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Abstract

In this article, a priori error analysis is discussed for an hp-local discontinuous Galerkin
(LDG) approzimation to a parabolic integro-differential equation. It is shown that the
L%-norm of the gradient and the L?-norm of the potential are optimal in the discretizing
parameter h and suboptimal in the degree of polynomial p. Due to the presence of the
integral term, an introduction of an expanded mized type Ritz-Volterra projection helps to
achieve optimal estimates. Further, it is observed that a megative morm estimate of the
gradient plays a crucial role in our convergence analysis. As in the elliptic case, similar
results on order of convergence are established for the semidiscrete method after suitably
modifying the numerical fluzes. The optimality of these theoretical results is tested in a
series of numerical experiments on two dimensional domains.

Key words. Parabolic integro-differential equation, local discontinuous Galerkin method,
semidiscrete optimal error estimate.

1 Introduction

In this article, we discuss locally discontinuous Galerkin (LDG) method for the following
parabolic integro-differential equation:

ut — V.(a(z)Vu —i—/o b(z,t,s)Vu(s)ds) = f(z,t) inQx (0T], (1.1)
u(z,t) = 0 on 09 x (0 T, (1.2)
U= = Uo in Q,

where u; = %. We assume that €2 is a bounded domain in JR? with smooth boundary 052,

a(x) and b(z,t, s) are smooth bounded functions in 2, and there exist positive constants ag, M
such that 0 < ag < a < M, |b(x,t,s)| < M. Parabolic integro-differential equations (PIDE)
of the above type arise naturally in many applications, such as, heat conduction in materials
with memory, nonlocal reactive flows in porous media and Non-Fickian flow of fluid in porous
media, see [2], [6], [10]-[14] and [18].

In the past, the semidiscrete Galerkin approximation to parabolic integro-differential equa-
tions with smooth and nonsmooth initial data was studied and discussed by Thomée and Zhang
[18], Cannon and Lin [2], Lin et. al. [10], Pani and Peterson [12] and Pani and Sinha [13]. In
literature, Pani and Fairweather [11], Ewing et. al. [6, 7] and references therein have proposed
and analyzed mixed finite element methods for the problem (1.1)-(1.3).



In recent years, there has been a renewed interest in Discontinuous Galerkin (DG) methods
for numerical approximations of partial differential equations. This is due to their flexibility in
local mesh adaptivity and in handling nonuniform degrees of approximation for solutions whose
smoothness exhibit variation over the computational domain. DG methods have an advantage
that they are element-wise conservative and easy to implement compared to other numerical
methods such as finite element methods, mixed finite element methods and finite volume
element methods. One such method in the family of DG methods is locally discontinuous
Galerkin (LDG) method which allows arbitrary meshes with hanging nodes, elements of various
shapes and piecewise polynomials of different degrees. It is originally initiated for a system
of first order hyperbolic problems [5], but Cockburn and Shu [5] have introduced the LDG
method as an extension to general convection-diffusion problems. Subsequently, Castillo et.
al. in [4] have discussed hp-version of the LDG method for a convection-diffusion problem. The
application of LDG method to elliptic problems is carried by Cockburn et. al. [3], Perugia
and Schotzau [15] and Gudi et. al. [8]. In [3], the authors have discussed stability and
order of convergence of the LDG method applied to the Poisson equation while Perugia and
Schotzau in [15] have analyzed hp-estimates for linear elliptic problem, and Gudi et. al. in [8]
have established hp-estimates for nonlinear elliptic problems. Shu and his collaborators have
extensively analyzed the LDG method for higher order partial differential equations. For more
detail, see [5, 9, 19, 20] and references therein.

In this paper, an hp-LDG method is applied to the problem (1.1)-(1.3) and a priori error
analysis is discussed. It is proved that if polynomials of degree at least p are used in all the
elements, the rate of convergence of the LDG method in the L?-norm of u and its velocity
q = Vu are of order p+1/2 and p, respectively, when the stabilization parameter Ci; is taken
to be of order one. When the stabilization parameter C1; is taken to be of order h~!, the order
of convergence of u is shown to be p+ 1, as expected. Due to the presence of the integral term,
an introduction of expanded mixed type Ritz-Volterra projection helps to achieve optimal
estimates. Moreover, it is observed that a negative norm estimate of the gradient plays a
crucial role in our error analysis. Our numerical experiments for the LDG method have all
been performed with different degree of polynomials and yield optimal order of convergence of
p+1 and p for u and q = Vu, respectively. Throughout this paper, C' denotes a generic positive
constant which does not depend on the discretizing parameter A and degree of polynomial p.

The rest of the article is organized as follows. In section 2, preliminaries and basic results
are noted. Section 3 is devoted to the LDG method. In section 4, we have discussed the esti-
mates for intermediate Ritz-Volterra projection. Section 5 deals with a priori error estimates.
In section 6, numerical experiments are conducted to illustrate the theoretical results. We
conclude section 7 with some remarks.

2 Preliminaries

Let 7, = {K; : 1 <1i < N} be a shape regular finite element subdivision of 2, where K; is
either a triangle or rectangle. Let h; be the diameter of K; and h = max{h; : 1 <i < N}. We
denote the set of interior edges of 7y, by I't = {e;; : e;; = 0K; N0Kj, |e;j| > 0} and boundary
edges by Ty = {ein : e;9 = 0K; N 0N, |e;p] > 0}, where |ex| denotes the one dimensional
Fuclidean measure. Let I' = I'y UT'y. Note that our definition of e also includes hanging
nodes along each side of the finite elements. On this subdivision 7, we define the following



broken Sobolev Spaces
V={veL*(Q):v|g, € H(K)), V K; € T},
and
W = {wcL*Q): w|g, € H(K;), V K; € T},
where H!(K;) is the standard Sobolev space of order one defined on K;, L2(2) = (L?(£2))? and

H'(Q2) = (H'(2))2. The associated broken norm and seminorm on V are defined, respectively,

as
1
2

N, 3 Ny,
Iollg .7 = (Zuvn%ﬂm) and |v|1(0.7;) = (Zlv\%m)
=1 =1

We denote the L? inner product by (-,-) and norm by || - ||.

Let ey € I'7, that is e, = 0K; U 0K for some ¢ and j. Let v; and v; be the outward normals
to the boundary 0K; and 0Kj, respectively. On ey, we now define the jump and average of
veVas | |

VK, + VK,

[[U]] = 7}|Kil/7; + ’U|Kjl/j, {{U}} = fJ?
respectively, and for w € W, the jump and average define as

W|Ki + W’Kj

—

In case, e € 011, that is, there exists K; such that e = 0K; N 0L, then set the jump and
average for v as

W] =wlk, vi+wlk,; -vj, {w}=

[v] = vlk;noav, {o} = vlk,noa,
respectively, and for w € W, the jump and average are defined respectively by
[w] = wlknoa - v, {w} =wlk,no0
where v is the outward normal to the boundary 99Q. Let P, (K;) be the space of polynomials of
degree less than or equal to p; on each triangle K; € 7;, and @), (K;) be the space of polynomials

of degree less than or equal to p; in each variable which are defined on the rectangles K; € 7.
The discontinuous finite element spaces are considered as

V= {’Uh S LQ(Q) : 'Uh’K,- ez Z(KZ)},
and
W, = {w, € (L*(Q)) : wy, € Zy,(K))},
where Z,, (K;) = (Zp,(K;))?, pi > 1 and Z,,(K;) is either P, (K;) or Qp,(K;). For any e; € Ty,
there are two elements K; and K; such that e, = 0K; N 0K;. We associate hy and py to ey

where hy, is either h; or h; and py, is either p; or p;. For e € I'y, since there is one element K
such that e, = 0K; N 0, we write hy = h; and p = p;. We also denote

h= max h; and p= min p;.
1<i<N), 1<i<Ng, "

Assumption (P). The finite element subdivision 7} satisfies the bounded local variation in
the sense that for any neighbor elements K and K’ € 7j, there exits a constant p such that

h
E<p
hK/
Below, we state a Lemma on the approximation properties of the finite element spaces whose
proof can be found in [1].




Lemma 2.1. For ¢ € (H"(K;))%,d = 1,2, there exists a positive constant Cs (depending on
r but independent of ¢,p; and h;) and a sequence (;SZ € Zy, (K% p; > 1, such that

e forany0<1<s,

hmin{r,pi+1}—l
6 — Spll e (epyya < CAZTH(M(HT(K@-))%

i

oforlgr—%,

i {rpit 1} =1-
I6 = épllar e < Ca=———— Il arucyye:
D;

o for0<i<r—1+2,

min{r,pi—i—l}—l—l—&—%

h.
h i
16 = Dy ll (W, (eryr < Ca 112

i

Ml (e (k)

We now denote Ip¢ = QSZ on each Kj.
Trace inequality. We shall use the following trace inequality on the finite element spaces.
For a proof, we refer to [16].

Lemma 2.2. (Trace inequality) Let v, € (Z,,(K;))%,d = 1,2. Then there exist a constant
Cr > 0 such

1

IV 0l 2(epyt < Crpiby 21V vnll 2,y 1= 0,1 (2.4)

Lemma 2.3. (L%-projection I1). Let ¢ € (H" Y (K;))? and 1), = e € (Z,,(K;))? be the
L%-projection of 1 onto (Zp,(K;))?. Then the following approzimation property holds:

h% hmin(r’ pi)+1
1Y — ¥nll 2y + p%”@b = Ynllz2K,))2 < CszWH(HM(Ki))%

3 Local Discontinuous Galerkin Method

The LDG method was originally initiated for a system of first order hyperbolic problems [5].
To define the method for parabolic integro-differential equations (1.1)-(1.3),we first introduce
auxiliary variables

t
q = Vu, a:aq—i—/ b(t,s)qds,
0

and then rewrite (1.1) as a system of equations:

q = Vu in Q, (3.1)
t
o = aq+/ b(t,s)qds in £, (3.2)
0
u—V-o = f in Q. (3.3)



We now multiply (3.1) by w € W, (3.2) by 7 € W and (3.3) by v € V and then we integrate
over the element K € 7; and use integration by parts formula to obtain

/q'wdx—k/uv-wda:—/ uw - vgdS = 0, (3.4)
K K

K 0
t
/aq~7’dm—/o"7'dw+//b(t,s)q(s)‘Td:cds =
K K 0 JK

0,
/utvdac—i—/ O'-Vvdac—/ o-vigvds = /fvdx. (3.6)
K K oK K

Note that there may be difficulty in defining v and o on 9. Therefore, the system (3.4)-
(3.6) is useful in defining the LDG method. For all K € 7, we seek approximate solution
(un,dn,on) € Zp(K) x Zp(K) x Zy(K) satistying the following system of equations for all
(?}h,Wh,Th) S Zp(K) X ZP(K) X Zp(K):

(3.5)

/qh~wh+/uhv-wh—/ Uwp - Vi ds = 0, (37)
K K OK
t
/ aqp - Thdxr — / o Thdx —i—/ / b(t,s)qn(s) - T drds =0, (3.8)
K K 0 JK
/ URtVh d:L’—i—/ oy - Vo, dx —/ o -viv, ds :/ fop dx, (39)
K K 0K K

where the numerical fluxes & and & have to be suitably chosen in order to ensure the stability
of the method and also to improve the order of convergence. As in the case of linear elliptic
problem, we use the following choice of numerical fluxes. For e; € I', the numerical fluxes are
defined on e, as:

W(up,on) = fupl} + Crz - [un] — Cozlon], (3.10)
&(uh,ah) = {{O’h}} — Cu[[uh]] — Cn[[d’h]]. (3.11)

The numerical fluxes are conservative since they are single valued on e € I'y, that is, on
e, €Iy,

[a] =0, [o] =0, (3.12)

and consistent since for smooth u and o, the following conditions hold:
w(u, o) = wu, (3.13)
o(u,0)= o. (3.14)

This completes the definition of our DG method. The LDG method is obtained when Cyy = 0,
that is when the numerical flux 4 does not depend on o,.

In order to obtain a LDG method, we sum (3.7)-(3.9) over all elements K € 7. Then using
the conservative property (3.12) and the definition of numerical fluxes, we obtain the following
system of equations for all (vy, wp, Tp) € Vi, X W, X Wy,:

Np,
/Qqh - W, + Z/ upV - wy, —/ ({ur} + Ci2 - [up] — Coon])[wr] ds=0, (3.15)
i=1 7K Ly
t
/aqh.rh dx —/O'h.Th dx + / / b(t,s)an(s) - Tpdxds =0, (3.16)
Q Q 0 JQ

Np,
/Quhtvh dx + ; /K:J'h - Vo, dx —/F({{U;Z}—C’H [ur] —Ci2]on])[va] ds:/Kfvh dz. (3.17)

5



For (¢,p), (v,w) € V x W, define the bilinear functional: A: W x W — IR as

Q

A1V xW — IR as
Np,
Ay(v,p) = Z/Kp Vod /pr}} — Cuo[p])[] ds.

Np,
- ;/K VPt /FI({{U}} + Cha - [v])[p] ds,

J:WxXxW — IR as

Ji(p,w) = g Ca[p][w]dS

As W x W — IR as
A2(p7w)_/a‘p'Wd$7
Q
B: W xW — IR as
B(t,s,p,w) = / b(t,s)p-w dz,
Q

and J:V xV — IR as

J(¢,v) = g Cuil¢][v]ds.

We also define the linear functional L : V — IR as

L(v):/gfvda:.

Using the above definitions, we rewrite the LDG method for the problem (3.15)-(3.17) in
compact form as : find (up,qpn, o) : [0,7] — Vi, x Wy, x Wy, such that for all (vp, 7, wp,) €

Vi X Wp x W, the following hold:
Alan, wp) — A1 (up, wp) + Ji(op, wp) =0,
Asx(aqn, Tn) — Alon, Tr) + /Ot B(t,s,qn(s), Th) ds = 0,
(upt, v) + Ai(on, vn) + J (up, vy) = L(vy).
We need to introduce the set (K, K') defined as

(K, K') = 0 if meas(OK N9OK') = 0,
’ "] interior of 0K NOK’ otherwise.

(3.18)
(3.19)
(3.20)

(3.21)

We assume that the stabilization coefficients C1; and Cag defining the numerical fluxes in (3.10)

and (3.11) are defined as

Cuula) = Cmin{h ply, hy_pj_} ifxe (KT, K7),
1 ChS D)y if z € 9K N o,

(3.22)



and

S N B4 ; -
Con(a) = { kmin{hf, pley, Wp_py-} ifxe (KT K7), (3.23)

kY P if x € 9K+ NOQ,

with ( >0, k>0, -1 <a<0<<1, -2<v<0<§ <2 independent of mesh size
and |Ci2| of order one. Our main result will be written in terms of the parameters p* and fu,
defined by

M* - max{—a,ﬁ}, s = min{_aalé}a

where 3 =1if k = 0 and 8 = 3 otherwise. For each internal or boundary edge, we set

2
Py

min{ 2, 2 for @ € (K, K'), 2 for x € 0K NOQ  if Cop(x) = 0,
x(x) = P P
Ca(x) otherwise.

Since the numerical fluxes & and & are consistent, we easily obtain the following system of
equations, for all (vg, T, Wp) € Vi, X W), X Wy,

A(q — qh,wh) — Al(u — uh,Wh) + Jl(O' — O'h,Wh) =0, (3.24)
¢

Ax(a = an i) = Ao = o m) + [ Bltos. (@ = an)(s). m)ds =0, (3.25)
0

(ut — upt, vp) + A1(o — op,vp) + J(u — up, vp) = 0. (3.26)

Below, we only state the main theorem of this article whose proof can be found in section 5.

Theorem 3.1. Let (u,q, o) be the solution of (3.1)-(3.3) and (up,qn,or) € Vi x Wy, x Wy, be
the solution of (3.18)-(3.20). If up(0) = Inug and g, (0) = IpVug, then the following estimates
hold:

hP+D t
o —unll < O (Il + / {lu() s + Jus(s)llgrsa}ds),  (3.27)

and

hP t
la=aul + o = oull < O (ullarss + [ Aulrss + las(lsads). (329

where P = min{r+3(1+4u), p+3(1-p*)}, D = 3(1+p.), Q = r+Z and Z = § min{1,~, —4}.

Below,we have presented a table which gives the order of convergence in h with different
parameters. Note that the order in hp is easy to infer from (3.27)-(3.28).

Table 1: Orders of convergence for u € H™*2(Q) for > 0 and p > 0.

Ca2 Cn la —anl, llo— ol [[w — ual
0, O(h) O(1) min{r + %,p} min{r + %,p} + %
0,0(h)  O(1/h) min{r + 1, p} min{r + 1,p} + 1
0(1) O(1) min{r,p} + % min{r,p} + 1
o(1) O(1/h) min{r + %,p} min{r + %,p} + %




4 Ritz-Volterra Projection and Related Estimates

For our subsequent analysis, we define the following extended mixed Ritz-Volterra projection:

Find (ap, qn, 1) : [0,T] — Vi x Wp x W, satisfying:

A(q — Qn, wp) — Ai1(u — Uy, wp) + Ji(o — G, wp) =0 ¥V wy € Wy,

t
AQ(q - Qh,Th) - A(O’ - &h77—h) + / B(t7 S, (q - Elh)(s)>’rh) ds=0V Th € Wh7 (42)
0

For given (u,q, o), it is easy to prove existence and uniqueness of the solution (y, gn, o) of

A1(o — ap,vp) + J(u—ap,vp) =0 Vo € V. (4.3)

(u— Ipu) — (ap — Ipu) = 0y — pu,
(@—Inq) — (qn — [hq) = Oq — pqg>

(4.1)-(4.3).
Using I, and Il projections, we write
u — ﬂh
q-—q
g — &h

(0 — o) — (64 —1140) = 05 — po,

and hence, from (4.1)-(4.3), we obtain

A(pgswn) = A1(pu, Wi) + J1(pg, Wh) = A(Oq, wp) — A1(wWh, 0u) + J1(00, Wh),

t t
AQ(panh> - A(p0'77-h) +/ B(t,S,pq(3>,7'h) dS = AQ(GQ7T}L) +/ (B(t7870q(8)77-h> dS,
0 0
Al(ﬂo‘avh) + J(Puavh) = Al(gcvvh) + J(Hu,’l)h)-

Below, we discuss the estimates of ||py|| and ||p,||-

Lemma 4.1. There is a positive constant C independent of h and p such that

h t
logl* + ool + | Culoud?dS + | Colpglds < O (ullfyess + | lu(s)|rs2 ds).(4.7)
r r p 0

where

2P

1 1 1
P:min{r+§(1+u*),p+ 5(1_N*)}a Q:T+§min{1a5a—7}'

Proof. Choose 7, = p, in (4.5) and use Cauchy-Schwarz inequality with g < a < M and

|b(t, s)| < M to find that

lpo®

= As(pgpo) + /0 B(t,5, py(s). py () ds — As(0q, po) - /0 B(t,5,0q(s), po(t) ds

< Cn(lpall+ 104l + [ lloy(s)l s+ [ 10a(s)15) e .

and hence,

o < C)(1lpgll + 18]l + / (Ipa(s)]l + 19a(s)]) ds).

(4.1)

(4.4)

(4.5)
(4.6)



Now, choose w, = p,, in (4.4), T), = pq in (4.5) and v, = p, in (4.6) and then sum up to
obtain

AQ(pq> pq) + J(pu, Pu) + Jl(paa pa') = A(aqv po-) - A (paa eu) + 1 (00" po-) + AZ(eq’ pq)

A1 B pu) + T (B ) + /0 B(t, 5, 0q(s). pq(t)) ds

t
~ [t palo). pa(t) s (49)

A use of Cauchy-Schwarz inequality yields

|A(0q, p5)| = IZ/ 0q- Podr| <Y [10qlxllpelx < 104llllpcl,

K K K
and using (4.8), we arrive at
2 ! 2 2 ! 2
A(Bq,p5)| < C(118al? + /0 104]%ds ) +<llogll? + C /0 loglPds.  (4.10)

We note from the definition that

Mpot) = 3 [ 0.5 poda= [ (o.Mpolds [ Culbdlpolds. (1)

KeT,

Integration by parts and use of Lemma 2.2 yields

> A9uv'padx—ﬁlﬁ9u}ﬂpaﬂdsz— > /KVQu-padx—l—/F[[Hu]]{{pU}dS, (4.12)

KeTy, KeT,
and hence
3 3
Bigl Y [ Vou-pgda— [ pohas| < (IO + [ FE0E) ool (413
Ker, VK r r Nk

For the third term on the right hand side of (4.11), again, an application of Cauchy-Schwarz
yields

[ cutouipotas| < o [ i0as) ([ aioolas) (414

On combining (4.13) and (4.14), we obtain using (4.8) that

2 t
p _
100,001 < (16alP + 190,17 + [ 4 x017S) + el +C [ lpgl?ds. (415)

A simple application of Cauchy-Schwarz inequality now implies

7160, £5)| < 11(85,05)7 T1(Pg: Po) - (4.16)
From the definition of A; and J, we write
A1(0g, pu) + J(Ou, pu) = Z / 05 - Vpude — /({90}} — C12[05] — Cua[0u])[pu]dS.
K r

KeT,



Since ITjo is L? projection of o onto Wy, it follows that

Z/G -Vpudx =0,

KeTy,
and hence,
| [0}~ Culeu] - Cul6aDipdas| < € 3 (Cil16alBx + Cullbul3x)
r KeTy,
+eJ(pu, pu)- (4.17)

An appeal to the Cauchy-Schwarz inequality yields
[42(84, pg)l < Cl64]lllpgll < Cl18g]I* +<llpg > (4.18)

A simple application of Cauchy-Schwarz inequality yields a bound for the last term of (4.9) as
t t t
[ B 0a6)pal0)ds — [ Blts.po(9)pa(0)ds| < Cllogll [ (166l + gl ds

t t
<c /0 16412 ds + <llpgll? + C /0 ol ds. (4.19)

Substitute the estimates (4.10)-(4.19) in (4.9), use apg < a(z) < M, V z € 2, Lemma 2.1 and
Lemma 2.3. With the help of a suitable choice of €, we arrive at

, thin{'r,pK}—i-Q , ) 2min{rpg }+1
10l + T (pus pu) + T1 (Pgs pg) < C| D { =g lal2 1 i + (CT + Coa) K
K Pk Pk
h?{min{r—l—l,pK} pK h2mm{r+1,pK}+1

K
2 mln{r7pK}+2 t
o S s [ oo

Hence, we obtain

h2P t t
l6all + T(psp) + (01 £0) < Coy ([l + [ (o) s ts) + [ ()P
An application of Gronwall’s Lemma yields the desired estimate for ||p4||. On substituting the
estimate of ||p|| in (4.8), we obtain the desired result and this completes the proof. O

Theorem 4.1. There exists a positive constant C' independent of h and p such that

- - N h?
lo — &al® + lla — &>+ / Ci[u — @] %dS < c—(uunw - / lulfrszds).  (4.20)
I

Further,

_ h(P+D) t
la =@l < Clu=nll+C Gz (el + /0 lullgrezds),  (4.21)

where

vl s , W)

Q) = up —
B (@) w0 Wl o

10

||0-”72~+1,K

c Il
p2r+2 + (hK +x + 11) p%+3 HUHT+2,K



Proof. A use of triangle inequality with Lemma 4.1, Lemma 2.1 and Lemma 2.3, easily yields
(4.20). For (4.21), we first set 1, = u—1p, Ng = q — @, and 9, = o — &;. For any w € H'(Q)
and wy, € wy,, we obtain, using (4.1)

(nqa W) = (nqa W= Wh) + (nqv Wh)
= (W — W) - / WV - whde + / ({m} + Craln]) [walds.
Q T

Since [w] =0 V w € HY(Q), we arrive at
N, N,
(W) = Ggw—wi) =Y [ nVowde+Y [ 0w -wids
i=1 7 K i=1 7K

— g £} w — wp]dS — g Cia[nu][w — wp]dS. (4.22)

Choose wy, = IIyw to obtain
Np,

|(Mgsw = TLyw)| < C Y [lnall 2y lw = w2 i)
i=1
A use of Lemma 2.3 now yields
Np,

2 :
(1w = Tw)] < C(( - 25 allgry ) 1 (123
=1 "1
and
> [ ¥ wde| < Wl (121
K K

Apply integration by parts to the third and fourth terms on the right hand side of (4.22) and
obtain

EK:/K%V (w—1IIpw) dx — FI{{%}[[W —Ipw]dS = - 2_:/ V- (w —Iw) dx

+ [ Inudlw — pw]ds.

Noting that 1, = 6, — p, and II,, is L? projection, we use Cauchy-Swartz inequality to find
that

‘%:/Knuv.(wﬂhw)dx - /FI{{nu}[[thw]]dS‘g (;ZE};IIV%!%

1
+ 3 Ol [ Culndds) w429
ek

epel’

For the last term on the right hand side of (4.22), we use Cauchy-Schwarz inequality and
property of Il to obtain

‘/Fclg[[nuﬂ[[w—ﬂhw]]dS’ < C> (/ cll[[nu]]%s)%(/e Cl_ll[[W_HhW]]QdS)é

el €

IN

1
(S e [ CulnlPds) o (4.26)
€k

el
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On combining the estimates (4.23)-(4.26) and using the Lemma 4.1, it now follows that
hik a1 h*r 2 b 1/2
(g, w)| = € [ max{ 55, Crithac, Contach o (Iless + [ W ds) |+ lmll I e o,
K
and hence, for w # 0 € H!(Q)

R2(P+D) t 1
< [z (s + [ lulfea ds)]* + .

Now on taking supremum over all w # 0 € H!(Q), we obtain the desired estimate. This
completes the proof. O

(g, W)
HWHHl(Q)

After differentiating (4.4)-(4.6), we obtain

A(pqt7 Wh) - Al(puta Wh) + Jl(po-t) Wh) = A(OQt7 Wh) - Al(euta Wh) + Jl (OO't) Wh)7 (427)
t
AQ(pqt7 Th) - A(patv Th) + B(t7 t, pq(t)7 Th) + / Bt(ta S, pq(s)v Th) ds
0
t
= A2(0qta Th) + B(ta t, eq(t)a Th) + / (Bt (ta S, Bq(s), Th) dS, (428)
0

A1(pgyrvn) + I (pug, vn) = A1(Oor, vn) + T (Our, vn). (4.29)

Remark 4.1. We put Wy = pgy, Th = Pq;» Vh = puy in (4.27)-(4.29) and after proceeding in
a similar way as for finding (4.7), we obtain

h2P
loal? + 200l + [ CulpulPas + [ Coalog S < g [lulfyea + sy
¢
[l 3eads]. (4:30)
0
An application of triangle inequality yields
2 2 2 2 h*r 2 2
1mq,1” + 1ne)l” + Fcll[[nmf]] ds + F022[[?70t]] s < CpTQ[HUHHrH + el 72
t
b [ Nl sads]. (4.31)
0

Theorem 4.2. Let (u,q, o) be the solution of (3.1)-(3.8) and let (up,Qn, ) be the solution
of (4.1)-(4.3). Then there ezist a positive constant C independent of h and p such that

~ p(P+D) t
[ cw(y\u\|},r+z+/0 el g2 ds). (4.32)
and
~ h(P+D) t
HW—%MfECM%QOMW%+WWmH+AHWmH%) (4.33)

Proof. For L?-estimate (4.32), we appeal to the duality argument. Consider the following
auxiliary problem:

—V . (quﬁ) = N in Q7
¢ = 0 on 09,
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which satisfies the elliptic regularity

o2 < Clinull- (4.34)
In order to write the mixed weak formulation, let p = V¢ and ¥ = —ap. Then, we obtain
p=V¢ inQ, (4.35)
—¢ =ap in (4.36)
V- =mn, in Q. (4.37)

We multiply (4.37) by 7., (4.36) by n, and (4.35) by n,, then integrate to find that
nd? = [ w3 wdes [ a@pongde+ [ bongds

—/p.nadx+/v¢-nadx.
Q Q

As[¢] =0, [] =0on ex € I'; and ¢ =0 on 02, we now obtain
Inull> = A(mgs¥) — A, ¥) + J1 (Mo ) + A2(gs P) — ANy, P) + AL(N5, &) + J (1, ).
Using (4.1)-(4.3), we arrive at

Il = Alng, 8p) — Ai(l, 0y) + J1(15, 0p) + A2(ng, 8p) — A1, 6;)

t
+A; (na, 9¢) + J(?]u, 9¢) — / B(t, 5, Mqs Ihp) ds, (438)
0

where 04 = ¢ — I,¢, Oy, = p — I,p and 0, = 1 —1I;,9p. Using the Cauchy-Schwarz inequality,
Lemma 2.1, Lemma 2.3 and the fact that ||p||g1 (o) < M||%[[g1(q), We obtain

h2 1
A1)+ Aa(1s Op) + Al 80)] < C[ X 2 (Il + I )] 19l (439
K 'K
Proceeding similarly as for finding (4.15), it yields
h2 B 1
A1, 09) < C (3 S IV0ullic 3 Ot / Cualnal?dS)* [l ), (4.40)
K YK epel’ €k

and

000 = |2 [ no-Vosdz = [ (e} = CroloDIblas
K

IN

(Z/Kn,.ve(z, daz‘ + ‘ /F({n,}} —Clzﬂnaﬂ)[[9¢ﬂds‘. (4.41)
K

A use of Cauchy-Schwarz and Lemma 2.1 gives

h2 1
|32 [ e Stda] < O[30 mali] ol (4.42)
K K

13



We can rewrite the second term of (4.41) as
| ned = ColnDisslas| < € S ( [ Aleolbitelas + [ f10o141001aS). (143
el €
Using trace inequality (2.4) and Lemma 2.1, we obtain

hmln{r,p}—l—l

| [ @nod = CualnoDI0dS| < € (ool + *——lolluio) ) 6l (444

p2

A use of Cauchy-Schwarz and Lemma 2.3 yields

[J1(Ng, Op)| < C[ > Cz2hK/ Ca2[n,] dS] 1]l (), (4.45)
ep€l’
and
T(me09)| < €[ 3 otk / Culnlds)” 1ollueco (4.46)
erel’

Now the last term on the right hand side of (4.38)

IN

t
C( [ Ima(s)l iy ds)Tuplaw o

t
([ Imas) iy ds) plor

Substitute the estimate (4.21) of ||ng[|f1 ()« from Lemma 4.1 and find that

’/OtB(t’S’"q(S)thp(t))ds‘

IN

h(P+D)
[ 5. 1) w0 5| < bl [ (Il + g e s (a7

From the definition we note that ||p[|g1 () < Clléllm2(o) and [[%|[a1Q) < |¢lla2q). Now using
the regularity condition (4.34), estlmates (4.39) — (4.47) and Lemma 4.1, we obtain

hP+D
Il < €z (ullesaco / 422 ) / Ialds. (1.48)

An application of Gronwall’s Lemma gives the estimate (4.32) for ||u — uy||. For the estimate
(4.33), we now differentiate (4.1)-(4.3) with respect to time. Then, we proceed as above and
use (4.31) to complete the rest of the proof. O

5 Error Estimates

In this section, we prove our main theorem, that is Theorem 3.1. Using extended mixed
Ritz-Volterra projection, we write

u—up = (u—ap) — (up — Up) = Nu — &u,
a—q,=(a-a,) — (an — Q) = ng — &g
o—op,=(0—-06)— (0, —6)=n, &,

14



Since we have already estimated 7, 1 and 1., now we only have to find the estimates for &,,
€y and §,. Using (4.1)-(4.3), the system (3.24)-(3.26) can be written as

A(Eq,wh) — Al(fu,Wh) + J1 (ﬁa,ﬁa) = 0 YV wy, € wp, (5.1)

t
A2(&q> Th) — A€o Th) +/0 B(t,s,§4(s),Th)ds = 0 Y TR € wp, (5.2)
(Currvn) + A1y vn) + J(Gusvn) = (Mug,vn) YV vp € Vi (5.3)

Below, we establish estimates for |||, [|€4]l and [|€ |-

Lemma 5.1. There exist a constant C independent of h and p such that

t T
e+ [ lealas < CQIEO+ [l ds). (54)

IN

T
l€all? +lEo1? < C(IlEq(OI? + T(€(0), €u(0)) ) + /0 InulPds.— (5.5)

Proof. Choose wj, = §, in (5.1), T, = §4 in (5.2) and v, = &, in (5.3) and add to obtain

1d

t
5%”5”&”2 + AQ(Equq) + J(&uaéu) + Jl(gawgcr) = (77um§u) - /0 B(tv 8,£q(8),€q) ds.

Using a > ag and Cauchy-Schwarz inequality, we arrive at

d t
T &ull® + aoll€gll” + 27 (6us &) + 21(€02€5) < llmuc|* + lI8ull” + C(T) /0 1€q(s)11% ds.

Integrate from 0 to t to obtain

2 ! 2 2 ! 2
1€ull” 4+ [ {lI€qlI” + J(§us &u) + J1(€5y€5) Fds < [IE(O)"+C [ Inu.||” ds
0 0

+ o [ (i + [ lq(riPar as.

A use of Gronwall’s Lemma yields

t T
el + | ealds < O(Uu@ I+ [ ). (56)

Now differentiate equation (5.1) with respect to t and choose wy, = &, in (5.1), 7, = £, in
(5.2) and vy, = &,, in (5.3).Then add and use Cauchy-Schwarz inequality to obtain

1d 1 1d 1
§aAQ(.f;f*q,gq) + 5llfut||2 + 5%J(éu,fu) +J1(€5,€05) < §Ilmtll2
d [t K
- % 0 B(t,s,gq(s),éq)ds + B(t7t’£q(t)’£q) +/O Bt(t,S,Eq(S),Eq)dS-

15



Integrating from 0 to t and using the boundedness of B and the property a > «q, we arrive at

€4l + / Ul + J1(Eqr€0))ds + J(EurEn) < a0ll€q(0)]12 + J(E(0). Eul / 12 dis
- / Bt s, £4(s). £4(1) ds+/Bsssq<>eq<>>

+ / / (5,7,64(7),€q(8))dT ds

< €O + I (0,600 + ClED] [ l16q(o)]ds
[ Pds+C [ {lgal [ leamlaryds+ [l ds

Using Young’s inequality appropriately, we obtain

t T
J€alP + [ 160+ T(€6) < Cloo.T)(Ieal0)1? + 760 6u(0) + [ ] ds)

Cla0,T) /0 €4 ()] ds.

Again a use of Gronwall’s Lemma yields

el + (60 €0) < C(1€(O17 + JE0). 60D + [ Il ds). (57)
In (5.2) taking 75, = &€,,using Cauchy-Schwarz inequality, we obtain
t
l€o 1 < C(llgql + /0 €4 ()l ds) (5.8)
and using (5.7), we obtain the desired estimates. This completes the proof. O

Proof of Theorem 3.1. Using the triangle inequality, we can write
lu —unll < flu—anll + |@n — uall. (5.9)

Now a use of Lemma 4.2 and Lemma 5.1 with the choices u,(0) = Ipup and q(0) = Iy Vug
gives the estimate (3.27) of ||u — up||. In the similar way, we can find the estimate (3.28) for
la — gl and || — o||. This completes the rest of the proof. O

Remark 5.1. Although for simplicity of exposition, we have discussed semidiscrete method, but
the analysis for completely discrete schemes using backward FEuler method and Crank-Nicolson
method will not pose any special problem, see Thomée [17]. Therefore, we have omitted the
discussion on completely discrete schemes.

6 Numerical Experiments

In this section, we discuss the performance of the proposed LDGFEM methods for the following
linear parabolic problem:

up— V- (Vu+ /t eI Vuds) = f in Q x (0,77, (6.1)
0

u = 0 on 9 x (0,71, (6.2)

u(z,0) = wup(x) in ©, (6.3)

16



where Q = (0,1) x (0,1), T = 1 and f is taken in such a way that the exact solution is

u=elzx(x — 1)y(y —1). We divide Q into regular uniform closed triangles and 0 = ¢y < t; <

-+ < tpr =T be a given partition of the time interval (0,7 with step length At = % for some
positive integer M. Let U™ denote the approximation of uy at ¢t = t,,. We will investigate the
convergence of LDG for ||u — uy|| and || — qyl|- Let us first discuss the numerical procedure
for the above mentioned method. Let ((bi)f\gl be the basis functions for the finite dimensional
space V},, where IV}, denotes the dimension of the space V}, and (Xz)f\i " be the basis functions
for the finite dimensional space Wy, where M, denotes the dimension of the space Wy,. Then,
we define the following matrices

M = [M(ij)h<ij<n, A= [A1())]i<i<n,1<i<M,
J1 = [Nh(ifh<ij<m,, B=I[B(j)h<ij<n,, J=1J00)h<ij<n,

and the vector
L = [L(i)]i<i<n, (6.4)

where

v = X | 0yda, TOEY [ 6V =[x odas.

N(if) = > [ Calxllx;lds, B(ij)(t):/QXi'dexa J@ij) = | Culsille;]ds,

ec V¢ ecr 7€

and L(i) = [, foida.

Nh Mh
Write up, = » iy, where o = [on, 00+ ,an,], an = »_ Bix;, where 8 = [81, B2 B, ]
=1 =1
M, Z
and o, = Y yix;, where v = [v1,72 - Yz, ]
i=1

Set
Oup U™ — g1

ot At

Now using the basis function for Vj, and Wy, (3.18)-(3.20) can be reduced to the following
matrix form.

tn
BB" — By" + / =9IBB ds = 0 (6.6)
0
(M 4 dtJ)a" — dtAjy™ = Ma™ ' +dtL (6.7)

Convergence of ||u—uy|| and ||q—qyl|. We show the orders of convergence in the L%-norm of
the error in the gradient q = Vu and in the L?-norm of the error in u in the Table 2 and Table
3, respectively. We observe that the optimal order of convergence predicted by our theory (see
Table 1) is achieved. We have plotted — log||q —qp|| and — log ||u—wup|| with —log(h) in Figure
1 and Figure 2, respectively which confirm the theoretical result.
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Figure 1: L? norm error estimates for q when C1; = O(h™!) and Ca = O(h)

Table 2: Table for L2-error estimate in q

Cnu— | O0@1) [ 0o(1) | o) [Or™") | Oh™) [ Oh)
Cop— | 0 | 0@1) | Oh) 0 01) | o)
p=1 | 1.1642 | 1.1751 | 1.1642 | 1.0249 1.0249 1.0250
=2 | 2.4045 | 2.4264 | 2.3352 | 2.2861 | 2.2862 | 2.2862
p =3 | 3.1231 | 2.0687 | 3.5015 | 3.4137 | 3.4122 | 3.3930

Table 3: Table for L%-error estimate in u

Cu—] O1) | o) | o) [om o om™
Coy— | 0 | 001) | Oh) 0 o(1) | o(h)
p= 2.3457 | 2.3579 | 2.3157 | 2.2341 2.2345 | 2.2341
p=2 | 3.2440 | 3.2444 | 3.2440 | 3.1635 | 3.1599 | 3.1633
p =23 | 4.0343 | 3.0996 | 4.0343 | 4.0234 | 3.9940 | 4.0200

7 Conclusion

In this paper, we have proposed and analyzed an hp-LDG method for a parabolic type integro-
differential equation. Compared to the elliptic case [3], [15], we have, in this article, established
similar hp-error estimates for the semidiscrete scheme after suitably modifying the numerical
flux @. Due to the presence of integral term, an introduction of an expanded mixed Ritz-
Volterra projection helps to achieve optimal estimates. Further, a dual norm estimate plays a
crucial role in our error analysis. Finally, we have also discussed some numerical results. As a
consequence of the present analysis, it is easy to derive error estimates for parabolic problems.
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