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Healthy brain function depends on continuous blood flow carrying oxygen and metabolites.

Ischaemic stroke, caused by an occlusion in the cerebral artery that disrupts blood and

oxygen supply and leads to irreversible tissue damage, is one of the leading causes of death

and disability in the world.

To complement clinical trials to improve the functional outcomes of stroke patients,

computational models have been developed to build a virtual platform (i.e. an in

silico trial) to test the feasibility of new treatments. However, the role of the human

cerebrovascular system in oxygen transport and tissue health remains poorly understood,

which limits the utility of current brain models. Therefore, it is necessary to develop

new models of oxygen transport and tissue damage for the human brain to improve our

understanding of brain physiology and diseases.

This thesis first models oxygen transport in human capillary networks using a Green’s

function method. The effects of microembolism on oxygen delivery are simulated to derive

a quantitative relationship between tissue hypoxia and vessel blockage. In human cortical

columns supplied by a single penetrating arteriole, oxygen transport is simulated after

the arteriole tree is occluded by a 25 µm microthrombus to mimic a rodent experiment

of microembolism. Reasonable agreement has been shown between simulations and

experiments measuring the spatial correlation between hypoxic regions and occlusion sites.

A novel 3-state cell death model and a thrombus extravasation model are then proposed to

simulate the irreversible tissue damage caused by cerebral microvascular occlusions. The

cell death model is further developed to simulate brain tissue damage over time under

different ischaemic conditions. A full in silico trial of ischaemic stroke can thus be built

by coupling the cell death model with existing whole brain models of cerebral blood flow

and ischaemic stroke.
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Payne, S. J., Józsa, T. I., Xue, Y., Wang, J., Howman, J. C., Newsome, M. Wei, W.,

Bing, Y., Chen, X., Daher, A., Tong, Z., and El-Bouri, W. K. 2022. Mathematical

models of the cerebral microcirculation in health and pathophysiology. 7th International

Conference on Computational and Mathematical Biomedical Engineering (CMBE2021),

Milan, Italy.
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Chapter 1

Introduction

1.1 Background

The human brain is a highly complex organ that receives information from the

environment, makes decisions and controls behaviour. Despite only taking up 2% of the

human body weight, the brain consumes 20% of the total energy. The healthy function of

brain thus depends on continuous blood supply that brings oxygen and glucose and takes

away waste products. In order to deliver the blood to every part of the brain efficiently, the

cerebral vasculature has a multi-scale hierarchical structure from large arteries (diameter

∼ 1 cm) to capillaries (diameter ∼ 10 µm). The arteries mainly supply the pial vessels on

the cortex surface in two-dimensions, which feed into penetrating arterioles perpendicular

to the cortex surface connecting to isotropic capillary beds [1].

The cerebral microvasculature has a relative robust structure, thanks to the

interconnected capillaries; however, the large arteries are much more vulnerable to

occlusions. When an artery is blocked by an clot, the blood supply of its downstream

regions will be disturbed, leading to energy impairment followed by irreversible tissue

damage. This condition is known as ischaemic stroke and accounts for 85% of all stroke
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Figure 1.1: Drawing of the cortical pial vessels, where the red vessels bifurcate from the

middle cerebral artery, the green vessels bifurcate from the anterior cerebral artery, the

blue vessels bifurcate from the posterior cerebral artery and the black vessels are veins.

Reproduced with permission from [2].

cases, whilst the other 15% of cases are haemorrhagic stroke.

Ischaemic stroke is one of the leading causes of death and disability in the world. Even

within the UK, more than 100,000 people have a stroke each year, which results in more

than 30,000 deaths [3]. Although the fatality rate of ischaemic stroke has reduced recently,

favourable functional outcomes cannot always be achieved in all patients. Evidence from

a recent multi-centre clinical study [4] shows that about half of the stroke patients cannot

walk without assistance even after an intra-arterial intervention (e.g., mechanical removal

of a clot from the occluded vessels). The disabilities caused by ischaemic stroke have a

great impact on individuals, families and the healthcare system. In the UK, the societal

cost of stroke is estimated to be £26 billion a year [5].
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1.2 Current in silico trials and brain models

To improve clinical outcomes for ischaemic stroke patients, novel treatment techniques

and strategies are required. Most new treatments and interventions are developed,

optimised and carefully evaluated through pre-clinical experiments and clinical trials,

before they are permitted to be used and commercialised. However, these clinical trials

can be very expensive and time-consuming. Additionally, it is often difficult to determine

the reason(s) for new interventions being unsuccessful. These limitations motivate the

development of in silico trials, which use mathematical models to help to develop and

test new treatments and biomedical products [6].

In silico trials depend on patient-specific modelling within a cohort of virtual patients.

There has been tremendous progress in patient-specific simulations, especially motivated

by the initiatives of the Physiome Project [7] and the Virtual Physiological Human [8].

These models include haemodynamics [9], hearts [10], lungs [11], livers [12], bones [13],

pathological conditions like atherosclerosis [14] and cerebral aneurysm [15] and their

treatments like thrombectomy [16] and coiling [17].

Despite the extreme complexity of the human brain, there has been a rapid development of

its modelling in the past decade [1, 18, 19]. Novel brain models have been developed from

the cellular scale [20–22], to the microvascular scale [23–29] and the organ scale [30–38]

on diverse topics of physiology, pathology, fluid mechanics, solid mechanics and their

biomedical applications. This momentum is highlighted by a recently founded journal

Brain Multiphysics1 dedicated to the development of understanding and modelling of the

brain.

In the Cerebral Haemodynamics Group at the University of Oxford (now also at National

Taiwan University), the research primarily focuses on modelling the cerebral blood

flow (CBF) and its application in cerebral autoregulation [39] and ischaemic stroke

1https://www.sciencedirect.com/journal/brain-multiphysics

3

https://www.sciencedirect.com/journal/brain-multiphysics


[21, 29, 36, 37, 40–43]. These models motivate and form part of the foundation of

the INSIST (IN-Silico trials for treatment of acute Ischemic STroke) project2 [44],

which aims to build a computational platform to test novel interventions for ischaemic

stroke. Within the project models of virtual patients, thrombosis and thrombolysis [45],

thrombectomy [16, 46] and CBF [29, 36, 37, 47, 48] have been developed. In addition,

the multidisciplinary team of clinicians and biologists has designed and conducted clinical

studies [49–52] and animal experiments [53–56] to aid in the development of numerical

models. Recent progress of the INSIST project has been reported in a special issue on

thrombus mechanics [57].

1.3 Motivation

These in silico models mainly simulate the effects of ischaemic stroke on blood flow both

locally and globally. However, little is known about the effects of ischaemia on oxygen

transport and irreversible tissue damage in the human brain. Unlike blood flow, oxygen

transport has a diffusion component along the gradient of partial pressure of oxygen

(PO2), which is mainly due to the oxygen metabolism of brain tissues. This means that

the quantity of oxygen being delivered cannot simply be assumed to be proportional

to the blood supply. Moreover, the tissue damage response to ischaemic stroke has been

found highly complex [58], which depends on multiple factors including duration, severity

and location of ischaemia and tissue type. The lack of models for oxygen transport and

tissue damage significantly limits our understanding of the human brain physiology and

the application of in silico brain models.

The primary aims of this thesis are thus to develop an oxygen transport model for the

human microvasculature to aid in understanding the relationship between microvascular

geometry and tissue oxygenation under both physiological and pathological conditions;

and to develop a tissue damage model to apply these micro-scale simulation results to

2https://www.insist-h2020.eu

4

https://www.insist-h2020.eu


simulate the hypoxic tissue damage in the macro-scale stroke models. In this thesis, the

micro-scale is the length scale of cerebral microvasculature (∼ 10 µm), where individual

capillary can be identified [59]. The macro-scale is the length scale of a clinical imaging

voxel (∼ 1 mm), where simulation results can be compared with clinical imaging data

directly [28].

At the micro-scale, the impact of micro-occlusions, which can be caused by clot fragments

after a clot is removed from the blocked vessels mechanically [60], are of particular interest.

Firstly, micro-occlusions are one potential cause of the ‘no-reflow phenomenon’ [61, 62],

which significantly affects the clinical outcome after stroke treatment. Secondly, there

are recent in vivo microembolism experiments yielding quantitative data using a rodent

model [53–56] that enable validation for the micro-scale brain models of blood flow and

oxygen transport.

At the macro-scale, a mathematical model should be developed to simulate the irreversible

tissue damage based on hypoxia caused by microemboli occlusions. The model should

predict the brain tissue damage over time under different levels of occlusions, so that

the volume of tissue damage can be quantified in organ-scale models in scenarios of

microemboli shower. In addition, the cell death model should be further developed to

simulate the tissue damage caused by hypoperfusion following an ischaemic stroke [58,

63–65]. The model should also predict the volumes in different tissue states defined by

clinicians, namely healthy, core and penumbra [66]. Hence the simulation results can be

validated against the clinical data, e.g. from the MR CLEAN dataset [4]. The cell death

model can then be coupled in the future with existing stroke models to build a full in

silico trial of ischaemic stroke.
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1.4 Structure of the thesis

Before presenting new models, Chapter 2 provides a more detailed overview of brain

physiology and ischaemic stroke. The review starts from the vascular system of the human

brain and how to simulate the blood flow passing through this network and the oxygen

transport to tissues surrounding it. Then it focuses on ischaemic stroke and existing in

silico models. Finally, it reviews the cerebral tissue damage caused by ischaemic stroke,

highlighting the key role of cell death models in simulating the disease.

Following the literature review, the thesis consists of two parts: Micro-scale: oxygen

transport and microembolism (Part I); and Macro-scale: tissue damage (Part II). Part I

on micro-scale models is subdivided into two chapters. In Chapter 3, oxygen transport

was simulated using a Green’s function method in statistically generated capillary cubes

based on the human brain data. In addition, micro-occlusions were simulated in a

capillary cube to quantify the effects of different levels of microembolism on tissue

perfusion and hypoxia. Chapter 4 extends the oxygen transport simulation to a column of

cortical tissue supplied by a penetrating arteriole (i.e. a cortical column). This chapter

focuses on the spatial correlation between hypoxic regions and a single occlusion site

caused by a microsphere of 25 µm in diameter. The same microembolism experiment was

also carried out using a rodent model. Distant hypoxic regions away from the occlusion

sites were found in both experiments and simulations. To quantify the distribution of

these distant hypoxic regions, two novel distance analyses were designed and applied

to simulation results and experimental data in exactly the same way, enabling a

quantitative comparison between the two. The promising agreement between simulations

and experiments indicates the potential role of such numerical models in understanding

the hypoxic responses of brain tissues to micro-occlusions.

Part II is also subdivided into two chapters. Chapter 5 develops a 3-state cell death

model based on tissue hypoxia and a thrombus extravasation model. Depending upon
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the quantitative relationship between tissue hypoxic fraction and vessel blockage fraction

(Chapter 3), these models are able to simulate the tissue damage as a function of time

under different levels of micro-occlusions. In Chapter 6, the cell death model was further

developed to simulate the ischaemic tissue damage following a stroke. Several cell death

models were proposed to simulate several scenarios including continued tissue damage

or penumbra recovery after the treatment and tissue damage propagation due to the

accumulation of toxins. The cell death model was coupled with organ-scale models of

blood flow and cerebral perfusion to predict the volumes of brain tissues at different states

at different times. Using this workflow of in silico models, the effects of treatment time

on final infarct volumes and clinical outcomes were simulated in a cohort of virtual stroke

patients.

Finally, the research findings of this thesis are summarised in Chapter 7. Possible future

work is suggested to improve the models developed in this thesis and broaden their

applications.
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Chapter 2

Literature review

2.1 Cerebrovascular system

The human brain is a highly complex organ comprising hundreds of billions of brain cells.

The interaction and cooperation of these cells lead to perceptions, thoughts, memories

and other basic body functions. These activities consume about 20% of the total energy

supply, although the brain only takes up 2% of human body weight [1]. The energy

supply is maintained by the continuous bloodstream carrying oxygen, glucose and other

metabolites inside the cerebral vasculature. Due to the limited storage of oxygen and

glucose in brain cells, the cerebral vasculature needs to be tightly coupled with the local

energy demand, which results in its multi-scale structure.

2.1.1 Cerebral vasculature

The human cerebral vasculature consists of arteries, arterioles, capillaries, venules and

veins, which is consistent with the structure inside other parts of the body. The heart

pumps out oxygen-rich blood that feeds the brain through major arteries. The left and

right internal carotid arteries supply the brain from two sides of the neck. The left and
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right vertebral arteries supply the brain from the back of the neck, and join together to

form the basilar artery. With six other major vessels supplying blood to most of the

brain regions, these nine vessels form the circle of Willis (see Fig. 2.1) [67]. The circle

of Willis guarantees the robustness of blood supply, where there are normally two routes

from one point to the other. That is to say that the blood can still be re-routed and

supplied to the entire brain, when one of these vessels is occluded. However, variations in

the structure of the circle of Willis have been found in more than half of the population

[68, 69]. This can be seen as one of the reasons why stroke patients experience varying

degrees of hypoperfusion and thus have different post-treatment brain tissue outcomes

[70], which will be discussed later.

At a smaller scale, the pial arteries bifurcate from the major arteries and distribute the

blood to individual regions of the brain (see Fig.2.2). These arteries mainly supply blood

upon the cortex surface. Their inter-connected structure also enables them to provide

secondary collateral flow in addition to the circle of Willis during an ischaemic stroke.

From these pial arteries, the root-shape arterioles penetrate through the grey matter and

eventually their bifurcating ends become connected to the capillary network. Figure 2.3

presents the cerebral microvasculature in the human brain [24], where the large vessels

along the vertical direction are the penetrating vessels. The penetrating arterioles have a

diameter from 6 to 40 µm, with an average of about 10 µm [73]. The penetrating arterioles

play a key role in delivering the blood and oxygen in the third dimension (perpendicular

to the cortex surface) adding to pial arteries. In addition, each penetrating arteriole

supplies its own territory of microvasculature and brain tissue, partially due to the high

flow resistance of capillary beds. Hence the occlusion of a single penetrating arteriole can

lead to a local region of hypoperfusion and then infarction [74–76].

After a few orders of branches of pre-capillary arterioles (note that these have been newly

termed the arteriole-capillary transition in a recent review [73]) from the penetrating
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Figure 2.1: Schematic of the circle of Willis. Reproduced without change from [71] under

license https://creativecommons.org/licenses/by/4.0/.

arteriole trunk, blood and hence oxygen are fed into capillaries where the exchange of

metabolites and wastes mainly occur. The capillaries are the smallest vessels in the

brain with a diameter from 1.5 to 8 µm [73]. The capillary bed has an isotropic and

mesh-like structure, which is highly interconnected and thus more robust to occlusions

than penetrating arterioles.

The capillaries join to form penetrating venules after about 6 orders of branches from

the penetrating arterioles [77, 78]. The penetrating venules have similar structures to

penetrating arterioles, but with larger diameters [2] and smaller vessel density [79]. These
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Figure 2.2: Imaging of the pial arterial vasculature of the human brain. Reproduced

without change from [72] under license https://creativecommons.org/licenses/by/

4.0/.

penetrating venules transport the deoxygenated blood back to the pial veins on the cortex

surface (see Fig. 1.1). In the end, the blood drains through the sinuses from the front to

the back of the head, and finally flows back to the heart through the jugular veins at the

neck.

2.1.2 Models of human cerebral vasculature

The models of cerebral vasculature will be reviewed over three length scales from large

vessels (∼ 1 mm) to penetrating vessels (< 100 µm) and finally down to capillaries

(∼ 10 µm). Although there are many more models of the cerebral vasculature of animals

(mainly rodents), the review will focus on the human models since the aim of this thesis

is to simulate the oxygen transport and tissue damage in the human brain. Note that the

same preference of human over animal models will be made in the rest of this thesis, except
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Figure 2.3: Visualisation of cerebral microvasculature in the human brain. Reproduced

with permission from [24].
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for Chapter 4 where the computational models will be validated against experimental data

from rodent models.

The large arteries and veins can be easily imaged in the human brain. As a result,

the blood flow in the large arteries has been modelled for more than 50 years [80]. A

detailed review on the development of these models can be found in Chapter 2 of [1].

One notable study conducted by Cebral et al. [81] built the model of brain arteries from

patient-specific magnetic resonance imaging (MRI). Another model by Padmos et al. [37]

built from patient-specific computed tomography (CT) by using a semi-automated artery

modelling tool [82]. The Padmos model will later be coupled with a cerebral perfusion

model in Section 2.4.4.

By comparison, models of human cerebral microvasculature remain very limited, due

to the ‘imaging gap’ between the resolution of non-invasive imaging techniques and the

length scale of cerebral microvasculature. To the best of the author’s knowledge, the only

detailed human cerebral microvascular data1 were collected by Duvernoy et al. [2] from

25 patients more than 40 years ago.

Cassot et al. [23] obtained high-resolution (1.22×1.22×3 µm3) 3D images of sulci in the

temporal lobe (as shown in Fig. 2.3) from these india ink-injected human brain slices [2]

using a confocal laser microscopy. Then a threshold was applied to separate blood vessels

(in white) from tissue (in black). The centrelines of blood vessels were determined using

a modified distance ordered homotopic (topologically equivalent) thinning method [84].

The radius of each vessel was calculated as the shortest distance from its centreline to the

background (brain tissues). Hence the in vivo microvascular network was represented by

a dataset comprising the centrelines and radii of blood vessels.

Penetrating vessels were extracted from the network using a threshold of vessel resistance,

1It should be noted that there have been recent advances in imaging an intact human organ with
a resolution down to 2 µm [83], which can potentially play a valuable role in understanding the human
cerebral microvasculature.
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where the remaining vessels with a resistance above the threshold were identified as

capillaries. The vessel resistance was calculated by assuming Poiseuille flow and constant

haematocrit of 0.45 in each vessel and using an empirical function of viscosity [85], which

will be introduced in Section 2.2. The branching pattern of each penetrating vessel was

described by a diameter-defined Strahler system [86]. This workflow enables quantitative

studies of the geometry and topology of human cerebral microvasculature [23, 24, 26, 79]

following the work of Duvernoy et al. [2], which are invaluable in the field.

These data were used by Linninger et al. [25] to generate human cerebral microvascular

networks at the length scale of millimetres, which are comparable to MRI resolution. The

same data were also used by El-Bouri and Payne to generate cerebral capillary cubes [27]

and penetrating vessels [87] using a statistical algorithm [88]. These 3D human brain

networks form the foundation of this thesis.

2.1.3 Statistical cerebral microvascular networks

The pressure-flow relationship is of particular interest in microvascular blood flow and

oxygen transport problems. In a microvascular network, it is thus reasonable to treat

vessel junctions as nodes and blood vessels as 1D straight pipes connecting these nodes.

Hence microvascular networks can be characterised and generated using node coordinates

and their connectivity.

A modified spanning tree method [88] was implemented to generate cerebral capillary

networks. Firstly, nodes were randomly generated in a cube with additional nodes seeded

in the regions of low node density. From the node pair of shortest distance, a tree was

generated by repeatedly establishing shortest connections between a node outside of the

tree and a node inside the tree. Then the same algorithm was run on the terminal

nodes of the tree to build a inter-connected network. Finally, several vessel length filters

were applied to the network to fit the vessel length distribution with the experimental

data of the human brain [23]. The distribution of vessel diameter was also fitted with
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the same experimental study [23]. The algorithm to generate these networks have been

introduced in detail in previous studies [88, 89]. A comparison of geometric statistics

between generated networks and experimental data can be found in Table 3.1 of [88].

Spatial periodicity was then imposed on these capillary networks to satisfy the periodic

assumption used in homogenisation techniques [59]. A typical periodic capillary cube

is shown in Fig. 2.4 [27]. Under the assumption of local periodicity, a scale separation

can be defined between the micro-scale and the macro-scale (which consists of periodic

micro-scale units). Homogenisation techniques can thus be applied to these capillary

networks, where cerebral microvasculature can be treated as a continuum porous medium

at the tissue scale. The porous medium model of capillary beds can then be coupled with

network models of penetrating vessels to construct millimetre-scale models easily [28],

which will be further introduced in Section 2.2.6.

Figure 2.4: A typical periodic capillary network with a voxel size of 375 µm. Reproduced

with permission from [27].

The models of penetrating arterioles and venules were constructed using a density-filling

algorithm [87]. On the initial trunk of a penetrating vessel, bifurcating nodes were

generated following a probability density function given by experimental data [90]. From

the bifurcating nodes, child branches were generated, where the order for each child

branch was determined using morphological connectivity distributions [79]. The lengths,
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radii and branching angles of child branches were found from the length diameter ratio,

area ratio and branching angle distribution of penetrating vessels in the human brain

[79, 91]. After an initial penetrating vessel tree was generated, the vessels were reassigned

orders based on their diameters. Then several vessel density filters were applied to

the penetrating vessel until its vessel density is morphologically accurate. A detailed

description of this statistical algorithm can be found in [92].

There are also 2D network models built from rat data [93] and human data [94]. These

models are useful in studying the dynamic responses of cerebral blood flow and oxygen

transport to stimulus. However, these models often assume that each blood vessel supplies

a certain part of the brain tissue that can be seen as a compartment, which make them

unsuitable for 3D oxygen transport simulations.

2.2 Cerebral blood flow

The primary motivation for constructing models of cerebral vasculature is to simulate

blood flow and oxygen transport. This section will first review blood and how it flows

in general terms. Then the review will focus on the blood flow at the micro-scale

(microcirculation). Lastly, the organ-scale circulation model and the active control of

CBF will be reviewed briefly. Before reviewing CBF, it is necessary to distinguish

two terms: blood flow and perfusion. In [1], blood flow is used for the flow passing

through certain blood vessels, while perfusion is the blood flow passing through a vascular

network within a specific volume of tissue. This thesis, however, uses CBF for blood

flow in the brain in a more general way and primarily uses perfusion for the blood flow

passing through microvascular networks within a certain volume of brain tissue. In a

microvascular network introduced in the previous section, perfusion can be quantified as

Perfusion =
ΣQ

Vt

(2.1)
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where Vt is the volume of brain tissue region supplied by the microvascular network and

Q is the flow rate of each vessel feeding into this region.

2.2.1 Blood - a non-Newtonian fluid

Blood consists of plasma and blood cells. Plasma takes up about 55% of the total blood

volume and acts as a solute for other molecules. As plasma is mostly composed of water

(> 90%), it can be considered as a Newtonian fluid. Blood cells account for another 45%

of the blood volume, of which red blood cells (RBC) account for the majority. The RBC

is a biconcave disc that is approximately 8 µm in diameter and 2 µm in thickness [95, 96].

The haematocrit (H) is defined as the volume fraction of RBCs in blood.

Although blood is a non-Newtonian fluid, mainly due to the presence of RBCs, it can be

assumed Newtonian under high strain rate (normally greater than 200 s−1) and hence in

large vessels (generally greater than 0.3 mm in diameter). The Newtonian law of viscosity

is thus a suitable approximation in describing the blood behaviour in large arteries or in

the cases when the detailed flow field is not of interest [95]:

τ = µγ̇ (2.2)

where τ is the shear stress, µ is the viscosity and γ̇ is the strain rate.

When the strain rate becomes smaller than 200 s−1, the blood viscosity starts to increase.

Several models are able to describe this shear thinning behaviour including power-law

models and Casson models. The Casson model [97] has the form:

√
τ =

√
µ∞γ̇ +

√
τ0 (2.3)

where µ∞ is the Casson viscosity and τ0 is the yield stress. These parameters have the

typical values of µ∞ = 3.1 mPa·s and τ0 = 10.86 mPa under a haematocrit of 45% and a
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temperature of 37◦C [95].

The non-Newtonian behaviour also starts to dominate blood rheology when the diameter

of blood vessel is below a certain threshold. F̊ahræus and Lindqvist [98] found that the

blood viscosity will drop monotonically when the vessel diameter changes from 0.3 to

0.04 mm as shown in Fig. 2.5. The F̊ahræus-Lindqvist effect is of great importance in

modelling the blood flow in small arteries and arterioles. However, a limitation of this

study is that the blood viscosity in vessels with a diameter smaller than 40 µm was not

investigated. The authors stated in their paper [98] that it should be certain that the

blood viscosity would finally converge to the plasma viscosity in narrower tubes. This was

found to be incorrect when Pries and Secomb analysed more data [99, 100] and carried

out new experiments at the length scale of capillaries [85, 101, 102], which will be further

discussed in Section 2.2.4.

2.2.2 Haemodynamics in the microcirculation

Blood flow is often taken to be governed by the Navier-Stokes equations for an

incompressible Newtonian fluid:

ρ(
∂u

∂t
+ u · ∇u) = b−∇p+ µ∇2u (2.4)

where t is the time, u is the velocity, ρ is the density, b is the body force, p is the

pressure. As discussed in the previous section, the blood is non-Newtonian especially

at the micro-scale. A constant viscosity µ is assumed here for simplicity, but this will

be further discussed in Section 2.2.4. The blood flow can be simulated by solving the

Navier-Stokes equations numerically [95, 103]. However, the simulation will be very

expensive in complex geometries, one example of which would be solving the flow fields

in a complex microvascular network.

At the micro-scale, a few assumptions can be made to simplify the Navier-Stokes
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Figure 2.5: F̊ahræus-Lindqvist effect. Reproduced with permission from [98].

equations. Firstly, the body force can be neglected. Additionally, the blood flow can

be assumed laminar. This can be supported by calculating the Reynolds number (Re):

Re =
ρDU

µ
(2.5)

where ρ is the blood density, D is the vessel diameter and U is the average velocity. In

the microvasculature, Re≪ 1 due to low flow velocity and small vessel diameter, so that

the viscous force dominates the flow and the advection term can be neglected. As well as

this, the microcirculation is widely accepted to be assumed steady, due to the compliance

of major arteries that is normally termed the Windkessel effect. The pulsatility of flow
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can also be defined quantitatively by the Womersley number (Wo):

Wo = R

√
ω

ν
(2.6)

where R is the vessel radius, ω is the angular frequency and ν = µ/ρ is the kinematic

viscosity. For a value of ω = 2π that equals to the angular frequency of heart beat (1 Hz),

Wo≪ 1 in arterioles and capillaries with a diameter smaller than 100 µm. This indicates

that the blood flow in cerebral microvasculature is fully-developed and primarily driven

by the pressure gradient.

The assumptions simplify the Navier-Stokes equations to the Stokes flow equation for an

incompressible fluid:

−∇p+ µ∇2u = 0 (2.7)

By assuming 1D, axisymmetric blood flow inside a rigid microvessel, Eq. 2.7 can be

written in a cylindrical coordinate as

− ∂p

∂z
+ µ

1

r

∂

∂r
(r
∂uz

∂r
) = 0 (2.8)

where z is the axial position and r is the radial position. Note that this equation provides

a reasonable first order approximation of the axial blood flow [1].

2.2.3 Poiseuille law and network flow model

Solving Eq. 2.8 with no-slip boundary conditions at the vessel walls gives the

Hagen-Poiseuille equation:

∆p

Q
=

8µL

πR4
(2.9)

where Q is the flow rate and L is the vessel length. The fourth power of radius here

indicates that a small change in vessel radius (diameter) can have a substantial impact

on blood flow in the vessel, as well as on the vessels in neighbouring regions.
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Since there is a linear relationship between flow rate and pressure drop in each vessel

(Eq. 2.9), the flow conductance (Γ) can be defined here:

Γ =
Q

∆p
=

πR4

8µL
(2.10)

which is very similar to that in an electric circuit model. The flow conductance enables

the direct application of the Poiseuille equation in solving the blood flow in microvascular

networks. For example in a network consisting of n nodes, an n×n conductance matrix

can be defined as

Γij =
Qij

pi − pj
=

πR4
ij

8µijLij

(2.11)

where n is the total node number, i and j are two boundary nodes of each vessel segment

and Qij is the flow rate from i to j. Γij is set to 0, if there is no connection between

nodes i and j. Conservation of mass at each node yields

n∑
j=1

(pi − pj)Γij = Si (2.12)

where Si is the source term at node i, which is non-zero at the network boundary. By

coupling Eqs. 2.11 and 2.12 and setting the boundary conditions, pressure at each node

and flow in each vessel segment can be easily solved using a standard linear solver. The

network flow model has been widely implemented in microvascular simulations [25, 27,

29, 87, 104–111].

At the very beginning of Section 2.2.2, the blood is assumed Newtonian in Eq. 2.4.

However, as the blood is in fact strongly non-Newtonian at the micro-scale as discussed

in Section 2.2.1, additional models of blood viscosity are thus required to account for

these non-Newtonian effects.
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2.2.4 Blood viscosity

One way to model the blood viscosity in microvessels is to use the empirical function of

apparent viscosity (µapp) [85, 101, 102, 104]. Based on the Poiseuille equation (Eq. 2.9),

the apparent viscosity in a vessel can be determined as

µapp =
π∆pD4

128LQ
(2.13)

which can be seen as an effective viscosity in the vessel when the relationship between

flow rate and pressure drop is of particular interest. A relative viscosity (µrel) can also

defined here as the ratio between apparent viscosity and plasma viscosity (µp) as

µrel =
µapp

µp

(2.14)

where plasma viscosity can be assumed as 1.2 mPa·s [87, 112].

The blood viscosity is known to be dependent on both vessel diameter and haematocrit

[85]. The effects of vessel diameter on blood viscosity in the range from 0.3 to 0.04

mm on blood viscosity have been studied by F̊ahræus and Lindqvist [98] as discussed in

Section 2.2.1. Most interestingly, the blood viscosity continues decreasing until the vessel

diameter reaches about 7 µm as predicted by F̊ahræus and Lindqvist [98]. However, it

rises again when the vessel diameter further decreases [99, 100].

An explanation of this non-monotonic behaviour can be found in [96]. The blood viscosity

drops when the vessel diameter decreases from 300 to about 7 µm, mainly due to the fact

that the RBCs tend to migrate from the blood vessel wall resulting in a cell-free layer near

the wall that reduces the resistance. When the vessel diameter further decreases from

7 to approximately 2.7 µm, the cell-free layer becomes narrower until a point where the

RBCs can no longer pass through the vessel, leading to a sharp increase in the apparent

blood viscosity.
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The effects of vessel diameter and haematocrit on blood viscosity can be described by an

in vitro empirical function [85]:

µrel 0.45 = 220·e−1.3D + 3.2− 2.44·e−0.06D0.645

(2.15)

C = (0.8 + e−0.075D) · (−1 + 1

1 + 10−11D12
) +

1

1 + 10−11D12
(2.16)

µrel = 1 + (µrel 0.45 − 1) · (1−H)C − 1

(1− 0.45)C − 1
(2.17)

where µrel 0.45 is the relative viscosity when the haematocrit is 0.45. The in vitro viscosity

model is mainly based on experiments of human blood in glass tubes. The empirical

function can predict the relative viscosity under different vessel diameter and haematocrit

as shown in Fig. 2.6.
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Figure 2.6: Relative viscosity as a function of vessel diameter and haematocrit, based on

the in vitro viscosity model [85].
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Pries et al. [101, 104] also conducted in vivo experiments in the rat mesentery models.

The authors observed a significant increase in blood viscosity measured in vivo compared

to that in vitro. An explanation for this difference is the presence of endothelial surface

layer in vivo that restricts the blood flow [113]. These in vivo experiments were used to

fit new viscosity models [101, 102]. A comparison of three notable viscosity models by

Pries et al. (in vitro, 1992 [85]; in vivo, 1994 [101]; in vivo, 2005 [102]) is shown in Fig.

2.7. All these viscosity models have been heavily used in microcirculation studies [96]. In

this thesis, the in vitro 1992 model [85] has been implemented to prevent the sharp edges

in the in vivo viscosity curve. However, it should be noted that the simulation results

can be substantially affected by changing the viscosity model, as there are considerable

differences when the vessel diameter is approximately 10 µm. Since the apparent viscosity

is the product of plasma viscosity and relative viscosity (Eq. 2.14), a different value of

plasma viscosity can also result in different simulation results.

One way to minimise the effects of different viscosity models on the CBF simulation is to

scale the perfusion to the physiological value by adjusting the pressure difference. Another

way is to derive a new viscosity model simply based on the mechanical properties of RBCs

through high-fidelity numerical simulations [96, 114, 115]. Promising results have been

achieved in recent studies [116–119] and more validations are being performed elsewhere

to demonstrate the credibility of these models.

2.2.5 Distribution of red blood cells in the microvasculature

Having described the relationship between flow rate and pressure drop in microvessels, the

only missing information now is the haematocrit distribution, which the blood viscosity

depends on. The distribution of RBCs in the microvasculature is mainly determined by

the F̊ahræus effect and the phase separation effect.
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Figure 2.7: Relative viscosity under different vessel diameters and a constant haematocrit

of 45% predicted by different viscosity models [85, 101, 102].

2.2.5.1 F̊ahræus effect

The cell-free layer also results in the F̊ahræus effect [120] that the reduction in

haematocrit happens when the blood enters a smaller vessel. The reason for the reduction

in haematocrit is mainly due to the same fact that the RBCs tend to flow at the centre of

the microvessel. Here two parameters can be defined, namely discharge haematocrit (HD)

and tube haematocrit (HT ). The discharge haematocrit is the haematocrit entering or

leaving the vessel, while the tube haematocrit is the haematocrit inside the vessel which

is smaller than the discharge haematocrit. This is because the RBCs concentrated at the

vessel centre move faster and spend less time passing through the vessel than the plasma

along the vessel wall, based on the parabolic velocity profile of Poiseuille flow (Eq. 2.8).

An empirical relationship between tube haematocrit and discharge haematocrit was also
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proposed by Pries et al. [85]:

HT

HD

= HD + (1−HD)(1 + 1.7e−0.35D − 0.6e−0.01D) (2.18)

which is plotted in Fig. 2.8 when the discharge haematocrit changes from 0.1 to 0.6. All

curves reach their minimum at approximately 13 µm, where the 45% haematocrit curve

has a minimum value of about 72%.
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Figure 2.8: The empirical model of F̊ahræus effect [85].

2.2.5.2 Phase separation effect

At a microvascular bifurcation, the distribution of RBCs in two child branches is found

to be uneven. This is mainly due to the fact that the branch with lower flow rate will get

more flow from the layers near the wall with smaller velocity. Because of the cell-free layer

near the vessel wall, the lower flow branch thus gets more plasma and less RBCs than the

other branch with higher flow rate. This phenomenon is called the phase separation effect,
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which can result in highly heterogeneous distributions of RBCs in the microvasculature.

The phase separation effect can also be described by an empirical model [104, 121]:

ln(
FQE

1− FQE

) = A+B ln(
FQB −X0

1− FQB −X0

) (2.19)

A = −6.96 ln(Dα

Dβ

)/DF (2.20)

B = 1 + 6.98(
1−HD

DF

) (2.21)

X0 =
0.4

DF

(2.22)

where FQE is the fraction of RBCs entering a child branch, FQB is the fraction of blood

flow entering this branch, Dα is the diameter of this branch, Dβ is the diameter of the

other branch and DF is the diameter of the feeding vessel. A typical case of separation

of RBCs when Dα = 8 µm, Dβ = 6 µm, DF = 9 µm and HD = 0.45 is shown in Fig. 2.9,

where the relationship between RBC fraction and flow fraction has a sigmoidal shape.

Note that this empirical function is highly dependent on the vessel diameters that the

curve will converge to the linear function y = x very quickly when the vessel diameter

increases. This indicates that the phase separation effect is negligible in simulating the

blood flow in large arterioles or arteries, when the diameter of the vessels is much larger

than that of RBCs. There have been some updated phase separation models by the same

authors [102, 122], which are very similar to the original model [104].

Gould and Linninger [123] recently proposed a new phase separation model and fitted it

with the same experimental data [121] using only one parameter. The Gould model [123]

is plotted in comparison with the Pries model [104] when predicting the RBC partition in

the same geometry and flow condition in Fig. 2.9. In the Gould model, the larger child

vessel (Dα) always gets more RBCs than the smaller one regardless of the flow rates.

The authors claimed that their model [123] has a better fit than the Pries model [104].
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Figure 2.9: RBC fraction in child branches as a function of the flow fraction based on

the empirical relationships proposed by [104] and [123], where Dα = 8 µm, Dβ = 6 µm,

DF = 9 µm and HD = 0.45.

However, this statement has led to a debate on which model is better in predicting the

phase separation effect [122].

In this thesis the haematocrit was assigned a constant value of 45%, since the effects

of haematocrit distribution models have been found to have secondary effects on blood

flow [88, 124]. Another reason is that the possibility that all phase separation models

[102, 121–123] over-fit the data cannot be ruled out, since the experimental data cover

just a small proportion of the parameter space. The accurate simulation of the phase

separation effect requires more in vivo experiments and efforts from new high-fidelity

simulations [118, 119]. The assumption of constant haematocrit has also been widely

implemented in other microcirculation studies [25, 27, 28, 87, 105, 106].
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2.2.6 Capillary bed as a porous medium

It is impossible to image the entire microvasculature in the human brain and to simulate

the blood flow inside it. This significantly limits the length scale of the simulation of

microcirculation. The application of homogenisation theory [59] can aid in overcoming

this barrier in converting the microvascular networks as a porous medium at the

macro-scale. The microcirculation can thus be simply modelled using Darcy’s law:

u = −K∇p (2.23)

where K is the permeability tensor.

El-Bouri and Payne [27] implemented this theory on human cerebral microvasculature

by calculating the permeability inside physiologically representative human capillary

networks as previously shown in Fig. 2.4. The same authors [28] then coupled the porous

medium model of capillary beds with the network model of penetrating vessels [87]. This

enabled the simulation of cerebral perfusion drop due to a penetrating arteriole occlusion

at the length scale comparable to an MRI voxel for the first time [28]. Reasonable

agreement was also found between the pressure drop in simulations and the tissue infarct

due to similar occlusions shown in animal experiments [76].

2.2.7 Cerebral circulation models at organ-scale

The application of homogenisation theory to the human cerebral microcirculation also

enables the perfusion simulation in the entire brain. By implementing the homogenisation

theory on three compartments: penetrating arterioles, capillaries and penetrating venules,

the cerebral perfusion can be simulated at the organ-scale as shown in Fig. 2.10 [36]. A

similar approach has also been implemented in other CBF models [35, 125, 126].

The presented perfusion model is able to simulate the ischaemic regions after an ischaemic
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Figure 2.10: Cerebral perfusion simulation at the organ-scale. Reproduced with

permission from [36].

stroke for the first time [36]. Satisfactory agreement has been shown between the whole

brain simulation and clinical images. The in silico simulation of ischaemic stroke will be

further reviewed in Section 2.4.4.

2.2.8 Active control of cerebral blood flow

The human brain is a highly dynamic system, where the energy demands vary both

spatially and temporally responding to different stimulus [127]. The cerebral blood flow

thus needs to be tightly regulated accordingly. The active control of CBF can be classified

in two types: global control and local control. A detailed review of both can be found

in Chapters 3 and 4 in [1]. Since this thesis is not focused on the active control of CBF,

only a very brief summary of these is provided here.

A key mechanism that controls the CBF globally is cerebral autoregulation [39, 128].

Cerebral autoregulation simply describes the fact that the CBF is able to be maintained

at a constant level when there is a disturbance of arterial blood pressure, and this was

first defined by Lassen [129]. This can be achieved by adjusting the vessel diameter, since

vessel resistance is proportional to the fourth power of its diameter in Poiseuille law (Eq.

2.9). However, cerebral autoregulation was found to be much more complex than that,

due to the fact that the vessels tend to constrict when the blood pressure is reduced,
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which then leads to a higher resistance and a further reduced blood flow. There are

plenty of numerical models that explain these mechanisms [130–133]. In this thesis, it is

simply assumed that the healthy cerebral autoregulation is able to maintain the perfusion

globally when there are occlusions in a relatively small part of the vasculature.

The CBF is also tightly controlled locally. One notable mechanism is known as

neurovascular coupling where CBF will rise in the regions of increased neural activity

[134]. Despite recognised roles of neurons and astrocytes in regulating the local CBF

[134], recent studies find that the pericytes respond rapidly to neural stimulus at the

time scale of a few seconds [73, 135]. A recent computational model shows that the

dilation of capillaries can happen in just 1 second after the stimulation [136]. These

studies suggest that the pericytes can play a key role in adjusting the local CBF at the

time scale of seconds.

2.3 Cerebral oxygen transport

The primary role of cerebral blood flow is to deliver oxygen and glucose to brain cells for

metabolic uses. Under oxygen-rich conditions, the aerobic metabolism consumes 6 moles

of oxygen for each mole of glucose. In another word, the oxygen shortage will usually

happen earlier than glucose shortage under ischaemic conditions. The study of oxygen

transport in the human brain is thus of great importance in understanding the metabolic

response of brain tissue under both physiological and pathological conditions.

Oxygen delivery from blood to brain tissues mainly happens at the micro-scale of

penetrating arterioles and capillaries [77, 137], due to their higher vessel density and

thinner vessel walls than arteries. In general, cerebral oxygen transport is governed by

the mass transport equation:

∂CΩ

∂t
+ v · ∇CΩ = ∇(DΩ · ∇CΩ)± SΩ (2.24)
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where CΩ is the concentration of a substrate Ω, v is the convective velocity, DΩ is the

diffusion coefficient and SΩ is the sum of production or loss of the substrate. Note that this

thesis will focus on the oxygen transport at steady state, which means ∂CΩ/∂t = 0. This

is mainly because, as found in previous studies [94, 138, 139], the dynamic response of

oxygen delivery happens at a time scale of just a few seconds. It is thus much smaller than

the time scale of minutes or hours of tissue damage progression following an ischaemic

stroke [140] that this thesis will simulate later on (Chapters 5 and 6).

In addition, the Péclet number (Pe) can be defined as the relative magnitude of advection

over diffusion:

Pe =
LcV

Dt

(2.25)

where Lc is the characteristic length, V is the average convective velocity and Dt is the

diffusion coefficient of the substrate (oxygen in this case) in brain tissue. It is usually

assumed that the diffusion can be neglected in blood vessels (Pe≫ 1) and the advection

can be neglected in brain tissue (Pe≪ 1) [1].

This section will first apply the mass transport equation (Eq. 2.24) to oxygen in both

blood vessels and brain tissue. Next, it will review the cerebral metabolic rate of oxygen

(CMRO2), which acts as a sink term of oxygen. All of these will finally be coupled in

the models of oxygen transport, where a Green’s function method will be introduced. All

parameter values used in this thesis will be listed there for convenience.

2.3.1 Oxygen transport in blood vessels

Oxygen is mainly carried by the haemoglobin in the RBCs in the blood. Since each RBC

is almost fully occupied by haemoglobin, it is normally assumed that the volume fraction

of haemoglobin equals to that of RBCs in the blood. The oxygen concentration (Cb) in

blood thus consists of two components, which are the oxygen dissolved in plasma and

the oxygen carried by haemoglobin respectively. Extra care must be taken here that the
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first component has a linear relationship with the blood PO2 (Pb), while the latter one

follows a highly non-linear relationship. Hence the total blood oxygen concentration can

be expressed as a function of blood PO2 as

Cb = αbPb + CHbHSO2 (2.26)

where αb is the blood oxygen solubility, CHb is the oxygen binding capacity per unit

volume of red blood cells, H is the haematocrit and SO2 is the oxygen saturation of

haemoglobin, which has a non-linear relationship with blood PO2.

The oxygen saturation in blood is often simulated using a Hill equation:

SO2 =
PN
b

PN
50 + PN

b

(2.27)

where N is the Hill equation exponent and P50 is the PO2 at half maximal haemoglobin

saturation. A modified Hill equation is also widely used:

SO2 = 1/(1 +
23400

P 3
b + 150Pb

) (2.28)

which is known as the Severinghaus relationship [141]. Both empirical equations are

strongly non-linear as shown in Fig. 2.11.

The oxygen transport in a blood vessel can be described in an area-averaged form of the

mass transport equation (Eq. 2.24) as

Vb
∂Cb

∂t
= Q(Cin − Cout)− 2πjRL (2.29)

where Vb is the blood volume, Cb is the volume-averaged oxygen concentration in the

blood vessel, Cin and Cout are average oxygen concentration at inlet and outlet of a vessel

and j is the oxygen flux across the vessel wall per unit area. At steady state, the model
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Figure 2.11: Comparison between Hill equation and Severinghaus equation.

can be further simplified as

Q
dCb

dz
= −qv(z) (2.30)

where qv is the oxygen diffusive efflux rate per unit length.

In order to maintain an oxygen flux through the vessel wall, a PO2 gradient at the

vessel wall is required. Assuming that the oxygen tension across each vessel cross-section

is well-mixed and the vessel wall is part of the tissue, the relationship between vessel

surface PO2 (Pv) and blood PO2 can be represented by Fick’s law:

Pv(z) = Pb(z)−Kqv(z) (2.31)

where K is the intravascular resistance to oxygen diffusion based on vessel diameter [142].
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2.3.2 Oxygen diffusion in brain tissue

Before introducing the oxygen transport in brain tissue, an assumption needs to be

made here that the oxygen diffusion in intracellular and extracellular regions can be

homogenised as a single diffusion coefficient of oxygen in brain tissue (Dt). This is mainly

due to the fact that oxygen can diffuse freely in both brain cells and interstitial fluids.

At steady state, the oxygen transport in brain tissue can thus be described by a

diffusion-reaction equation:

M = Dt∇2Ct = Dtαt∇2Pt (2.32)

where M is the metabolic rate of oxygen, Ct is the tissue oxygen concentration, ∇2 is the

Laplacian operator, Pt is the tissue PO2 and αt is the oxygen solubility in brain tissue

which describes the linear relationship between Ct and Pt.

2.3.3 Oxygen consumption in the brain

To solve for the oxygen concentration, the local metabolic rate of oxygen needs to be

determined. The oxygen metabolic rate depends on the local tissue PO2, which can be

represented by a Michaelis-Menten relationship:

M =
M0Pt

Pt + P0

(2.33)

where M0 is the maximum metabolic rate of oxygen, P0 is the Michaelis constant which

represents the tissue PO2 when M reaches half of M0. The Michaelis-Menten relationship

between local oxygen consumption and oxygen tension has been assumed in most previous

oxygen transport studies [105, 106, 143, 144]. When Pt ≫ P0, M can be seen as a constant

very close to M0. When Pt ≪ P0, M follows a linear relationship with Pt. In between

these two states, the relationship between M and Pt is non-linear.
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There are multiple techniques to measure the healthy CMRO2 (∼M0) [1], which can

lead to a large variability between different studies. Key measurements of human

CMRO2 at organ-scale are presented in Table 2.1, which show a variation from 2.8 to

3.8 cm3/(100cm3 ·min). There is also a power law that has been proposed to scale the

CMRO2 measurements in animals to that in human based on the body weight [145]:

M0 ∝ W−0.1 (2.34)

where W is the body weight. Using this relationship the CMRO2 measurements in

different animals can be scaled to equivalent CMRO2 values for a human weighting 65

kg, as long as the body weight of the animal (or the average weight of them) is known.

If the cerebral tissue density is assumed as 1.05 g/cm3 [146] and molar volume of gas

equals to 22.4 L/mol, the CMRO2 from animal studies can be converted into equivalent

human values as listed in Table 2.1. Good agreement has been shown between the human

CMRO2 and the scaled animal CMRO2 in recent studies.

2.3.4 Models of oxygen transport in microvasculature

In this section, these models will be coupled to simulate the oxygen transport in the

cerebral microvasculature. Three representative models will be introduced here, from

0D, 1D to 3D. A detailed review of models of microvascular oxygen transport can be

found in [157].

2.3.4.1 0D compartmental model

If the spatial distribution of oxygen is not of interest, the oxygen transport from blood

to tissue can be simply modelled using Fick’s law:

J =
n∑
i

KO2,i

hi

(Pb − Pt) (2.35)
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Literature CMRO2 Equivalent CMRO2 for human
[cm3/(100cm3 ·min)] [cm3/(100cm3 ·min)]

Kety and Schmidt, 1948 3.47± 0.42 3.47± 0.42
(human) [147]

Gleichmann, 1962 7.35± 2.42 5.90± 1.94
(dogs, 4.5-10 kg) [148]
Ganfield et al., 1970 8.98 6.48
(cats, 2-3 kg) [149]

Nilsson and Siesjö, 1976 7.98± 0.21 4.73± 0.12
(male rats, 290-410 g) [150]

Mintun et al., 1984 3.08± 0.39 3.08± 0.39
(human) [151]

Madsen et al., 1993 3.81± 0.49 3.81± 0.49
(human) [152]

Poulsen et al., 1997 3.83± 0.40 3.65± 0.38
(pigs, 40± 2 kg) [153]

Cui et al., 2013 6.12± 0.94 2.84± 0.44
(male mice, 20-40 g) [154]

Zhu et al., 2013 6.19± 0.38 2.81± 0.17
(male mice, 18-30 g) [155]
Henriksen et al., 2018 2.78± 0.33 2.78± 0.33

(human) [156]

Table 2.1: Cerebral metabolic rate of oxygen under healthy conditions scaled to the

equivalent values for a human with a body weight of 65 kg.

where J is the total oxygen flux across the vessel walls, KO2 is the oxygen permeability

in vessel wall and h is the vessel wall thickness. Note that the brain tissue is

essentially homogenised as a single compartment when applying Fick’s law. Hence the

compartmental model can be easily coupled with the 2D network to study the dynamic

response of cerebral blood flow and metabolism [94].

2.3.4.2 1D Krogh cylinder model

The heterogeneous distribution of oxygen concentration in the radial direction of a vessel

and its corresponding tissue region can be simulated by using the Krogh cylinder model

[158]. The model is based on several assumptions, such as steady-state conditions,

constant CMRO2, the PO2 on the vessel wall is equal to the average PO2 inside the vessel,
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each tissue region is only supplied by a neighbouring vessel and only radial diffusion of

oxygen is considered.

The reaction-diffusion equation (Eq. 2.32) can be written in a cylindrical coordinate as

Dtαt
1

r

∂

∂r
(r
∂Pt

∂r
) = M (2.36)

The boundary conditions can then be set as Pt(r = Rv) = Pb and ∂Pt/∂r(r = Rt) = 0,

where Rv is the vessel radius (starting point of diffusion) and Rt is the Krogh cylinder

radius (end point of diffusion). This leads to the solution of Eq. 2.36 as

Pt(r) = Pb +
M

4Dtαt

(r2 −R2
v)−

MR2
t

2Dtαt

ln
r

Rv

(2.37)

which gives the radial distribution of tissue PO2 around a vessel. Additionally, the oxygen

flux from the vessel wall can be predicted as

j = Dtαt
∂Pt

∂r

∣∣∣∣
Rv

=
M

2Rv

(R2
t −R2

v) (2.38)

Figure 2.12 shows the tissue PO2 along the radial direction of a vessel under different

values of blood PO2 as simulated by the Krogh cylinder model (Eq. 2.37). Care should

be taken that the Krogh cylinder model can result in negative tissue PO2 when the blood

PO2 is too low to supply the given cylindrical region. This limitation is mainly due to the

assumption of constant CMRO2, that should be reduced in hypoxic regions. A common

modified Krogh cylinder model thus couples the original model (Eq. 2.37) with the

Michaelis-Menten model of CMRO2 (Eq. 2.33). However, there is no existing analytical

solution for the modified Krogh cylinder model. There are other modified versions, such

as considering the resistance of vessel wall to oxygen diffusion or the oxygen diffusion

along the axial direction [157]. The Krogh cylinder model can aid in developing other

theoretical models [1] and analysing the oxygen imaging data at the micro-scale [159].
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However, it cannot simulate the oxygen transport in a complex realistic network.
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Figure 2.12: Tissue PO2 along the radial direction of a vessel under different values of

blood PO2 simulated by the Krogh cylinder model, where Rv = 20 µm, Rt = 100 µm,

M = 6.72× 10−4 cm3/(cm3 · s) [94, 160], Dtαt = 6× 10−10 cm3/(cm · s ·mmHg) [143,

144].

2.3.4.3 3D finite volume model

The most straightforward way to simulate the oxygen transport in a complex network in

3-dimensions is to solve the diffusion equation using one of a number of available numerical

methods [25, 107, 108, 161–165]. In a recent application, Hartung et al. [108] used a finite

volume method to simulate the blood flow and oxygen transport in rodent brain networks

constructed from in vivo two-photon images. Figure 2.13 shows good agreement between

the experimental measurements of tissue oxygenation and that simulated by the finite

volume simulations in the same cerebral microvasculature. The validation indicates that
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the in silico simulations are able to reproduce the cerebral tissue oxygenation in a realistic

network at the resolution of just 2 µm (third column of Fig. 2.13).

Figure 2.13: Comparison of tissue oxygenation fields between the experimental

measurements and the finite volume simulations. Reproduced without change from [108]

under license https://creativecommons.org/licenses/by/4.0/.

However, these methods usually require intense meshing and solving the 3D diffusion

equations, which can be very computationally expensive. This limits the applicability of

these models in studying the sensitivity of microvascular geometry on oxygen transport,

when extensive simulations need to be performed.

2.3.5 Green’s function method

Analytical (or semi-analytical) methods are more computationally efficient to simulate

the oxygen transport in microvasculature. Since the oxygen diffusion equation is a linear

partial differential equation (PDE), it can thus be solved using a Green’s function method

[144, 166], which has been implemented in several recent studies [105, 106, 167, 168]. All

parameter values used in the Green’s function methods are listed in Table 2.2.
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Parameter Description Value

CBFh Healthy perfusion in grey matter 55 mL/100g/min [36, 147, 169]

CHb Oxygen binding capacity of red

blood cells

0.5 cm3/cm3 [144]

Dtαt Product of oxygen diffusivity and

solubility in brain tissue

6× 10−10 cm3/(cm · s ·mmHg)

[143, 144]

H Haematocrit of inflow blood 0.45 [27]

K Intravascular resistance to oxygen

diffusion

0.73− 2.45 mmHg · µm · s/µm3

based on the vessel diameter

[106, 142]

M0 Maximum oxygen consumption rate 6.72× 10−4 cm3/(cm3 · s) [94, 160]

N Hill equation exponent 3 [144, 170]

P0 Michaelis constant for oxygen

consumption

10.5 mmHg [105, 171]

P50 PO2 at half maximal haemoglobin

saturation

38 mmHg [144, 170]

αb Effective solubility of oxygen in

blood

3.1× 10−5 cm3/(cm3 ·mmHg) [144]

ρt Brain tissue density 1.05 g/cm3 [146]

Table 2.2: Modelling parameters used in the Green’s function method.

In the Green’s function method, the blood vessels are represented by discrete oxygen

sources. The tissue region is divided into small cuboidal elements, each of which is

represented by a point at its centre acting as an oxygen sink. Inside each tissue element,

the metabolic rate of oxygen is assumed homogeneous and only dependent on the oxygen

tension at centre point. According to the potential theory, Green’s functions can be

defined between these oxygen sources and sinks. Therefore, tissue PO2 can be simulated

41



as a superposition of all sources.

According to the potential theory, a Green’s function G(x,x∗) can be defined between a

point source x∗ = (x∗
1, x

∗
2, x

∗
3) and a point in the tissue x = (x1, x2, x3) as

Dtαt∇2G = −δ3(x− x∗) (2.39)

where δ3 is a three-dimensional Dirac delta function. In an infinite domain (as |x−x∗| →

∞, G(x,x∗)→ 0), the solution for the Green’s function is

G(x,x∗) =
1

4πDtαt|x− x∗|
(2.40)

By integrating the oxygen potentials from all sources, the potential at x is

P (x) =

¨
Sources

G(x,x∗)q(x∗)dx∗ (2.41)

where q(x∗) is the distribution of source strengths.

For each blood vessel, it can be assumed that the source distribution over the vessel

surface depends only on the axial position (z) but not on angular position (θ). Hence

Eq. 2.41 can be rewritten as

qv(z) =

ˆ L

0

G(z, z∗)q0(z
∗)dz∗ (2.42)

for a single vessel, which can also be extended to a network easily by summing the

integration for all vessels. In Eq. 2.42, q0(z
∗) = 2πr · q(z∗, θ∗) is the distribution of

source strength per unit length and G(z, z∗) is an averaged Green’s function calculated
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by integrating G(z, θ; z∗, θ∗) over the angular positions θ and θ∗:

G(z, z∗) =
1

4π2

ˆ 2π

0

ˆ 2π

0

G(z, θ; z∗, θ∗)dθ∗dθ

=
k

4π2r

ˆ 1
2
π

0

1√
1− k2 sin2 θ

dθ

(2.43)

which is an elliptic integral with an eccentricity k =
√

4r2

(z−z∗)2+4r2
. Since oxygen flux

through vessel wall at each axial position has been solved by Eq. 2.42, PO2 along each

vessel surface can now be solved by using inlet blood PO2 and Eq. 2.31.

From the PO2 values on the vessel surfaces, which also act as the boundaries of tissue

region, the oxygen diffusion can now be simulated easily using Green’s functions (Eq.

2.40). Firstly, for a network that has m vessel segments and n tissue elements, four

Green’s function matrices need to be defined: an m×m Gvv matrix for PO2 on the

surface of a vessel caused by PO2 on the surface of another vessel, an m×n Gvt matrix

for PO2 on the surface of a vessel caused by PO2 of a tissue element, an n×m Gtv matrix

for PO2 of a tissue element caused by PO2 on the surface of a vessel and an n×n Gtt

matrix for PO2 of a tissue element caused by PO2 of another tissue element. The centre

location of a vessel segment or a tissue element is used when calculating the distance

between any two of them that the Green’s function depends on. One exception to this is

the diagonal term of Gvv matrix, which should use the elliptic integration that has been

introduced before. These matrices are purely based on network geometry, so they only

need to be calculated once for each network.

Next, the vessel surface PO2 of segment i can be obtained by superposing the Green’s

functions:

Pv,i =
m∑
j=1

Gij
vvqj −

n∑
j=1

Gij
vtϕj +G0 (2.44)

where qj is the source strength of vessel segment j, ϕj is the source strength of tissue

element j and G0 is a constant that imposes a total no-flux boundary condition on the
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domain boundary, which will be solved in each iteration based on conservation of mass.

Similarly, the tissue PO2 of element i can be calculated as

Pt,i =
m∑
j=1

Gij
tvqj −

n∑
j=1

Gij
ttϕj +G0 (2.45)

There are currently m + n + 1 unknown variables, which are PO2 of m vessel segments,

PO2 of n tissue elements and the Green’s function constant G0. These variables can be

solved from Eqs. 2.44 for m vessel segments, Eqs. 2.45 for n tissue elements and the

relationship that total oxygen delivery equals to total oxygen consumption:

m∑
j=1

qj =
n∑

j=1

ϕj (2.46)

Hence the steady state oxygen transport in the microvascular network can now be solved.

The computational cost of Green’s function method is significantly cheaper than that of

the traditional finite difference methods, especially in a complex network. This is mainly

because that the 3D diffusion equations are transformed into 1D Green’s functions, which

only need to be calculated once at the beginning of the simulation.

The Green’s function can be implemented on microvascular networks using an open-source

C++ package2 developed by Secomb et al. [144]. Figure 2.14 shows a recent application

of the Green’s function method in a microvascular network in the mouse brain [106].

The same method will be applied to the human networks later on in this thesis. All

Green’s function simulation scripts needed to simulate oxygen transport in the human

brain (which will be presented in Chapters 3 and 4) can be found in an online repository3.

2https://physiology.arizona.edu/people/secomb/greens
3https://github.com/YidanXue/cerebral_oxygen_transport
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Figure 2.14: Oxygen transport and tissue oxygenation simulated by the Green’s function

method in a mouse cerebral microvasculature. Reproduced with permission from [106].

2.4 Stroke and its modelling

Having introduced the models of cerebral blood flow and oxygen transport at the

micro-scale, this section will discuss how these models can be linked to macro-scale
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simulations and their wider clinical applications. This section will first review ischaemic

stroke and its treatment. Then it will introduce the medical imaging of stroke and the

current clinical challenges of ischaemic stroke. Finally, this section will discuss how in

silico models of ischaemic stroke can aid in optimising the stroke treatment.

Stroke is one of the leading causes of death and disability in the world. Just in the UK,

about 100,000 strokes occur each year [1]. There are mainly two types of stroke, namely

ischaemic stroke and haemorrhagic stroke, which account for 85% and 15% of cases,

respectively. The ischaemic stroke is usually caused by the occlusion of a major artery that

leads to hypoperfusion in brain tissue. The haemorrhagic stroke is caused by the rupture

of blood vessels and the resulting bleeding, which results in an increase in intracranial

pressure and then a reduction in CBF. Since this thesis mainly develops models in the

context of ischaemic stroke, the review will thus focus on it and its models. For modelling

of haemorrhagic stroke, the reader is referred to other recent works [172, 173].

2.4.1 Ischaemic stroke and clinical interventions

The rate of survival following an ischaemic stroke is relatively high, but stroke patients are

very likely to have certain levels of disability after the treatment, which will significantly

reduce their quality of life [1]. Scoring systems have been developed to quantify the

patient’s disability after the stroke treatment to test its effectiveness. The most commonly

used scale is known as the modified Rankin scale (mRS), which is a 7-point scoring

system ranging from 0 (no symptoms) to 6 (death) [174]. The mRS has been used in

recent clinical trials incluing MR CLEAN [4] and HERMES [175]. Figure 2.15 shows the

mRS in patients with intra-arterial treatment plus usual care (intravenous administration

of alteplase) or usual care alone at 90 days after the stroke onset in the MR CLEAN

project [4]. The patients with intra-arterial treatment are more likely to have better

functional outcomes (lower mRS), although the mortality rate is not significantly affected

(mRS = 6).
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Figure 2.15: The modified Rankin scale in patients with intra-arterial treatment plus

usual care (intervention group) or usual care alone (control group) at 90 days after the

stroke onset in the MR CLEAN project. Reproduced with permission from [4], Copyright

Massachusetts Medical Society.

There are currently two types of intra-arterial treatment, which are thrombectomy and

thrombolysis. Thrombectomy removes the clot from the occluded blood vessels using

mechanical devices. The other one is thrombolysis, which injects thrombolytic drugs to

dissolve the blood clot. These intra-arterial treatments have recently been shown to be

effective within the first few hours of the stroke onset [4, 175–177]. However, it remains

controversial whether the combined therapy of thrombectomy and thrombolysis leads to

better or worse clinical outcome than using thrombectomy alone [178].

2.4.2 Medical imaging of stroke

Medical imaging plays a key role in decision making and outcome assessment for the

treatment of ischaemic stroke, since it can be used either to measure properties of the

vasculature or to identify the regions of ischaemic tissue. A detailed overview of imaging

techniques for brain perfusion measurements can be found in [179]. When imaging

47



ischaemic stroke, CT and MRI are preferred over other imaging techniques, since they

are faster and less invasive [1, 180].

2.4.2.1 Computed tomography

Computed tomography uses rotating X-rays to build 2D images of the brain, which

can be stacked to reconstruct a 3D image. Contrast agents are always used with

CT to enhance the imaging of the blood. Xenon (Xenon-enhanced CT) and iodine

(perfusion CT) are the most commonly used contrast agents, which can be administered

by inhalation and injection respectively. Xenon-enhanced CT can measure the CBF with

a spatial resolution of up to approximately 4 mm, while perfusion CT can measure CBF,

cerebral blood volume (CBV) and mean transit time (MTT) with a spatial resolution

of up to approximately 1-2 mm [179]. The short half-life of inhaled Xenon enables

Xenon-enhanced CT to be used for repeatable tests to investigate the brain physiology.

On the other hand, perfusion CT is an ideal choice for emergency departments, due to

its shorter scan time, better resolution and ability to measure CBV and MTT [179]. The

ischaemic region often shows an increase in MTT and a decrease in CBF and CBV [1].

Measurements of CBF and CBV are extremely useful in identifying core and penumbra,

which will be introduced in Section 2.5.2.1.

2.4.2.2 Magnetic resonance imaging

Magnetic resonance imaging can measure the CBF by applying a perpendicular magnetic

fields and measuring the rotation of the magnetic moment of protons in water.

Time constants of the magnetic moment relaxation, which strongly depend on tissue

composition, can be measured in the brain to distinguish different tissue types. In

general, MRI provides maps of intensity based on the number of protons in each pixel [1].

Following an ischaemic stroke, the ischaemic core usually shows a reduction of apparent

diffusion coefficient of water, caused by depolarisation of brain cells due to energy failure.

This phenomenon leads to the use of diffusion-weighted imaging (DWI), which can provide
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an early evaluation for stroke patients. In addition, DWI (regions of dead tissue) can

be compared against perfusion-weighted imaging (regions of hypoperfusion), where the

mismatch between the two is regarded as the salvageable tissue that is hypo-perfused but

not dead yet [1].

Magnetic resonance imaging can measure CBF, CBV and MTT with a spatial resolution

of up to approximately 2 mm [179]. It is able to identify the region of risk by using

a threshold of signal intensity, but there is no common protocol on how to divide the

regions of irreversible and reversible tissue damage based on the signal [179]. In addition,

the lesions identified on DWI are sometimes found to be reversible [181]. Compared

with CT, MRI has the other disadvantages of longer scan time and not being applicable

to patients with a pacemaker or other implanted metallic devices in imaging ischaemic

stroke [1, 179].

2.4.3 No-reperfusion phenomenon and microembolism

Favourable functional outcomes cannot always be achieved after thrombectomy [4, 175–

177]. As shown in Fig. 2.15, even after the intra-arterial intervention, about half of

the patients are not able to walk without assistance (mRS > 3). One reason for this is

the fact that patients tend to have different collateral flow status following an ischaemic

stroke [70], primarily due to the variations in the circle of Willis in the population [68, 69].

Another reason is that the clinical outcome is highly dependent on the treatment time

[175], since infarct can form in one hour in the ischaemic core [140]. Moreover, many

patients cannot fully restore their brain tissue perfusion even after the clot is removed

from the occluded vessel, which is known as the no-reperfusion phenomenon [61, 62, 182].

The reasons for no-reperfusion remain unclear, although there are many hypotheses

including microembolisms caused by clot fragmentation [29, 60, 183], capillary

constriction controlled by pericyte contraction and death [135, 184], flow stalls in

capillaries [185, 186] and tissue oedema resulting from blood-brain barrier disruption
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[42, 187]. One challenge in understanding the no-reperfusion phenomenon is that all

these hypotheses involve abnormal changes in the microvasculature, which are far below

the resolution of clinical images. Both animal models and numerical models have thus

been developed to bridge this ‘imaging gap’.

At the micro-scale, subtle geometrical or topological changes in the microvasculature

will lead to local ischaemia and infarct, due to the close coupling between brain cells

and microvasculature. Through the use of rodent models, recent experiments [55, 76]

have showed that microembolisms could induce ischaemia, hypoxia and infarct formation

at the micro-scale. In the same rat model of microembolism, Georgakopoulou et al.

[56] further investigated the spatial relationship between the hypoxic regions and the

occlusion sites. It is slightly surprising that considerable hypoxic regions formed distally

from the occlusion locations as shown in Fig. 2.16, since the mini-stroke experiment

[76] observed localised tissue infarction after the occlusion of a penetrating arteriole. A

potential explanation is that the 15 µm and 25 µm microspheres occluded the branches

of penetrating arterioles [56] instead of the entire arteriole tree [76], which would lead

to a different mechanism of hypoxic tissue damage. The differences between these two

experiments and the spatial analysis of the hypoxic regions will be further discussed in

Chapter 4.

In addition, the tissue response to microembolism is not purely passive. Recovery of

hypoxic and ischaemic regions was observed in the rat brain in 7 days following the

microembolism [55]. One possible explanation to the recovery mechanism is that the

microemboli can be extravasated, so that the occluded blood vessels can be recanalised

as shown in Fig. 2.17 [53, 54, 188–190]. One piece of evidence supporting this hypothesis

is that more than half of the microemboli can be extravasated within a week [53, 54, 190],

which agrees with the time scale of tissue recovery [55].
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Figure 2.16: The distant effects between the hypoxic regions and the occlusion sites,

where 3D occlusion locations (black) and 3D hypoxic regions (red) are plotted on a 2D

plane. Reproduced without change from [56] under license https://creativecommons.

org/licenses/by/4.0/.

2.4.4 In silico models of ischaemic stroke

Novel treatments are continuously being explored and developed to improve the clinical

outcome of stroke patients. Testing the safety and efficacy of these new treatment
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Figure 2.17: Extravasation of microemboli from the blood vessels in the rat brain.

Reproduced with permission from [53].

techniques usually requires pre-clinical animal experiments and clinical trials, which

can be very expensive and time-consuming, due to the fact that the rate of successful

translation from animal models to humans is really low [191, 192]. Additionally, the brain

pathophysiology following an ischaemic stroke has been shown to be highly complex

and remains poorly understood. To aid in optimising stroke treatments and better

understanding the stroke mechanisms, in silico models of ischaemic stroke have been

developed.
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The INSIST project aims to build computational models of ischaemic stroke through

multi-centre multidisciplinary collaborations [44]. The project has developed models of

virtual stroke patients4, thrombosis and thrombolysis [45], thrombectomy [16, 46] and

CBF and tissue damage [29, 36, 37, 47, 48]. The CBF models will be the focus here,

since they will be coupled with the tissue health models developed in this thesis.

At the micro-scale, as mentioned in previous sections, the perfusion drop caused by a

single penetrating arteriole occlusion has been simulated in a voxel at the length scale

comparable to the MRI resolution [28]. Using the same vascular models [27, 87], the

effects of cerebral microemboli on microvascular permeability can be quantified in cortical

columns [29], enabling its coupling with the organ-scale models [36]. The study also

suggests that the impact of microthrombi on cerebral reperfusion is highly dependent on

the thrombectomy techniques and the microvascular geometry. Note that there are also

other models on the effects of micro-occlusions on perfusion [111, 193].

However, none of these models simulates the effects of micro-occlusions on oxygen

transport and tissue damage, which limit their application and potential validation

against animal microembolism experiments on hypoxic tissue damage [55, 56]. Despite

strong correlations between hypoxia and ischaemia, it cannot simply be assumed that

the hypoxic region can be represented by the ischaemic region at the micro-scale. This

is partly due to the fact that the blood pressure difference, which drives the blood flow,

only contributes to the advection term of oxygen transport but not to the diffusion term

(Eq. 2.24). For instance, in the absence of the blood pressure gradient, oxygen can

still diffuse up to 100 µm in the radial direction of a vessel as previously shown in the

Krogh cylinder model (Fig. 2.12). Hence in addition to existing blood flow models, new

oxygen transport models are necessary to simulate the cerebral tissue hypoxic response

to microemboli. These oxygen transport models will be developed in Chapters 3 and 4.

At the macro-scale, the CBF can be simulated by coupling the 1D blood flow model

4https://mdmtest.shinyapps.io/INSIST-VP/
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for large arteries [37] with the 3D perfusion model representing the microvasculature

[36]. As shown in Fig. 2.18, the cerebral perfusion model is able to simulate the

tissue hypoperfusion following a right middle cerebral artery (MCA) occlusion, where

the simulated ischaemic region matches the CT scan of a MCA stroke patient one week

after the treatment [36]. Its ability to capture perfusion changes following an ischaemic

stroke and its treatment at the organ-scale enables the development of other in silico

clinical trials.

Despite this, these passive models are not able to simulate the time-dependent tissue

damage progression, which includes effects of treatment time on infarct formation due

to ischaemia, tissue recovery after treatment, and secondary tissue damage caused by

no-reperfusion. It limits their application in optimising the stroke treatment techniques.

As a result novel cell death models are required to couple with these stroke models to

simulate the time-dependent tissue damage. Before introducing the development of cell

death models in Chapters 5 and 6, the mechanisms and models of cerebral tissue damage

will be introduced.

2.5 Cerebral tissue health

This section will review the cerebral tissue damage following an ischaemic stroke. It

will first introduce the cerebral metabolism. Then it will discuss the cerebral tissue

damage under ischaemic conditions at different scales. Lastly, existing cell death models

of ischaemic stroke will be reviewed.

2.5.1 Cerebral metabolism

Inside the brain, there is a special layer of tight junctions of endothelial cells between

blood vessels and tissues, which is called the blood brain barrier (BBB) [194]. Small

molecules like water, oxygen and carbon dioxide can diffuse freely into the tissue through

the BBB. However, the transport of larger molecules, like glucose, is regulated by the
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Figure 2.18: Cerebral perfusion after a right middle cerebral artery occlusion in

simulations using isotropic (a-c) or anisotropic (d-f) permeability fields and clinical images

(g-i). Reproduced with permission from [36].

BBB, and thus usually depends on the presence of certain transporting proteins [195].

After passing through the BBB, oxygen and glucose are taken by brain cells to produce

adenosine triphosphate (ATP), which acts as an energy ‘currency’. Based on the energy

budget model [196, 197], about 75% of these ATP molecules are consumed by information
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processing activities. When there is sufficient oxygen, the aerobic metabolism of 1 mole

glucose and 6 moles oxygen can produce about 36 moles of ATP. In the absence of

oxygen, however, 1 mole of glucose can only produce 2 moles of ATP through anaerobic

metabolism. Thus ATP production will be largely reduced in hypoxic conditions, which

can lead to energy impairment of brain cells.

In general, the brain cells can be categorised into neurons and glial cells. Neurons are

basic elements for brain signalling, supported by glial cells both physically and chemically

[198]. The close metabolic coupling between neurons and glial cells has been simulated

in previous studies [20, 22, 199]. Recent studies also suggest that astrocytes (one type of

glial cells) are highly involved in neural activities, especially in regulating the structure

of the neural network and processing of calcium ions [200, 201]. One major difference

between neurons and glial cells is that the neurons have very limited energy storage, due

to the fact that they cannot synthesise glycogen. This indicates that the neurons are

extremely vulnerable, when the energy supply is interrupted.

2.5.2 Cerebral tissue damage due to ischaemia

Ischaemic stroke will usually disturb the energy supply in the territory downstream of

the occluded artery. The energy impairment can then lead to tissue damage happening

at different length scales and time scales. In addition, clinicians usually have different

definitions for the status of cerebral tissue damage, which adds extra complexity in

understanding the ischaemic tissue damage in the human brain.

2.5.2.1 Concepts of brain tissue damage used by clinicians

The brain tissue with ischaemic damage can usually be identified as core or penumbra.

The corresponding volumes of these tissue damage are important factors used in clinical

studies. As shown in Fig. 2.19, the core is usually at the centre of the ischaemic region

and surrounded by the penumbra [58]. Due to the large reduction in CBF, the brain
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cells in the core will depolarise, which can lead to irreversible cell damage in a very short

time [58]. The penumbra region, however, experiences a relatively mild reduction in CBF

that will lead to increased OEF and dysfunction of brain cells, but with the potential

for recovery [58, 66]. Although the concepts of core and penumbra are still controversial

[202], this thesis is based on the working hypothesis that core and penumbra represent

the tissue with irreversible and reversible tissue damage. The volume of irreversible tissue

damage is usually measured by noncontrast CT at 3-9 days after the stroke onset, which

is regarded as a key criteria of clinical outcome and known as the final infarct volume [4].

Figure 2.19: Morphology and biochemistry of core and penumbra. Reproduced with

permission from [58].

In clinical practice, the identifications of core and penumbra also depend on imaging

techniques and selection criteria [66, 203–205]. Since the simulation results in this thesis

will be validated against the clinical data from the MR CLEAN project [4], the selection

criteria for CT perfusion imaging used by MR CLEAN are listed here. In MR CLEAN, the

core is the tissue with CBV below 1.2 mL/100g [206] and the penumbra is the tissue with

CBF below 27 mL/100g/min [207]. Note that the same criteria are used here for both grey

matter and white matter, despite differences in their baseline perfusion [208]. Another

point to note is that CBF and CBV are both perfusion-related quantities, the medical

imaging of which represents the distribution of blood supply deficiency instead of that of

tissue damage. These two maps can be converted into each other by assuming constant

perfusion between stroke onset and treatment, as well as the prior knowledge of final
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tissue outcomes under different perfusion values [209]. However, the simple conversion

from perfusion to tissue damage neglects the temporal mechanisms of cell death, which

will become a significant limitation when investigating the effects of treatment time on

tissue recovery and final clinical outcome.

2.5.2.2 Progression of cerebral ischaemic injury at different scales

Cerebral ischaemic injury has a highly non-linear relationship with both time and

perfusion. To illustrate these non-linear dynamics, animal experiments are reviewed here

ranging from the cellular scale to the organ scale.

As shown in Fig. 2.20, Garcia et al. [65] investigated the percentage of neurons in

intact, ischaemic and necrotic states in the ischaemic hemisphere at different time points

following a right MCA occlusion in the rat brain. A highly non-linear cellular response to

ischaemia is shown in that the neurons become ischaemic very quickly in the first 4 hours

(in a relatively linear way), while the necrosis happens in only 10% of the cells in the

same period. However, the percentage of necrotic cells rises sharply after that, from 15%

at 6 hours to 65% at 12 hours. This study provides temporal and quantitative results

on the cellular response to ischaemia from intact to ischaemic and finally to necrotic

tissue. Moreover, its observations support the assumptions of 3 cellular states of healthy,

vulnerable and dead as used in previous cell death models [210]. By using more than

150 rats, this study also investigated the percentage of necrotic neurons and ischaemic

regions over a period of up to 7 days following the right MCA occlusion, which can be

useful in studying the longer term effects of ischaemic stroke on tissue damage. However,

the data in this study are unsuitable to fit the parameters of a perfusion-based cell death

model, due to the lack of perfusion measurements.

In another study using monkey models, Jones et al. [64] studied the infarct formation

threshold of perfusion at different times after a MCA occlusion as shown in Fig. 2.21.

The threshold was found to have a sigmoidal shape in that no infarct forms even in the
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Figure 2.20: Percentage of neurons in intact, ischaemic and necrotic states in the

ischaemic hemisphere at different time points following a right MCA occlusion in rats.

Reproduced with permission from [65].

regions where the perfusion drops to about 2 mL/100g/min, followed by a linear increase

towards a perfusion threshold of 18 mL/100g/min, above which no infarct forms even

under a permanent occlusion. The experimental data (dashed curve) shown in Fig. 2.21

will be used to fit cell death models in Chapter 6, since they include information for

both perfusion and time. However, it should be noted that the sigmoidal curve is only a

prediction from limited temporal data points.

Lastly, it is worth examining how these local non-linear tissue responses lead to infarct

progression at the organ-scale. Dijkhuizen et al. [211] used a rat model and DWI to

measure the volume fraction of ischaemic tissue (tissue with a reduced apparent diffusion

coefficient of water) in the ischaemic hemisphere from 0.5 to 6 hours after a MCA

occlusion. The experiments found a sharp increase of ischaemic tissue fraction from
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Figure 2.21: The infarction threshold of perfusion at different times following a MCA

occlusion in monkeys. Reproduced with permission from [64].

0 to 18.4% in the first 45 minutes, which is then followed by a linear increase to 33.7%

at 5 hours after the occlusion. This study suggests that there is likely to be a two-phase

ischaemic damage mechanism at the organ-scale, and that the ischaemic core forms very

quickly in the regions of severe hypoperfusion, followed by a slow expansion of damage

in the neighbouring tissue.
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2.5.3 Cell death models of ischaemic stroke

Due to the complexity of tissue injury responses to ischaemia, only a few computational

models have been developed to simulate the tissue damage following an ischaemic stroke

[21, 40, 41, 212–218]. The inputs of these models include blood flow, oxygen and glucose

supply and neural activity. The model output is usually tissue viability. These models

have struck different balances between complexity and computational efficiency, while

some models are built from detailed cellular metabolism [21, 40, 41] and others focus

on the damage mechanisms [212, 213, 215]. However, only one model is coupled with a

3D brain geometry model [40] and none of these models has been validated against or

completely fitted to the experimental data, which limits their applications significantly.

The main reason for such limited validation is that most of these models have tens of

parameters, some of which are essentially impossible to be measured in vivo. Another

reason is that the temporal data of cerebral ischaemic tissue damage to fit these

time-dependent models are in fact very limited. Most of these experiments with good

temporal data have been reviewed in Section 2.5.2.2. Hence simplified cell death models

are necessary to build a validated pipeline of in silico simulation of ischaemic stroke, with

insights from validated cell death models on other biomedical problems [210]. These new

models will be introduced in Chapters 5 and 6.

2.6 Summary

In this chapter, an overview of the cerebrovascular system is first presented, focusing on its

multi-scale structure from major arteries down to capillaries. At the micro-scale, models

of cerebral blood flow and oxygen transport have been reviewed and discussed. Next, this

chapter introduces the ischaemic stroke, a scenario that these micro-scale models can be

applied to, and its current clinical challenges. To aid in addressing these challenges,

in silico models have been developed, which are now able to simulate the perfusion

61



change at the organ-scale following an ischaemic stroke. Finally, the cerebral tissue

damage responding to ischaemia is reviewed, highlighting the significance of developing

novel cell death models and coupling these models with the current macro-scale blood

flow models, to enable their wider applications in time-dependent simulations of cerebral

tissue damage.

Based on these previous studies, this thesis will develop new models to study the effects

of cerebral microembolism on oxygen transport in Chapters 3 and 4 in Part I. It will

then move to the macro-scale to simulate the impact of cerebral ischaemia and hypoxia

on tissue damage in Chapters 5 and 6 in Part II.
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Part I

Micro-scale: Oxygen transport and

microembolism
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Chapter 3

Modelling the effects of cerebral

microemboli on oxygen transport

and tissue oxygenation

The work presented in this chapter has been published in [219]: Xue, Y., El-Bouri, W.

K., Józsa, T. I. & Payne, S. J. Modelling the effects of cerebral microthrombi on tissue

oxygenation and cell death. Journal of Biomechanics 127, 110705 (2021).

Abstract

Thrombectomy, the mechanical removal of a clot, is the most common way to treat

ischaemic stroke with large vessel occlusions. However, perfusion cannot always be

restored after such an intervention. It has been hypothesised that the absence of

reperfusion is at least partially due to the clot fragments that block the downstream
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vessels. This chapter presents a novel model to quantify the effects of cerebral

microthrombi on oxygen transport to tissue in terms of hypoxia and ischaemia. The

oxygen transport was simulated with the Green’s function method on physiologically

representative microvascular cubes, which was found independent of both microvascular

geometry and length scale. After microthrombi occlusions, the tissue hypoxic fraction

can be described as a sigmoidal function of vessel blockage fraction. The quantitative

relationship between microthrombi and tissue hypoxia is now possible to be implemented

in the whole brain model or coupled with a cell death model to model the tissue damage

as a function of time. This will play a significant role in in silico models of ischaemic

stroke and thrombectomy.

3.1 Introduction

Stroke is one of the leading causes of death and disability in the world, while ischaemic

stroke accounts for about 85% of cases [220]. During ischaemic stroke, large vessel

occlusions lead to a significant reduction in cerebral blood flow (CBF) to regions of

the brain and hence to brain tissue death [58]. Thrombectomy, the mechanical removal

of a clot, is the most common surgical treatment to recanalize the vessel [176]. It

remains unclear why complete reperfusion cannot always be achieved after mechanical

recanalization. It has been hypothesised that the absence of reperfusion may be caused

by downstream micro-occlusions, blood–brain barrier disruption or brain oedema [182].

In this chapter, the impact of microthrombi, which fragment off large clots during

thrombectomy [60, 182, 183], on tissue oxygenation and health is investigated.

Due to the limited resolution of current imaging techniques, it may not be possible to

monitor microthrombi occlusions inside the human cerebral microvasculature, and hence

to study the related clinical outcomes [183, 221, 222]. Rodent models have thus been

widely used to investigate cerebral microembolisms and micro-infarcts but these studies

rely on assumed similarity between the human and rodent cerebral vasculature [53, 74–76].
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In silico modelling can be used as an alternative to study the effects of microthrombi on

human brain tissues. Previous in silico microvasculature models include the capillary

beds [25, 27, 89] and penetrating vessels [25, 87] generated from morphological data of

the human cortex [23, 26, 79]. Recently, the effects of a penetrating vessel occlusion were

simulated for the first time at a length scale comparable to that of MRI voxels, which

can be directly validated against clinical images [28].

The multidisciplinary INSIST project aims to build a computational platform to evaluate

medical interventions and devices for ischaemic stroke treatments [44]. As part of the

project, virtual patients with organ-scale brain models are developed to simulate blood

flow, oxygen transport and infarct progression during an ischaemic stroke [36, 37]. A

model that simulates clot fragmentation and the resulting effects on perfusion and oxygen

transport can be directly coupled with the current whole brain model to investigate the

reasons for reperfusion failure after thrombectomy.

In silico models have been proposed to determine the impact of microthrombi occlusions

on perfusion in the microvasculature [29, 111, 193]. Previously, the effects of clot

fragmentation on perfusion after thrombectomy have been studied [29]. The clot

fragmentation and micro-emboli shower simulations were based on in vitro experimental

data [60]. Blood flow was modelled inside statistically representative microvasculature

models, including penetrating arterioles and capillaries [27, 28, 87]. The perfusion drops in

microvascular voxels and cortical columns and their relationships with different blockage

percentage were investigated. However, none of the aforementioned models simulate the

impact of microthrombi on tissue oxygenation and cell death which is necessary to validate

our in silico whole brain model against clinical imaging data from post-thrombectomy

patients.

In this chapter, the Green’s function method [144, 166] is applied on physiologically

representative capillary cubes [27] to investigate the effects of microvascular geometry
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and length scale on cerebral oxygen transport. In addition, the work presented in this

chapter aims to answer how cerebral perfusion and tissue oxygenation respond to different

degrees of micro-occlusions quantitatively. The simulation results of tissue hypoxia at the

micro-scale can be used as inputs for cell death modelling in the organ scale models, which

will be introduced in Chapter 5.

3.2 Methods

The methods used in this chapter will be presented here. The section will start by

introducing the vascular networks and blood flow simulation. Then, the Green’s function

method for oxygen transport simulation will be introduced. Finally, the micro-occlusion

simulations will be presented. Most of the models used in this chapter can be found in

Chapter 2. All key parameters used in this chapter have been summarised and referenced

in Table 2.2.

3.2.1 Capillary networks and blood flow simulation

Statistically representative human capillary networks are used here for blood and oxygen

transport simulations [27]. Blood flow was simulated through these networks using

Poiseuille’s law assuming a constant haematocrit of 45%. The perfusion in each capillary

cube was scaled to 55 mL/100g/min under healthy conditions [36, 147, 169]. Details of

capillary networks and blood flow simulation can be found in Sections 2.1.2 and 2.2.3.

3.2.2 Oxygen transport simulation

Oxygen delivery from microvasculature to tissue was simulated using the well-established

Green’s function method [144, 166]. In Green’s function simulations, oxygen transport

and metabolism depend on PO2 both in the blood vessels and the tissue. Oxygen

transport was simulated by an integration of oxygen strength fields acting on each

cubic tissue region. The cerebral metabolic rate of oxygen was assumed to follow a
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Michaelis-Menten relationship dependent upon tissue PO2 (Eq. 2.33). The relationship

between the blood oxygen saturation and the blood PO2 was assumed to be described by

a Hill equation (Eq. 2.27). The governing equations of these models are summarised in

Section 2.3.

The inlet PO2 (PO2, in) was then varied from 13 mmHg to 50 mmHg in steps of 1 mmHg

in each capillary cube, in order to explore a wide range of values. After running the

simulation, PO2 and oxygen consumption were analysed to obtain the average tissue

PO2, hypoxic fraction (taken here to be the fraction of tissue at a value of PO2 below

10 mmHg) [55], CMRO2 and oxygen extraction fraction (OEF, fraction of blood oxygen

taken by tissue). An example capillary cube and its Green’s function solutions under

both normal and hypoxic conditions are shown in Fig. 3.1.

3.2.3 Microthrombi simulation inside the microvasculature

To mimic the presence of microthrombi inside the microvasculature, random occlusions

were introduced in selected vessels of a 375 µm capillary network. A specified number of

vessels was occluded to give a blockage fraction ranging from 1% to 20% in steps of 1%

(rounded to the closest integer). At each blockage fraction, 5 different simulations were

carried out with PO2, in set to be 40 mmHg [77]). Hence a total of 100 micro-blockage

simulations have been run in this study.

In order to maintain network periodicity, the vessels connected to boundary nodes

were excluded from occlusions. In addition, any occlusion simulation that divided the

network into multiple isolated parts was disregarded to keep the connectivity, so that the

conductance matrix (Eq. 2.11) remained invertible and the flow could be solved with the

existing algorithm [27]. For the same purpose, the maximum blockage fraction was set

as 20%.

After randomly blocking the vessels, the perfusion was simulated with the same pressure
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drop along the capillary cube as applied under healthy conditions, based on the

assumption of normal cerebral autoregulation [39]. The same Green’s function simulation

and data post-processing were performed as described earlier.

3.2.4 Numerical procedure

The linear equations governing the blood flow were solved in MATLAB R2019b

(MathWorks, USA)1. The oxygen diffusion–reaction equations were simulated by Green’s

function methods using the publicly available implementation2, written in C++ and

recently applied to oxygen delivery [105, 106]. Curve fitting (non-linear least square

optimization in SciPy), ordinary differential equations solving (integrate library in SciPy)

and post-processing were carried out in Python [223].

3.3 Results

3.3.1 Green’s function simulation in capillary cubes

A typical 375 µm capillary cube is shown in Fig. 3.1a, where the blood vessel diameter

is represented by the line thickness. Figures 3.1b and 3.1c display the 3D tissue

PO2 distributions in the same capillary network simulated by the Green’s function

method under healthy condition (PO2, in = 40 mmHg) and hypoxic condition (PO2, in =

20 mmHg) respectively. Figures 3.1e and 3.1f show the tissue oxygenation on a horizontal

plane placed at the centre of the cube (Fig. 3.1d), where black crosses are the intersecting

points between the blood vessels and the plane. The tissue oxygenation is distributed

heterogeneously in the capillary cube and closely correlated with the microvascular

geometry.

1This code has been written for [27]: El-Bouri, W. K., Payne, S. J. Multi-scale homogenization of
blood flow in 3-dimensional human cerebral microvascular networks. Journal of Theoretical Biology 380,
pp.40-47 (2015), which is not part of this thesis.

2The code can be found at: https://physiology.arizona.edu/people/secomb/greens, which is
not part of this thesis.
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Figure 3.1: 3D visualisation of a typical 375 µm capillary cube (a) and its tissue

oxygenation solved by the Green’s function method under normal condition (b) and

hypoxic condition (c). A horizontal plane (d) is placed in the centre of the cube and

the tissue oxygenation on the plane is plotted under both normal (e) and hypoxic (f)

conditions. The black crosses indicate the intersecting points between the centre lines of

blood vessels and the plane.

3.3.2 Independence of oxygen transport on microvascular

geometry and length scale

The simulation results of oxygen transport in microvascular cubes of two sizes (375 µm

and 625 µm) are presented in Figs. 3.2a and 3.2b respectively. In each figure, the solid

lines represent the average results among 10 different cubes and the error bars show the

standard deviation among these 10 cubes. Average tissue PO2 drops linearly from 28 to

2 mmHg when inlet blood PO2 changes from 50 to 13 mmHg (Fig. 3.2). However, the

hypoxic fraction has a strong non-linear growth from 0 to 100% in the same range of

PO2, in.
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Figure 3.2: Hypoxic fraction and average tissue PO2 in the capillary networks with cube

sizes of (a) 375 µm and (b) 625 µm when PO2, in is from 50 to 13 mmHg. The error bar

shows the standard deviation of the results among 10 different cubes.

The simulation results of oxygen consumption are shown in Fig. 3.3. Cerebral metabolic

rate of oxygen decreases non-linearly from 2.9 to 0.5 cm3/100cm3/min alongside an oxygen

extraction fraction increase to compensate the oxygen shortage, when PO2, in drops from

50 to 13 mmHg.

The small standard deviation of results between different capillary cubes indicates that

the oxygen transport at microvasculature scale is largely independent of the specific

geometry of individual capillary networks, as long as they are generated based on the

same morphometric data (see error bars in Figs. 3.2 and 3.3). Moreover, the standard

deviation in 625 µm cubes is smaller than that in 375 µm suggesting that the effects of

microvascular topology and geometry on oxygen transport becomes increasingly negligible

in a larger domain of interests.

The small difference between the results in cubes of two sizes (375 µm and 625 µm)

implies that the oxygen transport is independent of length scales above a few hundred

micrometres. This finding is consistent with previous works of blood flow simulation [27].
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Figure 3.3: Oxygen extraction fraction and oxygen consumption rate in the capillary

networks based on cube sizes of (a) 375 µm and (b) 625 µm when PO2, in is from 50 to

13 mmHg. The error bar shows the standard deviation of the results among 10 different

cubes.

3.3.3 Effects of hypoxic threshold on hypoxic fraction

In this thesis, the threshold of hypoxia was set as 10 mmHg, which was used by our

experimental collaborators [55, 56]. In order to broaden the applicability of this work,

the effects of different hypoxic threshold on hypoxic fraction were studied. In Fig. 3.4,

the average hypoxic fraction of 10 different 375 µm capillary cubes were plotted under

hypoxic thresholds from 6 to 14 mmHg. These curves have similar sigmoidal shape,

however, they move horizontally when the threshold varies. These results mean that the

hypoxic threshold used in simulations should match that in experiments carefully for a

high-quality validation study. A validation of the spatial relationship between hypoxic

regions and occlusion sites will be presented in next chapter.
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Figure 3.4: The average hypoxic fraction in 10 capillary cubes (375 µm) against PO2, in

under hypoxic thresholds from 6 to 14 mmHg.

3.3.4 Microthrombi have significant impact on tissue hypoxia

beyond 10% vessel occlusions

Figure 3.5 shows a typical 375 µm capillary cube (a) and its microvascular geometry after

a 10% blockage (b) and a 20% blockage (c). The relative blood flow rate in each vessel is

also plotted in each figure. There is a mild perfusion drop from the healthy network to

the same network with 10% blockage, where most vessels still have blood flow (coloured

in dark blue). However, the blood flow in some vessels drop sharply (coloured in light

blue or white) when another 10% of the vessels are occluded. The perfusion drop inside

the microvasculature is highly heterogeneous based on the occlusion locations.

The tissue oxygenation in the healthy network (d) drops accordingly in the 10% blockage
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cube (e) and in the 20% blockage cube (f) as shown in Fig. 3.5. Despite the reduced mean

PO2, most tissue can remain healthy (PO2 greater than 10 mmHg) under 10% blockage.

However, there is a huge drop in tissue PO2 when the blockage fraction increases from

10% to 20%, where large hypoxic regions also appear. The tissue hypoxia thus follows

a strong non-linear relationship with the vessel blockage fraction. The hypoxic tissue

also distributes heterogeneously in the capillary cube, while a match between regions of

perfusion drop (light blue vessels in Fig. 3.5c) and hypoxic tissue regions (purple regions

in Fig. 3.5f) can be observed, which indicates that the cerebral tissue hypoxia is mostly

due to the ischaemic microvasculature. These simulation results show the tissue hypoxic

response to ischaemia in a qualitative way.

Figure 3.5: 3D visualisation of a typical 375 µm capillary cube (a) and the same network

after 10% blockage (b) and 20% blockage (c). The tissue oxygenation was simulated with

a inlet PO2 of 40 mmHg under conditions of healthy (d), 10% blockage (e) and 20%

blockage (f).

Figure 3.6 presents the quantitative change in perfusion and hypoxic fraction after

different fraction of vessels in the capillary cube are occluded. The perfusion drops
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linearly with the increase of blockage fraction (Fig. 3.6a), which can be described by a

linear equation:

rCBF = −3.059B + 1 (3.1)

where rCBF is the relative perfusion of healthy condition (55 mL/100g/min). It should

be noted that this relationship is only valid until B = 0.327 where the perfusion will

drop to zero. Since the same pressure drop was applied on two opposite surfaces of the

cube as done in the healthy condition, the perfusion drop is purely due to the increased

network resistance caused by micro-occlusions. The linear decrease of perfusion against

the increase of blockage fraction agrees with previous simulations [29, 193]. The slop of

decrease here is -3.06%/%, which is also comparable to -2.5%/% [193] and -3.2%/% [29]

reported in previous studies.
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Figure 3.6: The perfusion (a) and hypoxic fraction (b) as functions of microthrombi

blockage fraction.

The hypoxic fraction has a highly non-linear relationship with the blockage fraction (Fig.

3.6b). It remains almost unchanged until the blockage fraction reaches 10%. Beyond

this threshold, the hypoxic fraction increases steeply to about 70% when the blockage

fraction is 20%. Although simulation with a blockage fraction greater than 20% was not

performed due to the disruption of network connectivity (the network would be divided
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into isolated parts), it is reasonable to assume that the hypoxic fraction will approach

100% quickly (the entire tissue becomes hypoxic due to no blood supply) and become

stable after that. This behaviour can be fitted with a sigmoidal function as

H =
1

1 + e−(30.71B−5.35)
(3.2)

This sigmoidal function quantify the tissue oxygenation response (hypoxia) to the

structural change in microvasculature (micro-occlusion). It will be coupled with a

cell death model in Chapter 5 to simulate the hypoxic tissue damage in a scenario of

microthrombi blockage after thrombectomy.

3.3.5 Microthrombi volume at micro-scale agrees with

thrombus volume at macro-scale

Thrombus volume is a significant factor to quantify the potential severity of

microembolisms after an unsuccessful thrombectomy. It is possible to estimate the

total thrombus volume in microvasculature for a certain blockage fraction based on the

microvascular geometry, which can be compared against the pre-treatment volume to

verify if all microthrombi end in the capillary bed.

For example under a blockage fraction of 10%, there are 56 microthrombi inside a 375 µm

capillary cube. By assuming that each vessel is blocked by a single spherical thrombus

with a diameter equal to the diameter of the corresponding vessel, the total volume of

microthrombi in this cube is 8.43×10−9 mL, which results in 1.60×10−4 mL microthrombi

volume per mL of brain tissue. If there are 10% microembolisms in a territory of 100 mL

fed by a MCA, the total microthrombi volume will be 1.60× 10−2 mL.

Assuming that the volume of a thrombus is 0.17 mL [224] and 25% of its fragments

are transported into the microvasculature, the total microthrombi volume will be 4.25×

10−2 mL. It is about 2.66 times of the volume predicted from 10% capillary occlusions.
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Hence the thrombus volume predicted from our model at micro-scale agrees with the

macro-scale measurement in the same order of magnitude. If all 25% of clot fragments

reach the capillary bed, it is likely to cause occlusions in 26.6% of capillaries, which will

lead to a tissue hypoxic fraction of 94.4% based on Eq. 3.2.

3.4 Discussion

In this chapter, the Green’s function method was applied on physiologically representative

capillary cubes to simulate oxygen transport in the human cerebral microvasculature for

the first time. The oxygen transport is closely coupled with the microvascular geometry,

and thus leads to a heterogeneous distribution of oxygen levels in the tissue. In addition, it

is also largely affected by the boundary condition of inlet blood oxygenation. However, the

averaged oxygen transport and metabolism at the length scale of the capillary cubes based

on the same morphometric data, are found to be independent of specific microvascular

geometries.

Next, this chapter investigates the effects of microthrombi occlusions on cerebral oxygen

transport. Cerebral perfusion drops linearly with the increase of the number of vessels

occluded in the microvascular network, which leads to a linear equation between perfusion

and blockage fraction. However, the tissue hypoxic fraction has a strong non-linear

relationship with the blockage fraction. The relationship can be described by a sigmoidal

function, which will be used to model the hypoxic tissue damage in Chapter 5. Finally,

the microthrombi volume was estimated for a 10% blockage inside a capillary cube. The

total microthrombi volume was found to have a nice agreement with the in vivo thrombus

volume measured at macro-scale.

The physiologically representative capillary cubes used here remove the needs to

reconstruct the network geometry from very limited human brain network data and

to set the boundary conditions. The Green’s function method significantly reduces the
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computational costs of solving the oxygen transport in a complex network by transforming

3D diffusion equations into 1D Green’s functions. The application of the Green’s function

method on statistical capillary cubes provides an novel workflow to investigate oxygen

transport in the human microvasculature with limited experimental data and much

reduced computing power. The pipeline can also be adapted to new oxygen delivery

scenarios easily as long as the morphometric data and parameter values are provided.

Since the oxygen transport is found to be independent of both microvascular geometry

and length scale, the local behaviour inside a capillary cube is possible to be scaled up to

the cortical column scale [28] and the organ scale [36, 37]. It also helps to prevent running

Green’s function simulations in a very complex network, which can be computationally

expensive.

One limitation of this study is the assumption of no oxygen supply from larger vessels.

However, multiple studies have shown that cerebral oxygen transport happens over several

vessel generations primarily from pre-capillary arterioles to capillaries [77, 93, 94, 137].

The oxygen transport from penetrating arteriole trees cannot be simulated with these

capillary cubes, which limits the length scale where the model developed here can be used.

However, the model of penetrating arterioles [87] will be coupled with these capillary

cubes in the next chapter. Therefore, this limitation only exists in this chapter and its

application in Chapter 5.

Another limitation is the partial use of animal data and parameters, while this study

aims to study the effects of microthrombi on oxygen transport in the human brain. For

example, rat data have been used to derive the parameters in the Hill equation (Eq.

2.27), which describes the non-linear relationship between oxygen tension and oxygen

saturation in the blood. Here it is simply assumed that the physiology of blood flow and

oxygen transport is very similar in human and rats. Once more human data are available,

these models can be adapted to these new parameter values easily.
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In addition, constant haematocrit in microvasculature was assumed in this study.

However, the red blood cells are not evenly distributed at microvascular bifurcations or

trifurcations in vivo due to phase separation effects [96, 121], which can lead to variances

of blood flow and oxygen transport at local scale, since viscosity and oxygen carrying

capacity of blood are both dependent on haematocrit. Previous studies have suggested

that the effects of uneven haematocrit distribution on blood flow are likely to be second

order at the length scale of capillary cubes [27, 88]. This has also been discussed in

Section 2.2.5.2.

Lastly, the models proposed in this study are purely passive, although local perfusion and

oxygen transport is actively and tightly controlled [1]. In addition, this chapter focuses

on the averaged properties inside the capillary cubes, while neglecting the heterogeneous

distribution of hypoxic regions [56]. The spatial relationship between hypoxic regions and

occlusion sites will be investigated in the next chapter.

Summary

This chapter has applied the Green’s function method on physiologically representative

cerebral capillary cubes to study the effects of micro-occlusions on oxygen transport. The

oxygen transport inside human cerebral microvasculature is found to be independent of

both geometries and length scales of the cubes. Cerebral perfusion drops linearly with

the increase of vessel blockage fraction. However, the relationship between tissue hypoxic

fraction and vessel blockage fraction is highly non-linear, which can be fitted with a

sigmoidal function. It is now possible to quantify the hypoxic damage of microthrombi

occlusions due to unsuccessful thrombectomy, which can then be coupled with other

established brain models. In Chapter 4, the oxygen transport will be simulated in

cortical columns and the simulation results will be validated against animal data from

our collaborators. In Chapter 5, the sigmoidal function of hypoxia against blockage will

be coupled with a cell death model and a microthrombi extravasation model to simulate

the cerebral tissue damage as a function of time.
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Chapter 4

Quantification of hypoxic regions

distant from occlusions in cerebral

penetrating arteriole trees

The work presented in this chapter has been published in [225]: Xue, Y.*,

Georgakopoulou, T.*, van der Wijk, A.-E., Józsa, T. I., van Bavel, E.* and Payne, S. J.*

Quantification of hypoxic regions distant from occlusions in cerebral penetrating arteriole

trees. PLOS Computational Biology 18(8), e1010166 (2022). *: co-first/co-senior

authors. In this chapter, the animal experiments were conducted by Theodosia

Georgakopoulou under the supervision of Professor Ed van Bavel at Amsterdam

University Medical Centre, and these are not part of this thesis. The analysis of

brain slice images is, however, part of this thesis. The works conducted by Theodosia

Georgakopoulou will be clearly stated in the footnote.
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Abstract

The microvasculature plays a key role in oxygen transport in the mammalian brain.

Despite the close coupling between cerebral vascular geometry and local oxygen demand,

recent experiments have reported that microvascular occlusions can lead to unexpected

distant tissue hypoxia and infarction. To better understand the spatial correlation

between the hypoxic regions and the occlusion sites, both in vivo experiments and

in silico simulations were used to investigate the effects of occlusions in cerebral

penetrating arteriole trees on tissue hypoxia. In a rat model of microembolisation, 25 µm

microspheres were injected through the carotid artery to occlude penetrating arterioles. In

representative models of human cortical columns, the penetrating arterioles were occluded

by simulating the transport of microspheres of the same size and the oxygen transport

was simulated using a Green’s function method. The locations of microspheres and

hypoxic regions were segmented, and two novel distance analyses were implemented to

study their spatial correlation. The distant hypoxic regions were found to be present in

both experiments and simulations, and mainly due to the hypoperfusion in the region

downstream of the occlusion site. Furthermore, a reasonable agreement for the spatial

correlation between hypoxic regions and occlusion sites is shown between experiments and

simulations, which indicates the good applicability of in silico models in understanding

the response of cerebral blood flow and oxygen transport to microemboli.

4.1 Introduction

Due to the high metabolic demands and its limited capacity for storage, the mammalian

brain depends on near constant CBF to sustain sufficient nutrient and oxygen delivery

[226]. Adequate CBF is maintained by the process of cerebral autoregulation (the

response of cerebral vessels to blood pressure changes) [128]. Based on local neuronal

activation [227], tissue oxygenation is ensured by a compact and complex microvascular
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network of arterioles and capillaries [2].

The acute effects that follow a sudden CBF reduction, such as loss of consciousness in case

of a syncope [228] and irreversible neurological damage in case of a cardiac arrest or acute

ischaemic stroke (AIS) [229, 230], underline the brain’s vulnerability to anoxia. Next to

global CBF disruption and large vessel occlusion, cerebral microinfarcts can also lead

to detectable brain damage [222]. Such microinfarcts can result from microemboli [231],

which can be released into the cerebral circulation under a number of conditions, including

atrial fibrillation, unstable plaques [232], or endovascular treatment (the mechanical

removal of a thrombus in AIS patients) [233]. However, due to the low resolution of

brain imaging techniques, cerebral microinfarcts in humans are mainly discovered only

after post-mortem examination.

Evidence of the effects of micro-occlusions on brain tissue thus primarily comes from

rodent studies. Such studies have shown that micro-occlusions, formed in response to

the intra-arterial injection of microemboli, can lead to multiple regions of ischaemia,

hypoxia and infarction [55, 234–238], cognitive dysfunction [239, 240], blood brain

barrier permeability, astrogliosis and inflammation [54, 241]. Using a sophisticated

photothrombotic technique which selectively occludes individual penetrating arterioles,

Shih et al. not only monitored the formation and progress of a single microinfarct but also

assessed the resulting cognitive deficits [76, 242]. Such experiments have also confirmed

that arterioles have a poor network of anastomoses [74].

Despite these studies, little quantitative information exists on the relationship between

micro-occlusion sites, ischaemic territory, and hypoxic area. Given the known

vulnerability of penetrating arterioles to obstruction and the distant effects of a single

microinfarct on the surrounding tissue [242], it is important to quantify both the extent

to which blood vessel architecture affects tissue oxygenation, and how blood vessel

architecture and clot location determine the fate of brain tissue viability after blood
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flow obstruction. A better understanding of brain oxygenation is not only relevant for

an improved understanding of the response of the circulation to stimuli but can serve

as a starting point for treatment of cerebrovascular diseases [128, 243]. For instance,

quantitative data on brain tissue damage caused by microemboli could lead to the

improvement of medical devices used for post-AIS endovascular treatment.

To this end, numerical models have recently been developed to aid in understanding the

structure of cerebral microvasculature [25, 27, 28, 87, 94, 105–107, 144, 244], and the

effects of micro-occlusions on blood flow [28, 29, 111, 193] and oxygen transport [108].

In Chapter 3, the oxygen transport was simulated in cerebral capillary cubes using the

Green’s function method [144] and quantified the tissue hypoxia responding to different

level of micro-occlusions. However, the penetrating arterioles were not included in the

previous model, which limited the length scale that it was able to represent and thus

made it difficult to compare predictions to the microembolisation experiments [55, 56]

that aim at the penetrating arterioles [73].

This chapter thus investigated further the effects of micro-occlusions in penetrating

arteriole trees (the vessels between the capillaries and the pial circulation) on tissue

hypoxia using both experimental and numerical methods. In the animal experiments, 25

µm (in diameter) polystyrene microspheres were injected through the common carotid

artery (CCA) of rat models, which led to tissue ischaemia and hypoxia. Then part of the

intervention hemisphere in each animal was reconstructed and segmented the locations

of microspheres and hypoxic regions in a 3D coordinate system. In the simulations, a

number of human cortical column networks were first constructed. These networks were

then occluded by microspheres of the same size, and the Green’s function method was

applied to simulate oxygen transport. Two novel distance analyses were conducted to

investigate the spatial relationship between hypoxic regions and occlusion sites in both

experiments and simulations in an identical manner. This enabled direct comparisons to

be made between experimental and numerical results and thus to quantify the relationship
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between the locations of micro-occlusions and hypoxic regions. These results will be

valuable in further understanding the response of cerebral tissue to micro-occlusions.

4.2 Methods

4.2.1 Animal experiments1

4.2.1.1 Animal surgeries

All animal experiments were approved by the ethics committee of the University of

Amsterdam, University Medical Center (permit number: DMF321AA). For the required

procedures the ARRIVE guidelines and European Union guidelines for the care laboratory

animals (Directive 2010/63/EU) were followed. Six Wistar rats (n=6, 50% female, 16-20

weeks old, Charles River) were used. The animals received ad libitum food and water

and were pair-housed in standard plastic cages with a 12h:12h light-dark cycle.

Surgeries were performed exactly as described earlier by Georgakopoulou et al. [56].

Briefly, animals were anesthetized with a mixture of 100% oxygen and isoflurane (Isoflutek

1000 mg/g; Laboratorios Karizoo SA, Barcelona, Spain). After exposure of the left CCA

at the bifurcation level, the external carotid artery and occipital artery were temporarily

ligated with a surgical suture (size 6.0). To mimic microembolisation, 200 µl of fluorescent

microspheres (DiagPoly™ Custom made Plain Fluorescent Microparticles, Excitation

wavelength 656 nm, Emission wavelength 674 nm, Creative Diagnostics®, Shirley, NY;

5500 microspheres were injected of 25 µm in diameter) resuspended in a sterile 2% bovine

serum albumin solution of phosphate buffered saline (PBS), was injected via the left CCA

using an insulin syringe (29 G) as shown in Fig. 4.1(a). Microspheres were lodged in the

left hemisphere, leaving the right hemisphere as a control, as depicted in Fig. 4.1(c).

1The animal experiments were conducted by Theodosia Georgakopoulou at Amsterdam University
Medical Centre. Only the Python codes used in Section 4.2.1.4 are part of this thesis.
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Figure 4.1: (a) Microembolisation model: Injection of microspheres via left CCA; (b)

Brain sections (50 µm thick) were made between 1-3.5 mm bregma coordinates; (c) Ten

consecutive coronal brain sections were selected for the brain damage reconstruction.

Brain tissue damage (in red) was mainly confined on the intervention hemisphere; (d)

Maximum intensity projection (MIP) of a 50 µm thick coronal brain section of the

intervention hemisphere with hypoxic regions (white). Tilescan image was made using

confocal imaging, Scale bar 1000 µm; (e) The same brain section as in (d) after the

segmentation of hypoxic regions (green) in the IMARIS software. CCA - common carotid

artery; ICA - internal carotid artery; ECA - external carotid artery.

4.2.1.2 Tissue preparation and immunohistochemistry

Animals were killed 24 hours post-surgery. Pimonidazole hydrochloride (60 mg/kg;

Hypoxyprobe™ Pacific Blue Kit, HP15-x, Burlington, MA) was used as a marker of
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hypoxia and lectin (1 mg/kg; DyLight 594 labeled lycopersicon Esculentum tomato,

Vector Laboratories, DL-1177, Burlingame, CA) as a marker of ischaemia [55].

Pimonidazole hydrochloride is a probe which binds to cells that have a PO2 smaller than

10 mmHg and lectin is a dye which stains perfused blood vessels intravenously. Brain

removal, brain pre-processing, and immunohistochemistry of brain sections (50 µm thick)

were performed as described previously [55]. Mouse anti-pimonidazole (Hypoxyprobe™

Pacific Blue Kit, HP15-x, 1:500) antibody was used to detect Hypoxyprobe and hence to

visualize hypoxia.

4.2.1.3 3D reconstruction of intervention hemisphere

For the spatial analysis between microspheres and brain damage, a 500 µm thick volume of

the intervention hemisphere was reconstructed. Ten consecutive coronal brain sections (50

µm thick) devoid of tearing were selected from the forebrain between 1 and 3.5 mm of the

bregma as shown in Fig. 4.1(b)-(c). Tilescan z-stack images (resolution: x,y: 3.033 µm

and z: 5 µm) of the intervention hemisphere were acquired using a confocal laser scanning

microscope SP8 (Leica Microsystems, Wetzlar, Germany) with a 10x objective. To

facilitate alignment, the z-stack images were converted to maximum intensity projection

(MIP) images as depicted in Fig. 4.1(d). To this end, the ImageJ software (Rasband,

W.S., ImageJ, U. S. National Institutes of Health, Bethesda, Maryland, USA) was

utilised, whereas MIP images were aligned using the AMIRA software (Visage Imaging,

Inc., San Diego, CA, USA). The resultant z-resolution was thus 50 µm.

4.2.1.4 Segmentation of microspheres, ischaemic and hypoxic regions

Reconstructed brain volumes of the intervention hemisphere were inserted in IMARIS 9.3,

a 3D analysis software (Bitplane Inc., St. Paul, MN, USA) and the spot creation wizard

and surface creation wizard were used to automatically segment microspheres and hypoxic

regions respectively (Fig. 4.1(e)). Ischaemic regions were segmented manually by an

experienced researcher. The segmented volumes were exported from IMARIS as numbers
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in excel files and as .tiff binary images, separate for each segmented element (microspheres,

ischaemic and hypoxic regions). To quantify how deep in the cortex microspheres were

lodged, their distance from the cortical surface were calculated manually, using Leica

LAS X software (Leica Microsystems, Germany).

Custom Python codes were used to locate the microspheres and hypoxic regions in the .tiff

images to enable distance computations. The 2D binary MIP images were then converted

to 3D based on the given z-coordinate of the centre of the coronal brain sections. Images

of hypoxic regions were downsampled into 15.165 × 15.165 × 50 µm3 voxels to enable

direct comparison with the 15× 15× 15 µm3 resolution employed in the simulations, as

described in the following subsection.

4.2.2 Computational models

4.2.2.1 Physiologically representative cortical columns

To simulate the oxygen transport in a cortical column supplied by a single penetrating

arteriole, existing models of penetrating arterioles [87] and capillaries [27] were coupled

together. Note that these networks were generated from human cerebral microvasculature

data [23, 26, 79]. To represent a tissue volume of 375×375×1500 µm3, four periodic 375

µm capillary cubes were stacked along the depth of the cortical column. A penetrating

arteriole model was then placed at the centre of the column with its inlet aligned with

the cortical surface. The branches of the arteriole tree outside the column were trimmed

and the boundary nodes were each connected to the closest node of the capillary network.

Figure 4.2 displays typical examples of: (a) a capillary network; (b) a penetrating arteriole

tree; and (c) a typical cortical column assembled from these two networks. The geometric

information of the 10 example cortical columns generated here is summarised in Table

4.1.
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Figure 4.2: Geometry of (a) a capillary network, (b) a penetrating arteriole and (c) a

cortical column built from the penetrating arteriole and the capillary cubes.

Simulation Literature

Surface density of arterioles 7.11/mm2 5.63− 10/mm2 [79, 245]
Vessel density 10846± 163/mm3 10129/mm3 [24]

Vascular volume fraction 2.82± 0.22% 2.70% [24]

Table 4.1: Geometric information of cortical columns.

4.2.2.2 Blood flow simulation

The blood flow in the microvasculature is assumed to be in quasi steady state. The flow

is also assumed to be purely laminar because of the low Reynolds number of about 0.5 in

arterioles and about 0.003 in capillaries [95]. In addition, it was assumed that the flow

was fully developed and axisymmetric with zero velocity components in the radial and

circumferential directions. Hence the Hagen-Poiseuille equation (Eq. 2.9) can be used

for blood flow in each vessel. The blood viscosity was calculated by using the empirical

function of vessel diameter and haematocrit (Eq. 2.14-2.17) [85]. The haematocrit was

taken to be a constant value of 0.45 [27] and the plasma viscosity was taken to be 1.2
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mPa·s [87, 112].

Details of blood flow simulation can be found in Section 2.2.3. In this study, all boundary

nodes were assumed to have the same pressure, except for the arteriole inlet node at the

top of the column. The blood pressure difference between arteriole inlet and boundary

nodes was adjusted to maintain a normal perfusion of 55 mL/100mL/min in each column

[36, 147, 169]. All blood flow simulations were carried out using custom Python scripts.

4.2.2.3 Oxygen transport simulation

Oxygen transport simulations were performed using the Green’s function method [144,

166]. The same Green’s function method used in Chapter 3 was implemented here. The

cerebral metabolic rate of oxygen was assumed to have a Michaelis-Menten relationship

with tissue PO2 (Eq. 2.33). The relationship between blood oxygen saturation and blood

PO2 was simulated by a Hill equation (Eq. 2.27). A detailed description of these models

can be found in Section 2.3. The parameter values used in the Green’s function method

can be found in Table 2.2, except for the blood PO2 at arteriole inlet, which was set as

90 mmHg. Custom Python scripts were written to read the network geometry and to

post-process the simulation results.

4.2.2.4 Blockage simulation

To simulate occlusion in the arteriole tree, a bead with a size of 25 µm was introduced

at the arteriole inlet of each of the 10 cortical columns. The bead was assumed to be

carried by the blood flow and to be trapped at the inlet of the first vessel that it reached

with a diameter smaller than the bead size of 25 µm. This led to 6-15 occlusion scenarios

in each cortical column, due to different column geometries, which resulted in a total

of 91 scenarios in 10 columns. Here it was simply assumed that the probability of each

blockage in a column is the same since there is currently no suitable bead transport model

in the cerebral microvasculature. In addition, only one bead is assumed to be present in
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each arteriole due to the low bead density found in animal experiments (0.43/column,

Section 4.3.1). Hence, it was assumed that there are only two situations of the cortical

column supplied by one penetrating arteriole: one bead or no bead. After the blockage

simulation, the hypoxic regions were identified in each column as the tissue voxels with

a PO2 smaller than 10 mmHg, i.e., matching the experimental setting.

4.2.3 Distance calculations for both experimental and

simulated data

Two types of distance analysis were performed to establish spatial relationships between

vessel blockages and hypoxic regions, namely the pixel-based Gx function and the hypoxic

intensity. These two analyses were conducted in identical ways in in vivo experiments

and in silico simulations, which enables high-fidelity comparisons to be made between

the two. Note that the regions outside of the brain tissue in experiments and outside of

the cortical columns in simulations were excluded from these distance analyses.

The pixel-based Gx function is defined here as the cumulative fraction of distances from

the hypoxic regions to their closest microspheres:

Pixel− based Gx(d) = P (δ < d) (4.1)

where d is the distance, P is the probability and δ is the distance from a hypoxic pixel

to its closest microsphere. Note that this analysis is different from the Gx function

conducted in the previous study, which used the centre of each hypoxic region instead

[56]. In the simulations, the small number of voxels with PO2 below 10 mmHg under

healthy condition were excluded from the pixel-based Gx function analysis.

The hypoxic intensity is defined as the volume fraction of hypoxic tissue in a sphere of

a certain radius around a microsphere, which is thus a function of distance. Around

each microsphere the hypoxic intensity was calculated up to a radius of 500 µm with
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a step size of 50 µm. In each cortical column, the hypoxic intensity was averaged for

all possible blockage sites since it has been assumed that the same probability of each

blockage scenario in each column.

To investigate the spatial correlations between hypoxic regions and microspheres in the

experiments, Monte-Carlo simulations of microspheres were conducted; these simulations

provided the control situation against which the randomness of the distributions obtained

here were compared. The control points were randomly generated in the intervention

hemisphere in each animal, where the density of points was equal to the in vivo bead

density in the same brain region. Then the same hypoxic intensity analyses were

conducted around these control points, which were compared against the hypoxic intensity

calculated in experiments.

4.3 Results

4.3.1 Ischaemic and hypoxic distribution patterns after

blocking the cerebral arterioles in a rat model of

microembolisation2

Table 4.2 shows the number and density of microspheres and the resulting ischaemia

and hypoxia per animal. The density of 25 µm microsphere of 2.03/mm3 (average of 6

animals) results in a volume fraction of 1.66× 10−5 mL beads per mL cerebral tissue. If

it is assumed that the beads are entirely present in a territory of 100 mL supplied by a

middle cerebral artery in a human, the total thrombus volume will be 1.66 × 10−3 mL.

This value is significantly smaller than a typical thrombus volume of 0.17 mL [224], which

indicates that the micro-occlusions considered in this study correspond to a case where

only about 1% of a larger thrombus is embolised during thrombectomy and thrombolysis.

2The animal experiments were conducted by Theodosia Georgakopoulou at Amsterdam University
Medical Centre.
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Animal Number of Microspheres Total volume Fraction of Fraction of

microspheres density of 10 brain ischaemia in hypoxia in

(1/mm3) sections (1/mm3) hemisphere hemisphere

1 25 1.23 20.32 0.51% 0.81%

2 41 1.97 20.86 1.90% 1.40%

3 47 1.89 24.84 2.69% 2.38%

4 26 1.29 20.18 0.64% 0.30%

5 88 4.07 21.61 2.19% 1.68%

6 35 1.73 20.28 0.98% 1.15%

Table 4.2: Number and density of microspheres, total brain volume and % of ischaemia

and hypoxia per animal. These numbers were measured in the reconstructed brain

volumes with a thickness of 500 µm.

A typical example of a blocked arteriole is shown in Fig. 4.3 where a single 25 µm

microsphere blocks an arteriole of similar size and leads to ischaemia (absence of lectin

staining-red) and hypoxia (green). Since the animals are killed 24 hours post-surgery,

neuronal cell death has already taken place which explains in some cases the absence of

hypoxic cells from the lesion core. The implications of this will be discussed later.

Figure 4.4 shows the distribution of microspheres (white) and the resulting ischaemic

(red) and hypoxic (green) regions in each animal. Due to the stochastic nature of the

microsphere distribution the resulting ischaemia and hypoxia are not confined to one

brain region but are dispersed throughout the brain structures (Cortex, Striatum, Corpus

callosum). It was found that 73% of the microspheres were lodged in the cortex with

the remaining found in deeper brain structures. From the microspheres lodged in the

cortex only 0.07% were found on the cortical surface and the majority were lodged at

a mean distance of 940.69 ± 122.54 µm from the cortical surface. Although ischaemia

and hypoxia are distributed heterogeneously, there is a reasonable match (36.1 ± 5.3%

of hypoxic regions are also ischaemic) between the two in the affected brain hemisphere
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Figure 4.3: Maximum intensity projection (MIP) of a 50 µm thick brain section of the

intervention hemisphere showing a typical example of a 25 µm (diameter) microsphere

causing ischaemia (absence of lectin-red) and hypoxia (green) in the rat brain. Scale bar

100 µm.

within each animal (yellow colour in overlay channel Fig. 4.4).

4.3.2 3D distance analysis reveals two patterns of hypoxic

intensity and a strong correlation between microspheres

and hypoxic damage3

In a previous study where a mixture of microspheres was injected via the CCA, a spatial

correlation over hundreds of micrometres between microspheres and centroids of hypoxic

regions was found by applying a point pattern 3D distance analysis [56]. However, this

experimental setup was not suitable to isolate the effects of a single microsphere or a single

size of microspheres on brain tissue oxygenation. Thus, here only one size of microspheres

were injected and a different approach for the 3D distance analysis was used. In particular,

the hypoxic intensity, as a function of the distance from each microsphere, was measured,

where each hypoxic intensity curve thus represents the distribution of hypoxic regions

around a single 25 µm microsphere.

3The animal experiments were conducted by Theodosia Georgakopoulou at Amsterdam University
Medical Centre. The analysis of these experimental data is part of this thesis.
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Figure 4.4: Per animal a representative segmented brain section of the intervention

hemisphere. From left to right: microspheres (centre of white circles), ischaemia (red),

hypoxia (green) and overlay of the three channels. In yellow is shown the overlap between

ischaemia and hypoxia. Scale bar 1000 µm.
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As shown in Fig. 4.5, there are cases in all 6 animals where hypoxic intensity decreases to

less than half within the first 200 µm and cases where hypoxic intensity starts from zero

and reaches 10-20% within the first 200 µm. To elucidate this phenomenon, the hypoxic

intensity patterns were categorised into two types (Fig. 4.6(a)), based on the criterion

of whether the slope is negative when the radius increases from 50 to 100 µm (Type A:

accounting for 30.9% of the cases when considering all 6 animals), or positive (Type B:

69.1% of the cases). Note that the cases of full hypoxia and no hypoxia inside a radius

of 100 µm were categorised as type A and type B respectively. Representative examples

for both types are shown in a 2D schematic in Fig. 4.6(b).
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Figure 4.5: Per animal the mean hypoxic intensity as a function of the distance from a

microsphere.

To further investigate whether the hypoxic regions form locally or distally around the

microspheres, the two types of hypoxic intensity were categorised into four subtypes
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Figure 4.6: (a) Two types of hypoxic intensity. Type A is characterised by negative slope

and Type B by positive slope. Mean ± standard deviation (filled areas) (all microspheres

of n=6 animals); (b) Representative examples of the two types of hypoxic intensity. A

2D schematic of the 3D hypoxic intensity analysis. Using a microsphere as a starting

point, the number of hypoxic pixels (red) were calculated in spheres of increasing radius

(blue concentric circles).

based on the presence or absence of hypoxic regions within 100 µm of the microsphere.

The percentage of each subtype in all 6 animals is listed in Table 4.3. Hypoxic regions

are absent within 100 µm of the microsphere in the majority of the type B cases, which

also account for 49.2% of all cases. Thus, approximately half of the 25 µm microspheres

did not lead to local hypoxia in our experiments.
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Type A Type B

Hypoxic regions present within
100 µm of the microsphere 30.9% 19.8%

(local hypoxia)
Hypoxic regions absent within
100 µm of the microsphere / 49.2%

(no local hypoxia)

Table 4.3: Percentage of cases of type A and type B hypoxic intensity with or without

hypoxic regions within 100 µm of the microsphere.

Next, it was tested whether there was a correlation between microspheres and hypoxic

pixels. To do this, Monte-Carlo simulations were performed using random control points.

The Monte-Carlo simulations shown in Fig. 4.7 for all animals are found to give results

that are below the curves of the experimental data: this thus indicates a degree of

correlation between individual microspheres and resulting hypoxic regions. Note that

only the hypoxic intensity calculations for experimental results were introduced here; the

pixel-based Gx function results will be presented in Section 4.3.5.

It should be noted that these distance calculations do not consider the vessel architecture.

Due to tissue deformation and other technical issues such as brain section alignment,

blood vessel reconstructions based on confocal imaging of brain sections are not

sufficiently accurate. Even in a brain tissue made transparent by means of clearing

techniques, blood vessel segmentation remains challenging. This knowledge gap is thus

addressed using the numerical simulations presented below.

4.3.3 Heterogeneous distribution of tissue oxygenation in the

cortical column

Figure 4.8 shows the tissue oxygenation in a typical cortical column as solved by the

Green’s function method. The simulations suggest that oxygen is distributed highly

heterogeneously in the tissue within a cortical column. However, it is highly coupled
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Figure 4.7: Per animal experimental data versus Monte-Carlo simulations. Monte-Carlo

simulations: hypoxic intensity as a function of the distance from random control points.

Mean ± standard deviation (filled areas) (all microspheres or control points of n=6

animals).

with the microvascular geometry, especially the geometry of the arteriole tree.

To investigate the effects of arteriole and capillary geometries on oxygen transport, two

simulations were performed: one in a cortical column with the same arteriole structure

as shown in Fig. 4.8(a) but using a different capillary network (Fig. 4.9), and the

other in a cortical column using the same capillary geometry but connected to a different

arteriole tree (Fig. 4.10). The change in capillary geometry or arteriole geometry leads

to a root-mean-square difference of 9.7 or 15.9 mmHg for PO2 in each tissue voxel in the

column, respectively. However, these local variations were found to only have negligible

effects on the overall PO2 distribution in the column (Fig. 4.2).
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Figure 4.8: The geometry of a typical cortical column (a) and its tissue oxygenation (b,

c) solved by the Green’s function method.

Figure 4.9: The geometry of a column with the same arteriole geometry as shown in Fig.

4.8(a) but different capillary geometry (a) and its tissue oxygenation (b, c).
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Figure 4.10: The geometry of a column with the same capillary geometry as shown in

Fig. 4.8(a) but different arteriole geometry (a) and its tissue oxygenation (b, c).

4.3.4 Response of tissue oxygenation to blockage on the

arteriole tree

Figure 4.12 displays three different 25 µm blockage scenarios in the same cortical column,

where the blockage locations are indicated by blue spheres. The micro-blockage leads to

perfusion drops in the downstream vessels and corresponding regions. The reduction in

blood flow (in dark grey) because of the occlusion site is strongly heterogeneous in the

column. In addition, the relative perfusion drop in the whole column is 18.5% (a), 50.7%

(b) and 8.2% (c) respectively in these three blockage scenarios; this value is thus highly

dependent on the blockage location and the specific downstream microvasculature.

The tissue PO2 drop is also distributed unevenly in the column. However, the regions

of tissue PO2 drop (in red), which are primarily located around the blood vessels with

largest flow rate drops (in dark grey), match those of reduced perfusion closely. The PO2

drop then leads to hypoxic regions (PO2 smaller than 10 mmHg), which are shown as
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Figure 4.11: Tissue PO2 distribution in cortical columns shown in Figs. 4.8, 4.9 (using a

different capillary cube) and 4.10 (using a different penetrating arteriole tree).

red dots in the bottom row of Fig. 4.12. The tissues near the column centre are found to

be unlikely to become hypoxic, due to the oxygen supply from the penetrating arteriole

trunk. These simulations thus indicate that the tissue hypoxia caused by occlusion in the

arteriole tree is mainly due to the perfusion shortage that occurs in the region downstream

of the occlusion site.
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Figure 4.12: The top row shows the drops in relative perfusion and tissue oxygenation

in response to 3 different 25 µm blockage (blue sphere) in the same arteriole tree. The

bottom row shows the hypoxic regions (PO2 smaller than 10 mmHg, coloured in red) in

response to the same blockages.

4.3.5 Comparisons between simulations and experiments show

agreements on pixel-based Gx function and discrepancies

on hypoxic intensity

Figure 4.13 presents the results of two distance analyses in both experiments and

simulations. The pixel-based Gx function has a consistent sigmoidal shape in each animal

in experiments (Fig. 4.13(a)) and in each cortical column in simulations (Fig. 4.13(b)).
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This results in small standard deviations between each animal and between each cortical

column as shown in Fig. 4.13(c). In addition, there is a close match for the pixel-based

Gx function between experiments and simulations in that they both reach 50% at around

300 µm and reach about 90% at 800 µm. However, the experimental curve is found to

start to increase at shorter distances than in the simulations, which indicates that there

are more hypoxic regions in the vicinity of occlusion sites in experiments than was found

in the simulations.

These discrepancies are more clearly shown in the hypoxic intensity results. The

experimental hypoxic intensity curves decrease as the radius increases (Fig. 4.13(d)),

however, most of the simulated hypoxic intensity curves increase at the start (Fig.

4.13(e)). The reason for this difference is that the experiments have more type A hypoxic

intensity (30.9%), while there is only one case out of 91 simulations that is type A (Fig.

4.14). This leads to some significant differences between experiments and simulations

(Fig. 4.13(f)). The standard deviation of the hypoxic intensity is also larger than that of

the pixel-based Gx function in both experiments and simulations. These results will be

further discussed in the next section.

4.4 Discussion

In this chapter, the effects of micro-occlusions in the cerebral penetrating arteriole trees

on tissue hypoxia were examined using both in vivo animal experiments and in silico

simulations. Two novel distance analyses, namely hypoxic intensity and pixel-based Gx

function, were carried out identically in both experiments and simulations. The first

method focuses on the distribution of hypoxic regions around each microsphere. By

comparison, the latter one zooms out to examine the cumulative fraction of distance

between the microsphere and the resultant hypoxic regions in the reconstructed or

simulated brain tissue volumes. To the best of our knowledge, this is the first study

on the spatial relationships between occlusion sites and hypoxic regions that combines
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(a) Pixel-based Gx function in 6 animals

0 100 200 300 400 500 600 700 800
Distance ( m)

0.0

0.2

0.4

0.6

0.8

1.0

Cu
m

ul
at

iv
e 

fra
ct

io
n

(b) Pixel-based Gx function in 10 columns
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(c) Comparison of pixel-based Gx function

Experiment
Simulation

0 100 200 300 400 500
Radius ( m)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Hy
po

xi
c 

in
te

ns
ity

(d) Hypoxic intensity in 6 animals
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(e) Hypoxic intensity in 10 columns
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(f) Comparison of hypoxic intensity
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Figure 4.13: Comparisons of pixel-based Gx function and hypoxic intensity between

experiments and simulations. The error bar of experiments shows the standard deviation

between 6 animals. The error bar of simulation shows the standard deviation between 10

cortical columns.
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Figure 4.14: Two types of hypoxic intensity in simulations.

both experimental and numerical methods, and the first that considers occlusions over

different generations of the penetrating arteriole trees.

Reasonable agreement in pixel-based Gx function results have been shown between

experiments and simulations. These results suggest that hypoxic regions can form distally

from the occlusion sites, in agreement with previous experimental findings using mixed

microspheres of several sizes [56]. However, other discrepancies in hypoxic intensity have

been shown between experiments and simulations. The hypoxic intensity patterns were

thus further categorised into two types, where type A decreases and type B increases

as the radius increases from 50 to 100 µm. Type A hypoxic intensity represents the

scenario where significant hypoxic regions present near the occlusion site, whereas type

B represents the case when most hypoxic regions form far away from the occlusion site.

Type B hypoxic intensity was found to be the dominant case in both experiments (69.1%)

and simulations (98.9%). This also agrees with the pixel-based Gx function that more

than 90% of the hypoxic regions are more than 150 µm from the microsphere instead of

around the occlusion site.
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4.4.1 Reasonable agreement between ischaemic and hypoxic

regions

Using a rat model of microembolisation, the percentage of overlap between ischaemia

and hypoxia was assessed in a limited brain volume of the affected hemisphere, 24 hours

post-surgery. A 36.1 ± 5.3% overlap was found between ischaemia and hypoxia. In the

previous work where a mixture of microsphere sizes were injected and the animals were

killed after 1, 3 and 7 days, infarction volume at day 7 was found to be similar to that

at day 1, suggesting that infarction develops within 24 hours after microembolisation

[55]. As a consequence, the cells which had already undergone cell death were missed in

the presented experimental data. This can explain the ischaemic regions which were not

hypoxic. In cases where hypoxic regions did not overlap with ischaemia, larger ischaemic

regions, which are formed due to multiple occlusions of the same or different arterial

trees, are likely responsible for these results. Hypoxic regions could span beyond the

analysed tissue (500 µm thick). As a result, only the hypoxia in our analysed brain tissue

is detected, while the ischaemic source is further away in the z-direction. Considering the

pathological process of infarct growth and the distal effects of large ischaemic regions,

the overlap between ischaemia and hypoxia in our experiments is reasonable.

4.4.2 Distal hypoxic regions

In the experimental data, both local (< 100 µm, 50.8% of all cases) and distal (> 100 µm,

49.2% of all cases) effects due to micro-occlusions were shown. Contrary to previous

in vivo rodent studies where the occlusion site was highly correlated to brain tissue

damage [74, 76, 242], distal effects were found after occlusion of penetrating arteriole

branches using a rat model of microembolisation [56]. Our simulations suggest that a

25 µm microsphere will occlude a branch of the penetrating arteriole, which will lead

to hypoperfusion downstream of the occlusion site in the corresponding cortical column

(Fig. 4.12). The hypoperfusion will then result in distal tissue hypoxia from the occlusion
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site. This is partially supported by the overlap between ischaemic and hypoxic regions

in the experiments.

According to blood vessel diameter measurements, rat penetrating arterioles range in size

from 10-30 µm [76]. The injected microspheres of 25 µm in diameter should target the first

few branches of penetrating arterioles. However, most of the microspheres were detected

to be lodged at a distance > 500 µm below the cortical surface. This discrepancy could

be explained by the arterial wall elasticity in combination with the blood flow which may

push the microspheres distally from the cortical surface [246]. Since the vessel architecture

was not imaged directly, microspheres could block either a penetrating arteriole at a lower

level or branches of a penetrating arteriole. Even in the cases where the perfusion volumes

may be smaller, the effects of blocked arterioles span a greater distance than was found

in in vivo occlusions of penetrating arterioles using photothrombosis [74, 76].

To understand the discrepancy found between microembolisation and the

photothrombotic model, differences between the two techniques are discussed here.

Firstly, in the current experimental study, microspheres are lodged not only in the cortex

but also in deep brain structures. Whereas cortical columns are thoroughly examined

under controlled circumstances, deeper brain structures and their vessel architecture,

perfusion and oxygenation are poorly investigated due to limited depth resolution of

live imaging techniques [247]. In addition, despite the high resolution gained by tissue

clearing or other modern techniques [248–250], effective image segmentation remains

challenging [251]. Secondly, in our microembolisation model the tissue hypoxia can be

a result of multiple occluded arteriole(s). In the distance calculations both cases were

included, and no distinction was made between the two, since blood vessel architecture

was not considered and it was not possible to trace back the effects of every microsphere.

Thirdly, hypoxia was examined 24 hours after microembolisation, missing the tissue

where neuronal cell death has already taken place. Lastly, some microspheres may not

necessarily lead to ischaemia or hypoxia, because of a certain degree of collateralization.
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As a result, microspheres without any detectable brain damage may wrongly be matched

to tissue hypoxia created by other occlusion(s). However, this scenario can be excluded

based on the simulations, where most single penetrating arteriole occlusions (98.9%) led

to distal hypoxic regions thus confirming the experimental findings. Taken together,

the inclusion of deep brain structures in our distance analysis and the synergistic effect

of multiple occluded arterioles [56] could explain the discrepancies found between the

microembolisation versus photothrombotic model, although further detailed work will

be required to establish this more accurately.

4.4.3 Comparisons between simulations and experiments

In this study, numerical simulations were matched with experiments as closely as possible

to enable high fidelity comparisons and validations between the two. The validation

of in silico models against in vivo experimental data remains a challenging step for

most biomedical simulations, especially for non-linear scenarios like drug delivery and

oxygen transport which can result in highly heterogeneous distribution of these substances

in tissues. In a recent study, Hartung et al. [108] simulated blood flow and oxygen

transport using the reconstructed microvasculature from in vivo images, which led to a

very good agreement between the simulated oxygen fields and the two-photon oxygen

images. This validation [108] focused on tissue oxygenation under healthy scenarios, thus

our work provides a further investigation into the pathological effects of micro-occlusions

on tissue hypoxia by comparing the spatial relationships. The validation indicates that

the modelling approach is an appropriate one for this scenario and thus supports its wider

use in understanding the response of brain tissue to microemboli.

As part of the INSIST project [44], computational models of AIS have been developed

at multiple scales to aid in optimising AIS treatments and developing medical devices.

The micro-scale models presented here and in previous works ([29] and Chapter 3) can

in future be coupled with organ-scale models of AIS [36, 37, 47] and play a key role in
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predicting the secondary tissue damage caused by microthrombi after an unsuccessful

thrombectomy [16, 46].

Next, several differences between the experimental and numerical setups are highlighted.

The cerebral microvascular networks used in the simulations [27, 87] were generated

from the statistical data of the human brain [23, 26, 79]. However, the experiments

were conducted in rat brains. Despite topological similarities between human and rodent

networks, the human capillaries have been found to have longer vessels and larger spacings

between vessels than rodent capillaries [252]. In addition, the venules were not included

in the simulations, because the occlusions are primarily on the arteriole side. These

geometrical differences can potentially lead to discrepancies between simulations and

experiments, which should be quantified in future work.

In addition, the blood flow and oxygen transport models in this study are purely steady

and passive. However, the hypoxic regions were measured and segmented 24 hours after

the microembolisation in experiments. In this time interval, the brain can have active

responses to vessel blockage and tissue ischaemia and hypoxia including autoregulation

[1, 39], pericyte constriction [73, 135], microsphere clearance [53, 190] and pathological

response like infarct formation [55]. These time-dependent events were not considered in

the simulations but should be included in future studies.

Discrepancies of hypoxic intensity have been shown between simulations and experiments,

which are mainly since there are more type B hypoxic intensity trends found in the

simulations than in the experiments. This discrepancy can be partially explained by the

differences between the two, which have been discussed previously. In the simulations, it

is assumed that the bead occludes a branch of the penetrating arteriole with a diameter

smaller than 25 µm at the vessel inlet, which tends to be near the column centre. As

shown in Fig. 4.12, the hypoxic regions are mainly caused by the hypoperfusion in the

regions downstream of the occlusion site and at the column boundary, which will lead
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to a type B hypoxic intensity. However, in the experiments, microspheres were found

to be lodged further away from the cortex surface (940.69 ± 122.54 µm), probably due

to the vessel wall elasticity in combination with the blood flow. The occlusions will

thus more readily happen at the arteriole-capillary transition or the capillary scale. In

such a case, more hypoxic regions may form locally (type A) instead of in the regions

downstream of the occlusion (type B) in the experiments. It thus leads to fewer type B

cases in the experiments than the simulations. In addition, these effects are found to be

relatively minor on the pixel-based Gx function, because the hypoxic regions caused by a

capillary occlusion tend to be much smaller than these caused by a penetrating arteriole

occlusion, which thus only contribute insignificantly to the pixel-based Gx function using

the cumulative fraction. However, these hypotheses need further investigations when a

fuller description of the vascular geometry is available.

4.4.4 Limitations

One of the major experimental limitations is the z-resolution of the individual coronal

brain sections. Although initially a z-step of 5 µm was used when taking the confocal

overview images, the z-resolution changed to 50 µm when converting the images to MIP

for the 3D reconstruction of the brain tissue. Due to the low z-resolution and technical

issues such as the deformation of brain sections, no blood vessel geometry was considered

in the experimental data. In addition to the limited z-resolution of individual brain

sections, the total z-dimension of the reconstructed brain volume (500 µm), was low

compared to the x and y dimensions (7000-8000 µm). As a result, the contribution of

microspheres outside the reconstructed brain region to tissue hypoxia was hard to predict.

This is something that could add uncertainty to the experimental findings. We tackled

these limitations by incorporating in silico models of cortical columns and comparing the

experimental data as closely as possible to the simulations.

One of the steps in our distance analysis workflow involved the segmentation of brain
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sections to include the brain anatomy in the calculations. Despite gentle handling of the

brain tissue during the staining procedure we could not avoid one section of animal 3

becoming broken. For this particular case, the previous section was used instead, since

the total area and anatomy of consecutive sections were found to be very similar.

One limitation of the simulations is the assumption of one bead or no bead per column,

due to the low bead density in the experiments. However, more beads can occlude

the same column and the combined effects of multiple blockages on hypoxic regions

could affect both the hypoxic intensity and the pixel-based Gx function. Moreover, the

occlusions were found to be very mild in the study when we compared the thrombus

volume in our models with the thrombus volume measured by clinics. This indicates that

there will tend to be more severe micro-occlusions caused by thrombus fragments after

an unsuccessful thrombectomy. Hence, we need to be cautious in applying the results

presented in this paper directly to clinical studies.

Another limitation is the assumption of the same probability of possible bead locations

in the same column since there is currently no available bead transport model in the

cerebral microvasculature. This has also been a limitation in recent studies on the effects

of cerebral microthrombi on blood flow and oxygen transport ([29] and Chapter 3). The

microemboli transport model will thus need to be developed and coupled with current

oxygen transport models in future work.

Summary

To aid in understanding the formation of hypoxic tissues caused by micro-occlusions in

the penetrating arteriole trees, this chapter use rodent experiments and simulations of

human vascular networks to study the spatial correlations between the hypoxic regions

and the occlusion locations. The results suggest that hypoxic regions can form distally

from the occlusion site, which agrees with the previous observations in the rat brain.
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These distant hypoxic regions are primarily due to the lack of blood flow in the brain

tissues downstream of the occlusion. Moreover, a reasonable agreement of the spatial

relationship is found between the experiments and the simulations, which indicates the

applicability of in silico models to study the effects of microemboli on the brain tissue.
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Part II

Macro-scale: Tissue damage
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Chapter 5

Modelling the effects of cerebral

microemboli on hypoxic tissue

damage

The work presented in this chapter has been published in [219]: Xue, Y., El-Bouri, W.

K., Józsa, T. I. & Payne, S. J. Modelling the effects of cerebral microthrombi on tissue

oxygenation and cell death. Journal of Biomechanics 127, 110705 (2021).

Abstract

The healthy brain function depends on the continuous oxygen supply. Recent experiments

have shown that microembolism can lead to hypoxia and then infarct formation. The

effects of microthrombi on oxygen transport and tissue oxygenation have been studies in

previous chapters. However there is currently no mathematical model on hypoxic tissue
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damage, which limits the application of these micro-scale models and their validation

against the experimental and clinical data.

In this chapter, a novel 3-state cell death model was developed to simulate the hypoxic

tissue damage. In addition, a thrombus extravasation model was proposed to simulate

the recovery and fitted to the data from a rodent experiment. These models were

coupled with the sigmoidal function between tissue hypoxic fraction and vessel blockage

fraction (Eq. 3.2) to simulate the cell viability over time under different microvascular

occlusions. The cell viability was found to be strongly dependent on the initial severity

of microembolism, primarily due to the non-linear relationship between blockage fraction

and hypoxic fraction. The cell death model presented here will broaden the application

of oxygen transport models developed in Chapter 3, enabling their implementation in the

organ-scale models.

5.1 Introduction

The human brain only comprises 2% of the body weight, but it accounts for 20% of

the total energy consumption. In addition, the brain has a very low capacity of energy

storage. Its healthy function thus highly relies on the continuous supply of oxygen and

glucose. Due to the high metabolic rate and relatively slow diffusion of oxygen in the

brain tissue, the distribution of oxygen primarily depends on the microvasculature, where

each cell is located in close proximity to a blood vessel.

The close coupling between brain cells and capillaries also implies that the local energy

supply can be easily disturbed by subtle geometrical or topological changes. Recent

experimental studies using rodent models found that microembolism could lead to tissue

ischaemia and hypoxia and infarct formation [55, 76]. Similar scenarios were also

investigated using computational models in Chapters 3 and 4. One key finding from

previous chapters is that most of the brain tissue will maintain healthy oxygenation
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when less than 10% of capillaries are occluded. However, it will become hypoxic

(PO2 < 10 mmHg as defined before) very quickly when more capillaries are occluded.

This non-linearity will lead to the non-linear tissue pathological response to different level

of micro-occlusions.

In addition, recent experiments reported that microthrombi could be extravasated and

the vessels could thus be recanalised in the rodent brain [53, 54, 188–190]. The thrombus

extravasation can potentially lead to recovery of ischaemia and hypoxia on the time scale

of days, where most ischaemic regions recover at Day 3 and most hypoxic regions recover

at Day 7 [55]. These recovery mechanisms can have an significant impact on quantifying

the effects of microemboli on brain tissue damage.

However, the effects of microthrombi on tissue health in the human brain are poorly

understood. This is mainly due to the limited resolution of non-invasive imaging

techniques, resulting in an ‘imaging gap’ relating to human cerebral microvasculature. To

fill this gap, in silico models have been developed to study the effects of microemboli on

blood flow [28, 29] and oxygen transport (Chapters 3 and 4). Although these models are

able to quantify tissue hypoxia in the human brain, there is still a ‘modelling gap’ between

tissue ischaemia/hypoxia and tissue damage, especially when predicting the tissue damage

as a function of time. This gap limits the application of these micro-scale models and

the validation against the clinical data.

To this end, cell death models are required to simulate the infarct formation and

propagation due to the tissue hypoxia caused by micro-occlusions. Although many cell

death models have been developed in previous studies [40, 210, 212–217], these models

have neither been focused on the brain nor been validated, which limits their applications.

One notable model was developed by O’Neill et al. [210], which simulated hyperthermic

cell death using only 5 parameters and was validated against the experimental data. By

comparison, Orlowski et al. [40] implemented a detailed cerebral metabolism model on
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a 3D human brain mesh, which appears to be too complex to be validated. The ideal

model for hypoxic tissue damage will thus be a model that combines the advantages of

these previous models.

The aim of this chapter is to develop a cell death model that can simulate both hypoxic

tissue damage and microemboli extravasation, while not losing simplicity. The model

should also be built upon micro-scale simulation results (primarily Chapter 3), so the

cerebral tissue damage over time under different micro-occlusions can be modelled easily.

The cell death model will play a key role in the simulation of ischaemic stroke and broaden

the application of micro-scale models presented in this thesis.

5.2 Thrombus extravasation model

Due to the thrombus extravasation, it was assumed that a certain fraction of occluded

vessels could be recanalised over a certain period of time. Hence the vessel blockage

fraction decays exponentially with time as

B = B0e
−ket (5.1)

where B0 is the initial blockage fraction and ke is the extravasation time constant. The

time constant ke was found to be 2.03 × 10−6 1/day by using the data points from a

recent extravasation study in a rat model [53] as shown in Fig. 5.1.

5.3 Three-state cell death model

A novel hypoxia-based 3-state cell death model was proposed here based on a similar

concept from previous work studying hyperthermic cell death [210]. The cell has three

states in the model, namely alive (A), vulnerable (V ) and dead (D). The sum of the

fraction of cells in these three states in the brain tissue is always 1, which can be expressed
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Figure 5.1: The fraction of microthrombi extravasated from occluded vessels over time.

The data points at 0, 1, 7 and 28 days after the initial blockage are taken from an

experimental study using a rat model [53].

as

A+ V +D = 1 (5.2)

The vulnerable compartment represents the cells that may have experienced energy

impairment but still have potential for recovery. Hence there are reversible pathways with

a forward rate (kf ) and a backward rate (kb) between alive and vulnerable compartments.

These two rate constants are purely based on the tissue hypoxic fraction, which is a

sigmoidal function of vessel blockage fraction (Eq. 3.2). The balance between alive

and vulnerable compartments is thus determined by the vessel blockage fraction. When

the vulnerable cells experience further hypoxic damage, they will become dead in an

irreversible pathway with the same forward rate kf . The cell death model can be
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summarised as

A
kf←−→
kb

V
kf−−→ D (5.3)

dA

dt
= −kfA+ kbV (5.4)

dD

dt
= kfV (5.5)

The forward rate kf and the backward rate kb depend solely on the tissue hypoxic fraction

(H) and the healthy fraction (1−H) respectively as

kf = kfH (5.6)

kb = kb(1−H) (5.7)

where the forward rate constant kf = 6× 10−5 1/s represents the forward rate under full

hypoxia and the backward rate constant kb = 4× 10−5 1/s is the backward rate under no

hypoxia.

5.4 Cell viability with increasing microembolism

By coupling the sigmoidal function between hypoxic fraction and blockage fraction (Eq.

3.2) with the thrombus extravasation model (Eq. 5.1) and the cell death model (Eq. 5.3),

it is now possible to simulate cell viability (i.e. the fraction of cells that are not dead in a

certain volume of brain tissue) under different microthrombi occlusions. The simulation

results of tissue hypoxia and viability over 7 days under initial blockage fraction from 0

to 25% are presented in Fig. 5.2.

In the scenario of no blockage (Fig. 5.2a), the tissue remains healthy. There is a small gap

between the alive compartment at 7 days and 100%, since the hypoxic fraction predicted

by the sigmoidal function (Eq. 3.2) is not exactly 0 when the blockage fraction is 0.

However, this difference is negligible in the time scale of interests in the usual clinical
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Figure 5.2: The tissue hypoxia and viability over 7 days under different initial blockage

fractions.

practice. After mild occlusions with blockage fraction smaller than 10% (Figs. 5.2b and

5.2c), most cells can remain alive, due to the interconnected nature of the topology of

capillary network and the thrombus extravasation.

Based on the highly non-linear relationship between blockage fraction and hypoxic

fraction (Eq. 3.2), the further increase of blockage fraction beyond 10% will result in
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a sharp increase in the cell death rate and the final fraction of dead cells. These can be

observed in Figs. 5.2d and 5.2e. Under the initial blockage fraction of 25% (Fig. 5.2f),

almost all cells will become dead after day 2, since the forward cell death rate is much

larger than the thrombus extravasation rate.

5.5 Sensitivity analysis

Since there is currently no study on the quantitative relationship between local hypoxia

and local infarction to fit the 3-state cell death model, a sensitivity analysis was conducted

to demonstrate the non-linear behaviour of the model. In Fig. 5.3, the fractions of dead

cells after 7 days of occlusions in different fraction of vessels were simulated under different

forward rate constants (kf ) and backward rate constants (kb) from 1× 10−5 to 1× 10−3

1/s. The constant values used in Fig. 5.2 are indicated as the red cross in each subfigure.

There are clear thresholds between alive (dark blue) and dead (bright yellow) in each

figure separating the final cell states of alive and dead. This threshold is caused

by the non-linear behaviour of the model where the final cell state is the winner of

two competing mechanisms, which are hypoxic damage caused by microembolism, and

thrombus extravasation that relieves the microembolism. In addition, the thresholds

between alive and dead can also be explained by the competing effects of the forward

rate constant and the backward rate constant on the vulnerable cells. When the backward

rate constant is much larger than the forward rate constant, there is no tissue damage

due to many more cells being saved from the vulnerable compartment than dying.

5.6 Discussion

In this chapter, a thrombus extravasation model was proposed and fitted with a recent

rat experiment [53]. In addition, a 3-state cell death model was developed to model

the hypoxic cell death [210]. These models were then coupled with the sigmoidal
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Figure 5.3: Final fraction of dead cells after 7 days under different initial blockage

fractions and rate constants in the 3-state cell death model. The forward and backward

rate constants used in Fig. 5.2 are indicated as the red cross.

function of tissue hypoxic fraction under different vessel blockage fraction. By using

this pipeline the brain tissue damage after different degrees of microembolisms can now

be modelled as a function of time. The cell viability predicted from these models will aid

in understanding the potential secondary tissue damage caused by thrombus fragments

following an unsuccessful thrombectomy.

Modelling irreversible tissue damage in the human brain is a key module to simulate

the ischaemic stroke, however, it was usually neglected in previous cerebral metabolism

models [20, 21, 40]. Here a 3-state cell death model was developed from a previous model

on hyperthermic cell death [210], which is able to simulate the highly non-linear process

of cell death based on tissue hypoxia. It can thus be coupled with the oxygen transport
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simulation results presented in Chapter 3 and broaden the application of these micro-scale

models in clinical contexts. In addition, it enables a straightforward way of implementing

micro-scale simulation results in the whole brain models [36, 37], which forms the basis

of the next chapter.

It should be noted that the cell death model proposed here is a significant simplification

of the in vivo physiological process of hypoxic tissue damage. The proposed cell death

model is just one of the simplest models which can simulate a strongly non-linear scenario

with only two parameters. Therefore, it can prevent over-fitting when the temporal

quantitative data of hypoxic tissue damage are currently very limited [55]. The cell

death model proposed in this chapter will be further developed in the next chapter.

The simulation includes a thrombus extravasation model to mimic the re-perfusion and

hypoxia relaxation at the capillary scale. However, despite this, the presented model is

mostly passive, neglecting the fact that blood flow and oxygen transport are actively and

tightly controlled at multiple scales [1, 39].

Summary

This chapter has developed a cell death model to simulate the hypoxic tissue damage

caused by microembolism. Additionally, it is able to model the thrombus extravasation

which leads to recovery after mild occlusions. Coupled with the relationship between

hypoxic fraction and blockage fraction as presented in Chapter 3, the model can predict

the cerebral tissue damage over time under different level of microembolism. In the

next chapter, the cell death model will be further developed and implemented at the

organ-scale to build a full ischaemic stroke model.
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Chapter 6

Modelling cerebral tissue damage

caused by acute ischaemic stroke

Part of the work presented in this chapter (Section 6.2) has been implemented in [253]:

Miller, C., Padmos, R. M., van der Kolk, M., Józsa, T. I., Samuels, N., Xue, Y., Payne,

S. J., Hoekstra, A. G. In Silico Trials for Treatment of Acute Ischemic Stroke: Design

and Implementation. Computers in Biology and Medicine 137, 104802 (2021). Part of

the work (Section 6.3) has been presented at the 9th World Congress of Biomechanics

[254] as Xue, Y., Józsa, T. I. & Payne, S. J. Modelling human cerebral tissue damage

caused by acute ischaemic stroke. (2022).

6.1 Introduction

Brain tissue is extremely vulnerable to disruptions in energy supply, due to the fact that

the neurons have very limited energy storage. This means that pathological events will
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occur in the ischaemic regions shortly after a stroke. There is evidence from animal

models [65, 211] that these damage mechanisms can happen at the time scale of minutes

after the stroke. However, the pathological mechanisms of the human brain are poorly

understood at this time scale, since the time from stroke onset to randomisation is about

3 hours and the time from onset to intraarterial treatment is about 4 hours [4]. The status

of each patient are usually only known at two time points (no infarct at the onset time

and a certain infarct volume at the treatment time) with a few hours in between. Hence

to investigate the effects of treatment time on the clinical outcomes of stroke patients,

in the recent HERMES project [175], the patients were divided into groups of different

treatment time, while distributions of other patient characteristics were matched between

different groups. The clinical outcomes of stroke patients were then compared among

groups of different treatment time. In this way, however, it is impossible to know the

effects of different treatment time or option on the outcome of each individual patient. In

addition, it is even more difficult to understand the pathophysiology of the human brain

in responses to ischaemia at the time scales (e.g. minutes after the stroke onset), where

no human data are available.

In previous chapters, the responses of human brain tissue to ischaemia and hypoxia have

been investigated at the length scales where available human data are very limited. Using

numerical models, even the impact of the occlusion of a single capillary on brain tissues

at the length scale of micrometres can be quantified and validated against the animal

data. Similarly, it should be possible to use mathematical models and animal data to

examine the responses of human brain tissue to ischaemia at the time scales where the

human data are limited. These models can then be coupled with existing CBF models

[29, 36, 37] to build a full model of ischaemic stroke at multiple length and time scales.

Over the past few decades, several cell death models have been developed for ischaemic

stroke. These models can be divided into two types: mechanistic models [42, 212–218] and

cellular metabolism models [21, 40, 41]. The mechanistic models focus on the modelling
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of pathological scenarios (e.g., cortical spreading depression or oedema) whilst tending to

neglect the physiological meaning of model variables and parameters. The metabolism

models build upon cellular physiology, however, they usually have tens of or even more

than a hundred model parameters that are essentially impossible to be measured or

quantified in vivo. Another limitation of all these models is the lack of parameter fitting

or validation. Additionally, most of these models have not been applied to a brain model

with a realistic 3D geometry (for one exception see [40]).

This chapter thus aims to develop a cell death model, which should be validated

against available animal or clinical data and applied to the organ-scale brain models.

In particular, the model should be able to simulate the tissue state as a function of

time under different values of perfusion, so the penumbra and core (infarct) volumes

can be predicted in an in silico trial of ischaemic stroke [44]. Considering the limited

temporal resolution of tissue damage data in both animal stroke models [64, 65, 211] and

clinical studies [4, 175, 255, 256], a mechanistic approach will be employed here to prevent

overfitting the model parameters. In this case, the 3-state cell death model developed in

the last chapter is taken to be a reasonable starting point.

6.2 A toxin-based cell death model

The 3-state cell death model presented earlier can simulate the tissue damage due to

microembolisms, however, it is not fully suitable to simulate the tissue damage caused

by ischaemic stroke. One limitation of the model is that it is not able to simulate any

continued tissue damage after perfusion is restored [255, 256], since its forward rate is

purely based on hypoxia that is zero under healthy perfusion. This indicates that the

3-state model cannot simulate the expansion of infarct regions after the stroke treatment.

A toxin-based cell death model, which was developed from the 3-state model, is thus

presented here to address this challenge.
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6.2.1 Model

The toxin-based cell death model is presented in Fig. 6.1. Compared with the 3-state cell

death model, the vulnerable compartment has been removed and a toxin compartment

has been added. The toxin compartment represents the level of toxin in the brain tissue.

In the proposed model, it is assumed that toxic molecules (e.g., potassium ions and

glutamate) are produced and released from brain cells under hypoxic stresses [58] at

a constant rate. The toxin production rate is thus proportional to the tissue hypoxic

fraction:

Ṫp = ktHA (6.1)

where kt is the toxin production time constant and H is the hypoxic fraction, which

will be simulated as a function of perfusion in the following section. The toxin removal

is assumed to be based on both the healthy tissue fraction and the non-hypoxic tissue

fraction:

Ṫr = kr(1−H)AT (6.2)

where kr is the toxin removal time constant. These two equations give the toxin dynamics

as

dT

dt
= Ṫp − Ṫr = ktHA− kr(1−H)AT (6.3)

The forward death rate is assumed to be proportional to the toxin level as

dD

dt
= kfTA (6.4)

which leads to a continued tissue damage after treatment (when perfusion is restored and

hypoxia is relieved) because the toxin requires additional time to be removed.
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Figure 6.1: Schematic view of the toxin-based cell death model.

6.2.2 Hypoxia as a sigmoidal function of ischaemia

To investigate the relationship between hypoxia and perfusion, the physiologically

representative capillary cubes [27] and Green’s function method [144] used in Chapter

3 were used. The tissue hypoxic fraction was simulated under different perfusion values

from 0 to 60 mL/100mL/min. The unit can be converted to mL/100g/min by dividing

by a tissue density (normally around 1 g/mL [146]). The perfusion value was assumed to

be the same as the output from the whole brain perfusion model [36], which enabled an

easy coupling between the two models.

Figure 6.2 presents the hypoxic fraction and average tissue PO2 under different values of

perfusion in 10 capillary cubes (375 µm) that were used in Chapter 3. The inlet blood

PO2 was set to be 43.2 mmHg by assuming the same OEF from A4 to V4 as predicted by
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the 2D network model [94] and using the Green’s function method to simulate the effects

of inlet PO2 on OEF (Fig. 3.3). The hypoxic fraction was found to follow a sigmoidal

relationship with perfusion, which is similar to its relationship with inlet blood PO2 (Fig.

3.2). However, unlike the linear relationship between average tissue PO2 and inlet blood

PO2, the average tissue PO2 follows a Michaelis-Menten curve with perfusion.

0 10 20 30 40 50 60
Perfusion (mL/100mL/min)

0.0

0.2

0.4

0.6

0.8

1.0

Hy
po

xi
c 

fra
ct

io
n

0

5

10

15

20

25

30

Av
er

ag
e 

tis
su

e 
PO

2 (
m

m
Hg

)

Hypoxic fraction
Average tissue PO2

Figure 6.2: Hypoxic fraction and average tissue PO2 in 10 capillary cubes (375 µm) under

perfusion from 0 to 60 mL/100mL/min. The shaded area shows the standard deviation.

The relationship between tissue hypoxic fraction and perfusion was fitted with a sigmoidal

function:

H = 1− 1

1 + e−(0.2017∗CBF−3.3734)
(6.5)

where the CBF is in the unit of mL/100mL/min. All parameter fitting was conducted

using SciPy (non-linear least square optimization) [223] in this chapter, if not specified

otherwise. The fitting is shown in Fig. 6.3, where the simulation curve is taken to be the
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average of the simulation results for 10 cubes.
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Figure 6.3: Hypoxic fraction fitted as a sigmoidal function of perfusion.

In addition, the hypoxic fraction was simulated under different values of perfusion and

oxygen inlet in a 375 µm capillary cube as shown in Fig. 6.4. The hypoxic fraction was

found to be a function of these two variables as

H = 1− 1

1 + e−(0.0009∗CBF∗PO2
3/2−4.0420)

(6.6)

where the CBF and PO2 are in the units of mL/100mL/min and mmHg, respectively.

The inlet PO2 has a power of 1.5, which indicates that it has a larger impact on tissue

hypoxia than perfusion. It should be noted that this simulation was carried out in a single

capillary cube to reduce the total simulation number (currently 240), which is different

from previous simulations that were run in 10 cubes.
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Figure 6.4: Hypoxic fraction as a function of perfusion and inlet PO2.

6.2.3 Parameter fitting

The monkey data of infarct formation time under different perfusion [64] (see Section

2.5.2.2) were used to fit the model parameters (kt, kr and kf ), where it was assumed that

the infarct formed when D ≥ 80%. The parameters were found to be: kt = 2.6717 ×

10−4 1/s, kr = 1.93015× 10−3 1/s and kf = 3.8172× 10−4 1/s.

In Fig. 6.5, the tissue dead fraction is shown in a 2D map of perfusion and time

against monkey data. Reasonable agreement is shown between the simulation and the

experimental data in the time scale of 6 hours. However, at a longer time scale of 2 days,

the simulated tissue damage starts to appear in regions with a perfusion greater than the

threshold of 18 mL/100mL/min (if brain tissue density is 1 g/mL) in the monkey data.

This is mainly because the forward tissue damage pathway (Eq. 6.4) is proportional to
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the toxin level, which is not exactly zero as long as the hypoxic fraction is non-zero. This

indicates that the proposed model will over-estimate the tissue damage over a long time,

which limits the time scale of its application.

Figure 6.5: The dead fraction predicted by the cell death model under different values of

perfusion and time. The red line shows the experimental data of a monkey model [64].

6.2.4 Implementation1

The toxin-based cell death model has been implemented in an in silico trial of ischaemic

stroke [44, 253] as shown in Fig. 6.7, where models of blood flow [37], tissue perfusion

[36] and tissue damage are coupled together. The coupling of these models has been

introduced in other studies [253, 257]. In brief, cell death was simulated by solving local

1The cell death model has been implemented in [253]: Miller, C., Padmos, R. M., van der Kolk,
M., Józsa, T. I., Samuels, N., Xue, Y., Payne, S. J., Hoekstra, A. G. In Silico Trials for Treatment of
Acute Ischemic Stroke: Design and Implementation. Computers in Biology and Medicine 137, 104802
(2021). The implementation of this toxin-based cell death model in virtual patients was performed by
our collaborators at the University of Amsterdam, and is not part of this thesis.
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Figure 6.6: The dead fraction predicted by the cell death model under different values of

perfusion and time up to 2 days. The red line shows the experimental data of a monkey

model [64].

ODEs (based on the perfusion value) in each mesh element of the organ-scale perfusion

model. The ODEs were solved by SciPy [223] in this chapter. The cell death model

parameters were fitted to the data from monkey grey matter [64]. However, significant

differences in baseline perfusion and its threshold for infarct have been observed between

grey and white matters [208, 258, 259]. Based on the average of simulated baseline

perfusion in grey and white matters, a scaling ratio of 2.7 was used to scale up the

perfusion values in the white matter, so that the cell death model could be applied in the

white matter region directly.

Stroke onset and treatment were assumed as instant events for simplicity. These events

were simulated by adjusting the boundary conditions of the blood flow model, which led
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Figure 6.7: Schematic of an in silico trial of ischaemic stroke. Module III uses the

infarct volume and patient characteristics to predict the clinical outcome of each patient.

Reproduced without change from [253].

to perfusion change in the occluded region (Fig. 6.8) and the resulting tissue hypoxia

due to ischaemia initiated the cell death model. The tissue damage progresses quickly

after the stroke onset and before the treatment. The progression continues even after

the treatment, because the toxin removal takes additional time and the remaining toxin

is still able to drive the cell death. A simulation of relative perfusion change and final

infarct volume is shown in Fig. 6.9.

Using the pipeline, two in silico trials were conducted in 500 virtual patients with

best case (successful thrombectomy and perfusion restores) and worst case (unsuccessful

thrombectomy and perfusion does not restore) treatments. Based on a statistical model

of clinical outcome (mRS) on final infarct volume and patient characteristics, the clinical

outcomes of best case and worst case patients could be modelled as shown in Fig. 6.10.

The simulation results are qualitatively reasonable in that better stroke treatment leads

to better clinical outcome, but this simulation has not been validated yet. It should

be noted that there remains ongoing development of the virtual patient model, the cell

death model and the statistical clinical outcome model respectively. A validation of
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Figure 6.8: Simulation of blood pressure (left) and perfusion (right) before (top) and

after an ischaemic stroke (bottom). Reproduced without change from [253].

the complete in silico trial will only be performed when each of its modules has been

developed and validated.

6.2.5 Discussion

This section presents a toxin-based cell death model that can simulate the continued

cerebral tissue damage after the stroke treatment. The Green’s function method simulates

the tissue hypoxia in representative capillary cubes under different perfusion. This leads

to a sigmoidal relationship between the two. The tissue hypoxia triggers the production
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Figure 6.9: Simulation of relative perfusion change and final infarct volume after an

ischaemic stroke. The final infarct volume is 332 mL. Reproduced without change from

[253].

of toxic molecules, the level of which drives the tissue damage. The proposed model only

has 3 parameters that have been fitted to the monkey data. The model has been coupled

with cerebral blood flow and perfusion models, enabling the in silico trial of ischaemic

stroke of the INSIST project. The workflow is able to predict qualitatively reasonable

outcomes of stroke patients under different conditions.

It should be noted that the proposed model is a simplification of a series of brain

pathophysiological events following an ischaemic stroke. This is a limitation of all

models presented in this chapter, so it will not be discussed again in the following

sections. The model is also based on a key assumption that cerebral tissue damage is only

driven by the toxic molecules that are produced and released from hypoxic brain cells.

Additionally, toxin diffusion is neglected in this proposed model, because it is extremely

computationally expensive to solve the 3D diffusion equation in a complex mesh at each

time step. The toxin diffusion will therefore be considered in Section 6.4.

Furthermore, the model overestimates the infarct at the time scale of days (Fig. 6.6),

since there is no stopping criterion for the forward tissue damage pathway. In addition,
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Figure 6.10: The modified Rankin Scale based on final infarct volume and patient

characteristics at baseline (mRS at treatment), best case and worst case scenarios.

Reproduced without change from [253].

the lack of recovery mechanism (e.g. the backward pathway in the 3-state model) means

that the model cannot simulate penumbra recovery after treatment. These limitations

indicate that further development of the cell death model is required for better simulation

of cerebral tissue damage.

6.3 A cell death model based on storage-toxin

dynamics

To simulate the penumbra recovery, a penumbra compartment (P ) was added between

alive and dead. The penumbra is very similar to the vulnerable compartment in the

3-state model, representing the cells that may have experienced energy impairment but
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have potential to recover. The alive and dead compartments were replaced by healthy

(H) and core (C) based on the clinical representations respectively. In addition, a new

storage compartment (S) was defined to represent the energy state of the tissue and

thus the potential for recovery, whilst the toxin compartment represented the potential

for damage as before. Similar variables of storage have been defined in previous models

[212, 213]. Details of the proposed model are presented below.

6.3.1 Model

The compartments of healthy, penumbra and core represent the fraction of tissue in each

state, hence their sum is 1:

H + P + C = 1 (6.7)

The relationship between them is assumed to have the same manner as that proposed for

the 3-state model:

H ←→ P −→ C (6.8)

where the pathway between healthy and penumbra is reversible and the core formation

is irreversible, which matches the clinical definitions of these tissue states.

For simplicity, variables of relative perfusion of healthy status (F ), metabolism (M),

storage and toxin are between 0 and 1. The relative energy supply is assumed to be equal

to the relative perfusion. The energy metabolism is based on the fraction of alive cells

(not core):

M = H + 0.25P (6.9)

where it is assumed that the healthy cells can maintain full energy metabolism, while the

cells in the penumbra state can only maintain the metabolism for housekeeping, which is

25% of the total energy consumption based on the energy budget model [197].

The dynamics between storage and toxin are based on a non-linear competitive
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mechanism. A simple cell death model investigating the competitive dynamics can be

found in [216]. The storage dynamics are based on the energy supply, metabolism and

the current states of storage and toxin:

dS

dt
= ksFe−T (1− S)− kmMeTS (6.10)

where ks is the storage time constant and km is the metabolic time constant. The build-up

of energy storage is proportional to the energy supply and is strongly modulated by the

toxin level. The energy consumption is based on the current tissue state (Eq. 6.9) and

also modulated by the toxin level. Under healthy conditions (F = 1, M = 1, T = 0), the

steady-state storage (dS/dt = 0) is

Sh =
ks

ks + km
(6.11)

The toxin dynamics are based on the above variables, as well as the current fraction of

dead cells (C):

dT

dt
= kt(1− S)(1− F )e−SeC(1− T )− krFeST (6.12)

where kt is the time constant for toxin production and kr is the time constant for toxin

removal. The toxin production is assumed to be proportional to the energy deficiency

(1− F ), the storage level and the current tissue damage. The toxin removal is assumed

to be proportional to the energy supply and positively correlated with the storage level.

Under healthy conditions (F = 1, M = 1), the steady-state toxin (dT/dt = 0) is 0.

The penumbra formation and recovery is simulated by

dP

dt
= kp(e

T − 1)H − kb(e
S − 1)P − dC

dt
(6.13)

where kp is the time constant of penumbra formation and kb is the time constant of

penumbra recovery (backward rate). The steady-state penumbra fraction is assumed to
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be based on storage and toxin levels.

The last term of Eq. 6.13 (dC/dt) is the core formation, which consists of two pathways,

namely fast (Ċf ) and slow (Ċs). The fast core formation is assumed to be based on the

relative magnitudes of storage and toxin:

Ċf =


kcf (T − S)P for T > S

0 for T ≤ S

(6.14)

which is only non-zero when the level of toxin is greater than that of storage. However,

the slow core formation is assumed to be purely based on the current fraction of core:

Ċs = kcs(e
C − 1)(1− C) (6.15)

which ensures that the core compartment will eventually reach 100% if the core has

formed in the tissue region. The core formation is then the sum of these two pathways:

dC

dt
= Ċf + Ċs =


kcf (T − S)P + kcs(e

C − 1)(1− C) for T > S

kcs(e
C − 1)(1− C) for T ≤ S

(6.16)

Typical values of the 8 model parameters are listed in Table 6.1. Note that there are

no available experimental or clinical data to fit all these parameters. Hence a dynamical

system analysis will be presented instead later on.

6.3.2 Model behaviour under different perfusion values

The tissue state and viability can be simulated under different perfusion values as shown

in Fig. 6.11. Under healthy perfusion (Fig. 6.11a), there is no core or penumbra

formation and the tissue storage state maintains at the healthy state. Under mild

ischaemic conditions (Figs. 6.11b and 6.11c), the energy storage decreases and the toxin
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Parameter Time constant of Value

ks Storage 2× 10−4

km Metabolism 1× 10−4

kt Toxin production 2× 10−4

kr Toxin removal 1× 10−4

kp Penumbra formation 4× 10−4

kb Penumbra recovery 6× 10−4

kcf Fast core formation 5× 10−4

kcs Slow core formation 1× 10−5

Table 6.1: Model parameters used in the storage-toxin cell death model. All parameters

have the unit of 1/s.

increases slightly, which leads to mild penumbra formation. There is no core formation,

since the storage is always greater than or equal to the toxin. The tissue damage under

these states is thus reversible (see Fig. 6.12).

However, the tissue damage becomes irreversible and the core forms when the ischaemia

is more severe (Figs. 6.11d-f). The reason for this transition in model behaviour is that

the toxin level exceeds the storage level, which initiates the tissue damage mechanisms.

The core formation is faster when the relative perfusion is smaller. Note that there is a

recovery of storage compartment at the second phase of core formation (Figs. 6.11d and

6.11e). This is primarily due to reduced metabolic demands caused by irreversible cell

death (Eq. 6.9). This storage recovery does not indicate the recovery of the tissue, since

the core formation has been initiated and the slow core formation (Eq. 6.15) will lead to

a steady state of C = 0.

Figure 6.12 presents the same simulations but with a successful treatment at 3 hours.

The perfusion is assumed to fully recover (F = 1) in these simulations. In the cases

without core formation (Fig. 6.12a-d), the tissue damage is fully reversible. However,

the tissue damage is irreversible, if the toxin has already been greater than the storage

before the treatment time, even if the core fraction is small (Fig. 6.12e).
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Figure 6.11: The tissue state and viability under different perfusion values in 2 days.

One notable case is shown in Fig. 6.12d when the relative perfusion is 40%. Without

treatment the tissue region with less than 40% relative perfusion will lead to core

formation (with the model parameters provided in Table 6.1). A treatment at 3 hours

saves the tissue, since the core formation has not started until then (T < S). This means

that the treatment at 3 hours can be seen as timely for tissue at 40% relative perfusion.

However, a much later treatment at, e.g. 10 hours, will be ineffective in saving the tissue.
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Figure 6.12: The tissue state and viability under different perfusion values in 2 days with

the treatment at 3 hours.

These simulations indicate that the proposed model is able to simulate the effects of

treatment time on the final outcomes of brain tissues and thus patients, which will be

better demonstrated using the phase plane analysis presented in the next section.
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6.3.3 Dynamical system analysis

6.3.3.1 A single stable node of the model

Before conducting the phase plane analysis, it is necessary to determine the number of

fixed points and their properties in the proposed dynamical system. If the core formation

has started, it is clear that there is only one stable node at (C,P,H) = (1, 0, 0), due to

the slow core formation (Eq. 6.15). This will lead to (S, T ) = (1, 0) unless F = 0, based

on Eqs. 6.10 and 6.12.

When there is no core formation, the system can be simplified into a three-dimensional

system of storage, toxin and penumbra. By solving dS/dt = 0, dT/dt = 0 and

dP/dt = 0 analytically, it can be proven that there is one and only one fixed point

in the parameter space S, T, P ∈ [0, 1], as long as all parameters are positive. At the

fixed point (S∗, T ∗, P ∗), a Jacobian matrix can be defined as

J =


∂Ṡ
∂S

∂Ṡ
∂T

∂Ṡ
∂P

∂Ṫ
∂S

∂Ṫ
∂T

∂Ṫ
∂P

∂Ṗ
∂S

∂Ṗ
∂T

∂Ṗ
∂P


(S∗,T ∗,P ∗)

(6.17)

By solving

det(J − λI) = 0 (6.18)

where det is the matrix determinant and I is the identity matrix, all λ (eigenvalues of

the Jacobian matrix) have been found to be negative real numbers under the current

parameter values (see Table 6.1) and F ∈ [0, 1]. Therefore, the fixed point is a stable

node (also known as an attractor) under all possible relative perfusion values [260].

The movement of stable nodes under different relative perfusion values is plotted in

Fig. 6.13. It should be noted that this figure only represents the stable nodes in the

three-dimensional space (S, T and P ) before the core formation. Using the full cell death
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model, the stable nodes do not exist in the region of T > S.
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Figure 6.13: Stable nodes in the state space of S, T and P under relative perfusion values

from 0 to 1 using the parameter values listed in Table 6.1.

Having examined the stable node in the proposed model and implemented parameter

values, it is worth examining whether the node is always stable with any arbitrary positive

parameter values. Since it is very challenging to solve the non-linear system analytically,

a numerical analysis was conducted. In the numerical simulation, it was assumed that

all parameters have the same value and an order of magnitude from 1 to 1 × 10−9 with

F ∈ [0, 1]. Under all these conditions, the Jacobian matrix (Eq. 6.17) was found always

to have three negative eigenvalues. Hence the dynamical system has a stable node in the

3D space of S, T and P when the order of magnitudes of the parameters is from 1 to

1× 10−9.
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6.3.3.2 Phase plane of storage and toxin

Next, 2D phase planes of storage and toxin will be presented in several scenarios to

demonstrate the model behaviour. Figure 6.14 shows the phase planes of storage and

toxin [(dS/dt, dT/dt) on (S, T )] under two conditions, where a red dot represents the

attractor, a red line indicates the threshold of T = S and the relative magnitude of

derivative is scaled using a colourmap. As shown in the top figure, the attractor is at the

bottom of the plane where T = 0 under the healthy condition. In the bottom figure, the

attractor is above the threshold of T = S and almost reaches a state of full toxin before

the tissue develops into core completely.

Figure 6.15 presents two scenarios with the same tissue state (H = 0.5 and P = 0.5)

but different relative perfusion values. In the top figure, the attractor is below the core

formation threshold when perfusion is maintained at 50% of its healthy level in the tissue

region. However, the attractor moves above the threshold when the relative perfusion

further drops to 40%, which will initiate the core formation. This figure highlights the

key role of relative perfusion in determining the final tissue state (core or not).

6.3.3.3 Trajectories under different perfusion

In each simulation, the phase plane of storage and toxin in fact changes continuously over

time based on the tissue state. Figure 6.16 presents the trajectory of model variables in

each 2D plane when the relative perfusion changes from 0 to 1. In Fig. 6.16a, two types

of model behaviours are shown. When F > 0.45, the trajectory is just a short curve

from the initial state (Sh, 0) to the steady state as shown in Fig. 6.13. When F ≤ 0.45,

the trajectory tries to reach the steady state at the beginning, but rotates clockwise and

finally converges to (1, 0) due to the core formation starting from T > S. The penumbra

formation and its further progression into core are shown in Figs. 6.16b and 6.16c. The

core formation is shown in Figs. 6.16d-6.16f.

146



0.0 0.2 0.4 0.6 0.8 1.0
S

0.0

0.2

0.4

0.6

0.8

1.0

T

F = 1, H = 1, P = 0 and C = 0

0.0 0.2 0.4 0.6 0.8 1.0
S

0.0

0.2

0.4

0.6

0.8

1.0

T

F = 0.01, H = 0, P = 0.01 and C = 0.99

Figure 6.14: Phase planes of storage and toxin under healthy and core conditions. The

red dot represents the attractor and the red line indicates the threshold of T = S. The

derivatives on the phase plane are shown by a vector field, where the relative magnitude

of derivative is scaled using a colourmap.
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Figure 6.15: Phase planes of storage and toxin under different perfusion that will or will

not lead to the core formation. The red dot represents the attractor and the red line

indicates the threshold of T = S. The derivatives on the phase plane are shown by a

vector field, where the relative magnitude of derivative is scaled using a colourmap.
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Figure 6.16: Trajectories of model variables (S, T , P and C) under relative perfusion

values from 0 to 1.

6.3.3.4 Effects of treatment time on the model behaviour

These trajectories are extremely useful in investigating the effects of stroke treatment

time on cerebral tissue viability. In brief, only a treatment that happens before the core

formation can be seen as effective. This is because, based on the definition of core the

tissue will finally become 100% core as long as the core formation has started.

Figure 6.17 shows the model behaviour under different values of perfusion with a

treatment at 3h or 6h after the stroke onset. In these simulations, it is assumed that

the treatment will lead to a full perfusion recovery. When the reperfusion is at 3h after

the stroke, the tissue with ischaemia of F ≤ 0.25 will become core. Compared with

the simulation results presented in the previous section, tissues with 0.25 < F ≤ 0.45
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will be saved by the treatment. However, the tissue under an ischaemia of F ≤ 0.4 will

become core when the reperfusion is at 6h after the stroke onset. This indicates that

the treatment at 6h is only effective to the tissue with 0.4 < F ≤ 0.45, and a treatment

that is 3 hours earlier can further save the tissue with 0.25 < F ≤ 0.4. It should be

noted again that these simulations are based on the parameter values listed in Table 6.1,

which have not been fitted to any experimental or clinical data. Hence these simulations

only suggest that the model can simulate the fact that earlier treatments usually lead to

better clinical outcomes, without any clinical or quantitative significance at this stage.

The model can be fitted at a later stage, when more data are available. Suggestions for

future experiments to fit the model will be presented in Section 7.2.6.

6.3.4 Implementation at the organ-scale

The model can be implemented at the organ-scale [36] using the same method that was

introduced in Section 6.2.4. Note that the ODEs of the proposed model are more complex

than these of the toxin-based model, so it takes longer to solve these equations in the

same brain mesh. To enable the comparisons between the simulations and clinical images,

the DWI scale was assumed to be a linear weighting of 3 tissue compartments as

DWI = 0.1H + 0.5P + C (6.19)

Hence DWI ∈ [0.1, 1], where 0.1 and 1 represent healthy and core, respectively. The

DWI value for the healthy tissue was set to be 0.1 based on the fact that the intensity of

DWI in the healthy brain regions is non-zero [261].

Figure 6.18 presents a DWI simulation in the whole brain model following an ischaemic

stroke with a treatment at 3 hours after onset. After the stroke onset, the damage

progression in each tissue mesh element is based on the local perfusion. After the

treatment, brain tissues that are still in the penumbra state (centre and bottom of the

bright regions) will have a gradual recovery. However, the tissues that have already
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Figure 6.17: Effects of treatment time (3h or 6h) on cerebral tissue viability under relative

perfusion values (before treatment) from 0 to 1. The red line indicates the threshold of

T = S.
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experienced core formation (other bright regions) will not recover after the treatment.

These different tissue responses to treatment depend on whether the level of toxin is

greater than that of storage at the treatment.

Treatment 
happens

Penumbra 
recovers

Core remains

Figure 6.18: The prediction of DWI following an ischaemic stroke with a treatment at 3

hours after onset. Simulation results are shown on a 2D brain slice in a 3D brain model

at 4 representative time points.

6.3.5 Discussion

This section develops a cell death model with a competitive mechanism between storage

and toxin, which represent the potentials of recovery and damage, respectively. The

brain tissue has 3 states, namely healthy, penumbra and core, that match the clinical

definitions. Similar to the 3-state model presented in Chapter 5, the pathway between

152



healthy and penumbra is reversible, while it is irreversible between penumbra and core.

There are 4 variables and thus 4 ODEs in the proposed model with 8 parameters.

The model is able to simulate the penumbra recovery in the tissue regions with mild

ischaemia after a timely treatment. In addition, it can also model the continued core

formation in the regions with severe ischaemia or in response to late treatment. The choice

of recovery or damage mechanism after treatment depends on the relative magnitude of

storage and toxin at the time point of treatment. With a simple linear equation, the

model can simulate the DWI scale (or other clinical images, e.g. CT perfusion) in the

whole brain model with different scenarios. The model thus broadens the application of

in silico trials of ischaemic stroke and enables future comparisons to be made between

these simulations and clinical images.

It should be noted that the model parameters of the proposed model have not been

fitted to experimental or clinical data, since there are currently no data with satisfactory

temporal resolution to fit all 8 parameters. In addition, the diffusion of toxin is not

considered in the model, which means it cannot simulate the expansion of infarct regions

in the scenario of no treatment (i.e. the infarct region will not exceed the ischaemic

region). These limitations thus led to the development of a new cell death model presented

in the next section.

6.4 A cell death model with damage propagation

In principle, there are three ways to simulate the damage propagation (primarily toxin

diffusion) in the human brain following an ischaemic stroke. Firstly, the toxin diffusion

can be simulated by solving the 3D diffusion equation of toxic molecules using a numerical

method (e.g. a finite element method). This method gives the most accurate simulation

results, but it requires solving the 3D diffusion PDEs at every time step (or solving them

once per every few time steps), which can be very computationally expensive for fine
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brain meshes.

The second way to simulate toxin diffusion is to use a cellular automata model [262].

The cellular automata simulation is much cheaper than solving the diffusion equations

numerically. However, it requires transforming the brain meshes into a lattice grid. Since

the cellular automata is a discrete model, it can only predict the presence or absence

of toxin at each lattice at each time point, while losing the spatial distribution of toxin

levels. This makes the cellular automata model unable to simulate different cell death

rate based on different toxin levels. Moreover, it is very challenging to define a toxin

removal mechanism after treatment based on this set of discrete toxin states.

A third way is to use a time-dependent Green’s function method [263]. The

time-dependent Green’s function adds an additional dimension of time to the Green’s

function defined in a three-dimensional space (which has been introduced and used several

times in this thesis). This method gives an analytical solution of the toxin diffusion that

is much cheaper than using a discretisation method. Although it is straightforward

to impose a total no-flux condition on the boundary of the brain tissue, it is almost

analytically impossible, however, to impose a pointwise no-flux boundary condition, due

to the complex brain geometry. It is obvious that the flux of toxin through the boundary

of brain tissue (i.e. skull) violates physical laws.

Hence a new model is required here to simulate the propagation of tissue damage with a

reasonable balance between accuracy, model intricacy and computational cost. The model

should simulate the expansion of infarct from severe ischaemic regions in the absence of

treatment. Additionally, the expansion should be stopped within a certain range from

the ischaemic regions (or the whole brain will become infarct when the simulation time

continues for long enough).
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6.4.1 Model

6.4.1.1 Local tissue damage

The local tissue damage model is very similar to the toxin-based cell death model (Section

6.2). The major difference between these two models is that the model presented in this

section is based on cerebral perfusion instead of hypoxia to enable an easier coupling with

the organ-scale perfusion model.

Firstly, the vulnerability (V ∈ [0, 1]) of each brain tissue element is defined as the

reduction of relative perfusion:

V = 1− rCBF (6.20)

The toxin dynamics are simulated as

dT

dt
= ktV (1− T )− kr(1− V )AT (6.21)

where the first term is the local toxin production and the second term is the local toxin

removal. When the toxin level is greater than a threshold (Td), the forward death pathway

is activated:

dD

dt
=


kfAT for T > Td

0 for T ≤ Td

(6.22)

This threshold prevents the overestimation of tissue damage over a long time (Fig. 6.6).

6.4.1.2 Damage propagation

Before simulating the damage propagation, the brain meshes and perfusion results for each

virtual patient were converted to 3D imaging voxels2 with a size of 2× 2× 2 mm3. This

enables the validation of perfusion results against medical images at a similar resolution.

2This work was conducted by Dr Tamás Józsa and will be published in the future, and is not part
of this thesis. It should also be noted that the brain meshes used in this section are different from these
in other sections. These new brain meshes can be found in [264].
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The tissue damage simulation will also be conducted in these 3D voxels.

To simulate the infarct expansion, the 3D field of vulnerability is updated every half an

hour in the tissue damage simulation time. During the update step, the vulnerability

will propagate to neighbouring voxels with an exponential decay, when the local toxin is

greater than a threshold of Tp:

V (i′, j′, k′) = max(V (i′, j′, k′), V (i, j, k)× kd) for T > Tp (6.23)

where i′ = i+1 or i′ = i− 1 or j′ = j +1 or j′ = j− 1 or k′ = k+1 or k′ = k− 1. Hence

the infarct expansion is driven by the propagation of vulnerability, which is purely based

on perfusion. In another word, this simulation is only based on the perfusion values and

brain geometries.

6.4.2 Parameter fitting

There are six model parameters, where four of them (kf , kt, kr and Td) govern the local

tissue damage and the other two (kd and Tp) control the global mechanisms. The local

parameters were fitted to the monkey data [64], where it was assumed again that the

infarct formed when D ≥ 80%. The healthy perfusion in the grey matter was assumed to

be 60 cm3/100g/min. A cost function was defined as the sum of squares of the difference

between the simulated dead fraction and D = 80% at each data point in the monkey

data. In addition, a penalty of 100 was added to the cost function, if the dead fraction

at 7 days under 18 cm3/100cm3/min (which is the infarct threshold of the monkey data)

was greater than 80%. By minimising the cost function, the parameters were found

to be: kf = 6.0644 × 10−4 1/s, kt = 4.2981 × 10−3 1/s, kr = 9.9923 × 10−2 1/s and

Td = 0.091639. The parameter fitting is plotted against the monkey data in Figs. 6.19

and 6.20 at different time scales.

Next, the global parameter kd was fitted with the maximum final infarct volume of 400
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Figure 6.19: The dead fraction predicted by the cell death model under different perfusion

and time. The red line shows the experimental data of a monkey model [64].

mL [70] using a virtual patient with the largest infarct volume based on the perfusion

map (volume of the regions with a relative perfusion below 30%) and no collateral flow.

The resulting value of kd was found to be 0.95118, which would result in a final infarct

volume of 400.072 mL in that patient (the absolute error was set to be below 0.1 mL).

The parameter Tp was assumed to be 0.5 in these simulations and it can be fitted easily

again in the future when more clinical data become available.

6.4.3 Implementation of the model in virtual patients

The model was next implemented in 75 virtual patients with patient-specific brain

geometries based on age and sex [264]. For each patient, the cerebral perfusion

was simulated under the healthy condition and the right MCA occlusion condition,

respectively. The relative perfusion was thus calculated by dividing the perfusion map
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Figure 6.20: The dead fraction predicted by the cell death model under different perfusion

and time up to 2 days. The red line shows the experimental data of a monkey model [64].

after ischaemic stroke by that in the healthy condition. Coupled with the cell death

model, the infarct can be simulated in the whole brain based on the results of relative

perfusion. The simulation time for each patient for 2 days following the stroke onset is

about 10-20 minutes on one core of a standard laptop.

Figure 6.21 shows the simulation of infarct growth in a virtual patient (who has the

maximum infarct volume of 400 mL) without treatment and collateral flow. A fast local

infarct growth happens in the ischaemic region during the first few hours after the stroke

onset. After that, a slow infarct expansion starts and lasts for about one day. The infarct

expansion is caused by the propagation of the vulnerability fields (originally defined as

the reduction of relative perfusion) from the ischaemic voxels to the neighbouring regions,

due to the accumulation of toxins.
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Figure 6.21: Simulation of infarct growth without treatment and collateral flow.

Simulation results are shown on a 2D brain slice in a 3D brain model at 8 time points.

The dead fraction is shown using a colourmap, where yellow represents 1 and dark blue

represents 0.

Figure 6.22 shows the vulnerability propagation in the same brain slice as used for

plotting in Fig. 6.21. The vulnerability will propagate to the neighbouring voxels with an

exponential decay (Eq. 6.23), when the local toxin level is greater than the propagation

threshold Tp. As a consequence of the exponential decay, the vulnerability will become

smaller when it is further from the original ischaemic region. Hence there is a certain

location, where the toxin level will no longer exceed the propagation threshold Tp and

the infarct expansion will thus end (e.g. at the green regions in Fig. 6.22). Note that

the time step of propagation was set as half an hour, so the propagation speed was thus

purely based on the threshold Tp. Since the value of Tp was not fitted due to the lack

of time-dependent data of infarct volume, the time-dependent results here only show the

qualitative behaviour of the proposed model.
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Figure 6.22: Simulation of vulnerability propagation without treatment and collateral

flow. Simulation results are shown on a 2D brain slice in a 3D brain model at 8 time

points. The vulnerability is shown using a colourmap, where yellow represents 1 and dark

blue represents 0.

The same simulation pipeline has been applied to all 75 virtual patients. Under the

conditions of no treatment and no collateral flow, the infarct (core) volumes of these

patients are plotted in Fig. 6.23. The infarct volume increases rapidly to 150-200 mL in

the first hour, and then expands to a region of 250-400 mL in one day. The final infarct

volume simulated by the cell death model is greater than that predicted by a threshold of

30% relative perfusion, as shown in Fig. 6.24. The difference between the two is mainly

due to the expansion of vulnerability in the cell death model.

6.4.4 Discussion

This section presents a cell death model with damage propagation, so that it can simulate

the infarct expansion following an ischaemic stroke when the treatment is absent. This
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Figure 6.23: The infarct volume of 75 virtual patients in 2 days after an ischaemic stroke.
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Figure 6.24: The final infarct volumes of 75 virtual patients simulated using the relative

perfusion or the cell death model.
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model is based on the idea of cellular automata models, but it uses the local toxin level to

simulate the non-linear tissue damage mechanisms. The dynamics of local tissue damage

have been fitted to the monkey data and the final infarct volume of the worst-case patient

has been fitted to the maximum infarct volume in the MR CLEAN dataset.

This model was then implemented in 75 virtual patients, so the infarct volume of each

patient could be simulated as a function of time. In addition, the infarct growth without

the treatment has been clearly shown in Fig. 6.24 by comparing the final infarct volume

simulated by the cell death model against that simulated by the threshold based on

relative perfusion.

One limitation of the model is that the parameter controlling the infarct expansion speed

has not been fitted to clinical or experimental data. Another limitation is that the

distribution of final infarct volume has not been validated against the value from the

MR CLEAN dataset, because the new patient-specific brain meshes [264] and tissue-level

collateral flow simulations have not yet been completed. The further parameter fitting

and validation of the proposed model will be carried out once the perfusion model has

been completed.

6.5 Modelling the constriction of capillary pericytes

in micro-occlusions

Having developed the cell death models driven by toxin mechanisms, this section focuses

on another pathological scenario: capillary constriction by pericytes evoked by ischaemia

[135]. The model presented in this section thus provides an alternative way to simulate

irreversible tissue damage using the micro-scale simulation results (Chapter 3) and the

thrombus extravasation model (Chapter 5), but at a smaller length scale than the models

presented in Sections 6.2-6.4.
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6.5.1 Background

Pericytes are isolated contractile cells embedded within the microvascular vessel walls

that have been found to control the blood flow under healthy conditions and to constrict

blood vessels under ischaemic conditions [265]. In a recent review by Hartmann et al.

[73], it is proposed that there are two types of pericytes: ensheathing pericytes in the

arteriole-capillary transition zones and capillary pericytes on capillaries. Since the models

presented in this chapter are developed from the capillary scale, this section will focus on

the latter type of pericytes.

In the experimental study conducted by Hall et al. [135], ischaemia evoked capillary

pericytes constriction and eventually death. The constriction was found to happen over

the time scale of minutes, which can lead to a vessel diameter decrease of more than 60 %.

The capillaries usually have diameters from 1.5 to 8 µm [73]. Therefore, the capillaries

constricted by pericytes tend to have much larger flow resistance than healthy capillaries,

due to the resistance being inversely proportional to the fourth power of radius. In

addition, the irreversible pericyte damage also happens at the time scale of minutes,

since pericytes were found dead only 20 minutes after the onset of ischaemia [135]. In

addition to the response of pericytes to ischaemia in minutes, they can have effects on

the cerebral microvasculature at other time scales from hours to days [266]. However,

this section only focuses on the pericyte impairments caused by ischaemia and hypoxia

at the time scale from minutes to hours.

Despite their role in controlling the blood flow, the number of numerical models on

pericytes is very limited. A recent study simulated the role of pericytes in cerebral

autoregulation [136]. However, the pathological constriction of pericytes has not been

modelled yet to the best of the author’s knowledge. Hence a model on capillary pericyte

constrictions generated by microthrombi occlusions is presented here purely based on

previous simulations and models presented elsewhere in this thesis.
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6.5.2 Models

The model begins by assuming that the effects of pericyte constriction on capillaries

are equivalent to microthrombi occlusions, due to the highly non-linear increase of flow

resistance in response to the decrease of vessel diameter as discussed in the previous

section. However, the vessels occluded by pericyte constriction cannot be recanalised by

extravasation mechanisms. In addition, it was assumed that the microthrombi occlusion

and the pericyte constriction are two independent events in the cerebral microvasculature.

The fraction of no-flow vessels can thus be estimated as

Vnf = B + C −B×C (6.24)

where B is the blockage fraction as defined in Chapter 3 and C is the constriction fraction

(the fraction of vessels constricted by pericytes). Hence the tissue hypoxic fraction can be

predicted using the sigmoidal function (originally Eq. 3.2 for microthrombi occlusions)

as

H =
1

1 + e−(30.71Vnf−5.35)
(6.25)

Then the pericytes were assumed to be evenly distributed in the cerebral tissue. In

a tissue region, the fraction of hypoxic pericytes is thus equal to the volume fraction of

hypoxic tissue. A similar idea in simulating thrombus extravasation can be used here that

a certain fraction of pericytes under energy impairments due to hypoxia will constrict in

a certain period of time. It can be written as an ordinary differential equation (ODE) of

C:

dC

dt
= kpc(H − C) (6.26)

where kpc is the time constant of pericyte constriction and (H − C) is the fraction of

pericytes that have energy impairments due to hypoxia but are not constricted or dead

yet. Note that Eq. 6.26 is a reversible model in that more pericytes will constrict when
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the tissue hypoxic fraction is greater than the pericyte constriction fraction, while the

pericyte constriction will recover when the tissue hypoxic fraction is smaller than the

pericyte constriction fraction due to thrombus extravasation.

The vessels blocked by microthrombi will be recanalised over time thanks to thrombus

extravasation:

dB

dt
= −keB (6.27)

which is equivalent to the thrombus extravasation model (Eq. 5.1) when the initial

blockage fraction is B0.

Since there are currently no quantitative data on the pericyte death rate under ischaemia

or hypoxia, the two model parameters were assumed here as kpc = 1 × 10−4 1/s and

ke = 1 × 10−4 1/s only to study the model dynamical behaviour. The choice of

these parameter values was also based on the assumption that pericyte constriction

and thrombus extravasation happen at approximately the same time scale. Once more

experimental data become available, the parameters governing the behaviour of pericyte

constriction can be fitted easily with those data.

6.5.3 Results

With this model the fraction of vessels constricted by pericytes can be simulated under

different initial blockage fractions as shown in Fig. 6.25. It is clear that there are

two types of behaviours dependent on the initial condition of vessel blockage: recovery

and dead (or irreversible damage). When the initial blockage fraction is below a

certain threshold (around 10%), thrombus extravasation is the dominant mechanism over

pericyte constriction which thus results in recovery. Conversely, the pericyte constriction

dominates the process when the initial blockage fraction is greater than the threshold.

To further study these two types of dynamical behaviours and how different parameter

values affect them, a critical blockage fraction (B0,c) was defined as the threshold of initial
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Figure 6.25: Pericyte constriction and vessel blockage fraction under different initial vessel

blockage fraction.

blockage fraction that separates the final state of recovery or dead. Then the critical

blockage fraction was simulated when the ratio of pericyte constriction time constant

and thrombus extravasation time constant varied from 0.01 to 100 as shown in Fig. 6.26.

When kpc is much larger than ke, a small initial blockage fraction will lead to death.

When ke is much larger than kpc, there will be no irreversible damage even though all

vessels are occluded at the beginning, because the thrombus extravasation occurs much

faster than the pericyte constriction. When kpc and ke are within one order of magnitude,

B0,c has a non-linear relationship with kpc/ke. Note that B0,c is mostly in the range from
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Figure 6.26: The critical blockage fraction when the ratio of pericyte constriction time

constant and thrombus extravasation time constant is from 0.01 to 100.

0.1 to 0.2, when the pericyte constriction and the thrombus extravasation happen at

the same time scale. The reason for this is that the hypoxic fraction, which drives the

pericyte constriction, responses most sharply to the change in blockage fraction when it

is between 10% and 20% (Fig. 3.6b). Hence a small change of initial blockage fraction

in that range can result in a considerable change in tissue hypoxic fraction and thus a

completely different model state in the end.

6.5.4 Discussion

The proposed model aims to simulate the brain tissue damage caused by pericyte

constrictions, which will lead to capillary occlusions [135]. There are two types

of dynamical behaviours of recovery and death, which are decided by the initial

blockage fraction and the relative time scale between pericyte constriction and thrombus

extravasation. Due to the lack of experimental data on pericyte death in ischaemia and

hypoxia, the parameter fitting was replaced by a parametric study on how the different
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time scales of pericyte constriction and thrombus extravasation can affect the model

behaviour. This pericyte constriction model is thus left here as the basis for future

development.

6.6 Comparison of the cell death models

Finally, this chapter will be concluded by a comparison of the 4 cell death models

presented above as shown in Table 6.2. The inputs of these models are primarily

perfusion and/or hypoxia that have been simulated using our existing models introduced

in Chapters 2 and 3. Since these models only aim to simulate the primary pathological

scenarios during an ischaemic stroke, the models are very concise and each of them has

only a few variables and parameters. Most parameters have been fitted to experimental

or clinical data, except for the storage-toxin model.

The toxin-based model and the pericyte model were built upon micro-scale simulations.

As a result, these two models have a more physiological basis, but they are also heavily

dependent upon the credibility of the simulation results in these micro-scale models

(Chapter 4 can act as a quantitative validation of these models). Meanwhile, the other two

models that build upon the relative perfusion results can be coupled with the organ-scale

models more easily.

As shown in Table 6.2, all models are able to simulate the continued tissue damage

after the perfusion is restored or the hypoxia is relieved. This improvement (from the

model presented in the previous chapter) is due to the introduction of an additional

parameter (toxin) that accumulates during the hypoxic or ischaemic stress and drives the

tissue damage. This makes sure that the tissue damage will continue when the stress

of energy shortage is eased by treatment. In addition to this, the models with more

functions usually have more unknown parameters and they are also more complicated to

be implemented in the existing workflow and validated. The storage-toxin model is most
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suitable to investigate the penumbra formation and recovery. The damage propagation

model is most appropriate to simulate the final infarct volume. The toxin model, however,

is the simplest one to be implemented in an in silico trial of ischaemic stroke.

6.7 Conclusions

The primary aim of this chapter has been to develop a cell death model in order to

simulate the cerebral tissue damage caused by an ischaemic stroke. Four cell death models

were developed, bringing together the models and concepts presented in previous chapters.

To the best of the author’s knowledge, the toxin-based cell death model (Section 6.2) and

the damage propagation model (Section 6.4) are the first cerebral cell death models that

have been fitted to experimental data and implemented in realistic 3D brain geometries.

These models promote the concept of this thesis of applying the current knowledge from

animal stroke models to human research using mathematical models.

The cell death models presented in this chapter have different levels of functionality and

thus complexity. They are able to predict the volumes and distributions of tissues in

different states by coupling with the existing organ-scale brain models. The simulation

results indicate that the treatment time has a significant impact on the final infarct

volume, due to the accumulation of toxins in the ischaemic regions after the stroke onset.

Using the current workflow of in silico trial of ischaemic stroke, these models will be able

to simulate other scenarios with various patient characteristics and treatment types and

their effects on the infarct volume and thus final clinical outcome.
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Chapter 7

Conclusions and future work

7.1 Summary of the thesis

This thesis focused first on simulating oxygen transport from cerebral microvasculature

to brain tissues under both healthy and micro-embolism conditions, before developing

cell death models to understand the tissue damage responses to hypoxia. The cell death

model was then further developed to simulate the tissue damage caused by ischaemic

stroke.

7.1.1 Part I: Oxygen transport and microembolism at the

micro-scale

In Chapter 3, the initial model was developed from the length scale of a capillary cube

of hundreds of micrometres. Oxygen transport was simulated in these cubes representing

the human cerebral microvasculature using a Green’s function method. The oxygen

transport results in these capillary cubes were found to be independent of the length

scale above hundreds of micrometres and the specific microvascular geometry. Next,

microvascular occlusions, for example as might be caused by clot fragments from an
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unsuccessful thrombectomy, were simulated in a capillary cube. With the same boundary

conditions, the reduction of perfusion was found to be proportional to the fraction of

vessels blocked in the capillary network. However, the fraction of tissues that become

hypoxic has a strongly non-linear relationship to the vessel blockage fraction, which could

be fitted to a sigmoidal function. This relationship is of great importance, since it provides

a quantitative description of hypoxic tissue responses to different levels of microthrombi

occlusions, which can be estimated using the total microthrombi volume. An agreement

between the microthrombi volume at the micro-scale and the thrombus volume at the

macro-scale has been demonstrated by calculations based on the microvascular geometry.

Chapter 4 scaled up the oxygen transport simulations from the length scale of capillaries

to a cortical column supplied by a penetrating arteriole. The cortical column model

enabled the investigation of spatial correlation between the hypoxic regions and the

occlusions in penetrating arteriole trees cause by microthrombi with a size of 25 µm.

The spatial correlation was quantified by defining two distance metrics. Hence the

simulation results and the animal data from our collaborators could be analysed by the

same metrics and compared against each other. Distant hypoxic regions were observed

in both simulations and experiments. These distal hypoxic regions were found to be

caused by the hypoperfusion in the region downstream of the occlusion location in the

penetrating arteriole. These findings complement previous research on the local tissue

hypoxia caused by the occlusion of an entire penetrating arteriole and open up new

directions for future work on quantifying the distant hypoxic regions.

Another notable result is a reasonable agreement of the spatial correlation between

hypoxic regions and occlusion sites between simulations and experiments. This is the

first study that provides a validation of the oxygen transport in cerebral microvasculature

under pathological conditions. The validation suggests that the oxygen models in this

thesis are suitable for investigating the response of brain tissue to micro-occlusions.
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7.1.2 Part II: Tissue damage at the macro-scale

From Chapter 5 the focus of the work moved from the micro-scale to the macro-scale to

simulate the hypoxic tissue damage caused by microthrombi occlusions. A novel 3-state

cell death model was developed for this purpose. A thrombus extravasation model was

also proposed to simulate the recanalisation of occluded vessels and thus the recovery

of hypoxic tissues. The thrombus extravasation model was fitted to experimental data

from a rodent model. Based on the sigmoidal relationship between hypoxic fraction

and blockage fraction derived in Chapter 3, the cell viability for different levels of

microvascular occlusions can be simulated over time. The final cell viability was found to

be highly dependent on the initial microvascular blockage fraction, especially when the

blockage fraction was between 10% and 20%.

In Chapter 6, the 3-state model was further developed to simulate the cerebral tissue

damage caused by ischaemic stroke. Different types of cell death models were developed,

some of which were built upon the micro-scale models developed in previous chapters

and others were purely mechanistic. These models were fitted to experimental data

from a monkey stroke model. The functionality of these models includes the simulation

of continued tissue damage after treatment, penumbra recovery and tissue damage

propagation. Coupled with organ-scale cerebral perfusion model, the cell death model

is able to simulate the final infarct volume after an ischaemic stroke. The coupled

computational models form the basis of an in silico trial of ischaemic stroke, which

enables the study of effects of different treatment times and options on the final clinical

outcomes of stroke patients.
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7.2 Future work

7.2.1 Modelling microthrombi transport in the human brain

In Chapters 3 and 4, oxygen transport and micro-occlusions were simulated in cerebral

microvascular networks. In these studies, it was assumed that each potential location had

the same probability of being occluded by microthrombi, since there were no available

microthrombi transport models in the (cerebral) microvasculature. This is a broad

assumption that ignores the heterogeneous distribution of microthrombi and its impact

on oxygen transport and tissue oxygenation. In another recent model of microemboli

occlusions [29], microemboli transport was assumed to be purely based on the flow

rate, i.e. the partition of microemboli at each vessel bifurcation was the same as

flow rate partition. However, this partition law of microthrombi also lacks validation,

especially given the fact that both flow condition and bifurcation geometry can have a

significant impact on the partition of RBCs [121]. Considering the rapid development

and remarkable progress of models of cerebral microcirculation and micro-occlusions

[29, 108, 111, 193, 244], a model of microthrombi transport will be invaluable to these

existing models and aid in their further applications. Through a one-year EPSRC

Postdoctoral Research Associate position at the Mathematical Institute, this will be an

immediate future research direction following the submission of this thesis.

The model will be built upon existing cerebral circulation models [27, 36, 37, 87] and

thus have a similar multi-scale structure. The micro-scale simulations will be conducted

using a lattice Boltzmann method (LBM) [103, 267], where the fluids will be simulated

by LBM, the deformable microthrombi and RBCS by a finite element method and the

fluid-structure interaction by an immersed boundary method [114]. This workflow has

already been applied to recent RBC simulations [118, 119, 268, 269]. The new module

required here is thus a mechanical model of microthrombi, which will be dependent on the

volume fraction of RBCs in their compositions and built upon recent in vitro thrombus
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experiments [50, 270, 271].

The micro-scale simulations of microthrombi transport will start from a single vessel

bifurcation towards cerebral microvascular networks [27, 87]. To facilitate implementation

of micro-scale simulations of microthrombi at the macro-scale, the micro-scale behaviours

will be homogenised so that they can be represented by a continuum model of

microthrombi permeability at the macro-scale. At the macro-scale (primarily arteries),

the microthrombi transport will be assumed purely based on the blood flow, since the

vessel diameter is much larger than the microthrombi size. The micro-scale model can be

coupled with the macro-scale model in a similar way as the CBF coupling [257] to build

a multi-scale microthrombi transport model for the full brain.

The validation of micro-scale models will be carried out against rodent experiments of

microembolisation, which have already been used to validate the oxygen transport models

in Chapter 4. In the new experiments, it will be possible to image the in vivo 3D

microvasculature with the microthrombi locations within the rat brain. The simulations

of microthrombi transport will be conducted in these networks, enabling a comparison

between the simulated microthrombi and their in vivo locations.

The microthrombi simulations will be conducted in patient-specific brain models

generated from the MR CLEAN dataset [4]. After microemboli shower due to an

unsuccessful thrombectomy [272], the blood permeability of cerebral microvasculature

will be affected in the territory where the microthrombi are present [29]. Therefore,

the impact of microthrombi on cerebral perfusion, in terms of spatial distribution and

heterogeneity, will be quantified and validated against the medical images from the MR

CLEAN project [4].

Note that the developed microthrombi model can also be applied to other scenarios

including the transport of contrast agents [273], drugs, platelets [274] and micro-bubbles

in the human brain, broadening the applications of current brain models.
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7.2.2 Homogenisation of the oxygen diffusion passing through

cellular structures

As discussed in Chapter 2, most oxygen transport models treat brain tissue as a

homogeneous medium. This is mainly due to the fact that oxygen can diffuse freely

through cell membranes and intracellular structures, although a recent study has pointed

out that there are multiple intracellular and extracellular pathways of oxygen diffusion

[275]. On the other hand, however, the oxygen sinks in the brain tissue are primarily

isolated mitochondria (with a size at the length scale of 1 µm [276] and a volume fraction

of a few percents [277]), the distribution of which is highly heterogeneous.

The homogenisation theory for blood flow and oxygen transport through microvascular

networks has been developed in previous studies [59]. This theory has been applied in the

human brain microvasculature to homogenise the blood flow [27] and oxygen transport

[92, 278] to scale up the models from the length scale of inter-capillary distance ∼ 50 µm

to the length scale of an imaging pixel ∼ 1 mm. Since these models are built above

the length scale of tens of micrometres, these models also treat the brain tissue as a

homogeneous medium for oxygen diffusion.

An interesting future activity would be to incorporate the cellular scale ∼ 1 µm into the

existing models and examine whether the effects of isolated sinks can be homogenised at

the middle length scale of 50 µm or the largest length scale of 1 mm, especially when the

oxygen transport is governed by diffusion and metabolism (low Pe). This analysis will

be invaluable to future studies of oxygen transport.

There are recent studies on the homogenisation of transport past isolated sinks with

various strengths [279]; randomly distributed isolated sinks in 1D [280] and 2D/3D [281].

These works use a Green’s function to describe the sinks and provide a theoretical starting

point. From an engineering point of view, this problem can also be investigated by
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solving the 3D diffusion equations in a Krogh cylinder model or a capillary cube [27] with

continuum sinks and isolated sinks mimicking the sizes and distributions of mitochondria,

and then comparing the simulation results between the two.

7.2.3 Effects of ageing on oxygen transport

Ageing has a significant impact on cerebral vasculature and blood flow [282–284]. The

effects of ageing on cerebral microvasculature have been quantified in a recent study by

Graff et al. [285], where the ageing networks were found to have reduced permeability and

thus more vulnerable to micro-occlusions. A next step combining the Graff model [285]

and the model from Chapter 3 of this thesis could be to examine oxygen transport in these

ageing networks using the Green’s function method [144]. Another future direction would

be simulating oxygen transport and micro-occlusions in ageing cortical columns using the

same workflow and distance analyses as presented in Chapter 4, and validating the spatial

relationship between tissue hypoxia and occlusion sites against the microembolisation

models of ageing rats.

7.2.4 Time-dependent Green’s function methods

In Section 6.4, the possibilities of using a time-dependent Green’s function method on

toxin diffusion problems were discussed. However, a more straightforward application of

such method would be in oxygen transport and drug delivery simulations. The theory

for these problems has been developed in [263] and the simulation codes have been

published online. The periodic capillary cubes [27] will minimise the effects of boundary

conditions on simulation results, which will thus be preferential candidates to carry out

these simulations. The dynamic responses of tissue oxygenation to changes in flow and

metabolism in these 3D cerebral networks will add to the existing knowledge of these

obtained by 2D network models [94].
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7.2.5 Sensitivity analysis of model parameters

The oxygen transport simulation results presented in Chapters 3 and 4 depend on

the parameter values in mathematical models and numerical schemes. The validity of

simulation results and related conclusions highly depends on the robustness of the choice

and estimation of these parameters. A sensitivity analysis study of these parameter

values will thus enhance the credibility of simulation results and provide a foundation

for uncertainty quantification and validation. In addition, such analysis will improve our

understanding of the applicability of the proposed models. For example, the sensitivity of

oxygen transport simulations to changes in CBF and CMRO2 will affect the applicability

of the models to different states (e.g. stimulation/no stimulation) and brain regions of

the subject, respectively [286]. A sensitivity analysis of cerebral perfusion model [47]

has recently been conducted, where the effects of changes in physiological and numerical

parameters on simulated brain perfusion and infarct volume (estimated purely based on

a threshold of perfusion value) were investigated. Sensitivity studies of cerebral oxygen

transport and tissue damage models can be carried out in a similar way.

7.2.6 Experiments for model parameter fitting and validation

Parameter fitting is usually the most challenging step when developing a mathematical

model. Several models in this thesis have not been fitted to experimental or clinical

data, which limits the application of these models. The difficulty is mainly due to the

imbalance between the large number of parameters and the poor temporal and spatial

resolution of experimental data. Suggestions for future experiments are thus listed below

to aid in fitting and validating the models presented in this thesis.

An experiment that quantifies the brain cell viability at different times under different

perfusion values will be extremely useful in fitting the parameters of the cell death models

and further developing these models. As reviewed in Chapter 2, Garcia et al. [65] counted
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the percentage of neurons in intact, ischaemic and necrotic states under ischaemia at

different times in the rat brain, however, this study lacks information about perfusion

that is a major model input. Conversely, Jones et al. [64] measured the perfusion value

under ischaemia in the monkey brain, but the authors only categorised the tissue viability

as alive or dead with poor temporal resolutions. An experiment combining the merits of

these two experiments will provide ideal data for the cell death models. In addition, more

data points in the first few hours after ischaemia, when the core formation happens, will

be extremely helpful to fit the parameters of rate constants.

The thrombus extravasation model was fitted to only 4 data points (including one

representing fully healthy state at day 0) from an experimental study using a rodent

model of microembolism [53] as shown in Fig. 5.1. A future experimental study of

thrombus extravasation with more temporal data points will refine current parameter

fitting of the thrombus extravasation model. In addition, another recent study showed

that occlusions at the capillary scale could be recanalised on the time scale of hours, if the

vessels were occluded by smaller microspheres [190]. It will be interesting to investigate

the effects of microthrombi size on the time scale of their extravasation, if such data

will be available in future experiments. The proposed model (Eq. 5.1) can be adjusted

accordingly by expressing ke as a function of thrombus size.

The roles of pericytes in both regulating blood flow in health and disturbing re-perfusion

in cerebrovascular diseases have been increasingly appreciated [73, 135]. In Section 6.5,

a tissue damage model based on pericyte constriction and dying has been presented.

An experimental study of fraction of pericyte viability at different times under different

perfusion values will enable the parameter fitting and validation of the proposed model.

Future experimental work on measuring changes in capillary diameter constricted by

pericytes over time under different perfusion values will allow development of more

detailed models of pericyte constriction and its effects on tissue damage. The possibility

to carry out such experiments and modelling work has been highlighted by a recent study
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on monitoring and modelling the capillary dilation induced by pericytes after the stimulus

of calcium ions [136].

7.3 Concluding remarks

The human brain has a highly complicated circulatory system. Therefore, it is not

surprising that its structure and function remain poorly understood. In this thesis, new

mathematical models have been created and applied to aid in understanding the key roles

of cerebral circulation in maintaining oxygen transport and tissue health in a quantitative

manner. These models improve current understanding of brain physiology, broaden the

application of brain models in in silico trials and open up new collaborations between

engineers, biologists, clinicians and mathematicians in brain research. However, it is clear

that current brain models are still far from what would be required to build a fully virtual

representation of cerebral blood flow and metabolism, where various physiological and

pathological mechanisms should be considered at the same time across multiple length

and time scales. In another word, modelling the human brain will be an active and

exciting field until this goal is finally achieved.
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[47] Józsa TI, Padmos RM, El-Bouri WK, Hoekstra AG, Payne SJ. On

the Sensitivity Analysis of Porous Finite Element Models for Cerebral

Perfusion Estimation. Annals of Biomedical Engineering. 2021;49:3647–3665.

doi:10.1007/s10439-021-02808-w.
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blood in glass capillaries of the smallest diameter. Die Naturwissenschaften.

1966;53(20):526–526.

[100] Gaehtgens P. Flow of blood through narrow capillaries: Rheological

mechanisms determining capillary hematocrit and apparent viscosity1. Biorheology.

1980;17:183–189. doi:10.3233/BIR-1980-171-220.

[101] Pries AR, Secomb TW, Geßner T, Sperandio MB, Gross JF, Gaehtgens

P. Resistance to blood flow in microvessels in vivo. Circulation Research.

1994;75:904–915. doi:10.1161/01.RES.75.5.904.

192



[102] Pries AR, Secomb TW. Microvascular blood viscosity in vivo and the endothelial

surface layer. American Journal of Physiology - Heart and Circulatory Physiology.

2005;289:2657–2664. doi:10.1152/ajpheart.00297.2005.
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[163] Fang Q, Sakadžić S, Ruvinskaya L, Devor A, Dale AM, Boas DA. Oxygen advection

and diffusion in a three-dimensional vascular anatomical network. Optics Express.

2008;16:17530. doi:10.1364/OE.16.017530.

[164] D’angelo C, Quarteroni A. On the coupling of 1d and 3d diffusion-reaction

equations: application to tissue perfusion problems. Mathematical Models and

Methods in Applied Sciences. 2008;18(08):1481–1504.
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