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The mucleus 20%b has a double closed shell of protons and
neutrons, Decouse of the stability of this structure it is possible
that & nmucleus with a few extrs particles outside the double closed
shell can be described as a system in which these few particles move
in on aversge central field produced by the 2°°pb core, It is
assumed that the individual particle levels are those predicted by
the shell model, and that the nuclear forces scting between the extre
particles can be treated as a perturbation on their motion in the
cantral field., The behaviour of vacancies in the closed shell is
ogumuuw«mm-mmmmm Thus
nuclel with a few holes in the closed shell and nuclei with & few
extro particles con be treated by identicol methods, Similar
considerations hold for muclei with & few holes and a few extre
perticles except for some deteils in the coupling of the sngular
momenta of holes and particles,

To investigate the effect of intemuclesn forces it is
neceasary to caloulate matrix elements of the intermucleon potential
between two-particle states, It has been hoped that in heavy muclei,
vhere the radius of the nucleus is large campared with the yenge of
nuclesr forces, the offect of the renge of the forces would be small
so that sero renge forces could be used, The effect of the range of



the forces has been investigated and » relatively simple expansion
obtained for the matrix elements of the intermucleon potential as
& powar series in the retio of the renge of the nuclear forces to
the muclear radius. Calculations have been extended to take the
second tem of the series into account, and it is found that, in
meny ceses, the contribution of this tem is very important, This
is particularly so for Majorena forces in a two-particle state
ooupled to give a low spin, The zero renge approximetion gives two
large on intersction in states of low spin, while it gives a good
estimate of the interaction in states of high spin, In particle
mmuuwuuuumm

As an example of the spplication of the model the energy
levels of the four mclel 21053, 28y, 24y, ang 292y pave beem
investigated, In 203 4% is possible to classify the known low
lying levels in tems of two particle nesutron-proton configurations
and in particular to predict & low lying isomeric state with I~ 8.
2087¢ 48 of intefest as it gives sn example of & perticle hole
omfiguretion, The sven-even muclei %pb and “°%pb have very
similar level schenes each with a 9-isomeric state, These schemss
can be understood on the basis of the above modal,



Reactions with neutrons are of considerable importance in
the study of heavy muclei, The intersaétion producing the reaction
is the short renge muclear force, the cross sections are large, and
there is no Coulomb barrier to complicate the interpretation of the
eperinmts, Two types of reaction have been considered. The
first is & process of inelastic scattering in the 1 MeV region and
the second resonance scastering ot slow neutron energles,

The inelestic scattering of neutrons is uswlly thought of as
& oompound mucleus process, In regions of atomic weight A = 170
and A = 230, however, the micleus is highly distorted and there is
the possibility of a direct inelastic process which cen be described
as follows, The neutron strikes the target nucleus and on reflection
from its surface the neutyons set the target mucleus into rotation
(i.e. excite & surface rotational mode) and are scattered with
reduced energy, The interaction of the neoutron with the nucleus has
been represented by & complex potential well (the *optical model')
the complex parts of the potential giving en absorption to be
identified with compound nucleus fomation. It iz lmown that the
"optical model" gives large aross sections in the region of atomic
weights A = 150 and A = 240 corresponding to S, D and P partial
wave resonances inside thh mucleus, In these regions of atomic
weight it is found that the scattering cross section predicted by
the direct process is comparable with the compound inelastic cross
section, while in intermediate regions of atomic weight the direct
process is unimportant. The two processes are incoherent and



give different neutron and y-ray angular distributions,

In recent years there hes bean an intensive experimental
investigetion of the properties of slow neutron resonances in many
mclel. These rescnances correspond to virtual levels of the
compound muclens and the experiments tell us something about high
energy muclear states, In gemeral these states will be a
camplicated mixture of single particle configurations and there
is a possibility that their properties can be trested statistically.
On this asamption the distribution fimction for reection widths
hes been investigeted and it is found that reduced partisl widths
have a distribution which is approximately exponentisl,

Photo capture of neutrons is the inverse process to the
miclear photo effect. The dipole photo effect is known to have
a“mﬁ“ﬁﬁammVMhd&Mﬂtm
of this resgnance very slowlyr with atomic weight and appear
insensitive to details of miclear structure. An equation to the
resonance is sssumed snd used to caloulaty the expectation values
of the dipole rediation widths of slow neutron resonsnces, The
theory predicts rediation widths %00 large by a factor of 3; but
gives the right varistion with atomic weight, The wariation of
radiation width with the spin of the emitting state is considered
and it is found, using & modified sum rule, that the total
mn;u ry should be independent of spin, The spectral
distribution of the emitted y-reys and the dependence of the total
width on the emergy of the radiating state are investigated,
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Chapter 1.

sne

1(;]; Intreoduction,

Soon after the hypotnesis that nuclei ure
gomposed of preotons and neutrone ar propoeed, ztte pts
were made to nderstand nuc¢lear strueture on the bpasis
of an independent particle nodel, Barly developments
in thie direction were nade by Bartlett (1lv 32), Zlsasser
(1933, 34) and Guggenneimer (19 24); but poor resulte
obtained in the caleculation of nuclesar binding energies
discouraged further attespts for a tine, Juring thne
intervening period I, Bonre' (10 36) theory of nuclear
reactions, enphasising eollective aspects of =motion,
enjoyed considersble success and it as supposed that
an independant particle wmeodel of nuclesar str et re
could not be consistent wvith sohre' idese,

In recent years the independant purticle zodel
has cone paek into vogue, The nuclear shell nodel
proposed by Mayer (194v, 1lybU) and Haxel, Jensen and
Suees (1949) has been vory successf 1 in explaining
many regularities in the str.ct re of nuclei and in
acconting for tne properties of tneir cround states,
Tne meodel nas given ineight into tne nat . re of iscneric
states found in s07.e nuclei, it nus even proved possiole

to give a detailed account of tne level gstructure and
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propertise of excited states of lignt nuclei, taxing
the independent particle =¢del sg a first approximstion
(Inglie 1953, Lane lub53, 54},

in the remainder of thie chapter e =ill give
an introduction to those aspects of the shell model
relevant to the work presented in this theszis, Reviews
of nuclear enell gtructure, or cortein of ites sepeccte,
have been given by Mayer, Moskoweki and Nordhei= (1951),
Nordhnedm (1951), Rosenfeld (1u51), Flowers (1lvub2), Golde
hapver and Hill (1952), Klinkenberg (1952) and Pryce (19854),

(& nhe Independsnt Particle lodel,

This wmodel sssumes that & nucleon inside tne
nucleus moveg relatively freely and thst its interaction
with the remaining nucleons of the nucleus can ve replaced
%0 a good approximation by an averages jpotentizl field,
This potentizl field ie common %0 &ll onuclisvue of & given
type and, in tne aspproxitation of tne —odel, the particles
of the nucleus are coneidered to move in independent
orbits in this potential, subject only to the restrictione
of the Pauli exclusion prineiple, It ie difficult to
undarstand the pnysxieal basis of the model, though an
explanation founded on the Pauli exclueion prtnoiplo/’haa
peen civen (Weisekopf 1950), It is adequately justified,

however, by tne usefulness of ite rec lte,
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It is assmed that the average potential
field acting on the nuclecone of tne nucle:g is produced
by the nucleons thermselvee and could, in principle, be
deternined by a Hartree-Foch self cconesistent field caolcue |

Tee Lilthe &5 Muoww whouwt the wature of nuclear fovss for such a calcalation
lationvso ve made; but fort nately quite g slitative
arguments are s:fficient to deduce the nature of the
potentisl, Tnere i9 evidence that the dengity of nueleons
inside the nicleus is uniform and the sa e for all nucledi
and since nuclesr forces nove & short rangs, the potential
ghoild be descr-ibed adeguately a8 & "square well witn
rounded edges®™, The deptn of the +ell +~ill pe tne sane
el &

for all niclel 'nd its radiue aeroxlﬁhtely)tho nuclear
radiue, The coulonbd potential =uet pe added to this
nuclesr potential to give tne pelf ccunsietent field acting
on a proton,

sopting the independent particle model, a
stationary state of the nucleue 18 represonted s a etatione
ary state of & syete: of protone and neutrone 7oving ~ithe
out interaction in a potential field of the for: desecribed
above, The +ave f nction of such a state isg tn:t;:;ducts
of individual particle ave f nctione, correctly antie
gy metrized to satisfy the Pauli exclusion prineciple,

Tne single particle etates involved are highly

degenerate and in this theels 5 group of states ith the
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gare energy is terned & level, ihe enervgy of the systeu
¢ef protone and neutreus is specified henu ve pgive ile
nuaber of protons and neutrons in each level and we will
se the ter: *egonfiguration® tu describe thsat group of
states ~ith the gave total nunber of protons snd neutronse
and the sane total energy. in general a cuniiguration
contains s large nurver of eingle particle ptatee, bDut
those econfipuratione in +vhien all vecupied single particle
lavelsase filled are non degenerate, Sueh & configurae=
tion is ealied a closad subeshell configuration, I
further, the closed sub-shell is separated oy a large
energy gap fror other configurations it is terned a closed
snell, #® in thne electroniec structiure of atome, a
nuecleus +ith a cloered shell of protous or neutrons nas &
nigh stability, snd tnere is & diecontinuity in nucleonm
binding energies se the shell ie filled,

Having solved the probler of the indepesndent
particlie model sithout interactions, tue specific nuclecne
nuecleon forgces can be introduced a®» & perturvation,

Toithe first order of perturpstios the interparticle
intersction »ill eplit & contiguration up into & number
of levele of different energies, in general these
levels will correepond to particular statiomary values

of the total angular nomentunm I of the nucleus, in

higher orders of perturbation linear conbinations of the
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wave functions of lovoln'witn the save ] and oelonging
to the sa-e or different configurationg, 'uet ve consie
dered and the energy natrix disgonalized, in this way
& solution of any desired accuragy canm oe bullt up,

The angulsy momentun coupling of vacencies
in a ¢cloeed suoshell ie almoet identieczl with the coupling
for particles in the savne snell (Condon and Shortley T.A.3,)
and to the {irst order of perturpation in the inter-
nuecleon intersctions, vecencies in s cloved snell have
pinilar proverties to particles in the save vshell Making
use of the sbove eg ivalence propeorty, excited states of
nuclei »ith alrost closed ebell counliguratione can ve
lnveetipgated profitaply in terme of the ercitsation of the

vacenciees or "holes" in the ¢loged shell,

1{44d}: Jodividual Sueleon levels,

sloget any epin ipndepmdent nucleon-nucleus
interaction potential intermediate vetreen u square well
and & nermonic oscillator wall leads to tne following
evder of single partiecle levels, The lowest lavel in
the w~ell ie always an s etate with ornital sngular
nomentum L= o Tade ie folloved oy a o state and then
by the groupe 1d 25 wAth L=2p0c; 1{ 2p with L=,
oy 2, 33 with £=¢ 20 1k2ag 3p with L=5 2 ;
and 90 on to the top of the well, For a hursonie oscile

lator these groupe of levele are degenerate while for s
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square well they eplit up and the levels of high angulsar
omentum in sny group are depresecad relative to tne
levels -ith low angulsr zomentun,

A model baged on suen a level esysten will

have c¢losed ghell gonfiguratione +hen sach of the above

groups is filled i,e, for
H. z - 2. 8. 20. ‘0. 70. 112.

There is, nowever, evidence lor closzed ghell configurae

tions <t the nucleon n.tvers
N. z = :'. 8. 20. 28. 50. 82. 126.

(Blsaeser (1934)). The riret three nunvers of this
sequence coincide ~itn the cloered shell numpers for a
potential well, The departure from this sequence has

been explained independently oy Haxel, Jensen and Suegs
(1949 ) and by Mayer (1949, 50), by introducirg a strong

epin orbit coupling whien depreeves the individual partie
ele statesr with = L+4 and raises those with 4=4-'a

+ new grouping of levele resulte whien fo) lows that
indicated by experinent, vrigmre—f o T e dimpri T of

toas jolividd— Fliote desar —Po—irm oF—dobons
B S e S s e R L

: 11 Model iear <Y°pp,

208

The pround state of tne nugleus Pb with
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126 neutrone and 82 protone ls s doudle clogsed shell
gont iguration geparated by sn energy gap of ~ 3 NeV
from other poseible cont igurations, segauge of the
stability of thie etructure it sho:ld ve possivle to
descrive nuclei +«ith & small numoer of extra nicleons
outside & “Bpp core, very simple on the basis of the
individual particle model, Ve asesume that in the low
excited states of theese nuclei the douvle c¢losed shell
of 126 neutrone and 82 protone ie¢ not distiurbed ~muech,
#0 that these low states ariee fron the reloutively
gizple contigurations of the extra-core purticles, In
the sinplist csse, the low levels of tne nuclei ““¥pp
and 20951 are the states of one extra neutron or proton
moving in the gversgn central {ield produced uy thne
doubls ¢clored shell core, In the nuclei 21°Pb. “lupi

21V

and Po with two extra nucleons, the lo+ excited gtates

arize fro~ two particle coufigurstions ~hieh are split
by so~e nuclear force uzcting vet een the extra nucleouns,
Nuecleil with more than two extra nuclecns can be tresated
eirilarly, though in practice the couplication increases
rather rapidly with nunoper of extra porticles,

.8 mentioned oeforo)vsconciea or noles in a
clozed shell pehave rather like extras particles aund
nueleil with sn alost eomplete douvle closed zhnell, have

level systens whieh can be thought of in terrs of the
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“excitation of holes®, The single hole states Tollow
the single particle levels el.tle.glossd shell iR sporoxie
nately the inverge order, A nucleus deficient iv two
nueleons have a level gysten corresponding to the excitae
tion of twoc holea, shere sgsain e:; tvo hole configuration
is split into states of definate total angular momentunr by
the internucleon interactionse, ihere are sone nuclei
with particlee cutside the core and noles in the core,
The statesz of these nuclei zsre treated in terie of cove
bined particle nole contfiguraticnse, The coupling of
the angular morentumm of particle and hole configurations
requires some core and +~ill be treated in Cnspter 11,
where natrix elerents of the nuclear forces are caulculated
for particle-hole configuratione,

in order to investigaote the level gtr c¢ture of
nuelei diftering by ~ore thun one particle fron the 2V39b
nuecleus we need to know something of the order and spaecing
of single particle and single hole levele, e ¢an
obtain tnis intormation by looking st the level gtricture
of the four nuclei 209?0. 20931, 207?0 and 207?0. oinco)
on the individuyal particle nodel, the states oI these
nuglei are single particle or hole levels,

Ageoording to the shell model the lovest levels
available for tne odd neutron inm ““Ypp are Y4l=, *:"I&,?:h.d-s/a

diyj. and Ris/a , vhers thek., level may be depressed strungly
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iiv),
by epin orbit ecoupling, 2“9Po decays to 209b1 vy
degsy with an {e— value for the traneition conpatiole
»ith a firet foroidden trameition ATI=© or 1
and change of oarity, jince the ground gtate of 2"’951
haeg soin 7/1. and odd parity the odd meutron in “W9pp
should be in & 9 9q/a or <u/z level, 4n iavestigation
by Lee Whitting (1955) favoure the Yl agseignment,
Information apbout the excited etstes of <“¥pp is availavle
fror the resection ° °Pp { b ) 299 pp Harvey (1953),
Proton groups are ooserved correzponding to the ground
gtate and to excited states 2t energies of0,75, 1,66,
2,03 and 2,54 WeV, Harvey makee the level asssignments
XY1l2 for the ground etaite and 4:-0'/1. ,0‘—5/7. , 92/~
snd olsp respectivaly on the basis of relative cross
gection meapurements and shell model considerations,
The neutron binding energy in the ground state, deter-ived
from the & value of the reaction, is 3,87 kev,

The shell model gives k-,lz ) f?/z,?:/z,/’:h, Pi
and Ay, o8 possiole states Ior tne 83rd proton in
20931. Ae the gound state eppin ise c’lz ve assume that
this corresponds to the liqlz level, Inelastic seattering
of 2,5 MeV neutrons indigcates levelszs ato,9 WeV and 1,6
MeV ercitation (Poole 1953, Eliot, Hicke, iseghian and
Halban 1954), obut no epin appignnente can be made at

present, Analogy with the c¢locsed ghell of BZ neutrone
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would spugeest that the firet excited state of 20981
is the {5/; level,

The low levels of 2‘”“ and m’?. arise from
core excitationg in +hiech the vscent neutron or proton
etate noves {ror cme contiguration to amother, The
energy reqguired to revove a particle fron & closed sude
shell w»ill, roughly speaking, be the one particle energy
of that state plus & ®pairing energy" or energy ol intere
setion of the particle witn other nucleons in the sane
subshell, Thue the level order in these nuclei =»ill
follo~r the one particle states in sy roximately the
inverse order,

Low states in 2YTpe +ill arise from noles in
the levels Sif, s, dsh o) and iy, D
is known to have an sxcited ctate at ,35 ¥eV (eshort
range s in aeC), There is no ot-Y angular
correlation (CGorodetzky, Callmann, Enipper, .rooruster
1953) indicating that perhape the excited stute is an
hole, On the oth r hand all other oddeeven isotopes
of Te sppear to have a spin § ground state, while 203!‘
is known to have a level sequence 2 ,%/t,%: (Wopstra
1953, Prescott 1953}, OUm the individual particle wodel
it ie mnlikely that the oly,awd5¢ levels would be
inv-rted in going from 20““!‘ to 207“ , 80 it is probable
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that the ground state is the S, level znd the rirst
excited etate the ol3); level, The sbeence of
sagular correlation would thean have to ve explained by
2 mixing of orbltal asgulsr 7oventa in the ~< tranaition
or a ¥l, B2 mixture in the Y traneition,

Pryes (1956%2) has given a conplete discuesion
of the levels of “2U7%p snd gho#e that a level sequence
Pijo, s (56 MaV), Joy), (.8 MeV) and Liss (1,6 Mey
is coneiatent ~ith the experizental details of the decay

zghenes of W4 snd 207

Bi, There is & group of levels
at an excitation of ~~ 2 MeV, to which it ig not
poagible to aseigu definite orvite, iwo of thean may
gorrespcund to the F;/e. and Lﬁh peutron holes,

s igure Il givee the four proposed level saguences in
diagravatic form,

Lefore goling on to congider the more detailed
applicstion of the independent psrticle =model to otuer
nuclei near ’°°Pb. se will mention cne piece of experie
mental evidence shich pointe stroungly to the individusl
particle nature of at leset scne of the gtates of nuclei
in thie region, EHarvey (1953) hae ma'e 2 number of
erperiments with (<l.p ) and (<L,t ) reactions aund obtains
the following interesting resulte, He finde, with 2°‘Pb,
a°7Pb. 208pp and @853 as target nuclei in s (e )

reaction, groupe of states with wpproximately the same
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neutron binding energy in all the product nuclei, ihis
feature iv 2 stroug indication that (1) the meutron from
the deutercn goes into a definite single particle level
and (2) that these levels -re not affected tco strongly
by internuclecn interasctions inside the mucleus, 4o
that )thoug'n nuclear forcoe will split conﬂgurauon:,
the resyltant level estructure ehould etill we recognisable
from the individual particle point of view, Similar
regularities with the ( o{t ) reaction lead to the same
som2lusions in the case of states arising from mneutron

holes,
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tr 1 nte of the teraction Lanergy.

g(il:  Introdustion,

In the following sections we consider ths energy
leyels of a twoeparticle system in « gentral ouclear ficld
If the tmo partlclec do uot interact they will move in
orbits charscterised by total angular momentun gquanium
nmabers ’j'c and af?,_ « The angular nomenta of the
tmo rarticles wi'l couple to pive o resunltiant tetal
apgnl ar mcmentum cusntum number I, with Z component M,
¥e can write the wave functiorn of the twoeparticle system
in this gtate asg H'nfz,IN\> B If the two
partizles are identical we muat use the sntigymmetrized
wave Tunctioce N[l'j,‘jl,IM> —L"l)‘hﬁt*IH}. 5 j S M>J
Here N i= 8 normalizing fsector taking the value
if 1:741:, . it ’f,'—'j"z and 1 iz even H. 3.2,1:M>
ie itself antisymmetrical,

w The interaction energy of the twe particles

in the state )1, {'z)I M> is given tv the first
order of perturbstion by the maetrir slement
&j,,IM’VH-ft,IM>ere Uier the pctertial esnergy of the
‘4ntersction, The wave function of the system without
interaction may not, however, e o good asproximation to
the staticnary etate of the interscting system; in thie

case configuration interaction must be congidered, requiring
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the saleuvlation of matrix elemente of the type
(f. fz)rM l U-, ‘I: ﬁ.,IM>
%2 will uee a centrel tweebody interaction

potential cf the following emchange type:

U= V(v,‘z) (u 1 P+ l"L—P\- + b’—Pa')

where 1 ir the internucleon distance;w, m, h and b
ere constante such thet wi+n +b e h = = 1; P, is

the ecordinate exchonge operstor, P, 18 the spin exchange
opovater and P, (= « P, P_ ) the isotopic epiu exchange
operator,

Yhen evalusting matrix elements of exchange
potantials it is convenient to work in the L3 coupling
rgheme, Pyplieit expreesiocns for the traneformation
confficients from {9 to L3 coupl ing sobeme sre given
by Pryce (1952) and Bline-Gtoyle (1953),

Tagh term in the above potentisl ¢ n be
written 2e 5 product of = ipin «nd & coordin.te operator,
Jv the 13 representation a matrix element of & term in
tha potential breaks up into the product of 2 gpin matrix
elemant and a coordinsate matrix element, The spin
matrir slement has the value unity for a Wigner or a
Majorana force snd, for a sartlett or Heieenberg force,
takee the value 1 iu a triplét spin gtate and « 1 in a

singlet state, ‘oF & coordinate exchange potential the
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coordinate matrix elenent haes the form
(L LML L S

where ,Ztéjf'ifﬁ) etc, are the orbital angular
aomentum quantum numbers of the eingle partidle siates
and reduces to (- 7L <,Q¢'fz’,LMI V],QL 2, L M>

Thus the calculation of matrix elements of an intersction
potential of any exchange type reduces to the caleulation
of coordinate matrix elemente of a functicn of inter-

nucleon distaunce,

2(1i); Coerdinste Natrix Zlesents.
Tue coordinate matrix slenent @,’ ﬁ,,’,/_MIV’,@.lz 3 M>
of o funetion V of internucleon digstance ie
indensndent of the 2agnetic guantun number, Yy averaging
ovar all valnae of th2 magnetiec guantyn mmoer we gotain
an expragsion for ths matriz elexent igdegendent of the
aris guuntizatioa, L7 we denote the value of the matrix

glement by ¥(L), then

ET é<ﬂ,'1£,LM]V/z,(L_LM>.

f@ ncw make & trangsformation te = cgordinate

representation of the state vactors of the twoeparticle
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eystem, The wave functione will be products of a radisl
senponent and an angulsr gomponent consistiong of &approe
priate liunssr gomoinstions of sphericsl harzoenies,

Thus we have

e M -n
<r.v_a|12l/zl,LM> - cp,«.m(mzv; C e 2. L,Mm_vg)lf§v(,¢,)‘{gl,4z) (1)

The pheses of the gpherieal harmonice re choszen to agree

witk the work of Haecah (1942) and Condon wnd shortley

(135), (:égpzz L.JVn.Fﬂ-P") | is the usual

vector couvpling aoafflciont, The mairix element (!‘.!‘:'1('1" ‘LM>
can e ginilarly expresced replacing ¢, s=ad

Lo by A and fz',and ¢ oy ’+ in tbe radial wave

functions,

Intwoduciog the density function

e
A0 ) = ;_-’l:;—' /%:-1_, <1c'1z', v Ml‘ﬁt!'z><tu !‘Zlfq fg,LM> @)

the oxpreselicn ior ¥(L) reduces to & double intesral

over the coordinates v\ aund Y: of the two aneclaeang,

FG—) ¥ [J V(l!‘.-rd) /?_(:\fl _’_'l) A v dr, . 3)
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The density function ie independent of the =z axis of
the coordinate representation snd depende only on the
magnitudes of the vectors v. and Y2 .nd on the angle
between then, In order to evaluate the integral in
(3) in an aporoximate form, suitable for srort raoge
foreces, we make a transformation to relative coordinates,

rat
Y- =5 amd p(r)= p(0s)

the
‘ LB ﬁ V6) PLES) s -

Now expand /{_@.‘,_S_) a8 a power series in 3 and
put thie expansion intc the integrsl 1or ¥(L)., V(®) is
& function of o only, and because of tuis eymuetry, terms
arising from odd powers of S,L,Sy or Sy wili vanish

on integration o¥er S o Using identies o the form

V42

o 410
(Vorsimas = 55 [ver $7tets

the expreseion for ¥ (L) reduces to

) = ‘I-TTfV(s)S"a(S-S ! (,0) de
a1 ( ¢ !
3 V) s~ A s f [V /)'—Lﬁ"s‘)]_s_zo Ax 6)
+ <;__T(_r (\/(51 ¢ ds ”:v‘)‘/{(g;)] Av
) o

4~ hg’[&r Tiigics g
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L A 1
In the fntegrals [ [[pV'ples) A€, v
ie the Laplsacian operating on S im the density function,
The £iret two of thes- integrals are evaluated in the

sopendix A

Mf/ﬁ'@,o) AL = H.“m 4¢) $.0 ¢.0 v Q‘S‘)

reducing to the resultes of 'ryce (1952) in the special
case ,U'—'l, and 11’. = A, , and

= f [Vees), +t="PO j«k*@ Pi) 4 $c) eAv
S Sﬁ‘;@fz” $el) L [ Yopd) vidr,
¢ ,7,+)

Higher terme can ve evalusted by gimilar methods,

i : GDxpressions for latrix Slemen in the

133.grg!ontatlgn.
'@ will specialize in the case where {/='ﬁ

and j{='ft and ealculate explicit axpressicue for
the matrix elementez of the nucleonenucleon interaction
potential in the +§{ representation, .nly the first
two terme in the expsneion lor the coordinste matrix

element wil: be retained,
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For converience write

e R3 [1’!1@‘) 1’:(’”‘ vidv

T,. = R* (4 #€1ar

I, - R 440 L)

Here is & scale factor equal to the nuclesr radiuse

and introduced so that 1 , and 1 0 and 111 depend only

1
on the form of the radisl wmave Tuncticng cnd not om the

miclear radiue, Also let us write

o= Koorlia, DU PO 5 be = KTox|4.4., 05 P{)

T+1 Lt

ar=7 Kourlit, DI RL) | b= ) Ko 1lid, DI PE)

L= I-1 L=T-}

The matrix elements occeurring here are the traunsformation
coefficiente from L3 to {§ wcoupling, subscripts s

and T distinguieh tne singlet snd triplet parts of the
interaction, The quantities defined refer only to /igner
and Bartlett forces, sorresponding guantities for a

coordinate exchange force will ve indicated by a sup-recript
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M, The coordinate exchange operator hag no effect in
the zero range aprroximation, Thue ap = e , A5= s,
The matrix clements of the interaction energy
can be written in terme of the eeccnd wund fourth momente
of the interasction potential :nd the quantitier del ined
above, containing the dependence om I and on the nuclear
radiue, Ye can separate the effect of coordinate

exchange by writing the interaction potential as

Ul) = Vo) (w+b Pr) + W) Pl -k T2,

The intersasction energy matrix element then splits into
two terme, ‘he first ariseg {rom the igner and _artlett
interactions, ond the secoud from the inter:ctions cone

taining ceoordinate exchange,
Ell; <1| sc., IM' Ulj, 1'1,1._ M>-_-= @J{-lo) E(:I +Qf"\‘lﬂ.) E,N—,‘_ .
Here

. = Ts 1 " te
E [-I?i fV(r‘)rolr i ":g‘s- IV&)'}”(V}@M'E ae)+ %[V@)ruv -@sfzbk)

)
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. B by apd ="'
!12 hoe & eimilar erxpressicn with b, | b : g
replae ing ‘:u,- s s and ¢ ° in this case

h
i ’:\tk Io these expresesions £ and i

factors containing the epin dependence of the force and

are

take the value 1 if there is no spin dependence and « 1
for spin exchange {orcee,

v Blatt and Jackeon (1949) haove interpreted low
onorgy_soattering data in terme of a well depth parameter
§ and sn intrinsic range b, which can be eimply related
to any particular interaction potentisl, The valuee of
these paramdlers, determined from the binding energy of
the deuteron and from loweenergy scattering data, depend
only wesakly on the chape of the potevtial seeumed, so

we will expreece the moments of the potential ocecurriug in
(6) in terme of » and b, sor a square well potentisl b
ie the radiue of tone well in centimetres end if V. {ie
the depth of the well, V = 102 x 10 sb™® eV,
For a Yukews well V() = — Us o (- "‘/,;)/ff/ﬂ , b= 2128 e,
and Ue= 312 vy 10 2 sb? NMaV,
Substituting these valuee in the expresei.ns for the

moments of the potentisls we set

-6
gV(v:\fltk‘f:M x 10 sb for voth Yukawa and

square well potentiasle and
26
JVOrrtdr-3,4x 10" sL°  (square well)

=9.56 X10 sb’ (Yulawa well),
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2(iii),

Henge we get the intersction energy expregced in terms

of # asnd Db,
E° = _3%XIT25h 0“’1 -lb‘]_- (et €55)
2 T @o u)(ﬂe hfas) + _f_?-{ o (e S

for a square well potential und

u)@fféag+ﬁflﬁwa@w+be]

A

Eo =4 3"—?“" sb
12 [(I 22k

for Yukaws well, There cre eimilar erxpressions for the
coordinate oygchange term Elgm. 312 is given in NeV and
K snd o are measured in centimetrse, It iec seen that
the Adependence of the interaction emergy on the iatrinsic
range of the potential ies very much strouger for a !pxawa
interaction than for & esquare well interaction, The
bind ing energy of the deuteron :nd low energy neutrone
proton seattering data suggests a value 8 = 1,3 and

b- 2,4<10"1% gm, The nuclear radius in the neighboure
hood of !"‘Pb is of the order of 8 = 10*%cm, Thus we

get an estimate ior 34 X 10'2‘»/R‘= U,2MeV,

By application of fireste-order perturbation
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theory, the dependence of the eplittin: of & twoeparticle
conf iguration on the total sngular momentum cuantum number
I has been investigated 1o0r three particular coanliguraticne
of interest in the level structure of 21“31, namely
( l;u/,,_,-f(..-s/t }s & Yal< > ke ) and | Y1l y 430 e
The matrix elements of the interaction potenticl have
been computed uUsing the erxpressi.veg derived im Chapter
2(1) for a scuaure well neutroneproton interzction,
In order to iliustrate the effect of range snd exchange
on the proton-neytron interaction energy, 212 hzs Dpeen
computed for all posaible l-values in each of the three
gonfigur.tions ( <ufo, <132 ), ( 9q/z), k9l ) end
( Fqk , A/t )e The following cases have Leen cpmnsidered:
(1) A zero range forece with no spin dependence,
(44) A wigner force with /R = @.2.
(iid) A Majorama forge with b/RK = 0.2,
(iv) A Roerenfeld mixture giving saturation of

nuclesr bind ing enerpgies (Rosenfeld 1v4u)

sgain with b/ R = 0,2, The results are given in

i

graphical form in the rigurexwitn £1¢ plotted against I,

The energy ecale corresponde to choosing the interzction
-ib

parameter 34 x 10 8b/R = U, NeV in agreerent with

loweenergy scattoring data, “he enall valuye of ratior
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B/R = 3,2 corresponding to an intrinsic rance of
b = 1,86 xlo”"‘ en i? chosen becauyse of the essentisl
inadequagy of the expsneion (6) for larger b,

For Wigner forces »th b/R = @,2 it is seen
that forcee of zero range give a rood aoprovinstiocn to
the interaction energy 312 as caleulated by the "ore
securate exoresri ne given in Chapter 2(i), In each
conf iguration, when the range of the Iorcer is taken
into account, the ~agnitude o1 the interactiocn eneragy
is reduced for the atater of lowest spin, +hile the states
of higzheet gpin are not "uch sffected, These conclusicns
ean be axpected to hold for intrinsic ranges up to
2.4 X Idﬁlacn, the value given by lowsanergy scatteving
experinents, sor longer ranges thaen this, higher terms
in the series for the coordinite natrix clemout nust ve
conpgidered asnd the method rapidly ovecomes unvorkable,

In the cage of Yajorana {orces the expuneion ue
far'aa the second term of ths 2eriee can be expected to
glve a falr aporoximation to the intersction enercy for
the gtaters of highest I in the contigurstions comngsidered,
For atates of lowezt I, however, the magnitudee of the
matrix elements of the interascticn ovotentisl sre much
reduced, even for ao intrincic rance ae chort s b =1,6 X

m‘l‘ em, For rangee longer than thie, and in particular
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for rangee of the order of b = 2.4 x "% en predicted
from scattering experiments, the zerc rangse approxization
to the value of the matrix element is completely inudee
quate and the exparsion as a rower geries in the range of
the potential is no longer ureful, inm sll casee the
effect of the finite range of the sotentisl ie to reduce
the interastion energy iu the gtates of low total angular
mcmentum 1, but for Yajorana forces thies effect is nuch
gironger than feor “igner forces,
The effect of a soin exchange terz in the intere
agtion notentisl has ween investipasted by 'ryce (1952)
for torgces of zerc range, If a 2pin exchange component
is included im the interaction setentisl, =tates im which
the spine of the two narticles ure most nearly saraliel
are not affected, while the masgnitude of the interasction
enargy is reduced for states in which the wins tend to
be antipasraliel, srovided the apin exchange force is
attractive in the triplet state, This result can be
2imply erpressed in terms of the dovdheim uumoer, if the
two particles have total angulsr momentum ouantum numoers
4 =nd J. «nd orbital sngular momentum mmbdave 24 mnd
L, wa define this mmber as N = Gi-2) + G -4)
If § ie 044 the state of maximum ! corressnonds %0 narsilel

slighment of epine und the interaction energy is unaffected

by the ineclusion of a spiu exchange tern in the force,
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while 1t is reduced in the state of admimum i, Jor

B even the state of minimum I is unaffected &nd the
interasetion enerzy in the state of maximum I is reduced,
These couclueione are not sltered when the finite range

of the nuclear 1eree ie inecluded in the calculations,

For U odd the Novdhein rule (Hordheim 1950) predicts th.t,
in asoy configurstion o state of ptgn angulsr momentum
ehou2ld have the loweat onorgy,ut:; the etate of loweat 1
should have the lowest energy ior & even, This rule

will hold for the econfiguraticpme ccensidered usbove provided

the nuclear forges contain coordinute and epin exchange

componants of saufficient =~trengih,

2(v)s Interaction of licles snd ‘articles,

The method for caleulsting the matrix elements
of internucleon potentials for a configuration of = closed
shell plues & few particles, is well kuown and in the laest
sections we have considered the case of two extra unlike
particles in detail, segause of the equivalence of
particles and holee, the method of calculation of thege
matrix elemante in o configuration conecisting of & number
of hules ie identical to the particle cuse, in this
section we wili use the for-alie~ of .ppendix & to calculste
the interaction eunergy of a proton (or neutron) outside a

¢losed shell with a meutrecn (or proton) hole, ‘@ write
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the state vector of the asystem as

|40 12 T = 2 C GefaTm ”“)e')hm’}nmf:m, >

Lo L B

The vaector ,) represants the double closzed shell,
walle % . snd 5. sre sreation operators for proton und
neutron respectively, The neutron=proton intersction
potential gan be exprzasad in terms of creation and

acuihilztion operators asg

U= 2 wulvp-w)

np
azm/b i 5 ’7h‘§ *§ (a_qu‘b > (7)
where tihe terms <aatlu-l b3 in (7) are the two narticle

matrix elements of the neutron-proton inter-gtion, ihe

matrix olomontf ef [ vetween two etates ’74 2, ’ >

amd 7, -g/;’l > can be evalusted using the usual
methods of second guantizatiorn and yields the reeult

< ’-5/3475* U")._?:’ > = (Ec +'EP_ E"‘) S<"""") S@U/‘)

— (ot [wlefp)

B¢ i2 the internzl interaction energy of the closed
shell, while B, and E, are the interactionm energies
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¢f the proton and the neutronm hele respectively with the

closed shell core, Thue for the coupled system we get
(AT, TM| UL T TMD

— E¢+’EP"EH ‘—"Z CG.‘]I\—)—:M«um-L)C('}l"L): ' M'z)

h\.’hﬂ.

'
“'\'v, Lt §

/
1,1—”\1 L

) C Fimes, G | V[ gyt 1>

= Ec *EP-E“ -Z_,(l)"«f—l) W@t‘jz.‘};aj-g))—_)_'>
7T’

x (e | V] fe, 7 M0

Ec +Ep— En —Ewt. (<)

—_—

In (8) the term E:+Ep—Ewn is thie energy of

the unnerturbed configuration, which ie evaluated in

thie work frox the known single particle and hole levels,
The term Eint determine the splitting of the particlee
hole configuration and thie ies the term of interest,

It shonrldi be noted that the term Zint cccure with the
opposite 2ign to the correspornding term in the case of

the interaction of two extraecore particles or of two

holeg ia & c¢loved shell,

It is shown in 4 pendix B that the particlee
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hole interaction energy, Zint, cen ve written in the
same form sg a particle particle interactiom provided the

following transformations are made:
(1) Pse = 1—P<

(2) For an ordinary central ianteraction
<Z| £L)LM’ V’ ﬁ\iL)L l\’\> —_— 41 ﬁ?.JL-N‘l V‘EIEL)L'V(>

(3) For a ccordinate exchange or ¥ajorasa potentizl
Quasm | VLt Ly = [c@o2.,0)]”

* N N
X g\/(‘r) \/@5¢:) YL@t,“’L) Ré'-}‘c) O‘C'r]a(r:
'S

Rirny) 4e the product of radial wave functions introduced
in Appendiy A, The tvarcformetion for - reducer to
the results of Pryce (1683a’, The expuangicn (&)
of the ecordinste matrix elamente me ¢ power seriee in
the rauge of the nuclear Torces can ve carried out Just

vt before, Ly makiang the substitutions
?a(L) - PG(L-)

L &2 P for an erdinary force,
Pir) > LLtY) Pall) for a Majorana force,

In the laat sections we have discussed the

eplitting of the levels of a particle-hole configuration



PP
arislag Trvem staves of unlike pavticles, hen the
particle and hole are etstes of lixe nucleons the resulte
given svove remain unchanged if we reclage Vin (8) oy

VIl-P<Ts Je
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Some applicatious of the liodel,

Wa will discuse the excited states of several
nuelesi on the basies of the eshell model =nd compare the
prodicted level eysteme with experiment, In this work
we use individual particle levels civen from a study of
the statee of 2u7Pb, 207?0. U9 ana 954 chapter i,
Caleulations of configuration eplitting are made with
geroerange nuclear forces or with the approximation for
ghort range forces developed in Chapter [I, The nuclei

2104, 2085, 29954 and ©7pp were ehosen

ccnpidered
because they provide a variety of particle configurations,
21031 has & proton and a neutronm outside double closed
shelle, 20‘?0 hse a proton hole and an extra neutron,
while ““pp anda “7op nave four and #ix neutron holes

resoectively,

A gy . 20,

21031 exists in two lsomeric states, a beta
decaying state of low espin, in the following referred to
a9 - " formed in the beta degay of ”’on (Ral);

and a longelived alpha degaying state denoted by <

The state < probably has a high epin, it ie formed

following slow neutron capture in 29954 ( Heumann, Howland
and Perlman 1950), GColdhaber and Hill (1953) give the

31
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energy of <, estimated from s closad cycle, s 26145
keV below the siate £oe ihe bindliog energy of the
last neutron in 21081. obtained from a closed cycle,

is 4,54 MeV (Kinsey, sartholomew .nd Jalker 1951),

20 gx’b

comparing this with the neutron binding energy io
(5,87 HoV) we obtain a value of approximately u,67 WeV
for the proton«neutron intersction energy in voth the
isomeric stutes of 21“’3&

The gamse-ray gpectrum {¢llowing the capiure
of tueracl meuatroas in 0934 coueists of a oroad line
of maximum energy 4,17 eV indicating rangitions to a
group of statee within an energy range of woout W &eV
(Kinsey, Sartholomew snd walker 1951), This grouwp of
gtatas lies avout U,37 JeV acove the lgomeric ground
states = and of 21031. as shown Uy the diffarence
between the neutron vinding energy and the maximum ganise
Tay enevgy following the neutron capture, The neutron
capture state should have apin 1 - 4 or 5 snd odd parity,
Thus the group of etates reached by the 4,17 VeV ganma

emigssion can have gping in the range 1 - 2 to I- 7 if

the gammaerayes correspend to electric dipole, magnetic
dipole or electric quadrupole transitione, Gtates

formed in this group following gammsa radistion from the
neutron capture state would decay by & cagcade of coft

gamma-rays to one of the states o« or S Aeither
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of the states < or . 1s reached strongly by airect
gamma trangitioms from the capture state,

The reaction 29933(d,p)%Wsi shows levels in
21031 with neutron binding energies of 4,16, 2,62, 1,95
and 1,40 NeV (Harvey 1953), These levele should be
compared with the gtates found in 209?5 with the =08prb
(d,p)zo’Ph reaction, The relevant levelz in 209y,
have neutron bind ing energies of 3,87, 2,41, 1,84 anmd
1,27 ¥eV, The resction gross sections for the various
ievels show & similar corressondence, This correspone
denge of levels und coross secticus has been interpreted
by Pryce (195%Z) and Harvsy (1953) ae isndicsting that

21051 ave the unregsclved confle

these "lavels® found in
gurations formed by a proton in the zround gtate end the
captured neutron in states corresponding tc the indee
pendent particle statse of ?O’Pb. It shouid be noted
that the neutron binding evergy deduced Ly this method
corresponds to the valiue obtuairved frum the gamamrey
energies following #low neutron capture in 299@1. Thue
it le probable that the group of gtutes reached by zama

emiseion {ron the slow meutron capture state is the same
as the lowest rroup of states reached in the “¥pi(d,p)

210gy reaction,
zmrb(lub) decays by beta emission to an excited

gtate of 21081. The trezneition energy is low, probabdly

33
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sbout 18 keV, z2nd the iftevalue (log ft = 5,5, sanneraann
and Curran 1€5F) lg ccneistent with sn anllowed or firste
forbidden transition, The excited state of 21045 formed
in thie bets traneition decays to the state 3 by gama
emiveion, ormerly, sbont aix soft gamme reys fellowing
the bets deecsy had been reported, of wihich the sirongeest
ard most energetic had sv energy of 46,7 keV, “he level
disgram tc sgevunt for thege gomme raye wage extramely
gomplicated, waquiring five or 2ix levels of low s in
very c¢lose together near the s state, lpre recent
werk by ¥"u, 3oshm snd Hagel (1953) confirme only the
46,7 ke¥, gauma ray und suggests that the ather sama
rays orevieusly raported wara spuriouns, They sstimate
that the 46,7 kevV gamna ray is euitted followiag 92 ~ 5z
of She betz transiticons =zad suggest that the ramsinder
of the transitions go directly tc the A~ atate, This
work indicates that there is only one level of low gpin
near the /5 state, |Ileasurements on the ratio of the L
gonvergion line intensities suggest that the 46,7 keV
ganma vay ie an Ml traneiticn, ihe /s atate of 21031
having odd parity, the 46,7 keV excited state should have
spin I-10v Q0 and odd parity,

Recent experiments by iFred, Tomkine and Barnes
(1953) and 3mith (private comamunication) indicate that
the state / of 21944 has spin 1= 1 and & very emall
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magnetic moment, while theoretical studies of the shspe
of the beta gpectrum of Ral are consiet nt with the
ageignment 1 1 and odd parity for thls state (Yansda
1953, Rose and CUsborn 1954), Lee-ihiting (1955) hee
made caleculations with explicit individual particle
sppignments, und hae shown that the ghape ol the
gpectrun of Raf is explsinable w;th ratice of mairix
elements calculated irom the aseumption that the
state of 21031 is ( i?'/t, ju,,t)l.. Un the other hand
the ft value for the , gecay of aul’b is convistent
with ( 65(7/1 ,'l»7/z )0- for the 46,7 keV excited astate {formed
in the desecay,

lavy and Perlman 1253 have investigated the
helf life for o~ decay of the - ieomeric stzte, Their

experinent was made by observirg the prewth of 2

Po,
Thie could be due eithor to 13 deeay of the - isomer
or to = isomerie ) ‘traceition to the /J etate which
deaay to 2205, in the nermal 3,8 day 2 traneition, ‘he
half l1ife wac found to be 7 x 108 years, It i2 shown

in the next paragraphs that the isomeric state is erxpected
to have a epin of at leant I = 8 on %heoraticsl srounds,

Accepting thies assignment, it is difficult to understand

a half 1120 for formation of “2YP; s shgrt as 7 x 10%years,

Ye will now consider powsible claseifications

of the low levels of 21031 consistent with the auvove

3s
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experimental inlormation ¢n the basis of a twoepsarticle
model, @ have cceneoiuded from the caleulated protone
seutron interaction energy natrix elemesnts civen coeove

that a good estimate of protonensutron intersction snerpgies
for the etate of hichest wpin in sny conflisuration ie given
by the zero rangs aporoximation to the luisr.ctiovn potene
tial, Jor these states we 2can calculate the pretole

neutron interaction energy firen the expressicr

E‘zz —uOIU@k+£aS’)

wheTe l. i3 the vradiiel overlap integral deficed apove and

o = 22 Mal/

for nuclear foreces consistent with loweenerg, protone
neutron geattering data, The above work saleo showe
that it is difficult to make an seourate estinute of the
matrix elemente of ithe protonensutrosn potential starting
from a short range spooroximstion for the states of low
epin in any configuration, The results indicate, howe
ever, a possible theoretical basis for lordhein's rule
in a twoeparticle vonfiguration, ‘e will use this rule
to make estimatea of the interaction energy for such
states, It aopesares {rom the disaorasn of ensarzy levels

given avove that the interacilion energy is small for

ptates of epin intermodiate ovetween the aaxinum and
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minimum valuee, In the foilowing work values of ac
and ¢ are taken Tron Sryee (1952),

Je@ have geen that vetaedesgay are consistent
with the secignuent of the ar single-particle
gonfigurations to the ground astate of mg?b. Let ue
first assume the ground gtats of “08py tu se the &

/2
level, Then the lowest twoeparticle coanfiguration in

210 : o ;

B4 would be the (39/2, .5/2 Jo Thio conflguration
ie split by protoze=neutren intersactiosn ani the levels of
gplo T and spin 9 deprescsed, The diagran of lavels
piven for the '8y o0 hg/g ) sonfignraticn zkowa that
for a Rogenfeold mixture of range 1.6 X 10" 13 1/{ ,the
$nteracticn energy iz apnroxinately 1 eV in the ztate
with apin 1 =0 and 0,3 oV in the ztzte with gpin 1 = 9,
A nataral choles of paraneters 2euld give an intasraction
anergy in tha at%ate 1= 0 of 0,7 BV indicated 3y experie
ment and it is possinle that the gtate .
gorresponds %ty the experimontal state 2 , The state
( Rg /20 b’/l )‘: 9 eunld eorrevpend to iLhe oxperimental
ntate o« if depressed by configuration intevactlon with

.tgtga “11/“:. %ﬁ )1 L ’ &Rﬂ (111/2. fv/z) I‘—‘ 90

aseigning the gy /o level to the ground gtate

of m’b the 0,75 NeV excited state iz probably the i

11/2
level, Aalso it ip probeble that the 0,0 MeV excited
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SdlL.

otate in 20931 gurresponds to the f, /2 protun leveld,

Haking these identificationg in g%}‘a add 20931, we then
have the (1’/2. f,,/z) nd (in/z. h./z) configurations
lying cloge togetuer at an excitation of aboul u.U deV
in 234 pefore the protonensutron interecetion is cunsie
dered, The protoue-nsutron intersction in each ol the two
ptates (39/2, ‘7/2)l~=a and (111/2, .O/le=10 is awut
1,4 MeV se ocalcouisted froum {(7) usiug squere weil wave
functions to estimate l'u' Thus both theess states wmight
e expented to lie neer the 18g /o0 %/2}1___ ~ state,

Theve .re turee posaivie luwsiyilug esteter of
epin 1= 1, nsmely (Cq/!. h’/gl‘:zlo ‘Cg/ﬁa tg/g)x: 1*
‘*11/2' h’/gsz je il these stules hove eod perivy and
would be expeered 1o l.ie cloze tugether at avbuutl L.b BV
above the ig'/g, b’/zjx__o puate velecive coufiguravion
snteruwotion ir cuLEiceTos, configuretion naxing cunuld
ring ove steie of spin 1= 1 eloese L0, -wve oY velow
the (89 /g, h' /2“_____ g Ptete, ihas doublet woula then
corvespond tc the stute S and the 46,7 keV exciled state,
“he prevent work cunmet cistingulisk vetween the lwe
pospibilivies for the epin of /5 o but au ssesignment of
I1=0or 1= 1 i# coneistent with ‘he predictions of the
model, There mey e & lowelyilg stete of epin 1 = £
formed from the above three configuraticns, .11 these

gtates have odd parity,



T The group of levels reaci~d by ga a enissiocn
following neutron cupture in 2”'»&. should be the group
of levels in the “9/2- h9/2) configuration +ith intere
mediate spine 1I-2 to 1 =7, The group oif states with
neutron binding energy 4,16 eV formed in the 20’31(4.9)
21944 reaction corresponde to the for-ation of “lupi in
the (gg/g, by, o) configurstion, Ihe prooability of
resching u state of epin 1 with thie resction should be
proportional to 21+ 1 Af the interaction oetween the ULJrd
proton and the inconing neutron ieg suall, The total
nunber of states in the (‘9/2. h9/2) configuration is 1luy,
80 the state of thias configuration w»ith soin 1 U would

be formed with provability u.ulland the otate with 1 1
with probability 0,03, Thus the state > of <34

would not be reached strongly in the 2“9u£(d,p)21051
reaction, 3inilar congsideratione show th t the axperie
mental state ¢ should not e reachod with oroosbility

P

greater than (.7 in the (d,p) reaction on B,

3ail “Tre,

The nucleus 208, hag one proton hole iu the
double closed shell plus one additionsl neutrom, it
is formed following the o deesy of “ ¥.i und a study

of the short Tapge o porticles and ol the accompanying

y-rays yields information swout the level structure

*9
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in thies nucleous, Thie e summarised in the following

diagran,
208
Ty
E Kev
T zr
3y e

e e
o st

. #tudy of intermnsal conversion coelfliciente

indigates that all the Y Tays shown are eitted in U
trangitions, (Nielsen, priwate counicsaticn),

The low excited states of ““OTe will arise
from gonfigurations with ome proton hole and one extra
neutron, On the basis of our digcugeicn in Chapter 1
of the svailable levels for & proton hole snd an extra

neutron, we expoct that the loweest levels of B¢ should

come from the "llh.l' 3,/2) gontiguration, giving rige
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i),

to a doublet with spine L= 4 and 5, 1hio doublet is
degenerate to the firet order for soin indepeundent intere
agtions, It ie known, however, thut in the deutron the
nuclear torces are stronger in the trilet state thun

in the singlet 20, assuning that this still holds inside
the nucleus, the ground state of “U81e ghould have &

opin 1=5 with even parity, The 40U deV level will be

the 4+ state of tue douslet, The < trangitions to

the ground state of “/Ble are weaker then those to the

40 KeV state, Thig result can be understocd on the basie
of centrifugal barrier penetrabilities for the o particles
gince, asguming the rro'mnd state of "‘12;&1 hag 2pin I=1
and odd oparity, the orbital angular 2ementum of the
particle in the pround etate trancition ie £ = 5, while
in the transition to the 40 keV estate it ie only /= 3,

If the ground state and first excited ptates
have sping I = 5 and 4 respectively then it iz expected
that the higher states shou:ld have the following spin
sgpignments,

327 KeV, 1= 4 or 5; 471 KeV, 1 =4 or §5;
492 LoV, 1=3,
Further excited gstates coe frou the contiguratione

(‘m.lo.lg/g)o “5/2:1 l'/‘) and “1/2.1' 111/2); with
energies of 350 KeV, ~ 700 KeV and 750 KeV respactively
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Sl ii)e

before interpsrticle interaction ig¢ ¢ neidered, he

-1
3/2 ° gﬁ/z"
confipuration, The splitting of this confisuration cale

lowest proup of states comee from the (4

culated for a Roeenfeld - ixture by the "ethnods of _hapter

11 hags the form Iint = B+ 3‘.1. B, cores fro» the ternm

o2( To—Tu%p ) (a8 + € 2t) and B, from the term

2 x aY/R' Lgloe + = bt). deeuning values .2 L.-T:« R )
=ob MoV and 2 X &7[p* Ly = o005 JeV values of &, and

By for difrerent resultant total sngular ~onenta L are

given in the following tavle,

Ir 2 4 s é .
| i
- e [ W —
Ee —= bk 32 | / 77 1
l. . )
| Ey | o4 ot ! .03 2t
Eint i —-62 [ R i gy S ~-56

To this approxination the independent particle
model predicte & level gequence 1=5, 4, & and 6 where the
3 and 6 levels may oe interchenged for elightly different
parameters, Ihies results ie in quantitative sgreement

with the observed sequence; dut it seens iujoseiule to pet
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“ii).

agresnent on the level ppacing nd in rticular to oriag
the 1- 3 level down close to the 1= 4 level, ligwever

the (45/2‘1. € ) configuration i close to the

(dy:,'l, ‘9/2)0 Singe the tyo contigurstions have the
pame orbital =ave functigne strong configuration intere
agtion ies erpected, This could change the level spacing

coneidersbly,

aitt
st ha” T on,

o{111):
Theee two nuclei, deficient in four wund eix
neutrone respectively, huve very similar level structures,
They oan be formed in an isomeric state with I v and
odd parity in the reasctione 20Ste(d, 3n) :“—vlro, z’“‘s’u\d,n)
20‘1’!) and the fsomeric states decuy to ground oy a cuscude
of Y traneitione, lLevel diagrane propeosed by Lergestrom

and Wapetra (1955) and Krohm and Raboy (1l954) are given

below,
0%
EM20) A € (ev) P,
2169 1° 2156 T
2-040 5
¢t
A 4
1353 & 11273 g4t
a’q 0/ ——— ' 2t d.gqq 2k
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S(iii),

In doth nuelei the order of the twc lowmet transitiocons
is uncertain; out theoretieal guueiderastions civen
later favour the ordor shown,

+spplying the independent narticle nodal to
2U‘Pb and 20&'!, the low energy levels of these nuclei
are described in ternes of the excitation of the neutron
holes, The confirurat ione which contrioute, together
with their energies before perturbation by the intere
sucleon forees, ¢an be found from the sincle hole levels
known from the study of “Yipp (1,4)., The following

table gives thege configurations with their enerpgies, and

the poreible going and narities of their levels,

“4pp
-
inergy spine parity
- -l -
.2 .1 - . " +
-l .3 1) ? )
’. ’1/! "/2 5 “ )3 s -+
7 e S
4 o APl 1068 4,5,6 ~
« P12 *s/2 ‘1‘/2 0000, 7,8,9

Bovis Syt 1140 0, 2, 4 ;




ﬂllt].
202
Po.
r o rar
3, p ke e | . 4
1/2 512 v Ve ‘L. 4
2, p. 22 =3 p &1 W0 Oul,2,3 &
Ve "8/ 32 1,2,5,4
b
-l <
5,6,7,8
-y = g BE
S N 135,08, 1 1068 4,5,6,7,8,9 -
‘ Sz 2,30445,6,7,8,9,10,11
-0
+
O fw.z 1140 v

To the first order of perturdaetion in the inters
particle interactions, the ground state . and the firet
two ercited states (E+ and 41 ) in “isy are ftates
of the configuration \’1/;2 fb/za). The splitting of
Shis configuration (for suclear forges of zerc raunge) ie
proportional to ( I Q. I‘b/‘i /23 T )I‘P‘\ss.l). giving
a larger separation vetween the . cnd 2 stotes than
potween the 2+ amd 4+ ot tes, he finite range of
ouclear forces modifies the nagnitude of the splitting;
but the quaslitative conelugion 1s inchunged, This indie
eat@s that the 899 KeV Y raye ie e itted in the 2+ (+
transition snd the 374 LeV Y ray in the 4+ — 2+

trangition,
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3 iii),

The independent particle nudel predicte a
group of states arising fron the (’1/;8 fb/gl pQ/;l)
econfipuration with spine 1 1,2,3,4, lying cloce together
at an eveitation of sbout 5.0 KeV spove the 4 gtate
of the "1/52 ‘8/52) configuration, ‘he 4 gtate
of this group should be reached in the decay ol the 9=
fleomerie state with an intenmeity o1 about 1lu; out the
| ray emitted in this transition hugs not veen reported,
There should be & group of levels from th.’l/;2
fg/;l 113/;1 configuration =t an exvcitation of 1llev
above the 1273 eV 41+ state, Thie configuraticn is

oplit by internucleon torces and, for zero runce forces,

the eplitt ing is oroportional to 2a8 = 2 [{To,T| % '¥E)|" PG4T
i 4 5 6 7 o v
ag 0 o-1s (W 0.3 o °-7¢

The loweet level of the configuration ie 9% snd evideotly
corresponds to the oLeerved lgoneric stute at 2106 .eV,

The ground state and the [first two ercited states

eve -f -l
of Pb should be the three gtuter of the ’1/2 tb/:
configuration, In : !Pb there sre two holeg in the t5/2

2
level und in - Pb two particles in the pane level,

Bacause of the sysmetry of particles snd holes the splitting



g

odii).
of the configuration (p. =% f =4 ) in 2U2ﬂb ghould
/¢ b/ o
- y r ) .2 -
be the save ae the splitting of the pl/k fbl2 in

20‘1&. The erperiments chow that this 1z true tc a

good approximation,

-l -d ol
the
The splitting of th wl/,‘ ts/z p3/2 )
configuration can be viewed in the folloving ray, he

three fg/» holes con couple to spine I= 5/2, 3/2 and 9/2,
Of these the 5/2 level ip lowest, und it can ve shiown that
the lowest lavele of the asvove configursation come frou a
P3/g hole coupled to thie 5/2 astate, the 47 levil from
thie group is obeerved in the decay of the 5% ostate, at
an ?norgy of 45 LeV sovove the (’1/32 fb/;‘)‘ . n.ato,
Similar considerationes avply to the \’1/;2
f./;a 113/;1) configuration, gain with zero range
forcee it is expected thaut the 9 state should ve lowest,
Presumably the B state comes {rom thie confiruration thoujgh
caleulation with zero range forcee always put it avove
the 9" state,
The assignments given in this Chupter diifer
in deatail from these made by lmeder ot al,(1954); but
the general features agree,
Conglysion.

New experimental evidence asvailable since sryce

(1952) was written has greatly einplified the theoretical



task of claseifying the low levels of aluni. Now that
the Y Tray epectrur following the /3 decay of “lvsy
"has been reinvestigated and sinplified, it ies no longer
necagesary to postulate a large splitting of high confie
purationes ot acocount for a mumper of closely spaced
levels of low spin near the ground state, s much more
nétural sssigoment to the values of the various constants
will explain the experiventsl picture, [Tyce's calcue
lations with zero range forces sugrested that the ground
gtate of 21031 shoull have » low spin, liowever coneiderse
tion of the range und exchange properties of the nuclear
forees has shown that the lowest state ie of odd parity
but may have a low epin 1= 1 or a high epin 1 =86,9,10,

A study of the exporinzental level structure
of Mro, 2“‘Pb and wzx’b in the light of the independeat
particle model gives coneidersole insight into the
#tructure of these nuclei, It can be seen how the
various levels appear and uringe home rather strikisgly
the point that studies of Y cascades in nuclei often
reveals only & very limited numoer of thaeir posesible
excited states, For exauple in 2945h there must be at
leaat 10 etates lying below the 9" isomeric state while
only three of them have been obgerved, Un the other
hand in 20‘?0 it seems fairly certain that all states,

with an excitation of lese than H5UU KeV are known,



>

"he Taet that gingle perticle wvave functiona
may not rive & good approxivstion to the low stute of
90‘?». 809]1;-2°1Pb and 2073.; together with the inade-
quacy of the zero range approximation to nuclear lorces
and of the first order perturbationm treat.ent make it
dlfticn]t sod unprotitacle to rake exact thecoretical
caleulatione on the independent particle aodel, va the
other hand the model can explaln in a seniequantitative
way the obeorved level structure of nucleli uear ihe
20'?b'douilc ¢lored shell, it i» concluded that the
independent particle model with the eimple refinements
oresented in thie thesis can have useful spulication in
conjunetion with experinsmmta! investirations nude in thie

r!:ion;



so

.3!!.“ u Rt 4

Bvaluation of the lantegrals over the
Dengity [ unction,

iret we traneform the erpreseion (£) for the
density function to a form more suitaple for Turther
caleulsation, ipherical harmonice of the gane srgument
oceurring in (£) ean be coupled using vector coupling
coefficients, and then the sum over vector coupling coe
efficlents reduces tov a acah coeflicient  nacah 1942 4

.'uttiﬂﬂt 1}':&!, #:va) ‘tl&“) 4)1,va) = Ré-l)vl)

the denelity tunction reduces to

Puler) = Riry €0 rh

*

X Z_ (et 2.2 30) Y @4 )’@m) C 42i7)C0. ﬂJ)]
(A
‘he coefficient C@-lll'):r) iz closaly related to
the vector coupling coefricient and hae the gimple

e¥ reseion , v
( @_.Zﬂ)(z-e +1) 3
Cle'T)= S ] Cls'r, oo)

i 4 R4 0"+ T o odd

&')3—3‘[@41’0&.,@4 t)@‘j-’ZT)! Q3-2JZ)!@,3-2.Q'))] b
E 4T @ q+1) 1

9! o 13:4?,4—1’4»‘3‘ (s B

@-W@ -2)'g-2"!
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the produet (C({@.2,7) C@z_l"v.))-? can be

expanded se a series in the products C@lﬁt,/\) Ce' L’.) X)

the coefricientes in the expansion veiog nacah coetlicients

Cl 2,1 CE:257)=€0 """ 7 [areiy wihit: £.2,7)
A
x CR.1.)) C@ 21'),\)] a2)

(AZ2) followe fron the definition o tne

Nnacah coefficients in terme of voctor coupling coeflie

cients, and from the relation connecting C@,QL),\)
with the vector coupling ecoeflicient C@«,QLA)OO) finally

The expansion

(Al) and (AZ2) give

l-hlr___

205 = RE ey ) @)V L2, 2L 1) WE 2 220 7))

ATN

X C@ut,)) Cle! e\ ‘/;&.,4,) ¥ Eol,«ta)] @ 3)

The inteprals to Le avaluated are of the forn
z o
4T f[( )/J(,rr)2 r

where v is the Laplacian operating on S in the

dengity tunction /J;@g),
Ve now go on to consider how the inteprals (u4d)
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may be evaluated arnd po ecaleulate the first few terms
of the eeries (5) for ¥(L), In the first term of the
seriea we have the intecral 4T jﬁl—@r) Ay
Substituting the ewpreseion (A3) for (v, ve)

and earryine ocut the integration ve rat

41 yﬂL@,r)AL = &)

Lopidy e tf

f Re,r)ridr

X 2_@r+)@M DWW 2! 42 4, T)WE 02,4, 70) PN
TA 4

= RL fR{g;r) vl v @&s)

Rquation (A5) follows frow the orthogonality relstion

for Racah coefficionte (Racah 1542), liere
t pl
P = 4T C @Y Clit L)
= a
unless L, + L aol L/ Pl b .Te
noth even,

The second term in the series for F(L) contains
the intepral

‘mg Cv‘/’:.@ﬁ.)}?_“ AY

Je can write the Laplacian in the form

i L 9 yrd __ LT
L S il T g
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where _l.:“ is the squsre of the orbital angular
momentun operator of the second particle, utting
this form of the Laplacian into

the integrsl eplites into the sum of two parte, The

first reduces to

_P) f d (o) $0) L .%o $.0) et * 0

on integration by parts, The second part ie

PO | RErdy *7)

with a Leoe L4407
73'“—) & E') %’ ?OQ\) @{-l)@_'f{.')
X J'Q-'H) W@loulzﬁz',:”.) W@:ll‘ltﬂ{,TA) Q‘ Y)

Plu.) is not yet in s fora suitavle ior computation
because the jtacah coefficients have coiplicuted sum
expregsione and are not taoulated for nigh values of the
angul ar momentum quantum numbers, 'he exprescvion for
’1“” may be simplified however, by using a recurrsnce
relation for Racah coefficiente, Thies recurrence relae
tion, ootained by specislization of paraneters from a

formula given by Bledenharn, slatt und llose (19563 i

N
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WL T 1 2.8 22) WELT 10 2/ L)
=Z@M1) WQRATH 4 1) WG 212! L 2)Wh 4t L 2)

or weing symmetry relstione for Racah coefliciente (ilacah
1942)
W@ L 22 TL) Wy 1 T2L 2. 1)

- A
= 2.0 7 @ Ae) WA A 8! TAYIGA L L) W\, 1, L2
Now 3 A q)

Tyl 2.-)!GLien)) ]
\A’(lz, | Tﬂ{ ’ £, zQ‘L) = -2 %11-';) ’Sﬂz' +2),] (’_]'0'4-’)-,02 Q¢+l) ‘IL'Q{*/‘)]

and putting

I~
n 2! 0! 2! Lo [E4rD @l
AB L) = WAL & LL) WAL 1,u)[@,mu‘_m

o L@y + 1L )
Q—L“") SQ)L)
(A9 gives

L4Nt]

o) WAL T < 700 ™ i et st 7
. ) -
®19)
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Substituting (AlQ0) in (A8) and using the orthogonality

relations ior Racah coefiicients we ootain an expression

for Pl(L)
P = Z @re) AQL) PoQ)). (A i)
A:L—l
The coefficients AQL) have the following

gimple form and can be eagily evaluated

i)y 4,0 = ALN.

i

(i) A([\)L) O undsas X+t>/L>/A-: oo/

@ A1) = EEDC st ir)lon-2)+ 1-4)E i)

+1)!
)
(L +4€' ‘f‘lz il | )(L‘hpl—fz Q‘Fjl—j, )Q‘ fﬁ& __L+')] /Z

_ 20w
ALY = ZEEE (@) -2 210/e)-1ie)

, L(L*’)[’a(@"")“"el @14-!) +J.'Q,'+-f)+,0£@7i+l)]
+_[L1L+Iﬂi]
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There is analternative expression tor Pl““)
which is particularly sinple asnd useful in the special
gaze PN VR e have the

exoreseion for ?1“-:’ from A8

PuL) = @) QL) T Tar) Wl L £l TU)

X Cleet-];o'o) CQ&E; )—;0‘0) Q""z)

Recurrence relationg tor Clebsh GCorden Joefticients

(Racah 194%) give

TOo+) C@ 2 300) CL. 0, T00)
= @c@lﬂ)h!&*")]'/k[C@aQ.T,w) +C@.,Q.Tjo:)]

X [ C@L«Q‘L T-t0) + CQL»QZ.T)O‘.»):'

and substituting in A(12) we pet

PO = 20, 2lri) e et (ot Loe) ot i)

7

+Cltt o) 2Ll 2)]

A2

Similarly for emchange forces when we have 0, = {. ,.,lll =,
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L_—Pl({'/el
and a multiplicative factor(—I)

P )=@2« )@ t:+)c)* D v )WRA L4 T L)
F i

X [C@(ﬁ{l;d-onl] _

whiech reduces to

‘P,M(L) o @ £.+1)@ L +1) 1@t@tH)I’L@nh))'/tC’@JLL)M)C@.LL)(-()

2.l 41

+ 2. +) [C@UQLL)( u)]'- 3 AQLH)CC@L L)ol)]l}

Aly)
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appendix g,
Sscond (uantizstion ietnods.

vhen investigating nuclei with nearly closed
shells it is often ureful to use the formalien of second
oquantizat ion and write the independent particle state
vector for the syeten as creation and annminilation
operators operating on the cloeesd shell state vecter,
‘e will write the ereation operator (Fermielirae) for
a2 mueleon of one particular type, either proton or
nentron, in a stute with angular aomentun gquuntuan nuabere
(Jm), ae 17 J,ml Hormally it ie necessary to give
other quantunz mumbers oeeides (J,u) in order to opecify
the individual particle state conpletely; out for the
gpake of simplicity of notation we will rot write these
in explicity. in terns of thece crestion ¢perstors the
gtate vector of a pyste” with a closed shell plus an
extra particle in the nucleon atate | §, m) is ’71,‘|>
where |) i the closed shell ctate vector, 2]
nucloon-_'ln a level, coupled up to give a total angular
momentun (J,m) are equivalent to an almost closed sube
shell wtth‘onc hole in the esingle particle state (jem),.

Thus we can write the state vector of such 2 system ae

an annihilation operator for the state ( § —m ), operating

on the closed shell state , i,e, Q—'l){'“")fml>



The operstor 77, ie the adjoint of ) . while
the factor Q:Od'”‘ must be ingluded in order that

the resulting state vector may have the ripght trangiornae
tion propertiss umder the rotation rroup.

or two like particles outeide a closged shell
goupled up to give a total angular zomentun (J.id) we

can write the state of the syste: as

| L-"l)TI\4>:: NZ_ CQ( j't)—,m.ww) AR 111.:."‘1‘ >

k.‘.’.“‘l:"o

i 48 a normalization factor which is equal to 1 unless
the two particles are in the same level, when it ie

equal to ‘/ﬁ Ur again for a proton outeide a closed
ghell plue a neutron hole coupled up to give a total

angular momentum (J,¥,) we have

143 7> = Z 0Tl T B, S|

M.f“‘z::‘\“

where now * iz a eoreation operator for protons and £
a ereation operator for neutrones, The wave functions

of more compligated configurations can be ouilt up in

an analogous way, it should pve roted that wave functionsg
described in the tormalie™ of second quantization are
antisymmetrical from the start und need not be combined

with ractional parentage coetficients, in fagt it is



posaible to write the fractional parentage coefticient
for the formation of the stote H“)TM> vith n
identical rermi«lDirac particles counled up to give a
total angular nomentum (J ¥), from the states \‘j M, A ""'>
ag the reduced matrix element of = creation operator,

In the notation of i lowers (19562)
i Tl Ty ==X Al

The definition of the reduged matrix element used here
is that of Liedenharn and Hoee (19U52) where

M | T'MS = CEyT,M'w) 7410

The eecond quantization formalism is particue
larly useful when we are dealing with an independent
particle model and wish to evaluate natrix elements of
operatore which are sume ot single particle operators
or of two particle operstors, it ie well known for
systens of identical .ermiebirac particles (Diras) that
ir U’ fotathi and V = g:__ vy

poicle,
then the operators U  snd V' can be expasnded in

2 N el b

Ak

4 Z %12 "L 7). («b}u—}cd>.

abca

the form U

1



W?a. “nd 47: are the creaticn and annihilation operators
for single particle state \a> ~nd @u s L’>

and é»’ol v | C—A> are siuply matrix eleneute of the
gingle and two particle operators  and 77U regpece
tively vetween independent sarticle stutes, if the

state vectors of the systez are expresced in terme of
creation and annihilation operatores then matrix eleuente
gan be evaluated using the well known conmutation relse

tions for these operators.

74 qb L3 ‘7b’7&. O
o P 1 N

). i dee

Matrix elements of sum operators for nixed systens e.g.
of protone snd neutrons cun wve evalucted ginilarly,
Formulae for matrix elezents expressed in
terme of fructional parentage coeilicients ean be found
easily with the formalizn of eseeond guantization, Jor
exanple if Tm‘,: ; t'ih‘y is a sum of indepene
dent particle tensor operstors and 'J,MB and

b1
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‘J" f..'1> are two W particle statee, e can write
<_J-, M,,chrl TM> = g <TIM', ‘7‘]"'”" 77,}.“ I TM>

4 Xé(wc(t-kt(jh>

2 ;ﬂa < T’M'hjlhl,ToMu>'d-c M, ,‘7;“’ TM>
4% X lel’ bkvl 1‘»~>

The matrix elements in this equation can ve repluced

by producte of reduced matrix elerents and UlebsheGordon

coefficients and the latter surnted to gpive =  acah

coefficient, hug we have
CTITlITY= 7 UG kry,79) Gl €l
e Eeal INFI EAYS PNTE A
will L@ RTd,73) = 2(@Th)ei) WO kT, 74)

iimilarly it ean be ghown that matrix elerente of a
eum of twoe particle intersctions can ve exshanded in

terms of two particle natrir elemente by the ecuation

IMVIFTND =7 UG ST T, kTIUG S Tl )G Vist gLk

kAT

"”

)@ 3 ll TG TN 93 1T
Tl ll 27 >*(/y 7175 d‘ﬁ>*



sppendix C,

in 2,4 »e obtained an expreseion for the energy

of iateraction of a particle and & hole in the fora,

Eie = Z @o) Wi, 77 b7 w5278 (C 1)

Transforming {rom the 411 to the (L,8) coupling scheme,
and, asssuming the potential Li ie & product gpin and
an orbital componente = Vx V. ite netrix element

reduce to

IR RVE TS MRt

=i? XY, LS, 5.1;,7”‘@)21/_,4( Vil £t LA DGIVAS (€2)
LS

The traneformation coefficients {rom —).’ to (L,3)
eoupling in (C £) are written in the yotation of Jeln

and Hope 1954 snd are related to <1—j eynbol of i ano
(1953) vy the equation

XQUQ?_ St 51.) L S,’j,‘jz,’) =[L1‘jo4’ﬁ 51+')(1L+')(15+')JYLX .»0|3| 'jl
b2 S )l
R
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The érpreseion for int can ve eimpliticd by usiog =
relation between the X coefficients and Ragcah coofficicute
s

e i i) wdiins 2
21f [(—-01"'1 " )é—'j‘H) W 1 1< ,73)

¥ XQlSvllls"- )_,)" 17'. )/as) :).)X(I&'S:jz Sc,‘j: fL ’15, l)]

LD+0. —@:4—2—:_)
22 & e
L-S [ @»€+| ) W@| yAAYY 3 L_ﬁ)

S #+Sa— (s ¢!
T bkt e

@s+1) Whisesisy ,Ss)

« Xls busegige, Ls,7) XUsiadst, 3900, ] €3)

Speecializing this relation by putting 1’.:5,’)1l,~=,j;
] !
L=l o=ty 5125=5s = 5« = I, we get for the interaction

energy
ap— ) i
Eiw =2 D((Mz. Ll LS 9 3\,7)] X [ % @o+) W& 200, 2)
LS

x@u2:8 M| Vx|t gy x [ T @ser) Wl e Kl SSIGNAS)]
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Thus, apart from = change in eign, the esplitting of &
particle=hole configuration iue to the inter particle
interactions ie the same sg the spliitting of u purticlee
particle confi uration with the matrix elenente ol the

interaction potentials transformod according to the rule

<€J,_)LM[VX [ £, IL,LM> = ;Q,e,.,) WQ‘JaIJv,Lﬂ) [g,ﬂv_} NI\/;II.A’!@ |
()

R <S' Va-' S> ik ZLZ&H) W(V’L '/z'/LL'/z, S'S)@Vfl $> (Cé)

The transformation (C 6) ocan be effected by replacing
P, o, the spin exchange operator, by (1 = P, ), If

V<« ie an ordinary central force the suz in (C 5)
reduces oimply to the matrix elenent <1111_,LM,V'1.1,_,LM>
g0 that, for these foreces, the coordinate part of the
‘partlcle-hole interaction i¢ the game uLg for a particle =
particle interaction, 'oFr a cordinete exchange operator

we ret the trangformation

E A N N
(o pm | VP L L0 = ([Ce80) |V Reyy ):éf,.; ) Yeutydn de

()
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SOME REACTIONS WITH NEUTRONS.



Chepter I: Inelastic Seattering by a Deformed Nucleus
1,1 Introduction
1.2 The Collective liodel
1.5 Caloulation of the Cross Section
1.4 The Angular Distribution of Reaction Products
1.5 Results
1.6 Discussion

Chepter I11: Resonance Reactions with Slow Neutrons
2,1 Introduction
2.2 Statistics of Lewel Widths
2.3 Radiative ! idths of Neutron Resonances

SeRR SREBIIYJ



SChepter 1,
Inelastic icattering of lsutrone
& Defor N

]“]; lgtrodggtiog.

Many of the features of the procese of inelaestic
peatteoring of neutrone by medium mnd heavy nuclei have
been explained on the bssis of Lohr'e (1936) compound
nucleus model, Thie model asesumes that shen & neutron
of moderate energy estrikes & target nucleus it nay ve
abgorbed to form a compound system of some stavility,
Subsequently thie compound systen can decompore enittiug
2 neutron and leaviog the target nucleus in an excited
etate, The theory supposes that the lormstion and the
decay of the compound nucleus may be treated as independent
progegees, 20 thot the mode of decay of the compound
gystem depends only on its energy, total wungular momentum
and parity, but not specifically on the way in which it
was formed, lauser and Fegshbach (1963 have coneidered
this theory in some detail and the results of their
ealeulstions aecount for most of the ouserved featuree of
inelaptic scattering ior neutron energies up to awvout
5 eV,

The collective model of the nucleus progosed

44
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by Bohr (1952) has been very osucceseful in describling

the properties of low excited states in heavy nuclei,
These states oare sceumed to be the varicus collective
modes of motion of the nucleur surface und, in nany
nuclei, they srise from the rotation of a lurge elipsoidal
surfece deforastion, Congider the scatteriug of a
neutron by such a nucleus, The incident neutron may

be claotléully gcattered or it may oe aveorbed to form a
compound gyetem; but there is aleo the possivility that
direct interaction with the nuclear surface will inelastie
cally scatter the neutron and excite & curface mode, OLne
can picture thig procers in the following way, .he
neutron enters the nucleus wad ie reflected within the
walle of the mucleus, If the nucleus is non spherical,
there is & chaonce that, by thesve refleoctions the nucleus
is set in rotation or viobration, ‘vidently the crosse
gection for thies process will ve highest 10r those nuclear
radii for which a standing wave develops incide the
nucleus, thue giving rive to many reflectors, in the
present paper we investigrate this procesy and compure ite
eroge section with the croes eection for cempound nucleus
formation, Ve will be intereeted chiefly in the excitae
tion of the rotational surfsce modee srising in atrougly
deformed nuclei,

77
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The surface coordinates ), of = nucleus

are defined by the ecuation tc the nuclear surface

’R@¢) = Ro@"' ,\Z/.. °(A/‘“ Yf@l¢)) (1)

where l‘ is the radius of the undeformed nucleus and Yf@ﬁ)
i? a normalised spherical harmonic with Condon and Shortley
(T.,4.,3) phases, The rotational levels considered by

Bohr (1952) are described oy the coordinates oirx  and
the nuclear rotational Lamiltonian B: is a Tunction of
these cocordinates, Deformaticns with A £2 do not
contribute appreciably, thus need not be considered,

The lHamiltonian Ior the scattering of a mneutron
by & Uohr nucleus can Le written R°+ T+ V, where T is
the neutron kinetic energy and V is the neutron nucleus
interaction potential, ‘0llowing Lohr we sp roximate

the potential V by & gquare well,

G
= o ¢ r> Rp¢) =

Jecause V depends on the neutron coordinate y and the
nueclear surfage coovdinustes .. , it containe o
direct interaction between the neutron and the surface

deformations, and it ie thie coupling which gives rise
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to inelaetic wcattering with the excitation of surface
modes, In order to calculate the crose socticn for the
gcattering, we gplit V into two parte Ly expanding ag s
power serise in the surface deformctions oLap . -oOT
emall deformatione, powers of ., higher thau the

Tiret may be neglected, »o thit
V(r ’d.L/.) = V(Y') ‘." Va ?5 S&‘-— Ra); 0(1/_., Y‘:‘(@/¢)

= V) + H' 3)
'ith -\7(7') = "'VO “-{ V'< Ro

L o cf r> Ko
and S@’- Ro) the Dirsc deita fumction,

The averaged central yotential_v'( Y ) represents
the interaction of s meutrom with an undeformed nucleus
while the term B' , containing both seutron and surface
coordinates, ie the coupling between the neutron and the
esurface deformatione,

e want tc compare the magnitude of the direct
seattaring with compound nucleue scattering oo it is useful
to inelude compound nuecleus formaticn in ocur model,
Feghbach, Porter and VWeisskopf (1954) have propoced a
ginple description of nmeutron seuttering in vhich they

replace the neutronenucleus interaction by a complex

o
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potential well, The imsginary part of the potential
causes =an absorption to ve identified with compound
nuclens formation, '@ use the regsults of tuheir paper

by taking V‘) the streungth of the neutron, nucleus intere
setion (2) to be complex with a emall imaginary part,

The compound nucleus ccattering can then e caleulated
from Hauser and Feshbach (1953) theory, The deeay of

the compound nucleus is assumed to ve indepeandent of ite
mode of formation =pd, in particular, the phase of tﬁ.
inelastically scattered neutron wave is indeterminate,

In gontrast to this, the phage of the neutron waves inelas
atically scattered from the nuclear surfsce deformations
is completely deternined by the phase of the iugident
wave, Thus the contributions te¢ the scatteriug oy direct
interection snd due to compound nucleus forzation (avere

eged over nuciesr rasonancee) are iacohereunt,

The crose zection for inelastic esattering has
been calculsted treatimg the potestial V (r ) exactly,
and the tern ll 38 a perturbation on the gscattering by
this potential, .9 ithere is no epin intersction in the
sotential, we can write the umperturbed solution w9 a

pure orbitsl wave funciion corresponding to scattering

of plane waves by V09, The solution with weve number k

s/
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¢an be written

YO = AT 5 g om ©

L

where the fumctions Yo ore the bounded partial wave

solutions for the potential Vv . e have
_L. [ o8
q"‘ln = _ Ty Udkr) yg (X s)
-Lkr Akr
where Upler) ~ — Ve for lavge r
"]z ie the complex reflection factor of Feshbach,

rarter snd Yeiseokopf with l"hl <| becausre of the avsorpe
tion term in the potential,

Juppose wa are considering neutron gceattering
from an initial nuclear state ll,qb to & final state
ll,l>. with an incident meutron wave Y. with wave
nunber K, and a scattered neuirem wave P of euneryy 4

and wave number k, JTo the firet ovrder of perturbation s

is the solution of the inhomogeneous eqguaticn,

Lo Boitaerar . = S KRN iR oHn

correeponding to utgolig waves, This equation can be
golved by Greens Junction methods ( ‘btt and lassey) snd
for large v the wave function ), has the aseymptetic

form
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If we substitute for H'from (3) and evaluate the integrale

we get the explicit form

1%
— & Vo s on 2 /
o “_e;'akr +* ). [ &L:;;)_EJHH e

:)/Ll

X Y, €d) Closorn.)C(p ﬁo,)m)gn«mr.,mﬁ
%)
where the C (242, , A ) and ClebsheGorden vector
addition coefficiente in the notation of Liedennarn,

Blatt and Rose (1953),

In the following it ie convenient to write gz‘ﬁ“’d’
then 1. ie aprroximately the wave numver cof the scattered
peutron inside the nucleus for low incident neutron energies
Pt K Ro= X, kaRe=2: and kR=x. The differential eross

gection for inelastie scattering ie pgiven in terme of

by

- _'_e_.. L
s©)= 1 [H»sl r]r_ﬁo

g0, averaging over initial muclear orientations and summing

over final orientations we get 1or the differential crosse

q
I 5= X2 ey
gectio Je 2 o o L Z_ [&AH)Q,QH)] u(*e)u(z)
24,

bttt vl
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and for the total crose section
= MEDX* o e tn) ) ) (@l o=)]

Jes 16X %o 20
(to)

The coefficient M(T.D) = iy f.Z‘@Mlﬂ'lloM")'

ie the averaged asquare of the nucle&r natrix clement of the
detvormations Aam o @and it ie seen that Lue dependence
of the crose eection on the structive of the initial and
final nuclear states entered only through thies factor,

in even even muclei we are interested im a ¢F - 2t

transition and for this traveition

Mer) = A5 it

if the two states have a Totational character, lore 3
is the nuclear deformation parameter Aefined by Uohr, In

odd A maelei with & rotstional gecuence L°,1°+1.1° +2 (17 %)

— / I°
) é:o sl @oﬂ)a: o+2)
6 2 QZ)
and Mcfc,rg-rz) = —§-(I°+’)Q-Io+’)

Trangitione with A1l > 2 wre forbidden on thie

model Ly angulsy momentum congideratione if we neglect

N7 2in(l),
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v,

Jigtrioution t duct
deutrons.
Equation (9) for the differential cross section
yieldns the following expresecion for the angular distribue

tion of the ineloetically scdttered noutrone,

W(e) Z [u:‘,‘(z(o’) (A;:(ts “,aoé“‘ ) Uy 0 Qoo+ L+1)@ L2+1)@ L+ )
2.0,00'T

X (Wotaoo) C UL go0) CRoLST,00) @2 T0=)
X W 4, 24'T2) P,@@)J

/ (q¢2)
Lere WQ«HQO’ LA )TZ) ig a L.acahAcoefi‘icient.

The dengity matrix for the excited state of
the nucleue after scatteriong can be found irom the final
gtute wave function ‘¢s by integrating h}s,l over
the directions of neutron emiseicon end by sumuiasg over

initia) muelear ovientatione, Futting
S@L) = 2247 CRo Lz ,0) wpart,,

and ugsing the methode of Sledenharn and lose (1953) we

pet for the angular distribution of the 5~rays

W) = 7 Reo® F@ET) Bl
where ra TN
Ko = LZL.&’[Q-‘) S'J(zl‘f—/)QﬂlolJu) S’f@ﬂc) SEGJ)

X CQQL’J@@WQI 2&; kK T.) WQ 2 4 £ 2 4) |
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The anguler correlation coefficiente 5, (211,) are
tabulated by Diedenharn =nd ose (1953),

H 1t

In this sectiorn we give the results:iof some
calculatione of the inelastic crossg section by the direct
process ard compare them with coross seetiocas for the
compound nucleus scattering calenlated trom the formula
of Hauser and reghbach 19563, First, however, we express
the direct croseg section {(1u), explicitly in terme of
optical model parameters introduced by ieshbagh, rorter
apd Telieskopt 1954, “@ write 1o0r the logaritimic deriviae

tives at the ouclear boundary

fat 49 = [j / ]r~l?

L\A*/L e R o [daﬂ

r=Re

Here § 4 is the portial wave solution for jotentisl V (v)
with only outgoing wavee, 1f we jput
Mo = Sﬂ——jl

NL’*&’

it can be shown that

et [> = x5
| Ny + Ng
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and substituting into (10) the total crose section for

the direct inelsetic procese is

o S ke Ll E B

mﬂ) +N..¢o lwﬂ H‘(/‘

Haueer and Feshbach (1953) give their recults
in terms of & "varrier penetrability” T, (E) which is the
probability thut 2 neutron in a partial wave A oand with
energy © will ve abeorbed and form & compound nucleus,

Yor the "optical model” 'r,_ hag the expression

1o = T 452 e
Mg+ N2
In ealeulating both the direct scattering znd the compound
nucleus scettering we have chogen & potentisl well with
Vo=do(1 + o054 ) MYV and By = 1,48 x 10™13 4 13 o,
¥e have nmode caloulatione of the inelastie
crose section for an even even nucleus, i.e, for a ¢t &t
trane ition, the 27 state ie sesumed to huve a pure
rotationsl character and to 1ie0,2 MoV above the U™ ground
state, Ineident neutron energies from zerc to 1,5 leV
have been congidered ond the rance of atomic weightes a4 ~10U
to A ~ 240 has been covered,
The nuclesar distortion parameter . ranges from
zero near closed shelles to a meximum value of A% .3 in

the regions A~170 and 4\ ~ 240, 4 value of /5‘:0,05 has



g¥
Al

been used throughout, uut ag the direct croes section
is proportionsl to /5'* the regsulte given here cun esgily
be sdapted to nuclel with different values of A~ .
values of /6 derived from quadrupcle moments or Y-Tay
transition probabilities should be used rather than those
derived Ifrom coneideraticr of energy level spaciuge, since
it ie provable that the electromagnetic values give @&
truer picture of the nuclear slope (Ford 1ub4),

Figure 1 pives the direct inelastic croes
gpection oA plotted sgainet X = K Ro and sgainst .
the atomic weight for anm incident neutron energy of 1 lev,
The pame figure showe, for cemnpsrison, values of o "
thie compound inelactic croes sectior for the same U —2 N
trapsiticn, in ¥Firpure 1l o e plotted sgminet the
iucident neutron energy © for veluees of P ranging from
zero to 1,6 eV snd for 4 = 160, 165, 230, 244,

Compound nucleus scattering theory gives a
difTorential cross section which ie esymmetrical about
90° to the direction of the incident neutrons, in the
present theory we can estirete the forwardebackward
spymmetry by caleulsating the quentity \ %(TG%Z%%;
In the region of atomic weipghtes A ~ 160 snd 4~ 240U
the _forvnrd-mxwal'd nsymmetry is of the order of 10%

on the bagie of opticel model wave functiong, The



.Hv.LSPJH%

s Qe s/ ob's 5 %3

g . amae + o
21 V) o)

" =¥

.$.

2 0

-

p

)

¢

tgl]

|4 g




JL d))t\.ﬂJ&
ol : A - - 4 -
T-
2
r 4 ‘&
£
<
3
oR) H
wl
hws
Re
ohZ




1
TEIR

effeot ir emall veccuse the saymmetry srices from intere
ference of # und 3 or D neutron partial wavee, und
according to the onticsal mosel where 5 und D wavee give
an important contrivution F waves sre unimportant snd
conversly,

Neglecting odd parity terms und assuming the
nentron energy is large compared with the nucloer excitos
tion under ccnesiderstion we get the following expreseiocuns
for the angulay distribution in the regions of atomie
weight A~ 180 and A~ 240

W) = 1+z*2(c¢n8)forum15u

1 1—0.‘292 (s ) for & ~ 240

The large anisotropy in the angular distrioution for
ar— 150 arises from the iaterfersnce of 8o~ D partial
wevee, In the some regzion of atomic weight compound
pucleus thsory yields en alunoet isotropic distributioan

of pecettered neutroos,

A(vil: Discuseion,

The cuﬂoi of o4 8nd oc¢ both szhow gtrong
maxima in the regiong .. ~ 150 and A~ 240C, The maximum
for A ~ 150 is due to the rescnance for J and D neutron
partisl waves wguh the nucleus while the maxima at

A 240 resulte from a P wave resonance, The crogs
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pections o and oo sre voth of the same order of
magnitude for 4 ~ 160 and &~ —~ 240 while io vetween maxims,
8t A 1% and A~20.4y oS falle almost to zero,
Higher ovder effecte will nuke the peuks lese shurp, but
in any csse the general features of the variation of
croeg? section with atumie weight should reuain, it is
clear that for A ~ 200 the direct process & wculd ove

guite uninperisnt,

In Figure 1l the curvee of ox sgainst energy
ghow a different vehaviour in the regione .. ~ 1650 and
A~~240, For i~ 150 and 166 the increzse im oa with
L is zlmcet linear while fer .. ~ 23 and A ~ 240, the
initial viece Just avcve threshcld ie much sharper, valy
S and D partial waves contrioute asppreciably te for LA™16U
and 165 and one expects & sharp riee in cross gection Jjust
above threskold due to the emergence of & waves, The
opposite bDehaviour showr in Iigure Il for A~ 160 is due
to the fact that at ,2 eV the varrier penetrability for
D waves is very small, 20 that aluoet the entire riee in
6a from .2 to 1 eV ie due tc the increcee in U wave
penetrabilities, The croes section lor 4 23X and 240
rice stecply sbove threshcld because penetrabilities for
P wavee increase more roapidly with erergy than for D

wavee, A or A~%240 and for energiece sbove 1 leV F
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partial wavee give an sppreciable contribution to the

eroes section,
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nt ction

Although the characteristic features of the
low lying levele of many nuclei are known itrou o study
of radioactive decsay schemnes, and of variocus suclear
reactions, there i¢ not much isformation aveiluble on
the properties of highly excited levels, .t present
such information se we have is obtained frou experiments
made on the resonant scattering of neutrons,

it ie wel) known that at low energies the croes
goction for neutron scattering does not vary umiformly,
but showe sharp resonsnces, in medium nuclei (A~ 50)
theoe resonsnces have an sverasge spaciog between 1 eV
end 10 KeV, while in heavier suclei the soaciug may be
g amall s a few ean ~2 o general rule ihe regonsnce
gpacing ie much larger in near magic numver nuclei, than
in muclei with proton and neutrom conf igurations whigh
are far fron c¢losed shells, Ihese resonunces are zsauned
to corregpond to virtusl states of the compound nucleus
formed from the target mucleus plus the scattered neutron,
sccording to the Lohr compound nucleus picture thece
gtates have o complicated many particle structure, valy
s small part of the wave function corresponds to the
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enigeion of & weutron, hence ihe virtual ataten are metae
9table sgainet neutren emiseion, in general radiative
capture and elaptic scatteriug are competing procesces,
Jinee o virtusl state of the compound nucleue
can eumit & perticle or radiation ites energy can not be
well defined, becsuse a ptate of delinate energy must be
a8 staticnary state, ‘Thig lack of defimition cou ve
deseribed qualitatively se & width [, in energy of a
virtual stste \  defimed ss the oncrgwat halft
maximum cvoss section (9f the rescnence) .rom the complee
mentary reluticn velween voergy and time it is expected
that r& i conpected to the mean life of the virtual

state by the uncertainty relation

Inadby=*

Thme [\ provides & messure of the traneition probability
for the emiseion of & particle or s photon froz the
virtual etate, If the state )\ can deecs, intc several
chennele, we can ageribs o probabllity for the decay into
a particular chennel 3 which can be erxpressed ag a partial
width [As . The low that the total provebility of
degay per unit time ig the sum of the probabilities for

deeay into the varicue chabnels can be written g

ﬁ=zs°:r;5

¢13
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It ie found that at low energics (upte a Jew
tene of ‘eV in medium nuclei, snd up t¢ =« few hundred oV
in heavy nuclei) the resonsnces are distinet and have
level widthe emali compared with their spscing, .t higher
energice the resonances overlap znd the resonance giructure
vegomen Oon!uood. In thie work we want to use information
obtained from neutron resoncnce geattering to pive infornie
tion on the properties of excited states of the cocmpound
micleus, o0 we ore interested in thooe regions vwhere the
neutror regonances are distinct with levels epacioge
large compared with level widthe, Thue we confine oure
gelvee to low neutron cnergies, where only J partiasl

waves contribute to the croee section,

+#8 stated soove the virtual etates of the colte
sound macleus heve @ complicated structure, taud in thie
work we sssume that this gtructure can ve trested statise
tienlly, On the basis of this asesumption predlictions
of the pertisl widthe &re nade and compsred with experizent,

t S8 ‘ .
it is well known (Feekbach and /eisskopl 1949)
that the pertisl widtk for 5 wave peutron emieelon,
averaged over virtual stater of the compound nucleus, is

related in » general way tc the aversge regonance spacing
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D in the energy region nesar the resonsnce by the equation
I =% kgD

Here k i# the wave numper of the emitted neutron -nd &L
i ite wave number inside the nucleus ( ~ 1V 13 u‘l).
Different theories (e.g. seshvach, rForter and elsskopl
1954) may give & different numerical coefficient of propore
tionality; but the general form of the relation remaine,
It is known, bhowever, that the peutron width fluctuates
from resonance to resconance, in thieg chapter we investie
gate th-ge fluctyationes and Tind the dietriobution function
for level widtihs,

The partial width Tor ihe emievion of a particle
from a virtual level A of the compound nucleus into a
piven chansel 3 with orbital angulsr momentum £ depende
on the height of the potentisl or ceuntrifugal bparrier it
muet nenetrate in order to escape, it is ugeful to
geparate out the varrier dependence of the partis] width

by definine a “reduced width" ‘bf,\s by the equation
r;s = 2 kve Yos

where k iz the wave number of the enitted particle znd
i & berrier pevetrstion factor (Blatt and eisskopf),
The reduced width so defined dependes only on conditione

inside the nucleus, i v: gonsider resouninces, correge

ponding to virtual statee with a total anguler aementun T
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1 the reduced width will fluctuate from level to level,
but on the averapge should vary slowly with conergy. in
this chapter we connider the etatistics of reduced widths
in an epergy interval containirg a large number c¢I regone
ances: bnt over which the average valuee of the reduced
widthe do not vary apprecishly,

The geperal theory of nuclesr rcactions hes
been investigated by many authers (Wigner snd isenbud
194%; ‘Teicmmenn :nd rigper 1962) snd it has been iound
pogsible to express the scettering metrix for asy perticle
reaction in terme of » derivative matrix Rss' = Z Ias s

A Ex-E °
The cusntities 7))s sre ccnstante related te the reduced

widthe by the spproximats equaticpe

‘ Yas = ’j’;s .
lhey are rTeal und take voth positive wne negative velues,
Teichmano and Wigner 1vbx have shown thut they can ve
expresced as 3 sumn of gingle particle teras with aumplitudes
deternined by the single particle structure of she virtual
gtate, OUn our statistical ssesumption thgse auplitudes
ghiould be ramdom varisbles, Thus the Yas ean be axprecved
gag & sum of randonm vorhblu. thue night Le expected to
have s gauseian distributicn with mean value zero, (The
central limit theorem of probability theory pives that
the dietribution of & sum of independent random variabvles

is seymptotically gaussian),
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2Ai),

In a particuler nusleus, the reduced partial
width for etates with the pame total angular momentum
and psrity ie o random variable, if 7)‘5 ig the mean
value of the reduced width Xys and P@As/ﬁs >/X)
ie the probability that ﬁs/'ﬁs >/)( then sssuaing

& gaussisn distrioution for YY)rs we have
P o/ Tos 2%) = 7 { vz ¢2)

The etatisticer of neutron widths has dean
investigated by lughes (1985), Vith the present erxperie
mental sceuragy, the distributicne of reduced widthe in
10 nmuclides are exponertianl, There seeme to he Do corres
lation hetwoepr the neutrca widthe of epecific levels and
the espaeinp ol adjacent levels, ihe distriovution function
(11) is plotted im igure 1ll, s+ coumpariscen ,lot of an
exponential dietribution with the same mean ahowe that
the distribution derived in this chapter ig &yprozximately
exponentical with a elightly lovger tail, it can ove
ghown that thesezponential distribution hoe stondand
deviation VZ while the distribution fimction (XJ) hae
ptandard deviation VK3 The presesut experiments are
congigtent with either distribution; vut & more detailed

investigation of the standard deviaticse could divtioguieh

petween the two,
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The sbove argpument sppliee conly to partisl
widthe Tor particle emirsion, it can be ghown, however,
that the reduced mstrix elements for an eleetromsgnetic
traneition tec some particular finul state should have a
paggsian distributicn, In terme of eingle particle

rmotone 2la, o ty
operetores the reduced W%é%hkoan pe written

KEle] %> = 7 w(gervy,3:4") <Hichy
34y
x el plls> < 5el3ll T

for Aifferent initisl ststee, Ji|[7)5l[T) o el and is s
random veriable on our statietieal a2essumpticn, kence the
ragecian form for the distribution of the reduced natrix
element follows ae before and the partiasl widtk jor
pmisgicon from & virtval state toc = particular fincl state
should have s probability distribution of the foram (1),
The total radistion width of a level is the sum of the
partinsl radiation widthe to sll poessible 1inal states,
‘aeh partial width ie a random verisble with mean value
T. =evd standsrd devistion  J3 iy thus, by the
gontral 1imit theorem, the total radistion width of a

virtual state hes s gauseliasn dietribution with mean value

P P ‘/
%— e and ptandsrd devistion @Zs !’;“] 'L
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gg;g;]; gggigtizg vtdth! of Leutron .esovuances,

In medium and heavy vuclei we can obtain eetie
mates of the partial widths of rescnancer due to electric
dipole transitione by comparing the emigeion process
with the inverse procese i,2, the nuclear shoto effect,
The nuclear photo offect has been studlied by many authors
from ooth the theoretical and the experimental poist
of view, lMontalbetti, Goldemberg end Katz (19563) and
Jones @nd Terwillinger (1953) have measured the cross
gection for the | ) reaction ag = function of energy
snd find that the resecticn has & vroad resonance snd thsat
the pogition and width of the resonance variees slowly
and uniformly with ., and is vot etrungly dependent on
detaile of buclear structure, Theposition of the peak
by and the width of the resonancelat haulf maximum crose

gection are given approximately by the relations

38,5 Amel86
15 o186 hige

It

E,
r 4

wherea ie the atomic weight, The equatione (14) give

the general trend of the varistion of the resonsance paree

meters with stomic weight, ihere are fluctuations in

the position =nd vidth of the reecnance, snd im particular
[T appears to be rather gmaller than the above
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estimate in magic nuclei (Nathans snd Halpern 1954),

Levinger cnd Lethe (1950) have calculated the
intepgrated ecrose section for the photo effect due to
electric dipole transitions, S int :ﬁofde and
find that

S int = O L0184 (1 + 0.8x)

where x ie the fraction of sttractive exchange force
in the neutrcneproton interaction potentisl, ihis
theoratical resulte iz in good apfeement with the experie
mental values found by Montalbetti, Coldemberg and Latz
(1952) for medium and heavy nuclei, if x is chosen somee
where between 0 =nd 0,5, ‘etimates of the crosse-secticns
for magnetic dipole and electric quadrupocle transitions
$ndicate that these procesres ehould contribute only =
few percent to the total croee section (Blatt and :olnkopt)
Levinger and . ethe 1950),

The photo effect in medium end heavy nuclei
is lergely & compound uucleus procese, The target
nucleues absorbe the photon, snd ip left im s highly
excited state which can decay by Y eniseion or, if the
excitation energy ie swve neutren or proton threshold,
by particle emission, The photo offect hae been discussed
by Goldhaber and Teller (1u48) and by Steinwedel, Jensen

(1962) on the vaeis of a collective model, The particular
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normal modee Treached by the absorbtion of electric dipole
radiatiov =re those in which there ie & moss motion of
the meutrons sgeinst the protone, Jhege viurstions

are stroungly damped due to interaction with other modes
cfwmeillation, if this collective motion can be des=
eribed in terme of a damped simple harmomnic oscillator,
the calculation of the dependence of croes section on
energy can be performed claseically (Steinwedel, Jensen
1952), 7ith this sssumption the shape of the photo=
electric resonunce ig given by

( ™ B)%
(15)

G =<
‘32 " 3‘2)2.+ ‘,—43’2

In the avove parsgraphe we have considerzi the
nuclear photo offect from the ground etate of the nucleus,
low we segume that the energy dependence ¢f the phote
effect is independent of the detailed structure of the
initisl gstate sc that, if it were .omeible to perform
the photo effect on an excited etote, the croes section
for abgorbtion of a photon of energy  would still huve
an energy depéndence given by (156), In the following
paragraphe s calculation ¢i the radistive widthe of neutron

resonances will be made on the pagis of thie assumption,



;g“ ggglatign of Rediation Widths,

Levinger und Lethe (1950) derive their
expreeeion Tor the integrated photo electric croes

gaction by using the dipole sun rule;

2 L
Z Er-E) Kplar(d'= 35 L5 (1+e52)

= X

where C\’).m is the cleotyo dipole operutor Q“
e = %
Q, = = Zk_ Yie y'@\tﬂ’k)
=1

and E ., amnd 5/3 are the energies of the estates o« and
/5 rerspectively, 1f we are interested in traweitione
to final ectates /5 with a particular teotal angular
momentum we cen find & modified sum rule ws follows,
The matrix elements of the dipole opersator @."\ can be
written se reduced matrix elements (diedenharn and cee
19563),

GBI Mp| @] A TeMD = C@uiTs, M)
X <[51/, ”C?l"alI,,L>

Now coneider a restricted sum over thoose stutes with =

total sngulsr momentum I and write

Z EEd [Tl wll «T>|" = Xy

Ip=I
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in terms of x‘. the sum rule (€ ) can ve written .8

21:: CCLI& (T M« m)]le-_=X t7)

Bquation (17) holds for oll M_ ond m, snd it can be
ghown that tnie implies xl = Ks Hence we have the
fun rule over statee with total angulasr momentum 1

;@”&) KPTAI)Q.MI,,)F}%_,- o _;:-g (+-9x) (@9)

, Vad
Ip~=I

Let ue write M (oc 1. , 1 E) for the quantity kALl Q<"
averaged over those sSates L with energy & I near &
and with Iﬂ = 1. In terms of this average, the sum

rule (18) becomes

f(&«,d) MET« T Erey) fE ~En)AE

- >
=317 w T (v o9 (9

where /0 (B} ie the deneity of statee with suguler
nomentum 1 =nd parity opposite to o< at energy L&,

The averagae crose section for the plhoto eflect
to o final etate with angular momentum I and for an

incident photon of energy %, is proportional to
E (M <L, IE+E) A ETE)

where B _ 18 the energy of the state < , ~ecording



L04

to the discussion of the photo effect given in the above

paragraphe, thie croes section ie proporticnal teo

(L BN
E=Eex)+ ey

Thue, choosing the factors of propeorticnality in ovder

to sstisfy the sum rule (19), we pet the following expres
eion for the averaged square of the reduced metrix elements

of the dipole operator;

X =
PrE+ED)  (E-ERYHIE)

M T, T E+Ex) = —g-T,. )

The radiastion width for a dipole transition
from a state 5 to & gtate £ iz given in terme of the
gounare of the reduced matrix element of the electric die
pole operator by theeguation

fee = s E e GTIRI

¥

Ueing the average value of the square of the reduced
matrix element given im equation (20) we get an expreseion
for the partisl width, averaged cover initial states, for

radiation of & photon of emergy . to a final state v

with energy E<
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It turns out that thie radiastion width depends only on
the energies E, of the initial etate ind 5. of the
final atate, and om the epin 1 of the initial state,

Thus we can write the radiation width ss a functicn of

thege three quantities, e have

|+ ¥x e

i 1
GILE‘,'E&) PrEe) = 3w ‘,1"2' fg_

_ i
o b, BIE G5

€2y
and choosing X = .2 .

with & = 3° - 3‘
.ecording to _ethe (1936) and others the Bensity

of levels p‘(l) of & given epin 1 is proportional to

(21 1) provided 1 is not too big, (Lach level i still

degenerate with (21 + 1) magnetic substates), and we can

write
/}I(_E) = @If"/aog) ’

The evidence {for thies dependence ie entirely theoretical
and, go far, experimentes have not given & conclusive
verdict, [Hughee, Oarth and levin (1952) have eegtimated
level gpacinge in neighbouring nuclei of different spiune,
from .1 MeV neutron captive coroes sections and find no
correlation between level densities =nd spine, ihe
level dencgities fluctuate, however, so much from nucleus

to nucleue that it 49 impoesivle to draw any definate
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conclueion from their resultes, If the level deneity ie
proportional to (1 + 1), then the mean radistion width

for o transition from an initisl stste of epin L to a
fins]l state of ~efinate energy is inversely proportional
té (21 +1),

In order to calculate the total radiation
width of a state we must sum over all poseible final
gtates ped The denzity of final etates i /01 (%)
thue

_—

r.E)= 2

= .
¥I T 5; MééﬂE“)/qLSE&)‘iE;‘

=18 7 g'ﬁf e
ELe) D oy

Poseible spins of the final state are Is= I, 1+ 1,

and, when the sum over finsl states is curried out, the
dependence of © | (& ) on I sume to give a factor J
irrespective of whether ,7;(E) is proporticnal to (21 * 1)
or i¢ independent of I provided 1 # U, 4. Thue we get

4 < or( et EE)
[yE) = > ; @t_E;)‘Jra‘s)’Ca@) k.

with the total radiation width epin independent, in
the special case when the radiating etate hae I = U there
ie only one poseible Tfinal epin i,e, I = 1, In this
cage, if the level density of statees of gpin 1 ie propore

tional to 2 1+ 1, the result (22 ) given avove remains
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unchanged , while if the level density ie spin independeant
it muet be reduced by a factor of 3, Similar conelderce
tions hold if the initial etate hse epin l=¢, The
results for the radiation width nmust be multiplied by &
factor £2/3 for a spin independent level deneity,

/9 discuseed in the previous esection the
partial rvediation width [y (B0, 8) =nd the total
width r),uo) of a state of energy Ho are random variables
whoee values fluctuate from level to level, In the
- ave paragrsphe we have calculated the mesn values of
these guantitiee averaged over initial etates with energies
in the neighbourhood of %o, The fluctuatione in the
partisl width ’;r (Bo, &) have been discusced fully;
but it ie of interest to write down sn expression for

the standsrd deviation s of the total width ly(%o).

Ve have
pre 32 ([e€orY
N g .
= A= AR /BEE) U g Mov @ 3)
€Y | (EFED)HTEY .6
(b): Results and Diseuseion.

In order to calculate radiative widthe from
the m=bove formulse we must know the enmergy dependence of

the density of levels with zero angular momentum, Jenmie
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empirical expressione have been given tor /’,\z;) oy
many authore snd, in thie work, we will use one given
by Le Couteur and Lang (1956):

Lo = éz }‘FZ\/’%E MoV e

with £ = 8 NeV and X = 10 MeV, This expreeeion is,
at beet, only s first approximation to ‘/2,\E). it
takes no account of the effect of nuclear shell structure
apd gives a uniform variation of level density with 4,
wh reas it ie known that nuclei with alnoet c¢loeed shells
have an abnormally low level deneity, it ie hoped, howe
ever, that equation (24) will give a ressonsble account
of the variation of level deneity w#ith £ sod 4, for
nuclei from closed shells, ‘e ageume &8 sbove that
Ac(8) = (21+ 1) (%~(8), Ailsc we assume that both
odd and even parity e'ates have the spame density distrie
oution,

Ueing equation (£4) for the energy demegity and
the expressione (14) for the resonsnce parameters I and
By, we have etlculated the radiation widthe f}u,) ug
a function of B0 and A, The results of these calculae
tione are givean im graphical form, 4igure IV shows the
total radiation width sg & Tunction of o for a= WO
and %o, varying from 5 to 10 MeV, while sigure V gives

My(Bo) plotted sgainet A for A rrom 60 to 200 end
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50 = 8 MeV, The spectral dietriobution of Yy raye,
emitted from & otate of enmergy %o = 8 MeV, is shown

in Figure V1 for Ao = 50 and A =150,

i
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flughes snd Harvey (1954) have compiled & compre=-
hensive 1iet of knowsn redistion widths und have ilnvesti-
gated the systematics of their dependence on other nuclesr
properties, They find that there are only small {luce
tuations in radiation width smong rescnances in = eingle
nucleus snd from sucleus to nucleus, Thers is 2 olight
decrease in radiation width with increcsing ..

The excitation energies of the levels, the
widthe of which sre discussed, range from 6 to 9 NMaV and
tne nuelei in which they occur are of all types (0dd 2,
even N, odd Heeven Ly @¥en ieeven K, odd Neodd Z). BRone
of these variables resulte in & large fluctustion of
the radistion width, It is known from neutron resonance
work thai the spaeing of resonances varies greatly from
isotope to lsotope; but thies variction ie not reflected
in a large fluctuation in the radistion #idth, The
levels studied recresent a wide range of sagular moments;
but no regular dependence is found om the epin of the
initisl state I, Hg and Hu sre excaptions to the general
riule given sbove a8 resonances in both these nuclei have
sbnormally large radistion widthe,

The neutron binding energy in =02t nuclei 4e
about 8 ¥eV 20 the predicted XY widthe ohown in I igure
V can be compared with the experimental valuee pglven by
‘ughee and Harvey (1954), It lp found that the predicted

values are too large by s factor of about 3; but that



the general trend of the variation of width with atomic
weight is reproduced, In & given nucleus the radiation
width of s resonance ies random varisble on the present
picture, hence the X'wldth is expected to suffer statisce
tical fluctuatione in going from level to level, lhe
distribution of widths should be approximately gaussian
with mean [y and standsrd deviation M o ihe ratio
/7Gy. hae been calculzted from (22) and (23) for a WGQ
and Eg - 8 MeV with the result that /gﬂ%,:: oD
Thus the model predicts a relatively small fluctuation
in going from rescnance to resonance in the game nucleus,
The fluctuations should decrease with incPessing A,
Small changes in f do not affect the predicted radistive
widthe appreciably and even if f ie changed by a fasctor
of 2 the chenge in [y is not more than & factor of 2,
OUn the other hand gquite small changees in f produce large
changeg in the predicted level spacing, Hence the
result of lughes and Harvey that r%/ is insensitive
to changes in level epacing trom nucleus tc nucleus,
There would be & slight correlation, however, a large
level spacing favouring a large radiation width, it ie
known that nesr magic nuclei have an abnormally large
level gpacing and it i2 probable that the variation of
level density with emergy is anomolous near closed shells,
The proximity of Ag and Hg to the double cloeed shell of

'
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“Qb could account for the large radiation widthe
of neutron resonances in these nuclei,

in the present model it has proved ,ossible
to resclve the problem of the dependence of radiation
widthe on the spin of the radiating state by using the
modified sum rule (18), If the deneity of levels of
epin 1 is proportional to (2 1 + 1) the model predicte
& total radistion width independent of 1, This conclu=
pion i unchanged for & level density independent of 1
provided that the spinm of the \arget nucleus is J > 1,
For J < 1 there are anomolies, the most etriking
oceuring for a target nuéloua of spin &, singe the
captured neutrons sre in 5 partial waves the ruonancn
reached by slow neutron capture will have I > (¢ or 1,
It was shown for a spin independent level density that
the 1 = 0 states have u radiative width oniy ef tle
I =1 states, Thie difference should be detectable in
resonance capture experiments,

¥igure VI showe that for 4 = 50U, high energy
rays are favoured over low emergy Ys Ais the decay of
the capture state, JFor heavier nuclei (A <150} medium
energy Ys ore favoured, Jurther caleulations show
that in the decay of an excited state of low energy
maximum energy ) traneitionsg predominate, while for

highly ercited states transitions to intermed ite states
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give the main contribution to the radistion width,

As mentioned in a previous paragraph the
predictions of the model sresented hnere are too large
by s Tactor of 3, The weakest link in the argument ie
probably the assumed form of the dipole photo electriec
crose section, Thie exprecsion was derived by supposing
that the collective moticn of the protons againet the
neutrone could ve treated ags a limearly damped harmonic
oseillation, The presence of won linear terms would
modify the energy dependence of the crose section =t low
enerpies sufficiently to oring the resulte into line with
experiment, Throughout the work it has veen asssumed that
¥ and BZ transitions do not comtribute much to the
radiation widthe of the highly excited states we have
cons jdered, Jome evidence for this comes from work of
Kineey, Bartholemew and Walker (1964) on the Y rays
enitted from nuclei following thermal neutron capture,
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