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Abstract

An inherent challenge in computing fully-explicit generalization bounds for transformers involves
obtaining covering number estimates for the given transformer class 7. Crude estimates rely on
a uniform upper bound on the local-Lipschitz constants of transformers in 7, and finer estimates
require an analysis of their higher-order partial derivatives. Unfortunately, these precise higher-order
derivative estimates for (realistic) transformer models are not currently available in the literature as
they are combinatorially delicate due to the intricate compositional structure of transformer blocks.
This paper fills this gap by precisely estimating all the higher-order derivatives of all orders for
the transformer model. We consider realistic transformers with multiple (non-linearized) attention
heads per block and layer normalization. We obtain fully-explicit estimates of all constants in
terms of the number of attention heads, the depth and width of each transformer block, and the
number of normalization layers. Further, we explicitly analyze the impact of various standard
activation function choices (e.g. SWISH and GeLU). As an application, we obtain explicit pathwise
generalization bounds for transformers on a single trajectory of an exponentially-ergodic Markov
process valid at a fixed future time horizon. We conclude that real-world transformers can learn from
N (non-i.i.d.) samples of a single Markov process’s trajectory at a rate of (’)( polylog(N)/ VN )

1. Introduction

Transformers Vaswani et al. (2017) have become the main architectural building block in deep
learning-based state-of-the-art foundation models Bommasani et al. (2021); Zhao et al. (2023); Wei
et al. (2022). The undeniable success of these large language models (LLMs) in predicting on non-
i.i.d. sequential data has inspired a deluge of research into the statistical properties of transformers,
ranging from minimax (order) optimal guarantees transformers trained in context Kim et al. (2024),
statistical analyses of their training dynamics under linearized/surrogate attention mechanisms Chen
et al. (2024); Lu et al. (2024); Zhang et al. (2024b); Siyu et al. (2024); Kim and Suzuki (2024);
Duraisamy (2024) and their infinite-width limits surrogates Zhang et al. (2024a), as well as PAC-
Bayesian guarantees Mitarchuk et al. (2024). Though each result helps to explain a piece of the LLM
puzzle, each has one of the following drawbacks which we address:
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(i) Non-Explicit Constants: They only provide learning rates with unknown constants,
(ii) Non-Sequential Data: Their guarantees do not apply to non-i.i.d. (sequential) data,

(iii) Unrealistic Transformers: They rely on linearized attention surrogates, a single attention
head, omitting key normalization layers, or non-standard activation functions.

This paper fills this gap by deriving statistical guarantees for transformers which do not suffer
from the limitations in (i)-(iii). We guarantee (Theorem 3) that transformers trained on a single time-
series trajectory can generalize at future moments in time, with explicit constants. We, therefore, con-
sider the learning problem where the user is supplied with N paired samples (X1, Y1), ..., (Xn, Yn),
where each input Y;, = f*(X,,) for a smooth (unknown) target function f* : R&>*M — RP is to be
learned, depending on a history length M, and where the inputs are generated by a time-homogeneous
Markov process X. = (X,,)o° ;, or any process admitting a finite-dimensional Markovian lift in the
sense of Cuchiero and Teichmann (2019). The assumption Y,, = f*(X,,) results in only a mild
loss of generality since if X. is a discretized solution to a stochastic differential equation then
Y, =~ signal+noise due to stochastic calculus considerations (see Appendix G).

The performance of any transformer model 7 : R¥*™ — RP is quantified via a smooth loss
function £ : RP x RP — R. When M = 1, the generalization of such a 7 is measured by the gap
between its empirical risk RY), computed from the single-path training data, and its (true) t-future
risk R at a (possibly infinite) future time N < ¢ < oo (¢ € N ) defined by

Ri(T) 2 E[UT(X3), £*(X4))]

where R¢ (resp. Roo) is computed with respect to the distribution of X (resp. stationary distribution
of X.). The time-t excess-risk R;, which is generally unobservable, is estimated by a single-path
estimator known as the empirical risk computed using all the noisy samples observed thus far

N
ROV(T) 2 = 3™ UT(X0), (X))
n=1

Our objective is to obtain a statistical learning guarantee bounding the gap between the empirical
risk and the ¢-future risk of transformer models trained on a single path.

Contributions. Our main statistical guarantee (Theorem 3) is a bound on the future-generalization,
free of limitations (i)-(iii), valid at any given time ¢ 2> N, of a transformer trained from /N samples
collected from an unknown transformation (f*) of any suitable unknown Markov process (X.). Fix
a class of transformers 7C for respective input and output dimensions d and D, i.e. determine the
number of transformer blocks, the number of attention heads, channel sizes, and specify a constraints
on its weights. Then, the first takeaway of our main result is that with probability at least 1 — §

1/s
ﬁg% (R(T) — RWN) (T)| € O(log(l/é)\—/i—%)g(N) ) (FutureGen)

where s > 0 can be made arbitrarily large and O hides a constant which is challenging to estimate
accurately due to the involved combinatorics, and is explicitly computed in (Theorem 2).



HIGHER-ORDER TRANSFORMER DERIVATIVE ESTIMATES FOR PATHWISE LEARNING

/ = \ Figure 1: Our Results: Tight estimates on the constants under O
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in (FutureGen) (Theorem 3) is a consequence of our main result (Theo-

rems 41). The latter accurately estimates the radius of the smallest C*-ball

Fﬁ:ccﬂ‘:)':stivl containing the realistic transformer class 7C; this radius is precisely the in
same size the largest s*-order partial derivative of any transformer in the class 7C.
'Zg’r’sgt‘l’\'gir Why it works: Our higher-order derivative-based analysis accurately ap-
proximates the transformer class and provides both dimension-free conver-
. gence rates and accurate constants. In contrast, low-order local-Lipschitz
0ose

Functions w. same size analysis provides loose generalization bounds by overestimating the size
lower-order derivatives of the class 7C via inclusion in a large class of functions with comparable

\ (local Lipschitz constants) j first derivatives

Our primary contribution (Theorems 2) is a full analysis of the higher order sensitivities/
derivatives of the transformer network; which in-turn yield explicit accuracy constants under the big
O in our main statistical guarantees (Theorem 3). With this, our result provides a generalization
bound applicable to transformers trained on non-i.i.d. data with explicit constants.

Insights from explicit constants: Our result enables us to analyse the effects of the number of
attention heads, depth, and width of the transformed model, and weight and bias restriction, as well
as on the activation functions used on the generalization of the transformer model in detail. This is
because the explicit constants in our main results are clearly stated in terms of these quantities, for
which we provide efficient code to compute. In particular, we are able to perform an in-depth analysis
for the Swish Ramachandran et al. (2017), GeLLU Hendrycks and Gimpel (2016), and the tanh
activation functions. Our analysis aligns with the empirical evidence that the activation functions
such as Swish provide superior performance than unconventional choices such as tanh.

Further consequences: Although not explicitly addressed here, our results can also be applied
to derive statistical guarantees for transformers using alternative frameworks (see Section 1.1 for
an overview). This can, for instance, be achieved for i.i.d. data through chaining arguments relying
on covering number estimates for balls in smoothness spaces (van der Vaart and Wellner, 2023,
Theorem 2.71) containing the relevant transformer. The primary gap in the existing literature, which
Theorems 2 fills, is the lack of partial derivative bounds necessary to compute the radii of the balls in
these smoothness spaces, which contain the transformer architecture (as illustrated in Figure 1).

1.1. Related Work

Statistical Guarantees for Non-L.i.d. Data. There are several results in the literature addressing
learning with non-i.i.d. data satisfying a mixing/ergodicity condition dating back, e.g. Yu (1994);
Mohri and Rostamizadeh (2008, 2010); Kuznetsov and Mohri (2017); Simchowitz et al. (2018);
Foster et al. (2020); Ziemann and Tu (2022), dating at least back to Yu (1994). However, none of
these results provide explicit generalization bounds. Rather, they only provide convergence rates
without constants for the class 7C since they require covering number estimates, which would
ultimately rely on the partial derivative bounds (Theorems 41 and 42).

This is because they either rely on bounding the Rademacher complexity of the transformer class,
e.g. in applying Mohri and Rostamizadeh (2008), or they rely on computing the cardinality of delta
nets Ziemann and Tu (2022), both of which necessitate the computation of the worst-case Lipschitz
(or C*® norm) of any transformer in the hypothesis class using (van der Vaart and Wellner, 2023,
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Theorem 2.7.4) and (Lorentz et al., 1996, Equation (15.1.8)). Since these higher-order derivatives
where previously unavailable in the literature, then these results did not work out explicit constants
for their generalization bounds. We also note the results of Simchowitz et al. (2018); Foster et al.
(2020), which obtained statistical guarantees for non i.i.d. data under restrictive assumptions on the
data-generating process, in addition to the aforementioned restrictions.

We highlight the martingale arguments e.g. Kontorovich (2014) and concentration of measure
phenomena for martingale sums e.g. Bercu et al. (2015); Boucheron et al. (2013) techniques for
deriving generalization bounds for models trained on non-i.i.d. data. Again, these results do not yield
explicit constants for TC without estimating the derivatives (or at least local-Lipschitz constants) of
the transformers therein, again requiring Theorems 41 and 42 for a completely explicit result.

Statistical Guarantees for LLMs Trained on Li.d. Data. In addition to the aforementioned
statistical guarantees for LLMs; the available statistical guarantees for transformers which the authors
are aware of either concern in-context learning for linear transformers Zhang et al. (2024a); Garg
et al. (2022), transformers Von Oswald et al. (2023); Akyiirek et al. (2023) trained with gradient
descent, or instance-dependent bounds Trauger and Tewari (2023) for general transformers. These
results do not apply in contexts of time series analysis where each training sample is not independent
of the others but is rather generated by some recursive stochastic process.

Ergodic Markov Processes and Mixing Times. We require that the data-generating Markov
process has an exponentially contracting Markov kernel Kloeckner (2020). For Markov chains, i.e.
finite-state space Markov processes, this means that the generator (-matrix) of the Markov chain
has a spectral gap. These spectral gaps are actively studied in the Markov chain literature Mufa
(1996); Kontoyiannis and Meyn (2012); Atchadé (2021); Paulin (2015); Kloeckner (2019) since
these have a finite mixing time, meaning that the distribution of such Markov chains approaches their
stationary limit after a large finite time has elapsed; i.e. they have well-behaved (approximate) mixing
times Montenegro et al. (2006); Hsu et al. (2015); Wolfer and Kontorovich (2019); Zamanlooy (2024).
We rely on actively-studied optimal transport-theoretic notions of mixing since it is easily verified, or
already known, for most data-generating processes than more classical notions; e.g. Kuznetsov and
Mohri (2017); Mohri and Rostamizadeh (2010).

We note that our generalization bounds rely on the concentration of measure arguments for
the “smooth” optimal transport distances in Kloeckner (2020); Riekert (2022). The last step of our
analysis refines the concentration of measure arguments of Hou et al. (2023b); Benitez et al. (2023);
Kratsios et al. (2024) to the non-i.i.d. setting using exponentially ergodic Markov process theory.

2. Background and Preliminaries

This section overviews the necessary background for a self-contained formulation of our main results.
This includes the definition of transformers and examples of data-generating processes treatable
within our framework.

2.1. Admissible Data-Generating Processes

Our statistical guarantees are driven by Markovian arguments; we emphasize that these are not
heavily restrictive since we can Markovianize processes in higher dimensional state spaces. Such
state-space extensions, known as Markovian lifts in the literature Cuchiero and Teichmann (2020),
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typically require tracking only a few recent movements of the data-generating process rather than
solely its current state.

We operate in the following setting: Fix dimensions d, D € N, a finite memory M € N,
and let X. = (X, )nen, be a stochastic process taking values in R, such that the lifted process
XM« (X[](\)/{/(nfM),.A.,O\/n])nENO is Markovian on R™¢. Let P be a Markov kernel on a non-
empty Borel XM C RM? with initial distribution Xg ~ o € P(RM?) given by XM ~
i P g £ P(XM € .) and for each z € RM? and n € N, set P*(z,) 2 P(XM € | X} = 2).
The process XM is a Markovian lift of X.. Examples of processes with finite-dimensional Markovian
lifts are ARIMA times-series models, see e.g. Cryer and Kellet (1991).

Assumption 1 (Bounded Trajectories) There is a ¢ > 0 such that P(sup,cy || Xt < ¢) = 1.

Assumption 2 (Exponential Ergodicity) There is a k € (0,1) such that: for each i, v € P(RM?)
and every t € N one has Wy (P, P'v) < k! Wi (p, v).

2.1.1. EXAMPLES: PROJECTED SDES - FROM LANGEVIN DYNAMICS TO MARTINGALES

A broad class of non-i.i.d. data-generating processes satisfying our assumptions is a broad generaliza-
tion of any Markov processes obtained by “projecting” the strong solution to a stochastic differential
equation (SDE) with overdampened drift onto a compact convex subset of R%. The processes which
we can project are vast generalizations of the forward process used in denoising diffusion models; see
e.g. Song et al. (2020) whose convergence is by now well-understood; see e.g. Chen et al. (2023).

Example 1 (Projected SDEs with Overdampened Drift) Consider a latent dimension d e Ng,
p: R — R? be Lipschitz and the gradient of a strongly convex function; i.e. there is a K > 0 such
that (p(z) — p(y)) (= —y) < K|z — y||? for all x,y € RY. For any v € R? let Z% £ (ZF);0
be the unique strong solution (which exists by (Da Prato, 2008, Theorem 8.2) since p is Lipschitz)

t t
Zf::r—i—/ ,u(Zf)ds+/ W, (1)
0 0

where W. is a d-dimensional Brownian motion. Let f R? — R4 be a bounded 1-Lipschitz function
and consider the discrete-time Markov process X. = (X)), on R? given by

X2 f(270).

n

As shown in Proposition 5, X. satisfies Assumptions 1 and 2. The standard example of SDEs (1) are
Langevin dynamics for a strictly convex potential U : R¢ — R. As shown in Bolley et al. (2012)

plx) = =VU(z)/2.

Example 2 (Projections of Diffusive Martingales) Letd € N,. Let o : R? — P; taking values
in the cone Pj of d x d-dimensional positive definite matrices, be Lipschitz with the Fribenius norm
on R¥4, and satisfy the uniform ellipticity condition: there exists a \ > 0 such that for every x € R?
holds spin(o(z)o(z)") > N, where 8, (A) denotes the minimal singular values of a matrix A.
The martingale Z. (see (Da Prato, 2008, Proposition 6.15) for a proof of martingality) defined for
eacht > 0by Z; = fot 0(Zs) dWg where W. = (Wy)>0 is a d-dimensional Brownian motion. Let
f : RY — R? be any 1-Lipschitz bounded function. By Proposition 7, the data-generating Markov
process X. = (X))o, defined for each n € Ny by X, = f(Z,,) satisfies both Assumptions 1 and 2.
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We have presented the simplest cases here; which is readily generalizable. By Lemma 6 to any Markov
process exponentially ergodic Z., not necessarily solving the simple dynamics (1), automatically
yields examples of data-generating processes satisfying both Assumptions 1 and 2. We list some
examples of such processes here: McKean-Vlasov type with relatively general, i.e. it can have
non-constant law-dependent drift and diffusion coefficients (Wang, 2023, Corollary 4.4) (possibly
with reflections), several SDE:s is driven by a pure-jump Lévy process (Luo and Wang, 2019, Theorem
3.1). When considering reflected SDEs, where the reflections constrain the process to remain in a
bounded convex domain, we do not need f to be bounded, as the processes themselves are already
bounded. Further examples of such can be constructed using compact Riemannian sub-manifolds of
R? with suitable curvature bounds Ollivier (2009). Additional examples include Markov processes
whose kernels satisfy a log-Sobolev inequality (see Appendix B.2 for details).

2.2. The Transformer Model

A 4
( ; ™ ‘ Affine Layer k
o n ) R — s ) ; \
MatMul Y
£ 4
Softmax SLP
X
] ()
Scale -4 Layer Norm Transformer Transformer
A ! Block Block
MatMul - | ‘Multi-Head
AL A5 Attention
i P c )
[ Linear }JJ[ Linear UJ[ Linear UJ
\ \ \ ) N / N
Keys Queries  Values i E S S

Figure 2: Multi-Head Att. (Def. 10), Transformer Block (Def. 11), and Transformer (Def. 12).

The overall structure of transformers is summarized in Figure 2, and we give an in-depth definition
of all components with their respective dimensions in Appendix C, which is relevant for the details
of the bound computation. On a high level, the most important aspects are:

Multi-Head Attention [MH]. Consists of parallel application of the attention mechanism, de-
scribed by the following steps.
(1) Inputs are used three-fold, as keys, queries, and values, all are transformed by distinct linear
transformations.
(i) Keys and queries are multiplied, scaled, and transformed by a softmax application.
(iii) This output is combined in a matrix multiplication with the values.

Transformer Block [7B]. Here,
(1) input features are mapped to contexts via multi-head attention mechanism,

(i1) the output of the multi-head attention mechanism and the input features (via a skip connection)
are normalized by a layer-norm [LN'] (see Appendix C),

(iii) the normalized contextual features are transformed non-linearly by a single-layer perceptron
[PL], and

(iv) its outputs, together with the first set of normalized context (via another skip connection), are
normalized by a final layer-norm and returned by the transformer block.
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Transformer [7]. Iteratively feed input features through a series of transformer blocks before
processing their outputs with a (fully connected affine layer). We denote a class of transformers of a
fixed architecture by 7C, with each parameter bounded to a predefined domain.

2.3. Setting

We consider smooth loss and target functions that are concentrated on a compact region, along with
their derivatives. The growth rate of the C*-norm (see Theorem 4 in Appendix A) of the loss function
and its derivatives quantifies the degree of concentration. One easily verifies that any function in the
Schwartz class satisfies this former of the following conditions, cf. Treves (2016).

Definition 1 (Polynomial Growth of Derivatives) Ler d,D,M € R. A smooth function g :
RMd 5 RD s in the class voty:C.r- ([0 1Md RP) if C,r > 0 are such that l9llcs(o,1ma) < C'8"
foreach s € N4. - ||¢s is the uniform Sobolev norm on the specified domain.

In Appendix E.2 we show that, in one dimension, any real analytic function whose power series
expansion at 0, has coefficients growing at an O((s + 1)") rate belongs to g € Cpo, ([0, 1], R).
One can easily extend this argument to multiple dimensions to obtain further examples.

We consider an realizable PAC learning problem, determined by a smooth 1-Lipschitz target
function f* : RY — RP which we would like to learn using a sequence of random observations
(X4, V7)) 1exy @ our training data. That is, for each t € N

Y= 7 (Xy)

We aim to learn f from a single path. The ability of a model to reliably recover the function
f:R? — RP at time ¢, given the input Xy, is quantified by the t-future risk

Re(f) ZE[(f(Xe), F(X0)].

The time-¢ excess-risk R, which is generally unobservable, is estimated by a single-path estimator
known as the empirical risk computed using all the noisy samples to observed thus far

1 N
gNZe F(X0), fX(X0)).

n=1

Our objective is to obtain a statistical learning guarantee on the quality of our estimate of the target
function given by the time t (€ N.) generalization gap ‘Rt( )= RM(f) ’

We now summarize our setting and all parameters defining it, e.g. dimension, number of attention
heads in the transformer, growth rate of the derivatives of the target and loss functions, etc.

Setting 2.1 (Standing Assumptions) Consider a hypothesis class TC. Fixrg,r¢,Cy,Cy > 0, as
well as a target function f* and loss function ¢ with

1€ Coyicyr, ®RMURP) and - L€ Cpy (R?P R);

poly:Cp,ryp

and suppose that Assumption I and either of Assumptions 2 and 3 hold.
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3. Main Results

3.1. Analytic Results: Bounds on the Higher-Order Derivatives of Transformer

Our primary contribution is the computation of Cy 7¢ ks = suprcge (T, f*)||cs, which encodes
the maximal size of the first s partial derivatives of any transformer in the class 7C. Thus, it describes
the complexity of the class TC (e.g. int terms of number of attention heads, depth, width, etc...), the
size of the compact set K, and the smoothness of the loss function and target functions.

We note that, any uniform generalization bound for smooth functions thus necessarily contains
constants of the same order hidden within the big O. See e.g. the entropy bound in (van der Vaart
and Wellner, 2023, Theorem 2.71) which yields VC-dimension bounds via standard Dudley integral
estimates in the i.i.d. case.

Critically, when the function class is defined by function composition, i.e. as in deep learning,
then these maximal partial derivatives tend to grow factorially in s. This is a feature of the derivatives
of composite functions in high dimensions as characterized by the multi-variate chain rule (i.e. the
Faa di Bruno formula Faa di Bruno (1855); Constantine and Savits (1996)). The combinatorics
of these partial derivatives is encoded by the coefficients in the well-studied bell-polynomials Bell
(1934); Mihoubi (2008); Wang and Wang (2009) whose growth rate has been recently understood
in Khorunzhiy (2022) and contains factors of the order of O((=2-(1 + o(1)))").

Remark that, in the feedforward case, i.e. when no layernorms or multihead attention are used,
then the s = 1 case is bounded above by the well-studied path-norms; see e.g. Bartlett et al. (2017);
Neyshabur et al. (2015), which are simply the product of the weight matrices of in the network and
serve as a simple upper-bound for the largest Lipschitz constant (i.e. C'* norm) of the class 7C. These
constants are included as very specific cases of our constant bounds. This is why we present two
versions: a weaker but simpler bound, as well as a more accurate but detailed bound.

Theorem 2 (7C-bound in terms of O) In the case of a single transformer block Cy 1¢ K s is of the

order of
st
0, f* LN s LN s3 ~PL 82 MH $2 4283 s54s34st
O( ¢ Crin(<8)°CR0y(<9)” Crip(<s)” (1+Cx 7 (<s) ) D*d <
Loss & Target Layernorms Perceptron Multihead Attention dimensions Generic: s-th order Derivative

where the “generic higher-order derivative constant” is cs = ei‘fs (1 + o(1)). Further,

Cf,f* _ (’)(C]sc Sre+252)’ C}?L(gs) _ O(CPE + deHO'Hséz<CP£)S+1)7
C[L(M(gs) = O(s(1+s)/2c§>7 C[j}/m(gs) — 0(6723M2(2dindK . CS)S(S . CMH)2S+2),

Here &, s12(n/e)*cS; dy, is the input-dimension and d is the key-dimension of the multi-head
attention MH (see Theorem 10 for details); dg is the width of the neural network PL (see Theorem 11
for details); ¢* as well as ¢ are parameter bounds on PL as well as MH, respectively (see
Theorem 42 for details); and ||o||s is the C*-bound of the activation function used. If no layer norms,
SLP, or multi head attention mechanisms are included in the class, then their respective terms in our
order estimate should be taken to be 1.

Proof The result is a direct consequence of Theorems 42 and 46. The order of the bounds C' LN , CTE
and C’f{m are given by Theorems 28, 37 and 40. |
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Explicit bound computation. We further refined this result by deriving formulae that enable
the precise calculation of these bounds. In order to enhance the accuracy of these estimates, we
distinguished not only between different levels of derivatives but also between various types of
derivatives. An exemplary improvement of the bound by this distinction can be seen on the right-
hand side of Figure 3.

By derivative type, we are distinguishing the different multi-variate derivative operators, but
regard those as equivalent that are identical after sorting. In a 2-dim setting, for instance, we would
say the (1, 2)-derivative (once in the first component, twice in the second component) has the same
type as the (2, 1)-derivative, but not the (3, 0)-derivative. The reason why we choose to consider an
equivalence is that the size of the set P in Faa di Bruno’s Formula (Theorem 15) grows too big in
high dimensions for numeric evaluation.

C=-bound of Activation Functions Cs-bound of Transformer Building Blocks C*-bound of Transfomer Block

104 —e— softplus
—»— tanh

103 GelLU
SWISH

10 —e— MHA
—— LayerNorm
SLP

—e— Using Derivative Level
—— Using Derivative Type

Figure 3: Effects of Transformer Components of FutureGen: (left to right.) The first figure shows the C*®
bound of various activation functions according to results in Appendix F.4.3. The second illustrates C'* bounds
for Multi-Head Attention (Theorem 10), single-layer perceptrons, and the layer norm. The third shows the
C*-bound of a transformer block (Theorem 11), distinguishing if the bound was computed level-specific
(Theorem 18) or type specific (Theorem 19). The parameters used for the above plots are the base cases of
Tables 1 to 5.

Since these results are fairly technical and verbose, we relegate them to Appendix F.4, see
Theorem 41 for the analogue result to Theorem 42 and Theorems 26, 36 and 39 for tighter bounds on
CEN CPE, and C’ﬁ’m. Additionally, we provide software tools to efficiently compute the bounds of
a given transformer architecture. !

3.2. Statistical Results: Bounds on Future Generalization for Non-Li.d. Data

Having characterized an upper bound for Cy 7¢ i s, We may now state our statistical guarantee,
which is a version of (FutureGen). This version provides insights on the future-generalization
of transformers via 1) explicit constants and 2) explicit phase transition times above which the
convergence rate in (FutureGen) accelerates by a polylogarithmic factor. We express these times of
convergence rate acceleration using the following convergence rate function

Md—2s+s/(Md) . L.
1og(cN)N5/(Md) if Md > 2s  (initial phases)

if Md =2s (critical phase) (rate)
if Md < 2s (eventual phases)

c
def. log(c N
rates(N) = cgj\(n/:)
log(CN)J\/Id/(23+1)

cN1/2

1. The source code to compute derivative bounds is available at https://anonymous.4open.science/r/
transfomer-bounds-B476.
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where ¢ 1 — k, cg 2 ¢5/(Md) and 0 < k < 1 are constants depending only on X..

Our main statistical guarantee provides an infinite number of generalization bounds, which all
converge, each with different rates and constants. The bounds with the fastest convergence have
the largest constants and visa-versa. This allows us to sort this family of simultaneous bounds as
a function of the sample size /V; with the small constant bounds providing tighter generalization
guarantees for small sample sizes [V while the rapidly converging bounds provide tighter guarantees
for large sample sizes N.

The small-sample bounds depend only on the first few derivatives of the transformers in our class,
while the large-sample bounds rely on higher-order derivatives. The point at which one bound in
our class surpasses another, becoming the tightest bound for a given sample size NV, is characterized
by a transition time, denoted 7, as illustrated in Figure 4. In this way, every single derivative order
computed in Theorem 2 is simultaneously utilized to obtain precise statistical guarantees optimized
to the sample size N.

Theorem 3 (Pathwise Generalization Bounds for Transformers) [n Setting 2.1, there exists k €
(0,1), depending only on X., and to € Ny; such that for eachty < N < t < oo and d € (0, 1] the
following holds with probability at-least 1 — §

& 2In(1/6
SUP |[Rumax (.8} (T) = RN S X Inefrran) Core ks <\"@L + rates(NV) + Nl(/Q/ )>
TeTC s=0 O ——

1)

with 1. as indicator function, rates(N') as in (rate), the constant Cy ¢ ks = supyege ||10(T, )| cs,

def.

and the transition times (Ts)22, are given iteratively by 19 = 0 and for each s € N

lf. - log(1/6 log(1/6
7o inf {t > To1: Cues(! + rates(N) + Y2EL) < Gy e g o (s + rates 1 (V) + j%”)}.

Furthermore, ¢ 1 — K, co %t ¢85/ (Md) oo st Jipy, kt =0, and < hides an absolute constant.

Phase transition times for Transformer Block

Theorem 3 implies the order estimate in (FutureGen). ——r—
This is because Cy 7¢, ks is constant in N and rates(NN) < 1 P
rates_1(N); thus, for every s > 0 the right-hand side 10°

our bound is eventually bounded by any Cy7c i s(k' + o
\/2In(1/8)/NY/? + rates(N)) for N large enough. How- .
ever, unlike the order estimate (FutureGen), Theorem 3 pro-

vides an explicit description of the actual size of the future- 2t e "
generalization gap in terms of three factors which we now
interpret.

Figure 4: Transition times: (y-axis)
Term (I): Non-Stationarity. This term quantifies the rate when the future-generalization bound

at which the data-generating Markov process X. becomes sta- accelerates by a polylogarithmic factor
tionary. This term only depends on the time ¢ and a constant (in N) for a single transformer block
0 < k < 1 determined only by X.. The limiting case is de- 1in terms of the input dimension d (x

scribed using the notational convention x> £ lim x! = 0. axis). See Section 3.1 for details on
t—o0 constants.
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Term (II): Model Complexity Term (Phase Transitions). This term captures the complexity
of the transformer network in terms of the number of self-attention heads, depth, width, and the
activation function used to define the class 7C. Each constant C; < ... < U < ... collects the
higher-order sensitivities (s*" order partial derivatives; where s € N, ) of the transformer model.
Each 0 = 79 < 71 < ... < 75 < indicates the times at which there is a phase-transition in the
convergence rate of the generalization bound accelerates. Once ¢ > T, then the convergence rate
of Term (II) accelerates, roughly speaking, by a reciprocal log-factor of 1/log(N). Observe that the
rate function is asymptotically equal to the rate function from the central limit theorem, as s tends
to infinity; that is, lim, .., rate;(N) = 1/(cv/N). The rate (rate) is the (optimal) rate at which
the empirical measure generated by observations from a Markov process converges to its stationary
distribution in 1-Wasserstein distance Kloeckner (2020); Riekert (2022). The polylogarithmic factor
is removable if the data is i.i.d. Graf and Luschgy (2000); Dereich et al. (2013).

Term (III): Probabilistic Validity Term. This term captures the cost of the bound being valid
with probability at least 1 — §. The convergence rate of this term cannot be improved due to the
central limit theorem. It is responsible for the overall convergence rate of our generalization bound
being “stuck” at the optimal rate of O(1/+v/N) from the central limit theorem; as the other two terms
converge exponentially to 0.

4. Discussion: Implications of architecture choices.

Figure 3 illustrates the effect of various building blocks in the
construction of a transformer (e.g. activation choice, multi- i
head attention (MHA), layernorms) through their effect on the
constants in our generalization bounds. While Tables 1 to 5
contain more details, highlight here some key implications that
architecture choices have on the bound:

EEINT

I) Choice of Activation Function: We found (see Theo-
rems 29, 31, 33 and 35) that the C'*-bounds of activation func-
tion may vary substantially, framing softplus and swish
as the more regular, and tanh resulting in the highest bound.
This is also illustrated in Figure 3. Note that the activation cor
bound impacts the PL-bound linearly and therefore effects the
transformer-block bound of order s2.

Figure 5: Absolute changes in C°-
bound for changes in architecture.
IT) Effects of Three Different Block-Types: Considering the Changes in dimensions (d.) are X2,
three components — MH, LN, PL — that make up a transformer While changes in parameter-bounds
block, we observe that for low s the regularization by £\ has (C") are x10, from the base param-
the highest bound, but becomes less relevant with the exponen- eters (see Tables 1 to 5).

tial increase of the M?H, PL-bounds for larger s. Exemplary

values are shown in Figure 3.

IIT) Weight Size for MLP vs. Multi-Head Attention: As evident in Figure 5 (and Table 4), the
parameter-bounds on PL (denoted by C4F) seem to have a more substantial impact on the bound
than the parameter bounds of M#H. For the latter, bounds on key- and query-matrices (C*>?) seem
to have bigger impacts for lower s than value- and aggregation-matrices (C'V""V) (see Theorem 10 for
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details on notation), however show larger growth rates for larger s, as also shown in Table 5. The
simple local-Lipschitz case of this result was obtained in Kim et al. (2021) (however, the complicated
higher-order version of this result is completely new).

IV) Effect of Dimensions (Key, Input, etc...): Eventually, we can examine how various di-
mensions effect the bound. The input dimension (dj,) has a slightly higher impact than the output
dimension (doyt). When it comes to choosing latent dimensions, scaling the hidden dimension of the
‘PL (dg), has an effect similar to changes in the output dimension, and substantially higher comparing
to the key-dimension dg (see Theorems 10 and 11 in Appendix C for details and notation).

Consequentially, we show the effect on the phase-transition times (73);2,, defined in Theorem 3,
dictating when the bound accelerates by a polylogarithmic factor in V.
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Appendix A. Notation

In this section, we present the notation that will be employed throughout the appendix. This notation
builds upon the framework established in the main body of the text, while incorporating additional
levels of specificity. Given the technical nature of certain results discussed herein, a more detailed
and precise formulation of the notation is necessary to ensure clarity and rigor in the statements that

follow.

Notation 1 (Multi-index Notation) We will fix the following multivariate notation.
o Multi-indices ot (ovy, . . ., ) € N* k € N are denoted by Greek letters.
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* The sum of entries is given by |a| = Zle Q.
o Its faculty is defined by o! = Hle ayg!,
o We denote the derivative w.r.t. o by D* £ 911 /9251 - .- 0z if || > 0 else D is the identity
operator
o For avector x € R*, we write 1 < Hle xz’“
o We define the relation o < S for 8 € N¥ if one of the three following holds
(i) |af <|B];
(ii) |a| =8|, and cy < B1; or
(iii) |oo| = |B|, and a; = B fori € {1,...,j — 1} and aj < Bj for j € {2,...,k}.
e Unit vectors e; € {0,1}* are defined by (e;); = 0 fori # j and (e;); = 1.

Definition 4 (C*-norm) For any s > 0, the norm || - ||cs of a smooth function f : R? — R is
defined by
akf as—lf
s £ max max | + m Lip(m—m—).
I7lle k=1,..5—1 ae{l,.,d} 1 0%q, ... 0%q, lloo  ac{l,..d}s—1 P (Bxal ---3%3_1)

We use the following notation to streamline the analytic challenges the tacking of C'*-norms.

Notation 2 (Order operator for multi-indeces) Define the order operator o for multi-indeces by
OZNk—>Nk, Oél,...,Ozk>—>O¢Ta(1),...,a7.a(k),

where 7o {1,... )k} = {1,... k} stoar ) = ... = ag ). Wewritea ~ B ifo(a) = o(8) for
o, B € N¥. Further, denote by OF the set {o() : o € N¥ || = n} and write O, £ {o(a) : o €
N |a| < n}. Eventually, define N (o) £ #|{a/ € N* : o(a/) = a}|.

We will use the following notation to tabulate the sizes of a C'*-norm.

Notation 3 (Derivatives) Letk € N, K € R* be a set, f: K = R™ a function and o € D,’fb an
ordered multi-index. Then,
* the uniform bound of a-like derivatives on K is given by

CH(a)® max max||DFf;
f)2 _max max DAl

* we define the bound at / up to derivative level n by

Cl(n) & max Cl(a),  Cl(wn)z max cl(a),
n <n

def.

» we write | K|| = sup,cx ||z, and
o the {*>°-matrix norm of any n X m matrix A € R™"*™ is abbreviated as

cAe max |A; ;1.
1€{1,....n},je{l,...m}

When segmenting, truncating, or manipulating time series we will using the following notation.
Notation 4 (Time Series Notation) The following notation is when indexing paths of any time

series.
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* Realized Path up to time ¢ is denoted by x<; = (x4)sez, s<t-
* Segment of a Path Given a sequence x € R% and integers s < t, we denote Ty = (zi)i_..

Lastly, we recorded some additional notations that were required throughout our manuscript.

Notation 5 (Miscellaneous) We define:
* N-Simplex. For N € N we write

N

AxE{ue 0% 3w =1},
=1

* Infinite powers: For ¢ € (0,1), we define

> lim ¢ =0.
t—o0

* Reshape operator: For any F1, Fo € Ny, the operator is given by reshapep,  p,, mapping
any vector u € REYE2 1o the Fy x Fy matrix
reshapep . g, (2)i; = T(i—1) Fotj-
We denote the inverse of the map reshaper, . p, by vecp, p, : REXF2 _ RFLFL,
» Softmax operator: For each F € N and each x € RF,
F-1

softmax(z) £ smax(x) = (GXP(%‘)/Zf:_ol exp(z;));Zo -

Appendix B. Examples of Data-Generating Processes Satisfying Assumptions 1 and 2

This section provides several examples of stochastic (data-generating) processes which satisfy our
assumptions and are outside the i.i.d. restrictions.

B.1. Projected Exponentially Ergodic Latent Processes

Proposition 5 (Lipschitz-Transformed SDEs with Overdampened Drift) In the setting of Ex-
ample 1, {(P"(x, )70 tzeo)e Satisfies both Assumptions 1 and 2.

The proof of Proposition 5 uses the following lemma.

Lemma 6 (Enforcing Boundedness via 1-Lipschitz Maps Preserves Exponential Ergodicity) Let
d,de Ny and Z. be a Markov process on R satisfying Assumption 2. Given any bounded Lipschitz
function f : R — RY the Markov process X. % (X,,)2., in RY, defined for each n by X, £ f(Z,),
satisfies both Assumption I and 2.

Proof [Proof of Lemma 6] Since f is bounded, then there exists some > 0 such that f(R?) C
By € R%: |jul| <}. Foreach z € Ny, let P*(z,- ) £P(X; € | Xo = z) = P(f(Z) €
1f(Zo) = f(z)) = f4P"(z,-) then the Kantorovich duality, see e.g. (Villani, 2009, Theorem 5.10),
implies that 5 : P1(R?) — Py (BY) is 1-Lipschitz; whence (2) imples that: for each = € [0, 1]¢ and
every n € N we have

Wi (P (), P"(y,-)) < Lip(/)W1 (P"(2,-), P"(y,-)) <k llz =y 2
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Thus, Assumption 2 holds. Finally, we note that Assumption 1 holds since each P"(z,-) € P1(B2).
|

Proof [Proof of Proposition 5] For any i € P1(RP) consider the unique strong solution (which
exists by our Lipschitz assumption) For the following SDE (which is a Markov process)

t t
zt =zl +/ w(ZH) ds + / Wi
0 0

where W. = (Wn)z‘%o is a d-dimensional Brownian motion and Z(’)iis distributed according to 1. For
every n € Ny let PP P(Z} € -) and, for each z € RY, let P"(x,-) £ P"§,. Then (Luo and
Wang, 2016, Theorem 1.1) implies that: for all n € N and each u, v € Py (Rd) we have

Wi (P”M,Pny) < kWi, v) 3)

where x = exp(—K); note that x € (0,1) since K > 0. That is, (P")%, satisfies Assumption 2
upon taking 4 = &, and v = §,, for any given z,y € R%, since Wy (8;,0,) = ||z — y|| , see
e.g. (Villani, 2009, page 99 point 5) or note that the only coupling between d,, and , is the product
measure 0, & dy).

Wi (pn(xv _),lfm(x’ )) SK Hx - y”

Applying Lemma 6 yields the conclusion. |

Proposition 7 Consider the setting of Example 2. Then, the process X. satisfies both Assumptions 1
and 2.

Proof [Proof of Proposition 7] Under our assumptions o satisfies (Wang, 2023, Assumption (A8) (1)
and (A8) (3)). Therefore, the stochastic process Z. = (Z;);>0 defined by

t
Zi & / o(Zs) dWs “)
0

where W. is a d-dimensional Brownian motion, satisfies the conditions of (Wang, 2023, Corollary
4.4) from which we deduce that Z. satisfies Assumption 2. Applying Lemma 6 yields the conclusion.
|

B.2. Markov Processes Satisfying a Log-Sobolev Inequalities

Our main result is equally valid under the assumption that the stationary distribution of the Markov
chain and its kernels all satisfy a log-Sobolev inequality (LSI). Since their introduction, LSIs
have been heavily studied Gross (1975); Ledoux et al. (2015); Zimmermann (2013); Inglis and
Papageorgiou (2019); Chen et al. (2021) and have found numerous applications in differential privacy
Minami et al. (2016); Ye and Shokri (2022), optimization Chaudhari et al. (2019), random matrix
theory Wigner (1955, 1957), optimal transport Dolera and Mainini (2023), since they typically
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imply Gozlan (2010); Gozlan et al. (2015) and effectively characterizes Gozlan (2009) dimension-
free rate for concentration of measure. We define the entropy functional H,, associated to any Borel
probability measure 1 on R? acts on smooth functions ¢ : R — R by

H,.(9) £ Exp [Q(X) log (Ezfi[)gzz)])} :

The entropy functional can be used to express the log-Sobolev inequalities.

Definition 8 (Log-Sobolev Inequality) A probability measure 1 on R® is said to satisfy a log-
Sobolev inequality with constant C' > 0 (LSI¢) if for every smooth function g : R* — R

Hyu(9%) < CEx~pVa(X)|?]

We require that the Markov process is time-homogeneous to admit a satisfactory measure. Further,
we require that its Markov kernel and its stationary measure all satisfy LSI¢.

Assumption 3 (Satisfactions of the Log-Sobolev Inequality) There exists a C > 0 such that i,
o, and P(x,-) all satisfy LSI¢, for each x € X.

Instead of the compact support Assumption 1 we may consider the following weaker condition.

Assumption 4 (Exponential Moments) There exist A, C>0and~ € (0,1) such that: for each
x € X we have EXNP(L,)[eMXH < velel 4 ¢

Note that, Assumption 1 implies 4, but not conversely.
Several examples of Markov processes satisfying LSI inequalities are given in Ledoux (2006)
and Gaussian processes satisfy the Exponential Moments Assumption.

Proposition 9 (Log-Sobolev Conditions and Exponential Moments Imply Assumption 2) [fAs-
sumptions 4 and 3 hold then the process X. satisfies Assumption 2.

Proof [Proof of Proposition 9]

Under the log-Sobolev Assumption 3, (Bobkov and Gotze, 1999, Theorem 1.3) can be applied to
i and P(z,-) for each z € X, implying that the transport inequalities hold: for each v € P(X) and

each [L € {laa ,UO} U {P(.%’, ')}JJGX
Wi(ja,v)* < 20% KL(v|i2) )
where we recall the definition of the Kullback-Leibler divergence KL(v|u) £ Ex~, [log(% (X))

Thus, (5) implies that the following exponential contractility property of the Markov kernel: there
exists some ~ € (0, 1) such that for each 2,z € X and every ¢t € N,

Wi (P'(,-), P'(z,-)) < &' [z — 2. (©)

This completes the proof. |
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Appendix C. Transformer Definition Details

For any I' € N, we will consider a weighted (parametric) variant of the layer normalization
function of Ba et al. (2016), which permits a variable level of regularization. Our weighted layer
normalization is defined by LayerNorm : R — R defined for any v € RY by

N (w7, B,0) 29—t ot

where p = Zle Yu; and (o0)? L Zf;l Y |lu; — pu |, splus £ In(1 + exp(+)), parameters
B € RF and v € R, and the normalization strength parameter w € [0, 1] with w = 1 being the
default choice. Here, we prohibit the layer norm from magnifying the size of its outputs when the
layer-wise weighted variance o is small.?

Definition 10 (Multi-Head Self-Attention) Fix di, € N. For x € RM*dn () K € RI&*din gpd
V € RWXdin where we have key-dimension dg € N and value-dimension dy € N; we define

M M
(Qup, Kxi) \M M xd
Att(z;Q, K,V 2( E softmax< —~ Va; e RYx%v,
( ) = ( Vdp )i:O j J

m=1
For H € N, set Q£ (QW)[L,, K=(KM)[L, C Rtxdm vt (VI)IL - C R, and
W (W C Rinxdv, For o € RM*din, we define

H M
MH(z;Q, K, V, W) £ (Z W Att(z; QM KM, V(h))m> € RMxdin
h=1 m=1

Each transformer block takes a set of inputs and intersperses normalization via layer norms,
contextual comparisons via multi-head attention mechanisms, and non-linear transformations via a
single layer perceptron (SLP). We also allow the transformer block to extend or contract the length
of the generated sequence.

Definition 11 (Transformer Block) Fix a non-affine activation function o € C*(R). Fix a di-
mensional multi-index d = (din,dg,dy,dg, dout) € N®, a sequence length M € Ny, and a
number of self-attention heads H € N,. A transformer block is a permutation equivariant map
TB : RM*din _y RMXdout represented for each x € RM Xdin

M

TB(x) = (ﬁ’\/ (B(l)x'/m +B® (0@ (Axy, +a)); 72752,1112)) .

. (N
M
' = ([:/\/(.’L'm +W(5L‘,Q7K, V7 W)ma ’Yl,ﬁl,ﬂ]l))

m=1
for v1,72 € R, wy,wy € [0,1], B1 € R%n, By € Rbout, A € R¥rxdin g ¢ R, B() ¢ RboutXin,

B@) ¢ Rdowxds qnd Q, K, V, W as in Theorem 10. Above, we write ® for a pointwise application.

The class of transformer blocks with representation (7) and bounds on 1,72, 81, B2, a, A,
BW B®) Q. K,V,W is denoted by TIZ.

2. Note that this formulation of the layer norm avoids division by O when the entries of u are identical.
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A transformer concatenates several transformer blocks before passing their outputs to an affine
layer and ultimately outputting its prediction.

Definition 12 (Transformers) Fix depth L € Ny, memory M € N, width W € Ni, number
of heads H € Ny, and input-output dimensions D,d € Ny. A transformer (network) is a map
T : RMXD 5 RE with representation

T(x):A(VeCHM,dgMOTBLO'“07—131(56))+b @)

where multi-indices d* = (d!, d%, d\,, d, d\..) < W are such that i, = D, di' = d' ., for each
l=1,...,L—1, and where H = (H")L_| are the number of self-attention heads, C" £ (C')E_, the
parameter bounds, and forl = 1,..., L we have TB; € TI;, where T, is a transformer block
class with dyy, = d', M = M, and H = H'. Furthermore, A € RIXMdgus apd b € RY.

The set of transformer networks with representation (8) and bounds on A, b is denoted by TC.

Appendix D. Elucidation of Constants in Theorem 3

The aim of this section is to elucidate the magnitude of the constants appearing in Theorem 3.
We aim of to make each of these concrete by numerically estimating them, which we report in a
series of tables. Importantly, we see how subtle choices of the activation function used to define
the transformer model can have dramatic consequences on the size of these constants, which could
otherwise be hidden in big O notation.

Interestingly, in Tables 1 and 2, we see that the softplus activation function produces significantly
tighter bounds than the tanh activation function through much smaller constants, and the GeLLU and
SWISH activation functions are a relatively comparable second-place.

The bounds depicted in Table 2 exhibits a notable trait of independence from both input dimension
and the compactum they are defined on. Notably, the selection of latent dimensionality demonstrates
a relatively minor influence in contrast to the pronounced impact of parameter bounds. This suggests
that while adjusting the latent dimension may have some effect, the primary driver of the derivative
bound lies within the constraints imposed on the parameters. Despite the seemingly conservative
nature of the chosen parameter-bounds, it is important to acknowledge their alignment with the
parameter ranges observed in trained transformer-models.

Note that the latter can be observed as well for Multi-Head attention (Table 5), however, we see
that here the input dimension (composed of di, and M) is of greater importance with respect to the
derivative bound.
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Table 1: C*-bounds of activation functions based on numerical maximization of analytic derivatives in
Appendix F.4.3.

Bound softplus GeLLU tanh  Swish
c! 0.25 1.12 4.00 1.10
C? 0.10 0.48 8.00 0.50
c3 0.12 0.75 16.00  0.31
ct 0.13 1.66 32.00  0.50
o 0.25 4.34 156.65  0.66
C* 0.41 12.95 1651.32  1.50
ol 1.06 42.77 20405.43  2.91
C? 2.39  153.76 292561.95  8.50
c? 7.75  594.17  4769038.09 21.76
co 22.25 2445.69 87148321.71 77.50

The bound of the layer-norm (see Table 3) seems to be particularly effected by the domain it is
defined on, which can be problematic if it appears in later layers. An immediate solution is the usage
of its parameter -y, a more drastic approach would be applications in combination with an upstream
sigmoid activation.

Eventually, as also shown in Figure 3, we included in Tables 4 and 5 a comparison of using type-
specific bounds (see Theorem 19) or level-specific bounds (Theorem 16) in the computation of the
constants. This effect seems to become more evident with higher number of function compositions.

Table 2: Derivative Bounds of the Perceptron Layer by derivative level according to Theorem 39.

Parameters Derivative Level
o dg C{ABY.B} 1 2 3 4 5

softmax 64 1.0 17.00 50.47 236.94 1.34E403 1.33E+04
tanh 129.00 1.02E+03 8.96E+03 9.83E+04 1.34E+06
GeLU 73.25 237.41 1.25E+403 1.16E+04 1.81E+05
SWISH 71.39 236.78 870.75 5.33E+03 4.13E+04
16 5.00 12.62 59.23 334.15 3.31E+03
32 9.00 25.24 118.47 668.30 6.63E+03
128 33.00 100.95 473.87 2.67E+03 2.65E+04
256 65.00 201.90 947.75 5.35E+03 5.30E+04
0.01 17.00 44.32 180.94 919.87 6.52E+03
0.1 17.00 44.38 181.00 919.92 6.52E+03
10.0 17.00 660.15 5.62E+04 4.17E+06 6.73E+08
100.0 17.00 6.16E+04 5.60E+07 4.17E+10 6.73E+13
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Table 3: Layer Norm

Parameters Derivative Level
k | K| ~ 1 2 3 4 5

5 10.0 0.1 18.67 28.56 104.49 1.49E+03 4.93E+03
3 18.67 28.56 104.49 945.21 4.93E+03
10 18.67 28.56 104.49 1.49E+03 4.93E+03
20 18.67 28.56 104.49 1.49E+03 4.93E+03

0.1 0.17 3.61 5.37 7.05 8.87

1.0 1.73 5.20 6.95 8.71 10.64
100.0 321.71 7.68E+03 7.88E+05 1.42E+08 4.39E+09
1000.0 321.71 7.68E+03 7.88E+05 1.42E+08 4.39E+09

0.01 1.73 2.07 2.24 2.42 2.59
1.0 | 321.71 7.75E+03 7.91E+05 1.42E+08 4.44E+09

Table 4: Derivative Bounds of Transformer Block by derivative level according to Theorem 42.

Parameters Derivative Level

din ctEQVWY ofastDy 1 2 3 4 5
5 0.01 0.001 0.01 21.15 1.13E+04 4.81E+06 2.59E+09 2.22E+11
— using derivative level — 212.70 1.53E+06 7.47E+09 4.55E+13 3.75E+16
10 111.32 4.51E+05 1.71E+09 1.45E+13 8.70E+1l6
20 1.29E+03 1.25E+08 3.47E+13 1.85E+19 2.20E+24
0.001 21.15 1.13E+04 4.81E+06 2.59E+09 2.22E+11
0.1 21.16 1.13E+04 4.83E+06 2.61E+09 2.32E+11
1.0 22.30 4.64E+04 6.96E+08 1.70E+13 1.95E+17
0.0001 5.05 126.27 1.12E+04 4.94E+06 6.87E+08
0.01 182.17 1.12E+06 4.66E+09 2.43E+13 1.71E+16
0.1 1.79E+03 1.12E+08 4.65E+12 2.42E+17 1.70E+21
0.0001 0.21 108.21 4.44E+04 2.27E+07 1.58E+09
0.001 2.09 1.09E+03 4.46E+05 2.29E+08 1.60E+10
0.1 240.09 2.45E+05 7.31E+08 4.96E+12 8.79E+15
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Table 5: Derivative Bounds of Multi-Head Attention by derivative level according to Theorem 28.

Parameters Derivative Level
dn M dxg CK Cc? ¢V cV K| 1 2 3 4 5

5 1 3 0.1 0.1 0.1 0.1 1.0 7.67 46.08 184.82 931.81 5.73E+03
— using derivative level — 7.67 46.15 186.90 1.01E+03 7.84E+03
10 7.82E+03 4.87E+04 8.14E+05 2.95E+08 2.38E+11
20 1.57E+04 1.09E+05 1.03E+07 9.25E+09 1.50E+13
5 3.90E+03 2.37E+04 1.34E+05 9.96E+06 3.83E+09
20 4.71E+06 2.85E+07 7.11E+08 2.66E+12 1.40E+16
3 7.67 45,99 183.98 920.53 5.53E+03
10 7.70 46.41 190.35 1.07E+403 1.03E+04
20 7.75 47.52 226.02 2.87E+03 1.23E+05
0.01 7.65 45.91 183.61 918.01 5.51E+03
1.0 7.90 54.45 740.55 6.51E+04 9.33E+06
0.01 7.65 45.91 183.61 918.01 5.51E+03
1.0 7.90 54.45 740.55 6.51E+04 9.33E+06

0.01 0.77 4.61 18.48 93.18 573.32
1.0 76.75 460.80 1.85E+03 9.32E+03 5.73E+04

0.01 0.77 4.61 18.48 93.18 573.32
1.0 76.75 460.80 1.85E+03 9.32E+03 5.73E+04

0.001 0.001 0.001 0.001 0.00 0.00 0.02 0.09 0.55

0.01 0.01 0.01 0.01 0.08 0.46 1.84 9.18 55.08
1.0 1.0 1.0 1.0 1.02E+03 8.06E+04 4.95E+07 5.70E+10 8.04E+13
0.1 0.77 32.14 142.34 752.79 4.68E+03
10.0 79.00 259.65 5.54E+03 5.73E+05 8.04E+07
100.0 | 1.02E+03 7.66E+04 4.88E+07 5.63E+10 7.90E+13
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Appendix E. Supporting Technical Results on the C*-Norms of Smooth Functions

This section contains many of the technical tools on which we build our analysis. Most results
concern smooth functions, especially their derivatives and those of compositions thereof. However,
the first set of results concerns the integral probability metric d.

E.1. Integral Probability Metrics and Restriction to Compact Sets

Fix d € N, and a non-empty compact subset X C R¢. Observe that any Borel probability measure
i on K can be canonically extended to a compactly supported Borel probability measure 1+ on all
of R? via

1w (B) £ u(B N K),
for any Borel subset B of R?; noting only that B N K is Borel.

Let P(K) denote the set of Borel probability measures on K. Suppose that K is a regular
compact set, i.e. the closure of its interior is itself. As usual, see Evans (2022), for any s € N, we
denote the set of functions from the interior of K to R with s continuous partial derivatives thereon
and with a continuous extension to K by C*(K). This space, is a Banach space when equipped with
the (semi-)norm

akf . as—lf
azal...arak (U)H + maXaE{l 77777 d}ys—1 Llp(@zal...()z%_l .

-----

We may define an associated integral probability metric ds. on P(K) via

ds:x(p,v) = sup  |[Exu[f(X)] = Ex~o[f(X)]]
feCs(K)

for any u, v € P(K). The main purpose of this technical subsection is simply to reassure ourselves,
and the reader, that quantities d. 5 (i, v) and dgs(u™, v™") are equal for any u, v € P(K). Therefore,
we may use them interchangeably.

Lemma 13 (Consistency of Smooth IMP Extension - Beyond Regular Compact Sets) Fixd, s €

N, and let K be a non-empty regular compact subset of R%. For any p,v € P(K) the following

holds

dSZK(M> V) = ds(u—‘rv V+)'

Proof Let int(K) denote the interior of K, By the Whitney extension theorem, as formulated in
(Fefferman, 2005, Theorem A), for any f € C*(K) there exists a C*-extension F' : R? — R of
[ lint (k) to all of R%; ie. F| int(k) = fand € C* (R?). Since any continuous function is uniformly
continuous on a compact set, int(K) is dense in K, and since uniformly continuous functions are
uniquely determined by their values on compact sets, then f coincides with F" on all of K (not only
on int(K)).

For any 1 € P(K), by definition of + we have that

Ex ot [F(X)] = Exept [F(X)Ixex] = Exopt [f(X) Ixex] = Exopulf(X)].

Therefore, for any p, v € P(K) we conclude that and each f € C*(K) there exists some F' €
C*(RY) such that

By ulf (V)] = By [f (V)] = Ex ot [F(X)] = Ex o+ [F(X)].
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Consequentially, d. ;e (11, v) < ds(u™, vF). Conversely, since the restriction of any g € C*(R?) to
K belongs to C*(K) then the reverse inequality holds; namely, d.x (1, v) = ds(u™,v"). [

By Lemma 13 we henceforth may interpret any such p as its extension ™, without loss of
generality.

E.2. Examples of Functions in The Classes C, ,, - .([0, 1]4,R) and cepor ([0, 1]4,R)

In several learning theory papers, especially in the kernel ridge regression literature e.g. Simon
et al. (2023); Barzilai and Shamir (2023); Tsigler and Bartlett (2023); Simon et al. (2023); Cheng
et al. (2024a,b), one often quantifies the learnability of a target function in terms of some sort of
decay/growth rates of its coefficients in an appropriate expansion; e.g. the decay of its coefficients in
an eigenbasis associated to a kernel. These decay/growth rates are often equivalent to the smoothness
of a function®. Therefore, in a like spirit, we unpack the meaning of the smoothness condition in
Assumption 1 which impacts the learning rates in Theorem 3 by giving examples of functions in the
classes C5, . ,([0, 1], R) and emp 0([0,1]%,R).

For brevity and transparency in our illustration, we consider the one-dimensional case. In
particular, this shows that the class is far from being void.

Proposition 14 (Functions with Polynomially/Exponentially Growing C*-Norms on [0, 1]) Fix
d € N, and let K be a non-empty regular compact subset of R%. If f : R — R is real-analytic with
power-series expansion at O given by

_i Bix

and if there are C',r > 0 such that
(i) Polynomial Growth: |8;| < Ce'" (Vi € N), then f € Cp%y,  .([0,1],R); or
(ii) Exponential Growth: |B;| < C(1+14)" (Vi € N), then f € Cpyy .,.([0, 1], R).

Proof Since f is real- analytic we may consider its Maclaurin-Taylor series expansion which,
coincides with >~ Bz, meaning that for each i € N we have 3; = &' f (0). Therefore, standard

i
analytic estimates and manipulations of the Maclaurin-Taylor series—see e.g. (Rudin, 1976, page

173)—yield

i 5il'i_ 1 /B’L s+1 s+1
g, | 30 S 1@ <y e, (2 - ora)
i : (©)]
<— .
\(s+1)!ﬁs(3+1)

If (i) holds, then the right-hand side of (9) is bounded from above by C' (s + 1)" and f €
Croy-c-([0,1],R). If instead (ii) holds, then the right-hand side of (9) is bounded from above
by C'e®” implying f € ([0,1],R). [ |

eacpCr

3. See e.g. (Atkinson and Han, 2012, page 120-121) for an example between the decay rate of the Laplacian eigenspectrum
characterize the smoothness of the functions in the RKHS of radially symmetric kernels.
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Appendix F. Proof of Theorem 3

Before entering into the formal proof of Theorem 3, we overview its structure by overlooking its key
steps and ideas on a high-level. The first step in deriving our generalization bounds is to quantify the
regularity of the transformer model as a function of its depth, number of attention heads, and norm of
its weight matrices. By regularity, we mean the number and size of the continuous partial derivatives
admitted by the transformer. To quantify the size of the partial derivatives of the transformer we first
remark that it is smooth; that is, it admits continuous partial derivatives of all orders (see Theorem 22).

We will uniformly bound the generalization capabilities of the class of transformers 7 € TC by
instead uniformly bounding the generalization of any C*® functions on RM? with C**-norm at most
equal to the largest C*-norm in the class 7C. That is, we control the right-hand side of

SupreTc ’Rt(T) - R(N)(T)’ < SUP fecs (M) ‘Rt(f) - R(N)(f)

10)

where R = Cy7¢ ks as defined in Theorem 3, describes the higher-order fluctuations of the
“difference” between the target function f* and any transformer 7 € TC, as quantified by the loss
function £. Our first step is thus to bound R by upper-bounding maximal size of the s** partial
derivatives of all transformers 7~ € 7C. Explicit bounds are computed in Theorem 41, and their order
estimates (as a function of s) are given in Theorem 42. Combing these estimates with the maximal
sth partial derivatives of the loss and target function, via a Fad di Bruno-type formula (in Theorem 17
or Lemma 16), which is a multivariant higher-order chain rule, yields our estimate for R in (10).
Now that we have bounded R, appearing in the supremum term in (10), it remains to translate
this into a generalization bound. We can do this by relating it to the so-called smooth Wasserstein
distance dg between the distribution of the Markov chain at time p; and its empirical distribution
pN) ] /N 25:1 dx,, obtained by collecting samples up to time N. The smooth Wasserstein
distance d, studied by Kloeckner (2020); Riekert (2022); Hou et al. (2023a), is the integral probability
metric (IPM)-type distance quantifying the distance between any two Borel probability measures p, v
on RM9 a5 the maximal distance which they can produced when tested on any function in Cy (RMd)

ds(p,v) = sup  Exopu[g(X)] — By fg(Y)].
geCs (RMd)

The right-hand side (RHS) of (10) can be expressed as R times the d, distance between the (true)
distribution 1y of the process X. at time ¢ and the (empirical) distribution (") collected from
samples

RHS(10) < sup  [[6(f, f*)lles ds(pe, k™). (11)
feC%(RMd)

The ds distance between the process X. at time ¢, i.e. ¢, and the running empirical distribution pN)
can be accomplished in two steps. First, we fast-forward time and bound the ds-distance between
u(N ) and the stationary distribution |1, of the data-generating Markov chain X. (at time { = c0).
We then rewind time and bound the ds-distance between the stationary distribution p, and the
distribution u; of the Markov process up to time t; by setting up the i.i.d. concentration of measure
results of Kloeckner (2019); Riekert (2022). This last step is possible since our assumptions on X.
essentially guarantee that it has a finite (approximate) mixing time.
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F.1. The Formal Proof

The proof of Theorem 3 will be largely broken down into two steps. First, we derive our concentration
of measure result for the empirical mean compared to the true mean general of an arbitrary C*
function applied to a random input, where the C*-norm of the C*® function is at most R > 0 (in
Subsection E.3).

Next, (in Subsection F.3), we use the Faa di Bruno-type results in Section F.2 to bound the
maximal C* norm over the relevant class of transformer networks. We do this by first individually
bounding each of the C*-norms of its constituent pieces, namely the multi-head attention layers, the
SLP blocks with smooth activation functions, and then ultimately, we bound the C'*-norms of the
composition of transformer blocks using the earlier Faa di Bruno-type results.

Get: General Bounds on
Derivatives of Compositions
of Smooth Functions
v
Compute: Uniform Upper-
Bound on Partial Derivatives »
of Transformers of Order s

Generalization

. .
.

ach i 4l .-

For each integer s . K Bound of "order s"

Get: Concentration of Measure .-'
4 Result for Integral Probability *
Metric With Non-i.i.d. Data

Figure 6: Workflow of the proof technique used to derive Theorem 3.

Our main result (Theorem 3) is then then obtained upon merging these two sets of estimates. The
workflow which we use can be applied to derive generalization bounds for other machine learning,
and is summarized in Figure 6.

F.2. Step 0 - Bounds on the C'* Regularity of Multivariate Composite Functions

In this section, we will derive a bound for the Sobolev norm of multivariate composite functions.

F.2.1. MULTIVARIATE FAA DI BRUNO FORMULA REVISITED

We begin by establishing notation and stating the multivariate Faa di Bruno formula from Constantine
and Savits (1996).

Theorem 15 (Multivariate Faa di Bruno Formula, Constantine and Savits (1996)) Letn,m,k €
N, a € N with |a| = n, and define

h(xh' . 7xk)gf(l)(g(1)<m17 cee ,.Z'k), ce 7g(m)(x17 s 71.]6))

Then, using the multivariate notation from Notation I,

n

C(J) n(J)
Dohr) = Y (DN S a'Hu.

1) [n@)|
1<[Bl<n nCEP(a,B)  J= 1
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PlasB) = {n=@D,...0™) € (), ¢ (W, (M) e (W
3j<m:nW =09 =0fori<j,n? >0fri>;j
0< ¢ <0< ¢ D = Band S [n@¢ = a}.

Proof See Constantine and Savits (1996). |

F.2.2. UNIVERSAL BOUNDS

Theorem 16 In the notation of Theorem 15, we have for a compact set K C R¥ and an multi-index
a € NF, la| = n,

O (a) < max Cg[ (n n')CL (<n)™ E E a! | | ( OOl
n’e{l,...,n} 1<|Bl< 77 Q‘J 77

where C1(-), C';[K} (+), C%(-) are defined as in Notation 3.

Proof Using Theorem 15,

) ; T2, (0% g)il
CK(Oé) < Z ||D ng[K] Z Oé‘H = ])' C 17(])
1<|8l<n n,CEP(a,8)  J=1
T Chlen)”
g | Hz 1 YR
Z Co |B| Z o H ) l(g(y Din@|
1<|5\<n n,¢(EP(a,8)  J=1
< Y CgUBNCE ()T S o] S OTRANT]
1<|ﬁ\<n n¢EP(a,f) = 1N !

n

: 1
< g Neli n ! _—
S weion) Co)Cxlen)™ D 3, o] n@I(C@) ]

1<|Blsn n,CeP(a,B)  J=1
|
Next, we refine the strategy used in Hou et al. (2023b) to convert our uniform risk-bound to a
concentration of measure problem. Once done, the remainder of the proof will be to obtain bounds
on the rate at which this measure concentrates.
Lemma 17 For « € {1,--- ,k}", it satisfies that

n

1 2m|a] lo]
o S (1+o(1))
Z Z 5 ol AN eln |af ]

1<|Blsn n,CeP (e,

where P(«, 3) is as defined in Theorem 15.
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Proof Consider functions

d
0(@) = D@1 za) Eexp (D z;) : RY SR, i=1,...2m,
j=1
2m .
FlgM, - g®m™) e exp (Zg(z)) c R LR,
i=1
Since
7)']0(9(1)’ T ’g(2m)) = f(g(l)a T 79(2m))7

it follows that

(D7 P)gW (@), 9P (@) = flgW (@), g®™ (), VB eE(L--- 2m}",

Since
0 o) (2m)
@ (g (3717"'73%)7'”79 (1.17"'7(13]6))
2 .
9 gD (1, , xp)
— D (g ... e g2m) (L g\, Tk
; 8g(’)f(g (:Ela al‘k’)v » g (1:17 733145)) 8:63
2m
_Zf(g(l)(xh ,1’k>,"‘ 79(2m)(x17"' 7:1;]6))9(1)(‘7;17 7xk)
i=1
D (1) (am), 999 (z)
_izlag“)f(g (@), g @) =5
2m
=g (@), g™ (@) gD (x)
i=1
and

39(i)($1,"' ' Tk) (4)
5% =g (LIT]_,"' axk)a

we can show by the Faa di Bruno formula that

Daf(g(l)(:l:),”' ,g(2m)(w))

2m
=D%exp () g (x))
i=1
’Oé" 2m 0 |l 2m " i
- ' Dy etexp ) (3 g0 (@) TT [mi (Y- g0 (@))]
where the summation on the right side of the last equality is over all |«|-tuples (71, - - , fy|a|) >0

suchthatl-71+2-72+'--+|Oé|'7|a| = |al.
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By the multivariate Faa di Bruno formula. For each n = 1, ..., s — 1 fixed, and for each
aec{l, - -, k}", we have

DF (), g™ (2))
C(] x
_ Z (Dﬁf)(g(l)(a:),---,g(zm)(x)) Z a'H (')

9@

)
1<JBl<n nCeP(ap) -1 nOHCOm
Taking z = (z1,--- ,x) = 0, we have
1 2 af! o
Df(g(0),---,g®™(0)) = exp(2m) [ [ (2m)”

Y (A7 g () Ve
(m” F)(g™M(0),--- 9™ (0)) = f(g(0),---,g*™(0)) = exp(2m),
D (D), gP M (@) = (1,-+- 1),
Substituting the above derivatives into the Faa di Bruno formula, we obtain

|a|

al! .
Z Z a'H C(j SO nD] :Z !(1!)71”’. (a1 H(Qm)“*]

1 Blenncera) =1 m Ve’ =1
|
<(2m)le! !
(2m) Zﬂyl!(l!)W---*y‘a|!(]a]!)7la\
a| ol
()

where the last equality follows from (Khorunzhiy, 2022, Theorem 2.1),

]! (|l e N
Z’Yl )7y ([ D)1 N (eln|a!) (1+o(1)).

Corollary 18 (Level Specific C°-Norm Bounds for Transformer Blocks) In the notation of The-
orem 16, it holds for n € N,n > 1 that

2mn

Cle(en) < max O (n)Che(<n)” |

n’e{l,...,n} glK

1+ 0(1))]".

elnn

and ifC’};(sn) =1,

2mn

Cl(<n) < Oy () Ce(<n)” [ 1+ (1))}".

elnn

Proof Follows directly from Theorem 16 and Theorem 17. |
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F.2.3. BOUNDS IN DERIVATIVE TYPE

The goal of this section is to bound the derivative of composite functions by grouping with respect to
~, defined in Notation 2.

Theorem 19 In the notation of Theorem 15, we have for a compact set K C R* and an ordered
multi-index o € OF

()))In(])l

n 9.
k@ <at 3 NOCH©e Y ] ij,“ T

peom, 1,CEP! (00,B) §

where C1(-), C’;[K] (-), C%(-) are defined as in Notation 3; and
PllasB) = {n=mW,....n™) e ()¢ (W, ) e (v
3j<m:n® =0,¢D =0fori<j,n9|>0fori>;j
0<¢W g act S0 0 =Band S0 I = al,
where a <1 B for o, B € NF if |a| < |B| and o # .

Proof We have for oo € OF

©)
¢ n;
8 12 1D g)ill &
Clele) <max > 1D%flljy Y o] DO
1<|Bl<n nCEP(y,B)  J=1
Cg C(J )|
f
Z Cg[K}(O(B))IynaX Z H n@OICONHMD]
1<|Bl<n n,CEP(v.B) =1
Then
{n:(0(¢), 0 (™)) (1,0) € P, )}
is invariant in @ with respect to ~ and thus
"m0 (o(¢W))) ]
f Ck( ))
> CaC®) H )1 g(J NEE
1<|Bl<n nCEP (a,f)  J=

Further, notice that

LD D0, (00 ), ¢ 01,¢) € P, 8)}

is invariant in 5 with respect to ~ and the assertion follows. |

Corollary 20 In the notation of Theorem 19, if f is affine-linear,

C’K( ) < malC [K](el)C'f((a),
where C;c K] (e1) is the maximum weight of the matrix representing f.
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Proof Theorem 19 yields

F.3. Step 1 - Concentration of Measure - Bounding the Right-Hand Side of (10)

We are now ready to derive our main concentration of measure results used to derive our risk-bound.
This corresponds to bounding term (10) by controlling the integral probability term d (1, pN ))
in (11), with high probability, where the randomness is due to the randomness of the empirical
measure (V).

We state the next bound in the case where the input space if R?. Note that the results hold
for any other input dimension, such as Md, simply by relabeling d <— Md. Thus, it applies to
the finite-dimensional Markovian lifts X of data-generating processes X., where M € N_, by
relabeling. Therefore, for notational minimality, we chose to label the input dimension d and not
dM.

Proposition 21 (Excess Risk-Bound) Under Assumption 1 and either 2 or 3, let f* : R? — RP,
0 :R?*P - R, and R,r > 0 be a such that the composite map R? > x — ((f*(z), f(x)) belongs
to C3,(RY) for all f € C2(R?). Then, there exists some k € (0,1) depending only on the Markov
chain X. and some ty € Ny such that for each to < N < t < 00, each “rate-to-constant-tradeoff
parameter” s € N, and every “confidence level” 6 € (0, 1] the following

d/(2s+1)
log (¢ N .
» ) i<
‘Rmax{t,N} <g> -R (g)‘ t 2 ln(l/d) lo (CN) .
oo R S N1/2 gN1/2 ifd=2s
g€eCs (RY) lc ( N)d_2s+(S/d>
og (¢ .
co Ns/d #d =2s

holds with probability at least 1 — 6; where 0 < k < 1, and we use the notation k™ = 0.

Proof [Proof of Proposition 21] By hypothesis, f € C3(R?) the induced map

RS R
def. * 3 (12)
x = fx) =2 L(f*(2), f(x))
belongs to C%,(RY).
Conversion to a Concentration of Measure Problem. Denote the empirical (random) measure as-
sociated with the samples { (X, Y,,)}_; by u() & % T]L\[:l d(x,,v,)- Note that the generalization

bound is 0 for any constant function; therefore, we consider the bound over C' %(Rd) \ Lip, where
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Lip, denotes the set of constant functions from R¢ to R. Note the bijection between C5,(R9) \ Lip,

and C§(R?) \ Lip, given by f W\\Cs@w)} f. Therefore, we compute

IRi(f) —RM(g)| < sup  |Ru(f) — RN (g)|
g€Cs (RY)

<R sup |Ri(g) - RM(g)|
gECf(Rd)

<Rdcs (/umax{t,N}a N(N))

<R (des (pe, 1) + des (7, ™)) ). (13)
av) V)

Next, we bound terms (I) and (II).

Bounding Term (IV). If Assumption 2 holds then: for every ¢ € N each z,z € X we have
Wi (PH(z,-), PY(Z,-)) < ' Wi (04, 05) = k' ||z — 2.

If, instead, we operate under the log-Sobolev Assumption 3, then (Bobkov and Gotze, 1999, Theorem
1.3) can be applied to i and P(z, -) for each z € X, implying that the transport inequalities hold:
foreach v € P(X) and each 1 € {fi, o} U {P(x, ") }rex

Wi (1, v)? < 2C? KL(v|f1) (14)

where we recall the definition of the Kullback—Leibler divergence KL(v|u) £ Ex.., [log(% (X))].
Thus, (14) implies that the following exponential contractility property of the Markov kernel: there
exists some ~ € (0, 1) such that for each z,Z € X and every t € N,

Wi (P'(x,-), P'(%,-)) < &' ||z — . (15)

Furthermore, (15) implies that the conditions for (Riekert, 2022, Theorem 1.5) are met; whence, for
—Ne2(1—-k)? )

every € > 0 and each N € N the following holds with probability at-least 1 — exp ( 5072

(V) = dy (i, 1™) < E[ds (1, p™)] + e, (16)

for some C' > 0. Upon setting & = C\Y/ivzlnl/é (16) implies that: for every N € N and each

d € (0, 1] the following holds with probability at-least 1 — §

(V) = dy (1, 1) < E[dy (1, f )] +- Y 2RAS0), an
~—_—— N(]_ — 1{2)
R

It remains to bound the expectation term (VI) in (17) to bound term (IV).
Under the exponential moment assumption 4, we have that

Ex~pe) e = 1] <y (7 = 1) + (€ = 147). (18)
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Therefore (Riekert, 2022, Proposition 1.3), implies that sup,cy, E[e?Xtl — 1] < co. Whence,
(Riekert, 2022, Assumption 2) holds with Young function ®(x) = 1 (eBIXel —

max{l,supteN+} E[eflXt —1]

1); namely, sup,cy, E[®(|X¢])] < 1. Consequentially, (Riekert, 2022, Theorem 1.1) applies from
which we conclude that there is some tg € N such that for all N > ¢g

d/(2s)+1
log ((1—-k) N .
g ((I_H)I/Q)NM if1=d<2s
(VD) = E[dy (i, ™) < log ((1— k) N)° m ifd=2s - (19
d—2s+s/d
g (10 ) if d = 25

(I—H)S/d Ns/d

Combining the order estimate of (VI) in (19) with the estimate in (17) implies that: for every
N > tp and each 6 € (0, 1] we have

d/(2s)+1
2In(1/6
V) = dy(3, V) 5 V2R s (£) i d = 2 (20)
N1/2 cN1/2 et/
e (C;V?Vs/d ifd = 2s
where ¢ (1 — k), c2 2 ¢*/% € (0,1), and < suppresses the absolute constant max{1, C’} > 0.
Bounding Term (V). Next, we bound (V) by computing
(V)=dcs(ue, p) = sup  pufg] — pilg]
g€Cs (RY)
< sup  pufg] — Alg] 21
g€Lip; (R)
=W (t, [t) (22)
=Wi(P' o, ) (23)
=W1(P'pio, P'a) 24)
<KW (o, i) £ 61 C (25)

where (21) held by definition of the MMD d¢s and by the inclusion of C;(R%) C Lip, (R%), (22)
held by Kantorovich duality (see (Villani, 2009, Theorem 5.10)), (24) held since [ is the stationary
probability measure for the Markov chain X, it is invariant to the action of the Markov kernel,
and (25) followed from (Olivera and Tudor, 2019, Corollary 21) since we deduced the exponential
contractility property (15) of the Markov kernel. Note that C' = W (10, fi) is a constant depending
only on the initial and stationary distributions of the Markov chain.

Conclusion. Incorporating the estimates for (V) and (IV) into the right-hand side of (13) implies
that: for every ¢, N > to, s € N, and each ¢ € (0, 1] the following holds

d/(2s+1)
og (eN)" T <o
|Rmax{t,N} (g) - R(N) (g)} <J t 2 11’1(1/5) log (CC]\IT\SI/Q i
gGEE?Rd) R Slicoo K7 + TNLZ + 17 i ifd = 2s
R log (CN) ° .
— N if d = 2s
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with probability at-least 1 — §; where ¢ = (1 — k) and k € (0, 1); where I;«ook® =0 ift = co. W

F4. Step 2 (A) - Bounding the C'° Regularity of Transformer Building Blocks

We begin by the following simple remark, that if the activation function used to defined the transformer
18 smooth, then so must the entire transformer model.

Proposition 22 (Transformers with Smooth Activation Functions are Smooth) Fix 7C, as in
Theorem 12, then every transformer T € TC is smooth.

Proof [Theorem 22] The smoothness of Att follows directly from the smoothness of softmax,
which immediately implies smoothness of MH since the operators used for its definition are smooth.
Furthermore, the LN is smooth due to its smooth and lower-bounded denominator and the activation
function o is smooth by definition, therefore we conclude that 7B € TIC is smooth for every TIL as
in Theorem 11 and we obtain smoothness of 7 € TC as a consequence. |

F.4.1. THE SOFTMAX FUNCTION
Lemma 23 (Representation of higher-order softmax derivatives) For F' € N and
F
smax : R 5 RY, 2 (exp(:m)/Zf:_Ol exp(a:j))

i=

there exists for any multi-index o € N¥ and m € {1,..., F} indicators (aﬁj)ffg’@j‘al!} C {0,1}
such that
la|!
smax(® (z,,) = Zsmax(acm) H (aﬁj — smax(z;)), (26)
k=1 ijel(a)

where I(a) = {(i,7) :i=1,....,F,j=1,..., 04}
Proof For |o| =0, wehaven € {1,..., F} s.t. a, = 1, therfore

0 smax

smax® (z,,) = 3 () = smax(zy,) (Opmn — smax(zy)),
Tn

which is of the form (26). Now, let o € N¥" arbitrary, therefore, by defining o/ € N by o) £ a; for

/ def.

1 # nand o;, = v, — 1 (W.lo.g. o, > 0). We have

B 9 smax(®)

smax(® (z,,) = T(aﬁm)
g
= 92 Zsmax(xm) H (a;lfj — smax(z;)).
i ijel(a’)
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Since for any k

9 smax (zy,) H (a/F. — smax(z;))

Ay, - " !
i,j€l(a)

= smax(z,) (6mn — smax(z,)) H (aff; — smax(x;))
ijel(a’)

+ smax(zy,) Z —smax(zj) (87, — smax(z,)) H (aékj — smax(z;)),
i’ €l(e’) i,j€1(c)
(1.5)# (" .3")
we can define (aﬁj)fjeé}’('a';'allﬂ} C {0,1} such that

|a|

92 smax(Zy,) H (a;’g —smax(z;)) = Zsmax(zm) H (aij — smax(z;)).
k=1

On ijel(a’) ijel(a)
Since |a|! = |a] - |&]!, this concludes the proof. [ |
Lemma 24 (Bound of higher-order softmax derivatives) With Notation 3, it holds for any set
K € R¥ k € Nand any o € D% _ that
C*M (o) < a!.

Proof This is a direct consequence of the representation in Theorem 23 together with || smax || = 1.
|

F.4.2. THE MULTI-HEAD SELF-ATTENTION MECHANISM

Lemma 25 (Bound of Dot product) In the notation of Theorem 10 and form € {1,..., M}
dp,,(+:Q, K) : RMIm — RM v (Qup, Kj) 1L
we have using Notation 3

d def.
1. O™ (e1) € 2dindg | K||CCCK, where C9 % max; jeq1 . qirx(1,....du} |Qiirl, CK analo-
gously, and | K || £ max,cx ||z||. Additionally,

2. C?(pm () < 2dgCRCE, for |a| = 2, and
3. C?(Pm(a) = 0 for |a| > 2.
Since all bounds are not dependent on m we write CIW short for CdPm

Proof
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1. Letl = (I1,l2) € {1,...,M} x{1,...,din}. Assume Iy = m. If j # m, then
di din in
DA dp,,(2;Q, K); = DS (Ka); > Qir(wm)y = Z (Z Ko (x5); )Quz,
i'=1 ’

=1

implying
K in
D dp,y, (23 Q, )| < KD Qi Y Kir < dindic | K[| COCH. 27)

Ifj=m

Deldpm(x;QyK)j:DelZ<iKlz l‘m )(i@zz :Em >
_Z< leZsz xm +Q2122K” :L‘m )

i'=1 i'=1
therefore implying
1D dp,, (23 Q, K)|| < 2dindc || K[|CCCK.
If [y # m then for j # l;, D dp,,(z;Q, K); = 0,forj =11

di din
Del dpm(a:; Q,K)j = Del Z(me)z ZKz 2/ 1’] - Z <Z sz xm i ) i,l2s
=1 i'=1 =

and we obtain (27) analogously.

2. Ifly =mandj #m

De < xm lzz <Zkzz ‘Tj >Qi,12> =0,

i=1 =1
implying || D% dp,,(z; Q, K)|| < 0, what analogously holds for I; # m. However, for l; = m and
Jg=m

(ZK’LZQZQZZ xm +Q1122K21 xm > ZKleQzlg+Qzl2 1,09

we have
| D% dp,, (z; Q, K)|| < 2dxCRCK.

3. Let !’ = (I4,l5) € {1,...,M} x {1,...,din}. Assume Iy = m, j # m. Ifl} # j,
Derter dp,,, (2;Q, K); = 0. For I = j follows D*er dp,, (2;Q, K); = 0% K,y Qiy,. If
li = m, j # m, we have D" dp, (z;Q, K); = 0 in the case that [{ # m, and for I} # m we

obtain
di

Dt dp,, (2;Q, K)j = Y Kin,Qipy + Qit Ky
i=1
This means, we can use the bound

| Dé*er dp,, (z;Q, K)| < 2dxCPCK.
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Lemma 26 (Bound of Self-Attention for Derivative Type) Using the notation of Notation 3, The-
orem 10 and Theorem 25, it holds that

Mdln
CAtt( ) dinMCV <‘K||C;(maXOdp(a) + Z alC;maXOdp(a — 61))
=1

where

n In)]|
CsmaXOdp ) < al Z )Capir) (B) Z H C(J ))r](J)| : (28)

pedY n,6EP’ (e f) 3=1 v

Proof Fix o € N*, and note that

D Att(z: Q, K, V)|| < D Att(2;Q, K,V
I (z;Q il meﬁ?fmie{ﬁ?%v}” (z;Q Jm,

and
D% Att(z; Q, K, V)m,i
M dlI]
<303 1D smasco dp(a: Q. K); Vi ()|
J=14=0
<dinM  max | D% smax odp(z; Q, K);V; i (x)ir]|-

je{l,...M}i 6{07 5 m}
Due to the extended Leibnitz rule Hardy (2006), we have
|| D% smax o dp(z; Q, K);V; i (x)i||
Mdln

< || D smax o dp(x; Q, K); Vi ()i || + Y Viarou|| D~ smax o dp(a; Q, K)j]|-
=1

Equation (28) follows directly from Theorem 19. |

Corollary 27 (Bound of Self-Attention for Derivative Level) Using the setting of Theorem 26,

forn € N,
CRM(n) < dinMCY O™ (<n) (|| K| + ndin M) (29)
where .
smax o dp smax dp n| <l "
O (cn) < Oy (am) O (en)" [ 22 (14 0(1))] (30)

Proof Equation (29) follows directly from Theorem 26; and (30) is a consequence of Theorem 18. H
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Corollary 28 (Bound of Multi-head Self-Attention) In the notation of Theorem 10, Theorem 19
and Theorem 25 it holds that
C™M () < aldyCV Ot (a)

where

max ,

A Q) g (h) ()
he{l,...,.H} he{l,...,H}

In particular, we have the following order estimate

n

2n
Ci(< ) € O (MKW e, anKINQUED" 1(2) " CE).

Proof From Theorem 20 and Theorem 26 we directly obtain

O (@) <nldy CV dig MCV n!(2dind i | K ||CRCE)™

X (1K I+ ndin M) [ 55 (14 0(1)]
Applying Stirling’s approximation, we have that
n\ 2n
Cit%(a) € O (MRNIW IV e KIQUIED" 22(2) 1), G2
where C), = g?rf‘fl(l +0(1)) and cq,, a4y = 2dindk. [

F.4.3. THE ACTIVATION FUNCTIONS

Lemma 29 (Derivatives of splus) For
splus: R - R, x> In(1+ exp(+))

it holds
splus™ () = sig(z) £ 1/(1 4 exp(—z))
and forn € N

splus" ™! (z) = sig™ (2) = Y (—=1)" kLS, sig(w) (1 - sig())",
k=0

where S,, |, are the Stirling numbers of the second kind, S,, j, = % Z?ZO(—l)k_j (?)]”

Proof We start with Faa di Bruno’s formula,

G 580) = s = D @) B (@),
k=0

where f(z) =1+ exp(—x) and By, ;(f(x)) denotes the Bell polynomials evaluated on f(x). Next,
we know the k-th derivative of f(z) is given by

d" —z
ﬁf(x) =(1—Fk)k+ke ™.
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Now, using the definition of the Bell polynomials B,, ;( f(t)), we have

B i(f(x)) = (—1)"Sp e,

where S, ;, represents the Stirling numbers of the second kind. Substituting the expression for
By, (f(x)) into the derivative of sig(x), we obtain

" .
T sig(v) = kz_o(_l>n+kk!5n’k sig(2)(1 — sig(x))".
|
Corollary 30 In the setting of Theorem 29, for n € N,
" kRELS
lu n,k
CSP S(n) < Z W
k=0
Proof For k € Nand z € [0, 1], we have
fAa)ze—2)%  (ff)(2) =0~ (k+ )l —2)*
which amounts to (f*)'(x) = 0at1/(k + 1), i.e.
o fo) = () =
max_f(z) = = .
z€0,1] E+1\k+1 (k+ 1)k+1
|
Lemma 31 (Derivatives of GELU) For
GELU:R - R, =z z®(x),
it holds
GELU(z) = ®(x) + x¢(x),
GELU™ (z) = np™ () + 2™ V(z), n>2, (33)
with p(x) = \/%e_ﬁﬂ, ®(x) = [*_ @(u)du. The n-th derivative of o(x) is given by
[n/2] 2k+1
dr 1 e n re=s=) -
77190(.17):76 ﬂ[Z( >2k % T Zk].
dx V2r — \2k L'(3)

Proof By induction we can show that (33) holds. And the representation of the n-th derivative of
(x) follows from de Oliveira and Tkeda (2012). [ |
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Corollary 32 Forn > 2, it holds in the setting of Theorem 31

CGELU(n) < (nan—2bp—2 + an—1cn-1),

h \/27rr(%)
where
(/2] (/2] [n/2]
def. n k 2k + 1 def. 7ﬁ n—k def. 7ﬁ n—k
Qp = kzo <2k>2 F( 5 ), bn_lilgge 2 kzoa: , cn_glg]éw 2x;0x .

Lemma 33 (Derivatives of tanh)
For tanh : R +— R, the n-th derivatives have the representation

mn

d
— tanhz = C,(tanh ),

dz™
Cn(z) = (—=2)" (z+1)zn:k' " ( —1)k >1
n(2) = o \ & z , n=1.
k=0
Proof See Boyadzhiev (2007). |

Corollary 34 In the setting of Theorem 33, for n € N, C**"0(n) = max,e(—1,1) On(2).

Lemma 35 (Derivatives of SWISH) For

SWISH: R » R, 2+ - feﬂ
it holds forn > 1
am n n+1
d—nSWISH nz — IS, sigh(x +ZEZ — 1)1, 1.4 51g" (),

k=1

where Sy, i, are Stirling numbers of the second kind, i.e.,

S = ;]z:(—l)ﬂ' (5)e-ar

Proof By induction, we can show that

dn
o SWISH(x) = nsig™ V() + zsig™ (z), n>1.
x
By (Minai and Williams, 1993, Theorem 2), the derivatives of the sigmod function can be represented

as
n+1

sig () = > (=1 (k= 1)1 41k 8igh (@), n > 1.
k=1

Combining the above two equations, we obtain the general form of the n-th derivative of the SWISH
function. u
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F.4.4. THE LAYER NORM

Lemma 36 (Bound of the Layer Norm for Derivative Type) Fixk € N, 5 € R*, v € R, and
w € [0,1]. For the layer norm, given by

LN : RF — RF, x— vy f(x)goX(z)+ B;

1
f:RF SR o2 — M(x); g:R—=>R, wuw~

1+u

k k
M:RF - %Z T :RE SR, xH%Z(mi—M(a:))2;

holds for a compact symmetric set K (using Notation 3)

(2m + 1) OB (o(¢W)))nY]
Z —o2m < ) > I (]
m=1 o'<a n,CeP(afym) j=

|a/|=n—1
T CE(o(¢))
* 1175 ))In(”I)

—_

e P m) L (¢!
where C% (o) = 2w||K || for |a| = 1, C3(a) = 2w for |a| = 2, and C3(a) = 0 otherwise.

Proof Note that @ n

n—+1)!

g"(x) = (—1)" s

implying CY-(n) < (2n+1)!1272", 1 denoting the double factorial. We have further C};(a) < Ljgj=1
and a direct computation yields

(1+z)2 ",

2| K|| for |a| =1
CE(a) < { 2w for |a| = 2
0 else.

By Theorem 19,
n (J)))\'n‘”\

C}J;E(O‘)galzc%[m() Z H

)
— i CEP (o) j1 n(] <(J [n@@]
According to the general multivariate Leibnitz rule, it holds that
D* (go X)) DfB f-D*Pgox
(f- Z Bila (go%)

B<La

which implies

!
RV (@) S OPF@IKN+ 3 Ok e =)
B<a,|Bl=1 '
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Corollary 37 (Bound of the Layer Norm for Derivative Level) In the setting of Theorem 36, it
holds that

CE (<n) < 2w|| K ||(2n + 1)1272"(| K || + kn) [%(1 +o(1)]".

Furthermore, we have the asymptotic estimate

9o O(wl K=" (1 4 o(1))"
K () € O(wlK 02 (s (L o))",
Proof Analogue to the proof of Theorem 36,
CRY (<n) < | K| CEZ (<n) + knC™ (<n — 1) < (| K|l + kn) C5™ (<n),

where we can use Theorem 18 to bound

o nl 2n n
O™ (en) < O g (sm)CR (n)" | = (14 (1))

< 2w||K || (2n + 1)1z [%(Ho(l))}". (34)

Since 2n + 1 is odd, for each n € N, then sterling approximation for double factorial yields the
asymptotic

n/2
2n+ 1)1 e (’)(\/271 (g) ) (35)
Merging (35) with the right-hand side of (34) yields

C=(en) € O (wll K| w2 (o — (14 o(1)").
e3/%1n(n)

F.4.5. THE MULTILAYER PERCEPTRON (FEEDFORWARD NEURAL NETWORK) WITH SKIP
CONNECTION

Definition 38 (Single-Layer Feedforward Neural Network with Skip Connection) Fix a non-
affine activation function o € C*°(R) and dimensions diy, dg,dony € N. A feedforward neural
network is a map PL : R%n — Rout yepresented for each x € R%» by

PL(z) = BYy + B@ (co(Az+a)) (36)
for A € Réixdn g e Ré, BU) € Riouwtdin gnd B() € Rouwtxdar,

Lemma 39 (Bound of Neural Networks for Derivative Type) In the notation of Notation 3, The-
orem 25, and Theorem 38, it holds that

n 1
B B(®) o m <1
CKﬁ(O‘) <O ]l\a|_—1 + dff(a!)QO E Chm (m) - (CA) E | I I¢]< ,

77(]
m=1 7, EP! (aym) j=1

where h[K] is defined as the image of h(z) = Ax + a on K.
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Proof Write PL(z) = Bz + B(Q)((gi(x))?;‘l), where fori € {1,...,dg}

gi(z) £ o((Az + a);).
If we define h;(x) = h(x);, we follow with Theorem 19

O (o a'ZOh[K HCOLEDY Hl‘“”‘“d: Cfela),

n,(EP’ (aym) =1

and due to the component wise application of the activation function it holds that

D“ i — Cgi <09 .
| ie{rlr’l%ﬂ}g(fv)HK e, % () < O ()

Using Theorem 20, we obtain

CFE () < CPV 1012y + dgalCPP CY ().

Corollary 40 (Bound of Neural Networks for Derivative Level) In the setting of Theorem 39,

(1+ 0(1))}”.

2n
CRE(<n) < CB 4 dgniCP Cge (<n) (CH)" [el

If. moreover, K = [— M, Ms]%n then

n : N\n ~n
CPE (<n) e(’)(HBu)HOOJrHB(?)HooHAHOOHUHWBMMM/W)Wldth(Pﬁ)nl/z(g) Cn>

Proof Arguing analogously to the proof of Theorem 39, barring the usage of Theorem 18, we obtain
the estimate

2n
elnn

CRE(en) < €7 4 dgnlC P Gty (em) (€)' [ (1 + 0(1))] 37

Let C,, £ -2 (1 + o(1)) Using Stirling’s approximation and the definition of the component-wise
|| - [|co norm of a matrix, (37) becomes

n o N\n ~n
CFE(<n) € O(IBWlow + B | A% Cicy (<n) i n'2 () cr). (38)

If, there is some M7, My < 0, such that K = [0, 3]¢ then using the estimate between the || - ||2 and
| - ||loo norms on R%» and the linearity of A we estimate

Ch[K](<n) Ball(a /din | M1+ Mo| )( n) < H"”n:Ball(a,,/di,,|M1+M2\)'
Upon Width(PL) £ max{di,, dout, dg }, the estimate (37) implies that C}?ﬁ(gn) is of the order of

1 n
(“B()||°°+”B ool NGl o= /@A 3 ot /@ a0E] B9
x Width(PL) n'/2(=)" cr).
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F.5. Step 2 (B) - Transformers

We may now merge the computations in Subsection F.4, with the Fa‘a di Bruno-type from Section F.2
to uniformly bound the C'*-norms of the relevant class transformer networks. Our results are
derived in two verions: the first is of “derivative type” (which is much smaller and more precise but
consequentially more complicated) and the second is in “derivative level” form (cruder but simpler
but also looser).

Theorem 41 (By Derivative Type) Let K be a compact set, TB a transformer block as in Theo-
rem 11, and o € Di‘frdi“,n € N. Then,

Cg) (o(¢W))ln]
@1

CBy<al Y N2y B > I

BEO: dout n,LEP! (a,B) j=1 "

)

where for all v € Dgld‘“ :

n (2) ¢ In9)]|
ClmEA 3 NOCTR6) 3 17 'ZEJN)??“"

peodn n,CEP!(7,8) 7=1 o
@)y o O (a(c @)
Ci’(MEA Y NBCH(B) Y H DI
peoln o=t

CO ()£ 1 2y + CF ().

In the above, KM = JM_ MH,,,[K], K?) = E/\/[K(l)}, and K©® = PLIK?)).
For respective multi-indices, a bound for cN (3) C’%) is given by Theorem 36, C’P@) is bounded
in Theorem 39, and a bound for C’?{m is given in Theorem 28.

Proof This is a direct consequence of Theorem 19. |

Theorem 42 (By Derivative Level) Let K be a compact set, TB a transformer block as in Theo-
rem 11, and n € N. Then,

n2

ClF(n) < CK(3>( n) (douwt Cte) (<)) (dF, CK<1)( n))

n3 o2n n+n2+n3
(L4 R en)" [ (L4 o(1)
where, K(1) = Um o MH K], K@ = NTKW], and K®) = PLIK?)].
A bound for C’K(3), C[%) is given by Theorem 37, CK<2) is bounded in Theorem 40, and a bound

for C’I/}/m is given in Theorem 28.

Proof Theorem 18 yields

2doutn n

(1+0(1))

CTB(<n) < 2 () O (an)" |

elnn
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where od
def. n iﬂn n
O (em) £ CFE () O (en)" | 122 (14 0(1))]
2 def. 1 2d1nn n
O (em) £ O () O (en)" | T2 (14 0(1))]
O (en) =1+ i (<n),
which concludes the proof. |

Theorem 43 (C'*-Norm Bound of Transformers) Fixn, L, H,C, D,d, M € N, fora transformer
class TC. For any T € TC, any compact Ko C RM*P and any o € NM*P | |a| £ n we have

Chol0) < dgyMal - C* - CH(a), (40)
where C1(a) & Cz(_fl (o) and forl € {2,...,L},

(0(¢)))ln]

Cl
Clla)“ < o Z C’Z(—?ll(ﬂ) Z H OO DT @b

peo 1,CEP! (0(a),B) J= 1Y

where K; = TB[K;—1], dy & - Myd., and a bound for 017;1811 (B) is given by Theorem 41, only de-
pending on the transformer block class TIZC;.

Proof [Proof of Theorem 43] The bounds (40) are a direct consequence of Theorem 19 and (41)
follows directly from Theorem 20. |

F.6. Step 2 (C) - Merging the C°-Norm Bounds for Transformers with the Loss Function

In this section, we consider the following generalization of the class in Definition 1. As before, each
result holds for input dimensions d just as much as any other input dimension, e.g. M d, with the
only change being relabeling d <— Md. Therefore, for notational minimality, we chose to label the
input dimension d and not dM.

Definition 44 (Smoothness Growth Rate) Lerd, D € R. A smooth function g : R — RP is said
to belong to the class Cpgy, o T(Rd, RP) (resp. oop:C T(]Rd, RP)) if there exist C,r > 0 such that:
foreach s € N,

(i) Polynomial Growth - ;SZy;c,r(RdvRD)-' lgllcs < C'sT,

(ii) Exponential Growth - CZ;, L(RARD): ||glles < CesT,

The next lemma will help us relate the C'*-regularity of a model, a target function, and a loss
function to their composition and product. We use it to relate the C'®*-regularity of a transformed
model 7 : R — RP, the target function f* : R — R, and the loss function ¢ : R?? — R to their
composition

(r:RY SR
. (42)
z = L(T(z), f*(z)).
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One we computed have the C*-regularity of 7, we can apply a concentration of measure-type
argument based on an optimal transport-type duality, as in Amit et al. (2022); Hou et al. (2023b);
Benitez et al. (2023); Kratsios et al. (2024), to obtain our generalization bounds. A key technical
point where our analysis largely deviates from the mentioned derivations, is that we are not relying
on any i.i.d. assumptions.

More generally, the next lemma allows us to bound the size of ||¢(f, f*)||¢s using bounds on C*
norms of 7C computed in Theorem 43, the target function f*, and on the loss function ¢. Naturally,
to use this result, we must assume a given level of regularity of the target function, as in Definition 1.

Lemma 45 (C°-Norm of loss of between two functions) Let d,D,s € Ny, fi1, f2 : RY — RD
be of class C* and ¢ : R*P — R be smooth. If there are constants C1, Cs, 6’1, ceey Cs > 0 such
that: || fillcs < Cifori=1,2andforj=1,...,swe have ||{|ci < 5'j then for all s > 0 large it
satisfies

O[(2E5(1+0(1)))°], if max, <, Cy(C1C)¥ is bounded,
e e =9 . 43)
O[Cs(C1Co2R5(1+0(1)))%],  if maxi<k Ck(C1C2)* is unbounded.
Particularly, if ¢ € ggly:ar(RQDjR), ie, ||¢|c; < Cj", then
- 2Ds s
Hg(fl,fg){ cs = O[CS (0102€1n8(1+0(1))) ]; 44)
ifl e gjp:C7T(R2D,R), ie., |[ll|lci < Ce", then
2Ds s
[€(f1, f2)|| e = O[Ce™ (C1Co (14 0(1)))°]. (45)

elns

Lemma 45 allows us to obtain a bound on the term SUD fe s (md) 1(f, f*)|lcs in (11), using Theo-
rem 43 and our assumptions on £ and on f*.

Proof [Proof of Lemma 45] We first derive the general bound; which we then specialize to the case
where the growth rate of ¢ is known. We first observe that

[h fllge =, _max | max  [D(fi(x), fo(®))loe

(VD)
max _ Lip (D*(f1(), f2(x))) -

aef{l, - d}s

(VIID)

General Case - Term Term (VII): By Theorem 18, we have

[(2Dk

D)), o

|0 0(1@), fala))|| <[ max Cu(crcw)*] -0

1<k<s—1

From (46) we have for all large s > 0 that

e aG{IR?J-)fd}k [DU(f1(z), f2(2))] 0o

O[(222(1 4 0(1)))°], if max; <, C(C1C5)" is bounded,

elns

elns

o [65 (0102 2Ds (1 4 0(1)))5] . if max;<j Cj,(C1Cy)* is unbounded.
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General Case - Term Term (VIII): Foreach « € {1,--- ,d}*"!, by the multivariate Faa di Bruno
formula, we have

s—1 ¢ z z ©))
DURE). S = Y (DD, AE) Y a]] PN ),;J;2<,.)”"

7)
1<|B/s—1 ncepag) o1 MPHCODI

The Lipschitz constants of the derivatives satisfy
Lip (D“U(f1(x), f2(z)))
L DC(]) n(d)
S R AN N DRD ) o cam L FL

RO
1<|8|<s—1 nGCEP () =1
s—1
_ (C1Cy) MG
< Z Clg+1 Z Oé' OOl
(¢
1<|8|<s—1 n¢eP(a,f) =1
= > Cpa@c)t > O"H OOl
nli C(J NIn@|
1<|8]<s—1 n¢eP(a,f) =1
<[1<I£\a§i Crar(C1C2)*] > > 0"1_[77 1))
1<|Bl<s—1nCeP(e,8)  j=1
2Ds s
=[, pax Grn(@C0'] - O (G0 o)) | “
where the last equality is due to Lemma 17.
From (47) we have for all s > 0 large that
Lip (D¢
Oée{lmax} 1p ( (f1(), f2(33)))
O[(2R=(1 + 0(1)))°], if max; <y, Cy(C1C2)" is bounded,

(’)[5'5 (C1C22B5 (14 0(1)))°],  if max;<y Cy,(C1C)F is unbounded.

elns

Completing the General Case: Combining our estimates for terms Term (VII) and Term (VIII)
respectively obtained in (46) and (47), we obtain an upper-bound for ||¢(f1, f2)||cs via

elns

O [( 2Ds (1+ 0(1)))8] ) if max;<y 6k(0102)k is bounded,
[e(f1,

0 [(js (0102 2Ds (1 + 0(1)))8] , ifmaxjck ék(Cng)k is unbounded.

elns

Special Cases of Interest: In particular, if £ belongs either to C 0, . (R4, RP) orto oo Cor (R4, RP),
, as in Definition (1), then: there exists constants Cy, 7, > 0 s.t. foreach j = 1,..., s we have

(i) Polynomial Growth - (R2P R) Case:

poly C,r

lelles < C 472Gy,
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(ii) Exponential Growth - C25 - (R*” R) Case:

llles <76
Consequentially, in cases (i) and (ii), the bound in (43) respectively becomes

(i) Polynomial Growth - (R2P R) Case:

poly Cr
1¢(f1, <O[Cs"(C1Cs QDZ( +0(1)))"],
(ii) Exponential Growth - C25 - (R*” R) Case:
|¢(f1, [CeST(Cng (1 +0(1)))"].

F.7. Step 3 - Combining Steps 1 and 2 and Completing The Proof of Theorem 3

We are now ready to complete the proof of our main result, namely Theorem 3. Before doing so, we
state a more technical and general version, which we instead prove and which directly implies the
simpler version found in the main body of our manuscript.

We operate under the following more general, but more technical set of assumptions than those
considered in the main body of our text (in Setting 2.1).

Setting F.1 (Generalized Setting) Ler D,d, L, H,+C',C4,C® € Ny, set M 0, and C £ (xC"
,CA, C'b), rg,10,Cy, Cp = 0. Suppose that Assumptions 3 and 4 hold.
Fix a target function f* : R — R and a loss function £ : RP x RP — R. Assume either that:

(i) Polynomial Growth: f* € Cpo, . (R%,RP) and ¢ € C5, 0, ,,(RPPR),

(ii) Exponential Growth: [* € (R4, RP) and ¢ € (R*P,R),

emp Crry exp Co,ryp

(iii) No Growth: There is a constant C' > 0 such that for all s > 0 we have || f*||cs, |[¢|lcs < C.
Example 3 (Example of Generalized Setting (iii)) For every d € R%, the function f : R? > z

cos e = (COS(IIZi))d satisfies H <flloo < 1foreach s € Nand eachi = 1,...,d. Thus, it is an
example of a function sansﬁzlng Assumptlon Fl.

We are now ready to prove our main theorem, which is a combination of Theorems 2 and 3.

Theorem 46 (Pathwise Generalization Bounds for Transformers) In Setting F.1, there is a k €
(0,1), depending only on X., and a to € Ny such that: for eachty < N <t < oo and d € (0,1] the
following holds with probability at-least 1 — §

21In(1/6
SuPreTC |Rmax{t,N}(T) - R(N) (T)‘ 5 Zgil INE[TS7TS+1> CZ,TC,K#—l <1t<00 K + Nl(/2/ ) + rateS(N))
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Table 6: Bounds on the terms in defining the constant Cy 7¢ ks, in Theorem 46, for a single attention block.

Term Bound (O)

ey Cf s’””QSQC’;
LN S(H—s)/QCS

PL BV + B A]* o], | ]Width(PIS)@

*llalloo +/din
M WIVIEIRIIEID (s2(2)*C:)

Here C, & -2 (1 4 0(1)), Cs £ sY/2(2)°C5, ¢y £ 2 max{din, drc, dv, dit, dous }, Width(PL) is the width
of the neural network PL, where || - || denotes the componentwise max matrix/vector norm.

where rates(IN) is defined in (rate), the constant Cy 7o, ks = supree €T, £*)||cs, is of order

s

L, f* PL 52 MH s2 1283 s54s3 44
O( c O (5)°C2%, (<9)” CE (<5) (1 +Cx (és)) D> d Cs
N——
Loss & Target Layernorms Perceptron Multihead Attention dimensions Generic: s-th order Derivative

with terms according to Table 6 and the transition phases (7s)22, are given iteratively by 7o =0 and
foreach s € N,

Ts & inf { > 751 Cogek.s(kt +rates(N) + 7”(\)%(\;/5)) < Core k. s—1(K + rates_1(N) + ”k\)gﬁj(\;/é))}.

Furthermore, ¢ 1 — K, co %t ¢85/ o0 & tlim k! = 0, and < hides an absolute constant.
—0Q

Proof [Proof of Theorem 3] Since N is given, we may pick s € N to ensure that N € [7g, T511);
where these are defined as in the statement of Theorem 46.
Since we are in Setting 2.1, then £ € Cpy) ¢, ., (R2P R) (resp. £ € onp:Co.re (R2P R)) and

o R? — RP is smooth. Therefore, Lemma 45 implies that there is an absolute constant c,p,s > 0
such that for any transformer network 7 € 7C, the following bound holds

(1) No Growth Case: Using (43) we find that

® (14 0(1)* | T |Ies 48)

N D
(T, )] Ins

COs KCabs (

(i) Polynomial Growth Case - ¢ € Coo, - . (R*”,R) Case:

2Ds s xS s
o Seabs 8™ (S (L+0(1)))" 1F*N1Es (1T [l (49)

HETf ‘ elns

(iii) Exponential Growth - (R2P R) Case:

e:vp Co,ryp

lecT, )]

sr 2Ds s s s
o Seabs €T (S (14 0(1)" £ e 1 T [ (50)
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Since we have assumed that f* € Cp5 o (R?,RP) (resp. Cgp o, . (R?, RP) or the “no growth
condition” in Setting F.1 (iii)) then the bounds in (48), (49), and (50), respectively, imply that

(i) No Growth Case:

") 2Ds s R

16T, £)| e <€abs (5= 5 (1+o(1)) CE(s) GD

(i) Polynomial Growth Case - € Coo, - . (R*”,R) Case:

C¢2D s
* ro+2s2 f TC(\s
[T )| Seaps ™2 (T (04 0(1))) CFE () (52)
(iii) Exponential Growth - C22 -, . (R*P,R) Case:

¢ 7— srg+s27"f 2D s 1 1 s Cs CTC s 33
H f* |Cs SCabs € (m( +o( ))) 7 Cro(8)% (53)

where we have used the definition of the constant C7¢(s) as a uniform upper bound of supsc7c.
Using Theorem 41 for the “derivative type estimate” (resp.42 for the “derivative level estimate”)
concludes the implies yields a uniform upper bound (of “derivative type” or “derivative level”
respectively) on CZ;% (s), i.e. independent of the particular transformer instance 7~ € 7C. In either
case, we respectively define R > 0 to be the right-hand side of (52) or (53) depending on the
respective assumptions made on £ and on f*.

The conclusion now follows upon applying Proposition 21 due to the inequality in (10). |

Appendix G. Example of Additive Noise Using Stochastic Calculus

In this appendix, we briefly discuss why the seemingly realizable learning setting which we have
placed ourselves in, i.e. Y;, = f*(X,,), does not preclude additive noise. Our illustration considers
the class of following Markov processes.

Assumption 5 (Structure onX) Letg: R — [0,1]% be a twice continuously differentiable
function. Let W. = (W) >0 be d-dimensional Brownian motion and, for each n € N, define
XnZg(Wy).

By construction, the boundedness of the change of variables-type function g in Assumption 5, implies
that the process X. = (X,,)nen is bounded (and can easily be seen to be Markovian since Brownian
motion has the strong Markov property). However, we can say more, indeed under Assumption 5,
the It6 Lemma (see e.g. (Cohen and Elliott, 2015, Theorem 14.2.4)) implies that X, is given as the
following stochastic differential equation (SDE) evaluated at integer times n € N

X, =g(0) + / ps ds + / o) dW, (54)
0 0
where p. = (p¢)i=0 and 0. = (04 )¢>0 are given by
def. 1 def.
e = B tr (H(g)(Ws)) and oy = Vg(Wy)

and H (g) is the Hessian of ¢ and tr is the trace of a matrix.
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Example 4 Serd = 1 and g(x) = (sin(z) + 1)/2. Then, for each n € N we have

n t
Xn :/ —sin(WS)/4d3+/ cos(Ws)/2 dWs.
0 0

In particular, the expression (54) shows that the input process X. is also defined for all intermediate
times between non-negative integer times; i.e. for each ¢ > 0 the process

t t
X, = g(0) + / fis ds + / o, dW, (55)
0 0

is well-defined and coincides with X,, whenever ¢t = n € N. We may, therefore, also consider the
“continuous-time extension” Y. £ (Y;);>0 of the target process defined for all intermediate times
using (55) by

Y £ fH(Xy).

Note that Y; coincides with the target process on non-negative integer times, as defined in our main
text, by definition.

The convenience of these continuous-time extensions, of the discrete versions considered in our
main text, is that now Y. is the transformation of a continuous-time (It6) process of satisfying the
SDE (55) by a smooth function*, namely f*. Therefore, we may again apply the Itd Lemma (again
see e.g. (Cohen and Elliott, 2015, Theorem 14.2.4)) this time to the process X. to obtain the desired
signal and noise decomposition of the target process Y. (both in discrete and continuous time). Doing
so yields the following decomposition

Vo= o)+ [ (V800 it gt (o] B (X)) ) ds

Signalﬁafget)
(56)

t
*\ T
+/O (V) osdWs.

Additive Noise

This shows that even if it a priori seemed that we are in the realizable PAC setting due to the
structural assumption that Y,, = f*(X,,) made when defining the target process, we are actually in
the standard setting where the target data (Y;,)7° , can be written as a signal plus an additive noise
term. Indeed, when X is simply a transformation of a Brownian motion by a bounded C2-function,
as in Assumption 5, then Assumption 1 held and Y;, admitted the signal-noise decomposition in (56).

4. Note that f* was assumed to be smooth in our main result (Theorem 3).
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