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Abstract

We extend an involution formula given by a canonical isomorphism of
determinant line bundles in Rossler’s [a] to the analytic case where the
determinant of cohomology is endowed with the Quillen metric, in the

case where the fixed point scheme is a Cartier divisor.

Additionally, we show the relation between Réssler’s main results in
la] and the Adams-Riemann-Roch theorem; and we extend the main
result of Ducrot’s [b], which aims to extend Deligne’s pairing to the

higher relative dimensional intersection bundle, to the analytic case.

la] Damian Rossler, A local refinement of the Adams-Riemann-Roch
theorem in degree 1, Arithmetic L-functions and differential geometric
methods, Progr. Math., vol. 338, Birkh&user/Springer, Cham, [2021],
pp. 213-246.

[b] Frangois Ducrot, Cube structures and intersection bundles, J. Pure
Appl. Algebra, 195 (2005), no. 1, 33-73.



Acknowledgements

I would like to thank Prof. Damian Rossler for his encouragement and
guidance as my supervisor, the examiners at all phases of my research
for their feedback, and the Engineering and Physical Sciences Research

Council for their continued support.



Contents

1 Introduction 1
1.1 About this paper . . . . . . . ... 3
1.1.1 Algebra and analysis . . . .. ... ... ... ........ 3
1.1.2 Outline . . ... ... 3
1.13 On¥ and ... ... . 4
1.1.4 Suggested readings . . . . . ... ... 5

1.2 Preliminaries . . . . . . . .. .. 6
1.2.1 Schemes § . . . . . . ... 6
1.2.2  Complex manifolds + . . . . . ... ... ... L. 7
1.2.3  Vector bundles and hermitian vector bundles f . . . . . . .. 9
1.2.4 Cotangent and tangent bundles, Kahler forms 1 . . . . . .. 10
1.2.5 Conormal and normal bundles, Cartier divisors . . . . .. 12
1.2.6 Determinant of cohomology + . . . . . . ... .. ... ... 13
1.2.7 Canonical isomorphisms ¥ . . . . . .. ... ... ... ... 15
1.2.8 Compatibility and canonical isomorphisms T . . . . . . . .. 17
1.2.9 Norms of isomorphisms ¥ . . . . . .. ... ... ... ... 18

2 Lambda rings, characteristic classes and Riemann-Roch algebra 19

2.1 Lambdaringsf .. ... .. . .. 20
2.1.1  Grothendieck group 1. . . . . . . . .. ... 21
2.1.2  Fundamental theorem of symmetric polynomials 7 . . . . . . 23
2.1.3 Lambdarings T . . .. ... . ... ... .. 24
2.1.4  Augmentations and positive elements f . . . . . .. ... .. 25
2.1.5  The splitting principle + . . . . . . .. ..o 26
2.1.6 Involutions T . . . . . . . . ... 27



2.2

2.3

24

2.5

2.1.7  Grothendieck groups and the splitting principle ¥ . . . . . .
2.1.8 Ample line elements and bundles ¥ . . . . . ... ... ...
Characteristic Classes T . . . . . . . . . . ... . ...
2.2.1 Chern class homomorphisms . . . . . ... ... ... ...
222 Chowring t . . . . . . . .
223 ChernRoots T. . . . . . .. ..
2.2.4  Chern character morphism of a power series t . . . . . . ..
2.2.5 Chern character t . . . . . . ... ..o oL
2.2.6 Todd character t . . . . . . ... ... ... ..
2.2.7 Todd character, Chern character and involutions . . . . . .
2.2.8 Adams character ¥ . . . .. ... oL
2.2.9 Bott-Chern cannibalistic class + . . . . .. .. ... .. ...
2.2.10 Identities involving the Adams character and the Bott-Chern
cannibalistic class T . . . . . . . ... o oL
2.2.11 The td_; character 3% . . . . . . . . . . ... ... ... ...
Chern Forms § . . . . . . . . . .
2.3.1 Differential forms of type (p,q) t . . . . . . ... ... ...
2.3.2 The 0, 0 and dd¢ differentials + . . . . ... ... ... ...
2.3.3 Connections and curvature forms § . . . . . .. .. ... ..
2.3.4  Unitary connections and the hermitian holomorphic connec-
tion . . .
235 Chernformst ... ... ... o
236 Todd formst . .. .. ... ...
2.3.7 Secondary Chern and Todd characteristic forms t . . . . . .
2.3.8 Chern form classes . . . . ... ... 0.
A cancellation of Chern characters and forms % . . . . . ... ...
2.4.1 Cancellation of Chern characters ¥ . . . . .. ... ... ..
2.4.2 Cancellation of Chern forms % . . . . . . . . ... ... ...
Riemann Roch algebra § . . . . . . . ... ... ... ...
2.5.1 Riemann Roch functors . . . . .. .. .. ... ... ...
2.5.2  Riemann Roch theorems { . . . . .. ... ... .. ... ..
2.5.3 Grothendieck Riemann Roch theorem . . . . . .. ... ..
2.5.4 Adams Riemann Roch theorem ¥ . . . . ... .. ... ...

i

42

o4



3 A refinement of Adams Riemann-Roch

3.1 Canonical isomorphisms of determinant line bundles § . . . . . . . .

3.1.1
3.1.2
3.1.3
3.14
3.1.5
3.1.6

Rossler’'s ARR refinement 1 . . . . . . ...
A local refinement of Adams Riemann Roch in degree 1 § . .
Rossler’s involution formula ¥ . . . . . .. ... ... ...
Rossler’s method of proof for Theorem 3.1 1 . . . . .. . ..
Franke’s and Eriksson’s work + . . . . . ... ... ... ..

Deligne’s Le détérminant de la cohomologie T . . . . . . ..

3.2 Combinatorial identities 3 . . . . . . . . . ... ...

3.2.1
3.2.2
3.2.3
3.2.4
3.2.5

A combinatorial simplification % . . . . .. ... ... ...
Polynomial with combinatorial sum coefficients 3 . . . . . .
Increasing sequences % . . . . . . ... ...
Complete homogeneous symmetric polynomials ¥ . . . . . .

An alternating sum of a product of binomial coefficients ¥ .

3.3 Proof of Theorem 3.2 3% . . . . . . . . . . . . ... ... ..

3.3.1
3.3.2
3.3.3

3.3.4
3.3.5
3.3.6
3.3.7

Arelation in K(X)[2] % . . ... ... .. L.
A splitting of [Q] 3 . . ..o oo
The inverse of the Bott-Chern cannibalistic class

(). oo
The symmetric powers Sym? ([Q]) % . . . . . ... ... ..
Computation ¥ . . . . . . .. ...
Proof of lemma 3.7 if [Q] splits in K(X) % . ... ... ..
Proof of lemma 3.7 if [Qf] doesn’t split in K(X) % . .. ..

4 7/2-equivariant geometry and analytic preliminaries

4.1 7Z/2-equivariant geometry ¥t . . . . . ...

4.1.1
4.1.2
4.1.3
414
4.1.5

4.1.6

Equivariant schemes and complex manifolds + . . . . . . ..
Equivariant vector bundles § . . . . . . . ... ...
Equivariant decomposition ¥ . . . . . . ... ..o
The {—1} G-equivariant line bundle f. . . . . ... ... ..
The fixed point scheme and the normal and conormal bun-

dles 3% . . . . . .o
The quotient scheme 3% . . . . . .. ... ... .. .....

1l

59
60
60
61
62
63
64
64
65
66
67
69
72
75
7
78
78

79
80
80
82
83

90
91



4.1.7 Equivariant forms ¥ . . . . . .. ..o 93

4.1.8 Equivariant Todd form decomposition ¥ . . . . . .. .. .. 94
4.2 Quillen metric § . . . . . oL oo 95
421 Lometricon A(E) T . . ... 96
4.2.2  Analytic torsion T . . . . . ... 97
4.2.3 Anomaly formula ¥ . . .. ... .00 97
4.2.4  Equivariant analytic torsion t . . . . . . .. ... ... .. 98
4.2.5 The Quillen metric ¥ . . . . . . .. ... L. 98
4.2.6 7/2-equivariant determinant of cohomology T . . . . . . .. 99
4.3 Analytic formulae ¥ . . . .. ..o 99
4.3.1 Bismut’s assumption (A) . .. ... ... 100
4.3.2 Bott-Chern singular current ¥ . . . . .. .. ... ... ... 101
4.3.3 Bismut’s R-genus t . . . . . .. ... o 102
4.3.4 Bismut’s immersion formula ¥ . . .. ..o o000 103
4.3.5 Bismut’s immersion formula for Cartier divisors 3% . . . . . . 104
4.3.6 The equivariant Bismut immersion formula ¥ . . . . . . . .. 104

4.3.7 Equivariant Bismut immersion formula for Cartier divisors ¥ 105

4.3.8 Ma’s branched covering formula ¥ . . . . . ... .. ... . 106

4.4 Properties of the analytic determinant of cohomology % . . . . . . . 107
4.4.1 Direct sums t . . . . . ... 107
4.4.2 Projection formula 3% . . . . . .. ... 108

5 Cube structures and the Quillen metric 111
5.1 Ducrot’s cube structures t . . . . . . . ... 112
5.1.1 Ducrot’s intersection bundle + . . . . . . ... .00 113
5.1.2  Picard categories T . . . . . .. ..o 114
5.1.3 Line bundles and graded line bundles ¥ . . . . . .. ... .. 115
5.1.4 Cubest . . . . . 116
5.1.5  Alternating product ¥ . . . . . ... ... L. 117
5.1.6  Decorated cubes . . . . . . .. ..o 117
5.1.7 Cube structures ¥ . . . . . . . ..o 118
5.1.8 Determinant of cohomology ¥ . . . . . . .. ... ... ... 119
5.1.9  Cubic complexes t . . . . . ... .o o 119

v



5.1.10 The simple complex associated to a cubic complex . . . . . 120

5.1.11 Determinant of a cubic complex { . . . . . . ... ... ... 121
5.1.12 Reduction isomorphism t. . . . . . . . .. ... ... 121
5.2 Ducrot’s theorem T . . . . . . . ... oo 122
5.2.1 Ducrot’s theorem in terms of canonical isomorphisms % . . . 123
5.2.2  Extending Ducrot’s theorem to the analytic case ¥ . . . . . 124
5.2.3 Ducrot’s proof of Theorem 5.1 . . . . .. .. ... ... .. 125
5.3 Proof of Theorem 5.2 % . . . . . . . ... .. ... .. .. ..... 127
5.3.1 Basecase . . . . ... .. 127
5.3.2 A has at least one edge with a regular section % . . . . . . . 129
5.3.3 A has at least two sufficiently positive edges ¥ . . . . . . .. 131
5.3.4 Removing the positivity hypothesison A % . . . . . .. . .. 134
Involution formula for Cartier divisors 136
6.1 Rossler’s involution formula ¥ . . . . .. ... o000 137
6.1.1 Outline of Rossler’s involution formula § . . . . . . . .. .. 137
6.1.2 The case where Z is a Cartier divisor T . . . . . . . .. ... 138
6.1.3 The case where Z is not a Cartier divisor ¥ . . . . . . . . .. 139
6.1.4  Analytic involution formula for Cartier divisors ¥ . . . . . . 140
6.2 Proof of Theorem 6.1 % . . . . . .. ... ... ... .. ...... 141
6.2.1 The line bundle L :==Ox(—=2Z) % . ... ... ... ..... 142
6.2.2 The decomposition ¢.Ox =Oy G F ¥ . . . . .. ... ... 143
6.2.3 Oy-algebras ¥ . . . .. .. ... 145
6.2.4 The immersion Z — X % . . . . . ... ... .. 146
6.2.5 A change of metricson X % . . . .. ... ... ... ..., 147
6.2.6 The quotient X — Y % . . ... ... ... ... .. .. .. 149
6.2.7 Main computation ¥ . . . . ... ... 150
6.2.8 The norm of a canonical isomorphism of determinant line
bundles ¥ . . . . . ... 152



Chapter 1

Introduction

Back when we were starting this research, Rossler showed us his [23]—then titled
Canonical isomorphisms of determinant line bundles, now published as A local
refinement of the Adams-Riemann-Roch theorem in degree 1—and he encouraged
us to try extending the results in his paper from the algebraic case to the analytic
one.

In this document, we collect all the work we’ve done during our research. This
includes three main results; firstly that the isomorphism built by Réssler in [23]
is indeed a refinement of the Adams-Riemann-Roch theorem; secondly we extend
Ducrot’s cube structures defined in [7] from the algebraic to the analytic case; and
thirdly we give a partial extension to Rossler’s involution formula in [23], in the
case where the fixed point scheme is a Cartier divisor.

These three main results are stated and proved in the following sections:

e Theorem 3.2, stated in §3.1.2, proven in §3.3.
e Theorem 5.2, stated in §5.2.2, proven in §5.3.

e Theorem 6.1, stated in §6.1.4, proven in §6.2.

In [6], Deligne introduced the Deligne pairing of two line bundles on a curve,
together with canonical isomorphisms related to this construction, in both the
algebraic and the analytic cases. He suggested that his work could be extended to
higher dimensions, which has been studied by several authors.

There are two constructions of the Deligne pairing, one more geometric in

nature, the other expressed in terms of the determinant of cohomology. Elkik



extended Deligne’s construction in [¢] and [9], in both algebraic and analytic cases,
by following a geometric approach. Ducrot would later provide a different algebraic
construction in [7], by instead considering the determinant of cohomology.

Eriksson’s [10], Franke’s [11], and Rossler’s [23] instead consider the canonical
isomorphisms that Deligne constructed, and aimed to extend them to higher di-
mensions. Rossler suggested that the methods he used were chosen to be as simple
as possible to make it possible to extend his results to the analytic case.

The canonical isomorphism constructed by Rossler in [23], which we call Réssler’s
refinement of the Adams Riemann Roch (ARR) theorem, is closely related to one
of the isomorphisms Deligne constructs in the case of curves, but also provides
isomorphisms in higher dimensions. Rossler suggested that his isomorphism was
also related to the ARR theorem by following an insight from Nori’s [22]. While
we were familiarizing ourselves with the analytic tools we would require to extend
Rossler’s results, we looked into this and found, after some rather interesting com-
binatorics, the relationship between Rossler’s isomorphism and the ARR. While
not directly related to the other two results in this paper, we have decided to
include it since it provides insight into Rossler’s results, and why one might be
interested in extending them to the analytic case.

In his construction of his canonical isomorphism, Rossler makes use of the
results from Ducrot’s [7]. Unlike Elkik’s extension of the Deligne pairing, Ducrot’s
had not had an analytic extension yet, which is why we provide the extension of
Ducrot’s construction to the analytic case.

Rossler’s refinement of the ARR is proved by using an involution formula, which
forms the core of Rossler’s proof. This involution formula is proved in two steps,
firstly in the case where the fixed points of the involution form a Cartier divisor,
and secondly when the fixed points have higher relative codimension. We provide
an analytic extension to the first of these two steps, since we lack the analytic tools

required to consider the blow-up used in Rossler’s proof of the general case.



1.1 About this paper

1.1.1 Algebra and analysis

In this paper, there are two cases that are being considered throughout.

In the algebraic case, we consider schemes, vector bundles and the determinant
of cohomology.

In the analytic case, we consider compact Hodge manifolds, hermitian vector
bundles, and the determinant of cohomology endowed with the Quillen metric.

Two of the main results in this paper aim to extend results in the algebraic
case to results in the analytic case. While the isomorphisms themselves can be
directly obtained from the algebraic case, the analytic case has an additional metric
structure, and it is important to note if the isomorphisms coming from the algebraic

case are isometries in the analytic case, or if they instead have a non-trivial norm.

1.1.2 Outline

§1 Introduction We introduce the core notions and main objects that will be
used throughout this paper; the algebraic and analytic cases, schemes and
complex manifolds, vector bundles and hermitian vector bundles, the deter-

minant of cohomology, canonical isomorphisms and their norms.

§2 Lambda rings, characteristic classes and Riemann-Roch algebra We in-
troduce key concepts that require more elaboration; the Grothendieck K
group, Chern characters and forms, the Adams character, and the Adams
Riemann Roch (ARR) theorem. We prove the cancellation lemmas in §2.4
which form the core of the proofs in both §5 and §6. This section consid-
ers both algebraic and analytic cases, and the lemmas in §2.4 highlight the

similarities between the two cases.

§3 A refinement of Adams Riemann-Roch We introduce Rossler’s results from
[23], which we partially extend from the algebraic to the analytic case in §6.
We prove that the canonical isomorphism of determinant line bundles in
Rossler’s paper gives a refinement of ARR. This section focuses only on the

algebraic case.



§4 7Z/2-equivariant geometry and analytic preliminaries We introduce con-
cepts that will be used in §5 and §6; Z/2 equivariance, the Quillen metric,
Bismut’s immersion formula, and Ma’s branched covering formula. This sec-

tion considers both algebraic and analytic tools.

§5 Cube structures and the Quillen metric We introduce Ducrot’s cube struc-
tures from [7], which are used by Rossler in his refinement of ARR, and

extend them from the algebraic to the analytic case.

§6 Involution formula for Cartier divisors We extend Rossler’s involution for-
mula, which is the core of his refinement to ARR, from the algebraic to the

analytic case, in the case where the fixed point scheme is a Cartier divisor.

1.1.3 On % and {

By necessity, we must closely follow the steps in Rossler’s and Ducrot’s work when
extending their results from the algebraic to the analytic case. This involves going
over their proofs in near full detail and considering the norms of isomorphisms at
each step. Furthermore, for the reader’s convenience, we include in this paper a
significant amount of theory that is present in other papers and books, so that this
paper is mostly self-contained.

To help the reader more easily distinguish between our contributions and the

results from other authors, we use the following notation;

¥ Sections marked with this symbol consist of this paper’s author’s original work.

T Sections marked with this symbol follow closely other authors’ works.

We will also use the “¥” symbol for notes discussing the originality of the
contribution in the section, for example when they were assisted by insights from
others, or when they are fairly well-known results for which we were unable to find
a major paper to quote them from.

Similarly, we will use the “t” symbol for short notes about which papers are

the ones the section closely follows.



1.1.4 Suggested readings

As we do not assume previous familiarity with the area, a significant part of the
content of this paper can be skimmed over by readers familiar with the concepts.

Each section can be read on its own, referring back to previous sections as
necessary. There are also three main “readings” in this paper, which are closely

related, but can be read independently too.

Rossler’s refinement of the Adams Riemann Roch formula

This reading explains the context behind the Adams Riemann Roch theorem,

and shows why Rdssler main result in [23] provides a refinement in degree 1.
Start with §1.2, follow with §2 skipping over §2.3, then read all of §3.

This reading focuses only on the algebraic case.

Extending Ducrot’s theorem

This reading explains Ducrot’s extension of the Deligne pairing and the cube
structures he constructs in [7] to define his intersection bundle; and then

presents our extension to the analytic case.

Start with §1.2, follow with §2 skipping over §2.5, then read all of §5, referring

back to §4 as necessary.

Extending Rossler’s involution formula

This reading presents our partial extension to Rossler’s involution formula

to the case where the fixed point scheme is a Cartier divisor.

Start with §1.2, follow with §2, read §3.1 for Rossler’s results, continue with
§4, read §5.2 for the statement of Ducrot’s theorem and our extension, then

read all of §6.

This reading is closely related to the first in their study of Rossler’s work,
and closely related to the second in the methodology used when extending

from the algebraic to the analytic case.



1.2 Preliminaries

In this section, we introduce the objects we will be working with; schemes in
§1.2.1, complex manifolds in §1.2.2, vector bundles and hermitian vector bundles
in §1.2.3, and the tangent, cotangent, normal and conormal bundles in §1.2.4 and
§1.2.5. We also introduce the determinant of cohomology in §1.2.6, which is the
algebraic construction used in all the main theorems we wish to extend to the
analytic case.

We later introduce the concept of a canonical isomorphism in §1.2.7 and §1.2.8;
this is often used implicitly throughout this paper. We also use a different notation
when computing the norm of an isomorphism, which is introduced in §1.2.9.

Further preliminaries are found in §2 and §4. In particular, Z/2-equivariant
variations of schemes, complex manifolds, vector bundles and hermitian vector
bundles are found in §4.1, and the analytic counterpart of the determinant of
cohomology, the determinant of cohomology endowed with the Quillen metric, is
introduced in §4.2.

1.2.1 Schemes 7

In the algebraic case, we consider a scheme X over a base scheme S, so that we
have a morphism of schemes f : X — S. A scheme S is locally Noetherian if
each s € S has an open affine neighborhood Spec(R) = U C S such that R is a
Noetherian ring.

A scheme S over a field £ is smooth if S Xgpec(k) Spec(l%) is regular, where k is
the algebraic closure of k. Recall that a scheme S is regular if each s € S has an
open affine neighborhood Spec(R) = U C S such that R is a regular Noetherian
ring.

A morphism f : X — S is proper if it is separated, locally of finite type,
quasi-compact and universally closed. Recall that f is separated if the diagonal of
X Xg X is a closed subscheme; f is locally of finite type if for each x € X there
exists an open affine neighborhood U > z, and an open affine V' O f(U), such that
f U — V is given by a morphism of finite type of rings; f is quasi-compact if for

every quasi-compact open V' C S, f~1(V) is quasi-compact; f is universally closed



if any pullback of f is a topologically closed map (so that the image of a closed
subset is closed).

A morphism f : X — S is flat if for each x € X the local ring Ox, is flat as
an Og y(»)-module. Recall that a module M over a ring R is flat if the functor of
R-modules mapping A to A ® M is exact.

A morphism f : X — S is finite if f is affine, and if for every affine open
Spec(R) =V C S with inverse image Spec(A) = f~}(V) C X, the associated ring
map R — A is finite. Recall that f is affine if each inverse image of an affine
open of S is an affine open in X. Recall that R — A is finite if A is finite as an
R-module. Recall that f is finite if and only if it is affine and proper [26, Lemma
29.44.11).

A morphism f : X — S is locally projective if for each s € S there is an open
affine neighborhood U > s such that f|y factors into a closed U-immersion into
PY followed by the projection, for some N depending on U. Note that any locally
projective map is proper. A morphism f: X — S is projective if X is isomorphic
as a scheme over S to a closed subscheme of a projective bundle P(E) for some
quasi-coherent, finite type Og-module E.

A morphism f : X — S is smooth if it is locally of finite presentation, flat,
and for each geometric point § — S the fiber X; = X Xg 5 is regular. Recall
that s — S is a geometric point if it is a morphism into S from the spectrum
5§ := Spec(k) of an algebraically closed field k. Recall that f: X — S is locally of
finite presentation if for every = € X there are open affine neighborhoods U > x
and V' 3 f(x) with f(U) C V such that Ox(U) is a finitely presented algebra over
Os(V). Note that when S is locally Noetherian, f : X — S is locally of finite
presentation if and only if it is locally of finite type.

A morphism f : X — S is of constant relative dimension n if at each s € S, the
fiber f~!(s) is of dimension n. A scheme X is equidimensional if all its irreducible

components are of the same dimension.

1.2.2 Complex manifolds f

In the analytic case, we instead consider complex manifolds.



Kahler manifolds are manifolds that have compatible complex, symplectic, and
Riemannian structures. We choose to consider them as complex manifolds together
with a hermitian metric on the tangent bundle that satisfies certain properties, as
described in §1.2.4, which will have an associated Kahler form w, which is the
symplectic form.

A Hodge manifold is a Kahler manifold whose Kahler form w is integral, that
is, its cohomology class is in the image of integral cohomology.

It is well-known from GAGA principles that one may construct the analyti-
fication X" of a complex projective variety X, and that in this case the sheaf
cohomology theories of X and X*" are compatible, and that furthermore X*" can
be endowed with a Kéhler structure. By Kodaira’s embedding theorem [16, Theo-
rem 4.1] all Hodge manifolds are the analytification of a complex projective variety,
endowed with an appropriate Kahler structure.

We will often make use of both algebraic and analytic results together in this
paper, so we will favor the use of Hodge manifolds, but it should be possible
to extend our results to Kahler manifolds more generally. We will write X?"
for a Hodge manifold, and X for the scheme it corresponds to under GAGA,
while remembering that X" has the additional structure of a Kahler metric on its
tangent bundle.

While in the algebraic case we study a scheme X over a base scheme S, in the
analytic case we will often—but not always—consider the case where S = Spec(C)
is a point. This is because the norms of isomorphisms can be computed point-
wise, and so it is trivial to extend results from the absolute case, where S*" is a
point, to the relative case, where S*" has higher complex dimension. Note that
when moving from the absolute to the relative case, we no longer make use of a
Kahler metric on X, and instead require a Kahler metric on the relative tangent
bundle (see §1.2.4). We will similarly assume that X*" is connected throughout,
with the understanding that extending to the general case is a matter of applying
our results to connected components.

We say f : X — 5% is a submersion if the differential at each x € X?*",
dfy : Txan g — Tgan f(z) Is surjective.

We say that f: X® — S0 is proper if for each compact K C S*, f~}(K) is

compact. Note that this is a purely topological notion.



We say that f : X* — S*" is of constant relative dimension n if for each
s € S the fiber f~!(s) is of complex dimension n.

In §6 we also consider equivariant schemes and complex manifolds, which are
introduced in §4.1.1.

1.2.3 Vector bundles and hermitian vector bundles f

In the algebraic case, we consider vector bundles. A vector bundle E on a scheme
X is a locally free coherent sheaf of Ox-modules. The rank of a vector bundle £
is the number rk E of free generators the free Ox(U)-modules E(U) have for each
open U C X. A line bundle L on a scheme X is a vector bundle of rank 1, or
equivalently, an invertible sheaf under the tensor product. We let Ox denote the
trivial bundle of X, which is a line bundle.

Suppose now that we are in the analytic case. A holomorphic vector bundle E
on a complex manifold X is a complex vector bundle such that the total space F is
a complex manifold and the projection map 7 : £ — X is holomorphic. Note that
the fibers E, = 7 '({x}) have the structure of a complex vector space for each
x € X. By Serre’s GAGA, the category of holomorphic vector bundles on a smooth
complex projective variety X, viewed as a complex manifold, is equivalent to the
category of (algebraic) vector bundles on X, which is why we call holomorphic
vector bundles simply “vector bundles”.

In the analytic case, we instead wish to consider hermitian vector bundles.
A hermitian vector bundle E = (E,h*) on a complex manifold X consists of a
(holomorphic) vector bundle E together with a smooth hermitian metric h* on
E; which is given by an inner product hZ on each fiber E,, which varies smoothly
with £ € X, and which is invariant under complex conjugation. A hermitian
line bundle L on X is a hermitian vector bundle whose holomorphic fibers L, are
complex vector spaces of dimension 1. We let Oy denote the trivial bundle on X,
endowed with its canonical metric (such that the norm of the canonical section is
1), and which is a hermitian line bundle.

We can extend constructions of vector spaces to vector bundles in the algebraic
and analytic cases. This includes direct sums U@V, tensor products U® V', tensor

powers V& exterior powers A’ V, and symmetric powers Sym’ (V). Recall that



the tensor power is V& = ®f:1 V' a tensor product of a vector space V with itself;
the exterior power is the tensor power quotiented by alternating permutations of

tensor factors, for example,
UNVAW=—vANuANwE /\3 V;

while the symmetric power is the tensor power quotiented by permutations of the

tensor factors, for example,
URUVIW=vQu@w € Sym® V.

All of these constructions interact naturally with hermitian inner products, for
example with the orthogonal direct sum of two inner product spaces. This allows
us to extend these constructions to hermitian vector bundles.

The study of exterior powers of vector bundles A\’ F is what motivates the
construction of A-rings, which we introduce in §2.1. The combinatorial properties
of symmetric powers are relevant in §3.3, which encourages our study of complete
homogeneous symmetric polynomials in §3.2.

For line bundles (in both algebraic and analytic cases), we will also consider
the dual LY which is the inverse of L with respect to the tensor product LY ® L =
L ® LY = Ox. Once again, this interacts naturally with hermitian metrics, so we
may also consider the dual L" of a hermitian vector bundle L. We then let for
k>0, L% =@, L, and L®* = Q" L.

In §6 we also consider equivariant vector bundles and hermitian vector bundles,

which are introduced in §4.1.2.

1.2.4 Cotangent and tangent bundles, Kahler forms 7

Suppose that we are in the algebraic case, and consider f : X — S a separated
morphism of schemes. The sheaf of differentials, or cotangent sheaf, {1x,s or
can be defined as the pullback A*(I/I?), where A : X — X xg X is the diagonal
morphism and I is the ideal associated to the closed subscheme A(X). Alterna-
tively it is the sheaf of modules corresponding to the module of derivations; given
a morphism of rings R — S, the module of derivations is the S-module gener-

ated by formal elements ds for each s € S and the relations dr = 0 for r € R,
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d(s+t) = ds+ dt and d(st) = sdt + tds, together with the R-module map d from
S to the derivations. The two definitions of the cotangent sheaf are canonically
isomorphic, and when X is smooth over S the cotangent sheaf is a vector bundle,
which we call the cotangent bundle. We then let the tangent bundle Tx/s or Ty be
the dual of the cotangent bundle.

In the analytic case, given a complex manifold X*", we have the tangent bundle
Tx and its dual the cotangent bundle ()x. Moreover, given a submersion f : X" —
S of complex manifolds, we let Tx/g, Ty denote the relative tangent bundle, which
is the kernel of the differential df : Tx — Tg; and we let Qx,g, {2y denote its dual,
the relative cotangent bundle. We will note that the relative tangent and cotangent
bundles are the analytifications of the algebraic tangent and cotangent bundles,
and that the tangent and cotangent bundles of X®" are the relative tangent and
cotangent bundles of the submersion f : X — SpecC.

Note that if f: X — S is of constant relative dimension n, then the rank of
the (relative) tangent bundle 7; is n, in both the algebraic and the analytic cases.
Moreover, in the analytic case, the rank of the tangent and cotangent bundles is
equal to the dimension of the complex manifold.

In the analytic case, we say that a hermitian metric A on the tangent bundle

Tx is Kahler with an associated Kdahler form w if the 2-form
w(u,v) = Re h(iu,v) =Im h(u,v),

is closed under the de Rham cohomology. Once we choose a Kahler metric h on
Tx, we consider the hermitian vector bundle 7y = (7x,h). Since a metric on a
vector bundle has an associated metric on the dual bundle, a choice of metric on
T x gives us a metric A% on Qx, so that we can consider the hermitian vector
bundle Qy = (Qx, h¥).

Given a submersion of complex manifolds f : X — S, we say that a hermitian
metric h on the relative tangent bundle Tx,g is Kdhler if for each fiber X, =
f7'({s}), where s € S, the induced metric hy on Tx, = Tx/s|x, is a Kéhler

metric.
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1.2.5 Conormal and normal bundles, Cartier divisors f

Consider the algebraic case. Let ¢ : Z — X be a closed immersion of schemes,
and let Z € Ox be the associated sheaf of ideals. Since Z annihilates the sheaf of
Ox-modules Z/Z?, it can be considered as a sheaf of Oz-modules on Z, which we
call the conormal sheaf Cz/x. The normal sheaf NZ/X is defined to be the dual
of the conormal sheaf,

Nz/x = Homp,(Cz/x,0z).

Note that Rossler’s [23] writes Nz /x for the conormal bundle, which agrees with
EGA’s [15, Def 16.1.2] notation; we instead follow the convention encouraged by
the stacks project [20, §29.31], since we must consider both the conormal and the

normal bundles.

We say that Z is a Cartier divisor of X if the ideal sheaf 7 associated to Z
is a line bundle. In this case we have the dual line bundles Ox(Z) = ZV, and
Ox(—Z7) = Z, together with a canonical section on Ox(Z) which corresponds to
the inclusion Z — Oy, given that Z¥ = Hom(Z, Oy). For a vector bundle M on
X, we write M(Z) =M ® Ox(Z) and M(—Z) = M @ Ox(—Z).

When Z is a Cartier divisor, the conormal sheaf is Cz/x = Ox(—Z2)|z, and the
normal sheaf is N 7z/x = Ox(Z)|z, both of which are line bundles. More generally,
if Z is a local complete intersection the conormal and normal sheaves will be locally
free, and are called the conormal and normal bundles.

When Z is a Cartier divisor, we have two related short exact sequences
00— Ox — Ox(Z) — L*(Nz/x) — 0,

0= Ox(—=Z) = Ox = 1.(0Oz) = 0.

Both of these are due to the short exact sequence
07— 0Ox — 0Ox/T—0,
and when twisted with a line bundle M we have the following short exact sequences,
0—-M— M(Z)— M(Z)|z — 0, (1.1)
0—M(-2Z)—M— M|z — 0. (1.2)

12



While both of these short exact sequences are equivalent, they each form the core
of Ducrot’s [7] and Réssler’s [23], respectively, both of which we aim to extend
from the algebraic to the analytic case in this paper.

If we have both Z and X being smooth over a scheme S, then we have a short

exact sequence in Z
O%CZ/X%L*Qx/S—)Qz/S—)O, (13)

which gives us also a short exact sequence in terms of the tangent and normal
bundles,
0— Tzs = Txs = Nzx — 0. (1.4)
Note also that the cotangent bundle is by definition the normal bundle of the
diagonal A : X — X xg¢ X,
Qx/s = Ca.

In the analytic case, the normal bundle Nz x is defined as the quotient of the
tangent bundles Tx|z/7z, which is equivalent to the quotient of the relative tangent
bundles Tx/s|z/7Tz/s. This is equivalent to the analytification of the algebraic
normal bundle due to (1.4). The conormal bundle Cz/x is defined to be the dual
of the normal bundle, which coincides with the analytification of the algebraic

conormal bundle.

1.2.6 Determinant of cohomology

Consider the algebraic case. Suppose that X and S are locally Noetherian schemes,
and that f: X — S is proper and flat.
A graded line bundle (L,a) on S consists of a line bundle L on S and some

a € 7/2, where the tensor product of graded bundles is defined by
(L) ® (M, B) = (L@ M, o+ ),

and where the commutativity of the tensor product is given by an isomorphism

which depends on the degree;

(L, ) ® (M, B) = (M, 8) @ (L, ),
u®@ v (=1)* o @ u.
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The category of graded line bundles Pic,(.S) is a non-strictly commutative Picard
category, which is explored in more detail in §5.1.2.
The determinant of a vector bundle K on S is defined to be the top exterior

power of the vector bundle, together with the parity of its rank,

det(K) = (/\rk(K’K, rk(K )) :

which is a graded line bundle.
We will note that the choice of the commutative isomorphism in Pic,(S) is
precisely the one which makes the following diagram commute, for vector bundles

E and F'| due to the effect of reordering terms in the exterior power;

det(F) @ det(F) —— det(E & F)

| |

det(F) ® det(E) —— det(F & E)

Let K, be a bounded complex of vector bundles on S. The Knudsen-Mumford

determinant of this complex is defined to be
det(K,) = ®det(Kj)(71)j’
JEL
and this definition can be extended to perfect complexes, which are quasi-isomorphic
to a bounded complex by definition. See [17] for more details on this construction,
and note that det(K,) is also a graded line bundle.
Now let E be a vector bundle on X, and note that by the semicontinuity theo-

rem, since f is proper and flat, then R®f,FE is a perfect complex. The determinant

of cohomology of E is defined to be
AME) = det(R*f.E).

We will often write Ax(E) or Ax/s(E) when more schemes are involved. We

will also note that there exists a canonical isomorphism (see §1.2.7),

ME @ E) 2 MNE)® ANE),
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so we write for formal linear combinations of vector bundles with integer coefficients

ni By + - g B,
AN Ey + -+ npEy) = AME)®™ @ - @ AN Ey)®™.
This allows us to write, for example,
M(Ox —L)® (Ox — M)) 2 \NOx) @ ANL) @ \(M)¥ @ \(L @ M).

Note that A(Ox) and Og are not isomorphic to each other in general, due to
the fact that R®f.Ox is not quasi-isomorphic to Og in general.

The determinant of cohomology has an analogue in the analytic case; the de-
terminant of cohomology endowed with the Quillen metric, which is introduced in
§4.2. Both Rossler and Ducrot use the determinant of cohomology in their con-
struction of canonical isomorphisms, which is why when extending their results to
the analytic case we must consider what happens to the norms of isomorphisms in-
volving the determinant of cohomology endowed with the Quillen metric, by using

results recalled in §4.3 like Bismut’s immersion formula.

1.2.7 Canonical isomorphisms f

In this paper we make ample use of the notion of “canonical isomorphisms”.

We say that two objects are isomorphic to each other when there exists an
isomorphism between them, but this isomorphism is not unique in general. Some-
times there exists a unique way to choose this isomorphism in a sensible way,
which we call “canonical isomorphisms”. For example there exists a canonical
isomorphism between any object and itself; the identity morphism.

More formally, let C and D be two categories, let F': C — D and G : C — D be
two functors, and let 1 : F' = G be an isomorphism of functors. Then 7 consists

of a family of isomorphisms, for each object X in C,
nx : F(X) = G(X).

When we say that there exists a canonical isomorphism F(X) = G(X), we
imply the categories C, D as well as the functors F' and G, and state that there

exists an isomorphism of functors n : F' = G.
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For example, when we state that for two Abelian groups X and Y there exists
a canonical isomorphism
XXY=2Y xX,

the category C is implied to be the category with pairs of Abelian groups (X,Y)
as objects, D is implied to be the category of Abelian groups, the functors are

implied to be
F(X)Y)=XxY and G((X,)Y)) =Y x X,
and, in this case, the natural transformation is implied to be

Nx,y) - (Iay) = (y7I)

Note that there exists multiple isomorphisms between X xY and Y x X in general,
for example by considering automorphisms of X or Y, but in our case we might be
more interested in the specific and unique isomorphism defined by (z,y) — (y, x).

While some canonical isomorphisms are easy to understand, more complex
canonical isomorphisms can be built by combining multiple canonical isomor-
phisms. Formally, this simply corresponds to composition of isomorphisms of
functors. Informally, the composition of canonical isomorphisms is also a canoni-
cal isomorphism.

In this paper we will write “A = B” to mean “there exists a canonical iso-
morphism between A and B”, instead of the usual “there exists an isomorphism
between A and B”. We will write a : A = B to mean that « : A — B is
the canonical isomorphism between A and B. In all of these cases, the choice of
isomorphism between A and B should be either self-evident or described in the
surrounding text.

We would like to note that a canonical isomorphism between A and B in this
paper is a “choice of a unique isomorphism between A and B”, instead of “the
unique way to choose an isomorphism between A and B”. For example, if V is
a vector space, the map sending v — v and the map sending v — —v are both
distinct canonical automorphisms, each formally given by a disctinct isomorphism

of functors.
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1.2.8 Compatibility and canonical isomorphisms §

While in general when describing canonical isomorphisms the functors F', GG, the
category D and the objects of the category C are easily implied, the same is
not necessarily true for the morphisms in C. When we say that a “canonical
isomorphism is compatible with some structure”, we are effectively describing the
morphisms in C.

The most common case will be when a canonical isomorphism is “compatible
with base change”. Here is an example; suppose that X and S are smooth schemes,
f X — S is a proper morphism, and A is the determinant of cohomology. Take

two line bundles L and M on X, then there exists a canonical isomorphism
MLOM)=ZANL)® NM),

compatible with base change.
Here D is the category of pairs of a smooth scheme S and a graded line bun-
dle on S; the objects of C are tuples (X, S, f, L, M) where X and S are smooth

schemes, f is a proper morphism between them, L and M are line bundles on X,
F(X,S, f,L,M) = (S, A\(L&M)) and G(X,S, f, L, M) = (S, A(L)@A(M)).

Now, what we mean by this isomorphism being compatible with base change is
that the morphisms in C, mapping (X', 5", f', L', M) — (X, S, f, L, M) are given
by a pair of morphisms ¢ : X’ — X and ¢ : S” — S such that the following square

commutes (which is called “base change”)

X -2, x

O

[SAEN'S

and such that
L' =o¢*L and M' = ¢*M.
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1.2.9 Norms of isomorphisms

Consider the analytic case. Suppose that L = (L,h%) and M = (M, hM) are
hermitian line bundles on a complex manifold X. Suppose that there exists a
canonical isomorphism of line bundles ¢ : L. =2 M. Then, either the metrics on L
and M match, so that o*h™ = h, or they do not match.

We say that we have a canonical isometry of line bundles, which we write as
L ~ M, if we have a canonical isomorphism L = M for which the metrics match.
We will write o : L ~ M to mean that o : L = M and o*h™ = hl.

We now consider the case where o : L = M is not an isometry. Note that o is
given by a unique section in LY ® M, and that LY ® M is a hermitian line bundle,

2 of its sections. The log-norm of o is log |o|?,

so we may compute the norm | - |
where |o|? is the norm of the section of LY ® M corresponding to o : L = M.

We write

—
S
=

L~M

)

Q

to mean that L and M are canonically isomorphic and the log-norm of the canonical
isomorphism is (a), which we often describe separately. See §4.3 for some analytical
formulae in this paper that use this notation.

We will note the following useful properties of this notation:

0
e [~ M is equivalent to L =~ M,

e L. =~ M implies that M 7g) L,

a b a)+(b
o [ ('f:ﬁ) M and M (%) N together imply that L ( )g( : N,

O , , (@+0) ,
e L ~ M and L' = M' together imply that L& L' =~ M @ M’

—
=

o L ~ M implies that L" _A’@ MY,

This notation allows us to more seamlessly chain canonical isometries and
canonical isomorphisms with nontrivial log-norm when constructing more com-
plex canonical isomorphisms. Throughout this paper, we refer to the log-norm as

simply the norm of a canonical isomorphism.
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Chapter 2

Lambda rings, characteristic
classes and Riemann-Roch
algebra

A key result used in sections §5 and §6 —to compute the norm of certain isomor-
phisms of line bundles—is a rather elementary observation about Chern characters
and Chern forms. We take the opportunity to revise the properties of both Chern
characters and forms in this section, with the aim of making the proof of the key
observation above clear to any reader.

We also take the opportunity to define and recall the construction of several
other mathematical objects that will be used throughout this paper. In particular,
we recall the statement of the Adams Riemann Roch theorem—for which Rossler’s
results in [23] provide a refinement, as we showcase in §3—as well as how it relates
to other results of Riemann Roch type.

Overall, this section consists mostly of content recalled from the literature,
in particular; Soulé et al.’s Lectures on Arakelov Geometry [21] for the definition
of Chern forms in §2.3; Fulton and Lang’s Riemann-Roch Algebra [12] for the
definition of Chern characters in §2.2 and for the statement of Adams Riemann
Roch in §2.5; and both of the previous sources for the definition of A-rings in §2.1.
In contrast, the key results in §2.4, while rather elementary, are still part of our
original research for this paper.

In §2.1 we recall the notion of a A-ring, as well the main example of A-rings

of interest in this paper; the Grothendieck group K (X) of vector bundles on a
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smooth scheme X. These are the types of rings on which Chern characters are
defined.

In §2.3 we recall the definition of Chern characters on a general A-ring, and give
brief comments about the construction for K(X) in particular. We also showcase
a few other characteristic forms like the Todd character and, most notably, the
Adams character which is considered by the Adams Riemann Roch theorem.

In §2.4 we recall the construction of Chern forms for hermitian vector bundles
on complex manifolds; as well as define the forms of type (p,p) on a complex
manifold X, B, APP(X), which are used to build the Chern forms; and the
dde : APP(X) — APTLrH(X) differential which is used later throughout the paper.

In §2.4 we state and prove Lemma 2.5 and Lemma 2.6, which are later used
in key parts of §5 and §6. Both of these Lemmas relate to a cancellation of,
respectively, Chern characters and Chern forms, when combined in a particular
alternating sum.

In §2.5 we recall the notion of Riemann Roch functors, theorems of type Rie-
mann Roch, as well as examples such as the Grothendieck Riemann Roch theorem,

and—of most interest for this paper—the Adams Riemann Roch theorem.

2.1 Lambda rings f

The notion of A-rings—which is not directly related to the determinant of cohomology—
is used to describe commutative rings K where there is a family of operations
A : K — K which behave like the exterior powers /\Z of vector bundles with
respect to the direct sum and tensor product. For example we expect that
Mz +y)= Y N@)N(y),
i+j=k
much like when we have two vector spaces V', W, the k-th exterior power of their

direct sum is isomorphic to
Nvew) =P (/\Z‘(V) ® /\j(W)> .
i+j=k
The main example of A-rings of interest to this paper are the Grothendieck

group K (X) of vector bundles on a smooth scheme X. These are where the Chern
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characters are defined, as well as where the Adams operations ¢* : K(X) — K(X)
of interest to the Adams Riemann Roch theorem are defined.

In §2.1.1 we introduce in more detail the Grothendieck group K (X) of vector
bundles over a smooth scheme X, the main motivation for our revision of A-rings.
In §2.1.2 we recall the fundamental theorem of symmetric polynomials, which is
used for many of the technical details of the construction of A-rings. In §2.1.3 we
give a definition of A-rings. In §2.1.4 we introduce the notion of augmentations,
positive elements and line elements in a A-ring. In §2.1.5 we recall the notion of
extensions of A-rings and state the splitting principle for a family of A-rings, which
is used in many occasions to extend constructions from line elements to all other
elements in a A-ring.

In §2.1.6 we define involutions on A-rings. In §2.1.7 we give a brief overview
of how the Grothendieck group K (X) of vector bundles over a smooth scheme X
has the structure of a A-ring, and the family of such groups satisfies the splitting
principle. In §2.1.8, we recall the notions of ample line elements and ample line
bundles, their relation, and the fact that if there exists an ample line element then
elements of the form (1 — u), where u is a line element, are nilpotent.

T This section summarizes definitions and statements from [12] and [21].

2.1.1 Grothendieck group f

Suppose that X is a smooth scheme. Consider vector bundles on X asin §1.2.3, and
the free additive group K'(X) generated by equivalence classes of vector bundles
up to isomorphism. The Grothendieck group K(X) of vector bundles on X is the

group K'(X) quotiented by, for each short exact sequence of vector bundles
0—FE —-F—FE —0,

the relation
[E] = [E'] + [E"].

For example, for two vector bundles F and E’ on X, the short exact sequence
due to a direct sum,
0—-EFE—-E®FE - E —0,
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implies that
[E & E'] = [E] + [F].

The Grothendieck group K (X) of vector bundles on X can be given the struc-
ture of a ring, by defining multiplication to be induced by the tensor product of

vector bundles; so that for two vector bundles E and E’ on X we have that
[E]-[E]=[E® LT

Let X, S be smooth locally Noetherian schemes, and f : X — S be proper and
flat. By the semicontinuity theorem, for a vector bundle £ on X its pushforward

R*f.E is a perfect complex on S, so it is quasi-isomorphic to a bounded complex
of vector bundles. We can then define the pushforward f, : K(X) — K(S) by

JE] =) (~1)[R'f.E].

JEL
Since the pullback of vector bundles are vector bundles, we can simply define the

pullback for an element in K(S) to be given by

fE] = [fE].

Recall from §1.2.6 that

ME) = ) det(R f. ),

Jj=0

we can then define the determinant of cohomology on K(X) — K(S) by

which is well-defined since a canonical isomorphism of vector bundles F = F
induces a canonical isomorphism of determinant line bundles A\(E) = A(F'), and for

a short exact sequence 0 — £/ — E — E” — 0 we have a canonical isomorphism
AME") @ AME") 2 \E).

Note that in the remainder of this chapter we do not consider the determinant of

cohomology.
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On the other hand, we can also consider the alternating product, for each 7 > 0
we can take the i-th exterior power /\Z E of a vector bundle E. This gives us an
element \'(E) := [/\Z E] in the Grothendieck group. The various properties of
these maps A" : K(X) — K(X) can be studied independently of the context of
vector bundles, by only considering elements in the ring K(X). We can use the
A-rings defined in §2.1.3 to codify these properties.

For example, for two vector bundles £ and E’ on X, we have that
NEsE)= P NE2 NE,
i+j=k

and this can be codified by one of the defining properties of A-rings; that for two

elements x, y in a A\-ring K we have that

Mla4y) = Z/\Z

i+j=k

2.1.2 Fundamental theorem of symmetric polynomials 7

A polynomial P(Xy,...,X,) in n variables X1, ..., X, is said to be a symmetric
polynomial if permuting the variables does not change P(Xj,...,X,). For exam-
ple, X2X, + X, X2 is a symmetric polynomial in two variables, while X; — X, is
not. We will write “X4” as a shorthand for “X3,...,X,,”, so that, for example,

for a polynomial p in n variables,
p(X*) = p(X17X27 cee JXn)a

and, more generally, for p as above and a polynomial expression f in one variable,
we will write p(f(Xx)) for p(f(X1),..., f(X,)), so that, for example,

p(l—X*):p(l—Xl,l—XQ,,1—Xn>

Suppose that we have n variables Uy, . .., U,. Consider the polynomials in these
n variables oy, . .., 0, which satisfy the following polynomial identity
S et =T+ v
=0 j=1
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It is clear that these polynomials are symmetric. For example,
O'0<U*) :1, O'1(U*) :U1+"‘+Un,

o2(Ux) = Y Ulj, on(Use) = [ [ Uy
=1

1<i<j<n

They are called the elementary symmetric polynomaials, and the fundamental
theorem of symmetric polynomials states that every symmetric polynomial in n
variables can be uniquely expressed as a polynomial expression in the elemen-
tary symmetric polynomials. For example, the polynomial X?X, + X; X7 can be

uniquely expressed as
X7 Xo 4+ X1X5 = 01(X1, Xo) - 02( X1, Xo).

The fundamental theorem of symmetric polynomials is used for many of the
technical details of the construction of A-rings since each of the \! operations

behaves like the elementary symmetric polynomial o;.

2.1.3 Lambda rings f

A X-ring is a commutative ring K endowed with operations \* : K — K for

non-negative integers ¢ > 0, which satisfy the following conditions;

e \(z)=1and M(z) =z for all z € K, and \'(1) = 0 for all ¢ > 1.

o Me(z+y) =30 N(@)AETi(y).

o \e(zy) = P\ (x),..., \5(2); AY(y), ..., \¥(y)), where P, are the unique
polynomials in 2k variables satisfying for 2k variables Uy, ..., Uy, W1, ..., W}
the polynomial identity

> Pio1(Ux), -, 0:(Us);n(W), -, oa(Wa )t = [ 1+ UW;e).

i>0 1<i,j<k

e Ne(\i(x)) = Pro(M(2),..., \¥(2)) where Py, are the unique polynomials
satisfying for k¢ variables Uy, ..., Uy, the polynomial identity

Y Por(Us)....,oiUp)ti = [[ (L4 Ui - Ust).

i>0 1<i1 < <3<k
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These rings are called “special A-rings” in sources such as [12], we instead follow
the convention of [24]. A morphism « : K — A of A-rings is one that commutes
with the A’ maps in the two rings, so that \(a(z)) = a(\(z)) for all z € K.

It is convenient to define the following power series for elements x in a A-ring
K;

Mlx) =) Nt € K[[t]].
>0

Note that by considering \'(z + y) for all i > 0 we obtain that
Ae(@ 4 y) = M(z)Me(y).-

The A-ring structure makes \; : (K,+) — (1 + tK[[t]],-) a morphism of groups,
where
L+ K[t = {1 +tP(t) - P e K[[]} < K],

is a group under multiplication.

Note that the conditions that A\;(0) = 1 and A\;(1) = 1 4 ¢ induce a unique -
ring structure on Z, where the \* satisfy the polynomial equation Y, A (n)t" =
(1+t)" € Z[[t]]. In particular, for n >4 > 0, the A" coincide with the binomial
coefficients X(n) = (7).

Another example of A\-rings are the Grothendieck groups K (X) for a smooth
scheme X, together with the maps induced by X([E]) = [\’ E].

2.1.4 Augmentations and positive elements f

A positive structure on a A-ring K consists of an augmentation € : K — 7, which
is a morphism of A-rings, and a subset E C K of positive elements, satisfying the

following conditions;

e 7+ C FE, so that the multiplicative identity 1 and the elements obtained by

sums of 1 are all in F.

e FE = FE. so that multiplication of two positive elements yields a positive

element.

e K = F—F that is every element in K is the difference between two positive

elements.
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e c(e) >0 for each e € F.

o If e € F and £(e) = r, then \'(e) = 0 for every 7 > r; and A\"(e) is a unit in
K.

Given a positive structure on K, we define the subset of line elements L C E
as those elements ¢ € E for which ¢(¢) = 1. Note that for a line element u € L,
we have that A\;(u) = 1+ ut.

2.1.5 The splitting principle 7

We say that a positive element e in a A-ring K splits if there exists line elements
Ui, ..., Uy, in L C K such that e = uy + - -+ + u,,. Note that if e = uy + -+ + u,,
splits, since \; is a group morphism from an additive group to a multiplicative

one, we may write
m

M(e) = H M(ug) = [ ]+ wit).

i=1

An extension K' of a A-ring K is a A-ring K’ which contains K and so that
the operations \* on K’ extend those in K. If K has positive elements £, then
the positive elements E’ of K’ must contain E.

A family IC of A\-rings satisfies the splitting property if for each K € K, and
each positive element ¢ € F C K, there exists an extension K’ € K of K where ¢
splits. Note that in this case e = u; + - - - + u,, for some line elements uq, ..., U,
in the extension K’.

Note that, if e = u; + --- + u,, splits in an extension wuq,...,u,, € K/,
by comparing the coefficients in t* of A\(e) = [[",(1 + w;it), we deduce that
N(t) = o4(u,...,un). Now, since \(t) € K, we deduce that the elementary
symmetric polynomials o;(uq,. .., u,,) are independent of choice of splitting of e
and of the extension K’ where e splits. By the fundamental theorem of symmetric
polynomials, any symmetric polynomial expression of the summands of a splitting

of e are in K, independent of the splitting of e, and can be computed using the

N(e)’s.
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2.1.6 Involutions f

An involution on a A-ring K is a homomorphism z — z¥ from K to itself, such
that for x € K and u € L C K we have

(zV)Y =z, e(x’) = e(x), and u =u"

Suppose that the splitting principle holds for a family of A-rings containing K,
and that the involution extends in such family in a compatible way. Then, for
each e = u; +---+u,, € E C K, where the u; might belong to an extension of K,

we have that €V = uy +--- 4+ v}, and so

—

Ae(e) (1 + wt)

<.
Il
—

(ut) (1 +u/t™)

—

<.
I

@
I
—

Il
—= "
<
~_
-
3
—s
—
+
=
S
B

I
>
3
—~
Y
(]
>
<.
©
<
=
3
d

j=0

This implies, by comparing coefficients with A\;(e) = > 7" X’(e)t’, that
N(e) = A" (e)A™ M (eY),
where m = ¢(e).

2.1.7 Grothendieck groups and the splitting principle 7

Given a smooth scheme X, the Grothendieck group K(X) defined in §2.1.1 has
the structure of a A\-ring with the A’ operations defined by, for vector bundles £
on X,

N ([B]) = [/\E] .
This definition can be extended to all elements of K(X) by using the properties

of the \! operators with respect to addition and multiplication.
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The subset F(X) C K(X) of positive elements is the set of elements of the form
[E] for some vector bundle F on X. The subset L(X) C K(X) of line elements is
the set of elements of the form [L] for some line bundle L on X. The augmentation
e : K(X) — Z is defined by extending the definition for each vector bundle E on
X,
e([E]) = rk(E),

to each element in K(X) by taking into account € is a morphism of rings, and
K(X)=FEX)—- E(X).

The family of A-rings of Grothendieck groups of vector bundles K(X) for
smooth schemes X satisfies the splitting property. This is proved in [12, V, §2 The-
orem 2.7| by inductively considering, for a vector bundle £ on a smooth scheme

X, the projective scheme f : P(E) — X where the tautological exact sequence
0—-H—f"E—-0(1)—0

gives [f*E] = [H] + [O(1)] in the extension K (P(F)) of K(X). We will note that
f:P(E) — X is a projective morphism.
There is an involution on K(X), defined by extending for each vector bundle
E on X,
[E]Y = [EY],

where EV is the dual vector bundle of E. This involution extends to the extensions
of K(X) in the family of A-rings of Grothendieck groups of vector bundles K (Y)

for smooth schemes Y.

2.1.8 Ample line elements and bundles

A line element u € L is said to be ample if given x € K there exists an integer
n(x) such that for all n > n(x),

for some e € £ and m € Z.
Given a scheme X, a line bundle L on X is said to be ample if for any sheaf F’
on X there exists an integer n(F') such that for all n > n(F), F® L®" is generated
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by global sections, so that there exists a surjection @, Ox — F @ L®" for some
m.

These two notions are related; as is proved in [12, Lemma 3.1], one can show
that if L is an ample line bundle on a scheme X, then [L] is ample in the
Grothendieck group K(X). Take an element in K (X) and write it as [M] — [M’]
for two positive elements [M] and [M']. For n > n(M’), there exists a surjection
D", Ox — M’ ® L®" for some m, whose kernel N is also a vector bundle by
considering the fibers of the vector bundles at points. By considering the short
exact sequence .

O—>N—>@0X—>M’®L®”—>O,
i=1
one has, in K(X) by recalling [Ox| = 1, that

[M'] = m —[N],
and so one can write
[L]"([M] = [M']) = [M & L®" & N] — m.
We recall another relevant lemma from [12],

Lemma 2.1. Let K be a A-ring. If there exists an ample line elementu € L C K,

then for all line elements v € L, (1 — v) is nilpotent.

Reference. See [12, Lemma 1.4]. ]

2.2 Characteristic Classes f

Given a A-ring and a graded ring, one can consider certain characteristic classes,
which will be relevant at different points of this paper. Firstly, the Chern and Todd
characters are the algebraic analogues to the Chern and Todd forms introduced
later in §2.3, and not only are they useful to better understand their analytic
counterparts, they also form the core of the Grothendieck Riemann Roch theorem

from §2.5.3, which we use in §3.
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We also introduce the Adams character, which is used in the Adams Riemann
Roch (ARR) theorem, for which Réssler’s [23], which we aim to extend to the
analytic case in this paper, is a local refinement in degree 1.

In §2.2.1, we introduce Chern class homomorphisms ¢’ from a A-ring to a graded
ring, from which characteristic classes are built. In §2.2.2 we introduce the Chow
ring. In §2.2.3, we present the notion of a set of Chern roots for a positive element
e, which build on the idea of splitting a positive element and are used to better
understand characteristic classes.

In §2.2.4, we define the Chern character morphism of a given power series,
and in §2.2.5 we introduce the Chern character, which uses the exponential power
series and is a morphism of rings. In §2.2.6 we define the Todd character, which
is related to the Chern character as is shown in §2.2.7.

In §2.2.8 we introduce the Adams character, which is the key construction
for the Adams Riemann Roch theorem. In §2.2.9 we present the Bott-Chern
cannibalistic class, which is to the Adams character like the Todd character is to
the Chern character. In §2.2.10 we present some classic identities involving the
Adams character and the Bott Chern cannibalistic class. In §2.2.11 we introduce a
variant of the Todd character which will be useful when considering the equivariant

case later in this paper.

2.2.1 Chern class homomorphisms f

Suppose that A = @,., A’ is a graded ring, where A* is the i-th graded component.
We let A=™ denote the ideal @D,.,, A and 1+ A2 = 1+ @, A" be the set of
elements of the form 1 + « for o? € A= and A\° A be the ml_lltiplicative group
whose elements are power series in A[[t]] of the form 1+ ajt + ast? + - -+ where
a; € A for all i > 1.

Given a A-ring K and a graded ring A, we consider a homomorphism of Abelian
groups ¢, from the group of K under addition, to the group of A° A under multi-
plication. We write ¢’ : K — A’ for the maps that satisfy the identity

c(x) = Z c(z)t,

>0
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Note that the fact that ¢; is a group homomorphism is equivalent to the identity

Haty) =Y d@)dy).
i+j=Fk
The group homomorphism ¢; is called a Chern class homomorphism with val-
ues in A if it satisfies the following three conditions, in addition to the splitting

principle below.

e For each line element u € L, ¢;(u) = 1+ c!(u)t, so that ¢'(u) = 0 for all
1> 1.

e For u,v € L, we have c'(uwv) = c'(u) + c'(v), so that ¢! : L — Al is a

homomorphism.
e For all positive elements e € E and all i > 1, ¢’(e) is nilpotent.

Note that due to the third condition, for a given x € K the c¢‘(x) vanish for
large enough i. We call ¢;(x) the Chern polynomial of z € K, and ¢'(x) the i-th
Chern class of x. The total Chern class of x is the sum of all the Chern classes
c(x) = D50 (x) € 1+ A= Note that ¢ : K — A* is a group homomorphism
from the g;oup of K under addition to the multiplicative units of A.

The splitting principle for Chern class homomorphisms requires that given
a finite set of positive elements {e;} in K, there exists a A-ring extension K’
of K where each e; splits, and such that the total Chern class ¢ extends to a

homomorphism ¢ : K" — A’ for some graded extension A’ of A.

2.2.2 Chow ring 7

Suppose that X is a smooth equidimensional scheme. An algebraic cycle on X is
a linear combination of subvarieties of X with integer coefficients.

Suppose that W is an (¢ + 1)-dimensional subvariety of X, and Z is an i-
dimensional subvariety of W. For f € Oz, the order of vanishing of f along Z,
ordz(f), is the length of the Oy, z-module Oz /(f). If f is a rational function on
W, it may be written as f = a/b for some a,b € Ow,z, and the order of vanishing
of f along Z is given by ordz(f) = ordz(a) — ordz(b).
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For an (74 1)-dimensional subvariety W, and a rational function f on W which

is not identically zero, we define the cycle

(f) = _ordz(f)Z,

Z

where the sum runs over the i-dimensional subvarieties Z of W.

We say that two algebraic cycles are rationally equivalent if they differ by an
algebraic cycle generated by the cycles of the form (f) for rational functions f on
subvarieties W of X. The Chow ring CH(X) on a smooth scheme X is made of
the algebraic cycles on X quotiented by rational equivalence.

A multiplication operation can be defined on the Chow ring as is shown in
[13], so that for two subvarieties that intersect transversely, their product is the
combination of subvarieties which form their intersection. This gives the Chow
ring the structure of a ring, with 0 being the empty linear combination, and 1
being the equivalence class of X as a subvariety of X itself.

The Chow ring has a grading based on the codimension of subvarieties of X,
writing C HY(X) for the equivalence classes of algebraic cycles of codimension g.
Note that if two subvarieties of X intersect transversely, the codimension of their
intersection can be computed by adding the codimensions of the two subvarieties,
this property is what induces the grading on the Chow ring.

Given a morphism ¢g : Y — X of smooth schemes, we may consider the pullback
of elements in the Chow ring, induced by the pullback of subvarieties; for Z C X,
g*Z =Y xx Z. The pullback is a morphism of graded rings

g CH(X) — CH(Y),

as such it preserves the degree of the elements, mapping ¢* : CHY(X) — CHI(Y).
Given a proper morphism f : X — S of relative dimension n, it is possible to

extend the pushforward of subvarieties of X into a pushforward in the Chow ring
f« 1 CH(X)— CH(S).

Unlike the case of the pullback, instead of preserving codimension, the pushforward
of cycles preserves the dimension, and so the pushforward maps f. : CHY(X) —
CHY™(S). For elements o € CH(X), we will write fX/S « to mean f,(a).
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Following [13], it is possible to construct a Chern class homomorphism
¢ K(X)— CH(X).

Note that by the properties of the grading of the Chow ring, we have that for
a vector bundle £ on X, ¢/(F) = ¢([E]) is an equivalence class of cycles of
codimension 7.

From [13, 2.1.1] (see also [15, TV.12.6]), we will also recall the fact that ' :
Pic(X) — CH'(X) is injective if X is normal, while noting that if X is smooth,

it is then regular, which implies it is normal.

2.2.3 Chern Roots {

Let ¢; : K — A° A be a Chern class homomorphism with values in A. Suppose
that e € £ C K is a positive element, and that e splits into e = uy + - -+ + u,, in
some extension K’ of K. Let a; = ¢'(u;), which we say are a choice of Chern roots

of e. Note that we can then factor the Chern polynomial of e as

m

cie) = H(l + agt).
i=1
Moreover, the i-th Chern class of e can also be expressed as c'(e) = o;(ay, . .., am),
so in particular, by the fundamental theorem of symmetric polynomials, any sym-
metric polynomial expression in the a; can be expressed in terms of the c'(e), is
contained in A, and is independent of the choice of splitting of e.
If m = e(e), we call ¢*P(e) = c™(e) = [[}2, a; the top Chern class of e. Also

note that the total Chern class of e can be expressed as c(e) = [[", (1 + a;).

2.2.4 Chern character morphism of a power series 7

Take a power series () € Q[[t]] with rational coefficients. To each of these power

series we associate an additive homomorphism
ch, : K — Ag,

where Ag is A ®z Q, as follows.
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For positive elements e € E, we define

m

chy(e) = > pla),
i=1
which is independent of the choice of Chern roots a; of e by the fundamental
theorem of symmetric polynomials.
If we have two positive elements e, e’ € E, by considering the splitting of e + ¢’

it follows that
chy(e +¢') = chy(e) + chy(e').

We then define for a general element z € K, by taking x = e — ¢’ for some positive
elements e, e’ € E, since K = F — F,

chy(z) = chy,(e) — chy(e').

We can show that ch, is well-defined by considering the associated Hirzebruch

polynomials H; of ¢. These are the polynomials in j variables satisfying the follow-

ing power series identity, for variables Uy, ..., U,, and where o; are the elementary
polynomials;

Z @(Ult) = Z Hj(gl(U*)a sy UJ(U*))tj‘

i=1 7>0

The existence and uniqueness of the associated Hirzebruch polynomials of a power
series ¢ follows from the fundamental theorem of symmetric polynomials. Note

that given our definition of ch,, for x € K we can write

chy(z) = Y Hi(c'(x), ..., ¢ ().

320
2.2.5 Chern character §

The Chern character ch : K — A is one of these additive homomorphisms ch,,

where ¢ is set to be the exponential power series,

plt) = explt) = 3 1.

k>0
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so that for a positive element e € F with Chern roots aq, ..., a,, we have
m o
ch(e) =) >
i=1 k>0
In this case, ch is not only an additive group homomorphism, but a morphism
of rings. This is because for positive elements with splitting e = wuy + - -+ + Uy,

e =vy + -+ v, we have ee’ = 3, -u;v; and so

ch(ee') = ZGXP(Cl(Ui%‘))
= Z exp(c' (u;) + ' (v)))
= Z exp(c' (u;)) exp(c' (vy))

= (Z exp(c! (Uz))> (Z exp(c! (UJ))>

i J
= ch(e) ch(e).
Recall from §2.2.1 that for a line element v € L. C K we have that u has a
single Chern root a; = ¢'(u). This means that for such v we have that

1
ch(u) = 1+cl(u)+§cl(u)2+--- € 1+ A=

Using the Chern class morphism described in §2.2.2, we may define the Chern
character
ch: K(X)— CH(X)g,
where CH(X)q is the Chow ring tensored with Q. For a vector bundle £ on X,
we will write ch(E) := ch([E]). For a formal sum of vector bundles with integer
coefficients k1 Ey + - - - + kB, we will let

ch(krEy + -+ + kB = ki ch(Ey) + - - + kyy, ch(E,),

which agrees with the notion of the Chern character being a morphism of rings.
In a similar way, we consider the tensor product to distribute with formal sums
of vector bundles in the natural way, which also agrees with the Chern character.

This allows us to for example write

ch <®((’)X — E,)) =[] - (&)

i=1 =1
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2.2.6 Todd character f

Now take a power series ¢(t) € 1+ tQ[[t]]. We first define the corresponding Todd
homomorphism td, on positive elements by, for a positive element e € E with

Chern roots aj,
m

td,(e) = [ ola):

=1

This can be extended to a homomorphism td, : K — 1+ A=! by using the

associated Hirzebruch polynomials (); satisfying, for variables Uy, ..., Uy,
[TeWit) =>"Qi(a1(Ux), .., 05(Ux))¥’
=1 7>0

This is a group homomorphism from the additive group of K to the multiplica-
tive group of units of A in 1 + A=!, once again by considering the Chern roots of

two positive elements. This means that for two elements x,y € K we have that
tdy(z +y) = tdy(z) - td,(y).

The Todd character td : K — 1+ A=! is the Todd homomorphism of the power

series

texp 12 t
t) = § B —1 - 4.
o(t) = p— + + +oe

where B, are the Bernoulli numbers with By = +1, [27, A164555 / A027646].

2.2.7 Todd character, Chern character and involutions 7

Suppose that we have a A-ring K with an involution z — 2V, which is compatible
with extensions obtained from the splitting principle.

For a line element v € L C K, we have that
) =c'ut)=—c'(u).
From the splitting principle we deduce that for each © € K we have

ci(x') = (=1)'ei(@),
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which implies that
ch(z¥) = —ch(x).

In a similar way, by applying the splitting principle we deduce that for any positive
element e € E C K we have

td(e") = td(e) exp(—c'(e)).

Now suppose that e is a positive element with Chern roots ay, ... a,,. We may
then note that

ch(\(e¥)) = ch (H(1 + uQ’t))

I
=
_|_
(@)
=
£
=<
=

So that

=11 { a;exp(a;) exp(a;) — 1}

exp(a;) — 1 exp(a;)

This gives us a formula for computing the Todd character based on the Chern

character, which states that

td(e) = — (2.1)
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2.2.8 Adams character §

Suppose that we have a A\-ring K. The j-th Adams character ¢’ : K — K is a ring

homomorphism defined by considering the coefficients in the following expression;

Z P ()t = e(x) — t% log A_(x)

Jj=0
A(z)t — 202 ()t + 3N (a)t® — - -
L= A (z)t + N(x)t2 — - -

=¢e(r) +

For line elements v € L, we have that

§:¢Kwﬁ=1+1

Jj=0

ut

—ut
=1+ut +u*t> +ut* + -
so we have that
W (u) = .
Additivity of the v’ follows from the fact that e is additive, and that for
x,y € K we have

% log A_+(z +y) = % log(A—+(2)A-¢(y))

d d
= 7108 A-() + - log A (y).

We therefore have, for positive elements with splitting e = uy + -+ + + Uy,
W(e) = ul + -+ uly.

The multiplicativity of the 17 is deduced by considering the case where we take

the product of two line elements u, w € L, where
U (uw) = v’ =P (w)g (w),

and extending to elements in F and then elements in K. This makes the j-th

Adams character 17 a ring automorphism ¢/ : K — K.
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2.2.9 Bott-Chern cannibalistic class §

Suppose that we have a A-ring K and that j > 1 is a unit in K. Let 4/(t) be the

polynomial .
1—-t
1—t’

We define the j-th Bott-Chern cannibalistic class 67 firstly on positive elements

V) =14t + 24+t =

e by considering a splitting e = u; + - - - 4+ u,, and defining

m

0(e) = [ [+ (w).
i=1

If we are able to find a multiplicative inverse for 6/(u) for all line elements
w € L C K, then we are able to extend the definition of 6/ multiplicatively for
all of K. Recall from §2.1.8 that if there exists an ample line element v € L (for
example if there exists an ample line bundle over a scheme X for K (X)), then
for any line element u € L, (1 — u) is nilpotent. We now show that 67(u) has a
multiplicative inverse in K [%] if (1 — u) is nilpotent.

Let t and s = (1 — t) be formal variables, we aim to consider the Taylor
expansion of 4/ (t)~! around 1, so in terms of s. Write (1 — s)? =1 — js + s?p(s),
where p is a polynomial with integer coefficients. We then have

1—1 s s
T1-t 1—(1—s) :js—s2p(s)

| 1
Y (&)~ =
) J 1= 35sp(s)

so that the Taylor expansion can be computed with
| 1 F
PO =13 (o))
J §>0 J

In particular, this is a finite sum if ¢ is replaced with a line element u for which
(1 — u) is nilpotent, and so 67(u) = 1/(u) has an inverse in K[Z].
For the case j = 2, we have that (1 —s)? = 1 —2s+ s* so that p(s) = 1 and so

ZOREEDS (1;“)k
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2.2.10 Identities involving the Adams character and the
Bott-Chern cannibalistic class

We'll first define a family of morphisms of graded rings ¢* : A — A so that for
> >0 Qp With oy, € AP,

oF (Z ap> =Y Ko,

p=0 p=>0

For example, if o € Al, one has

*(exp(a Z l{;p = exp(ka).

p>0

We can then check the following identity for positive elements;

ch(v*(e)) = ¢"(ch(e)), (2.2)

which is due to, for a splitting us, ..., u,, of e with Chern roots aq, ..., am,,
ch(y*(e)) = ch (Z uf) = Zch(ui)k
1 i=1
= Zexp(ai)k = Zexp(lmi) = ¢"(ch(e)).
i=1

We also have the following identity for positive elements, [12, Proposition 6.2],
which is in a way the main relationship between the Bott-Chern cannibalistic class

and the Adams operation;

YF(A_1(e)) = A_1(e)f¥(e). (2.3)
This is due to, for a splitting uq, ..., u,, of ¢,
PF(Ai(e)) = ¢ (H(l - Uz‘)) =@ —ul)
i=1 i=1

m

=TT = w0+ + -+l = A ()6 ().

i=1
We can combine these identities together in what is a well-known result in the

area.
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Lemma 2.2. We have the following identity for positive elements,
ch(6%(e¥)) = k™ td(e)o*(td(e)™t).
Proof. We begin with (2.3), applied to e";
Aoi(e)8(e) = P (A-1(e")),
Then, we evaluate the Chern character on both sides;
ch(A-1(e”)) ch(9*(e")) = ch(¥*(A-1 (")),
We then use (2.2);
ch(A-1(e”)) ch(6*(e")) = ¢" (ch(A-1(e"))),
We then use the identity (2.1), which is ch(A_;(e¥)) = ¢°P(e) td(e)!;
c*P(e) td(e) " ch("(e”)) = ¢*(c"P(e) td(e) ™),
But then ¢'°P(e) € A™, so we have ¢*(c*P(e)) = k™c*P(e);
c*P(e) td(e) ™" ch(B™(e”)) = k™" (e)o" (td(e) ),
Now, while ¢*P(e) is not a unit, and in fact is frequently nilpotent, all of the
expressions we've used can be uniquely expressed as polynomial expressions in the

c'(e). So, while A is in general not an integral domain, Q[c!(e), ..., c"P(e)] is, and
so we may formally divide by the common ¢*P(e) factor.

td(e) " ch(6(e”)) = k"¢ (td(e) "),
ch(6%(e¥)) = k™ td(e)o"(td(e) ™).
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2.2.11 The td_; character

Consider the power series

1
t) = = -FE,(1)—
o(1) > 5 (1)
where F),, are the Euler polynomials, which satisfy

_Z _,

n>0

We define the —1 Todd class td_; to be the Todd homomorphism td,, of the power
series .

The —1 Todd class satisfies the following properties.

Lemma 2.3.
td_1(e) ch(Ai(e”)) = c*P(e).

Proof. This proof follows the same process as (2.1). We start by noting that, for

a splitting e = u; + - - - + u,, and Chern roots a;,

ch(A\(e")) = ch (H (1+u ) H (1+ ch(u H(l + exp(—a;))

So that

td_1(e) ch(M(e¥)) =

a; eXp a;) 1
(I1+e
exp a;) + exp(a;) + 1 zl_I1 +oxp(=

= H::]s

{ a;exp(a;) exp(a;) + 1}

n xp(a;) + 1 exp(a;)

1

I
&

s
Il
—

= c"P(e).

Lemma 2.4.

td(e) td_1(e) = 275" (e)¢* (td(e)).
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Proof. Consider the m = ¢(e) Chern roots a; of e.
Note that we then have that

¢*(td(e)) = ¢° (HZB%)

i=1 n>0

T 2a; exp(2a;)

L Texp(2aq;) — 1

Then we have that

< a; exp a;)  a;exp(a;) )

exp(a;) — 1 exp(a;) + 1

() (Gotan 1)

s mctop( )6* (td(e)).

0-11

2.3 Chern Forms |

A hermitian vector bundle £ = (E, h) on a compact Kéhler manifold X" consists
of a holomorphic vector bundle F, which corresponds to an algebraic vector bundle
in K(X), together with a hermitian metric h.

When computing the norms of isomorphisms related to hermitian vector bun-
dles, one must often consider the Chern forms ch(E) € 5, AP?(X™) and the
Chern form classes ch(E) € @ >0 AP (X0,

While Chern characters and Chern forms are constructed in very different
settings—the former in a purely algebraic one, and the latter in the case of complex
geometry—they share similar properties. This similarity will make the Lemmas
in §2.4, concerning both Chern characters and forms, have very similar proofs in

spirit, which differ in the details.

43



In §2.3.1 we introduce the (p, ¢)-forms 2P4(X) on a complex manifold X, which
have a subset @P,.,2P?(X) where the Chern forms are defined. In §2.3.2 we
introduce the 9, 0 differentials, the dd® : APP(X) — ArTLrH(X) differential,
and differential form classes. In §2.3.3 we define connections V on a holomorphic
vector bundle E on X, as well as the curvature form V2 of a connection. In §2.3.4
we define the unique hermitian holomorphic connection on a holomorphic bundle
E = (E,h) endowed with a hermitian metric, whose curvature form is used to
define Chern forms.

In §2.3.5 we give the definition of the Chern form ch(E) of a hermitian vector
bundle £ = (E,h). In §2.3.6 we give the definition of Todd forms td(E) of
hermitian vector bundles. In §2.3.7 we introduce the secondary Chern and Todd
forms of a short exact sequence of hermitian vector bundles, which vanish if and
only if the short exact sequence is orthogonally split. In §2.3.8 we define the Chern
form class ch(E) € @, AP (X am),

T This section follows [21, §IV.2].

2.3.1 Differential forms of type (p,q) T

Let X be an n-dimensional complex manifold. We may think of X as a 2n-
dimensional real orientable manifold, and so we can consider the de Rham complex

of X as a real smooth manifold

0— QX)L QX)) DS 2X) S PX) L. (2.4)

where Q°(X) are the smooth real functions on X as a real manifold, Q!(X) are
the smooth real 1-forms, and so on. Recall that Q/(X) = A" Qx, where Qx is the
cotangent space of X.

We define 2(X) := Q/(X) ® C, the complexified i-forms on X, and consider

the complexification of the de Rham exact sequence (2.4);

0—A%X) LA (X)L A(X) L AX) S -

Note that 2°(X) are the smooth, but not necessarily holomorphic, complex func-

tions on X.
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Now, consider complex local coordinates z1,...,z, on X as an n-dimensional
complex manifold, where we consider the real and imaginary parts z; = x; + 1y;,
which give us a set of real local coordinates z1, y1, 2,42, ..., Tn, Yy, for X as a 2n-
dimensional real manifold. A basis for 21 (X) as a complex bundle will be given by
{dxq,dys, ..., dx,,dy,}, and by change of basis, we may consider instead the basis
{dz1,dz, ..., dz,,dz,} where dz; = dx; + idy; and dz; = dx; — idy;. We then
define the holomorphic cotangent bundle A*°(X) as the span of dzy,dzs, ..., dz,,
and the antiholomorphic cotangent bundle A% (X) as the span of dz;,dz,, ... dz,.

It is immediate from the definition that
AN(X) = AM(X) @ AV (X).

The differential forms of type (p,q) on X are the differential (p + ¢)-forms in

p

q
(X)) = \AOX) A A A(X).
Note that since 2¥(X) = A" (A0(X) & A% (X)), by considering the expansion of

the exterior product, we have that

(X)) = P w(x).

p+Hq=k

2.3.2 The 9, 0 and dd° differentials t
By considering 21'(X) = 2A(X) & A%1(X), we may define
0:2(X) 5 2A0X)  and 8 A(X) = A01(X),

such that the de Rham differential d : A°(X) — 2A'(X) splits as d = 9 + 0. These

naturally extend to differentials
0 API(X) — APTI(X) and 0 API(X) — AP (X)),

as can be seen in Figure 2.1.
Since d?> = 0, we deduce that 9> = 0, 9> = 0 and 09 + 00 = 0. We define
d® = (09— 9), so that dd° is the operator dd® : 2P4(X) — APTLI+L(X) given by

T 4mi

1 = 1 -
dd® = ———990 = —00.
471 47y
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A0(X)
y \
le’O(X) e
N, T
ALO(X) A>H(X)
% d % a
A0 (X) = \wmm - \mt”(X) -
a % ) %
\Q[OJ(X) 7 \9[1,2()(>
22(0’2()() ..
~ o T
A03(X) 7

Figure 2.1: Splitting of the differential d : A¥(X) — A*+1(X) into 0 + J. Note that 90 = —00.
The dd° differential for APP(X) — APFLPTL(X).
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Note that we have a complex

dd¢

0 — A%0(X) 25 a1 (x) 15 222(X) 15 o«

o e ﬂ)g{pap(X) H... .

The set of forms @pZO 2APP(X) can be given the structure of a graded ring where
multiplication is given by the exterior product A. Note that this multiplication is
well defined since if v € APP(X) and « € AP9(X) then

p+q p+q

af e (X)) = A a0(X) A A\ AVH(X);

and that this multiplication commutative since all the forms in APP(X) are dif-
ferential forms in even degree 2p, and the exterior product of two forms in even
degree is commutative.

Given a map of complex manifolds g : ¥ — X we may consider the pullback

of k-forms which induces a pullback
g"APP(X) — APP(Y).

Given a proper submersion of complex manifolds f : X — S, of relative dimension

n, the integration along fibers induces a pushforward
fo s APP(X) — APTPTR(S)),

We will write [ x/5 for f.a. Note that f being a proper submersion implies by
Ehresmann’s Theorem that the fibers of f are locally trivial, which allows one to
integrate along the fibers.

We define the p-th differential form classes to be the quotient

- APP(X)
PX)yi=m — 7
A(X) Imo+Imo’

and note that we may extend the quotient map to

P arr(x) - Parx).

p=>0 p20
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2.3.3 Connections and curvature forms f

Suppose now that X is a complex manifold, and consider a holomorphic vector
bundle E on X of rank r. Let 2A"(X, F) be the smooth sections of \" Qx ® E,
where Qx is the cotangent bundle of X. Note that 2A"(X, E) is an A°(X)-module.

A connection on E is a C-linear map
V:A%X, E) = AN(X, E),

satisfying
V(f-s)=df @s+f-V(s),
for all f € A°(X) and s € A°(X, E).
A connection V : A°(X, F) — A(X, F) on E induces a map

V:AYX, E) - A*(X, E),

where
Viw®s) =dw®s—w V(s),

for w € AY(X) and s € A (X, E). A simple computation then implies that for
feA(X) and s € A%(X, E) we have

VE(fs)=f-V2(s),

which makes V? : 2A°(X, F) — 2*(X, E) an A°(X)-linear map, which we call the
curvature form of V. We often consider V? as an element of 2%(X, End(E)), or a

matrix of forms in A?(X, F).

2.3.4 Unitary connections and the hermitian holomorphic
connection f

First, note that since the elements of 2'(X, F) are the linear combinations of
elements which are the tensor product of an element in 2! (X) = 2A0(X) A% (X)
and one in 2A°(X, E), we may consider the splitting of V : A°(X, F) — A} X, E)
into V = V0 + V%! in a similar way that d = 9 + 0.

Now, suppose that F is equipped with a hermitian metric, which is given by a

hermitian inner product (-,-) on each fiber of E, varying smoothly depending on
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points on E. This hermitian metric induces, for two sections s,t € A°(X, E), a
pairing (s, t) € A°(X, E) so that

(s,0)(x) = (s(x), t(2));

together with pairings 21°(X, E) @A (X, F) — A1(X) and A' (X, E)@A°(X, E) —
21(X) such that for s,t € A°(X, E) and w € 2A'(X) we have

(s @w,t) = (s,t) - w,

(s,t @w) = (s,t) - w.

A connection V : A°(X, E) — AY(X, E) is said to be unitary if it satisfies the
following equation for all s,t € 2A°(X, E):

d(s,t) = (Vs,t) + (s, Vt).

The hermitian holomorphic connection of a holomorphic bundle E endowed
with a hermitian metric A is the unique unitary connection V : %X, E) —
AL(X, E) which satisfies V%' = 0, where dp is map A°(X, F) — 24X, E) in-
duced by 9 : A°(X) — A (X). See [24, Lemma 1 §IV.2.4] for a proof of the

existence and uniqueness of the hermitian holomorphic connection.

2.3.5 Chern forms 7

Let X be a complex manifold, £ = (F,h) a holomorphic vector bundle on X
endowed with a hermitian metric, and V be its hermitian holomorphic connection.
The Chern form of E, which depends on both the holomorphic vector bundle E

and the hermitian metric h, is given by
-1
h(E) ==t —V? APP (X
ch(E) I'p exp <2m,v ) € g% (X),

where trg is the trace in End(F).

One may also define a Chern class homomorphism ¥, with ¢*(E) € A" (X),

~1
> HE)F = det (I + —,V2t> ,
271

k>0

where
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where ch(E) can then be defined in terms of the ¢'(E) as in §2.2.5.
By considering the exponential power series and the trace of the identity matrix,
it follows that ch(E) = rk(E) + x for some x € P, APP(X). In particular, for

line bundles endowed with a hermitian metric L we have that

ch(L) € 1+ P A (X).

p>1

Chern forms are known to be d and d¢ closed, and satisfy the following prop-

erties;
e g*ch(E) = ch(g*E) for holomorphic maps g : Y — X of complex manifolds.
o ch(E® F) = ch(E) + ch(F) for all hermitian vector bundles E, F'.
e ch(E® F) = ch(E) - ch(F) for all hermitian vector bundles E, F.

o If O is the trivial bundle on X together with the trivial metric, then the
curvature of the hermitian holomorphic connection is zero and so ch(O ) =
1.

For holomorphic vector bundles E,...,E,, on X, and integer coefficients

m

ki,...,k, € Z, we define the Chern form of the formal sum so that
ch(kr By + -+ knE,,) =k ch(E,)+ -+ knch(&,,).

In a similar way, we consider the tensor product to distribute with formal sums
of holomorphic vector bundles in the natural way, which also agrees with Chern

forms. This allows us to for example write

ch <®(QX - Eﬂ) = H(l —ch(E;)).

2.3.6 Todd forms §

The Todd form td(E) of E is defined to be

CrkE(E) -
ch (Z;k:i?(_l)g /\J'Ev> = EZBOQ[ (X).

20

td(E) =



Note that this is taking §2.2.7, a formula in the case of abstract A-rings, and using
it to construct an analogous definition in the case of complex geometry. One may
define the Todd form in terms of the ¢’(E) directly following §2.2.6 instead, if
preferred.

We will note the following property of the Todd forms; for orthogonal sums of

vector bundles we have

td(E ® F) = td(E) td(EF).

2.3.7 Secondary Chern and Todd characteristic forms f

In the algebraic case, given a short exact sequence of vector bundles
0—+FEFE —FE—E"—0,

we have the following identities in terms of Chern and Todd classes;
ch(E) = ch(E") 4+ ch(E"),

td(E) = td(E") td(E").

In the analytic case, if we have a short exact sequence of hermitian vector
bundles

0—+E - E—E"—0,

we no longer have such identities in general unless the metric on £ agrees with
the metric on the orthogonal direct sum E' @ E”, in which case we say the short
exact sequence is orthogonally split.

Instead there exists, following [241, §1V.3], secondary Chern and Todd charac-
teristic forms CTI(O - - FE - E'" — O),t?i(() — FE — E - E" - 0) €
D,>0 AP(X) satisfying the following identities:

dd®ch(0 — E' — E — E" — 0) = ch(E') — ch(E) + ch(E"),

dd°td(0 — E' - E — E" — 0) = td(E') td(E") — td(E).
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In particular, if £ = (E, hy) and E' = (F, hy) are two hermitian vector bundles
with the same underlying holomorphic vector bundle, but different metrics, then
the difference between ch(£) and ch(E") is determined by

ch(E') — ch(E) = dd°ch(0 = E' — E — 0 — 0).
For such cases, we write

ch(0 = E' = E —0)==ch(0 » E' - E — 0 —0),

td0 - E - E—0)=td(0 > E' - E—0—0).

2.3.8 Chern form classes 7

Given a hermitian vector bundle £, we may consider the differential form class of
its Chern form ch(£) by considering the quotient €, ., AP7(X) — @D, AP (X).
We call this the Chern form class

ch(E) € P aAn(x).
p>0

While the Chern form of E = (E, h*) does depend on the hermitian metric h”
on E, from our note in §2.3.7, the difference between two hermitian bundles with
the same underlying holomorphic vector bundle but with a different hermitian
metric is the image of a form under the dd® map. This difference is therefore in
the image of @ and 0 and so it vanishes in D, >0 2AP(X). This means that ch(E)
is independent of the hermitian metric h* on E, which is why most authors write
“ch(FE)” for the Chern form class of E. We will use a different notation to avoid
confusion with the Chern character in the algebraic case.

We will similarly write td(£) for the Todd form class, which are analogously
given by the image of the Todd form td(E) under the quotient P ., AP7(X) —
®p20 2AP(X). Note that Todd form classes are also independent of the hermitian

metric, for the same reason as the Chern forms classes.
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2.4 A cancellation of Chern characters and forms

Bismut’s immersion formula (see §4.3.4) and Ma’s branched covering formula (see
§4.3.8) are both used to compute the norms of isomorphisms involving the de-
terminant of cohomology endowed with the Quillen metric (see §4.2), in different
geometric situations.

Both of these formulas involve the Chern form of a hermitian vector bundle
E over a complex meinifold X, ch(E) € D5, APP(X), as well as its Chern form
class, ch(E) € @, AP (X).

Bismut’s immersion formula is used in §5 and both formulas are used in §6.

The constructions used in these two sections involve an alternating product of

hermitian line bundles L, ..., L,,, which can be informally expressed as either
« @ (_1)|J| ®Li”a or « ® (QX . Li)”'
JCA{1,...,m} i€J 1<i<m

When computing the norms of isomorphisms involving these constructions, as
well as in similar algebraic situations such as the one considered in §3.3.7, we often
observe a cancellation of Chern characters, forms, and form classes, purely due to
the properties of the Chern character and Chern form, the grading of the Chow
ring and the ring of (p, p)-forms, and the behavior of the pushforward with respect
to this grading. These cancellations form the core of this paper, and are presented
in Lemmas 2.5, 2.6 and 2.7. While these Lemmas relate to different constructions,

their proof makes use of the same core ideas.

2.4.1 Cancellation of Chern characters x

Lemma 2.5. Let X and S be smooth schemes, f: X — S be a proper morphism
of relative dimensionn, { > 0, and m > n+{+ 1. Suppose that Ly,..., L, arem
line bundles on X. Let P € CH(X)q, and let [ denote the degree € part of an

element of CH(S). Then
" ¢
/X/chh (@(ox - Li)>] =0.

=1
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Proof. Recall from §2.2.5 that for line bundles we have that

1
ch(L;) =1+ c'(L;) + §c1(Li)2 +- € 14+ CH(X)5".

Therefore, by recalling that the Chern character is a ring homomorphism and Ox
is the multiplicative unit in K (X), it follows that

1

By taking into account the degrees of the terms, we deduce that

P ch (@(OX — Li)> = P[] ch(Ox — Li) € CH(X)3™.
i=1 i=1

Recall from §2.2.2 that the pushforward f, = fX/S(-) :CH(X)g — CH(S)g
preserves the dimension of cycles, while the Chow rings are graded according to

the codimension, so that the pushforward maps elements in C H*(X) to elements
>m
5t

in CH*™"(S). This implies that the pushforward maps elements in CH(X)g" to
elements in C’H(S)émfn - CH(S)SZH, since m >n+ ¢+ 1.
We therefore conclude that
m ¢
Pch [ ROx - L) || =0
Jiz+(@0r-0)
0

2.4.2 Cancellation of Chern forms

Lemma 2.6. Let X be a complex manifold of dimension n, and m > n + 1.
Suppose that Ly, ..., L,, are hermitian line bundles on X. Let P € P, AP(X).

Then " -
/XZCh <®(QX - Lz)) =0.

=1

Proof. Recall from §2.3.5 that for each hermitian vector bundle L, we have that

ch(L;) € 1+ @5 Ar»(X),

p=>1
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and that ch(Oy) = 1, so that by our definition of the Chern form for a linear

combination of hermitian vector bundles with integer coefficients we have that

ch(Ox — L;) = 1 — ch(L;) € P AP(X).

p>1

By recalling the graded ring structure of €p,., A??(X) described in §2.3.2, we
deduce that

ch <<§><QX : L») ~TLh(0s — L) € @A)

=1 p>m

However, since m > n + 1 > dim(X), it follows that APP(X) = 0 for p > m.

Therefore
ch <®<QX - L,-)) =0,

and so

]

Lemma 2.7. Let X be a complex manifold of dimension n, and m > n + 1.
Suppose that Ly, ..., L,, are hermitian line bundles on X. Let P € @pZO EP(X).

Then : -
| pa <®<QX - ;») -0
X/8

i=1
Proof. The same proof as for Lemma 2.6 applies to the case where we consider

Chern form classes instead of Chern forms. O]

2.5 Riemann Roch algebra f

Our research aims to extend Réssler’s [23], which is titled A refinement of the
Adams Riemann Roch theorem in degree 1.
In this section, we give a brief introduction of the Adams Riemann Roch the-

orem in §2.5.4, which describes the behavior of the Adams character ¥ when
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combined with pushforward of vector bundles; as well as the Grothendieck Rie-
mann Roch theorem in §2.5.3, which describes the behavior of the Chern character
ch when combined with the pushforward.

Both of these theorems can be understood to form part of a family of results
called Riemann Roch theorems, which we describe in §2.5.2; and in §2.5.1 we recall
the notion of Riemann Roch functors, such as the Grothendieck K group or the
Chow ring C'Hg.

T This section summarizes definitions and statements from [12].

2.5.1 Riemann Roch functors f

Let CRing denote the category of commutative rings, and AbGrp denote the cat-
egory of Abelian groups, and note that any commutative ring is an Abelian group
under addition.

A Riemann Roch functor H on a category C consists of a mapping H : X
H(X) € CRing for each object in C; which forms both a contravariant functor
C — CRing with pullback f +— f*, and a covariant functor C — AbGrp with
pushforward f — f,, for each morphism f in the category C; and so that the
projection formula applies, for all f: X — S in C and all x € X, s € S, we have
that

f(fTs-a) = s fu(x).

We will sometimes write f¥ and fy for the pullback and pushforward mor-
phisms in H when more than one Riemann Roch functors are used. For a mor-
phism f : X — S we will often write fX/Sx to mean f,.(x). For example, the

projection formula states that for x € X and s € S we have that

ffs-x = s-/ x.
X/S X/S

2.5.2 Riemann Roch theorems 7

Suppose that K and A are two Riemann Roch functors on a category C. We
may consider a natural transformation 7 : K = A as contravariant functors into

CRing. Such natural transformation will, by definition, consist of morphisms of
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rings ny : K(X) — A(X) for each object X € C, which commutes with the
pullback; for each f: X — S the following diagram commutes;

K(S) —=— A(S)

e e
(

K(X) 25 A(X).

We might hope that the morphisms 7x also commute with the pushforward,
but that is not often the case. Instead, there can be a “correction term” that
describes the way ny interacts with the pushforward.

Given (K, n, A) as above, we say that Riemann Roch holds for f : X — S with
multiplier 7y € A(X) if for all x € K(X) the following identity is satisfied

ns(fx(x)) = falnx(z) - 7¢),

s (/X/g) = /X/ZX@)'Tf-

2.5.3 Grothendieck Riemann Roch theorem f

or, using integral notation,

Recall from §2.1.1 that the Grothendieck groups K (X) for smooth schemes X form
a family of A-ring which satisfy the splitting property. Recall from §2.2.2 that it
is possible to construct a Chern class homomorphisms ¢, on K (X) with values in

CH(X), which in turn allows one to construct a Chern character
ch: K(X)— CH(X)g.

Both K and C'H can be shown to be Riemann Roch functors, and the Grothendieck
Riemann Roch theorem (GRR) states that for proper morphisms f : X — S of
non-singular reduced irreducible schemes, Riemann Roch holds for (K, ch, CHg)
with multiplier td(7x), the Todd class of the tangent bundle of X. This means
that for a vector bundle E on X we have that

ch(f.E) = / td(Tx) ch(E).

X/S
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2.5.4 Adams Riemann Roch theorem f

The Adams Riemann Roch theorem (ARR) states that for £ > 1, Riemann Roch
holds for f with respect to (K, 4", Z[+] ® K), where K is the Grothendieck group
and * are the Adams operators, with multiplier 6%(Q)~!, the multiplicative
inverse in Z[%] ® K(X) of the Bott-Chern cannibalistic class of the cotangent
bundle of f. Note that this inverse does not exist in general in K (X) but does in
Z[3] @ K(X).

This means that for a line bundle L, for which

V(L)) = [L)F,

we have that
(FLD* = fu ([LF - 0" (D7) -
Réssler’s canonical isomorphism of determinant line bundles, found in [23]—
and which we aim to extend to the analytic case in this paper—is a refinement of
the Adams Riemann Roch theorem in degree one. This is proved and explained

in more detail in §3, below.
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Chapter 3

A refinement of Adams
Riemann-Roch

In [6], Deligne introduced various canonical isomorphisms in the case where we
have a morphism of schemes X — S of relative dimension 1, and computed the
norms of these isomorphisms in the analytic case. Since then, multiple authors
have aimed to extend Deligne’s results to higher relative dimensions.

His results are mainly stated in terms of the Deligne pairing, which can be
written in terms of the determinant of cohomology. We will look into Ducrot’s
extension of the Deligne pairing in higher relative dimensions, the intersection
bundle constructed using cube structures [7], in §5 where we extend Ducrot’s results
to the analytic case. FElkik provides a different construction of the intersection
bundle in [8] and later considered the analytic case in [9].

Other authors have instead searched for canonical isomorphisms analogous to
those constructed by Deligne in higher relative dimensions, at least in the algebraic
case. This includes the works of Franke [11], Eriksson [10] and now Réssler in [23].
Rossler’s construction is of particular interest since the methods used are much
more suitable for extending his results to the analytic case.

When we were starting this research, Rossler showed us an early version of
his [23], where a canonical isomorphism of determinant line bundles was the main
result. Rossler mentioned to us that this isomorphism must be related to the
Adams Riemann Roch theorem (ARR) from §2.5.4. While we were getting familiar

with the analytic tools required to extend his results to the analytic case, we
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worked on finding the relationship between Rossler’s ARR refinement and the
ARR theorem.

This required some fairly interesting combinatorics, and, while not directly
related to the rest of our research, the possibility exists that these ideas might
come up once again when dealing with the full extension of Rossler’s results to the
analytic case. While a previous version of parts of this chapter can be found in

our Transfer of Status, we have added the details required for a robust proof.

3.1 Canonical isomorphisms of determinant line
bundles f

In this section, we recall the statement of Rossler’s refinement of the Adams Rie-
mann Roch (ARR) theorem in degree 1 [23, Theorem 1.1], and give a brief sum-
mary of its method of proof.

In §3.1.1 we recall the main result, which we call Rossler’s ARR refinement.
In §3.1.2 we give an explanation of the relationship between Rossler’s result and
the ARR theorem. In §3.1.3, we briefly recall the statement of [23, Theorem 6.1],
which we call Rossler’s involution formula; note that this theorem uses definitions
from §4, and is looked at in more detail in §6.1. In §3.1.4 we give a brief overview
of Rassler’s proof of their ARR refinement. In §3.1.5 and §3.1.6 we recall some

results that are related to Rossler’s refinement of the ARR.

3.1.1 Rossler’s ARR refinement f

The main result in [23] is Rossler’s local refinement of the Adams Riemann Roch
theorem in degree 1, [23, Theorem 1.1], which we’ll call Réssler’s ARR refinement.

This theorem states the following;

Theorem 3.1. Let X and S be locally Noetherian Spec Z[%]—schemes, so that 2 s
wnvertible on X and S. Let f : X — S be a locally projective and smooth morphism
of constant relative dimension d. Let L be a line bundle on X and assume L 1is
cohomologically flat over S, so that R'f,L is locally free for i > 0.
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Then there exists a canonical isomorphism

2d .
ML) = QAL @ Sywd (0))7C 1 ZE (),
§=0
compatible with base change to any locally Noetherian scheme.

Here and henceforth, A\ denotes once again the determinant of cohomology
introduced in §1.2.6, instead of the A-ring operations. Note that in [23] a more for-
mal notation is used for the statement of this theorem through the use of category
theory, instead of the more informal notion of “canonical isomorphisms” which we
introduced in §1.2.7. Recall that €y = €2x /5 is the cotangent bundle.

3.1.2 A local refinement of Adams Riemann Roch in de-
gree 1 7

Rossler’s [23] is titled A local refinement of the Adams-Riemann-Roch theorem in
degree 1. The canonical isomorphism in Rossler’s ARR refinement from §3.1.1 is
related to the equation in the Adam Riemann Roch theorem from §2.5.4, for the

second Adams operator 1?2,

(LD = fo ([L]7 - 02([2,]) ) € K(S)[3], (3.1)

in the following way.
We first take determinants on either side, defining det([E]) = [det(F)], and

using the canonical isomorphisms det(E®?) = det(E)®? as well as

det(f.[E]) = det (Z(—l)ﬂ' [ij*E]> = @ det((R/ LBV = (A(B)],

we obtain from (3.1) the following equality in the Picard group Pic(S)[5] C

K(S)[3] of line bundles up to isomorphism

MILD? = ML - ([ ]) 7).

1
2

is and invertible process, and so the above equation is equivalent to

Since we are working in Pic(S5)[5] instead of only in Pic(.S), taking powers of 2

ALY = ML - 22107 ((2) ),
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by taking (-)22(”1 on both sides, and recalling that the determinant of cohomology
sends sums to products.

We then use the following theorem, which is proved later in this section in §3.3,

Theorem 3.2. Let X and S locally Noetherian SpecZ[3]-schemes, f: X — S
be a locally projective and smooth morphism of constant relative dimension d, and

suppose that X has an ample line bundle. Let L be a line bundle on X which is

cohomologically flat over S. Then we have an equality in Pic(S)[3],

A(LP - 246°(12]) ™) = | QML @ Sym? (@)= =" ()

This finally gives us an equation in Pic(S)[3] which implies, in terms of line
bundles instead of elements of Pic(S)[3], that

ML) and (§) AL @ Symd (€)) 2 2 (707
j=0
are isomorphic to each other up to an indeterminate 2°°-torsion line bundle, which
is due to working over Pic(S)[1] instead of Pic(S).
Rossler’'s ARR refinement is a refinement of this last fact since it not only
implies the existence of an isomorphism, but constructs a canonical isomorphism,
compatible with base change. Rossler’s ARR refinement furthermore removes the

indeterminate 2*°-torsion line bundle altogether.

3.1.3 Rossler’s involution formula §

The core to Rossler’'s ARR refinement is a canonical isomorphism which we call
Réssler’s involution formula in this paper. It is [23, Theorem 6.1], and its statement
uses equivariant constructions and definitions which we will recall later in §4; in

particular \°Y the equivariant determinant of cohomology, is defined in §4.2.6.

Theorem 3.3 (Rossler’s involution formula). Let G = Z/2, and S and X be locally
Noetherian G-equivariant schemes where 2 is invertible, where the action of G on S
15 trivial. Let f: X — S be a smooth, locally projective, separated, G-equivariant

morphism of constant relative dimension d and of finite type. Suppose that the
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orbit of every point in X 1is contained in an affine subscheme. Let v : Z — X be
the fized point subscheme Z = X¢, and suppose the induced Z — S is flat, which
implies Z is reqularly immersed in X. Let C be the conormal bundle on Z of the
immersion Z — X, endowed with its canonical G-equivariant structure, and let
M be a G-equivariant line bundle on X.

We then have a canonical isomorphz’sm
A= = @ A (M) ® Syw? (€)) Zio (1),

compatible with base change.

The original goal of this paper was to extend Rossler’s involution formula
from the algebraic to the analytic case, which would then provide an extension to
Rossler’s ARR refinement in the analytic case. In §6, we give a partial extension of
Theorem 3.3, for the case where Z is a Cartier divisor of X, by following Rossler’s
proof of Theorem 3.3 and considering the norms of canonical isomorphisms at each
step.

If one were to follow Rossler’s proof for the general case, where Z has a higher
codimension than 1, one would need to study the blow-up of Z, and how Quillen
metrics interact with this construction. We describe Rossler’s proof of Theorem
3.3 in §6.1.

3.1.4 Rossler’s method of proof for Theorem 3.1 §

To prove Theorem 3.1 for the map g : ¥ — S of relative dimension d, Rossler
applies Theorem 3.3 to the case where X =Y x Y, and the action of G on X
swaps factors. This strategy uses the fact that the fixed point formula for an
involution recovers Adams Riemann Roch for 12, which was first noted in Nori’s
22].

In this situation, ¢ : Z — X is the diagonal of Y x Y. In particular, the
codimension of Z is equal to the dimension of Y, and thus is a Cartier divisor
only when Y is a curve. This means that while our extension of Theorem 3.3 is
applicable to X of any relative dimension over .S, we would only be able to obtain
an extension of Theorem 3.1 in the case where Y is of relative dimension 1 over

S, which was studied by Deligne as we recall in §3.1.6.
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3.1.5 Franke’s and Eriksson’s work f

In [10], Eriksson constructs a refinement of the Adams Riemann Roch formula
using the homotopy theory of schemes. It gives an analogous result to Rossler’s
ARR refinement but includes an undetermined 2°° torsion line bundle in the iso-
morphism, and the resulting linear combination in the symmetric powers of
would a priori depend on the dimension of the total space.

In [11], Franke gives a refinement of the Adams Riemann Roch formula using
higher K-theory. In a similar way to Eriksson’s work, the result is analogous to
Rossler’s ARR refinement, but in Franke’s work’s case an undetermined torsion
bundle (not necessarily 2°°) is included.

However, while the results of Rossler’s ARR refinement have no undetermined
line bundles, our main interest is in Rossler’s method of proof for Theorems 3.1 and
3.3, which involves neither higher K-theory nor the homotopy theory of schemes
(both requiring a vast categorical apparatus), and instead relies on elementary and
explicitly constructed canonical isomorphisms at each step. This makes it feasible
to compute the norm of the canonical isomorphism in Rossler’s ARR refinement

in the analytic case, where both sides are endowed with the Quillen metric.

3.1.6 Deligne’s Le détérminant de la cohomologie T

In [0], Deligne presents us with results for the case where the relative dimension of
X over S is 1, and program encouraging us to extend his results to higher relative
dimensions. Franke’s, Eriksson’s and Rossler’s work all are related to this program,
in their goal of refining Adams Riemann Roch in higher relative dimension.

In [6] Deligne also constructs and presents the Deligne pairing, which we de-
scribe in the introduction to §5. Deligne once again proposed that this construction
could be extended to higher relative dimensions as the intersection bundle, and
at least two different authors have provided such constructions; Elkik in [%], and
Ducrot in [7].

It is worth noting that in [6], Deligne also considers the analytic case, where one
endows the determinant of cohomology with the Quillen metric. Of the authors we
have mentioned in this section, only Elkik has provided a similar analogue for her

work in [9], and one of Rossler’s motivations for relying on elementary methods in
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his proof of Theorem 3.1 was to make the extension of his results to the analytic
case feasible.

Interestingly, Rossler’s proof of Theorem 3.3 makes use of Ducrot’s intersection
bundle, which does have a different construction from Elkik’s more geometrical
approach. In this paper, we provide an analogue to Ducrot’s construction in the

analytic case in §5, and a partial analogue to Rossler’s involution formula in §6.

3.2 Combinatorial identities x

In this section we collect all the combinatorial results that will be used throughout
this paper. Most of them are of immediate use to §3.3, though the polynomial
identity of §3.2.2 will instead be used in §6.

In §3.2.1 we present a combinatorial result, which was our first contribution
to this research; a simplification which made its way into Réssler’s paper as [23,
Lemma 6.3]. In §3.2.2 we introduce a polynomial identity related to this simplified
combinatorial expression.

Réssler’s canonical isomorphism involves Sym? (€2;) terms, whereas the Adams
Riemann Roch (ARR) theorem has instead a 6%(Qf)~' term. If the cotangent
bundle 2 splits into line bundles, we can write both of these in terms of symmetric
polynomials of the line bundles, which means through A-ring methods that these
can ultimately be expressed as polynomial expressions of the /\’ (24, even in the
case where {2y does not split. Either way, we’re ultimately working with symmetric
polynomials.

The symmetric power Sym’ (D:~, L;) can be written in terms of the complete
homogeneous symmetric polynomial of degree j in m variables, which is the sum
of all monomials of degree j in m variables. We introduce these polynomials in
§3.2.4. We study these complete homogeneous symmetric polynomials by using
non-strictly increasing sequences of finite length, each of which corresponds to a
different monomial. We introduce these increasing sequences in §3.2.3.

Finally, in §3.2.5, we consider a combinatorial identity which is the key to going
from Rossler’s ARR refinement to the ARR theorem.

65



¥ We are unfamiliar with the literature surrounding combinatorics, as such it
is possible that previous authors have found these results, and that we are unaware
of them.

3.2.1 A combinatorial simplification

We could say that this result is our first contribution to our study of Rossler’s [23],

which was included in his work as [23, Lemma 6.3].

Lemma 3.1. Suppose that 0 < j < n. Then

n—j . n—j
, + k n+1
on—i=k(J =5 .

Proof. We use induction on n > j. In the base case, where n = j, k may only be

0, and so the statement follows from the identity

#(0)=1=("0)

Now suppose for induction that the statement holds for n — 1. Then starting
with the right hand side we have

()= E [0+ )

e e

(k—1)=0 k=1

=2 ()0

=0

(n—1)—j . . .
=9 o(n—=1)—j—k (j - k) 4 gn—i—(n—j) (.7 +(n— .7))
pan J J

::ngzn_j_k(j-+-k)
k=0 J

[e=]
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In essence, this simplification involves two steps when looking at Pascal’s tri-

angle; writing down the binomial coefficients of the form

n—+1 n+1 n+1 n+1
0 ) 1 LA k AR | n _ j )
in terms of binomial coefficients of the form
j j+1 j+k
0)’ 1 ’

by using expansions of the form (aH) = ( ) + ( ) —which introduces the factors
of 2"=7=*—and finally using the symmetry ( ) ( ) to replace the terms above

with binomial coefficients of the form

(033 )

3.2.2 Polynomial with combinatorial sum coefficients

Consider the family of polynomials whose coefficients are the combinatorial sums

pale) = " (Z (" 1)) "

=0 \ k=0

presented in §3.2.1,

The following result allows us to easily compute the combinatorial sums for
multiple 7, by using computer algebra systems or otherwise. We will also use it
in our computation of the norm of the canonical isomorphism due to Rossler’s
involution formula in §6.2.7.

Lemma 3.2.
2n+1 _ (1 + x)n—i—l
11—z

pa(z) =

Proof. When we multiply p,(x) with (1 — ), we are left with a polynomial whose
coefficients are the difference between two partial sums, of which one has one more
term than the other. This effectively leaves us with the terms of the partial sums

as the new coefficients, which coincide with the binomial coefficients.
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We compute;

(1 — ) pn(z)

For the proof of [23,

and proves the identity

B 2”: 1y Kt S
|4 k k
7=1 k=0 k=0
+< (n+1>>x0_xn+1
k
k=0
1

]

Theorem 6.1], Rossler introduces the family of polynomials

n

P(t) =Y 2" (2 —t),

1=0

tP,(t) = 2" — (2 — t)"th

Lemma 3.3. The relationship between P, and p, is that

P,(1—uz).

pn(ilj)

Proof. We make use of Lemma 3.1, and compute, starting on the right hand side,

and using the substitution ¢ = j + k,
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n

P,(1—1x) = sz’(z —(1—2))

=> (1 +a)

=0

= i on—i i (l) 2
i=0 =0
=3y e(j)

=0 i=j J

n—j o ]{?—Fj
S
2

xJ

3.2.3 Increasing sequences

If we wish to sum over all monomials of a given degree k, in m variables X1, ..., X,,,
we can do so by considering the sum of the monomial X; X;, --- X, over all 1 <
i1 <ig < -+ <4 < m. We thus study the “increasing sequences” [iy, ..., i].

Let [n] = {1,2,...,n} denote the ordered set of integers from 1 to n. We now
consider a category ZSeq,, of increasing sequences up to m. The objects of ZSeq,,
are non-strictly increasing morphisms of ordered sets « : [¢(«)] — [m], for some
integer ¢(a) > 0 called the length of the increasing sequence a. We let ZSeq,, . be
the subset of increasing sequences up to m of length k.

We write
[a(1), a(2), ..., a(l(a))],

to represent an increasing sequence in ZSegq,,. For example, [ ], [1,2,3], [1,1,1, 2]
and [1, 1,3, 3] are all objects in ZSegqs, while [2, 1], [2, 3, 4] aren’t.
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[, 1, 2, 2 [, 1, 1, 2, 2 [1, 1, 1,
1, 2] , 1, 2] h, 1,

/ | ]

1 ,/ 1, 2,\2] 1 ,/ 1, 1, 2,\2] m, 1, 1,
Figure 3.1: The six embeddings of [1,1,2] into [1,1,1,2,2

Given a monomial of degree k in m variables X7, . ..

[\
—_
—_
[\

—_

i)

, X, there exists a unique

increasing sequence up to m of length k, o € ZSeq, , such that the monomial

can be expressed as

XaXa@) - Xaw)-

For example, the monomial X3 X, X7 corresponds to the increasing sequence [1,1,1, 2

The morphisms in ZSeq,, between an increasing sequence [ of length j and

an increasing sequence « of length k are the embeddings n : 8 — «, consisting

of strictly increasing morphisms 7 : [j] — [k] such that the following diagram

commutes:

[j] - > [k
KH/

]

Note that there exists no morphisms $ — « if the length of 3 is longer than the

length of a. As an example, there exists 6 embeddings of [1,1,2] into [1,1,1,2,2],

which are described in Figure 3.1.

Lemma 3.4. Fix an increasing sequence 3 € LSeq,, of length j. Then the number

of embeddings from B into any increasing sequence of length k depends only on m,

k and j and is given by

H{B — a s.t. a € ZSeqm i }| = (

70

m+k—1
k—j

)

4, 4].



Proof. We adapt a strategy that is often used to count the number of distinct
monomials of a fixed degree. We find a correspondence between increasing se-

Wy ”

quences up to m of length k and sequences of k stars “x” and (m — 1) bars “|”.
We interpret these sequence of stars and bars as “instructions on how to build an
increasing sequence”, with a star indicating that one should add another copy of
a number to the increasing sequence, and a bar indicating that we must move to
the next number. For example, [1,1,1,2,2] € ZSeqs 5 corresponds to the sequence
of stars and bars (x x| x| ), and [2,4,4,5] € ZSeqs 4 corresponds to (|* ||| *).
The number of these sequences of stars and bars can be found by simply choosing
k of the m + k — 1 symbols to be stars instead of bars, and as such, by using this

correspondence, we have that

k

m+k—1
| ZSeqm i | = < )

While the above strategy allows one to count the number of distinct monomials
of degree k in m variables by using the correspondence between such monomials
and objects in ZSeq,, i, a small alteration allows us to count the size of the set of
embeddings from a fixed 8 € ZSeq,, ; to an increasing sequence of length k.

Fix a 8 € ZSeq, ;, and consider its stars and bars representation, where there
are j stars and (m — 1) bars. We then add (k — j) balls “e” to the sequence, and
we note that each choice of placing of the balls corresponds to a unique embedding
of B8 into an increasing sequence a € ZSeq, r, whose representation is given by
forgetting the distinction between stars and balls. The balls will correspond to the
elements in a not contained in the image of the embedding.

For example, suppose that m = 3, k =5, j = 3, f = [1,1,2] and o =
[1,1,1,2,2]. The representation of 3 is (x x| x|), and a’s is (* * x| * *| ). Each
embedding 8 — « in Figure 3.1 corresponds respectively to each of the following

representations using stars, bars and balls;

(xxo|xo) (xox|xe) (oxx|xe|)

(xxo|@x|) (xox|ox|) (oxx|ox|)

while, for example, (% * | x | ® @) corresponds to the unique embedding of S into
1,1,2,3,3].
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By a similar argument as for the stars and bars case, the number of embeddings
from [ to a increasing sequences of length k is equal to the number of ways of
choosing (k — j) balls among m + k — 1 symbols that could be stars, bars or balls.
Note that the placement of the stars and bars between each other is determined
by 3, but does not affect the number of embeddings of 3 into elements in ZSeq,, k.,
which is
k—j

-1
B — ast. a € ZSequi}| = (m—i—k )

]

For an example of Lemma 3.4 in practice; with m = k = 3, [1,1] can be
embedded thrice into [1,1,1], and once into [1,1,2] and [1, 1, 3] each, for a total
of 5 embeddings; while [1,2] can be embedded twice into [1,1, 2] and [1, 2, 2] each,
as well as once into [1,2, 3], for another total of 5 embeddings, but obtained by
adding 2 + 2 4 1 instead of 3+ 1+ 1.

3.2.4 Complete homogeneous symmetric polynomials

The k-th complete homogeneous symmetric polynomial in m variables A, i, often
written hy if the number of variables is clear, is the sum of all monomials of degree

k in m variables;

Mo (X)) = > Xiy- X,

1<ip < <ipg<m

For example
ho(z,y,z) = 2 + wy + w2+ y* + yz + 2°,

hi(z,y) = 2" + 2"y + oy R

A standard result in the theory of symmetric polynomials is that one might
construct a power series whose coefficients are complete homogeneous symmetric
polynomials by taking the product of the geometric series in each variable;

m

> hmp(Xtt =T Xk =] - Xit)™". (3.2)

k>0 i=1 k=0 i=1

While the complete homogeneous symmetric polynomials do not generate all

the symmetric polynomials like the elementary symmetric polynomials do, we are

72



able to write the expression h,, ;(1 — Xy ) in terms of the j-th complete homoge-

neous symmetric polynomials for 0 < 7 < k.

Lemma 3.5.

a1 = X = L0 (" ),

§=0
Proof. Note that (—1)7h, j(Xs) = hm j(—Xx) since the h,, ; are homogeneous of
degree j. By replacing X4 with —X, it follows that the statement to prove is

equivalent to proving

J=0

By the correspondence between monomials and increasing sequences described
in §3.2.3, since the complete symmetric homogeneous polynomial in degree k& and
m variables X1, ..., X,, is given by adding all monomials of degree k in m variables,
and each such monomial corresponds to an increasing sequence up to m of length
k, we have that

P e (X ) = Z Xa(1)*+ Xak)- (3.3)

aclSeqm, k

Now, fix an increasing sequence a € ZSeq,,, and consider the product
(14 Xa@) (I + Xa@) -+ (1 + Xagea)-

When expanding, we add over monomials obtained by making a choice for each
factor (1 4+ X,(;)) whether we pick the 1 or the X, term. Each of such choices

corresponds to an immersion § — « for some § € ZSeq,,. This allows us to write

()
[T+ X)) =D X B(B))» (3.4)
=1 B—a

where the sum is over all embeddings § — « for some § € ZSeq,,, not over all the
B € ISeq,,.

For example, the immersion

73



n, 1, 2]
n, 1, 1, 2, 2
corresponds to the choice of taking the first and third X;’s, as well as the second

X5, and 1’s in the other factors, when expanding
I+ X))+ X))+ X)(1+ Xo)(1+ Xy),

which gives us an X?X, summand. Note that we then may find the coefficient
of the X?X, term in the expansion of the product above by counting the number
of distinct embeddings from [1,1,2] to [1,1,1,2,2], which we know to be 6 from
Figure 3.1.

We now compute, using (3.3),

ML+ Xo) = ) (14 Xa) - (14 Xagr),

a€ZSeqm k

Then we use (3.4),
= D) Xaw o Xawe,
a€LSeqm 1 f—ra

We then double count the morphisms § — «, above we count the « first, below
we instead count the f first;

a€lSeqm, i

k
=> > > Xy Xaws),

j=0 BeISeqm,; B—a

Then, noting that the summand depends only on 3, we can sum over all «,

k
= Z Z ’{5 — a st o€ ISequ}\ X,B(l) .. -Xg(g(ﬁ)),

J=0 BeISeqm,;

We may then invoke Lemma 3.4,

k
m+k—1
=D > ( b )Xﬁu)“'Xﬂ(ew»»

j=0 B€ISeqm,;



And finally rearrange and use (3.3) once more,

k
m+k—1
:Z( k- ) Y Xswy - Xpwey,

]

3.2.5 An alternating sum of a product of binomial coeffi-
cients x

Consider the following alternating combinatorial sum (this is [27, A239473]);

. - e
T = —1)I .
iy =301 (1)
Jj=i
Note that, setting T'(n,i) = 0 for i < 0 or ¢ > n, we have that, for n > 0 and
0<7<n:
1 f
T(n,n) = 1; T(n,0) =4 "5
0 for n odd
and T(n+1,i) =T (n,i—1)—T(n,1).

This makes T'(n, i) generate a “ITriangle of Pascal” where the right side is made of
1’s, the left side alternates 1’s and 0’s, and instead of adding two values to get the
one beneath, we take the difference. See Figure 3.2.

We now consider the following alternating sum of products of binomial coeffi-

cients, which can be expressed in terms of powers of 2 or the T'(n, 7).

Lemma 3.6. Letd>1 and 0 <1 < 2d. We then have
§2§‘(_1>Z(d+i+z—1><2d+1)_ 921~ if 0<i<d+1
e 0 ko) \Td-2,i—d-2) if d+2<i<2d

Proof. The sum in the left hand side can be rearranged by “adding along the

diagonal” of a right triangle instead of along the sides, as is shown in Figure 3.3.

2d—i 2d—i—¢ 2d—i k+¢=p
YD Fky =) > F(ko).
=0 k=0 p=0 k>0
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3 -6 7 -4 1

-39 -13 11 -5 1

1 2 3 4 5 6
l

n
0|

1 1

2 101

3 2 -2 1
411 2 4 3 1
5

6

Ol O = O = O =

Figure 3.2: T'(n,i) for 0 <i <n <6.

[ ] [ ]
N

e — 0 [ ] [ J
N N

o — 0 — 0 [ ] [ J [ ]
N N N

Figure 3.3: S0 SN F(k, () = Z;])V:o ZZ;SP F(k,¢). In this picture, ¢ is the column from left
to right, and k is the row from bottom to top.

Recall the following two standard binomial expansions, for n,m > 0,

1+t)" = i (Z)tk

k=0

(146 = i(—nf(m +f - 1)#

=0

Therefore, by considering the product
1+8)" A+ =1+,

we deduce the following identity by considering the p-th coefficient of a product

of power series;

S (NG Ay

k,0>0
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Now let n = 2d+1 and m = d+1i, sothat n—m =d—i+1land m—n =i—d—1,
and, starting by the left hand side, we have

%2%6(—1%(‘1“7_ 1) (Qd; 1)

(=0 k=0
_de”“ip (d+@+e—1>([2d+u)
p=0 k£>0 ¢ k
B 2d—i { ([d—;ﬂ}) if d+12>1
(oY) i d+ 1<

We first consider the case where i < d + 1;

2dz_i(d—i+1) dil (d—z’+1)
p=0 p p=0 p

— 2d71+1 )

Now, in the case where ¢ > d + 1, or ¢« > d + 2, we have that, using the
substitution ¢ =i —d+p — 2,

ij_i(—lw(“‘d‘;”p‘ - pé(—
B
dz

( Ji—d—2).

3.3 Proof of Theorem 3.2 x

Recall Theorem 3.2, where we let X and S locally Noetherian Spec Z[%]—schemes,

f X — S be a locally projective and smooth morphism of constant relative
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dimension d, and suppose that X has an ample line bundle. We then let L be
a line bundle on X which is cohomologically flat over S. And then we have an
equality in Pic(S)[3],

2d.+1)

2d
AL - 22 7162([])7) = [ ALE? @ Symd (@) 2 = (%
j=0

In §3.3.1 we define an equivalence relation on K (X)[3] that simplifies the state-
ment of the theorem. In §3.3.2 we consider a splitting cotangent bundle. In §3.3.3
we write the inverse of the Bott-Chern cannibalistic class of the cotangent bun-
dle in terms of its splitting, and in §3.3.4 we write the symmetric powers of the
cotangent bundle in terms of its splitting.

The main part of the proof is found in §3.3.5, where we make use of the Lemmas
in §3.2. This proof makes use of a Lemma which is proved in §3.3.6 when the
cotangent bundle splits in K(X) and in §3.3.7 when we must consider an extension
of K(X) where the cotangent bundle splits. While the second proof implies the
first, we provide both since the first showcases methods that will be used in the
later sections, and the second hints at the difficulties one may face when considering

cases of higher codimension in §6.

3.3.1 A relation in K(X)[3] x

Consider the relation ~ on K (X )[%} where
a~ B ifandonlyif (L] )= M[L]}*-B) € K(9)[%].

This is an equivalence relation.

Our aim in this section is to prove Theorem 3.2, which states that

2d 2d—j
2o ~ S-S () swi(a),

3.3.2 A splitting of [/]

Recall from §2.1.7 that the family of A-rings of Grothendieck groups of vector
bundles K (X)) for smooth schemes X satisfies the splitting property. This means
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that there exists a A-ring extension K (X)" where [Q/] splits as

where d = rk[€f] is the constant relative dimension of f, and M, are elements of
K(X)".

Note that from the splitting principle, we know that there exists some smooth
scheme X’ over X such that K(X)" = K(X'). By the construction of the extension
described in §2.1.7, we note that 7 : X’ — X is projective since it is the composi-
tion of projective morphisms of schemes. Since X has an ample line bundle and 7
is projective, by [26, Lemma 37.50.1], X’ too has an ample line bundle. By using
Lemma 2.1 from §2.1.8, we have that for any line element M; in K(X)', (1 — M;)
is nilpotent.

Finally, recall from §2.1.5 that any symmetric polynomial expression of the
M;’s is in K(X), is independent of the choice of splitting, and can be computed
using the X ([Q]) = [\’ Q] € K(X). We can thus consider symmetric polynomial

expressions of the M; as elements of K (X)[1] without need to move to K (X)'[3].

3.3.3 The inverse of the Bott-Chern cannibalistic class

(0"

From §2.2.9, for each M; we have that §%(M;)~" in K(X)'[3] is given by

6°(M;) ™" = %Z (1 _QMi)k,

which is well defined since for each M;, (1 — M;) is nilpotent.
Now, given that 62 is defined multiplicatively, #2([Q])~" in K (X)[1] is given
by

() =] % 3 (1 —2Mi>k




where hqj are the complete homogeneous polynomials of degree k in d variables
introduced in §3.2.4. Here we have used (3.2) from §3.2.4.

3.3.4 The symmetric powers Sym’([();]) x

For an n-dimensional k-vector space V' with basis ey, ..., e,, we may decompose
V=Fk®- @k, as a direct sum where each k; is a copy of k corresponding to
each basis vector e;.

A basis of the j-th symmetric power of V, Sym’(V), is then given by
{ea @ eq(2) @ - eqy) St 1< a(l) <... < a(]) < n},

in other words, where « is a sequence up to n of length j. We may then decompose

Sym’ (V) as a direct sum

Sy’ (V) = @D ka) @+ @ kagj) = hn(kx)

a€lSeqn,;

This can be extended to vector bundles over X with a splitting in some exten-
sion of K (X)), which implies that

Sym? ([Q]) = ha,j (M)
For another example of this, for a pair of line bundles L and M,
Sym* (L& M) = L®* @ (L@ M) ® M® = hyy(L, M).

3.3.5 Computation

We now only require one last lemma to show that

22d+102([Qf])71 ~ Z Z(—l) (2d - 1) Symj([Qf])

— £ 1
7=0 =0
which is the following statement.

Lemma 3.7. For k > d + 2,
hap(l —My) ~0
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Deferred proof. We prove this in two different cases; if [€2] splits in K (X), which
we prove in §3.3.6; and if [Qf] doesn’t split in K (X), which we prove in §3.3.7.
Note that the second proof is a more general case and implies the result of first
case. However, in the first case, we are able to give a stronger result by constructing
a canonical isomorphism, and using Ducrot’s theorem; in other words, this case
uses methods similar to the ones used in §5 and §6. Rossler suggests a similar proof
should exist in the second case due to the splitting principle; we instead give a
proof which makes use of one of our cancellation lemmas, and of the Grothendieck
Riemann Roch theorem, to showcase how these results can be used in these types
of situations.
O

We begin with the right hand side, and note that from §3.3.4 we have that

>SS w () s )

7=0 k=0
2d 2d7j
2d +1
SO NCT Gy INETN
7=0 k:O
2d 2d—j
2d+1
=S (- - )
j=0 k=0

and we can then use Lemma 3.5 from §3.2.4 to compute hq (1 — (1 — My)) in
terms of hg;(1 — My),

=0 k=0 i=0 J—i
2d 2d—j j .
- (d -1 2d + 1
=S Y ey (T (Y )hd,m ~ My)
§=0 k=0 i=0 J =t k
9d  2d 2d—j .
- (d -1 2d + 1
= (=1 I - hai(1 — My),
i=0 j=i k=0 J = k ’

we then let / = j — i,

d 2d—i2d—i—¢ .
d+i1+¢—-1\/2d+1
5 (T (P - )

i=0 (=0 k=0

[\
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and use Lemma 3.6 from §3.2.5,

d+1 2d
= 2" hg (1= My)+ > T(d—2,i—d—2)hgi(1 — My),
=0 i=d+2

we now use Lemma 3.7 to remove the parts where ¢ > d + 2,

d+1
~ Z 2d+1—z hd,i(l o M*)

=0

and we use Lemma 3.7 once again to complete the power series, noting that we
can do so because hg;(1 — My ) vanishes for large enough ¢ since the (1 — My) are
nilpotent, as is noted in §3.3.3,

~ sz+17i hd,i<1 o M*)

i>0

1 1
= 2d+1 i > o has(1 = My)

120

and we conclude by using §3.3.3, which gives us the left hand side,

— 22d+102([ﬂf])_1~

3.3.6 Proof of lemma 3.7 if [()/] splits in K(X) x

Suppose that [Q2f] = My + --- 4+ My splits in K (X), so that M; = [L;] for some
line bundles L; on X, and let £ > d + 2, where d is the relative dimension of X

over S. Our aim is then to show that
hd,k(l - M*) ~J 0,

or, equivalently, that
MILP - hap(1 — My)) = 1.

Instead, we are able to prove a stronger statement, that there exists a canonical
isomorphism

ML®2 @ hgr(Ox — Ly)) =2 Os.

Recall that the complete homogeneous symmetric polynomial 4y is the sum

of all homogeneous monomials of degree k, and we may consider them all by
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considering the increasing sequences up to d of length k, o € ZSeq . Then, using
the canonical isomorphisms A(E + E') = A(E) ® A(E'), we have that

k
N0 1) = @ (10 @(0x L),
a€lSeqq i i=1

We now use Ducrot’s theorem, §5.2 Theorem 5.1, and which is studied in
great detail in §5. In particular, Lemma 5.1 implies that there exists a canonical

trivialization for each o € ZSeqq,

k
A <L®2 & ®(0X — La(i))) = Og.

=1

Combining these canonical trivializations gives us a canonical trivialization for
AML®% ® hg(Ox — Ly)), which in turn implies that

hd,k(l - M*) ~ 0

3.3.7 Proof of lemma 3.7 if [()¢] doesn’t split in K (X) x

Recall from §2.2.2 that ¢! : Pic(S) — CH'(S) is injective, since S is smooth. We
can then prove that a ~ 0 by finding an equation in CH'(S) giving us

¢ (AL - a)) = 0.

Let e = uy + -+ + u,, an element of K(S) which splits for some u; in an
extension of K (S). Then

c(det(e)) = c(ug - up) = ct(uy) + - - + cH(um) = c(e).
This means that for a € K(X), a ~ 0 if and only if
0= c' (A([L]* - @) = ¢ (det fo([L]" - @) = ! (fu([L]* - ).

We may now use the Grothendieck Riemann Roch theorem from §2.5.3, and
write

1

! (f([L]* - a)) = [eh(f([L]* - o))" = U){/Std([m)ch([ﬂ?-a) :



where [x]!' : CH(S) — CH'(S) is taking the degree 1 part in the graded Chow
ring.
Now, we let @ = hgx(1 — My) and P = td([T;]) ch([L]?), and recall that we're

considering the case where & > d + 2. Our aim is then to prove that

1

[, ez o <[f | Peba(l = M) | vanishes

We know from §2.2.1 that there is a graded extension of CH(X), CH(X)', for
which we can extend the Chern character to an extension K(X)" of K(X) where
(7] splits as [T¢] = My + --- + My. We now consider hg (1 — My ) to be written
in terms of the M; instead of the exterior powers A'([Q;]), and, since the Chern

character is a morphism of rings, we have that
ch(har(l — My)) = har(ch(l — My)).
Now, each ch(1 — M;) satisfies
ch(1 — M;) = —c'(M;) — %CQ(MZ') — . €CH(X)g",

so, since hgy, is a combination of monomials of degree k, by considering the degree
in the graded ring CH(X)" we have that

hax(ch(l — My)) € CH(X)5".

By taking into account that hg(1 — My) € K(X) and that CH(X)' is an

extension of graded rings, we then have that

P ch(hay(1 — My)) € CH(X)Z".

Recall from §2.2.2 that the pushforward of cycles preserves the dimension of
cycles, and maps elements in CH(X)™ to elements in CH (S)™ %, since the Chow
ring is graded according to co-dimension.

It then follows that

/ P ch(hag(1 — My)) € CH(S)E C CH(S)3,
X/
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so that .

VX/S Peh(hap(l — My))| =0,

and so

Note that this later argument closely follows the proof of one of our cancellation
lemmas, Lemma 2.5, which we would have been able to use directly if the M;’s
were in K(X), as in §3.3.6.
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Chapter 4

Z./2-equivariant geometry and
analytic preliminaries

In this section we introduce the remaining tools that will be necessary for §5 and
§6.

In §4.1, we introduce Z/2 equivariant schemes, complex manifolds, vector bun-
dles and hermitian vector bundles. The equivariant case is studied in the litera-
ture more generally for cyclic groups acting on schemes and complex manifolds,
but for §6, where we study an involution formula, it is enough to consider the
Z/2-equivariant case.

In §4.2, we introduce the Quillen metric, which we endow to the determinant
of cohomology when considering the analytic case.

In 4.3 we introduce the analytic formulae used in §5 and §6; Bismut’s immer-
sion formula, which determines the norm of the isomorphism of determinant line
bundles obtained when comparing a vector bundle with a resolution of its push-
forward along a closed immersion; the equivariant Bismut’s immersion formula,
which is its equivariant analogue; and Ma’s branched covering formula, which de-
termines the norm of the isomorphism of determinant line bundles obtained when
comparing a line bundle with its pushforward along a branched covering.

In §4.4 we provide a few results related to the determinant of cohomology

endowed with the Quillen metric.
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4.1 7Z/2-equivariant geometry xj

In this section we recall definitions and propositions related to G-equivariant ge-
ometry in both the algebraic and the analytic cases, restricted to the case where
the cyclic group G is Z/2. Throughout this section, we let G be the group Z/2,
with generator g.

In §4.1.1 we recall the definitions of G-equivariant schemes and complex man-
ifolds. In §4.1.2 we recall the definitions of G-equivariant vector bundles and
hermitian vector bundles. In §4.1.3 we introduce the notion of the G-equivariant
decomposition of a vector bundle or a hermitian vector bundle, which expresses the
(hermitian) vector bundle restricted to the fixed points as an (orthogonal) direct

sum of two (hermitian) vector bundles;
E‘XG :EOEBEl or E|XG :EO @El

In §4.1.4 we introduce the {—1} G-equivariant vector bundle and the {—1}

G-equivariant hermitian vector bundle, which coincide with Ox and Oy when the

equivariant structure is removed.

In §4.1.5 we study the immersion of the fixed points, together with the natural
G-equivariant structure on the normal and conormal bundles, in the case where
the fixed points form a Cartier divisor. In §4.1.6 we recall the definition of the
quotient scheme and study an analogue in the analytic case.

In §4.1.7 we recall the G-equivariant analogues of Chern and Todd forms, and
in §4.1.8 we briefly consider G-equivariant Todd forms in the particular case where
G=17Z)2.

T We collect definitions and theorems used in [23] and [25] where the general
G-equivariant case, where G is a cyclic group, is studied.

¥ Some observations specialized to the specific Z/2-equivariant case are not

taken from the literature.

4.1.1 Equivariant schemes and complex manifolds f

Consider the algebraic case, and let S and X be a schemes. A G-equivariant
structure on X, making X a G-equivariant scheme, is given by a group homomor-

phism G' — Aut(X), which in the case of G = Z/2 is determined by an involution
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g : X — X such that go g = Idx. Note that g : X — X is the image of the
generator g € G through the group homomorphism G — Aut(X).

Consider the analytic case, and let S and X be complex manifolds. A G-
equivariant structure on X, making X a G-equivariant complex manifold, is given
by a group homomorphism G — Aut(X), which in the case of G = Z/2 is deter-
mined by a holomorphism g : X — X which is an involution, so that g o g = Idx.
If X is a Kahler manifold, we will require that the hermitian metric on the tangent
bundle makes 7 y a G-equivariant hermitian vector bundle, as defined in §4.1.2.

In both algebraic and analytic cases, we say that the action of G is trivial if the
image of the group homomorphism is trivial, that is, the involution is the identity.
Throughout this section, we will assume that both X and S are G-equivariant,

and that the action of G on S is trivial.

4.1.2 Equivariant vector bundles f

Consider the algebraic case, let G = Z/2 and X be a G-equivariant scheme, with
involution ¢g : X — X. A G-equivariant vector bundle E on X is a vector bundle
E endowed with an isomorphism of vector bundles ap : E — g¢.(F) such that
g«(ap) o ap = 1dg.

Consider the analytic case, let G = Z/2 and X be a G-equivariant complex
manifold, with involution g : X — X. A G-equivariant hermitian vector bundle
E on X is a hermitian vector bundle £ endowed with an isometry of hermitian

vector bundles ag : E — g.(E) such that g.(ag) o ag = Idg.

4.1.3 Equivariant decomposition 7

Consider the algebraic case, let G = Z/2, let S be a G-equivariant scheme with a
trivial G-equivariant structure, and let E' be a G-equivariant vector bundle on S.

As the involution ¢g : S — S is the identity, at each point s € S we may
identify the fibers (¢.F)s = Fs, and so we may consider ap : £ — ¢.F as a
(possibly non-trivial) automorphism of E. As g.(ag) o ap = Idg, in this case we
have that at each fiber Fy, (ag

vector subbundles F = Ey @ E;, where ag restricted to Ej is the identity, and ag

g, )? = Idg,, and so we may decompose E into the

restricted to E; is given by multiplication by —1.
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Now consider the analytic case, let G = Z/2, let S be a G-equivariant complex
manifold with a trivial G-equivariant structure, and let £ = (E,hf) be a G-
equivariant hermitian vector bundle on S.

We consider the decomposition of the holomorphic vector bundle E = Ey & F;
in the same way as for the algebraic case. We then restrict the hermitian metric h®
on F to the vector subbundles Fjy and £y, giving us the hermitian vector bundles
B, and ;.

Since ag is an isometry, if ey and e; are sections of Ey and £ respectively, we
have that

(eo,e1)ne = (agp(eo), ap(er))ne = (€0, —€1)pr = —(€o, €1)p2,

and so the sections of Fy and F; are orthogonal to each other, so the direct sum
decomposition £ = FEy® £ extends to an orthogonal decomposition £ = E,® £,
of hermitian vector bundles.

Note that when the action of GG is trivial, in both algebraic and analytic cases we
may consider vector bundles E and hermitian vector bundles £ as G-equivariant
(hermitian) vector bundles “with trivial G action” by choosing ap = Idg (resp.
ap = Idg). This allows us to consider, given a G-equivariant vector bundle E,
the vector bundles Fy and FE; as G-equivariant vector bundles with the trivial
G action, and similarly in the analytic case. However, note that in this case in
general E/ # FEy @ FE; as G-equivariant vector bundles, since they might not have
the same G-equivariant structure (see §4.1.4 for the right decomposition), and the
same applies in the analytic case.

When the action of GG is non-trivial, we instead consider the restriction of the
(hermitian) vector bundle E (resp. E) over a scheme (resp. complex manifold) X
to the fixed point scheme (resp. complex manifold) X¢, so that F|x, = Ey ® E;
as vector bundles in the algebraic case, and E|x, = E, ® E; as hermitian vector
bundles in the analytic case.

We will also note that both (-)g and (+); are exact functors, in both the algebraic

case and the analytic case.
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4.1.4 The {—1} G-equivariant line bundle f

Consider both algebraic and analytic cases; let X be a G-equivariant scheme or
complex manifold.

While X may not have a trivial G-equivariant structure, the existence of the
canonical section 1 of Ox or Oy allows us to identify, for each x € X, the fibers of
Ox and ¢,Ox at . We let the G-equivariant vector bundle Oy denote the trivial
bundle Oy endowed with the isomorphism ap, : Ox — ¢.Ox which preserves the
canonical section 1, and the G-equivariant vector bundle {—1} denote the trivial
bundle Ox endowed with the isomorphism ay_1y : Ox — ¢.Ox which maps the
canonical section 1 to its negative —1. We define the G-equivariant hermitian
vector bundles O and {—1} analogously.

We then let E{—1} - E® {—1} for G-equivariant vector bundles and E{—1} =
E ® {—1} for G-equivariant hermitian vector bundles. Note that, in the case of
Vectomdles over a scheme where the G-action is trivial, while F|x, = Ey ® E;
as vector bundles, we have that E|x, = Ey @ Ei{—1} as G-equivariant vector
bundles, where both Ej and E; are endowed with the trivial G-equivariant action;

and analogously in the analytic case.

4.1.5 The fixed point scheme and the normal and conormal
bundles {x

Consider the algebraic case, with X a G-equivariant scheme over S, which has a
trivial G-equivariant structure. We let Z = X be the fixed point subscheme of
X over S, which exists if X is separated over S by [23, Proposition 2.3|, and let
t: Z — X be the immersion.

Provided that Z is a local complete intersection, for example if Z is a Cartier
divisor of X, we have a short exact sequence relating the tangent bundles of X
and Z, as well as the normal bundle; this is (1.4).

0= Tzs = Txyslz = Nzyx — 0. (1.4)

Furthermore, if Z is a Cartier divisor, by [23, Proposition 2.5.(2)] we have that the

conormal bundle Cz,x, which carries a natural action of G, satisfies (Cz/x)o = 0.
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By duality, we have that the normal bundle too satisfies (N, z/x)o = 0. More-
over, note that since the G-action on Z is trivial, then the natural G-equivariant
structure on 7y/g is trivial, so that (7z,s)1 = 0. By applying the exact functors
(1)o and (-); to (1.4), we obtain two canonical isomorphisms of vector bundles
Tzss = (Txyslz)o = (Txys)o and Nzjx = (Txys|z)1 = (Tx/s)1-

By the equivariant decomposition of an equivariant vector bundle from §4.1.3,

we have a canonical isomorphism
Tx/slz = Tzs ® Nzjx,

and so we may consider both 7,4 and N, z/x as vector subbundles of TX/g] 7.

In the analytic case, if Tx is endowed with a K&hler metric, then both the
tangent bundle 7 and the normal bundle N, z/x on Z*" inherit a metric from the
one on Tx as vector subbundles of Tx|z, and one can verify that the metric on Ty
is Kéhler. The metric on the normal bundle then induces a metric on its dual, the
conormal bundle Cz,x.

Finally, by §4.1.3, we have the following orthogonal decomposition;

Txlz=Tz&Ny\x.

4.1.6 The quotient scheme 7

In the algebraic case, a categorical quotient of a G-equivariant scheme X, if it
exists, is the scheme up to unique isomorphism X/G, together with a morphism
q : X — X/G,; such that the action of G on X /G is trivial; and, whenever the action
of G on a G-equivariant scheme Y’ is trivial, there exists, for each ¢’ : X — Y/, a
unique morphism h : X/G — Y’ such that hoq = ¢'. By [23, Proposition 2.1], if
X is a G-equivariant scheme and the orbit of every point in X is contained in an
affine open subscheme, then the quotient X/G exists and ¢ : X — X/G is integral
and surjective. We let Y = X /G be the quotient of X.

Suppose that X is a G-equivariant scheme, that the orbit of every point in X
is contained in an affine open subscheme, that ¢ : Z — X is the immersion of the
fixed point subscheme, and that ¢ : X — Y is the quotient map. We recall some

useful facts from [23, Proposition 2.5],
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Lemma 4.1. If Z is a Cartier divisor of X, then q is flat.
Proof. This is [23, Proposition 2.5.(1)] in the case where G = Z/2. O

Lemma 4.2. The composition qo v : Z — Y 1is a closed immersion, we have set
theoretic equality ¢~ *(q(Z)) = Z when considering Z a subset of X, and we have
a canonical isomorphism

Y\Z = (X\2)/G.

Proof. This is [23, Proposition 2.5.(3)], identifying Z with closed subschemes in

X and Y due to the closed immersion. OJ

Lemma 4.3. Let M be a G-equivariant vector bundle on X . Suppose that v* M has
the trivial action and that q is flat. Then the natural morphism ¢*(q. M)y — M is

an isomorphism.
Proof. This is [23, Proposition 2.5.(5)]. O

Lemma 4.4. If X is smooth, Z = X¢g is a Cartier divisor in X, and Z — S is
flat, then Y — S is also smooth, where Y = X/G.

Proof. This is [23, Proposition 2.5.(7)]. O
In the analytic case we can use these results to prove the following lemma.

Lemma 4.5. Let f : X* — S* be a proper submersion of G-equivariant Hodge
manifolds, where G = 7,/2, and such that S* has a trivial G-equivariant structure.
Let Z* = X&' be the fived points of X**, and suppose that Z*" is a complex
submanifold, such that v : Z°" — X®*" is a closed immersion and such that fou :
3 — S*" s a submersion.

If Z*™ is of codimension 1, then quotient Y** = X /G is a complex manifold
with a submersion to S*, and if ¢ : X* — Y is the quotient map, then qo v :
Z* — Y? s a closed immersion, and q is a branched covering whose branch

points are Z*".
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Proof. We consider X and S the schemes corresponding to X" and S*". The fact
that f : X?" — S%" is a proper submersion implies that f : X — S is a proper
morphism of schemes. The fact that the orbit of every point x in X is contained in
an affine open subscheme follows from the fact that each orbit orb(z) is contained
in the fiber Xy (), so we may reduce to the case where S = Spec(C) is a point,
where then f being proper implies that X is a complex projective variety. For
such varieties, if we have two points, we may find a homogeneous polynomial H
in the homogeneous coordinate ring, such that H vanishes at neither point, and
so both points will be contained in the basic open set defined by H, which is an
open affine.

This means that Y = X/G exists, and that the quotient ¢ : X — Y is integral
and surjective.

Now, if Z*" is a complex submanifold of codimension 1 in X, then Z is a
Cartier divisor of X. If Z*" — 5% is a submersion, then it Z — S is smooth,
and so Z — S is flat. By Lemma 4.4, Y — S is smooth, which implies that the
analytification of Y, Y*" is a complex manifold and Y*" — S*" is a submersion.

By Lemma 4.1, ¢ is flat, and by Lemma 4.2, g o is a closed immersion of Z in
Y, and Y\Z = (X\Z)/G. This means that g|x\z is a covering map, and so since
q is 2-1 away from Z and 1-1 on Z, ¢ is a branched covering with branching points
Z. O

Lemma 4.4 implies that, in the analytic case, it Z*" = X&" is a complex
submanifold of codimension 1, then Y** = X?" /(G is a complex manifold. Note
that in the analytic case we will mostly work over a point S = Spec(C).

4.1.7 Equivariant forms §

Consider the G-equivariant analytic case, and let X be a GG equivariant complex

manifold. For a G-equivariant hermitian vector bundle £ on X, we let

chy(E) = ch(E,) — ch(E,) € @D A(Xe),

p=>0

be its equivariant Chern form, which is calculated on
ElXG = EO @ El'
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We define the equivariant Chern form class of E analogously, as

chy(E) == ch(E,) — ) € PAr(Xe),
p>0
which is also simply taking the Chern form in B, A"?(X¢) and considering its
image in P, A(X).
The equivariant Todd form of E is given by the formula

rkE(ElXG
tdy(E) = e D AP (X¢)
(e NE) S B

and the equivariant Todd form class td,(E) is its image in D,>o A(X ).
As for the non-equivariant case in §2.3.7, following [18, §3], given a short exact

sequence of equivariant hermitian vector bundles,
0—-E - E—E"—0,

there exists equivariant secondary Chern and Todd characteristic classes cNhg(O —
E - E—E"—0),tdy(0 > E' —» E — E' - 0) € @5, % (Xc) satisfying

dd®ch,(0 = E' — E — E" — 0) = chy(E') — chy(E) + chy(E"),

dd°tdy(0 = E' — E — E" — 0) = tdy(E') tdy(E") — tdy(E).

Finally, we write

chy(0 = E' = E —0) :=chy(0 = E' = E — 0 —0),

tdy(0 = E' = E — 0) == td,(0 = E' = E — 0 — 0).
4.1.8 Equivariant Todd form decomposition
Suppose that E has a trivial G-action, then, as one might expect, we have that
td, (E) = td(E).

We then define
1 (B) = tdy (E{~1}).
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For any equivariant hermitian vector bundle F, from equivariant decomposition

we will then have, from the multiplicativity of Todd forms,
tdg (E) = td<Eo) td—l(ﬁl)-
For an hermitian line bundle L with a trivial G-action, we can compute

td_1 (L) = tdg(L{—1})
_ c'(L)
chy(Ox — LY{-1})
)
1+ ch(L")
c'(L)ch(L)
ch(L)+1 "

Which means that td_; can be considered to be the Todd homomorphism tdy

of the power series
texp(t) 1 tr+l
o) = — B =S ()

~exp(t) + 1 - 2

where F,, are the Euler polynomials, which satisfy

2€xt tn

n>0

Recall that we have studied this td_; in §2.2.11.

4.2 Quillen metric |

When moving into the analytic case, given a hermitian vector bundle £ and a
Kaéhler metric on the relative tangent bundle with Kéhler form w, it is possible
to construct an Lo metric on the determinant of cohomology A(E) of E, as is
described in §4.2.1. However, this metric is not smooth, but, if we multiply it by
the analytic torsion introduced in §4.2.2, we obtain the Quillen metric, which is
smooth, and is formally introduced in §4.2.5. For this reason, when considering the
analytic case, one often endows the determinant of cohomology with the Quillen

metric.
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The analytic torsion, and so also the Quillen metric, depend both on the her-
mitian metric on E, as well as the Kahler metric on the relative tangent bundle.
How the analytic torsion changes if these metrics are changed is determined by the
anomaly formula, introduced in §4.2.3. There also exists equivariant analogues to
the analytic torsion, which we recall in §4.2.4. We use Rossler’s definition of the
7./ 2-equivariant determinant of cohomology, which differs from the usual definition
by making use of the dual of line bundles, which may only be used in the case
where G = Z/2. For this reason, the equivariant determinant of cohomology with
Quillen metric which we use in this paper, which we introduce in §4.2.6, differs
from the standard definition.

T We follow [24, §VL.3] for the definition of the Quillen metric. We follow the

construction of the Z/2-equivariant determinant of cohomology from [23, §5].

4.2.1 Ly metric on \(E) t

We are in the analytic case, and consider a submersion f : X — S of constant
relative dimension n of Hodge manifolds, and endow the relative tangent bundle
Tx/s with a Kahler metric with associated Kahler form w. This corresponds to
a proper and flat morphism, so by the semicontinuity theorem, for a Hermitian
vector bundle E = (E, h¥), the pushforward R*f,.F is a perfect complex.

Since hermitian metrics are defined locally, it is enough to define the L, metric
on the fibers. Following [21, §VI.3.1], we note that for each point s € S, the fiber

of the determinant of cohomology is given by;

ME)s = Q)(det HI(X,, E)) V",
q>0
By the Hodge theorem, there exists a canonical isomorphism between H?( X, F)
and the kernel of the Laplace operator acting on A%¢(X,, E). The forms in
2%9(X,, E) have an L, metric given by the formula

n

) = [ o)y

s

Using the isomorphism between H?(X,, E) and the kernel of the Laplace operator,

we give each H9( X, F) a hermitian metric.
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Now, recall that the exterior product interacts naturally with hermitian met-

rics. In particular, for the top exterior product, the determinant, we have
(V1 A= Ay, wi A= Awy) = det(((vi, w;))ij)-
This allows us to extend the Ly metric from each H(Xj, E) to each fiber

ME), = Q) (det H(X,, E)) ",
q20
and combining the metric on each fiber gives us the determinant of cohomology

endowed with the Ly metric.

4.2.2 Analytic torsion f

Consider the analytic case, let f : X — S be a submersion of complex manifolds,
and endow the relative tangent bundle 7; with a Kahler metric, with associated
Kahler form w. This gives us the hermitian vector bundle 7T y.

The analytic torsion form A;(E) of a hermitian vector bundle E = (E, hf) on
X, as constructed in [4] (where it’s written as T'(w, h%)), is a sum of forms of type

(p,p) in D,5, APP(S) and satisfies the following equation;

A wy(E) = - [ (T, H(E)
X/S
This form depends on the hermitian metric on E; as well as the Kahler form w—or

equivalently—the metric on T ;.

4.2.3 Anomaly formula 7

The anomaly formula [, 3.10] describes the behavior of the analytic torsion Ay (E)
when either the hermitian metric on the vector bundle or the Kéhler metric on the
tangent bundle (and thus the Kahler form) are changed. Suppose that £ = (E, h)
and E' = (E,N¥) are two hermitian vector bundles with the same underlying
holomorphic vector bundle, but different metrics; and that f/ : X — S is the

same morphism as f, but endowed with a different Kéahler form «’ giving rise to
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a different metric on the tangent bundle T,' = (7, 2’77). Then, the anomaly

formula states that

Ay (E') — Ay(E) = ch(0 — R*f.E — R*f,E' — 0)
/ d(0 = T; —T;" — 0)ch(E)

X/S

/ d(T;") )ch(0 — E — E' — 0),
X/8

in @, A(S).

4.2.4 Equivariant analytic torsion 7

In the equivariant case, we similarly have the equivariant analytic torsion form
A ,(E) of an equivariant hermitian vector bundle £ on X. Its construction can

be found in [19] and it is a sum of forms (p, p) over S, and is such that

AWy, (B) =~ [ sy (T))chy(E).
Xa
The anomaly formula in the equivariant case [19, Thm. 2.13], states that

Ay o(E') — Ay o (E) = chy(0 — R°f.E — R*f.E' — 0)

- / tdy(0 — T, — T ;' — 0) chy(E)
Xg/S

— / tdy(T;)chy(0 — E — E' — 0),
Xg/S

in @, A(S).

4.2.5 The Quillen metric

Following [24, §VI Definition 3|, the Quillen metric on the determinant of coho-
mology A(F) is the metric obtained by taking the product of the L, metric on
A(E) and the exponential of the analytic torsion Ay (£). We write A\(E) for the

determinant of cohomology of F endowed with the Quillen metric.
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4.2.6 7Z/2-equivariant determinant of cohomology f

Now suppose that E is an equivariant vector bundle. Then R®f{4E consists of
equivariant vector bundles on S, where the G-action is trivial. Following [23, §5],

and by noting that the functors F' +— Fy and F' +— F) are exact, we then define
NYE) = det((R°fE)y) @ det((R*fE))Y. (4.1)

Now suppose that E is an equivariant hermitian vector bundle. Since (R®f¢1E),
and (R*f4E), are made of subbundles of the vector bundles that make (R® fUF),
they inherit the Ly metric constructed before. We may thus construct an Ly metric
on A\*4(E). The Quillen metric on A*d(FE) is obtained by multiplying the L, metric
by the equivariant analytic torsion form, and we let A\*d(E) denote the line bundle
A°Y(E) endowed with the Quillen metric.

Now, in [3], the equivariant determinant of cohomology is instead defined as a
direct sum det((R°®fSUE)) @ det((R® fS9E),) instead of a tensor product inverting
the second term det((R*f¢E)y) @ det((R*fe9E),)Y. This is because the latter
definition cannot be extended to the cases where G' = Z/nZ for larger n, whereas
the former can be used to explore a more general equivariant theory by considering
Den_y det((R* fL9E)e), where € goes over the n-th roots of unity.

However, when computing the norms of isomorphisms, both definitions will
agree. This is because in the case of using direct sums, the norms of the isomor-
phisms are weighted by £ for each root of unity, and in the case where G = Z/27
this will be weights of 1 and —1, which is the same effect as considering the tensor

product with the second term being inverted.

4.3 Analytic formulae §

Bismut, Ma, and other authors have studied the behavior of the Quillen metric on
the determinant of cohomology in various geometric circumstances. In this section
we recall those that will be used in §5 and §6; Bismut’s immersion formulae in the
classic (§4.3.4) and equivariant (§4.3.6) cases, as well as Ma’s branched covering
formula (§4.3.8).
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We will also examine more closely the case where we consider the immersion
of a Cartier divisor; we do this in both the classic (§4.3.5) and equivariant cases
(8§4.3.7).

In §4.3.1 we introduce Bismut’s assumption (A) on the metrics involved to
use Bismut’s immersion formulae. In §4.3.2 we introduce the Bott Chern singular
current, and in §4.3.3 we introduce Bismut’s R-genus, both of which are used in
Bismut’s immersion formulae.

T We collect results from [3], [5], and [20].

4.3.1 Bismut’s assumption (A)

Suppose that ¢ : 7 — X is an embedding of compact complex manifolds. Take a
vector bundle n on Z, and a finite complex of vector bundles & on X which is a
resolution of ¢,n. Then by [17], there is a canonical isomorphism of line bundles
A(&e) = Aln).

We may endow both sides of this isomorphism with the Quillen metric, once
hermitian metrics are chosen on 7, the vector bundles in the resolution &,, and
Kéhler metrics are chosen on Tx and Tz. Bismut’s immersion formula then gives
us the norm of this canonical isomorphism, provided that the metrics chosen are

compatible in the following ways.
e the metric on 7x is Kahler.
e the metric on 77 is the one induced by the metric on Tx.
e we choose a metric on N z/x to be the one induced by the metric on Tx.

e the metrics on &, are compatible with the ones on Nz x and 7, satisfying

Bismut’s assumption (A) from [2, Definition 1.5].

Bismut’s assumption (A) is satisfied when the hermitian metrics on &,, when
restricted to Z, are isometrically related to the resolution A*C, /x ®n of n. Note
that if &, is a resolution of ¢,n, then by [2, Proposition 1.6] there exists hermitian

metrics on the £, which satisfy Bismut’s assumption (A).
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4.3.2 Bott-Chern singular current f

Suppose that £ is a bounded complex of hermitian vector bundles, such that for
all ¢ € Z the homology sheaves H; are vector bundles, which are endowed with
hermitian metrics hi. We say that §, is homologically split if the short exact
sequences

0—-Im - Ker - H, =0

and

0 — Ker —>§i—>1ﬂ—>0,

are all orthogonally split, where kernel and image of each differential are endowed
with the hermitian metrics induced by the metrics on the §Z

If we have a bounded complex §_ which resolves 1,7 as in §4.3.1 and satisfies
Bismut’s Assumption (A), then we have the Bott-Chern singular current 8C(€)
defined by Bismut, Gillet and Soulé in [1] which generalizes the Chern secondary
characteristic class to the case where one considers the resolutions £ of hermitian
vector bundles ¢,n associated to closed immersions. They satisfy the following

differential equation [, (2.8)],
dd® BC(E,) = t. ch(n) td ™ (A) — ch(E,).

There is an equivariant analogue, the equivariant Bott-Chern singular current
BC,(€ ). A good introduction is found in [25, §4.2].

An. useful fact of the Bott-Chern singular current is that it vanishes if §_ is
homologically split, see [25, Theorem 5.7]. In the equivariant case, the equivariant
Bott-Chern singular current vanishes if §.| x, is homologically split, this is in [25,
Theorem 5.9].

Furthermore, the behavior when considering a tensor product would be, by

considering the above together with the projection formula, that

BC(E, @ p) = BC(E,) ch(p),
where § @ is the resolution of ¢.(n®¢*p) obtained by tensoring the chain complex

§, by a hermitian vector bundle p. This is because

Ly ch(ﬂ ® L*E) td_l(ﬂ) — ch(g. ® H> = (L« ch(g) td_l(ﬂ) —ch(£)) ch(ﬂ).
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4.3.3 Bismut’s R-genus f

The polylogarithm Lig(z) is defined by the power series
k

Lis(z) = Z %7

k>1
which is extended by analytic continuation. One has that the Riemann zeta func-
tion is given by ((s) = Lis(1), and similarly the Dirichlet eta function is given by
n(s) = — Lis(—1). We also let Hy := 1+ 3 +--- + ¢ denote the partial sums of the
harmonic series.

We then define two power series,

R(w) = 3 (20 (k) + HauG(—h)) 3.
k>0 '
R(z,x) = Z (2% Li_g(2) + Hg Li_k(z)) %

Given a hermitian vector bundle £, there is a class called the Bismut R-genus
R(E) which does not depend on the metric on F, and is furthermore additive, as
defined in [3]. This form R(E) is given by the Chern character morphism of the
power series R defined above.

If we have an equivariant hermitian vector bundle F, there is a class called the
equivariant R-genus R,(£) which is similarly independent on the metric on E, as

defined in [18, Definition 3.5]. This form is given by
RQ(E> = R(LEO) + R(_lﬂﬂl)v

in the case where G = Z/2.
For a hermitian vector bundle with a trivial G-action, we can see that R,(E) =
R(1,E) = R(E). Welet R_4(E) = Ry(E{—1}) = R(—1, E). Equivariant decom-

position and additivity will then mean that
Ry(E) = R(Ey) + R1(E,).

We will note that while R is given by the Riemann zeta function, R_; is instead

given by the Dirichlet eta function;

xk
Roa(w) == (20 (=) + Han(—h)) 7.

k>0
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We will also note that it is possible to write R_; in terms of the usual R-genus
and the Todd character, by using the standard results that (k) = (1 — 2'7%)((k)
and that ((—n) = (—=1)"B,41/(n + 1). This means that n(—k) = (1 — 21*)¢(—k)
and 1/ (—k) = (1 = 2")¢(=k) + 2" log(2)C (k).

Roa(a)=-3Y {(1 — MRy (¢! (—k) + /HkC(_k))%}

~log() 3 | (-1 2 B
k>0

T
(k+1)!
Which gives that

R_\(E) = —R(E) + 2¢*(R(E)) — log(2)e"P(E") ' ¢*(td(E")),
where ¢? is the operator defined in §2.2.10.

4.3.4 Bismut’s immersion formula f

Bismut’s immersion formula [3, Theorem 0.1] gives us that the norm of the canon-

ical isomorphism described in §4.3.1, A\(&) (%) A(7n), is given by

(@) == [ W@z,
T / 6™ (W x0)td(0 = Ty = Tlz = Nyyx = 0) ch(n)
_ /X (T ) R(T)ch(E,)
n / W(T ) R(T,)ch(n).

Note that in Bismut’s paper [3], A refers to the inverse of the determinant
of cohomology instead of the determinant of cohomology. However, the paper
describes the norm of the canonical section on A\(n)Y ® A(&,), whereas («) is the
log-norm of the canonical section on A(&,)Y ® A(n). Overall, we negate twice to

obtain the right sign.
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4.3.5 Bismut’s immersion formula for Cartier divisors x

We apply Bismut’s immersion formula to the case where the immersion is that of

a Cartier divisor. In this case, we have the following short exact sequence,
0—-L—>0xy—u0,—0,

where L = Ox(—Z7) is endowed with the metric that makes 0 - L — Oy — 0
satisfy Bismut’s assumption (A). In particular, the compatibility with the norm
of MZ/X implies that we have a canonical isometry ("L ~C,, v = M}/x- We may

then tensor this by a hermitian line bundle M, so we have
0—>LOM — M — 1,(t"M) — 0.
So we have a canonical isomorphism of line bundles
Ae(M @ (O — 1)) % Az(° M),
with norm given by
(@) == [ tA(T2%e0 L= Ox = 0)ch(a)
+ /Z 6™ (A 3 )E(0 = Ty = Tylz = Ny x — 0) ch(t* M)
- [ WTORE @O ~ HL)h(D)

" / WA(T /) R(T,)eh(i* M),

4.3.6 The equivariant Bismut immersion formula 7

Bismut’s immersion formula has been generalized to the equivariant case. In its
most general version, we have an immersion ¢+ : Z — X as in the non-equivariant
case, but now assume that both X and Z are G-equivariant for some compact Lie
group G and that the action preserves Z in X, but could act non-trivially on Z.
In our case, we have a much more specific situation; G is Z/27Z, Z will be
the fixed point subscheme of X, and so the action on Z will be trivial. We will

furthermore consider the case when Z is a Cartier divisor.
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Recall that our construction of the equivariant determinant of cohomology
endowed with the Quillen metric is different from the one used in Bismut’s work
since it is specific to the case where G = Z/2, but the norms of the isomorphisms
agree whether we use either definition, as noted in §4.2.6.

The equivariant Bismut immersion formula [5, Theorem 0.1] states that the

norm of the canonical isomorphism A\*4(¢ ) @ A%d(n) is given by

(a) = — /X by (T ) %G, (£)

g9

+ / td;(MZ/X){ag(O =Tz = Txlz = Nyzx — 0)chy(n)
Zg

N /X td, (T x ) Ry (T )chy(€,)

g

+ /Z tdg(T5) Ry(T z)chy(n).

g9

4.3.7 Equivariant Bismut immersion formula for Cartier
divisors

We now apply the equivariant Bismut immersion formula to the case where the
immersion is that of a Cartier divisor Z. As in the non-equivariant case, we have

the following short exact sequence,
0=-L—->0y—u0,—0,

where once again L = Ox(—Z2) is endowed with the metric that makes 0 — L —
Oy — 0 satisfy Bismut’s assumption (A). Tensoring by a hermitian line bundle

M, we have
0=>LOM — M — 1,.(*M),

which gives us a canonical isomorphism of line bundles

o (@) yeq »
MM ® (Ox — L)) = AF (" M),
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with the norm given by

(a) =— /X tdg(T x)2BCy(0 = L — Oy — 0) chy (M)

g

+/ tdgl(-MZ/X)tag(o =Ty — Txlz = Ngx —0)chy (" M)
Z

g

- /X TA(T ) Ry (T ) (T, (O) — iy (L)), (M)

+ / tdy (T 7) Ry(T z)chy(v"M).

Zg
4.3.8 Ma’s branched covering formula f

In [20], Ma studies the norm of a canonical isomorphism of determinant line
bundles when considering a branched covering. When we consider the quotient
q: X —Y = X/G, in particular when the fixed point scheme Z = X is a Cartier
divisor, we find ourselves in the situation Ma studies in [20, §4]. Here we recall
Ma’s statement in the case where G = 7Z/2.

We consider a submersion of complex compact Kahler manifolds Y*" over S*",
a holomorphic line bundle F on Y2*, and a section o of F®2. We then let P =
P(F @ 1) and identify Y with {(y,[0,1]) € P* s.t. y € Y}, with 7 : P> — Y

being the projection. We then consider
X = {(y,t) € Fst. t* +a(y) =0} C F,

which can be identified with a complex submanifold of P*" due to the canonical
isomorphism between F and the complement of P(F') in P*. The projection
m: P* — Y?" then induces a branched covering ¢ : X®" — Y?" of degree 2.

For G = Z /27, we suppose Y?" to be endowed with the trivial G-action, and
X® with the natural G-action sending (y,t) — (y,—t). We can then identify
Yer =2 X* /@G, and so we also let Z*" = X&" be the fixed point set, which can be
considered as a submanifold of Y determined by the zero set of the section «,
and is thus a Cartier divisor.

Then one chooses a Kahler metric on P*", which then induces Kahler metrics
on X2 Y?" and Z®".
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We then take a hermitian vector bundle M on Y, consider M ~ q*M on X
and the pushforward R*q.M. By [20, Theorem 4.1], we then have a canonical

isomorphism of determinant line bundles

N9 2 AR g, M),

whose norm is given by
(@) = [ () w7 (X ) 6, (A ) og i (D)
— [ 7 (W) (A )0 = Ty = Ty = Ny = 0)ch(3D)
+ [ AT A0 = [0Y] > Ny = 0)" eh(3D)
+ | WU R ) (R .02 (3D

- / W, (T )R, (T)B(D).

4.4 Properties of the analytic determinant of co-
homology

In this section, we provide a couple of standard results in the area about the
determinant of cohomology endowed with the Quillen metric.

In §4.4.1 we note a canonical isometry of determinant line bundles due to
the orthogonal sum of hermitian vector bundles. In §4.4.2 we note an analytic
consequence of the projection formula.

% While these results should be well known, we were unable to locate a source

from which we may quote them.

4.4.1 Direct sums 7

A consequence of Bismut’s immersion formula, when applied to the case where
the immersion is the trivial immersion of either the empty subset or the full man-
ifold, allows us to compute the norm of the isomorphisms between determinants

of cohomology due to short exact sequences.
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Theorem 4.1. Let 0 — E' — E — E” — 0 be a short exact sequence of vector
bundles, equipped with metrics. Then we have that A\(E) = AN(E') @ A(E") and the
norm of this isomorphism is given by

ch(0 = ME) = ME) @ \(E") = 0) = — / td(Ty)ch(0 — E' — E — E" — 0).

Notes. This is a direct consequence of Bismut’s immersion formula, applied to
the case where the immersion is the identity. See [18, Theorem 3.7] for the more
general equivariant version, which reduces to this in the case where the group

acting on X is the trivial group. O]

Theorem 4.2. Suppose that E and E' are two hermitian vector bundles, then we

have a canonical isometry
NE @ E') = ME) @ A(E)

Proof. We apply Theorem 4.1 to the short exact sequence 0 - E — E & E' —
E’ — 0, and recall that &1(0 — FE — F — 0) =0if and only if E — F is an
isometry, and that ch(0 > E' - E - E" - 0) =0if E ~ E' & E" and E is

endowed with the orthogonal direct sum metric. O

4.4.2 Projection formula

Recall from §2.5 that projection formulae are results of the form

fulw - [7s) = 5+ fu(2),

which are applicable to many circumstances where there is a pushforward and a
pullback. While the determinant of cohomology endowed with the Quillen metric
is not a pushforward, it is still built using the pushforward and so has an analogue
to the projection formula.

We let

Xx/s(E) =Y (1) tk(R' f.(E)),

i>0
and we note that in the case where S is a point, this coincides with the Euler
characteristic, so we may use the Hirzebruch-Riemann-Roch theorem, which states
that

mmmzéma@w@.
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Lemma 4.6. Let X and S be Hodge manifolds, f : X — S be of constant relative
dimension d, and endow the relative tangent bundle with a Kdahler metric. Let E
be a hermitian vector bundle on X and L be a hermitian line bundle on S. Then

the canonical isomorphism from the projection formula gives a canonical isometry
ME ® f*L) = A(E) © Ls(®),
Proof. By the projection formula, we have a canonical isomorphism (see [7, 3.3.2]),
ME ® f*L) = \NE) @ LXxx/s®),
This is because

ME ® f*L) 2 det(R" f.(E ® f*L))
= det(R*f.(E) ® L)
~ \(E)*E @ LEizo (-1 k(R [ ()
> \E)® Lxx/s(E)

We thus have a canonical isomorphism
AME ® f*L) = ME) ® LXx/s(®),

which is an isometry provided the norm of the section associated to the isomor-
phism is 1. This norm can be determined locally, and, since the projection formula
commutes with base change, it suffices to show that the norm is 1 in the case when
S is a point.

In this case, L is the trivial bundle Og, endowed with some non-trivial metric,
which is a positive constant (1g, 1g) = e° given that S is a point. The norm of the
isomorphism can be determined by using the anomaly formula from §4.2.3, which

gives us that

ME® f°L) % \(E),
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with norm

Il
\\\

A(T )ch(0 = E — E® f*L — 0)
A(T y)ch(0 — Oy — f*L — 0) ch(E)
F5(ch(0 = Oy — L — 0)) td(Ty) ch(E)

_ ch(O S 0s— L—0) / (d(T ) ch(E)
X/8
= —cxx/s(E).
Since the norm of the isomorphism Og _A(\? : Lxx/s(B) g

—(a) = exx/s(E),

which can be computed by considering that the norm of the isomorphism Og = L

is ¢, we can tensor both isomorphisms to obtain an isometry
ME ® f*L) ~ \(E) @ LXx/s8),

So the norm is 1, and we have an isometry. ]
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Chapter 5

Cube structures and the Quillen
metric

In [0], Deligne introduced the Deligne pairing of two line bundles. We're in the
situation where X is an algebraic curve over S, of relative dimension n = 1, and
given two line bundles L, Ly on X, their Deligne pairing is a line bundle (L, Lo)
on S.

This Deligne pairing is stable under base change 7" — S, and also has a multiad-

ditive property; for all line bundles L, M, N on X we have canonical isomorphisms
(L M,N)=(L,N)® (M,N), and (L,M @ Ny = (L,M)® (L, N).

Deligne’s first construction of the Deligne pairing was geometrical in nature,
but he would later provide a different point of view that considers the Deligne
pairing as

(L, M) 2 X\N(L® M) \L)" @\ M)" 2 \Ox), (5.1)
where A(L) = det(R* f.L) is the determinant of cohomology.

Deligne proposed that this construction could be extended to higher relative
dimensions n of X/S, which we call the intersection bundle Ix/s(L1, ..., Lyt1) of
n+1 line bundles L4, ..., L,+; on X. However, Deligne noted that such extensions
would require particular care with signs. Several authors would later construct
such extensions by using different approaches, most notably Elkik in [3] where she
provides a geometric construction following Deligne’s first construction, and more
recently Ducrot in [7] where he introduces a construction using the determinant

of cohomology.
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Similarly to the Deligne pairing, we expect that a construction of the intersec-
tion bundle Ix,g of n+1 line bundles over X to be both stable under base change
T — S and satisfy a multiadditive property; given bundles Lq,..., L, 1, M on X

and some 1 < i < n+ 1, we have a canonical isomorphism

Ix/s(L1,.. ., Li @ M, ... Lpyp) =
IX/S(le cee 7Li—17 Li7 Li+17 cee Ln-‘rl) ® IX/S(Lla s 7Li—17 Ma Li+17 cee L'rH—l)- (52)

The construction of the family of multiadditive isomorphisms is the key to a defi-
nition of the intersection bundle.

In Deligne’s original construction for the case where the relative dimension is
n = 1, he considers not only the algebraic case, but also the analytic one. In a
similar way, Elkik extends her construction to the analytic case in [9]. We provide
an extension of Ducrot’s construction to the analytic case in §5.3.

In [23], Rossler uses the isomorphism coming from the multiadditive property
of Ducrot’s construction of the intersection bundle. As we aim to extend Rossler’s
work to the analytic case, we require the extension of Ducrot’s construction.

In this section, we will first recall in §5.1 the machinery introduced by Ducrot
in [7] to construct his version of the intersection bundle.

Then, in §5.2, we recall a statement of Ducrot’s main theorem, which establishes
the construction of the multiadditive isomorphisms for his line bundle. In §5.2 we
also state the theorem we aim to prove to extend Ducrot’s work, and give a brief
sketch of Ducrot’s proof of his theorem.

Finally, in §5.3 we give a proof of our extension of Ducrot’s work, by following
Ducrot’s construction and considering the norms of isomorphisms at each step,
once line bundles are given hermitian metrics and the determinant of cohomology

is endowed with the Quillen metric.

5.1 Ducrot’s cube structures f

In this section, we recall the constructions used by Ducrot to define his version of
the intersection line bundles. How this intersection bundle is related to the cube
structures defined by Ducrot is briefly explained in §5.1.1. In §5.1.2 to §5.1.7 we
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go over the objects and constructions Ducrot uses to define cube structures, and
which can be found in [7, §1]. Finally, from §5.1.8 to §5.1.12 we review some of
the remaining tools that will be required in our extension of Ducrot’s results, and
which can be found in [7, §3].

T This section recalls Ducrot’s definitions from [7, §1, §3].

5.1.1 Ducrot’s intersection bundle f

Let f: X — S be a flat n-dimensional projective morphism of varieties, and A is
the determinant of cohomology.
Given Ly, ..., L, line bundles on X, Ducrot defines the intersection bundle

following the point of view of (5.1), as

—_1JI

(-1)
I/s(Li, .. Lop) = (X) )\<®L,~> . (5.3)

JC{1,...n+1} =

For example, in the case where n = 2 this expression is

Ixjs(L,M,N) = ML®M® N)
©AL®M)©AMe N)@ AN ® L)
@ ML) @ AM)Y @ A(N)”
® A(Ox).

Note that this agrees with (5.1) in the case where the relative dimension is n = 1.
However, it remains to define the isomorphisms from the multiadditive prop-
erty. Now, note that, for example, in the case where n = 1 we have that the
isomorphism
Ix/s(L® M,N) = Ix/s(L,N) ® Ix;s(M, N),
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is equivalent to having an isomorphism

Os = Ix/s(L® M,N)" @ Ix/s(L,N) ® Ix/s(M, N)
2 NLOMRN)Y @ANL®M)DAN) @ MNOx)"
QAL N)@ L)Y @ AN)” @ \Ox)
RAM @ N)RAM)Y @ AN)Y @ \MOx)
2 \NL®M®N)Y
QML RM)RNM @ N)@ AN L)
Q@ ANL)Y @ A(M)Y @ A(N)Y
® MOx).

Note the similarity with the definition of the intersection bundle in the case where
n = 2. This argument can be replicated for larger relative dimension n, and this
implies that the construction of the isomorphisms from the multiadditive property

(5.2) are equivalent to the construction of trivialization isomorphisms

(=i

Os= &K A (@ Li> : (5.4)

JC{1,...n+2} icJ

where we now have n + 2 line bundles L4, ... L, 2 on X instead of the n + 1 used
for the definition of the intersection bundle.

In essence, the cube structures that Ducrot defines in [7], and that we review

in the remainder of this section, are families of such trivialization isomorphisms.

5.1.2 Picard categories {

A commutative Picard category is a category D endowed with a product operation
® and a unit 1, where each object L € D has an inverse L" such that L ® LY &
LY ® L = 1, together with isomorphisms ¢ 5 : L ® M — M ® L giving a notion
of commutativity. A commutative Picard category is strictly commutative if the
expression LV ® L ® LY can be uniquely be reduced to LV, in other words that the

following diagram commutes:
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LVRLRLY —— LV®1

l |

1@ [V — LY

Let C and D be commutative Picard categories, with C being strictly commutative.

For a commutative Picard category D, we let my(D) be the group of isomor-
phism classes under tensor product, and 71 (D) be the automorphism group of the
identity object 1. For an object M € D, the translation functor X — X ® M,
f — (f ®idy), canonically identifies m1(D) = Autp(1l) with Autp(M), and for
L € D, choosing M = L ® L, the canonical isomorphism v, ;, € Autp(L ® L) from
the commutative property of the commutative Picard category determines a canon-
ical element ¢(L) € m (D). This defines a morphism of groups ¢ : mo(D) — m1(D).
Recall that a commutative Picard category is strictly commutative if and only if
e(L) = 1 for all objects in the category, and that ¢(L)? = 1 for all objects in a

commutative Picard category, as is noted in [0, §4.1.1].

5.1.3 Line bundles and graded line bundles f

We now give two examples of Picard categories used by Ducrot in [7]. Firstly is
the category of line bundles over an algebraic variety S, Pic(S), which is a strictly
commutative Picard category.

Secondly is the non-strictly commutative Picard category Pic,(.S) of graded line
bundles (recall §1.2.6), which Ducrot defines in the following way. The objects
are pairs (L,d) where L is a line bundle on S and d is a locally constant map
S — Z. There are arrows between (L,d) and (M,e) only if d = e, and in this
case they are isomorphisms of line bundles L = M. The product is defined by
(L,d)®(M,e) = (L&M,d+e), with the standard associativity morphisms, however
when defining the commutativity morphisms there is a twist; the commutativity
morphism ¢ : (L,d) ® (M,e) — (M,e) ® (L,d) is defined by the morphisms of
sheaves

LM — M L; l@m— (—1)*m 1.

In Pic,(S), the identity object is (Og,0), and the inverse of (L,d) is (LY, —d).
Note that if the reduction morphism (L, d) ® (L,d)” — (Os, 0) corresponds to the
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Koy Kiaey
Ky ‘ Kiap
Ko Kape
Backq (K) Frontq (K)

Figure 5.1: An I-cube for the set I = {a,b, c}. Back,(K') and Front,(K).

contraction map ¢y, : L ® LY — Og, then the reduction morphism of (L,d)" ®
(L,d) — (Os,0) corresponds to (—1)cy.

5.1.4 Cubes 7

For a finite set I, the category I-Cube(C) of I-cubes has as objects families
K = (Kj)jcr where K; are objects of C, with morphisms given term-wise by
C-morphisms. If the size of I is p, we call K a p-cube. The category p-Cube(C) of
p-cubes has as morphisms (¢, ¢) : K — K', with K an I-cube and K’ an I’-cube,
where ¢ : [ — I’ and ¢ : K — ¢*K' is a morphism of I-cubes.

Given disjoint subsets J, I’ C I, JNI' = (), with the size of I’ = m, the m-face
of K associated to J, I" is the I'-cube F;p K with (F;pK)y = Ky for each
J' CI'. Given i € I, we define the back and front faces of K with respect to i as
the I'\{i}-cubes Back,(K) = Fp n 3K and Front;(K) = Fpyn 1 /. For example,
if I = {a,b,c}, Back,(K) has as vertices Ky, Kpy, K and Ky, ; whereas
Front,(K) has as vertices Kyay, K{ap}, Koy and Kyqp e (see Fig. 5.1). For an
I-cube K, we write K = A — B to mean that A = Back;(K) and B = Front,(K),

for some 7 € 1.
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5.1.5 Alternating product §

When we are working in a strict commutative Picard category, given an I-cube
K, the alternating product of K is XK = @) ;- K((fl)m. More generally, to define
YK in a (possibly non-strict) commutative Pi_card category we let, for a finite set
I and two total orders <, < on I, and J C I,

we define an automorphism 7; - < on K sending u + (K ;) <=u, we let sK be
the I-cube defined so that (sK); is the inductive limit of the system of all 7, < <,

and we let

SK = Q)(sK)

JCI
Note that an isomorphism « : YK — L is given by a family of isomorphisms
ac ®Jg KUY 5 L indexed by all total orders of I such that a. = ay ®

Qs (K )Nres,

For each n-cube K = A — B, we have the following canonical isomorphism (see

7, §1.4.3]),
S(A - B) = %(B) @ £(A)Y, (5.5)

which is deduced from expanding the terms. In a similar way we can deduce that
given two n-cubes K = A — B and K' = C' — D, together with an isomorphisms

u: B = C, we have a canonical induced gluing isomorphism (see [7, §1.4.4])

pu:S(A—B)®%(C — D) 2 %(A— D). (5.6)

5.1.6 Decorated cubes 7

A p-cube K is decorated if each of its 2-faces F' is endowed with an isomorphism
mp @ O = X(F), in such a way that for each 3-face C' of K, and every pair of
indices 4, j, the decorations of the 2-faces Front,;(C'), Back;(C), Front;(C) and

Back;(C') are compatible with the canonical isomorphism
Y(Front;(C)) ® X(Back;(C))" = %(C') = X(Front,;(C)) ® X(Back;(C))". (5.7)

Morphisms of decorated p-cubes are morphisms of p-cubes which preserve the

decoration. This forms the category p-Cubey(C) of decorated p-cubes. From [7,
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Lo ® Ly ® L3 Lo® L1 ® Ly ® Ls

] _—

Lo ® Lo ‘ Ly® L; ® Lo

/

Ly Lo® Ly

Lo ® Ls Ly® Ly ® L

/

Figure 5.2: The decorated 3-cube Kp,(Ly, Lo, L3).

§1.5] we know that all decorated p-cubes are isomorphic to an I-cube of the form
Ky = Lo ® @,c;L; for all J C I, where Ly and L;, 7 € I are in C, with its
natural decoration which is explained in the next paragraph. We call such p-cube
Kp,(Ly,...,Ly). For example, Kr,(Ly, Lo, L3) is shown in Figure 5.2.

Note that giving a decoration to an I-cube K means that for each J C I with
|J| +2 < |I| and distinct 7,7 ¢ J, we have an isomorphism

Ox = K;® Ky @ Ky @ Ko
which is equivalent to having a family of isomorphisms
Koy @ Koy & Kr @ Kjug,jy-

In the case where K = K, (Ly,...,L,), with J,4,j as above, and recalling K; =
Lo®@) e L, the natural decoration on K is given by the canonical isomorphisms

of the form
(K)) @ (K;®Li® L)~ (K;® L) (K, Lj).

5.1.7 Cube structures f

Let C and D be two commutative Picard categories, and suppose that C is strictly
commutative. Welet i,_; : (p—1)- Cubey(C) — p- Cube,y(C) be the functor sending
a (p — 1)-cube A to the p-cube A — A, and we let 1 : p- Cubey(C) — D be the
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constant functor mapping all decorated p-cubes K of C objects to the identity
object of D.

Suppose now that we have a functor 0 : C — D. A p-cube structure over ¢ is
an isomorphism of functors s : 1 — ¥4, compatible with the gluing isomorphisms
(5.6) as well as the canonical trivialization of (£§) o i,_1. A p-cube structure on
0 : C — D therefore consists of a family of canonical trivializations sx : Op = Y0 K
for each decorated p-cube K.

Recall that in order to prove that Ducrot’s construction of the intersection line
bundle is multiadditive we require families of trivialization isomorphisms (5.4).

Cube structures allow us to consider these families of trivializations.

5.1.8 Determinant of cohomology f

Let Db(S) be the derived category of bounded complexes of Og-modules, and let
Di(S) be the subcategory of perfect complexes where the arrows are the isomor-
phisms in D?(S). The determinant of cohomology for a projective flat morphism
f: X — S defined by Knudsen and Mumford in [17], and recalled in §1.2.6, is a
functor

Ax : D(X) — Pic.(S5), K*® s det(R*f.K*),

where Pic,(.5) is the non-strictly commutative Picard category of graded line bun-
dles introduced in §5.1.3.

5.1.9 Cubic complexes §

Given a finite set I, an I-complex is an [-cube K together with a set of morphisms
uy; @ Ky — Kjupy for each J C I and each ¢ € I\J, such that for all J C I and

all i,j € I\J the following squares commute

K; — Ko

l"J,j luju{i},j

Ugu{sj},i
Koy ——2"— Koy

A morphism of I-complexes o : K — K’ is a set of morphisms «; : K; — K/, for

each J C I, such that the resulting diagram commutes.

119



We can interpret an [-complex as an I-multicomplex by associating to each
J C I the function k; : I — {—1,0} so that

—lifxegJ
k = ,
s(@) { OifxeJ

and letting K* = (K*),cz1, where for each J C I we have that K; = K*/ be the
I-multicomplex whose degrees are concentrated in {—1, 0}/ and whose differentials

d* commute and so that the maps uj; corresponds to the differential d;”.

5.1.10 The simple complex associated to a cubic complex

f

Let A be an Abelian category and B be the category of simple complexes in A.
Set I = U {io}, and consider for each cubic I-complexes in B, the associated
I-multicomplex as an I-multicomplex K* in A, concentrated in {—1,0} x Z{io},
and with commuting differentials. Note that we are adding the 7y term to allow
us to consider simple complexes in A instead of only considering objects in A.
We extend any order < on [ to fby setting I < iy, and we let K2 be the I-

multicomplex with the same vertices as K*, but such that the differentials satisfy
(@) = (150
The simple complex associated to K2 is

k
C(K)=--— @ ok 2l< @ Kk ...
p:ZiEIk(i) p+1:Zielk(i)

Y

Given two orders < and <, there is a way to construct an isomorphism K? =
K* given by multiplication by (—1)>i<i~i*@¥@) on each K*. This induces an iso-
morphism of simple complexes C'(K?) = C(K*) which forms a family of isomor-
phisms that commute in the natural way when comparing three different orders.
We define C'(K*), the simple complex associated to K*, to be the inductive limit

of the system of C'(K?) relative to these isomorphisms.
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5.1.11 Determinant of a cubic complex §

Now let A be the category of coherent sheaves on X and B the category of simple
complexes over A, where f : X — S is a projective flat morphism. For any cubic
I-complex K*® in B, where each K; € B is a perfect complex for each J C I,
we let A(K*®) be the I-cube in Pic,(S) whose vertices are A\(K*®); = MK ), the
determinant of cohomology of the perfect complex K; of coherent sheaves on X,
for each J C I.

For each order < on I with minimal element i;, the inclusion Front;, (K) — K
and the projection K — Back;, (K) induce morphisms of simple complexes that

form an exact sequence
0 — C(Front;, (K*).) — C(K2) — C(Back;, (K*)<)[1] = 0,
which in turn induces an isomorphism
AC(K2)) = A(C(Front;, (K*)<)) @ MC (Back;, (K°)<))". (5.8)

Note that this would not be possible with other, non-minimal, ¢z € I.

We can form an isomorphism
ar.<: MO(K2)) = QMK V" = DK,
JCI

by continuing the expansion of A\(C'(K?)) as in (5.8); first expanding A(C(K2))
for the I-cube K along i1, then doing the same expansion for the (I\{i;})-cubes
Front,;, (K') and Back;, (K) along is, the minimal element in 7\{i; }, and so on.

Given two orders < and < of I, it is shown in [7, §3.5.1] that ax < and ok < are
compatible with the isomorphism between C'(K?) and C'(K?), and so the system
of the ak < define an isomorphism ag : A(C(K*®)) = LK.

5.1.12 Reduction isomorphism f

Take an exact sequence of cubic (/\{i})-complexes in B

05X 2y Bz o,
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where all X°®, Y* and Z° are made of perfect complexes of coherent sheaves, and
let A® be the cubic I-complex defined by ¢ : X* — Y*°.

If we take an order < on I, an easy computation shows that v defines a mor-
phism of simple complexes C(A%) — C(Z2). The system of such morphisms
for each order < on [ are compatible with each other and induce a morphism
C(A*) — C(Z*), which can be shown to be a quasi-isomorphism. This in turn
induces an isomorphism A(C(A®)) = A(C(Z*)), which by applying a gives us a
canonical reduction isomorphism r : XAA® = Y Z°.

For example, by taking an I-cube K in Pic(X), K* any cubic complex over K,
and any effective relative Cartier divisor D on X, we can consider the short exact
sequence

0— K*— K*(D) — K*(D)|p — 0.

This induces the reduction isomorphism
rp: UANK — K(D)) 2 XANK(D)|p).

Note that this reduction isomorphism is completely independent of the choice of

cube complex on K, and depends only on the I-cube K itself.

5.2 Ducrot’s theorem

Now, in order to construct his intersection bundle, Ducrot makes use of the cube
structures he defines in [7, §1] and which we recall in §5.1. In particular, he proves
the existence of a family of cube structures for each flat projective morphism
f X — S over the determinant of cohomology functor A, which is compatible
with base change T" — S and the reduction isomorphism when taking Cartier

divisors. This is [7, Theorem 4.2], which states:

Theorem 5.1 (Ducrot). There ezists a unique correspondence which associates
to each integer n and each flat n-dimensional projective morphism of schemes
f:X — S an (n+ 2)-cube structure S;(J/r; over the determinant of cohomology
Ax/s such that

(BC) the construction of S?J; commutes with base changes T — S.
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(R) For any X/S of dimension n, any decorated cube K € (n+1)—Cuby(Pic(X)),

and any relative Cartier divisor D, the restriction isomorphism

D Axys(K = K(D) =Y Aps(K(D)|p)

identifies the trivializations of Y Ax/s(K — K (D)) and Y Ap;s(K(D)|p)

induced by S;L(J/rg and ngé.

Where for a Cartier divisor D and a decorated (n+1)-cube K = K, (L1, ..., Lyi1),
K (D) is the decorated (n + 1)-cube Kp g0, (py(L1, .., Lny1). In other words, for
all J C {1,...n+ 1}, we have that

K(D);=K;®Ox(D,).

5.2.1 Ducrot’s theorem in terms of canonical isomorphisms

Note that cube structures give canonical trivializations in the sense of §1.2.7, and
so Ducrot’s theorem states the existence of a canonical isomorphism. We now give

a corollary of Ducrot’s theorem that is stated in terms of canonical isomorphisms.

Lemma 5.1. Let X — S be a flat d-dimensional projective morphism of schemes,
let Ly, ..., Ly be line bundles on X for some k > d + 2, and let M be a linear
combination of line bundles on X with integer coefficients.

Then we have a canonical trivialization

A <M® ®(OX - Lz)) = Og,

compatible with base change, taking Cartier Divisors as in (R), the canonical trivi-
alization when one of the line bundles is Ox, and with the canonical isomorphisms
from replacing L; with L, ® L.

Proof. The first two compatibility conditions directly address the compatibility
conditions of Theorem 5.1; while the other two compatibility conditions are related

to the definition of cube structures.
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Now, without loss of generality, we may let & = d + 2, as we can absorb
R, .3(Ox — L;) into M otherwise. We may similarly reduce to the case where
M is a line bundle, since if M = Z§=1 n;M; then

k ¢ k ®n;
) (M 5 ROx - Li>> - @) (zwj 5 ®)(Ox - La) |
i=1 j=1 i=1
and we can combine canonical trivializations with the tensor product.
Once we reduce to k = d+2 and M being a line bundle, it is enough to consider

the trivialization isomorphism sk for the (d 4 2)-cube
K = Ky (Ly, ..., Lgio),

given by the cube structure defined by Theorem 5.1.
O

5.2.2 Extending Ducrot’s theorem to the analytic case

Recall that a cube structure S;‘J; gives us a family of trivializations sg : Og =
Y AK for each decorated cube K of line bundles over X. This trivialization
is used by Réssler in [23] when he constructs his canonical isomorphism of line
bundles. Since we aim to compute the norm of Rossler’s isomorphism when the
determinant of cohomology is endowed with the Quillen metric, we must extend

Ducrot’s theorem to the analytic case. This extension is Theorem 5.2.

Theorem 5.2. Let f : X?" — S5* be a proper submersion of constant relative
dimension of Hodge manifolds, and let X and S be the complex projective varieties
whose analytifications are X*" and S*".

Take Ly, ..., L, ., hermitian line bundles on X*, where L, = (L;, h*), and
consider the decorated (n +2)-cube K = Kp (Ly,...,L, ) of hermitian line bun-
dles, and K = Kp,(L1, ..., L,12) of line bundles on X. Let \ be the determinant
of cohomology endowed with the Quillen metric.

Then the isomorphism sx : Os = YA(K) from the cube structure 831(7; con-

structed in Theorem 5.1 extends to an isometry sk : Og ~ YA(K).
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We give a proof of Theorem 5.2 in §5.3 by following Ducrot’s construction of
the cube structure and considering the norms at each step, once the determinant
of cohomology is endowed with the Quillen metric.

We rewrite the result of Theorem 5.2 in the terms that we will use in §6.

Lemma 5.2. Suppose thatY is a Hodge manifold, that S = Spec C, and let M and

J be hermitian line bundles on'Y . Then we have the following canonical isometry
Ay (M ® (Oy — J)%H?) ~ O,

Proof. This immediately follows from Theorem 5.2, with L, = M and L, = J for
1 <1< d+ 2, in the case where S = SpecC. O]

We will note that in §6 we only look at the absolute case, where S = SpecC,
whereas in this section we still consider the relative case where S might have non-
trivial dimension. This is because when computing the norms of isomorphisms, it is
enough to consider the absolute case, since norms of isomorphisms are determined
point-wise. However, in the proof of Theorem 5.2, we must consider S of higher
dimensions when constructing the algebraic trivializations inductively, as such a

more general relative statement is required for induction.

5.2.3 Ducrot’s proof of Theorem 5.1

We now present a sketch of the proof of Theorem 5.1 that Ducrot gave in [7, §4].
At its core, it is a proof by induction on n, the relative dimension of X over
S. However, the induction step is split into three different cases of increasing

generality, leaving us with the following four parts:

1. The base case n = 0. See §5.3.1.

2. The induction step when K has one edge which is a Cartier divisor. See
§5.3.2.

3. The case when K has two edges which are “sufficiently positive”. See §5.3.3.

4. The general case. See §5.3.4.
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At each part of the proof, Ducrot focuses on two objectives; firstly, he constructs
a canonical trivialization sy : Og — > AK for cubes K of increasing generality;
secondly he proves that the trivialization sg is independent on any choice made
during its construction, and depends only on the morphism f: X — S as well as
the decorated cube K.

In the extension to the analytic case that we provide, we already have the
isomorphisms sg, and we only must prove that they are isometries once we endow
the determinant of cohomology with the Quillen metric. In particular, we do not
need to concern ourselves about the uniqueness of sg, and can solely focus on
Ducrot’s first objective, the construction of sg; in fact we make use of the freedom
of choice we have when following Ducrot’s construction in the first part.

Ducrot considers the base case separately in [7, Lemma 4.1.1], which states the

following:

Lemma 5.3. There exists an unique correspondence S which associates to each
finite flat morphism X — S a square structure S)Q(/S on the determinant of co-
homology functor Ax;s : Pic(X) — Pic.(S), and which is compatible with base
changes T'— S.

In this situation, given a decorated cube K = K (L, Ly), he constructs a
trivialization sk : Og — > AK locally by considering open neighborhoods U of S
where L;|y = Oy for all i € {0, 1,2}. This is recalled in more detail in §5.3.1.

In his inductive argument, Ducrot first considers the case where one of the
line bundles in the (n + 2)-cube on X has a regular section. In this case, the line
bundle is obtained from a Cartier divisor D, and so requirements of the condition
(R) allows him to construct the trivialization isomorphism of the (n 4 2)-cube on
X by combining the reduction isomorphism from §5.1.12 with the trivialization of
an (n + 1)-cube on D. This is detailed in §5.3.2.

Now, a line bundle L on X/S is said to be sufficiently positive if L is very
ample relatively to f : X — S, and if for each k£ > 0 we have that R*f.L = 0. In
order to remove the assumption that one of the line bundles has a regular section,
Ducrot first considers the case where at least two of the line bundles L;, L; in the
(n+ 2)-cube K = K (L1,...,L,12), where i,5 € {1,...,n + 2}, are sufficiently

positive.
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In this case, Ducrot considers the base change to P = P(f,L1) xsP(f.L2), and
there are two open sets of P where line bundles on Xp = X xg P have a regular
section. In each open set there is a trivialization isomorphism, Ducrot then shows
that these two isomorphisms match in the intersection of the two open sets, and
can be extended uniquely and continuously to all of P. He finally shows how the
trivialization isomorphism on Xp induces one on X. This is explained in full detail
in §5.3.3.

To prove the general case, Ducrot uses the fact that for any line bundle L on X
there exists a sufficiently positive line bundle M such that L& M is also sufficiently
positive. This allows him to compare cubes where not enough sides are sufficiently

positive with cubes where there are enough. This is reviewed in §5.3.4.

5.3 Proof of Theorem 5.2 x

Let f: X* — 5°" be a proper submersion of Hodge manifolds of constant relative
dimension n, and let X and S be the complex projective varieties whose analytifi-
cations are X*" and S*". Take a Kahler metric on the relative tangent bundle 7;
with associated Kéhler form w.

Let L; = (L;, h%), where 0 < i < n+ 2, be n+ 3 hermitian line bundles on X.
Let A= Ky (Ly,...,L,,) be an (n + 2)-cube of hermitian line bundles on X**,
and A = Ky, (L1,...,Lyy2) be an (n 4 2)-cube of line bundles on X obtained by
forgetting the hermitian metrics on A.

Now, by Theorem 5.1, we have a trivialization isomorphism of line bundles s4 :
Os — > AA, given by the (n+2)-cube structure on the determinant of cohomology
functor \. We then consider the analytic case, where we endow the determinant of
cohomology with the Quillen metric. The trivialization isomorphism s4 naturally
extends to an isomorphism s4 : Og — > AA, and our goal is to prove that the
norm of the isomorphism s4 vanishes, so that s4 is an isometry.

% This proof closely follows [7, §4], extending it from the algebraic to the

analytic case.

5.3.1 Base case x

T Compare with [7, §4.1].
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We begin with the case where n = 0 so that f : X — S is finite and flat;
and we take a decorated square A = K (L1, L) in Pic(X). Ducrot in [7, Lemma
4.1.1] builds the trivialization isomorphism s,4 locally on small enough open neigh-
borhoods U of S, so that the line bundles are trivial, and thus isomorphic to each
other. We therefore have four isomorphisms wuy; : Ay = Ajygy, for J C {1,2},
0<|J|<1andie€ {1,2}\J, such that

Uup,1 & u\{/Q}J cAp ® A{l,g} = A{l} & A{Q}, (59)

gives the decoration of A.

While the choice of u; is not unique, in [7, Lemma 4.1.1] it is proven that the
isomorphism s, constructed from these maps does not depend on this choice. We
can thus scale up; and ugy,1 by the same non-zero section, so that the decoration
of Ain (5.9) is not changed; and similarly with up, and wug .

Moving to the analytic case, using this scaling, we can choose without loss
of generality that all u;; are isometries; this is because wup; and ug; will be
isometries precisely when they both correspond to an isometry u; : Oy = Ly, in
that ugy : Ly = Ly® Ly and ugay ;1 : Ly ® Ly = Ly ® L; ® Ly, and similarly for ug
and ugyy 2. We let A® be the 2-complex over A with these morphisms.

(10)_L ®L

\

A =L, ® L,

Note that this means that the decoration of A is an isometry, and this is the
case even if we didn’t rescale the u;;, since in any case the norm of up; and ugay
are the same, so that the norm of the decoration morphism ug; ® “}/2},1 is trivial.

Now, the complex C'(A4*) =0 — A9 — ALO ¢ AOD . ABD 5 () obtained

by collapsing the 2-complex A°® is a short exact sequence, since it corresponds to
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an orthogonal direct sum via the isometries w;;. By Theorem 4.2, we have an

isometry
)\(A(LO) @A(OJ)) ~ )\(A(O,O)) @ AM(ALY),

which implies that the canonical trivialization A(0) : Og = A(C(A®)) is an isome-
try.

Furthermore, the morphism a4 : AM(C(A®)) — XA(A) obtained by extending
the morphism a4 from §5.1.11 to the case of hermitian line bundles is clearly an
isometry. This is because a4 is constructed as the inductive limit of morphisms
a4 < for each of the two orders of the set {0,1}, and each of these can be verified
to be an isometry since all the involved maps in the cube {0, 1}-complex A® are
isometries.

Therefore, the trivialization sqe = a4 0 A(0) : Oy — ANC(A4%)) — ZA(A) is
an isometry. The isomorphism s, is locally constructed in such way, and, since
isomorphisms are isometries if and only if they are locally isometries, we conclude
that in the case where n = 0 the isomorphism s4 is an isometry once we give the

line bundles a hermitian metric.

5.3.2 A has at least one edge with a regular section

T Compare with [7, §4.3].

Recall that in Ducrot’s proof of Theorem 5.1, he splits the induction step into
three cases of increasing generality, the first being when one of the edges has a
regular section. We now follow his construction of the trivialization isomorphism
s4 and show that it induces an isometry s, when extended to hermitian line
bundles.

Suppose that the decorated (n + 2)-cube A = K (L,,...,L, ,) has an edge
L; with an f-regular section o. This section defines an isomorphism L; = Ox (D),
where D = div(o). Take a hermitian metric on Ox(D) such that the above
isomorphism is an isometry. We can then write A ~ (K — K(D)), where K =
Back;(A) = KLO(L17---aLm---aLn+2) and K(D); ~ K; ® L, for each J C I =
{1,...,n+ 2\ {i}.

In the algebraic setting, Ducrot constructs the trivialization s 4, as the compo-
sition of the reduction isomorphism rp : > Ax/s(A4) = > Ap,s(K(D)|p) and the
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Ky l » K(D)g1y -----mmmmmmmoprmmmmo e » (K(D)|p)qy
Kyay l » K(D)g2} ---------=-f-==----=3 » (K(D)|p)2y
K12y » K(D)g1,2y ~========mmmmmmmmmmm s > (K(D)|p)2y

Figure 5.3: The cube (n+2)-cube A = K — K (D) and the (n+1)-cube K(D)|p, whose rows form
short exact sequences 0 — K; — K(D); — (K(D)|p); — 0 for each J C {1,...,n+ 2}\{i}.

trivialization sk py, : Y Ap/s(K(D)|p) = Os from the (n + 1)-cube structure of

Ap/s. By induction on n, we assume that sg(py, is an isometry. It is therefore

Ip
enough to prove that rp is an isometry to deduce that s4, is an isometry.
Now, the reduction isomorphism rp is constructed by combining the isomor-

phisms of the form
Axys(K7)Y @ Axys(K(D)s) = Ap;s((K(D)|p).),
arising from the short exact sequences due to Cartier Divisors
0— K;— K(D); — (K(D)|p); — 0, (5.10)

for each subset J C I = {1,...,n + 2}\{i}, in the alternating sum defined by
> Ax/s(A) (see Figure 5.3). Note that the sequence (5.10) is the standard short
exact sequence (1.1) from §1.2.5.

We can therefore use Bismut’s immersion formula for Cartier divisors, as de-
scribed in §4.3.5, to compute the norm of the reduction isomorphism rp. Note
that since the norm of the isomorphism is computed pointwise on S, it is enough
to prove the norm vanishes for the case where S = Spec C; alternatively we might
instead use a relative version of Bismut’s immersion formula. We have isomor-

phisms
aj

M) @ Axys(K(D)s) % Apss(K(D)]p)).
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whose norms are given by Bismut’s immersion formula to be
(ay) = —/P1 ch(K ;) + /PQL* ch(K ;) — /PgE(KJ) - / Py*ch(K ), (5.11)
X/8 D/S X/S D/S

where

Py =td(Tx)BC(L — Ox) ch(Ox (D)),
Py = d (NX/D)td(TD7TX|D=NX/ ) (
= td(Tx)R(Tx)(ch(Ox) — ch(L))ch(O

td(Tp)R (ID)E(L*QX(D))a

"Ox (D)),
(D)),

=+

are constants that depend only on the immersion of D in X, not on J.
Now, note that

S [ ) - | )

e X/8

P, ch(L,) ch (@(QX - Lj)>] =0,
jel

which vanishes by our cancellation Lemma 2.6, since |I| = n+1 . By the same ar-

gument we have that ) ;- (—1) W D/s P, ch(v*K ;) vanishes. Using a similar argu-

ment, and by Lemma 2.7, both ), (—1)”! M /s Psch(K ;) and Y, (—1) W b)s Pych(* K ;)

vanish. By combining the terms of (5.11), we deduce that »_ ;- (— nY ‘(aj) van-

ishes.

Therefore, the norm of the reduction isomorphism rp, given by

Z Ax/s(A Z Aps(K(D)|p),

where (b) = > ;;(— 1)l/I(a;) vanishes, and so 7p is an isometry, so that s, is an

isometry.

5.3.3 A has at least two sufficiently positive edges x

T Compare with [7, §4.4].

Recall that a line bundle L on X is said to be sufficiently positive if it is both
very ample relatively to f : X — S, and for each i > 0 we have R'f,L = 0. Note
that for every line bundle L there exists a sufficiently positive line bundle M such
that L ® M is sufficiently positive.
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Following Ducrot’s proof of Theorem 5.1, we now suppose that A has two
edges, L; and L;, such that L; and L; are sufficiently positive, and show that the
trivialization isomorphism s of 3 A(A) constructed in [7][§4.4] gives an isometric
trivialization of > A(A).

Let P, = P(f.L;) and P; = P(f.L;). Then let P = P, xg P; and consider the

base change

Xp 25 X

bl

p_—",g

We then let L) = g*Ly ® f*Op, (1), for k =i, j, which have canonical sections
i, 0j respectively. We then let U; C P; (respectively U; C P;) be the open subset
subset of P; where o; is f-regular, and let U = (U; x P;) U (P, x U;) C P.

The norm on L, together with the Kahler form w induce an Ly metric on f, Ly,
which gives us a hermitian vector bundle f,L,. This hermitian metric induces
hermitian metrics on each 1-dimensional subbundle of f,L,, and therefore on each
fiber of the tautological bundle Op, (—1), which gives us a natural metric to define
the hermitian vector bundle Op, (—1), from which we can define a hermitian metric
on Op, (1), giving Op, (1). Let L, =g'L,® [*Op,(1).

Writing
K@Lz—K®L2®LJ Q*K(X)L;—Q*K@L;@L;
A: 7an.(i A/: ‘ I
K——— K®L, g K GFEeL,

we can construct, following §5.3.2, a trivialization s; of >~ Ay, p,/s(A") over U; x P;
by using the regular section o;, as well as a trivialization s; constructed analogously
for 37 Apxu,/s(4).

Both s; and s; are isometries, and, as in [7][Lemma 4.4.3], we know that there
exists a unique trivialization s" of Y Ax,,s(A") over P extending s; and s;, which
is continuous. It follows that s’ is an isometry, since it is given by a continuous

section whose norm is 1 on a dense open subset.
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Then, following [7, §4.4.4], we have the following sequence of canonical isome-

tries, where we start by expanding the square representation of A’

> Axpsp(4)
®(=1)1
~ ® (Z )\XP/P (Q*K®®L;€>> ;

JC{i.j} keJ

Then, we recall that L) == g*L;, ® f*Op, (1),

(-1l
~ ) (Z AXp/P (Q*K @R gLy ® f*Qp,ﬂ))) ,

JC{ig} keJ

We then let x = > xx/s(K ® L; ® Lj) = > xx/s(K ® L;) = > xx/s(K @ Lj),
the equality due to xx/g itself being endowed with an (n + 1)-cube structure as in
[7, §1.7.2], and use the projection formula from Lemma 4.6,

®(-1)
~ ® (Z AXp/P (Q*K(@ ®9*Lk) ® ®ka(1)x>

JC{inj} keJ keJ

Then, we use the cancellation (Op, (1)X®Op (1)*) @ (Op,(1)¥)" @ (Op, (1)¥)" = O,

~ R (Z Axp/p (Q*K 0%y g*Lk) > o

JC{ig} keJ

We then use base change,

~ X w (ZAX/S (K@@Lk»@(l)J

JC{ig} keJ

And we end by noting that we have the square representation of A.
~ Y Axys(4)
Overall, we are left with an isometry
> Axpp(A) = b)Y Axs(A) (5.12)

By composing this isometry (5.12) with s, we obtain an isometric trivializa-
tion of h* )  Ax/s(A) ~ Op, which will correspond to an isometric trivialization
> Ax/s(A) ~ Og, since h,Op ~ Og (see [7, §4.4.4]) and by using h*-h, adjunction.
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5.3.4 Removing the positivity hypothesis on A x

In the algebraic case, to generalize to the case where A is any cube of line bundles,
Ducrot constructs the trivialization isomorphism s4 by using the trivializations of
cubes which have one more side which is sufficiently positive. By doing this step
twice, we can ensure we are working with cubes with at least two sides which are
sufficiently positive, and so we may use the previous case.

Suppose that A has an edge L; which is not sufficiently positive. Then there
exists a sufficiently positive line bundle M such that L; ® M is also sufficiently
positive. We let B be Ky o, (L1, ..., Li-1, M, Lis1, ..., L,.2), so we have an iso-
morphism v : Front;(A) = Back;(B). We also consider the gluing A x, B :=
Kr,(Ly,...,Li1,Li @ M, L;1q,...,Lyya). See Figure 5.4.

Ky Ky® L; Ky@Li®@M
Ky Ky ® L Kn®LioM
K9y Ky @ L; Koy @ Li® M
K12y Koy ®L; Kpnoy®@Li@M
A
B
Axy B

Figure 5.4: A%, B when n = 1. For higher n, the picture is similar but higher dimensional.

Then both B and A x, B will have an additional edge which is sufficiently
positive, given by M and L; ® M respectively both being sufficiently positive.
This allows us to consider a short induction on the number of sides which are not
sufficiently positive, noting that the case where at least two sides are sufficiently
positive is considered in §5.3.3. Now, given trivializations sp and sa,,p by induc-
tion, there exists a unique trivialization s of A such that p, o (s ® sg) = Sax,B,
which we call s4,,5 ® s}, where p, is the canonical gluing isomorphism given in
(5.6). In this way Ducrot constructs a trivialization for A, which he then proves

in [7, Lemma 4.5.1] is independent of the choices of 7, B and w.
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We now look at the case where we endow the line bundles with hermitian
metrics. We can assume that u : Front;(A) = Back;(B) is an isometry, by
endowing K; ® L; with the same metrics in both Front;(A) and Back;(B). Then
pu is an isometry since it only expresses cancellations arising from comparing
Front;(A) and Back;(B).

Finally, supposing that sp and s4,,p are isometries by induction, we can com-
pute the norm of s pointwise by using the equation p, o (s ® sp) = Sax, B, giving

us norm 1 at each point in S, so that s is also an isometric trivialization.
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Chapter 6

Involution formula for Cartier
divisors

In [23], Rossler gives a refinement of the Adams Riemann Roch theorem in degree
1. In his method of proof, he follows an insight from Nori’s [22], where he noted
that one can recover the Adams Riemann Roch theorem for ¢? when studying
the Z/2-equivariant scheme X x X whose action swaps the coordinates in the
Cartesian product.

The core of Réssler’s proof is an involution formula, [23, Theorem 6.1], whose
statement is recalled in §3.1.3 and in §6.1.1. As detailed in §6.1, Rossler’s proof
of this involution formula is split into two cases; firstly when the fixed point sub-
scheme of the involution is a Cartier divisor, and secondly when the fixed point
subscheme is of higher codimension; where he considers the blow-up to make use
of the previous case.

Our aim is to extend Rossler’s involution formula to the analytic case, in the
case where the fixed point subscheme is a Cartier divisor; and we do so in §6.2. To
extend Rossler’s involution formula to the general case, and therefore be able to
extend Rossler’s refinement of the Adams Riemann Roch formula to the analytic
case, one would need to study the behavior of the equivariant Quillen metric when

considering blow-ups, which is beyond the scope of this paper.
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6.1 Rossler’s involution formula f

In order to prove his refinement of the Adams Riemann Roch theorem in degree
1, Theorem 3.1, Rossler makes use of an involution formula, Theorem 3.3. In this
section, we will examine the proof of Rossler’s involution formula in detail. In §6.2,
we will then retrace some of the steps in this proof to extend it to the analytic
case, but only in the case where the fixed point scheme is a Cartier divisor.

In §6.1.1 we briefly recall the statement of Theorem 3.3. In §6.1.2 we recall
Rossler’s proof in the case where the fixed point subscheme is a Cartier divisor,
which we extend to the analytic case in §6.2. In §6.1.3 we recall Rossler’s proof of
the general case, where the fixed point subscheme is of higher codimension.

T In this section, we recall the proof of [23, Theorem 6.1].

6.1.1 Outline of Rossler’s involution formula

We are in the algebraic case. Let G = Z/2, and S and X be locally Noetherian
G-equivariant schemes where 2 is invertible, and so that the action of G on S is
trivial. Let f : X — S be a smooth, locally projective, separated, G-equivariant
morphism of constant relative dimension d and of finite type. Suppose that the
G-orbit of every point in X is contained in an affine subscheme.

We let Z = X be the fixed point scheme, and ¢ : Z — X be the immersion.
Suppose that the induced Z — S is flat, which implies Z is regularly immersed
in X. Let C be the conormal bundle on Z of the immersion Z — X, endowed
with its natural G-equivariant structure (see §4.1.5). We also let Y = X /G be the
quotient scheme and ¢ : X — Y be the quotient morphism.

Rossler’s involution formula, Theorem 3.3, states that, for each G-equivariant
line bundle M on X, we have a canonical isomorphism

d-!»l)

d
L= 2= QNS (M)  Sym? (€))® Eieo (1),
=0

compatible with base change.
Rossler proves this involution formula in two steps; first starting by considering
the case where Z is a Cartier divisor, and then continuing by considering the

general case.
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6.1.2 The case where 7 is a Cartier divisor f

In the case where Z is a Cartier divisor, we have two additional properties to work
with. Firstly, as noted in §4.1.5, [23, Proposition 2.5.(1)] implies that the quotient
morphism ¢ : X — Y is flat, which means for a vector bundle F, R*q.F is a
perfect complex.
Secondly, letting L := O(—Z2), we have the canonical short exact sequence (1.2)
from §1.2.5,
0—=LOM—-M— ..M — 0.

Rossler writes “The existence of this sequence, unspectacular as it may seem, is
the linchpin of the proof”, which in our case applies both here and in §5.3.2, where
we examined Ducrot’s theorem.

Rossler starts his proof by defining a family of polynomials with integer coef-

ficients i
P(t) =) 2"9(2—t) € Zt),
=0
and noting the polynomial identity
tP(t) = 2M — (2 — )L, (6.1)

Following one of the referees of [23], who provided a simplification, one can prove
this identity by setting 2¢ = 2 — ¢, so that

— 2k:+1(1 _qk_H)
= ok+1 _ (2 — t)k+1.

Then, Rossler notes that, by definition or adjunction formula, (*L = C, and
defines J = (q.L{—1})o. He further notes that G acts on C by —1, and that
q*J = L{—1}. Note that Rossler defines L as a vector bundle, and so implicitly
endows it with the trivial equivariant structure.

He then combines a chain of canonical isomorphisms to prove that there is a

canonical isomorphism

2k+1

MNFA(M @ Py(Og7 —C)) 2 NH(M)® DA M @ (Oy — J)ZFH1)Y,
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Our main computation in §6.2.7 closely follows this chain of canonical isomor-

phisms, with the exception that we use the polynomial

n n—j
n—+1 ~
pulz) = Z (Z ( i )) ) = P,(1 —x),
=0 \k=0
from §3.2.2, instead of P,.

Next, Rossler uses Ducrot’s theorem, together with a few more algebraic ma-
nipulations, to prove that when k& = d, the relative dimension of X over S, there

is a canonical trivialization
Mg M @ (Oy — ) = Og.

Our work in §5 will allow us to move from the algebraic to the analytic case in
this step.

This therefore leaves us with a canonical isomorphism
A(MET 2 N9 M @ POy —C)). (6.2)

From here, Rossler considers the case where Z is not a Cartier divisor, but we’ll
note that it is simple to get from this canonical isomorphism to the one we wish
to prove,

AQ(M)PH = @ A (M) ® Symd (€))® =0 (1),
by using the fact that when Z is a Cartier divisor, C is a line bundle and so
Sym?(C) = C®/; together with the combinatorial simplification in Lemma 3.1,

which we communicated to Rossler, and is found in [23, Lemma 6.3].

6.1.3 The case where 7 is not a Cartier divisor 7

In the general case, where the fixed point subscheme Z is not a Cartier divisor,
Rossler considers the blow-up b : X = X of X along Z, and notes that the
exceptional divisor E is the fixed point subscheme of X , a Cartier divisor on X ,
and isomorphic to the projectivisation of the conormal bundle on Z, P(C).

Note that then the previous case gives us a canonical isomorphism analogous
o (6.2) working with X and E instead of X and Z. Réssler shows that one can
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move between X and X , or between F and Z, by making use of the projection
formula, giving us the following canonical isomorphisms, where u : £ — X is the

immersion, p : E — Z is the projection, and C is the conormal bundle of E in X ,
eq @281~ yeq 1k @2k+1
NPT 2 A (b

N (b M @ Po(Op — C)) = X§("M @ R*p.Pi(Op — Cpy 5)).

With the final addition that there is a canonical isomorphism
R*p.(C*7) = Sym’ (C),

we can construct the canonical isomorphism required by going up from X to X
using the projection formula, then using the previous case to go to E, then use
the projection formula again to go back down to Z.

We will note that, if one were to consider the analytic case, one would be
able to use the equivariant Bismut submersion formula to consider the norm of
the isomorphism involving Z and E; however when considering the isomorphism
involving X and X , one would need a formula which considers the behavior of the
determinant of cohomology, endowed with the Quillen metric, when considering
a blow-up, in the equivariant case. We were unable to find such formula in the
literature. We conjecture that it is possible to go around this requirement by
considering a different construction, but this would require changes to the algebraic

case in addition to the consideration of the analytic one.

6.1.4 Analytic involution formula for Cartier divisors

Suppose that X?" is a Hodge manifold of dimension d, with Kahler metric with an
associated Kéhler form w, which gives us a Kéhler metric on the tangent bundle
Tx = (Tx,h™). Let G = Z/27 and suppose that X" has a G-equivariant
structure. Let S = SpecC be endowed with the trivial G-action, and let f :
X2 — §% he the canonical submersion.

Let Z*" := X&" be the fixed points of X, where ¢ : Z*" — X" is the immersion,
and suppose that Z?" is a complex submanifold of codimension one, and that
fouv: Z* — S is a submersion. As in §4.1.5, we can consider the tangent

bundle 77 as a vector subbundle of Tx|z, and so the hermitian metric on Ty
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induces a hermitian metric K7 on Ty, giving us T, = (Tz,h77). It is easy to
check that h77 is a Kihler metric.

Let C == Cz/x and N =N, z/x be the conormal and normal bundles of ¢ : Z —
X, and recall that by [23, Proposition 2.5.(2)] the natural G-equivariant structure
on C and N satisfies Cy = 0 and Ny = 0. Let C = (C, h°) and N = (N, ) be the
conormal and normal bundles endowed with the metrics induced by the metric on
the tangent bundle 7 y, as described in §4.1.5. Note that Rossler uses IV to denote
the conormal bundle C in [23, §6], following the convention from EGA [15, Def
16.1.2]; while in Bismut’s and Ma’s formulae N denotes the normal bundle N'. We

choose follow the convention from [20, §29.31].

Theorem 6.1. Let M be a G-equivariant hermitian line bundle on X, such that

(M|z)1 = 0. Then there exists a canonical isomorphism

QL

)\eq ®2d+1 % ® eq *M®C )®Z (dﬁ)’

7=0

whose norm s given by

(n) = / 20 T, (T )ah(i" M) (R(T e (V) ™ — Ry(T )

Here ch(-) denotes the Chern form class recalled in §2.3.8; td,(-) denotes the
equivariant Todd form class recalled in §4.1.7; R(-) denotes the R-genus, and R,(-)
denotes the equivariant R-genus, both recalled in §4.3.3. The expression ¢'(N)~*
is formal division by ¢'(A\), the class of ¢'(NV) in @, 2AP(X), which is a factor
of td,(Tx) by §4.1.8 and Lemma 2.3.

Note that the norm (n) does not depend on the choice of hermitian metric on
M, or on the choice of Kéhler metric on the tangent bundle T, though the Quillen

metrics on the determinants of cohomology do depend on the metric on Tx.

6.2 Proof of Theorem 6.1 x

Our proof of Theorem 6.1 is mainly concentrated in §6.2.7, where we construct a
chain of canonical isomorphisms and consider the norms at each step. The norm

obtained after the chain of canonical isomorphisms is then simplified in §6.2.8.
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In the first three sections, we introduce the geometry we are working with;
such as the line bundle L := Ox(—Z2) in §6.2.1; the quotient ¢ : X — Y and the
equivariant decomposition of ¢,Ox in §6.2.2; and how the quotient is a branched
covering in §6.2.3.

Before we do our final computation, we consider the norms of the isomorphisms
that might not be isometries; first by using Bismut’s immersion formula in §6.2.4;
then the anomaly formula in §6.2.5; and then Ma’s branched covering formula in
§6.2.6.

% This proof follows [23, Theorem 6.1], extending it from the algebraic to the

analytic case.

6.2.1 The line bundle L = Ox(—Z%2) x

We recall the short exact sequence due to a Cartier divisor (1.2), which means

that, using L = Ox(—Z2), we have a short exact sequence of vector bundles
0->M®L—>M—1,"M — 0. (6.3)

Note that since L is constructed as a sheaf of ideals of Ox, the immersion L — Ox
induces a natural G-equivariant structure on L, and that (6.3) is also a short exact

sequence of G-equivariant vector bundles.
Recall from §1.2.5 that

UL = Ox(—Z)lz = Cz/x = C,

And in particular, since Cy = 0 (see §4.1.5), then ¢*(L{—1}) has the trivial action.
Furthermore, we choose a metric hg on L, with L = (L,hp), which satisfies
Bismut’s assumption (A) for the resolution 0 — L — O, — 0 of 1,O,. Note that
in particular, since metrics that satisfy Bismut’s assumption (A) are compatible

with the metric on the normal bundle NV, we have a canonical isometry
L ~C.
We will note that then
chy(L) = ch((L]z)o) — ch((L]z)1) = ch(Cy) — ch(C,) = — ch(C).
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6.2.2 The decomposition ¢.Ox = Oy & F x

By Lemma 4.5, we have the quotient Y** = X" /G which is a complex manifold
with a submersion Y?" — S2". Furthermore, we let ¢ : X" — Y®" be the quotient
map, then gor : Z*" — Y* is a closed immersion, and ¢ : X*" — Y?" is a branched
cover whose branching points are Z2".

By [23, Corollary 2.2], ¢ is finite. Since ¢ is finite and flat, and Y is locally
Noetherian, then by [20, Lemma 29.48.2] ¢ is finite locally free, which means that
q¢xOx is a finite locally free Oy-module, so ¢.Ox is a vector bundle. Note that
*Ox = Oy has the trivial G-action, and so by Lemma 4.3 we have a canonical
isomorphism

¢ (¢:Ox)o = Ox.

Now, since ¢ is flat and surjective, it is faithfully flat, and so the pullback ¢* is

faithful. This means that, given the canonical isomorphism
q"Oy = Ox = ¢*(¢.0x)o,
we then have a canonical isomorphism
Oy = (¢.0x)o.

Now let F' = (¢.Ox)1{—1} so that ¢.Ox = Oy @ F' as an equivariant vector
bundle, using the equivariant decomposition described in §4.1.3. By taking the
pushforward of (6.3), with M = Ox, and by left exactness of the pushforward, we

have the following exact sequence:
0— ¢.L — ¢.0x — (q0).O3. (6.4)

Now qt : Z — Y is a closed immersion of G-equivariant varieties with trivial
action, so (qt).0z = ((q¢)«Oz)o and ((q¢)«Oz)1 = 0. Since (o), is exact (see
(23, §4]), by applying (e); to (6.4) we obtain a canonical isomorphism

0— ((]*L)1 — (q*OX)l — 0.

It follows that (g.L{—1})o = F{—1}. Using Lemma 4.3, since t*(L{—1}) has the

trivial G-action then we have a canonical isomorphism
L{-1} = ¢"((¢.L{—1})o) = ¢ (F{—-1}),
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which then implies that L = ¢*F.

We let J = (¢.L{—1})p = F{—1} as in [23], to follow Rossler’s notation in the
main computation, and note ¢*J = L{—1}.

We now consider (6.3) with M = Ox again. Note that since ¢ is finite, it is
then affine, and so by [20, Lemma 68.8.2] we have that R'q.(L) = 0. Taking the

pushforward of (6.3) again, and using the projection formula to get
' F2F®RqO0x =2 F® Oy ®F) 2 F*oF,
we obtain the following exact sequence:
0= F?QF =0y ®F — ()07 — 0.

Taking the (+)o functor, which is exact (see [23, §4]), we obtain the following short
exact sequence:

0— F®* 2% Oy — (qu),0z — 0, (6.5)
and so F®? is isomorphic to Oy (—Z), and there is a canonical section a~!(1¢p, ) €
F®2,

We will fix a hermitian metric 2" on F, giving us F = (F,h"); this metric
is induced by a choice of metric in Ma’s branched covering formula, this choice
will ultimately not affect the final norm. This induces a hermitian metric ¢*hf on
L, and we let L' := (L,q*h"). Note that L 2 L', but we will be able to use the
anomaly formula to compute the difference between determinants of cohomology

involving L and those involving L'. We thus have
L'~qF.
Restricting to Z, we define C' := (C,*¢*h’") = +* L', and we note that
chy(I) = — h(C).
We similarly have an induced hermitian metric on J = F{—1},
J = F{-1}.

Now, since (M|z); = 0 and ¢ is flat, by Lemma 4.3, M = ¢*((¢.M)o). We let
M = (¢.M)o, and choose a hermitian metric 2™ on M, with M := (M, h™). This
induces a hermitian metric ¢*h* on M, and we let M' = (M, q*h™). We thus

have



6.2.3 (y-algebras x

Now let A = Oy @ F = ¢,Ox be the Oy-algebra with algebra structure from Oy,
note that due to the equivariance we have that the algebra structure on A is given
by a map «a : F®? — Oy, which agrees with the map in the exact sequence (6.5).
Note that in this situation X = Specy (A).

If we let B = @;°, F®" be the graded Oy-algebra with multiplication given
by the natural maps F®" x F®" — F®0+m) note that the vector bundle F, as
a scheme, is given by F' = Specy (B). We can therefore define a morphism of
schemes over Y from X — F by giving a morphism of Oy-algebras B — A, which
we define to be the natural morphism which is the identity on Oy @ F' in the zeroth
and first degrees of B and is given in higher degrees by the map F®% — Oy which
defines the algebra structure of A.

By noting that the kernel of the map B — A we have defined is the ideal
generated by {r —a(r) : r € F®2}, which in turn can be generated by a~!(1p, ) —
lo, € B, we deduce that

X 2 {(y,t) € Fst. t*2 —a (1o, )(y) = 0}.

Let P = Py (Oy @ F) and, following §4.3.8, we can identify X*" and Y as
complex submanifolds of P?*", so that the restriction of the projection 7 : P*" —
Y2 to X?" is the branched covering ¢ : X® — Y. We then consider a Kéhler
metric on P*, which will induce Kahler metrics on X*, Y?" and Z*'. Note
that the new Kahler metrics on X?" and Z*" are different from the ones we start
with, but we can work with them by making use of the anomaly formulae from
§4.2.3. We will write Ax and Az for the determinants of cohomology endowed
with the Quillen metric with the original Kahler metric, and Ax, and Az for the
determinants of cohomology endowed with the Quillen metric with the new Kéhler
metrics, induced by the Kahler metric on P*".

This is the situation described in [20, §4], and which we recalled in §4.3.8, so

we may make use of Ma’s branched covering formula.
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6.2.4 The immersion 7 — X x

Lemma 6.1. Let n be a hermitian vector bundle on X. Then we have that

X3(n) 2 A ® (O — L)) (6.6)

with norm

(a) =+ /X T, (T ) Ry(T ) @y (O) — Ty (L))l (1)

g

N /Z tdy(T2) Ry(T z)chy(vn)

g

Proof. We are in the situation considered in §4.3.7. First note that we have a

resolution for ¢,(:*n) given by the Cartier divisor,
0—=n®L—n—u(n —0. (6.7)

The equivariant Bismut immersion formula then gives us the isomorphism (6.6),

as well as its norm which is

(a) = /X tddy (T )%C,(L — Oy chy(n)

[ T Tl ) )
Z,

g

+ /X B, (T ) Ry(T ) (chiy (O ) — chig(L))ehy (1)

g9

‘/Z idy(T 2) Ry (T z)chy (")

Let §, =0 — L - Oy — 0, with Oy in degree 0. Note that {[ze =0 —
C — O, — 0, but since C, = 0 and (O,); = 0, then the map C — O, must be
the zero map, by applying the (-)o and (-); functors to the exact sequence {|z.,.
Now, if the differential is zero, then Im = 0 and Ker ~ {|z. ~ H|z., where
the kernel, image, and homology vector bundles are endowed with the hermitian

metrics induced from {|z,. This means that the exact sequences

0—Im — Ker — H|z. — 0,
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and

0 — Ker — §|z. — Im — 0,

are trivially orthogonally split, and so §.] 7 is homologically split. From §4.3.2,
this means that BC,(L — Oy) = 0, and so the first term in the expression of (a)
vanishes.

Secondly, we have that Ay, = 0 and (7T ,); = 0, so we can conclude that, by

applying the (-)o and (); functors to the exact sequence
0—=>T,—=>Txlz—=>N—=0 (6.8)

That (Tyl|z)o =~ T, and (T x|z)1 ~ N, and so that T y|z ~ T, ® N, so that
the equivariant Todd class {Eig(IZ,IX| 7z, N) = 0 associated to the short exact
sequence vanishes.

We are thus left with the remaining terms, which contribute to the norm of

the isomorphism. O

6.2.5 A change of metrics on X x

Lemma 6.2. We have the following isometry
MY (M@ (O + L)*Y) =07 (M @ (O + L)) (6.9)

Proof. We prove this isomorphism is an isometry by splitting it into a chain of
isometries, where we only change one metric at a time. We begin by changing
the metric on 7x, then the metric on M, then the metric on each L in the tensor
power.

We let
§  =M®(Ox+ L),

and for 0 < j < (d+1),

5‘ — M/ ® (QX +L)®(d+1*j) B (QX +L/)®j'

2j
We begin by considering the norm (b_;) of the isomorphism

e (b-1) ¢
AX(E ) =T AY(E ),
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which is given by the anomaly formula from §4.2.4 to be equal to

(b_y) = —/tﬁg(o —=Tx =T —0)chy(¢ -
Z
Now,

chy(€_,) = chy (M) chy (O + L)* ) = chy (M) ch((Q, — C)*“).

By using Lemma 2.6, since d + 1 is greater than the relative dimension of Z, the
norm (b_;) = 0 vanishes.

We now consider the norms (b;) for 0 < j < d + 1, of the isomorphisms

o (b5) ¢
)\)?/(éj—l) ~ A)?’(éj)v

which are given by the anomaly formula to be equal to

(b)) = —/thg(fx)éhg(o e g 0.

We see that £_; and &, have a common tensor factor, so by the multiplicativity

of secondary Chern forms we have that

chy(0 — £, = —~0)= ch(0 = M — M’ — 0) chy(Oy + L)®@+D)

= ch(0 = M — M’ — 0)ch((Q, — C)®4+D),

which will once again vanish by Lemma 2.6, so that (by) = 0.

For 1 <j<d+1, ¢ and §; also have a common tensor factor of
M/ ® (QX +L)®d+1fj ® (QX +L/>®j*1’
so that
ch, (0 — =&~ 0)
=ch(0 = L — L' — 0) chy(

o(M) chy((Ox + L)* ) @ (O + L')*V7Y)
— ch(0 = L — L' — 0) chy(

Me
M')ch((OQ, — C)? =) g (0, — C)PU-D),

which will once more vanish by Lemma 2.6, giving us (b;) = 0.

It follows then that by combining these isometries, we obtain an isometry

NE ) = X(E,, )
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6.2.6 The quotient X — Y x

Lemma 6.3. We have the following isometry

A9 (0 (M@ @y = D)) = A (M@ (©y - D)*™ @ (Oy + F))
(6.10)

Proof. Let £ = M (Oy — J)®4L, By noting that ¢,Ox = Oy + F, and that the
norm chosen on F' is the one that works for Ma’s branched covering formula, we

have that the above isomorphism is precisely

Ax(q°€) RN (Rg.q "6,

whose norm (b) is given by Ma’s branched covering formula. We use Ma’s branched
covering formula [20, Theorem 4.1], which gives us that the two bundles are canon-

ically isomorphic and that the norm of the isomorphism is given by

/Y td(Ty) td ™ ([X]) tdg(Ny)p) log [er]| 7 ch(€)
_ /th_1<MX/P) tdg(My/p>tfa(7_iZ7IY) Ch(é)

td(Ty ) td, (MY/P)ta<[dX]7MX/P) Ch(§)

+
S

N / td(Ty) R(Ty )by (R .0 )eh(€)

h<

|
“\|

tdg(Tx) Ry(Tx)ch()

Note that
ch(€) = ch(M) ch((Qy — J)®@D),
ch(€) = ch(M)ch((Qy — J)® D),

and that the relative dimensions of Y and Z over S are d and d — 1 respectively.
We can then apply Lemmas 2.6 and 2.7 to each of the terms, which implies that
the norm of the isomorphism vanishes, and so we are left with an isometry.

]
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6.2.7 Main computation

We aim to compute the norm (n) of the isomorphism

d
AN W @AM @ ) = (1), (6.11)
=0
obtained by following the isomorphism constructed in [23, Theorem 6.1] in the

case where Z = X is a Cartier divisor.
We begin with the right hand side, and use the polynomial py(x) = Z] 0 S (dﬂ)
from §3.2.2.

Then, we recall that C ~ +*L;

~ N7 ((M @ pa(L)))

We can then use the equivariant Bismut immersion formula, as in Lemma 6.1,
which gives us an isomorphism with non-zero norm (a), which we recall at the
end;

(@) | e
~ MY (M @ pa(L) ® (Ox — L)),

We may then use the polynomial identity (1 — x)pg(x) = 2%+ — (1 + 2)**!, which
is Lemma 3.2;

~ )@?( (O@2d+1 (O +L)®(d+1)))

= (Mo 0 03 (Mo 0+ L")
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We may then recall that \°4(E @ E') ~ \*4(E) ® \*Y(E"), and apply this to the
left term;

2d+1

\
~ )\3? (M)® ® )\3? <M® (QX +L>®(d+l)> 7

It remains to compute that the right term is isomorphically trivial, and, in fact, it is
isometrically trivial. We begin by invoking the anomaly formula, as in Lemma 6.2,
to change the hermitian metrics on various bundles to those coming from the
quotient;
1 Vv
~ )\i? (M)®2d+ ® )\i?/ <M/ ® (QX +L,)®(d+1)> ,
We then use the isometries Oy ~ ¢*Oy, M' ~ q*ﬂ, and L' ~ ¢*F';
1 —~ \
~ )\i? (M)®2d+ ® )\3?/ <q* (M@ (QY +E>®(d+1)>> :
Then we use J = F{—1};
1 — v
~ 29 (D% @ (¢ (M e (0 - %)),
And then, we invoke Ma’s branched covering formula, following Lemma 6.3,
—~— \Y
=g M) @ X (Mo (0 - ° ™) @ (0 + )
1 —~ \%
~ A0 @ X (M @ (0 - H)* )

But, we know M1 =0, Oy; = 0 and J; = 0, so we may write the equivariant
determinant of cohomology in terms of the determinant of cohomology;

— \%
~ )\3? (M>®2d+1 2 Ay (M® (QY _l)®(d+2)> 7
We may then invoke the analytic Ducrot’s cube structure theorem, as in Lemma 5.2;

~ A (M) @ O

o 2B

Rearranging, we have a canonical isomorphism
d
d+1 (1 d+1
ASI(M)®2 %(g) A (M © €5 )@ s (1),
j=0
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whose norm (n) is —(a), where (a) is the norm given in Lemma 6.1, with n =

M ® pa(L);

6.2.8 The norm of a canonical isomorphism of determinant
line bundles

We aim to give a simpler expression for the norm (n).

(n) =— /X by (Tx ) Ry(T x ) (chyg(Ox) — chy(L))chy(n)

" / W, (T )Ry (T 1), (i),

We now use the fact that X, = 7, = Z;

[ TR ) — Ty 1)

S

t / W, (T /) Ry(T ) (1),

Now, we have that ch,(Oy) = ch(Q,), ch,(M) = chy(¢*M
h( ﬂ) h( *M) ch(pa(—

(t*M); =0, chy(L) = —ch(C). We can then write chy(n) =
and the same for Chern form classes;

_‘/ZWIX) o(Lx)eh(Qy + C)ch (e M)ch(pa(—C))

n /Z tdy (T ;) Ry(T z)ch(e* M)ch(pa(—C)),

Now recall Lemma 2.3, which implies that td_;(A) ch(Qy 4 C) = ¢! (N) since A/
is a hermitian line bundle. We may then write 1 = td_;(N)ch(O, + C)e*(N) L.

— [ LR WO, + I M (pal-0)

+ [ TR ) Ry (T2 ()T, + (e M)
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Now, recall that due to the orthogonal splitting of T |z = T, ® N, by the equiv-
ariant Todd decomposition in §4.1.8 we have that td, (7T ) = td(T,) td_1(N).

— / W, (T ) Ry(Tx)B(OQ, + C)ehi(1* M)hi(pa(~C))
" / W, (T ) Ry(T )7 (A) " T(O, + C)eh(s* M)Thi(pu(—C)).

Grouping these terms, rearranging, and using R,(7 ;) = R(T ;) since T , has the
trivial equivariant action, we have

= [ [T (R0 A0 = Ry(T)) (A
A((O +C)pa(~C))]

We now once again make use of Lemma 3.2, that (1 —x)pg(z) = 2 — (1 + )¢,
and, in particular, changing the sign of x, (1 + x)pg(—x) = 241 — (1 — 2)?*+Y;

— [ [T (R 00 = R(T0) Tl )
(2d+1 —ch((0z — Q)@(dﬂ)))]

And we finish by making use of our cancellation lemmas, Lemma 2.7, one last
time;

B /Z [HG (Ix) (R(IZ)El (-A_[)_l - RQ(IX)) E(L*M>

(2d+1)}
- /2 Ty (T )eh(1 M) (R(T ,)e (W) ™" — Ry(T )
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