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Abstract

The affine ring of the motivic path torsor (I := 7*(P'\ {0,1, 00}, 1y, —1;) is an
ind-object in the Tannakian category MT(Z) of mixed Tate motives over the integers
[16]. Tts periods are Q[(2mi)*]-linear combinations of multiple zeta values (MZVs).
Brown showed that O(II{**) generates MT(Z) by exhibiting a specific basis for the
Q-vector space of motivic MZVs [5].

Brown also introduced a class of periods of fundamental groups called multiple
modular values [7]. They are periods of the relative completion of the fundamental
group of the moduli stack M;; of elliptic curves [22]. Among such quantities are
iterated integrals of Eisenstein series along elements of the topological fundamental
group of M, ; based at the tangential basepoint 9/dq at the cusp, which is isomorphic
to SLy(Z).

In this thesis we prove that all motivic MZVs may be expressed as certain Q[27i]-
linear combinations of motivic iterated Eisenstein integrals (Theorem [12.0.1)). This
uses a construction relating the (relative) de Rham fundamental groups of P*\ {0, 1,00}
and M ; via the de Rham fundamental group of the fiber Eg/aq of the punctured Tate
curve over 9/dq. We explain how the coefficients in this linear combination may be
partially determined using the Galois coaction on motivic periods.

As a consequence we also obtain a new Tannakian generator for MT(Z) con-
structed from the universal monodromy representation of the relative fundamental
group of My ; on the fundamental group of &7, (Theorem .
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Introduction

Multiple zeta values

Multiple zeta values (MZVs) are real numbers generalising the special values of the

Riemann zeta function ((s) at positive integers. They are defined by nested series of

the form .
C(kla"'akr): Z k1
0<n1<“.<nT nll P n:fr
where each of kq, ..., k, is a positive integer with k, > 2 to ensure convergence. The

integer ki + --- + k, is called the weight, and the depth is r. The Q-vector space
spanned by all MZV{l]is a Q-subalgebra Z C R; for example, for integers k,1 > 2 we

have
C(R)C() = ¢k, 1) + C(L k) + C(k+1). (1)

This formula can be checked directly from the definition above, and one may write
down a general product formula (called the stuffle or harmonic product) by decom-
posing the product of two nested sums as a Z-linear combination of similar nested
sums. The weight and depth define filtrations on Z that are compatible with this
product, and conjecturally the weight defines a grading on Z.

The Q-algebra Z is of significant arithmetic interest, even at the level of single
zeta values (i.e. MZVs of depth 1). For example, Euler’s classical formula for the

even zeta values is By (22t

2k
((2k) = ERETOTST
where By, € Q is the 2kth Bernoulli number. This implies that ((2k) is transcendental
over Q and that all even zeta values are algebraically dependent, with (2k) = by (2)"
for an explicit rational number by.

The situation is very different for the odd zeta values ((2k + 1). In this case there
are no analogous formulas, no algebraicity results and only very few rationality results.

It is expected that the numbers 7, ((3),{(5),((7),... are algebraically independent

ITogether with the “empty” zeta value ((2) := 1 of depth r = 0.



over Q, meaning that every odd zeta value should be a “new” transcendental number.
This difference in behaviour between odd and even zeta values is a consequence of the
interpretation of MZVs as periods of mixed Tate motives [5, (15, [16]. The even zeta
values are periods of trivial extensions of Tate motives, while the odd zeta values are
periods of nontrivial extensions[]

This leads us to consider a more geometric interpretation of MZVs as periods
of the category MT(Z) of mixed Tate motives over the integers, which, by [5], is
generated by the motivic fundamental path torsor of P*\ {0,1,00} /Q. Every MZV
may be expressed as an iterated integral on P*(C)\ {0,1, 00} of length equal to its

weight. For example, the single zeta values may be written

cw = | b &)

<z <---<zp<l 1 - T T2 T

! as a geometric series (which

This formula can be shown by expanding (1 — z1)~
converges inside the domain of integration) and then integrating term-by-term to

obtain the series ((k) =Y ., n". In the general case we may write

1
Clky, .. k) = / wiwP bt (3)
0

where wy = dz/z and w; = dz/(1 — z) € QY (P'\ {0, 1, c0}).
The product of two such iterated integrals may be written as a Z-linear combina-
tion of iterated integrals of greater length. This produces a different formula for the

product of MZVs called the shuffle product. This, for example, gives the formula
¢(2)¢(2) = 2¢(2,2) 4 4¢(1, 3). (4)
Comparing the formulae and produces the relation
4¢(1,3) = ¢(4).

In general the comparison between the shuffle and stuffle product formulae produces a
collection of Z-linear relations in Z called the double shuffle relations. Conjecturally,
an extended?] version of the double shuffle relations is sufficient to describe all relations
in Z [28].

2This behaviour also reflects the interpretation of ((s) as an L-function.
3This corresponds to regularising divergent sums and integrals.



Multiple modular values

Multiple modular values [7] are another interesting class of numbers. They are periods
of the relative completion of the fundamental group of the moduli stack M ; of elliptic
curves [23]. The fundamental group of its space of complex points is isomorphic to
the full modular group SLs(Z). As in the case of MZVs this means that multiple

modular values are iterated integrals, this time on the space
M 1(C) = (orbifold) quotient of the upper half plane $) by the action of SLy(Z).

However, instead of taking integrals of the differential forms wg,w; € QY(P'\ {0, 1, 00})
we take iterated integrals of certain vector-valued differential forms constructed from
modular forms for SLy(Z) (see (6.1)). The iterated integral expression equips the Q-
span M of multiple modular values with the structure of a Q-algebra. This algebra is
very rich, containing L-values of modular forms, amongst other quantities (e.g. [11]
§7)).

Like Z, the algebra M has many relations. In this case they arise most accessibly
from the relations in SLy(Z), or equivalently from the transformation properties of
modular forms. For example, the functional equation for (the special values of) the
completed L-function of a cusp form f of weight 2k for SLy(Z) can be interpreted as
a relation in M. Finding a minimal generating set of relations in M, as an analogue
to the extended double shuffle equations in Z, is an interesting problem. In we
consider a set of relations called the cocycle equations and demonstrate that these

already determine many relations in M.

Main result

Our main result in this thesis implies that all multiple zeta values may be expressed as
Q[27i]-linear combinations of multiple modular values of level 1E| More specifically,
we show that every MZV of weight n and depth r can be expressed as (277)"™ times a Q-
linear combination of iterated integrals (along a specific element of m; (M 1(C), 0/9q),

where 0/0q is a tangential basepoint at the cusp) of level-1 Eisenstein series

Boy,

Elr) =

+ ZUQk—l(n)qna q:i= 6271—”.

n>1

4In fact we prove a stronger statement, where periods are replaced by motivic periods [8]. The
advantage of working with motivic periods is that they are equipped with an action of a “motivic”
Galois group, with the caveat that this group is only known to be truly motivic (rather than Hodge-
theoretic) when working with periods of mixed Tate motives. See



Under the isomorphism 71 (M 1(C),0/0q) = SLy(Z), the element we integrate along

sz(? —01>.

By definition, integrals along S are regularised integrals along the imaginary axis on

corresponds to

the upper half plane $) (we describe this regularisation procedure in §6.1). Our main
result, Theorem [12.0.1] then implies the following theorem.ﬂ

Theorem. Fvery MZV of weight n and depth r can be expressed as a Q-linear com-

bination of reqularised iterated integrals on $) of the form
(27Tl)n / ng1+2(Tl)TfldTl SR ngs+2(TS)T£SdTS, 0< bz < 2n;,
S

where s < r and the total modular weight N := (2ny +2) + - -+ + (2ns + 2) is bounded
above by n + s.

One hopes that this result may shed some light on difficult problems in the theory

of multiple zeta values by placing them within a modular framework.

Examples

The simplest nontrivial example is the case of ((3). It is a multiple zeta value of
weight 3 and depth 1, and can therefore be expressed as an iterated integral on
P}(C)\ {0,1, 00} of length 3. By (2)) we have
c(3) :/ dxdydz .
O<z<y<z<l (1 —2)yz
By our result it may be written as a single integral on $ of an Eisenstein series
of weight at most 3 + 1 = 4; the only option is G4. In Chapter we show that
[sGa(r)7%dr = — [{Gu(7)d7 and that (27i)? [ Ga(7)7d7 is a rational multiple of
(27mi)3, and hence is imaginary. It follows that ¢(3) may be expressed as a rational
multiple of (2mi)? [, s G4(7)dr, and we only need to pin down the rational coefficient

to obtain
¢(3) = —(27ri)3/SG4(T)dT.

This expresses ((3) as a rapidly converging Lambert series after expanding G4 in

q = exp(2miT). Similar formulae exist for all odd zeta values [3] — for example

(5) = —5 (2mi) /G6

5This follows from Theorem [12.0.1| by applying the period map. Note that Theorem [12.0.1] is
stated in the de Rham normalisation, which differs by a power of 27i.

4



Of course these formulae are well-known; they follow from the fact that the critical
L-values of Gy,42 are ((2n + 1) and powers of 2mi. However, it is interesting to note
that there are exact formulae for the odd zeta values if one allows for expressions
involving modular forms.

A more involved combination occurs in depth 2. Brown gave the first example of
an expression of this type for the value {(3,5) [11, Example 7.2]. His formula isﬁ

203

8
91335527 (2mi)”. (5)

5
3,5) = ——(2m)® | Gg(m)dmGy(m)d
¢(3,5) 12( i) /s 6(71)dT1Gy(12)dTo +

This agrees with our result, which states that ((3,5) may be expressed as a lin-
ear combination of at most double Eisenstein integrals of total modular weight at
most 10. Compare this to the expression for ((3,5) as an iterated integral on
PY(C)\ {0, 1, 00} of length 8]

However, not all linear combinations of iterated Eisenstein integrals are equal to
MZVs. The formula

6OO7T/G4(71)71d7'1G10(7'2)T§d7'2—1—4807?/G4(7'1)7'12d7'1G10(7'2)T§’d7'2
s s
= A(T)Hdr = A(A,12),
0

given in [I1, Example 7.3], exhibits a linear combination of iterated Eisenstein inte-
grals equal to a noncritical L-value of the Ramanujan cusp form A € S15(SL2(Z)).
This multiple modular value is not expected to be a multiple zeta value. This formula
is an example of a general principle, guided by Beilinson’s conjectures [I], suggest-
ing that noncriticial L-values should be periods of simple extensions of motives (i.e.
mixed motives). This necessitates a deeper study of the underlying algebraic and

geometric narratives behind these period algebras.

Algebraic structure

As indicated by the preceding examples, the subspace of M spanned by iterated
Eisenstein integrals has a rich algebraic structure. The subspace of linear combina-

tions equal to MZVs is spanned by periodsﬂ of a certain pro-nilpotent Lie subalgebra

5There is a difference in normalisation between Brown’s formulae and ours; namely, we have
A(Gpy, ... G ;b .. bs) = i T [ Gy, ()T dry - - Gy, (15) 70V ds.

“In general the depth of an MZV is always smaller than its weight. Our result shows that there is
a substantial simplification to the length filtration on iterated integrals in passing from P!\ {0, 1, 0o}
to ./\/l171.

8Here we have slightly abused the concept of a period; to be more precise we are referring to
periods of the affine ring of the associated pro-unipotent group scheme, which is an ind-object in
the category of mixed Tate motives over Z.



ug™ C Der Lie(a, b). It is generated by derivations €y, ,,, for each n > 1, which were
originally studied by Tsunogai [52] in relation to the pro-¢ fundamental group of a

punctured elliptic curve. They are defined by the formulae

Hiafa) = ad(@2(b)
Sualb) =5 > (1) [d(a)'(b), ad(a) (5]

There are many arithmetic relations in us*™, some of which were studied by Pollack
in his honours’ thesis [44]. In each depth in the lower central series filtration on us*™
there is a family of relations whose coefficients are connected to period polynomials

of cusp forms for SLy(Z). Some examples in depth 2 are

[81/07 5X] - 3[5':%/7 523/]

=0
2[es, 4] — Tlety, &6] + e, e5] = 0.

The Lie algebra us°™ has a geometric interpretation. It is the Lie algebra of the
image of the prounipotent radical of the relative de Rham fundamental group g;{ﬁ‘ =
(M, 1) under its monodromy representation on the de Rham fundamental group
of the infinitesimal punctured Tate curve (see 31 and . The group gf}} is
generated by symbols corresponding to a basis for the space of modular forms for
SLy(7Z), tensored with all irreducible representations of the reductive group SLs/Q.
The generators ey, , are the images of Eisenstein symbols, while the cuspidal symbols
act trivially.

The Lie algebra us®™ is a pro-object in the category MT(Z) of mixed Tate mo-
tives over the integers. The de Rham fiber functor w®: MT(Z) — Vectg, sending
a mixed Tate motive to its de Rham realisation (algebraic de Rham cohomology),
equips MT(Z) with the structure of a neutral Tannakian category over Q [15, [5].
Consequently, the motivic Galois group GﬁART(Z) = Aut,‘a.r(z) (wi?), and its unipotent
radical U&%(Z), act on useo™,

As a corollary of our result, which crucially relies upon its validity at the level of
motivic periods, we obtain the following theorem (Theorem :

Theorem. The action of G‘,fAP%(Z) on us®™ is faithful.

This is a “modular” analogue of Brown’s result [5], which implies that G,C\‘AP%(Z) acts
faithfully on the motivic fundamental path torsor 7"°*(P"\ {0,1, 00}, Iy, —13), or of
Belyi’s Theorem [2], which implies that Gal(Q/Q) acts faithfully on the geometric
fundamental group 7, (IP’}@\ {0,1,00},b) for any rational basepoint b.
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By the Tannakian formalism, Theorem [13.1.1]is equivalent to the statement that
the full Tannakian subcategory of MT(Z) generated by us®™ is equivalent to MT(Z).
This confirms a conjecture of Brown [7, Remark 14.6] suggesting that every mixed
Tate motive over Z may be constructed from modular forms.

The faithfulness of the Galois action on us*™ is connected to the Pollack relations
as follows. Let Sg/ o4 be the fiber of the punctured Tate curve over the tangent vector
0/0q based at the cusp of My (see and . It is equipped with a canonical
tangential basepoint /0w at the punctured origin. The Lie algebra of its de Rham
fundamental group WfR(é’g/ 9" 0/0w) is canonically isomorphic to the completed free
Lie algebra Lie(a, b)".

Although g/ o, 15 DOt algebraic, its de Rham fundamental group (or, equivalently,
the Lie algebra Lie(a,b)" of the latter) has a motivic structure, and Lie(a,b)" is
a pro-object of MT(Z) [9, 27]. Consequently, it has an action by the Lie algebra
t = Lie(U, &I}(Z)), which is non-canonically isomorphic to the completed free Lie algebra
on generators og,1 for all n > 1 [5]. This action is described by a Lie algebra
homomorphism

p: € — Der Lie(a, b).

In [9], Brown proved that p is injective and that there is a choice of generators

Oon+1 € € that act to lowest order through ug®™ C Der Lie(a, b) via

p(O2i1) = €540 (mod W, 3), (6)

where W, Der Lie(a, b) is the negative of the lower central series filtration. The image
of p is contained in the normaliser of ug*™ within Der Lie(a, b), and the ¢-action on
ug®™ is described by a homomorphism p: € — Der(ug®™) satistfying p(o) = ad(p(0)).

If us®™ were free, equation @ would trivially imply that p is injective (i.e. that
the -action on us®™ is faithful). However, the Pollack relations in ug®™ prevent this,
and can be viewed as a potential obstruction to a faithful Galois action arising from
cusp forms. The situation is further complicated because the Pollack relations are
connected to certain relations in the associated graded Lie algebra gr £ with respect
to the lower central series filtration [27].

Our result implies that p is still injective despite the Pollack relation obstruction.
This result can be viewed as “orthogonal” to a consequence of Oda’s conjectureﬂ [43],
which implies a different injectivity result for €. This is discussed in §13.2

9Now a theorem by [51}, [5].



Context

There are close links between MZVs and other modular and elliptic periods. For
example, every MZV may be written as a Q[log(2)*]-linear combination of iterated
integrals of certain weight 2 modular forms for I'y(4) [10, Theorem 8.1].

In a different direction, Lochak-Matthes-Schneps [37] have shown that the algebra
of MZVs is contained within the algebra of elliptic multiple zeta values modulo 2.
Elliptic multiple zeta values are functions on §) given by indefinite iterated Eisenstein
integrals. They describe the variation of iterated integrals on elliptic curves as the
elliptic curve is deformed. They have an expansion in ¢ = exp(2miT) whose constant
term is a Q[(2mi)*]-linear combination of multiple zeta values. This fact is intimately
connected to the fact that the fundamental group of the infinitesimal punctured Tate

curve is mixed Tate.

Proof idea

In this section we explain the heuristics of the proof, leaving technicalities and precise
definitions for the relevant sections within the main text.

Firstly, we must use a slightly modified moduli space M, 7 classifying elliptic
curves E together with a choice of nonzero tangent vector ¢’ at the origin. In contrast
to My 1, which is a Deligne-Mumford stack, the space M, 7 is an affine scheme.
Its associated analytic space is a complex manifold whose topological fundamental
group is isomorphic to the braid group B3 on three strands. Forgetting the tangential
basepoint induces a morphism M, ; — My equipping M, 7 with the structure of a
principal G,,-bundle over M, ;. This morphism induces a natural homomorphism of
fundamental groups By — SLy(Z).

Aside from avoiding stacky technicalities, the benefits of working with M, ; are
twofold. Firstly, the space of iterated integrals on M, 7 is essentially the same as that
on M 1; the only extra quantities introduced are powers of 27i (see ) Secondly,
the addition of basepoint data to the moduli problem equips 7 (E*, ¢') with a natural
“monodromy” action by m; (Mlj, b) for a particular choice of basepoint b (see .
In particular, we can choose E = &y, to be the fiber of the Tate curve over 9/0q
and v to be the tangential basepoint d/0w at the origin, defined in . Associated
to these data is a canonical tangential basepoint v on M, 7 defined in . The

monodromy action is then an action

T (M, 1,7) X T1(E s 0/0w) = T1(E] 5, 0/ O0)



that may be described with generators and relations. The group m(&,,,,0/0w)
is free on two generators o and 3. The group m (MLT’ V) is generated by certain
elements of the braid group, denoted S and 7. Under the map B; — SLy(Z) these

are sent to the well-known generators

s=(19) 7= 1)

respectively. The elements S and T act on « and 3 via combinations of Dehn twists,

and this action may be computed explicitly. In particular we have

5(8) = a™. (7)

The importance of this equation is that it relates the iterated integrals on the in-
finitesimal punctured Tate curve along the path a to those along 3 via the iterated
integrals on M, ;(C) along the path S.

We show in Chapter [L1| that all MZVs occur as iterated integrals along both «
and (3, but that their distributions within these two spaces of iterated integrals differ.
Equation induces an equation on spaces of iterated integrals, and by carefully
filtering this equation we show that the “filtered difference” between the spaces of

iterated integrals on 3 and on o~ !

is contained in the space of iterated integrals on S.
In this way we are able to show that all MZVs occur as iterated integrals of modular
forms along the element S.

Finally we must show that the MZVs within the space of iterated integrals along
S are contained within the subspace of iterated integrals of Eisenstein series. This
uses the structure of the relative completion of SLs(Z) and its monodromy action; in

particular, it uses the fact that the cuspidal generators act trivially (see Proposition
9.2.1]).



The heuristics of the proof are summarised in the following diagram:

[ vzvs )

n

v N
Integrals along S

Integrals along o < > Integrals along
A

J

Integrals along S

A

J

Iterated
Eisenstein
integrals

In order to formalise this argument and to work rigorously with the “space of
iterated integrals along a path”, we make judicious use of the notion of the (relative)
de Rham fundamental group of a schemelT_U] X/Q. This is an affine group scheme over
Q. The points of its unipotent radical with values in the algebra Py} of motivic H-
periods receive a mapE from the fundamental group of X (C). Suitably interpreted,
this map sends v € 7 (X(C)) to a noncommutative formal generating series for
motivic iterated integrals of algebraic forms on X along ~ (i.e. the motivic parallel
transport along v of a suitable universal connection on X). Below we define the main

spaces, topological paths and generating series of periods used in the argument.

e Let X = P\ {0,1,00}. The straight line path dch between the tangential
basepoints at 0 and 1 is mapped to the Drinfeld associator ®f; =, (™(w)w,

where w ranges over all words in the letters xg, x;.

o Let X = Sg/aq. The two generators a, 8 for m(gg/aq,a/aw) are mapped to
power series o™, ™ in the letters a,b. They are products of exponentials and

Drinfeld associators.

o Let X = My ;. The element S of m(M; 1,0/0q) is mapped to a power series

C% in symbols corresponding to a basis for modular forms for SLy(Z) tensored

00n occasion, we also consider the relative de Rham fundamental group of a Deligne-Mumford
stack.

1When the relative de Rham fundamental group is itself unipotent, this map is a homomorphism.
In the general case it is a cocycle for m (X (C)).
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with SLo-representations. It is the value at S of a “canonical cocycle” for
m1(Mi1,0/0q) taking values in the unipotent radical of the relative completion
of m1(M;1,0/0q), and by definition its coeflicients are motivic multiple modular
values. See [7, Definition 15.4].

e Let X = M, ;. Under the map from m (Ml,i'7 V) into the unipotent radical of
its relative de Rham completion, the element S is mapped to a series ¥ called
the modular inverter. It is equal to exp(nez)Cq. The symbol e, is dual to the
Eisenstein series Go of weight 2 (a quasimodular form for SLs(Z) of weight 2);
n is a motivic period whose value we compute as n = IL/8 in Corollary ,

where L = (279)™ is the motivic period analogue of 27i.

The relationship S(3) = ! induces an equation between these power series

p(P) (S5 (B™)) = (a™) " (8)

Here p is a morphism of group schemes called the monodromy morphism (see . Its
image is a subgroup of the automorphism group of the de Rham fundamental group of
E g/ oq CONSisting of noncommutative power series in elements of us*°™ together with the
additional central derivation €5 = — ad([a, b]). Since p kills cuspidal symbols (Lemma
9.2.1), the coefficients of the series p(¥) are a priori motivic iterated Eisenstein
integrals. Moreover, these coefficients are contained within the mixed Tate subalgebra
Ptz € Pr because the image of p is a pro-object in MT(Z) (Proposition . In
other words, (W) is a generating series for all linear combinations of motivic iterated
Eisenstein integrals equal to Q[L*]-linear combinations of motivic MZVs.

Our goal is to use to understand the coefficients of (W) in terms of those of
S3(B™) and (a™)~!. We show that the coefficients of these series are motivic MZVs,
and that all motivic MZVs occur. To do this formally we introduce the notion of
a coefficient space (Definition [7.3.1)). We exhibit explicit bounds for the growth of
these coefficient spaces in terms of natural filtrations defined in terms of the degrees
in a and b (Lemmas |11.4.1| and [11.4.2]).

We then compare the difference in the filtered coefficient spaces of S§H(5™) and
(a@™)~! with respect to the filtration by b-degree. By equation , the difference
is contained within the filtered coefficient space of (W) with respect to the length

filtration. In this way we are able to show that all motivic MZVs occur within the

coefficient space of u(¥). To complete the proof we must relate the MZV weights

12The automorphism S§: (a,b) — (—=L~!b,La) in is the degree-0 part of the image of S in
the relative fundamental group.
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with the modular weights, which is done in Theorem |12.0.1| by comparing the Hodge

filtrations on fundamental groups.

Coefficients

Our proof is nonconstructive; we are able to show that every motivic MZV may
be written as a linear combination of iterated Eisenstein integrals, and moreover
can provide certain constraints on the allowed lengths and modular weights of these
integrals, but in general we cannot determine the exact expression using Theorem
12.0.1] alone. Nevertheless, in Chapter [15| we show that some coefficients in this linear
combination may be determined using additional information coming from f-alphabet
decompositions of motivic periods [8, §5.4] [7, §22].

As an example, consider the formula expressing (™(3,5) as a double Eisen-
stein integral. The coefficient —5/12 of the longest word in this expression may be
computed as follows: Theorem implies that (™(3,5) may be written as a linear
combination of motivic iterated Eisenstein integrals of length at most 2 and total
modular weight at most 10. There are many possible iterated Eisenstein integrals
satisfying these criteria, but the space they span in fact has many relations. By a
computation given in Example we are able to show that

(™(3,5) = ALSIg) + BL®, (9)

where A, B € Q are the coeflicients to be determined and where I§;1+‘2’52m 4o is the

motivic analogue of the iterated integral

d d S
/ Gy +2(q1) 10g(q1)" =2 - - G 42(gs) log(gs)"* —
S

q1 qs

:(27”')bl+m+bs+s/G2m+2(71)7f71d7'1"-G2ns+2(Ts)Tfsde-
s

To leading order in the coradical filtration 8, §2.5, §3.8] the f-alphabet decomposition
of ¢(™(3,5) is —5f5f3 [0, §3]. By Lemma the f-alphabet decomposition of ]g”g
is 12176 f5 f3. Comparing coefficients in @D determines A = —5/12. The coefficient
B cannot be determined in this manner because of an inherent ambiguity associated
with splitting the coradical filtration.

This computation is covered in Chapter [I5] together with the outline of a general
procedure for determining coefficients. We also pose some open problems as avenues
of potential future work in One broad question in this area asks for a sort

of “converse” to Theorem [[2.0.1} when is a linear combination of iterated Eisenstein

12



bl’“-vbs

integrals — or even a single iterated Eisenstein integral of the form I, 75" 5, o —a

period of a mixed Tate motive? We propose some conjecturally sufficient conditions,

although the problem is in fact rather subtle. We also consider how Theorem [12.0.1

may be used to find (potentially) new relations in the algebra M of multiple modular

values.
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Chapter 1

Notation and conventions

The purpose of this chapter is to establish conventions and notation in any cases

where these may be nonstandard.

1.1 Semidirect products

Let G and II be groups, and suppose that G acts on II on the left via 7 — g(m). The
semidirect product Il x G with respect to this action is the group with underlying set
IT x G and product

(71, 91)(m2, g2) = (m191(72), 9192)-

Let us suppose instead that G acts on II on the right via m — 7|,. The semidirect
product G x II with respect to this action is the group with underlying set G' x II and
product

(91771)(9277@) = (919277T1|g272)'

We also use this notation when GG and II are affine group schemes over a field K.

1.2 Fundamental groups

We use the topologists’ convention regarding path multiplication in fundamental
groups. If o, 3 are two elements in a fundamental group, this means that the product

af is homotopic to the result of first traversing «, and then traversing .

1.3 Hopf algebras
If H is a complete Hopf algebra over a field of characteristic zero, let
G§(H) = {z € H : x invertible and A(z) =z ® z}

14



be its group of grouplike elements.

1.3.1 Specific examples

We record two general cases of (complete) Hopf algebras that are widely used in this

thesis.

1.3.1.1 The shuffle algebra

Let Z be a set. We define the shuffie algeme] or tensor coalgebra T°(Z) on Z to be the
Q-span of all words w = 21 - - - 2, where each z; € Z, including the empty word @. It
is a commutative Q-algebra equipped with the shuffle product LU, where the element
1 € Q corresponds to the empty word in the alphabet Z. It is naturally graded by
the length of words, and we denote the subspace of length n words by 7°(Z),,. It has
an increasing length filtration L T7°(Z) defined by L,T°(Z) := @,,_,T°(Z),.

It can be given the structure of a Hopf algebra over Q when equipped with the
deconcatenation coproduct

n

A(zl...zn):Zzl...zi®zi+1...zn7
=0
the antipode given by signed reversal S(z;---z,) = (—1)"z, - - - 21, and the counit ¢
sending all nonempty words to 0.
We occasionally denote the element z; - -z, by [z1] - |z,] when we wish to em-

phasise the connection to elements of the reduced bar construction, discussed in [21]
§7]. We discuss this further in §5.2.6]

1.3.1.2 The Hopf algebra of noncommutative formal power series

Let Z be a set and R a Q-algebra. The ring R((Z)) of formal power series with non-
commuting indeterminates in Z consists all formal power series with coefficients in
R whose indeterminates are words in the elements of Z, equipped with the (noncom-
mutative) concatenation product. It is the [-adic completion of the free associative
algebra R(Z) on Z, where I = (Z) is the maximal ideal of R(Z) generated by the
elements of Z.

The ring R((Z)) has the structure of a complete Hopf algebra over Q when
equipped with the coproduct for which elements of Z are primitive. The antipode

and counit are defined as in §1.3.1.1} See [45, Appendix A2] for a detailed treatment.

In the literature this is sometimes denoted Q(Z), though this can be confused with the free
associative algebra on Z.
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1.3.1.3 Duality

Let us assume that Z = J,o, Zs is a graded set with each Z, finite. This in-
duces a canonical grading on the free associative algebra R(Z), denoted by R(Z) =
D,~0 R(Z),. The R-module R(Z), consists of all words of total weight n, where
elerrzents of Z, are assigned weight k. By the assumption on Z, each R(Z), is a
finite-rank R-module and has a canonical basis. For example, we have R(Z) = R;
R(Z) has the basis Z1; R{Z), has the basis {wiws : wy,wy € W1} U Wo, ete.

‘The dual R(Z),, = Hom(R(Z),, R) has the same (finite) rank as R(Z),. Since
R(Z),, has a canonical choice of basis, so does R(Z)Y. Tt consists of linear functionals
selecting the coefficient of the appropriate word. Note that R(Z)y = R.

This allows us to speak of the dual basis, which is the basis of the graded dual

R(Z)" =P R(2))

n>0

of R(Z) dual to the natural basis just described. If w denotes a word in the alphabet
Z, let w" denote the associated dual basis element.

For each n > 0 there is a decreasing length filtration L*R(Z),,, where L"R(Z),, is
spanned by words in Z of length at least r and total weight equal to n. Dually, define
an increasing length filtration L4 R(Z)) by

L.R(Z), = {f: R(Z), = R: f(L"™R(Z),) = O} .
This defines a natural increasing length filtration Ly R(Z)* on the graded dual by

L.R(Z)" = D L.R(Z),.

n>0

Let B, be the canonical basis for LiR(Z),. It consists of the linear functionals

selecting coefficients of elements of Z,,. The dual alphabet is defined as

AR U B,,.

n>1

The graded dual R(Z)* is isomorphic to the shuffle algebra T(Z") by the isomorphism
identifying the dual basis element w" € T¢(Z") with the “coefficient of w” linear
functional. The shuffle product on 7¢(ZV) is dual to the coproduct on R(Z) for
which elements of Z are primitive. The filtration L,R(Z)* coincides with the length
filtration L,7°(Z") defined in §1.3.1.1] with Z replaced by Z".

The functor sending a Q-algebra R to the group G (R((Z))) defines an affine

group scheme over Q. Its coordinate ring is isomorphic to 7¢(Z"). The isomorphism
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Hom(7“(ZV), R) — G (R((Z))) is given by sending a homomorphism s: T7%(ZY) — R

to the series
Z s(wY)w,
weM(Z)

where M (Z) denotes the free monoid on Z. One verifies that this series is grouplike

using the fact that s is a homomorphism for the shuffle product.

1.4 Iterated integrals

Let M be a differentiable manifold and let wy,...,w, be smooth 1-forms on M.
Let v: [0,1] — M be a smooth path. Since Q'([0,1]) = O([0, 1])dt, it follows that
v (wi) = fe(t)dt for some fi, € O([0, 1]).

Definition 1.4.1. The iterated integral of the forms w;, ..., w, along 7 is defined as

/w1 oWy = / f1<t1)dt1 cee fn(tn)dtn
v 0<ty <<t <1

When M is a curve, such integrals may be regularised with respect to tangential
basepoints. In §6.1| we provide a brief description of how to do this explicitly when

M = M;,(C).
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Chapter 2

Modular background

In this chapter we review basic background material on the modular group, modular
forms and representations of the reductive group SL,/Q. This material is essential
to work with the relative completion of SLy(Z), defined in Chapter [5|

2.1 The modular group

For us the modular group SLy(Z) = {y € GLy(Z) : det() = 1} plays a fundamental
role because it may be identified with the orbifold fundamental group of the moduli
space of elliptic curves M, ;, whose space of complex points is the orbifold quotient
[SLy(Z)\$] (we recall these notions in Chapter [3). In this chapter we record some
basic group-theoretic facts about SLy(Z), referring to for details on its inter-

pretation as a fundamental group.

2.1.1 Group theory

It is well known that SLs(Z) is generated by the two matrices

0 —1 11
=(0) =)
The matrix S has order 4, while T' generates an infinite cyclic subgroup of SLs(Z).

Setting U := ST gives the presentation [4§]

SLy(Z) = (S,U|S* = U3, S* =id). (2.1)

2.1.2 Action on

A crucial feature of S Ly(Z) is its action on the upper half plane $ := {7 € C : (1) > 0}

by fractional linear transformations. For a matrix v € SLy(Z) as above, and a point
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T € 9, this action is defined by
at +b
= . 2.2
o) =T (2.2
The matrix —I € SLy(Z) acts trivially, and the quotient PSLy(Z) := SLy(Z)/ {£I}
acts faithfully on $). The generators S, T € SLs(Z) act via

S(r) = —%, T(r)=r+1.

This action naturally extends to $* := $ U P! (Q). One observes that S stabilises
the point 7 = i, U stabilises the point 7 = p = exp(27i/3), and T stabilises the cusp

7 = i00. The stabilisers of these points are

SLy(Z); = (S) = ZJAZ, SLy(Z), = (U) 2 ZJ6Z, SLy(Z)s = (£T) = Z x 7,/2Z.

2.2 Representations of SL,

A crucial object in this paper is the relative completion of SLs(Z) relative to the
inclusion SLy(Z) < SLy(Q), which is discussed in detail in §5.2] The relative com-
pletion is in part constructed from the irreducible representations of the reductive
group SL,/Q. For this reason we give a basic account of the representation theory
of SLs here.

For n > 0, let V,, be the Q-vector space of homogeneous polynomials in X and Y
of degree n. It is equipped with a right action of the group scheme SL, as follows.
Let R be a Q-algebra, let p(X,Y) € V,, ®¢ R, and let

a b
Y= (C d) S SLQ(R)
Then ~ acts on p(X,Y) via
p(X,Y)]y = p(aX 4+ bY,cX + dY).
The collection {V}, : m > 0} comprises all irreducible representations of SL,. The
representation V,, can be identified with the nth symmetric power Sym™ H of the
standard representation H of SL,.
2.2.1 Tensor products
Let m,n > 0. There is a natural isomorphism of rational S L,-representations
Vm & Vn = Vm+n S¥ Vm+n72 b D ‘/\m—n|

The projection V,, ® V,, — V,,,1,, is given by multiplication of homogeneous polyno-

mials.

19



2.3 Modular forms

Our main result concerns iterated integrals of Eisenstein series, which are examples
of modular forms for SLy(Z). We therefore briefly recall the definition and basic
properties of modular forms in this section. Note that we always consider modular

forms of level 1 —i.e. modular forms for the full modular group.

Definition 2.3.1 (Modular form). Let £ > 0 be an integer. A modular form for
SLy(Z) of weight k is a holomorphic function f: $ — C such that for all v € SLy(Z)

we have
f(y(r)) = (em + d)F f(7),

and such that f is holomorphic at 7 = ioo.

Taking v = —1 and applying the modular transformation property shows that
f(r) = f(=I(1)) = (=1)*f(7). This implies that all modular forms of odd weight
are 0. Hence the weight is always taken to be even, and we write it as 2k.

The equation f(7 + 1) = f(7), which follows from the modular transformation
property applied to the matrix v = T', implies that f has a Fourier expansion in the
variable ¢ = exp(2miT). Since f is holomorphic everywhere, including at 7 = ico

(where ¢ = 0), this Fourier expansion may be written as a power series

f() =) and" (2.3)
n>0
involving only nonnegative powers of ¢. When aq = 0, f is called a cusp form (because
it vanishes at the cusp 7 = ico corresponding to ¢ = 0).

The Q-vector space of modular forms for SLs(Z) of weight 2k and rational Fourier
coefficients is denoted by Moy (SLo(Z)), and the subspace of cusp forms of weight 2k
is denoted by Sor(SLo(Z)). A basic fact in the theory of modular forms is that
My, (SLy(Z)) is finite-dimensional. We also define

M(SLy(Z)) := €D Mar(SLa(Z)).

k>0

Pointwise multiplication equips M (SLy(7Z)) with the structure of a weight-graded
Q-algebra.
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2.3.1 Eisenstein series

The simplest examples of modular forms to write down are Fisenstein series. For
each even integer 2k > 4 there is a unique (up to normalisation) Eisenstein series
Gor € Mor(SL2(Z)), and Mo(SLa(Z)) = Sop(SLa(Z)) @ QGox. Eisenstein series

have an explicit g-expansion, given as follows:

Definition 2.3.2 (Eisenstein series). The Hecke-normalised Eisenstein series of weight

2k > 4 is the modular form G, € My, with g-expansion

Goi(T) = —% +) oni(n)g" (2.4)

n>1

Here By, € Q is the kth Bernoulli number and o,.(n) :=3>_,,d" € Z.

The Eisenstein series G4 and Gg¢ are of particular importance because they freely
generate the graded ring M(SLs(Z)). In other words, there is an isomorphism of
graded rings M (SLy(Z)) = Q[Gy, Gg|, where Gy is assigned weight 4 and Gg weight
6.

2.3.1.1 The Eisenstein series of weight 2

The g-series (2.4)) is equally valid for 2k = 2, but for convergence reasons the resulting
function Gy is not modular. It is a quasimodular form [54, §5.3], and satisfies the

transformation property

Go(y(7)) = (e1 + d)*Gy(1) + W

In other words, the failure of modularity is measured by a polynomial in 7 of degree
1. This is relevant for calculations in §14.5 More detailed information on Gy can be
found in [54], §2.3].
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Chapter 3

Geometric background

In this chapter we recall the main geometric objects used in the thesis: P\ {0,1, oo},

the moduli spaces My ; and M, ; and the infinitesimal punctured Tate curve & g/ dg-

3.1 The scheme P!\ {0,1, o}

The thrice-punctured projective line is the affine scheme
P\ {0,1,00} = SpecZ[t,t ™', (1 —t)7!].

It is defined over Z. It represents the moduli problem assigning to a scheme X the
set of global sections u € Ox(X) such that both v and 1 — u are units. Its space of
complex points is a genus 0 surface punctured at 0, 1 and oo.

The scheme P'\ {0, 1, 00} is also the moduli space Mg 4 of genus 0 curves with 4
marked points. This is because for any such 4-marked curve (C; ¢y, ..., c4) there is a
unique choice of embedding into P! sending {c1, ¢, c3} to {0,1,00}; this embedding
sends the fourth marked point ¢4 to a point on P\ {0,1, 00} corresponding to the
moduli point of (C;cy,...,cq) on Mgy.

Let Aut(P',{0,1,00}) denote the group of automorphisms of P! that preserve the
set {0,1,00}. Restricting such an isomorphism to the subset {0, 1,00} determines an
isomorphism

Aut(P', {0,1,00}) = Aut({0,1,00}) = Ss.

The group S5 is generated by two transpositions: namely, the transposition swapping

0 and oo and the transposition swapping 0 and 1. On P!\ {0, 1, 0o}, these correspond

1

to the mappings ¢ — ¢~ and t — 1 — ¢ respectively.
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3.2 The moduli spaces M;; and M, ;

The moduli stack of elliptic curves is the stack M;j; over Spec(Z) whose points
M 1(X) parametrise isomorphism classes [E, O] of elliptic curves (E,O) over a
scheme X [30]. Here F — X is an elliptic curve over X and O: X — F is a
distinguished section of the structure morphism.

Consider the functor F': Sch®® — Set that assigns to a scheme X the set of

isomorphism classes [E, O,w] of triples (E, O,w), where:
e (E,0) is an elliptic curve over X, as above;
o we Ny (F)is anonzero differential.

Over S = Spec Z[1/6], this functor is representable by the affine scheme
M, 1 := SpecZ[1/6][u,v, A™"], where A = v’ — 27v?,

because every isomorphism class [E,O,w] € F(X) may be represented locally over

X by a Weierstrass equation
E:y? =42° — gor — g3 (3.1)

where go, g3 are local sections of Ox with g3 — 27v? invertible. This Weierstrass
equation determines a morphism X — M, ; viau — g2, v — g3 as well as determining
w = dz/y and O uniquely [22] §8.3].

Morally, the functor F' is representable because the triple (£, O,w) has no auto-
morphisms; the only allowed changes of variables to the Weierstrass equation ({3.1))
are (z,y) — (A2z, \3y) for A € Q" [50, §IIL.1]. Such an isomorphism sends w to A~ w.
Thus w detects automorphisms of (£, O), which means that the only automorphism
of the triple (£, O,w) is the identity (i.e. A = 1). Fixing a choice of w has rigidified
the moduli problem defining M ;.

There is a natural embedding M, ; — A?. The multiplicative group G,, acts on
A% via X - (u,v) = (Mu, AS). The formula A - A = A'2A implies that the G,,-action
restricts to an action on A*\A™'(0) = M, ;.

We may then write M, ; as the stack quotient M;; = [G,,\ M, ;] [22, Remark
8.5]. The quotient morphism M, ;y — M, ; can be identified with the map [E, O, w]
[E, O] that forgets the choice of differential. It is clear that this map is a principal

Gyn-bundle over M ; because Q}, / +(F) is one dimensional and w # 0.
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Remark 3.2.1 (Alternative moduli problem). The notation M, 1 is suggestive of the
fact that this is also the moduli space parametrising isomorphism classes of triples
(E,0,v), where (F, O) is as before and v is a nonzero tangential basepoint at O. The
two notations are related by choosing ¢ € To(FE) to be the element of the tangent

space at O satisfying v(w) = 1.

3.2.1 Analytic formulation

To study periods it is useful to have a description of the associated analytic spaces

1T and M{7]. They are examples of complex-analytic orbifolds [22]. As we gener-
ally work with moduli spaces as orbifolds rather than as algebraic stacks, we abuse
notation and from this point forward use the same symbols to denote the stacks and
their associated orbifolds.

Let $ be the complex upper half plane. The modular group SLs(Z) acts on $) by
(2.2). The moduli space of elliptic curves is the orbifold quotient My ; := [SLy(Z)\$)]
under this action. Define a left-action of SLy(Z) on C* x $ by

v (&) = (et +d) 76y 7), (3.2)
where 75(Z) acts on 7 € § as in ([2.2). Then M, ; is the orbifold quotient
M 1= [SLAZ)\(C* x 9)].

The action has no fixed points, so M, 7 is an analytic variety [23, §14].
Projection onto the second factor induces a morphism M,y — M. This is a
C*-bundle over M, ;. Let £ denote the associated analytic line bundle over M ;.
The global sections of L& are modular forms of weight k.
The moduli space Mj; has a Deligne-Mumford compactification ﬂm. This
corresponds to compactifying the orbifold M; ; by patching basic orbifolds together
around the cusp of My, [22] §4].

3.3 The universal elliptic curve

By the moduli property of M ;, the identity element id € Hom(M; 1, M, 1) corre-
sponds to an elliptic curve
T & — Ml,l

with distinguished section O: M;; — €. This space is called the universal elliptic

curve or universal family over M, ;. The universal punctured elliptic curve is £* :=

&\ {0},
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Let (E, Og) be an elliptic curve over a scheme X. Because M, ; is a fine moduli
space for elliptic curves, this data is equivalent to a morphism of stacks (g o,): X —
M, 1. The fact that 7: &€ = M is the universal family means that £ — X (resp.
Op: X — E) is the pullback of 7: &€ = M (resp. O: My — £) along m(g.0,).

3.3.1 Analytic formulation

The following description of £ as a complex-analytic orbifold is given in [26, §1].
The group SLy(Z) acts naturally on Z2 on the right. Let I := SLy(Z) x Z2 denote
the semidirect product associated to this action (see for conventions regarding
semidirect products). Then T acts on C x § as follows: for v = (m,n) € Z2 and
v € SLy(Z), set

v (&)= (+mT+n,7)
v &)= ((er+d)7 'y 7).

This definition is compatible with the action of SLy(Z) on Z?, and therefore defines

a left-action of T on C x . The universal elliptic curve is the orbifold quotient
£ :=[T\(C x 9)].

The section O: M;; — £ is induced by the section $ — C x $ sending 7 — (0, 7).

For any 7 € M 1, the fiber £ is isomorphic to the elliptic curve E. whose complex
points are isomorphic to the quotient C/A,, where A, := Z & Z7. The fiber £ is
isomorphic to the affine curve EX.

It is possible to extend & — M over Mm to obtain a generalised universal
elliptic curve €& — ﬂl,l. The fiber £, over the cusp of Ml,l is the nodal cubic.

The moduli space M, ; may be identified with the normal bundle of the image of
the zero section O: M; 1 — & [26], Proposition 1.1-Corollary 1.3].

3.4 The Tate curve

The Tate curve [49, Chapter V, §3] is an elliptic curve defined over the ring Z[[q]] of
formal power series in an indeterminate ¢. It arises naturally when considering the
behavior of the fiber of € — M close to the cusp. Its affine part is given by the
cubic equation

v oy =2+ as(q)x + ag(q),
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where the formal power series a4(q), ag(q) € Q][g]] are defined by

qTL
as(q) = —52713 : W»

n>1
™m® 4+ 5nd "
(@)= =) Ty T
n>1 q

These power series are contained in Z[[g]] because 12|(7n® + 5n?) for every positive
integer n, which is why the Tate curve is defined over Z[[g]]. The special fiber &,
(where ¢ = 0) is given by the equation y? + xy = 3, and is a nodal cubic. Hence,
the Tate curve has split multiplicative reduction [41].

The change of variables  — x —1/12, y +— (2y — 2z +1)/4 produces the following

short Weierstrass equation for the Tate curve:

y? = 42° — go(q)x — g3(q),

where g2(q) := 20Gu(q), g3(q) == 5Ge(q) and Gax(q) € Q[[g]] is the g-expansion of
the Hecke-normalised Eisenstein series of weight 2k defined in (2.4)), considered as a

formal power series in ¢ with rational coefficients.

3.4.1 Analytic formulation

If we instead wish to work with the analytic descriptions of M ; and &€ given above, we
may view the parameter ¢ as taking numerical values in the disk D = {¢g € C : |¢| < 1}
by setting g = exp(2miT). This realises the Tate curve as a family of elliptic curves

close to the degenerate fiber over the cusp ¢ = 0, which is the nodal cubic [26], §16].

3.5 Tangential basepoints

We regularly use fundamental groups equipped with tangential basepoints [15], §15].
The following definition of tangential basepoint is attributed to Nakamura [41], Defi-

nition 1.1].

Definition 3.5.1 (Tangential basepoint). Let X be a connected scheme and let
K be a field of characteristic 0. A K-rational tangential basepoint is a morphism
v Spec K((q)) — X. For reasons of notation we define the set of K-rational base-
points on X to be

X (K)pp := X(K) U {K-rational tangential basepoints} .
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A K-rational tangential basepoint on X consists of a scheme-theoretic point p € X
(not necessarily contained in X (K)) together with an inclusion x(p) < K((q)), where
k(p) is the residue field of p.

In this section we define tangential basepoints on each of the previous spaces.
These will be used as basepoints for fundamental groups in Chapter [5. The material
in this section is taken largely from [27, §4.2].

3.5.1 Tangential basepoint on M,

The Tate curve corresponds to a morphism SpecZ[[q]] — M, ;. The parameter q
defines a local parameter at the cusp eq of /7171, [22, §4]. The fiber £/, of the Tate

curve over 0/0q has equation
y' +ay =1"—5qr — g,
where ¢ denotes the image of ¢ in Z[q]/(¢*). The discriminant of the Tate curve is

Al =q]J1-¢"*=q (mod ¢,
n>1
which is nonzero modulo all primes p. Thus the tangent vector 0/dq based at the
cusp of My is defined over Z. It defines a choice of tangential basepoint 9/9q on
M, 1, based at the cusp eo.
The tangential basepoint d/0q can be realised analytically. It corresponds to the

image of the imaginary axis under

{iy:y>0t—=9H—> M. (3.3)

3.5.2 Tangential basepoint on the fiber of the punctured Tate
curve over 0/0q

By identifying Ml,l with the image of the identity section in £, the cusp ey is identified
with the identity on the nodal cubic £y. The nodal cubic is normalised by P} — &.

Let w be a parameter on & such that its pullback to P} takes the values 0 and
oo on the preimage of the double point and the value 1 on (the preimage of) eg.

It is unique up to w — w=

It defines a tangent vector 9/0w on &, based at e.
It therefore defines a tangential basepoint on & := &\ {double point} based at the
identity eg.

The inclusion & — &£j/9, means one can regard J/0w as a tangent vector on

Es)0q based at the identity. Hence we have a tangential basepoint on the punctured
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infinitesimal Tate curve gax/aq based at the punctured identity section O. It is defined

over Z.

3.5.3 Tangential basepoint on M, ;

The tangential basepoints d/0q on My, and 0/0w on &, determine a tangential
basepoint V := 0/dq + 9/0w on M, ;. It can be viewed as the data of the tangential
basepoint 0/0w based at the identity of £/9,. It is nonzero modulo all primes.

The morphism M, ; — M ; extends over the cusp. It therefore induces a mor-

phism of tangent spaces at the cusp under which v maps to 9/9q.

3.5.4 Tangential basepoints on P!\ {0,1, 00}

There is an isomorphism G,, — &, under which the identity 1 on G,, maps to e
(the parameter w on & pulls back to a parameter on G,, that we also denote by w).
The tangent vector /0w corresponds to the tangent vector d/0w on G, based at
the identity.

Recall from that P\ {0, 1,00} is equipped with a global section ¢. The in-
clusion P!\ {0,1,00} < G,, is given by the restriction mapping w + t. The tan-
gential basepoint 0/0w on G, then pulls back to a tangential basepoint 9/t on
P\ {0,1, 00}, based at the puncture at 1. We denote this tangential basepoint by 1.
By construction, is it defined over Z with good reduction at every prime.

There are in fact six natural tangential basepoints on P\ {0,1,00}. They corre-
pond to the orbits of I; under the Ss-action on P'\ {0,1, 00} described in . To
define them concretely, set —1; = —d/0t. Tt is another tangent vector on P! based at
1. The action of S5 on P! restricts to an action on {0,1, 00} and the images of 41,
define two further tangential basepoints +1, based at 0 and two further tangential

basepoints +1,, based at oco.
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Chapter 4

Motives and periods

4.1 Motives

The concept of a motive is originally due to Grothendieck. Although the subject
is still in development, and there is currently no formal definition of a completely
general category MMg of (mixed) motives over Q, the basic “yoga” is as follows.

The category Schq of schemes over Q is equipped with a range of Weil cohomology
theories [32], §1.2]. These are contravariant functors into various linear categories hav-
ing certain properties. For example, a variety X/Q has Betti cohomology HE(X, Q) =
HE,,(X(C),Q), given by the singular cohomology of the space of complex points
X(C); it also has algebraic de Rham cohomology HJi (X, Q) = H"(X, %), given by
the hypercohomology of the complex of differentials/T]

These cohomology theories are all defined very differently, and are vector spaces
over different (characteristic zero) fields of coefficients. Despite this, the resulting
vector spaces share many structural similarities. For example, they have the same
dimension, and the traces of geometric endomorphisms are rational numbers. There
are also certain comparison isomorphisms between cohomology theories. For exam-
ple, Grothendieck’s comparison isomorphism [19] implies the existence of a natural
isomorphism

compg g : Hir (X, Q) ®g C = Hp(X,Q) ®q C. (4.1)

This may be viewed as an abstract version of integration of algebraic differential forms
(representing de Rham cohomology classes) along cycles in singular homology.
These similarities and comparisons suggest that a “universal cohomology theory”

exists that keeps track of the underlying structure behind the various Weil cohomology

!There are other examples of Weil cohomology theories — namely, ¢-adic and crystalline cohomol-
ogy — but we do not require these for the topics in this thesis.
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theories. Objects of the hypothetical category MMg should be considered as “univer-
sal cohomology groups” H™(X,Q(m)) for algebraic varieties X/Q. There should be
a universal functor Schyy — MMg and a collection of “realisation functors” on MMg
with the property that every Weil cohomology theory factors as the composition of
Schg — MMg with one of these realisations. Additionally, MMg should a Q-linear
abelian tensor category. Equipping it with any realisation functor MMy — Vectg
should give it the structure of a neutral Tannakian category over K [17].

Although MMg is currently not defined, there is a triangulated category DMMg
that is expected to be its bounded derived category [53]. If a t-structure is shown to
exist on DMMg, the heart of this ¢-structure could be extracted to obtain an abelian
category having the properties required of MMg. Unfortunately, however, no such
t-structure is currently known.

One way to circumvent this issue is to work with motives as a collection of realisa-
tions, together with their comparisons. This point of view was introduced by Deligne
[15], and it is sufficient for the purpose of studying periods. Assuming it is possible
to construct MMg formally, one expects a category of “motives” defined by systems
of realisations to be equivalent to the formal definition. In the following section we

introduce a useful category of “generalised Hodge realisations”.

4.1.1 The category H

Based on Deligne’s work [15, §1], Brown [8, §3.1] defined a category of generalised
Hodge realisations. We briefly recall the definition, referring the reader to [8] for more
detail.

Definition 4.1.1. Let # be the category whose objects are triples V = (VB VIR ¢},)

consisting of the following data:

1. A finite dimensional Q-vector space V® equipped with a finite, increasing weight
filtration M,VB:

2. A finite dimensional Q-vector space VIR equipped with a finite, increasing
weight filtration M,V® and a finite, decreasing Hodge filtration F*V 4R,

3. An isomorphism of filtered vector spaces cy: M,VIR @q C = MVIR ®q C;
4. An involution F,.: VB 5 VB called the real Frobenius.

These data satisfy the following conditions:

30



1. Let ¢qr (resp. <p) denote the C-antilinear involution on VIR @ C (resp. on
VB ® C) given by complex conjugation on coefficients: v ® A +— v ® A\. Then
(FOO®§B)OCU = Cy O GdR-

2. The weight filtration M,V and the Hodge filtration cy F*(VIR ® C) equip VB
with the structure of a Q-mixed Hodge structure that we further assume to be

graded-polarisable.

The morphisms f: V) — V; in H are pairs (fB: VB — VB iR AR 5 VARY that
are compatible with the structures given in Definition [4.1.1]

There are fiber functors wy,wi*: H — Vecty projecting an object V onto the

obvious component. The category H is neutral Tannakian over Q with respect to
both fiber functors [15].
We now consider a general example of an object in H. Let X be a variety over Q

and define a triple

Hn<X) = (HS(X, Q)a H(?R(X> Q)acompB,dR) )

where compg 4 is the comparison isomorphism defined in (4.1)). Then H"(X) defines
an object of H using the natural weight and Hodge filtrations on cohomology. The
real Frobenius F,.: H%(X,Q) = HZ(X,Q) is the map on cohomology induced by
the continuous map X (C) — X(C) induced by complex conjugation.

4.1.2 Mixed Tate motives

Despite the difficulty in constructing a completely general category of all mixed mo-
tives, there are cases in which well-defined subcategories exist; namely, mized Tate
motives, which are constructed from iterated extensions of the cohomology of pro-
jective spaces. The existence of mixed Tate motives follows from the existence of a
t-structure on a suitable mixed Tate triangulated subcategory of DMMg. The rele-
vant abelian category in our case is the category of mixed Tate motives over Z, which
we now describe.

There exists a Q-linear rigid monoidal abelian category MT(Z) called the category
of mized Tate motives over Z. It was constructed by Deligne and Goncharov [16]
building on fundamental work on triangulated categories of mixed motives [53, [35] 36].

It is determined by simple objects Q(n) for all n € Z together with isomorphisms
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Q(m) ® Q(n) = Q(m + n), and extension groups

Q i=n=0
Extyrz)(Q(0), Q(n)) = { Ky 1(Z) ©2Q i=1,n>0 (4.2)
0 otherwise.

Here K,,(Z) refers to the mth algebraic K-theory of the integers.

The category MT(Z) is neutral Tannakian over Q with respect to two different
fiber functors: the Betti realisation w® and the de Rham realisation w®. These send
a mixed Tate motive V = H"(X) to the Betti cohomology VB := HE(X) (resp.
de Rham cohomology VIR := H% (X)) of the associated algebraic variety X. Of
course the geometry of X must be fairly specific for H"(X) to be mixed Tate over
Z — meaning that H™(X) is some iterated extension of the cohomology of projective
space. For example, we could take X = P* or X could be a product of schemes of
the following types: Al, G,,, My, for n >3, My, for n > 3, Grassmanians, ...

The Betti realisation has an increasing weight filtration M,VE. The de Rham
realisation has an increasing weight filtration M,V and the comparison isomorphism
between Betti and de Rham cohomology of X respects these filtrations. The de Rham
realisation also has a decreasing Hodge filtration F*V IR,

All these structures may be written down explicitly on the simple objects of
MT(Z). The object Q(—1) € MT(Z) can be identified with the cohomology H'(G,,);
consequently, Q(—1)® = Q and Q(—1)% = Q. The comparison isomorphism

compg gy : Q(—1)” ®q C = Q(—l)B ®q C

is multiplication by 2mi. The isomorphism Q(—n) = Q(—1)®" then determines that
the comparison map for Q(n) is multiplication by (27¢)". Finally, the weight and

Hodge filtrations are trivial:

0= M 5, 1Q(n)® € M_5,Q(n)" = Q(n)"
0= Fl—n@(n)dR C F—n@(n)dR _ Q(n)dR.

It is a deep fact [16] that MT(Z) embeds as a full subcategory of H via
wh: MT(Z) - H, Vi (VB VdR,compBﬁR). (4.3)

This means that its structure is entirely determined by the Betti and de Rham realisa-
tions, together with their comparisons. The more “arithmetic” f-adic and crystalline

realisations are determined entirely from these data. Understanding the Betti and
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de Rham realisations is equivalent to understanding the action of the motivic Galois
group on the periods of these motives (see §4.6). Taken together, this gives some
justification of the importance of understanding periods. This is the subject of the

next section.

4.2 Motivic periods

The isomorphism can be described by an invertible matrix of complex numbers
whose entries are called periods. The study of these numbers is our main focus.
Certain problems in transcendence theory — the most notable of which is the
period conjecture of Grothendieck [19, Note (10)] [4] — mean that it is currently easier
to work with formal analogues of periods called motivic periods. These have a rich
algebraic structure and are equipped with an action of an affine group scheme called
a motivic Galois group. They surject onto the usual algebra of “numerical” periods,
and the period conjecture predicts that this is an isomorphism. This would transfer

all the useful abstract structures on motivic periods to their numerical analogues.

4.2.1 Tannakian theory of motivic periods
The categories MT(Z) and H are each equipped with Betti and de Rham fiber functors
WP W MT(Z) — Vectg, wh,wif: H — Vectg,

with respect to which they are neutral Tannakian over Q. As remarked in (4.3)) there

is also a fully-faithful H-realisation functor w?: MT(Z) — H satisfying w® = w$,ow™

for o € {B,dR} ]

Definition 4.2.1 (Motivic Galois group). The (de Rham) motivic Galois groups of
MT(Z) and H are the affine group schemes over Q defined by

Gtz = Autr ) (W), G5 = Autg (i),

The Q-algebras of de Rham periods are the affine rings

Pura = OGur@z): P = O(GYY).

2Throughout, we work almost entirely with the de Rham fiber functors wif

is a mirror image in the Betti case.

,w?_[R, but the story
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To each category one may associate a (Q-algebra of motivic periods in the following
way. Let Turz) = IsomfaT(Z) (Wi WB). Tt is a right Gﬁﬂp%(z)—torsor. Similarly, T :=

Isoms, (wift, wy) is a right G4}*-torsor.

Definition 4.2.2 (Motivic period). The Q-algebras of motivic periods of MT(Z) and
‘H are the affine rings

Putz) = O(Twr@), Py = O(Tu).
Since w™ is fully faithful, there is an inclusion
Ptz = Pa- (4.4)

Elements of the ring PJ; should really be referred to as H-periods because general
objects of H are constructed entirely from linear algebra, with no reference to mo-
tives. The “true” ring of motivic periods would apply the construction above to the
hypothetical Tannakian category MMg to obtain a ring 73,\“,},\,'@ containing the motivic
periods of all possible motives (in particular, it would contain the ring 77,\"}”(2)).

As discussed in [8, Introduction], however, any reasonable definition of MMg will
be equipped with a functor MMg — H that is expected to be fully faithful. As above,
this would correspond to an inclusion Py, < Pj. The ring Pjj can therefore be
regarded as a general ambient ring containing all motivic periods that actually arise

from the cohomology of algebraic varieties.

4.2.1.1 The motivic coaction

Since Tmr(z) (resp. Ty) is a right torsor under Gf,ﬁ(z) (resp. GS1), the algebra Ptz

(resp. Pj;) has a right coaction by P,?,TT(Z) (resp. PY):
Awtz): Purzy = Pute @0 Pure), Awn: Pl — Py @q Py (4.5)

They may be written down explicitly in terms of matrix coefficients (see .
Understanding these coactions combinatorially (or otherwise) is a major aspect of
current research because they may be used to find relations between periods; see e.g.
[5, Lemma 2.7]. We use this idea in Chapter |15 to determine explicit coefficients for

motivic iterated Eisenstein integrals.
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4.2.1.2 The Galois action on periods

Dual to the coactions are (left) group actions
G;\i/IFSI'(Z) X Pl\n/IlT(Z) — PmT(Z), G%R X P;[l — Pﬁ, (46)

defined as follows. Let C be either MT(Z) or H. Then g € G*(Q) = Hom(PZ, Q)

acts via the automorphism
PE 25 PR g PE 12 PR ey Q S PR (4.7)

In this way, the rings of motivic periods acquire a “Galois action”. In we will
write down an explicit formula for the Galois action on motivic periods using matrix

coefficients.

4.2.1.3 The period map

Grothendieck’s comparison isomorphism [19] may be interpreted as a natural isomor-
phism wi? ® C = wP @ C. Precomposing with the embedding w?: MT(Z) — H
induces a natural isomorphism wi® @ C = w® ® C. Both of these natural isomor-
phisms are compatible with the tensor structures on the categories of motives, and

hence they define canonical complex pointﬂ
¢ € Tut(z)(C) = Hom(Pyr(z),C), ¢ € Tx(C) = Hom(P3, C).

In terms of the category H, the component of the natural isomorphism c at an object
V € H is precisely the comparison isomorphism cy: VI® @ C = VB @ C built into
the data of V. That this defines a natural isomorphism as above is a consequence of
the definition of morphisms in H.

By evaluating ¢ on elements of Py, = O(Tut(z) (resp. Py = O(Tx)), we

obtain canonical (Q-algebra homomorphisms
per: Pyrpz — C, per: P — C, (4.8)

called period maps. Grothendieck’s period conjecture is equivalent to the statement
that the hypothetical period map per: 73,\“,},\4@ — C is injective. Another interpreta-
tion of the period conjecture states that all relations between periods should be of
geometric origin.

Below, we give an interpretation of the period maps in terms of matrix coefficients.

It turns out that they may be interpreted as computing integrals.

3By abuse of notation, we refer to both of these points as ¢ by making use of the embedding w™.
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4.2.2 Matrix coefficients

The embedding means that Py ;) may be studied within the algebra of motivic
‘H-periods, which has an elementary description in terms of matriz coefficients that we
recall in this section. For this reason, all motivic periods will be viewed as contained
in Pj;, and when considering periods of mixed Tate motives we use implicitly.

Matrix coefficients are formal analogues of integrals. They are symbols [V, w, o]™,
where V € H, w € wi(V) and 0 € wB(V)Y. These symbols are required to satisfy
various relations, such as bilinearity and compatibility with morphisms in . Details
of these properties can be found in [, §2.2 and §3.2].

There is also a description of elements of the de Rham period ring P/ in terms
of matrix coefficients. These are symbols [V, w, f]* where V € H, w € wi®(V) and
f € w®(V)Y, and satisfy similar relations.

The period maps (4.8) have a simple description in terms of matrix coefficients:
per([V,w,o|™) = o(cy(w)) € C.

This formula can be further understood as follows. Let X be a scheme over Q and
let V.= H"(X) € H. Let w € H°(X,Q") represent a class in H}z(X) and let ¢ be
a cycle in X (C) representing a class in H:™9(X(C),Q) = H&(X)V. Then the triple
[V, [w], [o]]™ defines a matrix coefficient, and may be interpreted as the map

MLl [

In this way, we see that the period map sends motivic periods to periods in the sense
of [34]. For this reason we denote the matrix coefficient [V, [w], [o]]™ by [ w.

A large part of this thesis deals with motivic iterated integrals. These may also be
interpreted as motivic periods, and can therefore be represented by matrix coefficients
as above. In this case, however, the relevant motive is not the cohomology H*(X) but
rather the affine ring of the relative fundamental group of X (with a particular choice
of basepoint) that will be defined in Deﬁnition We use the notation f:l W1 Wn
for a motivic iterated integral, in analogy to the notation for iterated integrals given
in Definition [1.4.1, This notation will be justifed in in the context of the

affine ring of the relative de Rham fundamental group.
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4.2.2.1 The coaction on matrix coefficients

The coaction (4.5) on matrix coefficients is very simple to write down explicitly. Let
[V,w,o]™ € P% and let ey, ..., e, be a choice of basis for VI = wI®(V). Then

A(V,w,o]™) =) Ve, 0" @ [V,w, & (4.9)

i=1
One may check that this definition is independent of the choice of basis and compatible

with all structures on Pj.

4.2.2.2 The Galois action on matrix coefficients

Dually, one may write down the Galois action on matrix coefficients as follows. Let
R be a Q-algebra. An element g € GS}(R) is, by definition, a natural isomorphism

R @ R = wil ® R compatible with the tensor structure on H. For every object
V € H we therefore obtain an isomorphism gy : VIR @ R = V¥ @ R of R-modules.
Recall that G$(R) = Hom(P3;, R). Therefore, for any g € G4*(R) and any de Rham
period [V, w, f]** we obtain an element of R defined by

g([(Viw, fI) = f(gv(w)) € R.

Combining (4.7) with (4.9) then gives a formula for the Galois action on H-periods:
g([V,w, o)™ Ze gv(w))[V,e;, 0™ € Pj ®qg R. (4.10)

In this way the “Galois representation” on the “motive” V' is made explicit, and it is

possible to write down the representation in terms of a period matrix.

4.2.3 The universal comparison isomorphism

The identity map on P} defines a canonical point ¢™ € Ty (Pj}) i.e. a natural isomor-

phism

" w%R®73;f[‘ = wy @ P
Taking the component at V = (VB VIR ¢) € H gives a universal comparison
isomorphism[Y]

Cn‘}t VdR ®Q P;TZ 1) VB ®Q P;;
Its image under per: PJ; — Cis the comparison isomorphism c constructed in §4.2.1.3|
In other words it satisfies (id ® per) o ¢} = ¢y o (id ® per).

4If V € MT(Z), this restricts to an isomorphism with Pt (z) replacing Py
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4.3 Mixed Tate periods

In this section we review some of the specifics of periods of mixed Tate motives.

4.3.1 The unipotent radical of Gﬁ,,RT(Z)

Let MT(Z)™ < MT(Z) be the full subcategory of semi-simple objects. It is generated
as a rigid abelian tensor category by Q(—1) = H'(G,,), and is neutral Tannakian
with respect to the restricted fiber functor wdR|M-|— s. Any tensor-compatible auto-
morphism of this functor is determined by its action on wi®(Q(—1)) = Q. Therefore,

for any Q-algebra R we have
Aut(l\%lT(Z)ss (WdR‘MT(Z)SS)(R) = Autp(R) = R™. (4.11)

This implies that the motivic Galois group of the semisimple subcategory MT(Z)* is
G- The inclusion MT(Z)™ < MT(Z) is equivalent to a character x: Gf\iﬂp}(z) — Gyp.

Consider the weight-graded pieces functor gr™ : MT(Z) — MT(Z)™. After apply-
ing the de Rham fiber functor w®, the Hodge filtration canonically splits the weight
filtration in the mixed Tate case. This means that for every object V € MT(Z) there

is a natural isomorphism
grM IR = pp VAR A pryaR, (4.12)
It follows that the character x has a section G,, — G,C\l,lpfr(z). Define

UMT(Z = ker(x).

By definition, U&f}(z) consists of automorphisms that act trivially on the simple
objects Q(n), which are the weight graded pieces of all objects of MT(Z). Therefore
U &%Z) is pro-unipotent, since each such automorphism respects the weight filtration

and acts trivially on gr'. We obtain an exact sequence of affine group schemes
1 = Uiy = Gv) = Gm — 1,
The section G,, — G,C\l,lf%(z) splits this exact sequence and defines an isomorphism
Gtz = Uit X G,

Currently, it is known that the Lie algebra € := Lie(U&f}(Z)) is non-canonically isomor-
phic to the completed free Lie algebra Lie(os, 03,...)" on generators oy, in degree
—(2n + 1). These o elements are mysterious and obtaining canonical elements is a
subject of current research; see [9], where they are connected to the action of € on the

fundamental Lie algebra of the infinitesimal punctured Tate curve.
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4.3.2 The Lefschetz period

The most basic example of a motivic period is the Lefschetz periodﬂ L=L" It
satisfies per(IL) = 2mi. We recall the definition here as it is widely used in this paper.

Definition 4.3.1 (Lefschetz period). The Lefschetz period is
L=1L":=[H'(G,),[dz/z],v]",

where H'(G,,) 2 Q(—1) € MT(Z) and vy € H;(C*,Q) = H}(G,,)" is the class of a

small counterclockwise loop around the origin in C*.

Using (4.10) we may compute the action of G,C\‘ART(Z) on L explicitly. Recall that
Hiz(G,,) is one dimensional and spanned by the cohomology class of wy = dz/z.
Any g € G‘,il,lRT(Z)(Q) acts on Q(—1) through the character x: Gﬁ,ﬁ(z) — G,,. Hence

we have

g(L) = [Wo]v (9@(—1) ([Wo])) L = x(g)L.

4.3.3 Motivic multiple zeta values

Let
oIt = 7ot (P1\ {01, 00}, T, —11)
denote the motivic path torsor between the tangential basepoints T, and 1; on
P!\ {0,1,00} defined in Its affine ring O(oII7"°") is an ind-object of MT(Z)
[15]. Via the fully faithful functor w? it can be considered as an ind-object of H:

O(OHllTlOt) = (O(UH?)’ O(OH?R)> C)'
Let dch € (ITP(R) denote the straight line path from Iy to —1;.

Definition 4.3.2 (Motivic multiple zeta value). The Q-algebra of motivic multiple
zeta values is the ring Z™ generated by matrix coefficients [O(oII"°"), w, dch|™, where

w ranges over elements of O(oIT{%) [f

There is a canonical isomorphism O(gII{®) 2 T¢(eg, e;) with the shuffle algebra
on two symbols [16] (we define the shuffle algebra in §1.3.1.1). Here ¢y and e; are
formal symbols corresponding to the algebraic differential forms wy = dz/z and w; =

dz/(1—z) generating Hlg (P'\ {0,1,00}). They are described in more detail in §5.3.1}

5Typically, motivic periods are distinguished by a superscript m. However, we use the Lefschetz
period so frequently that it eases notation to drop the superscript in this case.

6The ind-object O(oII1*°!) has a weight filtration by finite-dimensional subobjects M, O(oII"°) €
MT(Z). A motivic MZV (™(w) of weight n can be written as the matrix coefficient
[M,,O(oI1°%), w, dch]™.
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Remark 4.3.3 (Admissible words). Let w € T(eg, e1) be a single word. The motivic
multiple zeta value [O(oII7°"), w, dch]™ € Z™ is denoted by (™(w). If w is admissible,
meaning it is of the form w = ejvey for some other word v, then it may be written in
the form

w= elelgl_l e eleg’“*l with k; ... k—1 > 1 and &k, > 2. (4.13)

We use the notation (™(ky,..., k) := ("™(w) for an admissible motivic MZV.

Remark 4.3.4 (Shuffle-regularisation). There is a unique shuffle-algebra homomor-
phism ¢™: T¢(eg,e1) — Py, such that whenever w is admissible of the form (4.13))
we have (™(w) = (™(ki,..., k), and such that (™(ey) = (™(e1) = 0 [13], Proposition
1.173]. We have per ("™(w) = ((w), where ((w) € R is a shuffle-regularised real MZV.

It is possible to write down the motivic coaction on motivic multiple zeta values
in terms of a combinatorial formula [5, Theorem 2.4]. This coaction may be used to
find relations between motivic MZVs. In a related vein, we will show in Chapter
that the coaction may be used to find explicit expressions for motivic MZVs in terms

of motivic iterated Eisenstein integrals.

4.3.4 Brown’s theorem

In the influential paper [5], Brown proved that the action of Gﬁ,ﬁ(z) on O(pIIPe) is
faithful by exhibiting a specific basis for Z™ (the Hoffman basis). Brown’s theorem
implies that there is an isomorphism Z™[L™"] = Pyir -

In this thesis we use a similar idea — namely, we demonstrate that all elements of
Z™ may be obtained from a certain set of periods (in this case, iterated Eisenstein
integrals). As a corollary, we show that G‘,\i,ﬁ(z) acts faithfully on the affine ring of a
certain group scheme related to iterated Eisenstein integrals. See Theorem
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Chapter 5

Fundamental groups

For us, fundamental groups are a convenient tool for packaging and manipulating
generating series of periods. The relevant fundamental groups for this purpose are the
Betti and de Rham fundamental groups, as well as the usual topological fundamental
group. For technical reasons, we will also have to consider relative versions of these

groups. These notions are defined in this chapter.

5.1 The topological fundamental group

Let X be a schemd| and let € X (C)pp. (The set X (K )y, of K-rational basepoints
on X is defined in Definition [3.5.1] It consists of X (K) together with the K-rational

tangential basepoints on X.) The topological fundamental group of X, based at z, is

(X, z) = m (X (C), ).

5.1.1 Quick computations of fundamental groups

In this section we provide brief and informal computations of the main fundamental
groups we use. This is mainly done for interest and to explain the ways in which their

elements can be interpreted.

5.1.1.1 P"\{0,1,00}

The space of complex points of P!\ {0, 1, 00} is C\ {0, 1}. For any choice of basepoint
the fundamental group is a free group on two generators. We provide a description

of these generators for a particular tangential basepoint.

"'When X is an algebraic stack, X (C) is a complex-analytic orbifold and the fundamental group
here refers to the orbifold fundamental group [22].
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Recall the definitions of the tangential basepoints 1y and 1; given in §3.5.40 Let
o, denote a small counterclockwise loop based at Tp. Let ’ypi’jF denote the homotopy
class of a counterclockwise semicircle from ifp to :Ffp, so that 7; T, =0, We
also let (v7F)~! be the homotopy class of a clockwise semicircle from F1, to +1,, so
that 4;>F - (y2>F)~! = 1. Finally, let dch denote the canonical straight line path from
fo to —fl. Then define

Yo =7, -dch™'.og-dch-(4{"7)7, 4 =0

They generate the free group i (P'\ {0, 1,00}, 1;). The element -, is the homotopy
class of a counterclockwise loop based at 1; encircling the puncture at p only. We
also define 7o, := (7,71) " It is the homotopy class of a counterclockwise loop based

at 1; around the puncture at co. These elements satisfy the relation Y9717 = 1.

5.1.1.2 FE~*

Here E* denotes the fiber of £ — M, over any basepoint in M;;(C)y,. In
particular, £* can be a punctured elliptic curve (taking a basepoint [7] for 7 € )
or the punctured Tate curve (taking the basepoint 0/0q defined in . The
space of complex points E*(C) has the homotopy type of a punctured torus, so its
fundamental group is free on two generators, o and 3, for any choice of basepoint.

Consider the Jacobi uniformisation E(C) =& C*/¢%, where ¢ = exp(27it). Let
us assume that 7 is imaginary, so that ¢ is real and 0 < ¢ < 1. As a basepoint
on the elliptic curve we use the tangent vector /0w on C* based at 1, where w
denotes the coordinate on C*. On C* the element o may be represented by a path
consisting of a positively-oriented semicircle around 1 beginning at d/0w, followed
by a positively-oriented circle around 0, followed by a positively-oriented semicircle
around 1 returning to d/0w. The element /5 may be represented by a path consisting
of a negatively-oriented semicircle around 1 starting at 0/0w, followed by a straight
line to &/0w based at q. The point ¢ is equivalent to 1 in C* /%, so this defines a
loop.

Suppose now that £ = £yg, is the fiber of the Tate curve over 9/dq. Its complex
points can be uniformised in a similar way. The basepoint /0w on C* based at 1
corresponds to the tangential basepoint d/Jw on Eg/aq defined in .

Hain describes how to work with this space topologically [20, §16]: take a real-
oriented blowup of P'(C)\ {0, 1, 00} at the three punctured points, so that tangential
basepoints on the set {0, 1,00} become regular basepoints along the boundary, and

then identify the boundary circles around 0 and oco. The resulting space is homotopy
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equivalent to Sg/aq. Figure depicts Hain’s model for the fundamental groupoid of
Eg/aq together with the generators o and f3.

Figure 5.1: The fundamental groupoid of Eg/aq. The boundaries around 0 and oo are
identified, taking into account their orientations. The dots represent the tangential
basepoints ifp for each p € {0,1,00}; those of the same colour are identified in
the fundamental groupoid of Sg/aq. The black dot is the tangential basepoint 1;

corresponding to d/0w. The generators a and S for W;Op((gg/aq, 0/0w) are indicated.

5.1.1.3 M,

The basic orbifold M ;(C) is the orbifold quotient [SLs(Z)\$], [22, §3.5]. The “uni-
versal covering” map by: ) — M defines a basepointﬂ by on M, 1, and a canonical
isomorphism 7" (M 1,by) = SLy(Z). This isomorphism identifies 7" (M 1, bo)
with the group of deck transformations of the universal cover by:  — M, which
equals SLy(Z) by definition.

The inclusion {iy : y > 0} — 9, which is a homotopy equivalence corresponding
to the basepoint d/0q, induces an isomorphism m,°"(M, 1,0/0q) = TP (M1, bo).
Finally, the inclusion of any point {7} < $, which is also a homotopy equivalence,

~ top

induces an isomorphism 7" (M, 1, [7]) = 7P (M1,b9). To conclude, for = of any

of these basepoints there is a natural isomorphism

W‘{Op(MLh x) = SLy(Z).

2See [22] §3.3] for an explanation of the homotopy theory of orbifolds.
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We now give a description of the fundamental group in the case x = 9/0q.

The group SLs(Z) is generated by the matrices

0 -1 11
s=(10) =01
as noted in . Setting U = ST gives the presentation (12.1)).

The points ¢ and p on ) are stabilised by the subgroups (S) = Z /47 and (U) =
Z/6Z respectively. Under the isomorphism (M 1,0/0q) = SLy(Z) the element S
corresponds to a loop around [i| based at 0/dq, U corresponds to a loop around |p]
based at 9/dq, and T corresponds to a small loop around the cusp based at 9/0q. The
orbifold points [i] and [p] may be thought of as “between a point and a puncture”;
for example, the equation S* = id means that the loop around [i] corresponding to S
must be traversed 4 times before it is possible to “pull” it through the point [z].

In a more concrete manner, we may regard the element of 7;°°(M, 1, 9/dq) corre-
sponding to S as the imaginary axis on $). It is a straight line path on the extended
upper half plane $* := U P(Q) from a unit tangent vector at 7 = 0 to the unit
tangent vector at 7 = ioo, which may be identified with 9/dq. A procedure for
regularising integrals along this path is given in

Now let z be any of the basepoints above. We consider a different interpretation
for the fundamental group 7;°°(M 1, z) that is described further in . By the
moduli property of M, the basepoint x corresponds to an isomorphism class [E]
of an elliptic curve E. The fibration £ — £ — M;; and the canonical section
O: M;; — & imply the existence of a natural monodromy action of W}Op(/\/lm, x)
on m(E,0) & H,(FE(C),Z) = Z*. This corresponds to the inclusion SLy(Z) <
GL(Z) up to conjugation.

The fact that the automorphisms of Hy(E(C),Z) coming from this action lie in
the subgroup SLs(Z) C GLo(Z) corresponds to the fact that the monodromy action

preserves the orientation of the elliptic curve.

51.1.4 M,

Let x € M, 7(C)yp. By the algebraic description of M, 7 given in , the basepoint
x corresponds to an isomorphism class [E, O,w] where E/C is an elliptic curve with
identity section O and w is a trivialisation of 2}, Ic-

As F is defined over C it has a Weierstrass equation of the form

y? = (z—an)(z — ap)(z — as),
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where a; € C are pairwise distinct. This equation uniquely determines O and w,
and therefore determines an isomorphism class as above. This isomorphism class is
equivalent to the triple (ay, e, a3) in the configuration space of 3 unordered points
in C, whose fundamental group is the braid group Bs on 3 strands. This may be
seen as follows: the homotopy class of a loop in the configuration space above,
based at (o, a9, a3), is equivalent to a braid on 3 strings in C x [0, 1] with start-
points {(aq,0), (ag,0), (a3,0)} and endpoints {(ay,1), (ae,1), (g, 1)}. This is be-
cause throughout the deformation along [0, 1] the three points in C must remain
distinct in order to define an element of the configuration space. Figure [5.2| shows an

example of a braid representing an element of WiOP(Ml’T, x):

aq (D) Qa3

J

<

(631 Qg a3

Figure 5.2: A braid.
The braid group has the presentation

Bs = (ta, tp|tatsts = tptats). (5.1)

In Figure the element t4 represents crossing the first strand above the second,
and tp represents crossing the second strand above the third (so that the element
depicted is tAtgltAtgl).

These generators may also be interpreted in terms of the monodromy action of
%P (M, 1, 2) on the fundamental group of the punctured elliptic curve £ (see .
The elements t4 and tg may be identified with Dehn twists on simple closed curves
A, B C E(C) intersecting transversally at one point. One such choice is (the images
of)  and 3. This point of view realises W}Op(MLT, r) as the mapping class group
of a genus 1 surface with one puncture. See for a detailed description of the

monodromy action.
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5.2 The relative fundamental group

The unipotent completion of a discrete group I' over a characteristic zero field K is
an affine group scheme I''™ /K that is is universa]ﬂ with respect to homomorphisms
I' - U(K) into the K-points of unipotent groups U/K. When K C C and I is
the topological fundamental group of a scheme X/K with respect to some basepoint,
the unipotent fundamental group can be viewed as a nonabelian generalisation of the
(co)homology of X and is, in a sense, constructed from the cohomology H*(X, K)
with coefficients in K. It does not contain quite as much information as the profinite
fundamental group 71 (X) or the pro-algebraic fundamental group 7*'8(X) when K =
Q. This makes it a more tractable object to work with explicitly [31].

The relative completion [21] of " generalises the notion of unipotent comple-
tion. It occupies an intermediate zone between the unipotent completion and the
profinite/pro-algebraic completions, and may be used as a substitute in cases when the
unipotent completion is trivial. When R/K is a reductive group and p : I' — R(K) is
a Zariski-dense homomorphism, the completion of I" relative to p is constructed from
the cohomology H'(X, V) where V ranges over all irreducible representations of R.

Our main use of the general notion of relative completion is for I' = SLy(Z),
with p: SLy(Z) — SL2(Q) the natural inclusion. It is used because the unipotent
completion of SLs(Z) over Q is trivial, since there are no modular forms of weight
2 for SLy(Z) and consequently Hi(M;1,Q) = H'(SLy(Z),Q) = 0, [11, §4]. The
profinite completion of SLs(Z), on the other hand, is extremely large (by Belyi’s
theorem [2]). The remedy is to use the relative fundamental group, which is built not
just from H'(SLy(Z),Q) but also from H'(SLy(Z), Va,) for all irreducible rational
representations Vo, of SLy/Q defined in . This naturally incorporates level 1
modular forms of all weights.

In the following subsections we define the relative fundamental group and review
some of its structure. Crucially, in we define two different realisations of the
relative fundamental group, called Betti and de Rham realisations, generalising the
analogous notions in cohomology; in §5.2.3| we note an important decomposition the-
orem for the relative fundamental group; in we introduce a comparison isomor-
phism for relative fundamental groups; and in §5.2.5] we show how relative completion

generalises unipotent completion.

3Here universal means that I' — I'"" is left adjoint to the functor U + U(K) from the category
of pro-unipotent groups over K to the category of abstract groups.
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5.2.1 Abstract relative completion

Here we use a geometric variant of relative completion, due to Brown [7, §12]. The
advantage of this method is that it is possible to define all realisations of the relative

completion simultaneously from the following categorical construction.

Definition 5.2.1 (Abstract relative completion). Let (C,w) be a neutral Tannakian
category over a field K of characteristic zero, and let S < C be a full semisimpld]
Tannakian subcategory with fiber functor w|s. Define a subcategory F(C,S) — C
whose objects are objects V' € C with a (finite, exhaustive, separated) increasing
filtration

0=VpCWVNC---CVu=V

by C-subobjects of V', such that each graded piece V;1/V; is isomorphic to an object in
S. Then F(C,S) is a Tannakian category equipped with the fiber functor w|rcs). We
define the fundamental group of (C,w) relative to S to be the Tannakian fundamental
group

G =m(C,Sw):= Autff(c’s) (w|F(C’5)) )

Let S = Autd(wls). It is pro-reductive because S is semisimple [I17, Proposition
2.23]. There is an inclusion S < F(C,S) given by equipping an object V' € S with the
trivial filtration 0 = Vj C V; = V. This inclusion induces a faithfully flat morphism
of affine group schemes G — S whose kernel is a pro-unipotent group U, exhibiting
G as an extension

l1-U—-G—S5S—1 (5.2)

Remark 5.2.2. The inclusion F(C,S) < C is equivalent to a faithfully flat morphism
of affine group schemes m1(C,w) — G. We do not make use of this morphism in the

sequel.

5.2.2 Relative fundamental groups

Let X be a smooth, connected schemdﬂ over a field K C C, and let z € X (K )pp. To

this data we associate two neutral Tannakian categories over K:

4“Semisimple” means that every object of S is a direct sum of simple objects of C.

°In one case we must consider the relative fundamental group of the algebraic stack My 1. As
described in 3. this is the stack quotient [G,,\ M, 7]. We define its relative fundamental groups by
looking at objects of LS(M, ;) and Con(M, 7) with a Gy,-action that are Gp,-invariant and trivial
on G,,-orbits. We then applying the same Tannakian machinery as for schemes.
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e The category LS(X) = LSk (X) of local systems V' of finite-dimensional K-
vector spaces on X, equipped with the Betti fiber functor w® sending each local
system V' to the stalk V.

e The category Con(X) = Cong(X) of algebraic K-vector bundles with a flat
connection (V, V) on X and regular singularities at infinity, equipped with the

de Rham fiber functor wi® sending (V, V) to the fiber V(z) = V,/m, V..

Let SB < LS(X) (resp. S — Con(X)) be a full semisimple Tannakian subcate-

gory of LS(X) (resp. Con(X)) with fiber functor given by the restriction of w? (resp.

wdR). Denote their Tannaka groups by S® and SR respectively.

Definition 5.2.3 (Relative fundamental group). Applying Definition to the

above setup produces two affine group schemes over K,

ﬂ{el’B(X, (L’) = 7T1(LS(X), SB, WB); 7'(-iel’dl:{()(, .Z') = Wl(COn(X); SdR, ng>, (53)

xT

respectively called the Bett: and de Rham relative fundamental groups of X with

basepoint x. They depend on the choice of the semisimple subcategories.

5.2.3 Splitting

For relative completions of fundamental groups, the exact sequence (5.2)) always splits
[23, Proposition 3.1]. This means that for e € {B,dR} the relative fundamental group

is isomorphic to a semidirect product

(X, 1) 2 U xS, (5.4)
where S° is pro-reductive and U® is pro-unipotent. This decomposition is non-
canonical because it depends upon the choice of splitting.

5.2.4 Comparison isomorphism

Let X¢ = X X C and let 2 € X¢(C) be a lift of . The Riemann-Hilbert corre-
spondence induces a tensor-equivalence Conc(X¢) — LSc(Xc). Let us assume that
this further induces an equivalence S&* = SB. Tannakian duality then produces a
canonical isomorphism 7% (X¢,2) = % (X¢, #). Because relative completion

commutes with base change [23], §3.3] we obtain a canonical isomorphism

TB(X, 2) x g € S 1R (X, 1) % C. (5.5)
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Definition 5.2.4 (Comparison isomorphism). The isomorphism ([5.5)) is called the

comparison isomorphism between relative Betti and de Rham fundamental groups.

The isomorphism ({5.5)) is induced by viewing the affine rings as ind-objects in
H ®q K, whose ring of motivic periods is P} ® K. By §4.2.3|it lifts to a universal

comparison isomorphism
mP(X,2) x g (PR @ K) & m™ (X, 2) xx (PR @g K). (5.6)

Remark 5.2.5 (Generating series). The Betti fiber functor w®: LS(X) — Vecty fac-
tors through the category Repy (m”"(X,z)) of K-representations of the topological

fundamental groupf] This induces a canonical Zariski-dense homomorphism
mP(X, z) = TP (X, 2) (K). (5.7)
Consider the composition
mP(X, ) = m P (X, 2)(K) = m (X 2) (P @ K) (5.8)

where the first map is and the second is induced by the universal comparison
isomorphism. It may be viewed as the map sending an element v € m°°(X, z) to
the “motivic parallel transport” along v of a horizontal section of a suitable universal
connection on X. By finding explicit generators for "™ (X z) this map may also
be viewed as sending 7 to the generating series of all homotopy-invariant motivic

iterated integrals on X along .

Definition 5.2.6 (Unipotent and reductive parts). We denote the homomorphism
(5.8) by the formula

vt
Using the choice of splitting 7" ™(X, z) = U x SR chosen in (5.4)), write

7 =(nh0)-
The element 4™ € U (P ®q K) refers to the “unipotent part” of y™. It depends
upon the choice of splitting. The element 4 € SR (P ®qK) refers to the “reductive”
or “degree 0” part of y™. It is canonically defined.
The map y — 4™ defines a nonabelian cocycle m°°(X, x) — UR(P ®g K). The
map v — ' is a homomorphism. When S is the trivial group we have y™ = ~. In

this case the cocycle v — ~' reduces to a group homomorphism.

Remark 5.2.7. In general, 4/ is not canonically defined, as it depends upon the choice
of splitting (5.4). When such a splitting is canonical, however, 4 is canonically

defined. This is of relevance for the sequel; see .
6The category Rep (ﬂOp(X ,x)) is equipped with the forgetful fiber functor.
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5.2.5 Relation to unipotent completion

Let « € {B,dR}. When S* is the semisimple subcategory generated by the unit object
1, the relative fundamental group ﬂiel"(X ,x) is pro-unipotent. In this case we denote
(X, x) by n%(X, ).

In the Betti case the unit object is the constant sheaf 1 = K and 7P (X, x) is
the unipotent completion of 7}°?(X, x). The canonical homomorphism (5.7) is none
other than the natural map from 7;°?(X,z) to the rational points of its unipotent
completion. In the de Rham case the unit object is the vector bundle with trivial
connection 1 = (Ox,d).

Throughout this paper, we only make use of a nontrivial semisimple subcategory
S* in the cases (X,z) = (My,,0/dq) or (M, 1,V), where V := 0/0q + 9/0w was
defined in In these cases S* is generated by an explicit object depending on
the universal family over M ; (resp. M, ;). This is because the unipotent completion
of SLy(Z) is trivial. In all other situations we only require relative completion with
respect to S* = (1).

5.2.6 The coordinate ring of 7/**"*(X, z) and iterated integrals

The coordinate ring of the de Rham relative fundamental group Wiel’dR(X ,x) is defined
in [21, §8]. As described in §7 of loc. cit., it may be defined independently of the
Tannakian definition using the reduced bar construction on a commutative differential
graded algebra (CDGA) constructed from “locally constant iterated integrals” on X.

In particular, the coordinate ring of its unipotent radical /! is defined as the Oth

cohomology of the reduced bar construction on the CDGA

P x.cv))exV,

Vel

where Z denotes a complete set of representatives for isomorphism classes of irre-
ducible representations of S over K and C'(V) € Con(X) is the associated vector
bundle with connection on X. If x is a ﬁnite[] basepoint z: Spec(K) — X, the CDGA

inherits an augmentation via the composition
Q(X,C(V)) @k V — Q*(Spec(K),z*C(V)") @k V

>~ H%(Spec(K),z*C(V)V) @k V
~ (V) @V

7A similar computation works for tangential basepoints.
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where the first map is induced by pullback along x. The reduced bar construction
acquires a CDGA structure via the connection on C(V) and the wedge product of
differential forms.

The coordinate ring OU®R) is isomorphic to H® of the reduced bar construc-
tion on the above CDGA, which is naturally a Hopf algebra; details are described
in [2I]. Tt is the shuffle algebra (see on elements w of positive degree in
Dy (X, C(V)Y) @k V. Its elements may be written as words [wy]---[w,]. It
is equipped with the shuffle product, the deconcatenation coproduct and the counit
making use of the augmentation described above.

As it is of use in the sequel, we now define an important increasing filtration on
O(UR).

Definition 5.2.8. The length filtration L,O(UR) is the increasing filtration on the
index s. The word [wy]- - - |w,] lies in L;OUR).

5.2.6.1 Motivic iterated integrals

We may view the element [w;]---|ws] as an abstract “integrand” of an indefinite
iterated integral of the forms wy,...,w,, where iterated integrals were defined in
Definition[1.4.1]and generalised to higher dimensional forms in [2I} §6]. The unipotent
part 4™ € UIR(PE) of an element v € 7,°° (X, z), defined in Definition , can be
viewed as the element of Hom(O(UR), PE) that evaluates indefinite iterated integrals
along 7. The motivic iterated integral fvm wy - - - w; i, by definition, the H-period of
O(UR) defined as

[ =2 ).

Its image under the period map is the iterated integral f,y wy -+ -wg € C as defined in
Definition [1.4.1]

5.2.7 Functoriality

The relative fundamental groups can be viewed as functors as follows. Let K be a

field of characteristic zero and define categories

e LS} the category of triples (X, z, V) where X is a scheme over K, z € X (K )pp
is a K-rational basepoint and V' € LSk (X). The morphims are pairs consisting
of a smooth morphism of schemes f: X; — X satisfying f(z1) = x2, together
with a monomorphism fB: f*V5 < V4 in LSk (X)).
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e Con}: the category of triples (X, z,V) where X is a scheme over K, = €
X (K)pp is a K-rational basepoint and V € Cong(X). The morphisms are pairs
consisting of a smooth morphism of schemes f: X; — X5 satisfying f(z1) = o,

together with a monomorphism f4®: f*V, < V; in Cong(X)).
Proposition 5.2.9. The assignments

LSy — GrpSchy
(X,.%, V) = WI(LSK(X)a <V>®7wg]v3)

and

Cony — GrpSchy

define functors to the category of group schemes over K.

Proof. We prove the statement only for the de Rham relative fundamental group,
since the proofs are direct parallels. By the Tannaka theorem, the result follows by
checking that the map (X,z,V) — (F(Con(X), (V)g),wiR) defines a functor from
(Con’% ) to the category of neutral Tannakian categories over K, whose morphisms
are additive tensor functors compatible with the fiber functors on each Tannakian
category.

Let (f, f9R): (X1, 21, V1) — (Xa,22,Vs) be a morphism in Con’.. Pullback by f
defines a functor f*: Cong(X3) — Cong(X;). The monomorphism de: Vo —
V, implies that this induces a functor f*: (Vs)g — (Vi)g between the associated

subcategories. These two properties define a functor
f7 F(Congk (X2), (Va)e) — F(Conk (X1), Vi)s)-

This is a tensor functor because pullback commutes with tensor products. The prop-
erty f(z1) = x5 implies that wil o f* = wiX. Therefore f* is a functor between

Tannakian categories. By duality we obtain a morphism of group schemes

m1(Cong (X1), <V1>®7W$f{) — m(Cong (X2), (Vg)@),wg?).
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5.2.8 Lie algebraic structure

Let us now consider the Betti relative completion GB/Q of scheme X /Q with respect to
the semisimple category S® = (L) generated by a local system L of finite-dimensional
vector spaces on X. Let S® be the associated reductive group. By the equivalence
between local systems and representations of the topological fundamental group we
obtain a homomorphism T' := 7}°?(X, z) — S®(Q) for any choice of basepoint = €
X(Q)pp. This requires an identification between S® and the automorphism group
(scheme) of the stalk L,.

Let us assume that for every representation V of I' over Q the vector space
HI(T,V) is finite-dimensional. This condition is satisfied when T is finitely pre-
sented, and hence when X Xxg C is a complex algebraic variety because in this case
X(C) is homotopy-equivalent to a finite complex.

Let U® be the unipotent radical of GB and let u® = Lie(®). Let Z be a complete
set of representatives for isomorphism classes of finite-dimensional irreducible repre-
sentations of S® over Q. Under certain basic assumptions (see [23, §3.2, 3.4]) there
is an isomorphism

Hw®) = [[ H(T, V) @V (5.9)
Ver

and a continuous SB-invariant surjection

[[ 2@ V) @0V = Hy(u®),

Vel
where in each case the product is equipped with the product topology.

Such information can be used to determine the structure of u®. For example, when

I' has cohomological dimension 1, as when I is a finitely generated free group or when
[' = SLy(Z), we have H/(I', V) = 0 for every j > 2. Consequently Hy(u®) = 0, which
implies that u® is non-canonically isomorphic to the completed free Lie algebra on
Hy(uB) = (uB)?P. By identifying H*(T', V) = HL(X, L(V)) where L(V) € LS(X) is

the associated local system we obtain the description

uP = Lie (H HE (X, L(V))Y ®q v) : (5.10)

Vel

Note that this description is non-canonical because the generators for (u®)? may be

modified by any element of the commutator [u®, u®].
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An identical calculation on the de Rham side also holds relative to a choice of
semisimple subcategory St = (L) defined by an object £ € Con(X). We obtain

A
ul® =~ Lie (H HiR(X,C(V)) ®q V) : (5.11)
VeJg
where J is now a complete set of representatives for isomorphism classes of finite-
dimensional irreducible representations of S over Q and C(V) € Con(X) is the
associated vector bundle with connection. Once again this description depends upon
a choice of section of u® — H; (udR).
Let us assume that the choices of S® and S are compatible under the Riemann-
Hilbert correspondence. We obtain a canonical isomorphism Ug — UZR and hence a

canonical isomorphism u® ®gC = ui® ®q C. It describes the mixed Hodge structure
on the relative fundamental group [2I]. We discuss this further in §5.2.9|

5.2.9 Mixed Hodge structure

Let us continue with the same assumptions and notation as in In particular,
these imply the existence of a bijection Z = 7. For every V € T we obtain a local
system L(V) € LS(X), a vector bundle with connection C(V) € Con(X), and a
comparison isomorphism cy: Hig (X, C(V)) ®g C = HL(X,L(V)) ®q C. Let

Hl(X7 V) = (Hé(XvL(V))aHle(Xu C(V)>CV) )

considered as an object of H.

As discussed in §5.2.8] there is a canonical comparison isomorphismf
comp: 4 ®p C = u'® g C. (5.12)

This comparison isomorphism induces a canonical (limit) mixed Hodge structure
(MHS) on u := (uB ud® comp), considered as a pro-object of H. This, in turn, is
induced from the canonical (limit) MHS on the relative fundamental group [211, 23].
In this section we briefly describe a general procedure to define this MHS.

There is a canonical MHS on the Lie algebra

Hi(w™) = [ ] Hig(X,C(V))" @V
VeJg

8Note that a version of (5.12) also holds with C replaced by the ring P% because O(r} (X, z))
defines an ind-object of H.
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induced by the MHS on H}(X,V). Choose a section of the abelianisation map
ud® — [, (u®) that preserves the Hodge filtration F®, the weight filtration W, and,
if one exists, the relative weight filtration M,. It is possible to choose such a section
because abelianisation is a morphism of MHS and is therefore strict with respect to

these filtrations. This section induces a Lie algebra surjection
Lie(Hy (u™)" — ui®,

The Hodge filtration F*u® and weight filtrations M,u®, W,u® are the images of
those on Lie(H;(u®))" under this surjection. The Lie algebra u® therefore inherits
a (bi)grading with respect to the weight filtration(s).

An analogous situation occurs in the Betti case, and when base changed to C the

two cases are compatible via the comparison isomorphism.

Remark 5.2.10 (Uniqueness of bigrading). Any section of the abelianisation map pre-
serving all these filtrations is unique for the Eisenstein quotient of the relative comple-
tion. This includes all cases we consider except that of u;; (discussed in . See
[27, §23] and [27, Theorem 23.1] for a precise statement. Hence, there is a canonical

bigrading on u in all cases considered except uy ;.

5.3 De Rham fundamental group of P!\ {0,1, co}

In this section we use the preceeding discussion to describe the de Rham fundamental

group of P\ {0, 1, 00} explicitly.

5.3.1 Structure

As described in , there are six tangential basepoints on P!\ {0, 1, co} with good
reduction at every prime: each puncture p € {0,1, 00} is equipped with two tangent
vectors :I:fp based at p. The fundamental groupoid of P!\ {0, 1,00} with respect to
these six tangential basepoints is built from two essentially different types of elements:
loops based at a single tangent vector at a puncture p, circling that puncture only (or a
semicircle between the positive and negative tangent vectors at p); and paths between
tangent vectors at two different punctures. The de Rham fundamental groups of
P1\ {0, 1, 00} with respect to these basepoints are all canonically isomorphic, because
of the canonical de Rham splitting for mixed Tate motives; in the sequel, we use the

basepoint 1;.
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The group mi(P"\ {0, 1,00}, 1;) is free on two generators (see §5.1.1.1). There-

fore, 7;°"(P'\ {0,1,00},1;) has cohomological dimension 1. The de Rham analogue

of (5.9) produces an isomorphism
Lie(r{®(P\ {0,1, 00}, 1,))* 2 Hi(P"\ {0, 1,00}, Q)Y = Qxo & Qxy

for any p € {0,1,00}. The elements xy and x; each span a copy of Q(1); as explained
in §5.2.9, this follows from the MHS on H;(P'\ {0,1, 00}, Q).

There is therefore an isomorphism
Lie 738 (P1 {0,1, 00}, 1,) 2 Lie(xq, x;)".

This isomorphism is canonical by the results of [27], §23]; this follows from the triviality
of the de Rham path torsor of P!\ {0, 1, 0o} between any two basepoints. Hence, under

the comparison isomorphism
Lie 72(P1\ {0, 1, 00}, 1) ®g C = Lie 7i®(P1\ {0, 1, 00}, I,) ®g C

of (5.12)), we have log(o,) — 2mix,. The elements xo and x; define the unique bi-
grading on Lie 73 (P {0,1,00},1,) that is compatible with the grading on ¢ =
Lie(Upt(z)) (see Remark [5.2.10).

The completed universal enveloping algebra of Lie 7d®(P™\ {0,1,00},1,) is the
Hopf algebra Q((x, x1)) described in §1.3.1.2] The group of R-points of the de Rham
fundamental group 7i®(P!\ {0, 1, 00}, Ip) is isomorphic to its group of grouplike ele-
ments over [

i (PN {0, 1,00}, 1,)(R) 2 G(R({x0, 1)), (5.13)

By [16], the coordinate ring O(7{®(P'\ {0, 1,00}, 1,,)) is canonically isomorphic to
the shuffle algebra T(eg, e1) on the dual alphabet {eq, e;} (these notions were defined

in §1.3.1.1/ and §1.3.1.3), and is the de Rham realisation of an ind-object in MT(Z).

Its motivic periods are therefore contained in the subalgebra Pt @) of mixed Tate
periods of P}, as described in (4.4)). The computations in §5.3.2| demonstrate this
explicitly.

5.3.2 Specific Ph",}T(Z)—points

In we explained that the fundamental groupoid of P!\ {0, 1,00} with respect
to its six natural tangential basepoints is generated by two distinct types of elements.
In terms of the isomorphism , these two different types of elements lead to two
different types of generating series of motivic periods for P\ {0, 1, 00}: exponential

series and Drinfeld associators.
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5.3.2.1 Exponentials

The simplest nontrivial element of 7{®(P"\ {0,1, 00}, I,))( MT(z)) 1S the exponential
series. It is the image o' of the element o, of (PN {0,1,00},1,), defined in
§5.1.1.1} under the natural map 7{°"(P"\ {0, 1, 00}, 1,) — 7{®(P\ {0, 1, 00}, Tp)(P,\“}IT(Z))
described in (5.8). Using the notation for matrix coefficients given in and for
motivic iterated integrals in §5.2.6.1] the map is given by the following formula, valid
for p =0, 1:

oy ) (O (B {0, 1,00}, T,)), w, 7"

w basis element of O(xdR(P1\{0,1,00},1p))

=)

weEM (x0,X1)
m
k) Uk
=S )%
E>0 op
]Lk
= Z HX]; = exp(Lx,),
k>0

where M (xg, x;) denotes the free monoid on {xg,x; } and wy := dz/z, wy 1= dz/(1 —2)
are 1-forms on P!\ {0, 1, 00} generating its first de Rham cohomology. In going from
the second to the third line we use that fgn; wj, - wj, = 0 unless all jq,...,j; are
equal to p. This follows from Cauchy’s theorem.

Finally, one verifies that exp(LLx,) is grouplike using that x, is a primitive element

of the Hopf algebra Py ((xo,x1))-

5.3.2.2 Drinfeld associators

Let 7,k € {0,1,00} be distinct and adjacent in the cyclic ordering 0 — 1 — oo — 0.

There is a natural “straight line path”
dChjk S ij = ’/T‘{OP(IEDl\ {O, 1, OO}, Tj, —Tk)

contained within P*(R). For the same choice of j, k, there is also a natural straight
line path
dchy; € (P {0, 1,00}, — 14, 1)
These two definitions then define a canonical straight line path between any two
distinct points j, k € {0,1, 00}, depending on the cyclic ordering of the pair (j, k).
Under the map from a topological path torsor of P\ {0, 1,00} into the 73,\“}|T(Z)—
points of de Rham completion, described in , the element dch;; is sent to an
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element dchj, € IIR( MT(z)). The canonical de Rham splitting of mixed Tate

motives (.12)) produces a canonical isomorphism of m*(P'\ {0, 1, 0o}, 1,)-torsors
SR 2 pdR (P £0,1, 00}, 1)).

The image of dch?k under this isomorphism, followed by , is a grouplike power
series @) € Pyir(z ((x0,x1)). As in the case for the real Drinfeld associator ®o; €
R((x0,x1)), g, may be viewed as the generating series for shuffle-regularised motivic
multiple zeta valued’| (™(w) (see as w ranges over all elements of the free
monoid M (xg, X ):

oy = " (xo,x1) = Y ((w)w. (5.14)

weM (x0,X1)
It satisfies per(®g,) = Po1. The other series @7, are obtained making by the change
of variables &% := ®™(x;,x;), where X 1= —(xo +x1).

It follows from the properties defining an associator that ®%, is grouplike [18].

5.4 De Rham fundamental group of &, /a

In this section we describe the de Rham fundamental group of the infinitesimal punc-

tured Tate curve €5, (see based at the tangential basepoint 0/dw (see §3.5.2)

in more detail.

5.4.1 Structure

The group 7rt°p(€ax/aq, 0/0w) is free on the two generators a and [ that were defined
. By the de Rham analogue of . there is an isomorphism

Lie(7™(E5),, 0/0w))™ = H'(E5)5,, Q)" = Qa & Qb.

The elements a,b span Q(1) and Q(0) respectively, which follows from the fact
that H'(E a0 Q) = Q(=1) ® Q(0). See [26, Lemma 15.3] and [7, §13.6]. Conse-
quently, there is an isomorphism LlewdR(é’g/aq,@/ﬁw) =~ Lie(a,b)". By [27, §23],
Lie WdR((c:aX/ 9q>0/0w) is canonically bigraded and this is the unique isomorphism com-
patible with the bigrading and with the grading on the Lie algebra €.

Under the comparison isomorphism

Lie WdR(SaX/aq, d/0w) ®g C = Lie wdR(eg/aq,a/aw) ®q C

9Here and onward we also make an obvious abuse of notation and write (™ (w) for w € M (xq,x1),
even though (™(w) is strictly defined for words in the dual alphabet {eq, e }.
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of (5.12)), we have

log(a) — 2mia  (mod commutators)

log(8) — —b (mod commutators).

As explained in the analogous case of , (&5 94+ 0/Ow)(R) is isomorphic
to the group of grouplike elements in the completed universal enveloping algebra of

its Lie algebra:
T (E594: 0/0w)(R) = G(R{(a, b))). (5.15)

By [27, §23], this isomorphism is canonical — it preserves the bigrading on each side
and is compatible with the action of £. See Remark [5.2.10]

5.4.2 Specific Pjj-points

Under the natural map | ( a/0q 0/0W) — md (eg/aq,a/aw)(m) defined in (5.5)),

the generators o and 3 are sent to grouplike power series
a™, f" € Py{(a,b)).

We compute explicit expressions for these power series in Lemma [11.2.1, They may

be written as products of the exponential series and Drinfeld associators that were
described in §5.3.2.1 and §5.3.2.2} however, in this case the variables x, are replaced
by modified variables ¢(x,) € Lie(a,b)". Here

RPN\ {0, 1,00}, Ty) — mR (€ ,, 0/0w)

is a morphism of de Rham fundamental groups called the Hain morphism. It is
studied in detail in §I1.1} One immediate consequence of its definition is that the
abelianisations of ™ and ™ are precisely exp(ILa) and exp(—b) respectively, as they
should be by the formulas above.

Because they are essentially constructed from the image of the Hain morphism,
the coefficients of o™ and ™ are products of motivic multiple zeta values and powers
of L, and are thus contained within the Subalgebram 73,\“,‘|T of Pj; consisting of
periods of mixed Tate motives over Z. This follows because (’)( (Sg/aq, Jd/0w)) is
an ind-object of MT(Z) [9 27]. In Lemma we give explicit formulae for these

series.

0Tn fact, they are even contained within the smaller subalgebra of effective periods of MT(Z).
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5.5 Relative fundamental groups of M;; and ./\/ll’f

Let m: &€ — M1 be the universal family of Let V := R'1,Q be the local system
over M ; whose fiber over 7 is the Betti cohomology H}(E,, Q). Associated to V is
a vector bundle V over M, ; equipped with the Gauss-Manin connection V.

Let SP be the full semisimple subcategory of LSg(M;,1) generated by V, and let
SR be the full subcategory of Cong(M; 1) generated by (V,V). Their Tannakian
fundamental groups are SLY and SL$R respectively. Definition yields the Betti

and de Rham relative fundamental groups:
GPy = m P (M, 0/09), Gt = mT T (Mo, 0/04).

Let V' (resp. V') denote the pullback of V' (resp. V) by M, ; — My 1. There is an
associated map on compactifications and the induced morphism of tangent spaces at
the cusp sends V= 9/dq + 9/0w to 0/dq. The same procedure thus defines

Grp = mPP (M V), G = m M, 1, 9).

The decomposition (5.4) gives non-canonical isomorphisms
L] ~Y [ ] [ ] [ ] ~Y [ ] [ ]
171 = u171 >q SL27 gl,f = z/[17T >4 SLQ,

where U7, and U} ; are pro-unipotent. By [23, Proposition 14.2] there is a canonical
decomposition[]]
Gt 2= G x G (1), (5.16)

The factor G, can be interpreted as the de Rham fundamental group of the fiber of
the morphism M, ; — M, over 7. This fiber is isomorphic to G,,, and hence its
de Rham fundamental group is G,. The notation G,(1) means that the MHS on this
fundamental group (in the sense of [20]) is Q(1).

In order to describe G{f and Qifli it is therefore sufficient to describe the Lie algebra
uy = Lie(UfY) together with its SL3"-action. The Lie algebra u, ; := Lie(Uﬁ?) is
canonically isomorphic to the direct product u; ; @ Qe, with a central generator e,

spanning a copy of Q(1). This generator is acted on trivially by S Ls.

" No decomposition of the form ([5.16) exists in the topological setting. There is an exact sequence
of fundamental groups 1 — Z — B3 — SLy(Z) — 1 associated to the G,,-torsor M, ; — M, 1, but
this exact sequence does not split.
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5.5.1 Explicit description of u

It remains to describe u; ;. It is equipped with a limit MH@ [23], and therefore has
two different weight filtrations: a relative weight filtration M,u; ; and a geometric
weight filtration Weu, 1, together with a Hodge filtration F*u; ;. The geometric weight
filtration is constructed from the limit of the weight filtration on the fibers of V' as
the smooth fiber degenerates to the nodal cubic. The relative weight filtration is a
new object determined by the weight filtration on the smooth fibers together with
the local monodromy action associated to the degeneration. The data (uy 1, M., F'*)
defines a MHS, and each subobject W, u; ; defines a sub-MHS.

We provide a brief description of the two weight filtrations in this section, referring
the reader to [23, §12] and [7] for more detail. Note that the MHS on ug°™ defined
in §9.3|is the image of the MHS on u; ; under the monodromy morphism that will be
defined in §8.2

As explained in , the Lie algebra u; ; is constructed from H(}R(Mu, V,) as
V, ranges over a set of vector bundles over M ; corresponding to all isomorphism
classes of irreducible representations of SLI%/Q.

The fundamental group 7;°°(M 1,9/dq) has cohomological dimension 1. There-
fore, by , u;; may be written as the free Lie algebra on its abelianisation
Hi(ui1) = u3h. A complete set of representatives of the irreducible representations
of SL§® is given by the collection of VIR for all n > 0, where V5IR is the representation
defined in , distinguished by denoting its generators with the sans-serif symbolﬂ
X,Y. The representation VI® corresponds to V, := Sym™ V.

Brown and Hain [12] provide a description of H}x(M;i1,V,) in terms of modular

forms. They construct a natural isomorphism of Q-vector spaces
. M;H_z/Dn—i_lM!_n 1> H5R<M1,17 V’n)7

where M} is the space of weakly holomorphic modular forms for S Ly (Z) with rational
Fourier coefficients, and D := qd/dq. It does not preserve modularity, but its (n+ 1)-
fold iterate induces a linear map D"™': M!  — S) . where S, C M), is the subspace
of weakly holomorphic cusp forms [12, Proposition 2.2].

The space of modular forms of weight n+2 is a subspace Mo C M, ,/D""'M" .
Via w it is mapped isomorphically to F" "' Hi: (M;1,V,), where the Hodge filtration

12The limit MHS is in fact defined on g1 ; = Lie( f}}). It satisfies W_1g1,1 = u1,1 and gy g11 =
sly, where sly = Lie(SL3R) is the Lie algebra of the reductive quotient [7} §13.5]. This justifies the

notation g for the reductive part given in Definition [5.2.6
13The distinction between V5E and V3, is explained in E 5.5.2.2}
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on Hig(My1,V,) is
0=F2C P C...CF'CF'= Hz(My1, V).
The isomorphism o implies that

2dim(S,12) +1, n>1even

0 otherwise.

dim Hjg(My1,V,) = dim(M,, /D" M) = {

The cohomology Hig(M;1,V,) is semisimple, and the action of Hecke operators

induces an isomorphism

Hip(Mi1, V)" ®0 Q= Q(1) & @ M}(1),
f

where f ranges over normalised Hecke eigenforms of weight n + 2 and M}L‘ denotes
the H-realisation of the motive [47] of f, which has rank 2. Let {e’f, e'JZ} denote a
(non-canonical!) choice of basis for M}*(1). The object M (1) lies in W_y N My, ;.
It is defined over the number field generated by the Fourier coefficients of f, which is
why one must extend scalars to Q.

The object Q(1) corresponds to the H-realisation of the motive of G, 2, twisted
by Q(1). It has a basis consisting of an element ey, s corresponding to G, 5. This
element lies in W_o,_o N M_o.

The discussion in §5.2.8] then implies that
Hi(ury) ©g Q = H (Q(l) ® @ M}%(l)) ® Vo'
n>1 f

The Lie algebra u, ; is then the completed free Lie algebra u;; = Lie(Hy(uy1))".

5.5.1.1 Totally holomorphic quotient

The associated bigraded Lie algebra gr™ gr'V'u; ; ®q Q is isomorphic to the free Lie

algebra on the symbols
€242 XFYZ TR el XY R g Xy Pk (5.17)

where n > 1, 0 < k < 2n and f ranges over normalised Hecke eigenforms of weight
2n 4 2. The symbols X and Y span copies of Q(0) and Q(1) respectively [7, §13.3].
This free Lie algebra is the graded Lie algebra of a quotient of Mﬁlf called the totally
holomorphic quotient [T, §3.5 and §13.7] and denoted Z/{ﬁff’hd. This is because its peri-

ods are a subset of the periods of the full relative completion coming from regularised
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iterated integrals of holomorphic modular forms. Its points over a Q-algebra r can
be identified with grouplike power series in the symbols (5.17). Note that while the
symbols ey, are canonically defined (up to normalisation), the symbols €/ and €/
are not. Hence we must fix such a choice and note that it is not unique.

The affine ring O(Z/{ﬁ 1bholy s a subalgebra of OU;), but it is not motivic (it does
not have a natural MHS).

5.5.1.2 Free Eisenstein quotient

The projection
Lie (€2,42X Y 7F &/ XMV 7k [ XFY?"F) — Lie (e3,12X"Y?"7F)

onto the free Lie algebra generated by the Eisenstein symbols ey, oX*Y2" % (for all
n > 1and 0 < k < 2n) is equivalent to a quotient mapping Z/{ﬁ lf”’h‘)l — USR where ULR
is the free Eisenstein quotien of L{f}f. Its points can be identified with grouplike
power series in the symbols ey, oX¥Y?"~% These symbols are canonically defined
(unlike the symbols €’ and € associated to cusp forms f).

It therefore makes sense to consider the shuffle algebra on the dual alphabet of
the Eisenstein symbols in the sense of The dual of ey, sXFY?"7* is de-
noted by Fa,.2(k). As discussed in the shuffle algebra on the generators
FEsoy,42(k) is naturally isomorphic to the coordinate ring O(U&R). We denote the word
Eop,io(k1) -+ Eon,12(ks) € O(UIR) by the bar notation [Eay,, y2(k1)| -« |Fon,r2(ks)].

5.5.1.3 Description of u; ; and Uy

The M, and W, filtrations on u;; can be simultaneously split [27, Appendix B].
Note, however, that there is not a canonical choice of simultaneous splitting as there
is mixed Tate motives by . Therefore we can identify u;; with the completed
free Lie algebra on the symbols , but must emphasise that this isomorphism is
non-canonical and depends upon the choice of splitting.

The isomorphism 1, 7 = u;; @ Qey implies that u; 1 ®g Q may be written as a
completed free Lie algebra generated by the elements in , where we also allow
the value n = 0 and recall that ey is central. This means that a general element of
Z/{i?(R) may be written as u - exp(re;), where u € U (R) and r € R. Once again,
the expression for the element u in the symbols is non-canonical and depends

upon the choice of simultaneous splitting of the weight filtrations.

14We distinguish the free Eisenstein quotient from the Eisenstein quotient in the sense of [23] §16].
The former does not have a natural MHS.
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5.5.2 Actions of SL{® and other groups

As remarked above, in order to understand Q?E it suffices to understand u; ; together
with its SL3R-action. In this section we define this action, which has a simple formula,
as well as some other relevant group actions.

The reductive group SLSR acts on u;; naturally on the right as follows: fix a
splitting of the M and W filtrations as in so that we may write down elements
of u; 1 (non-canonically!) in terms of the elements (5.17). Let R be a Q-algebra and
let

v = (CCL Z) € SLI}(R).
Then v acts on u; ; ®g R via
P(X,Y)|y := P(aX+bY,cX+dY). (5.18)
It also acts on WfR(é’g/aq, 0/0w) via right multiplication on the frame (a, b):

(a,b)], == (a,b)y = (aa + cb, ba + db) (5.19)

In contrast, the unipotent group Uﬁ? acts on 1€, 0/0w) on the left by the
monodromy action defined in §8.2] This action involves applying certain derivations
on Lie(a, b) to elements of its completed universal enveloping algebra. The derivations
are defined in §9.1]

It is convenient to consider only left actions, so we let SLI® act on the left by
taking the inverse action of each right action. For v € SL§®(R) and z an R-point of
either W?R(Eg/aq, 0/0w), Z/Iﬁl% or U, this is defined by y(z) = z|,-1.

The group Gi'f (resp. G¢%) splits non-canonically as the semidirect product
Gt = UM« SLg® (resp. G 2 UM x SLYY), (5.20)
where SL3R acts on the left as above.

5.5.2.1 Induced sl,-actions

The SL§R-action on uy; described in §5.5.2| induces an action of Lie(SL§R) = sly on
uy 1. It acts via the operators X0/9Y and —Y0/0X.

The SL3R-action on W?R(Sg/aq, d/0w) also equips Lie(a, b) with an action of SL$R,
and hence of its Lie algebra sly. This, in turn, furnishes Der Lie(a, b) with an inner
action of sly via the operators bd/0a and —ad/db. This is described further in §9.1.1}
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5.5.2.2 Two forms of SL,

The comparison isomorphism GP; Xq Pj; — Gi'f xq Pjj defined in (5.6) induces a

canonical comparison isomorphism
SL]Q?) XQ P;_nt :> SLSR XQ ,Pf;z

on reductive quotients. By [7), §13.3], the coordinate ring O(SL$), viewed as an object
of H, is an infinite direct sum of Tate objects Q(n). Consequently, the comparison

isomorphism is defined over Q[L*]. Tt is given by conjugation by an element of

GLy(QIL*)); namely,
1 0 1 0\ "
77 oLt)" o L)

We may write down this homomorphism explicitly by precomposing with the Zariski-
dense inclusion SLy(Z) < SLE(Q) defined in (5.7). The resulting composition

SLy(Z) = SL3(Q) — SLy™(QIL*))]

is given by v — 7', where the reductive part 7' was defined in Definition It
may be written down on the generators S and 7" for SLy(Z) defined in §2.1.1| by the

formula
0 -1 m_ (0 —L
s=(1 o) w0

11 W (1L
T_<0 1)HT0 _(0 1)'

Recall the definition of the representation V;, of SLy defined in §2.21 We consider
two different forms of this representation for the two forms SLE SLR of SL,/Q,
denoted VB and VIR respectively. The generators for VP are denoted by Xg, Yg,
while those for VIR are denoted by X,Y. They are related by an isomorphism V. ®q
Q[L*] = VIR @ Q[L*] given by

(XB, YB) — (X, LY)

Elements of SLY(Q) act on VIR via their image under the map SL¥(Q) — SLI®(Q[L])

described above.
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5.5.3 Specific Pjj-points

Recall that we are identifying SLy(Z) with 7,°°(M, 1, 3/0q). As described in §5.1.1.3]
the matrix S corresponds to the imaginary axis on H. To work with motivic iterated
Eisenstein integrals along this path formally, it is necessary to understand the image

of S under the map
SLy(Z) — G (PR) = UiT(P) % SLE™(PF). (5.21)
Using the splitting ([5.20)), the following diagram commutes

SLy(Z) —— U (PR) »x SLY™(Py)

/ |

SLY(Q) ——— SLEY(QIL™)

where the right vertical map is the projection onto the second factor and the bottom
map 7y + ™ is induced from the isomorphism SLY xg Q[L*] = SLIR xo Q[LY]

described in §5.5.2.2] The map ((5.21)) is given by
v =" =(CF ),

where the unipotent part CI' := ~;} and reductive part g of y™ are defined in Defi-
nition m The association v + C' defines a nonabelian cocycle

C™ € ZN(SLy(Z), U (PR))

called the canonical cocycle [7, Definition 15.4]. The element CT' is a generating series

for motivic iterated integrals along v € m,°°(M; 1,0/dq).

Definition 5.5.1 (Motivic multiple modular values). The Q-algebra M™ of motivic
multiple modular values [7] is the Q-subalgebra of P} generated by the coefficients
of C¥ for all v € SLy(Z). Let M = per(M™) C C. It is the Q-algebra of multiple

modular values.

Proposition 5.5.2. The cocycle C™ satisfies the equations

Cglsm - Cs =1

Colwmye - Cilop - Cf = 1,

where U := ST € SLy(Z) and Cf} := C§|m - CF.
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Proof. The canonical cocycle C™ is a cocycle for SLy(Z), and S Ly(Z) acts on U (P
on the right via the composition SLy(Z) — SLE(Q) — SLIR(PE) sending 7 to .
This implies that CTs = CJ|sm - Cf for all 7,6 € SLy(Z). The result follows from the
presentation SLy(Z) = (S,U|S? = U® = —I) together with the fact that C™; = 1; the

latter follows because there are no modular forms of odd weight for SLy(Z). O

Remark 5.5.3. Proposition together with the fact that SLy(Z) is generated
by the matrices S and T, implies that M™ is generated by the Q-subalgebras of
coefficients of C¥ and C}F. It is known [7, Lemma 15.6] that the coefficients of C}'
are contained in Q[L], which follows because the element T' corresponds to a small
loop around the cusp of M, (see . Hence all the interesting information is

contained in the coefficients of the series Cg.

In Chapter [6] we study the algebra of motivic multiple modular values in more
detail. In particular, we will be interested in specific elements called motivic iterated
Eisenstein integrals. In Chapter [L0] we discuss a “lift” of the cocycle C™ via By —
S Ly(7Z) having particular importance for the monodromy action described in Chapter
3l
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Chapter 6

Multiple modular values

The algebras M and M™ of (motivic) multiple modular values, defined in Definition
[b.5.0] as the coefficients of the canonical cocycle C™, are very rich. In this chapter
we explore some of the elements in these algebras in more detail. Of particular
importance to this thesis are motivic iterated Eisenstein integrals, defined in Definition
6.3.11

Recall that for each v € SLy(Z), the value CT' of the canonical cocycle on ~y can be
viewed as a generating series for motivic iterated integrals along v, where we identify
SLy(Z) with the topological fundamental group 7°"(M,1,3/dq). The astute reader
may wonder what is meant by an integral whose endpoints are tangential basepoints.
In the following section, therefore, we recall the notion of “regularisation” for iterated
integrals on M ; with respect to the tangential basepoint 0/0q. Details can be found
in 7, §4].

6.1 Regularised iterated integrals of modular forms

Let f be a modular form for SLy(Z) of weight 2k + 2 > 4. We identify SLy(Z) with
mP(Mi1,0/9q) as in . Define a global section f(7) of Q'($); V3 ®¢ C) by

f(r) = (2mi) L f (1) (Xg — 7YB)**dr. (6.1)

It is invariant under the action of SLy(Z) via f(7) = f(7(7))|,, where SLy(Z) acts
on Vi via the inclusion SLy(Z) < SLY(Q) given in (5.7). By the definition of
the orbifold quotient M; 1 = [SLy(Z)\$], this means that it defines an element of
QY (M1, Vy), where Vy, is a (nontrivial) vector bundle on M ;.

We can also write the 1-form f(7) in terms of the de Rham representation Vi
using the image under the period map of the isomorphism (Xg, Yg) — (X,LY) de-

scribed in §5.5.2.2l The coordinate ¢ = exp(2miT) defines a local coordinate at the
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cusp of My ;. It satisfies dlogq = 2midr. We obtain a de Rham normalised form

£(@) = i) F(g)(X — 1og<q>v>2’f%. (6.2)

6.1.1 Explicit regularisation

Recall from that we are identifying SLo(Z) with m°®(M11,9/9q). Under
this identification the matrix S € SLy(Z) corresponds to the imaginary axis on $).
To make sense of the coefficients of C¥, therefore, we require a definition of iterated
integrals of the 1-forms f(7) along the imaginary axis. This notion makes sense
if f is a cusp form, in which case f(7) is holomorphic at 7 = ico (i.e. f(q) is
holomorphic at the cusp ¢ = 0). However, in this thesis we are principally interested
in iterated integrals of the Eisenstein forms Ggi(7), and the g-expansion given in
demonstrates that these are not holomorphic at 7 = 700. Consequently, the naive
integrals of Eisenstein series from any point on $) to ico will diverge.

In order to deal with these divergent integrals we must regularise with respect
to the tangential basepoint 0/0q at the cusp defined in . The cusp on ﬂl,l
corresponds to the point 700 on the extended upper half plane $H* := $ U P(Q). In
practice this regularisation procedure refers to subtracting off an appropriate linear
combination of products of iterated integrals of the constant term in the Fourier
expansion of the modular forms (thought of as the “value at i00”) from the remaining
part of the Fourier expansion (which vanishes at ic0). The resulting integrals always
converge. Below we explain how this may be done systematically. The procedure is
described in detail in [7], §4].

Recall that ¢ = exp(2mi7) defines a local parameter around the cusp of M ;.
We can therefore regard the tangent vector 0/0q at the cusp (defined in as a
“tangent vector at 100" on H*.

Let W to be the C-vector space spanned by the forms f(7) where f ranges over
all modular forms for SL,(Z) with C-coefficients. Let f(7) = > . ang" be the
g-expansion of f and define )

f2(7) = 2mi)*ag(Xg — 1Y) dr, (1) = f(7) = f*(7).

The form f°°(7) can be viewed as a differential form on the tangent space of $* at

100. It vanishes when f is a cusp form.
Consider the shuffle algebra T°(W) on W that was defined in §1.3.1.1| It is a Hopf
algebra over C equipped with the shuffle product LU, the deconcatenation coproduct
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A and the antipode S given by signed reversal of words. Let 7> be the projection
sending f(7) to f*(7). It extends naturally to 7°(W/). Define

R:=wwo (ider>*S) o A: QW) — Q(W).

Definition 6.1.1. Let z € $ and let fi,...,f, € M(SLy(Z)) ®p C. Then the

regularised integral from z to 9/0q is

0/0q n oo z
/ fi() - fulT) = Z(—l)nl/ R(E(T)"'E(T))/O o (T) e fin (),
- (6.3)

where we use the notation for iterated integrals as in Definition [1.4.1}

One immediately verifies that when all the f; are cusp forms the regularised inte-

gral ([6.3) reduces to the usual integral fzm fi(7) - fulT).

We then define the operator
0/0q
/ = / (id =57), (6.4)
s i

where S* is the automorphism of Q(IW) ®g C induced by the image of S € SLy(Z)

in Aut($). This is precisely the formula for regularised integrals along the element

S, viewed as an element of m°"(M1,0/0q) as in §5.1.1.3|
The definition (6.4)) relies on the following facts:

e The element S € SLy(Z), which acts on $ via S(7) = —1/7, fixes i € H.

e The imaginary axis may be decomposed as the segment from 0 to ¢z, followed
by the segment from 7 to ico. The action of S interchanges these two segments,

along with their orientation.

6.2 Totally holomorphic multiple modular values

Let v € SLy(Z). Some of the coefficients of CI' are the coefficients of motivic iterated

integrals of the form
JF IR AC!
ol
where the 1-form f(7) is defined in for f € Ma,12(SLy(Z)), and motivic iterated

integrals are defined in §5.2.6.1. These coefficients can be expressed as motivic iterated

integrals of 1-forms of the shape

f(q) log(q)b% =L f(r)rhdr, 0<b < 2n. (6.5)

70



Such integrals are called totally holomorphic motivic multiple modular values [11]

Definition 5.1]. They are periods of the totally holomorphic quotient L{i ]f’hOI of L{{iﬁ{

defined in §5.5.1]

Recall from Definition m that the coordinate ring OU{}) is equipped with
an increasing length filtration L,O(U{F). Tt restricts to a length filtration on the
Hopt subalgebra O(Z/{ﬁ holy Where it coincides with the increasing filtration on words
[wi| - - Jws] induced by the index s. The value of such a word under the homomor-
phism C7' is a motivic iterated integral of length at most s. In the following sections

we examine the numbers that occur in length 1 and in higher lengths.

6.2.1 Length 1

It is easy to see that for any cusp form f € S, 2(SL2(Z)), the completed L-value
A(f,b) is a totally holomorphic multiple modular value for 1 < b < 2n + 1. This
follows from the integral expression
A(f,b) =i™" (1) tdr
0
for L-values within the critical strip given in [7, Proof of Lemma 7.1]. In fact, this

formula holds more generally for any f € Ma,.2(SLy(Z)) as long as one regularises
the integral as in §6.1] giving

ACD) =i /S F(r)r-tar.

To illustrate the richness of the numbers that occur as multiple modular values
even in length 1, we consider the case of Eisenstein series f = Goy. As in loc. cit. we
have ok _ 91

/SGQk(T)dT = _2((2T')2’“).1§(2k —1).
This shows that M|[2mi] already contains all single zeta values within its length 1
filtered piece (i.e. those iterated integrals of length 1). The essential goal of this
thesis is to show that M[27i| contains the entire algebra Z of multiple zeta values,
and to understand the distribution of these within the length filtration on M.

Other interesting examples occur in length 1 — for example one obtains the pe-
riods and quasi-periods of cusp forms in this manner, as can be seen from Brown’s
computation of the length-1 filtered piece of C§ [7, §15.4]. We refer the reader to
Chapter |[14] for a detailed account of the length 1 part of Cg and its image under the
monodromy morphism of
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6.2.2 Higher lengths

We can also say something about higher lengths. For example, in [I1], Example 7.3],

Brown gives the following formula:

6007T/G4(7'1)7'1d7'1@10(7'2)7'§d7'2+4807T/G4(T1)T12d7'1@10(7'2)7'23d7'2

S S

_ / A(r)rldr = A(A, 12). (6.6)
0

Here A € S12(SLy(Z)) is the Ramanujan cusp form. The L-value A(A,12) is non-
critical and so should be a period of a simple extension of pure motives of modular
forms [47] by Beilinson’s conjectures [I]. This corresponds to its expression in
as a length 2 iterated integral of Eisenstein series. Note that the integrand A(7)7dr
is not of the shape because the power of 7 is greater than 12 — 2 = 10, so this
is a genuinely new type of period.

In the greatest generality, the elements of M™ should be the motivic periods
associated to “mixed modular motives for SLo(Z)” [7, §1.2.2]. Although such a
category is yet to be defined formally, it should correspond to mized versions (iterated

extensions) of the pure modular motives My constructed in [47].

6.3 Iterated Eisenstein integrals

The central purpose of this thesis is to relate multiple zeta values with iterated Eisen-
stein integrals. In this section we define the latter explicitly and record some of their
key features.

Here, and in the sequel, we consider motivic iterated Eisenstein integrals. Our
notation for general motivic iterated integrals uses the notation of the reduced bar
construction that was introduced in §5.2.6.1 Motivic iterated Eisenstein integrals
are motivic periods of the affine ring of Z/lﬂFf. They may be written in terms of the
generators Ey, (k) for the affine ring O(UR) of the free Eisenstein quotient!} which
is a Hopf subalgebra of O(U{'). The generator Ea, (k) is dual to ez, oX"Y2"7F,

Definition 6.3.1 (Motivic iterated Eisenstein integrals). Motivic iterated Eisenstein

integrals are totally holomorphic motivic multiple modular values of the form

/S " Bonaa(b1) . By a(be). (6.7)

!The affine ring of the free Eisenstein quotient does not have a natural H-structure, and therefore
does not have motivic periods. However, it does allow us to single out specific “Eisenstein elements”
Esnt2(k) in the larger algebra OU;), which does have a H-structure.
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In other words, they are the image of the element [Fy,, yo(k1)|- - |Ean,+2(ks)] €
OU{Y) under the homomorphism C§: OU'F) — P§. The length of this integral is
s and the total modular weight is N := 37 | (2n; + 2).

As its name suggests, the period map takes the motivic iterated Eisenstein integral
(6.7) to the complex number

d d S
/ Gy +2(q1) 10g(q1)" =2 -+ G 12(gs) log(gs)"* —
S

q1 qs

:(27”')bl+m+bs+s/G2m+2(71)7f71d7'1"-G2ns+2(Ts)stsde-
s

Remark 6.3.2. Our definition only considers the (motivic) values of iterated Eisen-
stein integrals along the specific element S € SLy(Z), viewed as an element of
% (My1,0/3q). The homomorphism C¥ is interpreted as the motivic “integration
along S” operator on O(U{) and is a motivic analogue of the operator [, defined in

(6.4).

More generally, one defines iterated Eisenstein integrals along each v € SLy(Z)
as the image under the homomorphism C' € Hom(OU{'}), Py) defined in .
By applying this homomorphism to [Fap,+2(k1)| - - - |Fan.+2(ks)] we obtain a motivic
period fwm Eonyi2(ky) -+ Eapy0(ks) € Py

Recall, however, that m,°°(M11,0/0q) = SLy(7Z) is generated by the matrices S
and T'. By [7, Lemma 15.6], f; Eony1o(ky) -+ - Eon 42(ks) is a rational polynomial in IL
for any choice of integrand. It follows that the only really interesting motivic iterated
Eisenstein integrals are along the element S. This is the motivation for restricting

Definition to integrals along S.

The length filtration L,O(U{) induces a natural filtration on the space of motivic
iterated Eisenstein integrals, which we also refer to as the length filtration. In
we relate this to the coradical filtration C,Pj; on the algebra of H-periods.

As shown in §6.2.1] the space of motivic iterated Eisenstein integrals of length 1
already contains all motivic single zeta values. For example, we have

m @)™ @2n+1) m ~(2n)!
[ a0 = =S [ B = B a4 1),

and furthermore we have that |, ; Eouio(b) € QL when 1 < b < 2n — 1. This
provides a complete description of the iterated Eisenstein integrals of length 1. In

particular, they are all elements of 73,\",‘”(2).
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This is not true in higher lengths, as demonstrated by . Here a peculiar
phenomenon known as “transference of periods” begins to emerge, whereby periods
of different modular forms are related [7, §8], [11} §8.3].

However, there are some linear combinations of motivic iterated Eisenstein inte-

grals of length 2 within Ph“}lT(Z). For example, in Chapter [15| we show that

5 m
¢™(3,5) = _ELG/ E5(0)E4(0) + AL®,  for some \ € Q.
S

In [11, Example 7.2] Brown determines that A = 503/2'33°5?7 and provides a range of
other examples. In Chapter [15| we explain how the coefficient of the longest motivic
iterated Eisenstein integral in a linear combination equal to a given motivic multiple
zeta value may be determined using the motivic coaction of

As we have seen, the Q-subalgebra E™ of M™ constisting of motivic iterated Eisen-
stein integrals is both rich and rigid. Theorem [12.0.1] our main result, implies that
Z™ C E™L). However, formulae such as (6.6)), and the general phenomenon of trans-

ference, indicate that £™ contains more than just periods of mixed Tate motives.
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Chapter 7

Filtrations on fundamental groups
and coefficient spaces

The fundamental groups of Chapter [5|are equipped with various decreasing filtrations.
They arise by identifying the R-points of these groups with subgroups of certain non-
commutative power series rings. Truncating a power series in one of these filtrations
defines an increasing filtration on the space of coefficients of the series. The technical
core of this thesis uses this idea to relate the depth filtration on motivic multiple zeta
values to the length filtration on motivic iterated Eisenstein integrals.

In this chapter, which is largely technical, we define the decreasing filtrations on
fundamental groups that are at our disposal. We also introduce some new notation
and concepts, such as coefficient spaces, and show how these inherit structure from
the associated power series.

This chapter is something of a transition point in this thesis. The previous chapters
have mostly focused on theoretical background. The later chapters use the material

developed in this chapter to focus on new results.

7.1 Formalities on filtrations

Let Z be a set and M(Z) = M(z : z € Z) the free monoid on Z. Throughout this
section we assume that Z = |J, -, Zx is a graded set with each Z, finite. Elements of
Zy. are assigned weight k, and this induces a grading on M (7).

Let R be a Q-algebra. In we defined the free associative R-algebra R(Z)
and its [-adic completion R((Z)), where I = (Z) is the maximal ideal generated by

elements of Z. Elements of R((Z)) are formal power series in words in the alphabet
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Z. They may be written as

s = Z SpW, Sy € R.

weM(Z)

Remark 7.1.1. Let T¢(Z") denote the free shuffle algebra on the dual alphabet Z" that
was defined in Recall from that 7¢(Z") is isomorphic to the graded
dua]ﬂ of R((Z)) with respect to the total weight grading R((Z)) = €D,5¢ R{{(Z))n
induced by the grading on Z.

Let F*R((Z)) be a decreasing filtration. We define an associated increasing fil-
tration F,T¢(Z") by letting F, T¢(Z") be the elements f of the graded dual such that
f(FTMR({(Z))) = 0. This means that f(FT™R({Z)),) = 0 for each n > 0.

7.1.1 Filtered pieces of series

Let F*R((Z)) be a separated and exhaustive decreasing filtration that we furthermore
assume is obtained from a grading. These assumptions hold in all cases considered in
by the results of [27, Appendix B], which implies that the Hodge filtration and
both weight filtrations on the fundamental group can be simultaneously split.

Let s € R((Z)). Then we may write

s = Zsk, where s, € (FF\F*1) U {0}.
k>0

Definition 7.1.2 (Filtered piece of series). The rth F-filtered piece of s is

r

Fil'a(s) := Z Sk

k=0
The definition implies that s = Fil%(s) (mod F" ™ R{(Z))).

7.2 Decreasing filtrations on fundamental groups

In this section we define certain decreasing filtrations on the fundamental groups
RPN\ {0, 1,00}, Ty), mR (€5, 0/Ow), U and u.

In §1.3.1.3] we stated this for the free associative algebra R(Z) rather than for its completion
R((Z)). However, the assumption that Z is graded by finite sets Zj implies that R{(Z)), = R(Z)
is also a finite-rank R-module, generated by words of total weight equal to n.
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7.2.1 Filtrations on 7{®(P'\ {0,1, 00}, 1})

In §5.3.1| we saw that the group of R-points of 79%(P'\ {0,1, 00}, 1;) is the group of

grouplike power series
7T-(liR(IEDI\ {07 1, OO}? Tl)(R) =3 (R<<X0,X1>>) .

The filtrations on 73 (P"\ {0, 1,00}, 11)(R) are induced by the following filtrations

on the full power series ring R{(xg,x1)).

Definition 7.2.1. The ring R((xo,x1)) is equipped with two natural decreasing fil-
trations: the weight filtration W*®R((xo,x;)) is the decreasing filtration on the total
degree in both xo and x;, and the depth filtration D*R((xq,x;)) is the decreasing

filtration on the x;-degree.

These restrict to well-defined filtrations on 7{®(P"\ {0,1,00},1;), denoted by

Wi (P {0, 1,00}, 11) and D* 7R (P1\ {0,1, 00}, 17) respectively, because there is
a unique bigrading on (the Lie algebra of) 7{®(P"\ {0,1, 00}, 1;) that is compatible
with the action of € = Lie(Ugt ) by [27, §23 and §28]. See Remark .
Remark 7.2.2. The definition of the decreasing weight filtration W*R((xq,x;)) is non-
standard. This filtration satisfies W™ R((xo,x1)) = W_, R((X0,%1)), where W R((xo, 1))
is the standard increasing weight filtration on the completed group algebra of the fun-
damental group afforded by its mixed Hodge structure [20].

We use the decreasing weight filtration W*R((xo,%;)) in this thesis in order to
relate it more easily to the decreasing depth filtration D*R((xo,x;)) and the other
decreasing filtrations outlined in the following subsections. However, in all other

cases weight filtrations will be considered to be increasing.

Remark 7.2.3. The depth filtration is induced by the inclusion P!\ {0,1,00} < G,,
in the sense that D7 (P {0,1,00},1;) is the kernel of the induced morphism
RPN {0,1,00},17) = 7%(G,,, 1;). When r > 1, D'a8R(P" {0,1,00},1;) is the

rth term of the lower central series filtration on D'wd®(P'\ {0,1, 00}, 1;).

7.2.2 Filtrations on m{&( o/aq> 0/ 0W)

In i we saw that the group of R-points of WfR(é’g/aq, d/0w) is canonically iso-

morphic to the group of grouplike power series
T (Exyaq: 0/0w)(R) = G (R((a,b))).

The filtrations on W?R(gg/ oq» 0/0w)(R) are induced by the following filtrations on the

power series ring.
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Definition 7.2.4. The ring R((a,b)) is equipped with three natural decreasing fil-
trations: the A-filtration A*R((a,b)) is the decreasing filtration on the a-degree; the
B-filtration B*R((a,b)) is the decreasing filtration on the b-degree; and the elliptic
depth filtration D*R((a,b)) is the decreasing filtration on the [a, b]-degree, defined
by setting D°R{(a,b)) = R((a,b)), D' R{(a, b)) = ker (R{(a,b)) — R|[[a,b]]), and, for
r > 1, D" R{(a, b)) is the rth power of the two-sided ideal D' R((a,b)) in R{(a,b)). It
is clear that D* C A* N B°.

These restrict to well-defined filtrations on the fundamental group {{®(€ 5/04 0/0W),
denoted by A*m{™(E; 5, 0/0w), B*m{™(E5)5,, 0/0w) and D*n{™(E;),,, 0/Ow) respec-
tively, because there is a unique bigrading on (the Lie algebra of) W?R(Eg/a g 0/0w)
that is compatible with the isomorphism W‘fR(Sg/aq, 0/0w)(R) = G (R((a,b))) and the
action of € by [27, Proposition 23.2].

Remark 7.2.5. The elliptic depth filtration arises geometrically from the inclusion
319 < Eojag, in analogy to the depth filtration on TR (PN {0,1,00},1;). The
piece D'm{™(E; 5, 0/Ow) is the kernel of the induced morphism 7{" (&5 ,,,9/0w) —
T (Ea/0q, 0/Ow) and D' (5 ,,0/0w) is the rth term in the lower central series
on D' (ES)y,, 0/0w).

7.2.3 Filtrations on U;; and ul,f

In we discussed the groups U;; and UE, and have a description of their Lie

1,7°
algebras. Their elements may be written in terms of the symbols ey, oXFY2"F,

e, XY+ and €jX¥Y?** that were defined in (5.17). Recall from §5.5.1.1| that the

totally holomorphic subgroup U; 1" (R) of U{}(R) is non-canonically isomorphic to
the group of grouplike power series in the above symbols.

. . . . . dR ~

Recall from ({5.16)) that there is a canonical MHS-preserving isomorphism Z/{li =

Uﬂ}f x G4(1). The Lie algebra of the factor G, is spanned by the canonical element

ey. It is central in u, ; = Lie(U%.

Definition 7.2.6. The length filtration L'Uld? is the decreasing filtration given by

the lower central series. By restriction one defines L*U{T.

Remark 7.2.7. The length filtration is so named for the following reason. It induces
a filtration L'Z/{i Il{’h(’l on the totally holomorphic quotient (resp. on the free Eisen-
stein quotient ). The dual increasing filtration LyO(UfT) (resp. L.O(Uld, foholy
L O(UZR)) on the affine ring is the length filtration on the reduced bar construction
defined in Definition [£.2.8
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7.3 Coeflicient spaces

De Rham fundamental groups are a convenient tool for packaging iterated integrals
into generating series. The notion of coefficient space extracts the coefficients from

these series.

Definition 7.3.1 (Coefficient space). Let s € R((Z)) be a formal power series. The

coefficient space Co(s) is vector subspace of R spanned by the coefficients of s.

Extra structure on a series s induces structure on Co(s). As described in
the ring R{(Z)) may be equipped with the structure of a Hopf algebra by taking the
coproduct A for which each z € Z is primitive. As described in §1.3.1.3] the shuffle
algebra T¢(Z") on the dual alphabet is isomorphic to the coordinate ring of the affine
group scheme over Q representing the functor R — G(R((Z))). The isomorphism

Homag, (T°(Z7), R) = § (R((2))) (7.1)

is given by sending a shuffle algebra homomorphism s to Y s(w")w, where w ranges
over all words in th alphabet Z. It follows that if s € R({(Z)) is grouplike then it
defines an algebra homomorphism 7¢(Z) — R. The image of this algebra homomor-
phism is equal to Co(s), and therefore Co(s) is a Q-subalgebra of R.

Remark 7.3.2. Let X be a connected scheme over Q and let z € X(Q),,,. Let U be
the unipotent radical of ﬂel’dR(X ,x) with respect to some choice of semisimple sub-
category of Con(X). By the discussion in , the affine ring O(UR) is equipped
with the shuffle product on iterated integrals. A minimal set of generators for O(UR)
is given by a choice of basis for H'(U®). Under some basic assumptions (e.g. those
considered in H* () is naturally graded and there is a non-canonical iso-
morphism O(UR) = T(HY(UR)*), where H*(UR)* denotes the graded dual.

Let s € UMR(R), regarded as an algebra homomorphism s: T¢(H'(U®R)*) — R.
By (7.1)), it follows that Co(s) is a Q-subalgebra of R. Note that Co(s) does not
depend upon the choice of identification OUR) = T¢(H(U®)*).

7.3.1 Induced filtrations on coefficient spaces

As before, let Z be a set satisfying the assumptions in §7.1] Suppose that R((Z)) is
equipped with an exhaustive, separated, decreasing filtration F*R((Z)) induced from
a grading, and let s € R((Z)). To the pair (s, F'*) one can associate an increasing

filtration on Co(s) as follows:
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Definition 7.3.3. Define an increasing filtration of subspaces Col (s) of Co(s) by

Col'(s) := Co (Fil}(s)) .

r

Proposition 7.3.4. If s is grouplike, the filtration Col (s) is compatible with the

algebra structure on Co(s) i.e. Col (s) Cof (s) C Co,iﬂ(s).

Proof. The isomorphism ([7.1)) implies that s: T¢(Z") — R is a shuffle-algebra homo-
morphism. Let ¢; € Col (s) and ¢, € Cof (s). By linearity, we may assume ¢; = s(u;)

are the coefficients of words uy, us in the dual alphabet ZV. Then
c102 = s(uq)s(ug) = s(ug LW uy),

where 1 denotes the shuffle product. Let F,7¢(Z") be the associated increasing
filtration on the shuffle algebra defined in Remark [7.1.1} The assumption on ¢; and
¢y implies that u; € F,T¢(ZY) for k < m and uy € F,T(ZY) for | < n. The
shuffle product uy W uy = Y v is a sum of words v € Fy,T¢(Z"), which implies that
cies = > s(v) € Copy(s) € Col . (s). O

m+n

7.3.2 Induced filtrations

Let A be an R-algebra equipped with a decreasing filtration F** A satisfying the same
assumptions as in §7.1.1 The filtration F*A induces a canonical filtration F'* End(.A)

on the endomorphism algebra of A via
F"End(A) := {e € End(A) : e (F*A) C F*"A}.

Let EF be an R-algebra acting on A. This action is equivalent to an R-algebra ho-
momorphism E — End(A). The filtration F* End(.A) induces a filtration F*E by
taking the preimages of the filtered pieces under this homomorphism.

The following statement explains how the coefficient space filtration may be de-

composed in the case where one power series ring R((Z’)) acts on another R((Z)).

Proposition 7.3.5. Let Z, 7' be sets satisfying the assumptions in 7.1 Suppose
we have a filtration F*R((Z)) and an action of E := R((Z')) on the filtered algebra
F*R{(Z)). Let F*E be the induced filtration on E and suppose that L*E is another
filtration on E such that for each r, L'E C F"E. Then fore € E and s € R((Z)) we
have

Cof(e(s)) = Y _ Cof(e) Col'(s).

i+j=r
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Proof. Write e = 3, g ex and s = Y, 51, where e, € LF\L**' and s, € FI'\F'*'. Tt

is clear that

Fil.(e(s)) = > exls1),
k,1>0
k+I<r

because ex(s;) € F¥R((Z)). The result follows by taking coefficient spaces. O

7.3.3 Depth filtration and weight grading on motivic MZVs

The filtrations on coefficient spaces defined in can be used to equip the algebra
Z™ of motivic multiple zeta values with natural filtrations. The notions in this section
were introduced in §4.3.3

Let @5y € §(Pyir(z) ((*0,x1))) be the motivic Drinfeld associator defined in §5.3.2.2}
It is a generating series for motivic MZVs, and therefore Co(®}) = Z™. The weight
and depth filtrations on Py ((x0,x1)) defined in Definition can be used to
equip Z™ with weight and depth filtrations, as follows:

Definition 7.3.6. The algebra Z™ has two increasing filtrations: the weight filtration
2, Z™, and the depth filtration D, Z™. They are defined by

W, 2" = Col/v(q)gll);
D, Z™ := Col (d).

Since @, is grouplike, Proposition implies that these filtrations are compat-
ible with the shuffie product on Z™.

Remark 7.3.7. The weight (resp. depth) filtration is so named because its image
under the period map is precisely the weight (resp. depth) filtration on numerical
multiple zeta values. We recall that the weight of an admissible multiple zeta value
C(k1,..., k) is ky + -+ + k, and the depth is r.

Proposition 7.3.8. The weight filtration satisfies W, Z™ = Col/v(@;-‘}) whenever
i,7 €40,1,00} are distinct.

Proof. The series @} is obtained from ®f; by making the change of variables (xg,x;) +
(xi,%;). This change of variables induces an automorphism W* = W*, and therefore

the coefficient space remains unchanged. O]
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The weight filtration 23, Z™ is induced from a grading. This is particular to
motivic multiple zeta values; numerical MZVs are only conjecturally graded.

The weight grading is defined as follows: let

Zp = ("(w) - deg(w) = K)o

be the subspace of motivic MZVs of weight k. Then Z* = 20, Z™ /2,1 Z™ and
w, 2" =P 2.
k=0

The ideal of motivic MZVs of positive weight is

zn, =Pz

r>0

Let P := Z™[L]. Brown’s result [5] implies that P is the ring P&’TJF(Z) of effective

motivic periods for mixed Tate motives over Z, and that Py, = PIL™.
7.3.4 Length filtration on motivic multiple modular values
and iterated Eisenstein integrals

The length filtration L.(’)(Ll{i}l}”) may be used to define an increasing length filtration

on the Q-algebra M™ of multiple modular values.

Definition 7.3.9. The length filtration £,M™ is the increasing filtration defined by
letting £, M™ be the image of L,OU{') under C¥, followed by tensoring with Q[L*].

The “totally holomorphic” subspace of £,M™ is spanned by totally holomorphic
motivic iterated integrals of modular forms of length s < r as considered in §6.2]

7.3.5 Action of S € SLI}(Q)

In this subsection we record some simple but important facts about the action of

SL3R on the filtrations A® and B® on R({a,b)), as described in §5.5.2l The general
formula for this action, given in equation (5.19)), implies that the matrix

s - (2 _01) e SLI(Q)

acts via

S(a,b) = (—b, a). (7.2)
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Proposition 7.3.10. Let R be a Q-algebra. The action of S € SLIR®(Q) on R({a,b))
induces isomorphisms of filtered R-algebras A*R((a,b)) = B*R((a,b)).

Proof. This is immediate from equation . O
The following useful lemma is an immediate consequence of Proposition [7.3.10}
Lemma 7.3.11. On R((a,b)) there is an equality of operators
SoFily =FilzoS.
The same formula also holds with A and B interchanged.
Proof. An element w € R((a,b)) is contained in A" iff S(w) € B". O

7.3.5.1 The action of S§

Let S € SLYR(PE) be the reductive part of S™ = (C¥,ST) defined in Definition
5.2.6, It is contained within SLI®(Q[L*]) and is conjugate to S € SLIE(Q) by an
element of G'L,(Q[L*]) by the formula

-1
W (10 10
50_(0 L)%\ )
By (7.2) we obtain the formula

S™(a,b) = (—L"'b, La). (7.3)

Proposition [7.3.10] and Lemma [7.3.11| are also true when S is replaced by S as long
as R is a Q[L*]-algebra.
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Chapter 8

The monodromy action

In this chapter we explore the relationship between the fundamental groups of the
moduli spaces M ; and M, 1 and the fundamental group of the infinitesimal punc-
tured Tate curve.

The essential connection comes in the form of a monodfr’omy action. This action
is present at the topological level, and is described in §8.1 An important property of
the monodromy action is that it relates the two generators a, B of mP(E] 1940 0/ 0W).
This provides an important extra structure on this free group.

The topological monodromy action extends to an action of the relative funda-
mental group gd on mi®(ES 199> 0/0w). We describe this action in §8.2. Proposition
[0.2.7] gives a formula for this action in terms of the Lie algebra us®™. Crumally, the
monodromy action factors through the “Eisenstein quotient” [23], §16] of Z/{l 1, which

is the maximal quotient of U} on which £ = Lie(Uyf ) acts.

8.1 The topological monodromy action

Let E be an elliptic curve over a field K C C. This determines a point x = [E] €
M, 1(K). By equipping E* with a nonzero K-rational tangential basepoint ¥ at the
punctured origin O we also determine a point T € ./\/llj(K ) mapping to x under the
morphism M, ; — My ;. We may also choose z to be a tangential basepoint on
M, 1; e.g. x = 0/0q. In this case the corresponding elliptic curve is the Tate curve
Es/0¢, which can be equipped with the tangent vector v = 0/0w at the origin.
Throughout this section we work with an arbitrary (possibly tangential) basepoint
x. From §8.2| onward, however, we specialise to * = 9/9q. This is because our

argument crucially relies on O(7r¢! (Eg/aq, 0/0w)) being mixed Tate.
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8.1.1 The outer monodromy action

The fiber of the universal punctured family £* — M, ; over z is isomorphic to E*.

The homotopy exact sequence of this fibration produces a short exact sequence
1 — mP(E*,7) — (X, [EX,T]) = TP (M, z) — 1

exhibiting 7{°P(£%, [E*,7]) as an extension of SLy(Z) by a free group on two gener-

ators [26, Proposition 1.4]. Conjugation determines an outer action
fig: TP (My, ) = Out P (E*, ). (8.1)

Remark 8.1.1. This outer action does not lift to a genuine action on 7°°(E*, %) for
a geometric reason. The basepoint x on M ; corresponds to an isomorphism class
of elliptic curves [FE]. It could therefore be represented by a different model of E, say
r = [F'], corresponding to an isomorphism F = E’ defined over K. But there is
no natural way to choose a tangential basepoint ¥ on all models of E simultaneously
such that the 7°°(M 1, x)-action respects this choice.

For example, let A\ € K*. The change of variables (z,y) — (A?z, \3y) defines an

isomorphism between two models of the elliptic curve
E:y? =42’ — gy — g3

that is defined over K. As described in this automorphism scales w = dz/y by
w +— Alw. Dual to w is a nonzero tangential basepoint ¥ at the origin that is scaled
by ¥ — M. Any two models of E over K are related by a change of variables of
the above type for some A € K>, [50, §II1.1]. Moreover, choosing A = —1 defines an
automorphism of every elliptic curve E which sends v — —v. It is therefore not pos-
sible to fix a particular nonzero tangential basepoint ¢ on the isomorphism class [E],
and thus there is no natural monodromy action of 7°°(M, 1, ) on 7°°(E*, %). Note,
however, that there is a natural monodromy action of m;°*(M; 1, 2) on m;°°(E,O),
where O is the origin on the elliptic curve. Up to conjugation this coincides with the

action of SLy(Z) on Z2.

The moduli space M, ; overcomes this issue because a basepoint & € M, 7 de-
termines an elliptic curve F together with a choice of tangential basepoint v. This is
equivalent to determining a Weierstrass equation for E. This allows us to define an

action of ﬂOp(MLT, &) on TP (E*, ).
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8.1.2 The topological monodromy action

We may identify W;OP<MLT, %) & Bs with the mapping class group of E*(C), which
is a genus 1 surface with one puncture. The generators t4 and tg correspond to Dehn
twists on simple closed curves A, B C E(C) intersecting transversally at one point.
For example, A and B could be (the images of) the two generators o and /3 for the
fundamental group of E*(C) that were defined in §5.1.1.2]

The left action of W;OP(MLI, #) on m°P(E*,¥) via the Dehn twists ¢4 and tp

defines a homomorphism
o' ﬂOp(MLT, &) — Aut 7P (E*, 7). (8.2)

Lemma 8.1.2. Let A and B denote the images of generators o and  for Wfap(EX,ﬁ).

Then g is given by the following explicit action:

ta(a) =a, ta(B)=pBa, tpla)=aB™, tp(B)=24. (8.3)

Proof. This follows from the description of t4 and t5 as Dehn twists along the images
of a and f by considering the shape of «, 5 in the Jacobi uniformisation F(C) =
C*/q” [24] (see also Figure [5.1, which is representative for any choice of E.). It
may also be derived group-theoretically by viewing the free group F» = («, 5) as
a subgroup of the braid group B, on four strands, with By C By acting on Fj via
conjugation [42], §9]. O]

Definition 8.1.3. Let © := afa~'3~!. It is the homotopy class of the boundary

circle on the punctured torus.

One verifies that the action described in (8.3)) fixes ©. This is because elements
of the mapping class group W;OP(MLT, %) act by automorphisms fixing the boundary

circle.

8.1.3 Main topological equation

Let S := (tatgta)™ € B;. Under (8.2), this element acts by
g(oz) = afat, g(ﬁ) =a L.

Up to conjugation and inverses, the element S interchanges a and 8. The essential
idea of this paper is to use this element to show how the periods of o and [ are

related to the periods of S. The notation S is justified in the following subsection.
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8.1.4 Induced morphism to SLy(Z)

There is an induced action of 7} (M, 1, %) on the abelianisation
m®(E*,7)* = H\(E(C),Z) = 7°.

This may be described by a homomorphism m;"" (M, 1,2) — GLy(Z). This mor-
phism factors through SLs(Z) because ﬂ(’p(./\/lli, 7) fixes ©, and is thus orientation-
preserving. We now describe this morphism explicitly.

Denote the images of o and § in Hy(E*(C),Z) by [a] and [5] respectively. The
fundamental group WEOP(MLT, &) acts on Hy(E*(C),Z) by the abelianisation of the

action (8.3). This can be written as a right action on frames, given by

(el ta((D) = (9D (1) Centladenal) = el 19D (1) 9).

Proposition 8.1.4. The abelianisation of the action (8.3)) defines a homomorphism
f: By — SLy(Z) by the formula

11 _ 1 0
tA~—>T:(O 1), tg + (T'ST) 1:(_1 1).

It is surjective and its kernel is an infinite cyclic group generated by G4 = (t;lt]}l)ﬁ.

Proof. 1t is clear from the definitions that the abelianisation of factors through
f. One can also verify directly that f: B3 — SLy(Z) is a homomorphism.

Let S = (tatpta)~! as above, and let T :=t,. We have f(S) = S and f(T) =T.
Since SLy(Z) is generated by S and T, f is surjective.

It is easy to verify that f(S*) = I. Set U = ST. From the presentation for
the braid group in terms of the generators t4 and tg given in , we obtain the

following alternate presentation:
By~ (3,015 = (7).
There is a well-known presentation for SLy(Z) in terms of S and U := ST
SLy(Z) = (S,U|S* =U? S*=1).
From this it is clear the kernel is precisely generated by 54, O

Remark 8.1.5 (Geometric interpretation). The kernel is isomorphic to Z because f

may be identified with the map on fundamental groups induced by the G,,-torsor

MI,T — Ml,l-
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Recall that ker(f) is generated by S* and that © denotes the commutator afa~'3~1
as defined in Definition . One verifies that 119(S*) = Ade. Therefore, ker(f) con-
sists of elements acting on 7" (E*, %) as a power of Adg.

The action of m (M, g, %) on m°P(E*, 7)™ factors through the natural homo-
morphism m(M, 1,&) — m*®(My1,z). In turn, the action of m;""(My,x) on
7P (E*, 7)) factors through the outer action . This gives a geometric interpre-

tation for why elements in ker(f) act as a power of the inner automorphism Ade.

The situation is summarised in the following commutative diagram:

~ MOl er
ker(f) = (54) < (Ade)
WiOP(Ml,T, &)= By —— Aut7{P(E*,7)
f
W{Op<M1,1, ) o > Out WEOP(EX,U)

SLy(Z) ——— Aut (m\P(E*,0)**) = GLy(Z)

The left column is exact at B3 and the final vertical map in the right column is the

natural map Out(G) — Aut(G*P).

Remark 8.1.6. Although there is only an outer action of m;°"(M, 1, x) on 7" (E*, ),
there is an action of the de Rham relative completion ;"™ (M, 1, z) on the de Rham
fundamental group m{®(E*, 7). See Remark [8.2.4]

8.2 The relative monodromy action

Because relative completion is functorial (see §5.2.7)), the topological action described
in i extends to an action of the de Rham relative completion gfﬁi on the de
Rham fundamental group wfR(eg/aq,a/aw). This is described by a morphism of

groip schemes
p: gf}% — Aut(ﬂfR(Eg/aq, 0/0w)) (8.4)

called the monodromy morphism.
In terms of the semidirect product decomposition Qf? i Llf? x SLR given in
(5.20)), the monodromy action may be written as follows. Fix a Q-algebra R. Let
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u € Uﬁl;”(R), v € SLYY(R) and 7 € 7{™(E5,,0/0w)(R). Then (u,7) defines an

element of GI%(R) that acts on 7 via the formula

(u, )(m) = p(u)(y(7)). (8.5)

Here v acts on 7 as in §5.5.2l Note that the expression (u,7y) depends upon the
choice of splitting (]iﬂ% = L{f}% x SLSR; the result of acting on 7, however, does not.

We explain this below.

8.2.1 Induced action of Qf}f

Recall that Qiﬂ% = g;{l} X G,. Precomposing with the corresponding inclusion produces

a morphism
f}f — Qil% LY Aut(WfR(Sg/aq, J/o0w)),

which we also denote by p by abuse of notation.

Definition 8.2.1. Let G#*°™ be the image of Qiff under p. It is equipped with a mor-
phism G&™ — SLST, where SL™ is viewed as a subgroup of Aut(m{™(;,,. 0/0w))

via the formula (5.19).

Let U™ := ker(G9°™ — SLIR). It is a pro-unipotent affine group scheme over

Q.
The sequence 1 — Y&*°™m — G&om — STIR s 1 is canonically split [27, §23].
Therefore, there is a canonical isomorphism

Geeom o2 pecom  GTIR. (8.6)

Hence, although there is no canonical expression for an element of Qfl%(R) as a pair
(u,v) € Uﬁl%(R) x SLIR(R), the result (u,)(m) = pu(u)(y(r)) does not depend upon

the choice.

Remark 8.2.2. This allows us to define elements of U#*°™ directly. One important
case to note is that while C¥ (defined in §5.5.3)) is not canonically defined, its image

wu(CE) is. This allows us to consider its space of coefficients as a well-defined object.

Definition 8.2.3. Let g&°™ = Lie(G&*°™) and u®*™ = Lie(U4#°™). They are Lie
subalgebras of the derivation Lie algebra Der Lie Aut(ﬂfR(é’aX/ oq> 0/0w)). By [27] there

is a canonical decomposition

g5 = uB™ xsly. (8.7)
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Because of the canonical decompositions and (8.7)), we will be mostly work
from this point onward with the unipotent group U&°™ and its Lie algebra us®™ in
the sequel. These will be studied in detail in Chapter [9] where we will also provide

an explicit formula for the monodromy morphism .

Remark 8.2.4. Tt is possible to define an action of G{'} on W?R(Sg/aq, 0/0w) because,
for any choice of basepoint z € M, ;(C) and any choice of lift € M, (C), the exact

sequence
1 = Gu(1) — w{el’dR(MLf, z) — ﬁel’dR(Mm, z)—1

associated to the G,-torsor M, ; — M is canonically split and respects mixed
Hodge structures [23, Proposition 14.2]. Compare this to the topological situation,

where the exact sequence of topological fundamental groups
1 -7 — By — SLy(Z) — 1

does not split. As discussed in §8.1] this means that there is only an outer action
of SLy(Z) on W;c’p(é’g/aq, 0/0w). This is an example of how the relative completion

simplifies certain structures that are inaccessible at the topological level.
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Chapter 9

Geometric derivations

In this chapter we study the group scheme /5™, defined in Definition and its
Lie algebra us®™, defined in Definition [8.2.3] in detail. As described in U™ is
a subgroup of Aut(ﬂfR(Sg/aq, d/0w)) coming from the monodromy action of U} on
ﬂ{lR(Sg/aq, d/0w).

Recall from §5.4.1|that Lie Aut(r{"(&5,,, 8/0w)) is canonically isomorphic to the
lower central series completion of Lie(a,b). It follows that ug°™ may be described
as a certain Lie subalgebra of the lower central series completion of the derivation
algebra Der Lie(a, b).

The derivations in ug®™ were first written down by Tsunogai [52, §3| in the con-
text of Galois actions on the pro-¢ fundamental group of a punctured elliptic curve
E* over a number field K. Tsunogai studied how the Galois action of Gal(K/K)
on 7r§€)(EX x ¢ K) interacts with these derivations. The approach we take uses the
de Rham fundamental group instead of the pro-¢ fundamental group, and the Galois
action is replaced by the motivic Galois group Gf\l,lRT(Z) in the case I = £5/9,. Never-
theless the Galois and monodromy actions are intertwined in either case; we discuss
the motivic story further in §13.2]

In a related direction, the Lie algebra us®™ is closely connected to modular forms
for SLy(Z). Pollack [44] showed that there is a family of relations in us®™ corre-
sponding to period polynomials of cusp forms. We expand on this in §9.6]

9.1 The derivations ey, , and €g,9

Let Lie(a, b) denote the free Lie algebra on two letters a and b over Q [46]. Its lower
central series completion Lie(a, b)” is canonically isomorphic to Lie WfR(Eax/ og» 0/0W).

Let 6 = [a, b] and consider the Lie subalgebra Der’ Lie(a, b) € Der Lie(a, b) consist-
ing of derivations ¢ for which §(#) = 0. Within this subalgebra there is a distinguished
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family of derivations ey, ,, defined for every n > —1, that were originally studied by

Tsunogai in [52]. They are defined as follows:

Definition 9.1.1 (Geometric derivations). For n > —1 define &y, , € Der? Lie(a, b)

by
Hiafa) = ad(@ 2 (b)
ualb) =5 Y (1) (@) (b), ad(a) (5]

The derivation f may also be written as ey = bd/0a.

One verifies that ey,,,(f) = 0, and hence that €}, ., € Der’ Lie(a, b).

9.1.1 Action of SL, and s,

The group SLI® acts on the right of Lie(a,b) by right-multiplying the row vector
(a,b) as described in §5.5.2] The derivations €3,,, can be twisted by this action to

obtain new derivations

Canta = ()]s © S5pp 0 ()]s, (9.1)

We may also write ¢g = —ad/0b. There is an inner action of sl on Der? Lie(a, b) by

ey, €0 and h = [gg, £y] = multiplication by (deg, — deg,).

Proposition 9.1.2. The derivation ey, , generates an irreducible representation of
sly of dimension 2n + 1, with basis {ad(ey)¥(eY,,5) : 0 < k < 2n}.

Proof. See [52, Lemma 4.5] or [7, Lemma 5.2]. O

These representations could equivalently be defined using the elements €5, .5. The
derivations ey, , are lowest-weight vectors and the derivations €9,42 are highest-
weight vectors with respect to the sly-action. They are related by the following

lemma.

Lemma 9.1.3. We have

v , ad(0)*" " (e2n+2)- (9.2)

ad(20)" (ns2) = G i

Proof. By comparing sly-weights, one knows that the quantities ad(ey)*(ey,,,) and

ad(g0)?" ¥ (e2n42) must be proportional. The scale factor can be found by applying
both sides of (9.2)) to either a or b. ]
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9.2 Explicit formula for p

By [27, §22] the monodromy morphism su: UM — Aut(ﬂfR(c‘fg/aq,(?/@w)) factors

through the totally holomorphic quotient L{f?’hd defined in §5.5.1] In other words, it

is determined by the associated bigraded Lie algebra homomorphism

grM gV U — grM grV Der Lie W?R<ga></aq, 0/0w),

which, by the descriptions given in §5.4.1} and §5.5.1] is given by a Lie algebra mor-
phism

Lie(€2,42X Y7 e/ XYk I XFY?*" ) & Qe — Der Lie(a, b), (9.3)

where the symbols €y, 12XFY?" 7% &/ X*Y?"~* and €7X¥Y*"~* are defined in (5.17). In

this section we give an explicit formula for this morphism.

Proposition 9.2.1. The monodromy morphism induces a morphism of graded Lie

algebras
Lie(€2,42X Y7 el XYk oI XFY?" ) & Qe — Der Lie(a, b),

It kills the symbols €, € corresponding to cusp forms. On the Eisenstein symbols

€on10 1t acts via
2(2n — k)!
[(2n)1]”

Proof. The cuspidal symbols are contained in ker(u) for Hodge-theoretic reasons [23,

N k
€9 o XFY2 R ad (gg) (5\2/n+2)

Theorem 15.4]. A proof of the formula for an Eisenstein symbol with & = 0 is given in
[23, Theorem 15.7]. It remains to compute the action on a general Eisenstein symbol
€2+ 2XFY2F for any 0 < k < 2n.

The SLy-equivariance of pu: Z/{ld}‘ — Aut(m{"(&5)5,, 0/0w)) implies that the in-
duced map on Lie algebras is sly-equivariant. The two representations of sly are
identified via

0 . B
Xa_Y — ad(g())? Ya_x = — ad(so).

The sly-action may be used to write a general Eisenstein symbol in the form

o =K/, 0\" .
e2n+2XkY2" k= ((QT') (Xa_Y) (e2n+2Y2 ) .

Applying p and using the sly-equivariance gives the result. O]

Remark 9.2.2. Proposition[9.2.1|implies that p(e2) = 2¢9, where g5 = €y = —ad(]a, b]).
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9.3 ugm revisited

The Lie algebra ug®™ is the image of uy ; under p. It follows from Proposition [9.2.1]
that u2°°™ may be identified with the completion of the Lie subalgebra of Der? Lie(a, b)
generated by ad(ey)*(ey,.,) for all n > 1 and 0 < k < 2n. This bigrading on
Der? Lie(a, b) is canonical [27, Theorem 23.1], and defines a canonical bigrading on
us®™: see Remark

Proposition implies that us®™ carries a canonical sly-action via the adjoint
action of ey and &y, and defines its decomposition into irreducible representations.
This sly-action defines the Lie algebra gs®™ = us®™ xsl, that was introduced in
Definition[8.2.3] Tt also defines a canonical bigrading on g&®°™ extending the bigrading

on useem,

9.3.1 Geometric interpretation

The fact that elements of ug®™ annihilate § = [a,b] corresponds to the fact that
elements of Z/Iﬁll)L fix a small loop around the puncture on &£ g/ 0q" This loop is homotopic

to the commutator © = a8a~!5~!, Under the comparison isomorphism
Lie W?(Sg/aq, d/0w) ®g C = Lie WfR(é’g/aq, 0/0w) ®g C

we have log(0©) — 27i6.

Note that us*™ does not contain the derivation €5 = ¢35 = —ad([a,b]). This
clement is central in Der? Lie(a, b). It corresponds to the logarithm of an element of
Uil% that acts on (€7,,,0/0w) by rotating the tangent vector d/0w. The element &,
is fixed by the action of sly, and the Lie algebra us*°™ @&Qe, is the graded Lie algebra
of the image of the unipotent radical of W{el’dR(MLT, V) in Aut(ﬂfR(Sg/aq,ﬁ/aw)),
where the tangential basepoint vV := 9/9q + 0/0w was defined in

geom

9.4 Mixed Hodge structure on u

The fundamental group ﬂfR(Sg/ o 0/0w), and its automorphism group, are equipped

geom

with limiting mixed Hodge-Tate structures [7, §13.6]. Therefore u is equipped with
a limiting MHS, and has two increasing weight filtrations — M, us**™ and W, useo™ —
and a decreasing Hodge filtration F'* us™ all of which can be simultaneously split
[27, §23]. As described in [26], §15.2], these filtrations are induced from filtrations on

Q((a, b)) as follows.
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Let W_,Q((a,b)) := I", where I := (a,b) is the maximal ideal of Q((a,b)).
Let M_5,Q({(a,b)) := {w € Q((a,b)) : deg,(w) > m}. Finally, let F~PQ((a,b)) :=
{w € Q((a,b)) : deg,(w) < p}. These define natural filtrations W,, M,, F'* on Lie(a, b)
by restriction. They therefore induce natural filtrations on Der Lie(a, b), and conse-
quently on us®™,

The M and W filtrations on ug*™ may be simultaneously and canonically split [27,
Theorem 23.1]. This splitting can be written down as follows: recall that the Lie al-
gebra ug®™ is generated by ad(eg)*(e},.») for alln > 1 and 0 < k < 2n. The element
ad(gg)*(e,40) lies in Moo, uS™ NW_5,_o uE™; in other words, ad(ey)*(eY,10)
has M-weight 2k — 2 — 4n and W-weight —2n — 2.

One should note that the MHS on u8®™ is the image of the MHS on u;; under

the monodromy morphism.

9.5 Motivic structure

The MHS on u&®™ is induced by a deeper motivic structure. In fact us®°™ is the H-
realisation of a pro-object in the category MT(Z) under the fully faithful functor w? :
MT(Z) < #H. This follows from the following general statement about Tannakian

categories.

Lemma 9.5.1. Let (C,wc) and (D,wp) be neutral Tannakian categories over Q, and
let F': C— D be a fully faithful additive tensor functor satisfying wp o F' = wc. Let
M € C. Then F({M)g) ~ (F(M))e.

Proof. Recall that the fiber functors we and wp are exact and faithful. Since we =
wp o F', one may show that F'is exact.

Let V € F((M)g) so that V = F(W), where W is a subquotient of M®" for some
n € Z. Since F' is an exact tensor functor, it follows that F'(W) is a subquotient of
F(M)®". Thus V € (F(M))g.

Conversely, suppose that V € (F(M))g, so that V' is a subquotient of F(WW) for
some W € (M)g. We first assume that V' is a D-subobject of F'(W), and will show
that V' = F(U) for some C-subobject U C W. The general case, where V' is a quotient
of a subobject of F'(W), then follows from this.

Therefore, assume that V' C F(WW). By Tannakian duality there are affine group
schemes G and H over QQ such that C ~ Rep(G) and D ~ Rep(H). The objects
V and F(W) are equipped with H-actions that are compatible with the inclusion
Ve— F(W).
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The functor F' is equivalent to a faithfully flat (surjective) morphism of group
schemes pp: H — G. Since F is fully faithful, the action of H on F(W) factors
through ¢p. Let K = ker(¢r). Then K acts trivially on F(W), and therefore acts
trivially on any subobject of F(W). In particular, it acts trivially on V. Therefore
the H-action on V factors through ¢r, so V is a representation of GG. But then V' is
the image under F' of a C-subobject U C W.

Now assume that V' is a general subquotient of F'(W). If V is a quotient of a
subobject V' C F(W) then the previous part of the proof shows that V' = F(U’)
for some subobject U’ C W. Hence we may assume that V' = F(W)/V; for some
subobject Vy C F(W). Once again, it follows that Vj = F(W;) for a subobject Wy C
W. Then V = F(W)/F(Wy). Since F is exact, the natural map F(W)/F(Wy) —
F(W/Wy) is an isomorphism. Therefore V' € F({(M)g). O

The H-realisation functor w*: MT(Z) — H is fully faithful and compatible with

the respective de Rham fiber functors. The Lie algebra Lie WfR(Sg/ ¢ 0/0w) is a pro-

object within its essential image [9], 27]. Recall from i that Lie W?R(Sg/aq, 0/0w)

is canonically isomorphic to the completed free Lie algebra on its abelianisation
Lie(mR (55, 0/0w))™ = H(E55 1Y = Q1) & Q(0),
which is mixed Tate. Consequently,

Der Lie WfR(é’g/aq, 0/0w) = Hom(Hl(é'g/aq), Lie WfR(Eg/aq, d/0w))
= Hom(Q(1) @ Q(0), Lie W?R(Sg/aq, J0/0w))

is also a pro-object in the essential imageﬂ of w™.

By definition, ug°™ is isomorphic to a H-subobject of Der Lie W?R(Sg/aq, 0/0w)
by a canonical isomorphism compatible with the H-structure [27]. Applying Lemma
with C=MT(Z), D =H, F = w* and F(M) = Der Lie 7{*(&; 5, 0/0w) proves

the following important fact:

Proposition 9.5.2. The Lie algebra us*®™ is the H-realisation of a pro-object in
MT(Z).

Proposition [9.5.2] is equivalent to the statement that the motivic Galois group

Gﬁ,,f-{r(z) acts on us®™  In Theorem |13.1.1| we prove that this action is faithful.

IThis follows because MT(Z) is a Tannakian category, and is therefore rigid [17]. In particular, for
any two objects X,Y of a Tannakian category C, rigidity implies that the internal hom Hom(X,Y)
is an object of C. The internal hom represents the presheaf Homc((—) ® X,Y) on C.
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9.6 The Pollack relations

The Lie algebra ug®™ is not free; for example, we have the following quadratic relation:
[5\1/0’ EX] - 3[5;{’ 523/] =0. (9'4)

This relation is the simplest in an infinite family of relations in u®*°™ studied by Pollack
in his honours’ thesis [44], who showed they are related to cusp forms for SLy(Z).
Equation is associated to the first such cusp form, the Ramanujan cusp form
A € S12(SLy(Z)). More generally, each cusp form f € Sy,(SL2(Z)) determines a

relation in us®™ of lower central series depth 2 and W-weight —2n — 2.

9.6.1 Relationship to motives

Let £ = Lie(Uy ) be the Lie algebra of the unipotent radical of the Galois group
of MT(Z) as described in §4.3.1] It is non-canonically isomorphic to the completed
free Lie algebra Lie(os,05,...,)". Recall from i that Lie wglR(gg/aq,a/aw) is a
pro-object of MT(Z) and is canonically isomorphic to Lie(a,b)”" by an isomorphism
compatible with the motivic structure. Therefore the associated bigraded Lie(a,b) is

also a pro-object of MT(Z). This implies the existence of a Lie algebra homomorphism
p: € — Der Lie(a, b).
Brown [9] gives a formula for p modulo lower-order terms in W, ug®™; namely,
p(0an+1) = €5,00  (mod W_g,_3 Der Lie(a, b)).
Amazingly, Pollack’s relation is related to the Thara-Takao congruence [29]

(09, 03] — 3[o7,05] =0 (mod depths > 3).

Applying p to the Thara-Takao relation produces Pollack’s relation (9.4) modulo
higher-depth terms. See [27, §29 and Theorem 29.6] for more information on the con-
nection between the Thara-Takao congruences, Pollack relations and universal mixed

elliptic motives.

9.7 U™ revisited

In this section we revisit the group U™ defined in Definition with the more

concrete knowledge of its Lie algebra developed in the previous sections.
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9.7.1 The affine ring of O(U/&*™)

The affine ring O(U=™) is a Hopf subalgebra of O(U;'}). Since p is a morphism
of MHS by [23, Proposition 15.1], O(U&°™) is furthermore a sub-ind-H object of
OU{Y). In fact, Proposition implies that it is actually the H-realisation of an
object in MT(Z).

Recall that p factors through the totally holomorphic quotient Mﬂlf — L{ﬁ }371101 by
[277, §22]. By Proposition m, it also factors through the free Eisenstein quotient
U™ — UIR. As discussed in , the affine ring O(USR) is isomorphic to
the shuffle algebra on the alphabet Zg := {Es,12(k) :n > 1,0 < k < 2n}, where the
symbols Fs,2(k) are defined in It is a Hopf subalgebra of O(U{}), but does
not have a natural H-structure.

It follows that O(U&°™) is a Hopf subalgebra of O(USR). We may represent
elements of O(U&*°™) by elements of the shuffle algebra T¢(Zg), and identify these
with their images in OU{Y). Note, however, that OUE°™) is strictly contained
within OUER); see for a conjectural description of this subalgebra.

9.7.2 Decreasing filtrations on /%™

The group U™ is equipped with a decreasing length filtration L®U/%*°™ defined by
the lower central series. It can also be defined as the image of the length filtration
L*U, ; under p. Equivalently, by making use of the canonical bigrading afforded by
[277, §23], it can be defined as the decreasing filtration induced by the total degree,
where ad(eg)¥ (g3, ) is assigned degree 1 for all n > 1 and all 0 < k < 2n.

Remark 9.7.1. The lower central series filtration on U5*™ is a source of possible
confusion. Recall that its Lie algebra us®™ is generated by the elements ad(ey)*(ey,,5)
for all n > 1 and all 0 < k < 2n. The derivation ef = bd/0a, which is contained
within Der? Lie(a,b), is not itself contained within u*™. Therefore, the element

ad(ey)*(e3,40) lies in L' ug™ but is contained in LCS**! Der? Lie(a, b).

We refer to the lower central series filtration as the length filtration to emphasise
the following fact. It defines a dual increasing filtration L,O(U%*™) on the affine
ring by letting L,O(U&°™) be the functions on U&°™ vanishing on L"U#*°™. By the
isomorphism O(UER) = T¢(Zp) discussed in §0.7.1 L, O(UE°™) is spanned by certain
words [Faop,12(k1)| - - | Fan,12(ks)] with s < r i.e. certain iterated Eisenstein integrals
of length at most r. By the discussion above, however, not all such linear combinations

of iterated Eisenstein integrals will be contained in O(U#°™). One necessary condition
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is that they evaluate to periods of MT(Z) under the homomorphism C§: OU{}) —
Py, See

There is another filtration on U&*°™ (and on its Lie algebra ug°™) that is of
significant interest. Recall that we defined a filtration B*R((a, b)) in Definition [7.2.4]
It is the decreasing filtration on the b-degree.

There is an inclusion U&*°™ — End(R((a,b))) induced by the inclusion us®™ —
Der Lie(a, b). By the discussion in there is a natural induced filtration B® {/&°™
and, similarly, one obtains a filtration B®u®®™ on its Lie algebra. FElements of
B"U&*™ act on R((a,b)) by increasing the b-degree by at least r.

Both L® us®™ and B* ut*™ extend naturally to filtrations on p(u, 1) = us*™ &Qe,.
The central derivation e = — ad([a, b]) is contained in L' N B*.

The following proposition describes how these two filtrations interact.
Proposition 9.7.2. For each r > 1 we have L™ (u8*°™ &Qey) C B" (us*™ ®Qey).

Proof. For each n > 1 and 0 < k < 2n we have ad(ey)*(ey,.,) € L' us®™. By the
definition of ¢35, , given in Definition one verifies that ad(eg)* (e}, ) raises the
b-degree by k 4+ 1 and is therefore contained within B**!ug®™ and hence within
Blugeom, Tt follows that L' (us°™ &Qey) C B! (ut*™ &Qey) because us®™ is gener-
ated by ad(ey)*(e3,.0) asn > 1 and 0 < k < 2n, and e, is contained within L' N B,
The result follows by induction on r, noting that the Lie bracket of derivations is
given by [01, 0] = 01 0 09 — d2 0 J5. O
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Chapter 10

The series ¥ and its coefficients

As explained in Chapter [6] we are mainly interested in the iterated integrals along
the element S € SLy(Z), considered as an element of 7,°°(M, 1,0/0q). A particular
subset of these are iterated Eisenstein integrals. However, the monodromy action of
is an action of W;OP(MLT, V) = Bs rather than of its quotient 7°"(M,1,0/dq) =
SLy(Z) by the homomorphism f: By — SLs(Z) of Proposition 8.1.4 Therefore
we must also understand the iterated integrals on M, 1(C) along the element of its
fundamental group corresponding to S = (tatpta)~* € Bs, which satisfies f (S’) =S.

To work with these iterated integrals formally, we must study the images of the
elements S and S under the natural maps sending an element 7 to its “generating

series of motivic iterated integrals”. This leads us to the commutative diagram

By ——— (U™ x SL)(Pp)

fl | (10.1)

SLy(Z) — (uﬂff x SLI®) (Pr)

in which the horizontal maps are the compositions of the universal comparisons
followed by the decompositions G{'s = U;'¢ x SL* given in (5.20), where o € {1, T}
The right hand vertical map is induced from the projection L{illi‘ = Ll{i’}f x G, — Llﬂ}f
given in (5.16). Concretely it is just the map ey — 0.

We studied the image of S € SLy(Z) under the bottom map in Diagram in
§5.5.3; this led to the definition of the unipotent part C& € Mﬂ?(?}‘{‘). In this chapter
we study the image of S under the top horizontal map in Diagram (10.1)).
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10.1 The series ¥

Recall from ([5.16]) that there is a canonical decomposition Z/lir’% = UM X Gy (1), where

Lie(G,) is spanned by an element e,. Dually, there is a decomposition
OUT) = OULY) ®g O(Gu)(-1).

The coordinate ring O(G,) is generated by an element E(0) dual to e;. Define a

homomorphism r™: Bs — P} by the composition
B3 = W}Op(./\/lli, V) — gf}}(??;‘;) — G4(Py;) = Hom(O(G,,), Py) — Py

where the first arrow is (5.8]), the second is the canonical projection afforded by
(5.16)), and the third is evaluation at the element F5(0) € O(G,). For every o € Bs
the motivic period r™ (o) is a rational multiple of L because F5(0) spans Q(—1). It

is a motivic lift of a homomorphism r constructed by Matthes [38, B9] that we shall

revisit in §14.5]
The top horizontal homomorphism in Diagram is then given by the formula

o (exp(rm(a)eg)c;‘(a), f(a)g‘) )

Here f: B3 — SLy(Z) is the homomorphism defined in Proposition [8.1.4] and the
unipotent and reductive parts of the image of an element v € SLy(Z) under the
natural map SLy(Z) — GiY(P}), as defined in Definition , are denoted CI'
and 7' respectively. The assignment o +— exp(rm(a)eg)C]‘?(a) defines an element of

Zl(Bg,Uﬁflf(P;})) because e € u, 7 is central.

Definition 10.1.1 (Series ¥). Let S = (tatpta)~" € Bs, so that f(S) = 5. Compo-
sition along the top row of Diagram (T0.1)) sends S to

S™ = (U, S,

where U := exp(r™(S)ez)C%. The element ¥ is the motivic modular inverter.

Definition 10.1.2. Let 5 := [3 E»(0). Then 7 is precisely

r™(S) = Uley] := coefficient of the word e, in the series W.

We compute n = L /8 in Corollary [14.4.2]
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Remark 10.1.3 (Integrals along S and S). The algebra M™ is generated by Co(C%)
and Co(C}) = Q[L]. Since ¥ = exp(ney)C¥, where n € QL and CZ is invertible, it
follows that M™ = Co(V). Elements of Co(¥) may be decomposed into elements of
Co(C%) multiplied by powers of 1 as follows.

The projection UfR

;= UIE x G, — UM sending e, — 0 is dual to an inclusion

J 1 OULY) = OUF) = OUSY) ® QLE(0))

satisfying Woj = C3 € Hom(OU;'}), P;). This implies that [3 Esio(b) = [g Eanta(b)
whenever n > 0. The integral of any element of O(L{iﬂ%) can therefore be decomposed

as an integral along S multiplied by a power of n = |, ; E5(0).

10.2 The coefficients of u(V)

The discussion in Remark implies that that p(¥) is a canonical element of
Us°™(Py). The coefficient space Co(u(¥)) is of central interest.

Recall that the monodromy morphism p: L[iflf — Aut(n{™(E;) 5, 0/0w)) factors
through the totally holomorphic quotient L{ﬁ e
series in the symbols [5.17] Proposition implies that p vanishes on words involv-

ing a cuspidal symbol €} or ;. This means that the coefficients of the series 1(¥)

, whose points are grouplike power

(and therefore u(C%)) are a priori totally holomorphic motivic iterated Eisenstein
integrals.

However, the image of the monodromy morphism : L{ldg“ — Aut(ﬂ?R(Sg/aq, 0/0w))
is a subgroup of Aut(r{"(&5,,,9/0w)), which is a pro-object of MT(Z) [9}27]. There-
fore Co(p(W)) is also a Q-subalgebra of Pyrq, = Z"[L*]. In other words, the co-
efficient space of p(W) consists of linear combinations of motivic iterated Eisenstein
integrals that are elements of Pyr ;) = Z™[L#]. Tt is somewhat remarkable that the
monodromy morphism g cuts out precisely the space of motivic iterated integrals
that we are interested in!

Our main goal is to show that Co(p(V)) is as large as possible within Py, ie.
that its image contains all motivic MZVs. We describe the strategy in more detail at
the start of §12]
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Chapter 11

The Hain morphism and the series
a™ and g™

In this chapter we study how the fundamental groups of P!\ {0,1, 00} and Eqg, aTE
related. The main link comes in the form of a morphism ¢: 7{®(P'\ {0,1, 00}, 1;) —
WfR(Eg/aq, 0/0w) called the Hain morphism. This establishes a link between multiple

zeta values and the periods of the Tate curve.

11.1 The Hain morphism

The Hain morphism [20], §12.2, §16-18], [9], §3.3] is a morphism of de Rham fundamen-
tal groups 7d% (P {0,1,00},1;) — (€9 0/0w). Tt is obtained by pulling back
the universal elliptic Knizhnik-Zamolodchikov-Bernard (KZB) connection [26, [14] to
P'(C)\ {0,1,00}. One obtains a version of the Knizhnik-Zamolodchikov (KZ) connec-
tion [33] with modified residues at the poles {0,1,00}. The values of these residues

define the Hain morphism, as explained below.

Definition 11.1.1 (Hain morphism). The Hain morphism is a morphism of affine
group schemes ¢: 7% (P"\ {0,1,00},1;) — W‘liR(Eg/aq, 0/0w) over Q. It is equivalent

to the continuous Lie algebra homomorphism ¢: Lie(xg, x;)" — Lie(a,b)" given by

s o) = 3 P aa (oo

x1 — —[a, b].

Remark 11.1.2. A remarkable consequence of the motivic theory is that although
there is no algebraic morphism P'\ {0,1,00} — Sg/aq defined over Q, there is an
inclusion of topological spaces P*(C)\ {0,1, 00} — €5/94(C), and this still induces a

morphism of affine group schemes over Q at the level of Betti/de Rham fundamental
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groups. The Hain morphism may be defined as follows: let V be the connection
on the bundle over P!(C)\ {0, 1,00} obtained as the pullback of the universal KZB
connection to P'(C)\ {0, 1,00} and let p € {0,1,00}. Then ¢(x,) = res,(V).

The following basic facts about ¢ are stated in [27, §27].

Proposition 11.1.3. The Hain morphism is injective and €-equivariant, where £ =

11.1.1 Dictionary between filtrations

The Hain morphism relates the weight and depth filtrations on R((xg, x1)) to the filtra-
tions A® and B® on R((a,b)). This is made precise in Lemmal[l1.1.4] which generalises
[9, Lemma 3.3]. Lemmal[l1.1.4)is valuable because it allows us to detect motivic MZVs
of a certain weight or depth in the coefficients of elements of WfR(Sg/a 0+ 0/0w) (P (z))
by making use of the filtrations on WfR(Sg/ og» 0/0w) defined in . This is covered
in Lemmas [11.4.1] and [11.4.2]

Recall that a morphism of filtered algebras f: F*A — G*B is said to be strict if
f(FTA) = f(A)NG"B.

Lemma 11.1.4. The Hain morphism induces strict morphisms of filtered R-algebras

¢: W R((x0,x1)) = A*R((a, b))
¢: D*R((x0,x1)) — B*R((a,b)).
Proof. Let w € R{(xp,x1)). By linearity we may assume that w is a word in the

letters xg, X1, which may be written in the general form

w=xtx L xEnde where ky, L, > 0 and ko, ook Ly, Loy > 1 (11.1)

Definition|11.1.1)implies that ¢(x¢) = a+d, where d € D'L(a, b)", and ¢(x;) = —|[a, b].
Applying ¢ to (11.1]) gives

p(w) = (=1 (a+d)*[a,b]" --- (a + d)*[a, b]' (11.2)

where [ :=1; + -+ +1,. We have a+d € A'N BY and [a,b] € D' C A'n B'.
The Lie subalgebra of Lie(a,b) generated by a and [a, b] is free. Hence the map

R((a,[a,b])) — R((a, b)) is injective. We can therefore compare ((11.1)) and (11.2)) to
obtain

weWR((x0,x1)) <= k1+-+k,+L+-+1,>r < o(w) € A"R((a,b)).
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Similarly, we have
w € D' R((x0,x1)) <= L+ --+1,>r < ¢(w) € B"R{(a,b)).
]

Remark 11.1.5. For a more conceptual proof that ¢ is strict with respect to the depth
see [27, Proposition 28.2].

11.2 The series o™ and g™

Recall that w‘;"p(gg/aq,a/aw) is a free group on the generators o and f defined in
§5.1.1.2, Under the natural map ﬂOp(sg/aq,a/aw) — ng(sg/aq,a/aw)(P;;) these

elements are sent to two power series

a™, p" € §(P3((a, b))

which were mentioned in §5.4.2] Using the Hain morphism, it is possible to explicitly
write down these series in terms of the exponential series and associators of
and Conceptually, this follows because €g/aq(C) can be constructed topo-
logically from P'(C)\ {0, 1, 00} very simply [26] §16]. This has the effect of equipping
(O(rP (€594 9/0W)), O(wfR(gg/aq, 0/0w)), comp) with the structure of an ind-object
in MT(Z) [9, 27]. The following lemma gives equations for a™ and S™; the reader
may wish to refer to Figures and for diagrams to aid the proof.

Lemma 11.2.1. The series o™ and ™ are given explicitly by

o™ = G(BT e NGO,

[e.e]

B = =D GO )P ).

Proof. These formulae are obtained from the topological model for £, (C) in terms
of P1(C)\ {0, 1,00} given in [26, §16], described briefly in §5.1.1.2l (Note that this
is a topological construction, and not algebraic.) This induces a homomorphism
do: TP (PN {0,1,00},1;) — W}Op(é’g/aq,@/f)w) of topological fundamental groups,

and a commutative diagram

(PN {0,1, 00}, 1)) ——— TP(ES,, O/OW)

! |

7T?R(]P)l\ {07 L OO}? T1)(,Pl\n/1|T(.7Z,)> T) W?R(gg/aq’ a/aw)(PmT(Z))
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where the vertical arrows are the natural morphisms ; they land in the PA“A‘T(Z)—
points of the respective fundamental groups because the affine rings of each are ind-
objects in MT(Z).
Let
7 1= dchju -0} - dchaey € TP (P {0,1, 00}, 1)), (11.3)

t
where o, € "

(P\ {0, 1, 00}, 1,) denotes the homotopy class of a small counterclock-
wise loop around the punctured point p € {0,1,00}. We have ¢o(7y) = «, [26], §16].

Under the map 7" (P'\ {0,1, 00}, 1;) — 7 (P"\ {0, 1, 00}, Tl)(P,{‘,}T(Z)), we have
v ™= QP e

It follows that a™ = ¢(y™).

The path ( is slightly different, as it is not in the image of ¢y. Instead, it
is constructed in two stages. First we take the paths 6, := (7;"")~" - dchyy €
TP (PN {0,1, 00}, 11, —Ip) and 8, := dchyy € m(P'\ {0,1,00}, 1o, —11), where
YT represents the homotopy class of a counterclockwise semicircle from +1, to F1,
on P(C)\ {0,1,00}. Their images in the Pt (z)-points of the respective de Rham
path torsors are 0] = exp(—Lx;/2)®, and 05 = ®%,.

We then identify the boundary circles around the punctures at 0 and co to obtain
a space homotopic to £, (C) (this identification is done without twisting; see [26)
§18.1]). The element f is the result of first traversing d, then identifying the boundary
circles, and then traversing d,. The identification contributes a factor of e [26,
§18.1]. This gives 8™ = e o5, O

The formulae in Lemma|l1.2.1{can be seen intuitively by comparing Figure to
Figure [11.2] Identifying the inner and outer boundary circles as described in Figure
has the effect of applying the Hain morphism ¢ to elements in the fundamental
group of mF(P\ {0, 1,0}, fl)(P,\“},T(Z)). Composition in the fundamental groupoid

corresponds to concatenation of power series.

Remark 11.2.2 (Hexagon equation). The element 7 is homotopic to the path
’)/1+’7 . dCh10 +0p - dCh01 . ’y;’+.

For this reason, or equivalently by directly using the hexagon equation for @7 [18],

the element o™ may also be written

™ = eFHED (B ) (0 5.
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Figure 11.1: The de Rham fundamental groupoid of P\ {0, 1, 0o} based at the tangent
vectors £1, for p € {0, 1, c0}. Homotopies between topological paths induce relations

between exponential series and Drinfeld associators. The element v™ is indicated in
blue.

Lemmal(l1.2.1jimplies that the coefficient spaces of o™ and ™ are contained within
the algebra Py 4 . This follows because the MHS on W?R(Sg/aq, 0/0w) is mixed Tate
[7, §13.6].

Formulae similar to those in Lemma, [11.2.1] appear in various forms in the litera-
ture. They are the initial values of solutions to the universal elliptic KZB connection
at the cusp [14, Proposition 4.9, Theorem 4.11], [40, Theorem 4.3], [37, §3.1]. In this
case their images under the period map are sometimes denoted A,, and B,,. The
reader is warned that conventions differ regarding path multiplication and choice of
tangential basepoints on the infinitesimal punctured Tate curve.

Similar formulae also appear in the profinite context [41, Theorem 3.4] when

describing the Galois representation associated to the fundamental group of Eg/aq.

11.3 Strategy

In §8.1| we showed that the topological fundamental group m° (M, 1,V) = By acts on

W}Op(Sg/aq, J0/0w) = (a, 8). In §3.1.3 we provided a simple formula for the action of
the element S € Bs lifting S € SLy(Z); namely, S(8) = o

'In fact they are even contained within the subalgebra P,\n,}’TJ(rZ) - ’Pl\",l‘T(Z) of effective periods.
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Figure 11.2: The de Rham fundamental groupoid of Sax/aq obtained by applying the
Hain morphism to Figure [11.1l The series a™ and ™ are indicated, and may be
written in terms of exp(L¢(x,)) and ¢(®7}). Only some elements are labelled.

We also showed that the monodromy action lifts to an action of the relative
fundamental group Qi}% on wfR(gg/aq,a/ Jw) in Because relative completion
is functorial and respects composition of paths, there is a corresponding equation
relating the images of these elements in the Pjj-points of the respective relative de
Rham fundamental groups, giving the formula S™(8™) = (™).

Now write S™ = (W, S§Y) using the splitting gf; =U g X SLIR where U was
defined in Definition [10.1.1} The semidirect product acts through the monodromy
morphism g as described in giving the formula

p(P) (S5 (B™)) = (a™)~". (11.4)

This is an equation holding between noncommutative formal power series. By Propo-

geom whose coefficients are motivic

-1

sition 9.2.1} (W) is a power series in elements of u
iterated Eisenstein integrals. The elements S§'(™) and (a™)~' are power series in
elements of Lie(a, b), on which us®™ acts.

Recall the notion of the coefficient space Co(s) of a series s given in Defintion
[7.3.1] Our main goal in this thesis is to show that Co(u(¥)) C Co(¥) contains Z™.
We do this by understanding the distribution of motivic MZVs within Co(S§'(5™))

and Co((a™)™!) which, by the previous section, are both contained within Z™[L]. We
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then use to compare the “difference” of the distributions of multiple zeta values
within Co(SF'(8)) and Co((a™)~!). By (L1.4), this “difference” is the contribution
from Co(u(¥)).

More precisely, in the next section we use Lemma to compute bounds on
CoP (S3(B™)) and CoZ((a™)™!) in terms of multiple zeta values of a certain weight
or depth. In Chapter we will use Proposition to transfer this to information
about Col(u()).

11.4 Bounds on coefficients of ST'(3™) and (a™)™!

In this section we gain a sharper understanding of the distribution of these spaces
within Z[L] by using Lemma [11.1.4] to compute bounds on the filtered coefficient
spaces CoZ (SF(8™)) and CoZ((a™)~1) in terms of the weight and depth filtrations on
Zzm,

11.4.1 The A"-filtered pieces of g™

In this section we study Co?(8™). By Lemma we have
Coy (S5 (™)) = Co( S5 (Fily(6™))) < Coy (8™)[L*]

The following lemma gives an upper bound on Co? (™) in terms of the weight filtration
on Z™. It therefore gives an upper bound for Co? (S(8™)).

Lemma 11.4.1. For all r > 0 we have

Col(B™) S D <@ LJ@) W, Z".

0<k<r \0<j<k
Proof. Recall that
ﬂm — 6—%¢(X1)¢((I)‘I‘O)@_b¢(q)glol) € 9 (P<<aab>>x) ’

We have

Filj (6% = Y Fill (e7500)) Fil} (¢(@1)) Fil} (¢7°) Fil} (6(0%,))
Tt re=r

= 3 o (Pmy () o (Rl (@%) 0 (Fily (2,)). (115)

ritretr3=r

The second line follows by applying Lemma [11.1.4] and noting that e™® € A°.
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The Hain morphism is injective and defined over Q. This implies that Co(¢(s)) =
Co(s) for any s € P((xp,x1)). It therefore suffices to compute the coefficient spaces
of the W-filtered pieces of the factors in ((11.5)).

It is easy to see that Co)Y(e™/2) = @'_ 1L7Q and Co (e™*) = Q. Proposition
states that for any i # j we have Co)"(®%) = 20, Z™. Therefore

Col(B™) = > (@ ILJQ) -20,, 2™ - 20,, Z™. (11.6)
j=0

ri+ratry=r

The weight filtration satisfies 20, Z™ -0, Z™ C 2,., , Z™, which gives the result. [J

11.4.2 The B’-filtered pieces of (a™)!

In this section we compute a lower bound on Co? ((a™)~!) in terms of the depth

filtration on motivic MZVs.
Lemma 11.4.2. For all r > 0 we have LD, 2™ C CoZ(a™)1).

Remark 11.4.3 (Proof strategy). While the proof may appear complicated, the strat-
egy is simple: we compute an expression (equation (11.9)) for Fil;,((y™)~") modulo
products of MZVs of positive weight, where Y™ = ®_e = ®™  as before. The for-
mula has a leading term consisting of a generating series for motivic MZVs (™(w)
where w has depth precisely r, followed by a correction term whose coefficients
are motivic MZVs of depth strictly less than r. This explicitly demonstrates that
CoP((7™)~!) contains all MZVs of depth at most r, multiplied by L. We then use the
fact that ¢(y™) = o™ and that ¢: D*xI®(P'\ {0,1,00},1;) — Bt (59,0 0/0w) is

a strict morphism of filtered objects to conclude.

Throughout this section we fix P := Ph"/}’TJr(Z) to be the subalgebra of effective

periods of mixed Tate motives over Z.

Proof of Lemma[I1.2.3 Let y be as in (T1.3). Tts image in 7{%(P'\ {0,1, 00}, 1,)(P)
is Y™ = PN e Lx=d™ . Recall that ¢(y™) = a™. By Lemma , it suffices to
prove that

LD, Z™ C CoP((y™)™h). (11.7)

This is trivially true for » = 0, so from now on we assume that » > 1. Define
I .= 20,278, + LZT Z%,. This is an ideal of P, and hence induces a homomor-
phism 7PN {0,1, 00}, 11)(P) — a®(PN {0,1,00},11)(P/I). Tt sends (™)' to

an element 7.
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We may regard Co? () as the subspace of Co”((7™)~!)) spanned by coefficients
that are not products of two positive-weight MZVs. Therefore it suffices to prove
(11.7) with (y™)~! replaced by #, using the D-filtration defined on (P/I){{xq,x1)).
We show this by direct calculation.

To begin, write ®1 = 14+ u and ®%, = 1+ v, where u,v € ZT((x0,x1)).
The property @1 %, = 1 implies that © = —v (mod Z7,2%,). Expanding in

(P/I){(x0,x1)) gives
7= (1—0)e=(1+v) = > + Lad(xc)(v) (mod ). (11.8)
We now compute v. Recall that &%, = 79 (P, ), where

7-()oo(XO) = Xoo = _(XU +X1)7 TOOO(Xl) = X1.

It is clear from the formula that 79, preserves the depth filtration and that the asso-
ciated depth-graded morphism is multiplication by (—1)o-degree) — (1 )weight —depth
Filtering ®f; by the depth gives

@3‘1:1+Z Z ¢"(w)w.

k>1 depth(w)=k
We obtain

Z (_1)weight(w)*depth(w)Cm(w)w +t (HlOd Dr+1 Zm<<X07 X1>>)7

depth(w)=r

where t € ©,_; Z™({xg, 1)) is the contribution from applying Ty, to D"\ D".
Using that xo, = —xg (mod D'), the final term in (11.8)) may be approximated:

ad(xo)(v) = —ad(xo) [ > (=1)"ETMw)w | 44 (mod D) (11.9)

depth(w)=r

where t' € ©,_1 Z™((xg,x;)) is the contribution from applying 7o, to D" '\D".
Consider the words in this sum beginning with the letter x;. As w ranges over all
words of depth 7, the coefficients of these words range over the Q-vector space of all
admissible motivic MZVs of depth r (see Remark . This vector space is equal
to the space of all motivic MZVs of depth r by shuffie-regularisation.
Induction on all s < r implies that Co(t') contains LD, _; Z™. Equations
and imply that Co” (%) contains LD, Z™, which completes the proof. ]
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Chapter 12

Main calculation

This chapter is devoted to the proof of our main result:

Theorem 12.0.1. Every motivic MZV of weight n and depth r is a Q-linear combi-

nation of motivic iterated Eisenstein integrals of the form

Lm/ Eony12(by) - - . Eon,42(bs)
s

of length s < r and total modular weight N < n + s, where m :=n—s— Y b; > 0.

12.1 Proof idea

The main idea behind the proof of Theorem [12.0.1]is to detect coefficients of 1 (CZ) by
comparing those of o™ and ™. This comparison is achieved as follows. As explained
in , the topological equation S (B) = a~! given in induces the following
equation at the level of Pfj-points of 7{™(E; . 0/0w):

() (S3(8™) = (™)~

This equation relates (a™)~! and SJ(8™), which are generating series for motivic
MZVs, via u(¥), which is a generating series for linear combinations of mixed Tate
motivic iterated Eisenstein integrals.

This equation may be filtered with respect to B'WfR(Eg/aq, 9/0w)(Pyjr(zy)- Com-

bining with the bounds given in Lemmas [11.4.1} and [11.4.2] we will show that for all
r>0

D, Z™ C (iterated Eisenstein integrals of length s < 7)g[L*].

The proof concludes by relating the modular weights to the MZV weights using the
MHS on O(U&*°™). The canonical bigrading discussed in §9.4] splits both weight
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filtrations and the Hodge filtration on O(U#°™). This extra information also fixes
the powers of I that can occur in the linear combination of motivic iterated Eisenstein
integrals equal to a particular motivic MZV. In particular, we show that a precise

nonnegative power of IL is required for each term in this linear combination.

Remark 12.1.1. The weight filtration 20, Z™ is given by the length filtration of iter-
ated integrals on P\ {0, 1, 00}. Theorem therefore implies that there is a large
reduction in the length of the iterated integral expressing a given multiple zeta value
in passing from P\ {0,1, 00} to My ;.

12.2 Comparing depth and length

Proposition [12.2.1] below, which proves the first part of Theorem [12.0.1} relates the
depth filtration on motivic MZVs to the length filtration on iterated Eisenstein inte-

grals as follows:

Proposition 12.2.1. Let r > 0 and let H, := Co*(u(V)). There is an inclusion

D, 2™ C H,[L*).
Proof. The equation S(f) = o~ of §8.1.3|implies that

p() (S3'(8™) = (™)~ (12.1)

By Proposition 9.7.2| we have L" U8 C B" Us°™ for each r > 0. Therefore we may
apply Co? to both sides of equation (12.1]) and decompose the coefficient space using
Proposition to obtain

Cof((a™)™) = Y Cof(u(¥)) - Cof (S (8))

= 3 Hi- Co[SP(FIE, (57))).

i+j=r

In going from the first to the second line we use Lemma [7.3.11 which implies that
Fill, 0S™ = S™oFil’;. We then combine the bounds on the coefficient spaces Co?(5™)
and CoZ((a™)~!) given in Lemmas [11.4.1 and [11.4.2| with the previous formula to
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obtain
LD, 2™ C CoP((a™)™)
= 3" H, - Co(SP(Fil,(8™))

i+j=r
C 3 Hi-Col(MLY]
i+j=r
C > H- ( > (@ M@) W, 4 zm) L] (12.2)
i+j=r 0<k<j \0<ZI<k
C Y H- ( > w Z‘“) [LE]
itj=r 0<k<j

C > H;-; 2Nl
ij=r
The first line uses Lemma to give a lower bound on Co”((a™)™!) in terms of
the depth filtration on Z™. To go from the second to third line we use Co(Sf(s)) C
Co(s)[L*] for any series s € PR({a,b)); this follows from the formula ST(a,b) =
(—L~'b,LLa) given in . To go from the third to the fourth line we apply Lemma
which provides an upper bound on Cof(ﬁm) in terms of the weight filtration
on Z™. The remaining simplifications follow by allowing multiplication by arbitrary
powers of L.

We now use induction to show that ©, Z™ C H,[L*] for all r. The case r = 0 is
trivially true, and the case r = 1 is known by Brown’s formula for the length 1 part
of C¥, [7, §15.4]. So let us assume that for all k¥ < r we have D Z™ C H;[L*]. Then
apply and the induction hypothesis to obtain

LD, 2" C > H;-2; Z"(L*] + Hop[L*)

i+j=r+1
>0

C > Hi HyL¥] + Hyo L]
i+j=r
C Hya[L].

The transition from the first to the second line follows from the trivial inclusion
2; Z™ C ®;_; Z™, coming from the fact that every motivic MZV can be written
as a linear combination of admissible MZVs, followed by applying the induction hy-
pothesis. Now invert the leading L. to obtain @, 1 Z™ C H, ,[L*]. This proves the

inductive step and completes the proof. O
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12.3 Proof of Theorem 12.0.1]

It is now possible to prove Theorem [12.0.1} The essential input is Proposition [12.2.1]
which relates the MZV depth to the iterated Eisenstein integral length, together with
information on the MHS of O(U#°™), which relates the MZV weight to the modular
weight.

Proof of Theorem [12.0.1. By Proposition[12.2.1] there is an inclusion ®, Z™ C H,[L*]
for every r > 0. Recall that H, is the image of L,(O(U&°™) @g Q[E2(0)]) under the

homomorphism
p(¥): OU™) ®q Q[E2(0)] — Ptz

where the length filtration on OU5*™) ®q Q[E2(0)] is the restriction of the length
filtration L.(’)(Uﬁﬁf) defined in Definition [5.2.8

The H-subobject O(U&°™) of O(U]}) is mixed Tate, and the element E5(0) spans
a copy of Q(—1). Therefore, by Remark , the Q-vector space H, C Py Is

spanned by linear combinations of iterated Eisenstein integrals

/ E2n1+2(b1> s E2ns+2(bs>7 with s S r and n; Z 07
S

that are equal to mized Tate motivic periods. We then use Remark [I0.1.3]to split such
integrals into products of nonnegative powers of I and iterated Eisenstein integrals
along S € 7°°(M,1,0/9q). This proves the first part of Theorem .

We now turn to determining the weight. There is a canonical bigrading on
O(oI1{R) and O(Ue™)[IL*] that is compatible with the natural grading on GSART(Z) =
U&Br(z) X G, by [27, §23] (see also (4.12)). It is given as follows.

Recall that O(pII{R) is canonically isomorphic to the shuffle algebra T¢(eg, €;) by
[16]. The grading is given by assigning both ey and e; degree 1. On the other hand,
recall from that O(U®&°™) is a subalgebra of the shuffle algebra on the symbols
FEoni2(b). The grading on O(U&°™)[L*] is given by assigning Es,2(b) degree b + 1
and L degree 1 (so that L' has degree —1).

Let (™(w) € Z7 be a motivic multiple zeta value of weight n. It follows that
w € T¢(eq, e1) has degree n.

Now let us suppose further that (™(w) € ©, Z™ (i.e. that it has depth at most
r). By the previous part of the proof we may write (™(w) as a linear combination of

the form

M(w) = Z AL™ /Sm Eopy2(b1) -+ Eop 12(bs) (12.3)
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where eaChE| s <17, m & Z and for each 1 < j < s we have 0 < b; < 2n;. We also
define a; := 2n; — b; so that a; + b; = 2n;.

By construction, L™[Fa,, +2(b1)| - - - | Fon,+2(bs)] is an element of O(U8°°™)[L*]. It
has degree m + s+ > 7_, b;.

The gradings described above are compatible with the action of Gf\iﬂp}(z) on each

side of ([12.3). We deduce that
n:m+s+ij. (12.4)
=1

We now show that m > > a;, from which the result follows.

Let v € m®(My,1,0/0q). For all n > 0, the coefficient of eg,42Y?" in CT (i.e. the
value f;“ FEsn12(2n)) is an effective motivic period This follows because Fa,o(2n)
spans the effective motive Q(—2n — 1).

Recall that the symbols X and Y are a basis for the standard representation V1%
of SLI®. Tt has the Hodge structure Q(0) & Q(1), where X spans Q(0) and Y spans
Q(1). Its symmetric power ViR = Sym?”(V4R) has a basis consisting of all monomials
XoY? with a + b = 2n. The generator X*Y® may be obtained from Y?" by applying
the sly-generator L™'Xd/AY a times. This operator has weight zero in gl(VaR).

It follows that f;ﬂ FE,12(b) is the quotient of an effective motivic period by L.
This is also true of iterated integrals of such forms. Hence, each integral on the RHS
of above must be of the form

K

/S Eony+2(b1) -+ Banv2(bs) = o

where K € P;ZHF is effective.

As (™(w) is effective, each term on the right hand side of is also effective. It
follows that each integer m satisfies m > > a;. In particular this implies that m > 0,
which proves that ©, Z™ C H,[L]. Finally, by combining the bound m > > a; with
(12.4) we obtain

n:m+s+ij > N — s,
j=1
where the total modular weight is

s

N = i(an —+ 2) = Z(aj -+ bj + 2)

Jj=1

This produces the bound N < n + s and completes the proof. O

'Each term in this linear combination has its own length s < 7 and choice of nj,a;,b;.
2See [, §3.3] for a definition of effective H-periods.
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Chapter 13

Galois-theoretic consequences

The benefit of working at the level of motivic periods throughout is that it gives
access to structure results for the category of mixed Tate motives over Z. In this
chapter we apply this to prove a faithfulness result for the Galois action on ug®°™. We

also discuss the relevance of this result to a conjecture of Odall]

13.1 Modular generator for MT(Z)

Recall from Proposition that O(U&*°™) is an ind-object of MT(Z). Tt is therefore
equipped with an action of the motivic Galois group G‘,il,lRT(Z). The following theorem,
which follows from Theorem [12.0.1] can be seen as a “modular” analogue of Brown’s

main result in [5].

Theorem 13.1.1. The group G,C\IART(Z) acts faithfully on O(UE™).
By Tannakian duality, Theorem is equivalent to:

Corollary 13.1.2. The affine ring O(U5*™) generates MT(Z).

The central idea of the proof of Theorem [13.1.1]is to exhibit a specific element ¢ €
U™ (Par(z)) With sufficiently many coefficients to distinguish elements of Gf\l,ﬁ(z) (Q).
By Theorem [12.0.1| the element ¢ = ((C%) has this property.

Proof of Theorem[13.1.1} The action of Gy 5 = UGtz ¥ G on OUE®™) is equiv-

alent to the Galois action on the group of points

Uge‘)m(P&’A‘T(Z)) = Hom (O (U®™), Pnn}lT(Z))-

'Now a theorem by [51}, [5].
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For e € U™ (Pyjrz)) and g € Gﬁ,ﬁ(z) (Q), this action is given by
(O(Ugeom) = Ph"}lT(Z)) — ((’)(Ugeom) Z o) S P“",}T(Z)> :

This, in turn, is equivalent to the Galois action on U™ (P, ) via the action on
coefficients; by viewing ¢ as a series € = ) e,w with ¢, € PAHZT(Z) and w ranging
over a basis for O(U#*™), it is defined by g(e) = >_,, g(ew)w, where g acts on Pyjr,)
as in (4.10)).

Let € = p(Cg) € U™ (Pl (z), and let g € U,S}I%(Z)(Q). Suppose that g(e) = e.

Then for each basis element w € O(U*°™) we must have

9(cw) = Ew. (13.1)

Since g € U,SE(Z)(Q) it also follows that g(L) = L.
Theorem|12.0.1/implies that there is a G}z -equivariant inclusion Z™ < Co(e)([L].

This means that any (™(w) € Z™ may be written as a linear combination
CMw) =Y A Lmey,

where w ranges over a set of basis elements for O(U8*™), \,, € Q are zero for all but
finitely many w, and the integer m,, > 0 is determined as in Theorem [12.0.1} Since
g fixes L it follows that g(IL™+) = L™ for each w.

Equation therefore implies that g(¢™(w)) = (™(w) for each (™(w) € Z™.
In other words, g acts trivially on Z™. But the action of Uﬁﬁ(z) on Z™ is faithful by
Brown’s theorem [5], so g = id. This proves that the action of UI?/IF%(Z) on U™ (Pyirz))
is free, and hence faithful. The compatibilities outlined above then imply that the
action of Uyt on OUE™) is faithful.

The affine ring O(U#*°™) is an ind-object in MT(Z). Its weight filtration is canon-
ically split by the Hodge filtration as in (4.12)) and the multiplicative group G,, acts
faithfully on the associated weight-graded. It follows that the full motivic Galois
group G‘,f,f-{r(z) = U&E‘r(z) X Gy, also acts faithfully on O(4/&*™). O

Remark 13.1.3. Theorem [13.1.1] is equivalent to the statement that the Lie algebra
us™ = Lie(U/®*°™) generates MT(Z).

It is a priori very surprising that these “modular” generators exist; instead of
being constructed directly from the cohomology of projective spaces, as is customary
for mixed Tate motives, they emerge from the relative completion of the fundamental

group of M ; and its action on the fundamental group of the punctured Tate curve.
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13.2 (Oda’s conjecture

Oda’s conjecture [43] was proven by Takao [51], building on work of Thara, Matsumoto
and Nakamura, as well as Brown’s result [5]. Although it is a statement about relative
pro-¢ completions of mapping class groups and their associated Galois action, Oda’s
conjecture implies the following statement at the motivic level [25].

Recall that Lie ﬂfR(Sg/aq,ﬁ/ Ow) is canonically isomorphic to Lie(a,b)". Tt is a
pro-object of MT(Z) and thus a £-module, where € = Lie(U,fﬁ(Z)). This isomorphism
preserves the motivic structure, where we recall that a spans Q(1) and b spans Q(0).
The associated bigraded is isomorphic to Lie(a, b), which is also a ¢-module. Conse-

quently, there is a homomorphism
p: € — Der Lie(a, b)

whose image normaliseﬂ the subalgebra us*™. Let u; y = Lie(U}). The monodromy

1,1
action of induces a homomorphism
p: w7 — Der Lie(a, b),

whose image is u8®°™ @Qes.

Proposition [9.5.2] implies that us®™ is equipped with a €-action described by a
Lie algebra homomorphism p: € — Der(ug°™). It is compatible with the -action on
Lie(a, b) via p in the sense that p(c) = ad(p(o)) as elements of Der(us®™).

Oda’s conjecture implies that p induces an injection € < N (us®™)/ us®°™ where N
denotes the normaliser [27, Remark 29.3]. Since ¢ is a free subalgebra of N (ug®™) / useom
its adjoint action on N (ug®°™)/ug®™ is faithful.

Theorem [I3.1.1] can be regarded as an “orthogonal” statement to Oda’s conjecture
because it says that the action of £ on us®™ is also faithful. This is surprisingly
nontrivial, for the following reason. In [9], Brown showed that ¢ acts faithfully on

Lie(a, b) and that there is a choice of generators og,,; € £ that act via
p(0an+1) = €5,00  (mod W_y,_3 Der Lie(a, b)). (13.2)

If us®™ were free, would trivially imply that p is injective, which is equivalent
to the statement that € acts faithfully on ug®°™. But u®®™ is not free, due to the
Pollack relations of §9.6l The Pollack relations therefore pose a potential obstruction
to a faithful Galois action on u#°™ arising from cusp forms for SLy(Z). Theorem

13.1.1} implies that p is still injective despite this obstruction.

2This means that [im(p), us®°™m] C us®™ or equivalently that o +— ad(p(c))|yecom defines a Lie
algebra homomorphism ¢ — Der(ug®°™).
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Chapter 14

Example in depth 1

In this chapter we compare our results with Brown’s formula for Fil} (C%) [7, §15.4].
Brown’s formula explicitly demonstrates that all odd motivic zeta values appear in
Co(p(C%)). This comparison allows us to compute the motivic period 1 appearing in
the formula for .

Doing so uses several interesting computational tools, such as a depth 1 version
of the Baker-Campbell-Hausdorff formula, which has a connection to Euler’s formula
for the even zeta values ((2n). We also give an interpretation of the value of the
motivic period 7 defined in Definition in terms of a cocycle for the braid group
constructed by Matthes [38,39]. It therefore seems worthwhile to include an expanded

account of the depth 1 case here.

14.1 Brown’s computation of C7 in length 1

In [7, §15.4], Brown gives a formula for Fil} (C%). When written in the de Rham

normalisation his formula is

2n)! X2n
FIL(CE) =1+ > e [< 721) (20 + 1) (ﬁ _ an) N Legm,s} Lo (4)

n>1

Here:

o ) 12,5 is @ homogeneous polynomial of degree 2n in X and LY. The degree of
each individual variable in each term is odd. It is the Q(ILL)-rational part of the
cocycle for SLo(Z) attached to Gg, 42, evaluated at S

e (C € ker(u) is a contribution from generators associated to cusp forms.

Formula (14.1) already provides a lot of useful information. It is possible to

directly read off the fact that all odd motivic zeta values are single motivic integrals
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of Eisenstein series. The term C' is also interesting, and gives information about the
periods and quasi-periods of Hecke eigenforms [7].

Brown’s formula also gives cohomological information. The term enclosed in
square brackets in is the value at S of the period polynomial cocycle for
SLy(7Z) attached to Gao,ie. The motivic zeta values (™(2n + 1) are coefficients of
the coboundary terms L™2"X?" — Y?" = (S — I)Y?". In cohomology these cobound-

ary terms vanish, and the cocycle attached to Go,. o is rational up to powers of L.

14.2 Explicit calculation

Recall that ¥ = exp(ne;)CE, where n € QL. The element U satisfies u(W)(S§H(5™)) =
(™)™, and Proposition implies that u(ey) = 2¢9. Consequently, we have

P p(CE)(SY(5™) = (a™)
We now filter this equation modulo B2, We may expand the exponential to obtain

Filly (™)) = 2= Fill [1u(C2)(S(8)))
_ <1 + 2ne) Filly [u(C)(SP(8))]
= Fill [1(C2) (S (9))] + 2nes (FiL% [(CD)(ST(5)))
= Fil} (1(C3)) (Filh(ST(5™))) + 2nea(Fil} (C3) (Fill (57 (5™))
= Fill (1u(C3)) (S (FILY (3)) + 205(e™™)  (mod BY).  (14.2)

The second line follows because €, € L'. The third line follows by expanding the
first factor and noting that ex(w) = 0 (mod B?) for any w € B'\B°. The fourth
line follows from Proposition [9.7.2] The final line follows by applying Lemma [7.3.11]
together with the equations Fil) (C%) = 1 and Fil%(SF(3™)) = exp(—La).

Equation determines n = LL/8; in order to show this, we will compare
explicit expressions for the power series Fil} (u(C®)), Fill(8™) and Filg ((a™)7}).

14.2.1 Formula for FﬂlL (u(C)

Proposition 14.2.1. Let Z :=1-%_ -, ("(2n+1)e3,,5. Then for allw € Q({(a,b))
we have
Fill (4(C3))(w) = Z(w) (mod B?).

121



Proof. Apply the explicit formula for p given in Proposition to Brown’s formula

(14.1)) to obtain
: m €2n+2
Fil; (u(C§)) =1+ Z "(2n+1) [( LJ - 5¥n+2) + Ly (egmz,s(xa ILfY)e2n+2)} .
n>1
Note that in the above we have applied Proposition and Lemma[9.1.3] to obtain

pi(€n12X°") = 2n) ad(eg)*" (€3,42) = n)i

For any w € Q((a, b)) we have
11 (€9, 42.5€2n12) (w) =0 (mod A% N B).

This is for degree reasons: the description of the polynomial €j, ,, ¢ above implies
that 11 (€3, g€2n+2) is a linear combination of derivations 5512)” = ad(e))" (e3,42)
for 1 < k < 2n —1. Any such 59&2 with & in this range raises both the a- and
b-degree by at least 2.

Similarly, the definition of €5, implies that &4, ,2(w) € B? for any w. Therefore
the only terms in Fil} (4(C®)) that act nontrivially modulo B? are those involving
€3,40- The definition of Z then implies that Fil; (u(C%))(w) = Z(w) (mod B?) for
all w € Q((a, b)). O

14.2.2 Formulae for Fil}; (™) and Filj ((a™)7!)

In Lemma [11.2.1] we gave explicit formulae for the elements o™ and ™. These may

be used to compute their filtered pieces, which are very simple in low degrees.

Proposition 14.2.2. We have

Fill, (™) = es@ble—b (mod A?)
Filp ((a™)™) e Latzlabl 4 aq (e™™)(t) (mod B?)

where

t:=> (=1)"¢"(n)ad(a)"(b).

n>2

Proof. The first statement follows from the formula
g = 67%¢(X1)¢(®T0)67b¢<q)201)7

given in Lemma [11.2.1] by computing Fil; of each factor. Lemma [11.1.4] implies
that Fil}; ((®F) = ¢ (Fll%/v(q);‘;)) (mod A?%). The associators are invertible and
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have no linear term, which implies that F il)l/v(q);‘}) = Fil?/\,(@l‘-‘;) = 1. Thus the only
contributions to Fil; (3™) come from the exponential factors. The result follows by
recalling that ¢(x;) = —[a, b].

To prove the second statement, recall that a™ = ¢(y™), where 4™ = OT._e XM .

By Lemma we have
Fil}, ((ozm)_l) =9 (Fﬂlp ((ym)_l)) (mod B?).

We will therefore compute an expression for (y™)~! modulo D? and then apply ¢.
The series @7, is obtained from ®f, by exchanging, in each word, all occurrences
of x¢ for xoo = —(x0 + x1). The formula for ®f, in depth 1 [16] §6.7] gives

Oy =1+ ("(n)ad(x)" ' (x1) (mod D?)

n>2

=1-) (—1)"¢"(n)ad(xo)"'(x1) (mod D?).

n>2

Let r = 37 -,(=1)"¢™(n) ad(xo)" ' (x1) € D'. The property & &%, = 1 implies
that @7 = exp(r) (mod D?). Therefore

(V™)™ = Adexp(ry (€7) = ™) (=) = €= +ad(r) (€¥>=) (mod D?).

We now apply ¢ to this formula. Note that ¢(r) = —t (mod B?), where t € B! is

defined in the statement of the proposition. This gives

= el?Cee) _ad(t)(eX%=))  (mod B?)
= ¢ Latslbl 4 a4 (e™) (t) (mod B?).

—
o
E]
S~—
L
I
-
N
)
2
|
—
SN—
I

The second line follows by noting that ad(e%?*=))(t) = ad(e™™)(t) (mod B?), be-
cause t € B'. O

14.3 Formal Lie algebraic computations

Before proving Theorem it is helpful to include several elementary lemmas valid
for any Lie algebra g over a field of characteristic zero. The first of these (Lemma
gives a formula for the adjoint action of elements in the universal enveloping
algebra U(g). The second (Lemma is an explicit “depth-1” version of the

classic Baker-Campbell-Hausdorff formula.
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Lemma 14.3.1. Let u,v be elements in a Lie algebra g over a field of characteristic

zero, and let k > 1. Then in the universal enveloping algebra U(g) we have

ad(u”)(v) = > " ad(u)(v)ut .

Proof. Use the relation ad(u)(v) = wv — vu in U(g) and induct on k. O

We also need the following “depth-1” version of the Baker-Campbell-Hausdorff
formula. A similar formula was used in [40] to compute the meta-abelian logarithm

of the elliptic associator.

Lemma 14.3.2 (Truncated BCH formula). Let v and v be elements in a Lie algebra

g over a field of characteristic zero. In the universal enveloping algebra we have

e'e’ = e + ad (e") (Z 377:{ ad(u)”_l(v)) (mod v?),

n>1

where B = (=1)"B,, is the sequence of Bernoulli numbers with Bf = 1/2.

Proof. The classical BCH formula [46, Corollary 3.24] gives

log(e"e”) =u+v+ Z % ad(v)™(u) (mod u?).

n>1

Taking exponentials, inverting both sides and replacing (u, v) by (—v, —u) gives

B+
e"e’ =exp(u+v+9) (modo?), where?d:= Z —

n>1
Expanding the exponential, we obtain
. 1
ut+v+0 ~\k
e = Z 7 (u+v+ )
k>0
u + U T’ -Tr
EZ Zk'Zu—l—v Y9(u+v)F (mod v?)
k>0 k>1 0 =1
= u+v_'_z Zur 1~ k r IIlOd U2)
k>1 ‘r 1
_6u+v+zB+1Zurl oYUk
N n! k!
n,k>1
’lL v B+ 1 n—
="t Fgad ) (ad(uw)""}(v))
n,k>1
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="t +ad(e* — 1) (Z BT’:{ ad(u)”_l(v))
— "t 4 ad (e¥) (Z % ad(u)"_l(v)> .

In going from the fourth to the fifth line we use Lemma [14.3.1] where v has been
replaced by ad(u)""!(v). O

14.4 Main calculation

In this section we prove the following result:

Theorem 14.4.1. We have

il ((a™) ) = Fill (1(CE)(SF () + —e2 (%) (mod BY). (143

Comparing Theorem [14.4.1| to equation ([14.2)) gives a precise value for the motivic
period 7 that was defined in Definition [10.1.2}

Corollary 14.4.2. We have n =1L/8.

In §14.5| we discuss the significance of the value n = L/8 and how it may be
computed analytically by integrating a differential form on M, 3 constructed from

the Eisenstein series of weight 2 along the path S € 7i°"(M, 1, V).

We prove Theorem [14.4.1| by directly computing the right hand side of ([14.3])
using Lemmas [14.3.1] and [14.3.2| and then comparing the result with the formula for

Fil,((™)~!) given in Proposition |[14.2.2] To simplify notation in this section we write
t = teven — todd, Where

teven := »_("(2n) ad(a)™(b), toaa := > _ ("(2n + 1)ad(a)> ' (b).

n>1 n>1

Proposition 14.4.3. We have
Fill, (u(C2)(ST(B™))) = e22¥e™ — ad (679) (toaa)  (mod B?).
Proof. This is a straightforward calculation, working modulo B?:

Fill (1(C3)(S5'(8™))) = Filp (1(C$)) (S5 (FiLy (8™)))
=7 (e%[a’b}efﬂ‘:")

= e%[a’b}Z(e_La)

125



6%[a,b} (e—]La _ Z Qm(Zn + 1)8\2/n+1(6_]l‘a))

n>1

L)k k
= e%[a,b}e—]La _ Z ( k') Cm(2n+ 1) Zar—l ad(a)2n+2(b)ak—r

n,k>1 r=1

— eslblea _aq (™) (toaa) -

The first line follows from Lemma [9.7.2] The second line follows from Propositions
[14.2.1] and [14.2.2] In the third line, the prefactor e“2//2 can be moved in front of

the operator Z because every term in Z is a geometric derivation ey, ,, all of which

annihilate [a, b]. The fourth line follows from the definition of Z given in Proposition
14.2.1] The fifth line follows by computing €3, , (e‘La) explicitly. We also reduce the
product of the prefactor and the sum over n modulo B2, because e“2b/2 — 1 ¢ B!
The sixth line follows by applying Lemma with u = a and v = ad(a)™(b). O

We may now apply the BCH formula of Lemma [14.3.2] to write the product

e%[mb]efﬂda —La—i—%[a,b].

in terms of the single exponential term e

Proposition 14.4.4. We have

erlblele = o~Latslabl | 44 (€7) (teven) — 72 (7)) (mod B?).

Proof. To apply Lemma [14.3.2] directly we work with the conjugate e~L2ek®bl/2 ip-

Lia,bl/2,

stead of e —La_ They are related by the formula

e'e” —e’e" = ad(e")(v) (mod v?)

with u = —ILa and v = LL[a, b]/2.
The degree in v corresponds to the B-filtration and e, = — ad([a, b]). This gives

L
eHabl/2g—la = g-lagllabl/2 _ 552(6_]1‘3) (mod B?), (14.4)

Now apply the BCH formula of Lemma[14.3.2|to the first term on the right hand side
of (14.4). This gives

L
e Lagslbl = oLat3labl 4 aq (e7) (teven) + 152 (e7) (mod B?). (14.5)

The term involving €5 appears by separating off the n = 1 term from the sum over
n in the BCH formula and then rearranging. again using that e = —ad([a, b]). The

remaining terms in the sum over n are only nonzero when n is even because of the
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Bernoulli numbers. This sum can be shown to equal teven by applying Euler’s formula

for the even zeta values B 120
m (9 _ _ 2n

) = =550

Combining (|14.4) and ((14.5)) gives the result. O

We are now in a position to prove Theorem [14.4.1

Proof of Theorem [14.4.1. By combining Proposition [I4.4.3] and Proposition [14.4.4]

we obtain
: m m/ om L —La —La+L[a —La
Fill; (u(C§)(S5 (8 )+ e (e72) = eta+3lb L ad (e722) (£)  (mod B?).

But the expression on the right hand side is precisely Filp((a™)™!), as computed in
Proposition [14.2.2 O

14.5 Interpretation of n

The motivic period n was defined in Definition as the motivic integral of E5(0)
over S. In this section we explain the significance of the value n = L/8 that was
computed in Corollary and how it may be computed by alternative analytic
means.

The element e, is dual to the cohomology class of a 1-form on M, 7, [23, §14].
This element may be written as the following 1-form defined on the partial cover

C*x9H— Ml,T’

Go (&, 7) = 2miGe(T)dT — lﬁ,

=2 2¢

by verifying that it is preserved under the SLy(Z)-action (&,7) — ((e7+d) 71, (7).

Here Gyo(7) := —1/24+ 3 ., o(n)g" is the Eisenstein series of weight 2 (see .
The universal cover of M, ; factors as C x  — C* x $ — M, 1, where the

first map is exp x id and the second is the partial cover above identifying SLy(Z)-

equivalent points. The coordinates on the universal cover are (z,7). Pulling back

G4 (&, 7) to the universal cover produces the Bs-invariant form

1
Go(z,7) = 2miGo(1)dT — §dz € QYC x §).
The integral of Gy(2,7) over S is the coefficient of e, in per(¥), which is
2me
[ Gae.) = per(W)fes) = perta) = °F". (146)
S
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This equals the value, at S, of a cocycle r € Z 1(Bs,C) constructed by Matthes
[38]. Up to a sign, the cocycle r is the result of composing the homomorphism
r™: Bs — PJ; constructed in §10.1] with the period map per: Pj; — C. Using our
conventions, which differ slightly from those of Matthes][] it is defined as the map

r: By — C given by
(0,0/9q)

v (z,7), (14.7)
=10, 3/3q

where (0,0/0q) is a tangential basepoint on C x $ and elements of B3 act on the
universal cover as deck transformations. It can be viewed as the limiting n = 0 case of
a family of cocycles ro, 19 € Z'(B3, Vs, ® C). For n > 0 these cocycles are pullbacks
of the period polynomial cocycles in Z'(SLy(Z), Vs, ® C) by the homomorphism
f: By — SLy(Z) defined in Proposition [8.1.4f Of course, in the n = 0 case the
cocycle r is not a lift of any period polynomial cocycle because there are no modular
forms for SLy(Z) of weight 2. Additionally, B acts trivially on Vj ® C = C, which
implies that € Hom(Bj3, C).

The braid group is a central extension
1 =7 — By L SLy(Z) — 1.

Here Z is the automorphism group of the covering exp x id: C x § — C* x $. This
group may be identified with the fundamental group of C*, which is generated by a
counterclockwise loop around 0 denoted by o.

Proposition states that ker(f) is generated by S*, and hence S* = o*!. It
follows that

r(S) = @. (14.8)

It therefore suffices to compute r(c). Matthes’ original computation [39] is unpub-

lished, so we record it again here using our own conventions.

Proposition 14.5.1. We have
2mi

r(o) = -

Proof. We simply compute the action on the universal covering space and then apply
(14.7). The generator ¢ acts on C x $) via o(z,7) = (2 + 2mi, 7). Since it fixes the

second coordinate, we have

(0,0/9q) 1 1 /0 -
r(o) = / <27Tz'Gg(7')d7' — —dz) — __/ dy — T
(—27,0/9q) 2 2 —2mi 2

Matthes’ convention for the SLz(Z)-action on C* x § differs from the one used here by the
reciprocal in the first factor. This only changes the cocycle values by a possible sign. He also defines
the cocycle in terms of Fy = —24Gs.
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]

By it follows that r(S) = £(27i)/8. Comparing to shows that the
two values agree up to a choice of sign. This reason for this is because the coefficient
of €gnpo in per(Fill (1)) is 79,42(5), for n > 0, and the coefficient of e, is the value
at S of a cocycle for Bj associated to G, that must be compatibly normalised in
order for ¥ to be grouplike. Our choice of normalisation, together with the fact that

H'(Bs, C) is one-dimensional, implies that this cocycle is 7.
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Chapter 15

Coeflicients of iterated Eisenstein
integrals

The proof of Theorem is nonconstructive, and for a given motivic multiple zeta
value (™(w) the result only implies that there is some linear combination of motivic
iterated Eisenstein integrals of certain lengths and weights equal to (™(w). Neverthe-
less it is possible to determine some of the coefficients in this linear combination using
additional information. One source of information is the f-alphabet decomposition of
mixed Tate motivic periods [6],[7, §22]. This assigns an element of the shuffle algebra
Q[L*] ®g T¢(fans1 : m > 1) to a given element of Pt (z)- Although this depends on
some choices, the highest-length term in this decomposition is canonical.

In this section we use this idea to determine the coefficients of the highest-length
iterated Eisenstein integrals appearing in linear combinations equal to some example
MZVs. This combines both the combinatorics of the f-alphabet decomposition for

motivic MZVs and the modular theory of the canonical cocycle C™.

15.1 The coradical filtration

The notion of an f-alphabet decomposition relies upon the coradical filtration CJPy;.
This is a general concept that can be defined for any right O(U)-comodule (for any
unipotent group U) [8, §2.5]. Here we only define it for P}}; the relevant unipotent
group in this case is U = USSR, the unipotent radical of the motivic Galois group
G4l = Auts (wih).

The coaction on motivic periods defined in equation induces, via the natural

surjection P = O(G) — O(ULR), a “unipotent” coaction

A PR — PR ®g OULR).
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Let Avrd .= A" —id®1 be the associated reduced coaction. Following [8, §3.8] we

define the coradical filtration on Pj} to be the increasing filtration C,Pj; given by
C.Py, = {5 € Py (AvTe)rH(¢) = 0}.

This definition gives CoPY; = {£ : A%(§) =& ® 1}. We may express this subalgebra
using the Tannakian structure on H as follows. The action of Ug? on P is given by

the formula (4.7)); namely, for g € Us(Q) = Hom(O(UsE), Q) we have

9(&) = (id ®g)(A(€)).

This implies that CyPy;, = (PQ)U%R is the space of motivic periods fixed by the
action of USR. Since UdR acts trivially precisely on the full subcategory H** < H of
semisimple objects, CyP}; = PJ.. is the subalgebra of semisimple motivic periods.

In general, the coradical filtration is the fastest-growing filtration C,Py; that is
preserved by US® such that UgR acts trivially on gr® P and C_;PF = 0.

15.1.1 Relationship to the length filtration

The coradical filtration is connected to the length filtration L.O(Z/{ﬁ}f) that was de-
fined in Definition By [7, Theorem 22.2] the element C§ of U (Py;), which
we may interpret as the motivic “integration-along-S” operator | ; , is a morphism of
filtered Q-algebras

C3: LOUT) = C.Py. (15.1)
Hence, on the subalgebra M™ of Py} constisting of motivic multiple modular values,
the coradical filtration coincides with the length filtration £4M™ that was defined in
Definition [7.3.91

Recall from §9.7.1| that the Hopf subalgebra O(U&*™) of O(U{'}) is an ind-object
in MT(Z). We may write

L OUE™) = ([Eapy+2(b1)] . . . [ Ban12(bs)] € OUE™) 1 s < 1)q.

When pulled back via the inclusion O(U&°™) — O(U}) the element C§ equals the
homomorphism p(Cg) € Hom(OUE*™), Py ). This may also be interpreted as the
operator |, ; , this time restricted to mixed Tate iterated Eisenstein integrals, giving

a homomorphism of filtered Q-algebras

w(CE): LOUS™) = CaPiire.
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15.2 f-alphabet decomposition

In this section we define the notion of an f-alphabet decomposition of motivic periods.
We also give a formula for the decomposition of certain motivic iterated Eisenstein

integrals to leading order in the coradical filtration.

Definition 15.2.1 (f-alphabet decomposition). An f-alphabet decomposition is a
Gyn-equivariant isomorphism ¢: Py = QILE] @ T(fs, f5, - - ). It is normalised if
e(C™(2n + 1)) = fopy1 for all n > 1.

There is a more general notion of a decomposition map [8, Definition 3.10]. Recall
from Definition that GS}* denotes the motivic Galois group of the category H
based at the de Rham fiber functor. Its unipotent radical is U%R and we denote its
reductive quotient by S§F. The decomposition map is a canonical isomorphism of
SdR-modules ®: gr¥ PE = Pr., @ T¢(gr{ O(UgR)). It is an isomorphism of SyR-
modules because US* acts trivially on both sides.

Recall from equation that the fully faithful functor w’: MT(Z) — H induces
an inclusion 73,\“}”(2) — PY. As described in [8, §5.4] the decomposition map on
gr® Pl restricts to a decomposition map on gr¢ Prit(z)- Noting that S,?AF-{F(Z) = G,

this restricted decomposition is a canonical isomorphism of S,‘\i,lf-{r(z)—modules
®: g1’ Pliry — QLT @ T(fs, fs,- - ).

A choice of splitting of the coradical filtration C.P,‘\‘A‘T(Z) (e.g. using the Hoffman ele-
ments [5]) determines an isomorphism Py ;) = gr¢ Ptz and hence an isomorphism
@ as above. Different choices of splittings for the coradical filtration will determine

different choices of ¢; the map ® = gr® ¢, however, is canonical.

15.2.1 f-alphabet decomposition for motivic iterated Eisen-
stein integrals

The morphism of filtered algebras p(Cg): LeOUE™) — CoPyjry described in
§15.1.1] is compatible with the following formula for the f-alphabet decomposition
of certain motivic iterated Eisenstein integrals. Recall that O(U#°™) is described in

§9.7.1} in particular, its elements may be expressed as certain words in the elements
FEan12(b), defined in §5.5.1.2) that integrate to periods of MT(Z) under f;

Lemma 15.2.2. Let ¢ be any normalised f-alphabet decomposition and let ® = gr® .
Assume that for all by, ... by with 0 < b; < 2n;, the word [Eay, +2(b1)| - - - |Eon,+2(bs)]
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is an element of O(U°™). Then ®: Co(u(C¥)) — Q[L*] @ T(f3, fs5,...) is given
explicitly on the lowest and highest weight words by

" s (277/1)!"'(2n5)!f2n1+1"'f2n5+1
/S Eany12(0) -+ Ean2(0) > (~1) N A
m 2ny)! - (2ng)!
/ Eony42(2n1) -+ B, 42(2n5) — (2m) 5 (Zn,) Jongs1 - fanys1-
s

Proof. We prove the equality

m S m
/S Eony12(0) - -+ Egn42(0) = LQN(;_%/S Eon12(2n5) « -+ Eony+2(2n),  (15.2)
which may be shown by making use of the action of S§* on O(U&°™) ®q Q[L*]. The
result follows by applying [7, Theorem 22.2] to the right hand side of (15.2)), although
some modifications must be made (namely, the coefficient needs to be inverted and
the order of letters reversed).
To proceed with showing (15.2), note that the action of S on O(UE*™) @ Q[L*]

satisfies
Se: [Bang2(2ma)| -+ [Bapyya(2n,)] = L2 20 [Ey 5(0)] -+ [ Eangy2(0)]. - (15.3)

Recall that p(C%) may be identified with the motivic “integrate along S” operator
on O(U&°™). Apply the homomorphism p(C%) € Hom(O(UE™) ®q Q[Li],P,\“,‘lT(Z))
to both sides of ((15.3)) to obtain

CS (S5 ([Ban+2(2m)| -+ | Ban,42(2n5)])) = L2120 CF (B, 42(0)] -+ | Ban,12(0))]).-

(15.4)
For any w € OU*™) ®g Q[L*] we have CF(S§'(w)) = C%|sw(w). The cocycle
equation for C™ associated to the equation S* = —I implies that C§|sn = (C§)™".

The element (CF)~! is the generating series for motivic iterated integrals along S~
where we use the choice of splitting that defines C&. Equation ((15.4]) therefore reads

/ Bany42(2m) - Eanya(2n,) = L2+ / Eauy+2(0) - B, (0).
5-1 s
Applying the reversal of paths formula gives
m m
/ Ban2(200) -+ Baya(2m1) = (—1) L7+ 2 / Ban42(0) -+ Ban, 42(0).
S s

This implies equation ([15.2]). Taking f-alphabet decompositions gives the result. [
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Remark 15.2.3. Lemma [15.2.2] is actually valid for all ny,...,ns > 0, even when
the words [Egp, 12(0)] . .. [Eon.+2(0)], [Bon,+2(2n1)] . . . | Ban, 12(2n,)] € OULR) are not
contained in the mixed Tate subalgebra OU&°™) C OU{}) (the same proof goes
through with p(C%) replaced by C¥ in this case). This implies that the leading-
order term in the coradical filtration of any motivic iterated Eisenstein integral is an
element of PRy ); see [11, Conjecture 2] for a conjectural description of this term
in terms of MZVs. With these integrals of more general words, however, non-mixed

Tate motivic periods may appear lower down in the coradical filtration.

15.3 Cocycle equations

To determine coefficients in linear combinations of iterated Eisenstein integrals we

must understand relations between such integrals. The cocycle equations for C™ &€
Z'(SLy(Z), U (Py)) determine many of these. Set U = ST € SLy(Z); then

m m 0 -L
Ug =501y = (L—l 1 ) € SLSR(PR‘ET(Z))‘

We have S? = U? = —I. Furthermore C™; = 1 because all modular forms for SLy(Z)
have even weight. By Proposition [5.5.2] the canonical cocycle therefore satisfies the

equations

Colsp -Co =1 (15.5)
Colwgyz - Colup - Co = 1, (15.6)

where Cf} = C§r = C§|rm - CF. Taking the coefficient of Eisenstein words in equations
and produces relations between iterated Eisenstein integrals.

When written out in terms of C§ and CF}, it becomes rapidly more difficult to
take coefficients in Equation by hand as the length increases. However, since
Co(CT) = Q[L] € CyPy;, we may focus instead on only the leading-order terms in the

coradical filtration. Doing so gives
Cg}|(TSTST)§ 'Cg}|(TST)3‘ 'Cg*l|T6“ =1e€ Uﬂ?(gro 7)2) (15.7)

For our purposes this is just as useful and easier to compute; for example, taking the
coefficient of a length 2 word in (15.6) produces a relation with 21 terms, whereas
taking the coefficient of the same word in ([15.7)) produces a relation modulo CiPy]

with only 6 terms.
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15.4 Examples

We now consider the two example equations given in the introduction to this paper
and show how some of their coefficients may be determined using the above machinery.
The essential idea in each case is to first use Theorem[12.0.1]to obtain the (fairly small)
finite set of iterated Eisenstein integrals that may appear in a linear combination equal
to the given MZV. We then use relations between iterated Eisenstein integrals coming
from the cocycle equations to exhibit linear dependencies in this set and reduce its
size further. Finally we form a general linear combination with the remaining terms,

apply f-alphabet decompositions to both sides and compare coefficients.

Example 15.4.1. Consider the expression for ¢(3) given in the introduction:
¢(3) = ~(2mif? [ @ulryar
s
= —(2mi)? / E4(0).
5

We illustrate how to derive this equation from the motivic theory. Theorem [12.0.1
implies that (™(3) can be written as a Q-linear combination of the motivic periods
L2 [§ Es(0), L [§ E4(1), [ F4(2) and L. The morphism implies we may work
modulo COP““AT(Z), which kills L? € C'OP,\‘}‘T(Z). We shortly explain why there can be
no I3 term in the full linear combination, so in fact it makes no difference whether
we work modulo C’OP,\“,"T(Z) or not in this case.

Taking the coefficient of e4X? in implies that [ Es(2) = —1L2 [g Ey(0).
Taking the coefficient of e,XY in implies that [ E4(1) =0 (mod COPI\",‘lT(Z)).
Therefore we may write ("(3) = AL? [ E4(0) (mod CoPyir(z)), for some A € Q.
In fact this expression holds “on the nose” even without working modulo C'OP,‘\‘A‘T(Z),
because the undetermined term in COP,\“,}T(Z) must have weight 3 and so must be a
multiple of I3, which is anti-invariant under the action of the real Frobenius F, (see
Definition . We are left with a simple equation of the form

¢("™(3) = AL? /Sm E4(0), for some A € Q. (15.8)

We now apply the normalised decomposition map ¢ to (15.8]). Lemma |15.2.2| gives
m 2!
© (/ E4(O)) = ——é + AL3, for some A € Q.
. 2 L2

Comparing coefficients in (15.8]) determines A = —1 and A = 0.

IThis concisely expresses that the term involving a zeta value is a coboundary and the image of
the cocycle of G4 in cohomology is rational up to a power of L [7, Equation (7.8)].
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Remark 15.4.2. A similar calculation may be used to show that

M2n+1) = —&LQ” /Sm Eon42(0) = & /Sm Eoni2(2n),

which recovers the completed L-values A(Gapi9,1) and A(Goyyo,2n+ 1). Combining

this with the relation obtained by taking the coefficient of es,42X?"*Y? in equation

(15.7) also shows that

" 2n)!1 (" (2n + 1 m
/S Eony2(b) = (d2n— — 5b)( 2) ]<L2"—b ) (mod COPMT(Z));

where 6. = 0. is the Kronecker delta. In particular, this implies that the “middle”
values [ ; Fani2(b) for 1 < b < 2n — 1 are powers of I, which is of course also
well-known. From this point onward we will therefore use the fact that the motivic

iterated Eisenstein integrals with b € {0, 2n} evaluate to motivic single zeta values.
The second example gives an expression for (™(3,5) € Dy Z™\D; Z™ as a double

Eisenstein integral.

Example 15.4.3. We have the following expression for ((3,5) [I1, Example 7.2]E|:

503
21335527

(2mi)®.

C(3.5) = —1—52(2m)8 /S Go(r)dmGa(s)drs + (2mi)®

) 203

_ NG
= —5(27”) /SEG(O)E4(O) + S1835527

We explain how the coefficient —5/12 of the longest iterated Eisenstein integral may
be computed abstractly. We first determine the possible such integrals that may
appear in a linear combination giving ¢(™(3,5). Theorem implies that these
must be iterated integrals of length at most 2 and total modular weight at most 10.
By we therefore work modulo CyPgy ), giving

¢("(3,5) = Z A/S Eony2(b1) Eony 42(be)  (mod Ci1Pyrz)), (15.9)

(’I’Ll77’12)6{(1,1),(1,2),(2,1)}
0<b;<2n;

where A is a rational multiple of LS7%~%2. The motivic MZV (™(3,5) has weight
8, and the weight 8 subspaceﬁ of 0173,‘\‘/}“2) is spanned by (™(8), which is a rational
multiple of L. Thus the only term that is lost by working modulo Olﬂf;}T(Z) is a

2There is a difference in normalisation between Brown’s formulae and ours; namely
A(Gpys . Gryiby, ... by) = bttt Qi) =(battbe) [ B (b — 1) By, (bs — 1).
3Recall that the weight filtration is a grading on motivic MZVs.
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rational multiple of L& € C’OP,‘\‘A‘T(Z). In other words working modulo 0173&-,-(2) is
equivalent to working modulo C’OP,\“,}T(Z) in this case.
Let ¢ be some choice of normalised f-alphabet decomposition and ® = gr¢ ¢.

The decomposition algorithm [0, §5] gives
q)(cm(S? 5)) = _5f5f3 (mOd CO,PI\TZT(Z)) (1510)

The coaction on T¢(fs, fs, ... ) ®g Q[L*] is actually a coproduct because scalars have

been extended to Q[L*]. It is given by deconcatenation. This gives

A(P(C™(3,5)) = =5® fsfs =5 ® f3 = 5fs /s ® L. (15.11)

In particular we have A"(®(¢™(3,5))) = =5/ ® f3 # 0 (mod C1Pyy ), where A’ :=
A —id®1 — 1 ® id is the reduced coproduct.

We must now compute the f-alphabet decomposition of the iterated Eisenstein
integrals on the right hand side of . To leading order in the coradical filtration
CePyir(z)> the coproduct on motivic iterated Eisenstein integrals in Co(u(Cg)) is

deconcatenation [7, Theorem 22.2]. This can be written explicitly as follows: let
[Eony12(b1)] -+ - | Eon.12(bs)] € O(UE*™). Define an element 1'3;;;’2’8 ane+2 € Parzy by

.....

Igﬁ’{lgi..,znsw = /S‘“ Eony+2(b1) -+ - By 1a(bs).
We have
A (]371171132,2n2+2> =1® Igiflbiz,zngw + ]galm’fiz,znﬁz ®1
+ 13, @I, (mod Ci1Pyit(z))-
Note that I3, is a rational multiple of:

{Lb—%gm(zn +1) € CiPfr(zy, b=0or2n;

Lo ¢ CoPrir(z)» otherwise.
Therefore A/(Igrllf)i2,2ng+2) =0 (mod C1Pyrz) unless (b1, by) is one of (0,0), (0, 2ny),
(2n1,0) or (2n4,2ns). In any of these cases we have

2n1 ! 27’LQ ! 91 —2n
A/(‘I)(Igiﬁzzngw)) = (_1>6b1+6b2 %Lbﬁ@ am2 2(fony+1 @ fonpt1)-

Thus the only iterated Eisenstein integrals that contribute nontrivially modulo
C1Pyir(z) to the sum on the right hand side of (15.9) are ]3,11’11212’2”2 4o With {nq,ns} =
{1,2} and b; € {0,2n;}. As described in Lemma [15.2.2 the action of S§' gives an
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equality Ig}” = LS~217202 7 247" 50 that we may fix (n;,n2) = (2,1). The sum in
therefore consists of at most 4 distinct integrals.

We may simplify further using the cocycle equations. Taking the coefficients of
esXje X2 and egXie Y2 in respectively produces the two equations

LoIgy + Iy — 12¢™(3)C™ ()
L*Ig7 + L2Igy + 12¢™(3)¢™(5)

(15.12)

0;
0. (15.13)

Taking the coefficients of the same words in (15.7)) produces the equationsﬁ

QLOI + LAIGT + L2Igy + 217 — 12¢"(3)¢™(5) =0 (mod C1Pyrz);  (15.14)
LOTgy + 2L 107 + L2 Ig) + Igf =0 (mod CiPhyrz).  (15.15)

Equation (15.14)) is implied by combining (15.12)) with (15.13)), which shows that it

holds even without working modulo CleT(Z). Though this gives no interesting new

information for this calculation, it does imply the existence of a further relation in

0173,\",‘”(2). What is more useful is (|15.15]). Combining it with equations ((15.12]) and

(15.13]) implies that
Igi =0 (mod CiPhrz). (15.16)

The combination of ((15.12)), (15.13)) and (15.16) together with the previous analysis

imply that (™(3,5) may be written as a Q-linear combination

(™(3,5) = AL°I) + BC™(3)¢™(5) (mod QL®), A, Be€Q. (15.17)

Applying Lemma [15.2.2{ to (15.17) gives

—5fsfs = ®(¢C"(3,5))
= O(AL gy + BCM(3)C™(5))
= 12Afs5f3 + Bfs W f5
= (12A+ B) fsfs + Bfsfs (mod QL?).

Comparing coefficients determines A = —5/12 and B = 0. We obtain

5 m
("(3,5) = —2L° / Es(0)Es(0) + LS, for some A € Q.
S

4In these equations we have been able to replace the period ring Py by P,{};T(Z). This is because
Theorem [12.0.1| supplies iterated Eisenstein integrals in Co(u(Cg')) € Pyjr(z)-
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15.4.1 The general case and further questions

Theorem [12.0.1]implies that any (™(w) € Z™ may be written as a linear combination

of the form

C‘“(w):ZAiL"”/S v;, (15.18)

where v; € O(U*™) and A; € Q. Theorem also places constraints on the
elements v; and values m; € Z in terms of the weight n and depth r of (™(w).

The left hand side of has an f-alphabet decomposition. In many cases
(e.g. for the family of Hoffman MZVs [5]) this decomposition may be computed algo-
rithmically up to a rational multiple of f, [6], though in general this decomposition
is not unique. However the left hand side has a coradical filtration and, in particu-
lar, the longest term in the f-alphabet decomposition with respect to the coradical
filtration is canonically determined by this algorithm.

The right hand side also has an f-alphabet decomposition. The space of iterated
Eisenstein integrals on the right hand side has a length ﬁltrationﬂ with respect to
which the longest part in the f-alphabet decomposition is canonically determined by
Lemma . By comparing the f-alphabet decompositions of each side of
we may then read off the coefficients A; of the leading order terms in the coradical or
length filtrations.

By extending the formula given in Lemma for the f-alphabet decomposi-
tion for motivic iterated Eisenstein integrals past the highest length term it may be
possible to determine more of the coefficients A;. In the most optimistic scenario all
coefficients except that of (™(n) may be determined by this method. This raises the

following question:

Problem 15.4.4. Is there a recursive procedure to completely decompose motivic

iterated Eisenstein integrals in the f-alphabet in a similar way to the procedure given

for motivic MZVs defined in [6]?

A related area of potential future study is suggested by Theorem [13.1.1 which
implies that the action of £ = Lie(U&F-l{-(Z)) on us®™ is faithful. The first few terms of

this action with respect to the filtration W, us*™ have already been written down [9].

Problem 15.4.5. Describe the action of € on us®™ completely.

5This coincides with the coradical filtration.
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The proof of Theorem [12] implies that the words v; appearing on the right hand
side of are actually elements of O(U#&°™), viewed as a Hopf subalgebra of
O(Uﬂ}f). The motivic integral along S of such a word — that is, its value under
the homomorphism x(Cg) € Hom(O(U&*™), Pj;) — is an element of Py, because
O(Ue*™) is an ind-object of MT(Z). Applying the period map and [5] implies that
Jsvi = u(Cs)(v;) € Z[(2mi)*] C C.

We expect that a form of converse holds as long as one considers integrals of not
just a single word v; but rather the whole (finite) subset of words obtained by varying
the values of by,--- b, within v; in the allowed ranges 0 < b; < 2n;. This may be
formalised as follows.

Recall the definition of the free Eisenstein quotientﬂ U of U from §5.5.1.2 Tts
coordiate ring is the shuffle algebra on the Eisenstein forms Fy, 2(b), and contains

O(U#s°™) as a Hopf subalgebra. For ny,...,ns > 0 define a linear map
[Eonyv2] - | Banv2]t Vagy @ - @ Vgt = OUY)
by the formula
XYY @ - @ X3 T Y Y v (B pa(b1)] - [ B 1a(bs)].

It is S Ls-equivariant. Precomposing with any choice of SLs-equivariant linear map

g: Vil 5 Vil @ ... @ ViR defines an S Ly-equivariant linear map
Eon | E ns
VAR & ViR o Vi it o R, (15.19)

and every element of Homgy, (VAR O(UIR)) is a Q-linear combination of maps of the

form (|15.19)). With this in mind we pose the following conjecture.

Conjecture 15.4.6. Let f € Homgr, (VIR OUIR)). Then im(f) C OUE*™) if and
only if im(Cg o f) C Z[(2mi)*], where we view Cg € Ui (C) = Hom(OU{T), C).

The implications of Conjecture[15.4.6|are somewhat subtle. For example, there are
elements of OUIR) that are (conjecturally) not contained in O(U5°™) whose image
under Cg is contained in Z[(27i)*]. Brown gives two numerical examples illustrating

this in [11, Examples 7.3 and 7.5]. Their conjectural motivic versions are

LlO 0.0 3]L4

25.33.5°68 7 93 691 410 C5 75 (15.20)
LlO
26.32.5. 7[4 10T 53 Goq 23 . 691 410 C39 (15.21)

®Note that O(ULR) is not a natural ind-object of H.
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Here (5%, (3 € CQP,‘\}I‘T(Z) are motivic MZVs whose f-alphabet decompositions are
f5f7 (mod QL'?) and f3fy (mod QL'?) respectively. Hence, they are only well-
defined up to addition of a rational multiple of I.'2. Despite lying in coradical degree
2 they cannot be expressed by motivic MZVs of depth less than 4.

A verification of and would imply that the linear combinations

(2mi) ' 3(2mi)*
5535 5 Lo (0)[Es(0)] = S5y [Ba(2) | Ero(4)]
(27)*° (2mi)*

which are elements of O(ULR) ®g Q[27i], evaluate to elements of Z[(27i)*] under Cs.
Conjecturally, however, the individual terms appearing in these linear combinations
are not contained in O(U5*°™)®qQ[27i] since their values under Cg should also involve
the noncritical L-value A(A;12) of the cusp form A € S15(SLy(Z)) as well as a “new”
period ¢(A;12) [I1], §7.2]; consequently, they are not mixed Tate. By Remark
the motivic versions of these periods associated to A must occur in C1Py;. They
happen to cancel out in the linear combinations on the left hand sides of and
to give the mixed Tate periods (57 and (3.

A further implication is that equations and are inaccessible from
Theorem [12.0.1] which only makes use of periods of O(U5*™). This is evidenced by
the expressions and for the depth 4 motivic MZVs (5'; and (3l as
linear combinations of iterated Eisenstein integrals of length s < 2, while Theorem
12.0.1] only gives the weaker bound s < 4.

This suggests that it is possible to reduce the length s of the iterated Eisenstein
integrals appearing on the right hand side of substantially below the bound
s < depth(™(w) afforded by Theorem if we allow integrals of elements in
the full space O(ULR) rather than just the mixed Tate subspace O(U&*°™). In this
larger space, correction terms in lower coradical degree may account for these “depth
defects”.

This also raises an interesting question about relations between iterated Eisenstein
integrals. Theorem (12.0.1{implies that the depth 4 MZV's appearing on the right hand
sides of and may be written as linear combinations of iterated Eisen-
stein integrals of length at most 4 that, moreover, come from O(U&*°™). Equating
with the iterated Eisenstein integrals on the respective left hand sides produces re-
lations between iterated Eisenstein integrals along S of potentially different lengths.

It is natural to ask whether these relations may be proven using known relations
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(e.g. the cocycle relations). We therefore conclude with a final suggestion for future

investigation:

Problem 15.4.7. Consider the relations in M™ arising as follows: let
3 / wi = K™ € Pl = Z7[LY] (15.22)
—Js

be a mized Tate linear combination of motivic iterated Eisenstein integrals, where

each w; € OUIR). Theorem [12.0.1] produces a new expression
m
K™ = Z/ v; (15.23)
—Js
j

where each v; € O(U™). Equating (15.22) and ((15.23) produces the following rela-

tion between mized Tate linear combinations of iterated Eisenstein integrals:

;/:MZZ/:U”" (15.24)

Does the relation (15.24]) have a geometric origin?
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Index of notation

G(H) Grouplike elements in (complete) Hopf algebra H, page 15
T¢(Z) Shuflle algebra on Z, page 15

R(Z) Free associative algebra on Z, page 15

)

((Z)) (Z)-adic completion of R(Z), page 15

M1 Moduli stack of elliptic curves, page 23

Ml,l DM compactification of M 1, page 24

M, 7 Moduli scheme of pairs (E, ), page 23

£ Universal elliptic curve, page 24

£ Compactification of £, page 25

&o Fiber of £ over the cusp ¢ = 0, equal to nodal cubic, page 25

0/0q Tangential basepoint on M ; at cusp, page 27

Es/aq Fiber of the Tate curve over 0/0q, page 27

0/0w Tangential basepoint on Sax/aq at O, page 27

v Tangential basepoint on M ; at cusp, equal to 9/9q + 0/0w, page 28
j:fp Tangential basepoints on P!\ {0,1,00} at p € {0,1, 00}, page 28
X (K)pp Set of K-rational basepoints on X, page 26

Hg(X) Betti cohomology, equal to H, (X(C),Q), page 29

H': (X) De Rham cohomology, equal to H" (X, Q%), page 29

7°?(X, z) Topological fundamental group, page 41
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relB(X x) Relative Betti fundamental group, page 48
R ( X z) Relative de Rham fundamental group, page 48
oI Motivic path torsor ¢ (P'\ {0, 1, 0o}, Iy, —11), page 39
a, ng Relative de Rham fundamental groups of (M 1,d/9q) and (M, 7, V), page 60

U ,UﬁR Unipotent radicals of G{f, GI¥, page 60

1,1
Z/{ﬁ hol Totally holomorphic quotient of U, page 62

UIR  Free Eisenstein quotient of U1 1, page 63

Us™ Image of L{{i}l}” under p, page 89

MT(Z) Tannakian category of mixed Tate motives over Z, page 31
H Tannakian category of generalised Hodge realisations, page 30
Gﬁ,,f-{r(z), G$ De Rham motivic Galois groups, page 33

U&}}(Z) Unipotent radical of G‘,f,lRT(Z), page 38

¢ Lie algebra of U,Sﬁ , page 38

up;  Lie algebra of U{'¥, page 60

I The monodromy morphism, page 88

10) The Hain morphism, page 103

@7, Motivic Drinfeld associator, page 58

a™, ™ Power series in a, b, page 59

cm Canonical motivic cocycle, page 66

v The motivic modular inverter, page 101

~™ Image of fundamental group element ~ in relative completion, page 49
Yo Unipotent part of 4™, non-canonical, page 49

Y Reductive/degree-0 part of 4™, canonical, page 49

S™ T™ Images of SLs(Z) generators in relative completion, page 66
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S§, T Degree-0 parts of S™,T™, page 65

© Commutator afa~!57!, page 86

Prit(z), Pn Rings of motivic periods, page 34

P,?,TT(Z), P2 Rings of de Rham periods, page 33

Z™  Ring of motivic multiple zeta values, page 39

M™  Ring of motivic multiple modular values, page 66

W, Z™ Weight filtration on motivic MZVs, page 81

D¢ Z™ Depth filtration on motivic MZVs, page 81

C.P;; Coradical filtration on H-periods, page 131

L Lefschetz period, equal to (27i)™, page 39

¢(™(w) Motivic multiple zeta value, page 40

fwm Eonyyo(b1) -+ - Eon,42(bs) Motivic iterated Eisenstein integral, page 73
n Motivic period [ F»(0), equal to /8 by Corollary [14.4.2, page 101
Filj(s) rth filtered piece of series s, page 76

Col'(s) Filtration on Co(s) induced by F, page 80

Xg, Y Generators for standard representation of SLY, page 65

X,Y  Generators for standard representation of SLI®, page 65
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