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Abstract

In this thesis we present a variety of new, continuous, Bayesian Gaussian-process-driven
Cox process models. These are used to model sparse event data distributed on a continuous
domain, where the events may have a tendency to cluster. These find direct use in application
areas ranging from disease incidence modelling through to statistical cosmology, where the
distribution of galaxies in the universe is weakly clustered due to the effects of dark matter.
They may also be deployed in a more abstract sense, for example as a structured prior for
network communications.

In previous work, the difficulty of performing inference in Gaussian-process-driven Cox
processes has hindered their application to large, high-dimensional datasets. We develop
novel and computationally efficient inference schemes for these models as well as our own
extensions to them, demonstrating an improvement on the existing state of the art using real
data. In particular, we present the first known variational inference scheme for such models,
which scales linearly with the size of the dataset.

Spurred on to consider the problem of computationally efficient Bayesian inference in
general, we tackle model evidence estimation. Arriving at an accurate measure of model
evidence quickly allows for the objective measure of model fit, and ensures we select a set
of assumptions which most closely embody the data-generating process.

We deviate from the traditional core Monte Carlo estimator, and instead present a com-
putationally efficient general Bayesian quadrature scheme for model evidence computation.
This is the first such scheme which can be shown to be demonstrably wall-clock competitive

with state of the art Monte Carlo approaches.
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Chapter 1

Introduction

1.1 Motivation

Methods and results developed by the computational statistics and machine learning com-
munity have helped yield new findings in a diverse set of application areas: Fields such as
astro-statistics (Borucki et al., 2011), zoology (Psorakis et al., 2012), quantitative finance
(J.P. Bouchaud, 2009), geology (Chiles and Delfiner, 2012), and epidemiology (Bhatt et al.,
2015), have all benefited from improved probabilistic modelling and inference techniques.
In a world of finite data, these disciplines typically all aim to build a full probability model
of observable and unobservable quantities for a given problem, where such a model is in-
formed by existing theory available to the researcher in question. Data is then collected, and
the distributions over the quantities in the model are updated to incorporate the information
contained in the observations. Model fit may then be evaluated, or (Bayesian) decision the-
ory can be applied: typically to instruct the researcher how to collect further, maximally
informative observations. (Berger, 1985; Diaconis, 1988).
Increasingly, we are also interested in developing semi-autonomous ‘agents’ (Gmytrasiewicz

and Durfee, 2000; Shoham et al., 2007; Stone and Veloso, 2000). Typically these are pieces

of software implementing as full a probabilistic model of the environment as is feasible,
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alongside a decision making framework. In a similar manner to the researcher previously
mentioned, it is usually intended that they acquire data, update the probability model by
integrating over all possible (in-model) scenarios through performing inference, and then
maximise some notional utility function in order to make a decision on how to proceed. If
we are relying on inferences in order to make decisions, then the freedom to ascribe an appro-
priate model is vital, in order to prevent actions conditioned on poorly calibrated uncertainty
estimates.

At a high level, it is clear that in order to achieve these goals at scale and in the most
general of cases, we need a flexible computational framework for probabilistic modelling,
which places minimal constraint on the size and form of the model, while retaining the ability
to cope with large numbers and types of observation. This is, no doubt, a lofty goal, and is
arguably the research focus of the majority of the Bayesian statistics community. In this

body of work, we focus on two sub-problems within this larger challenge.

e A variety of simple but useful models may be constructed using only base members of
the exponential family of probability distributions (Barndorff-Nielsen, 1978). In this
manner, one can deal with many data modes, and inference is typically closed form
or approximate but efficient!. Within the machine learning and statistics communi-
ties at large, relatively little> work has focused on practical extensions to the simple
homogeneous Poisson (Kingman, 1993) likelihood, despite the abundance of sparse
event data observed on continuous domains. We focus on building efficient infer-
ence schemes for Gaussian process driven Cox processes (Adams et al., 2009; Mgller
et al., 1998), a form of inhomogeneous Poisson process (although our work could be
extended to include renewal processes more generally). We show that our innova-

tions outperform existing approaches on real data from a variety of sources, including

'For this discussion, we will assume even Markov Chain Monte Carlo (McMc) is approximate, as asymp-
totically exact is, in practical terms, approximate.
2Cf. other members of the exponential family.
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epidemiology, and demonstrate a particular construction which enables the efficient
inference of community structure in a group of birds, given bird-feeder arrival events.
Importantly, we maintain the ability to combine many types of observation into one
larger model in a flexible and efficient fashion, through retaining a variational Gaus-

sian process framework.

e Recognising the occasional limitations of the variational approaches we converged on
for inference in our Cox process work, and furthermore acknowledging the fact that
the alternative—randomised sampling—is, from a theoretical point of view, funda-
mentally inefficient (Briol et al., 2015b; O’Hagan, 1987); we attempt to construct a
general purpose, computationally efficient Bayesian quadrature algorithm (O’Hagan,
1991; Osborne, 2010; Rasmussen and Ghahramani, 2003). We demonstrate that even
a naive implementation is highly competitive with state of the art semi-randomised

sampling approaches.

In summary, assuming the appropriateness of tools from probabilistic modelling for both:
informing theory given data, and for providing well calibrated uncertainty estimates to aid
decision making; the motivation behind this work is clear: enable researchers to better incor-
porate commonly seen inhomogeneous Poisson observations into their models, and explore

Bayesian schemes for the actual computations involved in inference.

1.2 Background

Throughout this thesis, we will assume that the reader is reasonably familiar with probability
theory (Bishop, 2007; Grimmett and Stirzaker, 2001; MacKay, 2002). We provide a light
introduction in the following paragraphs, where the notation is kept deliberately semi-formal,
however should the reader find this lacking in some sense the references provided list a few

texts which provide an excellent grounding.
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In general we will provide specific background material at the start of each chapter. As
a result each chapter is roughly self contained, up to and including the notation used. In this
section, we focus on delivering a suitable primer on point processes, in order that the reader
may be better able to see where our work fits in with existing art. We also include a compact
introduction to the Gaussian process (Gp), but do not expect it to cover the many interesting
interpretations of the humble Ggp. These may, for the most part, be found in Rasmussen and

Williams (2006).

1.2.1 Probability, Inverse Probability and Bayesian Inference

The classical definition of probability as synonymous with the long-run frequency of out-
come in a random experiment is not one which we adopt for the majority of this thesis. We
rather pursue the more general definition of probability—which pertains to the degree of
belief in a preposition given evidence and our assumptions. In order for this view to align
with probability theory the degrees of belief must satisty the Cox axioms (Cox, 1946). These
simply ensure that: 1. degrees of belief may be ordered, and so may be mapped onto R', 2.
a function exists which maps between the degree of belief in a proposition and its negation,
3. degree of belief in a conjunction of propositions factorises into a conditional proposition
and the degree of belief in the conditioning proposition.

For simplicity the definitions and descriptions below cover discrete probability. All the
same properties exist for non-atomic probability, however the operators are adapted to cope

with sets of uncountably infinite cardinality.
Basic definitions

Let us consider performing an experiment which may yield a countable set of possible out-
comes €, known as the ‘sample space’ (where a single possible outcome is denoted ).
Fg € 29 is the o-algebra on Q—in other words a particular collection of subsets of €2, where

each subset is termed an ‘event’. We also define a probability measure Py : Fo — [0, 1]
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which assigns probabilities to events, where Py is countably additive. Together these three
concepts form what is known as a probability ‘space’ or ‘triple’: (R, Fg, Pg).

We may extend these notions to arbitrary joint probability spaces, for example Q®,
where each outcome is an ordered pair {w, ¢}, after which all else follows as before to yield

(Qq), FQ(I)’ PQ(D)

Marginal probability If our experiment produces a joint probability space, we may want
to calculate probabilities over just one variable, in effect taking into account all possible
values of our joint variable. This is known as a ‘marginalising’ operation: If we define
x € Fg, y € Fy, then we may obtain the marginal probability Pg(x) from P ¢(x, y) by

summation:

Po(x) = ) Pool(x.y). (1.1)

yeFg
Conditional probability We often wish to calculate the probability of seeing an event,
having taken an observation of some other, related and non-deterministic (given our current
information set) property of the world. For example, let us assume that our experiment
involves measuring the speed of a steel ball as it exits the bottom of a ramp it has rolled
down. We do not know the slope of the ramp, however we may want to be able to compute the
probability of the ramp having a certain slope, after observing a given exit velocity. Allowing
for the vagaries of the real world (friction, non-perfectly round ball, non homogeneous ramp
etc.) this will still be non-deterministic (even at this scale). In order to compute such a

probability, we must perform a conditioning operation:

Po.o(x,y)
Poo(x]y) = g},i—(y) (1.2)

Independence Should our joint probability function factor,

Pg ¢(x,y) = Po(x)Pp(y), (1.3)
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then we can say that the two variables are ‘independent’ of each other—this implies that we
gain no information about one variable having made observations of the other. Notions of
conditional independence follow as one might expect given the introduction of a third related

set of outcomes, X, the associated probability space and z € Fx:

Po o x(x,y|2) = Po x(x|2) Py x(y|2). (1.4)

We now define a set of assumptions on which the probabilities are based, namely 7, and
also specify the three most important rules in applied probability: the sum rule, the product
rule and Bayes’ theorem. These are effectively instances of the marginalising, factoring and

conditioning operations we specified above.

Sum rule
Po(xID) = ), Poo(x yID). (1.5)
yeFp
Product rule
Py o x(x, ylz, I) = PQ,X(X|Z’ I)Pcp,x(ﬂz’ I). (1.6)

Bayes’ rule and inverse probability Bayes’ rule involves simply computing one condi-
tional given another, and relies on symmetry of factorisation. For this definition we will
further relax notation, and assume that in addition to the above we have some data D, a
probability function ‘likelihood/generative model’ for how that data may have been gener-
ated (parameterised by ®), and a ‘prior’ probability function on ®. Armed with this, we may

write down the ‘posterior’ distribution of ® conditioned on D and I as:

P(D|®, I)P(®|I)
P(DI|I)

P@|D,I) = , (1.7)

which is interpreted as:

. likelihood X prior
posterior = .

1.8
evidence (1.8)
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Bayes’ rule is synonymous with inverse probability and ‘inference’. Forward probabil-
ity involves computing functions of quantities which depend on the data produced by the
generative model, while inverse probability requires us to conditionally compute the prop-
erties of the generative model itself. Bayes’ rule as stated is deceptive in its simplicity, and
as we shall later see in the vast majority of cases computing the evidence, (and thereby the

posterior), poses an intractable problem.
Inference

The process of inference can at its core be reduced to integration—for instance, the integral

associated with computing the model evidence,

M = P(D|I) =/P(D|®,I)P(®|I)d®, (1.9)

as well as a conditioning operation.
In the many cases where the above integral and conditioning operations are not analytic,
a variety of techniques exist to make inference approximate but tractable. We cover the broad

classes of approach below, drilling down into specifics on those chosen for this thesis.
Sampling based inference

Two broad classes of sampling based techniques exist: those which provide a convergent
estimator for the integral, and those which directly generate samples from the posterior (i.e.
approximate the result of the integration and conditioning as a sum of delta functions).
Integral approximation techniques naturally also include traditional quadrature/cubature
(particularly for lower dimensional domains of integration—e.g. the empirical Riemannian
integral) and Chapter 5 describes a novel and efficient approach along these lines. The most
commonly used set of methods are based around a core Monte Carlo estimator (Neal, 2010),

howeyver.
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Monte Carlo integration The key idea is that we may approximate M as:
1 n
M~ —ZP(Dl@:H,.,I), (1.10)
n
i=1

where 6; are drawn independently from P(®|I). The fact that this is a strongly consis-
tent estimator of M follows directly from the strong law of large numbers assuming that
| P(D|®, I')| has finite expected value (Neal, 2010), and we can use the standard version of
the central limit theorem to show that the standard deviation of the estimator is @ (n_%).

For many, the appeal of Monte Carlo is that the error in the estimate is not a function of
the dimensionality of the domain of integration. The limiting arguments of consistency, lack
of bias, and independence from the dimension of the space give many an applied statistician
a (potentially false) feeling of reassurance. It is clear that should we be able to make more
specific claims about the behaviour of P(D|®, I), then a faster converging algorithm may
be designed.

Should we find ourselves unable to directly sample from P(®|I), we may still evaluate

M in Monte Carlo fashion via the use of an importance re-weighting trick Neal (2010):

POINH=2 75%)1 ) 7(®), enabling one to integrate against any density.

As the precision of the Monte Carlo estimator scales as %Var[P(DlG) = 0,, I)], impor-
tance sampling can enable us to reduce the variance of the estimator if we can select a sam-
pling distribution which concentrates mass on areas of the domain which highly influence
the value of M. In Chapter 5 we present an approach to effectively infer such a distribution,
allowing us to improve the effective sampling efficiency.

There are many elaborations on this core Monte Carlo estimator which lead us to: Annealed
Importance Sampling (a1s) (Neal, 2001), nested sampling (Skilling, 2004), and bridge sam-

pling (Meng and Wong, 1996) amongst others. They incur parameters which must be tuned,

but as a result improve the convergence rate of the estimator under certain conditions.
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Markov chain Monte Carlo mcwmc is used to generate samples from the exact posterior.
The premise is simple: define a Markov chain on ®, which has as its stationary distribution
7(®) = P(®|D, I)—the target posterior of interest. In order to do this, we must design
a transition kernel which guarantees the correct stationary distribution independent of the
starting location. As in the case of Monte Carlo, there are numerous complications which
one can adopt to (hopefully) improve the performance of the algorithm, but the original
concept by Metropolis et al. (1953) (known as the Metropolis-Hastings algorithm) is a good
starting point.

A Markov process is determined by a transition kernel/probability. This is the proba-
bility of reaching a new state given the current state, P(6;,|6;). In order to guarantee that
we will eventually generate samples from the stationary distribution, two requirements on
P(6,,116;) must be met: 1. To ensure existence of #(®) it is sufficient but not necessary
that P(0,,,10;) = P(0;|0,,,) (this implies ‘detailed balance’ is observed). 2. z(®) must
be unique which is implied if every state is aperiodic and positive recurrent—we do not re-
turn to a state periodically, and we will return to any given state with probability 1 in finite
expected time.

In the Metropolis-Hastings algorithm we achieve the above conditions by writing

P(0;110) = g(0,,110,)A(0;,110,) + (1 — A(0;,116,))5(6)), (1.11)

where g(0,,16;) is a proposal distribution, and A(6,,|6;) determines the probability that
any given proposal is accepted. A(6;,;|6;) is naturally chosen to ensure that we converge to

the desired 7(®), and a common choice is:

(1.12)

PO, |1)g(6;]0;
A(9i+1|9,~)=min<1, (0111 1Dg (0] ,H)).

P(9i|l)g(9i+l |9,‘)
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We therefore accept each proposed move if A > 1, otherwise we accept with probability
given by A.

Many variants, adaptations and extensions of Metropolis-Hastings exist, the majority are
detailed in Neal (2010).

As in the case of our Monte Carlo discussion, a correctly specified instance of mcMmc is
guaranteed to eventually both reach the stationary distribution, and achieve an appropriately
fine grained representation of the posterior through a composition of delta functions. Bounds
on the number of iterations required before we can be satisfied to within some specified
degree of error are highly problem- and dimension-specific however, and in practice most
users rely on a composition of heuristic indicators to decide when to stop.

In addition, several post processing steps are typically applied to reduce effects due to
sample autocorrelation, and decrease the finite sample bias induced by the starting position.

Despite the above, in situations where the domain is high dimensional and we are unable
to describe (and therefore exploit) high level properties of the likelihood surface, mcmc re-
mains the algorithm of choice for most practitioners. It is for these reasons that we choose a

McMc based approach in Chapter 2.
Approximate inference

Although we title this section ‘approximate’ inference, in practice these methods are poten-
tially no more approximate than mcmc based approaches. Perhaps a better description in
light of our foray into Monte Carlo techniques would be ‘deterministic’ methods, as in each
case we will effectively convert an integral problem into a deterministic energy minimisation
problem, which we will then solve either directly or via iterative gradient descent.

Our favoured approach in Chapters 3-4 is known as variational Bayes (Bishop, 2007;
Jaakkola, 2000; Jordan et al., 1999; Kapur, 1989) which has its origins in the 181" century

work of Euler and Lagrange, but we pursue a more general introduction here.
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Let us assume that we wish to functionally approximate the complex and possibly mul-
tivariate posterior probability distribution P(®|D, I) using g(0®). In order to do so we select
a q(@) which minimises a divergence measure D(P||q) between the two distributions. The
most common divergence measure chosen is the Kullback-Leibler (kL) divergence in the

form specified below, which yields a variational Bayes approximation:

q(®)

Wd@. (1.13)

Dy (qllP) = /@61((9) log

More generally, we can write down the so called a-divergence (Amari and Nagaoka,
2007). This is in fact a family of divergences, where choosing specific values for a allows

us to recover traditional methods:

[0 @P@®|D, 1)+ (1 — 2)q(®) — P@|D, 1)*q(©)"~¥ de
a(l —a)

D,(Pllq) = (1.14)

Allowing «a to tend to 0 yields a divergence which when minimised will result in a vari-
ational Bayes approximation to P(®|D, I). Assuming a lack of complete freedom in the
functional form of ¢(®) such an approximation will typically underestimate the true support
of P(®|D, I)—it is known as a ‘zero-forcing’ approximation. If we instead let & go to 1,
we arrive at the reverse kL divergence. Minimising this divergence exactly would corre-
spond to performing perfect inference, which is typically intractable. We can however do so
for an iteratively moment-matched approximation to the posterior, which yields a belief or
expectation propagation approximation (Minka, 2001) (assuming we are willing to assume
a posterior which factorises over the datapoints). Expectation propagation in comparison
to variational Bayes will more accurately model the bulk of P(®|D, I'), however assuming

restrictions on the form of ¢(®) and given a truly multimodal P(®|D, I') this may not be ap-
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propriate. Naturally a whole continuum of other divergences exist, depending on the exact
choice of a, but we do not delve further into their properties here.
The exact process for performing approximate inference therefore consists of the follow-

ing steps:

1. Restrict our approximating distribution to a family which enables us to perform the
necessary algebraic manipulations analytically. Typically this means allowing it to

vary according to some parameters ¢, €.g. g4(0).

2. Alter ¢ in order to find the ¢(®) within the chosen family which minimises the di-
vergence measure of choice with respect to our true posterior, typically through max-
imising some equivalent objective function. This step may require gradient descent,

or iterative fixed point updates, however is always deterministic cf. MmcMmc.

Assuming that we do not need to restrict our family of possible posterior distributions too
aggressively, approximate inference will yield a continuous posterior, and will typically re-
quire only a few tens to hundreds of iterations to converge. This is in contrast to McMc where
it may take several thousand iterations to converge to the stationary distribution, at which
point each additional sample contributes only a point estimate to the overall posterior. This
means that even if both approaches have identical computational scaling, an approximate
inference approach will converge significantly faster in wall-clock time.

For these reasons, in Chapters 3-4 when searching for a maximally computationally ef-
ficient inference algorithm we choose to use a variational Bayes scheme, as we determined
that the restriction on ¢(®) was not overly aggressive and we were able to make the required

analytic operations tractable.

1.2.2 Stochastic Processes

We now give a brief introduction to stochastic processes, in order to familiarise the reader

with some of the terms and concepts relied upon later on. We aim for a formal, but light re-
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view, and encourage the interested to pursue further study in Grimmett and Stirzaker (1985);
Oksendal (2014).

A stochastic process is a formulation of a probability distribution on an infinite dimen-
sional space. Demonstrating that such an object exists presents several technical challenges,
which can be solved by following one of many paths, but here we concentrate on the route

which relies on the Kolmogorov extension theorem.
Kolmogorov’s Extension Theorem

The Kolmogorov extension theorem @ksendal (2014) relies on a consistency argument with
the distribution found when considering a finite dimensional marginal of the full infinite
dimensional object. A good explanation of this theorem and how it relates to Gaussian
processes (see Section 1.2.4) may be found in G de G Matthews (2016).

Consider an index set Y and a function G which maps this onto the set of real numbers
G : Y — R. Y may be finite dimensional or indeed anything through to uncountably
infinite dimensional. Relying on sequence notation, we denote G g := (G(y)yE ) to mean the
function evaluated on the set .S, where S C Y.

Before stating the extension theorem, (without proof), we also define the a mapping
gy P RY S RY 1 (GO, = (GO))yey-

Theorem: If a family of probability measures yy, on a Borel set E, labelled by the finite

index set V' obeys:

puy (gt (E)) = py (E), (1.15)

forall V' C Y and all finite U D V, then there is a unique probability measure on the

product c-algebra with the property:

uy (75 I(E)) = py (E), VE € BRY). (1.16)
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In other words, for a stochastic process to exist, (which necessitates a probability triple
on the (possibly infinite dimensional) set Y), it is enough to find a collection of measures
that obey the consistency property above on the finite dimensional marginals. If this is the
case, than in very general cases a probability triple will exist on the product c-algebra—i.e.
for the full stochastic process.

Later, when we come to look at Gaussian processes, this theorem allows us to fully char-
acterise an infinite dimensional stochastic process via a set of functions which govern the
finite dimensional (Gaussian) marginal distributions—namely a mean and covariance func-

tion.

1.2.3 Random Point Processes

Random configurations of points in a complete separable metric space—point processes—
arise frequently in physical systems, and as a result have been an object of study for many
decades in Physics, Mathematics, Statistics and Computer Science. The most fundamental
of point processes is the homogeneous Poisson process, which arises as the limiting case of
picking points independently and uniformly over a large region.

It is characterised by complete independence of the process when restricted to disjoint
subsets of the space. If one constructs a point set in such a manner, the number of points in
any subset of the space will be Poisson distributed. For a full derivation of this see Kingman
(1993).

Formally, we define .S to be a point process state space (for example the real line R),
defined on the probability triple (€2, Fq, Po). The point process is then a function I : Q —
S5, where S is the set of all countable subsets of S. A given realisation of a point process

consists of a ‘test set” A € §%, whereby we denote the number of points of ITin A as:

N(A) =#{Il(w) N A}, (1.17)
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which makes N(A) a function N(A) : Q — N, where we require that this function be
measurable for all A € S*. As this is the definition of a random variable (a measurable
function from Q into some other space), N(A) are random variables, and we may impose
conditions on their distributions. The conditions on A such that it is a valid ‘test set’ are
reasonably light, and covered in detail by Kingman (1993).

A Poisson point process is formally defined as a point process whereby the counting
random variables N(A) obey two properties: the first is that for non overlapping test sets
Ay, ... Ay, all N(A,) are statistically independent. The second is that N(A) ~ Poisson(u)
where the parameter y is a non-atomic measure on .S for A.

Henceforth, we define ‘Poisson process’ to be equivalent to ‘homogeneous Poisson pro-
cess’. Furthermore, we will use the words ‘point’ and ‘event’ exchangeably, and when the
point process is defined on the real line will also include ‘arrival’ in the set of descriptors.

While this is perhaps one of the most fundamental random processes (alongside the
Wiener process), for the purposes of general statistical modelling two different classes of

adaptation may be made:
Renewal processes

Let X (7) be a Poisson process defined on t € R! with a rate of A. For this point process on the
real line, the number of points in the interval (¢, ;] (denoted #(7, #;]) is Poisson distributed,

according to:

[A(t) —t)]"
———— ¢

P(#(to,t1]=n)= n'

xp (= At —1p)). (1.18)

Generalisations of this to other complete separable metric spaces involve simply replac-
ing the interval length with a measure on subsets of the space. E.g. if A is a subset on the
space of interest, we would replace (f; — #,) with u(A) where y is a reference measure on
the space of interest. For simple cases e.g. R“ this may just be the generalised Euclidean

volume spanned by A (otherwise known as the Lebesgue measure).
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By considering the definition in 1.18 in the special case for which there are O points be-
tween t, and 7, it becomes clear that the interval between random arrivals is exponentially
distributed with parameter A. As a direct result of the completely random nature of the Pois-
son process, the interval between arrivals futher exhibits what is known as a ‘memoryless’
property: given O events between f and #;, and assuming that event locations are strictly
ordered, (¢, < ... < t,), the distribution over an arrival between #; and 7, conditioned on no
arrivals between f( and ¢, is still exponential with parameter A.

There are many applications for which the exponential distribution on arrival times is too
restrictive, a classic example being when modelling the event process describing the failure
times of a piece of machinery in a factory. In these cases we may define a point process via a
specific (non-exponential) renewal or inter-arrival gap density, while retaining the indepen-
dence and identicality of distribution. Constructing a point process in one dimension in this
fashion results in what is termed a homogeneous renewal process. If we in addition break

the independence assumption this results in a modulated renewal process (Kingman, 1993).
Correlated point processes

Alternatively, in a rough and application focused taxonomy of point processes by correlation
structure, we can introduce either positive or negative correlation between points.

Positive correlation encourages clustering (yielding the inhomogeneous point process
as a super-set of examples), while negative correlation yields a variety of repulsive point
processes—of which the determinantal point process is one important class of example
(Hough et al., 2006). For a visual realisation of this, see Figure 1.1.

In this thesis we are primarily concerned with positive correlation, and as a result look
to adapt and extend the inhomogeneous Poisson process:

Without loss of generality, we hereon out consider only point processes defined on x €
RP. The inhomogeneous Poisson process is a simple probabilistic construction which gives

rise to clustered sets of points. We first pick a function g(x) : R? — R! | before sam-

>0’
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pling a Poisson process whose intensity measure has a density X (x) with respect to u(x),
where u(x) is typically a Lebesgue measure. It is clear that in regions where g(x) is large,
more points will be sampled, and so the resulting Poisson process will exhibit clustering
behaviour, where the dynamics of the clustering may be adapted through appropriate choice
of g(x). This function is typically known as the ‘intensity’ function of the inhomogeneous
Poisson process. Given a set of event locations E = {e, ..., ¢; }, the likelihood function for

such a model is of the form:

k
P(E|g) = %exp (/ g(x) dx> Izt (1.19)

n=0

If we further assume that g(x) is a random function, then the resulting construction is known
as a Cox process, or a doubly stochastic inhomogeneous Poisson process. If there is reason
to believe that our event data is indeed positively correlated, then in practice a Cox process

is a sensible (base) model to adopt, for the following reasons:

e The inhomogeneous point process likelihood is in some sense ‘weak’. By this we mean
that we are required to infer a continuous function (g(x)) given a likelihood evaluation
which is dependent on an integral observation alongside a finite collection of point
values (which must also be inferred). Unless we have very strong prior information
about g(x) it is therefore prudent to model it as a random function, in order to capture
some of the inherent model uncertainty, and ensure that predictive likelihood estimates

are well calibrated.

e The random function is usually specified as a Stochastic Differential Equation (SDE)
over the domain of interest, possibly directly (Wei et al., 2002). This allows us to in-
clude a flexible range of expected behaviour, which may be adapted through inference

from the data, whilst still acknowledging a degree of uncertainty.
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Fig. 1.1 Sets of random points on a subset of the 2D plane sampled from: A homogeneous
Poisson, (a), (no correlation between points); a determinantal point process, (b), (negative
correlation between points); and an inhomogeneous Poisson process, (¢), (positive correla-
tion between points).
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There are a variety of other interesting model adaptations (e.g. Hawkes processes (Hawkes,
1971), birth death processes (Latouche and Ramaswami, 1999)), as well as deep theoretical
links (Stochastic geometry (Stoyan et al., 1987), completely random measures (Kingman,
1993)), to name but a few, but we will introduce these if and when required, so as to avoid

cluttering this general introduction.
Bayesian inference for Cox processes

Whilst the authors are in any case a strong proponent of information efficiency, and there-
fore doing full Bayesian inference wherever it is possible, we feel that in the case of a Cox

process model this is doubly important: Firstly because the vast majority of Cox process
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data is by very nature ‘sparse’, in other words even if one ostensibly has ‘many’ observa-
tions in one dimension (or higher), the size of the space over which we must infer a function
is exponentially larger, and theoretically continuous (bearing in mind that the number of
function values which must also be inferred grows exactly linearly with the size of the data).
We might equally argue that many Cox process problems are equivalent to traditional ‘small
data’ problems due to the nature of the likelihood, and therefore it is important to both incor-
porate as much prior knowledge as possible, and derive well calibrated posterior uncertainty
estimates. Secondly, throughout this thesis we construct joint models of related event pro-
cesses. By viewing such a setting through the prism of conditional probability, we may
efficiently share relevant information between related datasets, and the problem becomes

one for which Bayesian inference is highly appropriate.

1.2.4 Gaussian processes

The cp is a fundamental Bayesian non-parametric statistical object. It is an infinite col-
lection of random variables, where the joint distribution over any finite subset is Gaussian.
Following the notation from the previous section, it is fully characterised by a mean function
(m(x) : RP - Rl) and a covariance function—sometimes referred to as a kernel function
(k(x,x") : RP x RP - R!), and in fact can usually be described using only a covariance
function (while setting m(x) = 0—as marginalising over an unknown mean function can
be equivalently expressed as a new zero mean Gp with a different covariance function). We
define g ~ €P(m(x), k(x,x")) to mean that g(x) is Gaussian process distributed, which
then implies that for a collection E = {x,, ..., x,,}, g(£) will be an n dimensional Gaussian,

derived through evaluating the mean and covariance functions.
Covariance functions

In our work, we use the Gp as a prior over functions. We demonstrate this use case for the one

dimensional regression problem in Figure 1.2. In this case the covariance function encodes
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our beliefs about the structure of the function of interest. A good exploration of how to
embed different types of structure can be found in Duvenaud (2014). The main restriction on
covariance function design (in the case of gp models) is that it must be positive semidefinite,

this is the case if and only if:

/k(x,x’)f(x)f(x’)dxdx' >0, (1.20)

for all f € L,(x, u)—i.e. for all square integrable functions under y. This is equivalent to
guaranteeing that the covariance matrix arrived at by evaluating k(x, x’) at any collection
E of points is positive semidefinite. Translation invariant covariances result in strongly sta-
tionary Gaussian process priors, whilst a range of interesting approaches exist to generate
non-stationary priors (Paciorek and Schervish, 2004; Rasmussen and Williams, 2006).

Positive semidefinite covariances will have a spectral (Fourier domain) representation via
Bochner’s theorem (Rudin, 1987). Such a representation may be leveraged to translate be-
tween a Gp and a Stochastic Partial Differential Equation (sppE) representation of the un-
derlying dynamics. Depending on a variety of factors this may prove to be a more efficient
domain in which to perform inference via e.g. (in the simplest one dimensional stationary
case) a Rauch-Tung-Striebel smoother (Sarkka, 2013). It also allows us to make the link be-
tween the traditional approach of using a spE to represent g(x) in the point process literature,

and the machine learning equivalent of using a Gp.
Useful properties
The Gaussian process shares many traits with the Gaussian. These (and others) make the Gp

highly useful as a prior for function modelling. A few key examples are:

o Expressivity through kernel selection: 1f we wish to perform accurate modelling of
g(x), it is important to minimise model mis-specification, by placing as much prior

mass as is reasonable on the right area of function space. A variety of prior knowl-
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Fig. 1.2 Draws from a one dimensional Gp prior assuming m(x) = 0, and that k(x,x’) =

xx'T x cos(x — x") X exp(—%), (1.2a), and the resulting process after conditioning on
eight observations (the green dots) (1.2b). The light blue shading indicates the +2¢ (two
standard deviation) credible interval. This covariance is the product of a linear kernel with
a single translation invariant Gabor wavelet. It encodes locally periodic smooth functions,
with a linearly increasing covariance.

(a)

(b)
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edge may be embedded through judicious choice of covariance function, as fortunately
the set of positive semi definite covariance functions is closed under multiplication and
addition, allowing for unlimited potential variability. Work exists towards covariance
discovery, spanning the gap through to what might be termed ’empirical Bayes’ for
covariance function selection (Lloyd et al., 2014), however we would suggest that at
the time of writing this, the Gp is best employed when strong, encodable, prior knowl-
edge exists; or alternatively where well calibrated posterior uncertainty estimates are

important.

e Analytic likelihood and associated manipulations: As in the case of a finite dimen-
sional Gaussian distribution, conditioning, marginalisation and inference operations
are often both closed form and analytic. This allows for integration over a range of

hypotheses, as well as posterior prediction for missing values in x.

o Closure under linear maps: As in the case of the Gaussian, the Gp retains distributional
properties under linear operations. This extends from multiplication or addition by a
scalar, through to integration and differentiation. We make extensive use of this fact
in Chapter 5, but are by no means the first to benefit (Osborne et al., 2009; Rasmussen

and Ghahramani, 2003).

Naturally the Gp does not come without limitations. The two which we will encounter

most frequently are:

e If we have n observations, naive Gp inference scales computationally as ©(n’). Fortu-
nately many techniques exist to improve upon this worst-case upper bound, e.g. Snel-

son and Ghahramani (2005).

e Many useful likelihoods (where by likelihood we mean the link function between the

GP and the observation set) make inference non analytic. We shall see this happen
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time and time again throughout the thesis. Fortunately there are a variety of approxi-
mate inference techniques which allow us to make the intractable inexact, but tractable

(Lloyd* et al., 2015).
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1.3 Outline of Thesis Structure

In the remainder of this Thesis, we present and demonstrate contributions as outlined in

Section 1.1:

e In Chapter 2, we provide a framework for modelling structured Cox processes, along-

side an efficient MmcMmc inference scheme.

e In Chapter 3, we develop the first variational inference scheme for Gaussian-process-
driven Cox processes, without resorting to thinning or discretisation. The scheme

provides vast improvements in computational scaling as cf. existing approaches.

e In Chapter 4, the variational inference scheme developed in Chapter 3 is applied to
both a variant of the structured Cox process problem presented in Chapter 2, as well

as more abstract point process modelling problems.

e In Chapter 5, we deviate from the theme of inference for point processes, and instead

develop a computationally efficient Bayesian algorithm for computing model evidence.

e Finally, in Chapter 6 we conclude by summarising related work, pursued in parallel
to our own, while also suggesting related and potentially fruitful avenues for future

exploration.



Chapter 2

Structured Point Processes

The material in this chapter is based on the following paper:

T. Gunter*, C. Lloyd*, M. A. Osborne, and S. J. Roberts. Efficient Bayesian Nonparametric
Modelling of Structured Point Processes. In Uncertainty in Artificial Intelligence (UAI),
2014,

where our contributions were as outlined in the acknowledgements section of this thesis.

In this chapter we build upon work done in Adams et al. (2009) in order to derive a
flexible Bayesian generative model for dependent Cox processes, alongside an associated
efficient Mmcmc scheme for inference. This scheme is an independent contribution, and one
which we would use if implementing Adams et al. (2009) today, particularly if the data of

interest exists in a space of dimension 2 or higher.

2.1 Introduction

Point processes are effectively used to model a variety of event data, and have also shown
a recent popularity within the Machine Learning community as priors over sets. As stated
in the introduction, the most fundamental example of such a stochastic model for random
sets is the homogeneous Poisson process. This is defined via an intensity which describes

the expected number of points found in any bounded region of some arbitrary domain. An
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inhomogeneous Poisson process allows the intensity to vary throughout the domain over
which the process is defined. As we do not know the functional form of this intensity given
only event data, another stochastic process is typically used to model it nonparametrically.
This is then termed a doubly-stochastic Poisson process, more commonly known as a Cox
process. In our particular construction, we use transformed Gaussian processes to model
the intensity functions of the individual dependent point processes, in such a manner as to
enable fully nonparametric Bayesian inference (Adams et al., 2009). While we only explicitly
consider the doubly stochastic Poisson process, any general renewal process (Rao and Teh,
2011) could be incorporated into the framework we define.

There are many occasions when we have multiple point processes which we expect to be
dependent: If the domain is temporal, then an example would be individual clients making
trades with a specific financial services provider, or individual customers purchasing items
from a specific vendor. If the domain is spatial, we might consider different categories of
crime defined over some geographic region. Or, in a more trivial (but perhaps easy to visu-
ally interpret) example, we might consider modelling the rate processes which describe the
locations of point-shots taken by a group of NBA basketball plyers; Blake Griffin, Damien
Lillard, DeMer DeRozen and Arron Affalo:

Fig. 2.1 Basketball shot data: the points on the court where each named player took shots in
an attempt to score during the 2013 — 2014 NBA season.

Blake Griffin Damien Lillard DeMer DeRozen  Arron Affalo
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The four player shot profiles depicted in Figure 2.1 share many characteristics, for exam-
ple a number of shots are clearly concentrated around the hoop and the three-pointer line.
The players we selected all in fact perform subtly different roles, however, and this too is
evident in the data: for example Damien Lillard primarily shoots from the hoop and the
three-pointer line. It is clear that these four shot profiles contain some shared structure, not
just visually, but also through knowledge of the ‘generative’ process by which this data set
was created!

In this Chapter, we seek to build a generative model for just such a collection of dependent
streams of point process data. Defining this flexible model for inter-process dependency
structure, alongside an efficient inference scheme allows us to learn the underlying intensity
functions which drive the typical behaviour. These can then be used to make more accurate
predictions, especially during periods of unobservability for an individual process.

In order to maximise the flexibility of our approach, we specifically assume that the indi-
vidual intensity functions arise via a weighted summation of convolutions of latent functions
with a kernel. Intuitively this means that we take a small number of latent functions, indi-
vidually smooth and scale them, and then add them together to yield an intensity function.
This approach allows a wide range of intensities to arise from only a few latent functions,
and

We will present and validate the following novel contributions:

e The first generative model for dependent Cox process data without discretisation of

the domain (Section 2.2).

e An efficient, parallelised inference scheme, which scales benignly with the number of

observed point processes (Section 2.3).

e A new adaptation of thinning (Lewis, 1979), which we term ‘adaptive thinning’. This
introduces multiple uniformisation levels over the space, making the model viable for

higher dimensional spaces and larger datasets (Section 2.5.5).
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2.2 The Model

We first briefly review the Cox process, before describing the innovative nonparametric
Bayesian model outlined in (Adams et al., 2009) as the Sigmoidal Gaussian Cox Process
(scecp), which allows a full Gaussian process to be used as a prior over an individual inten-
sity function. We then move on to review the convolution process (Alvarez and Lawrence,
2011), amethod of modelling dependent functions and the underlying latent processes which
govern them. Our novel combination of these constituent elements represents the first model

for dependent Cox point processes without resorting to discretisation of the domain.

2.2.1 The Inhomogeneous Poisson Process

For a domain & = RP? of arbitrary dimension D, we may define an inhomogeneous Poisson
process via an intensity function A(x) : & — R¥, and a Lebesgue measure over the domain,
dx. The number of events N (J) found over a subregion J C & will be Poisson distributed
with parameter Ag = / & A(x)dx. Furthermore, we define N (7;) to be independent random
variables, where 7, are disjoint subsets of 2 (Kingman, 1993).

If we bound the region to be considered, and assume there are K observed events, labelled

as {x; }le, then the inhomogeneous Poisson process likelihood function may be written as
K

p({xk}f=1 | A(x)) =exp {—/ dx /l(x)} H A(xy). (2.1)
T k=1

2.2.2 The Sigmoidal Gaussian Cox Process

In order to model the intensity nonparametrically, we place a Gaussian process (Rasmussen
and Williams, 2006) prior over a random scalar function g(x) : & — R. This is defined

by a positive definite covariance function k(.,.) : & X £ — R and a mean function m(.) :
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2 — R. The mean and covariance function are parameterised by a set of hyperparameters,
which we denote y.

In the sGcp, a Gaussian process is transformed into a prior over the intensity function
by passing it through a sigmoid function and scaling it against a maximum intensity A*:
AMx) = A*o(g(x)), where o(.) is the logistic function. This forms the basis of a generative
prior, whereby exact Poisson data can be generated from A(x) via thinning (Lewis, 1979),
which involves adding M events, such that the joint point process over the M + K events is
homogeneous with fixed rate A*.

The generative process is illustrated in Figure 2.2. We begin by sampling a value for A*
from a Gamma prior. We then draw a sample function from a Gp, before passing it through
the sigmoid function and then scaling it by 4™ to give us A(x), shown as the blue line. We next
select a uniform distribution, scaled so as to cover the (bounded) domain and upper-bound
A(x) at A*. We then sample a point-count N from a Poisson distribution parameterised as
P(A* / ), before simulating N points from the upper-bounding uniform. We then reject (or
‘thin”) samples if they fall above A(x™) for a given x*, and keep them as data otherwise. In
this manner we have generated inhomogeneous Poisson process data by thinning (rejecting)
a subset of the points generated by the homogenous Poisson generative process. The thin-
ning process is analagous to the method of ‘rejection sampling” Neal (2010) for simulation,
whereby a hard-to-simulate density is strictly upper bounded by an easy to sample from den-
sity, 7(x). We then sample from #(x), and for each proposed point, (e.g. x* in Figure 2.2), we
simulate from a one dimensional uniform % (0, #(x*)), accepting the sample if it lies below
the density of interest, A(x), otherwise rejecting it.

As we are using an infinite dimensional proxy for A(x), the integral in Equation 2.1 is
intractable. Furthermore, using Bayes’ theorem with this likelihood yields a posterior with
intractable integrals in both the numerator and denominator. These challenges are overcome

by making use of the generative prior, and augmenting the variable set to include the number
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Fig. 2.2 Graphical representation of thinning (and hence the generative process for the sGcp):
Blue stars indicate thinned points, red stars represent accepted data points (also shown in the
rug-plot along the x-axis). The blue line shows the intensity function (equivalent to the
density we wish to simulate from in the rejection sampling analogy mentioned in 2.2.1).
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of thinned points, M, and their locations, {Scm}f:l’[:l. This then means that the value of the
intensity function need only be inferred at the M + K point locations, gy, x = {8(x;)} ,fz U
{g(x,)} 314:1 . Noting that 6(—z) = 1—0(z), the joint likelihood over the data, function values

and latent variables is

pUAXE e MAZ 0L gk | 45 T,0) =AM exp { =2 u(9) }
K M
x [T o [T o-gm)
k=1 m=1

X CPEnuk | (X (%0 L), 2.2)

where we have defined u(9) = [ dx.
T
Notably, this likelihood equation does not involve any intractable integrals. This means
that inference is now possible in this model, albeit subject to the cost of an augmented vari-

able set.

2.2.3 The Convolution Process

The convolution process framework is an elegant way of constructing dependent output pro-
cesses. Instead of assuming the typical instantaneous (Teh et al., 2005) mixing of a set of
independent processes to construct correlated output processes, we generalise to allow a
blurring of the latent functions achieved via convolution with a kernel, G(x, z), prior to mix-
ing. This gives us more flexibility in the overall link function between the latent structure
and observed rate functions, and enables us to model data whereby the generative process
implies a scaling and output specific diffusion of the latent rate function. For example, in
the basketball example presented earlier, it is possible that a single latent function could be
smoothed and scaled in such a way as to create each of the different player shot profiles—if
we relied on a simple instantaneous mixing, we would require several more latent functions

before our model had the same expressivity.
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z 1s typically defined on the same domain as x. If we place a Gaussian process prior over
the latent function, the output function turns out to also be a Gaussian process (Alvarez and
Lawrence, 2011). Specifically, given D dependent intensity functions g,;(x) and Q latent

processes u,(x), (where typically O < D), the stochastic component of the dth intensity is

0
g,(x) = Z / G 4(x, 2)u,(2)dz. (2.3)
a=1g

Given full knowledge of the latent functions, the g,(x) are independent and determinis-
tic. The G,(x, z) encode the observed process specific characteristics, and the uy(z) can
be thought of as encoding the latent driving forces.

The convolution process has strong links with the Bayesian kernel method, as described

in (Pillai et al., 2007). This allows a function f(x) on & to arise as

f(x) = / K(x,z)U(dz), (2.4)
X

where U(dz) € A (X) is a signed measure on 2. The integral operator & : U(dz) —
f(x) maps the space of signed measures (') into #Z'x, a Reproducing Kernel Hilbert
Space (rRkHs) defined by the kernel, K(x, z). This mapping is dense in #Zx.

The convolution process is also known as a latent force model (Alvarez et al., 2009). In
this guise, it is used to infer the solution of a differential equation when there is uncertainty
in the forcing function. The convolution kernel is the Green’s function of a particular differ-
ential equation, and the Gaussian process prior is placed on the driving function. This rep-
resentation lets us consider the latent functions as driving forces, which are viewed through
the intensity function specific convolution kernel. The convolution kernel can, for example,
be used to model differing speeds of information propagation from the latent factors to each

of the observed processes.
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2.2.4 Sparse Latent Functions

To ensure tractability of inference, we make use of the property that the intensities are inde-
pendent conditioned on the latent functions. This is made clear from the perspective of a gen-
erative model with only one latent function: we first draw a sample of the object u(z), before
solving the integral in equation 2.3, where uncertainty about u(z) is propagated through the
convolution. Now instead of maintaining the full, infinite dimensional object u(z), let us con-
dition on a finite dimensional draw of u(z), u(Z) = [u(z,), ..., u(z; )]T where Z = {zj }{=1'
We can then sample from p(u(z) | u(Z)), as this is a conditional Gaussian distribution, and
use this function to solve the convolution integral. With multiple latent functions we can

approximate each u,(z) by Elu,(z) | u,(Z)], replacing Equation 2.3 with
0
g,(x) = Z / G4(x, 2)E[u,(z) | uy(Z)ldz. (2.5)
a=1g

This is reasonable as long as each u,(z) is smooth, in the sense that it is well approximated
given the covariance function and the finite dimensional sample uy,(Z). In Section 2.3, we
use the approximation in Equation 2.5 along with the conditional independence assumption

to build a tractable inference scheme.

2.2.5 Constructing the Model

Let the Q latent functions u q (z) be modelled as Gaussian processes with Gaussian covariance
functions such that

u, | ¢, ~ CP0,K,(2,2), (2.6)

where K (z, z") is simply the Gaussian kernel

K,(z,2") = N (z;Z', ). 2.7)



2.2 The Model 34

We use a scaled Gaussian convolution kernel
Gd’q(x, z) =k N (x;z, Qd,q). (2.8)

This restricts g;(x) to be at least as smooth as the random draws from uq(z). The covariance

linking uy(2) 1o g4(x) is

Kgd,uq(X, z) = / Gy q(x,2)K (2, z)dz
X

= kg, N (X:2,04 + B,), 2.9)

and the overall covariance between output functions is

0
Kgd’gd’ (X, XI) = Z /Gd(x’ Z)/Gd/('x,’ z')Kq(Z, Z/)dzl dz
a=1 g T

0
Kgd,gd' (x,x") = Z KagKd' g N(x;z,0,; + 9;1 + q’)q), (2.10)

g=1

We could use this structured covariance function to construct one large joint Gaussian
process over all the intensity functions. In doing so, however, the u,(z) have been implicitly
integrated out, and the resulting inference problem will scale computationally as ©(D> N?)
with storage requirements of G(D>N?), where N = M + K is the joint number of events.
This is intractable for any real problem, where we would hope to leverage many dependent
point processes to learn a few latent factors with minimal uncertainty.

Let us now define some additional notation: K denotes a covariance matrix obtained by
evaluating the appropriate covariance function at all eligible pairs of data points. Subscripts

determine which covariance is used and hence which inputs are valid, e.g. K, , denotes
g

u

the cross covariance between the dth output and gth input function. K, ., means stack the
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(0 Kgd,dq matrices vertically, K, , is a block diagonal matrix where each block corresponds
to Kuq’uq, and u is the result of stacking the draws from the finite dimensional Gaussians
pu,(2)) vertically.

We also define: ¢ = {¢h,}% .k = (k0.0 = {0,}0_ . X, = (X Ul Ry )t
If we wish to allow the latent functions to be sampled at different points, then we define a
separate Z,, for each u,(z): Z, = {z,;} j:l' The set of inputs over all latent functions is then
Z ={Z q}qQ=1’ and similarly for the intensities: X = {X, }dD=1-

Notation in place, we determine that given the approximation in Equation 2.5, the con-
ditional likelihood for g,(x) is

P(&g | Z, Xg,k0,048) = NV (K, Ko K, o —K, K K ). (2.11)

U U g ,U
Still conditioning on the latent functions, the joint likelihood over all D intensity functions
is then simply

D

p(gl’ ’gD | u, Z’ X’ K, 0’ ¢) = Hp(gd | u, Z9 Xda Kd99d9 d)) (212)
d=1

Bayes’ rule for Gaussians gives us the posterior over the u,(Z) as

pluy,...ug | 815 8ps Z, X, K, ,0) = N(uy, ... ,up; 1y, Bp). (2.13)
Where the mean and covariance are

_ _ — — -1
T, = K.+ K, K, )'D(K, K, )]

Hp =2,K, K, )'D'g (2.14)

N7

and where D =K, , - K, K, KT .
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The exact form of D depends on the degree to which we are willing make independence
assumptions in order to approximate the Gaussian processes used to model the functions.
Naturally the higher the degree of approximation, the more scalable the resulting inference
scheme.

Under full dependence, a single event is linked to both inter and intra-process data. We
will be assuming that the dependency structure across the g,(x) is entirely contained by the
latent processes, u,(z). Intuitively, this means that we maintain the full Gaussian process
structure for each individual intensity function, while summarising the latent functions via
a set of inducing inputs Z = {z; }jzl. This approximation scheme results in a functional
form which is similar to what Quifionero Candela and Rasmussen (2005) call the Partially
Independent Training Conditional (piTc) scheme. Importantly it allows inference to scale
computationally as @(DN?), with storage requirements of O(DN?) even in the worst case
scenario of J = N. Further approximations may be made, and these are especially useful if
the number of events per process is large, however for our purposes they are not necessary.
For more information on approximation methods for Gaussian processes see Quifionero Can-
dela and Rasmussen (2005) and Snelson and Ghahramani (2005).

Under the prtc low rank covariance, the resulting form for D is: [K, , —Kg,uK;’LllK;u] oM,
where M = Iy, @ 1 and 1 is a N X N matrix of ones. This may be more familiar as

blkdiag[D].

2.3 Inference

For each of the D point processes we need to learn [ X[, X, k4, 8,4, A7, and g,4(x). For each
of the Q latent functions u,(2) and ¢, must be inferred. Z g are fixed to an evenly spaced
grid which is identical across the latent processes. To find posteriors over all these variables,

we choose a MmcMmc algorithm, as detailed below.
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Using the pitc approximation scheme, the likelihood over the point processes factorises
conditioned on the latent functions. This means that given D compute units the updates
associated with each point process may be made in parallel. This is important as the infer-
ence algorithm is computationally bottlenecked by operations associated with learning the
locations of the thinning points, X.

We now give a recap of the inference scheme from the sGcp for a single point process,
while listing our minor modifications. Updates for the latent functions are then given, con-

ditioning on the D intensity functions.

2.3.1 Learning the Intensity Function

Recalling Equation 2.2, three kinds of Markov transitions are used to draw from this joint
distribution: 1) Sampling the number of thinned points, M. 2) Sampling the locations of the
thinned events, {X,,} 214: |+ 3) Resampling the intensity function, gy, k-
Metropolis-Hastings is used to sample M. The probability of insertion/deletion is param-
eterised by a Bernoulli proposal function: b(K, M) : N X N — (0, 1), where the parameter
has been arbitrarily set to % If an insertion is required, a new x,,.; is drawn uniformly
and at random from p(J"), and g(x,,,) 1s drawn from the Gaussian process conditioned on
the current state. A deletion results in a thinned event X,, being removed at random from
The overall transition kernels g, and Metropolis-Hastings acceptance ratios, a,

A

are:

Qins(M +1 — M) = KEZDG P (g p) | {F) ey EV4K):

(1 =K, M + 1) u(T)A*

Aips = - s (2.15)
(M + Db(K, M)(1 + exp(g(Xpr41))
_1-bK,M)
Qiof(M —1 < M) = — v (2.16)
0 = MbK, M - 1)1 + exp(g(fcm))). 217

(I = b(K, M))u(T)A*
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Sampling the locations of the thinned events also makes use of the Metropolis criterion. For
each event X,, a move to X, is proposed via a Gaussian proposal density. A function value
g(%,,) 1s then drawn conditioned on the state with g(x,,) removed, denoted gy k. This

gives the move acceptance ratio

_ GmoveXm < X,)(1 +exp(g(X,,)))

Amove = o ~ ~ . (218)
Amove(Xm < Xp)(1 + exp(g(X,,)))
where q,,,,. 1s the proposal distribution. We use a symmetric Gaussian proposal
s g H(T)
qmoue(xm « Xm) =N <0’ W) . (2.19)

To sample the function we opt to use the elliptical slice sampling approach developed in
Murray et al. (2010). This is an algorithm specifically designed for sampling from high
dimensional, highly correlated, Gaussian process posteriors. The log conditional posterior

over function values is

K

- 1 _
log plevrk | M, Dl (%)l ¥) = = JBMkD Byt = D Tog(1 + exp(—g(xy)))
k=1
M
- log(1 + exp(g(x,,))) + const. (2.20)
m=1

In our case, 0 is equal to the covariance in Equation 2.11, and naturally for each iteration we
perform all the above updates in parallel for each observed point process, conditioned on the
latent functions.

To infer the posteriors over the Gaussian process hyperparameters, we use Hamiltonian
Monte Carlo (amc) (Duane et al., 1987; Neal, 2010), with log-normal priors over each hy-

perparameter. By placing a Gamma prior with shape a and inverse scale f over A*, we infer
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Algorithm 1 MCMC Scheme

Input: {X k}llle, priors.
repeat
ParFord =1to D
Sample thinned events: Equations 2.15 — 2.17
Sample locations: Equations 2.18 — 2.19
Sample function: Equation 2.20
Sample hyperparameters: Equation 2.20
Sample A*: Equation 2.21
EndParFor
Sample latent functions: Equation 2.13
Sample latent hyperparameter: Equation 2.22
until convergence is true

the posterior conditioned on the thinned and true points using a Gibbs update as follows:

Upoyy = @+ K + M, Brost = B+ 7. (2:21)

2.3.2 Learning the Latent Functions
Conditioning on the point process intensity functions, g,(x), the latent functions are depen-
dent, with conditional posterior distribution given by Equation 2.13.

Having drawn new values for each of the u (Z ), we can update the ¢, using a Metropolis-
Hastings step under the following log conditional posterior which is

log p(¢, | u(Z). Z,) = —2u(Z )K", tu(Z,) - Llog det(K, , )+ const(2.22)

Ug g 279
The overall procedure is summarised in Algorithm 1.

2.4 Adaptive Thinning

In higher dimensional spaces, data is typically concentrated into small, high density sub-
domains. Under the current methodology, we must thin the entire empty space to a uniform

concentration which matches that of the most dense subregion. If we wish to use Gaussian
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process intensities this rapidly becomes infeasible, even under the most radical of sparse
approximations (Snelson and Ghahramani, 2005).

Our novel solution to this problem is to model the upper bounded intensity over the space
using a piece-wise constant function, where each section takes a fractional proportion of the
global upper bound, A*. This preserves the tractability of the integrals in the likelihood and
posterior, and does not violate any of the properties of the point process, while simultane-
ously allowing empty regions to be thinned to a far lower average density.

Consider Figure 2.3: this shows both the data and the thinned points, where for the left
three quarters of the plot the maximum rate does not exceed 50% of A*. Let us assume we
allow the maximum rate to take one of two values for each datapoint: %/1* and A*. For each
new thinned point we sample an intensity function value, before also sampling an upper
bound for the rate from the available levels. This upper bound is at least as great as the
current function evaluation at that point.

In this manner we hope to infer that for a portion of the domain in Figure 2.3, the rate may
be happily upper-bounded by half the global maximum rate, A*, and hence the bulk of the
space may be thinned to a significantly lower density. As a result, the computational burden
incurred will be significantly reduced, as far fewer expensive points need be incorporated
into our GP.

In our particular implementation, we fix a-priori a set of B possible maximum rate ‘lev-
els’:

L={l; €Ol <llpg=1}". (2.23)

We then augment the variable set to include for each thinned point X,, which rate level r,, €
{1... B} itis currently assigned, where we set r,, such that o(g(x,,)) < l,m. This causes the
probability of seeing a thinned point X,, under the sigmoid GP to become

l, —o(g(%,)
l ,

Fm

p(X,lr,) = (2.24)
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while the probability of a non-thinned point remains unchanged. Using this relationship we

modify the Metropolis acceptance criteria which now become

(1= b(K, M + D)u(T)A 1, DGy [P arsr)
a;,, = , (2.25)
(M + )b(K, M)

_ Mb(K, M — 1))
el = (T b(K, MYWTIAT, pGlr)’

(2.26)

as well as the likelihood function for p(g(Xy,x)), Equation 2.20.

In principle this scheme could slow mixing, since the function is constrained to lie below
the maximum level at each point. By ensuring that there is always some slack, s, between
the function and the rate level assigned we find that mixing is hardly affected. The slack is

incorporated by assigning the rate as follows:

argmax {a(g(fcm)) <Il.X s} , o(gx,)<s
r (2.27)

P <
1, otherwise.

We used s = 0.9. The rate levels can also change at each iteration during the ‘move’
step when we compute the new rate level for jittered points and we compose the acceptance
criteria as the product of the insertion and deletion criteria a,,,,, = @;,; X Gg,;-

Finally, when re-sampling A* we must compute an estimate of the total number of points
under a single rate uniformisation of the space. This estimate is readily available because
the number of points (including observed data points) with rate r is a Monte-Carlo integral
of the proportion of space thinned to rate level /... Since the number of points in each region

is scaled by /,., the estimated total is

PR R R
o=t 2 T (2.28)

k=1"Tk m=1"Tm
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Fig. 2.3 Graphical representation of adaptive thinning: Blue stars indicate thinned points,
red stars represent data. The black line shows the intensity function. Each point is accepted
as data with probability given by o(g(x,,)). Fewer thinned points are required in areas of half
maximum bound.

where 7, is the notional rate of observed data computed exactly as for the thinned points.
The posterior value a,,, is therefore a + Ny

To validate adaptive thinning, we return to the original sccp and modify it in the manner
described above. We perform two experiments: The first in 1D and the second in 2D. In
both cases we use 10 known random intensity functions to generate event data: In the 1D
case we sample 15 random datasets per function, while in the 2D case we generate 10. One
dataset is used to learn the model, the rest are held out for testing purposes. Two metrics of

performance are used: L2-norm error as measured between the posterior intensity and the
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ground truth intensity function, and average predictive log-likelihood across all held out test
datasets.

In 1D, we run each model for 6 minutes total compute time, in 2D we allow 20 minutes
total. In both cases half the time is allocated to burn-in. In 1D the single rate method achieved
roughly one sample per second, with the two rate case yielding just under four samples per
second, and the four rate approach giving just under 8 samples per second. In 2D the number
of points required was larger in all cases, with the multi-rate approach buying a factor of two
speedup.

The results, (given in Tables 2.1 through 2.4), show that in almost all cases the multi-
level approach performs best across both metrics. It is observed that typically the original,

homogeneous rate approach performs worst of all.

Table 2.2 One dimensional adaptive thin-
ning average predictive log-likelihood on
14 held out datasets.

Table 2.1 One dimensional adaptive thin-
ning L2-norm function error.

Function L2 Norm Error

(1D) Original 2 Rates 4 Rates Function  Predictive Log-Likelihood

(1D) Original 2 Rates 4 Rates

; }i‘Z }(3)'2 ;; 1 373.8 3818 3882
3 10.6 5.0 4.9 2 626.1 6442  650.7
4 105 47 51 3 2742  285.1  288.0
5 4 101 104 4 4355 4577 456.0
6 111 89 7.6 5 877.0 8858  889.5
' ' ' 6 9954  1006.6 1013.4

7 12.0 137 125
7 753.0 7633  760.6

8 13.0 120 128
9 196 164 288 8 5223 5312 5283
10 314 s g 9 1840.6 18529 1826.0

2328.1  2365.8 2349.8

p—
e}
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Table 2.4 Two dimensional adaptive thin-
ning average predictive log-likelihood on
9 held out datasets.

Table 2.3 Two dimensional adaptive thin-
ning L2-norm function error.

Function L2 Norm Error

(2D) Original 2 Rates 4 Rates Function  Predictive Log-Likelihood

2D) Original 2 Rates 4 Rates

; }ig iig }ii 1 2039.6  2080.6 2203.0
3 135 14.7 135 2 27579 2758.1 2829.3
4 125 12.9 12.0 3 27532  2689.5 2827.2
5 17.9 16.6 17.8 4 2803.2 2784.0 2933.6
6 14.4 16.2 153 5 25324  2663.0 2572.1
7 151 13.7 175 6 3098.2 3040.5 3054.4
3 14.6 14.4 14.8 7 3157.5 3259.8 3075.2
9 18.3 17.1 15.6 8 2086.9 2101.0 2087.4
10 15.4 12.9 13.6 9 5018.1 5146.6 5185.3

10 2008.1  2205.0 2174.0

2.5 Empirical Results

As this is the first model for structured point process data, the approach is initially validated
on a synthetic dataset. It is then compared to both the independent sGcp, as well as a modern

Kernel Density Estimator (Botev et al., 2010) on two real datasets.

2.5.1 Synthetic Data

Using the convolution process, we sample four intensity functions, using those to sample
event data. The variety of intensities which may be observed given a single latent function
is notable in Figure 2.4.

We then average over 2000 iterations after convergence had been achieved. The resulting
learned intensity functions are shown in Figure 2.4. It is reassuring that the original latent

function is reasonably well recovered given only four observed event processes.
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Fig. 2.4 Learned functions using 3 rate levels: %/1*, %/1*, A*. Left hand half represents the
synthetic generative data, with the single latent function at the bottom (u q(Z )), and the four
individual point process intensity functions above ({gd(X;)},ep)- On the right hand side
we depict their inferred counterparts. The blue circles in the latent function space denote the
locations of the inducing points (Z).

/ "

o

2.5.2 Real Data

Two datasets were selected to test the model, both of which we considered were likely to

exhibit a dependency structure which could be well captured by the convolution process.

e British politicians (MPs) tweet times during the week of Nelson Mandela’s death
(02/12/13-08/12/13). These were obtained using the Twitter API. Here we consid-
ered that there would naturally be a daily periodicity, however, it is not unreasonable
to further postulate that some MPs may concentrate their Twitter activity into a smaller
segment of the day. This behaviour should be well captured by the convolution pro-

CESS.

e NBA player shot profiles for the 2013-2014 season, scraped from the NBA website.
Here we select a diverse subset of four players: Blake Griffin, Damien Lillard, DeMer
DeRozen, and Arron Affalo. It was supposed that it might be possible for a single

latent function to be blurred to represent a variety of player positions and styles.
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2.5.3 Twitter Data Results

Four MPs active on twitter were selected at random. Here on we call them MPs A, B, C, and
D. We select data from the period covering 02/12/13 through 13/12/13, and randomly parti-
tion each dataset into 75% training data, with the remainder being used to evaluate predictive
test log-likelihood.

Figure 2.6 depicts the average learned intensity functions for each MP (red line), along
with the one standard deviation bars (grey shading) derived from the function samples. The
bottom plot depicts the learned latent driving function in the same manner.

The latent function clearly shows a strong daily period, particularly evident during the
working week (02/12/13 was a Monday—corresponding to ‘1’ in Figure 2.6). Furthermore,
the largest two peaks in activity occur on the 3rd and the 5th of December. Potential con-
tributing factors to these two spikes include a public sector strike, and the death of Nelson

Mandela respectively.

Fig. 2.5 Learned basketball intensity functions using 3 rate levels: %A*, %A*, and A™.

Blake Griffin Damien Lillard DeMer DeRozen Arron Affalo

Learned Latent Function
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Fig. 2.6 Learned intensities over four MPs tweet data (A, B, C, D); posterior latent function
at bottom. Actual data shown in blue.

A B C D

HH-—~EH - H-—

time

A A A A

A A

_ \/ ¥

T T T T

0 2 4 i 6 8 10
time

Table 2.5 Predictive log-likelihood for held out basketball data across models.

Player Predictive Log-Likelihood
KDE  sccp Ours

Blake Griffin -121.8 335.6 374.7
Damien Lillard  -22.6 231.2 395.3
DeMer DeRozen -2.9 253.1 410.7
Arron Affalo -260.7 -76.7 84.2

Table 2.6 gives predictive log-likelihood for the held out data, again evaluated across
three approaches: An intensity function learned via Kernel Density Estimation (kpE) (Botev
etal., 2010), the sccp (Adams et al., 2009), and our own structured approach. Both the sGcp
and our own approach use two maximum rate levels for adaptive thinning. Each intensity
function is modelled using an independent sccp/kDE. The structured approach performs

vastly better, suggesting that it is highly appropriate for this type of data.
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Table 2.6 Predictive log-likelihood for held out twitter data across models.

MP Predictive Log-Likelihood
KDE  SGCP Ours

A 1771 176.6 469.5
B -1.3 89.6 412.9
C 54 496 283.4
D -677 387 293.7

2.5.4 Basketball Data

For the basketball point shot data, the approach performed particularly well. Each player
had around 600 attempted shots, of which we used 400, holding out the rest as test data.
We used 3 rate boundaries: 411’1*’ %/l*, A*, and once again averaged over 2000 samples after
convergence. We compare predictive log-likelihood to both the sccp model (using the same
set of rate boundaries) and using a rate function estimated via a state of the art kpe by (Botev
et al., 2010).

Figure 2.5 depicts the resulting intensity functions. It is clear that the latent function
represents a general view of the court hotspots, the hoop and three pointer line are clearly
demarcated. Furthermore the intensity functions for each player strongly match what would
be expected given their playing style—e.g. Arron Affalo is a ‘shooting guard’ who is ex-
pected to spend the majority of his time inside the three pointer line, but has a propensity
to shoot from the bottom left of the court. These effects are clearly visible on the heat map,
less so on the data (see Figures 2.1 and 2.5).

As is clearly demonstrated in Table 2.5, our structured approach to modelling the bas-
ketball point data in a fully Bayesian fashion yields a huge improvement over both the inde-
pendent sgep as well as a modern kernel density estimator. Another point worth making is
that due to the high data density around the hoop for each player, the traditional approach of

thinning (used here as well as in the sccp) would be prohibitively computationally expen-
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sive. We are only able to test on this data due to the method of adaptive thinning introduced

in this Chapter.

2.5.5 Evaluation Metrics

Model estimation in the context of inhomogenous Poisson process data is an inherrently
tricky problem, as we discussed in the introductory Chapter of this Thesis. As a result, it is
worth spending a little time considering where the weak points of our performance evaluation
scheme lie, how they compare to the methods used in work produced by the community, and
whether there might be a more appropriate (or perhaps exhaustive) way to evaluate inference
schemes and models.

We begin by considering the general setting—estimating a single inhomogenous Poisson
process, using the adaptive thinning scheme proposed in Section . For synthetic data—i.e.
where we are able to generate many realisations of the point process—we feel that little is
missed by using the intensity function posterior to evaluate the predictive likelihood of held
out test data sets, if our model is As is the case in all Bayesian models, a judiciously chosen set
of priors could bias the model to a point where it outperforms on a specific dataset, however
to guard against this we use the same prior for all synthetic realisations (and for that matter
on the ‘real’ data tests too).

When it comes to the ‘real’ data evaluations in Section 2.5.2, however, it is clear that for
a single realisation of the dataset (which we then split into training and test subsets), con-
ditioning on a maximum-a-posteriori point estimate for A* may heavily bias our evaluation
metric (in a positive or negative way). This is because the estimation process for 4* is high
variance (given a single realisation of the point process), and therefore any prior will strongly
influence the result.

We are thus faced with a difficult conundrum: the model we fit does as part of the process
attempt to estimate A*, however the high variance of this estimate combined with the bias

effect of any prior means that it may be prudent to consider discounting it when evaluating
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the model. As was pointed out by Prof. Chris Holmes, this may be achieved by evaluating
held out test performance by normalising each posterior intensity function, and simply using
the result as a density estimator for the held out data. This would mean that (at least some)
effects caused by the estimation process for A* were discounted at test time; however, on the
other hand we would now be evaluating the model under an inherrently different predictive
likelihood function than the one that was used to estimate it.

While this is not the approach taken by the community at present, a pragmatic (although
perhaps philosophically controversial) method of evaluating these models may be to: evalu-
ate the model under the correct predictive likelihood exhaustively for synthetic test datasets
(much as we did in this Chapter). Then, for the ‘real’ datasets, for which we only have a sin-
gle point process realisation, test performance under both a density estimation framework,
and the true Poisson process likelihood. Although it is the job of the model to both estimate
A* and the intensity function, it would be highly unlikely that any given model had a consis-
tently better estimation process for A* alone, therefore if the approach designed is truly more
appropriate for the datasets presented, we would expect increased performance under the
density evaluation metric as well as the true likelihood (on average). This testing approach
trivially generalises to the case of the dependent Poisson process model, as presented in this

Chapter.

2.6 Conclusion

We have introduced a fully generative model for dependent point processes, alongside an
efficient, parallelised inference scheme. We have shown the appropriateness of this model
on two real datasets, and introduced a new adaptation of thinning which allows the model to
scale to larger datasets and in particular higher dimensional spaces.

Despite our improved Mmcmc driven inference scheme, in order to scale the model to very

large (for the Cox process literature), heterogeneous datasets, it would seem sensible at this
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juncture to pursue replacing the mcmc inference scheme with one based on variational in-

ference (Hensman et al., 2013).



Chapter 3

Variational Inference for Cox Processes

The material in this chapter is based on the following paper:

C. Lloyd*, T. Gunter*, M. A. Osborne, and S. J. Roberts. Variational Inference for Gaussian
Process Modulated Point Processes. In Proceedings of the 32nd International Conference
on Machine Learning, ICML, 2015,

where our contributions were as outlined in the acknowledgements section of this thesis.

In this chapter we present the first fully variational Bayesian inference scheme for con-
tinuous Gaussian-process-modulated Poisson processes. Our scheme: requires no discreti-
sation of the domain; scales linearly in the number of observed events; and is many orders
of magnitude faster than previous sampling based approaches. The resulting algorithm is
shown to outperform standard methods on synthetic examples, coal mining disaster data,

and in the prediction of Malaria incidences in Kenya.

3.1 Introduction

The use of a full Gaussian process to model the Cox process intensity (Adams et al., 2009)
incurs prohibitive G(N?) computational scaling in the number of data points, N. To tackle
this problem in practice, many approaches (Mgller et al., 1998; Rathbun and Cressie, 1994)

discretise the domain, binning counts within each segment. This approach enabled (Cun-
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ningham et al., 2008) to achieve O(N log N') performance. However, the discretisation ap-
proach suffers from poor scaling with the dimension of the domain and sensitivity to the
choice of discretisation.

We introduce a new model for Gaussian-process-modulated Poisson processes that elim-
inates the requirement for discretisation, while simultaneously delivering O(N') scaling. We
further introduce the first fully variational Bayesian inference scheme for such models, allow-
ing computation many orders of magnitude faster than existing schemes. This approach is
shown to provide more accurate prediction than benchmarks on held-out data from datasets
including synthetic examples, coal mining disaster data and Malaria incidences in Kenya.
The power of our approach suggests many applications: in particular, our fully generative
model permits the joint inference of real-valued covariates (such as log-rainfall) and a point

process (such as disease outbreaks).

3.2 Notation and Preliminaries

As before, we define the Cox process via an intensity function A(x) : & — R*. For a
domain & = RR of arbitrary dimension R, the number of atomic point masses, N(9),
found in a subregion 5 C & is Poisson distributed with parameter A5 = / & Ax)dx, where
dx indicates integration with respect to a Lebesgue measure over the domain. In addition for
disjoint subsets J; of 2, the counts N (J;) are independent random variables.

If we restrict our consideration to some bounded region, I, the probability of a set of N

observed points, & = {x(”) €T} iV: 10 conditioned on the rate function A(X) is

N
(D | 1) =exp {— / A(X) dx} [T2&™). (3.1)
T n=1



3.2 Notation and Preliminaries 54

We use w(V') to denote the measure of the continuous domain V. In this work we will assume

T is a box-bounded subset of RR with boundaries 7,™" and 7,™* in each dimension r and

R
o(T) = / dx = | [(gmax — g miny, (3.2)
!

3.2.1 Inferring Intensity Functions

As we saw in Chapter 2, in the sccp a Gaussian process (Rasmussen and Williams, 2006) is
used to construct an intensity function prior by passing a random function, f ~ &%, through
a sigmoid transformation and scaling it with a maximum intensity A*. The intensity function

is therefore A(x) = /1*6( f (x)), where o (+) is the logistic sigmoid (squashing) function

1

1 +exp(—x) 3-3)

o(x)=

To remove the inner intractable integral, the authors augment the variable set to include latent
data, such that the joint distribution of the latent and observed data is uniform Poisson over
the region . While this model works well in practice on small, sparse event data in low
dimensions, in reality, it scales poorly with both the dimensionality of the domain and the
maximum observed density of points. This is due to: the incorporation of latent, or thinned,
data, whose number grows exponentially with the dimensionality of the space; and an O(N?)
cost in the number N of all data (thinned or otherwise).

In Chapter 2 and Gunter* et al. (2014), we go some way towards improving the scalability
of the sGcp, by introducing a further set of latent variables such that the entire space need no
longer be thinned uniformly. Instead, we thinned to a piecewise uniform Poisson process,
maintaining the tractability of the inner integral, and allowing the model to scale to higher

dimensional point processes.



3.3 Model 55

In Lasko (2014) the author performs renewal process inference without thinning the do-
main, by making use of a positively transformed intensity function. The intractability of
their chosen approach forces them to resort to numerical integration techniques, however,

and Bayesian inference is still performed using computationally expensive sampling.

3.3 Model

We construct our prior over the rate function using a Gaussian process. Rather than using a
squashing function, we will assume' the intensity function is simply defined as A(x) = g*(x)

where g is a Gaussian process distributed random function. This yields a non-negative prior
g(x) ~ TP (u(x), Z(x,x")), (3.4)

as in Gunter et al. (2014). Furthermore we will assume that g is conditionally dependent on
another Gaussian process u evaluated at a set of inducing points Z = {z™ € T} %:1' We

denote the evaluation of u at these points u, and note u has distribution:

u~(1a,K,). (3.5)

Using this formulation, the mean and covariance functions of g are

u(x) =k K u, (3.6)

>x,x) =K, -k Kk (3.7)

zz ™zx!s

where k__, K

o K, K, are matrices evaluated at x, X' and Z using an appropriate kernel.

We use the exponentiated quadratic (also known as the “squared exponential”’) ARD kernel
although a variety of other kernels would also be viable choices (see Appendix A.1 for a

detailed specification).

I'See Section 3.5 for a detailed motivation for this choice.
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With this hierarchical formulation the joint distribution over &, g, u and O is

P(D, 8, u,0)=p(D|1 = g")p(g|u, ©)p(u|®)p(®) (3.8)

where p(0) is the (optional) prior on the set of model parameters ® = {y, ay, ..., ag, it}.

For notational convenience we will usually omit explicitly conditioning on ®.

3.4 Inference

We will use variational inference to obtain a lower bound on the model evidence p(&2). We
favour the black-box approach to variational inference, where rather than determine analytic
update equations, we specify up front variational posteriors over our unknown variables.
We then employ Jensen’s rule (Bishop, 2007) to allow us to arrive at a lower bound on the
log-marginal likelihood, which may then be maximised with respect to the parameters of the
variational posteriors using the optimisation algorithm of your choice.

In this case, we must integrate out g and u, but we must also integrate g> over the region

I due to the integral embedded in the likelihood, Equation 3.1.

3.4.1 Variational Bound

We begin by integrating out the latent function u, using a variational distribution g(u) =
A (u;m, S) over the inducing points. Since only g is conditioned on u and since g(u) is

conjugate to p(g|u), the resulting integral is:
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log p(@10) = log [ / / p(@|g>p<g|u>p(u>% du d ]

> / / plglwg(w) du loglp(@]g)] dg

// p(glwg(u) dglog [pi ;l du

= E(p) [log n(218)] — KL(g(w)]|p(w))

Ay (3.9
As p(g|u) is conjugate to g(u), we can write down in closed-form the resulting integral:

q(g) = /p(gIU)q(U)du =CP(g %), (3.10)

ax)=k K m,

XZ"TZZ

Sxx) =K, -k Kk, +k K SK 'k, /.

XZ"TZZ

KL(q(u)l | p(u)) is simply the KL-divergence between two Gaussians (see Appendix A.3).

K
! tr(K;zlS)+log| ZZI—M

KL (g(w)||p(w)) = S|

(o]

+ (a—-m) K (Ta—- m)] . 3.11)
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We can now take expectations of the data log-likelihood under g(g):

Z = Eq [log p@12)] — KL(q(w)][p(w))

N
n=1

~ KL (q(w)]|pw))

- {[EQ(g)[gx]z + Varq(g)[gx]} dx

M= 3

+ ) Eqe [logga] — KL (gl |p(w), (3.12)

Il
—_

n

where to keep the notation concise we have introduced the following identities:

g 2g®, 2, 6225k,
g, 2 gx™), 2 ax™), &2 2 Fx",x™),

We have used Tonelli’s theorem to reverse the ordering of the integrations over the positive
integrand g)ch(g). Before arriving at the final model bound, we must first integrate over the

region J° and compute the expectations E [log g,ﬂ at the data points.

3.4.2 Integrating Over the Region

The lower bound allows us to take expectations under g(g) at any specific point, X, of the
function value, g(x), since q(g(x)) is Gaussian. The fact that these operations are analytic,
arises because: a) we used the conditional gp formulation; b) we have already integrated out
the latent function u; and c) we chose a suitable transformation to map the output of the Gp

into R*, i.e. A(x) = g%(x).
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The required statistics for Equation 3.12 are:

Eyolgd” = A7 = mK k. kK- /m, (3.13)
Var‘](g)[gx] = 6326 = kxx - Tr(KZzlkzxkxz)
+ Tr(K;)SK Kk, k,.,). (3.14)

T

It is now easy to calculate the integral since only k,, = k,, is a function of x, leading to the

following terms:

/ [Eq(g)[gx]zdx = mTKZthKZzlm» (3.15)
i
/9 Varyg)lgxldx = || = Tr(Kz, V)
+ Tr(KZ; SKZ, ). (3.16)
For the exponentiated quadratic ARD kernel, the matrix

‘I‘=/K(Z,X)K(x,z’)dx (3.17)

can be calculated by re-arranging the product as a single exponentiated quadratic in X and Z,

z,+z,
2

whereZ = [Z(,...,Z R]T has elements z, = , as derived in Appendix A.5.

In addition to the exponentiated quadratic ARD kernel, the matrix ¥ can be computed
in closed-form for many other kernels, including polynomial and periodic kernels, as well
as sum and product combinations of kernels (including the spectral kernel (Wilson et al.,
2014)). The only limitation we should be aware of, is that for many of these kernels the inte-
gral remains tractable in arbitrary dimensions under the assumption that we remain strictly

axis-aligned—this is certainly true for any kernel which includes the Gaussian function as a

constituent component.
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3.4.3 Expectations at the Data Points

The expectation E 4 [log gZ] has an analytical—albeit complicated—solution expressed as

E,olloggr] = / log(g2) N (g, iy, 52) dg,, (3.18)

—0o0

-2 ~2
~ i, o
=-G| - + 1o — | -C, (3.19)
( za—z) g<2>

where C ~ 0.57721566 is the Euler-—Mascheroni constant and G is defined via the confluent

hyper-geometric function (assuming we allow r := —;T"zz :
e (@i

F b b9 = b 3.20

Fiabn= 25 (3.20)

where (-), denotes the rising Pochhammer series

(@)p=1, (@ =a@a+1)a+2)...(a+k-1).

Specifically G is a specialised version of the partial derivative of | F, with respect to its first
argument and can be computed using the method of Ancarani and Gasaneo (2008), which

has a particular solution at a = 0, leading to the following definition of G
G(r) =, F, 109 (0 2r) = 2ri i (3.21)
171 ’ 2’ : :

Naive implementations of Equation 4.10 have poor numerical stability, although this can
be improved somewhat using an iterative scheme. In practice we use a large multi-resolution
look-up table of precomputed values obtained from a numerical-package. As shown in Fig-

ure 3.1, this function decreases very slowly as its argument becomes increasingly negative,



3.4 Inference 61

so we can easily compute accurate evaluations of G(r) for any r by linear interpolation of

our lookup table and, as a by-product, we also obtain G’ (see also Appendix A.4).

Fig. 3.1 A plot of G(r) across a wide range of r. This part of the model lower bound, while
not closed form in expression, is very smooth and therefore well approximated by a partial
expansion or simple function approximation.
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3.4.4 Optimising the Bound

Given this final lower bound on the marginal likelihood, &, we maximise with respect to
the variational parameters m, S and the model parameters ®. To optimise these simultane-
ously we construct an augmented vector y = O, m', Vech(L)T]T—where vech(L) is the
vectorisation of the lower triangular elements of L, such that S = LL™.

We can compute the maximum-likelihood (ML) solution by optimising £ (<;y) or the

maximum-a-posterior (MAP) estimate by maximising £ (9;y) + log p(©).
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To optimise the inducing point locations we use the change of variables

min max min max
g+ g g g

2= Zr T sin(wi™), (3.22)

(m)

and optimise in @, ~ € [—x, x], which ensures the inducing points always remain within the

region 7 .

3.4.5 Locating the Inducing Points

We have so far neglected to specify the number and location of inducing points. In principle,
for a given set of parameters ®, we will obtain a lower bound for the true Gp likelihood for
any number of inducing points in any configuration of locations. We consider two possible
approaches: firstly, treating the inducing points as optimisation parameters and, secondly,
fixing them on a regular grid.

If the locations of the inducing points are optimised, this suggests—in common with
other sparse gp models—that we might achieve good performance using only a small number
of well-placed inducing points. Optimisation of the inducing points is particularly computa-

tionally expensive, however, because of the necessity to recompute K;ZI

for each dimension
of each inducing point (M X R in total) and since K, affects every term in the bound.
Regular grids offer a competing set of advantages and disadvantages. In contrast to stan-
dard sparse Gp regression—the accuracy of our solution is not only governed by the distance
between the inducing points and the data points. This is due to our Cox process likelihood,
and choice of square transformation applied to the gp. The variance of g(x) increases as x
becomes further from the inducing points. However, the rate function, 4, is a function of
both the mean and the variance of g. Since we are integrating A over 9, we need inducing

points distributed across J and not just in regions close to the data. An evenly-spaced grid

is one way to ensure this is achieved.
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Regularly sampled grids also afford potential computational advantages. When the grid
points are evenly spaced, the kernel matrix has Toeplitz structure, and hence allows matrix
inversion (and linear solving) in O(M log? M) time, a fact previously utilised for efficient
point processes by Cunningham et al. (2008). Furthermore, when the kernel function is sepa-
rable across the dimensions (as specified by Equation (A.1)), the kernel matrix has Kronecker
structure which can further reduce the cost of matrix inversion (Osborne et al., 2012b). The
latter is relevant to all sparse Gp applications based on inducing points, however, it is par-
ticularly relevant for this application as we are motivated by the doubly intractable nature of
Equation 2.1. In our implementation, we use naive inversion of the inducing point kernel

matrix, K, resulting in computational complexity of O(N M?>). Hence the computation

ZZ°
times reported below could be improved with a relatively small amount of additional imple-

mentation effort.

3.4.6 Predictive Distribution

To form the predictive distribution we assume our optimised variational distribution g*(u) =
A (u; m*, S*) approximates the posterior p(u|<2). Analogously to Equation 3.10 we next
compute ¢*(g) ~ p(g|D). This allows us to provide a lower bound of the (approximate)

predictive log-likelihood on a held-out test dataset #:

log p(#|D,0%) =108 E 1) [P(H | 8)]
~ 1og E v [P( | 2)] & M,

> E g [log p(7 1)1 2 2, (323)

The derivation of &, follows Equations 3.12-3.19. The resulting bound is the same as &
except m, S are replaced with m* and S*, and there is no KL divergence term. Kernel

matrices are computed using ©™.
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The tightness of this final bound—i.e. how close we are to evaluating the true predictive
likelihood—will be a function of how well the inducing variables u define the function f.
Intuitively, when the variance at the inducing points is large, the entropy of g will be large,
as it is unconstrained over much of the domain. From an information theoretic perspective,
we can say that the tightness of the bound will be a function of the entropy of g: H(g) =
%log || + const.

Given this knowledge we define a second, tightened, lower bound &,, where we allow the
variance of function values at the inducing points to collapse to zero: p(u|<2) =~ 6(m). This
reduces the conditional entropy of g given u by shrinking the final term in the definition of £
(Equation 3.10), resulting in a tighter bound for a slightly restricted class of models. Asitisa
slightly more restricted model, we expect the ground truth .#, = log ([E q(glu=m) [P(Z |g)])
to be lower than the ground truth .4 - In practice, however, because the variational &),
is so much tighter, we use this to give results for approximate predictive likelihood when
comparing against other approaches. This is fair, as we are not adapting the model in any
way, but instead simply ensuring we accurately measure the predictive likelihood provided
by the model on held-out test data. In Figure 3.7 we demonstrate this empirically for the coal
mining dataset by evaluating the true predictive bounds on a held-out 50% of the data via
10,000 mcmc samples, and shading between these and the variational approximations. We
do this for a range of inducing point grid densities, both with and without optimisation of
the inducing point locations. In Figures 3.5 through 3.7, we plot all of the bounds described
above as the number of inducing points increase. We note that for the relatively smooth coal
mining data, (Figure 3.7), all bounds do not benefit from more than about 10 inducing points,
while in the case of the twitter data, the faster dynamics call for increased numbers. In all

three Figures the tightness of 7, is evident as compared to Z,.
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3.5 Alternative GP transformations

At this point it is worth considering why we have chosen the function transformation A(x) =
g%(x) in preference to other alternatives we might have used. An obvious first choice would

be

Ax) = exp(g(x)). (3.24)

This transformation is undesirable for two reasons. The more obvious of these is that after

taking expectations under g(g) we are left with the integral

52
—/exp ﬁx+7x dx (3.25)
T

which cannot be computed in closed form. We could approximate the integral using a se-
ries expansion, however this would be very difficult with more than a couple of terms and
furthermore, since the function is concave, this approximation would not be a lower bound.

The second—and more subtle—reason is that in using this transformation, when we take

expectations under g(g) of the data, we obtain

E,e [1og {exp(g,)}] = i, (3.26)

Since the mean, fi,, is not a function of S, the variance of the variational distribution g(u), we
have effectively decoupled the data from the uncertainty of our variational approximation;

this is clearly undesirable.
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Another possible candidate is the probit function, A(x) = ®(g(x)). This can be integrated

analytically against the Gp prior, however we are again left with a difficult integral over

- / o| —2|ax. (3.27)
7 \\1+62
As the range of this transformation is (0, 1) we would also require additional machinery to
infer a scaling variable.
In contrast the square transform presented allows the integral over the region I to be

computed in closed form and E ,[log gﬁ] may be computed analytically. Importantly this

q(g
transformation also maintains the connection between the data and the variational uncer-
tainty.

Although the square transform is not a one-to-one function—any rate function A may

have been generated by g? or (—g)*—this sign ambiguity is integrated out in a Bayesian

sense, Equation 3.18.

3.6 Relationship to Sparse GP Models

The use of inducing points in this model relates it to a wide range of sparse Gaussian pro-
cess models, e.g. the Sparse Pseudo-input Gaussian Process (spGp) (Snelson and Ghahra-
mani, 2005). The variational sparse Gaussian process framework was introduced by Titsias
(2009), however the bound we develop is more akin to the “Big-Data” GP bound (Hens-
man et al., 2013), since we explicitly maintain the variational distribution g(u). The variable
Y that results from integrating the kernel over the input domain is similar to the so-called
“W-statistic” which arises when integrating out the uncertainty of latent variables in the vari-

ational Gaussian Process Latent Variable Model (cpLvMm) (Titsias and Lawrence, 2010).



3.7 Experiments 67

3.7 Experiments

To evaluate the performance of this algorithm, we benchmarked against a frequentist kernel
smoothing approach, described below, (testing both Kernel Smoothing with Edge Correction
(xs+Eec) and Kernel Smoothing without Edge Correction (ks—Ec)), as well as a fully Bayesian
sgep McMmc sampler. Our test data sets are generative data from the sccp model, as well as

several real-world data sets.

3.7.1 Benchmarks

The kernel smoothing method we choose is similar to standard kernel density estimation, ex-
cept we use truncated normal kernels to account for our explicit knowledge of the domain—
the latter is referred to as “end-correction” in the literature (Diggle, 1985). The kernel

smoother optimises a diagonal covariance, ¥*, by maximising the leave-one-out training

objective
N N
T* = argmax ) log Y SrxP;xV), %), (3.28)
I =1 j#i=l

We can construct the predictive distribution by combining the maximum-likelihood esti-
mates of the size and spatial location of the point process. For the test data set 7 (with K!

permutations) this distribution is

K
p#12) = K! pK|2) [ ] r&*12) (3.29)
k=1

where the location density

N
- 1 < *
pEV1D) = = B Ay &O5x, 5% (3.30)
n=1
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Table 3.1 Results for 2D synthetic data (drawn from the sGcp generative process).

SGCP KS+EC vBPP (<)
Function Avg. L. RMS Time(s) Avg. L. RMS Time(s) Avg. L. RMS Time(s)
1 446.1 1.37 7547.83  389.8 1.48 0.34 392.9 1.21 3.26

-61.1 0.38 1039.65 -78.3 0.46 0.02 -76.1 0.38 2.00
1224  0.88 317391 84.3 1.04 0.12 92.6 0.81 244
175.8 1.71 3773775 147.0 1.26 0.05 148.3 1.14 2.58
446.1 294 6368.44 4136  2.02 0.21 415.5 1.81 2.83

(9 I SOV ]

is computed using using the previously described method and the distribution of the number

of points

Nk
p(K|2) = w1 &XP(=N) (3.31)

is simply a Poisson distribution with parameter N. It is straight forward to show that Equa-

tion 3.29 is equivalent to Equation 3.1 since we can interpret the rate function as
N
Ax) = ) N x™, 5%) (3.32)
n=1

and since [ A(x)dx = N.

Our sGecp sampler is based on (Adams et al., 2009). This implementation differs by
using elliptical slice sampling to infer the latent functions function g and we perform hyper-
parameter inference using HmMc. We also use the “adaptive-thinning” method described in

Chapter 2 and Gunter* et al. (2014) in order to reduce the number of thinning points required.

3.7.2 Synthetic Data

For the synthetic data sets, we first generate a 2D function from a high resolution grid using
a Gaussian process and sigmoid link function, and then, conditioned on that function, we
draw a training dataset and multiple test datasets. We give average performances results for

these test datasets in Table 3.1. Figure 3.2 visualises an inferred 2D intensity conditioned
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Fig. 3 2 2D Synthetic Data. Clockwise from top left: Ground truth, vBPP, KS+EC, SGCP.
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on ~ 500 observations. Although the sGcp sampler gives better predictive performance than

|

the Variational Bayes model for point processes (vBppP) £, bound, it should be noted that
the sampler uses well tuned hyper-parameters, uses the same link function as the generative
process and is much more computationally expensive. vepp outperforms kernel smoothing
in terms of both predictive likelithood and RMS error.

In general it is clear that the variational method performs approximately equivalently to
the sGgecp in the majority of cases, and typically surpasses the results delivered by both kDE
methodologies. vBpp arrives at a full posterior over the function in a fraction of the time the

sGep does, albeit typically slower than the maximum-likelihood solution delivered by kKDE.
3.7.3 Real Data

We next investigate three real world data sets. For these data sets we create training and

test subsets by allocating each point to either subset with probability 0.5. Since true rates are
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Fig. 3.3 Coal mining data and predictions.
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Fig. 3.4 Twitter data.
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Fig. 3.5 Twitter data (Z on a fixed grid): The difference between sampling .#, and ./ ,, and
the corresponding lower bounds, £, and &), (see Section 3.4.6). £ represents the variational
lower bound achieved at training time: Equation 3.12.
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Fig. 3.6 Twitter data (Z optimised): The difference between sampling .#, and .# ,, and the
corresponding lower bounds, £, and &£, (see Section 3.4.6). Z represents the variational
lower bound achieved at training time: Equation 3.12.
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unknown for these datasets we rely on held-out predictive likelihood as the only performance

metric.

Coal Mining Disaster Data

Fig. 3.7 Coal Mining Data set: The difference between sampling .#, and . ,, and the corre-
sponding lower bounds, |, and Z, (see Section 3.4.6). & represents the variational lower

bound achieved at training time: Equation 3.12. The figure clearly demonstrates the tightness
of the £}, bound.
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Our first real dataset comprises 190 events recorded from March 15, 1851 to March 22,
1962; each represents a coal-mining disaster that killed at least ten people in the United

Kingdom. These data, first analysed in this form in 1979 (Jarrett, 1979), have often been
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tackled with nonhomogeneous Poisson processes, (Adams et al., 2009), as the rate of such
disasters is expected to vary according to known historical developments. The events are
indicated by the rug plot along the axis of Figure 3.3. Our inferred intensity of disasters
correlates with the historical introduction of safety regulation, as noted in previous work on
this data (Carlin et al., 1992; Fearnhead, 2006). Firstly, our results depict a decline in the
rate of such disasters throughout 1870-1890, a period that saw the UK parliament passing
several acts with the aim of improving safety for mine workers, including the Coal Mines
Regulation Acts of 1872 and 1887. Our inferred intensity also declines after 1950, likely
related to the imposition of further safety regulation with the Mines and Quarries Act, 1954.
Predictive log-likelihood values on held out data (Figure 3.7) are also encouraging. VBPP
outperforms kernel smoothing and sccp with as few as 10 inducing points; more inducing

points yielding no further benefit.
Twitter Data

Next, we ran the models on the tweet profile of the chairman of the ‘Better Together Cam-
paign’, Alistair Darling, one week either side of the Scottish independence election (189
tweets). Results are shown in Figure 3.4 and Table 3.2, where half the data was held out and
a regular 31 point grid was used. Figures 3.5 and 3.6 compare the performance of regularly
spaced and optimised inducing points, and show optimisation yields considerably improved
performance on this dataset. The &, and &, bounds become less tight as the number of in-
ducing points is increased, suggesting there is less uncertainty represented in the variational
parameter S and more uncertainty captured by a reduced kernel length scale. This transition
is observed for fewer inducing points when inducing point optimisation is employed. Both
with and without inducing point optimisation, vepp 4 and .4, outperform both the sGcp
and kernel smoothing by a wide margin, suggesting the square link function is an appropriate

model for this data.
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Fig. 3.8 A sample of 741 malaria incidences in Kenya, which occured over the course of
1985-2010, and the associated vBPP intensity function. 20 X 20 inducing points.

Malaria Data

We expect that a major application of the contributions presented in this chapter is the joint
modelling of disease incidence with correlating factors, in a fully Bayesian, scalable frame-
work. For example, those studying the spread of malaria often wish to use continuous rain-
fall measurements to better inform their epidemiological models. We use examples from
the Malaria Atlas Project (map, 2014) to test our scheme. We extracted 741 incidences of
malaria outbreak documented in Kenya between 1985 and 2010, and ran our vBpP algo-

rithm and kernel smoothing on approximately half of the resulting dataset, holding out the
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Table 3.2 Run times in seconds for 1D data sets.

Method Coal Mining Twitter

VBPP 0.7 0.5
KS+EC 0.0 0.3
KS-EC 0.0 0.2

SGCP 417.6 230.0

Table 3.3 Test log-likelihood for 2D Malaria data.

KS-EC KS+EC VBPP(#Z,) VBPP(Z))
855.0 867.2 869.7 855.9

remainder for testing. Test log-likelihood results, given in Tables 3.3, show vBpp performs

comparably to kernel smoothing.

3.8 Further Work

Although the performance of the variational Bayesian point process inference algorithm de-
scribed in this Chapter improves upon standard methods when used in isolation, we ex-
pect that it is in its extensions that its utility will be fully realised. In Chapter 2 (Gunter*
et al., 2014) we showed that hierarchical modelling of point processes—structured point
processes—can significantly improve predictive accuracy. In these multi-output models,
statistical strength is shared across multiple rate processes via latent driving processes. The
method presented here provides a likelihood model for point-process data that can be incor-
porated as a probabilistic building-block into these larger interconnected models. That is,
our fully generative model can readily be extended to additionally incorporate other obser-
vation modalities (not just other Cox processes). For example, real-valued observations such
as (log-) household income could be modelled along with the intensity function over crime
incidents using a variational multi-output GP framework. In the next chapter we extend this
variational inference scheme to cope with multiple, correlated, Cox processes; we in fact

solve a particular case of the problem posed in Chapter 2.



Chapter 4

Latent Point Process Allocation

The material in this chapter is based on the following paper:

C. Lloyd, T. Gunter, T. Nickson, M.A. Osborne, and S.J. Roberts. Latent Point Process Allo-
cation (LPPA). In The 19th International Conference on Artificial Intelligence and Statistics
(AISTATS), 2016,

where our contributions were as outlined in the acknowledgements section of this thesis.

In this chapter we use the efficient variational inference scheme derived in Chapter 3 to re-
visit something closely related to the dependent point-process model explored in Chapter 2.
We show that the model brings a means of incorporating structure in point process inference
beyond the state-of-the-art, and does so with significantly lower computational overhead than
was previously possible. We furthermore test this as an approach for inferring structure in
an event process defined by the arrival of wild birds at discrete geographical feeder locations

through continuous time.

4.1 Introduction

In Chapter 2 we saw several examples where modelling multiple dependent Cox processes

was desirable, and introduced an appropriate model and associated inference scheme.
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In this chapter we extend the variational inference method developed in Chapter 3, al-
lowing it to cope with multi-output structured point processes. In this case, individual output
point processes may share similar characteristics (where what is meant by ‘similar’ is flex-
ible and will be defined later on—cf. Chapter 2). We name this algorithm Latent Poisson
Process Allocation (Lppa), alluding to the structural similarities with Latent Dirichlet Allo-
cation (LpA) (Blei et al., 2003), often used to build topic models of document corpora. Lba
assumes a document is generated via a mixture of topics, each of which is defined as an
atomic distribution over the vocabulary. During inference, each word in a given document
1s assigned a topic from a set of latent shared topics. Analogously LPPA points are assigned
to latent rate functions that are shared across multiple observed point processes. Thus LppaA
is conceptually a topic model for Poisson point processes.

LPPA is a continuous analogue of Non-negative Matrix Factorisation (NmF) (Lee and Se-
ung, 2001) and, in particular, bears a resemblance to the fully Bayesian NMF (BNMF) model
of Cemgil (2009), since both BNMF and LppA exploit the infinite divisibility property of the
Poisson distribution to apportion data to multiple explanatory factors. However Lppa infers
continuous rate functions and benefits from a spatial prior over the continuous latent factors.

In comparison with Chapter 2, we here impose non-negativity constraints on the latent
functions themselves (hence the link to NMF), and also in effect assume the observed rate
processes are the result of an instantaneous mixing of the latent functions, leaving out the
convolutions from our earlier model. Due to this lack of convolution, LppA is also related
to the Semi-Parametric Factor Model (spem) for multi-task Gp regression (Teh et al., 2005).
However, while spem uses the Informative Vector Machine (1vm) machinery to achieve com-
putational tractability, Lppa exploits a sparse variational approach related to that found in
Hensman et al. (2013). Furthermore, the Lppa offers efficient inference for point processes,

enabling it to be applied to problems for which the sprm is unsuitable.
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LPPA, like the Log-Gaussian Cox Process (Lgcp) (Mgller et al., 1998) and the sccp (Adams
et al., 2009) use transformed Gaussian processes (Rasmussen and Williams, 2006) to con-
struct the prior over the rate function, however LppA uses the square link function, which
results in more tractable integrals.

This work shares a similar motivation to the works of Lian et al. (2014); Miller et al.
(2014). Compared to the approach of Miller et al. (2014), Lppa provides a single integrated
and generative model for both rate process smoothing and rate process factorisation.

In Lian et al. (2014) we find an approach which is conceptually similar to Lppa. Both
methods attempt to factor continuous point processes using a positive linear combination of
latent functions. The model used to drive the latent processes and the inference approach
employed differ significantly, (binary semi-Markov Jump Processes (Bsmip) and Forward
Filtering and Backward Sampling (FFBs) respectively in the case of Lian et al. (2014)), which
together would seem to limit the approach to 1-dimensional time series. A Gp based intensity
function allows LpPA to extend naturally to higher dimensions and mixed-continuous-and-
discrete latent co-ordinate spaces.

LpPA, and the associated efforts in our earlier chapters is weakly related to a body of
work on cascading-Poisson processes, otherwise known as Hawkes processes, (see for ex-
ample Iwata et al. (2013), Simma and Jordan (2010) and Linderman and Adams (2014)). In
such processes, events trigger spikes in the future intensity function, and the challenge is to
determine this intra-temporal structure: LppA as specified is not capable of modelling these
self-excitatory processes.

As we saw in Chapter 2, models which enable efficient joint inference over a set of related
Cox processes are applicable in a wide variety of domains. We explore a few applications

of LppA in Section 4.4.



4.1 Introduction 78

4.1.1 Multivariate Marked Cox Processes

To set the context for our extension into the marked point process domain: formally a Cox
process—or doubly stochastic inhomogenous Poisson process—over events 2 = {x" e
RRY is defined via a stochastic intensity function A(x) : RR — RT, with an arbitrary domain
of dimension R. The number of points, N (), found in any subregion 2; ¢ R® is Poisson
distributed with parameter Ag- = f 7, A(x) dx—where dx indicates integration with respect
to the Lebesgue measure over the subregion.

A marked Cox process over events ./ £ { (x™, Ax™)) | x” € RR, Ax™) € T} ex-
tends a Cox process by associating with each point, x, an additional piece of information
A(x) € I which hereon out we refer to as a ‘mark’. The form of mark may vary widely;
it can be a discrete random variable, real valued random variable or indeed another point
process. Furthermore, the mark assigned at any point can depend on the location and the
value of the rate function at that location.

We consider a multivariate (discrete) mark set 7 £ {1,...,T}. As the marks are dis-
crete there will be a rate process, 4,(X), associated with each mark 7, describing the event of
observing a point with mark ¢. Furthermore, since the set of all points, .Z, is equal to the
union of all sets ./, = { (x("), t) | x" e [RR}, the overall rate process must be the sum of the
individual rate processes. Therefore A(x) = th=1 A;(x) and, using the Poisson-multinomial
connection, the probability of mark # at a point x is p(f; X) = 4,(x)/A(x). In general the indi-
vidual latent rate functions A, need not be independent, although in the model we develop
in the next section we will assume they are.

In this framework, the probability density of a set of N observed marked points /# =

{((x™, Ay} r]:]: |» Where A™ = Ax™), in some bounded region, 2, factorises conditioned
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Fig. 4.1 Rate functions are correlated via a convolution process. Credit to Chris Lloyd for
this diagram.
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The probability density of the points is
N
p(X" N | A1) = exp {— / A(X) dx} H A(x™). (4.2)
x n=1

and, using the Poisson-multinomial connection, the probability of the N labels is

({A(n)}N | {X(n)}N y) ) _ ﬁ /IA(n)(X(n)) (4 3)
D n=1 n=1" 1:7) — 11 A(X(")) . .

"We use the MATLAB-like notation p(a,.; | b;.,) to denote p(a,, ..., a; | by, ..., b,).
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Fig. 4.2 Rate functions are uncorrelated square-transform Gaussian processes. Credit to
Chris Lloyd for this diagram.

A

A3

A2

A
A=3 o o o o oo o o o o o o
A=2 00 o o 0o o o 0 ooO®
Azl 00 000 0O 0 ®OO o O 00 O 00 O®@O @ @ O

A standard inference task for multiple point processes would be to learn the labelling distri-
bution and unobserved point process intensity A. For independent rate functions, this reduces
to simply inferring the rate functions 4, from subset of points marked with the corresponding
mark ?.

If the rate functions are not independent, then we may seek to refine our model by building
a structural prior which allows statistical strength to be shared between the point processes
associated with each label. The latter approach was validated by Gunter* et al. (2014), using
a convolution process to tie the rate processes together, as shown in Figure 4.1.

In this work we will assume the marks I are unobserved latent variables to be inferred.
Due to a lack of observability, this is impossible for a single point process. To make this
possible, we need to observe multiple point process in which the latent rate functions are
present in linearly independent proportions. We will designate each of these point processes

a separate output yielding a dataset 9, = (xt" e },]:]:Sl and each of which will be tied



4.1 Introduction 81

to its own set of output rate functions 4;,. Since these outputs are themselves marks in
8§ = {1,...,.S}, their superposition is a marked point process. There are therefore two
distinct sets of marks: observed marks in & corresponding to the outputs and unobserved

marks in & corresponding to the latent function.

4.1.2 Permanental Point Processes

There are a variety of options for constructing the strictly non-negative stochastic rate func-
tion A(x), which drives the point process of a given mark. One common approach is to
transform a Gaussian process through a link-function, where typical choices include the ex-
ponential (Kom-Samo and Roberts, 2015) and the sigmoid function (Adams et al., 2009).
As in the earlier chapters, we use the square transform.

Constructing a rate function as a sum of square transformed, zero-mean independent
Gaussian processes results in a particular sub-class of Cox processes known in the mathe-
matical probability literature as permanental point processes (Eisenbaum and Kaspi, 2009;
Hough et al., 2006).

As the name suggests, positive correlation between point counts in disjoint subsets of
the underlying space is produced through defining the likelihood of any given configuration
as being proportional to the permanent of a kernel Gram matrix. Computing the permanent
is significantly more costly than the ®(N?) leading-order term associated with the matrix
determinant, but fortunately a duality exists between such point processes and a Cox process
with intensity function constructed as the sum of independent squared Gaussian processes
(Hough et al., 2006), A(x) = flz(x)+...+f,f(x), where f;(x) is a Gaussian process. Looking at
Figures 4.1 and 4.2, we can see that this makes intuitive sense: the increased dynamic range
afforded by the quadratic transform leads to a better ability to model very high and very low
function values, which in turn enables strong local correlations between neighboring subsets
of the space—a characteristic of the permanental point process. As a result, we envisage our

approach being highly appropriate for performing Bayesian inference on permanental data.
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We are further motivated to choose the square transform as a link function for the fol-
lowing reasons: As discussed in Chapter 3, the square transform allows efficient variational
Bayesian inference machinery that is entirely tractable—this is not the case for the other two
transforms. The square transform spreads prior probability mass more evenly over the set of
translation invariant Cox processes than the other two link-functions. This is because as we
break the independence assumption inherent in the homogenous Poisson process and instead
introduce an increasing amount of positive correlation between disjoint neighbouring sub-
sets of the space, the resulting point process will exhibit ever stronger clustering behaviour
for a given configuration of points. In order to model a range of point processes from nearly
homogenous through to strongly clustered, we need a link function that results in a trans-
formed prior which has good dynamic range, but can also achieve both very high and very
low function values, without breaking dependence between nearby function values. The
squared transform has high dynamic range, and furthermore is unique amongst the set of
link functions listed in being able to easily model low values—including numerical zero if

necessary.

4.2 Model

We will assume the intensity of the " topic of the s™ output is 4 s/ (X) =¥y ftz(x), where the
functions f; are independent Gaussian process distributed random functions. We constrain
the output length scales y , to being positive and thus the rate functions are a positive mixture
of positive valued latent functions ftz.

We condition each latent function f, at a set of inducing points Z £ { 2" e I} r]:f: |
and we denote the evaluation of f; at these points u, ~ A (_fﬁt, K,,). Therefore f;|lu, ~
?99( H(X), Z,(X, X')) is a Gaussian process with mean function y,(x) = ksz;;ut and co-

variance function Z,(x,x") = K., — k,,K; 'k, ./, where k,, =k, , K

x> Ky, K,, are matrices

evaluated at x, X’ and Z using a suitable kernel function. For notational convenience, we
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have assumed that all latent functions f, share the same set of inducing points Z, although it
is possible to relax this constraint. As before, we use the exponentiated quadratic (also known
as the “squared exponential”) Automatic Relevance Determination (ArRD) kernel (Duvenaud,
2014), although we once again remind the reader that a variety of integrable ArRD kernels may
be used as drop in replacements.

Combining the Cox process likelihood, Equation 4.2, and mark likelihood, Equation
4.3, using indicator variables, square transform Gaussian process rate functions and output

(square) length scales y gives?

p(@s’ As | fl :T» 8) = HZ eXp <_ / ys,tfzz(x)dx>

(m)_
o IR 44

The joint distribution of 9., f1.r, ;.7 and A;. g in this hierarchy is

PPy.s5 Arss fropsur 19 = [ et Tw) p) x [ ] p(@5 A | i), @5)

where ® £ (T, . g, i, .7} is the set of model parameters and I" € RfXT is a matrix of output
length scales with elements y, ,. For notational convenience we will often omit conditioning

on B.

4.3 Variational inference

We roughly follow the process in Chapter 3, allowing us to obtain a lower bound on the
model evidence p(Z,.g). In this case we order our operations as follows: first integrate
out the inducing points u, and marginalise the rate functions f,2 (Section 4.3.1) to obtain an
uncollapsed lower bound; then integrate this uncollapsed bound over the region 2" (Section

4.3.2); before collapsing out the indicator variables A, (Section 4.3.3).

*We use Y, as shorthand for Z:El and Y, for X7 and Y for ¥ and analogously for products.
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4.3.1 The Uncollapsed Bound

We begin by integrating out the latent function the variables u; ., using a variational distri-
bution g(u;.7) = [, g¢(u,). In contrast to standard variational inference approaches we bring
both g(u;.7) and p(f;.7 | u;.7) outside of the logarithm giving the uncollapsed bound: (also

see Appendix A.2):

log p(2,.5,A,.510) = [Eq(fl:T)[logp(glzs’AI:S | fl:T)]
— KL(q(u;.p) || puy.1)) (4.6)

2 L(D.5.A,.5:0). 4.7)

Since the likelihood is not directly dependent on u;., we can integrate it out before taking

expectations. As p(f, | u,) and g(u,) are conjugate, we can write

Q(ft) = /p(ft | u,)q(u,)du, = ?,@(f,;ﬁt(x),i,(x, X/)), (48)

where 7,(x) = k_K;!m, and £.(x,x) = K_, - kK 'k, + k_K;'S K 'k_, and
q(f1.7) = [1,4(f;). The last term in (4.6) is the Kullback-Leibler divergence between T
pairs of independent Gaussian distributions. (Appendix A.3).

We expand Equation 4.6 using Equation 4.4 to give®

Eoisn 08P @15, Avis | fr)] = X [_ IR /3» <[Eq(f,>[f al” + Vary L w<]>dx

£, D AL = 1) (log(r,) + Ey g pllog £2,,1) |
(4.9)

3We use the following shorthand definitions: £, , 2 f,(X), f,, 2 4,X), 62, 2 £,xX), f,,, 2 f,&*"),

~ A ~ S, ~2 A X S, S,
fig o 2 A", 52,2 5,07 x5
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The integral E,(;\[log f SZJ,"] has an analytic solution

ﬂz 52

2 ~ s,t,n s,t,n

Eyrpllog f5inl = =G <_2~2 ) + 1°g< > > -C
Ot

=06

(4.10)

s,t,n

where once again C =~ 0.5772156 is the Euler-——Mascheroni constant and G is a specialised
version of a partial derivative of the confluent hyper-geometric function (Ancarani and Gasa-

neo, 2008), Appendix A.4.

4.3.2 Integrating over the region 2

Equation 4.9 demands the following integral over the region &, where || = / o dx:

/sx Eypolfin?dx =m/KZ ¥, K;/m, (4.11)
/5[ Varl](f;)[ft,x]dx = || - Tr(KZZI\Pzz)

+ Tr(KZ IS K1 W,). (4.12)

z

For the ArD kernel used in this work the matrix ¥(z,z’) = / o Kz, x)K(X, z')dx is given by:

T

R r (z, — z.)?
Y(z,z') = Hr:l 5 €xp <—T>

Zr _ L%‘:\/Ill’]) Zr _ e%-:\/[ax
x letff| —— | —erf| —— ]|, (4.13)
\a, \a,

where Z, = %(zr + z..). ¥ can also be computed for other kernels, including the ArRD spectral

kernel (Wilson et al., 2014).
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4.3.3 Collapsing the Bound

The bound defined by Equation (4.7) contains a large number of multivariate indicator vari-
ables Agn) . The standard variational inference approach to this problem would be to marginalise
these variables using a variational distribution g(A; . ¢) and to update g(u;.r), g(A;.g) and ©
alternately using co-ordinate ascent ‘E’ and ‘M’-steps. Instead we prefer to collapse out the
indicator variables before updating the variational parameters and model parameters through
pursuing numerical optimisation of the lower bound. Collapsing out the indicator variables
may be particularly desirable in cases where the number of latent functions and observed
point processes are large, as we significantly reduce the dimensionality of the resulting op-
timisation problem.

In general, collapsed variational Bayes has a couple of benefits as compared to the uncol-
lapsed alternative: firstly it reduces the number of variables which must be explicitly updated
via a marginal gradient step at each iteration; secondly, as we have analytically marginalised
(in this case a large subset of) the unknown variables, the implicit updates of those unknown
variables will occur with greater efficiency, in the sense that they will converge to a solution
in fewer iterations (Hensman et al., 2012).

To do this we first note that we can write the bound (4.7) as the sum of a set of variables
A, = log(ys,) + G, , which multiply the indicator variables Agn) and a term 2B, that does

not, resulting in the compact definition:

L D)5 A15:0) =B+ Y A" =1}, (4.14)

s,t,n



4.3 Variational inference 87

To collapse the bound we sum over all the possible assignments to each of the allocation

variables *:

logp(P:510) =log 3, P(PDi:5. A):510)

> B+ Zs Zn log Zt exp s,

ég(gl:S;(’a)

4.3.4 Kronecker Structure

Since our GP kernel is by necessity separable across input dimensions, e.g. Equation A.1,
we can construct our kernel matrices to have Kronecker structure. Such an approach was
previously used with Poisson-likelihood Gp models by Flaxman et al. (2015), albeit outside
of a variational framework. To achieve this structuring we begin by introducing a separate
set of inducing points Z, £ {zﬁ’") € [aMn, %,Max]}rz’l for each dimension r, so that the
overall inducing point set is the cross product of these sets, i.e. Z = Z| X ... X Zx and
M =], M..

Using these inducing points we can construct the matrices K,,, ¥,, as the Kronecker

ZZ°

product of R matrices:

R R
Kzz = ®r=le,z,’ lIIzz = ®r=1lpz,z, (4.15)

where the functions used to construct K . and¥_ . are the same as Equations A.1 and A.10

z z

without the product over R. We must also give the covariance of the variational distributions,

S,, Kronecker structure:

R
S, = ®r=lst,r (4.16)

* A more complete derivation is given in Appendix A.6.
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We could also similarly structure the means, m,, however our implementation left these as
general full vectors, since we can still exploit Kronecker structure when multiplying Kro-
necker matrices with full vectors. In fact, we never need to construct any full M X M matrix
to compute the collapsed lower bound, nor the derivatives, and instead we store each of the
constituent matrices separately. For example, using straight-forward applications of the Kro-
necker matrix identities for inversion, multiplication and trace, we can compute the following

term of Equation 4.12: Tr(K;}¥,,), as

Z

R
Tr < r=1KZ,1z,‘Pz,z,> = HTI' (Kgrlz,qu,zr> ’
r

which only requires multiplication and inversion of M, sized matrices. We also need to

maintain Kronecker structure of the cross-kernel terms k, = k! _:
om = QF g
kzx = r:lkz,x,' (417)

To allow efficient use of low-level matrix libraries, it is important to keep all the constituent
vectors kf;r;? stacked together in contiguous memory as follows:

Ko™ = kS, Lk 4.18)

Z,X,.°

(s,1:
Xz

This allows us to compute, for example, K NX)KZZI using only R Basic Linear Algebra
Subprogram (BLAs) calls rather than N, X R calls separately.

Using these Kronecker tricks places two additional constraints on our model: The first
is that inducing points cannot be moved independently, we can only control the ng) each
of which controls the " co-ordinate of M /M, inducing points in Z. The other important
consequence is the restriction of S, to have Kronecker structure. This results in a necessarily

less flexible variational approxmation g(u,) than the full matrix equivalent. We can therefore
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expect that in general, the tightest variational bound achievable in the full matrix case will

always be at least as good as the one arrived at after making the Kronecker approxmations.

4.3.5 Computational Complexity

The computational complexity of LpPa is a function of the total number of data points in all
outputs N = Y, N, the number of latent functions 7" and the number of inducing points M
(or for Kronecker structured kernel matrices max,(M,)). As can be seen from Equation 4.9,
the compuational complexity is linear in N and T'. The most significant computational costs
are associated with inverting M X M (or M, X M,) matrices, with complexity O(M 3) if com-
puted via Gauss-Jordan elimination, and with matrix-matrix multiplications with complexity
O(N M?>).

We note that both K,, and ¥,, meet the requirements for inversion and matrix-vector
multiplication using the Inverse Fast Multipole Method (ifmM) (Ambikasaran and Darve,
2014)—when computed using translation invariant and smooth covariance functions—which
has O(M') complexity for both operations. However, the headline complexity is still gov-

erned by matrix-matrix multiplications of S in either case and is O(T N M?).

4.3.6 Predictive Distribution

To evaluate the performance of Lppa we will follow the example set in Chapter 3 and compute
alower bound on the predictive log-likelihood, &, < log p(%. 5|9 . s), of held out sources
with Z; = (x(sm }5;“1. The derivation of &, begins by assuming the posterior distribution
of the latent functions at the inducing points, p(u;.7|<.s), is well approximated by the
optimised variational distribution g(u;.7). The remaining steps follow the derivation of the
collapsed bound, however lack the KL term.

When evaluating L, there are two distinct use cases corresponding to whether we believe
the held out data has the same rate as the training data, or whether they merely have the same

latent functions ftz, albeit in different proportions. The former case corresponds to reusing
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Fig. 4.3 Bases computed by Lppa for the Basketball data set (seen in Chapter 2) using 20
players. Note the sparsity of the three factors (due to the non-negativity constraint on the
latent functions), and the fact that they strongly conform to three ‘modes’ of shot typically
attempted by players. From left to right: the slam-dunk, the two-pointer shot, and finally
the three-point boundary line and corners (we are advised that the corners are tactically

advantageous).
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the same learned output length scales, I, for test, and the latter corresponds to allowing I" to

be adapted, whilst holding the remaining parameters fixed.

4.4 Experiments

We now empirically test the performance of Lppa on several real world datasets.

4.4.1 Benchmark

We benchmark against an algorithm combining Kernel Smoothing (ks) and Poisson-NMF
(Lee and Seung, 2001) We first smooth each data set using truncated normal densities to
construct a rate process, 4,(X) = Z,],V:S1 N (X5 X(S’”), X7, for each data source s with diag-
onal covariances, X} fit using leave-one-out cross validation (Hastie et al., 2001). Next we
integrate the rate functions, 4, over D grid-cells, each of dimension Ax, and denote /,; as
the result of the integral over the d™ cell. We then factorise the matrix L € RfXD , with
entries /;, using NMF as L ~ Z(AB), where A € RfXT is the so-called “activation” matrix,
and B € RT*P is the “template” matrix.

The result of this two stage procedure is a predictive rate function that is a positive

weighted sum of piece-wise constant functions. We can construct the test log-likelihood
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for the held-out datasets as

h T

s
log p(#.519.5.Z].5) = Z Z log Z s 1 by inn)
s=1 n=1 t=1

S T B
—1Ax1 D)D" Y ay by, (4.19)

s=1 1=1 b=1
where m(h, n) is a function that maps a test data point x> into the d™ grid-cell.

4.4.2 Twitter Data

Our first application is a simple 1-dimensional time series from Twitter. We pulled a selection
of the twitter streams of ~ 50 politicians each from Australia, the U.K. and the U.S. We select
a 72-hour time window; from midnight on the second of June 2015 through to midnight on
the fourth of June, and log the time stamp of each tweet for each person. The resulting
dataset may be viewed as ~ 150 related event-processes. We then employ Lppa to infer the

joint underlying structure, and compare against the benchmark.

Fig. 4.4 Bases computed by Lppa for Twitter data.
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The three base functions inferred are periodic and it is clear that they do not fully over-
lap, the phase lag can be attributable to the 8-12 hour time difference between each of the
three time-zones. The predictive log-likelihood performance, Table 4.1, is very strong as

compared to the competing methods.



4.4 Experiments 92

Table 4.1 Twitter held out predictive log-likelihoods.

LPPA (ffp) KS+NMF IND. KS

-209 -363 -6853

4.4.3 Basketball Data

For our next experiment we re-investigate the basketball point shot location problem seen
in Chapter 2, and also previously analysed by Miller et al. (2014) and Gunter* et al. (2014).
Although each individual shot is made from a unique location, the rules of basketball make
certain areas on the court more strategic than others. In point process language, we might
suggest that the point shot intensity function will vary over the space according to some
notional basketball utility function, where shots are taken so as to maximise the long term
expected score. This is clearly visible in Figure 4.3.

As described in Section 4.3.6 we can consider two use cases: 1) The common rate (cr)
case, which corresponds to the prediction of a held out set of shot data from players used
to train the model, (i.e. held out shot locations), and 2), the common topic (cT) case, corre-
sponds to the construction of rate processes for players not previously seen using new output
length scales (or weight matrix A for the benchmark), learned independently via convex op-
timisation. In other words 1) corresponds to same set of players, missing shot data, and 2)
corresponds to entirely new player.

We selected 40 players at random and ~25 shots per player, from which we created 10
test/train splits of equal size. We used three latent functions and ran 250 iterations of gradient
descent on the Lppa model, at approximately 1 iteration per second on a fairly standard desk-
top computer. The inducing point were fixed to an evenly spaced 13x17 grid. We used the
same number of grid cells for the benchmark. We then averaged the predictive performance

over the 10 splits. The results are shown in Table 4.2.
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Table 4.2 Basketball held out predictive log-likelihoods.

LPPA(fZP) KS+NMF IND. KS
CR CT CR CT CR

-3673.9 -3651.9 -3935.2 -3983.6 -4940.5

4.4.4 Wild Bird Data

In this experiment we use the wild bird dataset previously investigated by Psorakis et al.
(2012). The data set contains the times tagged wild birds arrive at a number of Radio Fre-
quency Identification (RFiD) equipped bird feeders distributed across Wytham Great Wood,
near Oxford. The dataset contains hundreds birds and hundreds of thousands of arrivals at
dozens of locations shown in Figure 4.5. We selected a subset of the data containing 14,742
arrivals by 274 birds at 37 locations over a 7 day period.

We model each bird as a separate output and latent functions are defined over a mixed
continuous discrete co-ordinate space consisting of arrival time and feeder ID. Although the
location identifiers are discrete, the kernel between feeders reflect their geographic proxim-
ity.5 We used six of these continuous-discrete latent functions, which are shown in Figure
4.6.

Factorisation reveals likely communities of birds, each of which has a distinct arrival
intensity for a given feeder. We found that most birds attached strongly to one latent function
(which is interpretable as a ‘community’ (Psorakis et al., 2012)), potentially indicating that

much of the community structure has been captured.

4.5 Conclusion

We have presented a Bayesian factor model for continuous Poisson process intensities, to-

gether with an efficient variational inference engine. The approach yields sparse, smooth

The presence of this discrete dimension means that one of the integrals used to compute Equation A.10
becomes a finite sum. See Appendix A.8.
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Fig. 4.5 Feeding stations in Wytham Great Wood.
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Fig. 4.6 Bases computed by Lppa for the Wild Bird dataset. Each sub-plot represents the
spatio-temporal distribution of putative communities of birds. The numbers and colour cod-
ing correspond those in Figure 4.5.
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and interpretable latent factors. We have demonstrated the validity and usefulness of the
model on real-world datasets.
This work has several possible extensions and there are numerous other practical appli-

cations worthy of further exploration. These include the following:

Modelling pairwise communications: communications between people or computers is a
dynamic network in which the link is present during the instant the communication is active.
This can be thought as a point process in a continuous temporal, or spatio-temporal domain.
In many case we may expect there to be shared common structure between the activities
on each link, based on the community structure of the senders and receivers. With a few

modifications Lppa could be adapted for this purpose.

Mixed likelihoods: there are many important applications in which one may want to jointly

model continuous, point process and binary data.



Chapter 5

Fast Active Bayesian Quadrature

The material in this chapter is based on the following paper:
T. Gunter, M. A. Osborne, R. Garnett, P. Hennig, and S.J. Roberts. Sampling for inference in
probabilistic models with fast Bayesian quadrature. In C. Cortes and N. Lawrence, editors,
Advances in Neural Information Processing Systems (NIPS), 2014,
where our contributions were as outlined in the acknowledgements section of this thesis.
Referring back to the introduction, and the theme of information efficiency carried through-
out this thesis, in this chapter we make a contribution to the body of work known as Bayesian
computation. Specifically, we propose a novel sampling framework for inference in prob-
abilistic models: an active learning approach that converges more quickly (in wall-clock
time) than mcMmc benchmarks. The central challenge in probabilistic inference is numeri-
cal integration, to average over ensembles of models or unknown (hyper-)parameters (for
example to compute the marginal likelihood or a partition function). Mcmc has provided ap-
proaches to numerical integration that deliver state-of-the-art inference, but can suffer from
sample inefficiency and poor convergence diagnostics. Bayesian quadrature techniques offer
a model-based solution to such problems, but their uptake has been hindered by prohibitive
computation costs. We introduce a warped model for probabilistic integrands (likelihoods)

that are known to be non-negative, permitting a cheap active learning scheme to optimally



5.1 Introduction 98

select sample locations. Our algorithm is demonstrated to offer faster convergence (in wall-
clock time) relative to simple Monte Carlo and annealed importance sampling on both syn-

thetic and real-world examples.

5.1 Introduction

As we have seen in earlier chapters, Bayesian approaches to machine learning problems
inevitably call for the frequent approximation of computationally intractable integrals of the

form

Z=(¢)= / £(x) 7(x) dx, (5.1)

where both the likelihood #(x) and prior z(x) are non-negative. Such integrals arise when
marginalising over model parameters or variables, calculating predictive test likelihoods and
computing model evidences. In all cases the function to be integrated—the integrand—is
naturally constrained to be non-negative, as the functions being considered define probabil-
ities.

While the techniques developed here are naturally applicable to any problem where the
integrand is constrained to be non-negative, in what follows we will primarily consider the
computation of model evidence, Z. In this case, £(x) defines the unnormalised likelihood
over a D-dimensional parameter set, x, ..., X ), and z(x) defines a prior density over x. Many
techniques exist for estimating Z, such as annealed importance sampling ais (Neal, 2001),
nested sampling (Skilling, 2004), and bridge sampling (Meng and Wong, 1996). These ap-
proaches are based around a core Monte Carlo estimator for the integral, and make minimal
effort to exploit prior information about the likelihood surface. Monte Carlo convergence
diagnostics are also unreliable for partition function estimates (Brooks and Roberts, 1998;
Cowles et al., 1999; Neal, 1993). More advanced methods—e.g., Ais—also require param-

eter tuning, and will yield poor estimates with misspecified parameters.
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The Bayesian Quadrature (BQ) (Diaconis, 1988; Kennedy, 1998; O’Hagan, 1991; Ras-
mussen and Ghahramani, 2003) approach to estimating model evidence is inherently model
based. That is, it involves specifying a prior distribution over likelihood functions in the
form of a gp (Rasmussen and Williams, 2006). This prior may be used to encode beliefs
about the likelihood surface, such as smoothness or periodicity. Given a set of samples from
Z(x), posteriors over both the integrand and the integral may in some cases be computed
analytically (see below for discussion on other generalisations). Active sampling (Osborne
et al., 2012a) can then be used to select function evaluations so as to maximise the reduction
in entropy of either the integrand or integral. Such an approach has been demonstrated to
improve sample efficiency, relative to naive randomised sampling (Osborne et al., 2012a).

In a big-data setting, where likelihood function evaluations are prohibitively expensive,
BQ is demonstrably better than Monte Carlo approaches (Osborne et al., 2012a; Rasmussen
and Ghahramani, 2003). As the cost of the likelihood decreases, however, BQ no longer
achieves a higher effective sample rate per second, because the computational cost of main-
taining the gp model and active sampling becomes relevant, and many Monte Carlo samples
may be generated for each new BQ sample. Our goal was to develop a cheap and accurate BQ
model alongside an efficient active sampling scheme, such that even for low cost likelihoods
BQ would be the scheme of choice. Our contributions extend existing work in two ways:

Square-root gp: Foundational work (Diaconis, 1988; Kennedy, 1998; O’Hagan, 1991;
Rasmussen and Ghahramani, 2003) on BQ employed a cp prior directly on the likelihood
function, making no attempt to enforce non-negativity a priori. Osborne et al. (2012a) intro-
duced an approximate means of modelling the logarithm of the integrand with a Gp (whilst
also sampling actively). This involved making a first-order approximation to the exponen-
tial function, so as to maintain tractability of inference in the integrand model. In this work,
we choose another classical transformation to preserve non-negativity—the square-root. By

placing a Gp prior on the square-root of the integrand, we arrive at a model which both goes
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some way towards dealing with the high dynamic range of most likelihoods, and enforces
non-negativity without the approximations resorted to in Osborne et al. (2012a).

Fast Active Sampling: Whereas most approaches to BQ use either a randomised or fixed
sampling scheme, Osborne et al. (2012a) targeted the reduction in the expected variance
of Z. Here, we sample where the expected posterior variance of the integrand after the
quadratic transform is at a maximum. This is a cheap way of balancing exploitation of known
probability mass and exploration of the space in order to approximately minimise the entropy
of the integral.

We compare our approach, termed Warped Sequential Active Bayesian Integration (WsABI),
to non-negative integration with standard Monte Carlo techniques on simulated and real ex-
amples. Crucially, we make comparisons of error against ground truth given a fixed compute

budget.

5.2 Bayesian Quadrature

Given a non analytic integral (¢) := f £(x)7r(x) dx on a domain & = R, Bayesian quadra-
ture is a model based approach of inferring both the functional form of the integrand and
the value of the integral conditioned on a set of sample points. Typically the prior density
is assumed to be a Gaussian, z(x) := 4/ (x; v, A); however, via the use of an importance re-
weighting trick, g(x) = (¢®)/z(x)) #(X), any prior density g(x) may be integrated against. For
clarity we will henceforth notationally consider only the & = R case, although all results
trivially extend to & = RY.

Typically a cp prior is chosen for £(x), although it may also be directly specified on

£(x)m(x). This is parameterised by a mean u(x) and scaled Gaussian covariance K(x, x") :=

A2 exp (—% (x_’él)z ) . The output length-scale 4 and input length-scale ¢ control the standard

(o3

deviation of the output and the autocorrelation range of each function evaluation respectively,

and will be jointly denoted as § = {A,o}. Conditioned on samples x; = {x;,...,x5} and
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associated function values #(x,;), the posterior mean is
Moy (x) = pu(x) + K(x, x)K ™ (x4, x2) (£ (x) — p(xy)), (5.2)
and the posterior covariance is
Cq(x,x") = K(x,x) — K(x,x,)K(x,, xd)_lK(xd, x), (5.3)

where 9 := {xd, £(xy), 9}.

When a Gp prior is placed directly on the integrand in this manner, the posterior mean and
variance of the integral can be derived analytically through the use of Gaussian identities, as
in Rasmussen and Ghahramani (2003). This is because the integration is a linear projection
of the function posterior onto z(x), and joint Gaussianity is preserved through any arbitrary

affine transformation. The mean and variance estimate of the integral are given as follows:

Esg [(0)] =/m9(x)ﬂ(x)d>€, (5.4)

and,

Vg [(6)] = // Co(x, x") m(x)dx m(x")dx’. (5.5)

Both mean and variance are analytic when z(x) is Gaussian, a mixture of Gaussians, or
a polynomial (amongst other functional forms).

If the Gp prior is placed directly on the likelihood in the style of traditional Bayes—Hermite
quadrature, the optimal point to add a sample (from an information gain perspective) is de-
pendent only on x,;,—the locations of the previously sampled points. This means that given
a budget of N samples, the most informative set of function evaluations is a design that can
be pre-computed, completely uninfluenced by any information gleaned from function values

(Minka, 2000). In Osborne et al. (2012a), where the log-likelihood is modelled by a Gp,



5.2 Bayesian Quadrature 102

a dependency is introduced between the uncertainty over the function at any point and the
function value at that point. This means that the optimal sample placement is now directly

influenced by the obtained function values.

Fig. 5.1 Figure 5.1a depicts the integrand as modelled directly by a Gp, conditioned on
15 samples selected on a grid over the domain. Figure 5.1b shows the moment-matched
approximation—note the larger relative posterior variance in areas where the function is
high. The linearised square-root GP performed identically on this example, and is not shown.

Traditional Bayes-Hermite quadrature.

95% credible interval

GP posterior mean

True function

X
X
(@
Square-root moment-matched Bayesian quadrature.
95% credible interval
WSABI-M posterior mean
True function
=
X
X
(b)

An illustration of Bayes—Hermite quadrature is given in Figure 5.1a. Conditioned on

a grid of 15 samples, it is visible that any sample located equidistant from two others is
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equally informative in reducing our uncertainty about #(x). As the dimensionality of the
space increases, exploration can be increasingly difficult due to the curse of dimensionality.
A better designed BQ strategy would create a dependency structure between function value
and informativeness of sample, in such a way as to appropriately express prior bias towards

exploitation of existing probability mass.

5.3 Square-Root Bayesian Quadrature

Crucially, likelihoods are non-negative. This is a fact neglected by traditional Bayes—Hermite
quadrature. In Osborne et al. (2012a) the logarithm of the likelihood was modelled, and the
authors approximated the posterior of the integral via a linearisation trick. We choose a
different member of the power transform family—the square-root.

The square-root transform halves the dynamic range of the function we model. This helps
deal with the large variations in likelihood observed in a typical model, and has the added
benefit of extending the autocorrelation range (or the input length-scale) of the Gp, yielding
improved predictive power when extrapolating away from existing sample points.

Let £(x) == \/Z(If(x) - a), such that #(x) = a + 1/2£(x)?, where « is a small positive
scalar.! We then take a Gp prior on £(x): £ ~ €P(0, K). We can then write the posterior

for £ as

Pl | D) =GP (4;img(), Cqyl-,")); (5.6)
gy (x) = K(x, x)K (x4, x,) " 2(x); (5.7)
C’@ (x,x") = K(x,x") = K(x,x;)K (x4, xd)_lK(xd, x"). (5.8)

The square-root transformation renders analysis intractable with this Gp: we arrive at a pro-

cess whose marginal distribution for any #(x) is a non-central y* (with one degree of free-

!a was taken as 0.8xmin #(x,) in all experiments; our investigations found that performance was insensitive

to the choice of this parameter.
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dom). Given this process, the posterior for our integral is not closed-form. We now describe

two alternative approximation schemes to resolve this problem.

5.3.1 Linearisation

We firstly consider a local linearisation of the transform f: £ — £ = a + 127>, As Gps
are closed under linear transformations, this linearisation will ensure that we arrive at a
cp for £ given our existing Gp on 7. Generically, if we linearise around ?/;0’ we have £ ~
f(@o)+ [ (£o) (€ —£,). Note that f'(£) = £: this simple gradient is a further motivation for
our transform, as described further in Section 5.3.3. We choose 7, = 7iig,; this represents

the mode of p(Z | &). Hence we arrive at
£(x) = (@ + V21g) (X)) + gy (x) (£(x) = gy (%)) = & = V2rgy(x)* + gy (x) £(x). (5.9)

Under this approximation, in which ¢ is a simple affine transformation of Z, we have

P& D)= GP(6imZ(),Co(0); (5.10)
mZ (x) = & + V2iiig (x)*; (5.11)
Cg(x, x") = fiigy (x)Cq (x, X Yty (x). (5.12)

5.3.2 Moment Matching

Alternatively, we consider a moment-matching approximation: p(Z | &) is approximated as
a Gp with mean and covariance equal to those of the true )(2 (process) posterior. This gives

P& | D) =GP(im% (), CH(-,")), where

m(x) = a + 12 (g (x) + Cg(x, X)); (5.13)

C (x,x") 1= 12Cq(x,x")* + i1y (x)Cop (x, x" Yty (x"). (5.14)
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We will call these two approximations wsaBI-L (for “linear’’) and wsaBi-m (for “moment-
matched”), respectively. Figure 5.2 shows a comparison of the approximations on synthetic
data. The likelihood function, £(x), was defined to be £(x) = exp(—xz), and is plotted in
red. We placed a Gp prior on # and conditioned this on seven observations spanning the
interval [-2, 2]. We then drew 50 000 samples from the true y? posterior on Z along a dense
grid on the interval [—5,5] and used these to estimate the true density of £(x), shown in
blue shading. Finally, we plot the means and 95% confidence intervals for the approximate
posterior. Notice that the moment-matching results in a higher mean and variance far from
observations, but otherwise the approximations largely agree with each other and the true

density.

5.3.3 Quadrature

As we have assumed a zero mean function u(x) = 0 and a scaled Gaussian covariance

function K (x,x’) := A%exp (_%(x_;;/)z >, fiig, and Cg, are both mixtures of un-normalised
Gaussians K. As such, the expressions for posterior mean and covariance under either the
linearisation (mg and Cg , respectively) or the moment-matching approximations (m‘g and
Cg , respectively) are also mixtures of un-normalised Gaussians. Substituting these ex-
pressions (under either approximation) into (5.4) and (5.5) yields closed-form expressions
(omitted due to their length) for the mean and variance of the integral (). This result moti-
vated our initial choice of transform: for linearisation, for example, it was only the fact that
the gradient f'(7) = £ that rendered the covariance in (5.12) a mixture of un-normalised
Gaussians. The discussion that follows is equally applicable to either approximation.

It is clear that the posterior variance of the likelihood model is now a function of both
the expected value of the likelihood at that point, and the distance of that sample location
from the rest of x,;. This is visualised in Figure 5.1b.

Comparing Figures 5.1a and 5.1b we see that conditioned on an identical set of samples,

wsABI both achieves a closer fit to the true underlying function, and associates minimal prob-
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Fig. 5.2 The ;(2 process, alongside moment-matched (wsaB1-m) and linearised approxima-
tions (wsaBI-L). Notice that the wsaBI-L mean is nearly identical to the ground truth. Credit
to Roman Garnett for providing this figure.

BN * process

——— Mean (ground truth)
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ability mass with negative function values. These are desirable properties when modelling

likelihood functions—both arising from the use of the square-root transform.

5.4 Active Sampling

Given a full Bayesian model of the likelihood surface, it is natural to call on the framework
of Bayesian decision theory, selecting the next function evaluation so as to optimally reduce
our uncertainty about either the total integrand surface or the integral. Let us define this
next sample location to be x,, and the associated likelihood to be 7, := £(x,). Two utility
functions immediately present themselves as natural choices, which we consider below. Both

options are appropriate for either of the approximations to p(¢) described above.
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5.4.1 Minimising Expected Entropy

One possibility would be to follow (Osborne et al., 2012a) in minimising the expected en-

tropy of the integral, by selecting x,, = arg min(Vy,g, s,y [(£)]) , where
X

(Wf@,f(x)[wﬂ) = / Vig.c00 [(O] AV (£(0); mgy (x), Cg (x, x) ) d£ (). (5.15)

Unfortunately this is typically highly non-tractable, and so we must instead sample from
either an approximation, or a different utility function altogether, but one which expresses
the goal we are interested in achieving.

5.4.2 Uncertainty Sampling

To approximate the behaviour of integral entropy minimisation, we can instead target the

reduction in entropy of the total integrand #(x)z(x) instead, by targeting
x, = arg max Vg [£()m(x)] (5.16)
(this is known as uncertainty sampling), where
V15 [£(07(x0)] = 2(0)Cq (x, 0)a(x) = 2(x)*Coy(x, X) (12 Coy(x, X) + iy (x)%),  (5.17)

in the case of our moment-matched approximation, and, under the linearisation approxima-
tion,

V5, [£(07(x)] = 7(x)*Co (x, x)iitgy (x)°. (5.18)

The uncertainty sampling option reduces the entropy of our Gp approximation to p(¢)
rather than the true (intractable) distribution. The computation of either Equation (5.17)

or (5.18) is considerably cheaper and more numerically stable than that of Equation (5.15).
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Notice that as our model builds in greater uncertainty in the likelihood where it is high, it will
naturally balance sampling in entirely unexplored regions against sampling in regions where
the likelihood is expected to be high. Our model (the square-root transform) is more suited
to the use of uncertainty sampling than the model taken in Osborne et al. (2012a). This
is because the approximation to the posterior variance is typically poorer for the extreme
log-transform than for the milder square-root transform. This means that, although the log-
transform would achieve greater reduction in dynamic range than any power transform, it
would also introduce the most error in approximating the posterior predictive variance of
Z(x). Hence, on balance, we consider the square-root transform superior for our sampling
scheme.

It is worth noting that while we do not consider it further here, Bayesian Active Learning
by Disagreement Houlsby N. and Husczar F. and Ghahramani Z. and Lengyel M. (20111)
may further improve the simple uncertainty sampling based approach we describe above, by
incorporating information from the model hyperparameter (and possibly the integral) priors
into the sample selection criteria. Naturally one could also extend any of these approaches to
be non-myopic (considering the optimal set of samples N steps into the future), however in
practice this typically incurs several additional intractabilities, the navigation of which may
lead to adverse point-set selection overall.

Figures 5.3a-5.3b illustrate the result of square-root Bayesian quadrature, conditioned
on 15 samples selected sequentially under utility functions (5.17) and (5.18) respectively. In
both cases the posterior mean has not been scaled by the prior z(x) (but the variance has).
This is intended to exaggerate the contributions to the mean made by wsaBi-Mm.

A good posterior estimate of the integral has been achieved, and this set of samples
is more informative than a grid under the utility function of minimising the integral error.
In all active-learning examples a Covariance Matrix Adaptive Evolution Strategy (CMAES)

(Hansen et al., 2003) global optimiser was used to explore the utility function surface before
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tions to the square-root Gp posterior.
Prior mass
95% credible interval

WSABI-M posterior mean

Fig. 5.3 Examples of active sampling under both linear and moment-matched approxima-

True function

¥ Optimal next sample

X

(a) Square-root Bayesian quadrature with active sampling according to utility function
(5.17) and corresponding moment-matched model. Note the non-zero expected mean ev-

erywhere.
Prior mass
95% credible interval
WSABI-L posterior mean
True function
3 Optimal next sample
©
XK

X

(b) Square-root Bayesian quadrature with active sampling according to utility function
(5.18) and corresponding linearised model. Note the zero expected mean away from sam-

ples.
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selecting the next sample. This is sub-optimal, and we would suggest that performance
improvements could be realised by researching more involved options.

It is worth noting that in both cases, the posterior function estimates are poor in the
regions where the function is extrapolated. This is partially because we are using a station-
ary prior, where perhaps an assumption of non-stationarity would be more appropriate, and
partially because the function has been fitted according to a utility which emphasises the im-
portance of modelling areas of the function which maximally impact the integral estimate.
As ever, in the small sample regime, (which is what we consider here), a good posterior
estimate comes down to a judicious and appropriate choice of prior, and a sensible sample

selection scheme.

5.5 Results

Given this new model and fast active sampling scheme for likelihood surfaces, we now test

for speed against standard Monte Carlo techniques on a variety of problems.

5.5.1 Synthetic Likelihoods

We generated 16 likelihoods in four-dimensional space by selecting K normal distributions
with K drawn uniformly at random over the integers 5—-14. The means were drawn uniformly
at random over the inner quarter of the domain (by area), and the covariances for each were
produced by scaling each axis of an isotropic Gaussian by an integer drawn uniformly at ran-
dom between 21 and 29. The overall likelihood surface was then given as a mixture of these
distributions, with weights given by partitioning the unit interval into K segments drawn uni-
formly at random—‘stick-breaking’. This procedure was chosen in order to generate ‘lumpy’
surfaces. We budgeted 500 samples for our new method per likelihood, allocating the same
amount of time to Simple Monte Carlo (smc).

Naturally the computational cost per evaluation of this likelihood is effectively zero,

which afforded smc just under 86 000 samples per likelihood on average. wsaBI was on av-
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erage faster to converge to 10~3 error (Figure 5.4a), and it is visible in Figure 5.4b that the
likelihood of the ground truth is larger under this model than with smc. This concurs with

the fact that a tighter bound was achieved.

5.5.2 Marginal Likelihood of GP Regression

As an initial exploration into the performance of our approach on real data, we fitted a Gaus-
sian process regression model to the yacht hydrodynamics benchmark dataset (Gerritsma
et al., 1981). This has a six-dimensional input space corresponding to different properties of
a boat hull, and a one-dimensional output corresponding to drag coefficient. The dataset has
308 examples, and using a squared exponential ARD covariance function a single evaluation
of the likelihood takes approximately 0.003 seconds.

Marginalising over the hyperparameters of this model is an eight-dimensional non-analytic
integral. Specifically, the hyperparameters were: an output length-scale, six input length-
scales, and an output noise variance. We used a zero-mean isotropic Gaussian prior over the
hyperparameters in log space with variance of 4. We obtained ground truth through exhaus-
tive smc sampling, and budgeted 1250 samples for wsaB1. The same amount of compute-
time was then afforded to smc, ais (which was implemented with a Metropolis—Hastings
sampler), and Bayesian Monte Carlo (Bmc). smc achieved approximately 375 000 samples
in the same amount of time. We ran ais in 10 steps, spaced on a log-scale over the number
of iterations, hence the a1s plot is more granular than the others (and does not begin at 0).
The ‘hottest’ proposal distribution for A1s was a Gaussian centered on the prior mean, with
variance tuned down from a maximum of the prior variance.

Figure 5.5 shows the speed with which wsABI converges to a value very near ground truth
compared to the rest. ais performs rather disappointingly on this problem, despite our best
attempts to tune the proposal distribution to achieve higher acceptance rates.

Although the first datapoint (after 10 000 samples) is the second best performer after

wsaABlI, further compute budget did very little to improve the final Ais estimate. Bmc is by
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Fig. 5.4 Experimental results of using wsaBI-L to compute the model evidence for a synthetic

problem.
100 - ‘ T
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(a) Time in seconds versus average fractional error compared to the ground truth integral,
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wsABI-M performed slightly better.
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Fig. 5.5 Log-marginal likelihood of Gp regression on the yacht hydrodynamics dataset.
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far the worst performer. This is because it has relatively few samples compared to smc, and
those samples were selected completely at random over the domain. It also uses a Gp prior
directly on the likelihood, which due to the large dynamic range will have a poor predictive

performance.

5.5.3 Marginal Likelihood of GP Classification

We fitted a Gaussian process classification model to both a one dimensional synthetic dataset,
as well as real-world binary classification problem defined on the nodes of a citation network
(Garnett et al., 2012). The latter had a four-dimensional input space and 500 examples. We
use a probit likelihood model, inferring the function values using a Laplace approximation.

Once again we marginalised out the hyperparameters.

5.5.4 Synthetic Binary Classification Problem

We generate 500 binary class samples using a 1D input space. The Gp classification scheme
implemented in Gaussian Processes for Machine Learning Matlab Toolbox (GpmL) (Ras-
mussen and Nickisch, 2010) is employed using the inference and likelihood framework de-

scribed above. We marginalised over the three-dimensional hyperparameter space of: an
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output length-scale, an input length-scale and a ‘jitter’ parameter. We again tested against
BMC, AIS, sMmc and, additionally, Doubly Bayesian Quadrature (BBQ) (Osborne et al., 2012a).
Ground truth was found through 100 000 smc samples.

This time the acceptance rate for ars was significantly higher, and it is visibly converging
to the ground truth in Figure 5.6a, albeit in a more noisy fashion than the rest. wsABI-L per-
formed particularly well, almost immediately converging to the ground truth, and reaching
a tighter bound than smc in the long run. Bmc performed well on this particular example,
suggesting that the active sampling approach did not buy many gains on this occasion. De-
spite this, the square-root approaches both converged to a more accurate solution with lower
variance than Bmc. This suggests that the square-root transform model adds value, even with-
out an active sampling scheme. The computational cost of selecting samples under Doubly

Bayesian Quadrature BBQ prevents rapid convergence.

5.5.5 Real Binary Classification Problem

For our next experiment, we again used our method to calculate the model evidence of a Gp
model with a probit likelihood, this time on a real dataset.

The dataset, first described in Garnett et al. (2012), was a graph from a subset of the
CiteSeer” citation network. Papers in the database were grouped based on their venue of
publication, and papers from the 48 venues with the most associated publications were re-
tained. The graph was defined by having these papers as its nodes and undirected citation
relations as its edges. We designated all papers appearing in the Neural Information Pro-
cessing Systems (NIPs) proceedings as positive observations. To generate Euclidean input
vectors, the authors performed “graph principal component analysis’ on this network (Fouss
et al., 2007); here, we used the first four graph principal components as inputs to a Gp classi-
fier. The dataset was subsampled down to a set of 500 examples in order to generate a cheap

likelihood, half of which were positive.



5.5 Results 115

Fig. 5.6 Log-marginal likelihoods for Gp classification on two different problems.
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Across all our results, it is noticeable that wsaBi-Mm typically performs worse relative to
wsABI-L as the dimensionality of the problem increases. This is due to an increased propen-
sity for exploration as compared to wsaBI-L. WSABI-L is the fastest method to converge on
all test cases, apart from the synthetic mixture model surfaces where wsaBi-m performed
slightly better. These results suggest that an active-sampling policy which aggressively ex-
ploits areas of probability mass before exploring further afield may be the most appropriate
approach to Bayesian quadrature for real likelihoods.

WSABI-M optimistically maintains some non-zero prior expectation of likelihood mass
over the whole domain. For most real problems, we suspect this is not appropriate, and
naturally leads the estimator to converge on the ground truth from ‘above’. The wsaBI-L
approximation meanwhile, maintains a zero prior expectation, however also suffers from a
heavily deflated prior variance in areas away from existing sample locations—a property

which directly leads to greedy exploitation of existing probability mass before exploring.

5.6 Conclusions

We introduced the first fast Bayesian quadrature scheme, using a novel warped likelihood
model and a novel active sampling scheme. Our method, wsaBi, demonstrates faster con-
vergence (in wall-clock time) for regression and classification benchmarks than the Monte

Carlo state-of-the-art.



Chapter 6

Conclusions and Future Work

6.1 Conclusions

6.1.1 Relating to the Point Process Work:

We presented approaches for expanding the structural modelling capacity of Gaussian-process-
driven Cox process models. To ensure that these models are useful for practitioners, we also
derived efficient inference schemes—both exact mcmc based methods, as well as approxi-
mate but highly efficient variational techniques.

We envisage that these new models and associated inference schemes will allow for the
principled inclusion of point-set observation data in a number of problem domains, where
previously coarse bin-count type approximations were used as pre-processing steps to map
from event data to piece-wise constant values over the domain. In particular, we would hope
that researchers in epidemiology and related fields will be able to use our models to incor-
porate disease incidence alongside other exogenous variables, in doing so taking advantage
of the benefits afforded by incorporating other variables with dependency structure.

We derived a new mcmc algorithm, applicable to a variety of Gaussian-process-driven

point process models (including renewal processes), which demonstrably outperforms the
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existing approaches in effective samples per second, and in fact by doing so enables inference
on a wide range of point data on domains with dimensionality of 3 or higher.

We then derived the first fully variational inference scheme for Gaussian-process-driven
Cox processes (to the best of our knowledge), and were in fact able to do so without making
additional approximations. When extended to the marked point process domain, this resulted
in a variational inference algorithm for permanental point processes. Once again all innova-
tions were tested on both synthetic and real data, and were convincing in their performance

as compared to existing approaches.

6.1.2 Relating to the Quadrature Work:

We also presented work relating to the computational scaling of existing techniques for active
Bayesian quadrature. While this is unlikely to be the final form of such an algorithm, the
author believes that in order to do full general Bayesian inference at scale, incorporating
prior structural knowledge whilst sampling actively are both techniques of demonstrable
value, and should be carried forward. It is not unreasonable to suggest that where accurate
and fast inference is required, it is highly desirable to both: 1) place as much prior mass on
the true solution as possible, and 2) acquire observations in an information efficient manner
as possible. We tested two different versions of the approach on both real world and synthetic

problems, empirically matching the state of the art even after adjusting for compute budget.

There are a couple of enabling ‘tricks’ employed throughout this thesis which are seem-
ingly under-utilised within the Gaussian process community and for no definitive reason.
In particular, modelling the square-root of a strictly non-negative function using a Gaus-
sian process, while a trivial step, yields many interesting properties—both in theoretical and
practical terms. Several analytic manipulations commonly required to enable Bayesian, (or

approximate Bayesian), inference are made fully tractable, and this transformation also in-
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curs interesting and potentially useful side effects in terms of resulting regressor properties
(such as an ability to deal with high dynamic range while simultaneously being capable of

modelling numerical zero).

6.2 Related Work

Naturally there is a wealth of existing literature on modelling point processes, drawn from
fields including: statistics, computer science, machine learning and applied mathematics.
Of particular relevance to Bayesian inference in fully-continuous Gaussian-process-driven
Cox processes is the early work by Lewis (1979), in which an auxiliary variable technique is
described for simulating from an inhomogenous Poisson process. Most modern mcmc based
inference schemes rely on this insight (and ours is no different in that respect).

Work which was developed in parallel to our own includes a mcMmc based inference
scheme for Gaussian-process-driven Cox processes (Kom-Samo and Roberts, 2015), which
was the first such approach to avoid using the auxiliary variable trick of Lewis (1979),
and hence achieved significantly improved computational scaling. A contribution by G. de
G. Matthews et al. (2016) confirmed that our variational approach does indeed lead to a con-
sistent and theoretically sound marginal objective function. The same author also extends
on existing contributions made by McCullagh and Yang (2006) in G. de G. Matthews and
Ghahramani (2014), where the marked Cox process is reimagined as a classification algo-
rithm and a novel inference scheme is devised.

There are a few application papers which target the datasets we use to benchmark our
approach, of note is Miller et al. (2014). In this work, the authors use a multi-stage approach
to factorise point shot location maps in the NBA. They do not specify a full generative model,
but instead rely on a two-stage data processing pipeline, which is defined to be a binned
log-Gaussian Cox process, followed by non-negative matrix factorisation (NMF) in order to

arrive at the maximally descriptive basis set. Most Cox process application work does in fact
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rely on the binned log-Gaussian Cox process model, and therefore requires discretisation
of the domain as a pre-processing step. Discretisation is an inherently difficult procedure,
as naturally different binning schemes may yield radically different piecewise constant rate
functions over the domain. Beyond a uniform grid, we must also ask questions as to whether
the bin size should be fixed across dimensions, or whether it should vary—perhaps spatially
as well.

In general we believe there is evidence to support the fact that inhomogenous point pro-
cesses are a relatively under-explored area of research within the machine learning commu-
nity. This is particularly so given the fundamental nature of the topic, general availability
of data, and when we measure output relative to work on other non-parametric stochastic

processes.

With reference to Bayesian quadrature, most recent application driven work is by Os-
borne: Osborne et al. (2012c¢) specifies an algorithm designed to perform inference directly
on the value of the ratio of two integrals, a problem often encountered during model selec-
tion. Garnett et al. (2012) deploys an active learning scheme and a log Gaussian process
to infer model evidence integrals whilst coping well with the high dynamic range of typi-
cal likelihood functions. Earlier foundational work by O’Hagan et al. as well as these new
contributions are well described in Osborne (2010).

Oates, Briol and Girolami are pursuing a more formal understanding of the theoretical
properties of existing approaches for probabilistic integration (including but not limited to
Bayesian quadrature). Briol et al. (2015a) demonstrates that under a restriction to kernels in
finite dimensional reproducing kernel Hilbert spaces, the convergence rate of the resulting
Bayesian quadrature rule will be exponential, and the posterior concentration rate will be
super exponential in the number of sample points. A more general overview paper, which
also relates probabilistic integration to the emergent field of probabilistic numerics may be

found in Briol et al. (2015b).
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6.3 Future Work

For the point process work, there are two immediate directions of further research:

On the application side, it would be useful to merge our variational approach for Cox
processes into a generalised Gaussian process framework for dealing with any number of
heterogenous input data streams. From discussions with epidemiology researchers, it would
seem that such a model may bring additional value to the study of Dengue fever movement.

More generally, there are cases where we might view Cox processes in a more abstract
fashion, and use them to construct structured models over data which may not traditionally
be interpreted as a point process. For example, in the absence of any other information, a
typical network may be interpreted only through the node-node communication events that
occur at semi-random points in time (and potentially space or other covariates). There are
manifold ways to specify such a model, but it is reasonable to expect that an appropriate
choice might achieve state of the art performance on extracting structure from message data

in an unsupervised fashion, much as we were able to in LppA.

For Bayesian quadrature, one can reiterate most of the points made in the concluding chap-
ter of Osborne (2010), specifically those relating to the design of priors which incorporate
more integrand structure than simply smoothness and non-negativity. It would be interesting
to see uptake of a system automating (or at least attempting to) the role of the quadrature
rule ‘designer’—a niche profession, and one where a human constructs an optimal quadra-
ture rule for a specific problem in industry.

Joint inference of both kernel structure and non-stationarity is an alternative thread to
follow—here we would hope to arrive at some middle ground between a raw delta function
based approximation to an integral, and one where a heavily structured prior is employed as

a starting density.
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On the theory side, we expect to see extended convergence work for Bayesian quadrature
in the general setting, and hope that concerns highlighted in Szabé et al. (2015) do not impede
the development of concentration results for Gaussian process based rules constructed using

kernels defined on infinite dimensional reproducing kernel Hilbert spaces.

6.4 Final Thoughts

While the lofty goals set out in the introductory chapters of this thesis may not quite have
been achieved, we retain our conviction that scalable (semi black-box) Bayesian inference is
still important for modern data science and machine learning. We hope that our contributions
towards this larger goal have been explained and demonstrated fully, and that they have also
been set in their proper context.

As a more general note to position our work with respect to the current state of the ma-
chine learning field: The majority of statistical machine learning requires some form of
function approximation. While we favour Bayesian kernel approaches, many have turned to
deep neural networks for use as a base regressor. It is clear that great leaps in performance
have been achieved on single task high signal-to-noise large data problems using deep neural
networks, however it is not clear whether: 1. The fact that the mapping imposed by a deep
neural network architecture is coarsely restricted to be a function of strictly polynomial type
is inappropriate for some problems and use cases—empirically it would seem that in most
instances this is not the case, and some make arguments based on the prevalence of polyno-
mial energy functions in Physics that the natural world might be ‘polynomial friendly’ (Lin
and Tegmark, 2016). 2. These innovations really do bring us any closer to solving either
general ‘intelligence’ or statistical prediction—as opposed to simply helping resolve the ma-
chine perception problem. Attempts to extend these techniques into the world of generative

modelling (which we do not suggest equate to intelligence), for example, while interesting
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have been (relatively speaking) unsuccessful to date (Goodfellow et al., 2014; Kingma and
Welling, 2014).

It is relatively certain that that there will always be low signal-to-noise prediction prob-
lems to solve, of which Cox processes form a class of examples. In these cases it will continue
to be important to: 1. Derive well calibrated uncertainty estimates, and 2. incorporate as
much prior structure as possible while restricting the space of possible solutions as little as
possible—both of which may be achieved via the judicious application of efficient Bayesian

inference.



Appendix A

Details on Variational Inference for Cox

Processes

A.1 Automatic Relevance Determination Kernel

In this work we use the exponentiated quadratic (also known as the “squared exponential™)

ARD kernel:

w2
Kexx) =] exp (-%) (A1)
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A.2 Derivation of the Lower Bound

The lower bound Equation 4.7 is derived as follows:

q(uy.r) u
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£ Z(Dy.5.A1.5:0). (A.5)

A.3 Definition of the KL-divergence between two Multi-

variate Gaussians

The KL term in Equations 4.7 and 3.10 is the Kullback—Leibler divergence between T pairs

of independent Gaussian distributions, and is defined by:

7 K
KL(g(uy.7) || pCuy.7)) = Z [tr (KZ'S,) + (1a, —m) K (1a, - m)— M + log hezz!

IS,
(A.6)
A.4 Definition of G
The function G that appears in the expectation
[Eq(ft) [IOg fsz,t,n] = / log(fsz,t,n) ‘/V(fs,t,n; ﬂs,t,n’ &g,t,n) dfs,t,n’ (A.7)
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and Equation 4.10, is a specialised version of the partial derivative of the confluent hyper-

geometric function,

o (@2
F,(a,b,z) = , (A.8)
L kz::d) (b), k!
with respect to its first argument and is defined by:
G@ =, F, 100 (0,5,2) =22 3 ! 2 (A9)
Y = @,09);

where (-); denotes the rising Pochhammer series (a)y = 1, (a); = a(a+1)(a+2)... (a+j—1).
J 0 J

A.S Definition of the Marginalised Inducing Covariance

For the arRp Kernel the function ¥Y(z,z’) = f 4 Kz, x)K(x, z')dx can be computed in closed

form:
na, _\2 > _&/-Min > _%-Max
lI‘(z,z')=1_[R1 5 exp <_(zr4—z,)> [erf(zr—\/_r)> —erf(err)] ,
= &y a, a,

where z, = 1(z, + z)).
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A.6 Detailed Derivation of the Collapsed Bound

The set of all possible assignments is:

1 (Ns) 1 (Ng)
(A" = 1,409 =1y, A =7 AL

_T}}

In the collapsed bound we sum over all the possible assignments to each of the allocation

variables:

log p(2;.5|0) = log ZA (D15, A1:510) (A.11)
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2 £(92,.5:0) (A.18)

A.7 Benchmark

The benchmark kernel smoother optimises the leave-one-out training objective:

* (5,0). (5.)
X = arg;nax Z, | log 2 ./V(X ;x>0 (A.19)
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We can construct the test log-likelihood for the held-out datasets as:

SNh T

S T
1ng(%1 :Slgl:S’ZT;S) = Z Z log Z Qg bt,m(h,n) - |AX| Z Z Z as,tbl,b

s=1 n=1 t=1 s=1 t=1 b=1

where m(h, n) is a function that maps a test data point X’*" into the d™ grid-cell. For the ct

case the weight matrix A is optimised for the test data.

A.8 Mixed Continuous Discrete Co-ordinate Spaces

This W-function in the mixed co-ordinate space case is ¥(z,, z,) = ), K(z,,x,)K(x,, z,).

When using Kronecker structure ¥ issimply K_ _ K_ _ if Z contains all feeding station

Z ry%) Z

locations and the discrete dimension is » = 2.
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