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Abstract

Persistent homology (PH) is an algorithmic method that allows one to
study shape and higher-order interactions in high-dimensional data. Over
the last decade, PH has been used in a wide variety of applications, includ-
ing biology. PH considers topological invariants, such as connected com-
ponents, loops, and holes, and their changes across a filtration which one
can imagine as observing the data through multiple scales or resolutions.
The filtration determines the questions that can be answered about the
data and, in many cases, needs to be developed specifically for the problem
of interest. There are also many other practical challenges when applying
PH such as computational complexity and interpretation of PH output.
This thesis has two parts: In the first part, we showcase how PH can
be applied to two types of biological data: tumour blood vessel networks
and functional neuronal networks. For tumour blood vessel networks, we
develop a novel filtration that spatially characterises their structural ab-
normality. We show that the number of vessel loops and their distribution
in the networks change over time when tumours undergo treatment with
vascular targeting agents and radiation therapy. In functional neuronal
networks, we find that PH can provide insight into dynamical processes
in motor-learning data as well as in working-memory data from healthy
versus schizophrenic human subjects. We highlight what type of infor-
mation we can gain by applying persistence landscapes and persistence
images to analyse and interpret the output from PH. In the second part
of this thesis, we develop novel methods that consider PH locally around
data points. To address computational issues when applying PH to large
and noisy data sets — both traits are commonly found in biological data
— we develop a novel landmark selection technique for point clouds. In
contrast to existing methods, our subsampling process is robust to outliers
and is developed specifically for PH. We further introduce a novel method
that can detect geometric anomalies, such as intersections or boundaries,
in point cloud data sampled from intersecting surfaces. Our detection is
based on the computation of PH in local annular neighbourhoods around
points and is less sensitive to the size of the local neighbourhood and
surface curvature than an existing method.
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“des himmels stern und meres grifi
und alls das rechenunge hif3,

das flofl durch mines herzen rink:
nach mir nature buwet dink.”®

From the speech by the personified art of arithmetic
(Arismetica) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

®Translation: “The stars of heavens and the sands of
the sea and everything that was said to be connected
with calculation, all that flowed through the ring of
my heart. Natura builds things in accordance with
me.” [263].

Introduction

As applied mathematicians, we consider phenomena in the world around us as being
countable, measurable, and classifiable. This view is not a modern phenomenon,
see, for example, the quote above by Heinrich von Miigeln, a German poet from the
14th century who wrote about the significance of the seven liberal arts. Over the
last century, however, instruments for measuring have become more precise and more
easily available, leading to an unprecedented volume of data that is produced every
day. Just over 10 years ago, Microsoft Research identified the lack of methods for
understanding the available quantities of data in all their complexity as one of the big
challenges of the 21st century and established data science as the fourth paradigm of
science [134]. In particular in biology, there is great potential for novel insights and
new hypotheses based on data [134,171]. For example, with novel imaging techniques
it has become possible for cancer researchers to visualise tumour blood vessels and the
effects that cancer drugs have on them in fascinating detail over multiple days. These
blood vessels form through a process known as tumour-induced angiogenesis, which

is very different to the growth of vessels in a healthy organ. The result of tumour-



induced angiogenesis is a chaotic network of inefficient blood vessels characterised
by many loops and twists, which is highly abnormal compared to the vessel network
of a healthy organ. Even though these abnormal characteristics are obvious to the
human eye, quantifying them has, so far, proved to be very difficult. To take full
advantage of this complex and cutting edge data, it is crucial to use analysis methods
that can quantify shape. Since a tumour depends on its vascular system to survive,
grow, and spread in the body, its vascular network is an excellent target for cancer
drugs. Understanding this spatial and high-resolution data could thus have important
implications for treatment.

In many areas of biology, one can also gain new knowledge by applying novel
analysis techniques to existing data sets [171]. One such area is neuroscience, where
large quantities of data already exist. The human brain is a highly complex or-
gan, whose organisational structure from the scale of single neurons to the scale of
brain regions can be studied using networks. For example, one can consider dif-
ferent neurons or brain regions as nodes and physical connections between them as
edges and study the resulting structural network [183]. If one is more interested
in functional aspects of the brain, one can construe different neurons or brain re-
gions as nodes and give edges between them a weight that represents a measure
of functional similarity over time. Such a construction is called a functional net-
work [183]. Scientists have been observing structural and functional aspects of the
human brain by creating (possibly time-dependent) neuronal networks from data
for over 10 years [22,27,42,59,61,193,194,234]. Most commonly used methods to
study networks, however, consider only pairwise connections [183]. Only recently,
techniques that can capture higher-order interactions and highlight new patterns or
shapes in networks have been applied in neuroscience [24,124,237] .

To understand the shape of data, such as a vascular network or a functional

neuronal network, mathematicians have in the past 10 —15 years started turning to



theoretically well-established areas such as topology. Ideas from topology have since
been successfully applied to many biological settings, for example, to find a new
subtype of breast cancer [184], to detect interactions between spinal chord injury and
traumatic brain injury [186], to understand synaptic connectivity [210], and to unravel
the neural codes [80]. A particularly popular and successful topological method is

persistent homology, which we now discuss in more detail.

1.1 Persistent homology

Persistent homology (PH) [66,97-99] is a data analysis method based on the topolog-
ical concept of homology that forms a bridge between pure and applied mathematics
through computation. With PH one can study topological invariants (e.g. character-
istics of shapes) in high-dimensional data over multiple scales. Examples of topologi-
cal invariants in different dimensions are connected components (dimension 0), loops
(dimension 1), or holes (dimensions > 2). When applying PH, one must choose a
filtration which associates sequences of vector spaces and maps to the data and is the
input for PH. One can imagine the vector spaces in the sequence as representing the
data at different scales or resolutions. The result of applying PH to a filtration is a
collection of intervals, which can be visualised by so-called barcodes [123] (see middle
panel of Fig. 1.1 for an example). For every dimension, the intervals in the barcode
represent topological features in the data and their persistence across the sequence
of vector spaces. The barcodes can be interpreted by a choice of methods, which
allow them to be analysed statistically. We show the typical pipeline for applying
PH to data in Fig. 1.1. The theoretical basis of PH is well understood [76,123,279]
and there are many available software packages to compute PH, such as [32,173,247],
and to analyse the output of PH computations, see, for example, [3,89]. Together
with accessible introductions such as [190, 191,232, 268] this has led to a noticeably

increased interest in PH over the last 5 years. However, the application of PH to data
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Figure 1.1: Schematic representation of the PH pipeline. Different types of data can be analysed
by filtrations which assign barcodes to data. These barcodes are then analysed and interpreted to
obtain information about topological features such as connectedness, or loops in the data. The figure
contains modified versions of our images in [237,238,240] as well as images of experimental data
provided by Russel Bates and Bostjan Markelc/Jakob Kaeppler (with permission).

still remains extremely challenging. We now discuss some of the difficulties that can

arise in applications.

1.2 Practical challenges of persistent homology

PH works very well on synthetic examples such as distinguishing whether points were
sampled from a torus or a sphere (see, for example, in [4]). However, PH comes with
a unique set of challenges when applied to real-world data. Broadly speaking, the
challenges fall into two categories: the output of PH on a given data set must be both

meaningful and computable.

1.2.1 Meaningful filtrations

PH is often explained with point cloud data in mind, for which the notion of shape
is somewhat intuitive and established filtrations exist such as a filtration via the
Vietoris-Rips complex or the Cech complex (see, for example, [66,123] for a descrip-
tion). Many software packages are designed to compute these very specific filtrations

such as RIPSER [32], which computes the Vietoris—Rips filtration of a point cloud.



Applications of PH to other types of data such as networks, however, require one to
either identify or develop an appropriate filtration for the data. Luckily, the software
package JAVAPLEX [247] allows the user to build their own filtration. For (biolog-
ical) networks, several filtrations have been developed successfully [33,34, 145, 202].
However, different types of networks are studied with very different types of research
questions in mind, and thus finding a filtration that can provide insights into the
data at hand is not straightforward. Before developing a filtration, one must consider
whether topological invariants such as loops are an intrinsic feature of the data and
in what way they are meaningful [232]. For example, tumour blood vessel networks
contain loops as one of their characteristic features. In contrast, all-to-all connected
weighted functional neuronal networks do not contain obvious loops on first inspec-
tion, but if one imagines thresholding the networks at different weights, loops can
emerge at different thresholds. However, even if we identify the topological features
such as loops that we want to capture, we can still choose different types of filtering
parameters, which will determine what information we can gain about these loops.
In the case of the tumour blood vessel data, we can filter the vessel networks by
parameters such as thickness or tortuosity of the branches. The result of such a
filtration would be a barcode that can be translated to a histogram of the number
of loops versus the maximal tortuosity value or thickness value of a vessel segment
in the loop. Alternatively, one can create a filtration based on a spatial parameter,
which provides insight on the spatial distribution of loops in the network. Since the
choice of filtration fully determines the type of information that can be gained from
the data, it is crucial to closely consider the research question at hand. In addition,
when working with collaborators from other disciplines, the output of a filtration
needs to have a clear interpretation, i.e. barcode intervals or their persistence need

to be connected with a physical phenomenon or a characteristic of the data.



1.2.2 Persistent homology on large data sets

After identifying or designing an appropriate filtration for the problem one needs
to compute PH. Building a filtration on a data set with N points results in spaces
of the size O(2"), although in practice this can be reduced to O(N™™!) by posing
a limit 7 on the dimension of the topological features considered [190]. Following
the construction of a filtration, the algorithm for computing PH in the worst case
has a complexity of O(k?), where k is the number of points, edges, triangles, and
higher-dimensional connections constructed from the data points by the filtration
(the number of such connections can be up to 2% — 1), although the complexity is
often linear in practice [99,190]. Methods exist to approximate specific filtrations or
to reduce the sizes of the vector spaces associated to the data by a filtration that
have been implemented in software packages, see [190] for an overview. Despite such
improvements, computation is still very challenging on large data sets and can pose
a hard limit on the filtrations that can be applied to a particular data set. Even
on Oxford’s most powerful computers many of the calculations that we present here
run on the order of months. In such cases it can become necessary to preprocess
data before applying PH (see Fig. 1.2). For point cloud data one can, for example,
use subsampling techniques to identify so-called landmarks of the data set and then
define a filtration on the landmarks [86]. A filtration on well chosen landmarks re-
tains topologically important global information about the full data set and one can
even choose to include information from non-landmark points when constructing the
filtration. An example for such a filtration is the lazy witness filtration which was
first introduced by de Silva & Carlsson [86] and has been used to study noisy artificial
data sets by Kovacev—Nikolic [151], primary visual cortex cell populations by Singh
et al. [228], and cancer gene expression data by Lockwood & Krishnamoorthy [165].

Roughly, the lazy witness filtration consists of the following steps!:

1For the full definition see [86].
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Figure 1.2: Schematic representation of the PH pipeline including data preprocessing. For large
data sets a reduction of the number of data points can be necessary to obtain results within rea-
sonable timeframes. The figure contains modified versions of our images in [237,238,240] as well as
images of experimental data provided by Russel Bates and Bostjan Markelc/Jakob Kaeppler (with
permission).

1. Selection of a (small) subset? of landmark points L from the data set D.

2. Construction of a lazy witness filtration on the landmarks L where the land-
marks are vertices and data points from the full data set D can serve as witnesses

for higher order interactions between sets of landmarks in the filtration.

Even though the choice of landmarks from the data inevitably has a large influence
on the results that can be obtained, currently there are only two standard approaches
to select landmarks: uniform random selection and selection via the so-called maxmin
algorithm. We give a full description of both procedures in Chapter 5. Neither is
ideal and in particular the maxmin algorithm tends to include outliers [4,86], which
is a problem since large real-world data sets often include noise. In the biological
application of the lazy witness filtration in [165], for example, the maxmin algorithm
leads to the discovery of loops in the data set which we could not reproduce using
uniform random landmark selection or when discarding a small proportion of the

initially chosen maxmin landmarks from the data set and choosing a new set of

2Although there is no systematic lower bound for the number of landmark points, the authors
of [86] suggest using > 5% of the data points as landmarks.



landmarks with the maxmin algorithm. Moreover, in that particular case we found
that the authors’ log, scaling of the data seems to cause the appearance of a persistent
loop in the data. We also note that the results of the lazy witness filtration are difficult
to interpret. In addition to the mentioned disadvantages of the mazmin algorithm,
neither of the proposed landmark selection methods were designed specifically for PH.
While there are other methods that address subsampling for PH such as [76, 96, 187]
these do not explicitly consider noisy data.

Because existing approaches are not ideal, it is desirable to develop new methods
that lead to a reduction of large and noisy data while retaining interesting topological
features. Ideally the reduced data set can be used as input for PH directly without

additional preprocessing steps.

1.2.3 Barcode interpretation and analysis

The output from the computation of PH for every dimension of topological features
consideres is a collection of intervals that correspond to topological features of that
dimension and their persistence in the filtration. One possible visualisation of the
PH output intervals is a barcode or, for data sets consisting, for example, of multiple
networks, a collection of barcodes, i.e. one barcode for each network. In order to
obtain information from barcodes, one needs to identify which barcode features are
meaningful either by visual inspection, which is difficult for real-world data, or by

applying a method that can create a summary of the barcodes.
1.2.3.1 Interpretation of bar length

A common interpretation of PH output is that short bars in a barcode, which rep-
resent topological features that are present across a small number of vector spaces
associated to the data, represent noise [99,123]. The reason for this interpretation
is that barcodes are stable with respect to small perturbation of the input data [76].

In particular, such a perturbation could cause short bars to disappear completely



as a perturbation of data points by €, with respect to the original point cloud has
the potential to remove bars in the barcode that are of length smaller than ¢, (in
radius-based barcodes).

In some applications this interpretation of short bars as noise is very reasonable
and has indeed been crucial to their success, see, for example, Gaimero et al. where
all bars below a set threshold length had to be removed in order to get a good
fit between predicted and experimental protein compressibility [118]. However, the
stability of the barcode with respect to data perturbation was proven for points that
are sampled from hypersurfaces in R™ [76]. In the context of (possibly weighted)
networks, i.e. non-Euclidean space, it is much less clear what a small perturbation of
the data is and whether it depends on the filtration how such a perturbation manifests
itself in the barcode. The relationship between low persistence of a feature and it
representing noise in the data rather than signal in such a context has not yet been
verified statistically. Indeed, as Carlsson [66] points out, what is labeled as noise and
what as signal can be dependent on the problem at hand.

We first observed that short bars appearing early in the filtration of functional
neuronal networks created from functional magnetic resonance imaging (fMRI) data
of a motor-learning experiment seemed to be a feature of the data in [237]. Meanwhile
there have been other applications where short [56,145] and medium-sized [34, 145]
intervals in barcodes represented important features of the data.

The unknown significance of bar length for a specific data set adds additional

complexity to the interpretation of PH on real-world data.
1.2.3.2 Analysis of collections of barcodes

There are several methods that allow the analysis of a collection of barcodes. The
most widely used ones are persistence landscapes [89] and persistence images [3].
Both methods require a series of decisions, for example, whether to include or ex-

clude topological features that persist across the entire filtration (and thus dominate

9



barcode comparison) in persistence landscapes, or whether to apply particular weights
to longer bar lengths in persistence images. These decisions require intuition as to
which aspects of the barcode are relevant for the interpretation of the data which is
challenging, in particular for large collections of barcodes. Some aspects of perfor-
mance of persistence images have been compared to persistence landscapes in [3] and
later in [278] where both methods were compared together with alternative methods
to a novel vectorised representation of PH output. However, in both cases the com-
parison was performed on synthetic data. No exemplary comparison of using the two

methods next to each other has been conducted on real-world data sets.

1.3 Contributions

In this thesis, we showcase and improve the applicability of PH to biological data.
The thesis has two distinct parts with different aims. In the first part we aim to
answer biological questions using PH. We are in particular interested in studying the

following two problems:
1. Quantification of abnormality of tumour blood vessels.

2. Understanding aspects of functional neuronal networks both in healthy human

subjects and in subjects with schizophrenia.

Using PH for the study of tumour blood vessels and schizophrenia data is a novel
approach. For tumour blood vessel data, there are to date no existing approaches to
quantify abnormality that reveal detailed spatial information or go beyond summary
statistics. Our work to generate novel quantification techniques that provide useful
insights from a biological perspective is in close collaboration with researchers at the
Ozford Radiation Oncology Institute in the Department of Oncology.

Due to the challenges of PH that we outlined in Section 1.2, innovation was

necessary in all steps of the PH pipeline from developing adequate filtrations to the
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analysis and interpretation of results. In addition, we were confronted with data
formats that required non-trivial adaptations to make them suitable for the study
with PH.

In both biological applications, we were at the edge of computational feasibility.
This motivated the second part of the thesis, in which we contribute two novel meth-
ods that are built on computing PH locally around data points in point clouds. In
the first method, we compute PH in a small neighbourhood around data points and
use the output of this computation to rank the data points with respect to their suit-
ability as landmarks for the computation of PH. We explicitly develop the method
for the computation of PH on noisy data sets and also adapt an outlier-robust ver-
sion of the k-means algorithm for the selection of landmarks for comparison. In our
second method, we modify the shape of the neighbourhood that we consider for local
PH such that we can use the number of persistent features in the local barcodes of
points to detect whether they are close to geometric anomalies such as intersections
of boundaries in data sampled from intersecting surfaces.

As the topics addressed in the present thesis are very diverse, each of the results
chapters was written such that it can be understood independently after reading the
introduction to the methodology in Chapter 2, which is relevant to all chapters.

The remainder of this thesis is structured as follows:

e Chapter 2: Methodological Background. We introduce the topological
concepts behind PH in a way that is accessible and oriented towards applica-
tions. We include short descriptions and pointers to the mathematical frame-
work that we consider important for the interested data scientist and provide
our own examples to develop intuition. We show existing methods for the anal-
ysis of point cloud and network data with PH and describe which techniques

one can use to analyse the output of PH computations.
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e Chapter 3: Persistent Homology Applied to Tumour Blood Vessel
Networks. We provide a short description of why blood vessels of tumours
are of biological relevance and why their quantification could lead to many in-
teresting biological insights. We develop a novel filtration that can spatially
characterise two defining features of tumour blood vessels: tortuosity (in di-
mension 0) and the presence of loops (in dimension 1). We apply our filtration
to two data sets from different imaging modalities and different types of tu-
mours, whose blood vessel networks have distinct growth behaviour. The first
data set allows observation of partial vessel networks over multiple time points
of tumour growth, the second data set contains only one time point per tumour
but shows the full vessel network in fascinating spatial detail. We illustrate
how the number of loops in a tumour blood vessel network changes spatially
under treatment with radiotherapy and/or vascular targeting agents. For the
first data set, we also investigate the number of short intervals in dimension 0
barcodes and find that for the different treatment groups this changes in a simi-
lar way to the number of loops. The description of the filtration that we develop

is currently in press [64].

e Chapter 4: Persistent Homology Applied to Functional Neuronal
Networks. We illustrate what insights can be gained from applying the weight
rank clique filtration, a filtration for weighted networks, to study loops in func-
tional neuronal networks created from two different functional magnetic reso-
nance imaging (fMRI) data sets. In the first part of Chapter 4, we study motor-
learning data. Our work on this data set builds on our observation in [237] that
the barcodes for these functional networks contain short bars at the begin-
ning of the filtration which correspond to loops between highly synchronised
brain regions. Using persistence landscapes on the PH output that we obtained

in [237] from both the data set and a mathematical model, we here provide
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evidence that the short bars really are features of these networks that reflect
underlying community structure. Construing short bars as features rather than
noise is contrary to what common wisdom in PH would suggest and was later
also suggested for other applications by [56,145]. Our findings suggest that in
general, when using PH to analyse a data set it is useful to consider the full
PH output for interpretation rather than just persistent features. Our results
have been published in [240], which we reproduce in the first part of Chapter 4.
In the second part of Chapter 4, we investigate fMRI data from schizophrenia
patients, healthy siblings of schizophrenia patients, and healthy controls. To
analyse the PH output from this data set, we again use persistence landscapes.
In addition, we initiated a collaboration with Tegan Emerson (at the time a
graduate student at Colorado State University) who provided an analysis using
persistence images which we summarise. We provide a comparison of the dif-
ferent types of insights that the two techniques provide on this data set. The
results are available as a preprint in [238], on which this part of Chapter 4 was
built, and have been submitted for publication. To our knowledge, we are the
first authors to analyse a real-world data set using both persistence landscapes

and persistence images and to provide a detailed comparison of our insights.

Chapter 5: Applications of Local Persistent Homology. In the first part
of Chapter 5, we address the problem of computational complexity of PH by
proposing two novel approaches for the selection of landmarks from large and
noisy data sets. Note that we explicitly consider noisy data in contrast to other
methods that address subsampling such as [76,96,187|. For the first approach we
adapt an outlier-robust version of the k-means algorithm for landmark selection.
We develop a second landmark selection method specifically for PH and base it
on the computation of local PH in a small neighbourhood around each point in

the data set. We apply both landmark selection techniques to simple artificially
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created data sets to test their suitability for the task. Both methods outperform
the existing standard landmark selection techniques with respect to preserving
the topological properties of the data set. In the remaining part of Chapter 5,
we introduce a novel method that also builds on the computation of local PH
and detects geometric anomalies in data sampled from intersecting surfaces.
We show that the method has practical advantages over an existing method
that can find intersections. The results from our geometric anomaly detection
method gave rise to a preprint [242] which connects data science, topology, and

geometry.

e Chapter 6: Discussion and Outlook. We discuss our observations from

this thesis in the wider context of PH and present possible future directions.
e Chapter 7: Conclusions. We summarise our main findings from this thesis.
In summary, the key contributions of this thesis are the following:

e We lay the groundwork to spatially characterise the unique features of tumour
blood vessels quantitatively using PH and show that the descriptors that we find
are meaningful for this type of data. Our work enables further investigations of

the data using tools from statistics and machine learning.

e We provide evidence that short bars in a PH barcode do not necessarily represent

noise, an observation that we first made in [237].

e We observe what type of information one can obtain from functional neu-
ronal networks using PH for the detection of loops in motor-learning data and
schizophrenia data. We compare persistence landscapes and persistence images

and highlight the different insights that we make on the schizophrenia data set.

e We present a novel method to select landmarks for PH computations on large

and noisy data sets based on on local PH.
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e We develop a technique that can detect geometric anomalies in data using local

PH.

1.4 Publications and preprints arising from this
thesis

The following publications, preprints, and blog posts arose directly from the work on

this thesis:

1. Helen M. Byrne, Heather A. Harrington, Ruth Muschel, Gesine Reinert, Bernadette J.
Stolz, and Ulrike Tillmann. Topology characterises tumour vasculature. Math-
ematics Today, 55(5):206 — 210, 2019 (in press)3. Based on filtration presented

in Chapter 3.

2. Bernadette J. Stolz, Heather A. Harrington, and Mason A. Porter. Persistent
homology of time-dependent functional networks constructed from coupled time

series. Chaos: An Interdisciplinary Journal of Nonlinear Science, 27(4):047410,
2017. Based on Chapter 4, Section 4.3

3. Bernadette J. Stolz, Jared Tanner, Heather A. Harrington, and Vidit Nanda.
Geometric anomaly detection in data. arXiv: 1908.09397 — to be submitted.

Based on Chapter 5, Section 5.3.

4. Bernadette J. Stolz, Tegan Emerson, Satu Nahkuri, Mason A. Porter, and
Heather A. Harrington. Topological data analysis of task-based fMRI data
from experiments on schizophrenia. arXiv:1809.08504, 2018 — to be resubmit-

ted. Based on Chapter 4, Section 4.4.

3 Author list arranged in alphabetical order.
4Note that the initial work for this publication was carried out in Stolz 2014 [237] and was then
extended significantly to include analysis using persistence landscapes.
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5. Bernadette J. Stolz, Heather A. Harrington, and Mason A. Porter. The topo-

logical “shape” of Brexit. arXiv:1610.00752, 2016 — to be resubmitted.

6. Bernadette J. Stolz and Barbara I. Mahler. H is for homology. https://www.
maths.ox.ac.uk/about-us/life-oxford-mathematics/oxford-mathematics-
alphabet/h-homology, 2016. Inspired by Chapter 2.

The following manuscripts are planned or currently in preparation:

7. Persistent homology for the study of vascular networks in tumours. Results

paper based on Chapter 3.

8. Outlier-robust subsampling techniques for persistent homology. Based on Chap-

ter 5, Section 5.2.
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“ein iglich kunst die treit min kleit,
als ichs ir nach genaden sneit”®
From the speech by the personified art of arithmetic

(Arismetica) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

“Translation: “Every art wears my cloth, as I cut it
for her according to my mercy” [263].

Methodological Background

Persistent homology (PH) [66,97-99] is a method from computational topology that
quantifies global topological structures (e.g., connectedness and loops) in high-dimensional
data. Omne can think of PH as looking at the ‘shape’ of data in a given dimension
using a set of different lenses. Each lens conveys topological features inside the data
at a different resolution, disregarding any changes made to the shape by stretching or
bending. One then interprets structures that persist over a range of different lenses to
represent a significant feature of the data. Structures that are observed only through
a small number of lenses are commonly construed as noise [66, 123], especially in
settings where the data are sampled from a manifold, although we will see in Chap-
ters 3 and 4 that short-lived structures can represent important features and possibly
genuine geometrical (not just topological) features of data. PH has led to insights
in an increasingly large number of applications [190] in diverse topics, ranging from
granular materials [153] to contagions on networks [168,248], path planning [44], cos-
mology [77], collective behavior in animals [253], the structure of brain arteries [34],

and medical image analysis [74]. PH is one of several methods that are often referred
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to by the umbrella term topological data analysis.

We introduce the topological concepts behind homology in Section 2.1. We then
describe PH in Section 2.2. In Section 2.3, we illustrate how PH can be used to
understand two types of data that are common in biology: network data and point
cloud data. We focus on introducing existing methods which we will use in subsequent
chapters. We proceed to describe methods that allow the interpretation and statistical
analysis of the output of PH computations in Section 2.4. Finally, in Section 2.5 we
give a brief pointer to other methods from topological data analysis. The above
introduction, as well as the following sections, are based on Stolz et al. 2017 [240]
and Stolz et al. 2018 [238] with modifications. Our approach to describe (persistent)
homology is in the spirit of introductions such as [98,190,232|, we provide our own

examples which allow the reader to develop intuition.

2.1 Homology

PH is based on the topological concept of homology (for intuitive introductions, see,
for example, [232,241,252]; for more formal introductions see [133,150,177]). We
motivate the use of homology by considering different types of cheese and how they
differ: Homology can differentiate between the shape of a stereotypical Swiss cheese
(of the Emmentaler sort) with holes and the shape of a Mozzarella cheese by giving
us information on the presence or absence of holes in the cheeses (see Fig. 2.1). The
method thereby considers the space surrounding the holes, the so-called loops. The
space is simplified by using scaffolds that contain the same number of holes as the
space, so-called simplicial complexes, a depiction of which can be seen in Fig. 2.1.
Homology does not give information on the geometry of the cheeses, e.g., it does not
‘see’ that the Swiss cheese is cut in a cube and the mozzarella is a sphere (unless it
happens to be hollow), it only detects the differences in the number of holes. Similarly,

if we were to stretch or bend the Emmental cheese (without breaking it), homology
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would still detect the same number of holes and we could conclude that despite the
deformations the cheese is still the same. This property means that homology is
a topological invariant. Homology can be studied in any dimension n and formally

associates an algebraic object to a topological space! for every dimension n. We

Figure 2.1: An example of two topologically different objects. Homology detects the topological
differences by counting the number of holes in the cheeses. The simplicial complexes drawn on top
of the cheeses approximate topological spaces and capture their properties. In order to capture the
holes in the Emmental cheese, we glue together a collection of triangles and edges around the holes,
enclosing the same number of holes as the original cheese. Note that we would only be able to
capture the holes enclosed inside the cheese as the cut open holes that are visible on the surface can
be deformed into a smooth surface of the cheese. For demonstrative purposes we therefore assume
that the Emmentaler cheese is a cross section of a larger cheese enclosing the holes visible on the
image. Image source: [238].

now briefly introduce some of the mathematical concepts necessary to understand

homology.

2.1.1 Simplicial complexes

One can study the properties of a topological space such as the Swiss cheese or the
mozzarella cheese by partitioning it into smaller and topologically simpler pieces,
which when reassembled include the same aggregate topological information as the
original space. The most trivial topological space X = {0, z} consists of the empty
set ) and a single point x. If we want to simplify the description of the topological
properties of X, we would simply choose a single node to represent it. However,

a node or even a collection of nodes does not allow one to capture the topological

1See Def. A.1.2 in Appendix A.

19



properties of more complicated spaces, such as a 2-sphere or the surface of the earth.
In such cases, one needs a simple object that carries the information that the space
is connected but also encloses a hole. For example, one could use a collection of
triangles glued together to form (an empty) tetrahedron, which is an example of a
mathematical object called a simplicial complez.

The building blocks that one uses to approximate topological spaces are called
n-simplices, where the parameter n indicates the dimension of the simplex. Every
n-simplex contains n + 1 independent nodes: a point e is a 0-simplex, an edge s is a
1-simplex, a triangle A is a 2-simplex, and a (filled) tetrahedron & is a 3-simplex.
By using a numbering z; of vertices, we can write a 0-simplex as [z¢], a 1-simplex as
[0, 1], a 2-simplex as [zg, 1, T3], and a 3-simplex as [xg, 21, a9, x3]. Observe that the
lower-dimensional simplices are contained in the higher-dimensional simplices. This
allows one to build higher-dimensional simplices using lower-dimensional ones. The
lower-dimensional simplices form so-called faces of the associated higher-dimensional
objects.

One combines different simplices into a simplicial complex X to capture all dif-
ferent aspects of a topological space. For every simplex that is part of a simplicial
complex, we demand that all of its faces are also contained in the simplicial complex.
Additionally, two simplices that are part of a simplicial complex are allowed to inter-
sect only in common faces, which does not allow situations such as ‘ The dimension
of a simplicial complex is defined to be the dimension of its highest-dimensional sim-
plex. A subcollection of a simplicial complex X is called a subcomplex of X if it forms
a simplicial complex itself. If one is interested in the nature of a simplicial complex
of dimension n, one can either consider the full complex, which can be very large, or
one can examine subcomplexes. One can, for example, learn some of the properties
of a simplicial complex X by considering the subcomplexes (7, called P-skeletons

of X, that consist of all simplices of X of dimension P and their faces. In Fig. 2.2,
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(1)
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Figure 2.2: A simplicial complex X and its P-skeletons x(©, x), x) y3) We show 3-simplices
in burgundy and 2-simplices in navy. Note that the 3-simplex in X appears as a 3-simplex in x(%)
and is disassembled into its 2-simplices in x(?). Similarly, the 2-simplices in X appear as 2-simplices
in x® and as 1-simplices in V).
we show an example of a simplicial complex and its P-skeletons.

One can use simplicial complexes to represent topological spaces if and only if there
exists a continuous deformation that can stretch and bend the simplicial complex into

the topological space, and only then are topological properties of the topological space

preserved by the simplicial complex.



2.1.2 Chains, cycles, and boundaries

Given a simplicial complex X, we might want to learn how the different layers of
simplices are connected. For example, for the set of all 1-simplices that consists of a
collection of edges (and their end points), we would want to know whether they are
simply connected in long lines or whether they also form loops. For every simplicial
complex X we can define a vector space C,,(X) that is spanned by its n-simplices with
coefficients in the field? Z/2Z. The elements of the vector space C,(X) are called
n-chains. We can now define a linear map, the so-called boundary operator, between
vector spaces Cp,(X) and C,_(X) which takes every n-simplex x to the (alternating)

sum of its faces, i.e. its boundary:

Op : Cp(X) — Ch1(X),

l"—>Z(—1>j[$0,...,xj,1,$j+1,...,$n], (21)
j=0

i.e. in the j-th summand we omit the vertex z; from the vertices spanning the (n—1)-
simplex. Note that the sum in Equation 2.1 is again over the field Z/2Z. We can
use the boundary operator to connect all n-chains of a simplicial complex X in a

sequence, the so-called chain complex C = {C,,, 0, }:

On On On On—
.—+2>Cn+1 —+§Cn—>C’n_1 —§_>C()

¢ — O,cC.

We can represent a collection of edges that are connected to form a loop in a simplicial
complex as a 1-chain, for example, [zg, z1] + [21,22] + - -+ + [z}, z0]. If we apply the
boundary operator to this 1-chain, we obtain 9([zo, z1] + [x1, 2] + -+ + [x}, T0]) =
[21] = [@o] + [x2] — [z1] 4+ - -+ [x0] — [z;] = 0. In contrast, for a collection of edges that

does not form a loop this is not the case, e.g., ([xo, 1] + [x1, T2] + - - - + [xj_1, 75]) =

ZNote that chains can be defined much more generally, for example over the ring Z, see [79]
or [133]. We focus our explanation on the field of coefficients Z/27Z since this is most commonly
used in the algorithms for PH and it is more intuitive to understand.
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Examples of 2- bound-
aries

NI

-

Table 2.1: Examples of a simplicial complex and some of its 2-cycles and 2-boundaries. Note that
the depictions of the 2-cycles and 2-boundaries represent elements in the vector space over the field
7, /27 rather than simplicial complexes, i.e. they should be interpreted as sums of 2-simplices.

Simplicial complex Examples of 2-cycles

[z;]—[x0] = [x0]+ ;] (for coefficients from Z/2Z). Chains that are in the kernel of 0,,,
i.e. their boundary is zero, are called n-cycles. One can compute that the composition

3. i.e. 0,0n41¢ = 0 since the boundary of a boundary

of two boundary maps yields zero
is empty. The image im 0,41 of the boundary operator is therefore a subspace of the
kernel ker 0,, and its elements are called n-boundaries. We show examples of 2-cycles

and 2-boundaries of a simplicial complex in Table 2.1 and examples of 1-cycles and

1-boundaries of a simplicial complex in Table 2.2.

2.1.3 Homology groups and Betti numbers

One can associate a family of vector spaces known as homology groups to a simplicial

complex X based on its cycles and boundaries. For every dimension n > 0 one defines

3For a proof, see, for example, [237]
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Examples of 1- bound-

Simplicial complex Examples of 1-cycles Apios

Table 2.2: Examples of a simplicial complex and some of its 1-cycles and 1-boundaries. Note that
the depictions of the 1-cycles and 1-boundaries represent elements in the vector space over the field
Z,/27Z rather than simplicial complexes, i.e. they should be interpreted as sums of 1-simplices.

24



the nth homology group as:

ker 0,,

H(X) = 5=

Intuitively, when we look at n-cycles ignoring n-boundaries, we are left with objects
surrounding n-dimensional holes (see, for example, the 2-cycle in the second row of
Table 2.1 or the 1-cycle in the first row of Table 2.2). In dimension 1, we therefore call
the elements of the homology group H; loops; in dimension 0, we call the elements of
the homology group Hy connected components. Two elements in H,, are considered
to be different, if they differ by more than a boundary, i.e. if they represent different
n-dimensional holes. We then say that they belong to different homology classes. For
example, in dimension 1, loops in the same homology class all surround the same 1-
dimensional hole. We give an example of two loops that surround the same hole later
in Fig. 2.4. If we want to measure the number of n-dimensional holes of a simplicial

complex, we can consider its nth Betti number (3,:
Bn = dim H,(X) = dimker 9,, — dimim 0,4 1.

One can interpret the first three Betti numbers, £y, 81, and (35, to represent, respec-
tively, the number of connected components, the number of 1-dimensional holes, and

the number of 2-dimensional holes (i.e. voids) in a simplicial complex.

2.2 Persistent homology

While homology gives information about a single simplicial complex, PH allows one to
study topological features across embedded sequences, so-called filtrations, of simpli-
cial complexes. Constructing simplicial complexes from data involves many decisions
that can, for example, require a choice of threshold (see Section 2.3). Being able to
study a sequence of simplicial complexes created using multiple, or even all possible

thresholds makes PH particularly suited for data analysis.
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2.2.1 Filtrations and functoriality

A filtration [66,97,123] of a simplicial complex X is a sequence of embedded simplicial
complexes,

=X CX1CXpC- - CXeng=X, (2.2)

starting with the empty complex and ending with the entire simplicial complex X.
The simplicial complexes in the filtration are connected by inclusion maps. One
can now apply an important property of homology, functoriality: any map be-
tween simplicial complexes f;; : X; — Xj induces a map between their n-chains
fl"] 0 Co(X;) —  Ch(X;) which induces a map between their homology groups

[l 0 Ho(Xs) — Ho(X5) (see, for example, [190] for a more detailed description).
In particular, this means that there exist maps between the homology groups of ev-

ery simplicial complex in a filtration, e.g., there are maps that relate the loops or

connected components in simplicial complexes across a filtration.

2.2.2 Barcodes

One can visualise the presence of topological features such as loops or connected
components across a filtration in a summary diagram called barcode [68,123]. For
an appropriate choice of basis* of the homology groups H,,, a barcode represents the
information carried by the homology groups and the maps f; 1 H,(X;) — H,(X}).
A topological feature of dimension n in H,(X,) is born in H,(X,), if it is not in

the image of f_ For example, intuitively, a loop is born in filtration step 7, if

1,n-

the hole that it surrounds first appears bounded by the simplicial complex X,. A

topological feature from H, (X;) dies in H,(X), where ¢ < (, if ¢ is the smallest

4Carlsson and Zomorodian [279] interpret the collection of homology groups of a filtered simplicial
complex together with the induced maps between them as a persistence module, for which they show
that there exists a choice of compatible bases such that the module can be uniquely decomposed (see
Equation 5 in the paper). This decomposition can be represented by a collection of intervals, the
barcode. The existence of this decomposition is sometimes referred to as The fundamental theorem
of PH (see, for example, [190]) and is only possible when using field coefficients in the definition of
homology, such as in the present thesis.
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index such that the feature mapped to zero by f/.. If the topological feature is a
loop, intuitively it dies in the filtration step where it is first fully covered by triangles
(or other higher-dimensional simplices). Note that some topological features never die
in a filtration, for example, we always have one connected component in a non-empty
simplicial complex that is never mapped to zero. In a barcode, topological features
in the filtration of a simplicial complex are represented by half-open intervals [n, ().
We show examples of barcodes in Fig. 2.3 and Fig. 2.5. The lifetime of a topological

feature, the so-called persistence g, is defined as
0=C—1.

For topological features that persist until the last filtration step (and beyond), we
define the persistence to be infinite. Persistence was first used as a measure to rank

topological features by their life time in a filtration in R3 [99].

2.2.3 Persistence diagrams

A persistence diagram [76] (PD) is an alternative visual representation of topological
features in a filtration to a barcode. Instead of intervals [, {), the topological features
are represented by points (7, () in a birth-death coordinate system. In addition to
the (n, () points, the points on the diagonal, i.e. points (n, () where n = (, are also
considered to be part of the persistence diagram. The further away a point is from
the diagonal line, the more persistent the corresponding feature is in the filtration.
Alternatively, one can use a birth—persistence coordinate system, which can be the
first step towards an analysis with persistence images (see Subsection 2.4.3). We show
an example of a persistence diagram in Fig. 2.5.

Persistence diagrams (and barcodes) have been shown to be stable, i.e. small
perturbations of the input data lead to small perturbations in the persistence diagram

(or barcode) [76].
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2.3 Persistent homology for different types of data

Typical types of data that lend themselves to be studied by PH are point cloud data
(also referred to as finite metric spaces [190]) and network data. PH can however
also be used for many other types of data, including digital images, and level-sets
of real-valued functions [190]. One can define simplicial complexes and filtrations on
point cloud or network data in many different ways. The choice of filtration tends to
be motivated either by the type of questions to be answered about the data or by the

consideration of computation time.

2.3.1 Persistent homology for point cloud data

Classically, PH is used to study data in the form of point clouds, i.e. the data is
given by a finite number of discrete points, whose coordinates represent different
measurements in a metric space. In order to obtain a filtration from the point cloud,

one can, for example, apply a Vietoris—Rips filtration.
2.3.1.1 Vietoris—Rips filtration

The Vietoris—Rips complex is defined based on spatial proximity of data points: for
a given distance e two points are connected by an edge if their distance is at most e.
Higher-dimensional simplices are constructed as follows: if three points are pairwise
connected by edges, they are interpreted as a 2-simplex, if four points are pairwise
connected by edges, they are interpreted as a 3-simplex etc. The resulting simplicial
complex and its properties are determined by the choice of €: if € is very small, no
points are connected and we do not obtain any interesting topological information.
If € is very large, all points are connected pairwise and we simply obtain a high-
dimensional simplex. A filtration of Vietoris—Rips complexes is therefore constructed

by not fixing but varying e [66, 123]:
1. Choose a sequence of increasing distances € = {€1, ..., €ena}-
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2. In the i-th filtration step define n-simplices by unordered (n + 1) - tuples of

pairwise distance at most ¢;.

We show an example of Vietoris—Rips complex filtration with corresponding barcodes

in Fig. 2.3. Among many other applications, the Vietoris—Rips complex has been

S

Example (dimension 0)

v

0.5 1 1.5 2 25

o

Example (dimension 1)

I I I I |
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Figure 2.3: An example of a Vietoris—Rips filtration with simplicial complexes shown for ¢ =
0,0.1,0.55,1,2 (top row) and the corresponding barcode (bottom row). The radius € increases over
the filtration steps and is shown on the horizontal axis of the barcode. Every line in a barcode
represents a specific topological feature. The 0-dimensional barcode consists of 15 bars — one for
each connected component — which all begin at € = 0. As € increases, more vertices are connected by
edges and connected components die in the filtration until only one large component is left. Similarly,
for the 1-dimensional barcode, we observe a 1-loop that is born at € = 0.7. It dies once the data
points are connected to form higher dimensional simplices that cover the hole. Image source: [64]

successfully used to study protein conformations [152], nanoporous materials [161],
biological aggregation models [253], and different types contagion processes on net-
works [168,248]. We apply the Vietoris—Rips filtration in Chapter 5 locally around
data points for landmark selection in large and noisy data sets and for the detection

of geometric anomalies in data sampled from intersecting surfaces.
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2.3.2 Persistent homology for network data

From a topological point of view, a network [183] is a one-dimensional object that
consists of points (the vertices) and lines connecting these points (the edges). In real-
world applications networks are often weighted, i.e. every edge is assigned a specific
weight. The standard methods from network theory are based on pairwise connec-
tions, which one can use to study micro-scale, meso-scale, and macro-scale struc-
tures [183]. PH gives us an alternative approach for studying networks, which explic-
itly incorporates ‘higher-order’ structures beyond pairwise connections and allows us
to study topological invariants such as connectedness, loops, or holes. Although one
can also represent higher-order structures using formalisms such as hypergraphs [47]
(see, e.g., a recent paper [24] by Bassett et al.), those other approaches may not be
the most convenient means for optimally conveying information about the shape or
scale of mesoscale structures in a network. Other recent work concerns clustering in
networks using higher-order structures [36].

PH has been successfully used on networks in many applications, ranging from
granular materials (see, e.g., [153]) to neuronal networks, leading to several promising
insights [14, 16, 18,75,80-82,90, 122,124, 125,138, 157,158, 201, 202, 236, 238, 240]. In
this thesis we study functional neuronal networks using PH in Chapter 4 (see also
[238,240]), and tumour blood vessel networks in Chapter 3 (see also [64]). In both
cases we use different filtrations on the networks. We now introduce the weight rank
clique filtration which we will use for the functional neuronal networks. For the

tumour blood vessel networks we develop our own filtration in Chapter 3.
2.3.2.1 Weight rank clique filtration for functional networks

We use PH for functional neuronal networks because it can detect loops in these
networks which are invisible to other methods. The presence (or absence) of loops

carries information on how a network is connected [157]. A loop in a graph is a set of
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at least four edges that are connected in a way that forms a topological circle®. We

give an example of such a loop in a network in Fig. 2.4.

(VAR

S

Figure 2.4: Example of a 1-dimensional loop in a simplicial complex. The green and the blue
loop both surround the same hole and are therefore considered to be representatives of the same
homology class. Image source: [240)

The simplest way to create a filtration from a weighted network is to filter the
edges by their weights [159]. One first creates a sequence of embedded (binary) graphs
by ranking all edge weights v; in descending order. In filtration step i, one retains an
edge if and only if its weight is at least v;. To construct the filtration, one repeats
this procedure until the graph is complete in the last step. Using this method, only 0-
simplices (i.e., nodes) and 1-simplices (i.e., edges) are present in the filtration and we
cannot distinguish a loop from three edges that form a triangle. The weight rank clique
filtration (WRCF) [202], which we will use and which has been applied previously
for examining weighted neuronal networks (see, for example, [125,201,202]), extends
this definition to include higher-dimensional simplices. One constructs a WRCF as

follows:
1. Define filtration step 0 as the set of all nodes.
2. Rank all edge weights {11, ..., Vena}, With 11 = Vpax and Vend = Vimin-

3. In filtration step 7, threshold the graph at weight v; to create a binary graph.

5We sometimes also refer to these loops as 1-dimensional loops.
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4. Find all maximal n-cliques for n € N, and define them to be n-simplices.

In every filtration step we obtain a valid simplicial complex: every (n + 1)-clique in
the graph guarantees the existence of an n-face on that clique, because cliques are
closed under both intersection and taking subsets. Consequently, cliques satisfy the
requirements for a simplicial complex. This type of simplicial complex on a graph is
called a clique complexz.

In Fig. 2.5, we show an example of a WRCF based on a neuronal network and its

corresponding barcode.
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(a) Barcode (b) Persistence Diagram

Figure 2.5: Example of a weight rank clique filtration (WRCF) of a neuronal network and the
corresponding (a) barcodes and (b) persistence diagrams (PDs) in dimension 0 and 1. The neuronal
network consists of different brain regions (indicated by circles), which we interpret as the nodes
(indicated by dots) of a network, and weighted edges between the nodes. To construct the filtration,
we add the nodes in step 0, followed by the edge with the largest weight in step 1, the edge with
the second-largest weight in step 2, and so on. As soon as three nodes are all connected pairwise by
edges, we cover the resulting region with a triangle. When four nodes are all connected pairwise, we
fill in a tetrahedron. In a 0-dimensional barcode, each connected component is represented by a bar
starting when the component is born and ending when it dies (e.g., when two components combine
with each other). In a 1-dimensional barcode, each bar represents a loop, which consists of 4 or more
edges and starts and ends at the same node. In persistence diagrams, one represents topological
features by points rather than by bars. The distance of a point to the diagonal (the purple line)
indicates the persistence of the corresponding feature in the filtration. Image source: [238].
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2.4 Statistical analysis of persistent homology

In order to interpret the output of PH calculations on large data sets it is necessary to
have a framework for statistical analysis. One of the first attempts of developing such
a framework that, in particular, includes the calculation of a mean was conducted by
Mileyko et al. 2011 [172] on the space of persistence diagrams. Persistence diagrams
can be treated as elements of the space of persistence diagrams, on which one can
define a metric. Mileyko et al. 2011 [172] show that it is possible to define probabil-
ity measures in the space of persistence diagrams and that one can define statistical
measures such as the mean and variance of a set of persistence diagrams. However,
this mean is not well-defined as its definition includes a minimisation. An example for
such a situation is given in Munch et al. 2015 [176]: consider two overlaid persistence
diagrams with two points each located at opposite corners of a square (see also Fig,
5 in [176]). Intuitively, there are now two possibilities to place mean points on this
square: either in the middle of the horizontal sides of the square or in the middle of
the vertical sides. These intuitive positions correspond to the ones that arise from
the formal definition of the mean given in [172]. The non-uniqueness of the mean was
addressed in [176] where the authors defined a mean persistence diagram as a mixture
or distribution of possible diagrams. Even though an algorithm was developed to find
a local minimum for a version of the mean [257], there are to date no implementa-
tions. We therefore will only briefly introduce distances for barcodes and persistence
diagrams which are implemented in standard packages for the computation of PH
(see also Subsection 2.4.1).

Instead of relying on persistence diagrams or barcodes, one can use alternative
ways of representing the output of PH calculations that were developed to allow
statistical interpretation. We describe two approaches that have been used success-
fully in many applications and for which software packages are available: persistence

landscapes and persistence images. Both of these methods can be used to generate
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vector representations of PH output. Note that there are also a range of other sum-
mary techniques for PH output. These include kernel-based approaches which have
a strong theoretical foundation (see, for example, [69,155,156,211]) and the recently
developed persistence codebooks [278] which combine aspects of kernel-based meth-
ods with vector representation. Persistence diagrams have also been combined with
deep learning to create task-specific representations of topological features [135]. This
supervised approach learns which topological features are of particular relevance to

the task at hand, but requires a large training set.

2.4.1 Distances for barcodes or persistence diagrams

As described in Subsubsection 2.2.3, one can treat persistence diagrams as mathemat-
ical objects, and one can endow the space of persistence diagrams with a distance (see,
for example, [190]). For two persistence diagrams II; and Il, the pth Wasserstein
distance for p € [1,00) is given by

(10,11 = nt {5 ato, ;(W};,

.7::1_[1 —>H2
pelly

and for p = oo by

dwee (I, 1z) = il sup d(p, F(p)),

where F denotes all possible bijections between II; and I, and d is a metric on R2.
A common choice of metric is d = L% with q € [1, o0].
A special case of the Wasserstein distance is the Bottleneck distance, where d = L™

and p = co. We use the Wasserstein distance in Chapter 5, Subsection 5.3.1.

2.4.2 Persistence landscapes

Persistence landscapes [53,55] can be constructed from barcodes and consist of piecewise-

linear functions in a separable Banach space. For a given barcode interval [, (), one
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defines the function

) 0, ifx ¢ (n,Q),
foo@) =z —n, ifze (L
—x+(, ifxe("—;rc,().

(2.3)

Y

For a barcode {n;, (;}{_; and i > 0, the {th persistence landscape is given by the set

of functions

A RO R, (2.4)

Ae(z) = Eth-largest value of {f(n£745)(x)}£:1 :

If the £th-largest value does not exist, then A¢(z) = 0. One can think of the Oth
persistence landscape as being the outline of the collection of peaks created by the
images of the collection of functions f associated to a barcode. To obtain the 1st per-
sistence landscape, one peels away this topmost ‘layer’ of peaks and then considers the
outline of the remaining collection of peaks. This gives the 1st persistence landscape
and one continues in this manner to obtain subsequent persistence landscapes. The
persistence landscape X of the barcode {n;, (;}!_, is then defined as the sequence {\¢}
of functions A¢. We illustrate how to obtain a persistence landscape from a barcode
in the first steps of Fig. 2.6. Even though persistence landscapes visualise the same
information as barcodes and one can construct a bijective correspondence between
the two objects, the former have distinct advantages over the latter. For example, one
can calculate a unique ‘average landscape’ for a set of persistence landscapes by tak-
ing the mean over the function values for every landscape layer. This is not possible
for barcodes, as they are not elements of a Banach space. For an average landscape,
it is thus not possible to find a corresponding average barcode. We show a schematic
illustration on how to obtain an average persistence landscape from two landscapes in
Fig. 2.6 . One can also define L% distances with q € [1, 0o] between two (average) land-
scapes and thereby use a variety of statistical tools [53]. This allows one to compare

multiple groups of barcodes by calculating a measure of pairwise similarity between
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Figure 2.6: Visualisation of the relationship between barcodes and an (average) persistence land-
scape. The example is based on a weight rank clique filtration in dimension 1. To obtain a landscape
from a barcode, one replaces every bar of the barcode by a peak, whose height is proportional the
persistence of the bar. In the landscape all peaks are translated to touch the horizontal axis. The
persistence landscape consists of different layers, where the £th layer corresponds to the {th-largest
function value across the collection of peak functions. One creates an average of two landscapes by
taking the mean over the function values in every layer. Image source: [240]

them. Moreover, one can use simple statistical methods such as permutation tests
to determine whether the distance measured between two persistence landscapes is
statistically significant. Like barcodes, persistence landscapes are stable with respect
to small perturbation of the input data [53]. Persistence landscapes have been used to
study conformational changes in protein binding sites [152], the origin of seizures in
electroencephalographic (EEG) data from epileptic patients [265], phase separation
in binary metal alloys [91], brain geometry in neurodegenerative diseases [120], and

music audio signals [163]. We apply persistence landscapes to the study of functional

neuronal networks in Chapter 4.

2.4.3 Persistence images

Persistence images [3] are a more recently developed way of representing the infor-
mation captured in a barcode or persistence diagram. The distinct advantage of
persistence images over persistence landscapes is that they are real valued vectors
that can be used in combination with machine learning. Persistence images are sta-

ble with respect to input noise and they maintain an interpretable connection to the
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persistence diagrams that they were obtained from even when averaged.

One can obtain a persistence image from a persistence diagram II by first convert-
ing the coordinates of the persistence diagram from birth-death coordinates (7, ) to
birth-persistence coordinates (1, — n). This new diagram is denoted by F(II) and

is then mapped to a persistence surface T : R?> — R, which is defined as follows:

Tu(p) = > O@W)u(p), (2.5)
)

veF (I

where © is a weighting function and I', is the normalised symmetric Gaussian with
mean v and variance 62. The weighting function © needs to be 0 along the birth axis
and can be chosen to emphasise features that are born or persist in a particular range
of interest. The persistence surface is then reduced to a finite dimensional vector by
choosing a pixel grid and assigning every pixel Q2 the value A(Tn)q = [ fQ Trdydzx.
We show an illustration of how to obtain a persistence image from a persistence
diagram in Fig. 2.7.

Persistence images have, for example, been used for the classification of different
subtypes of neurons [145,146]. We apply persistence images to the study of functional

neuronal networks in Chapter 4.

2.5 Other types of methods from topological data
analysis

One can also study filtrations using Betti curves, which were introduced in [125]. Betti
curves show the Betti numbers in each filtration step. For filtrations considering only
simplicial complexes with 0- and 1-simplices, for example, a filtration of a network by
edge weights [159], one can calculate Betti curves via the Euler characteristic omitting
the expensive computation of PH. For an example where this approach enables the

computation of Betti numbers across a complete filtration of — fully connected —

37



02

e
T

. AN
o

W

005

01

015

02

025

(a) Data ’ (b) Persistence Diagram == (c) Rotated Diagram

—) () Persistence Surface (e) Persistence Image =———————————)

Figure 2.7: Schematic illustrating the primary steps for converting a persistence diagram (PD) to a
persistence image (PI). (a) Sample point cloud in R?* plotted in R? where the colouring corresponds
to the fourth coordinate value. (b) PD in birth-death coordinates (i.e., the standard choice), with
the diagonal identity line in blue. (¢) PD in birth-persistence coordinates. (d) The process of
generating a surface by centering 2D Gaussian distributions at each point in panel (c¢). (e) One
generates a PI by summing the volume under 2D Gaussian distributions over the area of a pixel
(i.e., the area of a square) in a uniformly-spaced grid overlay. Image source: [238] with permission
from Tegan Emerson.
functional networks, see [75]. We apply Betti curves to functional neuronal networks
in Chapter 4.

There are many other applications of topology in the study of data, for example,
one can gain insights by monitoring the number of n-simplices in networks [210].
Another example of a prominent method from topological data analysis is the Mapper

algorithm [184,186,227]. For examples of several other methods that are based on

topological ideas, see, for example, [266].
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“ des himmels sterne, speren, kreif3,
wie hoch sie sint, min zirkel weif3;
wie tif, wie hoch, wie wit, wie lank,
in formen sie min zirkel twank.”®
From the speech by the personified art of geometry
(Geometria) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

®Translation: “The stars, sphere and orbits of
heaven - my compasses know how high they are. How-
ever deep, however high, however wide, however long -
my compasses forced them into shape.” [263].

Persistent Homology Applied to
Tumour Blood Vessel Networks

Globally, cancer is one of the leading causes of death [188]. The term refers to a large
group of diseases that share common characteristics and can affect any part of the
body. The world health organisation (WHO) estimates that the risk of developing
cancer before the age of 75 worldwide is around 20% and the risk of dying from cancer
before 75 is 10% [108]. While incidence and mortality rates can vary significantly
between cancer types (see Fig. 3.1), the development of cancer from a single cell to
an aggressive tumour follows common patterns, whose understanding is critical to
developing new therapies.

The formation of blood vessels in tumours, tumour-induced angiogenesis, has long
been recognised as one of the hallmarks of cancer, e.g. a capability that a cell must
acquire to become malignant [100,110,132,262]. Tumours not only rely on vasculature
for the delivery of nutrients, cells, and oxygen, but blood vessels also provide physical
support, serve as a starting point for metastasis, form a niche for tumour stem cells

and even ensure immune suppression around the tumour [126,189]. For several cancer
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Figure 3.1: Incidence and mortality rates by cancer types estimated by the Global Cancer Obser-
vatory, 2018. Image source: [108].

types it has been observed that the degree of microvascular proliferation is an indicator
of the level of the aggressiveness of a tumour [189].

Structurally, tumour blood vessels form a chaotic network of highly inefficient
blood vessels characterised by many loops and twists. Even though these features
are obvious to the human eye, to characterise them in a quantitative and informative
manner has so far been very difficult. We will summarise existing approaches to
quantification in Section 3.2. Here, we investigate persistent homology (PH) as a
quantitative tool to characterise structural features of tumour blood vessels. While a
large number of mathematical models of tumour-induced angiogenesis exist (see for
example [9,63,87,192,262]), the focus here is to develop a method that enables analysis
of tumour blood vessel data. We show that our method can spatially capture loops in
tumour blood vessel networks and their changes over time in response to treatment
in two different data sets. We further find features in the PH dimension 0 output
which follow a similar trend as the loops and are likely to be connected to tortuosity
of the blood vessels.

We now introduce the biological background of tumour-induced angiogenesis be-

fore illustrating our novel method for analysis. Our biological introduction is intended
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as a brief overview and not an exhaustive review of the biological literature (for an
excellent review of the biology and mathematical models of tumour-induced angio-
genesis see [262]). Note that parts of the text of Subsubsections 3.2.2.1 and 3.2.2.2

were also used in our paper [64] with minor modifications.

3.1 Tumour-induced angiogenesis and characteris-
tics of tumour blood vessel networks

Tumour-induced angiogenesis leads to the formation of blood vessels that are highly
abnormal in structure and function. We first describe some of the biological processes
regulating tumour-induced angiogenesis. We then outline the structure and function

of tumour blood vessels.

3.1.1 Tumour-induced angiogenesis

As a tumour develops from a collection of cells into a solid mass, it initially receives
nutrients and oxygen from its surroundings via diffusion. Once the tumour grows to a
certain size, diffusion is no longer sufficient to meet the tumour’s increasing demands.
The tumour enters a dormant state until it acquires the ability to secure its own blood
supply [262]. To acquire new blood vessels, the tumour uses existing blood vessels
in its vicinity. This process is crucial in the further development of the tumour and
is also often referred to as the angiogenic switch [262]. A tumour can induce the

formation of new vessels using different mechanisms [126, 141,262, 270]:

1. Angiogenesis: Sprouting of new vessels from existing vessels via molecular sig-

nals.

2. Postnatal vasculogenesis: Recruiting of endothelial progenitor cells from the

bone marrow to differentiate into endothelial cells and form new vessels.
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3. Splitting angiogenesis: Extension of a vessel membrane into its lumen such that

the vessel is divided into two vessels.

4. Vasculogenic mimicry: Tumour cells line blood vessels mimicking the function

of endothelial cells.
5. Mosaic vessel formation: Growth of tumour cells around vessel walls.

While a tumour may use a combination of these processes, it is typically assumed
that a significant proportion of blood vessels is formed by angiogenesis [262]. As
all of these mechanisms, angiogenesis is driven by the secretion of proangiogenic
molecules, so-called tumour angiogenic factors (TAFs), by hypoxic tumour cells [126,
217,262,274]. The most prominent TAFs are vascular endothelial growth factor®
(VEGF) and angiopoietin 2 (ANG-2). TAFs activate endothelial cells of existing
vessels, initiating sprouting of a finger-like tip which then grows into a solid strand
of endothelial cells amongst the extracellular matrix. The formation of many sprouts
in the same region on existing vessels is prevented via lateral inhibition by molecules
such as the Delta-like ligand 4 (DI114). After sprout formation, angiogenesis continues
to be regulated by chemotaxis (i.e. vessels grow along a gradient of TAFs), as well
as haptotaxis (i.e. vessels grow via interaction with the extracellular matrix), and
mechanotaxis (i.e. vessels grow in response to mechanical cues such as fluid flow) [262].
Initially, newly formed blood vessels grow in parallel. Once the vessels reach a certain
distance however, they start growing towards each other, which favours the formation
of anastomoses, connections between different vessels. This process generates loops in
the emerging blood vessel networks. New sprout tips grow from the loops, continuing
the extension of the vessel network. As blood vessels grow towards the tumour, they

exhibit a dramatic increase in branching before they penetrate the tumour.

!Note that there are different isoforms of VEGF, for a review see, for example, [261].
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The resulting vasculature is highly abnormal, in both structure and function [126,
181,217,226]. The precise mechanisms of angiogenesis are however still not completely
understood [258]. Mathematical modelling yielded many insights into the influence
of different mechanisms involved in angiogenesis on the structure of the resulting

vasculature (see for example [9,63,87,192,262]) and continues to do so.

3.1.2 Structure and function of tumour blood vessels

Abnormalities of tumour vasculature occur both at a macro- and microscopic level:
while normal tissue contains evenly spaced, hierarchically ordered, well-differentiated
vessels (i.e. large vessels branch into smaller vessels), tumour blood vessels are chaotic
and characterised by a loss of hierarchy. Tumour blood vessels are larger and varied
in diameter than normal vessels, show irregular branching patterns and can exhibit
shunts (i.e. vessel connections) between arteries and veins. Moreover, tumours exhibit
regions of very high vessel density and others with very low vessel density [126].
Tumour blood vessels are also more tortuous (‘bendy’) than normal vessels (i.e. they
coil) due to a lack of space [181]. We present examples of images of typical tumour

vasculature in Fig.3.2.

Figure 3.2: Images of typical tumour blood vessels. Tumour blood vessels are highly abnormal
and exhibit large diameters (black arrows) and extreme tortuosity (yellow arrows). Image source:
with permission from [181].

Tumour vasculature is highly dysfunctional as vessels tend to be very leaky and

the direction of blood flow through them can vary over time [126]. Several math-
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ematical models were developed specifically to study the influence of the structure
of tumour blood vessels on their function. For example, in [17] Baish et al. used
a mathematical model to show that the structural and functional characteristics of
tumour blood vessels can have negative effects on nutrient supply and drug delivery.
In particular, high tortuosity of vessels has been observed to reduce blood flow [199].
Mathematical modelling has further shown that the blood vessel structure determines
oxygen availability in a tumour [128]. For radiotherapy on the other hand another
mathematical model predicts the response of a tumour to be insensitive to different
types of vessel network geometries in 3D [129]. The study compared different 3D
vessel network geometries, both biologically and artificially derived, as well as 2D
network representations and observed the changes in the viable fraction of cells in the
surrounding tumour tissue during and after 5 rounds of simulated daily radiother-
apy. In small tissue volumes, the cell growth and response to radiation therapy was
very similar for the different vessel network geometries. However, the study assumed
constant oxygen concentration in all parts of the vessel networks. Moreover, the
model neglected the effects of vascular normalisation, induced for example by anti-
angiogenesis drugs, even though they have been observed to improve the response to

radiotherapy [88].

3.1.3 Anti-angiogenesis drugs and their effects on tumour
vasculature

Anti-angiogenesis drugs block angiogenesis and inhibit vasculogenesis by targeting
molecules such as VEGF [270]. While promising in pre-clinical studies, anti-VEGF
therapy alone has shown little effect in the majority of cancers in clinical trials and
prolonged the lives of patients only minimally [37,141,142,262]. In many cases even

after promising initial response to anti-angiogenic treatment, the cancer eventually

progresses after a few months [37]. Cancers responsive to the therapy are well vascu-

larised [270].
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Interestingly, anti-VEGF therapy has been observed to improve the effect of clas-
sical chemotherapy when the two treatments are combined (see, for example, [137]).
A possible explanation is that the vasculature undergoes a so-called normalisation
process in response to anti-VEGF therapy, thereby losing many of its abnormal
traits [126,139,140]. In particular, the vascular network appears to regain a clearer
hierarchy of vessels, a more intact basal membrane and a more homogeneous blood
flow. These changes are, in turn, thought to improve the delivery of oxygen and
drugs to the tumour, and even to enhance the recognition of tumour cells by the
immune system [141]. One of the current clinical challenges is, therefore, to identify
anti-angiogenic drugs that cause permanent tumour vasculature normalisation [270].
There are, however, many less well understood effects of anti-VEGF drugs such as
up-regulation of certain angiogenic pathways and even an increase in metastatic ac-

tion [95].
3.1.4 Effects of radiation therapy on tumour vasculature

The effects of radiation therapy on the structure of tumour blood vessel networks are
not well understood. Indeed, studies in the last 65 years are highly inconsistent [195].
In general, there seems to be a trend for fractionated irradiation therapy to result
in a stabilisation of the vessel network structure in human tumours. For single-dose
irradiation, a dose higher than 10 Gy has been observed to cause significant damage
to vessel networks in human and mouse tumours [195]. Based on recent experiments
however, it has been hypothesised that fractionated irradiation may cause more harm
to the vessel network structure than previously thought [144]. Additionally, with novel
technologies, it has become possible to target tumours with higher doses of radiation
more specifically and thus researchers have become more interested in studying the

effects of single-dose irradiation versus fractionated irradiation [144].
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3.2 Spatial quantification of characteristics of tu-
mour blood vessel networks

The quantification of structural characteristics of tumour blood vessels is of great
interest for a number of reasons. It could help to determine whether cancer treat-
ment can reach all parts of the tumour or whether vascular renormalisation has been
achieved before classical chemotherapy is applied. As a longterm goal, this could
enable prediction of a patients’ response to chemotherapy or radiation treatment.

New imaging techniques, such as multispectral fluorescence ultramicroscopy (see,
for example, Dobosz et al. 2014 [92]), intravital imaging (see, for example, Tozer et
al. [255]), micro-computed tomography (see, for example, Ehling et al. 2014 [100]) or
volumetric multispectral optoacoustic tomography (see, for example, Ron et al. [215])
allow detailed reconstruction of 3-dimensional vascular networks in tumours. From
these reconstructions, parameters such as vessel length, vessel branching, vessel vol-
ume, vessel density, number of vessels, number of branching points, inter-vessel spac-
ing, fractal dimension, and tortuosity can be extracted and summarised. Such struc-
tural parameters can reflect disease progress. For example, vessel size and vessel
branching have been shown to correlate with tumour aggressiveness and angiogen-
esis [100]. Similarly, Bullitt et al. [58] find that tortuosity and aggressiveness of a
tumour are closely related. Dobosz et al. [92] observe that vessel volume, the number
of vessels, and vessel branching in the tumour periphery change significantly, when
anti-angiogenic drugs are applied.

However, summary parameters are very coarse and do not exploit the 3-dimensional
information available in the data. In particular, vascular abnormalities, such as loops
and tortuosity, are not adequately resolved in a spatial manner. In order to use the
full potential of the imaging techniques, a method is needed that can quantify these

parameters mathematically while enabling spatial insights. Ideally, such a method
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could be used to study the structural heterogeneity of blood vessels in a tumour and
the effects of treatments in the clinic.
We now highlight existing approaches to quantify the structure of tumour blood

vessels and then proceed to develop our own method based on PH.

3.2.1 Existing approaches for the quantification of tumour
blood vessels

Tumour vascular networks are not tree-like structures; in particular, they are not
rooted. This makes it impossible to apply metrics that were developed for the analysis
of tree-like objects (see, for example, [107]). Existing methods for quantification rely
on blood vessel metrics that can roughly be separated into two categories: direct
measures such as averaged cell density, vessel lengths, diameters, tortuosity, and
indirect measures such as oxygen distribution [262]. These metrics do not necessarily
take global 3D structure of the vessel network into account. For example, although
tortuosity measures were explicitly developed to obtain 3D information [57], these
are currently used to provide summary statistics for the whole network. Moreover,
these metrics can be sensitive to imaging methods. Vilanova et al. [262] emphasize
the importance of vessel structure quantification for the validation of mathematical
models with biological data and introduce a graph-based method: the graphs they
construct consist of branching points as nodes and edges between them that represent
capillaries weighted by distance. Considering graph descriptors such as the number of
vertices, edges, anastomoses, loops, network efficiency, and connectivity the authors
successfully quantify the structure and evolution of 2-dimensional tumour blood vessel
simulations.

Other approaches that quantify blood vessel networks and account for shape but
do not rely on a hierarchical network structure include fractal dimension [121], and
multifractal analysis and lacunarity. For example, in [127], Gould et al. analyse 2D

representations of 3D microvasculature networks from kidneys, the cortex, skin, and
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thigh muscle to study how these networks occupy the space around them and how
the gaps between them are distributed. While providing insight, these methods do

not account for the 3D structure of the vessel networks.

3.2.2 Quantification of the characteristics of tumour blood
vessel networks using persistent homology

Our aim is to use PH to characterise unique features of tumour blood vessels, in
particular the occurrence of loops and their high degree of tortuosity. Since loops can
be captured by PH in dimension 1 of any filtration? that uses the structure of the
vessel network data, we focus on developing a filtration that will quantify tortuosity
while providing an intuitive interpretation of the results in both dimension 0 and 1.

The data for our analysis consists of points sampled from networks of tumour
blood vessels. We introduce the data sets in Section 3.3. We interpret the data as
a spatial network in R? (e.g. a collection of nodes with coordinates in R? and edges
between them). The nodes correspond to points sampled from tumour blood vessels
in 3D, the edges correspond to physical connections between the points via branch
segments. We sample multiple points from every branch (rather than just the end
points) to capture the tortuosity of the vessels. In our analysis we are interested in
structural aspects of these networks (in contrast to functional properties such as the
quantification of blood flow or direction through a vessel). We refer to the networks

as tumour blood vessel networks.
3.2.2.1 Filtrations for the study of spatial objects in biology

PH has been successfully used to study the structure of brain arteries [34], airways [33]
and neurons [145]. The filtrations developed were able to quantify tortuosity and
branching behaviour. PH has recently also been proposed to study the shape of

individual blood vessels for diagnosis of vascular disease [185]. As we are interested

2See Chapter 2, Subsection 2.2.1 for definition.
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in studying networks of vessels rather than individual vessels, we now review the
methods employed by [33,34, 145].

Bendich et al. [34] use PH in dimension 0 to study the tortuosity of brain arteries
imaged by 3D Magnetic Resonance Angiography. They apply a ‘sweeping plane’
filtration that can be viewed as the stepwise sliding of a plane over a vessel network:
In the first filtration step the full network is situated on one side of the plane. As the
plane moves, it starts intersecting the network until eventually the whole network is
located on the other side of the plane. The initially empty side of the plane thereby
gives rise to a sequence of embedded objects that can be interpreted as a filtration
of the network. The authors interpret the persistence of features in dimension 0 as
a measure of the size of a bend in a brain artery: the larger a bend is, the longer
it exists as an individual component in the filtration and the larger its persistence.
They find that looking at vectors of medium-scale persistence values for every subject
leads to a strong correlation of the vectors with the age of the subjects.

Belchi et al. [33] use the same filtration to study the geometric structure of airways.
They slide a plane starting at the beginning of the trachea towards the bronchia. In
this case, the dimension 0 PH is interpreted as a measure for branching behaviour of
the airways. In a first approach, the authors use the number of bars in the dimension 0
barcode as an indicator of how often an airway branches ‘upwards’. This simple
measure outperforms other numerical markers in stratifying different subgroups of
patients with chronic obstructive pulmonary disease, although classification based on
this measure alone is not possible. In addition, using a version of the Wasserstein
distance® on the O-dimensional barcodes leads to a separation of inspiratory and
expiratory scans of subjects. Although in this case the filtration was not used to
quantify tortuosity, we note both these results since branching behaviour is also of

interest for our tumour blood vessel network data.

3See Chapter 2, Subsubsection 2.4.1 for definition.
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Finally, Kanari et al. [145] use a similar filtration to classify morphologically dis-
tinct groups of neurons. Instead of using a sweeping plane, they apply a filtration
based on the radial distances of points on the neurons from the neuronal tree root.
For trees with specified branch properties, this corresponds to shrinking a sphere with
a decreasing radius around the tree root in every filtration step and including only
nodes and edges that are outside the sphere in the growing graph. The filtration
captures branching behaviour and spatial morphology in dimension 0. The authors
base their classification on a distance measure that they define from the barcodes*,
as well as persistence images®.

These examples motivate our approach.
3.2.2.2 Radial filtration for tumour blood vessel networks

In contrast to brain arteries or neurons, tumour blood vessels are not tree-like objects.
They also do not have a natural orientation. Motivated by the fact that tumours
are often viewed as spherical objects, we root our filtration in the tumour centre.
Since we perform our analysis on the blood vessels rather than the tumour itself, we
approximate the tumour centre by the centre of mass of the points sampled from
the tumour blood vessels, e.g. the nodes of our networks. We then proceed in the
following way. We search the neighbourhood of the tumour centre, increasing the
radial distance stepwise to include all nodes within the radius. If two nodes that
are connected by an edge are both within the given radius, we add the edge to our
filtration. Fig. 3.3 shows a schematic representation of the radial filtration on blood
vessel data. Based on this filtration we study the homology of the growing network
at every filtration step, capturing tortuosity and branching behaviour in dimension 0,

and loops in dimension 1.

4See Chapter 2, Subsection 2.2.2 for definition.
5See Chapter 2, Subsection 2.4.3 for definition.
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Figure 3.3: Schematic illustration of the radial filtration of a tumour blood vessel network. In the
k-th filtration step we include all vessel nodes and edges that are fully contained in the ball of radius
di, around the centre of mass of the vessel points. Image source: [64].

The filtration generates topological information with respect to the tumour centre.
We also obtain information about the heterogeneity of these characteristics within a
single network, which is of particular interest since it has been observed that anti-

angiogenic drugs affect the vessel network structure in the tumour periphery and the

tumour core in different ways [92].

3.3 Data

For our analysis we use two different tumour blood vessel data sets: data obtained by
multiphoton intravital 3D imaging [203] and data obtained by ultramicroscopy [93].
Both data sets consist of 3D stacks of images of tumour blood vessels subjected to
different experimental conditions. We summarise the data in Table 3.1 and proceed
to give a more detailed description of both data sets. We include only information
which we consider relevant for the understanding of the data or our results. We
also discuss the advantages and disadvantages of the two imaging methods. For a
more detailed description of the experimental procedures we refer the reader to the

references provided below.

3.3.1 Multiphoton intravital 3D imaging

Our first data set consists of tumour vasculature images that were obtained from

multiphoton intravital 3D imaging [203] over several days while the animal was alive.
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Data set Type

Model

Experimental conditions

Multiphoton in- Dynamic,

travital 3D mi- over

Croscopy multiple
days

Multispectral Static
fluorescence
ultramicroscopy

Mouse colorectal
cancer in mice

Human  breast
cancer in mice

1. Control

2. Treated to increase sprouting

3. Treated to reduce sprouting (nor-
malised vasculature)

4. Irradiated (single dose of 15 Gy)
5. Irradiated (fractionated 5x3 Gy)
1. Control

2. Treated to slow growth of new
blood vessels (normalised vascula-
ture)

Table 3.1: Summary of data sets and experimental conditions.

We will refer to this data as intravital data. The experimental work was conducted

by Bostjan Markelc and Jakob Kaeppler in the lab of Ruth Muschel at the Ozxford

Radiation Oncology Institute, Department of Oncology, University of Ozxford. The

data was obtained from transgenic mice that were injected with a murine colon ade-

nocarcinoma MC38 tumour and surgically implanted a window chamber that enables

intravital imaging of tumours [203,213]. The mice were divided into groups that were

subjected to different experimental conditions:

1. Controls (7 mice).

2. Anti-DIl4 treated tumours (3 mice): The mice were treated using anti-DIl4

antibodies which block DIl4 signalling, thus increasing vessel sprouting. The

resulting networks are very dense and complex. The antibody was injected into

the animal’s belly every three days starting on the first day of imaging.

3. DC101 treated tumours (5 mice): The mice were treated using DC101 antibod-

ies which block VEGFR-2 signalling and reduce vessel sprouting. The effect can
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be interpreted as normalisation of the vasculature. The antibody was injected

into the animal’s belly every three days starting on the first day of imaging.

4. Single-dose irradiated tumours (7 mice): The mice were treated with a single
dose of 15 Gy on the first day of imaging. The effects of irradiation therapy on

vasculature are not well understood.

5. Dose-fractionated irradiated tumours (4 mice): The mice were treated with five
doses of 3 Gy over 5 consecutive days followed by two days of rest starting
on the first day of imaging. The effects of fractionated irradiation therapy on

vasculature are not well understood.

The tumours were imaged from day 9 to day 14 and, in some cases, up to 20 days
after tumour induction. The experimentalists began administering treatment once
the tumours reached an approximate® size of 100 mm? and showed signs of vessel
perfusion. In each case, we refer to the start of treatment as day 0 of treatment.
We note that, by coincidence, the DC101 treated tumours tended to be larger in size
on day 0 of treatment than the tumours of the other treatment groups. The vessels
in all treatment groups were visualised using fluorescent staining on the endothelial
cells and imaging was performed using a multiphoton microscope. For more details
on experimental conditions we refer the reader to [28,30,31], where the data set has
been used to develop an approach for feature extraction from vascular networks.
Multiphoton microscopy achieves high spatial resolution which allows detailed
analysis of, for example, sprouting behaviour and vessel perfusion. In our case the
resolution is 0.83 pm in the xy-plane with slices imaged every 5um in the z-direction.

The imaging method however has a small penetration depth. In practice this means

8The exact size of a tumour is impossible to determine during ongoing experiments, some variation
of tumour sizes is therefore to be expected. The choice of size for the beginning of treatment was
determined by the irradiation experiments: the effect of radiation treatment on tumours is very
sensitive to initial tumour size, the experimentalists therefore aimed to start irradiation for tumours
of size approximately 80 — 150 mm? [144].
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that the imaging quality is very good close to the tumour surface but the dye fades
when moving towards the centre of the tumour, enabling only a visible depth of
around 300 pum. Since it is not possible to image the entire tumour through the
window chamber, we only obtain the vessel network of a small segment of the tumour.
It is also important to note that the presence of necrosis in the tumour has a negative
effect on imaging quality. This was particularly evident for the anti-DI1l4 treated
tumours.

We obtained the data in the form of images generated by Bostjan Markelc and
Jakob Kaeppler, and skeleton files produced by Russell Bates as part of his PhD
thesis [28] at the Institute of Biomedical Engineering, Department of Engineering
Science, University of Ozford. The skeleton files were extracted by combining two
segmentation models and taking their geometric average. The skeletons were then
pruned (see p. 165 in [28] for a full description with references to the methodology).
We note that the size of the images and skeletons in the xy-plane is considerably

larger than in the z-axis [28].

3.3.2 Multispectral fluorescence ultramicroscopy data

Our second data set consists of multispectral fluorescence ultramicroscopy [93] images
of blood vessels of human breast cancer tumours (cell line KPL-4, HER2 positive)
that were implanted into 31 immunodeficient mice. We will refer to this data as
ultramicroscopy data. The experiments were carried out by Michael Dobosz et al. [92],
Roche Diagnostics/Institute for Biological and Medical Imaging, Helmholz Zentrum,
Munich. The mice were divided into two groups that were subjected to different

experimental conditions:
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1. Controls (18 mice).

2. Anti-VEGF-A treated tumours (13 mice): The mice were treated with beva-
cizumab, an antibody which binds to VEGF-A and, thereby, induces normal-
isation of the vessel networks and reduces their permeability. Treatment was

administered once the tumours reached a volume of approximately 60 mm?.

To test the effect of the treatment on drug delivery at different time points, both
controls and anti-VEGF-A treated mice were also treated with trastuzumab (anti-
HER2 antibody) six hours before the tumour was extracted and prepared for imaging.
Different subgroups of tumours were imaged on day 1 (5 controls, 5 treated), day 3 (5
controls, 4 treated), day 7 (5 controls, 2 treated), and day 14 (3 controls, 2 treated)
after administration of bevacizumab. More details on experimental conditions can be
found in [92] (note that the data set in [92] overlaps with the data used in this work,
but they are not identical).

Multispectral fluorescence ultramicroscopy [92] is an ez wvivo imaging technique
that achieves high spatial resolution while maintaining high imaging depth. To avoid
light absorption and scattering, tumour samples are treated chemically to make them
optically transparent prior to imaging. The ultramicroscope sequentially illuminates
different layers of the transparent tumour with a laser beam, the layers being per-
pendicular to the observation axis. It records images of the emitted fluorescence light
from the tumour plane. In our data the resolution on the zy-plane is 5.1uym with an
image taken every 5.1pm in the z-direction.

We obtain the data in image form as well as various outputs such as skeleton
files and skeletonisations that were produced by Dobosz et al. [92] using a custom

Definiens Developer script.
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3.3.3 Synthetic hierarchical tree data

To evaluate whether there are PH features that represent characteristics of tumour
vasculature, we compare these to features obtained from an extreme case of non-
tumour vasculature: a hierarchical tree. Since we want to capture specific charac-
teristics of the abnormality of tumour vasculature, i.e. tortuosity and loops, in a
first step we need to understand which barcode features are simply a consequence
of the filtration applied to a spatial network. This is in particular true for dimen-
sion 0 barcodes, where we expect tortuosity and potentially also branching behaviour
to manifest itself. We choose a model that does not include tortuosity and shows
regular branching to allow us to identify barcode features for the tumour vasculature
that could be connected to these two properties. Our ‘null-hypothesis’ is that the
barcodes that we obtain for tumour blood vessels are the same as the barcodes that
we obtain from a synthetic hierarchical tree. The synthetic hierarchical tree data
therefore serves as a type of initial ‘null model’.

We use a simple model that captures regular branching based on the 2D fractal
vasculature model introduced by Karshafian et al. [147]. This model includes infor-
mation on vessel thickness and the computation terminates after a set diameter is
reached by the daughter branches in the network. The model is based on very simple
principles: Every branch of the network gives rise to two daughter branches, whose
diameters D;, i = 1,2, and lengths Lgaugnter decrease with respect to the diameter D

and length Lparent Of the parent vessel in the following way:

D} = D} + DJ, (3.1)

Ldaughter = ﬁLparentv (32)

where 7 is a constant that the authors set to be v = 3 and the distance factor x is

given by k£ = 0.9. The diameters of the daughter branches are further dependant on
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the bifurcation index 0 < 8 < 1:
D,

=5 (3.3)

The daughter vessels branch away from the parent vessel at a branching angle 6,
which is drawn uniformly at random from a prescribed interval. Karshafian et al. [147]
modify the branching angles to obtain two different types of blood vessel networks:
networks that share similarities with ‘normal’ vasculature such as found in kidneys,
where 6 € [25.5,28.5], and networks that share similarities with tumour vasculature,
where 6 € [25,140]. We use Karshafian et al.’s 2D model for ‘normal’ vasculature
to construct a 3D model by introducing a rotation angle ¢ for the daughter vessels
around the parent vessel, which we draw uniformly at random from [0,360). In
addition to the default parameters outlined above, we fix § = 0.95, an initial diameter
of Dy = 500 pm, an initial length of Ly = 1 cm, and a termination diameter of
Deng = 40 pm. We sample six points from every branch. A typical point cloud is
presented in Fig. 3.4. Note that our definition of branching points includes vessel end
points, as can be seen clearly in Fig. 3.4 (b).

Points sampled from a hierarchical tree Branching points in a hierarchical tree

e 7+——1"0 10
3 2 2

. 1 0 -1 3 4 52 4
*10

(a) The size of the points is scaled ac-  (b) We show branching points in red.
cording to the diameters determined by
the model.

Figure 3.4: Points sampled from a 3D hierarchical tree based on Karshafian et al.’s 2D model of
kidney vasculature [147]. Axes units are in pm.
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3.4 Implementation
We give details on the implementation of the data preprocessing and the PH filtration.

3.4.1 Data preprocessing
3.4.1.1 Intravital data

We write PYTHON scripts that use part of the PYTHON code package” UNET-CORE [29)]
developed by Russell Bates to extract blood vessel networks from skeleton files of mi-
croscopy images. The method we use is VesselTree from UNET_CORE.VESSEL_ANALYSIS.
The networks consist of points on vessel branches (multiple points per vessel branch
which also contain branching points) which represent the nodes, and the vessels be-
tween them that constitute the edges of the network. The method also enables one to
extract network features such as diameter, length, and a measure of tortuosity (chord-
length-ratio) for every branch point, although we are not using these features at the
moment. We show a typical microscopy image and the different stages involved in
data extraction in Fig. 3.5. As one can see in Fig. 3.5 (c), the different resolutions in
the xy-plane and the z-axis do not appear to be accounted for in the extraction with
UNET-CORE. Based on consultation with the experimentalists and further researchers
who worked with the data, we account for this difference by rescaling the coordinates
in the z-direction using the appropriate factor of resolutions before further analysis.
For the following vessel networks it was necessary to reduce the point clouds for the
computation of the radial filtration: control tumour 18 4E, day 17; control tumour
18_4E, day 18; control tumour 29_1B, day 15; control tumour 29_1B, day 16; control
tumour 34_2A, day 14; control tumour 60_2A, day 14; DC101 treated tumour 51 _2C,

day 15; DC101 treated tumour 54_2D, day 17; anti-DI1l4 treated tumour 24_2A, day

"Note that these codes have no documentation except for a list of required PYTHON packages.
In addition to the required packages, we found that the codes only run with PYTHON 3 and require
the networkx package to be version 1.9 (newer versions require extensive reprogramming of almost
all functions and even then continue to cause issues that we were not able to resolve based on the
€ITOr messages).
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(a) Tumour blood vessels as seen under the
microscope after endothelial staining. The
grey bar corresponds to 1000um. The im-
age was taken by Bostjan Markelc and Jakob
Kaeppler.

Tumour 18_4E, Day 14

© Blood vessel points
* Branching points

() Vessel points we extracted from the skele-
ton image using UNET-CORE [29]. Axis units
are in pum.

(b) Skeleton of tumour blood vessels coloured accord-
ing to chord-length-ratio (clr) values. The skeleton
and clr values were extracted by Russell Bates [28].

Tumour 18_4E, Day 14

1000 500 2000 2500 3000 3500 4000 4500 5000 5500
o T T

© Blood vessel points
* Branching points

(d) Perspective corresponding to 2D images (a)
and (b) on vessel points we extracted from the
skeleton image using UNET-CORE [29]. Axis units
are in pum.

Figure 3.5: Example images of control tumour 18 4K, day 0, multiphoton intravital 3D imaging

data set. Image source: [64].

13; anti-DIl4 treated tumour 24 2A, day 14. The days listed here refer to the days

after tumour induction rather than days after treatment. We reduced the number of

points (i.e., the number of nodes of the networks) by including all branching points

and only sampling every second point of every branch. We note that this can change

the tortuosity in the reduced networks compared to the ‘full’ networks.
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3.4.1.2 Ultramicroscopy data

We preprocess the grey scale skeletonisation files provided in the ultramicroscopy data
set from individual . tif files (one for every zy-plane slice of the vessel network) to .tif
stacks in uint8 format using the software IMAGEJ [209]. We convert the .tif stacks
to .nii format using the function tiff2nii.m from a MATLAB toolbox [70] designed
to aid preprocessing images for an image analysis software. We use the .nii files as
image input for our PYTHON scripts for UNET-CORE [29]. Even though UNET-CORE
was trained on multiphoton intravital 3D imaging we justify our approach by the
fact that the skeletonisations are clear, high-contrast images. Any imaging specific
effects were removed by the skeletonisation process which was developed specifically
for this data set [92]. Visual inspection of the results that we obtained by applying
UNET-CORE to the skeletonisations suggest that the code extracts realistic vessel

networks from the skeletonisations (see Fig. 3.6). We present examples of extracted

(a) Example of a slice of a (b) 3D projection of skeleton (c) Example of extracted vessel
skeletonisation. file in IMAGEJ. network from skeleton file using
UNET-CORE.

Figure 3.6: Example images of the blood vessel network of anti-VEGF-A treated tumour 703,
day 7, multispectral fluorescence ultramicroscopy data set. Note that the collection of lines in the
bottom right corner of image (c) corresponds to text that was present in the skeleton images in the
data set — visible in the upper righthand corner of images (a) and (b) — and was interpreted as a
collection of vessels by UNET-CORE. We removed these artefacts from our extracted point clouds
manually. For technical reasons image (c) is axially rotated in comparison with images (a) and (b).

vessel networks in Fig. 3.7. We do not show the obtained point clouds in MATLAB as
these contain between around 0.5 to 2 million points and it is challenging to visualise

these. Note that we do not know how UNET-CORE determines the scaling of the data
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(a) Control tumour, day 3. (b) Control tumour, day 7.

(c) Anti-VEGF-A treated tumour, day 3. (d) Anti-VEGF-A treated tumour, day 7.

Figure 3.7: Example images of extracted vessel networks from multispectral fluorescence ultrami-
croscopy data coloured according to chord-length-ratio (clr) values. We can see a clear difference
between the vessel networks of the treated versus the untreated tumour on both day 3 and day 7 after
treatment. Note that the collection of lines in the bottom right corner of the images corresponds to
text that was present in the skeleton images in the data set. We removed these artefacts from our
extracted point clouds manually.

points, but visual comparison with data points extracted by Franziska Mech, Roche,
suggest that we obtain distances that scale linearly with the true distance in pm.
Since we are only interested in features with respect to their relative distance to the
tumour centre, this is sufficient. Due to the very high number of points, we reduce the
point clouds for all tumours again by sampling all branching points but including only

every second point from every branch (we refer to this as half reduction). For tumours

where we are still unable to compute the full radial filtration, we run two separate
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filtrations: one for the tumour core, which we define as the the region included in the
sphere around the tumour centre with a radius corresponding to half of the maximal
distance between the tumour centre and a node of the vessel network, and one for the
tumour periphery®, which we denote by the sphere around the tumour centre with
a radius corresponding to the maximal distance between the tumour centre and a
node of the vessel network minus the tumour core. Note that this approach affects
the barcodes in dimension 0 and we lose up to 9% of the total number of loops®. In
some cases, we further reduce the number of points in the networks by including all
branching points but sampling only every fourth point from every branch (we refer
to this as quarter reduction). Despite our reduction approaches, not all filtrations
finish within reasonable time or are computable. We provide an overview of (to
date) successful reduction approaches for each tumour in Table 3.2. For our analysis,
wherever possible, we use the full filtrations rather than partial filtrations and consider

results from the least reduced vessel networks.

3.4.2 Persistent homology

We implement the radial filtration in MATLAB and use the software package JAVAPLEX [247]
to compute PH on our filtration. We divide the distance from the tumour centre (cen-
tre of mass) to the farthest away point in the blood vessel network into 500 steps to

build the radial filtration.

8Note that our definitions of tumour core and periphery differ from Dobosz et al. [92]. The authors
consider the radius of a fictional sphere with same volume as the tumour and define vasculature with
a distance to the surface of the tumour smaller than 20% of this radius as ‘periphery’ and all other
vasculature as being in the core.

9We draw this conclusion from observations on networks where we were able to obtain the full
filtration.
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Tumour Full filtration Tumour core Tumour periphery

Veh 101.1d quarter half

Veh 102.1d quarter half half
Veh 103.1d quarter

Veh 104.1d quarter half half
Veh 105.1d quarter half quarter
Veh 301.3d quarter half half
Veh 302.3d quarter half half
Veh 303.3d quarter

Veh 304.3d

Veh 305.3d quarter

Veh 301.7d quarter

Veh 302.7d quarter quarter

Veh 303.7d half

Veh 304.7d

Veh 305.7d quarter

Veh 403.14d quarter

Veh 404.14d

Veh 405.14d quarter

Treat 201.1d quarter half half
Treat 202.1d half half
Treat 203.1d half

Treat 204.1d half half
Treat 205.1d half half half
Treat 401.3d half half
Treat 402.3d half half
Treat 403.3d half

Treat 404.3d half half half
Treat 703.7d half half half
Treat 705.7d half half half
Treat 10-2.14d quarter

Treat 10-5.14d

Table 3.2: Summary of reduction techniques that resulted in a finished computation of the radial
filtration on the multispectral fluorescence ultramicroscopy data.
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3.5 Results

We present our results from the radial filtration on both data sets. For the ultrami-
croscopy data, we are only able to obtain PH output for a subset of the tumours due
to considerable computational complexity (see also Table 3.2 for included results).
Our approach is to identify interesting barcode features by visual inspection of
the barcodes and then analyse some of these features in more detail. In contrast, in
Chapter 4 we will use persistence landscapes and persistence images to enable analysis
with a range of statistical and machine learning tools. We first examine the barcodes
of the radial filtration for the synthetic hierarchical tree. We then show example
barcodes from individual tumours from both data sets and determine those features
which are likely to be associated with unique features of tumour blood vessels rather
than a hierarchical tree. We then present an analysis of the number of loops on both
data sets. Finally, we present results from dimension 0 PH output for the intravital

data set.

3.5.1 Example barcodes for synthetic hierarchical tree

We show a barcode for the hierarchical synthetic tree data in Fig. 3.8. The scale on
the horizontal axis is in um. The distance from the centre of mass of the vessel points
to the furthest point in the vessel tree data is approximately 5.25 cm. As expected,
there are no features in dimension 1 as the tree does not contain any loops, so we
only show the dimension 0 barcode. In dimension 0, we observe several persistent
features that correspond to branches located less than 5000 pm, i.e. 5 mm, from the
centre of mass. We also observe several short-lived components that seem to merge
into one of the existing branches very quickly as the filtration radius increases. In
almost regular steps of approximately 5 mm the more persistent branches merge into

one another until after 4.5 cm we have one connected component.
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Figure 3.8: Dimension 0 barcode obtained from the radial filtration on a synthetic hierarchical
tree. The horizontal axis shows the distance to the tumour centre in pum.

3.5.2 Example barcodes for intravital data

Fig. 3.9 shows example barcodes obtained from the radial filtration for five tumour
blood vessel networks and different treatment regimes. For all tumours we show day
3 after treatment (day 3 of observation for the control tumour).

We note that the barcodes all end at different distances from the tumour centre,
which reflects differences in tumour and/or vessel network sizes. In our description,
we consider the persistence of features relative to the maximal filtration values. In
all cases, the barcodes in dimension 0 differ from the barcodes for the synthetic
hierarchical tree: When ignoring infinitely persisting bars, most barcodes show few
(or no) persistent features that start early in the filtration. Only networks treated
to decrease sprouting and treated with single-dose irradiation exhibit persistent bars,
although these do not merge with existing features and/or die in such regularity as
in the synthetic tree. DC101 treatment is known to normalise tumour blood vessel
networks, so the presence of more persistent bars could indicate a less abnormal vessel
network. The barcode for the vessel network treated with anti-DI114 which increases
vessel sprouting supports this hypothesis. Similarly, the control vessel network does
not feature persistent bars. The fractionated-dose irradiated tumour seems to exhibit

mesoscale persistent features, somewhere between the controls and the decreased
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Figure 3.9: Example barcodes for the radial filtration performed on each of the five treatment
regimes: (a) Anti-DIl4 treated (increased sprouting), (b) DC101 treated (decreased sprouting), (c)
single-dose irradiated, (d) fractionated-dose irradiated. The horizontal axis shows the distance to the
tumour centre in pum. All vessel networks were imaged three days after treatment was administered.
For all cases the blood vessel networks differ in size, which is reflected by the different maximal

values on the horizontal axis.
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sprouting case.

Even though there seem to be differences in the number of infinitely persisting
bars in dimension 0, we do not consider these because the number of connected
components of the vessel network can be influenced by image segmentation and can
not be used as a definitive measure of the number of vessels growing into a tumour.

We also observe differences between the dimension 1 barcodes for the different
treatment regimes. For example, the total number of vessel loops seems to differ,
most prominently for the irradiated tumour where we find only 5 loops in the blood
vessel network, while the other four tumours exhibit more than 100 loops. However,
we find that the small number of loops of the irradiated tumour is not representative
for the full group of irradiated tumours, in fact there is large variation in this group
(see later in Fig. 3.11). There also seem to be slight differences in the distribution of
vessel loops with respect to the tumour centre. In particular for the fractionated-dose
irradiated tumour, we see an increase of loops at distances 1700 gm to 2000 pym from
the tumour centre. These may be caused either by an increase in the number of loops
within this particular annulus or a change in the shape of the tumour (for example a

lump on an otherwise spheroid shape).

3.5.3 Example barcodes for ultramicroscopy data

We show example barcodes for the radial filtration performed on the ultramicroscopy
data in Fig. 3.10. Again, the barcodes look very different compared to the barcode
of the synthetic hierarchical tree in Fig. 3.8. For the treated tumours, we see only
short to medium-scale bars in dimension 0, and no bars are particularly persistent.
From day 3 after treatment to day 7 after treatment, the number of medium-scale
persistent bars seems to increase. In contrast, for the control tumours, both on day
3 and on day 7 we observe less medium-scale bars than for both treated tumours.

The overall persistence of bars in the controls seems to decrease from day 3 to day
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7. In dimension 1, we can see an increase
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Figure 3.10: Example barcodes for the ultramicroscopy data. The horizontal axis reflects the

distance to the tumour centre.

approximately 400 pym from the tumour centre three days after tumour treatment.

Otherwise, the shape of the dimension 1 barcodes does not appear to be markedly

different for the different tumours, although we note that there are substantial differ-

ences in the total number of bars, i.e. 6971 bars for the treated tumour, day 3; 4396

bars for the treated tumour, day 7; 13176 bars for the control tumour, day 3; and

19290 bars for the control tumour, day 7.
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3.5.4 Number of loops and their distribution

We now investigate the dimension 1 barcodes from the radial filtration more closely
for both data sets. These barcodes give information on the number of loops and their

spatial distribution with respect to the tumour centre.
3.5.4.1 Intravital data

We first observe the total number of loops in the vessel networks and how it changes
over time in every tumour, see Fig. 3.11 (left panel). To accommodate for different
starting conditions of networks on day 0 of treatment /observation, we normalise!® the
average number of loops by day 0 in Fig. 3.11 (right panel). We observe considerable
variation of the number of loops within one data category and between different data
categories on all days of the experiments. Even after normalisation, the magnitude of
the changes in the number of loops for the fractionated irradiation and DC101 treated
groups is considerably lower than in the other data categories. Within the control
group, the number of loops in the networks seems to increase similarly over time, with
the exception of tumour 18 4E, whose number of loops increase very drastically from
day 3 to day 4 as can be seen in the normalised plot in Fig. 3.11 (a). All anti-DI1l4
treated tumours exhibit a noticeable increase in loops on day 3 or 4 after treatment,
afterwards, the number of loops remains stable in two cases while it decreases in one
case. After treatment with DC101 all tumours experience a decrease in the number
of loops either on day 1 or on day 2 (in one case day 3). This could be caused by
two subgroups of tumours - one fast responding and one slow responding — although
there is not enough data to support this hypothesis. Fractionated- and single-dose
irradiation seem to result in varied effects, in most cases stabilising the number of

vessel loops. For fractionated irradiation this is visible with a time lag of four days.

10This is a common strategy when working with time-dependent biological data and in particular
[28,38] also applied normalisation to other vessel specific summary measures on the same data set.
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Figure 3.11: Number of loops for every observation day sorted by data category in the intravital
data set. We show the total number of loops (left panel) and the number of loops normalised by the

number of loops on day 0 (right panel).
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After consultation with the experimentalists as well as inspection of the imaging
data, we exclude the following data from further analysis: control tumour 24_2C
day 4 (laser died, although we do not see this effect); anti-DIl4 treated tumour
18_4F day 5 (necrosis affects imaging quality); single-dose irradiated tumours 35_2C
(strange growth pattern) and 47_11 (incomplete images due to technical problems);
fractionated-dose irradiated tumour 60_1E day 5 onwards (bad quality of segmenta-
tion). In addition, we only include data up to day 4 for controls and anti-DI1l4 treated
tumour and data up to day 8 for all other categories to avoid artefacts in the trends
that are caused by a rapid decline in the number of data points. For comparison,
we present results using the full data set (without the above stated exclusions) in
Appendix B, Subsubsection B.1.2.1.

We first study the total number of loops in the networks. Figures 3.12 (a) and (b)
show how the average number of loops in the blood vessel networks of the different
data categories change over time after treatment (or observation in the case of the
controls). We present the same results using the median in Figures 3.12 (c¢) and
(d). We first consider the results based on the raw data in Figures 3.12 (a) and (c).
In particular in Figure 3.12 (c), we can see trends in the behaviour of the median
for the different data categories, that match those we would expect from DC101
treatment (reduced sprouting) and anti-DI114 treated (increased sprouting): on day 2
after treatment the number of loops in the networks treated with DC101 sprouting
begins to decrease rapidly, while the number of loops in the networks treated with anti-
DIll4 begins to increase rapidly on day 3. These effects continue over the remaining
days of observation. The time lag between the beginning of treatment and its effects
on the vessel networks being visible can be explained by the fact that the antibody
treatment is administered to the animal’s belly rather than directly to the tumour and
first needs to spread in the system to reach the tumour blood vessels (also the vessels

need to grow/die which takes time). For the anti-DI114 treated networks, the response
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Figure 3.12: Total number of loops captured by the radial filtration in dimension 1 in the intravital
data set. We show the average and standard deviation (top row) and the median and quartiles
(bottom row) of the number of loops by treatment group. We show the total number of loops (left
panel) and the number of loops normalised by the number of loops on day 0 (right panel).

time takes longer as the treatment first leads to the formation of vessel sprouts, which
only start forming loops after an initial growth period. For the controls, we also
observe an increase in the number of loops over time. However, we cannot completely
differentiate this response from the increase in the anti-DIl4 treated group due to
the large standard deviation and inter-quartile distance respectively. For single-dose
irradiation the number of loops stabilises in the days immediately following treatment.
At longer times (day 4 onwards), we see wide variation in the number of loops in the

irradiated tumours. Our findings are consistent with a trend observed in experiments

where single-dose irradiation strongly affects small, proliferating vessels [144], which
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are also more prone to form loops, and results in a stable vessel structure. The effect
of fractionated-dose irradiation on the number of loops is observable from day 4 of
the treatment onwards when it manifests itself in the stabilisation of the number of
loops.

To accommodate for different starting conditions of networks on day 0 of treat-
ment, we consider the average and median of the normalised number of loops (by day
0), see Figures 3.12 (b) and (d). We observe the same trends as for the non-normalised
cases, but we also see that the variability in the responses within the different treat-
ment groups measured by both the standard deviation and the interquartile distance
is very big, in particular for the controls, the anti-DIl4 treated tumours (note that
the observations are based on only three tumours in this case), and the single-dose
irradiated tumours. The effects of DC101 treatment and fractionated-dose irradiation
over time seem to be more uniform within the groups. Although separation of the
groups according to the number of loops in the vessel networks is not possible, our
barcodes seem to capture the biological responses of the vessel networks to different
tumour treatments.

We now investigate how the different treatments affect the number of loops in
different parts of the vessel network. In Fig. 3.13 we consider how the median of the
normalised number of loops changes over time in different radial shells of the vessel
networks with respect to the tumour centre. We divide the radial distance from the
tumour centre to the maximal distance of a vessel point to the tumour centre into
five consecutive intervals of equal length. In consequence, we normalise all tumours
to the same size. We count the number of loops within each interval. We will refer
to filtration steps 1-100, which are closest to the tumour centre as radial interval I,
filtration steps 101-200 as radial interval II, filtration steps 201-300 as radial interval
I1I, filtration steps 301-400 as radial interval IV, and filtration steps 401-500 as radial

interval V. For the controls, we see an increase of loops that manifests itself the most
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Figure 3.13: Median of the normalised number of loops for different filtration intervals in the
intravital data set. Filtration steps 1-100 correspond to the radial region closest to the tumour
centre, while filtration steps 401-500 represent parts of the vessel network that are farthest away
from the tumour centre. We perform normalisation with respect to the number of loops in the
specified filtration interval on day 0. We separate the treatments into two groups to facilitate the

distinction of the trends.
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in radius intervals II-IV, in particular on day 4 (see Fig. 3.13 (b) — (d)). For anti-D114
treated tumours, we observe a significant increase in the number of loops on days
3 and 4 in radial interval V (i.e. closest to the outside of the tumour), particularly
compared to the controls (see Fig. 3.13 (e)). Interestingly, the effect of single-dose
irradiation seems to vary markedly between different tumours in radial intervals III
and IV from day 3 onwards, whereas in comparison the number of loops remains
more stable at the centre of the tumour and its outer rim (see Fig. 3.13 (c) and (d)).
The DC101 treated tumours respond on day 3 in radial intervals I,II, and V, and in
all intervals on day 4. Thus, for DC101 the effects on the vessel network seem to
be more homogeneous than for the other treatments. Fractionated-dose irradiation
significantly reduces the number of loops in all radial intervals from day 4 onwards,
except for radial interval I. We also observe that fractionated-dose irradiation seems
to induce variability close to the outside of the tumour (in radial interval V) on days
2 and 3 of treatment (see Fig. 3.13 (e)).

Overall, we find that the number of loops in the tumour blood vessel networks
follows trends that align with the biological processes that underly the different treat-
ments. Further, our analysis reveals that the different treatments have different effects

on vessels depending on their location in the tumour.
3.5.4.2 Ultramicroscopy data

We now study the number of loops in the ultramicroscopy data set. Here, we only
have one time point per tumour, thus a normalisation by day 0 of treatment is not
informative. Due to the large number of points, i.e. 0.5 to 2 million points, in these
vessel networks, we can only present partial results'!. We show the median number
of loops for different time points after treatment in Fig. 3.14. To compute the median

we include all vessel networks for which we have either results from the full filtration,

HThe results from the radial filtration that we show required a total of 2 months of parallel
computation on a machine with 768 GB of RAM and 2x8 cores of 3.3 GHz.
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Figure 3.14: Total number of loops captured by the radial filtration in dimension 1 in the ultra-
microscopy data set. We show the median and quartiles of the number of loops for controls versus
bevacicumab treated tumours.

or results from both the tumour core filtration and the tumour periphery filtration.
For the latter cases, we approximate the total number of loops by adding the number
of loops from the tumour core and the tumour periphery filtration. We estimate that
the difference between the approximated total number of loops and the total number
of loops in the full filtration is at most 9% (based on the 10 cases where we are able
to compute the full filtration and both partial filtrations).

We observe that the vessel networks in the ultramicroscopy data set are much more
dense than in the intravital data set; this is reflected in the much higher number of
loops (up to 20000 loops in contrast to under 900 loops in the intravital data) and the
significantly longer computational time (on the order of months rather than weeks).
Even though we only have partial results for three out of the four time points in the
data set, we observe that for the treated tumours the median number of loops seems
to steadily decline. We see a clear difference in the number of loops already one day
after treatment. For both tumour groups there is only one computation missing for

day 1 after treatment, so this difference is likely to remain once we obtain the full
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results. Even after seven days, the treatment appears to still have effects on the
number of loops in the vessel network. For the controls, we only have results for
two data points (out of five) for day 3, versus three out of four for treated tumours,
and one out of five for day 7, versus two out of two for treated tumours. But, thus
far, it appears that the number of vessel loops in the controls for these days remains
higher than for the treated tumours. The fact that we are able to compute the radial
filtration on markedly more tumours in the treated group than in the control group
also strongly suggests that the vessel networks in the controls are more dense than the
treated networks at all stages of observation. We note that Dobosz et al. [92] did not
see a significant change in the tumour volumes of treated tumours compared to the
controls, the computational complexity is therefore directly influenced by properties
of the tumour vasculature.

We consider the number of vessel loops in different filtration intervals in Fig. 3.15.
Since, to enable computation, we divide the radial filtration into two parts (with
few exceptions), the tumour core filtration and the tumour periphery filtration, we
consider these two intervals and include all available results. In the tumour core, we
see a decline in the number of loops during days 1, 3, and 7 for treated tumours. For
these days, the results in the tumour core include all treated tumours in the data
set. We observe a steep increase in the number of loops on day 14 after treatment
in the tumour core for the treated tumour on which computations finished (one out
of two). For the control tumours, a trend in the tumour core is less clear, but for
the data points where we were able to obtain results it seems that there is at least a
difference in magnitude of the number of loops in comparison to the treated tumours.
Interestingly, there is hardly any change for the number of loops from day 7 to day
14 of observation in control tumours in the tumour core (for both time points only
one computation is missing). For the tumour periphery, the trends in our available

results seem markedly more clear with the treated tumours showing a decline of loops
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Figure 3.15: Median number of loops for different filtration intervals in the ultramicroscopy data
set. We show the median and quartiles of the number of loops for controls versus bevacicumab
treated tumours. Filtration steps 1-250 correspond to the radial region closest to the tumour centre
(tumour core), filtration steps 251 — 500 represent the radial region closest to the surface of the
tumour.
over time and the control tumours exhibiting an increase in the number of loops.
Finally, we consider the distribution of the loops in the tumours in Fig. 3.16. For
all tumours, only a few loops are located in the tumour centre and in most cases the
number of loops close to the outside of the vessel networks is also low. So far, the
tumours for which we were able to obtain a full radial filtration'? seem to suggest that
the distribution of vessel loops with respect to the distance from the tumour centre
seems to change over time for the treated tumours up to day 7 after treatment while
for the untreated tumours a trend is more difficult to identify. The distribution of
loops for the tumour on day 14 after treatment seems markedly different in comparison

to earlier time points.

Overall, preliminary observations suggest that the number of loops is a good

12T e., treated tumours 201, 205, 404, 703, and 705 and control tumours 101, 102, 104, 105, 301
(day 3), and 302 (days 3 & 7).
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Figure 3.16: Distribution of loops for every observation from the ultramicroscopy data set. The
horizontal axis represents the distance from the tumour centre, the vertical axis corresponds to the
number of loops in the vessel networks. Note that, with exception of treated tumours 201, 205,
404, 703, and 705, and control tumours 101, 102, 104, 105, 301 (day 3) and 302 (days 3 & 7),
the distributions are approximated by adding the distribution of the tumour core filtration and the
tumour periphery filtration where possible. In cases where the distribution is constantly zero over
either the tumour core or periphery or both, the computation of the radial filtration has not yet
finished.

measure for structural changes in vessel networks treated with bevacicumab in the

ultramicroscopy data set.

3.5.5 Dimension 0 features in the intravital data

We investigate whether the radial filtration can capture tortuosity in dimension 0 by
looking at the number of finitely persistent bars with persistence up to 10% of the
maximal filtration value. We present our results in Fig. 3.17. Interestingly, both the
raw and the normalised number of short bars exhibit trends for the different treatment
groups which strongly resemble those in the number of loops in Fig. 3.12. We consider
the normalised data. Again, for the anti-Dll4-treated tumours there is a time-lag (day

3 onwards) before effects of the treatment are visible, even though they can not be
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Figure 3.17: Total number of short bars in the radial filtration in dimension 0 in the intravital
data set. We show the median and quartiles of the number of short bars by treatment group.

separated from the control tumours. For the DC101 treated tumours we see a very
clear response from day 2 onwards. Single-dose irradiation and fractionated-dose
irradiation both seem to have a stabilising effect on the number of short bars and,
in comparison to the number of loops, we observe less variability in the response on
individual days. The stabilising effect is particularly marked for fractionated-dose

irradiation from day 4 onwards.

3.6 Summary and discussion

We developed the radial filtration for PH to characterise the abnormalities in the
spatial structure of tumour blood vessel networks spatially. We applied the radial fil-
tration to two data sets from different imaging sources. The first data set consisted of
multiphoton intravital 3D imaging data, which allowed us to observe vessels from the
same tumour over multiple days. The data set included groups of tumours subjected
to five different treatment conditions with radiotherapy and vascular targeting agents.
The second data set was imaged with multispectral fluorescence ultramicroscopy and
allowed us to study large and highly detailed tumour blood vessel networks. We ex-

tracted the vessel networks from both data sets using the same approach. For both
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data sets, we compared example barcodes to a synthetically created hierarchical tree
and observed that these differed in their dimension 0 barcodes. We further investi-
gated the number of loops and how it changes over time in both the full blood vessel
networks and different radial intervals with respect to the tumour centre. Finally, we
observed the number of intervals with persistence smaller or equal to 10% of the full
filtration length in the intravital data.

The intravital imaging data showed that the number of loops increased over time
for tumours treated with anti-DI1l4 and decreased for tumours treated with DC101.
In both cases, we observed a time lag of 2-3 days before we were able to see effects
of treatment. For the two irradiation treatments, single-dose irradiation stabilised
the number of loops in the first few days after treatment. At longer times (3 days
plus), individual responses differed markedly. In contrast, fractionated-dose irradi-
ation started to stabilise the number of loops four days after treatment. We found
that treatments affected different parts of the vessel networks in different ways. For
example, treatment with anti-DI114 seemed to increase the number of loops mostly in
the outer regions of the vessel network while treatment with DC101 acted similarly
on all parts of the vessel network. For single-dose irradiation the stabilising effect on
the number of loops deteriorated three days after treatment showing a diverse set of
reactions in the medium region of the vessel network between the tumour surface and
its centre, but not in other regions of the network. Similarly, following fractionated
irradiation, we saw varied responses on the first three days after treatment begin,
followed by a reduction of loops close to the tumour surface while the remaining
vessel network does not show many changes. The results for the radiation therapy
treatments are of particular biological interest, as the effect of radiation therapy on
tumour vasculature is, so far, not well understood [144,195]. We further found that
the number of short bars in dimension 0 in the intravital data set appeared to follow

the trends of the number of loops, with similar time lags for all treatments. Inter-
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estingly, for the radiation treatments, in particular single-dose irradiation, there was
less variation between different tumours in comparison with the other treatments than
for the number of loops. For both dimension 0 and dimension 1, the trends that we
observe in the data support the proposed mechanisms of action of the anti-DIl4 and
DC101 treatments and are therefore very promising.

For the ultramicroscopy data, we found a trend in the total number of loops that
matches what we would expect from treatment with bevacicumab. In contrast to
the treatments in the intravital data set, bevacicumab seemed to have an immediate
effect on the number of loops in the vessel networks that was already visible one day
after treatment. This was also observed in [92], using measures of vessel density,
and was interpreted as a sign of normalisation of the vessel network induced by
bevacicumab. We also saw different developments in the number of loops in the
tumour core and periphery: in the tumour periphery, the number of loops decreased
following treatment and increased without treatment; in the tumour core the number
of loops decreased on days 1, 3, and 7 after bevacicumab treatment, but stayed at a
similar level for controls. Interestingly, we found a steep increase in the number of
loops in the tumour core on day 14 after treatment, for which the total number of
loops was in particular higher than for the two available control results. This could
imply that the normalising effects of bevacicumab treatment on the vessel networks
wear off in the second week after treatment. Dobosz et al. [92] only found effects of
bevacicumab treatment on the structure of the outer regions of the vessel network,
corresponding to vasculature with a distance to the surface of the tumour smaller
than 20% of the radius of a fictional sphere with same volume as the tumour, but
not on the inner regions. The study only includes results for days 1, 3, and 7 after
treatment. For this data we are yet to examine features in dimension 0. It will be
very interesting to see whether the trend in the number of short bars is similar to the

number of loops and to the statistics that were examined in [92].
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3.6.1 Advantages and limitations of the radial filtration

Our results suggest that the radial filtration is successful in capturing characteristics
of tumour blood vessels in a spatial manner. Since we find that the number of loops
is reduced in tumours treated with agents that promote vascular normalisation in
the initial days after treatment and increases in tumours, whose treatment leads to
the development of chaotic vasculature, we conclude that the number of loops is a
relevant measure for quantifying abnormality in tumour vasculature. One could also
study loops in these networks using other methods such as the Hodge Laplacian on
graphs [157,162]. The eigen-decomposition of the Hodge Laplacian can be used to
give several geometrically ‘nice’ representatives of loops (so-called ‘harmonic holes’).
However, there is currently no available algorithm to study such loops and their
persistence across a filtration. Indeed, a recent study that applies the Hodge Laplacian
to brain networks [157] uses the PH algorithm to identify the birth and death filtration
steps of a persistent loop before using the decomposition of the Hodge Laplacian of
the corresponding birth and death graphs to estimate harmonic representatives of the
loop. Using PH and, in particular, the radial filtration has the advantage that we
obtain spatial information with respect to the tumour centre from the birth time in
the filtration rather than just representatives of loops.

For dimension 0, our initial results on the intravital data set are very promising.
We need to perform further analysis to investigate whether the short bars reflect
underlying tortuosity or another characteristic of the vasculature. We note that
using other simple measures such as the average or median persistence of features in
dimension 0 did not lead to any significant differences between the different treatment
groups. Nor could we see any trends in the corresponding Betti curves, even after
excluding infinitely persisting features. In [28], Bates studied tortuosity in a subset of
the intravital data using two different measures, chord-length-ratio (clr) and sum-of-

angles-metric (SOAM). For controls, anti-DIl4 treated tumours, and DC101 treated
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tumours, these measures of tortuosity did not appear to be discriminative (the study
did not include data from radiation treatment). Our result in dimension 0 is therefore
of interest, in particular if we can show that it is indeed a symptom of tortuosity.

As the number of loops and short bars in dimension 0 are structural properties
of the network skeleton, they are more robust to imaging and segmentation induced
errors than other statistics for vasculature, such as vessel lengths and vessel diameters.
One could question whether the trends that we are observing in dimension 0 and in
dimension 1 are a simple consequence of physical properties of the tumour, for example
tumour volume in response to treatment. However, both treatment with DC101 and
anti-DIl4 is known to slow tumour growth (see [206] and [212], respectively), i.e.
in particular for DC101 we would not expect the tumours to reduce their volume.
Similarly, bevacicumab was not observed to result in significant reduction of tumour
volume in the ultramicroscopy data [92]. In Appendix B, Subsection B.1.3, we further
show plots of estimated tumour volume for the different treatment groups and data
sets. We approximated the tumour volume by calculating the volume of the sphere
with a radius corresponding to the maximal filtration value of the radial filtration for
every tumour. We do not find that the volumes fully reflect the trends from either
the number of loops or the number of short bars. We will nevertheless, in the future,
investigate normalisation of our results by tumour volume. We will also consider
normalisation by the number of vessels.

There are, of course, limitations to our method. We constructed the radial filtra-
tion with spherical tumours in mind. In reality however, tumours do not necessarily
grow in such an idealised way, as we can see in the example pictures in Fig. 3.5 and
Fig. 3.6. Indeed, many of the tumours in our data sets exhibited multiple lumps.
This can influence the results on the spatial distribution of loops in these tumours
which depend on the position of the tumour centre. In future investigations, one

could therefore divide the tumour into different spherical parts and define a centre
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for every part separately. It would further be interesting to compare our approach
to a sweeping plane filtration. It is also important to note that the experimental
conditions and imaging modality can have an influence on the shape and structure of
the vasculature. For example, in the intravital data set, the tumour grows directly
under the window through which it is imaged. Consequently, vessels only grow into
the tumour from below the window, as opposed to from all sides, which would be the
case in a more biologically realistic scenario. The tumour growth itself is bounded by
the window which flattens the upper part of the tumour and therefore also the vascu-
lature. The limitations of the imaging to approximately 300 ym depth further mean
that we only see a small sector of the tumour in the data and it is therefore difficult
to define a tumour centre. We believe that using the centre of mass of the vessel
points provides a good approximation, but further investigation on the influence of
the location of the tumour centre on the results, in particular those based on spatial
distribution, is necessary. We also found that for the intravital data set the vessel net-
works of the tumours are ‘flat’ when comparing the extent of the z-coordinates with
the x- and y-coordinates even after correcting for different imaging resolutions. One
could therefore attempt to use a filtration based on an ellipsoid around the tumour
centre rather than a sphere. Ellipsoids instead of spherical neighbourhoods have been
proposed for PH in the context of building simplicial complexes [50], for example the
Vietoris-Rips'® complex. Note that our use of ellipsoids would be different as we
do not build our simplicial complexes based on pairwise distances but based on the

distance to the tumour centre point.

3.6.2 Interpretability and further analysis of results

All our results have to be taken with caution: while both data sets are considered to

be large for this type of data, we only have between two and seven vessel networks

13See Chapter 2, Subsubsection 2.3.1.1 for definition.
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at each time point. Even for such small numbers, we see that individual tumours
respond in different ways. This could be caused by physiological differences in the
animals that determine how quickly treatment can travel from the place of injection
to the tumour [144]. Another data specific complication is that for the intravital data
set it was in some cases difficult for the experimentalists to determine the correct day
for treatment administration. For example the DC101 treated tumours tended to be
larger on day 0 of treatment than the tumours following other treatment regimes [144].

For both dimension 1 and dimension 0 features of the barcodes in both data sets,
it would be beneficial to conduct a thorough analysis using persistence landscapes [53,
55] or persistence images [3]. We attempted an analysis with Betti curves, but did
not find any obvious trends in either dimension 0 or dimension 1. Another option
would be to create feature vectors for every vessel network based on the PH output,
whose entries could, for example, include the birth times or persistence of the top 10
most persistent features in dimension 0, median of persistence in dimension 0, birth
times of loops, number of loops etc. These vectors could then be used to train a
machine learning classifier for vessel networks that could distinguish between highly
abnormal vessel networks and more normalised vessel networks. One challenge in this
approach, however, would be that, even though we have different treatment groups,
all vessel networks in our data set come from tumours. Ideally, such an analysis
would therefore include additional vasculature data, for example from healthy tissue
and from experiments on wound healing. A further challenge in such a scenario
would be to account for the fact that in the intravital data set the same tumour
gives rise to several data points over time. This could lead to overtraining of the
classifier on particular networks. The small number of data points in our data sets
would be a further difficulty. Output from PH has successfully been used to create
feature vectors and train a machine learning classifier recently by Bardin et al. [18].

The authors use four different approaches to create filtrations and use four measures
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based on the Betti 0 and 1 curves from each filtration to populate their feature vectors.
These features are different from what one can obtain using persistence landscapes,
persistence images or other summaries for PH output.

Following a more sophisticated analysis of the output of the radial filtration, it
would be interesting to compare our results to more conventional tumour blood vessel
statistics, such as vessel density, vessel size, vessel length, and their prognostic power
for the data. For the intravital data, our results for controls, anti-DIl4 treatment, and
DC101 treatment follow similar patterns as average branch point density analysed
in [28], but differ from average branch length, average branch diameter, and the
number of large vessels. One could also investigate whether there is a link between
the number of loops or number of short bars in dimension 0 and the function of a

tumour blood vessel network.

3.6.3 Null model

It would be beneficial to use a more sophisticated null model than the synthetic hi-
erarchical tree for both data sets, for example a mathematical model that allows the
output of a tumour blood vessel-like network but with normalised features, and to
incorporate this into a more thorough analysis of features that characterise tumour
vasculature. The radial filtration on the synthetic hierarchical tree, however, also
likely produces features related to hierarchical branching, it would therefore be in-
teresting to identify these by additionally investigating the same model but using
the branching angles that Karshafian et al. [147] suggest to be more representative
of tumour vasculature. One could also use the model to test the robustness of the

barcode features from the radial filtration to perturbation.

3.6.4 Future work

One could build on our spatial results from the radial filtration and see how these

relate to regional differences in the tumour tissue such as the presence or absence
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of necrotic tissue. Such information was studied by Dobosz et al. [92] and could
therefore be available for the ultramicroscopy data. It would also be interesting to
include anatomical information of the loops such as tortuosity, vessel length or vessel
thickness and study whether there are spatial differences in the tumour. For the
ultramicroscopy data, we found that by separately computing the filtration for the
tumour core and periphery, we loose up to 9% of the total number of vessel loops in the
network, which implies that up to 9% of loops start before and end after our boundary
between tumour core and periphery. As this is a considerable number, it could imply
that the size of loops in these networks is large. The combination of anatomical
characteristics of the loops would require us to either output representatives of loops
from our PH computations with JAVAPLEX or we could also use the Hodge Laplacian
as suggested by [157,162].

It would further be interesting to consider other filtrations on tumour vasculature.
For example, the Vietoris-Rips filtration'* could provide interesting insights on the
vascularisation of a tumour reflected in features in dimension 1 or even 2. Unfortu-
nately, all our attempts to compute the Vietoris—Rips filtration on the intravital data
set were computationally infeasible due to the large number of vessel points and only
resulted in partial results (see Appendix B, Subsection B.1.1). We were not able to
improve computational feasibility despite several reductions of the number of points,
for example by computing the Vietoris—Rips filtration only on branching points or
vessel end points. Our attempts to use a reduced version of the algorithm available
in the software package RIPSER [32] also failed. In future, it could be interesting
to see whether the a-complex (see, for example, [190] for a description), which is
particularly suited for 3-dimensional data, is computationally feasible.

It is also important to consider that different types of tumours can have differ-

ent degrees of vascularisation and different structural characteristics in their blood

14Gee Chapter 2, Subsubsection 2.3.1.1 for definition.
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vessel networks [149]. In the two data sets that we studied, we saw a very pro-
nounced difference between the vascular networks: they were much more complex in
the ultramicroscopy data than in the intravital data, even though the tumours in the
ultramicroscopy data were smaller at the beginning of imaging. These differences are
not just a consequence of the different imaging modalities. For the intravital data set,
further tumour types have been imaged, whose characteristics are known in compar-
ison to the MC38 tumours that we studied here. It would be interesting to compare
results from the radial filtration between these different tumour types.

Finally, we recognise that the radial filtration is also of great interest for model
selection for tumour-induced angiogenesis. This will be the focus of future research.
PH has been used successfully for model selection in the past, for example in [259].

In summary, we have developed a filtration to spatially characterise the abnormal
features of tumour blood vessel networks. Our results on two different data sets
highlight that the number of vessel loops in tumour vasculature seems to reflect
underlying biological processes in tumour development and treatment. We further
observe that the number of short bars in the dimension 0 barcodes resulting from this

filtration capture effects of treatment in one of the data sets.
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“ das mer und erd nach mafes trift
ufl minem zirkel wart gerift. [...]
welch dink der maf ergibet sich,
das mak man teilen ewiklich:
ein ieglich lip, seit dir min list,
zu mefen und zu teilen iffit. 7¢
From the speech by the personified art of geometry
(Geometria) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

“Translation: “The sea and earth emerged mature
from my compasses in measurable form. [...] Anything
which is subject to matter may be divided infinitely:
every body, my art tells you, can be measured and di-
vided.” [263].

Persistent Homology Applied to
Functional Neuronal Networks

The human brain consists of approximately 100 billion neurons, whose major task is
to receive, conduct, and transmit signals. Analysis of neuronal networks is crucial for
understanding the human brain [22,27,42,59,61,193,194,234]. Every neuron consists
of a cell body and one long axon, which is responsible for propagating signals to other
cells [6]. Neurons or (on a larger scale) different brain regions can be construed as
nodes of a network, whose edges represent either structural or functional connections
between those nodes. Examining neuronal data using a network-based approach
allows one to use mathematical tools from subjects such as graph theory to better
understand structural and functional aspects of neuronal interactions, identify key
regions in the brain that are involved in physiological and pathological processes, and
compare the structure of neuronal interactions to those of other complex systems.
For example, data analysis using network theory has led to the insight that the brain
has underlying modular structures, with small subunits that are able to carry out

specific functions while minimally influencing other parts of the brain [61,62,194].
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Here we present results from using persistent homology (PH) to analyse functional
networks which we create from functional magnetic resonance imaging (fMRI) time
series and the output of a mathematical model. We first describe how we obtain
functional networks from time series data in Section 4.1 and how we apply PH to
study these networks in Section 4.2. We then present our results from applications
motivated by two different task-based fMRI data sets: the first was collected to
understand motor-learning in healthy human subjects, see Section 4.3, the second
was obtained to understand processes involved in Schizophrenia, see Section 4.4. In
Section 4.3 we also analyse time series from a mathematical model. In all applications
we use PH to understand loops (with four or more edges) in functional networks and
investigate what we can learn from these network structures in the context of the
biological problem studied.

The above introduction as well as the following sections are based on Stolz et
al. 2017 [240] (mainly used in Section 4.3) and Stolz et al. 2018 [238] (mainly used
in Section 4.4) with minor modifications'. For Stolz et al. 2018 [238] we only fully
include work here that was conducted by the author of this thesis. We summarise
Tegan Emerson’s contributions to the paper in passive voice pointing the reader to
the manuscript and Appendix B.2.2 for further details. We discuss and compare the

results from all different methods, including those used by Tegan Emerson.

4.1 From fMRI to functional networks

Building a network based on experimental data involves several steps and decisions
that determine the type of information that can be gained when studying the network.

One approach to construct a neuronal network based on experimental data, for exam-

!Note that the initial work for Stolz et al. 2017 [240] was carried out in Stolz 2014 [237], which
included preliminary results and observations from performing PH on both the mathematical model
and the biological data, but no systematic analysis of the output from PH. In Stolz et al. 2017 [240]
we extended the work significantly to include analysis using persistence landscapes, which we present
here.
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ple fMRI data, is to form a so-called functional network [59,61,200,235,240], in which
each node represents a brain region, and the edges between them are weighted based
on some measure of the similarity between their fMRI time series?. A functional
network contrasts with a ‘structural network,” which refers to underlying physical
connections (e.g., anatomical connections) between nodes. For example, neurons are
connected to each other in structural networks, but one can analyze the similarity
in their firing patterns through functional networks. We use the term ‘functional
network’ in a more general way: by constructing a matrix of similarities between
coupled time series using some measure (and enforcing the diagonal entries to be 0),
one obtains a functional network whose weighted adjacency matrix (sometimes also-

called an ‘association matrix’) A = (a;;)Y

ij=1 has elements that indicate the similarity
between the time series of entities ¢ and j. Studying functional networks is common
in neuroscience, and they are also used in a wealth of other applications (e.g., fi-
nance [106], voting among legislators [267], and climate [94]). Importantly, the time
series can come either from empirical data or from the output of a dynamical system
(or stochastic process), and the latter is helpful for validating methods for network
analysis [21]. Here, we consider time series either from a set of spatially distinct
brain regions defined by a fixed anatomical atlas or from coupled oscillators (i.e., as
the output of a dynamical system). In the context of functional brain networks, the
adjacency-matrix element a;; arises as a measure of ‘functional connectivity’ (i.e.,
behavioral similarity) between the time series for nodes (i.e., brain regions) ¢ and
j. There are many different ways to measure similarity of time series [59,233,277],
and that can be a major issue when it comes to interpreting results. Comparing

the networks that arise from different similarity measures is beyond the scope of our

work, so we will simply use common measures (pairwise synchrony, wavelet coherence

ZNote that one can study coupled time series using a variety of different approaches [116, 182,
245,251].
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and Pearson correlation) of time series similarity. However, the methods that we em-
ploy can be applied to functional networks that are constructed using any measure
of similarity between time series.

We construct functional networks using fMRI data from different data sources: (1)
fMRI data that originates from a motor-learning study (see Section 4.3), and (2) fMRI
data from experiments on schizophrenia patients, healthy siblings of schizophrenia
patients, and healthy controls (see Section 4.4). In addition, for our investigations of
data set (1) we also consider time series from coupled oscillators (i.e., as the output of
a dynamical system). In Fig. 4.1, we show a pipeline of how to construct a functional
network from fMRI time series data. Note that when interpreting fMRI studies, it is

very important to consider the cautionary notes in [101].
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fMRI imaging data: Functional parcellation: Time series: Functional network:
Brain activity is The brain is divided into For each pair of brain We determine edge weights
monitored over time regions of interest; these regions, we compare between the different brain
while subjects are regions are the nodes of a their activities and —> regions based on their time-series
performing a task. functional network. calculate their pairwise similarity. A large edge weight
similarities (i.e., their signifies high similarity, and a
functional connectivity). small edge weight signifies low

similarity between the time series.

Figure 4.1: Pipeline for the construction of functional networks from imaging data (e.g., fMRI
data). Image source: [238].

4.2 Persistent homology for functional networks

Even though PH [66,97-99, 123, 232] has traditionally been applied to point-cloud
data®, it has become increasingly prominent in neuroscience in the last few years [80,
124]. Among other applications, it has been used to determine differences in brain

networks of children with hyperactivity disorders and autism spectrum in comparison

3Note that one can also create point cloud data from time series, see for example a recent study
where PH has been used to study point clouds of delay reconstruction of time series [219].
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to normal situations [158], study the effect of the psychoactive component of ‘magic
mushrooms’ (psilocybin mushrooms) on functional brain networks of humans [201],
analyse covariates that influence neural spike-train data [236], and study structural
and functional organisation of neural microcircuits [90]. Other neuronal applications
have included consideration of place cells in the hippocampus of rats during spatial
navigation [81,82,125], analysis of mathematical models of transient hippocampal
networks [15], and a demonstration that topological features of networks of brain
arteries in humans are correlated with their age [34]. Many other examples of appli-
cations of PH to neuronal networks can be found in [14, 16, 18, 75,81,122, 125, 138,
157,202,238,240]. PH is not the only topological method that has been used to study
the human brain or time series. More than fifty years ago, for example, Zeeman [276]
used tolerance spaces and Vietoris homology theory to study aspects of visual per-
ception. In the 1990s, Muldoon et al. [175] developed a method to study the topology
of manifolds that underlie time-series data. Further, Sciamarella and Mindlin studied
branched manifolds and trajectories in dynamical systems using homology [220,221].

In contrast to standard methods of network analysis [183], employing PH allows
one to explicitly go beyond pairwise connections; this is helpful for gaining global
understanding of low-dimensional structures in networks. Although one can also use
frameworks such as hypergraphs [47] to study higher-order network structures (see,
e.g., [26]), such a formalism does not by itself give direct information about the shape
or scale of mesoscale features in networks. By contrast, PH, allows one to explore the
persistence of features, such as connectedness or loops, in data sets [190,196].

In many studies based on experimental data, functional networks are used to
construct binary graphs (i.e., unweighted graphs) [59]. To do this, one typically
applies a global threshold £ € RT to a weighted adjacency matrix to obtain a binary

adjacency matrix B = (BZ])%:l associated with an unweighted graph. The adjacency-
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matrix elements are then
~ 1 ) lf dij 2 5 )
bij = (4.1)
0, otherwise.

The choice of threshold has a strong influence on the resulting matrix, and it thereby
exerts a major influence on the structure of the associated graph [59]. Some ap-
proaches to address this issue include determining a single ‘optimal’ threshold, thresh-
olding the weighted adjacency matrix at different values [7,224], examining the net-
work properties as a function of threshold, or not thresholding at all and considering
the weighted adjacency matrix itself [59,194]. (One can also threshold a weighted ad-
jacency matrix by setting sufficiently small entries to 0 but keeping the values of the
other entries.) If one is thresholding and binarizing data, there is no guarantee that
there exists an interval of thresholds that yield networks with qualitatively similar
properties, and arbitrarily throwing away data can be problematic even when such
intervals do exist. For example, parameters such as graph size (i.e., number of nodes)
need to be taken into account when interpreting results on thresholded, binarised net-
works [103]. An advantage of using PH is that one can examine a graph ‘filtration’ (see
Section 2.2.1) generated by multiple — ideally all — possible global thresholds and
systematically analyze the persistence of topological features across these thresholds.
Such a filtration can also be created using decreasing local thresholds.

For all functional networks that we consider, we create a nested sequence of net-
works in which we add edges, one by one, to the networks in order from largest edge
weights to smallest. (In the unlikely case of two edges having the exact same weight,
we add both edges simultaneously in one step.) We then construct a weight rank
clique filtration (WRCF)* [202] by determining cliques and tracking their changes in
every step of the network sequence. We compute PH and Betti numbers [79,98] of the
WRCF and examine the results by applying tools from statistics and machine learn-

ing, respectively, to output summaries such as persistence landscapes and persistence

4See Chapter 2, Subsubsection 2.3.2.1 for definition.
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images that result from our computation of PH. We focus on loops (with four or more
edges)® in the networks in our nested sequence, rather than on connected components,
because one can also study the latter using more conventional approaches, such as by
examining the spectrum of the combinatorial graph Laplacian [47,183]. It has been
demonstrated in other applications (e.g., contagions on networks [248]) that loops are
important topological features of graphs, and a recent study [231] demonstrated the
importance of loops (and related higher-dimensional objects) in structural neuronal
networks. Because structural and functional neuronal networks are related and share

many common network features [61], we expect loops to provide interesting insights.

4.3 Application to motor-learning data

In this application we use two sources of time series data to construct the functional
networks that we study: time series output from networks of coupled Kuramoto
oscillators, and fMRI data that was acquired from human subjects during a simple
motor-learning task in which subjects were monitored on three days in a five-day
period®. We use PH with a weight rank clique filtration to gain insights into these
functional networks, and we use persistence landscapes to interpret our results. With
these examples, we demonstrate that (1) using PH to study functional networks
provides fascinating insights into their properties and (2) the position of the features in
a filtration can sometimes play a more vital role than persistence in the interpretation
of topological features, even though conventionally the latter is used to distinguish
between signal and noise. We find that PH can detect differences in synchronisation
patterns in our data sets over time, giving insight both on changes in community

structure in the networks and on increased synchronisation between brain regions

®We use the term ‘loop’ to refer to at least four edges in a network that are connected in a
way that forms a cycle. Conventionally, loops (other than self-loops) in undirected graphs must
have at least 3 edges, and loops in directed graphs must have at least 2 edges. Here we adapt this
terminology to represent the topological features that we detect in our simplicial complexes.

%Both data sets were also introduced and studied in Stolz 2014 [237]
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that form loops in a functional network during motor learning. For the motor-learning
data, persistence landscapes also reveal that on average the majority of changes in
the network loops take place on the second of the three days of the learning process.

We first introduce the functional networks that we study and then present our

results.

4.3.1 Data and construction of functional networks

The following subsections describe the time series data that we use. Note that while
the descriptions of the mathematical model and data are taken from Stolz et al.
2017 [240], there is considerable overlap with the data description in Stolz 2014 [237],

which is a precursor to the work presented in Stolz et al. 2017 [240].
4.3.1.1 The Kuramoto model

The Kuramoto model [11,131,154,214,244] is a well-studied model for a set of coupled
phase oscillators with distinct natural frequencies that are drawn from a prescribed
distribution. The model was developed in the 1970s to understand collective syn-
chronisation in a large system of oscillators. It has subsequently been used as a toy
model by many neuroscientists (as well as scholars in many other areas), as some
of the characteristics of its synchronisation patterns resemble some of the ones in
neuronal communities [13,49,160,260]. The Kuramoto model and its generalisations
have also been applied to numerous other applications in chemistry, biology, and other
disciplines [11,204,214].

When all oscillators are coupled to each other, the Kuramoto model is most com-

monly written as [214,244]

N
de | %Z 6,), iefl,. .. N}, (4.2)

where 6#; denotes the phase of oscillator ¢, the parameter w; is its natural frequency,

K > 0 parametrises the coupling strength between different oscillators, and N is
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the number of oscillators in the model. The normalisation factor % ensures that the
equations are bounded as N — oo. The distribution from which the frequencies w; are
drawn is usually assumed to be unimodal and symmetric about its mean frequency,
which can be set to 0 due to the rotational symmetry of the model (because Eq. (4.2)
is invariant under translation of 6;). The parameter w; then denotes the deviation
from the mean frequency.

We also adapt Eq. (4.2) to create a network of IV oscillators with uniform coupling

between the oscillators [11,12,21,214,251]. We consider the following generalised

version of Eq. (4.2):

dd; S .
E:wi—i—;ﬁ&jsm(@—ei), ZE{]_,...,N}, (43)

where x > 0 denotes the normalised coupling strength and the entries of the coupling
matrix S = (S;);;_; indicate whether oscillators 7 and j are coupled. That is, S is
an unweighted adjacency matrix, and S;; = 1 for coupled oscillators and S;; = 0 for
uncoupled oscillators. The coupling matrix & thereby imposes a ‘structural network’
between the oscillators. One can further generalise Eq. (4.3) by using heterogeneous
coupling strengths x;; or by considering functions other than sine on the right-hand
side.

We divide the oscillators into 8 separate communities 7 of 16 distinct oscillators
each, and we suppose that every oscillator has exactly 14 connections, 13 of which
are with oscillators in the same community and 1 of which is to an oscillator outside
the community. To enable comparison to known results about the dynamics and the
community structure of coupled Kuramoto oscillators, we choose all parameters for
the Kuramoto model as in Bassett et al. [21], i.e. we choose a coupling strength of

k = 0.2, consider a network with N = 128 oscillators, and suppose that the ith natural

"In this context, we use the term community to indicate a set of densely-connected nodes with
sparse connections to other nodes outside of this set. There are also other uses of the term, and
community structure is a popular subject in network science [113,205].
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frequency w; ~ N(0,1). (That is, we draw natural frequencies from a Gaussian
distribution with mean 0 and standard deviation 1.) Note however, that our network
architecture differs somewhat from that in Bassett et al. [21], where every oscillator
had at least 13 connections inside its community and at least 1 connection outside
its community. Using the parameters above and the imposed structural communities,
Bassett et al. [21] found that the resulting functional network of Kuramoto oscillators
exhibits temporal changes in its community structure with increased synchronisation
of oscillators in the same structural community over time.

We simulate the basic Kuramoto model using the Runge-Kutta MATLAB solver
ODE45 (with an integration time interval of [0, Tinay], Where Th. = 10)%. We observe
the system for M = 500 time steps in total (including the initial time step) and
obtain time series 7; = (6;(to),...,0;(t100)) as the output of the model for every
oscillator #;. Kuramoto oscillators with a similar imposed community structure were
demonstrated previously to initially synchronise rapidly within their communities,
followed by a phase of global synchronisation in an entire network [21]. (There have
also been other studies of community structure via synchronisation of Kuramoto
oscillators [12,243].) To study the dynamics of the coupled Kuramoto oscillators,
we follow the work of Bassett et al. [21] and partition the time series into two time
regimes, which we denote by k = 1 and k = 2 (we note that the authors in [21] used
a different number of time steps). In our example, these time regimes each consist of
250 time steps.

To quantify the pairwise synchrony of two oscillators ¢ and j, we use the local
measure [12,21]

= (o (7)) @
where the angular brackets indicate that we take a mean over 20 simulations. We use

the absolute value both to facilitate comparison with Arenas et al. [12] and Bassett

8We used an input time step of At = 0.02, we however note that ODE45 internally uses an
adaptive step size.
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et al. [21] (by making the same choice that they made) and to avoid negative values,
which can complicate interpretation and pose other difficulties in network analysis
(106,233, 256].

In each simulation, we choose the initial values for the phases #; from a uniform
distribution on [0,27) and draw the natural frequencies w; from A(0,1). We apply
the same underlying coupling matrix S = (S;;);¥;_; for all 20 simulations and then
use the values ¢;; to define the edge weights in the fully connected, weighted network
of Kuramoto oscillators for each time regime. We also study a network based on one
full time regime that consists of 500 time steps. In analogy to neuronal networks,
we call these networks ‘functional networks.” In Fig. 4.2, we illustrate our pipeline
for creating a functional network from the output of a simulation of the Kuramoto
model.

Imposed structural network

Kuramoto model Functional network

Figure 4.2: We construct a structural network for coupled Kuramoto oscillators by grouping the
oscillators into 8 separate communities. Oscillators are coupled predominantly to other oscillators
in their community, and they are coupled only very sparsely to oscillators outside their community.
We use the time series output of a simulation of the Kuramoto model to create a functional network
based on the similarity of the time series of individual oscillators. We use the measure of similarity
in Eq. (4.4). Image source: [240].
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4.3.1.2 Null models for the Kuramoto data

To assess whether our observations illustrate meaningful dynamics of the Kuramoto
model or whether they can be explained by a random process, we consider two dif-
ferent null models based on the time series output. In the first null model, which we
call the simple null model, we reassign the order of the time series for every oscillator
according to a uniform distribution before computing the similarity measure with
Eq. (4.4). The second null model, which we call the Fourier null model, is based on
creating surrogate data using a discrete Fourier transformation. This approach [207]
has the advantage of preserving not only the mean and the variance of the original
time series but also the linear autocorrelations and cross correlations between the
different time series.

To construct the Fourier null model, we start by taking the discrete Fourier trans-

form
N—1

“ 1 /- 2rifh
T = —— Tre m (4.5)

of a time series vector T = (A(ty),...,0(t;)) of length M. In our case, M = 250

or M = 500, depending on whether we are examining two different time regimes or
just one. We then construct surrogate data by multiplying the Fourier transform Ta
by phases a; chosen uniformly at random from the interval [0, 27), aside from the
constraint that they must satisfy the following symmetry property: for every n < M ,
there exists n such that a; = —az. This symmetry ensures that the inverse Fourier

transform yields real values. The surrogate data o = (o4, ...,0y;) are thus given by

_ 2minm

| M
Op = —— e Te (4.6)

Both the simple null model and the Fourier null model were used previously on
time series output of coupled Kuramoto oscillators, and they exhibit different dynam-

ics from those of the coupled Kuramoto oscillators [21,24].
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4.3.1.3 Human brain networks during learning of a simple motor task

We use a data set of functional brain networks from experiments that were first
analysed by Bassett et al. [23]. The data set was collected to study human subjects
during learning of a simple motor task, and a full description of the experiments
conducted is available in [23]. We apply a WRCF to functional networks, and we
compare our findings to previous studies on these and similar networks [23, 25, 26].
The functional networks are based on functional magnetic resonance imaging (fMRI)
time series” from 20 healthy subjects who undertook a motor-learning task on three
days (during a five-day period). During the imaging of the subjects, an ‘atlas’ of 112
brain areas was monitored while they were performing a simple motor-learning task
(similar to a musical sequence), which they executed using four fingers of their non-
dominant hand. For each subject and for each day of the study, the fMRI images are
interpreted as 2000 time points for each monitored brain region. The brain regions
and their time series were used subsequently to construct functional networks based
on a functional connectivity measure known as the coherence of the wavelet scale-2
coefficients. This measure was applied to the time series to determine edge weights
between every pair of brain regions in the network. The weighted adjacency matrices
for the functional networks were then corrected for a false-discovery rate, as matrix
elements under a certain threshold (which represents a correlation amount that one
expects to occur at random) were set to 0. The other matrix elements were retained.

The functional networks that we just described were studied previously using com-
munity detection by Bassett et al. [23], whose results suggest that there is a significant
segregation of the nodes in the functional networks into a small number of different
communities with densely-weighted connections inside the communities and sparsely-

weighted connections to nodes in other communities. Within these communities,

9See [101] for a recent discussion of fMRI inferences and potential perils in the statistical methods
in use in neuroimaging.
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certain nodes appeared to remain in the same community during the experiment,
whereas others (the ‘flexible’ ones) often switched between different communities.
There have also been studies of networks from a similar experiment but with
medium-term learning and including training sessions [25,26]. These networks have a
noticeable core—periphery organisation, with the sensimotor and visual regions of the
brain grouped into a temporally ‘stiff’ core of nodes, whose community memberships
(in contrast to flexible, peripheral nodes) do not change much over the course of
the learning task [25]. It was also shown subsequently that the interaction between
primary and secondary sensorimotor regions and the primary visual cortex decreases

as the regions (presumably) become more autonomous with task practice [26].

4.3.2 Implementation

For our PH calculations, we use MATLAB code that we construct using JAVAPLEX
[4,247], a software package for PH. For the WRCFs, we also use a maximal clique-
finding algorithm from the Mathworks library [271] based on the Bron—Kerbosch
algorithm, which is the most efficient algorithm known for this problem. For statistical
analysis and interpretation of our barcodes, we apply the PERSISTENCE LANDSCAPES

TOOLBOX [55].

4.3.3 Results

4.3.3.1 Persistent homology applied to the Kuramoto model and null
models

We apply the WRCF to functional networks created from the output of two time
regimes of the Kuramoto model, one time regime for the Kuramoto model, the simple
null model, and the Fourier null model. We run the filtrations up to filtration step
1800 for the first time regime and up to 2000 for the second; we go up to filtration
step 1100 for cases in which we only consider one time regime (note that using more

filtration steps leads to very long computational times, see Subsection 1.2.2 for a
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discussion of this type of problem). The total number of edges in the network, and
thus the total number of possible filtration steps, is 8128. The number of filtration
steps thereby correspond to respective edge densities of 0.22, 0.25, and 0.14 for the
three examples above; in each case, this amounts to a threshold that is approximately
in the middle of the range of the edge-weight values. In Stolz 2014 [237], which is
a precursor to the work presented in this Section, we also applied PH to networks
created from the Kuramoto model, and such an example was subsequently also studied
using Betti curves by other authors [230].

As we described in Section 4.2, we focus our analysis on topological features in
dimension 1, so examine loops in the network. In the first row of Fig. 4.3, we show
the 1-dimensional barcodes for the networks constructed from time regime 1 (i.e., the
first 250 time steps of the dynamics) and time regime 2 (i.e., time steps 251-500 of the
dynamics) for the WRCF of the Kuramoto model. The barcode for each time regime
includes several very short-lived bars between filtration steps 50 and 300. For the sec-
ond time regime, we find more short bars for a longer filtration range at the beginning
of the barcode. We extract representatives for the 1-loops that correspond to these
short bars and find that these are all formed within the strongly synchronised commu-
nities. (See Fig. 2.4 for an illustration of different representatives of the same loop.)
In fact, in time regime 1, the first 44 bars in the barcodes represent intra-community
loops; in time regime. 2, only 2 of the first 28 bars represent intra-community loops.
As strong intra-community edges are added to the simplicial complexes, they start to
cover the 1-loops with triangles (i.e., 2-simplices), and the loops disappear from the
filtration. Note that as we discuss in Subsubsection 4.3.3.2, one needs to be cautious
when interpreting representatives given by the software JAVAPLEX as these are not
necessarily optimally chosen. Our findings do however align with what one would
expect intuitively and from what was observed by Bassett et al. [21].

In the second row of Fig. 4.3, we show the persistence landscapes that we construct
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Figure 4.3: Dimension-1 barcodes and persistence landscapes for the WRCF for the two time
regimes, (a) time steps 1-250 and (b) time steps 251-500, of time series output of the Kuramoto
model. The horizontal axis represents the filtration steps in both the barcodes and the landscapes.
The vertical axis in the persistence landscape captures the persistence of the features in the barcode.
Note that for technical reasons the vertical axes in the two time regimes are different. In the first
row, we show the barcodes for dimension 1. In the second row, we show persistence landscapes
(although we ignore infinitely-persisting bars in the barcodes). The short peaks at the beginning
of the filtration in the persistence landscapes that are indicated by the red ellipses represent loops
formed within communities. The most prominent difference between the two landscapes is the
occurrence of high peaks in the second time regime; these peaks correspond to persistent loops in
the network that are formed between communities. Image source: [240].

from the 1-dimensional barcodes. Note that for technical reasons the vertical axes in
the two time regimes are different. We ignore infinitely-persisting bars in the barcode.
(We also studied persistence landscapes including the infinite bars as features with
a death time that corresponds to the maximum filtration value but did not obtain
any additional insights that way.) As expected, the landscapes have a group of small
peaks early in the filtration for both time regimes. This feature occurs in a longer
filtration range in the second time regime before more persistent loops appear. In the
second time regime, some of the peaks that occur in the beginning of the filtration

appear to almost double their heights to values of about 100. In contrast, in the first

time regime, peaks at a similar location are about half as high (i.e., they are less
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persistent).

The persistence landscapes reveal more persistent 1-loops in the second time
regime (i.e., between time steps 251 and 500) than in the first (i.e., between time steps
1 and 250), and the second time regime also appears to reveal a clearer separation
between the group of the very early short peaks and a second group of medium-sized
peaks towards the end of the filtration. For this second group of medium-sized peaks,
we observe a larger absolute increase in persistence in the second time regime than
for the shorter peaks in the beginning of the filtration. These observations reflect
the dynamics of the two time regimes in the Kuramoto model [21]. In time regime
1, there is strong synchronisation within the communities, and such dynamics are
reflected by the appearance of short-lived intra-community 1-loops (corresponding to
the short peaks in the persistence landscapes) at the beginning of the filtration. In
the second time regime, the amount of global synchronisation is more prominent than
in the first time regime. Moreover, in addition to intra-community loops, some of the
peaks at the beginning of the filtration now represent inter-community loops, which
are more persistent than the loops within communities. Additionally, as some of the
peaks that correspond to inter-community loops have shifted to the beginning of the
filtration, there is an increase in the gap between the initial group of peaks and the
group of medium-sized peaks at the end of the filtration. In general, we observe an
increase in the persistence of the peaks in the landscapes due to the stronger synchro-
nisation between the communities. These observations are much easier to visualise
using persistence landscapes than using barcodes.

We calculate pairwise L2-distances between all dimension-1 persistence landscapes,
and we note that L? distance has been used previously to compare persistence land-
scapes in an application to protein binding [152]. The L? distance between the two
time regimes is 27078. Given the length of the support of the landscapes and the

function values that they attain, this is a large distance, which captures the afore-
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mentioned visible differences between the landscapes. What the L? distance can not
capture is that in the first time regime the peaks that appear early in the filtration
correspond to loops between nodes within one community, while in the second time
regime they correspond to loops that form between nodes of different communities.
This fact does therefore not contribute to the distance value.

We also compare the Kuramoto model to the two null models that we discussed
in Section 4.3.1.2. To do this, we construct a functional network by considering a
single time regime that consists of 500 time steps. In Fig. 4.4, we show the weighted
adjacency matrices of the three functional networks, and we also show their corre-
sponding persistence landscapes based on WRCF's of the functional networks. Note
that the vertical axes for the Kuramoto model and the two null models are different.
One can observe clearly that there is stronger intra-community synchronisation for
the Kuramoto time series than for the null models, as there is a very distinct group
of short peaks at the beginning of the filtration (which, as we discussed above, is also
the case for the Kuramoto model when performing separate calculations in the two
time regimes).

Again, the corresponding loops occur within communities. The peaks in the Ku-
ramoto landscape appear to be separated from a second group of short peaks further
along in the filtration. Between the two groups of peaks, there are two strikingly
higher peaks that correspond to persistent loops, which appear to be formed by con-
nections between different communities. For both null models, we also observe groups
of short peaks at the beginning of the filtration, but these are less persistent and less
clearly separated from other peaks than for the Kuramoto model. Indeed, we do not
see any separation at all for the Fourier null model, which exhibits a much weaker
intra-community synchronisation than the simple null model. Moreover, the persis-
tence landscape for the Fourier null model appears to be ‘noisier,” as the majority of

the peaks in the landscape have similar persistences and appear in similar areas of
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Figure 4.4: (Top row) Functional networks for (a) the Kuramoto model, (b) the simple null model,
and (c) the Fourier null model. (Bottom row) Dimension-1 persistence landscapes for the WRCF of
(a) the Kuramoto model, (b) the simple null model, and (c) the Fourier null model using one time
regime and ignoring infinitely-persisting bars. Note that the vertical axes for the three persistent
landscapes are different. The persistence landscapes illustrate differences in the occurrence of loops
in the three different networks. Most prominently, these differences manifest in the height and
distribution of the peaks in the landscapes, which appear to exhibit a stronger separation along the
filtration between groups of peaks different heights for the Kuramoto model than in the two null
models. Image source: [240].
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the filtration.

The peaks in the landscapes of the null models appear to have a very different
distribution along the filtration than in the Kuramoto model. They also possess more
medium-sized and long persisting features than we observed in the Kuramoto data.
These features occur in parts of the filtration in which the Kuramoto data has a
smaller number of peaks. They consist of inter-community loops and are a symptom
of the weaker intra-community and stronger inter-community synchronisation. The
null models thus appear to have more topological features in the form of loops than
the Kuramoto data, which is consistent with previous observations of null models
in other studies [125,202,231]. The fact that there are fewer persistent loops in the
Kuramoto model than in the null models implies that there are more high-dimensional
simplices (e.g., triangles and tetrahedra) in the corresponding network than in the
networks constructed from the null models.

To distinguish between the three landscapes, we calculate the L? distances between
them. The L? distance between the Kuramoto landscape and the Fourier null-model
landscape is 13540 the L? distance between the two null-model landscapes is 13263,
and the L? distance between the Kuramoto landscape and the simple null-model
landscape is 11703. Again considering the support of the landscapes and the attained
function values, we see that three distances can be considered as large.

For the Kuramoto model, we find that PH can detect the dynamics of the sys-
tem and that the persistence landscapes are rather different for the Kuramoto model
and the null models. The L? distances between landscapes underscore these differ-
ences. We are also able to distinguish between the two null models using persistence
landscapes. In contrast to conventional wisdom [66,123], we do not find for our exam-
ples that only the persistence of topological features distinguishes between signal and
noise. In fact, the short bars at the beginning of the filtration of the Kuramoto model

carry important information about the dynamics, and the medium-sized persistent
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peaks in the Fourier null model are a symptom of the weaker intra-community and
stronger inter-community synchronisation in that model. We therefore assert that
the position of features in the barcode is as important as persistence length for their
interpretation in our examples, and this provides an important point to consider for
future studies. Note that persistence landscapes alone do not provide enough infor-
mation to assess system dynamics. It is only by combining them with information
about nodes that are forming loops (which are represented by certain groups of peaks)
that we are able to obtain conclusions about intra-community and inter-community

synchronisation.
4.3.3.2 Persistent homology applied to task-based fMRI data

We run the WRCF until filtration step 2600, which is when 42% of the edges are
present in the network. (Note again that using more filtration steps leads to very long
computational times, see Subsection 1.2.2 for a discussion of this type of problem.)
We again focus our analysis on topological features in dimension 1. We construct
persistence landscapes for dimension 1 (omitting infinitely persisting 1-loops). In
Table 4.5, we summarise our results for one particular subject and for the whole
data set. We use this subject to illustrate a representative example of the particular
landscape features that we observe in the data.

Similar to the Kuramoto oscillators, we find a group of small peaks at the begin-
ning of the filtration (between filtration steps 1 and 200). We can see this group very
clearly both by magnifying either the landscape of individual subjects or the average
landscape, where the height of the peaks is only slightly smaller than for the peaks
in the individual landscape that we show. This feature of the heights indicates that
a group of short peaks arises in the beginning of the filtration in the majority of the
barcodes. We also consider the standard deviation from the average landscapes in
the first 200 filtration steps. For all three days, it is very small: it is 127 for the first

day, 167 for the second day, and 126 for the third day.
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Figure 4.5: Persistence landscapes for dimension 1 of the WRCEF applied to the human brain
networks. (First row) Persistence landscapes for subject 9 based on filtration steps 1-2600 for days
1, 2, and 3. (Second row) Persistence landscapes for subject 9 based on filtration steps 1-200 for
days 1, 2, and 3. (Third row) Average persistence landscapes over all subjects for days 1, 2, and
3. We observe on average that short peaks occur in the first 200 filtration steps of the landscapes.
Image source: [240].

Based on our insights from the Kuramoto oscillators, we expect the observed short
peaks in the beginning of the filtration to be associated with network communities,
which have been observed previously in this data set using other methods [23]. We
observe, in particular, that these short peaks undergo changes on day 2: during
filtration steps 20 to 60, some of the peaks that are present in the landscapes for
days 1 and 3 vanish, and more persistent peaks occur for day 3 than on the other
two days between filtration step 80 and 200. This appears to suggest that there is a
change in community structure that takes place on day 2, with either (1) very strong
synchronisation in some of the communities, leading to very short-lived 1-loops; or

(2) very strong individual differences between the subjects, leading to the vanishing

of peaks in the average landscapes for the first 50 filtration steps. The particularly
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Cluster 1 Cluster 2  Cluster 3

Day 1 9 6 5
Day 2 5 4 11
Day 3 5 5 10

Table 4.1: Results for k-means clustering and average linkage clustering of pairwise L2-distance
vectors of persistence landscapes for k& = 3.

persistent peaks on day 2 could represent either persistent loops between different
communities or loops that occur due to sparse intra-community connections.

We calculate pairwise L?-distances between all dimension-1 persistence landscapes.
We create distance vectors, which we use as an input for k-means clustering and av-
erage linkage clustering for k = 3, and we obtain the same qualitative result for both
methods. We find that 9 of the 20 distance vectors that correspond to persistence
landscapes from day 1 are assigned to a common group (together with a small number
of landscapes from days 2 and 3), whereas 11 and 10 landscapes from days 2 and 3,
respectively, are assigned together to a separate group. We summarise our results in
Table 4.1.

We also consider the average dimension-1 landscapes for WRCF steps 1-2600 and
calculate the L2-distances between them. We show the results of these calculations
in Fig. 4.6. The distances between the average landscape for day 1 and the subse-
quent days of the experiment indicate that the WRCF's on average are able to detect
changes in the functional networks across the filtration range. Based on the dis-
tances, we observe that most of these changes occur between the first and the second
day. However, the standard deviations from the average landscapes are a factor of
about 4 larger than the distances between the landscapes, and one therefore needs
to be cautious about interpreting the results of these calculations. In a permutation
test with 10000 regroupings of the landscapes, we do not find the distances to be
statistically significant. We obtain p-values of about 0.4 for the distance between

the average landscapes of day 1 and day 2, about 0.85 for the distance between the
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Figure 4.6: Visualisation of average persistence landscapes for days 1, 2, and 3 of task-based fMRI
networks. The distance between the landscape for day 1 and the other two landscapes is larger than
that between the landscapes for days 2 and 3. (The L? distances between them are 5200 between
days 1 and 2, 5000 between days 1 and 3, and 3500 between days 2 and 3.) The standard deviations
from the average landscapes are larger than the calculated distances, so these values need to be
interpreted cautiously. We also observe a shift to the left of the landscape peak during the three
days, indicating that the particularly persistent 1-loops in these networks arise earlier in the filtration
for the later days. In other words, they are formed by edges with a higher edge weight, indicating
that there is stronger synchronisation between the associated brain regions. Image source: [240].
average landscapes of day 2 and day 3, and about 0.6 for the distance between the
average landscapes of day 1 and day 3.

For the average landscapes in Fig. 4.6, we also find that that the primary peak of
the average landscapes shifts to the left over the course of the three days. This implies
that the edge weights (between the brain regions) that give rise to persistent 1-loops
increase on average over the three days (presumably due to stronger synchronisation).
This can either mean that loops present on the first day synchronise more on the
second and third day, or that new loops that appear on days 2 and 3 consist of more

synchronised edges. Brain regions that synchronise in a 1-loop in a network may be

an indication of an interesting neurobiological communication pattern that in this
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case also becomes stronger over the course of the learning process. To analyze the
most frequently occurring edges involved in these loops, we extract ‘representatives’
for all loops in dimension 1 across all subjects and days (see Fig. 2.4 for an illustration
of two different representatives of a loop in a network). For each day, we construct
a network, which we call the ‘occurrence network,” using the same nodes (i.e., brain
regions) that we used before and assign every edge an edge weight that is equal to
the number of occurrences of that edge in 1-dimensional loops in the subjects on
the given day. We then perform a WRCF on the three occurrence networks and
study representative loops given by the algorithm. In Table B.1 in Appendix B.2.1.1,
we list the brain regions that we find in loops that consist of edges that occur at
least 50 times in functional networks in the subjects. We now examine loops in the
occurrence networks. These particular loops may not exactly correspond to loops in
the functional networks. However, it is very likely that they are also loops in the
functional network. One also needs to consider that the representative loops given
by the software JAVAPLEX are not necessarily optimally chosen or ‘geometrically

10 representatives of the loop [4]. (See Fig. 2.4 for an illustration of different

nice’
representatives of the same loop.) Selecting a basis of homology generators that
behaves in a biologically representative way corresponds mathematically to solving a
problem known as the optimal homology-basis problem, which is not trivial and can
be NP-hard [102]. We address the issue of the algorithm’s choice of representatives to
some extent by using persistent homolopgy on the occurrence network, but even then
we cannot rule out possible artefacts. There exist loops in the occurrence networks
that remain stable across the three days, although other loops occur on only one
or two days. There also seem to be more loops that occur at least 50 times in the

functional networks on days 2 and 3 than on day 1. It would be useful to study

the brain regions involved in the listed loops (see Table B.1 in Appendix B.2.1.1) to

10For example, a loop may be represented by a double loop.
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investigate their biological role in motor-learning tasks.

Finally, we also apply WRCF to the average networks for each of the three days.
To create the average networks, we take the mean of the edge-weight values over all
20 subjects for each day separately and study the resulting network. We show the

corresponding landscapes in Fig. 4.7.

Day 1

0 1000 3000

Figure 4.7: Visualisation of persistence landscapes based on average functional networks on days 1,
2, and 3 of the motor-learning task. The distance between the landscape for day 1 and the other two
landscapes is larger than that between the landscapes for days 2 and 3. (The L? distances between
them are 18285 between the first and second days, 16513 between the first and third days, and 19321
between the second and third days.) We find short peaks at the beginning of the filtration for all
three landscapes, and larger peaks begin earlier in the filtration on day 3 than on day 1. Image
source: [240].

As with the average landscapes, we find that the landscapes for the average net-
works have very short peaks in the beginning of the filtration. There are more per-
sistent features (e.g., larger peaks) on day 1 and day 3 than on day 2, and we even
find (as in the average landscapes) that the larger peaks appear earlier (at about
filtration step 400) in the filtration on day 3 than on day 1 (where they appear at
about step 900). Additionally, on day 2, we observe many short peaks, in particular

in the later stages of the filtration. This is not the case for day 1 and day 3, so the
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day-2 landscape is strikingly different visually from the other two landscapes. When
calculating L? distances, we again find that the landscape distance between days 1
and 2 and that between days 1 and 3 are larger than the landscape distance between
days 2 and 3. From visual inspection, we see that this arises from the fact that the
day-1 landscape appears to have a clearer separation of short and high peaks than
the landscapes for the later days. Taken together, the results for the landscapes of

the average networks mirror our prior results for the average landscapes.

4.3.4 Summary and discussion

We have illustrated applications of PH to functional networks constructed from time
series output of the Kuramoto model, null models constructed from the Kuramoto
time series, and task-based fMRI data from human subjects. In all cases, we ob-
served that non-persistent 1-loops occur at the beginning of the filtrations. Although
such non-persistent features are commonly construed as noise in topological data
analysis [66,123], we observed that these features appear to be consistent with prior
segregations of the studied networks into communities of densely-connected nodes.
In one case (the Fourier null model), we even found that particularly persistent fea-
tures appear to be linked to a network with a weak intra-community synchronisation.
These very persistent features in the null model may thus represent noise. In other
studies of PH in (different) null models [125,202,231] it was, however, also observed
that the null models often exhibit a richer topology than data. Taking this into ac-
count one could perhaps interpret the persistent features in the Fourier null model as
features of the null model rather than noise. Our results on the importance of non-
persistent features match previous observations for synthetic examples with barcodes
that consist of short intervals (which are commonly construed as noise), but where the
differences between the corresponding persistence landscapes for the various spaces

are nevertheless statistically significant [56]. Our results are also consistent with the
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findings of a study on protein structure using PH for which bars of any length in the
barcodes were equally important [273]. For weighted networks, we suggest that when
using a filtration based on edge weights, one needs to consider the actual birth and
death times of filtration features (such as 1-loops) in addition to their persistence to
be able to determine whether they should be construed as part of noise or part of
a signal. In particular, in the present paper, we observed that the early appearance
of 1-loops in a filtration are important distinguishing features of these data. They
may also yield important insights on the geometry [56] of datall. In general, when
using PH to analyse a new data set it therefore seems beneficial to, at least initially,
consider the full PH output for interpretation rather than just persistent features.
We also found — both by calculating average persistence landscapes and studying
landscapes of average networks — that persistence landscapes for dimension 1 of
the weight rank clique filtration (WRCF) are able to capture changes in the studied
functional brain networks during the process of learning a simple motor task. Because
we did not consider infinitely-persisting features and only included filtration steps 1—
2600 when creating the landscapes, our results also suggest that the medium-lived
(when compared to the the full filtration length) persistent 1-loops are able to capture
changes in the network, so it is not always necessary to consider a full WRCF to
study the dynamics of a system. This observation is similar to a finding in Bendich
et al. [34], who observed in their study that medium-scale barcode features were able
to distinguish human brain artery networks from different age groups. This again
suggests that persistence length should not be the only measure of signal versus noise
when applying PH. We also found that the persistent features that dominate the
middle part of the filtrations appear in earlier filtration steps on days 2 and 3 of

the experiment than they do on day 1, which suggests that interesting dynamics

Note that we use the term geometry for properties that are called shape in other contexts (see,
e.g., [167]) to avoid confusion with our previous usage of the term shape.
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in synchronisation patterns are captured by medium-lived bars in the middle of a
barcode.

As in other biological contexts, where PH has been applied successfully and has
lead to new insights [34,81, 82,90, 125,201], we find that PH can lead to fascinating
insights about the dynamics of a system. We were able not only to detect symptoms
of previously observed community segregation, but we also found notable differences
between a setup with strong community structure (in the coupled Kuramoto oscil-
lators) and weakly synchronised communities (in the associated null models). For
the task-based fMRI data, we found that we can detect symptoms of community
structure over the three days (in the short peaks at the beginning of the landscapes)
of the data as well as changes in the 1-dimensional loops that appear on average in
the functional networks. On average, most of these changes appear to take place on
the second day of the learning task. In particular, brain regions that yield 1-loops in
the functional networks on days 2 and 3 seem to exhibit stronger synchronisation on
average than those that yield 1-loops on day 1. We obtained this observation both
by calculating average persistence landscapes of the WRCF performed on individual
functional networks and by calculating persistence landscapes based on the WRCF
performed on average networks for each day. Although the landscape distances be-
tween the average landscapes are not statistically significant, our similar results in
both of our approaches suggest that our findings indeed reflect the average dynamics
of the system. Our obervations on 1-dimensional loops thereby provide novel insights
that complement previous studies of synchronisation in functional brain networks.
We note that it would be desirable to use our approach on larger data sets to draw
clearer biological conclusions from the data.

There is a known relation between homology and graph Laplacians [73], and an
interesting possible direction for future research would be to study possible connec-

tions between graph Laplacians (and, more generally, spectral graph theory) and our
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results on barcodes and persistence landscapes.

Using methods from topological data analysis for studying networks has the im-
portant benefit of being both mathematically principled and generalizable. However,
for biological interpretation, it is necessary to include information on the specific
nodes that form part of the topological features such as loops. Moreover, the inter-
pretation of the results and importance of persistence versus position of a topological
feature in the barcode can differ depending on which type of filtration is employed.
Different topological features can also have different levels of relevance for different
dynamical systems. For example, the occurrence of many medium-sized persistent
features in the persistence landscape for the Fourier null model is a symptom of the
weak synchronisation in the communities, whereas the medium-sized persistent bars
capture increasing synchronisation in 1-loops for the task-based fMRI data. It would
be interesting to apply WRCF (and other types of filtrations) to different synthetic
networks with underlying communities (e.g., using stochastic block models) to inves-
tigate such ideas further. Importantly, one should include both the persistence and
the position of topological features in analysis of PH. It would also be beneficial to
combine topological tools with additional methods, such as persistence images [3], to
determine the exact topological features that are responsible for the detected differ-
ences between the persistence landscapes of the different networks.

In conclusion, in this application we have shown that PH and persistence land-
scapes can be applied successfully to functional networks (from either experimental
data or time series output of models), and that they can lead to fascinating insights,
such as segregation of a network into communities and changes of network structure

over time.
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4.4 Application to schizophrenia data

In this application we analyse functional networks constructed from task-based fMRI
data from schizophrenia patients, healthy controls, and healthy siblings of schizophre-
nia patients using PH. We use persistence landscapes and Betti curves to create output
summaries from our persistent-homology calculations, and we study the persistence
landscapes and images using k-means clustering and community detection. Based on
our analysis of persistence landscapes, we find that the members of the sibling cohort
have topological features (specifically, their 1-dimensional loops) that are distinct
from the other two cohorts. We first give a brief introduction to schizophrenia, then
describe the data set and the construction of the functional networks from the data
as well as the methods that we apply to analyse the PH output, and finally present

our results.

4.4.1 Schizophrenia

Schizophrenia is a chronic psychiatric disorder that affects more than 21 million people
worldwide [272]. Up to 80% of the risk factors appear to be genetic, although it has
proven difficult to identify the specific genes that are involved in the disease [39]. The
disease usually commences in early adulthood, and symptoms range from hallucina-
tions and avolition to cognitive deficits (such as impaired working memory) [85,272].
The cause of the cognitive deficits is thought to originate from compromised func-
tional integration between neural subsystems [19,60,85,198]. There can be significant
differences in the properties of time series from imaging measurements of healthy ver-
sus schizophrenic individuals. Different studies have found seemingly contradictory
results when comparing functional magnetic resonance imaging (fMRI) time series
from two distinct brain regions in a schizophrenia patient and a healthy control. The

majority of studies have concluded that schizophrenia patients have less-similar time
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series across different brain regions [112]. Zalesky et al. [275] suggested that such re-
duced similarity may arise from an altered coupling between brain regions and local
decoherence within brain regions in schizophrenia patients. However, some stud-
ies have observed that schizophrenia patients have more-similar series than controls
across brain regions. For a detailed discussion of these seemingly contradictory find-
ings, see [111]. In some cases, methodological steps in fMRI analyses seem to yield
increases in these similarities, but abnormal neurodevelopment or drug treatment
may play a role in increasing them in other cases [111].

Studies of functional networks of schizophrenia patients have revealed that such
networks differ significantly from the functional networks of healthy controls [8, 19,
112,164,166, 216, 229]. For example, schizophrenia patients can have rather differ-
ent community structure from controls [8,109]. In one paper, Alexander-Bloch et
al. [8] observed that a small subset of brain regions lead to significant differences in
the community assignments in schizophrenia patients, whereas the communities for
healthy subjects appear to be consistent with each other. Moreover, the maximum
modularity of functional networks appears to be smaller for schizophrenia patients
than in healthy controls [7,8]. Two recent papers, Flanagan et al. [109] and Towlson
et al. [254], compared the network structures of schizophrenia patients and healthy

controls under the effects of different drugs and a placebo.

4.4.2 Data

We use a data set that consists of time series from blood oxygen level dependent
(BOLD) functional magnetic resonance imaging (fMRI) data collected from 281 sub-
jects (54 schizophrenia patients, 50 healthy siblings of schizophrenia patients, and
177 healthy controls) with 120 time steps (where the length of 1 time step corre-
sponds to At = 2s). The brain regions were determined according to the Montreal

Neurological Institute template [246]. Prior to obtaining the time series, the fMRI
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data were corrected for head motion, and they were normalised and smoothed with a
Gaussian filter. The voxel-wise signal intensities were normalised to the whole-brain
global mean. The data set was acquired by Bertolino, Blasi, and their collaborators
as part of a larger fMRI data set over a period of approximately 10 years. Subsets of
the data set have been studied previously [41,208,218]; these previous studies of the
data did not include the data for siblings.

The experimentalists obtained fMRI images while subjects were performing a
block paradigm of a so-called ‘g-back task’. During a ¢-back task, subjects are pre-
sented with a sequence of numbers. In each step n of the sequence, they are first shown
a number and then asked to recall the number from sequence step n — q. For exam-
ple, during a 2-back task, subjects are shown a sequence {...,x; 1, Z;, Tit1, Tiz2, .. }
and are asked to recall number x; _; while being shown number x;,, recall number
x; while being shown number z;,5, and so on. For the present data set, the stimuli
consisted of alternating blocks of 30 seconds each of 0-back tasks and 2-back tasks.

We preprocess the data to remove signal noise, in particular noise contributions
from brain white-matter [269] and cerebrospinal fluid [83,269] (in these areas one
does not expect a response related to neuronal processes), spontaneous global signal
fluctuations [45,114,269], as well as signal mismatch between images caused through
head motion of subjects [117]. For each subject and time step, we calculate the
mean signal for white-matter brain regions, the mean signal for regions that consist
of cerebrospinal fluid, and the mean of the global signal. In addition to these mean
values, we also use the squares and cubes of the global signal means, as well as head-
motion parameters (3 translation and 3 rotation parameters), to construct 11 x 120
subject-specific design matrices. We then perform linear regression for each time

series using MATLAB’s command for the Moore—Penrose pseudoinverse 2 PINV(); we

12 As some of the matrices are ill-conditioned, there are variations in the resulting networks across
different runs of the preprocessing code. However, in our observations, the matrices differ by only
up to 0.2% of entries after two runs of preprocessing.
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exclude brain regions without grey matter from our calculations. We then use the
residuals from the regression as our time series for the 120 brain regions that we
list in Tables B.7-B.11. Note that such preprocessing steps, while common when
working with fMRI data, are not uncontroversial. In particular, the effects of global
signal regression have been shown to alter correlation between time series (see, for

example, [115,180] and [111] in the context of schizophrenia).

4.4.3 Construction of functional networks

We obtain functional networks from the fMRI time series for each subject by using
the 120 distinct brain regions (see Tables B.7-B.11) as the nodes of the networks and
calculating Pearson correlations® (without a time lag) between the nodes’ time series
as a measure of pairwise functional connectivity. The values of the pairwise func-
tional connectivity give the edge weights between the brain regions in the functional
networks.

In all but one of our analyses, we consider four contiguous time regimes of 30 time
points each, yielding four functional networks per subject. (The exception is Subsec-
tion 4.4.6.4, in which we use each subject’s full time series, which consists of 120 time
points, to construct a single functional network for each subject.) Although the four
time regimes correspond temporally to one O-back and one 2-back task each, our sep-
aration into time regimes is motivated by an interest in potential developments in the
dynamics over time, rather than in relating the fMRI response to the task. We sum-
marise each functional network in an adjacency matrix A = A(Subject, time regime),
whose entry a;; is given by the edge weight between node ¢ and node j. We apply a
statistical threshold, as described in [23], to the weighted adjacency matrices without
modifying the remaining edge weights. To obtain the thresholded adjacency matrices,

we estimate p-values for the correlations using the MATLAB function CORRCOEF and

13There are numerous ways to measure functional connectivity [59,233,277]. For a discussion in
the context of schizophrenia research, see [112].
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retain only those entries whose p-value is less than 0.05. Using this type of thresh-
olding, we retain at most 44% of all edges in the network and on average 20-30% of
the edges. We then separate each adjacency matrix into a positive and a negative
part, A = A* + A~ and study only the positive AT part of the adjacency matrix.
By using this approach, we avoid the interpretation of negative correlations between
time series. In Fig. 4.8 we show a diagram of the steps that we perform to construct
our functional networks. (In the one case in which we study one functional network
per subject instead of four, see Subsection 4.4.6.4, we skip the step in which we split
time series; we perform all other steps in the same way.) In our computations in
which we consider the four time regimes separately, we treat all subjects and all time

regimes together as one data set.
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Figure 4.8: Steps that we perform on the preprocessed time series of each brain region to construct
a functional network for each subject during each of four time regimes. We study the positive parts
of the resulting networks using persistent homology. Modified from: [238].

4.4.4 Clustering methods from data mining and network anal-
ysis

We construct functional networks using fMRI data from schizophrenia patients, healthy

controls, and siblings of schizophrenia patients. We construct a weight rank clique

filtration (WRCF) [202] and compute PH and Betti numbers [79, 98] of the WRCF.

We then construct persistence landscapes based on the PH output for dimension 1,

i.e. loops in the networks, and examine the results by applying tools from statistics.
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In [238] the PH output was also used to obtain persistent images and these were then
analysed with tools from machine learning. We compare the findings from these two
approaches and also study Betti numbers using Betti curves [125].

Given output of PH calculations, one can use clustering methods. There are
myriad ways to proceed. We use a few different approaches: here, we apply the
k-means clustering algorithm and community detection to examine whether we can
separate the three subject groups based on the topological features of their functional
networks. Further, in [238], linear sparse support vector machines (SSVMs) were
applied to identify pixels in persistent images to discriminate between the subject
groups and examine which brain regions are generators of loops that help discriminate

between groups.
4.4.4.1 Employing k-means clustering for subject-group separation

The method of k-means clustering produces a partition of a metric space into k
clusters of points [119]. In the initial step, the algorithm randomly selects k from the
N data points to serve as initial cluster centers. All data points are then separated
into clusters based on their closest cluster centers. Such a partition of the data is
then given a ‘score’ which corresponds to the sum of the distances from each point to
its nearest center. The algorithm then determines new cluster centers by taking the
mean of the points assigned to every cluster, recalculates the clusters and partition
scores. The process is usually repeated until the clustering score stabilises. One
can apply k-means on either a distance matrix (which one can calculate for either
persistence diagrams or persistence landscapes) or on a set of input vectors (such as

those obtained from a persistence image).
4.4.4.2 Community detection for persistence-landscape classification

Community detection is a method from network analysis that attempts to partition

a network into sets (called communities) of nodes that are more densely connected to

125



themselves than to other sets of nodes in the network [113,183,205]. One can detect
communities in either weighted or unweighted networks. In a weighted network, one
finds larger total edge weight within communities than between them.

One can also use community detection to partition data (e.g., for classification)
by studying a given distance matrix of data objects such as (mean) persistence land-
scapes. One interprets the N persistence landscapes as N nodes of a network and
converts the pairwise distances into edge weights, where a large edge weight signifies
closeness in the distance matrix and a small edge weight signifies a long distance
between two landscapes. We convert the distance d(i, j) between landscapes i and j
into an edge weight A;; between nodes 7 and j with the following formula:

1101 d(i, j) .
K max; jeq,.. .ny{d(4, 7))}

(4.7)

This yields an adjacency matrix A with elements A;;. Naturally, there are many
choices for converting from pairwise distances to pairwise weights, and one has to be
careful about how that influences community structure and other computations.

There are numerous methods that one can use for community detection in net-
works [113]. One approach for decomposing a network into communities (i.e., for
performing a ‘hard partitioning’) is to seek a partition that maximises an objective
function (). The quality function that we use is modularity

Q= Ay —7Pylo(g: 95) (4.8)
0]

where P (with elements P;;) is a null-model matrix (which specifies the expected edge
weight between nodes i and j), the resolution parameter = is a factor that determines
how much weight one gives to the null model, and 6(g;, g;) = 1 if nodes ¢ and j are
in the same community g (i.e., if g; = g;) and 6(g;, g;) = 0 otherwise [113,205].

For our computations, we use the GENLOUVAIN package [143,174], which max-

imises () using a variant of the Louvain algorithm [46] to algorithmically detect com-

126



munities in our (mean) persistence landscapes. We vary the weighting factor « (which

is often called a resolution parameter) to compare results for different values of .

4.4.4.3 Linear sparse support vector machines for discriminatory feature
selection

In [238] linear sparse support vector machines (SSVMs) were used to identify dis-
criminatory features between different groups of vectorised persistence images. The
vectorised persistence images were interpreted as data points that were separated
into two groups with a hyperplane by SSVM using a one-against-all approach, i.e.
three different hyperplanes were created to distinguish the persistence images from
1) controls versus those from siblings and patients, 2) siblings versus those from con-
trols and patients, and 3) patients versus those from controls and siblings. In SSVM,
each hyperplane is defined by a normal vector, whose entries are referred to as SSVM
weights. The non-zero SSVM weights of each plane were used to determine discrimi-
natory vector entries in the persistence images of the respective subject groups. Each
discriminatory vector entry in a persistence image corresponds to a birth-persistence
interval, a so-called distinguishing pizel. The distinguishing pixels were matched to

their corresponding topological features.

4.4.5 Implementation

For our PH calculations, we implement MATLAB code constructed using JAVAPLEX
[247]. For a given filtration of a simplicial complex, JAVAPLEX can output [birth, death)
barcode intervals, representatives for each topological feature, and persistence dia-
grams. For the WRCF, we also use a maximal clique-finding algorithm (that is based
on the Bron-Kerbosch algorithm [52]) from the Mathworks library [271]. For the
analysis and interpretation of our barcodes, we use the PERSISTENCE LANDSCAPES

ToOLBOX [55].
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4.4.6 Results

We now present our results of our PH computations to examine loops in functional
brain networks. We focus exclusively on topological features in dimension 1 and,
except in Subsection 4.4.6.4, we perform our computations on all four time regimes
as part of one data set rather than separating the data for each time regime. Aside
from the aforementioned exception, we run our PH computations on four functional
networks per subject. From the PH output, we create persistence landscapes. We
then perform our computations either on (i) the full data set of persistence land-
scapes of 281 subjects and four time regimes (which gives 1124 landscapes or images,
respectively, for the data set) or on (ii) the 12 subject-group means of the landscapes
(from three subject groups with four time regimes each). We indicate which case
we are examining in the relevant subsections. In Subsection 4.4.6.4, we consider one
full time series for each subject; in other words, we study one functional network per
subject.

In Stolz et al. 2018 [238] persistence images were further constructed from the
PH output. For both persistence landscapes and persistence images, we find that
there seem to be differences in the topological features of the functional networks
between subject groups, although we only observe these for persistence landscapes
when examining means across groups. To illustrate limitations of these methods,
we also discuss results in which we were unable to find differences between subject

groups.
4.4.6.1 Results of k-means clustering on persistence landscapes

Using k-means clustering on mean persistence landscapes, we are able to separate
siblings of schizophrenia patients from controls and patients. For these calculations,

recall that we use all four time regimes in each of the 12 mean landscapes.
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We construct mean persistence landscapes from the dimension 1 barcodes (i.e., the
barcodes that represent loops in the networks) for each time regime and each subject
group. We obtain 12 mean landscapes and exclude infinitely-persisting bars, because
all of our landscapes include (persistent) infinite features, and these tend to dominate
the first several layers of the landscapes. Other researchers have excluded layers of
landscapes (e.g., the first twenty) to filter out ‘topological noise’ [197]. Although
we threshold our weighted networks prior to analysing them, this does not necessar-
ily imply that we lose significant information by disregarding the infinite features.
Additionally, infinitely persisting features do not necessarily correspond to the most
persistent features in the barcodes, as even features that are born in the last filtration
steps are infinitely persisting if they do not die over the course of the filtration. In
our case, the presence of infinite features prevented us from discriminating between
landscapes based on pairwise distances between them. When we considered infinite
features separately, we did not observe any noticeable differences between the three
subject groups (see Subsubsection 4.4.6.4).

We calculate a pairwise L? distance matrix of the mean landscapes, and we then
perform k-means clustering on the distance matrix (which has 12 x 12 entries). For
k = 3, we obtain the expected division of the mean landscapes into patients, controls,
and siblings. Although the fact that one can separate the three cohorts based on fMRI
data is not a new finding — see, for example, [8,19,112,164,166,216,229] for patients
versus controls and [223] for patients versus siblings — the novelty of our work is
that k-means clustering successfully distinguishes between the three different cohorts
based on topological information (in the form of loops) in the functional networks.

We also perform k-means clustering for £ = 2. Surprisingly, we find that the
patients and controls are grouped in one cluster for all time regimes, whereas the
siblings are in a separate cluster for all time regimes. We show the mean landscapes

and clusters in Fig. 4.9.
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Figure 4.9: Mean persistence landscapes for each of the four time regimes and subject groups.
Using k-means clustering with £ = 2 on the set of 12 persistence landscapes (which consists of all
subject-group means and time regimes as one data set) assigns patients and controls to one group.
We show the mean persistence landscapes and their k-means-clustering grouping for the four time
regimes separately. Image source: [238].
For larger values of k, we do not observe a clear subject-group separation. To compare
our results with ones from other clustering methods, we also apply average linkage
clustering to the distance matrix and perform community detection on networks that
we construct from the distance matrices (as described in Subsection 4.4.4.2). We
obtain the same qualitative result for these two methods. For community detection,
we observe a clear separation for resolution-parameter values v = 0.82,0.83,...,1.14
into two communities (the siblings versus the patients and controls). Our results
appear to indicate that the sibling cohort is particularly distinct from the other two
cohorts, as compared to any other pairwise comparison among the three cohorts, with
respect to their loop topology in the functional networks.

We also perform a permutation test on the mean persistence landscapes for each
time regime to determine the significance of the landscape distances, as suggested
in [55]. In the permutation test, we regroup the individual landscapes into three

groups uniformly at random, create a new mean landscape for each newly assigned

group, and calculate the pairwise L? distances between them. We then count how
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many of the L? distances of the new groups are larger than the ones that we ob-
serve when using the mean landscapes of the three subject groups. We use 10000
permutations to obtain our results, which we summarise in Table 4.2.

Table 4.2: Using a permutation test, we calculate p-values for the pairwise distances between the
mean landscapes of the three subject groups in each time regime.

p-values for  Controls vs Patients Controls vs Siblings Patients vs Siblings

time regime 1 0.302 0.200 0.051
time regime 2 0.460 0.009 0.052
time regime 3 0.477 0.102 0.270
time regime 4 0.736 0.110 0.229

Interestingly, for time regimes 1 and 2, we find significant distances between the
patient and sibling mean landscapes, whereas the p-values for time regime 3 and 4
suggest that the distance is not significant (even though the p-values are comparably
small). The distance between the mean landscapes of the controls and the siblings
appears to be significant for time regime 2, but this does not appear to be the case
for the other time regimes, although the p-values are again much smaller than for
the distances between the mean landscape of the patients and controls. Thus, for the
controls and the patients, there are many other divisions into two groups that lead
to more extreme distances between the mean landscapes than what one obtains by
simply assigning them to a control group and a patient group.

To see if we can further support our result from k-means clustering for k = 2, we
artificially group the controls and patients into one group to create a mean landscape
and again perform a permutation test to verify whether the distance between the
mean landscapes for the two groups is significant. In Table 4.3, we show the p-values
that we obtain with 10000 permutations.

For time regime 2, we obtain a significant distance, but the p-values for time regimes 1,
3, and 4 are approximately 0.1. Given the artificial grouping of the two subject groups,

we construe these values as small, although they are not statistically significant.
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Table 4.3: Using a permutation test, we calculate p-values for the controls-and-patients mean
landscape versus the siblings mean landscape.

Time regime 1 Time regime 2 Time regime 3 Time regime 4

0.112 0.008 0.092 0.110

4.4.6.2 Results of community detection on a distance matrix from indi-
vidual persistence landscapes

We construct persistence landscapes from each of the dimension 1 barcodes, which
we calculate by examining each subject in each of the four time regimes, and we
calculate the L? distance matrix for the resulting 1124 persistence landscapes. We
again use the distance matrix to construct a network between the persistence land-
scapes, and we detect communities in this network by maximising modularity. For
v = 0.92,0.93,...,1, we obtain a separation into two communities. The partition
that is closest to what we observe with 2-means clustering for the mean landscape
distance occurs for the resolution-parameter value v = 0.93. We summarise our

results in Table 4.4.

Table 4.4: Number of subjects from each subject group that are assigned to communities 1 and 2
by community detection using modularity maximisation.

Subject group Nr. of subjects in community 1 Nr. of subjects in community 2

Patients 122 94
Controls 418 290
Siblings 93 107

We also apply k-means clustering and average linkage clustering to the distance
matrix from the individual persistence landscapes (results not shown). Of all classi-
fication methods that we perform on these distance matrices, community detection
appears to perform best at ‘separating’ the subject groups, although we do not observe

a very clear separation.
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4.4.6.3 Summary of results from analysis of persistence images

In Stolz et al. [238] persistence images were used to identify discriminatory topological
features across the three subject groups considered. The persistence images were
generated for each of the subjects and each of the four time regimes based on the
dimension 1 persistence diagrams using the defaults in the persistence image code
available from [2]. To compute persistence images one must in addition choose two
parameters specific to the data: the maximum birth and persistence values, which
determine the discretisation of the pixel boundaries in the images once one sets the
resolution. Possibilities include taking the maximum birth and persistence values
across all persistence diagrams or normalising each persistence diagram relative to its
individual maximum. In the original paper on persistence images [3], the maximum
values were chosen across all persistence diagrams under consideration although no
theoretical rationale was provided for this choice. It was not possible to obtain clear
results using either of these conventions on our data set. For more detailed analysis
of the effect of using different versions of these data specific parameters by Tegan
Emerson see Appendix B.2.2.1 or [238].

Using a priori knowledge of subject-group membership and fixing the maximum
birth values separately for each subject group (based on the collection of persistence
diagrams that were computed separately for each subject group), it was possible
discriminate between the three subject groups. This provides a first interesting ob-
servation from persistence images: the maximum birth time which corresponds (or
almost corresponds, in exceptional cases in which multiple edges have exactly the
same weight) to the number of pairs of regions in the brain with positive functional
connectivity, appears to contain non-trivial information. (Recall that we do not in-
clude edges that correspond to negative Pearson correlations.)

Surprisingly, despite the pronounced difference in persistence image performance

when different maximum values were used for each class, the distributions of the
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maximum birth times and persistences for each subject type are not statistically-
significantly different from each other (see Fig. B.13 in Appendix B.2.2.1). The results
that we discuss subsequently are based on the persistence images generated using a
priori membership knowledge.

A linear SSVM was applied to the set of persistence images to identify distinguish-
ing pixels that allow interpretation of classification results. Using a one-against-all
SSVM with 5-fold cross validation, it was possible to obtain a 100% classification accu-
racy. See Fig. B.14 in Appendix B.2.2.1 for an illustration of the distinguishing pixels.
Each distinguishing pixel corresponds to a bounded region in the birth—persistence
plane. The following approach was taken to connect the distinguishing pixels with
particular brain regions: for each subject, it is possible to determine whether or not
a topological feature (in our case, a loop) in a filtration of a network exists in the
bounded region of the birth—persistence plane that corresponds to a particular dis-
tinguishing pixel. If a loop does exist, one can identify a set of brain regions that
comprise the loop (i.e., representatives of this loop). Brain regions that are consis-
tently involved in the generation of particular loops across subjects are of particular
interest. To find such brain regions, the set of nodes, called top node(s)', that are
involved in the generation of loop(s) for each distinguishing pixel in each of the four of
the time regimes for each subject was identified. Interestingly, for the patients there
are only five distinguishing pixels for which top nodes were found. By contrast, for
the siblings there are many distinguishing pixels for which top nodes were obtained.
The control group lies between the other two in terms of its number of distinguishing
pixels with top nodes, but there are still few top nodes, relative to the number of
distinguishing pixels that have top nodes. We list the full list top nodes as well as

further details in Appendix B.2.2.2.

40ne can construe the calculation of top nodes in a similar spirit as calculations of node central-
ities [183].
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4.4.6.4 Results from Betti curves

Finally, we also study Betti curves, introduced in [125], which describe Betti numbers
and their changes across a filtration. We use the entire time period (i.e., one time
regime, rather than four separate ones) of the experiment. In all other respects, we
construct the functional networks as we described previously (see Subsection 4.4.3).
We compute the mean and standard deviation across the Betti numbers for dimension
1 (i.e., the number of loops) for each cohort in each filtration step. We find that, apart
from a slightly larger standard deviation in the patient cohort, the Betti curves for

the three groups look essentially the same. We show our results in Fig. 4.10.

700 Mean Betti Curves Mean Betti Curves; with Standard Deviation
' ' ' ' 800 f ' ' ' ' ' 9
= Patients Siblings
8901 |—Controls | 0 Patier?ts
8 500 Siblings 8 600 |- Controls
g g
400t - 5007
° © 400}
8 300 [ 8
E 200l | E 300 -
> 4 > 200 |
p b
100 - / 1 100
VA o

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

Filtration Steps Filtration Steps
(a) (b)

Figure 4.10: (a) Mean Betti curves for the patients, controls, and siblings. (b) Mean Betti curves
and their standard deviations for patients, controls, and siblings. Image source: [238].

4.4.7 Summary and discussion

We applied methods from PH to analyse loops in functional brain networks of schizophre-
nia patients, siblings of schizophrenia patients, and healthy controls. We constructed
persistence landscapes and we analysed them using several clustering techniques. In
Stolz et al. [238] persistence images were constructed from the same PH output and

also analysed using clustering techniques. We compare insights from both approaches.
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We observed topological differences in the functional brain networks of schizophre-
nia patients, siblings of schizophrenia patients, and healthy controls with respect to
the loops in their networks. We also found that persistence landscapes and persis-
tence images have different practical advantages and disadvantages when applied to
the same data set, and these insights may be useful for interpreting the results of PH
computations in networks in diverse applications.

Computing persistence landscapes gave interesting results when comparing mean
persistence landscapes of the cohorts but not when comparing individual landscapes
of the subjects. Using mean persistence landscapes, we were able to separate the
sibling cohort from the other two subject groups in each of the four time regimes.
This is supported by the p-values that we obtained for the distances between the
mean landscapes of the sibling cohort versus the controls and patient cohorts, though
not all of our p-values are statistically significant. The shape of the mean persistence
landscapes seems to suggest that loops that occur in the functional brain networks
of siblings are on average more persistent than those in the functional networks of
controls or patients. This could imply either that loops in the networks of siblings
tend to be larger or that the third edge between three nodes has a small edge weight
and thus that three brain regions with a large pairwise Pearson correlation between
one region and two of the other regions do not necessarily imply that there is a
large correlation between the other two brain regions; this facilitates the creation of
a loop structure in the filtration. (Recall that we need at least four nodes for our
loops.) To examine this issue further, it may be useful to analyse cross links in the
functional networks, as in [24]. For the above computations and their interpretation,
we need to take into account that we did not include infinitely-persisting loops (which
persist until the end of a filtration). We also only include positive edge weights in
our networks, so we only analysed loops that arise from brain regions with positive

pairwise Pearson correlations.
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Although we were able to obtain interesting insights about the data using mean
persistence landscapes, we did not find interpretable results from comparing individ-
ual landscapes, and only being able to use the mean landscapes reduces the amount
of information the we can obtain from this approach. By contrast, using individual
persistence images and SSVMs allowed the separation of the entire set of subjects
(with 100% accuracy) in each of the four time regimes. In previous work, Anderson
and Cohen [10] obtained 65% accuracy for schizophrenia classification by applying
machine-learning techniques to functional brain networks. A study on Alzheimer’s
disease using persistence landscapes [54] and machine learning attained a 73% sep-
aration of diseased and healthy subjects. It is important to note, however, that the
results are based on using a priori knowledge of group membership, including specif-
ically the maximum birth times of loops within subject groups. These birth times
seem to include nontrivial information, which is important to pursue further in future
studies. This a priori knowledge is tied closely to the choice of statistical threshold-
ing when preprocessing fMRI data. Developing a statistical model that can classify a
novel subject based on a persistence image representation thus also requires further
exploration into how to choose such a threshold.

Computing persistence images also allowed the identification of brain regions with
consistent involvement in loops in the functional networks within subject cohorts. Of
the three cohorts, it was observed that siblings have the highest level of consistent
brain-region involvement in the performance of the mental task in this study across the
four time regimes. That is, regions that are involved in loops for siblings in one of the
time regimes are more likely to also be involved in loops in other time regimes than is
the case for patients or controls. It is particularly noteworthy that the number of brain
regions that are consistently involved in the separation of the three cohorts is larger in
the siblings of schizophrenia patients than in the healthy controls. We view variable

involvement of brain regions in loops as a notion of neurological ‘flexibility’. Various
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works have studied concepts of brain flexibility using community structure [23,48].
In those studies, flexibility was defined differently — based on how often a brain
region changes its allegiance to a community of nodes over time, so it does not use
loops directly — but it is noteworthy that Braun et al. [48] observed that relatives of
schizophrenia patients have large flexibility than healthy controls. In Stolz et al. [238],
it was found that a specific group of brain regions leads to the separation of the three
subject groups when using persistence images and observed for the schizophrenia
patients that the regions that lead to a separation consistently in each of the four
time regimes are fewer in number than for the siblings and controls. Braun et al. [48]
reported that there is larger node flexibility in network organisation of schizophrenia
patients than in healthy controls. Additionally, Siebenhiihner et al. [225] observed a
greater variability in temporal networks constructed from Magnetoencephalography
(MEG) data of schizophrenia patients than those from in healthy controls.

We did not observe any differences between the four time regimes, which each
consist of responses during a 0-back task and a 2-back task, in any of our calculations.
No significant changes seem to be occurring in the persistence or appearance of loops
in the networks over the course of the data measurement. Additionally, when studying
experiments as a single regime using Betti curves, we did not observe a clear difference
between the cohorts.

Schizophrenia has a high genetic determinism, so siblings of schizophrenia pa-
tients have a significant genetic risk of developing the disease themselves [40], and
it has been demonstrated that they have abnormalities in their structural neuronal
networks [78]. Although our results that functional brain networks constructed from
fMRI measurements of siblings differ both from patients and from healthy controls do
not agree completely with the current standard in the literature, other studies have
also reported that the features of fMRIs of siblings of schizophrenia patients differ

from both schizophrenia patients and controls. For example, Callicott et al. [65] ob-
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served in an fMRI study that there was no difference in task performance between
healthy siblings of schizophrenia patients and healthy controls, yet they detected a
physiological similarity between the sibling cohort and the schizophrenia patients in
the corresponding fMRI data. Similarly, Sepede et al. [223] observed using fMRI
data from a different data set that healthy siblings of schizophrenia patients exhibit
differences in brain function to schizophrenia patients, although they did not differ
significantly in task performance.

It was demonstrated recently that schizophrenia patients undergo a cortical nor-
malisation process over the course of the disease [130], and a current study on blood
samples of schizophrenia patients [222] has also observed that the measurements for
patients who have had the disease for a long time are more similar to the measure-
ments of healthy controls than to those of early stage patients. We would need further
phenotypic information to assess whether any of the aforementioned studies can be
connected more directly to our observations.

As our results are somewhat inconsistent with prior observations, it is also possi-
ble that our data set contains experimental noise that is beyond our control. Using
standard network-analysis techniques, we do not observe any differences between the
three subject groups. Nevertheless, we believe that our comparison of persistence
landscapes to persistence images and the different types of results from these tech-
niques provide a valuable example of a PH approach to functional brain networks.

As mentioned previously in Subsubsection 4.3.3.2, one needs to take into account
that there are difficulties when interpreting the information about node participation
in loops from computations of PH, as the software used for such computations (includ-
ing, specifically, JAVAPLEX, which is what we used) only finds representatives of the
loops. Despite these difficulties, the list of discriminating nodes in Stolz et al. [238]
provides a useful starting point for further investigations into neuronal abnormalities

in functional networks of schizophrenia patients.
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Another important issue is that we preprocessed the data for our study. This
is very common when working with fMRI data, but such steps are not uncontro-
versial [115,180], indeed studies on functional connectivity in schizophrenia patients
have found contradictory results depending on whether or not one performed global
signal correction [111]. Tt is also relevant to keep in mind that the choice of functional
connectivity measure can influence results [233]. We chose to use a Pearson correla-
tion due to its simplicity and the fact that it is a widely used measure of functional

connectivity [20,264]. Many other choices are also available.
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“kurz unde lank nach minem sin
die lingen von dem zentrum hin
ich leite zu dem ummesweif

uf aller speren zirkelreif

von punt zu punt in rechter saf3
die ling uf alle winkelmaf3.”*

From the speech by the personified art of geometry
(Geometria) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

“Translation: “Long and short as it pleases me,
I draw lines from the centre to the outer periphery,
through the orbits of all the spheres; [I draw] the lines
through all angles, from point to point in proper order.”
[263].

Applications of Local Persistent
Homology

One of the practical challenges of applying persistent homology (PH) is that it is com-
putationally difficult for large data sets (see Chapter 1). For example, the Vietoris—
Rips complex! can be infeasible for data sets with as little as 3000 points, even when
considering PH only in the first two dimensions and performing computations on
powerful computers with over 750 GB of RAM. Locally, in a small neighbourhood
around a data point, these problems vanish. While one of the appeals of persistent
homology is its ability to study multi-scale data sets globally, local information may
also produce useful insights.

Here, we explore two applications of computing the Vietoris—Rips complex locally.
In our first application, we illustrate how local PH? can be used to select landmarks

from large and noisy data sets. We use very simple data sets that consist of signal

ISee Chapter 2, Subsubsection 2.3.1.1 for definition.

2Note that the idea behind our notion of local persistent homology is similar to the one used,
for example, in [5,35,104]. In contrast to these approaches, our definition does not use relative
homology and can be computed in a more intuitive way by considering the Vietoris—Rips complex
on points in a local neighbourhood.
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points sampled from an object with a topologically interesting structure, such as a
sphere, a torus, or a Klein bottle, as well as noise points. We specifically include
noise in our data sets, as we are motivated by practical applications of PH to large
and noisy real-world data sets. A consequence of the inclusion of noise is that a large
data set cannot be reduced by applying subsampling techniques developed to infer
the (persistent) homology of data, for example developed in [76,96,187]. We present
an algorithm that computes PH in small neighbourhoods around data points and uses
PH output to define a score for every data point which allows us to identify suitable
candidates for landmarks. The (global) PH of landmarks selected in this way is close
to the PH of signal points in the original data set. In comparison to existing landmark
selection procedures, our landmarks based on local PH perform very well on our data
sets, in particular for low sampling densities.

As our second application of local PH, we develop an algorithm that examines
local PH around data points to detect non-manifold? like singular regions in data
sampled from intersecting surfaces. The method can in particular be used to dis-
tinguish between points that are close to a boundary, points that are close to an
intersection, and points that are neither close to an intersection nor to a boundary
in such data, even when none of the points were explicitly sampled from singular re-
gions. We showcase this method on complex, high-dimensional data, and notably find
the intersection of two data surfaces in the 24-dimensional space of conformations of
cyclo-octane. The method and results are also described in our preprint [242]. Here,
we further compare our approach to local principal component analysis (PCA) which
can also be applied to identify intersections. We find that our method has distinct
advantages over local PCA.

For both of our applications of local PH, the local nature of the methods enables

us to completely parallelise the computations.

3For a definition of a manifold, see Appendix A, Definition A.2.3.
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5.1 Mathematical motivation

The use of our notion of local PH is inspired by the Mayer-Vietoris sequence, which
can enable computation of the homology of a space X by considering subspaces,
whose homology is easier to compute. The following definitions and explanations are
based on [133,177]. To understand the Mayer-Vietoris sequence, we first introduce

exact SEqUETICES.

Definition 5.1.1 (Exact sequence). Let i € Z and
d; Diq1 Do
"'—>AZ'—>A¢+1—>.A¢+2H..., (51)

be a sequence (finite or infinite) of abelian? groups and homomorphisms. We call the

sequence exact at A;yq, if

im (I)z = ker q)H_l. (52)

If the sequence is exact at all A;, we say that it is an exact sequence.

Remark 1. If there exists a first and/or last group in the sequence, exactness is not

defined at these points.

Two important types of exact sequences are the long exact sequence and the short

exact sequence:
Definition 5.1.2 (Long exact sequence). Let i € Z and

o A Ay D A, T (5.3)
be an exact sequence. We call the sequence a long exact sequence.

Remark 2. Note that a long exact sequence can begin or end with an infinite string

of trivial groups.

4One can define exact sequences for general groups, but we will only be using abelian groups in
this thesis.
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Definition 5.1.3 (Short exact sequence). Let
@, @,
0—=A — A, — A3 =0, (5.4)
be an exact sequence. We call such a sequence short exact sequence.

Remark 3. It follows immediately by exactness that ®; is an injective homomor-
phism and @, is a surjective homomorphism. Moreover, by the first isomorphism

theorem (see page 44 of [136]) we have that A3 = A,/ ker & = A,/ im ;.
One can define a short exact sequence for chain complexes® in the following way:

Definition 5.1.4 (Short exact sequence of chain complexes). Let £,F,G be chain
complexes, e.g. & = {E,,0r}, F = {F,,0r} and G = {G,,d¢} with dimensions
n €Ny Let :E — F, U :F — G be chain maps and let 0 denote the trivial chain

complex, whose groups are trivial in every dimension. We say the sequence

03 7r% g0, (5.5)

is exact if

0o E, 3 F, %G, =0, (5.6)
is an exact sequence for each dimension n.

We can now connect a short exact sequence of chain complexes to a long exact se-

quence of homology groups® via the zig-zag lemma.

Lemma 5.1.1 (Zig-zag Lemma). Let £, F,G be chain complexes with chain maps @

and V in a short exact sequence:

03 rSg—o. (5.7)

5See Chapter 2, Subsection 2.1.2 for definition. For a definition of chain maps, see, for example,
page 72 in [177].

6Note that in Chapter 2, Subsection 2.1.3 we define homology groups H,,(X) of a simplicial com-
plex X via the boundary operators of its chain complex C. Here, instead of H,,(X), we write H,(C)
or H,(C(X)) when we want to emphasise which chain complex in the sequence we are considering.
The definition of H,,, however, remains the same.
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Then there exists a long exact sequence between the homology groups of the chain

complexes:

co Hy(E) 25 Hy(F) L Ho(G) S Hoy oy (8) 25 Hy(F) 2 .25 Hy(G) — 0,
(5.8)

where 0, is induced by the boundary operator in F.

We refer the reader to [177] page 136 for a proof of the zig-zag lemma, in particular for
the existence of the map 0,. The Mayer-Vietoris sequence for a topological space X

is a special type of long exact sequence that follows directly from the zig-zag lemma:

Theorem 5.1.2 (Mayer-Vietoris sequence). Let X be a simplicial complex with sub-

complexes A, B C X such that X = AU B. Then there exists an exact sequence

o> Hy(ANB) 25 Hy(A)@H,(B) 25 Hy(X) 25 Hy 1(ANB) — -+ — Hy(X) — 0.

(5.9)
The sequence s called the Mayer-Vietoris sequence.
Proof. The proof follows [177], page 142. We start with the construction of a short

exact sequence of chain complexes to which we can later apply the zig-zag lemma to

obtain the Mayer-Vietoris sequence:
0—C(ANB) 3 C(A) & C(B) % C(AUB) — 0, (5.10)

where C denotes that we consider the chain complexes of the simplicial complexes.
Before showing that the sequence is indeed exact, we ensure that the definitions of

all chain complexes and maps are clear. For a given dimension n we define the chain

group
Co(A) & C,(B), (5.11)

with the boundary operator
d : (a,b) — (0aa,0pb), (5.12)
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where 04 is the boundary operator in C(A) and 0p is the boundary operator in C(B).

Now consider the following commutative diagram of inclusion maps:

/\

ANB -« » AUB

N

We can define the homomorphisms ® and ¥ via the chain maps induced by the

inclusion maps in the following way:

O e (1p(c), —gx(0)), (5.13)

U : (a,b) — vy(a) +wg(b). (5.14)
We now show that these maps and chain complexes give rise to an exact sequence.

1. Exactness at C(A N B): this is equivalent to showing that & is injective and

follows immediately since tx and j4 are inclusion maps of chains.

2. Exactness at C(AU B): we need to show that ¥ is surjective. Let d € C(AUB).
We can write d as d = da + (d — da), where d4 is the part of d that is in A. We

now have \If(dA,d — dA) =dy+d—dy =d.
3. Exactness at C(A) @ C(B): we need to show that im ® = ker V.

e im® C kerV: Let ¢ € C(AN B), then

U(D(e)) = W(ey(c). —j(0)), (5.15)
= v (14(6)) — wi(j(c)), (5.16)
= ug(e) — ug(o), (5.17)
=0. (5.18)
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o kerU C im®: Let (a,b) € C(A) @ C(B) such that ¥(a,b) = 0. Then
U(a,b) = vy(a) +wg(b) =0 and hence vy(a) = —wy(b) and a = —b when
considered as chains in C(A U B). Since a € C(A) and b € C(B), we now
know that a,b € C(AN B) and (a,b) = (a, —a) = ®(a).

For the chain complex C(A) @ C(B), the n-th homology group is given by

kerd,  kerda, ®kerdp,

imd), ~im Oant1 ®ImIp i1’ (5:.19)
~ H,(C(A)) & H,(C(B)), (5.20)
— H,(A) & H,(B). (5.21)

The Mayer-Vietoris sequence now immediately follows from the zig-zag lemma. [

Remark 4. The Mayer-Vietoris sequence can be formulated more generally for a

topological space X with subspaces A, B C X.

We can use the Mayer-Vietoris sequence to connect the homology of a simplicial
complex X to the local homology around a vertex £ € X. We do this via two
simplicial subcomplexes connected to the vertex £ € X: the link of the vertex z € X

and the closed star of the vertex z € X.

Definition 5.1.5 (Closed star of a vertex). Let X be a simplicial complex and & € X
a vertex. Then the closed star of # in X, denoted by St Z, is the subcomplex of X

that contains all the simplices which have & as one of their vertices.

Definition 5.1.6 (Link of a vertex). Let X be a simplicial complex and € X a
vertex. Then the link Lk & is the union of all simplices of X lying in St @ that are

disjoint from z.

We show a simplicial complex, the closed star of a vertex and the link of a vertex in
Fig. 5.1 . Denoting the simplicial complex of all simplices in X that are disjoint from

% as X \ Z, we make the following observations for z € X:
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OL A\
St & Lk &
Figure 5.1: Examples of a simplicial complex, the closed star of a vertex #, and the link of a

vertex . We show the vertex & in red and highlight the closed star and the link in yellow.

Remarks 1

1. X = (X \2)USt 2.

2. Lk & = (X \ &) N St 4.

Based on these definitions and observations we can now consider the following Mayer-

Vietoris sequence:

P

.= H,(Lk#) > 2

H,(X\2)®H, (S5t 2) 3 Ho(X) D H, 1 (Lk2) = - — Ho(X) — 0.
(5.22)
Now, St & is contractible: every simplex that contains & is contractible and the
intersection of simplices in St # is either empty or a simplex that contains & and is
hence also contractible. Thus H, (St #) = 0 for n > 0. We observe that if we can

ensure that H,(Lk ) = H,_;(Lk &) = 0, for n > 0 we obtain:
® N\ )
0— H,(X\2) = H,(X)—0, (5.23)

which gives us an isomorphism ¥ between H, (X \ ) and H,,(X).

The Mayer-Vietoris sequence given by Equation 5.22 connects the homology of
the large simplicial complexes X and X \ Z, which are both global and expensive
to compute, to the completely local homology of the Link Lk z, which is easy to

compute.
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In practice, we are however working with point cloud data D. We therefore con-
sider the PH of a data point y € D, rather than the homology, and apply the Mayer-
Vietoris sequence 5.22 to the simplicial complexes that we obtain from the data by
constructing a filtration. We consider a simplicial complex X in this filtration. A
data point y € D is now a vertex y in X. Instead of H,(Lk ) = 0, we will demand
PH,(Lk y) ~ small to quantify the failure of the isomorphism PH, (D \ y) AN PH,(D).
To make computation easier, instead of looking just at the link of ¢ in the simplicial
complex X, we extend the link to a d-neighbourhood of ¢ in X, which we define to
be the collection of simplices whose vertices are within a distance of at most § from

y in D. We now give the definition of a d-Link of a data point y € D:

Definition 5.1.7 (J-link of a data point y). Let X be a simplicial complex in a metric
space constructed from a data set D, § € X a vertex, § > 0 a distance and §(y) a
d-neighbourhood of § in X. Then the d-link Lk® y is the union of all simplices in X

that are disjoint from y and contained in 6(g) .
Building on the d-Link of a data point we can define the J-Star of a data point:

Definition 5.1.8 (Closed J-star of a data point y). Let X be a simplicial complex
in a metric space constructed from a data set D, y € X a vertex, 6 > 0 a distance
and §(y) a d-neighbourhood of g in X. Then the closed J-star St ¢ is the union of
the d-link Lk’ y with the vertex ¢ and all simplices [f}, o] where o € X and o is fully

contained in 6(7).
Remark 5. The closed d-star of a data point is always contractible by construction.

We show an example of a data point, its d-link and its closed d-star in Fig. 5.2.
From now on, we refer to computing the PH of the §-Link of a point in a data set
as computing the local PH of a data point. Our notion of local PH of a data point

is motivated by the Mayer-Vietoris sequence and we will, in Subsection 5.2.2, use

149



(a) d-neighbourhood of y in D. (b) LK® y at scale . (c) St’ y at scale e.
Figure 5.2: FExamples of a data point y and its J-neighbourhood in a point cloud, the é-link of
y and the closed d-star of y. We show the data point y in red and its d-neighbourhood in light
red highlighting the points within § in blue. We use the data points within the §-neighbourhood to
build a Vietoris—Rips complex (see Chapter 2, Subsubsection 2.3.1.1 for definition) for a set filtration
value € > 0, which represents the simplicial complex X in the definitions of the §-link and the closed
d-star. We only show the subcomplexes of the Vietoris—Rips complex (or their extensions in the case
of the closed d-star) that are relevant to the illustrated definitions.

property 5.23 to define a new landmark selection method, in which we select points
y in a data set D which are ‘closest’ to giving us the desired isomorphism between
PH,(D\ y) and PH,(D) as landmarks. In Section 5.3 we demonstrate that local

PH can also be used on its own to retrieve local geometric information about a data

point on a surface.

5.2 Outlier-robust landmark selection in large and
noisy data sets

5.2.1 Existing landmark selection methods

The two standard methods for selecting landmarks L. € D in adataset D = {y1,...,yn}
are random landmark selection and the maxmin algorithm. Both are implemented
as standard procedures for use in combination with the lazy witness filtration in

JAVAPLEX [247].
5.2.1.1 Random landmark selection

The simplest way to choose landmarks L = {ly,ls,...,[,} from a point cloud D is to

select m points from D uniformly at random. For data sets whose points are evenly
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Random Landmarks (dimension 0)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Random Landmarks (dimension 1)
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Figure 5.3: Example of a point cloud and landmarks selected at random (landmarks are shown in
cyan). We observe that the dimension 1 barcode based on a Vietoris—Rips filtration on the selected
landmarks does not capture the persistent homology of the point cloud correctly.

distributed, random selection achieves good coverage at a small computational cost.
However, as soon as there are large differences in the density of the data, random
selection will favour points from more dense regions, which can result in landmarks
that do not represent the point cloud well. In extreme cases, the landmarks do not

carry any topological similarity to the original point cloud. We show such an example

in Fig. 5.3.
5.2.1.2 The maxmin algorithm

The sequential mazmin algorithm chooses the first landmark [; € D randomly. In-
ductively, for i > 2 and a landmark set L;_1 = {l1,ls,...,l;_1}, the algorithm selects

the next landmark I; € D\ L;_; such that for a chosen metric d the function mapping

Y= d(y7 Li—l)a

is maximised, where d(y, L) = miner, d(y, ) for a given a distance functiond : D x D — R
and y € D.

We show pseudocode for the procedure in Algorithm 1. The method has been used
successfully for image data in [1,67]. Landmarks chosen this way tend to cover the

data set well, are evenly spaced, and represent the underlying topological features
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Algorithm 1 The maxmin algorithm (from [4])

Input: Data points D = {y1,...,yn},
a distance function d: D x D — R
number of landmarks m.
Output: A set of m maxmin landmarks L = {l4, ..., }.
Select y € D at random
ll — Uy
L1 — {ll}
Dy« D\ {l1}
fori =2 tomdo
for all y € D;_, do
Calculate d(y, L;_1)
end for
Find lz such that d(lz, Li—l) = MaXyep d(y, Li—l)
D; < D1\ {l;}
end for

better than landmarks selected at random. The algorithm does, however, tend to
include outliers [4,86]. We show an example of a point cloud where the selected

landmarks do not represent the underlying topology of the data correctly in Fig. 5.4.

De Silva and Carlsson [86] state that the maxmin algorithm is best suited to
produce the qualities desired from landmarks. They do not recommend the use of
clustering algorithms as an alternative due to the high computational cost and po-
tential to accentuate accidental features. In our own investigations, we found that
in the work of Lockwood and Krishnamoorthy [165], the maxmin algorithm leads to
the discovery of loops in the data set. We did not obtain these loops using random
landmark selection. When we discarded a small proportion of the landmarks chosen
by maxmin from the data set and chose a new set of maxmin landmarks from the
remaining data points, we also no longer observed the loops. These significant differ-
ences in the results have led us to believe that maxmin is far from ideal for landmark

selection.
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MaxMin Landmarks (dimension 0)

'
0.5 1 15

MaxMin Landmarks (dimension 1)

0.5 ‘; 1‘.5
Figure 5.4: Example of a point cloud and landmarks selected by the maxmin algorithm (landmarks

are shown in dark blue). We observe that the dimension 1 barcode based on a Vietoris—Rips filtration
on the selected landmarks does not capture the PH of the point cloud correctly.

5.2.1.3 Dense core subsets

In the JAVAPLEX tutorial, Adams and Tausz [4] mention that using so-called dense
core subsets before applying the maxmin algorithm can help overcome the selection
of outliers as landmarks. This approach, however, is not considered as one of the
standard approaches for landmark selection and we did not find examples where it
was used for this purpose. De Silva and Carlsson [86] and Carlsson et al. [67] use dense
core subsets to identify dense regions in their data sets. The authors subsequently
use the maxmin landmarks to study the topology of these dense regions.

Dense core subsets are based on assigning density values to every point: for an
integer K, the density value assigned to a point y € D is px;(y)’ where pg(y) is the
distance to the K-th nearest neighbour of y. Large values of K provide a measure of
the global density around the point in the data set, while smaller values of K give a
more local perspective. Using the density values, one can select the m densest points
in the data set as a dense core subset. Given a data set, it is not clear what values
of K to use. As shown in [86], different values for K and m can produce markedly
different subsets.

For our comparisons in Subsubsection 5.2.5.3, instead of selecting a dense subset
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and then performing the maxmin algorithm to select landmarks, as proposed by
Adams and Tausz [4], we choose the m densest points in the data as landmarks.
This enables us to determine whether the information on which our own landmark
selection technique (PH landmarks) is based differs from that given by the K-th

nearest neighbour of a data point.

5.2.2 Proposed landmark selection methods

As we have seen, the currently existing methods for landmark selection from a point
cloud that enable PH analysis on large point data sets are not ideal and have, in
particular, not been designed with PH in mind. De Silva and Carlsson [86] state the
most pertinent qualities for a landmark set to be good coverage of the data set and
even spacing spacing of the landmarks. While these are certainly important properties
for many data sets, we find that, regardless of whether the landmarks are intended for
use in combination with the lazy witness complex or simply as a subset of the data
set to apply PH to, the aim of a landmark selection method should be to represent
the underlying topology of the data set. Since outliers can artificially introduce
topological features such as loops, we in particular require outlier-robust landmark
selection techniques. Based on these observations we formulate the following goals

for landmark selection methods intended for TDA:

1. Good representation of the underlying topology of the data set, even at low
sampling densities with small variance of the results between different landmark

realisations.

2. Robustness to outliers, ideally including a measure for how much we consider a

specific point to be an outlier.

We now introduce two landmark selection methods that we apply to achieve these

goals: Persistent homology landmarks (PH landmarks) and & — — landmarks. We
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design Persistent homology landmarks specifically for the application of PH, while
k — — landmarks is a variant of the k-means algorithm, whose properties make it a
promising candidate to overcome the downsides of both the random and the maxmin

landmark selection.
5.2.2.1 Persistent homology landmarks

As outlined in Section 5.1, we mathematically motivate our landmark selection method
by observation 5.23 which we can reformulate for point cloud data D and PH in the
following way: if for a data point y € D and a neighbourhood radius 6 > 0 we can

ensure that PH,(Lk’ y) = PH,_,(Lk’ y) = 0, then for n > 0 we obtain:

0% PH,(D\y) % PH,(D)% 0, (5.24)

where PH,, denotes the n-th homology groups associated with the different filtration
steps. As we are working with data however, we are unlikely to achieve such strict
conditions. For PH, (LK’ y) = PH,_;(Lk’ y) ~ small, however, we obtain some-
thing close to an isomorphism between PH, (D \ y) and PH,(D). As a measure for
PH, (LK’ 3), for every point y € D we use the maximal persistence’ of a non-infinitely
persisting feature across dimensions n = 0, 1, 2. We call this value the PH outlierness

outpy(y) of the point y € D:

Definition 5.2.1 (PH outlierness of a point y € D). Let D be a point cloud, y € D
a data point, d : D x D — R a distance function, A, = {g € D\ {y} | d(7,y) < 6},
n=0,1,2 and B,(y) = {[m, Q)}finl) the n-dimensional barcode of the Vietoris-Rips

filtration performed on A, excluding infinitely persisting features. Then

outpp(y) = max maic( ){CZ — i},
n  4=1,..,I(n

is the PH outlierness of y.

"See Chapter 2, Subsection 2.2.2 for a definition.
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The larger the PH outlierness of a point is, the further away we are from an isomor-
phism between PH, (D \ y) and PH,(D). Consequently, the inclusion or exclusion
of the point changes the PH of the data set more than for a point with a small PH
outlierness value. Under the assumption that each point has at least two neighbours
within distance §, the choice of ¢ determines by how much we allow the Bottleneck
distance® between the persistence diagrams of the filtration on the point cloud con-
taining y and a point cloud not containing y to differ. We can therefore think of it
as a resolution parameter.

Interestingly, there are now two approaches one can take for the interpretation of

the PH outlierness values for landmark selection:

1. Landmarks should be points with small PH outlierness values, since then their
inclusion or exclusion in the full data set does not alter the PH of the full data
set dramatically. Hence, the landmarks represent the data well and they do not
introduce accidental topological features that can, for example, be caused by

outlier points in the landmark set.

2. Landmarks should have large PH outlierness values, since then we are far away
from an isomorphism between PH, (D \ y) and PH, (D). This means that the

exclusion of such points from the data set would change the PH dramatically.

In practice, it is not immediately clear which approach works better. We therefore
consider both. To avoid choosing points as landmarks that are very far away from
other data points, we determine points S = {s1,...,s,} with fewer than two neigh-
bours within their d-neighbourhood to be super outliers. We include super outliers
into the landmark set only once all other points have been chosen as landmarks. Note
that the resolution parameter ¢ strongly influences the number of super outliers. As

long as we have enough points in the data set that are not considered to be super

8See Chapter 2, Subsubsection 2.4.1 for definition.

156



outliers, we choose our landmarks to be the points L = {l1,ls,...,l,} C D\ S such
that outpr(l;) < outpu(y) for all y € D\ {L U S} and i = 1,...,m for approach 1
and outpy(l;) > outpu(y) for all y € D\ {L U S} and i = 1,...,m for approach 2.
We call the set of landmarks obtained by this procedure PH landmarks. We show
the pseudocode for PH landmarks using approach 1 for the interpretation of the PH
outlierness values in Algorithm 2, an algorithm for approach 2 can be formulated

accordingly.

Algorithm 2 The PH landmark algorithm

Input: Data points D = {y1,...,yn},
a distance function d : D x D — R
number of landmarks m,
local neighbourhood radius § > 0.
Output: A set of m PH landmarks L = {l1,...,l»}, a set of o super outliers
S = {515}
for all y € D do
Find A, = {y € D\ {y} | d(7,y) < 0}
if |[A,| > 1 then
Compute Vietoris—Rips filtration for A, for n = 0,1, 2.
Compute outpy(y)
else
S+ Su{y}
end if
end for
Re-order the points in D\ S such that outpu(y1) < outpr(ys) < -+ < outpu(yn—o)
L« {yb e 7ymin{m,N—o}}
if N —o < m then
L+ LU{S1,...,8m _Nio}
end if

In practice, we find that outpy(y), when considering all PH dimensions, is usually
determined by dimension 0, where we find the longest non-infinitely persisting features
in our data sets. To avoid this, one can also apply Algorithm 2 with restriction to one
particular dimension in the PH calculation, for example dimension 1. In this case, it
is important to note, that one can obtain data points y with outpy(y) = 0. To avoid

that the order of inclusion of such points in the landmark set is determined by the
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ordering of the points in the original data set, which could, for example, favour noise
points to be added before signal points or vice versa, we ensure that all points with

outpy(y) = 0 are randomly permuted in the ordering of the data by PH outlierness.
5.2.2.2 k — — landmarks

The k-means—— algorithm was developed by Chawla and Aristides [71] to overcome
the extreme sensitivity of the k-means algorithm® to outliers. The authors formulate
their approach as a generalisation of the k-means algorithm: for an input data set
D = {y1,...,yn} the algorithm provides a set of k cluster centres L= {il, . Zk}
and a set of j outliers O = {oy,...,0;}, O C D. For a given distance function

d:D x D — R and y € D the authors use the following term in their algorithm:

~ A

c(y, L) = argmind(y,1). (5.25)
leL

We show the pseudocode in Algorithm 3.

For our application of the algorithm to landmark selection, we further define:

A A

¢(D,1) == argmind(y,1). (5.26)
yeD
We show our modified version of the k-means—— algorithm in Algorithm 4.

5.2.3 Implementation

We implement PH landmark selection method in MATLAB using RIPSER [32] for the
computation of the local Vietoris—Rips complexes. We also implement the k — —
landmarks algorithm in MATLAB. For the calculation of maxmin landmarks, random

landmarks, and dense core subsets we use the inbuilt functions in the JAVAPLEX

package [247].

9For a description of the k-means algorithm see also Chapter 4, Subsubsection 4.4.4.1.
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Algorithm 3 The k-means—— algorithm [71]

Input: Data points D = {y1,...,yn},
a distance function d: D x D — R,
number of clusters k£ and number of outliers j.
Output: A set of k cluster centers L = {Zl, e ,Zk},
a set of j outliers O = {o0y,...,0;}, O C D.
Lo < {k random points of D}
141
while (No convergence achieved) do
for all y € D do
compute d(y, L;_1)
end for
Re-order the points in D such that d(y;, [:Z-_l) > d(ye, ﬁi_l) > >d(yn, I:i_l)
Oi < {y1,-- -, Ur}
Di = D\ O; = {Yry1,-- -, Yn}
forr =1tokdo ) R
P {yeDi|cly Li1) =lic1,}
l}ﬁ,. < mean(P,)
end for
Li — {lin, ... i}
11+ 1
end while
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Algorithm 4 The k-means—— algorithm [71] modified for landmark selection (our
changes and additions are highlighted in blue)

Input: Data points D = {y1,...,yn}, a distance function d : D x D — R, number
of clusters k and number of outliers j.
Output: A set of k cluster centers L = {ly,...,ly}, L C D,
a set of j outliers O = {o0y,...,0;}, O C D.
Lo < {k random points of D}
€y = -1
141
while (continuation_criterion > 10~* and i < 100 ) do
for all y € D do
compute d(y, l;_1)
end for
Re-order the points in D such that d(y;, ii_l) > d(ya, f)i_l) > >d(yn, I:l-_l)
O < {y1, -, Uk}
D; <= D\ O; = {Yr+41,-- - YN}
forr=1to k do ) )
P {yeDi|cly,Li-1) =li-1,}
l}vr < mean(F,)

end for

Ei < {Zi,la S sz}

for y € D; do
compute d(y, L;)

end for

€ < Y yep, Ay, Li)?
continuation_criterion < |e; — e; 1
11+ 1
end while
L+ 0
Dy + D
while |L| < k do
for [ € L do R
mj <— mingep, d(y, 1)
end for
Re-order {I, ... ,I.} such that my, <my, < --- < my,
s+ 1
repeat
L + LU {y,}, where y, = &(Dy, 1)
s4s+1
until y, = y; for some t < s
L L\ {y.}
DL — DL \ L
L+« L\{hL,...,l,_1}
end while
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5.2.4 Data sets

We introduce the data sets to which we apply the different landmark selection meth-
ods. The data sets are chosen to be simple to allow us to determine effects of the
landmark selection. The data sets consist of signal points that are sampled from a
topologically interesting structure — a sphere, a Klein bottle, or a torus — and noise

points that we design to be topologically different from the signal.
5.2.4.1 3-dimensional data sets

Sphere-cube data set For a given number of points N and probability p we sample
points uniformly at random from the surface of the unit sphere with probability p

and points from the (filled) cube [—1,1]*> C R?® with probability 1 — p.

Sphere-plane data set For a given number of points /N we sample points uniformly
at random from the surface of the unit sphere with probability p and points from the

zy-plane [—3, 3]*> C R? with probability 1 — p.

Sphere-line data set For a given number of points N we sample points uniformly
at random from the surface of the unit sphere with probability p and points from

(e, 0,0), where a € [—50,50] C R, with probability 1 — p.

Sphere-Laplace line data set For a given number of points N we sample points
uniformly at random from the surface of the unit sphere with probability p and
we sample points from («,0,0) with probability 1 — p, where « is sampled from
[—50,50] C R and Laplace distributed with x4 = 4 and o = 0.5. We use the Laplacian

random number generator code [72] to generate .
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5.2.4.2 4-dimensional data sets
Torus data set We use the following parametrisation of the torus 7:

(z,y,2,w) = (cos(7), sin(y), cos(¢p), sin()),
where v, p € (0,27). We add noise Tjise to the torus using the equation
(Znoise, Ynoise Znoise, Wnoise) = (7% cos(y), 7 * sin(y), 7 * cos(p), 7 * sin(p)),
where 7,7 € (0,2).

For a given number of points N we sample points uniformly at random from 7T

with probability p and points from 7,4 With probability 1 — p.

Klein bottle data set We use the following parametrisation of the Klein bottle
K:
x = cos(y) * (r xcos(p) + C),
y = sin(7) * (r % cos(i9) + C),
z = cos(y/2) x r * sin(p),
w = sin(y/2) * sin(yp),
where v, € (0,27), r = 3 and C' = 2. We define noise Kpise for the Klein bottle
using the equations:
Tnoise = COS(7Y) * (Tnoise * COS(¥) + Choise),
Ynoise = SIN(Y) * (Fnoise * €08(0) 4 Croise);
Znoise = COS(7Y/2) * Fnoise * sin(ep),
Whoise = Sin(7/2) * sin(y),
where 74ise 18 sampled uniformly from the interval [2,4] C R and Cjise is sampled
uniformly from the interval [1,3] C R. We use and adapt the code from [190]. For

a given number of points N we sample points uniformly at random from K with

probability p and points from &, With probability 1 — p.
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5.2.5 Results

We present our results for the proposed landmark selection methods. For all methods
we use the Euclidean distance as distance function and all data sets consist of 3000
points. We first study the PH landmark selection method in detail on the sphere-
cube data set with p = 0.6, then proceed to showing our results in comparison to the
current standard methods on the various data sets, and finally compare our methods
to the dense core subsets also investigating the influence of the § parameter on the

performance of the method.

5.2.5.1 Persistent homology landmarks case study on the sphere-cube
data set with p = 0.6

We apply PH landmark selection with § = 0.2 to the sphere-cube data set where a
data point has a probability of 0.6 to be located on the surface of the unit sphere
and 0.4 to be located in the unit cube. For all of our data sets, we find that the PH
outlierness values, as defined in Def. 5.2.1, are determined by the maximal non-infinite
bar in the dimension 0 barcode as this tends to be much longer than the persistence
of any feature in the higher dimensional barcodes. We show example barcodes for
dimension 0 for a noise point, a sphere point, and a super outlier in Fig. 5.5. In
general, we expect a noise point to be located in a sparser region of this data set
and thus to either be classified as a super outlier, or to exhibit a barcode with a
small number of long bars and very few, or no, short bars. For a sphere point, we
expect the dimension 0 barcode to have many short bars and occasionally some longer
bars caused by noise points that lie within the d-neighbourhood. Note that for the
examples in Fig. 5.5, we choose the noise point with the highest outlierness score and
the sphere point with the lowest outlierness score in the data set to illustrate ideal
cases for the method. We find that for these example points, the dimension 0 barcodes
behave as expected. To explore whether the outlierness scores reflect the properties

of the different types of points as expected, we consider histograms of the outlierness
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Figure 5.5: Schematic illustration of three different types of points y found in the sphere-cube
data set, p = 0.6, and their local dimension 0 barcodes for 4 = 0.2: noise point, sphere point, and

super outlier. The d-neighbourhoods are shown in light red balls around the corresponding data

points. We calculate the PH outlierness outpp(y) for every point based on its local Vietoris-Rips
barcode and ignore super outliers. We highlight the bars in the barcodes that are used to determine

outpy(y) in yellow.
scores (as per Def. 5.2.1) of all data points in Fig. 5.6. We find that we have 48 super
outliers in the data set. For the noise and sphere points, we can see that the outlier
scores are distributed differently and that by including points with low outlier scores
as landmarks first, we should preferentially obtain sphere points rather than noise
points. This corresponds to approach 1 described in Subsubsubsection 5.2.2.1.

As our landmark selection approach is motivated by Equation 5.24 which holds
for PH in dimensions n > 0, it is not immediately clear that approach 1 is also
preferable both for n = 0 and restriction to dimensions n > (0. We examine a variant
of the method where we restrict ourselves to local PH in dimension 1. In this case

the PH outlierness values correspond to the persistence of the most persistent feature
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Figure 5.6: Histograms of the PH outlierness outpy(y) values obtained on the sphere-cube data
set, p = 0.6, from local PH with 6 = 0.2. The horizontal axis represents the outlierness scores, the
vertical axis shows the number of points.

in the local dimension 1 barcode. We show a histogram of the distribution of the

PH outlierness scores in Fig. 5.7. We observe that the clearest difference between the

PH outlierness scores dim 1
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Figure 5.7: Histograms of the PH outlierness outpy(y) values obtained on the sphere-cube data
set, p = 0.6, from local PH with § = 0.2, considering only features in dimension 1. The horizontal
axis represents the outlierness scores, the vertical axis shows the number of points.

sphere points and the noise points is the fact that a large proportion of noise points
has outpy(y) = 0, while a clear majority of the sphere points has outpy(y) > 0. This
can again be explained by the fact that sphere points have more neighbours within

their §-neighbourhood and therefore are more likely to form features in dimension 1.

From these observations it seems more beneficial to use approach 2, described in
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Subsubsection 5.2.2.1, for landmark selection based on dimension 1 (and analogously
probably in higher dimensions in other data sets). For PH landmarks based on
dimension 1 we thus choose points with large PH outlierness scores as landmarks and
discard points with low PH outlierness scores from the data set as outliers whose

removal does not alter the PH of the data set much.

5.2.5.2 Comparison of persistent homology landmarks and £ — — land-
marks to standard landmark selection methods

We compare our proposed methods for landmark selection, the £ — — landmarks and
the PH landmarks, to the current standard methods for landmark selection, i.e. ran-
dom landmarks and maxmin landmarks. As mentioned before, we use the Euclidean
distance as our distance function for all methods. Using the different techniques we
choose m landmarks from N data points. This corresponds to a landmark sampling
density of &. For the k —— landmarks, we define the number of clusters to be k = pm
and the number of outliers to be j = (1 — p)m, where p is the probability with which
a point in the respective data set was sampled from the signal data, i.e. the sphere,
torus, or Klein bottle. We consider both the case where we choose the k — — cluster
centres and the outliers found by the algorithm as our landmarks as well as the case
where we only consider the &k — — cluster centres to be landmarks. For the PH land-
marks we choose § = 0.2 for the 3-dimensional data sets, § = 0.5 for the torus data
and 0 = 0.6 for the Klein bottle. In all our data sets, we find that when looking for
the maximal persistence of a feature across all dimensions'?, the value of outpy(y) is
exclusively determined by dimension 0. We therefore also include a variation of PH
landmarks that only considers the local dimension 1 barcode for the calculation of
outpy(y). For the PH landmark version where we use all dimensions to determine the

outlierness scores, we choose data points with outpy(y) ~ small as our landmarks, for

10T practice, we compute dimensions 0, 1, and 2.
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the version where we restrict ourselves to dimension 1, we choose points with large
outlier scores as landmarks.

For all our data sets, our aim for the landmarks is to contain a high fraction of
signal points, even when sampling only a small fraction of the data as landmarks. In
Figures 5.8-5.13 we show plots of the fraction of signal points in the various landmark
sets at different sampling densities. Since in the PH landmark selection we allow super
outliers as landmarks once all other points are taken, we expect the fraction of signal
landmarks for sampling density 1 to represent the probability of signal points in the
data set, except in the variant of the k& — — landmarks where we include only the
cluster centres as landmarks (referred to as ‘kMinusMinusOutlierFree’ in the plots).
Note that for this variant of £ — — landmarks for data sets with p < 0.5, it is possible
to obtain a signal fraction of 0 even for sampling density 1 if the algorithm selects all
k = pm cluster centres to be located among noise points. For the maxmin, random
and k — — landmarks we show the average fraction of signal points and its standard
deviation across 20 selections.

As expected, we observe that the maxmin algorithm performs very badly and
tends to select noise points as landmarks for all data sets with only one exception
(see Figures 5.8-5.13). For the sphere-Laplace data, the maxmin algorithm performs
well (see Fig. 5.11), as the noise is located in a cluster far away from the signal
and hence maximising the distance between landmarks results in many points being
selected from the sphere. The fraction of signal landmarks for random selection also
behaves as we expect for all data sets in Figures 5.8-5.13: the selected landmarks
are representative for the whole data set with an almost constant fraction of signal
points over all sampling densities that corresponds to the fraction of signal points
in the data set. For the k£ — — landmarks, we can see a clear improvement in the
signal fraction in most data sets in Figures 5.8-5.13 when considering only cluster

centres as landmarks — the inclusion of outliers gives the k& — — landmarks similarly
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bad properties as the maxmin landmarks. The £ — — landmarks that do not include
outliers tend to perform well for high sampling densities, where the number outlier
points corresponds roughly to the number of noise points in the data set. For low
sampling densities however, the method only outperforms random selection for most
of the sphere-cube and Klein bottle data sets (see Figures 5.8 and 5.13). For the
sphere-plane, sphere-line and the sphere Laplace-line data sets the reason for this lies
in the nature of the noise, which leads to the selection of cluster centres in the noise
data. We also notice large standard deviations from the average fraction of signal
points in the £ — — landmark over 20 realisations.

With exception of the sphere-line and sphere-Laplace data sets (see Figures 5.10
and 5.11), the PH landmark selection techniques both outperform the standard meth-
ods as well as the kK — — landmarks clearly for most cases, especially for low sampling
densities. Interestingly, the £ — — landmarks perform very well on the Klein bottle
data set (see Fig. 5.13), beating PH landmarks for very small sampling densities. For
the sphere-line and sphere-Laplace data sets (see Figures 5.10 and 5.11), the dimen-
sion 1 version of the PH landmarks outperforms all other methods for low sampling
densities while the version considering all dimensions performs worse than all other
methods in most cases. The noise in these data sets is located on lines in comparably
dense regions of the data set where the local PH does not find any topological features
in dimension 1, but many short lived features in dimension 0. In general, the two
versions of PH landmarks start coinciding as soon as super outliers are added to the
data set which we can observe in the plots as a rapid drop in the fraction of signal
points. We add the super outliers to the landmarks in random order (once all other
points are already selected as landmarks) and hence both PH landmark methods
differ only slightly in the development of their signal fractions after the addition of
super outliers. We note there are cases in which the PH landmarks thrive because the

points that are not super outliers are predominantly signal points. This is not the case

168



for the sphere-line and the sphere-Laplace data sets with p = 0.6 (see Figures 5.10
and 5.11) for which the dimension 1 PH landmarks perform very well. Both of these
data sets have less than 4 super outliers. Interestingly, there seems to be a trend
for the dimension 1 landmarks to outperform the dimension 0 landmarks on data
sets with high signal content, i.e. for p > 0.6 across all data sets. For lower signal
content the PH landmarks considering all dimensions (although only dimension 0 in
practice) performs strongly. For the Klein bottle data set, the dimension 1 version of
the method outperforms the version considering all dimensions in almost all cases.
Overall, the results underline that PH landmarks represent the PH of the data
set well and are robust to outliers, in particular for low sampling densities. They
outperform standard methods in a large majority of cases and, moreover, give us a
notion of how much a point can be considered an outlier for the respective variant of
the method. k— — landmarks perform better than random selection in most cases and
perform very well, in particular, for high sampling densities. Given the much higher
computational cost and the large fluctuations in signal fraction between different
realisations of the method, using random selection instead of k — — landmarks could

however present a more practical approach.
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Figure 5.8: Comparison of the fraction of sphere points in selected landmark points for different
landmark selection techniques on the sphere-cube data set for § = 0.2.
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Figure 5.11: Comparison of the fraction of sphere points in selected landmark points for different

landmark selection techniques on the sphere-Laplace data set for § = 0.2.

5.2.5.3 Comparisons between persistent homology landmark selection meth-
ods and dense core subsets

We now provide a more in detail study of the two PH landmark selection techniques,
in particular concerning the influence of the § parameter. We also compare the
techniques to two dense core subsets, using for K = 1 and K = 50, which we consider

as landmark sets. We present our results in Figures 5.14 — 5.19. We present only the
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Figure 5.12: Comparison of the fraction of sphere points in selected landmark points for different
landmark selection techniques on the Torus data set for 6 = 0.5.
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Figure 5.13: Comparison of the fraction of sphere points in selected landmark points for different
landmark selection techniques on the Klein bottle data set for § = 0.6.
plots for data sets with a signal probability p = 0.6.

For the dense core subsets, we find that for all data sets except the sphere-plane,
sphere-line, and sphere-Laplace data sets (see Fig. 5.15 — Fig. 5.17) the local density
measure K = 1 outperforms the more global density measure K = 50. Indeed, in
these cases, the dense core subset with K = 1 captures a larger fraction of signal
points than most of our PH landmarks. For the sphere-cube data set (see Fig. 5.14),
we seem to outperform the dense core subset with K = 1 for a small range of low
sampling densities for 6 = 0.05, which is a ¢ value where most of the data points are
classified as super outliers. Our definition of super outliers as points with less than
two neighbours in their §-neighbourhoods, seems to imply that, for this data set, the
distance to the second closest neighbour is more relevant for low sampling densities
than the distance to the closest neighbour. Interestingly, for the data sets where the

local dense core subset with K = 1 performs well (see Figures 5.14, 5.18, and 5.19 ),
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we also see that smaller values of § give us better results, both for the all dimension
PH landmark version and the restriction to dimension 1. For the sphere-line data
set (see Fig. 5.16), where we have a better performance for the dense core subset
with K = 50, larger d-neighbourhoods are more advantageous for both PH landmark
versions. In this case, we perform as well as the dense core subset with K = 50
for 6 = 0.3,0.35,0.4 in the dimension 1 PH landmark version. The sphere-Laplace
data set (see Fig. 5.17) is the only data set where PH landmarks clearly outperform
both dense core subsets, although only in dimension 1. Here again, we find the trend
that larger ¢ values are advantageous for PH landmarks in dimension 1. That dense
core subsets perform well on most of our data sets is determined by the fact that
our signal points tend to be in denser regions than the noise points. It is only in the
case of the sphere-Laplace data set (see Fig. 5.17), where the noise does not obey this
characteristic and we observe that the local PH information in this case is richer than
the distance to the K-th neighbour.

Overall, the PH landmarks outperform all standard techniques on most data sets
as well as two dense core subsets on one data set for a broad range of d-values. To
obtain signal fractions that are high and stable over a long range of low sampling
densities it appears to be advantageous to choose ¢ as small as possible without
having too many super outliers in our data sets. We motivated our choices of § on
our data sets in Subsubsection 5.2.5.2 using this approach. For very small sampling
densities, it can seem of advantage to choose a d-resolution such that only a small
number of points are non-super outliers. In these cases however, good results are only
obtained based on density characteristics rather than local PH characteristics. We
show how the number of super outliers depends on the choice of § in Fig. 5.20. We
observe that it is indeed the case that small § values lead to a drastic increase in the
proportion of super outliers in the data set. This underlines that, even though one

can think of § as a resolution parameter, depending on the data set, the proportion
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of super outliers is an important factor to consider.
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Figure 5.14: Comparison of the fraction of sphere points in selected PH landmark points for
different values of § and dense core subsets on the sphere-cube data set, p = 0.6. We show the PH
landmarks version where we consider all dimensions in the PH outlierness score calculation (left)
and the version restricted to dimension 1 (right).
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Figure 5.15: Comparison of the fraction of sphere points in selected PH landmark points for
different values of § and dense core subsets on the sphere-plane data set, p = 0.6. We show the PH
landmarks version where we consider all dimensions in the PH outlierness score calculation (left)
and the version restricted to dimension 1 (right).
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5.2.6 Summary and discussion

We proposed two outlier-robust landmark selection techniques, k& — — landmarks
and PH landmarks. PH landmark selection is the first landmark selection method
developed specifically for the use of PH.

The k£ — — landmarks outperformed existing standard landmark selection methods
—random selection and maxmin selection — in many cases. They however tended to do
so for large sampling densities, which are not the most relevant for a good landmark
selection technique. While £ — — landmarks did meet our goals for an outlier-robust
landmark selection technique, this algorithm has a high computational cost and is
difficult to use on a data set with unknown properties as one has to predetermine the
number of outliers for the algorithm to find.

We found that PH landmarks outperformed the existing standard landmark selec-
tion techniques on data sets containing noise, in particular for low landmark sampling
densities. We observed this for a wide range of § resolution values. In most of our
data sets, the restriction to dimension 1 for calculating the outlierness values slightly
outperformed the version considering all dimensions (which coincides with a restric-
tion to dimension 0 in our cases) for data sets with a high signal content and a low
noise content, while dimension 0 performed better for higher noise content. Note
that for dimension 0 PH landmarks, we used points with small outlierness values as
landmarks, while for dimension 1 PH landmarks we used points with large outlierness
values as landmarks. Based on the Mayer-Vietoris sequence 5.24, the latter approach
seems more intuitive and the difference between the two approaches could be a reflec-
tion of the fact that our observation 5.24 for the sequence only holds for dimensions
n > 0.

PH landmark selection restricted to dimension 1 was able to outperform dense core
subsets showing that the method can capture richer information than just considering

the K-th nearest neighbour as shown on the sphere-Laplace data set. Unfortunately,
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on many of our data sets, PH landmarks were outperformed by dense core subsets
due to the fact that the signal points tend to be located in denser parts of the data set
than noise points. In the future, it would be beneficial to study more data sets, for
example, more sparse data sets, to observe whether PH landmarks can outperform
dense core subsets in these cases. It is also important to note that, in some cases,
the success of PH landmarks was caused by the exclusion of super outliers with fewer
than two neighbours in their J-neighbourhood, which can be interpreted as being
equivalent to setting a threshold on the distance to the second closest neighbour of a
point. Overall, we however consider PH landmarks to be a more practical approach
than dense core subsets since they only require the choice of one parameter, 4. In
contrast, when applying dense core subsets as suggested in [4], one needs to choose the
parameter K to obtain a density estimate, followed by the number of densest points
to be chosen from the data set, which are then used to obtain maxmin landmarks.
In [86], the authors observed that when studying dense core subsets the choices of
parameters can indeed result in strong topological differences in the selected point
clouds.

PH landmark selection could further be improved, for example, by considering
a different definition of the measure of outlierness. Another approach could be to
remove the point considered the most extreme outlier in the data set (excluding super
outliers) according to its PH outlier value, to recalculate the PH outlierness values
for the remaining data points, and to repeat the computation until all data points are
assigned an outlierness value. As we currently only calculate the outlierness values
with respect to removing the points from the full data set, we do not take the changes
into account that occur by removing points within the same d-neighbourhood.

In summary, of our two proposed landmark selection techniques, K — — landmarks
and PH landmarks, PH landmarks performed very well on our test data sets. PH

landmark selection fully met our goals of finding landmarks that represent the topol-
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ogy of a data set well, as well as being robust to outliers. In addition, the method
provides a measure for how much we consider a specific point to be an outlier and a
set of super outliers that are so far away from other data points, that they should be
ignored as landmarks. The PH outlierness values as well as the number of super out-
liers with respect to the § resolution could also be used to provide interesting insight
into data sets for exploratory data analysis. Although further investigations will be
necessary to test the applicability to real-world data sets, PH landmarks contribute
a valuable alternative to the current standard landmark selection techniques for PH,

in particular for noisy data sets.

5.3 Classification of data points on intersecting sur-
faces

Building on our notion of local PH described in Section 5.1, we use a similar idea to
classify points on intersecting surfaces. Consider a data set that consists of points
sampled from two intersecting bounded planes. Based on the location of the points
on the intersecting planes, we can distinguish three different types of points: points
close to a plane boundary (we refer to these as boundary points), points close to or
in the intersection of the planes (we refer to these as intersection points), and points
that are neither close to the intersection nor close to a boundary (we refer to these as
inner points). Identifying points close to intersections is of great interest, for exam-
ple in fields such as algebraic geometry, where intersections are relevant for sampling
techniques from algebraic manifolds (see for example [51]), but also in a wider data
science context for data which does not satisfy the manifold hypothesis [105]. We
develop a method that can detect points close to geometric anomalies such as inter-
sections and boundaries which is fully based on local PH. We take two approaches
to classify the points: classification via distance measures on the local PH output

and classification via features in the local dimension 1 barcodes. Since intersections
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can also be detected using a local version of principal component analysis (PCA), see
for example [169,170], we further compare our classification via features in the local

dimension 1 barcodes to this approach.

5.3.1 Classification via distance measures

For classification via distance measures, we consider a neighbourhood of size § > 0
around every point y € D, which includes all data points that are within distance
0 of y. As for the PH landmarks in Subsection 5.2.2.1, we define the local PH of
the point to be the §-Link of the point, which we obtain by calculating the Vietoris—
Rips filtration on the points within the d-neighbourhood excluding the point itself.
We then map every point to its local barcodes' By, (y) = {[n:, &)} in dimensions

n=20,1:

y = Baly) = {[mi, G, (5.27)

We use the barcodes to compute distance matrices D, for dimension 0 and D; for
dimension 1, where D,, = (d(B,(ys), Bn(y;)))i;1 for a given distance measure d. We
use the Bottleneck distance'? and the Wasserstein distance (using Lo, and p = 2 in
the definition provided in Chapter 2, Subsubsection 2.4.1). In addition, we convert

the barcodes to persistence landscapes'® and compute the L, distance. We apply

k-medoids clustering [148] to the obtained distance matrices.

5.3.2 Classification via local dimension 1 persistent homol-
ogy features

Our second classification method is based on the following observation: consider again

data points sampled from two intersecting bounded planes. For a ‘reasonable’ choice

of 6, we expect the local dimension 1 barcodes B;(y) to exhibit a different number of

persistent features depending on the local geometry around the point y:

1See Chapter 2, Subsection 2.2.2 for a definition.
12Gee Chapter 2, Subsubsection 2.4.1 for definition.
13See Chapter 2, Subsubsection 2.4.2 for definition.
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e For a boundary point y;,, we expect no persistent bars in By (yp).
e For an inner point y;, we expect one persistent bar in By (y;).
e For an intersection point y;,:, we expect at least two'® persistent bars in By (yns)-

However, the ‘reasonable’ choice for § is not trivial: it needs to be large enough
to enclose enough data points to produce features in dimension 1, but also small
enough to only produce the loop around the data point y as a persistent feature
in the barcode. Both of these factors depend heavily on the properties of the data
set and such a ¢ value might not always exist. In fact, for the intersecting planes
data set, we were not able to find a suitable ¢ value. We therefore choose a strategy
to enforce the desired persistent features in dimension 1: instead of considering the
points within a d-neighbourhood around every point, we consider the points within
a d-annulus around every point with an outer radius r,,; = ¢ and an inner radius of
Tin = ad for a < 1 (see Fig. 5.21).

We map every data point y € D to the number of features Ai(y) in dimension 1 of

its local annulus barcode By .., .. (y) = {[m, Q)}fi’;)

y = Ni(y). (5.28)

In Fig. 5.22 we show examples of the three types of points and the corresponding
dimension 1 barcodes from the Vietoris—Rips filtration on the points in their J-annuli.
We classify the data points y € D according to the value of Ni(y). We show our
classification procedure in Algorithm 5. We will later also refer to this method as

local PH.

14In a very small neighbourhood of an intersection point, the points around it form two circles
intersecting in two points. The dimension 1 homology group of two circles intersecting in two points
consists of three loops. However, since we are working with data, we often do not achieve such an
ideal scenario and we therefore expect to see intersection points with only two bars.
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Figure 5.21: Visualisation of a d-annulus around a point (shown in red) on the intersecting planes
data set for 7oyt = 6 = 0.3 and r;, = % -0.3. We show the points within the J-annulus in dark blue.

5.3.3 Implementation

We implement our method in MATLAB using RIPSER [32] for the computation of
the local Vietoris—Rips complexes. For the calculation of the Bottleneck and Wasser-
stein distances we use DIONYSUS [173], for the calculation of the persistent landscape
distance we use the PERSISTENT LANDSCAPE TOOLBOX [89]. We gratefully acknowl-
edge the use of a code for local principal component analysis (PCA) written by Jared
Tanner which we use for the comparison of our method to the detection of the singu-
larities via local PCA [169,170]. For the computation of the Hausdorff distance, we

use the MATLAB function HausdorffDist [84].

5.3.4 Data sets

We use three different data sets of increasing geometric complexity. All data sets

contain points close to intersections, in two data sets we also have points close to
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Local PH inner point (dimension 1)

N

ocal PH intersection point (dimension 1)

nt (dimension 1

Figure 5.22: An example of a boundary point, an inner point and an intersection point and their
corresponding local dimension 1 barcodes obtained from a Vietoris—Rips filtration on the points in
the d-annulus for roy; = § = 0.3 and r;, = % -0.3. As we expect, the barcodes of the three points
show a different number of features. Note that the intersection point example only has two persistent
bars rather than three as we would expect in an ideal scenario. This is often the case for data.

boundaries. Note that the points were not sampled to explicitly include points on

intersections or boundaries.
5.3.4.1 Intersecting planes

We sample 4000 points from two intersecting planes: the zy-plane [—2,2]?> C R? and
the yz-plane [—2,2]*> C R%. The probability for every point to be sampled from either

of the two planes is p = 0.5.
5.3.4.2 Cyclo-octane conformation space

The chemical molecule cyclo-octane Cs Hyg consists of eight carbon atoms that form a
ring. Each carbon atom is bound to two other carbon atoms and two hydrogen atoms.
Taking into account chemical and physical forces, cyclo-octane can take different

forms, called conformations, in 3-dimensional space depending on the location of
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Algorithm 5 Classification of points on intersecting surfaces via dimension 1 persis-
tent homology

Input: Data points D = {y,...,yn}, a distance function d : D x D — R, local
annulus outer radius 7., local annulus inner radius r;,.
Output: A set of points with no dimension 1 persistent homology D, C D,
a set of points with one persistent feature in dimension 1 D; C D,
a set of points with two or more persistent features in dimension 1 D;,; C D.
for all y € D do
Find annulus points [)y C D such that 7, < d(y,7) < rou for every g € Dy
if | D, |> 2 then
Compute dimension 1 persistent homology of Vietoris—Rips filtration on

Dy \ {y}

Calculate number of bars Ni(y) with persistence > 7, — i
if Mi(y) == 0 then
Db — D(, Uy
else if Ni(y) == 1 then
D; <+ D;U Yy
else if Ni(y) > 2 then
Dint < Dint U Yy
end if
end if
end for

the carbon atoms. As the positions of the hydrogen atoms are fully determined
by the locations of the carbon atoms, every conformation can be represented as a
point (Cy1,C12,C13,...,Cs1,Cs2,Cs3) € R* where C;1,C;5,C;3 correspond to
the coordinates of the i-th carbon atom in R3. Martin et al. [169,170] found that the
conformation space of cyclo-octane corresponds to the union of a Klein bottle and
a sphere intersecting in two circles of singularities. We use the data set introduced
by Martin et al. [169] to test whether we can recover the singularities using our
classification approaches. The data set consists of 6040 points in R?* sampled from
a larger data set consisting of 1 031 644 cyclo-octane conformations. This data set is

publicly available as part of the JAVAPLEX package [247].

184



5.3.4.3 Henneberg surface

Henneberg’s minimal surface is a self-intersecting surface with geometrically compli-
cated boundaries. It is an immersion of RP? in R3. We use a data set kindly provided
by Martin et al. [170], which consists of 5456 points sampled from the Henneberg sur-

face using the following parametrisation:

. 2(8? = 1)cos(¢)  2(B° —1)cos(3¢)
g 33 ’
__68%(82 — 1)sin(¢) + 2(8° — 1) sin(3¢)

= 35 ,

2(8* + 1) cos(29)
z= 7 :

where 8 € [0.4,0.6] and ¢ € [0,27]. Note that for this restriction of 5 the surface
does not have a triple intersection. The points were sampled to maintain a pairwise
minimal distance. Moreover, 32 points closest to the boundary intersections were
moved to be within a set distance of their closest boundary. Further particulars for

the sampling process that was applied can be found in [170].

5.3.5 Results

First we present the results for our two approaches to classifying data points on the
intersecting plane data set. We then apply the classification via local dimension 1

PH features to the cyclo-octane conformation space and the Henneberg surface.
5.3.5.1 Intersecting planes

We first classify the points via distance measures as described in Subsection 5.3.1. We
use 0 = 0.3 to calculate the local PH both for dimensions 0 and 1. We ignore points
with no local dimension 1 PH (with the chosen § radius there are no points with no
local dimension 0 PH) and apply the Bottleneck distance, the Wasserstein distance,
and the persistent landscape distance to calculate pairwise distances between the

barcodes of the remaining data points in dimensions 0 and 1 separately. We apply
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the k-medoids algorithm for k£ = 2, 3,4 to the resulting distances matrices Dy and D;.
We do not obtain the expected classes of points in any of these cases. We show an
example of the obtained classes for dimension 1 barcodes, the Bottleneck distance,
and k = 2 in Fig. 5.23. We observe that the only class of points that we can identify
correctly are the boundary points as they are excluded from the cluster analysis due
to a lack of signal in the dimension 1 barcode. Note that changing the value of § does
not influence the quality of resulting clusters. Applying other clustering algorithms
such as average linkage clustering or community detection [143,174] does not yield

any improvements either.

Data points

Cluster 1

Cluster 2

No Dim 1 homology

[eN" X Ne]

Figure 5.23: Clusters obtained from applying k-medoids for k& = 2 to the pairwise Bottleneck
distance matrix. We exclude points with no local PH in dimension 1 for § = 0.3.

We now proceed to classify the points based on their dimension 1 PH features
(local PH) as described in Subsection 5.3.2. We first check whether our assumptions
about the dimension 1 barcodes are correct by calculating the full number of bars.
We show the histogram of the number of bars in Fig. 5.24 (a). We find that there
are barcodes with many more bars than we expect. We now consider the number

of persistent bars. We define a bar [n;,(;) to be persistent if ; — 1, > rou — Tin-
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We show the histogram of the number of persistent bars in Fig. 5.24 (b). We find
that this represents our expectations with at most three persistent bars in each local
barcode. We proceed to the classification of the data points using both the number
of bars and the number of persistent bars in the barcodes. Fig. 5.25 shows the data

Numper pf bgrs in dim 1‘ barpodg Number of persistent bars in dim 1 barcode

2500

2000 -

1500 [

1000

(a) Total number of bars. (b) Number of persistent bars.

Figure 5.24: Histograms of the number of bars in dimension 1 barcodes of the intersecting plane
data set. The horizontal axis shows the number of bars in the local dimension 1 barcodes, the
vertical axis represents the number of points.

with the points coloured depending on whether they have no dimension 1 PH, or two

or more (persistent) bars in the 1-dimensional barcode. We find that the number of

§=03 §=03

o Da_ta poipts O Data points
° Po|nt§ with > 2 bars ® Points with > 2 persistent bars
© No Dim 1 homology @ No Dim 1 homology

(a) Classification based on the total number (b) Classification based on the number of persis-
of bars. tent bars.

Figure 5.25: Points on the intersecting planes data set coloured by their local PH properties. We
use rour = 0 = 0.3 and r;, = % - 0.3 for the d-annuli.

persistent bars can identify the three expected classes very well. In particular, the

intersection points are correctly classified. For the given d-radius there are some inner
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plane points that are classified as boundary points as they have no dimension 1 PH.

Overall, the result is very promising.
5.3.5.2 Cyclo-octane conformation space

We apply our classification method via dimension 1 PH features to detect the points
around the circular intersections of the Klein bottle and the sphere in the cyclo-
octane data set. We use r,,; = 0.4 and r;, = g - 0.4 and identify points that have
more than one persistent bar in their 1-dimensional barcode. We then perform PH
on the identified points in R?* and show the corresponding barcodes in Fig. 5.26. We

Cyclo-octane singularities (dimension 0) Cyclo-octane singularities (dimension 1)

301

250 —

251
200

20F
150 -

50 5L -
0 0 ‘ ‘ ‘ ‘
0 02 04 06 08 1 12 1.4) 0 05 1 15 2
Filtration radius Filtration radius
(a) Dimension 0 barcode. (b) Dimension 1 barcode.

Figure 5.26: Barcodes from a Vietoris—Rips filtration performed on the intersection points detected
in the cyclo-octane data set.

find that the barcodes behave as we would expect for points sampled from two circles:
in both dimension 0 and dimension 1, we have two persisting bars corresponding to
the two circles. In dimension 1, we can also observe that, immediately after the two
circles connect in dimension 0, loops appear which die as soon as there is only one
loop left in the data set, i.e., when the two circles are connected to each other fully
by 2-simplices. The points that we identify as being close to the intersection of the
Klein bottle and the sphere therefore exhibit the topological properties of two circles.

Martin et al. [169,170] used an isomap projection to 3D to visualise the data set
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and its intersections. To further verify that we are finding the correct intersection
points in the data set, we apply the isomap algorithm [249,250] with k-nearest neigh-
bours for the construction of the graph that underlies isomap'® with k = 5. We show

the result including our identified intersection points in Fig. 5.27. We clearly see that

(b)

Figure 5.27: Points classified by their local PH properties in the cyclo-octane data set viewed from
two different perspectives. We show points with two or more persistent features in dimension 1 for
Tout = 0 = 0.4 and 7y, = g -0 coloured in red.

the points with more than one persistent bar in their local dimension 1 barcodes are
indeed located close to the circular intersection of the Klein bottle and the sphere.

Our method thus appears to be successful on the data set.
5.3.5.3 Henneberg surface

We apply our classification method via dimension 1 PH features to the Henneberg
surface data set. Our aim is to detect both boundary points and intersection points.
We use 7y = 2 and r;, = % -2 and show our results in Fig. 5.28. We find that
the method successfully detects boundary and intersection points on the Henneberg

surface. The method fails for some boundary points that are located close to intersec-

tions or other boundaries and are neither classified as boundaries nor as intersections.

15We thank Barbara Mahler for tuning the parameters in the isomap projection.
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(b)

Figure 5.28: Two perspectives on the points classified by their local PH properties in the Henneberg
surface data set. We show points with two or more persistent features in dimension 1 for ry,; = = 2
and r;, = % - ¢ coloured in red and points with no persistent features in dimension 1 in cyan.

Overall, our method however performs very well on the geometrically complex data

set.
5.3.5.4 Comparison to local principal component analysis

Martin et al. [169,170] used the cyclo-octane data set (and the Henneberg surface
data) to demonstrate a novel method to triangulate non-manifold-like surfaces. In a
first step, the authors apply a local version of principle component analysis (PCA) to
the data. For every point, the authors use local PCA to determine whether the data
points in a neighbourhood around this point can be approximated by a 3-dimensional
or 2-dimensional affine space. They thereby identify points close to intersections as
points whose neighbourhood is approximated by a 3-dimensional rather than a 2-
dimensional space. We compare our local PH method to the author’s local PCA
approach.

Our first observation is the following: even though both approaches are built on
local neighbourhoods of points in a data set, these neighbourhoods can be substan-
tially different. See, for example, Fig. 5.29 where we depict a data set sampled from

two cones that intersect in one point (note that we do not specifically include this
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intersection point in out data set). While we see that both methods can successfully

Figure 5.29: Local neighbourhoods considered for the detection of intersections using local PH
versus local PCA on data sampled from intersecting cones. We show the point whose neighbourhood
we study coloured in green. In local PH we perform computations on an annular neighbourhood
around the green point which, for example, consists of the two sets of points coloured in blue. In
contrast, local PCA [169,170] for the green point studies the union of the orange and blue points
together with the green point.

identify points close to the intersection of the cones, they each consider a substantially
different set of points to arrive at their conclusions.

We now compare the robustness of both methods with respect to the choice of the
size of neighbourhood ¢ in Fig. 5.30. For each neighbourhood radius d, we compute
local PH on the cyclo-octane data set with r;,, = 0 and r,,; = 2(5 and apply local
PCA for a local neighbourhood size § (this corresponds to the parameter € in [170])
keeping all other parameters as in [170]. We observe that, for each value of §, the
points detected as intersection points by local PH are subsets of the points identified
by local PCA. We further use the intersection points detected at § = 0.2 with local
PCA and intersection points detected at 6 = 0.4 with local PH as reference point sets
for the respective method. As we increase ¢, we compute the Hausdorff distance to
the reference data set for each method for each set of identified intersection points.
We find that, for 6 = 0.45, the Hausdorff distance increases steeply for local PCA. The
reason for this is that local PCA begins to include points from the curved region of the

Klein bottle in the set of intersection points (see upper righthand corner of Fig. 5.30).
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Figure 5.30: Robustness with respect to the choice of local neighbourhood size for the detection of
intersections in the cyclo-octane data set using local PH versus local PCA. The horizontal axis of the
plot represents the size of the local neighbourhood, the vertical axis corresponds to the Hausdorff
distance between the selected intersection points and the set of reference points for the respective
method. We show several sets of intersection points detected by local PCA (upper row) and local
PH (lower row) and their locations in the isomap projections of the data set. We depict the set of
reference points for local PCA in the upper lefthand corner and the reference points for local PH
in the lower lefthand corner. We illustrate examples of points that are responsible for the steep
increase in the Hausdorff distance for the respective method with black arrows.

In contrast, local PH seems to gradually increase selected intersection points in the
region around the intersections up to 6 = 1.3. From 0 = 1.35 onwards, local PH

also starts to include points that are far away from the reference point set, but these
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originate from a different region of the Klein bottle than for local PCA (see lower
righthand corner of Fig. 5.30). Based on these results, we note that for the cyclo-
octane data set a) local PH is more robust to changes in the neighbourhood radius,
and b) local PCA seems to be more prone to falsely identify points from regions with
high curvature as intersection points. Observation b) implies that local PCA would
misclassify points sampled from a surface shaped like an egg carton as belonging to
a 3-dimensional region of the data and therefore being close to an intersection, while
local PH would in such a case only detect one persistent loop around every point and

correctly conclude that the points are sampled from a locally 2-dimensional object.

5.3.6 Summary and discussion

We were able to successfully classify points sampled from intersecting surfaces based
on their geometric properties which we measured by determining the number of persis-
tent features in their local dimension 1 barcodes. Specifically, we could identify points
close to boundaries, points close to intersections and points that were neither close
to an intersection nor close to a boundary. We demonstrated that the method can
be applied to geometrically complex data sets. For example, in the 24-dimensional
cyclo-octane conformation space data which is the union of a Klein bottle with a
sphere intersecting in two circles, we were able to identify the points close to the
intersection and verify that they have the expected PH and the correct location in
an isomap projection to R3. For data sampled from Henneberg’s minimal surface, we
correctly detected boundary points and intersection points with few points that were
not correctly classified.

Classifying data points based on their persistent topological features in dimension
1 is a very simple approach. For the method to be successful we did not require
points to be sampled specifically from the intersection of the surfaces. It was sufficient

that there were points around intersections and that the data points were sampled
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reasonably uniformly. Choosing the optimal radii for the local annuli requires further
investigation and could in fact pose an interesting application for multidimensional
PH as there are two natural parameters.

We compared our method to an existing approach using local PCA [170] which
can also detect intersections in data. For the cyclo-octane data set, we showed that
local PH differs from the local PCA approach and has clear advantages, in particular
with respect to robustness to the local neighbourhood and curvature of the underlying
surface from which the data was sampled.

In the future, it will be interesting to see whether our method can provide new
insight into real-life data sets where intersections or boundaries of surfaces carry rel-
evant information. The method could further provide an approach to reduce the size
of data sets for the computation of PH in cases where only the shape of the boundary
of the data is relevant, for example, to detect whether certain cell types tend to be
located around circular tissue structures. It would also be interesting to investigate
whether the local PH barcodes carry more geometrically relevant information, for
example, on intersection angles.

In summary, local PH can provide a simple yet powerful tool to detect points
in geometrically interesting locations of data surfaces. We expect the method to be

relevant for numerous applications in data science and applied algebraic geometry.
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“ich mefle ouch der sunnen rat,
wie wit das uf den wolken gat
der regenbogen unde blibt,

wo im ein zil min linge schribt.”®

From the speech by the personified art of geometry
(Geometria) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

Translation: “I also measure the wheel of the sun;
[I measure] how far above the clouds the rainbow goes
and [where] it stops, when my ruler sets the limit for
it. 7 [263].

Discussion and Outlook

In the present thesis, we applied persistent homology (PH) to study biological data,
using both existing techniques and developing novel approaches. We thereby went
through every step in the PH pipeline, which we outlined in Fiig. 1.2 in the Introduction
chapter. To characterise tumour blood vessel networks spatially, we developed the
radial filtration (see Chapter 3). On two different experimental data sets, we showed
that the number of loops in tumour blood vessel networks and their spatial distri-
bution reflect effects of tumour treatment with vascular targeting agents and radio-
therapy. We further investigated the number of connected components with short
persistence for one of the data sets and found that it follows similar trends for the
different treatment groups, as the number of loops. We concluded that the radial
filtration is suitable to quantify tumour vasculature spatially, both via topological
features in dimension 0 and dimension 1. For functional neuronal networks, we ap-
plied the weight rank clique filtration and observed that it is useful for the study
of human motor learning and schizophrenia (see Chapter 4). For the human mo-

tor learning data, we identified concrete barcode features that represent underlying
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communities in the networks. We compared two PH output analysis methods, persis-
tence landscapes and persistence images, on functional networks from schizophrenia
patients, healthy siblings, and healthy controls. We highlighted the different types of
insights that the two methods can give. In Chapter 5, we developed two novel tech-
niques that use a local version of PH. To circumvent computational complexity of PH
on large and noisy data sets, we introduced a novel method that selects landmarks
for PH from such data sets. To create a measure of how well suited a particular point
is as a landmark, we extracted features from its local PH barcode. We ranked all
data points using this measure to identify a landmark set. Our landmark selection
process proved more robust to outliers than existing standard techniques, as well as
a clustering-based technique, on all of our synthetic data sets, in particular for low
sampling densities. Finally, we explored the use of local PH for the detection of
geometric anomalies in data sampled from intersecting surfaces. We found that our
approach is well suited to the task and that it has distinct advantages over an existing
method (see Chapter 5).

PH is a promising technique for many different applications in biology where be-
ing able to quantify shape and how it changes is important. An example of such an
application is the tumour blood vessel data studied here. PH also considers higher
order interactions which is an advantage over existing techniques when studying brain
networks. In both biological applications in this thesis, however, while PH provided
interesting and relevant insight, we needed prior knowledge of the system to inform
the right choice of filtration or the interpretation of PH output. For example, when
we developed the radial filtration, we specifically wanted to capture vessel loops and
tortuosity, which are known to be relevant in tumour vasculature. We built our filtra-
tion based on existing filtrations which have been used to capture tortuosity in other
structural data sets. Similarly, for the functional neuronal networks, we knew that the

motor-learning data included community structure, which we found to be reflected
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in short-lived loops in the beginning of the filtration. For the schizophrenia data set,
we required subject group knowledge to separate schizophrenia patients, healthy sib-
lings of schizophrenia patients, and controls. As discussed in Subsection 1.2.1 of the
Introduction chapter, the choice of filtration determines the information that we can
obtain. Moreover, interpreting barcodes or even persistence landscape or persistence
images summaries beyond persistent features is far from intuitive. Consequently,
while PH does identify biologically relevant features successfully, it is not as versatile
as other methods. PH is, in particular, difficult to use for exploratory data analysis.
Although, for point clouds, PH is stable with respect to noise, it is currently also
not clear how noise affects the application of PH to networks, which again makes it
difficult to use in biological applications. For example, imaging noise or errors in the
data extraction pipeline for our blood vessel data could introduce artefacts which sys-
tematically lead to loops in the extracted data which are not present in the biological
networks. Particularly in small blood vessel networks, this could change the outcome
of the analysis. Therefore, there are many limiting factors for the application of PH
to biological data.

A major challenge for the use of PH in biology is the computational complexity
of the calculation. In both our biological applications, we had to find strategies to
reduce the data set to make PH computable. As we studied networks, we were able
to make use of comparatively straightforward, yet effective, reduction techniques.
For the tumour blood vessels, our data contained multiple points sampled from vessel
segments between two branching points. We were therefore able to reduce the number
of points on every segment while maintaining branching points and preserving loops
in the network. Omne could imagine scenarios where this strategy fails and has a
significant effect on loops in the vessel networks, but we did not encounter such cases
in practice. We are yet to investigate the effect of this reduction on dimension 0

barcodes of the radial filtration which capture tortuosity in blood vessel networks.
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Due to the spatial nature of the radial filtration, we were also able to approximate
the full filtration by considering filtrations of two separate regions around the tumour
centre. In the case of one of our data sets, these reduction approaches were not
enough to ensure timely PH computation on the full data set. In future, we could,
however, employ further combinations of these strategies to finish the computations.
For the functional neuronal networks, we computed filtrations up to a threshold of
edge weights and, in the case of the schizophrenia data, only considered positive edge
weights. This was sufficient to enable computation on the data sets. Since one can
argue that features arising from highly synchronised nodes in these networks are more
relevant than those arising from weakly synchronised nodes, this strategy should still
enable PH to capture relevant features despite an inevitable loss of information.
Biological data, however, is not always in the form of networks. Moreover, many
data sets, such as gene expression data (see, for example, the data studied in [165]),
are very large, high-dimensional, and noisy. This is a combination that currently
poses major challenges for PH. We provide a novel method to select landmarks for
the computation of PH on noisy point clouds based on the computation of local PH
around data points (see Chapter 5). While our results on simple artificial data sets
are very promising, it would be interesting to test the method on biological data sets
and study the PH of the landmarks. It could further be insightful to study the set
of points that local PH identifies as being least suitable as landmarks and observe
whether these points are considered to be outliers by other methods. While we provide
a novel preprocessing approach for large and noisy data sets, many others will need
to be developed to make PH more applicable, in particular for clinical settings where
fast analysis of data is crucial. Simultaneously, it is important to further simplify PH
computation, as reduction techniques are not useful in all cases. For our blood vessel
data, for example, it would have been informative to study the vascularisation of the

tumours by considering the nodes of the vessel networks, or specific subsets thereof,
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as input points for a Vietoris—Rips filtration. Even after we reduced the data points
to the smallest subsets which would still give us biologically interesting information,
i.e., branching points and end points of vessels, the computation of the Vietoris—Rips
filtration proved infeasible. Applying landmark selection techniques would no longer
ensure biological interpretability of results in this case.

In addition to informing landmark selection, we found that local PH can iden-
tify geometric anomalies such as intersections and boundaries in data sampled from
intersecting surfaces (see Chapter 5). We observed that our method is more robust
with respect to the choice of neighbourhood size and regions of high curvature in the
data in comparison with detecting intersections via local PCA. We therefore found
local PH to be useful for the study of geometrical problems that are not intrinsically
topological in nature. PH has previously been observed to carry geometrical informa-
tion [56] and we believe that there are many further connections yet to be explored.
The local focus of our method means that PH in this case is easily computable and
parallelisable over large data sets. As biological data can be very heterogeneous,
being able to detect intersections could lead to interesting insights.

In the present thesis, we have found both global and local PH to be applicable
to a variety of interesting data problems. In all applications, however, PH only pro-
vides one part of the puzzle. In future, we therefore believe that it will become more
important to understand PH as one of many ways to generate interpretable features,
which characterise aspects of a data set, rather than a data analysis method by itself.
One can then feed these features into other existing methods from data science, see
Fig. 6.1 for a modified version of the PH pipeline. While methods that vectorise PH
output, such as persistence landscapes [53, 55|, persistence images [3], kernel-based
approaches (see, for example, [69,155,156,211]), or persistence codebooks [278], allow
a combination of PH with machine learning, they do not, in most cases, enable us

to trace specific topological features that are relevant to a biological problem. Even
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Figure 6.1: Combination of persistent homology with other methods from data science. The figure
contains modified versions of our images in [237,238,240] as well as images of experimental data
provided by Russel Bates and Bostjan Markele/Jakob Kaeppler (with permission).
though these methods are very useful, they thus also reduce interpretability of results.
As we saw in Chapter 4, persistence images [3] allow us to identify discriminative fea-
tures in PH output, but these are also limited by choices, for example, the resolution
of the pixel grid. Hofer et al. [135] use deep learning to detect which topological fea-
tures in a persistence diagram are important to a specific task, but they require large
training sets in their supervised tasks. This is not always possible when working with
biological data, see, for example, the data in Chapter 3. We therefore believe that
using PH to generate interpretable feature vectors, such as, for example, in [18,43], is
a promising approach, in particular since these features can then be combined with
other biological parameters in the data in a larger analysis.

In summary, PH has proven its potential to provide valuable insight into biological
problems. A lot of research effort is, however, still necessary until PH can become an

easily applicable and interpretable technique.
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“ich mak wol sin der kiinste dach,
sint das min zirkel in sich slof3
alles das uf3 naturen flof3.”*

From the speech by the personified art of geometry
(Geometria) in Der meide kranz, Heinrich von
Miigeln, 14th century. Edition by [263].

“Translation: “I may well be the cloak around all
the arts, since my compasses have encircled everything
which flowed out of nature.” [263].

Conclusions

The emergence of data science as its own field has had a great impact on structural
biology. Conversely, there is great potential for structural biology to directly influence
developments in data science [179]. This thesis contributed to currents in both direc-
tions. We highlighted some of the impact that PH can have on two specific biological
problems (tumour blood vessels and functional neuronal networks). Conversely, we
developed a novel outlier-robust subsampling method in response to computational
problems that arose when applying PH to biological data (PH landmark selection).
We then found that we could extend the topological tools that we used for subsam-
pling to detect geometric anomalies in non-manifold like data.

We conclude that:

1. PH is a powerful tool to study shape in biological data, but there are still many
practical hurdles. In particular, PH only provides insights on one aspect of the

data and will benefit when combined with other techniques.

2. Our developed radial filtration for tumour blood vessel networks shows great

potential to enhance spatial understanding of structural characteristics in vessel
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networks arising from tumour-induced angiogenesis as well as from the effects
of tumour treatment. However, computation of PH on this data remains chal-

lenging.

. The number of loops and their distribution in a tumour blood vessel network

provide useful measures for structural abnormality of the vasculature.

. The number of short bars in dimension 0 barcodes of the radial filtration also

captures abnormal characteristics of tumour blood vessels.

. PH can provide insight into functional neuronal networks during motor-learning

and in disease.

. Whether persistence is a good measure for the relevance of a topological feature
in a barcode depends on the filtration. When interpreting PH output from a
new data set or filtration one should consider all features, regardless of their

persistence.

. Local PH can be used for landmark selection before applying PH. Local PH
based landmark selection outperforms existing standard methods with respect
to robustness to outliers on large and noisy data sets. The measure for topo-
logical outlierness that we compute for our selection could be investigated for

other applications.

. Local PH can detect geometrical properties such as the presence of intersections

or boundaries in data sampled from intersecting surfaces.
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Useful Additional Mathematical
Definitions

We list definitions that can be helpful for understanding some of the mathematical
background of this thesis. Most of these definitions can be found in [79]. For basic
topological definitions we used [178], but note that [79] and [150] also contain equiv-
alent but more complicated formulations in most cases. We most of the definitions

also appear in [237] with minor modifications.

A.1 Topology definitions

A.1.1 Topological spaces

Definition A.1.1 (topology). A topology on a set X is a collection T of subsets of
X with the following properties:

i. ) and X are in 7.

ii. The union of elements of any subcollection of T is in 7.
iii. The intersection of elements of any finite subcollection of T is in T .

We call sets that belong to the collection T open sets of X.
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Definition A.1.2 (topological space). A topological space is an ordered pair (X, 7))

that consists of a set X and a topology 7 on X.
Remark 6. We often refer to X as the topological space.

Definition A.1.3 (separation). A separation of a topological space X is a disjoint
partition X = U U W into two non-empty, open subsets. We say that a topological

space is connected if there exists no separation of X.

Connectedness is an important topological property that stays invariant under con-

tinuous functions.

A.2 General mathematical definitions

Definition A.2.1 (Hausdorff space). A topological space X is called a Hausdorff
space if for every pair z1, x9 € X of distinct points there exist neighbourhoods U; and

U, of z1 and x5 respectively that are disjoint.

Definition A.2.2 (compact). A topological space X is said to be compact if for every
covering of X by open sets we can find a finite subcollection of open sets that also

covers X.

Definition A.2.3 (m-manifold). An m-manifold is a compact, connected Hausdorff
space X such that each point x € X has a neighbourhood that is homeomorphic to

an open subset of R™.
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Additional Information and
Results

B.1 Persistent homology applied to tumour blood
vessel networks

B.1.1 Vietoris-Rips filtration on branching points

We perform the Vietoris-Rips filtration on branching points (both inner branching
points and end points) of our vessel point clouds to assess the degree of vascularisation
of the tumours. Due to the size of our blood vessel netoworks we only obtain partial
results from the software RIPSER, which we show below, but no barcodes for the full
filtration. This was also the case when we restricted the Vietoris-Rips filtration to
inner branching points and when we used a reduced version of the algorithm. We use

a modified version of the barcode plot function from [191] to visualise our barcodes.
B.1.1.1 Example barcodes for synthetic hierarchical tree

In Fig. B.1 we show the barcodes for the Vietoris-Rips filtration on the branching

points of the synthetic hierarchical tree. We find a small number of persistent bars
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in the dimension 0 barcode as well as two filtration steps (around 3500) where many
connected components seem to merge at once. In dimension 1 we observe many short
bars, several medium persistent bars as well as one persistent bar, which we interpret
as signs of good vascularisation. For dimension 2 we did not obtain any results. Note
that the filtration was aborted by RIPSER and we are therefore only observing partial

results.

VR Filtration on synthetic hierarchical tree (dimension 0) VR Filtration on synthetic hierarchical tree (dimension 1)

0

>
0
o 2000 4000 6000 8000 10000 12000 14000% 0 2000 4000 6000 8000 10000 12000 14000

Filtration step Filtration step
(a) (b)

Figure B.1: Barcodes from the Vietoris-Rips filtration performed on branching points of the
synthetic hierarchical tree.

B.1.1.2 Example barcodes for the multiphoton intravital 3D imaging.

We show example barcodes for four of our data categories in Fig. B.2 and Fig. B.3.
Again, we are only seeing partial results as RIPSER aborted the computations. In
dimension 0, taking into account the different scaling, we do not see a large difference
between the different treatment regimes. There is one notable persistent bar in the
control branching points, the other tumours do not exhibit bars that are as persistent.
For dimension 1, we find a very striking difference in the barcode of the anti-DIl4
treated tumour that exhibits one very persistent feature that occurs halfway through
the filtration. While we did observe a persistent feature for the hierarchical tree, in
the case of the anti-DIl4 treated tumour it occurs a small gap of no features in the

filtration. For the other tumour categories we find several medium scale persistent
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features in the barcodes. For the irradiated tumour we observe a total smaller number

of features in dimension 0 and 1 than for the other tumour categories.

VR Filtration on Tumour 18_2C, Day 15 (dimension 0)

2000

1500

1000

>

0 100 200 300 400 500 600 700 800 900 1000 #

Filtration step

(a) Control, day 3 of observation

VR Filtration on Tumour 29_2D, Day 13 (dimension 0)

2500
2000
1500

1000

o 200 400 600 800 1000 2

Filtration step

VR Filtration on Tumour 52_2F, Day 16 (dimension 0)

3500
3000
2500
2000
1500
1000

500

0

0 200 400 800 1000 1200

600
Filtration step

(b) DC101 treated, day 3 after treat-
ment

VR Filtration on Tumour 18_2D, Day 12 (dimension 0)

400

350

300

250

200

150

100

50

0

o 50 100 150 200 250 300 350 400 450 500

Filtration step

(c) Anti-Dll4 treated, day 3 after treat- (d) Single-dose irradiated, day 3 after

ment

treatment

Figure B.2: Vietoris-Rips barcodes dimension 0
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VR Filtration on Tumour 18_2C, Day 15 (dimension 1) VR Filtration on Tumour 52_2F, Day 16 (dimension 1)
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Figure B.3: Vietoris-Rips barcodes dimension 1
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VR Filtration on Tumour 18_2C, Day 15 (dimension 2) VR Filtration on Tumour 52_2F, Day 16 (dimension 2)
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Figure B.4: Vietoris-Rips barcodes dimension 2
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Figure B.5: Average total number of loops captured by the radial filtration in dimension 1.
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Figure B.6: Median total number of loops captured by the radial filtration in dimension 1.

B.1.2 Number of loops and their distribution
B.1.2.1 Multiphoton intravital 3D imaging

We show the figure versions from Chapter 3, Subsubsection 3.5.4.1 when including

the full data set and all available days in Figures B.5, B.6, B.7, and B.S.
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Figure B.8: Normalised median number of loops for different filtration intervals.
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B.1.3 Tumour volume approximations

We compute approximations of tumour volume by calculating the volume of the

sphere whose radius is the maximal radius used in the radial filtration. We present

results in Fig. B.9 for the intravital data and Fig. B.10 for the ultramicroscopy data.
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Figure B.9: Medians of approximated tumour volumes for the intravital data in pum?3. We show
median values and interquartile distances.
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Figure B.10: Medians of approximated tumour volumes for the ultramicroscopy data. Since we
do not know the true length scales in the data, the radii used to compute the approximate volumes
are only proportional to the ‘true’ radii. We show median values and interquartile distances.

212



B.2 Persistent homology applied to task-based fMRI
data

B.2.1 Application to motor-learning data

B.2.1.1 Table with often-occurring brain regions in 1-dimensional loops

In Tables B.1 and B.1, we indicate the brain regions that often occur in 1-dimensional

loops.
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Table B.1: Loops that consist of edges that occur in loops of functional networks at
least 50 times over all subjects (part I). We list the loops that we find in the left column.
(We start with one of the nodes, which we choose arbitrarily, and end with the node that is adja-
cent to the starting node in the loop.) We denote an occurrence of a loop on a specific day with
the symbol x in the table and present variations of the loop that we interpret as representing the
same loop. We use the following abbreviations for the brain regions: I: left; r: right; ant: anterior;
post: posterior; AnGy: Angular gyrus; CinGy: Cingulate gyrus; COC: Central opercular cortex;
FOC: Frontal operculum cortex; FMedC: Frontal medial cortex; FP: Frontal pole; HG: Heschl’s
gyrus; IC: Insular cortex; InfFGyPT: Inferior frontal gyrus pars triangularis; IntCalC: Intracalcrine
cortex; LinGy: Lingual gyrus; OFG Occipial fusiform gyrus; OFC: Orbital frontal cortex; OP:
Occipial pole; PaCinGy: Paracingulate gyrus; ParOpC: Parietal operculum cortex; PHGy: Parahip-
pocampal gyrus; PostGy: Postcentral gyrus; PP: Planum polare; PreGy: Precentral gyrus; PT:
Planum temporale; Put: Putamen; SupCalC: Supercalcrine Cortex; SuppMA: Supplemental motor
area; SupMargGy: Supramarginal gyrus; SupPL: Superior parietal lobule; SupTempGy: Superior
temporal gyrus; InfFGyPO: Inferior frontal gyrus pars opercularis; MTGy: Middle temporal gyrus.

Loop Day 1 Day 2 Day 3

~1SuppMA-rSuppMA-— X X X

rPreGy—1PreGy—

-10FG-10P-rOP-rOFG- X X X

—1SupTempGy ant-IPP-IHG- x X X

IPT-1SupTemGy post—

—1IC—IC—rPP-1PP- X variant: —rIC—rPP- variant: -rIC—rPP-
IPP-IHG-1COC- rHG-1PP-1IC-
1IC-

—IC-1IC1Put-—rPut— X X X

—1IntCalC-1LinGy-10FG— X variant: -

rOFG-—rLinGy-rIntCalC— IIntCalC-1LinGy—

rSupCalC-1SupCalC- rLinGy-rIntCalC-

~IFP-1PaCinGy-rPaCinGy— X X

rFP-

-rPP-IPP-IHG-1COC- X variant: -rPP-

IICAFOC-1InfFGyPO- rHG-rPT-

IInfFGyPT-1FP-LSuppMA- rSupTempGy

1PreGy—RPreGy—rPostGy— post—rSupTempGy

rSupMargGyAnt-rParOpC— ant—
rPT-rSupTempGy post—

rSupTempGy ant—

—1OFG-10FG-1LinGy— X

rLinGy—

~1IPaCinGy-rPaCinGy— X

rCinGy ant-1CinGy ant—

~1IC-1COC-IHG-1PP- X
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Table B.2: Loops that consist of edges that occur in loops of functional networks at
least 50 times over all subjects (part II). We list the loops that we find in the left column.
(We start with one of the nodes, which we choose arbitrarily, and end with the node that is adja-
cent to the starting node in the loop.) We denote an occurrence of a loop on a specific day with
the symbol x in the table and present variations of the loop that we interpret as representing the
same loop. We use the following abbreviations for the brain regions: 1: left; r: right; ant: anterior;
post: posterior; AnGy: Angular gyrus; CinGy: Cingulate gyrus; COC: Central opercular cortex;
FOC: Frontal operculum cortex; FMedC: Frontal medial cortex; FP: Frontal pole; HG: Heschl’s
gyrus; IC: Insular cortex; InfFGyPT: Inferior frontal gyrus pars triangularis; IntCalC: Intracalcrine
cortex; LinGy: Lingual gyrus; OFG Occipial fusiform gyrus; OFC: Orbital frontal cortex; OP:
Occipial pole; PaCinGy: Paracingulate gyrus; ParOpC: Parietal operculum cortex; PHGy: Parahip-
pocampal gyrus; PostGy: Postcentral gyrus; PP: Planum polare; PreGy: Precentral gyrus; PT:
Planum temporale; Put: Putamen; SupCalC: Supercalcrine Cortex; SuppMA: Supplemental motor
area; SupMargGy: Supramarginal gyrus; SupPL: Superior parietal lobule; SupTempGy: Superior
temporal gyrus; InfEFGyPO: Inferior frontal gyrus pars opercularis; MTGy: Middle temporal gyrus.

Loop Day 1 Day 2 Day 3
~IFP-IFMedC-—rFMedC- X

rFP-

-IPHGy ant-1PHGy— X

rPHGy-rPHGy ant—

“1InfFGyPT-1InfFGyPO- X

IFOC-1IC-1PP-

ISupTempGy ant—

ISupTemGy  post-IMTGy
post-IMTGy ant—1FP—
10FC-

—-rSupPL-rSupMargGy X
post-rSupMargGy ant—
rPostGy—RPreGy—

—rPostGy—rSupPL- X
ISupPL-1SupMargGy
ant-rSupMargGyAnt—

~1IntCalC-1LinGy-rLinGy— X
rIntCalC—
—ISupMargGy post—1AnGy— X

rAnGy-rSupMargGy

post-rSupMargGy ant—

ISupMargGy ant—

—IPT-IHG-1PP- X
ISupTempGy ant—

ISupTemGy post—

Total number of loops 7 12 13
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B.2.2 Application to schizophrenia data

B.2.2.1 Results from analysis of persistence image data set specific pa-
rameters by Tegan Emerson

In the left image of Fig. B.11, we see the mean vectorised persistence image for each
subject group when we generate the persistence images using the maximum birth
time and persistence across all subjects. (We create the mean vectorised persistence
image for each subject group by taking the mean of each vector entry.) Observe that,
other than a slight amplitude variation, the means look very similar. These mean
persistence images are the mean of the vectorised persistence images for all samples
from each group. The top row of Fig. B.12 contains the mean persistence images in
image form when one selects the maximum birth and persistence across all subjects.

On the right of Fig. B.11, we show the mean vectorised persistence image for each

Sibling Mean Sibling Mean
s sk
1 1
05 05k
0 100 20 w00 a0 500 o0 o 100 200 w00 w0 w00 w00
Control Mean Control Mean
2 b
i hs
JJJ‘ 4 XLXX [ . . 1 lJ llAllx Jlll‘\ . .
100 200 300 400 500 600 100 200 300 400 500 500
. Patient Mean . Patient Mean
-, | L
| A DN DA Jlllu . . B0 5% 5% B B O Jlln.‘ . .
100 200 300 400 00 600 100 200 300 00 500 500
(a) (b)

Figure B.11: (a) Mean vectorised persistence image — the horizontal axis corresponds to individual
pixels in the persistence images, and the vertical axis indicates their intensity values — for each
subject group generated using the maximum values of birth and persistence across all subjects to
create all persistence images. We then take the means over the persistence images of each group.
(b) Mean vectorised persistence image for each subject group generated using maximum values of
birth and persistence determined by calculating the maximum birth and persistence for each of the
three groups separately and using this group-specific information to create the persistence images
for each subject within its group. We then take the means over the persistence images of each group.
Image source: [238].

subject group, where we set the maximum birth and persistence values separately for
each subject group (instead of setting the maximum birth and persistence values to
be the same for all subjects). Observe that the sibling and control means both have

two humps, whereas the patients have one that is clearly discernible. Similarly, in
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(@) (b) (©)

(d) () (f)
Figure B.12: Mean persistence image for each subject group. We generate panels (a)—(c) using the
maximum values of birth and persistence determined across all subjects to compute all persistence
images before creating the depersistence imagected means over the persistence images in each subject
group. We generate panels (d)—(f) using maximum values of birth and persistence determined using
maximum birth and persistence based on subject-group membership to compute all persistence
images within each group before creating the depersistence imagected means over the persistence
images in each group. The color axis is the same across rows. From left to right across each row are
sibling, control, and patient averages. Image source: [238].
Fig. B.12, we observe two patches along the prominent diagonal with high intensity
for the sibling and control means; however, in the bottom row, we only observe one
clear (and elongated) hot spot for the patient mean. Therefore, there are multiple,
smaller regions where loops often occur in the filtrations of the functional networks
of siblings and controls, whereas there is seemingly a single, larger region of loops in
the filtrations of the networks of the patients.

It is also worth noting the locations of the local maxima for each subject type.
Relative to the maximum values across each class, groupings of loops occur at different
locations. From the values of the vectors, we see that the controls and patients have
more similar maximum magnitudes than do the patients and their siblings. Based on
these similarities and differences, we conclude that we are able to accurately separate

the populations using persistence images. Surprisingly, despite the pronounced dif-

ference in persistence image performance when we use different maximum values for
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each class, the distributions of the maximum birth times and persistences for each
subject type are not statistically-significantly different from each other. In Fig. B.13,
we show Gaussian fits to the set of maximum birth times and maximum persistences
for each subject type. Observe the strong similarity across all classes and the es-
pecially close similarity between the control and patient distributions. Because the
maximum values are linked closely to the preprocessing of the data, it is important

to conduct further research into how to account for these observations.
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Figure B.13: The distribution of (a) the maximum birth times across all samples for each subject
type and (b) the maximum persistences across all samples for each subject type. Image source: [238].

B.2.2.2 Top brain regions in the distinguishing pixel birth—persistence
bounds found by Tegan Emerson

In Fig. B.14, we show the distinguishing pixels from each of the three binary classifiers.
We obtain the complete accuracy using the set of 41 unique pixels from the total of
625 pixels in the persistence images.

In Fig. B.15, we present the relative importances of different brain regions for
each pixel. In the left panel, we show the top nodes for each subject type based on
frequency (proportion of the subject type for which that top node is involved in the
generation of a loop in the distinguishing-pixel region). In the right panel, we show
the proportion of the subjects for which the top node(s) is (are) present. The vertical
gaps in each plot signify that there are no nodes that are consistently involved in

loops for that distinguishing pixel. We can make several observations from the left
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Sibling vs. Rest Pixels

Control vs. Rest Pixels

Patient vs. Rest Pixels

Figure B.14: The set of distinguishing pixels determined via SSVM as critical for obtaining 100%
classification accuracy on the testing set. Image source: [238].

panel of Fig. B.15.

First, there are only five distinguishing pixels for which we find
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B.15: (a) The index (indices) of the top node(s) associated with each distinguishing pixel

that we determine via SSVM. (b) A stacked bar graph of the proportion of each subject type with
the corresponding node(s). Pale green indicates siblings, greenish blue indicates controls, and black

indicates patients. Image source: [238].
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top nodes for the patients. We are thus unable to predict which brain regions are
involved in loops in the functional networks during the given task for schizophrenia
patients. By contrast, there are many distinguishing pixels for which we find top
nodes for the siblings. The control group lies between the other two in terms of
its number of distinguishing pixels with top nodes, but there are still few top nodes,
relative to the number of distinguishing pixels that have top nodes. In Tables B.3-B.6
and Figs. B.16-B.18, we indicate which brain regions (as well as their locations) we
identify as top nodes. We include only the distinguishing pixels at which top nodes
exist within a cohort.

An equivalent way to identify a top node is to calculate the percentage of a given
subject class that has a topological feature in the corresponding pixel region (see the
bar graph in Fig. B.15) and determine if a specific node is in the group of represen-
tatives for all of the subjects that have a topological feature in the pixel region. If a
node occurs in the list of representatives for a topological feature for every subject of
the class with a topological feature in the pixel region, then it is identified as a top
node. Thus, when considering Tables B.3-B.6, it is possible to see the same brain
regions listed for more than one distinguishing pixel index. This is also reflected in

Fig. B.15 by the occurrence of multiple markers along the same horizontal line.

B.2.2.3 List of brain regions that represent nodes in the functional net-
works

In Tables B.7-B.11, we give the numbering of the brain regions and their correspond-

ing IDs.
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Table B.3: Top nodes involved in loop representatives over distinguishing pixel birth—
persistence bounds (part I). We include only distinguishing pixels for which there is (are) top
node(s) within a cohort. ‘Left’ and ‘Right’ refer to the hemispheres of the brain. We use the
following abbreviations: superior frontal gyrus medial segment (MSFG), superior temporal gyrus
(STG), opercular part of the inferior frontal gyrus (OpIFG), transverse temporal gyrus (TTG),
frontal operculum (FO), gyrus rectus (GRe), middle frontal gyrus (MFG), orbital part of the inferior
frontal gyrus (OrIFG), precuneus (PCu), cuneus (CC), anterior insula (AlIns), superior parietal lobule
(SPL), lingual gyrus (LiG), cerebellum exterior (CE), parahippocampal gyrus (PHG), medial frontal
cortex (MFC), medial orbital gyrus (MOrG), and posterior cingulate gyrus (PCgG).

Pixel Indices Siblings Controls Patients

Node Location Node Location Node Location

1 70  Left MSFG - - - -
114  Left STG — - - -
2 70  Left MSFG 77  Left OpIFG 40 Left FO
114  Left STG 120 Left TTG — -
3 45  Right GRe - - = -
119  Right TTG - - - -
5 45  Right GRe 60 Left MFG 80  Left OrIFG
119 Right TTG - - - -
6 84 Left PCu 60 Left MFG - -
8 84 Left PCu 60 Left MFG 35 Right CC
9 120  Left TTG 60 Left MFG - -
11 120  Left TTG 60 Left MFG 26 Left Alns
12 45 Right GRe 60 Left MFG - -
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Table B.4: Top nodes involved in loop representatives over distinguishing pixel birth—
persistence bounds (part IT). We include only distinguishing pixels for which there is (are)
top node(s) within a cohort. ‘Left’ and ‘Right’ refer to the hemispheres of the brain. We use the
following abbreviations: superior frontal gyrus medial segment (MSFG), superior temporal gyrus
(STG), opercular part of the inferior frontal gyrus (OpIFG), transverse temporal gyrus (TTG),
frontal operculum (FO), gyrus rectus (GRe), middle frontal gyrus (MFG), orbital part of the inferior
frontal gyrus (OrIFG), precuneus (PCu), cuneus (CC), anterior insula (AlIns), superior parietal lobule
(SPL), lingual gyrus (LiG), cerebellum exterior (CE), parahippocampal gyrus (PHG), medial frontal
cortex (MFC), medial orbital gyrus (MOrG), and posterior cingulate gyrus (PCgG).

Pixel Indices Siblings Controls Patients
Node Location Node Location Node Location

14 R4 Left PCu 112 Left SPL — —

112 Left SPL - - - -

15 51 Right LiG - - - -
17 - — 112 Left SPL 26 Left Alns

18 51 Right LiG 69  Right MSFG - -

19 3 Right Amyg. - - - -

21 3 Right Amyg. 8 Left CE - -

- 112 Left SPL - -

22 80 Left OrIFG - - - -

112 Left SPL - - - -

24 80 Left OrIFG 59 Right MFG - -

112 Left SPL — — — —

25 112 Left SPL — — — —
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Table B.5: Top nodes involved in loop representatives over distinguishing pixel birth—
persistence bounds (part III). We include only distinguishing pixels for which there is (are)
top node(s) within a cohort. ‘Left’ and ‘Right’ refer to the hemispheres of the brain. We use the
following abbreviations: superior frontal gyrus medial segment (MSFG), superior temporal gyrus
(STG), opercular part of the inferior frontal gyrus (OpIFG), transverse temporal gyrus (TTG),
frontal operculum (FO), gyrus rectus (GRe), middle frontal gyrus (MFG), orbital part of the inferior
frontal gyrus (OrIFG), precuneus (PCu), cuneus (CC), anterior insula (AlIns), superior parietal lobule
(SPL), lingual gyrus (LiG), cerebellum exterior (CE), parahippocampal gyrus (PHG), medial frontal
cortex (MFC), medial orbital gyrus (MOrG), and posterior cingulate gyrus (PCgG).

Pixel Indices Siblings Controls Patients
Node  Location Node Location Node Location

27 112 Left SPL 60 Left MFG - -
28 119  Right TTG - - - -
30 119  Right TTG 59  Right MFG - -
31 119  Right TTG 59  Right MFG - -
32 120 Left TTG - - - -
33 - - 59  Right MFG - -
34 120  Left TTG 8 Left CE - -
- - 85  Right PHG - -

36 - - 8 Left CE - -

- - 85  Right PHG - -
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Table B.6: Top nodes involved in loop representatives over distinguishing pixel birth—
persistence bounds (part IV). We include only distinguishing pixels for which there is (are)
top node(s) within a cohort. ‘Left’ and ‘Right’ refer to the hemispheres of the brain. We use the
following abbreviations: superior frontal gyrus medial segment (MSFG), superior temporal gyrus
(STG), opercular part of the inferior frontal gyrus (OpIFG), transverse temporal gyrus (TTG),
frontal operculum (FO), gyrus rectus (GRe), middle frontal gyrus (MFG), orbital part of the inferior
frontal gyrus (OrIFG), precuneus (PCu), cuneus (CC), anterior insula (AlIns), superior parietal lobule
(SPL), lingual gyrus (LiG), cerebellum exterior (CE), parahippocampal gyrus (PHG), medial frontal
cortex (MFC), medial orbital gyrus (MOrG), and posterior cingulate gyrus (PCgG).

Pixel Indices Siblings Controls Patients

Node Location Node Location Node Location

37 57 Right MFC 59  Right MFG = - -
58  Left MFC - - - -
119 Right TTG - - - -

39 111 Right SPL 26 Left Alns - —
- - 52 Left LiG - -

40 46 Left GRe - - - -
57  Right MFC - - - -
58 Left MFC — — — —
64 Left MOrG — — — —

41 82  Left PCgG - - - -
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Figure B.16: Top nodes in representatives of loops in the distinguishing pixel birth—persistence
bounds for siblings. Image source: [238].
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Figure B.17: Top nodes in representatives of loops in the distinguishing pixel birth—persistence
bounds for controls. Image source: [238].
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Figure B.18: Top nodes in representatives of loops in the distinguishing pixel birth—persistence
bounds for patients. Image source: [238].
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