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The main goal of this paper is to characterize the change of structural behavior (i.e. the
appearance of the so called “strange terms”) arising in the homogenization process when
applied to distributed microscopic chemical reactions taking place on fixed-bed nanoreactors,
at the microscopic level, on the boundary of the particles of critical size. The presence of

non-homogeneous distributed functions bZ(z) of the reaction kinetics may be originated by
many different reasons. The case of quick oscillating is often due to own structure of the fixed
bed reactor since the flux of the fluid acts on each particle may act in a non-homogeneous
way. In some other cases, the non-homogeneous distributed functions b’(z) of the reaction
kinetics is artificially provoked in order to control a certain desired global effect. Our main
result gives a complete classification of the strange terms according the assumed periodicity
on the distributed functions bZ(z) of the reaction kinetic.
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Introduction

After the introduction of the basic mathematical elements of homogenization
theory (see, e.g., the monographs [1] and [2]) it was found that some changes
may appear in the structural modelling of the homogenized problem, for suitable
“critical size” of the elements configuring the “micro-structured” material. It
seems that the first result in that direction was presented in the pioneering paper
by V. Marchenko and E. Hruslov [3]. A well-known different presentation of the
appearance of those “strange terms” was due to D. Cioranescu and F. Murat [4].
Both articles dealt with linear equations with Neumann and Dirichlet boundary
conditions, respectively. Since those dates to our days many papers have been
devoted to consider different formulations: more general elliptic partial differential
equations (possibly of quasilinear type), Robin and other types of boundary
conditions of different nature, etc. It is impossible to mention all of them here
(a few of them will be referenced in the rest of this Introduction) but the reader
may imagine that the nature of this “strange term” may be completely different
according to the peculiarities of the formulation in consideration (something that
was already indicated at the end of the Introduction of the paper by Cioranescu
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and Murat [4]). For some recent results concerning microscopic nonlinear reactions
on particles of general form we send the reader to our paper [5], where he can find
many other references on this type of problems.

The main goal of this paper is to characterize the change of structural behavior
(i.e. the so called “strange terms”) arising in the homogenization process when
applied to distributed microscopic chemical reactions taking place on fixed-bed
nanoreactors, at the microscopic level, on the boundary of the particles. So, our
main interest now is to study how the x—dependence in the microscopic kinetics
may lead to completely different reaction-diffusion homogenized equations and
to characterize the different “strange terms” which arise in terms of the different
periodicity of the distributed function bZ(z) of the reaction kinetics. As a matter
of fact, in this paper we shall only pay attention to the case of a linear kinetics in
order to emphasize the effects of the distributed function bZ(x).

The microscopic particles G2 (also identified as the microscopic perforation sets
in the case of other porous media) were diffeomorphic to a ball, their diameters
are ae, a. = Coe®, a = 5. We consider different types of coefficients depending
on x: quick oscillating (in the sense that the periodicity is the size of the cataly-
tic particle), slow oscillation (in the sense that periodicity of the position of the
miscoscopic catalytic particle) and independent of small parameters. In all this
cases we construct the limit problem and prove some convergence of solutions as
e — 0. We mention that the presence of non-homogeneous distributed functions
bl(z) of the reaction kinetics may be originated by many different reasons. The
case of quick oscillating is often due to own structure of the fixed bed reactor since
the flux of the fluid acts on each particle may act in a non-homogeneous way (for
instance due to some privilegiate directions of the flux). In some other cases the
non-homogeneous distributed functions bZ(x) of the reaction kinetics is artificially
provocated in order to control a certain desired global effect (see, e.g. the detailed
exposition made in the monograph [6]). Many variants in the formulation of the
model problem considered in this paper are possible but we prefer to present here
only some sharp answers for a simple formulation. Similar results can be found in

[7-11].

1. Statement of results

Let € be a bounded domain in R" n > 3 with a piecewise smooth boundary 9€). The

case n = 2 requires some technical modifications which will not be presented here.
Let Gg be a domain in Y = (-3, %)”, such that Gy is a compact set diffeomorphic

to a ball. Let Cy,e > 0 and set

n
n—2

ae = Cpe® for a =

(1)

For 6 > 0 and B a set let 6B = {x |1z € B}. Assume that ¢ is small enough so
that a.Gy C €Y. For j € Z™ we define

szgj’ YEJ:P&?+5Y, Gg:Pg‘i’asGO
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We define the set of admissible indexes as
Y.={j €Z":d(cj,00) > e\/n}.

Notice that | Y| = de™™ where d > 0 is a constant. Our problem will be set in the
following domain:

Q. = 0\ G where G, = U Gg.
JETE

Finally, let
0 =S U090, S;=0G..

The aim of this paper is to consider the asymptotic behaviour of the following
problem, which models the steady-state of a diffusion-reaction process, where the
reaction is taking place on the boundary of the particles GZ, while the diffusion is
taking place on €.:

—Au. = f, r € Q,,
Oyue + b (x)ue =0, x€0GI, je Y., (2)
ue = 0, x € 0.

Here f € L2(Q), b € C(0GZ) and

b () > by > 0,

for some constant by. We will consider three possible cases for bl

e Quickly oscillating coefficients. In this case we will assume that

bg(x):b<x_Pg> (3)

Qg

for a function b € C(0Gy). This case corresponds, in the modelling, to parti-
cles which have some regions more favorable to the reaction than other, hence
the reaction coefficient is not constant along the boundary. The periodicity
of bl and GZ is the same, and this corresponds to the presence of function
b(y) on Gy driving the coefficient of the linear reaction term.

e c-periodic coefficient case. In this case

bg(x):b<x_Pg> (4)

£

for a Y-periodic function b € C}(Y).
e Independent of € case. Here we consider
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for a function b € C'(€). This case correspond, in the modelling, to a case in
which the environment €2 is more favorable for the reaction in some spatial
regions. In the case of fixed bed reactor with a fluid, this inhomogeneity can
be caused, for example, by spatial difference of temperatures in the fluid.

In [5] the authors consider the case of boundary conditions
Oyue +e To(ues) =0

in which the nonlinearity ¢ does not depend on z. Our intention is to present
similar findings when o does depend on z, but is linear on u (i.e. 0°(z,u) = b°(x)u).
This allows us to conjecture in Remark 6.4 what the expected behaviour in the
case 0°(x) = b°(z)o(u).

We will make use of the auxiliary function W = w(y;&,g) where £ € R, g €
C(0G)), the solution of the problem

*A@ZO, yGR"\Go
0,w + Co&g(y)w = Cobg(y), vy € IGy (6)
w — 0, ly| — 0.

This auxiliary function will provide a capacity-like term defined as

MGo, &, 9) = - Dy, W(y; &, g)doy,. (7)

For more details on the appearance of this term we refer the reader to [5], in which
the function @ is the solution of a nonlinear exterior problem. With this definition,
we will show that:

1.1. Homogenization of the linear problem

THEOREM 1.1 Letn > 3,a = v = -5, u: be the solution of (2) and let b. be

n—27
of one of the above mentioned forms (3),(4),(5). Then, there exists an extension
)

U € HY(Q) such that e — u in H}(Q), where u is the unique solution of

(8)

—Au+X(2)C = f,
u =0, o09.

and Ao(x) is given by:

o Quickly oscillating coefficients:
Ao(x) = A(Go, 1,b(-)). (9)

That is, in (6) we take & =1 and g(y) = b(y).
e c-oscillating coefficients:

Mo(z) = A(Go, 1, b(0)). (10)

That is, in (6) we take & =1 and g(y) = b(0).
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e Independent of € case:

Ao(z) = A(Go, b(x), 1). (11)

That is, in (6) we take & = b(z) and g(y) = 1.

Remark 1.2 Notice that in (9) and (10) A¢ does not depend on z, whereas in (11)
it might.

Remark 1.3 Even though, in this case, &« = v we have preserved both constants

for consistency in the notation the non-critical cases o < "5 and critical cases

2
when —A is replaced by —A,,.

1.2. Homogenization of the associated spectral problem

The spectral problem corresponding to the boundary value problem (2) can be
considered as in [12].

THEOREM 1.4 Letn >3, a = v = -5 and let {\["} be the nondecreasing sequence
of eigenvalues of the eigenvalue problem

—Au™ = Ay, z € Q,
pul' +e~ 7bé()6 =0, z€0GL, je,,
ul> =0, x € 09,

where bl(z) is of one of the mentioned forms (3), (4) or (5). Let {\™} be the
nondecreasing sequence of eigenvalues of the eigenvalue problem

—Au" 4+ Xg(2)CF 2™ = N"u™, x € Q,
m =, x € 01,

and

o \o(x) = A(Go, 1,b) if b (x ) is given by (3),
o Do(x) = A(Go, 1.b(0)) i bA(x) is given by (4),
o \o(x) = MGy, b(x),1) if bl(z) is given by (5).

Then \* = A™, as ¢ = 0.

Results of similar nature can be found in [13].

2. Existence, bounds and asymptotic behaviour of u. assuming
bl € C(0GY)

Let us consider the weak solution of the problem (2), i.e. the function

u. € HY(Q.,00) = {u € C>=(Q.) : dist(supp u, 0Q) > O}HI(Q
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which satisfies the integral identity

/VUEV<pdx+s_7 Z /bg(x)uggpdSZ/fgodx (12)
0. J€T Q.

for all p € HY(Q.,09).

Taking ¢ = u. in (12) we deduce that

Vel 2 ) < K, b (x)ulds < Ke7. (13)

i€ hc

oS,

Here and in what follows K will be some constant which does not depend on &.

2.1. FExtenstion of solutions

We consider the family of extension operators
P.: HY(.,00) — H(Q), (14)
such that P.v = v a.e. in £, and
|V P2 < ||Vvl| L2 Yo e H' (Q.,00).

For the details of the construction see [1, 14].

2.2. FExistence of a limit

Due to the previous statement the sequence 1. = P-u. is a bounded sequence in
H (). Therefore, it is weakly convergent in Hg (). There exists u € Hg () such
that

e — uin Hg(Q) as e — 0.

From here on, we will simply use u. instead of ..

2.3. From integrals on 8GZ to integrals on BTi. The auxiliary
functions wg

Let us study the asymptotic behavior of the solution u. as € — 0. To study the
surface integral in the left part of (12) we need some auxiliary functions. To do
this, we introduce the function w! as the solution of the problem, for sufficiently

small €,
Awl =0, if zeT\ G
ayszg + E_ng(x)wg = E_ng(x), if z € 8GZ, (15)
wl =0, if zedT?,
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where T ={z eR": |z — P!| < r}. This function is harmonic, and it is clear that
wl = 0 is a subsolution and w’ = 1 is a supersolution of problem (15). Therefore

0<w! <1. (16)
We set

wi(w) weTI\GLjeT,,

We(z) = (17)

0 zeR"\ | J T2
jer.

Let us prove some properties of We.. If one takes wl as a test functions in the

integral identity for problem (15):

/ | V! |? dz4e77 / bi(x) | w! |*ds=e" / bl (z)wlds.

T% \GZ G G
From the properties of b! and Cauchy’s inequality we derive

HV1U€HL2 TI\GY) + e b / |wl |?ds < e (Cbo | 0GY | += Hw]”m(aGJ)) .
8G?

Thus,

vag”iz(:ﬁg \qiy T€ 75”“@”%43@2) < Ka" 2 = Ke",
1

and
_~bo
IVWelZo) +e77 5 5 IWe I72(05.) < K-
Using Friedrich’s inequality we obtain that

< K|Vl |

ij ] EHLQ(T%\GZ)'

EHLz(TJ%'\GZ)
Hence, HWEH%Q(QE) < Ke? and

W. —~0ase—0in H(Q), (18)

W. = 0ase— 0in L*(Q), (19)

where Wg = P.W.. Let Wew be the test function in (12), then:

/Vue 8(,0 Ydx +¢€¢7 Z /b7 T ) Ue 8gpds—/fT/Vegodx. (20)

JEY, el
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We can rewrite this in the form:

/VW€V(U€¢)d:U— /u€VWEV<pdx+/WEV<qu5d:U+

=

+e7 Z / gods-/fWegodx

e

From the Green’s formula we obtain

Z / oywl! uscpds—l— Z / (0, w] Yuepds — /uEVWN/EVgpd:E—i—/WngpVUde—I-
Qe

€ eors 1T pG Q.

—|—£_VZ /b7 T)usw 'gods:/fwsgpdx.
Qa

JEY. led

Using the boundary conditions on dGL we have

Z / (O,w!)ucpds + &~ 'YZ /bj uggods/fngodw

I o1 e

+/UEVW5V@dJU—/WEV¢Vu5dx
Qs
or,

e 7 Z /b;( Yuepds = — Z / (D wlu, <pds+/fW5<pdx+ (21)

je’rsaGg JGTE(?TJ

+/u€VWchpdx—/W5V<qu6dx.
QE

From (18), (19) we obtain that
lim/fﬁfggodx =0
e—0

lim uEVWEVgod:E =0, (22)

e—0
Qs

lim [ W.VeVu.dz = 0.
e—0
Qe
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The aim of the next sections will be to characterize the limit of

> [ @uducpas

7€ epri
4

in the different cases.

3. The capacity term. The auxiliary function w

3.1. The auxiliary function w
Since b > 0 we will always consider that £, g(y) > 0. Existence and uniqueness
of w follow in a straightforward way. The first thing we must point out is that @
is a classical solution of the problem, and hence a harmonic function. Again, the
constant functions 0 and 1 are a sub and supersolution respectively, therefore
0<w<1.

We have that

Oy = Cog(y)(1 — @) = 0

in 0Gy since &, g(y) > 0. Therefore

ANGo, &, g) > 0. (23)
Let us define
Ko = max Jy|"*. (24)
Since w < 1 we have that
K
0< @< indGo.
ly[™
By the maximum principle
K
0<@< ‘ |n°_2 in R\ Go. (25)
Y

Remark 3.1 Let us note that w(y;€&,g) is continuous with respect to &. Let us
consider the function

V(y; €1, 6) = @(y; &1, 1) — 0(y; &2, 1) (26)

Due to the maximum principle and the Robin type boundary condition (see, e.g.,
[15, Theorem 29]) it holds that

1

[V (y; &1, &)| < L] e (61 — &2)(1 — @(y; €2, 1))



December 28, 2017

Applicable Analysis

DGSZ critical linear 'general shape

Since 0 < w < 1 then

[W(y; €1,1) — w(y; &2, )| < 7716 — &l (27)

!él

3.2. The auziliary function wJ

We will use use the following estimate on

e , (z—-P .
wé(x;€£7g)=w< 5;5&9) (28)

It is clear that this function satisfies

—Aw! =0, x e R"\ G,
0! + Elgl(z)wl = flgl(x), = € IGL,
@ — 0, |z| = +o0,
where ¢ € R and
; x— P!
gé(ﬂ?):g( - 6)-
e
Due to the properties of @ we have that
i a2 en
0 <wl(x)< —— < £ <K . . (29)
z—P’ |z — P2 |z — P!|n—2
Qe
We also point out that
a1
max |9y, W (z )| < K— = Ka"2e'™" < Ke.
BT] a

3.3. The auxiliary function vl = w! — w!
We will make use of the auxiliary function

vg(x,fg,gg) == (ﬂ? fsags)

We have that v (z;u, g) is the solution of the following problem:

(—Avg:O, xETg\Eg,
vl + 770l (x)v!

=~ (bl(z) — Elgh)(1 — @),
vl = w7, T € a:rg.

r € 0GY,

\

10
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We will consider a different choice of fg and gg in each of the following cases:

e Quickly oscillating coefficients: ¢l gg(:c) = bl (x)
e c-periodic coefficients: &2 gZ(x) = b2(0) '
e Coefficients independent of e: &gl (x) = b(PY).

In all the previous cases we have that

b —&lgl| < K|lo— P/| < Ke, xeT!\Gi.

It is easy to check that @ is a supersolution of this problem. Hence, via the
comparison principle

0 < vl(z) < w(w). (31)
We have that
; ; K Kal? a2 ; ;
|vl(z)] < |wl(x)] < < < K- — < Ke?, Vo e T\ T7.

z—P? - ‘.T,' _ Pg‘n—2 en

Applying the estimates of derivatives of harmonic function and the maximum prin-
ciple we get for zg € 6T§ and T;¥° a ball of radius r centered at xg, that:

. 1 v’ K }
0,.v! = — dr | = — Jv;d
’ xlUE(ZEo)‘ ’TQ) m oz, T o [ viv;ds
16 T oT’?
16 16
< Ke. (32)

Finally let us indicate how to obtain a L? estimate for vl from L? estimates on
Vul. We start by recalling the following estimate:

LEMMA 3.2 Let O be a bounded domain in R™. Then there exists a constant C' > 0
such that, for all f € H(O),

2 2 2
/Olfl dy§0</O|Vf| dy+/80|f! ds>- (33)

Since many similar results hold, for the convenience of the reader and for the
sake of completeness, we provide an indication of the proof.

Sketch of proof. Assume, towards a contradiction, that the inequality is false. Let
fn € HY(O) be such that the inequality is reversed and n appears instead of C.

Let v, = %—. One shows that v, — 0 in H'(0O) and |lvp|rz = 1. This is a
contradiction due to the compact embedding of H'! in L2. [ ]

LEMMA 3.3 Let f € HY(T? \ GL). Then

2 2 2 2
1 Bacrpnn < € (19 oy + < Mgory ) (34)

11



December 28, 2017

Applicable Analysis DGSZ critical 'linear 'general 'shape

In particular,

120y < © (27 By +27)- (3)

Proof. Let f € HY(T?) be an extension of f as in [14]. Let f(y) = f(ej + ey) for
y € O =T?. Applying the previous lemma and the change in variable z = €5 + ey

2
[ ifarse (e f i are [,
T% T% GT%

we have th%t

ﬂz ds> . (36)

Therefore

2
[, i [ |Taazc (] /
TJ\G] Tﬂi' T% 8'1%
gc(é/, _|Vf\2dx+5/ vf|2ds>.
T”%\G’E 8TJ%

Since |vZ] < |@Z] < Ke? we have that

ff ds)

/ vl |2ds < ete™ ™t = g™ t3, (37)
oTd
This completes the proof. |

4. Case of quickly oscillating coefficients

In this case we set & = 1 and g(y) = b(y). Hence, in this section we will write
w(y) = w(y; 1,b(-)).

LEMMA 4.1 The following estimate holds:

Z Jw! — @HZI(T;\G@) < Ke?.
JEY. 4

Proof. We use vl as the test function:

/ Vol P dx+s—7/bg(x)|vg 2 ds:—/a,,ugwg(w)ds.

T%' \G1 aG: 8T%’
Therefore
HWEHLQ(TJ\GJ)H Vi(x) | vl |*ds=— / V! Vid + / D, vl wds. (38)
8G2 T% \T% 8T%

12
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Then

/8,,vgﬁ3jds < Kel#] o | T = K2

3
Te
8

From (38) we have
||va|\iQ(T%\Gg) 4+ 7 / bg(x) | vg 1 ds < Ke"*2,
oG1
Due to Lemma 3.3

”Ug||iQ(T%\Gg) < K5n+4.

Then, adding over j € Y. we obtain

S Iy +e 7 X [ V) [0 P ds < K2

JEY. jETEBGi
and
112 4
Z HUgHLz(Té\Gg) < Ke". (39)
JEY. 4
These estimates complete the proof. [ |

To obtain the homogenized problem we need the following lemma:s:

LEMMA 4.2 Let Ao be given by (9) and let he,h € H}(Q) such that he — h in
H}(Q). Then

S| (D@ heds + CF N / hdz| s 0

J ETaaT; Q
4

as € = 0, where v s the unit outward normal vector to GTg.
4

Remark 4.3 Notice that, in this case, Ao does not depend on j or z.

Proof of Lemma 4.2. Let us consider the auxiliary problem

(A0 =p., W VI=YI\TI,
—0,67 = d,w!, on OT?,
. L (40)
8,07 =0, on 9Y7 \ OT?,
(0)ps =0

13
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The constant (i is defined from the solvability conditions of problem (40):
pee™(1 —272w(n)) = — / O, Wl ds, = / O, Wl ds, = a2 / Oy, W(y)dsy,
8T% aG1 0Go

therefore

e = a 2o _ G
S (1 —2"2w(n))en 1 —272nw(n)’

where w(n) is the area of the unit sphere surface. From the integral identity for the
problem (40) we obtain

/\veg\2dx—u€/9gdx+ /(ang)agds.
Vi Y. a:r%'

From some estimates proved in [16] we have

[ 1621ds < 2 e

?Ej

HLQ(?EJ) < K5%+1|’V0£:||L2(f/€])

Using the estimates proved in [16] we deduce
/ |0y, @107| ds < Ke / | 67 | ds
oT% oT%

n-1,q .
SK&‘ 2 + Heg”Lz(aTé)
1

< K {3102 sy + 2 IVO ooy }
< K5 [V o -
Thus, we have
V62, o,y < Ke™t2.

L2(Y?)

Using this estimate we obtain that

> /|veg |? dr < Ke2.

jETE?Ej

Due to the definition of Hg we have that

> /(&,@g)hgds—l-ug > /hgdx =1> /V&;Vahdx < Kellhe| m, (-

jGTEaTJE- ]ETg?Ej ]ETE?SJ-
4

14
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Finally, from [1, Corollary 1.7] and the fact, that p. |Y\ Ti = 06“2)\0, we derive
that
pe Y | hedz — C§2) / hdz| — 0,
jeYs?Ej
as e — 0. |

4.1. Proof of Theorem 1.1

From (21) we have

lime™" b (z)ucpds = —;i_rz% Z / (D w!)ucpds.

e—0 : :
JjeYT JeT

oG “oTs
4

By Lemma 4.1, (39) and the Green’s formula we obtain

> / (D@1 — Dywl)heds| = / (8,02 ) heds

JE€Ye | s JE€Ye | s
4

1

=) / Vol Vh.dx — / (8,07 ) heds

TI\G? G
4

=) / Vol Vhedz| +e7 ) / bl heds

TI\GY I€Ye | o
4

0=

< Kelheln + K Y | &7 [ tnids
Jexe oG!

Taking into account that h. = u-p and using estimates (13), we have:

W |-

Z /(8y@g8,,wg)u€gpds <K|etew % Z e / bl(x)h3ds

JET- | o i€ ba
4

< Ke.

15
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Hence, from Lemma 4.2 we derive that

lime™7 b (z)ucpds = _;E% Z / (D w!ucpds

e—0 . -
4

= _gii% Z /(8,,@§)u€cpds
i o

= Cg_ZAo/ucpd:L'. (41)
Q

Applying Lemmas 4.1 and 4.2 , (22) and (41) we obtain that u satisfies the identity

/ V¢Vudz + Ci 2N\ / ugpdr = / fodz
Q Q Q

for all ¢ € H}(Q).

5. Case of € - periodic coefficients

Now we set & = b(0) and ¢ = 1.

LEMMA 5.1 The following estimate holds

Z ng(.%’) - wz’];‘(w)H?—[l(Té\Gg) < KmaX{€2,5"*2 }
JET. :

Proof. In this case we have that
vl = —7Tb(0)v! — e V(B (x) — b(0))w! + e V(b (x) — b(0)) if 2 € IGL. (42)

We use v as the test function in the integral identity associated to (42):

Vol |2 dx + e 7b(0 vl 2ds=¢"7 [ (b(0) — be(x))wlvlds+
3 3 g-e

TI\G? aGa oG
4

+e77 /(be(az) —b(0))vids + / Dl Wl (x)ds,

aG1 aTL
4

16



December 28, 2017 Applicable Analysis DGSZ critical linear'general shape

SO

IV )+ 2770) / o [ ds

oG
=7 / (b(0) — be(z))wlvids +e77 / (be(z) — b(0))vids
oG oG
/ Vol Vivds — / Ay vlids. (43)
T%\Té GT%

We have that

—_ K5n+2

/8,,vgz’ﬁd5 < Ke|| @] e o7y | OT2
5 8

oTL
8

Using the smoothness of function b we have that |b-(x) — b(0)] < K }%} and thus
we deduce

e /(be(w)—b((]))wgvgds <eg? ags_QCb(O)M/ |w3 |2d + / | vl J |2 ds

oG 0G1 9GL

b(0 ) .
40 [ 1ot P s+ iy [l s

G2 oG

and

e /(bg(:r) —b(0))vids| <77 Cho )/4a 2| 9GY | + / | vl |? ds
Gz oG?

< Cy(oy/48~ T+e” 'Y / | vl J ‘2 ds.
aGa

From (43) we have

IV )+ &77000) / o |2 ds
aG:

<K | " +e7?al + e %aCh0) 4 / | wl [* ds

e
_b(0) ;
/ | vl |? ds.

G

17
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Therefore

4 b(0 ,
Ve gy + 2 [ 1 s
' e

< K | " +e2al + e %aCho) 4 / | wl |? ds
8G2
Due to Lemma 3.3

v < Kent,

jH2 o
ELQ(T%\Gé)

Then, adding over all j € T. we obtain

; _.b(0) ; 4
> IV ey e = Dl / |0l 2 ds < K max{e, en7},
JET. B TE ey

and
Z va||%2(Té \GZ) < K54- (44)
JEY. R

This estimates complete the proof. |

To identify the homogenized problem we need the following lemma, the proof of
this result follows similarly to proof of Lemma 4.2.

LEMMA 5.2 Let Ao be given by (10) (notice that \g is independent of j) and let
he,h € HE(Q) be such that he — h in H}(Q). Then

S [ (0.3 heds + G320 / hdz| 0

J ETE@T;’ Q
4

as € = 0, where v s the unit outward normal vector to 8T£.

4

5.1. Proof of Theorem 1.1

From (21) we have

lim Ew/ba(x)ugcpds = —g% Z /(&,wg)ugwds.

e—0 -
S. i€ eprs
4

18



December 28, 2017 Applicable Analysis DGSZ critical 'linear 'general 'shape

By Lemma 3, (44) and the Green’s formula we obtain

Z /(&,ﬁg(:v)—&,wg)uggods = /8 viucpds| =

I€Ye | od J€Ye | ops
4 4

= Z / vaV(uggp)daz/a,,vgusgods

TI\GI 8Ge
4

= Z / VoIV (uep)dz+ +5_7b(0)/vgugwds

TI\GI oG
4

+e7 / (be(x) — b(0))wlucpds —7 / (be() — b(0))uspds| .

aGE oG

From Cauchy’s inequality, for smooth ¢ we have
y 12

— b(0))wluzpds

oy

JeT.

oG

W=
=

SKass_lz 6_7/|w2|2ds 67/\u5g0\ ds

jeTe Y Y

0=

< Kace ‘ez 57/]u€g0]2ds
JET. oGa
1
2
2
< Kace™! 57/ |ue P ds | < Ken—.
Ss

Also

0 |-

ey / x) = b(0))ucpds| < Ke Vace ' ) \/|87 / | uep | ds

T.
JjeY. aG3 je

|-

+1

ntl n 2
< KeVa.? e ez / |ue 2ds| < Kenz.
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Therefore

S [ 0@ - dwlucpds| < K(ellucstlin o,y + 7%

1€ ey
4

Taking into account estimates (13), we have that

Z (0,01 — Oywl)ucpds| < Kmax{e,gﬁ},
J ETEaTJ%'
So, from Lemma 5.2 we deduce that

iig(l]s “’/b Ustpds = — hm Z / (Dyw!ucpds = — hm Z /(8,,13@%4,0(18

Teors ' <o
= Cg_QA/uotpd:r. (45)
Q
Applying the previous lemmas and (45), we obtain that u satisfies the identity
/ VoVudz + C 2\ / udds = / Fodx
Q Q Q

for all ¢ € HZ (). Hence u € HZ () is a weak solution of the problem

~Aug +CF Xoup = f € Q,
ug =0 x € 0N.

6. Case of coefficients independent of ¢

In this case g(y) = 1, and we will change the value of . Hence in this section we
will use the simplified notation W = w(y; &) and

A(§) = MGo, &, y)-

LEMMA 6.1 The estimate

2(n—1)
Z ij *w] :C b( >)HH1(T7 \G?) < Ke n>
JeET,

holds.

Proof. Let us note that 0 < vl(z) < @Z(x;b(P?)). For the rest of the proof

vl(x) = @ (5 b(PL)) — wl(x).

20
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We use v? as the test function in the integral identity of the weak formulation of
its problem:

/ Vol |2 da e / b(w) | vl 2 ds = e / (b(PI) — b(a)) ! (2)0lds

TI\GI G2 aG1
4

+e7 / (b(x) — b(P?))vlds + / D, vlids,
aG1 8T%

SO

IV iy +27 / b(a) | o 2 ds = e / (b(P9) — b)) ()l ds
oG les
+e77 / (b(x) — b(P))vlds + / Vol Vidr + / d,vlivds.
8G? T%’\T% BT%
(47)

We have that | v’ I<| ! |< Ke?. Applying the estimates on derivatives of harmonic
function and the maximum principle we get that, if g € 7%, then
8

- 1 éh)g
O, ) - || Z=
| ZE/UE(‘TO)| |T1$i: J awz €z

&

= — /vguids < Ke,

S
h&

where T is the ball of radius 7 centered at z. Hence, | Vvl |< Ke on T7. Then

= Ke"t2.

[ (@uuaids| < Kel@l oy | T

8Té
Using that |b(x) — b(Pg)] < Ka, for any = € 8Gg, and that 0 < @ < 1 we deduce

. - , b .
| [ 0P~ sen@ia)edds| < | Copa [ 1P P [ (il P as
oG oG oG

b . )
<2 [ ol P sty 062 |

G
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and

o R A 4
| [ 0w~ s(PDyias| < | a2y 962+ [ |0l ds
oG aG1

b .
<y v [ 10l s

le)

From (47) we have

A . b )
1962122 751y + € 7bo / [of P ds < K(al + eal™) 4o / | of | ds.
G AG
Hence
. b .
IVl + ey [ 10 P s < Kla2 +eat ) < Kea? (49
oG
Due to Lemma 3.3 we have
j 4
vaHiQ(T%\Gg) < K5"+ .
Then, adding over j € T, we obtain
i _ b() . 2(n—1)
S IV gyt ey 3 [ 10l s < K
JEY. jETEBGg
and
j 4
JET. ‘
This estimates complete the proof. |

To identify the homogenized problem we need the following lemma.

LEMMA 6.2 Let \o(z) be given by (11) and he,h € H} () be such that he — h in
HE(Q). Then

Z (0, @ (z;b(P?)))hds + Cy 2 / Xo(z)hdz| — 0

J€T e pps
4

as € — 0, where v is an unit outward normal vector to OTY.
4
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Proof. Let us consider the auxiliary problem

o0 = 8,3 (xb(PIY). T 0
0,61 =0 DEN
<05>Y5j = 0.

The constant i is defined from the solvability conditions of problem (50)

ple™(1 — 27270 ( / O, (2;b(P?))ds,
8T2

/ 0, (z: b(P2))ds,

=al" 2/61,/10 ,Y)dsy.

Gy
Hence

Al PAB(PD)  CETPAB(FY))

e = (1 —272np(n))em 1—272nw(n)’

From the integral identity for the problem (50) we obtain
/ | V6! |2 dx —us/ejda:—k / (0, @ (z; b(PY)))02ds.
v? v/ oT%

From some estimates proved in [16] we have

< Ke3tl|vel

/ |69 | do < K€§||9g”L2(?;) =

3/51'

Iz (22)-

Taking into account that maxgyps | 0y, @l (z;b(P!)) |< Ke, and using the estimates
1

proved in [16] we deduce

/ | 0, (: b(P ))93\d5<K5/ 02 ds < Ke™ 10 2o
8T; BTi
< K& {2102 oy + VEIVO| o)}
< KETHVH HLZ(W
Thus, we have

19612, 5 < K™
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Using this estimate we obtain

> [ 1V6l P de < K2,

jETEi}Ej

According to the definition of 6! we obtain

> / hds+ Z/ Ihdz| = Z/veﬂvmx < Ke||h|| 0

jETEBTi jeY. P jeY. o
4

To identify

; J
il_r)r(l)Z/ wlhdx

JEY .

we need some additional analysis; from the expression for u. we deduce

Z/ughdx ’Y\TS’Z[j ))hda:

JET
Cn 2
!Y\TOI Z/ A(b(x)))hdz| .

From estimate (27) we have

< 10l ) max /a @(y; b(P?)) = By, @ (y; b(x))ds,
GO

= ||h||L1(Q)

< (Co [ ()@ b(w)) — PIYE :(P) + (PY) = bla) ) ds,

JeEYe
8G,

= K max {Ib(x) = b(P2)| + b(P])[w(b(w), y) — @(b(FPI), )|}

< Ka:. — 0
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as € — 0. From Corollary 1.7 in [1] we deduce that
G Z / Nhdx — CP™ 2/)\(b(x))hdx -0
[Y\TD] ’

Q

as € — 0. This completes the proof.

6.1. Proof of Theorem 1.1

From (21) we have

lim Ew/b(:z)uagods = —gii% Z /(8ng)uacpd8.

e—0 -
S. I eqrs
4

From Lemma 6.1 and Green’s formula we obtain

Z /(ayi’ﬁg(x;b(Pg)) — Oyw!)ucpds| = / A vlucpds

JET JEY

°|oTi °|oTi
4 4
= Z / VoIV (usp)dx — / Oyviucpds|,
TET 1o\ el
4
so we have

Z /(8 @2 (2;b(P?)) — 0w )ucpds

J€Te | ori
4

< Z / VIV (usp)dx

JEY, Ti \GZ
4

+e77 Z / b(x)viucpds

JEY. 8GZ

b 30| [ 0P~ b)) (s P s

7€ | o

+e ) /(b( ) — b(P?))ucpds| .

IEY | hei
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From Cauchy’s inequality and the properties of vg, for smooth ¢ we have

1
2

DY / (b(P?) — b(x)) WL (2)uspds| < K+/| S | (! | ucp |* ds

R e

< Kens

f— )

also

1

e " Z /(b(m) — b(P))uspds| < Kea, / |ucp |2 ds | /| S |

JE€Te 5

S Kgn

n
-2
9y

and, finally, considering (13) and (48), we have that

e Z /b(x)vguenpds <eg™7 Z /b(w)(vg)st /b(m)ugds

1
3
< Ky/eal™! Z e1/? / b(x)uds
JeTe G!

< Ky/eal e %

n—1

< Ken—2,

From these inequalities we deduce that

S| [ @wlwsb(Pl) = wducpds| < K (elucplm o +e7F +272).

JEY. aTJE

1

Taking into account that the estimates (13) are valid, we have:

Z (0,2 (25 b(P?)) — Byw! )uspds| < Ke.

26
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Hence, from Lemma 6.2 we derive

ii_r}r(l)e_V/b( Juspds = — hm Z / dywlucpds

Se " jet. o
4

= —lim / (0, (2;b(P?)))ucpds
e—0 -
I ey

= CSQ/)\(b(:E))uogpdx. (51)

Q

Applying Lemmas 6.1, 6.2 and the previous estimates, we obtain that u satisfies
the identity

VoVudz + Ci~2 | Mb(x))updr = | fodx
/ [roam= |

Q

for all ¢ € H{ (). Hence u € HJ(Q) is the (unique) weak solution of the problem
—Au+ CF2Ab(x)u=f, 9, (52)
u =0, o9.

Ezample 6.3 Let us apply techniques above to the particular case, where Gq is
a ball of radius 1 and coefficient b(x) does not depend on . This example is well
known (it has been proven with various simpler techniques), and hence we check
that our findings are consistent with previous results. In this case we consider the
auxiliary problem

Ay@:(), yGRn\CTm
8yy’t/ﬁ = —Cob($)ﬂ3 + Cob(l'), RS 0Gy, (53)
w — 0, | y |— oo.

This problem has the (unique) solution @ = ~<;, where C' may be obtained from

the boundary conditions. From direct calculations we have that C' = b(xl,,z

b(z

Using the result of Section 3 we have that

= / 0, w(y; b(z))ds = C(n — 2)wy, = W7

where w, is the square of the surface of the unit sphere. Hence, the limit problem
distributed reaction on the surface of particles given by balls is:

b(x)+ 22 (54)

—Au+ Oy @) su=f 9
u =0, 09,
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where C; = (n — 2)C 2wy,

Remark 6.4 As mentioned at the introduction, it seems possible to adapt the
techniques of proof of this paper with other developed to the study of microscopical
nonlinear reactions (see, e.g. [5] for the case of a Hélder continuous increasing
kinetics and particles of arbitrary shape and [17] for the case of a kinetics given by
a general maximal monotone graph and particles given by balls). So, we conjecture
(and it will be developed in some separated work) that the analysis of the case in
which the microscopical reaction is given by

—Apue = f(x), x € Q.,
=0y, us € e L (z)o(us), x €S,
us = 0, x € 01,

would lead (under suitable conditions on bZ(z)) to the global homogenization prob-
lem

—Aug + Hg,(x,up) = f, in Q,

ug = 0, on 0f2.
for some Lipschitz continuous nondecreasing function Hg, (z,ug) of ug, once we
assume the critical relation v = a = n/(n — 2), and thus the “strange term”

Hg, (z,up) would present both, a z—dependence distribution absorption coefficient
and a nonlinear kinetic, different to the case of the microscopic problem.

7. Proof of Theorem 1.4

As in [12] the result follows from applying Lemma 1.6 in Chapter IIT of [1] about the
spectrum of a sequence of singularly perturbed operators together with Theorem
1.1. [ |
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