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Abstract

The affine ring of the motivic path torsor 0Πmot
1 := πmot

1 (P1\ {0, 1,∞},~10,−~11) is an

ind-object in the Tannakian category MT(Z) of mixed Tate motives over the integers

[16]. Its periods are Q[(2πi)±]-linear combinations of multiple zeta values (MZVs).

Brown showed that O(0Πmot
1 ) generates MT(Z) by exhibiting a specific basis for the

Q-vector space of motivic MZVs [5].

Brown also introduced a class of periods of fundamental groups called multiple

modular values [7]. They are periods of the relative completion of the fundamental

group of the moduli stack M1,1 of elliptic curves [22]. Among such quantities are

iterated integrals of Eisenstein series along elements of the topological fundamental

group ofM1,1 based at the tangential basepoint ∂/∂q at the cusp, which is isomorphic

to SL2(Z).

In this thesis we prove that all motivic MZVs may be expressed as certain Q[2πi]-

linear combinations of motivic iterated Eisenstein integrals (Theorem 12.0.1). This

uses a construction relating the (relative) de Rham fundamental groups of P1\ {0, 1,∞}
andM1,1 via the de Rham fundamental group of the fiber E×∂/∂q of the punctured Tate

curve over ∂/∂q. We explain how the coefficients in this linear combination may be

partially determined using the Galois coaction on motivic periods.

As a consequence we also obtain a new Tannakian generator for MT(Z) con-

structed from the universal monodromy representation of the relative fundamental

group of M1,1 on the fundamental group of E×∂/∂q (Theorem 13.1.1).
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Introduction

Multiple zeta values

Multiple zeta values (MZVs) are real numbers generalising the special values of the

Riemann zeta function ζ(s) at positive integers. They are defined by nested series of

the form

ζ(k1, . . . , kr) =
∑

0<n1<···<nr

1

nk11 · · ·nkrr
,

where each of k1, . . . , kr is a positive integer with kr ≥ 2 to ensure convergence. The

integer k1 + · · · + kr is called the weight, and the depth is r. The Q-vector space

spanned by all MZVs1 is a Q-subalgebra Z ⊆ R; for example, for integers k, l ≥ 2 we

have

ζ(k)ζ(l) = ζ(k, l) + ζ(l, k) + ζ(k + l). (1)

This formula can be checked directly from the definition above, and one may write

down a general product formula (called the stuffle or harmonic product) by decom-

posing the product of two nested sums as a Z-linear combination of similar nested

sums. The weight and depth define filtrations on Z that are compatible with this

product, and conjecturally the weight defines a grading on Z.

The Q-algebra Z is of significant arithmetic interest, even at the level of single

zeta values (i.e. MZVs of depth 1). For example, Euler’s classical formula for the

even zeta values is

ζ(2k) = −B2k(2πi)
2k

2(2k)!
,

whereB2k ∈ Q is the 2kth Bernoulli number. This implies that ζ(2k) is transcendental

over Q and that all even zeta values are algebraically dependent, with ζ(2k) = bkζ(2)k

for an explicit rational number bk.

The situation is very different for the odd zeta values ζ(2k+ 1). In this case there

are no analogous formulas, no algebraicity results and only very few rationality results.

It is expected that the numbers π, ζ(3), ζ(5), ζ(7), . . . are algebraically independent

1Together with the “empty” zeta value ζ(∅) := 1 of depth r = 0.
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over Q, meaning that every odd zeta value should be a “new” transcendental number.

This difference in behaviour between odd and even zeta values is a consequence of the

interpretation of MZVs as periods of mixed Tate motives [5, 15, 16]. The even zeta

values are periods of trivial extensions of Tate motives, while the odd zeta values are

periods of nontrivial extensions.2

This leads us to consider a more geometric interpretation of MZVs as periods

of the category MT(Z) of mixed Tate motives over the integers, which, by [5], is

generated by the motivic fundamental path torsor of P1\ {0, 1,∞} /Q. Every MZV

may be expressed as an iterated integral on P1(C)\ {0, 1,∞} of length equal to its

weight. For example, the single zeta values may be written

ζ(k) =

∫
0<x1<···<xk<1

dx1

1− x1

dx2

x2

· · · dxk
xk

. (2)

This formula can be shown by expanding (1 − x1)−1 as a geometric series (which

converges inside the domain of integration) and then integrating term-by-term to

obtain the series ζ(k) =
∑

n≥1 n
−k. In the general case we may write

ζ(k1, . . . , kr) =

∫ 1

0

ω1ω
k1−1
0 · · ·ω1ω

kr−1
0 , (3)

where ω0 = dz/z and ω1 = dz/(1− z) ∈ Ω1(P1\ {0, 1,∞}).
The product of two such iterated integrals may be written as a Z-linear combina-

tion of iterated integrals of greater length. This produces a different formula for the

product of MZVs called the shuffle product. This, for example, gives the formula

ζ(2)ζ(2) = 2ζ(2, 2) + 4ζ(1, 3). (4)

Comparing the formulae (1) and (4) produces the relation

4ζ(1, 3) = ζ(4).

In general the comparison between the shuffle and stuffle product formulae produces a

collection of Z-linear relations in Z called the double shuffle relations. Conjecturally,

an extended3 version of the double shuffle relations is sufficient to describe all relations

in Z [28].

2This behaviour also reflects the interpretation of ζ(s) as an L-function.
3This corresponds to regularising divergent sums and integrals.
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Multiple modular values

Multiple modular values [7] are another interesting class of numbers. They are periods

of the relative completion of the fundamental group of the moduli stackM1,1 of elliptic

curves [23]. The fundamental group of its space of complex points is isomorphic to

the full modular group SL2(Z). As in the case of MZVs this means that multiple

modular values are iterated integrals, this time on the space

M1,1(C) = (orbifold) quotient of the upper half plane H by the action of SL2(Z).

However, instead of taking integrals of the differential forms ω0, ω1 ∈ Ω1(P1\ {0, 1,∞})
we take iterated integrals of certain vector-valued differential forms constructed from

modular forms for SL2(Z) (see (6.1)). The iterated integral expression equips the Q-

span M of multiple modular values with the structure of a Q-algebra. This algebra is

very rich, containing L-values of modular forms, amongst other quantities (e.g. [11,

§7]).

Like Z, the algebra M has many relations. In this case they arise most accessibly

from the relations in SL2(Z), or equivalently from the transformation properties of

modular forms. For example, the functional equation for (the special values of) the

completed L-function of a cusp form f of weight 2k for SL2(Z) can be interpreted as

a relation in M . Finding a minimal generating set of relations in M , as an analogue

to the extended double shuffle equations in Z, is an interesting problem. In §15.3 we

consider a set of relations called the cocycle equations and demonstrate that these

already determine many relations in M .

Main result

Our main result in this thesis implies that all multiple zeta values may be expressed as

Q[2πi]-linear combinations of multiple modular values of level 1.4 More specifically,

we show that every MZV of weight n and depth r can be expressed as (2πi)n times a Q-

linear combination of iterated integrals (along a specific element of π1(M1,1(C), ∂/∂q),

where ∂/∂q is a tangential basepoint at the cusp) of level-1 Eisenstein series

G2k(τ) = −B2k

4k
+
∑
n≥1

σ2k−1(n)qn, q := e2πiτ .

4In fact we prove a stronger statement, where periods are replaced by motivic periods [8]. The
advantage of working with motivic periods is that they are equipped with an action of a “motivic”
Galois group, with the caveat that this group is only known to be truly motivic (rather than Hodge-
theoretic) when working with periods of mixed Tate motives. See §4.2.
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Under the isomorphism π1(M1,1(C), ∂/∂q) ∼= SL2(Z), the element we integrate along

corresponds to

S =

(
0 −1
1 0

)
.

By definition, integrals along S are regularised integrals along the imaginary axis on

the upper half plane H (we describe this regularisation procedure in §6.1). Our main

result, Theorem 12.0.1, then implies the following theorem.5

Theorem. Every MZV of weight n and depth r can be expressed as a Q-linear com-

bination of regularised iterated integrals on H of the form

(2πi)n
∫
S

G2n1+2(τ1)τ b11 dτ1 · · ·G2ns+2(τs)τ
bs
s dτs, 0 ≤ bi ≤ 2ni,

where s ≤ r and the total modular weight N := (2n1 + 2) + · · ·+ (2ns + 2) is bounded

above by n+ s.

One hopes that this result may shed some light on difficult problems in the theory

of multiple zeta values by placing them within a modular framework.

Examples

The simplest nontrivial example is the case of ζ(3). It is a multiple zeta value of

weight 3 and depth 1, and can therefore be expressed as an iterated integral on

P1(C)\ {0, 1,∞} of length 3. By (2) we have

ζ(3) =

∫
0<x<y<z<1

dxdydz

(1− x)yz
.

By our result it may be written as a single integral on H of an Eisenstein series

of weight at most 3 + 1 = 4; the only option is G4. In Chapter 15 we show that∫
S
G4(τ)τ 2dτ = −

∫
S
G4(τ)dτ and that (2πi)3

∫ m

S
G4(τ)τdτ is a rational multiple of

(2πi)3, and hence is imaginary. It follows that ζ(3) may be expressed as a rational

multiple of (2πi)3
∫
S
G4(τ)dτ , and we only need to pin down the rational coefficient

to obtain

ζ(3) = −(2πi)3

∫
S

G4(τ)dτ.

This expresses ζ(3) as a rapidly converging Lambert series after expanding G4 in

q = exp(2πiτ). Similar formulae exist for all odd zeta values [3] – for example

ζ(5) = − 1

12
(2πi)5

∫
S

G6(τ)dτ.

5This follows from Theorem 12.0.1 by applying the period map. Note that Theorem 12.0.1 is
stated in the de Rham normalisation, which differs by a power of 2πi.
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Of course these formulae are well-known; they follow from the fact that the critical

L-values of G2n+2 are ζ(2n+ 1) and powers of 2πi. However, it is interesting to note

that there are exact formulae for the odd zeta values if one allows for expressions

involving modular forms.

A more involved combination occurs in depth 2. Brown gave the first example of

an expression of this type for the value ζ(3, 5) [11, Example 7.2]. His formula is6

ζ(3, 5) = − 5

12
(2πi)8

∫
S

G6(τ1)dτ1G4(τ2)dτ2 +
503

21335527
(2πi)8. (5)

This agrees with our result, which states that ζ(3, 5) may be expressed as a lin-

ear combination of at most double Eisenstein integrals of total modular weight at

most 10. Compare this to the expression (3) for ζ(3, 5) as an iterated integral on

P1(C)\ {0, 1,∞} of length 8.7

However, not all linear combinations of iterated Eisenstein integrals are equal to

MZVs. The formula

600π

∫
S

G4(τ1)τ1dτ1G10(τ2)τ 4
2 dτ2 + 480π

∫
S

G4(τ1)τ 2
1 dτ1G10(τ2)τ 3

2 dτ2

=

∫ i∞

0

∆(τ)τ 11dτ = Λ(∆, 12),

given in [11, Example 7.3], exhibits a linear combination of iterated Eisenstein inte-

grals equal to a noncritical L-value of the Ramanujan cusp form ∆ ∈ S12(SL2(Z)).

This multiple modular value is not expected to be a multiple zeta value. This formula

is an example of a general principle, guided by Beilinson’s conjectures [1], suggest-

ing that noncriticial L-values should be periods of simple extensions of motives (i.e.

mixed motives). This necessitates a deeper study of the underlying algebraic and

geometric narratives behind these period algebras.

Algebraic structure

As indicated by the preceding examples, the subspace of M spanned by iterated

Eisenstein integrals has a rich algebraic structure. The subspace of linear combina-

tions equal to MZVs is spanned by periods8 of a certain pro-nilpotent Lie subalgebra

6There is a difference in normalisation between Brown’s formulae and ours; namely, we have
Λ(Gk1

, . . . ,Gks
; b1, . . . , bs) = ib1+···+bs

∫
S
Gk1

(τ1)τ b1−11 dτ1 · · ·Gks
(τs)τ

bs−1
s dτs.

7In general the depth of an MZV is always smaller than its weight. Our result shows that there is
a substantial simplification to the length filtration on iterated integrals in passing from P1\ {0, 1,∞}
to M1,1.

8Here we have slightly abused the concept of a period; to be more precise we are referring to
periods of the affine ring of the associated pro-unipotent group scheme, which is an ind-object in
the category of mixed Tate motives over Z.
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ugeom ⊆ Der Lie(a, b). It is generated by derivations ε∨2n+2, for each n ≥ 1, which were

originally studied by Tsunogai [52] in relation to the pro-` fundamental group of a

punctured elliptic curve. They are defined by the formulae

ε∨2n+2(a) = ad(a)2n+2(b)

ε∨2n+2(b) =
1

2

∑
i+j=2n+1

(−1)i
[
ad(a)i(b), ad(a)j(b)

]
.

There are many arithmetic relations in ugeom, some of which were studied by Pollack

in his honours’ thesis [44]. In each depth in the lower central series filtration on ugeom

there is a family of relations whose coefficients are connected to period polynomials

of cusp forms for SL2(Z). Some examples in depth 2 are

[ε∨10, ε
∨
4 ]− 3[ε∨8 , ε

∨
6 ] = 0

2[ε∨14, ε
∨
4 ]− 7[ε∨12, ε

∨
6 ] + 11[ε∨10, ε

∨
8 ] = 0.

The Lie algebra ugeom has a geometric interpretation. It is the Lie algebra of the

image of the prounipotent radical of the relative de Rham fundamental group GdR
1,1 :=

πrel,dR
1 (M1,1) under its monodromy representation on the de Rham fundamental group

of the infinitesimal punctured Tate curve (see §3.4 and §8.2). The group GdR
1,1 is

generated by symbols corresponding to a basis for the space of modular forms for

SL2(Z), tensored with all irreducible representations of the reductive group SL2/Q.

The generators ε∨2n+2 are the images of Eisenstein symbols, while the cuspidal symbols

act trivially.

The Lie algebra ugeom is a pro-object in the category MT(Z) of mixed Tate mo-

tives over the integers. The de Rham fiber functor ωdR : MT(Z) → VectQ, sending

a mixed Tate motive to its de Rham realisation (algebraic de Rham cohomology),

equips MT(Z) with the structure of a neutral Tannakian category over Q [15, 5].

Consequently, the motivic Galois group GdR
MT(Z) := Aut⊗MT(Z)(ω

dR), and its unipotent

radical UdR
MT(Z), act on ugeom.

As a corollary of our result, which crucially relies upon its validity at the level of

motivic periods, we obtain the following theorem (Theorem 13.1.1):

Theorem. The action of GdR
MT(Z) on ugeom is faithful.

This is a “modular” analogue of Brown’s result [5], which implies that GdR
MT(Z) acts

faithfully on the motivic fundamental path torsor πmot
1 (P1\ {0, 1,∞},~10,−~11), or of

Belyi’s Theorem [2], which implies that Gal(Q̄/Q) acts faithfully on the geometric

fundamental group π̂1(P1
Q̄\ {0, 1,∞} , b) for any rational basepoint b.
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By the Tannakian formalism, Theorem 13.1.1 is equivalent to the statement that

the full Tannakian subcategory of MT(Z) generated by ugeom is equivalent to MT(Z).

This confirms a conjecture of Brown [7, Remark 14.6] suggesting that every mixed

Tate motive over Z may be constructed from modular forms.

The faithfulness of the Galois action on ugeom is connected to the Pollack relations

as follows. Let E×∂/∂q be the fiber of the punctured Tate curve over the tangent vector

∂/∂q based at the cusp of M1,1 (see §3.4 and §3.5). It is equipped with a canonical

tangential basepoint ∂/∂w at the punctured origin. The Lie algebra of its de Rham

fundamental group πdR
1 (E×∂/∂q , ∂/∂w) is canonically isomorphic to the completed free

Lie algebra Lie(a, b)∧.

Although E×∂/∂q is not algebraic, its de Rham fundamental group (or, equivalently,

the Lie algebra Lie(a, b)∧ of the latter) has a motivic structure, and Lie(a, b)∧ is

a pro-object of MT(Z) [9, 27]. Consequently, it has an action by the Lie algebra

k = Lie(UdR
MT(Z)), which is non-canonically isomorphic to the completed free Lie algebra

on generators σ2n+1 for all n ≥ 1 [5]. This action is described by a Lie algebra

homomorphism

ρ : k→ Der Lie(a, b).

In [9], Brown proved that ρ is injective and that there is a choice of generators

σ2n+1 ∈ k that act to lowest order through ugeom ⊆ Der Lie(a, b) via

ρ(σ2n+1) ≡ ε∨2n+2 (mod W−2n−3), (6)

where W•Der Lie(a, b) is the negative of the lower central series filtration. The image

of ρ is contained in the normaliser of ugeom within Der Lie(a, b), and the k-action on

ugeom is described by a homomorphism ρ̃ : k→ Der(ugeom) satisfying ρ̃(σ) = ad(ρ(σ)).

If ugeom were free, equation (6) would trivially imply that ρ̃ is injective (i.e. that

the k-action on ugeom is faithful). However, the Pollack relations in ugeom prevent this,

and can be viewed as a potential obstruction to a faithful Galois action arising from

cusp forms. The situation is further complicated because the Pollack relations are

connected to certain relations in the associated graded Lie algebra gr k with respect

to the lower central series filtration [27].

Our result implies that ρ̃ is still injective despite the Pollack relation obstruction.

This result can be viewed as “orthogonal” to a consequence of Oda’s conjecture9 [43],

which implies a different injectivity result for k. This is discussed in §13.2.

9Now a theorem by [51, 5].
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Context

There are close links between MZVs and other modular and elliptic periods. For

example, every MZV may be written as a Q[log(2)±]-linear combination of iterated

integrals of certain weight 2 modular forms for Γ0(4) [10, Theorem 8.1].

In a different direction, Lochak-Matthes-Schneps [37] have shown that the algebra

of MZVs is contained within the algebra of elliptic multiple zeta values modulo 2πi.

Elliptic multiple zeta values are functions on H given by indefinite iterated Eisenstein

integrals. They describe the variation of iterated integrals on elliptic curves as the

elliptic curve is deformed. They have an expansion in q = exp(2πiτ) whose constant

term is a Q[(2πi)±]-linear combination of multiple zeta values. This fact is intimately

connected to the fact that the fundamental group of the infinitesimal punctured Tate

curve is mixed Tate.

Proof idea

In this section we explain the heuristics of the proof, leaving technicalities and precise

definitions for the relevant sections within the main text.

Firstly, we must use a slightly modified moduli space M1,~1 classifying elliptic

curves E together with a choice of nonzero tangent vector ~v at the origin. In contrast

to M1,1, which is a Deligne-Mumford stack, the space M1,~1 is an affine scheme.

Its associated analytic space is a complex manifold whose topological fundamental

group is isomorphic to the braid group B3 on three strands. Forgetting the tangential

basepoint induces a morphism M1,~1 →M1,1 equipping M1,~1 with the structure of a

principal Gm-bundle overM1,1. This morphism induces a natural homomorphism of

fundamental groups B3 → SL2(Z).

Aside from avoiding stacky technicalities, the benefits of working with M1,~1 are

twofold. Firstly, the space of iterated integrals onM1,~1 is essentially the same as that

onM1,1; the only extra quantities introduced are powers of 2πi (see (5.16)). Secondly,

the addition of basepoint data to the moduli problem equips π1(E×, ~v) with a natural

“monodromy” action by π1(M1,~1, b) for a particular choice of basepoint b (see §8.1).

In particular, we can choose E = E∂/∂q to be the fiber of the Tate curve over ∂/∂q

and ~v to be the tangential basepoint ∂/∂w at the origin, defined in §3.5.2. Associated

to these data is a canonical tangential basepoint ~v on M1,~1 defined in §3.5.3. The

monodromy action is then an action

π1(M1,~1,~v)× π1(E×∂/∂q , ∂/∂w)→ π1(E×∂/∂q , ∂/∂w)
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that may be described with generators and relations. The group π1(E×∂/∂q , ∂/∂w)

is free on two generators α and β. The group π1(M1,~1,~v) is generated by certain

elements of the braid group, denoted S̃ and T̃ . Under the map B3 → SL2(Z) these

are sent to the well-known generators

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
respectively. The elements S̃ and T̃ act on α and β via combinations of Dehn twists,

and this action may be computed explicitly. In particular we have

S̃(β) = α−1. (7)

The importance of this equation is that it relates the iterated integrals on the in-

finitesimal punctured Tate curve along the path α to those along β via the iterated

integrals on M1,~1(C) along the path S̃.

We show in Chapter 11 that all MZVs occur as iterated integrals along both α

and β, but that their distributions within these two spaces of iterated integrals differ.

Equation (7) induces an equation on spaces of iterated integrals, and by carefully

filtering this equation we show that the “filtered difference” between the spaces of

iterated integrals on β and on α−1 is contained in the space of iterated integrals on S̃.

In this way we are able to show that all MZVs occur as iterated integrals of modular

forms along the element S̃.

Finally we must show that the MZVs within the space of iterated integrals along

S̃ are contained within the subspace of iterated integrals of Eisenstein series. This

uses the structure of the relative completion of SL2(Z) and its monodromy action; in

particular, it uses the fact that the cuspidal generators act trivially (see Proposition

9.2.1).
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The heuristics of the proof are summarised in the following diagram:

MZVs

Integrals along βIntegrals along α
Integrals along S̃

Integrals along S

Iterated
Eisenstein
integrals

In order to formalise this argument and to work rigorously with the “space of

iterated integrals along a path”, we make judicious use of the notion of the (relative)

de Rham fundamental group of a scheme10 X/Q. This is an affine group scheme over

Q. The points of its unipotent radical with values in the algebra Pm
H of motivic H-

periods receive a map11 from the fundamental group of X(C). Suitably interpreted,

this map sends γ ∈ π1(X(C)) to a noncommutative formal generating series for

motivic iterated integrals of algebraic forms on X along γ (i.e. the motivic parallel

transport along γ of a suitable universal connection on X). Below we define the main

spaces, topological paths and generating series of periods used in the argument.

• Let X = P1\ {0, 1,∞}. The straight line path dch between the tangential

basepoints at 0 and 1 is mapped to the Drinfeld associator Φm
01 =

∑
w ζ

m(w)w,

where w ranges over all words in the letters x0, x1.

• Let X = E×∂/∂q . The two generators α, β for π1(E×∂/∂q , ∂/∂w) are mapped to

power series αm, βm in the letters a, b. They are products of exponentials and

Drinfeld associators.

• Let X = M1,1. The element S of π1(M1,1, ∂/∂q) is mapped to a power series

CmS in symbols corresponding to a basis for modular forms for SL2(Z) tensored

10On occasion, we also consider the relative de Rham fundamental group of a Deligne-Mumford
stack.

11When the relative de Rham fundamental group is itself unipotent, this map is a homomorphism.
In the general case it is a cocycle for π1(X(C)).
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with SL2-representations. It is the value at S of a “canonical cocycle” for

π1(M1,1, ∂/∂q) taking values in the unipotent radical of the relative completion

of π1(M1,1, ∂/∂q), and by definition its coefficients are motivic multiple modular

values. See [7, Definition 15.4].

• Let X = M1,~1. Under the map from π1(M1,~1,~v) into the unipotent radical of

its relative de Rham completion, the element S̃ is mapped to a series Ψ called

the modular inverter. It is equal to exp(ηe2)CmS . The symbol e2 is dual to the

Eisenstein series G2 of weight 2 (a quasimodular form for SL2(Z) of weight 2);

η is a motivic period whose value we compute as η = L/8 in Corollary 14.4.2,

where L = (2πi)m is the motivic period analogue of 2πi.

The relationship S̃(β) = α−1 induces an equation between these power series:12

µ(Ψ)(Sm
0 (βm)) = (αm)−1. (8)

Here µ is a morphism of group schemes called the monodromy morphism (see §8.2). Its

image is a subgroup of the automorphism group of the de Rham fundamental group of

E×∂/∂q consisting of noncommutative power series in elements of ugeom together with the

additional central derivation ε2 = − ad([a, b]). Since µ kills cuspidal symbols (Lemma

9.2.1), the coefficients of the series µ(Ψ) are a priori motivic iterated Eisenstein

integrals. Moreover, these coefficients are contained within the mixed Tate subalgebra

Pm
MT(Z) ⊆ Pm

H because the image of µ is a pro-object in MT(Z) (Proposition 9.5.2). In

other words, µ(Ψ) is a generating series for all linear combinations of motivic iterated

Eisenstein integrals equal to Q[L±]-linear combinations of motivic MZVs.

Our goal is to use (8) to understand the coefficients of µ(Ψ) in terms of those of

Sm
0 (βm) and (αm)−1. We show that the coefficients of these series are motivic MZVs,

and that all motivic MZVs occur. To do this formally we introduce the notion of

a coefficient space (Definition 7.3.1). We exhibit explicit bounds for the growth of

these coefficient spaces in terms of natural filtrations defined in terms of the degrees

in a and b (Lemmas 11.4.1 and 11.4.2).

We then compare the difference in the filtered coefficient spaces of Sm
0 (βm) and

(αm)−1 with respect to the filtration by b-degree. By equation (8), the difference

is contained within the filtered coefficient space of µ(Ψ) with respect to the length

filtration. In this way we are able to show that all motivic MZVs occur within the

coefficient space of µ(Ψ). To complete the proof we must relate the MZV weights

12The automorphism Sm
0 : (a, b) 7→ (−L−1b,La) in (8) is the degree-0 part of the image of S̃ in

the relative fundamental group.
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with the modular weights, which is done in Theorem 12.0.1 by comparing the Hodge

filtrations on fundamental groups.

Coefficients

Our proof is nonconstructive; we are able to show that every motivic MZV may

be written as a linear combination of iterated Eisenstein integrals, and moreover

can provide certain constraints on the allowed lengths and modular weights of these

integrals, but in general we cannot determine the exact expression using Theorem

12.0.1 alone. Nevertheless, in Chapter 15 we show that some coefficients in this linear

combination may be determined using additional information coming from f -alphabet

decompositions of motivic periods [8, §5.4] [7, §22].

As an example, consider the formula (5) expressing ζm(3, 5) as a double Eisen-

stein integral. The coefficient −5/12 of the longest word in this expression may be

computed as follows: Theorem 12.0.1 implies that ζm(3, 5) may be written as a linear

combination of motivic iterated Eisenstein integrals of length at most 2 and total

modular weight at most 10. There are many possible iterated Eisenstein integrals

satisfying these criteria, but the space they span in fact has many relations. By a

computation given in Example 15.4.3, we are able to show that

ζm(3, 5) = AL6I0,0
6,4 +BL8, (9)

where A,B ∈ Q are the coefficients to be determined and where Ib1,...,bs2n1+2,...,2ns+2 is the

motivic analogue of the iterated integral∫
S

G2n1+2(q1) log(q1)b1
dq1

q1

· · ·G2ns+2(qs) log(qs)
bs
dqs
qs

=(2πi)b1+···+bs+s

∫
S

G2n1+2(τ1)τ b11 dτ1 · · ·G2ns+2(τs)τ
bs
s dτs.

To leading order in the coradical filtration [8, §2.5, §3.8] the f -alphabet decomposition

of ζm(3, 5) is −5f5f3 [6, §3]. By Lemma 15.2.2 the f -alphabet decomposition of I0,0
6,4

is 12L−6f5f3. Comparing coefficients in (9) determines A = −5/12. The coefficient

B cannot be determined in this manner because of an inherent ambiguity associated

with splitting the coradical filtration.

This computation is covered in Chapter 15, together with the outline of a general

procedure for determining coefficients. We also pose some open problems as avenues

of potential future work in §15.4.1. One broad question in this area asks for a sort

of “converse” to Theorem 12.0.1: when is a linear combination of iterated Eisenstein
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integrals — or even a single iterated Eisenstein integral of the form Ib1,...,bs2n1+2,...,2ns+2 — a

period of a mixed Tate motive? We propose some conjecturally sufficient conditions,

although the problem is in fact rather subtle. We also consider how Theorem 12.0.1

may be used to find (potentially) new relations in the algebra M of multiple modular

values.
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Chapter 1

Notation and conventions

The purpose of this chapter is to establish conventions and notation in any cases

where these may be nonstandard.

1.1 Semidirect products

Let G and Π be groups, and suppose that G acts on Π on the left via π 7→ g(π). The

semidirect product ΠoG with respect to this action is the group with underlying set

Π×G and product

(π1, g1)(π2, g2) = (π1g1(π2), g1g2).

Let us suppose instead that G acts on Π on the right via π 7→ π|g. The semidirect

product GnΠ with respect to this action is the group with underlying set G×Π and

product

(g1, π1)(g2, π2) = (g1g2, π1|g2π2).

We also use this notation when G and Π are affine group schemes over a field K.

1.2 Fundamental groups

We use the topologists’ convention regarding path multiplication in fundamental

groups. If α, β are two elements in a fundamental group, this means that the product

αβ is homotopic to the result of first traversing α, and then traversing β.

1.3 Hopf algebras

If H is a complete Hopf algebra over a field of characteristic zero, let

G(H) = {x ∈ H : x invertible and ∆(x) = x⊗ x}
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be its group of grouplike elements.

1.3.1 Specific examples

We record two general cases of (complete) Hopf algebras that are widely used in this

thesis.

1.3.1.1 The shuffle algebra

Let Z be a set. We define the shuffle algebra1 or tensor coalgebra T c(Z) on Z to be the

Q-span of all words w = z1 · · · zn where each zk ∈ Z, including the empty word ∅. It

is a commutative Q-algebra equipped with the shuffle product �, where the element

1 ∈ Q corresponds to the empty word in the alphabet Z. It is naturally graded by

the length of words, and we denote the subspace of length n words by T c(Z)n. It has

an increasing length filtration L•T
c(Z) defined by LrT

c(Z) :=
⊕r

n=0 T
c(Z)n.

It can be given the structure of a Hopf algebra over Q when equipped with the

deconcatenation coproduct

∆(z1 · · · zn) =
n∑
i=0

z1 · · · zi ⊗ zi+1 · · · zn,

the antipode given by signed reversal S(z1 · · · zn) = (−1)nzn · · · z1, and the counit ε

sending all nonempty words to 0.

We occasionally denote the element z1 · · · zn by [z1| · · · |zn] when we wish to em-

phasise the connection to elements of the reduced bar construction, discussed in [21,

§7]. We discuss this further in §5.2.6.

1.3.1.2 The Hopf algebra of noncommutative formal power series

Let Z be a set and R a Q-algebra. The ring R〈〈Z〉〉 of formal power series with non-

commuting indeterminates in Z consists all formal power series with coefficients in

R whose indeterminates are words in the elements of Z, equipped with the (noncom-

mutative) concatenation product. It is the I-adic completion of the free associative

algebra R〈Z〉 on Z, where I = (Z) is the maximal ideal of R〈Z〉 generated by the

elements of Z.

The ring R〈〈Z〉〉 has the structure of a complete Hopf algebra over Q when

equipped with the coproduct for which elements of Z are primitive. The antipode

and counit are defined as in §1.3.1.1. See [45, Appendix A2] for a detailed treatment.

1In the literature this is sometimes denoted Q〈Z〉, though this can be confused with the free
associative algebra on Z.
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1.3.1.3 Duality

Let us assume that Z =
⋃
k≥1 Zk is a graded set with each Zn finite. This in-

duces a canonical grading on the free associative algebra R〈Z〉, denoted by R〈Z〉 =⊕
n≥0R〈Z〉n. The R-module R〈Z〉n consists of all words of total weight n, where

elements of Zk are assigned weight k. By the assumption on Z, each R〈Z〉n is a

finite-rank R-module and has a canonical basis. For example, we have R〈Z〉0 = R;

R〈Z〉1 has the basis Z1; R〈Z〉2 has the basis {w1w2 : w1, w2 ∈ W1} ∪W2, etc.

‘The dual R〈Z〉∨n = Hom(R〈Z〉n, R) has the same (finite) rank as R〈Z〉n. Since

R〈Z〉n has a canonical choice of basis, so does R〈Z〉∨n . It consists of linear functionals

selecting the coefficient of the appropriate word. Note that R〈Z〉∨0 = R.

This allows us to speak of the dual basis, which is the basis of the graded dual

R〈Z〉∗ :=
⊕
n≥0

R〈Z〉∨n

of R〈Z〉 dual to the natural basis just described. If w denotes a word in the alphabet

Z, let w∨ denote the associated dual basis element.

For each n ≥ 0 there is a decreasing length filtration L•R〈Z〉n, where LrR〈Z〉n is

spanned by words in Z of length at least r and total weight equal to n. Dually, define

an increasing length filtration L•R〈Z〉∨n by

LrR〈Z〉n :=
{
f : R〈Z〉n → R : f(Lr+1R〈Z〉n) = 0

}
.

This defines a natural increasing length filtration L•R〈Z〉∗ on the graded dual by

LrR〈Z〉∗ :=
⊕
n≥0

LrR〈Z〉∨n .

Let Bn be the canonical basis for L1R〈Z〉∨n . It consists of the linear functionals

selecting coefficients of elements of Zn. The dual alphabet is defined as

Z∨ :=
⋃
n≥1

Bn.

The graded dualR〈Z〉∗ is isomorphic to the shuffle algebra T c(Z∨) by the isomorphism

identifying the dual basis element w∨ ∈ T c(Z∨) with the “coefficient of w” linear

functional. The shuffle product on T c(Z∨) is dual to the coproduct on R〈Z〉 for

which elements of Z are primitive. The filtration L•R〈Z〉∗ coincides with the length

filtration L•T
c(Z∨) defined in §1.3.1.1, with Z replaced by Z∨.

The functor sending a Q-algebra R to the group G (R〈〈Z〉〉) defines an affine

group scheme over Q. Its coordinate ring is isomorphic to T c(Z∨). The isomorphism
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Hom(T c(Z∨), R)
∼−→ G (R〈〈Z〉〉) is given by sending a homomorphism s : T c(Z∨)→ R

to the series ∑
w∈M(Z)

s(w∨)w,

where M(Z) denotes the free monoid on Z. One verifies that this series is grouplike

using the fact that s is a homomorphism for the shuffle product.

1.4 Iterated integrals

Let M be a differentiable manifold and let ω1, . . . , ωn be smooth 1-forms on M .

Let γ : [0, 1] → M be a smooth path. Since Ω1([0, 1]) = O([0, 1])dt, it follows that

γ∗(ωk) = fk(t)dt for some fk ∈ O([0, 1]).

Definition 1.4.1. The iterated integral of the forms ω1, . . . , ωn along γ is defined as∫
γ

ω1 . . . ωn :=

∫
0≤t1≤···≤tn≤1

f1(t1)dt1 · · · fn(tn)dtn.

When M is a curve, such integrals may be regularised with respect to tangential

basepoints. In §6.1 we provide a brief description of how to do this explicitly when

M =M1,1(C).
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Chapter 2

Modular background

In this chapter we review basic background material on the modular group, modular

forms and representations of the reductive group SL2/Q. This material is essential

to work with the relative completion of SL2(Z), defined in Chapter 5.

2.1 The modular group

For us the modular group SL2(Z) = {γ ∈ GL2(Z) : det(γ) = 1} plays a fundamental

role because it may be identified with the orbifold fundamental group of the moduli

space of elliptic curves M1,1, whose space of complex points is the orbifold quotient

[SL2(Z)\H] (we recall these notions in Chapter 3). In this chapter we record some

basic group-theoretic facts about SL2(Z), referring to §5.1.1.3 for details on its inter-

pretation as a fundamental group.

2.1.1 Group theory

It is well known that SL2(Z) is generated by the two matrices

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
.

The matrix S has order 4, while T generates an infinite cyclic subgroup of SL2(Z).

Setting U := ST gives the presentation [48]

SL2(Z) = 〈S, U |S2 = U3, S4 = id〉. (2.1)

2.1.2 Action on H

A crucial feature of SL2(Z) is its action on the upper half plane H := {τ ∈ C : =(τ) > 0}
by fractional linear transformations. For a matrix γ ∈ SL2(Z) as above, and a point
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τ ∈ H, this action is defined by

γ(τ) :=
aτ + b

cτ + d
. (2.2)

The matrix −I ∈ SL2(Z) acts trivially, and the quotient PSL2(Z) := SL2(Z)/ {±I}
acts faithfully on H. The generators S, T ∈ SL2(Z) act via

S(τ) = −1

τ
, T (τ) = τ + 1.

This action naturally extends to H∗ := H ∪ P1(Q). One observes that S stabilises

the point τ = i, U stabilises the point τ = ρ = exp(2πi/3), and T stabilises the cusp

τ = i∞. The stabilisers of these points are

SL2(Z)i = 〈S〉 ∼= Z/4Z, SL2(Z)ρ = 〈U〉 ∼= Z/6Z, SL2(Z)∞ = 〈±T 〉 ∼= Z× Z/2Z.

2.2 Representations of SL2

A crucial object in this paper is the relative completion of SL2(Z) relative to the

inclusion SL2(Z) ↪→ SL2(Q), which is discussed in detail in §5.2. The relative com-

pletion is in part constructed from the irreducible representations of the reductive

group SL2/Q. For this reason we give a basic account of the representation theory

of SL2 here.

For n ≥ 0, let Vn be the Q-vector space of homogeneous polynomials in X and Y

of degree n. It is equipped with a right action of the group scheme SL2 as follows.

Let R be a Q-algebra, let p(X,Y) ∈ Vn ⊗Q R, and let

γ =

(
a b
c d

)
∈ SL2(R).

Then γ acts on p(X,Y) via

p(X,Y)|γ = p(aX + bY, cX + dY).

The collection {Vn : n ≥ 0} comprises all irreducible representations of SL2. The

representation Vn can be identified with the nth symmetric power SymnH of the

standard representation H of SL2.

2.2.1 Tensor products

Let m,n ≥ 0. There is a natural isomorphism of rational SL2-representations

Vm ⊗ Vn ∼= Vm+n ⊕ Vm+n−2 ⊕ · · · ⊕ V|m−n|.

The projection Vm ⊗ Vn → Vm+n is given by multiplication of homogeneous polyno-

mials.
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2.3 Modular forms

Our main result concerns iterated integrals of Eisenstein series, which are examples

of modular forms for SL2(Z). We therefore briefly recall the definition and basic

properties of modular forms in this section. Note that we always consider modular

forms of level 1 – i.e. modular forms for the full modular group.

Definition 2.3.1 (Modular form). Let k ≥ 0 be an integer. A modular form for

SL2(Z) of weight k is a holomorphic function f : H→ C such that for all γ ∈ SL2(Z)

we have

f(γ(τ)) = (cτ + d)kf(τ),

and such that f is holomorphic at τ = i∞.

Taking γ = −I and applying the modular transformation property shows that

f(τ) = f(−I(τ)) = (−1)kf(τ). This implies that all modular forms of odd weight

are 0. Hence the weight is always taken to be even, and we write it as 2k.

The equation f(τ + 1) = f(τ), which follows from the modular transformation

property applied to the matrix γ = T , implies that f has a Fourier expansion in the

variable q = exp(2πiτ). Since f is holomorphic everywhere, including at τ = i∞
(where q = 0), this Fourier expansion may be written as a power series

f(τ) =
∑
n≥0

anq
n (2.3)

involving only nonnegative powers of q. When a0 = 0, f is called a cusp form (because

it vanishes at the cusp τ = i∞ corresponding to q = 0).

The Q-vector space of modular forms for SL2(Z) of weight 2k and rational Fourier

coefficients is denoted by M2k(SL2(Z)), and the subspace of cusp forms of weight 2k

is denoted by S2k(SL2(Z)). A basic fact in the theory of modular forms is that

M2k(SL2(Z)) is finite-dimensional. We also define

M(SL2(Z)) :=
⊕
k≥0

M2k(SL2(Z)).

Pointwise multiplication equips M(SL2(Z)) with the structure of a weight-graded

Q-algebra.
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2.3.1 Eisenstein series

The simplest examples of modular forms to write down are Eisenstein series. For

each even integer 2k ≥ 4 there is a unique (up to normalisation) Eisenstein series

G2k ∈ M2k(SL2(Z)), and M2k(SL2(Z)) ∼= S2k(SL2(Z)) ⊕ QG2k. Eisenstein series

have an explicit q-expansion, given as follows:

Definition 2.3.2 (Eisenstein series). The Hecke-normalised Eisenstein series of weight

2k ≥ 4 is the modular form G2k ∈M2k with q-expansion

G2k(τ) = −B2k

4k
+
∑
n≥1

σ2k−1(n)qn. (2.4)

Here Bk ∈ Q is the kth Bernoulli number and σr(n) :=
∑

d|n d
r ∈ Z.

The Eisenstein series G4 and G6 are of particular importance because they freely

generate the graded ring M(SL2(Z)). In other words, there is an isomorphism of

graded rings M(SL2(Z)) ∼= Q[G4,G6], where G4 is assigned weight 4 and G6 weight

6.

2.3.1.1 The Eisenstein series of weight 2

The q-series (2.4) is equally valid for 2k = 2, but for convergence reasons the resulting

function G2 is not modular. It is a quasimodular form [54, §5.3], and satisfies the

transformation property

G2(γ(τ)) = (cτ + d)2G2(τ) +
ic(cτ + d)

4π
.

In other words, the failure of modularity is measured by a polynomial in τ of degree

1. This is relevant for calculations in §14.5. More detailed information on G2 can be

found in [54, §2.3].
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Chapter 3

Geometric background

In this chapter we recall the main geometric objects used in the thesis: P1\ {0, 1,∞},
the moduli spaces M1,1 and M1,~1 and the infinitesimal punctured Tate curve E×∂/∂q .

3.1 The scheme P1\ {0, 1,∞}

The thrice-punctured projective line is the affine scheme

P1\ {0, 1,∞} = SpecZ[t, t−1, (1− t)−1].

It is defined over Z. It represents the moduli problem assigning to a scheme X the

set of global sections u ∈ OX(X) such that both u and 1 − u are units. Its space of

complex points is a genus 0 surface punctured at 0, 1 and ∞.

The scheme P1\ {0, 1,∞} is also the moduli space M0,4 of genus 0 curves with 4

marked points. This is because for any such 4-marked curve (C; c1, . . . , c4) there is a

unique choice of embedding into P1 sending {c1, c2, c3} to {0, 1,∞}; this embedding

sends the fourth marked point c4 to a point on P1\ {0, 1,∞} corresponding to the

moduli point of (C; c1, . . . , c4) on M0,4.

Let Aut(P1, {0, 1,∞}) denote the group of automorphisms of P1 that preserve the

set {0, 1,∞}. Restricting such an isomorphism to the subset {0, 1,∞} determines an

isomorphism

Aut(P1, {0, 1,∞}) ∼−→ Aut({0, 1,∞}) ∼= S3.

The group S3 is generated by two transpositions: namely, the transposition swapping

0 and∞ and the transposition swapping 0 and 1. On P1\ {0, 1,∞}, these correspond

to the mappings t 7→ t−1 and t 7→ 1− t respectively.
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3.2 The moduli spaces M1,1 and M1,~1

The moduli stack of elliptic curves is the stack M1,1 over Spec(Z) whose points

M1,1(X) parametrise isomorphism classes [E,O] of elliptic curves (E,O) over a

scheme X [30]. Here E → X is an elliptic curve over X and O : X → E is a

distinguished section of the structure morphism.

Consider the functor F : Schop → Set that assigns to a scheme X the set of

isomorphism classes [E,O, ω] of triples (E,O, ω), where:

• (E,O) is an elliptic curve over X, as above;

• ω ∈ Ω1
E/X(E) is a nonzero differential.

Over S = SpecZ[1/6], this functor is representable by the affine scheme

M1,~1 := SpecZ[1/6][u, v,∆−1], where ∆ = u3 − 27v2,

because every isomorphism class [E,O, ω] ∈ F (X) may be represented locally over

X by a Weierstrass equation

E : y2 = 4x3 − g2x− g3 (3.1)

where g2, g3 are local sections of OX with g3
2 − 27v2 invertible. This Weierstrass

equation determines a morphism X →M1,~1 via u 7→ g2, v 7→ g3 as well as determining

ω = dx/y and O uniquely [22, §8.3].

Morally, the functor F is representable because the triple (E,O, ω) has no auto-

morphisms; the only allowed changes of variables to the Weierstrass equation (3.1)

are (x, y) 7→ (λ2x, λ3y) for λ ∈ Q× [50, §III.1]. Such an isomorphism sends ω to λ−1ω.

Thus ω detects automorphisms of (E,O), which means that the only automorphism

of the triple (E,O, ω) is the identity (i.e. λ = 1). Fixing a choice of ω has rigidified

the moduli problem defining M1,1.

There is a natural embedding M1,~1 ↪→ A2. The multiplicative group Gm acts on

A2 via λ · (u, v) = (λ4u, λ6v). The formula λ ·∆ = λ12∆ implies that the Gm-action

restricts to an action on A2\∆−1(0) =M1,~1.

We may then write M1,1 as the stack quotient M1,1
∼= [Gm\M1,~1] [22, Remark

8.5]. The quotient morphismM1,~1 →M1,1 can be identified with the map [E,O, ω] 7→
[E,O] that forgets the choice of differential. It is clear that this map is a principal

Gm-bundle over M1,1 because Ω1
E/X(E) is one dimensional and ω 6= 0.
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Remark 3.2.1 (Alternative moduli problem). The notation M1,~1 is suggestive of the

fact that this is also the moduli space parametrising isomorphism classes of triples

(E,O,~v), where (E,O) is as before and ~v is a nonzero tangential basepoint at O. The

two notations are related by choosing ~v ∈ TO(E) to be the element of the tangent

space at O satisfying ~v(ω) = 1.

3.2.1 Analytic formulation

To study periods it is useful to have a description of the associated analytic spaces

Man
1,~1

and Man
1,1. They are examples of complex-analytic orbifolds [22]. As we gener-

ally work with moduli spaces as orbifolds rather than as algebraic stacks, we abuse

notation and from this point forward use the same symbols to denote the stacks and

their associated orbifolds.

Let H be the complex upper half plane. The modular group SL2(Z) acts on H by

(2.2). The moduli space of elliptic curves is the orbifold quotientM1,1 := [SL2(Z)\H]

under this action. Define a left-action of SL2(Z) on C× × H by

γ · (ξ, τ) =
(
(cτ + d)−1ξ, γ · τ

)
, (3.2)

where γ2(Z) acts on τ ∈ H as in (2.2). Then M1,~1 is the orbifold quotient

M1,~1 := [SL2(Z)\(C× × H)].

The action (3.2) has no fixed points, so M1,~1 is an analytic variety [23, §14].

Projection onto the second factor induces a morphism M1,~1 → M1,1. This is a

C×-bundle over M1,1. Let L denote the associated analytic line bundle over M1,1.

The global sections of L⊗k are modular forms of weight k.

The moduli space M1,1 has a Deligne-Mumford compactification M1,1. This

corresponds to compactifying the orbifold M1,1 by patching basic orbifolds together

around the cusp of M1,1 [22, §4].

3.3 The universal elliptic curve

By the moduli property of M1,1, the identity element id ∈ Hom(M1,1,M1,1) corre-

sponds to an elliptic curve

π : E →M1,1

with distinguished section O : M1,1 → E . This space is called the universal elliptic

curve or universal family over M1,1. The universal punctured elliptic curve is E× :=

E\ {O}.
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Let (E,OE) be an elliptic curve over a scheme X. Because M1,1 is a fine moduli

space for elliptic curves, this data is equivalent to a morphism of stacks π(E,OE) : X →
M1,1. The fact that π : E → M1,1 is the universal family means that E → X (resp.

OE : X → E) is the pullback of π : E →M1,1 (resp. O : M1,1 → E) along π(E,OE).

3.3.1 Analytic formulation

The following description of E as a complex-analytic orbifold is given in [26, §1].

The group SL2(Z) acts naturally on Z2 on the right. Let Γ̂ := SL2(Z) n Z2 denote

the semidirect product associated to this action (see §1.1 for conventions regarding

semidirect products). Then Γ̂ acts on C × H as follows: for v = (m,n) ∈ Z2 and

γ ∈ SL2(Z), set

v · (ξ, τ) = (ξ +mτ + n, τ)

γ · (ξ, τ) =
(
(cτ + d)−1ξ, γ · τ

)
.

This definition is compatible with the action of SL2(Z) on Z2, and therefore defines

a left-action of Γ̂ on C× H. The universal elliptic curve is the orbifold quotient

E := [Γ̂\(C× H)].

The section O : M1,1 → E is induced by the section H→ C× H sending τ 7→ (0, τ).

For any τ ∈M1,1, the fiber Eτ is isomorphic to the elliptic curve Eτ whose complex

points are isomorphic to the quotient C/Λτ , where Λτ := Z ⊕ Zτ . The fiber E×τ is

isomorphic to the affine curve E×τ .

It is possible to extend E → M1,1 over M1,1 to obtain a generalised universal

elliptic curve E →M1,1. The fiber E0 over the cusp of M1,1 is the nodal cubic.

The moduli spaceM1,~1 may be identified with the normal bundle of the image of

the zero section O : M1,1 → E [26, Proposition 1.1-Corollary 1.3].

3.4 The Tate curve

The Tate curve [49, Chapter V, §3] is an elliptic curve defined over the ring Z[[q]] of

formal power series in an indeterminate q. It arises naturally when considering the

behavior of the fiber of E → M1,1 close to the cusp. Its affine part is given by the

cubic equation

y2 + xy = x3 + a4(q)x+ a6(q),
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where the formal power series a4(q), a6(q) ∈ Q[[q]] are defined by

a4(q) := −5
∑
n≥1

n3 · qn

1− qn
,

a6(q) := −
∑
n≥1

7n5 + 5n3

12
· qn

1− qn
.

These power series are contained in Z[[q]] because 12|(7n5 + 5n3) for every positive

integer n, which is why the Tate curve is defined over Z[[q]]. The special fiber E0

(where q = 0) is given by the equation y2 + xy = x3, and is a nodal cubic. Hence,

the Tate curve has split multiplicative reduction [41].

The change of variables x 7→ x−1/12, y 7→ (2y−2x+1)/4 produces the following

short Weierstrass equation for the Tate curve:

y2 = 4x3 − g2(q)x− g3(q),

where g2(q) := 20G4(q), g3(q) := 7
3
G6(q) and G2k(q) ∈ Q[[q]] is the q-expansion of

the Hecke-normalised Eisenstein series of weight 2k defined in (2.4), considered as a

formal power series in q with rational coefficients.

3.4.1 Analytic formulation

If we instead wish to work with the analytic descriptions ofM1,1 and E given above, we

may view the parameter q as taking numerical values in the disk D = {q ∈ C : |q| < 1}
by setting q = exp(2πiτ). This realises the Tate curve as a family of elliptic curves

close to the degenerate fiber over the cusp q = 0, which is the nodal cubic [26, §16].

3.5 Tangential basepoints

We regularly use fundamental groups equipped with tangential basepoints [15, §15].

The following definition of tangential basepoint is attributed to Nakamura [41, Defi-

nition 1.1].

Definition 3.5.1 (Tangential basepoint). Let X be a connected scheme and let

K be a field of characteristic 0. A K-rational tangential basepoint is a morphism

~v : SpecK((q)) → X. For reasons of notation we define the set of K-rational base-

points on X to be

X(K)bp := X(K) ∪ {K-rational tangential basepoints} .
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A K-rational tangential basepoint on X consists of a scheme-theoretic point p ∈ X
(not necessarily contained in X(K)) together with an inclusion κ(p) ↪→ K((q)), where

κ(p) is the residue field of p.

In this section we define tangential basepoints on each of the previous spaces.

These will be used as basepoints for fundamental groups in Chapter 5. The material

in this section is taken largely from [27, §4.2].

3.5.1 Tangential basepoint on M1,1

The Tate curve corresponds to a morphism SpecZ[[q]] → M1,1. The parameter q

defines a local parameter at the cusp e0 ofM1,1, [22, §4]. The fiber E∂/∂q of the Tate

curve over ∂/∂q has equation

y2 + xy = x3 − 5q̄x− q̄,

where q̄ denotes the image of q in Z[q]/(q2). The discriminant of the Tate curve is

∆(q) = q
∏
n≥1

(1− qn)24 ≡ q (mod q2),

which is nonzero modulo all primes p. Thus the tangent vector ∂/∂q based at the

cusp of M1,1 is defined over Z. It defines a choice of tangential basepoint ∂/∂q on

M1,1, based at the cusp e0.

The tangential basepoint ∂/∂q can be realised analytically. It corresponds to the

image of the imaginary axis under

{iy : y > 0} ↪→ H→M1,1. (3.3)

3.5.2 Tangential basepoint on the fiber of the punctured Tate
curve over ∂/∂q

By identifyingM1,1 with the image of the identity section in E , the cusp e0 is identified

with the identity on the nodal cubic E0. The nodal cubic is normalised by P1
Z → E0.

Let w be a parameter on E0 such that its pullback to P1
Z takes the values 0 and

∞ on the preimage of the double point and the value 1 on (the preimage of) e0.

It is unique up to w 7→ w−1. It defines a tangent vector ∂/∂w on E0 based at e0.

It therefore defines a tangential basepoint on E0 := E0\ {double point} based at the

identity e0.

The inclusion E0 ↪→ E∂/∂q means one can regard ∂/∂w as a tangent vector on

E∂/∂q based at the identity. Hence we have a tangential basepoint on the punctured
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infinitesimal Tate curve E×∂/∂q based at the punctured identity section O. It is defined

over Z.

3.5.3 Tangential basepoint on M1,~1

The tangential basepoints ∂/∂q on M1,1 and ∂/∂w on E0 determine a tangential

basepoint ~v := ∂/∂q + ∂/∂w on M1,~1. It can be viewed as the data of the tangential

basepoint ∂/∂w based at the identity of E∂/∂q. It is nonzero modulo all primes.

The morphism M1,~1 →M1,1 extends over the cusp. It therefore induces a mor-

phism of tangent spaces at the cusp under which ~v maps to ∂/∂q.

3.5.4 Tangential basepoints on P1\ {0, 1,∞}

There is an isomorphism Gm
∼−→ E0 under which the identity 1 on Gm maps to e0

(the parameter w on E0 pulls back to a parameter on Gm that we also denote by w).

The tangent vector ∂/∂w corresponds to the tangent vector ∂/∂w on Gm based at

the identity.

Recall from §3.1 that P1\ {0, 1,∞} is equipped with a global section t. The in-

clusion P1\ {0, 1,∞} ↪→ Gm is given by the restriction mapping w 7→ t. The tan-

gential basepoint ∂/∂w on Gm then pulls back to a tangential basepoint ∂/∂t on

P1\ {0, 1,∞}, based at the puncture at 1. We denote this tangential basepoint by ~11.

By construction, is it defined over Z with good reduction at every prime.

There are in fact six natural tangential basepoints on P1\ {0, 1,∞}. They corre-

pond to the orbits of ~11 under the S3-action on P1\ {0, 1,∞} described in §3.1. To

define them concretely, set −~11 = −∂/∂t. It is another tangent vector on P1 based at

1. The action of S3 on P1 restricts to an action on {0, 1,∞} and the images of ±~11

define two further tangential basepoints ±~10 based at 0 and two further tangential

basepoints ±~1∞ based at ∞.
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Chapter 4

Motives and periods

4.1 Motives

The concept of a motive is originally due to Grothendieck. Although the subject

is still in development, and there is currently no formal definition of a completely

general category MMQ of (mixed) motives over Q, the basic “yoga” is as follows.

The category SchQ of schemes over Q is equipped with a range of Weil cohomology

theories [32, §1.2]. These are contravariant functors into various linear categories hav-

ing certain properties. For example, a variety X/Q has Betti cohomology Hn
B(X,Q) =

Hn
sing(X(C),Q), given by the singular cohomology of the space of complex points

X(C); it also has algebraic de Rham cohomology Hn
dR(X,Q) = Hn(X,Ω•X), given by

the hypercohomology of the complex of differentials.1

These cohomology theories are all defined very differently, and are vector spaces

over different (characteristic zero) fields of coefficients. Despite this, the resulting

vector spaces share many structural similarities. For example, they have the same

dimension, and the traces of geometric endomorphisms are rational numbers. There

are also certain comparison isomorphisms between cohomology theories. For exam-

ple, Grothendieck’s comparison isomorphism [19] implies the existence of a natural

isomorphism

compB,dR : Hn
dR(X,Q)⊗Q C ∼−→ Hn

B(X,Q)⊗Q C. (4.1)

This may be viewed as an abstract version of integration of algebraic differential forms

(representing de Rham cohomology classes) along cycles in singular homology.

These similarities and comparisons suggest that a “universal cohomology theory”

exists that keeps track of the underlying structure behind the various Weil cohomology

1There are other examples of Weil cohomology theories – namely, `-adic and crystalline cohomol-
ogy – but we do not require these for the topics in this thesis.
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theories. Objects of the hypothetical category MMQ should be considered as “univer-

sal cohomology groups” Hn(X,Q(m)) for algebraic varieties X/Q. There should be

a universal functor Schop
Q → MMQ and a collection of “realisation functors” on MMQ

with the property that every Weil cohomology theory factors as the composition of

SchQ → MMQ with one of these realisations. Additionally, MMQ should a Q-linear

abelian tensor category. Equipping it with any realisation functor MMQ → VectK

should give it the structure of a neutral Tannakian category over K [17].

Although MMQ is currently not defined, there is a triangulated category DMMQ

that is expected to be its bounded derived category [53]. If a t-structure is shown to

exist on DMMQ, the heart of this t-structure could be extracted to obtain an abelian

category having the properties required of MMQ. Unfortunately, however, no such

t-structure is currently known.

One way to circumvent this issue is to work with motives as a collection of realisa-

tions, together with their comparisons. This point of view was introduced by Deligne

[15], and it is sufficient for the purpose of studying periods. Assuming it is possible

to construct MMQ formally, one expects a category of “motives” defined by systems

of realisations to be equivalent to the formal definition. In the following section we

introduce a useful category of “generalised Hodge realisations”.

4.1.1 The category H

Based on Deligne’s work [15, §1], Brown [8, §3.1] defined a category of generalised

Hodge realisations. We briefly recall the definition, referring the reader to [8] for more

detail.

Definition 4.1.1. Let H be the category whose objects are triples V = (V B, V dR, cV )

consisting of the following data:

1. A finite dimensional Q-vector space V B equipped with a finite, increasing weight

filtration M•V
B;

2. A finite dimensional Q-vector space V dR equipped with a finite, increasing

weight filtration M•V
dR and a finite, decreasing Hodge filtration F •V dR;

3. An isomorphism of filtered vector spaces cV : M•V
dR ⊗Q C ∼−→M•V

dR ⊗Q C;

4. An involution F∞ : V B ∼−→ V B called the real Frobenius.

These data satisfy the following conditions:
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1. Let ςdR (resp. ςB) denote the C-antilinear involution on V dR ⊗ C (resp. on

V B ⊗ C) given by complex conjugation on coefficients: v ⊗ λ 7→ v ⊗ λ̄. Then

(F∞ ⊗ ςB) ◦ cv = cv ◦ ςdR.

2. The weight filtration M•V
B and the Hodge filtration cV F

•(V dR ⊗C) equip V B

with the structure of a Q-mixed Hodge structure that we further assume to be

graded-polarisable.

The morphisms f : V1 → V2 in H are pairs (fB : V B
1 → V B

2 , f
dR : V dR

1 → V dR
2 ) that

are compatible with the structures given in Definition 4.1.1.

There are fiber functors ωB
H, ω

dR
H : H → VectQ projecting an object V onto the

obvious component. The category H is neutral Tannakian over Q with respect to

both fiber functors [15].

We now consider a general example of an object in H. Let X be a variety over Q
and define a triple

Hn(X) :=
(
Hn

B(X,Q), Hn
dR(X,Q), compB,dR

)
,

where compB,dR is the comparison isomorphism defined in (4.1). Then Hn(X) defines

an object of H using the natural weight and Hodge filtrations on cohomology. The

real Frobenius F∞ : Hn
B(X,Q)

∼−→ Hn
B(X,Q) is the map on cohomology induced by

the continuous map X(C)
∼−→ X(C) induced by complex conjugation.

4.1.2 Mixed Tate motives

Despite the difficulty in constructing a completely general category of all mixed mo-

tives, there are cases in which well-defined subcategories exist; namely, mixed Tate

motives, which are constructed from iterated extensions of the cohomology of pro-

jective spaces. The existence of mixed Tate motives follows from the existence of a

t-structure on a suitable mixed Tate triangulated subcategory of DMMQ. The rele-

vant abelian category in our case is the category of mixed Tate motives over Z, which

we now describe.

There exists a Q-linear rigid monoidal abelian category MT(Z) called the category

of mixed Tate motives over Z. It was constructed by Deligne and Goncharov [16]

building on fundamental work on triangulated categories of mixed motives [53, 35, 36].

It is determined by simple objects Q(n) for all n ∈ Z together with isomorphisms
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Q(m)⊗Q(n)
∼−→ Q(m+ n), and extension groups

ExtiMT(Z)(Q(0),Q(n)) ∼=


Q i = n = 0

K2n−1(Z)⊗Z Q i = 1, n > 0

0 otherwise.

(4.2)

Here Km(Z) refers to the mth algebraic K-theory of the integers.

The category MT(Z) is neutral Tannakian over Q with respect to two different

fiber functors: the Betti realisation ωB and the de Rham realisation ωdR. These send

a mixed Tate motive V = Hn(X) to the Betti cohomology V B := Hn
B(X) (resp.

de Rham cohomology V dR := Hn
dR(X)) of the associated algebraic variety X. Of

course the geometry of X must be fairly specific for Hn(X) to be mixed Tate over

Z – meaning that Hn(X) is some iterated extension of the cohomology of projective

space. For example, we could take X = Pk, or X could be a product of schemes of

the following types: A1, Gm, M0,n for n ≥ 3, M0,n for n ≥ 3, Grassmanians, ...

The Betti realisation has an increasing weight filtration M•V
B. The de Rham

realisation has an increasing weight filtrationM•V
dR and the comparison isomorphism

between Betti and de Rham cohomology of X respects these filtrations. The de Rham

realisation also has a decreasing Hodge filtration F •V dR.

All these structures may be written down explicitly on the simple objects of

MT(Z). The object Q(−1) ∈ MT(Z) can be identified with the cohomology H1(Gm);

consequently, Q(−1)B ∼= Q and Q(−1)dR ∼= Q. The comparison isomorphism

compB,dR : Q(−1)dR ⊗Q C ∼−→ Q(−1)B ⊗Q C

is multiplication by 2πi. The isomorphism Q(−n) ∼= Q(−1)⊗n then determines that

the comparison map for Q(n) is multiplication by (2πi)n. Finally, the weight and

Hodge filtrations are trivial:

0 = M−2n−1Q(n)B ⊆M−2nQ(n)B = Q(n)B

0 = F 1−nQ(n)dR ⊆ F−nQ(n)dR = Q(n)dR.

It is a deep fact [16] that MT(Z) embeds as a full subcategory of H via

ωH : MT(Z)→ H, V 7→ (V B, V dR, compB,dR). (4.3)

This means that its structure is entirely determined by the Betti and de Rham realisa-

tions, together with their comparisons. The more “arithmetic” `-adic and crystalline

realisations are determined entirely from these data. Understanding the Betti and
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de Rham realisations is equivalent to understanding the action of the motivic Galois

group on the periods of these motives (see §4.6). Taken together, this gives some

justification of the importance of understanding periods. This is the subject of the

next section.

4.2 Motivic periods

The isomorphism (4.1) can be described by an invertible matrix of complex numbers

whose entries are called periods. The study of these numbers is our main focus.

Certain problems in transcendence theory – the most notable of which is the

period conjecture of Grothendieck [19, Note (10)] [4] – mean that it is currently easier

to work with formal analogues of periods called motivic periods. These have a rich

algebraic structure and are equipped with an action of an affine group scheme called

a motivic Galois group. They surject onto the usual algebra of “numerical” periods,

and the period conjecture predicts that this is an isomorphism. This would transfer

all the useful abstract structures on motivic periods to their numerical analogues.

4.2.1 Tannakian theory of motivic periods

The categories MT(Z) andH are each equipped with Betti and de Rham fiber functors

ωB, ωdR : MT(Z)→ VectQ, ωB
H, ω

dR
H : H → VectQ,

with respect to which they are neutral Tannakian over Q. As remarked in (4.3) there

is also a fully-faithful H-realisation functor ωH : MT(Z)→ H satisfying ω• = ω•H ◦ωH

for • ∈ {B, dR}.2

Definition 4.2.1 (Motivic Galois group). The (de Rham) motivic Galois groups of

MT(Z) and H are the affine group schemes over Q defined by

GdR
MT(Z) := Aut⊗MT(Z)(ω

dR), GdR
H := Aut⊗H(ωdR

H ).

The Q-algebras of de Rham periods are the affine rings

Pdr
MT(Z) := O(GdR

MT(Z)), Pdr
H := O(GdR

H ).

2Throughout, we work almost entirely with the de Rham fiber functors ωdR, ωdR
H , but the story

is a mirror image in the Betti case.

33



To each category one may associate a Q-algebra of motivic periods in the following

way. Let TMT(Z) := Isom⊗MT(Z)(ω
dR, ωB). It is a right GdR

MT(Z)-torsor. Similarly, TH :=

Isom⊗H(ωdR
H , ωB

H) is a right GdR
H -torsor.

Definition 4.2.2 (Motivic period). The Q-algebras of motivic periods of MT(Z) and

H are the affine rings

Pm
MT(Z) := O(TMT(Z)), Pm

H := O(TH).

Since ωH is fully faithful, there is an inclusion

Pm
MT(Z) ↪→ Pm

H. (4.4)

Elements of the ring Pm
H should really be referred to as H-periods because general

objects of H are constructed entirely from linear algebra, with no reference to mo-

tives. The “true” ring of motivic periods would apply the construction above to the

hypothetical Tannakian category MMQ to obtain a ring Pm
MMQ

containing the motivic

periods of all possible motives (in particular, it would contain the ring Pm
MT(Z)).

As discussed in [8, Introduction], however, any reasonable definition of MMQ will

be equipped with a functor MMQ → H that is expected to be fully faithful. As above,

this would correspond to an inclusion Pm
MMQ

↪→ Pm
H. The ring Pm

H can therefore be

regarded as a general ambient ring containing all motivic periods that actually arise

from the cohomology of algebraic varieties.

4.2.1.1 The motivic coaction

Since TMT(Z) (resp. TH) is a right torsor under GdR
MT(Z) (resp. GdR

H ), the algebra Pm
MT(Z)

(resp. Pm
H) has a right coaction by Pdr

MT(Z) (resp. Pdr
H):

∆MT(Z) : Pm
MT(Z) → Pm

MT(Z) ⊗Q Pdr
MT(Z), ∆H : Pm

H → Pm
H ⊗Q Pdr

H . (4.5)

They may be written down explicitly in terms of matrix coefficients (see §4.2.2).

Understanding these coactions combinatorially (or otherwise) is a major aspect of

current research because they may be used to find relations between periods; see e.g.

[5, Lemma 2.7]. We use this idea in Chapter 15 to determine explicit coefficients for

motivic iterated Eisenstein integrals.
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4.2.1.2 The Galois action on periods

Dual to the coactions are (left) group actions

GdR
MT(Z) × Pm

MT(Z) → Pm
MT(Z), GdR

H × Pm
H → Pm

H, (4.6)

defined as follows. Let C be either MT(Z) or H. Then g ∈ GdR
C (Q) = Hom(Pdr

C ,Q)

acts via the automorphism

Pm
C

∆C−→ Pm
C ⊗Q Pdr

C

id⊗g−−−→ Pm
C ⊗Q Q ∼−→ Pm

C . (4.7)

In this way, the rings of motivic periods acquire a “Galois action”. In §4.2.2 we will

write down an explicit formula for the Galois action on motivic periods using matrix

coefficients.

4.2.1.3 The period map

Grothendieck’s comparison isomorphism [19] may be interpreted as a natural isomor-

phism ωdR
H ⊗ C ∼−→ ωB

H ⊗ C. Precomposing with the embedding ωH : MT(Z) → H
induces a natural isomorphism ωdR ⊗ C ∼−→ ωB ⊗ C. Both of these natural isomor-

phisms are compatible with the tensor structures on the categories of motives, and

hence they define canonical complex points3

c ∈ TMT(Z)(C) = Hom(Pm
MT(Z),C), c ∈ TH(C) = Hom(Pm

H,C).

In terms of the category H, the component of the natural isomorphism c at an object

V ∈ H is precisely the comparison isomorphism cV : V dR ⊗ C ∼−→ V B ⊗ C built into

the data of V . That this defines a natural isomorphism as above is a consequence of

the definition of morphisms in H.

By evaluating c on elements of Pm
MT(Z) = O(TMT(Z)) (resp. Pm

H = O(TH)), we

obtain canonical Q-algebra homomorphisms

per : Pm
MT(Z) → C, per : Pm

H → C, (4.8)

called period maps. Grothendieck’s period conjecture is equivalent to the statement

that the hypothetical period map per : Pm
MMQ

→ C is injective. Another interpreta-

tion of the period conjecture states that all relations between periods should be of

geometric origin.

Below, we give an interpretation of the period maps in terms of matrix coefficients.

It turns out that they may be interpreted as computing integrals.

3By abuse of notation, we refer to both of these points as c by making use of the embedding ωH.
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4.2.2 Matrix coefficients

The embedding (4.4) means that Pm
MT(Z) may be studied within the algebra of motivic

H-periods, which has an elementary description in terms of matrix coefficients that we

recall in this section. For this reason, all motivic periods will be viewed as contained

in Pm
H, and when considering periods of mixed Tate motives we use (4.4) implicitly.

Matrix coefficients are formal analogues of integrals. They are symbols [V,w, σ]m,

where V ∈ H, w ∈ ωdR(V ) and σ ∈ ωB(V )∨. These symbols are required to satisfy

various relations, such as bilinearity and compatibility with morphisms in H. Details

of these properties can be found in [8, §2.2 and §3.2].

There is also a description of elements of the de Rham period ring Pdr
H in terms

of matrix coefficients. These are symbols [V,w, f ]dr where V ∈ H, w ∈ ωdR(V ) and

f ∈ ωdR(V )∨, and satisfy similar relations.

The period maps (4.8) have a simple description in terms of matrix coefficients:

per([V,w, σ]m) = σ(cV (w)) ∈ C.

This formula can be further understood as follows. Let X be a scheme over Q and

let V = Hn(X) ∈ H. Let ω ∈ H0(X,Ωn) represent a class in Hn
dR(X) and let σ be

a cycle in X(C) representing a class in Hsing
n (X(C),Q) ∼= Hn

B(X)∨. Then the triple

[V, [ω], [σ]]m defines a matrix coefficient, and (4.8) may be interpreted as the map

[M, [ω], [σ]]m 7→
∫
σ

ω.

In this way, we see that the period map sends motivic periods to periods in the sense

of [34]. For this reason we denote the matrix coefficient [V, [ω], [σ]]m by
∫ m

σ
ω.

A large part of this thesis deals with motivic iterated integrals. These may also be

interpreted as motivic periods, and can therefore be represented by matrix coefficients

as above. In this case, however, the relevant motive is not the cohomology H1(X) but

rather the affine ring of the relative fundamental group of X (with a particular choice

of basepoint) that will be defined in Definition 5.2.3. We use the notation
∫ m

σ
ω1 · · ·ωn

for a motivic iterated integral, in analogy to the notation for iterated integrals given

in Definition 1.4.1. This notation will be justifed in §5.2.6.1 in the context of the

affine ring of the relative de Rham fundamental group.
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4.2.2.1 The coaction on matrix coefficients

The coaction (4.5) on matrix coefficients is very simple to write down explicitly. Let

[V,w, σ]m ∈ Pm
H and let e1, . . . , en be a choice of basis for V dR = ωdR(V ). Then

∆([V,w, σ]m) =
n∑
i=1

[V, ei, σ]m ⊗ [V,w, e∨i ]dr (4.9)

One may check that this definition is independent of the choice of basis and compatible

with all structures on Pm
H.

4.2.2.2 The Galois action on matrix coefficients

Dually, one may write down the Galois action on matrix coefficients as follows. Let

R be a Q-algebra. An element g ∈ GdR
H (R) is, by definition, a natural isomorphism

ωdR
H ⊗ R

∼−→ ωdR
H ⊗ R compatible with the tensor structure on H. For every object

V ∈ H we therefore obtain an isomorphism gV : V dR ⊗ R ∼−→ V dR ⊗ R of R-modules.

Recall that GdR
H (R) = Hom(Pdr

H , R). Therefore, for any g ∈ GdR
H (R) and any de Rham

period [V,w, f ]dr we obtain an element of R defined by

g([V,w, f ]dr) = f(gV (w)) ∈ R.

Combining (4.7) with (4.9) then gives a formula for the Galois action on H-periods:

g([V,w, σ]m) =
n∑
i=1

e∨i (gV (w))[V, ei, σ]m ∈ Pm
H ⊗Q R. (4.10)

In this way the “Galois representation” on the “motive” V is made explicit, and it is

possible to write down the representation in terms of a period matrix.

4.2.3 The universal comparison isomorphism

The identity map on Pm
H defines a canonical point cm ∈ TH(Pm

H) i.e. a natural isomor-

phism

cm : ωdR
H ⊗ Pm

H
∼−→ ωB

H ⊗ Pm
H.

Taking the component at V = (V B, V dR, cV ) ∈ H gives a universal comparison

isomorphism4

cmV : V dR ⊗Q Pm
H
∼−→ V B ⊗Q Pm

H.

Its image under per : Pm
H → C is the comparison isomorphism c constructed in §4.2.1.3.

In other words it satisfies (id⊗ per) ◦ cmV = cV ◦ (id⊗ per).

4If V ∈ MT(Z), this restricts to an isomorphism with Pm
MT(Z) replacing Pm

H.
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4.3 Mixed Tate periods

In this section we review some of the specifics of periods of mixed Tate motives.

4.3.1 The unipotent radical of GdR
MT(Z)

Let MT(Z)ss ↪→ MT(Z) be the full subcategory of semi-simple objects. It is generated

as a rigid abelian tensor category by Q(−1) = H1(Gm), and is neutral Tannakian

with respect to the restricted fiber functor ωdR|MT(Z)ss . Any tensor-compatible auto-

morphism of this functor is determined by its action on ωdR(Q(−1)) = Q. Therefore,

for any Q-algebra R we have

Aut⊗MT(Z)ss(ω
dR|MT(Z)ss)(R) = AutR(R) = R×. (4.11)

This implies that the motivic Galois group of the semisimple subcategory MT(Z)ss is

Gm. The inclusion MT(Z)ss ↪→ MT(Z) is equivalent to a character χ : GdR
MT(Z) → Gm.

Consider the weight-graded pieces functor grM : MT(Z)→ MT(Z)ss. After apply-

ing the de Rham fiber functor ωdR, the Hodge filtration canonically splits the weight

filtration in the mixed Tate case. This means that for every object V ∈ MT(Z) there

is a natural isomorphism

grMn V dR ∼= M2nV
dR ∩ F nV dR. (4.12)

It follows that the character χ has a section Gm → GdR
MT(Z). Define

UdR
MT(Z) := ker(χ).

By definition, UdR
MT(Z) consists of automorphisms that act trivially on the simple

objects Q(n), which are the weight graded pieces of all objects of MT(Z). Therefore

UdR
MT(Z) is pro-unipotent, since each such automorphism respects the weight filtration

and acts trivially on grM . We obtain an exact sequence of affine group schemes

1→ UdR
MT(Z) → GdR

MT(Z)

χ−→ Gm → 1,

The section Gm → GdR
MT(Z) splits this exact sequence and defines an isomorphism

GdR
MT(Z)

∼= UdR
MT(Z) oGm.

Currently, it is known that the Lie algebra k := Lie(UdR
MT(Z)) is non-canonically isomor-

phic to the completed free Lie algebra Lie(σ3, σ5, . . . )
∧ on generators σ2n+1 in degree

−(2n + 1). These σ elements are mysterious and obtaining canonical elements is a

subject of current research; see [9], where they are connected to the action of k on the

fundamental Lie algebra of the infinitesimal punctured Tate curve.
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4.3.2 The Lefschetz period

The most basic example of a motivic period is the Lefschetz period5 L = Lm. It

satisfies per(L) = 2πi. We recall the definition here as it is widely used in this paper.

Definition 4.3.1 (Lefschetz period). The Lefschetz period is

L = Lm := [H1(Gm), [dz/z] , γ0]m,

where H1(Gm) ∼= Q(−1) ∈ MT(Z) and γ0 ∈ H1(C×,Q) ∼= H1
B(Gm)∨ is the class of a

small counterclockwise loop around the origin in C×.

Using (4.10) we may compute the action of GdR
MT(Z) on L explicitly. Recall that

H1
dR(Gm) is one dimensional and spanned by the cohomology class of ω0 = dz/z.

Any g ∈ GdR
MT(Z)(Q) acts on Q(−1) through the character χ : GdR

MT(Z) → Gm. Hence

we have

g(L) := [ω0]∨
(
gQ(−1) ([ω0])

)
L = χ(g)L.

4.3.3 Motivic multiple zeta values

Let

0Πmot
1 := πmot

1 (P1\ {0, 1,∞},~10,−~11)

denote the motivic path torsor between the tangential basepoints ~10 and ~11 on

P1\ {0, 1,∞} defined in §3.5.4. Its affine ring O(0Πmot
1 ) is an ind-object of MT(Z)

[15]. Via the fully faithful functor ωH it can be considered as an ind-object of H:

O(0Πmot
1 ) = (O(0ΠB

1 ),O(0ΠdR
1 ), c).

Let dch ∈ 0ΠB
1 (R) denote the straight line path from ~10 to −~11.

Definition 4.3.2 (Motivic multiple zeta value). The Q-algebra of motivic multiple

zeta values is the ring Zm generated by matrix coefficients [O(0Πmot
1 ), w, dch]m, where

w ranges over elements of O(0ΠdR
1 ).6

There is a canonical isomorphism O(0ΠdR
1 ) ∼= T c(e0, e1) with the shuffle algebra

on two symbols [16] (we define the shuffle algebra in §1.3.1.1). Here e0 and e1 are

formal symbols corresponding to the algebraic differential forms ω0 = dz/z and ω1 =

dz/(1−z) generating H1
dR(P1\ {0, 1,∞}). They are described in more detail in §5.3.1.

5Typically, motivic periods are distinguished by a superscript m. However, we use the Lefschetz
period so frequently that it eases notation to drop the superscript in this case.

6The ind-object O(0Πmot
1 ) has a weight filtration by finite-dimensional subobjects MrO(0Πmot

1 ) ∈
MT(Z). A motivic MZV ζm(w) of weight n can be written as the matrix coefficient
[MnO(0Πmot

1 ), w,dch]m.
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Remark 4.3.3 (Admissible words). Let w ∈ T c(e0, e1) be a single word. The motivic

multiple zeta value [O(0Πmot
1 ), w, dch]m ∈ Zm is denoted by ζm(w). If w is admissible,

meaning it is of the form w = e1ve0 for some other word v, then it may be written in

the form

w = e1e
k1−1
0 · · · e1e

kr−1
0 with k1 . . . kr−1 ≥ 1 and kr ≥ 2. (4.13)

We use the notation ζm(k1, . . . , kr) := ζm(w) for an admissible motivic MZV.

Remark 4.3.4 (Shuffle-regularisation). There is a unique shuffle-algebra homomor-

phism ζm : T c(e0, e1) → Pm
H, such that whenever w is admissible of the form (4.13)

we have ζm(w) = ζm(k1, . . . , kr), and such that ζm(e0) = ζm(e1) = 0 [13, Proposition

1.173]. We have per ζm(w) = ζ(w), where ζ(w) ∈ R is a shuffle-regularised real MZV.

It is possible to write down the motivic coaction on motivic multiple zeta values

in terms of a combinatorial formula [5, Theorem 2.4]. This coaction may be used to

find relations between motivic MZVs. In a related vein, we will show in Chapter 15

that the coaction may be used to find explicit expressions for motivic MZVs in terms

of motivic iterated Eisenstein integrals.

4.3.4 Brown’s theorem

In the influential paper [5], Brown proved that the action of GdR
MT(Z) on O(0Πmot

1 ) is

faithful by exhibiting a specific basis for Zm (the Hoffman basis). Brown’s theorem

implies that there is an isomorphism Zm[L−1]
∼−→ Pm

MT(Z).

In this thesis we use a similar idea – namely, we demonstrate that all elements of

Zm may be obtained from a certain set of periods (in this case, iterated Eisenstein

integrals). As a corollary, we show that GdR
MT(Z) acts faithfully on the affine ring of a

certain group scheme related to iterated Eisenstein integrals. See Theorem 13.1.1.
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Chapter 5

Fundamental groups

For us, fundamental groups are a convenient tool for packaging and manipulating

generating series of periods. The relevant fundamental groups for this purpose are the

Betti and de Rham fundamental groups, as well as the usual topological fundamental

group. For technical reasons, we will also have to consider relative versions of these

groups. These notions are defined in this chapter.

5.1 The topological fundamental group

Let X be a scheme1 and let x ∈ X(C)bp. (The set X(K)bp of K-rational basepoints

on X is defined in Definition 3.5.1. It consists of X(K) together with the K-rational

tangential basepoints on X.) The topological fundamental group of X, based at x, is

πtop
1 (X, x) := π1(X(C), x).

5.1.1 Quick computations of fundamental groups

In this section we provide brief and informal computations of the main fundamental

groups we use. This is mainly done for interest and to explain the ways in which their

elements can be interpreted.

5.1.1.1 P1\ {0, 1,∞}

The space of complex points of P1\ {0, 1,∞} is C\ {0, 1}. For any choice of basepoint

the fundamental group is a free group on two generators. We provide a description

of these generators for a particular tangential basepoint.

1When X is an algebraic stack, X(C) is a complex-analytic orbifold and the fundamental group
here refers to the orbifold fundamental group [22].
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Recall the definitions of the tangential basepoints ~10 and ~11 given in §3.5.4. Let

σp denote a small counterclockwise loop based at ~1p. Let γ±,∓p denote the homotopy

class of a counterclockwise semicircle from ±~1p to ∓~1p, so that γ+,−
p · γ−,+p = σp. We

also let (γ±,∓p )−1 be the homotopy class of a clockwise semicircle from ∓~1p to ±~1p, so

that γ±,∓p · (γ±,∓p )−1 = 1. Finally, let dch denote the canonical straight line path from

~10 to −~11. Then define

γ0 := γ+,−
1 · dch−1 ·σ0 · dch ·(γ+,−

1 )−1, γ1 := σ1.

They generate the free group πtop
1 (P1\ {0, 1,∞},~11). The element γp is the homotopy

class of a counterclockwise loop based at ~11 encircling the puncture at p only. We

also define γ∞ := (γpγ1)−1. It is the homotopy class of a counterclockwise loop based

at ~11 around the puncture at ∞. These elements satisfy the relation γ0γ1γ∞ = 1.

5.1.1.2 E×

Here E× denotes the fiber of E× → M1,1 over any basepoint in M1,1(C)bp. In

particular, E× can be a punctured elliptic curve (taking a basepoint [τ ] for τ ∈ H)

or the punctured Tate curve (taking the basepoint ∂/∂q defined in §3.5.1). The

space of complex points E×(C) has the homotopy type of a punctured torus, so its

fundamental group is free on two generators, α and β, for any choice of basepoint.

Consider the Jacobi uniformisation E(C) ∼= C×/qZ, where q = exp(2πiτ). Let

us assume that τ is imaginary, so that q is real and 0 < q < 1. As a basepoint

on the elliptic curve we use the tangent vector ∂/∂w on C× based at 1, where w

denotes the coordinate on C×. On C× the element α may be represented by a path

consisting of a positively-oriented semicircle around 1 beginning at ∂/∂w, followed

by a positively-oriented circle around 0, followed by a positively-oriented semicircle

around 1 returning to ∂/∂w. The element β may be represented by a path consisting

of a negatively-oriented semicircle around 1 starting at ∂/∂w, followed by a straight

line to ∂/∂w based at q. The point q is equivalent to 1 in C×/qZ, so this defines a

loop.

Suppose now that E = E∂/∂q is the fiber of the Tate curve over ∂/∂q. Its complex

points can be uniformised in a similar way. The basepoint ∂/∂w on C× based at 1

corresponds to the tangential basepoint ∂/∂w on E×∂/∂q defined in §3.5.2.

Hain describes how to work with this space topologically [26, §16]: take a real-

oriented blowup of P1(C)\ {0, 1,∞} at the three punctured points, so that tangential

basepoints on the set {0, 1,∞} become regular basepoints along the boundary, and

then identify the boundary circles around 0 and ∞. The resulting space is homotopy
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equivalent to E×∂/∂q . Figure 5.1 depicts Hain’s model for the fundamental groupoid of

E×∂/∂q together with the generators α and β.

∞

<
α

< <

>

< β
0 1

>

<

>

<

Figure 5.1: The fundamental groupoid of E×∂/∂q . The boundaries around 0 and ∞ are
identified, taking into account their orientations. The dots represent the tangential
basepoints ±~1p for each p ∈ {0, 1,∞}; those of the same colour are identified in
the fundamental groupoid of E×∂/∂q . The black dot is the tangential basepoint ~11

corresponding to ∂/∂w. The generators α and β for πtop
1 (E×∂/∂q , ∂/∂w) are indicated.

5.1.1.3 M1,1

The basic orbifoldM1,1(C) is the orbifold quotient [SL2(Z)\H], [22, §3.5]. The “uni-

versal covering” map b0 : H→M1,1 defines a basepoint2 b0 onM1,1, and a canonical

isomorphism πtop
1 (M1,1, b0) ∼= SL2(Z). This isomorphism identifies πtop

1 (M1,1, b0)

with the group of deck transformations of the universal cover b0 : H → M1,1, which

equals SL2(Z) by definition.

The inclusion {iy : y > 0} ↪→ H, which is a homotopy equivalence corresponding

to the basepoint ∂/∂q, induces an isomorphism πtop
1 (M1,1, ∂/∂q)

∼−→ πtop
1 (M1,1, b0).

Finally, the inclusion of any point {τ} ↪→ H, which is also a homotopy equivalence,

induces an isomorphism πtop
1 (M1,1, [τ ])

∼−→ πtop
1 (M1,1, b0). To conclude, for x of any

of these basepoints there is a natural isomorphism

πtop
1 (M1,1, x) ∼= SL2(Z).

2See [22, §3.3] for an explanation of the homotopy theory of orbifolds.
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We now give a description of the fundamental group in the case x = ∂/∂q.

The group SL2(Z) is generated by the matrices

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
,

as noted in §2.1.1. Setting U = ST gives the presentation (2.1).

The points i and ρ on H are stabilised by the subgroups 〈S〉 ∼= Z/4Z and 〈U〉 ∼=
Z/6Z respectively. Under the isomorphism π1(M1,1, ∂/∂q) ∼= SL2(Z) the element S

corresponds to a loop around [i] based at ∂/∂q, U corresponds to a loop around [ρ]

based at ∂/∂q, and T corresponds to a small loop around the cusp based at ∂/∂q. The

orbifold points [i] and [ρ] may be thought of as “between a point and a puncture”;

for example, the equation S4 = id means that the loop around [i] corresponding to S

must be traversed 4 times before it is possible to “pull” it through the point [i].

In a more concrete manner, we may regard the element of πtop
1 (M1,1, ∂/∂q) corre-

sponding to S as the imaginary axis on H. It is a straight line path on the extended

upper half plane H∗ := H ∪ P1(Q) from a unit tangent vector at τ = 0 to the unit

tangent vector at τ = i∞, which may be identified with ∂/∂q. A procedure for

regularising integrals along this path is given in §6.1.

Now let x be any of the basepoints above. We consider a different interpretation

for the fundamental group πtop
1 (M1,1, x) that is described further in §8.1. By the

moduli property of M1,1, the basepoint x corresponds to an isomorphism class [E]

of an elliptic curve E. The fibration E → E → M1,1 and the canonical section

O : M1,1 → E imply the existence of a natural monodromy action of πtop
1 (M1,1, x)

on πtop
1 (E,O) ∼= H1(E(C),Z) ∼= Z2. This corresponds to the inclusion SL2(Z) ↪→

GL2(Z) up to conjugation.

The fact that the automorphisms of H1(E(C),Z) coming from this action lie in

the subgroup SL2(Z) ⊆ GL2(Z) corresponds to the fact that the monodromy action

preserves the orientation of the elliptic curve.

5.1.1.4 M1,~1

Let x ∈M1,~1(C)bp. By the algebraic description ofM1,~1 given in §3.2, the basepoint

x corresponds to an isomorphism class [E,O, ω] where E/C is an elliptic curve with

identity section O and ω is a trivialisation of Ω1
E/C.

As E is defined over C it has a Weierstrass equation of the form

y2 = (x− α1)(x− α2)(x− α3),
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where αi ∈ C are pairwise distinct. This equation uniquely determines O and ω,

and therefore determines an isomorphism class as above. This isomorphism class is

equivalent to the triple (α1, α2, α3) in the configuration space of 3 unordered points

in C, whose fundamental group is the braid group B3 on 3 strands. This may be

seen as follows: the homotopy class of a loop in the configuration space above,

based at (α1, α2, α3), is equivalent to a braid on 3 strings in C × [0, 1] with start-

points {(α1, 0), (α2, 0), (α3, 0)} and endpoints {(α1, 1), (α2, 1), (α3, 1)}. This is be-

cause throughout the deformation along [0, 1] the three points in C must remain

distinct in order to define an element of the configuration space. Figure 5.2 shows an

example of a braid representing an element of πtop
1 (M1,~1, x):

α1

α2

α2

α3

α3

α1

Figure 5.2: A braid.

The braid group has the presentation

B3 = 〈tA, tB|tAtBtA = tBtAtB〉. (5.1)

In Figure 5.2 the element tA represents crossing the first strand above the second,

and tB represents crossing the second strand above the third (so that the element

depicted is tAt
−1
B tAt

−1
B ).

These generators may also be interpreted in terms of the monodromy action of

πtop
1 (M1,~1, x) on the fundamental group of the punctured elliptic curve E× (see §8.1).

The elements tA and tB may be identified with Dehn twists on simple closed curves

A,B ⊆ E(C) intersecting transversally at one point. One such choice is (the images

of) α and β. This point of view realises πtop
1 (M1,~1, x) as the mapping class group

of a genus 1 surface with one puncture. See §8.1 for a detailed description of the

monodromy action.
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5.2 The relative fundamental group

The unipotent completion of a discrete group Γ over a characteristic zero field K is

an affine group scheme Γun/K that is is universal3 with respect to homomorphisms

Γ → U(K) into the K-points of unipotent groups U/K. When K ⊆ C and Γ is

the topological fundamental group of a scheme X/K with respect to some basepoint,

the unipotent fundamental group can be viewed as a nonabelian generalisation of the

(co)homology of X and is, in a sense, constructed from the cohomology H1(X,K)

with coefficients in K. It does not contain quite as much information as the profinite

fundamental group π̂1(X) or the pro-algebraic fundamental group πalg
1 (X) when K =

Q. This makes it a more tractable object to work with explicitly [31].

The relative completion [21] of Γ generalises the notion of unipotent comple-

tion. It occupies an intermediate zone between the unipotent completion and the

profinite/pro-algebraic completions, and may be used as a substitute in cases when the

unipotent completion is trivial. When R/K is a reductive group and ρ : Γ→ R(K) is

a Zariski-dense homomorphism, the completion of Γ relative to ρ is constructed from

the cohomology H1(X, V ) where V ranges over all irreducible representations of R.

Our main use of the general notion of relative completion is for Γ = SL2(Z),

with ρ : SL2(Z) ↪→ SL2(Q) the natural inclusion. It is used because the unipotent

completion of SL2(Z) over Q is trivial, since there are no modular forms of weight

2 for SL2(Z) and consequently H1
B(M1,1,Q) = H1(SL2(Z),Q) = 0, [11, §4]. The

profinite completion of SL2(Z), on the other hand, is extremely large (by Belyi’s

theorem [2]). The remedy is to use the relative fundamental group, which is built not

just from H1(SL2(Z),Q) but also from H1(SL2(Z), V2n) for all irreducible rational

representations V2n of SL2/Q defined in §2.2. This naturally incorporates level 1

modular forms of all weights.

In the following subsections we define the relative fundamental group and review

some of its structure. Crucially, in §5.2.1 we define two different realisations of the

relative fundamental group, called Betti and de Rham realisations, generalising the

analogous notions in cohomology; in §5.2.3 we note an important decomposition the-

orem for the relative fundamental group; in §5.2.4 we introduce a comparison isomor-

phism for relative fundamental groups; and in §5.2.5 we show how relative completion

generalises unipotent completion.

3Here universal means that Γ→ Γun is left adjoint to the functor U 7→ U(K) from the category
of pro-unipotent groups over K to the category of abstract groups.
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5.2.1 Abstract relative completion

Here we use a geometric variant of relative completion, due to Brown [7, §12]. The

advantage of this method is that it is possible to define all realisations of the relative

completion simultaneously from the following categorical construction.

Definition 5.2.1 (Abstract relative completion). Let (C, ω) be a neutral Tannakian

category over a field K of characteristic zero, and let S ↪→ C be a full semisimple4

Tannakian subcategory with fiber functor ω|S. Define a subcategory F(C, S) ↪→ C

whose objects are objects V ∈ C with a (finite, exhaustive, separated) increasing

filtration

0 = V0 ⊆ V1 ⊆ · · · ⊆ Vn = V

by C-subobjects of V , such that each graded piece Vi+1/Vi is isomorphic to an object in

S. Then F(C, S) is a Tannakian category equipped with the fiber functor ω|F(C,S). We

define the fundamental group of (C, ω) relative to S to be the Tannakian fundamental

group

G = π1(C, S, ω) := Aut⊗F(C,S)

(
ω|F(C,S)

)
.

Let S = Aut⊗S (ω|S). It is pro-reductive because S is semisimple [17, Proposition

2.23]. There is an inclusion S ↪→ F(C, S) given by equipping an object V ∈ S with the

trivial filtration 0 = V0 ⊆ V1 = V . This inclusion induces a faithfully flat morphism

of affine group schemes G → S whose kernel is a pro-unipotent group U , exhibiting

G as an extension

1→ U → G → S → 1. (5.2)

Remark 5.2.2. The inclusion F(C, S) ↪→ C is equivalent to a faithfully flat morphism

of affine group schemes π1(C, ω) → G. We do not make use of this morphism in the

sequel.

5.2.2 Relative fundamental groups

Let X be a smooth, connected scheme5 over a field K ⊆ C, and let x ∈ X(K)bp. To

this data we associate two neutral Tannakian categories over K:

4“Semisimple” means that every object of S is a direct sum of simple objects of C.
5In one case we must consider the relative fundamental group of the algebraic stack M1,1. As

described in §3.2, this is the stack quotient [Gm\M1,~1]. We define its relative fundamental groups by
looking at objects of LS(M1,~1) and Con(M1,~1) with a Gm-action that are Gm-invariant and trivial
on Gm-orbits. We then applying the same Tannakian machinery as for schemes.

47



• The category LS(X) = LSK(X) of local systems V of finite-dimensional K-

vector spaces on X, equipped with the Betti fiber functor ωB
x sending each local

system V to the stalk Vx.

• The category Con(X) = ConK(X) of algebraic K-vector bundles with a flat

connection (V ,∇) on X and regular singularities at infinity, equipped with the

de Rham fiber functor ωdR
x sending (V ,∇) to the fiber V(x) = Vx/mxVx.

Let SB ↪→ LS(X) (resp. SdR ↪→ Con(X)) be a full semisimple Tannakian subcate-

gory of LS(X) (resp. Con(X)) with fiber functor given by the restriction of ωB
x (resp.

ωdR
x ). Denote their Tannaka groups by SB and SdR respectively.

Definition 5.2.3 (Relative fundamental group). Applying Definition 5.2.1 to the

above setup produces two affine group schemes over K,

πrel,B
1 (X, x) := π1(LS(X), SB, ωB

x ), πrel,dR
1 (X, x) := π1(Con(X), SdR, ωdR

x ), (5.3)

respectively called the Betti and de Rham relative fundamental groups of X with

basepoint x. They depend on the choice of the semisimple subcategories.

5.2.3 Splitting

For relative completions of fundamental groups, the exact sequence (5.2) always splits

[23, Proposition 3.1]. This means that for • ∈ {B, dR} the relative fundamental group

is isomorphic to a semidirect product

πrel,•
1 (X, x) ∼= U• o S•, (5.4)

where S• is pro-reductive and U• is pro-unipotent. This decomposition is non-

canonical because it depends upon the choice of splitting.

5.2.4 Comparison isomorphism

Let XC = X ×K C and let x̂ ∈ XC(C) be a lift of x. The Riemann-Hilbert corre-

spondence induces a tensor-equivalence ConC(XC)
∼−→ LSC(XC). Let us assume that

this further induces an equivalence SdR
C

∼−→ SB
C. Tannakian duality then produces a

canonical isomorphism πrel,B
1 (XC, x̂)

∼−→ πrel,dR
1 (XC, x̂). Because relative completion

commutes with base change [23, §3.3] we obtain a canonical isomorphism

πrel,B
1 (X, x)×K C ∼−→ πrel,dR

1 (X, x)×K C. (5.5)
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Definition 5.2.4 (Comparison isomorphism). The isomorphism (5.5) is called the

comparison isomorphism between relative Betti and de Rham fundamental groups.

The isomorphism (5.5) is induced by viewing the affine rings as ind-objects in

H ⊗Q K, whose ring of motivic periods is Pm
H ⊗ K. By §4.2.3 it lifts to a universal

comparison isomorphism

πrel,B
1 (X, x)×K (Pm

H ⊗Q K)
∼−→ πrel,dR

1 (X, x)×K (Pm
H ⊗Q K). (5.6)

Remark 5.2.5 (Generating series). The Betti fiber functor ωB
x : LS(X) → VectK fac-

tors through the category RepK(πtop
1 (X, x)) of K-representations of the topological

fundamental group6. This induces a canonical Zariski-dense homomorphism

πtop
1 (X, x)→ πrel,B

1 (X, x)(K). (5.7)

Consider the composition

πtop
1 (X, x)→ πrel,B

1 (X, x)(K)→ πrel,dR
1 (X, x)(Pm

H ⊗Q K) (5.8)

where the first map is (5.7) and the second is induced by the universal comparison

isomorphism. It may be viewed as the map sending an element γ ∈ πtop
1 (X, x) to

the “motivic parallel transport” along γ of a horizontal section of a suitable universal

connection on X. By finding explicit generators for πrel,dR
1 (X, x) this map may also

be viewed as sending γ to the generating series of all homotopy-invariant motivic

iterated integrals on X along γ.

Definition 5.2.6 (Unipotent and reductive parts). We denote the homomorphism

(5.8) by the formula

γ 7→ γm.

Using the choice of splitting πrel,dR
1 (X, x) ∼= UdR o SdR chosen in (5.4), write

γm = (γmu , γ
m
0 ).

The element γmu ∈ UdR(Pm
H ⊗Q K) refers to the “unipotent part” of γm. It depends

upon the choice of splitting. The element γm0 ∈ SdR(Pm
H⊗QK) refers to the “reductive”

or “degree 0” part of γm. It is canonically defined.

The map γ 7→ γmu defines a nonabelian cocycle πtop
1 (X, x)→ UdR(Pm

H ⊗QK). The

map γ 7→ γm0 is a homomorphism. When S is the trivial group we have γm = γmu . In

this case the cocycle γ 7→ γmu reduces to a group homomorphism.

Remark 5.2.7. In general, γmu is not canonically defined, as it depends upon the choice

of splitting (5.4). When such a splitting is canonical, however, γmu is canonically

defined. This is of relevance for the sequel; see (8.6).
6The category RepK(πtop

1 (X,x)) is equipped with the forgetful fiber functor.
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5.2.5 Relation to unipotent completion

Let • ∈ {B, dR}. When S• is the semisimple subcategory generated by the unit object

1, the relative fundamental group πrel,•
1 (X, x) is pro-unipotent. In this case we denote

πrel,•
1 (X, x) by π•1(X, x).

In the Betti case the unit object is the constant sheaf 1 = K and πB
1 (X, x) is

the unipotent completion of πtop
1 (X, x). The canonical homomorphism (5.7) is none

other than the natural map from πtop
1 (X, x) to the rational points of its unipotent

completion. In the de Rham case the unit object is the vector bundle with trivial

connection 1 = (OX , d).

Throughout this paper, we only make use of a nontrivial semisimple subcategory

S• in the cases (X, x) = (M1,1, ∂/∂q) or (M1,~1,~v), where ~v := ∂/∂q + ∂/∂w was

defined in §3.5.3. In these cases S• is generated by an explicit object depending on

the universal family overM1,1 (resp. M1,~1). This is because the unipotent completion

of SL2(Z) is trivial. In all other situations we only require relative completion with

respect to S• = 〈1〉⊗.

5.2.6 The coordinate ring of πrel,dR
1 (X, x) and iterated integrals

The coordinate ring of the de Rham relative fundamental group πrel,dR
1 (X, x) is defined

in [21, §8]. As described in §7 of loc. cit., it may be defined independently of the

Tannakian definition using the reduced bar construction on a commutative differential

graded algebra (CDGA) constructed from “locally constant iterated integrals” on X.

In particular, the coordinate ring of its unipotent radical UdR is defined as the 0th

cohomology of the reduced bar construction on the CDGA⊕
V ∈I

Ω•(X,C(V )∨)⊗K V,

where I denotes a complete set of representatives for isomorphism classes of irre-

ducible representations of SdR over K and C(V ) ∈ Con(X) is the associated vector

bundle with connection on X. If x is a finite7 basepoint x : Spec(K)→ X, the CDGA

inherits an augmentation via the composition

Ω•(X,C(V )∨)⊗K V → Ω•(Spec(K), x∗C(V )∨)⊗K V
∼= H0(Spec(K), x∗C(V )∨)⊗K V
∼= C(V )∨x ⊗K V

7A similar computation works for tangential basepoints.
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∼= V ∨ ⊗K V → K,

where the first map is induced by pullback along x. The reduced bar construction

acquires a CDGA structure via the connection on C(V ) and the wedge product of

differential forms.

The coordinate ring O(UdR) is isomorphic to H0 of the reduced bar construc-

tion on the above CDGA, which is naturally a Hopf algebra; details are described

in [21]. It is the shuffle algebra (see §1.3.1.1) on elements w of positive degree in⊕
V ∈I Ω•(X,C(V )∨) ⊗K V . Its elements may be written as words [w1| · · · |ws]. It

is equipped with the shuffle product, the deconcatenation coproduct and the counit

making use of the augmentation described above.

As it is of use in the sequel, we now define an important increasing filtration on

O(UdR).

Definition 5.2.8. The length filtration L•O(UdR) is the increasing filtration on the

index s. The word [w1| · · · |ws] lies in LsO(UdR).

5.2.6.1 Motivic iterated integrals

We may view the element [w1| · · · |ws] as an abstract “integrand” of an indefinite

iterated integral of the forms w1, . . . , ws, where iterated integrals were defined in

Definition 1.4.1 and generalised to higher dimensional forms in [21, §6]. The unipotent

part γmu ∈ UdR(Pm
H) of an element γ ∈ πtop

1 (X, x), defined in Definition 5.2.6, can be

viewed as the element of Hom(O(UdR),Pm
H) that evaluates indefinite iterated integrals

along γ. The motivic iterated integral
∫ m

γ
w1 · · ·ws is, by definition, the H-period of

O(UdR) defined as ∫ m

γ

w1 · · ·ws := γmu ([w1| · · · |ws]) .

Its image under the period map is the iterated integral
∫
γ
w1 · · ·ws ∈ C as defined in

Definition 1.4.1.

5.2.7 Functoriality

The relative fundamental groups can be viewed as functors as follows. Let K be a

field of characteristic zero and define categories

• LS∗K : the category of triples (X, x, V ) where X is a scheme over K, x ∈ X(K)bp

is a K-rational basepoint and V ∈ LSK(X). The morphims are pairs consisting

of a smooth morphism of schemes f : X1 → X2 satisfying f(x1) = x2, together

with a monomorphism f̂B : f ∗V2 ↪→ V1 in LSK(X1).
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• Con∗K : the category of triples (X, x,V) where X is a scheme over K, x ∈
X(K)bp is a K-rational basepoint and V ∈ ConK(X). The morphisms are pairs

consisting of a smooth morphism of schemes f : X1 → X2 satisfying f(x1) = x2,

together with a monomorphism f̂dR : f ∗V2 ↪→ V1 in ConK(X1).

Proposition 5.2.9. The assignments

LS∗K → GrpSchK

(X, x, V ) 7→ π1(LSK(X), 〈V 〉⊗, ωB
x )

and

Con∗K → GrpSchK

(X, x,V) 7→ π1(ConK(X), 〈V〉⊗, ωdR
x )

define functors to the category of group schemes over K.

Proof. We prove the statement only for the de Rham relative fundamental group,

since the proofs are direct parallels. By the Tannaka theorem, the result follows by

checking that the map (X, x,V) 7→ (F(Con(X), 〈V〉⊗), ωdR
x ) defines a functor from

(Con∗K)op to the category of neutral Tannakian categories over K, whose morphisms

are additive tensor functors compatible with the fiber functors on each Tannakian

category.

Let (f, f̂dR) : (X1, x1,V1) → (X2, x2,V2) be a morphism in Con∗K . Pullback by f

defines a functor f ∗ : ConK(X2) → ConK(X1). The monomorphism f̂dR : f ∗V2 ↪→
V1 implies that this induces a functor f ∗ : 〈V2〉⊗ → 〈V1〉⊗ between the associated

subcategories. These two properties define a functor

f ∗ : F(ConK(X2), 〈V2〉⊗)→ F(ConK(X1), 〈V1〉⊗).

This is a tensor functor because pullback commutes with tensor products. The prop-

erty f(x1) = x2 implies that ωdR
x1
◦ f ∗ = ωdR

x2
. Therefore f ∗ is a functor between

Tannakian categories. By duality we obtain a morphism of group schemes

π1(ConK(X1), 〈V1〉⊗, ωdR
x1

)→ π1(ConK(X2), 〈V2〉⊗, ωdR
x2

).

52



5.2.8 Lie algebraic structure

Let us now consider the Betti relative completion GB/Q of schemeX/Q with respect to

the semisimple category SB = 〈L〉⊗ generated by a local system L of finite-dimensional

vector spaces on X. Let SB be the associated reductive group. By the equivalence

between local systems and representations of the topological fundamental group we

obtain a homomorphism Γ := πtop
1 (X, x) → SB(Q) for any choice of basepoint x ∈

X(Q)bp. This requires an identification between SB and the automorphism group

(scheme) of the stalk Lx.

Let us assume that for every representation V of Γ over Q the vector space

Hj(Γ, V ) is finite-dimensional. This condition is satisfied when Γ is finitely pre-

sented, and hence when X ×Q C is a complex algebraic variety because in this case

X(C) is homotopy-equivalent to a finite complex.

Let UB be the unipotent radical of GB and let uB = Lie(UB). Let I be a complete

set of representatives for isomorphism classes of finite-dimensional irreducible repre-

sentations of SB over Q. Under certain basic assumptions (see [23, §3.2, 3.4]) there

is an isomorphism

H1(uB) ∼=
∏
V ∈I

H1(Γ, V )∨ ⊗Q V (5.9)

and a continuous SB-invariant surjection∏
V ∈I

H2(Γ, V )∨ ⊗Q V → H2(uB),

where in each case the product is equipped with the product topology.

Such information can be used to determine the structure of uB. For example, when

Γ has cohomological dimension 1, as when Γ is a finitely generated free group or when

Γ = SL2(Z), we have Hj(Γ, V ) = 0 for every j ≥ 2. Consequently H2(uB) = 0, which

implies that uB is non-canonically isomorphic to the completed free Lie algebra on

H1(uB) ∼= (uB)ab. By identifying H1(Γ, V ) ∼= H1
B(X,L(V )) where L(V ) ∈ LS(X) is

the associated local system we obtain the description

uB ∼= Lie

(∏
V ∈I

H1
B(X,L(V ))∨ ⊗Q V

)∧
. (5.10)

Note that this description is non-canonical because the generators for (uB)ab may be

modified by any element of the commutator [uB, uB].
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An identical calculation on the de Rham side also holds relative to a choice of

semisimple subcategory SdR = 〈L〉⊗ defined by an object L ∈ Con(X). We obtain

udR ∼= Lie

(∏
V ∈J

H1
dR(X,C(V ))∨ ⊗Q V

)∧
, (5.11)

where J is now a complete set of representatives for isomorphism classes of finite-

dimensional irreducible representations of SdR over Q and C(V ) ∈ Con(X) is the

associated vector bundle with connection. Once again this description depends upon

a choice of section of udR → H1(udR).

Let us assume that the choices of SB and SdR are compatible under the Riemann-

Hilbert correspondence. We obtain a canonical isomorphism UB
C
∼−→ UdR

C and hence a

canonical isomorphism uB⊗QC ∼−→ udR⊗QC. It describes the mixed Hodge structure

on the relative fundamental group [21]. We discuss this further in §5.2.9.

5.2.9 Mixed Hodge structure

Let us continue with the same assumptions and notation as in §5.2.8. In particular,

these imply the existence of a bijection I ∼= J . For every V ∈ I we obtain a local

system L(V ) ∈ LS(X), a vector bundle with connection C(V ) ∈ Con(X), and a

comparison isomorphism cV : H1
dR(X,C(V ))⊗Q C ∼−→ H1

B(X,L(V ))⊗Q C. Let

H1(X, V ) :=
(
H1

B(X,L(V )), H1
dR(X,C(V ), cV

)
,

considered as an object of H.

As discussed in §5.2.8, there is a canonical comparison isomorphism8

comp: uB ⊗Q C ∼−→ udR ⊗Q C. (5.12)

This comparison isomorphism induces a canonical (limit) mixed Hodge structure

(MHS) on u := (uB, udR, comp), considered as a pro-object of H. This, in turn, is

induced from the canonical (limit) MHS on the relative fundamental group [21, 23].

In this section we briefly describe a general procedure to define this MHS.

There is a canonical MHS on the Lie algebra

H1(udR) ∼=
∏
V ∈J

H1
dR(X,C(V ))∨ ⊗Q V

8Note that a version of (5.12) also holds with C replaced by the ring Pm
H because O(πrel

1 (X,x))
defines an ind-object of H.

54



induced by the MHS on H1
dR(X, V ). Choose a section of the abelianisation map

udR → H1(udR) that preserves the Hodge filtration F •, the weight filtration W• and,

if one exists, the relative weight filtration M•. It is possible to choose such a section

because abelianisation is a morphism of MHS and is therefore strict with respect to

these filtrations. This section induces a Lie algebra surjection

Lie(H1(udR))∧ → udR.

The Hodge filtration F •udR and weight filtrations M•u
dR, W•u

dR are the images of

those on Lie(H1(udR))∧ under this surjection. The Lie algebra udR therefore inherits

a (bi)grading with respect to the weight filtration(s).

An analogous situation occurs in the Betti case, and when base changed to C the

two cases are compatible via the comparison isomorphism.

Remark 5.2.10 (Uniqueness of bigrading). Any section of the abelianisation map pre-

serving all these filtrations is unique for the Eisenstein quotient of the relative comple-

tion. This includes all cases we consider except that of u1,1 (discussed in §5.5.1). See

[27, §23] and [27, Theorem 23.1] for a precise statement. Hence, there is a canonical

bigrading on u in all cases considered except u1,1.

5.3 De Rham fundamental group of P1\ {0, 1,∞}

In this section we use the preceeding discussion to describe the de Rham fundamental

group of P1\ {0, 1,∞} explicitly.

5.3.1 Structure

As described in §3.5.4, there are six tangential basepoints on P1\ {0, 1,∞} with good

reduction at every prime: each puncture p ∈ {0, 1,∞} is equipped with two tangent

vectors ±~1p based at p. The fundamental groupoid of P1\ {0, 1,∞} with respect to

these six tangential basepoints is built from two essentially different types of elements:

loops based at a single tangent vector at a puncture p, circling that puncture only (or a

semicircle between the positive and negative tangent vectors at p); and paths between

tangent vectors at two different punctures. The de Rham fundamental groups of

P1\ {0, 1,∞} with respect to these basepoints are all canonically isomorphic, because

of the canonical de Rham splitting for mixed Tate motives; in the sequel, we use the

basepoint ~11.
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The group πtop
1 (P1\ {0, 1,∞},~11) is free on two generators (see §5.1.1.1). There-

fore, πtop
1 (P1\ {0, 1,∞},~11) has cohomological dimension 1. The de Rham analogue

of (5.9) produces an isomorphism

Lie(πdR
1 (P1\ {0, 1,∞},~1p))ab ∼= H1(P1\ {0, 1,∞},Q)∨ = Qx0 ⊕Qx1

for any p ∈ {0, 1,∞}. The elements x0 and x1 each span a copy of Q(1); as explained

in §5.2.9, this follows from the MHS on H1(P1\ {0, 1,∞},Q).

There is therefore an isomorphism

Lie πdR
1 (P1\ {0, 1,∞},~1p) ∼= Lie(x0, x1)∧.

This isomorphism is canonical by the results of [27, §23]; this follows from the triviality

of the de Rham path torsor of P1\ {0, 1,∞} between any two basepoints. Hence, under

the comparison isomorphism

Lie πB
1 (P1\ {0, 1,∞},~1p)⊗Q C ∼−→ Lie πdR

1 (P1\ {0, 1,∞},~1p)⊗Q C

of (5.12), we have log(σp) 7→ 2πixp. The elements x0 and x1 define the unique bi-

grading on LieπdR
1 (P1\ {0, 1,∞},~1p) that is compatible with the grading on k =

Lie(UdR
MT(Z)) (see Remark 5.2.10).

The completed universal enveloping algebra of LieπdR
1 (P1\ {0, 1,∞},~1p) is the

Hopf algebra Q〈〈x0, x1〉〉 described in §1.3.1.2. The group of R-points of the de Rham

fundamental group πdR
1 (P1\ {0, 1,∞},~1p) is isomorphic to its group of grouplike ele-

ments over R:

πdR
1 (P1\ {0, 1,∞},~1p)(R) ∼= G(R〈〈x0, x1〉〉), (5.13)

By [16], the coordinate ring O(πdR
1 (P1\ {0, 1,∞},~1p)) is canonically isomorphic to

the shuffle algebra T c(e0, e1) on the dual alphabet {e0, e1} (these notions were defined

in §1.3.1.1 and §1.3.1.3), and is the de Rham realisation of an ind-object in MT(Z).

Its motivic periods are therefore contained in the subalgebra Pm
MT(Z) of mixed Tate

periods of Pm
H, as described in (4.4). The computations in §5.3.2 demonstrate this

explicitly.

5.3.2 Specific Pm
MT(Z)-points

In §5.3.1 we explained that the fundamental groupoid of P1\ {0, 1,∞} with respect

to its six natural tangential basepoints is generated by two distinct types of elements.

In terms of the isomorphism (5.13), these two different types of elements lead to two

different types of generating series of motivic periods for P1\ {0, 1,∞}: exponential

series and Drinfeld associators.
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5.3.2.1 Exponentials

The simplest nontrivial element of πdR
1 (P1\ {0, 1,∞},~1p)(Pm

MT(Z)) is the exponential

series. It is the image σm
p of the element σp of πtop

1 (P1\ {0, 1,∞},~1p), defined in

§5.1.1.1, under the natural map πtop
1 (P1\ {0, 1,∞},~1p)→ πdR

1 (P1\ {0, 1,∞},~1p)(Pm
MT(Z))

described in (5.8). Using the notation for matrix coefficients given in §4.2.2, and for

motivic iterated integrals in §5.2.6.1, the map is given by the following formula, valid

for p = 0, 1:

σp 7→
∑

w basis element of O(πdR
1 (P1\{0,1,∞},~1p))

[O(πmot
1 (P1\ {0, 1,∞},~1p)), w, γp]mw∨

=
∑

w∈M(x0,x1)

(∫ m

σp

w∨

)
w

=
∑
k≥0

(∫ m

σp

ωkp

)
xkp

=
∑
k≥0

Lk

k!
xkp = exp(Lxp),

where M(x0, x1) denotes the free monoid on {x0, x1} and ω0 := dz/z, ω1 := dz/(1− z)

are 1-forms on P1\ {0, 1,∞} generating its first de Rham cohomology. In going from

the second to the third line we use that
∫ m

σp
ωj1 · · ·ωjk = 0 unless all j1, . . . , jk are

equal to p. This follows from Cauchy’s theorem.

Finally, one verifies that exp(Lxp) is grouplike using that xp is a primitive element

of the Hopf algebra Pm
MT(Z)〈〈x0, x1〉〉.

5.3.2.2 Drinfeld associators

Let j, k ∈ {0, 1,∞} be distinct and adjacent in the cyclic ordering 0→ 1→∞→ 0.

There is a natural “straight line path”

dchjk ∈ jΠk := πtop
1 (P1\ {0, 1,∞},~1j,−~1k)

contained within P1(R). For the same choice of j, k, there is also a natural straight

line path

dchkj ∈ πtop
1 (P1\ {0, 1,∞},−~1k,~1j)

These two definitions then define a canonical straight line path between any two

distinct points j, k ∈ {0, 1,∞}, depending on the cyclic ordering of the pair (j, k).

Under the map from a topological path torsor of P1\ {0, 1,∞} into the Pm
MT(Z)-

points of de Rham completion, described in (5.8), the element dchjk is sent to an
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element dchm
jk ∈ jΠ

dR
k (Pm

MT(Z)). The canonical de Rham splitting of mixed Tate

motives (4.12) produces a canonical isomorphism of πdR
1 (P1\ {0, 1,∞},~11)-torsors

jΠ
dR
k

∼−→ πdR
1 (P1\ {0, 1,∞},~11).

The image of dchm
jk under this isomorphism, followed by (5.13), is a grouplike power

series Φm
jk ∈ Pm

MT(Z)〈〈x0, x1〉〉. As in the case for the real Drinfeld associator Φ01 ∈
R〈〈x0, x1〉〉, Φm

01 may be viewed as the generating series for shuffle-regularised motivic

multiple zeta values9 ζm(w) (see §4.3.3) as w ranges over all elements of the free

monoid M(x0, x1):

Φm
01 = Φm(x0, x1) =

∑
w∈M(x0,x1)

ζm(w)w. (5.14)

It satisfies per(Φm
01) = Φ01. The other series Φm

jk are obtained making by the change

of variables Φm
jk := Φm(xj, xk), where x∞ := −(x0 + x1).

It follows from the properties defining an associator that Φm
jk is grouplike [18].

5.4 De Rham fundamental group of E×∂/∂q

In this section we describe the de Rham fundamental group of the infinitesimal punc-

tured Tate curve E×∂/∂q (see §3.4) based at the tangential basepoint ∂/∂w (see §3.5.2)

in more detail.

5.4.1 Structure

The group πtop
1 (E×∂/∂q , ∂/∂w) is free on the two generators α and β that were defined

in §5.1.1.2. By the de Rham analogue of (5.9) there is an isomorphism

Lie(πdR
1 (E×∂/∂q , ∂/∂w))ab ∼= H1(E×∂/∂q ,Q)∨ ∼= Qa⊕Qb.

The elements a, b span Q(1) and Q(0) respectively, which follows from the fact

that H1(E×∂/∂q ,Q) ∼= Q(−1) ⊕ Q(0). See [26, Lemma 15.3] and [7, §13.6]. Conse-

quently, there is an isomorphism Lie πdR
1 (E×∂/∂q , ∂/∂w) ∼= Lie(a, b)∧. By [27, §23],

Lie πdR
1 (E×∂/∂q , ∂/∂w) is canonically bigraded and this is the unique isomorphism com-

patible with the bigrading and with the grading on the Lie algebra k.

Under the comparison isomorphism

Lie πdR
1 (E×∂/∂q , ∂/∂w)⊗Q C ∼−→ Lie πdR

1 (E×∂/∂q , ∂/∂w)⊗Q C

9Here and onward we also make an obvious abuse of notation and write ζm(w) for w ∈M(x0, x1),
even though ζm(w) is strictly defined for words in the dual alphabet {e0, e1}.
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of (5.12), we have

log(α) 7→ 2πia (mod commutators)

log(β) 7→ −b (mod commutators).

As explained in the analogous case of §5.3.1, πdR
1 (E×∂/∂q , ∂/∂w)(R) is isomorphic

to the group of grouplike elements in the completed universal enveloping algebra of

its Lie algebra:

πdR
1 (E×∂/∂q , ∂/∂w)(R) ∼= G(R〈〈a, b〉〉). (5.15)

By [27, §23], this isomorphism is canonical – it preserves the bigrading on each side

and is compatible with the action of k. See Remark 5.2.10.

5.4.2 Specific Pm
H-points

Under the natural map πtop
1 (E×∂/∂q , ∂/∂w) 7→ πdR

1 (E×∂/∂q , ∂/∂w)(Pm
H) defined in (5.8),

the generators α and β are sent to grouplike power series

αm, βm ∈ Pm
H〈〈a, b〉〉.

We compute explicit expressions for these power series in Lemma 11.2.1. They may

be written as products of the exponential series and Drinfeld associators that were

described in §5.3.2.1 and §5.3.2.2; however, in this case the variables xp are replaced

by modified variables φ(xp) ∈ Lie(a, b)∧. Here

φ : πdR
1 (P1\ {0, 1,∞},~11)→ πdR

1 (E×∂/∂q , ∂/∂w)

is a morphism of de Rham fundamental groups called the Hain morphism. It is

studied in detail in §11.1. One immediate consequence of its definition is that the

abelianisations of αm and βm are precisely exp(La) and exp(−b) respectively, as they

should be by the formulas above.

Because they are essentially constructed from the image of the Hain morphism,

the coefficients of αm and βm are products of motivic multiple zeta values and powers

of L, and are thus contained within the subalgebra10 Pm
MT(Z) of Pm

H consisting of

periods of mixed Tate motives over Z. This follows because O(πdR
1 (E×∂/∂q , ∂/∂w)) is

an ind-object of MT(Z) [9, 27]. In Lemma 11.2.1 we give explicit formulae for these

series.

10In fact, they are even contained within the smaller subalgebra of effective periods of MT(Z).
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5.5 Relative fundamental groups of M1,1 and M1,~1

Let π : E →M1,1 be the universal family of §3.3. Let V := R1π∗Q be the local system

overM1,1 whose fiber over τ is the Betti cohomology H1
B(Eτ ,Q). Associated to V is

a vector bundle V over M1,1 equipped with the Gauss-Manin connection ∇.

Let SB be the full semisimple subcategory of LSQ(M1,1) generated by V , and let

SdR be the full subcategory of ConQ(M1,1) generated by (V ,∇). Their Tannakian

fundamental groups are SLB
2 and SLdR

2 respectively. Definition 5.2.3 yields the Betti

and de Rham relative fundamental groups:

GB
1,1 := πrel,B

1 (M1,1, ∂/∂q), GdR
1,1 := πrel,dR

1 (M1,1, ∂/∂q).

Let V ′ (resp. V ′) denote the pullback of V (resp. V) by M1,~1 →M1,1. There is an

associated map on compactifications and the induced morphism of tangent spaces at

the cusp sends ~v = ∂/∂q + ∂/∂w to ∂/∂q. The same procedure thus defines

GB
1,~1

:= πrel,B
1 (M1,~1,~v), GdR

1,~1
:= πrel,dR

1 (M1,~1,~v).

The decomposition (5.4) gives non-canonical isomorphisms

G•1,1 ∼= U•1,1 o SL•2, G•
1,~1
∼= U•1,~1 o SL•2,

where U•1,1 and U•
1,~1

are pro-unipotent. By [23, Proposition 14.2] there is a canonical

decomposition11

GdR
1,~1
∼= GdR

1,1 ×Ga(1). (5.16)

The factor Ga can be interpreted as the de Rham fundamental group of the fiber of

the morphism M1,~1 → M1,1 over τ . This fiber is isomorphic to Gm, and hence its

de Rham fundamental group is Ga. The notation Ga(1) means that the MHS on this

fundamental group (in the sense of [20]) is Q(1).

In order to describe GdR
1,1 and GdR

1,~1
it is therefore sufficient to describe the Lie algebra

u1,1 := Lie(UdR
1,1 ) together with its SLdR

2 -action. The Lie algebra u1,~1 := Lie(UdR
1,~1

) is

canonically isomorphic to the direct product u1,1 ⊕ Qe2 with a central generator e2

spanning a copy of Q(1). This generator is acted on trivially by SL2.

11No decomposition of the form (5.16) exists in the topological setting. There is an exact sequence
of fundamental groups 1→ Z→ B3 → SL2(Z)→ 1 associated to the Gm-torsorM1,~1 →M1,1, but
this exact sequence does not split.
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5.5.1 Explicit description of u1,1

It remains to describe u1,1. It is equipped with a limit MHS12 [23], and therefore has

two different weight filtrations: a relative weight filtration M•u1,1 and a geometric

weight filtrationW•u1,1, together with a Hodge filtration F •u1,1. The geometric weight

filtration is constructed from the limit of the weight filtration on the fibers of V as

the smooth fiber degenerates to the nodal cubic. The relative weight filtration is a

new object determined by the weight filtration on the smooth fibers together with

the local monodromy action associated to the degeneration. The data (u1,1,M•, F
•)

defines a MHS, and each subobject Wmu1,1 defines a sub-MHS.

We provide a brief description of the two weight filtrations in this section, referring

the reader to [23, §12] and [7] for more detail. Note that the MHS on ugeom defined

in §9.3 is the image of the MHS on u1,1 under the monodromy morphism that will be

defined in §8.2.

As explained in §5.2.8, the Lie algebra u1,1 is constructed from H1
dR(M1,1,Vα) as

Vα ranges over a set of vector bundles over M1,1 corresponding to all isomorphism

classes of irreducible representations of SLdR
2 /Q.

The fundamental group πtop
1 (M1,1, ∂/∂q) has cohomological dimension 1. There-

fore, by (5.11), u1,1 may be written as the free Lie algebra on its abelianisation

H1(u1,1) = uab
1,1. A complete set of representatives of the irreducible representations

of SLdR
2 is given by the collection of V dR

n for all n ≥ 0, where V dR
2n is the representation

defined in §2.2, distinguished by denoting its generators with the sans-serif symbols13

X,Y. The representation V dR
n corresponds to Vn := Symn V .

Brown and Hain [12] provide a description of H1
dR(M1,1,Vn) in terms of modular

forms. They construct a natural isomorphism of Q-vector spaces

$ : M !
n+2/Dn+1M !

−n
∼−→ H1

dR(M1,1,Vn),

where M !
n is the space of weakly holomorphic modular forms for SL2(Z) with rational

Fourier coefficients, and D := qd/dq. It does not preserve modularity, but its (n+ 1)-

fold iterate induces a linear map Dn+1 : M !
−n → S!

n+2, where S!
n ⊆M !

n is the subspace

of weakly holomorphic cusp forms [12, Proposition 2.2].

The space of modular forms of weight n+2 is a subspace Mn+2 ⊆M !
n+2/Dn+1M !

−n.

Via $ it is mapped isomorphically to F n+1H1
dR(M1,1,Vn), where the Hodge filtration

12The limit MHS is in fact defined on g1,1 = Lie(GdR1,1). It satisfies W−1g1,1 = u1,1 and grW0 g1,1 =

sl2, where sl2 = Lie(SLdR
2 ) is the Lie algebra of the reductive quotient [7, §13.5]. This justifies the

notation γm0 for the reductive part given in Definition 5.2.6.
13The distinction between V dR

2n and V2n is explained in §5.5.2.2.
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on H1
dR(M1,1,Vn) is

0 = F n+2 ⊆ F n+1 ⊆ · · · ⊆ F 1 ⊆ F 0 = H1
dR(M1,1,Vn).

The isomorphism $ implies that

dimH1
dR(M1,1,Vn) = dim(M !

n+2/Dn+1M !
−n) =

{
2 dim(Sn+2) + 1, n ≥ 1 even

0 otherwise.

The cohomology H1
dR(M1,1,Vn) is semisimple, and the action of Hecke operators

induces an isomorphism

H1
dR(M1,1,Vn)∨ ⊗Q Q ∼= Q(1)⊕

⊕
f

MH
f (1),

where f ranges over normalised Hecke eigenforms of weight n + 2 and MH
f denotes

the H-realisation of the motive [47] of f , which has rank 2. Let
{
e′f , e

′′
f

}
denote a

(non-canonical!) choice of basis for MH
f (1). The object MH

f (1) lies in W−1 ∩M2n−1.

It is defined over the number field generated by the Fourier coefficients of f , which is

why one must extend scalars to Q.

The object Q(1) corresponds to the H-realisation of the motive of Gn+2, twisted

by Q(1). It has a basis consisting of an element e2n+2 corresponding to Gn+2. This

element lies in W−2n−2 ∩M−2.

The discussion in §5.2.8 then implies that

H1(u1,1)⊗Q Q ∼=
∏
n≥1

(
Q(1)⊕

⊕
f

MH
f (1)

)
⊗ V dR

2n .

The Lie algebra u1,1 is then the completed free Lie algebra u1,1 = Lie(H1(u1,1))∧.

5.5.1.1 Totally holomorphic quotient

The associated bigraded Lie algebra grM grW u1,1 ⊗Q Q is isomorphic to the free Lie

algebra on the symbols

e2n+2X
kY2n−k, e′fX

kY2n−k, e′′fX
kY2n−k (5.17)

where n ≥ 1, 0 ≤ k ≤ 2n and f ranges over normalised Hecke eigenforms of weight

2n + 2. The symbols X and Y span copies of Q(0) and Q(1) respectively [7, §13.3].

This free Lie algebra is the graded Lie algebra of a quotient of UdR
1,1 called the totally

holomorphic quotient [7, §3.5 and §13.7] and denoted UdR,hol
1,1 . This is because its peri-

ods are a subset of the periods of the full relative completion coming from regularised
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iterated integrals of holomorphic modular forms. Its points over a Q-algebra r can

be identified with grouplike power series in the symbols (5.17). Note that while the

symbols e2n+2 are canonically defined (up to normalisation), the symbols e′f and e′′f
are not. Hence we must fix such a choice and note that it is not unique.

The affine ring O(UdR,hol
1,1 ) is a subalgebra of O(UdR

1,1 ), but it is not motivic (it does

not have a natural MHS).

5.5.1.2 Free Eisenstein quotient

The projection

Lie
(
e2n+2X

kY2n−k, e′fX
kY2n−k, e′′fX

kY2n−k)→ Lie
(
e2n+2X

kY2n−k)
onto the free Lie algebra generated by the Eisenstein symbols e2n+2X

kY2n−k (for all

n ≥ 1 and 0 ≤ k ≤ 2n) is equivalent to a quotient mapping UdR,hol
1,1 → UdR

E , where UdR
E

is the free Eisenstein quotient14 of UdR
1,1 . Its points can be identified with grouplike

power series in the symbols e2n+2X
kY2n−k. These symbols are canonically defined

(unlike the symbols e′f and e′′f associated to cusp forms f).

It therefore makes sense to consider the shuffle algebra on the dual alphabet of

the Eisenstein symbols in the sense of §1.3.1.3. The dual of e2n+2X
kY2n−k is de-

noted by E2n+2(k). As discussed in §1.3.1.3, the shuffle algebra on the generators

E2n+2(k) is naturally isomorphic to the coordinate ring O(UdR
E ). We denote the word

E2n1+2(k1) · · ·E2ns+2(ks) ∈ O(UdR
E ) by the bar notation [E2n1+2(k1)| · · · |E2ns+2(ks)].

5.5.1.3 Description of u1,1 and u1,~1

The M• and W• filtrations on u1,1 can be simultaneously split [27, Appendix B].

Note, however, that there is not a canonical choice of simultaneous splitting as there

is mixed Tate motives by (4.12). Therefore we can identify u1,1 with the completed

free Lie algebra on the symbols (5.17), but must emphasise that this isomorphism is

non-canonical and depends upon the choice of splitting.

The isomorphism u1,~1
∼= u1,1 ⊕ Qe2 implies that u1,~1 ⊗Q Q may be written as a

completed free Lie algebra generated by the elements in (5.17), where we also allow

the value n = 0 and recall that e2 is central. This means that a general element of

UdR
1,~1

(R) may be written as u · exp(re2), where u ∈ UdR
1,1 (R) and r ∈ R. Once again,

the expression for the element u in the symbols (5.17) is non-canonical and depends

upon the choice of simultaneous splitting of the weight filtrations.

14We distinguish the free Eisenstein quotient from the Eisenstein quotient in the sense of [23, §16].
The former does not have a natural MHS.
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5.5.2 Actions of SLdR
2 and other groups

As remarked above, in order to understand GdR
1,1 it suffices to understand u1,1 together

with its SLdR
2 -action. In this section we define this action, which has a simple formula,

as well as some other relevant group actions.

The reductive group SLdR
2 acts on u1,1 naturally on the right as follows: fix a

splitting of the M and W filtrations as in §5.5.1.3, so that we may write down elements

of u1,1 (non-canonically!) in terms of the elements (5.17). Let R be a Q-algebra and

let

γ =

(
a b
c d

)
∈ SLdR

2 (R).

Then γ acts on u1,1 ⊗Q R via

P (X,Y)|γ := P (aX + bY, cX + dY). (5.18)

It also acts on πdR
1 (E×∂/∂q , ∂/∂w) via right multiplication on the frame (a, b):

(a, b)|γ := (a, b)γ = (aa + cb, ba + db) (5.19)

In contrast, the unipotent group UdR
1,~1

acts on πdR
1 (E×∂/∂q , ∂/∂w) on the left by the

monodromy action defined in §8.2. This action involves applying certain derivations

on Lie(a, b) to elements of its completed universal enveloping algebra. The derivations

are defined in §9.1.

It is convenient to consider only left actions, so we let SLdR
2 act on the left by

taking the inverse action of each right action. For γ ∈ SLdR
2 (R) and x an R-point of

either πdR
1 (E×∂/∂q , ∂/∂w), UdR

1,~1
or UdR

1,1 , this is defined by γ(x) = x|γ−1 .

The group GdR
1,1 (resp. GdR

1,~1
) splits non-canonically as the semidirect product

GdR
1,1
∼= UdR

1,1 o SLdR
2 (resp. GdR

1,~1
∼= UdR

1,~1
o SLdR

2 ), (5.20)

where SLdR
2 acts on the left as above.

5.5.2.1 Induced sl2-actions

The SLdR
2 -action on u1,1 described in §5.5.2 induces an action of Lie(SLdR

2 ) = sl2 on

u1,1. It acts via the operators X∂/∂Y and −Y∂/∂X.

The SLdR
2 -action on πdR

1 (E×∂/∂q , ∂/∂w) also equips Lie(a, b) with an action of SLdR
2 ,

and hence of its Lie algebra sl2. This, in turn, furnishes Der Lie(a, b) with an inner

action of sl2 via the operators b∂/∂a and −a∂/∂b. This is described further in §9.1.1.
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5.5.2.2 Two forms of SL2

The comparison isomorphism GB
1,1 ×Q Pm

H
∼−→ GdR

1,1 ×Q Pm
H defined in (5.6) induces a

canonical comparison isomorphism

SLB
2 ×Q Pm

H
∼−→ SLdR

2 ×Q Pm
H

on reductive quotients. By [7, §13.3], the coordinate ring O(SL•2), viewed as an object

of H, is an infinite direct sum of Tate objects Q(n). Consequently, the comparison

isomorphism is defined over Q[L±]. It is given by conjugation by an element of

GL2(Q[L±]); namely,

γ 7→
(

1 0
0 L−1

)
γ

(
1 0
0 L−1

)−1

.

We may write down this homomorphism explicitly by precomposing with the Zariski-

dense inclusion SL2(Z) ↪→ SLB
2 (Q) defined in (5.7). The resulting composition

SL2(Z) ↪→ SLB
2 (Q)→ SLdR

2 (Q[L±])]

is given by γ 7→ γm0 , where the reductive part γm0 was defined in Definition 5.2.6. It

may be written down on the generators S and T for SL2(Z) defined in §2.1.1 by the

formula

S =

(
0 −1
1 0

)
7→ Sm

0 =

(
0 −L

L−1 0

)
T =

(
1 1
0 1

)
7→ Tm

0 =

(
1 L
0 1

)
.

Recall the definition of the representation Vn of SL2 defined in §2.2. We consider

two different forms of this representation for the two forms SLB
2 , SL

dR
2 of SL2/Q,

denoted V B
n and V dR

n respectively. The generators for V B
n are denoted by XB,YB,

while those for V dR
n are denoted by X,Y. They are related by an isomorphism V B

n ⊗Q

Q[L±]
∼−→ V dR

n ⊗Q Q[L±] given by

(XB,YB) 7→ (X,LY).

Elements of SLB
2 (Q) act on V dR

n via their image under the map SLB
2 (Q)→ SLdR

2 (Q[L])

described above.
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5.5.3 Specific Pm
H-points

Recall that we are identifying SL2(Z) with πtop
1 (M1,1, ∂/∂q). As described in §5.1.1.3,

the matrix S corresponds to the imaginary axis on H. To work with motivic iterated

Eisenstein integrals along this path formally, it is necessary to understand the image

of S under the map

SL2(Z)→ GdR
1,1(Pm

H) ∼= UdR
1,1 (Pm

H) o SLdR
2 (Pm

H). (5.21)

Using the splitting (5.20), the following diagram commutes

SL2(Z) UdR
1,1 (Pm

H) o SLdR
2 (Pm

H)

SLB
2 (Q) SLdR

2 (Q[L±])

where the right vertical map is the projection onto the second factor and the bottom

map γ 7→ γm is induced from the isomorphism SLB
2 ×Q Q[L±]

∼−→ SLdR
2 ×Q Q[L±]

described in §5.5.2.2. The map (5.21) is given by

γ 7→ γm = (Cmγ , γm0 ),

where the unipotent part Cmγ := γmu and reductive part γm0 of γm are defined in Defi-

nition 5.2.6. The association γ 7→ Cmγ defines a nonabelian cocycle

Cm ∈ Z1(SL2(Z),UdR
1,1 (Pm

H))

called the canonical cocycle [7, Definition 15.4]. The element Cmγ is a generating series

for motivic iterated integrals along γ ∈ πtop
1 (M1,1, ∂/∂q).

Definition 5.5.1 (Motivic multiple modular values). The Q-algebra Mm of motivic

multiple modular values [7] is the Q-subalgebra of Pm
H generated by the coefficients

of Cmγ for all γ ∈ SL2(Z). Let M = per(Mm) ⊆ C. It is the Q-algebra of multiple

modular values.

Proposition 5.5.2. The cocycle Cm satisfies the equations

CmS |Sm
0
· CmS = 1

CmU |(Um
0 )2 · CmU |Um

0
· CmU = 1,

where U := ST ∈ SL2(Z) and CmU := CmS |Tm
0
· CmT .
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Proof. The canonical cocycle Cm is a cocycle for SL2(Z), and SL2(Z) acts on UdR
1,1 (Pm

H)

on the right via the composition SL2(Z) → SLB
2 (Q) → SLdR

2 (Pm
H) sending γ to γm0 .

This implies that Cmγδ = Cmγ |δm0 · C
m
δ for all γ, δ ∈ SL2(Z). The result follows from the

presentation SL2(Z) = 〈S, U |S2 = U3 = −I〉 together with the fact that Cm−I = 1; the

latter follows because there are no modular forms of odd weight for SL2(Z).

Remark 5.5.3. Proposition 5.5.2, together with the fact that SL2(Z) is generated

by the matrices S and T , implies that Mm is generated by the Q-subalgebras of

coefficients of CmS and CmT . It is known [7, Lemma 15.6] that the coefficients of CmT
are contained in Q[L], which follows because the element T corresponds to a small

loop around the cusp of M1,1 (see §5.1.1.3). Hence all the interesting information is

contained in the coefficients of the series CmS .

In Chapter 6 we study the algebra of motivic multiple modular values in more

detail. In particular, we will be interested in specific elements called motivic iterated

Eisenstein integrals. In Chapter 10 we discuss a “lift” of the cocycle Cm via B3 →
SL2(Z) having particular importance for the monodromy action described in Chapter

8.
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Chapter 6

Multiple modular values

The algebras M and Mm of (motivic) multiple modular values, defined in Definition

5.5.1 as the coefficients of the canonical cocycle Cm, are very rich. In this chapter

we explore some of the elements in these algebras in more detail. Of particular

importance to this thesis are motivic iterated Eisenstein integrals, defined in Definition

6.3.1.

Recall that for each γ ∈ SL2(Z), the value Cmγ of the canonical cocycle on γ can be

viewed as a generating series for motivic iterated integrals along γ, where we identify

SL2(Z) with the topological fundamental group πtop
1 (M1,1, ∂/∂q). The astute reader

may wonder what is meant by an integral whose endpoints are tangential basepoints.

In the following section, therefore, we recall the notion of “regularisation” for iterated

integrals onM1,1 with respect to the tangential basepoint ∂/∂q. Details can be found

in [7, §4].

6.1 Regularised iterated integrals of modular forms

Let f be a modular form for SL2(Z) of weight 2k + 2 ≥ 4. We identify SL2(Z) with

πtop
1 (M1,1, ∂/∂q) as in §5.1.1.3. Define a global section f(τ) of Ω1(H;V B

2k ⊗Q C) by

f(τ) := (2πi)2k+1f(τ)(XB − τYB)2kdτ. (6.1)

It is invariant under the action of SL2(Z) via f(τ) 7→ f(γ(τ))|γ, where SL2(Z) acts

on V B
2n via the inclusion SL2(Z) ↪→ SLB

2 (Q) given in (5.7). By the definition of

the orbifold quotient M1,1 = [SL2(Z)\H], this means that it defines an element of

Ω1(M1,1,V2k), where V2k is a (nontrivial) vector bundle on M1,1.

We can also write the 1-form f(τ) in terms of the de Rham representation V dR
2k

using the image under the period map of the isomorphism (XB,YB) 7→ (X,LY) de-

scribed in §5.5.2.2. The coordinate q = exp(2πiτ) defines a local coordinate at the
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cusp of M1,1. It satisfies d log q = 2πidτ . We obtain a de Rham normalised form

f(q) = (2πi)2kf(q)(X− log(q)Y)2k dq

q
. (6.2)

6.1.1 Explicit regularisation

Recall from §5.1.1.3 that we are identifying SL2(Z) with πtop
1 (M1,1, ∂/∂q). Under

this identification the matrix S ∈ SL2(Z) corresponds to the imaginary axis on H.

To make sense of the coefficients of CmS , therefore, we require a definition of iterated

integrals of the 1-forms f(τ) along the imaginary axis. This notion makes sense

if f is a cusp form, in which case f(τ) is holomorphic at τ = i∞ (i.e. f(q) is

holomorphic at the cusp q = 0). However, in this thesis we are principally interested

in iterated integrals of the Eisenstein forms G2k(τ), and the q-expansion given in (2.4)

demonstrates that these are not holomorphic at τ = i∞. Consequently, the naive

integrals of Eisenstein series from any point on H to i∞ will diverge.

In order to deal with these divergent integrals we must regularise with respect

to the tangential basepoint ∂/∂q at the cusp defined in §3.5.1. The cusp on M1,1

corresponds to the point i∞ on the extended upper half plane H∗ := H ∪ P1(Q). In

practice this regularisation procedure refers to subtracting off an appropriate linear

combination of products of iterated integrals of the constant term in the Fourier

expansion of the modular forms (thought of as the “value at i∞”) from the remaining

part of the Fourier expansion (which vanishes at i∞). The resulting integrals always

converge. Below we explain how this may be done systematically. The procedure is

described in detail in [7, §4].

Recall that q = exp(2πiτ) defines a local parameter around the cusp of M1,1.

We can therefore regard the tangent vector ∂/∂q at the cusp (defined in §3.5.1) as a

“tangent vector at i∞” on H∗.

Let W to be the C-vector space spanned by the forms f(τ) where f ranges over

all modular forms for SL2(Z) with C-coefficients. Let f(τ) =
∑

n≥0 anq
n be the

q-expansion of f and define

f∞(τ) := (2πi)2k+1a0(XB − τYB)2kdτ, f 0(τ) := f(τ)− f∞(τ).

The form f∞(τ) can be viewed as a differential form on the tangent space of H∗ at

i∞. It vanishes when f is a cusp form.

Consider the shuffle algebra T c(W ) on W that was defined in §1.3.1.1. It is a Hopf

algebra over C equipped with the shuffle product �, the deconcatenation coproduct
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∆ and the antipode S given by signed reversal of words. Let π∞ be the projection

sending f(τ) to f∞(τ). It extends naturally to T c(W ). Define

R := � ◦ (id⊗π∞S) ◦∆: Q〈W 〉 → Q〈W 〉.

Definition 6.1.1. Let z ∈ H and let f1, . . . , fn ∈ M(SL2(Z)) ⊗Q C. Then the

regularised integral from z to ∂/∂q is∫ ∂/∂q

z

f1(τ) · · · fn(τ) =
n∑
i=0

(−1)n−i
∫ i∞

z

R
(
f1(τ) · · · fi(τ)

) ∫ z

0

fn
∞(τ) · · · fi+1

∞(τ),

(6.3)

where we use the notation for iterated integrals as in Definition 1.4.1.

One immediately verifies that when all the fi are cusp forms the regularised inte-

gral (6.3) reduces to the usual integral
∫ i∞
z

f1(τ) · · · fn(τ).

We then define the operator∫
S

:=

∫ ∂/∂q

i

(id−S∗), (6.4)

where S∗ is the automorphism of Q〈W 〉 ⊗Q C induced by the image of S ∈ SL2(Z)

in Aut(H). This is precisely the formula for regularised integrals along the element

S, viewed as an element of πtop
1 (M1,1, ∂/∂q) as in §5.1.1.3.

The definition (6.4) relies on the following facts:

• The element S ∈ SL2(Z), which acts on H via S(τ) = −1/τ , fixes i ∈ H.

• The imaginary axis may be decomposed as the segment from 0 to i, followed

by the segment from i to i∞. The action of S interchanges these two segments,

along with their orientation.

6.2 Totally holomorphic multiple modular values

Let γ ∈ SL2(Z). Some of the coefficients of Cmγ are the coefficients of motivic iterated

integrals of the form ∫ m

γ

f1(τ1) · · · fs(τs),

where the 1-form f(τ) is defined in §6.1 for f ∈M2n+2(SL2(Z)), and motivic iterated

integrals are defined in §5.2.6.1. These coefficients can be expressed as motivic iterated

integrals of 1-forms of the shape

f(q) log(q)b
dq

q
= Lb+1f(τ)τ bdτ, 0 ≤ b ≤ 2n. (6.5)
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Such integrals are called totally holomorphic motivic multiple modular values [11,

Definition 5.1]. They are periods of the totally holomorphic quotient UdR,hol
1,1 of UdR

1,1

defined in §5.5.1.

Recall from Definition 5.2.8 that the coordinate ring O(UdR
1,1 ) is equipped with

an increasing length filtration L•O(UdR
1,1 ). It restricts to a length filtration on the

Hopf subalgebra O(UdR,hol
1,1 ) where it coincides with the increasing filtration on words

[w1| · · · |ws] induced by the index s. The value of such a word under the homomor-

phism Cmγ is a motivic iterated integral of length at most s. In the following sections

we examine the numbers that occur in length 1 and in higher lengths.

6.2.1 Length 1

It is easy to see that for any cusp form f ∈ S2n+2(SL2(Z)), the completed L-value

Λ(f, b) is a totally holomorphic multiple modular value for 1 ≤ b ≤ 2n + 1. This

follows from the integral expression

Λ(f, b) = i−b
∫ i∞

0

f(τ)τ b−1dτ

for L-values within the critical strip given in [7, Proof of Lemma 7.1]. In fact, this

formula holds more generally for any f ∈ M2n+2(SL2(Z)) as long as one regularises

the integral as in §6.1, giving

Λ(f, b) = i−b
∫
S

f(τ)τ b−1dτ.

To illustrate the richness of the numbers that occur as multiple modular values

even in length 1, we consider the case of Eisenstein series f = G2k. As in loc. cit. we

have ∫
S

G2k(τ)dτ = − (2k − 2)!

2(2πi)2k−1
ζ(2k − 1).

This shows that M [2πi] already contains all single zeta values within its length 1

filtered piece (i.e. those iterated integrals of length 1). The essential goal of this

thesis is to show that M [2πi] contains the entire algebra Z of multiple zeta values,

and to understand the distribution of these within the length filtration on M .

Other interesting examples occur in length 1 – for example one obtains the pe-

riods and quasi-periods of cusp forms in this manner, as can be seen from Brown’s

computation of the length-1 filtered piece of CmS [7, §15.4]. We refer the reader to

Chapter 14 for a detailed account of the length 1 part of CmS and its image under the

monodromy morphism of §8.2.
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6.2.2 Higher lengths

We can also say something about higher lengths. For example, in [11, Example 7.3],

Brown gives the following formula:

600π

∫
S

G4(τ1)τ1dτ1G10(τ2)τ 4
2 dτ2 + 480π

∫
S

G4(τ1)τ 2
1 dτ1G10(τ2)τ 3

2 dτ2

=

∫ i∞

0

∆(τ)τ 11dτ = Λ(∆, 12). (6.6)

Here ∆ ∈ S12(SL2(Z)) is the Ramanujan cusp form. The L-value Λ(∆, 12) is non-

critical and so should be a period of a simple extension of pure motives of modular

forms [47] by Beilinson’s conjectures [1]. This corresponds to its expression in (6.6)

as a length 2 iterated integral of Eisenstein series. Note that the integrand ∆(τ)τ 11dτ

is not of the shape (6.5) because the power of τ is greater than 12 − 2 = 10, so this

is a genuinely new type of period.

In the greatest generality, the elements of Mm should be the motivic periods

associated to “mixed modular motives for SL2(Z)” [7, §1.2.2]. Although such a

category is yet to be defined formally, it should correspond to mixed versions (iterated

extensions) of the pure modular motives Mf constructed in [47].

6.3 Iterated Eisenstein integrals

The central purpose of this thesis is to relate multiple zeta values with iterated Eisen-

stein integrals. In this section we define the latter explicitly and record some of their

key features.

Here, and in the sequel, we consider motivic iterated Eisenstein integrals. Our

notation for general motivic iterated integrals uses the notation of the reduced bar

construction that was introduced in §5.2.6.1. Motivic iterated Eisenstein integrals

are motivic periods of the affine ring of UdR
1,1 . They may be written in terms of the

generators E2n+2(k) for the affine ring O(UdR
E ) of the free Eisenstein quotient1, which

is a Hopf subalgebra of O(UdR
1,1 ). The generator E2n+2(k) is dual to e2n+2X

kY2n−k.

Definition 6.3.1 (Motivic iterated Eisenstein integrals). Motivic iterated Eisenstein

integrals are totally holomorphic motivic multiple modular values of the form∫ m

S

E2n1+2(b1) . . . E2ns+2(bs). (6.7)

1The affine ring of the free Eisenstein quotient does not have a natural H-structure, and therefore
does not have motivic periods. However, it does allow us to single out specific “Eisenstein elements”
E2n+2(k) in the larger algebra O(UdR

1,1 ), which does have a H-structure.
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In other words, they are the image of the element [E2n1+2(k1)| · · · |E2ns+2(ks)] ∈
O(UdR

1,1 ) under the homomorphism CmS : O(UdR
1,1 )→ Pm

H. The length of this integral is

s and the total modular weight is N :=
∑s

i=1(2ni + 2).

As its name suggests, the period map takes the motivic iterated Eisenstein integral

(6.7) to the complex number∫
S

G2n1+2(q1) log(q1)b1
dq1

q1

· · ·G2ns+2(qs) log(qs)
bs
dqs
qs

=(2πi)b1+···+bs+s

∫
S

G2n1+2(τ1)τ b11 dτ1 · · ·G2ns+2(τs)τ
bs
s dτs.

Remark 6.3.2. Our definition only considers the (motivic) values of iterated Eisen-

stein integrals along the specific element S ∈ SL2(Z), viewed as an element of

πtop
1 (M1,1, ∂/∂q). The homomorphism CmS is interpreted as the motivic “integration

along S” operator on O(UdR
1,1 ) and is a motivic analogue of the operator

∫
S

defined in

(6.4).

More generally, one defines iterated Eisenstein integrals along each γ ∈ SL2(Z)

as the image under the homomorphism Cmγ ∈ Hom(O(UdR
1,1 ),Pm

H) defined in §5.5.3.

By applying this homomorphism to [E2n1+2(k1)| · · · |E2ns+2(ks)] we obtain a motivic

period
∫ m

γ
E2n1+2(k1) · · ·E2ns+2(ks) ∈ Pm

H.

Recall, however, that πtop
1 (M1,1, ∂/∂q) ∼= SL2(Z) is generated by the matrices S

and T . By [7, Lemma 15.6],
∫ m

T
E2n1+2(k1) · · ·E2ns+2(ks) is a rational polynomial in L

for any choice of integrand. It follows that the only really interesting motivic iterated

Eisenstein integrals are along the element S. This is the motivation for restricting

Definition 6.3.1 to integrals along S.

The length filtration L•O(UdR
1,1 ) induces a natural filtration on the space of motivic

iterated Eisenstein integrals, which we also refer to as the length filtration. In §15.1.1

we relate this to the coradical filtration C•Pm
H on the algebra of H-periods.

As shown in §6.2.1, the space of motivic iterated Eisenstein integrals of length 1

already contains all motivic single zeta values. For example, we have∫ m

S

E2n+2(0) = −(2n)!

2

ζm(2n+ 1)

L2n
,

∫ m

S

E2n+2(2n) =
(2n)!

2
ζm(2n+ 1),

and furthermore we have that
∫ m

S
E2n+2(b) ∈ QLb+1 when 1 ≤ b ≤ 2n − 1. This

provides a complete description of the iterated Eisenstein integrals of length 1. In

particular, they are all elements of Pm
MT(Z).
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This is not true in higher lengths, as demonstrated by (6.6). Here a peculiar

phenomenon known as “transference of periods” begins to emerge, whereby periods

of different modular forms are related [7, §8], [11, §8.3].

However, there are some linear combinations of motivic iterated Eisenstein inte-

grals of length 2 within Pm
MT(Z). For example, in Chapter 15 we show that

ζm(3, 5) = − 5

12
L6

∫ m

S

E6(0)E4(0) + λL8, for some λ ∈ Q.

In [11, Example 7.2] Brown determines that λ = 503/21335527 and provides a range of

other examples. In Chapter 15 we explain how the coefficient of the longest motivic

iterated Eisenstein integral in a linear combination equal to a given motivic multiple

zeta value may be determined using the motivic coaction of §4.2.1.1.

As we have seen, the Q-subalgebra Em of Mm constisting of motivic iterated Eisen-

stein integrals is both rich and rigid. Theorem 12.0.1, our main result, implies that

Zm ⊆ Em[L]. However, formulae such as (6.6), and the general phenomenon of trans-

ference, indicate that Em contains more than just periods of mixed Tate motives.

74



Chapter 7

Filtrations on fundamental groups
and coefficient spaces

The fundamental groups of Chapter 5 are equipped with various decreasing filtrations.

They arise by identifying the R-points of these groups with subgroups of certain non-

commutative power series rings. Truncating a power series in one of these filtrations

defines an increasing filtration on the space of coefficients of the series. The technical

core of this thesis uses this idea to relate the depth filtration on motivic multiple zeta

values to the length filtration on motivic iterated Eisenstein integrals.

In this chapter, which is largely technical, we define the decreasing filtrations on

fundamental groups that are at our disposal. We also introduce some new notation

and concepts, such as coefficient spaces, and show how these inherit structure from

the associated power series.

This chapter is something of a transition point in this thesis. The previous chapters

have mostly focused on theoretical background. The later chapters use the material

developed in this chapter to focus on new results.

7.1 Formalities on filtrations

Let Z be a set and M(Z) = M(z : z ∈ Z) the free monoid on Z. Throughout this

section we assume that Z =
⋃
k≥1 Zk is a graded set with each Zk finite. Elements of

Zk are assigned weight k, and this induces a grading on M(Z).

Let R be a Q-algebra. In §1.3.1.2 we defined the free associative R-algebra R〈Z〉
and its I-adic completion R〈〈Z〉〉, where I = (Z) is the maximal ideal generated by

elements of Z. Elements of R〈〈Z〉〉 are formal power series in words in the alphabet
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Z. They may be written as

s =
∑

w∈M(Z)

sww, sw ∈ R.

Remark 7.1.1. Let T c(Z∨) denote the free shuffle algebra on the dual alphabet Z∨ that

was defined in §1.3.1.1. Recall from §1.3.1.3 that T c(Z∨) is isomorphic to the graded

dual1 of R〈〈Z〉〉 with respect to the total weight grading R〈〈Z〉〉 =
⊕

n≥0R〈〈Z〉〉n
induced by the grading on Z.

Let F •R〈〈Z〉〉 be a decreasing filtration. We define an associated increasing fil-

tration F•T
c(Z∨) by letting FrT

c(Z∨) be the elements f of the graded dual such that

f(F r+1R〈〈Z〉〉) = 0. This means that f(F r+1R〈〈Z〉〉n) = 0 for each n ≥ 0.

7.1.1 Filtered pieces of series

Let F •R〈〈Z〉〉 be a separated and exhaustive decreasing filtration that we furthermore

assume is obtained from a grading. These assumptions hold in all cases considered in

§7.2 by the results of [27, Appendix B], which implies that the Hodge filtration and

both weight filtrations on the fundamental group can be simultaneously split.

Let s ∈ R〈〈Z〉〉. Then we may write

s =
∑
k≥0

sk, where sk ∈ (F k\F k+1) ∪ {0} .

Definition 7.1.2 (Filtered piece of series). The rth F -filtered piece of s is

FilrF (s) :=
r∑

k=0

sk.

The definition implies that s ≡ FilrF (s) (mod F r+1R〈〈Z〉〉).

7.2 Decreasing filtrations on fundamental groups

In this section we define certain decreasing filtrations on the fundamental groups

πdR
1 (P1\ {0, 1,∞},~11), πdR

1 (E×∂/∂q , ∂/∂w), UdR
1,1 and UdR

1,~1
.

1In §1.3.1.3, we stated this for the free associative algebra R〈Z〉 rather than for its completion
R〈〈Z〉〉. However, the assumption that Z is graded by finite sets Zk implies that R〈〈Z〉〉n = R〈Z〉
is also a finite-rank R-module, generated by words of total weight equal to n.
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7.2.1 Filtrations on πdR
1 (P1\ {0, 1,∞},~11)

In §5.3.1 we saw that the group of R-points of πdR
1 (P1\ {0, 1,∞},~11) is the group of

grouplike power series

πdR
1 (P1\ {0, 1,∞},~11)(R) ∼= G (R〈〈x0, x1〉〉) .

The filtrations on πdR
1 (P1\ {0, 1,∞},~11)(R) are induced by the following filtrations

on the full power series ring R〈〈x0, x1〉〉.

Definition 7.2.1. The ring R〈〈x0, x1〉〉 is equipped with two natural decreasing fil-

trations: the weight filtration W•R〈〈x0, x1〉〉 is the decreasing filtration on the total

degree in both x0 and x1, and the depth filtration D•R〈〈x0, x1〉〉 is the decreasing

filtration on the x1-degree.

These restrict to well-defined filtrations on πdR
1 (P1\ {0, 1,∞},~11), denoted by

W•πdR
1 (P1\ {0, 1,∞},~11) and D•πdR

1 (P1\ {0, 1,∞},~11) respectively, because there is

a unique bigrading on (the Lie algebra of) πdR
1 (P1\ {0, 1,∞},~11) that is compatible

with the action of k = Lie(UdR
MT(Z)) by [27, §23 and §28]. See Remark 5.2.10.

Remark 7.2.2. The definition of the decreasing weight filtrationW•R〈〈x0, x1〉〉 is non-

standard. This filtration satisfiesWrR〈〈x0, x1〉〉 = W−rR〈〈x0, x1〉〉, whereW•R〈〈x0, x1〉〉
is the standard increasing weight filtration on the completed group algebra of the fun-

damental group afforded by its mixed Hodge structure [20].

We use the decreasing weight filtration W•R〈〈x0, x1〉〉 in this thesis in order to

relate it more easily to the decreasing depth filtration D•R〈〈x0, x1〉〉 and the other

decreasing filtrations outlined in the following subsections. However, in all other

cases weight filtrations will be considered to be increasing.

Remark 7.2.3. The depth filtration is induced by the inclusion P1\ {0, 1,∞} ↪→ Gm

in the sense that D1πdR
1 (P1\ {0, 1,∞},~11) is the kernel of the induced morphism

πdR
1 (P1\ {0, 1,∞},~11) → πdR

1 (Gm,~11). When r ≥ 1, DrπdR
1 (P1\ {0, 1,∞},~11) is the

rth term of the lower central series filtration on D1πdR
1 (P1\ {0, 1,∞},~11).

7.2.2 Filtrations on πdR
1 (E×∂/∂q , ∂/∂w)

In §5.4.1 we saw that the group of R-points of πdR
1 (E×∂/∂q , ∂/∂w) is canonically iso-

morphic to the group of grouplike power series

πdR
1 (E×∂/∂q , ∂/∂w)(R) ∼= G (R〈〈a, b〉〉) .

The filtrations on πdR
1 (E×∂/∂q , ∂/∂w)(R) are induced by the following filtrations on the

power series ring.
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Definition 7.2.4. The ring R〈〈a, b〉〉 is equipped with three natural decreasing fil-

trations: the A-filtration A•R〈〈a, b〉〉 is the decreasing filtration on the a-degree; the

B-filtration B•R〈〈a, b〉〉 is the decreasing filtration on the b-degree; and the elliptic

depth filtration D•R〈〈a, b〉〉 is the decreasing filtration on the [a, b]-degree, defined

by setting D0R〈〈a, b〉〉 = R〈〈a, b〉〉, D1R〈〈a, b〉〉 = ker (R〈〈a, b〉〉 → R[[a, b]]), and, for

r ≥ 1, DrR〈〈a, b〉〉 is the rth power of the two-sided ideal D1R〈〈a, b〉〉 in R〈〈a, b〉〉. It

is clear that D• ⊆ A• ∩B•.

These restrict to well-defined filtrations on the fundamental group πdR
1 (E×∂/∂q , ∂/∂w),

denoted by A•πdR
1 (E×∂/∂q , ∂/∂w), B•πdR

1 (E×∂/∂q , ∂/∂w) and D•πdR
1 (E×∂/∂q , ∂/∂w) respec-

tively, because there is a unique bigrading on (the Lie algebra of) πdR
1 (E×∂/∂q , ∂/∂w)

that is compatible with the isomorphism πdR
1 (E×∂/∂q , ∂/∂w)(R) ∼= G (R〈〈a, b〉〉) and the

action of k by [27, Proposition 23.2].

Remark 7.2.5. The elliptic depth filtration arises geometrically from the inclusion

E×∂/∂q ↪→ E∂/∂q, in analogy to the depth filtration on πdR
1 (P1\ {0, 1,∞},~11). The

piece D1πdR
1 (E×∂/∂q , ∂/∂w) is the kernel of the induced morphism πdR

1 (E×∂/∂q , ∂/∂w)→
πdR

1 (E∂/∂q, ∂/∂w) and DrπdR
1 (E×∂/∂q , ∂/∂w) is the rth term in the lower central series

on D1πdR
1 (E×∂/∂q , ∂/∂w).

7.2.3 Filtrations on U1,1 and U1,~1

In §5.5 we discussed the groups U1,1 and UdR
1,~1

, and have a description of their Lie

algebras. Their elements may be written in terms of the symbols e2n+2X
kY2n−k,

e′fX
kY2n−k and e′′fX

kY2n−k that were defined in (5.17). Recall from §5.5.1.1 that the

totally holomorphic subgroup UdR,hol
1,1 (R) of UdR

1,1 (R) is non-canonically isomorphic to

the group of grouplike power series in the above symbols.

Recall from (5.16) that there is a canonical MHS-preserving isomorphism UdR
1,~1
∼=

UdR
1,1 × Ga(1). The Lie algebra of the factor Ga is spanned by the canonical element

e2. It is central in u1,~1 = Lie(UdR
1,~1

.

Definition 7.2.6. The length filtration L•UdR
1,~1

is the decreasing filtration given by

the lower central series. By restriction one defines L•UdR
1,1 .

Remark 7.2.7. The length filtration is so named for the following reason. It induces

a filtration L•UdR,hol
1,1 on the totally holomorphic quotient (resp. on the free Eisen-

stein quotient UdR
E ). The dual increasing filtration L•O(UdR

1,1 ) (resp. L•O(UdR,hol
1,1 ),

L•O(UdR
E )) on the affine ring is the length filtration on the reduced bar construction

defined in Definition 5.2.8.
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7.3 Coefficient spaces

De Rham fundamental groups are a convenient tool for packaging iterated integrals

into generating series. The notion of coefficient space extracts the coefficients from

these series.

Definition 7.3.1 (Coefficient space). Let s ∈ R〈〈Z〉〉 be a formal power series. The

coefficient space Co(s) is vector subspace of R spanned by the coefficients of s.

Extra structure on a series s induces structure on Co(s). As described in §1.3.1.2

the ring R〈〈Z〉〉 may be equipped with the structure of a Hopf algebra by taking the

coproduct ∆ for which each z ∈ Z is primitive. As described in §1.3.1.3, the shuffle

algebra T c(Z∨) on the dual alphabet is isomorphic to the coordinate ring of the affine

group scheme over Q representing the functor R 7→ G(R〈〈Z〉〉). The isomorphism

HomAlgQ(T c(Z∨), R)
∼−→ G (R〈〈Z〉〉) (7.1)

is given by sending a shuffle algebra homomorphism s to
∑
s(w∨)w, where w ranges

over all words in th alphabet Z. It follows that if s ∈ R〈〈Z〉〉 is grouplike then it

defines an algebra homomorphism T c(Z)→ R. The image of this algebra homomor-

phism is equal to Co(s), and therefore Co(s) is a Q-subalgebra of R.

Remark 7.3.2. Let X be a connected scheme over Q and let x ∈ X(Q)bp. Let UdR be

the unipotent radical of πrel,dR
1 (X, x) with respect to some choice of semisimple sub-

category of Con(X). By the discussion in §5.2.6, the affine ring O(UdR) is equipped

with the shuffle product on iterated integrals. A minimal set of generators for O(UdR)

is given by a choice of basis for H1(UdR). Under some basic assumptions (e.g. those

considered in §5.2.8) H1(UdR) is naturally graded and there is a non-canonical iso-

morphism O(UdR) ∼= T c(H1(UdR)∗), where H1(UdR)∗ denotes the graded dual.

Let s ∈ UdR(R), regarded as an algebra homomorphism s : T c(H1(UdR)∗) → R.

By (7.1), it follows that Co(s) is a Q-subalgebra of R. Note that Co(s) does not

depend upon the choice of identification O(UdR) ∼= T c(H1(UdR)∗).

7.3.1 Induced filtrations on coefficient spaces

As before, let Z be a set satisfying the assumptions in §7.1. Suppose that R〈〈Z〉〉 is

equipped with an exhaustive, separated, decreasing filtration F •R〈〈Z〉〉 induced from

a grading, and let s ∈ R〈〈Z〉〉. To the pair (s, F •) one can associate an increasing

filtration on Co(s) as follows:
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Definition 7.3.3. Define an increasing filtration of subspaces CoF• (s) of Co(s) by

CoFr (s) := Co (FilrF (s)) .

Proposition 7.3.4. If s is grouplike, the filtration CoF• (s) is compatible with the

algebra structure on Co(s) i.e. CoFm(s) CoFn (s) ⊆ CoFm+n(s).

Proof. The isomorphism (7.1) implies that s : T c(Z∨)→ R is a shuffle-algebra homo-

morphism. Let c1 ∈ CoFm(s) and c2 ∈ CoFn (s). By linearity, we may assume ci = s(ui)

are the coefficients of words u1, u2 in the dual alphabet Z∨. Then

c1c2 = s(u1)s(u2) = s(u1� u2),

where � denotes the shuffle product. Let F•T
c(Z∨) be the associated increasing

filtration on the shuffle algebra defined in Remark 7.1.1. The assumption on c1 and

c2 implies that u1 ∈ FkT
c(Z∨) for k ≤ m and u2 ∈ FlT

c(Z∨) for l ≤ n. The

shuffle product u1� u2 =
∑
v is a sum of words v ∈ Fk+lT

c(Z∨), which implies that

c1c2 =
∑
s(v) ∈ CoFk+l(s) ⊆ CoFm+n(s).

7.3.2 Induced filtrations

Let A be an R-algebra equipped with a decreasing filtration F •A satisfying the same

assumptions as in §7.1.1. The filtration F •A induces a canonical filtration F • End(A)

on the endomorphism algebra of A via

F r End(A) :=
{
e ∈ End(A) : e

(
F kA

)
⊆ F k+rA

}
.

Let E be an R-algebra acting on A. This action is equivalent to an R-algebra ho-

momorphism E → End(A). The filtration F • End(A) induces a filtration F •E by

taking the preimages of the filtered pieces under this homomorphism.

The following statement explains how the coefficient space filtration may be de-

composed in the case where one power series ring R〈〈Z ′〉〉 acts on another R〈〈Z〉〉.

Proposition 7.3.5. Let Z,Z ′ be sets satisfying the assumptions in §7.1. Suppose

we have a filtration F •R〈〈Z〉〉 and an action of E := R〈〈Z ′〉〉 on the filtered algebra

F •R〈〈Z〉〉. Let F •E be the induced filtration on E and suppose that L•E is another

filtration on E such that for each r, LrE ⊆ F rE. Then for e ∈ E and s ∈ R〈〈Z〉〉 we

have

CoFr (e(s)) =
∑
i+j=r

CoLi (e) CoFj (s).
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Proof. Write e =
∑

k≥0 ek and s =
∑

l≥0 sl, where ek ∈ Lk\Lk+1 and sl ∈ F l\F l+1. It

is clear that

FilrF (e(s)) =
∑
k,l≥0
k+l≤r

ek(sl),

because ek(sl) ∈ F k+lR〈〈Z〉〉. The result follows by taking coefficient spaces.

7.3.3 Depth filtration and weight grading on motivic MZVs

The filtrations on coefficient spaces defined in §7.3.1 can be used to equip the algebra

Zm of motivic multiple zeta values with natural filtrations. The notions in this section

were introduced in §4.3.3.

Let Φm
01 ∈ G(Pm

MT(Z)〈〈x0, x1〉〉) be the motivic Drinfeld associator defined in §5.3.2.2.

It is a generating series for motivic MZVs, and therefore Co(Φm
01) = Zm. The weight

and depth filtrations on Pm
MT(Z)〈〈x0, x1〉〉 defined in Definition 7.2.1 can be used to

equip Zm with weight and depth filtrations, as follows:

Definition 7.3.6. The algebra Zm has two increasing filtrations: the weight filtration

W•Zm, and the depth filtration D•Zm. They are defined by

W•Zm := CoW• (Φm
01);

D•Zm := CoD• (Φm
01).

Since Φm
01 is grouplike, Proposition 7.3.4 implies that these filtrations are compat-

ible with the shuffle product on Zm.

Remark 7.3.7. The weight (resp. depth) filtration is so named because its image

under the period map is precisely the weight (resp. depth) filtration on numerical

multiple zeta values. We recall that the weight of an admissible multiple zeta value

ζ(k1, . . . , kr) is k1 + · · ·+ kr and the depth is r.

Proposition 7.3.8. The weight filtration satisfies W•Zm = CoW• (Φm
ij) whenever

i, j ∈ {0, 1,∞} are distinct.

Proof. The series Φm
ij is obtained from Φm

01 by making the change of variables (x0, x1) 7→
(xi, xj). This change of variables induces an automorphism W• ∼−→W•, and therefore

the coefficient space remains unchanged.
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The weight filtration W•Zm is induced from a grading. This is particular to

motivic multiple zeta values; numerical MZVs are only conjecturally graded.

The weight grading is defined as follows: let

Zm
k := 〈ζm(w) : deg(w) = k〉Q

be the subspace of motivic MZVs of weight k. Then Zm
k
∼= Wk Zm /Wk−1Zm and

Wr Zm =
r⊕

k=0

Zm
k .

The ideal of motivic MZVs of positive weight is

Zm
>0 :=

⊕
r>0

Zm
r .

Let P := Zm[L]. Brown’s result [5] implies that P is the ring Pm,+
MT(Z) of effective

motivic periods for mixed Tate motives over Z, and that Pm
MT(Z)

∼= P [L−1].

7.3.4 Length filtration on motivic multiple modular values
and iterated Eisenstein integrals

The length filtration L•O(UdR
1,1 ) may be used to define an increasing length filtration

on the Q-algebra Mm of multiple modular values.

Definition 7.3.9. The length filtration L•M
m is the increasing filtration defined by

letting LrM
m be the image of LrO(UdR

1,1 ) under CmS , followed by tensoring with Q[L±].

The “totally holomorphic” subspace of LrM
m is spanned by totally holomorphic

motivic iterated integrals of modular forms of length s ≤ r as considered in §6.2.

7.3.5 Action of S ∈ SLdR
2 (Q)

In this subsection we record some simple but important facts about the action of

SLdR
2 on the filtrations A• and B• on R〈〈a, b〉〉, as described in §5.5.2. The general

formula for this action, given in equation (5.19), implies that the matrix

S =

(
0 −1
1 0

)
∈ SLdR

2 (Q)

acts via

S(a, b) = (−b, a). (7.2)
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Proposition 7.3.10. Let R be a Q-algebra. The action of S ∈ SLdR
2 (Q) on R〈〈a, b〉〉

induces isomorphisms of filtered R-algebras A•R〈〈a, b〉〉� B•R〈〈a, b〉〉.

Proof. This is immediate from equation (7.2).

The following useful lemma is an immediate consequence of Proposition 7.3.10.

Lemma 7.3.11. On R〈〈a, b〉〉 there is an equality of operators

S ◦ FilrA = FilrB ◦ S.

The same formula also holds with A and B interchanged.

Proof. An element w ∈ R〈〈a, b〉〉 is contained in Ar iff S(w) ∈ Br.

7.3.5.1 The action of Sm
0

Let Sm
0 ∈ SLdR

2 (Pm
H) be the reductive part of Sm = (CmS , Sm

0 ) defined in Definition

5.2.6. It is contained within SLdR
2 (Q[L±]) and is conjugate to S ∈ SLdR

2 (Q) by an

element of GL2(Q[L±]) by the formula

Sm
0 =

(
1 0
0 L−1

)
S

(
1 0
0 L−1

)−1

.

By (7.2) we obtain the formula

Sm
0 (a, b) = (−L−1b,La). (7.3)

Proposition 7.3.10 and Lemma 7.3.11 are also true when S is replaced by Sm
0 as long

as R is a Q[L±]-algebra.
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Chapter 8

The monodromy action

In this chapter we explore the relationship between the fundamental groups of the

moduli spaces M1,1 and M1,~1 and the fundamental group of the infinitesimal punc-

tured Tate curve.

The essential connection comes in the form of a monodromy action. This action

is present at the topological level, and is described in §8.1. An important property of

the monodromy action is that it relates the two generators α, β of πtop
1 (E×∂/∂q , ∂/∂w).

This provides an important extra structure on this free group.

The topological monodromy action extends to an action of the relative funda-

mental group GdR
1,~1

on πdR
1 (E×∂/∂q , ∂/∂w). We describe this action in §8.2. Proposition

9.2.1 gives a formula for this action in terms of the Lie algebra ugeom. Crucially, the

monodromy action factors through the “Eisenstein quotient” [23, §16] of UdR
1,1 , which

is the maximal quotient of UdR
1,1 on which k = Lie(UdR

MT(Z)) acts.

8.1 The topological monodromy action

Let E be an elliptic curve over a field K ⊆ C. This determines a point x = [E] ∈
M1,1(K). By equipping E× with a nonzero K-rational tangential basepoint ~v at the

punctured origin O we also determine a point x̂ ∈ M1,~1(K) mapping to x under the

morphism M1,~1 → M1,1. We may also choose x to be a tangential basepoint on

M1,1; e.g. x = ∂/∂q. In this case the corresponding elliptic curve is the Tate curve

E∂/∂q, which can be equipped with the tangent vector ~v = ∂/∂w at the origin.

Throughout this section we work with an arbitrary (possibly tangential) basepoint

x. From §8.2 onward, however, we specialise to x = ∂/∂q. This is because our

argument crucially relies on O(πdR
1 (E×∂/∂q , ∂/∂w)) being mixed Tate.
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8.1.1 The outer monodromy action

The fiber of the universal punctured family E× →M1,1 over x is isomorphic to E×.

The homotopy exact sequence of this fibration produces a short exact sequence

1→ πtop
1 (E×, ~v)→ πtop

1 (E×, [E×, ~v])→ πtop
1 (M1,1, x)→ 1

exhibiting πtop
1 (E×, [E×, ~v]) as an extension of SL2(Z) by a free group on two gener-

ators [26, Proposition 1.4]. Conjugation determines an outer action

µ̄0 : πtop
1 (M1,1, x)→ Outπtop

1 (E×, ~v). (8.1)

Remark 8.1.1. This outer action does not lift to a genuine action on πtop
1 (E×, ~v) for

a geometric reason. The basepoint x on M1,1 corresponds to an isomorphism class

of elliptic curves [E]. It could therefore be represented by a different model of E, say

x = [E ′], corresponding to an isomorphism E
∼−→ E ′ defined over K. But there is

no natural way to choose a tangential basepoint ~v on all models of E simultaneously

such that the πtop
1 (M1,1, x)-action respects this choice.

For example, let λ ∈ K×. The change of variables (x, y) 7→ (λ2x, λ3y) defines an

isomorphism between two models of the elliptic curve

E : y2 = 4x3 − g2x− g3

that is defined over K. As described in §3.2 this automorphism scales ω = dx/y by

ω 7→ λ−1ω. Dual to ω is a nonzero tangential basepoint ~v at the origin that is scaled

by ~v 7→ λ~v. Any two models of E over K̄ are related by a change of variables of

the above type for some λ ∈ K̄×, [50, §III.1]. Moreover, choosing λ = −1 defines an

automorphism of every elliptic curve E which sends ~v 7→ −~v. It is therefore not pos-

sible to fix a particular nonzero tangential basepoint ~v on the isomorphism class [E],

and thus there is no natural monodromy action of πtop
1 (M1,1, x) on πtop

1 (E×, ~v). Note,

however, that there is a natural monodromy action of πtop
1 (M1,1, x) on πtop

1 (E,O),

where O is the origin on the elliptic curve. Up to conjugation this coincides with the

action of SL2(Z) on Z2.

The moduli space M1,~1 overcomes this issue because a basepoint x̂ ∈ M1,~1 de-

termines an elliptic curve E together with a choice of tangential basepoint ~v. This is

equivalent to determining a Weierstrass equation for E. This allows us to define an

action of πtop
1 (M1,~1, x̂) on πtop

1 (E×, ~v).
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8.1.2 The topological monodromy action

We may identify πtop
1 (M1,~1, x̂) ∼= B3 with the mapping class group of E×(C), which

is a genus 1 surface with one puncture. The generators tA and tB correspond to Dehn

twists on simple closed curves A,B ⊆ E(C) intersecting transversally at one point.

For example, A and B could be (the images of) the two generators α and β for the

fundamental group of E×(C) that were defined in §5.1.1.2.

The left action of πtop
1 (M1,~1, x̂) on πtop

1 (E×, ~v) via the Dehn twists tA and tB

defines a homomorphism

µ0 : πtop
1 (M1,~1, x̂)→ Aut πtop

1 (E×, ~v). (8.2)

Lemma 8.1.2. Let A and B denote the images of generators α and β for πtop
1 (E×, ~v).

Then µ0 is given by the following explicit action:

tA(α) = α, tA(β) = βα, tB(α) = αβ−1, tB(β) = β. (8.3)

Proof. This follows from the description of tA and tB as Dehn twists along the images

of α and β by considering the shape of α, β in the Jacobi uniformisation E(C) ∼=
C×/qZ [24] (see also Figure 5.1, which is representative for any choice of E.). It

may also be derived group-theoretically by viewing the free group F2 = 〈α, β〉 as

a subgroup of the braid group B4 on four strands, with B3 ⊆ B4 acting on F2 via

conjugation [42, §9].

Definition 8.1.3. Let Θ := αβα−1β−1. It is the homotopy class of the boundary

circle on the punctured torus.

One verifies that the action described in (8.3) fixes Θ. This is because elements

of the mapping class group πtop
1 (M1,~1, x̂) act by automorphisms fixing the boundary

circle.

8.1.3 Main topological equation

Let S̃ := (tAtBtA)−1 ∈ B3. Under (8.2), this element acts by

S̃(α) = αβα−1, S̃(β) = α−1.

Up to conjugation and inverses, the element S̃ interchanges α and β. The essential

idea of this paper is to use this element to show how the periods of α and β are

related to the periods of S̃. The notation S̃ is justified in the following subsection.

86



8.1.4 Induced morphism to SL2(Z)

There is an induced action of πtop
1 (M1,~1, x̂) on the abelianisation

πtop
1 (E×, ~v)ab ∼= H1(E(C),Z) ∼= Z2.

This may be described by a homomorphism πtop
1 (M1,~1, x̂) → GL2(Z). This mor-

phism factors through SL2(Z) because πtop
1 (M1,~1, x̂) fixes Θ, and is thus orientation-

preserving. We now describe this morphism explicitly.

Denote the images of α and β in H1(E×(C),Z) by [α] and [β] respectively. The

fundamental group πtop
1 (M1,~1, x̂) acts on H1(E×(C),Z) by the abelianisation of the

action (8.3). This can be written as a right action on frames, given by

(tA([α]), tA([β])) = ([α], [β])

(
1 1
0 1

)
, (tB([α]), tB([β])) = ([α], [β])

(
1 0
−1 1

)
.

Proposition 8.1.4. The abelianisation of the action (8.3) defines a homomorphism

f : B3 → SL2(Z) by the formula

tA 7→ T =

(
1 1
0 1

)
, tB 7→ (TST )−1 =

(
1 0
−1 1

)
.

It is surjective and its kernel is an infinite cyclic group generated by S̃4 = (t−1
A t−1

B )6.

Proof. It is clear from the definitions that the abelianisation of (8.3) factors through

f . One can also verify directly that f : B3 → SL2(Z) is a homomorphism.

Let S̃ = (tAtBtA)−1 as above, and let T̃ := tA. We have f(S̃) = S and f(T̃ ) = T .

Since SL2(Z) is generated by S and T , f is surjective.

It is easy to verify that f(S̃4) = I. Set Ũ = S̃T̃ . From the presentation for

the braid group in terms of the generators tA and tB given in (5.1), we obtain the

following alternate presentation:

B3
∼= 〈S̃, Ũ |S̃2 = Ũ3〉.

There is a well-known presentation for SL2(Z) in terms of S and U := ST :

SL2(Z) = 〈S, U |S2 = U3, S4 = I〉.

From this it is clear the kernel is precisely generated by S̃4.

Remark 8.1.5 (Geometric interpretation). The kernel is isomorphic to Z because f

may be identified with the map on fundamental groups induced by the Gm-torsor

M1,~1 →M1,1.
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Recall that ker(f) is generated by S̃4 and that Θ denotes the commutator αβα−1β−1

as defined in Definition 8.1.3. One verifies that µ0(S̃4) = AdΘ. Therefore, ker(f) con-

sists of elements acting on πtop
1 (E×, ~v) as a power of AdΘ.

The action of πtop
1 (M1,~1, x̂) on πtop

1 (E×, ~v)ab factors through the natural homo-

morphism πtop
1 (M1,~1, x̂) → πtop

1 (M1,1, x). In turn, the action of πtop
1 (M1,1, x) on

πtop
1 (E×, ~v)ab factors through the outer action (8.1). This gives a geometric interpre-

tation for why elements in ker(f) act as a power of the inner automorphism AdΘ.

The situation is summarised in the following commutative diagram:

ker(f) = 〈S̃4〉 〈AdΘ〉

πtop
1 (M1,~1, x̂) ∼= B3 Autπtop

1 (E×, ~v)

πtop
1 (M1,1, x) Outπtop

1 (E×, ~v)

SL2(Z) Aut
(
πtop

1 (E×, ~v)ab
) ∼= GL2(Z)

µ0|ker(f)

µ0

f

µ̄0

∼

The left column is exact at B3 and the final vertical map in the right column is the

natural map Out(G)→ Aut(Gab).

Remark 8.1.6. Although there is only an outer action of πtop
1 (M1,1, x) on πtop

1 (E×, ~v),

there is an action of the de Rham relative completion πrel,dR
1 (M1,1, x) on the de Rham

fundamental group πdR
1 (E×, ~v). See Remark 8.2.4.

8.2 The relative monodromy action

Because relative completion is functorial (see §5.2.7), the topological action described

in §8.1 extends to an action of the de Rham relative completion GdR
1,~1

on the de

Rham fundamental group πdR
1 (E×∂/∂q , ∂/∂w). This is described by a morphism of

groip schemes

µ : GdR
1,~1
→ Aut(πdR

1 (E×∂/∂q , ∂/∂w)) (8.4)

called the monodromy morphism.

In terms of the semidirect product decomposition GdR
1,~1
∼= UdR

1,~1
o SLdR

2 given in

(5.20), the monodromy action may be written as follows. Fix a Q-algebra R. Let
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u ∈ UdR
1,~1

(R), γ ∈ SLdR
2 (R) and π ∈ πdR

1 (E×∂/∂q , ∂/∂w)(R). Then (u, γ) defines an

element of GdR
1,~1

(R) that acts on π via the formula

(u, γ)(π) = µ(u)(γ(π)). (8.5)

Here γ acts on π as in §5.5.2. Note that the expression (u, γ) depends upon the

choice of splitting GdR
1,~1
∼= UdR

1,~1
o SLdR

2 ; the result of acting on π, however, does not.

We explain this below.

8.2.1 Induced action of GdR
1,1

Recall that GdR
1,~1
∼= GdR

1,1×Ga. Precomposing with the corresponding inclusion produces

a morphism

GdR
1,1 ↪→ GdR

1,~1

µ−→ Aut(πdR
1 (E×∂/∂q , ∂/∂w)),

which we also denote by µ by abuse of notation.

Definition 8.2.1. Let Ggeom be the image of GdR
1,1 under µ. It is equipped with a mor-

phism Ggeom → SLdR
2 , where SLdR

2 is viewed as a subgroup of Aut(πdR
1 (E×∂/∂q , ∂/∂w))

via the formula (5.19).

Let Ugeom := ker(Ggeom → SLdR
2 ). It is a pro-unipotent affine group scheme over

Q.

The sequence 1 → Ugeom → Ggeom → SLdR
2 → 1 is canonically split [27, §23].

Therefore, there is a canonical isomorphism

Ggeom ∼= Ugeom oSLdR
2 . (8.6)

Hence, although there is no canonical expression for an element of GdR
1,~1

(R) as a pair

(u, γ) ∈ UdR
1,~1

(R) o SLdR
2 (R), the result (u, γ)(π) = µ(u)(γ(π)) does not depend upon

the choice.

Remark 8.2.2. This allows us to define elements of Ugeom directly. One important

case to note is that while CmS (defined in §5.5.3) is not canonically defined, its image

µ(CmS ) is. This allows us to consider its space of coefficients as a well-defined object.

Definition 8.2.3. Let ggeom = Lie(Ggeom) and ugeom = Lie(Ugeom). They are Lie

subalgebras of the derivation Lie algebra Der Lie Aut(πdR
1 (E×∂/∂q , ∂/∂w)). By [27] there

is a canonical decomposition

ggeom = ugeom osl2. (8.7)
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Because of the canonical decompositions (8.6) and (8.7), we will be mostly work

from this point onward with the unipotent group Ugeom and its Lie algebra ugeom in

the sequel. These will be studied in detail in Chapter 9, where we will also provide

an explicit formula for the monodromy morphism µ.

Remark 8.2.4. It is possible to define an action of GdR
1,1 on πdR

1 (E×∂/∂q , ∂/∂w) because,

for any choice of basepoint x ∈M1,1(C) and any choice of lift x̂ ∈M1,~1(C), the exact

sequence

1→ Ga(1)→ πrel,dR
1 (M1,~1, x̂)→ πrel,dR

1 (M1,1, x)→ 1

associated to the Gm-torsor M1,~1 → M1,1 is canonically split and respects mixed

Hodge structures [23, Proposition 14.2]. Compare this to the topological situation,

where the exact sequence of topological fundamental groups

1→ Z→ B3 → SL2(Z)→ 1

does not split. As discussed in §8.1 this means that there is only an outer action

of SL2(Z) on πtop
1 (E×∂/∂q , ∂/∂w). This is an example of how the relative completion

simplifies certain structures that are inaccessible at the topological level.
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Chapter 9

Geometric derivations

In this chapter we study the group scheme Ugeom, defined in Definition 8.2.3, and its

Lie algebra ugeom, defined in Definition 8.2.3, in detail. As described in §8.2, Ugeom is

a subgroup of Aut(πdR
1 (E×∂/∂q , ∂/∂w)) coming from the monodromy action of UdR

1,1 on

πdR
1 (E×∂/∂q , ∂/∂w).

Recall from §5.4.1 that Lie Aut(πdR
1 (E×∂/∂q , ∂/∂w)) is canonically isomorphic to the

lower central series completion of Lie(a, b). It follows that ugeom may be described

as a certain Lie subalgebra of the lower central series completion of the derivation

algebra Der Lie(a, b).

The derivations in ugeom were first written down by Tsunogai [52, §3] in the con-

text of Galois actions on the pro-` fundamental group of a punctured elliptic curve

E× over a number field K. Tsunogai studied how the Galois action of Gal(K̄/K)

on π
(`)
1 (E× ×K K̄) interacts with these derivations. The approach we take uses the

de Rham fundamental group instead of the pro-` fundamental group, and the Galois

action is replaced by the motivic Galois group GdR
MT(Z) in the case E = E∂/∂q. Never-

theless the Galois and monodromy actions are intertwined in either case; we discuss

the motivic story further in §13.2.

In a related direction, the Lie algebra ugeom is closely connected to modular forms

for SL2(Z). Pollack [44] showed that there is a family of relations in ugeom corre-

sponding to period polynomials of cusp forms. We expand on this in §9.6.

9.1 The derivations ε∨2n+2 and ε2n+2

Let Lie(a, b) denote the free Lie algebra on two letters a and b over Q [46]. Its lower

central series completion Lie(a, b)∧ is canonically isomorphic to LieπdR
1 (E×∂/∂q , ∂/∂w).

Let θ = [a, b] and consider the Lie subalgebra Derθ Lie(a, b) ⊆ Der Lie(a, b) consist-

ing of derivations δ for which δ(θ) = 0. Within this subalgebra there is a distinguished
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family of derivations ε∨2n+2, defined for every n ≥ −1, that were originally studied by

Tsunogai in [52]. They are defined as follows:

Definition 9.1.1 (Geometric derivations). For n ≥ −1 define ε∨2n+2 ∈ Derθ Lie(a, b)

by

ε∨2n+2(a) = ad(a)2n+2(b)

ε∨2n+2(b) =
1

2

∑
i+j=2n+1

(−1)i
[
ad(a)i(b), ad(a)j(b)

]
.

The derivation ε∨0 may also be written as ε∨0 = b∂/∂a.

One verifies that ε∨2n+2(θ) = 0, and hence that ε∨2n+2 ∈ Derθ Lie(a, b).

9.1.1 Action of SL2 and sl2

The group SLdR
2 acts on the right of Lie(a, b) by right-multiplying the row vector

(a, b) as described in §5.5.2. The derivations ε∨2n+2 can be twisted by this action to

obtain new derivations

ε2n+2 := (−)|S ◦ ε∨2n+2 ◦ (−)|S−1 . (9.1)

We may also write ε0 = −a∂/∂b. There is an inner action of sl2 on Derθ Lie(a, b) by

ε∨0 , ε0 and h = [ε0, ε
∨
0 ] = multiplication by (degb− dega).

Proposition 9.1.2. The derivation ε∨2n+2 generates an irreducible representation of

sl2 of dimension 2n+ 1, with basis
{

ad(ε∨0 )k(ε∨2n+2) : 0 ≤ k ≤ 2n
}

.

Proof. See [52, Lemma 4.5] or [7, Lemma 5.2].

These representations could equivalently be defined using the elements ε2n+2. The

derivations ε∨2n+2 are lowest-weight vectors and the derivations ε2n+2 are highest-

weight vectors with respect to the sl2-action. They are related by the following

lemma.

Lemma 9.1.3. We have

ad(ε∨0 )k(ε∨2n+2) =
k!

(2n− k)!
ad(ε0)2n−k(ε2n+2). (9.2)

Proof. By comparing sl2-weights, one knows that the quantities ad(ε∨0 )k(ε∨2n+2) and

ad(ε0)2n−k(ε2n+2) must be proportional. The scale factor can be found by applying

both sides of (9.2) to either a or b.
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9.2 Explicit formula for µ

By [27, §22] the monodromy morphism µ : UdR
1,~1
→ Aut(πdR

1 (E×∂/∂q , ∂/∂w)) factors

through the totally holomorphic quotient UdR,hol

1,~1
defined in §5.5.1. In other words, it

is determined by the associated bigraded Lie algebra homomorphism

grM grW u1,~1 → grM grW Der LieπdR
1 (E×∂/∂q , ∂/∂w),

which, by the descriptions given in §5.4.1 and §5.5.1, is given by a Lie algebra mor-

phism

Lie(e2n+2X
kY2n−k, e′fX

kY2n−k, e′′fX
kY2n−k)⊕Qe2 → Der Lie(a, b), (9.3)

where the symbols e2n+2X
kY2n−k, e′fX

kY2n−k and e′′fX
kY2n−k are defined in (5.17). In

this section we give an explicit formula for this morphism.

Proposition 9.2.1. The monodromy morphism induces a morphism of graded Lie

algebras

Lie(e2n+2X
kY2n−k, e′fX

kY2n−k, e′′fX
kY2n−k)⊕Qe2 → Der Lie(a, b),

It kills the symbols e′f , e
′′
f corresponding to cusp forms. On the Eisenstein symbols

e2n+2 it acts via

e2n+2X
kY2n−k 7→ 2(2n− k)!

[(2n)!]2
ad (ε∨0 )

k (
ε∨2n+2

)
Proof. The cuspidal symbols are contained in ker(µ) for Hodge-theoretic reasons [23,

Theorem 15.4]. A proof of the formula for an Eisenstein symbol with k = 0 is given in

[23, Theorem 15.7]. It remains to compute the action on a general Eisenstein symbol

e2n+2X
kY2n−k for any 0 ≤ k ≤ 2n.

The SL2-equivariance of µ : UdR
1,~1
→ Aut(πdR

1 (E×∂/∂q , ∂/∂w)) implies that the in-

duced map on Lie algebras is sl2-equivariant. The two representations of sl2 are

identified via

X
∂

∂Y
7→ ad(ε∨0 ), Y

∂

∂X
7→ − ad(ε0).

The sl2-action may be used to write a general Eisenstein symbol in the form

e2n+2X
kY2n−k =

(2n− k)!

(2n)!

(
X
∂

∂Y

)k (
e2n+2Y

2n
)
.

Applying µ and using the sl2-equivariance gives the result.

Remark 9.2.2. Proposition 9.2.1 implies that µ(e2) = 2ε2, where ε2 = ε∨2 = − ad([a, b]).
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9.3 ugeom revisited

The Lie algebra ugeom is the image of u1.1 under µ. It follows from Proposition 9.2.1

that ugeom may be identified with the completion of the Lie subalgebra of Derθ Lie(a, b)

generated by ad(ε∨0 )k(ε∨2n+2) for all n ≥ 1 and 0 ≤ k ≤ 2n. This bigrading on

Derθ Lie(a, b) is canonical [27, Theorem 23.1], and defines a canonical bigrading on

ugeom; see Remark 5.2.10.

Proposition 9.1.2 implies that ugeom carries a canonical sl2-action via the adjoint

action of ε∨0 and ε0, and defines its decomposition into irreducible representations.

This sl2-action defines the Lie algebra ggeom ∼= ugeom osl2 that was introduced in

Definition 8.2.3. It also defines a canonical bigrading on ggeom extending the bigrading

on ugeom.

9.3.1 Geometric interpretation

The fact that elements of ugeom annihilate θ = [a, b] corresponds to the fact that

elements of UdR
1,1 fix a small loop around the puncture on E×∂/∂q . This loop is homotopic

to the commutator Θ = αβα−1β−1, Under the comparison isomorphism

Lie πB
1 (E×∂/∂q , ∂/∂w)⊗Q C ∼−→ Lie πdR

1 (E×∂/∂q , ∂/∂w)⊗Q C

we have log(Θ) 7→ 2πiθ.

Note that ugeom does not contain the derivation ε∨2 = ε2 = − ad([a, b]). This

element is central in Derθ Lie(a, b). It corresponds to the logarithm of an element of

UdR
1,~1

that acts on (E×∂/∂q , ∂/∂w) by rotating the tangent vector ∂/∂w. The element ε2

is fixed by the action of sl2, and the Lie algebra ugeom⊕Qε2 is the graded Lie algebra

of the image of the unipotent radical of πrel,dR
1 (M1,~1,~v) in Aut(πdR

1 (E×∂/∂q , ∂/∂w)),

where the tangential basepoint ~v := ∂/∂q + ∂/∂w was defined in §3.5.3.

9.4 Mixed Hodge structure on ugeom

The fundamental group πdR
1 (E×∂/∂q , ∂/∂w), and its automorphism group, are equipped

with limiting mixed Hodge-Tate structures [7, §13.6]. Therefore ugeom is equipped with

a limiting MHS, and has two increasing weight filtrations – M• u
geom and W• u

geom –

and a decreasing Hodge filtration F • ugeom, all of which can be simultaneously split

[27, §23]. As described in [26, §15.2], these filtrations are induced from filtrations on

Q〈〈a, b〉〉 as follows.
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Let W−nQ〈〈a, b〉〉 := In, where I := (a, b) is the maximal ideal of Q〈〈a, b〉〉.
Let M−2mQ〈〈a, b〉〉 := {w ∈ Q〈〈a, b〉〉 : dega(w) ≥ m}. Finally, let F−pQ〈〈a, b〉〉 :=

{w ∈ Q〈〈a, b〉〉 : dega(w) ≤ p}. These define natural filtrationsW•, M•, F
• on Lie(a, b)

by restriction. They therefore induce natural filtrations on Der Lie(a, b), and conse-

quently on ugeom.

The M and W filtrations on ugeom may be simultaneously and canonically split [27,

Theorem 23.1]. This splitting can be written down as follows: recall that the Lie al-

gebra ugeom is generated by ad(ε∨0 )k(ε∨2n+2) for all n ≥ 1 and 0 ≤ k ≤ 2n. The element

ad(ε∨0 )k(ε∨2n+2) lies in M2k−2−4n u
geom ∩W−2n−2 u

geom; in other words, ad(ε∨0 )k(ε∨2n+2)

has M -weight 2k − 2− 4n and W -weight −2n− 2.

One should note that the MHS on ugeom is the image of the MHS on u1,1 under

the monodromy morphism.

9.5 Motivic structure

The MHS on ugeom is induced by a deeper motivic structure. In fact ugeom is the H-

realisation of a pro-object in the category MT(Z) under the fully faithful functor ωH :

MT(Z) ↪→ H. This follows from the following general statement about Tannakian

categories.

Lemma 9.5.1. Let (C, ωC) and (D, ωD) be neutral Tannakian categories over Q, and

let F : C → D be a fully faithful additive tensor functor satisfying ωD ◦ F = ωC. Let

M ∈ C. Then F (〈M〉⊗) ' 〈F (M)〉⊗.

Proof. Recall that the fiber functors ωC and ωD are exact and faithful. Since ωC =

ωD ◦ F , one may show that F is exact.

Let V ∈ F (〈M〉⊗) so that V ∼= F (W ), where W is a subquotient of M⊗n for some

n ∈ Z. Since F is an exact tensor functor, it follows that F (W ) is a subquotient of

F (M)⊗n. Thus V ∈ 〈F (M)〉⊗.

Conversely, suppose that V ∈ 〈F (M)〉⊗, so that V is a subquotient of F (W ) for

some W ∈ 〈M〉⊗. We first assume that V is a D-subobject of F (W ), and will show

that V ∼= F (U) for some C-subobject U ⊆ W . The general case, where V is a quotient

of a subobject of F (W ), then follows from this.

Therefore, assume that V ⊆ F (W ). By Tannakian duality there are affine group

schemes G and H over Q such that C ' Rep(G) and D ' Rep(H). The objects

V and F (W ) are equipped with H-actions that are compatible with the inclusion

V ↪→ F (W ).
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The functor F is equivalent to a faithfully flat (surjective) morphism of group

schemes ϕF : H → G. Since F is fully faithful, the action of H on F (W ) factors

through ϕF . Let K = ker(ϕF ). Then K acts trivially on F (W ), and therefore acts

trivially on any subobject of F (W ). In particular, it acts trivially on V . Therefore

the H-action on V factors through ϕF , so V is a representation of G. But then V is

the image under F of a C-subobject U ⊆ W .

Now assume that V is a general subquotient of F (W ). If V is a quotient of a

subobject V ′ ⊆ F (W ) then the previous part of the proof shows that V ′ ∼= F (U ′)

for some subobject U ′ ⊆ W . Hence we may assume that V ∼= F (W )/V0 for some

subobject V0 ⊆ F (W ). Once again, it follows that V0
∼= F (W0) for a subobject W0 ⊆

W . Then V ∼= F (W )/F (W0). Since F is exact, the natural map F (W )/F (W0) →
F (W/W0) is an isomorphism. Therefore V ∈ F (〈M〉⊗).

The H-realisation functor ωH : MT(Z)→ H is fully faithful and compatible with

the respective de Rham fiber functors. The Lie algebra LieπdR
1 (E×∂/∂q , ∂/∂w) is a pro-

object within its essential image [9, 27]. Recall from §5.4.1 that LieπdR
1 (E×∂/∂q , ∂/∂w)

is canonically isomorphic to the completed free Lie algebra on its abelianisation

Lie(πdR
1 (E×∂/∂q , ∂/∂w))ab ∼= H1(E×∂/∂q)∨ ∼= Q(1)⊕Q(0),

which is mixed Tate. Consequently,

Der LieπdR
1 (E×∂/∂q , ∂/∂w) ∼= Hom(H1(E×∂/∂q),Lie πdR

1 (E×∂/∂q , ∂/∂w))

∼= Hom(Q(1)⊕Q(0),Lie πdR
1 (E×∂/∂q , ∂/∂w))

is also a pro-object in the essential image1 of ωH.

By definition, ugeom is isomorphic to a H-subobject of Der LieπdR
1 (E×∂/∂q , ∂/∂w)

by a canonical isomorphism compatible with the H-structure [27]. Applying Lemma

9.5.1 with C = MT(Z), D = H, F = ωH and F (M) = Der Lie πdR
1 (E×∂/∂q , ∂/∂w) proves

the following important fact:

Proposition 9.5.2. The Lie algebra ugeom is the H-realisation of a pro-object in

MT(Z).

Proposition 9.5.2 is equivalent to the statement that the motivic Galois group

GdR
MT(Z) acts on ugeom. In Theorem 13.1.1 we prove that this action is faithful.

1This follows because MT(Z) is a Tannakian category, and is therefore rigid [17]. In particular, for
any two objects X,Y of a Tannakian category C, rigidity implies that the internal hom Hom(X,Y )
is an object of C. The internal hom represents the presheaf HomC((−)⊗X,Y ) on C.
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9.6 The Pollack relations

The Lie algebra ugeom is not free; for example, we have the following quadratic relation:

[ε∨10, ε
∨
4 ]− 3[ε∨8 , ε

∨
6 ] = 0. (9.4)

This relation is the simplest in an infinite family of relations in ugeom studied by Pollack

in his honours’ thesis [44], who showed they are related to cusp forms for SL2(Z).

Equation (9.4) is associated to the first such cusp form, the Ramanujan cusp form

∆ ∈ S12(SL2(Z)). More generally, each cusp form f ∈ S2n(SL2(Z)) determines a

relation in ugeom of lower central series depth 2 and W -weight −2n− 2.

9.6.1 Relationship to motives

Let k = Lie(UdR
MT(Z)) be the Lie algebra of the unipotent radical of the Galois group

of MT(Z) as described in §4.3.1. It is non-canonically isomorphic to the completed

free Lie algebra Lie(σ3, σ5, . . . , )
∧. Recall from §5.4 that LieπdR

1 (E×∂/∂q , ∂/∂w) is a

pro-object of MT(Z) and is canonically isomorphic to Lie(a, b)∧ by an isomorphism

compatible with the motivic structure. Therefore the associated bigraded Lie(a, b) is

also a pro-object of MT(Z). This implies the existence of a Lie algebra homomorphism

ρ : k→ Der Lie(a, b).

Brown [9] gives a formula for ρ modulo lower-order terms in W• u
geom; namely,

ρ(σ2n+1) ≡ ε∨2n+2 (mod W−2n−3 Der Lie(a, b)).

Amazingly, Pollack’s relation (9.4) is related to the Ihara-Takao congruence [29]

[σ9, σ3]− 3[σ7, σ5] ≡ 0 (mod depths ≥ 3).

Applying ρ to the Ihara-Takao relation produces Pollack’s relation (9.4) modulo

higher-depth terms. See [27, §29 and Theorem 29.6] for more information on the con-

nection between the Ihara-Takao congruences, Pollack relations and universal mixed

elliptic motives.

9.7 Ugeom revisited

In this section we revisit the group Ugeom defined in Definition 8.2.1 with the more

concrete knowledge of its Lie algebra developed in the previous sections.

97



9.7.1 The affine ring of O(Ugeom)

The affine ring O(Ugeom) is a Hopf subalgebra of O(UdR
1,1 ). Since µ is a morphism

of MHS by [23, Proposition 15.1], O(Ugeom) is furthermore a sub-ind-H object of

O(UdR
1,1 ). In fact, Proposition 9.5.2 implies that it is actually the H-realisation of an

object in MT(Z).

Recall that µ factors through the totally holomorphic quotient UdR
1,1 → U

dR,hol
1,1 by

[27, §22]. By Proposition 9.2.1, it also factors through the free Eisenstein quotient

UdR,hol
1,1 → UdR

E . As discussed in §5.5.1.2, the affine ring O(UdR
E ) is isomorphic to

the shuffle algebra on the alphabet ZE := {E2n+2(k) : n ≥ 1, 0 ≤ k ≤ 2n}, where the

symbols E2n+2(k) are defined in §5.5.1.2. It is a Hopf subalgebra of O(UdR
1,1 ), but does

not have a natural H-structure.

It follows that O(Ugeom) is a Hopf subalgebra of O(UdR
E ). We may represent

elements of O(Ugeom) by elements of the shuffle algebra T c(ZE), and identify these

with their images in O(UdR
1,1 ). Note, however, that O(Ugeom) is strictly contained

within O(UdR
E ); see §15.4.1 for a conjectural description of this subalgebra.

9.7.2 Decreasing filtrations on Ugeom

The group Ugeom is equipped with a decreasing length filtration L• Ugeom defined by

the lower central series. It can also be defined as the image of the length filtration

L•U1,1 under µ. Equivalently, by making use of the canonical bigrading afforded by

[27, §23], it can be defined as the decreasing filtration induced by the total degree,

where ad(ε∨0 )k(ε∨2n+2) is assigned degree 1 for all n ≥ 1 and all 0 ≤ k ≤ 2n.

Remark 9.7.1. The lower central series filtration on Ugeom is a source of possible

confusion. Recall that its Lie algebra ugeom is generated by the elements ad(ε∨0 )k(ε∨2n+2)

for all n ≥ 1 and all 0 ≤ k ≤ 2n. The derivation ε∨0 = b∂/∂a, which is contained

within Derθ Lie(a, b), is not itself contained within ugeom. Therefore, the element

ad(ε∨0 )k(ε∨2n+2) lies in L1 ugeom, but is contained in LCSk+1 Derθ Lie(a, b).

We refer to the lower central series filtration as the length filtration to emphasise

the following fact. It defines a dual increasing filtration L•O(Ugeom) on the affine

ring by letting LrO(Ugeom) be the functions on Ugeom vanishing on Lr Ugeom. By the

isomorphism O(UdR
E ) ∼= T c(ZE) discussed in §9.7.1, LrO(Ugeom) is spanned by certain

words [E2n1+2(k1)| · · · |E2ns+2(ks)] with s ≤ r i.e. certain iterated Eisenstein integrals

of length at most r. By the discussion above, however, not all such linear combinations

of iterated Eisenstein integrals will be contained inO(Ugeom). One necessary condition
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is that they evaluate to periods of MT(Z) under the homomorphism CmS : O(UdR
1,1 ) →

Pm
H. See §15.4.1.

There is another filtration on Ugeom (and on its Lie algebra ugeom) that is of

significant interest. Recall that we defined a filtration B•R〈〈a, b〉〉 in Definition 7.2.4.

It is the decreasing filtration on the b-degree.

There is an inclusion Ugeom ↪→ End(R〈〈a, b〉〉) induced by the inclusion ugeom ↪→
Der Lie(a, b). By the discussion in §7.3.2 there is a natural induced filtration B• Ugeom

and, similarly, one obtains a filtration B• ugeom on its Lie algebra. Elements of

Br Ugeom act on R〈〈a, b〉〉 by increasing the b-degree by at least r.

Both L• ugeom and B• ugeom extend naturally to filtrations on µ(u1,~1) = ugeom⊕Qε2.

The central derivation ε = − ad([a, b]) is contained in L1 ∩B1.

The following proposition describes how these two filtrations interact.

Proposition 9.7.2. For each r ≥ 1 we have Lr (ugeom⊕Qε2) ⊆ Br (ugeom⊕Qε2).

Proof. For each n ≥ 1 and 0 ≤ k ≤ 2n we have ad(ε∨0 )k(ε∨2n+2) ∈ L1 ugeom. By the

definition of ε∨2n+2 given in Definition 9.1.1 one verifies that ad(ε∨0 )k(ε∨2n+2) raises the

b-degree by k + 1 and is therefore contained within Bk+1 ugeom, and hence within

B1 ugeom. It follows that L1 (ugeom⊕Qε2) ⊆ B1 (ugeom⊕Qε2) because ugeom is gener-

ated by ad(ε∨0 )k(ε∨2n+2) as n ≥ 1 and 0 ≤ k ≤ 2n, and ε2 is contained within L1 ∩B1.

The result follows by induction on r, noting that the Lie bracket of derivations is

given by [δ1, δ2] = δ1 ◦ δ2 − δ2 ◦ δ1.
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Chapter 10

The series Ψ and its coefficients

As explained in Chapter 6, we are mainly interested in the iterated integrals along

the element S ∈ SL2(Z), considered as an element of πtop
1 (M1,1, ∂/∂q). A particular

subset of these are iterated Eisenstein integrals. However, the monodromy action of

§8.1 is an action of πtop
1 (M1,~1,~v)

∼= B3 rather than of its quotient πtop
1 (M1,1, ∂/∂q) ∼=

SL2(Z) by the homomorphism f : B3 → SL2(Z) of Proposition 8.1.4. Therefore

we must also understand the iterated integrals on M1,1(C) along the element of its

fundamental group corresponding to S̃ = (tAtBtA)−1 ∈ B3, which satisfies f(S̃) = S.

To work with these iterated integrals formally, we must study the images of the

elements S and S̃ under the natural maps (5.8) sending an element γ to its “generating

series of motivic iterated integrals”. This leads us to the commutative diagram

B3 (UdR
1,~1

o SLdR
2 )(Pm

H)

SL2(Z)
(
UdR

1,1 o SLdR
2

)
(Pm
H)

f (10.1)

in which the horizontal maps are the compositions of the universal comparisons (5.8)

followed by the decompositions GdR
1,•

∼−→ UdR
1,• oSLdR

2 given in (5.20), where • ∈
{

1,~1
}

.

The right hand vertical map is induced from the projection UdR
1,~1
∼= UdR

1,1 ×Ga → UdR
1,1

given in (5.16). Concretely it is just the map e2 7→ 0.

We studied the image of S ∈ SL2(Z) under the bottom map in Diagram (10.1) in

§5.5.3; this led to the definition of the unipotent part CmS ∈ UdR
1,1 (Pm

H). In this chapter

we study the image of S̃ under the top horizontal map in Diagram (10.1).
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10.1 The series Ψ

Recall from (5.16) that there is a canonical decomposition UdR
1,~1
∼= UdR

1,1 ×Ga(1), where

Lie(Ga) is spanned by an element e2. Dually, there is a decomposition

O(UdR
1,~1

) ∼= O(UdR
1,1 )⊗Q O(Ga)(−1).

The coordinate ring O(Ga) is generated by an element E2(0) dual to e2. Define a

homomorphism rm : B3 → Pm
H by the composition

B3
∼= πtop

1 (M1,~1,~v)→ G
dR
1,~1

(Pm
H)→ Ga(Pm

H) = Hom(O(Ga),Pm
H)→ Pm

H

where the first arrow is (5.8), the second is the canonical projection afforded by

(5.16), and the third is evaluation at the element E2(0) ∈ O(Ga). For every σ ∈ B3

the motivic period rm(σ) is a rational multiple of L because E2(0) spans Q(−1). It

is a motivic lift of a homomorphism r constructed by Matthes [38, 39] that we shall

revisit in §14.5.

The top horizontal homomorphism in Diagram 10.1 is then given by the formula

σ 7→
(
exp(rm(σ)e2)Cmf(σ), f(σ)m0

)
.

Here f : B3 → SL2(Z) is the homomorphism defined in Proposition 8.1.4, and the

unipotent and reductive parts of the image of an element γ ∈ SL2(Z) under the

natural map SL2(Z) → GdR
1,1(Pm

H), as defined in Definition 5.2.6, are denoted Cmγ
and γm0 respectively. The assignment σ 7→ exp(rm(σ)e2)Cmf(σ) defines an element of

Z1(B3,UdR
1,~1

(Pm
H)) because e2 ∈ u1,~1 is central.

Definition 10.1.1 (Series Ψ). Let S̃ = (tAtBtA)−1 ∈ B3, so that f(S̃) = S. Compo-

sition along the top row of Diagram (10.1) sends S̃ to

S̃m = (Ψ, Sm
0 ),

where Ψ := exp(rm(S̃)e2)CmS . The element Ψ is the motivic modular inverter.

Definition 10.1.2. Let η :=
∫ m

S̃
E2(0). Then η is precisely

rm(S̃) = Ψ[e2] := coefficient of the word e2 in the series Ψ.

We compute η = L/8 in Corollary 14.4.2.
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Remark 10.1.3 (Integrals along S and S̃). The algebra Mm is generated by Co(CmS )

and Co(CmT ) = Q[L]. Since Ψ = exp(ηe2)CmS , where η ∈ QL and CmS is invertible, it

follows that Mm = Co(Ψ). Elements of Co(Ψ) may be decomposed into elements of

Co(CmS ) multiplied by powers of η as follows.

The projection UdR
1,~1
∼= UdR

1,1 ×Ga → UdR
1,1 sending e2 7→ 0 is dual to an inclusion

j : O(UdR
1,1 ) ↪→ O(UdR

1,~1
) ∼= O(UdR

1,1 )⊗Q[E2(0)]

satisfying Ψ◦j = CmS ∈ Hom(O(UdR
1,1 ),Pm

H). This implies that
∫ m

S̃
E2n+2(b) =

∫ m

S
E2n+2(b)

whenever n > 0. The integral of any element of O(UdR
1,~1

) can therefore be decomposed

as an integral along S multiplied by a power of η =
∫ m

S̃
E2(0).

10.2 The coefficients of µ(Ψ)

The discussion in Remark 8.2.2 implies that that µ(Ψ) is a canonical element of

Ugeom(Pm
H). The coefficient space Co(µ(Ψ)) is of central interest.

Recall that the monodromy morphism µ : UdR
1,~1
→ Aut(πdR

1 (E×∂/∂q , ∂/∂w)) factors

through the totally holomorphic quotient UdR,hol
1,1 , whose points are grouplike power

series in the symbols 5.17. Proposition 9.2.1 implies that µ vanishes on words involv-

ing a cuspidal symbol e′f or e′′f . This means that the coefficients of the series µ(Ψ)

(and therefore µ(CmS )) are a priori totally holomorphic motivic iterated Eisenstein

integrals.

However, the image of the monodromy morphism µ : UdR
1,~1
→ Aut(πdR

1 (E×∂/∂q , ∂/∂w))

is a subgroup of Aut(πdR
1 (E×∂/∂q , ∂/∂w)), which is a pro-object of MT(Z) [9, 27]. There-

fore Co(µ(Ψ)) is also a Q-subalgebra of Pm
MT(Z)

∼= Zm[L±]. In other words, the co-

efficient space of µ(Ψ) consists of linear combinations of motivic iterated Eisenstein

integrals that are elements of Pm
MT(Z)

∼= Zm[L±]. It is somewhat remarkable that the

monodromy morphism µ cuts out precisely the space of motivic iterated integrals

that we are interested in!

Our main goal is to show that Co(µ(Ψ)) is as large as possible within Pm
MT(Z) i.e.

that its image contains all motivic MZVs. We describe the strategy in more detail at

the start of §12.
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Chapter 11

The Hain morphism and the series
αm and βm

In this chapter we study how the fundamental groups of P1\ {0, 1,∞} and E×∂/∂q are

related. The main link comes in the form of a morphism φ : πdR
1 (P1\ {0, 1,∞},~11)→

πdR
1 (E×∂/∂q , ∂/∂w) called the Hain morphism. This establishes a link between multiple

zeta values and the periods of the Tate curve.

11.1 The Hain morphism

The Hain morphism [26, §12.2, §16-18], [9, §3.3] is a morphism of de Rham fundamen-

tal groups πdR
1 (P1\ {0, 1,∞},~11) → πdR

1 (E×∂/∂q , ∂/∂w). It is obtained by pulling back

the universal elliptic Knizhnik-Zamolodchikov-Bernard (KZB) connection [26, 14] to

P1(C)\ {0, 1,∞}. One obtains a version of the Knizhnik-Zamolodchikov (KZ) connec-

tion [33] with modified residues at the poles {0, 1,∞}. The values of these residues

define the Hain morphism, as explained below.

Definition 11.1.1 (Hain morphism). The Hain morphism is a morphism of affine

group schemes φ : πdR
1 (P1\ {0, 1,∞},~11)→ πdR

1 (E×∂/∂q , ∂/∂w) over Q. It is equivalent

to the continuous Lie algebra homomorphism φ : Lie(x0, x1)∧ → Lie(a, b)∧ given by

x0 7→
ad(b)

ead(b) − 1
(a) =

∑
k≥0

Bk

k!
ad(b)k(a)

x1 7→ −[a, b].

Remark 11.1.2. A remarkable consequence of the motivic theory is that although

there is no algebraic morphism P1\ {0, 1,∞} → E×∂/∂q defined over Q, there is an

inclusion of topological spaces P1(C)\ {0, 1,∞} ↪→ E×∂/∂q(C), and this still induces a

morphism of affine group schemes over Q at the level of Betti/de Rham fundamental
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groups. The Hain morphism may be defined as follows: let ∇ be the connection

on the bundle over P1(C)\ {0, 1,∞} obtained as the pullback of the universal KZB

connection to P1(C)\ {0, 1,∞} and let p ∈ {0, 1,∞}. Then φ(xp) = resp(∇).

The following basic facts about φ are stated in [27, §27].

Proposition 11.1.3. The Hain morphism is injective and k-equivariant, where k =

Lie(UdR
MT(Z))

∼= Lie(σ3, σ5, . . . )
∧.

11.1.1 Dictionary between filtrations

The Hain morphism relates the weight and depth filtrations on R〈〈x0, x1〉〉 to the filtra-

tions A• and B• on R〈〈a, b〉〉. This is made precise in Lemma 11.1.4, which generalises

[9, Lemma 3.3]. Lemma 11.1.4 is valuable because it allows us to detect motivic MZVs

of a certain weight or depth in the coefficients of elements of πdR
1 (E×∂/∂q , ∂/∂w)(Pm

MT(Z))

by making use of the filtrations on πdR
1 (E×∂/∂q , ∂/∂w) defined in §7.2.2. This is covered

in Lemmas 11.4.1 and 11.4.2.

Recall that a morphism of filtered algebras f : F •A → G•B is said to be strict if

f(F rA) = f(A) ∩GrB.

Lemma 11.1.4. The Hain morphism induces strict morphisms of filtered R-algebras

φ : W•R〈〈x0, x1〉〉 → A•R〈〈a, b〉〉

φ : D•R〈〈x0, x1〉〉 → B•R〈〈a, b〉〉.

Proof. Let w ∈ R〈〈x0, x1〉〉. By linearity we may assume that w is a word in the

letters x0, x1, which may be written in the general form

w = xk10 xl11 . . . x
kn
0 xln1 , where k1, ln ≥ 0 and k2, . . . , kn, l1, . . . , ln−1 ≥ 1. (11.1)

Definition 11.1.1 implies that φ(x0) = a+d, where d ∈ D1L(a, b)∧, and φ(x1) = −[a, b].

Applying φ to (11.1) gives

φ(w) = (−1)l(a + d)k1 [a, b]l1 · · · (a + d)kn [a, b]ln (11.2)

where l := l1 + · · ·+ ln. We have a + d ∈ A1 ∩B0 and [a, b] ∈ D1 ⊆ A1 ∩B1.

The Lie subalgebra of Lie(a, b) generated by a and [a, b] is free. Hence the map

R〈〈a, [a, b]〉〉 → R〈〈a, b〉〉 is injective. We can therefore compare (11.1) and (11.2) to

obtain

w ∈ WrR〈〈x0, x1〉〉 ⇐⇒ k1 + · · ·+ kn + l1 + · · ·+ ln ≥ r ⇐⇒ φ(w) ∈ ArR〈〈a, b〉〉.
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Similarly, we have

w ∈ DrR〈〈x0, x1〉〉 ⇐⇒ l1 + · · ·+ ln ≥ r ⇐⇒ φ(w) ∈ BrR〈〈a, b〉〉.

Remark 11.1.5. For a more conceptual proof that φ is strict with respect to the depth

see [27, Proposition 28.2].

11.2 The series αm and βm

Recall that πtop
1 (E×∂/∂q , ∂/∂w) is a free group on the generators α and β defined in

§5.1.1.2. Under the natural map πtop
1 (E×∂/∂q , ∂/∂w) → πdR

1 (E×∂/∂q , ∂/∂w)(Pm
H) these

elements are sent to two power series

αm, βm ∈ G(Pm
H〈〈a, b〉〉)

which were mentioned in §5.4.2. Using the Hain morphism, it is possible to explicitly

write down these series in terms of the exponential series and associators of §5.3.2.1

and §5.3.2.2. Conceptually, this follows because E×∂/∂q(C) can be constructed topo-

logically from P1(C)\ {0, 1,∞} very simply [26, §16]. This has the effect of equipping

(O(πB
1 (E×∂/∂q , ∂/∂w)),O(πdR

1 (E×∂/∂q , ∂/∂w)), comp) with the structure of an ind-object

in MT(Z) [9, 27]. The following lemma gives equations for αm and βm; the reader

may wish to refer to Figures 11.1 and 11.2 for diagrams to aid the proof.

Lemma 11.2.1. The series αm and βm are given explicitly by

αm = φ(Φm
1∞)e−Lφ(x∞)φ(Φm

∞1),

βm = e−
L
2
φ(x1)φ(Φm

10)e−bφ(Φm
∞1).

Proof. These formulae are obtained from the topological model for E×∂/∂q(C) in terms

of P1(C)\ {0, 1,∞} given in [26, §16], described briefly in §5.1.1.2. (Note that this

is a topological construction, and not algebraic.) This induces a homomorphism

φ0 : πtop
1 (P1\ {0, 1,∞},~11) → πtop

1 (E×∂/∂q , ∂/∂w) of topological fundamental groups,

and a commutative diagram

πtop
1 (P1\ {0, 1,∞},~11) πtop

1 (E×∂/∂q , ∂/∂w)

πdR
1 (P1\ {0, 1,∞},~11)(Pm

MT(Z)) πdR
1 (E×∂/∂q , ∂/∂w)(Pm

MT(Z))

φ0

φ
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where the vertical arrows are the natural morphisms (5.8); they land in the Pm
MT(Z)-

points of the respective fundamental groups because the affine rings of each are ind-

objects in MT(Z).

Let

γ := dch1∞ ·σ−1
∞ · dch∞1 ∈ πtop

1 (P1\ {0, 1,∞},~11), (11.3)

where σp ∈ πtop
1 (P1\ {0, 1,∞},~1p) denotes the homotopy class of a small counterclock-

wise loop around the punctured point p ∈ {0, 1,∞}. We have φ0(γ) = α, [26, §16].

Under the map πtop
1 (P1\ {0, 1,∞},~11)→ πdR

1 (P1\ {0, 1,∞},~11)(Pm
MT(Z)), we have

γ 7→ γm := Φm
1∞e

−Lx∞Φm
∞1.

It follows that αm = φ(γm).

The path β is slightly different, as it is not in the image of φ0. Instead, it

is constructed in two stages. First we take the paths δ1 := (γ−,+1 )−1 · dch10 ∈
πtop

1 (P1\ {0, 1,∞},~11,−~10) and δ2 := dch∞1 ∈ πtop
1 (P1\ {0, 1,∞},~1∞,−~11), where

γ±,∓p represents the homotopy class of a counterclockwise semicircle from ±~1p to ∓~1p
on P1(C)\ {0, 1,∞}. Their images in the Pm

MT(Z)-points of the respective de Rham

path torsors are δm1 = exp(−Lx1/2)Φm
10 and δm2 = Φm

∞1.

We then identify the boundary circles around the punctures at 0 and∞ to obtain

a space homotopic to E×∂/∂q(C) (this identification is done without twisting; see [26,

§18.1]). The element β is the result of first traversing δ1, then identifying the boundary

circles, and then traversing δ2. The identification contributes a factor of e−b [26,

§18.1]. This gives βm = δm1 e
−bδm2 .

The formulae in Lemma 11.2.1 can be seen intuitively by comparing Figure 11.1 to

Figure 11.2. Identifying the inner and outer boundary circles as described in Figure

5.1 has the effect of applying the Hain morphism φ to elements in the fundamental

group of πdR
1 (P1\ {0, 1,∞},~11)(Pm

MT(Z)). Composition in the fundamental groupoid

corresponds to concatenation of power series.

Remark 11.2.2 (Hexagon equation). The element γ is homotopic to the path

γ+,−
1 · dch10 · σ0 · dch01 · γ−,+1 .

For this reason, or equivalently by directly using the hexagon equation for Φm
ij [18],

the element αm may also be written

αm = e
L
2
φ(x1)φ(Φm

10)eLφ(x0)φ(Φm
01)e

L
2
φ(x1).
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<
γm

∞

>

eLx∞/2

<
eLx∞/2

>
Φm

01

>
Φm

1∞

>

eLx1/2

<
eLx1/2

>
Φm
∞1

>

eLx0/2

<
eLx0/2

0 1

Figure 11.1: The de Rham fundamental groupoid of P1\ {0, 1,∞} based at the tangent
vectors ±~1p for p ∈ {0, 1,∞}. Homotopies between topological paths induce relations
between exponential series and Drinfeld associators. The element γm is indicated in
blue.

Lemma 11.2.1 implies that the coefficient spaces of αm and βm are contained within

the algebra Pm
MT(Z).

1 This follows because the MHS on πdR
1 (E×∂/∂q , ∂/∂w) is mixed Tate

[7, §13.6].

Formulae similar to those in Lemma 11.2.1 appear in various forms in the litera-

ture. They are the initial values of solutions to the universal elliptic KZB connection

at the cusp [14, Proposition 4.9, Theorem 4.11], [40, Theorem 4.3], [37, §3.1]. In this

case their images under the period map are sometimes denoted A∞ and B∞. The

reader is warned that conventions differ regarding path multiplication and choice of

tangential basepoints on the infinitesimal punctured Tate curve.

Similar formulae also appear in the profinite context [41, Theorem 3.4] when

describing the Galois representation associated to the fundamental group of E×∂/∂q .

11.3 Strategy

In §8.1 we showed that the topological fundamental group πtop
1 (M1,~1,~v)

∼= B3 acts on

πtop
1 (E×∂/∂q , ∂/∂w) = 〈α, β〉. In §8.1.3 we provided a simple formula for the action of

the element S̃ ∈ B3 lifting S ∈ SL2(Z); namely, S̃(β) = α−1.

1In fact they are even contained within the subalgebra Pm,+
MT(Z) ⊆ P

m
MT(Z) of effective periods.
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∞

<
αm

< <

>

<

βm

φ(Φm
10) φ(Φm

∞1)

e−b

eLφ(x0)/2

eLφ(x∞)/2

eLφ(x∞)/2

<
0 1

>

<

>

<

Figure 11.2: The de Rham fundamental groupoid of E×∂/∂q obtained by applying the
Hain morphism to Figure 11.1. The series αm and βm are indicated, and may be
written in terms of exp(Lφ(xp)) and φ(Φm

ij). Only some elements are labelled.

We also showed that the monodromy action lifts to an action of the relative

fundamental group GdR
1,~1

on πdR
1 (E×∂/∂q , ∂/∂w) in §8.2. Because relative completion

is functorial and respects composition of paths, there is a corresponding equation

relating the images of these elements in the Pm
H-points of the respective relative de

Rham fundamental groups, giving the formula S̃m(βm) = (αm)−1.

Now write S̃m = (Ψ, Sm
0 ) using the splitting GdR

1,~1
∼= U1,~1 o SLdR

2 , where Ψ was

defined in Definition 10.1.1. The semidirect product acts through the monodromy

morphism µ as described in §8.2, giving the formula

µ(Ψ)(Sm
0 (βm)) = (αm)−1. (11.4)

This is an equation holding between noncommutative formal power series. By Propo-

sition 9.2.1, µ(Ψ) is a power series in elements of ugeom whose coefficients are motivic

iterated Eisenstein integrals. The elements Sm
0 (βm) and (αm)−1 are power series in

elements of Lie(a, b), on which ugeom acts.

Recall the notion of the coefficient space Co(s) of a series s given in Defintion

7.3.1. Our main goal in this thesis is to show that Co(µ(Ψ)) ⊆ Co(Ψ) contains Zm.

We do this by understanding the distribution of motivic MZVs within Co(Sm
0 (βm))

and Co((αm)−1) which, by the previous section, are both contained within Zm[L]. We
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then use (11.4) to compare the “difference” of the distributions of multiple zeta values

within Co(Sm
0 (β)) and Co((αm)−1). By (11.4), this “difference” is the contribution

from Co(µ(Ψ)).

More precisely, in the next section we use Lemma 11.1.4 to compute bounds on

CoBr (Sm
0 (βm)) and CoBr ((αm)−1) in terms of multiple zeta values of a certain weight

or depth. In Chapter 12, we will use Proposition 9.7.2 to transfer this to information

about CoLr (µ(Ψ)).

11.4 Bounds on coefficients of Sm
0 (βm) and (αm)−1

In this section we gain a sharper understanding of the distribution of these spaces

within Z[L] by using Lemma 11.1.4 to compute bounds on the filtered coefficient

spaces CoBr (Sm
0 (βm)) and CoBr ((αm)−1) in terms of the weight and depth filtrations on

Zm.

11.4.1 The Ar-filtered pieces of βm

In this section we study CoAr (βm). By Lemma 7.3.11 we have

CoBr (Sm
0 (βm)) = Co(Sm

0 (FilrA(βm))) ⊆ CoAr (βm)[L±]

The following lemma gives an upper bound on CoAr (βm) in terms of the weight filtration

on Zm. It therefore gives an upper bound for CoBr (Sm
0 (βm)).

Lemma 11.4.1. For all r ≥ 0 we have

CoAr (βm) ⊆
∑

0≤k≤r

(⊕
0≤j≤k

LjQ

)
Wr−k Zm .

Proof. Recall that

βm = e−
L
2
φ(x1)φ(Φm

10)e−bφ(Φm
∞1) ∈ G

(
P〈〈a, b〉〉×

)
.

We have

FilrA(βm) =
∑

r1+···+r4=r

Filr1A

(
e−

L
2
φ(x1)

)
Filr2A (φ(Φm

10)) Filr3A
(
e−b
)

Filr4A (φ(Φm
∞1))

=
∑

r1+r2+r3=r

φ
(

Filr1W

(
e−

L
2
x1
))

φ (Filr2W (Φm
10)) e−bφ (Filr3W (Φm

∞1)) . (11.5)

The second line follows by applying Lemma 11.1.4 and noting that e−b ∈ A0.
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The Hain morphism is injective and defined over Q. This implies that Co(φ(s)) =

Co(s) for any s ∈ P〈〈x0, x1〉〉. It therefore suffices to compute the coefficient spaces

of the W-filtered pieces of the factors in (11.5).

It is easy to see that CoWr (e−Lx1/2) =
⊕r

j=0 LjQ and Co
(
e−b
)

= Q. Proposition

7.3.8 states that for any i 6= j we have CoWr (Φm
ij) = Wr Zm. Therefore

CoAr (βm) =
∑

r1+r2+r3=r

(
r1⊕
j=0

LjQ

)
·Wr2 Zm ·Wr3 Zm. (11.6)

The weight filtration satisfies Wr Zm ·WsZm ⊆Wr+sZm, which gives the result.

11.4.2 The Br-filtered pieces of (αm)−1

In this section we compute a lower bound on CoBr ((αm)−1) in terms of the depth

filtration on motivic MZVs.

Lemma 11.4.2. For all r ≥ 0 we have LDr Zm ⊆ CoBr (αm)−1).

Remark 11.4.3 (Proof strategy). While the proof may appear complicated, the strat-

egy is simple: we compute an expression (equation (11.9)) for FilrD((γm)−1) modulo

products of MZVs of positive weight, where γm = Φm
1∞e

−Lx∞Φm
∞1 as before. The for-

mula has a leading term consisting of a generating series for motivic MZVs ζm(w)

where w has depth precisely r, followed by a correction term whose coefficients

are motivic MZVs of depth strictly less than r. This explicitly demonstrates that

CoDr ((γm)−1) contains all MZVs of depth at most r, multiplied by L. We then use the

fact that φ(γm) = αm and that φ : D•πdR
1 (P1\ {0, 1,∞},~11)→ B•πdR

1 (E×∂/∂q , ∂/∂w) is

a strict morphism of filtered objects to conclude.

Throughout this section we fix P := Pm,+
MT(Z) to be the subalgebra of effective

periods of mixed Tate motives over Z.

Proof of Lemma 11.4.2. Let γ be as in (11.3). Its image in πdR
1 (P1\ {0, 1,∞},~11)(P)

is γm = Φm
1∞e

−Lx∞Φm
∞1. Recall that φ(γm) = αm. By Lemma 11.1.4, it suffices to

prove that

LDr Zm ⊆ CoDr ((γm)−1). (11.7)

This is trivially true for r = 0, so from now on we assume that r ≥ 1. Define

I := Zm
>0Zm

>0 + LZm
>0Zm

>0. This is an ideal of P , and hence induces a homomor-

phism πdR
1 (P1\ {0, 1,∞},~11)(P) → πdR

1 (P1\ {0, 1,∞},~11)(P/I). It sends (γm)−1 to

an element γ̄.
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We may regard CoDr (γ̄) as the subspace of CoDr ((γm)−1)) spanned by coefficients

that are not products of two positive-weight MZVs. Therefore it suffices to prove

(11.7) with (γm)−1 replaced by γ̄, using the D-filtration defined on (P/I)〈〈x0, x1〉〉.
We show this by direct calculation.

To begin, write Φm
1∞ = 1 + u and Φm

∞1 = 1 + v, where u, v ∈ Zm
>0〈〈x0, x1〉〉.

The property Φm
1∞Φm

∞1 = 1 implies that u ≡ −v (mod Zm
>0Zm

>0). Expanding in

(P/I)〈〈x0, x1〉〉 gives

γ̄ ≡ (1− v)eLx∞(1 + v) ≡ eLx∞ + L ad(x∞)(v) (mod I). (11.8)

We now compute v. Recall that Φm
∞1 = τ0∞(Φm

01), where

τ0∞(x0) = x∞ = −(x0 + x1), τ0∞(x1) = x1.

It is clear from the formula that τ0∞ preserves the depth filtration and that the asso-

ciated depth-graded morphism is multiplication by (−1)(x0-degree) = (−1)weight− depth.

Filtering Φm
01 by the depth gives

Φm
01 = 1 +

∑
k≥1

∑
depth(w)=k

ζm(w)w.

We obtain

v = τ0∞(Φm
01)− 1

≡
∑

depth(w)=r

(−1)weight(w)−depth(w)ζm(w)w + t (mod Dr+1Zm〈〈x0, x1〉〉),

where t ∈ Dr−1Zm〈〈x0, x1〉〉 is the contribution from applying τ0∞ to Dr−1\Dr.
Using that x∞ ≡ −x0 (mod D1), the final term in (11.8) may be approximated:

ad(x∞)(v) ≡ − ad(x0)

 ∑
depth(w)=r

(−1)weight(w)−rζm(w)w

+ t′ (mod Dr+1) (11.9)

where t′ ∈ Dr−1Zm〈〈x0, x1〉〉 is the contribution from applying τ0∞ to Dr−1\Dr.
Consider the words in this sum beginning with the letter x1. As w ranges over all

words of depth r, the coefficients of these words range over the Q-vector space of all

admissible motivic MZVs of depth r (see Remark 4.3.3). This vector space is equal

to the space of all motivic MZVs of depth r by shuffle-regularisation.

Induction on all s < r implies that Co(t′) contains LDr−1Zm. Equations (11.8)

and (11.9) imply that CoDr (γ̄) contains LDr Zm, which completes the proof.
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Chapter 12

Main calculation

This chapter is devoted to the proof of our main result:

Theorem 12.0.1. Every motivic MZV of weight n and depth r is a Q-linear combi-

nation of motivic iterated Eisenstein integrals of the form

Lm
∫ m

S

E2n1+2(b1) . . . E2ns+2(bs)

of length s ≤ r and total modular weight N ≤ n+ s, where m := n− s−
∑
bi ≥ 0.

12.1 Proof idea

The main idea behind the proof of Theorem 12.0.1 is to detect coefficients of µ(CmS ) by

comparing those of αm and βm. This comparison is achieved as follows. As explained

in §11.3, the topological equation S̃(β) = α−1 given in (8.3) induces the following

equation at the level of Pm
H-points of πdR

1 (E×∂/∂q , ∂/∂w):

µ(Ψ) (Sm
0 (βm)) = (αm)−1.

This equation relates (αm)−1 and Sm
0 (βm), which are generating series for motivic

MZVs, via µ(Ψ), which is a generating series for linear combinations of mixed Tate

motivic iterated Eisenstein integrals.

This equation may be filtered with respect to B•πdR
1 (E×∂/∂q , ∂/∂w)(Pm

MT(Z)). Com-

bining with the bounds given in Lemmas 11.4.1 and 11.4.2, we will show that for all

r ≥ 0

Dr Zm ⊆ 〈iterated Eisenstein integrals of length s ≤ r〉Q[L±].

The proof concludes by relating the modular weights to the MZV weights using the

MHS on O(Ugeom). The canonical bigrading discussed in §9.4 splits both weight
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filtrations and the Hodge filtration on O(Ugeom). This extra information also fixes

the powers of L that can occur in the linear combination of motivic iterated Eisenstein

integrals equal to a particular motivic MZV. In particular, we show that a precise

nonnegative power of L is required for each term in this linear combination.

Remark 12.1.1. The weight filtration W•Zm is given by the length filtration of iter-

ated integrals on P1\ {0, 1,∞}. Theorem 12.0.1 therefore implies that there is a large

reduction in the length of the iterated integral expressing a given multiple zeta value

in passing from P1\ {0, 1,∞} to M1,1.

12.2 Comparing depth and length

Proposition 12.2.1 below, which proves the first part of Theorem 12.0.1, relates the

depth filtration on motivic MZVs to the length filtration on iterated Eisenstein inte-

grals as follows:

Proposition 12.2.1. Let r ≥ 0 and let Hr := CoLr (µ(Ψ)). There is an inclusion

Dr Zm ⊆ Hr[L±].

Proof. The equation S̃(β) = α−1 of §8.1.3 implies that

µ(Ψ) (Sm
0 (βm)) = (αm)−1. (12.1)

By Proposition 9.7.2 we have Lr Ugeom ⊆ Br Ugeom for each r ≥ 0. Therefore we may

apply CoBr to both sides of equation (12.1) and decompose the coefficient space using

Proposition 7.3.5 to obtain

CoBr ((αm)−1) =
∑
i+j=r

CoLi (µ(Ψ)) · CoBj (Sm
0 (β))

=
∑
i+j=r

Hi · Co(Sm
0 (FiljA(βm))).

In going from the first to the second line we use Lemma 7.3.11, which implies that

FilrB ◦Sm
0 = Sm

0 ◦FilrA. We then combine the bounds on the coefficient spaces CoAr (βm)

and CoBr ((αm)−1) given in Lemmas 11.4.1 and 11.4.2 with the previous formula to
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obtain

LDr Zm ⊆ CoBr ((αm)−1)

=
∑
i+j=r

Hi · Co(Sm
0 (FiljA(βm)))

⊆
∑
i+j=r

Hi · CoAj (βm)[L±]

⊆
∑
i+j=r

Hi ·

( ∑
0≤k≤j

(⊕
0≤l≤k

LlQ

)
Wj−k Zm

)
[L±]

⊆
∑
i+j=r

Hi ·

( ∑
0≤k≤j

Wj−k Zm

)
[L±]

⊆
∑
i+j=r

Hi ·Wj Zm[L±].

(12.2)

The first line uses Lemma 11.4.2 to give a lower bound on CoBr ((αm)−1) in terms of

the depth filtration on Zm. To go from the second to third line we use Co(Sm
0 (s)) ⊆

Co(s)[L±] for any series s ∈ Pm
H〈〈a, b〉〉; this follows from the formula Sm

0 (a, b) =

(−L−1b,La) given in (7.3). To go from the third to the fourth line we apply Lemma

11.4.1 which provides an upper bound on CoAj (βm) in terms of the weight filtration

on Zm. The remaining simplifications follow by allowing multiplication by arbitrary

powers of L.

We now use induction to show that Dr Zm ⊆ Hr[L±] for all r. The case r = 0 is

trivially true, and the case r = 1 is known by Brown’s formula for the length 1 part

of CmS , [7, §15.4]. So let us assume that for all k ≤ r we have Dk Zm ⊆ Hk[L±]. Then

apply (12.2) and the induction hypothesis to obtain

LDr+1Zm ⊆
∑

i+j=r+1
j>0

Hi ·Wj Zm[L±] +Hr+1[L±]

⊆
∑
i+j=r

Hi ·Hj[L±] +Hr+1[L±]

⊆ Hr+1[L±].

The transition from the first to the second line follows from the trivial inclusion

Wj Zm ⊆ Dj−1Zm, coming from the fact that every motivic MZV can be written

as a linear combination of admissible MZVs, followed by applying the induction hy-

pothesis. Now invert the leading L to obtain Dr+1Zm ⊆ Hr+1[L±]. This proves the

inductive step and completes the proof.
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12.3 Proof of Theorem 12.0.1

It is now possible to prove Theorem 12.0.1. The essential input is Proposition 12.2.1,

which relates the MZV depth to the iterated Eisenstein integral length, together with

information on the MHS of O(Ugeom), which relates the MZV weight to the modular

weight.

Proof of Theorem 12.0.1. By Proposition 12.2.1, there is an inclusion Dr Zm ⊆ Hr[L±]

for every r ≥ 0. Recall that Hr is the image of Lr(O(Ugeom)⊗Q Q[E2(0)]) under the

homomorphism

µ(Ψ): O(Ugeom)⊗Q Q[E2(0)]→ Pm
MT(Z)

where the length filtration on O(Ugeom) ⊗Q Q[E2(0)] is the restriction of the length

filtration L•O(UdR
1,~1

) defined in Definition 5.2.8.

The H-subobject O(Ugeom) of O(UH1,1) is mixed Tate, and the element E2(0) spans

a copy of Q(−1). Therefore, by Remark 7.2.7, the Q-vector space Hr ⊆ Pm
MT(Z) is

spanned by linear combinations of iterated Eisenstein integrals∫ m

S̃

E2n1+2(b1) · · ·E2ns+2(bs), with s ≤ r and nj ≥ 0,

that are equal to mixed Tate motivic periods. We then use Remark 10.1.3 to split such

integrals into products of nonnegative powers of L and iterated Eisenstein integrals

along S ∈ πtop
1 (M1,1, ∂/∂q). This proves the first part of Theorem 12.0.1.

We now turn to determining the weight. There is a canonical bigrading on

O(0ΠdR
1 ) and O(Ugeom)[L±] that is compatible with the natural grading on GdR

MT(Z)
∼=

UdR
MT(Z) oGm by [27, §23] (see also (4.12)). It is given as follows.

Recall that O(0ΠdR
1 ) is canonically isomorphic to the shuffle algebra T c(e0, e1) by

[16]. The grading is given by assigning both e0 and e1 degree 1. On the other hand,

recall from §9.7.1 that O(Ugeom) is a subalgebra of the shuffle algebra on the symbols

E2n+2(b). The grading on O(Ugeom)[L±] is given by assigning E2n+2(b) degree b + 1

and L degree 1 (so that L−1 has degree −1).

Let ζm(w) ∈ Zm
n be a motivic multiple zeta value of weight n. It follows that

w ∈ T c(e0, e1) has degree n.

Now let us suppose further that ζm(w) ∈ Dr Zm (i.e. that it has depth at most

r). By the previous part of the proof we may write ζm(w) as a linear combination of

the form

ζm(w) =
∑

λLm
∫ m

S

E2n1+2(b1) · · ·E2ns+2(bs) (12.3)
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where each1 s ≤ r, m ∈ Z and for each 1 ≤ j ≤ s we have 0 ≤ bj ≤ 2nj. We also

define aj := 2nj − bj so that aj + bj = 2nj.

By construction, Lm[E2n1+2(b1)| · · · |E2ns+2(bs)] is an element of O(Ugeom)[L±]. It

has degree m+ s+
∑s

j=1 bj.

The gradings described above are compatible with the action of GdR
MT(Z) on each

side of (12.3). We deduce that

n = m+ s+
s∑
j=1

bj. (12.4)

We now show that m ≥
∑
aj, from which the result follows.

Let γ ∈ πtop
1 (M1,1, ∂/∂q). For all n ≥ 0, the coefficient of e2n+2Y

2n in Cmγ (i.e. the

value
∫ m

γ
E2n+2(2n)) is an effective motivic period.2 This follows because E2n+2(2n)

spans the effective motive Q(−2n− 1).

Recall that the symbols X and Y are a basis for the standard representation V dR
1

of SLdR
2 . It has the Hodge structure Q(0) ⊕ Q(1), where X spans Q(0) and Y spans

Q(1). Its symmetric power V dR
2n = Sym2n(V dR

1 ) has a basis consisting of all monomials

XaYb with a + b = 2n. The generator XaYb may be obtained from Y2n by applying

the sl2-generator L−1X∂/∂Y a times. This operator has weight zero in gl(V dR
2n ).

It follows that
∫ m

γ
E2n+2(b) is the quotient of an effective motivic period by La.

This is also true of iterated integrals of such forms. Hence, each integral on the RHS

of (12.3) above must be of the form∫ m

S

E2n1+2(b1) · · ·E2ns+2(bs) =
κ

La1+···+as
,

where κ ∈ Pm,+
H is effective.

As ζm(w) is effective, each term on the right hand side of (12.3) is also effective. It

follows that each integer m satisfies m ≥
∑
ai. In particular this implies that m ≥ 0,

which proves that Dr Zm ⊆ Hr[L]. Finally, by combining the bound m ≥
∑
ai with

(12.4) we obtain

n = m+ s+
s∑
j=1

bj ≥ N − s,

where the total modular weight is

N :=
s∑
j=1

(2nj + 2) =
s∑
j=1

(aj + bj + 2).

This produces the bound N ≤ n+ s and completes the proof.

1Each term in this linear combination has its own length s ≤ r and choice of nj , aj , bj .
2See [8, §3.3] for a definition of effective H-periods.
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Chapter 13

Galois-theoretic consequences

The benefit of working at the level of motivic periods throughout is that it gives

access to structure results for the category of mixed Tate motives over Z. In this

chapter we apply this to prove a faithfulness result for the Galois action on ugeom. We

also discuss the relevance of this result to a conjecture of Oda.1

13.1 Modular generator for MT(Z)

Recall from Proposition 9.5.2 that O(Ugeom) is an ind-object of MT(Z). It is therefore

equipped with an action of the motivic Galois group GdR
MT(Z). The following theorem,

which follows from Theorem 12.0.1, can be seen as a “modular” analogue of Brown’s

main result in [5].

Theorem 13.1.1. The group GdR
MT(Z) acts faithfully on O(Ugeom).

By Tannakian duality, Theorem 13.1.1 is equivalent to:

Corollary 13.1.2. The affine ring O(Ugeom) generates MT(Z).

The central idea of the proof of Theorem 13.1.1 is to exhibit a specific element ε ∈
Ugeom(Pm

MT(Z)) with sufficiently many coefficients to distinguish elements ofGdR
MT(Z)(Q).

By Theorem 12.0.1 the element ε = µ(CmS ) has this property.

Proof of Theorem 13.1.1. The action of GdR
MT(Z)

∼= UdR
MT(Z) oGm on O(Ugeom) is equiv-

alent to the Galois action on the group of points

Ugeom(Pm
MT(Z))

∼= Hom(O(Ugeom),Pm
MT(Z)).

1Now a theorem by [51, 5].
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For ε ∈ Ugeom(Pm
MT(Z)) and g ∈ GdR

MT(Z)(Q), this action is given by(
O(Ugeom)

ε−→ Pm
MT(Z)

)
7→
(
O(Ugeom)

g−→ O(Ugeom)
ε−→ Pm

MT(Z)

)
.

This, in turn, is equivalent to the Galois action on Ugeom(Pm
MT(Z)) via the action on

coefficients ; by viewing ε as a series ε =
∑

w εww with εw ∈ Pm
MT(Z) and w ranging

over a basis for O(Ugeom), it is defined by g(ε) =
∑

w g(εw)w, where g acts on Pm
MT(Z)

as in (4.10).

Let ε = µ(CmS ) ∈ Ugeom(Pm
MT(Z)), and let g ∈ UdR

MT(Z)(Q). Suppose that g(ε) = ε.

Then for each basis element w ∈ O(Ugeom) we must have

g(εw) = εw. (13.1)

Since g ∈ UdR
MT(Z)(Q) it also follows that g(L) = L.

Theorem 12.0.1 implies that there is aGdR
MT(Z)-equivariant inclusionZm ↪→ Co(ε)[L].

This means that any ζm(w) ∈ Zm may be written as a linear combination

ζm(w) =
∑
w

λwLmwεw

where w ranges over a set of basis elements for O(Ugeom), λw ∈ Q are zero for all but

finitely many w, and the integer mw ≥ 0 is determined as in Theorem 12.0.1. Since

g fixes L it follows that g(Lmw) = Lmw for each w.

Equation (13.1) therefore implies that g(ζm(w)) = ζm(w) for each ζm(w) ∈ Zm.

In other words, g acts trivially on Zm. But the action of UdR
MT(Z) on Zm is faithful by

Brown’s theorem [5], so g = id. This proves that the action of UdR
MT(Z) on Ugeom(Pm

MT(Z))

is free, and hence faithful. The compatibilities outlined above then imply that the

action of UdR
MT(Z) on O(Ugeom) is faithful.

The affine ring O(Ugeom) is an ind-object in MT(Z). Its weight filtration is canon-

ically split by the Hodge filtration as in (4.12) and the multiplicative group Gm acts

faithfully on the associated weight-graded. It follows that the full motivic Galois

group GdR
MT(Z) = UdR

MT(Z) oGm also acts faithfully on O(Ugeom).

Remark 13.1.3. Theorem 13.1.1 is equivalent to the statement that the Lie algebra

ugeom = Lie(Ugeom) generates MT(Z).

It is a priori very surprising that these “modular” generators exist; instead of

being constructed directly from the cohomology of projective spaces, as is customary

for mixed Tate motives, they emerge from the relative completion of the fundamental

group ofM1,1 and its action on the fundamental group of the punctured Tate curve.

118



13.2 Oda’s conjecture

Oda’s conjecture [43] was proven by Takao [51], building on work of Ihara, Matsumoto

and Nakamura, as well as Brown’s result [5]. Although it is a statement about relative

pro-` completions of mapping class groups and their associated Galois action, Oda’s

conjecture implies the following statement at the motivic level [25].

Recall that LieπdR
1 (E×∂/∂q , ∂/∂w) is canonically isomorphic to Lie(a, b)∧. It is a

pro-object of MT(Z) and thus a k-module, where k = Lie(UdR
MT(Z)). This isomorphism

preserves the motivic structure, where we recall that a spans Q(1) and b spans Q(0).

The associated bigraded is isomorphic to Lie(a, b), which is also a k-module. Conse-

quently, there is a homomorphism

ρ : k→ Der Lie(a, b)

whose image normalises2 the subalgebra ugeom. Let u1,~1 = Lie(UdR
1,~1

). The monodromy

action of §8.2 induces a homomorphism

µ : u1,~1 → Der Lie(a, b),

whose image is ugeom⊕Qε2.

Proposition 9.5.2 implies that ugeom is equipped with a k-action described by a

Lie algebra homomorphism ρ̃ : k→ Der(ugeom). It is compatible with the k-action on

Lie(a, b) via ρ in the sense that ρ̃(σ) = ad(ρ(σ)) as elements of Der(ugeom).

Oda’s conjecture implies that ρ induces an injection k ↪→ N(ugeom)/ ugeom, where N

denotes the normaliser [27, Remark 29.3]. Since k is a free subalgebra ofN(ugeom)/ ugeom,

its adjoint action on N(ugeom)/ ugeom is faithful.

Theorem 13.1.1 can be regarded as an “orthogonal” statement to Oda’s conjecture

because it says that the action of k on ugeom is also faithful. This is surprisingly

nontrivial, for the following reason. In [9], Brown showed that k acts faithfully on

Lie(a, b) and that there is a choice of generators σ2n+1 ∈ k that act via

ρ(σ2n+1) ≡ ε∨2n+2 (mod W−2n−3 Der Lie(a, b)). (13.2)

If ugeom were free, (13.2) would trivially imply that ρ̃ is injective, which is equivalent

to the statement that k acts faithfully on ugeom. But ugeom is not free, due to the

Pollack relations of §9.6. The Pollack relations therefore pose a potential obstruction

to a faithful Galois action on ugeom arising from cusp forms for SL2(Z). Theorem

13.1.1 implies that ρ̃ is still injective despite this obstruction.
2This means that [im(ρ), ugeom] ⊆ ugeom, or equivalently that σ 7→ ad(ρ(σ))|ugeom defines a Lie

algebra homomorphism k→ Der(ugeom).
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Chapter 14

Example in depth 1

In this chapter we compare our results with Brown’s formula for Fil1L(CmS ) [7, §15.4].

Brown’s formula explicitly demonstrates that all odd motivic zeta values appear in

Co(µ(CmS )). This comparison allows us to compute the motivic period η appearing in

the formula for Ψ.

Doing so uses several interesting computational tools, such as a depth 1 version

of the Baker-Campbell-Hausdorff formula, which has a connection to Euler’s formula

for the even zeta values ζ(2n). We also give an interpretation of the value of the

motivic period η defined in Definition 10.1.2 in terms of a cocycle for the braid group

constructed by Matthes [38, 39]. It therefore seems worthwhile to include an expanded

account of the depth 1 case here.

14.1 Brown’s computation of CmS in length 1

In [7, §15.4], Brown gives a formula for Fil1L(CmS ). When written in the de Rham

normalisation his formula is

Fil1L(CmS ) = 1 +
∑
n≥1

e2n+2

[
(2n)!

2
ζm(2n+ 1)

(
X2n

L2n
− Y2n

)
+ Le0

2n+2,S

]
+ C. (14.1)

Here:

• e0
2n+2,S is a homogeneous polynomial of degree 2n in X and LY. The degree of

each individual variable in each term is odd. It is the Q(L)-rational part of the

cocycle for SL2(Z) attached to G2n+2, evaluated at S;

• C ∈ ker(µ) is a contribution from generators associated to cusp forms.

Formula (14.1) already provides a lot of useful information. It is possible to

directly read off the fact that all odd motivic zeta values are single motivic integrals
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of Eisenstein series. The term C is also interesting, and gives information about the

periods and quasi-periods of Hecke eigenforms [7].

Brown’s formula also gives cohomological information. The term enclosed in

square brackets in (14.1) is the value at S of the period polynomial cocycle for

SL2(Z) attached to G2n+2. The motivic zeta values ζm(2n + 1) are coefficients of

the coboundary terms L−2nX2n − Y2n = (Sm
0 − I)Y2n. In cohomology these cobound-

ary terms vanish, and the cocycle attached to G2n+2 is rational up to powers of L.

14.2 Explicit calculation

Recall that Ψ = exp(ηe2)CmS , where η ∈ QL. The element Ψ satisfies µ(Ψ)(Sm
0 (βm)) =

(αm)−1, and Proposition 9.2.1 implies that µ(e2) = 2ε2. Consequently, we have

e2ηε2µ(CmS )(Sm
0 (βm)) = (αm)−1.

We now filter this equation modulo B2. We may expand the exponential to obtain

Fil1B
(
(αm)−1

)
≡ e2ηε2 Fil1B [µ(CmS )(Sm

0 (β))]

≡ (1 + 2ηε2) Fil1B [µ(CmS )(Sm
0 (β))]

≡ Fil1B [µ(CmS )(Sm
0 (β))] + 2ηε2

(
Fil0B [µ(CmS )(Sm

0 (β))]
)

≡ Fil1L(µ(CmS ))
(
Fil1B(Sm

0 (βm))
)

+ 2ηε2(Fil0L(CmS )(Fil0B(Sm
0 (βm)))

≡ Fil1L(µ(CmS ))
(
Sm

0 (Fil1A(βm))
)

+ 2ηε2(e−La) (mod B2). (14.2)

The second line follows because ε2 ∈ L1. The third line follows by expanding the

first factor and noting that ε2(w) ≡ 0 (mod B2) for any w ∈ B1\B0. The fourth

line follows from Proposition 9.7.2. The final line follows by applying Lemma 7.3.11,

together with the equations Fil0L(CmS ) = 1 and Fil0B(Sm
0 (βm)) = exp(−La).

Equation (14.2) determines η = L/8; in order to show this, we will compare

explicit expressions for the power series Fil1L (µ(CmS )), Fil1A(βm) and Fil1B ((αm)−1).

14.2.1 Formula for Fil1L (µ(CmS ))

Proposition 14.2.1. Let Z := 1−
∑

n≥1 ζ
m(2n+ 1)ε∨2n+2. Then for all w ∈ Q〈〈a, b〉〉

we have

Fil1L(µ(CmS ))(w) ≡ Z(w) (mod B2).
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Proof. Apply the explicit formula for µ given in Proposition 9.2.1 to Brown’s formula

(14.1) to obtain

Fil1L(µ(CmS )) = 1 +
∑
n≥1

ζm(2n+ 1)
[(ε2n+2

L2n
− ε∨2n+2

)
+ Lµ

(
e0

2n+2,S(X,LY)e2n+2

)]
.

Note that in the above we have applied Proposition 9.2.1 and Lemma 9.1.3 to obtain

µ(e2n+2X
2n) =

2

[(2n)!]2
ad(ε∨0 )2n(ε∨2n+2) =

2

(2n)!
ε2n+2.

For any w ∈ Q〈〈a, b〉〉 we have

µ
(
e0

2n+2,Se2n+2

)
(w) ≡ 0 (mod A2 ∩B2).

This is for degree reasons: the description of the polynomial e0
2n+2,S above implies

that µ
(
e0

2n+2,Se2n+2

)
is a linear combination of derivations δ

(k)
2n+2 = ad(ε∨0 )k

(
ε∨2n+2

)
for 1 ≤ k ≤ 2n − 1. Any such δ

(k)
2n+2 with k in this range raises both the a- and

b-degree by at least 2.

Similarly, the definition of ε2n+2 implies that ε2n+2(w) ∈ B2 for any w. Therefore

the only terms in Fil1L(µ(CmS )) that act nontrivially modulo B2 are those involving

ε∨2n+2. The definition of Z then implies that Fil1L(µ(CmS ))(w) ≡ Z(w) (mod B2) for

all w ∈ Q〈〈a, b〉〉.

14.2.2 Formulae for Fil1A (βm) and Fil1B
(
(αm)−1

)
In Lemma 11.2.1 we gave explicit formulae for the elements αm and βm. These may

be used to compute their filtered pieces, which are very simple in low degrees.

Proposition 14.2.2. We have

Fil1A (βm) ≡ e
L
2

[a,b]e−b (mod A2)

Fil1B
(
(αm)−1

)
≡ e−La+L

2
[a,b] + ad

(
e−La

)
(t) (mod B2)

where

t :=
∑
n≥2

(−1)nζm(n) ad(a)n(b).

Proof. The first statement follows from the formula

βm = e−
L
2
φ(x1)φ(Φm

10)e−bφ(Φm
∞1),

given in Lemma 11.2.1, by computing Fil1A of each factor. Lemma 11.1.4 implies

that Fil1A
(
φ(Φm

ij)
)
≡ φ

(
Fil1W(Φm

ij)
)

(mod A2). The associators are invertible and
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have no linear term, which implies that Fil1W(Φm
ij) = Fil0W(Φm

ij) = 1. Thus the only

contributions to Fil1A (βm) come from the exponential factors. The result follows by

recalling that φ(x1) = −[a, b].

To prove the second statement, recall that αm = φ(γm), where γm = Φm
1∞e

−Lx∞Φm
∞1.

By Lemma 11.1.4 we have

Fil1B
(
(αm)−1

)
≡ φ

(
Fil1D

(
(γm)−1

))
(mod B2).

We will therefore compute an expression for (γm)−1 modulo D2 and then apply φ.

The series Φm
∞1 is obtained from Φm

01 by exchanging, in each word, all occurrences

of x0 for x∞ = −(x0 + x1). The formula for Φm
01 in depth 1 [16, §6.7] gives

Φm
∞1 ≡ 1 +

∑
n≥2

ζm(n) ad(x∞)n−1(x1) (mod D2)

≡ 1−
∑
n≥2

(−1)nζm(n) ad(x0)n−1(x1) (mod D2).

Let r :=
∑

n≥2(−1)nζm(n) ad(x0)n−1(x1) ∈ D1. The property Φm
1∞Φm

∞1 = 1 implies

that Φm
1∞ ≡ exp(r) (mod D2). Therefore

(γm)−1 ≡ Adexp(r)

(
eLx∞

)
= ead(r)

(
eLx∞

)
≡ eLx∞ + ad (r)

(
eLx∞

)
(mod D2).

We now apply φ to this formula. Note that φ(r) ≡ −t (mod B2), where t ∈ B1 is

defined in the statement of the proposition. This gives

(αm)−1 = φ
(
(γm)−1

)
≡ eLφ(x∞) − ad(t)(eLφ(x∞)) (mod B2)

≡ e−La+L
2

[a,b] + ad
(
e−La

)
(t) (mod B2).

The second line follows by noting that ad(eLφ(x∞))(t) ≡ ad(e−La)(t) (mod B2), be-

cause t ∈ B1.

14.3 Formal Lie algebraic computations

Before proving Theorem 14.4.1 it is helpful to include several elementary lemmas valid

for any Lie algebra g over a field of characteristic zero. The first of these (Lemma

14.3.1) gives a formula for the adjoint action of elements in the universal enveloping

algebra U(g). The second (Lemma 14.3.2) is an explicit “depth-1” version of the

classic Baker-Campbell-Hausdorff formula.
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Lemma 14.3.1. Let u, v be elements in a Lie algebra g over a field of characteristic

zero, and let k ≥ 1. Then in the universal enveloping algebra U(g) we have

ad(uk)(v) =
k∑
r=1

ur−1 ad(u)(v)uk−r.

Proof. Use the relation ad(u)(v) = uv − vu in U(g) and induct on k.

We also need the following “depth-1” version of the Baker-Campbell-Hausdorff

formula. A similar formula was used in [40] to compute the meta-abelian logarithm

of the elliptic associator.

Lemma 14.3.2 (Truncated BCH formula). Let u and v be elements in a Lie algebra

g over a field of characteristic zero. In the universal enveloping algebra we have

euev ≡ eu+v + ad (eu)

(∑
n≥1

B+
n

n!
ad(u)n−1(v)

)
(mod v2),

where B+
n = (−1)nBn is the sequence of Bernoulli numbers with B+

1 = 1/2.

Proof. The classical BCH formula [46, Corollary 3.24] gives

log(euev) ≡ u+ v +
∑
n≥1

Bn

n!
ad(v)n(u) (mod u2).

Taking exponentials, inverting both sides and replacing (u, v) by (−v,−u) gives

euev ≡ exp (u+ v + ṽ) (mod v2), where ṽ :=
∑
n≥1

B+
n

n!
ad(u)n(v).

Expanding the exponential, we obtain

eu+v+ṽ =
∑
k≥0

1

k!
(u+ v + ṽ)k

≡
∑
k≥0

(u+ v)k

k!
+
∑
k≥1

1

k!

k∑
r=1

(u+ v)r−1ṽ(u+ v)k−r (mod v2)

≡ eu+v +
∑
k≥1

1

k!

k∑
r=1

ur−1ṽuk−r (mod v2)

= eu+v +
∑
n,k≥1

B+
n

n!

1

k!

k∑
r=1

ur−1 ad(u)n(v)uk−r

= eu+v +
∑
n,k≥1

B+
n

n!

1

k!
ad(uk)

(
ad(u)n−1(v)

)
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= eu+v + ad (eu − 1)

(∑
n≥1

B+
n

n!
ad(u)n−1(v)

)

= eu+v + ad (eu)

(∑
n≥1

B+
n

n!
ad(u)n−1(v)

)
.

In going from the fourth to the fifth line we use Lemma 14.3.1, where v has been

replaced by ad(u)n−1(v).

14.4 Main calculation

In this section we prove the following result:

Theorem 14.4.1. We have

Fil1B
(
(αm)−1

)
≡ Fil1B (µ(CmS )(Sm

0 (βm))) +
L
4
ε2

(
e−La

)
(mod B2). (14.3)

Comparing Theorem 14.4.1 to equation (14.2) gives a precise value for the motivic

period η that was defined in Definition 10.1.2.

Corollary 14.4.2. We have η = L/8.

In §14.5 we discuss the significance of the value η = L/8 and how it may be

computed analytically by integrating a differential form on M1,~1 constructed from

the Eisenstein series of weight 2 along the path S̃ ∈ πtop
1 (M1,~1,~v).

We prove Theorem 14.4.1 by directly computing the right hand side of (14.3)

using Lemmas 14.3.1 and 14.3.2 and then comparing the result with the formula for

Fil1B((αm)−1) given in Proposition 14.2.2. To simplify notation in this section we write

t = teven − todd, where

teven :=
∑
n≥1

ζm(2n) ad(a)2n(b), todd :=
∑
n≥1

ζm(2n+ 1) ad(a)2n+1(b).

Proposition 14.4.3. We have

Fil1B (µ(CmS )(Sm
0 (βm))) ≡ e

L
2

[a,b]e−La − ad
(
e−La

)
(todd) (mod B2).

Proof. This is a straightforward calculation, working modulo B2:

Fil1B (µ(CmS )(Sm
0 (βm))) ≡ Fil1L(µ(CmS ))(Sm

0 (Fil1A(βm)))

≡ Z
(
e

L
2

[a,b]e−La
)

≡ e
L
2

[a,b]Z(e−La)
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≡ e
L
2

[a,b]

(
e−La −

∑
n≥1

ζm(2n+ 1)ε∨2n+1(e−La)

)

≡ e
L
2

[a,b]e−La −
∑
n,k≥1

(−L)k

k!
ζm(2n+ 1)

k∑
r=1

ar−1 ad(a)2n+2(b)ak−r

= e
L
2

[a,b]e−La − ad
(
e−La

)
(todd) .

The first line follows from Lemma 9.7.2. The second line follows from Propositions

14.2.1 and 14.2.2. In the third line, the prefactor eL[a,b]/2 can be moved in front of

the operator Z because every term in Z is a geometric derivation ε∨2n+2, all of which

annihilate [a, b]. The fourth line follows from the definition of Z given in Proposition

14.2.1. The fifth line follows by computing ε∨2n+2

(
e−La

)
explicitly. We also reduce the

product of the prefactor and the sum over n modulo B2, because eL[a,b]/2 − 1 ∈ B1.

The sixth line follows by applying Lemma 14.3.1 with u = a and v = ad(a)n(b).

We may now apply the BCH formula of Lemma 14.3.2 to write the product

e
L
2

[a,b]e−La in terms of the single exponential term e−La+L
2

[a,b].

Proposition 14.4.4. We have

e
L
2

[a,b]e−La ≡ e−La+L
2

[a,b] + ad
(
e−La

)
(teven)− L

4
ε2

(
e−La

)
(mod B2).

Proof. To apply Lemma 14.3.2 directly we work with the conjugate e−LaeL[a,b]/2 in-

stead of eL[a,b]/2e−La. They are related by the formula

euev − eveu ≡ ad(eu)(v) (mod v2)

with u = −La and v = L[a, b]/2.

The degree in v corresponds to the B-filtration and ε2 = − ad([a, b]). This gives

eL[a,b]/2e−La ≡ e−LaeL[a,b]/2 − L
2
ε2(e−La) (mod B2), (14.4)

Now apply the BCH formula of Lemma 14.3.2 to the first term on the right hand side

of (14.4). This gives

e−Lae
L
2

[a,b] ≡ e−La+L
2

[a,b] + ad
(
e−La

)
(teven) +

L
4
ε2

(
e−La

)
(mod B2). (14.5)

The term involving ε2 appears by separating off the n = 1 term from the sum over

n in the BCH formula and then rearranging. again using that ε2 = − ad([a, b]). The

remaining terms in the sum over n are only nonzero when n is even because of the
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Bernoulli numbers. This sum can be shown to equal teven by applying Euler’s formula

for the even zeta values

ζm(2n) = −B2nL2n

2(2n)!
.

Combining (14.4) and (14.5) gives the result.

We are now in a position to prove Theorem 14.4.1.

Proof of Theorem 14.4.1. By combining Proposition 14.4.3 and Proposition 14.4.4,

we obtain

Fil1B (µ(CmS )(Sm
0 (βm))) +

L
4
ε2

(
e−La

)
≡ e−La+L

2
[a,b] + ad

(
e−La

)
(t) (mod B2).

But the expression on the right hand side is precisely Fil1B((αm)−1), as computed in

Proposition 14.2.2.

14.5 Interpretation of η

The motivic period η was defined in Definition 10.1.2 as the motivic integral of E2(0)

over S̃. In this section we explain the significance of the value η = L/8 that was

computed in Corollary 14.4.2, and how it may be computed by alternative analytic

means.

The element e2 is dual to the cohomology class of a 1-form on M1,~1, [23, §14].

This element may be written as the following 1-form defined on the partial cover

C× × H→M1,~1,

G2(ξ, τ) = 2πiG2(τ)dτ − 1

2

dξ

ξ
,

by verifying that it is preserved under the SL2(Z)-action (ξ, τ) 7→ ((cτ +d)−1ξ, γ(τ)).

Here G2(τ) := −1/24+
∑

n≥1 σ(n)qn is the Eisenstein series of weight 2 (see §2.3.1.1).

The universal cover of M1,~1 factors as C × H → C× × H → M1,~1, where the

first map is exp× id and the second is the partial cover above identifying SL2(Z)-

equivalent points. The coordinates on the universal cover are (z, τ). Pulling back

G2(ξ, τ) to the universal cover produces the B3-invariant form

G2(z, τ) = 2πiG2(τ)dτ − 1

2
dz ∈ Ω1(C× H).

The integral of G2(z, τ) over S̃ is the coefficient of e2 in per(Ψ), which is∫
S̃

G2(ξ, τ) = per(Ψ)[e2] = per(η) =
2πi

8
. (14.6)
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This equals the value, at S̃, of a cocycle r ∈ Z1(B3,C) constructed by Matthes

[38]. Up to a sign, the cocycle r is the result of composing the homomorphism

rm : B3 → Pm
H constructed in §10.1 with the period map per : Pm

H → C. Using our

conventions, which differ slightly from those of Matthes,1 it is defined as the map

r : B3 → C given by

γ 7→
∫ (0,∂/∂q)

γ−1(0,∂/∂q)

G2(z, τ), (14.7)

where (0, ∂/∂q) is a tangential basepoint on C × H and elements of B3 act on the

universal cover as deck transformations. It can be viewed as the limiting n = 0 case of

a family of cocycles r2n+2 ∈ Z1(B3, V2n ⊗ C). For n > 0 these cocycles are pullbacks

of the period polynomial cocycles in Z1(SL2(Z), V2n ⊗ C) by the homomorphism

f : B3 → SL2(Z) defined in Proposition 8.1.4. Of course, in the n = 0 case the

cocycle r is not a lift of any period polynomial cocycle because there are no modular

forms for SL2(Z) of weight 2. Additionally, B3 acts trivially on V0 ⊗ C ∼= C, which

implies that r ∈ Hom(B3,C).

The braid group is a central extension

1→ Z→ B3
f−→ SL2(Z)→ 1.

Here Z is the automorphism group of the covering exp× id : C× H→ C× × H. This

group may be identified with the fundamental group of C×, which is generated by a

counterclockwise loop around 0 denoted by σ.

Proposition 8.1.4 states that ker(f) is generated by S̃4, and hence S̃4 = σ±1. It

follows that

r(S̃) = ±r(σ)

4
. (14.8)

It therefore suffices to compute r(σ). Matthes’ original computation [39] is unpub-

lished, so we record it again here using our own conventions.

Proposition 14.5.1. We have

r(σ) = −2πi

2
.

Proof. We simply compute the action on the universal covering space and then apply

(14.7). The generator σ acts on C × H via σ(z, τ) = (z + 2πi, τ). Since it fixes the

second coordinate, we have

r(σ) =

∫ (0,∂/∂q)

(−2πi,∂/∂q)

(
2πiG2(τ)dτ − 1

2
dz

)
= −1

2

∫ 0

−2πi

dz = −2πi

2
.

1Matthes’ convention for the SL2(Z)-action on C× × H differs from the one used here by the
reciprocal in the first factor. This only changes the cocycle values by a possible sign. He also defines
the cocycle in terms of E2 = −24G2.
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By (14.8) it follows that r(S̃) = ±(2πi)/8. Comparing to (14.6) shows that the

two values agree up to a choice of sign. This reason for this is because the coefficient

of e2n+2 in per(Fil1L(Ψ)) is r2n+2(S̃), for n > 0, and the coefficient of e2 is the value

at S̃ of a cocycle for B3 associated to G2 that must be compatibly normalised in

order for Ψ to be grouplike. Our choice of normalisation, together with the fact that

H1(B3,C) is one-dimensional, implies that this cocycle is r.
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Chapter 15

Coefficients of iterated Eisenstein
integrals

The proof of Theorem 12.0.1 is nonconstructive, and for a given motivic multiple zeta

value ζm(w) the result only implies that there is some linear combination of motivic

iterated Eisenstein integrals of certain lengths and weights equal to ζm(w). Neverthe-

less it is possible to determine some of the coefficients in this linear combination using

additional information. One source of information is the f -alphabet decomposition of

mixed Tate motivic periods [6],[7, §22]. This assigns an element of the shuffle algebra

Q[L±]⊗Q T
c(f2n+1 : n ≥ 1) to a given element of Pm

MT(Z). Although this depends on

some choices, the highest-length term in this decomposition is canonical.

In this section we use this idea to determine the coefficients of the highest-length

iterated Eisenstein integrals appearing in linear combinations equal to some example

MZVs. This combines both the combinatorics of the f -alphabet decomposition for

motivic MZVs and the modular theory of the canonical cocycle Cm.

15.1 The coradical filtration

The notion of an f -alphabet decomposition relies upon the coradical filtration C•Pm
H.

This is a general concept that can be defined for any right O(U)-comodule (for any

unipotent group U) [8, §2.5]. Here we only define it for Pm
H; the relevant unipotent

group in this case is U = UdR
H , the unipotent radical of the motivic Galois group

GdR
H = Aut⊗H(ωdR

H ).

The coaction on motivic periods defined in equation (4.5) induces, via the natural

surjection Pdr
H = O(GdR

H )→ O(UdR
H ), a “unipotent” coaction

∆u : Pm
H → Pm

H ⊗Q O(UdR
H ).
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Let ∆u,red := ∆u − id⊗1 be the associated reduced coaction. Following [8, §3.8] we

define the coradical filtration on Pm
H to be the increasing filtration C•Pm

H given by

CrPm
H =

{
ξ ∈ Pm

H : (∆u,red)r+1(ξ) = 0
}
.

This definition gives C0Pm
H = {ξ : ∆u(ξ) = ξ ⊗ 1}. We may express this subalgebra

using the Tannakian structure on H as follows. The action of UdR
H on Pm

H is given by

the formula (4.7); namely, for g ∈ UdR
H (Q) = Hom(O(UdR

H ),Q) we have

g(ξ) = (id⊗g)(∆(ξ)).

This implies that C0Pm
H = (Pm

H)U
dR
H is the space of motivic periods fixed by the

action of UdR
H . Since UdR

H acts trivially precisely on the full subcategory Hss ↪→ H of

semisimple objects, C0Pm
H = Pm

Hss is the subalgebra of semisimple motivic periods.

In general, the coradical filtration is the fastest-growing filtration C•Pm
H that is

preserved by UdR
H such that UdR

H acts trivially on grC Pm
H and C−1Pm

H = 0.

15.1.1 Relationship to the length filtration

The coradical filtration is connected to the length filtration L•O(UdR
1,1 ) that was de-

fined in Definition 5.2.8. By [7, Theorem 22.2] the element CmS of UdR
1,1 (Pm

H), which

we may interpret as the motivic “integration-along-S” operator
∫ m

S
, is a morphism of

filtered Q-algebras

CmS : L•O(UdR
1,1 )→ C•Pm

H. (15.1)

Hence, on the subalgebra Mm of Pm
H constisting of motivic multiple modular values,

the coradical filtration coincides with the length filtration L•M
m that was defined in

Definition 7.3.9.

Recall from §9.7.1 that the Hopf subalgebra O(Ugeom) of O(UdR
1,1 ) is an ind-object

in MT(Z). We may write

LrO(Ugeom) = 〈[E2n1+2(b1)| . . . |E2ns+2(bs)] ∈ O(Ugeom) : s ≤ r〉Q.

When pulled back via the inclusion O(Ugeom) ↪→ O(UdR
1,1 ) the element CmS equals the

homomorphism µ(CmS ) ∈ Hom(O(Ugeom),Pm
MT(Z)). This may also be interpreted as the

operator
∫ m

S
, this time restricted to mixed Tate iterated Eisenstein integrals, giving

a homomorphism of filtered Q-algebras

µ(CmS ) : L•O(Ugeom)→ C•Pm
MT(Z).
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15.2 f-alphabet decomposition

In this section we define the notion of an f -alphabet decomposition of motivic periods.

We also give a formula for the decomposition of certain motivic iterated Eisenstein

integrals to leading order in the coradical filtration.

Definition 15.2.1 (f -alphabet decomposition). An f -alphabet decomposition is a

Gm-equivariant isomorphism ϕ : Pm
MT(Z)

∼−→ Q[L±]⊗T c(f3, f5, . . . ). It is normalised if

ϕ(ζm(2n+ 1)) = f2n+1 for all n ≥ 1.

There is a more general notion of a decomposition map [8, Definition 3.10]. Recall

from Definition 4.2.1 that GdR
H denotes the motivic Galois group of the category H

based at the de Rham fiber functor. Its unipotent radical is UdR
H and we denote its

reductive quotient by SdR
H . The decomposition map is a canonical isomorphism of

SdR
H -modules Φ: grC Pm

H
∼−→ Pm

Hss ⊗ T c(grC1 O(UdR
H )). It is an isomorphism of SdR

H -

modules because UdR
H acts trivially on both sides.

Recall from equation (4.4) that the fully faithful functor ωH : MT(Z) ↪→ H induces

an inclusion Pm
MT(Z) ↪→ Pm

H. As described in [8, §5.4] the decomposition map on

grC Pm
H restricts to a decomposition map on grC Pm

MT(Z). Noting that SdR
MT(Z) = Gm,

this restricted decomposition is a canonical isomorphism of SdR
MT(Z)-modules

Φ: grC Pm
MT(Z)

∼−→ Q[L±]⊗ T c(f3, f5, . . . ).

A choice of splitting of the coradical filtration C•Pm
MT(Z) (e.g. using the Hoffman ele-

ments [5]) determines an isomorphism Pm
MT(Z)

∼= grC Pm
MT(Z) and hence an isomorphism

ϕ as above. Different choices of splittings for the coradical filtration will determine

different choices of ϕ; the map Φ = grC ϕ, however, is canonical.

15.2.1 f-alphabet decomposition for motivic iterated Eisen-
stein integrals

The morphism of filtered algebras µ(CmS ) : L•O(Ugeom) → C•Pm
MT(Z) described in

§15.1.1 is compatible with the following formula for the f -alphabet decomposition

of certain motivic iterated Eisenstein integrals. Recall that O(Ugeom) is described in

§9.7.1; in particular, its elements may be expressed as certain words in the elements

E2n+2(b), defined in §5.5.1.2, that integrate to periods of MT(Z) under
∫ m

S
.

Lemma 15.2.2. Let ϕ be any normalised f -alphabet decomposition and let Φ = grC ϕ.

Assume that for all b1, . . . , bs with 0 ≤ bj ≤ 2nj, the word [E2n1+2(b1)| · · · |E2ns+2(bs)]
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is an element of O(Ugeom). Then Φ: Co(µ(CmS )) → Q[L±] ⊗ T c(f3, f5, . . . ) is given

explicitly on the lowest and highest weight words by∫ m

S

E2n1+2(0) · · ·E2ns+2(0) 7→ (−1)s
(2n1)! · · · (2ns)!

2s
f2n1+1 · · · f2ns+1

L2n1+···+2ns∫ m

S

E2n1+2(2n1) · · ·E2ns+2(2ns) 7→
(2n1)! · · · (2ns)!

2s
f2ns+1 · · · f2n1+1.

Proof. We prove the equality∫ m

S

E2n1+2(0) · · ·E2ns+2(0) =
(−1)s

L2n1+···+2ns

∫ m

S

E2ns+2(2ns) · · ·E2n1+2(2n1), (15.2)

which may be shown by making use of the action of Sm
0 on O(Ugeom)⊗Q Q[L±]. The

result follows by applying [7, Theorem 22.2] to the right hand side of (15.2), although

some modifications must be made (namely, the coefficient needs to be inverted and

the order of letters reversed).

To proceed with showing (15.2), note that the action of Sm
0 on O(Ugeom)⊗QQ[L±]

satisfies

Sm
0 : [E2n1+2(2n1)| · · · |E2ns+2(2ns)] 7→ L2n1+···+2ns [E2n1+2(0)| · · · |E2ns+2(0)]. (15.3)

Recall that µ(CmS ) may be identified with the motivic “integrate along S” operator

on O(Ugeom). Apply the homomorphism µ(CmS ) ∈ Hom(O(Ugeom) ⊗Q Q[L±],Pm
MT(Z))

to both sides of (15.3) to obtain

CmS (Sm
0 ([E2n1+2(2n1)| · · · |E2ns+2(2ns)])) = L2n1+···+2nsCmS ([E2n1+2(0)| · · · |E2ns+2(0)]).

(15.4)

For any w ∈ O(Ugeom) ⊗Q Q[L±] we have CmS (Sm
0 (w)) = CmS |Sm

0
(w). The cocycle

equation for Cm associated to the equation S2 = −I implies that CmS |Sm
0

= (CmS )−1.

The element (CmS )−1 is the generating series for motivic iterated integrals along S−1,

where we use the choice of splitting that defines CmS . Equation (15.4) therefore reads∫ m

S−1

E2n1+2(2n1) · · ·E2ns+2(2ns) = L2n1+···+2ns

∫ m

S

E2n1+2(0) · · ·E2ns+2(0).

Applying the reversal of paths formula gives∫ m

S

E2ns+2(2ns) · · ·E2n1+2(2n1) = (−1)sL2n1+···+2ns

∫ m

S

E2n1+2(0) · · ·E2ns+2(0).

This implies equation (15.2). Taking f -alphabet decompositions gives the result.
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Remark 15.2.3. Lemma 15.2.2 is actually valid for all n1, . . . , ns > 0, even when

the words [E2n1+2(0)| . . . |E2ns+2(0)], [E2n1+2(2n1)| . . . |E2ns+2(2ns)] ∈ O(UdR
E ) are not

contained in the mixed Tate subalgebra O(Ugeom) ⊆ O(UdR
1,1 ) (the same proof goes

through with µ(CmS ) replaced by CmS in this case). This implies that the leading-

order term in the coradical filtration of any motivic iterated Eisenstein integral is an

element of Pm
MT(Z); see [11, Conjecture 2] for a conjectural description of this term

in terms of MZVs. With these integrals of more general words, however, non-mixed

Tate motivic periods may appear lower down in the coradical filtration.

15.3 Cocycle equations

To determine coefficients in linear combinations of iterated Eisenstein integrals we

must understand relations between such integrals. The cocycle equations for Cm ∈
Z1(SL2(Z),UdR

1,1 (Pm
H)) determine many of these. Set U = ST ∈ SL2(Z); then

Um
0 = Sm

0 T
m
0 =

(
0 −L

L−1 1

)
∈ SLdR

2 (Pm
MT(Z)).

We have S2 = U3 = −I. Furthermore Cm−I = 1 because all modular forms for SL2(Z)

have even weight. By Proposition 5.5.2, the canonical cocycle therefore satisfies the

equations

CmS |Sm
0
· CmS = 1 (15.5)

CmU |(Um
0 )2 · CmU |Um

0
· CmU = 1, (15.6)

where CmU = CmST = CmS |Tm
0
· CmT . Taking the coefficient of Eisenstein words in equations

(15.5) and (15.6) produces relations between iterated Eisenstein integrals.

When written out in terms of CmS and CmT , it becomes rapidly more difficult to

take coefficients in Equation (15.6) by hand as the length increases. However, since

Co(CmT ) = Q[L] ⊆ C0Pm
H, we may focus instead on only the leading-order terms in the

coradical filtration. Doing so gives

CmS |(TSTST )m0
· CmS |(TST )m0

· CmS |Tm
0

= 1 ∈ UdR
1,1 (grC Pm

H). (15.7)

For our purposes this is just as useful and easier to compute; for example, taking the

coefficient of a length 2 word in (15.6) produces a relation with 21 terms, whereas

taking the coefficient of the same word in (15.7) produces a relation modulo C1Pm
H

with only 6 terms.
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15.4 Examples

We now consider the two example equations given in the introduction to this paper

and show how some of their coefficients may be determined using the above machinery.

The essential idea in each case is to first use Theorem 12.0.1 to obtain the (fairly small)

finite set of iterated Eisenstein integrals that may appear in a linear combination equal

to the given MZV. We then use relations between iterated Eisenstein integrals coming

from the cocycle equations to exhibit linear dependencies in this set and reduce its

size further. Finally we form a general linear combination with the remaining terms,

apply f -alphabet decompositions to both sides and compare coefficients.

Example 15.4.1. Consider the expression for ζ(3) given in the introduction:

ζ(3) = −(2πi)3

∫
S

G4(τ)dτ

= −(2πi)2

∫
S

E4(0).

We illustrate how to derive this equation from the motivic theory. Theorem 12.0.1

implies that ζm(3) can be written as a Q-linear combination of the motivic periods

L2
∫ m

S
E4(0), L

∫ m

S
E4(1),

∫ m

S
E4(2) and L3. The morphism (15.1) implies we may work

modulo C0Pm
MT(Z), which kills L3 ∈ C0Pm

MT(Z). We shortly explain why there can be

no L3 term in the full linear combination, so in fact it makes no difference whether

we work modulo C0Pm
MT(Z) or not in this case.

Taking the coefficient of e4X
2 in (15.5) implies that

∫ m

S
E4(2) = −L2

∫ m

S
E4(0).

Taking the coefficient of e4XY in (15.7) implies that
∫ m

S
E4(1) ≡ 0 (mod C0Pm

MT(Z)).
1

Therefore we may write ζm(3) ≡ AL2
∫ m

S
E4(0) (mod C0Pm

MT(Z)), for some A ∈ Q.

In fact this expression holds “on the nose” even without working modulo C0Pm
MT(Z),

because the undetermined term in C0Pm
MT(Z) must have weight 3 and so must be a

multiple of L3, which is anti-invariant under the action of the real Frobenius F∞ (see

Definition 4.1.1). We are left with a simple equation of the form

ζm(3) = AL2

∫ m

S

E4(0), for some A ∈ Q. (15.8)

We now apply the normalised decomposition map ϕ to (15.8). Lemma 15.2.2 gives

ϕ

(∫ m

S

E4(0)

)
= −2!

2

f3

L2
+ λL3, for some λ ∈ Q.

Comparing coefficients in (15.8) determines A = −1 and λ = 0.
1This concisely expresses that the term involving a zeta value is a coboundary and the image of

the cocycle of G4 in cohomology is rational up to a power of L [7, Equation (7.8)].
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Remark 15.4.2. A similar calculation may be used to show that

ζm(2n+ 1) = − 2

(2n)!
L2n

∫ m

S

E2n+2(0) =
2

(2n)!

∫ m

S

E2n+2(2n),

which recovers the completed L-values Λ(G2n+2, 1) and Λ(G2n+2, 2n+ 1). Combining

this with the relation obtained by taking the coefficient of e2n+2X
2n−bYb in equation

(15.7) also shows that∫ m

S

E2n+2(b) ≡ (δ2n−b − δb)
(2n)!

2

ζm(2n+ 1)

L2n−b (mod C0Pm
MT(Z)),

where δc = δc,0 is the Kronecker delta. In particular, this implies that the “middle”

values
∫ m

S
E2n+2(b) for 1 ≤ b ≤ 2n − 1 are powers of L, which is of course also

well-known. From this point onward we will therefore use the fact that the motivic

iterated Eisenstein integrals with b ∈ {0, 2n} evaluate to motivic single zeta values.

The second example gives an expression for ζm(3, 5) ∈ D2Zm \D1Zm as a double

Eisenstein integral.

Example 15.4.3. We have the following expression for ζ(3, 5) [11, Example 7.2]2:

ζ(3, 5) = − 5

12
(2πi)8

∫
S

G6(τ1)dτ1G4(τ2)dτ2 +
503

21335527
(2πi)8

= − 5

12
(2πi)6

∫
S

E6(0)E4(0) +
503

21335527
(2πi)8.

We explain how the coefficient −5/12 of the longest iterated Eisenstein integral may

be computed abstractly. We first determine the possible such integrals that may

appear in a linear combination giving ζm(3, 5). Theorem 12.0.1 implies that these

must be iterated integrals of length at most 2 and total modular weight at most 10.

By (15.1) we therefore work modulo C1Pm
MT(Z), giving

ζm(3, 5) ≡
∑

(n1,n2)∈{(1,1),(1,2),(2,1)}
0≤bi≤2ni

λ

∫ m

S

E2n1+2(b1)E2n2+2(b2) (mod C1Pm
MT(Z)), (15.9)

where λ is a rational multiple of L6−b1−b2 . The motivic MZV ζm(3, 5) has weight

8, and the weight 8 subspace3 of C1Pm
MT(Z) is spanned by ζm(8), which is a rational

multiple of L8. Thus the only term that is lost by working modulo C1Pm
MT(Z) is a

2There is a difference in normalisation between Brown’s formulae and ours; namely
Λ(Gk1 , . . . ,Gks ; b1, . . . , bs) = ib1+···+bs(2πi)−(b1+···+bs)

∫
S
Ek1(b1 − 1) · · ·Eks(bs − 1).

3Recall that the weight filtration is a grading on motivic MZVs.
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rational multiple of L8 ∈ C0Pm
MT(Z). In other words working modulo C1Pm

MT(Z) is

equivalent to working modulo C0Pm
MT(Z) in this case.

Let ϕ be some choice of normalised f -alphabet decomposition and Φ = grC ϕ.

The decomposition algorithm [6, §5] gives

Φ(ζm(3, 5)) ≡ −5f5f3 (mod C0Pm
MT(Z)). (15.10)

The coaction on T c(f3, f5, . . . )⊗QQ[L±] is actually a coproduct because scalars have

been extended to Q[L±]. It is given by deconcatenation. This gives

∆(Φ(ζm(3, 5)) = −5⊗ f5f3 − 5f5 ⊗ f3 − 5f5f3 ⊗ 1. (15.11)

In particular we have ∆′(Φ(ζm(3, 5))) ≡ −5f5⊗ f3 6= 0 (mod C1Pm
MT(Z)), where ∆′ :=

∆− id⊗1− 1⊗ id is the reduced coproduct.

We must now compute the f -alphabet decomposition of the iterated Eisenstein

integrals on the right hand side of (15.9). To leading order in the coradical filtration

C•Pm
MT(Z), the coproduct on motivic iterated Eisenstein integrals in Co(µ(CmS )) is

deconcatenation [7, Theorem 22.2]. This can be written explicitly as follows: let

[E2n1+2(b1)| · · · |E2ns+2(bs)] ∈ O(Ugeom). Define an element Ib1,...,bs2n1+2,...,2ns+2 ∈ Pm
MT(Z) by

Ib1,...,bs2n1+2,...,2ns+2 :=

∫ m

S

E2n1+2(b1) · · ·E2ns+2(bs).

We have

∆
(
Ib1,b22n1+2,2n2+2

)
≡ 1⊗ Ib1,b22n1+2,2n2+2 + Ib1,b22n1+2,2n2+2 ⊗ 1

+ Ib12n1+2 ⊗ Ib22n2+2 (mod C1Pm
MT(Z)).

Note that Ib2n+2 is a rational multiple of:{
Lb−2nζm(2n+ 1) ∈ C1Pm

MT(Z), b = 0 or 2n;

Lb+1 ∈ C0Pm
MT(Z), otherwise.

Therefore ∆′(Ib1,b22n1+2,2n2+2) ≡ 0 (mod C1Pm
MT(Z)) unless (b1, b2) is one of (0, 0), (0, 2n2),

(2n1, 0) or (2n1, 2n2). In any of these cases we have

∆′(Φ(Ib1,b22n1+2,2n2+2)) = (−1)δb1+δb2
(2n1)!(2n2)!

4
Lb1+b2−2n1−2n2(f2n1+1 ⊗ f2n2+1).

Thus the only iterated Eisenstein integrals that contribute nontrivially modulo

C1Pm
MT(Z) to the sum on the right hand side of (15.9) are Ib1,b22n1+2,2n2+2 with {n1, n2} =

{1, 2} and bi ∈ {0, 2ni}. As described in Lemma 15.2.2, the action of Sm
0 gives an
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equality Ib1,b26,4 = L6−2b1−2b2I2−b2,4−b1
4,6 so that we may fix (n1, n2) = (2, 1). The sum in

(15.9) therefore consists of at most 4 distinct integrals.

We may simplify further using the cocycle equations. Taking the coefficients of

e6X
4
1e4X

2
2 and e6X

4
1e4Y

2
2 in (15.5) respectively produces the two equations

L6I0,0
6,4 + I4,2

6,4 − 12ζm(3)ζm(5) = 0; (15.12)

L4I0,2
6,4 + L2I4,0

6,4 + 12ζm(3)ζm(5) = 0. (15.13)

Taking the coefficients of the same words in (15.7) produces the equations4

2L6I0,0
6,4 + L4I0,2

6,4 + L2I4,0
6,4 + 2I4,2

6,4 − 12ζm(3)ζm(5) ≡ 0 (mod C1Pm
MT(Z)); (15.14)

L6I0,0
6,4 + 2L4I0,2

6,4 + L2I4,0
6,4 + I4,2

6,4 ≡ 0 (mod C1Pm
MT(Z)). (15.15)

Equation (15.14) is implied by combining (15.12) with (15.13), which shows that it

holds even without working modulo C1Pm
MT(Z). Though this gives no interesting new

information for this calculation, it does imply the existence of a further relation in

C1Pm
MT(Z). What is more useful is (15.15). Combining it with equations (15.12) and

(15.13) implies that

I0,2
6,4 ≡ 0 (mod C1Pm

MT(Z)). (15.16)

The combination of (15.12), (15.13) and (15.16) together with the previous analysis

imply that ζm(3, 5) may be written as a Q-linear combination

ζm(3, 5) ≡ AL6I0,0
6,4 +Bζm(3)ζm(5) (mod QL8), A,B ∈ Q. (15.17)

Applying Lemma 15.2.2 to (15.17) gives

−5f5f3 ≡ Φ(ζm(3, 5))

≡ Φ(AL6I0,0
6,4 +Bζm(3)ζm(5))

= 12Af5f3 +Bf3� f5

= (12A+B)f5f3 +Bf3f5 (mod QL8).

Comparing coefficients determines A = −5/12 and B = 0. We obtain

ζm(3, 5) = − 5

12
L6

∫ m

S

E6(0)E4(0) + λL8, for some λ ∈ Q.

4In these equations we have been able to replace the period ring Pm
H by Pm

MT(Z). This is because

Theorem 12.0.1 supplies iterated Eisenstein integrals in Co(µ(CmS )) ⊆ Pm
MT(Z).
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15.4.1 The general case and further questions

Theorem 12.0.1 implies that any ζm(w) ∈ Zm may be written as a linear combination

of the form

ζm(w) =
∑
i

AiLmi

∫ m

S

vi, (15.18)

where vi ∈ O(Ugeom) and Ai ∈ Q. Theorem 12.0.1 also places constraints on the

elements vi and values mi ∈ Z in terms of the weight n and depth r of ζm(w).

The left hand side of (15.18) has an f -alphabet decomposition. In many cases

(e.g. for the family of Hoffman MZVs [5]) this decomposition may be computed algo-

rithmically up to a rational multiple of fn [6], though in general this decomposition

is not unique. However the left hand side has a coradical filtration and, in particu-

lar, the longest term in the f -alphabet decomposition with respect to the coradical

filtration is canonically determined by this algorithm.

The right hand side also has an f -alphabet decomposition. The space of iterated

Eisenstein integrals on the right hand side has a length filtration5 with respect to

which the longest part in the f -alphabet decomposition is canonically determined by

Lemma 15.2.2. By comparing the f -alphabet decompositions of each side of (15.18)

we may then read off the coefficients Ai of the leading order terms in the coradical or

length filtrations.

By extending the formula given in Lemma 15.2.2 for the f -alphabet decomposi-

tion for motivic iterated Eisenstein integrals past the highest length term it may be

possible to determine more of the coefficients Ai. In the most optimistic scenario all

coefficients except that of ζm(n) may be determined by this method. This raises the

following question:

Problem 15.4.4. Is there a recursive procedure to completely decompose motivic

iterated Eisenstein integrals in the f -alphabet in a similar way to the procedure given

for motivic MZVs defined in [6]?

A related area of potential future study is suggested by Theorem 13.1.1, which

implies that the action of k = Lie(UdR
MT(Z)) on ugeom is faithful. The first few terms of

this action with respect to the filtration W• u
geom have already been written down [9].

Problem 15.4.5. Describe the action of k on ugeom completely.

5This coincides with the coradical filtration.

139



The proof of Theorem 12 implies that the words vi appearing on the right hand

side of (15.18) are actually elements of O(Ugeom), viewed as a Hopf subalgebra of

O(UdR
1,1 ). The motivic integral along S of such a word — that is, its value under

the homomorphism µ(CmS ) ∈ Hom(O(Ugeom),Pm
H) — is an element of Pm

MT(Z) because

O(Ugeom) is an ind-object of MT(Z). Applying the period map and [5] implies that∫
S
vi = µ(CS)(vi) ∈ Z[(2πi)±] ⊆ C.

We expect that a form of converse holds as long as one considers integrals of not

just a single word vi but rather the whole (finite) subset of words obtained by varying

the values of b1, · · · , bs within vi in the allowed ranges 0 ≤ bj ≤ 2nj. This may be

formalised as follows.

Recall the definition of the free Eisenstein quotient6 UdR
E of UdR

1,1 from §5.5.1.2. Its

coordiate ring is the shuffle algebra on the Eisenstein forms E2n+2(b), and contains

O(Ugeom) as a Hopf subalgebra. For n1, . . . , ns > 0 define a linear map

[E2n1+2| . . . |E2ns+2] : V dR
2n1
⊗ · · · ⊗ V dR

2ns
→ O(UdR

E )

by the formula

X2n1−b1
1 Yb11 ⊗ · · · ⊗ X2ns−bs

s Ybss 7→ [E2n1+2(b1)| . . . |E2ns+2(bs)].

It is SL2-equivariant. Precomposing with any choice of SL2-equivariant linear map

g : V dR
2n → V dR

2n1
⊗ · · · ⊗ V dR

2ns
defines an SL2-equivariant linear map

V dR
2n

g−→ V dR
2n1
⊗ · · · ⊗ V dR

2ns

[E2n1+2|...|E2ns+2]
−−−−−−−−−−−→ O(UdR

E ). (15.19)

and every element of HomSL2(V
dR

2n ,O(UdR
E )) is a Q-linear combination of maps of the

form (15.19). With this in mind we pose the following conjecture.

Conjecture 15.4.6. Let f ∈ HomSL2(V
dR

2n ,O(UdR
E )). Then im(f) ⊆ O(Ugeom) if and

only if im(CS ◦ f) ⊆ Z[(2πi)±], where we view CS ∈ UdR
1,1 (C) = Hom(O(UdR

1,1 ),C).

The implications of Conjecture 15.4.6 are somewhat subtle. For example, there are

elements of O(UdR
E ) that are (conjecturally) not contained in O(Ugeom) whose image

under CS is contained in Z[(2πi)±]. Brown gives two numerical examples illustrating

this in [11, Examples 7.3 and 7.5]. Their conjectural motivic versions are

L10

25 · 33 · 5
I0,0

6,8 −
3L4

23 · 691
I2,4

4,10
?
= ζm5,7, (15.20)

L10

26 · 32 · 5 · 7
I0,0

4,10 +
L4

23 · 691
I2,4

4,10
?
= ζm3,9. (15.21)

6Note that O(UdR
E ) is not a natural ind-object of H.
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Here ζm5,7, ζ
m
3,9 ∈ C2Pm

MT(Z) are motivic MZVs whose f -alphabet decompositions are

f5f7 (mod QL12) and f3f9 (mod QL12) respectively. Hence, they are only well-

defined up to addition of a rational multiple of L12. Despite lying in coradical degree

2 they cannot be expressed by motivic MZVs of depth less than 4.

A verification of (15.20) and (15.21) would imply that the linear combinations

(2πi)10

25 · 33 · 5
[E6(0)|E8(0)]− 3(2πi)4

23 · 691
[E4(2)|E10(4)]

(2πi)10

26 · 32 · 5 · 7
[E4(0)|E10(0)] +

(2πi)4

23 · 691
[E4(2)|E10(4)],

which are elements of O(UdR
E )⊗QQ[2πi], evaluate to elements of Z[(2πi)±] under CS.

Conjecturally, however, the individual terms appearing in these linear combinations

are not contained inO(Ugeom)⊗QQ[2πi] since their values under CS should also involve

the noncritical L-value Λ(∆; 12) of the cusp form ∆ ∈ S12(SL2(Z)) as well as a “new”

period c(∆; 12) [11, §7.2]; consequently, they are not mixed Tate. By Remark 15.2.3

the motivic versions of these periods associated to ∆ must occur in C1Pm
H. They

happen to cancel out in the linear combinations on the left hand sides of (15.20) and

(15.21) to give the mixed Tate periods ζm5,7 and ζm3,9.

A further implication is that equations (15.20) and (15.21) are inaccessible from

Theorem 12.0.1, which only makes use of periods of O(Ugeom). This is evidenced by

the expressions (15.20) and (15.21) for the depth 4 motivic MZVs ζm5,7 and ζm3,9 as

linear combinations of iterated Eisenstein integrals of length s ≤ 2, while Theorem

12.0.1 only gives the weaker bound s ≤ 4.

This suggests that it is possible to reduce the length s of the iterated Eisenstein

integrals appearing on the right hand side of (15.18) substantially below the bound

s ≤ depth ζm(w) afforded by Theorem 12.0.1 if we allow integrals of elements in

the full space O(UdR
E ) rather than just the mixed Tate subspace O(Ugeom). In this

larger space, correction terms in lower coradical degree may account for these “depth

defects”.

This also raises an interesting question about relations between iterated Eisenstein

integrals. Theorem 12.0.1 implies that the depth 4 MZVs appearing on the right hand

sides of (15.20) and (15.21) may be written as linear combinations of iterated Eisen-

stein integrals of length at most 4 that, moreover, come from O(Ugeom). Equating

with the iterated Eisenstein integrals on the respective left hand sides produces re-

lations between iterated Eisenstein integrals along S of potentially different lengths.

It is natural to ask whether these relations may be proven using known relations
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(e.g. the cocycle relations). We therefore conclude with a final suggestion for future

investigation:

Problem 15.4.7. Consider the relations in Mm arising as follows: let∑
i

∫ m

S

wi = κm ∈ Pm
MT(Z) = Zm[L±] (15.22)

be a mixed Tate linear combination of motivic iterated Eisenstein integrals, where

each wi ∈ O(UdR
E ). Theorem 12.0.1 produces a new expression

κm =
∑
j

∫ m

S

vj (15.23)

where each vi ∈ O(Ugeom). Equating (15.22) and (15.23) produces the following rela-

tion between mixed Tate linear combinations of iterated Eisenstein integrals:∑
i

∫ m

S

wi =
∑
j

∫ m

S

vj. (15.24)

Does the relation (15.24) have a geometric origin?
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Index of notation

G(H) Grouplike elements in (complete) Hopf algebra H, page 15

T c(Z) Shuffle algebra on Z, page 15

R〈Z〉 Free associative algebra on Z, page 15

R〈〈Z〉〉 (Z)-adic completion of R〈Z〉, page 15

M1,1 Moduli stack of elliptic curves, page 23

M1,1 DM compactification of M1,1, page 24

M1,~1 Moduli scheme of pairs (E,~v), page 23

E Universal elliptic curve, page 24

E Compactification of E , page 25

E0 Fiber of E over the cusp q = 0, equal to nodal cubic, page 25

∂/∂q Tangential basepoint on M1,1 at cusp, page 27

E∂/∂q Fiber of the Tate curve over ∂/∂q, page 27

∂/∂w Tangential basepoint on E×∂/∂q at O, page 27

~v Tangential basepoint on M1,~1 at cusp, equal to ∂/∂q + ∂/∂w, page 28

±~1p Tangential basepoints on P1\ {0, 1,∞} at p ∈ {0, 1,∞}, page 28

X(K)bp Set of K-rational basepoints on X, page 26

Hn
B(X) Betti cohomology, equal to Hn

sing(X(C),Q), page 29

Hn
dR(X) De Rham cohomology, equal to Hn(X,Ω•X), page 29

πtop
1 (X, x) Topological fundamental group, page 41
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πrel,B
1 (X, x) Relative Betti fundamental group, page 48

πrel,dR
1 (X, x) Relative de Rham fundamental group, page 48

0Πmot
1 Motivic path torsor πmot

1 (P1\ {0, 1,∞},~10,−~11), page 39

GdR
1,1 ,GdR

1,~1
Relative de Rham fundamental groups of (M1,1, ∂/∂q) and (M1,~1,~v), page 60

UdR
1,1 ,UdR

1,~1
Unipotent radicals of GdR

1,1 ,GdR
1,~1

, page 60

UdR,hol
1,1 Totally holomorphic quotient of UdR

1,1 , page 62

UdR
E Free Eisenstein quotient of UdR

1,1 , page 63

Ugeom Image of UdR
1,1 under µ, page 89

MT(Z) Tannakian category of mixed Tate motives over Z, page 31

H Tannakian category of generalised Hodge realisations, page 30

GdR
MT(Z), G

dR
H De Rham motivic Galois groups, page 33

UdR
MT(Z) Unipotent radical of GdR

MT(Z), page 38

k Lie algebra of UdR
MT(Z), page 38

u1,1 Lie algebra of UdR
1,1 , page 60

µ The monodromy morphism, page 88

φ The Hain morphism, page 103

Φm
jk Motivic Drinfeld associator, page 58

αm, βm Power series in a, b, page 59

Cm Canonical motivic cocycle, page 66

Ψ The motivic modular inverter, page 101

γm Image of fundamental group element γ in relative completion, page 49

γmu Unipotent part of γm, non-canonical, page 49

γm0 Reductive/degree-0 part of γm, canonical, page 49

Sm, Tm Images of SL2(Z) generators in relative completion, page 66
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Sm
0 , T

m
0 Degree-0 parts of Sm, Tm, page 65

Θ Commutator αβα−1β−1, page 86

Pm
MT(Z),Pm

H Rings of motivic periods, page 34

Pdr
MT(Z),Pdr

H Rings of de Rham periods, page 33

Zm Ring of motivic multiple zeta values, page 39

Mm Ring of motivic multiple modular values, page 66

W•Zm Weight filtration on motivic MZVs, page 81

D•Zm Depth filtration on motivic MZVs, page 81

C•Pm
H Coradical filtration on H-periods, page 131

L Lefschetz period, equal to (2πi)m, page 39

ζm(w) Motivic multiple zeta value, page 40∫ m

γ
E2n1+2(b1) · · ·E2ns+2(bs) Motivic iterated Eisenstein integral, page 73

η Motivic period
∫ m

S̃
E2(0), equal to L/8 by Corollary 14.4.2, page 101

FilrF (s) rth filtered piece of series s, page 76

CoF• (s) Filtration on Co(s) induced by F , page 80

XB,YB Generators for standard representation of SLB
2 , page 65

X,Y Generators for standard representation of SLdR
2 , page 65
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