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Abstract

The Yamabe problem (proved in 1984) guarantees the existence of a
metric of constant scalar curvature in each conformal class of Riemannian
metrics on a compact manifold of dimension n > 3, which minimizes the
total scalar curvature on this conformal class.

Let (M’',g") and (M",g") be compact Riemannian n-manifolds. We
form their connected sum M'# M" by removing small balls of radius € from
M’, M" and gluing together the S"~! boundaries, and make a metric g
on M'#M" by joining together ¢’, g” with a partition of unity.

In this paper we use analysis to study metrics with constant scalar
curvature on M'#M" in the conformal class of g. By the Yamabe prob-
lem, we may rescale g’ and g” to have constant scalar curvature 1, 0 or
—1. Thus there are 9 cases, which we handle separately.

We show that the constant scalar curvature metrics either develop
small ‘necks’ separating M’ and M", or one of M’', M" is crushed small
by the conformal factor. When both sides have positive scalar curvature
we find three metrics with scalar curvature 1 in the same conformal class.
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1 Introduction

Let (M',¢') and (M",g") be compact manifolds of dimension n > 3. The
connected sum M = M’'#M" is the result of removing a small ball B™ from
each manifold, and joining the resulting manifolds at their common boundary
S"~1. By smoothly joining ¢’ and g” we can also construct a 1-parameter family
of metrics g; on M for ¢t € (0,6), where ¢ measures the radius of the excised
balls B™.

In this paper we suppose g’ and ¢” have constant scalar curvature (not
necessarily the same value), and study (some of) the metrics g; with constant
scalar curvature in the conformal class of g; for small t. Our method is to write
down explicit metrics whose scalar curvature is close to constant, and show



using analysis that they can be adjusted by a small conformal change to give
metrics with constant scalar curvature.

By the proof of the Yamabe problem, every conformal class on M contains a
metric with constant scalar curvature. Our proofs are simpler than the solution
of the Yamabe problem, as our problem is much easier, and they have the
advantage of giving a good grasp of what the Yamabe metrics actually look like
as the underlying conformal manifold decays into a connected sum. We can for
instance say that one obvious sort of behaviour, that of developing long ‘tubes’
resembling S”~! x R does not happen, but that small ‘pinched necks’ may
develop instead, or else M’ or M" may be crushed very small by the conformal
factor.

Other authors have also considered the scalar curvature of metrics on con-
nected sums. Two important early papers on manifolds with positive scalar
curvature are Gromov and Lawson [f] and Schoen and Yau [[L1], and both show
(B, Th. AJ, [[L1l Cor. 3] that the connected sum of two manifolds with positive
scalar curvature carries metrics with positive scalar curvature.

Writing after the solution of the Yamabe problem, Kobayashi [ﬂ] defines the
Yamabe number of a manifold to be the supremum over conformal classes of the
Yamabe invariant defined in §B, and proves an inequality [ﬂ, Th. 2(a)] between
the Yamabe number of two manifolds and the Yamabe number of their connected
sum. His formula can be related to our results below in the limit ¢ — 0.

The first version of this work formed part of the author’s D.Phil. thesis [f]
in 1992, supervised by Simon Donaldson. In the interval between then and the
publication of the present paper several papers on similar topics have appeared,
and we mention in particular Mazzeo, Pollack and Uhlenbeck [E] They study
connected sums of compact or noncompact manifolds with constant positive
scalar curvature, and the part of Theorem @ below dealing with the metrics
of §B also follows from their main result.

The remainder of this section goes over some necessary backgound material.
In §E we define two families of metrics g; upon connected sums, make estimates
of the scalar curvature of these metrics, and prove a uniform bound on a Sobolev
constant for a particular embedding of Sobolev spaces.

The main existence results for metrics of constant scalar curvature conformal
to the metrics g; above are proved in §. We begin with a quite general existence
proof using a sequence method and then apply it, first to the case of scalar
curvature —1, and then to the case of scalar curvature 1. The former is simple,
but the latter is more difficult, and the proof of a result on the eigenvalues of
the Laplacian A on the metrics g; in the positive case has been deferred until
the appendix.

In §E we deal with the cases left over from §, which are the connected sums
involving manifolds of zero scalar curvature. To do so requires some additions
to the methods of §, as the problem of rescaling a metric with scalar curvature
close to +1 to get exactly +1 is different to the problem of rescaling a metric
with scalar curvature close to zero to get scalar curvature a small but unknown
constant. We shall see that each combination of positive, negative and zero
scalar curvature manifolds has distinctive features.
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1.1 Analytic preliminaries

We define Lebesgue and Sobolev spaces, principally to establish notation. An
introduction to them may be found in Aubin [fl, §2]. Let (M, g) be a Riemannian
manifold. For ¢ > 1, the Lebesque space L1(M) is the set of locally integrable
functions w on M for which the norm

1/q
e = ullze = < / |u|qdvg)

is finite. Here dVj is the volume form of the metric g. Then L?(M) is a Banach
space (with the convention that two functions are equal if they differ only on a
null set) and L?(M) a Hilbert space. Let r,s,t > 1 with 1/r = 1/s+ 1/¢t. If
¢ € L3(M) and ¢ € L'(M) then ¢¢p € L"(M) and ||| < [[§llzs[[¢]| 2+ this
is Holder’s inequality.

Let ¢ > 1 and let k& be a nonnegative integer. The Sobolev space L (M)
is the subspace of u € LY(M) such that u is k times weakly differentiable and
|Viu| € LI(M) for i < k. The Sobolev norm on L} (M) is

k 1/‘1
Iullgs = lullzs = <Z /M |v1u|deg> -
1=0

This makes L{(M) into a Banach space, and L} (M) a Hilbert space. Since
we will often have to consider different metrics on the same manifold, we will
use the superscript notation 7| . ||« and 9| . ||« to mean Lebesgue and Sobolev
norms computed using the metric g.

We also write C*(M) for the vector space of continuous, bounded functions
on M with k continuous, bounded derivatives, and C>(M) = (5, Ck(M).
The Sobolev Embedding Theorem , Th. 2.20] says that if % = % — % then
L{(M) is continuously embedded in L"(M) by inclusion, and if —Z > k
then L{ (M) is continuously embedded in C" (M) by inclusion.

1
q

1.2 The Yamabe problem

We now briefly discuss the Yamabe problem, concerning the existence of metrics
of constant scalar curvature in a conformal class on a compact manifold. An
introduction to the problem and its solution may be found in the survey paper
[d by Lee and Parker.
Fix a dimension n > 3. Throughout the paper we shall use the notation
4(n—1) 4 2n

@ n—2" anc¢ p n—2

(1)

n—2



Let M be a compact manifold of dimension n. Define a functional () upon the
set of Riemannian metrics on M by

Sav,
Qlg) = 7V{ff(M)2/‘p,

where S is the scalar curvature of g. Then @ is known as the total scalar
curvature, or Hilbert action.

Let ¢g,g be metrics on M. We say that g,g are conformal if § = ¢g for
some smooth conformal factor ¢ : M — (0,00). Usually we write ¢ = ¢P~2 for
smooth 9 : M — (0,00). The conformal class [g] of g is the set of metrics § on
M conformal to g. Applying the calculus of variations to the restriction of @ to
a conformal class, one finds that a metric g is a stationary point of @ on [g] if
and only if it has constant scalar curvature.

Let the scalar curvatures of g,§ be S, 5, and write § = 1/?~2g for smooth
¥ : M — (0,00). Then

§ =P (aAY + S1). (2)

Thus § = 9P~ 2g has constant scalar curvature v if and only if 1 satisfies the
Yamabe equation:

al + S = v|yp[P . (3)

One can show using Holder’s inequality that ) is bounded below on a con-
formal class. So we define

Mlg]) = inf{Q(g) : g is conformal to g}.

This constant A([g]) is an invariant of the conformal class [g] of g on M, called
the Yamabe invariant.

The Yamabe problem [[L3]. Given a compact Riemannian n-manifold (M, g),
find a metric § conformal to g which minimizes Q on [g], so that Q(g) = A([g]).
Then § is a stationary point of Q on [g], and so has constant scalar curvature.

A solution g of the Yamabe problem is called a Yamabe metric. The problem
was posed in 1960 by Yamabe [@], who gave a proof that such a metric g always
exists. His idea was to choose a minimizing sequence for @ on [g], and show
that a subsequence converges to a smooth minimizer g for Q). Unfortunately the
proof contained an error, discovered by Trudinger [@] The proof was eventually
repaired by Trudinger, Aubin, Schoen and Yau.

If A([g]) < 0 then constant scalar curvature metrics in [g] are unique up to
homothety [, p. 135], and are Yamabe metrics. Thus, if A([g]) < 0 then [g]
contains a unique metric ¢ with scalar curvature —1, and if )\([g]) = 0 then
[g] contains a unique metric § with scalar curvature 0 and volume 1. However,
if A([g]) > 0 then constant scalar curvature metrics in [g] are not necessarily



unique up to homothety, and may be higher stationary points of ) rather than
Yamabe metrics. Thus, [g] may contain several different metrics with scalar
curvature 1. We will see an example of this in §E

In §f and &, weak solutions in L?(M) to the Yamabe equation () will be
constructed for certain special compact manifolds M. For these solutions to
give metrics of constant scalar curvature, it is necessary that they be not just
L? solutions, but C*° solutions. We quote a result of Trudinger [@, Th. 3,

p. 271] showing this is the case.

Proposition 1.1 Let (M, g) be a compact Riemannian n-manifold with scalar
curvature S, and u a weak L} solution of alAu + Su = S|u|"+2)/(n=2) " for
S € C®(M). Then u € C*(M), and where u is nonzero it is C™.

1.3 Stereographic projections

Let (M, g) be a compact Riemannian manifold with positive scalar curvature.
Then by [[, Lem. 6.1, p. 63] the operator aA + S in (f) admits a Green’s
function T, for each m € M, which is unique and strictly positive. That is,
Ty, M\ {m} — (0,00) is smooth with (aA 4+ S)T';;, =0 on M \ {m}, and T';,
is singular at m with (aA + S)T'y, = d,, on M in the sense of distributions.

Definition 1.2 Let (M, g) be a compact Riemannian manifold with positive
scalar curvature. For m € M define the metric § = I'?72g on M = M \ {m},
where I';,, is the Green’s function of aA + S at m. Then § has zero scalar
curvature by ([£)). We call (M, §) the stereographic projection of M from m.

The stereographic projection of S™ is R™. In general, stereographic projec-
tions (M ,g) are asymptotically flat, that is, their noncompact ends resemble R™
in a way made precise in [ﬂ, Def. 6.3]. Following Lee and Parker [ﬂ, p. 64], we
use the notation that ¢ = O’(|z|?) means ¢ = O(|z|?) and V¢ = O(|z]|971),
and ¢ = O'(|z|?) means ¢ = O(|z]7), Vé = O(|z[?"") and V2¢ = O(|z]772),
for small or large z in R", depending on the context. For simplicity we shall
suppose that g is conformally flat near m in M. In this case the asymptotic
expansion of the metric ¢ is particularly simple, [ﬂ, Th. 6.5(a)].

Proposition 1.3 Let (M,g) be a compact Riemannian manifold with positive
scalar curvature, and suppose m € M has a neighbourhood that is conformally
flat. Let (M,g) be the stereographic projection of M from m. Then there exist
p € R and asymptotic coordinates {x'} on M with respect to which Gi; satisfies

Gij(z) = P2 (2)6;;, where Y(v) =1+ plz[* " + 0" (|z|*™™) for large |z].

This constant p is proportional to an important invariant of asymptotically
flat manifolds called the mass, which is defined and studied by Bartnik [Jf].
For physical reasons it was conjectured that the mass must be nonnegative for
complete asymptotically flat manifolds of nonnegative scalar curvature, and zero



only for flat space. This was proved for spin manifolds by Witten [EL whose
proof was generalized to n dimensions by Bartnik @7 §6].

A proof of the general case when n < 7 is given by Schoen [E, 84]. He also
claims the result for all dimensions [E, p. 481], [E, p. 145], but the proof has
not been published. This ‘positive mass theorem’ in dimensions 3,4 and 5 was
important in the completion of the proof of the Yamabe problem by Schoen in
1984 [E] We will only need the case when the metric g of M is conformally flat
about m, which we state as follows:

Theorem 1.4 In the situation of Proposition @, (perhaps with the additional
assumption that M is spin or n < 7), we have p > 0, with equality if and only
if M is 8™, and its metric is conformal to the round metric.

2 Glued metrics on connected sums

In this section, we shall define two families of metrics g; on the connected sum
M of constant scalar curvature Riemannian manifolds (M’ ¢’) and (M”, g").
The first family, in §, is made by choosing M’ of constant scalar curvature v,
cutting out a small ball, and gluing in a stereographic projection of M”, homo-
thetically shrunk very small. The second family, in §, is made by choosing
M’ and M" both of constant scalar curvature v, and joining them by a small
‘neck’ of zero scalar curvature. The relation between these families when v =1
is discussed in §@

We finish with two results, Propositions E and @, about the families of
metrics. The first gives explicit bounds for their scalar curvature, to determine
how good an approximation to constant scalar curvature they are. The second
shows that the Sobolev constant for a certain Sobolev embedding of function
spaces can be given a bound independent of the width of the neck, for small
values of this parameter.

2.1 Combining constant and positive scalar curvature

Let (M’,g') be a compact Riemannian n-manifold with constant scalar curva-
ture v. Applying a homothety to ¢’ if necessary, we may assume that v = 1,0
or —1. For simplicity, assume that m’ € M’ has a neighbourhood in which ¢’
is conformally flat; this assumption will be dropped in §E Then M’ contains
a ball B’ about m’, with a diffeomorphism ®' from Bs(0) C R™ to B’ for some
§ € (0,1), such that ®'(0) = m’ and (®')*(¢') = (¢')P~2h for some function
¢" on Bs(0), where h is the standard metric on R™. By choosing a different
conformal identification with B;s(0) if necessary, we may suppose ¥’(0) = 1 and
dy’(0) = 0, so that ¢'(v) = 1+ O’(|v|?) in the notation of §L.3.

Let (M"”,g") be a compact Riemannian n-manifold with scalar curvature 1.
As with M’, suppose m” € M" has a neighbourhood in which ¢g” is conformally
flat. Let (M, §) be the stereographic projection of M” from m/, as in Definition
1.9, so that M = M” \ {m”}, and § is asymptotically flat with zero scalar
curvature, and is conformal to g”.



By Proposition [[.3, there is an immersion Z” : R™ \ Bg(0) — M for some
R > 0, whose image is the complement of a compact set in M, such that
(E")*(g) = €P~2h, where ¢ is a smooth function on R™\ Br(0) satisfying £(v) =
1+ O'(|v|>~™). By making § smaller if necessary, we set R = §~%.

A family of metrics {g; : ¢t € (0,d)} on M = M'#M" will now be written
down. For any ¢ € (0,4), define M and the conformal class of g; by

M= (M’ \ @' [By2 (0)}) 11 (M \ ('[R™\ B,-5(0)] )) / ~
where ~— , I8 the equivalence relation defined by

'[v] ~, ="t %] whenever v € R™ and t* < |v] < t.

The conformal class [g¢] of g; is then given by the restriction of the conformal
classes of ¢’ and § to the open sets of M’, M" that make up M; this definition
makes sense because the conformal classes agree on the annulus of overlap where
the two open sets are glued by — . Let Ay be this annulus in M. Then A; is
diffeomorphic via ® to the annulus {v € R" : ¢ < |v| < t} in R™.

To define a metric g; within the conformal class just given, take g = ¢’ on the
component of M \ A; coming from M’ and g; = t'2§ on the component coming
from M. It remains to choose a conformal factor on Ay, which is identified with
{v e R" : 2 < Ju| <t} by ®. Here we set (®')*(g;) = ¥’ >h, where ¢, is
defined below.

The conditions for smoothness at the edges of the annulus A; are that ¢ (v)
should join smoothly onto 1’(v) at |v| = t, and onto £(t~5v) at |v| = t2. Choose
a C* function o : R — [0, 1], that is 0 for x > 2 and 1 for < 1 and strictly
decreasing in [1,2]. Let 81(v) = o(log|v|/logt) and B2(v) = 1 — B1(v) for all
v € R™ with t? < |v| < t. Finally, define ¢; by

De(v) = Br(0)¥ (v) + B2 (V)E(E ). (4)

This finishes the definition of g; for ¢ € (0,9). The reasoning behind the
definition — why ¢ is shrunk by a factor of %, but the cut-off functions change
between radii ¢t and t2, for instance — will emerge in §@, where we show that
for this definition the scalar curvature of g; is close to the constant function v
in the L™/? norm.

2.2 Combining two metrics of constant scalar curvature v

A family of metrics will now be defined on the connected sum of two Riemannian
manifolds with constant scalar curvature v. We shall do this by writing down a
zero scalar curvature Riemannian manifold with two asymptotically flat ends,
and gluing one end into each of the constant scalar curvature manifolds using
the method of §@; the new manifold will form the ‘neck’ in between.

Let N be R\ {0} with metric gy = (1 + [v|~(»=2)?P=2h. Then N has two
ends, and gy is asymptotically flat at each end. The involution v — v/|v|? is an



isometry. Also, as Alv|~("=2) = 0, equation (f) shows that gy has zero scalar
curvature.

Let (M’',g') and (M",g") be Riemannian n-manifolds with constant scalar
curvature v; applying homotheties if necessary we shall assume that v = 1,0
or —1. We shall use the gluing method of § to glue the two asymptotically
flat ends of (N, gy) into (M',¢’) and (M",g"). Let M = M'#M". A family of
metrics {g; : ¢ € (0,9)} on M will be defined, such that g, resembles the union
of (M',g’) and (M",g") joined by a small ‘neck’ of radius t®, modelled upon
(N,t2g,). Tt will be done briefly, as the treatment generalizes §2.1.

Suppose that M’, M" contain points m/, m” with neighbourhoods in which
g',g" are conformally flat. (In §B.4 this assumption will be dropped.) Thus
M’ M" contain open balls B/, B” with diffeomorphisms &', " from Bs(0) in
R" to B’,B”, such that ®'(0) = m/,®"”(0) = m” and (®')*(¢') = (¢')?~2h,
(®")*(g") = (¢"")P~2h, for some functions ¢, 1" on Bs(0). By choosing different
conformal identifications with Bs(0) if necessary, we may suppose that ¢'(0) =
¥"(0) = 1 and d¢’(0) = dep”(0) = 0, so that ¥'(v) = 1+ O'(|v|?) and " (v) =
1+ 0 (Jv]?).

For any ¢ € (0,4), define M and the conformal class of g; by

M (M' \(I)I[Etz(O)])H(M” \ @ [Etz(O)DH{v eN:t°<v <t—5}/~t7

where ~, is the equivalence relation defined by
P'[t%v] ~,v ifveNand t™* < Ju] <77, and

" {tG_U
|v]?

The conformal class [g¢] of g; is then given by the restriction of the conformal
classes of ¢’,¢” and gy to the open sets of M/, M" and N that make up M;
this definition makes sense because the conformal classes agree on the annuli
of overlap where the three open sets are glued by — . Let A; be this region
of gluing in M. Then A; is diffeomorphic via ®" and ®” to two copies of the
annulus {v € R" : t? < |v| < t}.

To define a metric g; within this conformal class, let g; = g’ on the component
of M\ A; coming from M’, g; = ¢” on the component of M \ A; coming from
M", and g; = t'2g, on the component on M \ A; coming from N. So it remains
to choose a conformal factor on A, itself. Using ®' and ®”, this is the same as
choosing a conformal factor for two copies of the subset {v € R™ : t? < |v| < t}
of R™.

As in §@ define a partition of unity S1, S2 on A¢, and define 1y by ¥, (v) =
B1 () (v) + B2(v)(1 4 5 =2 |y|=(»=2)) on the component of A; coming from
M, and 1 (v) = B1(v)Y" (v) + Ba(v)(1 + t5=2|y|=(»=2)) on the component
coming from M". Here 1); is thought of as a function on A;, which is identified
by ® and ®” with two disjoint copies of {v € R" : t? < |v| < t}. Now let g;
be ¥ "%h in Ay, where h is the push-forward to A; by &, ®" of the standard
metric on {v € R" : t? < |v| < t}. This completes the definition of g;.

} ~,v if ve N and t° < |v| < t*.



2.3 The relationship between §R.1] and §2.2 when v =1

Suppose that (M’,¢') and (M”, g"”) are compact Riemannian n-manifolds with
scalar curvature 1, and m’, m” are points in M’, M" with conformally flat neigh-
bourhoods. Then §@ and §@ with v = 1 define two families of metrics

gi it € (0,0)} on M = M'#M". Reversing the roles of M’ and M” in
é@ we get a third family, by shrinking the stereographic projection of (M’, g’)
from m’ by a factor t'? and gluing it into (M",g"”). What is the relationship
between these three families of metrics on M?

Encoded in the choice of maps ®',®” and =" above is a choice of isomet-
ric isomorphism T, M’ = T,,»M". Because of the simplifying assumption of
conformal flatness near m’,m” it turns out that this isomorphism is the only
arbitrary choice involved in the construction of the conformal classes [g:], and if
we choose the same isomorphism T}, M’ = T,,,» M" in the three cases, then the
three families actually define the same 1-parameter family of conformal classes
{lg+] : t € (0,6)} for small t.

However, the parametrization of the conformal classes by ¢ differs in §@ and
0.9, Identifying M’ and M” with R™ conformally near m/, m”, and reasoning
from the definition of stereographic projection, we find that in §EI -, identifies
v' € M’ with v € M" only if [¢/| - [v"| = t5, but in §.9 —~, identifies v’ € M’
with v” € M" only if [v/| - o] = 12,

Because of this, the conformal class [g;] constructed in §@ is the same as the
conformal class [g2] constructed in §P.1 We adopted this mildly inconvenient
convention because with it we will be able to prove results simultaneously for
the metrics of § and §E, without changing the powers of ¢ involved.

1

2.4 Estimating the scalar curvature of g,

We now show that the scalar curvature of g; approaches the constant value v in
the L"/? norm as t — 0.

Proposition 2.1 Let {g:: t € (0,5)} be one of the families of metrics defined
on M = M'#M" in §@1 and §@-3. Let the scalar curvature of g, be v — €.
Then there exist Y, Z > 0 such that |e;| <Y and 9t ||e;||n/2 < Zt2 fort € (0,96).

Proof. The proof will be given for the metrics g; of § only, the modifications
for §@ being left to the reader. We first derive an expression for ;. Outside
Ay, the scalar curvature of g; is v and 0 on the regions coming from M’ and
M". On Ay, calculating with (f]) gives

v — e(v) = v (v) (1 (v) D =Dy
+apy, T (0) (AL (v)) (W (v) — £(tC)) (5)
—2ay; "R () (V1 (v)) - (V(1 (v) — E(5))),
since 31 + f2 = 1.

(n+2)/(n—2) (v)



As ¢/ (v) =1+ O (Jv?), £&(v) = 14+ O'([v]>™™), and ¢ < |v| < t, it follows
easily that ¢'(v) — £(t%v) = O'(Jv|?). The reason for choosing to scale §
by a factor of t'2 whilst making (3 change between t? and t is to make this
estimate work — the first power has to be as high as 12 to work in dimension 3.
Substituting it into () gives that

lee| < ]| B (@)D =Dy 0 (n+2)/(n—2) 1
+y (n+2)/ n—-2) {IVB110(v]) + |AB|O(|v]*)}.

Using a lower bound for ¢’ we find that on the subannulus t? < |v| < t, the
estimate [1¢(v)| = Cy > 0 holds for some Cj and all ¢ € (0,0). Using this to get
rid of the v; terms on the r.h.s., and an upper bound for ¢’, it can be seen that

lee] = O(1) + [V1|0(|v]) + |ABO(Jv]?) (6)

on the subannulus t? < |v| < t. But

2]

=2 = O™ 7
V| = oL = 0], )
and in a similar way |AB;| = O(|v|72). Substituting into (§), we find that for

all t € (0,6), |e;] <Y on the subannulus ¢? < |v| < ¢, for some Y > |v|.

Thus |e;| <Y on A, and outside A, ¢, = 0 on the component coming from
M’, and |e;| = |v| <Y on the component coming from M”. Therefore |e;| <Y,
giving the first part of the proposition. To prove the second part, observe that
by the estimates on v above, the support of ¢; has volume < C;t™, for some
C1 > 0. S0 9|eg]| /2 < Zt2, where Z = YCI/™. O

2.5 A uniform bound for a Sobolev embedding

If (M,g) is a compact Riemannian n-manifold, then L2(M) is continuously
embedded in L2/ (=2 (M) = LP(M) by the Sobolev Embedding Theorem, [fl,
Th. 2.20]. This means that L}(M) C LP(M), and [|¢[|r» < All¢ll.2 for all
¢ € L3(M), and some A > 0 depending on g. We shall prove this holds for the
metrics g; of §@ and §@, with A independent of .

Proposition 2.2 Let {g:: t € (0,8)} be one of the families of metrics defined
on M = M'#M" in §@.14 and §2.3. Then there exist A > 0 and ¢ € (0,6) such
that 9||g[|L» < A-9||§|| L2 whenever ¢ € L3(M) and 0 <t < (.

Proof. First consider the metrics of §@ The proof works by proving similar
Sobolev embedding results on the component manifolds (M, ¢') and (M, t'2§)
that make up (M, g;), and then ‘gluing’ them together. These are given in the
following lemmas, the first following from the Sobolev Embedding Theorem [EI,
Th. 2.20].

10



Lemma 2.3 There exists D1 > 0 with 9| ¢||r» < Dy - 9/||¢||L§ for all ¢ €
L3(M').

t12

Lemma 2.4 There exists Dy > 0 with ' 9||¢||L» < Do -

k 9|Vl L2 for all
¢ € L3(M) and t > 0.

Proof. The inequality ||¢||zr < D2||V¢|| 12 is invariant under homotheties, and
so it is enough to prove the lemma when ¢t = 1. Bartnik [E, §1-82] reviews the
theory of weighted Sobolev spaces on asymptotically flat manifolds. We shall
apply [, Th. 1.2 & Th. 1.3], which hold on asymptotically flat manifolds by [P,
p. 676]. Part (iv) of [}, Th. 1.2] with k =1, p=¢ =2 and § = (2 — n)/2 shows
that there exists B > 0 such that

(n—2)/n
([ ome=2avy) " < ([ 1voravy+ [ 1opoay; )
M M M

for all ¢ € L#(N), where o : N — [1,00) is defined by o(z)? = 1 + d(z, z¢)? for
some base point zop € N. But part (i) of [, Th. 1.3] with p = 2 and § = (2—n)/2
shows that there exists C' > 0 such that

/A 9|0 2dV; < C/A [V¢|*dV;.
M M

Combining the last two equations and taking square roots proves the lemma,
with Dy = (B(1 + C))'/2. O

The volume form of g; on A; is Y dV}, so the contribution from A; to
Joy @ dVy, is [ A, (¥¢)? dVy. Using ({) we may eliminate v, divide into integrals

on the component manifolds, and show that 9 ||| z» < 9|81l +* 9820l Le
for ¢ € L3(M). Now

TNB1oll 2 < (1Bl 2 + 7 1BVl 2 + || @V 2

9818l + 7 16Vl rz + || 6la. |, -

by Holder’s inequality. But as ||df1]4, ||z~ is a conformally invariant norm we
have 9 ||df1] 4, | = " dBi]a,| n» Where h is the standard metric on R™.

Combining the last few equations and the obvious analogues for M, and
remembering that df; 4+ dB; = 0, we obtain

NN

dBi]a,|

Ln)

9| ¢ll e < D1 9|18l 2 + Da - * 9| Bagbl| 2
< D1(7 819l 2 + 151Vl e + 9 || dla ||, - "Bl a.]l )
+ D2 (M) Badll 2 + B2Vl 12 + 79|l || - | B |

< Ds - #||¢ll 3 + Da - *||¢lle - "[|dB1]a, ]| 1

)
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for all ¢ € (0,0) and some D3, Dy > 0 depending on D;, Dy and bounds for the
ratios of the various conformal factors on A;.
From the last equation we see that Proposition @ holds with A = 2Dg

provided Dy - thﬂﬂAt ||L" < % As (1 depends only on r = |v| we have

¢
d dr; |n
h||dﬁ1||7£n:wn_l./t2 i 61’ dr = wy_1|logt|* ™™ / ’

where w,,_1 is the volume of the unit sphere S*~! in R™. So when ¢ is small,
"|dBy ||z~ is small, and there exists ¢ € (0,6) such that Dy"||dB1]a,],, < 3
when 0 < ¢ < (. This completes the proposition for the metrics of §R.1. The
proof for the metrics of §E requires only simple modifications, and we leave it
to the reader. (|

7

3 Existence results for scalar curvature +1

Let M be the manifold of §@ or §E with one of the metrics g; defined there,
and denote its scalar curvature by S. As in §, a conformal change to g =
Y?~2g, may be made, and the condition for §; to have constant scalar curvature
v is the Yamabe equation

aly + S = v|y|P L. (8)

Now the metrics g; have scalar curvature close to v, so let S = v — ¢; then by
Proposition R.1], 9|e|| ;.2 < Zt2. Also we would like the conformal change to
be close to 1, so put ¢ = 1 + ¢, where we aim to make ¢ small. Substituting
both of these changes into (§) gives

alAp — vbd = e + ep + v f (), 9)

where b= 4/(n —2) and f(t) = |1 +¢|("+2/(*=2) _ 1 — (n +2)t/(n — 2).

In this section, we shall suppose that v = 41, as the zero scalar curvature
case requires different analytic treatment and will be considered in §. Equation
(E) has been written so that on the left is a linear operator aA — vb applied to
¢, and on the right are the ‘error terms’.

The method of §@ is to define by induction a sequence {¢;}$2, of functions
in L2(M) by ¢o = 0, and

alAp; — vbp; = €+ epi—1 + v f(di—1).

This depends upon being able to invert the operator aA — vb, and we consider
the existence and size of the inverse in §@ and §@ Given this invertibility,
we show that if € is sufficiently small, {¢;}3°, converges to ¢ € L?(M) which
is a weak solution of (E) Finally we show that ¢ is smooth and ¢ =1+ ¢ is
positive, so that g; has constant scalar curvature v.

In §@ and §@ we state the existence theorems for constant positive and
negative scalar curvature respectively on connected sums, the main results of
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this section. Note that §@ produces three distinct metrics of scalar curvature 1
in the conformal class of each suitable connected sum of manifolds with scalar
curvature 1, in contrast to the negative scalar curvature case, where any metric
of scalar curvature —1 is unique in its conformal class.

3.1 An existence result for constant scalar curvature

Fix v = +1, and suppose (M, g) is a compact Riemannian n-manifold. Let
A, B, X and Y be positive constants, to be chosen later. We write down four
properties, which (M, g) may or may not satisfy:

Property 1. The volume of M satisfies X/2 < vol(M) < X.
Property 2. Let the scalar curvature of g be v —e. Then |e| < Y.
Property 3. Whenever ¢ € L3(M), ¢ € LP(M), and |[¢|[r» < All9] 12

Property 4. For every & € L2"/("+2)(M), there exists a unique ¢ € L3 (M)
such that aA¢ — vbp = & holds weakly. Moreover, |¢[|p2 < B|€|| p2n/ 2.

We of course think of (M, g) as being the manifold M of §@ or §E, with
one of the metrics g; defined there. Then Property 1 is clear from the definitions,
Property 2 comes from Proposition @, Property 3 from Proposition E, and
Property 4 remains to be proved. In terms of these properties, we state the next
result, which is the core of the analysis of this section.

Theorem 3.1 Let A,B,X,Y >0 and n > 3 be given. Then there exist W, c >
0 depending only upon A, B, X,Y and n, such that if (M, g) satisfies Properties
1-4 above and ||€||n/2 < ¢, then g admits a smooth conformal rescaling to
g = (1+ ¢)P~2g, with constant scalar curvature v, and ¢l Lz < Wlle[[ /2.

Proof. Suppose that (M, g) satisfies Properties 1-4 above. Define a map T :
L3(M) — L3(M) by Tn = &, where

alAf —vbé = e+ en+vf(n). (10)

By Property 4, £ exists and is unique, provided that the right hand side is
in L2/ (+2)(M). So it must be shown that if € L3(M), then e +en+vf(n) €
L2/ (+2) (M), Now e € L™/?(M) implies that e € L2 (+2)(M); by the Sobolev
embedding theorem 7 € L?>"/("=2)(M), and as ¢ € L"/?(M) it follows that
en € L2/ ("+2)(M). Thus the first two terms are in L2"/("+2)(M). For the third
term, as n € L2/ ("=2) (M), 1+ is too, and (14n)"+2)/(n=2) ¢ [2n/(+2)(pf),
This deals with the first part of f(n), and the last two parts are trivially in
L2/ ("+2)(M). Therefore the right hand of ([L0) is in L2/ (*+2)(M), and the
map T is well defined.

Now define a sequence {¢; }°, of elements of L3(M) by ¢; = T*(0). Our first
goal is to prove that if ||€||;n/2 is sufficiently small, then this sequence converges
in L#(M). Setting ¢ as the limit of the sequence, (IE) implies that ¢ will satisfy
(B, as we would like. This will be achieved via the next lemma.
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Lemma 3.2 Suppose L is a Banach space with norm ||.||, and T : L — L is a
map satisfying | T(0)| < Fos and

IT(v) = T(w)| <llv - wII{Fls + E([lvll + [wl)

(11)
+ By (ol /=2 + o/ =) |
for all v,w € L, where Fy, Fy1, Fa, F3,s > 0. Then there exists W > 0 depend-
ing only on Fy, F1, Fo, F3 and n, such that if s is sufficiently small, then the
sequence {¢; 2, defined by ¢; = T*(0) converges to a limit ¢ in L, satisfy-
ing [|¢] < Ws.

Proof. Putting v = ¢;_1 and w = 0 into ([LT)) gives ||¢; — T(0)|| < Fis||¢i—1] +
Fol|gi_1]|? 4 Fsl|¢i_1||*t2/(=2) "and as ||T(0)|| < Fos this implies that ||¢;] <
x(|[¢i-1l), where x(x) = Fos + Fisx + Foa? + Fya(+2)/(n=2),

From the form of this equation, it is clear that there exists W > 0 depending
only on Fy, F1, Fy, F3,n such that when s is small, there exists an x with 0 < x <
Ws and 2x(z) = x. Suppose s is small enough, so that such an x exists. Now
90 = 0, 50 that [[do]l < 2, and if 1] < = then ;]| < x(di1]}) < x(x) < .
Thus by induction, ||¢;|| < z for all s.

Put v = ¢z and w = Qbifl in . This giVGS ||¢i+1 - ¢z|| g ||¢)1 — Qbifl” .
(Fis+ 2Fx + 2F3x4/(”*2)), using the inequality ||¢;|| < x that we have just
proved. Dividing the equation z = 2x(x) by x and subtracting some terms it
follows that 1 > Fis + 2Fx + 2F32% ("2 > 0, and so {¢i}32, converges, by
comparison with a geometric series. Let the limit of the sequence be ¢. Then
as ||¢i]] <z < Ws for all 4, by continuity ¢ also satisfies ||¢|| < Ws. O

To apply the lemma we must show that T : L?(M) — L3(M) defined above
satisfies the hypotheses. Let s = |l¢]|pn/2. We will define Fy, Fy, Fo, F3 > 0
depending only on A, B, X and n, such that ) holds.

Putting n =0 in (E)7 and applying Properties 1 and 4, we see that

IT(0)]I 22 < Bllel|2nscnay < Bvol(M)" =272 e[ pjo < BX"72/205,
so let Fy = BX(™=2/2" From the definition of f, it can be seen that

@) = F@)] <o —y] - (Falal + lyl) + B (272 + 102, (12)
where Fy, F5 are constants depending only on n, and Fy = 0 if n > 6. Let

m,me € L}(M), and let T(n;) = &. Then taking the difference of ([[() with
itself for ¢ = 1,2 we get

(aA —wb)(&1 — &) =€ (m —n2) +v(f(m) — f(m2)).
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Applying Property 4 and making various estimates gives

€1 — &2 < B(HE' (m = m2) | p2nsera + V||| f(m) = f(772)||L2n/<n+2>)
<l = nellz - (Fas + Follmll oz + el .2)

4/(n—2 4/(n—2
+ B (Il + el 15 ) ),

where Fy = AB, F», = A2BF,X©6-/2n and Fy = An+2/(n=2)BE. The
calculation uses Hélder’s inequality, (IE), Properties 1 and 3, the expression
Il < |Inllzs (vol M)=7)/78 swhen 1 < 7 < s and n € L"(M) C L*(M), and
the fact that Fy =0 if n > 6.

This inequality is ([L]) for the operator T : L?(M) — L3(M). So putting
L = L3(M) and applying Lemma @7 there is a constant W > 0 depending
only on Fy, Fy, Fo, F5 and n, such that if ||e||;n/2 is sufficiently small, then
the sequence {¢;}°, defined by ¢; = T(0) converges to a limit ¢, satisfying
lloll < Wle|lzn/2. Now W depends only on Fy, ..., F3 and n, and these depend
only onn, A, Band X, so W depends only onn, A, B and X. Since ¢; = T (¢;—1)
and T is continuous, taking the limit gives ¢ = T(¢), so ([L0) shows that ¢
satisfies (f]) weakly. Thus we have proved the following lemma:

Lemma 3.3 There exists W > 0 depending only onn, A, B and X, such that if
\l€l| p.ns2 is sufficiently small, then there exists ¢ € L2(M) satisfying (H) weakly,
with [|¢llpz < W€l

Thus weak solutions ¢ of (f) do exist for small ||€||.n/2, and for these ¢ =
1+ ¢ is a weak solution of (E) But for § = ¢?~2g to be a metric we need
to be smooth and positive. Proposition [L.1] shows that ¢ € C?(M), and is C*
wherever it is nonzero, so it remains to show that ¢ > 0.

Examples of manifolds (with negative scalar curvature) can be found for
which () admits solutions that change sign, so there is something to be proved.
This difficulty does not arise in the proof of the Yamabe problem, as there v is
the limit of a minimizing sequence of positive functions, so ¥ > 0 automatically.

We deal with this problem in the following proposition, by proving that if
¥ = 1+ ¢ is a solution to (f]) that is negative somewhere, then [¢llLz must be
at least a certain size. So if ¢ is small in L?(M), then ¢ = 1+ ¢ > 0. We then
show that ¢/ > 0 using a maximum principle.

Proposition 3.4 If ||¢| 12 is sufficiently small, then ¢ > 0.
Proof. Let £ = min(¢,0). Then & € L3(M) and [, , Ay dV, = [, |[VE]? AV,
since EAY = V|2 + $AE?, and [y AE?dV, = 0. So multiplying Zﬁ) by £ and

integrating over M gives

/ (a]VEP + S€ 1 ey dV, =0, (13)
M
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as & = —|¢]. Also, from Property 3 and Holder’s inequality, we have

Alléllzz = 1€]l e > vol(supp €)™ [[€]| 2 (14)

Using ([14) to eliminate [y alVE[2dV, in (), and using S > v -V, |v| =1,
we find that

I€1%, > (F vol(supp &) ~*/™ — Fy)|€]|72, (15)

for Fs, F; > 0 depending on A,Y and n. Now [|€]|2 > vol(supp &)™ ||€]||L» as
above, and so either ||¢]|z» = 0, or we may substitute this in to ([LY) to get

€142 > Fy — Frvol(supp &)/ (16)

If this holds then either [[£]|52" " > Fs/2 or vol(supp&) > (Fs/2F)™/2.
Both imply that ||¢||» is bounded below by a positive constant, and by Property
3, H¢||L% is too. Conversely, if ||¢||in is smaller than this constant, then (E)
cannot hold and so ||&]|z» = 0, which implies ¢ > 0. O

We are now ready to define the constant ¢ in Theorem EI Let ¢ be small
enough that three conditions hold: firstly, ||€]|;»/2 < ¢ implies ||€||;n/2 is suffi-
ciently small to satisfy Lemma .3, so thata ¢ exists and satisfies [¢llze < W
secondly, that ||¢[|2 < cW implies |[¢| L2 is sufficiently small to sat1sfy Propo-
sition .4, so that ¢ =1+¢ >0; and thlrdly, that [|¢[z2 < cW implies |[¢]| 2
is sufficiently small that ¢ cannot be the constant —1. (As X/2 < vol(M) by
Property 1, this depends only on X.)

Then ¢ depends only on n, A, B, X and Y, as the three conditions each
separately do. Thus if [[¢][ n/> < ¢, then there exists ¢ with [|¢[|L2 < W{|e[[n/2,
such that ¥ = 1+ ¢ > 0 and satisfies (f). By the third condition on ¢, ¢ is
not identically zero. By Proposition [L1], 1) € C2(M), and is C> wherever it is
nonzero. It remains to show that ¢ > 0 for § = ¥*~2g to be nonsingular and
have constant scalar curvature v. This we achieve using the strong mazimum

principle [ﬂ, Th. 2.6]:

Theorem 3.5 Suppose h is a nonnegative, smooth function on a connected
manifold M, and u € C%*(M) satisfies (A + h)u > 0. If w attains its minimum
m < 0, then u is constant on M.

As M is compact and S and 1) are continuous, they are bounded on M, and
there is a constant h > 0 such that S — vy?~2 < h on M. Now M is connected,
and ¢ € C%(M) satisfies () and is nonnegative, so 1 satisfies aA + hyp > 0.
Thus by the strong maximum principle, if ¢ attains the minimum value zero,
then ¢ is identically zero on M. But it has already been shown that this is not
the case, so 1 cannot be zero anywhere and must be strictly positive. The proof
of Theorem @ is therefore complete. (Il
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3.2 Constant negative scalar curvature

We now construct metrics of scalar curvature —1 on connected sums using the
results of §@ Fix v = —1, and consider the metrics g; of §@ and §.
Properties 1-3 of § have already been dealt with, so it remains to show that
Property 4 holds for the metrics g;, and that 9t||e;|| ;n/» is small when ¢ is small.
As v = —1 Property 4 is about the invertibility of aA + b, which is simple as
the eigenvalues of A are nonnegative.

Lemma 3.6 Let {g: : t € (0,6)} be one of the families of metrics defined on
M = M'#M" in §@.1 or §2.3, and let A, be as in Proposition P.4. Then for
all t € (0,¢] and & € L*>/ ("2 (M), there exists a unique ¢ € L3 (M) such that
al¢ +bg = & holds weakly, and 9(|¢| 2 < B ||| L2n/nt2), where B = A/b.

Proof. As A is self-adjoint and all its eigenvalues are nonnegative, and as a, b > 0,
by some well-known analysis aA + b has a right inverse, T say, from L?(M) —
L*(M). Now M is compact, and so L?>(M) C L*/("+2)(M). Let ¢ € L*(M).
We may define ¢ € L2(M) by ¢ = T¢, and aA¢ + bp = £ will hold weakly.

It must first be shown that ¢ € L?(M) and that it satisfies the inequality.
Since ¢,& € L*(M), [,, #€dV,, exists, and by subtraction [,, pA¢dV,, exists
as well. This is [, [V¢[*dVy,, and so ¢ € LI(M) by definition.

Multiplying the expression above by ¢ and integrating gives a [,, [V¢[>dV,,+
b9t ||pl13. = [, #6dVy,. As a > b, the Lh.s. is at least b9f|\¢||2L?, and the r.h.s.
is at most 9t||¢|| o9 ||E||f2n/(mr2 by Holder’s inequality, since ¢ € LP(M) by
the Sobolev embedding theorem. But 9 ||¢|[z» < A9%[[¢[|L2 by Proposition pa
Putting all this together gives b9t ||¢H%% < A€ L2n/ 29| | L2, and dividing

by b9|¢| Lz gives %*[|dllLz < B [|€]|p2n/nsa-

So far we have worked with & € L?(M) rather than L?>"/("+2)(M). Tt has
been shown that the operator T : L2(M) C L?>"/(+2)(M) — L2(M) is linear
and continuous with respect to the L2 ("*2) norm on L?(M), and bounded by
B. But therefore, by elementary functional analysis, the operator T extends
uniquely to a continuous operator on the closure of L?(M) in L2/ ("+2) (A1),
that is, L2/ ("+2)(M) itself. Call this extended operator T. Then for ¢ €
LA/ (M), ¢ = T¢ is a well-defined element of L3(M), satisfies 9 |¢[| 2 <
B9t||€|| pan/nt2), and aA¢ +be = £ holds in the weak sense, by continuity. This
concludes the proof. O

All the previous work now comes together to prove the following two exis-
tence theorems for metrics of scalar curvature —1:

Theorem 3.7 Let (M',g') and (M",g") be compact Riemannian n-manifolds
with scalar curvature —1 and 1 respectively. Suppose M', M" contain points
m’,m" with neighbourhoods in which ¢',g" are conformally flat.

As in §@1, define the family {g, : t € (0,0)} of metrics on M = M'#M".
Then there exists C' > 0 such that g admits a smooth conformal rescaling to
Gt = (1 + ¢)P~2g; with scalar curvature —1 for small t, and I||pllL2 < Ct?.
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Theorem 3.8 Let (M',g') and (M",g") be compact Riemannian n-manifolds
with scalar curvature —1. Suppose M', M" contain points m’,m” with neigh-
bourhoods in which g, g" are conformally flat.

As in §@-3, define the family {g, : t € (0,0)} of metrics on M = M'#M".
Then there exists C' > 0 such that g admits a smooth conformal rescaling to
Gt = (1 + ¢)P~2g; with scalar curvature —1 for small t, and I|pllL2 < Ct?.

The proofs of the theorems are nearly the same, so only the first will be
given. To get the second proof, change vol(M’) to vol(M’) + vol(M") in the
definition of X.

Proof of Theorem @ Applying Propositions and @ to the family {g; : t €
(0,8)} gives a constant Y for Property 2 of §3.1, and constants A, { such that
if ¢ < ¢ then Property 3 holds for g; with constant A. By Lemma @, there is
a constant B such that Property 4 also holds for g; when t < (.

It is clear that as t — 0, vol(M, g¢) — vol(M') > 0. So there is a constant
X > 0 such that X/2 < vol(M, g¢) < X for small enough ¢. This gives Property
1. Thus there are constants n, A, B, X,Y such that Properties 1-4 of § hold
for (M, g;) when t is small. Theorem @ therefore gives a constant ¢ such that
if 9t||€¢|| pn/2 < ¢, we have the smooth conformal rescaling to a constant scalar
curvature metric that we want.

But by Proposition R.1], 9 ||e;|| ;.n/2 < Zt2. So for small enough ¢, 9 ||e;|| f.n/2 <
¢, and there exists a smooth conformal rescaling to a metric g = (1 + ¢)?~2g;
which has scalar curvature —1. Moreover, |||z < W9|lel|pn2 < W Zt2,
where W is the constant given by Theorem . Therefore putting C' = WZ
completes the proof. O

3.3 Constant positive scalar curvature

Now we construct metrics of scalar curvature 1 on connected sums. The prob-
lems we encounter are in proving Property 4 of §@, which now deals with the
invertibility of aA — b, and they arise because aA may have eigenvalues close to
b. Our strategy is to show that if aA has no eigenvalues in a fixed neighbour-
hood of b on the component manifolds of the connected sum, then for small ¢,
aA has no eigenvalues in a smaller neighbourhood of b on (M, g¢).

This is the content of the next theorem. We shall indicate here why the
theorem holds, but the proof we leave until the appendix, because it forms a
rather long and involved diversion from the main thread of the paper.

Theorem 3.9 Let {g;: t € (0,8)} be one of the families of metrics defined on
M = M'#M" in or §@, and suppose that for some ~v > 0, aA has no
eigenvalues in (b — 2v,b + 2v) on (M’,g') in §2.1, and on both (M',g') and
(M",g") in §@.4. Then aA has no eigenvalues in (b —~,b+~) on (M, g;) for
small t.

Here is a sketch of the proof. Suppose ¢ is an eigenvector of aA on (M, g4)
for small ¢. Restricting ¢ to the portions of M coming from M’ and M"” and
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smoothing off gives functions on M’, M"”. We try to show that one of these is
close to an eigenvector of aA on M’ or M". This can be done except when ¢ is
large on the neck compared to the rest of the manifold.

But as the neck is a small region when ¢ is small, for ¢ to be large there
and small elsewhere means that ¢ must change quickly around the neck, so that
I} M |V¢|2dV,, has to be large compared to I} M $?dV,,. Thus the eigenvalue of
¢ must be large. Conversely, if the eigenvalue of ¢ is close to b, then ¢ cannot
be large on the neck compared to the rest of M, and therefore either M’ or M”
must also have an eigenvalue close to b.

Using this result, Property 4 of §@ can be proved for the metrics:

Lemma 3.10 Let {g; : t € (0,6)} be one of the families of metrics defined on
M= M'#M" in or §2.2, and suppose that b is not an eigenvalue of alA on
(M, g") in§2.4, and on neither (M’ g') nor (M",g") in §B.4. Then there exists
B > 0 such that for small t, whenever £ € L2"/("+2)(M) there exists a unique
¢ € L2(M) with aAp —bp =& on (M, g¢), and Il 2 < Bl L2nsnia -

Proof. The spectrum of aA on a compact manifold is discrete, so if b is not an
eigenvalue of aA, then aA has no eigenvalues in a neighbourhood of b. Suppose
b is not an eigenvalue of aA on (M’,¢') in §2.1, and on neither (M’,g’) nor
(M",g") in §£.4 Then there exists v > 0 such that aA has no eigenvalues in
(b— 27,b+ 27) on these manifolds. So by Theorem B.d, aA has no cigenvalues
in (b—~,b+7) on (M, g;) for small ¢.

Thus easy analytical facts about the Laplacian imply that aA — b has a
right inverse T : L?(M) — L?*(M). As M is compact, L?(M) C L**/("+2)()M).
Let £ € L*(M). Then ¢ = T¢ € L*(M) exists and satisfies the equation
alA¢ —be = £ in the weak sense, and as aA — b has no kernel, ¢ is unique. Since
¢, & € L2(M), multiplying this equation by ¢ and integrating gives a convergent
integral, so by subtraction, [, [V¢[>dVj, converges, and ¢ € L3(M).

It remains to bound ¢ in L2(M). Let ¢; be the part of ¢ made up of eigen-
vectors of aA associated to eigenvalues less than b, and ¢ the part associated
to eigenvalues greater than b. Multiplying the equation aA¢ —b¢p = £ by ¢o — 1
and integrating gives

/M (a Vol — boZ) AV, — /M (a| V12 — bd?) AV, = /M(¢2 —g)Edv,.
(17)

But the restriction on the eigenvalues of aA means that

/ oV [2aV, < (h—) / $2dV,, and / AV af2aVy, > (b+) / P2V,
M M M M

and these together with ([7) and Hélder’s inequality imply that

ya

T /M(W¢1|2 + [Voa|* + ¢7 + ¢3) dVy, < % [d2 — o1l €]l pansinsa -
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For t < ¢, we apply Proposition R4 to ¢2 — ¢1 to give 9|2 — ¢1]|1»
A9||pa — ¢1llL2- But ¢1,¢2 are orthogonal in LF(M), so 9|2 — ¢1l|L2

9t||¢[| L2, and similarly, the integral on the Lh.s. above is |¢]|3 2. Therefore
1

/A

9 o)1 )|2 4 9t
m”@”q S A%l *lI€ll p2ns e

Dividing by va%||¢|z2/(a+b+7) then gives 9[|@|| 2 < B9[|€][L2n/n+2) for
small ¢, where B = (a + b+ 7)A/a7y. So the lemma holds for £ € L?(M). This
may be extended to & € L?"/("*2)(M) as in the proof of Lemma B.g, and the
argument is complete. O

We now prove two existence theorems for metrics of scalar curvature 1:

Theorem 3.11 Let (M’,g') and (M",g") be compact Riemannian n-manifolds
with scalar curvature 1. Suppose that b is not an eigenvalue of aA on (M',g'),
and that M', M" contain points m’',m" with neighbourhoods in which ¢',g" are
conformally flat.

As in §.1, define the family {g; : t € (0,0)} of metrics on M = M'#M".
Then there exists C' > 0 such that g admits a smooth conformal rescaling to
Gi = (1 + ¢)P~2g; with scalar curvature 1 for small t, and 9t [¢llze < Ct?.

Theorem 3.12 Let (M’,g') and (M",g") be compact Riemannian n-manifolds
with scalar curvature 1. Suppose that b is not an eigenvalue of aA on (M',g")
or (M",¢"), and that M', M" contain points m',m"” with neighbourhoods in
which ¢',g" are conformally flat.

As in §@.3, define the family {g; : t € (0,0)} of metrics on M = M'#M".
Then there exists C' > 0 such that g admits a smooth conformal rescaling to
Gt = (1 + ¢)P~2g; with scalar curvature 1 for small t, and 9t ¢l < Ct?.

Proof of Theorems and[3.13. These are the same as the proofs of Theorems
B.7 and B.§, except that Lemma E@hould be applied in place of Lemma .6,
and where the proofs of Theorems and B.§ mention scalar curvature —1,
these proofs should have scalar curvature 1. O

In §P.9 we saw that when ¢/, g” have scalar curvature 1, §.1] and §2.9 define
three families of metrics g; on M = M'#M" with the same family of conformal
classes [g;], where t in §2.9 corresponds to ¢* in §p.1 Thus Theorems
and construct three different metrics of scalar curvature 1 in the same
conformal class [g;] on M, for small ¢. The first resembles (M’, g') with a small,
asymptotically flat copy of M" glued in at one point, as in §. The second
is like the first, but swapping M’ and M". The third resembles (M’,g¢") and
(M",g") joined by a small neck, as in §p.9

These metrics are stationary points of the Hilbert action @, but they need
not be absolute minima, i.e. Yamabe metrics. The third is never a minimum.
If ¢’ and g” are Yamabe metrics, the author expects that generically one of the
first and second metrics will be a Yamabe metric, and in a codimension 1 set of
cases when vol(M') = vol(M") both the first and second metrics will be distinct
Yamabe metrics.
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3.4 Extending to conformally curved metrics

In defining the metrics {g; : ¢ € (0,6)} in §@.1 and §p.9, we assumed for simplicity
that ¢’, ¢’ are conformally flat in neighbourhoods of m’, m”. It turns out that if
we drop this assumption, then provided the metrics g, on M are suitably defined
the results of §@ and §@ still hold without change. The principal difference is
that the expression (E) for the scalar curvature of g; becomes more complicated,
with new error terms that have to be estimated and controlled.

Following the method of §EI, we can choose an identification of a ball about
m’ in M’ with Bs(0), such that the induced metric on B;s(0) is g’ = h+¢’, where
h is the standard metric on R™ and ¢’ = O”(|v|?) in the sense of §[.4. To glue
in the neck metric gy of §2.3, for instance, we would define g; = 1(h +¢') +
B (1 4 5 =2)|y|=(n=2)P=2], "wwhere (B, B2) is the partition of unity defined in
§p.1. Writing out the scalar curvature explicitly, we see that as ¢’ = O”(|v[?),
the terms involving ¢’ can be absorbed into the existing error terms in §B, SO
that () holds for the new metrics g;. Therefore Proposition P.] holds for the
new metrics g; as well.

It can be seen by following the proof of Proposition E and the proof of
Theorem @ in the appendix that no other nontrivial modifications are required
to prove these results for the more general families of metrics {g; : t € (0,0)}
discussed above. Thus the new metrics satisfy all the necessary conditions, and
the results of §@ and §@ apply to them without change.

4 Connected sums with zero scalar curvature

In this section the methods of §E and §E will be adapted to study zero scalar
curvature manifolds. We have three cases to consider, when the scalar curvatures
of ¢’ and ¢” are 0 and 1, or 0 and 0, or —1 and 0. Each case introduces specific
difficulties, and each needs some additional methods to prove the existence of
constant scalar curvature metrics.

The first two cases fit into a common analytic framework, and will be han-
dled together. The differences with the previous method are that g; must be
defined more carefully than before to control the errors sufficiently, and in the
analysis the operator aA — vb now has one or two small eigenvalues. Thus when
the sequence {¢;}2, is defined inductively using the inverse of this operator,
the components in the directions of the corresponding eigenvectors have to be
attended to, to prevent the sequence diverging. The third case is discussed in
§@ We shall outline what the constant scalar curvature metrics look like and
how to prove existence results, but will not go into much detail.

4.1 Combining zero and positive scalar curvature

Let (M’,¢’") and (M",g¢") be compact Riemannian n-manifolds, such that ¢’
has scalar curvature 0 and g” scalar curvature 1. Suppose as in §E that M', M"

contain points m’, m” with neighbourhoods in which ¢’, g” are conformally flat.
As in §P.] there exists a ball B’ about m’ in M’ and a diffeomorphism @’ :
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B.(0) c R" — B’ for r < 1, with ®'(0) = m’ and (®')*(¢') = (¢')P~2h for
some function ¢’ on B, (0) with ¢'(0) = 1 and d¢’(0) = 0. As ¢’ has zero scalar
curvature we have Ay’ = 0 by ().

Let (M, §) be the stereographic projection of M” from m”. Then as in §p.1]
there is an immersion Z” : R" \ Bg(0) — M for some R > 0, whose image is
the complement of a compact set in M, such that (2”)*(j) = &€7~2h, where &
is a smooth function on R™ \ Bg(0) satisfying &(v) = 1+ O'(|v|>~™). Also, by
Proposition there exists ;1 € R such that

€(v) = 1+ plo~" + O'(lo]'™). (18)

As (M",g") is not conformal to S" with its round metric, Theorem [.4]
shows that p > 0, at least if M" is spin or n < 7. For our purposes we only
need to assume that p # 0, so that p[v|2~" is the leading ‘error term’ in ([1§).
Therefore if n > 7 and M" is not spin we suppose that u # 0.

Choose k with (n —2)(n +2)/2(n+1) < k < (n —2)(n + 2)/2n, which will
remain fixed throughout this section. Choose § € (0, 1) such that §2+/("+2) Ly
and 672" > R. We will write down a family of metrics {g; : ¢t € (0,0)} on
M = M'#M", in a similar way to §2.1]. For any ¢ € (0,0), define M and the
conformal class of g; by

M = (M/ \ P’ [Et(n72)/n (0)]) 11 (M \ (E// [R" \ Bt2k/(n+2)—1 (0)]))/Nt’
where ~— , I8 the equivalence relation defined by
o' [v] ~, E"[t"'v] whenever v € R" and tm=2/n < y| < 12/ (n42)

As in §R.1], the conformal class [g;] of g; is the restriction of the conformal
classes of ¢’ and § to the open sets of M’, M making up M, and is well-defined
because the conformal classes agree on the annulus of overlap A;, where the two
open sets are glued by ~, Define g; within this conformal class by ¢g; = ¢’
on the component of M \ A; coming from M’, and g; = t?§ on the component
coming from M. Tt remains to choose a conformal factor on A;. This is done
as in §2.1), except that the annulus {v € R : t("=2)/" < |y| < 2K/ ("+2)} i R
replaces {v € R" : ¢? < |v| < t} in R" in the definition of the partition of unity.
This completes the definition of g, for ¢ € (0, 9).

Lemma 4.1 Let the scalar curvature of g, be —e;. Then €; is zero outside Ay.
There exists Y > 0 such that for all t € (0,0), € satisfies |e;] <Y, and the
volume of A; with respect to g; satisfies vol(A;) = O(t>™*/("+2)). Therefore
9|letll p2nsniz = O(t*) and ||t pns> = O/ H2)).

Proof. Outside A;, the metric g; is equal to g’ or homothetic to g, and so has
zero scalar curvature, verifying the first claim of the lemma. The proof that
le:] <Y is the same as that for the corresponding statement in Proposition EI,
setting ¥ = 0. The estimate on the volume of A; also follows by the method
used in Proposition , and the last two estimates are immediate. O
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We introduced k above to make the estimate on 9t ||€|| fon/(n+2) €asy to write
down.

Lemma 4.2 For small t,
/ et dVy, = (n— 2wppt" %+ O" 1),
M

where p is the constant of (@), Wn_1 18 the volume of the unit sphere S*~! in
R", and a = min(2/n,2k(n+1)/(n+2) — (n —2)) > 0.

Proof. Calculating with (f) gives
ei(v) = v, "D 0) (2(VA(0) - (T (0) - £t 10))
— (ABI(0)) (¢ (0) = £t 10))).

Let F be the quadratic form on R™ given by the second derivatives of v;
then ¢’ = 1+ F + O'(Jv|?). As the scalar curvature of g’ is zero, the trace of F
is zero. Now dV,, = ¢{dV},. Multiplying through by this equation and making
various estimates gives that

e(v) AV, =(2(VAi(v)) - (TF + O(o]?) = pt" 29 (|jvf2~") = £ 710(ju] ™))

— (AB(0)) (F + O(Jof?) = ™[ = ¢"710(Jo] =) ) dVi.
(19)
Integrate this over A;. Now f1(v) = ((|v|) where 3(|v]) = o(log|v|/logt),
from §R.1. So (V31 (v))-(VF) = 2|v|_1F% and (V31 (v))- (—put" 2V (|[v]2™)) =
(n— 2)ut”‘2|v|1_"% and Af; = —3275 +(1- n)|v|_1%. Therefore

— % ,U—l n— n—2,U1—n ’U2
[ atav, = [ (Gl F 3 0P

d2
+tn710(|v|7n)) + |1) d_xg(|v|71F_ ,U,tn72|v|17n (20)

+O(Jv)*) + t”10(|v|1”))) dvp,.

Using a Fubini theorem, we may write the integral on the right hand side as
a double integral over 8"~ ! and |v]. The volume forms are related by dVj, =
|v|"~1dQd|v|, where d© is the standard volume form on S"~! with radius 1.
But as the trace of F' w.r.t. h is zero, fsn,l FdQ2 = 0 and the terms on the right
hand side of (@) involving F' vanish. So viewing (@) as a double integral and
integrating over S"~! gives

£2k/ (n+2) 8 d26
/Atet(v)dVgt =Wn_1 / ((n—3),ut"72£ —ut"fzx@)dx—l— error terms,

t(n=2)/n
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where w,,_1 is the volume of S*~1.
The integral on the right is an exact integral, by parts. By definition, g
changes from 0 to 1 and % from 0 to 0 over the interval, so it evaluates to

/ er(v)dVy, = (n — 2)w,_1ut" "2 + error terms,
Ay

which is nearly the conclusion of the lemma; it remains only to show that the
‘error terms’ are of order "2+,

This is a simple calculation and will be left to the reader, the necessary
ingredients being that as |v| lies between t(*~2)/" and 2%/("*+2) O(|v|) may
be replaced by O(t2k/("+2)) and tO(|v|™!) may be replaced by O(tQ/"), % =
O(lv|™!) and ‘01127? = O(|v[72). The error term that is usually the biggest is
O(|v|""’1)7 and in order to ensure that this error term is smaller than the leading
term calculated above, that is, to ensure a > 0, k must satisfy k > (n +2)(n —

2)/2(n + 1), which was one of the conditions in the definition of k above. O

The lemma shows that the average scalar curvature of (M, g;) is close to
—(n — 2)wp_1ut" 2 vol(M’")~1, so we will choose this value for the scalar cur-
vature of g; in §Q

4.2 Combining two metrics of zero scalar curvature

Let M/, M" M,q',g",m' and m” be as usual, with ¢’, g” of zero scalar curvature
and conformally flat in neighbourhoods of m’,m”. Rescaling ¢’, ¢” by homo-
theties still gives metrics of zero scalar curvature. Thus gluing these rescaled
metrics using the method of §E gives a 2-parameter family of metrics in the
same conformal class [g¢] that all have small scalar curvature. Which of these
metrics do we expect to be close to a metric of constant scalar curvature?

The necessary condition is that vol(M’) = vol(M"); we will explain why at
the end of @ Suppose, by applying a homothety to g’ or ¢” if necessary, that
vol(M') = vol(M"). A family of metrics {g, : t € (0,6)} will be defined on M
following §[£.1], such that when ¢ is small, g; resembles the union of M’ and M"”
with their metrics ¢’ and ¢”, joined by a small ‘neck’ of approximate radius t,
which is modelled upon the manifold N of §@, with metric t2g,.

Choose k with (n —2)(n +2)/2(n+1) < k < (n — 2)(n + 2)/2n, and apply
the gluing method of §@ twice, once to glue one asymptotically flat end of
(N,t2gy) into M’ at m/, and once to glue the other asymptotically flat end into
M" at m”. The réle of A; in §i.1 is played by A; = A, U A/, the disjoint union
of annuli A} joining N and M’ and A} joining N and M”. With this definition
we state the next two lemmas, which are analogues of Lemmas @ and @

Lemma 4.3 Let the scalar curvature of g be —e;. Then €; is zero outside A;.
There exists Y > 0 such that for all t € (0,0), € satisfies |e;] <Y, and the
volume of A; with respect to g; satisfies vol(A;) = O(t>"*/("+2)). " Therefore
9 lecll ansinrm = O(t*) and 9 €]l /2 = O/ (*F).
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Proof. This is identical to Lemma , and its proof is the same, except that g;
may also be homothetic to gy in the first sentence. 0

Lemma 4.4 For all small t,

/ e dVy, = (n — 2)w, 11" 2 + O(t" 2T
A

/
t

and / e dVy, = (n — 2)w,_1t" "2 + O(t"21),
AY

where o = min(2/n,2k(n +1)/(n +2) — (n — 2)) > 0 and w,_y is the volume
of the unit sphere S*~1 in R™.

Proof. This is merely Lemma @ applied twice, firstly to the gluing of N into
M’ and secondly to the gluing of N into M”. We have also used the observation
that for both asymptotically flat ends of N, the constant p of §4.1 takes the
value 1. To see this, compare the definition of x in Proposition with the
definition of (N, gy) in §p.3. O

4.3 Inequalities on the connected sum

Now we derive the analytic inequalities needed for the main result in §4.4. First
of all, observe that Proposition @ applies to the metrics of § and §4.2

Lemma 4.5 Let {g: : t € (0,6)} be one of the families of metrics defined on
M = M'#M" in §f.1 and §f.3. Then there exist A > 0 and ¢ € (0,8) such
that 9||g[|L» < A-9t||§|| L2 whenever ¢ € L3(M) and t € (0,(].

Proof. The proof follows that of Proposition @, applied to the metrics of §
and §@ rather than §EI and §@, except for some simple changes to take into
account the different powers of ¢ used to define the new metrics. O

As in §E, to calculate with the inverse of aA — vb we need to know about
the spectrum of aA on (M, g;). The next three results give the necessary infor-
mation; the proofs are again deferred to the appendix.

Theorem 4.6 Let {g; : t € (0,0)} be the family of metrics defined on M =
M'#M" in §/.]. Choose v > 0 such that aA on (M',g') has no eigenvalues in
(0,2v). Then aA on (M, gt) has no eigenvalues in (0,7) for small t.

For the metrics g; of §@ the situation is more complicated. For small ¢ we
expect the eigenvectors of aA on (M, g;) with small eigenvalues to be close to
eigenvectors of aA on M’ or M" with small eigenvalues, that is, to constant
functions on M’ and M"”. So we expect two eigenvectors on (M, g;) associated
to small eigenvalues, one the constant function, and the other close to a constant
on the M’ part of M, and to a different constant on the M” part of M. The next
result describes this second eigenvector. The proof is deferred to the appendix.
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Proposition 4.7 Let {g; :t € (0,8)} be the family of metrics defined on M =
M'#M" in §f.3. Then for small t there exists Ay > 0 and B; € C=(M) such
that aABy = M3 on (M, g¢). Here \y = O(t"2), and

1+ 0(t"2) on M'\ B
5, = L+O(t"2v*>™) on{v:t<|v]<d}C B
T ) -1+ 0@?) on M"\ B"
(

14+ 0" 2]>™™) on{v:t<|v] <} C B,

identifying subsets of M', M" with subsets of M.

The proposition is proved by a series method, starting with a function that
is 1 on the part of M coming from M’ and —1 on the part coming from M", and
then adding small corrections to get to an eigenvector of aA. Note that 3, takes
the approximate values 1 on the two halves because vol(M') = vol(M") by
assumption; if the volumes were different, then the approximate values would
have to be adjusted so that [, B:dV,, = 0.

We may now state the analogue of Theorem @ for the metrics of §@, which
will be proved in the appendix.

Theorem 4.8 Let {g;: : t € (0,0)} be the family of metrics defined on M =
M'#M" in §f.3. Choose v > 0 such that all aA has no eigenvalues in (0,2)
on (M',g") or (M",g"). Then for small t, the only eigenvalue of aA in (0,7)
on (M, g:) is N from Proposition [f.7, with eigenspace (B;).

Theorems and @ will fit into the existence proofs of §@ in the same
way as Theorem does into that of §@ The small eigenvalue \; in Theorem
@ means that B;-components of functions will have to be carefully controlled,
to ensure that inverting aA upon them does not give a large result. We now
bound the [i-component of €;.

Lemma 4.9 Let {g; : t € (0,0)} be the family of metrics defined on M =
M'#M" in §.4. Then for small t,

M
where B, is the function of Proposition m and o is as in Lemma .
Proof. Proposition [.7 shows that 3, = 1 + O(t*"=2)/") on A, and §; = —1 +
O(t*=2)/n) on A/, as these are annuli in which t("=2/" < |y| < ¢2F/(n+2),
Applying these and Lemmas @ and Q to the integral of Gie; over M gives

/ BrecdVy, = O(t" 21 + Y vol(A;) - O(tQ(nJ)/n)a
M

and as vol(A4;) = O(t?™*/("+2)) "the second term is O(t2"F/(n+2)+2(n=2)/n) Byt
by the definitions of k and «, it is easily shown that n — 2+« < 2nk/(n+2) +
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2(n — 2)/n, and so the first error term is larger and subsumes the second, as
required. (Il

We note that this lemma is the reason for requiring that vol(M') = vol(M").
For if the two are not equal, then Lemma @ still shows that f 4 €dVg, and

/ A €:dV,, are equal to highest order, but ; takes values approximately pro-

portional to vol(M’)~! on A}, and to vol(M”)~! on AY. Thus in this case
Jo BeerdVy, is O(t"~2) rather than O(t"~2*). But we will need [}, Bie:dV,, =
o(t"~2) for the proof in §1.4

4.4 Existence of constant scalar curvature metrics

Now we give the existence results for constant scalar curvature metrics on the
connected sums of §t.1] and §ft.9.

Theorem 4.10 Let {g; : t € (0,9)} be one of the families of metrics on M =
M'#M" defined in §f.1 or §§.4. Then there exists C > 0 such that g; admits a
smooth conformal rescaling for small t to g = (1+¢)p_2gt, with scalar curvature

—(n—2)wp_1ut" 2 vol(M")~1 in §@ and —(n—2)wn_1t" "2 vol(M")~ in §@
and 9[|¢| L2 < Ct*. Here Wn—1 1s the volume of the unit sphere S" Lin R™,
and (L, are as in §@, and we suppose p # 0 in the cases not covered by

Theorem .

Proof. Let Do be (n —2)w,—1pvol(M')~ in §fi.1 and (n — 2)w,—1 vol(M')~! in
g3, Define a function n on (M, g;) by n = € — Dot" 2. Then g; has scalar
curvature —Dgt" "2 — 5. As in §E, the condition for g, = (1 + p + 7)P"2g; to
have scalar curvature —Dgt" =2 is

al(p+7) +bDot" 2(p+T7)=n+n-(p+7)— Dot"—2f(p +7). (21)

Define a vector space P of functions on (M,g;) by P = in §E1I and
P =(1,0)in §@, where (3; is as in Proposition @ We shall construct P, T
satisfying (R1)), with p € P and 7 € PJ- with respect to the L? inner product.

Define inductively sequences {p; }°, of elements of P and {Tz} 2 o of elements
of P c L#(M) by po =10 = 0, and having defined the sequences up to ¢ — 1,
let p; and 7; be the unique elements of P and P satisfying

alA(p; + 1) + bDOt”72(pi +7)=n4+n(pi-1+7i-1)

22
— Dot" 2 f(pi—1 + Ti—1)- (22)

If we can show that these sequences converge to p € P and 7 € P+ that are
small when ¢ is small, then the arguments of §E complete the theorem.

The difficulty lies in inverting the operator aA + bDgt"~2: by Theorems @
and E, the operator is invertible on P+ with inverse bounded by v~ !, as all
the eigenvectors of aA in P' have eigenvalues at least v. But on P, the inverse
is of order t2~™, which is large; so p; may be large even if the right hand side of

(B2) is small.
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The solution is to ensure that the P components of 7 are smaller even than
t"~2, so that after applying the inverse of aA 4+ bDyt"~2 to them, they are still
small. Let m denote orthogonal projection onto P; both the L? and the L? inner
product give the same answer, and in fact the projection makes sense even in
L'(M). Then from (RJ) we make the estimates

lollzs < Dat= (Immllce + Imroi-lles + Iiworie)lce
+ D2||7T(f(Pz‘—1 +7i-1)) HL17

[7illz2 < D3(||77||L2n/<n+2> + Inpi-1llL2n/mr2) + [n7i-1l| L2n/t2

(23)

(24)

+ Dot"72|‘f(pi71 + Ti71)|‘L2n/(n+2)),

for some constants D1, D2, D3 independent of . The norms on the right hand
side of (Rg) would normally be L2/ ("+2) norms, but as P is a finite-dimensional
space all norms are equivalent, and we may use the L' norm.

Our strategy is to show that if ||p;—1][z2 < Dat® and [[7;-1|g2 < DstF for
large enough constants Du, D5, then [|p;l|r2 < Dat® and |72 < Dst* also
hold for small ¢, so by induction the sequences are bounded; convergence for
small ¢ easily follows by a similar argument to that used in Lemma @

From Lemmas [£.9, 1.4 andg we deduce that ||7(n)||L: = O(t"~2+%), so
the first term on the right of (R3) contributes O(t*) to [|p;| 12, consistent with
|pillL2 < Dat® if Dy is chosen large enough. The third term |[7(n7i—1)|[z: is
bounded by A|[n||z2n/es2 |Tic1ll1z, and (9]l p2n/ms2) = O(t*) by Lemmas
and [L3; the third term therefore contributes O(t2*¥2=") to ||p;]| 2, and by the
definition of «, this error term is strictly smaller than O(t*). The fourth error
term is also easily shown to be smaller than O(t%).

Thus the only problem term in (E) is the second term, and the only reason
it is a problem is that the P+ component of 1, multiplied by p;_1, may have an
appreciable component in P. We get round this as follows. Suppose & € P+ and
p € P, and consider the P-component of £p. In § this component is zero, and
there is no problem; in §@ there may be a component in the direction of (¢,
and it is measured by || M £B2dV,,. But by the description of 3; in Proposition
Q, (2% is close to 1, and ¢ is orthogonal to the constants, and so in general the
P component of £p will be small compared to the sizes of £ and p. Taking this
into account, it is easy to get a good bound on ||7(np;—1)|L:-

The rest of the proof will be left to the reader. What remains to be done is
to prove inductively that bounds ||p;[|z < Dat®, [|7il|L2 < Dst* hold for small
enough ¢, and then to prove the convergence of the sequences, and these may
both be done using the methods of Lemma B.g, working from (R3J) and (4).
Setting ¢ = p + 7, where p, 7 are the limits of the sequences, the reader may
then rejoin the proof of Theorem B.]] after Lemma B.3. g

As the metrics constructed have negative scalar curvature, they are unique in
their conformal classes, and are Yamabe metrics. The theorem thus tells us that
the Yamabe metric on the connected sum, with small neck, of two zero scalar
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curvature manifolds, balances the volumes of the two component manifolds so
that they are equal, a fact which seems rather appealing.

4.5 Combining zero and negative scalar curvature

There is just one case left, that of gluing a metric of zero scalar curvature into
a metric of scalar curvature —1. This case can be handled using the results
of §E, using the following simple extension of the method: we define a family
of metrics {g; : t € (0,0)} on the connected sum M, with —1 — ¢, the scalar
curvature of g;, and then prove that |e;| <Y, ||e]|pn/2 < Zt* as in Proposition
-1, and that ||¢[/r» < At"|[@] 2 for ¢ € L3(M) as in Proposition .3, where
norms are taken with respect to g;.

Here ¢,k > 0. The idea is that if ¢ is large compared to x, then we may
follow the proofs of §E adding in powers of ¢, and at the crucial stages when we
need some expression to be sufficiently small, the power of ¢ will turn out to be
positive, and so we need only take ¢ small enough. To do this in practice, we
modify the proof slightly to cut down the number of applications of Proposition
@, and thus obtain a more favourable necessary ratio of ¢ to .

Now « is essentially determined by what the Yamabe metric on the connected
sum actually looks like — if ¢ is the radius of the ‘neck’, any family of good
approximations to the Yamabe metrics will have k = (n — 2)/n (this value will
be justified below). So the problem is to make ¢ large enough, in other words,
to start with a family of metrics g, that are a good approximation to scalar
curvature —1. We shall not go through the construction and proof again for
this case, but will describe how to define metrics g; that have close enough to
constant scalar curvature for the method outlined above to work.

Consider the connected sum M of (M’ ¢") with scalar curvature —1 and
(M",g") with scalar curvature 0. To get a good enough approximation to scalar
curvature —1, we have to rescale g” so that its scalar curvature approximates
—1 rather than 0. Let £ be the Green’s function of aA at m” on M" satisfying
alA& = 6 — vol(M")~1 in the sense of distributions. Since ¢ is only defined
up to the addition of a constant, choose £ to have minimum value 0. Then £
is a C> function on M = M” \ {m”} with a pole at m”, of the form (n —
2)w, 1 |v|>~™ 4+ O'([v|*=™), in the usual coordinates.

Let §; = (t("_2)2/2" + t(n=2)(n+2)/2n Vol(M”)f)p_2g” on M. Calculating its
scalar curvature S’t using ) gives

5, =— (1 4 $2(n=2)/n VOl(M”)f) *("JFQ)/(”*Q)’
so that —1 < S, < 0, and S, is close to —1 away from m/ for small ¢t. Outside
a small neighbourhood of m”, §; is close to t2(*=2/"¢" 5o that the diameter of
M" is multiplied by ¢(»~2)/"_ But in a small neighbourhood of m”, §; resembles
a ‘neck’ metric of radius proportional to ¢, as in . So §; looks like M"
rescaled by ¢("=2)/" and with a ‘neck’ of radius proportional to ¢, opening out
to an asymptotically flat end.
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We construct g; by gluing §; into ¢’ using the natural ‘neck’. Thus a rough
description of g; is that it is ¢’ on the M’ part and t*("=2/"¢” on the M"
part, and the two parts are joined by a ‘neck’ with radius proportional to t.
With a family {g; : t € (0,9)} of metrics defined in this way, the modified
method outlined above may be applied to show that there exist small conformal
deformations of g; to scalar curvature —1, for ¢ sufficiently small.

One final point: we can now see the reason for the failure of Proposition E,
which necessitated this whole detour. Consider a smooth function ¢ on (M, g;)
that is 0 on the M’ part, 1 on the M" part, and changes only on the ‘neck’. A
simple calculation shows that for such a function, ||¢||Lr ~ t(Q*")/”HqﬁHL%, and
so the value for k given above is the least possible.

4.6 Doing without conformal flatness

In §@, we explained that the results of §E still hold if the assumption that
g',g" are conformally flat in neighbourhoods of m’,m” is dropped. However,
the results of §@ do require modifications to generalize in this way. The problem
is in extending Lemmas @ and @ to the curved case: we need a quite precise
evaluation of the total scalar curvature of g;, and have to be careful that the
error terms do not swamp the term that we can evaluate.

To deal with the case of § first, it can be shown that the proof of Lemma
[ still holds when ¢’ has conformal curvature near m/, because defining g,
as in §8.4, the extra error terms introduced in the scalar curvature can be
absorbed into the error terms already in ([[d), and so the proof of Lemma [£.9
holds from that point. But if we allow ¢g” to be conformally curved near m”,
then Proposition E doesn’t hold, and the scalar curvature of g; is dominated
(except for n = 3,4,5) by error terms that seem to have no nice expression.

Therefore the situation is this. Theorem applies without change when
the metrics g; of §i.1] are defined using g” conformally flat near m”, but ¢’ not
necessarily conformally flat near m’. To include the case g” not conformally
flat, the result will hold if we weaken it so as not to prescribe the constant value
that the scalar curvature takes, but merely give an estimate of its magnitude.
Also, T believe that the result applies as stated when n = 3,4 or 5, because then
the mass term is large enough to dominate the errors.

The case of §@ is easier: Theorem applies without change to the
metrics g; of §[L9 defined using ¢, g” not supposed conformally flat about m’
and m’'. This is because the metrics g; are made by gluing in the neck metric
t2gx, which is conformally flat, so it reduces to the case of §ff.] when g” is locally
conformally flat, which we have already seen works.

This leaves the case of §@ The generalization of Proposition @ suggested
there will extend without change to the conformally curved case, so the problem
is to define the metrics g; in such a way that the extra error terms introduced
in the expression for the scalar curvature still give good enough approximations
to constant scalar curvature for the existence result to apply. I think this can
be done quite readily just by working on how to produce good approximations
gt, say by adding a well-chosen conformal factor to the existing definition.
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A Appendix. The spectrum of aA on M'#M"

In this appendix we prove Theorems @, @ and @, and Proposition @ They
are results on the eigenvalues and eigenvectors of the operator aA on M with
the metrics g; defined in §H and §E They appear here and not in the main text
because the proofs are long calculations.

Theorem B.g takes up §A.1 and §A.3. Tts proof divides naturally into con-
sidering eigenvalues of aA smaller than b and eigenvalues larger than b. The
eigenvectors with eigenvalues smaller than b form a finite dimensional space E.
In §@ we define a vector space E; that is a good approximation to F when ¢
is small, and using this we show that all eigenvalues of vectors in E are at most
b—~. In §@ we consider eigenvectors with eigenvalues larger than b, which
must therefore be orthogonal to E, and by considering their inner product with
FE; we can show that their eigenvalues must be at least b+ .

In §E, we prove similar results for use in the zero scalar curvature material
of §{l. Most of the work needed to prove them has already been done in §@ and
8A.9, and the main problem is the construction of an eigenvector 3; of aA with
a small eigenvalue A\;. This is done by a sequence method, the basic idea being
to start with an approximation to §; and repeatedly invert aA upon it; as A
is the smallest positive eigenvalue, the G;-component of the resulting sequence
grows much faster than any other and so comes to dominate.

A.1 Eigenvalues of aA smaller than b
We now prove Theorem @, which is reproduced here.

Theorem B.9 Let {g; : t € (0,8)} be one of the families of metrics defined
on M = M'#M" in §2.4 or §-3, and suppose that for some v > 0, aA has
no eigenvalues in (b —2v,b+2v) on (M’,g') in §2.1, and on both (M',g') and
(M",g") in §@-3. Then aA has no eigenvalues in (b —~,b+7) on (M, g:) for

small t.

Proof. Tt is well known that the spectrum of the Laplacian on a compact Rie-
mannian manifold is discrete and nonnegative, and that the eigenspaces are
finite-dimensional. Therefore on M’ and M” there are only finitely many eigen-
values of aA smaller than b, and to each is associated a finite-dimensional space
of eigenfunctions.

Let E’ be the finite-dimensional vector space of smooth functions on M’
generated by eigenfunctions of aA on M’ associated to eigenvalues less than b;
we think of E’ as a subspace of L?(M’). For §p.9, define E” on M” in the same
way. As aA has no eigenvalues in the interval (b — 2+v,b + 27), we see that:

if e E, then/ a|Ve|*dv, </ (b—27)¢” dVy, (25)
M’ M’

if ¢ € (B'yL € L3(M’), then / a[ V|2 AV, > / (b+2)6*AVy,  (26)
M/ M/
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and also two analogous inequalities for M" in §. The perpendicular subspace
(E")* of (P6) may be taken with respect to the inner product of L}(M’) or
with respect to that of L2(M’) — both give the same space, as E’ is a sum of
eigenspaces of aA.

Now if we have two statements like (R5) and (Rf) but applying to M rather
than M’, then we can prove the result. This is the content of the next lemma.

Lemma A.1 Suppose there is a subspace E; of L3(M) for small t such that
if ¢ € Ey, then / a|Vé|* dv,, g/ (b—7)¢*dV,,, and (27)
M M
if 6 € (B)* € L), then [ alVoPav, > [ p)sav,.  (9)
M M
defining (E;)* with the L? inner product. Then Theorem [3.4 holds.

Proof. Suppose F; exists. We must show that | € (b — ~,b + 7) cannot be
an eigenvalue of aA on (M, g;). Suppose ¢ is an eigenfunction of aA with this
eigenvalue [. Let ¢; and ¢ be the components of ¢ in F; and (FE;)* respectively.
Then, as aA¢ — lp = 0,

0= / (2 — ¢1) (al (1 + ¢2) — U(P1 + ¢2)) dV,

M

(aVal? — 163) AV, — / (a| V1 |? — 162) AV,
M

TE

> [ (P +1=b)d% + (v +b = 1)¢3) AV,

using (R7) and (
that ¢1 = ¢o =

To complete the proof of the theorem, we therefore need to produce some
spaces E; of functions on M satisfying (P7) and (£§). In §p.], E; should be
modelled on E’, and in §@, on B ® E”.

As a half-way stage between E’, E” and Ey, spaces E', E" of functions on
M', M" will be made that are close to E’, E”, but which vanish on small balls
around m/,m”. Let ¢’ be a C* function on M’ that is 1 on the complement of
a small ball about m’, 0 on a smaller ball about m’, and otherwise taking values
in [0,1]. Now define £/ = ¢'E' = {c'v:v € E'}.

By choosing the ball outside which ¢’ is 1 to be small, we can ensure that E is
close to E" in L?(M’) in the following sense: the two have the same dimension,
and any © € E’ may be written as ¥ = vy 4+ vg, where vi,v3 € FE', (Bt
respectively, and satisfy

(&

) in the last line. But as v+ 1 —b,v+b—1 > 0, this shows
= 0, which is a contradiction. [l

-

"
vzl < o [ (29)

a+b+2y)

Suppose that ¢’ has been chosen so that these hold. Then two statements
similar to (P5) and (Pg) hold for E’, as we shall see in the next lemma.
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Lemma A.2 The subspace E' satisfies the following two conditions:

if ¢ € E', then / a|Ve|? AV, g/ (b—37)¢*dVy, (30)

’ M’

if ¢ € (E')"C LY(M'), then / alVel* AV >/ (b+37)¢*dVy,  (31)
M M
where the inner product used to construct (E')* is that of L}(M').

Proof. First we prove (Bd). Let ¢ € E’; then ¢ = v1 + vy, with v; € E’ and
vy € (E')*. Because v; and v are orthogonal in both L? and L2,

a | |Ve*dVy,
M/
:a/ |Vop | AV, —|—a/ Vo |2 AV,
’ Ml
< a/ |Vvl|2dVg/ —|—a||v2||2L2
M’ !

ary
< CL/ / |Vv1|2dVg/ + m”’(ﬁ”%i

Y 2 ay 2
= 1+ — dVy, + ——— dV,
a( +2(a+b+2v>)/M/|W1| “’+2(a+b+2v)/M/vl ‘

v ay 2
< — /
= ((b 2) (1+ 2(a—|—b—|—2”y)) + 2(a—|—b—|—2”y))/M,U1 Vs

<omin [

Here between the third and fourth lines we have used (RY), between the fifth
and sixth lines we have used (@)7 and between the last two we have used the
L?- orthogonality of v; and vy and the trivial inequality (b — 2v)[1 + v/2(a +
b+27)] +avy/2(a+ b+ 2y) < b— 3v/2. This proves (B().

To prove (B1)), observe that by (), orthogonal projection from E’ to E’ is
injective, and as they have the same (finite) dimension, it must also be surjective.
Let 75 € (E~”)J-. Then @, = v + vz with v; € E’ and vy € (E')*. By this
surjectivity, there exists o; € E’ such that & = v, + vs with vy € (E"*,
that is, the E’-component of #; is vy, the same as that of 9. But ©; and o9
are orthogonal in L?(M’), so taking their inner product gives that ||v1||%% =

—(v2,v3) < HU3||L§||U2UL§-
As 0y = v1 +v3 € E’, we may square this inequality, substitute in for [jvs||3.
1
using (R9), and divide through by |v; |2, The result is that
1

2 y
o172 < 3

mHvle%;’ for 9y = vy + v € (E'),
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which is the analogue of (B9) for (E')* instead of E’. This is the ingredient
needed to prove (BI) by the method used above for (B(), and the remainder of

the proof will be left to the reader. O
For the case of §0.9, a subspace E” of functions on M" is created in the
same way, and Lemma applies to this space too. We now define the spaces

Ei. In §E, let E} be the space of functions that are equal to some function
in £ on the subset of M identified with M’ \ ®'[B;(0)], and are zero outside
this subset. In §@, let E; be the direct sum of this space of functions, and the
corresponding space made from E”.
For small ¢ the functions in E; are C*°, and on their support g; is equal to
! Y/ . . .
g’ (or g" in case §P.9). Thus (B0) applies to functions in E;.

Lemma A.3 For small enough t, the subspace E; of L3(M) satisfies
if o€ Bu then [ alVoPav,, < [ (b= 3étan, (32)
M M
A fortiori, it satisfies the inequality (@) of Lemma @

Proof. In §.1) this follows immediately from (B(), as the g; and ¢’ agree upon
the support of the functions of E;. In §@ ¢ is the sum of elements of £’ and
E"; both sides of (BJ) split into two terms, each involving one function. So (BJ)
is the sum of two inequalities, which follow immediately from (B() as before,
and from the counterpart of () applying to E”. O

The previous lemma showed that the space of functions E; upon M satisfies
inequality @) of Lemma @ In the next proposition, proved in §@, we show
that the inequality (@) is satisfied too.

Proposition A.4 For small t, inequality (@) of Lemma @ holds.

The proof of this proposition is the subject of §@ Suppose for the moment
that the proposition holds. Then a space of functions E; upon M has been

constructed, satisfying inequality (R7) by Lemma [A.J, and inequality (B§) by
Proposition @ So by Lemma , the proof of Theorem @ is finished. O

A.2 Eigenvalues of aA larger than b

Next we shall prove Proposition @, which completes the proof of Theorem E
The idea of the proof is as follows. Given ¢ € (E;)*, we want to show that
its ‘average eigenvalue’ of aA is at least b+ . We do this in different ways
depending on whether ¢ is concentrated in M’, or M"”, or the ‘neck’ in between.

Proposition [A.4 Let M, g, and E; be as in §A. 1. Then for small t, if
¢ € (Ey)t C L3(M), then

/ o[ Vo AV, > / (b+7)¢ V. (33)
M M
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Proof. For simplicity we shall prove the proposition for the metrics of §@ only,
and the modifications for §2.9 will be left to the reader. We will start from (1)
of Lemma [A.3. The constants in (BJ) and (B1) are different — the first has b+,
the second b + 3v/2. Choose constants by > by > -+ > bs with by = b+ 3/2
and b5 = b+ ~y. These will be used to contain five error terms.

Shortly we shall choose rq,72,73 with 0 < r1 < 79 < r3. Define three
compact Riemannian submanifolds with boundary R, C S; C T} in (M, g;) to
be the subsets of M coming from subsets R, S and T of M" respectively, where

R=M\Z"[R"\ B,,(0)], S=M\Z"[R"\B,(0)]
and T =M \Z'[R"\ B,,(0)].

When t is small, R;,S; and T} lie in the region of M in which the function
B2, used in §@ to define g4, is 1. Then Ry, Sy,T; are homothetic to R, S, T
respectively, by a homothety multiplying their metrics by ¢!2.

The idea is this. A diffeomorphism ¥} from M’ \ {m'} onto M \ R, will
be constructed, which will be the identity outside T;. Using ¥} any function
in L3(M) defines a function in L?(M’). Applying (B1)) of Lemma [A.9 therefore
induces an inequality upon functions in L3(M). We will be able to show that for
functions that are not too large in Sy, this inequality implies (@) as we require.
Then only the case of functions that are large in Sy remains.

Suppose, for the moment, that 1,72, 73 are fixed with r1 < ro < r3. For R;
to be well defined, 7 must satisfy r; > §=%. For T} to be well defined, ¢ must
be sufficiently small that t®r3 < 6. We also suppose that ¢ is small enough that
the functions of E; vanish on T;.

Let W} : M"\ {m'} — M be the identity outside &’ [Bje,,(0)] in M’, and on
®'[Bys,,(0)] in M’ define ¥} by

w, (@) =o'

970 N (rg — rl)v> .
|v] T3

Let ¢ € L3(M), and define ¢/ = (¥})*(¢). Then ¢' € L3(M’), as we shall see.
An easy calculation shows that

bo/ (¢')2 AV, = bo/ ¢* - F;dVy,, (34)
’ M

where F; is a function on M that is 1 on that part of M coming from M’ \
@’ [Btsr3 (O)]7 is zero on that part of M not coming from M’ \ &’ [BtsT1 (O)} , and
in the intermediate annulus is given by

vl — 67‘ n—l,r,n
Ft ((¢/)—1(v)) _ (| | t 1) 3 'wl(v)p1/}t(v)_p-

ot s —r)m
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Similarly, we may easily show that
a/ V' |>dVy < a/ |Vo|? - Gy dV,, (35)
M M

where G; is a function on M that is 1 on that part of M coming from M’ \
@’ [Btsr3 (O)], is zero on that part of M not coming from M’ \ &’ [Bt5r1 (O)} , and
in the intermediate annulus is given by

(o] =t9r)" 4™ (Jo] = t0r) S

|v|nfl (TB_Tl)n+2 ’ |v|n73(,,43 —’I”l)n72

Gt ((¢') 7! (v)) =max S (W) (v)
( )

Here, the first term in the max(...) is the multiplier for the radial component
of V¢, and the second term is the multiplier for the nonradial components. As
F,, Gy are bounded, we see from (B4) and (BY) that ¢’ € L2(M’), as was stated
above.

Suppose now that ¢ € (E;)* C L?(M). For small enough ¢ this implies that
¢ € (E')*, and so (B1) applies by Lemma [A.3. Combining this with (§4) and
(B3) gives that

a/ IVo|? - Gy dV, >b0/ ¢ - FrdV,,. (36)
M M

Now by the definition of 14, ¥'(v)yy(v)~! approaches 1 as t — 0. In fact it
may be shown that

[ () (0) Tt = 1| < Cot® ™D |u| 772 when ¢ < |v| < 072/ (72,

for some constant Cy. For ¢ small enough this certainly holds in the region
t%r1 < |v| < t°r3, and in this region we have |4/ (v)(v) ™t — 1] < 007“1_("_2)-

Choose r1 greater than 64, and large enough that by (1 + Cor;("ﬁ))p < b

and by < bi(1 — Cor; "™ ). Then for small ¢, the ¢, ! terms in F, and G,
can be absorbed by putting bs in place of by. Next, ro is defined uniquely in
terms of 73 to satisfy r1 < ro < r3 and bs(re — rl)"_lrgréfn(m —7r)7" = by.
Then bs(|v] — tO71)" 1rf o1 =" (rs — r1)™™ > by when t%75 < |v| < 3. This is
to bound F; below on the region |v| > t5r5.

Finally, we define r3. Choose r3 > r; sufficiently large that two conditions
hold. The first is that bg - max((|Jv| — t571)" = 1ry T2 [o| ' =" (g — 1) =+ (jo] —
t0r) " =308 203" (rs — r1)%7™) < by when %71 < |v| < t%75; combining this
with one of the inequalities used to define r; shows that b3G; < by;. The second
condition is that

VOI(S) < b4 — b5
vol(T) — vol(S) ~  4bs

(37)

This condition will be needed later.
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The last two definitions are circular, as ro is defined in terms of r3, and
vice versa because S; depends on . However, manipulating the definition of r5
reveals that however large 73 is, ro must satisfy o < rg (l—bé/(n_l)bgl/(n_l))’l,
and so vol(S) is bounded in terms of ri, whereas vol(T') can grow arbitrarily
large. Therefore (@) does hold for r3 sufficiently large.

The above estimates show that Gy < b1 /b3 and F; > b1by/bobs on M \ S; for

small ¢. Substituting these into (Bd) gives that when ¢ is sufficiently small,
a / Vo[> dV,, > bs / ¢* dV,. (38)
M ’ M\ S, ’

Suppose that fSt $?dVy, <(bs/bs—1)- fM\St $2dVj,,. Then by fM\St $?dVy, >
bs [, #2dVy,, and from (Bg) we see that (B3) holds for ¢, which is what we have
to prove. Therefore it remains only to deal with the case that [ s, d*dVy, >
(bs/bs — 1) - fM\St $*dV,.

Suppose that this inequality holds. The basic idea of the remainder of the
proof is that when ¢ is small, the volume of S; is also small, and this forces ¢
to be large on S; compared to its average value elsewhere. Therefore ¢ must
change substantially in the neighbourhood T; of S;, and this forces V¢ to be
large in T;.

Restrict ¢ further, to be small enough that 73 < t2. Then 7} is contained
in the region of gluing in which 82 = 1. So the pair (S, T;) is homothetic to a
pair (S,T) of compact manifolds with C*° boundaries and with S contained in
the interior of T'; the metrics on (S, T;) are the metrics on (S, T') multiplied by
t'2. For these S, T the following lemma holds.

Lemma A.5 Let S,T be compact, connected Riemannian n-manifolds with
smooth boundaries, such that S C T but S # T. Then there exists C1 > 0
such that for all ¢ € L3(T),

[ AN L/ %
(ia(s) ) - (m <Gi (/TIV¢|2dV_q> . (39)

Proof. We begin by quoting a theorem on the existence of solutions of the
equation Au = f on a manifold with smooth boundary.

Theorem A.6 Suppose that T is a compact manifold with smooth boundary,
and that f € L*(T) and satisfies [, fdVy = 0. Then there exists & € L3(T),
unique up to the addition of a constant, such that A = f, and in addition n-V¢
vanishes at the boundary, where n is the unit outward normal to the boundary.

Proof. This is a partial statement of [@, Ex. 2, p. 65]. Hormander’s example is
only stated for C* functions f and £, but the proof works for f € H,(T) and
¢ € Hey(T) in his notation, which are L?(T) and L3(T) in ours. O
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Put f = vol(S)~' in S and f = (vol(S)—vol(T)) "' in T\ S. Then [. fdV, =
0, so by the theorem, there exists a function ¢ € L3(M) satisfying A¢ = f,
and that V¢ vanishes normal to the boundary. Because of this vanishing, the
boundary term has dropped out of the following integration by parts equation:

/ HAE = / (V9) - (VE) v,

Substituting in for A¢ and using Holder’s inequality gives
1

VoI(T) — vol(9) /T\S“Wg

1/2
2 ) 2
< < /T ve| dvg> < /T V4| dvg> -

Now S is connected, so the constants are the only eigenvectors of A on S
with eigenvalue 0 and derivative vanishing normal to the boundary. By the
discreteness of the spectrum of A on S with these boundary conditions, there
is a positive constant Kg less than or equal to all the positive eigenvalues. It
easily follows that for ¢ € Lf (9),

Vol

(40)

2dv, Vo|? dV,
vol(S) Vol Kg - vol(S)
Also, a simple application of Hélder’s inequality yields
/2
$2dv, \'
S S pdV,| < M _ (42)
vol(T') — vol(S) | Jr\s ‘ vol(T') — vol(S)
Adding together (d), (jt]) and (B) gives (BY), as we want, with constant
Cr = (f, [VER V)" + (Ks - vol($))~1/2. 0

The point of this calculation is that because (St, T3) are homothetic to (S, T)
by the constant factor ¢'2, Lemma [A.§ implies that for all ¢ € L2(T}),

2av,, | 2 g2av, \"? v
(fsﬁig ) . fT\s—g) <o ([ wopan,)
T

vol(9) vol(T) — vol(S

Now, using (B7) it follows that

1/2 b — b 1/2
([ o) - (252 e,
S 4bs  Jans,

1/2
< vol(S)H2 (/ |V¢|2dVgt> :
M

(43)
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But because [y ¢*dVy, > (ba/bs — 1) - fM\St $?dV,,, substituting this into
(), squaring and manipulating gives that

bab 4bybst12C? vol(S
%/Q&M@< = ¢V, < —= 1VM)'/IVWd%V
M by —bs Jg, by — bs M

Therefore, if ¢ is small, then inequality (@) holds. This completes the proof of
Proposition @ (]

A.3 The spectrum of ¢A in the zero scalar curvature cases

Now we prove Proposition @ and Theorems @ and @ We shall start with a
preliminary version of Theorems @ and #.§. Suppose v > 0 such that aA has
no eigenvalues in (0,27v) on (M’, ¢’) in §§.1, and on both (M’,¢") and (M",g")
in §. Then

if ¢ € L3(M’) and $dVy =0, then /

a|V¢)|2 dVy 2/ 27¢2dvg’a
M M’

’

and the same for M” in §ft.9. This is an analogue of (Rd) of §A.T, and the
analogues of E’ and E" are the spaces of constant functions on M’ and M".

Define spaces of functions F; on M as in §fA.1. This involves choosing a
function ¢’ on M’ (done just before Lemma fA.2)) that is 1 outside a small ball
around m/’, and a similar function ¢’ on M". For the proof of Proposition @
later, we must choose ¢’, 0" to vary with ¢ rather than being fixed as they were
before. Let ¢/, 0" be functions on M’, M" defined in the same way as (31, 82 in
6.1, but which are 0 when [v| < t2¥/("*2) and 1 when |v| > ¢t("=2)/("+1) and
outside B’, B”.

This makes sense for small ¢, as the definition of k in §fL.1] gives 2k/(n+2) >
(n —2)/(n +1) so that t28/("+2) < ¢(n=2)/(n+1) < § for small t. Note also that
the choice of the inner radius t**/("*2) means (from §fi.1)) that g; is identified
with ¢’ and ¢” on the support of ¢’ and ¢” respectively, so that the functions
E; are supported in the parts of M where g; equals ¢’ or ¢”’. Here is a first
approximation to Theorems @ and @.§:

Lemma A.7 Let {g: : t € (0,0)} be one of the families of metrics defined in

8641 or §4.3. Then for small t,

if ¢ € (Ey)*" C L3(M), then /

wvwﬁwa>v/1&d%f
M M

Here the orthogonal space is taken with respect to the L? inner product.

Proof. This is proved just as is Proposition @, except that we use the inner
product in L?(M) rather than that in L2(M), and instead of choosing a series
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of constants interpolating between b + 2y and b+ -, we choose constants inter-
polating between 2+ and -y, and some simple changes must be made to the proof
as the powers of ¢ used in defining the metrics of §@ and §@ are different to

those used in §EI and @ O

Now as E; is modelled on E’ in §£] and on E' & E” in §.9, it is close to
the constant functions in §@, and to functions taking one constant value on
the M’ part of M and another constant value on the M" part in §[L.7.

These spaces E; are not quite good enough for our purposes, for we shall
need spaces that contain the constants. We therefore produce modified spaces
E,, and prove a similar lemma for them. In §. let B, = (1). In §@ let
e € E; be the unique element that is nonnegative on the part of M coming from
M’ and satisfies [,; edV,, =0 and [, e*dV,, = 2vol(M’), and let E; = (1,e).

Lemma A.8 Let {g: :t € (0,0)} be one of the families of metrics defined in
841 or §4.3. Then for small t,

if o€ (Bt € L), then [ alVoPav, > [ ¢,
M M
Here the orthogonal space is taken with respect to the L? inner product.

Proof. Let ¢ be the unique element of E; with [, £dV,, =1, and [,, e£dV,, =0

in §L.9. If ¢ € (E,)*L, then ¢ — (¢, &) € Ef, where (, ) is the inner product of
L?(M). So by Lemma [A7,

/ A VP v, 27/ (6 (6,6)7aV,
M M
—y /M(¢2 L (6,67)aV,

¥ / $* dV,.
M
Here between the first and second lines we have used the fact that ¢ € (E’t)l,
and thus [,, ¢ dV, =0, as the constants lie in F. 0

As E is just the constant functions in §EI, we immediately deduce
Corollary A.9 Theorem @ 18 true.

We will now construct the eigenvector 3, of Proposition Q, using a sequence
method. The proposition is stated again here.

Proposition |.7 Let {g; : t € (0,8)} be the family of metrics defined on
M = M'#M" in §f].3. Then for small t, there exists N\, > 0 and 3, € C>=(M)
such that aABy = M3y on (M, g;). Here \y = O(t"2), and

1+0@t"?) on M'\ B
14+0™ 2w on{v:t<|v|<dtc B
. (@ 2oP) on {1 < o] <3} »
—1+0(t"2) on M"\ B
1+ 0" 2]>™™) on{v:t<|v] <} C B,
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identifying subsets of M', M" with subsets of M.

Proof. Let y be the unique element of C*°(M) satisfying [,, ydV,, = 0 and
alAy = e. To make 5; = e+w and aABy = A\, we must find w and Ay such that
aAw = (e +w) — alAe. Define inductively a sequence of real numbers {\;}32,
and a sequence {w;}2, of elements of C°°(M) beginning with A\g = wo = 0.
Let

M = 2vol(M) ( /M y(e+wi_1)dvm>1, (45)

and let w; be the unique element of C*°(M) satisfying [, w; dVy, = 0 and
aAw; = X\;j(e + w;—1) — ale. (46)

Note that as [}, edVy, = [,, wi—1dV,, = 0, the right hand side has integral
zero over M, and so w; exists. Thus the sequences {\;}32, and {w;}$2, are
well-defined, provided only that the integral on the right hand side of (@) is
nonzero; we will prove later that the integral is bounded below by a positive
constant.

If both sequences converge to \; and w respectively, say, then @) implies
that aAw = (e + w) — ale, so that 5, = e + w is an eigenvector of aA
associated to ;. The role of (@) is as follows: multiply @) by y and integrate
over M. Integrating by parts gives

/ waAy dV,, = )\i/ yle + w;—1)dV, —/ ealAy dV,.
M M M

Substituting e for aAy and recalling that [, e?dV,, = 2vol(M’), we get

[ ewdvi, = [yl +wii)av,, - 2voiar) =0,
M M

so that [,, ew;dV, = 0, and if w is the limit of the sequence then [}, ew dVy, =0.
Now as [,, w;dV,, = [,, ew;dVy, =0, w; € (E;)* and Lemma [A.§ gives

al|Vwillz: = vllwilZ.. (47)
Multiplying (@) by w; and integrating over M by parts gives

al|Vw; |32 :/ a|Vwi|2dVgt
M

:)\i/ w; (e + w;—1) dV, —a/ Vw; - VedVy,
M M

Nilllwill 2 (llell 2 + llwi-1llz2) + al| Vs 2| Vel 2

<
< ila! 272 Vil 2 (llell 22 + lwiza ]l z2) + all Vawill 2| Vel 2,
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applying (@) between the second and third lines, and Holder’s inequality. Di-
viding by a'/2y~1/2|| Vw2 and using ([£]) on the left hand side gives

Yllwill2 < [Nl (llell 22 + llwi-1llz2) + Do, (48)

where Dy = (ay)"/?|| Ve 2.
Define Dy = (2vol(M"))~! [,, yedVy,. Theny = Die+z, where [,, 2dV,, =
[oyzedVy, = 0. So z € (E;)*, and by Lemma [A.§
a||Vzl|Zz = 7l2]Z:- (49)

As fM zedVy, = 0 and e = aAy = aD1Ae + aAz we have sz(DlAe +
Az)dV,, =0, so

IV2]2, = —D1/ V- VedV,, < Di|Vz| 2| Vel e
M

Multiplying by (ay)'/?||Vz|/;s and substituting (9) into the Lh.s. then gives
Y|lzllpz < DoD;. Since y = Die + z and [,, ew;—1dV,, = 0, from ([§) we find

_ zllzafwiallzs

1
N|Tt=Dy+ ——+ i—1dV,, = D
il L ol /M Fi1 e 2 21T T Sol(MY) 50)
<D Do D1 ||wi—1]| 2
o 2vol(M")y

Now ([[§) and (F0) are what we need to prove that the sequences {);}2°, and
{w;}$2, are well-defined and convergent, provided Dy is sufficiently small and
Dy sufficiently large. It can be shown that if 2DZ < 42 vol(M’) and D is large
enough, then the two sequences converge to A; and w respectively satisfying

adw = M(e+w) —ale, where |wlzz <2Do/y and
DD,

M|TP =Dy - 2
1] ! ~v2 vol(M")

> 1Dy, sothat |\|< 2Dyl

The proof uses the same sort of reasoning as Lemma @, and will be left to the
reader.

Let us now look more closely at Dy and D;. Firstly, Dy = (a7)'/?||Ve||rz,
and e is defined by ¢’ and o’ chosen just before Lemma [A.7. In fact, e =
do’ — d"0”, where ¢ and ¢’ are close to 1, as vol(M’) = vol(M"). But o’,o”
are defined in the same way as (1, B2 of §@, and an estimate analogous to (ﬂ)
of §@.4 applies to them, from which we find that Dy = O(t("_Q)z/("“)) for small
t. Because ||w||r2 < 2Dy/~, this gives that |jw||z2 = O(t(n=2"/(n+1)),

Secondly, we need to estimate Di. Let £ be the Green’s function of aA at m’
on M, satisfying a A&’ = ,,» — 1/ vol(M’) in the sense of distributions. Then &’
has a pole of the form Dy|v|?>~" +O"(Jv|*™") at m’, where Dy = (n—2)"'w, *,.
Similarly, we may define the Green’s function " of aA at m” on M".
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The application of this is in modelling the function y on M. We may view M,
approximately, as being made up of the unions of M’ and M", each with a small
ball of radius ¢ cut out. To get a function £ on M with A¢ close to vol(M’)~!
on the part coming from M’ and close to — vol(M"”)~! on the part coming from
M", we try £ equal approximately to d' — ¢ on M’ and £’ — d” on the part
coming from M", for constants d’ and d”. To join these two functions together
on the neck we must have d’ + d” = 2D,t>~™ + O(t'~™"), and for [,,£dV,, =0
we must have d’ vol(M’) = d” vol(M") + O(t*=™). As vol(M') = vol(M") this
gives d' = Dot?>™™ + O(t' ™) = d".

But e is approximately equal to 1 on M’ and to —1 on M”, so that e ~
vol(M')aA¢. Therefore y ~ vol(M')¢, and Dy = (2vol(M'))~! [, yedV,, ~
d’'vol(M'). So finally, we conclude that D; = Dy vol(M')t>~" + O(t'="). This
validates the claim that D; is large for small ¢, that was used earlier to ensure
convergence.

Taking the limit over i in (&), we find that

1
XNl=D+—— dv,
t 1+ 2vol(M') /M 2 eer

so using estimates on D7, z and w gives that A\, = O(t"~2) for small ¢, one of
the conclusions of the proposition. Also, if e is a first approximation to 3, then
Ay is the second, and the model of y above gives a model of 3;. So we see that
(@) holds for (3;, completing the proof. O

Finally, we show that Lemma @ may be modified further, to apply to
functions orthogonal to both 1 and the eigenvector 3; constructed in the last
proposition:

Lemma A.10 Let {g; : t € (0,9)} be the family of metrics defined on M =
M'#M" in §}.3. Then for small t, if ¢ € L3(M) satisfies (¢,1) = (¢, 3:) =0
in either the L? or the L? inner product, then

[ alvopav, = [ o av,. (51)
M M
Here 3 is the eigenvector of a constructed in Proposition m

Proof. The proof is almost the same as that of Lemma @ Note that as
1, B; are eigenvectors of A, orthogonality to them with respect to the L? and
L? inner products is equivalent, and so we may suppose that {, ) is the inner
product of L2(M). Let & be the unique element of E; satisfying (€, 5;) = 1 and

fM £€dV,, = 0. If ¢ € L3(M) satisfies (¢, 1) = (¢, B;) = 0, then ¢p— (¢, &) f; € EtJ-,
taken with respect to the L? norm. So by Lemma @,

/M oV — (6,65 [* AV, > ”y/M (6= (6,6)8,) V..
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But as f3; is an eigenvalue of A, it is orthogonal to ¢ in both L? and L? norms,
so this equation becomes

[ a(ver + 0.2 vaP)av, =4 [ (@ + 0@ . 62)
M M

Now A; < 7 for small ¢, so that [, a|V3[*dVy, < [,, 67dVy,, and subtracting
this multiplied by (¢,£)? from (52) gives (E1). O

Corollary A.11 Theorem [{.§ is true.
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