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Statement of Originality

In Chapter 2, we consider an elastic particle translating axially along the

centre-line of a rigid cylindrical tube. Two models are presented: an

asymptotic solution in the small deformation limit which utilises a similar

approach to Mietke et al. [1], and a non-linear numerical model which

uses arbitrary Lagrangian-Eulerian approach, similar to Villone et al. [2].

The work presented in Chapter 2 extends these analyses by considering

the first-order fluid problem, providing a comprehensive assessment of

the range of validity of the asymptotic solutions, and by including an

applied axial body force applied to the particle. The models and analyses

presented in Chapter 2 have been published in the IMA Journal of Applied

Mathematics.

The work in Chapters 3 and 4 contains, to our knowledge, the first math-

ematical consideration of finite thickness hydrogel-coated cells.

In Chapter 3 we model a hydrogel-coated cell in any unbounded Stokes

flow, forming an extension to [3] who instead considered a spherical elas-

tic particle in any unbounded Stokes flow. In the case of zero cell size,

the framework reduces to model a spherical poroelastic particle in any

unbounded Stokes flow, which extends the work of Young et al. [4] who

considered a spherical poroelastic particle in the subset of surrounding

flows which depend linearly on the spatial coordinates. A full analysis of

this special case has been submitted to the APS Physical Review Fluids

journal and is currently awaiting a reviewer response.

In Chapter 4 we model a hydrogel-coated cell translating axially along the

centre-line of a cylindrical tube and driven by Poiseuille flow. Similarly

to in Chapter 2, we again present both an asymptotic model in the small

deformation limit and a non-linear numerical model, both of which form

novel applications of the respective solution methods.



Abstract

This thesis explores the deformation and transport of deformable porous

structures in flow and under confinement, the insights of which can be

exploited in the development of next-generation cell therapies involving

individually encapsulated cells. The study is divided into three main

bio-inspired, fundamental fluid-structure interaction problems: an elastic

particle in tube flow and subject to an axial body force, a hydrogel coated

cell in an arbitrary unbounded flow, and the same coated cell in tube flow.

The first problem models an elastic particle translating axially along the

centre-line of a rigid cylindrical tube in equilibrium with a background

Newtonian viscous fluid. The flow is pressure-driven and an axial body

force is applied to the particle. Semi-analytical solutions are obtained

in the asymptotic limit of a small ratio of the viscous fluid forces to the

elastic stiffness, highlighting how background flow, axial body force, and

tube wall impact the particle’s velocity, deformation, and shear stress.

Additionally, a non-linear arbitrary Lagrangian-Eulerian finite element

implementation is used, in conjunction with various existing results from

the literature, to validate the semi-analytical solutions and interrogate

their range of validity.

The second problem develops a framework to study a hydrogel-coated cell

in an arbitrary, unbounded, three-dimensional Stokes flow. The coating

is assumed to be poroelastic and stiff such that the equations of linear

poroelasticity apply and interfacial conditions are linearised onto the un-

deformed surfaces. In steady state, the fluid inside the cell is stationary,

and the cell pressure preserves the undeformed cell volume. Special at-

tention is paid to the limiting case of zero cell size, which is shown to

instead model an initially spherical poroelastic particle. To demonstrate

the method, closed-form solutions for the translational velocity, rotation,

and surface deformation are presented and analysed for a background



shear flow and Poiseuille flow. These solutions are shown to exactly re-

duce to solutions in the literature for the limiting case of an impermeable

elastic particle with no-slip boundary conditions.

Finally, the tube flow analysis of the first problem is extended to model

the coated cell to assess the effect of the tube confinement on the cell’s

mobility and deformation. Similarly, semi-analytical solutions in the small

deformation limit are presented, along with non-linear finite element solu-

tions. This comprehensive investigation provides significant insights into

the mechanical cues experienced by a coated cell under tube confinement.
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Chapter 1

Introduction

Cirrhosis and other liver diseases rank among the leading causes of death in the UK

for those aged between 35 and 65 years [5, 6]. At present, the only curative treatment

for end-stage liver disease is organ transplant, which is unsustainable with rising de-

mand. Cell therapies, where donor cells injected directly into the blood stream transit

through the vasculature and engraft (attach) into the damaged tissue to promote re-

generation, hold promise as an alternative treatment to transplantation. Coating

the injected cells with a hydrogel (common examples include alginate and hyaluronic

acid) can enhance their effectiveness as the coating protects the injected cells from

an immune response, while increasing the proportion of cells which engraft into the

target tissue [7–9]. However, conventional coating methods can result in the forma-

tion of large cell aggregates in the host’s blood vessels which may be life threatening.

Recent advances in cell engineering allow for the binding of polymers directly to cell

surfaces, allowing for individual cell encapsulation [10, 11]. This has important impli-

cations for the development of cell therapies as the encapsulations are homogeneous,

have controllable thickness, and preserve the cell’s morphology. Encapsulating a cell

also impacts the mechanical cues it experiences from the surrounding environment.

Upon exposure to mechanical stimuli, for example fluid pressure or shear stress, the

intracellular cytoskeleton transfers stress to the cell nuclei, reproducibly upregulat-

ing expression of certain genes [12–15]. Importantly, a change in expression may

directly correspond to a change in the cell’s properties, with a key example being the

expression of integrins (a family of proteins) on the cell surface which can improve

cell adhesion [16]. The cell surface deformation is also important in this context.

Stretching of the cell membrane can open ion channels, activating signalling cascades

that again result in altered gene expression [17]. By adjusting the properties of the

hydrogel coating, such as stiffness, permeability, slip, and thickness, the stresses and
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(a) (b)

Figure 1.1: (a) The liver and spleen anatomy. Taken from Butterworth et al. [20].
(b) Biological schematic of a hydrogel-coated cell travelling through a liver sinusoid.

deformation imposed on the cell are modulated. It is therefore important to under-

stand how a hydrogel coating modulates the mechanical cues imposed on the cell to

interpret observed changes in gene expression.

Mathematical modelling forms a natural route for predicting the role of coatings

in cell therapies and has great potential for impact in biomedicine. Typically, the

development of a novel therapy is divided into three stages: in-vitro experiments per-

formed outside of a living body, in-vivo experiments which involve a living animal

(typically rodents), and clinical trials with human participants. Waters et al. [18]

outlined the common challenges in translating regenerative therapies to the patient,

detailing the potential benefits of computational or in-silico modelling. One major

benefit of in-silico models is that they can provide mechanistic insight into the many

interactions which underpin complex biological phenomena. By comparison to bio-

logical experiments, in-silico models provide a rapid and low-cost tool to efficiently

explore the parameter space and optimise the design of in-vitro or in-vivo experiments.

Additionally, new components, for example the inclusion of an immune component,

may be added to existing in-silico models to ‘bridge the gap’ between in-vitro and

in-vivo data. When integrated into the research pipeline, in-silico models have the

potential to reduce the number of in-vitro and in-vivo experiments required to reach

clinical trials. Relevant to this thesis, in Ashmore-Harris et al. [19] we outline how

mechanistic mathematical modelling can be utilised to accelerate the development of

liver cell therapies.

Figure 1.1 summarises the hydrogel-coated cell therapy within the liver, which is

2



Vessel d0 (µm) Vavg (µms−1) Re

Portal Vein 103 105 100
Large Vessel 400 400 0.16
Small Vessel 70 40 0.003

Table 1.1: Average typical sizes and velocities with a rough estimate for the Reynolds
number for different vessels in a mouse liver. Data for the portal vein from [22] and
data for the large and small vessels from [23].

comprised of hexagonal liver lobules containing small vessels called sinusoids. The

vessel structure within a liver is complex. Deoxygenated blood enters the liver through

the portal vein, from which the vessel structure branches many hundreds of times,

with vessels decreasing in size until the blood reaches the liver sinusoids. Then, the

blood flows into the hepatic vein where it leaves to liver. In Table 1.1 we present the

range of vessel sizes and flow rates for a typical mouse liver. We also present a rough

estimation for the Reynolds number in each of these vessel types, Re = ρVavgd0/µf ,

where d0 and Vavg are the typical vessel diameter and average fluid velocity, and ρ and

µf are the fluid density and viscosity, respectively. For the estimates of the Reynolds

number in Table 1.1 we use the density and viscosity of water. Since blood, which is

a complex fluid comprised of red blood cells, immune cells, and platelets suspended

in plasma, is shear thinning on the macro-scale [21], these estimates provide an upper

bound for the Reynolds number for blood.

V0 V0

ρ0

ez

eρ
a0

a1

θ

Va

Va

ϕ

Blood

Cell
Coating

Figure 1.2: Mathematical schematic of a hydrogel-coated cell translating along the
centre-line of a cylindrical tube with background Poiseuille flow far upstream and
downstream (V0 = 2Vavg), presented in the lab frame. The cell velocity in the lab
frame is Vaez.

The goal of this thesis is to develop a mechanistic mathematical model relevant
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to an individual hydrogel-coated cell translating through a smaller vessel in the liver.

To achieve this, we set up the canonical fluid-structure interaction (FSI) problem

presented in Figure 1.2 which contains all the components of the biological problem:

a cell region, a hydrogel coating region, a surrounding blood flow region, as well as

the vessel confinement. This model aims to provide mechanistic insights which can

be exploited in the development of next-generation cell therapies via a quantification

of the mechanical cues imposed on the cell.

Throughout this thesis, we model the blood as an incompressible Newtonian fluid.

This is motivated by the small shear rates for smaller vessels in Table 1.1 and a small

size ratio of the native cell populations and the coated cells. For reference, in mice, a

red blood cell has typical diameter 5.8−7.3 µm [24] and a hepatocyte has a diameter

of 50 µm [25]. The coating thickness inevitably depends on the coating process, and

may be varied experimentally [11]. We assume the coatings are of finite thickness, and

consider a wide range of different thicknesses. Motivated by the small Reynolds num-

ber for smaller vessels in Table 1.1 we also neglect inertial effects such that external

fluid is described by the well-known Stokes equations. In-vitro studies typically use

a phosphate-buffered saline (PBS) solution which has similar mechanical properties

to water. Mimicking the geometry of a smaller vessel in the liver, we again expect

a small Reynolds number, further validating the use of the Stokes equations in this

context. For both in-vitro and in-vivo applications we assume the injected cells are

dilute in the suspending fluid, and consequently consider only a single cell, omitting

any interactions between the injected cells themselves. Since we focus on capturing

the hydrodynamic (not chemical) interactions, we model the hydrogel coating as a ho-

mogeneous poroelastic material, and the cell as a sack of incompressible viscous fluid

enclosed by an extensible membrane (fluid capsule). Cell membranes are composed

of lipids and so are hydrophobic. However, molecules (including water) may diffuse

across the cell membrane via the opening of ion channels [26]. For simplicity, we omit

the passive diffusion of water molecules across the cell membrane due to osmosis and

assume the cell membrane is impermeable to the surrounding fluid. Additionally, we

assume the cell is soft in comparison with the coating and adopt a ‘no-membrane’

model such that we neglect any elastic response of the membrane. This assumption

will be discussed in detail in Section 3.2.3.

The vessel wall is assumed to be rigid and impermeable. In reality, vessel walls

are deformable, and are comprised of endothelial cells between which other cells may

pass in a process called extravasation. In-vitro experiments often use plastic tubing

when flowing cells which may be considered rigid. Whilst there have been efforts to
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mathematically capture the geometric complexity of the liver, most notably Ho et al.

[27] who developed a pipeline to generate a patient-specific, digitised vessel structure

which may be used to predict the effect of surgery, in this thesis we assume the tube

radius is constant. We also assume that the clearance between the cell and cylinder

is finite, and do not model coated cells which contact the vessel boundary, or tightly

fitting coated cells which squeeze through the vessel.

In building up the comprehensive system and understanding of this complex FSI

problem, it is natural to consider various different sub-problems. For instance, in the

limit in that the cell region shrinks to zero, we obtain the problem of a poroelastic

particle in a confined Stokes flow. In the limit that the permeability goes to zero,

this simplifies further to an elastic particle, and in the limit that the stiffness of the

poroelastic particle tends to infinity, we instead obtain a rigid porous particle. The

understanding gained from the interrogation of these various sub-problems builds

our intuition and mechanistic insight into the comprehensive system. Due to the

fundamental nature of these sub-problems (i.e., deformable porous structures coupled

to viscous flow in confinement) we find additional motivation in a wealth of scientific

applications. For example, the study of micro-gel beads [28], the characterisation of

material properties of deformable particles including cells (flow cytometry) [29, 30],

and cell and tissue engineering [31–34]. Further motivation comes from the use of

hydrogel particles for drug delivery systems [35–37]. By injecting a solution containing

drug-carrying hydrogel particles into the body, drug payloads can be delivered to

specific sites in a minimally invasive procedure. However, the pressure-driven flow

during injection can generate large shear stresses that damage the hydrogels and

cause the premature release of drug molecules. Modern experimental techniques also

motivate the study of biological cells exposed to a body force, which is included in

Chapter 2. Yeo et al. [38] investigated how magnetically tagged cells are transported

when exposed to a magnetic field and Zhang et al. [39] developed a method for

dragging an individual cell in hydrodynamic flows using optical tweezers, which does

not require direct contact with the cell itself.

We now provide an overview of the relevant mathematical literature surround-

ing each of the different components in the comprehensive system. In Sections 1.1.1

and 1.1.2 we review existing literature of particles in flow and under confinement.

Next, we review existing literature of deformable fluid capsules in Section 1.1.3, which

are often used as model for biological cells. We then consider the literature surround-

ing poroelastic shells and layers which are relevant to the coating, and the vessel wall,

respectively. Finally, the specific problems considered in this thesis are outlined in
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Section 1.2. Where necessary, we reserve more specific mathematical introductory

material to each content chapter.

1.1 Relevant mathematical literature

1.1.1 Rigid particles in flow

1.1.1.1 Non-porous particles

Much of the mathematical literature surrounding the motion of particles in low

Reynolds number flows is concerned with rigid impermeable bodies. Brenner and

Happel [40] developed the method of reflections (MoR), a semi-analytical, meshless

method to predict the flow surrounding an arbitrarily positioned small rigid particle

under tube confinement. The work of Brenner and Happel [40] has been extended

numerous times, including by Greenstein and Happel [41], who considered particle ro-

tation and Leichtberg et al. [42], who considered up to nine rigid particles positioned

along the tube centre-line, investigating the impacts of particle size and separation.

Modern computing allows solutions obtained using the MoR to be far more accurate

than their earlier counterparts. For example, more recently Bhattacharya et al. [43]

and Yao et al. [44] used the MoR to calculate the velocity field around one and two

rigid spheres arbitrarily positioned in a cylindrical tube, respectively, deriving rela-

tionships between the rigid particle velocities and the Stokes drag. These results form

an extension to Faxen’s law which describes the relationship between particle velocity

and Stokes drag for a single rigid sphere in an unbounded Stokes flow.

Other analytical/semi-analytical methods have also been considered for a rigid

particle in flow and under tube confinement. Bungay and Brenner [45] considered

a tightly-fitting rigid spherical particle in a cylindrical tube, using a lubrication ap-

proximation in the thin gap to calculate the force and torque imposed on the sphere,

as well as the change in pressure drop across the tube length. Yeh and Keh [46]

used a boundary collocation technique to instead consider a rigid prolate particle,

investigating the impact of the particle’s size and aspect ratio on its drag.

1.1.1.2 Porous particles

Much work has been done to extend these analyses to consider the motion of a

neutrally buoyant, rigid, porous particle suspended in a Stokes flow. Whittaker [47]

used volume averaging to show that the macroscopic flow through a rigid porous

medium with a small pore size is governed by Darcy’s law, in which the fluid flow
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is given by the product of the permeability and the pressure gradient. If the fluid

volume fraction is large (> 95%) an additional viscous term is added to Darcy’s law,

leading to Brinkman flow [48]. In this work we consider only Darcy’s law to describe

flow through porous structures, though we note that extension to Brinkman flow is

possible [49].

Yang and Hong [50] obtained analytic expressions for the flow through a spherical

Brinkman particle exposed to linear unbounded flows such as axisymmetric straining

flow and linear shear flow. This work was later extended to consider the impact of

an external planar interface on the particle’s motion [51, 52]. More recently, Prakash

and Sekhar [53] investigated the translational and rotational mobility of a spherical

Brinkman annulus with a rigid impermeable core, confined within a spherical cavity

filled with a viscous fluid, finding a reduction in mobility the closer the annulus was

to the external boundary. Other studies have explored porous spheres in tubes of

circular cross section, again focusing on how the confined geometry impacts mobility;

Saad and Faltas [54] used a boundary collocation technique to study a single Brinkman

sphere subject to a stress jump condition and Yao et al. [55] used the MoR to consider

the motion of two Brinkman spheres positioned along the tube centre-line.

A large body of work has been concerned with the derivation of boundary condi-

tions between a Stokes flow and a porous domain, rigid or deformable. This has lead

to various proposed slip conditions on the interface between the two domains [56–61].

Most recently, Xu et al. [61] derived three sets of interfacial conditions between a

Stokes flow and a deformable porous body, using a thermodynamic argument based

on energy dissipation. Several simple driving flows were used to compare each set

to those previously derived by Minale [60]. In this work we use boundary conditions

similar to those employed by Ruiz-Baier et al. [62] and Badia et al. [63], and are

summarized as the continuity of normal fluid flux, conservation of momentum, con-

servation of fluid normal stress, and the well-known Beavers & Joseph slip condition

[56]. To be clear, it is not our aim to advocate for any one set of boundary conditions

over another, and we stress that our framework is not limited to any particular choice.

1.1.2 Elastic and poroelastic particles in flow

Typically, poroelastic structures are modelled using a bi-phasic approach, where an

elastic solid skeleton is coupled to an interstitial viscous fluid through conservation

of mass and momentum [64, 65]. The theoretical study of poroelastic particles in

a surrounding viscous flow has received less attention than their rigid counterpart.

This is likely due to three main challenges:
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(i) There exists a two-way poromechanical coupling within the particle, where in-

ternal flow drives solid deformation and vice-versa.

(ii) The surrounding flow is coupled to the particle shape through a fluid-structure

interaction.

(iii) The internal flow in (i), and the surrounding flow in (ii), are themselves coupled

through a non-trivial choice of conditions at the interface between the particle

and surrounding viscous fluid.

Consequently, studies of poroelastic particles in a viscous flow are predominantly

numerical, often utilising techniques such as the immersed boundary method [66] and

the arbitrary Lagrangian-Eulerian (ALE) method to accurately capture the dynamics

of the fluid-structure interaction [32, 34, 67, 68]. We note that studies involving an

impermeable, elastic particle only require the consideration of (ii).

Small-deformation asymptotic reductions of fluid-structure (elastic or poroelastic

structure) interaction problems are not uncommon, and greatly simplify the couplings

between the fluid and solid mechanics [3, 4, 28, 69]. Specifically, by assuming the ra-

tio of typical viscous stress in the exterior flow to the solid skeleton’s elastic stiffness

is small, the solid deformation of the particle will be small. Hence, the particle can

be treated as linearly poroelastic and the interfacial conditions can be imposed on

the undeformed geometry. Under this assumption, the governing equations describ-

ing the fluid flow, particle velocity, and particle rotation decouple from the particle

deformation.

We first review the literature surrounding the simpler case of an elastic spherical

particle coupled to a Stokes flow. Murata [70] modelled the sedimentation of an elas-

tic sphere in an unbounded, stationary fluid in the limit of a small ratio of viscous

forces to solid stiffness, showing the particle undergoes no shape change to leading

order. Nasouri et al. [69] extended this framework to study the sedimentation of a

two-sphere swimmer consisting of one rigid particle and one neo-Hookean particle in

an unbounded, stationary fluid. Murata [3] modelled an elastic particle in a general

unbounded flow, with a key example being Poiseuille flow. Murata’s analytical frame-

work determines the fluid flow by prescribing the background flow with no particle

(this is given by the far-field flow) and adding a local correction to satisfy the inter-

facial conditions on the particle surface. Once calculated, the surface tractions are

computed and used to calculate the resulting particle deformation. Importantly, the

method does not fully consider the effect of a tube wall on the deformation. Mietke
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et al. [1] utilised the MoR to properly account for the tube wall in the leading-order

fluid problem, obtaining semi-analytical results for the small deformation of a par-

ticle in equilibrium which translates on the centre-line of a rigid cylindrical tube.

By imaging the steady deformation of a single cell travelling through a microfluidic

square channel, this model was then used to predict the Young’s modulus of the cell.

Later, Mokbel et al. [71] used a numerical method to model the large deformation of

the elastic particle, predicting the Young’s modulus of the cell using both a linearly

elastic and neo-Hookean constitutive model. Villone and Maffettone [28] used an

arbitrary Lagrangian-Eulerian (ALE) finite element method (FEM) to characterise

the mobility and deformation of an incompressible, neo-Hookean particle, modelled

as a drop of an upper-convected Maxwell viscoelastic fluid with infinite relaxation

time, in different surrounding Newtonian and non-Newtonian flows. Within a cylin-

drical tube, Villone et al. [2] numerically calculated the lateral migration velocity

of the particle for varying relative sizes and initial positions. Notably, these studies

all omit the presence of a body force acting on the particle. Noichl and Schönecker

[72] performed experiments investigating how the deformability of an elastic particle

affects its sedimentation velocity in a channel of square cross section, finding poor

agreement with existing analytical results [70]. This further motivates the study of

how geometric confinement impacts deformable particles in viscous flow.

Returning now to poroelastic particles, where there is much less work, Young

et al. [4] similarly used the small deformation asymptotic reduction to analytically

calculate the equilibrium shape of a weakly deformable poroelastic particle under

a linear flow, where the fluid velocity depends linearly on the spatial coordinates.

This model was later utilised by Xu et al. [61] to investigate the impact of different

interfacial conditions, concluding that a combination of complex flows and geometries

is required to properly interrogate the effects of a particular choice.

1.1.3 Deformable fluid capsules

Biological cells have been modelled using a variety of different approaches. White

blood cells may be simply modelled as a solid elastic bulk and bone cells are often

modelled as viscoelastic fluids [73–75]. Softer cells such as red blood cells1, and vesi-

cles are typically modelled as an incompressible viscous fluid surrounded by an elastic

1We note that there exists a wealth of literature surrounding the mathematical description of red
blood cells, including a spring membrane model and a viscoelastic membrane model (see Ju et al.
[76] and references within).
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membrane, or equivalently a fluid capsule [77, 78]. Mathematical studies of individ-

ual fluid capsules have been predominantly numerical, with particular interest paid

to characterising the dynamics of the cells (hydrodynamic lift force, tank treading,

tumbling) [78–80]. Analytical studies of spherical or elliptical capsules coupled to a

viscous flow often involve unbounded simple shear flow [81, 82]. Several studies have

considered the impact of confinement by modelling capsules transiting through a pipe

with either cylindrical or square cross section, with the focus on understanding how

this confinement impacts the capsule’s shape and mobility [73, 83–87]. For example,

Hu et al. [84] obtained three-dimensional numerical solutions assuming a neo-Hookean

membrane and Barakat et al. [73] considered an inextensible membrane, obtaining

both numerical and lubrication solutions in the limit of high confinement.

Understanding the impact of confinement on fluid capsules is of particular interest

to the development of microfluidic systems which exploit the complex hydrodynamic

interaction between the capsule and surrounding fluid to reliably sort cells based on

their deformability [88]. Various experimental configurations have been proposed.

For example, Guo et al. [89] sorted red blood cells through generations of tapered

constrictions driven by oscillatory flow and Häner et al. [90] sorted individual cap-

sules by flowing them through a partially obscured flow channel, showing that the

path selection of the capsule depends on its stiffness. Additionally, several studies,

experimental and computational, have used a branching flow channel to sort individ-

ual capsules, investigating how the capsule path selection depends on its deformation,

initial position in the feeding channel, the surrounding flow inertia and the branch

geometry [77, 91–93].

1.1.4 Poroelastic shells and coatings

The study of thin poroelastic bodies is motivated by a wide range of applications

including deformable filters and biological membranes [94, 95]. Taber and Puleo [96]

developed theories for the deformation of thin poroelastic plates and shells saturated

by a viscous fluid based on the consolidation theory of Biot [64], with a key example

being a poroelastic spherical shell. Later, Mikelić and Tambača [97] and Mikelić and

Tambača [98] derived generalised models for poroelastic flexural shells, for example,

cylindrical shells, conic shells, or plates, and poroelastic elliptical shells, respectively.

Motivated by the endothelial glycocalyx layer (EGL), a thin (∼ 1 µm), gel-like

layer that coats the inside of blood vessels [99], there are several theoretical studies

that consider the impacts of a thin deformable porous coating on the inside of a

rigid cylindrical tube. For instance, Secomb et al. [100] used lubrication theory to
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model the motion of a red blood cell in a capillary with an endothelial surface layer,

calculating the effect of the background flow velocity on the resultant cell shape and

velocity. Similarly, Damiano et al. [101] used lubrication theory to model a rigid pellet

translating through a cylindrical tube which is lined with a deformable porous layer,

showing a reduction in the pressure gradient in the lubrication region when the porous

layer is included. Relevant to this work, Wang and Parker [102] considered a tightly-

fitting rigid particle translating through a rigid cylindrical tube, with both the particle

and tube covered by a thin poroelastic layer. Using lubrication theory in the thin gap

between the particle and the tube wall, they showed that in the limit of a thin layer,

the effects of the porous layer reduce to a simple slip boundary condition. Following

an extensive literature search, Wang and Parker [102] was the only mathematical work

we found to explicitly model a deformable porous layer surrounding a particle in tube

flow. The recent development of hydrogel-coated cells motivates the consideration of

finite thickness deformable porous layers surrounding deformable particles/capsules.

1.2 Thesis outline

In Chapter 2, we model an elastic particle translating along the axis of the cylindrical

tube which is filled with a Newtonian viscous fluid. The particle is subject to a

background pressure-driven flow and an axial body force. This body force could

reflect gravity for a sedimenting particle under confinement, or a magnetic force from

tagging techniques in cell therapies [38]. We approach the problem using two different

solution methods: In the first we perform an asymptotic reduction of the problem

in the small deformation limit, utilising the MoR to calculate the leading-order and

first-order fluid problems, and in the second we develop an ALE FEM framework to

solve the full non-linear problem.

In Chapter 3 we consider a hydrogel-coated cell in any unbounded Stokes flow.

Expanding on the work of Murata [3], we develop a framework to obtain closed-form

solutions for the coated cell’s velocity, rotation, and deformation in terms of the cell

size, and the coating’s permeability, slip, and Poisson’s ratio in the small deformation

limit. We present solutions for a hydrogel-coated cell under a background shear and

Poiseuille flow, providing a comprehensive assessment of the impacts of the material

parameters in both cases. Special attention is paid to the case of zero cell size, which

is shown to instead model a poroelastic particle in any unbounded Stokes flow.

In Chapter 4, we consider a hydrogel-coated cell in tube flow. The coated cell is

modelled identically to in Chapter 3 and translates axially along the centre-line of the
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rigid cylindrical tube, subject to a background Poiseuille flow. Similar to Chapter 2,

we utilise the MoR to solve the leading-order flow through the coating in the small

deformation limit, using the associated tractions and Darcy pressure to analytically

calculate the leading-order coating deformation. Additionally, we develop an ALE

FEM framework to solve the full non-linear problem.

Finally, in Chapter 5 we summarise our work and discuss the key results obtained.

We conclude by discussing potential extensions to the models.
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Chapter 2

The impact of confinement on the
deformation of an elastic particle
under axisymmetric tube flow

2.1 Chapter summary

We model an elastic particle translating along the axis of the cylindrical tube which is

filled with a Newtonian viscous fluid. The particle is subject to a background pressure-

driven flow and an axial body force. We present the full non-linear problem and

perform an asymptotic reduction in the limit of a small ratio of typical viscous forces

to elastic stiffness, as described in Section 1.1.2. The leading-order fluid problem is

shown to be pressure-driven Stokes flow past a rigid sphere which is subject to the

axial body force, and is solved using the method of reflections, similar to [1]. The

MoR has been previously utilised to calculate Poiseuille flow around a single rigid

sphere [3, 40, 41, 103–105], with the main differences between publications being the

convergence criteria used to truncate the infinite system of equations that arise after

successive reflections of the flow from the spherical and cylindrical boundaries. While

explicit solutions are presented in these works, their accuracy is restricted by only

considering a small number of terms due to computational limitations.

Once calculated, the traction exerted by the fluid on the particle is used to ana-

lytically calculate the leading-order deformation of the particle. By considering the

first-order fluid problem, the next-order correction to the translational velocity of the

particle is shown to be zero. Depending on the magnitude of the ratio of applied body

force to viscous forces, the particle can either have a bullet-like shape, an anti-bullet

shape, or retain its original spherical shape. A finite element implementation is also

presented to validate the MoR solutions, as well as interrogate their range of validity.
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Previous authors have shown that the lateral migration forces acting on a de-

formable particle may be decomposed into an elastic restoring effect and a wall-

induced lift, both of which push the particle toward the centre-line of the tube, to-

gether with inertial lift which pushes the particle away from the centre-line (see [85]

and references within). Motivated by this, since we neglect fluid inertia, we assume

the particle translates along the centre-line of the tube. We investigate steady flows

and examine the individual effects of the background Poiseuille flow, axial body force,

and the addition of the tube wall on the translational velocity of the particle, the re-

sulting deformation, and the induced solid stress within the particle. We additionally

investigate the impact of the particle deformation on the surrounding fluid, and show

that the effect on the particle’s velocity is weak. We use results from Murata [3], [45],

and Villone et al. [2], along with our own non-linear ALE finite element simulations,

to comprehensively assess the validity of the analytic results. The MoR solutions give

deeper analytical insight than the ALE FEM solutions and provide a more practical

tool for interrogating the effect of changing the background Poiseuille flow, axial body

force and particle size. The ALE FEM solutions, however, solve the full non-linear

problem and so may be used to the investigate finite deformations and to quantify

the range of validity of the MoR solutions.

This chapter is structured as follows. In Section 2.2 we formulate the problem,

non-dimensionalising through physical arguments. We then perform an asymptotic

expansion in the limit of a small ratio of typical viscous fluid stress to elastic stiff-

ness in Section 2.3. In Section 2.4, we present the semi-analytic MoR used to solve

the leading-order and first-order fluid problems, alongside our non-linear ALE finite

element method. In Section 2.6, we first study the cases of a particle exposed to a

background Poiseuille flow only, and under an axial body force only, comparing our

MoR solutions with pre-existing results from the literature and our ALE FEM solu-

tions. We then use the MoR implementation to investigate the combined effects of a

background Poiseuille flow and axial body force on the flow field, particle deformation

and induced stress. Finally, we provide a closing discussion in Section 2.7.

2.2 Problem formulation

We model an initially spherical elastic particle translating axially along the centre-line

of a cylindrical tube driven by Poiseuille flow in the far field and under the influence

of an axial body force. We define spherical and cylindrical coordinate systems (r, ϕ, θ)

and (ρ, ϕ, z), with corresponding unit vectors (er, eϕ, eθ) and (eρ, eϕ, ez), respectively.
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Figure 2.1: We consider an elastic particle translating with velocity Vaez along the
centre-line of a cylindrical tube driven by Poiseuille flow in the far-field and subject
to an axial body force fez. We work in the frame of reference of the translating
particle, resulting in sliding walls of velocity −Vaez. The fluid domain and solid
domains are denoted by Ωf and Ωs, respectively, with the interface between the two
phases denoted by ∂Ω.

We align the z-axis with the central axis of the tube and choose both origins to

coincide with the centre of the particle as shown in Figure 2.1. We assume the problem

is axisymmetric and has reached a steady equilibrium. The maximum magnitude of

the background tube flow is V0 in the lab frame and the undeformed particle and

tube radii are given by a0 and ρ0, respectively. In the lab frame, the translational

velocity of the particle, Va, is unknown and will generally depend on the particle size

and its material properties. We work in the frame of reference of the centre of mass

of the particle such that we see sliding walls with velocity −Vaez. The fluid and solid

domains are denoted by Ωf and Ωs, respectively, with the interface between the two

denoted by ∂Ω.

2.2.1 Governing equations

The flow of fluid in the tube is governed by the incompressible Stokes equations,

∇ · σf = 0, (2.1)

∇ · v = 0, (2.2)
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where v is the fluid velocity and σf is the stress tensor for a Newtonian viscous fluid

given by

σf = −pfI + µf

[
∇v + (∇v)T

]
, (2.3)

with pf the fluid pressure and µf the fluid viscosity. The superscript T denotes the

transpose. The above expressions are presented using Eulerian coordinates, and we

formulate the solid problem also in Eulerian coordinates.

The elastic particle is governed by the conservation of momentum equation,

∇ · σs + fez = 0, (2.4)

where σs is the solid stress tensor and fez is a constant body force acting on the

particle in the axial direction. For the elastic constitutive relation we choose an

isotropic, incompressible neo-Hookean description,

σs = −psI + µs(F · F T − I), (2.5)

where ps is the solid pressure, 1
2

(
F · F T − I

)
is the strain tensor and µs is the elastic

shear modulus. The deformation gradient tensor, F , is defined through its inverse

F−1 = I − ∇u, where u is the displacement vector. The displacement vector is

defined as u(x) = x − X(x), where X is the position of a material point in the

undeformed configuration and x is the current position vector of this point. The

incompressibility condition is imposed as

det(F ) =
1

det(F−1)
= 1. (2.6)

Under the assumption of infinitesimal strain, Equations (2.5) and (2.6) reduce to the

equations of incompressible linear elasticity,

σs = −psI + 2µse, (2.7)

∇ · u = 0, (2.8)

where e = 1
2

(
∇u+ (∇u)T

)
is the linear elastic strain tensor. Equations (2.7)

and (2.8) are useful for informing the non-dimensionalsation and will guide our choice

of perturbation parameter in Section 2.3.

We now present the boundary and interfacial conditions. Far upstream and down-

stream of the particle we impose Poiseuille flow of maximum magnitude V0 in the lab

frame in a tube whose walls have axial velocity −Vaez,

v(z → ±∞) = V0

(
1 − ρ2

ρ20

)
ez − Vaez. (2.9)
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On the tube wall, ρ = ρ0, we impose

v = −Vaez, (2.10)

corresponding to no penetration and no-slip. Since we work in the frame of reference

of the particle the no-slip and no-penetration boundary conditions on ∂Ω are given

by

v = 0. (2.11)

We impose continuinty of stress on ∂Ω,

σf · n = σs · n, (2.12)

where n is the outward-pointing unit normal to the surface of the deformed particle.

The deformation of the interface is denoted by

u(rs) = rs − a0er, (2.13)

where rs is the position of the interface.

By integrating the stress balance (2.4), applying the divergence theorem and using

the interfacial condition (2.12) we obtain the equilibrium relation,

˚
Ωs

f dV + Fz = 0, with Fz =

‹
∂Ω

ez · σf · n dS, (2.14)

where Fz is the viscous drag exerted by the fluid on the elastic particle in the axial

direction. This will be useful later for predicting the translational velocity of the

elastic particle Va given a body force of magnitude f .

2.2.2 Non-dimensionalisation

We non-dimensionalise as follows, using stars to denote dimensionless variables,

ρ∗ =
ρ

ρ0
, v∗ =

v

V0
, p∗f =

ρ0
µfV0

pf , σ∗
f =

ρ0
µfV0

σf . (2.15)

We non-dimensionalise lengths with the tube radius ρ0, velocities with V0, and fluid

pressure and stress with the viscous pressure scaling. Motivated by the interfacial

stress condition (2.12), we non-dimensionalise the solid pressure and stress identically

to the fluid stress, and scale the axial body force appropriately to the momentum

equation for the solid phase (2.4),

p∗s =
ρ0
µfV0

ps, σ∗
s =

ρ0
µfV0

σs, f ∗ =
ρ20
µfV0

f. (2.16)
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We introduce the parameter ϵ = µfV0/µsρ0 to characterise the size of the elastic

strain, which is determined by dividing the solid stress by the shear modulus in (2.7).

Having determined a scale for the elastic strain, it follows from the strain tensor that

the solid displacement is of order ϵρ0, and is non-dimensionalised as,

u∗ =
u

ϵρ0
. (2.17)

We henceforth drop the stars for convenience.

The full dimensionless problem is then governed by

∇ · σf = 0, (2.18)

∇ · v = 0, (2.19)

σf = −pfI +
[
∇v + (∇v)T

]
, (2.20)

in Ωf , and

∇ · σs + fez = 0, (2.21)

σs = −psI +
1

ϵ

(
FF T − I

)
, (2.22)

det(F ) = 1, (2.23)

in Ωs, where

F = (I − ϵ∇u)−1 . (2.24)

In the limit of small ϵ we have the following,

F = I + ϵ∇u+O
(
ϵ2
)

and det(F ) = 1 + ϵ∇ ·u+O
(
ϵ2
)
, as ϵ→ 0. (2.25)

The expansions (2.25) will be useful for the asymptotic analysis in Section 2.3.

The dimensionless boundary conditions in the far field are

v(z → ±∞) =
(
1 − ρ2

)
ez − Vez, (2.26)

and on the walls of the cylindrical tube, ρ = 1,

v = −Vez. (2.27)

On the fluid-particle interface, ∂Ω, we have

v = 0 (2.28)

σf · n = σs · n, (2.29)
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ϵu(rs) = rs − αer. (2.30)

In addition to ϵ we have two further dimensionless values: α = a0/ρ0, the blockage

factor, which is the ratio between the undeformed particle and tube radii, and V =

Va/V0 which represents the ratio between the translational velocity of the particle

and the maximum magnitude of the Poiseuille flow in the lab frame. The equilibrium

condition (2.14), used to calculate the particle’s translational velocity, remains the

same after non-dimensionalisation.

2.3 Asymptotic analysis of a stiff particle

We now assume that ϵ≪ 1, corresponding to the limit of a stiff particle, and expand

variables in powers of ϵ,

v = v(0) + ϵv(1) + · · · , pf = p
(0)
f + ϵp

(1)
f + · · · , σf = σ

(0)
f + ϵσ

(1)
f + · · · , (2.31)

u = u(0) + ϵu(1) + · · · , ps = p(0)s + ϵp(1)s + · · · , σs = σ(0)
s + ϵσ(1)

s + · · · , (2.32)

where the superscript i denotes the associated power of ϵ. We similarly expand the

translational velocity of the elastic particle, the viscous drag, and the position of the

interface,

V = V(0)+ϵV(1)+· · · , Fz = F (0)
z +ϵF (1)

z +· · · , and rs = r(0)s +ϵr(1)s +· · · . (2.33)

We proceed by assuming α, and the body force magnitude f , are O(1) as ϵ→ 0. At

each order in ϵ, we separate the problem into the respective fluid and solid parts. We

show that the leading-order fluid problem decouples from the solid problem and is

therefore not impacted by the deformation of the particle. The fluid stress provides a

surface traction on the elastic particle which drives the leading-order solid problem.

In the analysis that follows, we impose a body force f , and calculate the transla-

tional velocity V . We could equally solve the inverse problem using this framework

by fixing the translational velocity and calculating the body force required to achieve

this translational velocity equilibrium through (2.14). In this case we would asymp-

totically expand the body force f , as the translational velocity V is prescribed.

2.3.1 Limiting geometries

While not the focus of the present study, it is important to comment on the case

when α → 1. Previously in Section 2.3, we characterised the solid strain by the

dimensionless parameter ϵ, requiring ϵ ≪ 1 to satisfy the small strain assumption.
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However, assuming the tube remains rigid, we expect the pressure in the lubrica-

tion layer between the tube wall and particle to increase such that assumption of

infinitesimal strain is broken, even for ϵ≪ 1. This suggests a restriction on ϵ related

to the particle size α. Bungay and Brenner [45] studied a tightly-fitting, concen-

trically positioned rigid sphere in a cylindrical tube, finding that, for the cases of

pressure-driven flow around a stationary particle and a particle translating through

an otherwise stationary fluid, the fluid pressure in the lubrication region scales with

δ−5/2 to leading order in δ, where δ = (1 − α)/α. It was also shown that the shear

stress in the lubrication region scales with δ−2 such that the pressure forms the main

contribution to the stresses acting on the particle. Thus, by using the pressure scale

in the lubrication region as a measure of the fluid stress exerted on the particle and

imposing stress conservation across the boundary, it follows that for α → 1, in order

for the solid strain in the particle to be small, we require

ϵδ−5/2 ≪ 1. (2.34)

We may also rearrange (2.34) to predict the range of suitable particle sizes for fixed

ϵ,

1 − α ≫ ϵ2/5. (2.35)

We expect similar restrictions to apply with a general combination of pressure-driven

flow and axial body force but these require a detailed asymptotic analysis that is

beyond the scope of this thesis.

We can also consider the case α → 0. In this case, the spatial variables for the

solid problem must be rescaled according to x → αx, in which case the stress tensor

becomes

σs = −psI +
1

ϵα

(
FF T − I

)
. (2.36)

Consequently, for small α we require

ϵα ≪ 1, (2.37)

to satisfy the infinitesimal strain assumption, suggesting the asymptotic expansion in

ϵ remains valid for a wider range of ϵ for α → 0 compared with α → 1.

2.3.2 Leading-order fluid problem

The leading-order incompressible Stokes equations are

∇p(0)f = ∇2v(0), (2.38)
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∇ · v(0) = 0. (2.39)

Expanding the kinematic condition (2.30) we find r
(0)
s = αer, implying boundary

conditions are applied on the undeformed particle surface, a sphere of radius α. The

boundary conditions (2.26)–(2.28) at leading order give

v(0) →
(
1 − ρ2 − V(0)

)
ez as z → ±∞, (2.40)

v(0) = 0 at r = α, (2.41)

v(0) = −V(0)ez at ρ = 1. (2.42)

Equations (2.38)–(2.42) form a full description of the leading-order fluid problem.

The particle does not deform at this order and so the leading-order fluid problem is

equivalent to a rigid sphere under axisymmetric, pressure-driven tube flow subject to

an axial body force. We note that the leading-order fluid pressure is determined up

to an arbitrary constant and we choose to set pf = 0 at z = 0 and ρ = 1. To leading

order, the equilibrium condition (2.14) gives

4

3
fπα3 + F (0)

z = 0, (2.43)

where the leading-order magnitude of the Stokes drag acting on the particle is given

by

F (0)
z = 2πα2

ˆ π

0

ez · σ(0)
f · er sin θ dθ. (2.44)

Noting that v(0) depends linearly on the magnitude of the background Poiseuille

flow and particle velocity, so too do σ
(0)
f and F

(0)
z . We can thus write a dimensionless,

revised version of Faxen’s law as

F (0)
z = 6πα

(
D(0)(α) −K(0)(α)V(0)

)
, (2.45)

defining D(0)(α) and K(0)(α) as the wall correction factors [55]. Substituting the

expression for F
(0)
z (2.45) into Equation (2.43) we obtain the explicit result for the

leading-order translation velocity,

V(0) =
D(0)(α)

K(0)(α)
+

2

9

α2

K(0)(α)
f. (2.46)

Setting f = 0 in Equation (2.46) we obtain the leading-order translational velocity

under no applied body force, motivating the decomposition

V(0) = V̂ + Ṽ , with V̂ =
D(0)(α)

K(0)(α)
and Ṽ =

2

9

α2

K(0)(α)
f. (2.47)
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By decomposing the translational velocity in this way, we split the leading-order fluid

problem into two parts: a rigid sphere under no body force driven by Poiseuille flow

in the tube, resulting in the translational velocity V̂ , and a rigid sphere subject to

an axial body force with no background flow, resulting in the translational velocity

Ṽ . The explicit dependence on body force given by Ṽ is similar to that obtained by

Murata [70] for an elastic particle under a body force in an unbounded domain, with

the addition of 1/K(0)(α) capturing the effect of the tube wall.

2.3.3 Leading-order solid problem

The leading-order equilibrium equation for the solid is

∇ · σ(0)
s + fez = 0, (2.48)

where combining (2.22) and (2.25) we reduce to a linearly elastic stress-strain rela-

tionship to leading order

σ(0)
s = −p(0)s I + ∇u(0) + ∇u(0)T . (2.49)

The incompressibility condition is then given by Equation (2.25),

∇ · u(0) = 0, (2.50)

such that the leading-order solid displacement and pressure are also governed by

Stokes equations. The interfacial condition (2.29) gives,

σ
(0)
f · er = σ(0)

s · er at r = α, (2.51)

and the kinematic condition (2.30) at leading-order gives

r(1)s = u(0) at r = α. (2.52)

2.3.4 First-order fluid problem

We consider the first-order correction to the flow field around the elastic particle.

We again have the Stokes equations relating fluid velocity and pressure at this order,

Equations (2.38) and (2.39). The far-field condition (2.26) gives

v(1) → −V(1)ez as z → ±∞, (2.53)

where V(1) captures how the leading-order deformation of the particle affects its trans-

lational velocity within the tube. The velocity condition on the tube wall is

v(1) = −V(1)ez at ρ = 1, (2.54)
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while the velocity condition (2.28) at O(ϵ) gives,

v(1)(r, θ) = −∇v(0)(r, θ) · r(1)s (r, θ) = −u(0)r (r, θ)
∂v(0)(r, θ)

∂r
at r = α, (2.55)

where we have used the fact that

∂v(0)(α, θ)

∂θ
= 0. (2.56)

Expanding Equation (2.14), the viscous drag acting on the particle at first order is

2πα2f

ˆ π

0

u(0)r sin θ dθ + 2πα2

ˆ π

0

ez · u(0) · ∇σ(0)
f · er sin θ dθ

+ 2π

ˆ π

0

ez · σ(0)
f ·

[
∂r

(0)
s

∂θ
× ∂r

(1)
s

∂ϕ
+
∂r

(1)
s

∂θ
× ∂r

(0)
s

∂ϕ

]
dθ

+ 2πα2

ˆ π

0

ez · σ(1)
f · er sin θ dθ = 0 at r = α, (2.57)

where × denotes the cross product and we have expanded the magnitude of the

surface deformation as

|rs| = α + ϵu(0)r (r, θ) + O(ϵ2) at r = α. (2.58)

We show later in Section 2.4.1.4 that the first-order correction to the translational

velocity V(1) = 0.

2.4 Solution methods

2.4.1 Semi-analytical implementation

Solving the leading-order fluid problem involves a mix of geometries; the cylindrical

tube motivates the use of a cylindrical coordinate system, while the undeformed

particle is more naturally considered via a spherical coordinate system. To account

for this mix of geometries, we choose to employ the method of reflections (MoR),

though we could equally select another suitable method, for example a collocation

technique or boundary element method [54, 106].

In this subsection we introduce the MoR and apply it to the leading-order fluid

problem. We then consider the leading-order solid problem, presenting general so-

lutions for the deformation and relevant stress components. Finally, we consider

the first-order fluid problem, showing the first-order correction to the translational

velocity is zero.
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2.4.1.1 Method of reflections

The method of reflections, originally developed by Brenner and Happel [40], is a

meshless semi-analytic method which involves splitting up the problem such that only

one set of boundary conditions, and consequently coordinate system, is considered at

any time. We present full details of the MoR in Appendix A along the lines of Yao

et al. [44, 55]. Due to the linearity of the Stokes equations and boundary conditions

we can decompose the velocity field as follows,

v(i) = v(i,0) + v(i,1) + v(i,2) + · · · , p
(i)
f = p

(i,0)
f + p

(i,1)
f + p

(i,2)
f + · · · , (2.59)

where v(i,j) corresponds to the j-th term in the series for v(i), and v(i) are the O(ϵi)

terms in the asymptotic expansion; see Section 2.3. Terms with odd j (v(i,odd), p
(i,odd)
f )

are calculated by solving Stokes equations using a spherical coordinate system and

imposing the interfacial conditions on the particle, while terms with even j (v(i,even),

p
(i,even)
f ) are calculated by solving Stokes equations using a cylindrical coordinate

system and imposing the boundary conditions on the tube wall. Since each term

corresponds to a reflection, the addition of a new term using either a spherical or

cylindrical coordinate system, j is defined as the reflection number.

2.4.1.2 Leading-order fluid problem

We apply the MoR to solve the system of equations defining the leading-order fluid

problem (2.38)–(2.42). We begin by choosing

v(0,0) = (1 − ρ2 − V(0))ez, (2.60)

which ensures all other velocity components must vanish for z → ±∞, or equivalently

for contributions in spherical coordinates, r → ∞. Equation (2.60) guarantees we

satisfy the far-field condition (2.40) and the boundary conditions on the tube wall

(2.42). The only conditions left to satisfy are the boundary conditions on the surface

of the sphere (2.41). To address this, we transform v(0,0) to spherical coordinates

(details given in Appendix A.1) and introduce v(0,1) such that v(0,0) + v(0,1) together

satisfy the boundary conditions on the surface of the sphere. By including the ve-

locity component v(0,1) we disrupt the boundary conditions on the tube wall, (2.42).

To reimpose these boundary conditions we convert the expression v(0,0) + v(0,1) to

cylindrical coordinates, and add v(0,2) such that v(0,0) + v(0,1) + v(0,2) satisfies Equa-

tion (2.42). This process repeats indefinitely with v(0,even) calculated by satisfying
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Equation (2.42) using a cylindrical coordinate system, and v(0,odd) found by satisfy-

ing Equation (2.41) using a spherical coordinate system. We summarise the process

via the following equations:

v(0,0) = (1 − ρ2 − V(0))ez, (2.61)

v(0,1) =

{
−v(0,0), r = α,

0, r → ∞,
(2.62)

v(0,2) =

{
−v(0,1), ρ = 1,

0, z → ±∞,
(2.63)

v(0,3) =

{
−v(0,2), r = α,

0, r → ∞,
(2.64)

...

If we truncate the velocity series at an odd term then we fully satisfy the interfacial

condition on the surface of the sphere, with an error on the tube wall. If we truncate

the velocity series at an even term then the opposite is true. We define a solution

as having converged when the most recent contribution to the net force acting on

the sphere is at least five orders of magnitude smaller than the net force from all

components. The details of this are presented in Appendix A.4.

The final solution obtained involves a combination of expressions in both spherical

and cylindrical coordinate systems, which each individually satisfy Stokes equations,

and when added satisfy both the boundary conditions on the tube wall and bound-

ary conditions on the sphere surface simultaneously. Crucially, we can obtain semi-

analytical expressions for the fluid velocity, pressure and stress on the undeformed

boundary of the sphere at r = α. The semi-analytic nature of these expressions

originates from the integrals present in the general solution for the velocity field in

cylindrical coordinates (A.17)–(A.19) which must be evaluated numerically. Conse-

quently, the expressions for the total velocity field in spherical coordinates are of the

form

v(0)r (θ)|r=α =
∞∑
n=2

[
−α−n−1(An +Bnα

2) + ṽ(r,n)
]
Pn−1(cos θ), (2.65)

v
(0)
θ (θ)|r=α =

∞∑
n=2

[
−α−n−1((n− 1)An + (n− 3)Bnα

2) + ṽ(θ,n)
]

csc θ Cn(cos θ), (2.66)

where Pn(cos θ) are the Legendre polynomials of order n and Cn are the Gegenbauer

polynomials of order n and degree −1/2. The subscripts r and θ correspond to the

25



radial and azimuthal components of a vector in spherical coordinates, respectively,

and the subscript n corresponds to the summation. We write the associated pressure

field as,

p
(0)
f (θ)|r=α = −2

∞∑
n=2

[
2n− 3

n
Bnα

−n + p̃(n)

]
Pn−1(cos θ), (2.67)

and the relevant stress components using the fluid constitutive relation (2.20),

σ
(0)
f,rr(θ)|r=α =

∞∑
n=2

[
2α−n−2

(
(n+ 1)An +

(
n2 + n− 3

n

)
Bnα

2

)
+ σ̃(rr,n)

]
Pn−1(cos θ),

(2.68)

σ
(0)
f,rθ(θ)|r=α =

∞∑
n=2

[
2α−n−2

(
(n2 − 1)An + n(n− 2)Bnα

2
)

+ σ̃(rθ,n)
]

csc θ Cn(cos θ).

(2.69)

Here, the tensor components, σ
(0)
f,ij = ei ·σ(0)

f ·ej. In Equations (2.65)–(2.69) the coef-

ficients An and Bn arise naturally from the stream function series for the velocity field

in spherical coordinates, see (A.4), while the coefficients ṽ(r,n), ṽ(θ,n), p̃(n), σ̃(rr,n), σ̃(rθ,n)

arise from projecting terms calculated using a cylindrical coordinate system onto the

undeformed particle surface via Equations (A.9) and (A.10). All of these projections

are performed numerically due to the difficulty of converting the general solutions for

velocity and stress from cylindrical to spherical coordinates. To solve the leading-

order fluid and solid problems, we use the first three non-zero terms in the stream

function series which correspond to n = 2, 4, 6. This is because the far-field flow can

be written exactly using terms with n = 2 and 4 and, under this external flow, the

presence of the tube wall exclusively drives terms with even n in the stream function

series. The impacts of this truncation choice on solution accuracy are discussed in

Appendix A.4.

The fluid normal and shear stress calculated from the leading-order fluid problem

act as tractions to drive a deformation of the elastic particle. From the MoR we have

known, semi-analytic expressions for these forcing terms given by Equations (2.68)

and (2.69).

2.4.1.3 Leading-order solid problem

At this order the solid displacement is governed by Stokes equations with a body

force. Restricting to terms which remain finite as r → 0, the solution is given by
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Happel and Brenner [107],

u(0)r (r, θ) = − 1

10
fr2 cos θ −

∞∑
n=2

rn−2(Cn + r2Dn)Pn−1(cos θ), (2.70)

u
(0)
θ (r, θ) =

1

20
fr2 sin θ +

∞∑
n=2

rn−2(nCn + (n+ 2)r2Dn) csc θ Cn(cos θ), (2.71)

p(0)s (r, θ) = −2
∞∑
n=2

1 + 2n

n− 1
rn−1DnPn−1(cos θ). (2.72)

We calculate the relevant stress components using the constitutive relation (2.49),

σ(0)
s,rr(r, θ) = −2

5
fr cos θ − 2

∞∑
n=2

rn−3

(
(n− 2)Cn +

(
n2 − 3n− 1

n− 1

)
r2Dn

)
Pn−1(cos θ),

(2.73)

σ
(0)
s,rθ(r, θ) =

3

10
fr sin θ + 2

∞∑
n=2

rn−3(n(n− 2)Cn + (n2 − 1)r2Dn) csc θ Cn(cos θ).

(2.74)

In general, Cn and Dn in Equations (2.73) and (2.74) are calculated by imposing

continuity of traction on the particle surface (2.51). We then obtain the solid dis-

placement by substituting Cn and Dn into Equations (2.70) and (2.71), with the

position of the free surface given by Equation (2.52). The coefficient C2 in Equation

(2.70) corresponds to translation and so does not generate any stress in Equation

(2.73) and (2.74). Since C2 is not set by the interfacial conditions we must impose

another condition to pin this translational degree of freedom. Here, we choose to set

the net axial displacement to be zero via

ˆ π

0

ˆ α

0

(ez · u(0)) r2 sin(θ) dr dθ = 0, (2.75)

noting that another common choice is to set the particle displacement at the origin

to zero. Substituting the above expressions for displacement (2.70) and (2.71) into

(2.75) gives

C2 = −α2

(
f

10
+D2

)
, (2.76)

such that the centre of mass of the particle is unchanged when deformed.

2.4.1.4 First-order correction to the translational velocity

We again apply the MoR to solve the first-order correction to the local flow field

outlined by Equations (2.53)–(2.55). Since the leading-order fluid and solid problems
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involve only terms with even n (see Section 2.4.1.2), we see the velocity condition

on the particle surface (2.55) generates terms with odd n in v(1) since v(0) and u(0)

contain only terms with even n. Terms with even n arise due to the unknown first-

order correction to the translational velocity, generated by the far-field condition

(2.53) and the boundary conditions on the tube wall (2.54) since even n terms satisfy

the wall conditions. Critically, in Equation (2.57) terms with odd n do not contribute

to the net drag on the particle and so we find that

−6παK(0)(α)V(1) = 0, (2.77)

such that the first-order correction to the translational velocity is zero. We interpret

this result via a consideration of symmetry. We expect the velocity of a deformable

particle to be an odd function of the applied body force and pressure gradient across

the tube as inverting the direction of either changes the sign of the particle velocity.

The leading-order velocity depends linearly on the applied body force and pressure

drop and is the same for both a deformable particle and a rigid sphere of the same

radius. The first-order contribution to the particle velocity is forced by (2.55) and so

is quadratic (even) in both the applied body force and pressure drop. It is therefore

necessary to calculate the second-order contribution to the particle velocity expansion

to see a difference between rigid and deformable particles.

We note that the second-order contribution to the particle velocity could, in the-

ory, be obtained through the use of the reciprocal theorem, which would avoid the

explicit calculation of the full second-order velocity field [108]. This method relies

on the construction of integral relations through the reciprocal theorem, which are

simplified through knowledge of the boundary conditions on the second-order velocity

field. The use of the reciprocal theorem to predict the second-order contribution to

the particle velocity would require the calculation of the first-order particle defor-

mation and is beyond the scope of the present study. Here, we instead utilise fully

non-linear finite-element simulations to investigate higher-order contributions to the

particle velocity and other quantities of interest.

2.5 Finite element implementation

To investigate the range of validity of the MoR solutions, we solve the full non-linear

fluid-structure interaction (FSI) problem via the finite element method using an arbi-

trary Lagrangian-Eulerian (ALE) approach. We construct a steady, 2D axisymmetric
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implementation which greatly improves efficiency (typically ≲ 1 minute per simula-

tion) compared to the previous time-dependent, 3D numerical study by [2] which

took an average of 2 − 3 days per simulation. For reference, calculation of the MoR

solution takes < 1 second per simulation. In the finite element implementation, we

instead work in the lab frame for convenience such that the particle translates with

velocity V . The ALE approach couples the Lagrangian solid problem with the Eule-

rian fluid problem, which is transformed into a Lagrangian frame via the fluid mesh

displacement ua ∈ Ωf such that the undeformed reference configuration is used as the

computational domain. The fluid mesh displacement has no physical interpretation,

and acts to project the solid displacement into the fluid domain. Consequently, an

arbitrary governing equation may be used to calculate the fluid mesh displacement;

in this study we use the equations of linear elasticity for the fluid mesh displacement.

We use the finite element library fenics with the additional package multiphenics

to implement the ALE method, generating meshes via gmsh [109–112]. We use P2

elements for the fluid velocity, solid displacement, and fluid mesh displacement and

use P1 elements for the pressures.

We present an overview of our non-linear arbitrary Lagrangian-Eulerian (ALE)

finite element model. The ALE method couples the Lagrangian solid problem and

the Eulerian fluid problem. For clarity regarding these configurations, we again write

X and x as the reference (Lagrangian) and current (Eulerian) configurations. For

brevity, we present only the key details of the ALE problem set-up and refer the

interested reader to Slyngstad [113]. To ensure accuracy in the finite element solutions

we used the method of manufactured solutions to test the solid, fluid, and ALE solvers,

presenting details in Appendix B.1.

2.5.1 Lagrangian solid problem

To distinguish between the Eulerian presentation of the solid problem in Section 2.2

and the Lagrangian solid problem we specify the Lagrangian gradient as ∇X . It will

also be useful to define the undeformed solid, fluid, and boundary domains as Ω̂s, Ω̂f ,

and ∂Ω̂, respectively. The solid problem is then described by the balance of linear

momentum,

∇X · P = 0, (2.78)

where the first Piola-Kirchhoff stress tensor P = JσsF
−T and F = I +∇Xu. Again

assuming the particle is incompressible, we have the further constraint (2.23).
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2.5.2 Eulerian fluid problem

The Eulerian fluid problem is governed by the dimensionless Stokes equations (2.18)–

(2.20). However, it is convenient to choose the undeformed reference configuration as

the computational domain. To do this, we must transform the fluid equations to the

reference configuration. We define the fluid mesh displacement associated with this

transformation, and the associated deformation gradient tensor and Jacobian as

ua ∈ Ω̂f , Fa = I + ∇Xua, Ja = detFa, (2.79)

respectively. Making use of Nansen’s formula,

ndS = JaF
−T ·NdSX , (2.80)

where n and N are the normal vectors in the deformed/reference configurations,

respectively, we may write the stress balance across the fluid-solid interface (2.29) as

JaσfF
−T
a ·N = P ·N , (2.81)

which is imposed on the undeformed particle boundary ∂Ω̂. Nansen’s formula (2.80)

may also applied in conjunction with the divergence theorem to transform the Eule-

rian fluid equations to the reference configuration,

∇X · (JaσfF
−T
a ) = 0, (2.82)

∇X · (JaF
−1
a v) = 0, (2.83)

σf = −pfI + (∇Xv)F−1
a + F−T

a (∇Xv)T . (2.84)

2.5.3 Arbitrary coupling

The solid displacement us ∈ Ω̂s is physically motivated and provides a mapping

between the undeformed reference and deformed configurations. The fluid mesh dis-

placement ua ∈ Ω̂f has no such physical interpretation. We require continuity of

displacement (ua = us) along the fluid-solid interface and do not permit normal

fluid displacements along non-moving boundaries. Under these boundary conditions,

the fluid mesh displacement extends any solid displacement into the fluid domain,

and may be solved for using arbitrary governing equations. Previous studies have

required ua satisfy Laplace’s equation, the equations of linear or non-linear elasticity,

or the biharmonic equation [113]. In this study we opt to use the equations of linear

elasticity such that

∇X · σa = 0 (2.85)
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σa =
νaEa

(1 + νa)(1 − 2νa)
∇X · ua +

Ea

2(1 + νa)

[
∇Xua + (∇Xua)

T
]
, (2.86)

where νa and Ea have no physical interpretation and in general do not have a con-

sistent impact on problem convergence. After experimentation via a grid search, we

opted to use νa = 0.1 and Ea = 1 in this work. To be clear, νa and Ea are dimen-

sionless, where Ea is defined relative to the corresponding properties of the particle.

2.5.4 Numerical implementation

In addition to the unknowns v, pf ,u, ps,ua we utilise several Lagrange multipliers

to impose further constraints. These are, Ld ∈ Ω̂s which ensures the mean solid

displacement is zero, V ∈ Ω̂s which is the particle’s translational velocity, Lf ∈ ∂Ω̂

which corresponds to the fluid traction acting on the solid, Lp ∈ Ω̂f which ensures

the mean fluid pressure is zero, and La ∈ ∂Ω̂ which enforces the continuity of the

fluid and solid displacement.

In order to solve an axisymmetric implementation of the FSI problem we may

extend the Cartesian equations to use a cylindrical coordinate system [62]. There are

several facets to consider in this extension. For example, we write the axisymmetric

(cylindrical) divergence as

∇X · v = ∂zVz +
1

ρ
∂ρ(ρVρ) = ∇Cart

X · v +
Vρ
ρ
. (2.87)

The axisymmetric gradient operator is identical to the Cartesian counterpart when

applied to a scalar. When applied to vector we have

∇Xv = ∇Cart
X v +

Vρ
ρ
eϕ ⊗ eϕ, (2.88)

which introduces further terms into the axisymmetric implementation. This can be

seen, for example, in the determinant,

J = JCart
(

1 +
uρ
r

)
. (2.89)

The final change comes from the differential volume and surface area,

dX = ρ dXCart = ρ dρ dz, (2.90)

dS = ρ dSCart. (2.91)

We now present the weak variational problem for the non-linear axisymmetric

ALE FSI problem. We define the test functions w, qf ,d, qs,da,Md,W,Mf ,Mp,Ma
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associated with v, pf ,u, ps,ua, Ld,V ,Lf , Lp,La, respectively. Multiplying the govern-

ing equations by the respective test function, integrating, and applying integration

by parts the solid equations are

−
ˆ
Ω̂s

σs : ∇Xd ρ dρ dz − 1

ϵ

ˆ
Ω̂s

(
1 +

uρ
ρ

)
dρ dρ dz +

ˆ
Ω̂s

(
1

ϵ
+ ps

)
dρ

ρ

ρ+ uρ
dρ dz

+

ˆ
Ω̂s

fdz ρ dρ dz +

ˆ
Ω̂s

Lddz ρ dρ dz −
ˆ
∂Ω̂X

Lf · d ρ dSCart = 0, (2.92)

ˆ
Ω̂s

(J − 1)qs ρ dρ dz = 0. (2.93)

Similarly, the fluid equations are

−
ˆ
Ω̂f

σf : ∇Xw ρ dρ dz −
ˆ
Ω̂f

J

(
2Vρwρ

(ρ+ Vρ)2
− pfwρ

ρ

ρ

ρ+ Vρ

)
ρ dρ dz

+

ˆ
∂Ω̂X

Lf ·w ρ dSCart = 0, (2.94)

ˆ
Ω̂f

∇X · (JF−1v)qf ρ dρ dz +

ˆ
Ω̂f

Lpqf ρ dρ dz = 0. (2.95)

The fluid mesh displacement equations are

−
ˆ
Ω̂f

σa : ∇Cart
X da ρ dρ dz −

ˆ
Ω̂f

1

1 + νa

ua,ρda,ρ
ρ

dρ dz

+

ˆ
∂Ω̂X

La · da ρ dSCart = 0. (2.96)

We now use the various Lagrange multipliers to enforce their respective constraints.

First, we impose the continuity of fluid velocity at the particle surface,
ˆ
∂Ω̂X

Mf · (v − Vez) ρ dSCart = 0, (2.97)

the continuity of fluid and solid displacement at the particle surface,
ˆ
∂Ω̂X

Ma · (u− ua) ρ dSCart = 0, (2.98)

zero mean fluid pressure, ˆ
Ω̂f

pfMp ρ dρ dz = 0, (2.99)

zero mean axial solid displacement,
ˆ
Ω̂s

uzMd ρ dρ dz = 0, (2.100)
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Figure 2.2: Wall correction factors, K(0)(α) and D(0)(α), for varying α. The solid lines
are our MoR solutions and the dashed lines are adapted from Bungay and Brenner
[45], and were obtained using a lubrication approximation with a rigid particle.

and balance the fluid drag with the axial body force,

ˆ
∂Ω̂

(Lf · ez)W ρ dSCart −
ˆ
Ω̂s

fW ρ dρ dz = 0. (2.101)

These constraints together describe a particle under an axial body force f in equilib-

rium with the surrounding flow, and automatically calculates the equilibrium particle

velocity.

2.6 Results

We now present results from both the MoR solutions and the non-linear ALE FEM

solutions. We begin by considering the case of a particle in Poiseuille flow with f = 0,

discussing the particle velocity and deformation. We then provide similar results for

the case of a particle translating under an axial body force with no background

Poiseuille flow. We use the ALE FEM solutions, along with relevant results from the

literature where possible, to both validate the MoR solutions and probe their range of

validity. Finally, we use the MoR implementation to investigate the combined impacts

of the Poiseuille flow and body force on the particle shape, experienced stress, and

the surrounding velocity field.

2.6.1 A particle in Poiseuille flow

We first present the wall corrections factors for the leading-order fluid problem in

Figure 2.2, obtained by substituting the fluid stress into Equation (2.44) and isolating

the parts which depend on the background Poiseuille flow and the particle velocity.

We also present the equivalent results by Bungay and Brenner [45], obtained using a

lubrication approximation for a rigid particle as α → 1.
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Under no axial body force, the leading-order translational velocities are given by

the ratio of D(0) and K(0) in Figure 2.2. We plot these MoR velocities against our

FEM predictions for varying α in Figure 2.3a, using three different values of ϵ for the

FEM predictions. We additionally plot the results by Murata [3] and Bungay and

Brenner [45] which are valid for small and tightly-fitting rigid particles, respectively.

The purely analytical solution by Bungay and Brenner [45], obtained in the limit

α → 1, diverges quickly from the MoR and FEM solutions such that we observe a

discrepancy from the FEM solution even for α = 0.9. Conversely, the purely analytical

solution by Murata [3] provides a good approximation for small α, but diverges as

α increases. This too is expected, as Murata does not fully consider the tube wall,

instead assuming the Poiseuille flow is unbounded. Murata’s solution is identical to

that obtained by the method of reflections with reflection number j = 1. If the particle

size is small compared to the cross section of the tube then the influence of the tube

wall on the flow, and thus its impact on the stresses at the particle’s surface which

result in the translation of the particle, is small. Both our MoR and FEM approaches

impose no-slip on the tube wall, allowing the effect of the tube wall on the particle to

be captured fully. This is ensured for the method of reflections if sufficient reflections

are included for convergence and n in the spherical stream function series is large

enough to accurately project cylindrical contributions to the undeformed surface of

the particle when calculating ṽ(r,n), ṽ(r,θ), σ̃(rr,n) and σ̃(rθ,n) in Equations (2.65), (2.66),

(2.68) and (2.69). Our MoR solutions are presented for α ≤ 0.8 since the number

of reflections required for a solution increases with α and the choice of three non-

zero terms in the spherical stream function series, corresponding to n = 2, 4, 6, is

not enough for accurate projection when α > 0.8. Both issues are discussed and

quantified in Appendix A.4.

We observe strong agreement between our MoR and FEM solutions when ϵ is

small, validating the method of reflections for this application. As α increases the

non-linear predictions begin to diverge from the MoR predictions. In Figure 2.3b we

quantify this divergence for three different particle sizes, presenting log-log plots of

the norm of the absolute error between the FEM and MoR particle velocities over a

wide range of ϵ. In each of these plots, we increase ϵ until the FEM implementation

no longer converges, and note that the non-linear FEM predictions are in fact smaller

than the MoR predictions. In each plot we observe a roughly straight line with

average slope 2.17, indicating the predicted quadratic departure of the non-linear

solution. We note that the data points with α = 0.2 and ϵ = 0.05, 0.1 are due to

the accuracy limitations associated with the truncation choices in the MoR, and the
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Figure 2.3: (a) Predicted velocity of a particle under a background Poiseuille flow
(f = 0) for varying α. Graphs are shown for the MoR (solid lines) and our finite
element implementation for different ϵ (squares, triangles, and circles), as well as for
the implementations by Murata [3] and Bungay and Brenner [45] which are valid for
small and tightly-fitting rigid particles, respectively. (b) Log-log plots of the norm
of the absolute error between the non-linear FEM solution and the MoR solutions,
increasing ϵ for three different particle sizes. In each case, the non-linear particle
velocity is smaller than the MoR prediction (see, for example, the inset in (a)). Linear
lines of best fit are also presented, omitting the clear non-linear trend for ϵ > 0.5.
The average slope across the three lines is 2.17.

numerical nature of the FEM solution which are larger than the O(ϵ2) perturbation

error. In general, we observe that the error increases with particle size for fixed ϵ as

expected from (2.34) and (2.37), and note that with a smaller particle larger values

of ϵ were attained before the FEM solver failed to converge. We acknowledge that

the range of ϵ tested in Figure 2.3b is large, with the asymptotic solution predicting

the non-linear particle velocity to within 1% when ϵ = 1 and α = 0.2. As α → 0,

we expect the MoR solution to be robust to increases in ϵ as in this limit ϵ does not

properly reflect the magnitude of the induced solid strain within the particle. This

is because firstly, as previously discussed in Section 2.3.1, all lengths are scaled on

the tube radius and so a factor of α is missing (see (2.37)). Additionally, the flow

local to the particle approaches a uniform flow as α → 0, under which the particle

surface deformation is O(ϵ2) [70]. These combined effects result in the observed strong

agreement between the MoR and numerical methods for exceedingly large ϵ.

Interestingly, the sign of the discrepancy between the our MoR and FEM solu-

tions is dependent on the particle size; though slight, the particle velocity decreases

with ϵ when α ≤ 0.6 and increases with ϵ as α → 1. This is detailed in Figure 2.4a,

where we present the difference between the deformed and undeformed particle ve-

locities as predicted by the FEM solution method. Several particle sizes ranging

from α = 0.1 to 0.9 are presented over a range of ϵ. For reference, in Figure 2.4b

we present the surface deformation of the particle for varying ϵ when α = 0.6 and
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Figure 2.4: (a) Difference between the deformed and rigid particle velocities using the
FEM solution method, varying ϵ for several particle sizes. (b) Surface deformation
(z-x plane) for various ϵ with α = 0.6 (top) and α = 0.8 (bottom).

α = 0.8. For an elastic particle sedimenting in an unbounded flow, Nasouri et al.

[69] showed that an incompressible particle’s terminal velocity is slightly decreased

(O(ϵ2)) when compared with a rigid particle. This dependency is similarly observed

here for particles with α ≤ 0.6 under tube confinement. We expect this is a result

of the axial compression causing bulging of the particle out toward the tube wall,

decreasing the minimum distance between the elastic particle and the tube wall, and

increasing the particle’s drag; see, for example, Figure 2.4b when α = 0.6. For larger

particles, however, we observe the reverse dependence. Here, the particle deformation

involves an axial elongation (see Figure 2.4b with α = 0.8), increasing the width of

the lubrication layer between the particle and tube wall which we anticipate results in

an increased particle velocity. This is analogous to the results of Barakat and Shaqfeh

[87] who studied the motion of closely fitting vesicles under cylindrical confinement

with varying initial shapes including spherical. We note also that the dependency of

the particle velocity on ϵ is not strictly monotonic. In Figure 2.4a, when α = 0.65,

the particle velocity initially increases and then decreases with ϵ. We identify this

particle size as the transition region between these two dependencies. Due to the lim-

itations of our numerical method, it is unclear whether the graphs with larger α turn

around if ϵ is increased further. More sophisticated numerical methods, or alternate

asymptotic approaches are required to fully understand the limit of a soft particle

(ϵ→ ∞).

We now calculate the leading-order surface deformation of the particle, presenting

results in Figure 2.5. Here, we compare our MoR and FEM solutions for various
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Figure 2.5: Surface deformation with α = 0.6 and f = 0 for (a) ϵ = 0.08, (b) ϵ = 0.2,
and (c) ϵ = 0.4. Graphs are shown for both the MoR (solid, coloured lines) and our
ALE FEM implementation (circles), as well as for the implementations by Murata
[3] and where possible Villone et al. [2]. In each plot, we also show the undeformed
particle boundary via the solid, black lines.

values of ϵ with the implementation by Murata [3], and, where possible, the ALE

FEM fluid structure interaction simulations conducted by Villone et al. [2]. For small

ϵ (Figure 2.5a), we see agreement between all four methods. As we increase ϵ, the

analytical predictions begin to diverge from the non-linear FEM solutions. Murata

[3] is the first to diverge due to the lack of proper consideration of the tube wall.

With the tube wall properly considered, our MoR solutions more accurately mimic

those predicted by both our FEM solutions and those by Villone et al. [2], achieving

the predicted bullet-like shape at ϵ = 0.4.

We quantify the performance of the MoR solution in comparison to Murata [3]

in Figure 2.6, where we present log-log plots of the L2-norm of the departure of

the FEM displacement from the MoR solutions and those predicted by Murata [3],

averaging across the particle boundary. For each α tested we observe a comparatively

smaller error in the MoR deformation, as was qualitatively observed in Figure 2.5.

The slope of each line of best fit reflects the dependence of the departure on ϵ. As

expected, the MoR plots have an average slope of 2.00, since the MoR solutions

accurately approximate the O(ϵ) contribution to the particle deformation. Instead

testing the Murata [3] predictions, we observe an average slope of 1.07, indicating

the purely analytic solution does not predict the leading-order particle deformation

as accurately as the MoR solution.

2.6.2 A particle under an axial body force

We now investigate the impact of applying an axial body force with magnitude f with

no driving Poiseuille flow. We note that if the body force here is the effect of gravity,

we model the sedimentation of a particle under tube confinement. In Section 2.2.2 we

non-dimensionalised using the Poiseuille velocity V0. In the absence of the background
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Figure 2.6: Log-log plots of the L2-norm of the departure of the FEM displacement
along the particle boundary from the MoR solutions (solid lines of best fit) and
Murata [3] (dot-dashed lines of best fit) for three different values of ϵ. Here, the
average gradient using the MoR solution is 2.00 and using Murata is 1.07.

Poiseuille flow, the velocity scale V0 is redefined and determined by balancing viscous

stresses with the body force to obtain V0 = ρ20f0/µf , where f0 is the typical body

force magnitude. Using this scaling we recover Equation (2.47) which determines

the relationship between the body force and particle velocity Ṽ . In Figure 2.7a we

present Ṽ for varying particle sizes, choosing the dimensionless f = 10 to obtain an ϵ

range which is comparable to the above analysis for a particle in Poiseuille flow. We

present MoR and FEM predictions, and also the results of Murata [70] and Bungay

and Brenner [45], which describe rigid particles sedimenting in an unbounded flow and

under strong tube confinement, respectively. We note that the behaviour as α → 0,

Ṽ ∝ α2, is a consequence of the choice of length scale ρ0 which is convenient for the

MoR. In this limit, the total body force applied to the particle is proportional to α3

and the Stokes drag force is proportional to α, resulting in the observed behaviour.

Re-dimensionalising (2.47) we recover consistency with the standard result for the

sedimentation velocity of a rigid particle in an unbounded flow. Conversely, as α → 1,

Ṽ is decreased by the tube wall, since K(0) ∝ δ−5/2, δ = (1 − α)/α in this limit. The

trade-off between these two effects leads to a maximum translational velocity at an

intermediate value when α ≈ 0.4. At this value we see the largest translational

velocity for a given body force.

We see Murata’s prediction, which considers an unbounded external flow, quickly

diverges from the MoR solution for an equivalent particle under tube confinement.

The prediction by Bungay and Brenner [45] also diverges from the MoR and FEM pre-

dictions when α = 0.8. Unsurprisingly, the MoR and FEM predictions are consistent

for small ϵ.

In Figure 2.7b we present log-log plots of the norm of the absolute error between

the FEM and MoR predictions for the particle velocity over a wide range of ϵ, sim-
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Figure 2.7: (a) Equilibrium velocity of a particle with f = 10 and no background
Poiseuille flow for varying α. Graphs are shown for the MoR (solid lines) and our
finite element implementation for different ϵ (squares, triangles, and circles), as well
as for the implementations by Murata [70] and Bungay and Brenner [45] which are
valid for small and tightly-fitting rigid particles, respectively. (b) Log-log plots of
the norm of the absolute error between the non-linear FEM solution from the MoR
solutions, increasing ϵ for three different particle sizes. Linear lines of best fit are also
presented with the average slope being 2.00.

ilar to Figure 2.3b for a particle in Poiseuille flow. We note the FEM predictions

are smaller than the MoR solution for each presented α and again observe quadratic

divergence, with the average slope of 2.00. We observe the absolute error is compa-

rable to Figure 2.3b, though we note the relative error is larger than in the purely

pressure-driven case since the particle velocity in Figure 2.7a is typically O(0.1).

For an elastic particle subject to an axial body force in an unbounded domain the

leading-order surface deformation is zero [69, 70]. Consequently, any leading-order

surface deformation predicted by our MoR and finite element implementations is

caused directly by the tube walls. In Figure 2.8 we present surface deformation plots

for varying ϵ, again choosing f = 10. For a positive f we observe a similar bullet-like

shape to that induced by the Poiseuille flow, though note the particle appears to have

a shorter axial length. We attribute the decrease in particle velocity in Figure 2.7a to

the bulging effect this has on the particle, most visible in Figure 2.8 with ϵ = 0.7 in

the FEM solution, decreasing the gap width between the particle and tube wall. As

α → 1 we expect instead that the particle is stretched along the z−axis, resulting in

an increased gap width [87]. This stretching increases the particle velocity as observed

in Figure 2.7a when α = 0.9. We also computed ||uFEM − u(0)||2 along the particle

boundary, which again indicated the error of the MoR solution was O(ϵ2).
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Figure 2.8: Surface deformation with α = 0.6, f = 10, and no driving Poiseuille flow
for (a) ϵ = 0.1, (b) ϵ = 0.4, and (c) ϵ = 0.7. Graphs are shown for both the MoR
(solid, coloured lines) and our ALE FEM implementation (circles). In each plot, we
also show the undeformed particle boundary via the solid, black lines.

2.6.3 Combined effects of the Poiseuille flow and body force

Having validated the MoR solutions using the non-linear ALE FEM implementation,

we proceed by only considering the MoR solutions, and operating within their tested

range of validity. We investigate the combined effects of the driving Poiseuille flow

and applied body force by linearly combining the velocities, stresses, and deformations

obtained from separately solving the problems with no applied body force and no

driving Poiseuille flow. For consistency, we again scale the velocity on the background

Poiseuille flow by using V0 as presented in (2.9). From these individual problems we

observe both left and right-pointing bullet-like shapes suggesting that for a given α,

there exists a negative (pointing upstream) body force magnitude such that these

shapes approximately cancel. When this critical body force is applied, we see little

surface deformation, though it is not identically zero. This critical body force at

which we predict little surface deformation is represented in Figure 2.9 by the green

line, where we use the deformation at θ = 0 as a metric to represent this scenario.

The surface displacement of the particle at θ = 0 is positive above the green line and

negative below such that Figure 2.9 forms a phase diagram, with the particle taking

the shape of a rightward-pointing bullet above the green line, and a leftward-pointing

bullet below it. Examples of these bullet-like shapes are inset in Figure 2.9, with each

one corresponding to the closest red dot.

Within the context of mechanosensitive particles, it is important to consider how

the solid stress, in particular the shear stress σ
(0)
s,rθ, is distributed throughout the bulk

of the particle. Figure 2.10 details the minimum and maximum values of σ
(0)
s,rθ with

α = 0.6 for a range of axial body forces; the range of stress values obtained throughout

the bulk is contained in the shaded region. With f = 0 we have no body force and thus

observe the stress developed purely due to the background Poiseuille flow. To study

the induced stress in the bulk we consider three choices for the applied body force
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Figure 2.9: Deformation phase diagram for different f and α. The green line cor-
responds to the critical velocity at which there is little deformation of the particle
boundary. Above this line the shape is that of a bullet pointing to the right, and
below the shape is that of a bullet to the left. Examples of the surface deformation
are given with ϵ = 0.1 (undeformed particle in black), with each corresponding to
the closest red dot. The applied body forces corresponding to the labels (i), (ii), and
(iii) are f = −107.7,−39.3 and 31.0, respectively. Plots generated using our MoR
implementation.

f = −107.7,−39.3 and 31.0 from left to right, which correspond to the translational

velocities V(0) = 0, 0.493 and 1. As shown in Figure 2.9, these choices, marked by the

red dots, serve as examples for the different kinds of surface deformation: a leftward-

pointing bullet, little radial deformation at r = α and θ = 0, and a rightward-pointing

bullet. With f = −107.7 (V(0) = 0), the particle is pinned in the lab frame and so

σ
(0)
s,rθ is negative in the upper half, corresponding to clockwise shear, and positive

in the lower half, corresponding to anti-clockwise shear. For the plots with little

deformation at θ = 0, corresponding to f = −39.3 (V(0) = 0.493), we see a similar

profile, except with a lower magnitude since the sliding wall reduces the shearing effect

of the background Poiseuille flow on the particle surface. With f = 31.0 (V(0) = 1),

we see that the shearing effect from the sliding wall now dominates such that σ
(0)
s,rθ

with r = α and θ = π/2 in the upper half is positive, corresponding to anti-clockwise

shear. Closer to the tube axis, we still observe negative σ
(0)
s,rθ in the upper half, due

to the shearing effect of the Poiseuille flow. By increasing the body force magnitude

further, the sliding wall would dominate more strongly such that σ
(0)
s,rθ is completely

positive in the upper half and negative in the lower half.

This is evident in Figure 2.11 where we present the corresponding leading-order

and first-order streamline plots with the body force magnitudes f = −107.7,−39.3, 100.3

and α = 0.6. In Figure 2.11a, when the particle is pinned in the lab frame, the stream-

lines divert around the sphere generating a large clockwise shear stress on the particle
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Figure 2.10: Maximal and minimal value of σ
(0)
s,rθ for varying translational velocities

with α = 0.6, where the shaded region indicates the range of values obtained through-
out the particle bulk. For f = −107.7,−39.3, 31.0 ((i), (ii), (iii)) we present the stress
throughout the bulk of the particle. These values are chosen identically to those in
Figure 2.9, and are representative of the different key boundary shapes obtained by
the particle. Here, red and blue correspond to positive (anti-clockwise) and negative
(clockwise) stresses, respectively. The stress has been calculated using the MoR.

surface, concentrated around θ = π/2. In Figure 2.11b, at the critical force in which

we observe little deformation f = −39.3 (V(0) = 0.493), the streamlines are more

horizontal, resulting in a reduced shear stress on the particle surface. In Figure 2.11c,

where the particle velocity V = 1.5, we observe a circulation region between the par-

ticle and the tube wall. Here, the body force instead forces the translational velocity

of the particle to exceed the background Poiseuille flow. As a consequence of the tube

wall the motion of the particle to the right forces fluid back upstream, resulting in

the circulation region. The faster the particle, the more pronounced the circulation

region. Consequently, the shear stress imposed on the sphere and the magnitude of

the deformation are also larger. By manipulating the particle’s velocity using a body

force the traction in the upper half of the particle varies from clockwise to anticlock-

wise shear and determines the left and right-bullet shapes observed in Figures 2.9

and 2.10.

We also consider the effect of the leading-order deformation on the flow field, pre-

senting streamline plots for the first-order correction in Figures 2.11d to 2.11f. Since

the first-order contribution to the particle velocity is zero, the first-order correction to

the flow field only accounts for the surface deformation of the particle through (2.55).

The magnitude of the flow field is largest on the particle surface when θ = π/2 where

we observe the largest shear stress. The magnitude of the first-order correction de-
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Figure 2.11: Leading-order ((a), (b), (c)) and first-order ((d), (e), (f)) streamline
plots in the lab frame of reference with α = 0.6 and f = −107.7,−39.3, 100.3. Plots
generated using our MoR implementation. We present the corresponding σ

(0)
rθ in

the leading-order plots throughout the undeformed particle bulk and note that here
plots (a) & (b) correspond to (i) & (ii) as presented in Figure 2.10. The latter case
f = 100.3, corresponding to a particle velocity V(0) = 1.5, is chosen to demonstrate
the circulation region which is present when the particle is accelerated faster than the
background Poiseuille flow.

cays quickly away from the particle surface to account for the remaining boundary

conditions (2.53) and (2.54). We note that the magnitude of the first-order correction

to the flow field is far smaller in Figure 2.11e which reflects the small leading-order

displacement observed in Figure 2.9. The sign of the leading-order velocity field in

the particle frame drives the direction of its resulting left-right bullet shape such that

we observe similar circulation regions in each plot.

2.7 Conclusions

We present an asymptotic model for an elastic particle translating axially along the

centre-line of a cylindrical tube, subject to an axial body force and driving Poiseuille

flow. We work in the limit of a small ratio of viscous fluid stress to elastic stiffness and

calculate the leading-order flow field, deformation, and relevant stress components.

We show that the leading-order fluid problem decouples from the leading-order solid

problem and solve for the fluid flow around a rigid sphere. The leading-order fluid

tractions are substituted into the leading-order solid problem to calculate the result-
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ing deformation and solid stress components. We then consider the first-order fluid

problem and find that the leading-order deformation does not affect the next-order

translational velocity. This was known for an elastic particle in an unbounded flow

and has been extended here to include tube confinement. This result has impor-

tant implications for interpreting the experimental results of Noichl and Schönecker

[72] who observed large deviations in sedimentation velocity (∼ 10%) for small, stiff,

non-heavy particles (α ∼ 0.1, ϵ ∼ 10−6) when compared with a rigid particle. One

explanation for their observation of a large difference in velocity compared to our

prediction of a small difference is that the experimental system does not reach steady

state, which could be due to the effects of inertia in the fluid or the finite axial length

of the domain. We also present a non-linear numerical finite element model used to

validate the MoR solutions and investigate their range of validity. We find that the

leading-order MoR solutions form an accurate simplification of the non-linear problem

over a considerable range in ϵ and α, especially for the case of a particle in Poiseuille

flow. Moreover, we quantify the quadratic departure between the two solution meth-

ods for the predicted particle velocity and surface displacement. Where possible, we

also compare our solutions to those in the literature, finding the MoR provides semi-

analytic solutions that hold across a range of α where previous analytical solutions

do not apply.

The above results could be exploited in physical systems. For example, a body

force could be selected in order to minimize deformation and preserve the initial

spherical shape of a particle. A body force could equally be chosen to minimise the

shearing effect on the particle or pin the particle in the flow. Due to the simplicity

of the problem geometry the predicted surface deformation could be experimentally

validated for either a sedimenting sphere in a quiescent fluid, a sphere in equilibrium

with Poiseuille flow [1], or a combination of both. The translational velocities of

rigid and deformable spheres could also be compared to verify the weak impact of

surface deformation on translational velocity. Once validated experimentally, one

could use these results as a tool for the characterisation of the elastic properties of

the particle as has been done with previous studies [1, 29, 71]. If a greater precision

is required, the MoR could again be used to solve the first-order solid problem. This

could then be used in conjunction with the reciprocal theorem, or through calculation

of the second-order fluid problem, to better understand the impact of elasticity on the

particle velocity. Murata [70] showed that a compressible particle in an unbounded

flow may have an increased or decreased velocity depending on its elastic constants.

The effects of compressibility could also be investigated using our framework.
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Code availability

Our ALE FEM implementation for an elastic particle translating through a fluid-filled

tube is freely available at the GitHub repository: https://github.com/finneysimon/

stokes_elasticity_ALE_FSI.git.
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Chapter 3

Weakly deformable
hydrogel-coated cell in an
unbounded Stokes flow

3.1 Chapter summary

We provide a framework to analytically calculate the small deformation of a hydrogel

coated cell modelled as an incompressible bag of viscous fluid surrounded by a linearly

poroelastic coating when exposed to any unbounded Stokes flow. Importantly, the

external Stokes flow may depend non-linearly on the spatial coordinates in the far

field. Using our framework, the fluid flow is determined by prescribing the background

flow with no coated cell (this is given by the far-field flow) and adding a local correction

to satisfy the interfacial conditions on the cell and coating surfaces. Once calculated,

the surface tractions and internal Darcy pressure are then computed and used to

calculate the resulting coating deformation. Special attention is paid to the limiting

case of zero cell size, which is shown to reduce to a linearly poroelastic particle in

an unbounded Stokes flow. This limiting case forms a canonical FSI problem which

warrants its own analysis, and forms a direct extension to the work of Young et al.

[4], who considered a linearly poroelastic particle suspended in an unbounded Stokes

flow which depends linearly on the spatial coordinates in the far field.

To demonstrate the power of the framework, we present two example far-field flow

profiles, shear flow and Poiseuille flow. The former case was also considered by Young

et al. [4], though we do not provide quantitative comparison since different interfacial

conditions were imposed; the latter case is of interest to many biological applications,

for example in drug delivery systems, and cannot be investigated using the approach

of Young et al. [4].
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When the external flow involves an external boundary, for example Poiseuille

flow through a cylindrical tube, adding a local correction to the background flow

disrupts the no-flow boundary conditions on the external tube wall. However, we

note that this disruption is small if the particle is far from the boundary [3] and

predictions in unbounded domains can be exploited. Maintaining the assumption of

small deformation, semi-analytic methods, such as the method of reflections utilised in

Chapter 2, may be used to capture the effect of an external boundary more accurately.

When the particle surface and external boundary are close in proximity, the MoR

converges poorly and a full numerical solution, or further asymptotic reductions, for

example through the use of lubrication theory, are required to determine the flow.

Under the assumption of linear poroelasticity, the particle deformation is described

by the Navier–Láme problem (compressible linear elasticity). Obtaining a complete,

three-dimensional general solution to the Navier–Láme problem has been a debated

topic over the last century, and still remains an active field [114–117]. Papkovich [118],

Neuber [119] each independently derived the same non-unique harmonic solution,

known as the Papkovich–Neuber representation. By removing one harmonic function,

the Papkovich–Neuber representation was later shown to be complete for a radially

convex domain, which includes a sphere [120–122]. More recently, the Papkovich–

Neuber representation was extended using quaternion-valued potentials to provide a

complete solution to the Navier–Láme problem irrespective of the choice of domain

[116, 123]. In this work, we opt to use the Papkovich–Neuber representation since it is

written explicitly using the solid spherical harmonic functions, which are convenient

for coupling to Lamb’s general solution for Stokes flow which also involves the solid

spherical harmonics [124].

This chapter is structured as follows. In Section 3.2 we provide the dimensionless

governing equations and boundary conditions describing the external Stokes flow, the

linearly poroelastic coating, and the cell in the small deformation limit. We then

present general solutions for the Stokes and poroelastic equations, and calculate the

fluid flow and resulting deformation given a general background flow in Section 3.3. In

Section 3.4 we detail two example background flow profiles, shear flow and Poiseuille

flow. For each background flow, we present and analyse closed-form solutions for

the coated cell’s velocity, rotation, and deformation and investigate the impacts of

the cell size, and the coating’s permeability, slip, and Poisson’s ratio. We also pay

special attention to the limiting case of a poroelastic particle under any unbounded

background Stokes flow. By choosing further limiting values of the problem param-

eters, we demonstrate exact agreement between our results and those obtained by

47



Murata [3] who considered an impermeable, incompressible elastic particle with no-

slip boundary conditions in a general unbounded flow. Finally, we provide closing

discussions and outline future extensions in Section 3.5.

3.2 Governing equations and boundary conditions

We consider a three-dimensional, initially spherical, hydrogel-coated cell fully im-

mersed in an incompressible viscous fluid as shown in Figure 3.1. We assume the

exterior flow is unbounded and driven solely by far-field conditions. The far-field

conditions could reflect a flow involving an external boundary that is not explicitly

considered here. We use spherical coordinates (r, θ, ϕ) with unit vectors (er, eθ, eϕ)

and align r = 0 with the centre of the coated cell. Here, θ ∈ [0, π) is the polar angle

and ϕ ∈ [0, 2π) is the azimuthal angle. The cell, hydrogel, and external fluid domains

are denoted by Ωc,Ωh, and Ωf , respectively, with the interfaces between them denoted

by ∂Ω0 and ∂Ω1. The cell and coating have undeformed radii a0 and a1, respectively,

such that the undeformed boundaries ∂Ω̂i are defined as r = ai, i = 0, 1. We assume

the system is in equilibrium and work in a frame of reference that translates with the

particle, noting that the particle’s translational velocity in the lab frame is unknown

and given by Vtr. In this frame the particle rotates according to

vΩ = r[Ω× er], (3.1)

where Ω remains to be determined. It will also be useful to define the unit normal

and tangents to the cell and coating as ni and tji , i = 0, 1, j = 1, 2, respectively,

where both ni point toward the surrounding external fluid.

In the analysis that follows, we assume the coating deformation is small such

that the well-known equations of linear poroelasticity apply in the coating [125], and

interfacial conditions are linearised onto their respective undeformed surfaces. For

brevity, we present only the dimensionless linearised problem in the main text. This

is additionally derived in Appendix C as the leading-order asymptotic reduction of a

non-linear poroelastic coating in the small-deformation limit. To avoid confusion, we

define all necessary quantities in both the main text and in Appendix C such that

each section is self contained.

The non-dimensionalisation choices are presented in Appendix C.3 and are sum-

marised as follows. Lengths, velocities, and pressures/stresses are scaled on the outer

coating radius a1, the typical far-field velocity V0 (see Figure 3.1 for examples of V0),
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Figure 3.1: (a) Coated cell fully immersed in a Stokes flow. The cell, coating and fluid
phases are denoted by Ωc,Ωh, and Ωf , respectively. (b) Shear flow and (c) Poiseuille
flow presented as far-field flows.

and µfV0/a1 where µf is the fluid viscosity, respectively. The dimensionless parameter

ϵ =
µfV0
µsa1

, (3.2)

where µs is the shear modulus of the coating, forms a scale for the solid strain. Here,

ϵ is defined as the ratio of typical viscous stresses in the external flow to the elastic

stiffness of the solid skeleton. Finally, the deformation is scaled on ϵa1. Assuming

ϵ≪ 1, we expect the solid strain and coating deformation to be small.

3.2.1 External flow

Neglecting inertial terms, the flow of external fluid in Ωf is governed by the incom-

pressible Stokes equations,

∇ · σf = 0, (3.3)

∇ · v = 0, (3.4)

where v is the fluid velocity and σf is the stress tensor for a Newtonian fluid given

by

σf = −pfI +
[
∇v + (∇v)T

]
, (3.5)

where P is the Stokes pressure. The superscript T denotes the transpose. The Stokes

pressure is determined up to an arbitrary reference pressure that we will specify later.
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We calculate the net force Fforce and torque T exerted on the particle by the

surrounding fluid via the surface integrals

Fforce =

ˆ 2π

ϕ=0

ˆ π

θ=0

σf |r=1·n1 sin θ dθ dϕ, (3.6)

T =

ˆ 2π

ϕ=0

ˆ π

θ=0

r × (σf |r=1·n1) sin θ dθ dϕ, (3.7)

where to leading order in ϵ we have ni = er. For a particle in equilibrium with the

surrounding flow we impose

Fforce = T = 0, (3.8)

from which we determine the particle’s translational and angular velocities, Vtr and

Ω, respectively.

3.2.2 Hydrogel coating

We focus on capturing the hydrodynamic (not chemical) interactions and model the

coating as a poroelastic material comprised of a porous and deformable solid phase

(skeleton) fully saturated by an interstitial fluid phase which is identical to the exter-

nal fluid. We assume both phases are individually incompressible, though compression

of the solid skeleton is permitted through local changes to the internal pore structure.

The local volume fractions of the fluid and solid phases are denoted by ϕf and

ϕs, respectively; ϕf is also called the porosity. Since the fluid fully saturates the solid

skeleton, we have ϕf + ϕs = 1. Under the assumption of infinitesimal strain, the

porosity is connected to the solid skeleton displacement u via

ϕf − ϕf,0

1 − ϕf,0

= ϵ∇ · u. (3.9)

where ϕf,0 is the initial porosity of coating in its relaxed/undeformed state which is

assumed to be constant.

Flow in the coating relative to the solid skeleton is governed by Darcy’s law,

ϕf,0(vp − vs) = −κ̃0∇pp, (3.10)

where vp is the fluid velocity in the coating, vs is the velocity of the solid skeleton,

pp is the pore/Darcy pressure, and the Darcy number κ̃0 = κ0/a
2
1, where κ0 = κ(ϕf,0)

is the uniform permeability field associated with the initial porosity. In general the

permeability will change as the solid skeleton deforms; however, under the assumption
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of small strain, we treat the permeability as constant [125]. The solid velocity is given

by the rigid-body rotation,

vs = vΩ (3.11)

since we seek steady solutions in a frame of reference that translates with the particle.

It will also be useful to define the total internal volumetric flux q as

q = ϕf,0vp + (1 − ϕf,0)vs = ϕf,0(vp − vs) + vs, (3.12)

where ϕf,0(vp − vs) is the Darcy flow appearing in (3.10). Conservation of mass for

the fluid and solid phases gives,

∇ · vp = 0, (3.13)

∇ · vs = 0, (3.14)

where we note that since vs is limited to the rigid body rotation (3.1), (3.14) is

trivially satisfied.

To describe how the fluid and solid phases share internal stresses we write the

total stress,

σp = σ′ − ppI, (3.15)

where σ′ is Terzaghi’s effective stress, which is the force per unit area carried by the

solid skeleton. Details of this stress decomposition may be found in [125]. Under

the assumption of infinitesimal strain, we use a linear elastic constitutive relation for

effective solid stress of the coating,

σ′ =
2ν

1 − 2ν
(∇ · u) I + 2ε, (3.16)

where the Poisson’s ratio ν is the of the ratio of the transverse contraction strain

to the longitudinal extension strain in the direction of stretching force. Poisson’s

ratio typically varies between ν = 0, where the material may be compressed without

developing transverse strains, and ν = 1/2, where the material is incompressible. The

strain tensor ε in (3.16) is given by

ε =
1

2

[
∇u+ (∇u)T

]
. (3.17)

We note that the elastic constants ν and µs describe the mechanical properties of

the solid skeleton and depend on both the skeleton material and its micro-structure.

Balancing the total linear momentum between the fluid and solid phases we find

∇ · σp = ∇ · σ′ −∇pp = 0. (3.18)
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3.2.3 Cell

We model the cell as a sack of incompressible viscous fluid enclosed by an imper-

meable elastic membrane. For simplicity, we will neglect the elastic resistance of the

membrane, assuming it is small in comparison to the elastic resistance provided by the

coating. To understanding this assumption, we begin by treating the cell membrane

as an asymptotically thin spherical shell, whose deformation may be characterised by

its bending stiffness Mc and in-plane stretching stiffness Kc,

Mc =
Ech

3
c

12(1 − ν2c )
, (3.19)

Kc =
Echc

1 − ν2c
, (3.20)

where µc, νc, and Ec = 2µc(1 + νc) are the shear modulus, Poisson’s ratio, and the

Young’s modulus of the cell membrane, respectively, and hc ≪ a0 is the shell thickness

[126]. It may be shown that under the radial deflection ζ, the bending energy in the

shell is ∼ Mcζ
2/a40 and the stretching energy in the shell is ∼ Kcζ

2/a20 [126]. The

ratio of the two is then of the order ∝ h2c/a
2
0, which is small. Importantly, a closed

(no holes) spherical shell cannot be bent without stretching [126], and the dominant

contribution to the elastic resistance of the cell is given by the shell’s resistance to

stretching (3.20). We note that this stretching dominant elastic response also holds

for a thin coating, which will be important later in Section 3.4 where this case is

considered. In general, a membrane is defined as a thin shell for which the bending

stresses are small in comparison to the tensile stresses, and as such are disregarded

[126].

As mentioned above, we neglect the elasticity of the cell membrane and assume

the stretching stiffness of the cell membrane Kc ≪ Kh, where Kh is the stretching

stiffness of the hydrogel coating. Using (3.20), we approximate the stretching stiffness

of the coating Kh as

Kh ∝ E(a1 − a0)

1 − ν2
, (3.21)

where similarly E = 2µs(1 + ν) is the Young’s modulus of the coating [127, 128].

We additionally assume the cell membrane is impermeable (see Chapter 1), and

that there is no flow inside the cell. When undeformed, the cell pressure is given by

the constant p0c , which we use as the reference pressure in the system. When deformed,

we assume the constant cell pressure pc, enforces the volumetric constraint,˚
Ωc

dV = Vc =
4

3
πα3

0, (3.22)
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where Vc is the undeformed cell volume and α0 = a0/a1 is the dimensionless unde-

formed cell radius.

The deformed position of the interfaces ∂Ωi are defined as

ri = αier + ϵu(r = αi), (3.23)

where α1 = 1 is the dimensionless undeformed coating radius. Taking the modulus

of (3.23) we approximate the surface deformation of the particle as

|ri(θ, ϕ)| ≈ αi + ϵ u · er|r=αi
. (3.24)

Applying (3.24) to the volumetric constraint used to calculate the cell pressure (3.22)

we have the expansion

2π

ˆ π

θ=0

ˆ α0+ϵur(r,θ)

r=0

r2 sin θdr dθ =
4

3
πα3

0 + 2ϵπ

ˆ π

θ=0

ur(r = α0) sin θ dθ + O(ϵ2),

(3.25)

which requires

2π

ˆ π

θ=0

ur(r = α0) sin θ dθ = 0. (3.26)

We remind the reader that in (3.26) the cell pressure pc is implicitly contained within

the cell deformation, and is chosen to enforce this constraint.

3.2.4 Boundary conditions

Far from the coated cell we expect any disturbance to the external flow to be small

such that

v − V∞ − Vtr → 0 as r → ∞, (3.27)

where V∞ and Vtr are the imposed external far-field flow and coated cell’s constant

translational velocity in the lab frame that will be determined, respectively.

On the undeformed surface between the external flow and the coating ∂Ω̂1, we

impose the continuity of normal fluid flux, continuity of total stress, continuity of

fluid stresses and the Beavers & Joseph slip condition [56],

v · n1 = ϕf,0vp · n1, (3.28)

σf · n1 = σp · n1, (3.29)

n1 · σf · n1 = −pp, (3.30)

tj1 · σf · n1 = γ̃((v − q) · tj1), (3.31)
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where the effective slip γ̃ = γ/
√
κ̃0 and the slip parameter γ is dependent on the

material properties of the particle interface1. For reference, γ = 0 corresponds to

a surface with perfect slip and γ → ∞ corresponds to a surface with no-slip. To

avoid confusion, we note that in Young et al. [4] the slip parameter is instead defined

as
√
κ̃0/γ; however, in this work we remain consistent with Beavers and Joseph [56].

These interfacial conditions form one of many viable choices for coupling a Stokes flow

and poroelastic domain [56, 57, 61, 62]; the optimal choice of interfacial conditions

will depend on the specific material choice and remains an active field of research

[61]. By combining the interfacial conditions (3.29) and (3.30) we have the condition

on ∂Ω̂1 (r = 1),

n · σ′ · n = 0, (3.32)

which will be useful when calculating the particle deformation in Section 3.3.2. On

the undeformed cell-coating interface, ∂Ω̂0, we impose no normal fluid flux and con-

servation of total stress,

vp · n0 = 0, (3.33)

σp · n0 = −pcn0. (3.34)

In (3.28) to (3.31), (3.33) and (3.34), ni = er, t
1
i = eθ, and t2i = eϕ are the normal

and tangential unit vectors to the undeformed particle surface.

3.2.5 Parameter values

We now consider the expected parameter values within the context of cell therapies.

From Table 1.1, we expect the radius of a blood vessel in the liver ρ0 to vary between

50 µm < ρ0 < 1 mm [23]. We additionally assume the typical cell size ranges between

10 µm < a0 < 50 µm where the upper bound is given by a mouse hepatocyte [25],

and limit the coating thickness such that a1 < ρ0 to avoid consideration of large

deformations occurring due to a cell squeezing through a small vessel. To justify the

two-phase, poroelastic approach, the average pore size within the coating ap must be

small in comparison with the coating thickness, such that ap ≪ a1−a0. In this work,

we assume 10−2 µm < ap < 1 µm. The permeability of the coating κ0 ∼ a2p such

that 10−16 m2 < κ0 < 10−12 m2, where the upper bound corresponds to the typical

permeability for a saturated hydrogel [129, 130]. We thus expect the Darcy number

to range between 10−10 < κ̃0 < 10−3.

1To avoid the use of tji , which require a specific (and in general non-unique) parameterisation of
the boundary to be chosen, (3.31) may instead be written as n1 × (σf · n1) = γ̃n1 × (v − q)
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We assume the typical viscosity of the fluid varies between 1 mPa · s < µf <

10 mPa · s, where the lower bound is water and the upper bound corresponds to the

anticipated effective viscosity of blood under small shear rates [21]. As presented in

Table 1.1, the external velocity scale V0 may be as small as 40 µm s−1 in a small vessel

in a mouse liver, or around 1 mm s−1 in a large vessel [23]. For hydrogels the Lamé

constants typically range between 1 kPa and 1 MPa with a Poisson’s ratio around 0.2

[4, 131]. We thus expect 10−9 < ϵ < 10−3.

The membrane stiffness of a cell Kc varies hugely depending on the cell type.

For instance, for red blood cells Kc ∼ 1µN m−1 [132], while for macrophages Kc ∼
100µN m−1 [133]. To justify the ‘no membrane’ cell model we require Kc ≪ Kh,

where Kh is given by (3.21). Assuming Kc ∼ 100µN m−1, it follows that we require

a1 − a0 ≫ 0.1µm for a soft hydrogel and a1 − a0 ≫ 0.1nm for a stiff hydrogel,

noting again that the cell size 10 µm < a0 < 50 µm. Other relevant cell types may

be treated as an elastic bulk and characterised by a bulk Young’s modulus. For

example, hepatocytes have a bulk Young’s modulus Ec ∼ 1kPa [134]. In this case, we

again require the elastic resistance provided by the cell to be small when compared

to the resistance provided by the coating. For a soft coating, we expect the elastic

contributions of a hepatocyte and its coating to be comparable; the analysis of this

case forms a natural extension this thesis. In this work, we ignore the elasticity of the

cell, assert that ϵ ≪ 1 such that the hydrogel coating is stiff, and investigate a wide

range of κ̃0, γ̃, α0 and α1 to determine their effect on the mobility and deformation of

the coated cell.

3.3 Method of solution

Under the assumption of infinitesimal strain, the fluid problem given by (3.3) to (3.5),

(3.8), (3.10), (3.13), (3.27), (3.28), (3.30), (3.31) and (3.33) does not depend on the

coating deformation, such that we have flow through a rigid porous annulus with an

impermeable core. To determine the flow, we begin by prescribing the external flow

in the absence of the coated cell. This is simply given by the far-field flow, to ensure

the far-field condition (3.27) is satisfied. We then add a local correction due to the

coated cell through the interfacial conditions (3.28), (3.30), (3.31) and (3.33) where

the internal flow through the coating is given by the solution to (3.10) and (3.13).

Once the fluid problem is solved, the surface tractions and Darcy pressure drive the

Navier–Láme problem (3.16) and (3.18), which can be solved subject to the boundary
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conditions (3.29), (3.32) and (3.34) to calculate the particle deformation. In (3.18),

pp is known from the fluid problem and is treated as a body force.

3.3.1 The fluid problem

We first consider the external Stokes flow (r > 1), denoting the external velocity field

in the absence of the particle by ve and the local correction due to the particle by vp,

such that

v = ve + vp, (3.35)

with the corresponding pressure fields pef and ppf .

The far-field flow ve, given by (3.27), must satisfy Stokes equations (3.3)–(3.5)

while remaining finite at the origin. Using the general solution in spherical coordinates

derived by Lamb [124], we write

ve =
∞∑
n=0

{
∇Φ∗

n + ∇× (rΨ∗
n) +

n+ 3

2(n+ 1)(2n+ 3)
r2∇P ∗

n − n

(n+ 1)(2n+ 3)
rP ∗

n

}
,

(3.36)

pef =
∞∑
n=0

P ∗
n , (3.37)

where Φ∗
n,Ψ

∗
n, and P ∗

n are linear combinations of the regular solid spherical harmonics

of degree n with constant coefficients as defined in Appendix D.1. To be clear, we

write as an example,

Φ∗
n(r) =

n∑
m=−n

ΦR
n,mRn,m(r), (3.38)

where Rn,m(r) are the regular solid spherical harmonics of degree n and order m and

ΦR
n,m are the constant coefficients. The constants ΦR

n,m,Ψ
R
n,m, P

R
n,m are calculated to

ensure the far-field condition (3.27) is satisfied.

The general solutions for the local correction to the flow and pressure fields, vp

and ppf , must decay as r → ∞ in order to maintain the far-field condition (3.27).

Hence, we find

vp =
∞∑
n=1

{
∇Φ−n−1 + ∇× (rΨ−n−1) −

n− 2

2n(2n− 1)
r2∇P−n−1 +

n+ 1

n(2n− 1)
rP−n−1

}
,

(3.39)

ppf =
∞∑
n=1

P−n−1, (3.40)
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where Φ−n−1,Ψ−n−1, and P−n−1 are linear combinations of the irregular solid spherical

harmonics of degree n. Again, we write as an example

Φ−n−1(r) =
n∑

m=−n

ΦI
n,mIn,m(r), (3.41)

where In,m(r) are the irregular solid spherical harmonics and ΦI
n,m are the constant

coefficients. The total velocity and pressure fields are then obtained by adding the

external background flow and local correction via (3.35). For clarity, the above general

solutions for the velocity field and pressure all use a spherical coordinate system.

If we instead consider the flow in the coating (α0 < r < 1), combining (3.10),

(3.11) and (3.13), we see the internal pore pressure satisfies Laplace’s equation,

∇2pp = 0, (3.42)

which has a general solution in spherical coordinates, given by

pp =
∞∑
n=0

pn +
∞∑
n=0

p−n−1, (3.43)

where pn and p−n−1 are linear combinations of the regular and irregular solid spherical

harmonics of degree n, respectively, similar to (3.38) and (3.41). The internal Darcy

flow is then given by (3.10), and the total internal flux by (3.12).

The coefficients of the solid spherical harmonic functions Φ−n−1,Ψ−n−1, P−n−1, pn,

and p−n−1 are determined by the interfacial conditions (3.28), (3.30), (3.31) and (3.33).

It is convenient to rewrite these interfacial conditions in terms of radial components

and derivatives, the details of which are presented in Appendix D.3. By using (D.8)

and (D.9) we obtain the reformulated boundary conditions

Vr|r=1 = −κ̃0
∂pp
∂r

|r=1, (3.44)

σf,rr|r=1 = −pp|r=1, (3.45)[
r
∂σf,rr
∂r

+ 3(pf + σf,rr)

]
r=1

= γ̃

[
r
∂Vr
∂r

+ 2Vr + κ̃0

(
r
∂2pf
∂r2

+ 2
∂pp
∂r

)]
r=1

, (3.46)

[r · ∇ × (σf · er)]r=1 = [r · ∇ × (γ̃v) − r · ∇ × (γ̃vs)]r=1 , (3.47)

∂pp
∂r

|r=α0 = 0. (3.48)

Substituting the general solutions for the Stokes velocity (3.36) and (3.39), Stokes

pressure (3.37) and (3.40), and Darcy pressure (3.43) we obtain the system of equa-

tions presented in (D.31)–(D.35). Exploiting the linearity of the solid spherical har-

monics, we solve this system of equations simultaneously at each degree n ≥ 0 to
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give,

Φ−n−1 = n(2n− 1)

[
(2(n− 1)nκ̃0(2(n+ 2) + γ̃) − γ̃)

ω
Φ∗

n

− (4(n− 1)(n+ 1)(n+ 2) + γ̃ − 2κ̃0γ̃(3 + n(5 + n))

(n+ 1)ω
α2n+1
0 Φ∗

n

]
+ n(2n+ 1)

[
(n+ 1 + 2κ̃0(3 + (n− 1)n(n+ 1)(n+ 2)))

(n+ 1)(2n+ 3)ω
P ∗
n

+
n− 2κ̃0(3 + (n− 1)n(n+ 1)(n+ 2))

(n+ 1)(2n+ 3)ω
α2n+1
0 P ∗

n

− γ̃(n+ 1 − 2κ̃0(n
3 − 2n2 − 6n+ 3)))

2(n+ 1)(2n+ 3)ω
P ∗
n

− nγ̃ − 2κ̃0γ̃(n3 + 5n2 + n− 6)

2(n+ 1)(2n+ 3)ω
α2n+1
0 P ∗

n

]
, (3.49)

P−n−1 = 2n(4n2 − 1)

[
2κ̃0n(n2 + n− 2) − 1 + γ̃(2κ̃0(n− 1)n− 1)

ω
Φ∗

n

− 2κ̃0(n− 1)n(n+ 1)(n+ 2) + n+ nγ̃(1 − 2κ̃0(n+ 1)(n+ 2))

(n+ 1)ω
α2n+1
0 Φ∗

n

]
+ n(2n− 1)

[
(4κ̃0n(n2 + n− 2) + γ̃(2κ̃0(n

2 − 3n− 1) − 1))

ω
P ∗
n

− 4κ̃0(n− 1)n(n+ 1)(n+ 2) + nγ̃(1 − 2κ̃0(n+ 1)(n+ 2))

(n+ 1)ω
α2n+1
0 P ∗

n

]
, (3.50)

pn = −2n(4n2 − 1)(2(n+ 2) + γ̃)

ω
Φ∗

n −
(2n+ 1)(2(n2 − 1) + (n− 2)γ̃)

ω
P ∗
n ,

(3.51)

Ψ−n−1 =


(n− 1) − γ̃

(n+ 2) + γ̃)
Ψ∗

n +
2γ̃(Ωz cos θ + Ωx cosϕ sin θ + Ωy sin θ sinϕ)

n(n+ 1)((n+ 2) + γ̃)
, n = 1,

(n− 1) − γ̃

(n+ 2) + γ̃)
Ψ∗

n, n ̸= 1,

(3.52)

p−n−1 =
α2n+1
0

r2n+1

npn
n+ 1

, (3.53)

where

ω = 2((1 + 2n)(1 + n+ α2n+1
0 n) + 2κ̃0(1 − α2n+1

0 )n(n+ 2)(2n2 + 1)

+ γ̃(1 + n+ α2n+1
0 n) + γ̃κ̃0n(2n2 + 1 − 2α2n+1

0 (n+ 1)(2n+ 2))). (3.54)
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In (3.49)–(3.52) we have r = 1 and in (3.53) we have r = α0. We remind the reader

that Φ∗
n, P

∗
n , and Ψ∗

n are determined by the external background flow ve through the

far-field condition (3.27) which contains the cell’s unknown translational velocity Vtr.

To calculate the cell’s translational velocity, along with its rotational velocity Ω, we

enforce the balances of linear and angular momentum (3.8). Substituting the solid

spherical harmonic representation for σf into (3.6) and (3.7) we find

F x
force = −4πP−2,1, F

y
force = −4πP−2,−1, F

z
force = −4πP−2,0, (3.55)

T x = −8πΨ−2,1, T
y = −8πΨ−2,−1, T

z = −8πΨ−2,0, (3.56)

where the superscripts x, y and z denote the x, y and z-components, respectively.

Consequently, to satisfy (3.8) we require the further constraints

P−2,m = 0, Ψ−2,m = 0, m = 0,±1, (3.57)

which allow the relationship between the external flow and the particle’s transla-

tion/rotation to be determined. The full solution for the fluid problem is given by

combining (3.57) with (3.49)–(3.53).

3.3.2 The solid problem

The general solution to the Navier–Láme problem in three dimensions may be written

using the Papkovich-Neuber potentials [115]

2u = 2(1 − ν)ψ −∇
(
φ+

1

2
r ·ψ

)
, (3.58)

where φ and ψ satisfy the Poisson equations

∇2ψ =
∇pp
1 − ν

and ∇2φ = − r · ∇pp
2(1 − ν)

. (3.59)

We decompose φ and ψ into their complementary and particular components by

writing

φ = φc + φp and ψ = ψc +ψp, (3.60)

where φc and ψc satisfy the homogeneous problem and φp and ψp are the particular

solutions for the inhomogeneities in (3.59).

To solve (3.59), it is convenient to use a Cartesian (rather than spherical) basis

for the vectors ψc and ψp. Taking the x-component in the first equation in (3.59) as

an example we have

∇2ψx
p =

1

1 − ν

∂pp
∂x

, (3.61)
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where ψx
p = ψp · ex. Since pp is harmonic, any partial derivative of pp with respect

to x, y or z is also harmonic. Applying the identity (D.9) with l = 2 we obtain exact

expressions for the particular solutions,

φp(r) = − r2

2(1 − ν)

∞∑
n=0

npn
2(2n+ 3)

+
(n+ 1)p−n−1

2(2n− 1)
, (3.62)

ψx
p (r) =

r2

1 − ν

∞∑
n=0

1

2(2n+ 3)

∂pn
∂x

− 1

2(2n− 1)

∂p−n−1

∂x
, (3.63)

with similar expressions for ψy
p and ψz

p.

We now consider the complementary solutions to (3.59). Within a spherical or

annular domain, we may set φc = 0 without loss of generality using the Papkovich-

Neuber representation [121]. Studying (3.59), we see that the Cartesian components

of ψc each satisfy Laplace’s equation and are thus harmonic. Using Appendix D.1 we

write their explicit forms as

ψx
c (r) = ψc(r) · ex =

∞∑
n=0

ψx
n + ψx

−n−1 =
∞∑
n=0

n∑
m=−n

ψx,R
n,mRn,m(r) + ψx,I

n,mIn,m(r),

ψy
c (r) = ψc(r) · ey =

∞∑
n=0

ψy
n + ψx

−n−1 =
∞∑
n=0

n∑
m=−n

ψy,R
n,mRn,m(r) + ψy,I

n,mIn,m(r),

ψz
c (r) = ψc(r) · ez =

∞∑
n=0

ψz
n + ψx

−n−1 =
∞∑
n=0

n∑
m=−n

ψz,R
n,mRn,m(r) + ψz,I

n,mIn,m(r),

(3.64)

where again Rn,m(r) and In,m(r) are the regular and irregular solid spheri-

cal harmonics, and ψx
n, ψ

y
n, ψ

z
n, ψ

x
−n−1, ψ

y
−n−1 and ψz

−n−1 are linear combinations of

the relevant solid spherical harmonics of degree n with the constant coefficients

ψx,R
n,m, ψ

y,R
n,m, ψ

z,R
n,m, ψ

x,I
n,m, ψ

y,I
n,m, and ψz,I

n,m as presented in (D.6). We note that when

α0 = 0, such that we instead consider a spherical poroelastic particle, the displace-

ment must remain finite at the origin. Consequently, in this case we only require

the coefficients associated with the regular solid spherical harmonics, ψx,R
n,m, ψ

y,R
n,m and

ψz,R
n,m, since ψxi,I

n,m = 0.

To calculate the solid displacement, it remains to calculate the constant coeffi-

cients ψx,R
n,m, ψ

y,R
n,m, ψ

z,R
n,m, ψ

x,I
n,m, ψ

y,I
n,m and ψz,I

n,m via the boundary conditions (3.29), (3.32)

and (3.34).We again reformulate these boundary conditions by applying the diver-

gence and curl to (3.29) and (3.34) to obtain

σ′
rr|r=1= 0, (3.65)
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[
r
∂pf
∂r

+ (3λ+ 2µs)(∇ · u) − r
∂σ′

rr

∂r
− 3pf

]
r=1

= −
[
3pf + r

∂σf,rr
∂r

]
r=1

, (3.66)

[r · ∇ × (σ′ · er)]r=1 = [r · ∇ × (σf · er)]r=1 , (3.67)

[−pp + σ′
rr] |r=α0= −pc|r=α0 , (3.68)[

r
∂pf
∂r

+ (3λ+ 2µs)(∇ · u) − r
∂σ′

rr

∂r
− 3(pp − pc))

]
r=α0

= 0, (3.69)

[r · ∇ × (σ′ · er)]r=α0
= 0, (3.70)

with details of the reformulation provided in Appendix D.4. Finally, in order to

calculate the cell pressure pc, we impose the volumetric constraint (3.26).

Substituting the Papkovich-Neuber representation for the solid displacement

(3.58) into the boundary conditions (3.65)–(3.70) we obtain

∞∑
n=0

[1

2
(3 − 4ν − n)n[r ·ψc]n −

1

2
(4(1 − ν) + n)(n+ 1)[r ·ψc]−n−1

+ ν[∇ ·ψc]n + ν[∇ ·ψc]−n−1 +

(
n+ 4

4
− ν(n+ 1)

)
1

1 − ν

npn
2n+ 3

+

(
3 − n

4
− νn

)
1

1 − ν

(n+ 1)p−n−1

2n− 1
= 0, (3.71)

∞∑
n=0

(n− 3)pn − (n+ 4)p−n−1 + (1 + ν)[r ·ψc]n + (1 + ν)[r ·ψc]−n−1

− ν(n− 1)[∇ ·ψc]n + ν(n+ 2)[∇ ·ψc]−n−1

− 1

2
(3 − 4ν − n)n(n− 1)[r ·ψc]n −

1

2
(4(1 − ν) + n)(n+ 1)(n+ 2)[r ·ψc]−n−1

+

(
1 + ν − (n+ 1)

(
n+ 2

4
− ν(n+ 1)

))
1

1 − ν

npn
2n+ 3

+

(
1 + ν + n

(
1 − n

4
− νn

))
1

1 − ν

(n+ 1)p−n−1

2n− 3

= −
∞∑
n=0

[
2n(n− 1)(n− 2)Φ∗

n +
(n2 − n− 3)n

2n+ 3
P ∗
n − 2(n+ 1)(n+ 2)(n+ 3)Φ−n−1

+
(n2 + 3n− 1)(n+ 1)

2n− 1
P−n−1 + 3(P ∗

n + P−n−1)
]
, (3.72)
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∞∑
n=0

(1 − ν)

[
(n− 1)

(
y
∂ψx

n

∂z
− z

∂ψx
n

∂y
+ z

∂ψy
n

∂x
− x

∂ψy
n

∂z
+ x

∂ψz
n

∂y
− y

∂ψz
n

∂x

)
− (n+ 2)

(
y
∂ψx

−n−1

∂z
− z

∂ψx
−n−1

∂y
+ z

∂ψy
−n−1

∂x
− x

∂ψy
−n−1

∂z
+ x

∂ψz
−n−1

∂y
− y

∂ψz
−n−1

∂x

)]
=

∞∑
n=0

[
n(n+ 1)(n− 1)Ψ∗

n − n(n+ 1)(n+ 2)Ψ−n−1

]
, (3.73)

∞∑
n=0

[ 1

2α2
0

(3 − 4ν − n)n[r ·ψc]n −
1

2α2
0

(4(1 − ν) + n)(n+ 1)[r ·ψc]−n−1

+ ν[∇ ·ψc]n + ν[∇ ·ψc]−n−1 +

(
n+ 4

4
− ν(n+ 1)

)
1

1 − ν

npn
2n+ 3

+

(
3 − n

4
− νn

)
1

1 − ν

(n+ 1)p−n−1

2n− 1
=

∞∑
n=0

(pn + p−n−1) − pc, (3.74)

∞∑
n=0

(n− 3)pn − (n+ 4)p−n−1 + (1 + ν)[r ·ψc]n + (1 + ν)[r ·ψc]−n−1

− ν(n− 1)[∇ ·ψc]n + ν(n+ 2)[∇ ·ψc]−n−1

− 1

2α2
0

(3 − 4ν − n)n(n− 1)[r ·ψc]n −
1

2α2
0

(4(1 − ν) + n)(n+ 1)(n+ 2)[r ·ψc]−n−1

+

(
1 + ν − (n+ 1)

(
n+ 2

4
− ν(n+ 1)

))
1

1 − ν

npn
2n+ 3

+

(
1 + ν + n

(
1 − n

4
− νn

))
1

1 − ν

(n+ 1)p−n−1

2n− 3
= −pc (3.75)

∞∑
n=0

(1 − ν)

α0

[
(n− 1)

(
y
∂ψx

n

∂z
− z

∂ψx
n

∂y
+ z

∂ψy
n

∂x
− x

∂ψy
n

∂z
+ x

∂ψz
n

∂y
− y

∂ψz
n

∂x

)
−(n+2)

(
y
∂ψx

−n−1

∂z
− z

∂ψx
−n−1

∂y
+ z

∂ψy
−n−1

∂x
− x

∂ψy
−n−1

∂z
+ x

∂ψz
−n−1

∂y
− y

∂ψz
−n−1

∂x

)]
= 0,

(3.76)

where using a Cartesian basis

[r ·ψc]n = xψx
n + yψy

n + zψz
n, [∇ ·ψc]n =

∂ψx
n

∂x
+
∂ψy

n

∂y
+
∂ψz

n

∂z
. (3.77)

[r·ψc]−n−1 = xψx
−n−1+yψy

−n−1+zψz
−n−1, [∇·ψc]−n−1 =

∂ψx
−n−1

∂x
+
∂ψy

−n−1

∂y
+
∂ψz

−n−1

∂z
.

(3.78)
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For clarity, the boundary conditions (3.71)–(3.73) have r = 1 and the boundary

conditions (3.74)–(3.76) have r = α0. In the current form, (3.71)–(3.76) are not

diagonal and cannot be solved simultaneously at each degree n and order m as was

done for the fluid problem. This is due to the terms

∂ψx
n

∂x
,
∂ψy

n

∂y
,
∂ψz

n

∂z
, xψx

n, yψ
y
n, zψ

z
n, z

∂ψx
n

∂y
, y

∂ψx
n

∂z
, z

∂ψy
n

∂x
, x

∂ψy
n

∂z
, x

∂ψz
n

∂y
, y

∂ψz
n

∂x
,

(3.79)

each of which involves the regular spherical harmonics, and the terms

∂ψx
−n−1

∂x
,
∂ψy

−n−1

∂y
,
∂ψz

−n−1

∂z
, xψx

−n−1, yψ
y
−n−1, zψ

z
−n−1,

z
∂ψx

−n−1

∂y
, y

∂ψx
−n−1

∂z
, z

∂ψy
−n−1

∂x
, x

∂ψy
−n−1

∂z
, x

∂ψz
−n−1

∂y
, y

∂ψz
−n−1

∂x
, (3.80)

each of which involve the irregular spherical harmonics. The terms in (3.79) and (3.80)

are not in general orthogonal with the solid spherical harmonic of degree n. To

overcome this, we consider the general functions χR(r, θ, ϕ) and χI(r, θ, ϕ) which may

be any term in (3.79) and (3.80), respectively. We project these terms to a spherical

harmonic basis by writing, for example,

χR(r, θ, ϕ) =
∞∑
n=0

n∑
m=−n

ψ̃R
n,m(r)Rn,m(r, θ, ϕ), (3.81)

χI(r, θ, ϕ) =
∞∑
n=0

n∑
m=−n

ψ̃I
n,m(r)In,m(r, θ, ϕ), (3.82)

ψ̃R
n,m(r) =

ˆ 2π

ϕ=0

ˆ π

θ=0

(2n+ 1)

4πr2n
χR(r, θ, ϕ)Rn,m(r, θ, ϕ) sin θ dθ dϕ (3.83)

ψ̃I
n,m(r) = −

ˆ 2π

ϕ=0

ˆ π

θ=0

(2n+ 1)

4πr−2n−2
χI(r, θ, ϕ)In,m(r, θ, ϕ) sin θ dθ dϕ, (3.84)

where ψ̃R
n,m(r) and ψ̃I

n,m(r) are projected coefficients which generally depend on r.

Projections for the terms in (3.79) and (3.80) may be similarly calculated. On the

undeformed boundaries ∂Ω̂i, the projected coefficients (for example ψ̃R
n,m(r = αi)

and ψ̃I
n,m(r = αi)) are simply linear combinations of the unknown coefficients

ψx,R
n,m, ψ

y,R
n,m, ψ

z,R
n,m, ψ

x,I
n,m, ψ

y,I
n,m and ψz,I

n,m. Importantly, the sums for the projections all

involve a finite number of terms. Therefore, by substituting projections similar to

(3.81) and (3.82) for the terms in (3.79) and (3.80) into the boundary conditions

(3.71)–(3.76) we may exploit the orthogonality of the spherical harmonics and solve

(3.71)–(3.76) exactly by formulating a non-diagonal, finite-dimensional linear system
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in terms of the unknown coefficients ψx,R
n,m, ψ

y,R
n,m, ψ

z,R
n,m, ψ

x,I
n,m, ψ

y,I
n,m and ψz,I

n,m. For the

sake of brevity the full solution is omitted from the text, however we do present

the surface deformation (3.24) of the coating under a shear and Poiseuille flow in

Section 3.4.

The cell pressure pc enters the coating deformation via the reformulated interfacial

conditions (3.74) and (3.75), and is calculated through enforcing the volumetric con-

straint (3.26). Under a background shear and Poiseuille flow, it may be shown that

the volume constraint (3.25) is satisfied by pc = p0c . This indicates the surface defor-

mation of the cell is volume preserving to O(ϵ), such that the cell pressure remains

unaffected when deformed. To close the solid problem, the impact of the coating

deformation on the porosity may be calculated via (3.9).

3.3.3 Spherical poroelastic particle

For the case of a spherical poroelastic particle, where the cell region is omitted and

is replaced with further poroelastic material, we require p−n−1 = 0 and ψ−n−1 = 0

to ensure the fluid flow and particle deformation remain finite at the origin. The

interfacial conditions (3.33) and (3.34), along with the volumetric restriction (3.26)

and cell pressure pc, are also not required.

To recover the case of a spherical poroelastic particle from the coated cell model,

we naively set α0 = 0 in the coated cell solutions. It is clear through (3.53) that

by setting α0 = 0 we have p−n−1 = 0. Further, it may be shown that with α0 = 0,

the reformulated boundary conditions (3.74)–(3.76) applied at the origin, require

ψ−n−1 = 0. Since the volumetric constraint (3.26) is trivially satisfied when α0 = 0,

the cell pressure pc simply reflects the total poroelastic stress at the origin, which is

given by the reference pressure p0c (undeformed cell pressure).

The only remaining interfacial condition is the no penetration condition (3.33).

To interpret the no penetration condition, we consider the asymptotic limit α0 → 0,

where we expect the fluid problem may be written as an outer problem valid far from

the origin, and an inner problem valid close to the cell surface (r ∼ α0). The outer

problem should be a spherical poroelastic particle coupled to an unbounded Stokes

flow, and the inner problem should be unbounded uniform Darcy flow around the

impermeable, perfect slip, undeformed cell surface. The magnitude of the uniform

Darcy flow in the inner problem is given by the solution to the outer problem, which we

anticipate will approach the Darcy flow through the centre of a spherical poroelastic

particle (origin) when α0 = 0.
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Figure 3.2: Schematic of a three-dimensional coated cell under a background shear
flow.

3.4 Example flow profiles

We use the above framework to investigate the impacts of the Darcy number, slip,

Poisson’s ratio, and coating thickness on the cell’s translational and angular veloc-

ity, and the coating deformation, under two example flow profiles, shear flow and

Poiseuille flow. We first present analytical results for these key quantities, before

studying the limiting case of a spherical poroelastic particle by setting α0 = 0. By

taking the further limits κ̃0 → 0, γ → ∞, and ν → 1/2 we model an incompressible,

elastic particle2 subject to no-slip boundary conditions in an unbounded flow, as stud-

ied by Murata [3]. We consider these limits in the case of both shear and Poiseuille

background flows, and compare to Murata to validate our method. We then return to

consider the full coated cell model (α0 ̸= 0), to interpret how the dependencies of the

coated cell’s translation, rotation, and deformation on the Darcy number, slip, and

Poisson’s ratio change with coating thickness. Since lengths are non-dimensionalised

on the outer coating radius, we note that as the coating thickness increases, the cell

size decreases.

3.4.1 Shear flow

We first study the case of a background shear flow, as presented in Figure 3.2. In

a Cartesian coordinate system, the dimensionless background shear flow is described

by

vex = 0, vey = 0, vez = x, (3.85)

2Taking these limits, the Darcy pressure does not reduce to the elastic pressure in the particle.
Further details of this reduction are provided in Appendix C.5.
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We first write the external background flow using solid spherical harmonics,

Ψ∗
1 = −1

2
r sin θ sinϕ, (3.86)

Φ∗
2 =

1

4
r2 sin 2θ cosϕ. (3.87)

From (3.57) it may be shown that the translational velocity of the coated cell Vtr = 0,

and that the torque balance requires

γ̃

2(3 + γ̃)
+

2Ωyγ̃

2(3 + γ̃)
= 0 =⇒ Ωy = −1

2
, Ωx = Ωz = 0. (3.88)

The left-hand side of (3.88) is composed of two terms. The first term is the torque

imposed on a non-rotating coated cell under a background shear flow (see, for example,

Figure 3.3b), and the second term is the torque experienced by a coated cell which

rotates with angular velocity Ωy in an unbounded, quiescent, Newtonian viscous fluid

(see, for example, Figure 3.3c). Since these two terms scale identically with κ̃0 and

γ, and do not depend on α0, the rotation of the coated cell is the same for all cell

coatings. Special attention must be paid to the case when γ = γ̃ = 0, such that there

is perfect slip on the outer coating surface. This case forms a singular limit where Ω

is not uniquely determined. However, we note that Ω = −ey/2 in the limit as γ̃ → 0.

The surface deformations ri are given by (3.24),

ri = 1 +
5

4
ϵLs

i (κ̃0, γ̃, ν, α0) sin 2θ cosϕ, (3.89)

where Ls
i (κ̃0, γ̃, ν, α0) contain the dependencies of the surface deformations on κ̃0, γ̃, ν,

and α0. For brevity, we do not present the full solutions for Ls
i (κ̃0, γ̃, ν, α0) here,

though we do present closed form solutions for certain limiting cases below, along

with several general plots across a wide range of parameter values. We note that the

surface deformations (3.89) do not depend on the cell pressure pc = p0c since the cell

pressure is not affected by the leading-order surface deformation in (3.26).

To interpret the coating deformation, it will be useful to consider the Darcy pres-

sure pp and the surface tractions, τ = (τr, τθ, τϕ) = σf |r=1·er on r1, which drive

the resulting deformation of the coated cell through the governing equations (3.16)

and (3.18) and boundary conditions (3.29) and (3.32). We note that through (3.30)

we have τr = −pp|r=1 and that the shearing tractions on the undeformed surface r0

are zero through the boundary condition (3.34). For a coated cell under a shear flow

we have

pp = p0c − 5M s(κ̃0, γ̃, α0, r) sin 2θ cosϕ, (3.90)
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τθ =
5

2
T s(κ̃0, γ̃, α0) cos 2θ cosϕ, τϕ = −5

2
T s(κ̃0, γ̃, α0) cos θ sinϕ, (3.91)

where

M s(κ̃0, γ̃, α0, r) =
3r5 + 2α5

0

3r3
3(8 + γ̃)

3(5 + 48κ̃0 + γ̃ + 6κ̃0γ̃) + 2α5
0(5 − 72κ̃0 + γ̃ − 24κ̃0γ̃)

,

(3.92)

T s(κ̃0, γ̃, α0) =
(3 + α5

0(2 − 48κ̃0))γ̃

3(5 + 48κ̃0 + γ̃ + 6κ̃0γ̃) + 2α5
0(5 − 72κ̃0 + γ̃ − 24κ̃0γ̃)

. (3.93)

We additionally define the Darcy pressure magnitudes on the outer coating and cell

surfaces,

M s
i (κ̃0, γ̃, α0) = M s(r = αi). (3.94)

We note that the denominators of M s and T s both contain the same dependencies

on the Darcy number κ̃0, slip γ̃, and cell size α0. Although γ̃ appears in the solutions

(3.89)–(3.91), it is important to recall that γ̃ = γ/
√
κ̃0 is composed of two independent

and physically meaningful parameters, and below we choose to explore how γ and κ̃0

impact the system rather than γ̃.

3.4.1.1 Spherical poroelastic particle

We first investigate the impacts of the Darcy number κ̃0, slip γ̃, and Poisson’s ratio

ν, for the limiting case of a spherical poroelastic particle, which may be obtained by

setting α0 = 0 (see Section 3.3.3). For brevity, we denote quantities with α0 = 0 via

a hat; for instance, L̂s
i = Ls

i (α0 = 0). Removing the cellular region greatly simplifies

the surface deformation,

L̂s
1(κ̃0, γ̃, ν) =

16(2 + ν) + γ̃(4 + 11ν)

(5 + 48κ̃0 + γ̃ + 6κ̃0γ̃)(7 + 5ν)
, (3.95)

where, since we work in a frame which translates with the particle, the deformation

at the origin, L̂s
0 = 0. By taking the further limits κ̃0 → 0 (impermeable), γ → ∞

(no-slip), and ν → 1/2 (incompressible), we recover the results obtained by Murata

[3]; finding that L̂s
1 → 1. The rigid body rotation of the particle given by (3.88) is

identical to Murata’s result regardless of the parameter choices, since the rotation of

the particle is independent of its material parameters.

In Figure 3.3 we choose a small Darcy number κ̃0 = 10−3 and small slip γ = 100,

presenting contour plots in the z-x plane for the flow through the poroelastic particle

(Figure 3.3a) as a linear combination of the shear flow through a stationary, non-

rotating particle (Figure 3.3b), and the flow associated with a rotating particle in a

quiescent fluid (Figure 3.3c). Outside the particle we plot the velocity field v and
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Figure 3.3: Velocity contour plots in the z-x plane (y = 0) showing a decomposition
of the internal and external flow. In all plots κ̃0 = 10−3 and γ = 100. The undeformed
and deformed (ϵ = 0.1, ν = 1/4) particle surface are denoted by the black and red
lines, respectively.

inside the particle we plot the total volume flux q (3.12); in each plot, the contour

colour reflects the respective velocity magnitude. Under this decomposition, the total

internal flux in Figure 3.3b is identical to the Darcy flow component (ϕf,0(vp − vs))
of the total internal flux in Figure 3.3a, and the total internal flux q in Figure 3.3c

is given exactly by the rigid body rotation vs = vΩ. Additionally, the first term in

the left-hand side of (3.88) is the torque experienced by the particle in Figure 3.3b,

and the second term is the torque experienced by the particle in Figure 3.3c. In

Figure 3.3b, where the particle does not rotate, the internal flow is extensional along

a 45◦ angle to the flow, which we define as the major axis. We also define the minor

axis as perpendicular to the major axis in the z-x plane. We note the contours cross

the z-axis as a result of the particle; in the absence of a particle, the background

flow has a line of stagnation points along x = 0. With small slip (γ = 100), the

pure rotation of the particle in Figure 3.3c causes the external flow to circle the

particle, decaying to zero far from the particle. Since there is no normal (radial) flow

present in Figure 3.3c, the Darcy number κ̃0 only affects the external flow through

the Beavers and Joseph condition (3.31) via the effective slip γ̃ = γ/
√
κ̃0. With

a smaller Darcy number, γ̃ is increased, reducing the effective slip on the particle

surface such that the particle rotation generates a greater external flow. Combining

the contours in Figures 3.3b and 3.3c, we obtain Figure 3.3a. Since the Darcy number

is small here, the total internal flux is dominated by the particle rotation such that

we observe circular contours. Due to the small slip, the external flow close to the

particle boundary is dominated by the rotation such that the flow across the z-axis
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Figure 3.4: Velocity contour plots in the z-x plane for a poroelastic particle in shear
flow varying κ̃0 and γ with y = 0. The undeformed and deformed (ϵ = 0.1, ν = 1/4)
particle surface are denoted by the black and red lines, respectively.

observed in Figure 3.3b changes direction and the external flow circles the particle.

Far from the particle we recover the background shear flow.

Since no surface deformation is generated via the rigid body rotation of the par-

ticle, the deformed surfaces, presented via the red lines, are identical in Figures 3.3a

and 3.3b. The particle deforms to a prolate spheroid aligned with the major axis

of the extensional internal flow in Figure 3.3b. This is because the internal flow in

Figure 3.3b is the Darcy flow (fluid flow relative to the solid) in Figure 3.3a.

In Figure 3.4 we present further 2-D cross sections (z-x plane) of the velocity

contours and surface deformation under a shear flow for varying Darcy number and

slip. In Figure 3.4a, the Darcy number is again small such that there is little internal

fluid flow relative to the rotating skeleton. Consequently, the internal contours are

near circular reflecting the particle rotation in (3.88). Comparing with Figure 3.3a,

with a large slip (γ = 0.01) the external flow does not circle the particle, since the

rotation of the particle generates little external flow. We note that the flow around

the particle is faster since the greater slip reduces the resistance to tangential flow. In

Figures 3.4b and 3.4c we increase the Darcy number and observe ellipsoidal contours

within the particle due to the increased internal Darcy flow relative to the motion

of the rigid skeleton. With a small slip in Figure 3.4b the external flow mimics the

ellipsoidal contours near the interface. With a large slip (γ small) in Figure 3.4c the

particle rotation does not generate a strong external flow such that we see a similar

external flow structure to that observed in Figure 3.3b when rotation is neglected. We

note that the external flow in Figure 3.4a is similar to that presented in Figure 3.4c

along x = 0, though the flow across the z-axis is too subtle to be visible in the
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contour plot. In all cases, far from the particle we recover the far-field shear flow with

horizontal contours. The contours around x = 2 in Figures 3.3a and 3.4a to 3.4c are

in general more strongly curved for a smaller Darcy number and slip, which indicates

the disturbance to the flow is larger.

For all cases in Figure 3.4, the particle attains a similar prolate spheroidal shape

to that observed in Figure 3.3. To interpret the surface deformation in (3.95), we

consider the Darcy pressure within the particle and shearing surface tractions acting

on the particle surface. The dependencies of the Darcy pressure and shearing tractions

on the Darcy number and slip are obtained by setting α0 = 0 in (3.92) and (3.93),

M̂ s
1 (κ̃0, γ̃) =

8 + γ̃

5 + 48κ̃0 + γ̃ + 6κ̃0γ̃
, (3.96)

T̂ s(κ̃0, γ̃) =
γ̃

5 + 48κ̃0 + γ̃ + 6κ̃0γ̃
, (3.97)

and M̂ s
0 = 0. Setting α0 = 0 in (3.90), the Darcy pressure within the poroelastic

particle under a shear flow is

pp = p0c − 5r2M̂ s
1 (κ̃0, γ̃). (3.98)

The shearing surface tractions on the particle surface are then given by

τθ =
5

2
T̂ s(κ̃0, γ̃) cos 2θ cosϕ, τϕ = −5

2
T̂ s(κ̃0, γ̃) cos θ sinϕ, (3.99)

In Figure 3.5 we present an example plot of the Darcy pressure within the particle

with κ̃0 = 10−3, γ = 100, and p0c = 0, along with M̂ s
1 and T̂ s for varying κ̃0 and γ.

For reference, in Figure 3.5a we also present the major and minor axes, along with

the direction of the shearing traction τθ = τ · eθ. In Figure 3.5a we see that the

Darcy pressure is negative along the major axis and positive along the minor axis,

resulting in the extensional internal Darcy flow as presented in Figure 3.3b. The Darcy

pressure absorbs the normal surface traction through the interfacial condition (3.30),

and generates deformation of the solid skeleton via the momentum equation (3.15).

Since a positive pressure indicates compression and a negative pressure indicates

extension, the Darcy pressure acts to stretch the solid skeleton along the major axis

and compress it along the minor axis. Instead considering the shearing tractions in

(3.99) with y = 0, we have τϕ = 0 and τθ involves compression of the particle toward

the major axis and stretching away from the minor axis, as indicated by the curved

arrows near the particle surface in Figure 3.5a.

We present the dependencies of M̂ s
1 and T̂ s on the Darcy number and slip in

Figures 3.5b and 3.5c, observing that the Darcy pressure/normal surface traction
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magnitude decrease with γ and that the shearing fluid tractions increase with γ. The

normal surface traction is due to the pressure of the external fluid and the radial

derivative of the normal component of the external velocity. It may be shown that

with a larger slip (smaller γ), the external pressure is decreased since the resistance to

the flow around the particle is decreased. However, with a larger slip the magnitude

of the radial derivative of Vr is increased close to the particle surface, as was observed

in Figures 3.3a and 3.4a. This increase in ∂Vr/∂r outweighs the reduction in the

Stokes pressure, such that the normal surface traction, and hence Darcy pressure,

increase with γ.

Increasing the Darcy number has two effects. Firstly, a greater internal fluid flow

is permitted, which reduces the flow that is diverted around the particle. This effect

decreases both the Darcy pressure and the shearing traction. Secondly, through (3.31)

increasing the Darcy number decreases the effective slip γ̃ = γ/
√
κ̃0. This has the

effect of increasing the Darcy pressure and further decreasing the shearing traction.

The combination of these effects is evident in Figure 3.5b where increasing the Darcy

number for small γ initially increases the pressure due to the effective reduction in slip

via (3.31) until the Darcy number κ̃0 ∼ 0.01. When γ is larger, increasing the Darcy

number only decreases M̂ s
1 , since γ̃ remains large for all κ̃0. If we instead consider the

lines of constant γ̃ (dashed lines) in Figures 3.5b and 3.5c, the Darcy pressure and

shearing traction only decrease with κ̃0 since the effect of the Darcy number on slip

is removed. For small κ̃0, the contours are parallel to the lines of constant γ̃. This is

because the internal Darcy flow is small such that the effect of increasing κ̃0 on the

Darcy pressure and shearing traction is due predominantly to the effective reduction

in slip.

The combination of these forcing effects has non-trivial implications for the pre-

dicted surface deformation of the particle (3.95). In Figure 3.6 we present contour

plots of L̂s
1(κ̃0, γ̃, ν), varying the Darcy number and slip for three values of the Pois-

son’s ratio. When ν = 0, no transverse strains develop when the particle is exposed

to stretching or compressive forces. In this case, the shearing fluid traction presented

in (3.97), which compresses the particle toward the major axis and stretches the par-

ticle away from the minor axis, does not cause the particle shape to deviate from a

sphere. Consequently, only the Darcy pressure contributes to the resulting surface de-

formation such that the surface deformation magnitude has identical dependencies to

M̂ s(κ̃0, γ̃) as presented in Figure 3.5b. When ν = 1/2, the particle is incompressible

and the maximal transverse strains are induced when the particle is deformed. In this

case, the shearing traction generates a transverse deformation which is positive along
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Figure 3.5: (a) Darcy pressure pp within a poroelastic particle (α0 = 0) for κ̃0 = 10−3

and γ = 100 on y = 0. (b) Darcy pressure dependencies on κ̃0 and γ, M̂ s
1 (κ̃0, γ̃).

(c) Shearing traction dependencies on κ̃0 and γ, T̂ s(κ̃0, γ̃). In (b) and (c) the dashed
lines are lines of fixed γ̃, and vary from 10−1 to 103 in powers of ten.

the major axis and negative along the minor axis. Consequently, the resulting surface

deformation given by (3.23) is due to a combination of both the Darcy pressure and

the transverse strains generated by the shearing traction. In this case, the surface

deformation is dominated by the shearing traction and we observe that, in contrast

to when ν = 0, L̂s
1(κ̃0, γ̃, ν = 1/2) increases with γ as was observed with T̂ s(κ̃0, γ̃)

presented in Figure 3.5c. When ν = 1/4 we observe that the surface deformation

magnitude increases with γ when the Darcy number is large, and decreases with γ

when the Darcy number is small. The Poisson’s ratio therefore details the extent to

which the shearing traction contributes to the resulting surface deformation. This

interpretation motivates the decomposition

L̂s
1(κ̃0, γ̃, ν) =

2(2 + ν)

7 + 5ν
M̂ s

1 (κ̃0, γ̃) +
9ν

7 + 5ν
T̂ s(κ̃0, γ̃), (3.100)

where we can see clearly that when ν = 0, the shear stress T̂s does not contribute to

the resulting surface deformation, and when ν = 1/2, contributes maximally to the

dependencies on κ̃0 and γ̃.

3.4.1.2 Coated cell

We now assume that α0 ̸= 0 and investigate the impact of the coating thickness on

the translational and rotational velocity, the Darcy pressure and shearing tractions,

and the surface deformations of the coating. In Figure 3.7 we present contour plots

in the (z-x) plane (y = 0) for α0 = 0.25, 0.5, and 0.75 using the same values for κ̃0
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Figure 3.6: Contour plots of the magnitude of the particle surface deformation,
L̂s
1(κ̃0, γ̃, ν). We continuously vary κ̃0 and γ for ν = 0, 1/4, 1/2. The dashed lines are

lines of fixed γ̃, and vary from 10−1 to 103 in powers of ten.

and γ as in Figures 3.3 and 3.4. In the external region we plot the velocity field, v,

inside the coating we plot the total internal flux, q. We do not present contours in

the cell, since we assume no flow there. However, we remind the reader that the cell

rotates with the coating according to (3.88).

In Figure 3.7 we present the surface deformations ri by the red lines, setting

ϵ = 0.025, which is a quarter of the value used in Figure 3.4. We observe that the

deformation increases considerably with α0. To understand this behaviour, we define

the coating thickness δ = 1 − α0 and consider the limit δ → 0, corresponding to the

case of an infinitesimally thin poroelastic coating. In this case, we have to leading

order

Ls
i (κ̃0, γ̃, ν, α0 → 1) =

12κ̃0γ̃(1 + ν) − γ̃(2 + ν) − 2(5 + ν)

δ((6κ̃0 − 1)γ̃ − 5)(1 + ν)
+ O(1), (3.101)

such that the surface deformations ri scale with the inverse of the coating thickness.

We attribute this dependence of the deformation on the coating thickness to the

stretching modulus of the coating (3.21). This is expected, as a thin closed shell may

not bend without being stretched (see Section 3.2.3). It follows that in order for the

infinitesimal strain assumption to remain valid, we require the normal displacement

to be smaller than the coating thickness such that

ϵ≪ (1 − α0)
2. (3.102)

This result (3.102) is consistent with the expected scaling from linear shell theory

[135], and suggests that stretching effects dominate the elastic response of the thin
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coating. We expect (3.102) to be the correct bound on ϵ as α0 → 1 for all unbounded

flows; proper consideration of an external boundary would likely result in a different

scaling when the coated cell is in close proximity to said boundary since the tractions

imposed on the coating will increase.

In Figures 3.7a and 3.7b, we observe similar external contours to those presented

in Figures 3.3a and 3.4a since in these plots the Darcy number is small such that the

contours in the coating and cell both reflect the rigid body rotation given by (3.88).

In particular, the external contours do not strongly depend on α0. In Figures 3.7c

and 3.7d, where the Darcy number is large, we can observe the impact of increasing α0

on the contours. In general, increasing the cell size results in a larger disturbance to

the flow field since the no penetration condition on the cell boundary (3.33) displaces

the fluid around the cell.

To help interpret the coating deformation in (3.101) we also calculate the Darcy

pressure/normal surface traction (3.92) and the shearing traction (3.93) in the limit

α0 → 1,

M̃ s
i (κ̃0, γ̃) =

8 + γ̃

5 + γ̃ − 6κ̃0γ̃
(3.103)

T̃ s(κ̃0, γ̃) =
γ̃(1 − 16κ̃0)

5 + γ̃ − 6κ̃0γ̃
, (3.104)

where M̃ s
i = M s

i (α0 → 1) and T̃ s = T s(α0 → 1). It is apparent that both the

normal traction and shearing traction blow up when γ = 5
√
κ̃0/(6κ̃0 − 1) which

admits realistic values of γ > 0 when κ̃0 > 1/6. Moreover, the denominators in

(3.92) and (3.93) may equal zero when α0 > (3/8)1/5 ∼ 0.82, and γ and κ̃0 are both

large. We attribute this blow up to an invalid choice of parameters where the model

assumptions beak down. As α0 → 1, the Darcy number does not properly reflect

the coating geometry, as the coating thickness is small compared with its radius.

Consequently, κ̃0 under-represents the actual Darcy number for the coating, and with

κ̃0 = 1/6 the coating approaches transparency. Since the cell size is large, flow which

enters the coating is accelerated through the confined region to unrealistic speeds

since there is no frictional resistance to moderate the flow in Darcy’s law. Finally,

when γ is large, the external flow on the coating surface must match this accelerated

internal flow such that the unrealistic speeds are propagated into the external region.

This gives in large velocity gradients close to the coating surface, resulting the blow

up of the normal and shearing tractions. We expect that switching to Brinkman

flow within the coating would remove this blow up, since the inclusion of a viscous

dissipation term would restrict the magnitude of the internal velocity.
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Figure 3.7: Velocity contour plots for the coated cell under an external shear flow
varying κ̃0 and γ̃ with y = 0. As with Figures 3.3 and 3.4 the contour colours
reflect the velocity magnitude, with values ranging from 0 to 2. We also present the
undeformed and deformed (ϵ = 0.025, ν = 1/4) surfaces ri by the black and red lines,
respectively.
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As in (3.100), we decompose the leading order surface deformation (3.101) in the

limit of α0 → 1 as

L̃s
i (κ̃0, γ̃, ν) =

1

1 − α0

[
5 + ν

4(1 + ν)
M̃ s

i (κ̃0, γ̃) +
3

4
T̃ s(κ̃0, γ̃)

]
+ O(1). (3.105)

As was the case for a spherical poroelastic particle (α0 = 0) in (3.100), the contri-

bution in (3.105) from the Darcy pressure is largest when ν = 0. However, unlike in

(3.100), the contribution from the shearing traction in (3.105) does not depend on the

Poisson’s ratio. Noting that the shearing traction on r = α0 is zero via the interfacial

condition (3.34), as α0 → 1, the coating is too thin for the transverse strains generated

by the shearing traction to contribute to the resulting surface deformation. Instead,

we anticipate the shearing traction generates a surface deformation through bending

(and thus in-plane stretching) of the coating, the magnitude of which depends on the

porous parameters κ̃0 and γ, as well as the coating thickness and stiffness (through

α0 and ϵ).

The shearing traction in (3.104) is zero for all γ when κ̃0 = 1/16. As the Darcy

number increases, more fluid is permitted into the coating which must be diverted

around the impermeable cell. In the limit of α0 → 1, when κ̃0 = 1/16, the tangential

flow through the coating exactly matches the external tangential flow on r = 1.

Consequently, the Beavers and Joseph boundary condition (3.31) is trivially satisfied

by velocity continuity, such that the shearing traction is zero for all γ. Setting κ̃0 =

1/16 in (3.103), we recover the Darcy pressure for an impermeable, perfect slip particle

as was observed in Figure 3.5b. When the coating is infinitesimally thin, and the

Beavers and Joseph condition is trivially satisfied for all γ, the resulting fluid problem

reduces to flow around the undeformed cell, which is impermeable and has perfect

slip.

We calculate the critical permeability at which the Beavers and Joseph condition

is trivially satisfied for a given cell size by asserting ∂Ls
i/∂γ = 0 and solving for κ̃0,

κ̃∗0(α0) =
3 + 2α5

0

80α5
0

. (3.106)

When κ̃0 = κ̃∗0(α0), the resulting fluid problem is independent of γ because the

increased internal coating flow which is redirected around the cell exactly matches

the external flow at r = 1. For Darcy numbers smaller than κ̃∗0(1) = 1/16, the coating

flow is smaller than the external flow for all cell sizes.

In Figures 3.8 and 3.9 we present the Darcy pressure (3.90) and shearing traction

(3.91) magnitudes for a range of cell sizes α0. In Figures 3.8a and 3.9a we fix γ = 1
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Figure 3.8: Darcy pressure dependencies M s(κ̃0, γ̃, α0, r) given in (3.90) for varying
α0. In both plots, the solid and dashed lines have r = 1 and r = α0, respectively. In
(a) we vary κ̃0 for fixed γ = 1 and in (b) we vary γ for fixed κ̃0 = 10−2.

and present curves for different κ̃0, and in Figures 3.8b and 3.9b we fix κ̃0 = 10−2 and

present curves for different γ. In Figure 3.8, the solid and dashed lines correspond to

M s
1 and M s

0 , respectively. In Figure 3.8a, we see when the Darcy number is small,

the Darcy pressure on r = 1 is not affected by an increase in the cell size since

the external flow is redirected around the coating. The Darcy pressure on r = α0

increases with the cell size up to the value on r = 1 in the limiting case of α0 → 1.

In general, increasing the cell size results in a larger Darcy pressure, with the effect

exacerbated for a larger Darcy number. For a small cell size we see that an increase

in the Darcy number initially increases the Darcy pressure due to the reduction in

γ̃ = γ/
√
κ̃0 (greater effective slip), then decreases the Darcy pressure due to the

greater fluid flow through the coating. As the cell size α0 increases, this greater flow

through the coating is redirected around the perfect-slip cell surface, increasing the

Darcy pressure as it is harder to push the same volume of fluid through an effectively

smaller area. In Figure 3.8b we instead fix κ̃0 = 10−2 and vary γ. Across all cell sizes,

an increase in γ (decreased slip) decreases the Darcy pressure since the magnitude of

the external flow is decreased. As the cell size increases the Darcy pressure increases;

this effect is exacerbated for larger Darcy numbers, since a greater volume of fluid is

redirected around the cell.

The analysis is similar for Figure 3.9 where we instead present the shearing trac-

tion dependencies given by T s for varying κ̃0 and γ. In Figure 3.9a, we again see that

the shearing traction is not strongly affected by the cell size when the Darcy num-

ber is small. In general, an increase in the cell size decreases the shearing traction

magnitude, with the relationship exacerbated for larger Darcy numbers and cell sizes.

When the permeability is large (purple line) the shearing traction is negative for a

large cell size. This is because the permeability is so large, the Darcy flow within
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Figure 3.9: Shearing traction magnitude T s(κ̃0, γ̃, α0) given in (3.91) for varying α0.
In (a) we vary κ̃0 for fixed γ = 1 and in (b) we vary γ for fixed κ̃0 = 10−2.

the coating which is redirected around the impermeable cell surface is faster than the

tangential external flow. Consequently, the shearing traction, which is determined

via the Beavers & Joseph condition (3.31) is negative. The value of α0 at which the

shear stress is zero is predicted by inverting κ̃∗0(α0) in (3.106). At this point, the

tangential flow in the coating exactly matches the external tangential flow on r = 1,

such that changing γ has no effect on the solution. In Figure 3.9b we see that the

shearing traction increases with γ, and again decreases with increasing cell size.

We now consider the effect of changing the cell size on the resulting surface de-

formations in Figures 3.10 to 3.12, noting that the cases of α0 = 0 and α0 → 1 are

related to the Darcy pressure and shearing tractions via the decompositions (3.100)

and (3.105). In each plot, the solid and dashed lines correspond to the surface defor-

mations r1 and r0 as described by Ls
1 and Ls

0, respectively.

In Figure 3.10 we plot Ls
i for varying Darcy number, fixing γ = 1 and ν = 1/4.

When the cell size α0 is small, the coating deformation magnitude Ls
1 does not depend

strongly on the cell size. The cell deformation magnitude Ls
0, however, scales linearly

with α0 when the cell is small, and vanishes when α0 = 0. We define the small

α0 behaviour as the bulk deformation mode, where the coated cell more accurately

reflects a spherical poroelastic particle. Conversely, as α0 → 1, both deformation

magnitudes Ls
i strongly increase with α0, and the cell deformation magnitude Ls

0 ∼ Ls
1.

This reflects the expected thin coating limit calculated in (3.101), where the coating

deformation scales with 1/(1 − α0), and is defined as the shell deformation mode.

In Figure 3.10, we observe the transition between the bulk deformation and shell

deformation modes occurs around α0 = 1/2 and is similar across all Darcy numbers.

When γ = 1 and ν = 1/4 the effect of increasing κ̃0 is similar to the case of a

spherical poroelastic particle (Figure 3.6, middle panel) across all cell sizes. In fact,

78



0.01 0.05 0.10 0.50 1
0.1

0.5

1

5

10

Figure 3.10: Surface deformation dependencies Ls
i (κ̃0, γ̃, ν, α0), varying α0 for several

Darcy numbers while fixing γ = 1 and ν = 1/4 throughout. The solid and dashed
lines correspond to i = 1 and i = 0, respectively.

the dependencies on κ̃0 observed in Figure 3.6 (middle panel) are similar for all γ̃, ν,

and α0, with the coating deformation decreasing with increasing κ̃0 except when the

Darcy number and slip parameter are both small. This suggests that when α0 is

large, the increase to the Darcy pressure observed in Figure 3.8a as κ̃0 increases is

outweighed by the decrease to the shearing traction observed in Figure 3.9a.

In Figure 3.11a we instead vary γ, fixing κ̃0 = 10−2 and ν = 1/4. Both the

bulk and shell deformation modes are again apparent, though we observe the cell

size at which Ls
0 ∼ Ls

1 increases with γ. As was similarly presented in Figure 3.6,

for most cell sizes the surface deformations decrease with γ. This relationship flips

for larger α0, where the surface deformations instead increase with γ, since for a

thin coating the shearing traction generates bending. For a given Darcy number and

Poisson’s ratio, the values of α0 where the behaviour of Ls
i with γ changes are found

by calculating ∂Ls
i/∂γ = 0 and solving for α0. In Figure 3.11b we present the cell size

α0 and Darcy number κ̃0 at which this relationship flips for both Ls
1 (solid lines) and

Ls
0 (dashed lines) over a range of Poisson’s ratios. We also present κ̃∗0 via the solid

black line where, since the Darcy pressure and shearing tractions are independent of

γ, we also expect Ls
i to be independent of γ. Above each curve, the respective surface

deformation increases with γ; below the curve we have the opposite. For reference,

the horizontal dot-dashed line corresponds to the parameter values in Figure 3.11a.

For an incompressible coating (ν = 1/2), Ls
1 always increases with γ, regardless of the

cell size. Hence, there is no solid yellow line visible in Figure 3.11b. Conversely, when

ν = 0, and the Darcy number is small, both Ls
i always increase with γ except in the

limiting case of α0 → 1. The transition points on r = α0 (Ls
0) are similar to those on
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Figure 3.11: (a) Surface deformation dependencies Ls
i (κ̃0, γ̃, ν, α0), varying α0 for

several γ while fixing κ̃0 = 10−2 and ν = 1/4 throughout. (b) Curves in the (κ̃0, α0)
space for which ∂Ls

i/∂γ = 0 for several values of the Poisson’s ratio, ν. In both
plots, the solid and dashed lines correspond to i = 1 and i = 0, respectively. Above
a given curve the respective surface deformation increases with γ; below the surface
deformation decreases with γ.

r = 1 (Ls
1) when the cell size is large, since when the coating is thin we have Ls

0 ∼ Ls
1.

Additionally, the transition points on r = α0 (Ls
0) are similar to those on r = 1 (Ls

1)

when ν = 0, since the shearing tractions, which act only on the outer coating surface

r = 1, do not generate any surface displacement via transverse strains.

In Figure 3.12 we fix the Darcy number κ̃0 = 10−2 and slip γ and vary the

Poisson’s ratio ν. The cell size for which Ls
0 ∼ Ls

1, indicating the shell deformation

mode, increases with ν. As was the case in Figure 3.6, for a small cell size a larger

Poisson’s ratio ν results in a larger surface deformation. This relationship is reversed

for a larger cell size. Again, we interpret these relationships by considering the surface

deformation in the limiting cases of a spherical poroelastic particle α0 = 0 (3.100),

and an infinitesimally thin coating α0 → 1 (3.105). When α0 is small, the Poisson’s

ratio details the extent to which the shearing traction contributes to the surface

deformation. When α0 is large, the magnitude of the coating deformation is governed

by its stretching modulus (3.21) (as bending generates stretching) which increases

with ν.

3.4.2 Poiseuille flow

Figure 3.13 presents the problem schematic in a coordinate system translating with

the centre of the coated cell. Here, R0 is the dimensionless tube radius, the cell is a

dimensionless distance β from the tube centre-line, and the wall velocity Vez = Vtr/V0

is the normalised translational velocity of the particle in the lab frame. We note that

the tube walls are represented by dashed lines, since the tube wall boundary conditions
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Figure 3.12: Surface deformation dependencies Ls
i (κ̃0, γ̃, ν, α0), varying α0 for various

values of the Poisson’s ratio while fixing γ = 1 and κ̃0 = 10−2 throughout. The solid
and dashed lines correspond to i = 1 and i = 0, respectively.

are not satisfied in the solution framework. In order for the solution framework to

remain valid, the particle must be sufficiently far from the tube wall. We therefore

require

1 + β ≪ R0, (3.107)

such that the particle does not disrupt the flow on the tube wall too strongly.

The dimensionless background Poiseuille flow may be written as,

vex = vey = 0, vez = (a+ bx+ c(x2 + y2)), (3.108)

a =

(
1 − β2

R2
0

)
− U, b = −2β

R2
0

, c = − 1

R2
0

. (3.109)

The background Poiseuille flow is written exactly using the solid spherical harmonics

by setting

Φ∗
1 = az, Φ∗

2 =
b

2
xz, Φ∗

3 = − c

15
(5z3 − 3r2z), P ∗

1 = 4cz, Ψ∗
1 = − b

2
y. (3.110)

Using (3.57) we obtain the translational and angular velocity of the particle. In

particular, the translation velocity is given by

V = 1 −R−2
0

(
β2 +

2

3
Q(κ̃0, γ̃, α0)

)
, (3.111)

Q(κ̃0, γ̃, α0) =
(2 + α3

0(1 − 12κ̃0) + 12κ̃0)γ̃

2(2 + γ̃) + α3
0(2 + (1 − 12κ̃0)γ̃)

,

and the angular velocity is

Ωx = Ωz = 0, Ωy = − b
2

=
β

R2
0

. (3.112)
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Figure 3.13: Schematic of a coated cell under Poiseuille flow in a frame of reference
which translates with the cell. The coating has unit radius, the cell has radius α0, the
tube radius is R0, and the particle is a distance β from the tube centre-line. The tube
walls move with velocity −Vez = Vtr, corresponding to the translational velocity of
the particle in the lab frame.

Here, the particle rotation is caused by the bx shearing term in (3.108) due to the

particle being off-axis. The surface deformations are then given by

ri = 1−ϵR−2
0

(
5

2
βLs

i (κ̃0, γ̃, ν, α0) sin 2θ cosϕ− 7

16
Lp
i (κ̃0, γ̃, ν, α0)(5 cos3 θ − 3 cos θ)

)
,

(3.113)

where Ls
i (κ̃0, γ̃, ν, α0), given in (3.89), is due to the shearing component of the back-

ground Poiseuille flow and is proportional to β, and Lp
i (κ̃0, γ̃, ν, α0) are the surface

deformations when the coated cell is concentrically positioned in the tube (β = 0).

As with the case of a background shear flow, it may be shown that in order to satisfy

the volume constraint (3.26) the cell pressure pc = p0c , such that the cell pressure is

not affected by the surface deformation.

We also again present the Darcy pressure and shearing tractions,

pp = p0c +
5β

2R2
0

M s(κ̃0, γ̃, α0, r) sin 2θ cosϕ− 7

4R2
0

Mp(κ̃0, γ̃, α0, r)(5 cos3 θ − 3 cos θ)

+
1

R2
0

2r3 + α3
0

r2
4γ̃ cos θ

−2(2 + α3
0) − (2 + α3

0)γ̃ + 12α3
0κ̃0γ̃

, (3.114)

τθ = − 5β

2R2
0

T s(κ̃0, γ̃, α0) cos 2θ cosϕ+
7

4R2
0

T p(κ̃0, γ̃, α0) sin θ(5 cos2 θ − 1)

− 1

R2
0

2(2 + α3
0)γ̃ sin θ

−2(2 + α3
0) − (2 + α3

0)γ̃ + 12α3
0κ̃0γ̃

, (3.115)
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τϕ =
5β

2R2
0

T s(κ̃0, γ̃, α0) cos θ sinϕ, (3.116)

where M s(κ̃0, γ̃, α0, r) and T s(κ̃0, γ̃, α0) given in (3.90) and (3.91) are due to the shear-

ing component of the background flow when β ̸= 0. The functions Mp(κ̃0, γ̃, α0, r)

and T p(κ̃0, γ̃, α0) are due to the background Poiseuille flow when the coated cell is

concentrically positioned (β = 0) and are given by

Mp(κ̃0, γ̃, α0, r) =
7(8r7 + 75α7

0)(10 + γ̃)

20r4(4(7 + γ̃) + 57κ̃0(10 + γ̃) + 3α7
0(7 + γ̃ − 10κ̃0(19 + 4γ̃)))

,

(3.117)

T p(κ̃0, γ̃, α0) =
(4 + 3α7

0(1 − 70κ̃0))γ̃

4(7 + γ̃) + 57κ̃0(10 + γ̃) + 3α7
0(7 + γ̃ − 10κ̃0(19 + 4γ̃)))

. (3.118)

We note that the denominators in (3.117) and (3.118) are again identical and that

T p does not feature in τϕ since the background Poiseuille flow is axisymmetric when

β = 0. Similarly to (3.94), we additionally define

Mp
i (κ̃0, γ̃, α0) = Mp(κ̃0, γ̃, α0, r = αi). (3.119)

It may be shown that the final terms in (3.114) and (3.115) generate a deformation

which does not represent a departure from a sphere; specifically, they correspond to

a translation of the coated cell along the z-axis. We note that this translation is

omitted in (3.113).

Similar to (3.92) and (3.93), the denominators in (3.117) and (3.118) may equal

zero when α0, κ̃0, and γ are all large. In this limit, we similarly expect unrealistic

velocities within the confined region of the coating, which are propagated through to

the external region via the Beavers & Joseph boundary condition. Again, we attribute

this to the lack of a viscous dissipation term in Darcy’s law, and expect that switching

to Brinkman flow inside the coating would remove this blow up.

3.4.3 Poroelastic particle

As in Section 3.4.1.1, we first analyse the case of a poroelastic particle in a Poiseuille

flow by taking α0 = 0. Denoting the magnitudes for a spherical poroelastic particle

with a hat, for example Q(α0 = 0) = Q̂(α0 = 0), we have the particle velocity

V = 1 −R−2
0

(
β2 +

2

3
Q̂(κ̃0, γ̃)

)
, Q̂(κ̃0, γ̃) =

γ̃(1 + 6κ̃0)

2 + γ̃ + 4κ̃0γ̃
, (3.120)

the surface deformation (3.113) with L̂p
0 = 0 and

L̂p
1(κ̃0, γ̃, ν) =

4(30(3 + ν) + γ̃(5 + 23ν))

(4(7 + γ̃) + 57κ̃0(10 + γ̃))(13 + 7ν)
, (3.121)
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the Darcy pressure (3.114) with M̂p
0 = 0 and

M̂p
1 (κ̃0, γ̃) =

4(10 + γ̃)

4(7 + γ̃) + 57κ̃0(10 + γ̃)
, (3.122)

and the shearing traction (3.115) with

T̂ p(κ̃0, γ̃, α0 = 0) =
4γ̃

4(7 + γ̃) + 57κ̃0(10 + γ̃)
. (3.123)

We note that by again taking the further limits which correspond to an impermeable

(κ̃0 → 0), no-slip (γ → ∞), incompressible (ν → 1/2), elastic particle we have Q̂→ 1,

L̂p
1 → 1, M̂p

1 → 1, and T̂ p → 1, and again exactly recover the results obtained by

Murata [3]. As with the case of shear flow, the rigid body rotation of the particle is

identical regardless of the parameter choices.

In Figure 3.14, we present contour plots for the translational velocity of the particle

(3.120) positioned along the centre-line of the tube (β = 0) with R0 = 2. To interpret

Figure 3.14, we first consider the dashed lines of constant γ̃, which controls the

effective slip through the Beavers & Joseph condition (3.31). Increasing κ̃0 along

these dashed lines leads to a decrease in V , since the fluid flows through the particle

rather than driving it downstream. Increasing the effective slip by decreasing γ̃, we

observe the particle velocity decreases. This is because the increased slip reduces

the particle drag. In the limiting case of perfect slip (γ = 0), we have the maximal

particle velocity V = 1 regardless of the Darcy number κ̃0, since the external fluid

preferentially slips around the particle rather than flow through it. We now consider

the impacts of the Darcy number κ̃0 on its own, noting that, through (3.31), increasing

the Darcy number decreases γ̃ = γ/
√
κ̃0 which effectively increases the slip on the

particle surface. We see that when γ is small, increasing the Darcy number increases

the particle velocity due to this effective reduction in slip. When γ is instead large,

γ̃ is large for all Darcy numbers, such that V only decreases with κ̃0. In general,

the effect of the Darcy number is smaller when γ is small since the greater slip leads

to the fluid preferentially flowing around the particle rather than through it. When

the particle is off-axis (β ̸= 0), the particle velocity V contains the additive constant

−β2/R2
0 which is independent of γ and κ̃0. Increasing β has the effect of decreasing

the average velocity of the surrounding flow, while inducing the rotation captured in

(3.112).

We present 2-D cross sections (z-x plane) of the velocity contours and equilibrium

particle shape under Poiseuille flow in Figure 3.15, fixing β = 0 such that the particle

is in the centre of the tube, and varying κ̃0 and γ. In the external region we plot the
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Figure 3.14: Contour plots varying κ̃0 and γ for the particle velocity positioned along
the centre-line of the tube (β = 0) with R0 = 2. The dashed lines are lines of fixed
γ̃, and vary from 10−1 to 103 in powers of ten.

velocity field v and inside the particle we plot the total internal volumetric flux q;

the contour colour reflects the velocity magnitude. We set R0 = 2 throughout and

choose ϵ = 0.2R2
0 such that the surface deformation is comparable to those presented

in Figure 3.4. We note that since the particle translates in the lab frame, with its

translational velocity Vtr = Vez given by (3.120), the tube wall velocity differs slightly

in each plot, as detailed in the figure caption. In all plots, flow close to the tube wall

moves to the left (upstream) due to the sliding wall and flow close to the centre-line

moves to the right (downstream) due to the Poiseuille flow.

Figures 3.15a and 3.15b have small Darcy number such that the internal flow is

small. When γ is large in Figure 3.15a the external contours bend such that the

upstream flow closer to the tube wall and downstream flow close to the tube axis are

connected. In Figure 3.15b when γ is small, these bends occur over a shorter vertical

distance, since the reduced friction on the particle surface causes the particle velocity

to increase. In Figure 3.15c we again have a small slip (γ = 100) and increase the

Darcy number. This increase in the Darcy number reduces the downstream force

imposed on the particle by the external fluid, calculated via the stress integral (3.6),

decreasing the particle velocity. Further, the external contours are more horizontal,

since less fluid is diverted around the particle surface. Increasing the slip (γ = 0.01)

in Figure 3.15d the particle mobility is again increased and we observe a similar

internal flow profile to that in Figure 3.15b, since fluid may more easily slip around

the particle rather than travel through it. Compared with Figure 3.15b, the increase

in Darcy number results in recirculation regions which cross the particle surface. We

85



-2 -1 0 1 2

-2

-1

0

1

2

(a) (κ̃0, γ) = (10−3, 102)

-2 -1 0 1 2

-2

-1

0

1

2

(b) (κ̃0, γ) = (10−3, 10−2)

-2 -1 0 1 2

-2

-1

0

1

2

(c) (κ̃0, γ) = (10−1, 102)

-2 -1 0 1 2
-2

-1

0

1

2

(d) (κ̃0, γ) = (10−1, 10−2)

Figure 3.15: Velocity contour plots under an external Poiseuille flow varying κ̃0 and
γ; β = 0 and R0 = 2 in all plots. The undeformed and deformed (ϵ = 0.2R2

0, ν = 1/4)
particle surfaces are presented via the black and red lines, respectively. From left to
right the particle velocities are 0.83, 0.99, 0.74, 0.99.

note that these recirculation regions are a result of the reference frame and are not

present in the lab frame.

In Figure 3.16 we present further 2-D contour plots for an off-axis poroelastic

particle in Poiseuille flow, fixing β = 1/3 and varying κ̃0 and γ. Compared with Fig-

ure 3.15 the particle velocity is decreased by β2/R2
0 and the particle rotates according

to (3.112). With a small Darcy number in Figures 3.16a and 3.16b, the internal total

flux contours are circular due to this rotation. However increasing the Darcy number

in Figures 3.16c and 3.16d, we observe a large Darcy flow through the particle. In

both Figures 3.15 and 3.16, we note that the tube wall boundary conditions are not

strongly disrupted, especially when the Darcy number is larger. In fact, only the

topmost contours in Figures 3.16a and 3.16b, where the particle is closest to the tube

wall, are visibly perturbed from horizontal.

When on the centre-line (β = 0), the particle adopts a bullet-like shape which is

consistent with previous observations for an elastic particle [3, 28, 136]. When off-axis,

the particle shape is a linear combination of a bullet-like deformation associated with

the Poiseuille flow and the prolate spheroid deformation associated with a shear flow

of strength b. With β = 1/3, b = −2β/R2
0 is negative, such that the major and minor

axes presented in Figure 3.5a are flipped and the rotation (3.112) is anticlockwise.

From (3.113), we note that the surface deformation is proportional to R−2
0 . This is

expected since in the limiting case of R0 → ∞ the background flow is uniform, which

generates no surface deformation for a non-porous elastic particle [69].

Since the particle surface deformation associated with the shear flow contribution

(L̂s
1) was analysed in Figure 3.6, we now focus on the Poiseuille flow contribution for

a particle on the centre-line of the surrounding tube (L̂p
1), presenting contour plots in
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Figure 3.16: Velocity contour plots under an external Poiseuille flow varying κ̃0 and γ;
β = 1/3 and R0 = 2 in all plots. The undeformed and deformed (ϵ = 0.2R2

0, ν = 1/4)
particle surfaces are presented via the black and red lines, respectively. From left to
right the particle velocities are 0.80, 0.95, 0.71, 0.97.

(3.121). The Darcy number κ̃0 and slip parameter γ are varied continuously for the

discrete values of Poisson’s ratio, ν = 0, 1/4, 1/2. We observe similar dependencies

on κ̃0, γ and ν which we again attribute to the effects of the Darcy pressure and

normal/shearing fluid tractions. With large γ (smaller slip) the sliding wall generates

a larger shearing traction on the particle surface. As before, with ν = 1/2 transverse

strains develop within the particle such that an increase in γ increases the surface

deformation magnitude. With ν = 0, no such transverse strains are developed such

that we observe the reverse dependency. Similar to (3.100), we write the surface

deformation (3.121) as a combination of the Darcy pressure (3.122) and shearing

traction (3.123),

L̂p
1(κ̃0, γ̃, ν) =

3(3 + ν)

(13 + 7ν)
M̂p

1 (κ̃0, γ̃) +
4(5ν − 1)

(13 + 7ν)
T̂ p(κ̃0, γ̃). (3.124)

Similar to (3.100), we see that as ν increases, the contribution from the Darcy pressure

decreases, and the contribution from the shearing traction increases. However, unlike

in (3.100), here the shearing traction generates a surface deformation when ν = 0.

We attribute this to the more complex θ dependence (larger n in the solid spherical

harmonic functions) of the shearing traction in (3.115). When ν = 1/5, we see that

the base contribution (when ν = 0) of the shearing traction to the surface deformation

exactly cancels the contribution due to the transverse strains developed within the

particle.

3.4.4 Coated cell

We now consider the general case when α0 ̸= 0 such that we again model the cell

region, with the aim to predict how the cell size/coating thickness impacts the cell
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Figure 3.17: Contour plots of the magnitude of the particle surface deformation,
Lp
1(κ̃0, γ̃, ν, α0 = 0). We continuously vary κ̃0 and γ for ν = 0, 1/4, 1/2. The dashed

lines are lines of fixed γ̃, and vary from 10−1 to 103 in powers of ten.

velocity and the resulting surface deformations. We first consider the particle velocity

given in (3.111). Since there is a factor of α3
0(1 − 12κ̃0)γ̃ in both the numerator and

denominator of Q(κ̃0, γ̃, α0), the cell velocity is not strongly dependent on the cell

size and is instead determined primarily by the Darcy number κ̃0 and slip parameter

γ. We argue this is because the cell surface has perfect slip, such that fluid which

is displaced by the cell surface does not strongly affect the total drag of the coated

cell. When κ̃0 → 0, corresponding to an impermeable coating, Q is not dependent on

the cell size since there is no flow within the coating. As was the case in Figure 3.14,

when γ = 0, corresponding to a perfect slip, the fluid preferentially flows around the

coating rather than through it, such that the cell velocity equals V = 1 for all Darcy

numbers and cell sizes when β = 0.

To visualise the flow, we present the selection of velocity contour plots in Fig-

ure 3.18 for the cell sizes α0 = 1/4, 1/2, and 3/4. We choose a large Darcy number

κ̃0 = 10−1 in each plot, since the external flow is not strongly affected by the cell

size when the Darcy number is small, and vary the slip parameter γ and eccentricity

β. The coated cell velocities differ in each plot, as indicated above each plot. The

cell size does not have a strong effect on the cell velocity, such that each column in

Figure 3.18 has a similar translational velocity. In the external region we plot the

velocity field v, and inside the coating we plot the total internal volumetric flux q.

We do not plot contours inside the cell region, though note the cell rotates according

to (3.112). The contour colour reflects the velocity magnitude, with values varying
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Figure 3.18: Velocity contour plots of the coated cell under an external Poiseuille
flow varying γ and β for fixed κ̃0 = 10−1 with y = 0. In the external region we
plot the velocity field, v and inside the coating we plot the flux, q. As with Fig-
ures 3.15 and 3.16 the contour colours reflect the velocity magnitude, with values
ranging from 0 to 1 (see Figure 3.15). We also present the undeformed and deformed
(ϵ = 0.075R2

0, ν = 1/4) surfaces ri by the black and red lines, respectively.
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from 0 to 1 (see Figure 3.15). We set R0 = 2 throughout and choose ϵ = 0.075R2
0

such that the surface deformation is comparable to those presented in Figures 3.15

and 3.16. In Figures 3.18a and 3.18c, which may be compared directly with Fig-

ures 3.15c and 3.16c, we have a small slip (γ = 100). As the cell size is increased,

flow in the coating is increased. This does not strongly affect the external flow, or the

cell’s translational velocity, since the cell surface has perfect slip, and the tangential

flow on the cell surface is not penalised via friction. In Figures 3.18b and 3.18d,

which may be compared directly with Figures 3.15d and 3.16d, we have a large slip

(γ = 10−2). Consequently, the particle velocity is large since the fluid preferentially

flows around the coating rather than through it. This is reflected in the velocity

contours by the small magnitude of internal flow. Once again, the external Stokes

flow is also not strongly affected by increasing the cell size. As expected, the coating

obtains a similar deformed shape when compared with Figures 3.15 and 3.16, with

the deformation magnitude increasing strongly with the cell size.

To avoid repetition, we do not present the Poiseuille flow components of the Darcy

pressure and surfaces shearing tractions presented in (3.114) and (3.115) since the de-

pendencies are similar to those observed in Figures 3.8 and 3.9. For completeness, we

present the dependencies of the surface deformation associated with the background

Poiseuille flow Lp
i in Figure 3.19, though we note that these are similar to those

presented in Figures 3.10 to 3.12.

To aid the interpretation of the surface deformation we again consider the limiting

case of a thin coating, α0 → 1. We expand the surface deformation to leading order

in 1 − α0 to obtain,

L̃p
1(κ̃0, γ̃, ν) =

1

1 − α0

24κ̃0γ̃(1 + ν) − γ̃(3 + ν) − 2(11 + ν)

(7 + γ̃ − 9κ̃0γ̃)(1 + ν)
+ O(1), (3.125)

which, by similarly setting α0 → 1 in (3.117) and (3.118) may be written as

L̃p
i (κ̃0, γ̃, ν) =

1

1 − α0

[
11 + ν

5(1 + ν)
M̃p

i (κ̃0, γ̃) +
4

5
T̃ p(κ̃0, γ̃)

]
+ O(1), (3.126)

where

M̃p
i (κ̃0, γ̃) =

10 + γ̃

7 + γ̃ − 9κ̃0γ̃
, (3.127)

T̃ p(κ̃0, γ̃) =
γ̃(1 − 30κ̃0)

7 + γ̃ − 9κ̃0γ̃
. (3.128)

Similar to (3.105), the contribution of the shearing traction to the surface displace-

ment does not depend on ν.
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Figure 3.19: Surface deformation dependencies Lp
i (κ̃0, γ̃, ν, α0) (see (3.113)), varying

α0 for (a) several values of the Darcy number κ̃0, fixing γ = 1 and ν = 1/4, (b) several
values of the slip parameter γ, fixing κ̃0 = 10−2 and ν = 1/4, and (c) several values of
the Poisson’s ratio ν, fixing κ̃0 = 10−2 and γ = 1. In all plots, the solid and dashed
lines correspond to i = 1 and i = 0, respectively.

In Figure 3.19 we again see a clear distinction between the bulk deformation mode,

where the surface deformation on r = 1 is not strongly affected by an increase to the

cell size, and the shell deformation mode, in which Lp
0 = Lp

1 and both scale with the

inverse of the coating thickness. Distinct from the case of a background shear flow

(Figures 3.10 to 3.12), where the cell deformation Ls
0 scaled with the cell size α0, in

Figure 3.19 we see that when α0 is small, Lp
0 instead scales with α2

0.

3.5 Summary and discussion

We develop a framework to model an initially spherical coated cell exposed to a

general background Stokes flow. We assume the ratio of the viscous fluid stress to

the elastic stiffness is small such that the coating is governed by the equations of

linear poroelasticity. Using this framework we are able to analytically investigate

the impacts of Darcy number, slip, Poisson’s ratio, and cell size on the translation,

rotation, and deformation of the coated cell. We present results for two example

background flow profiles, shear flow and Poiseuille flow. In the latter, the results

are valid provided the coated cell is sufficiently far from the external boundary. The

presented framework allows the theoretical consideration of external flows involving

any external boundary, provided they can be treated as unbounded, that is, the

background flow may be written as a finite sum of spherical harmonics. We also

consider the special case of zero cell size, in which we show the solutions describe an

initially spherical poroelastic particle in an unbounded flow. Taking further limits,

we show that for both a background shear and Poiseuille flow, our solutions agree

exactly with those presented by Murata [3] in the limiting case of a non-porous,

incompressible elastic particle with no-slip boundary conditions.
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Under a shear flow the coated cell rotates, with different flow patterns observed

for varying slip. Interestingly, the leading-order cell rotation does not depend on its

material properties or the coating thickness, since the torque imposed on the coated

cell by the background shear flow scales identically with the torque experienced by a

coated cell which rotates in an unbounded quiescent fluid. We separate the surface

deformation of the coated cell into two modes: a bulk deformation mode when the cell

size is small, and a shell deformation mode when the cell size is large (thin coating).

The transition between these two modes is shown to depend on the slip parameter γ

and the Poisson’s ratio ν. In general, we find that the surface displacement decreases

with increasing Darcy number and, surprisingly, may either increase or decrease with

increasing slip, depending on the Poisson’s ratio and cell size. We interpret these

dependencies by considering the Darcy pressure and fluid tractions which drive the

resulting deformation, presenting explicit decompositions in the limiting cases of a

spherical poroelastic particle and a thin coating. When the coating is thin (shell

deformation mode), the coating deformation scales with the reciprocal of its thickness

which is consistent with the expected result of a thin spherical shell. Consequently,

for a thin coating the dependence of the surface deformation on the Darcy number,

slip, and Poisson’s ratio are small when compared with the coating thickness. Under a

background Poiseuille flow the coated cell translates; its mobility is decreased with the

Darcy number and enhanced by a large slip. When positioned on the tube centre-line

the coated cell obtains a bullet-like shape, with similar dependencies to those observed

for a shear flow. When off-axis, a shearing component is introduced in the background

flow which causes the cell to translate more slowly, rotate, and deform according to

the magnitude of the shear. Under a Poiseuille flow, we predict the deformation

magnitude depends on the inverse square of the tube radius. Additionally, under

both flows, we find that the leading-order surface deformation does not affect the cell

pressure.

The framework developed in this chapter may be generally applied to any un-

bounded Stokes flow. However, it does not ensure any external wall boundary condi-

tions are satisfied. This is important when the coated cell is in close proximity to the

external boundary. In Chapter 4, we utilise similar solution methods to Chapter 2

(MoR and ALE FEM) to investigate the impacts of tube confinement on the coated

cell, comparing to the unbounded solutions presented here where possible.
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Chapter 4

The impact of confinement on the
mobility and deformation of a
hydrogel-coated cell in a tube

4.1 Chapter summary

In this chapter, we consider a hydrogel-coated cell in tube flow. This forms a direct

extension from Chapter 2, where the elastic particle is replaced by the hydrogel-

coated cell model detailed in Chapter 3. The coated cell translates axially along the

centre-line the rigid cylindrical tube and is subject to a background Poiseuille flow.

We seek steady solutions and investigate how the material properties of the coating

and problem geometry impact the translational velocity and deformation of the cell,

the change in pressure drop across the tube length, and the cell pressure. Similar to

Chapter 2, we again solve the leading-order problem in the limit of a small ratio of

typical viscous forces to coating stiffness, utilising the MoR to calculate the leading-

order flow. We also develop an ALE FEM framework to solve the full non-linear

problem, allowing the range of validity of the MoR solutions, along with the non-

linear effects associated with the finite deformation of the coating, to be interrogated.

While this work is strongly motivated by the application to cell therapies described

in Chapter 1, the results in this paper aim to provide general fluid mechanical insight

into the impacts of tube confinement.

This chapter is structured as follows. In Section 4.2 we provide the non-linear

governing equations for the external fluid, hydrogel coating, and cell, and present

all boundary and interfacial conditions. We then non-dimensionalise and perform an

asymptotic expansion in the limit of a small ratio of typical viscous fluid stress to elas-

tic stiffness in Section 4.3, showing that the problem is identical to that presented in
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Chapter 3 under an axisymmetric background Poiseuille flow with additional bound-

ary conditions which explicitly account for the tube wall. In Section 4.4, we present

two methods for solving these problems, both of which are direct applications of those

presented in Chapter 2. The first involves the semi-analytical method of reflections

(MoR), and the second is an ALE numerical scheme, which we use to validate the

MoR solutions and interrogate their range of validity. In Section 4.5, we investigate

the impacts of the Darcy number, slip parameter, Poisson’s ratio, and the cell size and

coating thickness on the cell velocity, pressure, and resulting deformation, comparing

results where possible to the unbounded case presented in Section 3.4.2. Finally, we

provide closing discussions and outline future extensions in Section 4.6.

4.2 Governing equations and boundary conditions

We model an initially spherical, hydrogel-coated cell translating axially along the

centre-line of a cylindrical tube driven by Poiseuille flow far in the far-field. We define

spherical and cylindrical coordinate systems (r, ϕ, θ) and (ρ, ϕ, z), with corresponding

unit vectors (er, eϕ, eθ) and (eρ, eϕ, ez), respectively. We align the z-axis with the

central axis of the tube and choose both origins to coincide with the centre of the cell

as shown in Figure 4.1. We assume the problem is axisymmetric in ϕ and has reached

a steady state in a frame moving with the centre of mass of the cell. The maximum

magnitude of the background tube flow is V0 in the lab frame and the undeformed cell,

undeformed hydrogel coating, and tube radii are given by a0, a1, and ρ0, respectively.

The tube wall has velocity −Vaez where Va is the translational velocity of the cell in

the lab frame. This cell velocity is unknown and depends on the problem geometry

and the coating’s material properties. The fluid, hydrogel coating, and cell domains

are denoted by Ωf ,Ωh, and Ωc, respectively, with the interfaces between them denoted

by ∂Ω1 and ∂Ω0. It will also be useful to define the unit normal and tangent to the

cell and its coating as ni and ti = eϕ×ni, i = 0, 1, respectively, where both ni point

toward the surrounding external fluid.

The surrounding fluid, hydrogel coating, and cell are modelled using the framework

presented in Appendices C.1 and C.2. To avoid repetition, we present the non-linear

dimensionless governing equations and boundary conditions here, redefining all nec-

essary quantities such that the presentation is standalone. The non-dimensionlisation

choices are similar to those presented in Appendix C.3, with the only difference being

the choice of length scale. Remaining consistent with Chapter 2 (see Section 2.2.2),

we non-dimensionalise lengths with ρ0, velocities with V0, pressures and stresses with
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Figure 4.1: Schematic of a hydrogel-coated cell translating along the centre-line of
a cylindrical tube with background Poiseuille flow far upstream and downstream,
presented in the frame of reference of the cell. The cell velocity in the lab frame is
Vaez.

the viscous pressure scale ρ0/µfV0, where µf is the fluid viscosity. We again introduce

the dimensionless parameter

ϵ =
µfV0
µsρ0

, (4.1)

where µs is the shear modulus of the coating, and ϵ is the ratio of typical viscous

stresses in the external flow to the elastic stiffness of the solid skeleton. It follows

that the coating deformation is scaled on ϵρ0.

4.2.1 Surrounding Fluid

The surrounding flow is modelled as a Newtonian viscous fluid and, neglecting inertial

terms, is governed by the incompressible Stokes equations,

∇ · σf = 0, (4.2)

∇ · v = 0, (4.3)

where v is the fluid velocity and σf is the fluid stress tensor given by

σf = −pfI +
[
∇v + (∇v)T

]
, (4.4)

with pf the fluid pressure and the superscript T denotes the transpose. We note that

the external fluid pressure is determined up to an arbitrary constant. Here, we choose
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to set pf = 0 far downstream from the hydrogel-coated cell; for the purposes of this

work we choose pf = 0 at (z, ρ) = (10, 0). To avoid dependence on this arbitrary

constant we additionally define the extra pressure drop across the tube as,

∆P+ = lim
L→∞

(
∆pf − ∆PPois

)
= lim

L→∞
(∆pf − 4L) , (4.5)

where L is the dimensionless tube length and ∆PPois is the Poiseuille flow contribution

to the pressure field. The extra pressure drop ∆P+ was similarly presented in Barakat

et al. [73] and measures the change in pressure drop along the tube due to the coated

cell independent of the tube length.

4.2.2 Hydrogel coating

We model the hydrogel coating as a poroelastic material comprised of a porous and

deformable solid skeleton which is fully saturated by the external fluid. The material

of the solid skeleton is assumed to be incompressible, though compression of the

coating is permitted through local changes to the pore structure. To facilitate coupling

to the external Newtonian fluid, we adapt the non-linear Eulerian presentation of the

equations of poroelasticity in MacMinn et al. [125].

The local volume fractions of the fluid and solid phases are denoted by ϕf and

ϕs, respectively; ϕf is also called the porosity. Since the fluid fully saturates the solid

skeleton, we have ϕf + ϕs = 1.

We define the displacement of the solid skeleton as

ϵu(x) = x−X(x), (4.6)

where X is the position of a material point in the undeformed configuration and x

is the current position vector of this point. The deformation gradient tensor F is

defined via

F−1 = ∇X = I − ϵ∇u. (4.7)

We further define the left Cauchy-Green deformation tensor B = FF T and the

Jacobian

J(x) = det(F ) =
1

det(F−1)
, (4.8)

which measures the local volume change of the coating. The Jacobian is directly

related to the porosity via

J(x) =
1 − ϕf,0

1 − ϕf (x)
, (4.9)
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where ϕf,0 = ϕf (x − ϵu(x)) is the porosity of the undeformed coating, which we

assume is constant.

We assume the internal fluid flow is governed by Darcy’s law [47],

q = ϕf (vp − vs) = −κ̃0κ(ϕf )∇pp, (4.10)

where q is the Darcy flow, κ is the permeability of the coating, and κ̃0 = κ0/ρ
2
0 is the

Darcy number. Here, κ0 is the dimensional permeability of the undeformed coating

such that we have κ(ϕf,0) = 1. The internal fluid velocity and solid skeleton velocity

are vp and vs, respectively, and the Darcy pressure is denoted by pp. In general the

permeability will change as the solid skeleton deforms, which is captured through

its dependence on porosity. Imposing conservation of mass for the internal fluid and

solid phases we have

∇ · (ϕfvp) = 0, ∇ · (ϕsvs) = 0, (4.11)

such that by combining (4.10) and (4.11) we have

∇ · (q + vs) = 0 (4.12)

Since we seek steady solutions, choose a reference frame which translates with the

coated cell, and do not expect the coated cell to rotate due to system symmetry, the

solid skeleton velocity vs = 0. When solving the governing equations numerically in

Section 4.4.2 it will instead be convenient to work in the lab frame such that vs = Vez,
where V = Va/V0 is the dimensionless cell velocity in the lab frame.

To describe how the fluid and solid phases support the local mechanical load we

write the total stress as

σp = σ′ − ppI, (4.13)

where σ′ is Terzaghi’s effective stress tensor, defined as the force per unit total area

supported by the solid skeleton through deformation. We adopt a compressible neo-

Hookean description as an effective stress strain relationship within the solid skeleton,

σ′ = λ(J − 1)I +
µs

J
(B − I) , (4.14)

where λ is Lamé’s first parameter and 1
2

(B − I) is the strain which is assumed to be

finite. We additionally define the Poisson’s ratio ν = λ/(2(λ + µs)) which quantifies

the magnitude of the transverse strains induced in the material under stretching or

compression. Imposing mechanical equilibrium we have

∇ · σp = ∇ · σ′ −∇pp = 0. (4.15)
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4.2.3 Cell

We model the cell as a sack of incompressible viscous fluid enclosed by an impermeable

membrane. As discussed in Section 3.2.3, the elastic resistance provided by this

membrane is characterised predominantly by its stretching modulus,

Kc =
Echc

1 − ν2c
, (4.16)

where Ec is the Young’s modulus of the membrane, hc is the membrane thickness,

and νc is the Poisson’s ratio of the membrane. This is because a closed spherical shell

may not be bent without being stretched [126]. Here, we neglect the elasticity of the

membrane and assume the stretching stiffness of the hydrogel coating Kh ≫ Kc. In

dimensional terms, Kh may be approximated as

Kh ∝ E(a1 − a0), (4.17)

where E = µs(3λ+ 2µs)/(λ+µs) = 2µs(1 + ν) is the Young’s modulus of the coating

[127, 128].

Since the cell membrane is assumed to be impermeable (see Chapter 1) and we

seek steady solutions, we assume no flow inside the cell. Moreover, we assume the

pressure in the cell, denoted by pc, enforces the volumetric constraint,
˚

Ωc

dV = Vc =
4

3
πα3

0, (4.18)

where Vc is the undeformed cell volume and α0 = a0/ρ0 is the dimensionless cell

radius.

4.2.4 Boundary conditions

Far upstream and downstream of the coated cell we impose Poiseuille flow, expressed

in the frame of reference of the cell as

v(z → ±∞) =

(
1 − ρ2

ρ20

)
ez − Vez. (4.19)

On the tube wall, ρ = ρ0, we impose the no-slip and no-normal-flow conditions,

v = −Vez. (4.20)

The deformed position of the interfaces ∂Ωi are defined as

ri = αier + ϵu(ri), (4.21)
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where αi = ai/ρ0 and we assume the hydrogel coating is covalently bonded to the cell

membrane such that there is no relative movement between them.

On the fluid-coating interface, ∂Ω1, we impose the continuity of normal fluid flux,

continuity of total stress, continuity of normal fluid stress, and the well-known Beavers

& Joseph slip condition [56],

v · n1 = ϕfvp · n1, (4.22)

σf · n1 = σp · n1, (4.23)

n1 · σf · n1 = −pp, (4.24)

t1 · σf · n1 = −γ̃ (v − ϕfvp) · t1, (4.25)

where γ̃ = γ/
√
κ̃0κ(ϕf ) is defined as the effective slip and the slip parameter γ is

dependent on the material properties of the coating. For reference, γ = 0 corresponds

to a surface with perfect slip and γ → ∞ corresponds to a surface with no-slip. These

interfacial conditions form one of many viable choices for coupling a Stokes flow and

poroelastic domain [56, 57, 61, 62]; the optimal choice of interfacial conditions will

depend on the specific material choice and remains an active field of research [61].

On the cell-coating interface, ∂Ω0, we impose no normal fluid flux and continuity

of total stress,

ϕfvp · n0 = 0, (4.26)

σp · n0 = −pcn0. (4.27)

By integrating the stress balance (4.15), applying the divergence theorem and

using the interfacial condition (4.23) we obtain the condition that the net axial total

drag exerted by the external fluid on the coated cell is zero,

Fz =

‹
∂Ω1

ez · σf · n1 dS = 0, (4.28)

which is expected from a force balance in the absence of external forces. This will be

useful later for predicting the translational velocity of the cell V .

4.3 Asymptotic reduction

We now assume ϵ ≪ 1 and expand the variables, v, pf ,σf , ϕf ,vp, κ, pp,u,σ
′ and pc

in powers of ϵ, e.g.

v = v(0) + ϵv(1) + · · · , (4.29)
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where the superscript (i) denotes the associated power of ϵ. We similarly expand

the translational velocity of the coating, the viscous drag, and the positions of the

interfaces ∂Ωi as

V = V(0)+ϵV(1)+· · · , Fz = F (0)
z +ϵF (1)

z +· · · , and ri = r
(0)
i +ϵr

(1)
i +· · · . (4.30)

We proceed by assuming the parameters αi, ϕf,0, λ̃, κ̃0 and γ̃ remain fixed as ϵ → 0.

Similar to Section 2.3, we expand the governing equations and boundary conditions

in powers of ϵ, and show that the leading-order fluid flow decouples from the solid

deformation.

4.3.1 Leading-order fluid problem

The leading-order incompressible Stokes equations are simply

∇p(0)p = ∇2v(0), (4.31)

∇ · v(0) = 0. (4.32)

In the limit of infinitesimal strain we have the expansions

F = I + ϵ∇u+ O
(
ϵ2
)
, (4.33)

det(F ) = 1 + ϵ∇ · u+ O
(
ϵ2
)
. (4.34)

The porosity is given by expanding (4.8) and (4.9) and using (4.34) to write

ϕf = ϕf,0 + ϵ(1 − ϕf,0)∇ · u(0) + · · · , (4.35)

such that ϕ
(0)
f = ϕf,0. Expanding (4.10), the leading-order flow in the coating is

governed by Darcy’s law with constant porosity ϕf,0 and associated permeability κ̃0,

ϕf,0v
(0)
f = −κ̃0∇p(0)p . (4.36)

The incompressibility condition (4.11) at leading order is

ϕf,0∇ · v(0)p = 0. (4.37)

Expanding the kinematic condition (4.21) gives the deformation of the interfaces

∂Ωi,

ri = αier + ϵu(0)(ri) + O(ϵ2), (4.38)

such that r
(0)
i = αier, implying interfacial conditions are applied on the undeformed

cell and coating surfaces with n
(0)
i = er and t

(0)
i = eθ.
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The far-field and no-slip conditions (4.19) and (4.20) are

v(0) →
(
1 − ρ2 − V(0)

)
ez, as z → ±∞, (4.39)

v(0) = −V(0)ez, at ρ = 1. (4.40)

The interfacial conditions for the flow problem (4.22) and (4.24) to (4.26) at

leading order give

v(0) · er = ϕf,0v
(0)
p · er, at r = α1, (4.41)

er · σ(0)
f · er = −p(0)f , at r = α1, (4.42)

eθ · σ(0)
f · er = γ̃

(
v(0) − ϕf,0v

(0)
p

)
· eθ, at r = α1, (4.43)

v(0)p · er = 0, at r = α0. (4.44)

Finally, the equilibrium condition (4.28) at leading order gives

F (0)
z = 2πα2

ˆ π

0

ez · σ(0)
p · er sin θ dθ = 0. (4.45)

Equations (4.31), (4.32), (4.36), (4.37) and (4.39) to (4.45) form a full description

of the leading-order fluid flow. Similar to Section 2.3.2, the impact of the coating

deformation does not enter at this order, and the fluid problem is equivalent to flow

through a rigid spherical porous annulus with an impermeable core subject to ax-

isymmetric, pressure-driven tube flow.

Similar to Section 2.3.2, we note that v(0), and thus σ
(0)
f and F

(0)
z , depend linearly

on the magnitude of the background Poiseuille flow and the cell velocity. Conse-

quently, we can write the dimensionless, revised version of Faxen’s law,

F (0)
z = 6πα1(D

(0)(α0, α1, κ̃0, γ) −K(0)(α0, α1, κ̃0, γ)V(0)). (4.46)

The only difference between (4.46) and the equivalent relation with an elastic particle

(see (2.45)) is that here the wall correction factors D(0) and K(0) now also depend

on the cell size α0, the Darcy number κ̃0, and the slip parameter γ. As a reminder,

D(0) captures the leading-order drag exerted by the background Poiseuille flow on

a stationary coated cell, and K(0) captures the leading-order drag exerted by the

surrounding fluid on a coated cell which is translating through a tube filled with

an otherwise quiescent viscous Newtonian fluid. Substituting (4.46) into (4.45) we

predict the leading-order translation velocity,

V(0) =
D(0)(α0, α1, κ̃0, γ)

K(0)(α0, α1, κ̃0, γ)
. (4.47)
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4.3.2 Leading-order solid problem

The leading-order mechanical equilibrium equation for the solid skeleton is given by

expanding (4.13),

∇ · σ(0)
p = ∇ · σ′(0) −∇p(0)p = 0, (4.48)

where expanding (4.14) and using (4.33) we obtain a linearly elastic stress-strain

relationship,

σ′(0) = λ̃(∇ · u(0))I + 2e(0), (4.49)

where e(0) = 1
2

(
∇u(0) +

(
∇u(0)

)T)
is the linear elastic strain.

Taking the modulus of (4.38) we have

|ri|= αi + ϵu(0)r (r = αi) + O(ϵ2), (4.50)

Applying (4.50) to the volumetric constraint used to calculate the cell pressure (4.18)

we have the expansion

2π

ˆ π

θ=0

ˆ α0+ϵur(r,θ)+O(ϵ2)

r=0

r2 sin θdr dθ =
4

3
πα3

0+2ϵπ

ˆ π

θ=0

u(0)r (r = α0) sin θ dθ+O(ϵ2),

(4.51)

so that

2π

ˆ π

θ=0

u(0)r (r = α0) sin θ dθ = 0. (4.52)

We remind the reader that in (4.52) the cell pressure pc is implicitly contained within

the cell deformation, and is chosen to enforce this constraint.

Expanding the remaining interfacial conditions (4.23) and (4.27) to leading order

and using (4.42) gives

0 = er · σ′(0) · er, at r = α1, (4.53)

eθ · σ(0)
f · er = eθ · σ′(0) · er, at r = α1, (4.54)

er · σ′(0) · er − p(0)p = −p(0)c , at r = α0, (4.55)

eθ · σ′(0) · er = 0, at r = α0. (4.56)

Once the Darcy pressure and surface tractions are computed by solving the leading

order fluid problem, Equations (4.48), (4.49) and (4.53) to (4.56), are used to cal-

culate the resulting surface deformations given by (4.38). Finally, the effect of this

deformation on the porosity field may then be calculated via (4.35).
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4.4 Solution methods

We now outline two solutions methods for obtaining the desired solutions. In the

first we first solve the leading-order fluid problem using the semi-analytical MoR.

We then use these results to analytically calculate the resulting leading-order coating

deformation. In the second we solve the fully coupled, non-linear problem numerically

using an ALE FEM approach.

4.4.1 Semi-analytical implementation

Solving the leading-order fluid problem (Equations (4.31), (4.32), (4.36), (4.37)

and (4.39) to (4.45)) involves a mix of geometries; the cylindrical tube motivates

the use of a cylindrical coordinate system, while the flow through the coating is more

naturally considered via a spherical coordinate system. To account for this mix of

geometries, we again choose to employ the method of reflections (MoR), though other

methods, for example a collocation technique or boundary element method, may be

used [54, 87, 106]. Once the leading-order fluid flow is calculated, the leading-order

solid problem (Equations (4.48), (4.49) and (4.53) to (4.56)) is solved analytically us-

ing a spherical coordinate system, since we only require a solution inside the coating

region.

Having previously introduced the MoR in Section 2.4.1.1, we now apply it to solve

the leading-order fluid problem. Again, further details on the coordinate transforma-

tions, general solutions to the Stokes equations, and convergence of the solution are

left to Appendix A.

4.4.1.1 Application of the MoR to the leading-order fluid problem

The method of reflections, originally developed by Brenner and Happel [40] to model

Stokes flow around a small, rigid, impermeable particle in a cylindrical tube, is a mesh-

less semi-analytic method which splits the problem such that only one set of boundary

conditions, and consequently coordinate system, are considered at any time. Due to

the linearity of the Stokes equations and boundary conditions we can decompose the

external velocity and pressure fields as follows

v(i) = v(i,0) + v(i,1) + v(i,2) + · · · , p
(0)
f = p

(i,0)
f + p

(i,1)
f + p

(i,2)
f + · · · , (4.57)

where v(i,j) corresponds to the j-th term (where j is called the reflection number) in

the series for v(i), and v(i) are the O(ϵi) terms in the asymptotic expansion; see Sec-

tion 2.3. We also decompose the leading-order internal velocity field, Darcy pressure,
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and cell pressure as follows,

v(i)p = v(i,1)p +v(i,3)p +· · · , p(i)p = p(i,1)p +p(i,3)p +· · · , p(i)c = p(i,1)c +p(i,3)c +· · · . (4.58)

Terms with odd j (v(i,odd), p
(i,odd)
f , etc.) are calculated by imposing the interfacial

conditions on the coating using a spherical coordinate system, while terms with even

j (v(i,even), p
(i,even)
f ) are calculated by imposing the boundary conditions on the tube

wall using a cylindrical coordinate system. Contributions to the internal velocity

field, Darcy pressure, and cell pressure are only ever required to satisfy the interfacial

conditions on the coating and thus their expansions do not contain terms with even

j.

Similar to Section 2.4.1.2, we begin by choosing

v(0,0) = (1 − ρ2 − V)ez, (4.59)

to satisfy both the boundary conditions on the tube wall (4.40) and the far-field

condition (4.39) such that all other external velocity components must vanish for

z → ±∞, or equivalently r → ∞ for contributions in spherical coordinates. We then

transform v(0,0) to spherical coordinates (details given in Appendix A.1) and introduce

v(0,1) and v
(0,1)
p to satisfy the remaining interfacial conditions on the coating (4.41)–

(4.44). By including the external velocity component v(0,1) we disrupt the boundary

conditions on the tube wall, (4.40). To reimpose these boundary conditions we convert

the expression v(0,0) + v(0,1) to cylindrical coordinates, and include v(0,2) such that

v(0,0)+v(0,1)+v(0,2) satisfies (4.40). The process repeats indefinitely and is summarised
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by the following equations:

(j = 0)
{
v(0,0) = (1 − ρ2 − V)ez, (4.60)

(j = 1)



(
v(0,1) + v(0,0)

)
· er = ϕf,0v

(0,1)
p · er, r = α1,

er ·
(
σ

(0,1)
f + σ

(0,0)
f

)
· er = −p(0,1)f , r = α1,

eθ ·
(
σ

(0,1)
f + σ

(0,0)
f

)
· er

= γ̃
(
v(0,1) + v(0,0) − ϕf,0v

(0,1)
p

)
· eθ,

r = α1,

v
(0,1)
p · er = 0, r = α0,

v(0,1) → 0, r → ∞,

(4.61)

(j = 2)

{
v(0,2) = −v(0,1), ρ = 1,

v(0,2) → 0, z → ±∞,
(4.62)

(j = 3)



(
v(0,3) + v(0,2)

)
· er = ϕf,0v

(0,3)
p · er, r = α1,

er ·
(
σ

(0,3)
f + σ

(0,2)
f

)
· er = −p(0,3)f , r = α1,

eθ ·
(
σ

(0,3)
f + σ

(0,2)
f

)
· er

= γ̃
(
v(0,3) + v(0,2) − ϕf,0v

(0,3)
p

)
· eθ,

r = α1,

v
(0,3)
p · er = 0, r = α0,

v(0,3) → 0, r → ∞,

(4.63)

...

where σ
(0,j)
f are the stress components corresponding to the external velocity and

pressure components with the same j. If we truncate the velocity series at an odd

term then we satisfy the interfacial conditions on the coating surface, with an error on

the tube wall. If we truncate the velocity series at an even term then the opposite is

true. We define a solution as having converged when the most recent contribution to

the net force acting on the sphere is at least five orders of magnitude smaller than the

net force from all components. The details of the convergence criteria are presented

in Appendix A.4.

4.4.1.2 General solutions

The general solutions for the external Stokes flow are identical to those presented in

Section 2.4.1.1, with the general solutions to the Stokes equations (4.31) and (4.32)

using both a spherical and cylindrical coordinate system given in Appendix A.2 and

Appendix A.3, respectively. For clarity, we restate Equations (2.65)–(2.69), which
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give the Stokes velocity, pressure, and relevant stress components on r = α1,

v(0)r (θ)|r=α1 =
∞∑
n=2

[
−α−n−1

1 (An +Bnα
2
1) + ṽ(r,n)

]
Pn−1(cos θ), (4.64)

v
(0)
θ (θ)|r=α1 =

∞∑
n=2

[
−α−n−1

1 ((n− 1)An + (n− 3)Bnα
2
1) + ṽ(θ,n)

]
csc θ Cn(cos θ),

(4.65)

pf (θ)|r=α1 = p0 − 2
∞∑
n=2

[
2n− 3

n
Bnα

−n
1 + p̃(n−1)

]
Pn−1(cos θ), (4.66)

σ
(0)
f,rr(θ)|r=α1 = −po +

∞∑
n=2

[
2α−n−2

1

(
(n+ 1)An +

(
n2 + n− 3

n

)
Bnα

2
1

)
+ σ̃(rr,n−1)

]
Pn−1(cos θ), (4.67)

σ
(0)
f,rθ(θ)|r=α1 =

∞∑
n=2

[
2α−n−2

1

(
(n2 − 1)An + n(n− 2)Bnα

2
1

)
+ σ̃(rθ,n)

]
csc θ Cn(cos θ),

(4.68)

where Pn(cos θ) are the Legendre polynomials of order n and Cn are the Gegenbauer

polynomials of order n and degree −1/2, and p0 is a constant which is used to en-

sure pf = 0 at (z, ρ) = (10, 0). The subscripts r and θ correspond to the radial

and azimuthal components of a vector in spherical coordinates, respectively, and the

tensor components, σf,kl = ek · σf · el. The coefficients An and Bn arise from the

streamfunction series using spherical coordinates (A.4) (odd j), while the coefficients

ṽ(r,n−1), ṽ(θ,n), p̃(n−1), σ̃(rr,n−1), σ̃(rθ,n) arise from projecting terms calculated using the

general solution in cylindrical coordinates (A.15) and (A.16) (even j) on r = α1 via

(A.9) and (A.10). These projections are performed numerically due to the difficulty

of converting the general solutions for velocity, pressure, and stress from cylindrical

to spherical coordinates.

Since the Darcy pressure pp and the associated velocity field vp are composed

only of terms with odd j, see (4.58), their general solution may be written exactly

using a spherical coordinate system throughout the entire coating domain. Taking the

divergence of (4.36) and using (4.37) we see the Darcy pressure satisfies the Laplace’s

106



equation and thus has the general solution as

p(0)p (r, θ) = p0 +
∞∑
n=2

[
Cnr

n−1 +Dnr
−n

]
Pn−1(cos θ), (4.69)

v(0)p,r(r, θ) = − κ̃0
ϕf,0

∞∑
n=2

[
(n− 1)Cnr

n−2 − nDnr
−n−1

]
Pn−1(cos θ), (4.70)

v
(0)
p,θ(r, θ) =

κ̃0
ϕf,0

∞∑
n=2

n(n− 1)
[
Cnr

n−2 +Dnr
−n−1

]
csc θ Cn(cos θ). (4.71)

Each of the above series (4.64)–(4.71) theoretically contains an infinite number

of terms in summation over n, however we only consider the first three non-zero

terms to solve the leading-order fluid problem, corresponding to n = 2, 4, 6. This is

because the far-field flow (4.59) can be written exactly in spherical coordinates using

terms with n = 2 and 4 and, under this external flow, the presence of the tube wall

exclusively drives terms with even n in the stream function series. A discussion of the

impacts of this truncation choice on the solution error is presented in Appendix A.4.

The restriction to even n may also be interpreted via a consideration of symmetry

through z = 0, as we now explain. We expect the following to be true,

v(0)ρ (ρ, z) = −v(0)ρ (ρ,−z), v(0)z (ρ, z) = v(0)z (ρ,−z), (4.72)

with the same relations true for the internal velocity field. Transforming the above

expressions for the external and internal velocity fields into cylindrical coordinates

we see that terms with odd n break these symmetries and are thus not generated by

the external tube wall.

4.4.1.3 Leading-order solid problem

The fluid stresses and Darcy pressure calculated from the leading-order fluid prob-

lem drive the deformation of the coating and the cell. To leading order, the solid

displacement is governed by the Navier-Lamé equations (4.48) and (4.49) with the

Darcy pressure gradient acting as a body force in (4.48). Exploiting separation of
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variables, we obtain the following general solutions for the deformation,

u(0)r (r, θ) =
∞∑
n=2

(
Cn

(n− 1)rn(1 + n(λ̃+ 3))

2(2n− 1)(2n+ 1)(λ̃+ 2)
+Dn

nr1−n((n− 1)λ̃+ (3n− 4))

2(2n− 3)2n− 1)(λ̃+ 2)

+ rn−2((n− 1)En + nr2(n− 3 +
2λ̃

λ̃+ 1
)Fn)

+ r−n−1(nGn + (n− 1)r2(n+ 2 − 2λ̃

λ̃+ 1
)Hn)

)
Pn−1(cos θ),

(4.73)

u
(0)
θ (r, θ) =

∞∑
n=2

(
Cn

rn((n+ 2)λ̃+ 3(n+ 1))

2(2n− 1)(2n+ 1)(λ̃+ 2)
−Dn

r1−n((n− 3)λ̃+ 3(n− 2))

2(2n− 3)(2n− 1)(λ̃+ 2)

+ rn−2(En + r2(n+ 4 − 2λ̃

λ̃+ 1
)Fn)

+ r−n−1(−Gn + r2(5 − n− 2λ̃

λ̃+ 1
)Hn)

)
Pn−1(cos θ).

(4.74)

We calculate the relevant stress components using the constitutive relation (4.49),

and use the boundary conditions (4.52)–(4.56) to solve for the unknown constants

En, Fn, Gn and Hn, and the leading-order constant cell pressure p
(0)
c . By substituting

the general solutions for the displacement (4.73) and (4.74) into the volume constraint

(4.52), it may be shown that with n even we always require p
(0)
c = p0, such that

the leading-order deformation does not impact the cell pressure. Since, with even

n, the Legendre polynomials contributing to the Darcy and Stokes pressures (4.66)

and (4.69) are anti-symmetric across z = 0, we have p
(0)
f (θ = π/2) = p

(0)
f (θ = π/2) =

p
(0)
c = p0. Consequently, the cell pressure is directly related to the extra pressure

drop across the tube length ∆P+, defined in (4.5). Due to the geometric symmetry

through z = 0, an extra pressure drop of ∆P+ across the tube length implies an

increased cell pressure of ∆P+/2 when compared with the background Poiseuille flow

contribution. Since we set pf = 0 at (z, ρ) = (10, 0), we write the leading-order cell

pressure

p(0)c =
∆PPois + ∆P+

2
= 40 +

∆P+

2
. (4.75)

The coefficient E2 in (4.73) and (4.74) corresponds to a translation and so does

not generate any stress. Hence, the coefficient E2 is not set by the interfacial stress

conditions (4.53)–(4.56) and we must impose another condition to pin this degree

of freedom. We choose to set the net axial displacement of the coating to be zero
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through the constraint

ˆ π

0

ˆ α1

α0

(ez · u(0)) r2 sin(θ) dr dθ = 0, (4.76)

thereby removing the translational invariance of the problem.

4.4.2 Finite element implementation

To investigate the range of validity of the MoR solutions, we solve the full non-linear

fluid-structure interaction (FSI) problem via the finite element method using a similar

arbitrary Lagrangian-Eulerian (ALE) approach to that proposed in Section 2.5. We

construct a steady, 2D axisymmetric implementation, again choosing to work in the

lab frame such that the particle translates with (dimensionless) velocity V for conve-

nience. The ALE approach couples the Lagrangian solid problem with the Eulerian

fluid problem, which is transformed into a Lagrangian frame via the mesh displace-

ments ua ∈ Ω̂f and uc ∈ Ω̂c such that the undeformed reference configuration is

used as the computational domain. The mesh displacements ua and uc extend the

surface deformation of the hydrogel coating u ∈ Ω̂h into the fluid and cell domains,

respectively, and are solved for using an arbitrary governing equation. We use the fi-

nite element library fenics with the additional package multiphenics to implement

the ALE method, generating meshes via gmsh [109–112]. We use P2 elements for the

Stokes fluid velocity, solid displacement, and mesh displacements, P1 elements for the

pressures, and use P0 elements for the Darcy velocity.

We present an overview of our non-linear arbitrary Lagrangian-Eulerian (ALE)

finite element model for the coated cell. We again clarify X and x as the reference

(Lagrangian) and current (Eulerian) configurations. To verify accuracy in the finite

element solutions we conduct a mesh refinement study in Appendix B.2.

4.4.2.1 External Stokes flow

We begin by defining the Lagrangian gradient ∇X , distinct from the Eulerian gradient

used throughout Section 4.2. We also define the undeformed fluid, hydrogel coating,

cell, and boundary domains as Ω̂f , Ω̂s, Ω̂c, and ∂Ω̂i, i = 0, 1, respectively.

The Eulerian fluid problem is governed by the dimensionless Stokes equations

(4.2)–(4.4). However, it is convenient to choose the undeformed reference configura-

tion as the computational domain which requires us to transform the fluid equations

to the reference configuration. We define the fluid mesh displacement associated with
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this transformation, and the associated deformation gradient tensor and Jacobian as

ua ∈ Ω̂f , Fa = I + ∇Xua, Ja = detFa, (4.77)

respectively. We write Nansen’s formula,

ndS = JaF
−T ·NdSX , (4.78)

where n and N are the normal vectors in the deformed/reference configurations,

respectively, which may be used in conjunction with the divergence theorem to trans-

form the Eulerian fluid equations (4.2)–(4.4) to the reference configuration,

∇X · (JaσpF
−T
a ) = 0, (4.79)

∇X · (JaF
−1
a v) = 0, (4.80)

σf = −pfI + (∇Xv)F−1
a + F−T

a (∇Xv)T . (4.81)

4.4.2.2 Hydrogel coating

We similarly transform the Eulerian internal fluid flow to the reference domain Ω̂s via

the solid displacement u, noting that in a Lagrangian frame the deformation gradient

tensor F = I + ∇Xu. Defining the nominal Darcy flow Q = JF−1q we rewrite

Darcy’s law as

Q = −K∇Xpp, (4.82)

where K = κ̃0JC
−1 is defined as the permeability tensor and C = F TF is the right

Cauchy-Green tensor. The incompressibility condition is similarly transformed as

∇X · (Q+ JF−1vs) = 0. (4.83)

The skeleton velocity vs = Vez appears in (4.83) since we work in the lab frame.

The skeleton deformation is governed by the balance of linear momentum,

∇X · P = 0, (4.84)

where the first Piola-Kirchhoff stress tensor is decomposed as P = Jσ′F−T−ppJF−T .

4.4.3 Cell

Within the cell we use the cell pressure pc to enforce the volumetric constraint (4.18).

This is achieved by assuming the cell is incompressible,

Jc − 1 = 0, (4.85)

where the Jacobian Jc = detFc and Fc = I + ∇Xuc.
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4.4.3.1 Interfacial conditions

Making use of Nansen’s formula (4.78), we first transform the interfacial conditions

on ∂Ω̂1 to the reference frame. The continuity of normal flux (4.22)is transformed to

JaF
−1
a v ·N = (Q+ JF−1vs) ·N , (4.86)

The stress balance (4.23) is

JaσpF
−T
a ·N = P ·N . (4.87)

It is convenient to combine the remaining conditions (4.24) and (4.25) into a traction

condition. To do this, we decompose the velocities into the normal and tangential

components such that in an Eulerian frame we have

v − q − vs = ([v − q − vs] · n)n+ ([v − q − vs] · t)t, (4.88)

where using (4.22) the normal component of (4.88) vanishes. Using (4.88), the inter-

facial conditions (4.24) and (4.25) are combined and transformed to give the traction

condition

JaσpF
−T
a ·N = −JppF−TN + γ̃J |F−TN |(v − 1

J
FQ− Vez). (4.89)

On ∂Ω̂0 we then have the no penetration (4.26)

κ̃0F
−T∇Xpp ·N = 0 (4.90)

and the stress balance (4.27)

P ·N = −JcpcF−TN . (4.91)

4.4.3.2 Arbitrary couplings

The fluid mesh displacements ua and uc extend the coated cell deformation into the

domains Ω̂f and Ω̂c, respectively. To do this, we require continuity with u on ∂Ω̂i

ua = u on ∂Ω̂1 (4.92)

uc = u on ∂Ω̂0, (4.93)

and restrict ua · N = uc · N on non-moving boundaries. Under these boundary

conditions, ua and uc may be solved for using arbitrary governing equations, with
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previous studies using Laplace’s equation, linear elasticity, or the biharmonic equation

[113]. In this study we opt to use the equations of linear elasticity for ua such that

∇X · σa = 0 (4.94)

σa =
νaEa

(1 + νa)(1 − 2νa)
∇X · ua +

Ea

2(1 + νa)

[
∇Xua + (∇Xua)

T
]
, (4.95)

where νa and Ea have no physical interpretation and in general do not have a consis-

tent impact on the parameter range in which we obtain numerical convergence [113].

After experimentation via a grid search, we opted to use νa = 0.1 and Ea = 1 in this

work. To calculate uc we instead use Laplace’s equation,

∇X · σc = 0, σc = ∇Xuc. (4.96)

4.4.3.3 Numerical implementation

In addition to the unknowns v, pf ,u, pp,V ,ua, pc, and uc we utilise several Lagrange

multipliers to impose further constraints. These are: f0 ∈ Ω̂s which is used to enforce

the equilibrium constraint (4.28); Ld ∈ Ω̂s which ensures the mean solid displacement

is zero; Li
t ∈ ∂Ω̂i which correspond to the surface tractions acting on the coating:

Lp ∈ Ω̂f which ensures the mean fluid pressure is zero1: Li
a ∈ ∂Ω̂i which enforce the

continuity of displacement; Li
v ∈ ∂Ω̂i which correspond to the normal flux through

∂Ω̂i.

Similar to Section 2.5.4, it is convenient to write the axisymmetric implementation

of the FSI problem as an extension of the 2-D Cartesian problem [62]. There are

several facets to consider in this extension. For example, we write the axisymmetric

(cylindrical) divergence as

∇X · v = ∂zvz +
1

ρ
∂ρ(ρvρ) = ∇Cart

X · v +
vρ
ρ
. (4.97)

The axisymmetric gradient operator is identical to the Cartesian counterpart when

applied to a scalar. When applied to vector v we have

∇Xv = ∇Cart
X v +

vρ
ρ
eϕ ⊗ eϕ, (4.98)

which introduces further terms into the axisymmetric implementation. This can be

seen, for example, in the determinant,

J = JCart
(

1 +
uρ
r

)
. (4.99)

1For comparison with the MoR solution we require pf = 0 when (z, x) = (10, 0). This may be
obtained by simply subtracting the pressure at this point from the FEM solution which enforces
zero mean pressure across the fluid domain.
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The final change comes from the differential volume and surface area,

dX = ρ dXCart = ρ dρ dz, (4.100)

dS = ρ dSCart. (4.101)

We now present the weak variational problem for the non-linear axisymmetric

ALE FSI problem. We present the test functions for each associated variable

Trial v pp u pp ua pc uc Ld V L0
t L

1
t Lp L0

a L1
a L0

v L1
v

Test w qf d qp da qc dc Md W M 0
t M

1
t Mp M

0
a M

1
a M

0
v M

1
v

Multiplying the governing equations by the respective test function, integrating, and

applying integration by parts the fluid equations are

−
ˆ
Ω̂f

σp : ∇Xw ρ dρ dz −
ˆ
Ω̂f

J

(
2vρwρ

(ρ+ vρ)2
− ppwρ

ρ

ρ

ρ+ vρ

)
ρ dρ dz

+

ˆ
∂Ω̂1

L1
t ·w ρ dSCart = 0, (4.102)

ˆ
Ω̂f

∇X · (JF−1v)qf ρ dρ dz +

ˆ
Ω̂f

Lpqf ρ dρ dz = 0. (4.103)

Similarly, the coating equations are

−
ˆ
Ω̂s

σs : ∇Xd ρ dρ dz − 1

ϵ

ˆ
Ω̂s

(
1 +

uρ
ρ

)
dρ dρ dz

+

ˆ
Ω̂s

(
1

ϵ
− λ

ϵ
(J − 1)J + Jps

)
dρ

ρ

ρ+ uρ
dρ dz

+

ˆ
Ω̂s

Lddz ρ dρ dz −
ˆ
∂Ω̂1

L1
t · d ρ dSCart +

ˆ
∂Ω̂0

L0
t · d ρ dSCart = 0, (4.104)

−
ˆ
Ω̂s

K∇Xpp : ∇Xqp ρ dρ dz −
ˆ
Ω̂s

JF−1Vez · ∇Xqp ρdρ dρ dz

+

ˆ
∂Ω̂1

L1
vqp ρ dSCart −

ˆ
∂Ω̂0

L0
vqp ρ dSCart = 0. (4.105)

Imposing the continuity of normal velocity (4.86) and the traction condition (4.89)

in Ω̂1 we have ˆ
∂Ω̂1

(
v + κ̃0F

−T∇Xpp − Vez
)
·NM1

v ρ dSCart, (4.106)

ˆ
∂Ω̂1

L1
t ·M 1

t ρ dSCart −
ˆ
∂Ω̂1

JppF
−TN ·M 1

t ρ dSCart

+ γ̃

ˆ
∂Ω̂1

J |F−TN |
(
v + κ̃0F

−1∇Xpp − Vez
)
·M 1

t ρ dSCart = 0. (4.107)
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Similarly, we impose the no penetration condition (4.90) and the stress balance (4.91)

on Ω̂0, ˆ
∂Ω̂0

(
κ̃0F

−T∇Xpp
)
·NM0

v ρ dSCart = 0, (4.108)

ˆ
∂Ω̂0

L0
t ·M 0

t ρ dSCart −
ˆ
∂Ω̂0

JcpcF
−TN ·M 0

t ρ dSCart = 0. (4.109)

Within the cell domain Ω̂c we use the cell pressure to enforce the incompressibility

condition ˆ
Ω̂c

(Jc − 1)qc ρ dSCart = 0. (4.110)

The mesh displacement equations are

−
ˆ
Ω̂f

σa : ∇Cart
X da ρ dρ dz −

ˆ
Ω̂f

1

1 + νa

ua,ρda,ρ
ρ

dρ dz

+

ˆ
∂Ω̂1

L1
a · da ρ dSCart = 0, (4.111)

in Ω̂f and in Ω̂c we have

−
ˆ
Ω̂c

σc : ∇Cart
X dc ρ dρ dz −

ˆ
Ω̂c

uc,ρdc,ρ
ρ

dρ dz

+

ˆ
∂Ω̂0

L0
a · dc ρ dSCart = 0. (4.112)

We also impose zero mean axial solid displacement,ˆ
Ω̂s

uzMd ρ dρ dz = 0. (4.113)

to calculate the coated cell velocity and ensure the coated cell is in equilibrium with

the surrounding flow, ˆ
∂Ω̂1

(L1
t · ez)W ρ dSCart = 0. (4.114)

We impose continuity of displacement on both interfaces Ω̂i,ˆ
∂Ω̂1

M 1
a · (u− ua) ρ dSCart = 0, (4.115)

ˆ
∂Ω̂0

M 0
a · (uc − ua) ρ dSCart = 0. (4.116)

and finally we impose zero mean fluid pressure,ˆ
Ω̂f

ppMp ρ dρ dz = 0. (4.117)

These constraints together describe a coated cell in equilibrium with a background

Poiseuille flow.
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4.4.4 Comparison with the unbounded Poiseuille flow

To quantify the impact of using the MoR to properly account for the tube con-

finement on the resulting solutions, in Section 4.5 we compare the MoR and FEM

implementation with the unbounded framework, presented in Chapter 3. The un-

bounded framework is identical to the MoR solution with reflection number j = 1,

since the disturbance to the external Stokes flow created by the coated cell is never

reflected back to the tube wall. In order to accurately compare these predictions, we

must re-scale the results of Chapter 3 such that lengths are non-dimensionalised on

the tube radius ρ0 rather than the size of the coated cell α1. This is easily achieved

by setting

κ̃0 →
κ̃0
α2
1

, ρ0 →
1

α1

, α0 →
α0

α1

, r → 1

α1

, (4.118)

in all results presented in Section 3.4.2. Additionally, we update the unbounded

solutions in Chapter 3 to impose the constraint (4.76) ((4.113) in the FEM imple-

mentation) which ensures the net axial translation of the coating is zero. Rescaling the

unbounded solutions in Chapter 3 according to (4.118) and imposing the additional

constraint (4.76) allows for accurate comparison to the MoR solutions.

4.5 Results

We now present results for the cell’s velocity, deformation, and pressure, as well as

the effect of the coated cell on the extra pressure drop across the tube over a wide

range of geometric and material parameters. We present predictions using the MoR

and FEM solution methods, along with the unbounded external flow implementation

with the adjustments described in Section 4.4.4, Since we only consider the leading

order fluid and solid problems in the MoR and unbounded implementations, we omit

any asymptotic superscripts and instead distinguish the numerical implementation

via the superscript ‘FEM’.

4.5.1 Effect of the material parameters

In this subsection we fix the problem geometry, choosing α0 = 0.4 and α1 = 0.6, and

investigate the effects of changing the Darcy number κ̃0, slip parameter γ, and shear

modulus µs. We begin by studying the translational velocity of the cell. In general

the cell velocity is determined by a competition between the axial drag force exerted

on a stationary coated cell by the surrounding Poiseuille flow (D) and the axial drag

force exerted by an external quiescent fluid on a coated cell translating with velocity
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V (K), with the balance depending on the Darcy number and slip for fixed geometry.

In Figure 4.2 we present the wall correction factors D and K, and the cell velocity V
as a function of γ for different κ̃0. In Figure 4.2, and throughout this chapter, the solid

lines are our MoR solutions, the dot-dashed lines are our unbounded solutions from

Chapter 3, and the circles are from our FEM solutions. Here, we use the numerical

solutions purely to validate the MoR solutions by setting ϵ = 10−5 in our numerical

simulations; the effect of increasing ϵ will be investigated later.

In Figures 4.2a and 4.2b we observe that both D and K increase with γ, with the

effect greater for smaller Darcy numbers. With low Darcy number the flow is directed

around the coating such that a reduction in slip (increase in γ) generates larger fluid

tractions and consequently a larger axial force. This acts to increase both (D) and

(K). By increasing the Darcy number we permit more fluid into the coating which

reduces the fluid tractions on the coating such that we observe a smaller increase in

the drag. In Figure 4.2c we see that the cell velocity decreases with increasing γ,

with the effect amplified for larger Darcy numbers. We observe that the cell velocity

increases with the Darcy number when γ is small and increases with the Darcy number

when γ is large. The cell velocity is determined by (4.47), and the impact of γ on V
is captured via the dependence of D and K on γ. It is clear from Figure 4.2c that D

increases comparatively less than K with γ. When separating the background plug

flow generated by the sliding wall, and the pressure-driven flow through a stationary

tube, we find the flow around the coating is larger than the flow through the coating

for the plug flow component. Therefore, the effect of increasing γ is greater for K

than for D and a smaller magnitude of sliding wall velocity is required for the coated

cell to be in equilibrium as γ increases. With a large Darcy number, flow through the

coating is enhanced, and the effect of increasing γ is comparatively even greater for

K than for D, resulting in a small cell velocity when κ̃0 and γ are both large.

The unbounded predictions (dot-dashed lines) that are adapted from Section 3.4.2

and are equivalent to limiting the reflection number to j = 1 in the MoR, hugely

under-predict the effect of the tube wall for the wall correction factors D and K. This

is expected, as the unbounded solutions do not properly account for the tube wall

boundary conditions. Studying Figure 4.2c, we observe that the unbounded solutions

over-predict the cell velocity when γ is small and under-predict the cell velocity when

γ is large. When γ is small, the unbounded solutions predict that the cell velocity

approaches one, corresponding to the maximum velocity of the background Poiseuille

flow, regardless of the permeability. With the tube wall properly considered, mass

conservation requires that any movement of the coated cell downstream generates
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upstream flow within the tube. Without this upstream flow, the cell velocity does

not feel the restriction by the tube wall, and the cell attains the maximum velocity

when the slip is large (small γ). Instead, when γ is large, we expect the unbounded

solutions to under-predict the cell velocity, as was observed in Figure 2.3a for an

impermeable, elastic particle with no-slip boundary conditions. The FEM predictions

with ϵ = 10−5 (circles) align with our MoR solutions, since the tube wall boundary

conditions are properly accounted for.
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Figure 4.2: The wall correction factors D (a) and K (b), and the cell velocity V (c) as
a function of γ for different κ̃0 with α1 = 0.6 and α0 = 0.4. The solid and dot-dashed
lines are the MoR and unbounded solutions, and the data points marked via circles
are validatory FEM solutions with ϵ = 10−5.

In Figure 4.3 we use the FEM solution method to investigate the effect of in-

creasing ϵ on the cell velocity. In Figure 4.3a we fix κ̃0 = 10−5/2 throughout and

present the difference between the FEM and MoR velocity predictions for various γ.

We see that for all γ an increase in ϵ decreases the particle velocity. This result was

similarly observed for an elastic particle of the same size in Figure 2.3a. Further tests

confirmed this relationship over the range of Darcy numbers considered in Figure 4.2.

We note that the missing data points are due to the limited convergence of our so-

lutions with large γ, which is discussed in Appendix B.2.1. In Figure 4.3b we again

fix κ̃0 = 10−5/2 and present log-log plots of the norm of the absolute error between

the FEM and MoR particle velocities, varying γ over a wide range of ϵ. For each γ

considered, we observe an approximately linear relationship between the error and ϵ,

where the slope increases with γ. We attribute the shallower slope when γ = 10−2 in

part to the larger error between the MoR and FEM solutions when ϵ = 10−5. This

can be seen in the blue line in Figure 4.3a, which indicates a larger error between

the FEM and MoR predictions for small γ. A similar analysis comparing just the

FEM solutions (VFEM −VFEM(ϵ = 10−5) not shown) shows parallel lines of slope ∼ 2

(quadratic departure), though again the error increases with decreasing γ for all ϵ.
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Figure 4.3: The difference between the nonlinear FEM and MoR velocity predictions
for fixed α1 = 0.6, α0 = 0.4, κ̃0 = 10−5/2, and λ̃ = 1(ν = 0.25). In (a) we vary γ
for several ϵ values and in (b) we present log-log plots for the absolute error in the
MoR velocity predictions, varying ϵ for several γ. The slopes range from 1.65 when
γ = 10−2 to 2.40 when γ = 101/2, with the mean slope across all lines being 1.89.

Even with the error, the mean slope in Figure 4.3b is 1.89, capturing the quadratic

departure of the nonlinear FEM solutions from the linearised MoR solutions in ϵ.

Figure 4.4 details streamline plots for α0 = 0.4, α1 = 0.6 with four different

combinations of κ̃0 and γ. The values κ̃0 = 10−3/2 and 10−5/2 in Figure 4.4 correspond

to a large and small Darcy number, respectively. Setting γ = 10−2 we have large slip

along r = α1 and with γ = 100 small slip; as γ → ∞ we recover a no-slip boundary

condition. In the frame of reference of the cell, the background Poiseuille flow drives

fluid to the right and the sliding wall drives flow to the left. These combined forcings

result in the apparent shearing nature of the flow away from the coated cell, where

fluid is forced to the right in the central region of the tube and to the left in the

region of the tube boundaries. If the cell velocity is larger the sliding wall dominates

more. We also note the apparent presence of stagnation points in the streamline

plots which are artifacts of the frame of reference and represent points at which the

fluid translates with the coated cell in the lab frame. In Figure 4.4a we have large

γ and small κ̃0 such that we observe small slip and restricted flow into the coating.

In Figure 4.4b we instead have a large Darcy number and more fluid flows within

the coating. In Figures 4.4c and 4.4d γ = 10−2 such that we have a large slip on

r = α1. In Figure 4.4c we have small Darcy number and little flow into the coating.

Since the flow may slip around the coating we observe a larger cell velocity (see

the discussion surrounding Figure 4.2) and consequently a stronger impact of the

sliding wall on the flow. Increasing the Darcy number in Figure 4.4d permits more
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(a) (κ̃0, γ̃) = (10−5/2, 102),V = 0.770 (b) (κ̃0, γ̃) = (10−3/2, 102),V = 0.668

(c) (κ̃0, γ̃) = (10−5/2, 10−2),V = 0.928 (d) (κ̃0, γ̃) = (10−3/2, 10−2),V = 0.943

Figure 4.4: Streamline plots with α1 = 0.6 and α0 = 0.4 for varying κ̃0 and γ,
calculated using the MoR. The top two plots ((a) & (b)) have large γ = 102 and
the bottom two plots ((c) & (d)) have small γ = 10−2. The leftmost two plots ((a)
& (c)) have small κ̃0 = 10−5/2, and the rightmost two plots ((b) & (d)) have large
κ̃0 = 10−3/2. Each individual plot is in equilibrium and has a different cell velocity V ,
corresponding to the magnitude of the sliding wall in the cell frame. In the external
region we plot the velocity field and inside the coating we plot the total internal flux,
q = ϕf,0vp. The velocity scale for each plot is given in the corresponding colour bar.

fluid flow within the coating, resulting in the apparent re-circulation regions around

θ = π/4, 3π/4. Despite the larger Darcy number, here, the fluid preferentially flows

around the coating rather than through it, such that the internal velocity is similar

between Figures 4.4c and 4.4d.

Figure 4.5a shows the extra pressure drop across the tube length ∆P+, defined

in (4.5), for varying κ̃0 and γ with α1 = 0.6 and α0 = 0.4. We note that equivalent

unbounded solutions are omitted since the extra pressure drop is trivially zero. This

is because the local correction to the Stokes pressure decays as r → ∞, see (3.40).

In general, we see that for all values of κ̃0 we have a positive ∆P+ for large γ (less

slip) and a negative ∆P+ for small γ (more slip). This suggests that with small

slip a greater pressure drop is required to push the coated cell along the tube as
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has been similarly predicted by Barakat et al. [73] for an elastic capsule. However,

surprisingly, we predict that with small γ (large slip), a smaller pressure drop is

required to generate the Poiseuille fluid flux prescribed in the far field. To understand

this effect, we consider a coated cell which is pinned by some body force such that it is

stationary within the tube. In this case, we would expect the pressure drop across the

tube to increase as the coated cell blocks the fluid flow. Additionally, we expect that

pinned cells with a greater slip (smaller γ) have a reduced ∆P+ in comparison to those

with a smaller slip (larger γ) due to a reduction in friction on the coating surface. By

reducing the body force which pins the coated cell in place, the cell begins to translate

downstream and we expect the pressure drop across the tube to decrease. Similarly,

we expect this reduction in the pressure drop to decrease with a increasing slip due

to a reduction in the friction on the coating surface. For all material properties, the

greater the cell velocity, the greater the reduction in the pressure drop across the tube

required to generate the far-field flux, since the motion of the coated cell also drives

this downstream flux. Importantly, we showed in Figure 4.2c that the translational

velocity of the coated cell is much larger for a small γ (large slip) compared with a

large γ (small slip). Consequently, for a large slip, the net pressure drop across the

tube is reduced and ∆P+ is negative. For a small slip, the cell velocity is smaller and

the net pressure drop across the tube is increased such that ∆P+ is positive. For ∆P+

negative, this prediction suggests that it is more efficient (lower pressure required for

identical far-field flux) to drive a coated cell downstream tube than to simply drive

the same volume of viscous fluid. In Figure 4.5a we also see that in general an increase

in the Darcy number further decreases the pressure drop across the tube length. By

increasing the Darcy number, we increase flow through the coating such that less fluid

is redirected around the coating, decreasing the pressure drop across the tube.

In Figure 4.5b we fix κ̃0 = 10−5/2 and use the FEM solution method to investigate

the impact of increasing ϵ. Several plots are presented for varying γ, to coincide with

the velocities presented in Figure 4.3a. We see that the elasticity of the coated cell

exacerbates the dependencies observed in Figure 4.5a; for small γ an increase in ϵ

decreases the extra pressure drop across the tube and for large γ an increase in ϵ

increases the extra pressure drop across the tube.

As detailed in Section 4.4.1.3, the leading-order cell pressure is related to the extra

pressure drop via (4.75) which is effectively presented in Figure 4.5a. In Figure 4.6 we

present the effect of ϵ on the cell pressure, choosing κ̃0 = 10−5/2 and λ̃ = 1 (ν = 0.25)

throughout. We present the FEM cell pressure relative to the background Poiseuille
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Figure 4.5: (a) The extra pressure drop across the tube length, given by ∆P+, with
α1 = 0.6 and α0 = 0.4. The dependence γ is given for varying κ̃0. The marked data
points are our validatory FEM solutions with ϵ = 10−5. (b) The difference between
the FEM and MoR predictions for the extra pressure drop with κ̃0 = 10−5/2.

flow contribution in Figure 4.6a and the FEM cell pressure relative to the leading-

order MoR cell pressure in Figure 4.6b. We see that in general the cell pressure

increases with ϵ, which we interpret as the cell resisting compressive forces. We

note the effect of increasing ϵ on the cell pressure is also due in part to the change

in pressure drop across the tube as presented in Figure 4.5. For fixed ϵ we expect

the coating deformation increase with γ (see, for example, Figure 4.9 which will be

discussed in full later) such that the effects of the coating deformation on the cell

pressure are greater for larger γ.

We now calculate the leading-order surface deformation of the particle, presenting

results in Figure 4.7. Here, we compare our MoR and FEM solutions for various values

of ϵ, along with the unbounded implementation presented in Chapter 3, choosing

κ̃0 = 10−5/2, γ = 1, and λ̃ = 1 (ν = 0.25) throughout. For small ϵ (Figure 4.7a),

we see agreement between all methods. As we increase ϵ, the analytical predictions

begin to diverge from the non-linear FEM solutions, with the unbounded solutions

diverging to a greater degree than the MoR solutions. This divergence is quantified in

Figure 4.8, where we present log-log plots of the L2-norm of the departure of the FEM

displacement from the MoR (solid lines) and unbounded (dot-dashed lines) solutions,

averaging across the cell boundary r = α0. Similar to Figure 4.3b, we fix κ̃0 = 10−5/2

and present plots for varying γ. Each plot forms a straight line whose slope reflects the

dependence of the departure on ϵ. We find that the mean slope for the MoR solutions

is 2.09 since the MoR solutions accurately approximate the O(ϵ) contribution to the

particle deformation. The unbounded solutions on the other hand have a higher base
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Figure 4.6: The difference between the FEM cell pressure and (a) the background
Poiseuille flow and (b) the leading-order MoR cell pressure predictions with κ̃0 =
10−5/2 and ˜λ = 1 (ν = 0.25).
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Figure 4.7: Surface deformation with κ̃0 = 10−5/2, γ = 1, λ̃ = 1 (ν = 0.25), α1 = 0.6
and α0 = 0.4 for (a) ϵ = 0.03, (b) ϵ = 0.06, and (c) ϵ = 0.09. Graphs are shown for
both the MoR (solid, coloured lines) and our FEM implementation (circles), as well
as for the unbounded implementation adapted from Chapter 3 (dot-dashed lines). In
each plot, we also show the undeformed cell and coating boundaries via the solid,
black lines.

error and a mean slope of 1.11. As expected, each case in Figure 4.7 predicts the

expected bullet-like shape, however with ϵ = 0.09 in Figure 4.7c, neither the MoR

nor the unbounded solutions are able to accurately capture the concave bending of

the coating predicted by the FEM method at θ = π.

We proceed by choosing the cell surface deformation with θ = 0 as a measurement

of the deformation magnitude, and investigate the impacts of the slip and Darcy

number in Figure 4.9a with λ̃ = 1 (ν = 0.25). We observe in Figure 4.9a that in

general a reduction in the permeability results in a larger deformation magnitude. We

attribute this to a reduction in the normal tractions imposed on the coating surface

as more fluid is permitted to enter the coating. Further, we observe that an increase

in γ, corresponding to a reduction in the slip, results in an increase in the deformation

magnitude, with the effect amplified for large κ̃0. The unbounded solutions predict a
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Figure 4.8: Log-log plots of the L2-norm of the departure of the FEM displacement
along the particle boundary from the MoR solutions (solid lines of best fit) and the
unbounded solutions (dot-dashed lines of best fit) for several different values of γ with
κ̃0 = 10−5/2, λ̃ = 1 (ν = 0.25), α0 = 0.4, and α1 = 0.6. The mean slope using the
MoR solution is 2.09 and using the unbounded solution is 1.1.

similar qualitative behaviour to the MoR solutions, though are considerably different

for small Darcy numbers. Surprisingly, the unbounded solutions perform well when

the Darcy number is very large, despite the different predicted velocity in Figure 4.2c.

The FEM solutions with ϵ = 10−5 agree with the MoR solutions across the entire

parameter space.

4.5.2 Effect of geometric parameters

We now investigate the effect of changing the cell and the encapsulation sizes, α0 and

α1. Throughout this subsection, we consider three different cell sizes α0 = 0.1, 0.3,

and 0.5. For each cell size, we continuously vary the coating thickness.

In Figure 4.10 we fix κ̃0 = 10−5/2 and γ = 1, and present the wall correction factors

K and D, and predicted translational velocity V , varying the encapsulation size α1

for three different cell sizes. In Figure 4.10a we see that both K and D increase with

coating thickness, since a thicker coating increases the disturbance to the flow as more

fluid is displaced around the coated cell. This leads to larger tractions on the coating

surface and results in a larger drag force acting on the coating. We also observe that

the wall correction factors are slightly larger for a large cell and thin coating, when

compared with a small cell and thicker coating. With a larger Darcy number, a greater

flow is expected within the coating, such that we expect the cell size to have a greater

impact on the wall correction factors for fixed encapsulation size α1. For κ̃0 → 0 we

permit no flow into the coating, such that the cell size would not impact K and D

123



-3 -2 -1 0 1 2 3

0.0

0.2

0.4

0.6

0.8

1.0

1.2
MoR

Unbounded

FEM

(a)

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

-0.020

-0.015

-0.010

-0.005

0.000

(b)

Figure 4.9: (a) The deformation magnitude, given by ur(α0, 0), with α1 = 0.6 and
α0 = 0.4. The dependence on γ is given for varying κ̃0. The solid lines correspond to
our MoR predictions and the dot-dashed lines correspond to our unbounded predic-
tions. The data points marked via a circles are our validatory FEM solutions with
ϵ = 10−5. (b) The difference between the nonlinear FEM and MoR deformation pre-
dictions for fixed α1 = 0.6, α0 = 0.4, κ̃0 = 10−5/2, and λ̃ = 1 (ν = 0.25).

for fixed α1. The unbounded solutions (dot-dashed lines) quickly diverge from the

MoR solutions for increasing encapsulation size (α1) and again hugely under-predict

K and D when α1 is large. This is because the unbounded solution, equivalent to

setting the maximum reflection number j = 1 in the MoR solutions, do not properly

account for the tube wall boundary conditions which are more impactful the larger

the coated cell.

In Figure 4.10b we predict that an increase in coating thickness with fixed cell

size α0 decreases the cell’s velocity; this is typical for an elastic particle [136] or a

capsule [73] translating through a tube. Further investigation (results not shown)

showed that this relationship holds across all κ̃0 and γ considered. Since little fluid is

permitted into the coating when κ̃0 = 10−5/2, for a fixed encapsulation size, the cell

size has a small effect on its velocity. Though slight, we observe that for the same

encapsulation size, a larger cell and thin coating has a greater translational velocity

than a smaller cell and thicker coating. We expect this is due to the perfect slip on the

cell surface (4.56) decreasing the drag of the total encapsulation. As expected, when

ϵ = 10−5 the nonlinear solutions strongly agree with the MoR predictions, and the

unbounded predictions diverge more strongly as the encapsulation size increases as

the impact of the tube wall becomes more important. Referring back to Figure 4.2c,

we expect the unbounded solution to perform especially poorly when γ is small or

large, over-predicting the particle velocity when γ is small and under-predicting when
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Figure 4.10: (a) The wall correction factors D and K and (b) the cell velocity V
as a function of the encapsulation size for three different fixed cell sizes which are
indicated by the colours. The Darcy number κ̃0 = 10−5/2 and slip parameter γ = 1
are fixed. The solid and dot-dashed lines are the MoR and unbounded solutions, and
the data points marked via circles are validatory FEM solutions with ϵ = 10−5.

γ is large.

In Figure 4.11, we use the FEM solutions to investigate the impact of ϵ on the

cell velocity, fixing κ̃0 = 10−5/2, γ = 1, and α0 = 0.5 for varying coating thicknesses.

We see that when the encapsulation size is smaller the cell velocity decreases with

ϵ. When the encapsulation size is large we observe the reverse. This is analogous to

the results in Figure 2.4, where we predicted that the velocity of an elastic particle

with radius α ≥ 0.65 increases with ϵ, though we note that in Figure 4.11 the cell

velocity decreases with ϵ for a larger range of encapsulation sizes (see, for example,

when α1 = 0.8). This is similarly interpreted by considering the deformation of the

coating in Figure 4.11b. We see that the minimum distance between the coated cell

and the tube wall is decreased under deformation when α1 = 0.7, such that the coated

cell bulges out toward the tube wall. We expect that this bulging effect increases the

drag of the coated cell such that it translates with a slower velocity. When compared

with Figure 2.4b, here we observe that the coated cell bulges out for larger α1 (α in

Figure 2.4b). We expect this is due to the buckling of the coating observed at θ = π

in Figure 4.11b. As the encapsulation size is increased, the bending and stretching

moduli of the coating increase, and the pressure in the gap between the coated cell

and the tube wall increases, both of which restrict the bulging effect such that the

minimum distance between the coated cell and the tube wall instead increases with

deformation. Consequently, when α1 = 0.9, the cell velocity increases with ϵ.

We also observe that the effect of ϵ on the cell velocity decreases in magnitude
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Figure 4.11: (a) Difference between the FEM and MoR velocities, varying ϵ for several
encapsulation sizes α1. (b) Surface deformation for various ϵ with α1 = 0.7 (top) and
α1 = 0.9 (bottom). In all plots κ̃0 = 10−5/2, γ = 1, and α0 = 0.5. The horizontal
black dashed lines indicate the undeformed coating thickness at θ = π/2.

as the encapsulation size is increased. The coating deformation is determined by

the forces imposed on it and the resistance to deformation. Increasing the coating

thickness increases the overall disturbance to the flow and thus the stresses imposed on

the coating. However, we also introduce more material to the coating which increases

its resistance to deformation. The interplay of these two effects in Figure 4.11a

results in a smaller deformation when α1 = 0.9, than when α0 = 0.6 for the same ϵ.

Consequently, the effect on the cell velocity decreases as α1 is increased.

In Figure 4.12 we consider the extra pressure drop ∆P+. Figure 4.12a presents the

MoR solution, varying the encapsulation size α1 for several cell sizes α0 encapsulation

sizes. We fix κ̃ = 10−5/2 and present results for both γ = 10−2 and γ = 1. We remind

the reader that the unbounded solutions do not capture any change in the pressure

drop across the tube and so are omitted. As before, the FEM solutions with ϵ = 10−5

are in strong agreement with the MoR solutions. When the coated cell is small, the

pressure drop across the tube is not strongly affected. Similar to in Figure 4.5a, with

a larger γ, as the encapsulation size is increased the extra pressure drop is positive

and increases with the encapsulation size. When γ is small (large slip), the extra

pressure drop is negative and decreases with the encapsulation size. However, when

the encapsulation size is large α1 ≥ 0.8, the extra pressure begins to increase, despite

the coating having a large slip. In both cases the effect of increasing the cell size is

slight since the permeability is small; in general increasing the cell size increases the

extra pressure drop since the disturbance to the flow is greater. In Figure 4.12b we
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Figure 4.12: (a) The extra pressure drop across the tube, varying the encapsulation
size α1 for several cell sizes α0. We fix κ̃ = 10−5/2 and present results for both
γ = 10−2 and γ = 1. The solid lines correspond to our MoR predictions and the data
points are FEM solutions with ϵ = 10−5. (b) The difference between the nonlinear
FEM and MoR extra pressure drop predictions for fixed α0 = 0.5, κ̃0 = 10−5/2, γ = 1,
and λ̃ = 1 (ν = 0.25), varying the encapsulation size α1.

present the difference between the extra pressure drop as predicted by the FEM and

MoR solution methods for increasing ϵ. We again fix κ̃0 = 10−5/2, γ = 1, and α0 = 0.5

and present results for increasing encapsulation sizes α1. Similar to Figure 4.5 with

γ = 1, when the encapsulation size is smaller the extra pressure drop increases with

ϵ. However, when the encapsulation size is larger we observe the reverse. These

dependencies are the reverse of those observed in Figure 4.11a and are interpreted

similarly: when the coating bulges out toward the tube wall the drag of the coated

cell increases such that it translates more slowly and a greater pressure is required to

drive it downstream. When the encapsulation size is larger we have the reverse such

that the extra pressure drop decreases with ϵ.

In Figure 4.13 we present the difference between the cell pressure as predicted

by the FEM and MoR solutions methods, comparing against the Poiseuille flow con-

tribution in Figure 4.13a and the MoR cell pressure in Figure 4.13b. Here, we fix

κ̃0 = 10−5/2, γ = 1, λ̃ = 1 (ν = 0.25), and α0 = 0.5, varying ϵ for different encapsu-

lation sizes α1. We observe in Figure 4.13a that for small ϵ the cell pressure depends

strongly on the change in the pressure drop across the tube presented in Figure 4.12a.

We observe in Figure 4.13b that the cell pressure is typically under-predicted by the

MoR, and increases with ϵ for all encapsulation sizes. This is expected from Fig-

ure 4.6 since γ = 1. We find that the cell pressure increases the most when α1 = 0.6,

which we attribute to the large deformation due to a thin coating (see, for example,

Figure 4.14).

127



0.00 0.02 0.04 0.06 0.08

0.0

0.5

1.0

1.5

2.0

2.5

(a)

0.00 0.02 0.04 0.06 0.08

0.0

0.5

1.0

1.5

(b)

Figure 4.13: The difference between the FEM cell pressure and (a) the background
Poiseuille flow contribution and (b) the leading-order MoR cell pressure predictions,
varying ϵ and α1 for fixed κ̃0 = 10−5/2, γ = 1, λ̃ = 1 (ν = 0.25), and α0 = 0.5.

Finally, we consider the coating deformation, again using ur(α0, 0) as a measure of

the deformation magnitude. In Figure 4.14a we present the MoR predictions, along

with the unbounded and FEM predictions with ϵ = 10−5. We fix κ̃0 = 10−5/2 and

γ = 1, and present the surface deformation against the coating thickness for several

cell sizes. Here, the cell size is important. For a small cell (blue), increasing the

coating thickness leads to an increase in the deformation magnitude. Increasing the

coating thickness, the disruption to the flow is increased, leading to larger tractions

on the coating surface, and a larger deformation. For a large cell (orange), increasing

the coating thickness decreases the deformation magnitude despite the increase in

tractions associated with an increase in the size of coated cell. Under the same trac-

tions, we expect a thinner coating to exhibit a larger deformation due to a reduction

in the bending modulus (4.17). For a medium sized cell (green), we see the interplay

between these two effects. The deformation initially decreases with increasing coat-

ing thickness due to the reduction in bending modulus, then later increases with the

increase in tractions associated with an increase to the overall size of the coated cell.

As expected, the unbounded solutions under-predict the coating deformation, with

a poorer approximation for a larger encapsulation. In all cases, the FEM solutions

with ϵ = 10−5 strongly agree with the MoR predictions.

In Figure 4.14b, we present the difference between the FEM and MoR deformation

predictions at θ = 0 for increasing ϵ, again fixing κ̃0 = 10−5/2, γ = 1, and α0 = 0.5.

Each line corresponds to a different encapsulation size α1. We see that the MoR

solutions over-predict the cell deformation when the encapsulation size is smaller,

similar to that observed in Figure 4.7. We expect this is associated with the bulging
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Figure 4.14: (a) The deformation magnitude, given by ur(α0, 0), with κ̃0 = 10−5/2,
γ = 1, and λ̃ = 1 (ν = 0.25). The dependence on coating thickness is given for
varying cell sizes. The solid lines correspond to our MoR predictions and the dot-
dashed lines correspond to our unbounded predictions. The data points marked via
a circles are our validatory FEM solutions with ϵ = 10−5. (b) The difference between
the nonlinear FEM and MoR deformation predictions for fixed α0 = 0.5, κ̃0 = 10−5/2,
γ = 1, and λ̃ = 1 (ν = 0.25), varying the encapsulation size α1.

of the coating toward the tube wall presented in Figure 4.11b, resulting in a decreased

cell velocity and increased extra pressure drop. When the encapsulation size is larger,

the pressure in the gap between the coated cell and the tube wall is increased which

compressed the coated cell toward the z-axis, preventing this bulging effect. In this

case, the cell velocity increases with ϵ, the extra pressure drop decreases with ϵ, and

the MoR solutions instead under-predict the cell deformation at θ = 0.

4.6 Discussion

We present a model for a hydrogel-coated cell translating axially along the centre-line

of a cylindrical tube and driven by Poiseuille flow. We present two implementations

to solve the problem. The first utilises the MoR to solve the leading order fluid and

solid problems in the limit of a small ratio of typical viscous fluid stresses to the elastic

stiffness, and the second is a nonlinear FEM implementation which is used to validate

the MoR solutions, as well as to show the impact of ϵ on the dependent variables.

Additionally, we present the solutions from Chapter 3 which treat the external flow

as unbounded. We find strong agreement between all three methods when the coated

cell is small and stiff (small α1 and ϵ), where, keeping ϵ small, the agreement between

the MoR and FEM solutions persists for α1 ≤ 0.8.

We investigate how the translational velocity of the cell, its pressure and surface
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deformation, and the change in pressure drop across the tube length depend on the key

material parameters and the problem geometry. We predict that for all geometries,

a large slip (small γ) on the coating surface results in an increased mobility and a

decreased pressure drop across the tube when compared with a small slip coating.

Experimentally, this effect could improve the speed and efficiency of the transport

of spherical particles in flow. We also identify two key mechanisms governing the

magnitude of deformation; bending associated with a thinner coating and reduced

bending modulus, and an increase in the blockage factor which generates larger fluid

tractions, translating to larger deformations.
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Chapter 5

Conclusions

5.1 Summary of work

We briefly describe the work contained in this thesis, detailing the key results. In

Chapter 2 we considered an elastic particle translating axially along the centre-line

of a cylindrical tube, subject to an axial body force and driving Poiseuille flow. We

approached the problem in two ways: an asymptotic solution in the limit of a small

ratio of typical viscous fluid stresses to elastic stiffness,

ϵ =
µfV0
µsρ0

, (5.1)

which utilises the MoR to calculate the leading-order fluid flow, and a non-linear

ALE FEM solution used to validate the MoR solutions and investigate their range of

validity. Depending on the magnitude of the ratio of applied body force to viscous

forces, the particle had either a bullet-like shape, an anti-bullet shape, or retained its

original spherical shape. Additionally, by considering the first-order fluid problem in

Section 2.4.1.4, the first-order correction to the translational velocity of the particle

was shown to be zero. Using the non-linear solutions, we showed that for finite

deformations, the particle velocity decreases with ϵ for small particles and increases

with ϵ for large particles. We interpret this dependence by considering the minimum

distance between the particle and the tube wall, which decreases with ϵ for small

particles, and increases with ϵ for large particles.

In Chapter 3 we developed a framework to model the small deformation (small ϵ)

of an initially spherical coated cell exposed to any unbounded Stokes flow. Using this

framework we obtained analytical solutions for the translation, rotation, and defor-

mation of the coated cell under a background shear and Poiseuille flow as functions

of the Darcy number (dimensionless permeability of the coating), the slip parame-

ter (controls the velocity jump between the tangential Stokes and Darcy velocities),
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the Poisson’s ratio (ratio of the transverse compressive strain to the extension strain

developed in the coating), and the cell size. We additionally considered the special

case of zero cell size, in which the solutions describe an initially spherical poroelastic

particle in an unbounded flow. Under a shear flow, we showed that the leading-order

rotation of the coated cell does not depend on its material parameters. Generally,

we found that the surface deformation of the coated cell can be separated into a

bulk deformation mode, in which the cell deformation is small and the outer coating

deformation resembles that of spherical poroelastic particle, and a shell deformation

mode, in which the outer coating and cell surface deformations are approximately

equal and the magnitude of both is predominantly governed by the coating thickness.

Additionally, we found that the magnitude of the surface deformations may either

increase or decrease with increasing slip, depending on the Poisson’s ratio and cell

size. Under both flows, we predicted that the small deformation of the cell does not

impact its pressure.

Finally, in Chapter 4 we considered the hydrogel-coated cell presented in Chap-

ter 3, but now translating axially along the centre-line of a cylindrical tube and

driven by Poiseuille flow. Similar to Chapter 2 we presented the leading-order fluid

flow and coating deformation in the small deformation limit, along with a non-linear

ALE FEM implementation. We additionally compared these predictions with our

unbounded framework presented in Chapter 3. We found that a large slip increases

the cell’s translational velocity and decreases the pressure drop across the tube. This

effect is exacerbated when the coating deformation is finite. We also identified two

competing effects which govern the magnitude of the coating deformation; bending

associated with a thinner coating and reduced bending modulus, and an increase in

the blockage factor which generates larger fluid tractions leading to larger deforma-

tions. Similar to Chapter 3, we found that the cell pressure is not impacted by the

leading-order deformation. Under finite deformations, we showed that the cell pres-

sure was generally increased in comparison to the linearised predictions, indicating

the cell is slightly pressurised.

5.2 Potential applications

The models developed in this thesis have the potential for impact across a wide range

of applications. For example, the development of microfluidic systems for the char-

acterisation of the material properties of spherical elastic particles relies on sound

mathematical predictions of the resulting FSI problem. Existing microfluidic systems
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for spherical elastic particles use tube flow or extensional flow [30], where the for-

mer is considered in Chapter 4. Both microfluidic systems may be considered using

the unbounded framework presented in Chapter 3. Consequently, using these math-

ematical predictions, we anticipate similar microfluidic systems could be developed

for the characterisation of material properties of a spherical poroelastic particle or

a poroelastic spherical shell. For the case of a tube flow, both the deformation and

velocity predictions from the bounded or unbounded frameworks could in theory be

utilised, allowing two different material properties to be characterised simultaneously.

In Chapter 4, we showed that the translational velocity is determined predominantly

by the problem geometry, the permeability, and the slip parameter, since the effect

of deformation is weak. Thus, we anticipate the translational velocity could be used

to predict the slip parameter, and the deformation of the particle/coated cell used

to predict its shear modulus. We note that through the inclusion of a body force

in Chapters 3 and 4 the sedimentation dynamics of a poroelastic particle may be

investigated under confinement, which are not currently well understood [72].

Recently, Xu et al. [61] investigated the impact of three different sets of boundary

conditions coupling a Stokes flow to a poroelastic domain, concluding that a com-

bination of complex driving flows and geometry are required to distinguish between

them. The models presented in this thesis could be used to compare these different

interfacial conditions to analyse the nuance of these choices of interfacial conditions,

due to the added complexities of confinement and the blend of spherical and cylin-

drical domains. These predictions could then be validated via simple experiments to

justify their choice for a given material.

As discussed in Chapter 1, characterising the mechanical cues imposed on a cell

is important for understanding their corresponding changes in gene expression [15].

Fluid shear, membrane tension, surface deformation, and cell pressure have all been

shown to reliably affect the intracellular signaling pathways governing a cell’s response

to mechanical stimuli. In Chapter 4, we provide predictions for the cell’s pressure

and surface deformation, and suggest that, though we assume the mechanical load

experienced by the membrane is negligible compared with the coating, the cell mem-

brane tension could be approximated by considering the coating hoop stress on the

cell surface. Additionally, by mapping material points between the undeformed and

deformed cell surfaces, further insight into the opening of ion channels on the cell

membrane may be gained. We do not have an explicit read out for the shear modula-

tion provided by the coating, as the total poroelastic shear stress on the cell surface

is set to zero through the boundary conditions. To overcome this, fluid flow could
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be permitted in the cell or the Brinkman regime could be used within the coating.

When under tube confinement, we predict in Chapter 4 that given a fixed coating

thickness, the local mechanical environment is dependent on cell size. To the best

of our knowledge, the effect of cell size is not at present being considered within the

context of cell therapies. We expect this is because the cell size is often small in

comparison to an external length scale in in-vitro experiments, though this is not

the case for vessels in the liver (see, for example, Table 1.1). Characterising these

mechanical cues is also of importance to the development of drug delivery systems,

which often utilise a spherical hydrogel particle [35], or hydrogel shell containing an

aqueous core [31]. The mechanistic insights could be utilised to predict the required

stiffness of the particle/coating to avoid the premature release of drug molecules.

5.3 Extensions and future work

We now consider some potential extensions to the models presented in this thesis. The

MoR and FEM models in Chapters 2 and 4 may both be extended to include particles

which are positioned off-axis. In this case, the results may be compared directly with

the analytical solutions presented in Chapter 3 under a background Poiseuille flow

to further quantify their range of validity. Additionally, multiple particles may be

considered using the MoR [55], to understand the impact of the particle-particle

interactions. Quantifying the impact of particle-particle interactions is of particular

interest to the process of cell sorting. Lu et al. [137] considered a train of spherical

capsules, predicting a critical separation distance past which the effect of the capsule

interaction is small and the capsules behave identically (dilute suspension).

More complex physics may also be incorporated into our framework. Firstly, mo-

tivated by recent work manipulating the movement of magnetically labelled stem cells

[138], an axial body force could be applied to the hydrogel coating in order to ma-

nipulate the translational velocity of the cell. When applied without the background

Poiseuille flow, the effect of confinement could be investigated for a sedimenting en-

capsulation, the results of which could be experimentally validated and again used to

characterise the material properties of the encapsulation. The general solutions for

both a Brinkman medium and a poro-viscoelastic medium, which could be used to

describe both the cell and coating domains, are also readily available using spherical

harmonics (ignoring inertial terms). We note that a poro-viscoelastic in particular

contains strong applications to cell modelling [49, 139]. The parameter values pre-

sented in Section 3.2.5 indicate a regime in which the elastic contribution of the cell
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is comparable to that of the coating. In this case, the cell tension could be included

in the model, or the cell could be modelled as an elastic or viscoelastic bulk [1, 71].

Additional extensions include the calculation of nutrient transport through the

coating, to ensure the cells have enough nutrients to remain viable (alive) when in

transit. In the simplest case, the nutrients could be treated as a passive tracer which

advects with the flow. The effect of a hydrogel-coating on the adhesion of a cell to

the endothelial layer is also of interest to the development of the cell therapy. If the

injected cells do not attach at the target site, they are at risk of flowing through

the liver and into the lungs which could be life threatening. Hodges and Jensen

[80] used an asymptotic approach to describe the spreading and peeling of a cell

onto and off an adhesive wall, using lubrication theory to account for the thin fluid

layer between the cell and plane. The process of cell rolling was then described as

a quasi-static combination of these two cases, with the leading edge spreading and

the lagging side peeling. We suggest the inclusion of a thin, deformable porous layer

which surrounds the cell as a starting point for addressing this question. The liver

geometry involves vessels of many sizes and has complex branching. The magnitude

of the confinement imposed on a coated cell is therefore time dependent as it transits

through the circulation. The additional complexity of a branching channel could be

investigated (see, for example, Häner et al. [77, 90]) to understand the mechanical

cues imposed on the cell when coated, bridging the gap between the in-vitro and

in-vivo scenarios.

The bio-inspired problems considered in this thesis have the potential for impact

across a range of different fields in bio-medicine and bio-engineering, as well as pro-

viding fundamental insights into the impacts of confinement in several canonical FSI

problems. Specifically, the results of Chapter 4 provide mechanistic insights which

can be exploited in the development of next-generation cell therapies involving coated

cells via a quantification of the mechanical cues imposed on the cell.
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Appendix A

The method of reflections

We present further details of the method of reflections, used to provide semi-analytical

solutions for the leading-order fluid problem. We begin by presenting the coordinate

transformations necessary for converting between cylindrical and spherical coordinate

systems. We then present general solutions for the Stokes equations in both spherical

and cylindrical coordinates. Finally, we discuss the nature of convergence for this

method.

A.1 Coordinate transformations

To be able to satisfy the systems of equations generated by the method of reflections,

we must transform expressions between spherical and cylindrical coordinate systems.

For both coordinate systems it is convenient to use the centre of the undeformed

particle as the origin. By aligning the ‘north pole’ of the sphere with the positive z

axis, we obtain the following relations,sin θ 0 cos θ
cos θ 0 − sin θ

0 1 0

eρeϕ
ez

 = A

eρeϕ
ez

 =

ereθ
eϕ

 , with
z = r cos θ
ρ = r sin θ
ϕ = ϕ

, (A.1)

where A is orthogonal. Applying these results we transform the fluid velocity, v, and

fluid stress, σf , between these coordinate systems,

v(r, θ, ϕ) = Av(ρ, ϕ, z), (A.2)

σf (r, θ, ϕ) = Aσf (ρ, ϕ, z)AT . (A.3)
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A.2 Stream function in spherical coordinates

Assuming ϕ axisymmetry, the Stokes stream function series in spherical coordinates

has the general solution,

ψ =
∞∑
n=2

(Anr
−n+1 +Bnr

−n+3 + Cnr
n +Dnr

n+2)Cn(cos θ), (A.4)

where Cn(cos θ) are the Gegenbauer polynomials of order n and degree −1/2 [107]. It

will also be useful to define the Legendre polynomials of order (n− 1) as Pn−1(cos θ).

To ensure the velocity field vanishes for r → ∞, we set the coefficients Cn = 0 and

Dn = 0. If calculating the leading-order solid displacement and pressure, we instead

set the coefficients An = 0 and Bn = 0 in order to ensure the displacement remains

finite at the origin. To recover the velocity field we use relations

vr = − 1

r2 sin θ

∂ψ

∂θ
, (A.5)

vθ =
1

r sin θ

∂ψ

∂r
, (A.6)

to give relations for the velocity components (2.65) and (2.66) with r = α.

For each odd term in the method of reflections v(0,odd) = v(0,1),v(0,3), · · · we aim

to satisfy the boundary conditions on the sphere (2.41) to obtain the coefficients

An and Bn. To achieve this we first transform the previous even terms v(0,even) =

v(0,2),v(0,4), · · · to spherical coordinates. We then project these even terms to the

particle surface, approximating them as functions of cos θ such that we can exploit

the linear independence of Pn−1(cos θ) and Cn(cos θ). To do this we use the use the

expressions,

f(cos θ) =
∞∑
n=2

ãnCn(cos θ), (A.7)

g(cos θ) =
∞∑
n=2

b̃n−1Pn−1(cos θ), (A.8)

where f and g are arbitrary functions of cos θ [55]. The coefficients ãn and b̃n−1 are

given by

ãn =
1

2
n(n− 1)(2n− 1)

ˆ 1

−1

f(cos θ)Cn(cos θ)

(sin θ)2
d(cos θ), (A.9)

b̃n−1 =
1

2
(2n− 1)

ˆ 1

−1

g(cos θ)Pn−1(cos θ) d(cos θ). (A.10)
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Substituting the expressions for the velocity field in spherical coordinates (2.65)

and (2.66) into the boundary conditions (2.62) and then using (A.7) and (A.8) gives

the following summation,

∞∑
n=2

−α−n−1(An +Bnα
2)Pn−1(cos θ) =

∞∑
n=2

b̃n−1Pn−1(cos θ) (A.11)

∞∑
n=2

−α−n−1((n− 1)An + (n− 3)Bnα
2) csc θ Cn(cos θ) =

∞∑
n=2

ãn csc θCn(cos θ).

(A.12)

Equating each term in the summation results in the relations,

−α−n−1(An +Bnα
2) = b̃n−1, (A.13)

−α−n−1((n− 1)An + (n− 3)Bnα
2) = ãn. (A.14)

By re-writing the cylindrical velocity expressions on the sphere surface using the

expressions (A.7) and (A.8) we obtain the spherical coefficients An and Bn. Due to

the complexity of the solutions we are forced to numerically calculate ãn and b̃n−1,

rendering the method of reflections semi-analytic in nature.

A.3 Stream function in cylindrical coordinates

The general solution for the Stokes velocity field in cylindrical coordinates is

v =
∞∑

k=−∞

[
∇× (Ωkez) + ∇Ψk + ρ

∂

∂ρ
∇Πk +

∂Πk

∂z
ez

]
, (A.15)

p = −2
∞∑

k=−∞

∂2Πk

∂z2
, (A.16)

where Ωk,Ψk and Πk are cylindrical harmonic functions [107]. Following the frame-

work in Yao et al. [55], we write the axisymmetric velocity (A.15) as,

v =

(
∂Ψ0

∂ρ
+ ρ

∂2Π0

∂ρ2

)
eρ +

(
∂Ψ0

∂z
+ ρ

∂2Π0

∂ρ∂z
+
∂Π0

∂z

)
ez, (A.17)

with

Π0 =
1

π

(ˆ ∞

0

1

λ
πa0I0(λρ) sinλz dλ+

ˆ ∞

0

1

λ
πc0I0(λρ) cosλz dλ

)
, (A.18)

Ψ0 =
1

π

(ˆ ∞

0

1

λ
ψa0I0(λρ) sinλz dλ+

ˆ ∞

0

1

λ
ψc0I0(λρ) cosλz dλ

)
, (A.19)
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where I0 is the Bessel function of the first kind of order 0. To calculate an even

component in the method of reflections, v(0,2) for example, it remains to find the four

unknown functions of λ: πa0, πc0, ψa0 and ψc0, such that v(0,2) cancels v(0,1) on the

tube wall. We note that Equation (2.63) is of the form,

v(0,2)(1, z) = Vρeρ + Vzez, (A.20)

where Vρ and Vz come from transforming v(0,1) to cylindrical coordinates and imposing

ρ = 1. Substituting the expressions for Π0 and Ψ0 (A.18) and (A.19) into the velocity

(A.17) and setting ρ = 1 gives the following relations,

Vρ =
1

π

ˆ ∞

0

[ψc0I ′
0(λ) + πc0λI ′′

0 (λ)] cosλz dλ

+
1

π

ˆ ∞

0

[ψa0I ′
0(λ) + πa0λI ′′

0 (λ)] sinλz dλ,

(A.21)

Vz =
1

π

ˆ ∞

0

[ψa0I0(λ) + πa0λI ′
0(λ) + πa0I0(λ)] cosλz dλ

+
1

π

ˆ ∞

0

[ψc0I0(λ) + πc0λI ′
0(λ) + πc0I0(λ)] sinλz dλ.

(A.22)

We can then perform the following Fourier integrals to obtain,

ˆ ∞

−∞
Vρ cosλz dz = ψc0I ′

0(λ) + πc0λI ′′
0 (λ), (A.23)

ˆ ∞

−∞
Vρ sinλz dz = ψa0I ′

0(λ) + πa0λI ′′
0 (λ), (A.24)

ˆ ∞

−∞
Vz cosλz dz = ψa0I0(λ) + πa0λI ′

0(λ) + πa0I0(λ), (A.25)

ˆ ∞

−∞
Vz sinλz dz = ψc0I0(λ) + πc0λI ′

0(λ) + πc0I0(λ). (A.26)

These four equations can then be solved simultaneously to obtain equations for the

four unknown functions of λ,

ψc0 =
[I0(λ) + λI ′

0(λ)]
´∞
−∞ Vρ cosλz dz + λI ′′

0 (λ)
´∞
−∞ Vz sinλz dz

λI ′
0
2(λ) + I0(λ)[I ′

0(λ) − λI ′′
0 (λ)]

, (A.27)

ψa0 =
[I0(λ) + λI ′

0(λ)]
´∞
−∞ Vρ sinλz dz − λI ′′

0 (λ)
´∞
−∞ Vz cosλz dz

λI ′
0
2(λ) + I0(λ)[I ′

0(λ) − λI ′′
0 (λ)]

, (A.28)

πc0 = −
I0(λ)

´∞
−∞ Vρ cosλz dz + I ′

0(λ)
´∞
−∞ Vz sinλz dz

λI ′
0
2(λ) + I0(λ)[I ′

0(λ) − λI ′′
0 (λ)]

, (A.29)

πa0 = −
I0(λ)

´∞
−∞ Vρ sinλz dz − I ′

0(λ)
´∞
−∞ Vz cosλz dz

λI ′
0
2(λ) + I0(λ)[I ′

0(λ) − λI ′′
0 (λ)]

. (A.30)
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These expressions are then substituted back into (A.18) and (A.19) and then (A.17)

to obtain the velocity field, with the integration in λ performed numerically. Here,

we have detailed how to solve for v(0,2) such that v(0,0) + v(0,1) + v(0,2) satisfy the

boundary conditions on the tube wall (2.63). Following this methodology we can find

any v(0,even) to reimpose the boundary conditions on the tube wall.

A.4 Convergence

A.4.1 Elastic particle

Combining Equations (A.5), (A.6) and (A.17) we obtain the total velocity field. When

calculating the total drag acting on the sphere, however, we need only consider the

velocity contributions with j odd, which originate from imposing the boundary con-

ditions on the sphere surface. Since the cylindrical expressions do not contain singu-

larities within the sphere, the associated force integrates to zero via the divergence

theorem,

F (i,2j)
z =

‹
∂V

ez · σ(i,2j)
f · n dS = 0, (A.31)

where V is the sphere volume and ∂V its boundary. Thus, we write the total drag

as,

F (i)
z = F (i,1)

z + F (i,3)
z + · · · , (A.32)

where F
(i,j)
z is the drag force associated with the velocity v(i,j) and pressure p(i,j).

Each component of the total drag can be obtained either by calculating the local

stress field on the surface of the sphere or by using the stream function directly with

r = α [107],

F (i,j)
z =

ˆ π

0

r3 sin θ3
∂

∂r

(
E2ψ(i,j)(r, θ)

r2 sin θ2

)
r∂θ. (A.33)

The drag force provides us with a metric to define convergence of the total solution.

Since the translational velocity of the particle is unknown, we use the wall correc-

tions, for example D(0)(α) and K(0)(α), to define convergence, asserting they both

be individually converged, see Figure A.1. We define convergence with respect to the

reflection number j as when the latest contribution is at least five orders of magnitude

smaller than the total value.

Further, we must also ensure n is large enough to accurately project cylindri-

cal expressions onto the sphere surface. In Figure A.2 we calculate the difference

between the leading-order velocity on the sphere surface at θ = π/2 obtained from

the expressions in cylindrical coordinates (A.17) and the corresponding projection
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Figure A.1: Convergence of the wall correction factors with α = 0.6 and f = 0. Here,
j is the reflection number.

onto spherical coordinates via Equations (A.9) and (A.10) using either the first two

(n = 2, 4) or three (n = 2, 4, 6) non-zero terms in the spherical stream function series.

Since we can exactly represent Poiseuille flow via a spherical stream function series

with non-zero terms corresponding to n = 2 and n = 4, this choice is the minimum

required for the problem. However, if we impose the no-slip condition on the tube

wall, and the particle is large enough to cause a substantial disturbance in the flow

field, we must recruit higher order, even terms in n. By including terms with n = 6,

we recover a more accurate approximation of how the tube wall impacts the result-

ing leading-order deformation of the elastic particle. For describing pressure-driven

channel flow around a rigid sphere under no applied body force, including the first

three non-zero terms in the spherical stream function series ensures we can accurately

apply both sets of boundary conditions simultaneously for α ≤ 0.7. With larger α

we would need to include higher terms in n to reduce the error associated with the

projection. We expect the MoR to converge exactly for n→ ∞.

We acknowledge that for large particles (α = 0.8) we seek 5-digit accuracy for

convergence in j, though may admit up to ∼ 1% errors when satisfying the no-slip

boundary conditions on the particle surface. To avoid numerically recalculating the

integrals (A.27)–(A.30) on each reflection, we instead precalculate all required inte-

grals, storing values in a look-up table. Consequently, the calculation of each even

reflection involves the addition of these precalculated integrals, and it is computation-

ally efficient to include an arbitrary number of reflections in the velocity series. The

number of required integrals to be precalculated scales quadratically with n. This does

not strongly affect the runtime of the method when calculating the surface tractions

imposed on the particle (∼< 1 second for reflection number j < 1000), however it

does impact the runtime when visualising the resulting velocity field. While the MoR

is meshless, in order to present the external flow field throughout the fluid domain, we
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Figure A.2: The difference in predicted velocity on the undeformed particle surface
with θ = π/2 between the cylindrical terms and the projection to spherical coordinates
in the method of reflections with f = 0. Graphs are shown including the first two
(n = 2, 4) and first three (n = 2, 4, 6) non-zero terms in the spherical stream function
series.

are required to calculate similar numerical integrals as presented in (A.18) and (A.19)

across a the domain (see, for example, Figure 2.11, where we use a 100 × 100 grid

mesh). For the first order flow fields presented in Figures 2.11d to 2.11f, we precal-

culate numerical integrals up to and including n = 11. We stress again that the the

calculation of the surface tractions on the particle, necessary for the calculation of its

displacement, remains small for larger n.

A.4.2 Coated cell

The accuracy and convergence of the coated cell model is similar to that of the

spherical elastic particle. However, we note that the number of reflections required

for convergence is not only dependent on the geometric parameters, but also the

porous parameters. In Figure A.3 we present the reflection number j required for

convergence of the MoR solution, varying κ̃0 and γ for fixed geometry α0 = 0.4 and

α1 = 0.6. It is clear that in general a greater κ̃0 and γ require more terms for the

same accuracy of solution. This is because a smaller Darcy number and slip result

in a greater disturbance to the flow. Consequently, we expect that the unbounded

solution presented in Chapter 3, which is equivalent to the MoR solution with j = 1,

will in general be more accurate for a greater Darcy number and a larger slip.

We expect the discrepancy presented in Figure A.2 to be dependent predominantly

on the encapsulation size and similarly choose n = 2, 4, 6 for the coated cell model,

keeping α0 ≤ 0.8.
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Figure A.3: Reflection number j required for convergence with α0 = 0.4 and α1 = 0.6.
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Appendix B

Numerical Validation

B.1 Elastic particle

To validate the solid solver we employ the method of manufactured solutions. Given

a prescribed particle displacement, we use the solid governing equations to find ana-

lytical expressions for the required surface tractions and body force. These tractions

and the body force are then used to drive the particle displacement in the numerical

model, and the solution is compared with the analytical displacement field. Due to the

complexity of the model and geometry, we choose the one-dimensional displacement

field,

ϵutest = ϵtrer, (B.1)

where ϵt determines the magnitude of the particle displacement as a fraction of the

particle radius and r is now the Lagrangian radial coordinate. Substituting (B.1) into

the governing equations for the particle displacement we obtain the corresponding

surface tractions, τ = P ·N , and body force,

τr =
1

ϵ

[
1 + ϵt − (1 + ϵt)

−1 + (1 + ϵt)
2(−1 + (1 + ϵt)

3)λs
]
, τθ = 0, f = 0, (B.2)

where Lamé’s first parameter λs arises from the compressible neo-Hookean stress-

strain relationship,

P =
λs
µsϵ

(J − 1)JF−T +
1

ϵ

(
F − F−T

)
. (B.3)

We note the switch from an incompressible particle to a compressible one is straight-

forward to implement and is necessary to obtain the above displacement field (B.1).

We investigate the effect of increasing ϵt with no background flow (v = 0) in Fig-

ure B.1, presenting log-log plots of the L2-norm of the difference between the FEM

displacement and (B.1). The typical error is of the order 1× 10−4 and increases with
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Figure B.1: L2-norm of the difference between the FEM displacement and the test
analytical displacement averaged over the solid domain for varying displacement mag-
nitudes ϵt. The simulations used the element sizes 4× 10−2, 2× 10−2, and 5× 10−3 in
the fluid, solid and boundary domains, respectively. These element sizes were chosen
as the standard values and were used consistently within this study.

ϵt. For each α, the error increases sharply as ϵt approaches 0.3, which is associated

with the breakdown of the ALE method due to the large displacement.

To test the fluid and ALE solvers we impose the traction (B.3) and include a

background Poiseuille flow. We decrease ϵ = 1 × 10−10 such that the particle is

effectively rigid to the imposed fluid stresses. Consequently, the fluid sees a rigid

particle with inflated radius rtests = α(1 + ϵt). The particle velocity of the inflated

particle may then be compared with the MoR solutions for a particle with initial

radius rtests . In these comparisons we acknowledge the MoR solutions are not exact,

but expect the results for the particle velocity to be accurate to ∼ 1×10−5 in all tested

cases. We fix ϵt = 0.1 and investigate the effect of mesh refinement in Figure B.2.

We test the solid solver in Figure B.2a similarly to Figure B.1, and test the fluid and

ALE solvers in Figure B.2b by presenting the norm of the absolute error between the

FEM and MoR particle velocities. For each α, we include three mesh refinements and

observe the convergence of the solid, fluid and ALE solvers. We note that the error in

the particle velocity prediction appears to converge more slowly than the displacement

since the particle velocity is also affected by the displacement predictions.

B.2 Coated cell

Due to the additional complexities introduced in the coated cell model presented in

Section 4.4.2 we do not utilise the method of manufactured solutions to validate the

ALE FEM solver. Instead, in Figure B.3 we conduct a mesh refinement study, fixing

α0 = 0.4, α1 = 0.6, κ̃0 = 10−5/2, λ̃ = 1 (ν = 0.25), and ϵ = 0.09, and varying

the number of elements used in the mesh for several values of γ. When γ = 1, the
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Figure B.2: Mesh refinement plots testing the solid, fluid and ALE solvers with fixed
ϵt = 0.1. Within each plot, we halve each element size and calculate the correspond-
ing error. The middle data points correspond to the standard element size used in
Figure B.1. (a) Log-log plots of the L2-norm of the difference between the FEM dis-
placement and the test analytical displacement for varying displacement magnitudes,
ϵt. The average slope is 0.52. (b) Log-log plots of the norm of the absolute error
between the FEM and MoR particle velocities. The average slope is 0.38.

parameter values coincide with those chosen in Figure 4.7. We present log-log plots

detailing the convergence of the cell velocity V , cell pressure pc, and the aspect ratio

of the coated cell Ar, defined as the ratio of the maximal (vertical) width and the

maximum (horizontal) length of the coated cell, in Figure B.3a, Figure B.3b, and

Figure B.3c, respectively. In each plot we assume the ‘true’ solution is given by

an element number of 1.5 × 105. It is clear that as the mesh is refined the result

asymptotes, such that the result becomes independent of the mesh. The average

slope in each plot is −1.01, −1.25, and −1.00 which are steeper than the convergence

rates found in Figure B.2. For a fixed mesh size, the absolute error of the cell velocity

decreases with γ (less slip), and the absolute error of the cell pressure and aspect ratio

increase with γ (more slip). We expect this is because the cell velocity itself increases

with γ, while the coating deformation (and thus its effect on the cell pressure) decrease

with γ.

B.2.1 Convergence with large γ

The FEM implementation presented in Section 4.4.2 performs poorly when γ is large

and ϵ is finite. We expect this is due to the reformatted interfacial condition (4.89)

in which the large γ is multiplied by the small tangential velocity jump to recover an

O(1) traction on the outer coating surface. With a large γ, the solver is not robust

to parameter continuation in ϵ as this changes the slip flow over the outer coating

surface. We note that multiplying the interfacial condition (4.89) by a factor of 1/γ̃
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Figure B.3: Mesh refinement plots testing the FEM solver for the coated cell for
several γ with fixed α0 = 0.4, α1 = 0.6, κ̃0 = 10−5/2, λ̃ = 1 (ν = 0.25), and ϵ = 0.09
to coincide with the parameter values chosen in Figure 4.7c. We present log-log plots
of the norm of the absolute error of (a) the cell velocity, (b) the cell pressure and (c)
the aspect ratio of the coated cell, varying the number of elements used in the mesh
for different γ. In each plot, we assume the ‘true’ solution is given by an element
number of 1.5 × 105. The average slope in each plot is (a) −1.01, (b) −1.25, and (c)
−1.00.

did not improve the solver robustness to increments in ϵ when γ is large, since we

found that the surface traction was not accurately captured. We were, however, able

to obtain solutions using the FEM implementation when γ is large and ϵ finite by

using parameter continuation in ϵ when γ was small, and then fixing ϵ and performing

parameter continuation in γ. Using this approach, we were able to reliably reach large

γ for coatings with large deformations (ϵ).
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Appendix C

Asymptotic reduction of a
non-linear poroelastic particle in
an unbounded flow

C.1 Governing equations

We again work in a frame of reference which translates with the coated cell, though

now assume the coating may exhibit large deformations. The dimensional governing

equations for the external Stokes flow are

∇ · σf = 0, (C.1)

∇ · v = 0, (C.2)

where v is the fluid velocity and σf is the stress tensor for a Newtonian fluid given

by

σf = −pfI + µf

[
∇v + (∇v)T

]
, (C.3)

where pf is the fluid pressure and µf is the fluid viscosity. The superscript T denotes

the transpose. The net force Fforce and torque T exerted on the particle by the

surrounding fluid are given by the integrals

Fforce =

‹
S

σf · n dS = 0, (C.4)

T =

‹
S

r × (σf · n) dS = 0, (C.5)

where we use the subscript force to distinguish the net force from the deformation

gradient tensors presented below.

For the poroelastic coating, we write all non-linear equations using an Eulerian

framework, similar to the presentation in MacMinn et al. [125] as this facilitates the
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coupling to the external Newtonian fluid. To account for the rotation of the coated

cell, we define X(y, t) as the position of a material point in the undeformed config-

uration, y(x) as the position of this point in a frame which rotates with the angular

velocity Ω, and x as the current position of this point. We define the deformation

gradient tensors,

F0 =

(
∂X

∂y

)−1

, and F1 =

(
∂y

∂x

)−1

, (C.6)

such that via the chain rule the deformation gradient tensor

F =

(
∂X

∂x

)−1

= F1F0. (C.7)

To be clear, F0(y, t) maps from the undeformed configuration to the rigid-body ro-

tating state, then F1(x) captures the steady mapping from the rotating state to the

current position. Since we focus on capturing the shape change of the particle we

define the particle deformation as

u(x) = x− y(x), (C.8)

where we have used y(x) as the reference state.

Since F0 describes a rigid-body rotation, we have

detF0 = 1 and F0F
T
0 = I. (C.9)

Using (C.9), we define the left Cauchy-Green deformation tensor

B = FF T = F1F0F
T
0 F

T
1 = F1F

T
1 , (C.10)

and the Jacobian

J(x) = det(F ) = det(F1) =
1

det(F−1
1 )

, (C.11)

which measures the local volume change within the particle. Here, F0 does not appear

in (C.10) and (C.11) as no strain or volume change is generated by the rigid-body

rotation. The Jacobian is directly related to the porosity via

J(x) =
1 − ϕf,0

1 − ϕf (x)
. (C.12)

We assume that the internal flow is governed by Darcy’s law,

ϕf (vp − vs) = −κ(ϕf )

µf

∇pp, (C.13)
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where vp and vs are the internal fluid and solid velocities measured in the translating

frame (undeformed configuration) and, assuming finite deformations, the permeability

κ = κ(ϕf ) is non-uniform. In general the permeability will change as the solid skeleton

deforms, which is captured through the dependence on porosity. It will be useful to

define κ0 = κ(ϕf,0) as the uniform permeability field associated with the undeformed

porosity.

We define the solid velocity implicitly through the velocity gradient tensor

Ls = ∇vs = Ḟ F−1. (C.14)

Substituting (C.7) into (C.14) we have

Ls = (Ḟ1F0 + F1Ḟ0)F
T
0 F

−1
1 = Ḟ1F

−1
1 + F1W0F

−1
1 = F1W0F

−1
1 , (C.15)

where the superscript · = d/dt, W0 = Ḟ0F
−1
0 = Ω × I is the spin tensor which

describes the angular velocity of the rotating state, and Ḟ1 = 0 due to the steady

assumption [140].

Imposing conservation of mass on both the fluid and solid phases within the

poroelastic coating we have

∇ · (ϕfvp) = 0, ∇ · ((1 − ϕf )vs) = 0, (C.16)

such that ∇ · vp and ∇ · vs are in general non-zero. Adding the equations in (C.16)

we define the total internal fluid flux

q = ϕfvp + (1 − ϕf )vs (C.17)

which has zero divergence.

To describe how the fluid and solid phases share internal stresses we write the

total stress,

σp = σ′ − ppI, (C.18)

where σ′ is Terzaghi’s effective stress which is the force per unit area carried by the

solid skeleton. Details of this stress decomposition may be found in [125]. Imposing

mechanical equilibrium within the particle we have

∇ · σp = ∇ · σ′ −∇pp = 0. (C.19)

We adopt a compressible neo-Hookean model for the coating which will reduce to

linear elasticity under the assumption of small strain,

σ′ = λ(J − 1)I +
µs

J
(B − I) , (C.20)
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where λ is Lamé’s first parameter, µs is the shear modulus, and 1
2

(B − I) is the solid

strain. We remind the reader that B is related to the deformation gradient tensor

via (C.10).

We model the cell as a sack of viscous fluid enclosed by an impermeable membrane.

Since a closed spherical shell may not be bent without being stretched [126], the elastic

resistance provided by this membrane is characterised predominantly by its stretching

modulus Kc,

Kc =
Echc

1 − ν2c
, (C.21)

where Ec is the Young’s modulus of the membrane, hc is the membrane thickness,

and νc is the Poisson’s ratio of the membrane. Here, we neglect the elasticity of the

membrane and assume the stretching stiffness of the hydrogel coating Kh ≫ Kc.

Since the cell membrane is assumed to be impermeable (see Chapter 1) and we

seek steady solutions, we assume no flow inside the cell. Moreover, we assume the

pressure in the cell, denoted by pc, enforces the volumetric constraint,

˚
Ωc

dV = Vc =
4

3
πa30, (C.22)

where Vc is the undeformed cell volume. In Chapter 3 it is convenient to use the

undeformed cell pressure p0c as the reference pressure in the system. However, in

Chapter 4 we instead impose zero pressure at a point far downstream from the coated

cell.

C.2 Boundary conditions

Far from the coated cell we expect any disturbance to the external flow caused by the

coated cell to be small such that

v − V∞ − Vtr → 0 as r → ∞, (C.23)

where V∞ and Vtr are the external far-field flow and cell’s constant translational

velocity in the lab frame, respectively.

We define the deformed surfaces Si as

ri = aier + u(ri), (C.24)

On the outer coating surface S1 we impose the continuity of normal fluid flux, continu-

ity of total stress, continuity of fluid stresses and the Beavers & Joseph slip condition
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[56],

v · n = q · n, (C.25)

σf · n = σp · n, (C.26)

n · σf · n = −pp, (C.27)

ti · σf · n =
γµf√
κ

((v − q) · ti), (C.28)

where γ is defined as the slip parameter such that γ = 0 corresponds to a surface

with perfect slip and γ → ∞ corresponds to a surface with no-slip.

On the cell surface S0, we impose no normal fluid flux and conservation of total

stress,

ϕfvp · n0 = 0, (C.29)

σp · n0 = −pcn0. (C.30)

C.3 Non-dimensionalisation

We non-dimensionalise lengths with the particle radius a1, velocities with the veloc-

ity scale V0 which is determined by the magnitude of the external far-field flow in

(C.23), and the fluid pressure and stress with the viscous pressure scaling µfV0/a1.

Additionally, the permeability is scaled on κ0. The stress condition (C.26) states that

the total stress on the particle must balance with the viscous stress exerted by the

external flow at the interface. Hence, the total stress, elastic stress, and pore pressure

are also scaled on µfV0/a1. We define the dimensionless parameter

ϵ =
µfV0
µsa1

, (C.31)

which is the ratio of typical viscous stresses in the external flow to the elastic stiffness

of the solid skeleton. From the constitutive relation (C.20) we see that ϵ characterises

the magnitude of the solid strain. It follows from the strain tensor that the solid

displacement is non-dimensionalised on ϵa1.

Applying the above non-dimensionalisations, the governing equations for the ex-

ternal Stokes flow are given by

∇ · σf = 0, (C.32)

∇ · v = 0, (C.33)

σf = −pfI + ∇v + (∇v)T , (C.34)
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Fforce = T = 0, (C.35)

where Fforce and T are calculated by non-dimensionalising (C.4) and (C.5).

The non-linear governing equations in the coating are

ϕf (vp − vs) = −κ̃0κ(ϕf )∇pp, (C.36)

where vs is given through

∇vs = F1W0F
−1
1 (C.37)

and κ̃0 = κ0/a
2
1 is the Darcy number, which represents the coating permeability in

reference to its cross-sectional area,

∇ · (ϕfvp) = 0, ∇ · ((1 − ϕf )vs) = 0, (C.38)

∇ · σ′ −∇pp = 0, (C.39)

σ′ =
1

ϵ

2ν

1 − 2ν
(J − 1)I +

1

ϵ
(B − I), (C.40)

where Poisson’s ratio, ν = λ/(2(λ+µs)), measures the magnitude of transverse strain

induced in the coating when deformed and

F1 = (I − ϵ∇u)−1 . (C.41)

The cell pressure pc is used to enforce the constraint,˚
Ωc

dV = Vc =
4

3
πα3

0, (C.42)

where α0 = a0/a1 is the dimensionless cell radius.

The far-field condition for the external Stokes flow is,

v − V∞ − Vtr → 0 as r → ∞. (C.43)

The deformed surfaces Si are implicitly determined by the equations

r1 = er + ϵu(r1), (C.44)

r0 = α0er + ϵu(r0). (C.45)

We then have the dimensionless interfacial conditions on S1

v · n = q · n, (C.46)

σf · n = σp · n, (C.47)

n · σf · n = −pp, (C.48)

ti · σf · n =
γ̃√
κ(ϕf )

(v − ϕfvp) · ti, (C.49)
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where γ̃ = γ/
√
κ̃0. On S0 we have

ϕfvp · n0 = 0, (C.50)

σp · n0 = −pcn0. (C.51)

C.4 Asymptotic reduction

Similar to Section 2.3, we now assume ϵ ≪ 1, such that the particle strain and

deformation are small, and expand the variables, v, pf , σf , Fforce, T , ϕf , vp, vs, κ,

pp, u,σ
′, and pc in powers of ϵ, e.g.

v = v(0) + ϵv(1) + · · · , (C.52)

where the superscript (i) denotes the associated power of ϵ. We similarly expand the

position of the deformed surfaces, ri, the force and torque, F and T , and the coated

cells translational and rotational velocities, Vtr and Ω. We proceed by assuming

ϕf,0, κ̃0, γ̃ and ν remain fixed as ϵ→ 0.

The leading-order incompressible Stokes equations are simply

∇p(0)p = ∇2v(0), (C.53)

∇ · v(0) = 0. (C.54)

In the limit of small ϵ we have the expansions

F1 = I + ϵ∇u+ O
(
ϵ2
)
, (C.55)

det(F1) = 1 + ϵ∇ · u+ O
(
ϵ2
)
, (C.56)

within the coating. The porosity is given by expanding (C.11) and (C.12) and using

(C.56) to write

ϕf = ϕf,0 + ϵ(1 − ϕf,0)∇ · u(0) + · . (C.57)

Expanding (C.36), the leading-order flow in the coating is governed by Darcy’s law

(C.36) with the constant porosity, ϕ
(0)
f = ϕf,0 and associated permeability κ̃0,

ϕf,0(v
(0)
f − v(0)s ) = −κ̃0∇p(0)p . (C.58)

We also expand the local continuity conditions (C.38) to give

∇ · v(0)p = 0. ∇ · v(0)s = 0. (C.59)
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Substituting (C.55) into (C.37) the velocity gradient tensor is constant to leading

order, L
(0)
s = W

(0)
0 , such that the solid velocity is the rigid-body rotation

v(0)s = W
(0)
0 x = r[Ω× er], (C.60)

where Ω remains to be determined. We note that in (C.60), vs is identical to vΩ as

given in (3.1).

The leading-order mechanical equilibrium equation for the solid skeleton is given

by expanding (C.39),

∇ · σ(0)
p = ∇ · σ′(0) −∇p(0)p = 0, (C.61)

where expanding (C.40) and using (C.55) we reduce to a linearly elastic stress-strain

relationship to leading order,

σ′(0) =
2ν

1 − 2ν
(∇ · u(0))I + 2ε, (C.62)

where ε = 1
2

(
∇u(0) +

(
∇u(0)

)T)
is the linear elastic strain.

The leading-order far-field condition for the external Stokes flow is,

v − V∞ − Vtr → 0 as r → ∞. (C.63)

Expanding the kinematic condition (C.44) we find

r1 = er + ϵu(0)(r = 1), (C.64)

r0 = α0er + ϵu(0)(r = α0), (C.65)

such that r
(0)
i = er, implying interfacial conditions are applied on the undeformed

particle surface with ni = er, t
1
i = eθ, and t2i = eϕ. Expanding the boundary

conditions (C.46)–(C.49) to leading order, and noting that vs in (C.60) has no radial

component, we have on r = 1

v · er = ϕf,0vp · er, (C.66)

σf · er = σp · er, (C.67)

er · σf · er = −pp, (C.68)

eθ · σf · er =
γ√
κ̃0

((v − q) · eθ), (C.69)

eϕ · σf · er =
γ√
κ̃0

((v − q) · eϕ). (C.70)

Similarly, expanding (C.50) and (C.51) we have on r = α0

vp · er = 0, (C.71)

σp · er = −pcer. (C.72)
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Expanding the force and torque balances (C.4) and (C.5) to leading order then gives

F
(0)
force =

ˆ 2π

ϕ=0

ˆ π

θ=0

σ
(0)
f |r=1 · er sin θ dθ dϕ = 0, (C.73)

T (0) =

ˆ 2π

ϕ=0

ˆ π

θ=0

r × (σ
(0)
f |r=1 · er) sin θ dθ dϕ = 0. (C.74)

Dropping the superscripts, (C.53), (C.54), (C.57) to (C.70), (C.73) and (C.74)

which form the leading-order problem to calculate the fluid flow and resulting defor-

mation are equivalently presented in the main text as (3.3) to (3.18), (3.23) and (3.27)

to (3.31). We note that this system of equations could equivalently be derived from

a linearly poroelastic description.

C.5 The reduction to an impermeable, incom-

pressible particle subject to no-slip boundary

conditions

Through the interfacial conditions (3.28) and (3.29) we have

σf,rr = −pp, (C.75)

σf,rr = −pp +
2ν

1 − 2ν
∇ · u+ 2

∂ur
∂r

, (C.76)

which combined also require (3.32),

2
∂ur
∂r

= − 2ν

1 − 2ν
∇ · u, (C.77)

on r = 1.

We now consider the limiting case of ν → 1/2. Defining the small parameter

δ = (1 − 2ν) ≪ 1, it may be shown that as δ → 0

∇ · u = O(δ) + · · · . (C.78)

We then write the Darcy pressure as

pp = pelas +
2ν

1 − 2ν
∇ · u, (C.79)

where pelas is the solid elastic pressure for the case of an impermeable, incompressible

particle subject to no-slip boundary conditions, as obtained by Murata [3]. Since the

particle is incompressible, pelas acts as a Lagrange multiplier to enforce (C.78) when
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δ → 0. Using the pressure decomposition (C.79), along with (C.77), both interfacial

conditions (C.75) and (C.76) become

σf,rr = −pelas + 2
∂ur
∂r

, (C.80)

such that we recover the expected stress balance between the Stokes flow and elastic

particle. Using (C.79), it may be shown that our predictions for the solid elastic

pressure are in perfect agreement with those presented by Murata [3].
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Appendix D

Reformulation of the
boundary/interfacial conditions

To exploit the orthogonality of the solid spherical harmonics we reformulate the

boundary conditions for both the fluid and solid problems in terms of r-components

and r-derivatives. This approach is similar to that developed by Happel and Brenner

[107], and later extended by Murata [3] to consider an elastic in a general Stokes

flow. We first formally define the solid spherical harmonics in Appendix D.1, before

presenting the boundary conditions reformulations for the fluid and solid problems in

Appendices D.3 and D.4, respectively.

D.1 Solid spherical harmonics

We assume the function h(r) satisfies Laplace’s equation such that

∇2h = 0. (D.1)

Using a spherical coordinate system we have separable solutions,

h(r) =
∞∑
n=0

n∑
m=−n

hRn,mRn,m(r) + hIn,mIn,m(r), (D.2)

where hRn,m and hIn,m are constants, and Rn,m(r) and In,m(r) are the regular and

irregular solid spherical harmonics, given by

Rn,m(r) =

√
4π

2n+ 1
rnYn,m(θ, ϕ), and In,m(r) =

√
4π

2n+ 1

Yn,m(θ, ϕ)

rn+1
. (D.3)
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Here, Yn,m(θ, ϕ) are Laplace’s spherical harmonics. Restricting to the purely real case,

Yn,m(θ, ϕ) =


(−1)m

√
(2n+1)

2π
(n−|m|)!
(n+|m|)!Pn,|m|(cos θ) sin |m|ϕ, m < 0√

(2n+1)
4π

Pn,m(cos θ), m = 0

(−1)m
√

(2n+1)
2π

(n−m)!
(n+m)!

Pn,m(cos θ) sinmϕ, m > 0,

(D.4)

where Pn,m(cos θ) are the associated Legendre polynomials of degree n and order m.

Written in this form we have the orthogonality relations,

ˆ 2π

ϕ=0

ˆ π

θ=0

Yn,m(θ, ϕ)Yp,q(θ, ϕ) sin θ dθ dϕ = δnpδmq. (D.5)

Throughout much of the above work, for example in Section 3.3.1, it is convenient to

only consider the solid spherical harmonic functions of degree n. For clarity we write

hn(r) =
n∑

m=−n

hRn,mRn,m(r), h−n−1(r) =
n∑

m=−n

hIn,mIn,m(r), (D.6)

where again hRn,m and hIn,m are constant coefficients. Note

h(r) =
∞∑

n=−∞

hn(r), (D.7)

from (D.2).

D.2 Useful identities

We now present several identities involving the solid spherical harmonics which will

be useful when reformulating the boundary conditions in Appendices D.3 and D.4.

Assuming hn is a solid spherical harmonic function of degree n,

x
∂hn
∂x

+ y
∂hn
∂y

+ z
∂hn
∂z

= r
∂hn
∂r

= nhn, (D.8)

∇2(rlhn) = l(l + 2n+ 1)rl−2hn. (D.9)

We also quote the vector calculus identity with A an arbitrary vector,

∇× (∇×A) = ∇(∇ ·A) −∇2A. (D.10)
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D.3 Reformulation of the fluid problem boundary

conditions

We use the interfacial conditions (3.28), (3.30), (3.31) and (3.33) to calculate the

coefficients in the solid spherical harmonic functions Φ−n−1,Ψ−n−1, P−n−1, pn, and

p−n−1. The normal flux condition (3.28), continuity of fluid stress (3.30), and no

penetration (3.33) conditions are already in the desired form, since vs has no radial

component,

vr|r=1= ϕf,0vp,r|r=1= −κ̃0
∂pp
∂r

|r=1, (D.11)

σf,rr|r=1= −pp|r=1, (D.12)

vp,r|r=α0= −κ̃0
∂pp
∂r

|r=α0= 0. (D.13)

Separating (3.31) into the θ and ϕ components, the Beavers & Joseph conditions are

eθ · σf · er = γ̃(v + κ̃0∇pp − vs) · eθ, (D.14)

eϕ · σf · er = γ̃(v + κ̃0∇pp − vs) · eϕ, (D.15)

applied on the undeformed particle surface (r = 1). We reformulate these interfacial

conditions using the divergence and curl operators. Beginning with divergence, we

write

r∇ · (σf · er(r = 1)) − 2σf,rr|r=1

= γ̃

(
r∇ · (v(r = 1)) − 2vr|r=1+κ̃0∇2(pp(r = 1)) − 2κ̃0

∂pp
∂r

|r=1

)
, (D.16)

and use the following relations,

r∇ · (v(r = 1)) = [r∇ · v]r=1 −
[
r
∂vr
∂r

]
r=1

, (D.17)

r∇ · (σf · er(r = 1)) = [r∇ · σf ]r=1 − [3P ]r=1 − [σf,rr]r=1 −
[
r
∂σf,rr
∂r

]
r=1

, (D.18)

r∇2pp(r = 1) =
[
r∇2pp

]
r=1

−
[
r
∂2pp
∂r2

]
r=1

, (D.19)

to write, noting that the divergence of v, σf and vs all equal zero,[
r
∂σf,rr
∂r

+ 3(pf + σf,rr)

]
r=1

= γ̃

[
r
∂vr
∂r

+ 2vr + κ̃0

(
r
∂2pp
∂r2

+ 2
∂pp
∂r

)]
r=1

. (D.20)
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To be clear, in the left-hand side of each of the relations (D.17)–(D.19) we evaluate

the expression on r = 1 before applying any derivatives. On the right-hand side we

perform any derivatives before evaluating on r = 1.

We then write the curl relation as

[r · ∇ × (σf · er)]r=1 = γ̃ [r · ∇ × v − r · ∇ × vs]r=1 , (D.21)

since there are no r-derivatives present and the curl of ∇pp is trivially zero.

The reformulated interfacial conditions (D.11) to (D.13), (D.20) and (D.21) allow

us to apply the solid spherical harmonic identities in Appendix D.2 to solve the fluid

problem separately for each degree n. For example, applying (D.8) to the general

solution for the Stokes velocity and Darcy pressure, (3.39) and (3.43), we find the

expressions

vr =
∞∑
n=1

[
n

r
Φ∗

n +
n

2(2n+ 3)
rP ∗

n

]
+

∞∑
n=1

[
−n+ 1

r
Φ−n−1 +

n+ 1

2(2n− 1)
rP−n−1

]
, (D.22)

r
∂vr
∂r

=
∞∑
n=1

[
n(n− 1)

r
Φ∗

n +
n(n+ 1)

2(2n+ 3)
rP ∗

n

]
+

∞∑
n=1

[
(n+ 1)(n+ 2)

r
Φ−n−1 −

n(n+ 1)

2(2n− 1)
rP−n−1

]
, (D.23)

∂pp
∂r

=
∞∑
n=1

n

r
pn −

n+ 1

r
p−n−1. (D.24)

r
∂2pp
∂r2

=
∞∑
n=1

n(n− 1)

r
pn +

(n+ 1)(n+ 2)

r
p−n−1. (D.25)

Using the constitutive relation (3.5) we then obtain

σf,rr =
∞∑
n=1

[
2n(n− 1)

r2
Φ∗

n +
n2 − n− 3

2n+ 3
P ∗
n

]
+

∞∑
n=1

[
2(n+ 1)(n+ 2)

r2
Φ−n−1 −

n2 + 3n− 1

2n− 1
P−n−1

]
, (D.26)

r
∂σf,rr
∂r

=
∞∑
n=1

[
2n(n− 1)(n− 2)

r2
Φ∗

n +
(n2 − n− 3)n

2n+ 3
P ∗
n

]
+

∞∑
n=1

[
−2(n+ 1)(n+ 2)(n+ 3)

r2
Φ−n−1 +

(n2 + 3n− 1)(n+ 1)

2n− 1
P−n−1

]
, (D.27)
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It may also be shown using (D.8) and (D.10) that

r · ∇ × v =
∞∑
n=1

n(n+ 1)Ψ∗
n +

∞∑
n=1

n(n+ 1)Ψ−n−1, (D.28)

r · ∇ × (σf · er) =
∞∑
n=1

n(n+ 1)(n− 1)

r
Ψ∗

n −
∞∑
n=1

n(n+ 1)(n+ 2)

r
Ψ−n−1, (D.29)

r · ∇ × vs = 2r(Ωx sin θ cosϕ+ Ωy sin θ sinϕ+ Ωz cos θ). (D.30)

Substituting the explicit representations (D.22)–(D.30) into the reformulated bound-

ary conditions (D.11) to (D.13), (D.20) and (D.21) and grouping terms together we

obtain the system of equations

nΦ∗
n +

n

2(2n+ 3)
P ∗
n − (n+ 1)Φ−n−1 +

n+ 1

2(2n− 1)
P−n−1

= −κ̃0(npn − (n+ 1)p−n−1), (D.31)

2n(n− 1)Φ∗
n +

n2 − n− 3

2n+ 3
P ∗
n + 2(n+ 1)(n+ 2)Φ−n−1 +

n2 + 3n− 1

2n− 1
P−n−1

= −(pn + p−n−1), (D.32)

[2n(n− 1)(n− 2) − n(n+ 1)γ̃] Φ∗
n +

[
n(n2 − n+ 3) + 9

2n+ 3
− n(n+ 3)γ̃

2(2n+ 3)

]
P ∗
n

−
[
(n+ 1)

(
2(n+ 2)(n+ 3) + n2γ̃

)]
Φ−n−1+

[
4 +

n2(n+ 4)

2n− 1
− (n− 2)(n+ 1)γ̃

2(2n− 1)

]
P−n−1

= (n(n+ 1) + 3)(pn + p−n−1), (D.33)

(n− 1)n(n+ 1)Ψ∗
n − n(n+ 1)(n+ 2)Ψ−n−1 = n(n+ 1)γ̃(Ψ∗

n + Ψ−n−1)

− 2(Ωz cos θ + Ωx cosϕ sin θ + Ωy sin θ sinϕ), (D.34)

κ̃0

(
αn
0n
pn
rn

− p−n−1

r−n−1
α−n−1
0 (n+ 1)

)
= 0, (D.35)

where in (D.31) we have r = 1 and in (D.35) we have r = α0. By prescribing Φ∗
n,Φ

∗
n

and P ∗
n through the far-field condition (3.27), we may exploit the linearity of the solid

spherical harmonics to solve the system of equations (D.31)–(D.35) simultaneously

for each degree n. This results in the solutions (3.49)–(3.53) and gives the unknown

spherical harmonic functions, Φ−n−1,Ψ−n−1, P−n−1, pn, and p−n−1 which determine

the exterior and interior flow profiles through the general solutions (3.39), (3.40)

and (3.43).
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D.4 Reformulation of the solid problem boundary

conditions

We now reformulate the boundary conditions for the solid problem,

σ′
rr|r=1= 0, σ′

rθ|r=1= σf,rθ|r=1, σ′
rϕ|r=1= σf,rϕ|r=1, (D.36)

−pp|r=α0+σ
′
rr|r=α0= −pc, σ′

rθ|r=α0= 0, σ′
rϕ|r=α0= 0. (D.37)

The first boundary condition in (D.36) and (D.37) (radial components) are already

suitable and so we reformulate only the θ and ϕ components. The analysis is similar to

that carried out in the previous section, though since the solid skeleton is compressible

we have ∇ · u ̸= 0. We begin by writing,

r∇ · (σ′ · er(r = αi)) − 2σ′
rr|r=αi

= r∇ · (σf · er(r = αi)) − 2σf,rr|r=αi
, (D.38)

where we may again use (D.18) to reformulate the right-hand side to the desired form.

For the left-hand side we have,

r∇ · (σ′ · er(r = αi)) = r [∇ · (σ′ · er)]r=αi
−
[
r
∂σ′

rr

∂r

]
r=αi

= [∇ · (σ′ · r)]r=αi
−

[
r
∂σ′

rr

∂r

]
r=αi

=

[
r · ∇ · σ′ + tr(σ′) − r

∂σ′
rr

∂r
− σ′

rr

]
r=αi

=

[
r
∂pp
∂r

+ (3λ+ 2µs)(∇ · u) − r
∂σ′

rr

∂r
− σ′

rr

]
r=αi

. (D.39)

Substituting (D.18) and (D.39) into (D.38), and using σ′
rr = 0 and σf,rr = −pp

on r = α1 = 1 we obtain (3.66). By using σ′
rr = pp − pc on r = α0, we similarly

obtain (3.69). We may then write the relevant terms for these reformulated boundary

conditions explicitly using the Papkovich-Neuber representation (3.58),

σ′
rr =

∞∑
n=0

[
1

2r2
(3 − 4ν − n)n[r ·ψc]n −

1

2r2
(4(1 − ν) + n)(n+ 1)[r ·ψc]−n−1

+ ν[∇C ·ψc]n + ν[∇C ·ψc]−n−1 +
1

2r2
(3 − 4ν − (n+ 2))(n+ 2)[r ·ψp]n

− 1

2r2
(2 − 4ν + n)(n− 1)[r ·ψp]−n−1 + ν[∇C ·ψp]n + ν[∇C ·ψp]−n−1

− 1

r2
(n+ 1)(n+ 2)ϕn −

1

r2
(n)(n− 1)ϕ−n−1

]
, (D.40)
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(3λ+ 2µs)∇C · u = (1 + ν)∇C ·ψ

= (1 + ν)
∞∑
n=0

[∇C ·ψc]n + [∇C ·ψc]−n−1 + [∇C ·ψp]n + [∇C ·ψp]−n−1, (D.41)

∂σ′
rr

∂r
=

∞∑
n=0

[
1

2r2
(3−4ν−n)n(n−1)[r·ψc]n+

1

2r2
(4(1−ν)+n)(n+1)(n+2)[r·ψc]−n−1

+ν(n−1)[∇C ·ψc]n−ν(n+2)[∇C ·ψc]−n−1+
1

2r2
(3−4ν−(n+2))(n+2)(n+1)[r ·ψp]n

+
1

2r2
(2 − 4ν + n)(n− 1)n[r ·ψp]−n−1 + ν(n+ 1)([∇C ·ψp]n − νn([∇C ·ψp]−n−1

− 1

r2
(n+ 1)(n+ 2)nϕn + − 1

r2
n(n− 1)(n+ 1)ϕn

]
, (D.42)

where using (3.62) and (3.63) we have

[r ·ψp]n =
r2

1 − ν

∞∑
n=0

npn
2(2n+ 3)

, [r ·ψp]−n−1 =
r2

1 − ν

∞∑
n=0

(n+ 1)p−n−1

2(2n− 1)
(D.43)

[∇C ·ψp]−n−1 =
1

1 − ν

∞∑
n=0

npn
2n+ 3

, [∇C ·ψp]−n−1 =
1

1 − ν

∞∑
n=0

(n+ 1)p−n−1

(2n− 1)
. (D.44)

For the curl reformulation we have the two boundary conditions (3.67) and (3.70),

applied on r = α1 = 1 and r = α0, respectively. For the right-hand side of (3.67) we

previously derived (D.29). The remaining terms required may be written using the

Papkovich-Neuber representation (3.58) as,

r ·∇×(σ′ ·er) =
∞∑
n=0

1

r
(1−ν)

[
(n−1)(y

∂ψx
n

∂z
−z∂ψ

x
n

∂y
+z

∂ψy
n

∂x
−x∂ψ

y
n

∂z
+x

∂ψz
n

∂y
−y∂ψ

z
n

∂x
)

− (n+ 2)(y
∂ψx

−n−1

∂z
− z

∂ψx
−n−1

∂y
+ z

∂ψy
−n−1

∂x
− x

∂ψy
−n−1

∂z
+ x

∂ψz
−n−1

∂y
− y

∂ψz
−n−1

∂x
)
]
,

(D.45)

where we have used the fact that the curl of a gradient is zero.

The expressions (D.40) to (D.42) and (D.45) may be evaluated on the relevant

undeformed particle surface (r = αi) and substituted into the reformulated boundary

conditions (3.65)–(3.70), along with the relevant expressions for the fluid stress, in

order to obtain the system of equations (3.71)–(3.76).
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tales d’élasticité exprimée par trois fonctions harmoniques. Comptes rendus
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