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ABSTRACT

In recent work, N. Hitchin described special geometries in terms of a variational problem
for closed generic p-forms. In particular, he introduced on 8-manifolds the notion of an

integrable PSU(3)-structure which is defined by a closed and co-closed 3-form.

In this thesis, we first investigate this PSU(3)-geometry further. We give necessary con-
ditions for the existence of a topological PSU(3)-structure (that is, a reduction of the
structure group to PSU(3) acting through its adjoint representation). We derive various
obstructions for the existence of a topological reduction to PSU(3). For compact manifolds,
we also find sufficient conditions if the PSU(3)-structure lifts to an SU(3)-structure. We
find non-trivial, (compact) examples of integrable PSU(3)-structures. Moreover, we give a
Riemannian characterisation of topological PSU (3)-structures through an invariant spinor
valued 1-form and show that the PSU(3)-structure is integrable if and only if the spinor

valued 1-form is harmonic with respect to the twisted Dirac operator.

Secondly, we define new generalisations of integrable Go- and Spin(7)-manifolds which can
be transformed by the action of both diffeomorphisms and 2-forms. These are defined by
special closed even or odd forms. Contraction on the vector bundle T"® T defines an in-
ner product of signature (n,n), and even or odd forms can then be naturally interpreted
as spinors for a spin structure on T @ T*. As such, the special forms we consider induce
reductions from Spin(7,7) or Spin(8,8) to a stabiliser subgroup conjugate to Ga x Gy or
Spin(7) x Spin(7). They also induce a natural Riemannian metric for which we can choose
a spin structure. Again we state necessary and sufficient conditions for the existence of
such a reduction by means of spinors for a spin structure on 7. We classify topological

G2 x Go-structures up to vertical homotopy. Forms stabilised by G2 x G2 are generic and



an integrable structure arises as the critical point of a generalised variational principle.
We prove that the integrability conditions on forms imply the existence of two linear met-
ric connections whose torsion is skew, closed and adds to 0. In particular we show these
integrability conditions to be equivalent to the supersymmetry equations on spinors in su-
pergravity theory of type IIA/B with NS-NS background fields. We explicitly determine
the Ricci-tensor and show that over compact manifolds, only trivial solutions exist. Using
the variational approach we derive weaker integrability conditions analogous to weak holon-
omy Gs. Examples of generalised Ga- and Spin(7)-structures are constructed by the device

of T-duality.
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Chapter 0

Introduction

The present thesis is part of a programme initiated by N. Hitchin in a series of pa-
pers [28], [29] and [30] which aims to characterise geometries through closed differential
forms enjoying special algebraic properties. The algebraic property which plays the prime
role in this thesis is stability. A form p € QP(M) is said to be stable if at any point, its orbit
under the natural action of GL(T,M) is open. Such a stable form induces a reduction of
the structure group of M to the stabiliser subgroup of p. Analysing this reduction process
closely yields in all interesting cases a natural volume form which over a compact manifold
can be integrated to give a diffeomorphism-invariant function on the space of stable forms.
Since nearby forms are also stable, we can look for critical points for the variation of this
function restricted to closed forms in a given de Rham cohomology class, thereby perform-
ing a non-linear version of Hodge theory, and adopt the resulting equations as integrability
conditions. The appeal of this method is that it unravels in a straightforward way the

special geometrical structure of the local moduli space for the resulting geometry.



In this thesis, we will deal with those stable forms whose stabiliser induces a natural Rie-
mannian metric. Now stability is clearly a low-dimensional phenomenon since for large n
and p > 2,

dim GL(n) = n* < dim APT* = n!/p!(n — p)!

(for p = 2 and n even, any symplectic form is stable). The complete list of complex
representations of reductive Lie groups admitting an open orbit was given by Sato and
Kimura [42]. It follows that except for the well-known Ga-geometry, there is only one more
case of interest in dimension 8. It is associated with the structure group PSU(3) induced
by a stable 3-form, where PSU(3) acts through its adjoint representation Ad : PSU(3) —
SO(8). The condition to define a critical point for the variational problem is for both Go-

and PSU(3)-structures that the defining 3-form is closed and co-closed.

The first task of this research project was to take further the investigation of PSU(3)-
structures initiated in [29]. First we derive necessary topological conditions for their ex-
istence (Section 2.1.1). The embedding of PSU(3) into SO(8) naturally lifts to Spin(8)
and restricted to this lift, the vector representation A and the two irreducible spin rep-
resentations Ay and A_ of Spin(8) coincide ([29] and Proposition 1.10). As a result, the
tangent space is isomorphic to the spinor bundles which imposes quite severe constraints
on the topology of the underlying manifold. In particular, we establish the existence of
four linearly independent vector fields (Proposition 2.8). With any principal PSU(3)-fibre
bundle we also associate a characteristic class in H?(M, Z3) which we call the triality class
(Section 2.1.2). It is the obstruction to lift a PSU(3)-structure to an SU (3)-structure and
Theorem 2.11 completely settles the existence problem for those PSU(3)-structures whose

triality class vanishes.



Unlike G5 the group PSU(3) does not act transitively on a sphere. In particular, it follows
from the Berger-Simons theorem that PSU(3) does not appear as a possible holonomy
group for the Levi-Civita connection except for the symmetric space SU(3) and its non-
compact dual. As a consequence, the 3-form of an integrable PSU(3)-structure is not
parallel with respect to the Levi-Civita connection. Explicit examples of such integrable
PSU(3)-structures are described in Section 3.2.2. Continuing with the integrable case,
we characterise reductions to PSU(3)-structures in Riemannian terms through a spinor-
valued 1-form which we show to be harmonic with respect to the twisted Dirac operator
on T*"M ® (A4 @ A_) if and only if the structure is integrable (Theorem 3.6), thereby
completing and correcting an argument given in [29]. In particular, this implies the existence
of a Rarita-Schwinger field which is present in various supergravity and string theories.
The projection of this spinor-valued 1-form onto the modules T*"M ® Ay and T"M ® A_
induces two orientation-preserving isometries TM — AL. More generally, we show that
the existence of a supersymmetric map (Definition 1.1), that is, an isometry TM — AL,
induces a reductive Lie algebra structure on Ay whose adjoint group preserves the metric
structure (Theorem 1.12). As a result, the structure group reduces to the intersection
of SO(A+) with the automorphism group of the Lie algebra. By Cartan’s classification
we obtain, other than the group PSU(3) associated with the Lie algebra su(3), the two
groups SO(3) x SO(3) x SO(2) and SO(3) x SO(5) which arise as automorphism groups
inside SO(A+) of the remaining Lie algebra structures su(2) @ R® and su(2) @ su(2) @ R2.
The corresponding supersymmetric maps are orientation-reversing. These groups also arise
as stabilisers of certain 3-forms (albeit non-stable, cf. Theorem 1.15). We will briefly
analyse the resulting geometries where we impose the same integrability conditions as in the

PSU(3)-case (see Sections 1.3.3 and 3.2.1). In particular, we shall see that an orientation-
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reversing isometry 4 : TM — Ay associated with SO(3) x SO(5) induces an almost
quaternionic structure on the tangent space. If the Sp(1) - Sp(2)-invariant 4-form is closed,
then 4 is harmonic with respect to the twisted Dirac-operator. Moreover, we will construct
an example showing that integrability does not imply the defining 3-form to be covariant

constant with respect to the induced Levi-Civita connection.

The aforementioned classification established by Sato and Kimura also indicated the exis-
tence of stable spinors in either of the spin representations AV°? of Spin(n, n) for n = 6 and
7, where the stabiliser subgroup is conjugate to a real form of SL(6,C) or G3(C) x G3(C)
respectively. If we consider the spin structure associated with the orthogonal vector bundle
T @ T* together with contraction as inner product of signature (n,n), then spinors can be
naturally identified with differential forms. In [30], Hitchin dealt with the 6-dimensional case
and introduced the notion of a generalised Calabi- Yau manifold which is defined by a stable
form with stabiliser SU(3,3). From the algebra of the Spin(12,C)-action he constructed a
diffeomorphism-invariant function defined on the open orbit and a similar variational prin-
ciple as for forms of pure degree applies. Moreover, this function is also invariant under the
natural action of closed 2-forms. At any point of the manifold, a 2-form (or a B-field in
accordance with physicists’ jargon) can be regarded as an element of 50(6,6) = A%(T, ©T)
and exponentiation to Spin(6,6) yields an action on all geometric objects living in a rep-
resentation space of this group. In particular, this action preserves the orbit structure of
A% and thus the induced geometry. This observation subsequently led to the broader
concept of a geometry with B-fields or generalised geometry associated with the SO(n,n)-
structure on T' @ T*. A “special” generalised geometry designates a G-structure inside this

SO(n,n)-bundle, a concept which appears all over this thesis.

11



Proposition 1.19 suggested the existence of stable spinors whose stabiliser subgroup is con-
jugate to G2 x G5 and G2(C). The first one induces a natural metric giving rise to what
we call a generalised Ga-structure and the investigation of those constitutes the second part
of the thesis. There is also an invariant function which was first explicitly described by
Gyoja in purely algebraic terms [24]. However, with a view towards setting up the varia-
tional principle for these structures, this formulation proved to be rather cumbersome for
our purposes. We therefore approached these structures from a group-theoretic point of
view and discussed the geometry in terms of G-structures on the manifold. The inclusion
G2 x Go — Spin(7) x Spin(7) prescribes a G x Ga-structure of the vector bundle T'® T*.
First the inclusion G x Gy — SO(7) x SO(7) induces what we call a generalised metric

structure (Section 1.4), i.e. an orthogonal splitting
TeT =V,oV.

into a positive and negative definite subbundle V; and V_ with respect to the inner product
on T'® T*. Equivalently, this splitting can be encoded in a linear map P : T — T™, and
taking the symmetric and skew-symmetric part of its dual P € T* ® T™ induces an honest
Riemannian metric g and a 2-form b on the manifold. The G5 x Go-structure then defines
a Ga-structure on V, and V_ which can be pulled back to yield reductions to two Ga-
subbundles inside the SO(7)-bundle associated with g. Taking the induced spin structure,
this can be rephrased by the existence of two unit spinors W and ¥_. Interpreting the
square A ® A of the irreducible spin representation space A of Spin(7) as the module of
either even or odd forms (and thus as spinors for Spin(7,7)), we show that any stable form

whose stabiliser is conjugate to G2 x G3 can be written as

p=e .20, @V ) (0.1)
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(Corollary 1.22). The scalar F is the so—called dilaton. Here it appears as a scaling factor
but as becomes apparent in Section 3.3, it is assuredly the same object as the well-known
scalar field which occurs in various string theories. The identification of the tensor product of
spinors with forms is classical, and a special case of the formula (0.1) was already considered
in [20]. What is new in our approach is to interpret the tensor product A ® A not as a
Spin(7)-module but as a module for Spin(7) x Spin(7) which also acts on even or odd forms

through the natural map Spin(7) x Spin(7) — Spin(7,7).

The same approach also makes sense for Spin(7)-structures over 8-manifolds and an analo-
gous formula to (0.1) yields an even or odd form whose stabiliser is conjugate to Spin(7) x
Spin(7) (Section 1.5). However, as in the classical case, such a form is not generic. The
parity of p depends on the chirality of the spinors W, and ¥_ and in this way, we obtain
the natural notion of a generalised Spin(7)-structure of even or odd type. More generally
it makes sense to consider generalised G-structures associated with G x G — SO(n,n) for
any subgroup G < SO(n). For instance, Gualtieri introduced generalised Kéahler structures

associated with U(n) x U(n) [23].

Any classical Ga- and Spin(7)-structure induces a canonical generalised G- and Spin(7)-
structure where the two Ga- or Spin(7)-bundles inside the principal SO(7)- or SO(8)-bundle
coincide. From this, necessary and sufficient conditions for the existence of reductions to
G2 x Gy and Spin(7) x Spin(7) readily follow (Proposition 2.15). We will also prove the
existence of ezotic structures, that is the two reductions to a Ga- and Spin(7)-subbundle
inside the principal Spin(7)- or Spin(8)-bundle cannot be transformed into each other by
a vertical, that is, fibrewise homotopy. In the generalised Ga-case we will actually classify

these structures up to vertical homotopy by an integer invariant which essentially counts

13



(with an appropriate sign convention) the number of points where the two Ga-structures

coincide (Theorem 2.18).

We move on to set up the variational formalism to derive various notions of integrability
(Sections 3.1.2, 3.1.3 and 3.1.4). The first one is that of strong integrability which means
that p is closed and co-closed in an appropriate sense. Trivial examples are G- or Spin(7)-
structures whose defining form is closed and co-closed. We reformulate this condition in
terms of the right-hand side data of (0.1) which leads to the main result of this thesis.
Theorem 3.15 characterises integrable generalised Ga- and Spin(7)-structures in terms of
two linear metric connections whose torsion is skew, closed and adds to 0, and a further

equation which links the differential of the dilaton with the torsion 3-form 7',
1
(dF + §T) WUy =0.

For the first variational principle we set up in Section 3.1.2, the resulting torsion is just
db which we can think of as “internal” or “intrinsic” torsion coming from the omnipresent
twist by the B-field b. In presence of an additional closed 3-form H (a bosonic background
field in physicists’ terminology), we can also consider a twisted version of this principle
taking place over a dg-cohomology class, where dy is the twisted differential operator on
forms defined by dga = da + H A a. This 3-form then appears as “external torsion”,
that is T' = db + H. Connections with skew-symmetric torsion gained a lot of attention
in the recent mathematical literature (see, for instance, [1], [14], [19], [17] and [31]) due
to their importance in string and M-theory, and eventually, our reformulation yields the
supersymmetry equations in supergravity of type ITA /B with bosonic background fields [20)].
Therefore we drop any distinction between “internal” and “external” torsion and work with

T rather than with db or H. A further benefit of this approach is an explicit formula for the
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Ricci tensor of an integrable generalised G- and Spin(7)-structure (Theorem 3.21 and 3.28).
As a striking consequence of the closedness of the torsion we obtain the following version of a
no-go theorem, by using arguments going back to [32] (the result is wrong for non-closed 7).
Over a compact manifold, any integrable generalised Ga- or Spin(7)-structure is induced
by two classical G- or Spin(7)-structures whose defining spinor is parallel with respect to
the Levi-Civita connection. In particular, no exotic structure can be strongly integrable
(Corollary 3.19 and Corollary 3.27). This provides a full solution to the variational problem
which in this sense does not give rise to any truly new geometry, contrasting sharply with
the U(n) x U(n)-geometry mentioned above, for which compact examples that are not
defined by two integrable Kéahler structures do exist [23]. This motivated us to consider a
constrained variational problem (as introduced in [29]) which subsequently led to the notion
of a weakly integrable generalised Ga-structure of even or odd type (there is no meaningful
Spin(7)-equivalent). This notion corresponds to weak holonomy Ga, but as the discussion
in Section 3.3.3 reveals, it defines a new type of geometry in the sense that a weak holonomy

G2-manifold does not induce a weakly integrable generalised Ga-structure.

Setting up all these notions would, of course, prove fruitless if they were not supplied by
non-trivial examples. In the context of generalised geometry, we dispose of the powerful
device of T-duality to construct solutions. This duality was known for some time to relate
the string theories of type IIA and IIB, but the first rigorous mathematical formulation
was given only recently in a paper by Bouwknegt et al. [8] (see also [12]). Starting with
a principal S'-fibre bundle which carries an integrable generalised structure, we define
a second topological generalised structure by exchanging the S'-fibre with another one,

but without destroying integrability. With this tool at hand, we can easily construct local
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examples of strongly integrable structures with closed torsion out of classical G- or Spin(7)-
structures (Section 3.3.3). T-duality also applies to weakly integrable structures. However,
the lack of a classical counterpart makes a straightforward application difficult. If examples

of weakly integrable structures exist remains a question to be settled.

As we have seen, all the geometries we introduce give rise to a metric and can be defined
by closed forms. Consequently, G-structures play a predominant role, and this requires a
thorough understanding of the representation-theoretic aspects of the groups involved. The
recurrent theme of this thesis is the equivalent description of these G-structures by means
of spinors. We therefore chose to deal simultaneously with both classical structures (which
are defined by a form of pure degree) and generalised structures (which are defined by an
even or odd form which we regard as a spinor for 7'@ T™). As a result, we organised the

material as follows.

In the first chapter, we discuss the linear algebra of supersymmetric maps which identify
vectors isometrically with spinors. Particular emphasis will be given to the triality principle
which states that in dimension 8, spinors and vectors have the same internal structure. Since
the decomposition into irreducible Spin(n)-modules of the space of linear maps from the
tangent space to the spinor space yields two pieces of “spin 1/2” and “spin 3/2”, we can
distinguish supersymmetric maps accordingly, each type giving rise to different geometries.
From this point of view, we can characterise classical and generalised structures by the

existence of one or two supersymmetric maps of according spin.

We are then in a position to deal with global existence issues of topological G-structures.
In the second chapter, we first analyse topological reductions to PSU(3) before moving on

to generalised Ga- and Spin(7)-structures.
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The third and final chapter describes several notions of integrability. If the defining form is
stable, we can set up various variational principles which provide us with a natural set of
integrability conditions. We then adopt these for the non-stable cases, too. The discussion
of the representation-theoretic aspects laid down in the first chapter is taken further for
both classical and generalised structures in order to derive geometrical properties of those.

Finally, we construct concrete examples.
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Chapter 1

Linear algebra

In this chapter we deal with the representation-theoretic aspects of some groups which give
rise to a natural metric g on a vector space T and also stabilise a form of either pure
degree (inducing what we call a classical structure for reasons which become apparent in
Section 1.5) or an even or odd form (subsequently referred to as a generalised structure).
The primary aim is first to gain a better grasp of the linear algebra of generic or stable forms
(Section 1.6) associated with the groups PSU(3) and G2 x G2. The latter case provides
an example of a generalised structure, where even or odd forms can be naturally identified
with spinors for the orthogonal vector space T' @ T™ with contraction as inner product of

signature (n,n) (Section 1.1.3).

In the context of these “metric” structures, spinors associated with the metric ¢ on T
naturally appear and motivate an approach in Riemannian terms. Moreover, stability is
essentially a low-dimensional phenomenon and as such, special isomorphisms between vec-

tors and spinors exist. This idea will be formalised by the concept of a supersymmetric
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map (Definition 1.1). Such a map identifies the tangent space isometrically with the spinor
space and completely characterises the geometry. Since the decomposition into irreducible
Spin(n)-modules of the space of linear maps from the tangent space to the spinor space
yields two pieces of “spin 1/2” and “spin 3/2” we can distinguish supersymmetric maps
accordingly, each type giving rise to different geometries (Sections 1.2 and 1.3). Particular
emphasis will be given to the triality principle which states that in dimension 8, spinors
and vectors have the same internal structure (Section 1.1.2). Here, a supersymmetric map
of spin 1/2 leads to the well-known Spin(7)-structures, but for 3/2, we get something new.
Theorem 1.12 states that a supersymmetric map T — A4 induces a reductive Lie algebra
structure on A+ whose adjoint group preserves the metric structure. Other than the group
PSU(3) associated with the Lie algebra su(3), the groups SO(3) x SO(3) x SO(2) and
SO(3) x SO(5) associated with su(2) @ su(2) ®R? and su(2) ®R> appear. These groups can
be equivalently defined by a form which, however, is not stable. We will investigate these

structures in Section 1.3.3.

We then move on to generalised structures. These share the special feature of being invariant
not only under linear isomorphisms, but also under a natural action of a 2-form or B-field
in physicists’ language. We spend some time on describing this setup (Sections 1.1.3 and
1.4) before introducing what we call generalised exceptional structures (Section 1.5) which
are associated with the groups Go x G2 and Spin(7) x Spin(7). These stabilise a spinor for
Spin(7,7) and Spin(8,8) which, as we have just explained above, can be naturally identified
with a form. Propositions 1.20 and 1.21 show how these structures fit into the spinorial

picture which will be a key theme of this thesis.

For a more detailed discussion and proofs on the general facts we use we suggest Harvey’s
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book [25].

1.1 Clifford algebras and their representations

In this section we recall some fundamental properties of Clifford algebras to fix our notation.

1.1.1 Clifford algebras

For any inner product space (T, g) of dimension n, we can consider the Clifford algebra

CLff(T, g) which is generated by 7" and a unit 1 subject to the relations
v-v=—g(v,v)l

for any v € T'. To ease notation, we shall drop the inner product g and write simply CLfH(T')
whenever the underlying metric is clear from the context. Note that as a vector space, the
map

J vy v v AL A, (1.1)

identifies Cliff(T") and A*T*. We will usually abuse notation and write informally v;, ;, for
either v;, -...-v;, or v;; A...Av;,.. In the same vein, we speak of the Z- and Zs-grading on
Clifford algebras or exterior forms. For instance, if J(x) € APT then we shall refer to p as

the degree of = and denote it by deg(z). If z € Clff{T) and v € T then
Jw-z)=vAz—vz, Jx v)= (=" 0wAz+o).

A Clifford algebra comes along with several canonical involutions. We denote by ¢ the most

useful for our purposes. It is an anti-automorphism of CIiff(T") defined on elements x of
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degree p by
o(x) = e(p)x (1.2)

where €(p) = 1 for p = 0,3mod 4 and €(p) = —1 for p = 1,2mod4. The Hodge star operator
* on A* then translates into

*xJ(z) = J(o(x) - vol), (1.3)
where vol now denotes the Riemannian volume element seen as an element in CILf{(T).

Finally, we briefly recall some aspects of the representation theory of Clifford algebras.
These can be identified with (sometimes a direct sum of) endomorphism algebras over the
so-called pinor space P which is unique up to isomorphism. We shall usually denote by
- the action of the Clifford algebra on P which is also called Clifford multiplication. The
pinor spaces come equipped with a bilinear form ¢ (this letter being henceforth reserved for
it) satisfying

gz -9, ¢) = q(¢,0(x) - ¥). (1.4)

This property renders g unique up to a scalar. If the signature of g is O0mod 8, then ¢
is symmetric if and only if p = [n/2] equals 0 or 3mod4 (which, for us, will always be
fulfilled), and skew-symmetric otherwise. If we restrict Clifford multiplication to even el-
ements, then the pinor space P can be decomposed into irreducible components referred
to as spin representations. In particular, we obtain representations for the so—called spin
group

Spin(T,g) = {v1 - ... var | g(vi,v;) = £1}.

For a € Spin(T, g) we define my(a) € SO(T, g) by mo(a)v = a-v-a~t. The map

7o : Spin(T,g) — SO(T, g) (1.5)
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is in fact a double covering. The induced Lie algebra isomorphism is given on basis elements
e; - e; by

Tox : €i - ej € 50(T, g) < Cliff(T, g) — 2e; Ae; € s0(T,g) = A*T*.

The construction of explicit representations in the cases we will subsequently consider will

occupy us next.

1.1.2 The triality principle

Roughly speaking, the triality principle asserts that in dimension 8, spinors and vectors
have the same internal structure. It therefore plays a central role if we wish to approach

special geometries in dimensions 7 and 8 from a “supersymmetric” point of view.

Recall that the vector representation A' and the two irreducible spin representations of
Spin(8) are all 8-dimensional and real. A convenient way to think of these spaces is to adopt
the octonions O as the underlying vector space. More concretely, let us fix an orthonormal
basis eq,...,es in A' and identify these vectors with the standard basis 1,i,...,e - k of

(O, |I1|l) according to the prescription
en=1l,e1=i,ea=j,es=k,eq=e,es=e-i,eg=€e-j, er=e-k. (1.6)

Here, ||| denotes the norm induced by the standard inner product (z,y) = Re(z - y)/2. If

R,, denotes right multiplication by u € O, then the map

0 Ry
u€cQr € End(0O & 0) (1.7)

Ry O
extends to an isomorphism CIliff{Q) = End(O & Q) where A = O @ O is the (reducible)

space of spinors for Spin(8). These two summands can be distinguished after fixing an
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orientation, since the Clifford volume element acts on those by +Id. Consequently, we will
denote these two spin representation spaces by A and A_. Then, if E;; is the basis of

skew-symmetric matrices A? given by

0 0
-1 7
By =
1 j
0 0
i J
it is straightforward to check that the resulting matrices of the inclusion A! = QO —
End(A; @ A_) are
eo = —Ei19—FEs10— E311 — FEy12 — E513 — Eg 14 — E7.15 — Eg 16,
er. =  FEii0— FE29— FE312+ Fy1n — Es14+ Eea3 + E716 — Es 15,
eo =  Ei11+ FEo12— E39— FEy10— Es.15 — Ee 16 + E7.13 + Eg 14,
e3 =  Ei19—Fo11+E310— FEi9 — E516 + Ee15 — E7,14 + Eg 13, (18)
es = Eiri3+ Eo1a+ B35+ Ey16 — Es9 — Ee10 — E711 — Eg 12,
es =  Ei114— FEs13+ E316 — Fy15 + Es510 — Eeg + E712 — Eg 11,
e6 = Ei115 —FEo16 — E313+ FEy4 + Es11 — Ee12 — E79 + Eg 10,
e7 =  Eii6+ Eo1s — E314 — Ey13 + Es12 + Ee 11 — E710 — Eg.

Moreover, the inner product on O can be adopted as the Spin(8)-invariant inner product
on A, and A_. Consequently the three irreducible representations A', A, and A_, albeit

non-equivalent as representation spaces of Spin(8), coincide as Euclidean vector spaces.
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The representations are distinguished by the action of the volume element as summarised

in Figure 1.1. With the three representations my, 7+ and m_ at hand, the triality principle

{1, —vol} T SO(A,)
/ \ \ Ny

{1,-1} — Spin(8

N o

Figure 1.1: The Triality principle

states that

mo(g9)(x - y) = m—(g)(z) - 74 (g9)(y) forall z,y € O. (1.9)

Another way of formulating triality is this. The group of symmetries of the Dynkin diagram
of Spin(8) coincides with the outer isomorphism group. The symmetries are given by
a reflection k which maps the vertex representing the fundamental representation Ay to
the vertex of A_ and a rotation A of order 3 (cf. Figure 1.2). Hence Out(Spin(8)) =
G3 = the permutation group of three elements, and if we regard A and x acting as outer

automorphisms of Spin(8), we have
mo=mnyokoXand m_ =7y o A%

Morally this means that we can exchange by an outer automorphism any two of the

Ay

}

BN

Figure 1.2: The Dynkin diagram of Spin(8)



representations A', A, and A_ while the remaining third one is fixed. We will use these
outer automorphisms later on to derive necessary topological conditions for the existence

of PSU (3)-structures (cf. Section 2.1.1).

1.1.3 The Lie algebra so(n,n) and its spin representations

Let T™ be an n-dimensional real vector space and consider the direct sum with its dual
T @ T*. This direct sum carries a natural orientation by requiring an oriented basis to be
of the form (v1,...,vn,&1,. .., &) where {¢;} is the dual basis to {v;}. The choice of such a
basis identifies the group SL(T @ T™*) - the orientation preserving endomorphisms of T'&® T™*

- with SL(2n,R). Furthermore, T'® T™ carries the natural inner product

(0 + & +8) = —2£(0)

of signature (n,n), where v € T and £ € T*. The factor is chosen for convenience and
has no geometrical significance. To pick this inner product means singling out a group
conjugate to O(n,n) inside GL(T & T*) = GL(2n,R), and requiring compatibility with the
natural orientation brings us down to the group SO(T @ T*) = SO(n,n). We can then
consider the Lie algebra so(n,n) inside gl(2n), the set of endomorphisms of T'& T™*. Note

that GL(T) < SO(T @ T*) and as a GL(T)-space, we have
so(n,n) = A2 (T @ T*) = End(T) & A*T* © AT.
Hence any X € so(T' & T™) can be written in the form
X=Aobaf= Aw®&, > bi&Ng Y B Avj). (1.10)

In particular, any 2-form b defines an element in the Lie algebra so(n,n). We will often

refer to such a 2-form as a B-field. In order to understand its action on T @ T* through
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exponentiation we represent so(7" @ T%) as matrices with respect to the splitting 7' ® T,
ie.

A p

B _Atr
where A € gl(T), b € A*T* and 8 € A?T. Now the action of e® = eXPgo(n,n)(b) on
v@&eT T is given by

e =vd (vb+§), (1.11)
which written in matrix form is

1 0 v v
. = . (1.12)
b 1 £ b(v) + ¢

Next we consider the Clifford algebra CLff(T & T™) associated with the inner product (-,-)

and construct a pinor representation space. We define an action of '@ T™ on forms by
(v+EeT=vT+ENT.
As this squares to minus the identity it gives rise to an isomorphism
CLf(T & T*) = End(A*T™).

We shall reserve the symbol e for this particular Clifford multiplication. The exterior
algebra A*T™ becomes thus the pinor representation space of CLf(T @ T™). It splits into

the irreducible representation spaces
S:I: — Aev,odT*

of Spin(T & T%).
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Remark: There is an embedding
GL(T) — Spin(T & T™)

of the identity component of GL(T) into the spin group of T'® T*. From the GL, (T)-
representation theoretic point of view we have to twist the spin representations by (A”T)l/ 2

so that

§E = Aevod (AnT)1/2.
This is analogous to the complex case
U(n) — Spin®(2n) = Spin(2n) xz, S*,
where the even and odd forms get twisted with the square root of the canonical bundle x,
gt — A(ecv,odT* @ k2.

As long as we are doing linear algebra this is a mere notational issue but in the global
situation we cannot trivialise A™T" if the manifold is non-orientable. However, this will
always be the case for the class of manifolds we consider. Consequently, we omit the twist
to ease notation, relying on the context to make it clear whether we consider the standard

GL(T)-action on exterior forms or the induced action on spinors.

We can define the non-degenerate bilinear form ¢ in (1.4) by taking the top degree of the
wedge product a A o(f), i.e.

q(a, B) = (@ N a(B))n-

It is seen to be invariant under the action of the spin group and from the previous remark

we gather that from the GL(T) point of view, g takes values in R rather than in the volume
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forms. This form is non-degenerate and symmetric if n = 0,3 (4) and skew if n = 1,2 (4).
Moreover, ST and S~ are nondegenerate and orthogonal if n is even and totally isotropic

if n is odd.

Finally, we note that the action of a B-field b € so(n,n) on the form 7 € S* exponentiated

to Spin(T @ T*) is given by
b 1
XD gpin(Tar+)(b) @ T =€’ 0T = (1+b+§b/\b+...) AT.

We shall therefore also write exp(b) @ 7 = exp(b) A 7.

1.2 Supersymmetric maps of spin 1/2 and related geometries

As pointed out in the introduction, the purpose of this work is to investigate the Rieman-
nian geometries which arise in Hitchin’s variational approach. These geometries fit into a
larger picture based on the notion of what we shall call a supersymmetric map. In physi-
cists’ language a supersymmetry is supposed to exchange bosons (particles that transmit
forces, mathematically described as elements lying in a vector representation of the struc-
ture group) with fermions (particles that make up matter represented by elements in a spin

representation). To formalise this concept, we make the

Definition 1.1. Let T = A' be a Fuclidean vector space of dimension 7 or 8 and let A
denote an irreducible spin representation of the associated spin group Spin(T,g). Then a

supersymmetric map s an isometry
v A= A

onto its image.
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A basic instance of this is a unit spinor ¢ in the irreducible spin representation A of Spin(7)

which by Clifford multiplication induces an isometry
reA'=RT -z e A.

Picking a unit spinor is equivalent to the choice of a copy of Gy inside Spin(7) and it is a
general fact that supersymmetric maps are tied to special geometries. Since it is induced by
a spinor we say that this isometry is a supersymmetric map of spin 1/2. The 1/2 refers to
the highest coefficient in the dominant weight of the spin representation. If z1,...,z,, are
the coefficients of a maximal torus of s0(2m) or so(2m + 1), then the spin representations

A4 or A are of highest weight

1 1 1

(where the — occurs for A_). There are also representations of higher spin and in the
Section 1.3, we shall also consider gravitinos, that is particles of spin 3/2. In this section,
however, we will consider geometries which can be characterised by a spinor and give rise
to a spin 1/2 supersymmetric map in dimensions 7 or 8. Our treatment is far from being
exhaustive. For details and notations, we suggest [13] for SU(3)-structures and [10] for G-
and Spin(7)-structures. An exposition which comes particulary close to the spirit of this
work and covers several other interesting geometries is [21]. In this article, the authors also
deal with structures which are described by two supersymmetric maps. Such geometries

will be investigated in Sections 1.4 and 1.5 where we introduce the “generalised” setup.
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1.2.1 The group SU(3)

In this subsection, we consider 7¢ = RS together with an SU(3)-structure. To see what
this means in terms of invariant tensors, we first endow T with an orthogonal complex
structure I. Recall that if a real vector space 72" admits an almost complex structure
with complex coordinates z1, ..., z,, the complexification of A™T™* ® C can be decomposed

into the direct sum of complex subspaces € AP? where AP? is the space spanned

p+q=n
by dziy A ... ANdzy, Ndzi N ... AN dz;,. We now introduce an important piece of notation
(following [39]) which we shall use throughout this text. Whenever we deal with a complex
representation space V', we can also consider its conjugate V where a complex scalar z acts

by z. For example, we have AP:2 = ADP. If V arises as the complexification of a real vector

space, we denote that space by [V] which means that
VieC="V.

In particular, V = V as complex representations and dimg[V] = dimcV. An instance of
this are the spaces APP. If V is not equivalent to V then the only way to produce a real
vector space is to forget the almost complex structure and to obtain the underlying real

vector space [V] = [V]. Its complexification is
[VleC=VeaV

and its real dimension is twice the complex dimension of V. For example, we have T'® C =

A0 @ A% 5o that T = [ALO].

To return to the mainstream of our development we note that the choice of an almost
complex structure I brings us down to the structure group GL(T,I) = GL(3,C). On the

other hand, a non-degenerate 2-form w yields the structure group Sp(T,w) = Sp(6,R). If
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this form lies in [A!], then the structure group reduces to the intersection of GL(3,C) and

Sp(6,R) which can be U(2,1) or U(3). The latter occurs if the metric

g(z,y) = w(lz,y)

is positive definite. This metric also distinguishes a unit circle inside [A3°]. A reduction
to SU(3) is then achieved by the choice of a 3-form 1, lying in that circle. This form

determines a holomorphic volume form

b=ty i € A,

where 1_ = I, . Choosing a suitable orthonormal basis e, ..., e7 we can write
w = e32+ €54+ €Co7
U = (e3+ie2) A (es5 +ieq) A (eg + ie7)

and decomposing ¥ into the real and imaginary part yields

Yy = e356 — €347 — €257 — €246
Y = e357+ e346 + €256 — €247
where as usual we identified e; with its metric dual e’ and eijk is shorthand for e;AejAey. The

rather unorthodox choice of the normal form for w and %4 in comparison to the standard

notation [13] will be justified in Proposition 1.29. Note also the identities

wAYPr = 0
2
Yy AN = gw?’.

Under the action of SU(3), the exterior powers AP decompose as follows.
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Proposition 1.1. [13]

T = [[Alﬂ
AT = [AY] @ [Ay'] @ Rw

AT = Ry dRY_ & [02] & [AF'] & [A']
Note that the induced Hodge star operator determines an isomorphism AP =2 AS—P.

Next we want to give a characterisation of SU(3)-structures in Riemannian terms, that is
we start with a metric on 7" and ask for the additional invariants to achieve a reduction
from SO(6) to SU(3). To this effect, we will discuss SU (3)-structures from a spinorial point
of view. The pinor space of CIiff(T, g) decomposes into two irreducible spin representation
spaces S and S of Spin(6) which are complex conjugate to each other. In fact there is a
special isomorphism SU(4) = Spin(6) and under this identification, the spin representation

spaces become the vector representations S = C* and S = T". Since
SU(4)/SU(3) = 87,

we see that SU(3) is the stabiliser of a spinor in S and S. If we denote these spinors by 1
and 1) and choose a representation of the Clifford algebra CIiff(RS, g), we can reconstruct

the forms w and ¥ by

—iq(eij -, 1))

w(e;, e;)

U(e; ej,ex) = q(ez‘jk'%a)

There is clearly some choice involved in this process — we followed the convention in [21].
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1.2.2 The group G,

Next we move up one dimension and consider T' = R7 together with the structure group Go.
It is one of the two so-called exceptional holonomy groups among Berger’s list of special
holonomy groups. There are several closely interrelated ways of approaching G,. We can
see Go inside GL(8) as the automorphism group of the product structure of the octonions.
This product structure induces a vector cross product on the imaginary octonions [9] which
is also invariant under the action of Gs. From this orthogonal product we can build a
3-form which is generic and stabilised by G5 and this is the definition of G5 we shall adopt.
More formally, consider the natural action of GL(7) on A3. Tt has two open orbits one
of which contains the aforementioned 3-form and is thus isomorphic to GL(7)/G2. This
orbit is commonly denoted by Ai and its elements are called stable, following the language
of [29]. Stable forms will be treated in more detail in Section 1.6. We will usually denote
a given Go-invariant 3-form by ¢. Since G sits inside SO(7), the choice of a Go structure

also induces an orientation and a metric g. The exterior algebra decomposes as follows.

Proposition 1.2. [10]

(i) A=Al =R"
(ii) A2 = A2 @ A2, where

A2 = {aeA|x(pha)=2a}={XLp|X €T}

Ay = {eeh|x(pra)=—a} =g
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(iii) A3 = A @ A2 @ A3, where

A} = {ty|teR}
A7 = {xlpnra)|ac Az}
A3, = {aeA3|ahp=0, aAxp=0}

The notation is standard and the subscript indicates the dimension of the module. The
decomposition of the higher order powers follows again from the isomorphism A77P = AP
induced by the Hodge x-operator, and modules of the same dimension are equivalent. We

will use the notation of Proposition 1.2 throughout this work.

As in the case of SU(3), a spinorial formulation of Ga-structures is available. The group G,
is simply-connected and the inclusion Ga — SO(7) lifts to Spin(7) whose irreducible spin

representation A is real and 8-dimensional. We have
Spin(7)/Go =2 87,
that is, G2 is the stabiliser of a unit spinor 1y which induces an isometry
XeA = X ¢ep <A.

By fixing a representation of the Clifford algebra CIif{R”, g) we obtain an invariant 3-form
by the formula

o(ei, ej,ex) = qleijr - ¥, ). (1.13)

The representation we shall use throughout this work is constructed as follows. Identify

T7 = R” with the imaginary octonions by e; =,...,e7 = e-k as in (1.6) and embed T into

Endg(0) ® Endg (0) = CLfHT, g)
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R, O
ueT=2ImQ —
0 —R,
where R, denotes right multiplication as in (1.7). Projection on the first summand Endg(O)

yields the explicit matrix representation given by

er. = FE19—Es34— Es6+ Erg,
e2 = Ei3+FEs4— FEs7— Fgg,
e3 = FEi14—FEo3— Es58+ Egr,
es = Ei15+ Eap+ E37+ Eyg,
es = FEi16— FEos+ E3s— Ear,
e6 = E17—FEog— FE35+ Fyg,
er = Eig+ Ea7— Ez6— Eyp.

Using this, expression (1.13) becomes

@ = e123 + €145 — €167 + €246 + €257 + €347 — €356 (1.14)

which we shall adopt as a normal form of ¢. Consequently, we obtain

* = —e1247 + €1256 1+ €1346 1+ €1357 — €2345 + €2367 + €4567- (1.15)

Finally, we want to investigate the relationship between SU(3)- and Ga-structures. We
start with the form point of view. Choose a unit vector o € T' and decompose T'=T & Ra

where T = R®. Then (1.14) and (1.15) can be written as

1
=19y twAa, *g0:¢_/\a+§w2 (1.16)

where the forms w and 4 are pulled back from T. As usual we identify vectors with 1-

forms in the presence of a metric. The data g1, w and 9 defines an SU(3)-structure on
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T. Conversely, take the invariant forms w and 4 and the metric gy of an SU(3)-structure
and introduce a 1-form «. Define T' = T & Ra with the metric g = go ® a ® a. Then the

form ¢ given as in (1.16) defines a reduction to Gs.

In the spinorial picture, let ) be the invariant spinor under GGo. The choice of a unit vector «
induces an almost complex structure on A, since a- a9 = —1p. Hence the complexification

of A becomes

A ®(C — ALO D AO’I.

In terms of the almost complex structure (1)) = « - 1) induced by «, these spaces are
AV = —ia-¢|¢p e A} and A® = {p+ia-¢|¢ € A}.

Since AL and A%! are 4-dimensional complex vector spaces we have a natural SU(4) =
Spin(6) action induced by the cover of Spin(6) — Spin(7) of the reduction from SO(7) to

SO(6) associated with the vector a. Now
A =[] =1[9]

so that the choice of an inclusion SU(3) — SU(4) yields a 2-dimensional invariant real
subspace spanned by 1 and ¥_ = a-14. The group SU(3) thus sits inside the two copies

of G4 stabilising the spinors ¥4 and ¥_ in A. The corresponding 3-forms ¢ are

o+ =wAat,. (1.17)

1.2.3 The group Spin(7)

8

Finally we discuss the geometry associated with Spin(7) over T = R®. This group is

obtained as the reduction from GL(8) to the stabiliser of a certain 4-form which we denote
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by €. Again it can be constructed out of the algebraic data we have on the octonions,
but unlike the Ga-invariant 3-form ¢ it is not generic. However, we still have an inclusion
Spin(7) — SO(8) which induces a metric and an orientation, and €2 is self-dual with respect
to the corresponding Hodge x-operator. Since Spin(7) is simply-connected it also lifts to

Spin(8).

Proposition 1.3. [10]
(i) A=A} =R®
(i) A% = A2 @ A%, where
A2 = {aeA?| x(QAQ)=3a}
A2, = {aeA?| x(Q2Aa)=—a} = spin(7)
(iii) A3 = A @ Adg, where
A = {(x(QAa)|aeT}

Adg {ae A3 |anQ =0}

(iv) A' = Al @ A @ AL, @ Ay where

Af {tQ|t e R}
At = {a*Q|a € A2} (where o* denotes the action of A? = s0(8))
A = {aeA|Qra=0,*xa=aqa, BAa=0forall 3 € A}},

Al = {ae€eA!| xa=—-a}.
We saw earlier in our discussion of triality that vectors and spinors are equivalent under
an outer automorphism. An invariant vector in A! reduces the structure group from SO(8)

to SO(7) and this is covered by an inclusion of Spin(7) to Spin(8). We denote the image

by Spin(7)p to indicate that it fixes an element under the vector representation of Spin(8)
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induced by m (cf. (1.5)). The triality automorphisms A and x permute the representation
spaces and consequently, the stabiliser of a unit spinor in Ay are two copies of Spin(7)

which we denote by Spin(7)+. Hence we have
Spin(8)/Spin(T)+ = 8™ C Ay
and Spin(7)+ acts irreducibly on A-.
As in the previous cases we can compute a normal form of 2 by the formula
Qei, ej, ex, e1) = qleijrr - ¥, ).
If we fix the representation given by (1.8) we find
0 = —ep123 — €0145 + €0167 — €0246 — €0257 — €0347 T €0356 T €1247 — €1256 — €1346
—€1357 + €2345 — €2367 — €4567-

To link G- with Spin(7)-structures we choose a unit vector v € T and decompose T =

Ry @ T where we endow T = R” with a Ga-structure ¢ € A3T*. Then the 4-form
Q=9Np+*p
is stabilised by Spin(7). The spinor description follows from the decomposition
Ap = A=A @Ry

into Go-modules. In fact, Spin(8) acts transitively on S7x S7 inside A, x A_ with stabiliser
G27

Spin(8)/Ga = ST x ST C Ay x A

and consequently, G9 sits in and actually equals the intersection of Spin(7)4 with Spin(7)_.

Moreover, we can show the
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Proposition 1.4. Restricted to Gy C Spin(8), the representations A', Ay and A_ coin-

cide.

Proof: We denote the four fundamental weights of Spin(8) by wi, wa, ws and wy. The

weights of the representation A' = [1,0,0,0] are

twi, H(w; —w2), £(wy — w3 — wy), (ws — wy). (1.18)
For the representations A = [0,0,1,0] and A_ = [0,0,0, 1] we find the weights

(w1 — wy), £(w1 — w2 +ws), £(w2 —w3), fws (1.19)
and

+(w) —ws), £(w1 — wo +w3), H(ws —wy), twy. (1.20)

Now A, = AL @ Ry, as a Go-space where Go acts with weights
0, (o0 — 1), +0, £(20 — 1),

where o and 7 are the fundamental weights of G2. Substituting these into 1.18, 1.19 and

1.20 gives in all three cases the same Ga-weights, i.e. they are equivalent. |

We will also consider the case where we have to orthogonal unit spinors ¥+ € Ay. The
spinor 1, gives rise to the stabiliser Spin(7)., so that Ay = Rep, ®R". The group Spin(7),
acts on R7 in its vector representation and thus transitively on the sphere S® with stabiliser
Spin(6). As a Spin(6)-space, A! = R® = [C*], where C* denotes the spin representation
under the identification Spin(6) = SU(4) as above. Note that Spin(6) stabilises a 2-form
in A2, given by

W = ep] — €23 — €45 + €67
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and the three self-dual 4-forms

Q1 = ep26 + €257 + €0347 — €0356 — €1247 + €1256 + €1346 + €1357
Qo = €27 — €0256 — €0346 — €0357 + €1246 1+ €1257 + €1347 — €1356
Q3 = —ep123 — €0145 + €0167 + €2345 — €2367 — €4567,

where Q3 = w A w/2.

We summarised the relationship between the groups SU(3), G2 and Spin(7) in the next
table. Note that the decomposition of the vector and spin spaces in the first and second

row are taken with respect to the group Go and SU(3).

Group vector space spinor space
Spin(8) T=RyoR’ Ay =Rypy O R7
U

Gy = Spin(7)+ N Spin(7)_ | T=Ra®RS | A =Ry, ®RyY_ SRS

U

SU(3) = Gay NGy T = RS S=C3aCy, S=C3a1y

Table 1.1: The groups SU(3), G2 and Spin(7)

1.3 Supersymmetric maps of spin 3/2 and related geometries

In dimension 8, a supersymmetric map sits inside the module
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where ker 1(+) denotes the kernel of the Clifford multiplication
pe MM @ AL — Ax

As a spin module, ker 4 is an irreducible space of highest weight

IS S
—X —X —X
97l T2 97

and consequently, an element of this space will be referred to as a spin 3/2 particle. In
the same vein as in the previous section, we try to analyse the geometries associated with
a supersymmetric map, this time of spin 3/2. As an example of such a geometry, we first

consider the group PSU(3).

1.3.1 The group PSU(3)

We shall first adopt a definition of the group PSU(3) which follows closely the approach
of [10] for G, emphasising the form point of view. Let T be a real vector space of dimension
12345678 ¢

8. We fix a basis ey, ..., eg whose dual basis we denote by e!, ..., e® and choose e

orientation.

Definition 1.2. Let

1 1 1 3
p:€123+261(€47_€56)+62(646+€57)+63(645_667)_1_[

8/ 45 |, 67
. 1.21
5 5 5 e®(e™ +¢e°") ( )

Then we define

PSU@B)={ac GLL(T)|a"p = p}.

The coefficients ¢;;, of (1.21) are taken from [22], p.50. We shall give a more detailed
description of this 3-form in a moment. First we note that as in the case of G2, we may

regard PSU(3) as (the connected component of) an automorphism group.
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Proposition 1.5. The subgroup PSU(3) < GL(T) = GL(8) is the identity component of

the automorphism group of the Lie algebra su(3), i.e.
PSU(3) = Ad(SU(3)) = SU(3)/Z(SU(3)),

where Z(SU(3)) denotes the center of SU(3).

Proof: We define a bracket [-,:] on T' x T by linearly extending the relations

leives] =D pleirej,ener,
k

that is, the structure constants cfj are just the coefficients of p and hence are totally skew.
We will show that this bracket endows T" with a Lie algebra structure isomorphic to su(3). It
is immediate to verify that we actually have defined a Lie bracket, that is the Jacobi identity
holds. Next, consider the Killing form B(z,y) = Tr(ad(x) o ad(y)). It is straightforward to

check that the basis eq,...,eg verifies
B(ei,ej) = —3(51'3'

so that B is negative definite. Hence, (T,[-,-]) is a compact semi-simple Lie algebra. By
Cartan’s classification theorem we conclude it must be simple on dimensional grounds and
thus isomorphic to su(3). Hence PSU(3) is contained in Aut(su(3)) = Ad(SU(3)) x Za.
Since the orbit of p is of dimension less than or equal to 56, the dimension of A3, it follows
that PSU(3) is of dimension greater than or equal to 8 and hence equals 8 since this is the
dimension of Ad(SU(3)). Consequently, the identity component of the automorphism group
is contained in PSU(3). Since the other component of Aut(su(3)) reverses the orientation

the assertion follows. [ |
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Invariantly formulated, we have

p(x,y,2) = —%B([JU, yl, )

where B and [-,] denotes the Killing form and the bracket [-,:] of su(3). The vectors
e1, €2, e3, eg span a u(2) = su(2) @ Reg subalgebra. As an su(2)-space, we have su(3) =
su(2) ®Reg @ [C?], where C? denotes the vector representation of su(2) which we view as a
real space R?* spanned by ey, ..., e7. The space of 2-forms A’R?* decomposes into the direct
sum of self-dual and anti-self-dual forms (the +1-eigenspaces of the Hodge x-operator). By

choosing a suitable orientation, the anti-self-dual forms wi_ = e?” — €56, wy_ = 46 4 €57

45 667

and w3 = e®® — are acted on trivially by su(2), while w3y = e*® + €57 belongs to the

space of self-dual forms which is just su(2). We can then write

1 1 1 3
p =e123 + 561 Nwi— + 562 N wo_ + 563 N ws_ + {68 N w34 (1.22)
and
1 1 1 3
*p = easers — 5e23s Aw-1+ se1ss Awop — Jens Aw-3 + 13 Awsy. (1.23)

The next corollary displays yet another feature that PSU(3) has in common with G2 and

which will be crucial in the sequel.

Corollary 1.6. Under the natural action of GL(8), the orbit of the 3-form p is diffeo-

morphic to GL(8)/PSU(3) and therefore open.

Again, we shall refer to a form which lies in this open orbit as stable. Expressed in a
suitable frame, a stable element has the canonical form (1.21). We refer to such a frame as

a PSU(3)-frame.
As a further corollary of Proposition 1.3.1 we note the
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Corollary 1.7. The Lie group PSU(3) is a compact, connected Lie group of dimension 8
with fundamental group m (PSU(3)) = Zs. It acts irreducibly on T. The adjoint represen-
tation Ad : SU(3) — SO(8) descends to an embedding PSU(3) — SO(8) that lifts to an

embedding PSU (3) — Spin(8).

Hence the choice of an orientation and a stable 3-form induces a metric g, a Hodge x-operator
x4, a Lie bracket [-,-] and a spin structure. In particular, we will drop any distinction

between {e;} and its dual basis {e'}.

Next, we will discuss some elements of the representation theory for PSU(3). We will
always suppose that we work with a PSU(3)-frame ey, ...,eg. We will label irreducible
representations by their highest weight expressed in the basis of fundamental weights which
in the case of su(3) is provided by two elements, o; and o3. For example, T'® C, the
complexification of the adjoint representation of SU(3), is T ® C = V(o1 + 02) which we
more succinctly write as (1,1), the i-th component referring to o;. This can be seen by
fixing the Cartan subalgebra spanned by e3 and eg. We obtain the following decomposition

of the complexified Lie algebra su(3) ® C into root spaces:
suB)C=te V(o V@a V(@) aV(B) e Via+p)dVia+p).

We use the notation 7" = [1, 1] for the real representation in accordance with the convention
introduced on page 30. For subsequent computations we will adopt the following convention.
The fundamental roots o and 3 will be labeled in such a way that the root spaces V(«a)

and V() are spanned by

To = €4 +1e5 and xg = eg — ie7.
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This corresponds to the expressions
o= *%(63 +v3e®) and 8 = %(*63 +v3€e%) (1.24)
for the fundamental roots o and (3. It follows that V(a+ () is generated by x5 = €1 +iea.
Moreover, the fundamental weights are
2 1
o1 = f2a+ 30
a8 (1.25)
g9 = %Oé + %ﬂ
Note that the Lie structure on 7' = A! induces a PSU(3)-invariant operator d : A¥ — AF+1

which is just the exterior differential restricted to left-invariant forms on the group SU(3),

de; = E Cijk€j N k.

i<k
The following proposition gives the decomposition of the exterior algebra into irreducible

PSU(3)-modules.

Proposition 1.8.

1. A' =T is irreducible and of real type.
2. A? = A2 @ A3, where
A3 ={Xip| X € Al} = su(3)
A3y ={T € A2| T Axp =0}
A%O is a representation of complex type and its complexification decomposes as
A3 ® C = Aff, © AfG_
where
A, ={a e N’@C| x(pAa)=+V3i a*p}.
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Ezxpressed in terms of dominant weights with respect to the basis provided by the fun-

damental weights o1 and o9, these spaces are
AZ =[1,1]
AfGy = (0,3)
A5 = (3,0).

3. A3 =A3® A3 D A3, ® A3, where

AF = {tp|t € R}

A3 = {+((Xep) A p) | X € AL} 22 A2

A%O = dA%o

A3, ={aeAN|anp=0, aAxp=0}
Moreover,

A%? = [2a 2]

4o A ={aeA | xa=al@{ac A xa=—a}=Ag" © A ©xA3” @ *A3, where
A and A are obtained as jecti
8 97 projections of the spaces
{Xixp| X € A1} =2 AL
dA3; = A3

on the 1-eigenspaces of *.

The proof of the proposition is a routine application of Schur’s lemma. For instance, 7 =
T3 A\Ta4p is contained in AZ5, = (0,3). It is straightforward to check that x(pAT) = V/3i-7*p
and thus holds for any form in A2§ . Note that the spaces A%S, = AJS, are interchanged

if we swap orientations. The forms v/3e123 + €458 + egrs and —v/3(e1as + e167)/2 + €a3s +
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eq78/2 — es68/2 lie in Ag and A%O and wedged with p these get mapped to non-zero elements

in A% etc..

We can approach this decomposition also from a cohomological point of view well suited for
our later purposes. The Lie algebra structure on A! = su(3) induces a PSU(3)-invariant
operator by : A¥ — A**1 by extension of
be; = Z Cijk€j N €.
i<k
Since b is built out of the structure constants, it is just the exterior differential operator
restricted to the left-invariant differential forms of SU(3) with adjoint b* = d* = — x d*.
The resulting elliptic complex is isomorphic to the de Rham cohomology H*(SU(3),R)
which is trivial except for the Betti numbers by = b3 = 1 = b5 = bg. Hence, Im by, = ker by
for k=0,1, 3,5, 6 and Imby, = kerbi; @R for k = —1, 2, 4, 7. Schematically, we have
AY A3 AS A
AL 2 A2 A A AS 2 A
8 — - g g — - 1§ g — - A8
AL A3
A, % A3 A3y -2 AS
20 — 7 20 20 — 7 420
b
A3 — Ay
b
Ay — A3
(1.26)

In particular, we will use the more natural splitting of A* into A2 = ker b3 and A} =TImb*

instead of the SO(8)-equivariant splitting into self- and anti-self-dual forms.

Using the b-operator and its co-differential, we can easily construct the projection operators

7y« AP — Al In particular, we find for p = 2:
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Proposition 1.9. For any a € A% we have b(a)) = —a*p. Moreover, A2 = kerby and the
projection operator on the complement is w3,(a) = %b§b2(a). For the complezified modules

A3y, the projection operators are w3y, (o) = 2b3ba(a) F %i * (b2(a) A p).

As in the case of Ga-structures, there is also a half-spin PSU (3)-invariant.

First, we can decompose

AL @A =N A

into Spin(8)-spaces and observe that the 3-form stabilised by PSU(3) and divided by its
norm induces an isometry A, — A_. The triality principle permutes any two of the
representations A', A, and A_ and since these spaces are isomorphic as Euclidean vector
spaces, we conclude that we get two corresponding isometries in A3AL = ker ys+ which

consequently define supersymmetric maps of spin 3/2.

Alternatively, we can establish the existence of such an isomorphism by a weight argument
as in Proposition 1.4 or [29]. We restrict the Spin(8)-representations A', A, and A_ to
the embedding of PSU(3) which acts on A! through the adjoint representation of SU(3)
with weights

0, :|:(2(71 — 02), :l:(—al + 20’2), :E(Ul + 02).

Hence, restricting the weights (1.18) to PSU(3) we yield
w1 =0, wy =201 — 09, wg =01+ 09, wg =0.

Substituting this into (1.19) and (1.20) we see that PSU(3) acts with equal weights on A,

Ay, A_. We showed the
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Proposition 1.10. [29] Restricted to PSU(3), these three representation spaces are equiv-

alent

A=A, = A =su(3).

Remark: In particular Clifford multiplication p : A’ ® Ay — Az induces an orthogonal
product

x:A'@OAL A QA - AL AL

in su(3). If we think of su(3) as the algebra of skew hermitian 3 x 3 matrices, this product

is explicitly given by
i

Ax B=wAB—-wBA -
V3

tr(AB)I, (1.27)

where w = (1 +iv/3)/2 [29].

We conclude that vectors and spinors are essentially the same objects when regarded as
being acted on by PSU(3). If we denote the isomorphisms by 7+ : A — AL, then these

are characterised (up to a scalar) by the equations

1
rp(ye) = iﬁ(l’tp) vt — Y+ oxLp =0

valid for all x € A!, i.e. su(3) acts trivially on .. Their matrices with respect to a
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PSU(3)-frame and a fixed orthonormal basis of A are given by

1 1 V3 1 V3 1
-2 0 35 5 -3 -7 i 0
1 V3 1 V3 1
0 -3 0 i T i1 3

1 1 V3 1 V3 1
-2 0 -3 -7 i 1 0
1 1 V3 1 V3 1
o 3z 0 i1 "1 T1 3

T+ =

1 1 V3 1 V3 1
-2 0 3 -7 i 1 1 O
1 1 V3 1 V3 1
CE i T i1 T2

1 1 V3 1 V3 1
2 O 3 =7 i i 0
1 1 V3 1 V3 1
o 3z 0 -3 -7 i1 2

and

1 1 V3 1 V3 1
0 -3 O i —1 "1 1 3

1 1 V3 1 V3 1
-2 0 -5 - -3 - -3 0
1 1 V3 1 V3 1
o 3 0 i T i 71T 32

1 1 V3 1 V3 1
-z 0 5 7 i —1 "1 O

’y_ =

1 1 V3 1 V3 1
o -3 0 -3 7 i 1 3

1 1 V3 1 V3 1
3 0 3 -5 -3 -5 -3 0
1 1 V3 1 V3 1
0 -3 O i i T1 T3

1 1 V3 1 V3 1
-z 0 5 - -1 T i 0

To what extent we can characterise PSU (3)-structures through the existence of a super-

symmetric map of spin 3/2 will be the topic of the following section.

We close our discussion of the group PSU(3) with a remark about special PSU (3)-orbits

in the Grassmannians ég(Al) and @5(A1), the spaces of oriented 3- and 5-dimensional
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subspaces of A'. This links into another interesting feature of exceptional geometry, namely

the existence of special submanifolds.

In general, let (V,g) be an oriented vector space with a metric g and 7 € AP a p-form.
We say that 7 is a calibration [26] if for every oriented k-plane € = e; A ... A ey, in Al the
inequality

T(eh"'?ek) S 1
holds. In other words any oriented k-plane i : E — A! satisfies ipT < volg, where volg is

the volume element in AP E* induced by the metric g restricted to E. E is calibrated by T

if equality actually holds. The contact set of a calibration is the set of calibrated planes.

A classical example are the so-called associative and co-associative planes in R? which are

calibrated by the Ga-invariant form ¢ and x¢. The contact set is parametrised by G2/SO(4).

Let p be a stable form associated with PSU(3).

Proposition 1.11. We have p(§) < 1 with equality if and only if £ = Ad(g)h for g € SU(3)
where b is an su(2)-subalgebra coming from a highest root. Furthermore, xp(§) < 1 with
equality if and only if & is perpendicular to a 3-plane calibrated by p. In particular, PSU(3)

acts transitively on either contact set.

Proof: We adapt the proof from [45]. Let eg,...,es be a PSU(3)-frame inducing the

Euclidean norm ||| and fix the Cartan subalgebra t spanned by es and eg. Define

_ 1,3 3 8 _ _

o =a=je +§e, E., =e5, F, =—e4
_n_1.3 3.8 _ _
a2_6_§€ —%6, Eag—_667 Fa2—67
a3 =a+ 3 =e3, E,, = e, F., =ea.
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Then [|a;||< 1 and we immediately verify the relations
[H,Eo,| = ai(H)Fy,,, [H,Fy]=—ai(H)E,, and [E,,,F,,] =, (1.28)

for H € tand i =1,2,3. Let £ € G(3,5u(3)). Since t is a Cartan subalgebra, Ad(SU(3))AN
t # () for any 0 # A € su(3). Moreover, p is Ad-invariant, so we may assume that £ Nt # ()
up to the action of a g € SU(3). Pick T' € £ Nt and extend it to a positively oriented basis
{T,X,Y} of & Then

3 3
X=To+) siFa+ ) tiFa,
=1 =3

where Ty € t. Hence,

3
IXIP=IToll® +> 87 + ¢

i=1
which implies
3
T XN = 1D siaa(T) Fa, — ticti(T) Ea|?
i=1
3
< 3 el PITI? (53 + 87)
=1
< TP,
and finally
I, X< ITHIX -

The result follows now by applying the Cauchy-Schwarz inequality
|p(T, X, V)| =lg([T, X], V)[I<I|[T, XY I <ITXY|= 1.

Furthermore, equality holds if and only if (i) T € Ra; and X € RE,, ® RF,, for an
i€ {1,2,3}, (ii) Y is a multiple of [T, X] and (iii) p(7, X,Y) > 0. Then Y € RE,, ® RF,,

and because of (1.28), ¢ is an su(2)-algebra.
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Since (xp)ier = *(pj¢) any calibrated 5-plane is the orthogonal complement of an su(2)

algebra. Moreover, any two subalgebras of highest root are conjugate. |

Remark:
By a similar argument, Tasaki showed in [45] that for any simple Lie group G with Killing
form B, the 3-form

p(X.,Y,Z) = @B(X, Y, 2))

(where 0 is the highest root of the Lie algebra) defines a calibration on G and that any

calibrated submanifold is a translate of SU(2).

1.3.2 Supersymmetric maps in dimension 8

In dimension 8 triality implies ker u+ = A3A4 so that

MoAL, = A_aAA_

Al ® Af == A+ @ A3A+.

We continue in the vein of Section 1.2 and ask what kind of geometry is induced by a
supersymmetric map v+ : Al — Ay of spin 3/2, that is 72 € A3A<. Since this takes only
the metric structure into account, by permuting the representations A', A, and A_ with
the triality automorphisms A and « (see Page 25), we can rephrase our question as follows.

What are the stabilisers of a 3-form that induces an isometry Ay — A_?

Remark: Note that there is clearly a choice in this identification of A, ® A_ with A @ A3

since the Hodge x-operator induces an isomorphism between AP and A87P.
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In what follows, it will be convenient to consider the full module of spinors A = AL & A_
endowed with its spin invariant metric ¢ = ¢+ @ ¢—, and to think of an odd form as a linear

map A — A whose matrix with respect to this splitting is given by

(1.29)

In the case of p being a 3-form, the matrix has to be symmetric as Clifford multiplication
is skew for ¢, hence B, = Alto’". Let J, denote the set of 3-forms in A ® A that induce an

isometry. It is characterised by the next theorem.

Theorem 1.12. If a 3-form p lies in Jg, then p is of unit length and there ewists a Lie

bracket [-,-] on A' such that

p(.I',y,Z) :g([x,y},z) (130)

In particular, the adjoint group of the resulting Lie algebra acts as a group of isometries on

AL

Conversely, if there exists a Lie algebra structure on A' whose adjoint group leaves g in-

variant, then the 3-form defined by (1.30) and divided by its norm lies in J.

Proof: Inducing an isometry and defining a Lie bracket through (1.30) are both quadratic

conditions on the coefficients of p which we show to coincide.

To this effect we define the linear map
Jac: A’ @ A% — A*

by skew-symmetrising the contraction to A? ® A?. This is clearly SO(8)-equivariant and
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written in indices with respect to some orthonormal basis {e;}, we have

k
Jac(ciedimk) = ¢y dumn
k k k k k k
= ¢ Ak + ¢ Ak + Cipy ik + i dimk + Cim Ay + ) dijie
and in particular

k k k
Jac(cijkcimr) = 2(¢;; Chim + €5 Chjm + €5y Crim)- (1.31)

If we consider the skew-symmetric map [-,-] : A2 — A! defined through p = Zi<j<k Cijk€ijk
by (1.30), then
lei,e;] = cijkek

and (1.31) entails that this defines a Lie bracket if and only if

Jac(p® p) = 0.

Next we analyse the conditions for p to induce an isometry. Represent the map p: A — A

by a mtarix A, as in (1.29). Then p defines an isometry if and only if
q(,9) = alp-,p-9)
= qlp-p-¥,9)
= QA AT, 64) + (AT A, 6)
= @+(¥4,04) + a- (Y-, o). (1.32)
This motivates considering the Spin(8)-equivariant linear maps
Fi:p®T€A3®A3r—>prAi(p‘T) € AL AL
The condition (1.32) then reads
p €Ty if and only if I'y(p® p) =Ida..

95



If we decompose both the domain and the target space into irreducible components using

the algorithm in [39], we find
ANeAN =2 1e28%0A] oA ©0,0,2,2]6[0,1,0,2] ®[0,1,2,0] @
®[0,2,0,0] & [1,0,1,1] & [2,0,0,0]
and
Ay @Ay =AAL %A 2 A’ 10 AL

Note that we labeled some irreducible representations by their highest weight expressed in
the basis of fundamental weights of so0(8) as we did earlier in this section. The modules
A% =10,0,2,0] and A* =10,0,0,2] are the spaces of self-dual and anti-self-dual 4-forms
respectively. Note that

Li(pen)" =T-(r@p)

and consequently, it will suffice to consider the map ' only. Since the map induced by p
is symmetric, [ (p®p) € @?A; = 1@ /\i follows. Moreover 'y maps Ai non-trivially
into Ay ® Ay. To see this, complexify the representations and consider the root vectors

Za, 23, T and x5 of 50(8) ® C. Then
aza/\xg/\x.y®x7/\x5/\x5€A4 =V(a+28+2y+0) < A>@A3,

where we labeled A* by its highest weight expressed this time in terms of the fundamental

roots «, 3, 7, and 6. This vector gets mapped to
D4 (20 A2p Ay ® 2y Ag A 2g) =|egl o) 2o - 2.
Hence a necessary condition for p to lie in J, is

F+(P®P)@3A+ = 0.
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This obstruction in Ai can be identified with the obstruction Jac(p ® p) for p to induce an

adapted Lie algebra as we shall show next. In fact, we claim that
1 2
Li(p®p) = —5 Jac(p® p)as + lpll” 1d. (1.33)
This yields directly the assertion of the theorem.
In order to derive (1.33), we first note that Clifford multiplication induces a map
pRTEN N —p-TeAN"DAN2 DA B AS

if we regard the product p - 7 as an element of CIliff(A',g) = A* rather than as a map
AL ® A4 & A_®A_. The various components of p - 7 under this identification come from
the number of “coinciding pairs” in the expression €;jkim,. This means that if we have,
say, three coinciding pairs, then ¢ = [, j = m and k = n, hence €;jmn = 1. The 2-form
component is obtained from two such pairs etc. (e.g. €;jkimn = €im if, say, j = [ and
k = n). Since the map induced by p is symmetric, I'; (p® p) takes values in the components

O*AL =N A% only. Hence

p= Z CijkCijk

1<j<k
gets mapped to
p-p = Z CijkClmnClmnijk
1<j<k,l<m<n
= Z CijkCimn Clmnijk + Z CijkClmn Clmnijk -
1<j<k,l<m<n 1<j<k,l<m<n
3 pairs coincide 1 pair coincides

Now the first sum is just

> anl=lpl* 1

i<j<k
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which leaves us with the contribution of the sum with one pair of equal indices. No matter
which indices of the two triples {i < j < k} and {I < m < n} coincide, the skew-symmetry

of the ¢;;, and e;j;, allows us to rearrange and rename the indices in such a way that

5 CijkClmnC€lmnijk = 5 E CajkCamnC€amnajk
a

i<j<k,l<m<n Jj<k,m<n
1 pair coincides j,k,m,n distinct
= - § E CajkCamnCmnjk
a
j<k,m<n

j,k,m,n distinct

1
= —5Jac(p@p).

whence (1.33).

Finally note that the metric g is necessarily ad-invariant because of the skew-symmetry of

P |

The 3-forms in J,; thus encapsulate the data of a Lie algebra structure whose adjoint action
preserves the metric on A'. We also say that the Lie structure is adapted to the metric
g. We shall write £ if we think of A! as a Lie algebra. The classification of the resulting

structures shall occupy us next.

According to the theorem of Levi-Malcev, we can decompose £ = m @ ¢ into a semi-simple
sub-algebra m and the so-called radical ¢, i.e. the maximal solvable ideal of £. Since a semi-
simple Lie algebra is the direct sum of simple ones (which are completely classified), we are
left with the solvable part in order to determine the Lie algebra structure of £ completely.

By restricting the metric to t, we see that v is adapted to g.
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Proposition 1.13. Let s be a solvable Lie algebra which is adapted to some metric g. Then

s is abelian.

Proof: We shall proceed by induction over n, the dimension of s. If n = 1, then s is abelian
and the assertion is trivial. Now assume that the assumption holds for all 1 < m < n. Let

a be an abelian ideal of s. Then, for all A € a and X, Y € s, ad-invariance of g implies
9(X,[Y,A]) = g(Y,[4, X]) =0,

for if Y € a, then [V, A] = 0 and if Y € a*, then [A, X] € a L Y. Hence a C 3, the center of
5. If 3 were to be trivial, then any abelian ideal of s would also be trivial which is equivalent
to saying that s is semi-simple, contradicting our assumption. Hence we can write s = 3® b,

where b is an orthogonal complement to 3. Now for all X € s, Z € 3 and H € h we have
g(Z7 [X7 H]) = g(H7 [Z, X]) =0

so that [X, H] € 3T = b. Equivalently, b is an ideal of 5. As such, it is adapted and solvable
since s is adapted and solvable. Since the dimension of b is strictly less than n, our induction

hypothesis applies and we deduce that s is abelian. |

Corollary 1.14. An adapted Lie algebra € is reductive.

Proof: We need to show that the center 3 C v actually equals the radical of €. But for any

X € tand Ry, Ry € t, the previous proposition implies that
9(R1, [X, Ra]) = g(X, [Ra, R1]) = 0.

Hence [X, Ry] € tNtt = {0} for any X € ¢ and consequently, t = 3. [ ]
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As a result, any Lie algebra which is adapted to g is of the form m & 3 with m semi-simple.
Cartan’s classification of simple Lie algebras then asserts that A! is isomorphic to one of

the following Lie algebras.

1. & =su(3)
2. & =su(2) @su(2) @ Ey

3. b3 = su(2) & Bs.

Here, E5 denotes the abelian Lie algebra R® which we think of as a Euclidean vector space.
We refer to a 3-form in J, to be of type 1, 2 or 3 according to the Lie algebra it induces.
Hence there is a disjoint decomposition of J, into the sets J41, Jgo and Jg3 acted on by
SO(8) and pooling the forms of type 1, 2 or 3 respectively. Since the automorphism groups
Aut(t;) of &1, &2 and €35 are PSU(3) x Za, SO(3) x GL(5) and SO(3) x SO(3) x GL(2)
(recall that Aut(su(2)) = SU(2)/Z2 = SO(3)), the stabiliser of p in (1.30) inside SO(8)
is PSU(3), SO(3) x SO(5) and SO(3) x SO(3) x SO(2) respectively. On the other hand,
there is a natural decomposition of J; into the subsets J,+ of forms whose induced map
A, : A_ — A, has positive or negative determinant. The orbit structure of the SO(8)-

action on J, and J44 is given by the next proposition.

Proposition 1.15. The sets Jg1, Jg2 and J43 can be described as follows.
1. 351 = S0O(8)/PSU(3)
2. Jgo = (ST = {pt}) x SO(8)/(SO(3) x SO(3) x SO(2))

3. 33 = SO(8)/(SO(3) x SO(5))
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Furthermore,
Jg— =S50(8)/PSU(3)
and Jgy foliates over the circle ST with principal orbits SO(8)/(SO(3) x SO(3) x SO(2))

over St — {pt} and a degenerate orbit SO(8)/(SO(3) x SO(5)) at {pt}.

Proof: First we note that since the 3-forms under consideration are of the form g(-,[-,]),
these forms are built out of the structure constants of the corresponding Lie algebra. To
begin with, let us show that J,, = SO(8)/PSU(3) and that this is contained in J,—. We will
choose a certain p; € J41 whose orbit under SO(8) is the whole set J4;. Fix an orthonormal

basis {e;} and define

1 1 1 1 1 1 1 3 3
p1 = 56123 + 16147 - 16156 + 16246 + 16257 + 16345 - 16367 + [6458 + \4[6678- (1.34)

The form p; is of unit length and its coefficients are 1/2 of the structure constants c;j;, of
su(3) as given in Section 1.3.1. Hence p; € J41 and its stabiliser is PSU(3). To establish
transitivity, take any p € J,1 and endow A! with the induced su(3) structure. We have
to find a transformation in SO(8) which puts p into the normal form of (1.34). Since g is

ad-invariant and positive definite, there exist a strictly negative real number A such that
Ag = Bgy(3),
where By(z,y) = Tr(ad,oad,) designates the Killing form of the Lie algebra €. Let fi,.. fs
be a basis for su(3) such that [f;, f;] = cijxfrx. Then
Ag(fis [5) = Baus) (fir i) = —30i5.
Consequently, the basis f; = \/@ fz is orthonormal and has structure constants c;,/ m .

Hence we have shown the existence of an orthonormal basis f1,..., fs of g such that

1A L \
p(fis fis fi) = g([fis £, fu) = _3\/gB5u(3)([fi7fj]afk) = ‘3’%1«
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whence

[IAl
P=\3 Z Cijk fijk-
1<j<k
Since p is of unit norm we have A\ = —3/4. Mapping the basis ¢; into f; yields the desired

transformation in SO(8). Next we compute the determinant of A, by identifying e; with

the octonions as in (1.6) and fixing the representation (1.8). This gives

V3 0 0 3 V3 0 0 1
2 /3 -1 0 2 V3 -1 0
0 3 —V3 0 0 -1 -3 0
Am:l —-1 0 2 V3 o1 0 -2 -3 | (1.35)
—/3 0 0 1 V3 0 0 3
-2 /3 -1 0 -2 /3 -1 0
0 -1 —/3 0 0 3 V3 0
1 0 2 /3 -1 0 -2 3

hence det(A,,) = —1. Moreover, we have det 74 (a) = 1 for any a € Spin(8). This follows
from the fact that its generators e; - ¢; square to —Id, therefore they are of determinant 1.

The Spin(8)-equivariance of the embedding

pe A — EA®A

entails

whence J; C J_.

Next we turn to structures of type 2 and 3 which are characterised by a non-trivial center.

We shall see in a moment that these two cases are intimately related as type 3 can be
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conceived as a limit case of type 2. First we assume that A! carries a Lie algebra structure
isomorphic to su(2); ®su(2)2@ Eo where for the sake of clarity we labeled the two subalgebras
isomorphic to su(2) by the subscripts 1 and 2. Hence there exist strictly-negative constants
A1 and Ao such that
Besu2), = M9, Besu2), = A29-

Since su(2); and su(2)y are ideals of €, the restriction of By to these is just the Killing form
of Bgy2). We claim that the set {A1, A2} is invariant under the action of SO(8). More
concretely, if we transform p by A € SO(8), then A*p gives rise to a new Lie bracket [-,-]4
which is just

[v, w4 = A[A™ v, A7 ).

We write A*t for the resulting Lie algebra which has the same type as £. We obtain again a
set {\, M} of negative numbers which we claim to be {\1, A2}. To show this we pick two
non-zero vectors v; and ve in su(2); and su(2)s respectively so that

Bsu(2)1 (7}17 Ul) Ay = Bsu(2)2 (U27 UQ)

A = ,
! g(vi,v1) g(v2,v2)

The Killing form of A*¢ can be evaluated by the formula
By+e(Av, Av) = Bg(v,v),
since for an orthonormal basis {e;} of A! we have
Byee(Av, Av) = Tr(ad4,toads,t)
= Zg([Ava [Av, eila]a, ei)
= ZQ(A[% [0, A7 Vei]], ed)
= Tzr(adf; oad})
= Byg(v,v).
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Hence the set {)\‘14, /\’24} of the transformed Lie algebra A*¢ is just

A BA*su(Z)l (A’U, A'U) Bsu(g) (1), ’U)

AN = = =
! 9(Av, Av) glve)
and
A\ — BA*su(2)2(Av7Av) . Bsu(2)l(vvv) —
T gl Ay T gl
which proves our claim.
For A1 + A2 = —2, an example of a form in Jyo is given by

2P /A
p2 = 21‘6123 + ‘22|€456-

Now pick a p € Jgo. In each ideal su(2); we can find a basis fir+ fins fis such that
[fila fzm] = €lmnfin
(where €, is totally skew in its indices with €123 = 1) and

B5u(2)(filafim) = —20im.

Hence for ¢ = 1, 2 the basis f;, := p;'éil is orthonormal for g which we extend to a basis

of A'. The only non-trivial coefficients of p are

Vil e 0 7 |Adl
p(fi17fi2afi3):g([fi1afi2]vfi3):_§ 2 B([filafi2]7fi3): 9 -
Any mixed term like p(f1,, fi,, f2,) etc. has to vanish since the two sub-algebras su(2) are

ideals in 1. Moreover, p is of norm 1 which implies Ay + Ao = —2 so that A\a = =2 — X1 <0

for —2 < A\; < 0. If p induces the same pair {A;, A2}, then

_ .l
2

A2

f111213 + 7f212223 = A*p2
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for the transformation A € SO(8) which maps e; to f; (after choosing a suitable labeling

for the basis {f;}).

The matrix of po is given by

0 0 V2EAN VN 0 0 0 0
0 0 V=M V2+M 0 0 0 0
V2+ A V=N 0 0 0 0 0 0
1] V=M V2+M 0 0 0 0 0 0
V2 0 0 0 0 0 0 V2FA V=N
0 0 0 0 0 0 V= V2+ XM
0 0 0 0 V2FA V=N 0 0
0 0 0 0 V=M V2H+ A 0 0

(1.36)

and therefore det(A,,) = 1, that is Jgo C Jg4.

The limit case {—2,0} corresponds precisely to structures of type 3. Any form in Jg3 can

be written as ps = eja3 for a suitably chosen orthonormal basis. Its associated matrix is
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whose determinant equals 1, hence Jg3 C Jgy.

It follows that after rescaling, Jgo = (S*—{pt})xSO(8)/(SO(3)xSO(3)xSO(2)), and T4 =
Jg2 U T3 foliates over the circle S* with principal orbits SO(8)/(SO(3) x SO(3) x SO(2))

over S — {pt} and a degenerate orbit SO(8)/(SO(3) x SO(5)) at pt. [

Since Theorem 1.12 only uses the Euclidean structure of A! which by triality coincides
with that of A, and A_, we derive the same conclusion for isometries in A' ® A, and
A ® A_. Note however that the characterisation of Jg+ does depend on the module under
consideration as the outer triality morphisms reverse the orientation. By abuse of language,
any element sitting inside A3, A3A, or A3A_ will be referred to as a map of spin 3/2. If
such an element defines an isometry, it corresponds to the reduction of the structure group
SO(AY), SO(Ay) or SO(A_) to the group K1 = PSU(3), Ko = SO(3) x SO(3) x SO(5)
and K3 = SO(3) x SO(5). We obtain then a subgroup K; of Spin(8) through the lift by o,
w4 and m—. We will also refer to the sub-types ig, i+ and i_ to render the provenance of I?Z
explicit. Unlike for 3-forms of type 2 and 3, K is not connected. Table 1.2 displays all three
possibilities where we have to divide by Zs in case of i = 2 or 3. Note that Sp(1) xz, Sp(2)
is usually denoted by Sp(1)Sp(2) or Sp(1) - Sp(2), giving rise to what is called an almost

quaternionic structure.

type ¢ 1 2 3

K; PSU(3) | SO(3) x SO(3) x SO(2) | SO(3) x SO(5)

K, | PSUB)xZy | SUQ)-SUQ)xU(1) | Sp(1)-Sp(2)

Table 1.2: The stabilisers and their covers in Spin(8)
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1.3.3 The groups SO(3) x SO(3) x SO(2) and SO(3) x SO(5)

A group K; coming, say, from an iy-structure might intersect the kernel of my and 7_
trivially and therefore induce a geometry on A! and A_ (the two being identified through
the isometry A! — A_) which is different from that of Ay (cf. Figure 1.1). In the case of
PSU(3), we have already seen that this is not the case as we get isometries which identify

A', Ay and A_ as PSU(3)-representations spaces.

Next, we want to carry out a similar analysis for structures of type 2 and 3. Again, we may
restrict ourselves to structures of type 29 and 3p — the remainder is a matter of applying

triality.

To this effect, we recall that su(2) has one fundamental weight o and that the irreducible

representations are
n
=0

of dimension n + 1. In particular, we get the standard representation C? for n = 1 and
the adjoint representation su(2) for n = 2. They are real for n even and quaternionic for
n odd. Consequently, the irreducible representations of [?2 can be labeled by [ni,n2,m] =
[n1] ® [n2] ® [m] where the first two factors correspond to the SU(2)-representations njo;
and ngoy. The third factor is the irreducible S'-representation S, : 6(z) — €™ . » which
is one dimensional and complex. According to the discussion in the previous section we
obtain

At = s5u(2) @ su(2) ® Ey = [2,0,0] @ [0,2,0] @ [0,0,2].

Hence, Ky acts with weights (cf. (1.18))

0, 20y, 20, 2m.
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As an SO(8)-space, A! = [1,0,0,0] and the following substitution of weights
w1 =0, —w; +wy =2m, —w2 + w3 +ws = 207, w3 —ws = 20,

yields

w =0, ws=2m, wy3=0;+0,+m, Wy =0, —0r+MmM (137)

for the restrictions of w; to Go. Substituting (1.37) into (1.19) and (1.20) gives
+(—o;+ 0, —m), (07 — 0p — m), £(—0; — 0 + m), £(0] + 0r +mM).
We conclude
Ay =A_=[1,1,1].

In particular, the action of K9 on A preserves an almost complex structure. Note however
that this structure does not reduce to SU(4) as the torus component acts non-trivially on

)\4’0A:|:.

Permuting with the triality automorphisms yields analogous results for structures of type 2

and 2_. We summarise our results in the Table 1.3.

pE A3 ASA L ASA_
type 0 - +

Al su2)esu2) @By | [CPeC2e 5] [C? @ C? ® S1]
Ay [C2PeC?® 5] |sul)@su2)@ b | [CPC2® 5]
A [C? ® C? ® S1] [C?2C?® 5] | su(2)®su(2)® Es

Table 1.3: The action of Ky = SU(2) - SU(2) x U(1) on A, Ay and A_
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Next we turn to structures of type 3. Again we consider p € A? and assume that as a

K3 = Sp(1) - Sp(2) representation space, we have
A = s5u(2) ® E5 = [2,0,0] @ [0,1,0].

The first index n; refers to the SU(2) = Sp(1)-representation labeled by no, while the last
two indices (m1, ma) designate the irreducible Sp(2) = Spin(5)-representation with respect

to the basis of fundamental weights 7; and 7. The weights of the action on A! are
0, 20, 11, 71 — 272.
Substituting
w1 =0, w] —wy =20, Wy —w3 —wW4 =T1, W3 —W4 =T1 — 2T
we obtain as weights on Ay and A_
t(—o—1 + 1), (6 =11 + 72), £(0 —T2), £(0 + 72)

and thus

Ay =A_=[1,0,1] = [C* ® H.

Our conclusions are displayed in the Table 1.4. Choosing the orientation suitably, we see
in particular that an almost quaternionic structure on A! is equivalent to a Lie algebra

structure of type 3 on A.

1.4 Generalised metric structures

So far we have discussed “classical” supersymmetric structures. This means that we are

given one supersymmetric map which forces the structure group to reduce. Equivalently,
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pe A3 A3AL ABA_

type 0 - +

Al | su(2)@Es | [CPeH? | [C?xH?

Ay | [C2eH?] | su(2)® Es | [C?@H?

A_ | [CPeH?] | [CPe@H?] | su2) o Es

Table 1.4: The action of K3 = Sp(1) - Sp(2) on A', A, and A_

we could consider a homogeneous form, i.e. a form of pure degree. Next we want to describe
geometries which are induced by the existence of two supersymmetric maps. For this we
use the “generalised” setup as introduced in [30] which describes geometrical structures by
even or odd forms. The idea is to work with the so-called Narain or generalised T'-duality
group O(n,n) (cf. [27] and references therein) which is naturally associated with the vector
space 1T ® T* and contains subgroups of the form G x G. For example, Gy x G2 and
Spin(7) x Spin(7) sit naturally inside in O(7,7) and O(8,8). In this section, we investigate
the geometry associated with O(n) x O(n) giving rise to what we call a generalised metric

structure.

Recall that the Euclidean structures on a real vector space T' = R" are parametrised by the
homogeneous space GL(n)/O(n) where the subgroup O(n) determines a certain Euclidean
inner product g up to a scale. In the generalised case we are then looking for a tensor which

yields a reduction from O(n,n) to O(n) x O(n), so we are interested in the space
O(n,n)/O(n) x O(n).
To this effect let us analyse the invariants attached to O(n) x O(n). First, picking a
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particular copy of O(n) x O(n) inside O(n,n) defines an orthogonal splitting
(T D T*a ('7 )) = (V-‘r ¥ V—7g+ D g—)

into a positive and a negative definite subspace V; and V_. We refer to such a splitting also

as a metric splitting. Conversely, any choice of such a metric splitting defines the subgroup
O(Vy,g4) x O(V-,g-) £ O(n) x O(n)

inside O(n,n).

Definition 1.3. A generalised metric structure is a reduction from O(n,n) to O(n) x O(n).

Figure 1.3 suggests how to characterise a metric splitting algebraically. If we think of the

T*

Vi

Figure 1.3: Metric splitting of T T™*

coordinate axes T' and T* as a lightcone, choosing a subgroup conjugate to O(n) x O(n)
inside O(n,n) boils down to the choice of a spacelike V. with a timelike V_ as orthogonal
complement. Interpreting V, as the graph of a map P : T — T* yields a metric and a
2-form as the symmetric and the skew part of the dual P € T* ® T*. More formally, we

prove the
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Proposition 1.16. The choice of an equivalence class in the space O(n,n)/O(n) x O(n)

1s equivalent to either set of the following data:

(i) A metric splitting

TeT =V,®V_

into subbundles (Vi,gy) and (V_,g_) with positive and negative definite metrics g+ =
(+, )|, respectively.

(ii) A Riemannian metric g and a 2-form b on T.

Proof: The equivalence between a choice of a group isomorphic to O(n) x O(n) and (i) is
true almost by definition. Consequently we are left to show that a metric splitting gives
rise to the second set of data on T and that conversely, this data allows us to reconstruct

the original metric splitting.

Suppose then we are given a metric splitting T T* = V & V_. Since the spaces Vi are

definite and T and T™ are isotropic, V4 can be graphed over T', that is there are linear maps
P:T—>T*

such that

Ve={t® Pst|teT}.

Define the map ﬁ_i_ T xT — R by

Pi(s,t) = (37P+(t))'

Then the antisymmetric part

b(s,t) = Py(s,1)/2 — Py(t,s)/2
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gives rise to a 2-form and the symmetric part defines a metric
g(s,t) = Py(s,1)/2 4 Py(t,s)/2.
Indeed, g is positive definite. If ¢ € T is non-zero, then
g(t,t) = (t, Prt) = (t ® Prt, t ® Pyt)/2 = g4+ (t ® Pyt , t & P t)/2 > 0.

Since V; and V_ are orthogonal to each other an analogous decomposition of P_ yields a

metric g and a 2-form b_ that satisfy

g—=—g and b_=b.

Conversely, assume we are given a metric ¢ and a 2-form b on 7. Define the “metric
diagonal” by Dy = {t ® FtLg |t € T} (the unnatural sign in the definition of Dy stems
from our definition of the inner product on T'@® T™). Then D4 @ D_ is a metric splitting of
T & T* which induces g but yields a vanishing 2-form. Twisting by e’ (cf. (1.11) and (1.12))
gives

Vi={t®t(Tg+b)|teT}=e" (D),

which induces b as well as the metric g. |

Remark: Since we are working with a fixed inner product (-,-) on T'® T, the scale of
the induced tensor G is also fixed, that is, g and b are uniquely determined. Note also that
the left and the right hand side O(n) in O(n) x O(n) are essentially the same in the sense
that they induce (up to a sign) the same metric on 7" and thus the same O(T"). The picture
to bear in mind is then the following. FEndowing 7" with a metric g reduces the structure

group of T' to O(T'). This allows us to define the “trivial” generalised metric defined by the
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metric diagonal Dy @& D_. To achieve full generality we have to twist this splitting with a

B-field.

As a corollary, we obtain

Corollary 1.17.

O(n,n)/O(n) x O(n) ={P :T — T* | (Pt,t) >0 for all t # 0}.

In the same vein we can also consider oriented structures. The space T @ T™* carries a
natural orientation , and an orientation of V, fixes thus the orientation on V_ by requiring
the orientation of Vi & V_ to coincide with the natural one on T'@® T* and vice versa. This

determines then an orientation on 7'
Proposition 1.18. The choice of an equivalence class in the space SO(n,n)/SO(n)xSO(n)

1s equivalent to the choice of

e an orientation of T
e a metricg on T

e a B-field b € A2T*.

1.5 Generalised exceptional structures

Having introduced the notion of a generalised metric structure we are now in a position
to discuss generalised exceptional structures, that is, structures associated with the groups
Gy x Gy and Spin(7) x Spin(7). As we saw earlier, the “classical” Ga- and Spin(7)-

structures are associated with special orbits in an irreducible spin representation space of
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Spin(7) and Spin(8). If we want to continue along these lines to obtain a meaningful notion
of generalised exceptional structures we have to exhibit a special orbit of the Spin(7,7)-
and Spin(8, 8)-action on even and odd forms. The next result shows that at least locally,

the groups Gy x Go and Spin(7) x Spin(7) arise as the stabiliser of a spinor.

Proposition 1.19.
(i) Assume we are given a Go-structure on T = R” with stable 3-form . Then the stabiliser
of the even form

pr =1xxp e ST = AT*

under the spin action of 50(7,7) is isomorphic to g2 ® C and go ® g2 respectively. The same
is true for the odd form

pt = o +vol, € S~ = A%T*.

(ii) Assume we are given a Spin(7)-structure on T = R® with invariant 4-form Q. Then

the stabiliser of the even form
p+ =14+ Q4 volg € ST = AT

under the spin action of s0(8,8) is isomorphic to s0(7) ® C and s0(7) & s0(7) respectively.

Proof: We consider the action of the Lie algebra so(7,7) on ST and show that the stabiliser
in either case is an irreducible symmetric Lie algebra which are dual to each other. We then

deduce the result by appealing to Cartan’s complete classification of those.

Let T be endowed with a Ga-structure. Then it comes equipped with a Riemannian metric

g and we subsequently identify vectors with their duals. We denote the stabiliser of p1+ by

g+.
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First we show that g+ = go @ go as a Go-module. To this effect, pick a generic element in
Adbd p € so(T & T*) (cf. (1.10)) where we now see 3 as 2-form. By decomposing the
equation

(Aob®p)epr =0 (1.38)
into homogeneous components, (1.38) is equivalent to the conditions

A*xp=0 and Tr(A)=0
(1.39)
bAxp=0 and fBixpExb=0

The symbol A* denotes the usual action of gl on forms so that the set of equations in the
first row simply states that A € go(T") — the Lie algebra of the Ga-structure on 7. Moreover,
b Axp = 0 implies that b € A3, (cf. Proposition 1.3). Here and in the sequel, we will make

intensive use of the general formulae

vkE = (=1)%8E) 4 (v AE)

vARE = (—1)%e® 4 (i)

which hold for an arbitrary form £ of pure degree. If we decompose 3 in its components

87 @ P14 with respect to the Go-decomposition, Proposition 1.2 gives
—267 + 14 = Fbu
and thus 814 = Fb and 87 = 0. We define
me={b@Fbec A2@®A?|be A2}
which is isomorphic to A%, = g2. Hence, as a Go-module, we get
g9+ = 92 D go.
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It remains to understand the Lie algebra structure of g... We claim that g is an orthogonal
symmetric irreducible Lie algebra. If we use the matrix picture of so(7T @ T™) then the

stabiliser g4+ consists of matrices of the form

A Fb

b A
where A € go(T) and b € my are skew-symmetric matrices. Put b = go(7'). The commuta-
tor [C, D] = C oD — Do C is the usual one for matrix algebras and we immediately deduce
the relations

[hah] C ha [hami] C my, [miami] C b

This amounts to saying that the Lie algebra gy is symmetric. In particular, my is an
h-irreducible representation space. We conclude from Cartan’s classification theorem that
we are left with only two possibilities for the Lie algebra structure of g4, either the direct
sum of Lie algebras go  go or the complex Lie algebra go ® C. We show that both cases
occur and gy = g* = the dual of g_. Recall that the dual of g_ is defined to be the real
subalgebra h ¢ im_ inside the complexification g— ® C. Hence the dual is represented by

matrices of the form

A ib
ib A
We easily check that
A b A —b
€gl — €9y
ib A b A

sets up a (real) Lie algebra isomorphism.

Finally we have to determine which of the two Lie algebras g is compact. To that end we

will show that the Killing form By_ restricted to m_ is negative definite, hence g_ = g2 @ gs.
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First, we introduce a suitable inner product on g_ to compute the Killing form. For this we
remark that the matrices in g_ are skew-symmetric, since the matrices A € h and b € m_

are skew. Therefore, for any non-zero matrix M € g_, we have
—Tr(MoM)=—> MjM;;=>» M} >0.
2% i,J

It defines therefore a positive definite, ad-invariant inner product on g_ which we denote
by (-,-). Fix an orthonormal basis {X;} for this inner product and pick a nonzero X € m.

Then

By (X,X) = Tr(adXoadX):Z<[X, (X, X,]], X5)

= _Z<[X7Xz]7 [X7X1]> <0

(]

The last equality follows from ad-invariance. This completes the proof for pi in the first
case. For p the equations (1.39) become
A*p=0 and Tr(A)=0
BAe=0 and bpxs=0.
Thus we deduce again 14 = Fb14 and hence the same result holds for p+. Finally in (ii),
we obtain the equations
A* Q=0 and Tr(A)=0
b/ Q=0 and £bAQ+ BLvolg =0.
The first row states that A € spin(7). As xQ = €, decomposing b and f into irreducible

Spin(7)-components (cf. Proposition 1.3) yields from the first equation in the second row
b7 = F307 and bo1 = Ff21.
The second equation, however, implies
1
br = :F§ﬂ7 and by = F21.
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Hence by = B; = 0 and be; = F(321 and the proof of (i) carries over word for word. [ |

Remark: Note that pr = xo(ps) and pr = *0o(p+), where o is the involution defined

in (1.2).

Motivated by the previous proposition we define

Definition 1.4.
(i) We call a reduction from the structure group SO(7,7) of T@T* to Ga x G2 a generalised

G- structure.

(ii) We call a reduction from the structure group SO(8,8) of T'& T* to Spin(7) x Spin(7)

a generalised Spin(7)-structure.

We refer to both of these structures also as generalised exceptional structures.

The previous proposition suggests that these structures can be, like in the classical case,
defined by a form which, however, is of mixed degree. To get things rolling, we first look
at the tensorial invariants on 7" which are induced by such a reduction along the lines of
Proposition 1.16. Since G2 x G5 determines some group SO(V,) x SO(V_) conjugate to
SO(7) x SO(7), such a structure induces a generalised oriented metric structure (g,b). We
then consider the irreducible spin representation A of Spin(7) = Spin(T,g). The group
G2 x Gy acts on A ® A and stabilises a decomposable line element W, ® W_ which we
choose to be of unit norm. This gives rise to two groups Ga+ conjugated to Go inside
Spin(7) associated with the spinors ¥ and ¥_. However, these are only determined up to
a scalar since e FW, @ ef'W_ = ¥, @ U_. To remove this ambiguity up to a simultaneous
sign flip in ¥, and ¥_ we let ¥, and ¥_ be of unit norm and introduce the additional

scalar F'. We refer to it as the dilaton.
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We can carry out the same analysis for the group Spin(7) x Spin(7) which sits inside
some SO(8) x SO(8). Note that the stabilised spinors can lie in either of the Spin(T, g)-
representation spaces Ay or A_ according to whether or not the specific copy of Spin(7)
inside Spin(T,g) contains plus or minus the volume element of T = R3. By choosing a
suitable global orientation on 7', we can always assume that the spinor 1 stabilised by the

left-hand side factor of Spin(7) x Spin(7) lives in Ay.

We summarise this discussion in the next proposition.

Proposition 1.20.

(i) A generalised Ga-structure induces the following data on T = R":

an orientation

e a metric g

a 2-form b

two unit spinors Y+ € A.

a scalar f.

Here, A denotes the irreducible spin representation space of Spin(T,g) = Spin(7).

(ii) A generalised Spin(7)-structure induces the following data on T = R®:

e an orientation
® a metric g

e a2-formb
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e a unit spinor Y+ € Ay and a unit spinor Y_ in either Ay or A_.

e a scalar f

Here, Ay and A_ denote the irreducible spin representation spaces of Spin(T, g) = Spin(8).

Since for the generalised Spin(7)-case we have to take into account the chirality of the

spinors, we make the

Definition 1.5. A generalised Spin(7)-structure which induces two spinors of the same or

opposite chirality is said to be of even or odd type.

Remark: The reason for this nomenclature will become apparent in a moment. Note that
the subscript £ of the spinors does not indicate the chirality of the spinor. Its meaning will

become clear in Theorem 3.15.

The key idea for establishing a converse of Proposition 1.20 is to interpret the exterior
algebra as the spin representation space for Spin(7) x Spin(7) and Spin(8) x Spin(8) and
to relate it to the tensor product A ® A of the “classical” spin representations of Spin(7)
and Spin(8). To discuss both cases in parallel we let (T, g) denote an inner product space of
dimension 7 or 8 and consider the groups Spin(7) = Spin(T7, g) or Spin(8) = Spin(T®, g).
Again, let A be the spin representation space of Spin(7) or Spin(8) which in the latter case
can be decomposed into the irreducible Spin(8)-modules A, and A_. We regard the tensor
product A® A as a Spin(7) x Spin(7)- or Spin(8) x Spin(8)-representation space. We can
construct a further representation space of these groups out of the following embedding

into CLff(T & T*,(-,-)) defined through a metric splitting of T & 7™ = V. & V_. Write the
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associated Clifford algebra as a Zo-graded tensor product
ClLiff(Vy, g+ )®CLHV_,g_) = CLf{T & T*),
where the isomorphism is given by extension of
VL QU_ vy - v,

In particular, this maps Spin(Vi,g4+) x Spin(V_,g—) into Spin(T & T*). On the other
hand, the maps

my:x € (T,£g9) — —x @z (+g — b)

induce isomorphisms

CIiff(T, +g) = CLff(Vy, g+)

which map Spin(T, g) = Spin(T, —g) isomorphically onto Spin(V4i,g+). The compounded
algebra isomorphism
w, : CLff(T, ) CLf{(T, —g) — CILf(T & T*)
r®y = (—z@a(g—b)) e (—y@y(—g—10))
maps

Spin(T) x Spin(T) — Spin(Vy) x Spin(V_) < Spin(T & T%).

We will suppress the subscript b and simply write ¢ if b = 0. Recall also our convention to
denote by e the product and the Clifford action of CLif(T' ® T*). Now we are in a position
to compare the actions on A ® A and A®°%. The so-called pinor product 1yd1; for two

spinors 1y and v is the endomorphism

Yoo1(¢) = qa (1, #)vho
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(where ga denotes the spin-invariant inner product on A). Clifford multiplication identifies
any element in the Clifford algebra with an endomorphism of A. It relates to the pinor

product by [25]

(@ - 1o)oYn = x o (1hpo11) and oo (x - Y1) = (1odh1) o o(x), (1.40)

where o is the Clifford involution of (1.2). If we regard 161 as an element in CLf{(T ®T™),
then

o (¥od1h1) = P1t.
Let R denote the representations of CLff(T®) or CLff(T") as defined in Sections 1.1.2
and 1.2.2. Recall that J was the vector space isomorphism between CILiff(T) and A*T™*

defined in (1.1). Then we define the following maps
S} - eb/
L¥:A®A -5 End(Ay @A) B2 (T8, g) —L AT <20 AT
and
<} - eb/
LT A® A 22 End(A) ® End(A) B2 C(TT, g) =2 AT+ 220 A T,

As the 2-form b is to play a crucial part in the latter development, it is worthwhile empha-
sising it in the notation. If b = 0 we shall simply write Lo = L. Here and from now on
we will drop the superscripts 7 and 8, relying on the context to determine which particular
map is under consideration. We denote by sz’Od the map L; followed by the projections

on the even or odd part of the exterior algebra, i.e.
Ly=L{ & Ly

Note that
Ly AL @ AL BA_RA_) = A

LAy @A_BDA_®AL) = A%,
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which justifies our notion of a generalised “even” or “odd” Spin(7)-structure. Whenever
it makes sense, we regard the maps L;U’Od as the restriction of L; to the spinors of equal
or opposite chirality. Moreover, we denote by L%’ and Lgdi the restrictions to AL ® Ay,

A_RA_, A_® Ay and AL ® A_ respectively. The next proposition says that up to a

sign twist, the action of T on A ®@ A and A®*°¢ commute.

Proposition 1.21. For any x € T we have

Lle)v,od(x - ® 1)[)) = Lb(lL‘®1) ° de7€v(<p & T,Z))
Liv’Od(sﬁ Q1) = +u,(10z)e de’ev(w ® ).

We postpone the proof of Proposition 1.21 to draw several corollaries first.

Corollary 1.22. For unit vectors x1...,xx € (T,g) and y1,...,y; € (T,—g) with k +1

even we have

LgU’Od(ﬂcl e X PRUYL YY) = (—l)ls(l)bb(I1 e X RYL .yl @ sz")d(go ® ),

where s(1) =1 forl =0,1mod4 and s(l) = —1 for l =2,3mod4. For k+ 1 odd we obtain

LZ”’Od(xl e T P RYL Y )) = (—1)l3(l)Lb(x1 X RYL .y @ de’e”(go ®1P).

Moreowver, LgU’Od preserves any invariant space of a subgroup of Spin(7) x Spin(7) or
Spin(8) x Spin(8). In particular, we get the following decomposition into irreducible k-

dimensional representations Vi, of Ga x Ga and Spin(7) x Spin(7).
(i) AT = Vi @ Viz @ Vs @ Vig
(i) AU = Vi @ Vig @ Vi @ Vag & Vs

Vi1 corresponds to the trivial representation spanned by ¢y @ _, Vi7 to wi‘ ®Y_, Vo7 to

Y- @y and Vig to P @t
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Proof: If k + [ is even, even- or oddness of k implies that of [. We abbreviate z1 - ...

and yy - ...y by z and y. Now suppose that k is even, then

Li'(z- o @y 1) = waol) e Li'(p @y - ).

Moreover, [ is even and because of the sign flip for Lgd, we get an extra minus sign whenever
[ is of the form 4m + 2 while this sign cancels for [ = 4m. Hence the sign is given by s(l).
The other cases are discussed in the same way where the parity flips if £ 4+ [ is odd. The

remaining claim is straightforward. |

Corollary 1.23. Restricted to the action of a € Spin(T) — (a,a) € Spin(T) x Spin(T),
we have

Lev,od(a pRa-) = WO(G)*LGU’Od(QO ® 1)

for any a € Spin(T,g), where mp(a)* denotes the action on forms induced by the vector
representation my : Spin(T,g) — SO(T,g). Hence, L*°% defines a Spin(T)-equivalence

between A @ A and A**°% or A* (which is unique up to a scalar).

Proof: To derive the assertion we look at the action of the Lie algebra, that is we want to

show

Lev’Od(A'§0®¢+§0®A'¢) = FO*(A)*Lev’Od(SO@)w)
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for any A € spin(T, g). We fix an orthonormal basis {e;}. Since e; A (e;LT) = —ejL(e; A T)
for any form 7 we get for e;; = e; - e; with i # j that
LY e o @0+ @ey-v) = ey ®0) e L o y) —
—(0® eij) o L (o @ 1))
= 2(ejilei A LYo @ 1)) +
+ej A (e L (o @ 1))

= moulei - ) L (@ @ 1),
hence the result. [ |

Corollary 1.24.

(i) Generalised Ga-structures are in 1-1 correspondence with lines of forms p in A’ or A%
whose stabiliser under the action of Spin(7,7) is isomorphic to Go X Go. We refer to p
as the structure form of the generalised Go-structure. This form can be uniquely written

(modulo a simultaneous sign change for Uy and ¥_) as
_ _—frev _ —frgod
p=eTLVWe ®v_) or p=e T LWy @ y).

(ii) Generalised Spin(7)-structures are in 1-1 correspondence with lines of forms p in A%’
or A°% whose stabiliser under the action of Spin(8,8) is isomorphic to Spin(7) x Spin(7).
We refer to p as the structure form of the generalised Spin(7)-structure. We speak of an
even or odd structure according to whether p is even or odd. This form can be uniquely

written (modulo a simultaneous sign change for ¥ and V_) as
p=e Ly ®y_).

Now we turn to the proof for Proposition 1.21.
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Proof: (of proposition 1.21) First we assume that b = 0. Starting with the 8-dimensional

case, we see that
L(z-poy) = JR(R@)()ov))
—  J(RR@) o (051)))
= J(@ R (o))
= —aLl(e®vY)+xALlp®Y)
— (aBl) e Lip @),
where we have used (1.40). Hence we get
Lz -p@y) = z®l) e Lp® 1), Lz -p®¢)=u(ad1)e L(p @ y).
Similarly, we find
Lip@z-v) = J(R(p8R(z)(¥)))
= J(BR (¢S o R(2)))
= —J(R(pd0) )
= wl(pey) -z AL (e )+

2 Lo @ ) + x A L% o @ 1)

= —u(1&z) ¢ L™ (p @ ) + 1(10x) o L™ (p @ ),
so that
Lp@z-¢) =ulx) e L9 ®¢), Lp@z-9)=—i(180z) e LV (p®1).
Next we turn to the case n = 7. By convention, we let 77 act through the inclusion
R
T7 — CLff(T7, g) = End(A) & End(A)
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followed by projection on the first summand. Thus

L(z-poy) = JR((z ¢)op®0)

= J(z-R (s ®0))

and we can argue as above. The same applies to L(p ® = - 1) so that the case b = 0 is

shown.

Now let b be an arbitrary B-field. For the sake of clarity we will temporarily denote by
exp the exponential map from so(7) to Spin(7), while the untilded exponential takes values
in SO(7). The adjoint representation Ad of the group of units inside a general Clifford
algebra CIiff(V') restricts to the double cover Spin(V) — SO(V) still denoted by Ad. As a
transformation in SO(V') we then have Ad o exp = expoad. Since ad(v A w) = [v,w]/4 we

obtain

eb — Ad(’é’z bijei-ej/Z)

for the B-field b = ZKj bije; N ej. Hence

L p@¢) = @ el @)
= (&% 0 1(zR1)) ® Lo (p @ 1))
= (@ e u(zd]) 0T %) 0 L™ (p 0 1)
= Ad@/?)(u(xd1)) e LI (0 @ ¥)
= P(xd1)) @ L (0 @ 1h)

= 1(2@1) @ LI (o @ 1p).

Similarly, the claim is checked for LEU’Od(cp ® z - 1)) which completes the proof. [ |

88



The next corollary works out how a 3-form acts by wedging and contraction. This will
become important in Section 3.3.1 where 3-forms naturally appear as the torsion form of a

linear metric connection.

Corollary 1.25. Let 7 € A3. Then the identities

1
WL e ) = ST R YEpeT YT
HFZ(eiLT)-@@ei-w—i-zei'@@(eiﬂ) )
i i

and

1
FALP e @Y) = LI T YEe@T YT
:FZ(eiLT)~gp®ei-w—zei'<ﬁ®(eim’)'w)

hold.

Proof: From Proposition 1.21 we derive

Llr e y) = o ALP(p oY) - a I (pe )
LYo @x-9Y) = +xAL(p®1)+ L (p @)
which implies
e AL (p@y) = %L"d(:rw@w—@@x'w)
x/\LOd(g0®¢) = %Lw(x-cp(@w%-(p@x-w)
and
o L (p @) = %LOd(—x PRY—pRx-1Y)
o LY p @) = %Le”(—x PRY+oRx 1Y),
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Fix an orthonormal basis e1, ..., e7. By using the identities above we gather that

1

ek LN p@Y) = SL (e p @Y E @ Degp P E
tep Qe —e-pQeg;-PE
teji-p@ep - —€j-p Qe+

tepi-p®ei Y —er-p®eji-Y)
and

1

eije AL o @) = gLOd’eU(eijk’¢®¢i¢®eijk’¢i
te-o®ej-pte Qe L
teji-p@ep-Ptei-pQepy =

:I:ekj-cp@)ei-@b%—ek-go@eﬂ‘lﬁ).

For instance, we have

1

eijk N L (p®@9Y) = §€ijAL°d(6k-w®¢—<ﬂ®ek'¢)
1
= Zei/\Lev(ejk'90®@/1+6k'(,0®6j~’¢—

—ej Qe —p®ej V)
1
= gLOd(ezjk'80®T/1—6jk’¢®€i'¢+6ik'90®€j‘¢—
—ep Qe Y —ejrpRe-YteipRep-P—

—ei-p®ejr P+ O e Y).
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The remaining assertions are established in the same way. If 7= >° Tijk€ijk 1S a general
i<j<k
3-form, then

1
TLLEU"’d(cp@w) — EZTijkeijkLLev,od((p@)w)
i7j7k
1
_ @Lod,ev(_67.¢®¢i<p®67~¢¥
T3 Tijkeih- P @€ +3Y  Typei @ ejp - 7)
ijk ijk
1
_ §L0d7ev(_7.¢®¢:|:<p®7-¢:|:

:FZ(eil_T)-<,0®6i'¢+26z"90®(€i'—7)'¢)a

since e;LT = ) ke Tigh€ik /2. The second identity is derived in a similar fashion. |

Choosing a generalised metric structure and an orientation on 7" also sets up the isomor-
phism L. Since the spin representation A of Spin(7) is of real type so is the tensor product.
We remark that up to isomorphism, there is only one 49-dimensional irreducible represen-
tation space of Spin(7) x Spin(7), hence A®’ and A°? are isomorphic as Spin(7) x Spin(7)-
spaces. Consequently, there is (up to a scalar) a unique Spin(7) x Spin(7)-invariant in
Aev0d @ A°hev that is we obtain an equivariant map A®°% — A°4€V  The description of
this invariant will occupy us next. Morally it is the Hodge x-operator twisted with a B-field

and the anti-automorphism o defined in (1.2).

Definition 1.6. The box operator or generalised Hodge *-operator O : Aevodx
AHT* (n odd) or Oy o AU — AU0UT* (n even) associated with g and b is defined
by

Ogpp = "2 A *ga(e_b/2 A D).
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We will need the following technical lemma which is an immediate consequence from the

definition of o.

Lemma 1.26. Let p=°? € AT be an even or an odd form and let x € T*. Then

*O,(pev,od) — U(*pev,od)’ n=717
1.
*O.(pev,od) _ :l:o.(*pev,od)’ n=2~8
2. O'(Cb A pev,od) — e—b A O.(pev,od)
Now we can prove the following
Proposition 1.27.
(i) If n =17, then
Og oLy = Ly

or equivalently,

ev,od __ todev
Dg,bLb = Lb .

(ii) If n = 8, then

) d — k) d
Og oLy, = £L, 1"
In particular, Ogy is Spin(7) x Spin(7)- and Spin(8) x Spin(8)-equivariant.

Proof: For any ¢, € A® A (n =7 or 8) we have according to (1.3) and Lemma 1.26

OgpLo(p@¥) = €2 Axo(e™? A Ly(p ® )
= P Axo(Lip © 1)

= 2 ANJ(RYpd0) - N).
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Now for n =7, R~1((¢09 @ 0) - vol) is just R~1(pdty @ 0) while for n = 8 the sign changes

according to the chirality of the spinor, since the volume element acts on Ay by +id. N

If g and b are induced by p we will also use the sloppier notation O, or drop the subscript
altogether. Nevertheless it is important to bear in mind that the O operator is really induced
by the choice of a generalised oriented metric structure. Consequently, if this generalised
metric gets conjugated by an element in A € O(7,7) or O(8,8), then the O-operator will

transform naturally for the lift A € Pin(7,7) or Pin(8,8) which means that

Dg.pgo p= Ae O,p. (1.41)

For concrete computations it is useful to have an explicit description of the structure forms.
Taking our standard representation R of CIif{R”) or CIif(R®), we can readily compute the

coefficients from the description as a tensor product by using the following formula.

Lemma 1.28. Eztend g to an inner product on A* (which we still denote by g) and let 1

be a multi-index. Then

9(L(p @), er) (R(er) -9, 0).

This lemma is a direct consequence of Theorem 13.73 in [25]. The process of passing from the
tensor product to the exterior algebra is also referred to as fierzing in the physics literature
— we saw an instance of this procedure in Section 1.2 where we related the square of a unit
spinor with a form. To ease the notation we assume our map L to be rescaled by 1/16 so
that we can henceforth discard this factor. Now suppose we are given two unit spinors 4
and v _, say in the 7-dimensional case. There is a pair of orthonormal spinors 1;0, Jl with

Yy = 1’/;0 and Y_ = c{/;o + sqzl. As the notation suggests, this is merely the projection onto
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{/;0 and 1;1 whose coefficients are given by the sine and cosine of the angle <(¢4,%_). By
Theorem 14.69 in [25], the action of Spin(7) on the Stiefel variety Vo(A), the set of pairs of
orthonormal spinors, is transitive. Hence, there is an w € Spin(T, g) such that 1;0 =w -1y
and 7,21 = w-11, where, g = 1,91 = i,...,197 = e-k is the standard basis of @ which we use
in our explicit matrix representation. Since LV (w - by @ w - 1)1) = mo(w)* L% (1o ® 1),
we may assume that ¥, = 19 and Y_ = cipg + s¥;. In the case n = 8, we have to
distinguish between the odd and even case. Spin(8) acts transitively on Vo(A) and hence
for structures of even type we can apply the same argument as before. In the odd case we
appeal again to Theorem 14.69 in [25] to see that the action of Spin(8) on AL x A_ is
transitive on the product of spheres S7 x S”. Hence we may assume that ), and 1)_ are
both unit spinors which are orthogonal to each other. The computation of the normal form

is now straightforward.

Proposition 1.29.
(i) Let peo? € AT be a form stabilised by G x Ga. Then there exists a unique b € A2

and f € R with
p= eI eH2 p gt

and an orthonormal basis e, . ..,e7 such that

Pyl = cos(a) + sin(a)(—e23 — e45 + €g7) +
+ cos(a)(—e1247 + €1256 + €1346 + €1357 — €2345 + €2367 + €4567) +

+sin(a)(ei246 + €1257 + €1347 — €1356) — sin(a)ezszase7
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and

st = sin(a)e; + sin(a)(easr — €as6 — €316 — €357) +

+cos(a)(e123 + €145 — €167 + €246 + €257 + €347 — €356) +

+sin(a)(—e12345 + €12367 + €14567) + cos(a)e1234567,

where a = (¢4, 9P_).

(ii) Let p € AT be an even form stabilised by Spin(7) x Spin(7). Then there exists a
unique b € A% and f € R with

p=eTe? A pg’
and an orthonormal basis eq, ..., e7 such that
pg’ = cos(a) +sin(a)(epr — €23 — €45 + eg7) +
+ cos(a)(eo123 + €o145 — €o167 + €0246 + €0257 + €0347 — €0356 —
—e1247 + €1256 + €1346 + €1357 — €2345 + €2367 + €a567) +
+sin(a)(eo247 — €0256 — €0346 — €0357 + €1246 + €1257 + €1347 — €1356) +
+sin(a)(—eo12345 + €012367 + 014567 — €234567) + cOs(a)e01234567,
where a = <(Yy, ).
(iii) Let p € AT®* be an odd form stabilised by Spin(7) x Spin(7). Then there exists a
unique b € A% and f € R with
p= e feb? A pgd.
There exists an orthonormal basis e, ..., er such that
p' = —eo+ €123+ e1as — e167 + €246 + €257 + €347 — €356 +

+ €01247 — €01256 — €01346 — €01357 1+ €02345 — €02367 — €04567 + €1234567-
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If the spinors are not parallel, we can express the homogeneous components of p in terms of
the invariant forms of the intersection Goy NGa— = SU(3), Spin(7,¢4)+ NSpin(7,¢_)4+ =

Spin(6) or Spin(7)4 N Spin(7)— = Gy (cf. Section 1.2).

Corollary 1.30. In terms of the underlying SU(3)- and Ga-invariants (cf. Section 1.2, in

particular Table 1.1), we find for these 3 cases (letting s and ¢ be shorthand for the (co-)sine
of a)
(i) generalised Go
ev 1 2 1 3
06 :c+sw—c(¢_/\a+§w )—i—sz/q_/\a—ésw

and

1
pod = sa —c(hy FwAa) —sp_ — iswz A a + cvoly.

(ii) generalised Spin(7), even type

1
e’ = cHswHc( - 5732) + 582 — %W?’ + cvol
= AR g,

where pgv’Gz and pgd’G2 are the forms defined in (i).
(iii) generalised Spin(T), odd type
od 1
P = ey AT Do Ak
= YA (=14+%7p) — ¢ +voly
where % and voly are taken with respect to the metric g restricted to v=.
Remark: The 1-form sa of the generalised Ga-structure form is the dual of the vector field

induced by %+ and the projection of ¥_ onto the line qul. Similarly the 1-form —~ in (iii)

is the dual of the vector field x such that - ¢, =_.
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Since B-fields act as isometries on the spin spaces A®U°? we obtain the following relation
between the dilaton f, the induced Riemannian volume form vol, and the “norm” ¢(p,0,p)

of the spinor p.

Corollary 1.31.

(1) If p=eTLE (11 @ 1p_) defines a generalised Ga-structure, then
q(p,Opp) = 8672]0?}0[9.
(ii) If p = e F Ly(vy @1_) defines a generalised Spin(7)-structure of even or odd type, then

q(p,0,p) = 16e~* vol,,.

1.6 Stable forms

Let T be an n-dimensional real vector space and consider a form p in APT* or A€V09T*,
We regard these spaces as GL(n)- or R* x Spin(n,n)-modules under their natural action
respectively and refer to the GL(n)-case as classical and to the R-g x Spin(n,n)-case as

generalised.

Definition 1.7. p in APT* or AV°T* is said to be stable if it lies in an open orbit under

the action of GL(n) or Rsg x Spin(n,n).

We refer to a geometrical structure defined by a stable form also as a variational structure for
reasons that become apparent in Chapter 3. As pointed out in [29], save for the obvious cases
(n € N,p=1)and (n € 2N, p = 2) (the orbit of a symplectic form), stability is an exceptional
phenomenon restricted to low dimensions since dim GL(T) = n? or dim R x Spin(n,n) =

n(n—1)/2+1 is usually much smaller than dim APT* = n!/p!(n—p)! or dim A®V°4T* = 271,
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A complete classification of representation spaces that admit an open orbit under the action
of a connected reductive complex Lie group was given in [42]. Note also that if there is
an open orbit under the GL(T') action in APT™ then there is also one in the dual space

APT = A" PT* @ A™T and consequently in A" PT™* [29].

Let us consider some examples that are relevant to us.

Example:

(i) Fix a Go-structure over T' = R defined by the 3-form . The dimension of its orbit is
dim GL(7) — dim Gy = 35 = dim A3T*,

and hence the form is stable in accordance to our earlier use of this notion.

(ii) Take the case of a spin 3/2 supersymmetric map induced by a su(3)-structure on T = RS,
The stabiliser of the 3-form p inside GL(8) is conjugate to PSU(3) and so the orbit is
open:

dim GL(8) — dim PSU(3) = 56 = dim A®T*.
Note, however, that 3-forms inducing an orientation-preserving isometry are not stable.

(iii) Finally, consider a generalised Go-form p € A®V°IT* over T' = R7. Its stabiliser is

conjugate to Gy x Gy inside Spin(7,7) and thus

dimR<y x Spin(7,7) — 2dim G2 = 64 = dim A®’T™.
Hence, if we let the real numbers act by rescaling then we get an open orbit under the
action of Rsg x Spin(7,7).
Remark: Introducing the additional action of R~ to obtain an open orbit seems ad hoc
at first glance. It appears, however, already in the classical cases, albeit in disguise. In
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the classical cases the forms are homogeneous and the scalar matrices in GL(T) act by

rescaling.

The important feature all of the previous examples share is that the respective structure
groups give rise to a natural metric. There are other examples — symplectic forms, a special
3-form on RS with stabiliser SL(3,C) and a generalised version with stabiliser SU(3,3) <

Spin(6,6) which lead to non-metrical structures [28], [30].

Moreover all these structures we have mentioned (metrical or not) give rise to a canonically
defined volume form and thus fit into a general formalism set up in [29]. We shall explain
the classical case first. Let U denote the open orbit under the GL(T') action. Then we can

construct a smooth, GL(T)-equivariant map
¢:U CANPT* — A"T™.
Taking a scalar matrix in GL(T), the equivariance of ¢ implies that
(N p) = X"¢(p).
Therefore ¢ is necessarily homogeneous of degree n/p.

Since ¢ is smooth we can consider its derivative D¢, at p € U which is an invariant element
in (APT*)* @ A™T*. Now (APT*)* = A" PT* @ A™T so that the derivative lives in A" PT™.
It follows that there exists a unique element p € A" PT* for which

Doy(p) = p A .
We call the form p the companion of p. To determine what p is we can take p = p and

apply Euler’s formula to get



In particular, we see that p is also invariant under the stabiliser of p.

Example:

(i) In the case of a symplectic form w over R*™ one can directly compute the differential

D¢ to find © = w™1/(m — 1)! [29].

(ii) In the Ga- and PSU(3)-case we have to look at the elements in A* and A5 which are
stabilised by G2 and PSU(3) — up to a factor this is just xp. As we can always rescale the

volume map ¢, we may assume that in these cases p = %p [29].

Next we consider the action of Rsg x Spin(n,n) on the spin modules A°*°?. Here, we are
left with the cases n = 6 and n = 7. The case n = 6 with stabiliser isomorphic to SU(3, 3)
leads to a so-called generalised Calabi-Yau structure and was dealt with in [30]. We will

focus on generalised Ga-structures. Let U be the open orbit U in A®’ or A°?. We define
¢:peU q(Tpp,p) €T

and since O transforms naturally under the action of Spin(7,7) (cf. (1.41)), we immediately

conclude

Proposition 1.32. ¢ is homogeneous of degree 2 and Spin(7,7)-invariant.

Remark: The existence of such invariants for complex Lie groups acting with an open
orbit holds in general [42] and follows from purely algebraic considerations. In this context,
an explicit formula of the invariant for Spin(14,C) was given in [24]. However, in view of
the variational formalism (see Section 3.1), this description proves to be rather cumbersome

for our purposes which motivated our approach in terms of G-structures.
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The differential of this map is obtained in the same way as for classical Go-structures. Since

the form ¢ is non-degenerate, we can write

Dop(p) = a(p, p).

for a unique p € A°?. The Spin(7,7)-invariance of ¢ then implies that p is a Go x G

invariant and by rescaling ¢ appropriately we conclude that p = 0O,p.
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Chapter 2

Topology

This chapter deals with global issues of classical and generalised supersymmetric structures.

First we consider the case of PSU (3)-structures and exhibit obstructions to their existence.
PSU(3)-manifolds are spinnable and the key feature we use is the natural identification
between the tangent and the spinor bundle which imposes quite severe constraints on the
topology of the underlying manifold. As a consequence, the topological constraints we de-
rive hold in the more general situation where the tangent bundle coincides with the spinor
bundles A} and A_. We call such a structure doubly supersymmetric. The PSU(3)-case is
special in the sense that it admits an orthogonal product and in particular, we can establish
the existence of four linearly independent vector fields (Proposition 2.8). Basic examples
of PSU(3)-manifolds are obtained from topological SU(3)-structures (SU(3) acting in its
adjoint representation) through the projection SU(3) — PSU(3). Conversely, a PSU(3)-
structure induces such an SU(3)-structure if a certain cohomology class — the so-called

triality class — vanishes (Section 2.1.2). We will give necessary and sufficient conditions for
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a PSU(3)-structure with vanishing triality class to exist over a compact manifold (Theo-

rem 2.11).

In the second part of the chapter we investigate the topology of generalised structures.
The two unit spinors of these structures induce reductions to their respective stabilisers,
resulting in two subbundles associated with Ga or Spin(7) inside the orthonormal frame
bundle. Necessary and sufficient conditions for their existence easily follow from the classical
Go- or Spin(7)-case (Proposition 2.15). Generalised Ga-structures are classified by the top
cohomology module H'(M,Z) (Theorem 2.18). If M is compact, this yields an integer
invariant which essentially counts the number of points where the two Ga-subbundles inside
the orthonormal frame bundle coincide. We also discuss generalised Spin(7)-structures, but

these are harder to analyse on dimensional grounds. We conclude with some examples.

2.1 The topology of PSU(3)-structures

2.1.1 Obstructions to the existence of PSU(3)-structures

Definition 2.1. A Riemannian 8-dimensional spin manifold is said to be doubly super-
symmetric if and only if the tangent bundle T = A and the spinor bundles Ay and A_ are
associated with a principal G-fibre bundle such that there exist G-invariant isomorphisms

between any two of the three bundles A', Ay or A_, ie. T = A, = A_,

As an example, consider an orientable 8-manifold M which comes equipped with a stable
3-form p. This means that at any point x € M the form p, € A3T} lies in the open
orbit isomorphic to GL1(8)/PSU(3). The existence of such a stable form requires the

structure group of M to reduce to PSU(3). As we have seen in the first chapter, this
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implies the existence of a (then globally) defined PSU (3)-invariant isometry v+ : T — Ay
which identifies T, A, and A_. Another example which will be important in the sequel
are generalised Spin(7)-structures of odd type to be defined in Section 2.2. As pointed out
in Section 1.4, the existence of unit spinors in Ay and A_ implies a reduction to Gy for
which T, Ay and A_ are isomorphic as Ge-representation spaces. In this section we are
primarily interested in the PSU(3)-case, but the results hold in general for any doubly

supersymmetric structure.

Definition 2.2. A topological PSU(3)-structure on M is a reduction from the frame bundle

to a principal PSU(3)-fibre bundle via the inclusion Ad : PSU(3) — GL(8).

The Lie algebra su(3), the symmetric space SU(3) = SU(3) x SU(3)/SU(3) and its non-
compact symmetric dual SL(3,C)/SU(3) provide trivial examples of topological PSU (3)-
structures defined by the bi-invariant 3-form p(X,Y,Z) = B(X,[Y, Z]), where B denotes

again the Killing form.

Remark: Since PSU(3) is a subgroup of SO(8) and Spin(8) (cf. Corollary 1.7), every

topological PSU(3)-structure induces

e an orientation
e a metric g
e an associated Hodge %-operator

e a spin structure Pgyins) = Ppsu(z) X Spin(8)

an orthogonal multiplication x : T ® T — T (cf. (1.27)).
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In this section, we will reserve the letter P for a G-principal fibre bundle which induces a
doubly supersymmetric structure. The existence of a reduction to G-principal fibre bundle
is topologically obstructed. Generally speaking, if we have a G-structure over M with
classifying map f : M — BG, then there exists a reduction to a subgroup ¢ : H — G if and

only if there exists a map g : M — BH such that the diagram in Figure 2.1 commutes. Now

BH =—— EGxyg G

S
M ——= BG =—— EG
!

Figure 2.1:

assume that C'is a characteristic class in H*(BG, R) such that i*C = 0in H*(BH, R). Then
f*C = g*i*C has to vanish in H*(M, R). A classical example is the reduction of SO(n) to

SO(n —1). In this case, the Euler class of M has to be zero.

It is known [37], [47] that the cohomology rings for BSpin(8) are
H*(BSpZTL(8), ZQ) = ZQ[w4(E)a wG(E)a ’LU7(E), WS(E)a E(E)]

and

H*(BSpin(8), Z) = Z{q1(E), ¢2(E), e(E), dwe(E)]/ (26we (E))

where € and the so-called spin characteristic classes q1(E) and ¢2(F) are defined through

the relations
pi(E) = 2q1(E), pa(E) = ¢i(E) + 2¢(E) + 42(E) and pa(qa2(E)) = €(E).

Here, py : H*(BSpin(8),Z) — H*(BSpin(8),Zs) is the morphism induced from the reduc-

tion mod 2.
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In our situation, we also have the outer automorphisms x and A to play with (cf. Figure 1.2).
Let E' = ESpin(8) denote the universal Spin(8)-bundle. The automorphisms x and A define
further Spin(8)-bundles over BSpin(8) by E., = E x, Spin(8) and Ey = E x, Spin(8).
They induce two classifying maps BSpin(8) — BSpin(8) which we still denote by x and
A, that is, we have F, = k*FE and E) = \*E. Let p;(E), w;(F) and e(E) denote the i-th
Pontrjagin, the i-th Stiefel-Whitney and the Euler class of the universal spin bundle FE.
The corresponding characteristic classes for M will be denoted by p;, w; and e which are
the pull-back of the universal classes under the classifying map f : M — BSpin(8). Now

7y =mpoN ok and T_ = 1o A% ok o A? by (1.9), so we have

C(AL) = ffo(Nor)*C(E), C(A_)=f*o(Nokro))*C(E),
where C' denotes any characteristic class.
Lemma 2.1. [48] For k, A : BSpin(8) — BSpin(8), we have

K (2(E)) = @(E)+e(E) N(@E)) =—e(E) — q(E)

K" (e(E)) = —e(E) A (e(E)) = @(E).
Since the bundles T, AL and A_ coincide, we derive
e = J'e(H) = f* 0 (N o n)"e(B) = ~ f'g2(E) = —a»
and
e = [*e(B) = [* o (A o ko N)*e(E) = — [*e(E) = —e.
Since H8(M,7Z) has no torsion, e and thus g2 must be zero. Furthermore [47], ¢2 = ¢2(A4)

is uniquely determined by the relation

16g2(Ay) = 4pa(Ay) — pi(A4) — 8e(Ay)
and therefore we obtain as a
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Corollary 2.2. If M® is doubly supersymmetric, then
wy =wg =0
e=20
4ps = pi.
Since the degree of the first non-vanishing Stiefel-Whitney class must always be a power of

2 (cf. 8-B in [36]), we also get that ws = 0.

Remark: Corollary 2.2 fails to hold if we merely assume a “simply” supersymmetric struc-
ture. For example, a Spin(7)-structure which stabilises a unit spinor ¥, € Ay yields a
Spin(7)-equivariant isometry X € T'+— X - ¥, € A_, but this does not imply the vanishing

of the Euler class (see also [34] Subsection IV.10 or Proposition 2.15).

As an application of Corollary 2.2, we prove the following

Proposition 2.3. Let G be a simple compact Lie group and (G/H,g) a Riemannian ho-
mogeneous space which is doubly supersymmetric. If M = G/H has vanishing Euler class,

then G/H is diffeomorphic to SU(3).

Proof: Since G sits inside the isometry group of (M, g), its dimension is less than or equal
to 9-8/2 = 36. If we had equality, then M would be diffeomorphic to a torus or — up to a
finite covering — to the 8-sphere ([53], Corollary 11.6.3). While the first case is excluded for
G has to be simple, the second case is impossible since ¢(S%) # 0. Hence G must be — up
to a covering — a group of type Ay, ..., As, Bo, B3, C3, D4 or Go. As a closed subgroup of
G, H is compact and hence reductive. Therefore H is covered by a direct product of simple

Lie groups and a torus, that is the Lie algebra of H is isomorphic to

h=g@...0g0 ot
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If we denote by rk the rank of a Lie group, we get the following necessary conditions.

kE<rk(Q)
L+ > rk(gi) < rk(G)
14> dim(gi) = dim(G) — 8,

which yields the possibilities displayed in Table 2.1. It follows that H is of maximal rank,

G H up to a covering dim(H) | rk(H)
Ay {1} 0 0
As Ay x Ay x St 7 3
Ay As x S Gy x ST x ST, Ay x A 16 4
As | A1 x Ay, A1 x A1 x B3, A1 x A1 x (3 27 5
Bs Stx gt 2 2
Bs Ay x Ay 13 3
Cs Ar x Ap 13 3
Dy Ay x Ay x Gy 20 4
G2 A x Ay 6 2
Table 2.1:

that is rk(H) = rk(G), unless G = SU(3) and H = {1}. But the first case would imply

that e(G/H) # 0 [41] which is impossible by Corollary 2.2. [ |

Since the Euler class is zero, there exists a nowhere vanishing vector field. In fact we are
going to see that if M is closed and carries a PSU(3)-structure, then there exist four linearly

independent vector fields. Let [M] denote the fundamental class of M. We start with the
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Lemma 2.4. If M8 is a compact spin manifold such that p? = 4ps, then
sgn(M) = 16 A[M].

In particular, sgn(M) = 0 mod 16.

Proof: We have sgn(M) = (7p2 — p})[M]/45 = pa[M]/15. On the other hand,

A 1

1
A[M] = 27 . 45

(102 — 4p2)M] = = [M) = esgn(MD).

Since M? is spin, A[M | is the index of the Dirac operator and is therefore an integer. This

implies the second assertion. [

If (b],b;) denotes the signature of the Poincaré pairing on H*, then sgn(M) = b —b;.

As a result of this and the previous lemma we obtain

Corollary 2.5. Let M?® be a compact simply-connected doubly supersymmetric manifold.

If A[M] =0 (e.g. if there exists a metric with strictly positive scalar curvature), then

1+ by + b = bs.

For example, H*(SU(3),R) is isomorphic to the space of invariants in A*su(3) since SU(3)

is symmetric. Therefore, b = 0, b3 = 1 and b;f = 0 in accordance with the corollary.

Ase(M) = 0 and sgn(M) = 0mod 4, we can assert the existence of two linearly independent
vector fields X and Y ([46]. If the doubly-supersymmetric structure is induced by a PSU(3)-
structure, then the orthogonal product x (1.27) produces a third non-vanishing vector field.
In particular, this causes the sixth Stiefel-Whitney class of M?® to be zero. We are then in

a position to apply the following Proposition
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Proposition 2.6. [50] Let M be a closed connected smooth spin manifold of dimension 8.
If we(M) =0, e(M) =0 and (4pa(M) — p?(M))[M] = 0mod 128 and there is a k € Z such
that 4pa(M) = (2k — 1)?p3(M) and k(k + 2)p2(M)[M] = 0mod 3, then M has /4 linearly

independent vector fields.

Taking k& = 0 establishes the existence of four linearly independent vector fields. As a

consequence, the fifth Stiefel-Whitney class has to vanish.

Proposition 2.7. We have w? = 0. In particular, all the Stiefel-Whitney numbers have to

vanish.

Proof: Note that by Wu’s formula, we get

k—m

1 )wk—lwm+1+-~~+< I >w0wm+k7

qu(wm) = WrWy, + <

where

A further theorem of Wu asserts that

we =Y Sq'(vy),
i+j=k
with elements v, € H¥(M,Z3) defined through the identity vy U x[M] = Sq*(x)[M] which

has to hold for any = € H" *(M,Zs). In particular, we have v; = 0 for i > 4. It follows

that v1 = vo =v3 =0, wy = v4 andwngq4w4:wZ:0. [ |

We summarise our results in the following theorem.
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Theorem 2.8. For a topological PSU (3)-structure over a closed and oriented 8-manifold
M to exist, the following conditions have to hold.
w; = 0 except fori =4 and wi =0
e=0
Pt = 4p2.
In particular, there exist four linearly independent vector fields on M and all Stiefel- Whitney

numbers vanish.

We close this section by a brief remark about supersymmetric structures of type 3. As
follows from the discussion in 1.3.3, their existence is tied to almost quaternionic structures
(i.e. a reduction from SO(8) to Sp(1) - Sp(2)). This problem was settled in [49]. In

particular, the authors proved the following result.

Proposition 2.9. [49] Let £ be an oriented 8-dimensional vector bundle over a closed

connected smooth spin manifold M. If there is R € H*(M,Z) such that the conditions

Sq¢*p2R =0

(Rp1 — 2R?)[M] = 0 mod 16

o dpa(€) — pi(€) — 8e(§) =0

o (p2(€) — pip1(€) — 8e(&) + 8R% + 4Rp1(€) + 4Rp1)[M] = 0mod 32

are satisfied, then the structure group of & can be reduced to Sp(1)-Sp(2). If H*>(M,Z3) = 0,

then all the previous conditions are also mecessary.
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If £ =T, the result can be refined to

Proposition 2.10. [49] Let M be an oriented closed connected smooth manifold of dimen-

sion 8. If
o wy =20
° w6=O

e dpy —p? —8e=0

and there exists an R € H*(M,Z) such that
o S¢’pR=0
e (Rp; — 2R?*)[M] = 0mod 16

e (R?+ Rp; — e)[M] = 0mod 4,

then M carries an almost quaternionic Kahler structure. The first and third condition are

always necessary while the remaining ones are necessary if H*(M,Zs) = 0.

These propositions give similar necessary conditions as Theorem 2.8. Sufficient conditions

for PSU(3)-structures shall occupy us next.

2.1.2 PSU(3)-structures and the triality class

Let M8 be again a connected, closed and spinnable 8-manifold. Consider a complex rank
3 vector bundle E with vanishing first Chern class, i.e. FE is associated with a principal

SU(3)-fibre bundle. If the adjoint bundle su(E) = Pgys) x su(3) is isomorphic to the
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tangent bundle, then T is associated with a PSU (3)-structure coming from the projection
p: SU(3) — PSU(3). However, not every PSU(3)-structure arises in this way. A basic
Cech cohomology argument implies that principal G-fibre bundles over M are classified by

H'(M, Q) (see, for example, [34] Appendix A). The exact sequence (where Z3 is central)
1 — Zs3 — SU(3) & PSU3) — 1
gives rise to an exact sequence
oo — HY (M, Z3) — Pringgs) (M) 2 Prinpgy ) (M) - H*(M, Z3).

(where Pring(M) denotes the set of G-principal bundles over M). Hence, a principal
PSU(3)-bundle P is induced by an SU(3)-bundle if and only if the obstruction class ¢t(P) €
H?(M,Z3) vanishes. Following [4] where the authors consider PSU (3)-structures over 4-
manifolds, we call this class the triality class. By the universal coefficients theorem this
obstruction vanishes trivially if H?(M,Z) = 0 and H3(M,Z) has no torsion elements of

order divisible by three.

If f: M — BPSU(3) is a classifying map for P, then t(P) = f*t for the universal triality
classt € H*(BPSU(3),Zs3). 1t is induced by ¢1(Ep 3)), the first Chern class of the universal
U(3)-bundle Ey sy [55]. Let p: U(3) — PU(3) be the natural projection. Note that the
inclusion SU(3) C U(3) induces an isomorphism between PSU (3) and PU(3) and therefore
identifies BPSU(3) with BPU(3). Since BPU(3) is simply connected and me(BU(3)) =
Z — mo(BPU(3)) = Zsg is the reduction mod 3 map ps : Z — Zs, the Hurewicz isomorphism

theorem and the universal coefficients theorem imply that H2(BPU(3),Z3) = Z3 and that

Bp* : H*(BPU(3),Z3) — H?*(BU(3),Z3)
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is an isomorphism. Then

t = (BP") ' pseci(Epys))-

If the triality class vanishes the problem of finding sufficient conditions for the existence of
a PSU(3)-structure reduces to the problem for the existence of a complex rank 3 vector

bundle E with su(E) = T. This question is settled in the next theorem.

Theorem 2.11. Suppose that M is a connected, closed and spinnable 8-manifold. Then
the frame bundle reduces to a principal PSU (3)-fibre bundle P with t(P) = 0 if and only if

e =0, 4py = p?, wg = 0, py is divisible by 6 and p?|[M] € 216Z.

Proof: Let us first assume that there exists a PSU(3)-fibre bundle P coming from a
reduction Ad: SU(3) — SO(8) with principal bundle P. In virtue of Theorem 2.8 we only
need to show the last two conditions. We define the complex vector bundle F = Px SU(3) C3
so that su(E) = T', and compute the Pontrjagin classes of M. We have su(3) @ C = s((3,C),
hence T'® C equals Endy(E), the bundle of trace-free complex endomorphisms. The Chern

character of T'® C equals (see for instance [38])

1
Ch(T@C) = 8+p1 + E(p% — 2p2).

On the other hand,
ch(End(E)) = ch(E ® E) = ch(Endy(E)) + 1.
Now for a complex vector bundle with ¢;(E) = 0,

h(E) = 3 — ea(E) + ~es(E) +

9 702(E)2

and ¢;(E) = (—1)%c;(E) which implies

h(E® ) = ch(E) U ch(E) = 9 — 6es(E) + gCQ(E)?
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AS a consequence
p1 =p1(su(E)) = —6c2(E), p2 = pa(su(E)) = 9ca(E)>. (2.1)

In particular, p; is divisible by 6 and we also rederive the relation 4py = p?. Moreover M

is spinnable, hence the spin index A U ch(E)[M] is an integer. Since
A=1—p1/24+ (—4py + Tp?) /5760 = 1 — p1 /24 + p? /960
it follows
AU ch(E)[M] = 3A[M] + prca(E) /24 + co(E)? /12 = 3A[M] — p? /216[M] € Z,
which means p?[M] € 216Z, proving the necessity of the conditions.

For the proof of the converse I am indebted to ideas of M. Crabb [15]. Let B C M be an

embedded open disc in M and consider the exact sequence
K(M,M —B)— K(M) — K(M — B).
We have K(M,M — B) = I?(S8) =~ 7 and the sequence is split by the spin index
z € K(M)— AUch(z)[M] € Z

which therefore classifies the stable extensions over M — B to M. The first step consists
in finding a stable complex vector bundle & over M — B such that ¢;(£) = 0 and su(3) is
stably equivalent to Tjy;_p. To that end, let [(M — B), BSU(o0)] C K(M — B) denote
the set of pointed homotopy classes, the subscript + indicating a disjoint basepoint. Let
(c2, c3) be the map which takes an equivalence class of [(M — B), BSU(o0)] to the second

and third Chern class of the associated bundle.
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Lemma 2.12. The image of the mapping
(c2,¢3) : [(M — B), BSU(c0)] — H'(M,Z) ® H*(M,Z)

is the set {(u,v) | S¢>pau = pav}.

Proof: We first prove that for a complex vector bundle  with ¢;(§) = 0, we have

Sq®paca(§) = pacs(§). (2.2)

Now if W; denote the Stiefel-Whitney classes of the real vector bundle underlying £ this is

equivalent to S¢?W, = Ws. On the other hand, Wu’s formula implies
SGPWy = WoWy + Wy

and thus (2.2) since Wy = pacy = 0. Next let ¢ : F — K(Z,4) x K(Z,6) denote the

homotopy fibre of the induced map
Sq% o py+ po: K(Z,4) x K(Z,6) — K(Zs,6).

The relation (2.2) implies that the map (c2,c3) : BSU(00) — K(Z,4) x K(Z,6) is null-
homotopic. Consequently, (co,cs) lifts to a map k : BSU(co) — F, thereby inducing
an isomorphism of homotopy groups m;(BSU(o0)) — m;(F) for i < 7 and a surjection
for i = 8. By the exact homotopy sequence for fibrations we conclude that my(F) = Z,
m6(F) = 27 and m;(F) = 0 for ¢ otherwise. On the other hand, the Chern class co :
K(S%) = Z — H*(S8%,Z) = Z is an isomorphism and ¢3 : K(S®) = Z — H%(S.Z) = Z
is multiplication by 2. Since M — B is at most 8-dimensional, it follows that the induced
map ks : [(M — B)4,BSU(o0)] — [(M — B)4, F] is surjective. The horizontal row in the

commutative diagram
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. 2
(M = By, FF—"—— HA(M,Z) & HO(M, 2P L2 5% o0, 7,)
k. (c2,¢3)

(M - B),, BSU(c0)]
is exact, hence im (co, c3) = imi, = ker (Sq? o pa + p2). O

By assumption p; € H*(M,Z) is divisible by 6 and therefore we can write p; = —6u for
u € H*(M,Z). On the other hand, p; = 2q1, where ¢y is the first spin characteristic class

and satisfies pa(q1) = wy. Hence
S¢?pa(u) = SqPws = wows + we = 0,

and the previous lemma implies the existence of a stable complex vector bundle £ such that
c1(§) =0, c2(§) = v and c3(§) = 0. From (2.1) it follows that p;(su(§)) = p1 and since
wa(su(€)) = 0, su(€) and T are stably equivalent over the 4-skeleton M®) [54]. Then su(¢)
and T are stably equivalent over M — B as the restriction map KO(M — B) — KO(M®)

is injective. This follows from the exact sequence
KOM) MOy - KOMH)) - KOM®).

By definition KO(M D), M®) = KO(MED /M@ and M /M) s a disjoint union of
spheres S, But KO(S1) = 0 for i = 4, 5 and 6 and therefore the map KO(M+D) —
KO(M®) is injective. Since M = M®) is the disjoint union of M7 and a finite number of
open embedded discs, the assertion follows. Next we extend £ over B to a stable bundle on
M. The condition to be represented by a complex vector bundle E of rank 3 is ¢4(§) = 0.

As pointed out above, such a bundle exists if

AU ch(é6)[M] = 3A[M] + pru/24 + u*/12
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is an integer and this holds by assumption. Next ps(su(¢)) = 9u? = py and as a consequence,
su(§) is stably isomorphic to T [54]. Finally, two stably isomorphic oriented real vector
bundles of rank 8 are isomorphic as SO(8)-bundles if they have the same Euler class. Since

e(su(E)) = 0, we have T' = su(FE). [ ]

Corollary 2.13. If M is closed and carries a PSU(3)-structure with vanishing triality

class, then

A[M] € 40Z and sgn(M) € 640Z.

2.2 The topology of generalised exceptional structures

First we introduce the (rather obvious) global notion of a generalised metric.

Definition 2.3. A generalised metric over a manifold M™ is an orthogonal decomposition
TeT =V, V_

into a positive and negative subbundle with respect to the natural inner product (-, -).

As we have seen in Section 1.5, a generalised metric structure corresponds to a unique pair
(g,b) of a Riemannian metric g and a 2-form b. In particular, any Riemannian manifold
defines trivially a generalised metric structure whose existence is therefore unobstructed.
The additional choice of an orientation then gives rise to an SO(n) x SO(n) structure and

in particular to a globally defined O-operator.
Next, there is the natural notion of a generalised exceptional structure.

Definition 2.4.

(i) A topological generalised Ga-structure over a 7-manifold M7 is defined by an even or
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odd form p whose stabiliser under the action of Spin(7,7) is conjugate to Go x Go at any

point. We will denote this structure by the pair (M7, p) and call p the structure form.

(ii) A topological generalised Spin(7)-structure of even or odd type over an 8-manifold
M? is defined by an even or odd form p whose stabiliser under the action of Spin(8,8)
is conjugate to Spin(7) x Spin(7) at any point. We will denote this structure by the pair

(M8, p) and call p the structure form.

We refer to these structures also as topological generalised exceptional structures.

We will usually drop the adjective “topological” and simply refer to a generalised G- and
Spin(7)-structures if there is no risk of confusion. Propositions 1.20 and 1.21 assert in
particular the existence of a metric g or equivalently an SO(7)- or SO(8)-principal fibre
bundle which admits a reduction to a Ga- or Spin(7). The inclusions Go C Spin(7) and
Spin(7) C Spin(8) determine a unique spin structure for which we can consider the associ-
ated spinor bundles A (over M7) or Ay and A_ (over M?®). From Propositions 1.20, 1.21

and 1.27 we deduce the following statement.

Theorem 2.14.

(i) A topological generalised Go-structure (M, p) is characterised by the following data,

e an orientation,

e a metric g,

a 2-form b,

two unit spinors ¥, W_ € A and a function F such that
e "Ly(Uy @ W) = p+ Ogpp.
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(ii) An even or odd topological generalised Spin(7)-structure (M8, p) for p € A (even type)

or p € A°? (odd type) is characterised by the following data,

an orientation,

e a metric g,

a 2-form b,

two unit half spinors ¥, W_ € A of either equal (even type) or opposite chirality (odd

type) and a function F such that

e T Ly (T, @V_) =p.

Remark: In the case of a generalised Spin(7)-structure we fix the orientation in such a

way that W4 lies in A unless otherwise stated.

Thus, a generalised exceptional structure may be regarded as a Riemannian structure whose
orthonormal frame bundle admits two Ga- or Spin(7)-subbundles associated with the sta-
bilisers of ¥ in Spin(7) or Spin(8). The B-field b encapsulates the additional information
in which copy of Spin(7) x Spin(7) or Spin(8) x Spin(8) inside Spin(7,7) or Spin(8,8) the

stabiliser of p is actually sitting.

The most trivial example of a generalised structure would be a Riemannian spin manifold
which admits a nowhere vanishing spinor ¥ = W, = ¥_ and where we put b = 0, F' = 0.
A generalised structure defined by a single Go- or Spin(7)-structure, possibly with a non-
vanishing B-field b and dilaton F' is said to be straight (in the generalised Spin(7)-case
this obviously makes only sense for structures of even type). The existence of a nowhere

vanishing spinor field in dimension 7 or 8 is a classical result ([34] Subsection IV.10).
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Proposition 2.15.
(i) A spinnable 7-fold M7 always carries a nowhere vanishing spinor and hence admits a

topological Ga-structure.
(ii) A differentiable 8-fold M® carries a nowhere vanishing spinor if and only if M® is spin

and for an appropriate choice of orientation satisfies

p1(M)? — dpy (M) + 8x (M) = 0.

Conversely, any generalised structure gives rise to a Riemannian spin manifold with a
nowhere vanishing spinor and consequently, the topological obstructions in Proposition 2.15

are also necessary. Since the spinor W, induces a supersymmetric map
XeTSX UyeA_

we see that for a generalised Spin(7)-structure of odd type we also need a nowhere vanishing

vector field X defined by X -W, = W_ which requires the vanishing of the Euler class x(M).

Corollary 2.16.

(i) A 7-fold M carries a topological generalised Go-structure if and only if M is spin.

(ii) An 8-fold M carries an even topological generalised Spin(7)-structure if and only if M
s spin and

8X(M) + p1(M)* — dpa(M) = 0. (2.3)

(iii) A differentiable 8-fold M carries an odd topological generalised Spin(7)-structure if and
only if M is spin and

X(M) =0, pi(M)*—4py(M)=0. (2.4)
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Example: The 7-sphere is spinnable and therefore admits a generalised Go-structure. The
tangent bundle of the 8-sphere is stably trivial and therefore all the Pontrjagin classes
vanish. Since the Euler class is non-trivial, there exists no generalised Spin(7)-structure on
an 8-sphere. However, equations (2.3) and (2.4) are automatically satisfied for manifolds of

the form M® = 8! x N7 with N7 spinnable.

An ordinary G- or Spin(7)-structure sitting inside the orthonormal frame bundle P in-
duces trivially a generalised one which settles the existence question. But do there exist
genuine generalised structures where the two G- or Spin(7)-subbundles inside P cannot be
homotopically transformed into each other? And if yes, can we classify them? In the case
of a generalised Spin(7)-structure the first question obviously only makes sense for struc-
tures of even type and for the remainder of this section, we shall only consider generalised

Spin(7)-structures where the two induced spinors live in A .

To render our question more precise, we regard Ga- or (even) Spin(7)-structures as being
defined by a (continuous) section of the sphere bundle ps : S — M of A. On the space of
sections I'(S) we then introduce the following equivalence relation. Two spinors ¥y and ¥y
in A are considered to be equivalent (denoted ¥y ~ ¥;) if and only if we can deform ¥,
into ¥; through sections which means that there exists a continuous map F': M x I — S
such that F(z,0) = Ug(z), F(z,1) = ¥i(x) and ps o F'(x,t) = z. An equivalence class will
be denoted by [¥]. If two sections are vertically homotopic, then the two corresponding
Go- or Spin(7)-structures are isomorphic as principal Ga- or Spin(7)-bundles over M. In
particular the generalised structure defined by the pair (¥, W) is equivalent to a straight
structure if and only if ¥ ~ Wq. The set of generalised structures with fixed ¥ = W is just

Gen(M) =T'(S)/ ~ which is what we aim to determine.
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The question if whether or not two sections are vertically homotopic can be tackled by
using obstruction theory (for a more detailed account of obstruction theory than we need
it here, see [43] or [52]). Assume more generally that we are given a fibre bundle over
a not necessarily compact n-fold M™, and two sections s; and sy which are vertically
homotopy equivalent over the g-skeleton M4 of M. For technical simplicity, we assume the
fibre to be connected. The obstruction for extending the vertical homotopy to the g 4+ 1-
skeleton lies in HY™ (M, g1 (F)). In particular, there is the first non-trivial obstruction
d(s1,s2) € H™(M, 7 (F)) called the primary difference of s; and s for the least integer m
such that m,(F) # 0. It is a homotopy invariant of the sections s; and sy and enjoys the
additivity property

5(81,82) +(5(32783) = 5(81,83). (25)

Coming back first to the generalised Ga-case we consider the sphere bundle S over M7 with
fibre S7. Consequently, the primary difference between two sections lies in H"(M,Z) and
is the only obstruction for two sections to be vertically homotopy equivalent. Moreover,
the additivity property implies that §(¥,¥;) = (¥, ¥s) if and only if §(¥q,¥y) = 0,
that is, U1 ~ Wy, and for any class d € H'(M,Z), there exists a section ¥, such that

d=46(V,¥,) [43], [52]. As a consequence, we obtain the

Proposition 2.17. The set of generalised Ga-structures can be identified with

Z, if M is compact
Gen(M)=H"(M,7) =

0, if M is non-compact

Generalised Ge-structures are therefore classified by an integer invariant which over a com-
pact M7 has the natural interpretation as the number of points (counted with an appropriate

sign convention) where the two Ga-structures coincide. To see this we associate with every
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equivalence class [®] the intersection class # (W (M), ®(M)) € H14(S,Z) of the 7-dimensional
oriented submanifolds W(M) and ®(M) inside S. Since the total space of the sphere bundle
is 14-dimensional, # (¥, ®) counts the number of points in M where the two spinors ¥ and
® coincide. Taking the cup product of the Poincaré duals of W(M) and ®(M) then sets up
a map

[®] € Gen(M) — PD(¥(M))U PD(®(M)) € H'(S,Z).

On the other hand, the Gysin sequence implies that integration along the fibre defines
an isomorphism 7g, : H'4(S,Z) — H7(M,Z) and therefore, any generalised Ga-structure
induced by the equivalence class [®] over a compact 7-fold M gives rise to a well-defined
cohomology class d(¥, ®) € H"(M,Z). The following theorem shows this class to coincide
with the primary difference (for the proof I benefited from discussions with W. Sutherland

and M. Crabb).

Theorem 2.18. We have

d(T, ) = §(T, D).

In particular generalised Go-structures are classified by the number of points where the two

underlying Go-structures coincide.

Proof: We regard the spinor bundle A as an 8-dimensional oriented real vector bundle
over M and consider the two sections ¥ and ® of the sphere bundle. The primary difference
d(¥,®) can be represented geometrically by the zero-set (a finite set with signs) of the
section (m,x) — (1 —z)¥(m) + x®(m) of the pullback of A to M x R, and deformed to be
transverse to the zero-section. In particular, if ¥ and —® never coincide then the primary

difference is 0. Therefore the intersection number, defined geometrically by making ¥ (M)
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and ® (M) transverse and taking the coincidence set, will be 6(¥, —®) (with appropriate sign
conventions). By virtue of (2.5), we have §(¥,—®) = §(¥, ®) + 6(P, —P). The difference
class 0(®, —®) corresponds to the self-intersection number #(® (M), ®(M)) which is 0 since
M is 7-dimensional. It follows that we can identify the intersection class d(V¥, ®) with the

primary difference 6(W, ®). [

The index we have just defined is a topological obstruction to closed strong integrability as
we will explain in the next chapter (see Definition 3.4 and Corollaries 3.19 and 3.27). Outside
the singularity set, the structure group reduces to SU(3), the stabiliser of two orthogonal
spinors. There we can express the structure form p in terms of SU(3)-invariants, but as
can be seen from the normal form given in Proposition 1.29, this description breaks down

at a singular point where sin(a) = 0, that is, both spinors are parallel.

A generalised structure is said to be exotic if it is defined by two inequivalent spinors. Here

are two examples.

Example:
(i) Choose a Ga-structure over ST represented by the spinor . Since the tangent bundle

of S7 is trivial, so is the sphere bundle of A, i.e. S =87 x S7. Consequently,
Gen(ST) =T(S)/~=1[87,8"| = m(S") = Z

and any map ® : S — S7 which is not homotopic to a constant gives rise to an exotic

generalised Ga-structure for ¥ = const.

(ii) The tangent bundle of the manifold M® = S* x S7 is also trivial. As observed above,

M carries a unit spinor and we can again trivialise the sphere bundle S, so that Gen(M) =
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[ST x S7,S7], containing the set [S7,S7] = m7(S7) = Z. Choosing a non-trivial homotopy
class in 77(S”) which we extend trivially to S' x S7 defines an exotic generalised Spin(7)-

structure.

In the Spin(7)-case the sphere bundle is 15-dimensional with fibre isomorphic to S7 and an
8-dimensional base, so that two transverse sections will intersect in a curve. We meet the
first obstruction for the existence of a vertical homotopy in H”(M,Z) which by Poincaré
duality trivially vanishes if Hy(M,Z) = 0 (e.g. if M is simply connected). The second

obstruction lies in the top cohomology module. Since 73(S”) = Zs, we obtain

Proposition 2.19. Let M8 be an 8-manifold with Hy(M,Z) = 0 which admits a generalised
Spin(7)-structure. Then the set of generalised Spin(7)-structures with a fired V4 = W is

given by

Zo, if M compact
Gen(M) = H¥(M,ms(S")) =

0, if M non-compact
Again we see that over a non-compact M8 with Hy(M,Z) = 0 any two sections of the sphere
bundle can be vertically transformed into each other while this is clearly not the case for

the general compact case as shown by the example above.

Remark: The stable homotopy group m,x(S™) is isomorphic to the framed cobordism
group of k-manifolds [44]. It is conceivable that the Za-class is the framed (or spin) cobor-

dism class of the 1-manifold where the two sections coincide.
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Chapter 3

Geometry

The motivation for adopting the supersymmetric approach was to provide a framework
within which we can understand the algebra of special metrics associated with stable forms.
Stability also provides us with a natural set of integrability conditions arising from Hitchin’s
variational principle. These integrability conditions define the geometry, following the gen-
eral philosophy of this thesis, through closed forms. Based on the papers [29] and [30], we
will formulate in the first section various kinds of this principle. It leads to the notions of
integrable PSU (3)- and to (closed) strongly or weakly integrable generalised G-structures.
The variational principle is perfectly general and in particular, no metric is needed to set

up these equations.

Starting on a Riemannian manifold however, we can adopt the supersymmetric point of
view and reformulate these integrability conditions in terms of the corresponding spinorial
invariants, providing thus a spinorial solution to the variational problem. As a result, we

obtain some well-known equations of mathematical physics, namely the Rarita-Schwinger
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equation (Theorem 3.6) and the supersymmetry equations of supergravity of type ITA/B
with bosonic background fields (Theorem 3.15). We will also analyse related geometries as
introduced in Chapter 1 where we impose the integrability conditions from the variational
or the supersymmetric ansatz. Moreover, there is also a practical value to the use of spinors
as they are easier to manipulate than forms. In particular, we will use these spinor field
equations to derive integrability conditions on the Ricci tensor (Sections 3.2.2 and 3.3.2).
A further important consequence of the spinorial formulation is a no-go theorem for closed
strongly integrable generalised G- and Spin(7)-structures in the sense that any solution
over a compact manifold is induced by two classical Ga- or Spin(7)-structures with a parallel
spinor (Corollary 3.19). In this sense, the (unconstrained) variational principle leads to
classical geometries. However, we shall see that the notion of weak integrability potentially
yields an interesting new type of geometry (cf. the discussion in Section 3.3.3) for which non-
trivial compact examples could exist. The spinorial picture is less useful for the construction
of explicit examples and therefore, we step back to work with forms again. A particularly
striking advantage of forms over spinors in this context is the device of T-duality which

easily yields non-trivial generalised solutions from classical ones (Section 3.3.3).

3.1 The variational problem

3.1.1 The unconstrained variational problem in the classical case

We recall the set-up of the variational problem as given in [29]. Let (M™,p) be a closed
and oriented manifold which is endowed with a stable form p of pure degree p. This means

that p is a section of the open subset of QP(M) whose intersection with any fiber APT M
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can be identified with an open orbit U (cf. Section 1.6). This provides us with a natural

volume form ¢(p) which asks to be integrated

Vi(p) = /cﬁ(p).
M

Since stability is a generic condition, we can differentiate the volume functional and we shall

consider its variation over a fixed cohomology class in HP(M,R).

Theorem 3.1. [29] A closed stable form p € QP(M) is a critical point in its cohomology

class if and only if dp = 0.

Proof: The first variation of V is
V,(6) = [ Vo) = [oni
M M

Since we vary over a fixed cohomology class, p is exact, i.e. p = da. As a consequence of

Stokes’ theorem, this variation vanishes for all « € QP~1(M) if and only if

/[)/\da:i/dﬁ/\a:()

M M

which holds precisely when p is closed. |

Remark: Note that the condition dp = 0 is non-linear in p as the A-operation also depends
on p. In this way, we can see the variational problem as performing a non-linear version of

Hodge theory [29].

3.1.2 The unconstrained variational problem in the generalised case

Here we follow the approach given in [30] for generalised Calabi-Yau manifolds. Assume

M7 to be closed, oriented and provided with a stable form p giving rise to a generalised
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Go-structure. Since the structure group GL, (7) lifts to Spin(7,7), p is a section of a vector
bundle associated with GL(7) and with typical fiber isomorphic (as a vector space) to
AU°dR™* . This becomes the spin representation for GL, (7) C Spin(7,7) if we twist with
the square root Q7(M)Y? (compare with the remark on Page 27). In this subsection, we
shall, for sake of clarity, denote by A\°»°? the spin representation of GL (7) C Spin(7,7),

while GL(7) acts on A®°¢ as usual by A*p.

Let us consider the volume functional ¢ as described in Proposition 1.32. It is homogeneous
of degree 2 and can therefore be considered from a representation theoretic point of view

as a GL(7)4-equivariant function
G U C Ao AT,
since for an element A € GL,(7) we have
$(A"p) = (det A)™' - G(Vdet A - A*p) = (det A)~'$(A o p) = (det A) "' (p).
The non-degenerate form ¢ now takes values in A7 so that
Dﬁbp(ﬂ) =q(p,p)

is also a volume form. As in the classical case stable forms are sections of the open subset
in Q¢°d(M) and ¢ is a well-defined function on this set. We obtain the following analogue

of Theorem 3.1.
Theorem 3.2. A closed stable form p € QV°U M) is a critical point in its cohomology

class if and only if dp = 0.

Proof: The argument is a direct translation of the proof of Theorem 3.1. Take the first
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variation of V(p) over [p]
oV (da) = / D¢(da) = / q(p,da) = / p A o(da).
M M M
Moreover, it is straightforward to check that
dU(TeU’Od) _ :FJ(dTeU’Od)
for any even or odd form 7 € Q°*°¢(M7). Thus

V) = [ alpede) =+ | atdp.0)

M

and the variation vanishes for all « if and only if p is closed. |

3.1.3 The constrained variational problem

Next we generalise the constrained variational problem for classical Go-manifolds (there is
no PSU (3)-analogue) described in [29] to our setup. On a closed oriented manifold M7,

the non-degenerate pairing ¢ induces a non-degenerate pairing between the spaces of forms

/M q(o, ).

If 0 = dy is exact, then Stokes’ theorem implies that

/M q(dy, 1) = /M q(v,dr),

and this vanishes for all v if and only if 7 is closed. Hence we obtain a non-degenerate

QU(M) and Q°%(M) by

pairing which allows us to identify

QGU

exact

(M7)* ~ QOd(M7)/QOd (M7)

closed
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The exterior differential maps the latter space isomorphically onto Q¢ ..(M7) so that

QE’U

exact

(M7)* o~ (e

exact

(MT).

Consequently, the non-degenerate pairing becomes a non-degenerate quadratic form on

Q@’U

exact

(M7) given by

Q(dvy) = / q(y, dy).
M
The same conclusion holds for odd instead of even forms.

Theorem 3.3.

A stable form p € Q224 (M) is a critical point subject to the constraint Q(p) = const if and

exact

only if there exists a real constant A\ with dp = Ap.

Proof: From the proof of Theorem 3.2, the first variation of V at p = d is

wvvxda>=b/quxda>

M

whereas the differential of ) at p is

M@AWU—2/ﬂmM-

M

By Lagrange’s theorem, we see that for a critical point we have dp = Ap. |

3.1.4 The twisted variational problem

To produce the most general form e?/2W, @ W_ of a spinor with stabiliser Go x Ga, we first
considered the “unperturbed” spinor pg = ¥4 ® W_ and then hit it with a B-field. The

equations for py to define a critical point are
dpo =0, dpg=0
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which under the action of a B-field are equivalent to the inhomogeneous set of equations
1 .1 .
dpo + idb/\po =0, dpo+ idb/\po =0.
Following [30] we can, more generally, consider the twisted differential operator
dgp =dp+ H A p,

where H is now a closed (but not necessarily exact) 3-form. The closedness guarantees that
dpr still defines a differential complex. Hence it makes sense to speak of a dp-cohomology
class and we can set up the variational problem to take place over such a cohomology class.

The following theorem is a direct translation from Theorem 13 in [30].

Theorem 3.4. A dy-closed stable form p € Q¢°Y(M) is a critical point of V(p) in its

dgr-cohomology class if and only if dgp = 0.

Proof: This time, the first variation is

(0V)p(dar) = /q(ﬁ, dao+HANa)= :i:/q(dﬁ, a)+pAo(a)No(H),
M M

where p and « are both either even or odd. Since
pAhNo(HNa)=pAo(a)No(H)=HApAo(a)

the first variation is

(0V)o(de) = [ atdp+ H 1 ja).
M
This vanishes for all « if and only if dgp = 0. |
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3.2 Integrable variational structures and related geometries

in the classical case

3.2.1 The spinorial solution of the variational problem and related ge-

ometries

Next we will consider the geometries introduced in Section 1.3.2 together with the following
integrability conditions. For geometries of type 1g, 29 or 3g, that is, the reduction of the
structure group of the tangent bundle to PSU(3), SO(3) x SO(3) x SO(2) or SO(3) x SO(5)
(cf. Section 1.3.3) is induced by an honest 3-form p € Q3(M), we impose the integrability
condition coming from the variational principle dp = dxp = 0. If the geometry is defined
by a supersymmetric map v+ : A! — AL, then this geometry is said to be integrable if
and only if 4+ is harmonic with respect to the twisted Dirac operator on T*M ® A. In the
case of PSU(3), we will show these conditions to coincide. The latter condition therefore
provides what we call a spinorial solution to the variational problem. We will analyse this

case in some detail before we briefly investigate the related geometries of type 2 and 3.

PSU(3)-geometry

The formal solution to the variational problem in the classical case suggests the following

definition.

Definition 3.1. A PSU(3)-manifold (M, p) is called integrable if and only if

dp=0, dxp=0. (3.1)

Recall that in 1.3.2 we proved that as a consequence of the triality principle the PSU(3)-
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invariant 3-form p gives rise to two isometries v+ : A' — AL. In this section we want to
derive an equivalent formulation of integrability in terms of y = v, ©v_ € Al®@ (AL G A).
This means that we start with a spinnable (not necessarily compact) Riemannian manifold
(M8, g,~) whose metric is induced by the PSU (3)-structure associated with v, and ask for

the conditions on « which makes this structure integrable.

To this end we have to analyse the action of the covariant derivative on p and =, but first
a general outline of the strategy is in order. The following discussion will also prove useful
for the generalised case so we start with a generic Riemannian manifold (M", g). Consider

the Levi-Civita connection form
Z TPS’O(n) — 50(71)7

which is an so0(n)-valued 1-form on the orthonormal frame bundle Pgo (. If we are given a
reduction from this SO(n)-bundle to a subbundle Pg acted on by the subgroup G < SO(n),
then the Lie algebra so(n) splits into the subalgebra g and an orthogonal complement m

so(n) = gdm.
We can decompose the restriction of the Levi-Civita form Z to Pg accordingly into

Z|TPG = Z @ F

where Z is a g-valued connection form on Pg. It defines a connection for the G-fibre bundle
and in particular, any G-invariant object will be parallel for the induced affine connection
V. Note however that this property is in general not sufficient to guarantee the uniqueness
of V (see, for instance Remark 2 in Section 4.2 of [11]). T is a tensorial 1-form of type Ad,

i.e. it can be seen as a form on M taking values in the associated bundle
PG X Ad M.
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At x € M™ we can interpret I',, as an element of R™ ® m and in this sense I' measures the
failure of the Levi-Civita connection to reduce to Pg. It is also referred to as the torsion of
the structure. The decomposition of the G-module R”®m into irreducible modules gives rise
to the different geometrical types of G-structures according to the non-trivial components
of the torsion. Knowing the type allows us to extract further geometrical information. For
instance, if we consider a Go-structure on a 7-manifold, then m = A2 is isomorphic to the

vector representation of Go. Consequently, R” @ m decomposes into
Riom=A oAl oAl oA

A Ga-structure whose associated I' takes values in say AY = R is then said to be of type A}
(these Go-structures are also called nearly parallel Go-manifolds, see [18]). In particular,
the metric structure it defines is Einstein. Generally speaking, the type can be detected by
looking at the action of Z on a G-invariant object. For structures of type A the covariant

derivative of the 3-form ¢ and the corresponding spinor ¥ is given by
Vxp=—-2XAX1xp and Vx¥ =X - W.

Here, as in the sequel, the covariant derivative operator V will always denote the Levi-
Civita connection. We will revisit this example later on when we consider generalised

Go-structures.

Coming back to the mainstream of the development, we write the covariant derivative of

the PSU(3)-invariant 3-form as
Vp=T(p)

with 7€ A’ ® A%, T acts through its A? factor which we view as the Lie algebra of SO(8).

Since su(3) < A? stabilises p, we can assume that 7' € A' @ su(3)* so that 7T really encodes
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the action of the Lie algebra valued 1-form I' above. Consequently, we refer to T as the
torsion of the PSU(3)-structure. Unless the space is symmetric or the holonomy reduces
to a proper subgroup of PSU(3), inspection of Berger’s list [6] implies that the torsion does
not vanish. In this case we say that the integrable PSU(3)-structure is non-trivial. To
make contact with the variational principle, we remark that dp and d*p are the image of T

under the PSU(3)-equivariant morphisms
d: A @su(3)t — A?

and

d*: A' @ su(3)t — A?

which map the tensor A(p) € A'@ A3 to A* and A? by skew-symmetrisation and contraction

respectively. These last two operations also map Vp to dp and —d*p and therefore,
dT = dp, d*T = —d*p.
The integrability conditions (3.1) are thus equivalent to
T € kerd N ker d*.

The next step consists in decomposing A! ® su(3)* into irreducible modules. Let A :
A @ su(3) — A3 denote the natural skewing map. Then A! ® su(3)*+ 2 ker A @ pt, where
pt =[1,1] @ [3,0] @ [2,2] is the orthogonal complement of p in A3. Moreover, the natural
contraction map L: ker A C A' ® su(3)+ — Al splits ker A into a direct sum isomorphic to

ker LA where ker .22 [2,2] @ [4,1]. On the other hand we obtain from Proposition 1.8

A?=[1,1]®[3,0], A*=2[1,1]®2[2,2].

137



Schur’s Lemma implies at once
[4,1] < kerd N ker d*.

In order to determine the kernel completely, it will be convenient to complexify the modules.

We find
Moy, = (L1);®(0,3)®(2,2)4 @ (1,4)
AMesuB)teC = @
AMoA,. = (L1D)-&(3,0)&(2,2)- & (4,1).
The modules (1,1)+ and (2,2)+ have non-trivial projections to both ker A and p*. In

particular, they map non-trivially under A.

Proposition 3.5. The PSU(3)-structure defined by p is integrable if and only if

T € [4,1].

Remark: The main difficulty of the proof resides in the fact that the modules [1,1] and
[2,2] appear twice in A?. Even if both components in A' ® su(3)* map non-trivially under
d, we can still have a component of the kernel isomorphic to [1,1] or [2,2] which trivially

intersects our fixed copies of [1,1] or [2,2]. Therefore, the argument presented in [29] is

inconclusive.

Proof: We only have to check that dp = 0 and d*p = 0 implies T" € [4, 1]. Let us determine
the kernel of d* and recall that a’p = +v/3i (a= A p) for any a+ € A2, (Proposition 1.8).

By complexifying, it follows that restricted to the PSU(3)-invariant modules A' ® A%Oi,

L%(Z e ® a;-t) = FV3i Ze]w_*(aj: Ap) = :I:\/giZ*(ej A a;-t A p). (3.2)

138



In virtue of the remarks preceding the theorem, the kernel of the skewing map A! ® A%
is isomorphic to (1,4) and (4,1), so this vanishes outside these modules if and only if
doei A ali lies in 1 & [2,2], the kernel of the map which wedges 3-forms with p. Invoking
Schur’s Lemma, ker d* = [1,1] @ 2[2,2] @ [4,1], where the precise embedding of [1,1] will

be of no importance to us.

Next we consider the operator d. If we can show that it is surjective, then ker d = [3,0] ®
[4,1] and consequently, the kernels of d* and d intersect in [4,1]. Let ¢,. denote the
injection of p into A!' ® A3, obtained by projecting the natural embedding of A3 into

A' ® A2, We first prove the relation
1~ 1L 3
bs(a) = id(pr(Oé», acp  CA (3.3)

which shows that kerby C Imd. By (1.26), the kernel of by is isomorphic to 16 [1,2], so
the claim needs only to be checked for the module [1,1] @ [2,2] in A%. A sample vector is

obtained by
p3(e128) = ag @ agr = %(56128 + V/3esas + V3eser — 2eass + 2eq78), (3.4)

where p3 = b3b3. That both components ag and a7 are non-trivial can be seen as follows.
Restricting p3 to A3 and A3, is multiplication by real scalars 1 and x5 since the modules
are representations of real type. If one, say z1, vanished, then p(e128) = p3(aar) = 22 - aar.
However

p%(elgg) = 6714(396128 + 7\/§€345 + 7\/56367 — 18e458 + 186678)

which is not a multiple of (3.4). Moreover, we have indeed

bsps(eras) = a5(7V3e1245 + TV/3e1267 — er6s — Ye1s7s + Jeaurs — 9eases)

= 3d(r,1ps(e12s))
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which proves (3.3). For the inclusion Imb} C Imd we consider the vector e; ® eg in

ker A. Then d(e; ® e1g) = —e1238/2 — e1478/4 + e1568/4 takes values in both components of

Imb: C A% since bjd(e; ® e1g) = 0 and otherwise
bibsd(er @ e1g) = 35 (—10e1235 — Berars + Beises + 32468 + 3easrs + 3esuss — 3ez67s)

would be a multiple of c?(el ® e1s). Hence d is surjective and the assertion follows. [ |

Let D denote the twisted Dirac operator on A! ® A, so D can be locally written as

8
DX®U)=> Ve X®@ei - V+X®e; Ve, L.
=1

Consider the embedding of A into A' ® A = A @ A3A, @ ASA_ given by

1

i)(X) = —5X

and the projection p: A'® A — A

:
p(y) = e (e,
im1

With respect to the decomposition Im+é @ ker p, the Dirac operator D takes the form (see
Prop. 2.7 in [51])

—%ioDoi_1 2i00

; (3.5)
tPoit Q

where D : A — A is just the usual Dirac-Operator, § : A' ® A — A the twisted co-
differential, P : A — A3A, @ A3A_ the Twistor operator P(c) = Vo — i o p(Vo), and
@ the so-called Rarita-Schwinger operator which arises in supergravity and string theories.

To introduce more physicist’s jargon still, we make the
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Definition 3.2. We call a spin 3/2 field ¢, i.e. a section 1 € T(APA_ ®A3A_), a Rarita-
Schwinger field if it satisfies

Q) =0.

Theorem 3.6. The PSU(3)-structure is integrable if and only if vy = v, ®v_ € [(A'® A)
is harmonic with respect to the twisted Dirac-operator D : T'(A' ® A) — T'(A' ® A), that is

D~ =0.

Proof: The proof uses the same idea as Proposition 3.5. Let us consider the PSU(3)-

equivariant morphism
D:Aec AN @suB3)t — uA(R) e Al® A

which maps A(y) € A' ® A’ ® A through Clifford multiplication to u(A(y)) in A! ® A.
Since the PSU (3)-invariant supersymmetric map v = 4 @+_ has now components in both

A_® A and A, ® A', we will split the Dirac operator D = 75+ @D accordingly, i.e.

Di(X ®a) = ps(X -a(yx)) € Ax @ Al. We now have to show that
ker Dy NkerD_ = [4,1].

The intersection ker Dy N ker D_ contains at least the module [4,1]. First we show that

[3,0] is not contained in this intersection by taking the vector

T[3,0] = id® W%O(LprQ(éLe]_g))
= —V3e1 ®ess — V3er ® egr + 2e0 ® e3s — 2e3 @ eas + V34 @ e15 +
es ® e — V3es ® e1q — 5 ® egs + V3es ® err + eg ® ess — V3er ® elg —

e7 @ eqs + 2eg @ eg3 + eg ® eq7 — g @ e56.
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A straightforward, if tedious, computation shows 75(7'[[370}]) # 0. For the remainder of the
proof, it will again be convenient to complexify the torsion module A! ® su(3)* and to
consider (1,1)+ and (2,2)+. The invariant 3-form p induces equivariant maps p+ : Ay —
A< whose matrices with respect to the choices made in (1.8) are given by (1.35) for p; and

by its transpose for p_. By Schur’s Lemma, we have
B ((2.2)4) =2 p_@idoDy((2,2)) (3.6)

for a complex scalar z. Since the operators 51 are real and (2,2)_ is the complex conjugate
of (2,2)4, the same relation holds for (2,2)_ with z. The vector 79 = 6(e; ® €18 — €3 ® €2g)

is clearly in ker _C ker A and projecting the second factor to A%, , yields

d® W%(H(To) = e ® (3e1s + iv/3egs — iv3eq7 + i\/§€56) +

€2 ® (i\/§€13 — 3egs + i\/§€46 + i\/§657).

Since any possible component in (1,4) gets killed under D, we can plug this into (3.6) to
find z = (1 + y/3)/8 which shows that (2,2)+ map non-trivially under D. On dimensional
grounds, ker D, therefore contains the module (2,2) with multiplicity one. Their intersec-
tion, however, is trivial, for suppose otherwise. Let (2,2)¢ denote the corresponding copy
in ker D It is the graph of an isomorphism M : (2,2), — (2,2)_ since it intersects (2,2)+
trivially. Now if 7 = 7. & M7y € (2,2)o were in ker D_, then

D (ry ®Mry) = z-pRidoDy(14)®z-p@idoDy(Mry)

= p®idoDy(z T4 ®Z- Mry)

= 0.
Consequently, z -7y ®z- M7y € kerﬁJr, that is, z- M7 = Mz - 714 or Z = z which is a
contradiction. This shows that the kernels of Dy intersect at most in 2(1,1) & [2,3] and
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furthermore, that the condition D(v;+) = 0 or D(y-) = 0 on its own is not sufficient to
guarantee the close- and cocloseness of p. This argument also applies to (1,1);. However,
since (1, 1) appears twice in A4 ® A, we first need to project onto A+ = (1,1) via Clifford

multiplication before asserting the existence of a complex scalar z such that
e oD ((1,1)4) = 2+ pi (- 0 Dy ((1,1))).
For the computation of z, we can use the vector
2V/3ie1 ® iy, (e1s) = e1 @ (V3ie1s — e + ear — e56) € (1, 1)1 @ (2,2)4 @ (1,4),

as possible non-trivial components in (2,2)4 @ (1,4) get killed under pus. We find z =
2(1 — v/3i) which shows that (1,1) occurs with multiplicity at most one in ker D and that
it is not contained in their intersection. Consequently, ker 75+ NkerD_ = [4,1], which

proves the theorem in conjunction with Proposition 3.5. |

SO(3) x SO(3) x SO(2)- and SO(3) x SO(5)-geometry

Next we briefly investigate geometries of type 2 and 3. Recall that we divided these struc-
tures into the subtypes 0, + and — according to the case where the structure group SO(A!),
SO(A_) and SO(A4) reduces to a group conjugated to SO(3) x SO(3) x SO(2) (type 2)
and to SO(3) x SO(5) (type 3) (see 1.3.3). The discussion of integrable PSU (3)-structures

leaves us with natural integrability conditions for geometries of type 2 and 3.

Definition 3.3.
(i) We call a structure of type 2o or 3o integrable if and only if the associated 3-form pa,
or p3, satisfies

dp20730 =0, d*920,30 =0. (3.7)
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(il) We call a structure of type 24 or 34 integrable if and only if the spinor-valued 1-
form v = vy € T(T*M ® Ay) is harmonic with respect to the twisted Dirac operator on
D(T*M ® A), i.e.

Dy =0. (3.8)

The integrability conditions (3.7) and (3.8) can be analysed in terms of the resulting torsion
along the lines of the PSU(3)-case, although the situation becomes more difficult as the
decomposition of type 2-structures into irreducible modules of A! ® g breaks up into small
pieces of various multiplicities. We shall deal with two natural questions. For integrable
structures of subtype 0, it makes sense to ask if the holonomy of the metric reduces to
the groups SO(3) x SO(3) x SO(2) or SO(3) x SO(5). We will show that this is not to
be expected for a generic metric of type 29 or 3p. An example illustrating this fact will
be given in the next section. On the other hand, if the structure is of subtype 21 we saw
in Section 1.3.3 that we obtain an almost complex structure on the tangent bundle. We
will show that under the integrability condition (3.8) not even partial integrability (in the
sense that some of the torsion components of an almost complex structure as described on
p. 39 in [39] vanish) can be expected. We start with the analysis of integrable structures of

subtype 0.

Integrable structures of type 29. The structure group reduces from SO(8) = SO(A') to
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SO(3) x SO(3) x SO(2). We find the decomposition

Al @ (su(2) @ su2) @ tH* = ([2,0,01©[0,0,2] @ [0,0,2]) ® ([2,2,0] @ [2,0,2] ® [0, 2,2])
= [0,2,4] ® 2[0,0,2] @ [0,2,2] @ 3[0,2,0] & [0,4,2] @
[2,0,4] @ [2,0,2] @ 3[2,0,0] @ 3[2,2,2] © 2[2,2,0] &

2,4,0] & [4,0,2] @ [4,2,0].
Moreover, we have
A2 =1@10,2,0] @ [0,2,2] ©[2,0,0] © [2,0,2] & [2,2,0]

and

A* =2[0,0,2] & 2[0,2,0] @ 2[2,0,0] & 2[2,2,0] & 2[2,2,2].

From this we can partially determine the kernel by an application of Schur’s lemma. For
instance, the kernel of the map 6 : A! ® (su(2) ® su(2) & t')+ — A2 restricted to the sub-
module 3[2,2, 2] contains on dimensional grounds at least a module isomorphic to 2,2, 2]

etc.. Using also

dim ker d N dim ker 6 = dim ker d 4+ dim ker § — dim(ker d + ker g),
we immediately draw the
Proposition 3.7. We have

[0,2,4] & [0,4,2] & [2,0,4] & [2,2,2] & [4,0,2] & [2,4,0] & [4,2,0] C kerd N ker d*.

In particular, the holonomy of an integrable structure of type 29 should not reduce to

SO(3) x SO(3) x SO(2). This is confirmed by the example constructed in Section 3.2.2.
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Integrable structures of type 3g. Next, we assume that the structure group reduces from
SO(8) to SO(3) x SO(5). We obtain
A'® (s0(3) @s0(5)" = ([2,0,0]®[0,1,0)) @ [2,1,0)
= [0,1,0]®[2,0,0] & [2,0,2] ® [2,1,0] & [2,2,0] @ [4,1,0]
while
A% =10,0,2] ®[2,0,0] @ [2,1,0]
and
A =2[0,1,0] 4 2[2,0,2]

which implies the

Proposition 3.8. We have

[2,2,0] & [4,1,0] C ker d N ker d*.

Again we give an explicit example where the holonomy does not reduce to SO(3) x SO(5)

in Section 3.2.2.

Integrable structures of type 2+. Here, the structure group SO(8) = SO(A4) of the
Spin(8)-bundle reduces to SO(3) x SO(3) x SO(2) (cf. Table 1.3). By choosing the orien-
tation appropriately we may assume that we deal with a structure of type 2, which means
that v = v, € A3A_ defines an isometry 74 : A — A,. As we saw in Section 1.3.3, this
forces the structure group of the tangent bundle to reduce to a subgroup of U(4), that is,

we obtain an almost complex structure on the tangent bundle. To discuss the integrability
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of this almost complex structure under the condition (3.8), we decompose

A oud)t = [0,1,1,-3]®[1,1,0,—1] @ [1,0,0,—3] @ [1,0,0,1]
= [VIe’Te N 1e ™, (3.9)
where the labeling of the irreducible U(4)-modules was chosen in accordance with [39].

From the point of view of U(4), we have A' ® C = C* @ T where U(4) acts on its vector

representation with weights
—oq + Qg+ oy, —Q + o3 + g, —03 + Qq, 01 + Qg.

This is refined by the actual action of SU(2) x SU(2) x U(1)/Za which acts on C* = (1,1, 1)
with weights

—01—09+7T,—01+09+T,00 —02+T,01 + 02+ T.

Substituting these weights and decomposing the U(4)-modules appearing in (3.9) accord-

ingly, we obtain

vl = [0,1,1,-3] = [1,1,3]®[1,3,3]®[3,1,3]
N2 = [1,1,0,—-1] = [1,1,-1]&[1,3,-1] & [3,1,—1]
23] = [1,0,0,=3] = [1,1,-3]

A1) = [1,0,0,1] [1,1,1].

The actual torsion of the structure lives in

AMetu@2osu@2eth)t = [1,1,1]®([2,2,0] @ [2,0,2] @ [0,2,2])
= 2[1,1,3] @[1,3,3) @ 3[1,1,1] ® 2[1,3,1] & [3,1,3] @

®2[3,1,1] @ [3,3,1]
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and is given by the kernel of the map
D:A' @ (su(2) ®su) o tHt > Al A_.
Now
A oA =[1,1,1] ® (su(2) ® su(2) ® Fy) = 3[1,1,1] @ [3,1,1] @ [1,3,1] @ [1, 1, 3]
which implies
Proposition 3.9. We have

[1,1,3] & [1,3,1] & [3,1,1] & [1,3,3] & [3,1,3] & [3,3,1] C ker D.

In particular, a generic integrable structure of type 24 is expected to have torsion in the

components [V], [)\(1]’2]] and [A%3], and the almost complex structure is not integrable.

Integrable structures of type 3. We finally look at structures of type 34+ where the structure
group SO(8) = SO(A4) of the Spin(8)-bundle reduces to SO(3) x SO(5) (cf. Table 1.4).

Again we assume to deal with a structure of subtype +. We have
A @ (s0(3) ® s0(5))T =[1,0,1] ®[2,1,0] = [1,0,1] @ [1,1,1] @ [3,0,1] & [3, 1, 1].
On the other hand,
A oA =[1,0,1]®(]2,0,0] ®[0,1,0]) = 2[1,0,1] ® [3,0,1] ® [1,1,1]
and therefore

Proposition 3.10. We have

[3,1,1] C ker D.
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Recall that an almost quaternionic structure on M® is defined by an Sp(1) - Sp(2)-invariant

4-form Q [38], [39]. This defines a quaternionic Kéhler structure if and only if
vVQ=T(Q) =0.
Since
A= A5 =1[1,0,1]®[1,1,1] @ [3,0,1]
and d : A' ® (s0(3) @ s0(5))L — AP is onto [39], the condition dQ = 0 implies T € [3,1,1]

and therefore Dy = 0.

Corollary 3.11. Any almost quaternionic 8-manifold (M®,Q) with dQ = 0 defines an

integrable structure of type 3+.

3.2.2 Geometrical properties and examples

As in the case of special holonomy, a solution to the spinor field equation (3.8) puts con-
straints on the Ricci tensor of the metric. To see this we recall that according to Proposition

2.8 in [51] (using the notation of (3.5)), we have
1
(Dod—0d0D)(v) = ip(*y o Ric) (3.10)

for any v € I'(T*M ® A). Now write 7 = ), ¢; ® v; and regard Ric as an endomorphism of

T so that

voRic= Z Ricijei & vj-
.3

If the structure is integrable, (3.10) implies

p(yoRic) = Z Ricije; -y =0

)
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(alternatively, see [29] for a direct derivation of this equation). This means that Ric is in
the kernel of the map
2
Ae (DA = p(Adoq) =) Ajeiy; €A, (3.11)
0,

which is invariant under the stabiliser of 7. In the case of a PSU(3)-structure, we have
At =1@1,1]®[2,2] and A = 2[1,1]. Since this map is non-trivial, Ric vanishes on the
module [1,1]. Similarly, we can decompose the symmetric tensors for structures of type 24

and 34+ into
2
(OA' =1a[2,0,0]@0,2,0] &[2,2,0] & [0,0,2] & [2,2,2]

and

2
(DA =1+4[0,1,0]+[2,0,2]

respectively. The map (3.11) takes then values in Ag which carries a Lie bracket. It is
immediate that for an integrable type 3-structure, Ric must vanish on the 5-dimensional
module [0, 1, 0] while for type 2-structures it vanishes on the component isomorphic to A
(take the matrices (1.36) and check with the base elements e; ® e; + €; ® e; to see that the

image has maximal rank).

Proposition 3.12.
(1) [29] If g is an integrable PSU(3)-metric, then Ric vanishes on the component [1,1] inside

OZAL

(ii) If g is an integrable metric of type 2+, then Ric vanishes on the components Ax =

[2,0,0] @ [0,2,0] @ [0,0,2] inside ®>AL.

(iii) If g is an integrable metric of type 3+, then Ric vanishes on the component [0, 1,0] inside
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®2AL. In particular, this holds for any almost quaternionic structure whose Sp(1) - Sp(2)-

mwvariant 4-form is closed.

Remark: A quaternionic Kéhler manifold is Einstein [39], that is, the Ricci-tensor vanishes
on [0,1,0] & [2,0,2] if dim = 8. The weaker condition d2 = 0 still guarantees the vanishing

on the smaller component [0, 1, 0].

Examples

(i) (local description of type 3o-geometries) Consider a 3-form p which induces a supersym-
metric map Ay ® A_ of spin 3/2. Let Ann(p) C I'(T) denote the annihilator of p, that
is the distribution whose sections contracted with p yield 0. If the form p is closed, then

Ann(p) is involutive since
(X, Y|ip=Lr(YLp) =Y Lxp=-Y . Xidp=0.

If, in addition, the form is co-closed, then Ann(xp) also defines an involutive distribution.
In the case of a PSU(3)-structure the annihilator of p and xp is {0} as a consequence of the
genericity of the form, but for forms of type 2 and 3, we get something non-trivial. In partic-
ular, we can apply Frobenius’ theorem for type 3 structures to assert the existence of local
coordinates (x1,...,xs) such that Ann(*p) = (9z,,0ry, Ozs) and Ann(p) = (0pyy ..., Oug)-
Since xp and p are the volume forms for Ann(p) and Ann(*p) respectively, the condition to
be of unit norm is just

det g;; = det g =1.
ivj:17273 gzj 7/,]:1,,5 gl_]

(i) (integrable PSU (3)-structures of positive, negative and zero scalar curvature with van-

ishing torsion) As mentioned above, any integrable PSU (3)-metric with vanishing torsion
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T is either flat or symmetric. For example, consider the 3-form p(X,Y,Z) = B(X,[Y, Z])
on the Lie algebra su(3), the symmetric space SU(3) = SU(3) x SU(3)/SU(3) or its non-
compact dual SL(3,C)/SU(3). Since p and xp are Ad-invariant forms, they are closed and
hence they define integrable PSU(3)-structures. These three cases correspond to zero, pos-
itive and negative scalar curvature respectively. In particular, vanishing torsion does not

imply Ricci-flatness.

(iii) (non-trivial local examples of integrable PSU(3)-structures, type 29- and 3o-structures
which are Ricci-flat) This example will be built out of a hyperkihler 4-manifold M* with a
triholomorphic vector field. Let U = U(z,y, z) be a positive harmonic function defined on

some domain D C R? and 6 a 1-form on R? for which
dU = xdf
holds. By the Gibbons-Hawking ansatz, the metric on D x R
9= U(da® + dy? + d=2) + %(dt +0)2 (3.12)
is hyperkahler with associated Kéahler forms given by

wi = UdyANdz+dz A (dt+0)
wy = UdxNdy+dzA(dt+0)

wg = Udzx Ndz—dyA (dt +0).

The vector field X = % is triholomorphic, that is it defines an infinitesimal transformation
which preserves any of the three complex structures induced by wy, ws or ws. Conversely, a
hyperkahler metric on a 4-dimensional manifold which admits a triholomorphic vector field

is locally of the form (3.12).
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Following [3], we define the 2-form w3 by changing the sign in ws, that is

ws =Udz Ndz+dy A (dt + 0).

This 2-form is closed if and only if

U=U(x,z)
for dws = 0 implies
d(Udz Ndz) = d(dy A (dt + 6)), (3.13)
so that
~ oU
dws = 2d(Udz N dz) = 2a—dy Ndx A dz.
Y
Pick such a U and take the standard coordinates z1, ..., r4 of the Euclidean space (R*, go).
Put
el = dx;, e? = dxo, e3 = dus ed = dxy

et =VUdy, 65:—\%(](dt—|—9), S = —Udz, € =Udz

which we take as an orthonormal basis on M* x R*. Endowed with the orientation defined
by (e4,...,er), the forms w; are anti-self-dual on M*, while the forms @; = Udy Adz — dz A
(dt +0), Wy = Udx ANdy — dz A (dt + 0) and w3 are self-dual. An example of an integrable
PSU (3)-structure is then provided by (cf. 1.22 and 1.23)
1 V3 -
p1 = dxi Adro Adxs+ §(dx1 ANwy + dze Awo + dxs Aws) + 7d:z:4 A 03
= et her Awit nea Awat mes Aws + Lo AT
= Cs e AWt ge Awr e Aws 5 €8 A\ Ws-
Obviously, the equality dp; = 0 holds. Moreover, we have
1
xp1 = de/\dz/\dy/\(dt+t9)/\du—§w1/\d:p2/\dx3/\d:c4
1 1 V3
+§WQ ANdxi ANdxrg N\ dry — iw;z, ANdxi Ndxro N\ drgy + 7w3 Adxy Adxo A dxs

1 1 1 3.
= €45678 — §w1 A ea3g + §w2 A e1sg — §w3 A e1sg + 7603 A €123,
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and one immediately checks that xp; is also closed.

This ansatz yields then a structure of type 2y and 3y by defining

1 1
p2 = Eem + 56367 and p3 = e145.

Then

1 1
*pg = —e + —e and *p3 =e¢e ,
P2 ﬂ 23678 \/§ 12458 P3 23678

and all these forms are closed since (3.13) implies deys = degr = 0.

To check that the holonomy is not contained in the respective stabiliser groups PSU(3),

SO(3) x SO(3) x SO(2) and SO(3) x SO(5), we consider the specific example defined by
U(z,y,z) =x on {x > 0} and 0 = ydz,
and show that Vp; # 0. The metric g on M* x R* is given by
Y 1 y
g = da} + dr} + doi + dod + vda® + xdy? + (z + Z)dz2? + —dt? + 2% dzdt.
x x x

with orthonormal basis

61 — 8117 62 = 8:625 63 = 89337 68 = 8554,
€4 = %87;’ €5 = _ﬁatv €6 = _ﬁaxa €7 = ﬁ(az - y8t>

The only non-trivial brackets are

1

lea, eg] = BENC les, e6] = ﬁ%
lea, e7] = ﬁes les, e7] = PN

Since the anti-self-dual 2-forms wq, wy and w3 are the associated Kahler forms of the hy-

perkahler structure on M, we have Vw; = 0. In particular,

1 1 N —
V(S ne™) =V(e' Ae) = 15 —(e4 @ Wy + €5 ® Wa)

-
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holds. Thus

1 1 ~ ~
Vo = _4\/3.7x3(e4®w1/\68+65®w2/\68)
1 - ~
Vpr = ————(ea @1 A(e1+e3) +e5 @2 A (e1 + e3))
12V 223
1 ~ ~
V,Og = — (€4®W1/\€1+€5®w2/\€1)7

12V a3

which shows that the holonomy does not reduce to the corresponding stabiliser subgroup.
This example also shows that Ricci-flatness does not imply the vanishing of the torsion for

an integrable structure of any type.

(iv) (non-trivial compact PSU(3)-manifold which is not Einstein) Recall that by defining a

basis of (anti)-self-dual forms wi+ = €7 4+ €56, woy = 46 F €77 and w3y = e*® £ €% we can

write
p =€+ %el ANwi_ + %62 ANwo_ + %63 ANwsg_ + ?68 A w3y (3.14)
and
*p = €45678 — %6238 Nwy + %5138 Nwy — %6128 Aws + 736123 A w3y (3.15)
Note that
wit Awjr =0,  wi+ Awjt+ = £26;je4567. (3.16)
Take N to be a 6-dimensional nilmanifold associated with the Lie algebra g = (ea, ..., es)

whose structure constants are determined by

de,' =
wiy =eq7 te56, =38

(the labeling of the vectors follows our conventional use of a PSU(3)-frame), that is the

only non-trivial structure constants are

C478 = —Cr48 = C568 = —Cp58 = 1.
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Let G be the associated simply-connected Lie group. The rationality of the structure
constants guarantees the existence of a lattice I" for which N = I'\G is compact [35]. We
let M = T? x N with e; = dt;, i = 1,2 on the torus, hence de; = 0. We take the basis
et,...,es to be orthonormal on M and let g denote the corresponding metric. Then (3.14),
(3.15), (3.16) imply

V3

3
dp = Tdeg ANwsy = 5 Wit ANwsy =0

and similarly, we have

1 1 1
d*xp = eys67 \deg — §WI_ A eoz A deg + 5&)2_ ANeis A deg — 5&)3_ A e12 A deg
1 1 1
= e4567 \Wi4 — iwl_ N ez Nwiy + 5&)2_ Nes Nwiy — 5&)3_ N e1g N wit

= 0.
Next we compute the covariant derivatives V. e;. By Koszul’s formula, we have

29(Ve,ej,ex) = g(lei, 5], ex) + g([ex, €il, e5) + glei, lex, €5]) = cijk + crij + Crji-

It follows that

0, 1=1,2,3
—L(er@es+eg®er), i=4
—2(es®es +es®eg), i=5

(es®eg+eg®es), 1 =06

N[ —

%(64@684-68@64), 1=17

H—ea@er+er®es—es @eg+eg®es), =38

Now
Ve,(eg AN wsy) = eust
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and since the coefficient of eg A w34 is irrational while all the remaining ones are rational,

we deduce
Ve, p # 0

and therefore the metric is non-symmetric. Moreover, a straightforward computation shows

the diagonal of the Ricci-tensor Ric;; to be given by

0, :=1,2,3,8
Ricii:
3, i=4,5,6,7

In particular, it follows that (M, g) is not Einstein, that is, Ric will usually have a non-trivial

[2, 2]-component (cf. Proposition 3.12).

(v) (non-trivial compact example of a type 34 -structure) In [40], Salamon constructed a com-
pact almost quaternionic 8-manifold M whose structure form €2 is closed, but not parallel.
The example is of the form M = N x T2, where N is a compact nilmanifold associated

with the Lie algebra given by

0, 1=1,2,3,5
de; =4 ey5, i=4
e3, 1=06
According to Corollary 3.11, this implies the existence of a compact non-trivial structure

of type 3.

Proposition 3.13.
(i) Compact integrable PSU (3)-manifolds with non-vanishing torsion and which are not Ein-
stein exist. On the other hand, vanishing torsion does not imply Ricci-flatness. Moreover,

there exist non-trivial integrable local Ricci-flat examples.
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(i1) Compact integrable structures of type 34 with non-vanishing torsion exist. Moreover,

there exist non-trivial local and Ricci-flat examples of type 2¢- and 3¢-structures.

3.3 Integrable variational structures and related geometries

in the generalised case

3.3.1 The spinorial solution of the variational problem and related ge-

ometries

Having analysed the variational problem for classical structures in terms of a spinorial
field equation we want to approach the generalised case in a similar vein. First, we give a
somewhat technical definition which has the merit of encapsulating at once the equations

coming from the unconstrained, constrained and the twisted variational problem.

Definition 3.4. Let H be a (closed) 3-form and X be a real, non-zero constant.

(i) A topological generalised Ga-structure (M, p) is said to be (closed) strongly integrable

with respect to H if and only if

dyp =0, dyp=0.

(ii) A topological generalised Ga-structure (M, p) is said to be (closed) weakly integrable

with respect to H and with Killing number A if and only if
drp = \p.

We call such a structure even or odd according to the parity of the form p. If we do not

wish to distinguish the type, we will refer to both structures as (closed) weakly integrable.
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Similarly, the structures in (i) and (ii) will also be referred to as integrable if a condition

applies to both (closed) weakly and strongly integrable structures.

(iii) A topological generalised Spin(7)-structure (M, p) will be called (closed) integrable with
respect to H if and only if

dgp = 0.

Remark: As we shall see in Corollary 3.18, the constant A describes the Aé—component
of dp+, where ¢ are the underlying stable 3-forms of a weakly integrable structure. A
classical Ga-structure having only torsion components in this module is said to be nearly-
parallel and can be equivalently characterised by the existence of a Killing spinor in the
sense of [5] (see also the discussion in Section 3.2.1). The constant A is usually referred to

as the Killing number which explains our terminology.

We want to interpret the equations in Definition 3.4 in terms of the data of Theorem 2.14.
The key will be again the interplay between the twisted Dirac operators D and Don A® A,

given in a local basis by

DIRP)=) 5 VI @P+s5- VOV,
and

DURP) =Y V,U®s &+T@s; Vo,

and the corresponding Dirac operators on AP (under the usual identification of A ® A with
forms) d + d* and (—1)P(d — d*). For the generalised version however, we have to use the
twisted isomorphism L; (as defined in Section 1.5) between A ® A and A®°?. In order to

describe its effect on the level of differential operators we define for a p-form « the operator
daP = (=1)"Pt)H g goar.
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This definition ensures that in absence of a B-field, the identity
dD — d*
holds for n = 7 or 8 (see Lemma 1.26).

Proposition 3.14. (Cf. the notation of page 84)

(i) For n =7 we have
Lev,od D= od,ev O 7 od,ev 1 b/2 od.ev od,ev
3 oD = ALyt dPLYY 4 S A (AL — db A L)

and

~ 1
sz,od oD — :E(dLZd’ev i dDde,ev) + §eb/2 A (dbl_LOd’ev +db A Lod,ev)‘

(ii) For n = 8 we have

Lit oD = dLy%™ +d7 L% + 1e¥? A (db LY — db A LE)
Lid oD = dLy% +d7Ly% + Leb/? A (db LS — db A L)
and
S 1
feoD = dLfl —d L — 57 A (db LY +db A LY)
~ 1
L§%hoD = —dLil +dLi% + 5e”? A(db LY +db A L)

Proof: For b = 0 the assertion
Lev,od oD = dLod,ev + d*Lod,ev

and
Lev,od ° 13 _ :l:(dLod,ev . d*Lod,ev).
is classical (see, for instance, [7] Subsection 1.I; compare also Section 3.2.1).
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Now consider the case of an arbitrary B-field b which gives rise to the twisted maps LZU’Od :

A®A — A®°UT*. Then
Lev,od oD — eb/2 A Lev,od oD — 6b/2 A (dLod,eU + d*Lod,ev>
b = = .
The first term on the right hand side equals
/2 N AL = dLyY — %eb/ 2 Adb AL,
For the second term, we have to treat the cases n = 7 and n = 8 separately. If n = 7, then
d*Lod,ev = F* d*Lod,ev.
Proposition 1.27 and Lemma 1.26 give

/2 A grLodev  — erb/Q A ol LObe
= Fe? Axdo (L)
= T2 Axd(? A (L)
= Fe2 Ax(e¥? A (%db Ao (LY + do (L")
= $%eb/2 A *(db A U(Le”’Od)) = Dg,deZ”’Od

_ %eb/Z A (dbLLod,ev) + d[ngd,efu7

hence

1
Ly oD = dLy®™ + d7Ly"™ 4 S e A (db L4 — db A L),

Similarly, we obtain

Lle)v,od ° 1’5 _ :|:€b/2 A (dLod,ev £ *d*Lod,ev>

1
_ :l:(szd,ev _ dDLZd,ev) + 56b/2 A (dbLLod,ev +db A Lod@))'
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Next we treat the case n = 8. Here we have to take into account the chirality of the spinors.

Recall our convention that Lle)vfd denotes the restriction to A, ® A4 _ where * = 4 for Lj”

and * = — for Lgd. So far we know that

Ly oD = €2 A (LYY — xdx LS.
Lemma 1.26 and Proposition 1.27 imply

* L% = +0(LY) and x LY = Fo(LY).
Consequently, we have to deal with both cases separately. Now
PPANILY = —e/? AxdxLY

= T2 A xdo (L)

= Fe'2 Axd(e"? No(L§Y))

- :F%eb/z Ax(db A o (L)) = €2 A (2 A [dLE))

_ %ebﬂ A (dbuso (LE)) + DdLEY,

= %eb/Q A (dbLL) 4 d7L§’s..
Similarly, we find

2 N wdx L = DM A (db L) + dP L

Putting these pieces together yields

1
Ly oD = dLy% + d7 Ly + 5eb/ 2(db LY — db A LY.

A similar expression holds for szi’(’d oD. [

Theorem 2.14 states that a generalised structure p on M can be represented by e ¥ Ly (¥ ®

W_). The integrability conditions in Definition 3.4 translate as follows.
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Theorem 3.15.

(i) A generalised Go-structure (M7, p) is weakly integrable with Killing number X if and only

if e ' Ly(Wy @ U_) = p+ Oy pp satisfies (with T = db/2+ H)

1. for all vector fields X,

1
VxWst (XLT)- Uy =0,

1
(dFiiTi)\)‘\Ili:()
i case of an even structure and
1
(dF:I:iT—F)\)-‘I/i:O
i case of an odd structure.

The structure e F Ly(V  @W_) = p+0gpp is strongly integrable if and only if these equations
hold for A = 0.

(ii) A generalised Spin(7)-structure (M8, p) is integrable if and only if e F'Ly(¥L @W¥_) = p
satisfies (with T = db/2+ H )

1. for all vector fields X,
1
VxUy + Z(XI_T) UL =0

1
(dF & 3T) - Ws =0

We refer to the equation involving the covariant derivative of the spinor as the (generalised)

Killing equation and to the equation involving the differential of F' as the dilaton equation.

163



Remark: The generalised Killing equation basically states that we have two metric connec-
tions VT preserving the underlying Go- or Spin(7)i-structures whose torsion tensor (as it
is to be defined in 3.3.2) is skew. The dilaton equation then serves to identify the components
of the torsion with respect to the decomposition into irreducible Got- or Spin(7),-modules

with the additional data dF and .

Proof: We first consider the strong integrability condition dgp = 0, dgp = 0 which is
equivalent to

dp=—HAp, dOp=—HAOp. (3.17)

We write p = e "L (0 @ U_), e FLEY (U @ W) or e " L% (U @ W) according to

the cases G, Spin(7) even or Spin(7) odd. Taking O of the second equation in (3.17) gives

dPe L = 2 A (Hie FL),  (Ga)
dDe_FLg"Jr = M2 (Hee F'Lev), (Spin(7), even)
dFLgt = A (Hee FLo),  (Spin(7), odd)
For example,
de FLy, = —DHADe FLYY)

= —e2Ax(PNa(HNe TL)
= 2 Ax(HNo(e P L))

= SPPA(HLTTLEY).

164



From Proposition 3.14 we obtain the following expressions for the Dirac operator D (where
we put T'=db/2 + H).
od -F _ ev(,—F _ ev(,—F
L%oD(e "V, V. ) = TLLY e "V, U _)—TALYEe"¥, V)
L oDe U, @V ) = TL (e PV, @V )-TAL (e TV @)
LoD U, @0 ) = TL® e P, @0 ) -TALY (e U, @V ).

Applying Corollary 1.25 to these equations entails

De "0, @V ) = De v )al_+e ) s U, @V,l_ (3.18)

1 _
= ¢ F(—T-\I/+®\I/_+Zsi-\ll+®(sil_T)-\I/_),

)

where D denotes the usual Dirac operator associated with the Clifford bundle (A, ga).

Since ga(si - V4,55 - U1 ) = 05, the contraction of this equation with ga (-, sp, - U4) yields
_ _ 1 _
ga(D(eFW ), 5, - V)V _ e 'V, U = G F(ga(T Wy 8 - W)U+ (5,,LT) - W),
implying
-F 1 -F -F I _p
e "V, ¥_ = —ZqA(4D(e U )+e T - Uy, sy, U)W+ 1€ (s T) - W_.
However, from this expression of the covariant derivative we deduce
1 _
$m-qa(W_, U_) = 2gA (Vs U_ W) = —iqA(ZleFD(e PO V4T Uy, 8, -0,)=0
as sy T € s0(T, g) and consequently ga((sp,.T) - W_,¥_) = 0. It follows
1

T = (s T) - T_. (3.19)

vsm 4
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In order to derive the corresponding expression for the spinor W, we consider the Dirac

operator D. Firstly, we find

LoD(U, @e FU) = TLe FLo(W, @U_)+TAe FLY (U, @ U_)
LoDV, @e FU) = —TLe FLYU, @ U ) —TAe FLO (U, @ U )
LoD, @e FU ) = Tle FLOW, @ U )+ TAe FLY(W, @0 ).

We appeal again to Lemma 1.25 to deduce
DUy @ef0) = v @D U )+e P V, T, @5 U (3.20)
i

1 _
= ¢ Foo, T - w_ — Z(siLT) U, @8- U).
7
Now contraction with ga (-, Sy - ¥_) gets

1 1
e 'V, U, = ZqA(—zu)((foIf_) +e T U s, U )T, — Zefl““(smLT) U,

We derive the norm of ¥ and obtain
1 -
Sm-qa (P, Uy) = 2qa(Vs, Uy, Uy ) = 5qu(—zleFD(e PO )4+ 7 V_, s, -0_)=0.

Hence in all three cases (G2, Spin(7) even, Spin(7) odd) we find

1
Vsm\If+ = _Z(SmLT) . \IJ+. (321)

If we now consider the inhomogeneous equation digp = Ap, then we pick up an extra term

in (3.18) and (3.20). For example, (3.20) becomes

. 1
DU, e FO_)=-Nl'U,00_+ Ze_F(\I/_|_ RT-U_ = (saT) Uy @s;-V_), (3.22)

for weak integrability of even type and
~ 1
DWW, @e fU )=XlV, @0 + ze*F(\Iur RT-U_ =Y (siT) Uy ®s;- V) (3.23)

i
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for weak integrability of odd type. But these extra terms cancel if we contract by ga(-, sy, -
U _) and similarly for the expression involving D. Consequently we derive the same condition
on the covariant derivative of W.. The difference between these integrability conditions is

only visible in the dilaton equation to which we turn next.

Here, we contract (3.22) and (3.23) with ga(-, Y1) and obtain

1

DeFo_ = e fU_+ Ze_FT -W_, even case
1

De Fw_ = e Fw_ + Ze_FT -W_, odd case.

On the other hand, equation (3.19) entails
-F -F 3
De M. = M (=dF - W_ + T -0,

which gives the dilaton equation for ¥_. Using D in conjunction with (3.21) implies the

dilaton equation for ¥ .

Conversely assume that the two spinors W satisfy the generalised Killing equations. We

consider the Gy-case first. Since
dp(e L) = e Feb2 A (T A L0 — dF A L5 + dL°%)
it suffices to show that

ALt — dF A L% = ALOB — T A L4, (3.24)
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Let us consider a weak structure of even type (the odd case, again, is analogous). Then

1
(dL® —dF A L) (U, @ U_) = 5L”"l(—dF-\IJ+®\I'-+\If+<8>d1“‘l’—)+

D SNV LU, @T)

(2

1
= ALY U, @ W) +ZL°d(T-\I/+®\IJ_ U, T V) +
]' O
§ZL Us; Ve, U, @U_ —V U, @s;-U_ +
S; \I/+ & VS,L.\IJ_ - ‘I’+ X 8; - VSZ.\I/_)
1
= MU, @) — gLOf’l(T LRV 4V, T U —

D (i) Uy @si W =Y s Uy @ (5. T) - U)

2 (2

= (AL —T ALYV, @V.)

which proves (3.24).

It remains to establish the Spin(7)-case. Here, we have to show that the forms e~ Li! and

e F Lgd_ are closed under dg. Equivalently, we can show that

ALY —dF AL = =T A LS

and

dL°? — dF A L% = —T A L%,
which is proven in the same way as in the Go-case. [ |
Remark:

(i) Similarly, we can introduce a 1-form « and consider the twisted differential operator
do. This would lead to a substitution of dF' by dF + « in the dilaton equation. If « is in

addition closed, such a geometry would naturally appear as the twisted variational problem
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with a 1-form. However for later applications the twisted problem with a 3-form is more

natural as it fits into the natural setup of T-duality.

(ii) The generalised Killing and the dilaton equation with closed T occur in physics as super-

symmetric solutions of type IIA /B supergravity in the NS-NS sector (see, for instance, [20]).

3.3.2 Geometrical properties

As in the classical case, the spinorial formulation is useful to deduce global information
about the geometrical properties of integrable structures. In particular we want to compute
the Ricci tensor and to that end, we need to understand the previous theorem again from

a rather representation theoretic point of view.

Recall that the torsion tensor measures the difference between an arbitrary metric connec-

tion V and the Levi-Civita connection V and is defined by [19]
~ 1
9(VxY,Z)=g9(VxY,Z)+ §Tor(X,Y, 7).

In the situation of Theorem 3.15, we have two principal subbundles induced by ¥ and ¥_

inside the spin bundle which carry metric connections V™ and V~ such that
I 1
VxVye=VxVy+ Z(XI_T) ~Wy.
Hence these connections are induced by the metric linear connections
n 1
VY =VxY =+ ET(X’Y’ )
and the theorem entails the torsion Tory of V* to be

TOI“i =4T.
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Starting with spinors, it makes therefore sense to consider a broader class of geometries,
namely geometries with two linear metric connections whose torsion tensors are skew and
sum up to 0. In the form picture, we then ask for closed-ness of the B-field free form
po = L(V; ® U_) with respect to the twisted differential operator dp. The untwisted
variational problem singles out those geometries with exact torsion as dg,pg = 0 holds if and
only if d(e’pg) = 0. Hence these geometries encapsulate all the structures we introduced and
conveniently avoid distinguishing between “internal” torsion db coming from the ubiquitous
B-field and “external” torsion H which might or might not be present. Consequently, we
refer to T as the torsion of the generalised exceptional structure and regard it as a part of
the intrinsic data of an integrable structure. Connections with skew-symmetric torsion have
been systematically studied in the recent mathematical literature, e.g. [1], [19], [17] and [31].
The case of a Ga-connection with closed skew-symmetric torsion has been considered in [14],
where such G-structures are called strong (conflicting with our notion of strong integrability

which is why we refer to these structures as closed).

Again, we call such a geometry non-trivial if it has non-trivial torsion. A generalised geom-
etry which is trivial can be completely understood in terms of classical geometries. If the
torsion vanishes, then both spinors W, and W_ are parallel with respect to the Levi-Civita
connection. Consequently, the holonomy of the underlying Riemannian manifold reduces
to Gy or Spin(7). In the case of a generalised Gy-structure, it follows in particular that the
underlying topological generalised Ga-structure cannot be exotic (cf. Section 2.2). If the
spinors were to be linearly dependent at one point, covariant constancy would imply global
linear dependency and we would have an ordinary manifold of holonomy Gs. If the two

spinors are linearly independent at some (and hence at any) point, then the holonomy re-
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duces to an SU (3)-principal fibre bundle which is the intersection of the two Ga-structures.
In this case, M is locally isometric to CY3 x N! where CY?3 is a Calabi-Yau 3-fold. Sim-
ilarly, if the two spinors defining a generalised Spin(7)-structure of even type are linearly
dependent at one point, then the holonomy of the underlying Riemannian manifold is con-
tained in Spin(7). Otherwise, the holonomy reduces to a subgroup of Spin(6) = SU(4).
For structures of odd type, vanishing torsion means that the holonomy reduces to G and

thus M? is locally isometric to N7 x N! where N7 has holonomy Gs.

For clarity of exposition, we will deal with the G3- and the Spin(7)-cases separately.

Closed integrable generalised Ga-structures

In order to fix the notation, we state the

Proposition 3.16. [17] For any Go-structure with stable form ¢ there exist unique dif-
ferential forms X € Q° (M), 6 € QY (M), £ € D3,(M,p), and T € Q3-.(M, ) so that the

differentials of ¢ and xp are given by

dp = —A*QD—F%G/\QD—F*T

dxp ONxp+EN .

To specify the torsion tensor of a connection is in general not sufficient to guarantee its
uniqueness. However, this is true for Go-connections with skew-torsion. Using the notation

of the previous proposition, we can assert the following result.

Proposition 3.17.[19], [17] For a Ga-structure with stable form ¢ the following statements

are equivalent.

(i) The Ga-structure is integrable, i.e. £ = 0.
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(ii) There exists a unique linear connection V whose torsion tensor Tor is skew and which

preserves the Go-structure, i.e.

%cp =0.
The torsion can be expressed by
7
Tor = —*dgo—g)\-ap+*(9/\<p)
1 1

Moreover, the Clifford action of the torsion 3-form on the induced spinor ¥ is

Tor - ¥ = g/\\I/ —0-U. (3.26)

Using the labeling of Proposition 3.16 with additional subscripts + to indicate the torsion

forms of V*, equations (3.25) and (3.26) read

1 1
Tory =41 = —éki'goi—l—z*(ei/\(pi) — *T4

and

7
TOI“i . \I’i =4T. \I/i = g)\iqji — Qi . \I’i.

Note also the general Ga-identity (Xi*p) - ¥ = 4X - ¥. In view of Theorem 3.15 we can
use the dilaton equation to relate the torsion components to the additional parameters dF
and A\. We have

+T - \I/i = :!:2)\\I/i — 2dF - \I/:t
if the structure is even and
+7T - Wy = -2\ \VL — 2dF - U

if the structure is odd.
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Corollary 3.18. If the generalised Go-structure is weakly integrable, then there exist two
linear connections VT preserving the Goy-structure with skew torsion £T. These connec-
tions are uniquely determined. The differentials of the stable forms @1 and xpy are given

as follows. If the structure is weakly integrable and of even type, then

dey = BAxpy+ 3dF Aoy —*Tory
dxpyr = 2dF N*py
and
do_ = —1—72)\*<p_ + %dF/\cp_ + xTo7_
dxp_ = 2dF N*p_,

where To7+ denotes the projection of T onto 937(M, w+). Moreover, the torsion can be

expressed by the formula
Tory = 4T = —e?F wde ™ oy +2X - 4. (3.27)

If the structure is weakly integrable and of odd type, then

dpy = BAxpy+3dF Aoy —*Tory
dxpy = 2dF N*py

and
de_ = 1—72)\*@_ + %dF/\go_ + *To7—
dxp_ = 2dF ANxp_.

The torsion can be expressed by the formula

Tory = +7 = —e*F « de*QFgoi + 2\ o1, (3.28)

The strongly integrable case follows if we set A = 0.

Conversely, if we are given two Go-structures defined by the stable forms oy and @_ in-

ducing the same metric, a constant A and a function F' such that (3.27) or (3.28) defines
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a (closed) 3-form T, then the corresponding spinors Wy satisfy the integrability condition
of Theorem 3.15 and hence define a (closed) integrable generalised Go-structure of even or

odd type.

Depending on the torsion components which are turned on, we will also say that the Go.-

structure has torsion in the components 14, 7+ or 27..

Next we investigate closed structures only. The expressions (3.27) and (3.28) for the torsion
form T have an interesting consequence (see also [20] and [32]). Assume M to be compact
and endowed with a closed weakly integrable structure of even type. Then (3.27) and Stokes’

Theorem imply

4
/eQFT/\*T::F/ T/\d(eQFgoi)—i—L\/ T/\eQF*gOi:)\Q/ e olyy.
M M M T Ju

Here we have used that dT" = 0 and the fact that the projection of T on (i is given by
T1+ = 2X\p+. Since the left hand side is strictly positive (unless 7' = 0), we need A # 0. If

we start with an odd structure instead, we also find

4
/e_QFT/\*T::F/ T/\d(e_QFgoi):I:Q)\/ T/\e_2F*g0i:)\2/ e volyy,
M M M T Ju

since now T1+ = 2 p.
Consequently, we obtain the following no-go theorem.

Corollary 3.19. If M is compact and carries a closed integrable generalised Ga-structure,
then T = 0 if and only if A = 0. In that case the spinors Wi are parallel with respect to the

Levi-Civita connection.

Next we compute the Ricci tensor. As a corollary, we will be able to exclude the existence

of interesting closed strongly integrable examples on homogeneous spaces.
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To begin with, let Ric and Ric* denote the Ricci tensor associated with the Levi-Civita
connection and the connections VE. The relationship between Ric and Rict was analysed
in [19]. Generally speaking, if we have a G-structure with a G-preserving, metric linear
connection V that has closed, skew torsion, and a G-invariant spinor ¥, then the following

identities hold.
Proposition 3.20. [19] The Ricci tensor associated with V is determined by the equation
— = 1
Ric(X) - ¥ = (VxTor + §X|_dT) -0
and relates to the metric Ricci tensor through
. — 1 . 1
Ric(X,Y) = Ric(X,Y) + §d Tor(X,Y) + Zg(XLTor, Y Tor).

Theorem 3.21. The Ricci-tensor of a closed integrable generalised Go-structure is given

by

1
Ric(X,Y) = —%HF(X, Y) + 9(X T, YD),

where HY (X,Y) = X.Y.F — VxY.F is the Hessian of the dilaton F.

Proof: According to the previous proposition we obtain

1 1
Ric(X,Y) = o (Ric™(X,Y) + Ric™ (X, Y)) + g(X T, YLT).

Consequently, it remains to show that

Rict(X,Y) + Ric™(X,Y) = —7TH'(X,Y). (3.29)

Since V* preserves the Gai-structures and dT' = 0, only Ty, the A2, component of T,

impacts on RIC . Hence we canl w rite
YXELXPL = Vxd74 = 2 X ( A ()O:I:)
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and thus
RiCi(X) . \Ifi = iv)i(T . \I/i = :E(’yxﬂ:l_*goi) . \I/i = :|:4’yX:|: . \I/i.
Moreover, for any Ga-structure (¢, g) we have g(X A ¢, X A ¢) = 4¢(X, X) and therefore,

RicH(X,Y) = =+4g(vxs+,Y)
= Fg(*(vx+ Ap+),*x(Y AN ps))
= Fg(yxeixpr,*x(Y A o))
= _%g(vi *(dF N i), *(Y A pi))
_ %g@/ AVE % (dF A 1), xp2). (3.30)
We shall now derive (3.29) by a pointwise computation in a frame that satisfies V,e; = 0,
or equivalently, V;Eej = :l:% > i Tijker in a fixed point . Continuing with (3.30),
RicT(e;,ej) = %g(ej A Ve, % (dF A pi), *px)
_ %g(v;(ej AR(AF A gw)) = VEe; Ax(dF A ps), xps)

1 1
= iei.g(ej Ax(dF N oy),*xpt) — ig(Veiiej A*(dF N o), *p1)

7 7
= —iei.ej.F + Z Zk:Tijkek.F.

On the other hand, the Hessian at the point = evaluated in this basis is
HF(GZ', 6]') == ei.ej.F - Veiej.F == ei.ej.F,
which yields the assertion. |

Corollary 3.22. For a closed integrable generalised Ga-structure, the scalar curvature of
V* s

Scal® = gAF,
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where A(+) = —TrgH(') s the Laplacian associated with the metric g. Hence, the scalar

curvature of the metric g is given by

7 1
Scal = Tr(Ric) = SAF + 7 72 .

Since T' = 0 implies the covariant constancy of the spinors ¥ with respect to the Levi-
Civita connection, an integrable structure with vanishing torsion is necessarily Ricci-flat.

It is interesting to note however, that already the vanishing of the dilaton F' is sufficient.

Proposition 3.23. The metric g of a closed strongly integrable generalised Ga-structure is

Ricci-flat & dF =0< T = 0.

Proof: The only non-trivial statement to prove is that a constant dilaton causes Ricci-
flatness. But by Corollary 3.18 the condition dF' = 0 implies that the underlying Go4-
structures are co-calibrated which means dxp+ = 0. As we can see earlier in the proof of
Theorem 3.21, the Ricci tensors Rict also vanish. Consequently, we can appeal to Theorem
5.4 of [19] which asserts that under these circumstances the underlying Gai-structures
actually have holonomy contained in G if T4 or Tho74+ vanishes. Since we assumed strong

integrability, 71+ = 0 and the assertion follows. |

Remark:
(i) The proposition fails if the torsion is not closed as an example in Section 3.3.3 will show.

(i) We can always get rid of the dilaton F' by the conformal transformation § = e~ g,

Pt = e 3F @+. The transformed torsion 3-form Tory is given by
T 5 —2F 1
Tory =+T =e -(T—i*dF/\goi)

177



([17], Corollary 4.2). Since the resulting Ga4-structures are co-calibrated, they have non-
positive scalar curvature. However, the previous proposition does not apply, because T is

no longer closed.

Since for a homogeneous generalised Ga-structure the dilaton F' is necessarily constant, the

previous proposition implies the following

Corollary 3.24. Any homogeneous closed strongly integrable generalised Go-structure is

Ricci-flat and hence both underlying topological Go-structures have actually holonomy Go.

Closed integrable Spin(7)-structures

We now turn to integrable generalised Spin(7)-structures which we discuss along the lines

of the generalised Gs-case. We summarise the results we need in the next proposition.

Proposition 3.25. [31] Let (M®,Q) be a Spin(7)-manifold. There exist unique forms

0 € QY (M) and T € Q35(M) such that
dQ=0NQ+T.

In particular,

1

There exists a unique linear metric connection V with skew-symmetric torsion which pre-

serves the Spin(7)-structure, i.e. VQ = 0. It is determined through
" 7
Tor = —d*Q — i ONQ) (3.31)
and the action of Tor on the corresponding spinor V is given by
Tor-\Il:—%HJI/.
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Finally, the following expressions hold for the Riemannian scalar curvature Scal and the

scalar curvature Scal of v

49 1 7 — 49 1 7
Scal = — [|0||*> —— ||Tor||> +=d*0, Scal = — [|6]|> —= ||Tor||> +=d*. 3.32
cal = 72 o1l B || Tor]] +5d'0, Scal= ¢ 6] 3 | Tor|| +5 (3.32)

For an integrable generalised Spin(7)-structure we have again, according to Theorem 3.15,

two metric connections V¥ preserving the Spin(7)+-structure, and whose torsion is Tory =

+7T. The dilaton equation then implies

1
(dF:I:iT)-\I’i = (dF — %Hi)'\yi =0,

and hence

12

As a consequence, formula (3.31) can be written in the more succinct form as given in

Corollary 3.26. If the generalised Spin(7)-structure is integrable, then
+T = 2 x de 27 Q4 (3.33)
and
12
dQy = 7dF A Qy + *Tygy, (334)
where Tys+ denotes the projection of T onto Qig(M, Q).

Conversely, if we are given two Spin(7)i-invariant forms inducing the same metric g, a
function F and a closed 3-form T such that (3.33) and (3.34) hold, then the correspond-
ing spinors Wy satisfy Theorem 3.15 and hence define an integrable generalised Spin(7)-

structure.
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This implies again a vanishing theorem over compact manifolds if T is closed since

/62FT/\*T:i/ T Ad(e?FQy).
M M

Corollary 3.27. If M is compact and carries a closed integrable generalised Spin(7)-
structure, then T' = 0 and consequently, the spinors Wi are parallel with respect to the

Levi-Civita connection.

Next we compute the Ricci tensor.

Theorem 3.28. The Ricci-tensor of an integrable generalised Spin(7)-structure is given by
1
Ric(X,Y) = —2HT(X,Y) + JIXLTYLT),

where HY (X,Y) = X.Y.F — VxY.F is the Hessian of the dilaton F.

Proof: The proof is essentially the same as for Theorem 3.21, that is we need to compute
the sum Ric™ +Ric™. Again we fix a local frame eq,...,eg that satisfies Ve,e;j =0 at a

point. By proposition 7.2. of [31],

Rict(X) = Fx (VET A Qu).
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Since the connections V* preserve the Spin(7)+ structure,
Rict(e;,e) = ﬂ:g(VéEiT A Qg xej)
_ i%g(ViT A Qs (e 00) A Q)
= :I:g(VeiiT, e;L )
2 +
= —5g(ej AV * (dF A ), Ox)
- _%ei-g(ej AH(dEF A Q) Q) + %g(vfﬁj AK(AE A ), Q)
= e g(dF A Qe A ) ;Tijkg(dF A, ex A Q)
= —2e¢.e;.F £ Z]}jkek.F,

k

and the result follows as in the Gs-case. [ |

Corollary 3.29. For a closed integrable generalised Spin(7)-structure, the scalar curvature

of VT is
7
Scal™ = 2AF = éd*ei,
where A(+) = —TrgH(') 1s the Laplacian on functions associated with the metric g. Hence,

the scalar curvature of g is given by

1
Scal = Tr(Ric) = 2AF + - ieal

Finally we can again exclude the possibility of any interesting homogeneous structures.
Proposition 3.30. A closed integrable generalised Spin(7)-structure is

Ricci-flat & dF =0< T = 0.

Proof: The previous corollary shows that if dF = 0, then the scalar curvature Scal™
vanishes and Scal =||T||? /4 > 0. But (3.32) implies Scal = — ||T||? /12 < 0, hence ||T||= 0.

The remaining implications are obvious. |
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Remark: Note that as in the Ga-case, we can scale dF away by the conformal transforma-

tion g = e~ F g, f)i — e 7F , but we obtain again a torsion form which is not closed [31].

Corollary 3.31. Any homogeneous closed integrable generalised Spin(7)-structure is Ricci-

flat and thus both underlying topological Spin(7)-structures have actually holonomy Spin(7).

3.3.3 Examples

Straight structures

If we want to construct explicit examples of the various geometries we introduced, then it is
most natural to adopt the form point of view and to write the structure forms in terms of the
underlying SU(3)- or Ga-structures as at the end of Section 1.5. Imposing the integrability
condition on the structure form yields differential conditions on the SU(3)- or Go-invariants

which can then be discussed in the terms of the respective representation theory.

Example:(strongly integrable straight structures)
We first look for strongly integrable generalised structures which are straight, that is struc-

tures defined by one spinor ¥ = W, = W_ (cf. Section 2.2).

(i) (straight generalised Ga-structures) Let us consider a generalised Ga-structure which is
induced by a classical Ga-structure (M7, ). Given a (closed) 3-form T’ and a function F,

we want to solve the equations of strong integrability

dref’ (1 —xp) =0, dpe’ (—p +wvol,) = 0.
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Expanding and ordering by degree, these equations hold if and only if
AdF +T —dF Axp—TAxp = 0
dFENp+de+TANp = 0
which is equivalent to
dF =0,T=0, dp=0and dxp = 0.
In particular, the holonomy group of (M, g,) is contained in Go [16].
(ii) (straight generalised Spin(7)-structures, even type) Similarly, we can consider a gener-
alised Spin(7)-structure of even type coming from a Spin(7)-manifold (M?®, Q) where strong
integrability
dref’ (1 — Q+woly) =0
is equivalent to
dFF =0, T =0 and dQ = 0.
Again this causes the holonomy of (M, gq) to reduce to Spin(7) [10].
(iii) (straight generalised Spin(7)-structures, odd type) A trivial example of odd type is
provided by product manifolds of the form N7 x R, where N7 carries a metric of holonomy
G2. According to Corollary 1.30, the form dt A (—1 + xp) — ¢ + voly defines a generalised

Spin(7)-structure of odd type which is clearly closed. Multiplying with a dilaton and

considering the twisted differential dr implies once more dF = 0 and T' = 0.

As a result, we obtain the

Proposition 3.32. Any straight generalised Ga- or Spin(7)-structure is strongly integrable
if and only if the holonomy of the underlying Riemannian manifold is contained in Go or

Spin(7). Such a structure is necessarily trivial (i.e. T = 0) and therefore closed.
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Compact examples of strongly integrable generalised structures

Here is a non-trivial compact example with constant dilaton.

Example:(compact strongly integrable generalised Ga-structures) Consider the nilmanifold

N of dimension 6 associated with the Lie algebra g spanned by the orthonormal basis

€2, ...,e7 determined by the relations
€37, 1 =4
de; = —e35, =206
0, else.

We then define M = N x S' which we endow with the product metric g = gy + dt ® dt.

On N we choose the SU(3)-structure coming from

w = —ez3 — e45 + €67, ¢+ = €356 — €347 — €257 — €246

(cf. Section 1.2.1) which induces a generalised Ga-structure on M with a = e; = dt. We

let T = e167 + e145 and consider the equations of strong integrability
dTp = 07 dTﬁ = O)

where p = w41 Aa—w?/6 and p = a —1_ —w? Aa/2 (using the notation of Section 1.5).

These are equivalent to
dw=0, dyyNa=-TAw, TANa=dp_, TANY_=0.
By design, T'Aa =0 and T'A ¢y = 0. Moreover,

dw = —degs Nes+deg ANer =0
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and

diy_ = —ez Ndeg N eg+ e3q4 A deg + eas A deg + ea Adeg N\ er = 0.

Finally, we have

dip4 N o = —eqa367 — €12345 = —1' A w.

Note that dT" = 2e;1357 in accordance with Corollary 3.19.

From the next lemma and the previous example we immediately infer the existence of a

compact integrable generalised Spin(7)-structures of even type.

Lemma 3.33. If (M, po,T) is a (closed) strongly integrable generalised Go-manifold with
po even, then (M7 x S dt A po + po) is a (closed) integrable generalised Spin(T)-manifold

of even type.

Proof: According to Corollary 1.30, p = dt A po+ po defines a generalised Spin(7)-structure

and it is immediate to check that drp = 0 and drp = 0 imply drp = 0. |

In order to construct an odd example we start with a compact calibrated Go-manifold
(M7, ), i.e. dp = 0. An example can be easily obtained by taking the nilmanifold N
used for the compact generalised Ge-example. We swap orientations so that diyy = 0 and

dy_ Ndt # 0, hence
dp=dwANdt+dipy =0, drxp=dp_Ndt+dwAw=dp_ Adt.
Write dx ¢ = & A and put T = —dt A &. Corollary 1.30 implies that

p=dt N (=14 *pp) — ¢+ voly
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defines an odd generalised Spin(7)-structure on M7 x S equipped with the product metric

g = gu + dt @ dt. Now

drp = —dtNd*pyp—de+TAp
= —dtANENp—T Ny

= 0.

In particular, it follows that the torsion of a compact calibrated G-manifold can never be

closed.

Proposition 3.34. There exist compact strongly integrable generalised Ga- and Spin(7)-
manifolds of either type. In particular, we see that in Corollaries 3.19, 3.27 and Proposi-

tions 3.23, 3.30 it is necessary to assume T to be closed.

Weakly integrable structures

Next we look for weakly integrable Ga-structures. The natural idea would be to use nearly
parallel Go-manifolds to produce weak analogues of straight strongly integrable structures.
However, any such construction results to be integrable if and only if it is strongly integrable.
In this sense weak structures really define a new type of geometry without a classical, i.e.

straight counterpart.

To see this, assume we were given a straight weakly integrable structure of even type, i.e.
oy = p_ and £T = —e*" x d(e72Fp) £+ 2\p (Corollary 3.18). In particular, we have
*xde ?Fp = 0 which is equivalent to dp = 2dF A ¢. It follows A = 0 in contradiction to
our initial assumption. For a straight structure of odd type, Corollary 3.18 implies at once

T = 0 and hence A\ = 0.
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The absence of a straight example already hints at the fact that examples, if they exist, are

quite hard to find. It is instructive to see where the difficulties arise.

Example:(ansatz for weakly integrable structures with constant dilaton)

(i) (even type, homogeneous case) First we consider the even case, that is p is even and
satisfies drp = Ap for some closed 3-form T'. Moreover, we require the generalised Ga-
structure to be homogeneous. Since the only invariant O-form is a constant, the 1-component
of p has to vanish which in turn implies that sin(a) = 0 (cf. Proposition 1.29). The equation

for weak integrability becomes
dr(1 —xp) = A(—¢ + voly),

implying T' = —A¢ and —Ap A xp = Avoly. Since ¢ A xp = Tvoly, we have A = 0 and
therefore T' = 0 and dxp = 0. Hence we obtain a classical co-calibrated Ga-structure with

A = 0 which does not define a weakly integrable structure.

(ii) (odd type) For any odd structure p € Q°¢(M) we have drp = \p and it follows immedi-
ately that the 0-form of p vanishes. Hence cos(a) = 0 and the two spinors ¥, and W_ are
orthogonal. Written in terms of the underlying SU(3)-structure, the corresponding stable
3-forms 4 are given by

@i:UJ/\Oéin%

cf. (1.17). The odd and even forms p and p are now p = a —¢_ — w? Aa/2 and p =

w+ Py Aa—w3/6. The weak integrability condition becomes

1 1 1
doz—ddj_—§d(w2/\a)—|—T/\(oz—¢_—§w2/\a):A(w—i—w_,_/\oz—éw?’)
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which is equivalent to

dae = Jdw
Tha—dy- = i Aa
TAY— + %al(w2 Na) = %wg.
Using da = A\w finally yields
dao = Jw
Tha = MNiAa+dp_
TAYp. = —%)\w?’. (3.35)

The shape of these equations suggest to start with a compact Calabi-Yau manifold with
integral Kéhler class in order to construct a weakly integrable structure over the associated
Sl-principal fibre bundle P, endowed with a connection 1-form § = o/ such that df = w.
However, the second equation of (3.35) implies ' = A4 (modulo possible components in
the kernel of Ac), but this fails to satisfy the last equation as 1, AY_ = 2w3/3. Again, the

algebraic constraints imply A = 0.

The examples we have found so far are, except for the compact one, rather trivial. However,
they are still valuable as the device of T-duality permits us to go from a trivial straight
solution existing over a non-trivial principal S*-bundle to a non-trivial solution over a trivial

Sl-bundle. This tool will occupy us next.

T-duality

T-duality is the name of a procedure in string theory which consists in changing the topology

of a model which is an S'-fibration (or more generally, a T"-fibration — the “T” therefore
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referring to a “torus”) by replacing this fibre by a different one of same type, but without
destroying integrability. It thus interchanges type IIA with type IIB string theory. A basic
instance of T-duality is the R — 1/R invariance in string theory compactified on a circle of
radius R. In this way it relates strongly coupled string theories to weakly coupled ones and
opens the way for perturbative methods in the investigation of strongly coupled models.
Mathematically speaking, T-duality transforms the data (g,b, F), that is, a generalised
metric consisting of an ordinary (usually Lorentzian) metric g and a 2-form b as well as
the dilaton F, all living on a principal S'-bundle P — M with connection form 6, into
a generalised metric (¢%,b") and a dilaton F? living on a new principal S!-fiber bundle
P! — M with connection form #'. The coordinate description of this dualising procedure
is well-known in physics under the name of Buscher rules (see, for instance Appendix A
in [33]). Topological issues of T-duality are discussed in [8] which will be our standard

reference.

We will briefly introduce the formalism and set up the notation as far as we will need it
here. Consider a principal S'-bundle p : P — M which carries a connection form . We
denote by X the vertical vector field dual to 6, so X6 = 1, and by F the curvature 2-form
which we regard as a 2-form on M, that is df = p*F. Moreover, we assume to be given an

Sl-invariant closed integral 3-form 7" such that the 2-form F defined by
p*}- t = —X. T

is also closed and integral. In practice we shall often assume T = 0. Integrality of JF*
ensures the existence of another principal S'-bundle P!, the T-dual of P defined by the
choice of a connection form #* with df' = p*F*. Here and from now on, we ease notation

and drop the pull-back p* bearing in mind that the forms F and F* etc. live on M. Writing
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T=—0ANF +T for a 3-form T € Q3(M), we define the T-dual of T by
T'=—0"'NF+T.

Note that 7" is closed and integral if and only if T is closed and integral.
To make contact with our situation, consider an S'-invariant exceptional generalised struc-
ture defined by p which we write
p="0ANpo+p1
The T-dual of p is defined to be
p' = 0" A p1+ po.
In particular, T-duality reverses the parity of forms and maps even to odd and odd to even

forms. It is enacted by multiplication with the element X @® 6 € Pin(n,n) on p (giving the

form (X @ 0) e p =0 A p1 + po) followed by the substitution § — 6°.

The crucial feature of T-duality we shall need in the sequel is that it preserves the Spin(n, n)-

orbit structure on A%, To see this, we decompose
TPOT'P2TORXGT*M®RI, TPOT*P=ToRX'®TM & R6.

Then consider the map 7 : TP & T*P — TP! @ T*P! [12] defined with respect to this
splitting by
T(V4+uX @&+v0) = -V +oX @ —& 4+ ub'.

It satisfies

(a®p) =T(a)ep
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for any a € TP & T*P and in particular, 7(a)? = —(a,a):

(V+uXo&+vd)ep) = (=0A(Vipo)+Vipi +upg—O0NEApo+ENpPL+vOApr)
= (OA(=Vipo—ENpo+vp1) + Vipr +upo+ENp1)
= "N (Vipr+upo+ENp1) —Vipo—ENpo+vpr
= (-V+oX'e €+ ub)ep.

Hence this map extends to an isomorphism CLf{(TP & T*P) = CILf{TP! @ T*P') and

any orbit of the form Spin(TP & T*P)/G gets mapped to an equivalent orbit Spin(TP! &

T*P')/G! where G and G! are isomorphic as abstract groups.

As an illustration of this, consider a generalised Ga-structure over P with structure form
p =0 A po+ p1 and companion p = 6 A gy + p1 (note the abuse of notation: while p denotes
the A-operation on Q*(P) as introduced in Section 1.6, p; is a mere notation for the forms
pulled back from the basis M). These have T-duals p' and p. Since p and p have the same
stabiliser G inside Spin(TP & T*P) = Spin(7,7), it follows that p! and p' are stabilised by
the same G* inside Spin(T P! @ T*Pt) = Spin(7,7) which is hence isomorphic to Go x Gs.
By invariance, p' and ;;t coincide up to a constant (which we henceforth ignore). The

integrability condition transforms as follows.

Lemma 3.35.

drp = M\p if and only if dip' = —Apt

Proof: Since T'= —0 A F' + T, expansion of the left hand side yields

drp dONpo—ONdpyg+dpr —ONF Npr +T ANOANpo+T A py
= FApo+dpi +T Apr+0A(=F ' Ap1—dpo—T A po)
= 0 Ao+ Apr,
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and this is equivalent to
Apo = ~FtA p1—dpo—T Apgand A\p1 = F Apg+dp1 +7 A ps. (3.36)
On the other hand, we have

drept = dOApr— 0 ANdpr+dpg— O NFApo+T ANOEAp1+T A po
= F'Api+dpo+T ANpo+0"N(=F Apo—dpr —T A p1)

= —0"AXp1L— Apo
which gives precisely (3.36). [ ]

Corollary 3.36. Assume thatp: P — M is a principal S*-bundle with connection form 6,
X the vertical vector field with 6(X) = 1, and that T is a closed integral 3-form such that

XL T is also closed and integral.

(i) A generalised Ga-structure p is closed strongly integrable with torsion T if and only if pt
is a closed strongly integrable Go-structure with torsion T,
closed strongly int. gen. Gy with torsion T on P
¢

—
closed strongly int. gen. Gg with torsion T* on P?.
(ii) A generalised Go-structure p is closed weakly integrable of even or odd type with torsion

T and Killing number X\ if and only if p* is a closed weakly integrable Ga-structure of odd

or even type with torsion T' and Killing number —\,

closed even/odd weakly int. gen. Go with torsion T, Killing number A on P

t
—

closed odd/even weakly int. gen. Go with torsion T, Killing number —\ on Pt
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(iii) A generalised Spin(7)-structure p is closed integrable of even or odd type with torsion
T if and only if p! is a closed integrable Spin(7)-structure of odd or even type with torsion
Tt,
closed even/odd int. gen. Spin(7) with torsion T on P
t

>

closed odd/even int. gen. Spin(7) with torsion T on P.

We put the previous corollary into action as follows. Start with a non-trivial principal
Sl-fibre bundle P with connection form # and which admits a metric of holonomy Gg or
Spin(7). We put T = 0 so that F* — the curvature of the T-dual bundle P! — vanishes. This
implies the triviality of P!. The resulting straight generalised structure is strongly integrable
and so is its dual, but according to the T-duality rules, we acquire non-trivial torsion given
by Tt = 6 A F. Local examples of such Gy-structures exist in abundance [2]. Applying
Lemma 3.33 yields local examples of closed integrable generalised Spin(7)-structures of even
type over a trivial S'-fibration P = M7 x S'. The torsion 7T is integral and contracting with
the dual of a connection form on P yields 0. According to the T-duality rules we obtain a

closed integrable generalised Spin(7)-manifold of odd type whose torsion equals T = T.

Proposition 3.37. There exist local examples of non-trivial closed strongly integrable gen-

eralised G- and Spin(7)-manifolds of either type.
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