is supported in valley 7

(IR () = & 3 e e W)ur (). (A24)

Even though it is constructed from states in a single
Chern band, this function is exponentially localized be-
cause |c; (k)| varies in the Brillouin zone. Note that if
ler (k)| were fixed to 1, then (A24) would be a Wannier
function for a Chern band, which cannot be exponentially
localized. The crucial property that enables exponential
Wannier localization is that the Chern-number-enforced
singularity in |v,(k)) is removed by taking ¢, (k) to van-
ish at the location of the singularity. Let us now assume
that it is possible to choose ¢, (k) such that (7|Wgr(r))
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is compact. Combining these functions for different R,
we would then have set of compact functions that al-
most spans the complete Chern band. Almost, because
in k-space we are missing the state at the location of the
singularity. To get the missing state, we can consider a
different set of functions

(W () = 1 e D (o (), (425)
k

where the phase of ¢/ (k) is related to that of ¢, (k) by
a singular gauge transformation, which moves the singu-
larity to a different location in k-space, and |c/ (k)| van-
ishes at the new location of the singularity. Eq. (A25)
provides us with a different set of exponentially local-
ized functions, which span the Chern band except for
the momentum state at the new location of the singular-
ity. But (A24) and (A25) together form an overcomplete
basis for the Chern band. In Sec. III G of Ref. [155]
it was proven that there exists no (overcomplete) set
of compact functions that can span a topologically non-
trivial band. This implies that if (7|Wgr(r)) is compact,
then (7|Wg (r)) cannot be compact (but both can be ex-
ponentially localized). Put differently, if a ¢, (k) exists
such that (7|Wg(r)) is compact, then ¢, (k) comes with
a unique, special location in momentum space where the
zero of ¢, (k) has to be. Any other ¢/ (k) with a zero that
is not at this special point cannot give rise to compact
Wannier functions for the CTI. This means that given
a set of time-reversal related opposite Chern bands, the
CTI made from those Chern bands can only admit com-
pact Wannier functions if the nodes in the IVC order
parameter are eractly at this special point. If the Chern
bands have a C), symmetry with n = 2,3,..., then this
special point has to be a high-symmetry point. As dis-
cussed in the main text, the CTI must have its order pa-
rameter nodes, which correspond to the zeros of cy(k),
at two momenta which are interchanged by time-reversal
symmetry. In the presence of both intra-valley Cs,, sym-
metry and strict translation symmetry (which forbids a
non-zero spiral wavevector q for the CTI), these nodes
are therefore necessarily away from the high-symmetry
point where they would have to be to allow for a com-
pact Wannier representation.

Tt is also interesting to note that the result of Ref. [156],
i.e. that a compact tight-binding Hamiltonian cannot
produce an exactly flat Chern band, follows as a corol-
lary. To see this, consider the tight-binding Hamiltonian
H(k) and assume it has an exact flat band with energy
E and corresponding eigenvectors |u(k)), and non-flat
bands E, (k). We start by writing the flat band projec-
tor as

i) 0] = f 32—

where the integral is along a circle in the complex plane
centered at F/, and with a radius smaller than the gap to

(A26)



the neighbouring bands. We can rewrite this as

dz 1 dz 1 .
f{ omiz - H(K) % i dot(z — H ) U~ H(K)
1 .
~LE— B En(k))AdJ(E - H(k)),
(A27)

If the Hamiltonian
iai-k

where Adj is the adjugate matrix.
is compact, then H(k) consists of polynomials in e
and €2 where a; and as form a basis for the Bra-
vais lattice. The same is then true for Adj(E — H(k)),
and hence for [[, (E — E,(k))|u(k))(u(k)|. The Fourier
transforms of [ [, (E — E,(k))u (k)|u(k)) would then be
compact, for any choice of a. Since the uq (k) cannot all
vanish at the same point in momentum space, we have
thus obtained an overcomplete set of compact functions
that spans the band. It must therefore be trivial.

Appendix B: Quantum geometric bounds for
textured exciton insulators

In this appendix, we consider lower bounds on the in-
tegrated trace of the quantum metric for CTIs and ETIs.
The derived lower bound only uses the fact that the val-
ley pseudospin is forced to point along opposite poles
somewhere in the BZ for textured exciton insulators, and
does not incorporate possible refinements to the bound
from spatial symmetries or the topology of the U(1),-
symmetric bands. Our discussion closely follows the for-
malism and derivations of Ref. [131]. For simplicity, we
consider a square real-space unit cell with basis lattice
vectors a; = az and as = ay, so that a general lattice
vector is R = riai + reas with 1nteger r1,79. The corre-
sponding basis RLVs are by = <% and by = —”g), with a
general RLV being G = ¢g1b; + 92b2

We first define the Abelian quantum geometric tensor

where P is the gauge-invariant Hermitian projector onto
the Noe occupied bands (we consider Ny = 1 appropri-
ate for CTTs and ETIs), 0; indicates a momentum deriva-
tive along k; with ¢ = x,y, and the trace Tr is taken over
the space of all orbitals (note that this subsumes all possi-
ble degrees of freedom including valley). The momentum
argument k has been suppressed above. For simplicity,
we neglect the ‘embedding’ of orbitals in the unit cell so
that we can choose P(k) = P(k+G). Eq. Bl can be split
into the symmetric quantum metric and anti-symmetric
Berry curvature

1

Trgij = Gij — 5

fij- (B2)

We will focus on the quantum metric, which takes the
form

g = 5 TrOP)O;P)]. (B3)

27

and is positive semi-definite. We define the integrated
trace of the quantum metric (a dimensionless scalar)

1 d°k
G=3 /BZ (2n)? ;Tr [(0:P) (9 P)] (B4)

where the integral is taken over the BZ. Our goal will be
to derive a finite lower bound on G. We first expand in
a Fourier series

a2

_a 2L iRk .
)2 /BZd k P(k)

From Hermiticity, we have p'(R) = p(—R). Since there
is one occupied band, we also have Y p||p(R)||* = 1,
where ||A||? = TrATA is the Frobenius norm. G can be
expressed in dual R-space as

Z' (R,

which is a sum of positive terms (except for R = 0 which
vanishes).

For a textured exciton insulator, we know that the IVC
has to vanish and point along opposite poles at (at least)
two distinct points k = £k* in the BZ. We allow k* to lie
anywhere (except at time-reversal invariant momenta) to
minimize the bound on G. The difference of the projec-
tors at these nodal points is

P(k*) — P(—k*) = > —2isin(k
R

Taking the Frobenius norm and using the triangle in-
equality leads to

p(R) = (B5)

(B6)

R)p(R).  (B7)

1P(E") —

—k*)|| <Z2\sm
< Z2Hp (R)|

R#0

R)| x |[p(R)]|

(B8)

The LHS of the above equation gives ||P(k*) —
P(—k*)|| = V2, because P(+k*) orient along opposite
directions in valley space, and are hence orthogonal. We
are then left with the problem of minimizing Eq. B6 sub-
ject to the constraints

<Y lIp(R)

R#0

and lep NP =

Intuitively, we expect a lower bound on G to arise from
putting as much of the weight of ||[p(R)|| as is consis-
tent with the normalization condition on the harmon-
ics R with the smallest sizes, as long as this saturates
the first inequality above. This intuition is formalized
in the ‘concentration lemma’ [131]. For the case of the

(B9)



square lattice, we consider ||p(a1)|| = ||p(—a1)|| = a and
Iplaz)l| = [Ip(—az)|| = § such that that o+ 5 = =

and the rest of the weight is placed at R = 0. Eq. B6 is
minimized for a« = 8 = ﬁ, leading to

(B10)

The above result can be generalized to different BZ
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geometries. Furthermore, we anticipate that the bound
on G may be tightened by accounting for the quantum
geometry intrinsic to the valley-symmetric bands which
is finitely bounded from below due to their non-trivial
topology. In addition, there may be refinements if the
positions of the IVC nodes are constrained, which could
arise due to spatial symmetries such as C'3,. These ques-
tions are somewhat detail-dependent and hence beyond
the scope of our analysis here, so we leave their resolution
to future work.
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