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Abstract

This thesis consists of two projects. In the first project, we prove a new
result relating the solution interface of the scaled fractional Allen–Cahn
equation to motion by mean curvature flow. More precisely, we show
that, for α ∈ (1, 2) and d ≥ 2, if uε is a solution to the scaled fractional
Allen–Cahn equation

∂tu
ε = −I(ε)α−2(−∆)α

2 uε + ε−2uε(1 − uε)(2uε − 1) t > 0, x ∈ Rd

with a suitably chosen initial condition, then as ε → 0, uε converges to the
indicator function of a set whose boundary evolves according to motion
by mean curvature flow. Here, I(ε) can be chosen from a family of possi-
ble ‘scaling functions’, distinguishing our result from known convergence
results such as [IS09]. Our proof is purely probabilistic (taking inspiration
from [EFP17]) and describes solutions of the fractional Allen–Cahn equa-
tion in terms of ternary branching α-stable motions. Finally, we prove
that this mean curvature flow behaviour is preserved for a stochastic ana-
logue of the fractional Allen–Cahn equation. We do so via the Spatial
Λ-Fleming-Viot process. In our second project, we prove a new result
on the spreading speed of solutions to one-dimensional fractional Fisher–
KPP type equations with appropriately chosen initial condition, such as
the equation

∂tu = −(−∆)α
2 u+ u(1 − u) t > 0, x ∈ R.

Taking inspiration from [Pen18], we use the Feynman–Kac formula to
prove probabilistically that the front position of solutions to these equa-
tions grow exponentially in time, and state the precise order of this spread-
ing speed, improving known results such as those from [CR13].



Declaration

I hereby declare that the contents of this thesis are original. The two projects featured
in this thesis were both collaborations. The work in Chapters 3 to 5 was joint with
Prof Alison Etheridge and Dr Ian Letter. The work in Chapter 6 was supervised
by Dr Sarah Penington. This thesis is submitted for consideration for the degree of
Doctor of Philosophy (Statistics) at The University of Oxford.



Contents

1 Introduction 1
1.1 The fractional Allen–Cahn equation . . . . . . . . . . . . . . . . . . . 3

1.1.1 The Allen–Cahn equation . . . . . . . . . . . . . . . . . . . . 3
1.1.2 Hybrid zones . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Spreading speeds of reaction-diffusion equations . . . . . . . . . . . . 11
1.2.1 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 Background 17
2.1 Stable processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.1 First definitions . . . . . . . . . . . . . . . . . . . . . . . . . . 17
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Chapter 1

Introduction

Reaction-diffusion equations have been used to study a wide range of phenomena
within the natural sciences, and are a topic of great mathematical intrigue in their own
right. They appear as models for the spread of populations [Fis37, KPP37, AW78],
phase transitions [HH04, Wan02, ESS92], combustion [BNS85, BLL90], and chemical
reactions [AC79, BL91]. In this thesis, we explore fractional reaction-diffusion equa-
tions that model populations that exhibit long range dispersal. Fractional reaction-
diffusion equations are reaction-diffusion equations where the diffusive term is re-
placed by the generator of a pure jump process (namely, a stable process). As a
result, they present new challenges that as of yet have not been fully explored in a
probabilistic context.

One of the earliest applications of reaction-diffusion equations to biology appears
in the 1937 work [Fis37]. Here, Fisher introduced the equation

∂tu(t, x) = m

2 ∆u(t, x) + su(t, x)(1 − u(t, x)) (1.1)

for t > 0, x ∈ R and initial condition u0(x) := u(0, x) ∈ [0, 1]. In the same year,
Kolmogorov, Petrovsky and Piscounov studied (1.1) but for more general reaction
terms f(u) [KPP37]. Today, we know equation (1.1) as the Fisher-KPP equation.
Fisher introduced this equation as a model for the spread of advantageous genes in a
linear habitat, where u(t, x) denotes the frequency of the gene at position x at time t,
m is a diffusion constant and s is the intensity of selection in favour of the gene. The
Fisher-KPP equation, which is intimately linked to branching processes and certain
martingales, acts as the basis for a rich area of research explored by the likes of Sko-
rokhod [Sko64], McKean [McK75], Bramson [Bra78, Bra83], Neveu [Nev88], Lalley
and Sellke [LS87], and many others. For a detailed introduction to the Fisher-KPP
equation and overview of its history, see [Fif79, Bri86].
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Fisher’s model assumed that individuals in the population dispersed locally. How-
ever, this assumption is erroneous for many real world populations. In this work, we
consider populations that exhibit long range dispersal (i.e. the capacity for children
to, on rare occasions, establish very far away from their parent). This behaviour is
ubiquitous in nature and is a crucial survival mechanism for many organisms, partic-
ularly those insular species that must travel vast distances to populate new regions.
Examples include the dispersal of plant seeds (which can travel by wind, water, and
can be transported internally or externally by animals) [CMS00], fungi [Bus07], and
small insects such as flies, moths, and bees (which have the secondary effect of fa-
cilitating the hybridisation of the flora they pollinate) [Bar96, Rea21]. The ability
for certain organisms to populate islands through long range dispersal can have a
profound impact on the biological composition of the land, increasing the genetic
diversity of isolated regions [WKK+15, Hea00, Rea21]. One example of this is the
Hawaiian angiosperm flora, that cannot be attributed to a single mainland source,
but instead have the genetic composition of flora from across circum-Pacific regions
[Car67, WKK+15]. Another recently observed instance of long range dispersal was
that of a single finch that travelled over 100 km to an island in the Galápagos where it
went on to produce hybrid offspring with the resident population [LHW+18, Rea21].

To model populations with long range dispersal, we consider fractional reaction-
diffusion equations which take the form

∂tu(t, x) = −(−∆)α
2 u(t, x) + f(u(t, x)) (1.2)

for all t > 0 and x ∈ R, where f : R → R is a general nonlinearity (typically taken
to be a quadratic or cubic, depending on the particular model) and −(−∆)α

2 denotes
the fractional Laplacian (i.e. the generator of an α-stable process), which will be
defined in (2.1) below. Here the parameter α ∈ (0, 2) determines the size and fre-
quency of large jumps made by the stable process (as α decreases, the frequency of
large jumps increases). Outside of population models, fractional reaction-diffusion
equations have applications in dislocation dynamics and statistical mechanics [IS09].
Dislocation dynamics relates to the motion of defects in crystalline lattice structures,
which can sometimes be modelled by non-local diffusions, as in Peierls-Nabarro mod-
els [KCnO02, GLL21]. In statistical mechanics, non-local diffusions can be derived as
the mean field equation associated to stochastic Ising models [IS09]. For a compre-
hensive list of references see [GLL21].

In recent decades, fractional reaction-diffusion equations and reaction-diffusion
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equations with anomalous diffusion have surged in popularity.1 This is in part due
to their relevance to numerous physical models like those mentioned above. From a
purely mathematical viewpoint, they pose technical difficulties that classical parabolic
equations like the Fisher-KPP equation do not. Much of the theoretical work on
these topics, to date, has been led by the PDE community [MMM11, GZ15, CR13,
CS14, CS15, MRS14]. The effect of long range dispersal on various models has also
been studied numerically [MVV03, del09, HF14], and applied to data from epidemics
[BH13] and plant populations [CLMH03, MMC11, CMM06].

In this thesis, we study fractional reaction-diffusion equations from two distinct
perspectives. In our first body of work (corresponding to Chapters 3-5) we prove a
new result on the geometric motion of the solution interface generated by a scaled
fractional reaction-diffusion equation with Allen–Cahn type nonlinearity. Then, in
Chapter 6, we find new, tight estimates on the spreading speed of fractional reaction-
diffusion equations with Fisher–KPP type nonlinearity.

1.1 The fractional Allen–Cahn equation

In this section, we provide an overview of the work in Chapters 3-5 on the fractional
Allen–Cahn equation.

1.1.1 The Allen–Cahn equation

The Allen–Cahn equation is a reaction-diffusion equation that takes the form

∂tu
ε(t, x) = ∆uε(t, x) + 1

ε2f(uε(t, x)) (1.3)

for ε > 0 fixed and all t > 0, x ∈ R. This equation can be obtained from the
unscaled equation ∂tu(t, x) = ∆u(t, x) + f(u(t, x)) by defining uε(t, x) := u(ε2t, εx).
Here, f ∈ C2(R) is assumed to have precisely three zeros, v−, v0 and v+, such that

f > 0 on (−∞, v−) ∪ (v0, v+),

f < 0 on (v−, v0) ∪ (v+,∞),

f ′(v−), f ′(v+) < 0 and f ′(v0) > 0.
1Anomalous diffusions are processes whose mean squared displacement obeys a power law. Con-

sequently, α-stable processes (which have undefined second moment when α < 2) are not anomalous
diffusions, but their q-th moments (q < α) can be used to define ‘Lévy flights’, see [MVV03, Sec-
tion 2.2.4].
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An example of f is shown in Figure 1.1, together with the Fisher–KPP nonlinearity.
In equation (1.3), the diffusive term ∆ acts to smooth solutions (in the context of

a biological model, this could be viewed as the ‘mixing’ of the population), while the
nonlinearity f drives solutions towards one of two states, v− or v+ (in a population,
these states might correspond to the dominance of a particular allele). These oppos-
ing effects, which are characteristic of reaction-diffusion equations, create a solution
interface separating the two states. Over large spatial and temporal scales (corre-
sponding to ε → 0) this interface appears sharp and one can study its motion.

y=x(1−x)(2x−1)
y=x(1−x)

Figure 1.1: Examples of Fisher–KPP type (dashed) and Allen–Cahn type (solid)
nonlinearities

The Allen–Cahn equation was originally introduced in [AC79] to model the motion
of curved antiphase boundaries (APB) in crystalline solids. These are defective regions
in the crystal lattice where atoms have the opposite configuration to that predicted by
their lattice system, producing a positive excess of free energy in the system [AC79].
This is a non-equilibrium state of the lattice, resulting in the diffusive movement of
the APB to minimise the total area of the boundary. The motion of the APB can
then be modelled by the solution interface of the Allen–Cahn equation.2

It was observed by Allen and Cahn in [AC79] that the velocity of the interfacial
motion described by equation (1.3) was proportional to the mean curvature of the
boundary. Bronsard and Kohn [BK90, BK91] and Demottoni and Schatzman [dMS89,
dMS90] provided a rigorous proof of this under a variety of dimensional and regularity
restrictions, and in 1992, Chen proved this result in all dimensions under relatively

2In their original work [AC79], Allen and Cahn already note the relevance of long range dispersal
to interfacial motion. Allen and Cahn mention that interfacial motion sometimes requires long range
dispersal, citing the growth of a (solid) precipitate from a supersaturated solution and the motion of
interfaces with impurities as two examples. Later, the motion of phase boundaries in particle systems
with long range dispersal would be studied more rigorously, such as in the work of [GL97, GL98] for
the Cahn–Hilliard equation.
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weak regularity assumptions [Che92]. In this work, we prove an analogous result in
the fractional setting, motivated by the motion of hybrid zones.

1.1.2 Hybrid zones

The Allen–Cahn equation can be used to model the motion of hybrid zones over large
spatial and temporal scales. Hybrid zones are narrow geographical regions where two
genetically distinct species meet and reproduce, resulting in individuals of mixed an-
cestry (hybrid individuals). The motion of hybrid zones was considered in Etheridge
et al. [EFP17], and will be generalised in this work to populations that exhibit long
range dispersal. Hybrid zones have been observed extensively in nature. Examples in-
clude the European house mouse [HS73] and North American warbler birds [TLIB18]
(see [BH89] for a list of examples).

As explained in [EFP17], there are two primary mechanisms acting to maintain
hybrid zones. The first is a change in environment where the two populations meet.
The second, which will be considered in this work, is selection against hybrid indi-
viduals. This is the case, for example, for the European house mouse hybrid zone,
where male hybrid individuals were found to be sterile [TPH+08], and for the Myrtle-
Audubon warbler populations, although the selection mechanism is not known in this
case [TLIB18].

To model the motion of hybrid zones in populations that exhibit long range dis-
persal, we consider the following special case of the fractional Allen–Cahn equation

∂tu(t, x) = −(−∆)α
2 u(t, x) + su(t, x)(1 − u(t, x))(2u(t, x) − 1), (1.4)

for all t > 0 and x ∈ R where s is a small selection parameter. The connection
between hybrid zones and (1.4) will be justified in Chapter 3 by considering a diploid
population in which the trait under selection is determined by a single genetic locus
at which there are just two types (alleles) a and A. Since we consider hybrid zones
maintained by selection against hybrid individuals, we assume selection favours ho-
mozygotes (aa or AA individuals) over heterozygotes (aA indivduals). We will see
that the proportion of type a alleles at time t and position x will satisfy (1.4) over
large spatial and temporal scales. Here, the operator −(−∆)α

2 arises from the long
range dispersal of individuals (modelled as α-stable processes), and the nonlinearity
will be derived as the rate of change of the proportion of type a alleles due to repro-
duction.

In Etheridge et al. [EFP17], populations were assumed to disperse locally. Con-
sequently, the version of the Allen–Cahn equation considered there was the same as
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(1.4), but with the fractional Laplacian replaced by the ordinary Laplacian ∆ (the
resulting equation is also known as the Nagumo’s equation, see [NAY62, McK70]).
By considering branching Brownian motions, the authors proved using purely proba-
bilistic techniques that the (deterministic) Allen–Cahn equation converges as ε → 0
to the indicator function of a set whose boundary evolves according to mean cur-
vature flow. As we have seen, this result is due to Chen [Che92], but the proof in
[EFP17] and techniques developed therein were novel. Additionally, their proof could
be adapted to incorporate genetic drift, which refers to the randomness inherent in
reproduction within finite populations. This was achieved via a so-called Spatial-Λ-
Fleming-Viot process. It was shown in [EFP17] that, provided the genetic drift is not
too strong, the limiting mean curvature flow behaviour observed in the deterministic
case is preserved by the scaled stochastic model.

In view of this work, it is natural to ask: will mean curvature flow be preserved in
populations that exhibit long range dispersal? The answer to this should, of course,
depend on the strength of the dispersal mechanism. This is determined by the index
α ∈ (0, 2]. When α = 2, the fractional Laplacian and ordinary Laplacian coincide, so
in view of Chen’s result [Che92], we expect mean curvature flow to be preserved for α
sufficiently close to 2. As α approaches 0, the severity and frequency of large jumps
increases, so for small α it seems unlikely that motion by mean curvature flow will be
seen in the limit. This intuition is supported by results in the PDE literature, with
the threshold between the two behaviours occurring at α = 1. For example, in [CS10],
Caffarelli and Souganidis consider a threshold dynamics type algorithm to simulate
a moving front governed by the fractional heat equation. The resulting interface was
shown to converge to mean curvature flow for α ≥ 1 and ‘weighted’ mean curvature
flow for 0 < α < 1. Later, [IS09] showed that equation (1.4), when correctly scaled,
converges as ε → 0 to motion by mean curvature flow when α ∈ (1, 2).3 As we will see,
the scaling of (1.4) taken in [IS09] is distinct from our own, so even our deterministic
convergence result is new.

1.1.3 Main results

We will prove that, under a family of possible scalings, the fractional Allen–Cahn
equation with index α ∈ (1, 2) started from a suitable initial condition converges as
ε → 0 to the indicator function of a set whose boundary evolves according to mean
curvature flow in dimension d ≥ 2. By modifying our proof to study an instance of

3The results of [IS09] are stated more generally for any reaction-diffusion equation with diffusive
term given by a singular integral operator and reaction term given by a bistable nonlinearity.
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the so-called Spatial Λ-Fleming-Viot process with selection, we show that this prop-
erty is preserved in the presence of random genetic drift (provided the genetic drift
is not too strong).

A rigorous definition of motion by mean curvature flow will be provided in Chap-
ter 3. If Γ0 ⊂ Rd is some initial hypersurface that evolves over time, we denote the
surface at time t by Γt. We call the collection (Γt)t≥0 the mean curvature flow of Γ0 if
the normal velocity of a point in Γt is given by the mean curvature at that point. The
resulting motion reduces the surface area of Γ0 as quickly as possible with respect to
the L2-norm over the surface (formally, mean curvature flow is the negative gradient
flow for the area functional [CMP15]).

Our main deterministic result is the following (corresponding to Theorem 3.1.5 in
Chapter 3). The precise assumptions on our initial condition p are omitted for the
sake of brevity. These assumptions will be chosen later to ensure the existence of the
mean curvature flow of the surface Γ0 := {x ∈ Rd : p(x) = 1

2} up to some finite time
T > 0.

Theorem 1.1.1 (The deterministic multidimensional result). Let ε > 0, d ≥ 2 and
α ∈ (1, 2). Suppose for all t > 0 and x ∈ Rd, uε(t, x) solves

∂tu
ε = − σα

I(ε)2−α
(−∆)α

2 uε + 1
ε2u

ε(1 − uε)(2uε − 1)

uε(0, x) = p(x)
(1.5)

for some normalising constant σα > 0, an appropriately chosen initial condition p :
Rd → [0, 1] and any function I such that, for some δ > 0, I : (0, δ) → (0,∞) satisfies

lim
ε→0

I(ε)| log ε|k = 0 ∀ k ∈ N, lim
ε→0

ε2

I(ε)2 | log ε| = 0 and lim
ε→0

I(ε)2α

ε2 | log ε|α = 0.

Let Γ0 :=
{
x ∈ Rd : p(x) = 1

2

}
and denote the mean curvature flow of Γ0 at time

t ≥ 0 by Γt. Denote the signed distance from a point x ∈ Rd to Γt by d(x, t). Assume
that for x inside Γ0, p(x) < 1

2 , and for x outside Γ0, p(x) > 1
2 . Then Γt exists for

all times t less than some T > 0, and there exists εd, ad, cd,m > 0 such that, for all
ε ∈ (0, εd) and adε2| log ε| ≤ t < T , if x ∈ Rd satisfies d(x, t) ≥ cdI(ε)| log ε|, then

uε(t, x) ≥ 1 −m
ε2

I(ε)2 −m
I(ε)2

ε
2
α

| log ε| −mI(ε)α−1 (1.6)

and if d(x, t) ≤ −cdI(ε)| log ε|, then

uε(t, x) ≤ m
ε2

I(ε)2 +m
I(ε)2

ε
2
α

| log ε| +mI(ε)α−1. (1.7)
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Theorem 1.1.1 tracks the motion of the solution interface of equation (1.5) with
width 2cdI(ε)| log ε|. On either side of this region, solutions to equation (1.5) will
be close to one or zero. More precisely, they will be, at most, a distance m ε2

I(ε)2 +
m I(ε)2

ε
2
α

| log ε| + mI(ε)α−1 away from zero or one (provided enough time has passed).
Since this distance (and the interface width itself) converges to zero as ε → 0 (by
assumption), Theorem 1.1.1 can be summarised as: solutions to equation (1.5) con-
verge, as ε → 0, to the indicator function of a set whose boundary evolves according
to motion by mean curvature flow.

We can also interpret Theorem 1.1.1 in the context of hybrid zones. Recall that, to
model hybrid zones maintained by selection against hybrid individuals, we consider a
diploid population with selection against heterozygotes. Over large spatial and tem-
poral scales, we can view uε(t, x) as the proportion of type a alleles at time t ≥ 0 and
position x ∈ R2. Theorem 1.1.1 tells us that the hybrid zone, which divides the popu-
lation into subsets of predominantly aa individuals (when d(x, t) ≥ cdI(ε)| log ε|) and
AA individuals (when d(x, t) ≤ −cdI(ε)| log ε|), follows motion by mean curvature
flow. Although the biologically relevant dimension is d = 2, we prove Theorem 1.1.1
in all dimensions d ≥ 2.

This result is new in a number of ways. First, it is distinct from the work of [IS09],
where a diffusive scaling was made.4 This would correspond to setting I(ε) := ε in
equation (1.5). This scaling is not possible under our assumptions. To the authors’
knowledge, this is also the first result of its kind for the fractional Allen–Cahn equa-
tion that explicitly provides an interface width as well as the estimates (1.6) and
(1.7). Finally, the proof of this result is novel in that it is entirely probabilistic.

In order to prove Theorem 1.1.1, we couple solutions uε of the multidimensional
initial value problem (1.5) to solutions of a particular initial value problem in one
dimension. This coupling will enable us to prove Theorem 1.1.1 by proving an analo-
gous result for the one-dimensional solution. The proof of our one-dimensional result
in Chapter 3 constitutes the bulk of the work needed to prove Theorem 1.1.1.

The precise form of this one-dimensional result (Theorem 3.3.7) is quite technical
and will take time to motivate in Chapter 3. Here, we will state a weaker version of
the result that parallels Theorem 1.1.1. Since there is no notion of mean curvature
flow in dimension one, in Theorem 1.1.2 we consider solutions on either side of the
fixed interval of width O(I(ε)| log ε|) about zero.

4We believe the standing example [IS09, Example 1] contains a typo, namely, the ε−α∆ α
2 term

(corresponding to the diffusive term ε−2−α(−∆) α
2 in their reaction-diffusion equation) should be

εα∆ α
2 (making the diffusive term in their reaction-diffusion equation ε−2+α(−∆) α

2 ).
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Theorem 1.1.2 (The deterministic one-dimensional result). Let ε > 0, α ∈ (1, 2)
and suppose for all t > 0 and x ∈ R that uε(t, x) solves

∂tu
ε = − σα

I(ε)2−α
(−∆)α

2 uε + 1
ε2u

ε(1 − uε)(2uε − 1)

uε(0, x) = 1{x≥0}

(1.8)

for some normalising constant σα > 0 and any function I such that, for some δ > 0,
I : (0, δ) → (0,∞) satisfies

lim
ε→0

I(ε)| log ε|k = 0 ∀ k ∈ N and lim
ε→0

ε2

I(ε)2 | log ε| = 0.

Fix T ∗ > 0. Then there exists ε1 > 0 and c1 > 0 such that, for all ε ∈ (0, ε1) and
t ∈ [0, T ∗], if x ∈ R satisfies x ≥ c1I(ε)| log ε|, then

uε(t, x) ≥ 1 − ε2

I(ε)2 (1.9)

and if x ≤ −c1I(ε)| log ε|, then

uε(t, x) ≤ ε2

I(ε)2 . (1.10)

While the central ideas of our work take inspiration from [EFP17], our use of a
long range dispersal mechanism throughout necessitates new, often delicate, argu-
ments. In the Brownian setting of [EFP17], a dual to the Allen–Cahn equation was
constructed by considering a ternary branching Brownian motion endowed with a
‘voting system’. This is similar to the representation of solutions of the Fisher–KPP
equation in terms of binary branching Brownian motions developed by Skorohod and
McKean [Sko64, McK75].5 The corresponding duality for the multidimensional and
one-dimensional solutions of (1.5), (1.8) follows by almost identical arguments to
[EFP17], but replacing all Brownian motions therein by α-stable processes.

Although the probabilistic dual to the fractional Allen–Cahn equation is straight-
forward to obtain, in practice it is difficult to work with. This is because of the
rare long jumps of the α-stable process. To overcome this, in both the multidimen-
sional and one-dimensional cases we couple a ternary branching α-stable motion to
a ternary branching subordinated Brownian motion (with subordinator given by a
truncated α

2 -stable motion). The idea here is that α-stable processes are equal in
5In fact, in the masters thesis of [O’D19], the author proves that a semilinear heat equation

can be expressed in terms of a branching Brownian motion with a voting scheme if and only if the
nonlinearity of the equation belongs to a certain (very general) family of polynomials.
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distribution to Brownian motions subordinated by an (independent) α
2 -stable subor-

dinator. By our choice of scaling in equations (1.5) and (1.8), the ‘large’ jumps of the
α
2 -stable subordinator are sufficiently rare as to enable us to couple stable motions to
Brownian motions subordinated by a truncated α

2 -stable subordinator. The resulting
process has finite exponential moments, allowing us to more readily adapt the proofs
in [EFP17].

Once we have proved the one-dimensional result, we go on to construct a coupling
of one-dimensional and multidimensional solutions. This was relatively straightfor-
ward in the Brownian setting of [EFP17], but is a major hurdle in our own work. In
short, in the Brownian setting, the motion of the interface in Rd can be ‘tracked’ by
considering the distance between a d-dimensional Brownian motion and the interface,
which itself approximates a one-dimensional Brownian motion. This description is
not viable in our setting because the large jumps of the stable process could see it
jump over the interface, possibly repeatedly. We overcome this with a series of cou-
plings, which will be discussed in depth in Chapter 4.

To incorporate genetic drift into our model, we mimic [EFP17] and employ the
Spatial Λ-Fleming-Viot process with selection against heterozygosity (SΛFVS). The
Spatial Λ-Fleming-Viot process, introduced in [BEV10, Eth08], is a measure-valued
process (wt)t≥0 obtained as the limit of an individual-based model that is driven by
a Poisson point process of ‘events’. For x ∈ Rd, one should view wt(x) as the propor-
tion of a alleles at time t and location x, so wt(·) is the density that is defined almost
everywhere.

We consider the SΛFVS with ‘stable radii’ to model a population with long range
dispersal. The dynamics of the SΛFVS will be discussed in detail in Chapter 3. By
adapting a result from [EVY20], the SΛFVS process can be seen as a (stochastic)
perturbation of the fractional Allen–Cahn equation. Our main stochastic result is
the following. This corresponds to Theorem 3.1.11 in Chapter 3. Once again, we
omit the precise assumptions on the initial condition p, which will be provided in
Assumption 3.1.4.

Theorem 1.1.3 (The stochastic multidimensional result). Let d ≥ 2, α ∈ (1, 2),
β ∈

(
0, 1

2α

)
, and 0 < R ≤ 1. Consider a sequence (εm)∞

m=1 satisfying εm → 0 and
(logm)1/2εm → ∞ as m → ∞. Suppose for some δ > 0 that I : (0, δ) → (0,∞)
satisfies

lim
ε→0

I(ε)| log ε|k = 0 ∀ k ∈ N, lim
ε→0

ε2

I(ε)2 | log ε| = 0 and lim
ε→0

I(ε)2α

ε2 | log ε|α = 0.
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Set
µ(dr) := 1{r≥1}

rd+α+1dr.

Let n ∈ N and set Rn := n−βR. For all Borel subsets A of (0,∞), define the measure
µn(A) = µ(nβA). Let (wn

t )t≥0 be the SΛFVS driven by Πn, a Poisson point process
on (0,∞) × Rd × (Rn,∞) with intensity measure ndt ⊗ nβdx ⊗ µn(dr), with impact
parameter un and selection parameter sn given by

un = u

n1−βαI(εn)2−α
, and sn = I(εn)2−α

ε2
nn

βα
.

Suppose wn
0 (x) = p(x) for a suitable choice of p : Rd → [0, 1] . Define T and d(x, t)

as in Theorem 1.1.1 and take T ∗ < T . There exists n∗ ∈ N, a∗, c∗,m∗ > 0 such that,
for all n ≥ n∗ and a∗ε

2
n| log εn| ≤ t ≤ T ∗, if x ∈ Rd satisfies d(x, t) ≥ c∗I(εn)| log εn|,

then

E [wn
t (x)] ≥ 1 −m∗

 ε2
n

I(εn)2 + I(εn)2

ε
2
α
n

| log εn| + I(εn)α−1 + n−β(1− α
2 )I(εn)α−2


and if d(x, t) ≤ −c∗I(εn)| log εn|, then

E [wn
t (x)] ≤ m∗

 ε2
n

I(εn)2 + I(εn)2

ε
2
α
n

| log εn| + I(εn)α−1 + n−β(1− α
2 )I(εn)α−2

 .
To prove Theorem 1.1.3, we consider the historical branching-coalescing dual of the

SΛFVS process. We will see that, asymptotically in the scaling parameter n, under
a certain parameter regime this dual is similar to a ternary branching stable motion,
allowing us to apply Theorem 1.1.1. Theorem 1.1.3 tells us that, so long as genetic
drift is sufficiently weak (as determined by the impact and selection parameters un and
sn), we will still observe an interface evolving under mean curvature flow as εn → 0.
An interesting avenue for further research would be to find the critical strength of
genetic drift that determines if motion by mean curvature flow is preserved. This has
been accomplished by [EGL22] in the Brownian setting.

1.2 Spreading speeds of reaction-diffusion equa-
tions

It has long been recognised by ecologists that the speed at which a population spreads
is heavily dependent on the type of diffusion involved. For example, in [Ske51, Mol77]
the authors note that the dispersal mechanism and, in particular, its tail distribution,
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changes predictions about a population’s spread. In this work, we model populations
that exhibit long range dispersal by a fractional Fisher–KPP type equation and cal-
culate their spreading speed.

Numerous works have shown that Gaussian diffusion approximations can lead to
dramatically inaccurate predictions for a population’s spread based on historical data.
The earliest of these observations came from Reid in 1899. Reid considered the north-
ern migration of English oak trees at the beginning of the Holocene, and observed
that, for these oak trees to reach their current northernmost position without ‘ex-
ternal aid’ (such as animals transporting seeds) “would take something like a million
years” [Rei99, p. 25]. Later, Skellam would support Reid’s claim by calculating the
spread of oaks using a Gaussian diffusion approximation to show that local diffusion
was not a plausible. Similar arguments have been made for the dispersal of other
plant species, such as woodland herbs [CDM98, Dav76]. The discrepancy between
these predictions and observations, known as “Reid’s paradox”, suggests that long
range kernels could be more appropriate to model the spread of some populations;
see [LMLN03] for an excellent historical review of these findings.

From a mathematical perspective, the spreading of a population is usually mod-
elled by a travelling wave. Travelling waves are solutions to reaction-diffusion equa-
tions that do not change shape, that is, they appear stationary when viewed in a
moving frame (at the appropriate speed). More precisely, a solution u(t, x) of a
one-dimensional reaction-diffusion equation is a travelling wave solution if it can be
written as

u(t, x) = ω(x− ct)

for all t > 0, x ∈ R, some c ≥ 0 and a sufficiently regular function ω. Here, c
is called the wavespeed, which, in a population model, describes how fast the pop-
ulation spreads or advances. Travelling waves arise in countless other models for
fluid dynamics, phase transitions, chemical reactions, epidemics, and chemotaxis
[CH93, AK02, DEF+07, Mur76, GBK01, HMS+94].

The seminal works [Fis37, KPP37] were some of the first studies on travelling
waves.6 In [KPP37], Kolmogorov et. al. proved that solutions of ‘Fisher–KPP type’
equations with Heaviside initial condition approached a travelling wave as t → ∞,
and specified its wavespeed (this result was also conjectured in [Fis37]). Later, Aron-
son and Weinberger generalised this result to any dimension for compactly supported

6Murray [Mur93, p. 277] attributes the first analysis of travelling waves in chemical reactions to
Luther [Lut06]. In this rediscovered work, Luther obtained the same wave speed as Fisher [Fis37].
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initial data; part of this result is stated below.7 Let | · | denote the standard Euclidean
distance in Rd for d ≥ 1.

Theorem 1.2.1 ([AW78]). Suppose g ∈ C1([0, 1]) is concave, g(0) = g(1) = 0 and
g′(1) < 0 < g′(0). Suppose for all t > 0 and x ∈ Rd that u(t, x) is a solution of∂tu = ∆u+ g(u)

u(0, x) = u0(x), 0 ≤ u0 ≤ 1
(1.11)

where u(0, ·) . 0 and u0 is compactly supported in Rd. Let c∗ := 2
√
g′(0). Then, for

all ε > 0,
lim
t→∞

inf
|x|≤(c∗−ε)t

u(t, x) = 1 and lim
t→∞

sup
|x|≥(c∗+ε)t

u(t, x) = 0.

In this work, we would like to obtain an analogous result to Theorem 1.2.1 (in
one dimension) but for the fractional version of equation (1.11), to model the ad-
vancement of populations with long range dispersal. Numerous simulation studies
suggest that the wave of advance in a population with long range dispersal rapidly
accelerates [CSK+99, MMC11, HF14]. Mathematically rigorous studies on this topic
are, however, lacking. The most accurate estimates for the spreading speed of frac-
tional reaction-diffusion equations with Fisher–KPP type nonlinearity are, to the
best of our knowledge, the following results due to [CR13].8 These result holds for
reaction-diffusion equations with diffusive term given by the generator of certain Feller
semigroups, but we present it here in terms of the fractional Laplacian for simplicity.

Theorem 1.2.2 ([CR13]). Suppose g ∈ C1([0, 1]) is concave, g(0) = g(1) = 0 and
g′(1) < 0 < g′(0). Let d ≥ 1 and σ = g′(0)

d+α
. For all t > 0 and x ∈ Rd, suppose u(t, x)

is a solution of the initial value problem∂tu = −(−∆)α
2 u+ g(u)

u(0, x) = u0(x), 0 ≤ u0 ≤ 1
(1.12)

where u0 is measurable, u0 . 0 and

u0(x) ≤ C|x|−d−α for all x ∈ Rd

for some constant C. Then, for all ε > 0,

lim
t→∞

inf
|x|≤e(σ−ε)t

u(t, x) = 1 and lim
t→∞

sup
|x|≥e(σ+ε)t

u(t, x) = 0.

7Of course, we have only given the definition of a one-dimensional travelling wave. In [AW78],
the authors consider ‘planar’ travelling waves, and show that the smallest possible speed of a planar
travelling wave solution to (1.11) is given by c∗ from Theorem 1.2.1.

8Strictly speaking, a Fisher–KPP type nonlinearity is defined as any g ∈ C1([0, 1]) with g(0) =
g(1) = 0 and 0 < g(s) < g′(0)s for all s ∈ (0, 1). The nonlinearities considered in Theorem 1.2.2 are
a subset of this.
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The following theorem considers the case when d = 1 and the initial data is nonin-
creasing.

Theorem 1.2.3 ([CR13]). Suppose g ∈ C1([0, 1]) is concave, g(0) = g(1) = 0 and
g′(1) < 0 < g′(0). Let σ∗ = g′(0)

α
. For all t > 0 and x ∈ R, suppose u(t, x) is a solution

of the initial value problem∂tu = −(−∆)α
2 u+ g(u)

u(0, x) = u0(x), 0 ≤ u0 ≤ 1
(1.13)

where u0 is measurable and nonincreasing, u0 . 0 and

u0(x) ≤ Cx−α if x > 0

for some constant C. Then, for all ε > 0,

lim
t→∞

inf
x≤e(σ∗−ε)t

u(t, x) = 1 and lim
t→∞

sup
x≥e(σ∗+ε)t

u(t, x) = 0.

An immediate consequence of these results is that fractional reaction-diffusion equa-
tions of the forms specified above do not admit travelling waves. We therefore under-
stand the spreading speed of solutions to equation (1.13) to be the speed of the level
sets {u(t, x) = λ} for λ > 0, instead of the wavespeed of a travelling wave solution.

In addition to Theorems 1.2.2 and 1.2.3, the authors tracked the speed of the level
sets of equation (1.12) in a particular case.

Theorem 1.2.4 ([CR13]). Suppose for all t > 0 and x ∈ R that u(t, x) is a solution
of the initial value problem∂tu = −(−∆) 1

2u+ u(1 − u)
u(0, x) = u0(x), 0 ≤ u0 ≤ 1

(1.14)

where u0 is measurable, u0 . 0 and

u0(x) ≤ C|x|−2 for all x ∈ R

for some constant C. Then, for all λ ∈ (0, 1) there exists a constant Cλ > 1 and a
time tλ > 0 such that, for all t > tλ,

{|x| > Cλe
t
2 } ⊂ {x ∈ R : u(t, x) < λ} and {|x| < C−1

λ e
t
2 } ⊂ {x ∈ R : u(t, x) > λ}.
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The reason that Theorem 1.2.4 is stated for the fractional Laplacian with parameter
1 (and not general α) is because the 1-stable process has an exact transition density,
which was exploited in their proof.

Let us briefly compare Theorem 1.2.4 to Theorem 1.2.2 in the case of α = 1 and
g(u) = u(1−u). Theorem 1.2.2 tells us that the spreading speed of equation (1.14) will
be at most O(eσ′t) for σ′ > σ. Therefore a spreading speed on the order of, say, tpeσt

for some p > 0 is possible (in fact, if one linearises equation (1.14) and predicts the
spreading speed using elementary techniques, they will obtain the speed of t

1
1+α eσ∗t,

see [CR13, p. 683]). Theorem 1.2.4 eliminates this possibility in the case of α = 1,
showing that the spreading speed is precisely of order eσt, where σ = g′(0)

1+α
= 1

2 .

1.2.1 Main result

In this work, we will track the level sets of solutions to equation (1.13), taking sim-
ilar initial conditions to those in Theorem 1.2.3. We will prove a similar result to
Theorem 1.2.4, but for all α ∈ (0, 2) and for a general class of nonlinearities. The
precise form of our result is stated below. Let D((−∆)α

2 ) denote the set of bounded
and uniformly continuous functions v : R→ R for which −(−∆)α

2 v is well-defined.

Theorem 1.2.5. Suppose g ∈ C1([0, 1]) is concave, g(0) = g(1) = 0 and g′(1) < 0 <
g′(0). Let σ∗ := g′(0)

α
and, for all t > 0 and x ∈ R, suppose u(t, x) is a solution of the

initial value problem ∂tu = −(−∆)α
2 u+ g(u)

u(0, x) = u0(x), 0 ≤ u0 ≤ 1.
(1.15)

where u0 ∈ D((−∆)α
2 ) satisfies

m̃ := inf
x≤0

u0(x) > 0 and u0(x) ≤ C(1 + x)−α for all x > 0

for some C > 0. For all ε > 0, there exists tε, Cε, C
′
ε > 0 such that, for all t ≥ tε,

{x ≤ Cεe
σ∗t} ⊆ {x ∈ R : u(t, x) > 1 − ε} and {x ≥ C ′

εe
σ∗t} ⊆ {x ∈ R : u(t, x) < ε}.

In contrast to [CR13], which uses PDE techniques (and, in particular, the max-
imum principle), we will use purely probabilistic methods to prove Theorem 1.2.5.
We employ a Feynman–Kac representation of solutions to (1.15), and follow broadly
the work of [Pen18] to find alternating upper and lower bounds on u.

Theorem 1.2.5 tells us that the spreading speed of equation (1.15) is precisely of
order eσ∗t, where σ∗ is the same exponent given in Cabré and Roquejoffre’s result,
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Theorem 1.2.3. This parallels Theorems 1.2.2 and 1.2.4 for equation (1.14), since the
former result predicted a spreading speed of order at most eσ′t for σ′ > σ, and the
latter result showed the spreading speed was of precisely order eσt (in one specific
case).

1.3 Outline

Chapters 2: Here we provide background on α-stable processes, α-stable subordi-
nators, and travelling waves.

Chapter 3-5: This work is joint with Prof Alison Etheridge and Dr Ian Letter. In
Chapter 3 we begin by stating the precise forms of Theorems 1.1.1, 1.1.2 and 1.1.3.
We then describe the probabilistic dual to the fractional Allen–Cahn equation, and
go on to prove the main one-dimensional result. To conclude this chapter, we present
two results that will be needed in the multidimensional case (these are the ‘slope of
the interface’ and coupling results). In Chapter 4, we prove our main deterministic
multidimensional result. Finally, in 5 we prove the stochastic multidimensional result.

Chapter 6: This chapter consists of joint work with Dr Sarah Penington. We
prove the spreading speed result (Theorem 1.2.5) in several stages. First, we present
some standard results on the Feynman–Kac formula and stable processes that will
be needed. We go on to prove some general properties on the growth and spread of
solutions to our fractional reaction-diffusion equation, and use this to prove the main
theorem.

Appendices A and B: In Appendix A and Appendix B we provide supplementary
material for Chapters 3-5 and Chapter 6, respectively.
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Chapter 2

Background

In this chapter we present some general theory on α-stable processes (Section 2.1)
and reaction-diffusion equations (Section 2.2). In the first section, we are primarily
interested in stable processes and stable subordinators. However, we will state results
for the more general class of Lévy processes when convenient to do so. In particular,
results like the Lévy-Itô decomposition will provide us with an intuitive description of
the paths of Lévy processes (and hence stable processes). To conclude Section 2.1, we
present two results that relate stable processes to Brownian motion. These results will
be fundamental to the forthcoming chapters. In Section 2.2, we provide background
material for Chapter 6. To begin, we recall several classical results on the speed of
travelling wave solutions to the Fisher-KPP equation. We then explore how these
results change when the ordinary Laplacian in the Fisher-KPP equation is replaced
by the generator of an α-stable process.

2.1 Stable processes

In this section, we introduce α-stable processes and α-stable subordinators, along
with several useful tools in their analysis. These processes are part of a large class
of processes known as Lévy processes. There are many excellent references on these
topics, see [Wat13, Sat99, Lal07, Pap08].

2.1.1 First definitions

To begin, we define Lévy processes and subordinators. We work on a probability
space (Ω,F , (Ft)t≥0,P) throughout.

Definition 2.1.1 (Lévy process, Lévy subordinator). A continuous-time process
(Xt)t≥0 taking values in Rd is a Lévy process if it is càdlàg and enjoys both stationary
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and independent increments, i.e.

(1) for 0 ≤ s ≤ t, Xt −Xs is equal in distribution to Xt−s −X0;

(2) for all 0 = t0 ≤ t1 ≤ · · · ≤ tk, the increments Xti
−Xti−1 are independent.

A Lévy subordinator is a Lévy process on R with non-decreasing sample paths.

We refer to a Lévy process defined on Rd as a d-dimensional Lévy process. The
prototypical examples of a Lévy process and a Lévy subordinator are a standard
Brownian motion and a Poisson process, respectively. Indeed, a standard Brownian
motion (Wt)t≥0 can be defined as a Lévy process with the additional ‘self-similarity
property’, namely, Wt is equal in distribution to

√
tW1 for all t > 0. By generalising

the self-similarity property of Brownian motion to indices α < 2, we arrive at the
definition of an α-stable process and α-stable subordinator. Let D= denote equality in
distribution.

Definition 2.1.2 (Stable process, stable subordinator). Fix α ∈ (0, 2]. An α-stable
process is a Lévy process (Xt)t≥0 such that Xt

D= t
1
αX1 for all t > 0. An α-stable

subordinator is an α-stable process on R with 0 < α < 1 that is also a subordinator.

Assumption 2.1.3. We will assume throughout this thesis that all α-stable processes
(that are not subordinators) are symmetric, namely, Xt

D= −Xt for all t ≥ 0. In
dimension d ≥ 2, we assume all stable processes are rotation invariant, i.e. Xt

D= UXt

for every orthogonal matrix U (this is equivalent to symmetry in dimension one).

Lévy processes satisfying the scaling property from Definition 2.1.2 are sometimes
referred to in the literature as strictly α-stable processes. This terminology is used
to distinguish between stable processes in the sense of Definition 2.1.2 and a slightly
more general definition that will not appear in this work - the interested reader should
see [Kyp06].

As we have seen, a 2-stable process is equal in distribution to a standard Brownian
motion. To exclude this case, we henceforth assume that all stable processes referred
to in this text have index α < 2. Unlike Brownian motion, α-stable processes are
almost surely discontinuous, and experience an infinite number of discontinuities (or
‘jumps’) in any bounded time interval. Notably, α-stable processes are heavy tailed,
in the sense that they only have moments of order strictly less than α [Kyp06]. In
particular, since α < 2, all α-stable processes have infinite variance, and when α < 1,
the expected value is not well-defined. This alludes to a behaviour that we will explore
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(a) α = 1
2 (b) α = 1

(c) α = 3
2 (d) α = 3

2

Figure 2.1: Simulations of symmetric α-stable processes with the given value of α,
courtesy of Dr Alexander Watson [Wat13]

more rigorously below: as α decreases, the ‘large’ jumps of an α-stable process become
more prevalent (see Figure 2.1).

Outside of the cases when α = 2 (corresponding to Brownian motion), α = 1 (the
Cauchy distribution) and α = 1

2 (the Lévy distribution) there are not closed form
expressions of the densities of α-stable processes. Instead, the density of a stable
process can be written as a convergent power series, see [Sat99]. In practice, it is
usually more convenient to use estimates for the stable density. It was shown by
Lévy in 1925 [Lév25] that the tails of an α-stable distribution obey a Pareto law.
That is, if X is an α-stable random variable centred about zero, then, as x → ∞,

P(X > x) ∼ Cx−α

for a fixed constant C. Much later, [Kol00] proved the following estimates for the
transition density pXt of a d-dimensional α-stable process (Xt)t≥0. Here, we state the
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version found in [CR13]. Let | · | denote the standard Euclidean norm in Rd.

Lemma 2.1.4. There exists B > 1 such that transition density pXt(x) of (Xs)s≥0 at
time t started at X0 = 0 satisfies

B−1

t
d

α + t−1|x|d+α
≤ pXt(x) ≤ B

t
d

α + t−1|x|d+α

for all t > 0 and x ∈ Rd.

To conclude this section, we describe the generator of an α-stable process on Rd

for d ≥ 1, called the fractional Laplacian and denoted −(−∆)α
2 . We restrict our

attention to the case of α ∈ (1, 2) and note that a similar identity holds for α ≤ 1.
Let D((−∆)α

2 ) be the domain of −(−∆)α
2 and C∞(Rd) denote the Banach space of

continuous functions f : Rd → R for which lim|x|→∞ f(x) = 0 under the uniform norm.
Denote by C2

∞(Rd) the subspace of functions f ∈ C∞(Rd) that are twice-differentiable
with first and second derivatives belonging to C∞(Rd). Then, for functions u ∈
C2

∞(Rd) ⊂ D((−∆)α
2 ), the fractional Laplacian is given by

−(−∆)α
2 u(x) := Cα lim

δ→0

∫
Rd\Bδ(x)

u(y) − u(x)
|y − x|d+α

dy, (2.1)

where Cα := α2α−1Γ(α+d
2 )

π
d
2 Γ(1− α

2 )
and Bδ(x) ⊂ Rd is the δ-sphere about x. For more on the

fractional Laplacian, see [Sat99, Example 32.7] or [BSW14, Example 1.25].

2.1.2 The Lévy-Itô decomposition

A powerful tool in the study of Lévy processes is their characteristic exponent. For
any Lévy process (Xt)t≥0, the characteristic exponent Ψ : R→ R defined by

e−tΨ(θ) = E [exp (iθXt)]

for all t ≥ 0 takes on a particularly nice form, described by the Lévy-Khintchine
formula. We will see that, in addition to being useful in calculations, this result
provides us with deep insights into the path structure of a Lévy process. Although this
result holds for d-dimensional Lévy process, for convenience we restrict our attention
to one dimension.

Theorem 2.1.5 (Lévy-Khintchine formula). Let (Xt)t≥0 be a one-dimensional Lévy
process. Then there exists a ∈ R, σ ≥ 0 and a measure ν with no atom at 0 satisfying∫
R(1 ∧ |x|2)ν(dx) < ∞ such that the characteristic exponent Ψ of (Xt)t≥0 satisfies

Ψ(θ) = iaθ + 1
2σ

2θ2 +
∫
R

(
1 − eiθx + iθx1{|x|<1}

)
ν(dx) (2.2)

for all θ ∈ R.
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For reasons that will become clear, the constants a and σ from (2.2) are referred to
as the centre and Brownian coefficient, respectively. The measure ν is called the Lévy
measure of the process (Xt)t≥0. Informally, the Lévy measure describes the expected
number of jumps of a certain size made by (Xt)t≥0 in a unit time interval [Pap08].
The condition that

∫
R(1 ∧ |x|2)ν(dx) < ∞ ensures ν has bounded mass away from 0,

so (Xt)t≥0 will only make a finite number of ‘large’ jumps (jumps of size greater than
one, say) in a finite time interval. For α-stable processes, ν(−ε, ε) = ∞ for all ε > 0,
so stable processes have infinitely many ‘small’ jumps.

Examples 2.1.6. (1) The Lévy measure of a Lévy process (Xt)t≥0 is identically
zero if and only (Xt)t≥0 is Gaussian [Sat99].

(2) The characteristic exponent of a one-dimensional (symmetric, strictly) α-stable
process is given by

Ψ(θ) =

c|θ|α if α ∈ (0, 1) ∪ (1, 2)
c|θ| if α = 1

(2.3)

for some c > 0 [Kyp06]. It can be shown that Ψ satisfies (2.2) by setting σ = 0,
a = 0 and ν(dx) := c′|x|−1−α for some c′ > 0.

(3) For α ∈ (0, 2), the characteristic exponent of an α
2 -stable subordinator is given

(up to a multiplicative constant) by

Ψ(−θ) = −θ
α
2 = α

2Γ
(
1 − α

2

) ∫ ∞

0

(
e−iθx − 1

)
x−1− α

2 dx

for θ ≥ 0 [Sat99, Example 32.6].

(4) The notion of a truncated stable process will be crucial to our later work. Given
a stable process (Xt)t≥0 with Lévy measure ν, we define the truncated stable
process at level l > 0 (or the l-truncated stable process) to be the process with
Lévy measure ν(dx)1{|x|≤l}. The truncated stable process has finite exponential
moments [Sat99]. See [KS07] for an introduction to truncated stable processes.
Truncated stable subordinators can be defined similarly.

Remark 2.1.7. Truncated stable processes in the sense of Example 2.1.6 (4) are
not to be confused with tempered stable processes, also known as truncated Lévy
flights in the physics literature. Similar to truncation, the tempering of a stable
process is a technique used to approximate stable distributions by a process with
finite variance. It is obtained by multiplying the α-stable Lévy measure with an
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exponential, and results in both Gaussian and stable trends (seen in the tail and bulk
of the distribution, respectively). The interested reader should see [Ros07] for an
introduction to tempered stable processes.

The Lévy-Khintchine formula can be used to understand the path structure of any
Lévy process in terms of three simpler, independent Lévy processes. This discussion
is called the Lévy-Itô decomposition. Here, we follow the exposition of [Pap08]. Let
(Xt)t≥0 be a one-dimensional Lévy process with characteristic exponent given by (2.2).
We may decompose Ψ as the sum Ψ = Ψ1 + Ψ2 + Ψ3 + Ψ4 where

Ψ1(θ) = iaθ, Ψ2(θ) = 1
2σ

2θ2,

Ψ3(θ) =
∫

|x|≥1
(1 − eiθx)ν(dx),

Ψ4(θ) =
∫

|x|<1
(1 − eiθx + iθx)ν(dx).

Here, the choice of one in the integral bounds {|x| ≥ 1} and {|x| < 1} is arbitrary:
what is important is that we have distinguished between the ‘small’ and ‘large’ jumps
of (Xt)t≥0. Each of Ψ1,Ψ2,Ψ3 and Ψ4 are the characteristic exponents of independent
Lévy processes X1

t , X
2
t , X

3
t and X4

t respectively, that satisfy Xt
D= X1

t +X2
t +X3

t +X4
t .

The first three of these processes are straightforward to describe: X1 is a deterministic
drift term, X2 is equal in law to a Brownian motion with coefficient σ, and X3 is a
compound Poisson process with Poisson parameter ν(R\(−1, 1)) and compounding
distribution F (dx) = ν(dx)

ν(R\(−1,1))1|x|≥1. That is, if {ζi}i≥1 is a collection of i.i.d. random
variables with distribution F that are independent of a Poisson process (Nt)t≥0 with
parameter ν(R\(−1, 1)), then

X3
t =

Nt∑
i=0

ζi.

For a review of compound Poisson processes, see [Kyp06]. The final process X4

reflects the ‘small jumps’ of (Xt)t≥0, of which there can be infinitely many. For this
reason, extra care must be taken when describing X4. Let ∆X4

t = X4
t − X4

t− and
define, for all ε > 0, the compensated compound Poisson process

X
(4,ε)
t :=

∑
0≤s≤t

∆X4
s1{ε<|∆X4

s |<1} − t
∫

ε<|x|<1
xν(dx).

One can show that the characteristic exponent of X(4,ε) is

Ψ(4,ε)(θ) =
∫

ε<|x|<1

(
1 − eiθx − iθx

)
ν(dx).
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Taking ε → 0, standard martingale arguments imply X(4,ε) → X4 uniformly on a
closed time interval with probability one and Ψ(4,ε) → Ψ4.

One consequence of the Lévy-Itô decomposition is that ‘large’ jumps of a stable
process can be described as a compound Poisson process. In particular, we have the
following (see, for instance, [Lal07]).

Lemma 2.1.8. Fix y > 0 and let (Xs)s≥0 be a one-dimensional α-stable process. Let
Nt denote the number of jumps of size at least y made by (Xs)s≥0 up to time t. Then
(Nt)t≥0 is a Poisson process with mean cαty

−α for some cα > 0.

If we replace the stable process in Lemma 2.1.8 by an α
2 -stable subordinator, an

almost identical result holds, but for a Poisson process with mean O(ty− α
2 ). We will

frequently make use of Lemma 2.1.8 to estimate the first time that a stable process
(or stable subordinator) made a ‘large’ jump.

2.1.3 Connections to Brownian motion

Any α-stable process can be described as a subordinated Brownian motion, and a
Brownian motion can be obtained as the weak limit of a stable process with ‘small
jumps’. These two perspectives link stable processes to Brownian motions, and will
be crucial to our later work. We explore these facts more rigorously below.

To begin, we consider stable processes as subordinated Brownian motions. This
description is consistent with the simulations from Figure 2.1. The following result
can be found in [Sat99, Example 30.6]. Recall that all stable processes in this text
are assumed to be rotation invariant (without this, the following proposition would
not be true).

Proposition 2.1.9. Let (Wt)t≥0 be a standard Brownian motion on Rd and (Rt)t≥0 be
an independent α

2 -stable subordinator for α ∈ (0, 2). Then (W (Rt))t≥0 is an α-stable
process on Rd. Conversely, all α-stable processes can be obtained in this way.

Proposition 2.1.9 will be exploited throughout this thesis. By conditioning on
the behaviour of the stable subordinator and using Proposition 2.1.9, we will be able
to describe the motion of a stable processes in terms of more tractable Brownian
motions.

The second connection we draw between stable processes and Brownian motions
involves the ‘small jumps’ of a stable process. In short, if we remove all jumps of
size larger than ε > 0 from the path of a stable process and take ε → 0, we can
approximate a Brownian motion. The following proposition is a consequence of a
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more general theorem, [AR01, Theorem 2.1]. This result also holds for d-dimensional
stable processes, see, for instance [CR07, Proposition 3.2].

Proposition 2.1.10 ([AR01]). Let ε > 0, α ∈ (0, 2) and X = (Xt)t≥0 be an α-stable
process on R with Lévy measure ν(dx) = c|x|−1−α for c > 0. Let ∆Xs := Xs − Xs−

and consider the ‘small jump process’ of (Xt)t≥0 defined by

Xε
t := Xt −

∑
0≤s≤t

∆Xs1{|∆Xs|≥ε}.

Define
σ(ε)2 :=

∫
|x|≤ε

x2ν(dx) = c

2 − α
ε2−α.

Then σ(ε)−1Xε
t converges weakly to a standard Brownian motion as ε → 0.

This decomposition, which is often exploited in simulations of stable processes,
appears, for example, in [KHT10, Dia13]. Although we do not apply this result
directly in our work, it does inspire much of our approach to Chapters 3-5. Notably,
Proposition 2.1.10 tells us that the ‘small jump’ stable process must be sped up in
order to approximate a Brownian motion. This will be reflected in the scaling of the
fractional Allen–Cahn equation that we choose in Chapter 3.

2.2 Reaction-diffusion equations

In this section, we provide background for Chapter 6. Recall the Fisher–KPP equation
is given by

∂tu(t, x) = m
2 ∆u(t, x) + su(t, x)(1 − u(t, x)) ∀ t > 0, x ∈ R (2.4)

with initial condition u0(x) := u(0, x) ∈ [0, 1]. The Fisher-KPP equation is a classi-
cal example of a partial differential equation that admits travelling wave solutions,
namely, solutions of the form

u(t, x) = ω(x− µt) ∀ t > 0, x ∈ R

for some monotone, twice continuously differentiable function ω : R→ [0, 1] satisfying
ω(−∞) = 0, ω(∞) = 1. This function ω is called the wave profile and the constant
µ is called the wave speed. It was shown in [Uch78, Bra83] that any solution to the
Fisher-KPP equation with sufficient decay converges to the travelling wave solution
with minimal wavespeed given by

√
2ms0 and wave profile of order xe−x.

It is natural to ask how (2.4) would change if the underlying model for the spread
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of genes in a diploid population experienced selection against heterozygotes. In this
setting, the governing equation for the frequency of the gene at position x and time
t is given by

∂tu(t, x) = ∆u(t, x) + f(u(t, x)) ∀ t > 0, x ∈ R (2.5)

where

f(x) := x(1 − x)(2x− 1 + γ) (2.6)

for some γ > 0. It can be shown that equation (2.5) admits travelling wave solutions
for all γ (for suitable initial conditions), but the behaviour of these solutions depends
greatly on the choice of γ. For γ ∈ (0, 2), there is an exact travelling wave solution
with wave profile of order e−x. When γ > 2, the travelling wave solution with minimal
wave speed has profile of order xe−x. This change in behaviour between γ ∈ (0, 2)
to γ > 2 corresponds to a transition from pushed to pulled waves. Waves are said
to be pushed when the per-capita growth rate of individuals is highest in the bulk of
the wave (this might occur in populations that benefit from cooperation), and pulled
when individuals at the front of the wave experience a higher growth rate (e.g. due
to a lack of competition). See [GGHR12, EP22] for a comprehensive review of these
results.

We now turn our attention to travelling wave solutions of reaction-diffusion equa-
tions with fractional Laplacian:

∂tu(t, x) = −(−∆)α
2 u(t, x) + f(u(t, x)) ∀ t > 0, x ∈ R. (2.7)

When f is defined as in (2.4), we call (2.7) the fractional Fisher-KPP equation, and
when f is given by (2.6), we call it the fractional Allen–Cahn equation. We refer the
reader to [Imb05, DI06] for proofs that solutions to these equations exist. As we shall
see, the existence (or lack thereof) of travelling wave solutions to the Fisher-KPP and
Allen–Cahn equations changes drastically when the ordinary Laplacian is replaced by
the fractional Laplacian.

In [CR13], Cabré and Roquejoffre proved that the fractional Fisher-KPP equation
does not admit travelling wave solutions. More generally, they showed that for any
nonlinearity f satisfying

f ∈ C1([0, 1]) is concave, f(0) = f(1) = 0 and f ′(1) < 0 < f ′(0), (2.8)

the front position of solutions to (2.7) varies exponentially in time, and consequently
there does not exist a travelling wave solution. An interesting generalisation of this
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result, proved by Gui and Huan [GH15] using PDE techniques, illustrates the deli-
cate balance between the index α of the fractional Laplacian, and the order of the
polynomial f .

Theorem 2.2.1 ([GH15]). Assume there exists some θ ∈ (0, 1), A1, A2 > 0 and
0 < p < ∞ such that

f(u) > 0 = f(0) = f(1) ∀u ∈ (0, 1), f ′(1) < 0
A1u

p ≤ f(u) ≤ A2u
p ∀u ∈ [0, θ],

f ′(u) ≥ A1u
p−1 ∀u ∈ (0, θ).

(2.9)

Then (2.7) has a travelling wave solution if and only if p > 2 and α ≥ p
p−1 .

Unlike the fractional Fisher-KPP equation, the fractional Allen–Cahn equation
does admit travelling wave solutions (in some cases). In [GZ15], the authors prove
existence and uniqueness of travelling wave solutions to equation (2.7) for all α ∈ (0, 2)
if f ∈ C2(R) is a bistable potential, corresponding to the case when γ ∈ (0, 1) in
equation (2.6). By Theorem 2.2.1, when γ ≥ 1 equation (2.5) does not admit a
travelling wave solution. This is consistent with our intuition of pulled and pushed
waves: when γ is small, the behaviour of the wave is dominated by those individuals
in the bulk, where their long-range dispersal will have less of an effect. Conversely,
for large γ, the wave is ‘pulled’ along by those individuals in the front, which should
increase the speed of the advancing wave in the presence of long-range dispersal. In
fact, when γ ≥ 3, the Allen–Cahn type nonlinearity (2.6) satisfies (2.8), so [CR13]
tells us that the position of the front is exponential in time in this case. In Chapter 6,
we will review the result of [CR13] in more detail, and prove a stronger version of
their result using probabilistic techniques.
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Chapter 3

Majority voting in one dimension

To begin this chapter, we formally state our main results in Section 3.1. Then, in
Section 3.2, we go on to construct a probabilistic representation of solutions to the
fractional Allen–Cahn equation. Finally, in Section 3.3 we prove a one-dimensional
analogue of our main deterministic result which will be needed to prove the multi-
dimensional result in Chapter 4. To conclude this chapter, we will prove two other
results required in the multidimensional setting (namely the ‘slope of the interface’
and ‘coupling’ results in Subsections 3.3.3 and 3.3.4).

3.1 Main Results

To begin, we recall the definition of the mean curvature at a point on a hypersurface
M ⊂ Rd. Let n : M → Rd be the Gauss map, i.e. the map that assigns to each point
p ∈ M the outward facing unit vector n(p) orthogonal to the tangent space of M at
p, denoted TpM . By choosing an appropriate orthonormal basis of the tangent space
TpM for all p ∈ M , we can define the shape operator Sp at p (locally) as the negative
Jacobian of n at p. It can be shown that there exists an inner product on TpM (called
the first fundamental form) and Sp can be diagonalised, Sp = diag(κ1(p), ..., κd−1(p)).
The mean curvature at p is then

κ(p) := 1
d− 1

d−1∑
i=1

κi(p).

Definition 3.1.1 (Motion by mean curvature flow). Fix T > 0. Let Sd−1 ⊂ Rd be
the unit sphere and (Γt)0≤t<T be a family of smooth embeddings Sd−1 → Rd. Let
n = nt(ϕ) be the unit inward normal vector to Γt at ϕ and let κ = κt(ϕ) be the mean
curvature of Γt at ϕ. Then (Γt)0≤t<T is a mean curvature flow if, for all t and ϕ,

∂Γt(ϕ)
∂t

= κt(ϕ)nt(ϕ). (3.1)
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It can be shown that mean curvature flow in dimension d = 2 (also called curve
shortening flow) terminates after a finite time T , and by the theorems of Gage and
Hamilton (1986) and Grayson (1987), any smoothly embedded closed curve shrinks
to a point as t ↑ T . When d > 2, this does not always hold as singularities may
develop. Following Chen [Che92], we shall impose sufficient regularity conditions to
ensure the existence of a finite time T before which the mean curvature flow exists
and does not develop a singularity. For an overview of existence results for mean
curvature flow see [EFP17].

3.1.1 The deterministic result

Let d ≥ 1 and denote the standard Euclidean distance in Rd by | · |. Recall from
Chapter 2 that the fractional Laplacian is defined on functions u : Rd → R with
sufficient decay by

−(−∆)α
2 u(x) := Cα lim

r→0

∫
Rd\Br(x)

u(y) − u(x)
|y − x|d+α

dy,

where Cα := α2α−1Γ(α+d
2 )

π
d
2 Γ(1− α

2 )
and Br(x) ⊂ Rd is the sphere of radius r about x. Our

first objective is to show that in dimension d ≥ 2, for suitable initial conditions, the
solution of the scaled fractional Allen–Cahn equation∂tu

ε = −σαI(ε)α−2(−∆)α
2 uε + ε−2uε(1 − uε)(2uε − 1), t ≥ 0, x ∈ Rd

uε(0, x) = p(x), x ∈ Rd
(3.2)

converges as ε → 0 to the indicator function of a set whose boundary evolves according
to mean curvature flow. Here,

σα :=
(

2−α
α

)α
2 Γ

(
1 − α

2

)
(3.3)

is a normalising constant that will simplify our later calculations, and I can be any
function satisfying the following.

Assumptions 3.1.2. For some δ > 0, assume that I : (0, δ) → (0,∞) satisfies

(A) lim
ε→0

I(ε)| log ε|k = 0 ∀ k ∈ N,

(B) lim
ε→0

ε2

I(ε)2 | log ε| = 0,

(C) lim
ε→0

I(ε)2α

ε2 | log ε|α = 0.
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The rate of convergence and width of the ‘solution interface’ in our convergence
result will ultimately depend on this choice of I. Note that Assumption 3.1.2 (B) and
Assumption 3.1.2 (C) are incompatible as soon as α ≤ 1. When α > 1 a standing
example that fulfills all the conditions is I(ε) = ε| log ε|.

Remark 3.1.3. Equation (3.2) can be obtained from the unscaled fractional Allen–
Cahn equation by scaling time and space by

t 7→ ε2t and x 7→
(
σαI(ε)α−2ε2

) 1
α x.

Using the definition of σα from (3.3), as α → 2−, (σαI(ε)α−2ε2)
1
α x → εx which is

consistent with the diffusive scaling considered in the Brownian setting of [EFP17].
We discuss the origin of our chosen scaling more in Section 3.2.1.

Our assumptions on the initial condition p in (3.2) mirror those in [EFP17]. First,
p is assumed to take values in [0, 1]. Set

Γ0 :=
{
x ∈ Rd : p(x) = 1

2

}
. (3.4)

Assume Γ0 is a smooth hypersurface and is the boundary of an open set homeomorphic
to a sphere. Further suppose the following.

Assumptions 3.1.4. Let p : Rd → [0, 1] and Γ0 be as in (3.4). Denote the shortest
Euclidean distance between a point x ∈ Rd and the surface Γ0 by dist(x,Γ0).

(A) Γ0 is Ca for some a > 3.

(B) For x inside Γ0, p(x) < 1
2 , and for x outside Γ0, p(x) > 1

2 .

(C) There exist r, γ > 0 such that, for all x ∈ Rd,
∣∣∣p(x) − 1

2

∣∣∣ ≥ γ(dist(x,Γ0) ∧ r).

Assumption 3.1.4 (B) establishes a sign convention, and Assumption 3.1.4 (C)
ensures p(x) is bounded away from 1

2 when x is away from the interface. Together,
these conditions ensure that the mean curvature flow started from Γ0, (Γt(·))t≥0,
exists up until some finite time T .

Following [EFP17], we let d(x, t) be the signed distance from Γt to x, which we
choose to be negative inside Γt and positive outside Γt. Then, as sets,

Γt =
{
x ∈ Rd : d(x, t) = 0

}
.

Lastly, define F (ε) by

F (ε) = I(ε)2

ε
2
α

| log ε| + I(ε)α−1. (3.5)
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Note that, for any α ∈ (1, 2) and function I : (0, δ) → (0,∞) satisfying Assump-
tions 3.1.2, F (ε) → 0 as ε → 0.

The scaling function I and parameter α will be fixed throughout this work. Just
as we have done for F , when defining new functions, we will typically not make ex-
plicit their dependence on the choice of I and choice of α. Our main (deterministic)
theorem is the following.

Theorem 3.1.5. Let α ∈ (1, 2), d ≥ 2 and fix a function I satisfying Assump-
tions 3.1.2. Suppose uε solves equation (3.2) with initial condition p satisfying As-
sumptions 3.1.4. Let T and d(x, t) be as above, F be as in (3.5) and fix T ∗ ∈
(0,T ). Then there exists εd(α), ad(α), cd(α),m > 0 such that, for ε ∈ (0, εd) and
adε

2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cdI(ε)| log ε|, we have uε(t, x) ≥ 1 −m ε2

I(ε)2 −mF (ε),

(2) for x with d(x, t) ≤ −cdI(ε)| log ε|, we have uε(t, x) ≤ m ε2

I(ε)2 +mF (ε).

Of course, we could have stated Theorem 3.1.5 in terms of an error function
F ′(ε) := F (ε) + ε2

I(ε)2 . We choose to make the ε2

I(ε)2 term explicit since it will also
appear in the one-dimensional analogue of Theorem 3.1.5.

Throughout this work, we often discuss the solution interface and its correspond-
ing width. The term solution interface refers to the spatial region outside of which
the solution uε(t, ·) is very close to zero or one. Explicitly, in Theorem 3.1.5 the
solution interface at time t is the set of x ∈ Rd for which |d(x, t)| ≤ cdI(ε)| log ε|, and
we call 2cdI(ε)| log ε| the interface width. We will refer to the error bounds on uε in
Theorem 3.1.5 as the sharpness of the interface.

Examples 3.1.6. (1) It is easy to verify that I(ε) = ε| log ε| satisfies Assump-
tions 3.1.2, so for this choice of I the interface width is O (ε| log ε|2). One can
also check that F (ε) = O(εα−1| log ε|α−1), which is dominated by ε2

I(ε)2 , so the
sharpness of the interface in Theorem 3.1.5 is O (ε2I(ε)−2) = O (| log ε|−2).

(2) We now provide an example in which F (ε) dominates ε2I(ε)−2. Set I(ε) = εq

where q = 3α+1
2α(1+α) . This choice of I satisfies Assumptions 3.1.2, and the resulting

interface width and sharpness given by Theorem 3.1.5 are O (εq| log ε|) and
O
(
ε

α−1
α+1 | log ε|α

)
, respectively.

We often reference the Brownian analogue of Theorem 3.1.5 proved using proba-
bilistic techniques in [EFP17]. This result, originally due to Chen [Che92], is given
as follows (here we state the version found in [EFP17, Theorem 1.3]).
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Theorem 3.1.7 ([Che92]). Let uε solve∂tu
ε = ∆uε + ε−2uε(1 − uε)(2uε − 1), t ≥ 0, x ∈ Rd

uε(0, x) = p(x), x ∈ Rd
(3.6)

with initial condition p satisfying Assumptions 3.1.4. Let T and d(x, t) be as above.
Fix T ∗ ∈ (0,T ) and k ∈ N. Then there exists εd(k), ad(k), cd(k) > 0 such that, for
all ε ∈ (0, εd) and t with adε2| log ε| ≤ t ≤ T ∗,

(1) for x such that d(x, t) ≥ cdε| log ε|, we have uε(t, x) ≥ 1 − εk,

(2) for x such that d(x, t) ≤ −cdε| log ε|, we have uε(t, x) ≤ εk.

Remark 3.1.8. The interface width O(ε| log ε|) in Theorem 3.1.7 is not achievable
in Theorem 3.1.5, but we may approximate it by choosing I(ε) = εδ where 1

α
< δ < 1,

and considering δ → 1. The interface width and sharpness in this case are O(εδ| log ε|)
and ε2−2δ, respectively.

We note some key differences between our theorem, Theorem 3.1.5, and Theo-
rem 3.1.7. Firstly, in Theorem 3.1.7, the width of the solution interface is O(ε| log ε|),
compared to the strictly larger width of O(I(ε)| log ε|) in the fractional setting. Sec-
ondly, the sharpness of the interface in Theorem 3.1.7, εk, is much better than the
sharpness in Theorem 3.1.5. Both of these differences are consistent with our intuition
by considering the (soon to be formalised) probabilistic representation of solutions to
the ordinary and fractional Allen–Cahn equations in terms of Brownian and α-stable
motions, respectively. In the stable case, the rare large jumps of the α-stable motion
act to ‘fatten’ the interface compared to the Brownian case. While the effect of these
large jumps is small enough that we still observe mean curvature flow (as α > 1), it
does require much longer for solutions to converge in the fractional setting.

3.1.2 Hybrid zones and the stochastic result

As explained in [EFP17], the connection between the hybrid zones and the (deter-
ministic) Allen–Cahn equation can be motivated as follows. Consider a diploid pop-
ulation that is in Hardy-Weinberg proportions: if the proportion of a-alleles in the
parental population is w, then the proportions of parents of type aa, aA and AA are
w2, 2w(1−w) and (1−w)2, respectively. To reflect the selection against heterozygotes
taking place in the hybrid zone, we assign to each of the allele pairs aa, aA and AA

the relative fitnesses 1, 1 − s and 1, for s > 0 a small selection parameter. These
fitnesses refer to the relative proportion of germ cells produced by heterozygotes and
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homozygotes during reproduction. It follows that if w is the proportion of type a
alleles before reproduction, then the proportion of type a alleles after reproduction is

w∗ = w2 + w(1 − w)(1 − s)
1 − 2sw(1 − w) = w + sw(1 − w)(2w − 1) + O(s2).

Taking s = 1
N

and measuring time in units of N generations, the above calculation
implies that, as N → ∞, dw

dt
= w(1 − w)(2w − 1). Adding long range dispersal gives

∂w

∂t
= −(−∆)α

2w + w(1 − w)(2w − 1).

Finally, to recover equation (3.2) we scale time and space by

t 7→ ε2t, x 7→
(
σαI(ε)α−2ε2

) 1
α x.

In [EFP17] this is extended to the stochastic setting, proving that hybrid zones
maintained by selection, even in the presence of random genetic drift, evolve according
to mean curvature flow (provided the drift is weak enough). The biological model
used to incorporate this random genetic drift was the Spatial Λ-Fleming-Viot model
with selection against heterozygosity. Following [EFP17], we consider a population
with a and A alleles, and define, up to a Lebesgue null set, the random function
{wt(x), x ∈ Rd} by

wt(x) := the proportion of type a alleles at time t and location x. (3.7)

We arbitrarily impose that wt(x) = 0 on the null set for which (3.7) does not specify
wt, so that wt is defined on all of R. The appropriate state space for the process
x 7→ wt(x) was derived in [VW15], and shown to be in one-to-one correspondence
with the space Mλ of measures on Rd × {a,A} with ‘spatial marginal’ Lebesgue
measure, endowed with the topology of vague convergence. We abuse notation and
denote the state space of (wt)t∈R by Mλ throughout. The following definition can be
found in [EFP17].

Definition 3.1.9 (Spatial Λ-Fleming-Viot with selection against heterozygosity). Fix
u ∈ (0, 1]. Let µ be a finite measure on (0,∞) which we assume satisfies∫ ∞

0
rdµ(dr) < ∞.

Further, let Π be a Poisson point process on (0,∞) × Rd × (0,∞) with intensity
measure

dt⊗ dx⊗ µ(dr). (3.8)
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The Spatial Λ-Fleming-Viot process with selection driven by Π is the Mλ-valued
process (wt)t≥0 with dynamics given as follows.

If (t, x, r) ∈ Π, a reproduction event occurs at time t within the closed ball Br(x)
of radius r centred at x. With probability 1 − s the event is neutral, in which case:

(1) Choose a parental location z uniformly at random within Br(x), and a parental
type, k0, according to wt−(z), that is k0 = a with probability wt−(z) and k0 = A

with probability 1 − wt−(z).

(2) For every y ∈ Br(x), set wt(y) = (1 − u)wt−(y) + u1k0=a.

With probability s the event is selective, in which case:

(1) Choose three ‘potential’ parental locations z1, z2, z3 independently and uni-
formly at random within Br(x), and at each of these sites sample ‘potential’
parental types k1, k2, k3 according to wt−(z1), wt−(z2), wt−(z3) respectively. Let
k̂ denote the most common allelic type in k1, k2, k3.

(2) For each y ∈ Br(x), set wt(y) = (1 − u)wt−(y) + u1k̂=a.

To reflect the long range dispersal present in our population, we consider the
SΛFVS with stable radii. That is, for α ∈ (1, 2) we consider the SΛFVS from Def-
inition 3.1.9 driven by the point process Π with intensity measure dt ⊗ dx ⊗ µ(dr)
where

µ(dr) = 1{r≥1}

rd+α+1dr. (3.9)

At the n-th stage of rescaling (for n ∈ N), the SΛFVS with stable radii is assumed to
have impact parameter un and selection parameter sn satisfying

un = u

n1−βα
, and sn = ρ

nβα

for some scaling parameter β ∈
(
0, 1

α

)
and ρ > 0 independent of n. Define the

averaged process

wn
t (x) = 1

V1

∫
B1(nβx)

wnt(y)dy (3.10)

where V1 is the volume of the ball of radius 1 in Rd. Denote Mλ(Rd × {a,A}) by M
and the set of càdlàg paths with values in M by DM[0,∞). Let C∞

c (Rd) be the set
of smooth compactly supported functions on Rd. Define

⟨w, f⟩ =
∫
Rd
w(x)f(x)dx.

Then, by a straightforward adaptation of [EVY20, Theorem 1.14], we have the fol-
lowing convergence result.
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Theorem 3.1.10 (Adaptation of [EVY20, Theorem 1.14]). Let α ∈ (0, 2), d ≥ 2 and
0 < β < 1

2α−1 . Assume that wn
0 converges weakly to some w0 ∈ M. Then as n → ∞,

the process (wn
t )t≥0 converges weakly in DM[0,∞) to a process (w∞

t )t≥0 with initial
value w∞

0 = w0. Furthermore, (w∞
t )t≥0 is the unique deterministic process for which,

for every f ∈ C∞
c (Rd) and t ≥ 0,

⟨w∞
t , f⟩ = ⟨w∞

0 , f⟩ +
∫ t

0

{
⟨w∞

s ,−u(−∆α
2 )f⟩ + uρV1

α
⟨w∞

s (1 − w∞
s )(2w∞

s − 1), f⟩
}
ds.

In view of this result, it is natural to ask if the scaling of sn can be chosen in
such a way that snn

βα → ∞ as n → ∞ and the asymptotic behaviour from the
deterministic result is maintained. That is, we would like to obtain an analogous
convergence statement to that of Theorem 3.1.5 even in the presence of genetic drift.

Fix 0 < R ≤ 1, n ∈ N and set Rn = n−βR. Define µn(A) := µ(nβA) for all Borel
subsets A ⊂ (0,∞). Let Πn be the driving Poisson point process on (0,∞) × Rd ×
(Rn,∞) in the scaled SΛFVS with stable radii having intensity measure ndt⊗nβdx⊗
µn(dr). Let

un = u

n1−βαI(εn)2−α
, and sn = I(εn)2−α

ε2
nn

βα
. (3.11)

Let (wn
t )t≥0 be the averaged process from (3.10), where wnt(·) is defined as in Defini-

tion 3.1.9 but for the Poisson point process Πn and impact and selection parameters
given by un and sn above.

Given a sequence (εm)m≥0, set

G(n) = n−β(1− α
2 )I(εn)α−2 + ε2

n

I(εn)2 + n− β
2α(1− α

2 )ε− 2
α

n + I(εn)α−1. (3.12)

Our main result in the stochastic setting is stated as follows.

Theorem 3.1.11. Let α ∈ (1, 2), β ∈
(
0, 1

2α

)
, d ≥ 2 and consider a sequence (εn)∞

n=1

satisfying εn → 0 and (log n) 1
2 εn → ∞ as n → ∞. Fix I satisfying Assumptions 3.1.2.

Let G be as above and p : Rd → [0, 1] satisfy Assumptions 3.1.4. Let (wn
t )t≥0 be the

SΛFVS driven by Πn with un, sn given by (3.11) and initial condition wn
0 (x) = p(x).

Define T and d(x, t) as in Theorem 3.1.5 and take T ∗ < T . There exists n∗(α) ∈ N
and a∗(α), c∗(α),m∗ ∈ (0,∞) such that, for all n ≥ n∗ and a∗ε

2
n| log εn| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ c∗I(εn)| log εn|, we have E[wn
t (x)] ≥ 1 −m∗G(n),

(2) for x with d(x, t) ≤ −c∗I(εn)| log εn|, we have E[wn
t (x)] ≤ m∗G(n).
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To prove Theorem 3.1.11 in Chapter 5, we will approximate the SΛFVS dual by
a subordinated Brownian motion, which then allows us to apply Theorem 3.1.5. The
condition that (log n) 1

2 εn → ∞ ensures that, with high probability, the SΛFVS dual
(which has branching rate ε−2

n ) does not have too many lineages by a fixed time T ∗.

3.2 A probabilistic dual

In this section, we define a probabilistic dual to the scaled fractional Allen–Cahn
equation (3.2), following closely the work of [EFP17]. To do this, we consider a
ternary-branching α-stable motion in which each individual, independently, follows
an α-stable motion, until the end of its exponentially distributed lifetime (with mean
ε2) at which point it splits into three particles. Let Y (t) denote a d-dimensional α-
stable process and Y (t) denote a d-dimensional historical ternary branching α-stable
motion. That is, Y (t) traces out the space-time trees that record the position of all
particles alive at time s for s ∈ [0, t]. Throughout this work, we adopt the following
convention. Recall that σα :=

(
2−α

α

)α
2 Γ

(
1 − α

2

)
.

Assumption 3.2.1. All α-stable motions have generator −σαI(ε)α−2(−∆)α
2 for a

fixed α ∈ (1, 2).

To record the genealogy of the process we employ the Ulam-Harris notation to
label individuals by elements of U = ⋃∞

m=0{1, 2, 3}m, where {1, 2, 3}0 = ∅ by conven-
tion. For example, (3, 1) represents the particle which is the first child of the third
child of the initial ancestor ∅. Let N(t) ⊂ U denote the set of individuals alive at
time t.

We call T a time-labelled ternary tree if T is a finite subset of U with each internal
vertex v labelled with a time tv > 0, where tv is strictly greater than the label of the
parent vertex of v. Ignoring the spatial position of individuals, we see that Y (t)
traces out a time-labelled ternary tree which associates to each branch point the time
of the branching event. Denote the time-labelled ternary tree traced out by Y (t) by
T (Y (t)).

Definition 3.2.2 (Vp). Fix p : Rd → [0, 1] and define the majority voting procedure
on T (Y (t)) as follows.

(1) each leaf i of T (Y (t)) independently votes 1 with probability p(Yi(t)) and oth-
erwise votes 0;
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(2) at each branching event in T (Y (t)), the vote of the parent particle j is given
by the majority vote of its offspring (j, 1), (j, 2), (j, 3).

This voting procedure runs inward from the leaves of T (Y (t)) to the root ∅. Under
this voting procedure, define Vp(Y (t)) to be the vote associated to the root ∅ of the
ternary branching stable process.

For x ∈ Rd, we shall write Px and Ex for the probability measure and expectation
associated to the law of a stable motion starting at x. Write Pε

x for the probability
measure under which (Y (t), t ≥ 0) has the law of the historical process of a ternary
branching α-stable motion in Rd with branching rate ε−2 started from a single particle
at location x at time 0. We write Eε

x for the corresponding expectation. We emphasise
that the variable ε used to define the speed of the stable process, I(ε)α−2, is the same
variable ε that defines the branching rate, ε−2. Then the root vote Vp(Y (t)) provides
us with a dual to equation (3.2) in the following sense.

Theorem 3.2.3. Let p : Rd → [0, 1]. Then

uε(t, x) := Pε
x[Vp(Y (t)) = 1] (3.13)

is a solution to equation (3.2) with initial condition uε(0, x) = p(x).

Sketch of proof of Theorem 3.2.3. This proof follows closely that of [EFP17, Theo-
rem 2.2]. In this proof we neglect the superscript ε on Pε

x,E
ε
x and uε. Let u be as in

(3.13) and consider u(t+ δt, x). If τ is the time of the first branching event, we have

u(t+ δt, x) = Px[Vp(Y (t+ δt)) = 1 | τ ≤ δt]P[τ ≤ δt]

+ Px[Vp(Y (t+ δt)) = 1 | τ > δt] (1 − P[τ ≤ δt]) . (3.14)

We will consider each of the terms in (3.14) separately. Let V1, V2, and V3 be the
votes of the three offspring created at time τ . Conditional on τ ≤ δt, the probability
of a second branching event before time δt is O(δt), so for s ≤ δt

Ex [V1 | (τ, Yτ ) = (s, y)] = Ey [u(t, Yδt−s)] + O(δt).

We can then approximate

Ex[V1 | τ ≤ δt] ≈ u(t, x) + O(δt).
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Since the root vote of T (Y (t)) will equal one if and only if at most one of V1, V2, and
V3 is zero, it follows by conditional independence of each Vi given (τ, Yτ ) that

Px[Vp(Y (t)) = 1 | τ ≤ δt] = u(t, x)3 + 3u(t, x)2(1 − u(t, x)) + o(1)

= u(t, x)(1 − u(t, x))(2u(t, x) − 1) + u(t, x) + o(1).

For the second term in (3.14) note that

Px[Vp(Y (t+ δt)) = 1 | τ > δt] = Ex[PYδt
(Vp(Y (t)) = 1] = Ex[u(t, Yδt)]

by the Markov property of Y at time δt. Since P[τ ≤ δt] ≈ δtε−2 + O(δt2), putting
the above estimates into (3.14) gives

lim
δt→0

u(t+ δt, x) − u(t, x)
δt

= lim
δt→0

Ex[u(t, Yδt)] − u(t, x)
δt

+ ε−2u(t, x)(1 − u(t, x))(2u(t, x) − 1)

= −σαI(ε)α−2(−∆)α
2 u(t, x) + ε−2u(t, x)(1 − u(t, x))(2u(t, x) − 1). □

Remark 3.2.4. To prove Theorem 3.2.3 more formally, one can adapt the proof of the
analogous Brownian result that appears in this thesis [O’D19, Theorem 3.2.2, Propo-
sition 4.2.3]. There, the author expresses (3.13) (with Y (t) replaced by a branching
Brownian motion) as an explicit integral in terms of the heat kernel. The analytic
arguments that follow remain true when the heat kernel is replaced by the fractional
heat semigroup. We note that, using this expression, it is immediate that uε is in the
domain of the fractional Laplacian.

With this in mind, we can restate Theorem 3.1.5 as follows.

Theorem 3.2.5. Fix a function I satisfying Assumptions 3.1.2. Suppose the initial
condition p satisfies Assumptions 3.1.4. Let T and d(x, t) be as in Section 3.1, F be
as in (3.5) and fix T ∗ ∈ (0,T ). Then there exist εd(α), ad(α), cd(α), m > 0 such
that, for ε ∈ (0, εd) and adε2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cdI(ε)| log ε|, Pε
x [Vp(Y (t)) = 1] ≥ 1 −m

ε2

I(ε)2 −mF (ε),

(2) for x with d(x, t) ≤ −cdI(ε)| log ε|, Pε
x [Vp(Y (t)) = 1] ≤ m

ε2

I(ε)2 +mF (ε).

For the sake of completeness, we mention the Brownian analogue of Theorem 3.2.3
and Theorem 3.2.5 from [EFP17]. There, the authors considered a historical ternary
branching d-dimensional Brownian motion (W (t), t ≥ 0) with branching rate ε−2.
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Let Pε
x and Vp be defined as above but for the process (W (t), t ≥ 0). Then, by

[EFP17, Theorem 2.2], given p : Rd → [0, 1],

uε(t, x) := Pε
x[Vp(W (t)) = 1] (3.15)

is a solution to equation (3.6), and Theorem 3.1.7 can be restated in terms of
Pε

x[Vp(W (t)) = 1]. We will refer to the restatement of Theorem 3.1.7 in terms of
Pε

x[Vp(W (t)) = 1] as the ‘probabilistic version of Theorem 3.1.7’.

Notation 3.2.6. It will be convenient to distinguish between one-dimensional and
multidimensional α-stable processes. We adopt the convention that X(t) will denote
the one-dimensional α-stable process, with the corresponding historical branching
stable process denoted by X(t). When d > 1, we denote the α-stable process by Y (t)
and denote the corresponding historical branching stable process by Y (t).

3.2.1 Remarks on the choice of scaling

Now that we have described the probabilistic dual to the fractional Allen–Cahn equa-
tion, we can explain the origin of the scaling taken in equation (3.2). As we will see,
this choice of scaling is intimately linked to our strategy of proof for Theorem 3.2.5.
To explain this, we will need to consider stable processes run at varying speeds. For
this reason, in this section (and this section only) we do not adopt Assumption 3.2.1,
so the speeds of all stable process, stable subordinators, and historical stable trees
will be made explicit.

Recall from Proposition 2.1.10 that if (Y ε
t )t≥0 is a d-dimensional ε-truncated α-

stable process with α ∈ (1, 2), then for some cα > 0, we have

cαε
α
2 −1Y ε

t
w−→ Wt as ε → 0 (3.16)

where (Wt)t≥0 is a standard d-dimensional Brownian motion and w−→ denotes weak
convergence of the one-dimensional distributions. Note that

ε
α−2

α Y ε2/α

t
D= Y ε

εα−2t, (3.17)

where (Y ε2/α

t )t≥0 denotes the ε2/α-truncated α-stable process.1 Therefore, by replacing
ε by ε2/α in (3.16), and applying (3.17), we see that

cαY
ε

εα−2t
w−→ Wt as ε → 0. (3.18)

1To see (3.17), let ψε and ψε2/α be the characteristic exponents of (Y ε
t )t≥0 and (Y ε2/α

t )t≥0
respectively. By definition of the characteristic exponent, (3.17) will hold if and only if, for all
θ ∈ R, ψε2/α(θε1− 2

α ) = ψε(θ)εα−2, which is straightforward to verify using the Lévy-Khintchine
formula (Theorem 2.1.5).
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More generally, one could replace ε in (3.18) by a function I(ε), satisfying I(ε) → 0
as ε → 0. The I(ε)-truncated stable process Y I(ε)

I(ε)α−2t will approximate a Brownian
motion, so it is reasonable to expect that the probabilistic version of Theorem 3.1.7
holds when the branching Brownian motion is replaced by a branching I(ε)-truncated
stable process, run at speed I(ε)α−2. Therefore to prove Theorem 3.2.5, it should
suffice to show:

Step 1: the probabilistic version of Theorem 3.1.7 holds when W (t) is replaced by
Y I(ε)(I(ε)α−2t), a d-dimensional ternary branching I(ε)-truncated stable tree
run at speed I(ε)α−2;

Step 2: there exists a coupling of the root votes of Y (I(ε)α−2t) and Y I(ε)(I(ε)α−2t)
in such a way that Step 1 implies Theorem 3.2.5.

The purpose of this two-step approach is that, by using a truncated stable process
(which is not heavy tailed) we can more readily adapt proofs from the Brownian case
of [EFP17].

The discussion above explains why the fractional Laplacian in equation (3.2) is
sped up by a factor of I(ε)α−2. However, we have not addressed our choice of I(ε) as
outlined by Assumptions 3.1.2. In particular, we require limε→0

ε
I(ε) = 0, so I(ε) , ε,

which might be unexpected in view of the limit (3.18). This is because we must
carefully balance two opposing effects: the truncation level must be small enough
that the truncated motion is ‘similar’ to a Brownian motion (to prove Step 1), but
it must be large enough so that the truncated motion and original stable motion are
themselves ‘similar’ (to prove Step 2). Although Step 1 will hold when I(ε) = ε,
Step 2 does not.

More concretely, consider Assumption 3.1.2 (B): limε→0
ε2

I(ε)2 | log ε| = 0. Recall that
the ternary branching stable motion branches at rate ε−2. Suppose τ ∼ exp(ε−2) is
the time of one such branching event. Then, for k ∈ N, conditional on τ ≤ kε2| log ε|
(which happens with probability 1 − εk), an individual in the tree Y (I(ε)α−2t) is
expected to make, at most,

k
ε2

I(ε)2 | log ε| (3.19)
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jumps larger than I(ε) in its lifetime, because the arrival rate of jumps larger then
I(ε) made by a stable process run at speed I(ε)α−2 is2

O
(
I(ε)α−2

∫ ∞

I(ε)
x−α−1dx

)
= O

(
I(ε)−2

)
. (3.20)

To prove Step 2, each individual stable motion in Y (I(ε)α−2t) should approximate
(asymptotically in ε) an I(ε)-truncated process, so the quantity (3.19) should converge
to zero with ε, which is precisely Assumption 3.1.2 (B). The remaining assumptions
on I(ε) from Assumptions 3.1.2 arise from several technical lemmas needed to prove
Theorem 3.2.5.

To the best of our knowledge, Theorem 3.2.5 is the first result on the solution
interface of equation (3.2) with our chosen scaling. Other related works, such as
[CS10, IS09], suggest that our result should hold even when I(ε) = ε. However, it
does not seem likely that we can achieve the I(ε) = ε scaling using our current method
of proof.

The two-step proof described above motivates our choice of scaling. However,
in reality, we opt to work with W

(
R

I(ε)2

I(ε)α−2t

)
, a Brownian motion subordinated by

an I(ε)2-truncated α
2 -stable subordinator run at speed I(ε)α−2, instead of the I(ε)-

truncated stable process Y I(ε)
I(ε)α−2t. The central idea of our proof remains the same

as before, however, we found the subordinated process easier to work with. Like the
truncated stable process, the subordinated Brownian motion is not heavy tailed, and
its explicit description in terms of a Brownian motion allows us to more elegantly
adapt the Brownian proof of [EFP17].3 Moreover, the error made by approximating
the stable process YI(ε)α−2t by W

(
R

I(ε)2

I(ε)α−2t

)
is roughly equal to the error we would

obtain using Y
I(ε)

I(ε)α−2 . Recall that YI(ε)α−2t
D= W (RI(ε)α−2t), a Brownian motion sub-

ordinated by an α
2 -stable subordinator. The arrival rate of jumps larger that I(ε)2

made by the α
2 -stable subordinator is

O
(
I(ε)α−2

∫ ∞

I(ε)2
x− α

2 −1dx

)
= O

(
I(ε)−2

)
,

2To obtain (3.20), we use that the arrival rate of jumps larger than I(ε) made by the
d-dimensional process YI(ε)α−2t is proportional to I(ε)α−2 ∫

x∈Rd:|x|>I(ε) ν(dx) where ν(dx) =
|x|−α−ddx is the Lévy measure of (Yt)t≥0. Equation (3.20) then follows using spherical coordinates.

3In the proof of the one-dimensional result (described in Section 3.3) our use of subordinated
Brownian motions instead of truncated stable motions is largely superficial (indeed, we have verified
that the one-dimensional result holds for truncated stable motions). However, the bottleneck of our
multidimensional proof, the coupling result (Section 3.3.4) relies heavily on our use of subordinated
Brownian motions. It is unclear how the proofs in the section could be adapted for truncated stable
motions.
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which is the same order as the arrival rate of jumps larger than I(ε) made by a stable
process from (3.20).

3.3 Majority voting in one dimension

For the remainder of this chapter, we prove a one-dimensional analogue of Theo-
rem 3.2.5, which will enable us to prove Theorem 3.2.5 in Chapter 4. This parallels
the structure of proof for the Brownian result, Theorem 3.1.7.

For each x ∈ R, let Px be the law of a one-dimensional α-stable process X(t) satis-
fying Assumption 3.2.1 started at x, with corresponding expectation Ex. Write Pε

x for
the probability measure under which (X(t), t ≥ 0) has the law of a one-dimensional
historical ternary branching α-stable motion, with branching rate ε−2 started from a
single particle at location x at time 0. Write Eε

x for the corresponding expectation.
In accordance with Assumption 3.2.1, each particle in (X(t), t ≥ 0) is assumed to
run at speed σαI(ε)α−2 for σα given in (3.3).

Define

p0(x) = 1{x≥0}. (3.21)

With this choice of initial condition, under majority voting (Definition 3.2.2), the
leaves of T (X(t)) will vote one if and only if they are on the right half line. De-
note the root vote of T (X(t)) under majority voting with initial condition (3.21) by
V(X(t)) := Vp0(X(t)). The following result is the natural analogue of Theorem 3.2.5
in one dimension.

Theorem 3.3.1. Let T ∗ ∈ (0,∞). Suppose I satisfies Assumptions 3.1.2 (A)-(B).
Then there exist c1(α), ε1(α) > 0 such that, for all t ∈ [0, T ∗] and all ε ∈ (0, ε1),

(1) for x ≥ c1I(ε)| log ε|, we have Pε
x[V(X(t)) = 1] ≥ 1 − ε2

I(ε)2 ,

(2) for x ≤ −c1I(ε)| log ε|, we have Pε
x[V(X(t)) = 1] ≤ ε2

I(ε)2 .

This result tells us that, for positive x, ‘typical’ leaves of the tree T (X(t)) based
at x are more likely to vote 1 than 0. As we mentioned in our introduction, The-
orem 3.3.1 is weaker than the actual one-dimensional result that will be used to
prove Theorem 3.2.5. This stronger result (Theorem 3.3.7) will be developed in Sec-
tion 3.3.1, and shown to imply Theorem 3.3.1.
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Remark 3.3.2. There is some evidence in the literature that the interface width in
Theorem 3.3.1 could be improved. Let f be any bistable nonlinearity and consider
the one-dimensional equation(−∆)α

2 u(y) = f(u(y)) ∀ y ∈ R,
lim

y→∞
u(y) = 1, lim

y→−∞
u(y) = 0. (3.22)

Then, by [GZ15, Proposition 3.2], a solution u ∈ C2(R) to (3.22) satisfies

A

yα
≤ 1 − u(y) ≤ B

yα

for all y > 1 and some A,B > 0 (with a similar inequality holding if y ≤ −1). We
rewrite this equation under our scaling by setting z = ε

2
α I(ε)1− 2

αy, and obtain

Aε2I(ε)α−2

zα
≤ 1 − u(z) ≤ Bε2I(ε)α−2

zα
.

Therefore if z ≥ I(ε), 1 − u(z) is of order ε2

I(ε)2 , the interface sharpness from Theo-
rem 3.3.1. This suggests that Theorem 3.3.1 might hold for an interface of width I(ε),
and that this would be the narrowest width possible for the given interface sharpness.
However, we were only able to prove Theorem 3.3.1 for an interface width of order
I(ε)| log ε|.

The choice of initial condition p0(x) = 1{x≥0} affords us several useful inequalities.
First, for all x1, x2 ∈ R with x1 ≤ x2, we have

Pε
x1 [V(X(t)) = 1] ≤ Pε

x2 [V(X(t)) = 1]. (3.23)

For any time-labelled ternary tree T , write

Pt
x(T ) := Pε

x[V(X(t)) = 1 | T (X(t)) = T ].

This conditioning should be understood formally by first determining the time labelled
ternary tree, then determining the stable motions. It then follows by symmetry of
α-stable motions and the definition of p0(x) that, for any x ∈ R and t > 0,

Pt
x(T ) = 1 − Pt

−x(T ). (3.24)

Setting x = 0 in equation (3.24) yields Pt
0(T ) = 1

2 , so by monotonicity (3.23)

Pt
x(T ) ≥ 1

2 for x > 0, and Pt
x(T ) ≤ 1

2 for x < 0.
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It will be convenient in our later calculations to introduce notation for the majority
voting system. Mimicking [EFP17], define the function g : [0, 1]3 → [0, 1] by

g(p1, p2, p3) = p1p2p3 + p1p2(1 − p3) + p2p3(1 − p1) + p3p1(1 − p2). (3.25)

This is the probability that a majority vote gives the result 1, in the special case when
the three voters are independent and have probabilities p1, p2 and p3 of voting 1. We
will abuse notation slightly and write g(q) := g(q, q, q). Note that, for all q ∈ [0, 1],

g(q) = 1 − g(1 − q). (3.26)

3.3.1 A coupling of voting systems

In this section, we will couple the root vote of T (X(t)) under majority voting to the
root vote of another ternary branching process under a different voting system. This
other branching process will be a ternary branching subordinated Brownian motion,
with subordinator given by a truncated α

2 -stable subordinator. We endow this pro-
cess with a voting procedure that we call ‘marked majority voting’. Once we have
achieved this coupling of root votes, we state a more general theorem in terms of this
new branching process that will imply Theorem 3.3.1.

The intuition behind marked majority voting, which we denote by V×, is straight-
forward. However, formally proving a coupling of the majority and marked majority
systems V and V× is more challenging. To aid us with this, we introduce an inter-
mediate voting system V̂ that can be readily compared to both voting systems. We
call this the ‘exponentially marked’ voting procedure. The definition of the expo-
nentially marked voting procedure, together with a proof that it couples with the
ordinary majority voting system in the appropriate sense (Theorem 3.3.4) make up
the content of Section 3.3.1.1. After this, in Section 3.3.1.2, we define the marked
majority voting procedure that will be carried through the one-dimensional proof,
and prove (using the intermediate voting system) that it can be coupled to majority
voting. Theorem 3.3.1 can then be restated in terms of the marked voting system on
the subordinated Brownian tree (Theorem 3.3.7), and will be proved in Section 3.3.2.

3.3.1.1 Exponentially marked voting

In this section we will couple the majority voting system on T (X(t)) with the
exponentially marked voting system defined on a ternary branching subordinated
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Brownian motion. Fix ε > 0 throughout. We will consider an I(ε)2-truncated α
2 -

stable subordinator denoted Rε
t . Assumption 3.2.1 will also be adopted for all stable

subordinators. To be precise, if

ν(dx) := α

2Γ
(
1 − α

2

)x−1− α
2 dx

is the Lévy measure of the α
2 -stable subordinator, then the Lévy measure of Rε

t is
given by

σαI(ε)α−2ν(dx)10≤x≤ 2−α
α

I(ε)2 .

Although we truncate at level 2−α
α
I(ε)2, will shall refer to this as the I(ε)2-truncated

stable subordinator. Let BRε(t) denote the historical process of a ternary branching
Rε

t -subordinated Brownian motion with branching rate ε−2. Unless stated otherwise,
all subordinators in this work will be zero at time zero.

Let us now make precise the form of the coupling that we desire. As before, let
V(X(t)) denote the root vote of T (X(t)) under majority voting (Definition 3.2.2).
We will define a voting system on T (BRε(t)) with root vote V̂(BRε(t)) satisfying

Pε
x [V(X(t)) = 1] ≥ Pε

x

[
V̂(BRε(t)) = 1

]
for all x ≥ 0 (3.27)

with the reverse inequality holding for x < 0. Having obtained this, it will suffice to
prove the analogue of Theorem 3.3.1 with V(X) replaced by V̂(BRε). In this way,
we will have incorporated the problematic ‘large jumps’ of the α-stable process X(t)
into the voting system V̂.

Before defining a voting system on T (BRε(t)), it will be useful to note the follow-
ing. Let Rt be an α

2 -stable subordinator, and let

τ× := inf{t ≥ 0 : |R(t) −R(t−)| > 2−α
α
I(ε)2}

be the first time that the subordinator makes a jump of size greater than 2−α
α
I(ε)2.

Then τ× is exponentially distributed with parameter∫ ∞

2−α
α

I(ε)2
σαI(ε)α−2ν(dx)10≤x≤ 2−α

α
I(ε)2

= α
2

(
2−α

α

)α
2 I(ε)α−2

∫ ∞

2−α
α

I(ε)2
x− α

2 −1dx

= I(ε)−2

using the definition of σα from (3.3) (indeed, we chose σα so that the above equality
would hold). With this in mind, we can define the exponentially marked voting
system on T (BRε(t)).
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Definition 3.3.3 (V̂p). Fix ε > 0. For t ≥ 0, let X(t) by a ternary branching
α-stable process, which is equal in distribution to a ternary branching subordinated
Brownian motion BR(t), where the individual with label i travels according to a
Brownian motion subordinated by an α

2 -stable subordinator, Bi(Ri). Let M(t) be
the set of all individuals that have ever been alive in T (BR(t)), and for each i ∈ M(t)
let

τ×
i = inf{t ≥ 0 : |Ri(t) −Ri(t−)| > 2−α

α
I(ε)2}

and let τi be the time that the individual with label i branches into three. Let
BRε(t) be the process obtained from BR(t) by removing all jumps of size larger
than 2−α

α
I(ε)2 in the path of each stable subordinator Ri. Then the individual with

label i in T (BRε(t)) travels according to Bi(Rε
i ) for Rε

i an I(ε)2-truncated stable
subordinator. For p : R→ [0, 1], define the exponentially marked voting procedure on
T (BRε(t)) as follows.

(1) Each individual Bi(Rε
i ) is said to be marked if τ×

i < τi. Each marked individual
votes 1 with probability 1

2 and otherwise votes 0.

(2) Each unmarked leaf i of T (BRε(t)), independently, votes 1 with probability
p(Bi(Rε

i (t))) and otherwise votes 0.

(3) At each branch point in T (BRε(t)), if the parent particle k is unmarked, she
votes according to the majority vote of her three offspring (k, 1), (k, 2) and (k, 3).

Under this voting procedure, define V̂p(BRε(t)) to be the vote associated to the root
∅ of T (BRε(t)).

When an individual in T (BRε(t)) is marked, its vote is independent of the votes of
its ancestors. Therefore if at least two individuals born at the same branching event
are marked, the vote of their parent is independent of all of its ancestors, making it
effectively random. Reassuringly, this scenario is very unlikely, since down a ‘typical’
line of descent in T (BRε(t)), two individuals will not be marked at the same branching
event.

We now describe the intuition behind the exponentially marked voting procedure.
Consider a tree T (BR(t)) rooted at x > 0. Suppose the tree T (BRε(t)), also rooted
at x, has been obtained from T (BR(t)) as described in Definition 3.3.3. Then we can
consider how the vote of each individual Bi(Ri) in T (BR(t)) compares to the vote
of the corresponding individual Bi(Rε

i ) in T (BRε(t)). If the subordinator Ri has not
made a jump bigger than 2−α

α
I(ε)2 in its lifetime (τ×

i ≥ τi), then Bi(Rε
i ) votes in the
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same way as Bi(Ri) according to majority voting. However, if Ri does make a large
jump (τ×

i < τi), then, since x > 0, Bi(Ri) is more likely to jump into right-half line
than the left. Therefore the vote of Bi(Ri) should be one with probability strictly
greater than 1/2. In contrast, when τ×

i < τi, Bi(Rε
i ) votes one with probability

exactly 1/2, which reduces the probability that the root vote of T (BRε(t)) will equal
one, so we expect (3.27) to hold.

Now, instead of considering the initial condition p0(x) = 1{x≥0} as we did for
majority voting, we will use

p̂0(x) = u+1{x≥0} + u−1{x≤0}, (3.28)

where 0 < u− < u+ < 1 satisfy 1−u+ = u−. We will choose u− and u+ later in (3.44)
and (3.45) to be two of the fixed points of the ‘marked majority voting’ function,
which will be defined in (3.42). For this choice of initial condition, we write V̂ := V̂p̂0

.
Noting that p̂0 is increasing, for any x1 ≤ x2 ∈ R,

Pε
x1

[
V̂(BRε(t)) = 1

]
≤ Pε

x2

[
V̂(BRε(t)) = 1

]
. (3.29)

Let T be a time-labelled ternary tree and define

P̂ε
x(T ) := Pε

x

[
V̂(BRε(t)) = 1 | T = T (BRε(t))

]
.

Then, since 0 and 1 are exchangeable in the exponentially marked voting system,

P̂t
x(T ) = 1 − P̂t

−x(T ) (3.30)

for all x ∈ R and t ≥ 0. Setting x = 0 in equation (3.30) shows that P̂t
0(T ) = 1

2 for
all t > 0, and together with monotonicity (3.29), this gives

P̂ε
x(T ) ≥ 1

2 for x > 0, P̂ε
x(T ) ≤ 1

2 for x < 0.

To conclude this section, we prove the claimed coupling of voting systems.

Theorem 3.3.4. Let ε > 0 and t ≥ 0. Let X(t) be the α-stable ternary branching
process used to define V̂(BRε(t)) as described in Definition 3.3.3. Then

(1) for all x ≥ 0, Pε
x[V(X(t)) = 1] ≥ Pε

x

[
V̂(BRε(t)) = 1

]
,

(2) for all x ≤ 0, Pε
x[V(X(t)) = 1] ≤ Pε

x

[
V̂(BRε(t)) = 1

]
.
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Proof. We only prove the first inequality, since the second inequality will follow by
the symmetry relations (3.24) and (3.30). Recall the initial conditions for V(X(t))
and V̂(BRε(t)) are given by

p0(x) = 1{x≥0} and p̂0(x) = u+1{x≥0} + u−1{x≤0}

respectively. To ease notation, let p ≡ p0 and p̂ ≡ p̂0 for the remainder of this proof.
Consider BR(t) D= X(t) and denote the time of the first branching event in

T (BR(t)) = T (BRε(t)) = T by τ∅. Let τ×
∅ ∼ exp(I(ε)−2) be the first time that

the subordinator associated to the ancestral particle in BR(t) makes a jump of size
larger than 2−α

α
I(ε)2. To ease notation let τ× = τ×

∅ and τ = τ∅. We proceed by
induction on the number of branching events in T .

To prove the base case, let T0 denote the tree with a root and a single leaf. Con-
ditional on {T0 = T (BRε(t))}, let B(Rε

t ) be the position of the single individual at
time t where (Bs)s≥0 is a standard Brownian motion and (Rε

s)s≥0 is an I(ε)2-truncated
α
2 -stable subordinator. Under the exponentially marked voting procedure, this indi-
vidual votes 1 with probability p̂0(B(Rε

t )) if she is unmarked (i.e. τ× ≥ τ), or she votes
1 with probability 1

2 if she is marked (τ× < τ). Since the event {T (BRε(t)) = T0} is
equivalent to {τ > t}, we have, for all x ≥ 0,

P̂t
x(T0) = Eε

x [p̂ (B(Rε
t ))1τ×≥τ | τ > t] + 1

2P
ε
x[τ× < τ | τ > t]

= Eε
x [p̂ (B(Rε

t )) | τ > t]Pε
x[τ× ≥ τ | τ > t] + 1

2P
ε
x[τ× < τ | τ > t]

≤ Eε
x [p̂ (B(Rε

t )) | τ > t]Pε
x[τ× ≥ t] + 1

2P
ε
x[τ× < t] (3.31)

where in the second line we have used that, conditional on the event {τ > t}, the
events {B(Rε

t ) > 0} and {τ× ≥ τ} are independent. It is straightforward to ver-
ify the final inequality holds using that Pε

x [τ× ≥ τ | τ > t] ≤ Pε
x [τ× ≥ t] and that

Eε
x [p̂ (B(Rε

t )) | τ > t] ≥ 1
2 since x ≥ 0, which follows by similar arguments to those

used to obtain (3.24).
Continuing the proof of the base case, conditional on {T (BR(t)) = T0}, denote

the single individual in T (BR(t)) at time t by B(Rt). Then, since τ× is the first time
that Rt makes a jump of size larger than 2−α

α
I(ε)2, we have

Pt
x(T0)

= Eε
x[p (B(Rt)) | τ× ≥ t, τ > t]Pε

x[τ× ≥ t] + Eε
x[p(B(Rt)) | τ× < t < τ ]Pε

x[τ× < t]

≥ Eε
x[p(B(Rε

t )) | τ > t]Pε
x[τ× ≥ t] + 1

2P
ε
x[τ× < t] (3.32)
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using that, conditional on {τ× > t}, B(Rt) D= B(Rε
t ), and

Eε
x[p(B(Rt)) | τ× < t < τ ] ≥ 1

2

since x ≥ 0, which can be shown using a similar identity to (3.24). It is straightforward
to verify that Eε

x[p(B(Rt)) | τ > t] ≥ Eε
x[p̂(B(Rt)) | τ > t] for all x ≥ 0, which, together

with (3.31) and (3.32) gives us

Pt
x(T0) ≥ P̂t

x(T0)

for x ≥ 0, proving the base case.
Now suppose that, for all trees T n−1 with at most n− 1 > 1 branching events,

Pt
x(T n−1) ≥ P̂t

x(T n−1)

for x ≥ 0. Let T n be a tree with n branching events. Define the first three trees
of descent, denoted T1, T2, and T3, to be the three subtrees of T n generated at time
τ . Note that T1, T2, and T3 have strictly less than n branching events. Recall that g
from (3.25) is the majority voting function associated to V. Write

g
(
Pt−τ

B(Rτ )(T ⋆)
)

:= g
(
Pt−τ

B(Rτ )(T1),Pt−τ
B(Rτ )(T2),Pt−τ

B(Rτ )(T3)
)

(3.33)

and define g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
similarly. By (3.24), (3.30) and (3.26)

g
(
Pt−τ

B(Rτ )(T ⋆)
)

= 1 − g
(
Pt−τ

−B(Rτ )(T ⋆)
)

and g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
= 1 − g

(
P̂t−τ

−B(Rε
τ )(T ⋆)

)
. (3.34)

Let En := {T (BRε(t)) = T (X(t)) = T n}. By almost identical arguments to those
used to obtain (3.32), but now conditioning on the event {τ× > τ}, we have

Pt
x(T n)

= Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
+ Eε

x

[
g
(
Pt−τ

B(Rτ )(T ⋆)
)

| τ× ≤ τ, En

]
Pε

x[τ× ≤ τ | En]

≥ Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
+ 1

2P
ε
x[τ× ≤ τ | En], (3.35)

using that, for all x ≥ 0, Eε
x

[
g
(
Pt−τ

B(Rτ )(T ⋆)
)

| τ× ≤ τ, En

]
≥ 1

2 by a similar symmetry
relation to (3.30). By definition of the exponentially marked voting system, we also
have

P̂t
x(T n) = Eε

x

[
g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
+ 1

2P
ε
x[τ× ≤ τ | En]. (3.36)
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Therefore by (3.35) and (3.36), it suffices to show that

Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
≥ Eε

x

[
g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
. (3.37)

Now, for all x ≥ 0,

Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
= Eε

x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

τ ) > 0, En

]
Pε

x [B(Rε
τ ) > 0 | En]

+ Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

τ ) ≤ 0, En

]
Pε

x[B(Rε
τ ) ≤ 0 | En]

= Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

τ ) > 0, En

]
Pε

x[B(Rε
τ ) > 0 | En]

+ Pε
x[τ× > τ | En]Pε

x[B(Rε
τ ) ≤ 0 | En]

− Eε
x

[
g
(
Pt−τ

−B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

τ ) ≤ 0, En

]
Pε

x[B(Rε
τ ) ≤ 0 | En]

= Eε
x

[
g
(
Pt−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

S) > 0, En

] (
Pε

x[B(Rε
τ ) > 0 | En]

− Pε
x[B(Rε

τ ) ≤ 0 | En]
)

+ Pε
x[τ× > τ | En]Pε

x[B(Rε
τ ) ≤ 0 | En]

≥ Eε
x

[
g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | B(Rε

τ ) > 0, En

] (
Pε

x[B(Rε
τ ) > 0 | En]

−Pε
x[B(Rε

τ ) ≤ 0 | En]
)

+ Pε
x[τ× > τ | En]Pε

x[B(Rε
τ ) ≤ 0 | En]

= Eε
x

[
g
(
P̂t−τ

B(Rε
τ )(T ⋆)

)
1τ×>τ | En

]
where, in the second equality, we have applied the symmetry (3.34), and in the second
to last line, we used monotonicity of g together with our inductive hypothesis, and
that, given x ≥ 0, the difference Pε

x[B(Rε
τ ) > 0 | En] − Pε

x[B(Rε
τ ) ≤ 0 | En] is non-

negative. The final equality follows by reversing the arguments used above but for
P̂t−τ

B(Rε
τ )(T ⋆). We conclude that (3.37) holds, proving our inductive step. □

3.3.1.2 Marked majority voting

In this section, we describe what will be the final voting system in one dimension,
denoted V×, defined on T (BRε(t)). This voting system will be carried throughout
the one-dimensional proof. In spirit, V× is very similar to V̂, but no longer relies on
knowing the lifetime of particles in order to mark them. Instead, particles are marked
(independently) when they are born. In Theorem 3.3.6, it will be shown that our new
voting system V× can be coupled to the exponentially marked voting system V̂, so
by Theorem 3.3.4, it can also be coupled to the original majority voting system V.

Under the marked majority voting system, particles will be marked (indepen-
dently) with probability bε, defined as follows. Recall that, for i ∈ M(t), τ×

i ∼
exp(I(ε)−2) is the first time the subordinator (Ri(s))s≥0 makes a jump of size larger
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than 2−α
α
I(ε)2. Further recall that τi ∼ exp(ε−2), where τi is the time that the

particle with label i in T (X(t)) branches into three. Define

bε := P[τ×
i < τi] = I(ε)−2

I(ε)−2 + ε−2 ∼ ε2

I(ε)2 (3.38)

where x ∼ y for some x, y depending on ε means that there exists constants c, d > 0
independent of ε such that cy < x < dy. The quantity bε is the probability that the
subordinator associated to individual i makes a large jump in its lifetime (if individual
i is a leaf, bε gives an upper bound on this probability). By Assumption 3.1.2 (B),
bε → 0 as ε → 0.

Definition 3.3.5 (V×
p ). Let ε > 0. For p : R → [0, 1], we define a marked majority

voting procedure on T (BRε(t)) as follows.

(1) At each branch point in T (BRε(t)), the parent particle j marks each of her
three offspring (j, 1), (j, 2) and (j, 3) independently with probability bε. Each
marked particle (independently) votes 1 with probability 1

2 and otherwise votes
0.

(2) Each unmarked leaf i of T (BRε(t)), independently, votes 1 with probability
p(Bi(Rε

i ))) and otherwise votes 0.

(3) At each branch point in T (BRε(t)), if the parent particle k is unmarked, she
votes according to the majority vote of her three offspring (k, 1), (k, 2) and (k, 3).

Observe that the initial ancestor of T (BRε(t)) is never marked under this procedure.
With the marked majority voting procedure described above, define V×

p to be the
vote associated to the root ∅ of T (BRε(t)).

The marked majority voting procedure makes it more difficult for the root of
T (BRε(t)) (rooted at x > 0) to vote 1 compared to majority voting. Consider, for
example, a particle in T (BRε(t)) that is not the root or a leaf. Then even if all three
offspring of this individual vote 1, under marked majority voting the individual can
still vote 0 with positive probability, thereby reducing the probability that the root
vote equals one. This can be viewed as the penalty one must pay for truncating the
underlying spatial motion (where this truncation really takes place on the subordi-
nator). In other words, to couple V×(BRε(t)) to V(X(t)), the voting procedure V×

should make it more difficult for individuals to vote 1, to compensate for the new
underlying spatial motion, which makes it easier for individuals to vote 1 (since, for
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a tree rooted at x > 0, BRε(t) is more likely to remain on the right-half line than
X(t)).

Here, we will use the same initial condition as p̂0 (3.28) that we did for exponen-
tially marked voting, and write V× := V×

p̂0
. With this choice of initial condition, the

marked majority voting system, V×, retains many of the symmetry relations exploited
in [EFP17], that we have already used here for V and V̂. Namely, for all x1, x2 ∈ R
with x1 ≤ x2,

Pε
x1

[
V×(BRε(t)) = 1

]
≤ Pε

x2

[
V×(BRε(t)) = 1

]
, (3.39)

and, for any time-labelled tree T , if we set
[

Pt
x (T ) = Pε

x

[
V×(BRε(t)) = 1 | T (BRε(t)) = T

]
,

then by symmetry of the historical stable process and exchangeability of 0 and 1 in
the marked voting procedure,

[

Pt
x (T ) = 1 −

[

Pt
−x(T ) (3.40)

for all T , x ∈ R, and t ≥ 0. Setting x = 0 in (3.40) gives
[

Pt
0 (T ) = 1

2 , so by
monotonicity (3.39), for any time-labelled ternary tree T ,

[

Pt
x (T ) ≥ 1

2 for x > 0, and
[

Pt
x (T ) ≤ 1

2 for x < 0. (3.41)

We next introduce notation for our marked majority voting procedure. Define the
marked majority voting function g× : [0, 1]3 → [0, 1] by

g×(p1, p2, p3) := g
(
(1 − bε)p1 + bε

2 , (1 − bε)p2 + bε

2 , (1 − bε)p3 + bε

2

)
. (3.42)

This is the probability that an unmarked parent particle votes 1 under V×, in the
special case when the three offspring are independent and have probabilities p1, p2 and
p3 of voting 1 if they are unmarked. We abuse notation and write g×(q) := g×(q, q, q).
It is easy to check using symmetry of the majority voting function (3.26) that, for all
q ∈ [0, 1],

g×(q) = 1 − g×(1 − q). (3.43)

Let {u−,
1
2 , u+} be the three solutions to g×(q) = q, satisfying 0 < u− < 1

2 < u+ <

1. The exact derivation of these fixed points can be found in the Proposition A.1.1.
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It will be useful later to note that these fixed points can be approximated by Taylor
expansion as

u− = 1
2 −

√
(1 − bε)3(1 − 3bε)

2(1 − bε)3 = 3
4b

2
ε + O(b3

ε) (3.44)

u+ = 1
2 +

√
(1 − bε)3(1 − 3bε)

2(1 − bε)3 = 1 − 3
4b

2
ε + O(b3

ε). (3.45)

Henceforth, these fixed points u+ and u− will be used to define the initial condition

p̂0(x) = u+1{x≥0} + u−1{x≥0}.

We now return to the coupling of V× and the original voting system V via the inter-
mediate system V̂.

Theorem 3.3.6. Let V̂ be the exponentially marked majority voting system (Defini-
tion 3.3.3) and V× be the marked majority voting system (Definition 3.3.5), both with
initial condition p̂0(x) = u+1{x≥0} + u−1{x≤0}. Then, for all x ∈ R and t ≥ 0,

Pε
x

[
V̂(BRε(t)) = 1

]
= Pε

x

[
V×(BRε(t)) = 1

]
(1 − bε) + bε

2 . (3.46)

Proof. Recall that, under the voting system V̂, each particle i is marked if τ×
i < τi.

By definition of bε, all particles in T (BRε(t)) are marked with probability bε under
both V̂ and V×, except for ancestral particle, which remains unmarked under V× by
definition. Conditioning on the marking of the ancestral particle in V̂, we obtain

Pε
x

[
V̂(BRε(t)) = 1

]
= Pε

x

[
V̂(BRε(t)) = 1 | τ× > τ0

]
Pε

x[τ× > τ0]

+ Pε
x

[
V̂(BRε(t)) = 1 | τ× ≤ τ0

]
Pε

x[τ× ≤ τ0]

= Pε
x

[
V×(BRε(t)) = 1

]
(1 − bε) + bε

2 ,

where the last line follows by definition of bε. □

Finally, by Theorem 3.3.4 and Theorem 3.3.6, to prove our main one-dimensional
result, Theorem 3.3.1, it suffices to show the following.

Theorem 3.3.7. Suppose I satisfies Assumptions 3.1.2 (A)-(B). Fix k ∈ N and T ∗ ∈
(0,∞). Let u+, u− be as in (3.44) and (3.45). Then there exist c1(α, k), ε1(α, k) > 0
such that, for all t ∈ [0, T ∗] and all ε ∈ (0, ε1(k)),

(1) for x ≥ c1(k)I(ε)| log ε|, we have Pε
x [V×(BRε(t)) = 1] ≥ u+ − εk,
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(2) for x ≤ −c1(k)I(ε)| log ε|, we have Pε
x [V×(BRε(t)) = 1] ≤ u− + εk.

Observe that the sharpness of the interface in Theorem 3.3.7 is of the same order
as the sharpness from the Brownian result, Theorem 3.1.7. This is a result of the
truncated subordinated Brownian motion behaving similarly to a Brownian motion
(as discussed in Section 3.2.1).

Remark 3.3.8. By a similar proof to that of Theorem 3.2.3, we see that

uε(t, x) = Pε
x

[
V×(BRε(t)) = 1

]
is a solution to the equation

∂tu
ε = Lεuε + ε−2(g×(uε) − uε)

= Lεuε + O
(
ε2I(ε)−4

) (
1
2 − uε

)3
+ O

(
ε−2

)
uε(2uε − 1)(1 − uε) (3.47)

with initial condition uε(0, x) = p̂0(x), where Lε denotes the infinitesimal generator
of (B(Rε

t ))t≥0. Rather remarkably, the work from this section tells us that solutions
to (3.47) and (3.2) are related. More precisely, the couplings from Theorem 3.3.4 and
Theorem 3.3.6 tell us that solutions to equation (3.47) (after transformation by the
function v 7→ (1 − bε)v + bε

2 ) are lower and upper bounds to solutions of the scaled
fractional Allen–Cahn equation (3.2) restricted to x ≥ 0 and x ≤ 0, respectively.
It would be interesting to see if this relationship provides any insights into a PDE-
theoretic proof of our main result.

3.3.2 Proof of Theorem 3.3.7

We now prove Theorem 3.3.7. To do so, we will adapt ideas from both [EFP17, HD21].
In [EFP17], the majority voting function g was used throughout, while [HD21] builds
upon this work and considers more general voting functions. This makes [HD21]
useful when proving results about the marked majority voting function g×.

Throughout this section, we take the initial condition

p̂0(x) = u+1{x≥0} + u−1{x≤0}.

Our next result verifies that the marked majority voting procedure cannot reduce the
positive voting bias on the leaves when the root, x, is non-negative. By the symmetry
(3.40), the same result holds for the negative voting bias on the leaves when x < 0.
In view of this symmetry, we often state results only for positive x when convenient
to do so. Recall that

[

Pt
x (T ) := Pε

x

[
V×(BRε(t)) = 1 | T (BRε(t)) = T

]
.
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Lemma 3.3.9. For any time-labelled ternary tree T , time t > 0, and any x ≥ 0,
[

Pt
x (T ) ≥ u+Px[B(Rε

t ) ≥ 0] + u−Px[B(Rε
t ) ≤ 0].

Proof. This proof follows exactly [HD21, Lemma 3.1] with g× instead of g therein. □

Lemma 3.3.9 partly motivated our definitions of V̂ and V×. Recall that marked
individuals in V× and V̂ vote 1 or 0 with equal probability. However, the proof of
Theorem 3.3.4 would have simplified greatly if we had asked marked individuals under
V̂ to vote 0 with probability 1.4 Unlike g×, which satisfies (3.43), the voting function
corresponding to this other system would not be symmetric. As a result, the proof of
[HD21, Lemma 3.1] would no longer apply, and we are unsure if Lemma 3.3.9 would
hold at all. The symmetry of g× will be used in several other proofs throughout this
section as well.

We now show that the iterative voting procedure amplifies a small positive bias
at the leaves to a large positive voting bias at the root. To do this, we define g(n)

× (q)
inductively by

g
(1)
× (q) = g×(q), g(n+1)

× (q) = g
(n)
× (g×(q)).

Noting that the ancestral particle is never marked under V×, we see that g(n)
× (q) is

the probability of voting 1 at the root of an n-level regular ternary tree under V× if
the votes of the unmarked leaves are i.i.d. Bernoulli(q). In the following result, we
consider the rate of convergence of g× to its fixed points. Let I be a scaling function
satisfying Assumptions 3.1.2 (A)-(B) throughout.

Lemma 3.3.10. Fix k ∈ N. There exists A(k) < ∞ and ε1(k) > 0 such that, for all
ε ∈ (0, ε1) and n ≥ A(k)| log ε|,

g
(n)
×

(
1
2 + ε

)
≥ u+ − εk and g

(n)
×

(
1
2 − ε

)
≤ u− + εk.

Proof. We follow the proof of [HD21, Lemma 3.2], with some slight changes. Recall
that

g×(p) = g((1 − bε)p+ bε

2 )

where bε = O
(

ε2

I(ε)2

)
. We prove only the first inequality since the second follows by

completely symmetric arguments. First, we show that there exists Ck > 0 and some
fixed q0 > 0 such that, after n ≥ Ck| log ε| iterations,

g
(n)
× (u+ − q) ≥ u+ − εk (3.48)

4Technically, this version of V̂ would only satisfy part (1) of Theorem 3.3.4. To obtain part (2)
of Theorem 3.3.4, one would need to define V̂ so that marked individuals vote 1 with probability 1.
In fact, we will explore these voting systems more in Chapter 4.
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for all q ≤ q0. We then show that there exists D > 0 such that, after n ≥ D| log ε|
iterations,

g
(n)
×

(
1
2 + ε

)
≥ u+ − q0. (3.49)

Combining (3.48) and (3.49) then gives the result. To prove (3.48), choose ε1 suffi-
ciently small so that bε ≤ 1

6 for all ε ∈ (0, ε1). Then

g′
×

(
1
2

)
= (1 − bε)g′

(
1
2

)
= 3

2(1 − bε) ≥ 5
4 > 1. (3.50)

Next, using that g′(0) = 0 and g′ is continuous, together with the estimate (3.44), for
ε1 sufficiently small we have

g′
(
u−(1 − bε) + bε

2

)
< 1

4

for all ε ∈ (0, ε1). It follows that, for this choice of ε1,

g′
×(u−) = (1 − bε)g′

(
u−(1 − bε) + bε

2

)
< 1

4 .

Since g′
×

(
1
2

)
> 1 and g′

× is continuous,

q0 := inf
{
q ≥ 0 : g′

×(u− + q) ≥ 1
2

}
> 0.

By the Mean Value Theorem and definition of q0, together with the symmetry of the
marked voting function (3.43), for all q < q0

u+ − g×(u+ − q) = g×(u− + q) − u− ≤ q g′
×(u− + q0) = q

2 .

Iterating this yields

u+ − g
(n)
× (u+ − q) ≤ 1

2n (u+ − q) ≤ 1
2n .

It follows that there exists Ck > 0 such that if n ≥ Ck| log ε| and q ≤ q0 then

g
(n)
× (u+ − q) ≥ u+ − εk,

thereby proving (3.48). We now prove (3.49). By equation (3.50), ε1 is sufficiently
small so that, for all ε ∈ (0, ε1), g′

×(1
2) > 1. Since g× is increasing and u−,

1
2 , u+ are

the only fixed points of g×, we have

g×(q) > q for all q ∈
(

1
2 , u+

)
. (3.51)
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By definition of q0 and since g′
× is increasing on (0, 1

2), u+ − q0 − 1
2 = 1

2 − q0 −u− > 0.
Therefore

q1 := inf
ε≤q≤u+−q0− 1

2

g×
(

1
2 + q

)
−
(

1
2 + q

)
q

≥ 0,

and so for q ∈
[
ε, u+ − q0 − 1

2

]
, by definition of q1 we have

g×
(

1
2 + q

)
− 1

2 > (1 + q1)q. (3.52)

Now, if g×
(

1
2 + ε

)
≥ u+ −q0, we are done. If not, we can apply (3.52) twice to obtain

g
(2)
×

(
1
2 + ε

)
= g×

(
1
2 +

(
g×(1

2 + ε) − 1
2

))
≥ (1 + q1)

[
g×(1

2 + ε) − 1
2

]
+ 1

2

≥ (1 + q1)2ε+ 1
2 .

Repeating this argument n− 1 times, we obtain

g
(n)
×

(
1
2 + ε

)
≥ (1 + q1)nε+ 1

2 .

It follows that, for D := 1
log(1+q1) , after n > D| log ε| iterations,

g
(n)
×

(
1
2 + ε

)
≥ u+ − q0.

Setting A = Ck +D proves the result. □

We now briefly note a useful inequality for g×, that will be used in the proof of
Theorem 3.3.7.

Lemma 3.3.11. If p1, p2, p3 ≥ 1
2 then,

g×(p1, p2, p3) ≥ min(p1, p2, p3, u+).

If p1, p2, p3 ≤ 1
2 then,

g×(p1, p2, p3) ≤ max(p1, p2, p3, u−).

Proof. We prove only the first inequality, since the second one follows by a symmetric
argument. Denote

pmin = min{p1, p2, p3, u+}.

If p1, p2, p3 ≥ 1
2 , it follows that 1

2 ≤ pmin ≤ u+. Since g× is increasing in each variable,

g×(p1, p2, p3) ≥ g×(pmin).
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Therefore it suffices to show that g×(pmin) ≥ pmin. For this recall that {u−,
1
2 , u+} are

the only fixed points of g×. Factorising g×(pmin) − pmin yields

g×(pmin) − pmin = (pmin − u−)(2pmin − 1)(u+ − pmin).

Since 1
2 ≤ pmin ≤ u+, g×(pmin) − pmin ≥ 0, as required. □

We next show that, with high probability, by time t ≥ aε2| log ε|, each ancestral
line of descent in T (BRε(t)) contains at least O(| log ε|) branching events. Let

T reg
n = ∪k≤n{1, 2, 3}k ⊂ U

denote the n-level regular ternary tree, and for l ∈ R, let T reg
l = T reg

⌈l⌉ . For T a
time-labelled ternary tree, we use T reg

l ⊆ T to mean that, as subtrees of U , T reg
l is

contained inside T (ignoring time labels).

Lemma 3.3.12. Let k ∈ N and A(k) be as in Lemma 3.3.10. There exists a1(α, k) >
0 and ε1(α, k) > 0 such that, for all ε ∈ (0, ε1) and t ≥ a1(k)ε2| log ε|,

Pε
[
T (BRε(t)) ⊇ T reg

A(k)| log ε|

]
≥ 1 − εk. (3.53)

Proof. This proof proceeds exactly as that of [EFP17, Lemma 2.10]. □

Next, we control the displacement of leaves in BRε(t).

Lemma 3.3.13. Fix k ∈ N and let a1(k) be as in Lemma 3.3.12. There exists
ε1(α, k) > 0 and l1(α, k) > 0 such that, for all ε ∈ (0, ε1) and s ≤ a1(k)ε2| log ε|,

Pε
x [∃i ∈ N(s) : |Bi(Rε

i (s)) − x| ≥ l1(k)I(ε)| log ε|] ≤ εk.

Lemma 3.3.13 highlights the importance of working with a truncated subordinated
Brownian motion instead of the original stable process. In the proof of Lemma 3.3.13,
we control the position of the leaves in T (BRε(t)) using a many-to-one lemma. If
we were to use the same approach for the stable tree (without any truncation), we
could not obtain the polynomial error εk in Lemma 3.3.13, which is crucial to our
later proofs.

Proof of Lemma 3.3.13. First note that for any m > 0

Pε
x [∃i ∈ N(s) : |Bi(Rε

i (s)) − x| ≥ mI(ε)| log ε|]

≤ Eε
x[N(s)]P0 [|B(Rε

s)| ≥ mI(ε)| log ε|]

= e
2s
ε2 P0 [|B(Rε

s)| ≥ mI(ε)| log ε|]

≤ ε−2a1P0 [|B(Rε
s)| ≥ mI(ε)| log ε|] . (3.54)
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Denote the density of Rε
s by fε. Then for any h ≥ 0, partitioning over the event

{Rε
s ≤ hI(ε)2| log ε|} and its complement, we obtain

P0 [|B(Rε
s)| ≥ mI(ε)| log ε|]

≤
∫ hI(ε)2| log ε|

0
P0 [|Bt| ≥ mI(ε)| log ε| | Rε

s = t] fε(t)dt+ P0[Rε
s ≥ hI(ε)2| log ε|]

≤ sup
0≤t≤hI(ε)2| log ε|

P0[|Bt| ≥ mI(ε)| log ε|] + P0[Rε
s ≥ hI(ε)2| log ε|].

We bound each term separately. First, by a Chernoff bound, for all t ≤ hI(ε)2| log ε|,

P0 [|Bt| ≥ mI(ε)| log ε|] = P0
[√

2t|Z| ≥ mI(ε)| log ε|
]

≤ P0
[√

2h|Z| ≥ m| log ε| 1
2
]

≤ exp
(
−1

4
m2

h
| log ε|

)
= ε

m2

4h .

Fix h := k + 2a1(k) + 1. By Lemma A.4.2, there exists ε1(k) > 0 such that, for all
ε ∈ (0, ε1)

P0
[
Rε

s ≥ hI(ε)2| log ε|
]

≤ εk+2a1(k).

Putting this together, we obtain

Pε
x [∃i ∈ N(s) : |Bi(Rε

i (s)) − x| ≥ mI(ε)| log ε|] ≤ εk + ε
m2

4h
−2a1(k)

so the result holds by choosing m = l1(k) sufficiently large. □

In the following proof of Theorem 3.3.7, we suppose x ≥ 2l1(k)I(ε)| log ε|, s∗ :=
a1(k)ε2| log ε| and consider the cases t ≤ s∗ and t ≥ s∗ separately. First, if t ≤ s∗,
by Lemma 3.3.13, with high probability none of the particles in T (X(t)) have moved
a distance further than l1(k)I(ε)| log ε|, and the result follows easily. When t ≥ s∗,
we use Lemma 3.3.9 to show that the leaves of BRε(t) have a positive voting bias,
which, by Lemma 3.3.12 is magnified by O(| log ε|) rounds of voting, so Lemma 3.3.10
applies and gives the result.

Proof of Theorem 3.3.7. We follow closely the proof of [EFP17, Theorem 2.6], with
some slight differences. We suppress the superscript ε of Pε

x throughout. Fix k ∈ N
and T ∗ ∈ (0,∞). Let ε < 1

2 and define zε implicitly by the relation

Pzε [B(Rε
T ∗) ≥ 0] = 1

2 + (u+ − u−)−1ε. (3.55)
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By Lemma A.4.4 we may choose ε1 sufficiently small so that, for all ε ∈ (0, ε1),
zε ≤ 8

√
2π(T ∗ + 2) ε. Further suppose ε1(k) < 1

2 is sufficiently small so that Lem-
mas 3.3.12 and 3.3.13 hold for all ε ∈ (0, ε1). Let c1(k) = 2l1(k), for l1(k) as in
Lemma 3.3.13. By Assumption 3.1.2 (B), εI(ε)−1 → 0 as ε → 0, so we can choose ε1

sufficiently small so that

l1(k)I(ε)| log ε| + zε ≤ c1(k)I(ε)| log ε|

for all ε ∈ (0, ε1). Let a1 be as in Lemma 3.3.12 and define

s∗(ε) = a1(k)ε2| log ε|.

Let t ∈ (0, s∗) and z ≥ c1(k)I(ε)| log ε|. Note that g×(u+) = u+, so if the initial
condition is constant with p(x) ≡ u+, then

Pz

[
V×

u+(BRε(t)) = 1
]

= u+ for all t > 0, z ∈ R. (3.56)

Recall that the initial condition for marked majority voting is chosen to be p̂0 =
u+1{x≥0} + u−1{x≤0}, so

Pz

[
V×(BRε(t)) = 0

]
≤ Pz [∃ i ∈ N(t) : |Bi(Rε

i (t)) − z| ≥ c1I(ε)| log ε|]

+ Pz

[
{V×(BRε(t)) = 0} ∩ {∄ i ∈ N(t) : |Bi(Rε

i (t)) − z| ≥ c1I(ε)| log ε|}
]

≤ εk + 1 − u+

= εk + u−

where we have used (3.56) in the second inequality. This proves the result when
t < s∗. Now suppose t ∈ [s∗, T ∗] and z ≥ c1(k)I(ε)| log ε|. Let Ts∗ = T (BRε(s∗)) and
define

qt−s∗(z) = Pz[V×(BRε(t− s∗)) = 1]

for all z ∈ R. Write {BRε(s∗) > zε} for the event Bi(Rε
i (s∗)) > zε for all i ∈ N(s∗).

Then

Pz[V×(BRε(t)) = 1] = Pz

[
V×

qt−s∗ (·)(BRε(s∗)) = 1
]

≥ Pz

[{
V×

qt−s∗ (zε)(BRε(s∗)) = 1
}

∩ {BRε(s∗) > zε}
]

≥ Pz

[
V×

qt−s∗ (zε)(BRε(s∗)) = 1
]

− εk, (3.57)

where the first line follows by the Markov property of BRε at time s∗, the second
line follows by monotonicity (3.39), and the third line follows by the Lemma 3.3.13
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and our assumption z ≥ c1I(ε)| log ε|. Now, by Lemma 3.3.9 and the definition of zε

(3.55) (noting that t− s∗ ≤ T ∗), we have

qt−s∗(zε) ≥ Pzε [B(Rε
t−s∗) ≥ 0]u+ + Pzε [B(Rε

t−s∗) ≤ 0]u−

≥ u+
(

1
2 + (u+ − u−)−1ε

)
+ u−

(
1
2 − (u+ − u−)−1ε

)
= 1

2 + ε. (3.58)

Substituting (3.58) into (3.57), we obtain

Pz

[
V×(BRε(t)) = 1

]
≥ Pz

[
V×

1
2 +ε

(BRε(s∗)) = 1
]

− εk. (3.59)

Note that, if pi ≥ 1
2 + ε for i = 1, 2, 3, then g×(p1, p2, p3) ≥ min(p1, p2, p3, u+)

from Lemma 3.3.11. Therefore, if each leaf of T (BRε(s∗)) votes 1 independently with
probability greater than 1

2 +ε, and T (BRε(s∗)) ⊇ T reg
A| log ε|, then each leaf in T reg

A| log ε| also
votes 1 with probability greater than 1

2 + ε. By Lemma 3.3.12, T (BRε(s∗)) ⊇ T reg
A| log ε|

with probability at least 1 − εk, so by Lemma 3.3.10

Pz

[
V×

1
2 +ε

(BRε(s∗)) = 1
]

≥ (1 − εk)g(⌈A| log ε|⌉)
×

(
1
2 + ε

)
≥ (1 − εk)(u+ − εk)

≥ u+ − 2εk.

Substituting this into (3.59) yields

Pz

[
V×(BRε(t)) = 1

]
≥ u+ − 3εk, (3.60)

thereby proving part (1) of Theorem 3.3.7. Part (2) of Theorem 3.3.7 follows by
completely symmetric arguments. □

Remark 3.3.14. Observe that (3.60) contains a coefficient in front of the polyno-
mial error term, εk, that is not mentioned in the statement of Theorem 3.3.7. Our
convention here and in the following chapters is that coefficients of polynomial error
terms will not be stated in theorems and propositions (this convention was also used
in [EFP17]).

3.3.3 Slope of the interface

Just as in [EFP17], to prove the multidimensional result, Theorem 3.2.5, we make use
of a lower bound on the ‘slope’ of the interface in dimension d = 1. For a time-labelled
ternary tree T , recall that

[

Pt
x (T ) := Pε

x[V×(BRε(t)) = 1) | T (BRε(t)) = T ].
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Proposition 3.3.15. Suppose x ≥ 0 and η > 0. Then for any time-labelled ternary
tree T and any time t,

[

Pt
x (T ) −

[

Pt
x−η(T ) ≥

[

Pt
x+η(T ) −

[

Pt
x (T ). (3.61)

Proof. This proofs follows [EFP17] with some minor differences, because of our differ-
ent choice of voting function g×. We proceed by induction on the number of branching
events. Let T0 denote a time-labelled tree with a root and a single leaf. Recall that,
under V×, the initial ancestor is never marked. Denote the transition density of B(Rε

t )
started at z ∈ R by pz,t(·). Then for x ≥ 0 and η > 0,

[

Pt
x (T0) −

[

Pt
x−η(T0) =

∫ x

x−η
p0,t(z)dz ≥

∫ x+η

x
p0,t(z)dz =

[

Pt
x+η(T0) −

[

Pt
x (T0).

Now assume the inequality holds for all time-labelled ternary trees with at most n
branch points. Let T be a time-labelled ternary tree with n+ 1 internal vertices, and
denote the time of the first branching event in T by τ . Let T1, T2 and T3 denote the
three trees of descent from the first branching event in T . Write

g×
([
Pt−τ

x (T ⋆)
)

:= g×
([
Pt−τ

x (T1),
[

Pt−τ
x (T2),

[

Pt−τ
x (T3)

)
.

Then
[

Pt
x (T ) −

[

Pt
x−η(T ) = Eε

x

[
g×
([
Pt−τ

B(Rε
τ )(T ⋆)

)]
− Eε

x−η

[
g×
([
Pt−τ

B(Rε
τ )(T ⋆)

)]
=
∫ ∞

−∞

[
g×
([
Pt−τ

y (T ⋆)
)

− g×
([
Pt−τ

y−η(T ⋆)
)]
px,τ (y)dy

=
∫ ∞

0

[
g×(

[

Pt−τ
y (T ⋆)) − g×

([
Pt−τ

y−η(T ⋆)
)]

(px,τ (y) − px,τ (−y))dy,

where the final line follows from the symmetry relations (3.40) and (3.43). By identical
arguments applied to the right hand side of (3.61), we obtain([

Pt
x (T ) −

[

Pt
x−η(T )

)
−
([
Pt

x+η(T ) −
[

Pt
x−η(T )

)
=
∫ ∞

0

(
g×
([
Pt−τ

y (T ⋆)
)

− g×
([
Pt−τ

y−η(T ⋆)
))

(px,τ (y) − px,τ (−y))dy

−
∫ ∞

0

(
g×
([
Pt−τ

y+η(T ⋆)
)

− g×
([
Pt−τ

y (T ⋆)
))

(px,τ (y) − px,τ (−y))dy.

Since x ≥ 0, px,τ (y) − px,τ (−y) ≥ 0 for y ≥ 0, and it suffices to show that, for y ≥ 0,(
g×
([
Pt−τ

y (T ⋆)
)

− g×
([
Pt−τ

y−η(T ⋆)
))

−
(
g×
([
Pt−τ

y+η(T ⋆)
)

− g×
([
Pt−τ

y (T ⋆)
))

≥ 0. (3.62)

By the inductive hypothesis, for each i = 1, 2, 3([
Pt−τ

y (Ti) −
[

Pt−τ
y−η(Ti)

)
−
([
Pt−τ

y+η(Ti) −
[

Pt−τ
y (Ti)

)
≥ 0 (3.63)
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for y ≥ 0. By monotonicity of g× and (3.63)

g×
([
Pt−τ

y−η(T ⋆)
)

≤ g×
(
2
[

Pt−τ
y (T ⋆) +

[

Pt−τ
y+η(T ⋆)

)
. (3.64)

Substituting (3.64) into (3.62), it suffices to show

g×
([
Pt−τ

y+η(T ⋆)
)

− 2g×
([
Pt−τ

y (T ⋆)
)

+ g×
(
2
[

Pt−τ
y (T ⋆) −

[

Pt−τ
y+η(T ⋆)

)
≤ 0. (3.65)

By definition of g×, (3.65) is equivalent to

g
(
(1 − bε)

[

Pt−τ
y+η(T ⋆) + bε

2

)
− 2g

(
(1 − bε)

[

Pt−τ
y (T ⋆) + bε

2

)
+g

(
(1 − bε)(2

[

Pt−τ
y (T ⋆) −

[

Pt−τ
y+η(T ⋆)) + bε

2

)
≤ 0. (3.66)

To see that (3.66) holds, note that

g(p1 + q1, p2 + q2, p3 + q3) − 2g(p1, p2, p3) + g(p1 − q1, p2 − q2, p3 − q3)

= 2q1q2(1 − 2p3) + 2q2q3(1 − 2p1) + 2q3q1(1 − 2p2).

Setting pi = (1 − bε)
[

Pt−τ
y (Ti) + bε

2 and qi = (1 − bε)
([
Pt−τ

y+η(Ti) −
[

Pt−τ
y (Ti)

)
, we see that

(3.66) will hold if pi ≥ 1
2 , or equivalently,

[

Pt−τ
y (Ti) ≥ 1

2 , which holds by (3.41) since
y ≥ 0. □

With this, we can prove the slope of the interface result.

Corollary 3.3.16. Let ε1(α) and c1(α) be as in Theorem 3.3.7. Let ε < min(ε1,
1
24).

Suppose that for some t ∈ [0, T ∗] and z ∈ R,∣∣∣Pε
z[V×(BRε(t)) = 1] − 1

2

∣∣∣ ≤ 5
12 ,

and let w ∈ R with |z − w| ≤ c1(α)I(ε)| log ε|. Then∣∣∣Pε
z[V×(BRε(t)) = 1] − Pε

w[V×(BRε(t)) = 1]
∣∣∣ ≥ |z − w|

48c1(α)I(ε)| log ε| .

Proof. This follows exactly that of [EFP17, Corollary 2.12], replacing the interface
width ε| log ε| with I(ε)| log ε|. □

3.3.4 Coupling one-dimensional and d-dimensional processes

In this section, we will construct a coupling of the the one-dimensional and multidi-
mensional voting systems, so that the results of Section 3.3 can be used to prove our
multidimensional result in the next chapter. To accomplish this, we require the follow-
ing regularity properties also used in [EFP17], which follow from Assumptions 3.1.4
by [Che92]. Recall that the sets (Γt)0≤t<T denote the mean curvature flow of Γ0

defined in (3.4).
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(1) There exists c0 > 0 such that for all t ∈ [0, T ∗] and x ∈ {y : |d(y, t)| ≤ c0}

|∇d(x, t)| = 1. (3.67)

Moreover, d is a Ca, a
2 function in {(x, t) : |d(x, t)| ≤ c0, t ≤ T ∗} for a as in

Assumption 3.1.4 (A).

(2) Viewing n := ∇d as the positive normal direction, for x ∈ Γt, the normal
velocity of Γt at x is −d(x, t), and the curvature of Γt at x is −∆d(x, t). Thus,
the equation defining mean curvature flow, equation (3.1), becomes

ḋ(x, t) = ∆d(x, t) (3.68)

for all x such that d(x, t) = 0.

(3) There exists C0 > 0 such that for all t ∈ [0, T ∗] and x such that |d(x, t)| ≤ c0

for c0 as in the first assumption,∣∣∣∇ (
ḋ(x, t) − ∆d(x, t)

)∣∣∣ ≤ C0. (3.69)

(4) There exists v0, V0 > 0 such that for all t ∈ [0, T ∗ − v0] and all s ∈ [t, t+ v0],

|d(x, t) − d(x, s)| ≤ V0(s− t). (3.70)

Before explaining our result, let us briefly recall the coupling in [EFP17] that compares
d(Ws, t − s), the distance from a d-dimensional Brownian motion to Γt−s, to a one-
dimensional Brownian motion.

Proposition 3.3.17 ([EFP17]). Let (Ws)s≥0 denote a d-dimensional Brownian mo-
tion started at x ∈ Rd. Suppose that t ≤ T ∗, β ≤ c0 and let

Tβ = inf({s ∈ [0, t) : |d(Ws, t− s)| ≥ β} ∪ {t}).

Then we can couple (Ws)s≥0 with a one-dimensional Brownian motion (Bs)s≥0 started
from z = d(x, t) in such a way that for s ≤ Tβ,

Bs − C0βs ≤ d(Ws, t− s) ≤ Bs + C0βs. (3.71)

This result was a key ingredient in the proofs of [EFP17, Proposition 2.17, Lemma
2.18] that gave a comparison between the multidimensional and one-dimensional re-
sults. It turns out that [EFP17, Proposition 2.17, Lemma 2.18] are extremely sensitive
to any change in the coupling (3.71). Indeed, if there is any additional error term in
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the left and right bounds of (3.71) (that is not of the form f(ε)s for some f satisfying
limε→0 f(ε) = 0), then this error propagates, and the strategy of proof in [EFP17] no
longer works. This provides us with a major hurdle, since, if we mimic the proof of
the Brownian coupling but with subordinated Brownian motions, the error term in
(3.71) changes drastically. To overcome this, we employ not one but two coupling re-
sults. The first, Theorem 3.3.18, is a straightforward adaptation of Proposition 3.3.17
to our setting. We use this result to show that if we replace the multidimensional
subordinated Brownian motion by one that is shifted along an appropriately chosen
outward facing normal vector of Γt−s, then the coupling has the desired form (this is
the content of Theorem 3.3.20).

Theorem 3.3.18. Let k ∈ N. Let (Wt)t≥0 be a d-dimensional standard Brownian
motion started at x ∈ Rd, and (Rε

t )t≥0 be an I(ε)2-truncated α
2 -stable subordinator

satisfying Assumption 3.2.1. Fix t ≤ T ∗ and β < c0 for c0 as in (3.69). Define the
stopping time

Tβ = inf({s ∈ [0, (k + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}).

Fix s ≥ 0. If Rε
s < Tβ ∧ t, then there exists a one-dimensional standard Brownian

motion (Bt)t≥0 started at d(x, t), constants C0, D0 > 0 and ε1(k) > 0 such that, for
all ε ∈ (0, ε1(k)), with probability at least 1 − εk+1,

|d(W (Rε
s), t− s) −B(Rε

s)| ≤ C0βs+D0(k + 2)I(ε)2| log ε|. (3.72)

Proof. We first rewrite d(W (Rε
s), t− s) as

d(W (Rε
s), t−Rε

s) + [d(W (Rε
s), t− s) − d(W (Rε

s), t−Rε
s)] . (3.73)

By the Proposition 3.3.17, since Rε
s ≤ Tβ ∧ t by assumption, there exists a one-

dimensional Brownian motion (Bt)t≥0 started from d(x, t) and C0 > 0 such that

B(Rε
s) − C0βR

ε
s ≤ d(W (Rε

s), t−Rε
s) ≤ B(Rε

s) + C0βR
ε
s. (3.74)

By (3.70), the second term in (3.73) is bounded as

|d(W (Rε
s), t− s) − d(W (Rε

s), t−Rε
s)| ≤ V0|Rε

s − s|. (3.75)

Combining (3.73), (3.74) and (3.75),

|d(W (Rε
s), t− s) −B(Rε

s)| ≤ C0βR
ε
s + V0|Rε

s − s|

≤ C0βs+D0|Rε
s − s|
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where D0 := V0 + C0c0 for c0 as in (3.67). By Lemma A.4.2, there exists ε1(k) > 0
such that, for all ε ∈ (0, ε1(k)),

P(|Rε
s − s| > (k + 2)I(ε)2| log ε|) ≤ εk+1

and the result follows. □

We now define the shifted subordinated Brownian motions that will ultimately
move the unwanted error term in (3.72) into the multidimensional spatial motion.

Definition 3.3.19 (Z+
s , Z

−
s ). Let (W (Rε

t ))t≥0 be a d-dimensional subordinated Brow-
nian motion. Fix 0 < t, T < T , l > 0 and β < c0 for c0 as in (3.67). Let xs ∈ Γt−s

be the unique point on Γt−s that is the shortest distance from W (Rε
s), and vs be the

outward facing unit vector perpendicular to the tangent hypersurface of Γt−s at xs.
Then we define the processes (Z+

s )0≤s≤T and (Z−
s )0≤s≤T by

Z+
s =

W (Rε
s) + lI(ε)2| log ε|vs if |d(W (Rε

s), t− s)| ≤ β

W (Rε
s) otherwise.

(3.76)

Z−
s =

W (Rε
s) − lI(ε)2| log ε|vs if |d(W (Rε

s), t− s)| ≤ β

W (Rε
s) otherwise.

(3.77)

Observe that we may choose ε sufficiently small so that any point x on the line
segment between W (Rε

s) and Z+
s (or Z−

s ) satisfies d(x, t − s) ≤ c0. Then by (3.67)
|∇d(x, t− s)| = 1 so

d(Z+
s , t− s) = d(W (Rε

s), t− s) + lI(ε)2| log ε| (3.78)

d(Z−
s , t− s) = d(W (Rε

s), t− s) − lI(ε)2| log ε|. (3.79)

Consequently, we obtain the following important restatement of Theorem 3.3.18.

Theorem 3.3.20. Let k ∈ N. For α ∈ (1, 2) and D0 as in Theorem 3.3.18, let Z+
t

and Z−
t be as in Definition 3.3.19 for l := D0(k + 2), started at x ∈ Rd. Let (Rε

t )t≥0

be an I(ε)2-truncated α
2 -stable subordinator satisfying Assumption 3.2.1. Fix t ≤ T ∗,

β < c0 for c0 as in (3.69). Define the stopping time

Tβ = inf({s ∈ [0, (k + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}).

Fix s ≥ 0. If Rε
s < Tβ ∧ t, then there exists a one-dimensional standard Brownian

motion (Bt)t≥0 started at d(x, t) and C0 > 0 such that, with probability at least 1−εk+1,

d(Z+
s , t− s) ≥ B(Rε

s) − C0βs (3.80)

d(Z−
s , t− s) ≤ B(Rε

s) + C0βs. (3.81)
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Proof. This follows from Theorem 3.3.18 and equations (3.78), (3.79). □

Notation 3.3.21. As we have seen in Theorem 3.3.20, Z+ and Z− satisfy (3.80) and
(3.81) when l := D0(k + 2) in (3.76) and (3.77). For the remainder of this work, we
shall take l := D0(k + 2) in the definition of Z+ and Z−, where the choice of k will
be clear in the given context.

Equipped with Theorem 3.3.20, we will be able to use our one-dimensional result,
but for the processes Z+, Z− instead of a d-dimensional stable process. To translate
this back to a result in terms of stable processes, we use the following comparison
between root votes.

Let Z+ be the ternary branching process (with branching rate ε−2) in which
individuals independently travel according to (Z+

s )0≤s≤T . Define Z− similarly. De-
note the historical ternary branching process associated to the Rε

t -subordinated d-
dimensional Brownian motion by WRε .

Proposition 3.3.22. Let 0 < t < T , 0 ≤ β < c0, k ∈ N, p : Rd → [0, 1] and F be
as in (3.5). Let Z+(t) and Z−(t) be the historical path of branching processes defined
above. Then, for any x ∈ Rd, there exists m1,m2 > 0 such that∣∣∣Pε

x[V×
p (Z−(t)) = 1)] − Pε

x[V×
p (WRε(t)) = 1)]

∣∣∣ ≤ m1e
− t

ε2 +m2F (ε) (3.82)∣∣∣Pε
x[V×

p (Z+(t)) = 1)] − Pε
x[V×

p (WRε(t)) = 1)]
∣∣∣ ≤ m1e

− t
ε2 +m2F (ε). (3.83)

Proposition 3.3.22 is integral to the proof of the main multidimensional result.
While intuitively the root votes in (3.82) and (3.83) should be close (since the spatial
motions are) to obtain the precise bound above requires lengthy calculations which are
not illuminating. So as to not disrupt our flow, we defer the proof of Proposition 3.3.22
to Section A.2 of the appendix.

Remark 3.3.23. Observe that Proposition 3.3.22 marks the first appearance of the
term F (ε) that will later contribute to the sharpness of the interface in Theorem 3.1.5.
It is also the first time we require that α ∈ (1, 2) and that Assumption 3.1.2 (C) holds,
to ensure that F (ε) → 0.
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Chapter 4

Majority voting in dimension d ≥ 2

In this chapter, we will use the one-dimensional result to prove the main multidi-
mensional result, Theorem 3.2.5. To begin, in Section 4.1, we will prove a series of
couplings. This will allow us to restate Theorem 3.2.5 in terms of the processes Z+(t)
and Z−(t) in Theorem 4.1.6. We go on to prove Theorem 4.1.6 in Section 4.2 and
Section 4.3 following similar arguments to those in [EFP17]. The proof of a technical
lemma will make up the content of Section 4.4.

Let us briefly recall the notation introduced in Chapter 3. We write Xt for the
one-dimensional α-stable process (with associated historical ternary branching pro-
cess X(t)), and Yt for the d-dimensional α-stable process (with associated histori-
cal ternary branching process Y (t)). The one-dimensional Rε

t -subordinated Brown-
ian motion is denoted B(Rε

t ) (with associated historical ternary branching process
BRε(t)), and the d-dimensional Rε

t -subordinated Brownian motion is denoted W (Rε
t )

(with associated historical ternary branching process WRε(t)). Finally, let Z+(t)
and Z−(t) be the processes from Definition 3.3.19 (with associated historical ternary
branching processes Z+(t) and Z−(t)). As ever, all stable processes and subordina-
tors are assumed to satisfy Assumption 3.2.1. Finally, for convenience, we restate
Theorem 3.2.5.

Theorem 3.2.5. Fix a function I satisfying Assumptions 3.1.2. Suppose the initial
condition p satisfies Assumptions 3.1.4. Let T and d(x, t) be as in Section 3.1, F be
as in (3.5) and fix T ∗ ∈ (0,T ). Then there exist εd(α), ad(α), cd(α), m > 0 such
that, for ε ∈ (0, εd) and adε2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cdI(ε)| log ε|, Pε
x [Vp(Y (t)) = 1] ≥ 1 −m

ε2

I(ε)2 −mF (ε),

(2) for x with d(x, t) ≤ −cdI(ε)| log ε|, Pε
x [Vp(Y (t)) = 1] ≤ m

ε2

I(ε)2 +mF (ε).
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4.1 A coupling of voting systems in higher dimen-
sions

Recall that Z+(t) and Z−(t) satisfy the coupling result Theorem 3.3.20. This is al-
most identical to the coupling result from the Brownian setting, Proposition 3.3.17.
Using this and our one-dimensional result (Theorem 3.3.7) it will be straightforward
to prove an analogue of Theorem 3.2.5 for the processes Z+(t) and Z−(t) by adapting
the techniques of [EFP17]. In this section, we will show that this analogue of The-
orem 3.2.5 for the processes Z+(t) and Z−(t) (stated in Theorem 4.1.6) will imply
Theorem 3.2.5. To do this, we construct the following couplings:

Pε
x [Vp(Y (t)) = 1]

P rop 4.1.2
≈ Pε

x

[
V+

p (WRε(t)) = 1
]

P rop 4.1.4
≈ Pε

x

[
V×

p (WRε(t)) = 1
]

P rop 3.3.22
≈ Pε

x

[
V×

p (Z−(t)) = 1
]

where the voting system V+
p will be defined in Definition 4.1.1.1 Note that the final

coupling of V×
p (Z−(t)) to V×

p (W Rε(t)) has already been developed in Chapter 3.
We now proceed to construct a coupling of Vp(Y (t)) to V×

p (WRε(t)). To begin, we
introduce the positively and negatively biased asymmetric marked voting procedures.

Definition 4.1.1 (V+
p ,V

−
p ). Let ε > 0 and t ≥ 0. Let bε be as in (3.38). For a

fixed function p : Rd → [0, 1], we define the positively biased (resp. negatively biased)
asymmetric marked voting procedures on T (WRε(t)) as follows.

(1) At each branch point in T (WRε(t)), the parent particle j marks each of their
three offspring (j, 1), (j, 2) and (j, 3) independently with probability bε. All
marked particles vote 1 with probability 1 (resp. 0 for the negatively biased
procedure).

(2) Each unmarked leaf i of T (WRε(t)), independently, votes 1 with probability
p(Wi(Rε

i (t)) and otherwise votes 0.

(3) At each branch point in T (WRε(t)), if the parent particle k is unmarked, she
votes according to the majority vote of her three offspring (k, 1), (k, 2) and (k, 3).

Define V+
p (resp. V−

p ) to be the vote associated to the root ∅ of the ternary branch-
ing truncated stable tree under the positively biased (negatively biased) asymmetric
marked voting procedure described above.

1As we will see, a similar series of couplings also relate Pε
x [Vp(Y (t)) = 1] to Pε

x

[
V×

p (Z+(t)) = 1
]
.
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We can now prove the first coupling result.

Proposition 4.1.2. For all ε > 0, x ∈ Rd, t ≥ 0 and p : Rd → [0, 1] we have

(1 − bε)Pε
x[V−

p (WRε(t)) = 1] ≤ Pε
x[Vp(Y (t)) = 1] ≤ (1 − bε)Pε

x[V+
p (WRε(t)) = 1] + bε.

Proof. This proof proceeds almost identically to the proof of the one-dimensional cou-
pling of voting systems, Theorems 3.3.4 and 3.3.6 using an intermediate asymmetric
exponentially marked voting system. More specifically, define the negatively biased
exponential marked voting procedure V̂−

p like the exponential marked voting proce-
dure from Definition 3.3.3, except that marked individuals vote 1 with probability
0. Similarly define the positively biased exponential marked voting procedure V̂+

p

where marked individuals vote 1 with probability 1. Then, mimicking the proof of
Theorem 3.3.4, we can show that, for all x ∈ Rd,

Pε
x

[
V̂−

p (WRε(t)) = 1
]

≤ Pε
x[Vp(Y (t)) = 1] ≤ Pε

x

[
V̂+

p (WRε(t)) = 1
]
. (4.1)

Finally, by conditioning on whether or not the initial ancestor in WRε(t) is marked
(just as we did in the proof of Theorem 3.3.6) we obtain

Pε
x

[
V̂−

p (WRε(t)) = 1
]

≥ (1 − bε)Pε
x[V−

p (WRε(t)) = 1]

and
Pε

x

[
V̂+

p (WRε(t)) = 1
]

≤ (1 − bε)Pε
x[V+

p (WRε(t)) = 1] + bε,

proving the result. □

In the one-dimensional analogue of Proposition 4.1.2 (Theorems 3.3.4, 3.3.6),
we were able to couple V(X(t)) and V×(BRε(t)) using the (symmetric) exponen-
tially marked voting procedure V̂. However, we could not adapt this proof to couple
Vp(Y (t)) to V×

p (WRε(t)) (having instead to use the auxiliary voting procedures V+
p

and V−
p ). This is because the initial condition p is no longer assumed to be symmet-

ric.
To better understand this, let us revisit the proof of Theorem 3.3.4, where we

showed that, for x ≥ 0,

Pε
x[V(X(t)) = 1] ≥ Pε

x

[
V̂(BRε(t)) = 1

]
(4.2)

with the reverse inequality holding when x < 0. We then obtained a coupling of
V(X(t)) to V×(BRε(t)) by showing in Theorem 3.3.6 that

Pε
x

[
V̂(BRε(t)) = 1

]
= (1 − bε)Pε

x[V×(BRε(t)) = 1] + bε

2 .
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To prove Theorem 3.3.4, we used an inductive argument on the number of branching
events in T (BRε(t)) and T (X(t)). In the base case, when T (X(t)) = T (BRε(t)) = T0,
the tree with a single leaf, we considered the single individual in T (X(t)), X(t) D=
B(Rt) for B(t) a standard one-dimensional Brownian motion and R(t) an α

2 -stable
subordinator. We saw in equation (3.32) that, if τ× was the first time that Rt made a
large jump, and τ was the time of the first branching event in T (X(t)), then if x ≥ 0
and p0(x) = 1{x≥0}

Eε
x[p0(B(Rt)) | τ× < t < τ ] ≥ 1

2 , (4.3)

from which it followed that

Pt
x(T0)

= Eε
x[p0 (B(Rt)) | τ× ≥ t, τ > t]Pε

x[τ× ≥ t] + Eε
x[p0(B(Rt)) | τ× < t < τ ]Pε

x[τ× < t]

≥ Eε
x[p0(B(Rε

t )) | τ > t]Pε
x[τ× ≥ t] + 1

2P
ε
x[τ× < t]. (4.4)

The quantity in (4.4) is an upper bound for P̂t
x(T0), so by induction we obtained (4.2).

In the multidimensional setting, for a general initial condition p, this argument
does not hold. More specifically, (4.3) need not hold since p may not be symmetric;
instead, we only have the trivial inequality Eε

x[p(W (Rt)) | τ× < t < τ ] ≥ 0. Using
this, the multidimensional analogue of (4.4) becomes

Pt
x(T0) ≥ Eε

x[p(W (Rε
t )) | τ > t]Pε

x[τ× ≥ t],

where the right hand side is an upper bound for the probability that, conditional
on T (W Rε(t)) = T0, the single individual votes 1 under the negatively biased ex-
ponentially marked voting procedure V̂−

p defined in the proof of Proposition 4.1.2.
Similarly, we can use the trivial bound Eε

x[p(W (Rt)) | τ× < t < τ ] ≤ 1 to obtain

Pt
x(T0) ≤ Eε

x[p(W (Rε
t )) | τ > t]Pε

x[τ× ≥ t] + Pε
x[τ× ≤ t]

where the right hand side is equal to the probability that, conditional on T (W Rε(t)) =
T0, the single individual in votes 1 under the positively biased exponentially marked
voting procedure, V̂+

p . These bounds, together with an inductive argument, can be
used to prove equation (4.1) from the proof of Proposition 4.1.2.

Remark 4.1.3. Just as in Remark 3.3.8, we can write down the partial differential
equation solved by Pε

x[V+
p (WRε(t)) = 1] and Pε

x[V−
p (WRε(t)) = 1]. Denote the infinites-

imal generator of (W (Rε
t ))t≥0 by Lε. Then it is straightforward to verify, using similar
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arguments to those in the proof of Theorem 3.2.3, that vε
+(t, x) := Pε

x[V+
p (WRε(t)) = 1]

solves

∂tv
ε
+ = Lεvε

+ + ε−2f+(vε
+), vε

+(0, x) = p(x)

and vε
−(t, x) := Pε

x[V−
p (WRε(t)) = 1] solves

∂tv
ε
− = Lεvε

+ + ε−2f−(vε
−), vε

−(0, x) = p(x)

where the nonlinearities f+ and f− are given by

f+(x) := x(1 − x)(2x− 1) − 2b3
ε(1 − x)3 − 3b2

ε(1 − x)2(2x− 1) + 6bεx(1 − x)2

and
f−(x) := x(1 − x)(2x− 1) + 2b3

εx
3 − 3b2

εx
2(2x− 1) − 6bεx

2(1 − x).

Proposition 4.1.2 relates solutions to these equations to the original (scaled) fractional
Allen–Cahn equation, equation (3.2).

The positively and negatively biased voting systems can be compared to our (sym-
metric) marked system as follows. Combining Propositions 4.1.2 and 4.1.4 will give
us the desired comparison between Pε

x[Vp(Y (t)) = 1] and Pε
x[V×

p (WRε(t)) = 1].

Proposition 4.1.4. There exists C > 0 such that, for all ε > 0, x ∈ Rd, t ≥ 0 and
p : Rd → [0, 1],

sup
x∈Rd

(
Pε

x[V+
p (WRε(t)) = 1] − Pε

x[V×
p (WRε(t)) = 1]

)
≤ Cbε (4.5)

sup
x∈Rd

(
Pε

x[V×
p (WRε(t)) = 1] − Pε

x[V−
p (WRε(t)) = 1]

)
≤ Cbε. (4.6)

Proof. We prove only (4.5), noting that (4.6) follows by symmetric arguments. Define
g+ : [0, 1] → [0, 1] by g+(q) = g((1− bε)q+ bε) where g is the ordinary majority voting
function. This is the probability that an unmarked parent particle votes 1 under V+

p ,
in the special case when the three offspring are independent and each have probability
q of voting 1 if they are unmarked. Write τ for the time of the first branching event
in WRε(·). To ease notation, set

uε
×(t, x) = Pε

x[V×
p (WRε(t)) = 1] and uε

+(t, x) = Pε
x[V+

p (WRε(t)) = 1].

Then, by the Markov property at time t∧ τ and definition of V×
p and V+

p (noting that
the initial ancestor is never marked in both schemes) we have

uε
×(t, x) = Eε

x

[
g×(uε

×(t− τ,W (Rε
τ )))1τ≤t

]
+ Eε

x [p(W (Rε
t ))1τ>t]

uε
+(t, x) = Eε

x

[
g+
(
uε

+ (t− τ,W (Rε
τ ))
)
1τ≤t] + Eε

x[p(W (Rε
t ))1τ>t

]
.
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It follows that

|uε
×(t, x) − uε

+(t, x)| ≤ Eε
x

[∣∣∣g×(uε
×(t− τ,W (Rε

τ ))) − g+(uε
+(t− τ,W (Rε

τ )))
∣∣∣1τ≤t

]
.

By definition of g× and g+, and since g is Lipschitz with constant 3
2 , we have

|uε
×(t, x) − uε

+(t, x)|

≤ 3
2E

ε
x

[∣∣∣(1 − bε)(uε
×(t− τ,W (Rε

τ )) − uε
+(t− τ,W (Rε

τ ))) − bε

2

∣∣∣1{τ≤t}
]

≤ 3
4bε + 3

2(1 − bε)Eε
x

[∣∣∣uε
×(t− τ,W (Rε

τ )) − uε
+(t− τ,W (Rε

τ ))
∣∣∣1{τ≤t}

]
= 3

4bε + 3
2(1 − bε)

∫ t

0

e−ρε−2

ε2 Eε
x

[
|uε

×(t− ρ,W (Rε
u)) − uε

+(t− ρ,W (Rε
u))|

]
dρ

≤ 3
4bε + 3

2(1 − bε)
∫ t

0

e−ρε−2

ε2 ||uε
×(t− ρ, ·) − uε

+(t− ρ, ·)||∞dρ,

where || · ||∞ denotes the uniform norm, and we have used that τ ∼ exp(ε−2) is
independent of the spatial motion. Noting that the above inequality holds for all
x ∈ Rd, and applying the change of variables ρ 7→ t− ρ, we obtain

||uε
×(t, ·) − uε

+(t, ·)||∞ ≤ 3
4bε + 3

2e
−tε−2

∫ t

0
eρε−2

ε−2||uε
×(ρ, ·) − uε

+(ρ, ·)||∞dρ.

By an adaptation of Grönwall’s inequality, available, for instance, in [Dra03, Theorem
15],

||uε
×(t, ·) − uε

+(t, ·)||∞ ≤ 3
4bε exp

(
3
2

(∫ t

0
exp

(
−sε−2

)
ε−2

)
ds
)

= 3
4bε exp

(
3
2P[τ ≤ t]

)
≤ 3

4bε exp
(

3
2

)
.

Setting C := 3
4 exp

(
3
2

)
gives the result. □

Now, using the coupling result Proposition 3.3.22 from Chapter 3, we obtain our
main coupling result of this section.

Corollary 4.1.5. Let ε ∈ (0, 1), x ∈ Rd and p : Rd → [0, 1]. Let F be as in (3.5).
Then there exists ad(α) > 0 and m > 0 such that, for all t ≥ adε

2| log ε|,

Pε
x[Vp(Y (t)) = 1] ≤ Pε

x[V×
p (Z−(t)) = 1] +mF (ε) +mbε

and
Pε

x[Vp(Y (t)) = 1] ≥ (1 − bε)Pε
x[V×

p (Z+(t)) = 1] −mF (ε) −mbε.
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Proof. We prove only the first inequality, noting that the second follows by similar
arguments. By Propositions 4.1.2, 4.1.4, and 3.3.22 there exists m1,m2, C > 0 such
that

Pε
x[Vp(Y (t)) = 1] ≤ (1 − bε)Pε

x[V×
p (WRε(t)) = 1] + (C + 1)bε

≤ (1 − bε)
(
Pε

x[V×
p (Z−(t)) = 1] +m1e

− t
ε2 +m2F (ε)

)
+ (C + 1)bε.

Choose ad sufficiently large so that, for t ≥ adε
2| log ε|, e− t

ε2 ≤ F (ε). Choosing m

sufficiently large then gives the upper bound. □

Next, we will state our main theorem for Z+(t) and Z−(t) and show using
Corollary 4.1.5 that it implies Theorem 3.1.5. Recall that u− = 3

4b
2
ε + O(b3

ε) and
u+ = 1 − 3

4b
2
ε + O(b3

ε).

Theorem 4.1.6. Fix I satisfying Assumptions 3.1.2 and k ∈ N. Suppose the initial
condition p satisfies Assumptions 3.1.4. Let T and d(x, t) be as in Section 3.1, F be as
in (3.5) and fix T ∗ ∈ (0,T ). Let u+, u− be as in (3.44) and (3.45). Then there exists
εd(α, k), ad(α, k), cd(α, k) > 0 such that, for ε ∈ (0, εd) and adε2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cdI(ε)| log ε|, Pε
x

[
V×

p (Z+(t)) = 1
]

≥ u+ − εk,

(2) for x with d(x, t) ≤ −cdI(ε)| log ε|, Pε
x

[
V×

p (Z−(t)) = 1
]

≤ u− + εk.

To see that this implies Theorem 3.1.5, let k ∈ N and suppose

Pε
x

[
V×

p (Z+(t)) = 1
]

≥ u+ − εk.

By Corollary 4.1.5, this implies

Pε
x[Vp(Y (t)) = 1] ≥ (1 − bε)(u+ − εk) −mF (ε) −mbε

for some m > 0. Since u+ ≥ 1 − bε, it is straightforward to see that, for ε > 0
sufficiently small, we may increase m as necessary so that

Pε
x[Vp(Y (t)) = 1] ≥ 1 −mF (ε) −m

ε2

I(ε)2 .

Similar arguments using Theorem 4.1.6 (2) prove the lower bound in Theorem 3.1.5.
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4.2 Generation of interface

We now show that in a time O(ε2| log ε|), an interface of width O(I(ε)| log ε|) is
created.2 We will make use of the following one-dimensional result, where we recall
that V× = V×

p̂0
is the marked majority voting system with initial condition

p̂0(x) = u+1{x≥0} + u−1{x≤0}.

Proposition 4.2.1. Let a1 be as in Lemma 3.3.12 and fix k ∈ N. Then there exists
εd(k) > 0 such that, for all ε ∈ (0, εd) , t ≥ a1(k)ε2| log ε| and x ∈ R,

u− − εk ≤ Pε
x[V×(BRε(t)) = 1] ≤ u+ + εk. (4.7)

Proof. We prove the right hand inequality in (4.7) and note that the left hand in-
equality follows by very similar arguments. It is easy to verify that δ := g′

×(u+) =
O(bε) < 1, and by the Mean Value Theorem, since g′

× is decreasing on [u+, 1], for all
q ∈ (0, 1 − u+],

g×(u+ + q) − g×(u+) ≤ δq.

Since u+ is a fixed point of g×, for ε sufficiently small, g×(q) < q for q ∈ (u+, 1] so
iterating the above inequality as in the proof of Lemma 3.3.10 gives us

g
(n)
× (u+ + q) − u+ ≤ δnq

for all q ∈ (0, 1 − u+]. In particular,

g
(n)
× (u+ + (1 − u+)) − u+ ≤ δn(1 − u+) ≤ εk

after n ≥ C(k)| log ε| iterations, for some C(k) > 0. That is, g(n)
× (1) ≤ u+ + εk if

n ≥ C(k)| log ε|. We note that, since g× is increasing on [0, 1], the largest value of the
iterates of g×(x) will be when x = 1. Finally, by Lemma 3.3.12, for t ≥ a1(k)ε2| log ε|,

Pε
x

[
T (BRε(t)) ⊃ T reg

A(k)| log ε|

]
≥ 1 − εk.

Therefore when t ≥ a1(k)ε2| log ε|,Pε
x[V×(BRε(t)) = 1] ≤ u+ + 2εk. □

It is straightforward to adapt the proof of Lemma 3.3.12 to show that, for all
k ∈ N and A(k) as in Lemma 3.3.10, there exists ρ+

d
(k) > 0 and εd > 0 such that, for

all ε ∈ (0, εd), x ∈ Rd and t ≥ ρ+
d

(k)ε2| log ε|,

Pε
x

[
T (Z+(t)) ⊃ T reg

A(k)| log ε|

]
≥ 1 − εk.

2Here, we refer to the solution interface associated to the partial differential equation solved by
Pε

x[V×
p (Z−(t)) = 1] with initial condition p.
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Similarly, there exists ρ−
d

(k) and ε′
d
> 0 such that, for all ε ∈ (0, ε′

d
) and t ≥

ρ−
d
ε2| log ε|,

Pε
x

[
T (Z−(t)) ⊃ T reg

A(k)| log ε|

]
≥ 1 − εk.

With this, we can adapt the proof of Proposition 4.2.1 to show that, for any k ∈ N
and ε sufficiently small, if t ≥ ρ+

d
(k)ε2| log ε|,

u− − εk ≤ Pε
x[V×

p (Z+(t)) = 1] ≤ u+ + εk (4.8)

for any initial condition p, and if t ≥ ρ−
d

(k)ε2| log ε|

u− − εk ≤ Pε
x[V×

p (Z−(t)) = 1] ≤ u+ + εk. (4.9)

In our later proofs, we will want (4.7), (4.8) and (4.9) to hold simultaneously, so it
will be useful to define

ρd(k) := ρ−
d

(k) ∨ ρ+
d

(k) ∨ a1(k). (4.10)

Proposition 4.2.2. Let k ∈ N and ρd(k) be as in equation (4.10). Fix I satis-
fying Assumptions 3.1.2 and let u+, u− be as in (3.44), (3.45). Then there exists
εd(α, k), bd(α, k) > 0 such that, for all ε ∈ (0, εd), if

td(k, ε) := ρd(k)ε2| log ε|,

t′
d
(k, ε) := (2ρd(k) + k + 1)ε2| log ε|,

then for t ∈ [td, t′d],

(1) for d(x, t) ≥ bd(k)I(ε)| log ε|, we have Pε
x[V×

p (Z−(t)) = 1] ≥ u+ − εk,

(2) for d(x, t) ≤ −bd(k)I(ε)| log ε|, we have Pε
x[V×

p (Z−(t)) = 1] ≤ u− + εk.

Remark 4.2.3. By almost identical arguments, Proposition 4.2.2 holds when Z− is
replaced with Z+. Note that our choice of td and t′

d
are stricter than needed for

this result alone, but it will be convenient to define them in this way for use in later
proofs.

Proof. We follow the proof of [EFP17, Proposition 2.16] closely, and consider the
multidimensional analogues of Lemmas 3.3.12 and 3.3.13. First, by choice of ρ−

d
,

there exists εd(α, k) > 0 such that, for all ε ∈ (0, εd), x ∈ Rd and t ≥ ρ−
d

(k)ε2| log ε|,

Pε
x

[
T (Z−(t)) ⊇ T reg

A(k)| log ε|

]
≥ 1 − εk (4.11)
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for A(k) as in Lemma 3.3.10. By standard estimates for the multidimensional stan-
dard normal variable, the proof of Lemma 3.3.13 can be adapted to show that there
exists hd(k) > 0 and εd(k) > 0 such that, for all ε ∈ (0, εd) and t ∈ [td, t′d],

Pε
x [∃i ∈ N(s) : |Wi(Rε

i (s)) − x| ≥ hd(k)I(ε)| log ε|] ≤ εk. (4.12)

By definition of Z−
s , |Z−

s −W (Rε
s)| ≤ D0(k+ 2)I(ε)2| log ε|, for D0 the constant from

Theorem 3.3.18. Therefore (4.12) implies that, for ε sufficiently small, there exists
ld(k) > hd(k) for which

Pε
x

[
∃i ∈ N(s) : |Z−

i (s) − x| ≥ ld(k)I(ε)| log ε|
]

≤ εk. (4.13)

Set bd = 2ld. Recall that d(x, t) is the signed distance between x ∈ Rd and Γt. By
the regularity assumption on Γt (3.70), there exist v0, V0 > 0 such that, for t ≤ v0

and x ∈ Rd, |d(x, 0) − d(x, t)| ≤ V0t. Reduce εd if necessary so that t′
d

≤ v0 for
all ε ∈ (0, εd). Let ε ∈ (0, εd), t ∈ [td, t′d] and x be such that d(x, t) ≥ bdI(ε)| log ε|
and |Z−

i (t) − x| ≤ ldI(ε)| log ε|. It follows by the triangle inequality and Lipschitz
continuity of d(·, t) that

d(Z−
i (t), 0) ≥ d(x, t) −

∣∣∣d(x, t) − d(Z−
i (t), t)

∣∣∣− ∣∣∣d(Z−
i (t), t) − d(Z−

i (t), 0)
∣∣∣

≥ bdI(ε)| log ε| − ldI(ε)| log ε| − V0t
′
d

= 1
2bdI(ε)| log ε| − V0(2ρd + k + 1)ε2| log ε|.

By Assumption 3.1.2 (B) we may reduce εd if necessary so that

d(Z−
i (t), 0) ≥ 1

4bdI(ε)| log ε|

for all ε ∈ (0, εd). Finally, by Assumptions 3.1.4 (B)-(C), and reducing εd if necessary,

p(Z−
i (t)) ≥ 1

2 + γ
(

1
4bdI(ε)| log ε| ∧ r

)
≥ 1

2 + ε (4.14)

for all ε ∈ (0, εd). We then combine (4.11), (4.12) and (4.14) exactly as the proof of
Theorem 3.3.7, to obtain that, for ε ∈ (0, εd), t ∈ [td, t′d] and x such that d(x, t) ≥
bdI(ε)| log ε|,

Pε
x[V×

p (Z−(t)) = 1] ≥ u+ − 3εk.

The upper bound is obtained using the same approach. □
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4.3 Propagation of the interface

In this section, we will compare V×
p (Z−(t)) to V×(BRε(t)), and use this to show that

the interface propagates. Throughout this section, define

γ(t) := K1e
K2tI(ε)| log ε| (4.15)

where the choice of K1, K2 and ε will be clear in the given context.

Proposition 4.3.1. Let l ∈ N with l ≥ 4 and fix I satisfying Assumptions 3.1.2. Let
td be as in Proposition 4.2.2. There exist K1, K2 > 0 such that for γ(·) as in (4.15),
ε ∈ (0, εd) and t ∈ [td(l), T ∗] we have

sup
x∈Rd

(
Pε

x[V×
p (Z−(t)) = 1] − Pε

d(x,t)+γ(t)[V×(BRε(t)) = 1]
)

≤ εl (4.16)

and

sup
x∈Rd

(
Pε

x[V×
p (Z+(t)) = 0] − Pε

d(x,t)−γ(t)[V×(BRε(t)) = 0]
)

≤ εl. (4.17)

Throughout this section, we will extend the domain of g× : [0, 1] → [0, 1] to all of R.
Namely, we set

g×(p) =


g×(0) if p < 0
g×(p) if p ∈ [0, 1]
g×(1) if p > 1.

Key to the proof of Proposition 4.3.1 will be Lemma 4.3.2, which parallels [EFP17,
Lemma 2.18]. The proof of Theorem 4.1.6 will then follow easily. We defer the lengthy
proof of Lemma 4.3.2 to Section 4.4.

Lemma 4.3.2. Let K1 > 0, l ∈ N with l ≥ 4, and fix I satisfying Assump-
tions 3.1.2. Let t′

d
be as in Proposition 4.2.2. Then there exists K2 = K2(K1, l) > 0

and εd(K1, K2, l) > 0 such that, for γ(·) as in (4.15), ε ∈ (0, εd), x ∈ Rd, s ∈
[0, (l + 1)ε2| log ε|] and t ∈ [t′

d
(l), T ∗],

Ex

[
g×
(
Pε

d(Z−
s ,t−s)+γ(t−s)[V

×(BRε(t− s)) = 1] + εl
)]

≤ 3
4ε

l + Ed(x,t)
[
g×
(
Pε

B(Rε
s)+γ(t)[V×(BRε(t− s)) = 1]

)]
+ 1{s≤ε3}ε

l (4.18)

and

Ex

[
g×
(
Pε

d(Z+
s ,t−s)−γ(t−s)[V

×(BRε(t− s)) = 0] + εl
)]

≤ 3
4ε

l + Ed(x,t)
[
g×
(
Pε

B(Rε
s)−γ(t)[V×(BRε(t− s)) = 0]

)]
+ 1{s≤ε3}ε

l. (4.19)
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Proof of Proposition 4.3.1. We only prove (4.16), since (4.17) follows by completely
symmetric arguments. Set K1 = bd(l) + c1(l) for bd as in Proposition 4.2.2 and c1

as in Theorem 3.3.7. Take εd > 0 sufficiently small so that Theorem 3.3.7, Propo-
sition 4.2.2, Proposition 4.2.1 and Lemma 4.3.2 hold for all ε ∈ (0, εd). We first
observe that, for ε ∈ (0, εd), t ∈ [td(l), t′

d
(l)] (for td and t′

d
as in Proposition 4.2.2)

and x ∈ Rd,

Pε
x[V×

p (Z−(t)) = 1] − Pε
d(x,t)+γ(t)[V×(BRε(t)) = 1] ≤ εl. (4.20)

To see this, first suppose that d(x, t) ≤ −bd(l)I(ε)| log ε|. Now, reducing εd if neces-
sary, by Proposition 4.2.2

Pε
x[V×

p (Z−(t)) = 1] ≤ u− + εl.

Also, by Proposition 4.2.1,

Pε
d(x,t)+γ(t)[V×(BRε(t)) = 1] ≥ u− − εl,

hence (4.20) holds. Here, we continue to ignore coefficients in front of polynomial
error terms following Remark 3.3.14. If we added a coefficient to the error term in
(4.20), it would appear in all polynomial error terms that follow, but would not affect
our proof.

Now suppose d(x, t) ≥ −bd(l)I(ε)| log ε|. Then, reducing ε if necessary,

d(x, t) + γ(t) ≥ c1(l)I(ε)| log ε|,

so by Theorem 3.3.7, Pε
d(x,t)+γ(t)[V×(BRε(t)) = 1] ≥ u+ − εl. By (4.9),

Pε
x[V×

p (Z−(t)) = 1] ≤ u+ + εl,

and (4.20) holds.
It remains to verify (4.20) for t ∈ [t′

d
, T ∗]. Assume for the purpose of a contradic-

tion that there exists t ∈ [t′
d
, T ∗] such that, for some x ∈ Rd,

Pε
x[V×

p (Z−(t)) = 1] − Pε
d(x,t)+γ(t)[V×(BRε(t)) = 1] > εl.

Let T ′ be the infimum of the set of such t, and choose

T ∈ [T ′,min(T ′ + εl+3, T ∗)],

which is in the set of such t. So there exists some x ∈ Rd such that

Pε
x[V×

p (Z−(T )) = 1] − Pε
d(x,T )+γ(T )[V×(BRε(T )) = 1] > εl. (4.21)
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We will show

Pε
x[V×

p (Z−(T )) = 1] ≤ 7
8ε

l + Pε
d(x,T )+γ(T )[V×(BRε(T )) = 1]. (4.22)

Let τ be the time of the first branching event in Z−(T ) and Z−
τ be the position of

the initial ancestor particle at that time. Then, by the Strong Markov Property at
time τ ∧ (T − td),

Pε
x[V×

p (Z−(t)) = 1] = Eε
x

[
g×(Pε

Z−
τ

[V×
p (Z−(T − τ)) = 1])1τ≤T −td

]
+Eε

x

[
Pε

Z−
T −td

[V×
p (Z−(td)) = 1]1τ≥T −td

]
. (4.23)

Since T − td ≥ t′
d

− td > (l + 1)ε2| log ε| and τ ∼ exp(ε−2), the second term on the
right side of (4.23) is bounded by

Eε
x

[
Pε

Z−
T −td

[Vp(Z−(td)) = 1]1τ≥T −td

]
≤ P

[
τ ≥ (l + 1)ε2| log ε|

]
= εl+1. (4.24)

To bound the first term on the right hand side of (4.23), we partition over the
event {τ ≤ ε3+l} (which has probability ≤ εl+1) and its complement to obtain

Eε
x

[
g×(Pε

Z−
τ

[V×
p (Z−(T − τ)) = 1])1τ≤T −td

]
≤ Eε

x

[
g×(Pε

Z−
τ

[V×
p (Z−(T − τ)) = 1])1εl+1≤τ≤T −td

]
+ εl+1

≤ Eε
x

[
g×
(
Pε

d(Z−
τ ,T −τ)+γ(T −τ)[V

×(BRε(T − τ)) = 1] + εl
)
1τ≤T −td

]
+ εl+1, (4.25)

where the last line follows by minimality of T ′, since εl+3 ≤ τ ≤ T − td, so T − τ ∈
[td, T ′), and by monotoncity of g×. Then, conditioning on the value of τ , and noting
that the path of the ancestral particle (B(Rε

· )) is independent of τ ,

Eε
x

[
g×
(
Pε

d(Z−
τ ,T −τ)+γ(T −τ)[V

×(BRε(T − τ)) = 1] + εl
)
1τ≤T −td

]
≤
∫ (l+1)ε2| log ε|

0

e−ε−2s

ε2 Ex

[
g×
(
Pε

d(Z−
s ,T −s)+γ(T −s)[V

×(BRε(T − s)) = 1] + εl
)]
ds

+ P[τ ≥ (l + 1)ε2| log ε]]

≤
∫ (l+1)ε2| log ε|

0

e−ε−2s

ε2 Ed(x,T )
[
g×
(
Pε

B(Rε
s)+γ(T )[V×(BRε(T − s)) = 1]

)]
ds

+ εl+1 + εl
(

3
4 + P[τ ≤ ε3]

)
≤ Eε

d(x,T )

[
g×
(
Pε

B(Rε
τ ′ )+γ(T )[V×(BRε(T − τ ′)) = 1]

)
1τ ′≤T −td

]
+ 3

4ε
l + 2εl+1, (4.26)
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where the second inequality follows by Lemma 4.3.2. Here τ ′ denotes the time of
the first branching event in BRε , which has the same distribution as τ . The final
inequality holds since T ≥ t′

d
, so T − td ≥ (l+ 1)ε2| log ε|. Putting (4.24), (4.25) and

(4.26) into (4.23), we obtain

Pε
x[V×

p (Z−(T )) = 1] ≤ Eε
d(x,T )

[
g×
(
Pε

B(Rε
τ ′ )+γ(T )[V×(BRε(T − τ ′)) = 1]

)
1τ ′≤T −td

]
+ 3

4ε
l + 4εl+1

≤ Pε
d(x,T )+γ(T )[V×(BRε(T )) = 1] + 3

4ε
l + 4εl+1,

where the last line follows by the Strong Markov Property for (BRε(·)) at time τ ′ ∧
(T − td). We can reduce εd if necessary so that 4εl+1 + 3

4ε
l ≤ 7

8ε
l for all ε ∈ (0, εd).

This gives (4.22), thereby proving (4.16). The inequality (4.17) follows by a similar
argument, using (4.19). □

With this, we can now prove Theorem 4.1.6.

Proof of Theorem 4.1.6. Set cd(l) := c1(l) + K1e
K2T ∗ . Then, for any x ∈ Rd and

t ∈ [td, T ∗] such that d(x, t) ≤ −cd(l)I(ε)| log ε|, we have

d(x, t) +K1e
K2tI(ε)| log ε| ≤ −c1(l)I(ε)| log ε|.

Then, by Theorem 3.3.7, reducing εd if necessary so that εd < ε1(l),

Pε
x[V×

p (Z−(t)) = 1)] ≤ u− + 2εl.

Similarly, for x and t such that d(x, t) ≥ cd(l)I(ε)| log ε|, by Theorem 3.3.7 and (4.17),
Pε

x[V×
p (Z+(t)) = 1)] ≥ u+ − 2εl. Theorem 4.1.6 then holds by setting ad := ρd. □

Proof of Theorem 3.1.5. This follows immediately by combining Theorem 4.1.6 and
Corollary 4.1.5. □

4.4 Proof of Lemma 4.3.2

To prove Lemma 4.3.2, we follow the proof of [EFP17, Lemma 2.18] and consider
separately the cases |d(x, t)| ≤ DI(ε)| log ε| and |d(x, t)| ≥ DI(ε)| log ε|, for some
large D > 0. Since neither the one-dimensional process B(Rε

s) nor the multidi-
mensional process Z+ (or Z−) travel further than a distance O(I(ε)| log ε|) in time
s = O(ε2| log(ε)|) with high probability, if D is sufficiently large and |d(x, t)| ≤
DI(ε)| log ε|, we will see that the result follows from the main one-dimensional result
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for V×
p (BRε), Theorem 3.3.7. When |d(x, t)| ≤ DI(ε)| log ε|, we apply Theorem 3.3.20

so that, with probability at least 1 − εl+1,

d(Z−
s , t− s) ≤ B(Rε

s) + O(I(ε)| log ε|)s.

Using this and monotonicity of g× we can bound the left hand side of (4.18) by

Ed(x,t)
[
g×
(
Pε

B(Rε
s)+γ(t−s)+O(s)I(ε)| log ε|[V×(BRε(t)) = 1] + εl

)]
+ O(εl+1). (4.27)

We then control (4.27) by considering two cases: when the argument of g× in (4.27)
is bounded away from 1

2 , and when it is close to 1
2 . In the former case, we use that

|g′
×(y)| < 2

3 when y is bounded far enough away from 1
2 , together with monotonicty

of g×, to obtain (4.18). In the second case, we apply the slope of the interface result,
Corollary 3.3.16, to bound the difference between the two expectations appearing in
the inequality (4.18) directly.

Proof of Lemma 4.3.2. Fix l ≥ 4. For all u ≥ 0 and z ∈ R, let

Qε,u
z = Pε

z[V×(BRε(u)) = 1].

Let C0 be as in (3.69) and c1 be defined as in Theorem 3.3.7. Let

R := 2c1(l) + 4(l + 1)d+ 1 (4.28)

and fix K2 such that

K1(K2 − C0) − C0R − C1 = c1(1). (4.29)

To start we let εd(l) = ε1(l) where ε1(l) is defined in Theorem 3.3.7.
Following the proof of [EFP17, Lemma 2.18], we begin by estimating the prob-

ability that a d-dimensional subordinated Brownian motion moves further than a
distance I(ε)| log ε| in time s ≤ (l + 1)ε2| log ε|. Define the event

Ax =
{

sup
u∈[0,Rε

s]
|Wu − x| ≤ 2(l + 1)I(ε)| log ε|

}
.

Then, bounding |Wu − x| by the sum of the moduli of d one-dimensional Brownian
motions, and by Lemma A.4.2, which bounds the displacement of the subordinator
Rε

s for small times, we obtain

Px[Ac
x] ≤ 2dP0

[
sup

u∈[0,Rε
s]
Bu > 2(l + 1)I(ε)| log ε|

]

≤ 2dP0

[
sup

u∈[0,(l+2)I(ε)2| log ε|]
Bu > 2(l + 1)I(ε)| log ε|

]
+ 2dεl+1

≤ 4dP0
[
B1 > 2((l + 1)| log ε|)1/2

]
+ 2dεl+1

≤ 6dεl+1 (4.30)
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where the second inequality follows by the reflection principle, and the final inequality
follows by identical arguments to those in the proof of Lemma 3.3.13. Now consider
the cases

(i) d(x, t) ≤ −(2c1(l) + 2(l + 1)d+K1e
K2(t−s))I(ε)| log ε|

(ii) d(x, t) ≥ (2c1(l) + 2(l + 1)d+K1e
K2(t−s))I(ε)| log ε|

(iii) |d(x, t)| ≤ (2c1(l) + 2(l + 1)d+K1e
K2(t−s))I(ε)| log ε|.

Case (i): By (3.69), there exist v0, V0 > 0 such that, if s ≤ v0 and x ∈ Rd, then

|d(x, t) − d(x, t− s)| ≤ V0s.

Reduce εd if necessary to ensure that, for all ε ∈ (0, εd), (l + 1)ε2| log ε| ≤ v0. Then
if Ax occurs,

d(W (Rε
s), t− s) +K1e

K2(t−s)I(ε)| log ε| (4.31)

≤ −(2c1(l) + 2(l + 1)d)I(ε)| log ε| + |d(W (Rε
s), t− s) − d(x, t)|

≤ −(2c1(l) + 2(l + 1)d)I(ε)| log ε| + |d(x, t) − d(x, t− s)| + |W (Rε
s) − x|

≤ −2c1(l)I(ε)| log ε| + V0(l + 1)ε2| log ε|. (4.32)

By Assumption 3.1.2 (B), we may reduce εd if necessary so that

d(W (Rε
s), t− s) +K1e

K2(t−s)I(ε)| log ε| ≤ −c1(l)I(ε)| log ε|,

for all ε ∈ (0, εd). Then, since d(Z−
s , t− s) ≤ d(W (Rε

s), t− s),

d(Z−
s , t− s) +K1e

K2(t−s)I(ε)| log ε| ≤ −c1(l)I(ε)| log ε|.

So, by Theorem 3.3.7 and definition of g×,

Ex

[
g×
(
Qε,t−s

d(Z−
s ,t−s)+γ(t−s) + εl

)]
≤ Ex[g×(u− + 2εl)1Ax ] + Px [Ac

x]

≤ u− + 6dεl+1 + 12εlbε

where the last line follows by calculating g×(u− + 2εl) explicitly and reducing εd if
necessary.

Next, recall that g×(y) = g((1 − bε)y + bε

2 ) for y ∈ [0, 1]. So

g′
×(y) = 6(1 − bε)

(
(1 − bε)y + bε

2

) (
1 −

(
(1 − bε)y + bε

2

))
.
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Hence, if

(1 − bε)(y + δ) + bε

2 ≤ 1
9 or (1 − bε)y + bε

2 ≥ 8
9 (4.33)

then

g×(y + δ) ≤ g×(y) + 2
3δ. (4.34)

From Proposition 4.2.1 (since t−s ≥ ρd(l)ε2| log ε|) and (4.34), reducing ε if necessary,

Ed(x,t)
[
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)]
≥ u− − 2

3ε
l.

By choosing ε small enough so that 6dεl+1 + 12εlbε + 2
3ε

l ≤ 3
4ε

l (4.18) holds in this
case.

Case (ii): Suppose now that d(x, t) ≥ (2c1(l) + 2(l + 1)d + K1e
K2(t−s))I(ε)| log ε|.

Using this, together with a similar argument to that used to obtain (4.30), we have

Pd(x,t)[|B(Rε
s)| ≥ c1(l)I(ε)| log ε|] ≤ εl+1. (4.35)

It follows that

Ed(x,t)
[
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)]
≥ Ed(x,t)

[
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)
1{B(Rε

s)≥c1(l)I(ε)| log ε|}
]

≥ g×(u+ − εl) − εl+1

≥ u+ − εl+1 − 12εlbε

where the second inequality follows by Theorem 3.3.7, and in the third inequality we
expand g×(u+ − εl) and reduced εd if necessary. From Proposition 4.2.1 we can get
that, for ε small enough,

Ex

[
g×
(
Qε,t−s

d(Z−
s ,t−s)+γ(t−s) + εl

)]
≤ u+ + 2

3ε
l.

Hence, reducing ε if necessary (4.18) holds in this case.

Case (iii): Finally, suppose |d(x, t)| ≤ (2c1(l) + 2(l + 1)d + K1e
K2(t−s))I(ε)| log(ε)|.

If Ax occurs and u ∈ [0, (l + 2)I(ε)2| log ε|],

|d(W (Rε
u), t− u)|

≤ |W (Rε
u) − x| + |d(x, t)| + |d(x, t) − d(x, t− u)|

≤ (2c1(l) + 4(l + 1)d+K1e
K2(t−s))I(ε)| log ε| + V0(l + 2)I(ε)2| log(ε)|.
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Therefore, reducing ε if necessary, with probability at least 1 − εl+1,

|d(W (Rε
s), t− s)| ≤ (R +K1e

K2(t−s))I(ε)| log ε|

for R as in (4.28). Now set

β = (R +K1e
K2(t−s))I(ε)| log ε|. (4.36)

Reduce εd if necessary so that, for all ε ∈ (0, εd), β ≤ c0/2, for c0 as in (3.67). Recall
that

Tβ = inf
(
{s ∈ [0, (l + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}

)
.

Note that P[Rε
s > Tβ] ≤ 2εl+1 : by the above calculation, if Ax occurs, then Tβ > Rε

s

with probability at least ≥ 1 − εl+1. Therefore, by Theorem 3.3.20, and reducing ε if
necessary so that Tβ < t,

d(Z−
s , t− s) ≤ B(Rε

s) + C0βs (4.37)

with probability at least 1 − 2εl+1. Then, by monotonicity of g× and (4.37), parti-
tioning over {Rε

s > Tβ} and Ax, we obtain

Ex

[
g×
(
Qε,t−s

d(Z−
s ,t−s)+γ(t−s) + εl

)]
(4.38)

≤ Ed(x,t)
[
g×
(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s) + εl

)]
+ (2 + 6d)εl+1.

Let
D :=

{∣∣∣Qε,t−s
B(Rε

s)+C0βs+γ(t−s) − 1
2

∣∣∣ ≤ 5
12

}
.

We consider D and Dc separately to bound the right hand side of (4.38). First suppose
the event D occurs. Then, by definition of β (4.36),

K1e
K2tI(ε)| log ε| −

(
C0βs+K1e

K2(t−s)I(ε)| log ε|
)

=
(
K1e

K2(t−s)
(
eK2s − 1 − C0s

)
− C0Rs

)
I(ε)| log ε|

≥ (K1(K2 − C0) − C0R) sI(ε)| log ε|

= c1(1)sI(ε)| log ε| (4.39)

where the final equality follows by (4.29). Reducing εd if necessary so that εd <

min(ε1(1), 1
24), for ε ∈ (0, εd) we may apply Corollary 3.3.16 with

z = B(Rε
s) + C0βs+K1e

K2(t−s)I(ε)| log ε|

and
w = z + c1(1)sI(ε)| log ε| ≤ B(Rε

s) + γ(t)
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to give

Qε,t−s
B(Rε

s)+C0βs+γ(t−s)1D ≤
(
Qε,t−s

B(Rε
s)+γ(t) − 1

48s
)
1D. (4.40)

Now suppose the event Dc occurs. Reduce εd if necessary so that

1
12 <

1
9 − εl(1 − bε) − bε

2 ,

which implies (4.33) for δ = εl. Thus, for ε ∈ (0, εd), we have

g×
(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s) + εl

)
1Dc ≤

(
g×
(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s)

)
+ 2

3ε
l
)
1Dc

≤
(
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)
+ 2

3ε
l
)
1Dc (4.41)

where the first inequality follows by (4.34) and the second inequality by (4.39) and
monotonicity of g×. Putting (4.40) and (4.41) into (4.38), and since 2 + 6d ≤ 8d we
obtain

Ex

[
g×
(
Qε,t−s

d(Z−
s ,t−s)+γ(t−s) + εl

)]
≤ Ed(x,t)

[
g×
(
Qε,t−s

B(Rε
s)+γ(t) − 1

48s+ εl
)
1D

]
+ Ed(x,t)

[(
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)
+ 2

3ε
l
)
1Dc

]
+ 8dεl+1

≤ Ed(x,t)
[
g×
(
Qε,t−s

B(Rε
s)+γ(t)

)]
+ 2

3ε
l + εl

1{ 1
48 s≤εl} + 8dεl+1

where in the final inequality, we use that g′
×(y) ≤ 3

2 for all y ∈ [0, 1]. Further
reducing εd if necessary so that 8dεl+1 ≤ 1

12ε
l and 48εl ≤ ε3 for all ε ∈ (0, εd) gives

the result. □
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Chapter 5

The stochastic fractional
Allen–Cahn equation

In this chapter, we prove that after rescaling the SΛFVS with stable radii started from
appropriately chosen initial conditions converges to a set whose boundary evolves as
mean curvature flow (this is Theorem 3.1.11). Crucially, the branching stable trees
used throughout the deterministic setting are now the historical SΛFVS dual, which
exhibits both branching and coalescing events. Following [EFP17], we show that, as
our scaling parameter n → ∞, this historical dual process is close to a branching
pure jump process. We then diverge from the format of proof in [EFP17], and use
a similar proof to that of our coupling from Proposition 3.3.22 to compare the root
vote under majority voting of the (approximately) stable branching jump process to
the root vote under marked majority voting of the truncated subordinated Brownian
tree. We then apply the results from the previous section to conclude the proof.

5.1 A branching-coalescing dual for the SΛFVS

Throughout this chapter, fix α ∈ (1, 2) and a sequence (εm)m∈N such that

lim
m→∞

εm = 0 and lim
m→∞

(logm) 1
2 εm = ∞.

Fix 0 < β < 1
2α

. Let n ∈ N and recall that, at the n-th stage of rescaling, the SΛFVS
with stable radii (wn

t )t≥0 (Definition 3.1.9) has impact parameter un and selection
parameter sn given by

un = u

n1−βαI(εn)2−α
and sn = I(εn)2−α

ε2
nn

βα
, (5.1)

where I is any function satisfying Assumptions 3.1.2. Fix 0 < R ≤ 1 and set Rn :=
n−βR. Then the driving Poisson Point Process of the scaled SΛFVS, denoted Πn, is
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defined on [0,∞) ×Rd × (Rn,∞) with intensity measure ndt⊗ nβdx⊗ µn(dr) where

µn(dr) =
1{r≥n−β}

nβα+dβrα+d+1 . (5.2)

Let Br(x) denote the d-ball centred at x of radius r throughout. The dual process
(Pn

t )t≥0 to the SΛFVS is then defined as follows.

Definition 5.1.1 (SΛFVS dual, [EFP17, Definition 3.1]). For n ∈ N, the pro-
cess (Pn

t )t≥0 is the ⋃l≥1(Rd)l-valued Markov process with dynamics defined as fol-
lows. The process is started with a single individual Pn

0 = z, and for t ≥ 0,
Pn

t = (ξn
1 (t), ..., ξn

N(t)(t)) for some N(t) ∈ N. At each event (t, x, r) ∈ Πn, inde-
pendently of all else, the event is said to be neutral with probability 1 − sn. In this
case:

(1) For each ξn
i (t−) ∈ Br(x), independently tag the corresponding individual with

probability un;

(2) if at least one individual is tagged, all tagged individuals coalesce into a single
offspring individual, whose location is drawn uniformly at random from within
Br(x).

With the complementary probability sn, the event is said to be selective, in which
case:

(1) For each ξn
i (t−) ∈ Br(x), independently tag the corresponding individual with

probability un;

(2) if at least one individual is tagged, all of the tagged individuals are replaced
by three offspring individuals, whose locations are drawn independently and
uniformly from within Br(x).

In both cases, if no individual is tagged, then nothing happens.

Of course, it would be more biologically accurate to replace all instances of the
term ‘offspring’ in Definition 5.1.1 by ‘parents’ or ‘potential parents’. However, for
simplicity and consistency with the deterministic setting, we will continue to use the
term offspring.

Before making precise the duality relation between (Pn
t )t≥0 and (wn

t )t≥0, we re-
quire some more definitions. Define the historical process of branching and coalescing
lineages by

Ξn(t) := (Pn
s )0≤s≤t.
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We write Px for the law of Ξn when Pn
0 = x and Ex for the corresponding expectation.

For all i = (i1, i2, ...) ∈ {1, 2, 3}N, let (ξn
i (s), 0 ≤ s ≤ t) ⊂ Ξ(t) denote the Rd-valued

path that jumps to the location of the ik-th offspring when the individual in Pn
s at its

location is affected by the kth selective event. We refer to the path (ξn
i (s), 0 ≤ s ≤ t)

as an ancestral lineage. We define a majority voting procedure on Ξn(t) as follows.

Definition 5.1.2 (Vp(Ξ(t))). For p : Rd → [0, 1] and all 0 ≤ j ≤ N(t), the individual
ξn

j (t) votes 1 with probability p(ξn
j (t)) and otherwise votes 0. The votes of different

individuals are independent, and as we trace backwards in time through Ξ(t),

(1) at each neutral event in Πn, all individuals that are tagged in the event adopt
the vote of the offspring individual of the event;

(2) at each selective event in Πn, all individuals that are tagged in the event adopt
the majority vote of the three offspring individuals of the event.

With the voting procedure defined above, set Vp(Ξ(t)) to be the vote associated to
the root ∅.

The duality relation between Ξ and the SΛFVS is then identical to that of [EFP17,
Theorem 3.4]. Since the SΛFVS is only defined Lebesgue a.e., in order to state this
we must consider the integral of wn

t (·) against a test function.

Theorem 5.1.3. The SΛFVS driven by Πn, (wn
t (x), x ∈ Rd)t≥0, is dual to the his-

torical process (Ξn(t), t ≥ 0) in the sense that, for every ψ ∈ C(Rd) ∩ L1(Rd), we
have

Ep

[∫
Rd
ψ(x)wn

t (x)dx
]

=
∫
Rd
ψ(x)Ex [Vp (Ξn(t))] dx

=
∫
Rd
ψ(x)Px [Vp (Ξn(t)) = 1] dx.

Here we have abused notation and written expectations with respect to different
measures on either side of the above equation. In both cases, the subscript of the
expectation denotes the initial value of both processes.

We omit a formal proof of this result as it requires lengthy generator calculations
which are a straightforward adaptation of those developed in [EVY20]. To see why
it should be true, recall that, up to a Lebesgue null set,

wn
t (x) = the proportion of type a alleles at time t and location x

at the n-th stage of rescaling. To determine the type of any individual that is at
location x at time t, we look to the most recent time in the past when an event
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both covered x and may have affected that individual’s type (which happens with
probability un). For a neutral event, the individual will adopt the type of its parent,
whose location is chosen uniformly at random from within a ball containing x. For
a selective event, the individual adopts the majority type of three potential parents
whose locations are independently and uniformly chosen from within a ball contain-
ing x. We continue this procedure to find the type of each parent, terminating once
we reach time 0. In this way, we have constructed a branching-coalescing system,
with root x, of ‘potential ancestors’ of any individual at x at time t, corresponding
precisely to Ξ(t) started at x. The probability that our given individual is of type a
then corresponds to the probability that the root vote of Ξ(t) equals one under the
voting procedure described above.

Equipped with this duality relation, we can now restate our main result, Theo-
rem 3.1.11. Recall from (3.12) that, given a sequence (εm)m≥0,

G(n) = n−β(1− α
2 )I(εn)α−2 + ε2

n

I(εn)2 + n− β
2α(1− α

2 )ε− 2
α

n + I(εn)α−1. (5.3)

Theorem 5.1.4. Let β ∈
(
0, 1

2α

)
and consider a sequence (εn)∞

n=1 satisfying εn → 0
and (log n) 1

2 εn → ∞ as n → ∞. Fix I satisfying Assumptions 3.1.2. Let G be
as above and p : Rd → [0, 1] satisfy Assumptions 3.1.4. Let (wn

t )t≥0 be the SΛFVS
driven by Πn with un, sn given by (5.1) and initial condition wn

0 (x) = p(x). Define
T and d(x, t) as in Theorem 3.1.5 and take T ∗ < T . There exists n∗(α) ∈ N and
a∗(α), c∗(α),m∗ ∈ (0,∞) such that, for all n ≥ n∗ and t satisfying a∗ε

2
n| log εn| ≤ t ≤

T ∗,

(1) for x with d(x, t) ≥ c∗I(εn)| log εn|, we have Px [Vp(Ξn(t)) = 1] ≥ 1 −m∗G(n),

(2) for x with d(x, t) ≤ −c∗I(εn)| log εn|, we have Px [Vp(Ξn(t)) = 1] ≤ m∗G(n).

To eliminate the complication of coalescing lineages, we will couple Ξn to a pure
jump branching process (asymptotically in n). As we work towards this goal, it will
be useful to keep in mind the following quantities. Let Vr(x, y) denote the volume of
Br(x) ∩ Br(y), and Vr denote the volume of Br(0). The rate at which lineages jump
from y to y + z in Ξn is given by

mn(dz) = nunn
dβ
∫ ∞

Rn

Vr(0, z)
Vr

µn(dr)dz (5.4)

= u

I(εn)2−α

∫ ∞

Rn

Vr(0, z)
Vr

1
r1+α+ddrdz.
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To see this, first note that, by spatial homogeneity, we may equivalently con-
sider jumps from 0 to z. For a lineage to make this jump, it must be impacted by
an event (which happens with probability un) whose centre is contained in the set
Vn−βr(0, z), with r chosen according to µ(nβdr) = µn(dr). Incorporating our tem-
poral scaling, this implies that the rate at which such a centre, x, is chosen is given
by nunVn−βr(0, z)µn(dr) = nunn

dβVr(0, nβz)µn(dr). The location of the offspring is
chosen uniformly at random from Br(x), so the probability that the offspring is at
location z is dz/Vr. Putting this together and incorporating our spatial scaling yields
(5.4).

It can be shown after some straightforward calculations (mimicking [EFP17, Equa-
tion 3.3]) that a lineage is affected by a selective event at rate(

unβα

I(εn)2−α
V1

∫ ∞

R
rdµ(dr)

)
sn = ηε−2

n (5.5)

where η = uV1
∫∞

R rdµ(dr) = uV1
α

. Since selective events correspond to a ternary
‘branching’ event, ηε−2

n will be the ‘branching’ rate.
By almost identical arguments to those in [EFP17], we see that, for some fixed

T ∗ < T and large enough n, there should be no coalescing of lineages before time T ∗:
first, by bounding the total number of individuals alive at time T ∗ by the total number
alive in a process whose lineages independently branch at rate ηε−2

n = O(log n), we
see that for all δ > 0, there are o(nδ) lineages in Ξn(T ∗) with high probability. Since
lineages can only coalesce if both are impacted by an event, and pairs of lineages are
impacted by at most O(n) events by time T ∗, the probability of any coalescence is
o(nu2

nn
δ). Note that nu2

n = O(n2βα−1I(εn)2α−4) and β < 1
2α

by assumption. Choose
δ sufficiently small so that δ + 2βα− 1 =: q < 0. Then by Assumption 3.1.2 (B) and
our choice of εn, for some constant c (that we allow to change from line to line)

nu2
nn

δ ≤ c

nqI(εn)2

≤ c

nqε2
n| log εn|

≤ c| log n|
nq

,

therefore with high probability lineages will not coalesce by time T ∗.

5.2 Majority voting in the SΛFVS

In this section, we mimic [EFP17, Section 3.2.2] to couple Ξn(t) asymptotically to a
process Ψn(t) in which lineages evolve independently after branching, hence do not
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coalesce.

5.2.1 Independence after branching

Throughout this section we consider a ternary branching jump process defined as
follows.

Definition 5.2.1 (Branching jump process). For n ∈ N and starting point x ∈ Rd, let
(Ψn(t))t≥0 be the historical process of the branching random walk defined as follows.

(1) The lifetime of individuals are independently exponentially distributed with
parameter ηε−2

n .

(2) During it’s lifetime, each individual independently evolves according to a pure
jump process with jump intensity (1 − sn)mn(dz) for mn as in (5.4).

(3) At the end of its lifetime an individual branches into three offspring.

(4) For each branching event, independently pick r ∈ (Rn,∞) according to

rd−1µn(dr)∫∞
Rn
sd−1µn(ds) .

If the parent is at location z ∈ Rd, then each of the three offspring, indepen-
dently, samples its location uniformly from Br(z).

What follows is the analogue of [EFP17, Lemma 3.12] in the stable radii case.

Lemma 5.2.2. Let T ∗ ∈ (0,∞), k ∈ N and z ∈ Rd. There exists n∗ ∈ N such that,
for all n ≥ n∗, there is a coupling of Ξn started from z and Ψn started from z such
that, with probability 1 − εk

n,

Ξn(T ∗) = Ψn(T ∗).

We prove Lemma 5.2.2 following closely the proof of [EFP17, Lemma 3.12], noting
a few differences. First, we redefine the SΛFVS dual to give us a process Φn(t), that is
equal in law to Ξn(t), but has a different ‘tagging’ procedure that will allow us to more
easily capture when two lineages are moving independently. We then describe how
likely it is that two distinct lineages are not both tagged at the same time (and are
thus moving independently) in Lemma 5.2.4. We use this result to prove Lemma 5.2.2
at the end of this section.
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Definition 5.2.3 (Pre-emptive SΛFVS Dual [EFP17, Definition 3.13]). For n ∈ N,
the process (P̃n

t )t≥0 is a ⋃l≥1(Rd)l-valued process of individuals, each of which may
be tagged. The dynamics are described as follows.

The process is started with a single individual at the point x and we write

(ξn
1 (t), ..., ξn

N(t)(t))

for the locations of the random number N(t) of individuals alive at time t. At time
zero, independently of all else, the individual ξn

1 (0) is tagged with probability un.
At each event (t, x, r) ∈ Πn, independently, the event is said to be neutral with
probability 1 − sn. In this case:

(1) if at least one individual ξn
i (t−) ∈ Br(x) is tagged, then all tagged individuals

in Br(x) are replaced by a single offspring individual, whose location is drawn
uniformly at random from within Br(x);

(2) for each ξn
i (t) ∈ Br(x), including the offspring individual if any, independently

tag the corresponding individual with probability un and untag it otherwise.

With the complementary probability sn, the event is said to be selective, in which
case:

(1) if at least one individual ξn
i (t−) ∈ Br(x) is tagged, the collection of tagged

individuals in Br(x) is replaced by three offspring individuals, whose locations
are drawn independently and uniformly from within Br(x);

(2) for each ξn
i (t) ∈ Br(x), including the offspring individuals if any, independently

tag the corresponding individual with probability un, and untag it otherwise.

In between events in Πn, nothing happens. In particular, once tagged, an individual
remains tagged until it is in the region covered by an event, and, during events, all
individuals in the affected region (whether they were marked before the event or not)
sample afresh from independent Bernoulli random variables to decide whether they
are tagged immediately after the event.

We denote the historical pre-emptive process defined above by Φn (ignoring tags).
Then Φn and Ξn are equal in law. The key difference is that, in the pre-emptive
dual, the tagging of individuals is decided in the previous time step, rather than
at the time of the event. In the following lemma we bound the probability that two
lineages are tagged at the same time. Our proof is almost identical to that of [EFP17,
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Lemma 3.14], but we choose to reproduce it in this case to emphasise that we require
the scaling parameter β to satisfy β < 1

2α
(as opposed to β < 1

4 in the fixed radius
case of [EFP17]).

Lemma 5.2.4. Let T ∗ ∈ (0,∞). There exists p > 0 such that

P [∃ξn
i , ξj ⊂ Φn(T ∗), t ∈ [0, T ∗] such that

ξn
i and ξn

j are both tagged at time t
]

= O(n−p).

Proof. We follow closely [EFP17, Lemma 3.14]. Denote the genealogy of Φn(t) by
T (Φn(t)). We first note that for any b > 0, with high probability,

T (Φn(T ∗)) ⊂ T reg
b log n.

This follows by identical arguments to those in the proof of [EFP17, Lemma 3.14],
which shows that, if Un is Poisson distributed with mean T ∗ηε−2

n , by a Chernoff bound
(and taking n sufficiently large)

P[Un > b log n] ≤ 3−2b log n.

Since selective events affect lineages at rate ηε−2
n = o(log n), it follows using a union

bound on all lineages that

P
[
T (Φn(T ∗)) ⊈ T reg

b log n

]
≤ 3b log nP [Un > b log n] ≤ 3−b log n.

Next consider the first reproduction event that results in two distinct lineages ξn
i , ξ

n
j ⊂

Φn(t) being tagged. If this event occurs in time [0, T ∗], then at least one of ξn
i or

ξn
j must have been in the region effected by the event. Now, the probability that

both lineages are tagged is u2
n, and the number of reproduction events before time T ∗

whose region contained ξn
i is Poisson with mean Θ(n) since, for any x ∈ Rd,

nT ∗ndβ
∫
Rd

∫ ∞

Rn

Vr(x, z)
Vr

µn(dr)dz

= nT ∗ndβ
∫ ∞

Rn

1
Vr

∫
Rd

∫
Rd
1|y−x|<r1|y−z|<rdzdyµ

n(dr)

= nT ∗ndβ
∫ ∞

Rn

Vr
1

nβα+dβ

1
rα+d+1dr

= nT ∗ndβ
∫ ∞

R
Vn−βr

1
nβα+dβ

1
(n−βr)α+d+1n

−βdr

= nT ∗ndβ
∫ ∞

R

rd

ndβ
V1

1
nβα+dβ

1
(n−βr)α+d+1n

−βdr

= nT ∗V1

∫ ∞

R

1
r1+α

dr,
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where in the third equality, we use substitution and that Rn = n−βR. It follows
that the probability that ξn

i , ξ
n
j are both marked at time t ∈ [0, T ∗] is O(nu2

n) =
O
(
n2βα−1I(εn)2α−4

)
. Then, conditioning on the event {T (Φn(T ∗)) ⊂ T reg

b log n} and
applying a union bound over all pairs of lineages, we obtain

P
[
∃ξn

i , ξ
n
j ⊂ Φn(T ∗) and t ∈ [0, T ∗] : ξn

i and ξn
j are both marked at time t

]
≤ 3−b log n + 32b log nO

(
n2βα−1I(εn)4−2α

)
≤ 3−b log n + 32b log nO

(
n2βα−1

)
≤ 3−b log n + O (exp(2b(log 3)(log n) + (2βα − 1) log n)) .

Since 2βα − 1 < 0 we can choose b so that 2b(log 3) + (2αβ − 1) < 0 and we obtain
the result. □

At this point, we can prove the main duality result of this section, Lemma 5.2.2.

Proof of Lemma 5.2.2. Again, we follow the proof of [EFP17, Lemma 3.12]. Set

τ ′ = inf{t ≥ 0 : ∃ξn
i , ξ

n
j ⊂ Φn(T ∗) such that ξn

i and ξn
j are both tagged at time t}.

For any p > 0, n−p = o((log n)− k
2 ) = o(εk

n), so by Lemma 5.2.4, P[τ ′ ≥ T ∗] ≥ 1 − εk
n.

When lineages are not both marked, they evolve independently, so can be coupled
with Ξn(t) until time τ ′, and the result follows. □

5.2.2 Proof of Theorem 3.1.11

Let (ξn(t))t≥0 be a pure jump process started at x ∈ Rd with rate of jumps from y to
y + z given by mn(dz) where we recall that

mn(dz) = u

I(εn)2−α

∫ ∞

Rn

Vr(0, z)
Vr

1
r1+α+ddrdz.

Let (Wt)t≥0 be a d-dimensional Brownian motion started at x, (Rt)t≥0 be an α
2 -

stable subordinator and (Rεn
t )t≥0 be an I(εn)2-truncated α

2 -stable subordinator. All
subordinators are implicitly assumed to run at speed uI(εn)α−2.

Our first aim is to provide a coupling of W (Rεn
t ) to ξn(t). We begin by showing

in Lemma 5.2.5 that, with high probability, the distance |ξn(t) −W (Rt)| is small for
any t > 0. Then, in Corollary 5.2.6, we use this to show that an individual ξn

i (τ)
created at the first branching event of Ξn is close to W (Rεn

τ ). This will allow us to
prove that the root vote of Ξn(t) under majority voting is close to the root vote of
W (Rεn

t ) under marked majority voting in Proposition 5.2.7. We may then apply the
work from Chapter 4 to prove the main result.
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Lemma 5.2.5. For t > 0 fixed, there exists a coupling of W (Rt) and ξn(t) such that

P
[
|ξn(t) −W (Rt)| ≥ n− β

2 (1− α
2 )
]

= O
(

(t ∨ 1)n−β(1− α
2 )I(εn)α−2

)
.

Proof. Define another pure jump process, (υn(t))t≥0 independent of ξn with jump
measure given by the integral

m̂n(dz) = u

I(εn)2−α

∫ Rn

0

Vr(0, z)
Vr

1
r1+α+ddrdz.

Then υn + ξn is a pure jump process with jump measure given by the integral

mn(dz) = u

I(εn)2−α

∫ ∞

0

Vr(0, z)
Vr

1
r1+α+ddrdz.

By [EVY20, Lemma 6.1], mn(dz) is the Lévy measure associated to a symmetric
α-stable process (run at speed uI(εn)α−2), which we denote by W (Rt). It follows
that

|ξn(t) −W (Rt)| D= |υn(t)|.

Since υn is a mean-zero martingale, by Doob’s inequality and the Burkholder-Davis-
Gundy inequality,

P

[
sup

0≤s≤t
|υn

s | ≥ R
2−α

4
n

]
≤ E

[
|υn

t |2
]
R

α
2 −1
n ≤ CR

α
2 −1
n E[⟨|υn|⟩t] (5.6)

for some constant C > 0. Since υn is a pure jump process,

E[⟨|υn|⟩t] = E
 ∑

0≤s≤t

(|ηn
s | − |ηn

s−|)2


= u

I(εn)2−α

∫ t

0

∫
Rd

∫ Rn

0

Vr(0, z)
Vr

|z|2

r1+α+ddrdzds

≤ u

I(εn)2−α
t
∫ Rn

0

1
r1+α+2d

∫
Rd

∫
Rd
1|x|<r1|z|<r−|x||z|2dzdxdr

= u

I(εn)2−α
Dt

∫ Rn

0

r2d+2

r1+α+2ddr

≤ Dut

(
Rn

I(εn)

)2−α

for some D > 0. Substituting this into (5.6) and using that Rn := n−βR gives the
result. □

Recall η from equation (5.5) is given by η = uV1
α
.
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Corollary 5.2.6. Let τ be the first branch time of Ξn. There exists a coupling of
Ξn(t) and W (Rεn

t ) under which τ ∼ exp(ηε−2
n ) and for i = 1, 2, 3

P
[
|ξn

i (τ) −W (Rεn
τ )| ≥ 2n− β

2 (1− α
2 )
]

= O
(
n−β(1− α

2 )I(εn)α−2 + ε2
nI(εn)−2

)
(5.7)

for all n larger than some n∗ > 0.

Proof. The distribution of τ follows from (5.5). To prove (5.7), it suffices to bound
the difference ξn

i (τ) −W (Rτ ), since, with probability O(1 − bεn), W (Rτ ) D= W (Rεn
τ ).

Consider a lineage ξn(·) ∈ Ξn. Since τ is the time of the first branching event, for
t < τ , ξn(·) evolves as a pure jump process with jump intensity (1 − sn)mn(dz). By
Lemma 5.2.5 (replacing mn therein by (1 − sn)mn), there is a time changed α

2 -stable
subordinated Brownian motion (W (Rt))t≥0 such that, for t > 0,

P
[
|ξn(t) −W (Rt)| ≥ n− β

2 (1− α
2 ) ∣∣∣ t < τ

]
≤ O

(
(t ∨ 1)n−β(1− α

2 )I(εn)α−2
)
.

In particular,

P
[
|ξn(τ−) −W (Rτ−)| ≥ n− β

2 (1− α
2 ) ∣∣∣ τ] ≤ O

(
(τ ∨ 1)n−β(1− α

2 )I(εn)α−2
)
.

We next bound (with high probability) the distance of any offspring at time τ from the
initial ancestor at time τ−. Recall that the event radius R > Rn is picked according
to

rd−1µn(dr)∫∞
Rn
sd−1µn(ds) .

Therefore

P[R ≤ r | r > Rn] =
∫ r

Rn
wd−1µn(dw)∫∞

Rn
sd−1µn(ds)

= 1 − cαn
−βα−dβr−α−1

for cα := (α + 1)−1. Suppose n is sufficiently large so that Rn < n− β
2 (1− α

2 ). Then
setting r = n− β

2 (1− α
2 ) in the previous computation gives

P
[
R ≤ n− β

2 (1− α
2 )
]

= 1 − cαn
− 3βα

4 −dβ+ β
2 − βα2

4 .

That is, for i = 1, 2, 3,

P
[
|ξn

i (τ) − ξn
1 (τ−)| ≥ n− β

2 (1− α
2 ) ∣∣∣ τ] ≤ cαn

− 3βα
4 −dβ+ β

2 − βα2
4 .

Finally, we note that E[τ ] = Θ(ε2
n) = o(1). It follows from the triangle inequality,

Assumption 3.1.2 (B) and since n−1 = o(εn) that, for n sufficiently large,

n−β(1− α
2 )I(εn)α−2 > cαn

− 3βα
4 −dβ+ β

2 − βα2
4
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and
P
[
|ξn

i (τ) −W (Rτ )| ≥ n− β
2 (1− α

2 )
]

≤ O
(
n−β(1− α

2 )I(εn)α−2
)
,

and the result follows. □

Denote the d-dimensional historical branching truncated subordinated Brownian
motion, with branching rate ηε−2

n , by WRεn .

Proposition 5.2.7. Let 0 < t < T and G be as in (5.3). Then, for any x ∈ Rd,
there exists m1,m2 > 0 such that, for n sufficiently large,∣∣∣Px[Vp(Ξn(t)) = 1)] − Px[V×

p (WRεn (t)) = 1)]
∣∣∣ ≤ m1e

− t
ε2 +m2G(n) (5.8)

The proof of Proposition 5.2.7 follows a similar format to the proof of Proposi-
tion 3.3.22, and is deferred to Appendix A. From this the proof of Theorem 5.1.4
is immediate.

Proof of Theorem 5.1.4. This follows from Proposition 5.2.7 and the multidimen-
sional deterministic result, Theorem 3.2.5. □
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Chapter 6

The spreading speed of solutions to
fractional reaction-diffusion
equations

In this chapter, we find precise estimates for the spreading speed of solutions to a
family of fractional reaction-diffusion equations. Our result improves that of [CR13],
in that we find the precise order of the spreading speed. In contrast to [CR13], our
proofs use purely probabilistic techniques, relying heavily on the Feynman–Kac for-
mula. This work takes inspiration from [Pen18], where similar probabilistic arguments
were used to find the spreading speed of solutions to the Fisher–KPP equation with
non-local nonlinearity.

To begin, in Section 6.1 we state our main results and compare them to those of
[CR13]. In Section 6.2 we collect several key results that will be used throughout this
work, including the Feynman–Kac formula. Our two main theorems (Theorem 6.1.2
and Theorem 6.1.3) will then proved in the following three sections. First, in Sec-
tion 6.3, we prove several general results on the growth and spreading properties of
solutions to fractional reaction-diffusion equations. We then go on to prove Theo-
rem 6.1.2 and Theorem 6.1.3 in Sections 6.4 and 6.5, respectively.

6.1 Main results

We consider solutions u : [0,∞) × R→ R of the initial value problem∂tu = −(−∆)α
2 u+ g(u), t ≥ 0, x ∈ R

u(0, x) = u0(x), x ∈ R, 0 ≤ u0 ≤ 1
(6.1)

for all α ∈ (0, 2). Before stating our results, let us briefly review the work of [CR13].
There, reaction-diffusion equations of the form (6.1) were studied, but with the frac-
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tional Laplacian replaced by the generator of a more general Feller semigroup. In the
case of equation (6.1), [CR13, Theorem 1.5] amounts to the following. Throughout
this chapter, if A,B ⊆ R let C1(A) denote the space of continuously differentiable
functions A → R and C1(A,B) denote the space of continuously differentiable func-
tions A → B.

Theorem 6.1.1 ([CR13]). Suppose g ∈ C1([0, 1]) is concave, g(0) = g(1) = 0 and
g′(1) < 0 < g′(0). Let σ∗ = g′(0)

α
and u be a solution of (6.1) where u0 is measurable

and nonincreasing, u0 . 0 and

u0(x) ≤ Cx−α if x > 0

for some constant C. Then, for all ε > 0,

lim
t→∞

inf
x≤e(σ∗−ε)t

u(t, x) = 1 and lim
t→∞

sup
x≥e(σ∗+ε)t

u(t, x) = 0.

Before the work of [CR13], our understanding of equations of the form (6.1) was
largely heuristic. For example, in [dCL03], numerical simulations of the fractional
Fisher-KPP equation were used to argue that the spreading speed of the front is
exponential in time. In [MVV03], the authors came to the same conclusion, using both
numerical simulations and a linear analysis of the front that relied on the Feynman–
Kac formula and the maximum principle.

While Theorem 6.1.1 is the most mathematically rigorous result in the literature
for the spreading speed of solutions to (6.1), it does not specify the precise order of
this speed. For instance, it could be the case that solutions spread at speed tpeσ∗t for
some p > 0, as suggested by a linearisation argument of the front in [CR13]. In our
work, probabilistic arguments enable us to show that the speed of the front is exactly
order eσ∗t.

Let us now state the precise form of our result. For u ∈ [0, 1], set

f(u) :=


g(u)

u
if u , 0

g′(0) if u = 0.
(6.2)

We assume that

f ∈ C1([0, 1], [0,∞)) is decreasing, f(0) > 0 and f(1) = 0 (6.3)

and there exists C0 > 0 such that

u0 ∈ D((−∆)α
2 ), m̃ := inf

x≤0
u0(x) > 0 and u0(x) ≤ C0(1 + x)−α for all x > 0 (6.4)
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where D((−∆)α
2 ) denotes the set of bounded and uniformly continuous functions

u : R → R for which −(−∆)α
2 u is well-defined. We note that our assumptions on f

in (6.3) amount to the same assumptions for the function g stated in Theorem 6.1.1
(this follows easily by recalling that, since g is concave, it is bounded above by its
first order Taylor expansion). Unlike [CR13], we need not assume u0 is nonincreasing.
However, we do ask that u0 ∈ D((−∆)α

2 ) ⊂ C(R), which arises from our use of
the Feynman–Kac formula. While it should be possible to generalise our result to
discontinuous initial data by considering mild solutions to (6.1) expressed using the
semigroup associated to (−∆)α

2 , this is beyond the scope of our project.
Due to the structure of our proof, it will be convenient to split the statement of

our main result into the following two theorems.

Theorem 6.1.2. Suppose u is a solution to (6.1) and f is defined as in (6.2). Assume
f and u0 satisfy (6.3) and (6.4), respectively. Define σ∗ := f(0)

α
. For all ε > 0, there

exists Tε, T
′
ε, Cε, C

′
ε > 0 and mε ∈ (0, 1) such that

(a) for all t ≥ Tε, {x ≤ Cεe
σ∗t} ⊆ {x ∈ R : u(t, x) > mε};

(b) for all t ≥ T ′
ε, {x ≥ C ′

εe
σ∗t} ⊆ {x ∈ R : u(t, x) < ε}.

We can strengthen part (a) of Theorem 6.1.2 to obtain the following.

Theorem 6.1.3. Suppose u is a solution to (6.1) and f is defined as in (6.2). Assume
f and u0 satisfy (6.3) and (6.4), respectively. Let σ∗ := f(0)

α
and ε > 0. There exists

Tε > 0 and Cε > 0 such that, for all t ≥ Tε,

{x ≤ Cεe
σ∗t} ⊆ {x ∈ R : u(t, x) > 1 − ε}.

As we shall see, part (a) of Theorem 6.1.2 enables us to prove Theorem 6.1.3. A
similar strategy is employed in [CR13]: the authors first show that solutions u(t, x)
of equation (6.1) are bounded below by some positive constant for all t sufficiently
large and x < e(σ−ε)t. Then, using this result, they are able to prove that the first of
the two limits in Theorem 6.1.1 holds.

Example 6.1.4. An example of an equation of the form (6.1) is the unbalanced
fractional Allen–Cahn equation given by

∂tu = −(−∆)α
2 u+ u(1 − u)(2u− 1 + γ). (6.5)

It is straightforward to verify that this equation satisfies (6.3) if and only if γ > 3
(see Figure 6.1). In this case, Theorem 6.1.2 tells us that solutions u of (6.5), with
appropriate initial condition, spread at speed O

(
e

γ−1
α

t
)
.
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γ = 1.5

γ = 3

γ = 0

Figure 6.1: Graphs of g(x) = x(1 − x)(2x − 1 + γ) (left) and f(x) = g(x)
x

(right) for
varying values of γ

6.2 Preliminary results

We now record some key results that will be used throughout this chapter. In Sec-
tion 6.2.1, we will state the Feynman–Kac formula for fractional reaction-diffusion
equations and verify it applies in our setting. Then in Section 6.2.2 we will state
several useful results for α-stable processes.

Let α ∈ (0, 2) and for x ∈ R let Px denote the probability measure under which
(Xt)t≥0 is one-dimensional symmetric α-stable process started at x with corresponding
expectation Ex.

6.2.1 The Feynman–Kac formula

The main tool in this work is the Feynman–Kac formula. The traditional statement
of this formula provides an integral representation of solutions to heat equations with
dissipation, i.e. equations of the form

∂tu(t, x) = 1
2∆u(t, x) + f(t, x)u(t, x) on (0,∞) × R. (6.6)

An excellent introduction to the Feynman–Kac formula and its applications can be
found in [Bra82]. Here, we state a different version of the Feynman–Kac formula for
fractional heat equations with dissipation.

Theorem 6.2.1 (The Feynman–Kac formula). Take u0 ∈ D((−∆)α
2 ) and suppose

f ∈ C([0,∞)×R, [0,∞)) is differentiable in the first variable with measurable deriva-
tive. For x ∈ R and t > 0 consider the equation

∂tu(t, x) = −(−∆)α
2 u(t, x) + f(t, x)u(t, x), u(0, x) = u0(x). (6.7)
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Then a unique solution u to (6.7) exists with u(t, ·) ∈ D((−∆)α
2 ) for each t ≥ 0.

Moreover, u satisfies

u(t, x) = Ex

[
exp

(∫ t

0
f(t− s,Xs)ds

)
u0(Xt)

]
. (6.8)

We note that Theorem 6.2.1 can be stated more generally by replacing the frac-
tional Laplacian by the generator of any Feller process. It will be useful to note that
the Feynman–Kac formula (6.8) can also be written as

u(t, x) = Ex

[
exp

(∫ r

0
f(t− s,Xs)ds

)
u(t− r,Xr)

]
(6.9)

for any r ∈ [0, t]. A proof of this fact, along with the proof of Theorem 6.2.1, will be
provided in Appendix B.

We note that Theorem 6.2.1 applies to equation (6.1) by assumptions (6.3) and
(6.4). This follows from [CR13, Remark 2.6] (which itself follows from [Paz12]),
which states that if u0 ∈ D((−∆)α

2 ), then u(t, ·) ∈ D((−∆)α
2 ) for all t ≥ 0 and

u ∈ C1([0,∞),R). It follows that f(t, x) ≡ f(u(t, x)) is differentiable in time with
measurable derivative since f ∈ C1([0, 1]) by assumption.

6.2.2 Stable processes

In this section, we state several results for stable processes. To begin, we recall the
following result from Chapter 2 that can be attributed to [Kol00]. We state here the
one-dimensional version of this result.

Lemma 6.2.2. There exists B > 1 such that transition density pXt(x) of (Xs)s≥0 at
time t started at X0 = 0 satisfies

B−1

t
1
α + t−1|x|1+α

≤ pXt(x) ≤ B

t
1
α + t−1|x|1+α

for all t > 0 and x ∈ R.

The following result describes the maximum displacement of a stable process by
time t. The proof of this result relies on well-known bounds for displacement of
a standard Brownian motion together with the description of a stable process as a
subordinated Brownian motion. We defer the proof of this result to the appendix.

Lemma 6.2.3. We have the following two bounds for the displacement of Xs.

(a) There exists γ > 0 such that, for any c ≥ 0, t ≥ 0 and w > 0,

P0

[
sup

s∈[0,t]
|Xs| ≥ c

]
≤ 4e− c2

2w + γ(1 ∧ tw− α
2 ).
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(b) If t ≥ 1 and 0 ≤ x0 ≤ 1, there exist constants η1(α), η2(α) > 0 such that

P0 [|Xs| ≤ 1 ∀ s ≤ t, |Xt| ≤ x0] ≥ η1 min(x0,
2
3)e−η2t.

6.3 Growth and spread of solutions

We now prove several results that will be key to our proofs in later sections. We
continue with our earlier notation for the probability measure Px and expectation
Ex of an α-stable process (Xs)s≥0 started at x. To begin, we present a comparison
principle for equations of the form (6.1).

Proposition 6.3.1 ([CR13]). Suppose u1, u2 : R → R are bounded and uniformly
continuous in R. Assume g1, g2 ∈ C1([0, 1]) are concave with gi(0) = gi(1) = 0 and
g′

i(1) < 0 < g′
i(0) for i ∈ {1, 2}. For i ∈ {1, 2} let ui be the solution of (6.1) with

g replaced by gi and u0 replaced by ui. If g1 ≤ g2 and u1(0, ·) ≤ u2(0, ·) in R, then
u1(t, ·) ≤ u2(t, ·) for all t ≥ 0.

In this work, we will only utilise Proposition 6.3.1 to obtain the following result.
This follows immediately since u0 ∈ [0, 1] and 0 and 1 are steady state solutions of
(6.1).

Proposition 6.3.2. Suppose u is a solution to (6.1) with f defined as in (6.2).
Assume f and u0 satisfy (6.3) and (6.4), respectively. Then 0 ≤ u(t, x) ≤ 1 for all
t ≥ 0 and x ∈ R.

In the remainder of this section, let f be defined as in (6.2) and u be a solution to
(6.1) for f and u0 satisfying (6.3) and (6.4), respectively. The following lemma gives
us a quantitative uniform continuity result for u.

Lemma 6.3.3. Let t ≥ 1. There exists b > 0 such that, for all ε ∈ (0, b), if |x− y| <
ε2+ 2

α then |u(t, x) − u(t, y)| < ε.

Proof. This proof follows closely that of [Pen18, Lemma 2.2]. Let ε < 1
ef(0)(B+f(0)) =: b

for B be as in Lemma 6.2.2. Suppose that t ≥ 1 and |x−y| < ε2+ 2
α . By the Feynman–

Kac formula given in (6.9), and since f is decreasing by (6.3), for all z ∈ R

Ez[u(t− ε2, Xε2)] ≤ u(t, z) ≤ ef(0)ε2
Ez[u(t− ε2, Xε2)].
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This, together with Proposition 6.3.2, gives us

u(t, x) − u(t, y)

≤ ef(0)ε2
Ex

[
u(t− ε2, Xε2)

]
− Ey

[
u(t− ε2, Xε2)

]
= ef(0)ε2 (

Ex

[
u(t− ε2, Xε2)

]
− Ey

[
u(t− ε2, Xε2)

])
+ (ef(0)ε2 − 1)Ey

[
u(t− ε2, Xε2)

]
≤ ef(0)ε2 (

Ex

[
u(t− ε2, Xε2)

]
− Ey

[
u(t− ε2, Xε2)

])
+ (ef(0)ε2 − 1). (6.10)

Denote the transition density of the α-stable process at time ε2 starting at x by
pXε2 (x, ·). Then for x ≤ y, pXε2 (x, z) − pXε2 (y, z) ≥ 0 if and only if z ≤ x+y

2 , so by
Proposition 6.3.2

Ex

[
u(t− ε2, Xε2)

]
− Ey

[
u(t− ε2, Xε2)

]
≤
∫ 1

2 (x+y)

−∞
pXε2 (x, z) − pXε2 (y, z) dz

= P0
[
Xε2 ≤ 1

2(y − x)
]

− Py

[
Xε2 ≤ 1

2(x− y)
]

= P0
[
|Xε2 | ≤ 1

2 |x− y|
]

≤ 2
∫ 1

2 |x−y|

0

B

ε
2
α + ε−2zα+1

dz

≤ B

ε
2
α

|x− y|

where the second to last inequality follows from Lemma 6.2.2. Substituting this into
(6.10) and recalling that |x− y| < ε2+ 2

α and ε < 1
ef(0)(B+f(0)) = b, we obtain

u(t, x) − u(t, y) ≤ ef(0)ε2 (
Bε− 2

α |x− y| + 1 − e−f(0)ε2)
≤ ε2ef(0) (B + f(0))

≤ εbef(0) (B + f(0))

= ε.

By identical arguments this also holds for y > x, proving the result. □

We now consider the spread and growth of solutions u. First, in Lemma 6.3.4, we
show that when u is small it grows exponentially. Then, in Lemma 6.3.5, we show
that solutions spread, i.e. if u(t, x) > m for some m > 0, then there exists m′ > 0
such that u(t + s, x) > m′ for all s > 0 sufficiently large. These results will often be
used in conjunction with one another: if u(t, x) is bounded below by a function that
goes to zero as t → ∞, we can first apply Lemma 6.3.4 to grow u to obtain a constant
order lower bound, then we apply Lemma 6.3.5 to show that u is bounded below by
some constant for all (large enough) future times. We begin with the growth result.
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Lemma 6.3.4. Let δ ∈ (0, 1). There exists C = C(δ), R = R(δ) and z0 = z0(δ) such
that for z ∈ (0, z0), if t ≥ 1 and u(t, x) > z then there exists s ∈ [t, t + C| log z|] and
y ∈ [x−R, x+R] such that u(s, y) ≥ 1 − δ.

Proof. Fix δ ∈ (0, 1) and suppose z0 < (1−δ)∧b for b as in Lemma 6.3.3. For reasons
that will become clear later in this proof, we choose R > 0 and C > 0 sufficiently
large so that

Rα ≥ η2(λδ)−1 and C ≥ (3 + 2
α
)
(
λδ − η2R

−α
)−1

(6.11)

for η2 as in Lemma 6.2.3 (b) and λ > 0 satisfying f(u) ≥ λ(1 − u). We note that
such a λ > 0 exists by the Mean Value Theorem, since, by assumption (6.3), f is
decreasing and f(1) = 0, so

− f(u)
1 − u

= f(1) − f(u)
1 − u

= f ′(v) < 0

for some v ∈ (u, 1). Decrease z0 if necessary so that

C| log(z)|R−α ≥ 1 and R−1
(

z
2

)2+ 2
α ≤ 2

3 (6.12)

for all z ∈ (0, z0). Let z ∈ (0, z0) with u(t, x) > z and assume for the purpose
of a contradiction that for all s ∈ [t, t + C| log z|] and y ∈ [x − R, x + R] we have
u(s, y) < 1 − δ. Therefore if |Xs − x| ≤ R for all s ∈ [0, C| log z|], then∫ C| log z|

0
f(u(t+ C| log z| − s,Xs))ds > C| log z|λδ.

Since z0 < b, z < z0 and u(t, x) > z, by Lemma 6.3.3 we have

u(t, y) > 1
2z ∀ y ∈

[
x−

(
1
2z
)2+ 2

α , x+
(

1
2z
)2+ 2

α

]
.

By the Feynman–Kac formula (6.9)

u(t+ C| log z|, x)

= Ex

[
exp

(∫ C| log z|

0
f(u(t+ C| log z| − s,Xs))ds

)
u(t,XC| log z|)

]

≥ 1
2ze

Cλδ| log z|Px

[
|Xs − x| ≤ R ∀ s ∈ [0, C| log z|], |XC| log z| − x| ≤

(
z
2

)2+ 2
α

]
. (6.13)

By equation (6.13) and Lemma 6.2.3 (b), there exists η1, η2 > 0 such that

u(t+ C| log z|, x) ≥ η1R
−1

23+ 2
α

z3+ 2
α

−Cλδ+η2CR−α

.
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By our choice of C and R in (6.11), p := 3 + 2
α

+ C (η2R
−α − λδ) < 0, so if

z ≤

(1 − δ)23+ 2
αR

η1

1/p

we have u(t+ C| log z|, x) > 1 − δ which contradicts our assumption. □

We conclude this section by describing the spread of solutions u.

Lemma 6.3.5. For all m > 0, there exists T = T (m) > 0 such that if t0 ≥ 1, x0 ∈ R
and u(t0, x0) ≥ m, there exists m′ = m′(T ) such that u(s, x0) ≥ m′ for all s ≥ t0 +T .

Proof. Fix t0 ≥ 1, x0 ∈ R and m > 0 with u(t0, x0) > m. By Lemma 6.3.3, we may fix
ε > 0 such that, if s ≥ 1 and x, y ∈ R with |x− y| ≤ ε, then |u(s, x) − u(s, y)| ≤ 1

2m.

Choose T,R > 1 sufficiently large so that
εB−1

1 + (ε+ 2R)1+α
mη1e

(T −2)f(m)−η2
T −2
Rα >

3
2 (6.14)

for η1, η2 the constants from Lemma 6.2.3 (b). This proof will be straightforward once
we have proved the following:

for all t ≥ t0, sup
|y−x0|≤R
s∈[t,t+T ]

u(s, y) ≥ m. (6.15)

Suppose for the purpose of a contradiction that (6.15) does not hold. Define

t̂ := inf

r ≥ t0 : sup
|y−x0|≤R
s∈[r,r+T ]

u(s, y) < m

 .
Note that there exists x1 ∈ [x0−R, x0+R] such that u(t̂, x1) ≥ m. To see this, suppose
there did not exist any such x1. Then by continuity of u, for some small δ > 0, u
would be bounded above by m in the space-time box [t̂−δ, t̂−δ+T ]× [x0 −R, x0 +R],
but this would contradict our choice of t̂.

By our choice of ε, and since u(t̂, x1) ≥ m,

u(t̂, x) ≥ 1
2m ∀x ∈ [x1 − ε, x1 + ε]. (6.16)

Therefore by the Feynman–Kac formula, definition of t̂, and since f is decreasing by
(6.3),

u(t̂+ T − 1, x0)

≥ Ez

[
exp

(∫ T −2

0
f(u(t̂+ T − 1 − s,Xs))ds

)
u(t̂, XT −1)

]
≥ 1

2me
(T −2)f(m)Px0 [|Xs − x0| ≤ R ∀ s ≤ T − 2, |XT −1 − x1| ≤ ε] . (6.17)
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Recall that |x0 −x1| ≤ 2R. If x0 −x1 ≥ 0, then by monotonicity of the stable density,

P0 [|X1 + x0 − x1| ≤ ε] = P0 [−ε+ x1 − x0 ≤ X1 ≤ ε+ x1 − x0]

≥ P0 [|X1 − 2R| ≤ ε] .

The identical inequality holds when x0 − x1 < 0 by symmetry of the stable process.
Using this, and conditioning on the value of XT −2, we obtain

Px0 [|Xs − x0| ≤ R ∀ s ≤ T − 2, |XT −1 − x1| ≤ ε]

≥ P0 [|Xs| ≤ R ∀ s ≤ T − 2]P0 [|X1 − 2R| ≤ ε] .

By Lemma 6.2.3 (b),

P0 [|Xs| ≤ R ∀ s ≤ T − 2] ≥ 2
3η1e

−η2
T −2
Rα

and by Lemma 6.2.2

P0 [|X1 − 2R| ≤ ε] ≥ 2εB−1

1 + (ε+ 2R)1+α
.

Therefore (6.17) becomes

u(t̂+ T − 1, x0) ≥ 2
3

εB−1

1 + (ε+ 2R)1+α
mη1e

(T −2)f(m)−η2
T −2
Rα

> 1

by our choice of R and T from (6.14), contradicting Proposition 6.3.2, so (6.15) holds.
Now fix s ≥ t0. By (6.15), there exists x ∈ [x0 − R, x0 + R] and r ∈ [s, s+ T ] for

which u(r, x) ≥ m. So by the Feynman–Kac formula and Lemma 6.2.2,

u(s+ T, x0) ≥ 1
2mPx0 [|Xs+T −r − x| ≤ ε]

≥ 1
2m inf

l∈[0,T ]
P0 [Xl ∈ [R − ε, R + ε]]

≥ 1
2m

2B−1(R + ε)
T

1
α + T−1(R + ε)1+α

=: m′

proving the result. □
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6.4 Proof of Theorem 6.1.2

Now that we have shown solutions to equation (6.1) grow and spread, we can proceed
with the main proof. Our strategy follows that of [Pen18], where upper and lower
bounds for u are proved alternately. To begin, we calculate one such upper bound,
which results in a weakened version of the second limit in our main theorem, Theo-
rem 6.1.2. We will see that this result already improves the upper bound found in
[CR13], stated in Theorem 6.1.1 part (a).

Proposition 6.4.1. Suppose u is a solution to (6.1) and f is defined as in (6.2).
Assume f and u0 satisfy (6.3) and (6.4), respectively. Define σ∗ := f(0)

α
, xε

t :=
t

1
α

+εeσ∗t and xt := t
1
α eσ∗t. There exist constants A1, A2 > 0 such that, for all ε > 0,

t > 1, s ∈ [0, t) and y ≥ 0,

u(t− s, xε
t + y) ≤ A1

(t− s)ef(0)(t−s)

(xε
t − xt)α

+ A2

t
.

One consequence of Proposition 6.4.1 is that

lim
t→∞

sup
x≥t

1
α +εeσ∗t

u(t, x) = 0. (6.18)

This follows by the Mean Value Theorem since (xε
t − xt)−α ≤ (tεαef(0)t(log t)α)−1

where we recall that t > 1 and ασ∗ = f(0). Then, by Proposition 6.4.1, for any
x ≥ t

1
α

+εeσ∗t,
u(t, x) ≤ A1

εα(log t)α
+ A2

t

and (6.18) is immediate. Notably, this is already an improvement of the analogous
result in [CR13], and is proved using straightforward probabilistic techniques.

Proof of Proposition 6.4.1. Let y ≥ 0, t > 1, s ∈ [0, t) and ε > 0. By assump-
tions (6.3) and (6.4), u0 ∈ [0, 1] and f ≥ 0 is decreasing. It follows by the Feynman–
Kac formula (Theorem 6.2.1) that u ≥ 0 and

u(t− s, xε
t + y) ≤ ef(0)(t−s)Exε

t +y[u0(Xt−s)]

≤ ef(0)(t−s)
(
Pxε

t +y [Xt−s < xt] + Exε
t +y

[
u0(Xt−s)1Xt−s≥xt

])
. (6.19)

We consider each of these terms separately. First, by Lemma 6.2.2 there exists B > 0
for which

Pxε
t +y [Xt−s < xt] ≤

∫ xt−xε
t

−∞

B

(t− s) 1
α + (t− s)−1|z|1+α

dz
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≤ B(t− s)
∫ ∞

xε
t −xt

z−1−αdz

= B(t− s)
α (xε

t − xt)α . (6.20)

For the second term, by Lemma 6.2.2 and since u0(x) ≤ C0(1 + x)−α for all x > 0 by
assumption (6.4), we have

Exε
t +y

[
u0(Xt−s)1Xt−s≥xt

]
≤
∫ ∞

xt−xε
t −y

Bu0(z + xε
t + y)

(t− s) 1
α + (t− s)−1|z|α+1

dz

≤
∫ ∞

xε
t +y−xt

B(t− s)
z1+α

dz +
∫ xε

t +y−xt

xt−xε
t −y

BC0(1 + z + xε
t + y)−α

(t− s) 1
α + (t− s)−1|z|α+1

dz

≤ B(t− s)
α (xε

t − xt)α +
∫ xε

t +y−xt

xt−xε
t −y

BC0(1 + xt)−α

(t− s) 1
α + (t− s)−1|z|α+1

dz

≤ B(t− s)
α (xε

t − xt)α + 2BC0

(1 + xt)α

∫ xε
t +y−xt

(t−s)
1
α

t− s

zα+1 dz +
∫ (t−s)

1
α

0
(t− s)− 1

αdz


≤ B(t− s)
α (xε

t − xt)α +
2BC0(1 + 1

α
)

xα
t

. (6.21)

Substituting (6.20) and (6.21) back into (6.19) gives us

u(t− s, xε
t + y) ≤ 2B(t− s)ef(0)(t−s)

α(xε
t − xt)α

+
2BC0(1 + 1

α
)ef(0)(t−s)

xα
t

.

Since ef(0)(t−s)x−α
t ≤ ef(0)tx−α

t = t−1 this proves the result. □

Using Proposition 6.4.1, we prove the following lower bound for u at the point
t

1
α

+2εeσ∗t. We will then use the growing and spreading results (Lemmas 6.3.4, 6.3.5)
to obtain a lower bound on u(t, x) over the region x ≤ t−Keσ∗t for some K > 0 and
large enough t (this is the content of Proposition 6.4.3).

Lemma 6.4.2. Let ε, δ > 0. There exists T = T (ε, δ) > 0 such that for all t ≥ T

u(t, t 1
α

+2εeσ∗t) ≥ t−1−δ−3εα.

Proof. Let ε > 0 and t > 1. Continuing with our earlier notation, set xε
t := t

1
α

+εeσ∗t

and xt := t
1
α eσ∗t. Using the Feynman–Kac formula and that m̃ := infx≤0 u0(x) > 0

by assumption (6.4),

u(t, x2ε
t ) ≥ m̃Ex2ε

t

[
exp

(∫ t

0
f(u(t− s,Xs))ds

)
1Xt<01Xs≥xε

t ∀ s≤t−1

]
≥ m̃Ex2ε

t

[
exp

(∫ t−1

0
f(u(t− s,Xs))ds

)∣∣∣∣Xs ≥ xε
t ∀ s ≤ t− 1

]
· Px2ε

t
[Xt < 0, Xs ≥ xε

t ∀ s ≤ t− 1] . (6.22)
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Here, we have used that
∫ t

0 f(u(t− s,Xs))ds ≥
∫ t−1

0 f(u(t− s,Xs))ds since f is non-
negative, which allows us to remove the event {Xt < 0} from the conditioning. The
idea here is to condition on possible paths of (Xs)0≤s≤t−1 for which the Feynman–Kac
growth term, f(u(t− s,Xs)), is large, which will enable us to obtain a suitable lower
bound on u(t, x2ε

t ). By Proposition 6.4.1, conditional on {Xs ≥ xε
t ∀ s ≤ t − 1},

u(t − s,Xs) will be small for all s ≤ t − 1, and since f is decreasing, this gives us a
lower bound on f(u(t− s,Xs)).

We begin by bounding the second term in (6.22). Denote the transition density
of (Xs)s≥0 started at x at time t by pXt(x, ·). Now,

Px2ε
t

[Xt < 0, Xs ≥ xε
t ∀ s ≤ t− 1]

≥
∫ x3ε

t

xε
t

Px2ε
t

[Xt < 0, Xs ≥ xε
t ∀ s ≤ t− 1 |Xt−1 = z] pXt−1(x2ε

t , z)dz

≥ Px3ε
t

[X1 < 0] Px2ε
t

[
Xs ≥ xε

t ∀ s ≤ t− 1, Xt−1 ≤ x3ε
t

]
.

We bound each of these terms separately. First, noting that x3ε
t −x2ε

t ≥ x2ε
t −xε

t , and
by the Mean Value Theorem x2ε

t − xε
t ≥ ε log t xε

t ,

Px2ε
t

[
Xs ≥ xε

t ∀ s ≤ t− 1, Xt−1 ≤ x3ε
t

]
≥ P0

[
xε

t − x2ε
t ≤ Xs ≤ x3ε

t − x2ε
t ∀ s ≤ t− 1

]
≥ P0

[
|Xs| ≤ x2ε

t − xε
t ∀ s ≤ t− 1

]
≥ 2

3η1 exp
(

− η2(t− 1)
(x2ε

t − xε
t)α

)

≥ 2
3η1 exp

(
− η2(t− 1)
εαt1+εα(log t)αef(0)t

)
(6.23)

where the second to last inequality follows by Lemma 6.2.3 and since σ∗α = f(0). By
Lemma 6.2.2,

Px3ε
t

[X1 < 0] ≥ B−1

2α (x3ε
t )−α. (6.24)

Combining (6.23) and (6.24) gives

Px2ε
t

[Xt < 0, Xs ≥ xε
t ∀ s ≤ t− 1]

≥ η1B
−1

3α t−1−3εα exp
(

−f(0)t− η2(t− 1)
εαt1+εα(log t)αef(0)t

)
≥ Ct−1−3εα exp

(
−f(0)t− 1

2

)
(6.25)
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where C := η1B−1

3α
and the final line holds by increasing T if necessary, thereby

bounding the second term of (6.22).
Next, we find a lower bound for

Ex2ε
t

[
exp

(∫ t−1

0
f(u(t− s,Xs))ds

)∣∣∣∣Xs ≥ xε
t ∀ s ≤ t− 1

]
.

By Proposition 6.4.1, there exists constants A1, A2 > 0 such that, for any y ≥ 0 and
s ∈ [0, t), if

D(t, s) := A1
(t− s)ef(0)(t−s)

(xε
t − xt)α

+ A2

t

then u(t − s, xε
t + y) ≤ D(t, s). Note that, by assumption (6.3) and the Mean Value

Theorem, there exists κ > 0 such that f(u) ≥ f(0) − κu for all u ∈ [0, 1]. Therefore
for T sufficiently large and t ≥ T

Ex2ε
t

[
exp

(∫ t−1

0
f(u(t− s,Xs))ds

)∣∣∣∣Xs ≥ xε
t ∀ s ≤ t− 1

]
≥ exp

(∫ t−1

0
f(0) − κD(t, s)ds

)
= exp

(
(t− 1)f(0) − κ

∫ t−1

0
f(0)

(
A1

(t− s)ef(0)(t−s)

(xε
t − xt)α

+ A2

t

)
ds

)

≥ exp
(

(t− 1 − κA2)f(0) + κA1

f(0)(xε
t − xt)α

[
ef(0)(f(0) − 1) + etf(0)(1 − tf(0))

])
≥ exp

(
(t− 1 − κA2)f(0) − 1

2

)
(6.26)

using that (xε
t − xt)α ≥ εαt(log t)αef(0)t so the last line holds by increasing T as

necessary. Substituting (6.25) and (6.26) into (6.22) gives us

u(t, x2ε
t ) ≥ m̃Ce−(1+κA2)f(0)−1 t−1−3εα.

Clearly for any δ > 0 and T (δ) sufficiently large the latter is bounded below by
t−δ−1−3εα for all t ≥ T , proving the result. □

Equipped with Lemma 6.4.2, we can prove our first lower bound for u over a large
region.

Proposition 6.4.3. There exists K,T ′,m∗ > 0 such that, for all t ≥ T ′, u(t, x) > m∗

for all x ≤ t−Keσ∗t.

Proof. Fix ε, δ > 0. By Lemma 6.4.2, there exists T = T (ε, δ) > 0 such that
u(t, t 1

α
+2εeσ∗t) ≥ t−q for all t ≥ T , where q ≡ q(ε, δ) := 1 + δ + 3εα. Increase T
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if necessary so that T > 1 and T−q < z0(1/2) for z0 as in Lemma 6.3.4. Then by
Lemma 6.3.4, there exists C,R > 0, s0 ∈ [0, Cq log t] and y0 ∈ [−R,R] such that
u(t+s0, t

1
α

+2εeσ∗t +y0) ≥ 1
2 for all t ≥ T. By Lemma 6.3.5, there exists T̂ ,m > 0 such

that
u(t+ s0 + r, t

1
α

+2εeσ∗t + y0) ≥ m

for all r ≥ T̂ . That is, for all s ≥ Cq log t+ T̂ and t ≥ T ,

u(t+ s, t
1
α

+2εeσ∗t + y0) ≥ m.

By Lemma 6.3.3, there exists ε0 > 0 for which |u(t, x) − u(t, z)| < m
2 if |x − z| < ε0

and t ≥ 1. Therefore
u(t+ s, t

1
α

+2εeσ∗t + y) ≥ m

2
for all y ∈ [y0 − ε0, y0 + ε0]. By the Feynman–Kac formula and Lemma 6.2.2

u(t+ s+ 1, t 1
α

+2εeσ∗t) ≥ m

2 P0 [X1 ∈ [y0 − ε0, y0 + ε0]]

= m

2
2B−1ε0

1 + (|y0| + ε0)1+α

=: m′

for all s ≥ Cq log t + T̂ and t ≥ T . Choose N > 0 sufficiently large so that σ∗(Cq +
N) > 1

α
. By increasing T appropriately,

u(t+ (Cq +N) log t, t 1
α

+2εeσ∗t) ≥ m′ (6.27)

for all t ≥ T.

Let t ≥ T and define t′ := t+ c′ log t where c′ := Cq +N . Increase T if necessary
so that, if t ≥ T , c′ log t < t′/2. Then for all t ≥ T

t
1
α

+2εeσ∗t = (t′ − c′ log t) 1
α

+2εeσ∗(t′−c′ log t)

≥ 2− 1
α

−2ε(t′) 1
α

+2ε−c′σ∗
eσ∗t′

≥ (t′)−Keσ∗t′

for some K > 0, where, by our choice of N , we may assume ε is sufficiently small so
that 1

α
+ 2ε − c′σ∗ < 0, so the final line holds by increasing T if necessary. Define

yt′ := (t′ − c′ log t) 1
α

+2εeσ∗(t′−c′ log t). Then by (6.27) there exists T ′ > 0 such that

u(t′, yt′) ≥ m′

for all t′ ≥ T ′ where yt′ ≥ (t′)−Keσ∗t′
.

Let T > 0 and suppose s ≥ T ′ +T . Take y ∈ [yT ′ , s−Keσ∗s]. Since yt′ is continuous
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and increasing in t′, there exists T ′ ≤ r ≤ s such that y = yr, so u(r, y) ≥ m′.

Increasing T as needed, by Lemma 6.3.5 there exists m′′ > 0 such that u(s, y) ≥ m′′,

proving the result for large enough y.
Now suppose y < yT ′ . Recall by assumption (6.4) that m̃ := infx≤0 u0(x) > 0.

Therefore by the Feynman–Kac formula and Lemma 6.2.2

u(1, y) ≥ Ey [u0(X1)]

≥ m̃P0 [X1 ≤ −yT ′ ]

≥ m̃
B−1

2α y−α
T ′ .

It follows from Lemma 6.3.5 that there exists T ′′,m > 0 such that u(r, y) ≥ m for all
r ≥ 1 + T ′′. In particular, if s is sufficiently large, u(s, y) ≥ m. Combining this with
the above result, we conclude that there exists T > 0 and m∗ > 0 such that, for all
s ≥ T , u(s, y) ≥ m∗ for all y ≤ s−Keσ∗s. □

We now prove our final upper bound for u, which we state as a corollary to the
following proposition.

Proposition 6.4.4. Fix q > 4
f(0) and define zt := 1

2(q log t)−Ktqσ∗ for K as in Propo-
sition 6.4.3. For all ε > 0, there exists T = T (ε) > 0 and M = M(ε) > 0 such that,
for all t ≥ T , y > 0 and x ≥ Myeσ∗t,

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
< εy−α.

Using Proposition 6.4.4, it is straightforward to prove the following strengthened
version of Theorem 6.1.2 part (b).

Corollary 6.4.5. For all ε > 0, there exists T = T (ε) > 0 and M = M(ε) > 0 such
that, for all t ≥ T , y > 0 and x ≥ Myeσ∗t, u(t, x) < εy−α.

We begin with the proof of Proposition 6.4.4.

Proof of Proposition 6.4.4. Fix ε, y, T > 0. Suppose t ≥ T and x ≥ Myeσ∗t for some
M > 0 that will be determined in the course of this proof. We begin by defining
several constants that will be used throughout. First, by Proposition 6.4.3, there
exists T ′, K,m > 0 such that, for all t ≥ T ′, u(t, z) > m for all z ≤ t−Keσ∗t. Let
D := D1 +D2 where D1 > D2 and

D1 >
1

f(0) − f(m) , D2 >
4

f(0) . (6.28)
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It will be useful to rewrite zt as

zt := 1
2(D2 log t)−KtD2σ∗

. (6.29)

Finally, define

h(s) =

zt if s ≤ t−D log t
1
2

(
D2
D

(t− s)
)−K

eD2σ∗(t−s)/D if s > t−D log t.

Choose C ∈ (0, D log t) sufficiently large so that h(s) is decreasing over [0, t−C]. To
bound above the quantity Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
, we condition on the following

three events. Define

E :=
{
∃ s ∈ (0, t− C) : Xs ∈ [h(s), x− zt], Xt ≤ zt

2

}
F :=

{
∃ s ∈ (0, t− C) : Xs < h(s), Xr < [h(r), x− zt] ∀ r ≤ s, Xt ≤ zt

2

}
G :=

{
Xs > x− zt ∀ s ∈ [0, t− C], Xt ≤ zt

2

}
.

Clearly Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
≤ Ex

[
e
∫ t

0 f(u(t−s,Xs))ds (1E + 1F + 1G)
]
, so it suf-

fices to bound each of these terms separately. To better visualise these events see
Figure 6.2.

h(s)

x−zt

zt

s

x/2

t−D log t t−C

Figure 6.2: The graphs y = x− zt, y = x/2 and y = h(s)

We will see that, conditional on each of the events E, F , and G, either the Feynman–
Kac growth term

∫ t
0 f(u(t − s,Xs))ds will be small, or the probability of the event

we are conditioning on will be small; in both situations, we obtain an upper bound
for Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
. We begin by considering the event F . Note that
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F ⊆ F1 ∪ F2 where

F1 :=
{
∃ s ∈ (0, t−D log t] : Xs < zt, Xt ≤ zt

2

}
F2 :=

{
∃ s ∈ (t−D log t, t− C) : Xs < h(s), Xt ≤ zt

2

}
∩ {Xr ≥ h(r) ∀ r ∈ (0, t−D log t), Xv < [h(v), x− zt] ∀ v ≤ s} .

We first consider F1.

Claim 1. There exists T = T (ε) > 0 such that, for all t ≥ T ,

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F1

]
<

ε

8yα
.

Proof of Claim 1. We will show that when F1 occurs, Xs spends a substantial
amount of time (of order log t) in a region for which f(u(t − s,Xs)) is small, which
will give us the upper bound in Claim 1. To do this, we first show that, once Xs < zt

for some s ∈ (0, t − D log t], then with high probability, for a further O(log t) time,
the process stays below 2zt. By our choice of zt and Proposition 6.4.3, it will follow
that, with high probability, u(t− s,Xs) will be large for all s in an interval of length
O(log t), so f(u(t− s,Xs)) will be small over this interval.

Let T be as above and fix t ≥ T. Define τ1 := inf {s ≤ t : Xs < h(s)} . Decompose
F1 as F1 = F 1

1 ∪ F 2
1 where

F 1
1 :=

{
τ1 ≤ t−D log t, ∃ s ∈ [τ1, τ1 +D1 log t] : Xs > 2zt, Xt ≤ zt

2

}
F 2

1 :=
{
τ1 ≤ t−D log t, ∀ s ∈ [τ1, τ1 +D1 log t], Xs ≤ 2zt, Xt ≤ zt

2

}
.

We show that F 1
1 occurs with low probability. By the Strong Markov Property,

Px

[
F 1

1

]
= Ex

[
PXτ1

[
∃ s ≤ D1 log t : Xs > 2zt, Xt−τ1 ≤ zt

2

]
1{τ1≤t−D log t}

]
≤ Ex

[
PXτ1

[∃ s ≤ D1 log t : Xs > 2zt]1{τ1≤t−D log t}
]

≤ P0

[
sup

s∈(0,D1 log t)
|Xs| ≥ zt

]
Ex

[
1{τ1≤t−D log t}

]
(6.30)

where the last line follows since Xτ1 < zt by definition of τ1 and h. By Lemma 6.2.3
part (a) and definition of zt (6.29), and recalling that σ∗α = f(0), there exists γ > 0
such that

P0

[
sup

s∈(0,D1 log t)
|Xs| ≥ zt

]
≤ 4e− zt

2 + γD1z
− α

2
t log t

= 4 exp
(

− tσ
∗D2

4(D2 log t)K

)
+ 2α

2 γD1D
Kα

2
2 (log t)Kα

2 +1t−
f(0)D2

2

≤ B1(log t)Kα
2 +1t−

f(0)D2
2 (6.31)
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for some B1 > 0 where we increase T if necessary for the last inequality to hold for
all t ≥ T . Also,

Ex

[
1{τ1≤t−D log t}

]
≤ Px [∃ s ∈ (0, t) : Xs < zt]

≤
⌊t⌋∑
j=0

(
Px

[
Xj ≤ x

2

]
+ Px

[
sup

s∈[j,j+1]
|Xj −Xs| ≥ x

2 − zt

])

≤
⌊t⌋∑
j=0

(
2αB

α(My)α

j

ef(0)t + P0

[
sup

s∈[0,1]
|Xs| ≥ My

2 e
σ∗t − zt

])

≤ 2αB

α(My)α

t2

ef(0)t + tP0

[
sup

s∈[0,1]
|Xs| ≥ My

2 e
σ∗t − zt

]
(6.32)

where we have used in the second inequality that x > Myeσ∗t. Increase T if necessary
so that, for all t ≥ T , My

2 e
σ∗t − zt >

My
4 e

σ∗t. Then by Lemma 6.2.3 part (a), where
we set w = M2y2e2σ∗t

32f(0)t , we have

P0

[
sup

s∈[0,1]
|Xs| ≥ My

2 e
σ∗t − zt

]
≤ P0

[
sup

s∈[0,1]
|Xs| ≥ My

4 e
σ∗t

]

≤ 4e−f(0)t + γ

(My)α
(32f(0)t)α

2 e−f(0)t

≤ B2t
α
2 e−f(0)ty−α (6.33)

for some B2 > 0 where the last line follows by increasing T if necessary. Combining
(6.32) and (6.33), there exists T > 0 and B3 > 0 such that, for all t ≥ T ,

Ex

[
1{τ1≤t−D log t}

]
≤ B3t

2e−f(0)ty−α. (6.34)

Substituting (6.31) and (6.34) into (6.30) yields

Px

[
F 1

1

]
≤ B1B3(log t)Kα

2 +1t2− f(0)D2
2 e−f(0)ty−α (6.35)

for all t ≥ T .
We now turn to the event F 2

1 . Increase T if necessary so that for all t ≥ T ,
D2 log t ≥ T ′ for T ′ as in Proposition 6.4.3. Then by Proposition 6.4.3 and our choice
of zt, if F 2

1 occurs, u(t−r,Xr) > m for all r ∈ [τ1, τ1 +D1 log t]. To see this, note that
since τ1 ∈ [0, t−D log t] and D = D1 +D2, r ∈ [0, t−D2 log t]. Increase T if necessary
to ensure that, for t ≥ T , (t − r)−Keσ∗(t−r) is decreasing in r for r ∈ [0, t − D2 log t].
Then

(t− r)−Keσ∗(t−r) ≥ (D2 log t)−Keσ∗D2 log t = 2zt.
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In particular, for any r ∈ [τ1, τ1 + D1 log t], Xr ≤ 2zt implies Xr ≤ (t − r)−Keσ∗(t−r)

and Proposition 6.4.3 gives us that u(t − r,Xr) > m. Since f is decreasing by
assumption (6.3), f(u(t− r,Xr)) ≤ f(m) for all such r. Therefore by (6.35)

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F1

]
≤ ef(0)tPx

[
F 1

1

]
+ ef(0)(t−D1 log t)+f(m)D1 log tPx[Xt ≤ zt

2 ]

≤ B1B3(log t)Kα
2 +1t2− f(0)D2

2 y−α + B2α

α(My)α
t1+D1(f(m)−f(0))

<
ε

8yα

where in the second inequality we increase T if necessary and use Lemma 6.2.2 and
that x ≥ Meσ∗t. The final inequality follows by our choice of D1 and D2 in (6.28)
where we increase T = T (ε) if necessary. ■

We now consider the event F2, recalling that

F2 :=
{
∃ s ∈ (t−D log t, t− C) : Xs < h(s), Xt ≤ zt

2

}
∩ {Xr ≥ h(r) ∀ r ∈ (0, t−D log t), Xv < [h(v), x− zt] ∀ v ≤ s} .

Claim 2. There exists T = T (ε) > 0 and M = M(ε) > 0 such that, for all t ≥ T

and x ≥ Myeσ∗t

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F2

]
<

ε

8yα
.

Proof of Claim 2. First, note that Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F2

]
≤ ∑⌊D log t⌋

j=C Aj where

Aj := Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1∃s∈[t−j−1,t−j]:Xs<h(s)1Xt≤ zt

2
1Xt−j−1≥x−zt1Xr<[h(r),x−zt] ∀ r≤s

]
.

Conditional on the event Aj, the first time the stable process satisfies Xs < h(s) is
at a time s ∈ [t − j − 1, t − j], and to arrive at this location, the stable process had
to jump over the region between y = h(s) and y = x− zt.

Let τj := inf{s ≥ t− j − 1 : Xs ≤ h(s)}. By the Strong Markov Property at time
τj,

Aj ≤ Ex

[
e(t−j)f(0)

1Xt−j−1≥x−zt1τj≤t−j1Xs < [h(s),x−zt] ∀ s ≤ τj

· EXτj

[
e
∫ t−τj

0 f(u(t−τj−s,Xs))ds
1Xt−τj ≤ zt

2

]]
. (6.36)

To control the inner expectation in (6.36), we will show that, with high probability,
once the stable process has gone below the curve h(s), it remains for a period of time
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in a region for which f(u(t− τj − s,Xs)) is strictly smaller than its maximum value.
To this end, let l ∈ [j, j + 1], y ≤ h(t− j − 1) and consider

Ey

[
e
∫ l

0 f(u(l−s,Xs))ds
1Xl ≤ zt

2

]
≤ Ey

[
e
∫ l

0 f(u(l−s,Xs))ds
1Xl ≤ zt

2
1

Xs ≤ y+exp(σ∗j
4 ) ∀ s ≤ l

2

]

+ elf(0)P0

 sup
0≤s≤ j+1

2

|Xs| > exp
(

σ∗j
4

) . (6.37)

We have introduced the (deterministic) variables l and y to simplify the coming
calculations. Later, we will use t − τj is place of l and Xτj

in place of y. We will
bound the first term on the right hand side of (6.37) by showing that, if Xs ≤ y+eσ∗j/4

for all s ≤ l/2, then Xs ≤ (l−s)−Keσ∗(l−s) for all s ≤ l/2 and Proposition 6.4.3 applies.
This provides us with an upper bound on the Feynman–Kac growth term. We will
see that the second term on the right hand side of (6.37) occurs with low probability.
The resulting bound for (6.37) will then be substituted back into (6.36) to give us an
upper bound that is summable in j.

Before bounding the terms in (6.37), we show that for all integers C ≤ j ≤
⌊D log t⌋, as long as C is large enough,

2h(t− j − 1) ≤ eσ∗j/2

(j + 1)K
. (6.38)

It will then follow immediately that, as long as C is large enough, for all s ≤ l/2 and
all integers C ≤ j ≤ ⌊D log t⌋,

h(t− j − 1) + e
σ∗
4 j ≤ (l − s)−Keσ∗(l−s). (6.39)

First consider the case when C ≤ j ≤ ⌊D log t⌋ − 1. Then, by definition of f , (6.38)
will hold if

(j + 1)−K eσ∗j/2 ≥
(

D2
D

(j + 1)
)−K

e
D2
D

σ∗(j+1).

Since D2 < D1,
D2
D

< 1
2 so σ∗j

(
1
2 − D2

D

)
> 0 if C is large enough. Therefore the

previous inequality holds by increasing C as necessary. This proves (6.38) in the case
of j ≤ ⌊D log t⌋ − 1. Now suppose j = ⌊D log t⌋. Then (6.38) holds if

(D2 log t)−KtD2σ∗ ≤ e−σ∗/2t
σ∗D

2

(D log t+ 1)K

which clearly holds for T sufficiently large since D
2 > D2. So (6.38), and hence (6.39)

hold by choosing C and T sufficiently large.
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Increase C if necessary so that C ≥ 2T ′ for T ′ as in Proposition 6.4.3. Then
l − s ≥ T ′ so by (6.39) and Proposition 6.4.3, there exists m ∈ (0, 1] such that, for
δ < (f(0) − f(m)) ∧ f(0)

4 ,

Ey

[
e
∫ l

0 f(u(l−s,Xs))ds
1Xl ≤ zt

2

]
≤ Ey

[
e
∫ l

0 f(u(l−s,Xs))ds
1Xl ≤ zt

2
1

Xs ≤ y+exp(σ∗j
4 ) ∀ s ≤ l

2

]

+ elf(0)P0

 sup
0≤s≤ j+1

2

|Xs| > exp
(

σ∗j
4

)
≤ e

l
2 f(0)+ l

2 (f(0)−δ) + elf(0)
(

4e− 1
2 eσ∗j/4 + γ

2 (j + 1)e−f(0)j/8
)

≤ B4e
j(f(0)−δ/2)

for some B4 > 0, where in the second inequality we apply Lemma 6.2.3 part (a)
(which gives the stated bound by increasing C if necessary so that j+1

2 e−f(0)j/8 < 1
for all j ≥ C). The last inequality follows by our choice of δ and increasing C if
necessary. Substituting this into (6.36), we obtain

Aj ≤ B4e
tf(0)−jδ/2Px [Xt−j−1 ≥ x− zt, τj ≤ t− j, Xs < [h(s), x− zt] ∀ s ≤ τj]

≤ B4e
tf(0)−jδ/2Px [∃s ∈ [t− j − 1, t− j] : |Xs −Xs−| ≥ x− zt − h(t− j − 1)]

≤ B5e
tf(0)−jδ/2x−α

≤ B5(My)−αe−jδ/2

for some B5 > 0, where we use Lemma 2.1.8 and increase T if necessary. Therefore

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F2

]
≤ B5(My)−α

⌊D log t⌋∑
j=C

e−δj/2

≤ (My)−αB5e
−δC/2

1 − e−δ/2

<
ε

8yα

by increasing M(ε) if necessary. ■

Combining Claim 1 and Claim 2, and increasing T and M if necessary, we conclude
that for all t ≥ T and x ≥ Myeσ∗t

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1F

]
<

ε

4yα
. (6.40)

We now turn our attention to the event

E =
{
∃ s ∈ (0, t− C) : Xs ∈ [h(s), x− zt], Xt ≤ zt

2

}
.
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Let τ2 := inf{s ≥ 0 : Xs ∈ [h(s), x− zt]}. We consider separately the events

E1 :=
{
τ2 ≤ t−D log t,Xt ≤ zt

2

}
E2 :=

{
τ2 ∈ (t−D log t, t− C), Xt ≤ zt

2

}
and note that E = E1 ∪E2. We start by considering the event E1 and a subset of E2

in Claim 3.

Claim 3. There exists T = T (ε) > 0 such that, for all t ≥ T and x ≥ Myeσ∗t

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E1

]
<

ε

8yα
and Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E2∩{Xτ2 ≥ x

2 }

]
<

ε

8yα
.

Proof of Claim 3. We show that E1 occurs with low probability because the stable
process starting at x is unlikely to reach the negative half line via an intermediate
jump into the region [h(s), x − zt]. First note that, by the Strong Markov Property
at time τ2,

Px[E1] = Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2≤t−D log t

]
≤ Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2≤t−D log t1Xτ2 ∈[zt,

x
2 ]
]

+ Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2≤t−D log t1Xτ2 ∈[x

2 ,x−zt]
]
. (6.41)

We bound each of these terms separately. By Lemma 6.2.2, Lemma 6.2.3 and since
x > Myeσ∗t,

Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2≤t−D log t1Xτ2 ∈[zt,

x
2 ]
]

≤ Ex

[
Pzt

[
Xt−τ2 ≤ zt

2

]
1τ2≤t1Xτ2 ∈[zt,

x
2 ]
]

≤ 2αB

α

t

zα
t

Px

[
∃ s ∈ [0, t] : Xs ≤ x

2

]
≤ 2αB

α

t

zα
t

P0

[
sup

s∈(0,t)
|Xs| ≥ x

2

]

≤ 2αB

α

te−f(0)t

zα
t

(
4 + γt(8f(0)t)α

2
)

≤ B6
t2+ α

2

zα
t ef(0)t

= B6
2α(D2 log t)Kα

tD2f(0)−2− α
2 ef(0)t

≤ B6y
−α 2α(D2 log t)Kα

tD2f(0)−3− α
2 ef(0)t (6.42)
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for some B6 > 0 provided T is sufficiently large. By similar arguments,

Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2≤t−D log t1Xτ2 ∈[ x

2 ,x−zt]
]

≤ 2αB

α

t

(x− zt)α

(
4e− zt

2 + γtz
− α

2
t

)

≤ B7y
−α 1
ef(0)t

(D2 log t)K α
2

t
f(0)D2

2 −2
(6.43)

for some B7 > 0 provided T is sufficiently large. Substituting (6.42) and (6.43) back
into (6.41), and using that f(u(t, z)) ≤ f(0) for all t ≥ 0, z ∈ R, we have that there
exists B8 > 0 such that for any ε > 0

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E1

]
≤ B8y

−α

(
(log t)Kα

tD2f(0)−3− α
2

+ (log t)K α
2

t
f(0)D2

2 −2

)

<
ε

8yα

for all t ≥ T for T = T (ε) sufficiently large, using our choice of D2 from (6.28). This
proves the first part of the claim. By similar arguments as those used to obtain (6.43),
and increasing T if necessary,

Px

[
E2 ∩ {Xτ2 ≥ x

2 }
]

≤ Ex

[
PXτ2

[
Xt−τ2 ≤ zt

2

]
1τ2∈(t−D log t,t−C)1Xτ2 ∈[ x

2 ,x−zt]
]

≤ B8y
−αe−f(0)t (log t)1+ Kα

2

t
f(0)D2

2 −1

<
ε

8yα

by our choice of D2, so the second part of the claim holds. ■

It remains to consider the event

E2 ∩ {Xτ2 <
x
2 } =

{
τ2 ∈ (t−D log t, t− C), Xt ≤ zt

2

}
∩ {Xτ2 <

x
2 }

where τ2 := inf{s ≥ 0 : Xs ∈ [h(s), x− zt]}.

Claim 4. There exists T = T (ε) > 0 and M = M(ε) > 0 such that, for all t ≥ T

and x ≥ Meσ∗t

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1

E2∩{Xτ2 <
x
2 }

]
<

3ε
8yα

.

Proof of Claim 4. We decompose E2 ∩ {Xτ2 <
x
2 } into the union E1

2 and E2
2 where

E1
2 := E2 ∩ {Xτ2 <

x
2 } ∩ {Xs > x− zt∀ s ≤ τ2}

E2
2 := E2 ∩ {Xτ2 <

x
2 } ∩ {∃s < τ : Xs < h(s)}.
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Note that E2
2 ⊂ F , so by (6.40) and increasing T and M as necessary,

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E2

2

]
<

ε

4yα
. (6.44)

It remains to consider the event E1
2 . First, note that

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E1

2

]
≤

⌊D log t⌋∑
j=C

Âj

where

Âj := ef(0)tEx

[
1τ2∈[t−j−1,t−j]1Xτ2 ∈[h(τ2), x

2 ]1{Xs>x−zt∀ s≤τ2}1Xt<
zt

2

]
.

By Lemmas 6.2.2 and 2.1.8, and recalling that σ∗α = f(0),

Âj ≤ ef(0)tEx

[
PXτ2

[
Xt−τ2 <

zt

2

]
1τ2∈[t−j−1,t−j]1Xτ2 ∈[h(τ2), x

2 ]1{Xs>x−zt∀ s≤τ2}

]
≤ B

α
ef(0)t j + 1

(h(t− j) − zt

2 )α
P
[
∃s ≤ 1 : |Xs −Xs−| > x

2 − zt

]
≤ B9e

f(0)t j + 1
h(t− j)α

1
xα

≤ B92α
(

D2
D

)Kα
ef(0)tjKα j + 1

e
D2
D

f(0)j

1
(My)αef(0)t

for some B9 > 0 using that h(s) − zt

2 ≥ h(s)
2 for all s ≤ t. Set B10 := B92α

(
D2
D

)Kα
.

Then

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1E1

2

]
≤ B10(My)−α

⌊D log t⌋∑
j=C

(j + 1)jKα

e
D2
D

f(0)j

≤ B10(My)−α
⌊D log t⌋∑

j=C

e− D2
2D

f(0)j

≤ B10(My)−α e− D2
2D

f(0)C

1 − e− D2
2D

f(0)

<
ε

8yα

where the second inequality follows by increasing C if necessary and the final line
follows by choosing M = M(ε) sufficiently large. This and (6.44) prove the claim. ■

Finally, we consider Px[G] where we recall that

G :=
{
Xs > x− zt ∀ s ∈ [0, t− C], Xt ≤ zt

2

}
.
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Increase T if necessary so that x
2 >

3zt

2 for all t ≥ T . Then by the Markov Property
at time t− C,

ef(0)tPx[G] ≤ ef(0)tPx−zt [XC ≤ zt

2 ]

≤ ef(0)tB

α

C(
1
2x
)α

≤ 2αBC

α(My)α

<
ε

8yα

where the last line follows by choosing M sufficiently large.
In summary, we have shown that

Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
≤ Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
(
1F1 + 1F2 + 1E1 + 1E2∩{Xτ2 ≥ x

2 } + 1E2∩{Xτ2 < x
2 } + 1G

)]
<

ε

yα
. □

Finally, we prove Corollary 6.4.5, thereby proving part (b) of Theorem 6.1.2.

Proof of Corollary 6.4.5. Fix ε > 0 and y > 0. Let T = T (ε/2) and M = M(ε/2)
be as in the statement of Proposition 6.4.4. Suppose t ≥ T and x ≥ Myeσ∗t. Re-
call that zt := 1

2(q log t)−Ktqσ∗ for q > 4
f(0) . Then, by the Feynman–Kac formula,

Proposition 6.4.4 and assumptions (6.3) and (6.4)

u(t, x) ≤ Ex

[
e
∫ t

0 f(u(t−s,Xs))ds
1Xt≤ zt

2

]
+ ef(0)t Ex

[
C0

(1 +Xt)α

(
1Xt∈( zt

2 , x
2 −1) + 1Xt≥ x

2 −1

)]

<
ε

2yα
+ C0e

f(0)t

( zt

2 + 1)α

2αBt

αxα
+ 2αC0e

f(0)t

xα

using that Px

[
Xt ∈

(
zt

2 ,
x
2 − 1

)]
≤ P0

[
Xt < −x

2 − 1
]

≤ 2αBt
αxα by Lemma 6.2.2. By

definition of zt we may increase T if necessary so that ( zt

2 + 1)−α ≤ t1−qf(0) for all
t ≥ T , where we recall that σ∗α = f(0). Therefore, since x ≥ Myeσ∗t, for all t ≥ T

u(t, x) ≤ ε

2yα
+ 2αC0B

α(My)α

1
tqf(0)−2 + 2αC0

(My)α
.

By assumption, qf(0) − 2 > 0, and the result follows by increasing T and M as
necessary. □
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It remains to prove part (a) of Theorem 6.1.2. We mimic our earlier proof of the
lower bound for u given in Proposition 6.4.3, which relied on first proving that u was
bounded below at a particular point (this was Lemma 6.4.2).

Lemma 6.4.6. For all ε > 0 here exists M = M(ε), T = T (ε), ρ = ρ(ε) > 0 such
that, for all t ≥ T

u(t, 2Meσ∗t) ≥ ρ.

Proof. Let ε > 0 and M = M(ε) be as in Corollary 6.4.5. Using the Feynman–Kac
formula and assumption (6.4),

u(t, 2Meσ∗t) ≥ m̃E2Meσ∗t

[
exp

(∫ t−1

0
f(u(t− s,Xs))ds

)∣∣∣∣Xs ≥ Meσ∗t ∀ s ≤ t− 1
]

· P2Meσ∗t

[
Xt < 0, Xs ≥ Meσ∗t ∀ s ≤ t− 1

]
. (6.45)

We begin by bounding the latter probability. Following the proof of Lemma 6.4.2,

P2Meσ∗t

[
Xt < 0, Xs ≥ Meσ∗t ∀ s ≤ t− 1

]
≥ P3Meσ∗t [X1 < 0] P2Meσ∗t

[
Xs ≥ Meσ∗t ∀ s ≤ t− 1, Xt−1 ≤ 3Meσ∗t

]
.

We bound each of these terms separately. First, recalling that σ∗α = f(0),

P2Meσ∗t

[
Xs ≥ Meσ∗t ∀ s ≤ t− 1, Xt−1 ≤ 3Meσ∗t

]
≥ P0

[
|Xs| ≤ Meσ∗t ∀ s ≤ t− 1

]
≥ 2

3η1 exp
(

−η2(t− 1)
Mαef(0)t

)
(6.46)

where the second to last inequality follows by Lemma 6.2.3. By Lemma 6.2.2,

P3Meσ∗t [X1 < 0] ≥ B−1

2α (3Meσ∗t)−α. (6.47)

Combining (6.46) and (6.47) gives us

P2Meσ∗t

[
Xt < 0, Xs ≥ Meσ∗t ∀ s ≤ t− 1

]
≥ B6 exp

(
−f(0)t− η2(t− 1)

Mαef(0)t

)

where B0 := η1B−1

3α
(3M)−α.

It remains to bound the expected value from (6.45). By Proposition 6.4.4 and our
choice of M , there exists T = T (ε) > 0 such that, for all t ≥ T and x ≥ Myeσ∗t,
u(t, x) < εy−α. In particular, if x ≥ Myeσ∗t then for all s ≤ t, u(t − s, x) < εe−f(0)s.
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Recall that, by assumption (6.3) and the Mean Value Theorem, there exists κ > 0
such that f(u) ≥ f(0) − κu for all u ∈ [0, 1]. Therefore for all t ≥ T

E2Meσ∗t

[
exp

(∫ t−1

0
f(u(t− s,Xs))ds

)∣∣∣∣Xs ≥ Meσ∗t ∀ s ≤ t− 1
]

≥ E2Meσ∗t

[
exp

(∫ t−1

0
f(0) − κεe−f(0)s

)
ds

∣∣∣∣Xs ≥ Meσ∗t ∀ s ≤ t− 1
]

≥ exp
(
f(0)(t− 1) + κε

(
e−f(0)(t−1) − 1

))
.

Combining this with our earlier bound, (6.45) becomes

u(t, 2Meσ∗t) ≥ B0 exp
(

−f(0) − η2(t− 1)
Mαef(0)t + κε

(
e−f(0)(t−1) − 1

))

for all t ≥ T , so the result follows from some ρ(ε) > 0 by increasing T if necessary. □

Finally, we can prove part (a) of Theorem 6.1.2.

Proposition 6.4.7. For all ε > 0 there exists T = T (ε), N = N(ε) > 0 and m∗ =
m∗(ε) > 0 such that, for all t ≥ T , u(t, x) > m∗ for all x ≤ Neσ∗t.

Proof. By Lemma 6.4.2, there exists T = T (ε), M = M(ε) and ρ = ρ(ε) for which
u(t, 2Meσ∗t) ≥ ρ for all t ≥ T . Let T > 0 and suppose s ≥ T + T . Take y ∈
[2Meσ∗T , 2Meσ∗s]. Then there exists T ≤ r ≤ s such that y = 2Meσ∗r, so u(r, y) ≥ ρ.

Increasing T as needed, by Lemma 6.3.5 there exists m = m(ε) > 0 such that
u(s, y) ≥ m for all s ≥ T + T proving the result for large enough y.

Now suppose y < 2Meσ∗T . By the Feynman–Kac formula and Lemma 6.2.2,

u(1, y) ≥ Ey [u0(X1)]

≥ m̃P0
[
X1 ≤ −2Meσ∗T

]
≥ m̃

B−1

2α (2Meσ∗T ′)−α.

Therefore by Lemma 6.3.5, there exists T ′,m > 0 such that u(r, y) ≥ m for all r ≥ T ′.

In particular, if s is sufficiently large, u(s, y) ≥ m. Combining this with the above
case gives us the result. □

6.5 Proof of Theorem 6.1.3

We now proceed with the proof of Theorem 6.1.3, restated here for convenience.

Theorem 6.1.3. Suppose u is a solution to (6.1) and f is defined as in (6.2). Assume
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f and u0 satisfy (6.3) and (6.4), respectively. Let σ∗ := f(0)
α

and ε > 0. There exists
Tε > 0 and Cε > 0 such that, for all t ≥ Tε,

{x ≤ Cεe
σ∗t} ⊆ {x ∈ R : u(t, x) > 1 − ε}.

To begin, we will describe the growth of solutions from time t to time t + 1. A
straightforward corollary of this result, Corollary 6.5.2, will enable us to prove The-
orem 6.1.3.

Proposition 6.5.1. Fix k > 1, δ ∈ (0, 1), m ∈ (0, 1 − 2δ), and t ≥ 0. Fix x0 ∈ R.
There exists R0 = R0(δ) > 0 and Cδ > 1 such that, for any R ≥ R0, if u(t, x) ≥ m for
all x ∈ [x0−Rk, x0+Rk], then u(t+1, z) ≥ Cδm for all z ∈ [x0−Rk+R, x0+Rk−R].

Proof. Fix δ ∈ (0, 1) and m ∈ (0, 1 − 2δ). Define

ε := min (δ, inf{f(u) : u ∈ [0, 1 − δ]}) > 0.

For reasons that will become clear in the course of this proof, we fix R0 > 2 sufficiently
large so that

(1 + ||f ||∞) 2B
αRα

0
<

ε

24B and
(

1 − 2α+1B

αRα
0

)2

> 1 − ε

24B (6.48)

where B is as in Lemma 6.2.2 and we understand ||f ||∞ to mean the supremum norm
of f ∈ C([0, 1]).

Choose R ≥ R0. Suppose that u(t, x) ≥ m for all x ∈ [x0 −Rk, x0 +Rk] for some
k > 1. Take z ∈ [x0 −Rk +R, x0 +Rk −R]. By the Feynman–Kac formula,

u(t+ 1, z) = Ez

[
e
∫ 1

0 f(u(t+1−s,Xs))dsu(t,X1)
]
. (6.49)

We will find a lower bound for (6.49) by considering the following two cases:

Case (1): For all r ∈ [1
2 ,

3
4 ],

∫ 1

−1
1u(t+r,y+z)>1−δ dy < 1;

Case (2): There exists t∗ ∈ [1
2 ,

3
4 ] such that

∫ 1

−1
1u(t+t∗,y+z)>1−δ dy ≥ 1.
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We begin with Case (1). Equation (6.49) becomes

u(t+ 1, z) ≥ mEz

[
e
∫ 1

0 f(u(t+1−s,Xs))ds
1|X1−x0|≤Rk

]
≥ mEz

[(
1 +

∫ 1

0
f(u(t+ 1 − s,Xs))ds

)
1|X1−x0|≤Rk

]
= mPz [|X1 − x0| ≤ Rk] +mEz

[∫ 1

0
f(u(t+ 1 − s,Xs))ds

]
−mEz

[(
1 − 1|X1−x0|≤Rk

) ∫ 1

0
f(u(t+ 1 − s,Xs))ds

]
≥ mPz [|X1 − x0| ≤ Rk] +m

∫ 1

0
Ez [f(u(t+ 1 − s,Xs))] ds

−mEz

[
1|X1−x0|>Rk ||f ||∞

]
. (6.50)

Now, for s ∈ [0, 1], by definition of ε

Ez [f(u(t+ 1 − s,Xs))] ≥ εPz [u(t+ 1 − s,Xs) ≤ 1 − δ] ,

so (6.50) becomes

u(t+ 1, z) ≥ m (1 − (1 + ||f ||∞)Pz [|X1 − x0| > Rk])

+ εm
∫ 1

0
Pz [u(t+ 1 − s,Xs) ≤ 1 − δ] ds. (6.51)

Now, for s ∈ [1
4 ,

1
2 ], by Lemma 6.2.2 and our assumption from Case (1),

Pz [u(t+ 1 − s,Xs) ≤ 1 − δ] ≥
∫ ∞

−∞

B−1

s
1
α + s−1|y|1+α

1u(t+1−s,y+z)≤1−δ dy

≥ B−1

3

∫ 1

−1
1u(t+1−s,y+z)≤1−δ dy

≥ B−1

3 .

By Lemma 6.2.2 again, and since z ∈ [x0 −Rk +R, x0 +Rk −R],

Pz [|X1 − x0| > Rk] ≤ P0 [|X1| > R]

≤ 2B
α
R−α.

Therefore (6.51) becomes

u(t+ 1, z) ≥ m
(

1 − (1 + ||f ||∞) 2B
αRα

)
+ εm

1
4
B−1

3 ,

which is our lower bound for Case (1).
Now we consider Case (2), where t∗ ∈ [1

2 ,
3
4 ] satisfies

∫ 1
−1 1u(t+t∗,y+z)>1−δ dy ≥ 1.
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Note that, for all y with |y+ z−x0
2 | ≤ Rk

2 , by the Feynman–Kac formula, and recalling
that |z − x0| ≤ Rk −R

u(t+ t∗, y + z) ≥ Ey+z [u(t,Xt∗)]

≥ mP0 [|Xt∗ + y + z − x0| ≤ Rk]

≥ mP0
[
|Xt∗| ≤ Rk − |z−x0|

2 − |y + z−x0
2 |

]
≥ mP0

[
|Xt∗| ≤ Rk

2 − |z−x0|
2

]
≥ mP0

[
|Xt∗| ≤ R

2

]
≥ m

(
1 − 2α+1B

αRα

)
=: mR

where in the final inequality we apple Lemma 6.2.2. By assumption, 1 − δ > mR.
Note that, if |y| ≤ R

2 , then |y + z−x0
2 | ≤ Rk

2 . Therefore by the Feynman–Kac formula

u(t+ 1, z) ≥ Ez [u(t+ t∗, X1−t∗)]

≥
∫ R

2

− R
2

pX1−t∗ (y)
(
(1 − δ)1u(t+t∗,y+z)>1−δ +mR1u(t+t∗,y+z)≤1−δ

)
dy

≥
∫ 1

−1
pX1−t∗ (y)

(
(1 − δ)1u(t+t∗,y+z)>1−δ +mR

(
1 − 1u(t+t∗,y+z)>1−δ

))
dy

+
∫

[− R
2 , R

2 ]\[−1,1]
mR pX1−t∗ (y)dy

=
∫ 1

−1
pX1−t∗ (y)

(
(1 − δ −mR)1u(t+t∗,y+z)>1−δ +mR

)
dy

+
∫

[− R
2 , R

2 ]\[−1,1]
mR pX1−t∗ (y)dy

= (1 − δ −mR)
∫ 1

−1
pX1−t∗ (y)1u(t+t∗,y+z)>1−δ dy +mRP0

[
|X1−t∗| ≤ R

2

]
≥ (1 − δ −mR)B

−1

5

∫ 1

−1
1u(t+t∗,y+z)>1−δ dy +mR

(
1 − 2α+1B

αRα

)

≥ 1 − δ −m

5B +m

(
1 − 2α+1B

αRα

)2

where in the second to last inequality, we apply Lemma 6.2.2 and our assumption
from Case (2). The final inequality follows by definition of mR and since m > mR.
Therefore in Case (1) and Case (2) respectively, we have

u(t+ 1, z) ≥ m
(

1 − (1 + ||f ||∞) 2B
αRα

)
+ εm

12B (6.52)
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and

u(t+ 1, z) ≥ 1 − δ −m

5B +m

(
1 − 2α+1B

αRα

)2

. (6.53)

Recall that, by assumption, m ≤ 1 − 2δ and ε ≤ δ, therefore
1 − δ −m

5B ≥ δ

5B >
ε

12B.

This, together with (6.52), (6.53) and our choice of R > R0 in (6.48) gives us

u(t+ 1, z) ≥ min
(
m
(

1 + ε

24B

)
,
1 − δ −m

5B +m
(

1 − ε

24B

))

= m
(

1 + ε

24B

)
=: mCδ. □

Using Proposition 6.5.1, we can grow u to be arbitrarily close to one.

Corollary 6.5.2. Fix δ ∈ (0, 1), m ∈ (0, 1 − 2δ), x0 ∈ R and t ≥ 0. There exists
R0 = R0(δ) > 0, k∗ = k∗(δ,m) > 1 such that, for any R ≥ R0, if u(t, x) ≥ m for all
x ∈ [x0 −Rk∗, x0 +Rk∗], then u(t+ k∗ − 1, z) > 1 − 2δ for all z ∈ [x0 −R, x0 +R].

Proof. This follows immediately by setting k∗ = min
{
k ∈ N : mCk−1

δ > 1 − 2δ
}

in
Proposition 6.5.1. □

We are now able to prove Theorem 6.1.3.

Proof of Theorem 6.1.3. Recall that, by Proposition 6.4.7, there exists T,N > 0 and
m∗ > 0 such that, for all t ≥ T , u(t, x) > m∗ for all x ≤ Neσ∗t. Choose δ > 0
sufficiently small so that m∗ < 1 − 2δ. Let R0 = R0(δ) and k∗ = k∗(δ,m∗) be as in
Corollary 6.5.2. Increase T if necessary so that, for all t ≥ T , N

k∗ e
σ∗t ≥ R0. Then, by

Corollary 6.5.2, for all t ≥ T and x ∈
[
− N

k∗ e
σ∗t, N

k∗ e
σ∗t
]
, u(t + k∗ − 1, x) ≥ 1 − 2δ.

That is, for all t ≥ T + k∗ − 1 and x ∈
[
−Ne1−k∗

k∗ eσ∗t, Ne1−k∗

k∗ eσ∗t
]
, u(t, x) > 1 − 2δ.

Now suppose x < −Ne1−k∗

k∗ eσ∗t. Let R0 = R0(δ) be as above and define k0 :=
k∗
(
δ, m̃

2

)
> 1. Increase T if necessary so that, for all t ≥ T + k∗ − 1,

−Ne1−k∗

k∗ eσ∗t +
(2Bt
α

) 1
α

+R0k0 < 0.

By assumption (6.4) and the Feynman–Kac formula, for all z ∈ [x−R0k0, x+R0k0],
since |x+R0k0| ≥

(
2Bt
α

) 1
α ,

u(t, z) ≥ m̃Pz [Xt ≤ 0] ≥ m̃

(
1 − Bt

α|x+R0k0|α

)
≥ m̃

2 .
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Therefore by our choice of k0, Corollary 6.5.2 implies that u(t + k0 − 1, x) ≥ 1 − 2δ
for all t sufficiently large. In particular, we may increase T so that, for all t ≥ T ,
u(t, x) > 1 − 2δ, proving the result for all x ≤ Ne1−k∗

k∗ eσ∗t. □
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Chapter 7

Conclusion

In this thesis, we have used probabilistic techniques to obtain new results for frac-
tional reaction-diffusion equations. In doing so, we have improved results from the
PDE literature and demonstrated the effectiveness of our probabilistic approach. We
also believe our methods of proof to be valuable in of themselves, providing several
avenues for further research.

Our work on the fractional Allen–Cahn equation contributes to the literature in a
number of ways. In the deterministic setting, our main result, Theorem 3.1.5, states
that solutions of the fractional Allen–Cahn equation converges to mean curvature
flow under a family of possible scalings.1 To the best of our knowledge, this family
of scalings has not been considered before, and our result appears to be the first of
its kind in the fractional setting that explicitly states the speed of convergence and
interface width. The analogue of this result for the SΛFVS process, Theorem 3.1.11,
appears to be the first result to consider motion by mean curvature flow for the frac-
tional Allen–Cahn equation in the stochastic setting.

To prove Theorem 3.1.5, we represented stable processes as stable subordinated
Brownian motions. The central idea was to truncate these stable subordinators so
that we could more readily adapt work from the Brownian setting of [EFP17]. In
doing so, we have demonstrated how truncation can be used to translate results from
Gaussian to stable settings, in the context of voting systems for branching processes.

A natural extension of this work would be to find a more general class of reaction-
diffusion equations for which our results hold. For example, it should be straight-
forward to change the Allen–Cahn nonlinearity to another bistable function using
[O’D19], which tells us which nonlinearities enable a voting representation. Changing
the fractional Laplacian to the generator of another Feller process would, however, be

1Of course, we really mean ‘convergence as ε → 0 of solutions of the scaled fractional Allen–Cahn
equation to the indicator function of a set whose boundary follows motion by mean curvature flow’.
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more challenging. It may be possible to prove our result for a general class of subordi-
nated Brownian motions. One ambitious venture would be to unify the Brownian and
stable results into a single theorem, stated for subordinated Brownian motions, where
the interface width and speed of convergence would, presumably, depend on the tail
distribution of the diffusive term. A result of this form would include processes with
mixed Gaussian and stable behaviours, such as Lévy flights. Other pursuits include
proving our result in the case of I(ε) = ε or taking α ∈ (0, 1]; our method of proof
is not applicable in either case. In the stochastic setting, future work could be to
find the critical amount of noise for which mean curvature flow is preserved in the
limit, which has been accomplished in the Brownian setting [EGL22]. Additionally,
one might consider other models for the stochastic fractional Allen–Cahn equation
other than the SΛFVS process (or a variant of the SΛFVS process itself).

In our second body of work, we have used probabilistic techniques to find the
spreading speed of solutions to the fractional Fisher–KPP equation. This improves
the result of [CR13], which uses PDE techniques and the maximum principle. In con-
trast, the majority of our proof does not assume a maximum principle holds. In view
of this, and [Pen18],2 it should be possible to extend our work to reaction-diffusion
equations that do not satisfy a maximum principle, such as the fractional Fisher–KPP
equation with non-local nonlinearity. Future research might also include replacing the
fractional Laplacian in the fractional Fisher–KPP equation by a more general gen-
erator,3 or weakening the assumptions on our nonlinearity and initial condition. To
obtain a more biologically relevant result, one could also study the spreading speed of
a stochastic fractional Fisher–KPP equation. To date, rigorous results on this subject
are lacking, but simulation studies such as [HF14] suggest that the presence of noise
would drastically change our results.

2In [Pen18], the author estimates the spreading speed of a Fisher–KPP equation with non-local
nonlinearity using a Feynman–Kac representation of solutions.

3This is accomplished in [CR13], for a family of generators whose transition kernel satisfies a
power decay assumption.

132



Appendix A

Chapters 3-5 supplementary
material

A.1 Fixed points of g×

Proposition A.1.1. The function g× has fixed points u−,
1
2 , and u+, where

u− = 1
2 −

√
(1−bε)3(1−3bε)

2(1−bε)3 , u+ = 1
2 +

√
(1−bε)3(1−3bε)

2(1−bε)3 .

Proof. We aim to find a such that g×
(

1
2 + a

)
= 1

2 + a. Now,

g×
(

1
2 + a

)
= 3

(
(1 − bε)(1

2 + a) + bε

2

)2
− 2

(
(1 − bε)(1

2 + a) + bε

2

)3

= 2(bε − 1)3a3 + 3
2(1 − bε)a+ 1

2 .

Setting this equal to 1
2 + a we obtain the quadratic equation

2(1 − bε)3a2 + 3
2(1 − bε) = 0,

for which u− − 1
2 and u+ − 1

2 are clearly solutions. To see that g×(1
2) = 1

2 , note that

g×
(

1
2

)
= g

(
(1 − bε)1

2 + bε

2

)
= g

(
1
2

)
= 1

2 . □

A.2 Proof of Proposition 3.3.22

Before proving Proposition 3.3.22, we will need the following result.

Proposition A.2.1. Let ht(x, ·) denote the transition density of a d-dimensional
Brownian motion Wt started at x. There exists a constant C > 0 such that, for all
r ≥ 0,

|hr(x, y) − hr(x, y + z)| ≤ Cr−d+1
2 |z|

for all x, y, z ∈ Rd.
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Proof. Fix r ≥ 0. Since

hr(x, y) = 1
(4πr)d2

exp
(
− |x−y|2

4r

)
,

by the Mean Value Theorem

|hr(x, y) − hr(x, y + z)| ≤ 1
(4πr)d2

|z|
∣∣∣∇ exp

(
− |ξ|2

4r

)∣∣∣
for some ξ on the line segment between y − x and y + z − x. Now,

∣∣∣∇ exp
(
− |ξ|2

4r

)∣∣∣ = |ξ|
2r exp

(
− |ξ|2

4r

)
≤ r− 1

2

since x exp(−x2) ≤ 1 for all x ∈ R. The result follows by setting C := (4π)−d

2 . □

We now prove Proposition 3.3.22, restated here for convenience.

Proposition 3.3.22. Let α ∈ (1, 2), 0 < t < T , 0 ≤ β < c0, k ∈ N and F be as in
(3.5). Then, for any x ∈ Rd, there exists m1,m2 > 0 such that∣∣∣Px[V×

p (Z−(t)) = 1)] − Px[V×
p (WRε(t)) = 1)]

∣∣∣ ≤ m1e
− t

ε2 +m2F (ε) (A.1)∣∣∣Px[V×
p (Z+(t)) = 1)] − Px[V×

p (WRε(t)) = 1)]
∣∣∣ ≤ m1e

− t
ε2 +m2F (ε). (A.2)

Proof. We prove (A.2) and note that (A.1) follows by identical arguments. Denote
the standard Euclidean distance in Rd as | · | throughout. To begin, we will construct
a coupling of Z+(t) to a historical ternary branching subordinated Brownian motion,
WRε(t). Define

u(t, x) := Px[V×
p (Z+(t)) = 1] and v(t, x) := Px[V×

p (W Rε(t)) = 1].

Abuse notation and let τ denote the time of the first branching event in both Z+(t)
and WRε(t). By the Markov property at time τ , u and v can be written as

u(t, x) = Ex[g×(u(t− τ, Z+
τ ))1τ≤t] + Ex[p(Z+

t )1τ>t] (A.3)

v(t, x) = Ex[g×(v(t− τ,W (Rε
τ )))1τ≤t] + Ex[p(W (Rε

t ))1τ>t]. (A.4)

To bound the difference of u and v, we control the difference of the first terms and
second terms in (A.3) and (A.4) separately. First, since τ ∼ exp(ε−2),

Ex[p(Z+
t )1τ>t] − Ex[p(W (Rε

t ))1τ>t] ≤ P[t ≤ τ ] ≤ e− t
ε2 . (A.5)

To bound the difference of the first terms in (A.3) and (A.4), set t∗ := kε2| log(ε)|
and δε := D0(k + 2)I2(ε)| log(ε)| for D0 as in Theorem 3.3.18. Denote the transition

134



density of W (Rε
t ) started at x by ft(x, ·). Then, since g× is bounded above by one

and, by definition of Z+
t ,

Ex

[
g×(u(t− τ, Z+

τ ))1τ≤t

]
≤ Ex

[
g×(u(t− τ, Z+

τ ))1τ≤t∧t∗

]
+ P[τ > t∗]

≤ sup
|w|≤δε

Ex [g×(u(t− τ,W (Rε
τ ) + w))1τ≤t∧t∗ ] + εk

= sup
|w|≤δε

E
[∫
Rd
g×(u(t− τ, z + w))fτ (x, z)dz1τ≤t∧t∗

]
+ εk

= sup
|w|≤δε

E
[∫
Rd
g×(u(t− τ, z))fτ (x, z − w)dz1τ≤t∧t∗

]
+ εk

≤ E
[∫
Rd
g×(u(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
+ εk

+ sup
|w|≤δε

E
[∫
Rd
g×(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]
. (A.6)

Consider the d-dimensional ball Bx

(
τ

1
α + δε

)
:=

{
z ∈ Rd : |z − x| ≤ τ

1
α + δε

}
. To

ease notation, let Bx := Bx

(
τ

1
α + δε

)
. Here, Bx has been chosen so that, for z ∈ Bx,

the difference |fτ (x, z − w) − fτ (x, z)| is sufficiently small, and for z ∈ Bc
x (the com-

plement of Bx in Rd), the probability of the subordinated Brownian motion jumping
from x to z by time τ is sufficiently small. Then, to bound the last term in (A.6) we
use that g(u(t− τ, z)) is bounded by 1 to get

sup
|w|≤δε

E
[∫
Rd
g(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]
≤ sup

|w|≤δε

E
[∫
Rd

|fτ (x, z − w) − fτ (x, z)|1τ≤t∧t∗dz
]

≤ sup
|w|≤δε

E
[∫

Bx

|fτ (x, z − w) − fτ (x, z)|dz1τ≤t∧t∗

]

+ sup
|w|≤δε

E

[∫
Bc

x

|fτ (x, z − w) − fτ (x, z)|dz1τ≤t∧t∗

]
. (A.7)

To bound the first term of (A.7), first note that

P[τ < δα
ε ] ≤ 1 − exp

(
−δα

ε ε
−2
)

≤ I(ε)2αε−2| log(ε)|α.

By Proposition A.2.1 (noting that fτ (x, ·) ≡ hRε
τ
(x, ·) for h the transition density of

a d-dimensional Brownian motion) using that the first integral is bounded above by
two, and allowing the constant C to change from line to line,

sup
|w|≤δε

E
[∫

Bx

|fτ (x, z − w) − fτ (x, z)|dz1τ≤t∧t∗

]
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≤ sup
|w|≤δε

CE
[∫

Bx

|w|(Rε
τ )−d+1

2 dz1τ≤t∧t∗1τ≥δα
ε

]
+ 2I(ε)2αε−2| log(ε)|α

≤ CδεE
[
V (Bx)(Rε

τ )−d+1
2 1τ≥δα

ε

]
+ 2I(ε)2αε−2| log(ε)|α

≤ CδεE
[
(2τ)dα (Rε

τ )−d+1
2 1τ≥δα

ε

]
+ 2I(ε)2αε−2| log(ε)|α (A.8)

where V (Bx) denotes the volume of Bx which is proportional to (τ 1
α + δε)d, and,

conditional on τ ≥ δα
ε , is bounded above by (2τ)dα . In Lemma A.4.3, we will bound

the −p-th moments of (Rε
s)s≥0. Using this, and letting D1, D2 change from line to

line, we obtain

E
[
τ
d

α (Rε
τ )−d+1

2 1τ≥δα
ε

]
≤ E

[
τ
d

α (Rε
τ )−d+1

2
]

≤ D1E
[
τ
d

α eτ
]

+D2E
[
τ− 1

α eτ
]

≤ D1ε
2d
α +D2ε

− 2
α .

Substituting this back into (A.8), and again letting the constants change from line to
line, we obtain

sup
|w|≤δε

E
[∫

Bx

|fτ (x, z − w) − fτ (x, z)|dz1τ≤t∧t∗

]
≤ Cδε

(
ε

2d
α + ε− 2

α

)
+ 2I(ε)2αε−2| log(ε)|α

= C1ε
2d
α I(ε)2| log(ε)| + C2I(ε)2ε− 2

α | log ε| + 2I(ε)2αε−2| log(ε)|α

≤ C2I(ε)2ε− 2
α | log ε|, (A.9)

where the final inequality follows by Assumptions 3.1.2 (B)-(C) and we allow C2 to
change from line to line. By Assumption 3.1.2 (C), (A.9) goes to 0 with ε.

To bound the second term in (A.7) we use [CK03, Theorem 1.1], which provides
upper bounds on the transition density of subordinated Brownian motion, with trun-
cated stable subordinator that has truncation level independent of ε. To apply this
result, we rewrite W (Rε

s) in terms of a 1-truncated subordinated Brownian motion
as follows. Let (Ua

s )s≥0 denote an α
2 -stable subordinator with truncation level a (and

no speed change). Let D= denote equality in distribution. Then

Rε
s

D= U
I(ε)2

sI(ε)α−2
D= I(ε)2U1

sI(ε)−2

where the first equality follows by definition and the second equality follows by show-
ing that, if Ψ and Ψ′ are the characteristic exponents of (U I(ε)2

s )s≥0 and (U1
s )s≥0 respec-

tively, then I(ε)αΨ(θ) = Ψ′(θI(ε)2), which follows easily from the Lévy-Khintchine
formula (Theorem 2.1.5). Then, by the scaling property of the Brownian motion,

W (Rε
s)

D= I(ε)W (U1
sI(ε)−2). (A.10)
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Denote the transition density of (W (U1
t ))t≥0 by f̂t(x, y). By (A.10), f̂t(x, ·) is related

to the transition density of W (Rε
s) by

ft(x, y) = f̂I(ε)−2t(I(ε)−1x, I(ε)−1y).

Therefore the second term in (A.7) can be rewritten as

sup
|w|≤δε

E

[∫
Bc

x

∣∣∣f̂I(ε)−2τ (I(ε)−1x, I(ε)−1(z − w)) − f̂I(ε)−2τ (I(ε)−1x, I(ε)−1z)
∣∣∣ dz1τ≤t∧t∗

]

which, by [CK03, Theorem 1.1], is bounded above by

sup
|w|≤δε

E

[∫
Bc

x

DτI(ε)−2

((z − w)I(ε)−1)d+α
dz

]
+ E

[∫
Bc

x

DτI(ε)−2

(zI(ε)−1)d+α
dz

]

= sup
|w|≤δε

E

[∫
Bc

x

DτI(ε)α−1

(z − w)d+α
dz

]
+ E

[∫
Bc

x

DτI(ε)α−1

zd+α
dz

]

≤ DI(ε)α−1E
[
τ
∫ ∞

τ
1
α

1
zα+1dz

]
≤ DI(ε)α−1E[τ(τ−1)]

= DI(ε)α−1, (A.11)

for some D > 0 that we allow to change from line to line. Here we have applied the
change of variables z − w 7→ z in the third line. Note that, since α > 1 the last
quantity goes to 0 with ε. Recall from (3.5) that

F (ε) = I(ε)2ε− 2
α | log ε| + I(ε)α−1.

Then, choosing m > 0 sufficiently large and ε sufficiently small so that

mF (ε) ≥ εk +DI(ε)α−1 + C2I(ε)2ε− 2
α | log ε|,

by (A.11) and (A.9) we can bound (A.7) to obtain

Ex

[
g×(u(t− τ, Z+

τ ))1τ≤t

]
≤ E

[∫
Rd
g×(u(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
+mF (ε). (A.12)

Finally, we note that

Ex [g×(u(t− τ,W (Rε
τ ))1τ≤t] ≥ Ex [g×(u(t− τ,W (Rε

τ ))1τ≤t∧t∗ ]

= E
[∫
Rd
g×(u(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
,
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which, together with (A.12) and (A.5) gives

u(t, x) − v(t, x)

≤ E
[∫

g×(u(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
− E

[∫
g×(v(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
+ e− t

ε2 +mF (ε).

Using the same approach we can obtain the lower bound on u(t, x) − v(t, x). Namely,
by analogy with (A.6),

Ex

[
g×(u(t− τ, Z+

t ))1τ≤t

]
≥ E

[∫
Rd
g(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]
+ E [g(u(t− τ,W (Rε

τ )))1τ≤t∧t∗ ]

≥ − sup
|w|≤δε

∣∣∣∣E [∫
Rd
g(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]∣∣∣∣
+ E [g(u(t− τ,W (Rε

τ )))1τ≤t∧t∗ ]

and the final term can be bounded identically as before to give us that

u(t, x) − v(t, x)

≥ E
[∫

g×(u(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
− E

[∫
g×(v(t− τ, z))fτ (x, z)dz1τ≤t∧t∗

]
−
(
e− t

ε2 +mF (ε)
)
.

Therefore, using that g× is Lipschitz with constant 3
2 , we obtain

|u(t, x) − v(t, x)|

≤ E
[∣∣∣∣∫ (g(u(t− τ, z)) − g(v(t− τ, z)))fτ (x, z)dz

∣∣∣∣1τ≤t

]
+ e− t

ε2 +mF (ε)

≤ 3
2E [|u(t− τ,W (Rε

τ )) − v(t− τ,W (Rε
τ ))|1τ≤t] + e− t

ε2 +mF (ε)

≤ 3
2

∫ t

0
||u(ρ, ·) − v(ρ, ·)||∞e−(t−ρ)ε−2

ε−2dρ+ e− t
ε2 +mF (ε).

Finally, using the Gronwall’s inequality [MF72] (see also [Dra03, Theorem 15]) we
deduce that

||u(t, ·) − v(t, ·)||∞ ≤
(
e− t

ε2 +mF (ε)
)

exp
(

3
2

∫ t

0
exp(−uε−2)ε−2du

)
,

≤
(
e− t

ε2 +mF (ε)
)

exp
(

3
2

)
,

which gives the desired bound by choosing an appropriate m1,m2 > 0. □
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A.3 Proof of Proposition 5.2.7

To begin we restate Proposition 5.2.7.

Proposition 5.2.7. Let 0 < t < T and G be as in (3.12). Then, for any x ∈ Rd,
there exists m1,m2 > 0 such that, for n sufficiently large,∣∣∣Px[Vp(Ξn(t)) = 1] − Px[V×

p (WRεn (t)) = 1]
∣∣∣ ≤ m1e

− t
ε2 +m2G(n). (A.13)

Proof. First note that, by Lemma 5.2.2, we may choose k ∈ N and n ≥ n∗ such that,
with probability 1 − εk

n, Ξn(t) D= Ψn(t), for Ψn(t) defined in Definition 5.2.1. That
is, we may work with the branching jump process (Ψn(t))t≥0 throughout. Define

u(t, x) := Px[Vp(Ψn(t)) = 1] and v(t, x) := Px

[
V×

p (W Rε(t)) = 1
]
.

Abuse notation and let τ denote the time of the first branching event in both Ψ(t)
and WRε(t). Consider the three offspring of the ancestor particle in Ψn, ξn

1 (τ), ξn
2 (τ)

and ξn
3 (τ). Define

g(u(ξn
i (τ))⋆) := g(u(t− τ, ξn

1 (τ)), u(t− τ, ξn
2 (τ)), u(t− τ, ξn

3 (τ))).

By the Markov property at time g(u(ξn
i (τ))⋆), u and v can be written as

u(t, x) = Ex[g(u(ξn
i (τ))⋆)1τ≤t] + Ex[p(ξn

1 (t))1τ>t] (A.14)

v(t, x) = Ex[g×(v(t− τ,W (Rεn
τ )))1τ≤t] + Ex[p(W (Rεn

t ))1τ>t]. (A.15)

To bound the difference of u and v, we control the difference of the first terms and
second terms in (A.14) and (A.15) separately. First, since τ ∼ exp(ηε−2

n ),

Ex[p(ξn
1 (t))1τ>t] − Ex[p(W (Rεn

t ))1τ>t] ≤ P[t < τ ] ≤ e
− t

εn2 . (A.16)

To bound the difference of the first terms in (A.14) and (A.15), set t∗ := kε2
n| log(εn)|

and δn := 2n− β
2 (1− α

2 ). Denote the transition density of W (Rεn
t ) started at x by ft(x, ·).

Then, using that g is bounded above by one and is increasing in each variable, by
Corollary 5.2.6, there exists a subordinated Brownian motion (W (Rεn

t ))t≥0 such that

Ex [g(u(ξn
i (τ))⋆)1τ≤t]

≤ Ex [g(u(ξn
i (τ))⋆)1τ≤t∧t∗ ] + P[τ > t∗]

≤ sup
|w|≤δn

Ex [g(u(t− τ,W (Rεn
τ ) + w))1τ≤t∧t∗ ] + n−β(1− α

2 )I(εn)α−2 + bεn + εk
n

= sup
|w|≤δn

E
[∫
Rd
g(u(t− τ, z + w))fτ (x, z)dz 1τ≤t∧t∗

]
+ n−β(1− α

2 )I(εn)α−2 + bεn + εk
n
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= sup
|w|≤δn

E
[∫
Rd
g(u(t− τ, z))fτ (x, z − w)dz 1τ≤t∧t∗

]
+ n−β(1− α

2 )I(εn)α−2 + bεn + εk
n

≤ sup
|w|≤δn

E
[∫
Rd

|fτ (x, z − w) − fτ (x, z)|1τ≤t∧t∗dz
]

+ n−β(1− α
2 )I(εn)α−2 + bεn + εk

n

+ Ex [g(u(t− τ,W (Rεn
τ )))1τ≤t∧t∗ ] . (A.17)

To bound the expected value of the integral of |fτ (x, z − w) − fτ (x, z)|, we partition
the integral over Rd ≡ Bx +Bc

x (where Bc
x denotes the complement of Bx in Rd) for

Bx := Bx

(
τ

1
α + δn

)
=
{
z ∈ Rd : |z − x| ≤ τ

1
α + δn

}
.

Note that
P[τ < δα

n ] ≤ 1 − exp
(
−δα

nε
−2
n

)
≤ n− βα

2 (1− α
2 )ε−2

n ,

so by Proposition A.2.1, proceeding exactly as in (A.9), there exists C > 0 such that

sup
|w|≤δn

E
[∫

Bx

|fτ (x, z − w) − fτ (x, z)|dz 1τ≤t∧t∗

]
≤ C

(
n− β

2 (1− α
2 )ε−2

n

) 1
α

(A.18)

and D > 0 such that

sup
|w|≤δn

E

[∫
Bc

x

|fτ (x, z − w) − fτ (x, z)|dz 1τ≤t∧t∗

]
≤ DI(εn)α−1. (A.19)

Recall from (3.12) that

G(n) = n−β(1− α
2 )I(εn)α−2 + bεn +

(
n− β

2 (1− α
2 )ε−2

n

) 1
α

+ I(εn)α−1.

Then, choosing m > 0 and εn sufficiently small, by (A.18) and (A.19) we can bound
(A.17) to obtain

Ex [g(u(ξn
i (τ))⋆)1τ≤t] ≤ E [g(u(t− τ,W (Rεn

τ )))1τ≤t∧t∗ ] +mG(n). (A.20)

It follows from (A.20) and (A.16) that

u(t, x) − v(t, x) ≤ E [g(u(t− τ,W (Rεn
τ )))1τ≤t∧t∗ ] − E [g×(v(t− τ,W (Rεn

τ )))1τ≤t∧t∗ ]

+ e
− t

ε2
n +mG(n). (A.21)

Using the same approach we can obtain the lower bound on u(t, x) − v(t, x). Namely,
by analogy with (A.17),

Ex [g(u(ψn
i (τ))⋆)1τ≤t]

≥ E
[∫
Rd
g(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]
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+ E [g(u(t− τ,W (Rεn
τ )))1τ≤t∧t∗ ]

≥ − sup
|w|≤δn

∣∣∣∣E [∫
Rd
g(u(t− τ, z))[fτ (x, z − w) − fτ (x, z)]1τ≤t∧t∗dz

]∣∣∣∣
+ E [g(u(t− τ,W (Rεn

τ )))1τ≤t∧t∗ ]

and the final term can be bounded exactly as before to give us that

u(t, x) − v(t, x) ≥ E [g(u(t− τ,W (Rεn
τ )))1τ≤t∧t∗ ] − E [g×(v(t− τ,W (Rεn

τ )))1τ≤t∧t∗ ]

− e
− t

εn2 −mG(n). (A.22)

Combining (A.21) and (A.22), using that g(·) is Lipschitz with constant 3
2 and

g×(x) := g((1 − bεn)x+ 1
2bεn) we obtain

|u(t, x) − v(t, x)|

≤ E
[∫
Rd

|g(u(t− τ, z)) − g×(v(t− τ, z))| fτ (x, z)1τ≤tdz
]

+ e
− t

ε2
n +mG(n)

≤ 3
2E [|u(t− τ,W (Rεn

τ )) − v(t− τ,W (Rε
τ ))|1τ≤t] + e

− t

ε2
n +mG(n) + 3

2bεn

≤ 3
2

∫ t

0
||u(ρ, ·) − v(ρ, ·)||∞e−(t−ρ)ε−2

n ε−2
n dρ+ e

− t

ε2
n +mG(n) + 3

2bεn .

Finally, using the Gronwall’s inequality [MF72] (see also [Dra03, Theorem 15]) we
deduce that

||u(t, ·) − v(t, ·)||∞ ≤
(
e

− t

ε2
n +mG(n) + 3

2bεn

)
exp

(
3
2

∫ t

0
exp(−uε−2

n )ε−2
n du

)
,

≤
(
e

− t

ε2
n +mG(n) + 3

2bεn

)
exp

(
3
2

)
,

which gives the desired bound by choosing an appropriate m1,m2 > 0. □

A.4 Truncated subordinator calculations

Throughout this section, let (Rε
s)s≥0 be the I(ε)2-truncated α

2 -stable subordinator
with Lévy measure given by

α
2

(
2−α

α

)α
2 I(ε)α−2y−1− α

2 1{0≤y≤ 2−α
α

I(ε)2}dy. (A.23)

Denote by P the probability measure under which (Rε
s)s≥0, started at Rε

0 = 0 has this
distribution, and let E denote the corresponding expectation. For all s, λ ≥ 0 the
Laplace transform ϕ(λ) := E [exp (−λRε

s)] of Rε
s is

ϕ(λ) = exp
(

α
2

(
2−α

α

)α
2 I(ε)α−2s

∫ 2−α
α

I(ε)2

0

e−λy − 1
y

α
2 +1 dy

)
. (A.24)

The following lemma will enable us to show, in Proposition A.4.2, that Rε
s is close to

s for small times s, which is a crucial component of our proof of Theorem 3.3.18.
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Lemma A.4.1. Let (Rε
s)s≥0 be as above. For all s ≥ 0, E[Rε

s] = s.

Proof. The expected value of Rε
s can be calculated explicitly by considering the deriva-

tive of its Laplace transform, namely E[Rε
s] = − d

dλ
ϕ(λ)|λ=0. Denote I := I(ε) through-

out. Fix λ, s ≥ 0. Using integration by parts,
∫ 2−α

α
I2

0

e−λy − 1
y

α
2 +1 dy = − 2

α

(
2−α

α

)− α
2 I−α(e− 2−α

α
λI2 − 1) − 2

α
λ

α
2 γ
(
1 − α

2 ,
2−α

α
λI2

)
where γ(s, x) :=

∫ x
0 t

s−1e−tdt is the lower incomplete gamma function. So, using
(A.24), ϕ(λ) can be written as

ϕ(λ) = exp
(

−I−2s
(
e− 2−α

α
λI2 − 1

)
−
(

2−α
α

)α
2 Iα−2λ

α
2 sγ

(
1 − α

2 ,
2−α

α
λI2

))
.

By differentiating this quantity with respect to λ, we obtain

E[Rε
s]

= −2−α
α
s+

(
2−α

α

)α
2 Iα−2s

(
α
2λ

α
2 −1γ

(
1 − α

2 ,
2−α

α
λI2

)
+ λ

α
2
dγ

dλ

(
1 − α

2 ,
2−α

α
λI2

))∣∣∣∣∣
λ=0

.

This can be calculated by considering the following identities for γ. First, by the
definition of γ and a change of variables

γ
(
1 − α

2 ,
2−α

α
λI2

)
= I2−α

∫ 2−α
α

λ

0
z− α

2 e−zI2
dz.

Therefore

λ
α
2
dγ

dλ

(
1 − α

2 ,
2−α

α
λI2

)∣∣∣
λ=0

= I2−α
(

2−α
α

)1− α
2 e− 2−α

α
λI2
∣∣∣∣
λ=0

= I2−α
(

2−α
α

)1− α
2 .

Under a different change of variables, γ also satisfies

λ
α
2 −1γ

(
1 − α

2 ,
2−α

α
λI2

)∣∣∣
λ=0

=
(

2−α
α

)1− α
2
∫ I2

0
z− α

2 e− 2−α
α

λzdz
∣∣∣
λ=0

=
(

2−α
α

)1− α
2
(

2
2−α

)
I2−α.

Putting this all together we obtain

E[Rε
s] = −2−α

α
s+

(
2−α

α

)α
2 Iα−2s

(
α
2

(
2−α

α

)1− α
2
(

2
2−α

)
I2−α +

(
2−α

α

)1− α
2 I2−α

)
= s. □

With this, we can now prove Proposition A.4.2.
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Proposition A.4.2. Let k ∈ N and (Rε
s)s≥0 be as above. There exists εk > 0 such

that, for all ε ∈ (0, εk) and s ≤ ε2| log ε|,

P
[
|Rε

s − s| ≥ (k + 1)I(ε)2| log ε|
]

≤ εk.

Proof. Let ε > 0. As before we set I := I(ε). Fix k ∈ N and s ≤ ε2| log ε|. Note that

P
[
|Rε

s − s| ≥ (k + 1)I2| log ε|
]

= P
[
Rε

s ≥ (k + 1)I2| log ε| + s
]

+ P
[
Rε

s ≤ s− (k + 1)I2| log ε|
]
. (A.25)

By Assumption 3.1.2 (b), εI−1 → 0 as ε → 0, and since s ≤ ε2| log ε|, we may decrease
ε as necessary to ensure that s− (k + 1)I2| log ε| ≤ 0, and the second term in (A.25)
equals zero.

To bound the first term in (A.25), we note that, by [Sat99, Theorem 25.17],
and since the Lévy measure of Rε

s has compact support, the Laplace transform ϕ(λ)
from (A.24) can be extended to all of R, and the exponential moments of Rε

s exist
and satisfy E [exp (λRε

s)] = ϕ(λ) for all λ ∈ R. It is straightforward to verify using
Lemma A.4.1 that E [Rε

s] satisfies

E [Rε
s] = α

2

(
2−α

α

)α
2 Iα−2s

∫ 2−α
α

I2

0
y− α

2 dy,

therefore for any s, λ ≥ 0, by Taylor’s theorem

E [exp (λRε
s − λE[Rε

s])] = exp
(

α
2

(
2−α

α

)α
2 Iα−2s

∫ 2−α
α

I2

0

eλv − 1 − λv

v1+ α
2

dv

)

≤ exp
(

α
4

(
2−α

α

)α
2 Iα−2e

2−α
α

I2λλ2s
∫ 2−α

α
I2

0
v1− α

2 dv

)

= exp
(

1
2

(
2−α

α

)2
α

4−α
e

2−α
α

I2λI2λ2s
)
. (A.26)

Choose λ = I−2. Then (A.26) becomes

E
[
exp

(
I−2Rε

s − I−2E[Rε
s]
)]

≤ exp
(

1
2

(
2−α

α

)2
α

4−α
e

2−α
α I−2s

)
≤ exp

(
1
2

(
2−α

α

)2
α

4−α
e

2−α
α
ε2| log ε|

I2

)
.

This, together with Lemma A.4.1 and Markov’s inequality gives us

P
[
Rε

s ≥ (k + 1)I2| log ε| + s
]

= P
[
Rε

s − E[Rε
s] ≥ (k + 1)I2| log ε|

]
= P

[
exp

(
I−2Rε

s − I−2E[Rε
s]
)

≥ ε−k−1
]

≤ εk+1 exp
(

1
2

(
2−α

α

)2
α

4−α
e

2−α
α
ε2| log ε|

I2

)
.
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By Assumption 3.1.2 (B), ε2| log ε|
I2 → 0 as ε → 0, so the previous inequality implies

that, for ε sufficiently small,

P
[
Rε

s > (k + 1)I2| log ε| + s
]

≤ εk,

which, by (A.25) gives us the result. □

Lemma A.4.3. Let (Rε
s)s≥0 be as above. Then, for any q, s > 0, there exists D1 =

D1(q, α) > 0 and D2 = D2(q, α) > 0 such that

E
[
(Rε

s)−q
]

≤ es(D1 +D2s
− 2q

α ).

Proof. Fix s ≥ 0, ε > 0 and I := I(ε). Let γ be the lower incomplete gamma function.
The Laplace transform (A.24) of Rε

s can be written as

ϕ(λ) = exp
(

−I−2s
(
e− 2−α

α
λI2 − 1

)
−
(

2−α
α

)α
2 Iα−2λ

α
2 sγ

(
1 − α

2 ,
2−α

α
λI2

))
= exp

(
I−2s

∫ 2−α
α

λI2

0
e−zdz −

(
2−α

α

)α
2 Iα−2λ

α
2 s
∫ 2−α

α
λI2

0
z− α

2 e−zdz

)

= exp
(

2−α
α
s
∫ λ

0
e− 2−α

α
I2z
(
1 − λ

α
2 z− α

2
)
dz

)
.

By [Sch02, Theorem 1.1], if X is a non-negative random variable with Laplace trans-
form ρ, then for any q > 0, E [X−q] = 1

qΓ(q)
∫∞

0 ρ
(
t

1
q

)
dt. Therefore, using the above

expression for the Laplace transform of Rε
s, for any q > 0

E
[
(Rε

s)−q
]

= 1
qΓ(q)

∫ ∞

0
exp

2−α
α
s
∫ λ

1
q

0
e− 2−α

α
I2z
(
1 − λ

α
2q z− α

2
)
dz

 dλ.
When λ ∈ [0, 1],

∫ λ
1
q

0
e− 2−α

α
I2z
(
1 − λ

α
2q z− α

2
)
dz ≤ 1

and if λ > 1, since the integrand is negative

∫ λ
1
q

0
e− 2−α

α
I2z
(
1 − λ

α
2q z− α

2
)
dz ≤

∫ 1

0
1 − λ

α
2q z− α

2 dz = 1 − 2
2−α

λ
α
2q .

Therefore

E
[
(Rε

s)−q
]

≤ 1
qΓ(q)e

2−α
α

s
(

1 +
∫ ∞

1
exp

(
− 2

α
sλ

α
2q

)
dλ
)
.
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Let Γ(s, x) :=
∫∞

x ts−1e−tdt be the upper incomplete gamma function. Then it is
straightforward to show that the above is equivalent to

E
[
(Rε

s)−q
]

≤ 1
qΓ(q)e

2−α
α

s

(
1 + 2q

α

(
α

2s

) 2q
α

Γ
(

2q
α
, 2s

α

))

≤ 1
qΓ(q)e

2−α
α

s

(
1 + 2q

α

(
α

2s

) 2q
α

Γ
(

2q
α

))
.

Since 2−α
α

≤ 1, the result follows. □

Lemma A.4.4. Let (Rε
s)s≥0 be as above and (Bs)s≥0 be a standard one-dimensional

Brownian motion. Let T ∗ ∈ (0,∞), ε > 0 and define zε implicitly by the relation

Pzε [B(Rε
T ∗) ≥ 0] = 1

2 + (u+ − u−)−1ε (A.27)

where u+ and u− are the fixed points of g× from Proposition A.1.1. Then, for ε

sufficiently small,
zε ≤ 8

√
2π(T ∗ + 2) ε.

Proof. By symmetry of (Bs)s≥0, (A.27) is equivalent to

P0[B(Rε
T ∗) ∈ (0, zε)] = (u+ − u−)−1ε.

It is a standard fact for Brownian motion that, if t > 0 and x > 0,

P0 [Bt ∈ (0, x)] ≥ x√
2πt

e− x2
2t .

Let fRε
T ∗ (·) denote the transition density of Rε

T ∗ . Then

P0[B(Rε
T ∗) ∈ (0, zε)] =

∫ ∞

0
P0[B(r) ∈ (0, zε)]fRε

T ∗ (r)dr

≥
∫ ∞

0

zε√
2πr

e− z2
ε

2r fRε
T ∗ (r)dr

≥
∫ 2I(ε)2| log ε|+T ∗

1
2 T ∗

zε√
2πr

e− z2
ε

2r fRε
T ∗ (r)dr

≥ zεe
− z2

ε
T ∗√

2π(2I(ε)2| log ε| + T ∗)
P
[
Rε

T ∗ ∈
(

1
2T

∗, 2I(ε)2| log ε| + T ∗
)]
.

Note that

P
[
Rε

T ∗ ∈
(

1
2T

∗, 2I(ε)2| log ε| + T ∗
)]

= P
[
Rε

T ∗ < 2I(ε)2| log ε| + T ∗
]

− P
[
Rε

T ∗ ≤ 1
2T

∗
]
. (A.28)
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We bound each of these terms separately. First, by the proof of Proposition A.4.2,
for ε sufficiently small,

P
[
Rε

T ∗ < 2I(ε)2| log ε| + T ∗
]

≥ 1 − ε.

Let ϕ(λ) := E [exp(−λRε
T ∗)] be the Laplace transform of Rε

T ∗ . Now, by Markov’s
inequality,

P
[
Rε

T ∗ ≤ 1
2T

∗
]

= P
[
exp

(
− α

2−α
I(ε)−2Rε

T ∗

)
≥ exp

(
− α

2−α
1
2I(ε)−2T ∗

)]
≤ exp

(
α

2−α
1
2I(ε)−2T ∗

)
ϕ
(

α
2−α

I(ε)−2
)
.

Now, using the expression for ϕ(λ) from the proof of Lemma A.4.1,

ϕ
(

α
2−α

I(ε)−2
)

= exp
((

1 − e−1
)
T ∗I(ε)−2 − γ

(
1 − α

2 , 1
)
T ∗I(ε)−2

)
,

where γ(·, ·) is the lower incomplete gamma function. Using that 1 − e−x ≤ x,

γ
(
1 − α

2 , 1
)

=
∫ 1

0
t−

α
2 e−tdt

≥
∫ 1

0
t−

α
2 (1 − t)dt

= 1
(1 − α

2 )(2 − α
2 ) ,

therefore

ϕ
(

α
2−α

I(ε)−2
)

≤ exp
((

1 − e−1 − 1
(1 − α

2 )(2 − α
2 )

)
T ∗I(ε)−2

)

and

P
[
Rε

T ∗ ≤ 1
2T

∗
]

≤ exp
((

1 − e−1 − 1
(1 − α

2 )(2 − α
2 ) + α

2(2 − α)

)
T ∗I(ε)−2

)
.

It is straightforward to verify algebraically that, since α ∈ (1, 2),

α

2(2 − α) − 1
(1 − α

2 )(2 − α
2 ) ≤ −2

3 ,

so
P
[
Rε

T ∗ ≤ 1
2T

∗
]

≤ exp
((

1
3 − e−1

)
T ∗I(ε)−2

)
,

where we note that 1
3 − e−1 < 0. Returning to (A.28), we obtain

P
[
Rε

T ∗ ∈
(

1
2T

∗, 2I(ε)2| log ε| + T ∗
)]

≥ 1 − ε− exp
((

1
3 − e−1

)
T ∗I(ε)−2

)
≥ 1

2
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where the last inequality holds by choosing ε sufficiently small. Returning to our
original inequality, we have

P0[B(Rε
T ∗) ∈ (0, zε)] ≥ 1

2
zεe

− z2
ε

T ∗√
2π(2I(ε)2| log ε| + T ∗)

,

so by assumption

(u+ − u−)−1ε ≥ 1
2

zεe
− z2

ε
T ∗√

2π(2I(ε)2| log ε| + T ∗)
.

Since limε→0 zε = 0, assume ε is sufficiently small so that e− z2
ε

T ∗ ≥ 1
2 . Further decrease

ε if necessary so that (u+ − u−)−1 ≤ 2. Then

8
√

2π(2I(ε)2| log ε| + T ∗) ε ≥ zε,

so the result follows by decreasing ε if necessary so that I(ε)2| log ε| ≤ 1. □
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Appendix B

Chapter 6 supplementary material

We now prove the Feynman–Kac formula, Theorem 6.2.1, and our bounds on the
displacement of a stable process, Lemma 6.2.3. Let (Xs)s≥0 be a one-dimensional
α-stable process throughout, where α ∈ (0, 2).

B.1 Proof of Lemma 6.2.3

To prove Lemma 6.2.3, we require the following results.

Lemma B.1.1 ([LS16]). If Rt is a stable subordinator with index α
2 , there exists ρ ≥ 0

such that, for all t, λ > 0
E
[
e−λRt

]
= exp(−ρtλα

2 ).

Lemma B.1.2 ([Kho11]). Let Rt be a stable subordinator with index α
2 . There exist

positive and finite constants c1 = c1(α) and c2 = c2(α) such that, for all z > 0

1 − exp
(
−c1z

− α
2
)

≤ P[R1 > z] ≤ c2(1 ∧ z− α
2 ).

Lastly, we will need the following well-known estimate for the displacement of a
standard Brownian motion, which can be found in [Rob15, Lemma 5]. We state here
the version that can be found in [Pen18] in the proof of Lemma 2.3.

Lemma B.1.3. Let (Bt)t≥0 be a standard one-dimensional Brownian motion and
T > 0. There exists a constant cT > 0 such that for any t ≥ T and 0 ≤ x0 ≤ 1,

P0 [|Bs| ≤ 1 ∀ s ≤ t, |Bt| ≤ x0] ≥ cT e
−π2t/8 min(x0,

2
3).

Equipped with these results, we can now restate and prove Lemma 6.2.3.

Lemma 6.2.3. We have the following two bounds for the displacement of Xs.
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(a) There exists γ > 0 such that, for any c ≥ 0, t ≥ 0 and w > 0,

P0

[
sup

s∈[0,t]
|Xs| ≥ c

]
≤ 4e− c2

2w + γ(1 ∧ tw− α
2 ).

(b) If t ≥ 1 and 0 ≤ x0 ≤ 1, there exist constants η1(α), η2(α) > 0 such that

P0 [|Xs| ≤ 1 ∀ s ≤ t, |Xt| ≤ x0] ≥ η1 min(x0,
2
3)e−η2t.

Proof. We begin by proving part (a). LetRt be an α
2 -stable subordinator, independent

of a standard Brownian motion Bt. Denote the transition density of Rt by fRt . Then,
since B(Rs) is equal in distribution to Xs, for c ≥ 0

P0

[
sup

s∈[0,t]
|Xs| ≥ c

]
≤
∫ ∞

0
P0

[
sup

s∈[0,r]
|Bs| ≥ c

]
fRt(r)dr

= 4
∫ ∞

0
P0 [Br ≥ c] fRt(r)dr

≤ 4
∫ ∞

0
e−c2/2rfRt(r)dr

≤ 4P[Rt ≥ w] + 4e−c2/2w

for any w > 0, where the second line follows by the symmetry of Brownian motion
and the reflection principle, and the third line follows because, for Z ∼ N(0, 1),
P[Z > x] ≤ e−x2/2 if x > 0. The result then follows from Lemma B.1.2.

To prove part (b), suppose t ≥ 1 and x0 ∈ [0, 1]. Define

T := 8
π2

(
c1

2ρ

) 2
α

.

Let c := cT be the constant from Lemma B.1.3 for this choice of T . Then for 0 ≤
x0 ≤ 1

P0 [|Xs| ≤ 1 ∀ s ≤ t, |Xt| ≤ x0]

= P0 [|B(Rs)| ≤ 1 ∀ s ≤ t, |B(Rt)| ≤ x0]

=
∫ ∞

0
P0

[
|B(Rs)| ≤ 1 ∀ s ≤ t, |Br| ≤ x0

∣∣∣∣ Rt = r
]
fRt(r)dr

≥
∫ ∞

T
P0 [|Bs| ≤ 1 ∀ s ≤ r, |Br| ≤ x0] fRt(r)dr

≥
∫ ∞

T
cmin(x0,

2
3)e−π2r/8fRt(r)dr

≥ cmin(x0,
2
3)
(
E0
[
e−π2Rt/8

]
− P0[Rt ≤ T ]

)
≥ cmin(x0,

2
3)
(
e−ρt(π2/8)α/2 − e−2ρt(π2/8)α/2)

≥ cmin(x0,
2
3)ρ(π2/8)α/2e−2ρt(π2/8)α/2
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where in the second inequality we have used Lemma B.1.3, in the fourth inequality
we have used Lemma B.1.1 and Lemma B.1.2, and in the final inequality we use the
Mean Value Theorem and that t ≥ 1. □

B.2 Proof of Theorem 6.2.1

Next, we will restate and prove the Feynman–Kac formula from Theorem 6.2.1. We
will follow broadly the proof found in [Lig10], where the same result was proved,
but for nonlinearities f ∈ C(R) independent of time. We conclude this section with
Proposition B.2.1, which offers an alternative formulation of the Feynman–Kac for-
mula.

Theorem 6.2.1. Take u0 ∈ D((−∆)α
2 ) and suppose f ∈ C([0,∞) × R, [0,∞)) is

differentiable in the first variable with measurable derivative. For x ∈ R and t > 0
consider the equation

∂tu(t, x) = −(−∆)α
2 u(t, x) + f(t, x)u(t, x), u(0, x) = u0(x). (B.1)

Then a unique solution u to (6.7) exists with u(t, ·) ∈ D((−∆)α
2 ) for each t ≥ 0.

Moreover, u satisfies

u(t, x) = Ex

[
exp

(∫ t

0
f(t− s,Xs)ds

)
u0(Xt)

]
. (B.2)

Proof. The existence and uniqueness of a solution u(t, ·) ∈ D((−∆)α
2 ) follows from the

discussion [CR13, p. 697] together with [CR13, Remark 2.6]. In order to show that
u(t, x) satisfies (B.1), we adapt [Lig10, Theorem 3.47] and consider limε↓0

u(t+ε,x)−u(t,x)
ε

.
Fix t ≥ 0 and x ∈ R. Let ε > 0 and note that u(t + ε, x) − u(t, x) = Ex [G1 + G2]
where

G1 := u0(Xt+ε) exp
(∫ t+ε

0
f(t+ ε− v,Xv)dv

)
− u0(Xt) exp

(∫ t

0
f(t+ ε− v,Xv)dv

)
G2 := u0(Xt)

(
exp

(∫ t

0
f(t+ ε− v,Xv)dv

)
− exp

(∫ t

0
f(t− v,Xv)dv

))
.

For 0 ≤ s ≤ r ≤ t+ ε define

Iε(s, r) :=
∫ r

s
f(t+ ε− v,Xv)dv.

When ε = 0 we write I(s, r) := I0(s, r). We can further decompose G1 into the sum
G1 = E1 + E2 + E3 where

E1 := (u0(Xt+ε) − u0(Xt)) eIε(0,t)
(
eIε(t,t+ε) − 1

)
E2 := (u0(Xt+ε) − u0(Xt)) eIε(0,t)

E3 := u0(Xt)eIε(0,t)
(
eIε(t,t+ε) − 1

)

150



Following almost identical arguments to [Lig10, Theorem 3.47] we have

Ex [|E1|] ≤ et||f ||∞(eε||f ||∞ − 1)Ex [|u0(Xt+ε) − u0(Xt)|] = o(ε)

and
lim
ε↓0

Ex[E2]
ε

= Ex

[
−(−∆)α

2 u0(Xt)eI(0,t)
]

which follows by applying the Markov property at time t to Ex [E2] . Lastly, consider
Ex[E3]. By the Monotone Convergence Theorem, since f ≥ 0,

lim
ε→0

1
ε
Ex

[
exp

(∫ t+ε

t
f(t+ ε− v,Xv)dv

)
− 1

]
= Ex

[
d

dz
exp

(∫ t+z

t
f(t+ z − v,Xv)dv

)∣∣∣∣
z=0

]

= Ex

[
f(0, Xt) +

∫ t+z

t
∂tf(t+ z − v,Xv)dv

∣∣∣∣
z=0

]
= Ex [f(0, Xt)] ,

and it follows that

lim
ε↓0

Ex [E3]
ε

= Ex

[
u0(Xt)f(0, Xt)eI(0,t)

]
.

We conclude that limε↓0
Ex[G1]

ε
exists with

lim
ε↓0

Ex[G1]
ε

= Ex

[
−(−∆)α

2 u0(Xt)eI(0,t)
]

+ Ex

[
u0(Xt)f(0, Xt)eI(0,t)

]
.

To show that limε↓0
Ex[G2]

ε
exists, by the Mean Value Theorem and the Measurable

Selection Theorem, there exists a measurable function ζ : [0, t) → R with ζ(r) ∈
(t− r, t+ ε− r) for which

lim
ε↓0

1
ε
Ex [G2] = lim

ε↓0

1
ε
Ex

[
u0(Xt)e

∫ t

0 f(t−r,Xr)dr
(
eε
∫ t

0 ∂tf(ζ(r),Xr)dr − 1
)]

= Ex

[
u0(Xt)e

∫ t

0 f(t−r,Xr)dr
∫ t

0
∂tf(t− r,Xr)dr

]
.

We conclude that u is differentiable in t with

∂tu(t, x) = Ex

[
−(−∆)α

2 u0(Xt)eI(0,t)
]

+ Ex

[
u0(Xt)f(0, Xt)eI(0,t)

]
+ Ex

[
u0(Xt)e

∫ t

0 f(t−r,Xr)dr
∫ t

0
∂tu0(t− r,Xr)dr

]
.

It remains to show that u satisfies (B.1). By the Markov Property at time ε,

u(t+ ε, x) = Ex

[
u(t,Xε)e

∫ ε

0 f(t+ε−r,Xr)dr
]
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so

u(t+ ε, x) − u(t, x) = Ex

[
u(t,Xε)

(
e
∫ ε

0 f(t+ε−r,Xr)dr − 1
)]

+ Ex [u(t,Xε) − u(t, x)] .

Dividing the above by ε and taking ε ↓ 0, the left hand side will exist by the above
arguments, and the first term on the right hand side also exists and equal f(t, x)u(t, x).
This implies the final term exists and equals −(−∆)α

2 u(t, x), so u satisfies (B.1). □

Proposition B.2.1. Under the assumptions of Theorem 6.2.1, (B.2) can equivalently
be written as

u(t, x) = Ex

[
exp

(∫ r

0
f(t− s,Xs)dr

)
u(t− r,Xr)

]
for any r ∈ [0, t].

Proof. To see this, let r ∈ [0, t]. Then

Ex

[
exp

(∫ r

0
f(t− s,Xs)dr

)
u(t− r,Xr)

]
= Ex

[
exp

(∫ r

0
f(t− s,Xs)dr

)
EXr

[
exp

(∫ t

r
f(t− s,Xs−r)ds

)
u0(Xt−r)

]]
= Ex

[
exp

(∫ t

0
f(t− s,Xs)dr

)
u0(Xt)

]
where in the first equality we apply equation (B.2) together with a change of variables
in the exponential term, and in the final equality we use the Markov Property. □
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in a spatial continuum. Electron. J. Probab., 15:no. 7, 55 pp., 2010.

[BH89] N. H. Barton and G. M. Hewitt. Adaptation, speciation and hybrid zones.
Nature, 341(6242):497–503, 1989.

[BH13] D. Brockmann and D. Helbing. The Hidden Geometry of Complex,
Network-Driven Contagion Phenomena. Science, 342(6164):1337–1342,
2013.

[BK90] L. Bronsard and R. V. Kohn. On the slowness of phase boundary motion
in one space dimension. Comm. Pure Appl. Math., 43(8):983–997, 1990.

[BK91] L. Bronsard and R. V. Kohn. Motion by mean curvature as the singular
limit of Ginzburg-Landau dynamics. J. Differ. Equ., 90(2):211–237, 1991.

153



[BL91] M. Bramson and J. L. Lebowitz. Asymptotic behavior of densities for
two-particle annihilating random walks. J. Statist. Phys., 62(1-2):297–
372, 1991.

[BLL90] H. Berestycki, B. Larrouturou, and P.-L. Lions. Multi-dimensional
travelling-wave solutions of a flame propagation model. Arch. Rational
Mech. Anal., 111(1):33–49, 1990.

[BNS85] H. Berestycki, B. Nicolaenko, and B. Scheurer. Traveling wave solutions
to combustion models and their singular limits. SIAM J. Math. Anal.,
16(6):1207–1242, 1985.

[Bra78] M. D. Bramson. Maximal displacement of branching Brownian motion.
Comm. Pure Appl. Math., 31(5):531–581, 1978.

[Bra82] M. Bramson. The Kolmogorov Nonlinear Diffusion Equation.
https://conservancy.umn.edu/bitstream/handle/11299/151582/4/
Kolmogorov_Nonlinear_Diffusion_Equation_1982.pdf, 1982.

[Bra83] M. Bramson. Convergence of solutions of the Kolmogorov equation to
travelling waves. Mem. Amer. Math. Soc., 44(285):1–190, 1983.

[Bri86] N. F. Britton. Reaction-diffusion equations and their applications to bi-
ology. Academic Press, London, 1986.

[BSW14] B. Böttcher, R. Schilling, and J. Wang. Lévy Matters III: Lévy-Type Pro-
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[EVY20] A. M. Etheridge, A. Véber, and F. Yu. Rescaling limits of the spatial
Lambda-Fleming-Viot process with selection. Electron. J. Probab., 25:no.
120, 89 pp., 2020.

[Fif79] P. C. Fife. Mathematical aspects of reacting and diffusing systems, vol-
ume 28 of Lecture Notes in Biomathematics. Springer-Verlag, Berlin-New
York, 1979.

[Fis37] R. A. Fisher. The wave of advance of advantageous genes. Ann. Eugen.,
7(4):355–369, 1937.

[GBK01] B. T. Grenfell, O. N. Bjørnstad, and J. Kappey. Travelling waves and
spatial hierarchies in measles epidemics. Nature, 414(6865):716–723, 2001.

[GGHR12] J. Garnier, T. Giletti, F. Hamel, and L. Roques. Inside dynamics of
pulled and pushed fronts. J. Math. Pures Appl., 98(4):428–449, 2012.

[GH15] C. Gui and T. Huan. Traveling wave solutions to some reaction diffusion
equations with fractional Laplacians. Calc. Var. Partial Differ. Equ.,
54(1):251–273, 2015.

[GL97] G. Giacomin and J. L. Lebowitz. Phase segregation dynamics in particle
systems with long range interactions. I. Macroscopic limits. J. Statist.
Phys., 87(1-2):37–61, 1997.

[GL98] G. Giacomin and J. L. Lebowitz. Phase segregation dynamics in particle
systems with long range interactions. II. Interface motion. SIAM J. Appl.
Math., 58(6):1707–1729, 1998.

157



[GLL21] Y. Gao, J.-G. Liu, and Z. Liu. Existence and rigidity of the vectorial
Peierls-Nabarro model for dislocations in high dimensions. Nonlinearity,
34(11):7778–7828, 2021.

[GZ15] C. Gui and M. Zhao. Traveling wave solutions of Allen-Cahn equation
with a fractional Laplacian. Ann. Inst. H. Poincaré C Anal. Non Linéaire,
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application à un problème biologique. Mosc. Univ. Math. Bull., 1:1–25,
1937.

[KS07] P. Kim and R. Song. Potential theory of truncated stable processes. Math.
Z., 256(1):139–173, 2007.

[Kyp06] A. E. Kyprianou. Introductory lectures on fluctuations of Lévy processes
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