Asymptotic Invariants of

Infinite Discrete Groups

Tim R. Riley

Corpus Christi College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Hilary Term 2002



Acknowledgements

I am indebted to my doctoral supervisor Martin Bridson. It has been a privilege
to have been introduced to Geometric Group Theory by him. He communicates the
subject with great insight, enthusiasm and clarity, and has been a constant source
of good advice and of suggestions of research problems to tackle. I am also grateful
to him for bravely reading early drafts of much of the material in this thesis and

scrawling in red ink helpfully and prolifically all over them.

I would like to thank Steve Gersten for conversations that started out being about
the filling length function (see §1.4, §2.4.3 and §3) and developed into a highly en-
gaging, productive and on-going collaboration yielding [25], [26] and [27] to date.

I also thank Peter Neumann and Martin Edwards, who were my tutors at Queen’s
College, Oxford where I was as an undergraduate from 1994 to 1998. T owe a great
deal to their care and dedication in teaching. Indeed, I am grateful to Peter Neumann
for his continuing interest and encouragement in my work, particularly through his

Kinderseminar.

I am grateful to the Engineering and Physical Science Research Institute of Great
Britain for a studentship and to Corpus Christi College for a Garside Senior Scholar-
ship. T hope that F. A. Garside, a fellow geometric group theorist, would have enjoyed

reading this thesis.

Let me now make some acknowledgements directly concerning the text of this
thesis. The material in Chapter 1 is mostly well known and has much in common
with the introductory material in [25], [26] or [27] — so the positive influence of my co-
author Steve Gersten on these papers will should be evident. I thank Marc Lackenby
for references and conversations concerning ideal tessellations of hyperbolic N-space
(see §2.4.1). T also thank an anonymous referee of the paper [53], who made many
helpful suggestions for references which I was pleased to include in [53] and have been
carried into this thesis. Also I am pleased to acknowledge Martin Bridson’s suggestion
that Harkins” work [35] would combine with mine to give Theorem E. However the

details of the proof are my own.



I would also like to thank Steve Pride and Alex Wilkie for a number of helpful

suggestions and corrections.

Finally I would like to thanks my parents for their enormous support love and

encouragement.

Tim Riley
Corpus Christi College, Oxford
4" February 2002



Abstract

Asymptotic cones. A finitely generated group has a word metric, which one can
scale and thereby view the group from increasingly distant vantage points. The group
coalesces to an “asymptotic cone” in the limit (this is made precise using techniques
of non-standard analysis). The reward is that in place of the discrete group one
has a continuous object “that is amenable to attack by geometric (e.g. topological,

infinitesimal) machinery” (to quote Gromov).

We give coarse geometric conditions for a metric space X to have N-connected asymp-
totic cones. These conditions are expressed in terms of certain filling functions con-

cerning filling N-spheres in an appropriately coarse sense.

We interpret the criteria in the case where X is a finitely generated group I' with a
word metric. This leads to upper bounds on filling functions for groups with simply
connected cones — in particular they have linearly bounded filling length functions.
We prove that if all the asymptotic cones of I' are N-connected then I' is of type
Fni1 and we provide N-th order isoperimetric and isodiametric functions. Also we
show that the asymptotic cones of a virtually polycyclic group I" are all contractible

if and only if I" is virtually nilpotent.

Combable groups and almost-convex groups. A combing of a finitely generated
group I' is a normal form; that is a choice of word (a combing line) for each group
element that satisfies a geometric constraint: nearby group elements have combing
lines that fellow travel. An almost-convexity condition concerns the geometry of closed

balls in the Cayley graph for T'.

We show that even the most mild combability or almost-convexity restrictions on a
finitely presented group already force surprisingly strong constraints on the geometry
of its word problem. In both cases we obtain an n! isoperimetric function, and upper
bounds of ~ n? on both the minimal isodiametric function and the filling length

function.
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Chapter O

Introduction

This thesis follows two main directions. The bulk of the work is in Chapter 2 and
concerns asymptotic cones. Chapter 3 is about combability and almost convexity
conditions on finitely generated groups. The uniting theme between the chapters is
the geometry of the word problem for groups — in both chapters we investigate how
various asymptotic, geometric or topological conditions on a group I' have implications
for the word problem for finite presentations of I'.

More particularly, we obtain upper bounds on filling functions that, in a sense,
measure different aspects of the complexity of the word problem. These filling func-
tions are a mainstay of Geometric Group Theory, providing a rich source of invariants
for finitely presented groups. We provide an introduction to these concepts in Chap-
ter 1.

These filling functions have higher dimensional generalisations (see §2.5) that we
will use when looking for group theoretic consequences of higher dimensional topo-
logical properties of asymptotic cones in §2.6 and §2.7.

Chapter 4 contains some speculations about further directions for future devel-
opment of this research. Also we place the methods for obtaining upper bounds on
filling functions in a more general context, and suggest group invariants that may be
of wider interest. The thesis ends with an Appendix that provides information on
non-principal ultrafilters (used in Chapter 2) and a technical result concerning their

role in the definition of asymptotic cones.

0.1 The results of Chapter 2

In the book Asymptotic Invariants of Infinite Groups [33] Gromov says of a finitely

generated group I' with a word metric d:



“This space may at first appear boring and uneventful to a geometer’s eye
since it is discrete and the traditional local (e.g. topological and infinites-

imal) machinery does not run in I'.”

The asymptotic cone presents a different perspective in which to look at I'. Imagine
viewing I' from increasingly distant vantage points, i.e. scaling the metric by a se-
quence s = (s,) with s, — oo. Via some nonstandard analysis, an asymptotic cone
provides a limit of the sequence (T, éd) This limit represents a coalescing of T" to
a more continuous object that is amenable to attack by topological and infinitesimal
machinery, and which “fills our geometer’s heart with joy” (to quote Gromov [33]
again).

In particular one can study the homotopy groups of the asymptotic cones of T',
which, as we will see, impart information about the coarse geometry of I'. The
essential technique is as follows. Maps of spheres or discs into asymptotic cones of
I' can be pulled back to sequences of maps into I'. Information about I' can then be
gleaned from filling functions. (This idea goes back to Gromov [33, Ch. 5]; it has
been pursued further in relation to 1-connectedness of asymptotic cones of finitely
generated groups in [5], [17], [34], [48] — see §2.4.)

It turns out that an asymptotic cone is a rather general construction, not just
applying to groups but in fact to all metric spaces. Hence in §2.2 and §2.3 we work
to understand what it means for any given metric space to have highly connected
asymptotic cones, before interpreting what the results mean in the subsequent sections
in the context of groups. Whilst the definitions of §2.2 and the results of §2.3 are
given in the full generality of any metric space X, the reader may find it helpful to
keep in mind the examples where X is a (quasi-) homogeneous, non-compact metric
space, e.g. X is quasi-isometric to a finitely generated group (with its word metric)

or is a non-compact Lie group.

Chapter 2 is structured as follows. We define asymptotic cones, quasi-isometries,
combinatorial complexes and ~-equivalence of functions R — R in §2.1. Then in §2.2
we recursively define the filling functions Fill’f{’u : [0, 00) — NU{oo} for metric spaces
(where k= 1,2, ... denotes dimension) that we will use in characterising spaces with
highly connected asymptotic cones.

The definition of Fillg;l makes use of finite combinatorial structures (defined in
§2.1.3) for discs and spheres. The sequence R = (R;) of positive integers constrains

the combinatorial complexity of the complexes used. Given a combinatorial structure



C and a map v : C) — X, with domain the O-skeleton of C, define
mesh(C,~v) = sup{d(v(a),v(b)) | @ and b are the end points of a 1-cell in C'}.

Suppose C' is, in fact, a combinatorial structure for the N-sphere. The function
Fillﬁ;l : [0,00) — N U {co} tells us about extending any such v : C(© — X in a
coarse sense across the (N + 1)-disc D¥*!. This extension is built up through the
dimensions; that is, by first extending (in a coarse sense) across 1-cells, then across
2-cells, and so on, until finally across D¥*!. The sequence of positive reals u = (1)
introduce error terms into the definition, and consequently a coarseness into the filling
functions; this will be appropriate because asymptotic cones ignore local geometry.
In §2.3 we prove the characterisation of metric spaces with highly connected
asymptotic cones that will be at the heart of all the subsequent results in the chapter.
Recall that a topological space is said to be N-connected when its homotopy groups
70, 1, - - ., T are all trivial. In the statement of this theorem e = (e,,) is a sequence
of base points in X and s = (s,,) is a sequence of scaling factors with s, — oo; both

are part of the definition of an asymptotic cone.

Theorem A. Let X be a metric space, let w be a non-principal ultrafilter, and N > 0.

The following are equivalent.

e The asymptotic cones Cone, (X, e, 8) are N-connected for all e and s.

o There exist R, p such that the filling functions Fillh’#,Fillf{#, e ,Fillg;l are
bounded.

In §2.4 we show how the 2-dimensional filling function Fillf{’u can be reinterpreted
to give the following algebraic characterisation of finitely generated groups I' with

1-connected cones:

Theorem B. Let I' be a group with finite generating set A. Fixz any non-principal

ultrafilter w. The following are equivalent.

e The asymptotic cones Cone,(T',1,8) of T' are simply connected for all s.

e There exist K, L € N such that for all null-homotopic words w of length {(w) >

L there is an equality

K
_ II -1
i=1

in the free group F(A) for some words u; and w; such that the w; are null-
homotopic and have length £(w;) < £(w)/2 for all i.

3



This theorem is then used to obtain information about filling invariants of I'.  We
recover results of Bridson [5], Drutu [17], Gromov [33], and Papasoglu [48] that say
I' has a polynomially bounded Dehn function and a linearly bounded isodiametric
function, and we are able to add that the filling length function also has a linear

bound. The constants K and L in the statement of Theorem C are those arising in
Theorem B.

Theorem C. Suppose that the asymptotic cones Cone,(I', 1, s) of a finitely generated
group T are simply connected for all sequences of scalars s = (s,) with s,, — oc. Then
there exists a finite presentation (A | R) for T' with respect to which, for alln € N
the Dehn function, the optimal isodiametric function, and the filling length function

satisfy

Area(n)
Diam(n) < (K + 1)n,

FL(n) < 2(K+1)n,

VAN

Konloea(/L)

for some constants K, L > 0. Further given a null-homotopic word w with {(w) = n,
there is a van Kampen diagram D,, for w on which these three bounds are realised

stmultaneously.

The filling length function FL is a filling invariant discussed extensively in [26]; it
measures the length of the collapsing boundary loop in the combinatorial analogue
of a null-homotopy. In particular (in the light of [47] and [48]) we learn from the
above theorem that nilpotent groups and groups with quadratically bounded Dehn
functions both have linear filling length.

In §2.5 we discuss finiteness properties and higher order isoperimetric and isodia-
metric functions for finitely generated groups. This is in preparation for §2.6 in which
we prove bounds on the 2-variable N-th order isoperimetric function 6")(n,¢) and
isodiametric function ) (n, £) for groups with N-connected cones. These functions
concern the combinatorial filling volume and filling diameter, respectively, of singular
combinatorial N-spheres, in terms of the combinatorial N-volume n of the N-spheres

and the diameter of their images ¢. The theorem is:

Theorem D. Let I' be a finitely generated group with a word metric. Suppose that
the asymptotic cones of ' are all N-connected (N > 1). Then T is of type Fny1.



Further, fix any finite (N + 1)-presentation for T'. There exist ay,by € N and
ay > 0 such that for alln € N and ¢ > 0,

=
2
B
&
A

ann N,

U(N)("af) S bNE

Moreover these bounds are always realisable simultaneously.

The theorem of §2.8 is:

Theorem E. Let T' be a virtually polycyclic group and let w be any non-principal

ultrafilter. The following are equivalent.
o ' us virtually milpotent.

e Cone,(T',1, s) is contractible for all sequences of scalars s.

In the proof we appeal to results of Harkins [35] and Pansu [47]. That the asymptotic
cones of nilpotent groups are contractible is immediate from Pansu’s work. Harkins
shows that if I' is virtually polycyclic but not virtually nilpotent then one of its higher
order Dehn functions is exponential. We use Harkins’ techniques to show that the
higher order isoperimetric and isodiametric inequalities of §2.7 must fail for such a
I' in some dimension. It follows that the higher homotopy groups of the asymptotic

cones of I cannot all be trivial.

Related literature. Detailed references to work related to Theorems A to E can be
found in the text of Chapter 2. Here is a brief summary. Theorem A has origins in
work of Papasoglu [48], which in turn is based on ideas of Gromov [33]. The half of
Theorem B that begins with the assumption that the asymptotic cones are simply
connected was essentially proved by R. Handel [34] and subsequently by Gromov [33].
Gromov went on to deduce the polynomial bound on the Dehn function in Theorem C.
An exegesis of Gromov’s proof was given by Drutu [17]. The linear bound on diameter
in Theorem C was observed by Papasoglu [48] and Bridson [5]. The inequalities in
Theorem D are in a similar vein to those obtained in different contexts in Epstein et
al. [20, Theorem 10.2.1] ( “mass times diameter estimate”) and Gromov [31] (the
“cone inequality”). Theorem E was suggested to me by Martin Bridson, although
there were many details to pursue; one implication is due to Pansu [47], and the

other implication builds on work of Harkins [35] as discussed above.



0.2 The results of Chapter 3

Chapter 3 concerns two different types of geometric conditions that a group I' (with
some finite generating set A) might satisfy. (Please refer to §3.1.1 and §3.1.2 for
careful definitions.)

The first type are called almost-convexity conditions and concern the geometry of
the closed balls B(k), for all k£ € N, around the identity in C(T",.A). in the Cayley
graph C(T", A) of I'. They assert the existence of some particular function f: N — R,
such that, given two nearby points u, v a distance k from the identity, there is a path
a from u to v of length at most f(k) that does not leave B(k).

The second type concerns combings. A combing of I" is a normal form for the
elements of T, that is, a section ¢ of the natural map (AU A™')* — . We say
o is a geodesic combing when o chooses a geodesic word o, for each g € I'. The
synchronous width ¢(n) and the asynchronous width ®(n) of a combing measure the
magnitude of the divergence of the combing lines of nearby group elements. A weak
combability condition asserts that a group admits a combing whose (synchronous or
asynchronous) width satisfies some specified constraint.

We will show that even weak almost-convexity conditions or weak geodesic-combability
conditions lead to highly restrictive constraints on the geometry of the word prob-
lem. Similarly to groups whose asymptotic cones are all simply connected, these
constraints are manifested in upper bounds on filling functions for I', specifically on
the Dehn function, on the minimal isodiametric function and on the filling length
function. When I' satisfies either a (non-vacuous) weak almost-convexity condition
or a (non-vacuous) weak geodesic-combability condition we show that it is possible to
fill null-homotopic words with other null-homotopic words of strictly shorter length.
This leads to recurrence relations on the three filling functions, from which upper

bounds will then follow.

We now state the two theorems of Chapter 3 in which we give upper bounds on
filling functions of groups satisfying each of the two conditions. These results are ex-
tremely similar. We start with groups satisfying any almost-convexity condition that
is at least as strong as I.Kapovich’s K(2) condition: this is essentially the minimally

restrictive non-vacuous almost-convexity condition — see §3.1.1.

Theorem F. Suppose a group T satisfies a weak almost-convexity condition (with
respect to a finite generating set A) in which f(k) < 2k — 1 for all k > ko. Then T



18 finitely presentable and its Dehn, minimal isodiametric and filling length functions

simultaneously admut the bounds:

et = T (141(552)) <

k=2ko+2
Diam(n) =< n?
FL(n) = n?

Here is the corresponding theorem for groups satisfying weak geodesic-combability

conditions.

Theorem G. Suppose a group I' admits a geodesic combing o (with respect to a finite
generating set A) such that the asynchronous width ® satisfies ®(n) < n — 2 for all
sufficiently large n. Then I' is finitely presentable and its Dehn, minimal isodiametric

and filling length functions simultaneously admit the bounds:

Area(n) =< n!,
Diam(n) =< n?
FL(n) =< n®



Chapter 1

Preliminaries

1.1 Presentations of groups and the word problem

The word problem for a finite presentation P (defined below) of a group I' asks for
an algorithm which, on input of a word w in the generators, decides whether or not
w=11inT. (It is straight-forward to show that the existence of the algorithm does
not depend on the finite presentation.) In the 1950s celebrated examples of groups
with undecidable word problem were constructed by Novikov [44] and Boone [3].
However this is by no means the end of the story as far as Geometric Group Theory
in concerned.

Finite presentations of groups arise naturally in a wide range of mathematical
contexts (e.g. surface groups, 3-manifold groups, Coxeter groups, Artin groups, co-
compact lattices in Lie groups, the modular group etc.) and to understand and
distinguish these groups one seeks invariants. It turns out that complexity measures
associated to naive approaches to solving the word problem (see §1.4.2) provide such
invariants. The most well known is called the minimal isoperimetric function (a.k.a.
the Dehn function).

Moreover, through insights of Gromov in [32] and [33], these invariants can really
be seen to capture information about the geometry of I' as we hope the reader will
appreciate on reading this chapter, and indeed the whole thesis. There is now a rich
study of classes of groups specified by their isoperimetric function — in particular one
way of defining the important class of groups known as hyperbolic groups is as those
finitely presentable groups whose Dehn functions admit linear upper bounds (see [9],
32], [57]).

We now present some of the standard basic definitions.



Let A be an alphabet, that is, a set of symbols (letters). A word w in A is
a finite string of letters from A and their formal inverses — that is, w is an element
of the free monoid (AU A~')*. Denote the length of w by ¢(w). For a word w =

a1°'as®? ... as"°, where each a; € A and each ¢; = +1, the inverse word w ' is

—Es €1

Qg .. a9 2aq”

We say that a group I' is generated by a subset A when the natural map
(AU A Y* — T is surjective. (So T is said to be finitely generatable when it
admits some finite generating set.) We say that a word w in A is null-homotopic
when w =1 in T

A presentation P consists of a set A (the alphabet) and a set of words R
(relators) and is denoted by writing P = (A | R). The group presented by P is
F(A)/{(R)), the quotient of the free group on A by the normal closure (R)) in F'(.A)
of the elements represented by words in R. A presentation is finite when both A
and R are finite sets. We say a group is finitely presentable when it is isomorphic

to the group presented by some finite (A | R).

The Cayley graph C(I', A) associated to a group I finitely generated by a set
A is the graph defined as follows. The vertex set of C(T',.A) is T', and, for each
a € Aand u € I', there is an oriented edge labelled by a from u to ua. The Cayley
graph in equipped with the combinatorial metric d, in which each edge is uniformly
given length 1. The restriction of this metric to the 0-skeleton agrees with the word
metric on I', which is the left-invariant metric d such that d(1,u) is the minimal
length of words that evaluate to u in I.

As examples we depict portions of the Cayley graphs of the free abelian group on
two generators and of the free group on two generators in Figure 1.1. The former is
the 1-skeleton of an infinite chess board and the latter is an infinite combinatorial
tree in which every vertex has valence four.

The Cayley 2-complex C(P) associated to a finite presentation P = (A | R) of
a group I' is the universal cover of the finite 2-complex constructed as follows. Start
with a rose: this is a 1-complex with one vertex = and one edge-loop for each element
a of A, oriented and labelled by a. Then for each relator r € R attach a ¢(r)-sided
2-cell to the rose using r to describe the attaching map. The fundamental group of
this finite 2-complex is I" (by the Seifert-van Kampen theorem — see [54] for example).
The Cayley graph C(T',.A) is the 1-skeleton of C'(P).

We return to the two examples mentioned above of the free abelian and non-
abelian groups of rank 2. The Cayley 2-complex of the free group presentation {(a, b | ),

is the universal cover of a wedge of two circles — that is, just the Cayley graph in
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Figure 1.1: Portions of Cayley graphs of the free abelian and non-abelian groups on
two generators.

Figure 1.1. When we introduce the relator [a,b] to get the presentation (a,b | [a, b])
for Z x Z, we have to attach a 2-cell to the wedge of two circles, with attaching
map described by [a,b]. The result is a torus and the universal cover is an infinite

chess-board (in other words, 2-cells are inserted into each square in Figure 1.1).

1.2 Van Kampen diagrams

The terminology used above of a “null-homotopic” word w in a finitely presented
group is, with good reason, borrowed from algebraic topology. If one starts at some
vertex v in the Cayley 2-complex C(P) (the homogeneity of C(P) renders the par-

ticular choice of v unimportant) and follows successive edges in such a way as to
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reads a null-homotopic word w, then one will finish at ». In this way null-homotopic
words define edge-circuits in C(P). A van Kampen diagram D,, for a null-homotopic
word w can be considered to be a combinatorial homotopy disc for an edge-circuit
associated to w in the Cayley 2-complex for P.

More formally, a van Kampen diagram D, for w is a finite, planar, con-
tractible, combinatorial 2-complex; its 1-cells are directed and labelled by generators,
the boundary labels of each of its 2-cells are cyclic conjugates of relators or inverse
relators, and one reads w (by convention anticlockwise) around the boundary circuit
from a base vertex .

We give an example in Figure 1.2 of a van Kampen diagram for the word [b~*a~'b%, a]
in (a,b | bab~! = a?). All the horizontal edges in this diagram are labelled by a and
all the vertical edges by b. Observe that every 2-cell has boundary word a?ba='b71.

S
>
N ~”n
~ o
> >
N "N ~”n
4 I I I I b4
b > > > >
N ”»n "N "N ~”n
~ ~ ~ ~ ~ ~ ~ ~
> > > > > > > >
N ”~N ”»n ”~N "N ”»n "N ”~N ~”n
5 S S . S S S S L N S S S AN AN AN S
S>> Ly > 1y > 15> 5
4 Y Y Y Y Y Y Y N
~ ~ ~ ~ ~ ~ ~ ~
> > > > > > > >
4 Y Y Y N
b4 > > > > b4
4 Y N
~ ~
> >
y N
~
>

Figure 1.2: A van Kampen diagram for the word [b™*a™'b%, a] in (a,b | bab™" = a?).

Here is an equivalent definition of a van Kampen diagram that is intuitively closer

to the notion of a homotopy disc for a loop in C(P) defined by a null-homotopic
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word w. Say that D, := S% \ ey is a van Kampen diagram for w whenever S? is
a combinatorial cell structure on the 2-sphere with a distinguished 2-cell e, and a
combinatorial map f from S? \ e, to C(P) such that the attaching map of e, is
then mapped by f to w. (The orientation and labelling of the edges of D, is then
inherited from C(P) via f.)

Note that a van Kampen diagram can, in general, be a singular disc — it is con-
venient to think of a van Kampen diagram as a planar tree-like arrangement of topo-
logical discs and topological arcs.

It is an immediate corollary of the forthcoming Lemma 1.5.1 ( “van Kampen’s
Lemma”) that a word w in P is null-homotopic if and only if it admits a van Kampen

diagram.

1.3 ~-equivalence of functions

We recall a well known equivalence relation on functions [0, 00) — [0, 00). Given two
functions f1, fo : [0,00) — [0,00) we say fi = fo when there exists M > 0 such that
fill) < M fo(ME+ M)+ Mé+ M, for all £ > 0. Then f; ~ fy if and only if f; < f5
and f; =< fi.

Similarly we can define f; < fy and f; ~ f5 for functions fi, fo : N — N.

1.4 Filling functions for finite presentations of groups

An insight of Gromov [33] is to pursue parallels with filling null-homotopic loops in
Riemannian manifolds and define group invariants ( “filling functions”) that con-
cern different measurements one can make of the geometry of van Kampen diagrams.
This will be our starting point as we give the definitions below. However we will
go on to explain how there are other equivalent definitions that have either a more
algebraic or a more computer-scientific flavour.

The construction of a van Kampen diagram for a word w suffices as a proof that
w is null-homotopic. This is a first sense in which filling functions can be said to

capture aspects of the “geometry of the word problem” for P.

1.4.1 The definition of Area, Diam and FL via van Kampen
diagrams
We give the 1-skeleton of a van Kampen diagram the combinatorial metric: each

1-cell has length 1. The measurements of the geometry of van Kampen diagrams that
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will concern us are:
e the area, Area(D,,) which is the number of 2-cells,

e the diameter', Diam(D,,) which is the maximal distance (in the combinatorial

metric on the 1-skeleton) of vertices in D,, from the basepoint *,

e and the filling length, F1(D,,), which is the minimal bound on the length of

the contracting boundary curve amongst shellings of D,,.

The third of these, the filling length, requires further explanation. A shelling of D,,
is the combinatorial analogue of a null-homotopy: the boundary circuit of a singular
combinatorial 2-disc D is homotoped to the basepoint x. More precisely, we have a

sequence of van Kampen diagrams:
Dw = Do,Dl,...,Dm = %

in which D;,; is obtained from D; by one of the following three types of moves that

are depicted in Figure 1.3:

e A 1-cell collapse. Remove a pair (e',e%) such that ¢° € de! is a O-cell in D;
which is not the base point x € D;, and e! is a 1-cell only attached to the rest

of the diagram at one 0-cell which is not €°.

e A 1-cell expansion. Suppose (e!,e?) is a pair such that el is a 1-cell in the

interior of D; and €° € de! NOD;. Make a cut along e! starting from e°, so two
copies of €? and e! are found in D;,;. This has the effect of introducing two

new 1-cells into the boundary of the diagram.

e A 2-cell collapse. Remove a pair (€2, e') where e? is a 2-cell of D; with e' a
1-cell of de? N OD; (note that the 0-skeleton of D; is the same as that of D;).

The filling length of the shelling Dy, Dy, ..., D,, of D,, is defined to be
max {{(0D;) | 0 <i<m}.

The filling length FL(w) of D,, is defined to be the minimal filling length amongst all
shellings of D,,.

Tt is conventional in this context to define diameter to be the maximum distance to the base-
point, rather than the maximum distance between two vertices. Obvious inequalities relate the two
alternatives.

13



Di1
1-cell collapse
0 ?
€
Di
1-cell expansion
E—

D1
2-cell collapse

Figure 1.3: Combinatorial homotopy moves

The area (resp. diameter, filling length) of a null-homotopic word w is
the minimal area (resp. diameter, filling length) of all van Kampen diagrams filling
w.

For M = Area, Diam and FL we define M(n) to be the maximum of M(w) amongst

all null-homotopic words w of length at most n. Thus we have defined three functions:
e the Dehn function Area: N — N,
e the minimal isodiametric function Diam : N — N,
e and the filling length function FL: N — N.

Any function f : N — N such that f(n) > Area(n) for all n is referred to as

an tsoperimetric function for P. Thus the Dehn function can alternatively be
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referred to as the minimal isoperimetric function. Similarly, any function that

is an upper bound for Diam is referred to as an tsodiametric function.

We say that functions f(n), g(n) and h(n) that are upper bounds for Area(n),
Diam(n) and FL(n) are realisable simultaneously when, for any given a null-

homotopic word w of length n there is a van Kampen diagram D,, with

Area(D,) < f(n)
Diam(D,,) < g(n)
FL(D,) < h(n).

It is important to note that Area, Diam and FL are defined with respect to a fixed
finite presentation for I'.  However they are group invariants in the sense that if P
and Q are two finite presentations for I'" then respective functions are ~-equivalent
(see definition 1.3). This is proved in [28] for Area and Diam and in [26] for FL.

There is an extensive literature concerning isoperimetric functions and isodiamet-
ric functions — see, for example, [4], [7], [24], [46] and [55] and references therein.
Filling length is less well known; some of its properties are discussed in [26]. There is
increasing evidence of its importance — in particular it plays a pivotal role in a recent
proof of a long-standing open question about isoperimetric functions for nilpotent
groups (see [25] and §2.4.6 of this thesis).

1.4.2 Defining Area and FL via null-sequences

Another approach to its definition of Area and FL is via null-sequences. Suppose, as
before, that w is a null-homotopic word in the presentation P. Then a null-sequence
for w is a sequence S

W = Wy, Wi,..., Wy = 1

of words (where 1 denotes the empty word) in which w;; is obtained from w; by one

of three moves:

1. Free reduction. Remove a subword aa™! from w;, where a is a generator or the

inverse of a generator.

1

2. Free expansion. Insert a subword aa™" into w;, where a is a generator or the

inverse of a generator. So w;,1 = uaa v for some words u, v such that w; = uv

in (AUA N
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1

3. Application of a relator. Replace w; = auf by av, where uv™ " is a cyclic

conjugate of one of the defining relators or its inverse.

[We remark that these are the rewriting moves in a rewriting system associated to a
finite presentation of a group — see [15], [38], [41] or [51] for example.]
We refer to m as the height Height(.S) of S and we define the filling length F1(S)
of S by
FL(S) := max {{(w;) | 0 <i < m}.

It is easy to see that the effect of a I-cell collapse, a 1-cell expansion or a 2-cell
collapse on the boundary word is a free reduction, free expansion or application of a
relator, respectively. This is a first step towards proving that an equivalent definition
of the filling length of w is as the minimal filling length amongst all null-sequences
for w. For a carefully treatment of this please refer to [26, Proposition 1].

Define the area Area(S) of the null-sequence S to be the number of ¢ such that
w;41 is obtained from w; by an application of a relator move. Then one can also see
that the definition

Area(w) := min {Area(S) | null-sequences S for w}

agrees with the definition of the area of w given previously in terms of van Kampen
diagrams.
Define

Height(w) := min {Height(S) | null-sequences S for w} .

The area of a null-homotopic word w is closely related to the height of its null-
sequences in the way the following lemma makes precise. (This lemma is essentially
the same as Theorem 4.1 of [59].)

Lemma 1.4.1. For all null-homotopic words w,
Area(w) < Height(w) < (C+ 1)Area(w) + {(w),
where C := max {{(r) | r € R}.

Proof. The inequality Area(w) < Height(w) follows from the definitions since free
reductions and expansions do not contribute to the area. To obtain the inequality
Height(w) < (C'+ 1)Area(w) + ¢(w) first take a van Kampen diagram D,, for w with
Area(D,,) = Area(n). Take any shelling

Dw = Do,Dl,...,Dm = %
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of D,, down to its base vertex x in which each D;,; is obtained from D; by a 2-cell
collapse or a 1-cell collapse (but never a 1-cell expansion) and let w; be the boundary
word of D;. Then wy, wy, ..., wy, is a null-sequence for w, where w;, is obtained from
w; by applying of a relator if D;; is obtained from D; by a 2-cell collapse, and by a
free reduction if D;; is obtained from D; by a I-cell collapse. We obtain the required
inequality by observing that the number of 2-cell collapse moves in the shelling is
Area(w) and the total number of 1-cell collapse moves is at most the total number if
1-cells in the 1-skeleton of D,,, which is at most C'Area(w) + £(w). ]

We can re-interpret the terms in the discussion above to understand the functions
Area and FL in computer science terms. (It is intriguing to ask how Diam fits into
this framework.)

Suppose P is a finite presentation for a group I'. One can attempt to solve the
word problem using a non-deterministic Turing machine as follows. Initially the input
word w of length n is displayed on the Turing tape. A step in the operation of the
machine is an application of a relator, a free reduction, or a free expansion. The
machine searches for a proof that w = 1 in G — that is, a sequence of steps that
reduces w to the empty word. The running time of a proof is the number of steps,
and its space is the number of different entry squares on the Turing tape that are
disturbed in the course of the proof.

The time Time(w) for a word w such that w = 1 in G is the minimum running time
amongst proofs for w, and the time function Time : N — N is defined by Time(n) :=
max {Time(w) | {(w) <n and w =1 in G}. Similarly, we define the space function
Space by setting Space(w) to be the minimal length segment of the tape required to
display a proof for w.

On comparing with the definitions of Area and FL via null-sequences, we quickly
recognise that the space function Space is precisely the same as the filling function
FL. Also the time function Time is closely related to the function Area. (In fact
Time is precisely the function Height, and we explained above how Height relates to

Area in Lemma 1.4.1.)

It will follow from the results mentioned in §1.4.4 that when one of Diam(n),
FL(n) and Area(n) is bounded by a recursive function, all are. It is precisely when
in this event that the word problem for P is solvable — details can be found in [24,
Theorem 2.1].
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1.4.3 An algebraic definition of Area and Diam

As before w is a null-homotopic word in a finite presentation P = (A | R). We can

define the area of w to be the minimal N such that there is an equality

N
_ -1
w = U; Tl
i=1

in the free group F(A) for some r; € R*! and words ;.
That this definition of Area agrees with that given in terms of van Kampen dia-

grams in §1.4.1 follows from Lemma 1.5.1 (van Kampen’s Lemma).

Similarly we can define the diameter Diam’ of w to be the minimal bound on
the length of the conjugating elements w; in the above expression. The diameter
function Diam’ is very closely related to that of Diam. In fact Diam(n) < Diam’(n) <

Diam(n) 4 C for all n, where C' is the maximum length of the relator words in R.

1.4.4 Inter-relationships between filling functions

Many of the results in this thesis are upper bounds on the functions Area, FL. and
Diam for a finite presentation P of a group that satisfies some asymptotic, geomet-
ric or topological condition. Therefore it is worth considering what a prior: inter-
dependencies there are between the functions Area, FL and Diam for a general finite
presentation P = (4 | R) .

If C is the length of the longest relator word in R then

2Diam(n) < FL(n) < CArea(n)+n

as we will now explain. Suppose D = Dgy, D+,..., D,, = x is a shelling of a van Kam-
pen diagram D. There is a natural combinatorial map D; — D. The first inequality
holds because, given a vertex v in D, there is some ¢ such that v is in the image of
9dD; in D. This image provides two paths in the 1-skeleton D) from v to . The
second inequality holds because the total number of edges in the 1-skeleton of D is
no more than C'Area(n) + n.

Another straight-forward result is that there is a constant A, depending only on
P, such that Area(n) < A™(™ for all n: take A := 2|A|, there are A" distinct
words of length at most FL(n). In the context of the Space and Time interpretation
of FL and Area from §1.4.2 we recognise that this is just the exponential “Space-Time

bound” of computer science: see [22, §4].
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At present the best upper bound on the Dehn function Area(n) in terms of
Diam(n) in general is a double-exponential due to Cohen [14] — see also [23] and
[49]. It is an open question whether this is best possible. The Baumslag-Solitar
group (a,b | b~tab = a?) admits a linear isodiametric function but its Dehn function
grows exponentially (see [20] or [27]). Stallings ([33], page 100) asks whether Area
can always be bounded by some single exponential of Diam.

In this thesis we give upper bounds on both Diam(n) and FL(n), although in
every instance the bounds differ only by a multiplicative constant. It may be the case
that there is a redundancy in giving bounds on both functions: it is an open problem
due to Gromov ([33], page 100) whether there is a finitely presented group for which
there is no K > 0 with FL(n) < K Diam(n) for all n.

Suppose, in fact, it could be proved that, given a finite presentation P, there exists
K > 0 such that FL(n) < K Diam(n) for all n. Then a single exponential bound on
Area in terms of Diam would follow from the Space-Time bound, resolving Stallings’
question.

(The results of [26] combined with Cohen’s double exponential theorem combine
to give a single-exponential upper bound on FL in terms of Diam, in general. The
author conjectures that both this and Cohen’s double-exponential bound are best

possible.)

1.4.5 Filling in Riemannian manifolds

Suppose M is a closed, smooth Riemannian manifold. Define fj; : [0, 00) — [0, 00)
by setting f(¢) to be the minimal area of homotopy discs for loops of length at most
¢ in the universal cover M. (There is an issue hidden here: the existence of minimal
area homotopy discs is far from trivial — see references in [7].)

The Filling Theorem [7] (see also [10]) says that the Dehn function of 7 M is
~-equivalent to fy;. Van Kampen diagrams provide the key step in the proof of this
result that exposes an intimate relationship between an “arcane region of mathematics
near the borders of group theory and logic, echoing with talk of complexity and
undecidability, devoid of the light of geometry” and “the study of minimal surfaces,
..., an immediately engaging field that combines the shimmering appeal of soap films
with intriguing analytical problems” (to quote Bridson in [7]).

We remark that the minimal isodiametric functions Diam and FL of 7y M should
also be interpretable in this context, although this is not the occasion to pursue the
necessary technical details. It would seem that Diam ~ ¢, and FL ~ h,; for g); and

har defined as follows. Let gas(¢) be the minimal diameter of homotopy discs for loops
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in M of length at most ¢ (pull back the Riemannian metric to the homotopy disc).
Define hy;(£) to be the infimal length k such that for all loops f : (S',%) — (M, *) of

length at most £, there is a homotopy
Hy(s) = H(s,t):[0,1)> = M

with Hy = f and Hy(s) = * for all s, and the length of the loop H; is at most k for
all ¢.

1.5 Van Kampen’s Lemma

In this section we present a generalisation of what is known as van Kampen’s Lemma.

A paper of van Kampen where the lemma occurs in its original form is [39]. For
a modern treatment and a careful proof of the van Kampen’s lemma we refer the
reader to [7].

Lemma 1.5.1 (Van Kampen’s Lemma). Let P = (A | R) be a presentation. Let
w be a word in A and let K € N. The following are equivalent.

(i). There is an equality

K/
w = Huiwiui’l (1.1)
i=1
in the free group F(A) for some K' < K, some words w; € R*' and some
words u;.

(i1). There is a van Kampen diagram D, for w with no more than K 2-cells.

If we discard the group theoretic input into Definition 1.2 (van Kampen diagrams)

then we are left with the following.

Definition 1.5.2. A diagram is a finite, planar, contractible, combinatorial 2-
complex. One can think of a diagram as a planar tree-like arrangement of topological

2-discs and 1-dimensional arcs.

This leads us to give a more generalisation of Lemma 1.5.1 (compare Ol’shanskii [45]).

To recover Lemma 1.5.1 from the following generalisation take R, to be R.

Lemma 1.5.3 (A generalisation of van Kampen’s Lemma). Let w be a null-
homotopic word in a generating set A of a group T with Cayley graph C(T', A). Let
Ry be a set of null-homotopic words and let K € N. The following are equivalent:
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(i). There is an equality
K/
w = l_qufwiu;1 (1.2)
i=1

in the free group F(A), for some K' < K, and some words u; and w; such that

the w; are in Ryt

(i1). There ezists a diagram D, together with a combinatorial map ® : DY —

C(T,A) satisfying:
o the number of 2-cells of D,, is at most K ;

e & maps 9D, (reading from a basepoint x) to the edge circuit defined by w;

o the boundary circuit of each 2-cell of D,, is mapped by ® to an edge circuit
around which one reads a word from R, (reading in one direction or the

other from some starting vertez).

The diagram D, for w is depicted in Figure 1.4. The 1-cells of D,, inherit an
orientation and a labelling from C(T",.4) and so one can read the words wy, ws, ... as
shown.

ok

Figure 1.4: The diagram D,, of the generalisation of van Kampen’s Lemma.

Sketch proof of Lemma 1.5.3. We begin with the implication (i) = (4i). The prod-
uct of conjugates (1.2) can be displayed as a lollypop diagram: a planar 2-complex
consisting of K’ 2-cells with boundaries labelled by the w; attached to a base point
by stalks (1-dimensional arcs) labelled by the wu;, all in such a way that the boundary

word of the lollypop diagram is Hfil wzwzu; (reading anti-clockwise from x).
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The equality (1.2) in F(A) means that there is a sequence of free reductions
and expansions transforming Hfil uiwiui’l to w (a free reduction is the removal of a
subword aa~! for some a € A*! and a free expansion is the insertion of such a word).
Now perform a corresponding sequence of moves on the lollypop diagram. (Call a
1-cell that is attached to a diagram only at one of its terminal vertices a spike.) A
free reduction amounts to an identification of two adjacent and oppositely oriented
letters in the boundary circuit. A free expansion has the effect of attaching a spike
to the diagram. The idea is that one should arrive at the planar diagram D,, at the
end of the sequence of moves. However one must check that the diagram remains
planar (and contractible) on performing each move. This is clear in case of the free
expansion, but may actually fail for the free reduction move in the cases where the two
letters in question are on the same edge (a spike) or where two edges being identified
together bound a subdiagram. However these two rogue situations are avoided if we
assume that the K’ of condition (i) is minimal and moreover that the total length of

all the u; is minimal for such K’.

For the converse implication, the idea is that one can cut the diagram D,, apart
to obtain a lollipop diagram. One chooses paths labelled u; in D,, from the basepoint
star to the boundary of each 2-cell, such that the union of the paths form a tree. One
then cuts the diagram apart to get a lollypop diagram in the reverse of the manner
in which we proved (i) = (%i). A small technical complication arises in that the
diagram D,, may have spikes — in this event it may be the case that when we cut the
diagram apart we disconnect some 1-dimensional portions of the boundary circuit.
This can be problem dealt with by extending one of the u; to run all the way around

the boundary circuit. m
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Chapter 2

Asymptotic cones

2.1 Preliminaries

2.1.1 Asymptotic cones

Asymptotic cones were introduced by van den Dries and Wilkie in [16], who saw
nonstandard analysis as the natural context for the constructions used by Gromov in
his proof (in [30]) that groups of polynomial growth are virtually! nilpotent.

As we mentioned in the introduction, the construction is very general, applying
not just to groups with word metrics but to any metric space (X,d). Asymptotic
cones encode large scale information about X whilst ignoring local geometry. The
idea is to view X from increasingly distant vantage points. That is, we scale the
metric by a sequence of strictly positive reals s = (s,) with s, — oc and we seek a
limit of the sequence (X, id)

So what limit of (X, éd) should we take? In restricted circumstances a Gromov—
Hausdorff limit can be used (see [9, pages 70ff]) — in fact the groups for which the
asymptotic cone construction agrees with the taking of the Gromov-Hausdorff limit
are precisely the virtually nilpotent groups. But, in general, we need a device from
non-standard analysis to force convergence. This is a non-principal ultrafilter w,
which has the crucial property of selecting a (possibly infinite) limit point, the wul-
tralimit, lim, a, € R U {£oo} of any given sequence of reals (a,). Non-principal
ultrafilters and ultralimits are defined and discussed in Appendix A.1. One concise
way of defining non-principal ultrafilters is to say that they are finitely additive prob-
ability measures on N, taking values in {0,1}. Non-principal ultrafilters cannot be

constructed explicitly; their existence is ensured by Zorn’s Lemma.

LA group is said virtually to admit some property if it has a subgroup of finite index with that
property.
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Let us proceed to the definition of an asymptotic cone. In addition to a metric

space (X, d) the ingredients of the definition are:

e a non-principal ultrafilter w,
e a sequence of basepoints e = (e,,)pen in X,

e a sequence of scalars® s = (s,)nen of strictly positive reals with s, — oc.

Definition 2.1.1. Define the asymptotic cone of (X,d) with respect to e,s and

w, to be

Cone, (X, e,s) := {a = (an)nen

1
lim —d(e,, a,) < oo} / ~
w s

n

where the equivalence relation is

d(an, by
a~b <« lim M =0.
w Sn
The cone is given the metric
d(ay, by)

d([a],[b]) := lim

w Sn

Here [a] denotes the equivalence class of the sequence a = (a,), but henceforth we
will regularly abuse notation and refer to the a as elements of Cone, (X, e, s).

The language of nonstandard analysis provides another way of looking at this
construction — via the ultraproduct X* (with respect to w) of X. The ultraproduct
has a natural distance function d*(a, b) = (d(a,, b,)) taking values in the non-negative
hyperreals. The sequence of scalars s defines an infinite hyperreal, which is used to
scale d* to 1d*. Then Cone, (X, e,s) consists of the set of a € X for which 1d*(a, e)
is a finite hyperreal, quotiented by the equivalence relation a ~ b when %d*(a, b) is
infinitesimal.

It is important to note that the definition of the cone involves choices. In the
first place there is a dependence on the sequence of basepoints e. In many common
contexts this is not critical because when X is homogeneous (for example when X is a
finitely generated group with a word metric) or more generally is quasi-homogeneous?
(for example when X is a Cayley Graph — see §1.1), we can appeal to the following

lemma.

2Throughout this thesis we insist that the sequences of scalars s = (s,) used in defining an
asymptotic cone tends to infinity. It is possible to relax this requirement and still get a well defined
Cone, (X, e,s) but this is not useful for our viewpoint of discarding local information, focusing only
on large-scale behaviour.

3A metric space X is quasi-homogeneous when diam(X/IsomX) < oo.
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Lemma 2.1.2. Let X be a quasi-homogenous metric space, and suppose € = (e,)

/

') are two sequences of base points in X. Let s = (s,) be a sequence of

and € = (e
scalars with s, — oo. Then the asymptotic cones Cone, (X, e, s) and Cone, (X, €, s)

are 1sometric.

Proof. The quasi-homogeneity hypothesis allows us to find isometries ¢, : X — X
such that
d(Pp(en), e,) < diam(X/IsomX) < oo.

Define ® := (®,,) to be the induced map Cone, (X, e,s) to Cone, (X, €, s).
Then for a,b € Cone, (X, e,s),

% o
1(@(a), ®(b)) = lim 28l Palbu)) _p AHansba) ey )
Also o | ) » .
d((I)(e)’e’) = lim M < lim 1am( / som ) _
“ Sn w Sn
It follows that ® is well defined, is an isometry, and maps e to €. -

More critical to applications is the dependence of the definition of an asymptotic
cone on the sequence of scalars and the non-principal ultrafilter. These are interrelated
— changes in the sequence of scalars can alternatively be achieved by altering the
ultrafilter. In Appendix A.2 we prove a result which makes the relationship more
precise. Essentially we show that given an asymptotic cone Cone, (X, e,s) with s =
(sn) not tending to infinity too slowly, there is an ultrafilter o’ and a sequence of base
points €' such that Cone, (X, e,s) is isometric to Cone, (X, e’ N).

Often authors wish to use N for the sequence of scalars, and take an obvious
sequence of base points — typically the constant sequence 1 = (1) at the identity in a
finitely generated group I' with a word metric. In this circumstance the cone may be
more concisely denoted Cone,I'.

In our applications we will find it most natural to fix the ultrafilter and then state
results whose hypothesis is that some conditions hold in all Cone, (X, e,s) as e and
s vary?. In this way we capture characteristics of the large scale geometry of X, but
avoid the loss of information that can occur when we just focus on one Cone, (X, e, s).

The following, which is Proposition 3.1.1 of Drutu [17], is an example.

Proposition 2.1.3. Let I' be a finitely generated group and w a non-principal ultra-
filter. Then T is hyperbolic if and only if Cone,(I',1, 8) is an R-tree for all s.

4Fixing s and varying e and w would work similarly. In either case the point is not to lose
information on some subsequence of (X, sid)
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The insistence that a condition in the cone holds for all s is often necessary, as

the following theorem testifies.

Theorem 2.1.4 (Thomas and Velickovic [58]). There exists a finitely generated

group which has two non-homeomorphic asymptotic cones.

The examples given by Thomas and Velickovic are not finitely presentable. (The
question of whether a finitely presentable group can have two non-homeomorphic
cones remains open.) Their examples I" are defined using an infinite sequence of re-
lators (r;) satisfying a small cancellation property. Such groups I' are not finitely
presentable and so must have at least one cone that is not 1-connected (see Theo-
rem C). Thomas & Velickovic show that one can choose the r; and an ultrafilter w in
such a way that in any neighbourhood of the base point, Cone,I" resembles the cone
of a finitely presented small cancellation group I'g. Such a group I'g is hyperbolic
and Cone,I'r is an R-tree. It follows that Cone,I" is itself an R-tree (and so is 1-
connected). Thomas & Velickovic achieve these different cones by using two different
ultrafilters, whilst fixing the sequence of scalars as N. However, their methods can
easily be adapted so that the difference is realised by two different sequences of scalars
but a fixed ultrafilter.

If X is a quasi-homogenous metric space then its asymptotic cones are homoge-
neous. When T is a non-elementary (that is, not virtually cyclic) hyperbolic group,
Cone,(T",1,s) is an everywhere branching R-tree. In fact this R-tree turns out to be

the (uniquely) everywhere 280-branching universal R-tree (see [18]).

An important property of asymptotic cones is that they are complete metric

spaces. Proofs can be found in [9, page 79] and [16].

2.1.2 Quasi-isometries

We now recall an important notion of large scale equivalence of metric spaces that is
designed to respect only global properties of the space, ignoring local geometry.

Let X and Y be metric spaces. Let A > 1 and u > 0. A (not-necessary continuous)
map : X — Y is a (\, p)-quasi-isometry if

L Va2 € X, d(zy,x0) —p < d(P(21), P(22)) < Ad(xy,22) + p, and

2. VyeY, Jxe X, dP(z),y) < p.
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When such ®, A\, exist we say X and Y are quasi-isometric. This defines an
equivalence relation on any given set of metric spaces.

The first condition says ® combines the stretching A of a bi-Lipschitz map with an
amount of tearing bounded by u. The second condition tells us that Im® is quasi-
dense in Y. If we discard the second condition then ® is called a quasi-isometric

embedding.

Proposition 2.1.5. A (\, p)-quasi-isometry ® : X — Y induces a \-bi-Lipschitz

homeomorphism
lim® : Cone, (X, e, s) — Cone,(Y,lim®(e), s).

Proof. Suppose that a = (a,) and b = (b,,) are elements of Cone, (X, e,s). Then

gl;mAd(“"’b")“L’“‘ — Md(a,b).

Sn

d (1i£ncp(a),1i£n¢>(b)) _ i 2(2(0n), 2(bn))

w Sn

The other half of the bi-Lipschitz condition:

%d(a, b) < d (lgn@(a% ligncf’(w)

is proved similarly.

It remains to show that lim,® is surjective. Well suppose y = (y,) is a point in
Cone, (Y, lim,®(e),s). Then there is a sequence x = (z,,) in X such that d(®(z,,), yn) <
. One readily checks that d(lim,®(x),y) = 0 and that

d(e,x) < \d (nmcp(e),nmcp(x)) = \d (nmcp(e), nmcp(y)) < .
So x is a well defined point in Cone, (X, e, s) and is mapped by lim,® to y. m
Here is the reward of this proposition.

Corollary 2.1.6. Any bi-Lipschitz invariant of the asymptotic cones of a metric

space 1s a quasi-isometry invariant of metric spaces.

The identity map (T',d4) — (T, dp) associated to two finite generating sets (and
hence two word metrics) of a finitely generated group I' = (A) = (B) is a (A, 0)-quasi-

isometry for some A\ > 1. Hence we have the following further corollary.

Corollary 2.1.7. Any topological (bi-Lipschitz) invariant (e.g. N-connectedness) of
the cones of a finitely generated group 1" is a group invariant, in other words, is

independent of the particular choice of generating set.
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Let I" be a group with finite generating set A with respect to which it has word
metric denoted d 4. Recall that the Cayley graph C(T',.A) of I' is given the metric
in which each edge is uniformly given length 1. Then (T',d4) can be identified with
the O-skeleton of C(T',.A), and the inclusion is a (1, 3)-quasi-isometry. So here is a

further corollary.

Corollary 2.1.8. The asymptotic cones of a group I with word metric associated to

some finite generating set A are the same as those of C(T', A).

2.1.3 Combinatorial complexes

In order to study homotopy groups of asymptotic cones we would like to relate maps
of spheres into cones to sequences of maps of spheres into the original space X. For
example, a sequence of \,-Lipschitz N-spheres v, : (SV,x) — (X, e,) with \, — oo

yields a 1-Lipschitz map
v o= () : S — Cone,(X,e,N),

where A := (\,). This is because for a,b € SV

d(yn(a), yn(b . Apd(a,b
(/(a))\n/()) Shin )E: )

However we lack control when we pull back a continuous map 7 : SV — Cone, (X, e, s)

d(y(a),7(b)) = lim = d(a,b).

to a sequence (7,) of maps 7, : SV — X such that v(a) = (y,(a)) for all a € SV. We
can only at best hope for coarse information, and given a set J C N of w-measure 0,
we can deduce no constraints on 7, for n € J. What is particularly troublesome is
that we cannot get information uniformly constraining the behaviour of any =, over
the whole of SV. It is much easier to pull back finite sets of points: let C be a finite
set of points and let 7 be a map C — Cone, (X, e, s); express T as (7,,) for some maps
Tn + C — X such that each 7, is a map C — X; then for a given error term ¢ > 0 we
can find a set J C N of w-measure 1 such that for all n € J, the distances between
pairs of points of 7,(C) in (X, id) differ by at most ¢ from the distances between
respective pairs of points of 7(C).

This discussion leads to work with combinatorial configurations of points — specif-
ically the O-skeleta of combinatorial structures for N-spheres and (N + 1)-discs. Thus
we give the following review of definitions.

Combinatorial complexes are defined by recursion on dimension. (We follow
the definition of Bridson & Haefliger [9, page 153].) Define a 0-dimensional combina-
torial complex just to be a set with the discrete topology, each point being termed

both an open cell and a closed cell.
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Next we define a continuous map C; — (5 between combinatorial complexes to
be combinatorial if its restriction to each open cell of (] is a homeomorphism onto
an open cell of Cl.

To complete the definition we explain how we use combinatorial maps to provide
the attaching maps necessary to obtain N-dimensional combinatorial complexes from
those of dimension N — 1. An N-dimensional combinatorial complex is a topological
space C' that can be obtained in the following way. Take the disjoint union U of an
(N — 1)-dimensional combinatorial complex CV=1 and a family (ey)xes of closed
N-discs. Suppose the boundaries de, of the e, have combinatorial structures: that
is, for each ey there is an (N — 1)-dimensional combinatorial complex S, for which
there is a homeomorphism dey, — S). Further suppose there are combinatorial maps
Sy — CW=1_ The attaching maps are the compositions dey, — S, — CcWN-1),
Then C' is obtained from U by quotienting via the attaching maps in the usual way
(and is given the quotient topology). The open cells of C' are defined to be the
(images of) open cells in CN=Y and the interiors of the ey. The closed cells of C
are defined to be the closed cells of CN=1 together with the N-discs ey, equipped
with their boundary combinatorial structures de, — S). Note that a closed N-cell
can be regarded as a combinatorial complex in its own right, having one open N-
cell e, together with the combinatorial structure Sy for an (N — 1)-sphere on its
boundary. (However a closed N-cell need not be a subcomplex of C' on account of

the identifications that may occur under the attaching map Sy — CV=1))

It is often only the combinatorial type of a complex that we are interested in.
Therefore define two combinatorial complexes to be combinatorially equivalent
(or of the same combinatorial type) when there exists a combinatorial iso-
morphism between them — that is, a homeomorphism which is combinatorial and
has combinatorial inverse.

A combinatorial structure for a topological space V is a combinatorial
complex C' together with a homeomorphism V = C. Tt is common to suppress
the homeomorphism and regard the cells of C' as subsets of V. Two combinatorial
structures ¢ : V = Ciand ¢o : V = (5 are said to be equivalent when ¢s o gzﬁl_l :
(1 — (45 is a combinatorial isomorphism.

We use the notation # y(C') to denote the number of open N-cells in a combina-

torial complex.

A combinatorial complex is triangular® when the combinatorial structure on

5This definition is not the same as that of a simplicial triangulation because two N-cells can meet
across multiple (N — 1)-cells.
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each attaching sphere is always that of the boundary of a simplex (of the appropriate
dimension). A triangulation of a topological space is a combinatorial structure for
the space in which the combinatorial complex used is triangular.

More generally, given a sequence R = (Ry) such that each Ry € NU {oc} and
Ry > N + 2, define an R-combinatorial complex to be a combinatorial complex
for which for all IV, all the combinatorial structures S = Sy for N-spheres used to
attach (IV41)-cells ey (via combinatorial maps dey, — Sy) have #x(S)) < Ry. (Note
that this implicitly forces the combinatorial structures Sy to be R-combinatorial also.)
The reason we insist that Ry > N+2 for each N is to ensure that the R-combinatorial
complexes include the triangular combinatorial complexes.

We will find R-combinatorial complexes particularly useful (in the proofs in §2.3)
because the combinatorial type of an R-combinatorial complex is restricted: if the
entries Ry, R1,..., Ry_1 are all finite then in an N-dimensional R-combinatorial com-
plex there are only finitely many possible combinatorial structures for the (N — 1)-
spheres used to attach N-cells (up to combinatorial equivalence); so given an integer
M > 0 there are only finitely many N-dimensional non-equivalent combinatorial
complexes C such that #x(C) < M.

A refinement of an N-dimensional combinatorial structure V' S Cona topo-
logical space V' is (roughly speaking) another combinatorial structure V' =S CforV
which can be obtained from C' by subdividing the cells in C' in a way that is matches
up across shared i-cells in the boundaries of two (i + 1)-cells. We produce C' by
refining first the 1-cells in C then the 2-cells and so on, until finally the N-cells.

For example consider the combinatorial structure C' =2 D? where C' is made up four
2-cells, twelve 1-cells and nine 1-cells assembled to make a 2-by-2 chessboard complex.
If we subdivided each of the four 2-cells into 2-by-2 chessboard complexes (say) we
would have a 4-by-4 chessboard and this would be a refinement of C. However if we
subdivided some 2-cell in C' into a 2-by-2 chessboard complex and an adjacent 2-cell
into a 3-by-3 chessboard complexes then the result would fail to be a refinement of
C because the subdivision would not agree across the common edge.

Formally, refining a combinatorial structure C' for a space V' is an inductive pro-
cess. First we define C° := C©. Then for k = 1,2,..., N we shall explain how to
refine the k-skeleton C®) of C' subject to C*' to produce C*. Then a refinement C
of C is defined to be any CV that can be obtained from a sequence C°,C*,...,CN
in which each C* is the result of refining C*®) subject to C*~.

Recall from the definition of a combinatorial complex C' that each closed k-cell e*

of C has a combinatorial structure def = S on its boundary and a combinatorial map
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S — C%=1 such that composing gives the attaching map fu : 9e¥ — C*=Y. The
refinement C*~' induces a refined attaching map fo : Oe* = 8 — CF1. Now suppose
we have any combinatorial structure ¢¥ = D on e* (so D is a combinatorial complex
which is topologically a k-disc) such that 9D = S as combinatorial complexes and
e¥ — D restricts to de* — S on the boundary. Then D can be attached to C*~! via
f.r. So our k-complex C* is obtained by attaching any such combinatorial k-discs to
C*=1 in place of the k-cells of C. Any C* that can be obtained in this way is referred
to as a refinement of the k-skeleton C'¥) of C subject to C*~1.

We will also need singular combinatorial maps and singular combina-
torial complexes. Their definition, which is due to Bridson in [8], is similar to
that of combinatorial complexes — using recursion on dimension. A continuous map
C7 — (5 between singular combinatorial complexes is a singular combinatorial map
when (for all N) each open N-cell of (] is either mapped homeomorphically onto an
N-cell of Cy, or collapses. In saying an N-cell “collapses” we mean that it maps
into the image of its boundary (and hence into the (N — 1)-skeleton of Cy). Then
singular combinatorial complexes, like combinatorial complexes, are built up through
the dimensions: the boundary N-spheres of (N + 1)-discs are given (non-singular)
combinatorial structures and are glued to an N-dimensional complex via singular

combinatorial attaching maps.

2.1.4 Geodesic metric spaces

We say that a metric space X is a geodesic metric space when, given a,b € X,
there is an isometrically embedded continuous path v : [0, d(a,b)] — X with y(0) = a
and y(d(a, b)) = b. Such an isometrically embedded continuous path is referred to as
a geodestic from a to b.

Any Cayley graph (defined in §1.1) is an example of a geodesic metric space. More
generally the same can be said of the 1-skeleton of a combinatorial complex that has
been equipped with the combinatorial metric (that is, each 1-cell has uniformly been

given length 1).

2.2 Filling functions in a coarse geometric setting

Let X be a metric space.
In the forthcoming definitions of filling functions for X, the appropriate notion of

a coarse N-sphere in a space X will be a map 7 : C(©) — X of the 0-skeleton of certain
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combinatorial structures C for SV into X. Roughly speaking, a filling (a “partition”)
will be an extension 7 : C(©) — X of , where C' is a combinatorial structure for the
(N + 1)-disc and 9C is a refinement of C. What will make such a filling effective
is that we restrict the combinatorial type of C' and the mesh, which we now define,

decreases (approximately halves, in fact).

Definition 2.2.1. Suppose X is a metric space, C' is a (possibly singular) combina-
torial complex and v : C(© — X is a map from the O-skeleton of C' to X. Then we
define the mesh of the pair (C,~) by

mesh(C,~) = max{d(y(a),v(b)) | @ and b are the end vertices of a 1-cell in C}.

2.2.1 The definition of the 1-dimensional filling function FillL1

Fix any py > 0. We shall define the 1-dimensional function
Fillg,, = Fill, : [0,00) — NU {oo}

for our metric space X.

In general the k-filling function Fill'ﬁ’“ will be defined with reference to the en-
tries Ry, R, ..., Rg_1 of the sequence R = (R;) and the entries yuq, pa, ..., g of the
sequence g = (p;). But this means that Fillh’# only depends on p; and hence we

adopt the more concise notation Fillll“.

Definition 2.2.2. We define Fill}“(ﬂ) to be the least integer K such that given any
a,b € X with d(a,b) < ¢, there are a°,a',...,a® with a® = a and o = b, such that
fori=0,1,... K1

D l
d(az’aerl) S §+,U/1-

But if no such least K exists or if for some a,b € X no such sequence exists then
1l
Fill, (£) := cc.

Examples 2.2.3.

1. A metric space X is bounded if and only if there exists p; > 0 such that
Fill}“ = 1. If X is bounded then, in fact, its asymptotic cones each consist of

just one point.

2. In any finitely generated group I' with a word metric, each pair of points a, a?

has a mid-point a! modulo a possible error term of %: that is,
0 1 12 L. o 2 1
max {d(a’,a"),d(a',a*)} < ad(a,a)—i—i.
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So T satisfies Fill} (¢) = 2 for all £ > 0. In the Cayley Graph of I', as indeed in
2

any geodesic metric space, we have Fillj(¢) = 2 for all £ € (0, c0).

¢ M1
RECEC N
{ £,
, ) H1
a / b

Figure 2.1: Coarse Koch Snowflake Curve.

3. Suppose there are p; > 0 and K; € N such that for a metric space X we have
Fillll“(ﬁ) < K for all £ > 0. If we iteratively partition as constrained by Fill}“
then we obtain a coarse path between any two points a,b € X. Let £ := d(a,b).
At worst this coarse path resembles a coarse Koch snowflake curve (see Figure
2.1): after r iterations we have a chain of at most K;" + 1 points starting at a

and ending at b with the distance between adjacent points at most

l H1 H1
§+M1+?+---+2T71-

So when 7 is the least integer greater than or equal to log, ¢, the distance
between adjacent points is reduced to at most 2u; + 1. We say the chain of
points is an (2u; + 1)-coarse path between a and b. The number of points
making up this coarse path is at most K;'T°®2¢ = [ /%251 3 hound which
is polynomial in /. Also note that we can find a linear bounded in ¢ on the

diameter of this coarse path by summing the series:

- l H1 H1
K1; (2— tn gy | S Ka(C 2 (14 log, 0)).
(The bounds in this paragraph anticipate the higher dimensional isoperimetric
and isodiametric functions we will prove in Theorem D.) If y; = 0 then the
limit one obtains is a genuinely continuous but possibly non-rectifiable path (see

the proofs of Proposition 2.3.1).
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In anticipation of the forthcoming higher dimensional definitions we pause to
express Definition 2.2.2 in alternative terms. Define C' to be the combinatorial struc-
ture for the 1-disc that has just one 1-cell and has O-skeleton S° = {—1,1}. Let v
be a map C — X. A partition of the pair (C,~) is a pair (C,7) such that C is
any finite combinatorial structure for the 1-disc (i.e. a concatenation of 1-cells), and
5 :C® — X is an extension of 4. In this case Definition 2.2.1 declares mesh(C,¥) to
be d(v(—=1),7(1)) and mesh(C,7) to be the maximum distance between the images
under 7 of the two vertices at the ends of each 1-cell in C.

For v : C — X and for ¢ > 0 let P(v,c) denote the set of all partitions (C, ) of
7 such that mesh(C,%) < c.

If P(~,c) is non-empty then define

Fire) = min{ 0] (€7 € P o)

and if P(~,c) is empty then define F(v,¢) := co. (Recall that #;(C) denotes the

number of 1-cells in C’.)

. l
Fill,(6) = sup{ 05 + )

v : C — X with mesh(C,~) < E}.

We remark that the choice of the factor % in the decrease of the mesh in the
definition of the filling function is essentially arbitrary for our purposes: we will be
concerned with when Filllll , is a bounded function and this property is independent
of the choice of factor from the interval (0,1). The same comment applies to the
factor of % in the forthcoming definitions of the 2-dimensional and then the higher

dimensional filling functions Fillg#.

2.2.2 The definition of the 2-dimensional filling function Fill%{#

We now define the 2-dimensional filling function Fill%w : [0,00) — NU {0}, with
respect to real numbers iy, ps with 0 < puy < po and an integer Ry > 3. Recall that
the notation R = (R;) and p = (y;) anticipates the forthcoming higher dimensional

generalisation, but Ry, Rs, ... and us, ji4, - . . are redundant for the purposes of Fill%w.

Definition 2.2.4. Define Sphy, to be the set of pairs (C,v) such that C' = S' is
a combinatorial complex homeomorphic to the 1-sphere with #;(C) < Ry, and ~ :
C© — X is a map with domain the O-skeleton of C.
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It will be important later that the complexes used in the definition are also involved in
the definition of R-combinatorial complexes: they provide combinatorial structures
for S' when giving the maps for attaching 2-cells. Also notice that because R; >
3 these combinatorial 1-complexes may be the boundary of a 2-simplex. Roughly
speaking Fill%{’# measures how readily such v can be extended to some 7 : C(© — X

in a controlled manner, where C' is a combinatorial structure for the 2-disc.

Consider (C,~) € Sphg. For each (closed) 1-cell e of C' the 1-dimensional filling
function tells us about extending ~ |.. If Fillﬁ’“(mesh((), 7)) < oo then we can refine
each such e into a l-complex e consisting of at most Fillﬁﬂu(mesh(C’, 7)) 1-cells, in

such a way that there is an extension 7z : ¢ — X of v |, with

< mesh(C, )

mesh(e,v:) < 5 + p1. (2.1)

An essential edge partition of (C,~) € Sphg is any pair (é, 4) such that Cisa
refinement of C obtained by refining all the edges e of C' into 1-complexes e as above,

and 4O C' — X is the extension of ~v such that 4 | = 7, for every e. Note that
mesh(C,4) = max {mesh(e,~:) | e is a 1-cell of C'}

and so also satisfies the bound (2.1).

A partition of (C,~) subject to an essential edge partition (C, %) is defined
to be any pair (C,%) for which C is an R-combinatorial decomposition of the 2-disc
D? with 9C = C' (as 1-complexes) and 5 : C'© — X is an extension of 4.

For each (C,~) € Sphyg, for each essential edge partition (CA','?) of (C,~), and for
each ¢ > 0, let

P ((C7), (C.A), )

denote the set of those partitions (C,5) of (C, ) subject to (C,4) that have mesh(C,5) <
c.

It P ((C, ), (C’, A), c) is non-empty then define
# (€. (€, ) = minf #(0)| ©1) € P (€. €, ) .

and if P ((C, ), ((:*, ), c) is empty then define F ((C, ), ((:*,’y), c) == 00.

The function Fillf{’u(ﬂ) :[0,00) — NU{oc} controls the number of 2-cells required
to produce a partition (C,%) of any (C,7v) € Sphg with mesh(C,v) < ¢ (subject
to any essential edge partition), in such a way that the mesh is halved modulo the

additive error term .
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Definition 2.2.5. If Fillh’#(ﬂ) = oo then define Fillflyﬂ(ﬁ) := o00. Otherwise any
(C,~) € Sphg with mesh(C,v) < ¢ admits an essential edge partition and we define

Fill%iu(f) = sup{ F ((C, v, (C,4), £/2 + ,ug> (C,~) € Sphg with mesh(C,v) < ¢,

and (C’, %) is an essential edge partition of (C, 7)}

For an example of Fill%’# in action please refer to §2.4 where we reinterpret what

the function means in the context of finitely generated groups.

2.2.3 The definition of the higher dimensional filling func-
tions Fillg ,

The definition of 2-dimensional filling functions as set out above, readily generalises
to higher dimensions. The N-dimensional filling function Fillg’“ :[0,00) = NU {oc}
is defined recursively and is given with reference to real numbers 0 < p; < ... < uy
and integers Ry, Ry,..., Ry_1 such that each R; > i+ 2. It is convenient to use
the sequence notation R = (R;) and p = (p;), but the entries Ry, Ryy1,... and
N1, fbvto, - - - are redundant for the purposes of the definition of Fillﬁ’#.

Let us suppose we have defined the functions Filli{#, . ,Fillﬁ;} :[0,00) = NU

{oo} and explain how to then define Fillgiu. First we need:

Definition 2.2.6. Let Sphf * be the set of pairs (C, ) such that C' = SV~ is an R-
combinatorial complex homeomorphic to the (N — 1)-sphere with #y_1(C) < Ry_1,
and 7 is a map C© — X.

Note that the C referred to in this definition are precisely the complexes which provide
the combinatorial structures for the (N — 1)-spheres that are used to attach N-cells
in R-combinatorial structures. The insistence that each R; > 7 + 2 ensures that the

C of Definition 2.2.6 include the boundary of an N-simplex.
Consider (C,~) € Sphy ' and suppose that

Fillg (mesh(C,7)), Fillg (mesh(C,7))...., Fillg,(mesh(C, 7)) < oc.

An essential boundary partition of (C,~) is any pair ((:*, 7) := (Cn_1,7yn_1) that

can be obtained from any sequence of pairs

(07’7) = (COaA/O)a (017’71)7 ey (CN—la’YN—l) = (CA"A/)
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in the following way. Each C} will be a refinement of Cj_; and each ~; : C]go) — X is

an extension of ~,_q; further

mesh(C, )

mesh(Cy, v,) < 5

+ p-

Let (Co,7v0) == (C,7). For each (closed) 1-cell e! of Cp, take any refinement of
e! into a 1-complex el with #;(el) < Fill (mesh(Cy,70)) such that there is an

—(©
extension .t ad” X of Yo |er with

mesh(Cp, o)

. 2.2
2 + (2.2)

mesh(;, o) <

Let (' denote the resulting refinement of Cy and v, : C’§O) — X the resulting extension
of .

Next we refine each (closed) 2-cell €2 of C} into any 2-complex €2 with #(e2) <
Fillf{’u(mesh(C, 7)) in such a way that there is an extension v : 2 L X of M |e2
with

mesh(e2, v) < % + po. (2.3)

Let Cy be a refinement of C; obtained by refining all the 2-cells e? of C) in this
way and let vy : C’éo) — X be the resulting extension of 7. Note that Je2 = 0e?
because the refining of e? to produce €2 is subject to the previously performed 1-cell
refinements. Therefore it makes sense to build Cs by assembling the refinements of
the 2-cells of C;. For a similar reason the definition of 7, makes sense.

Similarly we can produce C3 by refining the 3-cells of C5, each into at most
Fill?ﬁ’u(mesh(C, 7)) 3-cells, and we can extend s to 7s : Céo) — X. Continuing in
the same manner through the dimensions we eventually arrive at a pair (Cy_1,Yn_1)

with
mesh(C, )

mesh(Cy_1,7v-1) < 5

+ UN—1-

Now a partition of (C,v) subject to an essential boundary partition
(C,#) is defined to be any pair (C,5) for which 5 : C(© — X is an extension of
4 and C is an R-combinatorial decomposition of the N-disc DV with 9C = C as
(N — 1)-complexes.

For each (C,~) € Sph} !, for each essential boundary partition ((:*, 7) of (C,7),
and for each ¢ > 0, let

P (). (€.3). )

37



denote the set of all partitions (C, ) of (C,~) subject to (C, %) that have mesh(C, 7) <

C.

F (€, (©4). ¢) = minduto)| 1P (1€, €20 )

and if P ((C’, ), (CA','Ay), c) is empty then define F ((C’, ), (CA',“A/), c) = 00.

We can now define Fillﬁyﬂ(f).

Definition 2.2.7. If Fill’f{#(ﬁ) = oo for some k € {1,2,...,N —1} then define
Fillﬁyﬂ(ﬁ) := 0o. Otherwise any (C,7) € Sphy ' with mesh(C,v) < ¢ admits an

essential boundary partition and we define

Fillﬁiu(f) = sup{]-" ((C, v, (C,3), €/2+ MN) (C,~) € Sphy * with mesh(C, ) < ¢,

and (C’, 4) is an essential boundary partition of (C, fy)}

2.3 Characterising metric spaces with highly con-
nected asymptotic cones

Here is the characterisation:

Theorem A. Let X be a metric space, let w be a non-principal ultrafilter, and N > 0.

The following are equivalent.
e The asymptotic cones Cone, (X, e, s) are N-connected for all e and s.

o There exist R, p such that the filling functions Fillh’M,Fill%{#, e ,Fillg’zl are
bounded.

We will prove this theorem by induction on N, presenting first the case N = 0,
which gives a characterisation of metric spaces with path-connected asymptotic cones.
We will prove the case N = 1 in §2.3.2; that is, we will characterise metric spaces
with 1-connected asymptotic cones. Then in §2.3.3 we will generalise the argument
to higher dimensions, giving the induction step and thus completing the proof.

The condition of Theorem A that the Cone, (X, e,s) are N-connected is a quasi-

isometry invariant. Consequently, by Corollary 2.1.6, the property of
11 :112 :11N+1
Fillg ,, Fillg - -+ FlllR;
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being bounded for some R and p is also a quasi-isometry invariant for metric spaces.
The approach we use in this section builds on [48] which, in turn, has origins in
[33].

2.3.1 Characterising path connectedness

The first step towards Theorem A is the following characterisation of metric spaces
with path connected cones. Recall that we use the notation Filllll1 to denote the 1-
dimensional filling function Fillh’”, as this function is defined only with reference to

one constant, 7.e. a number gy > 0.

Proposition 2.3.1. Let X be a metric space and w be a non-principal ultrafilter.

The following conditions are equivalent.

o There exist Ki € N and py > 0 such that in X :

V>0, Fill, () < K.
e The asymptotic cones Cone, (X, e, s) are path connected for all e and s.

Proof. First let us prove that boundedness of Fill}“ implies that the asymptotic cones
of X are path connected. Suppose we are given f : {—1,1} — Cone, (X, e,s) with
f(=1) =e. Let £ :=mesh(f) =d(f(—1), f(1)). We seek to extend f to a continuous
map f: D! — Cone,(X,e,s).

Lemma 2.3.2. Assume K; < o0 s a bound on Fillllu. Let v be a map C0 —
Cone, (X, e, s), where C© = C := S° = {~1,1}. Then there is an extension 7 :
C© — Cone, (X, e, 8), where C is some combinatorial decomposition of D' with K,
1-cells and mesh(C,7) < fmesh(y).

Proof of Lemma 2.3.2. We can express v : C(© — Coney(X,e,s) as (7,), say,
where each 7, is a map C® — X. By hypothesis there exist K3 € N and pu; > 0
such that we can find partitions 7, : CY 5 X of Y, With #1(3,) < K; and
mesh(Cl,, ) < 3mesh(v,)+u. For simplicity we can take each C), to have exactly K
1-cells. So each C,, may as well be C, the unique (up to combinatorial isomorphism)
combinatorial complex homeomorphic to D! which has K; 1-cells. Then 7 := (¥,) is

a well-defined map C® — Cone, (X, e,s) because for all v € C'©)
d(e,y(v)) < d(e,¥(vo)) +d(7(vo),7(v)),
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where vy € C©, and

A63(00), 7)) = T —d(7u(0), 5 (0)) < lim — Ky mesh(Cy, 5,)

Sn w Sp

w Sn

1 1 K
< lim— K (ﬁmesh(%)+ul) = %mesh(’y).

The final equality follows from the definition of distance in the cone as do the outer

equalities in the following.

- h Y 1 /1 1
mesh(C,75) = limw < lim— (Emesh('yn)—i—,ul) = émesh(’\/).

w Sn Sn

This completes the proof of the lemma.

Thus between any two points a,b € Cone, (X, e,s) we can find a chain of K7 + 1
points ag,ay,...,ag,, where ag = a, ag, = b and each d(a;,a;11) < %d(a,b). We
iterate this procedure, and use the completeness of asymptotic cones to construct a
path between e = f(—1) and f(1).

Let 7, := D! with the obvious cell structure of one 1-cell and two 0O-cells. We
successively refine the cell structure of 7y to produce cellular structures 77, 7s, . .. for
D! as follows. Obtain 7,, from 7,_; by refining every 1-cell of 7,,_; into K; 1-cells.
So 7,, is a cell decomposition of D! with K;" 1-cells.®

Define fj : ’Z[)(O) — Cone, (X, e,s) by fo:= f. Then using Lemma 2.3.2 inductively
define f, : )" — Cone, (X, e, s) to be an extension of f, 1 : :/;fﬂ)l — Cone, (X, e, s)
such that mesh(7,, f,) < smesh(7,_1, f,—1). Then mesh(7,, f,) < 5=/

We now define f : D! — Cone, (X, e,s). Given x € D' choose z,, € 7.9 such that

r and z,, are in the same 1-cell of 7,,. Then define f(z) := lim f,(x,). Observe that

d(fu(xn), for1(Tni1)) < Kl%, and so for m > n

m—1 / /
d(f?n(x?n)afn(xn)) < ZKIW < K12—n-
k=n

Thus the sequence (f,(x,)) is Cauchy, and since Cone, (X, e, s) is complete, the limit
lim, oo fr(2,) exists. A similar argument shows f(z) to be independent of the choice
made in selecting each x,,.

Clearly f ‘{,1,1} = f. To complete the proof that Cone, (X, e, s) is path connected,

all that remains to check is the continuity of f. The following lemma suffices.

6Tt would seem natural to take the 1-cells of 7, to correspond to intervals of equal length 2/K;"
in D!, In fact this is not necessary and in the higher dimensional arguments we will not be able to
assume such regularity.
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Lemma 2.3.3. Suppose C C D' is one of the 1-cells of T,,. Then diam f(C) <
(2K, + 1)¢/2™.

Proof of Lemma 2.3.3. Consider x,y € C. Then f(x) = limy_o0 fin(zm) and f(y) =
lim,,, o0 fin(Ym) Where (z,,) and (y,) can be taken to be sequences in C' C D!. For

m > n we find

A(fin(Tm), fn(Ym)) < d(fon(@m); Fu(2n)) + d(f(@n); Fo(yn)) + d(fayn); fon(Ym))

14 14 14
< Ki—+ —+ K{—.
< 12n+2n+ 19n

Thus d(f(z), f(y)) < (2K1 + 1)2 as required.

We now come to the proof of the reverse implication; so suppose that the asymp-
totic cones Cone, (X, e,s) are path connected for all e and s. Let us assume that for
all y117 > 0 the function Filli1 is, in fact, unbounded. Then recalling the definition of
Filli1 from §2.2.1 we find that for all n € N there exist a,,, b, € X for which there are

0 1 n
no a,,a,,...,a; € X such that

0 _ no_
a, = a, and a,, = b,, and

o 1
d(a’,at') < Ed(an, by) +n, fori=0,..,n—1. (2.4)
Now we seek a contradiction.
Define a sequence of base points e = (e,) by e, := a, and scalars s = (s,) by
Sp = d(an,b,). Each s, is at least n as otherwise the error term “+n” in (2.4)

would render the existence of the a2, al, ....a" trivial. So s, — oo as n — oco. By

hypothesis, Cone, (X, e,s) is path connected, and so there exists a continuous path
v : [-1,1] — Cone,(X,e,s) with y(—1) = e := (e,) and (1) = b := (b,). (Note
that b is a well-defined point in Cone, (X, e,s) because of our definition of s.) By

uniform continuity on the compact set [—1, 1], there exists K € N such that when

we subdivide the interval [—1, 1] into K intervals I; of equal length %, we find that

diam(vy(1;)) < 1 for each i. Define a’ := (-1 +i%) for i = 0,1,..., K. Choose

representatives a' = (a') with a = (a,) = (e,) and a”* = (b,). By definition

lim —d(a,a™) = d(a’,a"™)
w Sy

and so for w-infinitely many n

o 1 o
d(al,alﬂ) _ —d(az az+1) <

nt’'n
Sn

(2.5)

>~ =
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The intersection of finitely many sets of w-measure 1 itself has w-measure 1. Thus
there is an infinite set J of w-measure 1 such that for all n € J the inequality (2.5)
holds for i = 0,1,..., K — 1. Now, since s,, = d(ay,b,) and d(a’,a’™!) < 1/4, we can
deduce that for n € J, and for i =0,..., K — 1

n'-'n —

o 1
d(al,a) < §d(an, bn).
Hence, referring back to 2.4), we see have a contradiction and the proof is complete.

Remark 2.3.4. When there exists p; > 0 such that Fillil(ﬁ) < 2forall £ > 0 it
turns out that each Cone, (X, e,s) is a geodesic space. The path between a and b
constructed in the proof of Proposition 2.3.1 is a geodesic. Indeed if the 7, in this
proof are constructed from K" equal intervals then the resulting path will also be

parametrised proportional to arc length.

2.3.2 Characterising 1-connectedness

Next we characterise metric spaces with 1-connected asymptotic cones. Recall that
the 2-dimensional filling function Fill%’# is defined with reference to the constants
0<p <pyand Ry € N.

Proposition 2.3.5. Let X be a metric space and w be a non-principal ultrafilter.
Suppose the asymptotic cones Cone, (X, e, 8) are path connected for all e and s. Fiz
w1 >0 and K1 € N such that in X,

V>0, Fill, () < K.
(Proposition 2.5.1 tells us that such py and Ky exist.) The following are equivalent.
e There exists Ry, Ky € N (with Ry > 3) and ps > py such that in X :

V>0, Fillg (0) < K.

e The asymptotic cones Cone, (X, e, s) are 1-connected for all e and s.

Moreover we can, in fact, take Ry = 1+ Ky in the existential statement above.

Proof. Let us assume X is an unbounded metric space, else the asymptotic cones are

points rendering the theorem trivial.
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First we suppose there are Ry > 3 and pus > p1 such that Fill}tl(ﬂ) < K for all
¢ > 0 and we prove that the asymptotic cones of X are then all 1-connected. So we fix
e and s and consider a closed loop f based at e in Cone, (X, e,s). This can be viewed
as a continuous map f : (9D? ) — (Cone,(X,e,s),e). The set f(0D?) is compact
and so has finite diameter L. Our objective is to show that f can be extended to a
continuous map D? — Cone, (X, e,s).

We take a tessellation Ty of D? by triangles whose vertices all lie in 9D?. This is
constructed by regarding the interior of D? as the Klein model of the hyperbolic plane,
inscribing an ideal triangle and then reflecting repeatedly in its edges to cover the
plane — see the leftmost diagram of Figure 2.2. Let A; C D? be the triangles obtained
from the ideal triangles by including their ideal vertices. Then 7j is the tessellation
of U; A; of D?. (Note that the tessellation only includes a countable dense subset of
oD?.) We will appeal to the following properties of 7.

e The vertices ’]B(O) of 7y are dense in S'.

e With respect to the usual Euclidean metric d on D?, we find that for all x > 0
only finitely many triangles A C D? of the tessellation 7y have diam(A) > x.

Figure 2.2: Tessellations 7q, 77, 75.

Each triangle A in the tessellation 75 admits the combinatorial structure A = C
of a 2-simplex C'. And 7, is an infinite combinatorial structure, built up by joining
the combinatorial structures admitted by the triangles across common edges. Now
f restricts to the vertices of 7y to give a map fj : ’]B(O) — Cone, (X, e,s). If we
define ya : A® — X to be the restriction of f to the vertices of A then we find
mesh(A,ya) < L because L = diamf(9D?). Furthermore (in the notation of §2.2.2)
the pair (A,va) € Sphg since Ry > 3.
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We will now produce successive refinements” T;, T, . . . of Ty, as depicted in Figure
2.2 (in the case Ry = 4). At the same time we shall define a sequence of maps
I 79 Cone, (X, e,s) such that each fi; extends fx, and each 2-cell C' of 7} is

refined to some combinatorial 2-complex C' in 7}, in such a way that

_ 1
HleSh(C, Sfra1 |C‘(0) ) < Emesh(C, fr ‘C(o) )

We define
mesh(7y, fr) = sup{d(fx(a), fr(b)) | @ and b are endpoints of an edge of 7} .

Then mesh(7y, fy) < L, and it will be the case that for all £k > 0

1
mesh(Zpy1, frr1) < Emesh(ﬂ,fk)

and so it will follow that mesh(7,, f,) < % for all n > 0.

Fix & > 0. It suffices to describe the process of producing (71, frr1) from
(7, fr). Choose a sequence of maps f; : ’];C(O) — X so that (fx)ien = fr. First we
make essential edge partitions (’]A]“, f,“) of (g, fri). By hypothesis there are py > 0
and K; € N such that Fillllh(ﬁ) < K, for all £ > 0. So each 1-cell of 7; can be refined

into at most K5 1-cells to produce ’ZA}“ with
L A 1
mesh(7y;, fri) < §meSh(77mfk,i) + w1

Next suppose that C is one of the 2-cells forming the tessellation 7;, and C; is its

refinement in ’]A}“ Then we can define a pair (C,;), where ; : C(© — X is friloo

and we consider its essential edge partition (Cj,#;), where
. ; A(0
Vi = Jrilpo C’i( ) X,

The assumption that Fill%’” is bounded by K allows us to deduce there we can find

— A

a partition (Cj,%;) of (C,~;) subject to (C;,4;) satisfying:

#1(C))
mesh(C;,%;) < %mesh(Ci,’yi)—i—m.

IN

Ky, and

This process of partitioning is repeated for all of the 2-cells in 7 ;, producing

fri: ’]_;g(’?) — X. The refinements of the 2-cells agree across common boundaries of

"The closure of any 2-cell of the tessellation 7; is a finite combinatorial complex in the sense of
§2.1.3. A refinement 7; is produced by refining (as defined in §2.1.3) all the 2-cells of 7; in a way
that agrees across common 1-cells.
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2-cells in 7;, as do the functions 7;. Hence we can collect them all together and
produce (7, fri)- It is reasonable to refer to (7, fri) as a partition of (Tx, fr.i)
subject to (’IA}“, f,“)

We would now like to define fi 41 : ’Z;C(J(:)l — Cone, (X, e,s) to be the w-limit of
( ﬁ”) To make sense of this we should first explain how we refine 7; to produce
Trr1- This is a two-stage process: we first refine the 1-cells and then refine the 2-
cells. Recall that a 1-cell e of 7}, is refined in ’ZA}“ into a bounded number of 1-cells,
and hence into one of finitely many combinatorial structures up to combinatorial
equivalence; it follows that (up to combinatorial equivalence) exactly one of these
combinatorial structures on e occurs for all 7 in some set of w-measure 1. Define ’fk
to be the refinement of 7 obtained by refining all the 1-cells accordingly. Similarly
for a 2-cell C' of T and v = (v;) : C© — Cone,(X,e,s) we find that C; = C up
to combinatorial equivalence for w-infinitely many 4, where C; is the refinement of
C in ’f,“ Further the C; are R-combinatorial 2-complexes with at most Ks 2-cells
and so there exists C such that for w-infinitely many 4, the 2-complex C' = C; up to
combinatorial equivalence, and 0C = C. Refine each C to C to produce 7, from

Ty By construction
Jrr1 = (fk,i)ieNi 77@(4(:)1 — Cone, (X, e,s)
is well defined, and
- 1
mesh(C, frsrloo ) < jmesh(C, filowo)

as required (cf. the proof of Lemma 2.3.2).

We are now ready to define f : D? — Cone,(X,e,s). On the boundary dD? = S!
we let f := f. For x € D>\ 9D?, let z,, € D? be a 0O-cell of one of the 2-cells of 7,
containing x, and then define f(x) :=lim, .o f, (7).

Let us check f is well defined. We prove that (f,(z,)) is a Cauchy sequence - then
as the asymptotic cone is complete this sequence converges. The observation we use
is

Afalra). Foa () < 2K Ri

This holds because R12% is a bound on the distance between the image under f, of
any two vertices of any 2-cell in 7,,, and at most K5 such 2-cells are used to fill a 2-cell

in 7,_1. The remaining factor of 2 on the right hand side of the inequality accounts
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for the possible non-uniqueness of the 2-cell in 7,,_; from which x,,_; can be chosen.

It follows that (f,(z,)) is Cauchy: for m > n we find

L

= (2.6)

Al olw)) < 3 2Ko Rl < 2K

i=n+1
A similar argument tells us that f is independent of the choice of z,,.

It remains to check that f is a continuous extension of f. This, in part, is the

purpose of the following lemma.

Lemma 2.3.6. Suppose C C D? is one of the 2-cells of the tessellation T,,. Then
diam f(C) < Ri(4K5+1).mesh(C, fu |co ).
Proof. Let k :=mesh(C, f, | ) and take x,y € C. Then

f(x) = lhn»fﬁ(xn)

n—oo

and f(y) = lim, oo fn(yn) for some sequences (x,) and (y,) of points in C' C D2
For k> n

1
mesh(C. filo) < gmesh(C, fulew).

and so for m > n

A(fn(@m), fulza)) < D 2Ry Ky.mesh(C, fi|c)

k=n+1
1 1
< 2R1K2(§+§+)H
= 2R Ks.k.

(cf. (2.6) for the first inequality.) Therefore for m > n,

d(fm(@m)s fn(ym)) < d(fn(@m), fa(@a)) + d(fal@n), fa(yn)) + d(fu(Yn), fin(Ym))
< 2R1Ky.6+ Ry.6+ 2R Ks.K
= R1(4K2 + 1):%

The statement of the lemma then readily follows.

We now use Lemma 2.3.6 to prove continuity of f. We treat the three cases
x € D? — 9D?, x € OD? — ’][)(0) and z € ’][)(0) separately. In the following, D? is

equipped with its usual Euclidean metric. Take € > 0.
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Case x € D? — 9D?. Note the bound mesh(C, f, |c@) < 2 and apply Lemma

2.3.6 with n sufficiently large so that R;(4K, + 1)& < e. For all y in the 2-cells of

7, that contain z, we find d(f(z), f(y)) < e.

Case x € OD? — ’]6(0). Uniform continuity of f tells us that there exists 6 > 0 such
that for all a,b € 9D? with d(a,b) < 4,

€

A J0) < spam+1

(whence in particular d(f(a), f(b)) < £/2). We say that a 2-simplex A C D? of the
tessellation 7j is 0-small if diam(A) < §. It follows that any d-small 2-simplex A of

Ty satisfies
€

P —
~ 2Ri(4K5+ 1)’
and so by Lemma 2.3.6 satisfies diamf(A) < ¢/2.

Only finitely many 2-simplices of the tessellation 7 fail to be §/2-small. So if
z € 0D? — ’]6(0) then we can find a §' < ¢/2 such that the ¢’-neighbourhood B(z;¢")
of z in D? meets only §/2-small 2-simplices of Zg. So if y € B(x;¢) then there is a
§/2-small 2-simplex A of 7y such that y € A. If v is a 0-cell of A then v € 9D? and

mesh(A, f|x© )

d(z,v) < d(xz,y)+d(y,v) < § + §/2 < 0.
It follows that

9
+

d(f(2), f(y)) < d(f(2), f(v)) +d(f(v), [(y)) < 3

: _.
2 - ’
establishing continuity of f at x € 9D? \ ’16(0).

Case = € ’ZE)(O). Continuity of f for z € ’ZE)(O) follows from continuity of f and

f D2 \7*0(0) .

We now come to proving that if the asymptotic cones of X are 1-connected
then Fillf{# is bounded. So assume that the asymptotic cones Cone,(X,e,s) are
1-connected for all e, s. In particular the cones are path connected and so (by Propo-
sition 2.3.1) there are p; > 0 and K; € N such that Fillllu(ﬂ) < K, for all ¢ > 0.
We seek to show that there are Ry € N and ps > pq such that Fill%’” is bounded.
We will in fact show that we can take R; to be any integer greater than or equal to
1 + K, (thereby justifying the coda of the statement of the proposition). Note that
K, > 2 because we assumed X to be unbounded, and therefore R, will be at least 3

as is required in the definition of Fillf{#.
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Fix Ry := 1+ K and suppose (for a contradiction) that for all g in which pg > puq,
the function Fillf{# fails to be bounded. Then for all n € N there exists (C,,V,) €
Sphg with an essential edge partition (C’n, An) satisfying: if there is a partition (C,,, ¥,,)

~

of (Cp,vn) subject to (Cy,4y) such that

1
mesh(Cp,3,) < §mesh(Cn,’yn)+n, (2.7)

then #4(C,,) > n.

Since #4(C,) < R; for all n, one combinatorial structure C' amongst the C,, must
occur (up to combinatorial isomorphism) for all n is some set J of w-measure 1. We
may as well take ), actually to be C' for all n € J.

Let s, := mesh(Cy,v,). Now we claim that s, — 0o as n — oo. This is true

because if we obtain (C,,%,) by coning off C,, to one of its O-cells then

— A

1
mesh(Cp,%,) < M mesh(C,,%,) <M (Emesh(Cn,’yn) + Ml) ,

for some constant M > 1. But #,(C,,) is bounded and so it must be the case that

for large n,

1 1
M <§mesh(cn,%)+u1) > §mesh(0n,%)+n

to avoid (2.7) holding, whence it follows that s, — oc.

Define e = (e,) by making some arbitrary chooses of e, € Im(+,). Then we define
v := (7,) which is a map (C®,%) — (Cone,(X,e,s),e) for some x € C, and
mesh(C,~) = 1. The reason this definition makes sense is that C,, = C for all n in
the set J that has w-measure 1. Note that the images v(e) of vertices e € C are a
finite distance from e in Cone, (X, e,s) for the same reason as in the corresponding
part of the proof of Proposition 2.3.1.

Similarly 4 := (%,) is a well defined map cO - Cone, (X, e,s) with mesh(é’, q) <
1
2
some set J; € N of w-measure 1.

where C is a refinement of C' that is combinatorially equivalent to C, for all n in

Now in the manner of the proof of path connectedness of the asymptotic cones in
Proposition 2.3.1 we can extend 4 to a continuous map f : (C,x) — (Cone, (X, e,s) ,e).
The 1-complex C' is homeomorphic to the 1-sphere S' and so, by hypothesis, we can
extend f to a continuous map f : D — Cone,(X,e,s) of f, where D is a 2-cell with
oD =C.

We look for an R-combinatorial refinement C of D with 9C = C as combinatorial

complexes, such that we can express f |5 : C©) — Cone, (X, e,s) as f |z = ()
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for a sequence of maps 7, : C©) — X with the following properties. For w-infinitely

many n, the pair (C,75,) will be a partition of (C,,~,) subject to its essential edge

partition (C,,%,) and will satisfy mesh(C,7,) < tmesh(C,7,). And every interior

I-cell e in C will satisfy

1 1
hie, fl.) < = — =
mes (e,f\)_2 3

This will lead to a contradiction as we now explain. By definition of distance in
Cone, (X, e,s),

1
lim —mesh(e, 3, |c) = mesh(e, f|¢).

w Sn
w{n

and thus taking v < %
w {n

But s, = mesh(C,v,) and there are only finitely many 1-cells e in the interior of C.

Soforallv>0

n

1 1 1
— mesh (e, 5 S -1
tmes (€, Fmle) < 5 8—|—u} ,

1
mesh (e, %, |¢) < §Sn} = 1.

So there will be a set Jo C N of w-measure 1 such that for all 1-cells e in the interior
of C,
1
Vn € Jy, mesh (e, Yple) < §mesh(C’, Tn)-

The remaining 1-cells e of C' are in 9C and satisfy
A 1
Vn € J;, mesh(e, ¥, |.) = mesh(e, ¥, ) < mesh(C,75,) < imesh(C, Yn) + 11

So for n € J; N Jy, which will be a set of w-measure 1 and hence will be infinite, we
will find mesh(C,n) < smesh(C,~,) + 1. Therefore when n is greater than #,(C)

and p1, we will have our contradiction.

It remains to explain how to find such a C. Via a choice of homeomorphism be-
tween D and the standard Euclidean 2-disc, D inherits a metric d. Uniform continuity

allows us to find an € > 0 such that for a,b € D

d(a,b) <e = d(f(a), f(b)) <

N | —
co| —

This would make it easy to find our R-combinatorial refinement C' of D if we over-
looked the requirement that 0C = C. We give a special care to the construction of

C in a neighbourhood of the boundary of D to remedy this.
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We fix a constant a > 0 such that 3« < ¢ and for a,b € D

1 .

dob) <a = d(f(@), ) < 15

again such a exists by uniform continuity of f on D.

The idea is to repeatedly take essential edge partitions (as is the proof of Propo-
sition 2.3.1), refining the boundary of D into 1-cells of length at most . Roughly
speaking, these 1-cells are then projected a distance at most a into the interior of D
as depicted in Figure 2.3. The resulting innermost edges then have length at most ¢.
The innermost region of D can then be triangulated and then the construction close
to the boundary together with this triangulation form C.

More explicitly we first recall that f : C' — Cone,(X,e,s) is constructed by the
means used in the proof of path-connectedness of the asymptotic cones in Proposi-
tion 2.3.1. This amounts to repeatedly partitioning (e,~y|.) for every 1-cell e in C.
(Recall that we achieve this by expressing v | as an w-limit of maps p, : e® — X,
then partitioning each (e, p,) within the constraints of Fill, (mesh(e, p,)), and then
retrieving a map into the cone by taking an w-limit). The first partition of the 1-cells
refines C' to C' and extends v : C© — Cone, (X, e,s) to 4 : C© — Cone, (X, e,s).
We define (C°,7°) := (C,~) and (C',~') := (C,4). Subsequent partitions of all the
1-cells give us (C?,4?), (C3,43),... such that each 1-cell of C* is refined in C**! into
at most K; 1-cells (where K is the minimal upper bound on Fillll“) and 7! is an
extension of 7. Recall that mesh(C% ~°) = 1 and mesh(C*™, ~+**!) < Tmesh(C’, %)
for i > 0, so in particular mesh(C*, ~*) < 2% for all £ > 0.

The C" provide combinatorial structures ¢; : C* = 0D for §D. Fori = 1,2,...,r—1
the 2-complex C**! is a refinement of C%. So there is a natural homeomorphism
C' — C™! that embeds the 0-skeleta C*(©) into C**1(9) and is such that the compo-
sition O — O %% 9D g equal to the homeomorphism C* % 9D. Recall that fis
then defined to be a limit (which is proved to exist using an appeal to the complete-
ness of the cone) of the sequence of maps 7' o ¢; ' (restricted to ¢;(C*(?)), and is, in
fact, an extension of each of these maps.

The image under ¢; of the 1-cells of C* are subsets of 9D and hence define recti-
fiable paths with respect to the metric d. So we can assume (for simplicity) that in
each of the successive refinements C* to C**1, any 1-cell e in C? is refined into 1-cells
e; in C**! with length(e;) < ilength(e). It follows that there is some r such that the

1-cells of C"™ have length at most a.
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We construct (singular) annular 2-complexes Aj, As, ..., A, such that, with re-
spect to some embedding in the Euclidean plane, the outer boundary of A; is combi-
natorially isomorphic to C! and the inner boundary is combinatorially isomorphic to
C'. We define A; := C! and construct each A;; from A; as follows.

Let e! be a 1-cell in €%, the inner boundary of A;. Then e! is refined to a 1-
complex el in O and # (5) < K. Let €2 be a 2-cell whose boundary is given
a combinatorial structure with one more 1-cell than e! (so #(9e?) < K1 +1 = Ry).
Attach e? to e! by identifying one of the 1-cells of e? with e'. Attach 2-cells in this
way to every l-cell in the inner boundary of A; to produce A;;.

Now, by construction, the 1-skeleton AW of A, can be regarded as [J;_, C" with
C* meeting C7 (i # j) only at O-cells. Also recall from above that there are homeo-
morphisms ¢; : C* — dD. Now we can find an embedding ¢ : A, — D in such a way
that ¥ |1 = ¢ and

d(¢i(z), (7)) < «
for all i = 2,3,...,r and all points z € C* C A,. In effect, we are pushing C°
a distance at most « away from 0D. An example of the result is illustrated in
Figure 2.3.

Consider a 1-cell e in C* C A, when 2 < i < 7. Let a and b be the endpoints of
e. Then

max { d(¢(a), ¢i(a)), d((b),¢:(b)) } < «, and
AF@@). F6:0)) < mesh(ChY) = & < 4.
and we can now deduce that
d(f(¥(a), f(1) < d(f((a)), F(¢i(a))) + d(f(¢i(a)), f(#:i(D)) + d(f(p:i(D)),
1 1 1
S tit
11
= 5 3

Moreover, if e is a 1-cell in C" then

d(¥(a), (b)) < d(¥(a),dr(a)) + d(er(a), d: (b)) + d(:(b), ¥ (b))
3o

IN

IN

E.

So we can now triangulate D ~ Imt with 2-simplices of diameter at most ¢ in such a
way that we produce the combinatorial structure C for D that we seek. As discussed

earlier this leads to a contradiction as required. [
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f
— Cone, (X, e,s)

mesh < SL mesh < i‘

Figure 2.3: Partitioning v at the boundary (with K; =3, R; =4 and r = 3).

2.3.3 Characterising higher connectedness

In this section we complete the proof of Theorem A. We establish the characterisation
given in that theorem by presenting the two implications separately. Our arguments
are generalisations to higher dimensions of those used in §2.3.2. Recall that to prove
1-connectedness of the asymptotic cones in Proposition 2.3.5 we used a tessellation
of the 2-disc D? by 2-simplices whose vertices are all in 9D?. We will need a higher
dimensional analogue: a tessellation 7y of an (N + 1)-disc DV*! by (N + 1)-simplices
with vertices in 9DV *L. For N > 3 the ideal tessellation of DN+ (viewed as the
Klein disc model of HY*1) cannot be constructed by repeated reflection in the faces
of an ideal (N + 1)-simplex as we did in dimension 2. However we do not require such
regularity. All we need is the following property defined with respect to the standard

Euclidean metric on DV,

Given § > 0, only finitely many (N + 1)-simplices A C DN*! in the
tessellation Ty have diam(A) > 0.
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It is possible to provide some ad hoc argument to demonstrate the existence of such
tessellations. Alternatively, the following results about hyperbolic manifolds suffice.
The existence of open, complete, hyperbolic (N + 1)-manifolds of finite volume in all
dimensions follows from results of Millson [43] for example (see also [52, page 571]).
Then Epstein and Penner prove in [21] that such a manifold is obtained from a finite
collection of ideal polyhedra by identifying faces. The lifts of these polyhedra give
a tessellation of the universal cover HY*! by finitely many types of ideal polyhedra.
Identify D¥+! with the Klein model for H¥*!. We can decompose the ideal polyhedra
into ideal simplices in a consistent manner (although not necessarily into hyperbolic
ideal simplices else some may have zero volume), to produce 7.

A compactness argument tells us that only finitely many of the ideal (N + 1)-
simplices meet a ball of a given radius R > 0 about the origin in DV*! = H¥*!, Thus

the condition displayed above is satisfied.

Now recall that the (N + 1)-dimensional filling function Fillg;l is defined with
reference to the constants 0 < py < s < ... < puyyq and Ry, Ra, ..., Ry € N (with
each R; > i+ 2). We are ready to prove one direction of Theorem A.

Proposition 2.3.7. Let X be a metric space, let w be a non-principal ultrafilter, and
N > 0. Suppose there exist R, u such that the filling functions Fill%w, Fillf{’#, e ,Fillg;l
are bounded. Then the asymptotic cones Cone, (X, e, 8) are N-connected for all e and

S.

Proof. We fix e and s and prove that under the hypotheses of the proposition,
wnCone, (X, e,s) = 0. We follow closely the method used in the two dimensional
case — that is, in the proof of Proposition 2.3.5.

Consider a continuous map f : (S¥,x) — (Cone, (X, e,s),e) from the boundary
S¥ = DNt of a Euclidean (N + 1)-disc DV to X. Let L := diamf(S"), which
is finite because f(SY) is compact. We seek to extend f to a continuous map f :
(DNV*! %) — (Cone, (X, e,s),*).

As described at the start of this section, take a tessellation 7y of DV +! by (N +1)-
simplices whose vertices all lie in D!, The vertices ’]6(0) of 7, form a dense subset
of ODN*1, Define f; : ’]6(0) — Cone, (X, e,s) to be f ’To(o)' So mesh(7y, fo) < L.

The number of N-cells in the boundary of an (N + 1)-simplex A is N + 2. By
definition Ry > N + 2 and so it follows that the standard combinatorial structure of
OA is amongst the structures of N-spheres that can be used to attach (N + 1)-cells
when constructing R-combinatorial (N + 1)-complexes. Therefore for each (N + 1)-
simplex A of 7j it is the case that (A, fy|a© ) € Sphy.
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Generalising the 2-dimensional argument (i.e. the proof of Proposition 2.3.5) we
now produce successive refinements 7,,75,... of 7Ty, and define a sequence maps
fn: 7 — Cone, (X, e,s) such that each fry; extends fi. In the manner allowed
by Fﬂlgﬂu, each N-cell C of 7;, will be refined to some combinatorial N-complex C' in
Ti41, and

~ 1
mesh(C, fri1 a0 ) < =mesh(C, fx|co ).

\)

So in particular mesh(Zyy1, fri1) < smesh(7y, fi), from which it will follow that
mesh(7,, f,) < & for all n.

Fix k > 0. Tt suffices to describe the process of refining f : ’];C(O) — Cone, (X, e, s)
to fri1: ’]7;?1 — Cone, (X, e,s). Choose fj; ’Z;C(O) — X so that (fk;)ien = fr-

First for each fixed i we make essential boundary partitions (as defined in §2.2.3
above) of (eNT!, fy;|ev+1) for all the closed (N + 1)-cells eV of 7;. Recall that an
essential boundary partition of (e¥*1 fi; |ov+1) is made by first partitioning the 1-
cells, then the 2-cells (subject to the partitions of the 1-cells), then the 3-cells (subject
to the partitions of the 2-cells), and so on until finally partitioning the N-cells. Tt
follows that we can take essential boundary partitions of the (™! fi;|.v+1) in a
way that agrees on any j-cell (j = 1,2,...,N) common to two (N + 1)-cells of 7.
The result is a refinement ’ZA}“ of 7 and an extension f;“ : Ij;c(,(i]) — X of fi;. This
satisfies

mesh(Ty, fi) < gmesh(Ti, fs) + i

It follows from the hypothesis that Filli{#, Fillf{#, cee Fillﬁ# are all bounded, that
each N-cell of 7}, is refined into a bounded number of N-cells to produce 7y .

Suppose C' is one of the (N + 1)-simplices forming the tessellation 7. Let C; be
its refinement in ’]A]“ Counsider the pair (C,~;), where v; := fr; |c© and consider its
essential boundary partition (C’Z, ), where 4; := f,“ ‘ GO (:*Z.(O) — X. By hypothesis
we can find a partition (C;,%;) of (C,~;) subject to (1(:2,%), where C; is some R-
combinatorial (N + 1)-disc with C; = 9C;, with #(C;) < Ky41, and mesh(C;,5;) <
smesh(C, v;) + pn1.

This process of refinement is repeated over all of the (V4 1)-cells in 'jk,i, producing
fri: Ij;c(,?) — X. The partition agrees across N-cells common to two (N + 1)-cells of
’ZA},M- because the partitions of the (C,~;) are constructed subject to essential boundary
partitions.

We would now like to define fi ;1 : 7;3(4(:)1 — Cone,(X,e,s) to be an w-limit of
(fri)- The tessellation 7y, is obtained by refining 7j: first refining the 1-cells, then
the 2-cells and so on through the dimensions until finally refining the (N +1)-cells. A
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given 1-cell e! of 7}, is refined in ’]7“ into one of finitely many combinatorial structures.
So, up to combinatorial equivalence, one of these combinatorial structure occurs for
all 7 in some set of w-measure 1. Refine all the 1-cells of 7 accordingly. For a given
2-cell €% in 7y, there is a set S.2 of w-measure 1 such that for all i € S.2 there is
one combinatorial structure (up to combinatorial equivalence) into which e? is refined
in 'jk,i, and further this refinement agrees with the refinements of the boundary 1-
cells. So next refine all the 2-cells of 7, accordingly. Proceed similarly through the
dimensions until finally the (N + 1)-cells have been refined.
Thus

fr1 = (fk,i)ieN : 7;9(2)1 — Cone, (X, e,s)

is well defined. Also, as required, we see that for every (N + 1)-cell C' of 7y,
mesh(C, fri1]ao ) < gmesh(C, fi | ) where C' is the refinement of C in 75+,

We are now in a position to define f : D¥*! — Cone, (X, e,s). On the boundary
oDVt = SN we set f := f. Given z € DVt — 9DVt let x, be a 0-cell on the
boundary of one of the (N +1)-cells of 7,, containing x. Define f(x) := lim, o fn(2y).

Since the asymptotic cone is complete, to prove lim,, ... f,(z,) exists it is enough
to show that (f,(x,)) is a Cauchy sequence. The argument we use is the same as

that of the 2-dimensional case. The key observation is that

AFa(ra), for(ma)) < 2K Ros

where R := HZN:1 R;. Note that R bounds the number of 1-cells in a combinatorial
structure for an N-sphere used in attaching (N + 1)-cells in an R-combinatorial

complex. We also note that f is independent of the choice of (z,,).

The following lemma will be useful for proving continuity of f.

Lemma 2.3.8. Suppose C C DV T is one of the closed (N + 1)-cells constituting 7,,.
Then
diam f(C) < R(4Kny1+1). mesh(C, fn oo ).

The proof of this lemma runs just as that of Lemma 2.3.6. Continuity of f
can also be proved by a similar means to the 2-dimensional argument. The case that
requires attention is proving continuity at € 9DV *!. But notice that the observation
discussed at the start of this section (that given § > 0, the tessellation 7y of DV !
includes only finitely many (/N + 1)-simplices that fail to be d-small) is precisely what
is required for the argument to go through with the dimension increased from 2 to
N+ 1. [
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The following proposition provides the other implication required to complete the

proof of Theorem A.

Proposition 2.3.9. Let X be a metric space, let w be a non-principal ultrafilter, and
N > 0. Suppose the asymptotic cones Cone, (X, e, 8) are N-connected for all e and
s. Then there exist R and p such that the filling functions Fillh’#, Fillf{’#, ey Fillﬁ;l
are bounded.

Moreover we can, in fact, take R = (Ry) to be any sequence satisfying the following
recursive condition. Assume Ry, Rs, ..., Rx_1 are defined and there are p > pip_1 >
c..>uy >0 and K € N such that Fill’f{#(é) < Ky for all ¢ > 0. Then Ry can be any

integer greater than or equal to:

k+1 k-1
max{ k—|-2, 1—|—Rk_1—|—Kk, 1+Rk_1+Hi, 1+Rk—1+HRz }
i=1 i=1
Observe that, in the statement of this proposition, Ry is at least k + 2, which is
the number of k-cells in the boundary of an (k + 1)-simplex. So the k-dimensional
R-combinatorial complexes include the triangular complexes. Also Ry is at least

1 + Ry, greater than each of the following:
L Kka

° Hkill i, that is, the number of k-simplices in the first barycentric subdivision of

a k-simplex,

° Hf;ll R;, which is, a sufficient number of k-simplices to triangulate any closed
k-cell ¥ in an R-combinatorial structure (i.e. any k-cell e¥ whose boundary de*
is a (k — 1)-combinatorial complex and #;_1(0de?) < R;_; for every closed j-cell
¢/ in Oe* (for j =2,3,...,k).)

Notice that Ry is defined in terms of k and the constants K1, Ky, ..., Ky and Ry, Ro, . ..
so it makes sense to define Fill'f{; : [0,00) — N U {oo} with respect to the sequence
R (and p).

Proof of Proposition 2.3.9. We prove the proposition by induction on N. We have
established the cases N = 0,1 in Propositions 2.3.1 and 2.3.5. (We appeal here to the
observation made in the proof of Proposition 2.3.5 that R; can be taken to be any
integer such that Fill}“(é) < Ry — 1 for all £ > 0.) Let us now address the induction
step.

Suppose Cone, (X, e, s) is N-connected for all e and s. In particular Cone, (X, e, s)

is (N — 1)-connected for all e and s. So by induction hypothesis we can assume that
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there are some Ry, Rs, ..., Ry_q satisfying the recursive condition in the proposition,
and gy > py_1 > ...y > 0 such that Fillh’#, Fill%’”, e ,Fillg’# are bounded. Take
any integer Ry satisfying the condition in the proposition. Suppose that, for all
choices of pxy1 > pn, the (N + 1)-dimensional filling function Fillg;l fails to be
bounded. Then given any n € N, there exists (C,,7,) € Sphy with an essential
boundary partition (C,,%,) satisfying: if there is a partition (Cp,%s) of (Ch,7n)

~

subject to (Cy,4n) such that

1
mesh(Cp,7,) < §mesh(C’n,’\/n)+n, (2.8)

then #n41(Ch) > n.

There is some combinatorial complex C' that is combinatorially equivalent to C,,
for w-infinitely many n, because C,, can only take one of finitely many combinatorial
types by virtue of (C,.~,) being in Sphy.

Let s, := mesh(C,,7,). Then s, — oo for the same reason as given in the proof
of Proposition 2.3.5. Let e, be chosen in Im(y,). Then 7 := (v,) is a well defined
map (C©, x) — (Cone,(X,e,s),e) for some vertex x of C, and mesh(C,v) = 1.

Also there is a C such that C,, is a combinatorial structure equivalent to C for
w-infinitely many n. So 4 := (%,) is a well defined map cO — Cone, (X, e,s) with
mesh(C,4) < 3

Now because of the hypothesis that Cone, (X, e, s) is N-connected, we can extend
~ along first the 1-cells then the 2-cells and eventually the (N —1)-cells to a continuous
map f : C — Cone,(X,e,s). And because C = SV we can extend f to a continuous
map f : D — X where D is an (N + 1)-cell with 9D = C. As we will discuss
later it will be important that the extensions of 7 producing f are made by the
methods used to prove (N — 1)-connectedness of the cones. That is, we use repeated
refinements of 1-cells, the 2-cells, etc. , in the manner constrained by the bounds on
Fillg ,. Fillg ... Fillg .

As in the 2-dimensional argument (the proof of Proposition 2.3.5) we produce an
R-combinatorial decomposition C' of D with 0C = Cina way that pulls back to
produce partitions of w-infinitely (Cy,~,) subject to (Cy,4n), with mesh(Cy, 7n) <
%mesh(Cn, Yn) + py. This will then provide the required contradiction. Again it will
be enough to find C' with mesh(C, flco ) < 3 — &.

We give D a metric d inherited from a choice of homeomorphism to the Euclidean
(N + 1)-disc DM+ and then uniform continuity of f : D — Cone,(X,e,s) tells us
that there exists € > 0 such that

d(a,b) <e = d(f(a), f(b)) <

N | —
co| —
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Further, we shall need a constant a > 0 such that 3a < ¢ and for a,b € D

1 .

dob) <a = d(f(@), ) < 15

again such an o exists by uniform continuity of f on D.

The obvious approach is to exploit ¢ to produce C. However as in the 2-dimensional
case we have to do some work to ensure we can find C with 9C = C. In the 2-
dimensional case we needed annuli A, Ay, ..., A,. In this more general setting the
Ay, Ay, .., A will be (N 4 1)-complexes that topologically are non-uniform thicken-
ings of SV.

In the construction of f: C — Cone, (X, e,s) above we used the hypothesis that
Cone, (X, e,s) is (N — 1)-connected. But more particularly we extend v to f by
repeated use of the filling functions Fillh’”, Fill%#, e ,Fillg’”, via the same means as
are used to show that the boundedness of these filling functions imply the cones are
(N — 1)-connected. Tt is necessary for us to monitor exactly how this works.

Recall that v : C(© — Cone,(X,e,s) was expressed as v = (7,) where each 7,
is a map O . X. In the first place the essential boundary partitions ((:*n,’yn) of
each of the (Cy,7,) give (in the w-limit) a refinement C' of C' and an extension 4 of
~. Define (C°,4%) := (C,~) and (C*,4) := (C,4). Successive refinements C* and
extensions v* : C%(® — Cone,(X,e,s) are produced as follows. Given C* and ~*,
express ¥ as (7¥),en, where each v* is a map C*©® — X. Then for every closed
1-cell et of C* partition (e!,7% |.1) as allowed by Fill%w. So el is refined into at most
Fillg (mesh(C*,~% |.1)) 1-cells. Next partition the 2-cells as per Fillg, ,, and then the
3-cells and so on until the N-cells have been partitioned. The result is a refinement
CH1 of OF, where C**! is the combinatorial structure that occurs for w-infinitely
many n. Also this produces v#+1 : C¥10) — Cone, (X, e,s), an extension of v*. It
will be the case that mesh(C**! A#*1) < Zmesh(C* ~*) and thus

1 1
mesh(C",7") < gmesh(C,’y) = o

The C* provide combinatorial structures ¢; : C* = 9D for 9D. The N -complex
O+ is a refinement of C%. So there is a homeomorphism C? — Ci*+! such that the
composition O = Ci+! P51 9D is the homeomorphism C* % 9D. Then f is defined
using a limit and is an extension of each of each of the maps 7* o ¢;' (restricted to
Pi(CHO)).

The approach we would now like to take is to find r sufficiently large that the N-

cells of C" have diameter (with respect to d) at most ¢. This method worked in the
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2-dimensional case. However in higher dimensions there is a small added complication.
Recall that in the 2-dimensional argument as we refined each 1-cell of C*, we were
able to assume that its length was at least halved. But in higher dimensions, as we
produce C',C?, ..., we cannot assume that the N-cells (in the successively refined
combinatorial structure for D) decrease in diameter.

However Lemma 2.3.8 applies to the N-cells of C', C2, ... and allows us to deduce
that if eV is an N-cell of C" then

1

.?.

diamf(e") < R(4Ky +1).mesh(C",7") < R(4Ky +1)

Take r sufficiently large that R(4Ky + 1)/2" < 1/4. Then for every N-cell of C” we
find diamf(e™) < 1/4. Now

#n(C") < #n(C).Kn" < RyKy"

Each N-cell of C" can be triangulated. This can be achieved by first triangulating
its 2-cells, then the 3-cells, etc. , and then finally the N-cells. This requires fewer
than Hf\sl R; N-simplices. Let C"*! be the resulting refinement of C”. This is a
combinatorial structure for D via a homeomorphism ¢, : C™* = 0D. The images
¢r41(AN) of each of the N-simplices AN of C™*! are bi-Lipschitz homeomorphic to
a standard N-simplex. Repeated barycentric subdivision decomposes a standard Eu-
clidean N-simplex into N-simplices of arbitrarily small diameter. Let C™2, C"+3 ...
be refinements of C"*! obtained through successive barycentric subdivision. Again
these are combinatorial structures for 9D via maps ¢, : C™ = 9D. Further there
will be some s > 1 such that the N-simplices that make up C""* each have diameter
at most a.

Now we construct the (N + 1)-complexes A; for i = 1,2,...,r + s with outer
boundary C' and inner boundary C*. Define A; := C! and obtain A;,; by attaching
cells to inner boundary of A; as follows. A 1-cell e! in C% C A; is refined to some
lI-complex el in C**'. Let e? be an abstract closed 2-cell with #;(0e?) = #;(el) + 1.
Attach e? to e! by identifying one of the 1-cells of de? with e! C A;. In this way
attach 2-cells to all 1-cells of C* C A;. Next consider how a 2-cell e of C C A; is
refined to some 2-complex €2 in C"*'. A copy of de? can be found in the boundary
of the 2-cells we attached to the 1-cells in 9e? C A;. We can therefore glue in a copy

of €2 accordingly; this leaves a 3-cell hole which we fill by gluing in a 3-cell €3 with

#2(0€®) = 14 #1(e%) + #2(€?).
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Repeat this process for every two cell of C* C A;. Then a similar operation is
performed for every refinement of a 3-cell in C* C A;, and so on. The general step is
that a j-cell ¢/ of C* C A; is refined to some j-complex e/ in C*!. We find a copy
of de7 in the boundary of the j-cells attached during the previous stage. Attach e/
accordingly. this leaves a (j 4 1)-disc hole which is filled by gluing in a (j + 1)-cell
eIt with

#;(0e7) = 1+ #,1(e7) + #5(e9).

Now

#j,l(ej) S ijl, and

J+1 Jj—1

#3(6_-7) max{ Kj, H’L, HRZ }
i=1 i=1

So for j = 1,2,..., N the number of j-cells in the boundary of any (j+1)-cell of A,

VAN

is at most R;, and therefore A, is an R-combinatorial complex.
Now there exists an embedding ¢ : A, — D such that ¢ |1 = ¢; and

d(¢i(x), (7)) < «

for i =2,3,...,7+ s and for all z € C* C A,. Roughly speaking this embedding is
the result of projecting the C? a distance at most a away from 9D towards the centre
of D. (Recall that the metric on D was inherited from a choice of homeomorphism
of D to the standard Euclidean (N + 1)-disc.)

Consider a 1-cell e in C* C A, when 2 < i < r+5s. Let a and b be the endpoints
of e. Then just as in the proof of Proposition 2.3.5

max { d(v(a), ¢i(a)), dW®), &)} < a,
d(F(oila)), F@x) < 7. and
d(F(a)), F0)) < 1- ;

And if e is a 1-cell in C" "% then

d((a), (b)) < e

So we can now triangulate D N\ Im¢ with (N + 1)-simplices of diameter at most
e. This produces the R-combinatorial complex C' with 9C' = C’, that provides a

combinatorial structure for D and leads to a contradiction we seek. ]
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2.4 Groups with simply connected asymptotic cones

In 5.F7 of [33] Gromov proved that a necessary condition for a group I' to have simply
connected asymptotic cones is that T' satisfies a polynomial isoperimetric inequality.
(See also Drutu [17]; in addition R. Handel [34] did some early work pertaining to this
— essentially he proved the implication I = 2 of Theorem B of this thesis.) Gromov
asked in 5.F5 of [33] whether this was a sufficient condition, a question which Bridson
answered in the negative in [5] by giving examples of groups that satisfy polynomial
isoperimetric inequalities but not linear isodiametric inequalities — in Theorem C we
will see that satisfying a linear isodiametric inequality is another necessary condition
for the asymptotic cones of a group to be simply connected.

Known examples of groups with simply connected asymptotic cones include nilpo-
tent groups (Pansu [47]) and groups with quadratically bounded Dehn functions (Pa-
pasoglu [48]). Groups with quadratically bounded Dehn function include: hyperbolic
groups, finitely generated abelian groups, automatic groups, fundamental groups of
compact non-positively curved spaces, SL,(Z) for n > 4, certain nilpotent groups
including integral Heisenberg groups of dimension greater than 3 (see [1]), some non-
uniform lattices in rank 1 Lie groups that have these nilpotent groups as cusp groups
— including lattices in SO(n, 1) and for n > 2 in SU(n, 1) (this list is taken from [6];

see also [7]).

In this section we will interpret the 2-dimensional filling function Fill%’” in the
context of finitely generated groups I'. This will lead to a characterisation of finitely
generated groups with simply connected asymptotic cones in Theorem B. The ap-
proach is to partition null-homotopic words in I' into null-homotopic words of at most
half the length. (Recall from §1.1 that null-homotopic words are those that evaluate
to 1 in I', or equivalently are those that define circuits in the Cayley graph C(I") of
r.)

2.4.1 Interpreting Fil]%w for geodesic metric spaces

When X is a geodesic metric space (defined in §2.1.4) pairs of vertices have midpoints
and so Fill{¢) = 2 for all £ > 0 (as already observed in Examples 2.2.3). The purpose
of the following proposition is to reinterpret the condition of Proposition 2.3.5 that
concerns Fill%’” being bounded, in the particular circumstance when X is a geodesic
space. We will be able to do away with the notion of an essential edge partitions
used the definition of Fill%w in §2.2.2 and in its place will make choices of geodesics

between vertices.
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Proposition 2.4.1. Suppose X is a geodesic metric space. Let A be a 2-simplex.
The following condition is necessary and sufficient for all the asymptotic cones of X

to be simply connected.

There exist K, € N and ul, > 0 such that: for all £ > 0, and for all
geodesic triangles v : OA — X with edge lengths at most £, there is a
partition v : AV — X of v, with mesh(A,7) < £+ 4/,, and #5(A) < K.

Here, by a partition 7 : A1) — X of v we mean an extension of v where A is a
finite triangulation of A. For each edge e of A the map 7|, defines a geodesic in X.

The mesh of (A, %) is the length of the longest of these geodesics.

Proof of Proposition 2.4.1. It is possible to prove this proposition by adapting the
proof of Proposition 2.3.5. We take the alternative route of fixing Ry := 1+ K7 and
showing that the condition in this proposition is equivalent to the existence of Ky € N
and pe > g1 = 0 such that Fill%#(ﬁ) < K, for all £ > 0. Proposition 2.3.5 tells us
that this will suffice.

Firstly we show that if there exist Ry, Ky € N (R; > 3) and ps > 0 such that
Fillf{#(ﬁ) < K, for all £ > 0, then the condition of the proposition holds. Suppose we
have a geodesic triangle v : A — X. The pair (A, |yaw© ) is in Sphi because R; = 3.
An essential edge partition (A, [,40 ) of (A, 7 |sa© ) is obtained by splitting each of
the sides of the geodesic triangle into two 1-cells, the extra vertices being added at the
midpoints of the geodesic edges. The hypothesis that Fillf{,u is bounded by K5 then
gives us a partition (A, ) subject to (A, 7 |sa0 ). Now, A is a triangular complex
since Ry = 3. Extend 7 : A® — X to a map A — X by that restricts to v on A
and by mapping the 1-cells in the interior of A to (choices of) geodesics between the
images of their end vertices. Deduce that the condition of the proposition holds with

K; = Ky and py = po.

To prove the converse we assume the condition of the proposition holds and we
show that if we take Ry = 3, py = 0 and py = pf then Fill%t’“(ﬁ) < 4K] for all £ > 0.
So suppose we have (0A,7) € Sphg. As R, = 3 we may take A to be a 2-
simplex (the mono-gon and bi-gon being degenerate cases). Further, suppose we
have an essential edge partition (A, 4): that is, in effect, just (choices of) midpoints

my, mg, mg € X between (el

4) and ~y(e]) for the each of the three edges ey, es, €3 of

A (with e} and e] denoting the two end vertices of e;). Extend 4 to a map 0A — X
by choosing geodesics edges through these midpoints. Then let 7 : A — X be a
partition as per hypothesis. In Figure 2.4 the darker shaded 2-complex depicts A.
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One might now try to conclude the argument by restricting 7 to the O-skeleton
A© and thereby provide the partition required for Fillf{’”. However this overlooks
the requirement that A = A as complexes. The 1-cells e, €3, e3 of A are each split
into two 1-cells in A, but their refinements é;, €, €5 in A can be completely different
combinatorial complexes to their refinements in A — in the definition of a partition
following the statement of Proposition 2.4.1 there is no restriction on the location of
O-cells in OA. This technicality can be overcome by enlarging the complex A to a
complex A by attaching the lighter shaded 2-cells as shown in Figure 2.4. We add
0-cells vy, v, v3, one for each of €1, é,, €3, and we cone off each €; to v;: that is we

have a 1-cell from v; to each vertex of &; and 2-cells as shown.

Figure 2.4: Converting between two types of partition.

Define a map v : A® — X by making v equal to 7 |A@ on A© and by mapping
V1, Ug, U3 tO My, ma, m3 respectively. Notice that the distance between the images of
two vertices of A at the end of an edge in A\ A is at most %mesh(A, 7v), because the
m; are midpoints of the geodesics 4(e;). So mesh(A, ) < fmesh(A, ) + .

The number of 2-cells in this enlarged complex is at most 4K, as estimated as
follows. The number of 2-cells in A is at most K}. As each 2-cell is triangular, the
number of 1-cells in A is at most 3K%, which is therefore an upper bound for the

number of 2-cells in A ~ A. m

2.4.2 Interpreting Fill%w for finitely generated groups

We now give a characterisation of finitely generated groups with simply connected

asymptotic cones.® Note that it follows from Corollary 2.1.7 that condition I in this

8The characterisation of Theorem B is used by Papasoglu [48, page 793] in showing that groups
satisfying a quadratic isoperimetric inequality have simply connected asymptotic cones. The impli-
cation 1 = 2 was proved by R. Handel in [34].
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theorem does not depend on the choice of generating set A. Also notice that we
specify the sequence of base points to be 1, the constant sequence at 1 € I'. This
does not represent a serious restriction since we learnt in Lemma 2.1.2 that the choice
of sequence of basepoints is immaterial in the definition of an asymptotic cone of a
quasi-homogeneous space. At this juncture let us also recall Corollary 2.1.8 that tells
us that the asymptotic cone Cone, (T, 1,s) of a group I" with finitely generating set .4
is the same as the asymptotic cone Cone, (C(T",.A), 1,s) of its Cayley graph C(T', A).

Theorem B. Let I' be a group with finite generating set A. Fix any non-principal

ultrafilter w. The following are equivalent.

1. The asymptotic cones Cone,(T',1,8) of I' are simply connected for all s = (s,)

with s,, — o0.

2. There exist K, L € N such that for all null-homotopic words w of length {(w) >

L there is an equality
K
w = Huiwiui_l (2.9)
i=1

in the free group F(A) for some words u; and w; such that the w; are null-
homotopic and £(w;) < L(w)/2 for all i.

Proof. First, take R,, to be the set of null-homotopic words of length at most ¢(w)/2
in Lemma 1.5.3 (the generalisation of van Kampen’s Lemma) to prove the following

and learn:
Lemma 2.4.2. Condition 2 of Theorem B is equivalent to:

3. There exist K, L € N such that for all null-homotopic words w of length ¢(w) >
L there exists a diagram D,, with at most K 2-cells and with the boundary
circuit of each 2-cell of D, labelled by a null-homotopic word of length at most

l(w)/2.

Let D,, be the diagram of the lemma above. Call a point v of the diagram D,, a
branching vertex if a small neighbourhood of the 1-skeleton of D, about v has at
least three connected components when we remove v. Fdges connect the branching
vertices and D,, has at most K faces. We may assume that a word read along any
edge in the interior of D, represents a geodesic in C(I',.A) — otherwise we could
replace some of the w; in (1.2) by shorter null-homotopic words. The following is

essentially a lemma of Papasoglu in [48].
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Lemma 2.4.3. Let V and F be the number of branching vertices and of faces (re-

spectively) in any topological disc portion of the diagram D,,. Then V < 2(F —1).

Proof. This is an Euler characteristic calculation. At least 3 edges meet at each
vertex (here we use the hypothesis that the we have a topological disc) and so the
number of edges E in the topological disc satisfies £ > % So,as V- FE+ F =1,
we find V —3V/2+4 F > 1, and thus V < 2(F — 1) as required. n

To complete the proof of Theorem B it is enough to show that for the Cayley graph
C(T', A) of T (which is a geodesic metric space) the condition of Proposition 2.4.1 is

equivalent to condition & of Lemma 2.4.2.

First we prove that the condition of Proposition 2.4.1 implies condition 3. We
are given a null-homotopic word w and (provided ¢(w) is sufficiently large) we shall
explain how to produce a diagram D,, for w in which each 2-cell has boundary length
at most £(w)/2. The method is illustrated in Figure 2.5.

W = V1V2V3V4V5

U1

Figure 2.5: Constructing a van Kampen diagram D,, for w.

Let n := {(w). We start by expressing the word w as the concatenation of five
subwords w = v1v9v3v4v5 in such a way that each word v; has length between (n/5)—1
and (n/5) + 1. Choose geodesic words 7; in I' that equal the v;. Thus we produce a
diagram with boundary label w (read anticlockwise from a base point x), by inscribing
a geodesic pentagon in a {(w)-sided polygon. When n > 4 the five outermost loops
in this diagram have length at most n/2. We now partition this geodesic pentagon.
Start by adding two diagonal geodesics to triangulate the pentagon. The mesh (i.e.

the length of the longest side) of the three resulting geodesic triangles is at most
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2((n/5) + 1), which is less than n/2 when n > 4. The condition of Proposition 2.4.1
allows us to repeatedly partition these geodesic triangles, each time halving the mesh
modulo a possible error u5. One partition reduces the mesh to at most (n/4) + pb
and then a second reduces it to at most (n/8) + ph/2 + ph. It is enough to partition
until the mesh is n/6 as then the circumference of the triangles will be at most n/2
as required. So provided n/8 + pb/2 + py, < n/6 (that is, n > 36u,) two partitions,
and therefore 5 4+ 3K,? triangles, will suffice.
The result is a diagram D,, having at most 5 + 3K,* 2-cells.

We now prove that if there are K, L € N such that any null-homotopic word w
admits a diagram D,, as per condition & of Lemma 2.4.2, then the criterion displayed
in Proposition 2.4.1 holds. We take ji; = 4L/3. We aim to prove that there exists
K, such that all geodesic triangles can be partitioned into K, geodesic triangles,
achieving a halving of the mesh modulo a possible error fis.

First observe that it is sufficient to restrict our attention to geodesic triangles in
C(T, A) with vertices at 0-cells of C(I';.A). Such a geodesic triangle A of mesh ¢
defines a null-homotopic word w € T' of length at most 3/. Apply condition & of
Lemma 2.4.2 to w to give a diagram for w in which the boundary words of the faces
each have length at most max %é, L}. Applying condition & twice more produces
a diagram D,, for w in which the edge-circuits w; of the 2-cells have length £(w;) <
max {3¢/8, L}, and the number of 2-cells in D,, is at most K?.

We can assume these 2-cells to be non-singular polygons with arcs between ad-
jacent branching vertices labelled by geodesic words. Recall that D, is a tree-like
arrangement of topological discs and 1-dimensional arcs. Thus the number of sides of
such each polygon is bounded by the number of vertices in any topological disc por-
tion of D,,. By Lemma 2.4.3 this is at most 2(K* — 1) + 3 (that is, at most 2(K® —1)
branching vertices and the 3 original vertices of A).

Now triangulate the polygons by adding choices of geodesics for the diagonals, par-
titioning each m-sided polygon into m — 2 geodesic triangles. The resulting geodesic
triangles have mesh at most the circumference of the polygons and so less than ¢/2.
Further m < 2(K? — 1) + 3. So (2(K? — 1) + 1)K? such geodesic triangles are used
to partition the faces.

The diagram D,, consists of (at most K?) 2-dimensional discs joined by 1-dimensional
arcs. We have shown above that the 2-dimensional discs can be decomposed into at
most (2(K3 — 1) + 1)K? geodesic triangles. The 1-dimensional arcs are part of the
sides of the original geodesic triangle A. So they are all geodesic arcs of length at

most £, except one which may have a single branching point. There are at most K3+1
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such geodesic arcs, each of which can be considered to be two (degenerate) geodesic
triangles of mesh at most £/2. The possible tripod section can be considered to be at
most six such degenerate triangles.

Conclude that the condition of Proposition 2.4.1 holds with K, := (2(K? — 1) +
K3+ 2(K?+1)+6 and fip := L. ]

2.4.3 Upper bounds for filling functions

In this section we show that Theorem B leads to bounds on three important invariants
(“filling functions”) of finitely presentable groups. We will see that if I" is a finitely
generated group with simply connected asymptotic cones then I is finitely presentable
and we will give upper bounds for the (first order) Dehn function Area : N — N,
the minimal isodiametric function Diam : N — N and the filling length function
FL : N — N. These were all defined and discussed in §1.4.

The polynomial bound (2.10) of the following theorem is the result (5F7 in [33])
of Gromov which sparked off this whole area of investigation. Drutu, in Theorem
5.1 of [17], has also provided a proof that Area is polynomially bounded. The bound
on the isodiametric inequality (2.11) appears as a remark of Papasoglu at the end of

[48]. The constants K and L in this theorem are those arising in Theorem B.

Theorem C. Suppose that the asymptotic cones Cone,(I', 1, s) of a finitely generated
group I' are simply connected for all sequences of scalars s with s,, — oo. Then there
exists a finite presentation (A | R) for T with respect to which, for alln € N the Dehn

function, the optimal isodiametric function, and the filling length function satisfy

Area(n) < KnlosE/L) (2.10)
Diam(n) < (K +1)n, (2.11)
FL(n) < 2(K+ 1)n, (2.12)

for some constants K, L > 0. Further given a null-homotopic word w with {(w) = n,
there 1s a van Kampen diagram D,, on which these three bounds are realised simulta-

neously.

Proof. First notice that the bound (2.11) follows immediately from (2.12) since for
any finitely presentable group Diam < %FL. Recall that this is proved in §1.4.4 by
noting that for any shelling of a van Kampen diagram D and for any vertex v of D,
at some stage the contracting boundary loop of the shelling passes through v; this

loop provides two paths from v to the basepoint.

67



Let A be a generating set for I'. (It follows from Corollary 2.1.7, that 1-connectivity
of the cones of T" does not depend on the choice of generating set.)

Let w be any null-homotopic word in I'. By Lemma 2.4.2, there exist K, L € N
such that if /(w) > L then we can find a diagram D; for w with at most K 2-cells
with boundary words w; of length £(w;) < ¢(w)/2. This procedure can be iterated.

Next each w; for which ¢(w;) > L has a (possibly singular) 2-disc diagram C,,, with
boundary w;. This provides a means of producing a new diagram D, from D;: each
2-cell 61201_ in D, is replaced by C,,. Repeating we get diagrams Dy, for k = 1,2,...,
with boundary word w and with at most K* 2-cells.

Take k sufficiently large that £(w)/2% < L and define R to be the finite set

R = {wordsr |r=1inT and ¢(r) < L}.

When ((w)/2% < L we have a diagram D, = D, for w in which every 2-cell
has boundary circuit in R. So D, is a van Kampen diagram for w over the finite
presentation (A | R) and it follows that I' = (A | R).

Now for £(w)/2* to be less than or equal to L, it is enough for k to be the least
integer greater than or equal to log,(¢(w)/L). So the number of 2-cells in D,, is at

most K11082(6(w)/L)  Thus we have the bound on the Dehn function:
Area(n) < K'los0/L) — fplogs(K/L)

as required.

The 1-skeleta of the diagrams D+, D, ... do not necessarily embed in DY because
the diagrams inscribed in the 2-cells of D; to produce D;,; may be singular. However
to each D; we can associate a 2-disc diagram D) whose 1-skeleton is the image of the
natural map of Dgl) into D,,.

Claim. For any open 1-cell e! in the boundary of a diagram D,, constructed as above,
there exists a shelling of D,, to dD,, ~ e! in which the boundary circuit has length at

most 2(K + 1)n.

Proof by induction on n = {(w). When n < L the diagram D,, is just a 2-cell with
boundary label w and the result is immediate.

For the induction step, take e! in the boundary of a diagram D, for a null-
homotopic word w with ¢(w) = n > L. Let us describe the shelling of D,,. Start
with any shelling of D} to dD; \ e'. The total number of 1-cells in D] is at most
(K 4 1)¢(w)/2, that is, at most K¢(w)/2 in the 2-dimensional portions of D} and at
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most ¢(w)/2 in the 1-dimensional portions. So the contracting boundary loop in the
shelling of D/ has length at most (K + 1){(w).

Now we see that a shelling of D,, to dD,, ~\ e! can be made from the shelling of
D} together with shellings of the subdiagrams D,, of D,, that fill the 2-cells of D;.
The shellings of the D, are performed one at a time in the order dictated by the
collapsing of 2-cells in the shelling of D). Now, the boundary word w; on each of the
D, has length ¢(w;) < ¢(w)/2. So by induction hypothesis each D,,, can be shelled
to 0Dy, e}ui and the boundary circuit in the shelling of D,,, has length always less
that or equal to 2(K + 1)¢(w)/2. Deduce that length of the boundary circuit the
shelling of D,, always remains at most (K + 1){(w) + (K + 1){(w) and the claim is

proved.

To complete the shelling of D,, all that is required is to collapse 9D, ~ e' to
the base vertex =, and this involves no increase in filling length. We deduce that
FL(n) < 2(K + 1)n as required. n

Open questions 2.4.4. In 5.Fy of [33] Gromov asked whether satisfying a poly-
nomial isoperimetric function was a sufficient condition for a group to have simply
connected asymptotic cones, and this was answered negatively by Bridson. One can
now ask whether the bounds found in Theorem C are sufficient.

It is actually not known whether the polynomial bound on the Dehn function
together with the linear isodiametric function are sufficient. It is possible that the
linear upper bound on the filling length function follows from these other two bounds.
Indeed, as we mentioned in §1.4.4 it is an open problem due to Gromov [33, page

100], whether for a general finitely presented group FL =< Diam.

2.4.4 Applications

Naturally as corollaries we can give information about the filling functions of the
groups known to have simply connected cones listed at the start of this section. We

draw attention to two instances.

As we mentioned earlier, in [48] Papasoglu proves that the asymptotic cones of
a group satisfying a quadratic (first order) isoperimetric inequality are all simply

connected. So it follows that

Corollary 2.4.5. If the Dehn function of a finitely presented group I admits a

quadratic bound then there is a linear bound on its filling length.
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The use of asymptotic cones would appear a circuitous route to this result — it would
seem that an analysis of Papasoglu’s methods in [48] would yield a direct proof. Also
Gersten has another (to date unpublished) means of obtaining the result building
on the methods of [27]. One reason this is of interest is because it tells us that the
optimal isodiametric function Diam and the filling length function FL for I are ~-
equivalent, answering Gromov’s question (mentioned in Open Questions 2.4.4 above)

positively for one important class of groups.

Pansu proves in [47] that virtually nilpotent groups have simply connected (indeed

contractible) asymptotic cones. Therefore a second corollary is

Corollary 2.4.6. The filling length function of a finitely generated virtually nilpo-
tent group admits a linear upper bound (and hence so does the optimal isodiametric

function).

This linear bound is observed by Gromov [33, page 101] for simply connected nilpotent
Lie Groups, by considering the geometry of Carnot-Caratheodory spaces.

We mention that Corollary 2.4.6 precipitated a further result of the author in
collaboration with S.M.Gersten and D.F.Holt in [25]. A search was made for a di-
rect combinatorial proof of Corollary 2.4.6, and this turned out to be possible via a
induction argument on the nilpotency class ¢ of the group. A crucial feature of this
induction argument is to keep track of an isoperimetric function at the same time
as a linear bound on the filling length function. The result is that we learn that a
null-homotopic word of length n admits a van Kampen diagram that not only has
filling length bounded linearly in n but also has area bounded by a polynomial in
n of degree ¢ + 1. Thus, in particular, we proved that finitely generated nilpotent
groups admit a polynomial isoperimetric function of degree one greater than their

class, resolving a long-standing conjecture.

2.5 Higher order isoperimetric and isodiametric
functions of groups

In §2.6 we will prove Theorem D, which supplies N-th order isoperimetric and iso-
diametric functions of groups I' whose asymptotic cones are N-connected. In this
section we supply the requisite definitions: the finiteness properties Fj, the notion of
k-presentations, the higher order combinatorial isoperimetric functions (also known

as higher order Dehn functions) and the higher order isodiametric functions.
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2.5.1 Type F;11 and k-presentations

Our account in this section draws heavily on that of Bridson in [8], where in particular
k-presentations are introduced. The following definition amounts to saying that a
group I is of type Fi when it admits an Eilenberg-MacLane space K(T', 1) with finite
k-skeleton. (See [9, page 470].)

If a group T is finitely generated it is said to be of type F;. Given a finite
generating set A for such a I' (with AN A" = ¢), we can construct its rose: the
wedge K :=\/, 4(S*, %) of finitely many oriented circles, each labelled by a generator.
The group I is said to be of type F> when it is finitely presentable. Given a finite set
of defining relations we can attach finitely many 2-discs to the rose (using the relators
to describe the attaching maps) to produce the standard compact 2-complex K? such
that 7% = I'. The universal cover of K? is the Cayley 2-complex associated to the
given presentation (or “l-presentation” in the terminology used below) of I', and
the 1-skeleton of the Cayley complex is its Cayley graph.

Higher finiteness properties concern enlarging K2 to make its universal cover highly
connected. We say that I is of type F3 when m,K? is finitely generated as a I-module.
In this event there is a finite set of continuous maps f? : (S?,%) — (K2, %), whose
homotopy classes generate the I'-module K% These f7 attach 3-discs to K2, killing
79 of its universal cover Iva2

The homotopy class of a continuous map (S?,*) — (K?, %) necessarily includes a
singular combinatorial map (S;,*) — (K? %) where S; & S? is some combinatorial
complex. So the f? can, in general, be taken to be singular combinatorial maps (as
defined in §2.1.3). (We cannot, in general, take the f? to be combinatorial maps.)
A choice of 1-presentation together with the singular combinatorial attaching maps
f7 1 (Si,x) — (K2, %) is referred to as a 2-presentation for T'. Let K2 be the complex
arrived at by attaching the S; to K? via the singular combinatorial attaching maps
2.

The process of enlarging the complex K2 further, through successive dimensions,
leads us to a recursive definition of F;,, and of k-presentations as follows. Suppose
[ is of type Fr and we have a (k — 1)-presentation. Consider attaching (k + 1)-discs
to KF to kill mxKC*. If finitely many (k + 1)-discs suffice (that is, 7, K* is finitely
generated as a I-module) we say T' is of type Fi;q. Call the resulting (k + 1)-
complex KF*1; by construction its universal cover IE’;:l is k-connected. The finite
set of singular combinatorial attaching maps f; : SF — K* where each SF is a
combinatorial structure for the k-sphere, together with a (k — 1)-presentation then

make up a k-presentation.
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Observe that for £k > 2, the 0-skeleton of 167“ can be identified with I" and so
inherits the word metric. This metric agrees with the path metric on the 1-skeleton
of Kk where each 1-cell is given length 1.

We say T is of type F when it is of type Fy for all N.

2.5.2 Higher order isoperimetric and isodiametric functions

The filling functions defined in this section concern the combinatorial volume and di-
ameter of fillings of combinatorial N-spheres. Suppose I is of type Fy 1 and so admits
a finite N-presentation. Construct a compact singular combinatorial (/N +1)-complex
KN*1 as described above. Consider a singular combinatorial map v : (SV, %) —
(/IC\N,*), where SV = SV is some combinatorial structure on the N-sphere. Since
W is N-connected, we can fill v : (S, %) — (/IC\N, *) by giving a singular combina-
torial extension y : DN+t — EM with respect to some combinatorial decomposition
DNHL = DNFL of the (N + 1)-disc such that SY = dDN*! as N-complexes.

We define the combinatorial N-volume (or mass) of v as follows: let Voly(7)
be the number of N-cells ¢ in CV such that |~ is a homeomorphism. Similarly
define Voly, () to be the number of (N + 1)-cells eVt in DN+ such that +|.v4
is a homeomorphism. We define the filling volume FVol(v) to be the minimum
amongst all Voly,1(7) such that 7 fills 7.

Incidentally, this definition has an algebraic interpretation. It is explained in §5
of [8] that FVol(vy) can be reinterpreted as being the least M such that there is an
equality

M
bl = D g [0e)"]
=1

in the T-module 7 (K, %), where aeﬁ\(’;)rl are the attaching maps of the (N + 1)-cells

ej.\(r;)rl used to enlarge KV to KKNF1.

Similarly we can define the diameter and the filling diameter of v : (SV,*) —
(KN, %). We endow the 1-skeleton of S with a pseudo metric by giving each edge
that collapses to a single vertex under v length 0, and length 1 otherwise. Then the

diameter of v is defined by

Diam(y) = max{ d(x,v) | ve S¥O }.

If 4 : DN+ — KN+ is a filling function for v then we define the diameter of 4 in the
same way, via a pseudo-metric on DV, We define the filling diameter FDiam(y)

of v to be the minimum of Diam(%) amongst all 7 that fill ~.
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Another natural way to define the diameter of 7y (and similarly 7) is as the diameter
of the image of v: that is, max {d(x,v(v)) | v € MO}, where d is the combinatorial
metric on the 1-skeleton of ICV. Our definition of the previous paragraph is an upper

bound for the diameter of the image of ~.

We now give the definitions of some higher order filling functions. Let Qy be

the set of singular combinatorial maps (CV,x) — (KN*1 %) where CV = SV is a

combinatorial structure on the N-sphere.

Definition 2.5.1. The N-th order (combinatorial) Dehn function ) :
N — N is defined by

5™ (n) = sup{FVol(7) |7y € Qy with Voly(y) < n}.
v

This definition agrees with those in [2] and [8]. However it will not suffice for our

purposes as we now explain.

The way we will obtain bounds on the filling volume of singular combinatorial
maps of spheres v : (S, %) — (;C\ﬁ, x) will be to cone off to the basepoint x € SV,
This fills SV with rods, that is, cones over the N-cells of S¥. We fill each of these
rods in a way that agrees across common faces. (In fact we only need to fill the
rods that arise from the Voly(7) non-collapsing N-cells in S¥.) It turns out that we
can bound the volume of each rod by a function of the diameter of the image of its
O-skeleton. This length is at most the diameter of the image of v in KN — that is,
max {d(x,y(v)) | v € S¥O}, which is in turn at most Diam(y). We can then find
an upper bound for the (N + 1)-volume of an (N + 1)-disc filling v by multiplying
the bound on the volume of the fillings of the rods by the combinatorial N-volume
of ~. Tt follows that we get an upper bound on FVoly,1(7) in terms of two variables:
diameter ¢ and N-volume n. This motivates us to define a two-variable minimal

isoperimetric function as follows.

Definition 2.5.2. An N-th order two-variable minimal (combinatorial) isoperi-
metric function generalises the function 6V (n) to take account of diameter. It is
a function (N U {o0})? — NU {oc} defined by

dM(n, 0) = sup{ FVol(v) "7 € Qn with Voly(v) < n and Diam(y) < E}.

v

Note that §")(n) = §™¥)(n,00). This type of isoperimetric function has been used
in related contexts by Epstein et al. [20, Theorem 10.2.1] ( “mass times diameter

estimate”) and Gromov [31] (the “cone inequality”™).
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We will also wish to monitor the filling diameter. So we define a two-variable

minimal isodiametric function as follows.

Definition 2.5.3. The N-th order minimal (combinatorial) isodiametric
function n™) : (NU {oc})? — NU {oc} for T is defined by

™ (n, 0) = sup{ FDiam(~)
v

v € Qn with Voly(y) < n and Diam(vy) < 6}.

Remark 2.5.4. Let us consider how one might attempt to use 6V )(n,f) to bound
§™N)(n) by controlling diameter ¢ in terms of N-volume n.

When N = 1 we see max {d(x,7(e")) | e € S%O} < Vol;(v) and hence 6V (n) =
§M(n,n) and n™(n) < n™)(n,n). But when N > 2 it is possible for £ to grow
arbitrarily large, independently of n. For example consider filling a singular combina-
torial 2-sphere v in K2, when I is the free abelian group of rank 3. It is possible that
the image of v : § — K2 is a dumbbell: two 2-spheres joined by a combinatorial path
(a concatenation of 1-cells). There is a priori no bound in terms of n on the length
of the path between the two 2-spheres. This allows us to find v : S — K2 such that
S includes 2-cells e? whose cones €3 in S have mesh(e3, | .. ) growing arbitrarily
large, independently of n = Vol (7).

The next strategy one might try is to decompose the singular combinatorial map
v (SN %) — (;C\ﬁ, x) into a sum of non-singular combinatorial maps. This works in
dimension N = 2: collapse the cells in S? that collapse under ~, to produce a complex
52 which is comprised of combinatorial 2-spheres intersecting along simple paths, or

joined by simple paths (see [49]). Thus we factor v though S:
5% 8% K2,

and thereby see that to fill « it is sufficient to fill non-singular (i.e. genuinely cellu-
lar) maps 7; : SN — KN with each S a combinatorial structure for S¥. Further
>~ Voly~; = Volyvy and for each i

max {d(*, () | e € SiN’(O)} < CnVoly (i),

where Cly is the maximum number of 1-cells in (closed) N-cells in K. Tt follows that

if n.— 0@ (n,n) is bounded above by a superadditive? function 4> then for all n

53 (n) < 69 (n).

9A function v : N — R is superadditive when (r + s) > 1(r) + 1(s) for all r,s € N.
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The obstacle to this method working in dimension N > 3 is determining whether

singular combinatorial N-spheres can be decomposed into non-singular N-spheres.
In section 3.3 of [31] Gromov obtains the Federer-Fleming inequality for filling a

closed N-submanifold V in RY". Roughly speaking he decomposes V into essentially

round pieces V; satisfying
Diam V; < Dy (VOINVi)l/N

for some constant Dy. However it is not clear that this can be adapted to our

non-combinatorial context.

We now prove that the 1-dimensional cases 5" and n(") of filling functions defined
in §2.5.2 agree with the functions Area and Diam of §2.4.3.

Proposition 2.5.5. For all n,

sW(n) = Area(n),
nY(n,00) = Diam(n).

Proof. If v : (C', %) — (IfC\é, x) is a singular combinatorial map then 7 defines a null-
homotopic word w of length £(w) = Vol;(v) in the alphabet A*!. A van Kampen
diagram 7, : Dy, — K2 for w can be used to obtain a filling 7 : D? — K2 for v as
follows. It is a requirement of the definition of a filling that D? be homeomorphic
to D?. However D,, can have 1-dimensional portions. So we thicken the diagram
by attaching an annular neighbourhood of dD,, to dD,,. That is, we attach ¢(w)
rectangular 2-cells all of which will collapse under 4, to produce a new 2-complex D), .
Now it is not necessarily the case that D!, = C', on account of some of the 1-cells
of C! collapsing under the map ~; but this is rectified by inserting extra 1-cells into
0D, and extra 2-simplices (as necessary) into D! all of which will collapse under
7. Call the resulting diagram D?. The number of 2-cells of D? that do not collapse
under 7 is #4(D,,). It follows that 5 (n) < Area(n).

We now prove the reverse inequality: Area(n) < §Y(n). A null-homotopic word
w defines a combinatorial map v : C! — K2 where O is a combinatorial complex
homeomorphic to S' with £(w) 1-cells. Let 5 : D* — K2 be a filling of v with at most
S (l(w)) 2-cells. (So D? = D? and 7 is a singular combinatorial map.) Collapsing
all the cells of D? that do not map homeomorphically onto their images produces a
van Kampen diagram for w.

The inequalities obtained in the above two paragraphs combine to give 5(1)(71) =
Area(n). Similarly it follows from the constructions above and Remark 2.5.4 that

M (n,00) = nM(n,n) = Diam(n). n
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Remark 2.5.6. The functions §V) are referred to as combinatorial Dehn functions
to distinguish them from their geometric counterparts. The N-th order geometric
Dehn function concerns I' acting properly discontinuously and cocompactly on an N-
connected Riemannian manifold M. It gives the infimal bound on the (/N 4 1)-volume
of discs filling maps of Lipschitz N-spheres into M. Such functions are used in [20,
page 221], [31], [35] for example.

One might hope that the combinatorial functions 6") are ~-equivalent to the
geometric functions. It may be necessary to restrict the scope of the geometric Dehn
function to fillings of N-spheres whose Lipschitz constant is within some bound, for
otherwise it is not clear that the higher order geometric Dehn functions take finite

values.

2.5.3 Higher order filling functions and quasi-isometry

It is a consequence of Theorem 1 of Alonso, Wang and Pride in [2] that if " is of type
Fny1 then V) (n) takes finite values for all n € N. (More particularly, Theorem 1
in [2] that any KN*! for T' is “N-Dehn” — see the next paragraph.) It follows that
§)(n, £) also takes finite values for all n, £ € N. Tt is also the case that if T is of type

Fny1 then n™V)(n, £) takes finite values for all n,/ € N. Essentially the proof relies
on the local finiteness of EM and the fact that it admits a cocompact action of T',
although please refer to [2] for the many technical details.

The definitions of 6™ (n) and 6V)(n, £) generalise readily to any singular combi-
natorial complex X. In this generality they may take infinite values on account of
there being a sequence of N-spheres of N-volume at most n with unbounded filling
volume. Or 6¥) may be ill-defined because of X not being N-connected. However
the criterion of being “N-Dehn” defined in [2] precludes these eventualities in all
dimensions up to N. Define X to be N-Dehn when the following all hold.

(a). X is N-connected,
(b). 6% (n) < oo for k=1,2,..., N and for all n € N,

(c). the (N + 1)-cells are attached to the complex via singular combinatorial maps

SN — XN the N-spheres S must be one of only finite many combinatorial

types.

It follows from Theorem 2 in [2] that if two complexes X and Y are N-Dehn and

are quasi-isometric (with respect to the combinatorial metrics on their 1-skeletons)
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then their higher order Dehn functions 5§?)(n) and 5§f ) (n) are ~-equivalent for k =
1,2,...,N.
One sees that the two-variable isoperimetric and isodiametric functions for X and

Y are similarly related: there exists C' > 0 such that for all n and /,

Py

=z
B
=
AN

coM@en, coH+Cn+c,
cniM(Cn,CO)+Cl+C.

)
S
B
=

A

We will use this is §2.7.

Here is an outline of the proof of these inequalities. Our assumptions are that
X and Y are both N-Dehn singular combinatorial complexes and there is a quasi-
isometry f between them. We may as well take f to be a map X(© — Y(©),

Suppose that we have a singular combinatorial map vx : (S¥,*) — X with
Voly(vx) = n, where S¥ is a combinatorial N-sphere. Then f o vy ’Sﬁ’(o) is a map
from the O-skeleton of S¥ to the O-skeleton of Y. The idea now is to extend to a
singular combinatorial map vy : (S, x) — Y where S¥ is a refinement of S¥. This

map 7y is constructed from fovyx |~ by building through the dimensions. First
X

of all, a filling is made of each f o yx |.a for every 1l-cell e' of S¥ as per 58) and
the 1-cells of S¥ are refined accordingly. Then a filling of the 2-cells is made as per
5§/2 ), and then the 3-cells, and so on. On finally filling the N-cells in accordance with
5§,N), the resulting complex S¥ has N-volume at most C'n and diameter at most C'n
for some constant C. So the filling volume of SY¥ is at most 5§,N)(Cn, C' () and the
filling diameter is at most néN)(C'n, C (). However we need to pull-back a filling
Yy (DY %) = Y of 4y 1 (SY, %) — Y to get a filling of vx.

There is a quasi-isometry ¢ : Y(© — X(© guch that there is a constant k such
that d(gf(v),v) < k for all v € X© (8.16 of [9]). Now g o 7y |D¥+1’(0) is a map
from the O-skeleton of D! to X(®. Extend this map to a singular combinatorial
map 7y : Dy ™' — X (this introduces the multiplicative constant C' in the two
inequalities). Then homotop vx to 7% to get the filling of S¥ realising the two
inequalities (this homotopy is the reason for the linear terms in the two inequalities).

It follows (Corollary 4 of [2]) that, up to ~equivalence, the function n s §™¥)(n)
depends only on I'" and not on the choice of @E Similarly two different construc-
tions of KN+1 give two different functions 6¥)(n, /) (and similarly n™)(n,£)) that

—~——

are related by the two inequalities given above. (Any construction of N*! admits a

cocompact I'-action and hence any two choices of N+! are quasi-isometric.)
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2.6 Groups with highly connected asymptotic cones

In this section we prove type Fy.1 finiteness and N-th order isoperimetric and isodi-
ametric functions for groups I' with N-connected asymptotic cones. These results are
consequences of the boundedness of the filling functions Fillﬁ’“, Fill%t’“, e Fillﬁ;l

established in Theorem A for such groups I'.

Theorem D. Let T' be a finitely generated group with a word metric. Suppose that
the asymptotic cones of T' are all N-connected (N > 1). Then T is of type Fny1-

Further, fix any finite (N + 1)-presentation for T'. There exist ay,by € N and
ay > 0 such that for alln € N and ¢ > 0,

=
2
B
=
A

an n b, (2.13)
™M (n,0) < byt (2.14)

These bounds are always realisable simultaneously.

Proof. Our proof is by induction on N. The case N = 1 follows from Theorem C,
since 6V (n, ) < §M(n) = Area(n) and n" (n,¢) < nM(n,n) = Diam(n) by Propo-
sition 2.5.5. (Alternatively the N = 1 case can be proved along the lines of the
argument for the induction step set out below).

We now prove the induction step. The induction hypothesis tells us, in particular,
that I' is a group of type Fy. Fix any finite N-presentation for I' and let XV be the
associated compact N-complex.

Suppose v : (SN, x) — (/IC\N, %) is a singular combinatorial map in which the
combinatorial complex S% is homeomorphic to S¥. We seek an extension of v to a
singular combinatorial map 7 : (DNFLY) %) — (ﬁ, ), in which DN*L®) denotes
the N-skeleton of a combinatorial complex D¥*+! that is homeomorphic to DV*! and
has boundary 9DV 1 = SN, We will bound the combinatorial type of the (N+1)-cells
in DV*! (independently of v) and thereby show that only finitely many (N + 1)-cells
need be attached to KV to produce a complex KNt with N-connected universal
cover.

Let n := Voly(7), the combinatorial volume of v — that is, the number of open
N-cells of S that map homeomorphically onto their images. Let ¢ be the diameter
Diam(v) of ~.

As the asymptotic cones of I are N-connected, Theorem A tells us that there are
R, p and Ky, K5, ..., Kyy1 > 0 such that Fill’f{’“(ﬁ) < Kpfork=1,2,...,N+1. In

particular, in this context of the metric space in question being a finitely generated
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group with a word metric, we take py := 5 (see Examples 2.2.3 (2)). The filling
functions provide the means for producing the requisite extension 4 of +. In essence
we will produce ¥ and DV*! by repeatedly taking partitions in accordance with the
functions Fill’ﬁﬂu. However recall that these functions concern maps from the 0-skeleta
of combinatorial complexes of controlled combinatorial type. So our first step is to
cut up SV into pieces of controlled combinatorial type — the means we use is to take

the cone SN of SV: let
SN = (SV x [0,1])/(SN x {1}),

which is a (N + 1)-complex, inheriting a combinatorial structure from S¥. So in SN
there is one (N + 1)-cell corresponding to each N-cell in S¥. Refer to any (k+ 1)-cell
in SV that is the cone over a k-cell in SV as a rod. Use ~ to define a combinatorial
map 4 : SM® — KN in which each O-cell ¢® of S¥ x {0} is mapped to 7(e°) and the
cone vertex is mapped to x. Then mesh(S’N, A) = L.

Consider collapsing cells ¢ in SV that are mapped by ~ into the image of their
boundaries. That is, form the complex SV / ~ where: a ~ b if and only if a and
b are in the same open cell in SY and ~y(a) = 7(b). This collapsing extends across
SN = (SN % [0,1]) /(SN x {1}), to give a complex SN/ ~ in which (a, o) ~ (b, 3) if
and only if the following all hold:

(). a=5

(ii). @ and b are in the same open cell in SV,

(iif). ~(a) =~(b).

The filling of the rods in SN / ~ will be a process that builds through dimensions.
We will first partition (e, ].1) for each of the 1-cells in SV/ ~, in accordance with
the bound on Fillg ,. Then we partition the (e?,4|.2) subject to the partitions of
each (e',4 1), and in accordance with the bound on Fill%w. We continue through

eNtL 4 |.~v41) subject to the lower

the dimensions until we have partitioned the (
dimensional partitions.

However before we can use the filling functions in this way recall that for Fill’f{;
to apply to a pair (Cy, 6p) such that 6y is a map C’éo) — I', the complex Cy must
R-combinatorial and homeomorphic to S¥. Now the function Fill’lﬁ&} is defined with
reference to Fillh’#,Fillf{’”, . ,Fill'f{’# in that partitions are constructed subject to
essential boundary partitions which are built up through successive dimensions within

the bounds on Fillﬁ’“, Fill%w, e ,Fill’f{’“. Proposition 2.3.9 gives us some freedom in
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the values of Ry, R, ..., Ry: we can take each Ry to be any integer greater than or

equal to

k+1 k—1
X{k‘f’Q; 1+ Rp 1+ Ky, 1+R1<:71+HZ'; 1+Rk1+HRi}-
i=1 i=1
Therefore we are able to ensure that each R is also at least the number of k-cells

in the boundary of a cone on a k-cell in K* (and hence also at least the number of

k-cells boundary of a rod of a k-cell in $V/ ~). So the pairs (C, 6,) are then indeed

within the scope of Fillﬁ}:l.

We now focus on filling each of the rods. Let e be one of the N-cells of SN
More particularly, we take e” to be a closed N-cell with boundary the combinatorial
(N — 1)-sphere used to attach eV to the combinatorial complex SN. Let Cy be the
rod in S'N/ ~ that is the cone over ¢V, and let 6, := ¥ o We will take repeated
partitions of the pairs (Cp, fy), in a manner constrained by the bound on FlllN +l

A first partition refines Cj to a complex Cy with #x41(C1) < Kyy1, and extends
Optoamap b, : Cy =T = ﬁ(o) with

1 /
mesh(Cy, 6;) < §mesh(C, Oo) + uni1 < 5 + UN41-

Next partitioning each of the (N + 1)-cells in C) produces (Cy,62). Continuing we
get successive reﬁnements Cy, C1,Cy, ... and successive extensions 6y, 01, 05, ... where

— (0
each 6, is a map C’ —I'=KN ) satisfying

1
mesh(Car, 0ar) < s3pmesh (Co, 0o) + s + “N2“ oo+ ’;ﬁj

14
< on T 2UN+1

and #n41(Cy) < Ky
The following remark will be part of the reason why the complex D™ *! (defined
later) will have DN = SN Tet eV be the closed N-cell in SV over which Cy is
the rod. Recall that the filling functions Fill’f{’u concern a halving of the mesh on
partitioning, modulo an error term pug. And the error terms satisfy: unyy1 > uy >
. > pp = 1/2. The partition (C,0;) of (Cp, 6p) is constructed subject to any choice
of essential boundary partition. Assume that in the process of taking an essential
boundary partition, the minimal number of cells is used every time a cell is refined.
Now mesh(e", 6y |.~0 ) = 1 and so when one comes to refining the cells of ¢ in Cy
they can, in fact, be assumed to be left undisturbed. For the same reason the cell eV

is left undisturbed in the boundary of the subsequent refinements Cy, Cy, ..., Cyy.
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Let M be the least integer such that £/2M < 1. So M < 1+ log, ¢. Then
#na(Cu) < KNGy < KSR = Ky fosfv, (2.15)
Further, the observation that for each k
diam(Im 0;) < Ky, 1mesh(Cy, 6x) + diam(Im 6;,_4)
leads us to the bound:

diam(Im#y,) < Kpyyq (mesh(Cy,0;) 4+ mesh(Cy, 03) + ... + mesh(Cyy,0p))

14 14
< Kyp <(§+NN+1> + (? + pUN+1 + MJ;“) +...

14 UN KN
+(2—M+MN+1+ +1+-- + +1

2 C2M-1
Ky (€ + 2Mpin+a)
< Kni1(0 + 2uni1(1 +1ogy £)). (2.16)

IN

Let C’o = () and 0 = Our : C’éo) — I/C\JV From 6 we will obtain a combinatorial
map éN : (:’](\,N) — /IC\N, where (:*N will be a refinement of C’O and éN ‘ o0y = 0.

Firstly, refine every 1-cell e of C as follows. Let e; and e; be the two vertices of
e. Refine e into a chain of d(fy(e;), fp(e;)) edges. (That is, at most 2py,1 + 1 edges.)
Call the resulting complex C’l. Then extend 6y to a combinatorial map 6, : C’l — /IC\JV
in the natural way. Now the number of 1-cells in the boundary of each 2-cell of Cj is
at most R;. Define

ny = 61 = R1(2/LN+1+1).

So the length (i.e. 1-volume) of each 2-cell in ('} is at most ny. And /; is a bound on
the diameter of the image 65 of the boundary of any 2-cell in C.

Next in accordance with 5(1)(n1, (1) extend 6; and refine C’l to produce a singular
combinatorial map 6, : C’g — /IC\JV So each of the 2-cells in C’l is refined to a
combinatorial 2-disc & in Cy and the number of 2-cells that do not collapse under

the map 6, is at most at most 6V (ny, ¢;). Let
Ng = R2 (5(1)(’)11,61),

which is a bound on the number of non-collapsing 2-cells in the boundary of any 3-cell

in C’g. Further the diameter satisfies
max {d(0z(%z), 02(v)) | O-cells v of &} < 7 (ny, £y),
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where %z is any choice of base vertex in e2. Let
£2 = R2 77(1) (nl, fl),

which is a bound on the diameter of the image under 6, of the boundary of any 3-cell
in 02.

Continue similarly through the dimensions inductively defining
Npsr = R 0™ (ng, £) and Ll == Ry ™ (ng, £y).

Eventually one produces a combinatorial map 0 : C’N — k\ﬁ The number of N-cells
in the boundary of each of the (INV + 1)-cells in Cy, that do not collapse under 0y is
at most ny and the diameter of their images under 6y is at most £5. Note that both
ny and £y are independent of .

Notice that the N-cell eV in SV remains undisturbed in C’N.

Let DN*! be the complex obtained from filling all the rods Cy in SN/ ~ as
described above. Then there is a combinatorial map DY 1) —s KN whose restriction
to any one of the rods Cly is the map 6. Then let DN+! be the combinatorial (N +1)-
disc obtained from DN*! by pulling back the composition S¥ — SN/ ~ = DN,
That is, DV is the refinement of SN in which each cell of SV that does not collapse
in SV is refined to have the combinatorial structure of the cell it maps to in D¥*+!. We

(N

then define a singular combinatorial map 5 : DV+L(V) KN to be the composition

DN+LIN) _, DN+L(N) _, /E(\JV)

We now claim that only finitely many (N + 1)-cells need to be attached to KV
in order construct a complex KV*! such that every singular combinatorial map - :
(SN %) — (I/C\N,*) can be extended to a singular combinatorial map 7 : (DV*+1, %) —
(Eﬁﬁ,*). Attach one (N + 1)-cell to KV for every singular combinatorial maps
7 (SN %) — (/IC\N, x) such that Voly(7) < ny and Diampy(7) < fy. There are
only finitely many such 7, because KN s locally finite. Call the resulting finite
complex CNV+1. It follows from the discussion above that the requisite extension of

any v : (SN, %) — (/IC\]V, *) exists. Deduce that I' is of type Fn 1.

It remains to prove the bounds on §¥) (n, £) and ™) (n, £). From the N-presentation
of T form any (N + 1)-presentation. So let K¥*1 be any finite complex with N-
connected universal cover, that can be obtained by attaching (N + 1)-cells to V.

Above we constructed the singular combinatorial map 7 : DNtL(V) KN, We
now fill each of the (N + 1)-cells of DN+ with 6V)(ny, £x) (N + 1)-cells, thereby

e~

extending 7 to a singular combinatorial map 5 : DN*! — ICN+1,
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Let

ay = 1+4log, Kyy1,
ay = 5(N)(nN,€N), and
bN = b,N’n(N)(’I’LN,gN),

where by > 0 is sufficiently large that
Ky (€+ 2un41(1 +logy €)) < byl

for all positive integers /.

Recall from (2.15) that each of the rods Cy over one of the n non-collapsing N-cells
in SV is refined in C); into at most £*¥ non-collapsing (N + 1)-cells e¥*1. Each of
these (N + 1)-cells is then refined further into at most ay (N + 1)-cells in a complex
e+l This proves:

dM(n, ) < aynitov.

The diameter of the image of each eV is at most by so it follows from (2.16) that
™M (n, ) < n™(co,l) < byt

[

Recall that in Remark 2.5.4 we discussed decomposing singular combinatorial 2-
spheres into combinatorial 2-spheres. Assuming that the number of 1-cells in the
boundary of a each 2-cell is bounded above by some constant, then the diameter of
each of an combinatorial 2-spheres is bounded above by its volume (up to a mul-
tiplicative constant). So our discussion in Remark 2.5.4 together with the theorem

above give:

Corollary 2.6.1. Suppose the asymptotic cones of a group I' are all 2-connected.

Then the second order Dehn function 5 (n) admits a polynomial bound.

One would like to draw the same conclusion about §¥)(n) for N > 2 but it is unclear
whether singular combinatorial N-spheres can be decomposed in a way that allows

the same argument to work. However we do get:

Corollary 2.6.2. Suppose the asymptotic cones of a group T are all N-connected.
Let 6™ be g filling function defined similarly to 6™, except by quantifying only over
combinatorial N-spheres rather than over singular combinatorial N-spheres. Then

5(N)(n) satisfies a polynomial bound.
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2.7 Virtually polycyclic groups

Theorem E. Let T be a virtually polycyclic group and let w be any non-principal

ultrafilter. The following are equivalent.

(i). T is virtually nilpotent.
(i1). Cone, (T, 1,s) is contractible for all sequences of scalars s.

Proof. Pansu proves in [47] that the asymptotic cones of a virtually nilpotent group
I' are all nilpotent Lie Groups with Carnot-Caratheodory metrics and hence are con-
tractible. Indeed he proves that the sequence (T, id) converges in the Gromov-
Hausdorft topology and so the cone is independent of the sequence of scalars and
ultrafilter. This establishes the implication (i) = (ii).

It is a recent result of Harkins [35] that a polycyclic group T is automatic if and
only if it is virtually abelian. The strategy of his proof is as follows. Wolf proved
in [60] that the growth function of a polycyclic group is either polynomial or strictly
exponential. Gromov’s famous result (in [33]) that groups of polynomial growth are
virtually nilpotent, together with the fact that a virtually nilpotent group is automatic
if and only if it is virtually abelian (Theorem 8.2.8 of [20]) deal with the polynomial
growth case. Harkins shows that if I' has strictly exponential growth then one of its
higher order geometric Dehn functions'? is strictly exponential. Hence on account of
the polynomial bounds on the geometric higher order Dehn functions of automatic
groups, I' cannot be automatic — see Theorem 10.2.1 of [20].

More particularly, Harkins proves that if I" is polycyclic but not virtually nilpotent
then there is some Riemannian manifold G (which is, in fact, a Lie group) on which T’
acts cocompactly by isometries. Moreover, there is a nilpotent Lie subgroup N = R™
of G that is exponentially distorted. Furthermore, for some dimension m there is a
family of (m — 1)-cycles ¢! in N whose filling volume is at least exponential in
their boundary volume. It follows that the geometric Dehn function FV™™Y is at
least exponential. (Geometric volume is calculated with respect to a volume form
associated to the Riemannian metric — see §10.3 of [20] for example.)

We will adapt Harkins” argument to show that if I' has strictly exponential growth
then the higher order isoperimetric and isodiametric inequalities of Theorem D cannot
hold. So it will follow that a polycyclic group that is not virtually nilpotent cannot
have its asymptotic cones contractible for all sequences of scalars s. Thereby we will

establish the implication (i7) = (7).

10Geometric Dehn functions are discussed in Remark 2.5.6.
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We assume that the asymptotic cones of I" are all contractible and therefore I"
satisfies the higher order isoperimetric and isodiametric inequalities of Theorem D in
all dimensions.

Take a I" invariant simplicial triangulation 7 of G’ (which exists by Theorem 10.3.1
of [20]) and give its 1-skeleton a path metric by giving each edge length 1. Then
I' is quasi-isometric to 7. So the two-variable isoperimetric functions 5$k)(n,€) and
ngk)(n, 0) for 7 also satisfy the bounds of Theorem D for each dimension k (see §2.5.3).

We need to examine the (m — 1)-cycles ¢;*' in N = R™ more closely. Harkins
takes 02”’1 to be the standard Euclidean cube in N = R™ that has vertices with co-
ordinate functions each 0 or £. He then constructs another (m — 1)-cycle £/ ! in G,
built up in the manner of the boundary of an m-cube using minimal volume fillings to
provide the cells — first supplying 0-cells then 1-cell and so on, until finally supplying
the (m — 1)-cells. He starts by specifying the vertices of E”Z”l to be just the vertices
of czn_l. The 1-skeleton of the cube is then supplied by connecting the vertices using
geodesics in . The length in G of each of these geodesics is < log /¢ because of
the exponential distortion of N in G. Next the 2-cells of the cube are added using
minimal geometric area fillings, then the 3-cells, and so on until finally providing the
(m — 1)-cells of the cube with fillings of minimal geometric (m — 1)-volume. The
result is an (m — 1)-cycle €)' ' that is in G but not necessarily in N.

We adapt Harkins’ construction of E”é”’l as follows. We also start with vertices of
the standard FEuclidean cube in N = R™ that has vertices with co-ordinate functions
each 0 or /. But we perturb these vertices a bounded distance so that they are at
0-cells of 7. We supply the 1-skeleton of the cube using geodesics in 7(Y) to connect
the vertices. The length of these geodesics are again < log /. We then supply the 2-
skeleton of the cube by making singular combinatorial fillings within the bounds on the
two-variable isoperimetric and isodiametric functions 551)(n,€) and ng)(n,ﬁ) proved
in Theorem D. We build through the dimensions filling in k-cells (for £k < m — 1)
using combinatorial fillings within the simultaneous bounds on both 5&’“71) and nﬁkil)
from Theorem D. Eventually we arrive at our (m — 1)-cycle ¢"~" in G.

Now we claim that the singular combinatorial (m — 1)-volume of &' ' is <
(log £)tm=1 for some L,, ; > 0. One sees inductively that for 1 < k < m — 1,
the k-skeleton of the cube has both singular combinatorial k-volume and diameter
=< (log¢)L* for some L,,_; > 0. In the case k = 1 this is trivially true. For the
induction step observe that by Theorem D, the filling providing the (k + 1)-cells in
the cube has (k + 1)-volume =< 6% ((log £)"*, (log £)*) < (log £)** ((log £)**)** and
diameter < ngk_l)((log O (log £)L+) < (log £)L*.
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The geometric (m — 1)-volume of &'~ is also < (log £)Lm-1 because singular com-
binatorial volume bounds geometric volume, up to a multiplicative constant (which
we can take to be the maximum volume of (m — 1)-cells in 7).

Harkins provides an argument (essentially Stokes’ Theorem) that any m-chain
filling 62”*1 must have geometric m-volume at least as large as the filling volume of
¢! in N, which is ~ ¢™. However if the bounds of Theorem D on sim1) hold, then
(as above) E’;_l has a singular combinatorial filling with singular combinatorial m-
volume =< (log ¢)L™ for some L,, > 0, which yields a geometric filling also of volume
= (log £)"™. Thus we have a contradiction.

Deduce that the isodiametric inequalities of Theorem D cannot hold in some

dimension and therefore the asymptotic cones of I" are not all contractible. [
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Chapter 3

Weak almost-convexity and weak
geodesic-combability conditions

3.1 Definitions

3.1.1 Weak almost-convexity conditions

Definition 3.1.1. A group I' with finite generating set A satisfies an almost-convexity
condition if there exist kg > 1 and f : N — R, with the following property. Sup-
pose k > ko and a,b € I" are elements at a distance k from the identity in the Cayley
graph C(T', A), and that d(a,b) < 2. Then there exists a path a of length at most
f(k) from a to b in C(T', A) such that « is contained in B(k), the closed ball of radius
k around 1.

Different almost-convexity conditions arise from taking different functions f. We

list some non-trivial such conditions in order from strongest to weakest:
(i). Cannon’s AC(2) condition: f is constant.
(ii). Poénaru’s P(2) condition: f is sublinear; that is,

vC > 0, klim (k—Cf(k))=4o0.
(iii). I. Kapovich’s K(2) condition: f(k) =2k — 1.

Of the three condition listed above, the oldest is that of Cannon [11], and it is
groups satisfying AC(2) that are said to be almost-convex. Shapiro & Stein prove
in [56] that if M is a closed 3-manifold with one of Thurston’s eight geometries, then
71 (M) satisfies Cannon’s AC(2) condition if and only if M is not Sol. We refer to

the other (non-vacuous) conditions as weak almost-convexity conditions.
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Poénaru’s condition P(2) is introduced in [50], where he proved that if a closed ir-
reducible 3-manifolds has infinite fundamental group satisfying P(2) then its universal
cover is homoeomorphic to Euclidean 3-space.

I. Kapovich’s K(2) condition [40] can be regarded as the “minimally restrictive”
almost-convexity condition.

Note that the metric we are using on C(I',.A) is that in which each 1-cell is
uniformly given length 1. It will be important that the whole 1-skeleton is metrized,
not just the 0-skeleton. For technical convenience we extend f to R, by setting f to
be constant on the intervals [n,n + 1) for all n € N.

The conditions AC(2), P(2) and K (2) have generalisations AC(n), P(n) and K (n)
in which the distance d(a,b) is allowed to be at most n instead of at most 2. It is
straight-forward to prove that a group is AC(n) for some n > 2 if and only if it is
AC(2). (The same cannot be said of P(2) and K(2).) The proof of Theorem F can
be generalised to show that the bounds also apply to AC(n), P(n) and K (n) groups
(n > 2).

3.1.2 Weak combability conditions

Again we take T' to be a group with finite generating set A. Let (AU .A~")* denote
the free monoid on AU.A™!, and let £(w) denote the length of words w in (AUA1)*.

Our definitions follow those of Bridson in [4].

Definition 3.1.2. A combing o : T — (AU .A7')* is a section of the natural map
from (AUA™)* to T. Denote the image of g € T’ by 0, and view this as a continuous
path [0,00) — C(T,.A) from the identity to g, moving at a constant speed from the
identity for time ¢(o,) before becoming constant. We refer to o, as the combing
line of g. The combing o is a geodesic combing when o, is a geodesic word for all
gel.

The synchronous width ¢ : N — N of o is defined by:

¢(n) = max{d(oy4(t),on(t)) |t €N, d(1,9) <n, d(1,h) <n, d(g,h) =1}.

We shall also define the asynchronous width ® : N — N of 0. First we need to

define a set of reparametrizations:
R = {p:N—=N|p0)=0, p(n+1) € {p(n), p(n) + 1} Vn, p unbounded} .
Then let

PP ER teN

Dy(g.h) = min {n {d(ay(p(t)). ah<p'<t>>>}}
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and define
®(n) := max{D,(g,h) | d(1,9) <n, d(1,h) <n, d(g,h)=1}.

The synchronous width ¢(n) corresponds to taking each p € R to be the identity
reparametrization, and hence ¢(n) < ®(n) for all n.

It is convenient to extend ¢ and ® to R, by making them constant on the intervals
[n,n+ 1) for all n € N.

3.2 The geometry of the word problem for almost-
convex groups

For the definitions of Area, FL, Diam, =< and “simultaneous” used in the following

theorem please refer back to §1.4.

Theorem F. Suppose a group T satisfies a weak almost-convexity condition (with
respect to a finite generating set A) in which f(k) < 2k — 1 for all k > ko. Then T
1s finitely presentable and its Dehn, minimal isodiametric and filling length functions

simultaneously admit the bounds:

< 11 (100(552)) <

k=2ko+2
Diam(n) = n?
FL(n) =< n”

From this theorem we gain some understanding of the hierarchy of almost-convexity

conditions. When f is constant we recover the bound
Area(n) =< e"

on the Dehn function that Cannon proved in [11] for groups satisfying his almost-
convexity condition AC(2). So the bound of Theorem F:

Area(n) < n! < n" = ehlogn

for groups satisfying the K (2) condition only represents a slight relaxation of Cannon’s
bound for the AC(2) condition. Cannon also proved that AC(2) groups have linearly
bounded isodiametric functions — we will reproduce his result in Remark 3.2.1. This

compares with the quadratic bound of Theorem F for K(2) groups.
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Proof of Theorem F. The finitely presentability of I' is due to I. Kapovich (Theorem 3
of [40]) and we reproduce his result in the process of proving the bounds on the three
filling functions. Let R be the set of null-homotopic words in (AU A™")x of length
less than 2ky + 1, which is a finite set as |A| < co. We will show that P := (A | R)
is a finite presentation for I'.

Suppose w is a null-homotopic word and let n be the length of w. Our strategy
is to examine how the K (2) condition allows us to build a van Kampen diagram for
w with respect to the presentation P. Let D be a combinatorial 2-disc, consisting of
just one 2-cell with boundary loop made up of n 1-cells. Let ¥ : D! — C(T, A) be a
combinatorial map from the 1-skeleton of D to a loop labelled w in the Cayley graph
C(T',A) of T'. Via ¥ each 1-cell of D can be considered to inherit from C(T',A) a
labelling by element an of A together with a direction, so that w is read anticlockwise
around 0D starting from a base vertex .

We will show how, provided that ¢(w) > 2ko + 2, it is possible to fill w with
words of length at most n — 1. That is, we will produce from ¥ : D) — C(T', A) a
combinatorial map ¥ : DO — C(T, A) in which D is a finite, planar, contractible,
combinatorial 2-complex with 0D = 8b, and such that U extends . The boundary

loop of each 2-cell will map to a null-homotopic word of length at most n — 1.

Our reward will then be that we are able to iteratively apply this filling procedure
to construct successive extensions W; : Dlgl) — C(T',A) for i = 1,2,..., in which
each D; is a finite, planar, contractible, combinatorial 2-complex and each ¥; is a
combinatorial map. So we will then start with ¥y := ¥ and D, := D, and we will
construct ¥, from ¥; and D;,; from D; by using the filling procedure to refine
each 2-cell. Eventually this will lead to a combinatorial map W¥,, : D,(ﬁ) — C(T,A)
such that the boundary loop of each 2-cell maps to a null-homotopic word of length
at most 2ky + 1. It will then be possible to extend ¥,, to a combinatorial map to
the Cayley 2-complex C(P) of P = (A | R). So it will follow that w is expressible
in F(A) as a product of conjugates of elements of R, and therefore we will be able
to deduce that P is a finite presentation for I'. Further, D,, will be a van Kampen
diagram for w. An inductive analysis of the area, diameter and filling length will lead
to the bounds of the theorem.

So let us now focus on the null-homotopic word w of length n with its associated

map W : DU — T'(A). We treat the cases of n odd and of n even separately.
Case: n odd. Assume (n —1)/2 > kg. The word w defines a loop in C(T', A). Let

u and v be the two vertices of D that are a distance (n — 1)/2 from . Suppose one
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of d(W(x),¥(u)) and d(¥(x), ¥(v)) is strictly less than (n — 1)/2, say d(¥(*), ¥(u))
with out loss of generality. Produce a diagram D from D by inserting a simple p
combinatorial path made up of a concatenation of d(W(*), ¥(u)) 1-cells in the interior
of D between x and u. Let ¥ : DO — C(T',A) be the extension of ¥ obtained by
mapping p to a geodesic between W(x) and W(u). Then both 2-cells in D have length
at most n — 1.

Now assume d(¥(x), U(u)) = d(V (%), ¥(v)) = (n — 1)/2. By the homogeneity of
C(T, A) we may assume that U maps x to the identity element 1 € T'. Then ¥(u)
and W(v) are a distance (n —1)/2 > ko from 1 in C(T', A) and are a distance at most
1 apart. So the weak almost-convexity condition allows us to find a path « in the
closed ball B((n —1)/2) around 1 in C(T',.A) such that the length ¢(a) of « is at
most f((n —1)/2), which is at most n — 2.

Now join u to v by a simple combinatorial path p in the interior of D made up of a
concatenation of £(a) 1-cells, and extend ¥ to a map ¥’ : DM Up — C(T, A) so that p
is mapped to a. Let vy, v1,...,vyq) be the vertices of p so that vy = u and vy = v.
Next join vy, vs,...,Vya)—1 to x by simple combinatorial paths pq,pz,. .., Pya)—1 of
length d(1, U'(v;)) < (n—1)/2 as depicted in Figure 1. Call the resulting combinatorial
2-disc D. Then extend ¥’ to a map U DO — C(T, A) by mapping these paths to
geodesics in C(T', A).

The number of 2-cells in D is 1+ ((a) < 1+ f((n—1)/2) < n—1. We refer
to the loop in D® made up of p together with the segment from u to v as p. We
claim that the length of the boundary loop of each 2-cell in D is at most n — 1. The
loop p has length at most 1+ f((n —1)/2) < n — 1. Each of the remaining loops
is made up of a pair p;, p;41 of adjacent paths together with one 1-cell of p (where
0 <i < () — 1, and po and py,) are the paths labelled wy and w; respectively).
Both p; and p;;1 have lengths at most (n — 1)/2 but one must also be of length at
most (n —1)/2 — 1 because otherwise the midpoint of the 1-cell between v; and v;4,
would be mapped by ¥ to a point outside B((n—1)/2). The length of the loop is

therefore at most n — 1 as required.

Case: n even. The construction of U : D — C(T', .A) is very similar to the case when
n is odd and so we provide fewer details. This time u and v are the two vertices of D
that are a distance n/2 — 1 from %, and so d(V¥(u), ¥(v)) < 2. Assume n/2 — 1 > ky.
Similarly to the case of n odd, we focus on the situation where d(¥(x), ¥(u)) =
d(T (%), T(v)) =n/2 — 1, for without one of these equalities the construction of D is
straight-forward. The K (2) condition gives a path a in B(n/2 — 1) between ¥(u) and
U(v) of length ¢(c) at most f(n/2 — 1) <2(n/2 — 1) —1 = n— 3. Pairs of geodesics
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* D ¢
n odd

n even

Figure 3.1: The diagram D for groups satisfying weak almost-convexity conditions.

in C(T',A) from adjacent vertices on « to 1 both have length at most n/2 — 1 and
one has length at most n/2 — 2.

The number of 2-cells in D is at most 14 £(a) < n — 2. Again we refer to the
loop in D® made up of p together with the segment from u to v as p. The loop p
has length at most {(a) +2 < f(n/2 — 1) +2 < n — 1. The other ¢(a) 2-cells have
boundary loops of length at most 2.n/2 — 3 + 1 = n — 2.

We can now complete our proof by using the analysis above to give recurrence
relations on the Dehn, the minimal isodiametric and the filling length functions with

respect to the presentation P. For n > 2k, + 2,
n—1
Area(n) < (1 + f ( 3 )) Area(n — 1) (3.1)
) n ) n—1 )
Diam(n) < max {5 + Dlam<1 +f ( 5 )) , Diam(n — 1)} (3.2)

FL(n) < 1+f(n;1>—|—n+FL(n—1). (3.3)

We explain in turn how each of these inequalities follows from the construction of
D. We concentrate on the case where D is as in Figure 3.1; in the case where one
of d(¥(x),¥(u)) and d(¥(*),¥(v)) is less than (n — 1)/2 (case, n odd) or n/2 — 1
(case, n even) and D has two 2-cells, the three inequalities are easily seen to hold.

Inequality (3.1): there are at most (1+ f(n—1)/2)) 2-cells in D. Each has

boundary loop of length at most n — 1.
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Inequality (3.2): the distance in DO from any vertex of the loop p to x is at most
n/2, and this loop has length at most 1+ f ((n — 1)/2). This accounts for the first
entry in the set on the right-hand side of (3.1). The Diam(n — 1) entry arises from
considering the remaining loops in D (each of which we may assume also to be based
at x).

Inequality (3.3): the diagram D can be shelled (i.e. combinatorially null-homotoped
down to the base vertex ) by first collapsing the 2-cell with boundary p, and then
collapsing the remaining cells working from one side of the diagram to the other. In
this process the boundary curve reaches length at most 1 + f ((n —1)/2) + n. Now
recall that we constructed a van Kampen diagram D,, for w by iteratively filling to
give a sequence of diagrams Dy, Ds, ..., D,, (where D; has one 2-cell with boundary
loop labelled by the word w). We can inductively construct a shelling of D,, by
producing a shelling of D;,; from a shelling of D;: since D;,; is a refinement of D,

the image of Dgl)

in D;yq partitions D;,; into subdiagrams; shell these subdiagrams
in turn in the order dictated by the shelling of D;. Using filling length minimising

shellings of each of these subdiagrams leads to the recurrence relation of (3.3).

The hypothesis f(k) < 2k —1 (i.e. the K(2) condition) applied to (3.1), (3.2) and
(3.3) gives, for n > 2kg + 2,

Area(n) < (n—1)Area(n —1) (3.4)
Diam(n) < g + Diam(n — 1) (3.5)
FL(n) < 2n—1+FL(n—1). (3.6)

Now Area(2ko + 1) = 1, Diam(2ko + 1) = ko and FL(2ko + 1) = 2ko + 1 since all
null-homotopic words of length at most 2ky+1 are in R and hence admit van Kampen

diagrams with only one 2-cell. The bounds

weaty =TT (105(452)) <

k=2ko+2
Diam(n) = n?
FL(n) = n?
claimed in Theorem F then follow from (3.1), (3.4), (3.5) and (3.6). ]

Remark 3.2.1. Notice that in the case where f is constant (i.e. the case of Can-
non’s AC(2) condition) we can obtain Cannon’s linear bound on diameter from the
recurrence relation (3.2). Moreover the quadratic bound on filling length can also be

improved to linear: FL(n) < n.
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3.3 The geometry of the word problem for groups
with geodesic combings

Next we give a theorem in which we bound filling functions of groups satisfying
weak geodesic-combing conditions. If we weaken the conditions to allow larger asyn-
chronous width ®(n) then the conditions become vacuous (see Proposition 1.1 of [4]).
This theorem uncovers an (apparently)’ unrelated criteria under which groups have
filling functions satisfying the same bounds as those of Theorem F. As stated the
theorem concerns asynchronously combable groups. Synchronous width ¢(n) bounds
asynchronous width ®(n) (see §3.1.2) and so we could replace ® by ¢ and have a

weaker theorem just about synchronous combings.

Theorem G. Suppose a group I' admits a geodesic combing o (with respect to a finite
generating set A) such that the asynchronous width ® satisfies ®(n) < n — 2 for all
sufficiently large n. Then I is finitely presentable and its Dehn, minimal isodiametric

and filling length functions simultaneously admit the bounds:

Area(n) =< n!,
Diam(n) =< n?
FL(n) =< n®

The finite presentability claim has been proved by Bridson in [4]. The n! upper
bound on the Dehn function is an improvement on that in [4], although one should
note that in [4] Bridson is working in the more general context of combings in which
the combing lines o, are not required to be geodesics.

Proof of Theorem G. Similarly to the proof of Theorem F our approach is to show
that given any sufficiently long word w with associated combinatorial map ¥ : D) —
C(T', A) (where D is the diagram consisting of one 2-cell with boundary made up to
{(w) 1-cells) we can extend ¥ to some combinatorial map ¥ : DM — C(T', A) where
D is a refinement of D with boundary loop of length at most ¢(w) — 1. Then we will
be able to iteratively extend to produce van Kampen diagrams. It will follow that T is
finitely presentable — the set of all null-homotopic words up to some sufficiently large
length can be taken for the set of relators. An analysis of the inductive procedure
again gives bounds on the Dehn function, the minimal isodiametric function and the

filling length function.

'However see [37] and [36] for relationships between weak almost-convexity conditions and tame
1-combings.
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The diagrams 15, whose construction we now explain, are depicted in Figure 3.2

in the two cases corresponding to n := ¢(w) odd and even.

[ (U U u'

n—1 n—1

I\
I\

IS

N3

* *

n odd n even

Figure 3.2: The diagram D for groups admitting an asynchronous geodesic-combing.

Case: n odd. Take u and v to be the vertices of D at a combinatorial distance
(n —1)/2 from % in DM, Let g := ¥(u) and h := ¥(v). Recall that the geodesic
combing lines of g and h are denoted o, and oy, respectively. Construct simple paths
pu and p, in the interior of D between x and each of u and v, by concatenating
l(og4) and {(op,) 1-cells respectively. Next we join vertices of these p; and py by a
ladder as follows. If we were working with a synchronous geodesic-combing of width
¢(n) < n—2 for all n we can take the rungs of this ladder to be the (n —1)/2 paths
of length d(oy(t), o4(t)) for t =1,2,...,(n—1)/2. In the more general context of an
asynchronous geodesic-combing satisfying ®(n) < n — 2 for all n, the rungs become
organised more haphazardly as directed by reparametrizations; this is shown in the
left-hand diagram of Figure 3.2.

Call the new diagram D and extend U to W in the natural way. There are at most
n — 1 2-cells in the ladder in D.

The hypothesis, ®(r) < r — 2 for all r, on the asynchronous width of the combing
means that the rungs of the ladder have length at most (n—1)/2 — 2. It follows that
each of the 2-cells of D that lies between two rungs has boundary loop of length at
most

242%((n—-1)/2) < 2((n—-1)/2-2)4+2 = n-3.
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The remaining two 2-cells have length at most n — 1.

Case: n even. The construction is very similar to when n is odd. We take u, and
v’ to be the vertices of D at a combinatorial distance n/2 — 1 from * and we take v
to be the vertex at a distance n/2. Let g := U(u), ¢ := V(') and h := ¥(v), then
join u, u" and v to x by simple paths p,, p, and p, of length £(a,), £(o7) and £(oy).
Then supply the rungs to construct ladders between p, and p,, and between p, and
pw- This is depicted in the right-hand diagram of Figure 3.2.

The result is that each of the 2-cells of D that lies between two rungs has boundary

loop of length at most
2429(n/2) < 242(n/2—-2) = n—2.

The remaining two 2-cells have boundary length at most n — 2.

The following recurrence relations on filling length can be deduced from the con-

structions of the diagrams D above.

Area(n) < 2nArea(2+2®(n/2)) + 2 Area(n — 1)
< (n+2)Area(n — 1), (3.7)
Diam(n) < max{Diam(2+2®(n/2)) + (n — 1)/2, Diam(n — 1)}
< Diam(n — 1)+ (n—1)/2, (3.8)
FL(n) < 3n/2+ ®(n/2)+FL(n—1). (3.9)

We explain these inequalities in turn :

Inequality (3.7): With a synchronous combing there are at most (n — 1)/2 2-cells
in one ladder in D when n is odd, and there at most n/2 2-cells in each of the two
ladders when n is even. In the asynchronous case there are up to twice as many 2-cells
between the combing lines on account of the ladders being built out of triangles as
well as rectangles — see Figure 3.2. These 2-cells have boundaries of length at most
2+ 2®(n/2). There are two further 2-cells in each D, each of which has boundary

length at most n — 1.

Inequality (3.8): recall that producing the diagram D from D is the first step in
an inductive procedure for constructing a van Kampen diagram. The first entry in
the set bounds the distance from a vertex in a ladder in D to *, first along a path to
a combing line in D and then down that combing line to . The second entry bounds

the distance from a vertex of a 2-cell not in a ladder of D.
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Inequality (3.9): one can shell D by first collapsing the left-most 2-cell (as depicted
in Figure 3.2), then collapsing the cells in the ladder(s) working from the top to the
bottom (shelling the left ladder followed by the right ladder in the case when n is
even), and then collapsing the right-most 2-cell. In the process of this shelling of D
the boundary curve has length at most 3n/2+®(n/2). One only has to add FL(n—1)
to each of these to get a bound on FL(n) (for the same reasons as given the proof of

inequality (3.3) ).

The bounds of Theorem G follow from the recurrence relations (3.7), (3.8) and
(3.9). m

Remark 3.3.1. For some width functions ¢ and ® the recurrence relations above
lead to better bounds than those given in Theorem G. For example when either
¢ or @ is bounded (the synchronous or asynchronous “k-fellow traveller property”
respectively) we recover the quadratic bound on the Dehn function and the linear

isodiametric function of [20] and [24].

3.4 Remarks

Many groups that arise naturally in combinatorial or geometric contexts fall in the
scope of the weak almost-convexity or weak geodesic combability conditions of The-
orems F and G — see the references listed in §3.1.1 and §3.1.2. However the author is
unaware of any group that realises the n! Dehn function — it would be interesting to
know whether such “factorial groups” can be constructed, and indeed whether there
are either groups satisfying a weak almost-convexity or admitting a geodesic combing
that demonstrates the bounds of the theorems to be sharp.

It is worth pointing out that not all groups have filling functions that satisfy
the bounds of the theorems in this paper. For example, it follows from remarks
in §1.4 that groups whose word problem is not solvable have Area(n), FL(n) and
Diam(n) all growing faster than any recursive function. The family of groups I'y of
[33, page 79] have Dehn functions ~-equivalent to the k-times iterated exponential
function expexp...exp(n), and so for k > 2 fail to satisfy the n! upper bound on the
Dehn function. Indeed for all k& € N, Gersten’s group (z,y | z® = x2) has Area(n)
(and hence also FL(n) and Diam(n)) growing faster than a k-times iterated — see
[24]. Contrasting examples are provided by the groups I',, of Bridson [5] that have

2m+1

Area(n) ~ n and Diam(n) ~ n™ and so fail the bound Diam(n) < n? when

m > 3.
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Chapter 4

Some concluding remarks

4.1 Further open problems

The work in §2.2, §2.3 and §2.5 on metric spaces and groups with N-connected asymp-

totic cones provides ammunition towards resolving the following questions.

1. Does there exist a finitely presentable group which has two non-homeomorphic

asymptotic cones? (2.B;(c) of Gromov [33])

We mentioned this problem in section §2.1.1. Recall the theorem of Thomas &
Velickovic [58]: there exists a finitely generated (but not finitely presentable)
group which has two non-homeomorphic asymptotic cones (defined using either
two different non-principal ultrafilters or two different sequences of scalars).
The lack of a homeomorphism between these cones is detected by mq, their

fundamental group.

It seems likely that it is possible to find a group I'" which is finitely presentable
(i.e. is of type F3) has two asymptotic cones with different m5. A promising
strategy is to look for such a I' that is not of type F3, but whose asymptotic
cones are all simply connected. By Theorem D such a group would have at
least one asymptotic cone for which my does not vanish. The techniques of §2.2
and §2.3 would be required (and would probably need to be embellished) to
establish that this I had all its asymptotic cones simply connected and one of

its asymptotic cones also 2-connected.

2. Is there a sequence Iy of groups such that the asymptotic cones of Iy are all
N-connected but not (N + 1)-connected?

Section 2.B.(f) of [33] concerns the sequence of groups Sy := RY x M, where

M denotes the group of diagonal (N x N)-matrices over R with determinant
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one, acting on RY. Gromov outlines a strategy for showing that Sy is simply
connected for N > 3, while my_5 of each of the asymptotic cones of Sy are
non-trivial (uncountably generated even!). Roughly speaking reason for the
non-triviality of 7my_s is that the (N — 2)-nd order Dehn function of Sy is
exponential (by similar arguments to those in [35]), and if 7_o was trivial then
this would contradict Theorem D. Gromov suggests that the asymptotic cones
of Sy will all be (N —3)-connected, but he claims not to have checked the details
— Theorem A should provide machinery for completing the proofs of Gromov’s

assertions.

. Understand the asymptotic cones of SLy(Z). (See 2.B; and 5.Ag of [33] and
Chapter 10 of [20].)

This is part of the pursuit of understanding of the geometry of this important
family of groups. They are another candidate for the examples sought in ques-
tion immediately above — Gromov claims to expects that the asymptotic cones
of SLy(Z) for N > 3 are all (N — 2)-connected but not (N — 1)-connected.
The insights of Epstein and Thurston in Chapter 10 of [20] give an exponential
(N — 1)-st order Dehn function and hence it should follow (from Theorem D)
that the asymptotic cones of SLy(Z) are not (N — 1)-connected.

This is related to the question of what higher order isoperimetric (and isodia-
metric) functions are admitted by SLy(Z): if the asymptotic cones of SLy(7Z)
are all (N — 2)-connected then we could deduce the 2-variable minimal isoperi-

metric and isodiametric functions of Theorem D in all dimensions up to N — 2.

. If T is a hyperbolic group then are its higher order Dehn functions linearly
bounded?

It is well known (e.g. see [9] or [57]) that hyperbolic groups can be characterised
as the finitely presentable groups that admit linearly bounded Dehn functions.
Drutu [17] has given a proof of this result, exploiting the characterisation of
hyperbolic groups as those finitely generated groups, whose asymptotic cones
are all R-trees. This raises the possibility of using asymptotic cones in resolving

the question above.
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Here are some further important open questions in the context of this thesis.

Groups with simply connected asymptotic cones.

We discussed another research problem in Open Questions 2.4.4. Gromov origi-
nally asked in 5.F5 of [33] whether admitting a polynomial isoperimetric function was
a sufficient condition for all the asymptotic cones of a group to be simply connected.
This was answer negatively by Bridson in [5], but one can now ask whether the three

bounds of Theorem C together make up a sufficient condition.

Definitions of higher-order isoperimetric and isodiametric functions.

An area of investigation that would benefit from some tidying-up is that of
the definitions of the higher-order isoperimetric and isodiametric functions (see Re-
mark 2.5.6). In this thesis we have pursued the combinatorial approach to the defini-
tions following [2] and [8]. One would hope that this is equivalent (in an appropriate
formal sense) to the more geometric approaches of [20], [31] and [35]. However it
may be necessary to bound the Lipschitz constant of the N-spheres being filled, for
otherwise it is not clear that the (N + 1)-filling volume will be bounded.

Careful proofs in the case of 1-st order isoperimetric functions have only recently
been provided: in [7] and [10] it is proved that if I' = 7 M for some smooth Rie-
mannian manifold M then the Dehn function is ~-equivalent to the function that
gives the minimal bounds on the area of homotopy disc filling loops in terms of their
length.

In this context we mention the following, which we already raised in §1.4.5.

Interpreting Diam and FL in terms of filling loops in Riemannian manifolds.

One would expect that if I' = m M for some smooth Riemannian manifold M then
Diam =~ gy, and FL ~ hy;, where gy;(¢) is the minimal diameter of homotopy discs
for loops in M of length at most ¢ and has(€) is the minimal length of loops through
which loops of length at most ¢ can be null-homotoped down to their basepoint. It
seems likely that only very slight development of the proofs in [7] and [10] are required

to get these results.
4.2 Classes of groups defined in terms of filling
edge-circuits by shorter edge-circuits

The essence of the proof of Theorem C in this thesis was (via Theorem B and more
particularly Lemma 2.4.2) was to fill null-homotopic words w by a diagram in which

the 2-cells have boundaries circuits labelled by null-homotopic words of length at
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most ¢(w)/2. This then lead to recurrence relations on the filling functions and those
then gave upper bounds.

Similarly, for the proof of Theorems F and G in Chapter 3, we filled null-homotopic
words w with diagrams in which the 2-cells have boundary circuits labelled by null-
homotopic word of length at most ¢(w) — 1. Again this led to recurrence relations on
filling functions and thereby to bounds.

These strategies can be placed in a more general context. It is possible to define
classes of groups as follows. Suppose I is a group with finite generating set A. There
exist functions K : N — N and L : N — N such that for all null-homotopic words w
in the alphabet A :-

there is an equality

K/
_ -1
1=1

in the free group F(A), for some K' < K({(w)) and some words u; and w;
such that the w; are all null-homotopic in T and satisfy ((w;) < L({(w)).

By Lemma 1.5.3 (our generalisation of van Kampen’s Lemma) this displayed condition

is equivalent to :-

there is a diagram D,, together with a combinatorial map P : DS) —

C (T, A) satisfying:
e the number of 2-cells of Dy, is at most K({(n));
e O maps 0Dy, (reading from a basepoint x) to the edge circuit defined
by w;
e the boundary circuit of each 2-cell of D,, is mapped by ® to an edge

circuit around which one reads a null-homotopic word of length at
most L({(w)).

Specifying different types of function K(n) and L(n) defines different classes of

groups. Here are examples already encountered in this thesis.

(i). K(n)=pand L(n) <n/2foralln > A, for some constants A, u > 0. This is the

class of groups whose asymptotic cones are all simply connected (Theorem B).

(ii). K(n)=pmnand L(n) =n—1 for all n > A, for some constant A > 0. This class
includes groups with weak almost-convexity conditions (Theorem F) or weak

geodesic combing conditions (Theorem G).
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(111). Any function K(n) and L(n) = A for some constant A > 0. This is the class of
groups that admit the isoperimetric function K(n) (with respect to some finite

presentation that consists of all null-homotopic words in A of length at most
A).

(iv). K(n) = pand L(n) =n — 1 for all n > A, for some constants A, > 0. This
class includes groups satistying Cannon’s AC(2) condition with respect to A
(see §3.1.1).

Note that the classes (i) and (iv) depend on the choice of generating set, but (i)
and (1) do not. It would seem that studying these classes (and the many others
one might define similarly) would be a natural part of the pursuit of understanding
the hierarchies of classes of groups defined by various combing conditions or almost
convexity conditions [19], [36] [37]. There are a number of results (e.g. [12], [13], [42],
[56]) about well known groups (e.g. solvgroups, Thompson’s group F, Baumslag-
Solitar groups) not being almost convex (in the sense of Cannon — see 3.1.1). One
can ask where these groups lie in the classes mentioned about, and in particular
whether they fail to be in class (7).

Suppose that L(n) < n—1 for all n greater than some constant A. Then (with no
assumption on K (n)) the group I' admits a finite presentation (A | R), where R is the
set of null-homotopic words of length less than A. Furthermore we observe (without
further proof), that the methods of Chapter 3, give us the following inequalities
concerning the filling functions Area, Diam and FL for (A | R).

IN

Area(n) K(n) Area(n — 1)
Diam(n) < (n—1)K(n) 4+ Diam(n — 1)

FL(n) < 2(n—1)K(n) + FL(n —1)

for all n > A. As Area(A — 1) = 1, Diam(A —1) < A —1 and FL(A —1) < 2(A —1)
we get the bounds:

Area(n) < HK(z)

Diam(n) < | (1—1) K(i)
FL(n) < 2 Y (1 —1) K (1)



Appendix A

Non-principal ultrafilters and
asymptotic cones

A.1 Non-principal ultrafilters and ultralimits

Let I be a non-empty set. A filter on I is a map w : P(I) — {0, 1} such that w='(1)
is non-empty and:

(1). if w(A) =w(B) =1 then w(ANB) =1,

(i1). if w(A) =1and A C B C [ then w(B) = 1.
The filter is proper if w(¢) = 0. And a proper filter is an ultrafilter if

(111). for any A C I either w(A) =1 or w(/\A) = 1.
Further w is called non-principal if

(iv). w(A) =1 for every cofinite subset A of I.
So (as (i), (iv) = w(p) = 0) a non-principal ultrafilter is a map w : P(I) —
{0,1} satisfying (i), (i), (iit) and (iv). Axioms (i)-(iv) amount to saying w is a
finitely additive probability measure taking values 0 and 1.

Filters on I form a partially ordered set via w < @ if and only if w1(1) C &~ 1(1).

Notice that a filter is a maximal proper filter if and only if it is an ultrafilter.

Given a set ) of subsets of I we can form the filter wqg generated by €):
we'(1) = {ACI| B N...NB, CAforsomen>1and By,...,B, € Q}.
Observe that wgq is proper if and only if € has the property that any finite intersection

of sets in ) is non-empty (the finite intersection property). Thus Zorn’s Lemma allows

us to deduce:
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Proposition A.1.1. If a set Q of subsets of I satisfies the finite intersection property
then the filter generated by ) can be extended to an ultrafilter on I.

In particular, the cofinite subsets of an infinite set I satisfy the finite intersection
property, so there exists a non-principal ultrafilter on I. Notice also that there exists
a non-principal ultrafilter on [ if and only if [ is infinite, since for a finite I non-

principal implies not proper.
Remarks A.1.2.

(1). For a non-principal ultrafilter w on a set I, permutations of I induce new non-
principal ultrafilters. (But not all non-principal ultrafilters on a countably infi-
nite set I are related by a permutation of I since there are 2% such permutations

and 2(7*) non-principal ultrafilters - see [29]).

(2). Restriction: suppose I is a non-empty set and w is a non-principal ultrafilter on

I. If J C I with w(J) =1, then w |’P(J) is a non-principal ultrafilter.

(3). Extension: suppose J is a non empty set of a set I and w is a non-principal
ultrafilter on J. Then by applying Proposition A.1.1 to the subsets of J of
w-measure 1 together with the cofinite subsets of I we deduce that there is a

non-principal ultrafilter extending w.

Definition A.1.3. Take a non-principal ultrafilter w on N. Given a sequence (a,)
in R we say a € R is an w-ultralimit of (a,) when Ve > 0, w{n:|a—a,| <e} =1.
Say oo is an w-ultralimit of (a,) when for all N > 0 we have w {n | a, > N} =1, and

similarly —oo is an w-ultralimit when for all N > 0 we have w{n | a, < —N} = 1.
Remarks A.1.4.

(1). Every w-ultralimit is also a limit point in the usual sense.

(2). Any sequence (a,,) of reals has a unique w -ultralimit in RU{oc} denoted lim,, a,.
(Sketch proof. If oo or —oc is an ultralimit then it is the unique ultralimit, else
there is a bounded interval containing w-infinitely many a,,; successively halve
this interval always choosing the wunique half in which there are w-infinitely

many of the a,.)

(3). Given a sequence of reals (a,) with a limit point a (in the usual sense) there
exists a non-principal ultrafilter on N with lim, a,, = a. This follows from an
application of Proposition A.1.1, taking €2 to be the cofinites together with the

sets formed from the indices of the a, found in neighbourhoods of a.
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A.2 Relating the sequence of scalars and the non-
principal ultrafilter

Here we prove a proposition which relates the role of the sequence of scalars to that
of the non-principal ultrafilter in the definition of an asymptotic cone.

Say that a sequence of scalars s has bounded accumulation when there is a
bound on the size of the sets S, := {n | s, € [r,7 + 1)}. (So, for example, the sequence

Sy :=» i, 1/i fails to have bounded accumulation.)

Proposition A.2.1. Let Cone, (X, e, s) be an asymptotic cone of a metric space X,
for which the sequence of scalars s has bounded accumulation. Then there is a non-
principal ultrafilter W' and a sequence of base points € such that Cone, (X, e, s) and

Cone, (X, € ,N) are isometric.
Proof. Use the following sequence of isometries:

Cone, (X, e, s) Cone, (X, e, ([sn]))
Coney|, (X, (en)ner; ([Sn])ner)

Coneg (X, (et)ter T)

o (1=

10 e

12 =

Cone,, (X, €',N),
where
(1). [sn] denotes the integer part of sy;

(2). T C Nis aset with w(7') = 1 that contains at most one element of each S, :=
{n|sy,€lr,r+1)}. Such a set exists because of our hypothesis of bounded

accumulation of s;

(3). T := {|sn] : » € T} C N. This is in one to one correspondence with T". So w is
obtained from w |7 by a relabelling;

(4). ' is an extension of @ in such a way that w'(T)) = 1. And € = (e}) is obtained
by setting ¢, := ¢, when ¢t € T and when ¢ ¢ T the definition of €, is of no

consequence.
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