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Abstract

In the rapidly evolving landscape of electronic over-the-counter

markets, the deployment of advanced market making algorithms

has led to unprecedented efficiencies but also raised regulatory con-

cerns, particularly regarding the potential for unforeseen effects,

such as ‘algorithmic collusion’ or market instability, resulting from

the impact of autonomous trading or market making algorithms.

These concerns call for a better understanding of the impact of

trading and market making algorithms on market dynamics. In this

thesis, we propose a mathematical framework for studying the dy-

namics of algorithmic markets with a focus on the impact of compe-

tition, learning, and heterogeneity in the context of dealer markets.

We model strategic interactions and competition among dealers us-

ing the framework of game theory—discrete time repeated games,

stochastic differential games, and mean field games. The impact of

learning by agents is introduced in this setting using the concept of

reinforcement learning and implemented using decentralized deep

reinforcement learning algorithms.

We initiate our investigation by constructing a game-theoretic model

where multiple market makers compete for market share, adjust-

ing their pricing spreads in response to evolving market condi-

tions, learned autonomously through market data without direct

communication. The learning dynamics are captured through a

decentralized multi-agent reinforcement learning approach, reveal-

ing a propensity for these algorithms to independently converge

to pricing strategies that, while not explicitly collusive, mirror the

outcomes of tacit collusion by maintaining supra-competitive price

levels.

We extend the analysis to a continuous-time setting, where the

interactions of market makers are modelled as a stochastic differ-

ential game of intensity control under partial information. Compe-

tition among dealers corresponds to a Nash equilibrium, whereas



collusion is described in terms of Pareto optima. This analyti-

cal exploration is further enriched by employing the decentralized

multi-agent deep reinforcement learning algorithm, which unveils

the latent pathways through which learning by market making al-

gorithms can inadvertently lead to tacit collusion, pushing spread

levels significantly above competitive equilibrium levels.

The final chapter extends these results to a large population of deal-

ers, whose interactions are modelled as a mean field game where

a representative dealer interacts with the quotes of other dealers.

The benchmark situation representing competition among dealers

corresponds to a mean field Nash equilibrium, for which we give

conditions for existence and uniqueness. We investigate the influ-

ence of learning dynamics in this setting using mean field deep

reinforcement learning. We show that, in a homogeneous popu-

lation of dealers, learning can lead to supra-competitive quoting

strategies, while the introduction of heterogeneity mitigates this

effect.

Our theoretical results and detailed numerical experiments provide

interesting perspectives on market dynamics in the age of algorith-

mic trading and offer insights for market participants, risk man-

agers, regulators, and policy makers on the impact on market be-

havior of autonomous algorithmic strategies in electronic over-the-

counter markets. Market participants may consider autonomous

learning algorithms used for market making to generate quoting

strategies, but they should remain cautious about potential algo-

rithmic risks that could potentially affect the competitiveness of the

market. For risk managers, these market making algorithms are

shown to manage inventory risk effectively, as they have learned

to adjust spreads based on inventory positions. However, they

must be aware of the regulatory risks associated with potential

tacit collusion resulting from the interactions of the learning algo-

rithms. Regulators and policy makers are suggested to revisit the

existing rules for best execution, enforce mandatory audits on the

algorithms, and implement market frameworks that ensure trans-

parency in learning algorithms and encourage competition.
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Chapter 1

Algorithmic Market Making in

Dealer Markets

1.1 Introduction

The integration of algorithmic trading and market making has revolutionized

modern financial markets, particularly in electronic over-the-counter (OTC)

markets. Market makers, by quoting both bid and ask prices, play an indis-

pensable role in ensuring market fluidity. However, the rise of algorithmic

strategies, while improving efficiency, has inadvertently introduced new com-

plexities and potential risks. Among these is the phenomenon of ‘algorithmic

collusion’, where market makers, without any explicit coordination, might set

prices in a way that may generate adverse consequences for market partici-

pants.

This thesis explores the dynamics introduced by the interactions of algo-

rithmic market making strategies in electronic OTC markets. Specifically, it

investigates how these autonomous algorithms, through their learning dynam-

ics, could potentially lead to market outcomes reminiscent of tacit collusion—a

scenario where competitive pricing is undermined without overt coordination

among market makers. Such a situation poses significant regulatory challenges,

as it blurs the lines between competitive strategy and anti-competitive behav-

ior.

To address these concerns, our research is initiated around a game-theoretic

framework complemented by deep reinforcement learning algorithms. In Chap-

ter 2, we construct a model in which multiple market makers compete for

market share while autonomously adjusting their pricing strategies based on

evolving market conditions. By employing decentralized multi-agent reinforce-

12



ment learning, we simulate how these market makers learn and adapt to supra-

competitive outcomes without direct communication with each other.

In Chapter 3, we analyze the market making process in a dealer market

environment through a stochastic differential game of intensity control, under

conditions of partial information. Here, we examine how competition among

dealers can evolve into collusive behavior purely through algorithmic learn-

ing, without any explicit agreement among the participants. Subsequently, in

Chapter 4, we extend our analysis to a large population of dealers whose in-

teractions are modelled as a mean field game ([Lasry and Lions 2007; Huang,

Caines, and Malhamé 2007]). This allows us to observe the collective behav-

ior of a large number of market makers and examine how their interactions

influence overall market dynamics, particularly focusing on the emergence of

supra-competitive pricing strategies resulted from the learning algorithms.

By studying these complex interactions and learning processes, this thesis

aims to provide deeper insights into the unintended consequences of algorith-

mic market making. The findings not only contribute to our understanding

of market dynamics in the era of algorithmic trading, but also offer valuable

perspectives for regulators and market participants to maintain fair and com-

petitive market conditions.

In the following, we will interchangeably use the terms ‘market maker’,

‘dealer’, and ‘agent’.

1.2 Literature Review

Our work draws on a large body of research literature on market microstruc-

ture, game theory, and learning algorithms.

In an insightful study, [Calvano et al. 2020] have shown, in the setting of re-

peated auctions in a goods market, that competition among pricing algorithms

with learning may lead to prices set at levels different from competitive bench-

marks, without any explicit exchange of information between market makers,

a situation known as ‘tacit collusion’.

Tacit collusion is a well-known issue in oligopolistic markets ([Ivaldi et al.

2003; Tirole 1988]), and may emerge in repeated auctions without explicit

information sharing ([Han 2021; Skrzypacz and Hopenhayn 2004]). The pos-

sibility that tacit collusion may emerge from the interactions of autonomous

algorithms learning from market data in a decentralized fashion, a situation

sometimes referred to as ‘algorithmic collusion’ ([Assad et al. 2021; Han 2021]),

13



has attracted the concerns of market regulators ([Competition & Markets Au-

thority 2021]).

The emergence of tacit collusion from learning has also been studied in var-

ious contexts. [Waltman and Kaymak 2008] show how competing producers

using a Q-learning algorithm learn to raise prices above the Nash equilibrium

price by reducing production in a Cournot competition model. [Calvano et

al. 2020] show that Q-learning in a Bertrand competition model may result

in prices strictly above competitive levels associated with Nash equilibrium.

[Abada and Lambin 2023] apply multi-agent Q-learning to Cournot competi-

tion in electricity markets, and conclude that the collusion may result from

imperfect exploration. [Asker, Fershtman, and Pakes 2022] compare the pric-

ing outcomes of asynchronous vs. synchronous learning algorithms. [Hettich

2021] shows that deep Q-learning algorithms (DQN) lead to collusive strategies

significantly faster. [Han 2021] investigates the effects of experience replay in

the learning algorithm, which leads to prices closer to the equilibrium level.

This literature focuses primarily on a one-sided goods market where ‘produc-

ers’ fix prices, and may not directly be applicable to a financial market with

two-sided order flow.

More recently, [Cartea, Chang, and Penalva 2022] study the impact of dis-

creteness of ‘tick size’ on algorithmic collusion in market making games. The

authors apply stochastic approximation methods to characterize the learning

algorithms with a system of ordinary differential equations (ODEs), and show

convergence of learning algorithms to pure Nash equilibrium strategy in a 2-

player bimatrix market making game. Stochastic approximation techniques

are applied to show evidence of tacit collusion that arises in multi-agent set-

ting, where a finer tick size mitigates tacit collusion and promotes competition.

[Cartea, Chang, Mroczka, et al. 2022] study tacit collusion in a model with

competing liquidity providers whose behavior is modelled using multi-armed

bandit algorithms. The study finds that while collusive pricing by algorithms

could theoretically occur in multi-agent scenarios, it is highly unlikely with-

out explicit coordination. Compared to [Cartea, Chang, and Penalva 2022;

Cartea, Chang, Mroczka, et al. 2022], the thesis demonstrates several key dif-

ferences in both the model setup, experimental design, and the conclusions.

In terms of model setup, the thesis covers a broad range of models specifically

tailored for multi-agent market making, including game theory, stochastic dif-

ferential games, and mean field games. While [Cartea, Chang, and Penalva

2022; Cartea, Chang, Mroczka, et al. 2022] also study game-theoretic models,
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the key difference lies in the type of equilibria studied. [Cartea, Chang, and

Penalva 2022; Cartea, Chang, Mroczka, et al. 2022] focus primarily on static

equilibria, applying multi-armed bandit algorithms and Q-learning, with em-

phasis on the asymptotic properties of these algorithms through stochastic

approximation to ODEs, whereas this thesis investigates the outcomes result-

ing from multi-agent learning dynamics, which more closely resemble actual

market conditions. Both [Cartea, Chang, and Penalva 2022; Cartea, Chang,

Mroczka, et al. 2022] and the thesis find evidence of tacit collusion emerging

from the interactions of learning algorithms. However, the conclusions are

somehow different. [Cartea, Chang, and Penalva 2022] conclude that smaller

tick sizes facilitate convergence towards competitive equilibrium levels, whereas

Chapter 2 of the thesis finds that tacit collusion can occur even with small tick

sizes, while competitive quoting emerges only when tick sizes are unrealistically

large. We esteem the different outcomes mainly due to the underlying model

structures. [Cartea, Chang, and Penalva 2022] incorporate fill probabilities as

functions of quotes, whereas Chapter 2 relies on a ‘winner-takes-all’ mecha-

nism in which only the market maker quoting the lowest spread can fill the

request for quote (RFQ). Furthermore, a key conclusion from [Cartea, Chang,

Mroczka, et al. 2022] is that the collusive outcomes resulting from interact-

ing algorithms are unlikely to manifest in real-world market. In contrast, the

thesis presents evidence of tacit collusion that persists across multiple model

settings, emphasizing the regulatory implications of such outcomes. Overall,

the thesis contributes to the growing body of literature on the mechanism and

potential for algorithmic collusion in over-the-counter (OTC) markets, offering

a perspective on the conditions under which algorithmic collusion may arise.

The models applied in the literature on algorithmic collusion are diverse.

More recent literature has also explored algorithmic collusion using classical

market microstructure models. [Colliard, Foucault, and Lovo 2022] investi-

gate how algorithmic market makers use Q-learning algorithms to set prices

compared to a Nash equilibrium in the Glosten-Milgrom model ([Glosten and

Milgrom 1985]) with adverse selection, and find that algorithmic market mak-

ers effectively learn to adapt to adverse selection but lead to quoted spreads

above competitive levels predicted by Nash equilibrium, particularly when the

adverse selection costs decrease. They attribute this deviation to limitations in

learning capacity under stochastic environments. [Dou, Goldstein, and Ji 2023]

investigate the reinforcement learning algorithm applied by informed traders

in the framework of Kyle’s model ([Kyle 1985]) consisting of informed traders,
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noise traders and market makers. Their findings suggest that AI-driven trading

can autonomously form collusive behaviors which lead to reduced liquidity and

decreased price informativeness. Thus, it is of interest to investigate whether

the tacit collusion exhibited by [Calvano et al. 2020] may also arise in the con-

text of financial markets with market makers competing for a two-sided (buy

and sell) order flow. Chapter 2 examines the conditions under which tacit

collusion can arise in a two-sided discrete-time dealer market with multiple

market makers.

Chapter 3 revisits these issues in more detail in the framework of a market

with continuous-time trading with competing market makers who learn from

market data, extending the results of [Calvano et al. 2020] and [Xiong and Cont

2021] to a continuous-time setting which better captures some important fea-

tures of intraday trading in financial markets. In the continuous-time model,

the reference asset price is modelled as a Brownian motion. Market makers

continuously set ask and bid prices, and the arrival of requests for quotes is

modelled using point processes, reflecting the dynamic and stochastic nature

of financial markets. In this framework, the objective of each market maker

is to maximize cumulative profit and loss over a time interval, rather than

focus on profit from a single trade as in Chapter 2. Our modelling framework

builds upon the recent literature on continuous-time models for optimal mar-

ket making in dealer markets: following the pioneering work of [Ho and Stoll

1980; Ho and Stoll 1983] and [Avellaneda and Stoikov 2008], the problem of

optimal market making has been formulated as a stochastic control problem

where market makers quote ask/bid prices dynamically to maximize their ex-

pected profit adjusted for inventory risk over a finite or infinite time horizon

([Avellaneda and Stoikov 2008; Barzykin, Bergault, and Guéant 2023; Bergault

and Guéant 2021; Cartea, Jaimungal, and Ricci 2014; Guéant 2017; Guéant

and Manziuk 2019]). In contrast to earlier literature in which market makers

are assumed to know the market dynamics, recent literature has explored the

more realistic case where market makers learn through trial and error, using

reinforcement learning ([Vadori et al. 2024; Ardon et al. 2021]). In most of

these models, the market maker faces a random environment represented by

an order flow represented as a point process, so a natural mathematical mod-

elling framework for the problem is that of intensity control of point processes

([Bremaud 1981]). The competition of market makers can be modelled in this

setting as a stochastic differential game [Guo and Xu 2019; Cont, Guo, and

Xu 2021; Luo and Zheng 2021]. [Cont, Guo, and Xu 2021] model inter-bank
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lending as a stochastic differential game of singular control and study Pareto

optimal strategies. Competition among market makers is studied by [Luo and

Zheng 2021].

[Vadori et al. 2024] and [Ardon et al. 2021] build a multi-agent dealer mar-

ket simulator using reinforcement learning agents and show that reinforcement

learning agents replicate some ‘stylized facts’ of dealer markets.

Multi-agent modelling in stochastic games is studied in recent works by

[Cont, Guo, and Xu 2021] and [Guo and Xu 2019]. [Cont, Guo, and Xu 2021]

model inter-bank lending activity as a stochastic differential game through sin-

gular control and solve the Pareto optimal strategies using a singular stochastic

control problem. [Guo and Xu 2019] consider N-player stochastic game of the

classical fuel follower problem, in which they explicitly formulate Nash equi-

librium strategy. They also study Nash equilibrium strategies of the mean

field game extension. The single agent singular stochastic control problem

considered in [Cont, Guo, and Xu 2021; Guo and Xu 2019] is introduced and

analyzed in [Karatzas 1983] and [Menaldi and Taksar 1989]. The competition

and dynamic equilibrium between the market makers are studied by [Luo and

Zheng 2021], which considers the Nash equilibrium when the market makers

compete for market order flow.

Q-learning is a reinforcement learning algorithm proposed by [Watkins

1989] to handle the Markov decision process by training a state-action value

function. Recently, the successful integration of neural networks into the RL

algorithms has surpassed human-level performance in several practical learn-

ing tasks, such as playing Atari games ([Mnih, Kavukcuoglu, Silver, Graves,

et al. 2013; Mnih, Kavukcuoglu, Silver, Rusu, et al. 2015]). We model the

learning process of market makers through multi-agent reinforcement learning

in Chapter 3. Since in dealer markets, market makers cannot observe com-

petitors’ quotes or order flow but only their own prices and order flow plus the

market spread, the relevant approach is to apply a decentralized multi-agent

learning algorithm.

[Hu and Wellman 1998] prove that under some particular conditions multi-

agent Q-learning algorithms converge to Nash equilibrium whenever it is unique.

However, our decentralized multi-agent setting where agents do not know each

others’ states and actions does not satisfy the convergence conditions in [Hu

and Wellman 1998]. [Foerster et al. 2018] develop a multi-agent actor-critic

method using decentralized actors and a single centralized critic. [Lowe et al.

2017] extend this methodology to the Multi-Agent Deep Deterministic Policy
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Gradient (MADDPG) method, where centralized critics are trained for each

specific agent.

Mean field games (MFGs), introduced by [Lasry and Lions 2007; Huang,

Caines, and Malhamé 2007], provide a more tractable framework for studying

strategic interactions in large homogeneous populations. In an MFG, each

agent’s strategy is influenced by the aggregate effect of the actions of other

agents, represented through an aggregate variable (‘mean field’). The original

works by [Lasry and Lions 2007] study the conditions under which there exist

solutions to mean field game problems in continuous time and state space,

and have proposed monotonicity conditions for uniqueness. Since then, the

existence and uniqueness of solutions to mean field games have been extensively

studied in a wide range of settings. For example, the case of discrete state

space has been studied by [Gomes, Mohr, and Souza 2013], [Guéant 2015],

and [Doncel, Gast, and Gaujal 2019]. Potential mean field game systems

are addressed by [Briani and Cardaliaguet 2018]. MFGs with common noise,

which can be analyzed with the introduction of the master equation, have been

studied by [Carmona, Delarue, and Lacker 2020] and [Cardaliaguet, Delarue,

et al. 2019]. Additionally, a significant part of the literature focuses on the

social optimum problems in mean field systems, as studied by works such as

[Bensoussan, Frehse, and Yam 2013] and [Carmona and Delarue 2013].

In Chapter 4, we extend the study from a finite number of market mak-

ers to a scenario with a large population of market makers in a mean field

game framework. We use here the framework of extended mean field games

with finite state space introduced in [Gomes, Mohr, and Souza 2013] and

[Guéant 2015], which are the closest to our problem setting with market mak-

ers. [Gomes, Mohr, and Souza 2013] and [Guéant 2015] introduce the mean

field games defined on finite state space in continuous time, where the players

control the transition matrix, and show the existence of solution to the corre-

sponding mean field game systems. [Gomes, Mohr, and Souza 2013] provide

monotonicity conditions to prove the uniqueness, while [Guéant 2015] propose

a general uniqueness criterion on the comparison principle. However, in our

framework, the representative market maker controls the ask and bid quotes

instead of directly monitoring the transition matrix. We propose a fixed-point

argument similar to [Gomes, Mohr, and Souza 2013], adapted to our model

setting for the existence of a solution to the system of mean field equations.

Furthermore, we introduce an algebraic condition inspired by the approach in

[Guéant 2015] for the uniqueness of the mean field Nash equilibrium.
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Besides the literature contributing to the theoretical aspects, mean field

games have seen various applications in financial markets. [Cardaliaguet and

Lehalle 2018] formulate the problem of optimal liquidation as a mean field game

where market participants’ execution jointly affects market impact. [Huang,

Jaimungal, and Nourian 2019] considers the optimal execution problem for a

major player facing a population of minor agents. [Casgrain and Jaimungal

2020] incorporate agents’ heterogeneity as different probability measures in a

mean field game of optimal execution problem. [Neuman and Voß 2023] study

a multi-agent optimal execution problem and prove its convergence to a mean

field game in the large population limit. [Baldacci, Bergault, and Possamäı

2023] consider a major-minor player mean field game where market makers

interact with a population of market takers. [Bernasconi-de-Luca et al. 2023]

study a mean field game model of market making in dealer markets and study

a reinforcement learning algorithm capable of learning the equilibrium. Al-

though our model shares some features of these studies, rather than using

deep reinforcement learning as a computational tool to learn (Nash) equilib-

rium, we focus on the market dynamics resulting from the combination of

learning, heterogeneity, and strategic interactions. Indeed, as we will see, the

combination of learning and strategic interactions may lead to configurations

different from the Nash equilibrium.

1.3 Contributions

In this thesis, we investigate the dynamics induced by competition and learn-

ing in dealer markets, using an approach based on multi-player games with

(reinforcement) learning. Our analytical results and extensive numerical ex-

periments using state-of-the-art deep reinforcement learning algorithms pro-

vide novel insights into the dynamics of the price and the order flow in such

markets resulting from the interactions of adaptive market making algorithms

used by dealers.

In Chapter 2 we propose a game-theoretic model of a financial market,

namely multi-dealer-to-client (MD2C) platforms, in which multiple market

makers compete for market share and learn from market data to adjust their

spreads under a ‘winner-takes-all’ market share allocation mechanism. The

learning process is modelled via a decentralized Multi-Agent Deep Determin-

istic Policy Gradient (decentralized MADDPG) algorithm in which market

makers cannot observe their competitors’ prices.
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We show that even in the absence of price information sharing, market

prices may converge to levels that are similar to a collusion situation, resulting

in ‘tacit collusion’. The emergence of tacit collusion depends on the specific

mechanism of MD2C platforms through which market makers compete for or-

der flow. The phenomenon of ‘tacit collusion’ is also linked with the level

of competition, mainly reflected by the number of market makers. Inspired

by these findings, we discuss some implications for market regulators in deal-

ing with possible tacit collusion induced by the use of learning algorithms by

market makers, focusing on the aspect including best execution rules, regula-

tions that encourage competition at adequate level in MD2C platforms, and

transparency on market making algorithms.

In Chapter 3, we model the interactions of market makers in a dealer market

as a stochastic differential game of intensity control with partial information

and study the resulting dynamics of bid-ask spreads resulting from competition

among market makers and their learning dynamics.

We first study two benchmark cases: a competitive market, modelled as

a Nash equilibrium of the game, and collusion among dealers, modelled as a

Pareto optimum of the game. We give conditions for the existence of a Nash

equilibrium, which we characterize in terms of a system of coupled Hamilton-

Jacobi equations, and exhibit an algorithm based on fictitious play for com-

puting Nash equilibria.

These benchmark cases correspond to hypothetical situations where the

dynamics of order flow is known to market makers. In practice, market mak-

ers interact with the order flow of the client and learn to adjust their quotes

to maximize their profits. We model this learning process by a decentralized

multi-agent deep reinforcement learning algorithm ([Hambly, Xu, and Yang

2023]) using a policy gradient method ([Fazel et al. 2018]) to update market

makers’ strategies, parameterized via neural networks. Our simulation re-

sults show that the interactions of market making algorithms through market

prices, without any sharing of information, may give rise to tacit collusion, as

evidenced by quoted spread levels significantly higher than competitive (Nash)

equilibrium.

This emergence of ‘tacit collusion’ through learning has interesting impli-

cations for market design and market regulation. We highlight the impact of

correlated behaviors generated from learning even though learning algorithms

are refrained from communication, which can lead to the phenomenon of ‘tacit
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collusion’. Our model, coupled with the use of multi-agent deep reinforce-

ment learning, provides a conceptual framework for studying ‘tacit collusion’

showing that the latter is a useful tool for exploring these issues.

In Chapter 4, we model competition in dealer markets with a large number

of dealers using a Mean Field Game framework, and extend the scope of multi-

agent deep reinforcement learning algorithms to investigate learning dynamics

in this setting.

We first prove the existence of mean field Nash equilibrium by characteriz-

ing it as a solution to the system of coupled Hamilton-Jacobi (HJ) equations

and Chapman-Kolmogorov (CK) equations, and give a sufficient condition

for the uniqueness of such an equilibrium. We compute the mean field Nash

equilibrium using a numerical solution of this PDE system and use it as a

benchmark for modelling competition among market makers.

We then investigate the influence of learning dynamics in this setting using

a novel approach based on mean field deep reinforcement learning (MFDRL).

This approach allows to model the interactions between a market maker who

learns to set ask and bid prices using a deep reinforcement learning algorithm

while interacting with the market environment (“mean field”) generated by

joint actions of other market participants. Our numerical results show that

the learning dynamics lead to higher quotes by the market maker when their

inventory is at the adverse direction of market order flow, while at inventory

levels corresponding to market order flow, the market maker tends to quote

more aggressively, with price levels slightly below competitive (Nash) equi-

librium levels. This altogether leads to a wider bid-ask spread compared to

the mean field Nash equilibrium benchmark, a signature of ‘tacit algorithmic

collusion’ as evidenced by [Cont and Xiong 2024]. We subsequently model the

heterogeneity with a learning agent interacting with a mean field equilibrium

system, where ‘tacit collusion’ can be mitigated as the agent learns a quoting

strategy closer to mean field equilibrium.

We conclude this chapter by comparing the learning algorithms and human

traders in order to demonstrate that the tacitly collusive outcomes observed in

our simulations are primarily the result of the interactions of these algorithms.

Compared to human traders, deep reinforcement learning algorithms often

represent different patterns of decision making processes. These learning algo-

rithms do not simply mimic human behaviors, nor do they follow predefined

rule-based strategies. Instead, they learn the quoting strategies by interacting

with the market environment through trial and error, with the objective of
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maximizing the cumulative reward. The learning process is data-driven and

self-interested, without human intervention. These algorithms are unaffected

by human emotions or logical thinking that often lead to human traders’ ratio-

nal reasoning-based decision making, especially when competition intensifies

or regulatory scrutiny tightens. The different patterns of quoting behavior can

lead to market dynamics resulting from interactions of the learning algorithms

that differ significantly from those that may arise in markets consisting solely

of human traders.

This difference is consistently demonstrated across the models presented

in the thesis. Under the settings of these models, rational human traders

would not have an incentive to deviate from the associated competitive Nash

equilibrium, as doing so often reduces profitability. For example, in the game-

theoretic model introduced in Chapter 2, the ‘winner-takes-all’ mechanism

results in an intensely competitive environment where human market makers

are keen to sustain the Competitive Nash Equilibrium level. However, DRL

algorithms systematically learn to maintain wider spreads above the competi-

tive equilibrium level without any explicit coordination. This is fundamentally

different from the behavior of rational human traders, who often understand

the competitive norms with the knowledge of their own model parameters.

It is also essential to note that all the learning agents operate in a decen-

tralized manner without explicit communication or coordination among the

algorithms, with access only to their own private information. Although col-

lusion between human traders is often characterized by direct communication

or explicit agreements, the tacit collusion observed in our simulations arises

from decentralized learning. This form of tacit collusion is more challenging

to detect and monitor by regulators.

Therefore, we consider the observed tacit collusion in our simulation as a

consequence of employing DRL algorithms, highlighting the distinct market

dynamics resulting from these algorithms. These outcomes differ from human

decision making patterns, creating new regulatory challenges in market making

using learning algorithms.

In summary, the thesis provides a theoretical and practical framework for

modelling market making in over-the-counter (OTC) markets and sheds light

on the role of competition, heterogeneity, and learning in the emergence of

tacit collusion in such markets.
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Chapter 2

Interactions of Market Making

Algorithms: a Study on

Perceived Collusion with Deep

Reinforcement Learning

This chapter is based on [Xiong and Cont 2021]. In this chapter, we propose

a game-theoretic model for a multi-dealer-to-client (MD2C) platform in finan-

cial markets in which multiple market makers compete for market share and

learn from market data to adjust their spreads. We model this learning pro-

cess through a decentralized multi-agent reinforcement learning algorithm and

show that, even in the absence of price information sharing, under a specific

mechanism through which market makers compete for market shares, market

prices may converge to levels which are similar to a collusion situation, result-

ing in ‘tacit collusion’. We also briefly discuss the implications of our research

for market regulators.

2.1 Modelling the Actions of Market Makers

2.1.1 Market Order Flow and Spread

Let us first consider a market with a single asset and one market maker. The

market maker quotes a bid price b at which it is willing to buy the asset,

together with an ask price a > b at which it sells the asset. The difference

a− b between the ask and bid price is called the ‘market spread’.

We introduce market demand/supply order flow functions that represent

the average volume of assets traded on the market per unit time interval.
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Demand D(a) is a decreasing function of the ask price a measuring the number

of assets that investors buy from the market maker per unit period of time.

The supply S(b) is an increasing function of the bid price b measuring the

number of assets that investors sell to the market maker per unit period of

time. In our model, we consider investors as an exogenous factor. As a result,

investors modify their demand and supply solely as functions of the ask and

bid prices. The number of market makers will not affect the total order flow in

the dealer market. Market makers indirectly modulate the order flow through

the prices they quote.

The intersection of the demand and supply functions determines the market

price of the asset, denoted by v.

D(v) = S(v) (2.1.1)

Remark 2.1.1. We assume that the market price v is known to market makers,

so that they quote ask/bid prices based on the spread. This is an essential

difference from the assumption of informed traders in a microstructure model

of the security market such as [Glosten and Milgrom 1985].

Several assumptions are imposed on the market demand and supply func-

tions. Due to the monotonicity of demand and supply, the market order flow

tightens if the market maker sets a higher spread. As in [Dutta and Madhavan

1997], we first make a symmetry assumption on demand and supply functions

to simplify the notation. Moreover, the market maker quotes the spread s

instead of quoting the ask and bid prices.

Assumption 2.1.2. Demand and supply functions are symmetric at the mar-

ket price v.

D(v + x) = S(v − x),∀x ∈ R (2.1.2)

Meanwhile, the bid and ask prices are symmetric on both sides of the market

price v: a− v = v − b = s
2
.

Generally, market makers would optimize over spread values for maximal

revenues; hence we make the second assumption on the analytical property of

demand and supply functions so that selling and buying revenues yield unique

optima.

Assumption 2.1.3. D(.) and S(.) are C2 functions and satisfy that, for all

x ≥ 0
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• D(x) ≥ 0, S(x) ≥ 0, and there exists x′, x′′ ≥ 0 such that D(x′) >

0, S(x′′) > 0

• D′(x) < 0, S ′(x) > 0

• lim
x→∞

D(x) = lim
x→−∞

S(x) = 0

• sup
x≥0

D(x)D′′(x)
(D′(x))2

< 2, sup
x≥0

S(x)S′′(x)
(S′(x))2

< 2

The market making model developed by [Dutta and Madhavan 1997] also

incorporates a stochastic market shock factor in demand/supply functions.

However, we assume deterministic models because our primary focus is per-

ceived collusion introduced by pricing algorithms. Also, [Dutta and Madhavan

1997] consider that the market price v is the only competitive price level, and

any deviation of ask/bid prices from v is considered as overt or tacit collusion,

which cannot explain the ubiquitous existence of nonzero spread in the actual

market. To account for the nonzero spread at the competitive price level, we

introduce endogenous cost c for the market maker.

Assumption 2.1.4. Market maker has a fixed cost c. The market maker

chooses the ask a and bid b (b < v < a) to at least cover this fixed cost c.

(a− v)D(a) + (v − b)S(b) ≥ c (2.1.3)

Remark 2.1.5. Note that this cost c is rather a general concept. It can be

incorporated with many aspects of market makers’ costs, internal or external,

such as order processing cost and inventory cost. In some circumstances, mar-

ket makers also set a targeted revenue level to cover. In that case, the targeted

revenue is also included in the cost c.

Remark 2.1.6. The cost c can also be considered as an entry barrier that

excludes market makers with too high a cost. Since total market order flow

is determined exogenously by demand and supply, the maximum revenue is

bounded. Only those market makers with a cost c not higher than the total

market revenue will have an incentive to trade. In contrast, if ∀a, b > 0, (a −
v)D(a) + (v − b)S(b) < c, the maker of the market will not trade, as its profit

will be negative.

With symmetry assumption 2.1.2, we can write the revenue of the market

maker as a function of the spread s:

F (s) = (a− v)D(a) + (v − b)S(b) = s ·D(v +
s

2
) (2.1.4)
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Proposition 2.1.7. If Assumption 2.1.2 and Assumption 2.1.3 are satisfied,

then the revenue function F (s) can be written as F (s) = sD(v + s
2
), and has

a unique maximum s∗ in R+

Proof. From Assumption 2.1.2 which leads to (2.1.4), the revenue function

F (s) can be written as F (s) = sD(v+ s
2
). From Assumption 2.1.3 thatD′(x) <

0, we have that F ′(s) = D(v + s
2
) + s

2
D′(v + s

2
) = 0 if and only if

H(s) =
s

2
+
D(v + s

2
)

D′(v + s
2
)
= 0

Differentiating H(s) we obtain

H ′(s) =
1

2

(
2−

D(v + s
2
)D′′(v + s

2
)

(D′(v + s
2
))2

)
Denote C = inf

s≥0
H ′(s). From Assumption 2.1.3, H ′(s) ≥ C > 0,∀s ≥ 0, since

sup
x≥0

D(x)D′′(x)(
D′(x)

)2 < 2

Therefore, H(s) increases strictly in R+, and we have lim
x→+∞

H(s) = +∞. In

fact, by the mean value theorem, for any s ≥ 0, there exists ξs ∈ [0, s] such

that

H(s) = H(0) +H ′(ξs)s ≥ H(0) + Cs

the right-hand side of the above inequality tends to +∞ as x→ +∞.

Therefore, since ∀s ≥ 0, H(0) < 0 and H ′(s) > 0, and lim
x→+∞

H(s) = +∞,

H(s) = 0 yields a unique solution in R+. Hence F (s) has a unique maximum

on R+, denoted by s∗.

The unique maximum s∗ in Proposition 2.1.7 is hence the spread with which

a monopolistic market maker gains the maximal revenue. From now on, the

market maker quotes the spread s instead of ask a and bid b.

In practice, demand and supply functions can be calibrated using market

makers’ data on order flow and trades. We will use the following example to

illustrate the properties of the model:

D(a) =
10

1 + ea−100
S(b) =

10

1 + e100−b
(Example - Order flow)

The market price is then v = 100. Consequently the revenue function F (s)

takes the form:

F (s) = s ·D(100 +
s

2
) =

10s

1 + e
s
2

(Example - Revenue)
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The spread maximizing revenue is s∗ ≈ 2.556. Figure 2.1 shows the shapes of

the order flow functions and the revenue function. We will use this example

below.

Figure 2.1: An example of demand/supply and revenue functions.

2.1.2 Extension to Multiple Market Makers

We now extend the market making framework in Section 2.1.1 to electronic

OTCmarkets with multiple market makers, namely multi-dealer-to-client (MD-

2C) platforms. Over the past decades, multi-dealer-to-client (MD2C) plat-

forms have become increasingly important in the electronification of dealer

markets, providing a centralized venue where multiple market makers com-

pete to provide liquidity to institutional clients. The assets traded on MD2C

platforms are usually bonds, swaps, and non-deliverable forwards. Typical ex-

amples of MD2C platforms include Bloomberg Fixed Income Trading (FIT),

Tradeweb, and MarketAxess. These platforms allow clients to send Request

for Quotes (RFQs) simultaneously to multiple market makers, thus encour-

aging competition and improving market efficiency ([Fermanian, Guéant, and

Pu 2016]). The client sends an RFQ through the MD2C platform to the se-

lected dealers, and the requested dealers answer the RFQ by quoting ask and

bid prices. Dealers on the MD2C platform can observe the number of dealers

requested and the composite market spread, for example, the CBBT bid-ask

spread on the Bloomberg FIT platform.1 However, they do not know the prices

quoted by other dealers. The client can compare these prices and trade with

the dealer that provides the most favorable price.

We also make the assumption that clients always send RFQs to a given

number of market makers denoted by N , and that the size of each RFQ is

1On some MD2C platforms, the number of requested dealers is not disclosed to the

dealers by default, e.g., corporate bonds on MarketAxess ([Wang 2023]). In our framework,

we always assume that the market makers know the number of requested dealers.
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fixed. The demand/supply order flow functions D(.) and S(.) can therefore

represent the flow of RFQs per unit time. Another important assumption in

our framework is that the spread quoted by market makers has a tick size

ϑ > 0. Hence, the spreads quoted by the market makers are taken from the

discrete action space Aϑ = {nϑ|n ∈ N} where N is the set of natural numbers.

We need to assume that the tick size ϑ is small enough for the analysis of the

Nash equilibrium, which will be specified in the subsequent section.

From now on, we will use the Greek letter α to represent elements of the

discrete space Aϑ to distinguish from the letter s that represents a real number

as in the previous section.

Suppose now that the clients send RFQs to N market makers. The cost of

the market maker indexed by i is denoted by ci. Let α⃗ = (α1, ..., αN) ∈ (Aϑ)
N

denote the spreads quoted by the N market makers. The narrowest spread

αM := min
j∈{1,...N}

{αj} is called the market spread. We assume that market

demand and supply take the same format as in the case of a single market

maker. The order flow is directed to N market makers by a certain market

share mechanism.

Now we specify the routing mechanism of how market order flows are dis-

tributed to N market makers. For the market maker i, we introduce a non-

negative market share coefficient ϕi(α⃗), a function of the joint spread vector α⃗

of the N market makers. ϕi(α⃗) measures proportion of order flow directed to

the market maker i. It is an indicator of competitiveness with respect to the

quote and endogenous characteristics of the market maker.

Assumption 2.1.8. When there are N market makers on the market, the

demand and supply allocated to market maker i are determined by total order

flow and market share coefficients:

Di(v +
αi

2
) =

ϕi(α⃗)
N∑
j=1

ϕj(α⃗)

D(v +
αM

2
)

Si(v −
αi

2
) =

ϕi(α⃗)
N∑
j=1

ϕj(α⃗)

S(v − αM

2
) (2.1.5)

where αM := min
j
{αj} is the market spread.

Remark 2.1.9. Assumption 2.1.8 specifies that the demand order flow of a

market maker i is determined by two components: the relative market share
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ϕi(α⃗)
N∑

j=1
ϕj(α⃗)

and the aggregate order flow D(v + αM

2
) as a function of the market

spread αM . Now, with multiple market makers, it is the market spread αM that

affects directly the aggregate order flow, which corresponds to the practical

scenarios.

It should be noted that (2.1.5) generally does not guarantee the existence

of a Nash equilibrium, up to the format of the market share coefficient ϕi(·).
Taking the example of a hypothetical case where ϕi(α⃗) ≡ Constant, with 2

market makers, the Nash equilibrium would not exist since the revenue of the

market maker with the highest spread would be max{α1,α2}
2

D(v + min{α1,α2}
2

),

which can increase to infinity when max{α1, α2} → ∞. However, we will

study the realistic market share mechanism that corresponds to what happens

in MD2C platforms, where the market maker quoting the lowest spread wins

the order flow. This market share mechanism leads to a well-defined Nash

equilibrium, as we will see later.

In accordance with practical scenarios in MD2C platforms, we define a

‘winner-takes-all’ (denoted by ‘WTA’) market share allocation mechanism as

our benchmark model for competition.

ϕi(α⃗) = κiI(αi = min
j
{αj}), κi is constant (WTA)

(WTA) specifies that only those quoting the narrowest spread jointly share

the market order flow, which corresponds to the case of MD2C platforms where

the market maker providing the narrowest spread wins the RFQ.

We are primarily interested in the market dynamics resulting from the

learning algorithms under mechanism (WTA), which will be studied in Section

2.2

We then define the market maker’s profit as the objective function. Rewrite

α⃗ = (αi, α−i), where α−i = (α1, . . . , αi−1, αi+1, . . . , αN) represents the spreads

of other market makers. The market maker i sets the spread αi by maximizing

the profit, denoted by

Pi : max
αi∈Aϑ

αiD
(
v +

min
j

{αj}

2

)
N∑
j=1

ϕj(α⃗)

− ci
ϕi(α⃗) + I(ϕi(α⃗) = 0)

ϕi(α⃗) (2.1.6)

where ϕi(α⃗) is defined in (WTA). The multiplication by ϕi(α⃗) in (2.1.6) spec-

ifies that the cost ci only incurs during the trade. If the market share ϕi(α⃗) is
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0, then the market maker i has 0 profit since no trade occurs. The indicator

function I(ϕi(α⃗) = 0) is introduced only to avoid the 0 denominator.

Until now, we have completed defining the game-theoretic model for mul-

tiple market makers. Each market maker aims to maximize the objective

defined in (2.1.6), which involves interactions between market makers through

their quoted spread vector α⃗. In the subsequent study, we shall focus on

the homogeneous case where the N requested market makers share the same

parameters, including the costs and market share functions. The setting of

homogeneous dealers is common in the literature on the analysis of dealer

markets, e.g., [Wang 2023; Riggs et al. 2020]. The homogeneous setting aligns

with the situation of many MD2C platforms, where dealers often operate under

similar conditions, such as access to the same market information, regulatory

frameworks, and comparable cost structures. Specifically, under the ‘winner-

takes-all’ mechanism, the presence of homogeneous market makers with the

same cost is actually a consequence of competition. Suppose that the tick

size ϑ is small enough and that there are 2 market makers with cost c1 < c2

under the ‘winner-takes-all’ mechanism, then the market maker with cost c1

will unilaterally win all the order flow by quoting a lower spread than the

market maker with cost c2, generating a revenue in the interval [c1, c2) which

does not cover the cost of the latter market maker. This suggests that with

multiple market makers, only those with the same lowest cost are eligible for

competition under the (WTA) mechanism, as they are always able to quote a

lower spread to exclude the market makers with higher cost from competition.

Therefore, we make the following assumption:

Assumption 2.1.10 (Homogeneous case). The N requested market makers

have the same fixed cost: ci ≡ c. We consider the following scheme for their

respective market shares:

• ‘Winner-takes-all’: ϕi(α⃗) ≡ κI(αi = min
j
{αj}), κ is a constant.

2.1.3 Equilibrium and Collusive Spreads

A Nash equilibrium is a situation where no market maker has any incentive to

change their quoted spread:

Definition 2.1.11 (Nash equilibrium). A Nash equilibrium for system (2.1.6)

is a spread vector α⃗e = (αe
1, . . . , α

e
N) ∈ (Aϑ)

N , such that ∀i ∈ {1, . . . , N},

Ji(α
e
i , α

e
−i) ≥ Ji(α, α

e
−i),∀α ∈ Aϑ (2.1.7)
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where αe
−i = (αe

1, . . . , α
e
i−1, α

e
i+1, . . . , α

e
N) is the spread vector excluding the

spread of market maker i.

We are primarily interested in the Nash equilibrium under the ‘winner-

takes-all’ scenario that reflects the application of MD2C platforms in practice.

Before studying the Nash equilibrium, we prepare some notations related to

the cost c of one market maker.

From Remark 2.1.6 and Proposition 2.1.7 we have

s∗D(v +
s∗

2
) ≥ c

where s∗ is the unique maximum of the revenue function F (s) defined in Propo-

sition 2.1.7. If the cost c is high such that s∗D(v+ s∗

2
) = c, the setting degener-

ates into the single market maker scenario where s∗ is the only possible spread

that the single marker maker would quote to cover the cost c. To study Nash

equilibrium with multiple market makers, we only consider the case where

s∗D(v +
s∗

2
) > c (2.1.8)

Then the following equation admits two distinct solutions.

sD(v +
s

2
) = c (2.1.9)

Denote the two distinct solutions by s̃1, s̃2 so that s̃1 < s∗ < s̃2. The

quoted spread of a market maker is between the interval [s̃1, s̃2] to ensure

a non-negative profit. Figure 2.2 shows an example of the revenue function

in (Example - Revenue) with cost c = 0.5. The number s̃1 is essential for

representing the Nash equilibrium market spread under the ‘winner-takes-all’

market share mechanism.

Figure 2.2: When cost c = 0.5, the equation (2.1.9) admits two distinct solu-

tions s̃1, s̃2 such that s̃1 < s∗ < s̃2.
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In the analysis of Nash equilibrium, it is essential to account for the fact

that market makers quote spreads from space Aϑ with tick size ϑ. To incorpo-

rate this into our analysis, we introduce the projection functions P+
ϑ , P

−
ϑ that

map any real value x ∈ R to the closest elements in this discrete space Aϑ

from above and below, respectively. Formally, for any x ∈ R, the projection

functions are defined as follows:

P+
ϑ (x) = min{z ≥ x, z ∈ Aϑ}

P−
ϑ (x) = max{z < x, z ∈ Aϑ} (2.1.10)

By definition, the value P+
ϑ (s̃1) ∈ Aϑ is the minimum spread that a market

maker would possibly quote in the case of a single market maker, given that

the revenue F (P+
ϑ (s̃1)) can cover her cost c. If F (P+

ϑ (s̃1)) < c, this implies

that the tick size ϑ is not small enough such that the discrete set Aϑ does not

contain any value in the interval [s̃1, s̃2]. Then no market maker would ever

join the market because the revenue with any quote from Aϑ cannot cover their

cost c. Hence we make the assumption on the tick size ϑ for the multi-agent

market making problem to be well-defined.

Assumption 2.1.12. The tick size ϑ satisfies

0 < ϑ < s̃2 − s̃1 (2.1.11)

Assumption 2.1.12 ensures that the quoted spread P+
ϑ (s̃1) is located in the

interval [s̃1, s̃2):

s̃1 ≤ P+
ϑ (s̃1) < s̃2 (2.1.12)

In fact, we shall see later that P+
ϑ (s̃1) is exactly the lowest possible market

spread in Nash equilibrium under the ‘winner-takes-all’ mechanism. We define

a constant K that represents the maximum number of market makers who can

simultaneously quote the minimum spread P+
ϑ (s̃1). Formally,

K := max{k ∈ N|F (P+
ϑ (s̃1)) ≥ k · c} (2.1.13)

From (2.1.12), we see that K is well-defined since K ≥ 1. K is finite since

F (s) ≤ F (s∗). This number K will be used to characterize Nash equilibrium

under ‘winner-takes-all’ mechanism. Now we state the following propositions

on Nash equilibrium under the ‘winner-takes-all’ mechanism in Assumption

2.1.10.
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Proposition 2.1.13. Under a ‘winner-takes-all’ configuration as defined in

(WTA), if Assumption 2.1.10 and Assumption 2.1.12 are satisfied, then the

Nash equilibrium exists. If a spread vector α⃗e satisfies one of the following

conditions depending on the number of market makers N and the constant K

defined in (2.1.13).

• When 2 ≤ N ≤ K, αe
i = P+

ϑ (s̃1),∀i ∈ {1, . . . , N}.

• When N > K, α⃗e has exactly K coordinates equal to P+
ϑ (s̃1), and the

remaining (N −K) coordinates are strictly higher than P+
ϑ (s̃1).

• When N > K ≥ 2 and F (P+
ϑ (s̃1)) = K · c, α⃗e has exactly K − 1 coor-

dinates equal to P+
ϑ (s̃1), and the remaining (N −K + 1) coordinates are

strictly higher than P+
ϑ (s̃1).

Then α⃗e is a Nash equilibrium.

Proof. We show the existence of Nash equilibrium by examining that the vector

α⃗e satisfies Definition 2.1.11 of Nash equilibrium. In all 3 cases, the market

spread is αM = P+
ϑ (s̃1).

• When 2 ≤ N ≤ K, suppose that every market maker quotes the spread

P+
ϑ (s̃1). We consider the market maker indexed by i whose profit is

Ji(α
e
i , α

e
−i) =

P+
ϑ (s̃1)D(v +

P+
ϑ (s̃1)

2
)

N
− c ≥ 0

The inequality holds by the definition of K with 2 ≤ N ≤ K. If the market

maker i deviates to a spread αi ∈ Aϑ such that αi < P+
ϑ (s̃1) while the spread

of other market makers remains αe
−i, the market maker i wins all order flow

but with a profit

Ji(αi, α
e
−i) = αiD(v +

αi

2
)− c < 0 ≤ Ji(α

e
i , α

e
−i)

The profit Ji(αi, α
e
−i) is negative by the definition of P+

ϑ (s̃1). If the market

maker i switches to a spread αi ∈ Aϑ such that αi > P+
ϑ (s̃1) while the spread

of other market makers remains αe
−i, then the market share of i drops to

0, and consequently the profit of the market maker i is 0. In both cases,

Ji(αi, α
e
−i) ≤ Ji(α

e
i , α

e
−i). Hence, when 2 ≤ N ≤ K, α⃗e with αi = P+

ϑ (s̃1),∀i
is a Nash equilibrium.
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• When N > K, without loss of generality we assume αe
1 = . . . = αe

K =

P+
ϑ (s̃1), and αe

j > P+
ϑ (s̃1), ∀j > K and j ≤ N . The profit of each market

maker indexed by i ∈ {1, . . . , K} is

Ji(α
e
i , α

e
−i) =

P+
ϑ (s̃1)D(v +

P+
ϑ (s̃1)

2
)

K
− c ≥ 0

And the profit of the market maker indexed by j ∈ {K + 1, . . . , N} is

Jj(α
e
j , α

e
−j) = 0. The discussion of the market maker i (i ∈ {1, . . . , K}) is

similar to that in the case of 2 ≤ N ≤ K. The profit of the market maker i

becomes negative if the market maker i lowers the spread from P+
ϑ (s̃1) and

becomes 0 if the market maker i increases the spread from P+
ϑ (s̃1). Now

suppose that the market maker j (j ∈ {K+1, . . . , N}) quoting αe
j > P+

ϑ (s̃1)

unilaterally deviates to a spread value αj. The profit of the market maker j

has the following 3 cases:

Jj(αj, α
e
−j) =


0, if αj > P+

ϑ (s̃1)

P+
ϑ (s̃1)D(v+

P+
ϑ

(s̃1)

2
)

K+1
− c < 0, if αj = P+

ϑ (s̃1)

αjD(v +
αj

2
)− c < 0, if αj < P+

ϑ (s̃1)

(2.1.14)

Hence, we have Jj(αj, α
e
−j) ≤ Jj(α

e
j , α

e
−j) = 0 for j ∈ {K + 1, . . . , N}, and

α⃗e is a Nash equilibrium.

• When N > K ≥ 2 and F (P+
ϑ (s̃1)) = K · c, without loss of generality we

assume αe
1 = . . . = αe

K−1 = P+
ϑ (s̃1), and αe

j > P+
ϑ (s̃1),∀j > K − 1 and

j ≤ N . The profit of each market maker indexed by i ∈ {1, . . . , K − 1} is

Ji(α
e
i , α

e
−i) =

P+
ϑ (s̃1)D(v +

P+
ϑ (s̃1)

2
)

K − 1
− c > 0

The discussion of the market maker i (i ∈ {1, . . . , K − 1}) is similar to

previous cases, where they have no incentive to deviate from their quoted

spread P+
ϑ (s̃1). The profit of the market maker indexed by j ∈ {K, . . . , N}

is 0, which can not be improved by unilaterally adjusting their quoted

spread. The discussion is similar to (2.1.14) except that Jj(αj, α
e
−j) = 0

if αj = P+
ϑ (s̃1). Then, we also have Jj(αj, α

e
−j) ≤ Jj(α

e
j , α

e
−j) = 0 for

j ∈ {K, . . . , N}, and consequently, α⃗e is a Nash equilibrium.

Remark 2.1.14. When N > K ≥ 2, the Nash equilibrium can take the forms

in the second or third point of Proposition 2.1.13.
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Remark 2.1.15. For the ‘winner-takes-all’ mechanism, the form of the Nash

equilibrium is, in general, not unique, depending on the tick size ϑ, the cost c,

the shape of the revenue function F (s) and the number of requested market

makers N . For example, suppose that the tick size ϑ is high enough with

relevant assumptions on F (s) and c, such that the intersection of the discrete

set of possible quoted spreads Aϑ and the interval [s̃1, s̃2] only contains two

values s̃1 and s∗. Also, suppose that there are 2 market makers and that

F (s∗)

2
> F (s̃1)

Then we can easily check that both (s̃1, s̃1) and (s∗, s∗) are Nash equilibrium

quoting strategies for the 2 market makers, resulting in market spreads of s̃1

and s∗, respectively.

The spread vector α⃗e in Proposition 2.1.13 results in a market spread of

P+
ϑ (s̃1), which is the minimum value that a market maker is able to quote to

possibly make a non-negative profit. We hereby consider this type of Nash

equilibrium α⃗e as the competitive benchmark that provides the cheapest mar-

ket spread to the client, which leads to the following definition of Competitive

Nash Equilibrium.

Definition 2.1.16 (Competitive Nash Equilibrium). Under a ‘winner-takes-

all’ configuration as defined in (WTA), if Assumption 2.1.10 and Assumption

2.1.12 are satisfied, we call the spread vector α⃗e a Competitive Nash Equilib-

rium if α⃗e is a Nash equilibrium and

min
i∈{1,...,N}

αe
i = P+

ϑ (s̃1) (2.1.15)

Definition 2.1.16 formalizes the equilibrium in a ‘winner-takes-all’ market,

where market makers compete aggressively, driving market spread down to

the lowest feasible level. At this equilibrium, clients receive the best possible

pricing, while market makers are incentivized to operate at the margin of

profitability. Although the Nash equilibrium from Definition 2.1.11 may not be

unique, we state in Proposition 2.1.17 that any Competitive Nash Equilibrium

which results in a market spread of P+
ϑ (s̃1) is characterized by the forms in

Proposition 2.1.13.

Proposition 2.1.17. Under a ‘winner-takes-all’ configuration as defined in

(WTA), if Assumption 2.1.10 and Assumption 2.1.12 are satisfied, and α⃗e is

a competitive Nash equilibrium in Definition 2.1.16, then α⃗e satisfies one of

the forms specified in Proposition 2.1.13.
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Proof. We discuss the different cases in Proposition 2.1.13.

• When 2 ≤ N ≤ K, suppose that there exists αe
j > P+

ϑ (s̃1). By the ‘winner-

takes-all’ principle, ϕj(α⃗
e) = 0. The market maker j has 0 profit, but can

increase the profit to at least

F (P+
ϑ (s̃1))

N
− c > 0

by unilaterally quoting the spread P+
ϑ (s̃1), which contradicts the fact that

α⃗e is a Nash equilibrium. Therefore, ∀j ∈ {1, . . . , N}, αe
i ≡ P+

ϑ (s̃1).

• When N > K, let k denote the number of market makers who quote the

spread P+
ϑ (s̃1). We see that k ≥ 1:

k :=
N∑
i=1

I(αe
i = P+

ϑ (s̃1))

Without loss of generality, we assume that the market makers indexed by

i where i ∈ {1, . . . , k} quote the spread P+
ϑ (s̃1), and the remaining market

makers quote the spreads higher than P+
ϑ (s̃1).

If K < k ≤ N , then by the definition of K, the profit of any of the market

makers indexed by 1 to k is

F (P+
ϑ (s̃1))

k
− c < 0

which can be improved to 0 if the market maker unilaterally increases their

quoted spread, which contradicts the fact that α⃗e is a Nash equilibrium.

Hence, we have k ≤ K.

When K = 1, we can easily check that k = 1 and the proposition is proved

since α⃗e satisfies the form specified in the second point of Proposition 2.1.13.

Now we consider the case where K ≥ 2. If k ≤ K − 2, then the profit of the

market maker k+1 is 0 as she quotes a spread higher than P+
ϑ (s̃1), but can

improve the profit to a strictly positive value

F (P+
ϑ (s̃1))

k + 1
− c ≥ F (P+

ϑ (s̃1))

K − 1
− c > 0

if the market maker k + 1 unilaterally switches to quote P+
ϑ (s̃1). This also

contradicts the Nash equilibrium α⃗e. Therefore, we obtain K − 1 ≤ k ≤ K.

In this case, k can only take 2 possible values: K − 1 or K.
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k = K is plausible for the Nash equilibrium α⃗e, and a Nash equilibrium with

k = K can only take the form specified in the second point of Proposition

2.1.13. When F (P+
ϑ (s̃1)) > K ·c, k = K−1 contradicts the Nash equilibrium

property of α⃗e, since the market maker indexed by K can increase her profit

from 0 to
F (P+

ϑ (s̃1))

K
− c > 0 by unilaterally quoting a lower spread αe

K =

F (P+
ϑ (s̃1)). Only when F (P+

ϑ (s̃1)) = K ·c, k equal toK−1 is consistent with
the Nash equilibrium property of α⃗e and in this case any Nash equilibrium

with k = K − 1 can only take the form specified in the third point of

Proposition 2.1.13.

Summarizing the above discussion, we obtain that the Nash equilibrium

α⃗e with a market spread of P+
ϑ (s̃1) takes the forms specified in Proposition

2.1.13.

Remark 2.1.18. When N > K, at a Competitive Nash Equilibrium, the num-

ber of market makers quoting the minimum spread P+
ϑ (s̃1) remains stable due

to profit constraints, as Proposition 2.1.17 suggests. However, the specific

market makers quoting this spread can change over time. Consider the case

where F (P+
ϑ (s̃1)) > K ·c. Then there are K market makers that quote P+

ϑ (s̃1).

Consider a market maker currently quoting a higher spread whose profit is 0.

To try to make a positive profit, this market maker has the incentive to reduce

their spread to P+
ϑ (s̃1) to capture order flow. However, this increase in compe-

tition at P+
ϑ (s̃1) causes the total profit to be divided among more participants,

potentially resulting in negative profits for market makers quoting the mini-

mum spread. As a consequence, one of the market makers quoting P+
ϑ (s̃1) will

eventually increase their spread to avoid further losses or bankruptcy. This

restores the equilibrium number of K market makers that quote P+
ϑ (s̃1), as

specified in Proposition 2.1.13. The case where F (P+
ϑ (s̃1)) = K · c is similar,

while the number of market makers quoting P+
ϑ (s̃1) remains stable, varying

between K − 1 and K over time. Thus, while the identity of the market mak-

ers that quote the minimum spread P+
ϑ (s̃1) may vary, the total number of such

market makers remains stable, maintaining the balance of competition and

profitability in the market.

So far, we have defined the game-theoretic model (2.1.6) with the market

share mechanism (WTA) that corresponds to the stylized features of MD2C

platforms. In this framework, market makers compete by quoting bid-ask

spreads, with the ‘winner-takes-all’ mechanism driving intense competition for

order flow. The Competitive Nash Equilibrium arises when market makers
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quote the lowest possible spread, benefiting clients with minimal transaction

costs. However, despite the competitive scenario in such markets, it is possible

for market makers to engage in a collusion strategy, where they coordinate to

quote higher spreads, by agreeing to maintain supra-competitive spreads for

higher profits instead of keeping the spread down to the Competitive Nash

Equilibrium spread P+
ϑ (s̃1). The seminal work [Christie and Schultz 1994]

studies the avoidance of odd-eighth quotes by market makers on the NASDAQ

and attributes the absence of a 1
8
quote to the collusive behavior of market

makers quoting higher spreads.

We outline the following key elements of a collusive strategy.

• When market makers enter an agreement of collusion, the resulting mar-

ket spread is strictly higher than the Competitive Nash Equilibrium mar-

ket spread P+
ϑ (s̃1).

• Under a collusive strategy, a reward-punishment mechanism is typically

implied ([Tirole 1988]). If one market maker breaks the collusive agree-

ment by quoting a lower spread, the others may retaliate by lowering

their spreads respectively, resulting in a price war where everyone earns

lower profits. This mechanism helps maintain the collusive arrangement.

In the context of our game-theoretic model with the ‘winner-takes-all’ mar-

ket share mechanism, a collusion strategy is formally defined as follows.

Definition 2.1.19 (Collusion strategy). A collusion strategy for system (2.1.6)

with N requested market makers is a spread vector α⃗c = (αc
i)

N
i=1 ∈ (Aϑ)

N ,

where ∀i ∈ {1, . . . , N}, αc
i = αc, such that

αc > P+
ϑ (s̃1) (2.1.16)

and
F (αc)

N
>

F (P+
ϑ (s̃1))

KI(N > K) +NI(2 ≤ N ≤ K)
(2.1.17)

where F (·) is the revenue function in (2.1.4) and K is the constant defined in

(2.1.13)

The market spread αc under the collusion strategy is called the collusive

spread. It is strictly larger than the Competitive Nash Equilibrium market

spread P+
ϑ (s̃1). Since the revenue of the market makers that win the order

flow under the Competitive Nash Equilibrium is
F (P+

ϑ (s̃1))

N
when 2 ≤ N ≤ K
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and
F (P+

ϑ (s̃1))

K
when N > K, as specified in Proposition 2.1.13, (2.1.17) demon-

strates that the average revenue per market maker under the collusion strategy

α⃗c exceeds the revenue per market maker in the Competitive Nash Equilibrium.

This mechanism effectively enforces a reward-punishment scheme, incentiviz-

ing the market makers to maintain the collusion strategy α⃗c.

To see how the reward-punishment scheme works, suppose that the N

requested market makers have agreed to collude and quote the spread αc. If any

market maker deviates by lowering their spread, the other market makers will

respond by also lowering their spreads to avoid making 0 profit. This triggers a

price war until there are enough market makers that quote the lowest possible

spread P+
ϑ (s̃1) and a Competitive Nash Equilibrium is reached. However,

according to the condition (2.1.17, all market makers will make less profit

in this scenario compared to the collusion strategy. In other words, market

makers are rewarded with higher profits when they maintain the collusion

strategy, and are punished with lower profits if any of them breaks the collusion

agreement. Hence, they are incentivized to maintain the collusion strategy.

We emphasize that the collusion strategy is prearranged by theN requested

market makers in advance. It is important to note that while the collusion

strategy represents a coordinated agreement, it may not necessarily constitute

a Nash equilibrium. This is because, unlike in a Nash equilibrium where no

market maker has an incentive to unilaterally deviate, in a collusion strategy,

market makers might still have individual incentives to undercut the agreed

collusive spread to capture the entire order flow. However, the threat of col-

lective retaliation through a price war discourages such deviations. Thus, the

collusion strategy relies on the implied reward-punishment scheme instead of

the inherent stability of a Nash equilibrium to maintain higher spreads and

collective profitability.

It is important to note that we do not guarantee the existence of a collusion

strategy in Definition 2.1.19. Instead, we formally define what constitutes a

collusion strategy should it exist. If such a strategy emerges, we consider the

collusive spread as a benchmark for collusion. In fact, we can simply check

whether P+
ϑ (s∗) and P−

ϑ (s∗) satisfy Definition 2.1.19, because either of these

two values maximizes the revenue function F (s) in the spread space Aϑ and

are most likely to be the agreed spread to quote in such a collusion strategy.

In the algorithmic simulation in Section 2.2, the learning algorithms oper-

ating in the market environment do not necessarily converge to give the same
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quoted spread. Thus, the standard definition of collusion provided in Defini-

tion 2.1.19 may not fully capture the cases where algorithms learn to collude

tacitly without directly sharing information. To account for this, we intro-

duce a benchmark for algorithmic collusion from the perspective of the market

spread, which directly impacts clients:

Definition 2.1.20 (Perceived collusion strategy). A perceived collusion strat-

egy for system (2.1.6) with N requested market makers is a spread vector

α⃗pc = (αpc
i )Ni=1 ∈ (Aϑ)

N , such that

min
i∈{1,...,N}

αpc
i = αc (2.1.18)

where αc is the collusive spread in Definition 2.1.19.

Definition 2.1.20 focuses on the perspective of clients, who directly expe-

rience the market spreads. It only requires that the minimum quoted spread

among the market makers is equal to the collusive spread αc, while Definition

2.1.19 requires the actual collusive behavior of all market makers quoting the

same collusive spread αc. Whether there is an explicit agreement to collude

does not affect the nature of this new definition: if there is such an agreement,

then the market makers quoting αc are able to redistribute the profits evenly to

the colluding participants, which are still higher than the level of Competitive

Nash Equilibrium as suggested by (2.1.17). Hence, Definition 2.1.20 provides

a more suitable framework for evaluating the potential outcomes of learning

algorithms in a market, especially in cases where tacit collusion may occur.

2.2 Emergence of Collusive Behavior from

Learning

In this section, we study interactions of market makers when they are all

applying multi-agent reinforcement learning algorithms to set their spreads in a

repeated game. The motif is that training of RL algorithms only requires data

from interactions with the environment. This feature fits into the practical

scenarios where a market maker selects a spread at each unit time interval

and then gets feedback from market transactions about its profit level with

this spread. Based on this spread and profit information, the market maker

adjusts its spread in the next step to make a better profit. The automation of

these pricing-and-earning steps introduces naturally usage of RL algorithms.
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Another stylized feature of market making on MD2C platforms is the de-

centralization of agents. In the actual dealer market, the market makers are

not allowed to communicate. As a result, they only observe partial informa-

tion concerning their own historical spreads and profits, while the only public

information accessible to all is the market spread αM . Dealers make decisions

based on the set of partially observed information. Usually, the spreads have

a rather small tick size ϑ, and can be approximately regarded as continuous

values in R+. Therefore, we focus on decentralized multi-agent policy gradient

algorithms, which allow continuous state and action spaces.

The algorithm we adapt is the decentralized multi-agent deep-deterministic

policy gradient (Decentralized MADDPG), inspired by [Lowe et al. 2017] and

[Foerster et al. 2018]. [Lowe et al. 2017] and [Foerster et al. 2018] proposed

a multi-agent actor-critic algorithm with decentralized actors and centralized

critics, in which the actors are functions of each agent’s local observation, and

critics are functions of all agents’ joint states and actions. In their algorithms,

critics are trained in a centralized way, which means certain communication

during training steps needs to be allowed. We adapt the MADDPG algorithm

to our market making model by constraining the critics to be decentralized as

well.

2.2.1 Decentralized Multi-agent Actor-critic

Algorithms

In the dealer market that we simulate, there are N requested market makers

responding to the order flow. The agents share a continuous state space X =

[0, B], where B is the upper bound of the spread value. We equate the action

space with the shared state space: agents choose their spreads from the same

continuous action space A = X = [0, B]. At time step t = 0, 1, . . ., the state

xit ∈ X of agent i represents its current spread, the action αi
t ∈ A is the spread

it sets for the next time step at t + 1. In addition to agent i’s own spread

xit, we also allow i to observe the market spread xMt := minj x
j
t . The market

spread xMt represents the price at which actual transactions occur at time t,

and this information is observable by every market maker after the transaction

is complete. Observing local and public information, market makers generate

quotes αi
t for the next time step t+1. This setting adapts to the actual MD2C

platforms where the market spread is observable for every market maker.
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At time t, when agent i at state xit ∈ X takes an action αi
t ∈ A, it receives

a deterministic reward ri(x
i
t, x

M
t , α

i
t)

ri(x
i
t, x

M
t , α

i
t) = Ji(α

i
t, α

−i
t ) (2.2.1)

where Ji(α
i
t, α

−i
t ) is the objective function defined in (2.1.6),

α−i
t = (α1

t , . . . , α
i−1
t , αi+1

t , . . . , αN
t )

is the joint actions of other agents than i taken at time t. (2.2.1) shows that the

reward of agent i is jointly determined by the spreads quoted by each agent.

After taking action αi
t, the state of agent i in the next time step t+1 changes

to xit+1 = αi
t. Mathematically, the transition probability is deterministic:

P
(
xit+1|xit, xMt , αi

t

)
= I

{
xit+1 = αi

t

}
(2.2.2)

With the environment (2.2.1) and (2.2.2) given, at time t market maker i ap-

plies certain strategy to pick action based on the partial information (xit, x
M
t ):

αi
t = πi(x

i
t, x

M
t ) (2.2.3)

where πi(·, ·) : X × X → A is a deterministic policy mapping the product of

state and market spread space X ×X to action space A. We restrict the policy

to be deterministic because we perceive that in practice, the market makers

are more likely to apply a specific pricing algorithm rather than a probabilistic

one.

(2.2.1)-(2.2.3) define a Markov decision process with partial observation.

The objective of agent i is to find an optimal strategy π∗
i , which maximizes

the expected future rewards discounted by a factor γ ∈ [0, 1). The value

function Vi(x,m) for a given agent spread x and market spread m is defined

in (2.2.4):

Vi(x,m) = max
πi

Eπi

[
∞∑
t=0

γtri(x
i
t, x

M
t , α

i
t)

∣∣∣∣∣xi0 = x, xM0 = m

]
(2.2.4)

π∗
i (x,m) = argmax

α

{∑
x′

P(x′|x,m, α)(ri(x,m, α) + γVi(x
′,m′))

}
(2.2.5)

where in (2.2.5) m′ is the market spread of the next time step jointly deter-

mined by the actions of all agents. In many reinforcement learning algorithms,
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a state-action value function Qi(x,m, α) is introduced instead of the value

function to compute the optimal strategy.

Qi(x,m, α) = max
πi

Eπi

[
∞∑
t=0

γtri(x
i
t, x

M
t , α

i
t)

∣∣∣∣∣xi0 = x, xM0 = m,αi
0 = s

]
(2.2.6)

π∗
i (x,m) = argmax

α
Qi(x,m, α) (2.2.7)

Our decentralized multi-agent DDPG algorithm approximates the state-action

value functions Qi(x,m, α) and the optimal policies π∗
i (x,m) by neural net-

works Qi(x,m, α|θQi ) and πi(x,m|θπi ), for i ∈ {1, . . . , N}. Qi(x,m, α|θQi ) is

called the critic network that evaluates the performance of the state-action

pair (x,m, α), and πi(x,m|θπi ) is the actor network that returns an action for

the market maker i given its observation (x,m).

In the implementation, the target critic and actor networks are also in-

troduced coupling critics and actors. The target networks are indicated by

Q̃i(x,m, α|θ̃Qi ) and π̃i(x,m|θ̃πi ). While network parameters θQi and θπi are up-

dated at every training iteration, the target network parameters θ̃Qi and θ̃πi are

updated slowly to make the training more stationary:

θ̃Qi ← τθQi + (1− τ)θ̃Qi
θ̃πi ← τθπi + (1− τ)θ̃πi (2.2.8)

where τ represents the speed of updating the target network parameters. (In

our simulation τ = 2%.)

For parameters critic networks θQi , we define the loss function:

LQ
i (θ

Q
i ) = E

x,m,α,x′,m′

[(
ri(x,m, α) + γQ̃i(x

′,m′, α′|θ̃Qi )−Qi(x,m, α|θQi )
)2]
(2.2.9)

where the pairs (x,m, α, x′,m′) are sampled from an experience replay buffer

that stores agents’ historical states, actions and transitions during the repeated

game. The action α′ = π̃i(x
′,m′|θ̃πi ) is given by the target actor network of

agent i. Then the stochastic gradient descent can be applied on (2.2.9) to

calibrate the parameter θQi .

To calibrate the parameters of the actor network θπi , we can write the policy

gradient for the actor networks:

∇θπi
Lπ(θπ) = − E

x,m

[
∇sQi(x,m, πi(x,m|θπi )|θ

Q
i )∇θπi

πi(x,m|θπi )
]

(2.2.10)
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where the historical states (x,m) are also sampled from the experience replay

buffer. In the implementation, we can directly define the loss function

Lπ(θπ) = − E
x,m

[
Qi(x,m, πi(x,m|θπi )|θ

Q
i )
]

and gradient descent is automated by PyTorch.

(2.2.8)-(2.2.10) define the scheme of our decentralized MADDPG algorithm

for the continuous state and action space. In our model, there is a positive

tick size ϑ to be incorporated into the environment. To achieve this, we define

the projection function based on (2.1.10), which maps a real value x to the

closest element to x in Aϑ:

Pϑ(x) = P+
ϑ (x)I

(
P+
ϑ (x)−x ≤ x−P−

ϑ (x)
)
+P−

ϑ (x)I
(
P+
ϑ (x)−x > x−P−

ϑ (x)
)

(2.2.11)

We integrate the projection function Pϑ into the market environment by

applying it within the reward function r(x,m, α). Specifically, the continuous

values of (x,m, α) produced by the learning algorithm are mapped by Pϑ to

the discrete space Aϑ before calculating the profits. Although the learning

algorithms operate in continuous state and action spaces, the projected spreads

ensure that the actual quoted values are in line with the discrete tick size ϑ.

This approach provides a consistent framework for different tick sizes, allowing

the learning behavior to reflect the realities of dealer markets where quoted

spreads are restricted to discrete increments, while still preserving the key

dynamics of the learning process.

Both critics Qi and actors πi are local functions of agent i’s own observa-

tion, together with the market spread determined by every agent. The inter-

actions between market makers are realized through the market spread, and

the ‘winner-takes-all’ market share mechanism included in the reward function

(2.2.1). In the next section, we present the simulation results of our algorithm

applied to the ‘winner-takes-all’ market share mechanism, which reflects the

competitive dynamics observed in MD2C platforms.

2.2.2 When Does Learning Lead to Tacit Collusion?

In this section, we summarize the results of the numerical experiments con-

ducted under the ‘winner-takes-all’ market share mechanism (WTA). Our goal

is to simulate the behavior of market makers using the Decentralized MAD-

DPG algorithm from Section 2.2.1 and analyze the resulting market spreads

in various competitive settings.
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The market order flow and market revenue as a function of spread are

defined by (Example - Order flow) and (Example - Revenue), whose graphs

are shown in Figure 2.1. The market price of the asset is v = 100, and the

unique maximum spread of the revenue function defined in Proposition 2.1.7

is s∗ ≈ 2.5569. The two distinct solutions to equation (2.1.8) are, respectively,

s̃1 ≈ 0.1026, s̃2 ≈ 10.7278

We fix the upper bound of the action and the state space B = 10. That is,

the quoted spread value of each market maker ranges between [0, 10].

We build up a market environment based on the ‘winner-takes-all’ mech-

anism. Each market maker’s reward function was computed based on their

share of the order flow, governed by the ‘winner-takes-all’ mechanism (WTA),

where a market maker only receives revenue if they quote the narrowest spread.

In this setup, if multiple market makers quote the same spread, they share the

order flow equally. For a given number of market makers N and tick size ϑ in

the configuration, we construct multi-agent actor-critic learners, and train the

learners using the decentralized MADDPG algorithm introduced in the pre-

vious subsection. Both the actor πi(x,m|θπi ) and the critic Qi(x,m, s|θQi ) are
3-layer fully connected neural networks, with 128 hidden units at each layer.

This network architecture is chosen to balance the model complexity and com-

putational efficiency. The choice of 3 layers has been shown to perform well in

many deep reinforcement learning applications ([Mnih, Kavukcuoglu, Silver,

Rusu, et al. 2015; Lillicrap et al. 2016]), where moderately deep networks can

approximate Q-value functions while ensuring stable training. The architec-

ture is deep enough to capture the non-linearities of the quoting strategies via

interactions between the market makers. The 128 neurons per layer provide

sufficient capacity to model the quoting strategies without overfitting, with

reasonable computational costs.

The actor πi(x,m|θπi ) takes market maker i’s current spread x and the

market spread m, then outputs a value between [0, 10] for market maker i’s

next spread value. We also apply ϵ−greedy exploration with ϵ = 5%. The

agents have a probability of ϵe−β·t picking a random action instead of the

output of the policy network, where β = 0.001, t is the number of iterations.

For the optimization algorithm, we apply a standardized Adam optimizer

([Kingma and Ba 2015]) with learning rate 0.0005, momentum decay rates

(0.9, 0.99) and non-zero regularization 10−6.
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The simulations are carried out with different numbers of market makers N

to explore how increased competition influences the pricing dynamics resulting

from the interacting algorithms. We will consider the (N, ϑ) combination with

N ∈ {2, 4, 8, 16} and ϑ = 0.0001 as the benchmark cases. For each of these

combinations, we carried out 50 independent experiments, each of which in-

volved the complete training of N market makers from scratch. An experiment

of complete training takes 150 episodes, and in each episode 500 iterations are

used. This is done to reduce the variance that may arise from any single round

of training, ensuring more robust and reliable results.

The average cumulative reward per episode during the training steps is

shown in Figure 2.3 with the confidence interval 95%. The reward curves show

that market makers effectively learn to improve their quoting strategies to earn

more profits, under different levels of competition. In all the 4 cases, we observe

a decreasing trend of episodic reward in the first few episodes, suggesting the

impact of competition leading to a decline in their profits in the first few

episodes. In the case of 2 market makers, the agents demonstrate steady

learning, with rewards stabilizing around 700− 1000. With 4 market makers,

the reward curves exhibit more variability but show consistent improvement,

reaching cumulative rewards per episode around 50 − 400. In the 8 market

maker scenario, the rewards are generally lower and more volatile, fluctuating

between 0 and 250 due to increased competition. Finally, with 16 market

makers, competition becomes the most intense, leading to highly oscillating

patterns, with only a few agents achieving rewards between 100 and 600, while

the majority of the market makers remain with much lower profits. This

suggests the challenge of profitability in highly competitive environments.
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Figure 2.3: Average cumulative reward per episode during training with dif-

ferent numbers of market makers, tick size ϑ = 0.0001, from 50 scenarios

In Figure 2.4, we track the average market spreads during the training

steps, which are calculated by averaging the market spreads at each iteration

per episode across all 50 experiments. As suggested in Section 2.1.2, the market

spread is a direct indicator of the market dynamics, which reflects the inter-

acting behaviors of the learning algorithms over time. The market spread also

serves as a proxy for competition. From Definition 2.1.20, it can be considered

as a direct metric for perceived collusion.

The patterns observed in Figure 2.4 exhibit a similar trajectory across all

configurations with 2, 4, 8 and 16 market makers. Initially, there is a rapid

and steep decline in market spreads. This early drop could be attributed to al-

gorithms that attempt to undermine each other as they explore lower spreads

to capture order flow in the early stages of learning. However, as training

continues, the market spreads begin to rise again, and this increase suggests
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that the algorithms start to converge towards a higher and more stable spread

level, which is still above the Competitive Nash Equilibrium. An important

observation is that as the number of market makers increases from 2 to 16, the

overall market spread values decrease, reflecting more intensive competition

leading to more competitive market spread levels. However, even with 16 mar-

ket makers, the final average spreads remain consistently above the theoretical

Competitive Nash Equilibrium level 0.1027, indicating that full competition is

not achieved. This pattern suggests that despite the increased competition, the

learning algorithms converge to supra-competitive spread levels, potentially in-

dicating tacit collusion during the training process. The gradual rise in the

spreads, after the initial sharp decline, highlights that market makers might

implicitly learn to maintain higher spreads without explicit coordination, a

behavior often associated with collusion in repeated games.

Figure 2.4: Market spreads during the training steps with different numbers

of market makers, tick size ϑ = 0.0001
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After the training is complete, we visualize the learned quoting strategies

πi(x,m|θπi )

as a function of the previous-step quoted spread and the previous-step market

spread in Figure 2.5. The learned quoting strategy is calculated by averaging

the trained actors πi from 50 independent experiments, on a 2D grid of [0, 5]×
[0, 5].2 Note that market spread is the minimum of all market makers’ quoted

spreads; hence, it is the diagonal and lower triangular part of the heat maps

that the learned quoting strategies apply to generate next-step quotes.

In the lower triangular regions of the graphs in Figure 2.5, we first observe

that market makers tend to quote higher spreads when the market spread is

close to 0, as indicated by the lighter vertical bands near the left edges of each

graph. This behavior suggests that when the market spread is pretty low close

to 0, market makers are less aggressive in lowering their quotes. Rather than

reducing their spreads to compete for order flow, they maintain higher spreads

for the next step to avoid sacrificing profit margins, as their chances of winning

the order flow are already diminished under such conditions with very narrow

market spreads. Secondly, we observe that the vertical color changes are sub-

tler than the horizontal color changes, indicating that the learned strategy is

more sensitive to changes in the market spread than to its previous-step quoted

spread. When the market spread changes, the strategy adjusts the next-step

quotes more dramatically. However, when the market spread is fixed, the strat-

egy exhibits less variation in response to changes in the agent’s current quoted

spread. This suggests that the market conditions affected by competitors play

a more significant role in determining the quote adjustments by the algorithm

than the agent’s prior quoting behavior. Furthermore, the ray-like bands ex-

tending from (0, 0) in the graphs indicate that the market makers tend to quote

similar values when the previous-step quoted spread and the previous-step

market spread change proportionally. This suggests that the learned strate-

gies follow a pattern of consistent adjustments, aligning their quoted spreads

when both variables change together. All these patterns highlight the sophis-

ticated nature of the learned quoting strategies, where the algorithms respond

to short-term fluctuations in both their own quoting behavior and the market

spread, rather than simply lowering spreads to gain immediate market share,

especially in such a highly competitive ‘winner-takes-all’ market configuration.

2Although the observation space in learning simulation is [0, 10], spread values beyond 5

is not of our interest because these values are not competitive given the market configuration.

Hence, we choose to visualize the quoting strategy with a 2D grid of [0, 5]× [0, 5]
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Figure 2.5: Learned strategies with different numbers of market makers.

In addition to the observed patterns above, our results also show that

when market makers apply their learned strategies in a market environment

through repeated pricing games, the spreads they quote eventually converge to

specific stationary points, as shown by the yellow points in Figure 2.5. These

stationary points represent stable market spreads that the learned quoting

strategies consistently reach. Figure 2.6 shows the results of repeated pricing

games with varying numbers of market makers, all of whom start with an

initial spread of 1.0000. These results are compared with the Competitive

Nash Equilibrium spread P+
ϑ (s̃1) and the maximum of the revenue function s:

P+
ϑ (s̃1) = 0.1027, s∗ ≈ 2.5569

In the experiment of repeated pricing games, we observe that the stationary

spread achieved is independent of the initial spread values selected by the
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market makers. This suggests that the learned strategies are robust, leading

to universal stationary market spreads regardless of starting conditions. The

specific stationary spread values obtained in different scenarios are presented in

Table 2.1. Note that these stationary spread values are obtained based on the

interactions of the quoting strategies learned after the training is completed,

which are different from the market spreads during the training steps shown

in Figure 2.4.

Number of agents 2 4 8 16

Stationary market spread 1.6165 1.1187 0.8651 0.4937

Table 2.1: Stationary spreads with different numbers of market makers, tick

size ϑ = 0.0001.

Figure 2.6: Stationary spreads reached by the learned quoting strategies with

different numbers of market makers. In this example, the learned quoting

strategies all start with initial spreads 1.000.

A key observation from Table 2.1 and Figure 2.6 is that as the number

of market makers increases, the stationary market spread decreases. When

the number of market makers increases to 16, the stationary market spread

is the closest to the Competitive Nash Equilibrium level. This suggests that
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increased competition with more market makers encourages the learning al-

gorithms to quote lower spreads, as they learn to compete with each other to

win the order flow. With more market makers, the learning algorithms lead to

more competitive outcomes compared to the case of 2 market makers. How-

ever, the stationary spreads achieved by the learning algorithms are all above

the Competitive Nash Equilibrium level despite the decreased values with in-

creasing numbers of market makers. In particular, the stationary spreads for

2 and 4 market makers are significantly higher than the competitive outcome.

In other words, seemingly collusive results have been achieved by the learn-

ing algorithms without sharing information. This phenomenon is called tacit

collusion, featured by pricing algorithms maintaining supra-competitive out-

comes. Overall, the learning algorithms can lead to outcomes that suggest

tacit collusion, especially when the number of market makers is small. As

competition increases with more market makers, the learning algorithms con-

verge to more competitive levels. However, even with 16 market makers, the

spread remains above the Competitive Nash Equilibrium level, indicating that

full competition may not be entirely achieved.

We provide further evidence of tacit collusion by illustrating a mechanism

that resembles a reward-punishment scheme, where deviations from supra-

competitive spread levels are implicitly discouraged, leading to the reestab-

lishment of supra-competitive spreads. After allowing the learning algorithms

to converge to a stationary market spread in a repeated game setup starting

from randomized initial spreads, we introduce a downward perturbation to

the quoted spread of the market maker indexed by 1 while holding the quoted

spreads of other market makers constant. This perturbation forces the market

spread to decrease temporarily. Figure 2.7 shows the behavior of the market

makers’ quoting strategies with this perturbation. In the case of 4 and 8 mar-

ket makers, the other market makers lower their quoted spreads following this

perturbation, after which the system reverts back to the stationary market

spread levels. The collective behavior of the other market makers’ simultane-

ously lowering their spreads can be interpreted as a mechanism of punishment

where they decrease their spreads and launch a price war. In the case of 2

and 16 market makers, although the other market makers initially react by

slightly increasing their quoted spreads, the learned strategies anticipate a rise

in the market spread at the next step, thereby reducing their quoted spreads

to win order flow. Consequently, the overall system also returns to the orig-

inal stationary spread level. Therefore, this dynamic following a downward
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perturbation of one market maker mimics a tacit reward-punishment scheme.

Although there is no explicit punitive action in some cases, such as aggres-

sive lowering of spreads by the competitors, the system’s dynamics discourage

deviations and reinforce the collusive equilibrium.

Figure 2.7: Stationary spreads reached by the learned quoting strategies with

different numbers of market makers. In this example, the learned quoting

strategies all start with initial spreads 1.000.

In summary, our results demonstrate that the spreads quoted by the learn-

ing algorithms converge to stationary levels when the algorithms are applied

for pricing. These stationary spreads decrease with increasing competition

brought by more market makers, approaching but not fully reaching the Com-

petitive Nash Equilibrium. Notably, when fewer market makers are present,

the spreads remain significantly above the competitive level, indicating supra-

competitive outcomes that mimic tacit collusion, in which a mechanism similar
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to the reward-punishment scheme is present in the interactions of the pricing

algorithms.

2.2.3 Experiment with Increased Number of Market

Makers

We have seen that increasing the number of market makers resulted in lower

stationary spreads, gradually approaching the Competitive Nash Equilibrium

level. In this section, we extended our analysis to 32 market makers to ex-

plore whether further increasing competition would lead to more competitive

outcomes, as observed in our previous experiments with 2, 4, 8 and 16 market

makers. We carry out one experiment of learning simulation with 32 market

makers and present the reward curves and the learned quoting strategy in Fig-

ure 2.8. Interestingly, as shown in Figure 2.8, the results show that increasing

the number of market makers does not lead to a significantly more competi-

tive market. In fact, the stationary market spread with 32 participants is at a

closer level as observed with only 2 market makers, as shown in Table 2.2.

Number of agents 32

Stationary market spread 1.4758

Table 2.2: Stationary spreads with 32 market makers, tick size ϑ = 0.0001.

Figure 2.8: Cumulative rewards per episode and the learned quoting strategy

with 32 market makers, tick size ϑ = 0.0001, from 1 experiment.
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The cumulative reward curve shows that, despite the large number of mar-

ket makers, only a few effectively learn and achieve non-negative rewards. The

majority of the market makers do not secure a consistent share of the order

flow, as shown by their negative or near-zero cumulative rewards. This indi-

cates that the learning process in a highly competitive environment becomes

more challenging, with only a small subset of market makers able to success-

fully adapt their strategies and earn positive rewards. The ‘winner-takes-all’

nature of the market intensifies as more market makers enter, resulting in many

algorithms failing to learn effective quoting strategies.

This outcome creates a dynamic similar to the scenario with fewer market

makers. In this case, only a few participants dominate the market and achieve

sustained positive rewards, while the rest either fail to compete effectively

or are driven out by the dominant players. This limited number of effective

learners contributes to maintaining supra-competitive spreads.

The results suggest that having more market makers does not necessarily

drive the market toward fully competitive outcomes. With 32 participants,

the competition becomes so intense that only a handful of market makers can

effectively learn and compete, while the rest are left behind. This creates a

scenario where, despite the high number of competitors, the market remains

concentrated in the hands of a few effective players.

Under this ‘winner-takes-all’ mechanism, the market does not benefit from

the theoretical advantages of increased competition. Instead, the failure of

most market makers to learn efficient strategies limits the overall competitive-

ness of the market, leading to a spread level that is close to the case with only

2 market makers. This outcome challenges the expectation that more algo-

rithmic participants naturally lead to better pricing outcomes, demonstrating

that intense competition between algorithms can result in a concentrated, non-

competitive market when the learning process is constrained by the ‘winner-

takes-all’ mechanism.

2.2.4 Experiments with Other Tick Sizes

In this section, we test the impact of larger tick sizes on the behavior of learning

algorithms, to compare with previous experiments in which the tick size is set

at 0.0001. Specifically, we analyze the experiments with 2 market makers in

various tick sizes, including 0.01, 0.1, 1, and with 4 market makers in a tick

size of 1.
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The cumulative reward curves show that as the tick size increases, the

fluctuations in the reward values reduce significantly. This is because with

larger tick sizes, the room for fine-tuning the spreads by the learning algorithms

becomes limited, and the agents quickly converge to stable spread levels. For

example, when the tick size is set to 1, both the 2 and 4 market makers’ learning

algorithms stabilize at a stationary market spread of 1, which coincides with

the corresponding Competitive Nash Equilibrium.

The larger tick size limits the flexibility of learning algorithms to adjust

their quoted spreads, hence constraining their ability to deviate from equilib-

rium behavior. We consider this experiment with larger tick sizes as a valida-

tion test for the learning algorithms, demonstrating that when the space for

adjustment is restricted, the algorithms can maintain the spreads near the cor-

responding Competitive Nash Equilibria instead of augmenting their spreads

to higher levels, which could have brought them higher profits. It is worth

noting that in real MD2C platforms such large tick sizes are rare, as most as-

sets are traded with more granular tick sizes. Our previous experiments with

a tick size of 0.0001 are more representative of real-world scenarios, where the

quasi-continuous nature of the smaller tick size offers more flexibility to ad-

just spreads. Compared to previous experiments with tick size ϑ = 0.0001,

we conclude that tacit collusion is more likely to occur in real-world scenarios

when tick sizes are relatively small, as increased flexibility makes learning al-

gorithms more able to fine-tune their spreads and maintain supra-competitive

pricing strategies. We attribute the competitive outcome which arises from

the settings with larger tick size to the competition model that has a higher

Competitive Nash Equilibrium driven by the larger tick sizes. We believe that

it is the nature of the less realistic underlying model, not the learning algo-

rithms, that seemingly mitigates the tacit collusion found in the more realistic

contexts with smaller tick sizes.
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Figure 2.9: Average cumulative reward per episode during training with dif-

ferent numbers of market makers, with larger tick sizes, from 50 scenarios

Number of agents 2 2 2 4

Tick size 0.01 0.1 1 1

Stationary market spread 1.52 1.3 1 1

Competitive Nash Equilibrium 0.11 0.2 1 1

Table 2.3: Stationary spreads with different numbers of market makers and

other tick sizes.

2.3 Implications for Market Regulation

The results of our experiments provide several important insights for regulators

and policy makers concerned with the possibility of the emergence of tacit
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collusion from learning algorithms applied in market making. As demonstrated

in our numerical simulations, learning algorithms frequently sustain supra-

competitive spread levels, even when the market structure should encourage

competition with more competing market makers.

An important regulatory implication involves the concept of best execution,

which currently focuses on due diligence at the client-dealer level, ensuring that

brokers and dealers seek the best possible terms for their clients ([Financial

Industry Regulatory Authority 2014; Securities and Exchange Commission

2023; European Securities and Markets Authority 2018]). This requirement

typically involves monitoring the quality of trade executions and comparing

competing market venues to ensure optimal pricing for client orders. However,

these rules are currently applied to human decision making by brokers rather

than to the algorithms used by market makers. Although brokers are required

to ensure the best execution for client orders, these regulations lack specific

guidance for best execution by the market making algorithms, especially the

learning algorithms that can potentially be used by market makers. This

could allow tacit collusion or supra-competitive spreads to emerge without

regulatory supervision. In our experiments, the best execution is linked to

the spread set by the learning algorithms, where the best price for clients

should ideally reflect the Competitive Nash Equilibrium P+
ϑ (s̃1). However,

our results show that this equilibrium is rarely achieved. If regulators aim

to address potential tacit collusion in market making algorithms, specific best

execution rules should extend beyond client-dealer interactions and include

clear guidelines for determining the best possible market spreads. This would

require precise reporting of costs (c) by market makers, and platforms should

monitor order flow functions to accurately calculate and enforce spreads that

align with the Competitive Nash Equilibrium.

The implications extend beyond simply setting price benchmarks for best

execution. In our experiments, as we increase the number of market makers

from 2 to 16, the market spread consistently decreases, suggesting that more

intense competition between the learning algorithms leads to more competi-

tive pricing. However, once we increase the number of market makers to 32,

we observe that market spreads rise again, closely resembling the levels seen

with 2 market makers. This outcome suggests that, while moderate compe-

tition leads to more competitive outcomes, having too many market makers

interacting through learning algorithms may reduce the effectiveness of com-

petition. From a regulatory perspective, this implies that MD2C platforms
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should consider policies that encourage interactions between a sufficient num-

ber of market makers but avoid overcrowding, where inefficiencies could arise.

For example, platforms could be required to send requests for quotes to a

defined number of market makers for each client trade. Forcing multiple si-

multaneous requests to a reasonable number of market makers (for example, 8

to 16 in our simulation) could drive the market spreads closer to Competitive

Nash Equilibrium levels, as observed in our experiments. However, regulators

should avoid pushing this number too high, as observed in the case of 32 mar-

ket makers, where learning algorithms maintain higher market spread levels.

Thus, establishing an upper bound on the number of active algorithmic market

makers who can simultaneously receive requests for quotes could discourage

the learning algorithms from inefficient or collusive behaviors while ensuring

sufficient competition for more favorable prices to clients.

Furthermore, regulators could also impose stricter transparency rules that

require disclosure of algorithmic market making strategies and their impact on

spreads, which would make it easier for both market participants and regula-

tors to identify patterns that may indicate anti-competitive behavior. Addi-

tionally, regulators could consider implementing mandatory auditing of market

making algorithms, particularly those using reinforcement learning or other

AI-driven techniques. The audit could involve routinely testing the algorithms

under various market conditions and tick sizes to evaluate whether the inter-

actions of algorithms adheres to competitive principles. Moreover, platforms

could be required to monitor real-time market activity and identify patterns

of unusually stable spreads, which could potentially signal anti-competitive

equilibrium (similar to the absence of odd-eighth spreads in NASDAQ sug-

gested by [Christie and Schultz 1994]). This ensures that the platforms are

held accountable for the behaviors of market makers to promote a competitive

environment.

2.4 Summary

We have proposed a game-theoretic model for a dealer market with multiple

market makers, where the process by which pricing algorithms learn from

market data is modelled through a decentralized multi-agent reinforcement

learning algorithm. Theoretically, we outline the existence of a best possible

market spread at the Competitive Nash Equilibrium. Our model allows to

identify configurations in which tacit collusion among algorithms emerges, the
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main insight being that this depends on the level of competition among market

makers.

Through our experiments with varying numbers of market makers and small

tick size ϑ = 0.0001, we have observed that as the number of market makers

increases, the market spreads generally decrease, but still remain above the

Competitive Nash Equilibrium level. This indicates that more intense compe-

tition derives more competitive pricing, but does not lead to fully competitive

outcomes. However, when the number of market makers reaches 32, the market

spreads unexpectedly increase again, highlighting the potential inefficiencies of

learning that can arise in overcrowded markets.

These results may be extended in various directions. Although the results

presented above assume a symmetric configuration with identical market mak-

ers, these results are readily extendable to the case where market makers differ

in market share functions. One may also consider more sophisticated mecha-

nisms for the allocation of market share, as well as the impact of regulatory

intervention. Finally, there is scope to consider a dynamic version of this model

in the framework of stochastic differential games, as in [Cont, Guo, and Xu

2021]. We address this extension in Chapter 3.
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Chapter 3

Dynamics of Market Making

Algorithms: Learning and Tacit

Collusion

This chapter is based on [Cont and Xiong 2024]. Section 3.1 describes our

model setting for a continuous-time dealer market with competition among

market makers, formulated as a stochastic differential game of intensity con-

trol. Section 3.2 describes the competition among dealers in terms of a Nash

equilibrium. Section 3.3 describes collusion among dealers and establishes the

connection between collusion and Pareto optima. In Section 3.4, we describe

a fictitious play algorithm to numerically calculate Nash equilibria. In Section

3.5 we describe how the learning dynamics of market makers can be modelled

using decentralized multi-agent deep reinforcement learning and its implemen-

tation using a Decentralized Multi-Agent Deep Deterministic Policy Gradient

(Decentralized MADDPG) algorithm and present simulation evidence for tacit

collusion.

3.1 A Continuous-time Dealer Market with

Multiple Market Makers

We propose a continuous-time dynamic model of a dealer market with com-

peting market makers, formulated as a stochastic differential game of intensity

control ([Bremaud 1981]) with partial information. In the following, we will

interchangeably use the terms ‘market maker’, ‘dealer’, and ‘agent’.

We consider a market with a single asset and N market makers. The
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market price of the asset is modelled by a Brownian motion

St = S0 + σWt (3.1.1)

where (Wt)t≥0 is a standard Brownian motion on a filtered probability space

(Ω,F ,F = (Ft)t≥0,P) satisfying usual conditions, representing the flow of mar-

ket information.

The order flow arrives in the form of a Request for Quotes (RFQ). Clients

send RFQs to all market makers who respond by proposing bid/ask quotes

around the market price. Market maker i quotes an ask price Sa,i
t and a bid

price Sb,i
t where

Sa,i
t = St − ϱa,it Sb,i

t = St + ϱb,it (3.1.2)

We refer to ϱa,it and ϱb,it as the centered ask and bid quotes.

We model the number of buy/sell order flows as càdlàg point processes

Na(dt) and N b(dt) with constant arrival intensity λa and λb, and each order

has a constant order size ∆.1

The market makers’ quotes depend on their inventory, which we denote by

qit. As orders arrive with aggregate size multiples of ∆ within a given time

interval, the inventory qit takes discrete values, multiples of ∆ and is generally

subject to limits. We therefore assume that the inventory of the market maker

i takes values in Qi = {−Zi,−Zi + ∆, . . . , Zi − ∆, Zi}. Therefore, there are

1+2Zi/∆ possible values for qit. Note that we impose inventory limits not only

for considering practical market making scenarios, but also for mathematical

reasons of boundedness ([Guéant 2017; Guéant, Lehalle, and Fernandez-Tapia

2013]). Inventory limits are essential to prove the boundedness of the objective

function in Proposition 3.2.2, which will be used in the proof of Theorem 3.2.6.

It would be mathematically challenging to obtain the existence of the Nash

equilibrium if the inventory were unbounded.

1Note that the constant order size assumption could be relaxed with an order size distri-

bution. In this case the system of coupled Hamilton-Jacobi equations will be incorporated

with an integral term over the order size space. [Bergault and Guéant 2021] and [Barzykin,

Bergault, and Guéant 2023] study such an extension and prove the existence and uniqueness

of a classical and viscosity solution to the HJB equation. But for our work the extension

will impose challenges on numerical simulation and the design of reinforcement learning al-

gorithm, with higher approximation error due to numerical integral and much longer time

for the learning algorithm to explore on order size space to converge. We shall leave this

extension for future research and focus on current constant order size setting throughout

the paper.
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Throughout this chapter, we consider only stationary problems in an in-

finite time horizon to align with the settings used in the learning algorithm

simulation. Therefore, the quoting strategy for the market maker i can then

be represented as a map δi : Qi 7→ R that we can represent as a vector

δi = (δ⃗a,i, δ⃗b,i) with components indexed by inventory levels in Qi:

δ⃗a,i =
(
δa,iqi

)
qi∈Qi

, δ⃗b,i =
(
δb,iqi

)
qi∈Qi

(3.1.3)

We use the symbol δ to represent the quoting strategy vector, whereas in

(3.1.2), the symbol ϱ represents the process of ask and bid quotes. To avoid

confusion, we clarify that ϱt will always refer to the stochastic process of quot-

ing strategies, and δq will denote the coordinate of the quoting strategy vector

δ⃗ indexed by inventory q. For clarity, we use bold symbols to represent the

collection of vectors, where each vector is a quoting strategy of a market maker.

• The centered ask and bid quotes δ⃗a,i, δ⃗b,i from the market maker i are

vectors in R2
Zi
∆

+1 with each coordinate corresponding to the quote at a

specific inventory level qi ∈ {−Zi,−Zi +∆, . . . , Zi −∆, Zi}. For conve-

nience, we directly index the coordinates of these vectors by inventory

levels. For example δa,iqi
, δb,iqi

are, respectively, (Zi+qi
∆

+1)− th coordinates

of δ⃗a,i, δ⃗b,i, where they represent centered ask/bid quotes by the market

maker i when her inventory level is qi.

• δi = (δ⃗a,i, δ⃗b,i) denote the quoting strategy of market maker i. Hence

δi ∈ R2
Zi
∆

+1 × R2
Zi
∆

+1.

• δa,−i, δb,−i are collections of ask and bid quoting strategies of all market

makers excluding i. They include N −1 vectors, each R2
Zj
∆

+1 valued cor-

responding to the quoting strategy of market maker j ̸= i. These vectors

are sorted by market maker’s index. Namely δa,−i = (δ⃗a,j)j=1,...,i−1,i+1,...,N ∈∏
j ̸=i

R2
Zj
∆

+1, for δb,−i and vice versa. We denote by δ−i = (δa,−i, δb,−i) the

quoting strategies of the competitors of the market maker i’. For sim-

plicity of notation, we use δ⃗−i to denote either δa,−i or δb,−i as variables

in functions f i
a and f i

b below.

The probability that the RFQ gets executed against a market maker de-

pends on their quotes and those of other competing market makers. We model
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this probability through a pair of functions f i
a and f i

b representing the depen-

dence of execution probabilities for market maker i on market makers’ quotes:2

f i
a : R×

∏
j ̸=i

R2
Zj
∆

+1 → R+, f i
b : R×

∏
j ̸=i

R2
Zj
∆

+1 → R+

satisfying
N∑
i=1

f i
a(δ, δ⃗

−i) ≤ 1,
N∑
i=1

f i
b(δ, δ⃗

−i) ≤ 1.

The inequality corresponds to the possibility that an RFQ is not executed by

any market maker with probability (1−
N∑
i=1

f i
a) (resp. (1−

N∑
i=1

f i
b)), because the

clients are not satisfied with the quotes or do not have any intention to trade.

We will specify assumptions on execution probabilities in more detail in the

following.

We consider stationary feedback quoting strategies δ⃗a,i, δ⃗b,i: δ⃗a,i, δ⃗b,i rep-

resented as R2
Zi
∆

+1-valued vectors, in which each coordinate δa,iqi
corresponds

to the centered quote at inventory level qi ∈ Qi. Thus, at time t the market

maker i will quote

ϱa,it = δa,i
qit−
, ϱb,it = δb,i

qit−

The market maker i only quotes prices when her inventory does not exceed

the limits ±Zi. The (ask/bid) order flow executed by the market maker i may

then be represented as a pair of point processes Na,i(dt) and N b,i(dt) with

intensity

νa,it = λaf i
a

(
δa,i
qit−
, δa,−i

)
I(qit− > −Zi)

νb,it = λbf i
b

(
δb,i
qit−
, δb,−i

)
I(qit− < Zi) (3.1.4)

The ask price Sa,i
t is always above the bid price Sb,i

t . However, there are

circumstances where either δa,i or δb,i could be negative, usually when the

market maker i quotes very aggressively so that her quoted ask price stays

below the market mid price, or her quoted bid price is above the mid price.

This happens when the market maker holds a non-zero inventory and is eager

to attract the order flow in the opposite direction of the inventory to reduce

her inventory risk. We assume that the centered quotes are constrained by

2The notation δ⃗−i, used in the execution probabilities f ia and f ib , represents the quoting

strategies of other market makers: δ⃗−i ∈
∏
j ̸=i

R2
Zj
∆ +1.
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a limit, that is δa,i ≥ −δ∞, δb,i ≥ −δ∞ where δ∞ > 0 is a given constant.3

Therefore, the admissible strategy space of each market maker i is

Ai =

{
ϱi
t =

(
δa,i
qit−
, δb,i

qit−

)∣∣∣δa,i, δb,i ∈ R2
Zi
∆

+1;

δa,iqi
≥ −δ∞, δb,iqi

≥ −δ∞, ∀qi ∈ {−Zi, . . . , Zi}
}

(3.1.5)

We let Iδ denote the interval [−δ∞,∞). Ai contains stochastic processes

ϱi
t =

(
δa,i
qit−
, δb,i

qit−

)
that are feedback strategies depending on the inventory qit−,

while (Iδ)
2
Zi
∆

+1 × (Iδ)
2
Zi
∆

+1 is the space of possible values of market makers’

quoting strategies.

We use the following notations for partial derivatives: for i ∈ {1, . . . , N}
and j ̸= i we denote

∂1f
i
a =

∂f i
a

∂δ
(δ, δ⃗−i), ∂1f

i
b =

∂f i
b

∂δ
(δ, δ⃗−i)

∂211f
i
a =

∂2f i
a

∂δ2
(δ, δ⃗−i), ∂211f

i
b =

∂2f i
b

∂δ2
(δ, δ⃗−i)

∂j,qjf
i
a =

∂f i
a

∂δjqj
(δ, δ⃗−i), ∂j,qjf

i
b =

∂f i
b

∂δjqj
(δ, δ⃗−i)

∂j,qj∂1f
i
a =

∂2f i
a

∂δjqj∂δ
(δ, δ⃗−i), ∂j,qj∂1f

i
b =

∂2f i
b

∂δjqj∂δ
(δ, δ⃗−i) (3.1.6)

Note that the symbol ∂j,qj represents the first-order derivative with respect

to the coordinate δjqj in δ⃗−i.

We make the following assumptions on f i
a and f i

b .

Assumption 3.1.1. f i
a, f

i
b are twice continuously differentiable on R×

∏
j ̸=i

R2
Zj
∆

+1

and satisfy

f i
a(δ, δ⃗

−i) > 0, f i
b(δ, δ⃗

−i) > 0,
N∑
i=1

f i
a(δ, δ⃗

−i) ≤ 1,
N∑
i=1

f i
b(δ, δ⃗

−i) ≤ 1

There exists a function Λ(δ) ∈ C2(R), such that form ∈ {a, b}, 0 < f i
m(δ, δ⃗

−i) <

Λ(δ), and

lim
δ→∞

Λ(δ)δ = 0,Λ′(δ) < 0,Λ(δ)Λ′′(δ) ≤ 2(Λ′(δ))2

3The lower bound −δ∞ is not only a practical concern but is also mathematically nec-

essary for constraining the upper bound of intensity function as we will see in Assumption

2.1. This boundedness will be applied to validate Itô’s formula on the objective function in

(3.1.16). Without the lower bound δ∞, it would be challenging to validate the application

of Itô’s formula.
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Remark 3.1.2. Λ(δ) in Assumption 3.1.1 can be understood as the execution

probability in the case of the single market maker as in [Guéant 2017]. The

assumption corresponds to the intuition that competition lowers the execution

rate for each market maker.

Assumption 3.1.3. The execution probabilities {f i
m}m∈{a,b} satisfy: ∀(δ, δ⃗−i) ∈

R×
∏
j ̸=i

R2
Zj
∆

+1,∀j ̸= i, ∀qj ∈ Qj,

∂1f
i
m < 0, ∂j,qjf

i
m ≥ 0,

∂211f
i
m · f i

m

(∂1f i
m)

2
< 2

2(∂1f
i
m)

2 − ∂211f i
m · f i

m −
∑
j ̸=i

∑
qj∈Qj

∣∣∂1f i
m · ∂j,qjf i

m − f i
m · ∂j,qj∂1f i

m

∣∣ > 0

lim
δ→+∞

f i
m(δ, δ⃗

−i)

∂1f i
m(δ, δ⃗

−i)
<∞, ∀δ⃗−i ∈

∏
j ̸=i

R2
Zj
∆

+1 (3.1.7)

Remark 3.1.4. Assumptions 3.1.1 and 3.1.3 are needed to prove the existence of

the Nash equilibrium in Section 3.2. In Assumption 3.1.3 ∂1f
i
m < 0, ∂j,qjf

i
m ≥ 0

corresponds to the monotonicity of the execution rate as functions of market

maker and competitor quotes. Similarly to execution probabilities in [Guéant

2017] we need the function δ → δ · f i
m(δ, δ⃗

−i) to reach a unique maximum

on [−δ∞,∞). Hence, we assume
∂2
11f

i
m·f i

m

(∂1f i
m)2

< 2, together with the assumption

lim
δ→+∞

f i
m

∂1f i
m
< ∞. The last two lines in (3.1.7) are the strongest conditions

specifying the growth regularity of execution rate functions. These conditions

are motivated by [Luo and Zheng 2021] but are generalized to the circum-

stance of N -player. This assumption is used in Proposition A.2.11 to prove

the implicit function property of centered quotes δ as a function of the value

vector p. Intuitively, the second line of (3.1.7) specifies the first variable δ,

which is the market maker’s own quote, dominates the growth of execution

rate f i
m(δ, δ⃗

−i) compared to competitors’ quotes. The last line in (3.1.7) spec-

ifies that ∂1f
i
m(δ, δ⃗

−i) does not vanish too fast as a function of δ. An example

is given in Proposition 3.1.5 that satisfies these assumptions.

Proposition 3.1.5. The following function satisfies Assumptions 3.1.1 and

3.1.3.

f i
a(δ, δ⃗

−i) =
1

N

1

1 + eaδ+b

e

1
Ki

∑
j ̸=i

∑
qj∈Qj

(aδjqj+bjqj )

1 + e
aδ+ 1

Ki

∑
j ̸=i

∑
qj∈Qj

(aδjqj+bjqj )
(3.1.8)

where a > 0, b ∈ R, bjqj ∈ R, and Ki =
∑

j ̸=i,j∈{1,...,N}
(2Zi

∆
+ 1) is the number of

inventory levels of market maker i’s competitors.
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The proof is provided in Appendix A.1.

The specific form of the intensity function in (3.1.8) is chosen to both satisfy

Assumption 3.1.1 and 3.1.3 from a mathematical perspective, and to align with

economic intuition and micro-foundations. The first term 1
1+eaδ+b serves as an

upper bound on the intensity, similar to the case of a single market maker. It

takes a logistic form to model the probability that an RFQ is executed by the

market maker, which reflects the decreasing likelihood as the market maker’s

own quote becomes less favorable. Similar logistic forms have been used in

other single-agent market making models, such as in [Barzykin, Bergault, and

Guéant 2021] and [Barzykin, Bergault, and Guéant 2024]. The second term

can also be written as

1

e
− 1

Ki

∑
j ̸=i

∑
qj∈Qj

(aδjqj+bjqj )

+ eaδ

(3.1.9)

which captures the coupling effects from the competition between the market

maker i and her competitors. This term models the joint impact of market

maker i’s quote and the aggregate behavior of her competitors, where these

effects act in opposite directions on the intensity. The average term

1

Ki

∑
j ̸=i

∑
qj∈Qj

(aδjqj + bjqj)

represents the aggregate influence of the competitors’ quoting strategies on the

execution probability for market maker i, which is an increasing function of

the competitors’ individual quotes. This term effectively smooths out extreme

quotes by considering the average of competitors’ quoting strategies, similar to

a mean field effect, and also reflects a latency effect brought by competition.

The coefficient a is kept the same for both the market maker i’s quote and

average term of the quoting strategies of her competitors, leading to the same

absolute sensitivity value a of the market maker i and the aggregate effect of

all competitors on the intensity function.

Market maker i’s inventory qit evolves according to

dqit = ∆(N b,i(dt)−Na,i(dt)) (3.1.10)

and her cash holdings X i
t evolve according to

dX i
t = ∆(St + ϱa,it )Na,i(dt)−∆(St − ϱb,it )N b,i(dt)

= ∆
(
ϱa,it N

a,i(dt) + ϱb,it N
b,i(dt)

)
− Stdq

i
t (3.1.11)
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The objective of each market maker is to maximize the expected discounted

profit. We consider the problem over an infinite horizon in order to study

stationary feedback quoting strategies that are more readily accessible to rein-

forcement learning. Denoting δi = (δ⃗a,i, δ⃗b,i), δ−i = (δa,−i, δb,−i), market maker

i has objective function

J̃i(δ
i, δ−i; qi0, x

i
0, s) = xi0 + qi0s+ E

[∫ ∞

0

e−rtd(X i
t + qitSt)−

∫ ∞

0

e−rtψi(q
i
t)dt

]
(3.1.12)

where ψi : R→ R+ is the running cost for holding inventory.

Lemma 3.1.6. The objective function in (3.1.12) can be written as:

J̃i(δ
i, δ−i; qi0, x

i
0, s) = xi0 + qi0s+ Ji(δ

i, δ−i; qi0) (3.1.13)

where

Ji(δ
i, δ−i; qi0) =Eqi0

[ ∫ ∞

0

e−rt
(
λa∆δa,i

qit−
f i
a(δ

a,i

qit−
, δa,−i)I(qit− > −Zi)

+ λb∆δb,i
qit−
f i
b(δ

b,i

qit−
, δb,−i)I(qit− < Zi)

)
dt−

∫ ∞

0

e−rtψi(q
i
t)dt

]
(3.1.14)

Proof. Since qit takes values from a finite set Qi, ψi(q
i
t) is uniformly bounded

for t ≥ 0 and the expectation for the running cost term E[
∫∞
0
e−rtψi(q

i
t)dt] <∞

is well defined.

From Assumption 3.1.1 we have f i
a(δ, ·) ≤ Λ(δ), f i

b(δ, ·) ≤ Λ(δ),∀δ ∈
R, where Λ(δ) is a C2 function. Given quoting strategies (δi, δ−i), since

δ⃗a,i =
(
δa,iq

)
q∈Qi

, δ⃗b,i =
(
δb,iq

)
q∈Qi

are vectors in space R2
Zi
∆

+1, define A :=

sup
q∈Qi

∣∣δa,iq

∣∣ , B := sup
q∈Qi

∣∣δb,iq

∣∣ and denote qit market maker i’s inventory process

under quoting strategies (δi, δ−i). Recall that ϱa,it = δa,i
qit−
, ϱb,it = δb,i

qit−
, we also

write ϱa,−i
t ,ϱb,−i

t to denote the quoting strategy process of other maker makers

as functions of their corresponding inventory levels. We obtain∫ ∞

0

e−rt
(
λaϱa,it f

i
a(ϱ

a,i
t ,ϱ

a,−i
t )I(qit− > −Zi)

)
dt ≤ AΛ(−δ∞)

∫ ∞

0

e−rtdt <∞∫ ∞

0

e−rt
(
λbϱb,it f

i
b(ϱ

b,i
t ,ϱ

b,−i
t )I(qit− < Zi)

)
dt ≤ BΛ(−δ∞)

∫ ∞

0

e−rtdt <∞

(3.1.15)

Therefore we have

E
[∫ ∞

0

e−rtϱa,it N
a,i(dt)

]
= E

[∫ ∞

0

e−rt
(
λaϱa,it f

i
a(ϱ

a,i
t ,ϱ

a,−i
t )I(qit− > −Zi)

)
dt

]
E
[∫ ∞

0

e−rtϱb,it N
b,i(dt)

]
= E

[∫ ∞

0

e−rt
(
λbϱb,it f

i
b(ϱ

b,i
t ,ϱ

b,−i
t )I(qit− < Zi)

)
dt

]
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We can apply Itô’s lemma to X i
t+q

i
tSt in objective function, to rewrite (3.1.12)

as:

J̃i(δ
i, δ−i; qi0, x

i
0, s) =Eqi0

[ ∫ ∞

0
e−rt

(
λa∆ϱa,it f ia(ϱ

a,i
t ,ϱa,−i

t )I(qit− > −Zi)

+ λb∆ϱb,it f
i
b(ϱ

b,i
t ,ϱ

b,−i
t )I(qit− < Zi)

)
dt−

∫ ∞

0
e−rtψi(q

i
t)dt)

]
+ xi0 + qi0s (3.1.16)

=xi0 + qi0s+ Ji(δ
i, δ−i; qi0)

The expectation in (3.1.16) is taken with respect to the law of the process

qi whose evolution is given by (3.1.10), with the initial condition qi0. For

simplicity of notation, we will use E instead of Eqi0 .

Remark 3.1.7. In the case where (3.1.10) admits a stationary solution (which

will typically be the case in many realistic situations), this term does not

depend on qi0, and we will denote this situation by Ji(δ
i, δ−i).

3.2 Competition among Market Makers:

Nash Equilibrium

A situation of competition among market makers may be modelled through the

concept of Nash equilibrium. In this section, we discuss the existence of Nash

equilibrium and its characterization in terms of a Hamilton-Jacobi-Bellman

system in the setting of our model.

We first show the existence of the Nash equilibrium under Assumptions

3.1.1 and 3.1.3. We then characterize Nash equilibrium quoting strategies in

terms of an HJB equation (3.2.15) in Proposition 3.2.4.

There are N competing market makers whose quotes jointly affect the

execution of the market order flow.

Definition 3.2.1 (Nash equilibrium). A Nash equilibrium for system (3.1.14)

is a tuple of quoting strategies

δ⃗
∗
= ((δ1)∗, . . . , (δN)∗) ∈

N∏
j=1

(
(Iδ)

2
Zj
∆

+1 × (Iδ)
2
Zj
∆

+1
)

such that for any q0 ∈ RN and any i ∈ {1, . . . , N},

Ji((δ
i)∗, (δ−i)∗; qi0) ≥ Ji(δ

i, (δ−i)∗; qi0), ∀δi ∈ (Iδ)
2
Zi
∆

+1 × (Iδ)
2
Zi
∆

+1 (3.2.1)
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We say that δ⃗
∗
is a stationary Nash equilibrium if under δ⃗

∗
the inventories

(3.1.10) admit a stationary solution (see Remark 3.1.7).

We denote

Vi(qi) = Ji
(
(δi)∗, (δ−i)∗; qi

)
(3.2.2)

the value function of player i under the Nash equilibrium quoting strategy,

with initial condition qi0 = qi.

We first state a proposition on the uniform boundedness of the objective

function Ji(δ
i, δ−i; qi). This result will be useful for proving the existence of

Nash equilibrium.

Proposition 3.2.2. Under Assumption 3.1.1 and 3.1.3, there exists a constant

Jmax > 0 such that for any strategy (δi, δ−i)

∀i ∈ {1, . . . , N},∀qi ∈ Qi, |Ji(δi, δ−i; qi)| ≤ Jmax (3.2.3)

Proof. From the definition of the objective function, we have

|Ji(δi, δ−i; qi)| ≤ E
[ ∣∣∣∣∫ ∞

0

e−rt
(
λa∆ϱa,it f

i
a(ϱ

a,i
t ,ϱ

a,−i
t )I(qit− > −Zi)

)
dt

∣∣∣∣
+

∣∣∣∣∫ ∞

0

e−rt
(
λb∆ϱb,it f

i
b(ϱ

b,i
t ,ϱ

b,−i
t )I(qit− < Zi)

)
dt

∣∣∣∣
+

∣∣∣∣∫ ∞

0

e−rtψi(qi)dt

∣∣∣∣ ] (3.2.4)

Since qit takes values from a finite set Qi = {−Zi,−Zi + ∆, . . . , Zi − ∆, Zi},
ψi(qi) is uniformly bounded by Ψi := max

q∈Qi

ψi(qi). Hence,

E
[ ∣∣∣∣∫ ∞

0

e−rtψi(qi)dt

∣∣∣∣ ] ≤ Ψi

∫ ∞

0

e−rtdt =
Ψi

r

From Assumption 3.1.1,
∣∣ϱa,it f

i
a(ϱ

a,i
t ,ϱ

a,−i
t )

∣∣ ≤ ∣∣ϱa,it Λ(ϱa,it )
∣∣, limδ→∞ Λ(δ)δ =

0, and ϱa,it = δa,i
qit

take values on [−δ∞,∞), then there exists a constant B > 0

such that
∣∣ϱa,it Λ(ϱa,it )

∣∣ ≤ B. In fact limδ→∞ Λ(δ)δ = 0 implies that there exists

a positive number M > 0, such that ∀δ > M , we have |Λ(δ)δ| < 1. Also,

Λ(δ)δ is a continuous function on [−δ∞,M ], and hence is bounded. We can

then define K := max
(

sup
δ∈[−δ∞,M ]

Λ(δ)δ, 1
)
. Hence

∣∣ϱa,it f
i
a(ϱ

a,i
t ,ϱ

a,−i
t )

∣∣ ≤ K

uniformly.

Similarly, we have can prove for the bid side
∣∣∣ϱb,it f i

b(ϱ
b,i
t ,ϱ

b,−i
t )

∣∣∣ ≤ K. There-

fore, from (3.2.4) we obtain the following.

|Ji(δi, δ−i; qi)| ≤
K(λa∆+ λb∆) + max

i∈{1,...,N}
Ψi

r
(3.2.5)

The bound is uniform with respect to i, qi, and (δi, δ−i).
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We denote the execution probabilities as f i
a

(
δa,iqi

, (δ⃗a,j)j ̸=i

)
and f i

b

(
δb,iqi
, (δ⃗b,j)j ̸=i

)
to emphasize that δa,iqi

, δb,iqi
are the current ask and bid quotes by market maker i

given her inventory level qi. This notation will provide clarity in the optimality

equations.

3.2.1 Dynamic Programming principle

The equilibrium value function (3.2.2) associated with the Nash equilibrium

satisfies a Dynamic Programming Principle:

Lemma 3.2.3. (Dynamic Programming Principle) Let qi ∈ Qi. Given any

finite stopping time θ the value function Vi defined by (3.2.2)

Vi(qi) = sup
δi∈Ai

E
[ ∫ θ

0

e−rt

(
λa∆δa,i

q
i,qi
t−
· f i

a

(
δa,i
q
i,qi
t−
, (δ⃗a,j)∗j ̸=i

)
I(qi,qit− > −Zi)

+ λb∆δb,i
q
i,qi
t−
· f i

b

(
δb,i
q
i,qi
t−
, (δ⃗b,j)∗j ̸=i

)
I(qi,qit− < Zi)− ψi(q

i,qi
t )

)
dt+ Vi(q

i,qi
θ )

]
(3.2.6)

where qi,qit is the inventory process of market maker i under joint quoting strat-

egy (δi, (δ−i)∗), with qi,qi0 = qi.

Proof. Given the quoting strategies (δi, (δ−i)∗), and a finite stopping time

θ <∞, from the Markovian property of qi,qit , we have

qi,qis = q
i,q

i,qi
θ

s ,∀s ≥ θ

From the properties of conditional expectation and change of variable, we

have

Ji(δ
i, (δ−i)∗, qi) =E

[
(

∫ θ

0

+

∫ ∞

θ

)e−rtd(X i
t + qitSt)− (

∫ θ

0

+

∫ ∞

θ

)e−rtψi(q
i
t)dt

]
=E
[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ E

(∫ ∞

θ

e−rtd(X i
t + qi,qit St)− e−rtψi(q

i,qi
t )dt

∣∣∣qi,qiθ

)]
=E
[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ E

(∫ ∞

0

e−r(u+θ)d(X i
u+θ + qi,qiu+θSu+θ)

− e−r(u+θ)ψi(q
i,qi
u+θ)du

∣∣∣qi,qiθ

)]
=E
[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθJi

(
δi, (δ−i)∗; qi,qiθ

)]
(3.2.7)
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By Definition 3.2.1 Vi(qi) = Ji((δ
i)∗, (δ−i)∗, qi) = sup

δi
Ji(δ

i, (δ−i)∗, qi), we

have

Ji(δ
i, (δ−i)∗, qi) ≤E

[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ )

]
≤ sup

δi
E
[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ ))

]
(3.2.8)

Taking the supremum over δi in the left-hand side of (3.2.8) we obtain:

Vi(qi) ≤ sup
δi

E
[∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ ))

]
(3.2.9)

On the other hand, for joint quoting strategy (δi, (δ−i)∗) and given stopping

time θ, from Definition 3.2.1 for any ϵ > 0, ω ∈ Ω there exists quoting strategy

δi,ϵ,ω = (δa,i,ϵ,ω, δb,i,ϵ,ω) ∈ (Iδ)
2
Zi
∆

+1 × (Iδ)
2
Zi
∆

+1 × (Iδ)
2
Zi
∆

+1 × (Iδ)
2
Zi
∆

+1, such

that δi,ϵ,ω is an ϵ−optimal control for value function Vi(q
i,qi
θ(ω)(ω)) starting at

qi,qiθ(ω)(ω):

Vi
(
qi,qiθ(ω)(ω)

)
− ϵ ≤ Ji

(
δi,ϵ,ω, (δ−i)∗; qi,qiθ(ω)(ω)

)
Now define the following quoting strategy:

δ̂i
t(ω) =


δi
q
i,qi
t− (ω)

(
ω
)

t ∈ [0, θ(ω)]

δi,ϵ,ω
q
i,qi
t (ω)

(
ω
)

t ∈ [θ(ω),∞]
(3.2.10)

Using a measurable selection argument Bertsekas and Shreve 1978, the process

δ̂i is an admissible strategy. Then by the law of iterated conditional expecta-

tion we have

V (qi) ≥Ji(δ̂i, (δ−i)∗, qi) = E
[ ∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθJi(δ

i,ϵ, (δ−i)∗; qi,qiθ )
]

≥E
[∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ )− e−rθϵ

]
≥E

[∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ )

]
− ϵ

(3.2.11)
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Since δi, θ and ϵ > 0 are taken arbitrarily, we have the following.

Vi(qi) ≥ sup
δi

E
[∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ )

]
(3.2.12)

Combining (3.2.9) and (3.2.12) we have

Vi(qi) = sup
δi

E
[∫ θ

0

(
e−rtd(X i

t + qi,qit St)− e−rtψi(q
i,qi
t )dt

)
+ e−rθVi(q

i,qi
θ )

]
(3.2.13)

For arbitrarily given quoting strategies of N market makers (δi, δ−i), we

define the objective function associated with this quoting strategy, denoted by

V δ
i (qi), where

V δ
i (qi) = Ji(δ

i, δ−i; qi)

For consistency with reinforcement learning literature, we name V δ the

state-action value function. Note that if we denote V δ
i by V

δi,δ−i

i to emphasize

the dependence on the strategies of competitors δ−i, then we have the relation

Vi(qi) = sup
δi∈Ai

V
δi,(δ−i)∗

i (qi) where δ⃗
∗
is a Nash equilibrium. The objective

function V δ associated with given quoting strategies satisfies following linear

Bellman equation:4 (Guéant and Manziuk 2019)

rV δ
i (qi) + ψi(qi)− I(qi > −Zi)λ

a∆f i
a

(
δa,iqi

, (δ⃗a,j)j ̸=i

)
·(

δa,iqi
− V δ

i (qi)− V δ
i (qi −∆)

∆

)
− I(qi < Zi)λ

b∆f i
b

(
δb,iqi
, (δ⃗b,j)j ̸=i

)
·(

δb,iqi
− V δ

i (qi)− V δ
i (qi +∆)

∆

)
= 0 (3.2.14)

The Dynamic Programming Principle thus leads to a system of Hamilton-

Jacobi equations for the equilibrium value functions Vi(qi), i ∈ {1, . . . , N}:

rVi(qi) + ψi(qi)− I(qi > −Zi)λ
a∆ sup

δ≥−δ∞

[
f i
a

(
δ, ((δ⃗a,j)∗)j ̸=i

)
·(

δ − Vi(qi)− Vi(qi −∆)

∆

)]
− I(qi < Zi)λ

b∆ sup
δ≥−δ∞

[
f i
b

(
δ, ((δ⃗b,j)∗)j ̸=i

)
·(

δ − Vi(qi)− Vi(qi +∆)

∆

)]
= 0 (3.2.15)

4Although notation V δ
i (qi) and Ji(δ

i, δ−i; qi) represent the same quantity, we will more

frequently use V δ
i (qi) to emphasize the functional dependence of objective functions on qi,

which also benefits better formatting the linear Bellman equation and algorithm description

subsequently.
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where Nash equilibrium quoting strategy δ⃗
∗
is such that the supremum in

equation (3.2.15) is achieved simultaneously for i ∈ {1, . . . , N}.

Proposition 3.2.4. If there exists a Nash equilibrium quoting strategy

δ⃗
∗
= ((δ1)∗, . . . , (δN)∗) ∈

N∏
j=1

(
(Iδ)

2
Zj
∆

+1 × (Iδ)
2
Zj
∆

+1
)

with corresponding equilibrium value functions Vi(qi), qi ∈ {−Zi, . . . , Zi}, then
the Vi satisfy the system of equations (3.2.15), where ∀qi ∈ {−Zi, . . . , Zi}

(δa,iqi
)∗ = argmax

δ≥−δ∞

[
f i
a

(
δ, ((δ⃗a,j)∗)j ̸=i

)(
δ − Vi(qi)− Vi(qi −∆)

∆

)]
(δb,iqi

)∗ = argmax
δ≥−δ∞

[
f i
b

(
δ, ((δ⃗b,j)∗)j ̸=i

)(
δ − Vi(qi)− Vi(qi −∆)

∆

)]
(3.2.16)

Proof. The proof of Proposition 3.2.4 follows by a standard argument using

the Dynamic Programming Principle in Lemma 3.2.3.

The next proposition is a verification theorem stating that the solution to

(3.2.15) is indeed a Nash equilibrium for the N market maker system.

Proposition 3.2.5. Under Assumptions 3.1.1 and 3.1.3, if there exist quoting

strategies (δa,i)∗, (δb,i)∗,∀i ∈ {1, . . . , N} and functions Vi(qi), qi ∈ {−Zi, . . . , Zi}
such that Vi satisfy system of equations (3.2.15), and ∀qi ∈ {−Zi, . . . , Zi}

(δa,iqi
)∗ = argmax

δ≥−δ∞

[
f i
a

(
δ, ((δ⃗a,j)∗)j ̸=i

)(
δ − Vi(qi)− Vi(qi −∆)

∆

)]
(δb,iqi

)∗ = argmax
δ≥−δ∞

[
f i
b

(
δ, ((δ⃗b,j)∗)j ̸=i

)(
δ − Vi(qi)− Vi(qi −∆)

∆

)]
(3.2.17)

then (δa,i)∗, (δb,i)∗ define a Nash equilibrium (Def. 3.2.1) and Vi are the corre-

sponding equilibrium value functions.

Proof. To show that (δi)∗ =
(
(δa,i)∗, (δb,i)∗

)
, i ∈ {1, . . . , N} are Nash equilib-

rium quoting strategies and Vi(qi) is the equilibrium value function, we need

to verify (δa,i)∗, (δb,i)∗ and Vi(qi) satisfy Definition 3.2.1. Given any market

maker i, we denote the joint quoting strategies of her competitors by (δ−i)∗.

Assuming market maker i takes another quoting strategy δi = (δa,i, δb,i) ∈
R2

Zi
∆

+1 × R2
Zi
∆

+1 while her competitors still keep the joint quoting strategies

(δ−i)∗, we need to show that

Vi(qi) ≥ Ji(δ
i, (δ−i)∗, qi),∀qi ∈ {−Zi, . . . , Zi}
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Let (X i,δ
t )t≥0 denote the cash process and (qi,δt )t≥0 denote the inventory

process of the market maker i with joint strategies (δi, (δ−i)∗), where qi,δ0 = qi.

Since the process qi,δt takes values from a finite set {−Zi,−Zi + ∆, . . . , Zi −
∆, Zi}, the value function Vi(q

i,δ
t ) is uniformly bounded. Denote this uniform

bound by M(M > 0). We can then apply Ito’s formula on the function

e−rtVi(q
i,δ
t ).

For T > 0,

e−rTVi(q
i,δ
T ) = Vi(qi)−

∫ T

0

re−rtVi(q
i,δ
t )dt

+

∫ T

0

e−rt
[
Vi(q

i,δ
t− −∆)− Vi(qi,δt−)

]
Na,i(dt)

+

∫ T

0

e−rt
[
Vi(q

i,δ
t− +∆)− Vi(qi,δt−)

]
N b,i(dt) (3.2.18)

From Assumption 3.1.1, f i
a(δ, δ

−i) < Λ(δ), f i
b(δ, δ

−i) < Λ(δ), and Λ(δ) is

monotonically decreasing on R. Moreover centered quotes are bounded from

below by −δ∞, we have∣∣∣∣E∫ T

0

e−rt
[
Vi(q

i,δ
t− −∆)− Vi(qi,δt−)

]
f i
a

(
δa,i
qi,δt−
, ((δ⃗a,j)∗)j ̸=i

)
I(qi,δt− > −Zi)dt

∣∣∣∣
≤ 2M · E

[∫ T

0

e−rtΛ
(
δa,i
qi,δt−

)
dt

]
≤ 2M · E

[∫ T

0

e−rtΛ(−δ∞)dt

]
≤ 2MΛ(−δ∞)

∫ ∞

0

e−rtdt <∞ (3.2.19)

Similarly we also have∣∣∣∣E∫ T

0

e−rt
[
Vi(q

i,δ
t− +∆)− Vi(qi,δt−)

]
f i
b

(
δb,i
qi,δt−
, ((δ⃗b,j)∗)j ̸=i

)
I(qi,δt− < Zi)dt

∣∣∣∣ <∞
(3.2.20)

Therefore we can take expectation on both sides of (3.2.18), and obtain

E
[
e−rTVi(q

i,δ
T )
]
= Vi(qi)− E

[∫ T

0

re−rtVi(q
i,δ
t )dt

]
+ E

∫ T

0

e−rt
[
Vi(q

i,δ
t− −∆)− Vi(qi,δt−)

]
f i
a

(
δa,i
qi,δt−
, ((δ⃗a,j)∗)j ̸=i

)
I(qi,δt− > −Zi)dt

+ E
∫ T

0

e−rt
[
Vi(q

i,δ
t− +∆)− Vi(qi,δt−)

]
f i
b

(
δb,i
qi,δt−
, ((δ⃗b,j)∗)j ̸=i

)
I(qi,δt− < Zi)dt

(3.2.21)

Since Vi(qi) satisfies HJB equation (3.2.15) for any qi ∈ {−Zi, . . . , Zi} with

(δi)∗, (δ−i)∗ being the Nash equilibrium quoting strategy, we can then replace
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(δi)∗ by δi and obtain inequality

rVi(q
i,δ
t ) + ψi(q

i,δ
t )− I(qi,δt− > −Zi)λ

a∆

[
f i
a

(
δa,i
qi,δt−
, ((δ⃗a,j)∗)j ̸=i

)
·(

δa,i
qi,δt−
−
Vi(q

i,δ
t−)− Vi(q

i,δ
t− −∆)

∆

)]
− I(qi,δt− < Zi)λ

b∆

[
f i
b

(
δb,i
qi,δt−
, ((δ⃗b,j)∗)j ̸=i

)
·(

δb,i
qi,δt−
−
Vi(q

i,δ
t−)− Vi(q

i,δ
t− +∆)

∆

)]
≥ 0 (3.2.22)

Combining (3.2.21) and (3.2.22), we obtain

E
[
e−rTVi(q

i,δ
T )
]
≤ Vi(qi)− E

[ ∫ T

0

e−rt
(
I(qi,δt− > −Zi)λ

a∆f i
a

(
δa,i
qi,δt−
, ((δ⃗a,j)∗)j ̸=i

)
+ I(qi,δt− < Zi)λ

b∆f i
b

(
δb,i
qi,δt−
, ((δ⃗b,j)∗)j ̸=i

))
dt

]
+ E

[∫ T

0

e−rtψi(q
i,δ
t )dt

]
(3.2.23)

From (3.2.19) and (3.2.20) and dominated convergence theorem, we can let

T → ∞ in both sides of (3.2.23). Since Vi is uniformly bounded, we have

E
[
e−rTVi(q

i,δ
T )
]

T→∞−−−→ 0. We then obtain

Vi(qi) ≥E
[ ∫ ∞

0

e−rt
(
I(qi,δt− > −Zi)λ

a∆f i
a

(
δa,i
qi,δt−
, ((δ⃗a,j)∗)j ̸=i

)
+ I(qi,δt− < Zi)λ

b∆f i
b

(
δb,i
qi,δt−
, ((δ⃗b,j)∗)j ̸=i

))
dt
]
− E

[∫ ∞

0

e−rtψi(q
i,δ
t )dt

]
(3.2.24)

The right hand side of (3.2.24) is exactly Ji(δ
i, (δ−i)∗, qi). Hence we have

Vi(qi) ≥ Ji(δ
i, (δ−i)∗, qi) (3.2.25)

Vi(qi) is the equilibrium value function in Definition 3.2.1.

Now, if market maker i takes the quoting strategy (δi)∗, while other market

makers keep the strategies (δ−i)∗, the equality in (3.2.22) is achieved with

δi replaced by (δi)∗, as (δi)∗ is the maximum point in the equation (3.2.15).

Subsequently, in (3.2.23) and (3.2.24) equality will be achieved with δi replaced

by (δi)∗. Therefore

Vi(qi) ≥ Ji((δ
i)∗, (δ−i)∗, qi) (3.2.26)

Therefore {
(
(δi)∗, (δ−i)∗

)
, i ∈ {1, . . . , N}} is the Nash equilibrium quoting

strategy in Definition 3.2.1.
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3.2.2 Existence of Nash Equilibrium

With Proposition 3.2.4 and Proposition 3.2.5 the existence Nash equilibrium

can be established by seeking the solution to the system of equations (3.2.15).

We state the following existence result of the Nash equilibrium. We briefly

sketch the proof idea and complete the proof in Appendix A.2.

Theorem 3.2.6 (Existence of Nash equilibrium). Under Assumptions 3.1.1

and 3.1.3 a Nash equilibrium exists.

The proof of Theorem 3.2.6 is motivated by [Luo and Zheng 2021]. We

extend the proof given by [Luo and Zheng 2021] to the circumstance of multiple

market makers. The first main result that we prove is Proposition A.2.9 that

shows the fixed point property of the functions argmax defined in (A.2.3).

Subsequently, we show by Proposition A.2.11 the uniqueness and continuity of

the fixed point δp = δ(p) as a function of any given value function vector p,

using a global implicit function theorem A.2.10. Finally, we prove the system of

non-linear equations (3.2.15) has a solution by Schauder’s fixed-point theorem.

Remark 3.2.7. Both this thesis and the work of [Luo and Zheng 2021] address

market making problems in the presence of competition. However, there are

key differences in the model frameworks. [Luo and Zheng 2021] consider the

problem from the perspective of a reference market maker. They incorporate

the actions of competitors as exogenous variables in the intensity functions,

where a single variable is used to represent the best ask and bid quotes of

the competitors. In contrast, the thesis models the competition among N

market makers endogenously, with the market makers’ quoting strategies in-

corporated into the intensity functions. Conceptually, the model in [Luo and

Zheng 2021] resembles a mean field game, where the mean field is replaced by

the distribution of the most competitive market maker’s inventory.

Regarding the proof of existence by Theorem 3.2.6, both our work and

[Luo and Zheng 2021] use Schauder’s fixed point theorem. While similar tools

are employed, such as the fixed point property of the argmax functions of

the Hamiltonian and the implicit function theorem, the application in our

case involves a few extensions. [Luo and Zheng 2021] prove the existence of

solutions to a system of ODEs using the Cauchy-Lipschitz theorem under finite

horizon settings. Our proof deals with an infinite horizon setup and extends

to N market makers, with the application of Schauder’s theorem to address

the existence of solutions to a system of non-linear equations, which are the

main challenges and differences compared to [Luo and Zheng 2021].
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3.3 Collusion and Pareto Optima

Collusion refers to the case where market makers coordinate their actions as a

cartel in order to jointly maximize the sum of their objective functions, while

sharing their inventory information ([Tirole 1988]). An explicit collusion strat-

egy is thus equivalent to solving a ‘central planner’ problem whose objective

is the sum of all market makers’ profits.

In collusion, market makers make decisions based on both their own in-

ventory and inventories of other market makers in the cartel. Consequently,

the quoting strategy for the market maker i, depends on the entire set of in-

ventories q ∈
N∏
j=1

Qj of all the market makers. Note that this is an essential

difference from the competitive setting studied in Sections 3.1 and 3.2, where

the quoting strategies of the market maker i are based solely on its own inven-

tory level qi. Her quoting strategies δ⃗a,i, δ⃗b,i are represented as vectors, with

coordinates indexed by q ∈
N∏
j=1

Qj, instead of qi ∈ Qi. Due to the difference in

dimension of the quoting strategies, we need to adapt the execution probabil-

ity functions f i
a, f

i
b to be compatible with the expanded dimension, as we will

see in (3.3.8)-(3.3.9).

Denoting the product space by Q =
N∏
j=1

Qj, the ask and bid quotes have

the form δ⃗a,i = (δa,i(q))q∈Q , δ⃗
b,i =

(
δb,i(q)

)
q∈Q, where δ⃗

a,i, δ⃗b,i ∈ (Iδ)

N∏
j=1

(2
Zj
∆

+1)

.

The quoting strategy of the market maker i can therefore be represented as

δi = (δ⃗a,i, δ⃗b,i) ∈ (Iδ)

N∏
j=1

2
Zi
∆

+1

× (Iδ)

N∏
j=1

2
Zi
∆

+1

. We denote the space of (joint)

two-sided quoting strategies for all market makers by

S =
N∏
j=1

(Iδ)

N∏
j=1

2
Zj
∆

+1

× (Iδ)

N∏
j=1

2
Zj
∆

+1


Definition 3.3.1 (Collusion). A set of quoting strategies

δ⃗
c
= ((δ1)c, . . . , (δN)c) ∈ S

represents collusion if it maximizes the sum of all market makers’ objective

functions for any q ∈ RN :

N∑
i=1

Ji((δ
i)c, (δ−i)c; qi) ≥

N∑
i=1

Ji(δ
i, δ−i; qi), ∀δ⃗ ∈ S (3.3.1)
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Remark 3.3.2. In addition to Definition 3.3.1, we acknowledge that it is also

possible for the cartel in real-world scenarios to minimize based on a collective

measure of risk, which we refer to as global risk. This concept arises when the

objective changes from considering the aggregate individual inventory risks to

managing the risks of the entire cartel in a collective manner. For example,

when the penalty functions ψi are quadratic in inventory levels, the notion of

global risk can be well represented by a quadratic form, such as 1
2
qT ςq, where

ς is a matrix chosen by the cartel to integrate global risk in the inventories of

the members of the cartel.

However, extending the concept of global risk beyond quadratic penalty

functions is challenging in defining a proper unified risk measure. If the func-

tions ψi take a more general form, it remains open how to combine these func-

tions consistently that appropriately capture the global risk. We leave this

topic to future research and apply the current Definition 3.3.1 of aggregate

objective function throughout Chapter 3.

For given joint quoting strategies δ⃗ ∈ S, we denote by J the sum of

objective functions of N market makers.

J (δ⃗; q) =
N∑
i=1

Ji(δ
i, δ−i; qi) (3.3.2)

The quantity

W (q) = J (δ⃗
c
; q) = sup

δ⃗∈S
J (δ⃗; q) (3.3.3)

represents the cartel value function. As we see from Definition 3.3.1, computing

the cartel’s strategy and the corresponding value functions amounts to solving

a stochastic optimal control problem for a central agent with objective function

3.3.2 in policy space S.
Motivated by [Cont, Guo, and Xu 2021], we show that collusion corresponds

to a Pareto optimum:

Definition 3.3.3 (Pareto optimum). δ⃗
p
= ((δ1)p, . . . , (δN)p) ∈ S is a Pareto-

optimal policy if and only if there does not exist δ⃗ ∈ S, such that for all

q ∈
N∏
j=1

Qj,

∀i ∈ {1, . . . , N}, Ji(δi, δ−i; qi) ≥ Ji((δ
i)p, (δ−i)p; qi)

∃j ∈ {1, . . . , N}, Jj(δj, δ−j; qj) > Jj((δ
j)p, (δ−j)p; qi) (3.3.4)

The following result links the concept of collusion with Pareto optima of

the N market maker system:
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Proposition 3.3.4. Any collusion strategy δ⃗
c
= ((δ1)c, . . . , (δN)c) in the sense

of Definition 3.3.1 is a Pareto optimum as defined in Definition 3.3.3.

Proof. By Definition 3.3.1, for any joint quoting strategy δ⃗ ∈ S,

W (q) ≥ J (δ⃗; q) =
N∑
i=1

Ji(δ
i, δ−i; qi) (3.3.5)

If there exists a quoting strategy δ⃗
′
and k ∈ {1, . . . , N} such that

Jk((δ
i)′, (δ−i)′; qi) > Jk((δ

i)c, (δ−i)c; qi) (3.3.6)

meaning that for market maker k there is a strictly better joint quoting strat-

egy, we need to prove that δ⃗
′
cannot be an ‘overall better’ joint strategy for

all market makers. Since

N∑
j=1

Jj((δ
i)′, (δ−i)′; qi) ≤ W (q) =

N∑
j=1

Jj((δ
i)c, (δ−i)c; qi) (3.3.7)

There must exists another market maker j ̸= k such that her objective

Jj((δ
i)′, (δ−i)′; qi) < Jj((δ

i)c, (δ−i)c; qi)

which can be verified by contradiction argument with (3.3.6-3.3.7). Therefore,

δ⃗
′
is not a ‘globally better’ strategy than δ⃗

c
for all market makers. By Defini-

tion 3.3.3, the explicit collusion strategy δ⃗
c
is a Pareto-optimal policy.

Compared to (3.2.15) the dimension of the joint quoting strategy is changed

since, under explicit collusion, each market maker’s ask and bid quotes are

functions of q, instead of their own inventory level. We assume that un-

der explicit collusion, the execution probability for the market maker i, de-

noted by f̃ i
a, f̃

i
b , is a function defined in R ×

∏
j ̸=i

R
N∏

j=1
(2

Zj
∆

+1)

. For δ ∈ R, δ−i ∈

∏
j ̸=i

R
N∏

j=1
(2

Zj
∆

+1)

,

f̃ i
a(δ, δ⃗

−i) : R×
∏
k ̸=i

R
N∏

j=1
(2

Zj
∆

+1)

→ R+, f̃ i
b(δ, δ⃗

−i) : R×
∏
k ̸=i

R
N∏

j=1
(2

Zj
∆

+1)

→ R+

(3.3.8)

f̃ i
a, f̃

i
b are interconnected through f i

a, f
i
b in the following way. We take

the example of ask quotes. For given joint inventory q and joint ask quoting

strategies (δa,iq , ((δ⃗a,jq̃ )q̃∈Q)j ̸=i),

f̃ i
a(δ

a,i
q , ((δ⃗a,jq̃ )q̃∈Q)j ̸=i) = f i

a(δ
a,i
q , (δ̄a,j)j ̸=i) (3.3.9)
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where δ̄a,j ∈ R2
Zj
∆

+1 is a (2
Zj

∆
+ 1) dimensional vector indexed by Qj. δ̄

a,j is

defined by taking the average of market maker j’s ask quotes at joint inven-

tories where her inventory is qj: ∀qj ∈ Qj, δ̄
a,j
qj

= 1
N∏

k=1,k ̸=j
(2

Zk
∆

+1)

∑
q̃∈Q,q̃j=qj

δa,jq̃ ,

where δa,jq̃ is the coordinate of vector (δ⃗a,jq̃ )q̃∈Q at joint inventory index q̃.

From the dynamic programming principle, the value functionW (q) satisfies

the HJB equation: ∀q ∈
N∏
j=1

Qj,

rW (q) +

N∑
i=1

ψi(qi)− λa∆sup
δ⃗∈S

N∑
i=1

I(qi > −Zi)
[
f̃ ia
(
δa,iq , ((δ⃗a,jq̃ )q̃∈Q)j ̸=i

)
·

(
δa,iq −

W (q)−W (q −∆ei)

∆

)]
− λb∆sup

δ⃗∈S

N∑
i=1

I(qi < Zi)
[
f̃ ib
(
δb,iq , ((δ⃗

b,j
q̃ )q̃∈Q)j ̸=i

)
·

(
δb,iq −

W (q)−W (q +∆ei)

∆

)]
= 0 (3.3.10)

We further justify our choice of f̃ i
a, f̃

i
b from (3.3.10). If we still formulate

the central planner’s problem with partially observed information, i.e. apply-

ing quoting strategies as functions of single qi and keeping f i
a, f

i
b in (3.3.10),

(3.3.10) would be otherwise an over-determined system which derives, respec-

tively, on ask and bid sides
N∏
j=1

(2Zi

∆
+ 1) single variate optimization problem,

but only
N∑
j=1

(2Zi

∆
+1) variables on each side (δa,iqj

and δb,iqj
). Hence, to formulate

explicit collusion, we define the execution probability function f̃ i that is close

to f i
m,m ∈ {a, b}, but compatible with the expanded dimension of the quoting

strategies.

For given joint quoting strategies δ⃗, denote by W δ(q) the value function

associated with strategies δ⃗, then W δ(q) satisfies the system of linear equa-

tions.

rW δ(q) +

N∑
i=1

ψi(qi)− λa∆
N∑
i=1

I(qi > −Zi)
[
f̃ ia
(
δa,iq , ((δ⃗a,jq̃ )q̃∈Q)j ̸=i

)
·

(
δa,iq −

W δ(q)−W δ(q −∆ei)

∆

)]
− λb∆

N∑
i=1

I(qi < Zi)
[
f̃ ib
(
δb,iq , ((δ⃗

a,j
q̃ )q̃∈Q)j ̸=i

)
·

(
δb,iq −

W δ(q)−W δ(q +∆ei)

∆

)]
= 0 (3.3.11)

We then obtain the following matrix representation of the system (3.3.11)

by rearranging the terms in the equations:

M δ ·W δ = Aδ (3.3.12)
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where W δ represents the vector whose coordinates are the value function

W δ(q). M δ is
N∏
j=1

(
2
Zj

∆
+ 1
)
×

N∏
j=1

(
2
Zj

∆
+ 1
)
matrix, andW δ, Aδ ∈ R

N∏
j=1

(
2
Zj
∆

+1
)
.

Data M δ, Aδ are derived from (3.3.11). We now focus on constructing a nu-

merical solution for the HJB equation (3.3.10, with the linear system (3.3.11)

and (3.3.12) serving as important intermediate steps in the numerical scheme.

The existence and uniqueness of the solutions to (3.3.10) can be estab-

lished with methods of stochastic control on graphs in [Guéant and Manziuk

2020]. The linear system of Bellman equations (3.3.11) allows to efficiently

compute the value function W δ for given joint quoting strategies. This natu-

rally suggests an iterative approach to improving the quoting strategies step

by step, eventually forming the basis for a policy iteration algorithm. The

policy iteration method has been extensively studied across several decades,

starting with the foundational work [Puterman and Brumelle 1979], which

demonstrates the mathematical equivalence of policy iteration with a type of

Newton’s method in dynamic programming and analyzes its convergence for

Markovian decision processes with a quadratic convergence rate. This is fol-

lowed by [Puterman 1981], who extended these results to controlled diffusion

processes. More recent advances have applied the policy iteration method

to solving stochastic control problems and analyzed its convergence proper-

ties. [Santos and Rust 2004] studies the convergence properties for continuous

state and control variables, establishing quadratic and superlinear convergence

under specific conditions for discretized systems. [Jacka and Mijatović 2017]

focus on the policy improvement algorithm for stochastic control problems in

continuous time, establishing general conditions under which the algorithm

is well-defined and convergent. [Kerimkulov, Šǐska, and Szpruch 2020] inves-

tigate the global convergence properties of the policy iteration algorithm for

controlled diffusion processes and prove the stability of the algorithm under

perturbations. [Ito, Reisinger, and Zhang 2021] introduce a neural network-

based policy iteration algorithm to solve high-dimensional stochastic games

with HJBI boundary value problems, establishing H2-superlinear convergence

of the numerical scheme. Alternatively, there are approximation techniques

available to solve the high-dimensional Hamilton-Jacobi equations similar to

(3.3.10). In particular, [Bergault, Evangelista, et al. 2021] approximate the

Hamiltonian functions in the equation by quadratic forms resulting in Ric-

cati equations which can be solved in closed form. The closed-form solutions

are then used as approximations for solutions to the original Hamilton-Jacobi
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equations. However, compared to the multi-asset market making problems

considered in [Bergault, Evangelista, et al. 2021], our settings do not yield a

closed-form solution to (3.3.10) as a benchmark, making it challenging to assess

the accuracy of such approximations. Therefore, we choose to solve (3.3.10)

numerically using iterative algorithms.

Building on insights from the recent literature on policy iteration for stochas-

tic control problems, we hereby propose a policy iteration scheme to numer-

ically solve (3.3.10). Our policy iteration scheme sequentially improves the

joint quoting strategies δ⃗ by breaking the problem down into policy evalua-

tion and policy improvement in each iteration. The policy evaluation step

is based on the linear Bellman equation (3.3.11), where the value function W δ

associated with a given joint quoting strategy δ⃗ ∈ S is calculated by solving

(3.3.12). Following the policy evaluation step, the policy improvement step

solves the pointwise optimization of Hamiltonians in (3.3.10) for each inven-

tory profile q, based on the computed values ofW δ from the policy evaluation.

However, direct optimization of Hamiltonians presents significant computa-

tional challenges, as it requires solving a high-dimensional multi-objective op-

timization problem for each inventory vector q simultaneously. To address this

challenge, we first make the assumption that the market makers in the cartel

adopt a uniform quoting strategy. This simplification is valid for homogeneous

market makers, which is the problem we are interested in. Namely, for q ∈ Q,
the approximated ask and bid quotes for homogeneous market makers are

δa,iq = δaq δb,iq = δbq (3.3.13)

Moreover, in the policy improvement step, we fix the competitors’ strategies

in the intensity functions to be those from the previous iteration instead of

optimizing all strategies simultaneously, as presented in (3.3.14). This effec-

tively decouples high-dimensional optimization, allowing quoted spreads to be

solved independently and efficiently in each inventory profile q.

The details of the policy evaluation method are described in Algorithm 1.

Algorithm 1 Policy iteration of Pareto optimum for N market makers

Input: ϵ = error threshold, N =number of market makers, f̃ i
a, f̃

i
b , λ

a, λb:

intensity of ask and bid order flow, ∆: unit order size, ψi: running cost for

holding inventory to market maker i

Output: Approximated Pareto optimum quoting strategy

1: Initialize quoting strategies of N market makers, denoted by

δ⃗
(0)

= {(δ⃗a,i,(0), δ⃗b,i,(0))}
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where δ⃗a,i,(0) = δ⃗a,(0), δ⃗b,i,(0) = δ⃗b,(0), ∀i ∈ {1, . . . , N}. Set m← 0

2: repeat

3: Policy evaluation: Compute the values {W (m)(q), q ∈
N∏
j=1

Qj} by solv-

ing the linear system (3.3.12) using joint quoting strategies δ⃗
(m)

.

4: Policy improvement: Solve the pointwise optimization problems

(
δa,(m+1)
q

)
q
=

(
argmax

δ

{ N∑
i=1

I(qi > −Zi)
[
f̃ i
a

(
δ, ((δ⃗

a,j,(m)
q̃ )q̃∈Q)j ̸=i

)
·

(
δ − W (m)(q)−W (m)(q −∆ei)

∆

)]})
q(

δb,(m+1)
q

)
q
=

(
argmax

δ

{ N∑
i=1

I(qi < Zi)
[
f̃ i
b

(
δ, ((δ⃗

b,j,(m)
q̃ )q̃∈Q)j ̸=i

)
·

(
δ − W (m)(q)−W (m)(q +∆ei)

∆

)]})
q

(3.3.14)

5: Increment m by 1: m← m+ 1.

6: until m ≥ 1 and
∑
q

|W (m+1)(q)−W (m)(q)|2 < ϵ

In general, the theoretical convergence of policy iteration can often be

shown using techniques such as the contraction mapping theorem or by prov-

ing that the sequence of value functions generated by successive approxima-

tion converges monotonically to the optimal value function. For solving HJB

equations that arise in optimal control problems, this usually relies on the

regularity properties of the Hamiltonian that lead to a comparison principle

([Tran, Wang, and Zhang 2024]). For our specific problem, a rigorous conver-

gence proof of the policy iteration scheme is challenging and remains an open

question due to the discrete, high-dimensional state space and the Hamiltonian

terms that include the directional difference of the value function, which does

not necessarily hold a comparison principle. Instead, we focus on providing

heuristic evidence of convergence through empirical results to solve (3.3.10)

with Algorithm 1. We observe that the l2−norm differences between the value

functions and between the quoting strategies decrease significantly in the first

few iterations and converge to levels close to 0, as shown in Figure 3.1. We

also present the difference min
q

(
W (m+1) − W (m)

)
(q) per iteration in Figure

3.1 that demonstrates that the value functions
(
W (m)

)
m

obtained from our

policy iteration scheme form an increasing sequence. The computed Pareto
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optimum quoting strategy is summarized in Figure 3.10 in comparison with

the Nash equilibrium quoting strategy and the strategies given by the learning

algorithms.

Figure 3.1: Left: The l2−norm differences between the value functions and be-

tween the quoting strategies from the policy iteration scheme. Right: The dif-

ference min
q

(
W (m+1)−W (m)

)
(q) per iteration from the policy iteration scheme.

As shown in Chapter 2, when market makers adjust their strategies by

learning from market transactions, spreads can converge to levels consistent

with collusion, even in the absence of coordination between market makers.

We refer to this situation as tacit collusion [Tirole 1988]. As in [Calvano et al.

2020], our definition of tacit collusion is therefore operational, referring only

to price outcomes.

3.4 Computation of Nash Equilibrium via

Fictitious Play

Fictitious play is an iterative algorithm for computing Nash equilibrium. It was

originally proposed in [Brown 1949] and [Brown 1951] to compute the value

of a two-player zero-sum finite game, where two players each play iteratively

the pure best response against the empirical distribution of their opponent’s

historical actions. The convergence of fictitious play for two-player zero-sum

finite game is proved by [Robinson 1951]. [Monderer and Shapley 1996] proves

convergence of fictitious play for potential games. However, there are no theo-

retical guarantees of convergence for general non-zero sum games, as is shown

by a counterexample from [Shapley 1962]. Nevertheless, the idea of fictitious
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play has been a standard tool of game theory for computing practically Nash

equilibrium, and has been extended to broader applications such as mean field

game learning problems (e.g. [Cardaliaguet and Hadikhanloo 2017], [Perrin

et al. 2020]). In this section, we will be focusing on practical aspects, by ap-

plying fictitious play to compute numerically Nash equilibrium for multi-agent

market making problem. Our numerical results in Figure 3.2-3.4 suggest ficti-

tious play leads to convergent quotes. We shall leave theoretical convergence

analysis of the fictitious play for our specific problem for future research.

Recently, fictitious play has been combined with deep learning methods

to find (Markovian) Nash equilibria in dynamic games ([Han and Hu 2020]),

with convergence analysis studied in [Han, Hu, and Long 2022]. [Hu 2021] has

analyzed the convergence of a deep fictitious play algorithm to find open-loop

Nash equilibria. Specifically, the deep fictitious play algorithm decouples the

N -player game intoN decision problems solved iteratively, in which each player

solves the optimal strategy using deep neural networks, given that competitors’

strategies remain fixed as in the previous iteration.

Inspired by [Han and Hu 2020], the fictitious play algorithm that we pro-

pose for the problem of N competing market makers is based on the systems

of equations (3.2.14) and (3.2.15). For each equation in (3.2.15), the opti-

mization problem at a given inventory level q is a single-variate optimization

problem. Hence, at each iteration of fictitious play, one player needs to solve

the single-variate optimization problem (3.4.5) for each of her inventory lev-

els, while the competitors’ strategies in the intensity functions are fixed as in

the previous iteration. This single-variate optimization allows to avoid the

curse of dimensionality due to the number of players and inventory levels of

each player, because otherwise a policy evaluation method needs to optimize

simultaneously the quotes of all market makers at all inventory levels at ev-

ery iteration, leading to high-dimensional optimization problems. Note that

the fictitious play algorithm is designed to numerically solve Nash equilibrium,

instead of simulating real competition among market makers. In practice, mar-

ket makers do not have information on their competitors’ strategies, while in

fictitious play each player optimizes for the next step based on competitors’

current strategies. We shall tackle the simulation through Deep Reinforcement

Learning in the next section.

Note that in the usual fictitious play algorithm, agents play the best re-

sponse against the mixed strategy derived from their opponents’ historical ac-

tions ([Brown 1949], [Brown 1951]). In our definition, best response is played
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solely based on competitors’ last stage actions. The algorithm based on last

stage information is sometimes referred to as ‘Iterated Best Response (IBR)’

([Lanctot et al. 2017]) or ‘Best Response Dynamics’ ([Roughgarden 2016]), in

which an arbitrary agent is picked to update its best response to opponents’

last-stage actions at each iteration. We shall adhere to our setting with the

name ‘fictitious play’. This will be explained in more detail in Remark 3.4.1.

Our fictitious play algorithm consists of iteratively executing 2 steps: best

response calculation and policy evaluation. Policy evaluation computes

the values V δ
i (qi) for joint quoting strategies based on the linear optimality

equations (3.2.14). Given joint quoting strategies (δi, δ−i), we reformulate

(3.2.14) as a system of linear equations with values V δ
i (qi) being unknown

variables. To simplify notations, we denote

f i
a(δ

a,i
qi
) = f i

a(δ
a,i
qi
, (δ⃗a,j)j ̸=i), f

i
b(δ

b,i
qi
) = f i

b(δ
b,i
qi
, (δ⃗b,j)j ̸=i)

The system of linear equations obtained is

(
r + λbf ib(δ

b,i
−Zi

)
)
V δ
i (−Zi)− λbf ib(δ

b,i
−Zi

)V δ
i (−Zi +∆) = λb∆δb,i−Zi

f ib(δ
b,i
−Zi

)− ψi(−Zi)

−λaf ia(δ
a,i
Zi
)V δ

i (Zi −∆) +
(
r + λaf ia(δ

a,i
Zi
)
)
V δ
i (Zi) = λa∆δa,iZi

f ia(δ
b,i
−Zi

)− ψi(Zi)

−λaf ia(δ
a,i
qi )V

δ
i (qi −∆) +

(
r + λbf ib(δ

b,i
−Zi

) + λaf ia(δ
a,i
Zi
)
)
V δ
i (qi)− λbf ib(δ

b,i
qi )V

δ
i (qi +∆)

= λa∆δa,iqi f
i
a(δ

b,i
qi ) + λb∆δb,iqi f

i
b(δ

b,i
qi )− ψi(qi), if qi ∈ Qi \ {−Zi, Zi}

(3.4.1)

Let V⃗ δ
i :=

(
V δ
i (−Zi), V

δ
i (−Zi +∆), . . . , V δ

i (Zi −∆), V δ
i (Zi)

)
, then (3.4.1) can

be formulated as the matrix representation.

Mi · V⃗i = Ai (3.4.2)

where Mi ∈ R(2
Zi
∆

+1)×(2
Zi
∆

+1), Ai ∈ R2
Zi
∆

+1.

Mi =



r + λbfi
b(δ

b,i
−Zi

) −λbfi
b(δ

b,i
−Zi

) . . . 0 0

−λafi
a(δ

a,i
−Zi+∆

) r + λbfi
b(δ

b,i
−Zi+∆

) + λafi
a(δ

a,i
−Zi+∆

) . . . 0 0

. . . . . . . . . . . . . . .

0 0 . . . r + λbfi
b(δ

b,i
Zi−∆

) + λafi
a(δ

a,i
Zi−∆

) −λbfi
b(δ

b,i
Zi−∆

)

0 0 . . . −λafi
a(δ

a,i
Zi

) r + λafi
a(δ

a,i
Zi

)


(3.4.3)

Ai =


λb∆δb,i−Zi

f i
b(δ

b,i
−Zi

)− ψi(−Zi)

λa∆δa,i−Zi+∆f
i
a(δ

b,i
−Zi+∆) + λb∆δb,i−Zi+∆f

i
b(δ

b,i
−Zi+∆)− ψi(−Zi +∆)

. . .

λa∆δa,iZi−∆f
i
a(δ

b,i
Zi−∆) + λb∆δb,iZi−∆f

i
b(δ

b,i
Zi−∆)− ψi(Zi −∆)

λa∆δa,iZi
f i
a(δ

b,i
−Zi

)− ψi(Zi)


(3.4.4)
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Clearly, the matrix Mi is a diagonally dominant matrix, and hence is in-

vertible. For given strategies, we can solve for value functions

V δ
i =M−1

i · Ai

Subsequently, in the best response calculation, each agent i solves her best

response to δ−i using (3.4.5). [Han and Hu 2020] applies Deep BSDE method

to solve this optimization problem. We directly apply the standard numerical

optimization scheme since the objectives in (3.4.5) are single-variate, and hence

not complicated with Assumption 3.1.3.

The details of fictitious play are presented in Algorithm 2.

Algorithm 2 Fictitious play for computation of Nash equilibrium for N

market makers

Input: M =number of iterations, N =number of market makers, f i
a, f

i
b , λ

a, λb:

intensity of ask and bid order flow, ∆: unit order size, ψi: running cost for

holding inventory to market maker i

Output: Approximated Nash equilibrium by fictitious play.

1: Initialize quoting strategies ofN market makers, denoted by {(δ⃗a,i,(0), δ⃗b,i,(0))}.

2: Compute initial values {V (0)
i (qi), qi ∈ Qi, i ∈ {1, . . . , N}} by solving linear

system (3.4.1)

3: for m← 0 to M-1 do

4: Best response: Solve optimal strategy for single market maker at every

inventory level:

5: for i← 1 to N do

6: for qi ∈ Qi do

7: Update

δa,i,(m+1)
qi

= argmax
δ

f i
a(δ, (δ⃗

a,j,(m))j ̸=i)(δ −
V

(m)
i (qi)− V (m)

i (qi −∆)

∆
)

δb,i,(m+1)
qi

= argmax
δ

f i
b(δ, (δ⃗

b,j,(m))j ̸=i)(δ −
V

(m)
i (qi)− V (m)

i (qi +∆)

∆
)

(3.4.5)

8: end for

9: end for

10: Policy evaluation: Compute the values {V (m+1)
i (qi), qi ∈ Qi, i ∈ {1, . . . , N}}

by solving the linear system (3.4.1) using updated strategies

{(δ⃗a,i,(m+1), δ⃗b,i,(m+1))}
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11: end for

Remark 3.4.1. We are following the definition of fictitious play from [Han and

Hu 2020], [Hu 2021] and [Han, Hu, and Long 2022], which is different from that

originated from [Brown 1949] and [Brown 1951], in that the N agents update

simultaneously their best responses against their competitors’ pure strategies

from the last stage. Alternately, one can choose to compute the best response

against the average of opponents’ past strategies in the spirit of classical ficti-

tious play [Brown 1951]. However, as [Hu 2021] points out, convergence with

the last stage information generally implies convergence with the average of

past strategies, and switching to the latter tends to a better convergence rate

for certain circumstances, but with additional computational cost ([Han and

Hu 2020]). For our setting, since the problem we study already exhibits con-

vergence with last stage information within a reasonable number of iterations,

we adhere to this setting of best response using last stage information.

By Lemma A.2.1 there exist unique solutions δ
a,i,(m+1)
qi , δ

b,i,(m+1)
qi to opti-

mization problems in (3.4.5). Let Ki =
∑

j ̸=i,j∈{1,...,N}
(2Zi

∆
+ 1). Ki is the total

number of possible inventory levels of the competitors of the market maker i’.

We consider f i
a and f i

b of the form:

f i
a(δ, (δ⃗

a,j)j ̸=i) =
1

2
· 1

1 + exp(δ)
·

exp( 1
Ki

∑
j ̸=i

∑
qj∈Qj

δa,jqj
)

1 + exp(δ + 1
Ki

∑
j ̸=i

∑
qj∈Qj

δa,jqj )

f i
b(δ, (δ⃗

b,j)j ̸=i) =
1

2
· 1

1 + exp(δ)
·

exp( 1
Ki

∑
j ̸=i

∑
qj∈Qj

δb,jqj
)

1 + exp(δ + 1
Ki

∑
j ̸=i

∑
qj∈Qj

δb,jqj )
(3.4.6)

Since (3.4.6) is a special case of (3.1.8), we can verify that the execution prob-

abilities (3.4.6) satisfy Assumptions 3.1.1 and 3.1.3 from Proposition 3.1.5.

We also assume that each of the 2 market makers has the same running cost

function ψ1(q) = ψ2(q) =
1
2
× 0.01q2. Market makers have the same inventory

risk limit Q1 = Q2 = 5. Order size ∆ = 1. Interest rate r = 0.01 and order

flow arrival intensities λa = λb = 2. For simplicity, we assume the units of all

parameters are already scaled so that the unit of ask and bid quotes is basis

point (bps). We apply fictitious play to the game with 2 market makers and

compare the ask/bid quotes with a benchmark model where there is only 1

monopolistic market maker with the ask and bid intensity Λ(δ) = 1
1+eδ

where

δ is the ask or bid quote of this monopolistic market maker. Figure 3.2 com-

pares the equilibrium quotes obtained from the fictitious play algorithm when
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there are 2 market makers, with the optimal centered quotes when there is one

monopolistic market maker. The results show lower Nash equilibrium quotes

compared to the monopolistic market maker’s quotes, suggesting competition

introduced through the execution probabilities (3.4.6) results in more compet-

itive quotes than the monopolistic market maker case. Figure 3.2 also suggests

skewing behavior by market makers caused by exposure to market risk of their

nonzero inventories.

Figure 3.2: Comparison between 2-market-maker equilibrium ask and bid

quotes and single-market-maker’s quotes. The ask and bid quotes are cen-

tered at mid price.

In Figure 3.3, we plot the evolution of the l2 norm error in the value func-

tions and the quoting strategies by iteration to illustrate how the fictitious

play algorithm leads to a stable state in our experiment setting. The equilib-

rium value function is also shown in Figure 3.3. The value function achieves

its maximum at the 0 inventory level, which is in line with the market makers

who expect a higher gain by keeping the inventory close to 0 since they pay

less running cost for maintaining inventory and are exposed to a lower market

risk on their inventories.
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Figure 3.3: Left: evolution of the l2 norm error in the value functions and the

quoting strategies during fictitious play iterations; Right: equilibrium value

function obtained from fictitious play algorithm.

To study the effects by the number of market makers in competition, Figure

3.4 compares the equilibrium quotes in scenarios of 2 and 5 market makers.

Figure 3.4 suggests that more market makers tend to have more competitive

quotes than the case of 2 market makers. The equilibrium quotes are lower

at the same inventory level when the number of market makers increases to

5. However, the value of the quotes does not show an explicit decreasing

trend in half of the inventory levels when there are 10 market makers. We

think that this could be explained by the market makers’ compensating effect

from aggressively quoting negative quotes at the other half of inventory levels

when there are many market makers. For example, the 10 market makers

tend to keep their ask quotes high in negative inventories because they quote

excessively negative values in positive inventories. Although the ask quotes

are always above the bid quotes given by the learning algorithm, it should be

noted that with 5 and 10 competing market makers when the inventory level is

at the boundary values Q and −Q, the market makers even aggressively quote

negative ask and bid quotes. This is due to the excessive running cost of holding

larger inventory so that market makers would rather change their inventory

state at the cost of losing profit from making the spread. The phenomenon

of negative ask or bid quotes is even more remarkable when the number of

market makers reaches 10, implying that when there are many market makers,

they are more risk averse for holding nonzero inventory.
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Figure 3.4: Comparison of equilibrium quotes with different number of market

makers. The 0 value in vertical axis represents mid price.

3.5 Decentralized Learning and the

Emergence of Tacit Collusion

The notions of Nash equilibrium and Pareto optimum described above refer to

outcomes, but do not attempt to describe the process through which agents

arrive at their quoting strategies. In practice, market makers rely on algorithms

that update their quotes based on observed market data, and an interesting

question is to understand whether agents’ strategies converge to any stationary

configuration in this learning process and how this limit can be characterized.

Market makers update their quotes dynamically and receive feedback in

the form of profit from market transactions, based on which they adjust their

quote. The automation of these market making algorithms naturally points

to the use of Reinforcement Learning (RL) algorithms to model the resulting

dynamics.

Also, in dealer markets, the market makers are not allowed to communicate

and make decisions based on partial information related to their own inventory,

quotes, and profits. These features require the RL algorithm to adapt to

continuous state or action spaces. Hence we focus on decentralized multi-agent

policy gradient algorithms, which account for a type of deep reinforcement

learning algorithm that allows for continuous state and action spaces.

For each market maker, we introduce 2 types of neural networks: the critic

and actor networks. The critic network is used to approximate the state-action

value function V δ
i (qi) while the actor network approximates optimal quoting
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strategies. The algorithm we apply is called decentralized Multi-Agent Deep

Deterministic Policy Gradient (Decentralized MADDPG), inspired by [Lowe

et al. 2017] and [Foerster et al. 2018]. [Lowe et al. 2017] and [Foerster et al.

2018] proposed a multi-agent actor-critic algorithm with decentralized actors

and centralized critics, in which the actors are functions of each agent’s local

observation, and critics are functions of all agents’ joint states and actions.

In their algorithms, critics are trained in a centralized way, which implies

certain communication during training steps needs to be allowed. We adapt

the MADDPG algorithm to our market making model by constraining the

critics to be decentralized as well.

An important feature of our Decentralized MADDPG algorithm is pre-

training of critic and actor networks for initialization. Pre-training is impor-

tant for the convergence of quoting strategies and has been considered by

[Guéant and Manziuk 2019]. Recall that in Section 3.1 the upper bound Λ(δ)

can be considered as the execution probability of a monopolistic market maker.

We pre-train the critic networks for each market maker to the value function of

a single monopolistic market maker with intensity Λ(δ), and pre-train the ac-

tor networks to the quoting strategies of the same monopolistic market maker,

which is shown by the red curve in Figure 3.2. This pre-training step can

be implemented by supervised learning on neural networks, since the value

function and quoting strategy in the monopolistic case can be explicitly calcu-

lated. We think the motif for pre-training is consistent with practical scenarios

in that even though market makers do not have information on the mechanics

that influence their market shares, each market maker is supposed to have a

prior estimate on the general form of the execution probability when there is

no other competitor. In the meantime, the actor network is initialized by pre-

training so that the ask and bid quotes are within a reasonable value range.

For simplicity, we assume market makers know Λ.

3.5.1 Reformulation to Discrete-time Problem

Equations (3.2.14) and (3.2.15) are local versions of the Dynamic Program-

ming Principle. To adapt to RL simulation, we first need to formulate the

multi-agent market making problem into discrete-time Bellman equations. In

the following derivations, we always assume that the joint quoting strategies

are given and fixed δ⃗ ∈
N∏
j=1

(Iδ)
2
Zj
∆

+1. The corresponding state-action value

functions are denoted by V δ
i (qi) where i refers to the index of market maker,
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and qi is the inventory level of market maker i at time 0. Let Ei[·] denote the

conditional expectation E[·|qi0 = qi]. From (3.1.12) we have

V δ
i (qi) = Ei

[∫ ∞

0

e−rt
(
δa,i
qit−
Na,i(dt) + δb,i

qit−
N b,i(dt)

)
−
∫ ∞

0

e−rtψi(q
i
t)dt

]
(3.5.1)

where Na,i(dt) and N b,i(dt) are order flow to market makers i whose intensities

are defined in (3.1.4). Define 2 stopping times τa and τb denoting the arrival

time of the first ask and bid RFQ after 0, that is

τa := inf{t > 0,

∫ t

0

Na(dt) > 0}

τb := inf{t > 0,

∫ t

0

N b(dt) > 0} (3.5.2)

Let τ := τa ∧ τb denote the first arrival time of an RFQ received by all

market makers simultaneously. From the assumption on the independence of

the ask and bid RFQs, τa and τb are independent random variables. We state

a lemma on the probability distribution of τa and τb.

Lemma 3.5.1. τa, τb are independent variables of exponential distribution with

parameters λa and λb, respectively. Moreover,

E
[∫ τa∧τb

0

e−rtdt

]
=

1

r + λa + λb

E
[
e−rτa|τa < τb

]
= E

[
e−rτb|τb < τa

]
=

λa + λb
r + λa + λb

(3.5.3)

The proof of Lemma 3.5.1 follows easily from the fundamental calculation

with exponentially distributed random variables.

By Dynamic Programming Principle, we obtain

V δ
i (qi) =Ei

[
−
∫ τ

0

e−rtψi(qi)dt+

∫ τ

0

e−rt
(
δa,i
qit−
Na,i(dt) + δb,i

qit−
N b,i(dt)

)
+ e−rτV δ

i (q
i
τ )

]
(3.5.4)

We introduce random eventsRi
a, R

i
b that indicate whether the market maker

i wins the ask/bid RFQ.

Ri
a := {Market maker i wins the ask RFQ}

Ri
b := {Market maker i wins the bid RFQ} (3.5.5)

Upon arrival of an RFQ, the market maker i only profits if she wins the trade,

that is when Ri
a or Ri

b takes place. Hence, we discuss different possible values

for qiτ , with inventory risk limit taken into consideration.
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If −Zi < qi < Zi,

qiτ (ω) =


qi −∆, if ω ∈ Ri

a

qi +∆, if ω ∈ Ri
b

qi, if ω ∈ (Ri
a)

c ∩ (Ri
b)

c

(3.5.6)

If qi = −Zi,

qiτ (ω) =

−Zi +∆, if ω ∈ Ri
b

−Zi, if ω ∈ (Ri
b)

c
(3.5.7)

If qi = Zi,

qiτ (ω) =

Zi −∆, if ω ∈ Ri
a

Zi, if ω ∈ (Ri
a)

c
(3.5.8)

We have an important proposition relating V δ
i (qi) in terms of τa, τb, R

i
a, R

i
b.

The proof of Proposition 3.5.2 is stated in Appendix A.3.

Proposition 3.5.2. The state-action value function V δ
i (qi) satisfies

V δ
i (qi) =−

ψi(qi)

r + λa + λb
+ P(τa < τb)Ei

[
I(Ri

a)
(
e−rτaδa,iqi ∆+ e−rτaV δ

i (qi −∆)
)
·

I(−Zi < qi ≤ Zi) + I((Ri
a)

c)e−rτaV δ
i (qi)

∣∣∣τa < τb

]
+ P(τb < τa)Ei

[
I(Ri

b)
(
e−rτbδa,iqi ∆+ e−rτbV δ

i (qi +∆)
)
I(−Zi ≤ qi < Zi)

+ I((Ri
b)

c)e−rτbV δ
i (qi)

∣∣∣τb < τa

]
(3.5.9)

The Bellman equation (3.5.9) is expressed in terms of conditional proba-

bilities. The arrival of RFQ is incorporated into the simulation of the market

environment, and hence it is exogenous to the market makers. The market

makers modelled as learning agents receive the RFQ and improve their strate-

gies through interactions with the simulated market environment. Assuming

that ask and bid RFQs are independent, we have P(τa < τb) = λa

λa+λb
and

P(τb < τa) = λb

λa+λb
. We consider every iteration of the RL learning algo-

rithm as an arrival of an RFQ with ask and bid requests at probabilities λa

λa+λb

and λb

λa+λb
. Upon each arrival of the RFQ, the probability that the market

maker i completes the transaction is proportional to the market share f i
a or f i

b

depending on the sides of the RFQ.

Recall that the state space of the market maker i consists of all her possible

inventory values Qi = {−Zi,−Zi+∆, . . . , Zi−∆, Zi}. We consider discretized

time steps t = 0, 1, . . . , as the arrival of RFQs. Given the inventory state qit ∈
Qi at t, the market maker i sets up her ask and bid quotes

(
δa,i
qit−
, δb,i

qit−

)
∈ Iδ×Iδ.
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The quoting strategies
(
δa,i
qit−
, δb,i

qit−

)
are alternatively denoted as functions δia :

q ∈ Qi → R, δib : q ∈ Qi → R. This function representation transmits quoting

strategies to the neural network approximation, which will be introduced in

Section 3.5.2.

The dealer market environment generates an ask or bid RFQ at each unit

time step with probability λa

λa+λb
and λb

λa+λb
.5 The RFQ is sent to N market

makers simultaneously. At time step t market maker i will set up centered

ask quote δia = πi
a(q

i
t|θπi ) and centered bid quote δib = πi

b(q
i
t|θπi ). The market

maker that executes the RFQ order is selected stochastically by the market

environment. Recall the random events Ri
a, R

i
b defined in (3.5.5). {Ri

a, i ∈
{1, . . . , N}} form a collection of mutually exclusive pairwise events. This is

the same case for {Ri
b, i ∈ {1, . . . , N}}. We have the following conditional

probability for events Ri
a, R

i
b.

P(Ri
a|τa < τb) =

f i
a(δ

i
a(q

i
t), ·)

N∑
j=1

f j
a(δ

j
a(q

j
t ), ·)

(if RFQ is on ask side) (3.5.10)

P(Ri
b|τb < τa) =

f i
b(δ

i
b(q

i
t), ·)

N∑
j=1

f j
b (δ

j
b(q

j
t ), ·)

(if RFQ is on bid side)a (3.5.11)

Again for simplicity in the notations, the dependence of f i
a, f

i
b on competitors’

quoting strategies is replaced with the symbol ‘·’ in (3.5.10). We apply this

probability distribution based on Assumption 3.1.1 with
N∑
j=1

f i
a ≤ 1,

N∑
j=1

f i
b ≤

1. We do not consider the circumstance where no market maker wins the

RFQ, which has probability 1−
N∑
j=1

f i
a for an ask RFQ and 1−

N∑
j=1

f i
b for a bid

RFQ. Hence, we normalize the execution probabilities in (3.5.10) so that they

form probability distributions of random choice. Note that we hereby make

a simplification that if market maker i wins the trade and her inventory is

at the risk limit ±Zi, then i will not execute the trade that would drive her

inventory out of the risk limit. For instance, when i has inventory −Zi she will

not quote for an ask RFQ. In this case, the market environment will switch

to the next time step that generates a new RFQ and selects a new market

5This is a simplification on arrival of order flows for tractability in Reinforcement Learning

simulation. The arrival time τa, τb of RFQs follows exponential distributions. Instead of

directly simulating τa, τb we consider RFQ arrivals in the sense of probabilistic expectation,

assuming there is an RFQ arrival at each time step in RL simulation, which is more tractable.
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maker stochastically for execution. This simplification is also reflected from

conditional probabilities in equation (3.5.9).

Based on equation (3.5.9), we now define reward functions in the market

environment. All market makers will have to pay the expected running cost.

Ei

[
−
∫ τa∧τb

0

e−rtdt

]
ψi(qi) = −

ψi(qi)

r + λa + λb

where qi is the inventory of the market maker indexed by i ∈ {1, . . . , N}.
It is clear that at time t only the market maker who wins the RFQ receives

the revenue from the spread. Hence, the market maker i’s reward function

consists of the inventory cost she has paid plus the time-discounted revenue

from making the spread had she won the corresponding RFQ. Taking into

account the risk limit and our simplification, we write formally our reward

function ri(qi, (δ
i
a, δ

i
b)) for the market maker i.

ri(qi, (δ
i
a, δ

i
b)) = −

ψi(qi)

r + λa + λb
+

(λa + λb)∆

r + λa + λb

(
I(Ri

a)I(−Zi < qi ≤ Zi) · δia

+ I(Ri
b)I(−Zi ≤ qi < Zi) · δib

)
(3.5.12)

In terms of time steps in the simulation of RL, we include t as a subscript

in the state q and the action δ, so that in the time step t = 0, 1, . . ., the market

maker i disposes of the inventory level qit and sets the action ϱit. This notation

should not cause ambiguity between subscripts used for inventory and quotes

in Sections 3.1 to 3.2. Between time steps t and t+1 only the inventory of the

market maker that wins the trade will possibly change depending on whether it

reaches the inventory risk limit. The transition of market maker i’s inventory

qit to q
i
t+1 can be summarized depending on the side of the RFQ.

qit+1 =

qit −∆I(Ri
a)I(qit > −Zi) for RFQ from ask side

qit +∆I(Ri
b)I(qit < Zi) for RFQ from bid side

(3.5.13)

(3.5.10)-(3.5.13) define a Partially Observed Markov Decision Process (POMDP).

Define the discount factor γ = λa+λb

r+λa+λb
, with strong Markov property we have

the following proposition that the objective function of market maker i can be

written as a discrete-time format.
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Proposition 3.5.3. The state-action value function V δ
i (qi) in (3.5.1) can be

written in the following format:

V δ
i (qi) = Ei

[
∞∑
t=0

γtri

(
qit,
(
δia(q

i
t), δ

i
b(q

i
t)
))∣∣∣∣∣qi0 = qi

]
(3.5.14)

where γ = λa+λb

r+λa+λb
and reward functions ri(qi, (δ

i
a, δ

i
b)) are defined in (3.5.12).

The objective of the market maker i is to find the optimal quoting strategy

δi,∗a , δ
i,∗
b , which maximizes the expected future rewards discounted by a factor

γ = λa+λb

r+λa+λb
.

Vi(qi) = max
δia,δ

i
b

Ei

[
∞∑
t=0

γtri

(
qit,
(
δia(q

i
t), δ

i
b(q

i
t)
))∣∣∣∣∣qi0 = qi

]
(3.5.15)

3.5.2 The Multi-agent DDPG Algorithm for Market

Makers

Now we elaborate on more details of our Decentralized Multi-agent DDPG al-

gorithm. Our MADDPG algorithm is a type of actor-critic learning algorithm.

The strategies of the market maker i, δia : q ∈ Qi → R and δib : q ∈ Qi → R,
are approximated by neural networks πi

a(q|θπi ), πi
b(q|θπi ). These are called ac-

tor networks. Similarly, the state-action value functions V δ
i (q) of the market

maker i are approximated by neural networks Qi(q, (δ
a, δb)|θQi ) where q is the

inventory level, (δa, δb) are the ask and bid quotes, and θQi is the collection of

network parameters. Neural networks Qi(q, (δ
a, δb)|θQi ) are named critic net-

works, which evaluate a given tuple of state-action combination (q, (δa, δb)).

The network parameters θQi and θπi are learned via interactions with the market

environment, which sends RFQs to market makers, executes the transaction

according to the execution probabilities of the market makers, and provides

feedback rewards to each market maker. For the critic networks Qi, Temporal

Difference (TD) learning is applied to update the critic parameters θQi , while

for the actor networks πi
a, π

i
b, their parameters θπi are updated by Stochastic

Gradient Descent (SGD) step to minimize a given loss function. For simplic-

ity in the notation, we omit parameters θQi and θπi in neural networks Qi and

(πi
a, π

i
b) when there is no ambiguity. Since quotes or actions (δia, δ

i
b) come from

both the ask and the bid sides, to simplify the notation, we sometimes denote

the action of the market maker i by δi = (δia, δ
i
b).

In addition to primal critic networks Qi and actor networks δia, δ
i
b, target

critic and actor networks are introduced coupling the critics and actors in
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implementation. The target networks are indicated by Q̃i(q, (δ
a, δb)|θ̃Qi ) and

π̃i
a(q|θ̃πi ), π̃i

b(q|θ̃πi ). The introduction of a target network is a common practice

in the implementation of deep reinforcement learning. It is intended for a

more stable parameter update. While primal network parameters θQi and θπi

are updated at every training iteration, the target network parameters θ̃Qi and

θ̃πi are updated slowly to make the training more stationary:

θ̃Qi ← µθQi + (1− µ)θ̃Qi
θ̃πi ← µθπi + (1− µ)θ̃πi (3.5.16)

where µ represents the speed of updating target network parameters. A value

µ close to 0 means a very slow transition of parameters obtained from the

training steps to the target network parameters.

At each time step t, denote mt the side of the RFQ, which takes values

from {a, b} with a for the ask RFQ and b for bid RFQ. Denote by I it ∈ {0, 1}
the indicator function whether the market maker i wins the RFQ. I it = 1

suggests that the market maker i wins the RFQ at time step t. The interactions

between the market maker i and the market environment generate a tuple of

data (qit, ϱ
i
t, q

i
t+1, ri(q

i
t, ϱ

i
t), I

i
t ,mt). In this data tuple qit is market maker i’s

inventory level at t, ϱit refers to market maker i’s centered ask and bid quotes

given inventory qit, q
i
t+1 is the inventory level after taking action ϱ

i
t, and ri(q

i
t, ϱ

i
t)

is the reward from the environment to the market maker i for state-action

combination (qit, ϱ
i
t). This data tuple is stored in an experience replay buffer

of the corresponding agent.

Experience replay is a technique initially proposed by [Mnih, Kavukcuoglu,

Silver, Graves, et al. 2013], widely used in reinforcement learning algorithms

to improve the efficiency and stability of the learning process. It involves stor-

ing past experiences including tuples of state, action, reward, and next state

into an experience replay buffer. Instead of learning only from the most re-

cent experiences, the learning agent randomly samples batches of experiences

from the replay buffer to update its parameters. The use of the replay buffer

allows for more effective use of historical data, and breaks the temporal corre-

lation between consecutive experiences in online reinforcement learning, which

could lead to non-stationary distribution of learned policy. In fact, for param-

eter tuning, mini-batch data points are sampled from this experience replay

buffer randomly, hence unbinding the sequential correlation of data samples

from interactions with the environment in the hope that more robust quoting

strategies can be learned when the agent is provided with more diverse training
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samples. In our experiment, we assign the replay buffer to have a fixed length

with first-in-first-out queue structure.

For parameter update, each iteration consists of a Temporal Difference

(TD) learning phase and a policy improvement phase. In the TD learning

phase, the parameters of the critic networks θQi are updated for every i ∈
{1, . . . , N}, after which the policy improvement updates the parameters of

the actor network θπi . We first implement a mini-batched stochastic gradient

descent on the following loss function for parameters θQi . This loss function is

based on dynamic programming equations (A.3.1)-(A.3.3) with data sampled

from experience replay.

LQ
i (θ

Q
i ) = E

qi,δi,q′i,Ii

[(
ri(qi, δ

i) + γ

(
IiQ̃i

(
q′i,
(
π̃i
a(q

′
i), π̃

i
b(q

′
i)
) ∣∣∣θ̃Qi )

+(1− Ii)Q̃i

(
qi,
(
π̃i
a(qi), π̃

i
b(qi)

) ∣∣∣θ̃Qi )
)

−Qi

(
qi, (π̃

i
a(qi), π̃

i
b(qi))|θ

Q
i

))2]
(3.5.17)

where pairs (qi, δ
i, q′i, Ii) are sampled from the experience replay buffer that

stores the historical states, actions, and transitions of the market maker during

the training steps. The reward ri(qi, δ
i) is calculated depending on ask or bid

RFQ, based on (3.5.12). The actions π̃i
a(q

′
i), π̃

i
b(q

′
i) are given by the target actor

network of agent i. Then the stochastic gradient descent can be applied on

(3.5.17) to calibrate the parameter θQi . Note that the parameters θ̃Qi of the

target critic networks Q̃i are updated at this stage. The method applied to

calibrate θQi is called Temporal Difference (TD) learning. More specifically,

we apply a mini-batched stochastic gradient descent. Let K be the size of the

minibatch. We sample K data points from the replay buffer of the experience,

indicated by {(q(k)i , (δi)(k), q
′(k)
i , I

(k)
i ), k ∈ {1, . . . , K}}, a stochastic gradient

descent is implemented with a given learning rate αQ.

θQi ← θQi +αQ
1

K

K∑
k=1

(
β̂k −Qi

(
q
(k)
i , (π̃i

a(q
(k)
i ), π̃i

b(q
(k)
i ))

))
·

∇θQi
Qi

(
q
(k)
i , (π̃i

a(q
(k)
i ), π̃i

b(q
(k)
i ))|θQi

)
(3.5.18)

100



where

β̂k = ri(q
(k)
i , (δi)(k)) + γ

(
I
(k)
i Q̃i

(
q
′(k)
i ,

(
π̃i
a(q

′(k)
i ), π̃i

b(q
′(k)
i )

) ∣∣∣θ̃Qi )
+ (1− I(k)i )Q̃i

(
q
(k)
i ,
(
π̃i
a(q

(k)
i ), π̃i

b(q
(k)
i )
) ∣∣∣θ̃Qi )

)
(3.5.19)

When TD learning is performed, the policy improvement step updates pa-

rameters θπi to improve the quoting strategy of each market maker. To calibrate

the parameters of the actor network θπi , the loss function we use is the value

of the critic network.

Li(θ
π
i ) = −E

qi

[
Qi

(
qi, (π

i
a(qi|θπi ), πi

b(qi|θπi ))
∣∣∣θQi )

]
(3.5.20)

we apply the policy gradient for actor networks:

∇θπi
Li(θ

π
i ) = −E

qi

[
∇δia

Qi

(
qi, (π

i
a(qi|θπi ), πi

b(qi|θπi ))
∣∣∣θQi )∇θia

πi
a(qi|θπi )

+∇δib
Qi

(
qi, (π

i
a(qi|θπi ), δib(qi|θπi ))

∣∣∣θQi )∇θib
πi
b(qi|θπi )

]
(3.5.21)

where qi are sampled from the same mini-batch as in the TD learning phase.

The stochastic gradient descent is then carried out in parameter θπi with the

learning rate αδ.

θπi ← θπi + αδ
1

K

K∑
k=1

(
∇δia

Qi

(
q
(k)
i , (πi

a(q
(k)
i |θπi ), πi

b(q
(k)
i |θπi ))

∣∣∣θQi )∇θia
πi
a(q

(k)
i |θπi )

+∇δib
Qi

(
q
(k)
i , (πi

a(q
(k)
i |θπi ), πi

b(q
(k)
i |θπi ))

∣∣∣θQi )∇θib
πi
b(q

(k)
i |θπi )

)
(3.5.22)

When designing the learning algorithm, we also take into consideration the

trade-off between exploration and exploitation by introducing an exploration

probability that decreases exponentially as a function of iteration steps in each

episode. Exploration is an essential technique for reinforcement learning to

avoid being stuck in the local minima. It allows RL agents to deviate from the

action given by the learned policy according to certain exploration rules. In our

context, exploration means that the agents switch to a randomly new action
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contingently with an exploration probability, instead of picking the action given

by actor networks. Exploration allows agents to ‘experience’ a more diversified

situation to avoid being stuck on limited combinations of states and actions.

More specifically, we add a random Gaussian noise to actions generated by

actor networks when the agents are required to explore. At the beginning of

each episode, each agent has a probability of p0 = 5% to explore the actions.

This exploration probability decreases exponentially pt = p0 · e−ηt where η is

a constant, t is the index of the iteration step. In each episode, exploration is

more often at the beginning with higher probability and decreases as iteration

continues.

Equations (3.5.16)-(3.5.22) define the scheme of our decentralized Multi-

agent Deep Deterministic Policy Gradient (Decentralized MADDPG) algo-

rithm. Both critics Qi and actors (πi
a, π

i
b) are local functions of market maker

i’s own inventory qi. This decentralized feature is an essential difference from

the original DDPG algorithm in [Lowe et al. 2017; Foerster et al. 2018]. The

interactions between market makers are realized through market shares f i
a, f

i
b

that are implicitly monitored by the market environment. As can be seen from

the formulation of the algorithm, training of critics and actors network only

requires local information by each market maker. Hence, our algorithm can

provide a simulation for a scenario where all market makers apply automated

learning algorithms for setting up ask and bid quotes. The simulation results

will be useful for regulators in evaluating the effects of automated learning al-

gorithms on market making. We hereby conclude the algorithm in Algorithm

3.

Algorithm 3 Decentralized Multi-agent Deep Deterministic Policy Gradient

Input: E = number of episodes, T = number of iteration steps in each

episode, B = size of mini-batch. N = number of market makers, f i
a, f

i
b :

execution probabiltiies, λa, λb: intensity of ask and bid order flow, ∆: unit

order size, ψi: running cost for holding inventory to market maker i, and

hyperparameters for learning algorithm and optimization algorithm.

Output: The target actor networks (π̃i
a, π̃

i
b) of each market maker i.

1: Initialization of neural networks:

2: for i ← 1 to N do

3: Pre-train critic network Qi and actor networks πi
a, π

i
b to value function

and quoting strategy of a single monopolistic market maker with execu-

tion probability Λ(δ).

4: Let target networks equal to original networks. Namely Q̃i = Qi, π
i
a =
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π̃i
a, π

i
b = π̃i

b.

5: end for

6: for Episode ← 1 to E do

7: Initialize the inventory states of market makers, denoted by (qi0)i∈{1,...,N}.

8: for t← 0 to T − 1 do

9: Market environment generates an ask or bid RFQ with probability
λa

λa+λb
and λb

λa+λb
.

10: Compute action by target actor networks: δa,it = π̃i
a(q

i
t), δ

b,i
t = π̃i

b(q
i
t).

Exploration is considered with probability p0 · e−ηt.

11: Market makers compete for the RFQ. I it denote the indicator whether

market maker i wins the RFQ.

12: Next inventory level qit+1 is obtained for each market maker i.

13: Data (qit, ϱ
i
t, q

i
t+1, I

i
t) is stored into market maker i’s replay buffer.

14: if Replay buffer contains more data points than mini-batch size B

then

15: for i ← 1 to N do

16: Carry out mini-batch TD learning for critic parameters with

(3.5.18)-(3.5.19).

17: Carry out mini-batch Stochastic Gradient Descent for actor pa-

rameters with (3.5.22).

18: Update target network parameters with (3.5.16).

19: end for

20: else

21: Move on to next iteration t+ 1.

22: end if

23: end for

24: end for

3.5.3 Numerical Experiments

For the implementation, we consider the same numerical settings as in Section

3.4. More specifically, there are 2 market makers, with execution rates defined

in (3.4.6). Other parameters are presented in Table 3.1
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RFQ arrival rate

λa = λb

Interest rate

r

Order size

∆

Running cost

ψ1(q) = ψ2(q)

Risk limit

Q1 = Q2

2 0.01 1 ψi(q) = −0.005q2 5

Table 3.1: RFQ and market makers’ parameters for simulation

We use fully connected neural networks for both critic Qi and actor (δia, δ
i
b).

There are 3 layers in each neural network with 10 hidden units in each layer.

We choose the Rectified Linear Unit (ReLU) function as the activation function

for the hidden layers. The activation for the output layer of the actor network

is a multiplier of tanh function. Specifically, if l is the value before activation

in the output layer, then the final output of the actor network is 5 · tanh(l).
For critic networks, linear activation is applied. We also introduce a layer

normalization for each layer before passing the layer outputs to the activation

function. Layer normalization ([Ba, Kiros, and Hinton 2016]) is a technique to

obtain a more stationary distribution when data is passed between layers. It

normalizes outputs from all units of the same hidden layer to avoid vanishing

gradients or gradient explosions due to extreme outputs while maintaining the

statistical properties of the values. We find layer normalization important

for obtaining stationary quotes values given by actor networks. The detailed

actor-critic structure of each market maker is shown in Figure 3.5.
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Figure 3.5: Actor-critic networks for market makers. Each hidden layer has

10 neuron units.

We use a standardized ADAM optimizer ([Kingma and Ba 2015]) for both

critic and actor networks, with learning rate 0.001, momentum decay rates

(0.9, 0.99), and non-zero regularization 10−6. In Reinforcement Learning, an

‘episode’ refers to a complete play of an agent interacting with the environ-

ment. Within an episode, the agent improves her strategy from these inter-

actions through repeated iterations. An ‘episode’ starts from a randomized

initial state and either terminates after a certain number of iterations or when

the interactions reach a certain termination condition. In our market making

context, an ‘episode’ refers to one round of repeated pricing game where mar-

ket makers compete by posting centered quotes at each iteration, starting from

a random initial inventory profile. Each iteration step updates the parameters

of neural networks via stochastic gradient descent using the data from inter-

actions with the environment. Since in dealer market the agents post centered

quotes consecutively, there are no explicit termination conditions to reach for

each episode. Hence, we set a fixed number of iterations within one episode.
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The training step takes 500 episodes,6 where in each episode there are 500

iterations. In other words, we set E = 500, T = 500 for Algorithm 3. The

replay buffers have a fixed length of 10000, and the mini-batch size is 32.

After the training step, we then let the market makers play a repeated

pricing game using trained quoting strategies, starting from all possible com-

binations of initial inventory levels. The market makers quote consecutively

using the trained actor networks in the simulated market environment. This

process is similar to the training step, however, without the stochastic gradient

descent step. The difference between ask/bid quotes given by actor networks

and equilibrium ask/bid quotes will be used as a measure for detecting collu-

sion. Excessively higher quotes indicate a higher fee charged to clients.

To summarize, we call one round of simulation which consists of the fol-

lowing 2 steps:

• Training the critic and actor networks using Algorithm 3.

• Applying trained quoting strategies in automated pricing game and com-

pare ask/bid quotes with equilibrium quotes.

We implement the training framework using PyTorch, based on OpenAI

Gym ([Towers et al. 2024]), which is widely used for deep reinforcement learn-

ing tasks. Since OpenAI Gym only provides APIs for single-agent reinforce-

ment learning, we developed the multi-agent DRL environment for market

making from scratch. The training of the agents is conducted on an Intel Core

i7 CPU. For the case of 2 market makers, each training step for a single round

of 500 episodes takes approximately 40 minutes. To ensure statistical robust-

ness, we repeat the training process for 100 independent rounds of simulations

to study the average behavior of reinforcement learning algorithms applied in

dealer market making. Consequently, it takes around 70 hours to obtain the

complete training results for the scenario of 2 market makers.

Figure 3.6 shows the average cumulative reward per episode with 95% confi-

dence interval taken over 100 independent simulations. The cumulative reward

per episode refers to the sum of the rewards from the 500 iterations in each

episode.

6We have also experimented training with 1000 episodes and find out that average cu-

mulative reward curves exhibit relatively flat trend after first 500 episodes. The value of the

learned quotes after the training episodes 1000 is at the same level as after the 500 episodes

presented in Figure 3.10, which implies the numerical convergence of the learning algorithm.

This comparison therefore validates our choice of using 500 episodes.
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Figure 3.6: Cumulative reward per episode of market makers during training,

averaged among 100 simulations with 95% confidence interval.

We can see that the average cumulative reward per episode increases during

the training step, with a sharp increase during the first 10 iteration steps. This

indicates that both market makers learn to set up more profitable ask/bid

quotes as the training continues. There are oscillations in the rewards that

suggest some exploration during training. The effectiveness of Decentralized

MADDPG is hence demonstrated in that the learning algorithms have indeed

learned patterns advantageous to each market maker. We also find that the

average reward levels are similar between the 2 competing market makers.

This is explained by their homogeneity with the same parameter values in

Table 3.1, where neither market maker could gain a more favorable position

than her competitor.

Figure 3.7 shows the distribution of the inventory states achieved by the

2 market makers during the training phase. The inventory distribution shows

that different inventory values are visited sufficiently during the training step.

The fact that inventory levels close to 0 are visited more frequently shows

the effect of the running cost function ψi(qi) that penalizes holding nonzero

inventory. Hence, Figure 3.7 provides evidence that exploration takes effect in

our learning algorithm while the statistical property of inventory distribution
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is still maintained.

Figure 3.7: Distribution of inventory states for 2 market makers across 500

episodes

To understand how the distribution of inventory levels evolves during train-

ing, we separately plot the frequency of inventory aggregated from the first 250

episodes and the last 250 episodes in Figures 3.8 and 3.9. The bar plots show

that as learning continues, both market makers have learned to keep their

inventories more centered around neutral inventory, demonstrated by a more

concentrated area around 0 inventory in the last 250 episodes compared to the

first 250 episodes. This indicates that learning agents manage to avoid accu-

mulating portfolios by interacting with the market directly, without knowing

the competition mechanism. The learned quoting strategies by decentralized

MADDPG are able to take into account by themselves the inventory con-

straints from running costs.

The concentration around 0 inventory presented by the learning algorithms

is in line with the assumption of 0 drift on the dynamics of the asset price

(3.1.1). [Vadori et al. 2024] has found that with a positive (negative) drift

added in the price dynamics, the market makers’ learning algorithm learns

the increasing (decreasing) price trend and maintains a positive (negative)

inventory to make profit. It is possible to extend our research with nonzero

drift, in which we expect to observe a skewed inventory distribution from 0

given by learning algorithms, or more complicated price dynamics. We leave

this topic for future research.
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Figure 3.8: Distribution of visited inventory states of 2 market makers with

first 250 episodes

Figure 3.9: Distribution of visited inventory states of 2 market makers with

last 250 episodes

We now study the ask and bid quotes by the actor networks after training.

We obtain 100 independent quoting strategies from each market maker after

100 simulations. Figure 3.10 shows the average centered ask and bid quotes

of the 100 quoting strategies with 95% confidence interval. The quotes are

presented by inventory level. The equilibrium and collusive quotes are plot-

ted as a benchmark. Note that the explicit collusion ask and bid quotes are

approximated by linear functions of inventory, as described in Section 3.3.
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Figure 3.10: Average ask and bid quotes given by trained actor networks

from 100 simulations, with 95% confidence interval. Nash equilibrium quotes

are plotted in blue dashed lines, while approximated explicit collusion quotes

in red dashed lines. The learned quotes are overall higher than competitive

quotes in Nash equilibrium, and even higher than the collusion level across

most inventory levels.

First of all, it is worth noting that the Decentralized MADDPG algorithm

has learned a spread skewing pattern in terms of the inventory levels. The

learned ask quote is a decreasing function of inventory, while the learned bid

quote is increasing as inventory accumulates. Without knowing the competi-

tion mechanism, the learning algorithms are successful in learning the pricing

pattern close to theoretical results. From Figure 3.10 we see that the algo-

rithms learn to generate higher quotes than the Nash equilibrium at all inven-

tory levels. Both market makers will quote higher than equilibrium regardless

of inventory based on their learned quoting strategies. We have seen that

each market maker’s learning algorithm only takes information specific to the

market maker without access to her competitors’ information at all, meaning

that the algorithms are not intended to collude by design. However, both al-

gorithms still learn to quote systematically higher than the Nash equilibrium

level.

For the next step, we simulate market making with competition using the

trained actor networks in the same market environment. This step is also

called a ‘repeated game’ in the game theory context. In this simulation, we let

2 market makers start from the inventory 0 at t = 0, after which they quote

RFQs sent from the simulated market environment, using their trained actor

networks. Since we have 100 independent scenarios, we are able to analyze the
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average behavior in tacit collusion while avoiding bias from a certain specific

simulation scenario. Figure 3.11 shows the average requests and bids and the

cumulative profits of the 100 trained actor networks at each time step dur-

ing the repeated game, compared to those of Nash equilibrium and collusion

strategies. We see that the quotes achieved by Decentralized MADDPG algo-

rithms are systematically wider than the equilibrium quotes, leading to higher

cumulative profits earned by the learned strategies. This result is a dynamic

version of Figure 3.10. The stationary ask and bid quotes in Figure 3.10 are

applied in a repeated game and averaged on 100 possible inventory levels at

each time step.

(a) Average ask and bid quotes of trained actor networks in repeated pricing game with 1000

time steps. 0 in vertical axis refers to mid price.

(b) Average cumulative profits by trained actor networks in repeated pricing game with 1000

time steps.

Figure 3.11: Average quotes and cumulative profits of trained strategies.

To further demonstrate the robustness of tacit collusion in terms of initial

inventories at t = 0, we rerun the above repeated game with all combinations
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of initial inventories (q10, q
2
0) and calculate the average basis of 1000 time steps.

The basis spreads are calculated by the difference between market makers’

ask-bid spread and Nash equilibrium ask-bid spread at every time step. Note

that the average is imposed both on 1000 time steps and 100 independent

trained actor networks. Figure 3.12 shows a heat map of the average basis

spreads of the market makers 2 with respect to the Nash equilibrium spread.

In simulation, the risk limit Q1 = Q2 = 5 with unit order size ∆ = 1, therefore,

each market maker has 11 possible inventory levels ranging from −5 to 5. With

2 market makers, there are 121 possible combinations of initial inventory levels.

We see that the collusive behavior by trained actor networks is significant and

robust in terms of initial states.

Figure 3.12: Average level of excess return in repeated pricing game with 1000

time steps, across all combinations of initial inventories.

To examine the impact of the number of competing market makers on

learning results, we next conduct simulations under the same settings but

with different numbers of market makers. The form of execution probabilities

depends on (3.1.8) on the number of market makers N . We run 100 inde-

pendent scenarios, each with 3, 5 and 10 market makers, and summarize the
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results in Figures 3.13 and 3.14. Figure 3.13 shows the average cumulative

rewards during the training episodes. We observe an increasing trend in the

scenarios with the 3, 5 and 10 market makers, suggesting effective learning in

all the 3 scenarios. However, with more market makers, the increasing trend

in the cumulative rewards slows down, and the reward per market maker is

significantly lower with more market makers. With 10 market makers, the

cumulative rewards are negative most of the time. This result corresponds to

intuition since more market makers induce more intense competition, hence

the time for market makers to learn profitable strategies is longer.

(a) 3 Market Makers (b) 5 Market Makers (c) 10 Market Makers

Figure 3.13: Average cumulative reward per episode during training.

Figure 3.14 presents the learned average ask and bid quotes of 2, 3, 5 and

10 competing market markers compared to corresponding Nash equilibrium

quotes. We see that compared to learned ask and bid quotes with 2 competing

market makers, the learned ask and bid quoted prices with 3, 5 and 10 market

makers are globally lower at all inventory levels. This suggests that the seem-

ingly collusive phenomenon with 2 market makers is mitigated to some extent

with more market makers. This mitigating trend is not apparent when the

number of market makers increases above 3. We estimate that it is due to in-

sufficient training when there are 5 or 10 market makers, because the rewards

in Figure 3.13 still oscillate drastically below 0 with 500 training episodes.

However, the learned quotes are still above Nash equilibrium levels for most of

the inventory levels with 3, 5, and 10 market makers. It is worth noting that

the shape of the learned ask and bid quotes resembles those of Nash equilib-

rium quotes, especially for the case of 10 market makers. This implies that

the learning algorithms have replicated the behavior of Nash equilibrium strat-

egy but produce higher quotes leading to ‘tacit collusion’. Another important

note is that when the number of market makers increases, the learned ask-bid

spreads are more skewed to reduce inventory risk. With more market makers,
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the learning algorithm tends to be more risk averse in that the ask-bid spreads

are more skewed when inventory is none zero. For example, at the inventory

level 5, the average ask quotes of 2 market makers is 0.47. This number for 10

competing market makers is −1.35. The negative ask quotes suggest that mar-

ket makers are more eager to sell when they hold a large long position, even at

the cost of losing money. One possible explanation for this skewing behavior

is that with more market makers, the probability that the learning algorithms

find profitable quotes is lower, hence they are more cautious to avoid holding

large non-zero positions and more eager to reduce their exposure to inventory

risk at such inventory levels.

Figure 3.14: Influence of number of market makers on average ask and bid

quotes.

In summary, this simulation using the decentralized MADDPG algorithm

has seen a behavior similar to collusion between 2 competing market makers.

The learning algorithm is effective in producing stylized features of ask and

bid quotes, but with an overall higher level than equilibrium quotes. This tacit

collusion is robust with different initial inventory levels. With more market

makers, the learned algorithm tends to produce lower quotes than 2 market

makers, and becomes more risk averse in that the ask-bid spreads are more

skewed when market makers’ inventory deviates away from 0.
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3.6 A Review on Learning Dynamics during

Multi-agent Training

Further investigation of the dynamics of inventory states during training steps

reveals more information on the phenomenon of tacit collusion. Figure 3.15-

3.18 present snapshots of training instances with different numbers of market

makers. As indicated, each snapshot shows the dynamics of the inventory

states during either the first or the last episodes of training of one specific

experiment. It can be seen that the difference in the correlation pattern across

the very first and very last episodes is phenomenal, regardless of the numbers

of market makers. For example, in Figure 3.15, during episode 1 the inventory

levels of the market maker 1 and the market maker 2 are coarsely uncorrelated,

since the market maker 2 wins most of the order flow, resulting in the market

maker 1’ inventory being kept flat. However, after 500 episodes of training,

inventories of the 2 market makers are closely correlated. Similar patterns

are observed with 3, 5, 10 market makers, where inventories during the first

few episodes are uncorrelated while during the final episodes they present a

correlated pattern.

Figure 3.15: Inventory comparison between 2 learning market makers in first

and last episodes.
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Figure 3.16: Inventory comparison between 3 learning market makers in first

and last episodes.

Figure 3.17: Inventory comparison between 5 learning market makers in first

and last episodes.
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Figure 3.18: Inventory comparison between 10 learning market makers in first

and last episodes.

Visual inspection of snapshots of training instances indeed shows the emer-

gence of a positive correlation structure in market makers’ inventories after the

learning process. We further quantify this positive correlation pattern: When

the number of market makers is N (N ∈ {2, 3, 5, 10}), within each episode,

we calculate the correlation of inventory levels between all distinct combina-

tions of market maker pairs after concatenating the inventories from the 100

independent training experiments. Hence, for each episode, there are
(
N
2

)
cor-

relations calculated for distinct market maker pairs. Then the average of these

correlations across all market maker pairs is computed and used as a metric

for quantification of the correlation pattern of each training episode. By do-

ing this, we have incorporated several pairwise correlation coefficients into one

single metric per episode, to represent the overall correlation when there are

more than 2 market makers.

The result is summarized in Figure 3.19, which includes a more comprehen-

sive overview of the correlation structure than the snapshots. A significantly

increasing pattern in episode-wise correlation between market makers’ inven-

tories is shown across different numbers of market makers. The correlation

oscillates around 0% in the very first episodes during training. After more

episodes are trained, the average correlations increase to significantly positive

levels. This trend is universal in 4 settings with different numbers of market

makers. With the numbers of market makers increasing, the positive correla-

tion reached in the final episodes tends to weaken but is still at a significantly

positive level.
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Figure 3.19: Average correlation of market maker pairs as function of training

episodes with 95% confidence interval, for 2, 3, 5 and 10 market makers.

3.6.1 Granger Causality Test on the Inventory

Processes

To further investigate whether the correlation observed between the market

maker’s inventories is due to a causal relationship, we perform a statistical

analysis using Granger causality test ([Granger 1969]). Granger causality test

is a statistical hypothesis test that aims to determine whether one time series

can provide significant information to forecast another time series. The test

includes fitting predictive models incorporating lagged values of both time

series and assessing whether the inclusion of past values of one time series

can improve the prediction accuracy for the other. If the improvement is

statistically significant, it suggests the presence of a causal relationship in

Granger causality sense.

Our analysis is carried out in the case of 2 market makers. Specifically, we

test two null hypotheses:

(1) There is no Granger causality for the inventory process of Market Maker

1 on that of Market Maker 2.
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(2) There is no Granger causality for the inventory process of Market Maker

2 on that of Market Maker 1.

For each hypothesis, we perform the tests across 500 episodes for each of 100

independent trials of experiments. The p−values obtained from these tests are

averaged over the trials to provide a measure of statistical significance across

different training episodes. If the p−value from the Granger causality test is

less than 5%, we reject the null hypothesis of no causality. Otherwise, the null

hypothesis is reserved. Our results show that the average p−values are well

above the significance level of 5%, indicating that the null hypothesis cannot

be rejected. This implies that there is no significant evidence of Granger

causality between the inventory processes of the 2 market makers. We present

the detailed results of the average p−values from Granger causality tests in

Figure 3.20, which summarize the average p−values obtained for each null

hypothesis across different episodes.

Figure 3.20: Average p−value per episode from Granger causality test on the

inventory processes of 2 market maker.

The absence of Granger causality between the inventory processes suggests

that the observed positive correlation between the inventories of the 2 mar-

ket makers is not the result of one leading market maker that influences the

inventory changes of the competitor.

3.6.2 Quote Reaction Analysis on Competitor’s Quoted

Values

We further conduct an analysis of how competitors’ quotes evolve following an

RFQ transaction by one of the market makers, in order to look into whether
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the observed correlation between the market makers’ inventories is due to

an ‘oscillating lead-lag’ mechanism in the quotes of the competing market

makers. This mechanism refers to a sequential pattern where one market

maker’s execution of an RFQ, which changes her inventory and thus skews her

quotes, leads to her competitor more likely to win the subsequent RFQ in the

same direction. If this mechanism exists, it can provide an explanation for the

observed correlation in the inventory processes.

Our analysis is designed in 2 parts, focusing on the case of 2 market makers.

First, we examine the quote changes of the competitor in the same direction

(ask or bid) immediately following the execution of an RFQ by one of the

market makers. The quote changes are measured for 1 to 4 iteration steps

after an RFQ execution in the same episode. We perform the calculation

across 500 episodes in all 100 independent experiment trials. The results are

presented in the left panel of Figure 3.21, which shows that on average, there

is a consistent reduction in the competitor’s quotes after a same-side RFQ is

executed by a market maker. This suggests that, during the training process,

the learning algorithms tend to adjust the quotes more aggressively over the

next few steps to increase the probability of winning the next RFQ if they do

not win the RFQ at the current iteration step.

Figure 3.21: Average same-type quote changes and subsequent same-type

quote execution probability of the competitor following an RFQ execution.

The second part of the analysis focuses on whether this quote adjustment

pattern increases the probability of the competitor winning the next same-

type RFQ. Within each episode, we calculate the empirical likelihood of the

competitor winning the subsequent RFQ of the same type after an RFQ ex-
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ecution by one of the market makers. The right panel of Figure 3.21 shows

that, while there is an increasing trend during training in the probability that

the competitor wins the next RFQ of the same type, this probability remains

below 50%, suggesting that a subsequent same-type RFQ is not necessarily

more likely to be executed by the competitor following an RFQ execution by

one of the market makers. Therefore, there is no significant preference for

the competitor to win the next same-type RFQ, and an ‘oscillating lead-lag’

mechanism is probably not statistically significant.

We present in Figure 3.22 a snapshot of correlated inventory processes from

the episode 497 of one experiment trial, together with the associated ask or

bid quotes of the market makers. The winner of the RFQs at each iteration is

annotated. Visual inspection of this episode reveals that RFQ executions do

not consistently lead to the competitor’s execution of subsequent same-type

RFQs.

Figure 3.22: A snapshot of the evolution of the inventory and the ask/bid

quotes during training, in episode 497 in an experiment trial. In the right

panel, the curves with positive values are the ask quotes, and the curves with

negative values are the bid quotes.

To conclude, the positive correlation pattern is nontrivial as the learning

algorithm of each market maker does not have access to the inventory levels

of her competitors. Note that since learning is decentralized and the market is

assumed to be sufficiently liquid, we expect to observe uncorrelated inventory

states, or, in other words, a distribution of inventory levels when the numbers of

market makers are large, instead of correlated inventories. Nevertheless, these
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decentralized learning algorithms are able to have learned quoting strategies

that keep market makers’ inventories correlated with each other. This suggests

each market maker’s algorithm implicitly learns about her competitors’ inven-

tory dynamics through interacting with the market environment, and learns

to adjust their quotes to closely keep track of competitors’ inventories, which

could potentially contribute to market makers jointly quoting higher ask and

bid prices than equilibrium. Although we leave the investigation of the exact

mechanism driving the positively correlated inventory processes for future re-

search, we believe that the analysis in this section sheds light on the impact

of homogeneity on agents’ learned quoting strategies. In our simulation, every

market maker is applying the same category of learning algorithm, with a sim-

ilar network structure and the same risk aversion parameters. The simulation

is therefore based on a homogeneous setting. In Chapter 4, we shall look into

one specific case of heterogeneity in a mean field modelling for a large pop-

ulation of market makers and show its impact on algorithm-learned strategy

compared to homogeneous learning.
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Chapter 4

Competition in Dealer Markets:

Strategic Interactions, Learning

and Heterogeneity

This chapter is based on [Assayag et al. 2024]. In this chapter, we study

the interactions of market makers via mean field modelling. We consider the

market makers to interact through their average bid and ask quotes in the

intensity function and study the dynamics of mean field learning algorithms.

Mean Field Games (MFG) [Lasry and Lions 2007; Huang, Caines, and

Malhamé 2007] provide a tractable approach to model a large population of

market makers in an OTC market, and to study the resulting dynamics of

deep reinforcement learning algorithms applied to make the market in such an

MFG framework. This approach allows for a tractable analysis of the complex

interactions and strategic decision making of a large number of market makers,

which traditionalN -player game-theoretic models struggle to handle efficiently.

The MFG framework, primarily characterized by a continuum of agents

whose collective behavior impacts each individual, offers a novel perspective to

understand the dynamics of decentralized decision making in financial markets.

It enables us to model the average effect of all other market makers on a

representative market maker, thus simplifying the analysis while capturing the

essence of competitive and adaptive behaviors. This is particularly pertinent in

the context of electronic OTC markets, where the number of participants can

be large, and their interactions and quoting strategies are continually evolving.

Furthermore, the mean field deep reinforcement learning framework ex-

tends the scope studied in Chapter 3, where a decentralized multi-agent deep

reinforcement learning algorithm is proposed for N -player stochastic differen-

tial game model of market makers. This learning process features the scenario
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where a representative market maker applies a learning algorithm to quote

ask and bid prices through interacting with the market environment and the

mean field generated by collective market behavior, giving rise to the market

dynamics that we aim to explore. These include equilibrium states, the poten-

tial for tacit collusion, and the impact of individual learning on overall market

stability and efficiency.

By integrating the MFG framework with deep reinforcement learning al-

gorithms, we undertake a comprehensive study to uncover the underlying me-

chanics of how market makers interact and learn in a decentralized manner.

This thesis aims not only to contribute to the theoretical understanding of

these complex systems but also to offer insights that could inform practical

approaches in market regulation and the development of next-generation algo-

rithmic trading strategies.

We envision the trend towards the popularized adoption of AI-driven algo-

rithms by an increasing number of market participants, which can potentially

introduce different market dynamics compared to rule-based algorithms. A re-

cent report by [IMF 2024] has highlighted the potential changes and risks with

the further adoption of AI in financial markets. Specifically, it has highlighted

potential concerns such as algorithmic collusion and market manipulation risks,

similarly raised in other literature cited in this thesis. Since RL-based algo-

rithms are one of the most important AI techniques being applied in finance,

and their learning through interactions with the environment can be naturally

adapted to the application of market making, we believe that these RL-based

algorithms are the most likely candidates for adoption by dealers to embrace

AI in market making. Therefore, we believe that now is the time to proactively

study the implications of the scenario in which a large number of market mak-

ers adopt RL-based quoting strategies. This includes extending the analysis

of the models developed in Chapters 2 and 3 to a mean field game setting.

Outline Section 4.1 describes our model setting for a continuous-time dealer

market with competition among market makers, formulated as a mean field

game with control being the representative market maker’s quoted ask and

bid prices. We prove the existence of mean field Nash equilibrium and provide

a condition for uniqueness. In Section 4.2 we design a mean field deep rein-

forcement learning algorithm applied by a representative market maker in a

simulated market environment. In Section 4.3 we present simulation evidence

that homogeneous mean field learning does not necessarily converge to mean
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field Nash equilibrium, giving rise to ‘tacit collusion’. We show that supra-

competitive learning behavior is mitigated when heterogeneity is introduced

where a learning agent interacts with a mean field equilibrium system.

4.1 Competition in Dealer Markets: a Mean

Field Game Approach

The MFG framework relies on several key assumptions. One fundamental as-

sumption is the existence of a large number of agents, where the individual

agents have negligible impact on the overall system, so that the aggregate effect

formed by the agents can be modelled by a mean field approximation. Another

critical assumption is that the agents have rational expectations, meaning they

respond optimally to the mean field, and have full knowledge on the evolution

of the mean field based on other agents’ strategies. The agents are typically

assumed to be homogeneous and can be modelled by a representative agent

to analyze equilibrium strategies. In terms of observability, mean field games

assume that agents can observe the mean field, which reflects the population

distribution, but do not have information about the states or strategies of indi-

vidual agents. This aligns with our market making setting, where the market

makers do not observe competitors’ quoting strategies, but are influenced by

the joint actions of competitors’ quotes through the intensity function. In our

model, this partial observability is represented by the dependence of the in-

tensity functions on the average ask and bid quotes of the entire population,

as discussed in this section.

We consider a single-asset market where the dynamics of the reference asset

price follow Bachelier’s model:

St = S0 + σWt (4.1.1)

We assume that there are infinitely many market makers competing in a

dealer market, and the interactions occur through the mean bid and ask quotes

in the intensity function. We hence study the behavior of a representative

market maker instead of considering the complicated interactions in N-player

games.

The bid and ask prices quoted by a representative market maker are indi-

cated by Sa
t and Sb

t , in which the representative market maker quotes centered
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spreads δat and δb on top of the reference price St.

Sb
t = St − δbt

Sa
t = St + δat (4.1.2)

As discussed in Section 3.1, the ask price Sa
t is always above the bid price Sb

t .

The centered quotes δat , δ
b
t are generally positive. However, one of the centered

quotes δat or δ
b
t can take negative values, due to the aggressive quoting behavior

of the market maker to attract order flow in the corresponding direction and

to reduce her inventory risk. A lower bound −δ∞ with δ∞ > 0 is imposed

on the value of centered quotes δat , δ
b
t to limit negative quotes, namely δat ≥

−δ∞, δbt ≥ −δ∞.

We let Iδ denote the interval [−δ∞,∞), then introduce the admissible strat-

egy space of the representative market maker starting from time t.

AT
t =

{
δ = (δa, δb)

∣∣∣for k ∈ {a, b}, δk ∈ C([t, T ], (Iδ)2H+1
)
;

∀s ∈ [t, T ], δk(s) =
(
δk(s, q)

)
q∈Q ∈ (Iδ)

2H+1
}

(4.1.3)

Particularly AT
0 denotes the space of admissible strategies that start at time

0.

We first introduce a few function spaces. We denote by P(Q) the space

of probability distributions in Q. Since Q is finite, we identify P(Q) with the

(2H + 1)-dimensional simplex SQ:

SQ = {(pq)q∈Q|pq ≥ 0,
∑
q∈Q

pq = 1}

SQ is a closed subset in R2H+1, equipped with the Euclidean norm ||.||2.
The market maker is characterized by their inventory level, representing

their state, and their ask/bid quotes for the asset, representing their action.

[Guo, Hu, et al. 2019] study generalized mean field games (GMFG) where

the joint distribution of states and actions formulates the mean field. In

this thesis, we are studying deterministic quoting strategies instead of ran-

domized actions by market makers, and we shall see that the population’s

quoting strategies coincide with equilibrium quoting strategy when the sys-

tem reaches mean field equilibrium. Therefore, we consider state distribution

as the mean field formed by all market makers. More specifically, the mean

field is characterized by a probability distribution flow of inventories. We

describe the flow of the inventory distribution of the population using a (dif-

ferentiable) map M : [0, T ]→ (SQ, || · ||∞). We denote M (t) = m(t, ·) where
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m(t, ·) = (m(t, q))q∈Q ∈ SQ. Clearly m(t, ·) defines a probability density func-

tion on Q. We also define B([0, T ] × Q) as the space of bounded functions

defined in domain [0, T ]×Q, equipped with the norm || · ||∞.

We assume that the market maker population applies a common quoting

strategy δ̄ ∈ AT
0 with δ̄t = (δ̄a(t, q), δ̄b(t, q)). The interactions between the rep-

resentative market maker and the population are realized through the average

of ask and bid quotes by the population.

µ̄a
t =

∫
Q

δ̄a(t, q)m(t, q)dq µ̄b
t =

∫
Q

δ̄b(t, q)m(t, q)dq (4.1.4)

The inventory of the representative market maker is modelled by the point

processes N b
t and Na

t representing the order flow from the bid and ask sides

whose unit size is 1:

dqt = dN b
t − dNa

t (4.1.5)

The intensities νb, νa of point processes N b
t , N

a
t satisfy

νat = λafa(δ
a
t , µ̄

a
t )I(qt > −Z) νbt = λbfb(δ

b
t , µ̄

b
t)I(qt < Z) (4.1.6)

where Z is the inventory limit imposed on the representative market maker,

µ̄a, µ̄b is the average ask and bid quotes from quoting strategies of the entire

population. We assume that at each time t the population inventory distri-

bution mt(dq) yields a probability density function denoted by m(t, q). The

inventory limit Z imposed results in the representative market maker’s inven-

tory taking values from the finite discrete set Q = {−Z,−Z + 1, . . . , Z} with
2Z + 1 elements.

The cash process Xt of the representative market maker consists of revenue

from market making on both ask and bid sides. It equals the difference between

the income from selling the asset and the payment for buying the asset.

dXt = Sa
t dN

a
t − Sb

tdN
b
t = δbtdN

b
t + δat dN

a
t − Stdqt (4.1.7)

We consider Markovian controls where the quotes are functions of the market

maker’s inventory:

δbt = δb(t, qt), δ
a
t = δa(t, qt) (4.1.8)

The representative market maker faces an optimization problem with re-

spect to her quoting strategy. For the objective function, we consider the

profit and loss between a given time interval [0, T ] exponentially discounted
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by the interest rate r, regularized by the running cost of holding nonzero inven-

tory and terminal inventory. Namely, given a flow of population distribution

M : [0, T ] → SQ and given a population quoting strategy δ̄ ∈ AT
0 , at time 0

the representative market maker aims at maximizing:

J0(δ; δ̄,M ) = Eδ,δ̄,M
[ ∫ T

0

e−rtd(Xt + qtSt)− e−rTϕ(qT )−
∫ T

0

e−rtψ(qt)dt
]

(4.1.9)

where ψ : R → R+ is the running cost for holding inventory and ϕ : R → R+

is the representative market maker’s cost for liquidating non-zero inventory at

terminal time T . The expectation Eδ,δ̄,M is taken for the inventory process qt

under the control of the representative market maker’s quoting strategy δ, the

population’s quoting strategy δ̄, and the population distribution flow M .

The value function at time t is defined as

Vt(δ̄,M) = sup
δ∈AT

t

Jt(δ; δ̄,M )

= sup
δ∈AT

t

Eδ,δ̄,M
[ ∫ T

t

e−r(u−t)d(Xu + quSu)− e−r(T−t)ϕ(qT )

−
∫ T

t

e−r(u−t)ψ(qu)du
∣∣∣Ft

]
(4.1.10)

we denote the value function conditioned on the event {qt = q} by V δ̄,M (t, q),

that is,

V δ̄,M (t, q) = sup
δ∈AT

t

Eδ,δ̄,M
[ ∫ T

t

e−r(u−t)d(Xu + quSu)− e−r(T−t)ϕ(qT )

−
∫ T

t

e−r(u−t)ψ(qu)du
∣∣∣qt = q

]
(4.1.11)

Remark 4.1.1. N -player market making game can be formulated in an anal-

ogous format. In an N -player system, the inventory process qit of the market

maker indexed by i (i = 1, . . . , N) is expressed by point processes Na,i
t and

N b,i
t : dqit = dN b,i

t −dN
a,i
t , where intensities of Na,i

t and N b,i
t are jointly affected

by the market maker i and the average quotes of market makers:

νa,it = λafa(δ
a,i
t ,

1

N

N∑
j=1

δa,jt )I(qit > −Zi), ν
b,i
t = λbfb(δ

b,i
t ,

1

N

N∑
j=1

δb,jt )I(qit < Zi)

Market maker i hence aims to maximize the objective functional:

J i
0(δ

i; δ−i) = Eδi,δ−i
[ ∫ T

0

e−rtd(X i
t + qitSt)− e−rTϕ(qiT )−

∫ T

0

e−rtψ(qit)dt
]
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The notations are analogous to the mean field game model with superscript i

added. δ−i is the collection of all the competitors’ quoting strategies. Prop-

agation of chaos allows us to expect that when N → ∞ the N -player Nash

equilibrium converges to the mean field Nash equilibrium.

Some assumptions are made about the execution rate functions fa and fb:

Assumption 4.1.2. f ∈ {fa, fb} are C2 functions on R2, satisfying:

1. ∂δf(δ, µ) ≤ 0, ∂µf(δ, µ) ≥ 0

2. ∀µ ∈ R, lim
δ→∞

f(δ, µ) = 0; ∀δ ∈ R, lim
µ→∞

f(δ, µ) ≤ 1

3. There exists a function Λ(δ) ∈ C2(R) such that 0 < f(δ, µ) ≤ Λ(δ), and

lim
δ→∞

Λ(δ)δ = 0,Λ′(δ) < 0,Λ(δ)Λ′′(δ) ≤ 2(Λ′(δ))2

4. There exists a constant C > 0 such that

2− ∂2δδf(δ, µ)f(δ, µ)

(∂δf(δ, µ))2
≥ C (4.1.12)

5. There exists a constant K ≥ 0 such that∣∣∣∣∂µf(δ, µ)∂δf(δ, µ)

∣∣∣∣ ≤ K (4.1.13)

6. There exists a constant c < 1, such that ∀δ, µ ∈ R,

|∂δf(δ, µ)∂µf(δ, µ)− f(δ, µ)∂δ∂µf(δ, µ)|
2(∂δf(δ, µ))2 − ∂2δδf(δ, µ)f(δ, µ)

≤ c (4.1.14)

Remark 4.1.3. Assumption 4.1.2 is made on the regularity of the execution

rate functions fa and fb. Assumption 1 is intuitive that the execution rate

decreases when the representative market maker increases her quotes and in-

creases when the average population quotes increase. Assumption 2 is made

on the asymptotic limit of the execution rates. Assumption 3 corresponds to

the intuition that the execution probability in the mean field game model is

dominated by Λ(δ) which can be understood as that of a single market maker

case. This assumption is also made in Chapter 3 where a multi-agent model

is proposed. Assumptions 4, 5 and 6 are regularity conditions for proving the

existence of a mean field Nash equilibrium.

Moreover, we provide the economic rationale behind Assumptions 4, 5,

and 6. The condition (4.1.12) makes sure that the function δ → δf(δ, ·) has
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a unique maximum. The condition (4.1.13) represents a bounded sensitivity

condition of the intensity function f(δ, µ), where the impact of changes in the

mean field µ on the intensity function f is limited and dominated by the impact

of the representative market maker’s quote δ. This means that the influence of

the aggregate market behavior represented by ∂µf(δ, µ) is not disproportion-

ally large compared to the influence of the agent’s own quotes represented by

∂δf(δ, µ). Hence, it imposes a stability condition on the intensity function to

prevent drastic changes in the intensity function in response to a small fluctu-

ation in the mean quote µ. The condition (4.1.14) introduces another stability

condition in terms of the higher-order sensitivity of f with respect to both δ

and µ. The assumption is similar to one made by [Luo and Zheng 2021] to

prove the general Issac’s condition. The high-order or cross-term sensitivity

of f involving both δ and µ should not be excessively large compared to that

with respect to δ only. This ensures that the combined influence of δ and µ

on f remains controlled, avoiding extreme sensitivity in the cross-terms.

We first show a uniform boundedness result of the objective function (4.1.9).

The proof is similar to that in Chapter 3 where the third assumption of As-

sumption 4.1.2 plays the main role. We first need the following lemma to

rewrite the objective function (4.1.9).

Proposition 4.1.4. Under Assumption 4.1.2, the objective function (4.1.9)
can be written as

J0(δ; δ̄,M) = Eδ,δ̄,M
[ ∫ T

0

e−rt
(
λaδat fa(δ

a
t , µ̄

a
t )I(qt > −Z) + λbδbtfb(δ

b
t , µ̄

b
t)I(qt < Z)

)
dt

− e−rTϕ(qT )−
∫ T

0

e−rtψ(qt)dt
]

(4.1.15)

There exists a constant Jmax(T ) > 0 such that for any quoting strategy δ

and population distribution flow M

|J0(δ; δ̄,M )| ≤ Jmax(T ). (4.1.16)

Proof. First, observe that running cost ψ(qt) is uniformly bounded since the

process qt takes values from the finite set Q. Then the expectation for the

running cost term E[
∫ T

0
e−rtψ(qt)dt] <∞ is uniformly bounded for any T > 0.

Assumption 4.1.2 implies that |δat fa(δat , µ̄a
t )| ≤ |δatΛ(δat )|. Since limδ→∞ Λ(δ)δ =

0, δat = δa(t, qt) takes values on [−δ∞,+∞) then there exists a constant ∆ > 0,

such that ∀δ > ∆, |Λ(δ)δ| < 1. From the continuity of function δ → Λ(δ)δ

in the closed interval [−δ∞,∆], this function is also bounded. We can then

define Ka := max( sup
δ∈[−δ∞,∆]

Λ(δ)δ, 1) to obtain |δat fa(δat , µ̄a
t )| ≤ Ka uniformly.
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Similarly, we obtain the uniform boundedness of |δbtfb(δbt , µ̄b
t)| by a constant

Kb.

Hence, we have the following estimation.∫ T

0

e−rtλaδat fa(δ
a
t , µ̄

a
t )I(qt > −Z)dt ≤ λaKa

∫ T

0

e−rtdt <∞∫ T

0

e−rtλbδbtfb(δ
b
t , µ̄

b
t)I(qt < Z)dt ≤ λbKb

∫ T

0

e−rtdt <∞

(4.1.17)

Therefore

E
[∫ T

0

e−rtδatN
a(dt)

]
= E

[∫ T

0

e−rtλaδat fa(δ
a
t , µ̄

a
t )I(qt > −Z)dt

]
E
[∫ T

0

e−rtδbtN
b(dt)

]
= E

[∫ T

0

e−rtλbδbtfb(δ
b
t , µ̄

b
t)I(qt < Z)dt

]
(4.1.18)

By combining the dynamics of inventory and cash processes (4.1.5)-(4.1.7)
and applying Itô’s formula on process (Xt + qtSt) one can write the objective
function (4.1.9) as

J0(δ; δ̄,M) = Eδ,δ̄,M
[ ∫ T

0

e−rt
(
δatN

a(dt) + δbtN
b(dt)

)
− e−rTϕ(qT )−

∫ T

0

e−rtψ(qt)dt
]

= Eδ,δ̄,M
[ ∫ T

0

e−rt
(
λaδat fa(δ

a
t , µ̄

a
t )I(qt > −Z) + λbδbtfb(δ

b
t , µ̄

b
t)I(qt < Z)

)
dt

− e−rTϕ(qT )−
∫ T

0

e−rtψ(qt)dt
]

(4.1.19)

Combining the estimation (4.1.17) with (4.1.19) we obtain

|J0(δ; δ̄,M )| ≤
λaKa + λbKb +max

q∈Q
ψ(q)

r
+ e−rT max

q∈Q
ϕ(q) (4.1.20)

Remark 4.1.5. The upper bound in Proposition 4.1.4 is still valid for Jt(δ; δ̄,M).
From the proof, we see that Proposition 4.1.4 applies to the case when T tends
to ∞. Hence the objective function with infinite horizon is well-defined:

J∞(δ; δ̄,M) = Eδ;δ̄,M
[ ∫ ∞

0

e−rt
(
λaδat fa(δ

a
t , µ̄

a
t )I(qt > −Z) + λbδbtfb(δ

b
t , µ̄

b
t)I(qt < Z)

)
dt

−
∫ ∞

0

e−rtψ(qt)dt
]

(4.1.21)

where δ take values from A∞
0 .

From Proposition 4.1.4 on the uniform boundedness of the value function

V δ̄,M (t, q), for given t, V δ̄,M (t, ·) is an element of R2H+1 equipped with the
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norm || · ||∞. Hence we can represent the value function as a map V δ̄,M :

[0, T ] → (R2H+1, || · ||∞) with V δ̄,M (t) = V δ̄,M (t, ·) ∈ R2H+1. This notation

provides the necessary framework for proving the existence of mean field Nash

equilibrium, as is defined below.

Definition 4.1.6. (Mean field Nash equilibrium) We say a flow of population

distribution M ∗ is a mean field Nash equilibrium (MFNE) for (4.1.2)-(4.1.9)

if there exists a quoting strategy δ∗ ∈ AT
0 , such that

J0(δ
∗; δ∗,M ∗) = max

δ∈AT
0

J0(δ; δ
∗,M ∗) (4.1.22)

and, for all t ∈ [0, T ], M ∗(t) ∈ P(Q) is the distribution of the representative

market maker’s inventory qδ
∗

t controlled by the quoting strategy δ∗. We call

δ∗ the mean field quoting strategy.

Remark 4.1.7. The optimality condition 4.1.22 means that, in equilibrium,

market makers have no incentive to deviate from the equilibrium quoting strat-

egy δ∗ when the (rest of the) population is following this strategy.

Prior to prove the existence of mean field Nash equilibrium in our mean

field game of market making model, we first define mappings Ξa and Ξb on R2

as the argmax of following functions which will appear in (4.1.25):

Ξa(p, µ) = argmax
δ>−δ∞

fa(δ, µ)(δ − p)

Ξb(p, µ) = argmax
δ>−δ∞

fb(δ, µ)(δ − p) (4.1.23)

We shall see in Lemma B.1.1 that Ξa and Ξb are well-defined and continuously

differentiable functions of (p, µ).

Define the Hamiltonian functions Ha,Hb : R× R→ R as

Ha(p, µ) = λa sup
δ>−δ∞

fa(δ, µ)(δ − p) Hb(p, µ) = λb sup
δ>−δ∞

fb(δ, µ)(δ − p)

(4.1.24)

We can show that the mean field Nash equilibrium defined by Definition

4.1.6 is characterised by a system of coupled Hamilton-Jacobi equations and
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Chapman-Kolmogorov equations:

0 = ∂tV − rV − ψ(q) +Ha
(
V (t, q)− V (t, q − 1), µa(t)

)
I(q > −Z)

+Hb
(
V (t, q)− V (t, q + 1), µb(t)

)
I(q < Z)

V (T, q) = −ϕ(q)

µa(t) =
∑
ξ∈Q

Ξa
(
V (t, ξ)− V (t, ξ − 1), µa(t)

)
m(t, ξ)I(ξ > −Z)

µb(t) =
∑
ξ∈Q

Ξb
(
V (t, ξ)− V (t, ξ + 1), µb(t)

)
m(t, ξ)I(ξ < Z)

0 = ∂tm(t, q)− λafa
(
Ξa
(
V (t, q + 1)− V (t, q), µa(t)

)
, µa(t)

)
m(t, q + 1)I(q < Z)

−λbfb
(
Ξb
(
V (t, q − 1)− V (t, q), µb(t)

)
, µb(t)

)
m(t, q − 1)I(q > −Z)

+λafa

(
Ξa
(
V (t, q)− V (t, q − 1), µa(t)

)
, µa(t)

)
m(t, q)I(q > −Z)

+λbfb

(
Ξb
(
V (t, q)− V (t, q + 1), µb(t)

)
, µb(t)

)
m(t, q)I(q < Z)

m(0, q) = m0(q)

(4.1.25)

The following result, whose proof is provided in Appendix B.1, shows the

existence of a mean field Nash equilibrium, characterized by the system of

equations (4.1.25).

Theorem 4.1.8. Under Assumption 4.1.2, there exists a solution (V ∗,m∗) to

(4.1.25), such that

V ∗,m∗ ∈ B([0, T ]×Q), and ∀q ∈ Q, V ∗(·, q),m∗(·, q) ∈ C1([0, T ],R).
(4.1.26)

Proposition 4.1.9. (Verification) Let (Ṽ ∗, m̃∗) be a solution to (4.1.25) sat-

isfying (4.1.26) and define the associated quoting strategy:

δ̃a,∗(t, q) = Ξa
(
Ṽ ∗(t, q)− Ṽ ∗(t, q − 1), µ̃a,∗(t)

)
δ̃a,∗(t, q) = Ξb

(
Ṽ ∗(t, q)− Ṽ ∗(t, q + 1), µ̃b,∗(t)

)
(4.1.27)

where Ξa,Ξb are defined in (4.1.23), and µ̃a,∗(t), µ̃b,∗(t) are solutions to

µ̃a,∗(t) =
∑
ξ∈Q

Ξa
(
Ṽ ∗(t, ξ)− Ṽ ∗(t, ξ − 1), µ̃a,∗(t)

)
m̃∗(t, ξ)I(ξ > −Z)

µ̃b,∗(t) =
∑
ξ∈Q

Ξb
(
Ṽ ∗(t, ξ)− Ṽ ∗(t, ξ + 1), µ̃b,∗(t)

)
m̃∗(t, ξ)I(ξ < Z) (4.1.28)

Define the population distribution flow M̃
∗
: [0, T ] → P(Q) associated with

density m̃∗(t, q) at time t, and write δ̃
∗
= (δ̃a,∗, δ̃b,∗). Then M̃

∗
is mean field

Nash equilibrium defined in Definition 4.1.6, and δ̃
∗
is the associated mean

field quoting strategy.
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The proof is provided in Appendix B.2.

As a consequence of Theorem 4.1.8 and Proposition 4.1.9 we obtain:

Corollary 4.1.10 (Existence of Nash Equilibrium). Under Assumption 4.1.2,

there exists a mean field Nash equilibrium for system (4.1.2)-(4.1.9).

The uniqueness of equilibrium is far from obvious in mean field games, and

requires assumptions on the monotonicity of the associated Hamiltonian with

respect to the probability measure under separation of variables ([Lasry and

Lions 2006a; Lasry and Lions 2006b; Lasry and Lions 2007]). For mean field

games on a finite state space similar monotonicity and separability conditions

have been used by [Gomes, Mohr, and Souza 2013; Guéant 2011] to derive

uniqueness. However, in our model, the functions Ha,Hb defined in (4.1.24)

do not necessarily possess a separability property in the variables p and µ.

[Guéant 2015] proposes an algebraic condition for uniqueness in a more general

framework without separability property. In spirit of [Guéant 2015] we provide,

in Appendix B.3, an algebraic condition for uniqueness of Nash equilibrium.

4.2 Learning Dynamics: Mean Field Deep

Reinforcement Learning

The mean field Nash equilibrium characterized by system of equations (4.1.25)

results from the interactions of a representative market maker with the mean

field generated by the distribution of all market makers’ states. This equilib-

rium relies implicitly on the rational expectation assumption, where each agent

is assumed to have complete knowledge of the population dynamics. Agents

respond optimally to the overall population distribution, and anticipates that

other agents will also behave rationally. They consistently expect to know

the evolution of the population distribution, leading to a fixed point distribu-

tion to which they respond with an optimal policy, and which coincides with

the population distribution resulting from this optimal policy used by all the

agents ([Guéant, Lasry, and Lions 2011]).

However, the notion of equilibrium does not necessarily characterize the

procedure of reaching this equilibrium state. In practice, market makers em-

ploy automated algorithms that dynamically adjust their quotes based on ob-

served market data without knowing the underlying market model. Algorithm

automation specifically leads us to study reinforcement learning algorithms

that enable agents to learn their decision strategy through interactions with
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the environment by trial and error. In this case, the assumption of rational

expectation is relaxed, and we are interested in the potential market dynam-

ics resulted from the learning algorithms with adaptive expectations, which

can be reflected by our algorithm. Compared to multi-agent reinforcement

learning algorithms, mean field game learning has the advantage of efficiency

resolving computational intractability when number of agents is large while

maintaining realistic nature of agents’ learning behavior. We hereby study the

effects brought by the mean field reinforcement learning algorithm applied to

market making problems.

Algorithms for learning mean field games usually involves alternately up-

dating the population distribution and representative agent’s strategy. [Guo,

Hu, et al. 2019] study the learning problem associated with the generalized

mean field game (GMFG) and prove the convergence of the mean field Q-

learning algorithm. We refer to [Laurière et al. 2022] for a comprehensive

survey on learning problems in mean field games. Note that in this literature,

learning algorithms are primarily employed as numerical method to compute

equilibrium. Our study distinctly focuses on exploring the dynamics result-

ing from the application of these algorithms by market makers without prior

knowledge of market dynamics, shedding light on the real-world behavioral

patterns and strategic interactions of market makers influenced by learning

algorithms.

4.2.1 Computing Nash Equilibria

The numerical methods for solving mean field games have been studied exten-

sively along with its theoretical development over the past decade. The foun-

dational works by [Achdou and Capuzzo-Dolcetta 2010] and [Achdou, Camilli,

and Capuzzo-Dolcetta 2012] develop finite different schemes to solve the cou-

pled HJB and FPK equations of MFG systems in both infinite and finite time

horizon. The authors analyze existence and uniqueness of solution to the

numerical scheme, and provide bounds on the solution. Examples of conver-

gence results have also been shown. Further advancements include the work

of [Achdou and Kobeissi 2021], who introduce finite difference approximations

for mean field games of controls, in which the agents interact through distri-

bution of both their states and strategies. [Achdou and Laurière 2020] provide

a comprehensive overview of different numerical methods with an emphasis

on the iterative schemes and applications to various MFG problems. [Laurière

2021] further surveys numerical approaches for both MFGs and mean field type
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control with discussions on both the numerical schemes and the algorithms to

solve these schemes. The authors also include more recent developments such

as the monotonic operator method ([Almulla, Ferreira, and Gomes 2017]) and

neural network approximations ([Carmona and Laurière 2021]).

In this section, we propose a Picard fixed-point iteration scheme to numer-

ically solve the system of MFG equations (4.1.25), as described by [Laurière

2021]. We consider intensity functions fa, fb of the form:

fa(δ, µ) =
1

Caeδ + Camekamδ−kaµµ

fb(δ, µ) =
1

Cbeδ + Cbmekbmδ−kbµµ
(4.2.1)

Meanwhile, we define a quadratic inventory cost function ψ(q) = 1
2
× 0.01q2

and a quadratic terminal cost ϕ(q) = −0.01q2. The interest rate is set r =

0.01. An inventory limit of H = 10 is imposed on the representative market

maker. The order flow arrival rates are symmetric on the ask and bid side

λa = λb = 5. For the intensity function, we specify the parameters as follows:

ka = kb = 2, kam = kbm = Kaµ = Kbµ = 3, Ca = Cb = 1, Cam = Cbm = 1. We

can verify that (4.2.1) satisfies Assumption 4.1.2, hence a mean field market

making problem with (4.2.1) yields a Nash equilibrium. Figure 4.1 shows the

intensity as functions of the representative market maker’s centered quotes.

These intensities are decreasing in terms of centered quotes, but increasing as

functions of average quoted prices by competitors. The intensities are bounded

by Λ(δ) = e−δ which can be regarded as the intensity when there is a single

market maker, as well as the upper bound in Assumption 4.1.2.

Figure 4.1: Intensity functions with different average centered quotes, which

are increasing functions of µ.

We compute mean field Nash equilibrium ask and bid quotes by numeri-
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cally solving the system of equations ((4.1.25)) using a Euler finite-difference

scheme, coupled with an iterative method for computing the fixed point. De-

fine the time grid 0 = t0 < t1 < . . . < tN = T with ∆tn = tn+1 − tn, and

compute the approximate value function V =
(
(Ṽn(q))q∈Q

)
n∈{0,...,N} and the

approximate flow of the density functionM =
(
(m̃n(q))q∈Q

)
n∈{0,...,N} by fixed

point iteration, where Ṽn(q) = Ṽ (tn, q), m̃n(q) = m̃(tn, q). Within each fixed

point iteration V is computed by a backward iteration starting with the termi-

nal condition ṼN(q) = −ϕ(q) andM is updated by a forward iteration starting

from m̃0(q) = m0(q). At k
th fixed point iterations, the values V(k) are updated

according to the backward Euler scheme (4.2.2) using the density flowM(k−1)

from the (k − 1)th fixed point iteration.



Ṽ k
n (q) = Ṽ k

n+1(q)−∆tn

(
rṼ k

n+1(q) + ψ(q)−Ha
(
Ṽ k
n+1(q)− Ṽ k

n+1(q − 1), µa
n+1

)
I(q > −Z)

−Hb
(
Ṽ k
n+1(q)− Ṽ k

n+1(q + 1), µb
n+1

)
I(q < Z)

)
µa
n+1 =

∑
ξ∈Q

Ξa
(
(Ṽ k

n+1(ξ)− Ṽ k
n+1(ξ − 1), µa

n+1

)
m̃k−1

n+1(ξ)I(ξ > −Z)

µb
n+1 =

∑
ξ∈Q

Ξb
(
Ṽ k
n+1(ξ)− Ṽ k

n+1(ξ + 1), µb
n+1

)
m̃k−1

n+1(ξ)I(ξ < Z)

Ṽ k
N (q) = −ϕ(q)

(4.2.2)

After calculating V(k), the density function flow M(k) is updated via the

forward Euler scheme (4.2.3) using the calculated value functions V(k) within

kth fixed point iteration.



m̃k
n+1(q) = m̃k

n(q) + ∆tn

(
λafa

(
Ξa
(
Ṽ k
n (q + 1)− Ṽ k

n (q), µa
n

)
, µa

n

)
m̃k

n(q + 1)I(q < Z)+

λbfb

(
Ξb
(
Ṽ k
n (q − 1)− Ṽ k

n (q), µb
n

)
, µb

n

)
m̃k

n(q − 1)I(q > −Z)−

λafa

(
Ξa
(
Ṽ k
n (q)− Ṽ k

n (q − 1), µa
n

)
, µa

n

)
m̃k

n(q)I(q > −Z)−

λbfb

(
Ξb
(
Ṽ k
n (q)− Ṽ k

n (q + 1), µb
n

)
, µb

n

)
m̃k

n(q)I(q < Z)

µa
n =

∑
ξ∈Q

Ξa
(
(Ṽ k

n (ξ)− Ṽ k
n (ξ − 1), µa

n

)
m̃k

n(ξ)I(ξ > −Z)

µb
n =

∑
ξ∈Q

Ξb
(
Ṽ k
n (ξ)− Ṽ k

n (ξ + 1), µb
n

)
m̃k

n(ξ)I(ξ < Z)

m0(q) = m0(q)

(4.2.3)

The numerical scheme is summarized below (Algorithm 4). We study the

numerical convergence based on L2 norm of difference in values and densities

between two consecutive fixed point iteration ||V(k) − V(k−1)||2 and ||M(k) −
M(k)||2.
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Algorithm 4 Finite difference scheme for computing mean field Nash

equilibrium

Input: K = number of fixed point iterations, N =number of discrete time

steps on interval [0, T ], fa, fb, λ
a, λb: intensity of ask and bid order flow,

ψ: inventory cost function, ϕ: terminal cost function

Output: Approximated value function, population distribution and mean

field Nash equilibrium

1: Initialize values V(0) and densitiesM(0).

2: for k ← 1 to K do

3: Value iteration: Compute V(k) =
(
(Ṽ k

n (q))q∈Q
)
n∈{0,...,N} with back-

ward Euler scheme (4.2.2) where the density function flow is fixed as

M(k−1).

4: Density iteration: Compute M(k) =
(
(m̃k

n(q))q∈Q
)
n∈{0,...,N} with for-

ward Euler scheme (4.2.3) where the value function is fixed as V(k).

5: end for

6: Compute approximated Nash equilibrium quoting strategy using V(K) and

M(K) from (4.1.27) and (4.1.28).

Remark 4.2.1. Algorithm 4 is relatively straightforward compared to some of

the more advanced methods available in the literature. However, our chosen

approach has several advantages that align well in the scope of our framework.

The numerical scheme we propose is essentially a Picard fixed-point iteration

method as discussed in [Laurière 2021]. This iterative approach is appropriate

for our setting where the MFG equations (4.1.25) involves a finite state space,

resulting in a system of coupled forward and backward ODEs without spatial

derivative terms. Since only the time component needs to be discretized, the

explicit Euler schemes (4.2.2) and (4.2.3) are a practical and effective choice.

Moreover, our approach is computationally efficient and straightforward to

implement. We aim at providing a benchmark solution to the MFG system

that can be used for comparison with the learning algorithm simulation. This

numerical scheme is shown to be sufficient with numerical convergence in the

first few iterations presented in Figure 4.2.

In the numerical simulation, we set T = 3000 with a constant time step ∆tn =

∆t = 0.1. We are interested in stationary behavior of representative agent in

mean field game when T →∞.1 The stationary setting is usually required for

1The general convergence of finite time horizon mean field game to stationary mean field

game when T →∞ needs a rigorous proof. In our particular mean field game market making

problem we do not approach this but only look at numerical evidence for convergence.
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designing learning algorithm that learns strategies independent of time, which

will be studied in Section 4.2.2. Therefore we set a large value T = 3000 for

an approximation of the stationary mean field game when T →∞. T = 3000

is a reasonable time horizon as the numerical MFG value function Ṽ0(q) does

not change when T goes beyond 3000, indicating good approximation for the

stationary case. Figure 4.2 shows the L2 norm of difference in value and

density functions between fixed point iteration, demonstrating the numerical

convergence of the algorithm. After 5 iterations, the error is below 10−8,

from which we can conclude that a fixed point is found through iteration

corresponding to the mean field Nash equilibrium.

Figure 4.2: Numerical convergence of the finite difference scheme.

The MFG value function at t = 0 and the population density function at

t = T are shown in Figure 4.3. As discussed with a large terminal T = 3000, the

numerical MFG value function Ṽ (0, q) approximates the stationary MFG value

function when T → ∞. The inventory distribution m̃(T, q) approximates the

population distribution of stationary MFG. Both functions achieve maximum

in inventory q = 0, indicating the market maker’s aversion to inventory risk.
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Figure 4.3: Mean field game value function (t = 0) and population density

function (t = T ) from finite difference scheme.

We apply (4.1.27) and (4.1.28) to the numerical MFG value functions

Ṽ (0, q) to compute the ask and bid quotes at t = 0 by a representative mar-

ket maker. Using a finite difference scheme similar to (4.2.2) but replacing the

MFG intensity functions with the upper bound function Λ(δ) from Assumption

4.1.2, we can calculate the monopolistic ask and bid quotes at t = 0. Figure

4.4 shows the monopolistic value function with the intensity function Λ(δ) and

the comparison between the MFG and the monopolistic quoting strategies,

where the monopolistic quotes are above the MFG quotes. We consider MFG

and monopolistic quotes as 2 benchmark cases in the learning scenario in the

next subsection.
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Figure 4.4: Mean field game ask and bid quotes at t = 0 compared to monop-

olistic ask and bid quotes at t = 0.

4.2.2 Decentralized Deep Reinforcement Learning

Classical reinforcement learning setup is usually based on the Bellman equation

derived from the Markov decision process ([Sutton and Barto 2018]). In Chap-

ter 3, we reformulate the stochastic differential game to multi-agent Markov

decision process (MDP) and design a multi-agent deep reinforcement learning

algorithm corresponding to this system. Analogously to Chapter 3, we convert

the mean field game system in Section 4.1 into a Markov decision process with

population distribution incorporated as state variables, and propose a mean

field deep reinforcement learning algorithm for simulation of market makers.

In practical scenarios, reinforcement learning algorithm is often based on

Bellman equation for infinite horizon Markov decision process, in order to de-

rive a stationary state-action value function hence a stationary strategy that

does not vary with time. The adaption of infinite horizon favors our simula-

tion of continuous market making without a terminal time, which particularly

corresponds to the case of OTC markets such as FX and bond markets. In

this section, we adopt the model setting with infinite horizon and leave the

theoretical convergence of finite horizon to infinite horizon mean field game for

future research. Another simplification adapted in our simulation is that we

equate the population quoting strategy with the representative market maker’s

quoting strategy δ̄ = δ in (4.1.21). This simplification is based on the def-
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inition 4.1.6 that the population quoting strategy coincides with the agent

quoting strategy in equilibrium. Instead of searching in quoting strategy space

of the population we equate it with agent quoting strategy in simulation hence

reducing the complexity of our mean field game market making problem. For

simplicity, we use Eδ;M to denote the expectation Eδ;δ,M used in (4.1.9). There-

fore, given a population distribution flowM : [0,∞]→ SQ and given a quoting

strategy δ̄ ∈ A∞
0 , the value function is defined as

V δ;M (q) = Eδ;M
[ ∫ ∞

0
e−rt

(
λaδat fa(δ

a
t , µ̄

a
t )I(qt > −Z) + λbδbtfb(δ

b
t , µ̄

b
t)I(qt < Z)

)
dt

−
∫ ∞

0
e−rtψ(qt)dt

]
(4.2.4)

Under a given population distribution flowM , the objective of a representa-

tive market maker is to learn a Markovian quoting strategy solely dependent on

inventory level and independent of time by interacting with the market environ-

ment. We restrict quoting strategies to Markovian: δk(q), k ∈ {a, b} : Q → R,
or equivalently, a Markovian quoting strategy is regarded as a vector in space

(Iδ)
2H+1.

We formulate a Markov decision process to simulate the practical sce-

nario with a representative market maker learning a strategy in mean field

game. Given the population inventory distribution flow M , at time t for the

representative market maker with inventory level qt and quoting strategies

δat , δ
b
t ∈ (Iδ)

2H+1, the probability of winning the next ask and bid RFQ is

fa(δ
a
t , µ

a
t ) and fb(δ

b
t , µ

b
t), where µ

a
t = δat ·Mt, µ

b
t = δbt ·Mt are the mean quoted

ask and bid.

Similar to Chapter 3, we hereby introduce indicators Iat , I
b
t :

Iat = I(Representative market maker wins the ask RFQ at time t)

Ibt = I(Representative market maker wins the bid RFQ at time t) (4.2.5)

We have P(Iat = 1) = fa(δ
a
t , µ

a
t ) and P(Ibt = 1) = fb(δ

b
t , µ

b
t).

Define stopping time τ := τa ∧ τb where τa and τb are the first arrival time

of ask and bid RFQs after time 0.

τa := inf{t > 0,

∫ t

0

Na(dt) > 0}, τb := inf{t > 0,

∫ t

0

N b(dt) > 0} (4.2.6)

The state transition of the representative market maker’s inventory is hence

qτ = qτ− − Iaτ I(τa < τb)I(qτ− > −Z) + Ibτ I(τb < τa)I(qτ− < Z) (4.2.7)

From Lemma 3.5.1 in Chapter 3, stopping times τa and τb satisfy
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E
[∫ τa∧τb

0

e−rtdt

]
=

1

r + λa + λb

E
[
e−rτa |τa < τb

]
= E

[
e−rτb|τb < τa

]
=

λa + λb
r + λa + λb

Following the methodology used in Chapter 3, we can show that the value

function V δ;M (q) satisfies the Bellman equation:

V δ;M (q) =− ψ(q)

r + λa + λb

+ P(τa < τb)Eδ;M
q

[
Iaτa
(
e−rτaδaq + e−rτaV δ;M (q − 1)

)
I(−Z < q ≤ Z)

+ (1− Iaτa)e
−rτaV δ;M (q)

∣∣∣τa < τb

]
+ P(τb < τa)Eδ;M

q

[
Ibτb
(
e−rτbδbq + e−rτbV δ;M (q + 1)

)
I(−Z ≤ q < Z)

+ (1− Ibτb)e
−rτbV δ;M (q)

∣∣∣τb < τa

]
(4.2.8)

It is important to note that the mean field, introduced as a probability dis-

tribution flow M : [0,∞) → Mt ∈ SQ which is dependent on time, does not

affect the Markov property that underlies the derivation of (4.2.8). At the ar-

rival time of an RFQ τ , the intensities fa(δ
a
q , µ

a) and fa(δ
a
q , µ

a) are determined

by the population inventory distribution Mτ at time τ . The probabilities of

the ask and bid RFQs are independent, defined as P(τa < τb) = λa

λa+λb
and

P(τb < τa) = λb

λa+λb
. The representative market maker, as a learning agent,

responds to RFQs to refine her quoting strategy. The stationary quoting strat-

egy δa, δb ∈ (Iδ)
2H+1 is alternatively expressed as mappings δa : q ∈ Q → Iδ

and δb : q ∈ Q → Iδ, which facilitates functional representation of quoting

strategies using neural networks in the next section.

From (4.2.8), we can define the reward function of the representative mar-

ket maker at the arrival time of the RFQ τ . Note that the reward function

r(q, (δa, δb)) is implicitly dependent on the population distribution M as well,

since the probability of winning the RFQ is a function of average quotes.

r(q, (δa, δb)) =−
ψ(q)

r + λa + λb
+

λa + λb
r + λa + λb

(
IaτaI(τa < τb)I(−Z < q ≤ Z) · δa

+ IbτbI(τb < τa)I(−Z ≤ q < Z) · δb
)

(4.2.9)
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A final gap between our formulation of the Bellman equation (4.1.3) and

the implementation of the reinforcement learning algorithm is the discrepancy

in time steps. In our framework, interval length between RFQs is stochastic,

while the reinforcement learning algorithm usually requires fixed time step

to run simulations. To resolve this gap, we still consider fixed time steps in

the simulation that incorporate the expectation of RFQ arrival times in the

discount factor. An RFQ always arrives at each time step t. From t to t+1, the

inventory of the representative market maker changes with probability equal

to the intensity right before (t+ 1).

We further formulate (4.2.8) into a discrete-time Markov decision process

in discrete time using the reward function (4.2.9) and the discount factor γ =
λa+λb

r+λa+λb
.

Let qt be the inventory process of the representative market maker under

quoting strategy δ and population inventory distribution flow M , then the

state-action value function V δ;M (q) in (4.2.8) is written in the following format:

V δ;M (q) = Eδ;M
q

[
∞∑
t=0

γtr
(
qt, (δ

a
qt , δ

b
qt)
)∣∣∣∣∣q0 = q

]
(4.2.10)

where γ = λa+λb

r+λa+λb
and reward functions r(q, (δa, δb)) is defined in (4.2.9).

When the flow of population inventory distribution M is fixed, the repre-

sentative market maker seeks to find optimal quoting strategy δ∗ = (δ∗a, δ
∗
b ).

VM (q) = max
δ

Eδ;M
q

[
∞∑
t=0

γtr
(
qt, (δ

a
qt , δ

b
qt)
)∣∣∣∣∣q0 = q

]
(4.2.11)

After finding δ∗, the flow of population inventory distribution M ′ is generated

from the current optimal quoting strategy δ∗, under which the representative

market maker learns a new optimal quoting strategy under M ′, until conver-

gence to a fixed point. This fixed point iteration follows ideas on learning in

mean field games [Guo, Hu, et al. 2019; Guo, Hu, et al. 2023; Laurière et al.

2022].

We apply an actor-critic learning algorithm to simulate the representative

market maker learning a quoting strategy. In Chapter 3, we propose a decen-

tralized multi-agent deep deterministic policy gradient (DDPG) to simulate

the learning process of multiple market makers. The quoting strategy of the

representative market maker (actor) is a pair of maps δa : q ∈ Q → R and

δb : q ∈ Q → R parametrized as neural networks πa(q|θπ), πb(q|θπ). A critic

neural network Q(q, (δa, δb),M |θQ) is trained to approximate the value func-
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tion V δ;M (q). The inputs for the networks are interpreted as follows: q is inven-

tory level, (δa, δb) are ask and bid quotes, andM ∈ SQ refers to the population

inventory distribution. Mean field game setting is incorporated to the algo-

rithm through the population distribution M . The critic Q
(
q, (δa, δb),M |θQ

)
evaluates a combination of state-action pair (q, (δa, δb)) under a given popu-

lation distribution M , and actor neural networks πa(q|θπ), πb(q|θπ) generates

the ask and bid quotes at a given state of the inventory level q. Parameters

θQ and θπ are trained through the interactions of the critic and the actor with

the market environment.

Similar to the algorithm used in Chapter 3, we incorporate usage of the

target critic and actor networks denoted by

Q̃
(
q, (δa, δb),M |θ̃Q

)
and

π̃a(q|θ̃π), π̃b(q|θ̃π)

whose parameters are updated from θQ and θπ the parameters of primal net-

works, but in a more stationary manner.

θ̃Q ← µθQ + (1− µ)θ̃Q

θ̃π ← µθπ + (1− µ)θ̃π (4.2.12)

The training data is collected from the interactions of the representative

market maker with the market environment. At each iteration from time t

to t+ 1, a tuple (qt, δt, qt+1, r(qt, δt), It,Mt, µt, dt) is collected and saved in the

replay buffer. qt and qt+1 are the inventory levels at time t and t + 1. δt is

market maker’s ask and quoting strategies given by the target actor network

π̃. r(qt, δt) is reward from market environment to the market maker for state-

action pair (qt, δt). It is the indicator whether a representative market maker

wins the RFQ. Mt is the population distribution at time t. µt are the average

ask and bid quotes computed using δt andMt. dt is the side of the RFQ, either

an ASK or BID. After storing the data tuple into replay buffer, a stochastic

gradient descent (SGD) step is conducted using mini-batch samples from the

replay buffer.

The stochastic gradient descent is exercised on loss functions of critic and

actor network parameters θQ and θπ, respectively. The loss functions for critic
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and actor networks are defined as:

LQ
MFG(θ

Q) = E
q,δ,q′,I,µ,M

[(
r(q, δ) + γ

(
I · Q̃

(
q′, (π̃a(q

′), π̃b(q
′),M)

∣∣∣θ̃Q)
+ (1− I)Q̃

(
q, (π̃a(q), π̃b(q),M)

∣∣∣θ̃Q))

−Q
(
q, (π̃a(q), π̃b(q)),M |θQ

))2]
(4.2.13)

L(θπ) = − E
q,M

[
Q
(
q, (πa(q|θπ), πb(q|θπ))

∣∣θQ) ] (4.2.14)

The derivation of the SGD step is similar to (3.5.18) and (3.5.22) in Chapter

3, which is omitted in this section.

Prior to the reinforcement learning process, we fit the critic and actor net-

works by monopolistic value function and quoting strategy. An exploration

rate of p0e
−ηt is also applied in the iteration step t. For exploration we add

Gaussian noise to quotes from actor network. The SGD step for loss functions

(4.2.13) and (4.2.14) defines the learning phase of mean field Deep Deter-

ministic Policy Gradient under given population distribution M . The mean

field learning approach incorporates the update of the population distribu-

tion using the trained target actor network π̃(q|θπ) after each training episode.

Concretely, at the population distribution update phase of episode e, denote

the current population distribution as Me. The representative market maker

interacts with the market environment using π̃(q|θπ) in given time steps to

collect the inventory states of the representative market maker. The popula-

tion inventory distribution is subsequently updated using a weighted sum of

Me and empirical distribution of the representative market maker’s inventory.

This reflects the main difference of the learning framework with the rational

expectation assumption. We are not assuming competitors’ quoting strate-

gies or derive the exact population distribution based on the current quoting

strategies. Instead, we directly take the representative market maker’s empir-

ical distribution to update next episode’s population distribution, while in the

theoretical framework, these 2 coincides under mean field Nash equilibrium.

Therefore, the input M to the critic network Q(q, (δa, δb),M |θQ) reflects

actually the representative market maker’s estimation on the population dis-

tribution rather than the exact distribution. For tractability, we stick to this

simplification so that the learning problem always focuses on the critic and
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actor networks of the representative market maker. We summarize the simu-

lation approach in Algorithm 5.

Algorithm 5 Mean Field Deep Deterministic Policy Gradient

Input: Initial population state distributionM0, E = number of episodes, T =

number of iteration steps in each episode, B = size of mini-batch. N =

number of market makers, fa, fb, λ
a, λb: intensity of ask and bid order flow,

ψ: inventory cost function, ϕ: terminal cost function

Output: The target actor networks (π̃a, π̃b) of the representative market maker.

1: Initializing the critic and actor neural networks:

2: Pre-train critic network Q and actor networks πa, πb to value function and

quoting strategy of a single monopolistic market maker with execution

probability Λ(δ).

3: Set target networks equal to the original networks: Q̃ = Q, πa = π̃a,

πb = π̃b.

4: for Episode ← 1 to E do

5: Initialize the inventory q0.

6: for t← 0 to T − 1 do

7: Ask and bid RFQ generated by market environment with probability
λa

λa+λb
and λb

λa+λb
.

8: Obtain quoting strategy using target actor networks: δat = π̃a(qt), δ
b
t =

π̃b(qt). Compute µa
t , µ

b
t using the state distributionMt and the quoting

strategy given by the target actor network π̃a, π̃b. With probability

p0 · e−ηt a Gaussian noise is added to explore the quoting strategy.

9: With probability fa(δ
a
t , µ

a
t ), fb(δ

b
t , µ

b
t), the representative market maker

wins the ask and bid RFQ, It denotes the indicator whether the rep-

resentative market maker wins the RFQ.

10: Set next state qt+1.

11: Data tuple (qt, δt, qt+1, It, µ
t
a, µ

t
b,Mt) is stored into market maker i’s

replay buffer.

12: Carry out mini-batch TD learning for critic and Stochastic Gradient

Descent for actor network.

13: Update target network parameters.

14: end for

15: Update state distribution Mt+1 by sampling using the target networks

(π̃a, π̃b).

16: end for
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4.3 Numerical Experiments: Heterogeneity,

Learning and Non-competitive outcomes

The mean field DRL algorithm defined in Section 4.2 applies to a homogeneous

population in which one representative agent, whose strategy is parameterized

as a multilayer neural network, learns by updating their parameters iteratively.

However, using a slight modification of Algorithm 5, one can also investigate

the impact of heterogeneity. For example, one can study the situation where

a new dealer is introduced into a market in which the other dealers are dis-

tributed according to the mean field Nash equilibrium. To model this situation,

we fix the population distributionMt in the equilibrium distribution computed

using Algorithm 5. Subsequently, the learning agent is trained on the samples

generated according to the equilibrium distribution Mt. Another method is

to simulate the learning behavior of the new agent via reinforcement learn-

ing while interacting with an environment composed of N − 1 (other) agents

following the mean field equilibrium quoting strategies.

We use (4.2.1) as the underlying intensity function for simulation, with ka =

kb = 2, kam = kbm = 3, Ca = Cb = 1, Cam = Cbm = 1. The ask and bid orders

are point processes with intensity λa = λb = 5. The interest rate to discount

future profits and losses is set as r = 0.01. Inventory limit H = 10. Both

the critic and the network take the form of a fully connected neural network.

We apply a one-hot encoding at the inventory level q since it takes values

in a discrete set Q. Note that the critic network Q(q, (δa, δb),M |θQ) takes

the estimated population distribution M as input, while the actor networks

πa(q|θπ), πb(q|θπ) only have the inventory level q as input.

In mean field game learning, exploitability ϵ(δ) is a measure used to quan-

tify how much a given strategy δ deviates from the equilibrium strategy. ([Per-

rin et al. 2020]) It can be formally defined as

ϵ(δ) = J0(δ
∗; δ∗,M ∗)− J0(δ; δ∗,M ∗) (4.3.1)

Tracking the exploitability ϵ(δ) during the training steps can usually reveal

the convergence property of the learning algorithms. However, computing

the exploitability requires calculating the value function J0(δ; δ
∗,M ∗) at each

iteration, which becomes computationally intractable given the large number

of iterations. Since we are primarily concerned about the market dynamics

from learning reflected principally by quoted prices, especially the possibility

of ‘tacit collusion’, we can directly track the difference between learned quoting
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strategy and equilibrium strategy based on a simplified distance metric.

We denote dk(δ
k, δk,∗), k ∈ {a, b} the distance between the learned quoting

strategy δ = (δa, δb) and the mean field Nash equilibrium δ∗ = (δa,∗, δb,∗):

da(δ
a, δa,∗) =

1

|Q| − 1

∑
q∈Q\{−H}

(
δa(q)− δa,∗(q)

)
db(δ

b, δb,∗) =
1

|Q| − 1

∑
q∈Q\{H}

(
δb(q)− δb,∗(q)

)
(4.3.2)

dk(δ
k, δk,∗) measures the aggregate surplus at all inventory levels from

learned quoting strategy compared to the equilibrium level. This metric can be

roughly regarded as quantification of ‘tacit collusion’ level of a market maker: a

positive dk(δ
k, δk,∗) means the learned quoting strategy δk quotes higher prices

at most inventory levels, more likely to generate excessive return. We track

this distance during training steps to study whether the learning algorithm

leads to ‘tacit collusion’ phenomenon.

4.3.1 Learning in a Homogeneous Population of Dealers

Direct application of Algorithm 5 leads to the homogeneous learning scenario

where the rational expectation assumption is not predominantly introduced.

We train the critic and actor networks with E = 1000 episodes and T = 1000 it-

erations per episode in each experiment and run 100 independent experiments.

The reward curves and critic/actor losses from 100 independent simulations are

presented in Figure 4.5. The average cumulative reward per episode presents a

steep increasing trend in the first 100 episode, then the increasing trend slows

down as we train more episodes. The representative market maker in fact

learns to adjust the ask and bid quotes to a more profitable direction, numer-

ically demonstrating the convergence of the learning algorithm. The average

loss of actor and critic networks per episode is shown in the right graph of

Figure 4.5, further demonstrating the convergence of the learning algorithm.

Both losses show a downward trend. Specifically, the critic loss oscillates in

the first 200 episodes, which is likely due to exploration, then stays at a close

level to 0.
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Figure 4.5: Mean field DRL learning results in homogeneous learning scenario.

Left: cumulative reward per episode during training, with 95% confidence

interval from 100 independent simulations. Right: averaged losses in actor

and critic networks showing convergence of algorithm.

Figure 4.5 shows that the learning algorithm converges. But does the

learned strategy converge to the mean field Nash equilibrium strategy? After

100 independent experiments, each with 1000 episodes, we plot the output

from the actor networks as the learned quoting strategy of the representative

market maker. We plot the ask and bid quotes given by actor networks at

each inventory level in Figure 4.6, compared to 2 benchmark cases of mean

field Nash equilibrium and monopolistic quotes. At each inventory level a

95% confidence level accompanies the average ask and bid quotes. This result

reveals several interesting aspects about the learning dynamics from mean field

game of market making.
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Figure 4.6: Average ask and bid quoting strategies learned by mean field

DDPG algorithm from 100 simulations, with 95% confidence interval. The

benchmarks are Nash equilibrium (in blue) and monopolistic quoting strategy

(in red).

Figure 4.7: Average ask and bid spreads learned by mean field DDPG algo-

rithm, compared to benchmarks.

Figures 4.6 and 4.7 reveal insights into homogeneous learning dynamics.

The quotes from 100 independent experiments exhibit a robust trend as func-

tions of inventory levels. The ask quotes are raised when inventory turns to

negative position, while bid quotes are increasing when inventory accumulates

to the positive side. The algorithm learns to skew the quoted prices as function

of inventory. This corresponds to the theoretical result and practical observa-

tion that ask and bid quotes are skewed according to inventory changes, since

market makers are subject to inventory risk due to market price movement of
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their accumulated position. This spread-skewing behavior is not intrinsically

pre-set in the algorithm but learned by the agent through interactions with

the market environment.

Another important outcome of learning is the emergence of supra-competitive

quoting behavior in presence of inventory risk. The learned quoting strategies

tend to be more conservative than the mean field equilibrium quotes. When

inventory level decreases from zero to negative inventory limit, the ask quotes

are increasingly above the corresponding benchmarks including the equilibrium

and monopolistic quotes. A similar trend is observed on the bid quotes with

higher bid quotes above the benchmarks when inventory increases from zero

to a positive inventory limit. In contrast, the ask (bid) quotes stay close or

below the mean field Nash equilibrium levels when the inventory level is pos-

itive (resp. negative). This together results in learned quoting spreads above

equilibrium levels, as shown in Figure 4.7. The result suggests that the supra-

competitive quoted spreads applied by the population exhibit a phenomenon

of ‘tacit collusion’ as we observe the prices above competitive level. Overall,

the learned quoting strategy is more inventory risk averse in that it tends to

quote higher when inventory approaches risk limit to compensate more for its

exposure to inventory risk.

The dynamics of the quoting strategy during training is represented by the

distance to equilibrium metric (4.3.2). Figure 4.8 shows that at the evolution

of the average distance between learned quoting strategy and mean field Nash

equilibrium strategy as function of episodes, which stabilizes around 20% after

1000 training episodes. The average levels of the learned quoting strategy are

robustly above 20% more than those of the equilibrium quoting strategies. This

shows that homogeneous learning leads to agents maintaining their quoting

strategy at supra-competitive levels.
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Figure 4.8: Distance of learned quoting strategy to equilibrium quoting strat-

egy in homogeneous learning scenario.

Figure 4.9 compares the distribution of inventory sizes at (Nash) equilib-

rium with the one obtained under learning dynamics. Both distributions are

centered and symmetric around zero, indicating a preference for a balanced

inventory due to the positive inventory cost. This shows the effectiveness of

reinforcement learning in learning to balance inventory. However, there is a

visible discrepancy between the two distributions: the inventory distribution

under learning dynamics is more heavy-tailed than under Nash equilibrium.

There is a connection between this heavy-tailed inventory distribution and

learned supra-competitive quoting strategies. We find that both empirical

distribution generated by the trained agent and that during training have a

heavy-tailed feature. The agent encounters large inventory levels more fre-

quently than under equilibrium, hence learns to widen the quotes to compen-

sate for higher inventory cost at such levels. Consequently, the actor networks

produce higher quotes above equilibrium levels. Therefore, a homogeneous

population of dealers learns to jointly increase bid-ask spreads, resulting in a

phenomenon of ‘algorithmic collusion’ or tacit collusion. We regard the differ-

ence between the learned bid-ask spread and the MFG equilibrium spread as

a metric to measure the extent of tacit collusion.

153



Figure 4.9: Homogeneous learning: comparison between MFG equilibrium

population distribution and empirical distribution from DRL algorithm. The

learned quoting strategy generates an empirical distribution with heavier tail

in connection with higher quotes at extreme inventory levels.

4.3.2 The Impact of Heterogeneity

We now examine the impact on equilibrium by modifying Algorithm 5. In

Section 4.3.1 the critic network uses a population distribution estimated em-

pirically by the learning agent, which indicates the absence of the rational

expectation assumption. Here, we study the learning dynamics in a mean field

that is already in equilibrium (Definition 4.1.6), introducing a heterogeneous

learning agent interacting with the homogeneous dealers following equilibrium

quoting strategies. Heterogeneity is introduced through the following two in-

dependent model settings.

(A) In Algorithm 5, we fix the population distribution M∗
t as the mean field

Nash equilibrium. Meanwhile, at each stochastic gradient descent step,

mini-batches are sampled according to the MFNE distribution from the

experience replay buffer.
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(B) Apply an N−player learning algorithm similar to Algorithm 3, with one

learning agent competing with N−1 market makers who use the quoting

strategy δ∗t associated with the MFNE.

We can see that in both approaches, the learning agent is placed within

an MFNE equilibrium, hence rational expectation assumption is implicitly

imposed in the environment.

Approach (A) We start with the approach (A), which we call ‘adjusted

sampling’ approach. 100 independent experiments are conducted. After train-

ing, we compare bid-ask spreads between the learned quoting strategy and

the benchmark quoting strategies. The results are summarized in Figure 4.10.

With ‘adjusted sampling’ approach according to the MFNE distribution, the

representative market maker has learned to keep their bid-ask spread closer to

the mean field Nash equilibrium level, with significant difference from simula-

tion results in Section 4.3.1.

Figure 4.10: Learning outcomes: ‘adjusted sampling’ simulation (Approach

(A)). Left: cumulative reward per episode. Right: comparison of bid-ask

spread between learned quoting strategy and benchmark quoting strategies

This ‘adjusted sampling’ simulation is equivalent to training a representa-

tive market maker in an environment where the population inventory distri-

bution is already at mean field equilibrium. Note that in Section 4.3.1, the

mini-batches used for stochastic gradient descent are sampled uniformly from

the replay buffer, which can lead the learning agent to encounter extreme inven-

tory levels more frequently than under equilibrium distribution, thus resulting

in homogeneous learning agent being more significantly risk averse. The ‘ad-

justed sampling’ in the approach (A) is able to mitigate market maker’s risk
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averse behavior and lead to bid-ask spread close to equilibrium spread. The

comparison between Section 4.3.1 and the approach (A) suggests that when

there is a large population of market makers applying homogeneous learning

strategies, the learning population simultaneously raises the quoted spreads,

leading to a phenomenon similar to ‘tacit collusion. But in an MFNE equilib-

rium system, a deviating market maker applying the learning algorithm does

not necessarily destabilize the system and retain at a closer level to equilibrium

spreads.

Approach (B) Compared to one representative agent’s learning simulation,

we move on to the approach (B). We run a simplified version of N -player

simulation that consists of one ‘learning market maker’ and numerous ‘back-

ground market makers’, based on Remark 4.1.1. The ‘learning market maker’

refers to the representative market maker applying learning algorithm, while

the ‘background market makers’ fix mean field equilibrium strategy as their

quoting strategy. In our experiment, we set N = 100, with 1 market maker

applying the mean field DDPG Algorithm 5 against 99 market makers fixed

at the mean field Nash equilibrium quoting strategy. All other numerical con-

figurations are invariant with homogeneous learning simulation. We run 1000

episodes with 1000 iteration per episode. Figure 4.11 shows the learning curve

of the representative market maker, together with the quoted bid-ask spread

from the learned strategy. It can be seen that the learned spreads stay closer

to the mean field Nash equilibrium spreads compared to Figure 4.7. In this

case, the supra-competitive quoting pattern found in Section 4.3.1 has been

mitigated when heterogeneity is introduced.
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Figure 4.11: Learning results of heterogeneous N -player simulation (Approach

(B)) Left: cumulative reward per episode. Right: comparison of bid-ask spread

between learned quoting strategy and benchmark quoting strategies

Figure 4.12 demonstrates a similar pattern of a representative market

maker’s learned quoting strategy as homogeneous learning. However, com-

pared to Figure 4.6, the learned ask and bid quotes are closer to equilibrium

benchmark levels. We quantify this difference in Figure 4.13 by pointing out

that the distance between the learned quoting strategy and equilibrium is

systematically lower compared to homogeneous learning. Hence we see that

heterogeneity of agent faced with mean field Nash equilibrium underlies as an

essential part in this MFG learning model.

Figure 4.12: Learned ask and bid quotes of simple heterogeneous N -player

simulation. The learning market maker exhibits a risk-neutral pattern when

training in a market already in equilibrium.

The distance to equilibrium metrics as a function of episodes is plotted in

Figure 4.13. During learning steps, the distance decreases to levels below 10%
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rather quickly after the first 200 episodes and towards level 0. This means

that the extent of the supra-competitive quoting pattern discovered in Section

4.3.1 has been mitigated when heterogeneity is considered in the learning en-

vironment. Note that in Section 4.3.1, homogeneity plays the role when the

representative market maker learns simultaneously as the other competitors.

Figure 4.13: Distance of learned quoting strategy to equilibrium quoting strat-

egy in N -player heterogeneous learning scenario.

The empirical population distribution under N -player MFG heterogeneous

learning is shown in Figure 4.14. Compared to Figure 4.9, the population dis-

tribution in heterogeneous learning is more centered on the inventory 0 with a

thinner tail. Overall, the representative market maker encounters less extreme

inventory levels, which distinctively explains a learned quoting strategy closer

to equilibrium benchmark.
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Figure 4.14: Heterogeneous learning: comparison between MFG equilibrium

population distribution and empirical distribution from DRL algorithm.

4.3.3 Summary

In summary, our detailed numerical experiments indicate several interesting

phenomena that may arise from learning and competition among dealers:

1. In a homogeneous population of dealers who learn by interacting with

order flow, as modelled by the mean field reinforcement learning applied

to a representative market maker, we observe the emergence of ‘tacit

collusion’, exemplified by supra-competitive bid and ask quote levels.

2. Introducing heterogeneity mitigates the ‘tacit collusion’ phenomenon ob-

served in the homogeneous case: introducing a new learning agent in-

teracting with other dealers at (mean field) equilibrium leads to lower

spread levels.

4.4 Conclusion

We have provided a theoretical framework as well as a simulation-based tool

for exploring the dynamics and interactions of autonomous market making
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algorithms in electronic OTC markets, and shown how the incorporation of

learning dynamics may lead to outcomes different from a competitive Nash

equilibrium.

Our methodology is to model strategic interactions among market makers

via a finite-state mean field game. The competitive market case is then repre-

sented by a mean field Nash equilibrium. We prove the existence and provide

a sufficient condition for the uniqueness of such an equilibrium, characterized

as a solution of a system of backward Hamilton-Jacobi equations coupled with

a forward Chapman-Kolmogorov equation.

We have compared this competitive equilibrium with the outcome of learn-

ing dynamics using a mean field deep reinforcement learning algorithm. This

comparison points to the possibility of supra-competitive quoting strategies

emerging as a byproduct of algorithmic interactions and learning dynamics,

leading to a situation of tacit collusion. The emergence of tacit collusion is

associated with heavy-tailed inventory distributions. We also observe that the

introduction of heterogeneity can mitigate the emergence of tacit collusion.

This study advances our understanding of algorithm-driven market dy-

namics, but also points to new research questions on the impact of automated

market making strategies and machine learning on market dynamics.
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markets: A reinforcement learning mean field game approach”. North

American Journal of Economics and Finance 68.August (2023), 101974.

[22] Dimitri P. Bertsekas and Steven E. Shreve. Stochastic optimal control :

the discrete time case. New York: Academic Press, 1978.

[23] P. Bremaud. Point Processes and Queues: Martingale Dynamics. Ad-

vances in Physical Geochemistry. Springer, 1981.

[24] Ariela Briani and Pierre Cardaliaguet. “Stable solutions in potential

mean field game systems”. Nonlinear Differential Equations and Appli-

cations 25.1 (2018), 1–22.

[25] George W. Brown. “Iterative Solution of Games by Fictitious Play”.

Activity Analysis of Production and Allocation. Ed. by T. C. Koopmans.

New York: Wiley, 1951.

[26] George W. Brown. “Some Notes on Computation of Games Solutions”.

RAND Corporation (1949), RM-125–PR.

[27] Emilio Calvano, Giacomo Calzolari, Vincenzo Denicolò, and Sergio Pa-
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[51] Marek Galewski and Marius Rădulescu. “On a global implicit function

theorem for locally Lipschitz maps via non-smooth critical point the-

ory”. Quaestiones Mathematicae 41.4 (2018), 515–528.

[52] Lawrence R. Glosten and Paul R. Milgrom. “Bid, ask and transaction

prices in a specialist market with heterogeneously informed traders”.

Journal of Financial Economics 14.1 (1985), 71–100.

[53] Diogo A. Gomes, Joana Mohr, and Rafael Rigão Souza. “Continuous

time finite state mean field games”. Applied Mathematics and Optimiza-

tion 68 (1 2013), 99–143.

[54] C.W.J. Granger. “Investigating Causal Relations by Econometric Mod-

els Published by : The Econometric Society Stable URL : https://www.jstor.org/stable/1912791

to Econometrica”. Econometrica 37.3 (1969), 424–438.

165
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Appendix A

Appendix of Chapter 3

A.1 Proof of Proposition 3.1.5

Proof. For simplicity of notations, we denote the average term in (3.1.8) by

χ =
1

Ki

∑
j ̸=i

∑
qj∈Qj

(aδjqj + bjqj)

It is straightforward to verify that the intensity function

f i
a(δ, δ⃗

−i) =
1

N

1

1 + eaδ+b

eχ

1 + eaδ+χ
(A.1.1)

satisfies Assumption 3.1.1, since f i
a(δ, δ⃗

−i) > 0, and

N∑
i=1

f i
a(δ, δ⃗

−i) ≤ N × 1

N
= 1

Moreover, f i
a is dominated by the upper bound function

Λ(δ) =
1

1 + eaδ+b

Therefore, Assumption 3.1.1 is satisfied by (3.1.8).

Then, we calculate the derivatives of f i
a, and obtain:

∂1f
i
a = −

aeaδ+χ
(
eb + eχ + 2eaδ+b+χ

)
N
(
1 + eaδ+b

)2(
1 + eaδ+χ

)2 < 0

∂j,qjf
i
a =

aeχ

NKi

(
1 + eaδ+b

)(
1 + eaδ+χ

) > 0 (A.1.2)

Furthermore, we compute the term

2(∂1f
i
a)

2 − ∂211f i
a · f i

a =
a2eaδ+2χ

(
eb + eχ + 4eaδ+b+χ

)
N2
(
1 + eaδ+b

)3(
1 + eaδ+χ

)3 > 0 (A.1.3)
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Therefore, the conditions in the first line of Assumption 3.1.3 are satisfied.

Next we compute the term

∂1f
i
a · ∂j,qjf i

a − f i
a · ∂j,qj∂1f i

a =
a2eaδ+3χ

N2Ki

(
1 + eaδ+b

)2(
1 + eaδ+χ

)4 > 0 (A.1.4)

Hence, we obtain the following:

2(∂1f
i
a)

2 − ∂211f i
a · f i

a −
∑
j ̸=i

∑
qj∈Qj

∣∣∂1f i
a · ∂j,qjf i

a − f i
a · ∂j,qj∂1f i

a

∣∣
= 2(∂1f

i
a)

2 − ∂211f i
a · f i

a −
∑
j ̸=i

∑
qj∈Qj

(
∂1f

i
a · ∂j,qjf i

a − f i
a · ∂j,qj∂1f i

a

)
=

1

N2

[
a2eaδ+2χ

(
eb + eχ + 4eaδ+b+χ

)(
1 + eaδ+b

)3(
1 + eaδ+χ

)3 − a2eaδ+3χ(
1 + eaδ+b

)2(
1 + eaδ+χ

)4
]

=
a2eaδ+2χ

(
eb + 4eaδ+b+χ + eaδ+2χ + 4e2aδ+b+2χ

)
N2
(
1 + eaδ+b

)3(
1 + eaδ+χ

)4 > 0 (A.1.5)

Therefore, the second line of Assumption 3.1.3 is satisfied.

Finally we compute:

f i
a(δ, δ⃗

−i)

∂1f i
a(δ, δ⃗

−i)
= −

e−aδ
(
1 + eaδ+b

)(
1 + eaδ+χ

)
a
(
eb + eχ + 2eaδ+b+χ

) (A.1.6)

By comparing the orders in the exponential terms in (A.1.6), we have that for

any given δ⃗−i,

lim
δ→+∞

f i
a(δ, δ⃗

−i)

∂1f i
a(δ, δ⃗

−i)
= − 1

2a
<∞ (A.1.7)

And the last line of Assumption 3.1.3 is satisfied. Therefore, the intensity

function (3.1.8) satisfies Assumption 3.1.1 and Assumption 3.1.3.

A.2 Proof of Theorem 3.2.6

From Proposition 3.2.4 and the verification theorem 3.2.5, to prove Theorem

3.2.6 it suffices to prove the system of the HJB equation (3.2.15) admits a

solution.

The structure of the proof follows the existence of the Nash equilibrium

presented in [Luo and Zheng 2021]. We employ similar mathematical tools,

including hemicontinuity properties, Berge’s Maximum Theorem, the implicit

function theorem, and Schauder’s fixed point theorem. As noted in Remark
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3.2.7, our proof adapts these tools specifically for the multi-agent setting con-

sidered in this thesis.

We define H i
qi
(δ) := (δ− piqi)f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
, and give a lemma on the prop-

erties of the maximum point of H i
qi
.

Lemma A.2.1. Suppose that Assumptions 3.1.1 and 3.1.3 are satisfied by in-

tensity functions f i
a, then for given piqi ∈ R and (δ⃗a,j)j ̸=i ∈

∏
j ̸=i

R2
Zj
∆

+1, function

H i
qi
(δ) := (δ − piqi)f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
has a unique maximum point δ∗ on R. The

maximum point δ∗ satisfies
∂H i

qi

∂δ
(δ∗) = 0 (A.2.1)

Proof. Using notations in (3.1.6), we have

(H i
qi
)′(δ) = (δ − piqi)∂1f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
+ f i

a

(
δ, (δ⃗a,j)j ̸=i

)
= ∂1f

i
a

(
δ, (δ⃗a,j)j ̸=i

) [
δ − piqi +

f i
a

(
δ, (δ⃗a,j)j ̸=i

)
∂1f i

a

(
δ, (δ⃗a,j)j ̸=i

)] (A.2.2)

Define

h(δ) = δ − piqi +
f i
a

(
δ, (δ⃗a,j)j ̸=i

)
∂1f i

a

(
δ, (δ⃗a,j)j ̸=i

)
Then

h′(δ) = 2−
f i
a

(
δ, (δ⃗a,j)j ̸=i

)
∂2iif

i
a

(
δ, (δ⃗a,j)j ̸=i

)
)2(

∂1f i
a

(
δ, (δ⃗a,j)j ̸=i

))2 > 0

from Assumption 3.1.3. Hence h(δ) is an increasing function in δ. Again, from

Assumption 3.1.3, ∂1f
i
a < 0, (H i

qi
)′(δ) is a decreasing function in δ. When

δ < piqi , we have h(δ) < 0. Hence, when δ < piqi , we have

(H i
qi
)′(δ) = ∂1f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
h(δ) > 0

From Assumption 3.1.3, we have

lim
δ→+∞

f i
a(δ, δ⃗

−i)

∂1f i
a(δ, δ⃗

−i)
<∞

Then, lim
δ→+∞

h(δ) = +∞. We obtain that, when δ is large enough,

(H i
qi
)′(δ) < 0

By the mean value theorem applied on the continuous function (H i
qi
)′(δ),

there exists δ∗ > piqi such that (H i
qi
)′(δ∗) = 0. When δ < δ∗, (H i

qi
)′(δ) > 0.

When δ > δ∗, (H i
qi
)′(δ) < 0. Hence δ∗ is the unique maximum point of H i

qi
,

and (H i
qi
)′(δ) = 0.
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We consider a family of mappings

T a
p :

N∏
j=1

(Iδ)
2
Zj
∆

+1 →
N∏
j=1

(Iδ)
2
Zj
∆

+1

indexed by a vector p = (p⃗1, . . . , p⃗N) ∈
N∏
j=1

R2
Zj
∆

+1, where each p⃗i = (piq)q∈Qi
∈

R2
Zi
∆

+1 is indexed by q ∈ Qi = {−Zi,−Zi + ∆, . . . , Zi − ∆, Zi}. T a
p is such

that ∀δ = (δ⃗a,1, . . . , δ⃗a,N) ∈
N∏
j=1

(Iδ)
2
Zj
∆

+1 where δ⃗a,i = (δa,iq )q∈Qi
∈ (Iδ)

2
Zi
∆

+1 is a

vector in R2
Zi
∆

+1 indexed by Qi, we have

T a
p (δ) =

(argmax
δa,iqi

≥−δ∞

[
(δa,iqi
− piqi)f

i
a

(
δa,iqi

, (δ⃗a,j)j ̸=i

)])
qi∈Qi


i∈{1,...,N}

(A.2.3)

From Lemma A.2.1, given p, argmax
δ∈R

H i
qi
(δ) is unique. Hence, the mapping

T a
p is well defined.

Remark A.2.2. Note that in (A.2.3) argmax is taken in the interval [−δ∞,∞),

but T a
p is still well defined. Since if the maximum point δ∗ of function H i

qi
(δ)

satisfies δ∗ ≤ −δ∞, then

argmax
δ≥−δ∞

(δ − piqi)f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
= −δ∞

We also symmetrically define the mappings T b
p for the bid quoting strategy

side. From now on we shall focus on T a
p , and the results follow immediately

for T b
p .

For any given p ∈
N∏
j=1

R2
Zj
∆

+1, we study the existence of a fixed point for T a
p .

If T a
p has a fixed point, we can then take p =

(
(Vi(qi)−Vi(qi−∆)

∆
)qi∈Qi

)
i∈{1,...,N}

and transfer the system of HJB equations (3.2.15) to a system of non-linear

equations where the unknown variables are {Vi(qi), qi ∈ Qi, i ∈ {1, . . . , N}}.

Proposition A.2.3. For any given p ∈
N∏
j=1

R2
Zj
∆

+1, there exists a nonempty

compact set Kp ⊆
N∏
j=1

(Iδ)
2
Zj
∆

+1 such that T a
p (Kp) ⊆ Kp.

Proof. We prove that for any δ, T a
p (δ) is uniformly bounded.

Define

pm = min
i∈{1,...,N},qi∈Qi

piqi , pM = max
i∈{1,...,N},qi∈Qi

piqi
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For given i and qi denote the coordinate qi ∈ Qi of the i
th vector in T a

p (δ)

by giqi , i.e.

giqi := T
a,i,qi
p (δ) := argmax

δ∈R
(δ − piqi)f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
(A.2.4)

From Assumption 3.1.1, f i
a

(
δ, (δ⃗a,j)j ̸=i

)
> 0, so when δ > piqi we have

(δ − piqi)f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
> 0

Therefore, the maximum in (A.2.4) must be attained in the interval (piqi ,∞).

We obtain the lower bound pm

giqi > piqi ≥ pm, ∀i ∈ {1, . . . , N}, qi ∈ Qi (A.2.5)

Define δm = max(pm,−δ∞), then we have

argmax
δ≥−δ∞

(δ − piqi)f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
≥ δm (A.2.6)

On the other hand, for any δ such that δa,jqj
≥ δm where qj ∈ Qj, j ∈

{1, . . . , N}, we seek an upper bound for giqi where i and qi are arbitrary.

Replace the coordinate δa,iqi
inside δ by δ̂ ≡ pM + 1 and form a new vector

δ̂ ∈
N∏
j=1

R2
Zj
∆

+1. We then consider the value Gi
qi
defined by

Gi
qi
= (δ̂ − piqi)f

i
a

(
δ̂, (δ⃗a,j)j ̸=i

)
(A.2.7)

From Assumption 3.1.3, f i
a is increasing function in δjqj ,∀qj ∈ Qj,∀j ̸= i, and

δjqj ≥ pm,∀qj ∈ Qj,∀j ̸= i, we have

Gi
qi
= (δ̂−piqi)f

i
a

(
δ̂, (δ⃗a,j)j ̸=i

)
≥ (δ̂−piqi)f

i
a

(
δ̂, (pm)qj∈Qj ,j ̸=i

)
≥ f i

a

(
δ̂, (pm)qj∈Qj ,j ̸=i

)
(A.2.8)

From Assumption 3.1.1, the upper bound function Λ of f i
a satisfies

lim
δ→∞

Λ(δ)δ = 0

We can also derive limδ→∞ Λ(δ) = 0. There exists δM > max(pM + 1,−δ∞)

such that

f i
a

(
pM+1, (pm)qj∈Qj ,j ̸=i

)
> max

qi∈Qi

Λ(δM)(δM−piqi) > max
qi∈Qi

f i
a

(
δM , (δ⃗

a,j)j ̸=i

)
(δM−piqi)
(A.2.9)

Combining (A.2.8) and (A.2.9) we obtain

(δ̂ − piqi)f
i
a

(
δ̂, (δ⃗a,j)j ̸=i

)
> max

qi∈Qi

f i
a

(
δM , (δ⃗

a,j)j ̸=i

)
(δM − piqi) (A.2.10)
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Hence the maximum point δ∗ of function H i
qi
(δ) := (δ− piqi)f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
can

only be achieved on interval [pm, δM ], since from Lemma A.2.1 H i
qi
is increasing

function on [pm, δ
∗] and decreasing function on [δ∗,∞). Therefore we have

δ∗ ≤ δM

Since i and qi are arbitrary we finally obtain

giqi ≤ δM ,∀qi ∈ Qi, i ∈ {1, . . . , N} (A.2.11)

Therefore the compact set Kp =
N∏
j=1

[δm, δM ](2
Zj
∆

+1) ⊆
N∏
j=1

(Iδ)
2
Zj
∆

+1 satisfies

T a
p (Kp) ⊆ Kp

Next, we prove that T a
p is continuous on Kp. To proceed we first introduce

the notions of upper and lower hemicontinuity for set-valued functions (or, by

another name, correspondence). We denote a correspondence that maps from

A to subsets of B by Γ : A⇒ B such that ∀x ∈ A, Γ(x) ⊆ B.

Definition A.2.4. (Upper hemicontinuity) A correspondence Γ : A ⇒ B is

upper hemicontinuous at a ∈ A, if for any open neighborhood V of Γ(a) (i.e.

Γ(a) ⊆ V ), there exists a neighborhood U of a, such that for any x ∈ U ,

Γ(x) ⊆ V .

Definition A.2.5. (Lower hemicontinuity) A correspondence Γ : A ⇒ B is

lower hemicontinuous at a ∈ A, if for any open set V such that V ∩ Γ(a) ̸= ∅,
there exists a neighborhood U of a, such that for any x ∈ U , Γ(x) ∩ V ̸= ∅.

We will need below Berge’s Maximum Theorem ([Berge 1963]) for the con-

tinuity of argmax function.

Lemma A.2.6. (Berge’s Maximum Theorem) A function f : X × Θ → R is

continuous on X × Θ. A correspondence D : Θ ⇒ X is compact-valued, i.e.

∀θ ∈ Θ, D(θ) is a compact subset of X. Define the maximum function f ∗(θ) =

sup{f(x, θ), x ∈ D(θ)} and D∗ : Θ ⇒ X by D∗(θ) = arg sup{f(x, θ), x ∈
D(θ)} = {x ∈ D(θ) : f(x, θ) = f ∗(θ)}. If D is both upper and lower hemi-

continuous at θ, then f ∗(θ) is continuous, and D∗(θ) is upper hemicontinuous

with nonempty and compact values.

For a single-valued mapping, we have following lemma connecting upper

hemicontinuity and the continuity of function.
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Lemma A.2.7. Let X, Y be 2 topological spaces and Γ : X ⇒ Y be single-

valued mapping. If Γ is upper hemicontinuous, then Γ is also a continuous

function of Γ : X → Y .

Proof. The proof is straightforward. For x ∈ X, let V ⊆ Y be an open

set containing f(x), i.e., {f(x)} ⊆ V . Since Γ is upper hemicontinuous and

V is a neighborhood with {f(x)} ⊆ V , from Definition A.2.4 there exists a

neighborhood U of x, such that for any u ∈ U , {Γ(u)} ⊆ V . Since U is a

neighborhood of x, there exists an open set O that satisfies x ∈ O,O ⊆ U .

Moreover ∀u ∈ O, Γ(u) ∈ V . Hence Γ is continuous in x ∈ X, ∀x ∈ X.

Therefore, Γ : X → Y is a continuous function.

Proposition A.2.8. For any given p ∈
N∏
j=1

R2
Zj
∆

+1, let Kp ⊆
N∏
j=1

(Iδ)
2
Zj
∆

+1

be the compact set defined in Proposition A.2.3. Then T a
p : Kp → Kp is

continuous.

Proof. It suffices to verify the continuity of T a,i,qi
p for given index i, qi, where

T a,i,qi
p (δ) := argmax

δ≥−δ∞

(δ − piqi)f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
in other words to prove T a,i,qi

p is continuous in terms of (δ⃗a,j)j ̸=i. Write function

H i
qi
(δ) := (δ−piqi)f

i
a

(
δ, (δ⃗a,j)j ̸=i

)
. From Lemma A.2.1, argmax of H i

qi
(δ) exists

and is unique for any i ∈ {1, . . . , N}, qi ∈ Qi. Hence T a
p is well defined as a

single-valued mapping on Kp.

H i
qi

is continuous in terms of (δ⃗a,j)j ̸=i, and argmax
δ

H i
qi
(δ) is taken in a

compact set, denoted by Ki,qi
p ⊆ R. Hence, the conditions in Lemma A.2.6

are satisfied. In fact, we take f = H i
qi
, X = R, Θ =

∏
j ̸=i

R2
Zi
∆

+1, x = δ ∈ X,

θ = (δ⃗a,j)j ̸=i ∈ Θ. And D(θ) ≡ K ′ where K ′ is the projection of Kp on the

subspace
∏
j ̸=i

R2
Zi
∆

+1. Then D(θ) = K ′ is also a compact set. D as a constant

mapping is both upper and lower hemicontinuous. Therefore, from Lemma

A.2.6 T a,i,qi
p is continuous as a function of (δ⃗a,j)j ̸=i. Combining all coordinates

qi ∈ Qi and i ∈ {1, . . . , N}, we obtain T a,i,qi
p is a continuous mapping on

Kp.

Proposition A.2.9. For any given p ∈
N∏
j=1

R2
Zj
∆

+1, the mapping T a
p : Kp →

Kp has a fixed point. That is, there exists δp ∈ Kp such that T a
p (δp) = δp.

Proof. By Proposition A.2.3, Kp is a compact set in
N∏
j=1

R2
Zj
∆

+1, and therefore

is closed. By construction in the proof of Proposition A.2.3, Kp is also a convex
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set. By Proposition A.2.8, T a
p is continuous on Kp. Then, by Schauder’s fixed

point theorem, T a
p has a fixed point in Kp.

To proceed, we also need the uniqueness of the fixed point δp and the

continuity of the map p 7→ δp. To derive these results we use the following

global implicit function theorem ([Galewski and Rădulescu 2018]):

Lemma A.2.10. Let F ∈ C1(Rn × Rm,Rn) be a C1 mapping which satisfies

• ∀y ∈ Rm the function ϕy(x) defined by ϕy(x) =
1
2
||F (x, y)||2 is coercive,

i.e.

lim
||x||→∞

ϕy(x) = +∞

• The Jacobian matrix ∂xF (x, y) is non-singular for any (x, y) ∈ Rn×Rm.

Then there exists a unique function f : Rm → Rn such that f ∈ C1(Rm,Rn)

and

{(x, y) ∈ Rn × Rm, F (x, y) = 0} = {(x, y) ∈ Rn × Rm, x = f(y)}.

Proposition A.2.11. For any p ∈
N∏
j=1

R2
Zj
∆

+1, the fixed point δp from Propo-

sition A.2.9 is unique and the mapping

δp = δ(p) :
N∏
j=1

R2
Zj
∆

+1 →
N∏
j=1

(Iδ)
2
Zj
∆

+1

is continuous in p.

Proof. Given i and qi ∈ Qi, from Lemma A.2.1, the maximal point of H i
qi
(δ) =

(δ − piqi)f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
satisfies first order condition:

(δ − piqi)∂1f
i
a

(
δ, (δ⃗a,j)j ̸=i

)
+ f i

a

(
δ, (δ⃗a,j)j ̸=i

)
= 0 (A.2.12)

Define a mapping Li
qi
(δ,p) :

N∏
j=1

R2
Zj
∆

+1 ×
N∏
j=1

R2
Zj
∆

+1 → R.

Li
qi
(δ,p) = −

f i
a

(
δa,iqi

, (δ⃗a,j)j ̸=i

)
∂1f i

a

(
δa,iqi , (δ⃗a,j)j ̸=i

) − δa,iqi
+ piqi (A.2.13)

Then define the mapping

L(δ,p) =
(
(Li

qi
)qi∈Qi

)
i∈{1,...,N} :

N∏
j=1

R2
Zj
∆

+1 ×
N∏
j=1

R2
Zj
∆

+1 →
N∏
j=1

R2
Zj
∆

+1
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We then compute the gradient of L.

∂Li
qi

∂δa,iqi

= −2 + ∂2iif
i
a · f i

a

(∂1f i
a)

2
(A.2.14)

∂Li
qi

∂δa,iqj

= 0,∀qj ̸= qi (A.2.15)

∂Li
qi

∂δa,jqj

= −
(∂1f

i
a)(∂

j
qj
f i
a)− f i

a(∂
j
qj
∂1f

i
a)

(∂1f i
a)

2
, ∀j ̸= i (A.2.16)

Then we have∣∣∣∣∣∂Liqi∂δa,iqi

∣∣∣∣∣− ∑
qj ̸=qi

∣∣∣∣∣∂Liqi∂δa,iqj

∣∣∣∣∣−∑
j ̸=i

∑
qj∈Qj

∣∣∣∣∣ ∂Liqi∂δa,jqj

∣∣∣∣∣
=

2(∂1f
i
a)

2 − ∂2iif ia · f ia −
∑
j ̸=i

∑
qj∈Qj

∣∣∣(∂1f ia)(∂jqjf ia)− f ia(∂jqj∂1f ia)∣∣∣
(∂1f ia)

2
(A.2.17)

From Assumption 3.1.3, we have
∣∣∣ ∂Li

qi

∂δa,iqi

∣∣∣ − ∑
qj ̸=qi

∣∣∣∣ ∂Li
qi

∂δa,iqj

∣∣∣∣ − ∑
j ̸=i

∑
qj∈Qj

∣∣∣∣ ∂Li
qi

∂δa,jqj

∣∣∣∣ > 0

Hence the Jacobian matrix ∇δL(δ,p) is diagonally dominant, and hence is

nonsingular. Therefore, ∇δL(δ,p) is bijective for any (δ,p) ∈
N∏
j=1

R2
Zj
∆

+1 ×

N∏
j=1

R2
Zj
∆

+1.

Now it remains to prove L(δ,p) is coercive. Given a sequence {δ(n)} ⊆
N∏
j=1

R2
Zj
∆

+1 such that ||δ(n)|| → ∞, there must exist a subsequence {(δa,inqin
)(kn)}

such that lim
n→∞

|(δa,inqin
)(kn)| = ∞. Otherwise, there exists a constant M > 0,

such that for any K > 0 there exists k > K and |(δiqi)
(k)| < M for any i, qi.

Hence

||δ(k)|| < M

√√√√ N∏
i=1

(2
Zi

∆
+ 1)

This contradicts ||δ(n)|| → ∞.

When (δa,inqin
)(kn) → −∞, since

−
f i
a

(
δa,iqi

, (δ⃗a,j)j ̸=i

)
∂1f i

a

(
δa,iqi , (δ⃗a,j)j ̸=i

) > 0

we have

Lin
qin

(δ(kn),p) = −
f i
a

(
(δa,inqin

)(kn),
(
(δ⃗a,j)(kn)

)
j ̸=i

)
∂1f i

a

(
(δa,inqin )(kn),

(
(δ⃗a,j)(kn)

)
j ̸=i

) − (δa,inqin
)(kn) + pinqin

> −(δa,inqin
)(kn) + pinqin →∞ (A.2.18)
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When (δa,inqin
)(kn) → +∞, from Assumption 3.1.3 let Q = lim

δ→+∞
f i
a(δ,·)

∂1f i
a(δ,·)

<∞
there exists R > 0 such that for any n > R we have

Lin
qin

(δ(kn),p) = −
f i
a

(
(δa,inqin

)(kn),
(
(δ⃗a,j)(kn)

)
j ̸=i

)
∂1f i

a

(
(δa,inqin )(kn),

(
(δ⃗a,j)(kn)

)
j ̸=i

) − (δa,inqin
)(kn) + pinqin

≤ −Q+ 1− (δa,inqin
)(kn) + pinqin → −∞ (A.2.19)

When there are two subsequences of (δa,inqin
)(kn) → +∞ converging respec-

tively to +∞ and −∞ from (A.2.18) and (A.2.19) we still have

lim
||δkn ||→∞

||L(δkn ,p)|| = +∞

Therefore, L(δ,p) satisfies the conditions in Lemma A.2.10, so there exists

a unique mapping δ = δ(p) which is C1 in p. Define δp = max(δ(p),−δ∞),

then δp is continuous in p.

We can now prove Theorem 3.2.6.

Proof. (Theorem 3.2.6) Denote V⃗ =
((
Vi(qi)

)
qi∈Qi

)
i∈{1,...,N}

as an unknown

vector that we want to solve in space
N∏
j=1

R2
Zj
∆

+1. Then we take a specific

p̂ ∈
N∏
j=1

R2
Zj
∆

+1 such that

p̂iqi =
Vi(qi)− Vi(qi −∆)

∆

From Proposition A.2.9 we can express the fixed point of T a
p̂ as a function of p̂,

that is, a function of V⃗ . We denote this fixed point by δ(V⃗ ) = ((δa,iqi
(V⃗ ))qi∈Qi

)i∈{1,...,N}.

Note that by Proposition A.2.11 δ(V⃗ ) is unique given V⃗ , and is continuous in

V⃗ .

Equation (3.2.15) can be written as

rVi(qi) + ψi(qi)− I(qi > −Zi)λ
a∆

[
f i
a

(
δa,iqi

(V⃗ ), (δ⃗a,j(V⃗ ))j ̸=i

)
·(

δa,iqi
(V⃗ )− Vi(qi)− Vi(qi −∆)

∆

)]
− I(qi < Zi)λ

b∆

[
f i
b

(
δb,iqi

(V⃗ ), (δ⃗b,j(V⃗ ))j ̸=i

)
·(

δb,iqi
(V⃗ )− Vi(qi)− Vi(qi +∆)

∆

)]
= 0

(A.2.20)
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To prove that there exists a solution to equation (3.2.15), it suffices to prove

there exists a vector V⃗ =
((
Vi(qi)

)
qi∈Qi

)
i∈{1,...,N}

∈
N∏
j=1

R2
Zj
∆

+1 satisfying the

system of nonlinear equations (A.2.20).

We define R-valued mappings Ha,i
qi

and Hb,i
qi

defined on
N∏
j=1

R2
Zj
∆

+1, such

that for V⃗ ∈
N∏
j=1

R2
Zj
∆

+1,

Ha,i
qi (V⃗ ) = I(qi > −Zi)f

i
a

(
δa,iqi (V⃗ ),

(
δ⃗a,j(V⃗ )

)
j ̸=i

)(
δa,iqi (V⃗ )− Vi(qi)− Vi(qi −∆)

∆

)
Hb,i

qi (V⃗ ) = I(qi < Zi)f
i
b

(
δb,iqi (V⃗ ),

(
δ⃗b,j(V⃗ )

)
j ̸=i

)(
δb,iqi (V⃗ )− Vi(qi)− Vi(qi +∆)

∆

)
(A.2.21)

Then Ha,i
qi

and Hb,i
qi

form mappings Ha,Hb :
N∏
j=1

R2
Zj
∆

+1 →
N∏
j=1

R2
Zj
∆

+1 when

we group together qi ∈ Qi and i ∈ {1, . . . , N}, defined by

Ha(V⃗ ) =
((
Ha,i

qi
(V⃗ )
)
qi∈Qi

)
i∈{1,...,N}

,Hb(V⃗ ) =
((
Hb,i

qi
(V⃗ )
)
qi∈Qi

)
i∈{1,...,N}

(A.2.22)

From equation (A.2.20) and notations in (A.2.22) we define mapping Φ :
N∏
j=1

R2
Zj
∆

+1 →
N∏
j=1

R2
Zj
∆

+1, where Φ(V⃗ ) =
((

Φi
qi
(V⃗ )
)
qi∈Qi

)
i∈{1,...,N}

Φi
qi
(V⃗ ) = (1− r)Vi(qi)− ψi(qi) + λa∆ · Ha,i

qi
(V⃗ ) + λb∆ · Hb,i

qi
(V⃗ ) (A.2.23)

From Proposition 3.2.2, any equilibrium value function Vi(qi) is uniformly

bounded by a constant M . Hence the vector V⃗ can be restricted on a con-

vex and compact set K ⊆
N∏
j=1

R2
Zj
∆

+1. ψi(qi) is also uniformly bounded

∀qi ∈ Qi,∀i ∈ {1, . . . , N} by max
i∈{1,...,N}

Ψi defined in the proof of Proposition

3.2.2. We now prove that Ha,i
qi
(V⃗ ) and Hb,i

qi
(V⃗ ) are also uniformly bounded.

From (A.2.22), we obtain

|Ha,i
qi
(V⃗ )| ≤

∣∣∣δa,iqi
(V⃗ )Λ

(
δa,iqi

(V⃗ )
)∣∣∣+ ∣∣∣Λ(δa,iqi

(V⃗ )
)∣∣∣ 2L

∆
(A.2.24)

where L is the uniform bound of Vi(qi) defined in Proposition 3.2.2. From

Proposition A.2.3 δa,iqi
(V⃗ )) takes value from a compact set Ki

qi
, the functions

Λ(δ) and δΛ(δ) are continuous in δ, hence they are bounded on the compact

set Ki
qi
. Therefore there exists a constant Ci

qi
such that

|Ha,i
qi
(V⃗ )| ≤ Ci

qi
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We then take C := max
i,qi

Ci
qi
, then C is the uniform upper bound for |Ha,i

qi
(V⃗ )|

regardless of qi and i. We can similarly prove |Hb,i
qi
(V⃗ )| is also uniformly

bounded by a positive constant.

Therefore ∀qi ∈ Qi,∀i ∈ {1, . . . , N}, the mapping Φi
qi
(V⃗ ) is uniformly

bounded by a closed interval I iqi regardless of V⃗ . Define the setA =
N∏
i=1

(
∏

qi∈Qi

I iqi),

then A ⊆
N∏
j=1

R2
Zj
∆

+1 and A is a compact and convex set. Meanwhile, Φ(A) ⊆

A.

Finally, by Proposition A.2.9 δa,iqi
(V⃗ ) and δb,iqi

(V⃗ ) are continuous functions

of V⃗ , then Ha,i
qi
(V⃗ ) and Hb,i

qi
(V⃗ ) are also continuous functions of V⃗ . Therefore,

Φ(V⃗ ) :
N∏
j=1

R2
Zj
∆

+1 →
N∏
j=1

R2
Zj
∆

+1 is also a continuous mapping in terms of

V⃗ . Applying Schauder’s fixed point theorem, Φ has a fixed point V⃗ ∗ ∈ A ⊆
N∏
j=1

R2
Zj
∆

+1.

Φ(V⃗ ∗) = V⃗ ∗ (A.2.25)

V⃗ ∗ satisfies the system of linear equations (A.2.20). Hence V⃗ ∗ satisfies the

system of HJB equations (3.2.15). By the verification theorem Proposition

3.2.5, V⃗ ∗ is the equilibrium value functions of N market makers, while δ(V⃗ ∗)

is the joint quoting strategy under Nash equilibrium.

A.3 Proof of Proposition 3.5.2

From Lemma 3.5.1, the running cost of the market maker is

Ei

[
−
∫ τa∧τb

0

e−rtψi(qi)dt

]
= − ψi(qi)

r + λa + λb

Hence from (3.5.4) we obtain for −Zi < qi < Zi:

V δ
i (qi) =−

ψi(qi)

r + λa + λb
+ Ei

[
I(Ri

a)I(τa < τb)
(
e−rτaδa,iqi ∆+ e−rτaV δ

i (qi −∆)
)

+ I(Ri
b)I(τb < τa)

(
e−rτbδb,iqi ∆+ e−rτbV δ

i (qi +∆)
)
+ I
(
(Ri

a)
c ∩ (Ri

b)
c
)
e−rτV δ

i (qi)

]
=− ψi(qi)

r + λa + λb

+ P(τa < τb)Ei

[
I(Ri

a)
(
e−rτaδa,iqi ∆+ e−rτaV δ

i (qi −∆)
)
+ I
(
(Ri

a)
c
)
e−rτaV δ

i (qi)
∣∣∣τa < τb

]
+ P(τb < τa)Ei

[
I(Ri

b)
(
e−rτbδa,iqi ∆+ e−rτbV δ

i (qi +∆)
)
+ I
(
(Ri

b)
c
)
e−rτbV δ

i (qi)
∣∣∣τb < τa

]
(A.3.1)
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For qi = −Zi

V δ
i (−Zi) =−

ψi(−Zi)

r + λa + λb
+ Ei

[
I(τa < τb)

(
e−rτaV δ

i (−Zi)
)

+ I(τb < τa)
(
I(Ri

b)
(
e−rτbδb,i−Zi

∆+ e−rτbV δ
i (−Zi +∆)

)
+ I
(
(Ri

b)
c
)
e−rτbV δ

i (−Zi)
)]

=− ψi(−Zi)

r + λa + λb
+ P(τa < τb)Ei

[
e−rτaV δ

i (−Zi)
∣∣∣τa < τb

]
+ P(τb < τa)Ei

[
I(Ri

b)
(
e−rτbδb,i−Zi

∆+ e−rτbV δ
i (−Zi +∆)

)
+ I
(
(Ri

b)
c
)
e−rτbV δ

i (−Zi)
∣∣∣τb < τa

]
(A.3.2)

For qi = Zi

V δ
i (Zi) =−

ψi(Zi)

r + λa + λb
+ Ei

[
I(τb < τa)

(
e−rτbV δ

i (Zi)
)

+ I(τa < τb)
(
I(Ri

a)
(
e−rτaδa,iZi

∆+ e−rτaV δ
i (Zi −∆)

)
+ I
(
(Ri

a)
c
)
e−rτaV δ

i (Zi)
)]

=− ψi(Zi)

r + λa + λb
+ P(τb < τa)Ei

[
e−rτbV δ

i (Zi)
∣∣∣τb < τa

]
+ P(τa < τb)Ei

[
I(Ri

a)
(
e−rτaδa,iZi

∆+ e−rτaV δ
i (Zi −∆)

)
+ I
(
(Ri

a)
c
)
e−rτaV δ

i (Zi)
∣∣∣τa < τb

]
(A.3.3)

By combining equations (A.3.1)-(A.3.3) with indicator functions I(−Zi <

qi ≤ Zi) and I(−Zi ≤ qi < Zi) we obtain (3.5.9).
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Appendix B

Appendix of Chapter 4

B.1 Proof of Theorem 4.1.8

The proof of the existence of a mean field Nash equilibrium is based on demon-

strating the Lipschitz continuity of the operators derived from the forward

and backward equations. We then apply Schauder’s fixed point theorem on

the function space of population distribution flows. We first provide original

proofs for Lemma B.1.1 and Lemma B.1.2. The proof of Theorem 4.1.8 follows

the general framework established in the mean field game literature, including

the existence results from [Gomes, Mohr, and Souza 2013] and [Guéant 2015].

We first study the property of Ξa defined in (4.1.23). We have the following

lemma.

Lemma B.1.1. Under Assumption 4.1.2, for any p, µ ∈ R, Ξa(p, µ) and

Ξb(p, µ) in (4.1.23) are well defined. Ξa(p, µ) and Ξb(p, µ) are continuous

functions of (p, µ). For any given p ∈ R there exist constants mp,Mp such that

mp ≤ Ξa(p, µ) ≤Mp and mp ≤ Ξb(p, µ) ≤Mp.

Proof. It suffices to prove the case for Ξa. We first define ζp,µ(δ) = fa(δ, µ)(δ−
p). To show that Ξa is well defined, we need to prove that ζp,µ(δ) achieves a

unique maximum point on Iδ. The first order derivative of ζp,µ yields

ζ ′p,µ(δ) = (δ − p)∂δfa(δ, µ) + fa(δ, µ)

= ∂δfa(δ, µ)

[
δ − p+ fa(δ, µ)

∂δfa(δ, µ)

]
(B.1.1)

Using the same argument as from Lemma A.1 of [Cont and Xiong 2024] we can

show that there exists a unique point δmax(p, µ) > p in R such that ζ ′p,µ(δ) >

0,∀δ < δmax(p, µ), ζ ′p,µ(δ) < 0,∀δ > δmax(p, µ), and ζ ′p,µ(δ
max(p, µ)) = 0.
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That is, δmax(p, µ) is the unique maximum point of ζp,µ(δ) in R. δmax(p, µ) is

characterized by

δmax(p, µ)− p+ fa(δ
max(p, µ), µ)

∂δfa(δmax(p, µ), µ)
= 0 (B.1.2)

From Assumption 4.1.2 and by the Implicit Function Theorem, δmax(p, µ) is

continuously differentiable in (p, µ) and we have


∂δmax(p,µ)

∂p
=

(
∂δfa

(
δmax(p,µ),µ

))2

2

(
∂δfa

(
δmax(p,µ),µ

))2

−fa

(
δmax(p,µ),µ

)
·∂2

δδfa

(
δmax(p,µ),µ

)
∂δmax(p,µ)

∂µ
=

−∂δfa

(
δmax(p,µ),µ

)
∂µfa

(
δmax(p,µ),µ

)
+fa

(
δmax(p,µ),µ

)
·∂δ∂µfa

(
δmax(p,µ),µ

)
2

(
∂δfa

(
δmax(p,µ),µ

))2

−fa

(
δmax(p,µ),µ

)
·∂2

δδfa

(
δmax(p,µ),µ

)
(B.1.3)

Therefore, the value of Ξa(p, µ) is well defined achieving a unique value,

with

Ξa(p, µ) = max
(
− δ∞, δmax(p, µ)

)
(B.1.4)

The continuity of Ξa(p, µ) follows immediately from (B.1.3) and (B.1.4). Define

the closed set Υ = {(p, µ)|δmax(p, µ) ≤ −δ∞}, then Ξa(p, µ) ≡ −δ∞ in Υ and

Ξa(p, µ) = δmax(p, µ) on R2 \Υ.

From Assumption 4.1.2, fa(δ, µ) > 0, so whenever δ > p we have fa(δ, µ)(δ−
p) > 0. Therefore, argmaxδ fa(δ, µ)(δ − p) is achieved when δ > p, hence

Ξa(p, µ) ≥ min(−δ∞, p).
On the other hand, take δ̂ = p+1. Since fa(δ, µ) ≤ Λ(δ), and lim

δ→∞
Λ(δ)δ =

0, we also have lim
δ→∞

Λ(δ) = 0. So we obtain that there exists a large enough

δM > max(−δ∞, p+ 1) such that

fa(δ̂, µ)(δ̂ − p) = fa(δ̂, µ) ≥ Λ(δM)(δM − p) ≥ fa(δM , µ)(δM − p) (B.1.5)

where δM is dependent on p. Therefore, the maximum of fa(δ, µ)(δ − p) is

obtained between (p, δM ]. Assigning mp = max(−δ∞, p) and Mp = δM , we

conclude that

mp ≤ Ξa(p, µ) ≤Mp

Lemma B.1.2. Define the mappings Ga, Gb : R× R2H+1 × SQ → R:

Ga(µ, u, θ) =
∑
ξ∈Q

Ξa
(
u(ξ)− u(ξ − 1), µ

)
θ(ξ)I(ξ > −Z)

Gb(µ, u, θ) =
∑
ξ∈Q

Ξa
(
u(ξ)− u(ξ + 1), µ

)
θ(ξ)I(ξ < Z) (B.1.6)
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Under Assumption 4.1.2, for any pair (u, θ) ∈ R2H+1×SQ there exist a unique

fixed point µa(u, θ) ∈ R of Ga and a unique fixed point µb(u, θ) ∈ R of Gb.

Furthermore, µa(u, θ) and µb(u, θ) are locally Lipschitz continuous functions

of (u, θ).

Proof. It suffices to prove the existence and uniqueness of a fixed point of

mapping Ga. From Lemma B.1.1 we obtain the regularity property of Ξa(p, µ)

with respect to (p, µ). We take the closed set Υ defined in the proof of Lemma

B.1.1. Whenever (p, µ) ∈ R2 \ Υ we can write the derivatives of Ξa in the

implicit form of Ξa:
∂Ξa(p,µ)

∂p
=

(
∂δfa

(
Ξa(p,µ),µ

))2

2

(
∂δfa

(
Ξa(p,µ),µ

))2

−fa

(
Ξa(p,µ),µ

)
·∂2

δδfa

(
Ξa(p,µ),µ

)
∂Ξa(p,µ)

∂µ
=

−∂δfa

(
Ξa(p,µ),µ

)
∂µfa

(
Ξa(p,µ),µ

)
+fa

(
Ξa(p,µ),µ

)
·∂δ∂µfa

(
Ξa(p,µ),µ

)
2

(
∂δfa

(
Ξa(p,µ),µ

))2

−fa

(
Ξa(p,µ),µ

)
·∂2

δδfa

(
Ξa(p,µ),µ

)
(B.1.7)

From Point 6 in Assumption 4.1.2, we have∣∣∣∂Ξa(p, µ)

∂µ

∣∣∣ = ∣∣∣∂δf · ∂µf − f · ∂δ∂µf
2(∂δf)2 − ∂2δδf · f

∣∣∣(Ξa(p, µ), µ) ≤ c < 1 (B.1.8)

When (p, µ) ∈ Υ, Ξa(p, µ) is constant, therefore the partial derivatives ∂pΞ
a, ∂µΞ

a

are 0 at the interior of Υ. For any point (p, µ) on the boundary ∂Υ we have

lim sup
x→µ

|Ξ
a(p,x)−Ξa(p,µ)

x−µ
| ≤ c < 1.

Hence whenever the derivatives in (B.1.9) are valid we have:∣∣∣∂Ga(µ, u, θ)

∂µ

∣∣∣ = ∣∣∣∑
ξ∈Q

∂Ξa
(
u(ξ)− u(ξ − 1), µ

)
∂µ

θ(ξ)I(ξ > −Z)
∣∣∣

≤ c
∑
ξ∈Q

θ(ξ)I(q > −Z) ≤ c < 1 (B.1.9)

For any µ where the derivatives in (B.1.9) are not well-defined we still have∣∣∣ lim sup
x→µ

Ga(x, u, θ)−Ga(µ, u, θ)

x− µ

∣∣∣ ≤ c
∑
ξ∈Q

θ(ξ)I(q > −Z) ≤ c < 1 (B.1.10)

Therefore, for given (u, θ), Ga(µ, u, θ) is a contraction mapping on R. By

Banach’s Fixed Point Theorem, there exists a unique fixed point µa(u, θ) of

Ga(µ, u, θ).

For simplicity and without loss of generality, we now assume Ξa(p, µ) is C1

for all (p, µ). Note then that Ga is C1 in terms of u and θ, and θ ∈ SQ where
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SQ is closed and bounded. To show the local Lipschitz continuity of µa(u, θ),

we apply Implicit Function Theorem on following equation:

Ga(µ, u, θ)− µ = 0 (B.1.11)

(B.1.11) is well defined from the existence and uniqueness of a fixed point

µa(u, θ). From (B.1.9) we see that ∂Ga(µ,u,θ)
∂µ

− 1 ̸= 0. By the Implicit Function

Theorem, there exists an open neighborhood U = U1 × U2 of (u, θ) where

U1 ⊂ R, U2 ⊂ SQ such that µa(u, θ) is continuously differentiable on U1 × U2.

From (B.1.9) we obtain a bound for ∂Ga(µ,u,θ)
∂µ

− 1:

−c− 1 ≤ ∂Ga(µ, u, θ)

∂µ
− 1 ≤ c− 1 < 0 (B.1.12)

From Lemma B.1.1 Ξa(p, µ) is a continuous function of (p, µ). We take

closed intervals I1 × I2 ⊂ U1 × U2 such that (u, θ) ∈ I1 × I2, then the gradient

∇θG
a(µ, u, θ)|µ=µa(u,θ) =

((
Ξa
(
u(ξ) − u(ξ − 1), µa(u, θ)

)
I(ξ > −Z)

))
ξ∈Q

is

bounded uniformly on the closed and bounded interval I1 × I2 because of the

continuity of Ξa(u(ξ)− u(ξ − 1), µa(u, θ)) in (u, θ) for all ξ ∈ Q.
We then calculate ∇uG

a(µ, u, θ)|µ=µa(u,θ):

∇uG
a(µ, u, θ)|µ=µa(u,θ) =

(∂Ξa

∂p

(
u(ξ)− u(ξ − 1), µa(u, θ)

)
θ(ξ)I(ξ > −Z)

− ∂Ξa

∂p

(
u(ξ + 1)− u(ξ), µa(u, θ)

)
θ(ξ + 1)I(ξ + 1 > −Z)

)
ξ∈Q

(B.1.13)

From (B.1.7) and Assumption 4.1.2, we obtain 0 < ∂Ξa(p,µ)
∂p

≤ 1
C

where C

is the constant at Point 4 of Assumption 4.1.2. Hence, the coordinates of

∇uG
a(µ, u, θ)|µ=µa(u,θ) in (B.1.13) are uniformly bounded.

Therefore by Implicit Function Theorem within the neighborhood U we

can write the derivatives (∇uµ
a,∇θµ

a):

(∇uµ
a,∇θµ

a) = −(∂G
a(µ, u, θ)

∂µ
− 1)(∇uG

a,∇θG
a) (B.1.14)

(∇uµ
a,∇θµ

a) is uniformly bounded on I1×I2. Therefore, µa is locally Lipschitz

continuous in (u, θ).

Proof. (Proof of Theorem 4.1.8) For a given continuous flow of probability

distribution M : [0, T ]→ SQ, we seek the existence and uniqueness of solution

V : [0, T ]→ (R2H+1, || · ||∞) to the following backward differential equation:dV
dt
(t) = Φ(V (t),M (t))

V (T )(·) = −ϕ(·)
(B.1.15)
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where the mapping Φ : (u, θ) ∈ R2H+1×SQ → R2H+1 is defined from the HJB

equation in (4.1.25):

Φ(u, θ)(q) = ru(q) + ψ(q)−Ha(u(q)− u(q − 1), µa(u, θ))I(q > −Z)

−Hb(u(q)− u(q + 1), µb(u, θ))I(q < Z) (B.1.16)

with µa, µb : (u, θ) ∈ R2H+1 × SQ → R defined by

µa(u, θ) =
∑
ξ∈Q

Ξa
(
u(ξ)− u(ξ − 1), µa(u, θ)

)
θ(ξ)I(ξ > −Z)

µb(u, θ) =
∑
ξ∈Q

Ξb
(
u(ξ)− u(ξ + 1), µb(u, θ)

)
θ(ξ)I(ξ < Z) (B.1.17)

From Lemma B.1.2, (B.1.17) admits a unique solution
(
µa(u, θ), µb(u, θ)

)
for

each (u, θ) ∈ R2H+1 × SQ and
(
µa(u, θ), µb(u, θ)

)
are locally Lipschitz on

R2H+1 × SQ.

Using the definitions of Ξa we can calculate the derivatives of function

Ha(p, µ).

∂Ha

∂p
(p, µ) = −λafa(Ξa(p, µ), µ)

∂Ha

∂µ
(p, µ) = −λafa(Ξa(p, µ), µ)

∂µfa(Ξ
a(p, µ), µ)

∂δfa(Ξa(p, µ), µ)
(B.1.18)

From Assumption 4.1.2
∣∣∂µfa(δ,µ)
∂δfa(δ,µ)

∣∣ ≤ K and fa(δ, µ) is uniformly bounded when

δ > −δ∞, we see that both
∣∣∣∂Ha

∂p

∣∣∣ and ∣∣∣∂Ha

∂µ

∣∣∣ are uniformly bounded. Let us

take (u, θ) ∈ R2H+1 × SQ. From Lemma B.1.2 µa(u, θ) is locally Lipschitz.

There exists a constant Ku,θ such that µa is Lipschitz continuous within a

neighborhoodO of (u, θ). We then take a u′ such that (u′, θ) ∈ O, and compute(
Φ(u, θ)− Φ(u′, θ)

)
(q) = r(u− u′)(q)−Ha(u(q)− u(q − 1), µa(u, θ))I(q > −Z)

−Hb(u(q)− u(q + 1), µb(u, θ))I(q < Z)

+Ha(u′(q)− u′(q − 1), µa(u′, θ))I(q > −Z)

+Hb(u′(q)− u′(q + 1), µb(u′, θ))I(q < Z)

(B.1.19)

We shall now study the term

Ha(u(q)− u(q − 1), µa(u, θ))−Ha(u′(q)− u′(q − 1), µa(u′, θ))

=
(
Ha(u(q)− u(q − 1), µa(u, θ))−Ha(u′(q)− u′(q − 1), µa(u, θ))

)
+
(
Ha(u′(q)− u′(q − 1), µa(u, θ))−Ha(u′(q)− u′(q − 1), µa(u′, θ))

)
(B.1.20)
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Since
∣∣∣∂Ha

∂p

∣∣∣ is uniformly bounded, let Lp be its upper bound, application of

Mean Value Theorem yields∣∣∣Ha(u(q)− u(q − 1), µa(u, θ))−Ha(u′(q)− u′(q − 1), µa(u, θ))
∣∣∣

≤ Lp|u(q)− u(q − 1)− u′(q) + u′(q − 1)| ≤ 2Lp||u− u′||∞
(B.1.21)

Since
∣∣∣∂Ha

∂µ

∣∣∣ is uniformly bounded, let Lµ denote its upper bound, then we see

that ∣∣∣Ha(u′(q)− u′(q − 1), µa(u, θ))−Ha(u′(q)− u′(q − 1), µa(u′, θ))
∣∣∣

≤ Lµ

∣∣∣µa(u, θ)− µa(u′, θ)
∣∣∣ ≤ LµKu,θ||u− u′||∞

(B.1.22)

Combining (B.1.19)-(B.1.22) we obtain that Ha(u(q) − u(q − 1), µa(u, θ)) is

locally Lipschitz in u. Same conclusion can be drawn for Hb(u(q) − u(q +

1), µa(u, θ)). Therefore when θ is given, the mapping Φ(u, θ) is locally Lipschitz

continuous in terms of u. Moreover we can verify that Φ(u, θ) is continuous in

θ. Since the mapping M : [0, T ] → SQ is continuous, from Cauchy-Lipschitz

Theorem, there exists a unique solution V M of (B.1.15), and V M depends

continuously on the parameter M .

As a second step for a given continuous mapping V : [0, T ] → (R2H+1, || ·
||∞), we prove the existence and uniqueness of solution M : [0, T ] → SQ to

the forward differential equation:dM
dt

(t) = Ψ(M (t),V (t))

M(0)(·) = m0(·)
(B.1.23)

where the mapping Ψ : (θ, u) ∈ SQ×R2H+1 → SQ is defined from the forward

Fokker-Planck equation in (4.1.25):

Ψ(θ, u)(q) =λafa

(
Ξa
(
u(q + 1)− u(q), µa(u, θ)

)
, µa(u, θ)

)
θ(q + 1)I(q < Z)

+ λbfb

(
Ξb
(
u(q − 1)− u(q), µb(u, θ)

)
, µb(u, θ)

)
θ(q − 1)I(q > −Z)

− λafa
(
Ξa
(
u(q)− u(q − 1), µa(u, θ)

)
, µa(u, θ)

)
θ(q)I(q > −Z)

− λbfb
(
Ξb
(
u(q)− u(q + 1), µb(u, θ)

)
, µb(u, θ)

)
θ(q)I(q < Z)

(B.1.24)
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with µa, µb : (u, θ) ∈ R2H+1×SQ → R defined in (B.1.17). It is straightforward

to verify that Ψ(θ, u) is Lipschitz continuous in θ since fa, fb are uniformly

bounded by a constant Bf when δ ≥ −δ∞. And Ψ(θ, u) is also continuous

in u, from the continuity of functions fa, fb,Ξ
a,Ξb, µa, µb. Therefore, by the

Cauchy-Lipschitz Theorem, there exists a unique solution MV of (B.1.23).

And MV depends continuously on the parameterV .

Finally we consider a subset C of C([0, T ]→ SQ) defined by

C =
{
f ∈ C([0, T ]→ SQ)

∣∣∣∣sup
s ̸=t

||f(t)− f(s)||∞
|t− s|

≤ 2(λa + λb)Bf

}
(B.1.25)

Then we can verify that C is a closed and convex set. And by definition C
is equicontinuous. Since SQ is a bounded subset of R2H+1, C is uniformly

bounded in || · ||∞ norm, therefore by Arzela-Ascoli Theorem C is relatively

compact in C([0, T ]→ SQ).

We define the mapping T : C([0, T ] → SQ) → C([0, T ] → SQ): for any

M ∈ C([0, T ] → SQ), we can obtain a unique solution V M to differential

equation (B.1.15) with M being its parameter. Then considering V M as the

parameter of the differential equation (B.1.23) there exists a unique solution

M̃ to (B.1.23). We therefore define

M̃ = T (M )

Mapping T is well defined and continuous under uniform norms. For any M ∈
C, since M̃ = T (M ) solves equation (B.1.23), from the upper boundedness of

operator Ψ by 2(λa + λb)Bf we have

sup
s ̸=t

||M̃ (t)− M̃(s)||∞
t− s

≤ 2(λa + λb)Bf

Therefore M̃ ∈ C. We therefore obtain a continuous mapping T : C → C
By Schauder’s Fixed Point Theorem, there exists a fixed point M ∗ ∈ C of

T . Let V ∗ denote the corresponding solution to equation (B.1.15) and define

V ∗(t, q) = V (t)(q),m∗(t, q) = M ∗(t)(q), then (V ∗,m∗) is a classical solution

to system (4.1.25).

B.2 Proof of Proposition 4.1.9

The proof of Proposition 4.1.9 follows a standard argument from the optimal

control literature, as detailed in [Pham 2009]. A verification theorem specific

to the mean field game of major-minor market making problem can be found

in [Bergault and Guéant 2021].
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Proof. We first show that for any given population distribution flow M̃ :

[0, T ]→ SQ associated with probability density function m̃(t, q) at time t, if a

function V (t, q) satisfy the following Hamilton-Jacobi equation B.2.1

0 = ∂tV − rV − ψ(q) +Ha
(
V (t, q)− V (t, q − 1), µ̃a(t)

)
I(q > −Z)

+Hb
(
V (t, q)− V (t, q + 1), µ̃b(t)

)
I(q < Z)

V (T, q) = −ϕ(q)

µ̃a(t) =
∑
ξ∈Q

Ξa
(
V (t, ξ)− V (t, ξ − 1), µ̃a(t)

)
m̃(t, ξ)I(ξ > −Z)

µ̃b(t) =
∑
ξ∈Q

Ξb
(
V (t, ξ)− V (t, ξ + 1), µ̃b(t)

)
m̃(t, ξ)I(ξ < Z)

(B.2.1)

Then V (t, q) is the value function Vt(δ̃,M̃ ) of representative market maker’s

optimization problem defined in (4.1.10), with the population’s quoting strat-

egy δ̃ defined by functions Ξa,Ξb:

δ̃a(t, q) = Ξa
(
V (t, q)− V (t, q − 1), µ̃a(t)

)
δ̃a(t, q) = Ξb

(
V (t, q)− V (t, q + 1), µ̃b(t)

)
(B.2.2)

µ̃a(t), µ̃b(t) are defined by solving the last 2 equations in (B.2.1), which yield

unique solution from Lemma B.1.2.

To show above, assume that the representative market maker takes an

arbitrary quoting strategy δ ∈ AT
t , and that her controlled inventory process

is (qδs )s∈[t,T ] with q
δ
t = q at time t.

Appying Itô’s formula to function e−rtV (t, q) on the interval [t, T ] we obtain
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e−rTV (T, qδT ) = e−rtV (t, q) +

∫ T

t

e−rs
(
∂sV (s, qδs )− rV (s, qδs )

)
ds

+

∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
Na(ds)

+

∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
N b(ds)

= e−rtV (t, q) +

∫ T

t

e−rs
(
∂sV (s, qδs )− rV (s, qδs )

)
dt

+ λa

∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
fa
(
δa(s, qδs ), µ̃

a(s)
)
I(qδs > −Z)ds

+ λb

∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
fb
(
δb(s, qδs ), µ̃

b(s)
)
I(qδs < Z)ds

+

∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
Ña(ds)

+

∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
Ñ b(ds) (B.2.3)

where Ña, Ñ b are the compensated processes of Na, N b.

From Assumption 4.1.2, fa(δ, µ) < Λ(δ), fb(δ, µ) < Λ(δ), and Λ(δ) is mono-

tonically decreasing on R. Since centered quotes are bounded from below

by −δ∞ and the function V (t, q) is bounded on its domain [0, T ] × Q, let

Vmax = sup
(t,q)∈[0,T ]×Q

|V (t, q)|, we can deduce

∣∣∣∣E∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
fa
(
δa(s, qδs ), µ̃

a(s)
)
I(qδs > −Z)ds

∣∣∣∣
≤ 2Vmax · E

[∫ T

0

e−rsΛ(δa(s, qδs ))ds

]
≤ 2Vmax · E

[∫ T

0

e−rsΛ(−δ∞)ds

]
≤ 2VmaxΛ(−δ∞)

∫ ∞

0

e−rtdt <∞ (B.2.4)

Similarly∣∣∣∣E∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
fb
(
δb(s, qδs ), µ̃

b(s)
)
I(qδs < Z)ds

∣∣∣∣ <∞
(B.2.5)

From the boundedness of the function V (t, q) and the finiteness result in Propo-

sition 4.1.4, Ña, Ñ b are martingales, hence
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E
[∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
Ña(ds)

]
= E

[∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
Ñ b(ds)

]
= 0 (B.2.6)

Therefore we can take expectation on both sides of (B.2.3), and obtain

E
[
e−rTV (T, qδT )

]
= e−rtV (t, q) + E

[∫ T

t

e−rs
(
∂sV (s, qδs )− rV (s, qδs )− ψ(qδs )

)
ds

]
+ λaE

∫ T

t

e−rs
[
V (s, qδs − 1)− V (s, qδs )

]
fa
(
δa(s, qδs ), µ̃

a(s)
)
I(qδs > −Z)ds

+ λbE
∫ T

t

e−rs
[
V (s, qδs + 1)− V (s, qδs )

]
fb
(
δb(s, qδs ), µ̃

b(s)
)
I(qδs < Z)ds

+ E
[∫ T

t

e−rsψ(qδs )ds

]
(B.2.7)

Since V (t, q) solves the HJB equation (B.2.1) and the quoting strategy δ is

arbitrary, we obtain the following.

∂tV − rV − ψ(q)

+ λa
[
δa(s, qδs ) + V (s, qδs − 1)− V (s, qδs )

]
fa
(
δa(s, qδs ), µ̃

a(s)
)
I(qδs > −Z)

+ λb
[
δb(s, qδs ) + V (s, qδs + 1)− V (s, qδs )

]
fb
(
δb(s, qδs ), µ̃

b(s)
)
I(qδs < Z) ≤ 0

(B.2.8)

Combining (B.2.7) and (B.2.8), we obtain

E
[
e−rTV (T, qδT )

]
≤e−rtV (t, q) + E

[∫ T

t

e−rsψ(qδs )ds

]
− E

[ ∫ T

t

e−rs
(
δa(s, qδs )fa(δ

a(s, qδs ), µ̃
a(s))I(qδs > −Z)ds

]
− E

[ ∫ T

t

e−rs
(
δb(s, qδs )fb(δ

b(s, qδs ), µ̃
b(s))I(qδs < Z)ds

]
(B.2.9)

Combining (B.2.9) with the terminal condition V (T, q) = ϕ(q), We thereby
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obtain

V (t, q) ≥− e−r(T−t)E
[
ϕ(qδT )

]
+ E

[ ∫ T

t

e−r(s−t)
(
δa(s, qδs )fa(δ

a(s, qδs ), µ̃
a(s))I(qδs > −Z)

+ δb(s, qδs )fb(δ
b(s, qδs ), µ̃

b(s))I(qδs < Z)− ψ(qδs )
)
ds
]

(B.2.10)

The right-hand side of (B.2.10) is exactly Jt(δ; δ̃,M̃ ). Hence we have

V (t, q) ≥ Jt(δ; δ̃,M̃ ) (B.2.11)

The equality is achieved when δ = δ̃. By definition V (t, q) = Vt(δ̃,M̃ )

Now given (Ṽ ∗, m̃∗) classical solution to system (4.1.25), Ṽ ∗(t, q) is the

solution to the HJB equation (B.2.1) with the population distribution M̃
∗
(t)

in t and the population quoting strategy δ̃
∗
defined by (4.1.27)-(4.1.28). From

previous arguments we have

Ṽ ∗(t, q) = Vt(δ̃
∗
,M̃

∗
) = sup

δ∈AT
t

Jt(δ; δ̃
∗
,M̃

∗
) (B.2.12)

The equality is achieved when the representative market maker quotes δ = δ̃
∗
.

Furthermore, we see that last 2 equations in system (4.1.25) are the Kol-

mogorov forward equation of the controlled process qδ̃
∗

t , hence the solution

m̃∗(t, q) defines the distribution of qδ̃
∗

t . Therefore, by Definition 4.1.6 the M̃
∗

is a mean field Nash equilibrium, and δ̃
∗
is the associated mean field quoting

strategy.

B.3 A Uniqueness Condition for Nash

Equilibrium

In the following proposition, we index the space R2H+1 by the ordered finite

set {−H,−H +1, . . . , H}. A similar index convention is used for the matrices

R(2H+1)×(2H+1). Define, for (u,m) ∈ R2H+1 × SQ → R(6H+2)×(6H+2)

Ma(u,m) =

[
Aa(u,m) 1

2
Ca(u,m)T 1

2
Ba(u,m)

1
2
Ca(u,m) Da(u,m) 1

2
Ea(u,m)

1
2
Ba(u,m)T 1

2
Ea(u,m)T 0

]
(B.3.1)

M b(u,m) =

[
Ab(u,m) 1

2
Cb(u,m)T 1

2
Bb(u,m)

1
2
Cb(u,m) Db(u,m) 1

2
Eb(u,m)

1
2
Bb(u,m)T 1

2
Eb(u,m)T 0

]
(B.3.2)
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where

Aa : R2H+1 × SQ → R(2H+1)×(2H+1):

Aa
q,ξ(u,m) =

0, q = −Z, ξ ∈ Q

−∂Ha

∂µ

(
uq − uq−1, µ

a(u,m)
)
∂µa

∂mξ
(u,m), q ∈ Q\{−Z}, ξ ∈ Q

Ba : R2H+1 × SQ → R(2H+1)×(2H+1):

Ba
q,ξ(u,m) =

0, q = −Z, ξ ∈ Q

−∂Ha

∂µ

(
uq − uq−1, µ

a(u,m)
)
∂µa

∂uξ
(u,m), q ∈ Q\{−Z}, ξ ∈ Q

Ca : R2H+1 × SQ → R2H×(2H+1):

Ca
q,ξ(u,m) = mq

∂2Ha

∂µ∂p

(
uq − uq−1, µ

a(u,m)
) ∂µa

∂mξ

(u,m), q ∈ Q\{−Z}, ξ ∈ Q

Da : R2H+1 × SQ → R2H×2H :

Da
q,ξ(u,m) = mq

∂2Ha

∂p2
(
uq−uq−1, µ

a(u,m)
)
I(q = ξ), q ∈ Q\{−Z}, ξ ∈ Q\{−Z}

Ea : R2H+1 × SQ → R2H×(2H+1):

Ea
q,ξ(u,m) = mq

∂2Ha

∂µ∂p

(
uq − uq−1, µ

a(u,m)
)∂µb

∂µξ

(u,m), q ∈ Q\{−Z}, ξ ∈ Q

Ab : R2H+1 × SQ → R(2H+1)×(2H+1):

Ab
q,ξ(u,m) =

−∂Hb

∂µ

(
uq − uq+1, µ

b(u,m)
)

∂µb

∂mξ
(u,m), q ∈ Q\{Z}, ξ ∈ Q

0, q = Z, ξ ∈ Q

Bb : R2H+1 × SQ → R(2H+1)×(2H+1):

Bb
q,ξ(u,m) =

−∂Hb

∂µ

(
uq − uq+1, µ

b(u,m)
)
∂µb

∂uξ
(u,m), q ∈ Q\{Z}, ξ ∈ Q

0, q = Z, ξ ∈ Q

Cb : R2H+1 × SQ → R2H×(2H+1):

Cb
q,ξ(u,m) = mq

∂2Hb

∂µ∂p

(
uq − uq+1, µ

b(u,m)
) ∂µb

∂mξ

(u,m), q ∈ Q\{Z}, ξ ∈ Q

Db : R2H+1 × SQ → R2H×2H :

Db
q,ξ(u,m) = mq

∂2Hb

∂p2
(
uq − uq+1, µ

b(u,m)
)
I(q = ξ), q ∈ Q\{Z}, ξ ∈ Q\{Z}

Eb : R2H+1 × SQ → R2H×(2H+1):

Eb
q,ξ(u,m) = mq

∂2Hb

∂µ∂p

(
uq − uq+1, µ

b(u,m)
)∂µb

∂µξ

(u,m), q ∈ Q\{Z}, ξ ∈ Q

where µa(u,m), µb(u,m) are the unique fixed points defined in (B.1.2).
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Proposition B.3.1 (Uniqueness of Nash equilibrium). Assume that

Ma(u,m),M b(u,m)

are either positive definite for all (u,m) ∈ R2H+1×SQ, or Ma(u,m),M b(u,m)

are negative definite for any (u,m) ∈ R2H+1 × SQ.

Then if (V,m) and (Ṽ , m̃) are solutions to (4.1.25), then it must hold that

m = m̃ and V = Ṽ .

Proof. We compute the derivative d
dt

(
e−rt(V − Ṽ )(m− m̃)

)
d

dt

(
e−rt

(
V (t, q)− Ṽ (t, q)

)(
m(t, q)− m̃(t, q)

))
=e−rt

(∂V
∂t
− ∂Ṽ

∂t

)
(m− m̃) + e−rt(V − Ṽ )

(∂m
∂t
− ∂m̃

∂t

)
− re−rt(V − Ṽ )

(
m(t, q)− m̃(t, q)

)
=e−rt

[
−
(
Ha
(
V (t, q)− V (t, q − 1), µa

(
V (t, ·),m

))
I(q > −Z)

−Ha
(
Ṽ (t, q)− Ṽ (t, q − 1), µa

(
Ṽ (t, ·), m̃

))
I(q > −Z)

)
−
(
Hb
(
V (t, q)− V (t, q + 1), µb

(
V (t, ·),m

))
I(q < Z)

−Hb
(
Ṽ (t, q)− Ṽ (t, q + 1), µb

(
Ṽ (t, ·), m̃

))
I(q < Z)

)](
m(t, q)− m̃(t, q)

)
+ e−rt

(
V (t, q)− Ṽ (t, q)

)(
Ψ
(
m(t, ·), V (t, ·)

)
−Ψ

(
m̃(t, ·), Ṽ (t, ·)

))
(B.3.3)

where Ψ is defined in (B.1.24).

We define functions Ha, Hb : Q× R2H+1 × SQ → R:

Ha(q, u,m) = Ha(uq − uq−1, µ
a(u,m))I(q > −Z)

Hb(q, u,m) = Hb(uq − uq+1, µ
b(u,m))I(q < Z) (B.3.4)

From Lemma B.1.2 without loss of generality we assume µa(u,m), µb(u,m)

are C1 functions in (u,m). We denote their partial derivatives with respect to

u,m ∈ R2H+1 by

∇uµ
k = (

∂µk

∂uξ
)ξ∈Q,∇mµ

k = (
∂µk

∂mξ

)ξ∈Q

where vectors u,m are indexed by finite set Q.
We also define functions ∆a,∆b using the derivatives ∂Ha

∂p
(p, µ), ∂H

b

∂p
(p, µ):

∆a(q, u,m) =
∂Ha

∂p

(
uq − uq−1, µ

a(u,m)
)
I(q > −Z)

∆a(q, u,m) =
∂Hb

∂p

(
uq − uq+1, µ

b(u,m)
)
I(q < Z) (B.3.5)

197



For simplicity of notation, we apply functions Ha, Hb,∆a,∆b introduced in

(B.3.4)-(B.3.5), and we write Vt := V (t, ·) ∈ R2H+1,mt := m(t, ·) ∈ SQ. From

(B.1.18) we also have the relation

∆a(q, u,m) = −λafa
(
Ξa(uq − uq−1, µ

a(u,m)), µa(u,m)
)

∆b(q, u,m) = −λbfb
(
Ξa(uq − uq+1, µ

b(u,m)), µb(u,m)
)

(B.3.6)

Without ambiguity, we further introduce the following simplified notation:

for k ∈ {a, b},

Hk
t (q) = Hk(q, Vt,mt), H̃k

t (q) = Hk(q, Ṽt, m̃t)

∆k
t (q) = ∆k(q, Vt,mt), ∆̃k

t (q) = ∆k(q, Ṽt, m̃t) (B.3.7)

Then the right-hand-side of (B.3.3) becomes

e−rt
[(
−
(
Ha

t (q)− H̃a
t (q)

)
−
(
Hb

t (q)− H̃b
t (q)

))(
m(t, q)− m̃(t, q)

)
+
(
V (t, q)− Ṽ (t, q)

)(
−∆a

t (q + 1)m(t, q + 1) + ∆̃a
t (q + 1)m̃(t, q + 1)

−∆b(q − 1)m(t, q − 1) + ∆̃b
t(q − 1)m̃(t, q − 1)

+ ∆a
t (q)m(t, q)− ∆̃a

t (q)m̃(t, q) + ∆b
t(q)m(t, q)− ∆̃b

t(q)m̃(t, q)
)]

(B.3.8)

On the other hand, using the initial and terminal conditions of (4.1.25) and

integrating the left-hand-side of (B.3.3) on [0, T ]×Q, we have

∑
q∈Q

∫ T

0

d

dt

(
e−rt

(
V (t, q)− Ṽ (t, q)

)(
m(t, q)− m̃(t, q)

))
dt

=
∑
q∈Q

[
e−rT

(
V (T, q)− Ṽ (T, q)

)(
m(T, q)− m̃(T, q)

)
−
(
V (0, q)− Ṽ (0, q)

)(
m(0, q)− m̃(0, q)

)]
=0 (B.3.9)

Therefore after integrating (B.3.8) on [0, T ]×Q and rearranging the terms
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we have∫ T

0

∑
q∈Q

e−rt
[(
−
(
Ha

t (q)− H̃a
t (q)

)
−
(
Hb

t (q)− H̃b
t (q)

))(
m(t, q)− m̃(t, q)

)
+
(
V (t, q)− Ṽ (t, q)

)(
−∆a

t (q + 1)m(t, q + 1) + ∆̃a
t (q + 1)m̃(t, q + 1)

−∆b(q − 1)m(t, q − 1) + ∆̃b
t(q − 1)m̃(t, q − 1)

+ ∆a
t (q)m(t, q)− ∆̃a

t (q)m̃(t, q) + ∆b
t(q)m(t, q)− ∆̃b

t(q)m̃(t, q)
)]
dt

=

∫ T

0

∑
q∈Q

e−rt
(
−
(
Ha

t (q)− H̃a
t (q)

)
−
(
Hb

t (q)− H̃b
t (q)

))(
m(t, q)− m̃(t, q)

)
dt

+

∫ T

0

∑
q∈Q

e−rt
(
∆a

t (q)m(t, q)− ∆̃a
t (q)m̃(t, q)

)((
V (t, q)− V (t, q − 1)

)
−
(
Ṽ (t, q)− Ṽ (t, q − 1)

))
dt

+

∫ T

0

∑
q∈Q

e−rt
(
∆b

t(q)m(t, q)− ∆̃b
t(q)m̃(t, q)

)((
V (t, q)− V (t, q + 1)

)
−
(
Ṽ (t, q)− Ṽ (t, q + 1)

))
dt

(B.3.10)

We denote V θ = Ṽ +θ(V − Ṽ ),mθ = m̃+θ(m−m̃). Applying fundamental
theorem of calculus on the terms related to ask side in right-hand-side of
(B.3.10) we obtain:

−
(
Ha

t (q)− H̃a
t (q)

)
=

I(q > −Z) ·
∫ 1

0

[
− ∂Ha

∂p

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
·(

V (t, q)− Ṽ (t, q)− V (t, q − 1) + Ṽ (t, q − 1)
)

− ∂Ha

∂µ

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)(
∇uµ

a(V θ,mθ) · (V (t, ·)− Ṽ (t, ·))
)

− ∂Ha

∂µ

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)(
∇mµ

a(V θ,mθ) · (m(t, ·)− m̃(t, ·))
)]
dθ

(B.3.11)
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∆a
t (q)m(t, q)− ∆̃a

t (q)m̃(t, q) =∫ 1

0

{(
m(t, q)− m̃(t, q)

)∂Ha

∂p

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
+mθ(t, q)

∂2Ha

∂p2

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
·(

V (t, q)− Ṽ (t, q)− V (t, q − 1) + Ṽ (t, q − 1)
)

+mθ(t, q)
∂2Ha

∂µ∂p

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)(
∇uµ

a(V θ,mθ) ·
(
V (t, ·)− Ṽ (t, ·)

)
+∇mµ

a(V θ,mθ) ·
(
m(t, ·)− m̃(t, ·)

))}
dθ · I(q > −Z) (B.3.12)

Similar calculation are conducted for −
(
Hb

t (q)−H̃b
t (q)

)
and ∆b

t(q)m(t, q)−
∆̃b

t(q)m̃(t, q). Taking (B.3.11)-(B.3.12) into (B.3.10) we obtain that the right-

hand-side of (B.3.10) yields
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∫ T

0

∑
q∈Q

e−rt

∫ 1

0

{(
m(t, q)− m̃(t, q)

)[
− ∂Ha

∂µ

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
·

(
∇uµ

a(V θ,mθ) ·
(
V (t, ·)− Ṽ (t, ·)

))
− ∂Ha

∂µ

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)(
∇mµ

a(V θ,mθ) ·
(
m(t, ·)− m̃(t, ·)

))]
+
(
V (t, q)− Ṽ (t, q)− V (t, q − 1) + Ṽ (t, q − 1)

)
·[(

m(t, q)− m̃(t, q)
)∂Ha

∂p

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
+mθ(t, q)

∂2Ha

∂p2

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)
·(

V (t, q)− Ṽ (t, q)− V (t, q − 1) + Ṽ (t, q − 1)
)

+mθ(t, q)
∂2Ha

∂µ∂p

(
V θ(t, q)− V θ(t, q − 1), µa(V θ,mθ)

)(
∇uµ

a(V θ,mθ) · (V (t, ·)− Ṽ (t, ·))

+∇mµ
a(V θ,mθ) ·

(
m(t, ·)− m̃(t, ·)

))]}
dθ · I(q > −Z)+∫ T

0

∑
q∈Q

e−rt

∫ 1

0

{(
m(t, q)− m̃(t, q)

)[
− ∂Hb

∂µ

(
V θ(t, q)− V θ(t, q + 1), µb(V θ,mθ)

)
·

(
∇uµ

b(V θ,mθ) · (V (t, ·)− Ṽ (t, ·))
)

− ∂Hb

∂µ

(
V θ(t, q)− V θ(t, q + 1), µb(V θ,mθ)

)(
∇mµ

b(V θ,mθ) · (m(t, ·)− m̃(t, ·))
)]

+
(
V (t, q)− Ṽ (t, q)− V (t, q + 1) + Ṽ (t, q + 1)

)
·[(

m(t, q)− m̃(t, q)
)∂Hb

∂p

(
V θ(t, q)− V θ(t, q + 1), µb(V θ,mθ)

)
+mθ(t, q)

∂2Hb

∂p2

(
V θ(t, q)− V θ(t, q + 1), µb(V θ,mθ)

)
·(

V (t, q)− Ṽ (t, q)− V (t, q + 1) + Ṽ (t, q + 1)
)

+mθ(t, q)
∂2Hb

∂µ∂p

(
V θ(t, q)− V θ(t, q + 1), µb(V θ,mθ)

)(
∇uµ

b(V θ,mθ) · (V (t, ·)− Ṽ (t, ·))

+∇mµ
b(V θ,mθ) · (m(t, ·)− m̃(t, ·))

)]}
dθ · I(q < Z)

=

∫ T

0

∑
q∈Q

e−rt

[ ∫ 1

0

Pa(t)
T ·Ma

(
V θ(t, ·),mθ(t, ·)

)
· Pa(t)dθ

+

∫ 1

0

Pb(t)
T ·M b

(
V θ(t, ·),mθ(t, ·)

)
· Pb(t)dθ

]
(B.3.13)
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where Pa(t), Pb(t) are vectors with values in R6H+2 defined below

Pa(t) =

[(
m(t, ξ)− m̃(t, ξ)

)
ξ∈Q

,
(
V (t, ξ)− Ṽ (t, ξ)− V (t, ξ − 1) + Ṽ (t, ξ − 1)

)
ξ∈Q\{−Z}

,

(
V (t, ξ)− Ṽ (t, ξ)

)
ξ∈Q

]T
Pb(t) =

[(
m(t, ξ)− m̃(t, ξ)

)
ξ∈Q

,
(
V (t, ξ)− Ṽ (t, ξ)− V (t, ξ + 1) + Ṽ (t, ξ + 1)

)
ξ∈Q\{Z}

,

(
V (t, ξ)− Ṽ (t, ξ)

)
ξ∈Q

]T
(B.3.14)

with each term in the bracket being a row vector indexed by sorted elements

from Q.
Combining (B.3.9) and (B.3.13)∫ T

0

∑
q∈Q

e−rt
[ ∫ 1

0

Pa(t)
T ·Ma(V θ(t, ·),mθ(t, ·)) · Pa(t)dθ

+

∫ 1

0

Pb(t)
T ·M b(V θ(t, ·),mθ(t, ·)) · Pb(t)dθ

]
= 0 (B.3.15)

From the assumptions on Ma,M b that they are either simultaneously strictly

positive or strictly negative, we obtain that Pa(t) = 0, Pb(t) = 0. Therefore,

we have m = m̃, V = Ṽ .
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