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Abstract

As the autonomous capabilities of robots advance, they are becoming increasingly integrated into
daily life. They serve a wide range of roles, from domestic cleaning aids and workplace assistants
in warehouses to autonomous driving for cars. Despite these advancements, autonomous systems
still exhibit limitations in executing high-risk or complex tasks. Shared autonomy systems
address this by providing a framework where a human operator and an autonomous operator
can take turns in controlling the robot.

The performance of human operators can be significantly affected by factors such as fatigue
and attentiveness, and inadequate modelling of such factors can lead to unrealistic expectations
and the assignment of tasks beyond the operator’s capabilities, potentially endangering both
the robot and surrounding individuals. Therefore, it is crucial to incorporate a rich model of
human operators to ensure the selection of the most suitable operator for a given task. This
thesis explores the design of shared autonomy systems with a particular emphasis on modelling
the complexities associated with human operators.

The shared autonomy system is often conceptualized as a sequential decision-making prob-
lem, modelled using Markov decision processes, which assume a fully specified problem. However,
this assumption is not always valid in shared autonomy systems, where human factors can affect
the operator’s behavior. These human factors are difficult to measure directly and must be
inferred through observations. Such scenarios are characterized by Markov decision processes
with epistemic uncertainty.

Markov decision processes with epistemic uncertainty use beliefs to account for hidden factors
influencing transition dynamics. Previous research has either employed categorical distributions
to represent these beliefs or used Bayesian particle filters to approximate continuous distribu-
tions. However, in problems with high-dimensional hidden spaces, particle-based approaches
face computational limitations, as the number of particles needed to adequately cover the space
increases exponentially with the number of dimensions.

There are two main contributions to this thesis: First, we propose shared autonomy frame-
works for systems with uncertain operator behaviour, and we consider the following cases: We
first examine a system with a single robot and multiple operators, each exhibiting a finite
range of possible behaviours. The specific behaviour of an operator is unknown, so the agent
maintains a categorical probability distribution over these behaviours. We investigate the explo-
ration/exploitation trade-off and validate our framework using a computer game with simulated
operators.

We also explore a multi-robot shared autonomy system, where the human operator’s be-
haviour is represented as a continuous range. In this scenario, the human’s assistance is dis-
tributed among multiple robots. The state and action spaces expand exponentially with the
number of robots, making it impractical to solve the joint model. Therefore, we propose a sys-
tem that explicitly rewards the reduction in variance of the posterior distribution over space of
possible behaviours.

For our second contribution, we propose a subtype of Markov decision process with epis-
temic uncertainty, which we call a hidden parameter polynomial Markov decision process. Our
formulation considers a continuous space for the latent parameters influencing the transition
dynamics. We demonstrate how to maintain a closed-form belief distribution over these latent



parameters and update this belief after new observations. Traditionally, a particle-based ap-
proach would be used for belief representation. However, our method results in faster solution
times and eliminates the need to tune the number of particles required to represent the belief.
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Chapter 1

Introduction

Robotics has been widely used in industry to perform repetitive tasks, but robots have

struggled to complete more dynamic tasks that require collaboration with humans. Robots

are commonly used in manufacturing industries such as in the automobile and electronics

industries (Grau et al., 2021). Their precision and consistency (FANUC, 2024) allows them

to perform tasks that humans may struggle to do, making them ideal for factory work,

such as on assembly lines. In these industries, robots operate in controlled environments

and are programmed to perform a predefined sequence of tasks. However, as robots

are pre-programmed, they cannot adapt to changes in the environment during tasks.

This makes working in environments with humans more challenging, as humans may act

unpredictably, and this requires the robots to safely adapt to these changes.

To enable robots to operate in more dynamic environments, the robots must be able to

reason over how their actions may affect the human in the environment, making research

in human-robot interaction (HRI) an increasingly significant research area. HRI includes

applications such as self-driving cars (Wray et al., 2017), where the autonomous driver

must anticipate the actions of humans in the environment and act accordingly. However,

some HRI systems have unrealistic expectations on the human, such as in Duchetto et al.

(2018), where an autonomous robot assumes that the human in the environment will
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Figure 1.1: Example Shared Autonomy System

always help them and act optimally. This assumption that humans act perfectly does not

hold true in the real world, where their performance is influenced by factors such as their

skill level and fatigue (Dawson and Reid, 1997). Therefore, in this thesis, we focus on

how to create a more realistic model of human behaviour.

In this thesis, we focus on shared autonomy systems, which are an HRI system where

the control of a robot or system is shared between multiple operators. These systems can

have applications in semi-autonomous vehicles, or remote-controlled robots, where the

robot can be operated by humans or autonomy. Shared autonomy systems can support

human operators of cars and robots by reducing their workload, by giving the control

to autonomous operators in low-risk environments. The shared autonomy systems are

also able to improve the performance of a system, by handing over control to the most

suitable operator in any given scenario. Typically, the set of operators includes humans

and autonomous operators, and the system’s agent determines which operator should

be in control. A diagram of the shared autonomy system is shown in Figure 1.1. The

system’s agent can be a human, a set of rules, or an autonomous agent.

When the agent is a human, they often also act as an operator. The human will both

control the system, and determine if they would like to hand over control to an autonomous

operator. An example of this is a remotely controlled robot navigating through a power
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plant (Ishikawa and Suzuki, 1997). The human operator/agent monitors the autonomous

operator driving the robot through a user interface, and takes over when an unexpected

event occurs. However, this relies on the human to identify high-risk tasks and then

complete the manual operation successfully. As mentioned by Casper and Murphy (2003),

a significant limitation of such setups is the human’s endurance throughout the mission;

fatigue degrades the human’s performance. Therefore, a rule-based or autonomous agent

can reduce the human’s workload by eliminating the need for constant monitoring of the

autonomous operator.

Rule-based agents switch the operator when certain conditions are met, such as the

duration since the human last interacted with the controller for a robot (Crandall and

Goodrich, 2001). While these approaches reduce the attention needed by the human, the

rule-based agent cannot guarantee that the best operator is in control in any given state.

For example, the approach proposed by Crandall and Goodrich (2001) does not consider

how to regain the attention of a human that has not interacted with the controller for a

long period of time. This may result in the autonomous operator attempting a high-risk

task and risking failure, as the time since the human has interacted with the controller

has exceeded some pre-defined threshold. In contrast, an autonomous agent determines

the optimal operator based on the state of the robot, and could consider the risks of the

autonomous operator attempting the high-risk task.

The autonomous operator typically chooses the optimal operator by explicitly mod-

elling the operators so that the agent has a representation of how each operator would

act in any given state. This means that they can plan according to the advantages and

disadvantages of each operator, thereby better utilising their skills. Planning also allows

the agents to reason over longer time horizons, which is helpful for robot missions where

actions taken now affect the robot’s future state. To illustrate the importance of planning

for longer time horizons, consider the problem shown in Figure 1.2, where there are two

paths: one with a medium difficulty task at the start followed by an easy route to the
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Figure 1.2: Example Sequential Decision-Making Problem

goal, and the other with an easy start but a high difficulty task at the end. If the agent

acts greedily (selecting actions that only consider the rewards for the next time-step),

the robot will enter the second path and then will have to attempt the high difficulty

task. On the other hand, if the agent reasons over a longer time horizon, it considers the

rewards the robot may gain over the entire trajectory. This would result in choosing the

first path. Therefore, it is useful to frame the shared autonomy system as a sequential

decision-making problem, where the agent explicitly considers how decisions made in the

current time-step may affect future states.

Sequential decision-making problems are typically modelled using Markov decision

processes (MDPs) (Mausam and Kolobov, 2012), and we consider frameworks based on

MDPs throughout this thesis. MDPs describe how an action may cause a state to stochas-

tically evolve, where the transition probability depends only on the current state. The

autonomous agent’s objective is to take the action that maximises the expected total

reward over a horizon. The optimal action is determined by solving the MDP. However,

there may be uncertainty about which state the robot is in or the transition dynamics

may not be fully known. We collectively refer to these problems as MDPs with epistemic

uncertainty. In such problems, the optimal action depends on the underlying true state

or transition dynamics, which can only be inferred through observations. Therefore, the

agents must consider how to balance actions taken to learn about the latent factors affect-

ing the transition dynamics (commonly referred to as exploration) and actions taken to

7



maximise the expected total reward collected over the mission (referred to as exploitation).

To reason over MDPs with epistemic uncertainty, we can maintain a belief over the

true value of the latent factors, such as the true state, or the true transition probability.

For discrete latent factors, the belief is represented by a categorical distribution. However,

for continuous latent factors, the literature typically uses a sample-based approach, where

the continuous space is sampled, and a belief is maintained over these sampled values. The

belief’s probability distribution describes the likelihood that the sampled value is the true

value governing the environment’s dynamics. When there is a high dependency between

the factor value and the transition probabilities, small changes in the value can result in

vastly different transition dynamics. In such domains, if the true value is not among the

samples, the belief distribution will never converge. Additionally, as the dimensions of the

latent factor space increase, the number of samples needed to cover the space increases

exponentially. To address this, this thesis explores how we can maintain a closed-form

distribution for the belief over a continuous factor space.

There is extensive research aimed at improving algorithms to solve MDPs with epis-

temic uncertainty, focusing on finding the optimal balance between exploration and ex-

ploitation. For MDPs with smaller state spaces (such as a couple of thousand states), the

optimal action can be found by solving the MDP fully. However, for MDPs with larger

state spaces (e.g. domains where time is factored into the state, domains with multiple

agents coordinating with each other), optimal actions are typically found using sample-

based methods. These sample-based methods provide solutions that converge towards

the optimal solution as the number of samples increases. They also save computational

time by avoiding exploration in low-reachability regions of the state space. In this the-

sis, we use sample-based methods to determine the best action for MDPs with epistemic

uncertainty.
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1.1 Contributions

In this thesis, we aim to address the following key questions:

Q1. How can we model humans in a sequential decision-making problem for shared

autonomy systems?

We approach this problem by considering the range of factors that may affect a human

operator’s performance. We start by modelling the case where the human’s performance

is influenced by a set of discrete factors (e.g., tired, not tired). For each factor, we model

the human’s performance using a Markov chain. The factor affecting the human may

evolve during the mission, so we explicitly model the transition dynamics of the factors

for two cases: when the human is controlling the robot and when they are not. This

distinction is crucial because interactions with the robot may influence how the human

behaves in later states. For example, a human operator may become more confident after

gaining experience, resulting in better performance in subsequent tasks.

As these factors are difficult to observe directly, we model them through a latent state

space. We combine these elements into a single Markovian model to describe the shared

autonomy system. The optimal operator is determined by applying a sample-based solver

to the model, which produces a policy that maps the current belief over the latent states

to the operator for the next time step.

We also consider the case where the human’s performance is affected by a set of

continuous factors. We assume these factors remain static during the mission and are

unknown. When a single human operates a single robot, the exploration/exploitation

trade-off is straightforward to compute because any benefit from exploring the human’s

latent factors directly benefits the shared autonomy system.

However, this becomes more complex in the multi-robot case. In a multi-robot shared

autonomy system, any exploration done by one robot could be exploited by another. If

the multi-robot shared autonomy system can be described using a joint model and solved,
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this trade-off is implicitly optimized. However, due to computational limits, centralized

approaches are infeasible for problems with large numbers of robots. Therefore, we pro-

pose a framework for a decentralized multi-robot shared autonomy system for humans

with uncertain capabilities.

Q2. How can we maintain an efficient belief distribution over the hidden attributes of

an MDP while maintaining a continuous latent space?

To compute the optimal policy given the observations that an agent has made, the

agent maintains a belief over the latent parameters. Previous approaches have used

sample-based belief representations, where the continuous latent space is discretised using

samples. However, to adequately cover the latent space, the number of samples required

scales exponentially with the latent space dimensions. This can become computationally

expensive and may suffer from particle deprivation. Therefore, in this thesis, we consider

how we can maintain a belief distribution over a continuous latent space without using

sample-based methods.

We present an MDP where the transition dynamics are described by polynomial func-

tions of latent parameters, and we show that the belief is a closed-form conjugate distri-

bution. We call this a hidden parameter polynomial MDP, and consider the case where

the latent parameters are independent of each other (where N parameters’ parameter

space is defined by an N-dimensional hyper-cube), and when the latent parameters are

dependent on each other (where the N parameters have a condition that they must sum

to one, such that they form a N-simplex over their parameter space). For both cases, we

consider how the belief can be updated, and we present the closed-form posterior belief

distribution over the latent parameter space after k observations. We also consider how

to approximate the posterior belief distribution to a lower order polynomial, as the order

of the belief grows with the number of observations.
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1.2 Thesis Outline

Chapter 2 provides a preliminary discussion on MDPs, and on how MDPs are adapted to

consider epistemic uncertainty. Chapter 3 builds on the models introduced in Chapter 2

by conducting a literature review on the application of MDPs in human-robot interaction.

This review highlights how MDPs have been used to model decision-making problems in

shared autonomy systems.

The subsequent chapters correspond to papers I have written during my DPhil, and

the papers are ordered as follows:

• Chapter 4: Clarissa Costen, Marc Rigter, Bruno Lacerda, Nick Hawes (2022).

Shared Autonomy Systems with Stochastic Operators. International Joint Con-

ference on Artificial Intelligence

• Chapter 5: Clarissa Costen, Marc Rigter, Bruno Lacerda, Nick Hawes (2023). Plan-

ning with Hidden Polynomial MDPs. AAAI Conference on Artificial Intelligence

• Chapter 6: Clarissa Costen, Bruno Lacerda, Nick Hawes (2024) Planning for Un-

certain Operators with Continuous Dynamics in Shared Autonomy Systems. Under

Review at International Joint Conference on Artificial Intelligence

• Chapter 7: Clarissa Costen, Anna Gautier, Nick Hawes, Bruno Lacerda (2024)

Multi-Robot Allocation of Assistance from a Shared Uncertain Operator. Interna-

tional Conference on Autonomous Agents and Multi-agent Systems

Chapter 4 considers shared autonomy systems where human performance may evolve

during a mission, and the internal states of the human operator are treated as discrete vari-

ables. This paper highlights the importance of explicitly modelling (instead of assuming

full observability) the hidden nature of the human’s internal state in shared autonomy

systems. However, the factors affecting human performance are typically a continuous
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spectrum, which cannot be fully represented by discrete variables. In scenarios with con-

tinuous hidden factors, we must consider how to maintain a belief over the hidden space.

However, conventional methods (such as particle filters), struggle to represent beliefs over

high-dimension continuous spaces.

Therefore, in Chapter 5, we introduce a formulation of Bayes-Adaptive MDP that

allows for a closed-form belief distribution over a continuous latent parameter space.

This provides computational advantages in comparison to conventional particle-based

belief representations. While this paper does not focus explicitly on shared autonomy

systems, the framework can be used to represent shared autonomy systems where the

human performance is influenced by continuous but static factors.

However, many continuous factors affecting human performance (such as tiredness)

may change during the mission. In Chapter 6, we propose a framework for shared au-

tonomy systems where the factors affecting human performance are hidden, continuous

and dynamic. Unlike the static case shown in Chapter 5, we are unable to maintain a

closed-form distribution. Furthermore, the transition dynamics in the hidden state space

are difficult to capture, as these transitions are inherently hidden. To address this, we dis-

cretise the hidden state space and introduce latent parameters to represent the unknown

transition probabilities. This framework allows the agent to learn the hidden transition

dynamics while maintaining a belief over the dynamic hidden state space.

Finally, Chapter 7 builds on the framework proposed in Chapter 5 to consider multi-

robot shared autonomy systems. We consider a scenario where the performance of the

human is uncertain, and the agent must efficiently allocate the human’s help to the robot

that will benefit most from the help, while reasoning over the human’s actual capabilities.

We propose a bidding system that explicitly rewards the reduction in variance over the

human’s capabilities, motivating the robots to learn about the human.

A summary of the four chapters and their respective topics is provided in Table 1.1.

For clarity, the table is repeated at the beginning of each chapter, with the relevant paper
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Table 1.1: Summary of the papers and their features

Chapters 4 5 6 7

Shared
Autonomy (SA)

Yes No Yes Yes

SA style
N operators

controls one robot
N/A

One human and
one autonomous agent

controls a robot

one human and K robots,
where the human can

take control of any robot
Dynamic Yes No Yes No

Continuous No Yes Yes Yes
Closed-form Yes Yes Yes Yes

highlighted.
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Chapter 2

Preliminaries - Modelling Epistemic

Uncertainty

Mausam and Kolobov (2012) describe the key characteristics that are modelled by a

Markov Decision Process (MDP) as uncertain domain dynamics and sequential decision-

making. Uncertain domain dynamics can be a result of stochasticity in the environment,

such as uncertainty over the outcome when a robot is driving, or random events that

can occur in the environment, such as a door being open or closed. Sequential decision-

making is the process of selecting a sequence of actions to maximise some objective, such as

maximising the expected cumulative reward. This concept is crucial in scenarios where the

action taken in the current state can significantly influence future outcomes. For example,

a robot’s current actions, such as navigating around an obstacle or choosing a path,

can affect its ability to achieve long-term goals like efficient task completion or battery

conservation. Therefore, sequential decision-making allows for strategic planning that

anticipates the future states, improving the overall performance of autonomous systems.

However, MDPs assume full observability of the state, and that the transition proba-

bilities between states are known. These assumptions may not hold in practice, as we may

not be able to directly observe the state due to noisy sensors, or the transition probabili-
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Figure 2.1: Example of MDP. The blue shows the actions, and the red shows the rewards.

ties may not be fully known due to hidden factors that affect them. Therefore, there have

been extensions to the MDP model to incorporate these features, such as partially ob-

servable MDPs (POMDPs) and uncertain MDPs. In this section, we explore the different

models that have been proposed to model uncertainty under the MDP framework.

2.1 Markov Decision Process

An MDP is defined by the tuple M = ⟨S, s, A, T,R, γ⟩, where:

• S is the finite set of states;

• s is the initial state of the system;

• A is the finite set of actions;

• T : S × A × S → [0, 1] is the transition function, which gives the probability of

transitioning from state s to state s′ after taking action a;

• R : S × A→ R is the reward function;
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• γ ∈ [0, 1] is the discount factor.

The general objective of an MDP is to maximise the expected cumulative discounted

reward (Puterman, 1994). While the classical definition of an MDP considers an infinite

horizon with a discount factor, the MDP can also be formulated as a stochastic shortest

path (SSP) problem. In a SSP MDP, there is no discount factor, and instead there is a

set of goal states G ⊂ S that the agent is trying to reach. The reward function becomes

a cost function (C : S ×A→ R), and the agent’s aim becomes to minimise the expected

total cost to reach a goal state. For the purpose of simplicity, we consider MDPs with

infinite horizon and reward functions in this chapter.

A deterministic and Markovian policy π maps between states and actions, π : S → A.

The value function V π⋆
(s) is the expected cumulative discounted reward when starting in

state s and following the optimal policy π⋆:

V π⋆

(s) = max
a∈A

[
R(s, a) + γ

∑

s′∈S

T (s, a, s′)V π⋆

(s′)

]
, (2.1)

while the Q-value of a policy π⋆ is defined by the expected cumulative discounted reward

given a state-action pair (s, a), and expressed as:

Q(s, a) = R(s, a) + γ
∑

s′∈S

T (s, a, s′)V π⋆

(s′). (2.2)

To find the optimal policy π⋆, there are a wide range of solution methods that can be

used, and this is a research field in itself. In this chapter, we focus on Value Iteration,

Policy Iteration, and Monte-Carlo tree search (MCTS), as these are most commonly used

in the literature we reference in Chapter 3.
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2.1.1 Value Iteration and Policy Iteration

Value iteration computes the optimal value function within an ϵ bound for all states in

the MDP by iteratively updating the value function using the previous iteration’s value

functions and the Bellman backup (Mausam and Kolobov, 2012). To implement value

iteration, we begin by initiating a value function for all states: V 0(s) = 0 ∀s ∈ S. After

n− 1 updates, the nth iteration of the value function is updated by:

V n(s) = max
a∈A

[
R(s, a) + γ

∑

s′∈S

T (s, a, s′)V n−1(s′)

]
∀ s ∈ S. (2.3)

Once the value functions have converged within an ϵ bound (i.e. |V n(s) − V n−1(s)| ≤

ϵ ∀s ∈ S), the optimal policy can be found through selecting the action that maximises

the expected cumulative reward for each state, following Equation 2.4.

π⋆(s) = argmax
a∈A

[
R(s, a) + γ

∑

s′∈S

T (s, a, s′)V n(s′)

]
(2.4)

Another common method for solving MDPs is Policy Iteration, which iteratively up-

dates the policy instead of the value function. Starting with an initial random policy π0,

we iteratively update the policy by evaluating the Q-values. Then, we update the policy

by selecting the action that maximises the Q-value for each state. The policy is updated

until it converges to the optimal policy. Both value iteration and policy iteration require

us to consider the full set of states to evaluate the policy. However, unlike value itera-

tion, convergence is defined when the optimal action for a state does not change between

iterations. Furthermore, the policy iteration method cannot guarantee convergence if the

horizon is infinite Puterman (1994).
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2.1.2 UCT Algorithm

Both value iteration and policy iteration methods compute the policy for the entire state

space, which can be computationally expensive for large state spaces and unnecessary for

states with low reachability probability. In problems with large state spaces, approaches

that approximate the optimal policy though a sample-based approach can be used, such as

the UCT algorithm (Kocsis and Szepesvári, 2006). The UCT algorithm is a Monte-Carlo

Tree Search (MCTS) algorithm that uses a tree structure to store the value functions of

states and actions. The tree is made up of decision nodes, which are defined by the state

of the environment, and chance nodes, which are defined by the actions the agent can

take given the state they are in.

The UCT algorithm uses the Upper Confidence Bound (UCB) to select the actions

in the tree. There are 4 stages in a UCT algorithm: selection, expansion, rollout, and

back-propagation.

Selection - At the start of a trial, the algorithm begins at the root node of the tree,

and selects actions based on:

a = argmax
a∈A

[
Q(s, a) + c

√
logN(s)

N(s, a)

]
, (2.5)

where N(s) is the number of times state s has been visited, N(s, a) is the number of times

action a has been selected in state s, and c is a constant that controls the exploration-

exploitation trade-off. c must be tuned to get the correct balance - too high and the

algorithm will not value the rewards from taking actions, too low and the algorithm

will not explore enough to find the optimal policy. For a given state/decision node, if

∀a ∈ A N(s, a) = 0, a random action is chosen, and if ∃a ∈ A N(s, a) = 0, an unexplored

action is randomly chosen. After the action is chosen, this action is simulated, and a new

state is visited. If this new state has been visited before, we repeat the action selection
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Figure 2.2: Monte-Carlo Tree Search

process from the new state’s decision node.

Expansion - If the selected action has not been visited before, a child “chance” node

is created for the action, and the action is simulated to get a new state and reward. The

new state is added to the tree as a leaf node.

Rollout - If the new state is not a terminal state, a rollout policy is used to simulate

the rest of the trial until a terminal state is reached, or a maximum number of steps has

been reached. The rollout policy can be a random policy, or a heuristic policy that is

used to guide the agent.

Back-propagation - The reward from the trial is back-propagated up the tree to update

the value functions of the states and actions that were visited in the trial. The counts of

the states and actions are also updated.

As the number of trials increases, the value functions of the states and Q-value of the

state-action pairs converge towards their true values. Then, the optimal policy can be

found by selecting the action that maximises the value function at each decision node.

The UCT algorithm is particularly useful for problems with large state spaces, as it does
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not require the full state space to be evaluated. Therefore, states that are unlikely to be

reached are not fully explored, reducing the computational load.

However, unlike value iteration and policy iteration, there is not a clear convergence

criteria for the algorithm, and there are no formal guarantees that the optimal policy has

been reached. The UCT algorithm is commonly used as an online planning algorithm,

where the agent will plan every time they take an action. This is useful for scenarios

where unlikely events occur, and an offline planner may not have fully explored the tree

in low probability regions.

2.2 Partially Observable MDPs

The MDP model assumes that the agent can fully observe the state of the environment,

but this may not always be true. A classical example of partial observability is the tiger

problem. In this problem, there are two doors, one leading to a tiger, and the other

leading to a reward (Cass et al., 1995). The agent must choose a door to open, but if

they choose the door with the tiger, there will be a large cost. As the agent begins with

no prior knowledge of where the tiger is, the agent has the option to listen for the tiger

for a small cost. This action provides an observation about the likely location of the

tiger. However, the listening action is imperfect, and subject to the following stochastic

outcomes:

• If the tiger is behind the left door, there is a probability of 0.85 that the agent will

hear the tiger on the left and a probability of 0.15 that the agent will hear the tiger

on the right.

• If the tiger is behind the right door, there is a probability of 0.85 that the agent

will hear the tiger on the right and a probability of 0.15 that the agent will hear the

tiger on the left.
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The goal for the agent is to maximise the expected cumulative reward by choosing a se-

quence of actions (listening or opening a door) that both considers the immediate costs (lis-

tening) and the future potential outcomes (opening a door). For the agent to be able to

reason over the possible locations of the tiger, the agent must maintain a belief over the

possible states of the environment, which we define as b(s) ∈ [0, 1] where
∑

s∈S b(s) = 1.

The agent will start with an initial belief, b, to represent their initial knowledge of the

environment, and this will be updated as the agents make observations.

Formally, we define a partially observable MDP (POMDP) as the tuple P =

⟨S, b, A,O, T,R,Ω, γ⟩, where:

• S,A, T,R, γ is the same as presented for an MDP in Section 2.1;

• b is the initial belief of the system;

• Ω is the finite set of observations;

• O : S × A × Ω → [0, 1] is the probabilistic observation function, which gives the

probability of observing o after the agent took action a which resulted in state s′;

For the tiger problem, the state space describes the door the tiger is behind, s ∈

[left-door, right-door]. The action the human can take is either open a door, or lis-

ten to make an observation: a ∈ [open-left, open-right, listen], and when they make an

observation, it is either o ∈ [left, right]. There is a small cost associated with listen-

ing (R(s, listen) = −1 ∀s ∈ S), while there is a large cost associated with opening the

door the tiger is behind (R(left-door, open-left) = R(right-door, open-right) = −100). The

agent will maintain a belief b(s) over which door the tiger is behind, and they will use the

belief to choose which door to open.

If an agent has a belief bt(s) over the states of the environment at time t, and takes

action a ∈ A and receives an observation of ω ∈ Ω, the belief can be updated using Bayes’
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rule:

bt+1(s
′) =

O(s′, a, ω)
∑

s∈S T (s, a, s
′)bt(s)∑

s′∈S O(s′, a, ω)
∑

s∈S T (s, a, s
′)bt(s)

. (2.6)

The agent will use Equation 2.6 every time they listen out for the tiger to update their

belief based on their observations. However, the agent must balance the benefits of lis-

tening (learning more information) with the cost associated with listening. To do this,

we must get a policy mapping the current belief to the optimal action. We examine the

methods used to get a policy for a POMDP.

2.2.1 Belief MDP

A POMDP can be framed as an MDP by factoring in the belief into the state space,

resulting in a belief MDP (BMDP) (Kaelbling et al., 1998). The belief MDP is defined

by the tuple M = ⟨B, b, A, T,R⟩, where:

• B is the set of belief states;

• b is the initial belief of the system;

• A is the finite set of actions;

• τ : B × A×B → [0, 1] is the transition function, where the probabilities are:

τ(b, a, b′) =
∑

ω∈Ω

P (b′|a, b, ω)
∑

s′∈S

∑

s∈S

O(s′, a, ω) · b(s) · T (s, a, s′) (2.7)

where P (b′|a, b, ω) = 1 if:

b′(s′) =
O(s′, a, ω)

∑
s∈S b(s) · T (s, a, s′)∑

s′′∈S
∑

s∈S O(s′′, a, ω) · b(s) · T (s, a, s′′) , (2.8)

and P (b′|a, b, ω) = 0 otherwise;
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• R : B × A→ R is the reward function, and found by:

R(b, a) =
∑

s∈S

b(s) ·R(s, a). (2.9)

For shorter time horizons, the POMDP can be solved by generating the belief MDP,

and solved using the methods described in Section 2.1. This is feasible as, as the set

of possible beliefs the agent could have is finite and limited. However, at larger time

horizons, the belief MDP becomes computationally expensive to generate, as we must

calculate all the possible beliefs and transition probabilities the agent may experience,

and these grow exponentially with the horizon.

2.2.2 Point-Based Value Iteration

When we build a belief MDP, we only consider the reachable belief states from the ini-

tial belief, but in practice, the belief space is a continuous space, defined over an |S|-

dimensional simplex. For a given policy π, the value function when an agent has a belief

defined by:

V π(b) =
∑

s∈S

b(s) · V π(s). (2.10)

This can be expressed by defining a vector απ = ⟨V π(s1), . . . , V
π(sn)⟩ as the value func-

tions of the states, and thus the value function for a belief vector b = ⟨b(s1), . . . , b(sn)⟩

when following policy π can be written as V π(b) = b ·απ. The alpha vector can therefore

be represented as a plane in the belief space. For a finite state and action space, there is

a finite set of possible policies Π the agent can follow. The optimal policy π⋆ for a given

belief b is the policy that maximises the value function for the belief:

π⋆(b) = argmax
π∈Π

b ·απ. (2.11)
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Figure 2.3: Alpha vectors for two policies, π0 and π1 in the belief space. The optimal
policy for a given belief is shown in bold

The alpha vectors and the optimal policy can be visualised in the belief space for a two

state problem, as shown in Fig. 2.3, where the bold upper line represents the optimal

policy.

However, in practice the policy space is too large to compute the value function for

all possible policies, especially for larger state spaces. Pineau et al. (2003) proposed the

point-based value iteration (PBVI) algorithm to approximate the value function for the

belief space by sampling a set of sparse belief points, and updating the optimal alpha

vectors for the belief points. The alpha vectors are then used to approximate the value

function for the belief space by using the piece-wise linear interpolation of the alpha

vectors.

The PBVI algorithm starts by initialising an alpha-vector for each belief point. The

value function is updated using the Bellman backup operator, where the nth iteration of

the value function is updated by:

Vn(b) =

max
a∈A

[∑

s∈S

R(s, a)b(s) + γ
∑

o∈O

max
αn−1∈Vn−1

∑

s∈S

∑

s′∈S

T (s, a, s′)Ω(s′, a, o)αn−1(s
′)b(s)

]
.
(2.12)

The updates are repeated until the value function converges within an ϵ bound.
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The set of beliefs that are used to approximate the value function are expanded iter-

atively with the value iteration step, and we start with the set of beliefs B = b. For each

belief b ∈ B, we generate the set of successor beliefs ba0 , ba1 , . . . by simulating the next

observation for each action a ∈ A, and using Equation 2.6. Any new belief bai that is in

B is discarded, and any new belief less than a distance l away from B is discarded too.

Of the remaining new beliefs, the furthest away from B is added to B. Therefore, B at

most doubles in size per iteration.

2.2.3 POMCP

While PBVI reduces the number of belief points required to compute a policy in compar-

ison to the belief MDP, the algorithm still requires the belief to be explicitly calculated

using Equation 2.6. This is computationally expensive for large state spaces, where PBVI

requires a large number of belief points to adequately cover the belief space. Silver and

Veness (2010) proposed a Monte Carlo Tree Search (MCTS) algorithm for POMDPs,

called POMCP, which approximates the belief state using sampling methods. They alter

the UCT algorithm for MDPs (as shown in Section 2.1.2) to work with POMDPs, by

augmenting the decision nodes to store the history of action observations instead of the

state.

Like the UCT algorithm, POMCP builds a search tree through trials. A decision node

of the search tree is defined by the history of actions and observations made to reach

the node, and the chance nodes are defined by the actions that can be taken from the

decision node. At the start of a trial, the algorithm starts at the root node of the tree, and

samples a state s from the initial belief, b. An action a is chosen according to the UCB

formula, as shown in Equation 2.5, and a new state s′ and an observation o is generated

by sampling T (s, a, ⋆) and Ω(s′, a, ⋆) respectively. The action a and observation o is used

to generate a history h = ao, and this history defines the leaf node of the tree. This

25



Decision
Node

Chance
Node

Figure 2.4: POMCP algorithm

simulation process is repeated until an unexplored leaf node is reached, at which point we

follow the expansion, roll-out and back-propagation steps as described in Section 2.1.2.

A decision node in the POMCP algorithm stores the number of times the node has

been visited, the value function of the node, and the state of the simulation when the node

was visited. As the number of trials approaches infinity, the distribution of the states that

visited the decision node with history h will converge to the belief distribution of b(s|h).

Therefore, POMCP approximates the belief of a given history through sampling, remov-

ing the need to explicitly calculate the belief as in PBVI. Once the POMCP algorithm

has converged, the agent executes the action that maximises the value function in the

environment. This results in an observation, and the agent can then update the belief

using Equation 2.6, and the process is repeated.
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2.3 Uncertain MDPs

In POMDPs, we considered problems where the state is not directly observable, and we

must maintain a belief over the true state. However, there may be problems where the

transition probabilities between states are not fully known.

We define an MDP where the transition probabilities are not fully known as an un-

certain MDP (Rigter et al., 2021), represented by the tuple ⟨S, s, A,Θ, P0(θ), Tθ∈Θ, R, γ⟩,

where:

• S, s, A,R, γ are as defined in Section 2.1;

• θ ∈ Θ is the set of latent parameters that govern the transition probabilities, where

θ is a vector over the latent parameter space;

• P0(θ) is the initial belief over the latent parameters;

• Tθ∈Θ : S × A × S → [0, 1] is the transition function, which gives the probability of

transitioning from state s to state s′ after taking action a given the latent parameter

θ.

There are multiple approaches to solving this problem. One approach is to plan under

the assumption that the ’world’ is an adversarial one - it will always change to give you

the worst value function in any given state (Suilen et al., 2024). This robust approach is

useful in domains where failure has a high cost, such as injury to humans in the domain.

However, for less critical problems, the robust approach can result in overly conservative

policies. Therefore, in this thesis, we focus on methods in which we maximise the expected

rewards.

To mamixise the expected rewards collected over a run, the agent must maintain a

belief over the latent parameters, and this belief is updated using the history of actions and

observations, ht = s0a0 · · · at−1st, using Bayes’ rule. Similar to the Belief MDP built for
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a POMDP in Section 2.2.1, we can build a Bayes-Adaptive MDP (BAMDP) that factors

the history (and thus implicitly the belief) into the state space for an uncertain MDP with

a finite horizon. A BAMDP (Duff, 2002) is defined by the tuple ⟨S+, s+, A, T+, R+, γ⟩,

where:

• S+ = S ×H, where H is the set of all histories;

• s+ = (s, h), where h is the empty history;

• T+((s, ht), a, (s
′, htas

′)) =
∫
θ∈Θ Tθ(s, a, s

′)Pt(θ)dθ is the transition function, where

Pt(θ) ∝ P (ht|θ)P0(θ);

• R+(s+, a) = R(s, a) is the reward function;

• A, γ are as defined in Section 2.1.

We typically observe two main implementations of BAMDPs; firstly where there is no

prior or knowledge over any transition probabilities, and secondly where the agent is in a

set of known MDPs, and must learn which MDP they are in through observations.

For the first case, the latent parameter space is θs,a,s′ ∈ Θ ∀s ∈ S ∀a ∈ A ∀s′ ∈ S, where

each transition probability is a latent parameter. The latent parameters with the same

initial state and action must follow
∑

s′∈S θs,a,s′ = 1, as the transition probabilities must

add to 1. Each transition function is therefore parameterised over a n-dimensional simplex,

where n is the number of possible states the agent can reach through the transition.

The agent must maintain a belief over the latent parameters, and the belief for a single

transition function can be represented as a Dirichlet distribution,

Dir(θs,a,s1 , θs,a,s2 , · · · θs,a,sn ;αs,a,s1 + 1, αs,a,s2 + 1, · · ·αs,a,sn + 1), (2.13)

where αs,a,si is the number of times the agent has observed the transition from state s to

state si after taking action a. Therefore, after the agent has made an observation, the
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agent can update their belief over the transition probabilities by updating the count in

the Dirichlet distribution.

For the second case where the agent is reasoning over a set of known MDPs, the latent

parameter values are the set of MDPs the agent is reasoning over. To maintain a belief, the

agent typically samples a set of MDPs from the initial belief, and approximates the belief

by updating the probabilities of being in the sampled MDP based on the observations

made. This problem becomes equivalent to a POMDP with a hidden fixed state, as the

true MDP the agent is in can be considered the hidden state, and the observable states

in the uncertain MDP are equivalent to the observations in the POMDP. However, this

method does not scale well as the space of possible MDPs the agent could be in expands,

and may not converge if there are no samples in the region of the true MDP.

Solving a BAMDP with a goal to maximise the expected cumulative reward is equiv-

alent to solving the original uncertain MDP, with the exploration required to learn the

latent parameters optimally balanced with the exploitation of the known parameters to

gain rewards. The optimal policy for a BAMDP is the one that maximises the value

function defined as:

V +(s, ht) = max
a∈A

[
R(s, a) + γ

∑

s′∈S

T+((s, ht), a, (s
′, ht · as′))V +(s′, ht · as′)

]
.

= max
a∈A

[
R(s, a) + γ

∫

θ∈Θ

∑

s′∈S

P (θ|ht)Tθ(s, a, s
′)V +(s′, ht · as′)

]
.

(2.14)

However, much like the belief MDP, solving the BAMDP via value iteration becomes

computationally expensive as the history space grows exponentially with the number of

actions taken. Therefore, BAMDPs are typically solved with a sampling-based solver,

such as the BAMCP algorithm (Guez et al., 2012).
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2.3.1 BAMCP algorithm

The BAMCP algorithm is an extension of the POMCP algorithm, where the algorithm

approximates the belief over the latent parameters using sampling methods. The leaf

nodes in the BAMCP algorithm are defined by h = s0a0, · · · an−1sn, the history of actions

and states visited to reach the node, and the child nodes are defined by the actions that

can be taken from the leaf node. In the POMCP algorithm, a trial starts at the root

node by sampling a state s from the initial belief over the hidden states. Similarly in

the BAMCP algorithm, a trial starts at the root node by sampling θi ∼ P0(θ), a latent

parameter that defines the transition functions. The algorithm simulates a step in the

tree by sampling the transition function Tθi , and the history is updated with the action

and state visited. The new history corresponds to a new decision node, and the transition

dynamic is governed by θi This is repeated until an unexplored leaf node is reached, at

which point the expansion, rollout and back-propagation steps are followed as described

in Section 2.1.2. After a trial, a new θj is sampled from P0(Θ), and the tree is explored

using transition dynamics governed by θj. Once the algorithm has reached time-out, the

agent executes the action with the highest Q-value. This results in a new state, and the

prior distribution is updated using the methods outlined in Section 2.3.
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Chapter 3

Modelling Humans for Sequential

Decision Making

In this thesis, we are interested in modelling human behaviour in shared autonomy sys-

tems, which require capturing human interactions with robots or autonomous agents.

These models allows agents to reason over human actions, improving collaboration and

the overall performance of the system.

However, simple representations of human behaviour may result in the agent taking

sub-optimal decisions. For example, Rosenthal and Veloso (2012) considers a robot nav-

igating around an office, and needs to find a human to help them. The agent uses a

prior probability distribution to predict the location of a human, and navigates the robot

to the room with the highest likelihood of finding a human. However, as the human’s

current location is not explicitly modelled, the robot cannot reason over the human’s

true location upon seeing an empty room. Therefore, we focus on exploring how humans

in shared autonomy systems can be modelled as sequential decision-making problem to

achieve more adaptive planning.

When an agent is planning for a sequential decision-making problem in a domain with

humans, the human’s behaviour is explicitly considered and modelled. Chapter 2 explored
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the different models used to describe sequential-decision making problems, and in this

chapter, we consider how these models have been applied to describe human behaviour.

We also explore the literature on how these models have been extended to describe and

learn about complex human behaviours, such as how their behaviour changes over time.

3.1 MDPs

Markov Decision Processes (MDPs, outlined in section 2.1) can be used to describe the

stochastic behaviour of a human in a domain. This could be how humans act in a shared

autonomy system controlling a vehicle (Basich et al., 2020; van Wyk et al., 2020), or

how they act in an environment shared with a robot (Junges et al., 2018; McGhan et al.,

2015). Basich et al. (2020) aims to reduce the interventions required by the human by

learning through interactions to anticipate the human’s decisions. While they use the

action space of an MDP to model the range of possible decisions the human can make,

they assume that the human operator is perfect, and their transition dynamics do not

model the possibility that the human may end in a fail state.

3.1.1 Modelling imperfect humans

However, the human may not always be perfect, and in certain domains, the agent must

be able to reason over the probability of a human failing to complete a task. For example,

a human operator of a robot may not be aware of obstacles in the environment, while

the autonomy can better use signals from sensors to avoid them. Cubuktepe et al. (2021)

uses the stochastic transition functions in an MDP to describe a human unaware of the

obstacles when controlling a wheelchair, and the agent combines the human’s action choice

with the autonomy’s action choice to reach the goal. This method of implementing shared

autonomy is called blended autonomy. The authors use blended autonomy to maintain

safety while the human is controlling the wheelchair, and this approach allows the human

32



to direct the wheelchair while avoiding collisions with obstacles.

Dahiya et al. (2022) also explicitly considers the probability of the human failing at

a task, and uses this to plan how to allocate human help in a multi-agent setting. The

authors consider a set of K semi-autonomous robots completing navigation tasks, where

each robot has to complete N tasks to reach its goal. The human can help by taking

over control of the robot and completing a task. The shared autonomy system for the

kth robot is described by an MDP, where the state state space is defined by the task

number the robot is on, nk ∈ [1, N ], and the robot’s internal state, {normal, fault},

which signifies if the robot is stuck. The action space determines whether the robot is

operating autonomously (ak = 0) or teleoperated (ak = 1), and the action choice changes

the probability of the robot transitioning into a fault state. The agent for the kth robot

must reason over the probability of completing tasks successfully both for the robot and

the human before asking for human help, by bidding to the centralised controller which

determines which robot the human teleoperates. These frameworks allow the agent to

make more realistic assumptions about a human’s abilities, and allocate the human help

to tasks that will be the most beneficial to the system.

MDPs modelling human behaviour are sometimes built using data collected from hu-

man demonstrations, where the transition probabilities are learnt through a frequentist

approach. Charles et al. (2018) used 85 hours of humans playing a game to build an MDP

that described the human’s performance in game play, and used this in a shared auton-

omy system for a game that could be played by a human or an autonomous controller.

However, the authors noted that the human player’s behaviour could be altered due to

a range of factors, and a single model would not be sufficient to accurately describe the

human’s behaviour.
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3.1.2 Using Multiple Models to Describe Humans

Wu et al. (2017); Feng et al. (2016); Fu and Topcu (2016); Mahmud et al. (2023) attempt

to address this by using multiple MDPs to describe a human’s behaviour, where one MDP

corresponds to one setting of the factors that affects their performance. Feng et al. (2016)

considers the effect of tiredness on human performance in a shared autonomy system, in

a domain of a drone completing a series of tasks, where some are high-risk. The human

is modelled by two MDPs, one where the human is normal (Mnorm), and another for

when a human is tired (Mtired). Both MDPs’ state space defines the environment the

drone is in,sE ∈ SE, and the transition functions describe the respective probabilities of

successfully completing a task when the human is normal and tired. The MDPs describing

the human has one action per state, a = Human. Mnorm and Mtired are combined to

create a single MDP Mhuman describing the human, where the state space is defined by

the environment the drone is in (SE), the human’s internal state {normal, tired}, and

a counter k that keeps track of the number of actions the human has done. Feng et al.

(2016) assumes that the human will become tired after a threshold of T steps, and this is

formulated by a deterministic transition function:

If k = T then Thuman((sE, normal, k), a, (sE, tired, k + 1)) = 1 ∀ sE ∈ SE. (3.1)

This human MDP is joined with an MDP describing the autonomous controller, and the

agent plans over the joint MDP using value iteration. The optimal policy for this problem

will ration the human help over the mission, and thus able to request a normal human to

complete high-risk tasks that appear later in the mission.

Wu et al. (2017) also use multiple MDPs to model a human’s behaviour, where each

MDP corresponds to a different fatigue and trust level. The human and a robot work

along-side each other on a production line, and the agent must consider how the human’s

trust in the robot affects their performance. The human’s internal trust level is modelled
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using an MDP Mt, where the state space St is the finite set of human trust levels, and

the action space At = Ar ∪ {repair} is the union of the set of actions the robot can

do, and a repair action that is done by humans when the robot is in a fail state. The

transition functions define the probability of the human’s trust level altering given the

robot’s actions. Similarly, the human’s fatigue process is modelled using an MDP Mf ,

where the state space Sf is the set of fatigue levels, and the action space is Af = Ar∪Ah∪

{repair} the union of the actions the human and the robot could do. The human models

Mt and Mf are factored into the task model Mw and the robot model Mr to created

a single MDP M that describes the entire production line, where a state is the tuple

s = (sw, sr, st, sw), the state of the task, the state of the robot and the human’s trust and

fatigue levels. Therefore, by solvingM, the agent explicitly considers how to improve the

human’s trust in the robot, while also reasoning over the tasks the robot should complete

to reduce the human’s workload and the expected cumulative reward from completing the

tasks successfully.

While these models allow the agents to reason over the effect the robots may have on

the human, and plan accordingly, they still assume that the agent can directly observe the

factors that affect the human’s performance. However, factors such as fatigue, trust and

skill level are difficult to measure. In the next section, we consider how partially observable

models have been used to describe the latent factors that affect human performance.

3.2 POMDPs

3.2.1 Hidden Physical attributes

Partial observability can be used to express attributes of a human that cannot be directly

induced, such as their physical and behavioural (e.g. skill level) attributes. An agent

may need to maintain a belief over the physical attributes of a human due to sensor
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inaccuracies, such as the lidar used to measure their location, or when they are partially

obscured by other objects in the domain (Schörner et al., 2019).

Wray et al. (2017) use the state space of a POMDP to describe the physical location

and speed of people in the environment for an autonomous car. The people in the en-

vironment can be pedestrians, or other cars driven by people. Each type of human (e.g.

pedestrian, vehicle) is modelled by a POMDP, where the state space is their location

relative to the car, while their action space is {stop, go}, and the autonomous car can

make observations of the human through its sensors. These POMDPs are solved offline to

get a policy prior to execution, by solving the belief MDP through value iteration. Then,

during a mission, any number of pedestrians and vehicles may be instantiated depending

on the domain. The agent maintains a belief over the humans, and assumes they act

according to their offline policy. By maintaining a belief over the humans’ location, the

autonomy can consider the range of possible locations the human could be in, and avoid

collisions with the human.

Jean-Baptiste et al. (2015) use a POMDP to maintain a belief over an impaired hu-

man’s history-of-actions for an assistive agent. They demonstrate their system for a stroke

survivor making a cup of tea, where the agent must prompt the human if they make an

error during the tea-making process. However, the camera sensors used to track the hu-

man have a probability of not correctly registering the human’s actions. The human’s

progress through the task is modelled using a POMDP, by keeping track of their actions,

and whether they have made an error. The state space is S = Au × Sd, where Au is the

current action the user is taking (E.g. “Fill kettle”, “Boil water”, “Add teabag”), and

sd ∈ Sd is the history of the actions taken by the human. The action space A = Au × E

is a cross product of Au, the set of actions the user can take, and E = {True, False}, the

error space. The error and the action determines what prompts the agent should present,

where if E = True, the agent will inform the user that they have made a mistake, and

the action they should take instead. The history-of-actions allows the agent to keep track
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whether the human is completing a task in the correct order, and if not, gives prompts to

help the human complete the task. To solve the POMDP, the authors used a Monte-Carlo

based solver.

These papers demonstrate how real-world constraints in hardware can be overcome

through modelling, and as sensors improve, the uncertainty over the human’s physical

attributes can be reduced. However, a human’s internal attributes (such as tiredness, skill

or trust level) are not directly observable, and cannot be inferred through better sensors.

We can model the human’s internal attributes through the state space of a POMDP, and

we can infer the human’s internal state through observations of the human’s actions.

3.2.2 Hidden Human Goals

POMDPs are a common way to model uncertainty over the human’s goal (Fern et al.,

2014; Javdani et al., 2015; Karami et al., 2009). In both Fern et al. (2014) and Javdani

et al. (2015), the robot is trying to assist the human in the environment, but has no initial

knowledge over the human’s goal. In Fern et al. (2014), the agent updates their belief

over the set of possible goals by observing how the human interacts with the environment.

The environment is described using an MDP, where W is the state space, and there are

two action spaces - A for the action space of the human, and A′ for the action space of the

assisting agent. There is uncertainty over the goal g the human has chosen, where g ∈ G

and G ⊂ W . The environment MDP and this uncertainty is combined to create a POMDP

for the agent to reason over, which Fern et al. (2014) name the assistant POMDP. In the

assistant POMDP, the state space is W ×G, the action space is A′, and the observations

the agent can make is W × A, because the environment is directly observable, and the

agent can observe the action the human took.

The authors note that solving a POMDP directly can be computationally expensive

in large state spaces. They instead propose a heuristic method, where prior to execution
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they compute the value functions for the MDPs where the goals are known, so a MDP

with goal g would have a Q-value of Qg(w, a). During the mission, the belief b(g) over

the goal is maintained using Bayes’ rule. Then, the assistant robot takes the action that

maximises:

Q(w, a) = argmax
a∈A′

∑

g∈G

Qg(w, a) · b(g). (3.2)

This method will act greedily, as unlike the POMCP algorithm, the value of exploration

will not be implicitly incorporated into the value function.

Javdani et al. (2015) also considers uncertainty over the human’s goal, but in a shared

autonomy context. The authors consider a robotic arm controlled by a human and au-

tonomy, where there is uncertainty over which object the human wants to pick up. The

inputs from the human directing the robot is used to update the belief, and the autonomy

takes over the control as the uncertainty decreases. In Fern et al. (2014) and Javdani

et al. (2015), the goals of the humans are static throughout execution, and the agent does

not consider how the human’s goal may change over time. However, POMDPs can also

be used to describe dynamic and hidden attributes of the humans. In the next section,

we explore how POMDPs are used to consider the change in the human’s internal state.

3.2.3 Hidden Human Behaviours

Knowledge about the human internal states, such as their attentiveness, can be critical

in missions such as handing over control to a human in a semi-autonomous vehicle (Wray

et al., 2016). The human’s internal state can be observed indirectly through interactions,

such as asking them to do a task or by using eye-tracking software (Petric and Kovacic,

2020; Lam and Sastry, 2014). The state can also be altered by the agent (Wray et al.,

2016), such as through sending audible alerts, which has a probability of improving their

attentiveness.
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Wray et al. (2016) models the transfer of control as a POMDP, where the human’s

internal state is unknown, and the agent has a limited time window to transfer control

safely. The state space is defined by the current human state (distracted, aware, etc.), the

time remaining for the transfer, the previous action taken by the agent, and the time since

the last action. The action space for the agent is a set of messagesM that the agent can

use to get the attention of the human, from a blinker light to an alarm noise. However,

constant prompts can limit human satisfaction with the system, and may result in the

human dis-engaging or ignoring the alerts. This is described by the reward function, which

negatively rewards sending out messages that are more disruptive, but heavily penalises

ending in a mission abortion, and even more heavily a mission failure. The agent can

make observations and update their belief over the human’s internal state through noisy

sensors, such as face or eye-trackers. The agent aims to minimise the total cost collected

during the transfer of control, and uses point-based value iteration (Section 2.2.2) to solve

the POMDP. By solving the POMDP, the agent can optimally balance the exploration

required to learn the human’s internal state, and the exploitation of the information to

take actions to reduce the overall cost.

3.3 Learning over time

As the agent interacts with humans, the information collected can be used to improve

the models the agent has of the human, and of the autonomy. (Nanavati et al., 2021)

learns about the intrinsic willingness of humans to help the robot in an office environment.

This willingness is defined by a continuous bounded parameter, and the robot maintains

a belief over this value for each person during the mission. By modelling the problem

as a BAMDP (Section 2.3), the robot can learn the humans’ willingness to help, while

also maximising the reward collected. The human’s current busyness b, the frequency of

the robot asking for help ρask, and whether they helped in the previous timestep defines
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the state space for the BAMDP. Human UID’s helpfulness is described by the latent

parameter hUID, and the latent helpfulness, their busyness, and the frequency of the

robot asking are used to generate the transition probabilities of the human helping:

P (human-helps|hUID, b, ρask) =
1

exp (−(hUID+c1+c2·b+c3·b·ρask))
(3.3)

where c1, c2 and c3 are learnt prior to execution. This BAMDP framework is useful in

domains where people around the robot change every mission, so for each mission the

agent can learn the latent parameters for each new person.

Nanavati et al. (2021) solves the BAMDP by simplifying the model into a stationary

POMDP. This is done by discretising the latent parameter space into 20 states, and fram-

ing the latent parameter as a hidden state factor that does not change during a mission.

Then, the POMDP is solved by using the POMCP alogrithm (Section 2.2.3). However,

this approach reduces the set of possible human behaviours the agent can observe, and

thus risks the agent not being able to accurately capture how a person is behaving.

When a robot is doing the same task repeatedly, the robot can use the experiences

gained over the missions to improve their performance. Rigter et al. (2020) considers a

shared autonomy system as a multi-arm bandit problem. At each episode, the agent must

choose from a finite set of arms, where each arm has an unknown reward distribution and

each arm corresponds to an action in an MDP. In the shared autonomy system, the set

of arms/actions is comprised of the set of autonomous drivers the agent can use, and the

human driver. The agent aims to minimise the overall cost collected over all episodes,

where costs are accumulated by failing to complete a task, and by asking the human to

take over. The outcomes of an episode can be used in two ways: to update the performance

predictions for the autonomous agent used, and, if the outcome is successful, the episode

is stored into a buffer that is used to train an autonomous controller using behavioural

cloning. Therefore, the demonstrations done by the human improves the performance
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of the autonomous agent, and thus the amount of intervention required by a human will

decrease over time. However, the agent assumes that the human will always be successful,

and given there is only a single model for the human, this formulation does not allow for

us to consider the range of possible human behaviours.
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Chapter 4

Shared Autonomy Systems with

Stochastic Operators

In this chapter, we examine how to model a shared autonomy system where there are

multiple operators and we are uncertain on how they may behave. We first consider how

to model such an operator. Given the different factors that may affect an operator’s per-

formance, we explicitly consider different modes they could be in. For each possible mode,

we use a Markov chain (MC) to model their expected performance given the environment

they are in. We also consider how the operator may transition between different modes

depending on whether they are participating in the system or not. We use MCs to model

how the modes change, where the set of possible modes defines the state space. These

models are combined to describe how the operator acts when they are active in the shared

autonomy system, versus when they are not.

Secondly, we must consider how to choose the optimal operator in a shared autonomy

system given the uncertainty over how the operators may behave. We model the shared

autonomy system as a mixed observablility MDP (MOMDP), where the state space is

split into hidden and observable state spaces. The observable state space represents the

environmental factors affecting the system that are directly observable, while the hidden
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state space is used to represent the mode each operator is in. The action space allows the

agent to choose which operator should control the shared autonomy system in the next

timestep, and the transition function is informed by the MC modelling the operator. The

agent maintains a discrete belief distribution over the hidden state space, and uses the

current belief to choose the optimal operator. We solve the MOMDP by adapting the

POMCP algorithm. In the POMCP algorithm, the decision node is defined by the history

of actions and observations made to reach the current state. We extend this to include

the current observable state, so a decision node is defined by the sequence of observable

state, action and observations made to reach the current state.

The framework proposed can be used for any number of operators, and we do not

specify if an operator is a human or autonomous. Therefore, we can also extend this model

to consider how unobservable factors can affect autonomous operators too. For example,

in a domain where there is shared autonomy over a remotely controlled robot, weather

conditions, such as slipperiness, may affect the performance of an autonomous operator.

The shared autonomy system can also be implemented with a domain of computer games

too, as shown in the experiments section of the paper.

Table 4.1: Summary of the papers and their features

Chapters 4 5 6 7

SA Yes No Yes Yes

SA style
N operators

controls one robot
N/A

One human and
one autonomous agent

controls a robot

one human and K robots,
where the human can

take control of any robot
Dynamic Yes No Yes No

Continuous No Yes Yes Yes
Closed-form Yes Yes Yes Yes
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Abstract
We consider shared autonomy systems where mul-
tiple operators (AI and human), can interact with
the environment, e.g. by controlling a robot. The
decision problem for the shared autonomy system
is to select which operator takes control at each
timestep, such that a reward specifying the intended
system behaviour is maximised. The performance
of the human operator is influenced by unobserved
factors, such as fatigue or skill level. Therefore,
the system must reason over stochastic models of
operator performance. We present a framework
for stochastic operators in shared autonomy sys-
tems (SO-SAS), where we represent operators us-
ing rich, partially observable models. We formalise
SO-SAS as a mixed-observability Markov decision
process, where environment states are fully observ-
able and internal operator states are hidden. We
test SO-SAS on a simulated domain and a computer
game, empirically showing it results in better per-
formance compared to traditional formulations of
shared autonomy systems.

1 Introduction
As automation and robots become prevalent in our lives, de-
signing systems that enable co-operation between humans
and autonomy becomes necessary. In this work, we are in-
terested in a shared autonomy (SA) setting, where a set of
operators interact with the environment by taking control of a
system (such as a robot) in order to contribute towards achiev-
ing a common goal. In the most general case the set of avail-
able operators may include both human teleoperators and au-
tonomous controllers. An SA framework is responsible for
deciding which operator should be in charge in order to man-
age progress towards the goal.

To enable this decision making, current SA approaches
tend to use simplified models of their operators. For exam-
ple, in Basich et al., [2020] an autonomous controller drives
a car until safety is compromised, at which point the human
operator must take over. The authors make the assumption
that the human driver is always perfect, therefore the SA sys-
tem can always switch to the human operator to maintain
safety. Cubuktepe et al., [2021] consider a scenario where

a human operator and an autonomous system share control of
a wheelchair. The human in this setting is not fully aware of
the risks present in the environment, but the autonomous sys-
tem is assumed to have full visibility of the risks, and thus is
able to always take appropriate action choices. Their model
of the human operator makes the simplifying assumption that
human performance does not evolve over time, e.g. due to
learning or tiredness. This static human operator assumption
is relaxed in Feng et al., [2016], who present a SA system in
which the human performance level might change due to un-
derlying factors (fatigue). However, their model is simplified
by the assumption that the onset of fatigue is deterministic,
with the human transitioning from an alert to a tired state af-
ter a fixed number of timesteps. As each person has an indi-
vidual level of tolerance to fatigue, it is unrealistic to assume
that all operators are fatigued after the same number of steps.

In this paper, we relax the simplifying assumptions de-
scribed above by introducing performance profiles that model
the behaviour of the operators available to an SA system.
These performance profiles depend on a set of partially ob-
servable state factors that evolve stochastically as the SA sys-
tem acts. This leads us to the stochastic operators in shared
autonomy systems (SO-SAS) model, which maintains a be-
lief over the performance profile state for each operator. The
observations gained from the interactions of the different op-
erators with the environment are used to update the belief on
which performance profile state each operator is in. To avoid
the need for defining complicated observation functions, be-
lief updates in SO-SAS are performed by observing environ-
ment state transitions.

Our main contribution is the SO-SAS framework, a novel
formalisation of an SA system as a mixed-observability
Markov decision process (MOMDP). To the best of our
knowledge, this is the first SA framework that considers op-
erator performance to be stochastic, dynamic and not directly
observable by the SA decision-making framework. We con-
duct an empirical evaluation of SO-SAS on a simulated do-
main, and on a computer game, with comparison to exist-
ing modelling approaches. We show that our formulation re-
sults in better performance in comparison to using the simpler
models (e.g. assuming a perfect human or static performance)
typically used in previous work.
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2 Related Work

When an autonomous system works in the same space as
humans [Wu et al., 2017], or shares control over a robot
with a human [Feng et al., 2016], they must be able to rea-
son over potential human interaction. These human-aware
autonomous systems typically determine the next action by
attempting to maximise the rewards collected over the fu-
ture timesteps. The rewards are defined by the objective
of the system, such as completing tasks successfully [Wu
et al., 2017; Feng et al., 2016] or negative rewards associ-
ated with the cost of human intervention [Rigter et al., 2020;
Basich et al., 2020].

Approaches motivated by reducing the amount of human
intervention needed typically do not explicitly model the hu-
man. Instead, they consider humans as a resource, such as
asking them to do tasks the robot cannot do [Rosenthal and
Veloso, 2012], or as an example to replicate [Duchetto et al.,
2018]. This means that the autonomous system often models
the human help as an action choice, which guarantees a deter-
ministic transition to the target state. However, this makes an
implicit assumption that humans act perfectly. An SA system
that does not consider the weaknesses of the human operator
is vulnerable to making sub-optimal choices where the auton-
omy outperforms the human operator.

The autonomous systems that attempt to create a realis-
tic model of the humans in the environment must consider
the probabilities associated with humans making mistakes
[Wu et al., 2017; Jean-Baptiste et al., 2015; Charles et al.,
2018]. These systems use Markov chains (MCs) to model
the stochastic behaviour of humans, such as their likelihood
to miss a piece of litter in a picking exercise [Junges et al.,
2018]. [Wu et al., 2017] uses a MC to model the impact of
the human’s fatigue level and their trust in the autonomy on
their productivity. This allows them to describe the changes
to human behaviour due to internal factors. However, these
approaches assume the human state to be fully observable,
which is unrealistic in many scenarios. Partially observable
Markov decision processes (POMDPs) are used to model hu-
mans when the state of the human is not fully observable. Ex-
amples of the hidden state space of the human can be their lo-
cation and speed [Wray et al., 2017], or the goal they are aim-
ing to fulfill [Jean-Baptiste et al., 2015]. We also consider the
human state to be hidden, but do so in an SA context. [Javdani
et al., 2015] and [Fern et al., 2014] use a POMDP to describe
a SA system, where the human’s goal is hidden. The hu-
man operator’s behaviour is dependent on the unknown goal.
The agent updates their belief over the true goal by observ-
ing the human’s actions, and attempts to assist the human.
While these papers consider how hidden human variables af-
fect their behaviour in a SA system, unlike our system, they
do not consider dynamic hidden human variables that change
value during a run, or how the system is affected by human
error.

We are interested in modelling the uncertainty in the be-
haviour of the operator in an SA system. [Wray et al., 2016]
considers a similar problem to ours in the domain of semi-
autonomous cars. However, they only consider the uncer-
tainty in the engagement level of the human operator during

the transfer of control, and otherwise assume humans are per-
fect drivers. The agent in their problem uses actions such
as beeping to gain observations of the human operator. In
contrast, SO-SAS infers the state of the human operator by
observing the outcomes of their interactions with the environ-
ment. This avoids the need to design complicated observation
functions for the sensors tracking the human operators.

3 Preliminaries
We propose a new formulation based on a mixed-
observability Markov decision processes (MOMDPs) [Ong
et al., 2010] to formalise SO-SAS. In a MOMDP, there is
an explicit partition of the observable and hidden parts of the
state, which allows for better scalability than the correspond-
ing POMDP model.
Definition 1 (MOMDP). A MOMDP is defined by the tuple
⟨So, Sh, s0, b0, A, Ω, T, O, R, γ⟩, where So is the set of the
observable state factors; Sh is the set of the hidden state fac-
tors - the state space of the MOMDP is S = So × Sh, and a
single state is defined by (so, sh); s0 is the initial observable
state; b0 is the initial belief distribution of the agent. A belief
distribution bi(sh) gives the probability of the agent being in
a hidden state sh at time step i; A is the finite set of actions;
Ω is the finite set of observations; T : S × A × S → [0, 1]
is the transition function, where T ((so, sh), a, (s′

o, s
′
h)) gives

the probability of moving to state (s′
o, s

′
h) given that action a

was taken in state (so, sh); O : S × A × Ω → [0, 1] is the ob-
servation function, where O((s′

o, s
′
h), a, o) gives the probabil-

ity of observing o given action a was taken and the MOMDP
transitioned to state (s′

o, s
′
h); R : S × A → R is the reward

function; and γ is the discount factor.
An MDP is a MOMDP where Sh = ∅, Ω = ∅, and the

belief b0 and observation function O are undefined. We de-
note MDPs as tuples ⟨So, s0, A, T,R, γ⟩. An MC is an MDP
without action choices. We denote the transition function for
an MC as T : S × S → [0, 1].

We consider the problem of, given a MOMDP, finding the
policy π∗ that maximises the infinite-horizon discounted cu-
mulative reward.

4 SA System Modelled With MOMDPs
4.1 Problem Formulation
We consider a set of environment states SE representing
some process we wish to control, along with an initial en-
vironment state sE

0 . There are N operators in the SA sys-
tem that can take control of the process and change its state.
The SA agent chooses, at each timestep, which operator
will take control of the process. Given a reward function
RE : SE × SE → R over environment state transitions,
the agent aims to maximise the infinite-horizon discounted
cumulative reward collected.

4.2 General Approach
The agent is required to predict which model best describes
each operator’s behaviour, which evolves stochastically. The
agent starts with the initial environment state and an initial
belief over how the operators will behave. It then uses this
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Figure 1: Diagram of the SO-SAS framework.

information to choose an operator. The chosen operator takes
control of the system, causing the environment to evolve to a
new state. The SA agent then updates its belief by observing
the new environment state, and uses it to choose the operator
that will take control next. The framework we design for an
SA system is shown in Fig. 1. We will formally define each
component in the remainder of this section.
Example 1 (UAV surveillance). We consider an adaptation
of the surveillance problem proposed in Feng et al., [2016].
An unmanned aerial vehicle (UAV) is tasked with taking pho-
tos at four waypoints. At each waypoint, the UAV will take
photos until a “good” photo is taken. The system is com-
prised of a human operator and autonomous operation. The
human might be in a alert state or might be tired, and this in-
fluences their ability to take good photos. The aim is to take
good photos at all the waypoints while minimising the amount
of petrol used. To do so, the SA system should select human
control when the human is in an alert state and autonomous
control when the human is tired.

The surveillance problem described above has an environ-
ment state space SE = SNodes ×GP1 ×GP2 ×GP3 ×GP4.
The set of nodes the UAV could be at is SNodes. GPi = {0, 1}
is a binary flag of whether a good photo has been successfully
taken at waypoint Wi, i ∈ {1, 2, 3, 4}. The initial environ-
ment state is sE

0 = (sNodes : W1, GP1 : 0, GP2 : 0, GP3 :
0, GP4 : 0). If the UAV remains at the same waypoint to take
another photo, there is a reward of −20. If the UAV tran-
sitions from one node to another, there is a reward of −60.
The states where (GP1 : 1, GP2 : 1, GP3 : 1, GP4 : 1) are
absorbing, with zero reward. These rewards reflect the petrol
costs incurred by the UAV and the goal state of the mission.

4.3 Operator Model
Operator i ∈ {1, . . . , N} can exhibit Li patterns of be-
haviour. We model this using performance profile states.
Definition 2 (Performance Profile States). The set of per-
formance profile states for operator i is defined as Xi =
{χi

1, χ
i
2 · · · χi

Li
}.

At each timestep the operator is in one performance profile
state χi

j , and this information is hidden from the SA agent.
Example 2. In the UAV suveillance problem, the human
operator has two performance profile states, Xhuman =
{χhuman

alert , χhuman
tired }. The autonomous operator has one per-

formance profile state Xauto = {χauto
1 }.

The behaviour of the ith operator in the jth performance
profile state is described by a performance profile model. This
describes how the ith operator changes the environment state
when they are in control and in χi

j .
Definition 3 (Performance Profile Model). The performance
profile model for performance profile state χi

j ∈ Xi is an MC
MCi

j = ⟨SE , sE
0 , T i

j ⟩, where T i
j (s

E , sE ′
) is the probability

of the environment state transitioning from sE to sE ′, given
that the ith operator is in control and in performance profile
state χi

j . We assume that the performance profile model ac-
curately represents the operator’s behaviour.

Example 3. MChuman
alert and MChuman

tired are the performance
profile models for the human operator, and MCauto

1 is the
performance profile model for the autonomous operator.
MChuman

alert , MChuman
tired and MCauto

1 have a probability of
taking a “good” photo at any waypoint of 0.9, 0.3 and 0.6,
respectively. The transition probabilities in the performance
profile models were based on the example given in Feng et
al., [2016]. To build a performance profile for a real UAV
system, we would gather performance data from the running
system, and use this data to build the models for autonomous
and human operation.

At each timestep, the performance profile state of an opera-
tor may change. This change is dependent on whether an op-
erator is interacting with the environment or not. Therefore,
we model the ith operator interacting with the environment
with the active operator model, Oi

active. When the ith opera-
tor is not interacting with the environment, they are described
by the dormant operator model, Oi

dormant.
Definition 4 (Active Operator Model). The active operator
model for the ith operator is defined as the MC Oi

active =
⟨Si, si

0, T
i
active⟩, where Si = SE × Xi is the state space for

the ith operator; si
0 = (sE

0 , χi
0) is the initial state; T i

active :
Si × Si → [0, 1] is the transition function, defined as:

T i
active((s

E , χi),(sE ′
, χi′)) = T i

j (s
E , sE ′

) · P (χi′|sE , χi).
(1)

P (χi′|sE , χi) is the probability of the ith operator’s perfor-
mance profile state transitioning from χi to χi′, given they
are in control and the system is in environment state sE .

When the ith operator is not interacting with the envi-
ronment, the change in the performance profile states is de-
scribed relying only on its their own profile states.
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Definition 5 (Dormant Operator Model). The dormant op-
erator model for the ith operator is defined as the MC
Oi

dormant = ⟨Xi, χi
0, T

i
dormant⟩, where T i

dormant(χ
i, χi′) is

the probability of the ith operator’s performance profile state
transitioning from χi to χi′, when they are not in control of
the system.
Example 4. We define the average number of tasks done be-
fore a human gets tired to be nf . We represent this using the
human’s active operator model, Ohuman

active , where we set

P (χhuman
tired |sE , χhuman

alert ) = 1 − (
1

2
)

1
nf ,

P (χhuman
alert |sE , χhuman

alert ) = (
1

2
)

1
nf ,

P (χhuman
tired |sE , χhuman

tired ) = 1.

(2)

As [Feng et al., 2016] did not consider the human operator
recovering from the tired state, the dormant operator model
for the human only contains self-loop transitions. Formally,
Thuman

dormant(χ
human, χhuman′

) = 1 if χhuman = χhuman′
,

and is 0 otherwise. The value of nf can be estimated from
studies measuring fatigue [Dawson and Reid, 1997].

4.4 The SO-SAS MOMDP
In SO-SAS, the SA system has N operators that are uncertain
and dynamic. We present SO-SAS as a MOMDP, where the
hidden states correspond to the N operators’ performance
profile states. The dormant and active operator models for
the N operators are used to define the transition functions
in the SO-SAS MOMDP. We define the observation space
to be the environment states, which are assumed to be fully
observable. The observation function is a deterministic Dirac
delta function, which returns one if the environment state and
the observation are the same, and zero otherwise. Formally:
Definition 6 (SO-SAS). The SO-SAS MOMDP is defined by
the tuple ⟨So, Sh, s0, b0, A, Ω, T, O, R, γ⟩, where So = SE is
the environment state space; Sh = X = X1 × · · · × XN is
the hidden performance profile state space for the N opera-
tors; s0 = sE

0 is the initial environment state; b0 is the initial
belief distribution over the performance profile state space
X; A = {a1, a2 · · · aN}, where ai denotes the SA agent
choosing operator i to take control of the system; Ω = SE ,
i.e. the set of observations is the observable state space;
T : (SE × X) × A × (SE × X) → [0, 1] is the transition
function. Using the active and dormant operator models for
the N operators, we calculate the transition probability for
the MOMDP as:

T ((sE , χ1, χ2, · · · , χN ), ai, (s
E ′

, χ1′
, χ2′

, · · · , χN ′
)) =

T i
active((s

E , χi), (sE ′
, χi′)) ×

N∏

k=1
k ̸=i

T k
dormant(χ

k, χk′
);

(3)
O : (SE × X) × A × Ω → [0, 1] is the observation function,
which we define as:

O((sE , χ1, · · · χN ), a, o) =

{
1 if o = sE

0 otherwise;
(4)

R : (SE ×X)×A → R is the reward function obtained from
the reward over the environment transitions:

R((sE , χ), ai) =
∑

(s′,χ′)∈SE×X

T ((sE , χ), ai, (s
E ′

, χ′))RE(sE , sE ′
); (5)

and γ ∈ (0, 1] is the discount factor.
Example 5. The SO-SAS MOMDP for the AUV surveillance
problem has A = {ahuman, aauto}, allowing the SA agent
to choose the controller of the UAV. As there is only one
profile state for the autonomous operator, the hidden state
space can be simplified to Sh = Xhuman. The SA agent ini-
tially believes the human to be in the alert profile state, i.e.
b0(χ

human
alert ) = 1.0 and b0(χ

human
tired ) = 0.0. The discount

factor is γ = 1.
In the SO-SAS MOMDP, the observation space is simply

the environment state. This removes the need to design obser-
vation functions for the hidden operator profile states, which
can be very complex and problem specific, possibly requir-
ing sensors close to the operator. Observing the transitions
between the environment states enables us to refine the belief
over the hidden profile states, due to the different models for
each performance profile.

5 Experiments
In this section, we apply and evaluate SO-SAS on a simu-
lated domain and a real computer game. We compare SO-
SAS to MDP formulations presented in existing work. We
also compare robustness to inaccurate modelling for SO-SAS
and MDP policies. The MDPs presented in the this section
are solved exactly using value iteration. The MOMDPs are
solved approximately using a straightforward adaptation of
the sampling-based search algorithm POMCP [Silver and Ve-
ness, 2010], which extends the definition of history to also in-
clude the observable part of the states visited until the current
state.

5.1 UAV Surveillance
Domain Description
We applied our approach to the UAV domain from Feng et
al., [2016]. The UAV flies around a map and takes photos
at the waypoints until it has obtained good photos at all four
waypoints. There is a human operator and an autonomous op-
erator that can control the UAV, with their models following
Examples 1 to 5. In the UAV domain, the average number
of tasks done by a human before they enter the tired state is
defined as nd

f .

Methods Compared
We evaluate three types of policies.
SO-SAS policy: The policy found by solving the SO-SAS for
each instance using POMCP.
Deterministic Human MDP policy: This makes the assump-
tions made in Feng et al., [2016]: the performance profile is
observable, and the human has a deterministic transition to
the tired profile state after nm

f steps.
Stochastic Human MDP policy: The human is modelled to
have a stochastic transition to the tired state. However, unlike
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Figure 2: Average petrol usage when following the SO-SAS policy,
the deterministic human MDP policy from Feng et al., [2016] and
the stochastic human MDP policy on the UAV domain over 2000
simulations.
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Figure 3: Average Petrol Usage when following the SO-SAS and
the deterministic human MDP policy from Feng et al., [2016] where
nm

f = 7 in the UAV domain over 2000 simulations.

SO-SAS the agent does not hold a belief over the (unobserv-
able) profile state of the human, and therefore samples this
state from the model after each action. Sampling is performed
according to the probabilities described in Equation 2, and the
environment state transitions are not considered.

Results
We applied the these three approaches to the UAV domain
with a correct model, i.e. with the average number of steps
used in the model, nm

f , set to match the value used in the
evaluation environment, nd

f . To solve the SO-SAS MOMDP,
we ran POMCP for 3 × 106 trials. The results are shown in
Fig. 2 and show that SO-SAS is able to achieve lower costs
than the MDP-based approaches. This is because many times
the MDP policies make decisions assuming the human oper-
ator to be tired when they are not, and vice-versa. In contrast,
by maintaining a belief based on the outcomes of their ac-
tions, the SO-SAS policy is able to more accurately predict
the human operator profile state, and choose who controls the
UAV next accordingly. Given its poor performance, we will
not consider the stochastic human MDP policy further in the
experiments in order to present clearer plots.

In Fig. 2, the model is assumed to correspond to the do-
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Figure 4: The average number of birds hit in a game when following
the SO-SAS policy and the MDP policy, where the domain and the
model’s p values are aligned (pd = pm).

main (i.e. nm
f = nd

f ). However, in practice a human model
may not be accurate, e.g. because it is designed to generalise
over a range of operators, rather match the current operator.
To test the robustness of these policies to inaccurate mod-
elling, we evaluate the SO-SAS policy and the deterministic
human MDP policy on the UAV domain where the nd

f value
and nm

f do not align. We use the policies found by solving
models with nm

f = 7, and apply the policies to the UAV do-
main where nd

f ranges from 1 to 13. The results are shown
in Fig. 3, where we also plot the value of the SO-SAS pol-
icy associated with the correct nm

f in order to provide a lower
bound on the petrol usage for each nd

f . When nd
f < 7, the

petrol used when following the deterministic human MDP
policy is much higher than following the SO-SAS policy, be-
cause it assumes the human is not tired, but it is likely they
are. In contrast, the SO-SAS policy updates the belief dis-
tribution to reflect the high failure rate. This allows it to
stop granting control to the human operator when they under-
perform. This allows the performance of the SO-SAS policy
to remain closer to optimal.

5.2 Angry Birds
Domain Description
We considered the game Angry Birds (AB) as an SA system,
where two operators can be used to play the game. AB is
a puzzle game, where the player uses a catapult to hit pigs
hidden in a structure. The player has a fixed number of birds
to catapult, and the aim is to maximise the number of pigs hit.
Birds are shot sequentially, and each shot is taken by a single
player.

Our AB domain has two players, a human and an au-
tonomous operator. We simulate the human operator using
two pieces of software, that can play the game through the
human interface (i.e. click and drag objects in the game).
The two pieces of software have different success rates, to
represent human players with low and high skill levels. The
software with the lower success rate randomly chooses a pig
to shoot at and ignores the presence of obstacles. The soft-
ware with the higher success rate was developed by Data-
labs [Borovička et al., 2014] and won the Angry Birds AI
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Figure 5: The average number of birds hit in a game when following
the SO-SAS policy where the domain and the model’s p values are
aligned (pd = pm) and the SO-SAS and MDP policy where the
model’s p value is pd = 50%.

competition [Jochen Renz, 2021] in 2013 and 2014. The hu-
man is simulated by the high success rate software in pd%
of games, and the low success software in (100 − pd)% of
games, where pd ∈ [0, 100]. The software controlling the hu-
man operator does not change during a game. At the start of a
game, the agent does not have any information on the current
human player’s skill level.

The autonomous operator is controlled by a third piece of
software that considers all the possible shots to hit the pigs
and chooses an unblocked trajectory at random. If there are
no clear shots possible, the autonomous operator will choose
a random pig to shoot at. Our AB SA evaluation considers a
single level with five birds and six pigs.

Methods Compared
We compared the following Angry Birds strategies.
SO-SAS policy: The SO-SAS for the AB game has an envi-
ronment state space defined by the number of birds and pigs
in the environment, and a binary flag of whether the game
has ended. At the end of the game, the agent receives a re-
ward equal to the number of pigs hit. There is an additional
reward of +10 when all of the pigs are hit. At each shot, the
agent chooses an action from the set A = {aauto, ahuman}.

We construct the performance profile models for the human
and the autonomous operator by recording the results of 150
games played by each operator in a known profile state. The
transition probabilities for each performance profile model
are constructed from the state transition frequencies. These
transition probabilities for each automated player are used to
generate the associated performance profiles. The human is
assumed to have a pm% probability of having a high skill
level, and a (100 − pm)% probability of having a low skill
level, where pm ∈ [0, 100]. The performance profile states
for the human operator is Xh = {χh

low, χh
high}, and the ini-

tial belief is b0(χ
h
low) = pm%, b0(χ

h
high) = (100 − pm)%.

The SO-SAS model is solved by running POMCP for 3×105

trials.
MDP policy: This policy is created from an MDP based on
the SA AB domain. As the typical SA formulation does not
consider multiple profiles for the human operator, the human

operator is represented by a single model. We create the sin-
gle model using pm% of the data from the results of the high
skill level human operator, and (100−pm)% of the data from
the low skill level human operator.

The MDP agent will choose the operator for the next step
based on their model for the default and the mixed human op-
erator. The mixed human operator is represented by a single
performance profile, obtained by mixing the two models for
the greedy and random performance profiles.

Results
The results from applying the SO-SAS and the MDP policies
where pm = pd on the domain where pd ranges from 0% to
100% are shown in Fig. 4. The SO-SAS and MDP policies
where pm = pd are shown to have similar results in cases
where pd is close to 0 or 100%. In these cases, the agent
is certain about the ability of the human operator, so the ef-
fect of maintaining a belief distribution over the ability of the
human operator is minimal. When pd is closer to 50%, as
there is high uncertainty in the ability of the human, the SO-
SAS policy will vary depending on the behaviours exhibited
by the human operator. For example, if the human operator
misses an easy shot, the agent updates their belief in the hu-
man operator having a low ability level. This alters whether
the human operator is chosen to take the next shot, and re-
sults in the SO-SAS policy outperforming the MDP policy
when pm = 25, 50, 75%.

However, much like the UAV domain, our modelling as-
sumptions may not be accurate. Therefore we tested the ro-
bustness of the SO-SAS and MDP policies to inaccurate mod-
elling by evaluating the policies created with pm = 50% in
the domain where pd varies between 0 and 100%. This is
shown in Fig. 5. The SO-SAS policy outperforms the MDP
policy where they model pm = 50% in all domains where pd

ranges from 0 to 100%. However, we were unable to observe
a significant difference in performance between the SO-SAS
policies where pm = pd and pm = 50%.

These results again demonstrate the strength of the SO-
SAS approach, compared to an MDP approach, when the
performance profile of the operator is not directly observable
– an assumption which is likely to hold in reality. The ro-
bustness results also demonstrate the importance of the online
estimation of operator performance in SA applications. Not
only should an SA system not assume that operator perfor-
mance is observable, but it should also not treat its modelling
assumptions as accurate, since human performance cannot be
predicted with total accuracy.

6 Conclusion
We have presented a framework for stochastic, dynamic and
partially observable operators in a SA system, SO-SAS, us-
ing MOMDPs. We compared our SO-SAS policy to MDP
policies, and found that our SO-SAS policy significantly out-
performs MDP policies.
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Figure 4.1: Example Problem

4.1 Limitations and Future Work

One of the main limitations in this work is the assumption that the operator is in a single

performance profile state. In reality, the factors that affect operator performance are on a

continuous scale, and their performance should be described as a combination of existing

models. However, in the SO-SAS framework, the agent assumes the operator is in a “true”

state and updates the belief accordingly. This may result in a policy that prematurely

stops taking exploratory actions, as they assume that the belief over the operator’s state

has collapsed.

To illustrate this point, consider a human operator whose true behaviour is modelled

by a MC shown in Figure 4.1. However, the agents assume the human operator acts as

one of two MCs: MC1 and MC2, as shown in Figure 4.1. In this scenario, the human

acts as a linear combination of the two MCs, where the transition function for the human

is defined by:

Thuman(s, a, s
′) = T1(s, a, s

′) ∗ 0.625 + T2(s, a, s
′) ∗ 0.375. (4.1)

Suppose the agent begins with a uniform prior over the human’s true MC, where B(1) =
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B(2) = 0.5. If the agent starts out at t0, the probability the human ends up in a fail state

is 0.4. However, if the agent reaches f1, the belief over the human’s true state is updated

using Bayes’ rule and becomes B(1) = 0.1, B(2) = 0.9. Therefore, the agent believes that

there is a 0.82 probability of entering into the fail state in the next task. This results in

a policy that never selects the human to do a task again after observing a single action.

Therefore, we must consider our confidence we have in our belief, and explicitly model

the human as a linear combination of MDPs.

Another limitation is the paper only considers simulated human profiles. While the

angry birds experiments use real software that can play the game in real time, we are

using the software to represent how a human may play the game. To further this work,

collecting real human data and applying our shared autonomy framework would add to

the motivation of using multiple models to represent a single operator.
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Chapter 5

Planning with Hidden Polynomial

MDPs

As mentioned in the limitations of Chapter 4, the problem with using MOMDPs to de-

scribe a shared autonomy system is that the factors that affect the operators are typically

continuous. To handle this, we can consider a continuous set of MDPs that could be used

to describe an operator. The agent does not have a prior on which MDP the operator is

in, but maintains a belief over the continuous set of MDPs, and updates the belief based

on their observations of the operator. This framework can be described as an uncertain

MDP and thus be converted into a BAMDP, as defined in Section 2.3. BAMDPs have

two main implementations: 1. there are no priors over the transition probabilities, and 2.

the transition dynamics are governed by an unknown MDP from a set of known MDPs.

We cannot use the first type of BAMDP to describe our operator, as we have prior

knowledge of the range of behaviours they could exhibit. For example, if we had tasks i

and j in our sequence of tasks that are similar, we could express this in our continuous set

of MDPs, as the two tasks would have a similar probability of success. Therefore, if the

operator was successful on task i, this would update the belief of which MDP the operator

is represented by, and thus the belief that they would be successful on task j. However,
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in the setting where there is no prior over the transition probabilities, the belief over

the success probabilities of task i and j will be represented by two independent Dirichlet

distributions. Therefore, there is no method to pass the information gained from task i

to inform the success probabilities for task j.

The second type of BAMDP is implemented by sampling a set of MDPs from the

continuous set, and maintaining a discrete belief over the sampled set. However, sample-

based methods are slower to update the belief, and as the belief must be updated for

every sample. Furthermore, as the dimensions of the continuous space of possible MDPs

increases linearly, the number of samples required to cover the belief space increases

exponentially. This means that problems with high dimensionality cannot be efficiently

solved using sample based methods.

We therefore propose a framework for uncertain MDPs where the transition functions

are defined by a polynomial function where the variables are the continuous latent pa-

rameters. This approach allows us to use information learnt in earlier tasks to inform the

agents for decisions in later tasks that require a similar skill set. Our framework does not

rely on sample-based belief representations, and we show that we can maintain a closed-

form distribution for the belief over the latent parameter space. This framework can be

used in describing problems other than shared autonomy systems. where the transition

dynamics are governed by latent parameters, such as a glider being pushed by unknown

currents.
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Table 5.1: Summary of the papers and their features

Chapters 4 5 6 7

SA Yes No Yes Yes

SA style
N operators

controls one robot
N/A

One human and
one autonomous agent

controls a robot

one human and K robots,
where the human can

take control of any robot
Dynamic Yes No Yes No

Continuous No Yes Yes Yes
Closed-form Yes Yes Yes Yes
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Abstract

For many applications of Markov Decision Processes (MDPs),
the transition function cannot be specified exactly. Bayes-
Adaptive MDPs (BAMDPs) extend MDPs to consider tran-
sition probabilities governed by latent parameters. To act op-
timally in BAMDPs, one must maintain a belief distribution
over the latent parameters. Typically, this distribution is de-
scribed by a set of sample (particle) MDPs, and associated
weights which represent the likelihood of a sample MDP being
the true underlying MDP. However, as the number of dimen-
sions of the latent parameter space increases, the number of
sample MDPs required to sufficiently represent the belief dis-
tribution grows exponentially. Thus, maintaining an accurate
belief in the form of a set of sample MDPs over complex latent
spaces is computationally intensive, which in turn affects the
performance of planning for these models. In this paper, we
propose an alternative approach for maintaining the belief over
the latent parameters. We consider a class of BAMDPs where
the transition probabilities can be expressed in closed form as
a polynomial of the latent parameters, and outline a method
to maintain a closed-form belief distribution for the latent
parameters which results in an accurate belief representation.
Furthermore, the closed-form representation does away with
the need to tune the number of sample MDPs required to repre-
sent the belief. We evaluate two domains and empirically show
that the polynomial, closed-form, belief representation results
in better plans than a sampling-based belief representation.

Introduction
Markov Decision Processes (MDPs) (Puterman 1994) are a
common framework for sequential decision-making under
uncertainty. In this paper, we consider an agent acting in
an environment where the parameters governing the under-
lying MDP model are unknown. In such environments, the
agent must reason over the uncertainty in the parameters,
and balance exploration of the environment with gathering
reward. An example of this is a robot planning over a domain
with unknown weather conditions. As the robot interacts
with the environment, the observations made by the robot
can be used by it to plan for future steps. Bayes-Adaptive
MDPs (BAMDPs) (Duff 2002) are used to model such prob-
lems in a way that allows for optimally trading off exploration
and exploitation.

Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

In BAMDPs, latent parameters are used to represent un-
known dynamics that influence the transition probabilities.
Therefore, the state space of the original MDP is augmented
by a posterior distribution which represents the belief over
the true value of the latent parameters. As transitions are
observed, the posterior distribution over the latent parame-
ters is refined. By reasoning about the information currently
known about the MDP in the form of the posterior, BAMDPs
provide an elegant and optimal solution to the exploration-
exploitation trade-off. Specifically, solving the BAMDP opti-
mally results in the optimal behaviour in expectation under
the initial belief. One challenge in developing algorithms for
BAMDPs is the need to accurately maintain the posterior.
There are several methods to do so, depending on the class
of BAMDP needed to be solved.

In a BAMDP where every transition probability is inde-
pendent, each transition probability is a latent parameter. The
posterior distribution over the latent parameters is represented
by a set of Dirichlet distributions, where each distribution rep-
resents the transition function from a state-action pair. This
allows us to maintain an exact closed-form representation of
the posterior distribution. However, for many problems, the
transitions cannot be assumed to be independent of each other.
In such problems, the posterior distribution of the BAMDP
can be approximated by a discrete set of particles, i.e. a set
of sampled MDPs plus a categorical distribution over the
samples (Guez et al. 2014). This method relies on the MDP
samples providing adequate coverage of the space of possible
parameters. As the number of latent parameters increases,
so does the dimensionality of the belief distribution over the
parameters. Thus, the number of samples must increase expo-
nentially to represent the posterior over the belief accurately.
This causes scalability issues, which in turn limits the ability
to effectively plan for BAMDPs with realistic latent spaces.

In this paper, we present a new class of BAMDPs, hidden
parameter polynomial MDPs (HP2-MDP). In a HP2-MDP,
the transition probabilities are defined by polynomial func-
tions of the latent parameters. MDPs where the transitions are
described by polynomial functions are traditionally used in
probabilistic model checking for parameter synthesis, where
the variables of the polynomials are assumed to be known and
controllable (Junges et al. 2018). We re-frame these models
such that the variables represent latent aspects of the envi-
ronment that can be estimated during execution. This allows
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for an exact closed-form representation of the belief over
the latent variables, whilst also enabling the specification
of dependencies between transitions. The closed-form be-
lief representation can accurately deal with high-dimensional
latent parameter spaces, resulting in better action selection.
Furthermore, our method removes the need for hand-tuning
the number of samples used to represent the belief.

We empirically show, in two domains, that incorpo-
rating the belief representation of HP2-MDP in typical
BAMDP solvers, such as Bayes-adaptive Monte-Carlo plan-
ning (BAMCP) (Guez, Silver, and Dayan 2012), yields im-
provement in planning performance. The first domain is a
benchmark problem proposed in the original BAMCP paper.
The second, more realistic, domain uses data from forecast
ocean currents to simulate a problem where an ocean glider
is planning a route to a goal location.

Related Work
MDPs with Hidden Factors Markov decision pro-
cesses (MDPs) have been used in planning under uncer-
tainty (Mausam and Kolobov 2012) to help agents make
optimal action choices. When MDPs are used to describe
a system, we assume that the state is fully observable to
the agent. However, this assumption cannot be satisfied in
cases where the sensors used to determine the state are un-
reliable (Kaelbling, Littman, and Cassandra 1998; Hsiao,
Kaelbling, and Lozano-Perez 2007), or the states are depen-
dent on unknown factors, such as a human’s likelihood to
assist a robot (Nanavati et al. 2021; Costen et al. 2022). Par-
tially Observable MDPs (POMDPs) (Kaelbling, Littman, and
Cassandra 1998), and specialisations thereof are typically
used to describe such systems.

In POMDPs, the state space is hidden from the agent. The
agent receives stochastic observations, which are used to
maintain a belief distribution over the hidden state space. The
posterior over the belief can be updated to reflect hidden state
transitions, which can be used in scenarios such as tracking
the location of a human through observations made from an
unreliable sensor in an autonomous driving setting (Wray,
Witwicki, and Zilberstein 2017). The belief distribution is
updated by reasoning over the hidden state transitions and the
stochastic observations. This can be difficult, as the hidden
state is dynamic, and thus hard to keep track of through
stochastic observations.

Hidden Goal MDPs (Fern et al. 2014) and POMDP-
lite (Chen et al. 2016) attempt to simplify the problem by
splitting the state space into a static hidden state space and
a stochastic observable state space. The hidden state is un-
known at the start of the run, and the agent updates their
belief over the hidden states as observable state transitions
occur. As the hidden state is fixed, the agent does not have to
reason over hidden state transitions, reducing the complexity.
Each hidden state corresponds to an MDP, and the hidden
goal MDPs and POMDP-lites can be framed as a problem
where the agent is planning over a set of MDPs, where the
true MDP is unknown.

Similarly, robust MDPs (Tamar, Mannor, and Xu 2014)
and contextual MDPs (Hallak, Di Castro, and Mannor 2015)
represents an MDP governed by uncertain parameters, which

are a member of a known set. While the robust MDP solvers
attempt to plan for the worst-case scenario, contextual MDP
solvers aim to minimise the regret; the gap between the cu-
mulative reward collected by the agent, and the cumulative
reward the agent would have collected if they knew the true
parameters (Rigter, Lacerda, and Hawes 2021a). However,
this assumes that the system can be represented as a discrete
set of MDPs.

Doshi-Velez and Konidaris (2016) present a Hidden Param-
eter MDP, where the transitions are functions governed by
latent parameters. By approximating the transition functions
to Gaussian processes, they outline a method of maintaining
a belief over the latent parameters.

Bayes-Adaptive MDPs BAMDPs allow the agent to rea-
son over a continuous set of MDPs the system might be
in (Duff 2002; Guez, Silver, and Dayan 2012). This is done
by parameterising the transition probabilities with a set of
continuous parameters, which can more accurately reflect a
real system. However, many approaches discretise the param-
eter space (Nanavati et al. 2021) to reduce the complexity of
the problem. In other approaches where transition probabili-
ties are assumed to be independent, every transition probabil-
ity is represented as a latent parameter (Rigter, Lacerda, and
Hawes 2021b; Grover, Basu, and Dimitrakakis 2020).

In general BAMDPs, the belief over the latent parame-
ters is typically approximated through sampling-based meth-
ods (Guez et al. 2014). This allows us to solve BAMDPs
where there is dependence between transitions. In cases
where the transitions are assumed to be independent, an exact
form of the belief can be maintained. In such BAMDPs, the
probability distribution over the parameters is represented by
Dirichlet distributions. As transitions occur, these Dirichlet
distributions are updated. While we can maintain an exact
form of the belief distribution for such BAMDPs, we are
unable to describe more complex relationships between the
transition probabilities.

Polynomial MDPs In polynomial Markov Chains (MCs)
and MDPs (Winkler et al. 2019), the transition function is
expressed as a polynomial function of a set of parameters.
This enables adding dependencies between transitions.These
polynomial MDPs have been widely used in the verifica-
tion community to express spaces of possible behaviour
(Hahn, Han, and Zhang 2011a). They have been used in
probabilistic model checking to provide formal guarantees
on the reachability of goals over the parameter space (Junges
et al. 2018; Hahn, Han, and Zhang 2011b). In the verifica-
tion problem, we check whether a known sub-space of the
parameter space for the polynomial MDP can satisfy a given
specification. Other works consider the parameter synthesis
problem (Junges et al. 2019), where they aim to partition
the parameter space into regions where the specification is
satisfied or not. Both the verification and synthesis problems
assume that the true values of the parameters are known, or
within a given bound. In this work, we re-frame the polyno-
mial MDP as a BAMDP, where the parameters are hidden,
and we must maintain and reason over a posterior probability
distribution over their true value.
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Preliminaries
In this paper, we consider stochastic shortest path (SSP)
MDPs (Mausam and Kolobov 2012), where the objective
is to minimise the expected cumulative cost to reach a set
of goal states. This is done to match the domains used for
empirical evaluation. However, the approach presented here
is independent of the objective and can be applied to reward
maximisation problems straightforwardly. Thus, we will refer
to the model simply as an MDP.

When an MDP’s transition dynamics is governed by a set
of latent parameters, Θ, a BAMDP can be used to repre-
sent the world. Consider a MDP with an uncertain transition
functionM = ⟨S, s0, A, {Tθ}θ∈Θ, C,G⟩, where S is a set
of states; s0 ∈ S is the initial state; A is a set of actions;
{Tθ}θ∈Θ is a set of possible transition functions, governed
by a set of latent parameters in Θ; C : S × A → R≥0

is a cost function; and G ⊂ S is a set of goal states. The
parameter space is Θ = RN , i.e. the latent parameters are
N -dimensional vectors, and θ defines a possible transition
function Tθ : S×A×S → [0, 1] which gives the probability
of transitioning to s′ given that a was executed at s and the
parameter values are θ, i.e., Tθ(s, a, s′) = P (s′ | s, a, θ).
We assume a prior distribution P0(θ) over the parameter
space. The agent maintains a posterior distribution, or be-
lief, over Θ at each timestep t, Pt(θ). This is determined by
the observed history, ht = s0a0s1a1 · · · at−1st using Bayes’
rule, Pt(θ) = P (θ|ht) ∝ P (ht|θ)P0(θ). A BAMDP factors
the history into the state space, and explicitly models how the
transition probabilities change with the history of the agent.

Definition 1 (BAMDP) A BAMDP is defined by the tuple,
⟨S+, s+

0 , A, T+, C+, G+⟩, where:

• S+ = S ×H, whereH is the set of all histories;
• s+

0 = (s0, h0), where h0 = s0 is the initial history;
• A is the set of actions;
• T+((s, ht), a, (s′, htas′)) =

∫
θ∈Θ

Tθ(s, a, s′)Pt(θ)dθ is
the transition function, where Pt(θ) ∝ P (ht|θ)P0(θ);

• C+((s, ht), a) = C(s, a) is the cost function;
• G+ = {(s, h) ∈ S+ | s ∈ G} is the set of goal states.

Although the state-history pairs in S+ are redundant be-
cause the current state can be extracted from the history, we
use the (s, h) notation for clarity as in (Guez, Silver, and
Dayan 2012). The goal of the BAMDP is defined as min-
imising the expected cumulative cost to reach a state in G+.
Therefore, setting V π∗

(s, ht) = 0 for all (s, ht) ∈ G+, the
optimal policy selects the action that minimises the value
function according to:

V π∗
(s, ht) = arg min

a∈A
C(s, a)+

∫

θ∈Θ

∑

s′∈S

P (θ|ht)Tθ(s, a, s′) · V π∗
(s′, htas′)dθ.

(1)

To solve the BAMDP via value iteration, the posterior distri-
bution P (θ|ht) for every history ht ∈ H must be computed,
which quickly becomes computationally infeasible. There-
fore, BAMDPs are typically solved using a sample-based
solver, such as BAMCP (Guez, Silver, and Dayan 2012).

Algorithm 1: Bayes-Adaptive Monte Carlo Planning

1: Function{Run}{P0(θ), s0, ⟨S, A, {Tθ}θ∈Θ, C,G⟩}
2: t← 0
3: h0 ← s0

4: while st /∈ G do
5: at ← Search(Pt(θ), st)
6: st+1 ← execute action at and observe outcome.
7: Pt+1(θ)← UpdateBelief(Pt(θ), at, st+1)
8: t← t + 1
9: end while

10: Function{Search}{Pt(θ), st}
11: repeat
12: θsample ∼ Pt(θ).
13: Simulate(st, Tθsample)
14: until Timeout()
15: return arg maxa Q(st, a)

The BAMCP algorithm is adapted from Monte-Carlo Tree
Search (MCTS) (Kocsis and Szepesvári 2006), and is based
on running trials from the root node to estimate the values of
the available actions. Each trial simulates a run through the
model and records the cost collected. The average cost over
the trials is used to estimate the value of each state-action
pair. As the number of trials increases, the estimated values
converges towards the true value. The BAMCP algorithm is
outlined in Algorithm 1. It is an online algorithm where a
search procedure (line 5) is interleaved with action execution
and updating of the belief over the parameters given the ob-
served action outcomes (line 6 and 7). The search procedure
is based on sampling a possible parameter instantiation from
the belief distribution, and then simulating a run according
to the corresponding transition function, repeating this pro-
cess until a user-defined timeout (lines 11–14). A key part
of BAMCP is maintaining and updating the belief given the
online observations.

We now identify the two classes of BAMDPs considered
more often. For these classes, the posterior over the belief is
maintained using distinct methods.

BAMDP-L The simplest form of a BAMDP, presented
in (Duff 2002; Ross et al. 2011), considers the case where
the transition functions are independent. We refer to this as
BAMDP-L, since the latent parameters are the local transition
probabilities, and there are no global parameter dependen-
cies. The posterior for a BAMDP-L can be represented one
Dirichlet distribution per transition. These distributions are
updated as transition outcomes are observed, and are used
for the sampling step in line 12 of Algorithm 1. Thus, for a
BAMDP-L, we can maintain a closed-form distribution for
the posterior distribution in the BAMCP algorithm. However,
the strong assumptions over transition independence make
this model inapplicable to many relevant problem domains.

BAMDP-G In BAMDP-Gs, the transition probabilities are
functions of global latent parameters. In this case, it is often
necessary to approximate the belief. A typical method for
this is particle-based, where the posterior over the belief is
described by a set of M sample MDPs (Guez et al. 2014).
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Each MDP has a weight describing the likelihood of it being
the true description of the domain. At the start of a run,
we sample M times from the prior belief P0(θ) to get a
set of parameter instantiations, U = {θ1, · · · , θM}. These
sampled parameter values are used to generate a set of MDPs,
UMDP = {M1, · · · ,MM}, with the transition function
ofMk equal to Tθk . Each MDPMk is a particle with an
associated weight function wk : H → R>0 which represents
how probableMk is, given an observed history. We initialise
wk(h0) = 1

M ∀k ∈ {1, · · · , M}. These weights are then
updated using Bayes’ rule as the agent observes state-action
transitions, via

wk(has′) ∝ Tθk(s, a, s′) · wk(h). (2)

However, the accuracy of the representation using particles
is dependent on M , as this affects how well the parameter
space is covered: as the number of parameters increases, the
value of M required to accurately represent the belief grows
exponentially. In this work, we tackle this issue by proposing
a class for which we can maintain a closed-form representa-
tion of the belief for a set of global latent parameters.

HP2-MDP
We consider an MDP where the transition probabilities can
be expressed by a polynomial of a set of global parameters,
which are unknown to the agent.

Definition 2 (HP2-MDP) A hidden parameter poly-
nomial MDP (HP2-MDP) is defined by the tuple
⟨S, s0, A, Θ, P0(θ), TΘ, C,G⟩, where:

• S, s0 and A are the set of states, initial state and set of
actions, respectively;

• Θ ⊆ [0, 1]N is the parameter space of a set of N
global parameters. We denote elements of Θ as θ =
(θ1, · · · , θN );

• P0(θ) is the prior belief over Θ. P0(θ) ∈ Pol(Θ), i.e., it
is a polynomial function over Θ;

• TΘ : S × A × S → Pol(Θ) is the (polynomial) set of
possible transition functions;

• C : S ×A→ R is the cost function and G ⊂ S is the set
of goal states.

To be well-formed, the transition functions of a HP2-MDP
must be valid probability distributions over the set of states,
i.e., for all s ∈ S and a ∈ A that can be executed in s:

∑

s′∈S

TΘ(s, a, s′)(θ) = 1 ∀θ ∈ Θ. (3)

While the BAMDP has a parameter space of Θ = RN , in the
HP2-MDP, the parameter space is restricted to Θ ⊆ [0, 1]N .
This change in parameter space is required to maintain a
closed-form distribution, to confine the possible parameter
values to a fixed range. In the case of a parameter with a
range outside of [0, 1], the parameter can be scaled to fit
the above constraint. Thus, in HP2-MDPs, we consider a
bounded parameter set, for which Equation 3 imposes valid-
ity constraints. We cover the case where a) the parameters
are independent of each other, and b) when the parameters

follow
∑N

i=1 θi = 1. For each case, we will provide an exam-
ple illustrating when these constraints would be used. Other
linear constraints generated by Equation 3 can be computed
by combining the methods used in the cases outlined above.
We give an example of this by showing that BAMCP-L is a
type of HPP-MDP.

Independent Global Parameters
We consider a HP2-MDPM, where the latent parameters
θ = (θ1, . . . , θN ) are independent. We start with an example
of such a case.

Example 1 Consider an underwater glider planning a route
from a start location to a finish location in the sea. The
longitudinal and latitudinal velocity of the water at each
location is known, but the effect of these on the glider’s
movement is unknown. We assume a linear relationship be-
tween the water’s speed and the effect on the glider, and
the effect of the longitudinal and latitudinal water veloc-
ity are respectively expressed by θh and θv. The effect of
the longitudinal and latitudinal water velocity is indepen-
dent, where the longitudinal water velocity will only affect
the glider’s movement in the east-west direction, and the
latitudinal water velocity will only affect the glider in the
north-south direction. For example, a point in the sea may
have a longitudinal water velocity of −0.3ms−1, and a
latitudinal water velocity of 0.6ms−1. If the agent chose
the action to travel west, the outcome probabilities would
become the following: Pstationary = 0.3θh · (1 − 0.6θv),
Pwest = (1 − 0.3θh) · (1 − 0.6θv), Pnorth = 0.3θh · 0.6θv

and Pnorth−west = (1− 0.3θh) · 0.6θv . The sum of the prob-
ability of these 4 outcomes is equal to 1 regardless of the
values of θh and θv , thus both parameters can independently
range from 0 to 1.

Closed-Form Belief Update The posterior belief after tran-
sitioning from state-action pair s, a to state s′ follows Bayes’
rule:

Pt+1(θ | st, at, st+1) =

Pt(θ)TΘ(st, at, st+1)(θ)∫
θ′∈Θ

Pt(θ′)TΘ(st, at, st+1)(θ′)dθ′ .
(4)

Assuming the prior belief, Pt(θ), to be polynomial, we
have that Pt(θ)TΘ(st, at, st+1)(θ) is a polynomial. Thus, we

can consider its expansion into J terms,
∑J

j=1 βj

∏N
i=1 θ

aj
i

i ,
where βj is the coefficient of the j-th term, and aj

i is the order
of θi in the j-th term. In the independent global parameter
case, the valid parameter space is a hyper-cube, where each
parameter is in [0, 1]. Therefore, the denominator can be
expressed as:

∫ 1

0

· · ·
∫ 1

0

J∑

j=1

βj

N∏

i=1

θ′
i
aj

i dθ′ =
J∑

j=1

βj

N∏

i=1

1

aj
i + 1

. (5)

From this, the posterior belief can be written as:

Pt+1(θ) =

∑J
j=1 βj

∏N
i=1 θi

aj
i

∑J
j=1 βj

∏N
i=1(a

j
i + 1)−1

(6)
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Figure 1: HP2-MDP example with dependent parameters.

Since P0(θ) is polynomial by definition, a simple induction
argument yields that, for independent parameter sets, Pt+1(θ)
is a polynomial of the form stated in Equation 6.

Global Parameters Bound by the Standard Simplex

In some scenarios, there will be dependencies between the
latent parameters. The example below illustrates this.

Example 2 Consider a robot planning a route over a do-
main with unknown weather conditions. We have three MDPs,
shown on the left in Figure 1, respectively describing the
motion of the robot in dry, wet and frozen weather condi-
tions. The underlying true MDP is a combination of the three
MDPs, depending on the wetness and the temperature of the
domain. Each MDP contributes a different proportion to the
true MDP, which is represented by weights θD, θW and θF .
In the true MDP, the transition probability from state A to
state B would be PT

AB = PD
AB · θD + PW

AB · θW + PF
AB · θF .

The resulting HP2-MDP is shown on the right side of Figure
1. To ensure that the transition function of the HP2-MDP is
well-formed, the latent parameters must satisfy the validity
constraint θD + θW + θF = 1, i.e., the latent parameters
must lie in the standard 2-simplex.

Closed-Form Belief Update When the parameters inM
are of the form Θ = {(θ1, . . . , θn) ∈ [0, 1] |∑N

i=1 θi = 1},
i.e., Θ is the standard (N − 1)-simplex, the denominator
in Equation 4 is a closed line integral around the standard
(N − 1)-simplex. This is known as Dirichlet’s integral on
the simplex, which can be expressed as (cf. Equation (2.1)
in (Gupta and Richards 2001)):

∮

θ∈Θ

N∏

i=1

θai−1
i dθ =

∏N
i=1 Γ(ai)

Γ
(∑N

i=1 ai

) , (7)

where Γ(k) = (k − 1)! is the gamma function. Therefore,
the denominator of Equation 4 can be expressed as:

∮

θ∈Θ

J∑

j=1

βj

N∏

i=1

θ′
i
aj

i dθ′ =
J∑

j=1

βj ·
∏N

i=1 Γ(aj
i + 1)

Γ
(∑N

i=1(a
j
i + 1)

) .

(8)

Thus, the posterior belief over the latent parameter is:

Pt+1(θ) =

J∑
j=1

βj

∏N
i=1 θi

aj
i

J∑
j=1

βj ·
N∏

i=1
Γ(aj

i+1)

Γ

(
N∑

i=1
(aj

i+1)

)

. (9)

Since the Γ function is polynomial, again a simple in-
duction argument yields that, for dependent parameter sets
bounded by the standard simplex, Pt+1(θ) is a polynomial
of the form stated in Equation 9.

BAMDP-L: A Special Case of HP2-MDP

Other linear relationships between the global parameters
can be expressed by applying a combination of Equations 5
and 7. For example, consider the case where every transi-
tion probability is independent, and thus each state-action-
state transition probability is defined as a latent parameter,
i.e., θ = {θsas′ ∈ [0, 1] | (s, a, s′) ∈ S × A × S}, with
TΘ(s, a, s′)(θ) = θsas′ . The latent parameter set Θ must sat-
isfy the validity constraint, thus Θ = {θ | ∑

s′∈S θsas′ =
1 for all (s, a) ∈ S ×A}. When the prior belief distribution
over Θ is uniform, this is equivalent to BAMDP-L. Therefore,
BAMDP-L can be seen as a special case of HP2-MDP.

To see this, we first consider the posterior belief. Using
Equation 4 and the uniform prior, the posterior belief can be
expressed as:

Pt(θ) =
Pt(θ)TΘ(st−1, at−1, st)(θ)∫

θ′∈Θ

Pt−1(θ
′)TΘ(st−1, at−1, st)(θ

′)dθ′

=

P0(θ)
t−1∏
t′=0

TΘ(st′ , at′ , st′+1))(θ)

∫

θ′∈Θ

Pt(θ
′)

t−1∏

t′=0

TΘ(st′ , at′ , st′+1)dθ′

=

t−1∏
t′=0

θst′ at′ st′+1

∫

θ′∈Θ

t−1∏

t′=0

θ′
st′ at′ st′+1

dθ′
=

∏
(s,a,s′)∈
S×A×S

θsas′ αt
sas′

∫

θ′∈Θ

∏

(s,a,s′)∈
S×A×S

θ′
sas′

αt
sas′ dθ′

,

(10)
where αt

sas′ is the number of times the transition from state-
action sa to new state s′ has occurred until time t. The de-
nominator of Equation 10 can be simplified to:
∫

θ′∈Θ

∏

(s,a,s′)∈
S×A×S

θ′
sas′

αt
sas′ dθ′ =

∏

(s,a)∈
S×A

∮

θsa.∈Θsa

∏

s′∈S

θ
αt

sas′
sas′ dθsa.,

(11)
where for every state-action pair (s, a), we integrate over
the standard simplex defined by Θsa = {θsa. ∈ [0, 1]|S| |∑

s′∈S θsas′ = 1}, with θsa. = {θsas′ ∈ [0, 1] | s′ ∈ S}.
We can use Equation 7 to express the denominator of the
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belief distribution as:

∏

(s,a)∈
S×A

∮

θsa.∈Θsa

∏

s′∈S

θ
αt

sas′
sas′ dθsa. =

∏

(s,a)∈
S×A

∏
s′∈S

Γ(αt
sas′ + 1)

Γ

(
∑

s′∈S

(αt
sas′ + 1)

) .

(12)
Thus, the posterior belief over the latent parameter is:

Pt(θ) =

∏
(s,a,s′)∈S×A×S

θsas′
αt

sas′

∏
(s,a)∈S×A

∏
s′∈S

Γ(αt
sas′+1)

Γ

(
∑

s′∈S

(αt
sas′+1)

)

. (13)

This is equivalent to the posterior for a Dirichlet distribution
used to solve a BAMDP-L.

Sampling the Belief Distribution The closed form ex-
pression shown in Equation 6 and 9 allows us to maintain
an exact representation of the belief distribution for HP2-
MDPs where the transition probabilities are expressed as a
polynomial function of the global parameters. To solve a
HP2-MDP, we can use the BAMCP algorithm, where we
sample from the closed-form belief distribution at the root
node instead of sampling from a weighted set of sampled
MDPs. In HP2-MDP, the number of parameters defines the
number of dimensions of the space we sample from. At lower
dimensions, we analytically compute the cumulative density
function (CDF) of the posterior belief and sample from it to
produce a possible parameter instantiation. At higher dimen-
sions, we use a Markov Chain Monte-Carlo (MCMC) (Chib
and Greenberg 1995).

Belief Distribution Dimension Reduction As the steps
taken by the agent increase, the number of terms in the poly-
nomial representing the belief increases as well. For prob-
lems with large horizons, the belief distribution may gain
enough terms such that the MCMC algorithm becomes time-
consuming. To minimise the time taken to sample the belief
while maintaining an accurate representation, we apply di-
mension reduction to such problems.

After a fixed number of steps, we use ordinary least-
squares to fit our belief distribution to a polynomial of a
lower degree, which is then used to represent the belief pos-
terior. This enables the use HP2-MDP to represent domains
with large state spaces and sample from the belief accurately,
whilst bounding the size of its polynomial representation.

Experiments
We use BAMCP (Algorithm 1) and apply HP2-MDP,
BAMDP-G and a particle-filter-based belief representation
to two domains, showing empirically that HP2-MDP results
in better performance.

Algorithms
We apply the following algorithms for updating the belief:
HP2-MDP, as presented in Definition 2. We used dimension
reduction on the second domain. BAMCP-G, as presented
in Guez et al. (2014), which uses the approach described in

(a) Grid5 problem with an example transi-
tion. αi and βj are known to the agent.

(b) Latitudinal water velocity of the ocean for
SeaGrid. The white regions represent land.

Figure 2: Domains used in experiments.

BAMDP-G to maintain the belief. BAMCP-PF, where we
add noise into the samples when we update the posterior dis-
tribution. Similar to BAMCP-G, we sample the initial belief
to generate the initial set of particles, U = {M1, · · · ,MM}.
We assign a weight of wk(h0) = 1

M to particleMk. When
an action-state pair has been observed, the weights are up-
dated using Equation 2. Then, we use low-variance sampling
to select M samples from the updated distribution. We add a
small perturbation (E ∼ N (0, 0.01)) to the sample values to
allow the posterior distribution to explore the latent parame-
ter space. The new sampled M particles are given the same
weight of 1

M . Between each step, the algorithms sample the
belief and run simulations for time T .

Domains
Grid5 Guez, Silver, and Dayan (2012) considered a 5× 5
grid, where the only reward is located at the goal, directly
next to a reset square. If the agent enters the reset square, they
are sent to the start. The agent can take actions to navigate to
neighbouring squares, and each action has a small probability
of failure. The authors use Dirichlet distributions to model
the unknown state transition probabilities, i.e., the problem
is modelled as a BAMDP-L. Here, we modify it to introduce
dependencies between the transitions.

We consider a 5× 5 grid, as shown in Figure 2a. The tran-
sition probabilities of actions taken from the square at (i, j)
are determined by global latent parameters θ = (θ1, θ2), and
local known parameters {αi, βj}. Every step has a cost of 1,
and the run ends at the goal square. θ1 and θ2 both are in the
range [0, 1] and are independent from each other. The prior
distribution over the latent parameters is uniform.
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Algorithm HP2-MDP BAMCP-G BAMCP-PF
M − 100 200 300 400 500 100 200 300 400 500

Failure Rate 0.0 1.0 1.0 0.85 0.85 0.9 0.74 0.8 0.64 0.74 0.77
Mean Cost 17.6± 0.435 − − 58.7± 3.64 50.3± 3.53 37.5± 3.32 49.6± 2.64 55.2± 2.85 48.8± 2.52 44.1± 2.73 41.8± 2.71

Table 1: Results from 100 simulation conducted in the SeaGrid domain. The bold values indicate the best performance.

SeaGrid We consider the problem outlined in Example 1,
where a glider is planning a route from a start to a finish
location. The domain is a 17× 13 grid. The forecast for the
longitudinal and latitudinal velocity of the water is known
ahead of time, using data from Copernicus (2022). An ex-
ample of the vertical velocity is shown in Figure 2b. The
influence the horizontal and vertical water velocity will have
on the motion of the glider is described by the two latent
parameters, θ = (θh, θv). The prior over the θ is uniform.
The agent has an action choice of the cardinal directions and
the choice to do nothing. The choice of doing nothing may
result in the glider being pushed along by the water.

Results
Grid5 We tested the HP2-MDP without dimension reduc-
tion, BAMCP-G and BAMCP-PF algorithms on the Grid5
problem, and we set T to 20 seconds. We also varied the size
of the set of samples used to represent the posterior distribu-
tion, M , for BAMCP-G and -PF. Each algorithm was tested
on the domain 100 times, with the underlying “true” parame-
ters for each test sampled uniformly. We ran the simulations
on Linux OS with an Intel Core i9-11900H processor and
16GB of RAM.

The results are in Figure 3. The HP2-MDP algorithm does
not rely on sets of samples, thus the results do not vary
with M . The BAMCP-G and -PF algorithms are shown to per-
form worse at low values of M , as the particles are sparsely
distributed over the latent parameter space. As the value of
M increases, the posterior distribution is better represented,
and thus able to return actions closer to the optimal strategy.
However, at high values of M , the time taken to sample the
posterior distribution increases such that the number of trials
that can be completed until timeout is reduced. This leads to
the algorithm returning an action without converging to the
optimal policy, and thus higher costs.

We found that the BAMCP algorithms with particle-based
belief updates lead to higher costs than the HP2-MDP closed-
form updates, where we varied M between 10 and 200.
BAMCP-PF performed marginally better than the BAMCP-
G, as the particles were able to explore the parameter space.
The BAMCP-PF generally resulted in higher costs than the
HP2-MDP algorithm, except in the case where M = 150,
where the particle filter and the HP2-MDP algorithm per-
formed comparably. Both the BAMCP-G and -PF experience
high variability in performance as M is altered. To get the
best performance from these algorithms, the optimal value
of M must be explored. In comparison, as HP2-MDP is using
an exact form of the posterior distribution, there is no need
no fine-tuning needed.

SeaGrid We compared HP2-MDP to BAMCP-PF and
BAMCP-G with M = 100, 200, 300, 400 and 500. We ap-

Figure 3: Costs collected in the Grid5 domain

plied dimension reduction to HP2-MDP, where the highest
degree of the polynomial was fixed to 12. We increased the
number of particles used, as the transition probabilities were
more sensitive to variation in the parameter values. This
meant a slight deviation from the true parameter values would
result in significantly different transition probabilities. There-
fore, sample-based methods would struggle to fully capture
the true MDP without large values of M . We set T to 90
seconds and ran 100 simulations for each algorithm, again
with the underlying “true” parameters sampled uniformly.
We ran the trials on CentOS with an Intel Xeon Platinum
8268 CPU at 2.90 GHz Processor, with 16GB of RAM. We
applied a limit of 75 steps before halting the simulation due
to memory constraints for BAMCP-PF with M = 500. This
is reflected in the failure rate, shown in Table 1.

We found that HP2-MDP significantly outperforms the
particle-based approaches. We attribute this to the size of
the state space and the high dependence of the transition
probabilities on the latent parameters. This meant that for low
values of M , the samples were insufficient to cover the latent
parameter space, resulting in poor performance. This was
particularly pronounced in BAMCP-G, where the samples
were fixed at the start of a trial, and thus the performance was
heavily dependent on the existence of a sample similar to the
underlying MDP.

Conclusion
We have presented a new class for BAMDPs, HP2-MDP,
where the transitions are expressed as polynomial functions
of the latent parameters. HP2-MDP allows the posterior dis-
tribution over the latent parameters to be maintained in a
closed-form and exact representation. We have shown, in two
domains, that planning with the HP2-MDP closed-form pos-
terior distribution substantially outperforms the commonly
used approach of planning with a particle-based representa-
tion of the posterior distribution.
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5.1 Further detail

For the interest of space, we did not include how the MCMC algorithm works, and how

the belief distribution dimension reduction is done. We outline the algorithms used to

implement these features here.

5.1.1 MCMC algorithm

We use a MCMC algorithm to generate samples from a closed-form posterior distribution

with high parameter space dimensions. In a MCMC, a random sample Θ1 is generated,

and the value of the posterior distribution P (Θ1) at this point is calculated. This is added

to the set of samples. Then, a new random sample Θ2 is generated, and has a posterior

distribution value of P (Θ2). If P (Θ2) > P (Θ1), so the second sample has a higher

likelihood of being sampled, and Θ2 is added to the set of samples. If P (Θ2) < P (Θ1),

Θ2 is accepted with a probability of P (Θ2)
P (Θ1)

, otherwise, the previous sample, Θ1 is added to

the set of samples. The full algorithm is shown in Algorithm 1.

5.1.2 Belief Distribution Dimension Reduction

The dimension reduction is necessary to reduce the complexity of the belief functions for

problems with long horizons, and a larger number of observations. We outline how the

dimension reduction works in practice for the case where Θ is a one dimensional space for

simplicity.
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Algorithm 1 Markov Chain Monte-Carlo

1: Function{MCMC}{P (Θ)}
2: Θ1 ∼ Random(N)

3: Θi−1 ← Θ1

4: Samples← [Θ1]
5: repeat
6: Θi ∼ Random(N)

7: ratio = P (Θi)/P (Θi−1)
8: if ratio > 1 then
9: Samples.Append(Θi)
10: Θi−1 ← Θi

11: else if ratio > Random() then
12: Samples.Append(Θi)
13: Θi−1 ← Θi

14: else
15: Samples.Append(Θi−1)
16: Θi ← Θi−1

17: end if
18: until Timeout()
19: return Samples
20: EndFunction

The posterior distribution Pt(θ) at time t with the order J can be expressed as:

Pt(θ) = P (θ) = (1, θ, θ2, · · · θJ) ·




β0

β

...

βJ




.
=
−→
θ J

⊤
· −→BJ , (5.1)

where
−→
B J is the vector of coefficients for the polynomial Pt(θ).

We aim to fit this function to a polynomial with an order J ′, where J > J ′. Using

ordinary least squares (OLS) formula, the fitted polynomial can be expressed as:

Pt(θ) =
−→
θ J

⊤
· −→BJ =

−→
θ J ′

⊤
· −→BJ ′ + ϵ(θ), (5.2)

where ϵ(θ) is the error term. In OLS, we aim to minimise the magnitude of the error over
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the space of the parameters, and we can express the magnitude of the error as:

ϵ2 =

∫ 1

0

(−→
θ J

⊤
· −→BJ −

−→
θ J ′

⊤
· −→BJ ′

)2

dθ

=

∫ 1

0

(−→
θ J

⊤
· −→BJ −

−→
θ J ′

⊤
· −→BJ ′

)⊤

·
(−→
θ J

⊤
· −→BJ −

−→
θ J ′

⊤
· −→BJ ′

)
dθ

=

∫ 1

0

−→
BJ

⊤ · −→θ J ·
−→
θ J

⊤
· −→BJ − 2

−→
B⊤

J ·
−→
θ J ·
−→
θ J ′

⊤
· −→BJ ′ +

−→
BJ ′⊤ · −→θ J ′ · −→θ J ′

⊤
· −→BJ ′dθ

(5.3)

To find the vector of coefficients that minimises the error, we take the derivative of the

error with respect to the vector of coefficients
−→
BJ ′ and set it to zero.

dϵ2

d
−→
BJ ′

= −2−→B⊤
J

∫ 1

0

−→
θ J ·
−→
θ J ′

⊤
dθ + 2

−→
BJ ′⊤

∫ 1

0

−→
θ J ′
−→
θ J ′

⊤
dθ = 0. (5.4)

We can define the matrix Φp,q =
∫ 1

0

−→
θ p ·
−→
θ q

⊤
dθ, where:

Φp×q
1

.
=

∫ 1

0

−→
θ p ·
−→
θ q

⊤
dθ =

∫ 1

0




1

θ

...

θp



· (1, θ, · · · , θq)dθ

=

∫ 1

0




1 θ · · · θq

θ θ2 · · · θq+1

...
...

θp θp+1 · · · θp+q




dθ =




1 1
2
· · · 1

q+1

1
2

1
3
· · · 1

q+2

...
...

1
p+1

1
p+2

· · · 1
p+q+1




(5.5)

We can use this matrix to simplify Equation 5.4 to:

−→
B⊤

J · ΦJ,J ′ =
−→
B⊤

J ′ · ΦJ ′,J ′

−→
B J ′ =

−→
B J · ΦJ,J ′ · Φ−1

J ′,J ′

(5.6)

The new co-efficient vector can be used to represent the posterior distribution at time t
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with the order J ′.

5.2 Using HPP-MDPs to represent shared autonomy

systems

While my paper does not explicitly mention shared autonomy systems, the framework

was originally considered to represent the continuous space of behaviours an operator can

exhibit. Consider a human operator that could be in any linear combination of N MDPs,

such that the transition dynamics are governed by Thuman(s, a, s
′) =

∑
i∈N Ti(s, a, s

′) · θi,

where θi is the transition function from MDP i,
∑

i∈N θi = 1, and a ∈ Ahuman is the

set of actions the human can do in the environment. Given that this human operator is

in a shared autonomy system with an autonomous operator, whose transition dynamics

are governed by Tauto(s, a, s
′), we can define the shared autonomy system as the HPP-

MDP M. M is defined as ⟨S, s0, A,Θ, PΘ, TΘ, C,G⟩, where S is the set of states, s0

is the initial state, A = Ahuman ∪ Aauto is the union of the set of actions the human

can take, and the set of actions the autonomous operator can take. Θ is the space of

latent parameters, defined over the N -simplex, and P0(θ) is the initial prior over the

parameter space. The transition function is TΘ(s, a, s
′) = Thuman(s, a, s

′)∀a ∈ Ahuman and

TΘ(s, a, s
′) = Tauto(s, a, s

′)∀a ∈ Aauto. M can then be solved as laid out in the paper, and

the optimal policy can be used to inform the agent which operator should be in control,

and what action they should take in the environment.

5.3 Limitations

There are two main limitations to the HPP-MDP framework proposed in the paper. The

first is that the framework assumes that the transition dynamics of the environment can be

represented by a polynomial function. While some functions may have transition dynamics
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that may be approximated using polynomial functions, piece-wise functions may not be

approximated using polynomials. For example, exponential transition functions can be

approximated with polynomial functions through Taylor series expansion. However, piece-

wise transition functions that significantly change between the different regions cannot be

approximated sufficiently using polynomial functions.

The second is that the underlying dynamics is assumed to be stationary during ex-

ecution. This assumption may be unrealistic in domains with a longer horizon, such as

where the dynamics describe the weather conditions. Here, the dynamics may change

stochastically over time, so the planning done by the agent at the beginning of the mis-

sion may not be optimal by the end of the mission. For the shared autonomy system,

the actions the agent chooses may influence the operator’s behaviour, and thus change

the transition dynamics for the operator. An example of this is where the agent chooses

the human operator to perform a task, and this contributes to their tiredness. This will

result in a degradation of the operator’s performance over time. However, it is difficult

to model how a continuous parameter changes over time, while maintaining a closed-form

belief distribution over the parameter space.
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Chapter 6

Planning for Uncertain Operators

with Continuous Dynamics in

Shared Autonomy Systems

While the HPP-MDP allows us to express the continuous range of possible human be-

haviour in a shared autonomy system, the framework does not allow us to represent how

human behaviour may change during a mission. In this paper, we look at how to repre-

sent the hidden, continuous and dynamic nature of human behaviour in shared autonomy

systems. We use a continuous hidden state MOMDP (cont-MOMDP) for the framework,

where the continuous hidden state space describes the possible human behaviour, and the

discrete observable state space describes the domain. However, unlike the HPP-MDP, we

are unable to maintain a closed-form probability distribution over the hidden state space.

This is because the transition functions in the cont-MOMDP are discontinuous, and we

use a particle filter to maintain the belief over the hidden state space instead.

However, the cont-MOMDP formulation assumes that the transition dynamics of the

human’s internal state is known prior to execution. This assumption may not be feasible

in practice, as the transitions are inherently hidden, and thus difficult to observe. We
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therefore present a framework using Bayes-Adaptive MOMDPs (BA-MOMDP), where

the agent learns the transition dynamics of the human’s internal state. We achieve this

by discretising the human hidden state space, and parameterise the internal transition

probabilities.

We compare the two frameworks on the UAV domain presented in Chapter 4. We

consider two cases, where the agent in the cont-MOMDP framework knows and does not

know the true hidden human transition dynamics. We found that the cont-MOMDP out-

performs the BA-MOMDP when the hidden dynamics are known, while the BA-MOMDP

performs better when the hidden dynamics are unknown.

We submitted this paper to IJCAI 2025 and the paper is currently under review.

Table 6.1: Summary of the papers and their features

Chapters 4 5 6 7

SA Yes No Yes Yes

SA style
N operators

controls one robot
N/A

One human and
one autonomous agent

controls a robot

one human and K robots,
where the human can

take control of any robot
Dynamic Yes No Yes No

Continuous No Yes Yes Yes
Closed-form Yes Yes Yes Yes
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Planning for Uncertain Operators with Continuous Dynamics
in Shared Autonomy Systems

Clarissa Costen1, Bruno Lacerda1, Nick Hawes1
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Abstract
Shared autonomy systems must effectively model
and reason over human behaviour, which is inher-
ently irrational. Furthermore, humans do not have
a single way of acting. Their behaviour is also vari-
able, and is influenced by factors that may change
during a run. Theese factors (e.g. tiredness, ex-
pertise) are difficult to observe directly, and tend
to evolve along a continuous spectrum, rather than
discretely moving between states (e.g. tired, not
tired; novice, expert). In this paper, we attempt to
represent and exploit the hidden, continuous and
dynamic nature of human behaviour in the con-
text of shared autonomy systems. We present a
framework for shared autonomy systems using a
continuous-state mixed observability Markov deci-
sion process (MOMDP) to capture these three fea-
tures of human behaviour. The continuous-state
MOMDP has a hidden state space, and we use this
to represent the space of possible human behaviour.
However, the evolution of a human’s internal state
cannot be observed directly, and thus the transition
dynamics for human behaviour is difficult to know
exactly. We therefore propose a framework using
mixed-observability Bayes-adaptive Mixed Observ-
ability MDP (BA-MOMDP) for shared autonomy
systems where the transition dynamics for a specific
human are learnt as that human interacts with the
shared autonomy system. We evaluate and com-
pare the two frameworks, and consider the scenario
where the assumptions made on the continuous-state
MOMDP are different to the ground truth.

1 Introduction
As the capabilities of artificial intelligence systems advance,
autonomous robots are increasingly integrated into our lives,
leading to more frequent human-robot interactions. One no-
table form of such interactions is found in shared autonomy
systems (SAS), where the control of a robot is divided be-
tween humans and autonomous controllers. Generally in these
systems, autonomous controllers handle simple and low-risk
tasks, while humans manage higher-risk tasks. The agent of
the SAS determines the appropriate operator for each task,

relying on the models of the operators’ performance to make
informed decisions.

However, many existing SAS assume that humans are per-
fect controllers [Rigter et al., 2020]. This assumption can
be problematic, as the SAS agent does not consider human
limitations in its decision-making, potentially assigning tasks
beyond their capabilities. To address the possibility of human
error, Basich et al. [2021] and Cubuktepe et al. use Markov
decision processes (MDPs) to model human behaviour. This
approach frames the problem as a sequential decision-making
process, allowing the agent to consider how the current choice
of operator affects future states. However, this framework
assumes uniform human behaviour, and does not consider the
latent, continuous, and stochastic factors (such as skill level
and fatigue [Wu and Durfee, 2010]) that affect human perfor-
mance. To model more complex human behaviour, two main
approaches are used. The first approach employs partially
observable MDPs (POMDPs) [Costen et al., 2022], where a
hidden discrete state space represents the latent and stochastic
nature of factors influencing human behaviour. The discrete
states space of the POMDP (which describes the stochastic
nature) implicitly assumes that a human changes discretely be-
tween internal states (e.g., from rested to tired or from novice
to expert). This often means that the belief over the human
internal state does not converge to a specific state as more
observations are performed, since the probability of having
a discrete state that actually exactly matches the human is
almost surely zero. This can lead to unstable behaviour by
the agent, who does not fully consider the capabilities of the
human.

The second approach uses Bayes-Adaptive MDPs
(BAMDPs) [Costen et al., 2024], where the latent parame-
ter space represents a set of continuous and static factors. The
continuous latent space allows the agent to consider the full
spectrum of possible behaviour, and determine the best pol-
icy given their behaviour. However, if the human changes
behaviour (e.g. gets tired), the agent will no longer be able
to make the optimal action choice, as their belief of the hu-
man is incorrect. Although each approach models different
aspects of human behaviour, neither can fully capture both the
continuous and stochastic nature of these latent factors.

In this paper, we attempt to model both the continuous and
stochastic nature of human behaviour. Our first contribution
is the introduction of a continuous mixed-observability MDP



framework for shared autonomy systems. In this framework,
the hidden continuous state space represents factors that influ-
ence human performance. Maintaining a belief representation
in a closed-form is challenging because the transition func-
tion (which maps from one continuous space to another) is
discontinuous. To address this discontinuity, we employ a
particle filter to maintain a belief over the hidden continuous
state space.

However, determining the transition dynamics of a human’s
internal state is often difficult. For example, consider a contin-
uous ‘tiredness’ factor in [0, 1] that affects performance. Al-
though it is straightforward to identify humans at the extremes
(0 being not tired and 1 being very tired), it is challenging to
observe and quantify intermediate levels of tiredness and how
they evolve over time. Our second contribution addresses this
issue by proposing a mixed-observability BAMDP framework
for shared autonomy. In this framework, a discrete hidden
state space exists within the BAMDP, and we account for
uncertainty in the transition dynamics between hidden states.

We apply this framework to a ground-truth mixed-
observability MDP and compare the performance of the frame-
works under known and unknown human internal transition
dynamics.

2 Related Work
Shared Autonomy SAS allows the control of a robot to
be shared between multiple operators, typically a mix of hu-
man and autonomous operators. These systems aim to reduce
the workload on human operators by transferring control to
autonomous systems, and they also increase the robustness
of autonomous systems by enabling them to hand over con-
trol to humans. These autonomous operators can perform
tasks to minimise human interventions [Rigter et al., 2020;
Duchetto et al., 2018] or take control when human opera-
tors are unable to make informed decisions [Cubuktepe et al.,
2021]. However, many approaches that seek to minimize hu-
man intervention assume perfect human performance [Basich
et al., 2020; Duchetto et al., 2018; Rigter et al., 2020]. This
assumption is unrealistic, as human operators may not control
the robot flawlessly, which can cause the robot to enter a fail-
ure state [Dahiya et al., 2022], or they may lack the necessary
skills to complete a task successfully [Charles et al., 2018].

To better model the stochastic nature of human behaviour,
humans are represented through transition functions in an
MDP [Puterman, 1994]. The reward function in an MDP is de-
fined by task completion success [Wu et al., 2017] or penalties
from human intervention [Basich et al., 2020]. The SAS agent
aims to maximise the expected total reward over a mission
and solves the MDP to determine whether the human or the
autonomous operator should control the system for the next
task. However, human behaviour is influenced by factors such
as fatigue and trust levels [Wu and Durfee, 2010], resulting
in variability in their performance. [Wu and Durfee, 2010;
Feng et al., 2016] and [Mahmud et al., 2023] employ multiple
MDP models to describe a single human operator in a shared
autonomy system. [Feng et al., 2016] consider the impact of
tiredness on a human operator, using two MDPs to represent
behaviour when the operator is normal and when tired. The

agent monitors the human’s internal state by tracking the num-
ber of tasks completed. Once this count exceeds a threshold,
the agent assumes that the human is in a tired state.

Factors influencing human behaviour range from the op-
erator’s goal selection for the robot [Fern et al., 2014;
Javdani et al., 2015] to their attentiveness to the system [Wray
et al., 2016]. These factors are often difficult to measure or
observe directly. To address this, we must consider how to
model MDP problems with hidden factors.

Modelling Shared Autonomy Systems with Hidden Factors
In sequential decision-making problems, agents often lack
access to all the information necessary for optimal decision-
making. In this paper, we focus on two characteristics of hid-
den information: whether it changes during a mission (stochas-
ticity) and whether it consists of discrete or continuous values.

If the unobservable factors govern the transition dynamics
and can change during a mission, the agent must maintain
a belief over this hidden and evolving factor. Partially ob-
servable MDPs (POMDPs) [Spaan and Vlassis, 2004] and
mixed observability MDPs (MOMDPs) [Araya-López et al.,
2010] provide frameworks for such problems, where there is
a discrete set of hidden states evolving stochastically. Wray
et al. use POMDPs and Costen et al. use MOMDPs to de-
scribe shared autonomy systems. They maintain a belief over
a human’s internal state, and the belief is updated through ob-
servations and interactions, such as eye-tracking data [Petric
and Kovacic, 2020]. However, the POMDP approach assumes
that the set of hidden factors is discrete, which is not realistic
for modelling human factors, which are typically not binary.

If an agent has a continuous set of potential MDPs that
they could be in (but does not know which one), the hidden
information is static and continuous. An example of such an
problem is if the agent has no prior knowledge of the transition
probabilities between states, and these probabilities can vary
continuously from 0 to 1. BAMDPs [Duff, 2002] address this
problem by describing a situation in which a continuous set of
latent parameters governs the transition functions. In this case,
the latent parameter remains static, and the agent maintains a
belief over this parameter space.

If the agent lacks a prior over transition probabilities in
an MDP, they can maintain a continuous closed-form belief
distribution over latent parameters [Duff, 2002]. In problems
where transition probabilities can be represented by polyno-
mial functions with latent parameters as variables, we can also
maintain a closed-form belief distribution [Costen et al., 2023].
Typically, when latent continuous parameters correspond to
a continuous set of MDPs, the agent uses a sampled set of
MDPs to represent the belief [Guez et al., 2014].

BAMDPs are used to represent the continuous nature of fac-
tors that affect humans in shared autonomy systems [Nanavati
et al., 2021; Costen et al., 2024]. Nanavati et al. use latent
parameters in the BAMDP to describe the unknown “helpful-
ness” of a human, while Costen et al. use latent parameters to
represent the skill level of a human operator. In both papers,
the agent learns about the latent parameters through interac-
tion with the human, enabling better decision-making based
on the updated belief.

However, these approaches make unrealistic assumptions



that latent parameters remain static, implying fixed lev-
els of helpfulness and skill. If the latent continuous pa-
rameters change during a mission, this can be modelled
by continuous POMDPs [Sunberg and Kochenderfer, 2018;
Ross et al., 2008]. In such problems, the hidden state space is
continuous and evolves over the mission. Sunberg and Kochen-
derfer and Ross et al. use particle filters to maintain a posterior
distribution over the true state of the system. These particle
filters are initialized by sampling the initial belief and then
stochastically evolving the particles according to predefined
transition functions. We apply this continuous POMDP model
to create the first shared autonomy systems to describe the
continuous, dynamic, and hidden nature of factors affecting
human performance.

3 Preliminaries
MDPs are used in sequential decision-making problems,
where the decisions made in the current state may affect the
outcome of future states. They are commonly used to describe
the behaviour of operators (human and autonomous) in shared
autonomy domains.

Definition 1 (Markov Decision Process). A Markov decision
process (MDP) is defined by the tuple M = ⟨S, s,A, T,R, γ⟩
, where:

• S and s ∈ S are the set of states and initial state, respec-
tively;

• A is the set of actions;

• T : S×A×S → [0, 1], where T (s, a, s) is the probability
of transitioning to state s′ after taking action a in state s;

• R : S ×A→ R is the reward function;

• γ ∈ (0, 1] is the discount factor.

The goal of the agent is to take the action that maximises the
expected cumulative reward.

MDPs assume that the current state is visible to the agent.
However, when considering human behaviour, the factors that
affect the outcome of actions may be hidden from the agent.
Furthermore, the discrete state space does not allow us to
capture the continuous nature of human behaviour. In this
paper, we use a continuous-state mixed-observability MDP to
describe the hidden, stochastic and continuous features of the
range of behaviours from the human operator.

Definition 2 (Cont-MOMDP). A continuous-hidden-state
mixed observability MDP (cont-MOMDP) is defined as the
tupleMC = ⟨So, Sh, so, b0, A,Ω, T,O,R, γ⟩, where:

• So is the discrete set of observable sub-states; and Sh is
the continuous set of hidden sub-states. A single state is
defined by a pair of an observable and a hidden sub-state,
(so, sh) ∈ So × Sh;

• so ∈ So is the initial observable sub-state;

• b0 : Sh → R is the initial probability density function
of the belief distribution over the hidden sub-state space.
Thus: ∫

sh∈Sh

b0(sh)dsh = 1; (1)

• Ω is the discrete set of observations;
• T : So × Sh ×A× So × Sh → [0, 1] is the probabilistic

transition function;
• O : So×Sh×A×Ω→ [0, 1] is the observation function,

where O(so, sh, a, ω) is the probability of observing ω
after taking action a, and entering state (so, sh);

• A,R and γ are as defined for a MDP.
In a cont-MOMDP, while there is uncertainty over the hid-

den state factors, the transition dynamics are assumed to be
known. When there is uncertainty over the transition dynamics
but the state is observable, the problem can be described as an
uncertain MDP. In an uncertain MDP, a latent parameter λ ∈ Λ
governs the transition probabilities, Tλ(s, a, s

′). The agent has
a prior P0(λ) over the parameter space Λ, and this distribution
is updated using the history. For example, at time t, given the
agent has observed a history of ht = s0a0 . . . at−1st, the pos-
terior distribution is Pt(λ) ∝ P0(λ)P (ht|λ), updated using
Bayes rule. To solve an uncertain MDP, we frame the problem
as a BAMDP, where the history is factored into the state space,
and the expected transition dynamics evolves with the history.
Definition 3 (Bayes-Adaptive MDP). A Bayes-
adaptive MDP (BAMDP) is defined by the tuple
⟨S+, s+, A,Λ, P0(λ), T

+, R, γ⟩, where:
• S+ = S ×H, where S is the discrete set of states, and
H is the set of possible histories;

• s+ = (s, h), where s is the initial state, and h is the
empty history;

• λ ∈ Λ is the continuous set of latent parameters that
define the transition dynamics;

• P0(λ) is the prior over Λ;
• T+((s, ht), a, (s

′, htas
′)) =

∫
λ∈Λ

Tλ(s, a, s
′)Pt(λ)dλ

is the transition function, where Pt(λ) ∝ P0(λ)P (ht|λ);
• R,A, γ are as defined for an MDP.
If there is no prior over the transition function in the

BAMDP, every possible transition probability corresponds to a
latent parameter, where T (s, a, s′) = λa

s,s′∀s, s′ ∈ S,∀a ∈ A.
We use Dirichlet distributions to maintain a belief over the
latent parameters [Duff, 2002]. The Dirichlet distribution
is a probability distribution over the parameters of multino-
mial distributions [Ross et al., 2007]. For example, consider
a state-action pair (s, a), where there is no prior over the
transition probabilities. For the n possible successor states,
the number of transitions observed to the ith successor state
is defined as ϕa

s,si . The posterior distribution over the tran-
sition probabilities is defined by the Dirichlet distribution
Dir(ϕa

s,s1 , . . . , ϕ
a
s,sn). The Dirichlet distribution is updated

as new transitions are observed, and the expected transition
probability for the state s and action a to result in state
si∀i ∈ {1, . . . , n} is given by:

E[λa
s,s′ ] =

ϕa
s,s′ + 1∑

s′′ ϕ
a
s,s′′ + 1

. (2)

As the number of observations increases, the variance of the
Dirichlet distribution reduces, representing a narrowing of the
uncertainty over the transition probabilities.



4 Modelling Humans
We consider a shared autonomy system where the human oper-
ator’s behaviour is dynamic and the set of possible behaviours
exist in a continuous range. An example of such a factor is
tiredness, as it evolves during a run (caused by asking the
human to complete difficult tasks), and humans become pro-
gressively more tired, rather than suddenly transitioning from
“not tired” to “tired”. In this section, we consider a human
model that can express K different behaviours, and the human
is able to exhibit multiple behaviours in the same mission (e.g.
“tired” and “inattentive”). We start by building a model of how
the human operator performs in the shared autonomy system.

First, we model each human behaviour as an MDP, resulting
in K MDPs, M1,M2, . . .MK .
Definition 4 (Single human behaviour). The MDP Mi∀i ∈
[1, . . . ,K] describes the ith behaviour of a human in the SA
system. All MDPs share the same state space So and Ah,
which describes the domain the robot is operating in and the
actions available to the human operator respectively. For the
ith MDP, Mi, the transition function is defined by Ti : So ×
Ah × So → [0, 1], describing the probability of a transition
given that a human only exhibits the ith behaviour. The MDPs
also share the same reward function R and discount factor γ.

Next, we consider how a human that is not exhibiting a
single behaviour would act. We use Θ = {(θ1, . . . θK) ∈
[0, 1]K | ∑K

i=1 θi = 1} to describe the space of possible
behaviours, where θi defines the contribution of that behaviour.
The space of K behaviours form a (K − 1) simplex, and
we linearly scale the transition probabilities according to the
values of θi∀i ∈ [1, . . . ,K]. Therefore, the transition function
to describe the probability the human transitioning to state s′o
from state so doing action a when their behaviour is described
as
−→
θ = (θ1, . . . , θK) ∈ Θ is:

T (so, a, s
′
o|
−→
θ ) =

K∑

i=1

Ti(so, a, s
′
o) · θi. (3)

We also consider how
−→
θ evolves during an episode. The

parameter θi evolves depending on the action and the state of
the human. Given that the human is in state s and does action
a, we express the stochastic change as a Gaussian distribution
on the subspace

∑
i θi = 0.

∆
−→
θ ∼ N (µso,a,Σ) (4)

(5)
The successive value of θi′ is bounded in the range of [0, 1],
so the new value of θi∀i ∈ [1, . . .K] is

θ′i = min(max(θi +∆θi, 0), 1). (6)
However, the discontinuous transition can result in a new

value of
−→
θ ′ where

∑K
i=1 θ

′
i ̸= 1. In such states, we normalise

the vector, so the new vector is
−→
θ ′′ =

−→
θ ′/(

∑K
i=1 θ

′
i).

This can also be expressed as:

T (
−→
θ ,
−→
θ′ |so, a) =

1√
2πσ

e−
((

−→
θ ′−−→

θ )−µs,a)2

2σ2

+

∫ ∞

0

1√
2πσ

e−
((

−→
θ ′′(α)−−→

θ )−µs,a)2

2σ2 dα

(7)

where
−→
θ ′′(α) = argminθ′′(α · −→θ ′−−→θ ′′) and

∑K
i=1 θ

′′
i = 1.

The first half of Equation 7 describes the probability of transi-
tion given that there was no normalisation, and the second half
considers the set of points that would be normalised to

−→
θ ′.

Definition 5 (Human Cont-MOMDP). We describe the human
operator’s behaviour in a shared autonomy system using a
cont-MOMDP MCh

= ⟨So, Sh, so, b0, Ah,Ω, Th, O,R, γ⟩,
where:

• Sh = Θ is the space of possible human behaviour;
• ω ∈ Ω = So, the set of observations is the set of observ-

able states;

• b0(
−→
θ ) is the prior over the hidden state space;

• The transition function dynamics is given by

Th(so,
−→
θ , a, s′o,

−→
θ ′) = T (so, a, s

′
o|
−→
θ )·T (−→θ ,−→θ ′|so, a);

(8)
• The observation function is given by

O(so,
−→
θ , a, ω) =

{
1 if so = ω

0 otherwise
(9)

• R and γ are the reward function and discount factor of
the MDPs [M1, . . .MK ].

When the system is controlled by an autonomous opera-
tor, we can describe their performance as an MDP, Mauto =
⟨So, so, Aauto, Tauto, R, γ⟩, where So is the state space of the
robot and Aauto is the set of actions available to the autonomy.
The transition function Tauto : So×A×So → [0, 1] describes
the probability that the robot will transition to state s′o from
state so through action a. The reward and discount factor γ is
the same as inMCh

.
We combine the human model MCh

and the autonomy
model Mauto to create a unified model of the shared autonomy
system.
Definition 6 (SAS Cont-MOMDP). The shared autonomy
system (SAS) is described as a cont-MOMDP, MCSA

=
⟨So, Sh, so, b0, A,Ω, T,O,R, γ⟩, where the state spaces, the
initial belief distribution, the observation and reward functions
are the same asMCh

. The action space A = Aauto ∪Ah is
the union of set of actions available to the autonomous opera-
tor and human, and the transition function dynamics is given
by:

T (so,
−→
θ , a, s′o,

−→
θ ′) =

{
Tauto(so, a, s

′
o) if a ∈ Aauto

Th(so,
−→
θ , a, s′o,

−→
θ ′) if a ∈ Ah

(10)
The prior, the observation function, the reward function and
the discount factor γ are the same as those inMCh

.
As the agent observes the human interacting with the robot,

it maintains a belief distribution over the human’s internal state,
and uses this to inform the SAS agent’s decision making. The
aim of the SAS is to maximise the infinite horizon discounted
cumulative reward collected. By fully solving Cont-MOMDP,
the agent can optimally balance the exploration required to
learn about the human operator while exploiting the knowl-
edge it has to maximise the reward collected.



We are unable to maintain a closed-form belief distribu-
tion, as the transition function (as shown in Equation 6) is
discontinuous. Therefore, to maintain a belief distribution
over the hidden continuous states, we use a particle filter. As
the number of particles N used to maintain the belief distri-
bution increases, the particle filter converges to the true belief
distribution over the hidden state space. However, particle-
based methods can become computationally expensive as the
number of particles increases.

5 Modelling Unknown Human Behaviour
The shared autonomy system introduced in the previous sec-
tion assumes that the transition dynamics for the hidden state
space is known. However, in practice, it is difficult to know
how the human’s internal state evolves, as we are not able
to observe this directly. Furthermore, the rates of change the
human may experience is unique to the individual. In this sec-
tion, we consider how we can learn the internal state’s hidden
transition dynamics of the human through observations.

5.1 BA-MOMDP
BAMDPs allows us to express problems where there is un-
certainty over the transition probabilities between states by
parametrising the model with latent continuous parameters−→
θ . However, in our scenario, there is uncertainty over the

human’s hidden state, as well as uncertainty over the transition
probabilities between each hidden state. To solve this problem,
we construct a Bayes-adaptive MOMDP (BA-MOMDP) from
the SAS Cont-MOMDP.
Definition 7 (Bayes-adaptive MOMDP). The
BA-MOMDP is defined by the tuple MB =
⟨So, Θ̃, A,Λ, T,Ω, O, b0, P0(λ), R, γ⟩, where:

• So, A,R, γ are as defined in an MDP;

• Θ̃ is the set discrete of hidden states. Θ̃ is generated by
discretising the continuous parameter space Θ in the SAS
Cont-MOMDP. This can be through random sampling
or taking a uniform sample from the space of possible
values for θ;

• Λ is the set of latent parameters governing the transition
probabilities;

• T : So × Θ̃ × A × So × Θ̃ → [0, 1] is the transition
function, where there is uncertainty over the transition
probabilities;

• Ω is the set of observations;

• O : So× Θ̃×A×Ω→ [0, 1] is the observation function;

• b0 : θ̃ → [0, 1] is the initial belief distribution over the
hidden state space, Θ̃;

• P0(λ) is the prior over the latent parameters;
For a given SAS cont-MOMDPMCSA

, and we define the
SAS BA-MOMDP asMBSA

. MCSA
andMBSA

have the
same observable state space So, action space A, observations
Ω, reward function R and decay rate γ. We sample the Θ
space fromMCSA

to generate the discrete hidden states Θ̃ in
MBSA

. A comparison of the respective hidden state spaces

Figure 1: Comparison of the hidden space for MCSA and MBSA

forMCSA
andMBSA

are shown in Figure 1. The transition
probabilities forMBh

can be expressed as:

T (so, θ̃, a, s
′
o, θ̃

′) = T (so, a, s
′
o|θ̃) · T (θ̃, a, θ̃′) (11)

T (so, a, s
′
o|θ̃) is the transition probability given the human

had an internal state of θ̃ inMCSA
. As T (θ̃, a, θ̃′) is unknown

to the agent, the latent parameter λa
θ̃,θ̃′ represents the transi-

tion probability. We use a Dirichlet distribution to describe the
belief over the latent parameters λa

θ̃,θ̃′∀θ̃′ ∈ Θ̃. The Dirichlet
distribution is defined through a counter ϕ, which represents
the number of times a transition has occurred (e.g. the tran-
sition (λa

θ̃,θ̃′) has happened ϕa
θ̃,θ̃′ times). We maintain a joint

belief over the hidden state space Θ̃, and the latent parameter
space Λ. The initial belief is b0(θ̃, 0⃗) = b0(θ̃), as the initial
count value for all ϕa

θ̃,θ̃′ is zero. As an action is taken, and
a new observable state is reached, the belief over the hidden
state space and the counter ϕ is updated.

Algorithm 1 Belief Update

Update Belief:{b(θ̃, ϕ), so, a, s′o}
b′ ← 0⃗

for (θ̃, ϕ, θ̃′) ∈ ˜̃
θ × Φ× Θ̃ do

b′(θ̃′, ϕ+ δa
θ̃,θ̃′)+ = b(θ̃, ϕ) ·Tθ̃(so, a, s

′
o) ·

ϕa
θ̃,θ̃′∑

θ̃′′∈Θ ϕa
θ̃,θ̃′′

end for
return Normalise b′

The belief space expands exponentially with the number
of hidden states and the planning horizon. To mitigate this,
we use approximate belief monitoring [Ross et al., 2007] to
maintain a belief distribution in polynomial time. At each time
step, we use algorithm 6 to do an exact belief update, then we
keep the K most probable states in b′ and then re-normalise.
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Figure 2: UAV Domain

6 Experiments
6.1 Domain
We evaluated the cont-MOMDP and the BA-MOMDP frame-
work for shared autonomy systems in the domain presented by
Feng et al.. The authors consider a domain where a unmanned
aerial vehicle (UAV) is tasked with a monitoring mission, and
the UAV must fly to multiple waypoints and capture a “good”
photo at each waypoint. The UAV can be flown either by a
human operator or an autonomous operator, and at any given
waypoint, if a “good” photo is not taken, the UAV must repeat
the photo-taking until a “good” photo is taken. The objective
of the agent of this shared autonomy system is to determine the
best operator for the next step, given that they aim to minimise
the amount of petrol they use.

Feng et al. considers how the impact of fatigue affects
human performance. They model two possible states for the
human to be in, “normal” and “tired”. They describe the
behaviour of the human operator using MDPs Mnorm and
Mtired, where their main difference is the probabilities of
taking a “good” photo. However, the authors only consider the
dynamic characteristic of the human internal state, and assume
full observability of the internal state. They model the change
in internal state through a deterministic transition function,
where the human will go from a “normal” to a “tired” state
after the human has completed n tasks.

However, in reality, we cannot directly observe the human
internal state directly, and it is more realistic to consider the
human’s tiredness level as a continuous spectrum. The human
will travel along this spectrum as they accumulate the number
of tasks they have done.

6.2 Human Model
Therefore, we model our shared autonomy system as a cont-
MOMDP, CMSA = ⟨So, Sh, so, b0, A,Ω, T,O,R, γ⟩, where
the observable state space So describes the environment state
the UAV is in (as shown in Figure 2), and Booleans describing
whether a “good” photo has been taken at each waypoint.
Sh = [0, 1] is the continuous set of possible hidden states,
describing the tiredness of the human. The initial observable
state is so = W1, and the initial belief is b0(0) = 1, since the
agent knows that the agent is not tired at the start of a mission.

(a) Cont-MOMDP with nt = nm and BAMDP model

(b) Cont-MOMDP with nt = 2 and BAMDP model

(c) Cont-MOMDP with nt = 9 and BAMDP model

Figure 3: Results for UAV domain

The set of actions is A = Ah ∪Aauto, the union of the set of
human actions and the set of autonomous operator’s actions.
The transition functions for the hidden transition dynamics are
as follows: If a human takes on average n tasks to becomes
tired, we assume that for each action the human takes, the
human’s internal state evolves as

∆sh ∼ N(
1

n
, σ2) (12)

where the new state is s′h = min(max(sh +∆sh, 0), 1). The
set of observations Ω = S0 is also the set of observable states,
and the observation function O is as shown in Equation 9. The
reward function R defines a negative reward of −60 for every
state visited, and the mission terminates once a “good” photo
has been taken at every waypoint. The decay rate γ = 1, as
the mission length is finite.

However, the average number of steps taken before the



human reaches tired is individual to them and difficult
to know ahead of the mission. We therefore use BA-
MOMDP to learn the human internal transition dynamics
during the mission. The BA-MOMDP is defined by the tu-
pleMBSA

= ⟨So, Θ̃, A,Λ, T,Ω, O, b0, P0(λ), R, γ⟩, where
So, A,Ω, b0, R, γ are as presented in MCSA

. Θ̃ is defined
by 4 points taken from the continuous space of Sh, where
Θ̃ = [0, 0.3̇, 0.6̇, 1]. The latent parameters λa

θ̃,θ̃′ ∈ Λ define
the unknown transition probabilities between the hidden states.
We begin with no prior over the latent parameters, so P0(λ) is
a uniform distribution.

6.3 Results
We solve the models of the shared autonomy systemMCSA

andMBSA
, to generate a history-dependent policy, and apply

this to the ground-truth model, which is an instance ofMCSA
.

We vary the ground-truth model through nt, the average num-
ber of steps taken by the human to become tired ranges from
2 to 9.

The model of the shared autonomy system,MCSA
, assumes

that the average number of steps taken by the human is nm.
We consider three versions of MCSA

to generate policies
for the agent to follow: first, where nm = nt, so the agent
knows the true value of nt. The second version assumes
nm = 2, independent of the true value, nt, and the third
version assumes that nm = 9. These models are chosen to
demonstrate when the model makes incorrect assumptions
about the hidden transition dynamics.

We only consider one model forMBSA
, as the model does

not make any assumptions over the hidden transition dynamics,
and learns nt through observations instead.

We solvedMCSA
andMBSA

with the POMCP algorithm
and an altered BAMCP algorithm [Guez et al., 2014], respec-
tively. The BAMCP algorithm is modified to maintain belief
over the hidden state and the hidden parameter, as shown in
Algorithm 1. We ran 200, 000 trials per step in the mission
for both models, and took the action with the highest expected
cumulative reward. We ran 250 runs for each data point shown
in the results.

First, we compared MCSA
with nm = nt and MBSA

,
and the results are shown in Figure 3 (a). At lower values
of nt, MCSA

outperforms MBSA
, since the change in the

internal hidden state is rapid, so MBSA
cannot adapt their

policy sufficiently quickly. However, at higher values of nt,
as the rate of change for the internal state is slower,MBSA

is able to learn the dynamics of the internal transition and
perform similarly toMCSA

.
Secondly, we considerMCSA

where nm = 2. As shown
in Figure 3 (b), when nt = 2, 3,MCSA

is able to outperform
BASA, as the rate of change is similar to or equal to the as-
sumed value of nm. However, if nt > 3,MBSA

outperforms
MCSA

, since the Bayes-adaptive model learns the hidden tran-
sition probabilities, whileMCSA

will prematurely retire the
human operator from the shared autonomy system, as they
assume the human has become tired.

Finally, we consider MCSA
where nm = 9. If nt < 5,

MCSA
assumes that the human will not get tired and will con-

tinue to ask the human to complete tasks even when the human

will perform worse than the autonomous controller. Therefore,
MBSA

outperformsMCSA
when nt < 5, asMBSA

is able
to learn that the human is likely to be tired and stop asking
them to complete tasks. When nt > 5, MBSA

andMCSA

perform similarly, since the true rate of change of the internal
state is similar to that assumed byMCSA

, so the ground-truth
model and the assumed model are close enough.

7 Conclusion
We have presented two frameworks for shared autonomy sys-
tems, the cont-MOMDP and the BA-MOMDP. In the cont-
MOMDP, we can express the human operator’s behaviour with
a hidden continuous space, and we assume that we know the
transition dynamics from one continuous state to another. This
model allows us to effectively track the human’s evolving be-
haviour, and adapt our policy accordingly. The BA-MOMDP
has a discrete hidden state space, but the framework allows
the agent to learn the hidden transition dynamics, and exploit
the information learned to maximise the total reward collected
over a mission. This framework removes the need for the
agent to make assumptions on the behaviour of the human,
and learns the huamn’s unique internal transition dynamics
through observations.

We tested our two frameworks out on a UAV domain, and
considered the case where the cont-MOMDP knew the true
hidden dynamics, and when the cont-MOMDP assumed the
wrong hidden dynamics. We found that the cont-MOMDP
model performed better than the BA-MOMDP when the model
is fully known. However, when the model is not known, BA-
MOMDP outperforms cont-MOMDP, as it requires less knowl-
edge, and the policy adapts as the agent learns the transition
dynamics. In future works, we will extend this to consider
domains with more complex hidden state spaces.
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6.1 Limitations

The cont-MOMDP framework presented in this paper is constrained by its ability to

handle only low-dimensional hidden state spaces. This constraint is a result of the particle

filter used to maintain the belief over the continuous hidden states, which suffers from the

curse of dimensionality. While the framework proposed in Chapter 5 allowed for a closed-

form belief representation, we were unable to replicate this for a dynamic continuous

hidden state space. Any framework that is capable of maintaining a closed-form belief

distribution over such a state space would need to impose restrictions on the evolution of

the hidden state space (e.g. the state evolves following an exponential decay distribution),

which is unrealistic for many scenarios.

Another significant limitation of the cont-MOMDP framework is the assumption that

the human behaviour can be represented as linear combinations of K MDPs. While this

approach allows us to represent a human that is not fully in any of the K MDPs, the

approach presumes that a linear combination of K MDPs provides an accurate approx-

imation of the human’s behaviour. This may not hold true in practice. For example,

a human who is partially tired may exhibit behaviours that corresponds to a fully tired

state in certain scenarios while behaving normally in others. A richer model of the hu-

man, where we consider varying rates of internal state evolution, would allow for a more

nuanced representation.

The BA-MOMDP framework was introduced to address the difficulty of knowing the

transition dynamics in a hidden state space prior to execution. However, this framework’s

main limitation is the discretisation of the hidden state space, which was necessary to

enable the agent to learn the hidden transition dynamics. The coarseness of the the

discretisation (defined by the number of discrete states), must be tuned by the user

prior to execution. Finer discretisation can better capture a broader range of human

behaviours, but comes with increased computational complexity to maintain a belief over
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a larger hidden state space.
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Chapter 7

Multi-Robot Allocation of Assistance

from a Shared Uncertain Operator

As the capabilities of autonomous operators increases, the amount of intervention required

by the human operator decreases. To better utilise the human operator, we propose a

multi-robot shared autonomy system that allocates the human assistance to the robot

that requires it the most. Like the problem setting shown in Chapter 4, we consider the

human operator to have multiple ways of acting. However, in this chapter, we consider the

human operator’s possible modes to be continuous, rather than discrete. We implement

this by using our HPP-MDP (Chapter 5) to model the human operator’s performance as

a continuous distribution over the latent parameters.

The main difficulty of multi-robot shared autonomy system is the allocation of the

human operator’s assistance. Existing literature on multi-robot systems with constrained

resources have focused on de-centralised methods, where each robot considers only their

own tasks and rewards. This is because centralised approaches are not scalable, as the

number of robot increases, the state and action spaces expand exponentially. However, in

our setting with a uncertain human operator, the robots learn about the human operator’s

performance through observations, and this information alters the optimal actions for

83



the robots. A traditional de-centralised approach will not allow the robots share this

information, and the robots will not be motivated to perform exploratory actions that

may help other robots learn about the human’s performance.

Therefore, we propose a de-centralised approach for the multi-robot shared autonomy

system, where we explicitly reward robots for taking actions that reduce the variance of

the belief over the human’s performance. We are able to do this by using the HPP-MDP

to maintain a closed-form posterior distribution over the human operator’s performance.

The closed-form posterior distribution allows us to efficiently calculate the variance of the

belief, and we incorporate this into the BAMCP algorithm. This allows us to augment the

reward function such that reducing the variance is explicitly rewarded, thus maintaining

a exploration/exploitation when selecting the robot to receive human help.

Table 7.1: Summary of the papers and their features

Chapters 4 5 6 7

SA Yes No Yes Yes

SA style
N operators

controls one robot
N/A

One human and
one autonomous agent

controls a robot

one human and K robots,
where the human can

take control of any robot
Dynamic Yes No Yes No

Continuous No Yes Yes Yes
Closed-form Yes Yes Yes Yes
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ABSTRACT
Shared autonomy systems allow robots to either operate
autonomously or request assistance from a human operator. In
such settings, the human operator may exhibit sub-optimal be-
haviours, influenced by latent variables such as attention level or
task proficiency. In this paper, we consider shared autonomy sys-
tems composed of multiple robots and one human. In this setting,
we aim to synthesise a controller that selects, at each decision step,
the actions to be taken by each robot and which (if any) robot the
human operator should assist. To efficiently allocate the human
operator to a robot at any given time, we propose a controller that
reasons about the uncertainty over the latent variables impacting
the human operator’s performance. To ensure scalability, we use
an online bidding system, where each robot plans while consider-
ing its belief over the human’s performance, and bids according to
the direct benefit of human assistance and how much information
will be gained by the system about the human. We experiment on
two domains, where we outperform approaches for allocation of
human assistance that do not consider the human’s latent variables,
and show that the performance of the overall system increases
when robots consider the information gained by requesting human
assistance when bidding.
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Multi-agent planning, Planning under Uncertainty, Planning with
abstraction and generalization
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1 INTRODUCTION
As autonomous robots become increasingly reliable and integrated
into our lives [18, 21], they occasionally enter situations where they
cannot complete their task without human intervention. Shared
autonomy systems address this challenge by allowing the control
of a robot to be shared between a human and an autonomous
agent. As automation improves, the level of human supervision
required for each robot decreases. In this context, we examine
scenarios where a single human operator oversees multiple robots.
Allocating human assistance optimally to these robots becomes a
complex issue, particularly when multiple robots require assistance
simultaneously.Moreover, the human operatormay possess varying
skills, making them more proficient at assisting with some tasks
compared to others, but these skill differences may be unknown
to the robots. In this paper, we introduce an efficient approach to
allocate human assistance within multi-robot systems characterized
by uncertainty surrounding the human operator’s performance.

Shared autonomy systems reduce the workload on the human
operator [2] by deciding when a human or autonomous controller
should operate the robot. The system’s controller determines the
optimal operator (human or autonomy) by reasoning over its inter-
nal model of both the human and the autonomous robot. Typically,
these internal models use Markov decision processes (MDPs) [11]
to account for the stochastic nature of the operators. However,
human behaviour is inherently diverse, making it challenging to
predict human performance accurately before execution. To ad-
dress this variability, Costen et al. [9], Nanavati et al. [22], Wray
et al. [30] have utilized partially observable MDPs (POMDPs) and
Bayes-adaptive MDPs (BAMDPs) to model the human operator,
incorporating probability distributions to represent the human’s
true location or internal state. The papers that consider uncertainty
over the human focus on systems involving one robot and one
human. We extend this to systems with multiple robots and one
human.

We define our system as a multi-robot shared autonomy system,
where a human operator supervises multiple robots. The multi-
robot shared autonomy system can be framed as a scenario where
robots must share a constrained resource: the human operator.
Multi-robot systems with constrained resources typically use de-
centralised approaches, as solving the joint model can become
computationally infeasible. These approaches often assume fixed
resource availability with known impacts on the robots [23], such
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as battery charge, and typically provide offline solutions where the
resources are pre-allocated to robots before deployment [32]. How-
ever, when there is uncertainty over the outcome of consuming
a resource, decentralised approaches fail to provide policies that
change as other robots observe the effect of a resource. Thus, decen-
tralised approaches are not suited to our scenario, where the robots
must adapt their decision-making as other robots learn about the
human operator’s abilities through observations.

We propose a bidding system to distribute uncertain human
assistance efficiently, avoiding the need to solve a joint model. The
human is described using a hidden parameter polynomial MDP
(HPP-MDP), a class of uncertain MDP where the transition function
is parameterised by a set of latent parameters. At every decision
step, each robot uses BAMCP [17], an online tree-search algorithm,
to plan for a combined human-robot HPP-MDP that models a single-
robot shared autonomy system. This assumes that the robot can
always access human assistance. If the optimal action requires
human operation, then the robot submits a bid to the centralised
controller. This bid is based on the difference in value between
the human taking control and the robot executing autonomously.
The centralised controller then awards human help to the highest
bidder, with the other robots executing their optimal autonomous
action. Then, the centralised belief distribution over the human
operator’s latent parameters is updated by considering the outcome
of the human’s action. This is then repeated until all robots have
completed their tasks.

Planning with single-robot models introduces challenges: robots
cannot predict if the information they receive is useful to others,
and other robots may make observations that alter the posterior
distribution over the latent parameters, hindering long-term plan-
ning. This is because planning over single-robot shared autonomy
model does not capture the long-term effects of the other robots
in the true, joint shared-autonomy model. These issues lead to un-
dervaluing explorative actions, which leads to sub-optimal human
help allocation. To address this, we add an exploration bonus which
considers the variance in the posterior distribution over the latent
parameters. The HPP-MDP formulation of the shared autonomy
system allows us to keep a closed-form representation of the pos-
terior distribution over the human’s performance, reducing the
computational complexity of calculating the variance.

Our main contributions are the modelling of a multi-robot shared
autonomy system with uncertain human performance as an un-
certain MDP; the bidding system to allocate human help; and the
explicit reward function motivating the reduction in the variance
over the belief in human performance. To the best of our knowl-
edge, this is the first approach proposed to solve multi-robot shared
autonomy systems where there is uncertainty in the human oper-
ator’s performance. We compare our approach to 1) solving the
joint model using the BAMCP algorithm [17], and 2) a decentral-
ized approach proposed by Dahiya et al. [12], which considers a
multi-robot system where the human operators have known suc-
cess rates. We empirically show that our approach outperforms the
joint model under time constraints and the method proposed in
Dahiya et al. [12] in two domains.

2 RELATEDWORK
2.1 Shared Autonomy Systems
Shared autonomy systems are useful in settings where the workload
on the human can be reduced by letting autonomy take control in
low-risk tasks [27]. Common assumptions in many of these systems
is that the human operator can operate the system at all times and
they can act perfectly [3]. Some systems use the human operator
as an example to learn from [14, 25], with the long-term objective
of reducing the reliance on human operators over time.

However, human operators’ capabilities are not always guaran-
teed and can be influenced by a variety of factors, such as fatigue,
distraction, and ability [31]. The variance in the human opera-
tor’s performance can be explicitly modelled using Markov mod-
els [8, 15, 20]. This allows the autonomous agent to consider the
stochasticity in the human operator’s behaviour when planning,
such as the probability of the human failing a task. However, the
factors that affect the human’s performance are not always observ-
able to the agent. Jean-Baptiste et al. [19] and [9] use POMDPs to
model the uncertainty over the human operator’s behaviour. The
factors affecting the human operator (such as skill level or fatigue)
are modelled as latent internal states, and the agent must maintain
and reason over a belief distribution over the latent states. By solv-
ing models with partial observability fully, it is possible find the
policy for the agent where exploration (learning about the human
operator) and exploitation (using the information about the human
to gain rewards) are optimally balanced. These papers only con-
sider systems where there is one agent and one human operator. In
contrast, we consider the setting where there are multiple agents
and one human operator.

2.2 Multi-Agent Shared Autonomy Systems
As the amount of human intervention required per robot decreases,
we can move to a system where a single human operator supervises
multiple robots. This can be useful in search-and-rescue missions,
as well as multi-robot systems in warehouses [26]. In these systems,
using a single joint model to describe the multi-agent system can
be intractable, as the state and action space grows exponentially
with the number of agents. To solve the joint model, Rosenfeld et al.
[26] restricts the horizon of the problem to only 1 or 2 decision
steps. This short horizon allows the problem to be solved fully for
the current and next action, but is unable to consider the effects of
those actions into the future.

Swamy et al. [28] highlights the difficulty of the human appro-
priately choosing the best robot to help in scenarios with large
numbers of robots. They focus on the human choosing a robot to
help, while we consider the robots determining how useful human
help would be. They suggest a method where the system learns
the human’s preferences for helping robots when there is a small
number of robots. This learnt preference is generalised to fit prob-
lems with a larger number of robots, thus able to suggest the most
appropriate robot for the human to help. However, this method
assumes that the human always chooses the optimal robot to help
initially, and does not consider the possibility that the human may
choose the wrong robot.

Other approaches for allocating human assistance in multi-agent
shared autonomy systems impose rules onto the system to reduce
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the complexity of the problem. Cai et al. [7] assumes that the time
taken by the human and the robot for every task is exactly known
and that the human is always faster or equal to the robot. These
assumptions reduce the problem to a deterministic scheduling prob-
lem.

Similar to our work, Dahiya et al. [12] considers a multi-agent
system where the human operator can take over at an agent’s
request. They consider the possibility that the human operator may
fail a task, and use anMDP to model the dynamics of the human and
the autonomous agents. The agent with the highest benefit from
human intervention is given human help, and this benefit is defined
as the difference in the relative expected cost of the agent doing the
task autonomously versus the human helping. These benefits are
calculated offline before the system is deployed, and they assume
that the probability of the human failing a task is known. Therefore,
their system is unable to adapt if the human operator does not
perform tasks as expected. We compare our approach to theirs in
Section 6.

2.3 Multi-agent constrained resource problems
Systemswithmultiple agents have beenmodelled usingmulti-agent
MDPs (MMDPs) [5], which have joint state and action spaces. The
state space of an MMDP grows exponentially with the number of
agents, making it computationally intractable to solve fully. Thus
MMDPs are generally solved using decentralised methods when
the transition probabilities for each agent are independent [4]. Our
multi-agent shared autonomy system can be framed as a multi-
agent system where the agents must share a constrained resource,
the human operator with independent transition probabilities. In
MMDPs with global resource constraints, each agent has its own
set of transition and reward dynamics, but their actions are coupled
by a global resource constraint [32], such as advertising space [6].

Both [23, 32] solve constrained resource multi-agent systems
using a mixed integer linear program (MILP) to pre-allocate the
resource offline to each agent at every decision step. While MILP-
based solutions can guarantee that hard constraints are satisfied,
they are not scalable to large problems as their complexity grows
exponentially with the horizon. If the resource has a soft constraint
where some constraint violations are permitted, we can use column
generation algorithms for offline policy synthesis that guarantees
the resource constraint to be satisfied in expectation [29, 33]. Col-
umn generation algorithms are more scalable than MILP, as they
parallelise the computation by finding policies for each agent in-
stead of solving the joint problem. Alternative approaches for soft
constraints consider the risk of resource violations in the form
of a chance-constraint [13] and a conditional value-at-risk con-
straint [16].

In contrast to [29], where the agents have partial observability of
their state and a deterministic shared resource, we consider the case
where the agents have full observability of their state, but they must
reason over the uncertainty over the effect of the shared resource
on the transition probabilities. This leads to a problem where the
observation made by one agent may affect the optimal policy for
another agent, because the other agents’ observation may resolve
some of the uncertainty in the transition function. Therefore, we
cannot use decentralised methods such as column generation. In

this paper, we propose an approach to address this problem of a
constrained resource with an uncertain effect on the agent in a
multi-agent system without solving the joint model.

3 PRELIMINARIES
MDPs have been widely used in planning problems to describe
the stochastic behaviour of agents. MDPs allow us to reason over
aleatoric uncertainty, such as the randomness in the success of the
autonomous robot completing a task.

Definition 3.1 (MDP). A Markov Decision Process (MDP) is de-
fined by the tuple𝑀 = ⟨𝑆, 𝑠, 𝐴,𝑇 , 𝑅,𝛾⟩, where:

• 𝑆 is the set of states and 𝑠 is the initial state;
• 𝐴 is the set of actions;
• 𝑇 (𝑠, 𝑎, 𝑠′) = 𝑃 (𝑠′ | 𝑠, 𝑎) is the probabilistic transition func-
tion;

• 𝑅 : 𝑆 ×𝐴 → R is the reward function;
• 𝛾 is the discount factor,

where the goal of the agent is to maximise the cumulative dis-
counted reward.

When a human is operating the robot, the probability of suc-
cessful task completion is dependent on unobservable factors such
as their skill level or fatigue. Uncertain MDPs can be used to de-
scribe worlds where there is uncertainty over the exact transition
probabilities. An uncertain MDP is defined by the tuple M =
⟨𝑆, 𝑠, 𝐴, {𝑇𝜃 }𝜃 ∈Θ, 𝑅,𝛾⟩, where the transition dynamics {𝑇𝜃 }𝜃 ∈Θ are
governed by a set of global latent parameters, 𝜃 , such that
𝑇𝜃 (𝑠, 𝑎, 𝑠′) = 𝑃 (𝑠′ | 𝑠, 𝑎;𝜃 ). The latent parameter 𝜃 ∈ Θ is an 𝑁−
dimensional vector, i.e. Θ = R𝑁 . The agent has a prior distribu-
tion, 𝑃0 (𝜃 ) over the parameter space Θ. As the agent observes the
outcome of actions, the posterior distribution over the parameters
is updated using Bayes’ rule, 𝑃𝑡 (𝜃 ) ∝ 𝑃0 (𝜃 ) · 𝑃 (𝜃 | ℎ𝑡 ), where
ℎ𝑡 = 𝑠0𝑎0𝑠1 · · · 𝑠𝑡 is the history of the agent’s actions and observa-
tions.

A challenge in using uncertain MDPs is how to update the pos-
terior distribution over the latent parameters. In our setting, we
are interested in capturing the change in variance of the posterior
distribution as the outcome of the human operator’s action is ob-
served. To reduce the computational complexity of this, we use a
hidden parameter polynomial MDP (HPP-MDP) [10], a model that
uses polynomials to represent the uncertain transitions, to model
the shared autonomy system. The HPP-MDP allows us to maintain
a closed-form representation of the posterior distribution over the
latent parameters, and thus allows us to efficiently calculate the
variance of the posterior distribution.

Definition 3.2 (HPP-MDP). An HPP-MDP is defined by the tuple
M = ⟨𝑆, 𝑠, 𝐴,Θ, 𝑃0 (𝜃 ),𝑇Θ, 𝑅,𝛾⟩, where:

• 𝑆 and 𝑠 ∈ 𝑆,𝐴, 𝑅 and 𝛾 are as in the MDP definition;
• Θ = [0, 1]𝑁 is the parameter space of a set of 𝑁 latent
parameters. We denote elements of Θ as 𝜃 = (𝜃1, · · · , 𝜃𝑁 );

• 𝑃0 (𝜃 ) is the prior distribution over 𝜃 , where 𝑃0 (𝜃 ) ∈ 𝑃𝑜𝑙 (𝜃 )
i.e. it is a polynomial function of 𝜃 ;

• 𝑇Θ : 𝑆 × 𝐴 × 𝑆 → 𝑃𝑜𝑙 (𝜃 ) is the polynomial set of possible
transition functions.
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To be well formed, the transition functions must be valid for all
𝜃 ∈ Θ, such that∑︁

𝑠′∈𝑆
𝑇𝜃 (𝑠, 𝑎, 𝑠′) = 1,∀𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴, 𝜃 ∈ Θ. (1)

The optimal policy maps the history of the trajectory the action
with the highest Q-value, which is defined as:

𝑄∗ (𝑠, ℎ𝑡 , 𝑎) = 𝑅(𝑠, 𝑎)+

max
𝑎∈𝐴

¤
∫
𝜃 ∈Θ

∑︁
𝑠′∈𝑆

𝑇𝜃 (𝑠, 𝑎, 𝑠′)𝑃𝑡 (𝜃 )𝛾𝑉 ∗ (𝑠′, ℎ𝑡𝑎𝑠′)𝑑𝜃 (2)

where 𝑉 ∗ (𝑠, ℎ𝑡 ) = max𝑎∈𝐴𝑄∗ (𝑠, ℎ𝑡 , 𝑎) is the optimal value func-
tion.

Uncertain MDPs can be solved using a Monte-Carlo search
tree based algorithm, such as the BAMCP algorithm [17]. BAMCP
is a Monte-Carlo tree search algorithm which builds a history-
dependent tree by sampling the prior distribution 𝑃0 (𝜃 ) to generate
a sample MDP. The sample MDP used to simulate a run, and the
trajectory taken is used to update the history-dependent nodes.
BAMCP estimates the Q-value of each node, and the estimates
converge towards the optimal Q-value as the number of samples in-
creases. The optimal policy will give the optimal trade-off between
exploratory actions to reduce the uncertainty over the human op-
erator’s performance, and exploitative actions that minimise the
expected cost of the system.

4 SHARED AUTONOMOUS SYSTEMS WITH
UNCERTAIN HUMAN OPERATORS

We first consider a shared autonomy system with one human op-
erator and one robot, and then extend this to consider multiple
robots and one human operator. In our shared autonomy system,
the controller determines when and which robot the human oper-
ator should asisst, and determines the best action the robots and
human should take.

4.1 Autonomous Robot Model
Autonomous robot 𝑖 ∈ [𝐾] = {1, . . . 𝐾} has an environment de-
scribed by the set of states 𝑆𝑖 , and an initial state of 𝑠𝑖 . The be-
haviour of autonomous robot 𝑖 is known, so we can describe their
behaviour with an MDP, 𝑀𝑖 = ⟨𝑆𝑖 , 𝑠𝑖 , 𝐴𝑖 ,𝑇𝑖 , 𝑅𝑖 , 𝛾⟩. 𝐴𝑖 is the set of
possible actions in the autonomous robot’s domain, such as cardinal
directions. 𝑅𝑖 (𝑠, 𝑎) defines the reward associated with autonomous
robot 𝑖 attempting action 𝑎 in state 𝑠 .

4.2 Single-Robot Shared Autonomy Systems
In a shared autonomy systemwith a single robot and a human opera-
tor, the controller of the systemmust determine whether the human
operator or the autonomy should perform the next action, while rea-
soning over the uncertainty of the human operator’s performance.
The autonomous robot 𝑖 is described by𝑀𝑖 = ⟨𝑆𝑖 , 𝑠𝑖 , 𝐴𝑖 ,𝑇𝑖 , 𝑅𝑖 , 𝛾⟩.

When the robot is operated by a human, we describe their perfor-
mance with an HPP-MDP, M𝑖,ℎ = ⟨𝑆𝑖 , 𝑠𝑖 , 𝐴𝑖,ℎ, 𝑃0 (𝜃 ),𝑇𝑖,Θ, 𝑅𝑖,ℎ, 𝛾⟩.
𝐴𝑖,ℎ is the set of actions the human can take, and 𝑃0 (𝜃 ) is the
controller’s prior distribution over the human operator’s latent
parameters. The transition probability function 𝑇𝑖,𝜃 (𝑠, 𝑎, 𝑠′) is a

polynomial function of 𝜃 ∈ Θ, where Θ describes the space of all
possible human performance. 𝑅𝑖,ℎ (𝑠, 𝑎) is the reward function for
the controller when a human attempts an action.

The aim of the controller of the system is to determine whether
the human or the autonomy should operate the robot and the action
they should take to maximise the expected cumulative reward of
the system. As the controller does not know the true value of 𝜃 ,
the controller must balance learning about the human operator’s
performance by requesting the human to attempt actions that will
inform the posterior distribution 𝑃𝑡 (𝜃 ), and using the current poste-
rior distribution to choose actions that will maximise the expected
reward of the next action. We use a HPP-MDP to model the shared
autonomy system.

Definition 4.1 (Single-Robot Shared Autonomy System). The single-
robot shared autonomy system for robot 𝑖 is described by the tuple
M𝑖
𝑆𝐴 = ⟨𝑆𝑖 , 𝑠𝑖 , 𝐴𝑖𝑆𝐴, 𝑃0 (𝜃 ),𝑇 𝑖𝑆𝐴, 𝑅𝑖𝑆𝐴, 𝛾⟩, where:
• The set of actions 𝐴𝑆𝐴 is the union of the set of actions by
the robot and the human operator, 𝐴𝑖𝑆𝐴 = 𝐴𝑖 ∪𝐴𝑖,ℎ ;

• The transitions 𝑇 𝑖𝑆𝐴 are defined by the following:

𝑇 𝑖𝑆𝐴 (𝑠, 𝑎, 𝑠′) =
{
𝑇𝑖,𝜃 (𝑠, 𝑎, 𝑠′) if 𝑎 ∈ 𝐴𝑖,ℎ
𝑇𝑖 (𝑠, 𝑎, 𝑠′) if 𝑎 ∈ 𝐴𝑖

(3)

where the transition probabilities for the actions taken by
the robot is fixed, while the transition probabilities for the
actions taken by the human operator are governed by the
history of the trajectory.

• The reward function𝑅𝑖𝑆𝐴 is the union of the reward functions
for the autonomous robot and the human operator, such that

𝑅𝑖𝑆𝐴 (𝑠, 𝑎) =
{
𝑅𝑖,ℎ (𝑠, 𝑎) if 𝑎 ∈ 𝐴𝑖,ℎ
𝑅𝑖 (𝑠, 𝑎) if 𝑎 ∈ 𝐴𝑖 .

(4)

4.3 Multi-Robot Shared Autonomy Systems
We consider the problem where there are 𝐾 robots and one human
operator, where there is uncertainty over how the human operator
may perform. The controller must determinewhen to deploy human
assistance and which robot to deploy the human to. Each robot has
a separate set of tasks, so the set of robots operated by autonomy
can be described as ⟨𝑀1, 𝑀2, . . . , 𝑀𝐾 ⟩. Similarly, each robot can be
operated by the human operator, so the set of robots operated by
the human operator can be described as ⟨M1,ℎ,M2,ℎ, . . . ,M𝐾,ℎ⟩.
We model 𝐾 robot shared autonomy system with a HPP-MDP.

Definition 4.2 (Multi-Robot Shared Autonomy System). A shared
autonomy system with 𝐾 robots is described by the tuple M𝑆𝐴 =
⟨𝑺𝑆𝐴, 𝒔𝑆𝐴𝑨𝑆𝐴, 𝑃0 (𝜃 ),𝑇𝑆𝐴, 𝑅𝑆𝐴, 𝛾⟩, where:

• 𝑺𝑆𝐴 =
>𝐾
𝑖=1 𝑆𝑖 is the state space;

• 𝒔𝑆𝐴 = (𝑠1, 𝑠2 . . . 𝑠𝐾 ) is the initial state;
• The set of actions A𝑆𝐴 is defined as the subset of (𝐴1,ℎ ∪
𝐴1) × · · · × (𝐴𝐾,ℎ ∪ 𝐴𝐾 ) for which there is at most one
element corresponding to a human actions. More precisely,
(𝑎1, · · · , 𝑎𝐾 ) ∈ A𝑆𝐴 if and only if there is at most one 𝑗 for
which 𝑎 𝑗 ∈ 𝐴𝑖,ℎ and for all other 𝑘 ≠ 𝑗 , 𝑎𝑘 ∈ 𝐴𝑘 . Thus, there
is at most one action done by the human operator in the
joint action.
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• For 𝒂 = (𝑎1, · · ·𝑎𝐾 ) ∈ A𝑆𝐴 , define 𝒂 |ℎ as the index of the hu-
man operator action in 𝒂, or ⊥ if there is no human operator
action in 𝒂. The joint transition function 𝑇𝑆𝐴 is defined as:

𝑇𝑆𝐴 (𝒔, 𝒂, 𝒔′) =



∏
𝑖∈[𝐾 ]

𝑇𝑖 (𝑠𝑖 , 𝑎𝑖 , 𝑠𝑖 ′) if 𝒂 |ℎ = ⊥

𝑇𝑗,𝜃 (𝑠 𝑗 , 𝑎 𝑗 , 𝑠 𝑗 ′)
∏

𝑖∈[𝐾 ]− 𝑗

𝑇𝑖 (𝑠𝑖 , 𝑎𝑖 , 𝑠𝑖 ′) if 𝒂 |ℎ = 𝑗

(5)
where [𝐾]− 𝑗 = {1, . . . , 𝑗 − 1, 𝑗 + 1, . . . , 𝐾}.

• The joint reward function 𝑅𝑆𝐴 (𝒔, 𝒂) is the sum of the reward
functions for each robot, 𝑅𝑆𝐴 (𝒔, 𝒂) =

∑𝐾
𝑖=1 𝑅𝑖 (𝑠𝑖 , 𝑎𝑖 ).

Solving the M𝑆𝐴 will give the optimal policy that balances the
robots’ need for assistance and the need to learn about the human
operator’s performance.

5 BIDDING SYSTEM FOR SHARED
UNCERTAIN OPERATOR

The shared autonomy system model with multiple robots, M𝑆𝐴

has a state space S𝑆𝐴 that expands exponentially with the num-
ber of robots, 𝐾 . Therefore, trying to solve this model directly is
intractable. We instead propose a bidding system where each robot
bids for the human operator’s assistance. The bid describes how
much the robot will benefit from the human operator helping them,
given the robot’s current state. We define this as the difference in
the expected reward when the human operates the robot, and when
the autonomy operates the robot. The bid for the 𝑖th robot in local
state 𝑠 with a history ℎ𝑡 is:

Bid𝑖 (𝑠) = max
𝑎ℎ∈𝐴𝑖,ℎ

𝑄M𝑖,ℎ
(𝑠, ℎ𝑡 , 𝑎ℎ) − max

𝑎𝑖 ∈𝐴𝑖

𝑄M𝑖,ℎ
(𝑠, ℎ𝑡 , 𝑎𝑖 ), (6)

where 𝑄M𝑖,ℎ
(𝑠, ℎ, 𝑎) is the Q-value defined in Equation 2 for the

HPP-MDPM𝑖,ℎ . We will first outline the bidding system, then how
the bids are generated.

5.1 Bidding System
In our bidding system, there is a centralised controller, and𝐾 robots,
where for robot 𝑖 ,𝑀𝑖 andM𝑖,ℎ respectively models the robot being
operated by auto and the human. The robots maintain a shared
prior distribution 𝑃0 (𝜃 ) over the human operator’s latent parameter
𝜃 . Each robot generates a bid for human help, and the controller
instructs the human to assist the robot with the highest positive
bid. The human will act according to argmax𝑎ℎ∈𝐴𝑖,ℎ

𝑄 (𝑠, ℎ𝑡 , 𝑎ℎ),
and the other robots will act according to argmax𝑎𝑖 ∈𝐴𝑖

𝑄 (𝑠, ℎ𝑡 , 𝑎𝑖 ).
The robot receiving human help will observe the outcome of the
human’s action, and updates the posterior distribution 𝑃𝑡 (𝜃 ) with
the information gained during the interaction. This posterior distri-
bution is shared with the other robots. This is because the system
is cooperative, and the robots choose to share the observations of
the human operator with the other robots to prevent asymmetry
in the information available to each robots. Such asymmetry in
information may result in sub-optimal bids from robots that do not
have all the information available to them. This process is repeated
until all robots have finished their tasks. A diagram of the bidding
process is shown in Figure 1.

Figure 1: Diagram of the bidding process.

5.2 Bid Generation
For a given posterior distribution 𝑃𝑡 (𝜃 ) over the latent variables,
and a human operator described byMℎ , the robot𝑀𝑖 can formulate
a shared autonomy system M𝑖

𝑆𝐴. The robot assumes that they
have access to human help at any time, and only they are able
to observe the human and update the posterior distribution. This
shared autonomy system can be solved using the BAMCP algorithm
to get the history-dependent Q-values. These Q-values would only
consider the expected rewards collected by the robot, and not the
expected rewards collected by the other robots. We can use these
Q-values to generate a bid for the human operator using Equation 6.
However, this does not consider 1) how the observations made by
the robot can help increase the rewards collected by other robots,
and 2) how the posterior distribution may change during a run
due to observations made by others. We address these problems by
making the following modifications to the BAMCP algorithm.

5.2.1 Planning Horizon. In a typical BAMCP algorithm, a search
tree is built by sampling the prior distribution to generate a sample
MDP. The sample MDP is then simulated until reaching a goal state,
and the trajectory taken is used to update the history-dependent
nodes. This is defined as a single trial. As the number of samples
increases, the distribution of the sample MDPs reaching nodes
will converge to the posterior distribution over the latent variables
given the node’s history. However, information gained by other
robots during a run can change the posterior distribution, making
simulating until the end of a run unrealistic, as it cannot account
for external changes in the distribution.

We therefore use a short planning horizon, as the runs with
longer planning horizons do not accurately reflect the posterior
distribution. This allows for a shorter run time. At the end of the
planning horizon, we use an heuristic value function 𝑉𝑖 (𝑠) to esti-
mate the expected reward collected from the state. The heuristic
value function 𝑉𝑖 (𝑠), where the robot assumes no help from the
human operator, is found by using value iteration [24] to solve
𝑀𝑖 . This expected reward is then back-propagated through the
nodes. This allows us to simulate the run with a short planning
horizon to consider the benefits of asking for human help, while
still considering the long-term aim of reaching a goal state.
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5.2.2 Variance-Based Reward Bonus. When an robot has a short
planning horizon, the Q-value of an action does not reflect the true
value of an informative action, as the exploitation that can occur in
later transitions is not considered. An informative action is a human
action that may not directly result in rewards, but will inform the
posterior distribution over the latent variables. Furthermore, in a
multi-robot system, there may be actions that can benefit other
robots, but not the robot that is taking the informative action. The
robot only considers their own state-action space to compute the Q-
values of these actions, and thuswill not consider the expected value
of the action for other robots. This leads to the robot undervaluing
informative actions. To address this problem, we explicitly reward
actions that reduce the variance of the belief distribution over the
human operator’s behaviour by altering the reward function of the
BAMCP algorithm. The new history-dependent reward function
for robot 𝑖 is defined as:
𝑅𝑖new (𝑠, ℎ, 𝑎) = (1 − 𝛼) · 𝑅𝑖𝑆𝐴 (𝑠, 𝑎)

+ 𝛼 ·
(
var(𝜃 | ℎ) −

∫
𝜃 ∈Θ

∑︁
𝑠′∈𝑆

𝑇 𝑖𝑆𝐴 (𝑠, 𝑎, 𝑠′)𝑃𝑡 (𝜃 )var(𝜃 | ℎ, 𝑎, 𝑠′)𝑑𝜃
)
,

(7)
where 𝛼 is the tuning parameter determining the weight of the
variance term.

Calculating the variance using sample-based methods can be
computationally expensive. The HPP-MDP reduces the compu-
tational complexity, as the posterior distribution over the latent
variables is a polynomial function of 𝜃 . We can express the posterior
distribution at a node with history ℎ as:

𝑃 (𝜃 | ℎ) =
𝐽∑︁
𝑗=1

𝛽 𝑗

𝑁∏
𝑖=1

𝜃
𝑎 𝑗𝑖
𝑖 , (8)

where 𝛽 𝑗 is the coefficient of the 𝑗th term of the polynomial func-
tion, and 𝑎 𝑗𝑖 is order of 𝜃𝑖 in the 𝑗th term of the polynomial func-
tion [10]. This can be used to calculate the variance of the posterior
distribution at a node with history ℎ as:

var(𝜃 | ℎ) =
𝑁∑︁
𝑘=1

[∫
𝜃 ∈Θ

𝑃 (𝜃 | ℎ) · 𝜃2𝑘𝑑𝜃 −
(∫
𝜃 ∈Θ

𝑃 (𝜃 | ℎ) · 𝜃𝑘𝑑𝜃
)2]

=
𝑁∑︁
𝑘=1

{
𝐽∑︁
𝑗=1

𝛽 𝑗

(∏
𝑖≠𝑘

1
𝑎
𝑗
𝑖 + 1

)
· 1
𝑎
𝑗
𝑘
+ 3

−

𝐽∑︁
𝑗=1

𝛽 𝑗

(∏
𝑖≠𝑘

1
𝑎
𝑗
𝑖 + 1

)
· 1
𝑎
𝑗
𝑘
+ 2


2 }
.

(9)
The closed-form expression for the variance allows us to efficiently
calculate the variance of the posterior distribution at each node in
the search tree. We use this to calculate the new reward function
in Equation 7 when running the BAMCP algorithm.

6 EXPERIMENTS
We compare the performance of our bidding system to the joint
HPP-MDP approach and a baseline where the system assumes to
know the human’s behaviour, proposed by Dahiya et al. [12]. The

Figure 2: The 𝑗th task for robot 𝑖 in the sequential task do-
main. The probability of robot 𝑖 entering the success state
is known to be 𝑇𝑖 (𝑛 𝑗 , 𝑎𝑖 , 𝑠 𝑗 ). The probability of the human
entering the success state is 𝑇𝑖,𝜃 (𝑛 𝑗 , 𝑎𝑖,ℎ, 𝑠 𝑗 ), a function of 𝜃 .

methods are compared on two domains, a sequential task and a
robot navigation task. We show empirically that our bidding system
can produce a similar performance to the joint HPP-MDP approach
under fixed time constraints. We outperform the approach proposed
by Dahiya et al. [12] when there is uncertainty over the human’s
performance.

6.1 Sequential Tasks
We use this domain to directly compare joint HPP-MDP approach
to our bidding system, and analyse the impact of 𝛼 on the total
rewards collected. We use a small domain with two robots, as the
joint HPP-MDP approach cannot scale to larger domains.

6.1.1 Domain. We consider a domain with two robots, where they
each have 10 tasks to complete. The tasks must be completed in a
sequential order, and the task will either result in success or failure.
This will either yield a positive or negative reward. The robot can
attempt the task, or they can request help from the human operator.
The probability of success for the robot for any given task is known,
while the human operator’s probability of success is expressed as a
polynomial function over a latent parameter, 𝜃 . For example, the
probability of success for task 𝑗 for the human operator could be
expressed as 𝑇𝜃 (𝑛 𝑗 , 𝑎ℎ, 𝑠 𝑗 ) = 0.4 + 0.3 · 𝜃 , where 𝜃 is unknown to
the robot. An example of a task is shown in Figure 2. We configure
the tasks such that 80% of robot 1’s tasks have low reward and
high uncertainty over the human’s success rate ( 𝑇𝜃 (𝑛 𝑗 , 𝑎ℎ, 𝑠 𝑗 ) =
0.1 + 0.9 · 𝜃 ), while 20% of robot 2’s tasks have high reward and
high uncertainty over the human’s success rate (𝑇𝜃 (𝑛 𝑗 , 𝑎ℎ, 𝑠 𝑗 ) =
0.05+0.8 ·𝜃 ). This configuration is designed to demonstrate how the
information gained about the human by one robot can be beneficial
to others, so acting independently does not result in overall higher
rewards. The decay rate 𝛾 is 1.0, and at the end of the 10 tasks, the
robot will enter a zero-reward absorbing state.

6.1.2 Algorithms. We apply the following methods on the sequen-
tial task domain: Our bidding system with a planning horizon of
2 steps, and 𝛼 ∈ [0, 1]. The joint HPP-MDP model is solved with
a BAMCP-based solver.

6.1.3 Results. The joint HPP-MDP solver took on average 10.5
minutes to run 150, 000 trials per decision step. Our bidding system
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Figure 3: Results for bidding system and joint HPP-MDP
solver on the sequential tasks domain with 𝑘 = 2 robots and
𝑁 = 10 tasks.

was run for 2 minutes per decision step. The results are shown in
Figure 3. Our bidding system performs at an equivalent level to the
joint HPP-MDP approach when 𝛼 is between 0.4 and 0.6. As shown
in Figure 3, the bidding system is sensitive to extreme values of 𝛼 ,
where low values of 𝛼 result in a lack of informative actions, while
high values of 𝛼 result in a lack of exploitative actions. As the num-
ber of tasks increases, the time taken to solve the joint HPP-MDP
model increases, while the time taken to solve our bidding system
remains constant. For example, we found that a three robot domain
with 10 tasks took approximately 193 minutes to run 150, 000 steps,
making it impractical to use the joint HPP-MDP model to allocate
the human operator. Therefore, in problems where there are longer
horizons or a higher number of robots, the joint HPP-MDP model
may not be able to solve the problem in a reasonable amount of time,
while our bidding system can still produce a competitive solution.

6.2 Robot Navigation
Dahiya et al. [12] proposes a framework for multi-robot shared
autonomy, where the human operator can help the robot navigate
to a goal. They used MDPs to model the robot and the human’s
behaviour, and each operator is modelled with a known probability
of failure for each segment of the path to the goal. However, it
is difficult to know how well the human can teleoperate the ro-
bot in a given environment. Therefore, a model with uncertainty
over the human’s performance may be able to better capture the
true environment. We compare the performance of our bidding
system approach to the approach proposed by Dahiya et al. [12] on
a domain where the human’s failure probabilities are unknown.

6.2.1 Domain. Fixed Path Domain Four robots are navigating in
a city block-like randomly generated environment. The start and
end location is also randomly generated, and the route planner finds
a path. The path is split into 8 segments, where each segment is
described as a single transition that can be done either by the robot
or the human operator. In each segment, the autonomous robot
can attempt the transition and may end in a fail state, where they
cannot progress. Once in a fail state, a human must intervene to
leave the fail state. There are two types of transitions possible, type-
I and type-II transitions. In a type-I transition, the human operator

(a) Type I and II transitions for human operators. 𝑃𝑛𝐻 is the probabil-
ity of reaching the next state when the human controls the robot,
and𝑄𝑛

𝐻 is the probability the human can recover the robot from a
fail state in type II transition.

(b) Example Domain with two robots. The regions with type I transi-
tions are coloured in blue, type II transitions are coloured in red.

Figure 4: Robot Navigation Domain

can go from a fail state to the end of the segment, while in a type-
II transition, the human operator must return to the start of the
segment before the autonomous robot can attempt the transition
again. This is shown in Figure 4a. An example of the domain is
shown in Figure 4b, where the type-I and II transition regions are
shown in the blue and red areas. The decay rate for this domain
was set to 𝛾 = 1.0, and the goal state was defined by a zero-reward
absorbing state.

Generalized Domain Dahiya et al. [12]’s domain assumed the
path was known to the robot, and the route was split into 8 seg-
ments independent of the start and end location. We generalize
this domain to a five-by-five grid, where 𝑘 robots can move in the
cardinal directions. The transition from adjacent states has an equal
probability of being a type I or type II transition. The start and end
location in the grid is randomly generated.

In both the fixed path and general domains, the human success
probabilities are randomly generated by sampling from a continu-
ous range of possible values. The algorithms cannot directly observe
the human’s success probabilities, but they are given a continu-
ous range of possible values. We fix the reward of attempting the
transition at −2, the reward of entering the fail state is −4, and the
reward of the human helping the robot is −0.75.
6.2.2 Algorithm. Fixed Path Domain Dahiya et al. [12] proposes
a decentralised method for human help allocation in a multi-robot
shared autonomy system, where the robot with the highest need for
human assistance is given human help. The robot determines the
need for human assistance based on their MDP. The MDP outlines a
direct path of eight transitions from the start to the end location and
gives the probabilities of success for each transition for the human
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Figure 5: The difference in average reward per agent between
our bidding system and the baseline, Dahiya et al. [12].

and autonomous operator. This is used to compute the Whitter
Index [1] for each state. The index represents the additional human
cost required to add into the reward function such that the expected
total reward of the robot attempting the task is higher than when
the human attempts the task. This involves an implicit assumption
that the human will always outperform the robot, and the method
assumes that the performance of the human is known. The robot
with the highest Whitter index is given human help.

Generalized Domain In Dahiya et al. [12], the MDP is gener-
ated by placing seven waypoints between the start and end location,
and the path planning between the two points is considered to be
a separate problem. In this general domain, the path between the
start and end location is found by solving the MDP where we only
consider autonomous actions. This path is then used to generate a
sequence of transitions from the start to the end location. Unlike
the fixed path domain, the number of transitions is not fixed at
eight.

Bidding System In both the fixed path and generalized domain,
we apply our bidding system with a planning horizon that termi-
nates once the robot reaches the next waypoint, and 𝛼 = 0.99. We
set 𝛼 high to balance the relative magnitudes of the first and second
term in Equation 7. Every robot was given two minutes to compute
their bid. As the algorithm was implemented in python, these com-
putation times could be substantially improved. The two minutes
bid computation time was fixed to ensure convergence of the policy.
As shown in Fig. 5, the bidding system outperforms the baseline
even at low computation times. In comparison, Dahiya et al. [12]
took 15.2 ± 4.8 seconds to compute their static policy.

6.2.3 Results. Fixed Path Domain In the fixed path domain,
under Dahiya et al. [12] the robots had an average reward of
−200.44 ± 2.27, while our bidding system had an average reward
of −132.07 ± 1.29. In a deadlock situation, where multiple robots
submit the same bid, the robot with the lowest index is given human
help, and this can be seen in Figure 6.

Generalized Path Domain We varied the number of robots
in the domain from 2 to 8 and compared the average reward per
robot for our bidding system and the method proposed by Dahiya
et al. [12]. As shown in Figure 7, our bidding system outperforms
the method proposed by Dahiya et al. [12] in all cases. The average
reward per robot decreased as the number of robots increased for

Figure 6: The average reward of the robots in the fixed path
domain, using our bidding system and the method proposed
by Dahiya et al. [12].

Figure 7: Average reward per robot in the general domain,
where the number of robots is varied.

both approaches. This is because the human is being shared among
more robots, and thus the human is less likely to be able to help an
robot.

7 CONCLUSION
We have presented a efficient approach to allocating human as-
sistance in a multi-robot shared autonomy system when there is
uncertainty over the human operator’s performance. Our online
bidding system explicitly considered reducing the variance over the
latent parameters governing the human operator. We demonstrated
the computational infeasiblity of using a joint model for shared
autonomy systems with large number of robots, and compared our
approach to one where the uncertainty over the human’s perfor-
mance was not considered. In future work, we will consider systems
with multiple human operators, and where the human operator’s
performance can change during execution.
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7.1 Limitations

The multi-agent system presented in this paper has several limitations that result in sub-

optimal behaviours. The first limitation is that the robots’ planning horizon is one task.

This approach comes from the possibility that the robot may receive new observations of

the human’s behaviour from the other robots, which can subsequently alter the Q-values

of the state-action pairs. As a result, planning for long horizons is impractical as the

robot cannot anticipate all possible observations that might be made by other agents.

This limitation can lead to the robot acting greedily, as the robot does not explicitly

consider how it’s actions may affect future states.

Another significant limitation of this work is the necessity of tuning the hyper-

parameter α in the reward function. As shown in Figure 3 in the paper, the system’s

performance is highly sensitive to the value of α. Therefore, the user must tune this hyper-

parameter prior to execution, otherwise the system may exhibit sub-optimal choices. We

found that the algorithm acts closest to optimal when α is set so that the relative magni-

tudes of the rewards from the environment and the reward from the variance are similar

in magnitude. This can be used as a heuristic for selecting an appropriate value for α.

The final limitation of this framework came from the use of the HPP-MDP model to

represent the human operator. As highlighted in Chapter 5, the HPP-MDP requires the

latent parameters to be static during execution. This can be an unrealistic assumption for

human operators, where their behaviours may alter due to hidden factors, such as fatigue.

However, the HPP-MDP formulation allows us to maintain a closed-form distribution over

the human’s internal state, and thus efficiently allocate human help to the best robot for

any given scenario.
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Chapter 8

Conclusion

In this thesis, we addressed the challenges of modelling human behaviour in sequential

decision-making problems for shared autonomy system. We focused on modelling three

features of human behaviour: the uncertainty of human behaviour, the continuous nature

of the space of possible behaviour, and the variation in human performance over the

course of a mission. We explored a range of MDP frameworks to capture these features,

and their performance was compared against frameworks presented in the literature.

We began by exploring how assumptions over the evolution of human behaviour im-

pacts the performance of the shared autonomy system. In Chapter 4, we compared the

framework proposed by Feng et al. (2016), which assumes full observability of the human’s

internal state, with our proposed MOMDP framework, which explicitly considers the hid-

den nature of the human’s internal state. Our experiments found that the MOMDP

framework outperformed the baseline under conditions where the stochastic transition

dynamics of the human’s internal state are known. This improvement came from the

MOMDP’s ability to track their true internal state based on the observations, while the

baseline assumed the knowledge of the current internal state, independent on the observa-

tions they were making. However, even when our MOMDP framework was implemented

with incorrect model assumptions, it still outperformed the baseline that used correct
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model assumptions. This outcome highlights the significance of explicitly modelling the

hidden nature of the human’s internal state in shared autonomy systems.

In Chapter 5 and Chapter 7, we explored how to represent the continuous nature of

the space of possible human behaviour in shared autonomy systems. Typically, a BAMDP

would be used to represent a continuous and hidden parameter in a MDP, and the belief

would be maintained using a particle filter. The HPP-MDP presented in Chapter 5 was

able to represent the continuous and hidden nature of a human’s internal state, while also

maintaining a closed-form distribution over the latent parameter space. This would prove

to be advantageous in the multi-agent setting presented in Chapter 7, where the robot

must evaluate the benefits of learning about the human to help other agents. The closed-

form distribution allowed the robot to efficiently compute the variance in belief over the

latent parameters, and use this variance as an indicator of how much the robot should

prioritise learning. However, the HPP-MDP framework’s assumption of a human’s static

internal state may not be practical in the real world, when considering features such as

fatigue.

To represent the dynamic, continuous and hidden nature of human behaviour, we pro-

posed a cont-MOMDP framework in Chapter 6. This framework allowed us to represent

the richest model describing human behaviour, but we were unable to maintain a closed-

form distribution over the latent parameter space. As shown in Chapter 5, closed-form

distributions result in faster belief updates than particle-based belief representations, and

thus more efficient computation of policies. This represents a clear trade-off between the

complexity of the model and the efficiency of the computation.

Ultimately, the most effective and suitable framework presented in this thesis depends

heavily on the specific context of the shared autonomy system, and what our objective

is. For example, a simple MOMDP framework is ideal for assessing whether autonomy

outperforms human performance in tasks like computer games. In contrast, the HPP-

MDP framework is best suited for multi-robot shared autonomy system (such as in a
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warehouse), where the robot must share information about the human helper’s skills in

various tasks to optimize task allocations. Finally, in scenarios where a shared autonomy

system is monitoring a human driver, ready to take over control if the human shows

signs of fatigue, the cont-MOMDP is best suited. It enables the agent to reason over the

evolution of the driver’s fatigue if they continue to drive, and decide whether to alter the

route to take control to minimise risks. Shared autonomy systems become increasingly

integrated into our daily lives, choosing the appropriate frameworks for each scenario is

crucial to ensuring optimal performance of the system.

8.1 Future Work

Application on Real-World Domains

Chapter 5, while we conducted experiments on a real computer game, these experi-

ments used pre-programmed software to play the game, and represent the human. The

next step to further our experimental contributions would be to implementing our frame-

work onto a shared autonomy system with actual human participants. We have begun

developing an experimental domain using the CARLA driving simulator to collect data

from human drivers. In this set up, the mission involves navigating a car from A to

B, and the agent must decide the driver (human or autonomous) and the route the car

takes (there exists multiple routes from the same start and finish). The goal is to demon-

strate a shared autonomy system in which the agent evaluates the capabilities of the

human driver, and adapts the route or operator of the car to minimise the travel time,

while minimising the risk of accidents.

Complex Human Models

In Chapter 6 and Chapter 7, we modelled human performance as a linear combination

of MDPs.

This is based on the assumption that if a “normal” human has a success probability
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of a task pnorm, and a “tired” human has a success probability of ptired, a human who

is half-tired would have a success probability of (pnorm + ptired)/2. However, this model

may not hold true for certain tasks; for example, a human driving down a straight road

will not exhibit signs of fatigue until they are very close to a fully“tired” state. A future

research topic is developing a human model where different tasks have unique rates of

fatigue, and these rates are learnt during execution. This approach will enable the agent

to learn which tasks the human can reliably complete, even after many tasks.

Blended Autonomy

This thesis primarily focused on modelling the human in a shared autonomy system,

with a switching system to transfer control from one operator to another. Blended au-

tonomy, where the input from multiple operators are combined to control a robot, is an

interesting extension to our shared autonomy system. This approach is often used to

maintain safety of the robot, in scenarios where the human operator may be unaware of

environmental risks. The models developed in this thesis allow the agent to evaluate the

confidence they have over the human’s capabilities. We can incorporate blended auton-

omy into our shared autonomy system, where the agent adjusts the weighting of each

operator’s input based on it’s belief over the human’s capabilities. As the agent gains

more information about the human, the human’s input can be more heavily weighed in

tasks with high confidence, while the autonomous controller can be given more control in

tasks where the human is known to be less successful.

Long-term missions

The research presented in this thesis focused on one-shot missions, where the hidden

parameters or states are reset every mission. However, in real-world applications, many

of the shared autonomy systems will often interact the same person repeatedly, such as a

semi-autonomous car driver, or a warehouse worker. In such scenarios, it is important to

retain certain information across missions, such as the individual’s performance in various

tasks, or their rate of fatigue. However, other information, such as their current level of
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tiredness, may only be relevant for the particular mission and can be discarded upon

completion. Future work could explore models that incorporate both hidden states and

parameters, allowing the system to retain and adapt relevant information over multiple

missions while discarding information unique to the mission. This approach would result

in a system that continuously improves and adapts to the human as the human continues

to interact with the system.
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