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A B S T R A C T 

We present the first application of marked power spectra to weak lensing data, using maps from the Subaru Hyper Suprime- 
Cam Year 1 (HSC-Y1) survey. Marked convergence fields, constructed by weighting the convergence field with non-linear 
functions of its smoothed version, are designed to encode higher-order information while remaining computationally 

tractable. Using simulations tailored to the HSC-Y1 data, we test three mark functions that up- or down-weight different 
density environments. Our results show that combining multiple types of marked auto and cross-spectra improves con- 
straints on the clustering amplitude parameter S 8 ≡ σ8 

√ 

�m 

/ 0 . 3 by ≈43 per cent compared to standard two-point power 
spectra. When applied to the HSC-Y1 data, this translates into a constraint on S 8 = 0 . 807 ± 0 . 024 . We assess the sensitivity 

of the marked power spectra to systematics, including baryonic effects, intrinsic alignment, photometric redshifts, and 

multiplicative shear bias. We note that some of the additional information introduced by the marked field originates 
from scales smaller than the scale cut, and is partly Gaussian in nature. This does not invalidate our systematic tests. 
These results demonstrate the promise of marked statistics as a practical and pow erful t ool for extracting non-Gaussian 

information from weak lensing surveys. 

Key words: gravitational lensing: weak – cosmological parameters – large-scale structure. 
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 INTRODUCTION  

 key challenge faced by existing and upcoming surveys is to ex-
ract cosmological information from the complex, non-Gaussian 

atter field formed through non-linear gravitational evolution. 
ne of the most promising means to study the matter inhomo-

eneities is weak gravitational lensing, the subtle distortion of 
ight paths caused by the gravitational tidal field of the large-
cale structure (see recent reviews by e.g. M. Kilbinger 2015 ; 
. Mandelbaum 2018 ). The lensing convergence field traces the 

nt egrat ed mass density along the line of sight and is ther efor e
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ensitiv e t o the fundamental cosmological paramet ers encoded 

ithin it. 
Most lensing analyses (T. Abbott et al. 2022 ; R. Dalal et al.

023 ; A. H. Wright et al. 2025 , for e xample), r ely on two-point
tatistics, such as the two-point correlation function or the power 
pectrum, which measure matter clustering as a function of scale. 
hey are optimal for Gaussian fields, whose statistical informa- 

ion is fully captured in the covariance matrix. How ev er, the
at e-time matt er density field is strongly non-Gaussian, moti- 
ating the development of new statistics that can recover the 
on-Gaussian (NG) information missed by two-point statistics, 
specially for use in future surveys with mor e pr ecision (e.g .
uclid Collaboration 2023 ). Examples of NG statistics relevant 

or weak lensing include but are not limit ed t o: higher order
oments (L. F. Secco et al. 2022 ; M. Gatti et al. 2025 ), peaks
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nd minima counts (J. Liu et al. 2015 ; N. Martinet et al. 2018 ; D.
ürcher et al. 2022 ; G. A. Marques et al. 2024a ; D. Grandón &
. Sellentin 2025 ), Minkowski functionals (A. Petri et al. 2015 ),
cat tering tr ansforms (S. Cheng et al. 2025b ; M. Gat ti et al.
025 ), persistent homology (J. Calles et al. 2024 ), probability dis-
ribution functions (J. Liu & M. S. Madhavacheril 2019 ; Boyle
t al. 2021 ; L. Thiele et al. 2023 ), machine learning (J. Fluri
t al. 2022 ), field level inference (A. J. Zhou et al. 2024 ) among
thers. 

Alt ernativ ely, inst ead of creating new statistics, one could per-
orm a non-linear transformation on the fields before applying
he usual two-point statistical machinery, such as Gaussianized
elds (D. H. Weinberg 1992 ; M. C. Neyrinck 2011 ; M. C. Neyrinck,
. Szapudi & A. S. Szalay 2011 ), logarithmic density mappings
M. C. Neyrinck, I. Szapudi & A. S. Szalay 2009 ; H.-J. Seo et al.
011 ), and reconstructed density fields (D. J. Eisenstein et al.
007 ). By doing so, higher order information is brought into the
tatistic, how ev er, it is also known that even utilizing all higher
rder moments of the field misses substantial information (J.
arron 2011 ) compared to transformed fields on small scales. Our
ork adopts one such field transformation, known as marking –

lso r eferr ed to as marked statistics, the marked power spectra,
r the marked correlation function. The marked power spectra
ave the advantage of containing higher order information while
eeping the speed and simplicity of the two-point framework,
aking their computation much quicker than explicitly calcu-

ating bispectr a, trispectr a, et c. The tw o-point nature also makes
nt egration int o current analysis pipelines easy. This method was
rst developed for the galaxy overdensity field, where galaxies
 ere w eight ed by their intrinsic pr operties befor e their spatial

orr elations wer e computed (D. Stoyan 1984 ; R. K. Sheth 2005 ;
. Skibba et al. 2006 ; U. Sureshkumar et al. 2021 ). More recently,
ensity-marked statistics, where the field is w eight ed by a non-

inear function of the smoothed density field, have been intro-
uced to enhance constraints on modified gravity (M. White 2016 ;
. Armijo et al. 2018 ; 2024a ; 2024b ; C. Hernández- Agua yo , C. M.
augh & B. Li 2018 ; G. Valogiannis & R. Bean 2018 ; M. Kärcher,

. Bel & S. de la Torre 2024 ), neutrino masses (E. Massara et al.
021 ), and other cosmological parameters (S. Satpathy et al. 2019 ;
. Aviles et al. 2020 ; O. H. Philcox, E. Massara & D. N. Spergel
020 ; O. H. E. Philcox, A. Aviles & E. Massara 2021 ; E. Massara
t al. 2023 ; J. A. Cowell, D. Alonso & J. Liu 2024 ; M. Marinucci et
l. 2024 ; H. Ebina & M. White 2025 ). The marked power spectrum
as recently applied to galaxy clustering data and achieved 1 . 2 ×

ighter constraints on S 8 ≡ σ8 
√ 

�m 

/ 0 . 3 (E. Massara et al. 2024 ).
lthough analytical approaches to the marked power spectrum
ave been developed using perturbation theory (O. H. Philcox,
. Massara & D. N. Spergel 2020 ; M. Kärcher et al. 2024 ; H.
bina & M. White 2025 ), they break down at small scales. Sim-
lations offer a natural alt ernativ e, enabling accurat e modelling
f non-linear regimes beyond the reach of perturbative meth-
ds. F or example, J . A. Cowell et al. ( 2024 ) employed Fisher
nalysis to optimize information extraction using N-body simu-
ations with and a Gaussian process-based mark function. Sim-
lations also allow us to incorporate small-scale observational
ffects and survey geometry, which are difficult to model analyt-
cally. 

In this w ork, w e apply the marked power spectrum for the
rst time to weak lensing data, using convergence maps derived

rom the Hyper Suprime-Cam Year 1 (HSC-Y1) survey. This also
 epr esents the first application of marked statistics t o project ed
elds. This paper is complemented by a series of papers applying
NRAS 546, 1–17 (2026) 
on-Gaussian statistics to HSC-Y1 using the same observational
ata and simulations that inv estigat e counts of peaks and min-

ma counts (G. A. Marques et al. 2024a ), probability distribution
unctions (PDFs; L. Thiele et al. 2023 ), scat tering tr ansform coef-
cients (S. Cheng et al. 2025b ), Minkowski functionals (J. Armijo
t al. 2025 ), impact of baryonic feedback on NG statistics (D.
randón et al. 2024 ), and a combination of NG statistics with a

ikelihood-fr ee infer ence appr oach (C. P. N ovaes et al. 2025 ). 
The structure of this paper is as follows: in Section 2 , we de-

cribe the theory of marked fields, and our choices of mark func-
ions. In Section 3 , we discuss the data, simulations, emulation

ethods, and syst ematic t ests. We pr esent our r esults in Section 4
nd the main conclusions of this work in Section 5 . 

 T H EORY  OF  MARKED  F I E L D S  

.1 Mark functions 

ensity-w eight ed marks hav e traditionally been used for three-
imensional density fields, such as the matter or galaxy fields. In
his paper, we follow the same spirit but apply marking to the two-
imensional lensing convergence field κ , which is proportional

o the matter overdensity integrated along the line of sight. We
efine the conv ergence-w eight ed marked field �(κ ) as, 

(κ ) = m (κθ ) κ, (1) 

here m (κθ ) is the mark function and κθ is the convergence field
moothed with a Gaussian filter of width θ . In this w ork, w e
r oadly r efer to the angular power spectrum of the marked con-
ergence field C 

��
� , the cross-spectrum with the original κ field

 

�κ
� , as well as their combination as the marked power spectrum,
r spectra in the case of multiple mark functions. 

.2 Choice of mark function 

he choice of the mark function remains an open question. While
. A. Cowell et al. ( 2024 ) looked to find the optimal mark for
osmological parameters �m 

and S 8 using N-body simulations at
 set redshift, the choice of the function maximizing the informa-
ion gain may be vastly different depending on the targeted pa-
amet er, or ev en properties of the field itself, such as redshift. For
xample, applications to studies of modified gravity (M. Kärcher
t al. 2024 ), neutrino mass (E. Massara et al. 2021 ), and primordial
on-Gaussianity (M. Marinucci et al. 2024 ), would likely need to
r obe differ ent volumes and scales, and ther efor e up-weight dif-
er ent r egions. Mor eover, the choice can be differ ent if one wants
o limit oneself to an analytically tractable mark (M. Marinucci et
l. 2024 ; H. Ebina & M. White 2025 ), or e xplor e options compu-
ationally. Moreover, as shown in J. A. Cowell et al. ( 2024 ), if all
uto and cross-spectra are used, the mark function has an affine
ymmetry, which allows one to transform two seemingly different
arks into one another and still get equivalent constraints. 
As a first study on projected fields, we focus on the application,

eaving the optimisation of the mark functions for future work.
e adopt three distinct mark functions from the recent literature,

ach with a different weighting profile of the density field: 

( A ) The Gaussian process (GP) mark introduced in J. A. Cow-
ll et al. ( 2024 ), which w e denot e as m A . We use the ‘optimal’
ark shape found for a 10 h 

−1 Mpc smoothing scale, rescaling
t, such that the ‘nodes’ are spaced equidistantly between the

aximum and minimum values of the smoothed convergence
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eld. This mark function is shown in yellow in the top left panel
f Fig. 1 . This mark function is a smooth function between four
re-defined nodes and fitted by a GP – a collection of multivari-
te normal random variables, fully defined by a mean function 

which we set to zero) and a kernel function parametrizing the
ovariance between any two points. For the kernel, we use the
adial basis function, also known as the ‘squar ed e xponential’ k er -
el (SE), which is specified by only tw o paramet ers: an amplitude
2 and length scale � : 

 SE (x , x ′ ) = σ 2 exp 

(
− (x − x ′ ) 2 

2 � 2 

)
. (2) 

sing this kernel, 1 the mark function m (κθ ) is defined in terms of 
ts values at a set of four nodes at fixed κθ values. We label the node
ositions κ∗

θ ≡ (κ∗
θ, 1 , · · · , κ∗

θ, 4 ) with corresponding values of mark 

unction m ∗ ≡ ( m ( κ∗
θ, 1 ) , · · · , m ( κ∗

θ, 4 )) . The value of the function
t any other κθ is given by the most likely GP conditioned on the
nown node values 

 A (κθ ) = k 

T 
∗ (κθ ) K 

−1 
∗ m ∗, (3) 

here the elements of the v ect or k ∗(κθ ) and matrix K ∗ are 

 ∗,i (κθ ) ≡ k SE (κθ , κ
∗
θ,i ) , K ∗,i j ≡ k SE (κ∗

θ,i , κ
∗
θ, j ) . (4) 

he κ position of the four nodes is recalibrated to be equally 
paced between the maximum and minimum values of each 

eld, incorporating the different ranges of the κ fields, capturing 
he dependence on smoothing scales, galaxy shape noise, and 

 edshifts. B y doing this, we are effectively introducing slightly
ifferent mark functions while preserving the general shape of 
he function. 

( B) The mark given by the smoothed field itself re-weighted 

y its standard deviation for stability, which w e denot e as m B and
how in green in the top left panel of Fig. 1 . i.e. 

 B = 

κθ

σ (κθ ) 
. (5) 

his choice is inspired by the recent work by H. Ebina & M.
hite ( 2025 ), exploiting the fact that this lower-order mark is

nalytically tractable. It is also intuitiv e t o see the contributions
r om higher-or der terms arising in this mark, for e xample, the
orrelation function of the original field and marked field, i.e. 
 κ ( ̂  n ) �( ̂  n 

′ ) 〉 = 〈 κ ( ̂  n ) κ ( ̂  n 

′ ) κθ ( ̂  n 

′ ) 〉 /σ (κθ ) . We expect this to be
imilar to skew- or kurt-spectra (D. Munshi et al. 2020 , 2022 ),
ith a difference introduced by the smoothing kernel, which we 
iscuss later. 

( C) A modified version of the mark function originally in-
roduced in M. White ( 2016 ) in the context of modified gravity,
hich w e denot e as m C and show in red in the top left panel of 
ig. 1 , 

 C (κθ ) = (1 + f (x)) −p , (6) 

here 

 = 

κθ

σ ( κθ )( 1 + b) 
, (7) 
 We set the amplitude to be 20 and the length scale to be 0.7. How ev er, 
hese choices are somewhat arbitrary – so long as the length scale is larger 
han the distance between nodes, one can recover the shape of the mark 
unction. 

a
m

3

W
t

ith the safety function f defined as 

f (x) = 

{
x, if x ≥ −0 . 999 
(1 − δ) tanh (10 x) , otherwise (8) 

 o av oid singularities. In this analysis, w e choose the values p =
 . 5 , δ = 0 . 02 , and b = 0 . 1 for the free parameters of this mark
unction, closely following the parameters used by E. Massara et 
l. ( 2023 ) and J. Armijo et al. ( 2024a ). This mark function up-
eights under dense r egions of the field. Compar ed to the neg -

tiv e pow er -la w up-w eighting adopt ed by M. Whit e ( 2016 ), our
unction up-weights underdense regions with a constant factor, 
hich is more suitable for two - dimensional projected fields. 

We show an example of the mark functions and their fields for
n example HSC-Y1 sky patch in Fig. 1 . In the left column, we
how the three marks as a function of the convergence value in
he upper panel, the original convergence field κ in the middle 
anel, and its smoothed version with a smoothing scale θ = 10
rcmin in the lower panel. In the middle column, we show the
arks m i (κθ ) for the three mark functions. In the right column,
e show the corresponding marked fields �i (equation 1 ), from 

hich we compute the marked power spectrum. 
We can see the intuitive motivation of each mark more clearly

n these plots, by looking at the bright regions in the middle and
ight columns, and where they correspond to in the original κ and
θ maps in the left column. The GP mark, m A , anticorrelates low-
edium overdensities and underdensities, such that the marked 

eld appears inv ert ed when compared with κθ . Meanwhile, m B is
roportional to the smoothed field, enhancing the extreme over- 
ensities and underdensities. m C up-weights underdense regions, 
ut is equal to a constant for positive κ , such that we expect the

nformation content from these regions of this marked field to 
ave no additional information compared to the standard power 
pectra. Note that this example is for 10 arcmin smoothing, but we
lso include down to 2 arcmin smoothing in the baseline analysis,
here the small-scale structure and scale of the bright regions are
ore comparable. 

 METHODS  

.1 HSC-Y1 data 

e use lensing convergence maps estimated from the HSC-Y1 
alaxy shapes catalogue (R. Mandelbaum et al. 2017 ). The data
onsist of six fields, spanning 136.9 deg 2 , and source redshifts
 . 3 < z < 1 . 5 , calculated using the mlz code (M. Tanaka et al.
017 ). After masking, there is a total number density of 17
r cmin 

−2 g alaxies. Sour ce g alaxies ar e split int o four t omographic
edshift bins with edges [0 . 3 , 0 . 6 , 0 . 9 , 1 . 2 , 1 . 5] . Convergence

aps are constructed from the shear maps using the Kaiser–
quires (KS) inversion (N. Kaiser & G. Squires 1993 ), which we
epeat for smoothing scales of 1, 2, 4, and 10 arcmin. We also
erform inpainting on the maps before performing the KS in ver -
ion to avoid E –B leakage due to the mask. Finally, we reapply the
orresponding smoothed masks to the convergence fields. In our 
nalysis, we treat the 1 arcmin smoothed maps as the ‘original’ κ
aps, and will denote them as κ rather than κθ=1 . 

.2 Simulations 

e use two sets of simulations, the ‘covariance set’ and 

he ‘cosmo-varied’ set. The covariance matrix is estimated 
MNRAS 546, 1–17 (2026) 
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M

Figure 1. We illustrate the process of creating marked fields �i , using the example of the convergence field from the HSC-Y1 ‘wide12h’ field with a 10 
arcsec smoothing scale in the third redshift bin ( 0 . 9 < z < 1 . 2 ). Left column (top to bottom): example mark functions as a function of the smoothed field 
m i (κθ ) ; the original convergence field κ , smoothed at 1 arcmin; and the smoothed field κθ for θ = 10 arcmin. Middle column: mark functions applied to 
κθ . Right column: marked fields �i = m i (κθ ) κ , used for calculating the marked power spectra. All mark functions and fields are renormalised by their 
standard deviations for visualization. The colour thus represents fractions of the standard deviation for each field. 
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e  

2 Note, this is the smoothing scale of the mark function , such that a 
smoothing scale of 10 arcmin will still include information from the 1 
arcmin field due to the definition of the mark function in equation ( 1 ). 
rom a set of 2268 pseudo-independent realisations generated
rom 108 full-sky N-body simulations. They are run with a
ducial cosmology taken from the best-fitting result of the
ilkinson Microwave Anisotropy Probe 9-yr data (G. Hinshaw

t al. 2013 ) ( �b = 0 . 046 , �m 

= 0 . 279 , �
 = 0 . 721 , h = 0 . 7 , σ8 =
 . 82 , n s = 0 . 97 ), generated from the simulations in R. Takahashi
t al. ( 2017 ). To model the marked power spectra in lieu of an
nalytical prediction, we use a separate suite of 100 cosmology-
aried simulations presented in M. Shirasaki et al. ( 2021 ) and G.
. Marques et al. ( 2024a ). These simulations vary �m 

and σ8 , with
0 quasi-independent realizations for each cosmological model. 

The produced mocks incorpor ate observ ational effects of the
SC-Y1 catalogue, such as multiplicative bias, inhomogeneity of 

our ce g alaxies, survey geometry, variations in the lensing weight,
 edshift, and g alaxy distribution. Full details of the method for
ailoring the simulations to the HSC-Y1 data as well as adding
ystematic effects to the simulations, can be found in M. Shirasaki
 N. Yoshida ( 2014 ), M. Shirasaki et al. ( 2019 ), and G. A. Marques

t al. ( 2024a ). 

.3 Power spectra 

he calculation of the marked or standard power spectra is iden-
ical, with the only difference being the field itself. We use the flat
ky appr o ximation t o calculat e the pow er spectra of the fields us-
ng the pseudo- C � approach (E. Hivon et al. 2002 ) as implemented
n namaster (D. Alonso, J. Sanchez & A. Slosar 2019 ), which
orrects for the coupling of different Fourier modes due to the
ask. We comput e pow er spectra in 14 logarithmically spaced
NRAS 546, 1–17 (2026) 
ins in the range 80 < � < 6500 , following C. Hikage et al. ( 2019 )
nd G. A. Marques et al. ( 2024a ). We take the w eight ed av erage
f the power spectra calculated for each of the six HSC-Y1 fields,
here the weights are equal to the number of galaxies per field. 

.4 Covariance 

ur full data v ect or for the baseline analysis consists of the C � 

easurement of the original field κ map smoothed to 1 arcmin,
nd the cross- and autospectra of nine marked fields, consisting
f thr ee differ ent mark functions and three smoothing choices,
= [2 ′ , 4 ′ , 10 ′ ] . 2 Our data v ect or will then be as follows, 

 = 

{ 
C 

κ,κ
� , C 

κ, �X ,θ

� , C 

�X θ , �X θ

� 

} 
, (9) 

here X ∈ {A , B, C} , θ ∈ { 2 ′ , 4 ′ , 10 ′ } , and �X ,θ ≡ m X (κθ ) κ . Note
hat we do not include cr oss-corr elations betw een separat e

arks, smoothing scales, or tomographic bins. We use thr ee r ed-
hift bins, omitting the fourth bin due to potential issues with
he photometric redshift calibration (R. Dalal et al. 2023 ; X. Li
t al. 2023 ; G. A. Marques et al. 2024b ), and 14 � bins, leading to a
ata v ect or of length 1064 before scale cuts, or 380 after scale cuts
discussed in Section 3.7 ). 

It is crucial to verify that the covariance matrix is accurately
stimated, especially for such a large data v ect or. When inv erting
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he covariance matrix, we apply the Anderson–Hartlap factor (J. 
artlap, P. Simon & P. Schneider 2007 ) to correct for the finite
umber of simulations used to calculate the covariance, such that 

he inv ert ed covariance is C 

−1 
corrected = αC 

−1 , where α = 

N s −N d −2 
N s −1 ,

 d = 380 is the number of data points, and N s = 2268 is the
umber of simulations. 
We examine the correlation matrix across marks and smooth- 

ng scale, and show an example sub - set for cross-spectra in Fig. 2 .
he first three panels show correlations across smoothing scales 

or individual marks. The fourth panel shows corr elations acr oss
he three mark functions. We only show data using the third
edshift bin (0 . 9 < z < 1 . 2) as an example. m B displays strong
orr elations acr oss scales due to its construction (second panel). 
 egligible corr elations between differ ent marks ar e seen (fourth
anel), demonstrating the relatively independent information 

hey carry. This motivates our combined analysis of all three 
arks. 

.5 Emulator 

e use a GP to emulate our summary statistics, i.e. the power
pectrum and various marked power spectra. We use the GP 

egression implemented in scikit-learn 

3 using a radial basis 
unction kernel with a fixed length scale of 5. We found the
mulator accuracy independent of the length scale. Each band- 
ower is emulated with its own GP Regression, such that points
t different bandpowers are effectively treated as independent. 
he emulator is trained on 100 different cosmologies, using the 
 verage (mark ed) power spectrum over 50 realizations for each 

osmology. We evaluate the emulator’s accuracy using cosmology 
aried simulations in two stages, both employing the ‘leave -one - 
ut’ appr oach, wher e the emulator is trained on 99 out of 100 cos-
ological models, and then used to predict the power spectrum 

nd corresponding marked power spectra for the e x cluded model. 
First, w e t est the accuracy of the predict ed pow er spectra and
arked power spectra for the test model. For each cosmology, we 

alculate the difference between the predicted power spectra and 

he true power spectrum, averaging over 50 realizations. For all 
cales, the emulator is accurate to within ∼10 per cent standard
eviation, wher e the standar d deviation is evaluated acr oss r eal-

zations. We also visually inspect these deviations to check that 
here is no trend with cosmology or scale. 

N e xt, w e inv estigat e the accuracy of the inferred cosmology
hen sampling with an emulated data vector . W e show deviations

n cosmological parameters S 8 and �m 

using the emulated data 
 ect or in comparison to the value inferred using the data v ect or
alculated from the simulation data Fig. 3 . In both cases, we use
he mean of the post erior. Here, w e use the combination of all
hree marks. The deviations are quantified with respect to the 
tandard deviation of the paramet er post erior as calculat ed using
he getdist package (A. Lewis 2019 ). The purple star corre-
ponds to the cosmology of the cov ariance-tr aining simulations, 
hile the blue box indicates the prior regions used. The points
utside the prior are still used to train the emulat or. Int erestingly,
e identify one point located relatively close to the fiducial cos-
ology used for the covariance matrix estimation that shows a 
 . 2 σ bias in S 8 . Although the origin of this bias remains unclear,
 e v erified that including or e x cluding this point fr om the emu-

ator has no impact on our final constraint. Our analysis shows a
 https://scikit-learn.org/ 

t
i
t  
arge deviation on the �m 

value, which is largely due to the fact
hat �m 

is prior-dominated, giving an artificially smaller standard 

eviation. Ther efor e, in our final results, we focus on S 8 instead
f �m 

. We refer the reader to Appendix A for more details. 

.6 Likelihood estimation 

o reduce noise in the covariance matrix, we compress our 
ata v ect or and covariance matrix using the moped compres-
ion scheme (A. F. Heavens, R. Jimenez & O. Lahav 2000 ). This
educes our data v ect or t o only tw o elements, corresponding t o
he number of parameters to be inferred. We assume a Gaussian
ikelihood, 

 ( D | θp ) = −1 
2 

[
D − x (θp ) 

]T C 

−1 [ D − x (θp )] + const . , (10) 

here D is the summary statistic of the data, C 

−1 is the inverse
f the covariance matrix with the Anderson–Hartlap correction, 
nd the theoretical prediction x (θp ) is produced by the emu- 
ator described in Section 3.5 , as a function of the parameters
p = [�m 

, S 8 ] . We use the cobaya Markov chain Monte Carlo
MCMC) sampler (A. Lewis & S. Bridle 2002 ; J. Torrado & A.
ewis 2021 ) to sample the posterior, using 10 chains with uniform
riors on �m 

of [0.1, 0.4] and S 8 of [0.5, 0.1]. 

.7 Scale cuts and systematics 

he marked power spectrum is constructed by weighting the 
ocal density field with a function of its smoothed counterpart 
n real space, which inherently mixes different scales in Fourier 
pace. As a result, the scale cuts typically applied to the two-point
orrelation function may not be appropriate for marked power 
pectr a. Similarly, v arious systematics may e xhibit differ ent scale
ependencies compared to the standard power spectrum. We ex- 
lore the full range of scales in the presence of systematics and
rovide a more detailed discussion in Section 3.8 . 
For our baseline analysis, we include all three mark func- 

ions and three smoothing scales for the mark function, θ = 

2 ′ , 4 ′ , 10 ′ ] . We select scale cuts such that the induced shift in
 8 due t o syst ematics satisfies �S 8 � 0 . 4 σ (S 8 ) across all t est ed
ystematics. We find that adopting a maximum multipole of 
 max = 1500 meets this criterion. We fix � min = 300 based on
he unmodelled systematics found in M. Oguri et al. ( 2017 ). We
r esent the corr esponding inferr ed values fr om simulations with
ystematic contamination in Fig. 4 . The top data point of the plot
hows the ‘Fiducial’ case, in which no systematics are present. 
he shaded bands r epr esent the ±0 . 4 σFid thr esholds for both S 8 
nd �m 

. Below this, we show the shifts in inferred parameter
alues r esulting fr om syst ematic-contaminat ed data v ect ors. We
onsider the analysis robust if these shifted values remain within 

he shaded bands. We adopt the same systematic tests employed 

n previous papers in this series, with a detailed description of 
he contamination pr ocedur es pr ovided in G. A. Marques et al.
 2024a ). For complet eness, w e also provide a summary of these
r ocedur es below. 

.7.1 Baryonic effects 

aryonic effects are known to suppress the matter power spec- 
rum on small scales. Since marked power spectra can transfer 
nformation between small and large scales, it is essential to 
est their sensitivity to such effects. To do this, we compute the
MNRAS 546, 1–17 (2026) 
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Figur e 2. Example corr elation matrices for sections of the full covariance matrix. In the first three columns, we show the blocks corresponding to the 
cross spectra [ C 

κ�
� of the three marks, A , B, C , defined in Section 2.2 for smoothing scales of 2, 4, and 10 arcmin. The standard power spectrum is also 

shown in the left corner for comparison, labelled κ × κ . On the far right, we show the correlation between these marks for the example of 10 arcmin. All 
blocks are before scale cuts. All are shown using the third redshift bin (0 . 9 < z < 1 . 2) as an example.]. 

Figur e 3. A ccur acy v alidation using the leave -one -out method. For each of the 100 cosmologies (shown as points), w e remov e that simulation from the 
emulator and compare inference between using an emulated data vector or using it as an input data vector to evaluate the shift in the inferred values of 
S 8 (left) and �m 

(right) relative to the true values. Offsets are expressed in units of the posterior standard deviation. The analysis uses the baseline set-up 
with all three mark functions and � max = 1500 . The box indicates the prior range; numerical offsets are displayed only for posteriors that remain within 
this range. Contours shown in gr een corr espond to cases with numerical biases e x ceeding 1 σ but that do not appear concerning upon visual inspection. 
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arked power spectra using both hydrodynamic and dark matter-
nly simulations from the κTNG data set (K. Osato, J. Liu & Z.
aiman 2021 ). We then contaminate the data v ect or, generat ed

rom the ‘covariance training set’ simulations, using the ratio of 
he hy drodynamic t o dark matt er-only statistics, and examine the
esulting paramet er shifts. Ov erall, w e find that baryonic effects
ntroduce minimal biases in the S 8 inference, even when small
cales are included, as further discussed in Section 3.8 . For our
aseline scale cut choice, we see a shift of only −0 . 09 σFid (S 8 ) .
e find the bias on �m 

to be much higher, although still within
he statistical uncertainties (appr o ximately −0 . 35 σFid (�m 

) ). A r e-
ated study by D. Grandón et al. ( 2024 ) analysed the influence of 
aryonic feedback on peak counts, minimum counts, the prob-
bility distribution function, and the scat tering tr ansform in the
SC-Y1 data set. They similarly reported negligible shifts in S 8 

cross all statistics. 

.7.2 Intrinsic alignment 

ntrinsic alignments (IA) are a known source of systematic error
n weak lensing measurements, arising when galaxy shapes are
NRAS 546, 1–17 (2026) 
nfluenced by local interactions and become intrinsically corre-
at ed t o the surr ounding large-scale structur e. Although many

odels exist to describe this effect, in this work we focus solely on
he non-linear Tidal Alignment (NLA) model (S. Bridle & L. King
007 ). In the NLA framework, the strength of intrinsic alignment
s controlled by the coupling parameter A IA , such that IA-matter
nd IA–IA power spectra are 

 Im 

( k, z ) = A IA ( z ) P NL ( k, z ) P II ( k, z ) = A 

2 
IA ( z ) P NL ( k, z ) , (11) 

here P NL ( k, z ) is the non-linear matt er pow er spectrum. 
Following previous studies on the HSC-Y1 data, values were

eported as A IA = 0 . 38 ± 0 . 7 (C. Hikage et al. 2019 ), and A IA =
 . 91 +0 . 27 

−0 . 32 (T. Hamana et al. 2020 ). For this analysis, we choose
 o t est tw o values of A IA = {−0 . 32 , 1 . 18 } , corresponding t o the
 xtr emes of these cases within 1 σ . We find the intrinsic alignment
 o giv e biases of up t o 0 . 12 σFid (S 8 ) . 

.7.3 Photometric redshifts 

hotometric redshift (photo- z ) estimation is an important chal-
enge in cosmological weak lensing, and a potential source of 
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Figure 4. Analysis of the impact of systematic effects on S 8 (left) and �m 

, (right). For each contaminated data vector we repeat the inference and recover 
the error bars shown. The coloured regions show 1 / 3 σ confidence interval of the underlying cosmology with no systematics added. We check to see the 
systematics do not bias the inference outside of this range. 
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he S 8 tension (A. H. Wright et al. 2025 ). In HSC, the redshifts
re determined using several independent codes, described in M. 
anaka et al. ( 2017 ). Our baseline analysis uses sour ce r edshifts
anging to 0 . 3 < z < 1 . 5 , and uses the best-fitting phot o- z det er-

ined by a machine-learning code based on self-organizing maps 
 mlz ). We test the effect of using two alternative redshift esti-

at e t echniques, using an extr a 100 simulations gener ated with
he Flexible Regression ov er Associat ed Neighbours with Kernel 
Ensity estimatioN for Redshifts (FRANKEN-Z) and the Mizuki 
ethod (M. Tanaka et al. 2017 ) which utilized theoretical stellar

opulation synthesis models, and using the power spectra from 

hese simulations as input data v ect or. For the Mizuki method,
e find a shift of +0 . 2 σFid (S 8 ) for the baseline analysis choices.
ow ev er, based on the scale-cut analysis we find an inconsistent

attern when using the FRANKEN-Z method, for � < 1000 , we
nd a shift of −0 . 75 σFid (S 8 ) . When including smaller scales for
 < 2500 , we find up to −0 . 85 σFid (S 8 ) shifts. However, at the
aseline scale choice of � max = 1500 , we observe a shift of only
0 . 31 σFid (S 8 ) , well within our error budget. This could be an

ndication of noise from lack of sufficient photo- z simulations. 

.7.4 Multiplicative bias 

ultiplicative bias ( m -bias) refers to a potential systematic in
eak lensing that scales the shear field inferred from galaxy 

hapes measured in real images with respect to the true under-
ying lensing field. This is caused by the miscalibration of the
alaxy shapes and shape noise bias (L. Miller et al. 2013 ). The sim-
lation mocks are generated with one multiplicative bias value 

or each field; how ev er, ther e ar e per cent-level uncertainties on
he multiplicative bias for HSC-Y1. We account for this by testing
he pipeline with a ‘true’ data set a set of realizations generated
ith m -bias purposefully miscalibrated with �m = ±0 . 01 , rep-

esented by m -bias + and m -bias– in Fig. 4 . We find shifts of 
p to 0 . 33 σFid (S 8 ) for our baseline scale cuts. It is worth noting
hat, in the case of the B mark function, we expect the impact
f multiplicative bias can be predicted analytically and easily 
arginalized over (although we do not do so in this work). 

.8 Impact of smoothing and scale cuts on systematic bias 

ne might expect that including smaller physical scales would 

mplify the bias of some systematic effects, such as baryonic feed-
ack not included in the main simulations, while others should 

 emain r elativ ely constant. How ev er, as discussed in Section 4.4 ,
pplying scale cuts to the marked power spectra does not fully
solate the information from these scales, due to the intrinsic scale

ixing introduced by the mark function. More specifically, the 
moothing scale used in the mark determines the degree of ‘leak-
ge’ from smaller physical scales, such that information from the 
moothing scale size could always be present in the data. In Fig.
 , w e illustrat e how the inferred cosmological parameters shift in
 esponse to differ ent systematic effects as a function of � max . We
 xamine thr ee smoothing scales used in the baseline analysis, 2, 4,
nd 10 arcmin, and also compare to the case where the 2 arcmin
moothing is e x cluded. Each column corr esponds to a differ ent
ystematic, while the y -axis denotes increasing � max (with � min =
00 fixed). The colour indicates the deviation in the inferred S 8 
nd �m 

from their fiducial values, in units of their standard 

eviation �σ . Red denotes an overestimation, blue an underes- 
imation, and white text flags deviations greater than 0 . 3 σ . For
ary onic effects, w e observ e the expect ed behaviour increasing
uppression of S 8 as smaller scales are included. How ev er, w e
lso observe some unexpected scale dependence of systematics, 
uch as photo- z . Specifically, on the scale-cut analysis we find
n inconsistent pattern when using the FRANKEN-Z method, 
or � < 1000 , we find a shift of −0 . 75 σFid (S 8 ) . When including
maller scales for � < 2500 , we find up to −0 . 85 σFid (S 8 ) shifts.
ow ev er, at the baseline scale choice of � max = 1500 , we observe
 shift of only −0 . 31 σFid (S 8 ) , well within our error budget. This
MNRAS 546, 1–17 (2026) 
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Figure 5. xHeatmap displaying the bias introduced by performing inference on contaminated data vecotrs, compared to the true cosmology. The colour 
indicates the deviation in the inferred parameters S 8 and �m 

, e xpr essed in units of their standard deviation �σ . Red denot es ov erestimation, blue 
underestimation, and white text highlights shifts larger than 0.3 σ . The top row corresponds to the baseline analysis choices of smoothing scales, while 
the bottom row removes the 2 arcmin mark functions. 
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ould be an indication of noise from lack of simulations, and will
e inv estigat ed in future w ork. 

Also, the model with strong intrinsic alignment ( A IA = 1 . 18 ,
hows increasing bias with larger scale cuts. An important caveat
o this figure is that this illustrates the behaviour from all three

arks, corresponding to our baseline analysis. The behaviour of 
ystematics for each mark also varies, such that statements true
f systematic bias for this analysis may not be true in the general
ase of ‘marked statistics’. 

These trends highlight the complex int eractions betw een mark
hoice, smoothing scale, and systematics. Since the marked statis-
ics mix scales and amplify non-Gaussian information, they may
espond to systematics in less predictable ways than standard
wo-point functions. A detailed analysis of these interactions is
eft to future work. 

 R E S U LT S  

e first present the constraints on S 8 found using our baseline
hoice inference (Section 4.1 ). We then discuss the impact of 
NRAS 546, 1–17 (2026) 
he choice of mark on these results (Section 4.3 ). Finally, in Sec-
ion 4.4 we discuss the information in the cross- and autospectra
f the marked field in relation to higher order correlators. 

.1 Baseline analysis 

or our baseline analysis, we combine all three mark func-
ions and configurations with the scale cut 300 < � < 1500 (Sec-
ion 3.7 ). Although the marked power spectra also contain infor-

ation about the field on scales outside this range, which we
iscuss more in Section 4.4 . We show results in Fig. 6 , where
he constraints found using the standard power spectrum, C 

κκ
� ,

re shown in green, the constraints obtained from the marked
pectra ( C 

κ�
� + C 

��
� ) are shown in purple, and the combination of 

ll spectra is shown in orange. The resulting constraints on S 8 are
 8 = 0 . 803 ± 0 . 034 , S 8 = 0 . 804 ± 0 . 023 , and S 8 = 0 . 807 ± 0 . 024 ,
espectively. 

Our fiducial constraint using HSC-Y1 data is S 8 = 0 . 807 ±
 . 024 , showing a 1.4 × smaller err or compar ed to that from C 

κκ
� 

lone using the same scale cuts. We find adding C 

κκ does not
� 
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Figure 6. Constraints on S 8 and �m 

using marked power spectra and 
HSC-Y1 data, using our baseline analysis choice of combining three mark 
functions ( A , B, C ) over three smoothing scales of 2, 4, 10 arcmin, using 
scale cuts of � < 1500 , and no cr oss-corr elations betw een separat e t omo- 
graphic bins, different mark functions, or smoothing scales. We colour the 
68 per cent (inner line) and 95 per cent (outer line) confidence interval 
contours. κ r epr esents the original convergence field smoothed by 1 ar- 
cmin, while � corresponds to the marked field, such that C 

κκ
� corresponds 

to the typical power spectrum. 
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mprove our constraint, likely due to the fact that the information
n C 

κκ
� is already encoded in C 

��
� (see discussions in Section 4.4 ).

e also obtain �m 

= 0 . 265 +0 . 022 
−0 . 035 . How ev er, the inferred value

f �m 

is affected by imperfect emulator accuracy (Section 3.5 ). 
her efor e, caution must be e x er cised befor e interpr eting this
esult. 

Fig . 7 compar es our r esult to other measur ements of S 8 . Cosmic
icr owave back gr ound(CMB)-derived constraints appear at the 

op of the figure, followed by weak lensing results from two-
oint statistics, including both power spectra and correlation 

unctions, shown in dark blue. Our result from marked spec- 
ra is shown in pink, while in purple we show results from
ther non-Gaussian analysis of HSC-Y1 in this series of papers. 
inally, r esults fr om other studies using higher-order statistics 
re shown in light blue at the bott om. Ov erall, our constraint
ies between previous weak lensing and CMB results, positioned 

ear the centre of the so - called S 8 tension. The constraints are
lso in agreement with the most recent measurement from the 
ilo-Degree Survey (KiDS) Legacy data (A. H. Wright et al. 
025 ). 

.2 Comparison to other NG stats 

he HSC Y1 NG statistics consider ed her e include the Minkowski
unctionals (MFs; J. Armijo et al. 2025 ) scattering transform (ST;
. Cheng et al. 2025b ), peak and minima counts (G. A. Marques
t al. 2024a ), the probability density function (PDF; L. Thiele et
l. 2023 ), and an simulation-based inference (SBI) combination of 
he above, labelled as ‘NG’ (C. P. Novaes et al. 2025 ). Each statistic
robes distinct aspects of the convergence field: the PDF is a one-
oint statistic; as are peak counts, which should be sensitiv e t o the
ighly non-linear regime , while minima trace underdense 
egions , similar to the sensitivity of the marked statistic. Mean-
hile, the MFs quantify topological features of the field. The ST

aptur es multiscale corr elations and is r elat ed t o higher-order
oments of the field. For detailed discussion we refer the readers

 o the respectiv e papers. Direct comparison betw een the HSC-
1 NG statistic constraints is nuanced, as each analysis adopts 
ifferent scale cuts and analysis choices based on the systematic 
ests discussed in Section 3.8 . For example, the implementation 

f the ST in S. Cheng et al. ( 2025b ), while yielding the tightest S 8 
onstraints to date, employs a substantially larger scale cut (up to
 max = 3500 ) and includes cr oss-tomographic corr elations, which
re not used in this w ork. Conv ersely, the other non-Gaussian
tatistics considered here effectively adopt smaller � cuts due to 
ailing syst ematic t ests. We can, how ev er, contrast their relativ e
erformance with respect to the power spectrum C � under similar 
cale selections, although this is not a truly direct comparison 

ue to potential smaller scales leaking into the NG statistics from
moothing kernels. Among the NG statistics, the marked power 
pectrum shows the strongest performance of 43 per cent, com- 
ared to the two-point power spectra at � = 1500 , while ST is only
0 per cent when compared t o C � down t o � = 3500 . A thorough,
ontrolled comparison of non-Gaussian statistics under identical 
nalysis and map level scale cuts is left for future work. 

.3 Comparison of mark functions 

e ne xt investig ate the constraining power of the individual
ark functions and its auto or cross-spectra with the original 

eld. As described in Section 2.2 , the three marks have different
roperties, with A antiweighting mild over and underdensities, 
 multiplying by the smoothed field, up-weighting the more ex- 

reme values of the field, and C up-weighting underdensities. 
We show the constraints obtained from HSC-Y1 data for each 

ark function, including all three smoothing scales, in Fig. 8 ,
howing the combination of all spectra in panel (a), constraints
ithout the power spectrum in (b), and the auto and cross-spectra

n (c) and (d), respectively. Mark A is shown in yellow, B in red, C 
n green, and the combination, r epr esenting our baseline analysis
hoice, in blue. We show the corresponding S 8 errors in Fig. 9 ,
here the improvement in the value of σ (S 8 ) found from C 

κκ
� in

ach case is displayed in text above each bar. The horizontal red
ine shows the constraint from C 

κκ
� at the same scale cuts, such

hat any result below it corresponds to an improvement. 
The results in this figure can be summarized as follows: 

(i) From all three panels, we see the combination of three 
arks significantly shrinks the contours, and no single mark 

unction can obtain comparable constraints to the combination 

 + B + C shown in blue, especially with r eg ar d to �m 

. 
(ii) Although in panel (a), which corresponds to the solid bars 

n Fig. 9 , the constraints on S 8 appear visually similar for each
ark, A , in yellow, has the best individual improv ement fact or of 

.12, compared to 1.04 for the others. Combining all three marks,
ow ev er, leads to a factor of 1.43 improvement. 
(iii) For �m 

it is clear that B has the most constraining power,
ith an error of σ (�m 

) = 0 . 033 . Since C 

κκ
� cannot constrain �m 

ithin our prior range, it is difficult to quantify the improvement
actor in this case. In any case, the r ecover ed err or is ar ound thr ee
imes smaller than the width of the prior . W e expect the leading
MNRAS 546, 1–17 (2026) 
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Figure 7. S 8 constraints from various surveys and methods. The top group in red corresponds to results from CMB surveys, meanwhile, the blue/purple 
are all from weak lensing. In purple, we show the results of the other non-Gaussian (NG) statistics using HSC-Y1, with our result in pink. The bottom 

lighter blue shows constraints from other studies using NG statistics. 
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nformation to come from some configurations of the bispectrum
nd trispectrum, which we discuss further in Section 4.4 . 

(iv) In panels (c) and (d), corresponding to the hashed bars, we
an see the three marks have different degeneracy directions in
he S 8 − �m 

plane. Most notably, B appears almost perpendicular
o C. This degeneracy-breaking could explain the constraining
ower of B in �m 

, as well as why its combination with the other
arks increases the overall constraining power. 
(v) Even without including the standard power spectrum (i.e.,

 

κκ
� ), tight constraints on S 8 can still be achieved, as illustrated

n Fig. 9 . Notably, only the solid bar includes κκ . How ev er, sig-
ificant improvement beyond the standard power spectrum is
nly seen when combining multiple mark functions, as shown
y the blue curves. Additionally, the combination of the marked
ross- and autospectra for B and C (dotted lines) yields constraints
early as tight (an improvement factor of ∼ 0 . 99 when compared
ith C 

κκ
� alone). 

Since each mark weights different regions of the convergence
eld, it is ther efor e somewhat intuitive that the constraints

rom combining these three mark functions are significantly en-
anced, similar to how combining power spectra from different
osmological environments can yield tighter constraints (T. Bon-
aire et al. 2022 ). This complementarity, particularly in breaking
ar ameter degener acies, highlights the strength of the multimark
NRAS 546, 1–17 (2026) 
pproach and motivates its use in future analyses aimed at ex-
racting maximal information from weak lensing data. 

.4 Relationship to n -point correlation functions 

he weak lensing bispectrum contains additional information
ompared to the power spectrum (M. Takada & B . J ain 2004 ),
nd success in tightening constraints of S 8 and �m 

has been
ound using thir d-or der shear corr elation functions or moments
rom other weak lensing surveys such as KiDS (P. A. Burger et al.
024 ) and DES (L. F. Secco et al. 2022 ; R. C. H. Gomes et al. 2025 ).

For the m A and m C marks the direct relation to n -point corre-
ators is somewhat contrived, however in the case of the simplest

ark, m B = κθ/σ (κθ ) , the cross-spectra C 

κ�B 
� can be e xpr essed

urely in terms of the projected bispectrum, and the autocorrela-
ion C 

�B �B 
� can be written as a four-point function. In this sense,

he mark choice of m B is similar in spirit, to skew spectra (D.
unshi et al. 2020 ) or kurt spectra (D. Munshi et al. 2022 ), where

ne takes the correlation function of a polynomial of the field.
he marked spectra differ in the introduction of the smoothing
ernel, similar to the filtering step applied in L. Harscouet et al.
 2025 ). 

We show the par ameter constr aints derived from each of the
pectra in Fig. 10 . Panel (a) focuses on the individual components,
hile panel (b) shows the constraining power of different combi-
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(a) (b)

(c) (d)

Figure 8. Constraints on �m 

and S 8 = σ8 
√ 

�m 

/ 0 . 3 from three different marked power spectra using HSC-Y1 data. � denotes the marked field, and κ the 
original convergence field. The three marks emphasise differ ent r egions: A anticorr elat es and up-w eights medium ov er and underdensities, B up-w eights 
over dense r egions, particularly the e xtr emes of the field, and C up-weights only under dense r egions. Contours show 68 per cent (inner) and 95 per cent 
(out er) confidence int ervals. The blue cont our r epr esents the combined constraints fr om all thr ee marks. Panel (a) includes all auto and cross-spectra of 
both the original and mark ed fields. P anel (b) shows the combination of the auto and cross-marked power spectra without the traditional power spectrum, 
while panels (c) and (d) isolate contributions from the auto and cr oss-spectra, r espectively. The uncertainty constraints from all displayed posteriors are 
displayed in Fig. 9 . 

n
C  

C  

p
a  

h
t  

f  

m
 

W  

u  

n  

b

ations. Focussing first on panel (a), the ‘bispectrum-like’ term, 
 

κ�B 
� , is shown in the blue contour, while the autocorrelation
 

�B �B 
� , is shown in orange. The results obtained from the standard
ower spectrum C 

κκ
� are shown in pink, and the combination of 

ll three spectra is shown as a green contour. While each term
as a slightly different S 8 − �m 

degeneracy direction, we also see 
hat the C 

κ�B 
� contour hits the lower bound of the �m 

prior, and
av ours low er values of S 8 , leading the aut ocorrelation t o appear
ore constraining than the cross-correlation. 
In panel (b), we look at the combinations of the three spectra.
e do not plot the C 

κ�B 
� + C 

�B �B 
� combination, as it is not partic-

larly constraining for this mark (see Fig. 9 ). It is interesting to
ote that the combination C 

κκ
� + C 

��
� , plotted in purple, leads to

et ter constr aints than C 

κκ
� + C 

κ�
� , plot ted in or ange. 
MNRAS 546, 1–17 (2026) 
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M

Figure 9. Posterior uncertainties on S 8 for different analysis configur ations. R esults are shown for individual mark choices ( A , B, C; in distinct colours) 
as well as their combination (blue). Within each configuration, we compare the constraints obtained from the correlation functions of the original 
convergence field κ and the marked field �. The baseline S 8 uncertainty from the aut opow er spectrum of the unmarked field, κκ , is indicated by the 
horizontal red line. Numbers above each bar denote the relative improvement with respect to this baseline. 

(a) (b)

Figure 10. Posteriors of the different combinations of B marked power spectra, using the mark function m B = κθ with the HSC-Y1 data. � denotes the 
marked field, while κ is the original convergence field. We colour the 68 per cent (inner line) and 95 per cent (outer line) confidence intervals contours. 
On the left, we show the individual components, which are the power spectrum C 

κκ
� , the cross-spectra C 

�B κ
� 

(bispectrum-like), and autospectra C 

�B �B 
� 

(trispectrum-like) of the marked fields. On the right, we show the constraining power from different combinations of these terms. 

 

i  

w  

t  
One might expect that, since C 

κ�
� is sourced by the bispectrum,

t should dominate the improvement on cosmological constraints
NRAS 546, 1–17 (2026) 
ith respect to the power spectrum alone. This is because
he bispectrum captures the leading-order non-Gaussian
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ignal, has a higher signal-to-noise ratio than higher-order 
onnect ed correlat ors (e.g. the trispectrum), and is less affect ed
y observational noise. 

To understand this better, it is ther efor e useful to expand the
arked power spectra in terms of n -point statistics. For simplic-

ty, w e w ork in the flat sky appr o ximation. Let �( x ) ≡ κ ( x ) κθ ( x ) ,
here θ donates the smoothing scale. 4 From the convolution 

heorem, in Fourier space 

� = 

∫ d 

2 L 

(2 π ) 2 
κθ, L κ� −L = 

∫ d 

2 L 

(2 π ) 2 
W (Lθ ) κL κ� −L , (12) 

here W (Lθ ) is the smoothing kernel. The cross-spectrum of the
riginal and marked fields is 

 

κ�
� = 

∫ d 

2 L 

(2 π ) 2 
W ( Lθ ) B κ ( �, L, | l − L | ) . (13) 

he window function restricts the effective contributions to 
odes with wavenumber L � 1 /θ , such that we get squeezed-like

ontributions of the form B (�, 1 /θ, � − 1 /θ ) . 
Similarly, the �–� correlator can be expanded as 

 

��
� = 

[ ∫ d 

2 L 

(2 π ) 2 
W 

2 (Lθ ) 2 C 

κκ
L C 

κκ
| l −L | ︸ ︷︷ ︸ 

Gaussian part 

+ 

∫ d 

2 L d 

2 L 

′ 

(2 π ) 4 
W (Lθ ) W (L 

′ θ ) T 

κ ( L , l − L , −L 

′ , −l + L 

′ ) ︸ ︷︷ ︸ 
non-Gaussian part 

] 

, 

(14) 

here T 

κ ( l 1 , l 2 , l 3 , l 4 ) is the connected (non-Gaussian) trispec-
rum of the convergence field. We can see that, while the second
 erm abov e is purely non-Gaussian, the first contribution con- 
ains only the Gaussian information found in the disconnected 

rispectrum. As in the case of C 

κ�
� , the range of scales the mea-

ur ements ar e sensitiv e t o depend on the smoothing scale θ .
pecifically, the Gaussian contribution above is sensitiv e t o the
ower spectrum on scales � � � 

2pt 
max + 1 /θ , where � 2pt 

max = 1500 is
he scale cut used in our analysis. For a smoothing scale of e.g.
= 2 arcmin, using � ∼ 1 /θ ∼ 1700 , this means that the Gaus-

ian contribution to C 

��
� is sensitive to the power spectrum on

ultipoles � � 3200 . This e xplains the appar ent additional con-
training power from the marked power spectrum, likely coming 
rom Gaussian fluctuations on smaller scales than available to the 

easured power spectrum, and not from the field’s intrinsic non- 
aussianity. As a consistency test, we verified that the constraints 

btained from C 

��
� for larger smoothing scales were consistently 

ess tight than those found for θ = 2 arcmin (e.g. the error on S 8 
rows by 121 per cent when using θ = 10 arcmin). 

 CONCLUSIONS  

n this w ork, w e present the first application of marked angular
ower spectra to weak lensing data, using simulated convergence 
aps tailored to the Subaru Hyper Suprime-Cam Year 1 (HSC- 

1) survey, which is the current survey with the most similar
umber density of galaxies to Stage-IV surveys such as the Rubin
bservatory’s Legacy Survey of Space and Time (LSST; The LSST 

ark Energy Science Collaboration 2018 ). We inv estigat ed the
 For simplicity, we leave out the normalization factor 1 
σ (κθ ) . 

p  

E
f  
erformance of three different mark functions, each designed 

o emphasise different density environments, by evaluating their 
tatistical power in constraining cosmological parameters. 

To model the marked statistics as a function of cosmology, we
sed a Gaussian process emulator trained on a suite of 100 cos-
ological simulations varying �m 

and σ8 , each with 50 pseudo- 
ndependent realisations. The covariance matrix was estimated 

rom 2268 pseudo-independent maps derived from 108 full-sky 
imulations at a fiducial cosmology, cut and masked to match 

he HSC-Y1 footprint and galaxy properties. We note that, for 
implicity, we did not exploit cross-correlations between fields 
n different redshift bins, which could significantly tighten the 
onstraints found using both power spectra and marked statistics. 

Our key findings are as follows: 

(i) The combination of different marked statistics en- 
ances cosmological constraints (Fig. 8 ): the combination of 
ll three mark functions yields significantly tighter constraints on 

osmological parameters compared to using individual marks or 
he standard power spectrum alone. This is particularly true for S 8 
nd �m 

, with each mark probing different regions of the density
eld and contributing complementary information. 
(ii) Improved S 8 constraints (Figs 6 and 7 ): our fiducial 

nalysis, which includes cross- and autocorrelations of marked 

elds with smoothing scales of 2, 4, and 10 arcmin, and angular
cales in the range � ∈ [300 , 1500] , yields a constraint of S 8 ≡
8 
√ 

�m 

/ 0 . 3 = 0 . 804 ± 0 . 023 , corresponding to an improvement
actor of ∼ 1 . 43 (i.e. 32 per cent smaller uncertainties) over the
onstraint from C 

κκ
� alone, under identical scale cuts. 

(iii) Information leakage from small scales (Section 4.4 ): 
ue to the non-linear nature of the mark construction, marked 

ower spectra exhibit a non-trivial mixing of scales, allow- 
ng small-scale information to leak into large-scale modes. We 
emonstrate that this effect can be mitigated through the choice 
f smoothing scale and validate our scale cuts ( � max = 1500 )
g ainst known systematics. N evertheless, this implies that a sig-
ificant fraction of the improvement to the constraining power 
an be brought about by Gaussian information on smaller scales, 
ather than purely non-Gaussian data combinations. 

(iv) Robustness t o syst ematics (Fig. 4 ): w e assess the im-
act of key observational systematics, including baryonic effects, 

ntrinsic alignments, multiplicative shear bias, and photometric 
edshift uncertainties, on the inferred cosmology. We find that, 
ith appropriate smoothing choices and scale cuts, the bias in S 8 

emains within ∼ 0 . 4 σ for all t est ed syst ematics. 
(v) Theoretical implications (Section 4.4 ): we show that 

he marked angular power spectra contain contributions anal- 
gous to bispectrum and trispectrum configurations, providing 
 practical and interpretable method of capturing non-Gaussian 

nformation without directly computing higher-order correlators. 

These results demonstrate that marked power spectra, when 

pplied t o w eak lensing data, are able t o extract significant non-
aussian information. Combined with the ease with which these 

tatistics can be deployed in real data, this makes them a promis-
ng observable to exploit in ongoing and future experiments. 
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nputting data v ect ors calculat ed from simulations with varied 

osmology, our analysis shows a shift trend on the �m 

value 
 ecover ed by the inference, visible in the right panel of Fig. 3 . It
s worth noting that, in most of our analysis setups, �m 

is prior-
ominated, and thus the metric used in this figure does not rep-
esent the emulator bias as a fraction of the real statistical uncer-
ainties; a visual inspection of the contours indeed revealed that 

any of them are indeed prior-dominated, giving an artificially 
maller standard deviation. Therefore, for posteriors that hit the 
rior bounds, we do not displa y an y numerical offset. Based on
his visual check, we also mark cosmologies whose posteriors 
isually contain the true value within 1 σ with a green circle. 
or those where the posterior appears truly biased, we show the
umerical offset in terms of standard deviation beside the point. 
The offsets are significantly higher than those found for S 8 , for

hich constraints are data-dominated. We find m B to give the 
argest numerical contribution to this bias; however, it also drives 
he constraining power in �m 

. The cosmology models with the 
orst bias also seem to be consistent across marks m A and m B ,
ut m C has fewer trends toward overestimating �m 

. We expect 
his mark to be no more sensitive to small-scale overdensities 
han the usual power spectrum, which suggests that the source 
f the discrepancy could be related to small scales; however, this
rend is not seen clearly in the residuals of the power spectra
hemselv es. We leav e the inv estig ation of the sour ce of such bias
o future work. For this reason, we place emphasis on the im-
roved constraining power, rather than the value of �m 

inferred 

rom our analysis. 
t
i

igure B1. Posterior constraints for all three mark functions ( (A , B, C) using
alculated from the cov ariance-tr aining simulation set, and evaluated using the
f the covariance training set is marked in red. The three marks are shown in d
P P E N D I X  B :  S I M U L AT I O N  D I S C R E PAN C I E S  

e observe a systematic offset when inferring the cosmology of 
he covariance set simulations from (R. Takahashi et al. 2017 ).
nference is performed using an emulator trained on the cosmo- 
aried suit e, present ed in G. A. Marques et al. ( 2024a ), based on
he simulations of M. Shirasaki et al. ( 2021 ). This is a known
henomenon observed in the other NG HSC-Y1 papers using this 
nalysis technique (L. Thiele et al. 2023 ; D. Grandón et al. 2024 ;
. A. Marques et al. 2024a ; J. Armijo et al. 2025 ; S. Cheng et al.
025b ; C. P. Novaes et al. 2025 ). 

Fig. B1 shows the combined posterior constraints for all three 
ark functions across the three baseline smoothing scales, when 

nputting the mean of the covariance training simulations as 
 data v ect or. In black, w e plot the combination of all marks,
s used in the baseline analysis. In colour, we plot the results
sing only one of the mark fields such that the data v ect or is
 C 

κκ
� , C 

κ�
� , C 

��
� ] . For all analysis choices, S 8 is ov erestimat ed, re-

 ar dless of the choice of � max , while �m 

trend varies depending on
ark choice. The combined infer ence r emains largely consistent 
ith expectations, though a systematic shift in S 8 persists. This 
ias is likely caused by a mismatch in the predicted and true
ower spectra. It is known that for the unmarked power spectrum
 

κκ
� , the cosmo-varied suite has less power than the covariance
uite on large physical scales. This effect has been confirmed in
rior analyses, and is discussed in the appendix of S. Cheng et
l. ( 2025b ). We e xplor e the difference at the power spectrum level
n Fig. B2 , which shows the residuals between the emulated and
rue marked power spectra, broken down by mark type, smooth- 
ng scale, and redshift bin. 
MNRAS 546, 1–17 (2026) 

 smoothing scales of 2, 4, and 10 arcmin when inputting a data v ect or 
 emulator trained on the cosmo-varied simulations. The true cosmology 
ifferent colours, with the combination of the three shown in black. 



16 J. A. Cowell et al. 

M

Figur e B2. Per centage r esiduals betw een the pow er spectra construct ed by the emulat or tr ained on the v aried cosmology simulations, and true power 
spectra measured from the covariance training simulations directly. The residuals are defined as 100 × (C 

true 
� − C 

emu 
� ) /C 

true 
� , for the covariance training 

set. We show the residuals for all three mark functions, both cross- and autospectra, and two smoothing scales: 2 and 10 arcmin. Results are shown across 
all redshift bins. The standard C 

κκ
� 

spectrum is shown in black. 
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In black, labelled κκ , we show the standard power spectrum
 

κκ
� , where the lack of power on large scales is visible. The three
ark functions exhibit distinct behaviours: 

(i) The m A mark (yellow), which up-weights and anticorrelates
nder and overdense regions, shows moderate, scale-dependent
eviations, which appear to worsen with increasing redshift. 
(ii) The m B mark (blue), which ov erw eights ov erdensities,

isplays the largest residuals, particularly in the cross-spectrum
omponent shown in the inset, with deviations an order of 
agnitude larger than other marks. This term is sensitive to

ome configurations of the squeezed bispectrum. This spectrum,
n particular, has very low signal-to-noise, with a large variance
NRAS 546, 1–17 (2026) 
cross the covariance simulations. It is possible that the 50
ealizations of the cosmo-varied simulations are not enough
 o accurat ely predict this spectrum. Alt ernativ ely, unlike the
utospectrum, C 

κ�
� does not contain information proportional

 o the tw o-point function, and at all scales captures small-scale
nformation on the scale of the smoothing scale. How ev er, w e
ee a similar behaviour for 10 and 2 arcmin, suggesting this
ehaviour is more complicated than just a small-scale effect. A
utur e investig ation using the bispectrum applied to this data set
ould help illuminate this discrepancy. 

(iii) The m C mark (red), which up-weights underdense regions,
hows smoother residuals and is less strongly biased. Interest-
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ngly, at lower redshifts it appears t o hav e positiv e residuals,
hich switch with increasing redshift. 

Interestingly, while m B shows the largest spectral residuals, 
his does not translate into a proportionally large bias in pa- 
ameter inference (see Fig. B1 ). This suggests that some of the
eviation may cancel out in the compressed data v ect or, or that
he source of the discrepancy could be the low signal to noise,
hich is accounted for by the covariance matrix. 
The cause of the discrepancy between the two simulations is 

ot fully understood. The covariance simulations have been vali- 
ated against halofit (R. E. Smith et al. 2003 ) predictions and re-
roduce the convergence power spectrum within 5 per cent up to
 ∼ 3000 , how ev er they are almost affected by finite thickness ef-
ects, making their lensing power spectra very large scales smaller 
han the popular halofit predictions (R. Takahashi et al. 2017 ). 
he finite thickness effects are totally simulation-dependent and 

annot be corrected with any post pr ocessing . The cosmo-varied
imulations from M. Shirasaki et al. ( 2021 ) have higher mass
esolution and are expected to contain more small-scale power. 
ow ev er, the observ ed deficit in large-scale pow er is harder t o

xplain. One possibility is the use of adaptive box sizes along the
ight cone in the cosmo-varied suite, which may introduce subtle 
nconsistencies across scales. 

These findings highlight the importance of consistency be- 
w een simulation suit es when building emulat ors for non-
aussian statistics, especially when scale mixing is inv olv ed. Fur-

her inv estigation int o the discrepancy betw een the simulation
ets is needed to fully interpret these biases, and it may be diffi-
ult to find perfect consistency of S 8 inferences among different 
ocks at this stage. 
igure C1. Constraints on S 8 and �m 

from HSC-Y1 data using the baseline an
cale cuts with � min = 300 fixed. We do not take cr oss-corr elations between di
ur baseline analysis (� < 1500) , which passed systematic validation for S 8 in p

his paper has been typeset from a T E 
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P P E N D I X  C :  S C A L E  D E P E N D E N C E  ON  H S C -Y 1  

A  T  A  

n the analysis of the real HSC-Y1 data, we observe a consistent
ncrease in the inferred value of S 8 as smaller angular scales are
ncluded in the data v ect or . W e show the constraints on HSC-Y1
ata in Fig. C1 , where S 8 rises as higher � modes are added. This
rend is not seen when repeating the same analysis on simulated
ata v ect ors, as shown in Fig. B1 , but is true for both the marked
nd standard power spectra. In simulations, S 8 estimates remain 

ither consistent or exhibit a weak decrease with increasing � max .
his is true whether the data v ect or is generat ed from the covari-
nce suite or from the cosmology - varied simulations. 

This discrepancy raises several possible explanations. One is 
hat residual systematics in the HSC-Y1 data, such as unac- 
ount ed bary onic effects, intrinsic alignment, or photo- z shifts,
ould contribute to this scale-dependent bias. However, exten- 
iv e syst ematic t esting (see Section 3.8 ) suggests that such effects
lone cannot fully account for the observed trend. Another possi- 
ility is that the real Universe contains small-scale structures or 
hysics not captured by the current simulations, which rely on 

ravity-only (or fixed feedback) models. More likely is that the 
imulations do not have high enough resolution at small scales to
ccurately model the HSC-Y1 data, leading to a lack of power on
mall scales. This would cause the real universe to appear to have
 higher clustering at smaller scales, boosting the inferred value 
f S 8 . It is also known that the high convergence regions, which
re highly up-w eight ed by mark B, contain rich information
bout clust er-sized haloes, how ev er the simulations we use likely
annot accurately predict this regimem leading to a significant 
ias. Nevertheless, our fiducial scale cuts ( � max = 1500 ) ensure
hat this potential bias is kept within the statistical uncertainties. 

e leave a detailed investigation of this behaviour to future work.
MNRAS 546, 1–17 (2026) 

alysis choices of three marks and three smoothing scales, but varying the 
ffer ent mark models or tomographic bins. We show the constraint from 

ink. 

Access article distributed under the t erms of the Creativ e Commons A t tribution License 
nd reproduction in any medium, provided the original work is properly cited. 

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 THEORY OF MARKED FIELDS
	3 METHODS
	4 RESULTS
	5 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	A EMULATOR BIAS
	B SIMULATION DISCREPANCIES
	C SCALE DEPENDENCE ON HSC-Y1 DATA


