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Abstract

In this article, a priori error analysis is discussed for an hp-local discontinuous Galerkin
(LDG) approximation to a parabolic integro-differential equation. It is shown that the
L2-norm of the gradient and the L2-norm of the potential are optimal in the discretizing
parameter h and suboptimal in the degree of polynomial p. Due to the presence of the
integral term, an introduction of an expanded mixed type Ritz-Volterra projection helps to
achieve optimal estimates. Further, it is observed that a negative norm estimate of the
gradient plays a crucial role in our convergence analysis. As in the elliptic case, similar
results on order of convergence are established for the semidiscrete method after suitably
modifying the numerical fluxes. The optimality of these theoretical results is tested in a
series of numerical experiments on two dimensional domains.

Key words. Parabolic integro-differential equation, local discontinuous Galerkin method,
semidiscrete optimal error estimate.

1 Introduction

In this article, we discuss locally discontinuous Galerkin (LDG) method for the following
parabolic integro-differential equation:

ut −∇.(a(x)∇u +

∫ t

0
b(x, t, s)∇u(s) ds) = f(x, t) in Ω × (0 T ], (1.1)

u(x, t) = 0 on ∂Ω × (0 T ], (1.2)

u|t=0 = u0 in Ω, (1.3)

where ut = ∂u
∂t . We assume that Ω is a bounded domain in IR2 with smooth boundary ∂Ω,

a(x) and b(x, t, s) are smooth bounded functions in Ω, and there exist positive constants α0, M
such that 0 < α0 ≤ a ≤ M , |b(x, t, s)| ≤ M . Parabolic integro-differential equations (PIDE)
of the above type arise naturally in many applications, such as, heat conduction in materials
with memory, nonlocal reactive flows in porous media and Non-Fickian flow of fluid in porous
media, see [2], [6], [10]-[14] and [18].

In the past, the semidiscrete Galerkin approximation to parabolic integro-differential equa-
tions with smooth and nonsmooth initial data was studied and discussed by Thomée and Zhang
[18], Cannon and Lin [2], Lin et. al. [10], Pani and Peterson [12] and Pani and Sinha [13]. In
literature, Pani and Fairweather [11], Ewing et. al. [6, 7] and references therein have proposed
and analyzed mixed finite element methods for the problem (1.1)-(1.3).
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In recent years, there has been a renewed interest in Discontinuous Galerkin (DG) methods
for numerical approximations of partial differential equations. This is due to their flexibility in
local mesh adaptivity and in handling nonuniform degrees of approximation for solutions whose
smoothness exhibit variation over the computational domain. DG methods have an advantage
that they are element-wise conservative and easy to implement compared to other numerical
methods such as finite element methods, mixed finite element methods and finite volume
element methods. One such method in the family of DG methods is locally discontinuous
Galerkin (LDG) method which allows arbitrary meshes with hanging nodes, elements of various
shapes and piecewise polynomials of different degrees. It is originally initiated for a system
of first order hyperbolic problems [5], but Cockburn and Shu [5] have introduced the LDG
method as an extension to general convection-diffusion problems. Subsequently, Castillo et.
al. in [4] have discussed hp-version of the LDG method for a convection-diffusion problem. The
application of LDG method to elliptic problems is carried by Cockburn et. al. [3], Perugia
and Schötzau [15] and Gudi et. al. [8]. In [3], the authors have discussed stability and
order of convergence of the LDG method applied to the Poisson equation while Perugia and
Schötzau in [15] have analyzed hp-estimates for linear elliptic problem, and Gudi et. al. in [8]
have established hp-estimates for nonlinear elliptic problems. Shu and his collaborators have
extensively analyzed the LDG method for higher order partial differential equations. For more
detail, see [5, 9, 19, 20] and references therein.

In this paper, an hp-LDG method is applied to the problem (1.1)-(1.3) and a priori error
analysis is discussed. It is proved that if polynomials of degree at least p are used in all the
elements, the rate of convergence of the LDG method in the L2-norm of u and its velocity
q = ∇u are of order p+1/2 and p, respectively, when the stabilization parameter C11 is taken
to be of order one. When the stabilization parameter C11 is taken to be of order h−1, the order
of convergence of u is shown to be p+1, as expected. Due to the presence of the integral term,
an introduction of expanded mixed type Ritz-Volterra projection helps to achieve optimal
estimates. Moreover, it is observed that a negative norm estimate of the gradient plays a
crucial role in our error analysis. Our numerical experiments for the LDG method have all
been performed with different degree of polynomials and yield optimal order of convergence of
p+1 and p for u and q = ∇u, respectively. Throughout this paper, C denotes a generic positive
constant which does not depend on the discretizing parameter h and degree of polynomial p.

The rest of the article is organized as follows. In section 2, preliminaries and basic results
are noted. Section 3 is devoted to the LDG method. In section 4, we have discussed the esti-
mates for intermediate Ritz-Volterra projection. Section 5 deals with a priori error estimates.
In section 6, numerical experiments are conducted to illustrate the theoretical results. We
conclude section 7 with some remarks.

2 Preliminaries
Let Th = {Ki : 1 ≤ i ≤ Nh} be a shape regular finite element subdivision of Ω, where Ki is
either a triangle or rectangle. Let hi be the diameter of Ki and h = max{hi : 1 ≤ i ≤ Nh}. We
denote the set of interior edges of Th by ΓI = {eij : eij = ∂Ki ∩ ∂Kj , |eij | > 0} and boundary
edges by Γ∂ = {ei∂ : ei∂ = ∂Ki ∩ ∂Ω, |ei∂ | > 0}, where |ek| denotes the one dimensional
Euclidean measure. Let Γ = ΓI ∪ Γ∂ . Note that our definition of ek also includes hanging
nodes along each side of the finite elements. On this subdivision Th, we define the following
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broken Sobolev Spaces

V = {v ∈ L2(Ω) : v|Ki
∈ H1(Ki), ∀ Ki ∈ Th},

and
W = {w ∈ L2(Ω) : w|Ki

∈ H1(Ki), ∀ Ki ∈ Th},

where H1(Ki) is the standard Sobolev space of order one defined on Ki, L2(Ω) = (L2(Ω))2 and
H1(Ω) = (H1(Ω))2. The associated broken norm and seminorm on V are defined, respectively,
as

‖v‖H1(Ω,Th) =

(

Nh
∑

i=1

‖v‖2
H1(Ki)

)

1

2

and |v|H1(Ω,Th) =

(

Nh
∑

i=1

|v|2H1(Ki)

)

1

2

.

We denote the L2 inner product by (·, ·) and norm by ‖ · ‖.
Let ek ∈ ΓI , that is ek = ∂Ki ∪ ∂Kj for some i and j. Let νi and νj be the outward normals
to the boundary ∂Ki and ∂Kj , respectively. On ek, we now define the jump and average of
v ∈ V as

[[v]] = v|Ki
νi + v|Kj

νj , {{v}} =
v|Ki

+ v|Kj

2
,

respectively, and for w ∈ W, the jump and average define as

[[w]] = w|Ki
· νi + w|Kj

· νj , {{w}} =
w|Ki

+ w|Kj

2
.

In case, ek ∈ ∂Ω, that is, there exists Ki such that ek = ∂Ki ∩ ∂Ω, then set the jump and
average for v as

[[v]] = v|Ki∩∂Ων, {{v}} = v|Ki∩∂Ω,

respectively, and for w ∈ W, the jump and average are defined respectively by

[[w]] = w|Ki∩∂Ω · ν, {{w}} = w|Ki∩∂Ω,

where ν is the outward normal to the boundary ∂Ω. Let Ppi
(Ki) be the space of polynomials of

degree less than or equal to pi on each triangle Ki ∈ Th and Qpi
(Ki) be the space of polynomials

of degree less than or equal to pi in each variable which are defined on the rectangles Ki ∈ Th.
The discontinuous finite element spaces are considered as

Vh = {vh ∈ L2(Ω) : vh|Ki
∈ Zpi

(Ki)},

and
Wh = {wh ∈ (L2(Ω)) : wh ∈ Zpi

(Ki)},

where Zpi
(Ki) = (Zpi

(Ki))
2, pi ≥ 1 and Zpi

(Ki) is either Ppi
(Ki) or Qpi

(Ki). For any ek ∈ ΓI ,
there are two elements Ki and Kj such that ek = ∂Ki ∩ ∂Kj . We associate hk and pk to ek

where hk is either hi or hj and pk is either pi or pj . For ek ∈ Γ∂ , since there is one element Ki

such that ek = ∂Ki ∩ ∂Ω, we write hk = hi and pk = pi. We also denote

h = max
1≤i≤Nh

hi and p = min
1≤i≤Nh

pi.

Assumption (P). The finite element subdivision Th satisfies the bounded local variation in
the sense that for any neighbor elements K and K ′ ∈ Th, there exits a constant ρ such that

hK

hK′

≤ ρ.

Below, we state a Lemma on the approximation properties of the finite element spaces whose
proof can be found in [1].
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Lemma 2.1. For φ ∈ (Hr(Ki))
d, d = 1, 2, there exists a positive constant CA (depending on

r but independent of φ, pi and hi) and a sequence φh
p ∈ Zpi

(Ki)
d, pi ≥ 1, such that

• for any 0 ≤ l ≤ s,

‖φ − φh
p‖(Hl(Ki))d ≤ CA

h
min{r,pi+1}−l
i

pr−l
i

‖φ‖(Hr(Ki))d ,

• for l ≤ r − 1
2 ,

‖φ − φh
p‖(Hl(ek))d ≤ CA

h
min{r,pi+1}−l− 1

2

i

p
r−l− 1

2

i

‖φ‖(Hr(Ki))d ,

• for 0 ≤ l ≤ r − 1 + 2
m ,

‖φ − φh
p‖(W l

m(ek))d ≤ CA
h

min{r,pi+1}−l−1+ 2

m

i

p
r−l−1+ 2

m

i

‖φ‖(Hr(Ki))d .

We now denote Ihφ = φh
p on each Ki.

Trace inequality. We shall use the following trace inequality on the finite element spaces.
For a proof, we refer to [16].

Lemma 2.2. (Trace inequality) Let vh ∈ (Zpi
(Ki))

d, d = 1, 2. Then there exist a constant
CT > 0 such

‖∇lvh‖(L2(ek))d ≤ CT pih
− 1

2

i ‖∇lvh‖(L2(Ki))d , l = 0, 1. (2.4)

Lemma 2.3. (L2-projection Π). Let ψ ∈ (Hr+1(Ki))
2 and ψh = Πψ ∈ (Zpi

(Ki))
2 be the

L2-projection of ψ onto (Zpi
(Ki))

2. Then the following approximation property holds:

‖ψ −ψh‖(L2(Ki))2 +
h

1

2

i

pi
‖ψ −ψh‖(L2(∂Ki))2 ≤ C

h
min(r, pi)+1
i

pr+1
i

‖ψ‖(Hr+1(Ki))2 .

3 Local Discontinuous Galerkin Method

The LDG method was originally initiated for a system of first order hyperbolic problems [5].
To define the method for parabolic integro-differential equations (1.1)-(1.3),we first introduce
auxiliary variables

q = ∇u, σ = aq +

∫ t

0
b(t, s)q ds,

and then rewrite (1.1) as a system of equations:

q = ∇u in Ω, (3.1)

σ = aq +

∫ t

0
b(t, s)q ds in Ω, (3.2)

ut −∇ · σ = f in Ω. (3.3)
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We now multiply (3.1) by w ∈ W, (3.2) by τ ∈ W and (3.3) by v ∈ V and then we integrate
over the element K ∈ Th and use integration by parts formula to obtain

∫

K
q · w dx +

∫

K
u∇ · w dx −

∫

∂K
uw · νKdS = 0, (3.4)

∫

K
aq · τ dx −

∫

K
σ · τ dx +

∫ t

0

∫

K
b(t, s)q(s) · τ dx ds = 0, (3.5)

∫

K
utv dx +

∫

K
σ · ∇v dx −

∫

∂K
σ · νKv ds =

∫

K
fv dx. (3.6)

Note that there may be difficulty in defining u and σ on ∂Ω. Therefore, the system (3.4)-
(3.6) is useful in defining the LDG method. For all K ∈ Th, we seek approximate solution
(uh,qh,σh) ∈ Zp(K) × Zp(K) × Zp(K) satisfying the following system of equations for all
(vh,wh, τh) ∈ Zp(K) × Zp(K) × Zp(K):

∫

K
qh · wh +

∫

K
uh∇ · wh −

∫

∂K
ûwh · νK ds = 0, (3.7)

∫

K
aqh · τ h dx −

∫

K
σh · τh dx +

∫ t

0

∫

K
b(t, s)qh(s) · τ h dx ds = 0, (3.8)

∫

K
uhtvh dx +

∫

K
σh · ∇vh dx −

∫

∂K
σ̂ · νKvh ds =

∫

K
fvh dx, (3.9)

where the numerical fluxes û and σ̂ have to be suitably chosen in order to ensure the stability
of the method and also to improve the order of convergence. As in the case of linear elliptic
problem, we use the following choice of numerical fluxes. For ek ∈ Γ, the numerical fluxes are
defined on ek as:

û(uh,σh) = {{uh}} + C12 · [[uh]] − C22[[σh]], (3.10)

σ̂(uh,σh) = {{σh}} − C11[[uh]] − C12[[σh]]. (3.11)

The numerical fluxes are conservative since they are single valued on ek ∈ ΓI , that is, on
ek ∈ ΓI ,

[[û]] = 0, [[σ̂]] = 0, (3.12)

and consistent since for smooth u and σ, the following conditions hold:

û(u,σ) = u, (3.13)

σ̂(u,σ) = σ. (3.14)

This completes the definition of our DG method. The LDG method is obtained when C22 = 0,
that is when the numerical flux ûh does not depend on σh.

In order to obtain a LDG method, we sum (3.7)-(3.9) over all elements K ∈ Th. Then using
the conservative property (3.12) and the definition of numerical fluxes, we obtain the following
system of equations for all (vh,wh, τh) ∈ Vh × Wh × Wh:

∫

Ω
qh · wh +

Nh
∑

i=1

∫

Ki

uh∇ · wh −

∫

ΓI

({{uh}} + C12 · [[uh]] − C22[[σh]])[[wh]] ds=0, (3.15)

∫

Ω
aqh.τh dx −

∫

Ω
σh.τh dx +

∫ t

0

∫

Ω
b(t, s)qh(s) · τh dx ds = 0, (3.16)

∫

Ω
uhtvh dx +

Nh
∑

i=1

∫

Ki

σh · ∇vh dx −

∫

Γ
({{σh}}−C11[[uh]]−C12[[σh]])[[vh]] ds=

∫

K
fvh dx. (3.17)
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For (φ,p), (v,w) ∈ V × W, define the bilinear functional: A : W × W → IR as

A(p,w) =

∫

Ω
p · w dx,

A1 : V × W → IR as

A1(v,p) =

Nh
∑

i=1

∫

Ki

p · ∇v dx −

∫

Γ
({{p}} − C12[[p]])[[v]] ds,

= −

Nh
∑

i=1

∫

Ki

v∇ · p +

∫

ΓI

({{v}} + C12 · [[v]])[[p]] ds,

J1 : W × W → IR as

J1(p,w) =

∫

ΓI

C22[[p]][[w]]dS

A2 : W × W → IR as

A2(p,w) =

∫

Ω
ap · w dx,

B : W × W → IR as

B(t, s,p,w) =

∫

Ω
b(t, s)p · w dx,

and J : V × V → IR as

J(φ, v) =

∫

ΓI

C11[[φ]][[v]]dS.

We also define the linear functional L : V → IR as

L(v) =

∫

Ω
fv dx.

Using the above definitions, we rewrite the LDG method for the problem (3.15)-(3.17) in
compact form as : find (uh,qh,σh) : [0, T ] → Vh × Wh × Wh such that for all (vh, τ h,wh) ∈
Vh × Wh × Wh the following hold:

A(qh,wh) − A1(uh,wh) + J1(σh,wh) = 0, (3.18)

A2(qh, τh) − A(σh, τh) +

∫ t

0
B(t, s,qh(s), τ h) ds = 0, (3.19)

(uht, vh) + A1(σh, vh) + J(uh, vh) = L(vh). (3.20)

We need to introduce the set 〈K, K ′〉 defined as

〈

K, K ′
〉

=

{

∅ if meas(∂K ∩ ∂K ′) = 0,
interior of ∂K ∩ ∂K ′ otherwise.

(3.21)

We assume that the stabilization coefficients C11 and C22 defining the numerical fluxes in (3.10)
and (3.11) are defined as

C11(x) =

{

ζ min{hα
K+pγ

K+ , hα
K−pγ

K−
} if x ∈ 〈K+, K−〉 ,

ζhα
K+pγ

K+ if x ∈ ∂K+ ∩ ∂Ω,
(3.22)
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and

C22(x) =

{

κmin{hβ
K+pδ

K+ , hβ
K−

pδ
K−} if x ∈ 〈K+, K−〉 ,

κhβ
K+pδ

K+ if x ∈ ∂K+ ∩ ∂Ω,
(3.23)

with ζ > 0, κ ≥ 0, −1 ≤ α ≤ 0 ≤ β ≤ 1, −2 ≤ γ ≤ 0 ≤ δ ≤ 2 independent of mesh size
and |C12| of order one. Our main result will be written in terms of the parameters µ∗ and µ∗

defined by
µ∗ = max{−α, β̂}, µ∗ = min{−α, β̂},

where β̂ = 1 if κ = 0 and β̂ = β otherwise. For each internal or boundary edge, we set

χ(x) :=

{

min{hK

p2
K

,
hK′

p2

K′

} for x ∈ 〈K, K ′〉 , hK

p2
K

for x ∈ ∂K ∩ ∂Ω if C22(x) = 0,

C22(x) otherwise.

Since the numerical fluxes û and σ̂ are consistent, we easily obtain the following system of
equations, for all (vh, τh,wh) ∈ Vh × Wh × Wh,

A(q − qh,wh) − A1(u − uh,wh) + J1(σ − σh,wh) = 0, (3.24)

A2(q − qh, τ h) − A(σ − σh, τ h) +

∫ t

0
B(t, s, (q − qh)(s), τ h) ds = 0, (3.25)

(ut − uht, vh) + A1(σ − σh, vh) + J(u − uh, vh) = 0. (3.26)

Below, we only state the main theorem of this article whose proof can be found in section 5.

Theorem 3.1. Let (u,q,σ) be the solution of (3.1)-(3.3) and (uh,qh,σh) ∈ Vh×Wh×Wh be
the solution of (3.18)-(3.20). If uh(0) = Ihu0 and qh(0) = Ih∇u0, then the following estimates
hold:

‖u − uh‖ ≤ C
hP+D

pQ+Z

(

‖u‖Hr+2 +

∫ t

0
{‖u(s)‖Hr+2 + ‖us(s)‖Hr+2}ds

)

, (3.27)

and

‖q − qh‖ + ‖σ − σh‖ ≤ C
hP

pQ

(

‖u‖Hr+2 +

∫ t

0
{‖u(s)‖Hr+2 + ‖us(s)‖Hr+2}ds

)

, (3.28)

where P = min{r+ 1
2(1+µ∗), p+ 1

2(1−µ∗)}, D = 1
2(1+µ∗), Q = r+Z and Z = 1

2 min{1, γ,−δ}.

Below,we have presented a table which gives the order of convergence in h with different
parameters. Note that the order in hp is easy to infer from (3.27)-(3.28).

Table 1: Orders of convergence for u ∈ Hr+2(Ω) for r ≥ 0 and p ≥ 0.

C22 C11 ‖q − qh‖, ‖σ − σh‖ ‖u − uh‖

0, O(h) O(1) min{r + 1
2 , p} min{r + 1

2 , p} + 1
2

0, O(h) O(1/h) min{r + 1, p} min{r + 1, p} + 1

O(1) O(1) min{r, p} + 1
2 min{r, p} + 1

O(1) O(1/h) min{r + 1
2 , p} min{r + 1

2 , p} + 1
2
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4 Ritz-Volterra Projection and Related Estimates

For our subsequent analysis, we define the following extended mixed Ritz-Volterra projection:
Find (ũh, q̃h, σ̃h) : [0, T ] → Vh × Wh × Wh satisfying:

A(q − q̃h,wh) − A1(u − ũh,wh) + J1(σ − σ̃h,wh) = 0 ∀ wh ∈ Wh, (4.1)

A2(q − q̃h, τh) − A(σ − σ̃h, τh) +

∫ t

0
B(t, s, (q − q̃h)(s), τ h) ds = 0 ∀ τ h ∈ Wh, (4.2)

A1(σ − σ̃h, vh) + J(u − ũh, vh) = 0 ∀ vh ∈ Vh. (4.3)

For given (u,q,σ), it is easy to prove existence and uniqueness of the solution (ũh, q̃h, σ̃h) of
(4.1)-(4.3).
Using Ih and Πh projections, we write

u − ũh = (u − Ihu) − (ũh − Ihu) = θu − ρu,

q − q̃h = (q − Ihq) − (q̃h − Ihq) = θq − ρq,

σ − σ̃h = (σ − Πhσ) − (σ̃h − Πhσ) = θσ − ρσ,

and hence, from (4.1)-(4.3), we obtain

A(ρq,wh) − A1(ρu,wh) + J1(ρσ,wh) = A(θq,wh) − A1(wh, θu) + J1(θσ,wh), (4.4)

A2(ρq, τh) − A(ρσ, τh) +

∫ t

0
B(t, s,ρq(s), τ h) ds = A2(θq, τh) +

∫ t

0
(B(t, s,θq(s), τ h) ds, (4.5)

A1(ρσ, vh) + J(ρu, vh) = A1(θσ, vh) + J(θu, vh). (4.6)

Below, we discuss the estimates of ‖ρq‖ and ‖ρσ‖.

Lemma 4.1. There is a positive constant C independent of h and p such that

‖ρq‖
2 + ‖ρσ‖

2 +

∫

Γ
C11[[ρu]]2dS +

∫

Γ
C22[[ρσ]]2dS ≤ C

h2P

p2Q

(

‖u‖2
Hr+2 +

∫ t

0
‖u(s)‖2

Hr+2 ds
)

,(4.7)

where

P = min{r +
1

2
(1 + µ∗), p +

1

2
(1 − µ∗)}, Q = r +

1

2
min{1, δ,−γ}.

Proof. Choose τ h = ρσ in (4.5) and use Cauchy-Schwarz inequality with α0 ≤ a ≤ M and
|b(t, s)| ≤ M to find that

‖ρσ‖
2 = A2(ρq,ρσ) +

∫ t

0
B(t, s,ρq(s),ρσ(t) ds − A2(θq,ρσ) −

∫ t

0
B(t, s,θq(s),ρσ(t) ds

≤ C(M)
(

‖ρq‖ + ‖θq‖ +

∫ t

0
‖ρq(s)‖ ds +

∫ t

0
‖θq(s)‖ ds

)

‖ρσ‖,

and hence,

‖ρσ‖ ≤ C(M)
(

‖ρq‖ + ‖θq‖ +

∫ t

0
(‖ρq(s)‖ + ‖θq(s)‖) ds

)

. (4.8)
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Now, choose wh = ρσ in (4.4), τ h = ρq in (4.5) and vh = ρu in (4.6) and then sum up to
obtain

A2(ρq,ρq) + J(ρu, ρu) + J1(ρσ,ρσ) = A(θq,ρσ) − A1(ρσ, θu) + J1(θσ,ρσ) + A2(θq,ρq)

+A1(θσ, ρu) + J(θu, ρu) +

∫ t

0
B(t, s,θq(s),ρq(t)) ds

−

∫ t

0
(B(t, s,ρq(s),ρq(t)) ds. (4.9)

A use of Cauchy-Schwarz inequality yields

|A(θq,ρσ)| = |
∑

K

∫

K
θq · ρσ dx| ≤

∑

K

‖θq‖K‖ρσ‖K ≤ ‖θq‖‖ρσ‖,

and using (4.8), we arrive at

|A(θq,ρσ)| ≤ C
(

‖θq‖
2 +

∫ t

0
‖θq‖

2ds
)

+ ε‖ρq‖
2 + C

∫ t

0
‖ρq‖

2ds. (4.10)

We note from the definition that

A1(ρσ, θu) =
∑

K∈Th

∫

K
θu∇ · ρσ dx −

∫

ΓI

{{θu}}[[ρσ]]dS −

∫

ΓI

C12[[θu]][[ρσ]]dS. (4.11)

Integration by parts and use of Lemma 2.2 yields

∑

K∈Th

∫

K
θu∇ · ρσ dx −

∫

ΓI

{{θu}}[[ρσ]]dS = −
∑

K∈Th

∫

K
∇θu · ρσ dx +

∫

Γ
[[θu]]{{ρσ}}dS, (4.12)

and hence

|Big|
∑

K∈Th

∫

K
∇θu · ρσ dx −

∫

Γ
[[θu]]{{ρσ}}dS

∣

∣

∣
≤ C

(

‖∇θu‖
2 +

∫

Γ

p2
K

hK
[[θu]]2

)
1

2

‖ρσ‖. (4.13)

For the third term on the right hand side of (4.11), again, an application of Cauchy-Schwarz
yields

∣

∣

∣

∫

ΓI

C12[[θu]][[ρσ]]dS
∣

∣

∣
≤ C

(

∫

Γ
χ−1[[θu]]2dS

)
1

2
(

∫

Γ
χ[[ρσ]]2dS

)
1

2

. (4.14)

On combining (4.13) and (4.14), we obtain using (4.8) that

|A1(ρσ, θu)| ≤
(

‖θq‖
2 + ‖∇θu‖

2 +

∫

Γ
(
p2

K

hK
+ χ−1)[[θu]]2dS

)

+ ε‖ρq‖
2 + C

∫ t

0
‖ρq‖

2ds. (4.15)

A simple application of Cauchy-Schwarz inequality now implies

|J1(θσ,ρσ)| ≤ J1(θσ,θσ)
1

2 J1(ρσ,ρσ)
1

2 . (4.16)

From the definition of A1 and J , we write

A1(θσ, ρu) + J(θu, ρu) =
∑

K∈Th

∫

K
θσ · ∇ρu dx −

∫

Γ
({{θσ}} − C12[[θσ]] − C11[[θu]])[[ρu]]dS.
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Since Πhσ is L2 projection of σ onto Wh, it follows that

∑

K∈Th

∫

K
θσ · ∇ρu dx = 0,

and hence,
∣

∣

∣

∫

Γ
({{θσ}} − C11[[θu]] − C12[[θσ]])[[ρu]]dS

∣

∣

∣
≤ C

∑

K∈Th

(

C−1
11 ‖θσ‖

2
∂K + C11‖θu‖

2
∂K

)

+εJ(ρu, ρu). (4.17)

An appeal to the Cauchy-Schwarz inequality yields

|A2(θq,ρq)| ≤ C‖θq‖‖ρq‖ ≤ C‖θq‖
2 + ε‖ρq‖

2. (4.18)

A simple application of Cauchy-Schwarz inequality yields a bound for the last term of (4.9) as:

∣

∣

∣

∫ t

0
B(t, s,θq(s),ρq(t)) ds −

∫ t

0
B(t, s,ρq(s),ρq(t)) ds

∣

∣

∣
≤ C‖ρq‖

∫ t

0
(‖θq‖ + ‖ρq‖) ds

≤ C

∫ t

0
‖θq‖

2 ds + ε‖ρq‖
2 + C

∫ t

0
‖ρq‖

2 ds. (4.19)

Substitute the estimates (4.10)-(4.19) in (4.9), use α0 ≤ a(x) ≤ M, ∀ x ∈ Ω, Lemma 2.1 and
Lemma 2.3. With the help of a suitable choice of ε, we arrive at

‖ρq‖
2 + J(ρu, ρu) + J1(ρσ,ρσ) ≤ C

[

∑

K

{h
2 min{r,pK}+2
K

p2r+2
K

‖q‖2
r+1,K + (C−1

11 + C22)
h

2 min{r,pK}+1
K

p2r
K

‖σ‖2
r+1,K

+
(h

2min{r+1,pK}
K

p2r+2
K

+ (
p2

K

hK
+ χ−1 + C11)

h
2 min{r+1,pK}+1
K

p2r+3
K

)

‖u‖2
r+2,K

}]

+

∫ t

0

∑

K

h
2 min{r,pK}+2
K

p2r+2
K

‖q(s)‖2
r+1,K ds +

∫ t

0
‖ρq(τ)‖2dτ.

Hence, we obtain

‖ρq‖
2 + J(ρu, ρu) + J1(ρσ,ρσ) ≤ C

h2P

p2Q

(

‖u‖2
Hr+2 +

∫ t

0
‖u(s)‖2

Hr+2 ds
)

+

∫ t

0
‖ρq(τ)‖2dτ.

An application of Gronwall’s Lemma yields the desired estimate for ‖ρq‖. On substituting the
estimate of ‖ρq‖ in (4.8), we obtain the desired result and this completes the proof. �

Theorem 4.1. There exists a positive constant C independent of h and p such that

‖σ − σ̃h‖
2 + ‖q − q̃h‖

2+

∫

Γ
C11[[u − ũh]]2dS ≤ C

h2P

p2Q

(

‖u‖2
Hr+2 +

∫ t

0
‖u‖2

Hr+2 ds
)

. (4.20)

Further,

‖q − q̃h‖(H1(Ω))∗ ≤ C‖u − ũh‖ + C
h(P+D)

p(Q+Z)

(

‖u‖Hr+2 +

∫ t

0
‖u‖Hr+2 ds

)

, (4.21)

where

‖v‖(H1(Ω))∗ = sup
w∈H1(Ω),w 6=0

(v,w)

‖w‖H1(Ω)
.
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Proof. A use of triangle inequality with Lemma 4.1, Lemma 2.1 and Lemma 2.3, easily yields
(4.20). For (4.21), we first set ηu = u−ũh, ηq = q − q̃h and ησ = σ − σ̃h. For any w ∈ H1(Ω)
and wh ∈ wh, we obtain, using (4.1)

(ηq,w) = (ηq,w − wh) + (ηq,wh)

= (ηq,w − wh) −

∫

Ω
ηu∇ · wh dx +

∫

Γ
({{ηu}} + C12[[ηu]])[[wh]]dS.

Since [[w]] = 0 ∀ w ∈ H1(Ω), we arrive at

(ηq,w) = (ηq,w − wh) −

Nh
∑

i=1

∫

Ki

ηu∇ · w dx +

Nh
∑

i=1

∫

Ki

ηu∇ · (w − wh) dx

−

∫

ΓI

{{ηu}}[[w − wh]]dS −

∫

ΓI

C12[[ηu]][[w − wh]]dS. (4.22)

Choose wh = Πhw to obtain

|(ηq,w − Πhw)| ≤ C

Nh
∑

i=1

‖ηq‖L2(Ki)‖w − Πhw‖L2(Ki).

A use of Lemma 2.3 now yields

|(ηq,w − Πhw)| ≤ C
(

Nh
∑

i=1

h2
i

p2
i

‖ηq‖
2
L2(Ki)

)
1

2

‖w‖H1(Ω), (4.23)

and
∣

∣

∣

∑

K

∫

K
ηu∇ · w dx

∣

∣

∣
≤ ‖ηu‖‖w‖H1(Ω). (4.24)

Apply integration by parts to the third and fourth terms on the right hand side of (4.22) and
obtain

∑

K

∫

K
ηu∇ · (w − Πhw) dx −

∫

ΓI

{{ηu}}[[w − Πhw]]dS = −

Nh
∑

i=1

∫

Ki

∇ηu · (w − Πhw) dx

+

∫

Γ
[[ηu]][[w − Πhw]]dS.

Noting that ηu = θu − ρu and Πh is L2 projection, we use Cauchy-Swartz inequality to find
that

∣

∣

∣

∑

K

∫

K
ηu∇ · (w − Πhw) dx −

∫

ΓI

{{ηu}}[[w − Πhw]]dS
∣

∣

∣
≤
(

∑

K

h2
K

p2
K

‖∇θu‖
2
K

+
∑

ek∈Γ

C−1
11 hk

∫

ek

C11[[ηu]]2dS
)

1

2

‖w‖H1(Ω). (4.25)

For the last term on the right hand side of (4.22), we use Cauchy-Schwarz inequality and
property of Πh to obtain

∣

∣

∣

∫

Γ
C12[[ηu]][[w − Πhw]]dS

∣

∣

∣
≤ C

∑

ek∈Γ

(

∫

ek

C11[[ηu]]2dS
)

1

2
(

∫

ek

C−1
11 [[w − Πhw]]2dS

)
1

2

≤ C
(

∑

ek∈Γ

C−1
11 hk

∫

ek

C11[[ηu]]2dS
)

1

2

‖w‖H1(Ω). (4.26)
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On combining the estimates (4.23)-(4.26) and using the Lemma 4.1, it now follows that

|(ηq,w)| ≤ C
{[

max{
h2

K

p2
K

, C−1
11 hK , C22hK}

h2P

p2Q

(

‖u‖2
Hr+2 +

∫ t

0
‖u‖2

Hr+2 ds
)]1/2

+ ‖ηu‖
}

‖w‖H1(Ω),

and hence, for w 6= 0 ∈ H1(Ω)

|(ηq,w)|

‖w‖H1(Ω)
≤ C

[h2(P+D)

p2(Q+Z)

(

‖u‖2
Hr+2 +

∫ t

0
‖u‖2

Hr+2 ds
)]

1

2

+ ‖ηu‖.

Now on taking supremum over all w 6= 0 ∈ H1(Ω), we obtain the desired estimate. This
completes the proof. �

After differentiating (4.4)-(4.6), we obtain

A(ρqt
,wh) − A1(ρut,wh) + J1(ρσt,wh) = A(θqt,wh) − A1(θut,wh) + J1(θσt,wh), (4.27)

A2(ρqt
, τh) − A(ρσt, τh) + B(t, t,ρq(t), τh) +

∫ t

0
Bt(t, s,ρq(s), τ h) ds

= A2(θqt, τh) + B(t, t,θq(t), τ h) +

∫ t

0
(Bt(t, s,θq(s), τ h) ds, (4.28)

A1(ρσt, vh) + J(ρut, vh) = A1(θσt, vh) + J(θut, vh). (4.29)

Remark 4.1. We put wh = ρσt, τ h = ρqt
, vh = ρut in (4.27)-(4.29) and after proceeding in

a similar way as for finding (4.7), we obtain

‖ρqt
‖2 + ‖ρσt‖

2 +

∫

Γ
C11[[ρut]]

2dS +

∫

Γ
C22[[ρσt]]

2dS ≤ C
h2P

p2Q

[

‖u‖2
Hr+2 + ‖ut‖

2
Hr+2

+

∫ t

0
‖u(s)‖2

Hr+2ds
]

. (4.30)

An application of triangle inequality yields

‖ηqt
‖2 + ‖ησt‖

2 +

∫

Γ
C11[[ηut]]

2dS +

∫

Γ
C22[[ησt]]

2dS ≤ C
h2P

p2Q

[

‖u‖2
Hr+2 + ‖ut‖

2
Hr+2

+

∫ t

0
‖u(s)‖2

Hr+2ds
]

. (4.31)

Theorem 4.2. Let (u,q,σ) be the solution of (3.1)-(3.3) and let (ũh, q̃h, σ̃h) be the solution
of (4.1)-(4.3). Then there exist a positive constant C independent of h and p such that

‖u − ũh‖ ≤ C
h(P+D)

p(Q+Z)

(

‖u‖Hr+2 +

∫ t

0
‖u‖Hr+2 ds

)

. (4.32)

and

‖ut − ũht‖ ≤ C
h(P+D)

p(Q+Z)

(

‖u‖Hr+2 + ‖ut‖Hr+2 +

∫ t

0
‖u‖Hr+2 ds

)

. (4.33)

Proof. For L2-estimate (4.32), we appeal to the duality argument. Consider the following
auxiliary problem:

−∇ · (a∇φ) = ηu in Ω,

φ = 0 on ∂Ω,
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which satisfies the elliptic regularity

‖φ‖H2(Ω) ≤ C‖ηu‖. (4.34)

In order to write the mixed weak formulation, let p = ∇φ and ψ = −ap. Then, we obtain

p = ∇φ in Ω, (4.35)

−ψ = ap in Ω, (4.36)

∇ ·ψ = ηu in Ω. (4.37)

We multiply (4.37) by ηu, (4.36) by ηq and (4.35) by ησ, then integrate to find that

‖ηu‖
2 =

∫

Ω
ηu∇ ·ψ dx +

∫

Ω
a(x)p · ηq dx +

∫

Ω
ψ · ηq dx

−

∫

Ω
p.ησ dx +

∫

Ω
∇φ · ησ dx.

As [[φ]] = 0, [[ψ]] = 0 on ek ∈ ΓI and φ = 0 on ∂Ω, we now obtain

‖ηu‖
2 = A(ηq,ψ) − A1(ηu,ψ) + J1(ησ,ψ) + A2(ηq,p) − A(ησ,p) + A1(ησ, φ) + J(ηu, φ).

Using (4.1)-(4.3), we arrive at

‖ηu‖
2 = A(ηq,θψ) − A1(ηu,θψ) + J1(ησ,θψ) + A2(ηq,θp) − A(ησ,θp)

+A1(ησ, θφ) + J(ηu, θφ) −

∫ t

0
B(t, s,ηq, Ihp) ds, (4.38)

where θφ = φ− Ihφ, θp = p − Ihp and θψ = ψ−Πhψ. Using the Cauchy-Schwarz inequality,
Lemma 2.1, Lemma 2.3 and the fact that ‖p‖H1(Ω) ≤ M‖ψ‖H1(Ω), we obtain

|A(ηq,θψ) + A2(ηq,θp) + A(ησ,θp)| ≤ C
[

∑

K

h2
K

p2
K

(

‖ηq‖
2
K + ‖ησ‖

2
K

)]
1

2

‖ψ‖H1(Ω). (4.39)

Proceeding similarly as for finding (4.15), it yields

|A1(ηu,θψ)| ≤ C
(

∑

K

h2
K

p2
K

‖∇θu‖
2
K +

∑

ek∈Γ

C−1
11 hK

∫

ek

C11[[ηu]]2dS
)

1

2

‖ψ‖H1(Ω), (4.40)

and

|A1(ησ, θφ)| =
∣

∣

∣

∑

K

∫

K
ησ · ∇θφ dx −

∫

Γ
({{ησ}} − C12[[ησ]])[[θφ]]dS

∣

∣

∣

≤
∣

∣

∣

∑

K

∫

K
ησ · ∇θφ dx

∣

∣

∣
+
∣

∣

∣

∫

Γ
({{ησ}} − C12[[ησ]])[[θφ]]dS

∣

∣

∣
. (4.41)

A use of Cauchy-Schwarz and Lemma 2.1 gives

∣

∣

∣

∑

K

∫

K
ησ · ∇θφ dx

∣

∣

∣
≤ C

[

∑

K

h2
K

p2
K

‖ησ‖
2
K

]
1

2

‖φ‖H2(Ω). (4.42)
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We can rewrite the second term of (4.41) as

∣

∣

∣

∫

Γ
({{ησ}} − C12[[ησ]])[[θφ]]dS

∣

∣

∣
≤ C

∑

ek∈Γ

(

∫

ek

{{|ρσ|}}[[θφ]]dS +

∫

ek

{{|θσ|}}[[θφ]]dS
)

. (4.43)

Using trace inequality (2.4) and Lemma 2.1, we obtain

∣

∣

∣

∫

Γ
({{ησ}} − C12[[ησ]])[[θφ]]dS

∣

∣

∣
≤ C

h

p
1

2

(

‖ρσ‖ +
hmin{r,p}+1

pr+1
‖σ‖Hr+1(Ω)

)

‖φ‖H2(Ω). (4.44)

A use of Cauchy-Schwarz and Lemma 2.3 yields

|J1(ησ,θψ)| ≤ C
[

∑

ek∈Γ

C22hK

∫

ek

C22[[ησ]]2dS
]

1

2

‖ψ‖H1(Ω), (4.45)

and

|J(ηu, θφ)| ≤ C
[

∑

ek∈Γ

C11
h3

K

p3
K

∫

ek

C11[[ηu]]2dS
]

1

2

‖φ‖H2(Ω). (4.46)

Now the last term on the right hand side of (4.38)

∣

∣

∣

∫ t

0
B(t, s,ηq(s), Ihp(t)) ds

∣

∣

∣
≤ C

(

∫ t

0
‖ηq(s)‖(H1(Ω))∗ ds

)

‖Ihp‖H1(Ω)

≤ C
(

∫ t

0
‖ηq(s)‖(H1(Ω))∗ ds

)

‖p‖H1(Ω).

Substitute the estimate (4.21) of ‖ηq‖H1(Ω)∗ from Lemma 4.1 and find that

∣

∣

∣

∫ t

0
B(t, s, (ηq(s), Ihp(t)) ds

∣

∣

∣
≤ C‖p‖H1(Ω)

∫ t

0

(

‖ηu‖ + C
h(P+D)

p(Q+Z)
‖u‖Hr+2

)

ds. (4.47)

From the definition we note that ‖p‖H1(Ω) ≤ C‖φ‖H2(Ω) and ‖ψ‖H1(Ω) ≤ ‖φ‖H2(Ω). Now using
the regularity condition (4.34), estimates (4.39) − (4.47) and Lemma 4.1, we obtain

‖ηu‖ ≤ C
hP+D

pQ+Z

(

‖u‖Hr+2(Ω) +

∫ t

0
‖u‖Hr+2(Ω)ds

)

+

∫ t

0
‖ηu‖ds. (4.48)

An application of Gronwall’s Lemma gives the estimate (4.32) for ‖u − ũh‖. For the estimate
(4.33), we now differentiate (4.1)-(4.3) with respect to time. Then, we proceed as above and
use (4.31) to complete the rest of the proof. �

5 Error Estimates

In this section, we prove our main theorem, that is Theorem 3.1. Using extended mixed
Ritz-Volterra projection, we write

u − uh = (u − ũh) − (uh − ũh) = ηu − ξu,

q − qh = (q − q̃h) − (qh − q̃h) = ηq − ξq,

σ − σh = (σ − σ̃) − (σh − σ̃) = ησ − ξσ.

14



Since we have already estimated ηu, ηq and ησ, now we only have to find the estimates for ξu,
ξq and ξσ. Using (4.1)-(4.3), the system (3.24)-(3.26) can be written as

A(ξq,wh) − A1(ξu,wh) + J1(ξσ, ξσ) = 0 ∀ wh ∈ wh, (5.1)

A2(ξq, τh) − A(ξσ, τh) +

∫ t

0
B(t, s, ξq(s), τ h) ds = 0 ∀ τh ∈ wh, (5.2)

(ξut , vh) + A1(ξσ, vh) + J(ξu, vh) = (ηut , vh) ∀ vh ∈ Vh. (5.3)

Below, we establish estimates for ‖ξu‖, ‖ξq‖ and ‖ξσ‖.

Lemma 5.1. There exist a constant C independent of h and p such that

‖ξu‖
2 +

∫ t

0
‖ξq‖

2 ds ≤ C
(

‖ξu(0)‖2 +

∫ T

0
‖ηut‖

2 ds
)

, (5.4)

‖ξq‖
2 + ‖ξσ‖

2 ≤ C
(

‖ξq(0)‖2 + J(ξu(0), ξu(0))
)

+

∫ T

0
‖ηut‖

2 ds. (5.5)

Proof. Choose wh = ξσ in (5.1), τh = ξq in (5.2) and vh = ξu in (5.3) and add to obtain

1

2

d

dt
‖ξu‖

2 + A2(ξq, ξq) + J(ξu, ξu) + J1(ξσ, ξσ) = (ηut , ξu) −

∫ t

0
B(t, s, ξq(s), ξq) ds.

Using a ≥ α0 and Cauchy-Schwarz inequality, we arrive at

d

dt
‖ξu‖

2 + α0‖ξq‖
2 + 2J(ξu, ξu) + 2J1(ξσ, ξσ) ≤ ‖ηut‖

2 + ‖ξu‖
2 + C(T )

∫ t

0
‖ξq(s)‖2 ds.

Integrate from 0 to t to obtain

‖ξu‖
2 +

∫ t

0
{‖ξq‖

2 + J(ξu, ξu) + J1(ξσ, ξσ)} ds ≤ ‖ξu(0)‖2 + C

∫ t

0
‖ηut‖

2 ds

+ α0

∫ t

0

{

‖ξu‖
2 +

∫ s

0
‖ξq(τ)‖2dτ

}

ds.

A use of Gronwall’s Lemma yields

‖ξu‖
2 +

∫ t

0
‖ξq‖

2 ds ≤ C
(

‖ξu(0)‖2 +

∫ T

0
‖ηut‖

2 ds
)

. (5.6)

Now differentiate equation (5.1) with respect to t and choose wh = ξσ in (5.1), τh = ξqt
in

(5.2) and vh = ξut in (5.3).Then add and use Cauchy-Schwarz inequality to obtain

1

2

d

dt
A2(ξq, ξq) +

1

2
‖ξut‖

2 +
1

2

d

dt
J(ξu, ξu) + J1(ξσ, ξσ) ≤

1

2
‖ηut‖

2

−
d

dt

∫ t

0
B(t, s, ξq(s), ξq)ds + B(t, t, ξq(t), ξq) +

∫ t

0
Bt(t, s, ξq(s), ξq)ds.
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Integrating from 0 to t and using the boundedness of B and the property a ≥ α0, we arrive at

‖ξq‖
2 +

∫ t

0
(‖ξut‖

2 + J1(ξσ, ξσ))ds + J(ξu, ξu) ≤ α0‖ξq(0)‖2 + J(ξu(0), ξu(0)) +

∫ t

0
‖ηut‖

2 ds

−

∫ t

0
B(t, s, ξq(s), ξq(t)) ds +

∫ t

0
B(s, s, ξq(s), ξq(s)) ds

+

∫ t

0

∫ s

0
Bs(s, τ, ξq(τ), ξq(s))dτ ds

≤ α0‖ξq(0)‖2 + J(ξu(0), ξu(0)) + C‖ξq(t)‖

∫ t

0
‖ξq(s)‖ ds

+ C

∫ t

0
‖ξq(s)‖2 ds + C

∫ t

0

{

‖ξq(s)‖

∫ s

0
‖ξq(τ)‖dτ

}

ds +

∫ t

0
‖ηut‖

2 ds.

Using Young’s inequality appropriately, we obtain

‖ξq‖
2 +

∫ t

0
‖ξut‖

2 + J(ξu, ξu) ≤ C(α0, T )
(

‖ξq(0)‖2 + J(ξu(0), ξu(0)) +

∫ T

0
‖ηut‖

2 ds
)

+C(α0, T )

∫ t

0
‖ξq(s)‖2 ds.

Again a use of Gronwall’s Lemma yields

‖ξq‖
2 + J(ξu, ξu) ≤ C

(

‖ξq(0)‖2 + J(ξu(0), ξu(0)) +

∫ t

0
‖ηut‖

2 ds
)

. (5.7)

In (5.2) taking τ h = ξσ,using Cauchy-Schwarz inequality, we obtain

‖ξσ‖ ≤ C
(

‖ξq‖ +

∫ t

0
‖ξq(s)‖ ds

)

(5.8)

and using (5.7), we obtain the desired estimates. This completes the proof. �

Proof of Theorem 3.1. Using the triangle inequality, we can write

‖u − uh‖ ≤ ‖u − ũh‖ + ‖ũh − uh‖. (5.9)

Now a use of Lemma 4.2 and Lemma 5.1 with the choices ũh(0) = Ihu0 and q̃h(0) = Ih∇u0

gives the estimate (3.27) of ‖u − uh‖. In the similar way, we can find the estimate (3.28) for
‖q − qh‖ and ‖σ − σh‖. This completes the rest of the proof. �

Remark 5.1. Although for simplicity of exposition, we have discussed semidiscrete method, but
the analysis for completely discrete schemes using backward Euler method and Crank-Nicolson
method will not pose any special problem, see Thomée [17]. Therefore, we have omitted the
discussion on completely discrete schemes.

6 Numerical Experiments

In this section, we discuss the performance of the proposed LDGFEM methods for the following
linear parabolic problem:

ut −∇ · (∇u +

∫ t

0
e(t−s)∇u ds) = f in Ω × (0, T ], (6.1)

u = 0 on ∂Ω × (0, T ], (6.2)

u(x, 0) = u0(x) in Ω, (6.3)
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where Ω = (0, 1) × (0, 1), T = 1 and f is taken in such a way that the exact solution is
u = etx(x − 1)y(y − 1). We divide Ω into regular uniform closed triangles and 0 = t0 < t1 <
· · · < tM = T be a given partition of the time interval (0, T ] with step length ∆t = T

M for some
positive integer M . Let Un denote the approximation of uh at t = tn. We will investigate the
convergence of LDG for ‖u − uh‖ and ‖q − qh‖. Let us first discuss the numerical procedure
for the above mentioned method. Let (φi)

Nh

i=1 be the basis functions for the finite dimensional

space Vh, where Nh denotes the dimension of the space Vh and (χi)
Mh

i=1 be the basis functions
for the finite dimensional space Wh, where Mh denotes the dimension of the space Wh. Then,
we define the following matrices

M = [M(ij)]1≤i,j≤Nh
, A1 = [A1(ij)]1≤i≤Nh,1≤j≤Mh

,

J1 = [J1(ij)]1≤i,j≤Mh
, B = [B(ij)]1≤i,j≤Nh

, J = [J(ij)]1≤i,j≤Nh
,

and the vector

L = [L(i)]1≤i≤Nh
(6.4)

where

M(ij) =
∑

K

∫

K
φiφj dx, A1(ij) =

∑

K

∫

K
φi · ∇χj dx −

∫

Γ
{{χj}}[[φi]]dS,

J1(ij) =
∑

e∈Γ

∫

e
C22[[χi]][[χj ]] dS, B(ij)(t) =

∫

Ω
χi · χj dx, J(ij) =

∑

e∈Γ

∫

e
C11[[φi]][[φj ]] dS,

and L(i) =
∫

Ω fφi dx.

Write uh =

Nh
∑

i=1

αiφi, where α = [α1, α2 · · · , αNh
], qh =

Mh
∑

i=1

βiχi, where β = [β1, β2 · · ·βMh
]

and σh =

Mh
∑

i=1

γiχi, where γ = [γ1, γ2 · · · γMh
]

Set
∂un

h

∂t
≈

Un − Un−1

∆t
.

Now using the basis function for Vh and Wh, (3.18)-(3.20) can be reduced to the following
matrix form.

Bβn + A1α
n + J1γ

n = 0 (6.5)

Bβn − Bγn +

∫ tn

0
e(t−s)Bβn ds = 0 (6.6)

(M + dtJ)αn − dtA′
1γ

n = Mαn−1 + dtL (6.7)

Convergence of ‖u−uh‖ and ‖q−qh‖. We show the orders of convergence in the L2-norm of
the error in the gradient q = ∇u and in the L2-norm of the error in u in the Table 2 and Table
3, respectively. We observe that the optimal order of convergence predicted by our theory (see
Table 1) is achieved. We have plotted − log ‖q−qh‖ and − log ‖u−uh‖ with −log(h) in Figure
1 and Figure 2, respectively which confirm the theoretical result.
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Figure 1: L2 norm error estimates for q when C11 = O(h−1) and C22 = O(h)

Table 2: Table for L2-error estimate in q

C11 → O(1) O(1) O(1) O(h−1) O(h−1) O(h−1)
C22 → 0 O(1) O(h) 0 O(1) O(h)

p = 1 1.1642 1.1751 1.1642 1.0249 1.0249 1.0250

p = 2 2.4045 2.4264 2.3352 2.2861 2.2862 2.2862

p = 3 3.1231 2.9687 3.5015 3.4137 3.4122 3.3930

Table 3: Table for L2-error estimate in u

C11 → O(1) O(1) O(1) O(h−1) O(h−1) O(h−1)
C22 → 0 O(1) O(h) 0 O(1) O(h)

p = 1 2.3457 2.3579 2.3157 2.2341 2.2345 2.2341

p = 2 3.2440 3.2444 3.2440 3.1635 3.1599 3.1633

p = 3 4.0343 3.9996 4.0343 4.0234 3.9940 4.0200

7 Conclusion
In this paper, we have proposed and analyzed an hp-LDG method for a parabolic type integro-
differential equation. Compared to the elliptic case [3], [15], we have, in this article, established
similar hp-error estimates for the semidiscrete scheme after suitably modifying the numerical
flux û. Due to the presence of integral term, an introduction of an expanded mixed Ritz-
Volterra projection helps to achieve optimal estimates. Further, a dual norm estimate plays a
crucial role in our error analysis. Finally, we have also discussed some numerical results. As a
consequence of the present analysis, it is easy to derive error estimates for parabolic problems.
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