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Highlights

e Ashaft-hub system is assembled under shrink-fit

e The assembly is modelled as a semi-infinite shaft embedded within an elastic half-space
e A bilateral solution is obtained under the assumption of no-slip

e The stress fields are corrected using glide ring dislocations

e The corrected solution is extended to a finite shaft
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Abstract

A solution for the stress fields in a shaft-hub shrink-fit assembly subjected to an axial force is presented. The assembly
is modelled as a semi-infinite shaft embedded within an elastic half-space. The stress field for a bilateral solution is
obtained, considering that the contact interface is everywhere subjected to pressure and that the coefficient of friction
is sufficient to prevent slip everywhere. This solution is then corrected to satisfy the slip condition using an array of
strain nuclei in the form of glide ring dislocations. The contact pressure, shear traction and their ratio is presented as a
function of the coefficient of friction and the ratio of shrink-fit to axial force stresses. Finally, the solution is extended

to a finite shaft.
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1. Introduction

The classical solution for the contact pressure induced
in an axisymmetric shrink fit problem is the well-know
Lamé solution [1]. It is normally used in plane strain, and
represents a very satisfactory solution at interior points
well away from the edges, i.e. when z > a, Figure 1,
where a is the radius of the shaft, and when the outer
radius of the ‘hub’ (the part incorporating the hole) is
much greater than the radius of the shaft, which is often
at least approximately true. The question arises of how
that pressure should be modified at the point of insertion
of the shaft into the hub, and where the shaft and hub
terminate. The latter problem was solved in closed form
[2] providing a true local three dimensional correction for
the presence of the free surface, and here we enquire how
such an assembly responds to the application of a normal
force (Figure 1) tending either to push the central shaft in,
as shown, or tending to pull it out. In practice the details
of the solution will depend, of course, on how the loading is
distributed across the end of the shaft but providing that
the points we are considering are not too close the details
will not matter.

The general idea will be first to use the bilateral solu-
tion, that is one where we assume that the interface be-
tween shaft and socket is everywhere subjected to pressure
and that the coefficient of friction is sufficient to prevent
slip everywhere, so that the presence of the interface is
not ‘felt’. We will then probe the limits of this assump-
tion, and go on to consider problems where a slip zone of
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finite extent develops by deploying distributions of circular
glide dislocations to represent the effects of slip.

2. Adhered Solution

The geometry of the problem is shown in Figure 1.
Upon assembly, an infinitely long shaft of radius a + Ay is
inserted in a hub with a cylindrical hole of radius a, present
in an elastic half-space. Both the shaft and the hub have
Poisson’s ratio v and Young’s modulus E. The assembly
can be thought as inserting a shaft of radius a into a hole
of same size under isothermal conditions and then heating
only the shaft through a temperature differential AT, or
by cooling the oversized shaft until it fits and then letting
it warm back up. This results in an induced radial strain

*

€* in the shaft, given by

€ = B0 = aAT (1)
a
where « is the coefficient of thermal expansion for the
shaft.
If the coefficient of friction is sufficiently high to pre-
vent any slip, the state of stress that arises from this
shrink-fit assembly is given by Paynter et al [2], and the

stresses o in a point (7,2), z > 0, are given by

)
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Figure 1: A semi infinite shaft of radius a in a half-space z > 0.
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where g = E€*/(1 — v) is the reference axial stress and
JIm,n;p are Lipschitz-Hankel integrals, defined in Appendix
A.

The third kind elliptic integrals present in the Lipschitz-
Hankel integrals in Equations (2) and (4) are singular when
(r,z) = (a,0). For this point, we obtain the stress values
by taking the limit as z — O:

5% (a,0) =0y (u — ;) (5)
02f(a,0) =3 (6)
o8 (a,0) = — %. (7)

After assembling the shrink-fit, a point force P is ap-
plied acting into the elastic half-space. In the cylindrical
coordinate set of Figure 1, the state of stress within the
half-space is given by Timoshenko [3], and the tractions
arising on any cylindrical cut (an r = constant surface),
ol (r, z) are given by

P 1 z
ﬁ“@Z%ﬂﬂ‘bww‘MW+ﬂw2
3r2z
. .
3P 23
ai(r,z): _27'({(7'2"‘22)5/2} (9)

3P r 22
P _ e )__'=
O'TZ(T,Z) - 27 { (7’2 + 22)5/2 } (10)

Considering a fully stuck solution, the stresses ;;(r, z)
for the bilateral solution can be obtained as a sum of the
shrink-fit stresses (egs. (2) to (4)) and the tractions due to
the application of the load P (egs. (8) to (10)):

G (7, 2) :O’fTF(T, z) + Uﬁ(r, 2) (11)
G.2(1y2) :onF(r, z) + oi(T, z) (12)
Gra(r2) =opt (r,2) + o (r, 2). (13)

Figure 2 shows the radial normal stress (¢,.(a, z)), the
shear stress (5, (a, z)) and the ratio between those at the
shaft-hole interface (r = a). The stresses are normalised
by the the reference axial stress og. A normalised variable
A is chosen as a measurement of the shrink-fit to applied
load stress ratio, given by

r= L (14)

a? 0’0.

Therefore, A = 0 represents the contact assembly, i.e.
only the shrink-fit stresses are present. A positive A implies
that the shaft is being ‘pushed in’, towards the core of the
half-space, while A < 0 represents the shaft being ‘pulled
out’, towards the exterior of the half-space.

Analysing the radial stress (Figure 2 (a)), we notice
that as we push the shaft in (A > 0), o, is compressive
and increases in absolute value inside the contact interface
(underneath the surface). However, at the surface, as A
increases, the radial stress decreases in absolute value until
it reaches zero for A = 3.1, which would indicate contact
separation at the surface. As we pull the shaft out (A < 0),
o, is still compressive but increases in absolute value at
the surface as the load P is increased. Beneath the surface,
as A increases in absolute value, the radial stress decreases
until it reaches zero for A = —2.9, which would indicate
sub-surface contact separation.

Now, looking at the shear to normal stress ratio (Fig-
ure 2 (c)), we notice that for a realistic coefficient of fric-
tion (0 < f < 1) the slip condition is violated even on
assembly. For instance, if A\ = 0, a coefficient of friction of
1.6 would be required to guarantee that the shaft-hole in-
terface does not slip. Therefore, the assumption of a fully



3.1 ' ' (CL)

0.6 1
= 2.0 m—e

051 S el
0.4 C ’

03M\ /

—Opp / (o)}
~

0.2

0.1p, Se

— Oz / Ty

0 0.5 1 1.5 2

Figure 2: Stresses at the interface radius (r = a) versus depth z/a for
varying A. Adhered solution: (a) pressure, (b) shear and (c) traction
ratio.

stuck contact interface does not hold. Slip would penetrate
from the surface to a self determining point c¢. The trac-
tion ratio —o,, /o increases even further in value as the
force P is applied, at the surface if A > 0 and subsurface
if A <0.

3. Formulation

The general principle in obtaining a solution will be
to develop expressions for the tractions on the shaft-hole
interface, N(z), S(z), representing the normal and shear
components, respectively, as the sum of the bilateral solu-
tions together with an integral representation of slip in the
form of a distribution of glide dislocations. The disloca-
tions needed are all ‘edge’ in character, with their Burgers
vectors lying in a 8 = constant plane. Only glide disloca-
tions are needed in this problem.

A b, (&) dislocation loop, of radius a and with the dislo-
cation lying at a depth £ may be formed by making a path
cut along the cylinder » = a between the dislocation and
the free surface of the half-space and sliding the outer wall
with respect to the inner wall by a constant amount b,.
This generates a glide dislocation which is of the Volterra
kind (path-cut independent) and will be used to represent
slip displacement. It will induce tractions along the same
cylinder 7,,(z), where i = r, z, given by

0:i(2) = GZi(2,6)b2(§). (15)

The functions G%,(z,&) are extremely complicated in
form and are defined for an isotropic half-space in [4], as
well as being explicitly provided in Appendix A and as a
supplementary material in [5]. They are bounded (‘regu-
lar’) when ¢ = z but display a Cauchy singularity when
i=r.

8.1. Pulling the shaft out
We first look at the problem where the shaft is being

‘pulled out’ (A < 0). In this case, the resulting tractions
on the plane of the shaft-hole interface are given by

N(z) = rr(2) + Gr.(2,8) B2(§)d¢ (16)

slip

G.(2,8) Bz(§)d¢ (17)

slip

S(Z) = 6'rz(z) +

where B; (§) = db;/d§, i = r,z. Glide dislocations are
installed over the interface region where slipping occurs.

The condition of slip states that the shear traction is
limited by normal traction at the contact interface, giving,
if the bilateral shear traction is positive,

N(z) <0 (18)
S(z) = = fN(z)



where f is the coefficient of friction between the shaft and
the hole, and ¢ the depth to which slip penetrates.

The boundary conditions in egs. (18) and (19) together
with eqgs. (16) and (17) define the following Cauchy integral
equation

/ G2 (2.6 + £ G (2.0)] B (6)de =

— [6r2(2) + fOrr(2)] 0<z<ec (20)

This equation possesses the property that the range of
the integrals is the same as the range of imposition of the
right hand side, so that it constitutes a well-posed integral
equation with a generalized Cauchy kernel. It must be
solved numerically using a standard numerical quadrature
devised by Erdogan et al. [6].

First, we put it in standard form over the interval
[—1,1] utilising the substitutions

2 2
5:—5—1, 1= 22 0<z¢6<c (21)
c C
which give

/ (G2, (1,8) + £ G2, (1, 5)] Ba(s)ds =

—1

- [6Tz (t) + f &rr (t)] . (22)

Now, we must consider the general form of the solution
required, noting that the displacement gradient must be
square root bounded at both ends of the interval, at the
surface (t = —1) and at the sticking point (¢ = 1). Thus,
we assume a fundamental function as

B.(s) =¢(s) V1 —s? (23)

which leaves the unknown dislocation density being repre-
sented by the function ¢,(s).

Equation (22) can be expressed now, in normalised
form, as

N
Z T W; (bz(s)
i=1

Gf‘z(si’tk) + fGir(Si7tk)1 =

- [5rz(tk)+férr(tk)1 ty = 177N+1 (25)

where the integration points s;, collocation points t; and
weights W; for the quadrature are given as

si—cos<7rN:_1> i=1,....,N (26)
m 2k—1
ty = - =1,...,N+1 2
k cos<2(N+1)) t=1,...,N+ (27)
1—s2
P R S 2
W, 2(N+1) (28)

From eq. (25), we have a set of N + 1 equations for
N + 1 unknowns. These are the N values of ¢.(s;) and
the stick point ¢. Once ¢, is known, the stresses at a point
(r,z) can be found as

015 (r, 2) =033 (1, 2) + / G2 (r, ,€) Ba(€)de
i,j=rz. (29)

8.2. Pushing the shaft in

When the shaft is pushed towards the core of the half
space (A > 0), there is further forward slip at the interface,
extending from the surface to a self-determining point b
(b < ¢). The set of dislocations used before is not sufficient
to correct the additional slip. This requires the imposition
of a new set of dislocations at the shaft-hole interface inside
the slip zone.

The resulting tractions on the plane of the shaft-hole
interface are now given by

N(2) = Gve(2) + / Gy (2. €) B.(€)de +

initial slip

| B (30)

S(2) = ral2) + / G, (=€) B.(€)de+

initial slip

G7.(2,€) B:(£)dS. (31)

slip

The boundary conditions remain those in egs. (18) and (19),

that together with egs. (30) and (31) define the following
Cauchy integral equation

/ G (2.6) 1 £ G (2.6)] Bo(©)det
b
/0 (G2, (5,6) + £ G2, (5,6)] Bu(€)de =
— [6r2(2) + [ 60 (2)] 0<z2<hb. (32)

Once again, the integrals have to be put in standard
form over the interval [—1, 1] utilising the substitutions
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Figure 3: Stresses at the interface radius (r = a) versus depth z/a Figure 4: Stresses at the interface radius (r = a) versus depth z/a
for A < 0 and f = 0.3. Corrected solution: (a) pressure, (b) shear for A < 0 and f = 1.0. Corrected solution: (a) pressure, (b) shear
and (c) traction ratio. and (c) traction ratio.
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which give

1
/ (G2 (t,5) + £ G2, (1, 5)] Ba(s)ds+

-1

1

[ 1650+ 5 G () Buu)du =

~1

= [6r2(v) + f G0 (v)]. (35)

The displacement gradient again must be square root

bounded at both ends of the interval (v = +1) and we
assume

B:(u) = ¢z (u) V1 —u?. (36)

(37)

Equation (35) can be expressed now, in normalised
form, as

N

Z ™ W; (bz(s)

=1

N
Z T X; wz(u)
=1

Giz(s’htk) + fGir(Shtk) +

Gr(uisvg) + fGT(ui, vk)

— [6rz(vk)+f5rr(vk)‘| t,=1,...,N+1 (38)

where the integration points w;, collocation points v and
weights X; for the quadrature are given as

ui_cos<7rN:_1> i=1,...,N (39)
T 2k —1
= - =1,.... N+1 4
Uk COS<2(N+1)) t=1,...,N + (40)
1 —u?
X, = i 41
"2 (N+1) (41)

From eq. (38), we have a set of N + 1 equations for
N +1 unknowns. These are the N values of ¢, (u;) and the
point b. The function ¢,(s;) is obtained from the solution
of eq. (25). Once v, is known, the stresses at the bodies
can be found as

1
0ij(r,z) =045(r, 2) + [1 G7;(t,s) ¢=(s)ds

1
+/ G7i(v,u) Y, (u)du ,j=r,z. (42)
-1

4. Results

The problem was coded up using the numerical proces-
sor MATLAB. Convergence of the solution was obtained
when N was set to 80. The results are for v = 0.3. In
the problem, there are two length dimensions to be deter-
mined (¢ and b, if A > 0) from the additional collocation
equations that need to be satisfied. In practice, we guess
the value of the length to be found and omit the central
equation from the N 4 1 generated. The column vector of
¢, or 1, is found and the omitted equation is evaluated.
The length to be found is adjusted to minimize the residue
obtained from the omitted equation.

Consider first the shear stress (Figures 3 to 6 (b)). For
the case where the shaft is being ‘pulled out’ (A < 0) we
notice that the more we ‘pull the shaft out’ (as A becomes
more negative), the larger the slip zone. Therefore, as we
extract the shaft, the size of the slip zone increases with
the magnitude of the extraction load P. When the shaft
is being ‘pushed in’ (A > 0) we notice that the size of the
slip zone is independent of A\. As ) increases, the slip zone
remains ‘locked’ at the assembly position (when A = 0).
To account for this effect there is additional forward slip
closer to the surface (0 < z < b). For all values of A, as the
coefficient of friction f decreases, the slip zone increases,
as expected. Figures 3 to 6 (a) show the contact pressure.
If A < 0 (shaft being ‘pulled out’), we notice that, as
the extraction force increases in magnitude, the pressure
increases at the surface but decreases sub-surface. When
A reaches a critical value (—3.7 for f = 0.3 or —3.1 for f =
1.0), the contact pressure becomes null, which results in
contact opening in a sub-surface point. This is in line with
what was expected from the adhered solution. The ratio
between the shear traction and contact pressure (Figures 3
and 4 (c¢)) remains positive and does not violates the slip
condition as A increases in magnitude.

If A > 0 (‘pushing the shaft in’), it is noted that as the
force increases in magnitude, the pressure now increases
sub-surface but decreases at the surface. For f = 1.0, a
value of A equal to 2.9 results in contact opening at the sur-
face (oyr(a,0) = 0). However, for f = 0.3, as A increases,
the slip condition is violated before there is contact open-
ing at the surface (0,../0, > —f). This would result in a
sub-surface patch of reverse slip.

Figure 7 summarises the region where the solution is
valid for a given coefficient of friction, labelled ‘Forward
Slip’. The blue lines represent contact opening at the sur-
face (for A > 0) or sub-surface (for A < 0). The red line
represent the values of A\ that result in a patch of reverse
slip for a given f. For f = 0.34 and A = 3.61, reverse slip
and contact opening happen simultaneously. For f < 0.34,
reverse slip occurs before the contact opens at the surface.

4.1. Finite Shaft

The next step is to consider what happens if the shaft
is of finite length and terminates at a depth d, by the
introduction of a ‘free’ surface at a depth d outside the
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Figure 7: Values of load ratio X required to cause contact opening or
reverse slip for a given f. The solution is valid in the region marked
‘Forward Slip’.

slip zone (d > ¢). Figures 8 and 9 show the stresses at
a constant depth (obtained from egs. (29) and (42)) for
the two values of A that would cause contact separation
at the shaft-hole interface. From these results, we notice
that, at a potential surface of depth d, the axial stress
is compressive for all depths, even if the shaft is being
extracted from the hole (Figures 8 and 9 (a)). This is due
to the compressive nature of the shrink-fit assembly that
results in the axial stresses due to shrink-fit being at least
six times the values of axial stresses for the application of
the load P, when A ~ 3. Besides, the ratio between the
shear and axial stress does not surpasses the coefficient
of friction, which means that the potential surface would
be stuck to the half space beneath it. Even though these
results are only for f = 1.0, the same behaviour is observed
for all values of f. Therefore, the introduction of a free
surface at any depth would result in this surface being
stuck to the half-space underneath it (Figure 10) and the
solution found in Section 3 remains valid.

5. Conclusions

The slip present in a shrink fit, axisymmetric problem,
devoid of torsion, subjected to an axial force, has been
solved by using a bilateral solution for a shrink fitted shaft
finishing flush with the surface of the surrounding mate-
rial. Slip surfaces are represented by using arrays of ax-
isymmetric dislocations. Conventional Gauss-Chebyshev
quadrature is used to find their density. It was shown
that, when the shaft is being ‘pulled out’ towards the ex-
terior of the hub, the size of the slip zone increases with
the load magnitude, but as we ‘push the shaft in’, towards
the core of the hub, the slip zone remains locked at the
assembly position. Also, the solution for a semi-infinite
shaft is still valid for a finite shaft of depth d, as long as
the surface extends beyond the slip zone.
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Figure 8: Stresses at a depth d/a for f = 1.0 and A = —3.1: (a) axial
pressure, (b) shear and (c) traction ratio.
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Figure 10: A finite shaft of radius a in a half-space z > 0.

Besides obtaining the stress fields for the shaft-hub as-
sembly, one of the prime motivations for carrying out this
calculation is to show that the glide ring dislocation is a
viable quantity to use as a kernel in studying axisymmetric
contact problems.
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Appendix A. State of stress induced by circular
edge dislocation loops

Consider a dislocation loop put at a position (r,z) in
a cylindrical coordinate system and being observed at a
depth d. To calculate the influence functions, the coordi-
nates are normalised with respect to the dislocation ring
radius a:

p=r/a (=z/a d=da. (A1)

The influence functions G%; (i = r, z) for the glide
dislocation in a half-space are given as [4]:

2o 2p
T a(k41)
(¢ —6)J102+ (¢ —30) 102+
(k—1) (k—1)

2p 2p

(S P () P
p p

—Ji0:1 + 110+

Ji,1,0 — I 10—

Ly

(225)[1,1;2 2C511,0;3] (A.2)
7 N
Grz - a (KZ T 1) (C 5) J1,1;2+
(C=98) N2 — 2C511,1;3] (A.3)

Appendiz A.1. Lipschitz-Hankel integrals

In the influence functions, the terms Jy, p.q and I, p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as

[7]
Povr(p ) = / T J(pt)e St dt (A4)
0
In the kernels, the follow definition is applied:

In.pig = Prpiq(p, ¢ —0) (A.5)
Inpig = P pig(p; —C — ). (A.6)
The Lipschitz-Hankel integrals needed in the kernels

are given in [8, 4] and by Lopes and Hills [5] as a supple-
mentary material.
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