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Abstract

This thesis considers the problem of performing inference on undirected graphical
models with continuous state spaces. These models represent conditional
independence structures that can appear in the context of Bayesian Machine
Learning. In the thesis, we focus on computational methods and applications. The
aim of the thesis is to demonstrate that the factorisation structure corresponding to
the conditional independence structure present in high-dimensional models can be
exploited to decrease the computational complexity of inference algorithms. First,
we consider the smoothing problem on Hidden Markov Models (HMMs) and discuss
novel algorithms that have sub-quadratic computational complexity in the number
of particles used. We show they perform on par with existing state-of-the-art
algorithms with a quadratic complexity. Further, a novel class of rejection free
samplers for graphical models known as the Local Bouncy Particle Sampler (LBPS) is
explored and applied on a very large instance of the Probabilistic Matrix
Factorisation (PMF) problem. We show the method performs slightly better than
Hamiltonian Monte Carlo methods (HMC). It is also the first such practical
application of the method to a statistical model with hundreds of thousands of
dimensions. In a second part of the thesis, we consider approximate Bayesian
inference methods and in particular the Expectation Propagation (EP) algorithm. We
show it can be applied as the backbone of a novel distributed Bayesian inference
mechanism. Further, we discuss novel variants of the EP algorithms and show that a
specific type of update mechanism, analogous to the mirror descent algorithm
outperforms all existing variants and is robust to Monte Carlo noise. Lastly, we show
that EP can be used to help the Particle Belief Propagation (PBP) algorithm in order
to form cheap and adaptive proposals and significantly outperform classical PBP.
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NOTATIONS

We list here notations used throughout the document that are considered to be com-
monly used in computational statistics. Non-standard notations will be introduced in
the document explicitly.

Vectors, matrices and functions

For a vector z € R we write [|z]|, the p-norm of = with |||V = 7., [=:|" forp €
[1,00). Forz,y € RY, we write (z,y) = >_._,., z;y; the inner product of z and y. For a
nonnegative vector x, we write x,, < x if there is a normalisation constant Z such that
x = Z 'z, has components summing to one. We write z* to denote max{0, z}. We
denote the transpose of a matrix A € R%*? by A?. Ais said to be semi positive definite
if (x, Ax) > 0forall z € R? and positive definite if the inequality holds strictly for
all z # 0. We denote by S¢ C R%*? the set of symmetric positive definite matrices
and by S? the set of matrices B such that —B € S%. For a real-valued measurable
function f on aset X C R? we write [ f(z)dx to denote the integral of f on the
whole of X. We write || f||, = ([ |f(x)[? dz)'/? the p-norm of f forp € [1,00). We
write L' (X') the set of functions such that Hf||1 < ooand P(X) C L*(X)denotes the
restriction to nonnegative functions integrating to one (probability density functions).
For a nonnegative function g, € L'(X) we write g, « g to indicate that there is a
normalisation constant Z such that g = Z !¢, with g € P(X). For a real-valued,
differentiable function f on X', we write V f its gradient and V2 f its Hessian provided
f is twice differentiable.

Probabilities and expected values

We consider continuous sample spaces X C R? and, by default, we consider the as-
sociated Borel o-algebra. Correspondingly, we use the shorthand (X', IP) to denote a
probability space with P the probability measure. We will solely consider probability
measures that admit a probability density function p with respect to a base measure v
with therefore P(z € A) = [, p(z)v(dz) forany opensubset A C X. We write X ~ p
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to denote a random variable associated to pand { XY |~y p for a set of indepen-
dent such random variables. In particular, N'(-; i, 2) denotes the multivariate nor-
mal distribution with mean ;. € R and covariance matrix ¥ € S, §,(-) denotes the
Dirac-delta distribution with point-mass at a, B(p) is the Bernoulli with success-rate
pand M(ay, ..., a4) is the multinomial distribution over d cases where «; denotes
the success-rate of case i. For such a probability space (X',[P) and a vector-valued
mapping ¢ : X — R?, we write the expectation and the covariance matrix of ¢ with
respectto p as (E,[¢(X)]); = [, ¢i(2)p(x)v(dz) and V,[o(X)] = E,[o(X)p(X)!] -
E, [o(X)JE, [¢(X)]' respectively. We write KL(p, q) = E,[log p(X)] — E,[log ¢(X))]
the Kullback-Leibler divergence between two probability distribution functions p and
qgonX.

Convex analysis

Let B C R" denote the Euclidean unit ball with B = {z € R" | |jz||s < 1}. For
any subset C' C R", we write int (C') the interior of C' with int (C') = {z € C' | Je >
0,z+€eB C C'}. Correspondingly we write cl(C') the closure of C' with cl(C') = N{C +
eB|e > 0}. Aset C'is convexifforanyz,y € C, (1 — X\)x + Ay € Cforall A € (0,1).
Let 2 be an arbitrary connected and nonempty subset of R”; a function f : 2 — Ris
said to be convexif f((1 =Xz +\y) < (1 —\)f(x)+ \f(y). Foran arbitrary function
f:Q — R,wedenoteby f* : R — RU{+o0} the convex-conjugate of f with f*(y) =
sup,col(,y) — f(x)]. The set of minimisers of a function f on a open, nonempty set
C'is denoted by arg min,cc f(x) i.e. theset {zx € C' | f(y) > f(z), Vy € C}. Fora
differentiable and strictly convex function ¢ : C' — R, we denote by B,(z,y) the
Bregman divergence associated to  between = and y in C with B, (z,y) = ¢(z) —

o(y) — (x —y, Vo(y)).

Miscellaneous

We denote an undirected graph by a set of vertex labels V and edges £ C V x V. For
anodeu € V we write Ju = {v € V| (u,v) € £} the neighbourhood of node w.

We denote the complexity of an algorithm by O(h(V)) to indicate that it scales in
N like h(N) for large N. If the algorithm is O(N) (resp. O(N?)) we say the algorithm
has linear (resp. quadratic) complexity in N. If the complexity is between linear and
quadratic, e.g.: O(N log N), we say the algorithm is sub-quadratic. We use the same
notations to describe the convergence of algorithms.

Abbreviations

We list below abbreviations that are used in this document by alphabetical order and
link to where they are first used or introduced in the document.

BIF Backward Information Filter (section 3.1)
BP/LBP (Loopy) Belief Propagation (section 5.4)
BPS/LBPS (Local) Bouncy Particle Sampler (section 2.3)
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EP Expectation Propagation (section 5.3)
EPBP Expectation Particle Belief Propagation (section 7.2)
ESS Effective Sample Size (section 2.1)
FFBS Forward Filtering Backward Smoothing (section 2.1)
IPP Inhomogeneous Poisson Process (section 2.3)
KL Kullback-Leibler divergence (section 5.1)
GMMC/LMMC Local/Global Moment Matching Conditions (section 5.3)
HMM(s) Hidden Markov Model(s) (section 1.2)
MCMC Markov Chain Monte Carlo (section 2.1)
MRF(s) Markov Random Field(s) (section 1.1)
NBP Nonparametric Belief Propagation (section 7.1)
PBP Particle Belief Propagation (section 7.1)
PD Predictive Density (section 1.2)
PDMP Piecewise Deterministic Markov Process (section 2.3)
(PP (Inhomogeneous) Poisson Process (section 2.3)
RMS(E) Root Mean Squared (Error) (section 3.3)
SMC Sequential Monte Carlo (section 2.1)
SMS Sampling via Moment Sharing (section 6.2)
SNEP Stochastic Natural gradient EP (section 6.2)
TFS Two Filter Smoothing (section 3.1)
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1 | INTRODUCTION

In this thesis, we consider the framework of Bayesian inference in Machine Learning
where oneisinterested in combining prior knowledge about the parameters of a given
model with the likelihood of the observed data given the model. This combination of
prior and likelihood leads to a posterior distribution on the parameters which is the

key object of interest in Bayesian inference. This can be written
p(0|D) o< p(D[0)p(H) (11)

where p(0) is the prior distribution function over the parameter of interest 0, p(D | )
denotes the likelihood of the data D for a given model parameter and p(6 | D) is the
posterior distribution over the parameters.

We focus on the problem of estimating expected values with respect to such a pos-
terior distribution and in particular with respect to its marginals. Further, we consider
the case where the posterior factorises in a specific way and consider methods that at-
tempt to leverage the factorisation structure to offer estimators at a reduced computa-
tional cost. The thesis concentrates on computational methods to tackle the problem

in a number of important cases as well as applications and experiments.
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2 1.1. Markov Random Fields

Thethesisisdivided in two parts. In thefirst part - Sampling Methods - we consider
“exact” methods that attempt to produce samples from the true marginals and lead
to estimators of expectations of interest that are exact in the limit of infinite computa-
tional power and infinite precision in the representation of numbers. These meth-
ods can work well when the dimensionality of the state-space associated with the
marginals of interest is not too high.

In the second part - Approximate Bayesian Inference - we consider approximate
methods that attempt to find proxies for the marginals in restricted probability dis-
tribution spaces. These methods can offer a viable alternative to sampling methods
when the latter become too expensive to consider.

In this introductory chapter we introduce the concept of Markov Random Fields

and present a few classical examples.

Markov Random Fields

A Markov random field (MRF) is a graph structure that represents joint distributions
functions that factorise in a specific way or, in other words, to represent a set of con-
ditional dependences between a set of random variables. In this document, we con-
sider graphs determined by a finite index set V, a set of edges £ C V x V connecting
those nodes and potential functions on its cliques (fully connected components of the
graph). Each node i € V corresponds to one random variable taking values in a sam-
ple space X; C R% for some dimension d; € N.

We restrict ourselvesto graphs with pairwise interactionsi.e., uniquely determined

The separation between “exact” and “approximate” methods is a bit arbitrary. Another perspec-
tive can be to distinguish between “sampling” versus “distributional” approaches.
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by potential functions on their nodes and edges.? We write
wi : Xl — ]RJF, and wij : ‘)C; X Xj — ]RJF,

respectively a potential function on a node i € V and on an edge (i,j) € £. Sucha
graph represents the factorisation structure of a class of probability density functions

on the product space X := []._,, &; that can be written as

1€V

p(z) o it [] vitwi ), (1.2)

eV Jjeoi

where z = (x;);ey and 0i := {j|(i,5) € £} denotes the neighbourhood of the ith

node. A simple pairwise MRF is illustrated in figure 1.1.

©

@ O

Figure 1.1: /llustration of a simple MRF corresponding to distributions over 4
random variables admitting the following factorisation structure:

p(’w, z,y, Z) X Yoy (w)¢x (x)wy (y)¢z (Z)%/wa (wv x)ﬂjwz (wv Z)wwy (w7 y)

In this work, we are mainly concerned in determining or approximating marginals

on the MRF i.e. the distributions pz(z7) for Z C V with

pr(rz) = /p(x)de\L (1.3)

where the integral is implicitly taken over [ [,,; Xi.

2Considering only pairwise MRF is not too constraining since any MRF can be expressed as a pair-
wise MRF by the introduction of auxiliary variables although this may lead to a very complex graph
(Weiss and Freeman, 2000; Wainwright and Jordan, 2008).
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1.2.1

4 1.2. Examples of MRFs

Aparticular case of interestis Z = {r} corresponding to the case of singleton marginals
(Wainwright and Jordan, 2008, section 2.3). The integrals of the form (1.3) are typically
intractable but exploiting the underlying factorisation structure can lead to good ap-
proximation methods.

We distinguish between two classes of undirected graph structures: the connected
acyclic ones (trees) and the rest (loopy graphs). As we will show, computing marginals
on a tree is relatively simple in comparison to doing so on loopy graphs. Among the
trees, two graph structures are of particular interest in this document: the chain graph

and the star graph. We also illustrate one specific type of loopy graph: the grid graph.

Examples of MRFs

In this section, we present a brief overview of three examples of graph structures on
which we will focus most of our effort throughout this document. We also present the

type of applications they are connected with.

Hidden Markov Models

Chain graphs, where the random variables on every node take value in the same state-
space X, form the underlying structure of Hidden Markov Models (HMM) an important

class of models. These can beillustrated as follows:

Figure 1.2: HMM with states {x;}1_, and observations {y; }I_,.

HMMs are used in a broad range of applications from modelling time series data

to speech processing (see for example Ghahramani (2001); Gales and Young (2007);
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Zucchini et al. (2016)). In HMMs, the node potentials correspond to the likelihood of
the corresponding observation and the edge potentials correspond to the transition

density:

Ye(xe) = plye|ay), and ¢t—1,t($t—1,$t) = p(a|@e).

A prior my € P(X) is assumed to be given for the first node so that we can write
p(z1|y1) o< mo(@1)p(ys | 21).

In the case of the HMM, obtaining or approximating the singleton marginals on
the nodes from 1 to 7" given the observations y,.r is known as a smoothing problem.
The marginals or smoothing densities can be written p(z; | y1.7) to make explicit the
dependence on all available observations.

A related problem is the filtering problem where one is only interested in building
the last singleton marginal or, to put the problem in the same framework as before,
to build marginals taking into account only the observations available until the point
considered. This can be useful in an online setting where one is streaming data. The
filtering densities are written p(x; | y1.;). Correspondingly, we are often interested in
representing the prediction density obtained by integrating the filtering densities with

the transition density:

p($t+1 ‘ ylzt) X /p($t+1 ’%)P(% ’ yl:t) dx;. (1.4)

The linear-Gaussian case is a particular instance of HMM, usually expressed as:

770(5151) = N(fl;Mon)
plag|xm1) = N(xy Ay + ag, Qr)

Pyl xe) = N(ye; Bixe + b, Ry)
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6 1.2. Examples of MRFs

where 119 as well as the Qy, Ry, Ay, a;, B; and the b, are fixed and deterministic. In such
a case, an analytical expression for both the filtering and the smoothing densities can
be obtained through the well-known Kalman filter and Kalman smoother (Anderson
and Moore, 1979).

However, in the general case where the transitionis nonlinear and/or non-Gaussian,
the marginals are typically intractable. Approximation algorithms such as Sequential
Monte Carlo methods (SMC) have been developed in order to generate approximate
samples from these marginals and consequently be able to form Monte Carlo estima-

tors. We introduce these methods in more detail in chapter 2.

Star graphs

In this document, we define star graphs as corresponding to a structure with a single
random variable (possibly high-dimensional) with a node potential that factors into

several likelihood terms. The structure is illustrated in figure 1.3.

Figure 1.3: Star graph with hidden state x and observations {y; }X_,.

In this case, the singleton marginal can simply be written as:

K

plxly) o o) [ plu )

=1

where the y, are subsets of the entire observed data and 7 is a prior on the hidden
state. This can be a useful representation for distributed inference where each of the
observation nodes can correspond to a distinct physical machine with a portion of the

relevant data. We exploit this structure to suggest a novel way to approach distributed
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Bayesian inference in chapter 6.

Grid and loopy graphs

The examples listed above do not exhibit cycles. An example of a common MRF struc-
ture with cycles which is encountered, for instance, in image processing, is the grid

graph illustrated in figure 1.4.

Figure 1.4: Generic structure of a grid graph.

In image processing, grid graphs can be used to model interactions between the
pixels of an image (Blake et al., 2011). In the case of image denoising for example, for
each pixel k a noisy value y;. is observed and we can have a model for the likelihood of
yr given the true pixel value xy in the form p(yy | zx). These form the node potentials.
Additionally, we may have a similarity measure which can be used to penalise neigh-
bouring pixels being very dissimilar. These form the edge potentials.

The problem of finding or approximating the singleton marginals then corresponds
to finding the likelihood of a particular pixel taking a specific value given all the noisy
observations available. We consider the problem of approximating marginals on such

loopy graphs in chapter 7.

Exact vs Inexact Methods and Structure of the Thesis

While the unifying theme of this thesis is the inference problem on Markov Random

Fields, we consider two rather different approaches forming the two main parts of
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the thesis. In the first approach - sampling methods - we consider methods to pro-
duce samples from the target densities (marginals of a MRF) from which Monte Carlo
estimators can be computed. These methods take the form of stochastic processes
which, asymptotically, are guaranteed to generate samples from the target distribu-
tion. These methods are considered “exact” because, asymptotically, they yield sam-
ples from the correct distribution. The difficulty of course is to assess whether the
generating process has converged in the context of finite compute time and finite pre-
cision arithmetics.

In the second approach - approximated Bayesian inference - we consider methods
to produce proxies to the target densities and compute expected values with respect
to these proxies. These methods are considered “inexact” because even in the limit of
infinite computational power or infinite precision arithmetic they do not lead to the
correct expected values.

Formally, let us denote p a target distribution of interest and ¢ a test function and
put ourselves in the realistic context of finite computational power and precision. The
aim is to compute the expected value of ¢ with respect to p or E,,[¢(X)]. Thefirst class
of methods generates incorrect samples {Z1, . . ., &, } which are hopefully statistically
nottoo farfrom exact (butusually inaccessible) samples {z1, ..., z, } drawniid from p.
As will be covered in section 2.1, the expected value of interest will be approximated as
E,[o(X)] = n 'Y, .., ¢(&). The second class of methods attempts to find a simple
distribution g which is close in some sense to the target distribution p, the expected
value of interest is consequently approximated as E, [¢(X)] = E,[¢(X)].

These two approaches rely on different sets of tools. The first one relies primarily
on sampling/particle methods while the second relies more heavily on optimisation
tools. To simplify the presentation of the thesis, we therefore have two background
chapters beginning each of the two parts. Each part is then formed of two chapters

covering a specific method and discussing applications.
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Sampling Methods
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2.1.1

2 | BACKGROUND

In this chapter, we start with a brief overview of Monte Carlo estimators and associ-
ated sampling methods focusing in particular on Sequential Monte Carlo methods for
the smoothing and filtering problem on Hidden Markov Models. We also introduce an
alternative class of methods relying upon Piecewise Deterministic Markov Processes

and in particular the Bouncy Particle Sampler (BPS).

Monte Carlo Methods

In this section we review briefly the foundations of Monte Carlo methods as well as a

few key algorithms which will be discussed in the rest of the document.

From quadrature to sampling

We consider the problem of computing the expected value of a test function ¢ taking
value over a space X with respect to a distribution 7 € P(X)i.e.: [ := E,[p(X)]. As-

sumingitcannot be computed analytically, a generalapproachisto consider a quadra-

10
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ture rule of the form:
R N
I = Iy = Y wXD)px®) (2.1)
=1

for some fixed points X € X and corresponding weights w(X®) € R.. When the
number of dimensions is low, we can consider deterministic quadrature rules such as
the Gauss-Hermite quadrature (see e.g.: Davis and Rabinowitz (1975)). However, as
the dimensionality increases, the performance of these deterministic rules becomes
catastrophic even for a large number of integration points (a well-known effect related
towhat Bellman called the curse of dimensionality in dynamic programming (Bellman,
1957; Bengtsson et al., 2008)). In such cases, a broadly studied approach is the Monte

Carlo integration with
X(l) ~id T, and ’LU(X(Z)) = N_l. (22)

The strong law of large numbers then indicates that Iy — I almost surely with ap-
proximation error scaling like O(N~'/2) independently of the dimensionality of the
problem (see e.g. Robert and Casella (2004)). This is to be compared with determin-
istic rules which typically have approximation error scaling like O(N—%/?) for a fixed
a > 0 depending on the quadrature rule (Caflisch, 1998). The problem then becomes
one of drawing iid samples from 7 which is often also an intractable problem. Note

that (2.2) in fact defines an empirical measure 7 with
N
#(x) = N* Z dx (), (2.3)
i=1

and computing Iy amounts to taking the expected value of ¢(X) with respect to 7.
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Importance sampling

Inimportance sampling (1S), samples are drawn from a proposal distribution ¢ € P(X)
that is easy to sample from (e.g.: a Gaussian) and is similar to the target distribution
7. The quadrature weights are then adjusted to reflect that the samples are not drawn

from the true distribution:

X0 i q(), and w(XY) < W(X®) =

where the weights w(X ®) are normalised to sum up to one.

Provided the support of ¢ includes that of wi.e., 7(z) > 0 = ¢(z) > 0, the result-
ing importance sampling estimator can be shown to be consistent using the strong
law of large numbers; i.e., the estimator converges almost surely to the true expected

value:

Z w(XD)p(XD) == Eefp(X)], (2.5)

for a test function o and the estimator is finite provided E, [ (X )?w(z)] < oo (Robert
and Casella, 2004, chapter 3.3). Note that (2.4) also defines an empirical measure 7
with

N

wz) = Y wXD)dye(x). (2.6)

i=1

Effective sample size

One way to assess the quality of an importance sampling estimator is to consider the
ratio of the variance of the corresponding Monte Carlo estimator and the variance of

the IS estimator. The general ratio is hard to handle and depends upon the test func-
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tion with respect to which the expected value is computed. Kong (1992) suggested

considering the following proxy known as the effective sample size:

ESS = N (2.7)
IR AU |

where V,[W (X)] is the variance of the importance sampling weights. Using the sam-
ple variance of the normalised weights and simplifying the expression, the proxy that

is usually considered for the ESS nowadays is

ESS = (Zw(x@)?) . (2.8)

=1

This metric is bounded from below by 1 - the degenerate case where a single particle
is carrying all the weight - and from above by N - the ideal case where the samples

are comparable to ideal Monte Carlo samples.

Classical sampling algorithms

In this point we mention briefly a few standard algorithms used to attempt to generate
samples from a distribution. Later on, we will compare alternative methods to these
standard algorithms. The list and descriptions are not meant to be exhaustive and we

refer to Robert and Casella (2004); Green et al. (2015) for a more complete overview.

Metropolis-Hasting

The Metropolis-Hasting algorithm (MH) is one of the most prominent member of the
class of Markov Chain Monte Carlo methods (MCMC). In MCMC methods, one considers
a sequence (chain) of random variables X, X2/ following a conditional proba-
bility density or transition kernel i with X1 ~ K (X ™ .). The kernelis chosen in

such a way that the chain admits a stationary distribution, i.e.: a distribution 7 such
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that for n large enough, X ~ 7 implies that X"t ~ . Further, the kernel is
chosen in such a way that the stationary distribution corresponds to the target distri-
bution.

The MH algorithm corresponds to the transition kernel below where ¢ is a proposal

distribution and p,, is the (unnormalised) target (Robert and Casella, 2004, chapter 6).

Algorithm 1 Metropolis-Hasting transition

1: sample Y™ from ¢(-| X (™)
2: compute the acceptance rate

[ puY®) (X))
e {pu<X<n>> (Y X) !

3: generate 8 ~ B(p) (Bernoulli)
4: compute the new state: X ("+1) « gy (™ 4 (1 — g)x (™)

In the MH algorithm, different choices of ¢ will lead to different algorithms that
may be easier or harder to implement. For example taking a symmetric proposal with
q(zly) = q(y|z) leads to a simplified acceptance ratio (see Green et al. (2015) for a

discussion).

Gibbs sampling

Gibbs sampling can be applied when targeting a multivariate distribution p € P(X)
where X is d-dimensional and where it is possible to generate samples from the tar-

get’s full conditionals py, . . ., pg (Robert and Casella, 2004, chapter 7).

Algorithm 2 Gibbs iteration

1. given z(™ = (acgn), e ,x&n))

2: fork=1:ddo

3 sample X" from py(zx | 2)) with 2™ = (2" 2D m,(:gl, 2y
4: end for

The potential advantage of the method is that, at any given point, it only considers

uni-dimensional distributions. The major disadvantage of the method is that it goes
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sequentially over each dimensions rendering the method extremely slow as soon as

the dimensionality of the target distribution becomes substantial.

Hamiltonian Monte Carlo sampling

The Hamiltonian Monte Carlo method (HMC) generates samples along a trajectory on
the the parametric surface (z, —U(x)) where —U(x) := log m,(x) and 7, is the (unnor-
malised) target distribution. The trajectory can be interpreted as the time evolution of
a specific physical system described by a Hamiltonian depending on the target distri-
bution (potential) and a momentum term encouraging exploration of the state-space

(kinetic energy) with momentum variable p. The Hamiltonian is defined as
1 -1
H(z,p) = Ulx)+5(p,M 'p) (2.9)

where M is a mass matrix that can be set to the identity or adjusted depending on
knowledge of the problem’s geometry (Betancourt, 2017; Barp et al., 2018). Since find-
ing the exact trajectory of a Hamiltonian system is usually intractable, numerical inte-

grators can be used and the leapfrog method is often used in HMC.

Algorithm 3 HMC iteration

1: draw a momentum variable P(") ~ A/(0, M)
: compute L steps of the leapfrog integrator from (X (™), P(")) — (X*, P*)
3: compute the acceptance ratio

N

p < min{exp (-AH),1}

where AH « H(X*, P*) — H(X™, PM),
4: generate 8 ~ B(p)
5: compute the new state: X ("1 « gX* + (1 — ) X™

This method generates a Markov chain with stationary distribution corresponding
to the target distribution 7. It is a very popular method in computational Bayesian

inference and tends to be preferred over approaches such as the MH algorithm (Neal,
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2011). We will show later in chapter 4 than in some cases a method that exploits the

factorisation structure of the target distribution explicitly may lead to better results.

Sequential Monte Carlo Methods

Sequential importance sampling

In the context of HMMs, we are usually interested in estimating a sequence of target

distributions {7;(z1.;) }._, which admit the following factorisation structure:

Wt(ﬂvlzt) X Wt(ift|$1:t—1)7Tt—1($1:t—1)-

This led to the development of sequential Monte Carlo (SMC) methods (Robert and
Casella, 2004, chapter 14.3). The underlying principle of sequential importance sam-
pling is the same as that of importance sampling except that a different proposal is
considered at every step ¢ taking into account the previous draw of particles and the

evolution of the system:

Qt(ILt) X Qt(xt|I1;t—1)Qt—1(I1:t—1).

Following this form, new samples or particles X" can be drawn from qi(x | Xfft)fl)
and the weights corresponding to the trajectories {Xfft)} then need to be multiplied
by a factor agi) with

(%) 7rt<X1(2)

ap = - = P (2.10)
(X Da(x P x8)

The variance of an IS estimator is directly related to the variance of the associated

importance weights. In order to counter the increase of variance induced by the se-
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quential IS procedure, the proposal at step ¢ should be such that the variance of the
update factors «; is as small as possible. In particular, the optimal proposal (Doucet
and Johansen, 2011) keeps it at zero with

0pt<

¢ (x| X)) = me(xe | X1eo1). (2.1)

Additionally, since we cannot typically sample easily from the optimal proposal, we

have to resort to approximating distributions.

Particle filtering

In the filtering problem on a HMM, the target densities are m;(x1.;) = p(z1.¢| 1) and

their marginals. The incremental update factors are given by

(T | Y1)
P(T1—1 | Yr—1)q (2 | T14-1)
(e, Y | T1:t—1, yl;t—l)p($1:t—1 | y1:t—1)p(y1;t—1)
p(£1;t—1 | %:t—l)%(% | xl;t—l)p(%:t)
p(ye | w)p(ae | we1) (2.12)
Qt(fUt | $1:t—1) 7 .

04t($1:t) =

where we exploited the conditional dependence structure of the HMM. Consequently,

the optimal proposal is

qz?pt(xt |2i—1) o< p(ye | we)p(ay | Te—1), (2.13)

which could also have been obtained from applying (2.11).

Beyond simply corresponding to sequentialimportance sampling for thefiltering prob

lem, the particle filter adds an extra step: resampling. This step alleviates the prob-
lem of weight degeneracy whereby the variance of estimators grows over time when

one considers a suboptimal proposal distribution such as the bootstrap proposal. The
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resampling step consists of resampling particles with replacement depending upon
their weights. This, in practice, is done when the ESS comes under a pre-assigned
threshold (Del Moral et al., 2006). Several schemes exist with the simplest one being
the Multinomial Resampling where n particle indices are drawn from a Multinomial
with weights corresponding to the n weights of the initial particles.

Resampling is a crucial step needed to make SMC methods viable (Hol et al., 2006;
Doucet and Johansen, 2011). However, the methods discussed in this thesis do not
depend upon the resampling scheme and therefore we will assume in the sequel that
a resampling scheme is applied without discussing it further. In the experiments we
use the standard multinomial resampling.

A skeleton of a particle filter algorithm is given below.

Algorithm 4 Particle filter

sample Xfl) fromg fori=1,...,N
compute and normalise the weights wl(Xf)) x Wo(Xl(i))p(yl | Xfi))/ql(Xfi))
fort =2:Tdo ‘
sample Xt(z) from ¢ (- |Xt(i)1, ye) with gy ~ ™ fori =1,..., N
update and normalise the weights wt(i) x agi)wt(i_)l
resample the particles if necessary
end for

return weighted set of particles {Xl(Z)T, wgl)T}f\Ll

N E kw2

The computational complexity of algorithm 4 is O(T'N). Indeed, at each step ¢,
the algorithm samples /V particles and computes their corresponding weights which
has linear complexity in the number of particles.

Sampling directly from the optimal proposal is often an intractable problem by
itself. In the context of filtering, an alternative choice is the bootstrap proposal (Doucet

and Johansen, 2011) with

qbs<

Ty | $t—1) = p(xt ‘ xt—1)7 (2.14)
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which is often easier to sample from. In that case, the update factor simply reduces to
af) < p(ye | Xfi)). However, since the likelihood and the transition density may not be
well aligned, those update factors can vary a lot incurring an increase in the variance
of the resulting estimator. This problem is particularly prevalent in high dimensions

when the distributions considered tend to be more concentrated.

Particle smoothing

In the smoothing problem on a HMM, the target densities are p(x; | y1.r). These den-

sities can be expressed as the marginals of joint densities over subsequent states:

p(xt | y1;T) = /p<It,$t+1 ‘ ylzT) dzysq.

Exploiting the conditional dependence structure of the HMM, the integrand can be

factorised leading to

P(ﬂft ’ y1:T) = /P(ﬂft | $t+1,y1:t)P(l't+1 | y1:T) dxiq

P21 | @
P2 | 1) / P ls) o e, (245)
p($t+1 |y1:t)

Thisrelation leads to the forwardfiltering, backward smoothing (FFBS) algorithm (Hurzeler

and Kiinsch, 1998; Doucet et al., 2000). Plugging the particle approximation to the fil-

tering distribution in equation (2.15) gives:

$t+1 | xt)
fp Ti+1 | fEt 5Ut | yu) day

ﬁ(wt ’ yl:T) = 37t ylt p($t+1 ’?/1:t+1) dwii

_ wa ol (2.16)
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where the smoothing weights are given recursively by

(@)
() (X | X
t|T X wt Zwt+1|T % (k (2.17)
Zk 1w( : p( t+1|X ))

In essence, the FFBS algorithm simply recycles a particle filter updating its weights
according to equation (2.17).

The computation of the updated smoothing weights has complexity O(T N?) since,
at each step, we need to consider the matrix of all pairwise interactions between the

particles at two subsequent steps: [p(X t+1 )| x )]V._,. Since the FFBS algorithm re-

i,j=1"
cycles the particles from a particle filter, the performances of the resulting estimators
can suffer if the support of the filtering distribution at step t is significantly distinct

from that of the smoothing distribution at step ¢.

Convergence of particle filters and smoothers

The resampling mechanism considered in SMC methods means that the particles are
no longer statistically independent which makes convergence results harder to get
than for vanilla sequential importance sampling (where convergence results can be
extended from those of importance sampling). However, there is a Central Limit The-
orem (CLT) for the estimator of E., [¢] using SMC in the broad sense showing conver-
gence in distribution to the true expected value (Chopin, 2004).

For the specific case of the particle filter, stronger results exist: under mild condi-
tions the empirical measure p(z; | y1.) = S0, wt(l)éxéi) (x;) converges almost surely
to the true filtering distribution p(x; | y1.1) and estimators of expected values taken
with respect to it converge in the mean-squared sense as N — oo (Crisan and Doucet,

2002). These results can be extended particle smoothing methods as was done for ex-

ample in Godsill et al. (2004).
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Sampling with Piecewise Deterministic Markov Processes

The Bouncy Particle Sampler (BPS) of Bouchard-Coté et al. (2015) is inspired from an
algorithm in the physics literature (Peters and de With, 2012) and belongs to a wider
class of sampling methods based on Piecewise Deterministic Markov Processes (PDMP)
(Bierkens et al., 2016, 2017; Wu and Robert, 2017; Vanetti et al., 2017).

The BPS algorithm considers a target distribution = on R?, proportional to a non-
negative function v which can be evaluated pointwise: 7(x) = Z~v(x) but the nor-
malisation constant Z is intractable. The objective is again the computation of ex-
pected values of the form E,[¢] for an arbitrary test function ¢ : RY — R.

Defining the energy function U as U(xz) = —log~y(x) and assuming it is contin-
uously differentiable, the algorithm generates a piecewise linear path based on VU.
Each segment is specified by an initial position 2 € R%, alength7,,; € Rt and a
velocity v with the recurrence 201 = 20 + v, . The times where the velocity
changes are given by the cumulative sums, ¢; = Z;Zl 7; With ty = 0. The continuous

positions along the path are therefore given by
z(t) = 2O 400 —1t), for te[titi). (2.18)

The authors show that, if the lengths {; },>, are governed by a specific Inhomogenous
Poisson Process (IPP) and if the speeds are modified for each segment according to a
simple reflection mechanism, then the target expected values can be approximated

via an integral of the test function along the path given by (2.18):

Q

E. o] ~ T / o((t))dt

n—1
T <Z
=1

Ti

Q

tu—T
(20D 40 Vs) ds + / (2™ 4 v(”l)s)ds> ,
0 0
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and this estimator converges almost surely to the true expected value with 7" — oo
(Bouchard-Coté et al., 2015, theorem 1).
In the BPS algorithm, the IPP governing the lengths of the trajectory segments has

intensity function \ : R? x R? — R* with
Mz,v) = (VU(z),v)". (2.19)
At the end of each segment, the trajectory “bounces” and the velocity is reflected

against the local level set of the energy U:

v = R(z)v = v—2<VU(x)’U> VQU(x) (2.20)
IVU()ll;

This is illustrated at the figure 2.1 below where i := VU (z) /|| VU (z)||.

Figure 2.1: /llustration of the specular reflection. The new velocity vector v’ is ob-
tained by doing a specular reflection of the old vector v against the level
set of U passing by x (green line). This is obtained by subtracting twice
the projection (green arrow) of the velocity on the normal vector to U at
x (orange arrow). Figure best seen in colour.

The authors show that the velocities also need to be “refreshed” according to the
arrival times of a (homogenous) Poisson process (PP) of intensity A" > 0, a parameter

of the BPS. This ensures the algorithm explores the entirety of the space. The basic
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BPS algorithm is reproduced in algorithm 5 below.

Algorithm 5 Basic BPS

1: initialise (z(9), v(9), set T, trajectory length, sett = 0 and i = 1
2: whilet < T do
3: simulate first arrival time Thounce ~ PP(x(%)) with

x(t) = Ml 4o Dg, yliD)

4:  simulate Tref ~ Exp(\™)

5: let 7; <— min(Tpounce, Tref)

6:  compute the next position (") «+ (=1 4 (-,
T: if 7, = 7o then

8: sample next velocity v ~ N(0, 1)

9: else if 7; = Tpounce then

10: reflect the velocity v(") « R(z(®)y(-1)

1 end if

12: lett < t;«ti 1+ 7

13: updatei « i+ 1
14: end while

The process for two subsequent time steps is illustrated at the figure 2.2 below.

AN

L) o) 2=1) 4 =1y

o
|
|
|
|
!
0 Thounce Tref t

Figure 2.2: /llustration of the process to go from 2~ to () in the BPS: a bouncing
time Thounce is drawn from the IPP with intensity x (t) along the trajectory
2= (=Dt (green line); a reference time T, is drawn from an ex-
ponential, the minimum of the two (here Thounce) leads to the position of
the next point ) where either a bounce or a refreshment of the velocity
will happen (here a bounce). Figure best seen in colour.

As we saw, the algorithm requires to sample the first arrival time of an IPP of inten-
sity x(t) = M« + vt,v) where A(x,v) = (VU (z),v)". Sampling from an IPP is a well

explored topicin the literature and the authors summarise three possible approaches

which we list briefly below:
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e Time-scale transformation: this approach requires computing the inverse quan-
tileof Z(t) := fot x(s)ds which is usually intractable but it can be computed nu-
merically if the target is strictly log-concave and differentiable. Given V' drawn

froma Uniformon [0, 1], thefirst arrival time of the IPPis given by =~ (— log(V/)).

e Adaptive thinning: this approach requires an upper bounds , (¢) with x,(¢) = 0
fort < sandy,(t) > x(t) fors <t < s+ A(s) where A is a positive function
(in the standard case, A = +o0). Additionally, it requires the ability to sample
from the IPP corresponding to .. Let 7 be such a sample with 7 < s + A, there
is then an accept-reject step with rate x(7)/X(7). Ideally, A and x /X, are large
(so that we do not have to simulate too many candidates which would incur an

increased computational cost).

e Superposition: ifthe energy U can be decomposedinasumU(z) = 23":1 Ubl(z)
and that each term can be targeted (via one of the first two methods), then we

can use the thinning method with bound -7 | xUl(#).

The key elements when trying to deploy the Bouncy Particle Sampler in practice are
to select an appropriate A (too low and the processus is essentially a random walk,
too high and some regions of space may be left unexplored for a long time) and to
implement an appropriate way to sample the first arrival time of the IPP which will
depend on the target distribution.

An advantage of the BPS over methods such as HMC is that it can work seamlessly

on constrained domains as is shown in Bierkens et al. (2017).



3 | BACKWARD INFORMATION

SMOOTHING

In this chapter, we focus on the problem of approximating the smoothing distribu-
tions for a Hidden Markov Model (HMM) with continuous state-space. We assume that
asequence of empirical densities approximating the filtering distributions has already
been obtained through a particle filtering step. We had seen at point 2.2.3 that the for-
ward filtering backward smoothing (FFBS) algorithm can produce an approximation
to the smoothing distributions by recycling a particle filter and updating its weights.
As shown in point 2.2.3, the FFBS algorithm has quadratic complexity and may suffer
from the lack of resampling step if the smoothing distribution and the filtering distri-
bution have significantly different support.

In this chapter, we introduce a class of algorithms that can be obtained from an-
other factorisation of the smoothing distributions than that used to obtain the FFBS.
We also introduce algorithms with a computational complexity that is sub-quadratic

in V and compare these algorithms in numerical experiments.

25
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Two Filter Smoothing

Two filter formula

An alternative to the FFBS approach is to exploit the two filter formula. To derive it,
note that the smoothing distribution can be written in the following way using the

definition of conditional probability:

p(%ﬁ, Y1:t—1, yt:T)

plo ) = p(yrr)

Then, exploiting the conditional dependences of the HMM, we get

p(% ‘ yl:T) X p(yt:T | T, Zh;t—l)p(ﬂl?t, ylzt—l)

X P(xt | ylzt—l)p(yt:T | $t)' (3.7

This last factorised form is the two filter formula which leads to the two filter smoothing
(TFS) algorithm (Bresler, 1986; Kitagawa, 1996). The first term in (3.1) is the prediction
density (PD), the second term p(y..1 | ;) is called the backward information filter (BIF).
To simplify developments we introduce the following (non-standard) notations for the

predictive density and the backward information filter:

PDi(z:) = p(x¢|yre—1), and BIF(z) = p(yer]|xe). (3.2)

The prediction density is obtained by integrating the filtering density multiplied by the

transition density:

PD,(2)) — / P | 2 )Py |y dans. (3.3)
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an approximation to the prediction density can therefore easily be obtained by plug-

ging a particle representation of the filtering density in (3.3).

Targeting the backward information filter

The backward information filter cannot be directly targeted in a SMC framework in
general as it may not be proportional to a distribution in z;. In Briers et al. (2010), the
authors therefore suggest to introduce a sequence of artificial normalisation densities
{v}L, € P(X) such that, for each step ¢, the product of v; and BIF; is normalisable.
In other words, the normalising distribution +; allows to define a normalised backward

information filter in P(X’) with
BIF,(z;) = Z; 'y (x;)BIF,(z,) (3.4)

for some normalising constant Z, . Any normalisation 4, € P(X) can be chosen as
long as it verifies the support condition i.e.: as long as its support covers that of the

backward information filter:

In order to target the sequence of normalised BIF in a SMC framework, it is useful to
show that it verifies a factorisation structure similar to that of the filtering distribution.

For this, we start by noting that

p(?/t:T | T, $t+1) = p(yt—i-l:T | Tty Tit1, yt)p(yt | T, 9Ut+1)

= Py | 2¢)BIFif1 (2e41). (3.6)
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On the other hand, we also have that

p(yt:Ta T, $t+1)
P(Tes1 | z)p(e)
_ P(Tip1 | 2, yt+1:T)B”:t(l"lt)7 (3.7)
p(fl?t+1 | Cvt)

p(yt:T | Tt, l’t+1)

where we have used the conditional independence structure of the HMM. Combining

(3.6) and (3.7) then leads to

B|Ft(l’t)p($t+1 ’It; yt+1;T) = p(yt ‘ xt)p(xt—i—l ‘ $t)B|Ft+1($t+1)- (3-8)

If we now introduce the normalisation densities v; and +;,; and the corresponding
normalisation constants Z; and Z; 1 in (3.8) we get

Zt+1%(l’t)

éﬁ:t(xt>p(xt+1 ‘ T, yt+1:T) T 1(£Ut 1)p<yt ’ xt)p(»’lftﬂ ’xt)éﬁzﬂrl(xt+l)-
+ +

By construction of the normalisation densities, we can integrate the previous expres-

sion over z;, to obtain

éﬁ:tﬂ(l’tﬂ)

éﬁrt(xt) o %(wt)p(ytlﬂft)/l’(f’““|$t) Vo1 (Teg1)

dzeq.

Noting that BIF(z7) = p(yr | zr) and iterating brings
N T-1 T

BIF;(7;) = /% Tt HP Tep1 | ) HP Yk | 21) dogyrr.
=t k=t

We can thus define a joint distribution éIth(xt:T) as the integrand of the above expres-

sion with the following sequential structure:

Ye(e)p(Tepr | w)p(ye | 74) o
7t+1($t+1)

BIF,(17) o BIF 1 (Tes1r), (3.9)
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which lends itself well to the SMC framework with the optimal proposal:

Ve(@e)p(@og1 | Te)p(Ye | 24)
%+1($t+1)

qut(l‘t | 2i11) o (3.10)

Two filter smoothing algorithm

Plugging a particle representation of the filtering distribution in (3.3), the prediction

density can be approximated by

PD,(z) Zwt | X)), (3.1)

Correspondingly, we can consider a particle representation of the normalised BIF ob-
tained by following a backward particle filter with M particles on (3.9). Let us denote

these by BIF; with weights wt@l and particles f(t(fl, i.e.

~

BIFt l’t Zwt+1 X(g) .It (3.12)

By dividing these by the corresponding normalisation density ~;, we can obtain ap-

proximations to the original BIF:

Efﬁ:t(xt) = éﬁ:t(ﬁt)/%(ﬁt)'

Combining both the estimators of the prediction density and the backward informa-
tion filter at step ¢, we can obtain a particle representation of the smoothing distribu-

tion with

plae | yr) = ¢ 'PDi(w)BIF(x2), (3.13)
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where (; is a normalisation constant. Thatis a mixture of N M terms and a further step
may be desirable to reduce the number of componentsin the resulting representation
of the smoothing distribution. In particular, if we take M = N, at each step we have
to consider a mixture with a quadratic number of terms in NV and this, independently
of the choice of normalising densities meaning that the algorithm has inherently a

quadratic complexity. We consider this choice in what follows.

Backward Information Smoothing

In this section, we explore the choice of normalisation densities and suggest using an
approximation to the predictive density. It came to our knowledge that this choice had
in fact also been studied independently and earlier than this work by Taghavi (2012).
We show how the complexity of the resulting algorithm is quadratic in the number of
particles. We also discuss two modified versions with sub-quadratic complexity. The
first one, inspired by Fearnhead et al. (2010) and also discussed by Taghavi (2012), has
linear complexity but the resulting estimators cannot be shown to converge. The sec-
ond one, inspired by our paper (Lienart et al., 2015), has complexity O(N M) where M

is sub-linearin NV and leads to convergent estimators (in the sense of Chopin (2004)).

Choice of normalisation densities

The choice of normalisation densities in the TFS algorithm is, in theory, only con-
strained by the support condition (3.5). However, the quality of the corresponding
estimators for a finite sample size depends significantly on it. Combining (3.1) and

(3.9), we get

PD; ()
Ye(t)

p(%’t ’ yt:T) / éﬁ:t(l‘t:T) dzp1.r
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so that we can write

PD; (xt) élth (%:T)

() (3.14)

p(xt:T | yl:T) X

This expression suggests picking ; to be the prior distribution on the first state (1)

since that leads directly to

p(zrr |yrr) = BIFy(z10). (3.15)

The last two equations (3.14) and (3.15) are crucial for the rest of the analysis. The first
one suggests that if we pick -, to be close to the predictive density then, then each
term éﬁ:t(xt;T) forms an estimator for the partial joint smoothing densities p(z..1 | y1.7);
the second one indicates that upon selecting v, to be the prior for the initial state, we
end up targeting exactly the joint distribution of interest, no matter which admissible
sequence {7;}_, we picked earlier.

This suggests to build a good estimator of the prediction density, based partly or
entirely on a particle estimator of the filtering density; use it as normalisation density
and target the corresponding normalised BIF recursively. We explored this idea and
showed that it significantly outperforms the default choice used in Briers et al. (2010);
Fearnhead et al. (2010) where the authors also suggest taking +; as the prior 7y and

build the subsequent 7, by propagation through the transition dynamic of the HMM:

i) = / (e | 21y (211 ) g (3.6)

Note that this choice also suffers from a tractability issue in a system with a transition
that is more complex than the linear and Gaussian one considered in Fearnhead et al.
(2010) where, in any case, the optimal Kalman smoother should be preferred. We show

in the appendix (point A.1.1) how this normalising density can be obtained in the case
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of a simple linear Gaussian dynamic.

Upon selecting ~; to be the approximation of the predictive density (3.11) based
entirely on a a particle estimator of the filtering density, we get what Taghavi calls the
backward informations smoothing (BIS) algorithm (Taghavi, 2012). This choice verifies
the support condition (3.5) provided the support of the transition density covers the
support of the BIF. Typically, the support of the transition density is the whole space X
which guarantees this. The optimal importance function for targeting the correspond-
ing normalised BIF with this specific choice of normalising density (v,(z;) = ISBt(xt))

is obtained by considering (3.9):

BBu(o)
_POLe) ) |l ), (317)

~opt v (J)
q; (wt‘XtH) X =
PDtJrl(th(—j&-)l)

where the {Xt(i)l}jyzl are the particles from the previous smoothing step. These steps

are illustrated in algorithm 6.

Algorithm 6 Backward information smoother with quadratic complexity

run a PF targeting {p(z | y1.¢) }1—; with IV particles {Xt(i), wgi) Z;]il

let {X:(F]), w;} be the result of resampling (if required) the final PF particles
fort =T —-1:2do 4
sample f(t(]) from G (- |)~(t(ﬂr)1) with G, ~ ¢ forj =1,...,N
update and normalise the weights u?t(j) x aﬁ”wt@
resample the particles if necessary
end for
same operations for ¢ = 1 but with 551 =

return weighted set of particles {Xl(?%, ﬁ)ﬂr}

—_

At each step t and for each particle j, Algorithm 6 ideally requires sampling a parti-
clefrom ISBt(xt)p(Xt@l | z¢)p(y: | ;) which is a mixture of N terms. Additionally, com-
puting the updating factors for the weights requires computing ﬁ\DtH()N(t(fl) which is
also a sum of N terms. Provided we use N particles to target the BIF, the complexity

of the BIS algorithm is therefore inherently quadratic in the number of particles. This
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is the same computational complexity as that of the FFBS algorithm.

As it is not trivial in general to sample from p(X t+1 D | 2)p(ye | 24), let alone when it
is combined with PDt(xt), a possibility akin to the bootstrap proposal for the particle
filter is to simply sample from Igﬁt(xt). The disadvantage is that this choice does not
take into account all the information available (contained in X ) and y¢). Assuming
we can sample easily from the transition distribution, sampling from PDt can bedone

easily in two steps: first sample an index i* ~ M(w,@l, . wt( 1) where M denotes

a multinomial distribution and the w£?1 are the weights of the particle filter; and then

sample from the corresponding term p(z; | Xt 1) The update factor is then given by

o _ P X ey ] X))

Ay L , (3.18)
PD.1 (X))

which has linear complexity in the number of particles for each j so that, as expected,

the bootstrap backward information smoother also has quadratic complexity.

BIS with linear complexity

We have shown that the BIF algorithm is inherently quadratic in the number of par-
ticles given the form of the optimal proposal (3.17). A statistically equivalent way of
writing the optimal sampling step is to suggest sampling NV particles from a mixture

of N? terms:
X(j) B ~mix Wy WiT X( X(j) (3 19)
t ~iid G X E ) (xt | t— 1) (yt | xt>p( t4+1 | QZt)v .

where stJrl => wp(X t+1 )| x® ). Since this is equivalent to sampling from the
optimal proposal, no reweighting step is needed, provided we can sample exactly
from the mixture.

Sampling from such a mixture can be done in two steps: first, sample a pair of la-
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bels (i*, 7*) from a multinomial distributions with N2 weights Bt(i’j) corresponding to
the weight of the component (i, j) relative to the whole mixture ¢™*; second, sam-
ple from the component (i*, j*). Of course this does not simplify the problem: we
still have to sample N pairs of indices from a multinomial with N2 pair which is still
quadratic in N and, additionally, computing the mixture component weights Bt(i’j) is
intractable in general.

An approximation suggested first by Briers et al. (2005) in the wider context of
sampling from products of mixtures and exploited by Fearnhead et al. (2010); Taghavi
(2012) in the context of the TFS algorithm is to approximate 7 and j independently by
representing Bt(i’j) ~ Bt(i) ~t(j). The simplest form for this approximation, is therefore
to use ﬁt(i) = wf_)l and Bt(j) = u?ﬁfl

Since sampling from a density proportionalto p(z; | Xt(fl))p(yt | xt)p(Xffl) | ;) may
still be intractable, we can resort to importance sampling for that term as well and
compute the corresponding importance weight zb,gj) as a result. With this approach,
sampling the indices is now an operation with linear computational complexity in the

number of particles and the resulting algorithm consequently also enjoys linear com-

plexity. The steps are illustrated in algorithm 7.

Algorithm 7 BIS with linear complexity

1: run a particle filter targeting {p(x | y1.¢) }._; with N particles {Xt(i),wt(i) Z;fl

2: set {Xé?),wéf’};il — {X¥)>w(Ti)}i]i1
3 fort=T—-1:2do . ~ (s
4:  sample N pairs of indices with i¥, \; ~iiq M(B") and Jin ~iid M( )

5 forkzl:]\fdo L . .

6 sample X ~ G ~ " (@) o plae | X8 (X |w0p(y | 20)
7 compute the unnormalised weights @(" o g***"# 7 (X*)) /g,(X*))
8 end for

9: normalise the weights (and resample if necessary)

10: end for

11: same operations for t = 1 but with ¢ (x

RS
12: return weighted set of particles {X7). @)}V
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Note that, in algorithm 7, a resampling step can also be introduced if the ESS drops
below a fixed admissible threshold as with the particle filtering algorithm. Note also
that the approximation inspired by Briers et al. (2005) used in this algorithm is what
leads to an algorithm with linear complexity but is biased and results in estimators

that do not enjoy the CLT property of standard SMC estimators.

Convergent BIS with sub-quadratic complexity

We discussed earlier the bootstrap BIS with quadratic complexity where one samples
from the approximation to the predictive density ISBt. This can in fact be simplified by
compressing the representation of the particle filter from N particles to M particles
by resampling. Taking M to be sub-linear in N (e.g.: M = O(log N)), the overall
algorithm is O(T'M N') and sub-quadraticin V.

Algorithm 8 Bootstrap BIS with sub-quadratic complexity

1: run a PF targeting {p(z; | y1.1) }._; with IV particles {Xt(i), wt(i) fgl
2: sample r{" Y from M({w) }V,)
3:fort=T—-1:2do ‘
4 sampler!'sM from M({w!”, 1Y)

iy H(t=D)
5. sample X\ fromp(- | Xt(_J1 )
6: compute the update factors

Yforj=1,...,.M

o) _ X Xl | X))
t M () patl X(T@)
> =1 wy p( t+1 | X )

=

update and normalise the weights (and resample if required)
8: end for
9: same operations fort = 1 butsampling Xflj)v from g (or recycling from the particlefilter)

10: return weighted set of particles {Xﬁ%, w?}}

Note that in the case where one can sample easily from the backward dynamic of
the HMM i.e.: sample from p(z; | ;1) this bootstrap BIS can be reversed and ran for-
ward as well as backward. Thisisin fact a core element of the idea behind our expected

particle belief propagation (EPBP) algorithm to target the beliefs on an arbitrary MRF
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which we discuss in the second part of this thesis (see chapter 7).

Sub-quadratic FFBS

A similar idea than the one applied at the previous point can be applied in the con-
text of the FFBS algorithm (point 2.2.3). In the FFBS algorithm, a particle filter is run

forwards and the weights are then updated in a backward step:

5 <me )
t|T x wt ZthIT N ( 1 ]Xt(k)) . (3.20)
k=1 W t+

We had indicated that the complexity of this algorithm is quadraticin /N since we need
to consider all the pairwise interactionSp(Xt(_{)1 | X(i)). However, we can sample a vec-

tor r of M indices following a multinomial with weights {w ., and thereafter

t+1|T

modify the weight update (3.20) to

M (r5) (4)

(i) @) (r)) p(Xt+1 | Xp)

Wy X w E Wy ~ . 5 (3.21)
j=1 Zk:lw p(X, t+]1)‘X( )

where M is sub-linear in N. The complexity of the corresponding algorithm is then
O(MN). We show inthe experimental section that this algorithm compares favourably

with the full complexity FFBS.

Experiments

In this section we discuss the performances of the different smoothing algorithms in
different situations. In particular, we show that the default choice of normalisation
density (3.16) suggested in (Briers et al., 2010; Fearnhead et al., 2010) can underper-
form significantly compared to the BIS. It suffices to look at a simple linear-Gaussian

model inspired from (Fearnhead et al., 2010) to show this.
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We also show that the linear-complexity implementation of the bootstrap BIS com-
pares very favourably with the sub-quadratic and the quadratic implementation at a
much reduced computational cost. We then go on to compare the performances of
the sub-quadratic smoothing algorithms when the underlying dynamic is non-linear.

The key aim for this section is to present the simplest possible models in which a
clear difference in performance among the algorithms is shown. The metric for accu-
racy that is used is the RMSE, as in the main literature in the field (see e.g.: Arulam-
palam et al. (2002)). This metric is known to be flawed since Bayesian inference does
not try to optimise the RMSE but since, in this chapter, we are comparing Bayesian
methods, it already provides a good indicator of performance and it is easy to com-

pute.

Linear Gaussian models

Model 1 (low dimensionality)

The HMM dynamic considered is inspired from (Fearnhead et al.,2010): a simple linear-
Gaussian dynamic with a two-dimensional latent space and a one-dimensional ob-
servation space. In their article, the authors discuss how the ratio of the amplitude of
the noise in the state dynamic to that of the observation dynamic impacts the perfor-
mances of their algorithm. We reproduce two simple cases where we show that the
choice of normalising density suggested in (Briers et al., 2010; Fearnhead et al., 2010)

underperforms that of the other smoothers. The dynamic is defined as follows:

Tiy1 = Al‘t‘i‘Et
(3.22)

Yir1 = BTy +m
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where ¢, ~ N(0,Q) and i, ~ N (0, R). The matrices are defined as follows:

11 v(3 1
A:(O 1), B:<1 o), Q:6<1 2), R=7  (3.23)

where v, 7 > ( define the amplitude of the noise processes. We compare two cases,
the first one (case A) has v = 10 and 7 = 1 and the second one (case B) has the op-
posite assignment v = 1 and 7 = 10. Case A corresponds to a case where Fearnhead
etal. (2010) indicate that the state has freedom to follow the observations which helps
smoothing algorithms. Case B corresponds to a case where Fearnhead et al. (2010) in-
dicate that the states are highly dependent through time which can cause smoothers
to struggle.

We run the dynamic for T = 50 steps with N = 200 particles and run the ex-
periments J = 50 times for each algorithm (the data is randomised each time). We

compare the average RMSE across the time steps computed as:

1 & )
B = e 2 s = il (3.24)
k=1

where j indicates the experiment run (j = 1,...,J), the superscript a indicates the
algorithm, x; denotes the ground truth for the jth experiment and /i the recovered
mean from the algorithm. This is a crude measure of quality but is enough to show
how the different algorithms compare (and, in particular, that the BIS outperforms
Fearnhead’s algorithm); Arulampalam et al. (2002) in their highly cited paper mention
that the RMSE is widely used in the literature and facilitates quantitative comparison.

In the figures below, KF and KS refer to the Kalman filter and smoother, PF to a
bootstrap particle filter, FFBS to the forward filtering backward smoothing algorithm
applied after the PF and FFBS;s to the sub-quadratic implementation (with M = 25).

The BIS symbols refer to the (bootstrap) backward information smoothers and the
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subscript indicates the version: Q for quadratic, L for linear, S for sub-quadratic (with
M = 25). Finally, FH refers to Fearnhead’s algorithm (the full description of Fearn-
head’s algorithm for this model is available in the appendix A.1). The main takeaways

of the results presented here is to show that:

1. the choice of normalisation density taken in Fearnhead’s algorithm can lead to

results that significantly underperform compared to other methods,

2. sub-quadratic methods do not significantly underperform as compared to the

quadratic methods.

In figure 3.1itis already clear that the FH algorithm underperforms. Itis also inter-
esting to observe that all three BIS methods offer comparable performances while the
BIS, is computationally the least expensive. The FFBS algorithm performs quite well
as well which can be expected as the dynamic is simple and hence the FFBS results
does not suffer too much from the lack of resampling in the backward stage.

In figure 3.2 the FH algorithm significantly underperforms compared to all other
algorithms considered. The other algorithms behave in a way that is comparable to
our discussion of case A with, again, the BIS, offering good performances while being
the least computationally expensive of the particle methods considered. We can also
observe that both sub-quadratic implementations (FFBSs and BIS,) seem to suffer a

bit with performances that are a bit more spread out.

Model 2 (medium dimensionality)

In this second example, we consider a model with a 10-dimensional latent space and
a 6-dimensional observational space. The matrix A is defined as the identity plus a
perturbation matrix £ with elements e;; = ;;/5 with n;; drawn from a standard Gaus-
sian. The matrix B has elements b;; drawn from a standard Gaussian. Both matrices A

and B are normalised to prevent an explosive behaviour from the HMM. The matrix ()
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Figure 3.1: Violin plots comparing the RMSE of the algorithms in case A over 50 runs
with the optimal Kalman smoother as reference. The FFBS and all BIS
have comparable performances while the FH underperforms with gen-
erally higher RMSE.
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Figure 3.2: Violin plots comparing the RMSE of the algorithms in case B over 50
runs. (left) The FH significantly underperforms compared to the other
algorithms as can be seen compared to the KF which is reproduced on
both graph to give an idea of scale (FH is not reproduced on the right as
the scale is significantly different from the other algorithms). (right) the
other smoothing algorithms offer performances in line with the observa-
tions made in case A and do not suffer as much from the decreased noise
ratio unlike the FH.

and R have random elements drawn in a similar fashion and both matrices are made
positive definite. Both () and R are normalised and scaled such that ||Q|| = 1/5 and
| R|| = 1/20. We denote this model LG-10-6 for further reference.

The point of this example is to show that when the particle filter struggles (with
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a lot of particles with very low weight or, correspondingly, a low ESS) then naturally
both versions of the FFBS struggle. However, the algorithms which apply a resampling
of the representation of the particle filter (BIS_ and BISs) perform very well. Indeed,
this resampling guides the smoothing densities to regions of higher expected density
(through more concentrated normalising densities ;) resulting in better performance

overall. The performances are illustrated at figure 3.3.

2~

RMSE
=
T

. * .

KFEKS PF _FFBS FFésS BléQ BléL Blés FH

Figure 3.3: Violin plots comparing the RMSE of the algorithms for model LG-10-6 over
50 runs. In this case, the sub-quadratic implementations of the BIS per-
form outstandingly well compared to the other algorithms which offer
little performance gain over simply considering the particle filter. Note

that the flat base for some of the violin plots is an artefact of the plotting
toolbox used.

Nonlinear Gaussian models

In this point, we show how the sub-quadratic algorithms perform when the dynamic

of the HMM is not linear but defined as:

1 = f(z) + e
(3.25)

Yir1 = G (1) + e

for some sets of functions { f;}7_, and {g;}._, and with innovation processes ¢; and 1,

drawn from centred multivariate Gaussians with covariance matrices () and R.
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Model 3

This model is drawn from the paper of Arulampalam et al. (2002) with the dimension-

ality of both the latent space and the observational space equal to one:

filx) = x/2+252(1+ x*)~! + 8 cos(1.2t)
and Q =10, R=1. (3.26)

gilz) = 2%/20

We call this model NL-1-1 for further reference. We use N = 50 particles and for K =
100 time steps (asin the original paper) and run the experiments 50 times with M = 15
for the sub-quadratic algorithms.

Figure 3.4 shows the results of the comparison of the RMSE for each algorithm con-
sidered. No smoothing algorithm particularly stands out but it shows that the sub-
quadratic smoothing algorithms considered do not significantly underperform com-

pared to the full quadratic complexity ones even when the underlying dynamicis non-

JI

O 1 1 1 1 1 1
PF FFBS FFBSg BBIS BBIS, BBISg

linear.

N

RMSE
N w

Figure 3.4: Violin plots comparing the RMSE of the algorithms for model NL-1-1 over
50 runs. In this case, all smoothing algorithms considered offer similar
performances showing that sub-quadratic smoothing algorithms can
also perform well in the case of a non-linear model.
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Discussion

In this chapter we suggested and discussed three algorithms with sub-quadratic com-
plexity. Two are approximations to the backward information smoother (BIS, BISs)
using the two filter smoothing algorithm while taking the normalising densities to
be approximations of the predictive densities based on a particle filter. The last one
(FFBSs) is an approximation to the forward filtering backward smoothing algorithm.

A criticism of the FFBS is that the smoothing step does not sample new particles
and just reweights existing particles which can harm the performance of the result-
ing estimator. In our experiments however, the FFBS and, more interestingly, its sub-
quadratic approximation typically perform well compared to other algorithms.

The BIS does perform a resampling step in the backward step and uses normalisa-
tion densities that are more sensible and typically outperform the default choice sug-
gested in (Briers et al., 2010; Fearnhead et al., 2010). However, the optimal backward
sampling step is intractable in general and one may have to resort to the bootstrap-
BIS as we have in the experiments thereby potentially reducing the advantage of this
additional sampling step.

We showed in our experiments that the BIS; and the BISs typically perform on par
with the naive implementation. There may be cases in which those algorithms do
not perform well but based on the results of the experiments, we would encourage
a user to consider the BIS, as a first smoothing algorithm (provided the dynamic is
not linear).

We indicated that the estimators obtained through the BIS, do not enjoy a CLT due
to the biased approximation in the sampling of the mixture indices. This, however,
seemed to have little impact on the results of the experiments. A possible explanation
for this is that, at the regime considered with relatively few particles, all estimators

are biased and there is too much variance to significantly distinguish between them.



44 3.4. Discussion

Note however that exploiting these algorithms with significantly more particles (a few
orders of magnitude more) requires having to deal with numerical instabilities arising
from the representation of the range of weights associated with a large number of
particles, and this, even with resampling. This is a known issue, particularly when
the dimensionality of the problem is higher and some techniques exist to combat the
issue (Miguez and Eugenia, 2013).

Finally, we have only considered standard multinomial resampling in our algo-
rithms. It may be that alternative resampling procedures such as the ones mentioned
in Hol et al. (2006) lead to improved performances. This could be an avenue for fur-
ther work as well as a more in depth quantification of the computational performance

considering more adequate error metrics such as the log-likelihood on a held out set.
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MARKOV RANDOM FIELDS

In this chapter, we cover the Local Bouncy Particle Sampler (LBPS), a version of the
BPS introduced in chapter 2, section 2.3 for target distributions that factorise accord-
ing to a MRF.

The aim of this short chapter is to show that the LBPS algorithm can be used on
high-dimensional models such as probabilistic matrix factorisation and performances
are not far those of the HMC algorithm thereby showing the potential of PDMP sam-
plers on complex Machine Learning models. For this, we used our open-source pack-

age PDSampler. j1 coded in Julia.’

Thttps://github.com/alan-turing-institute/PDSampler. jl
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Local Bouncy Particle Sampler

In Bouchard-Coté et al. (2015), the authors consider the case where the target distri-

bution factorises as

m(x) o Hyf(xf) (4.0)

fer

where z; is a restriction to a few elements of z, F' is a set of factors and ~ is an un-
normalised likelihood associated with the factor. In the specific case of a pairwise
MRF, the factors are the edges of the graph and the restrictions are the variables cor-
responding to each nodes. The energy associated to m consequently decomposes as
U= ter U

For each factor, a local intensity A; and a local bouncing operator R can be de-
fined in the same way as for the Bouncy Particle Sampler (BPS, see section 2.3) except
that VU is set to have zero components for all variables not associated with the fac-

tor. We can then define a collection of intensities with
xr(t) = (20D 4 07D¢ =)y, (4.2)

and consider the superposition principle with y = Zf X7 (see point 2.3).

Instead of modifying all velocity variables at a bounce as in the basic BPS, the
method samples a factor f with probability x(7)/x(7) and modifies only the vari-
ables connected to the sampled factor. This can significantly reduce the overall com-
putational cost associated with the algorithm and especially so when the underlying
MRF has a connection structure that is not too densely connected. Indeed, when an
update is triggered at a factor f all factors that share a variable with f are also trig-

gered. If that corresponds to a large portion of the graph, computational gains are
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lost compared to simply using the full BPS. The skeleton of the algorithm is shown

below.

Algorithm 9 Local BPS with Priority Queue

1: initialise (z(9), v(9)), set tejoex = 0
2: simulate afirst arrival time Tgounce ~ PP(x¢(t)) for each factor f
3: initialise a priority queue @ with the couples {(7¢, f)} rer
4: initialise event lists L ; for each factor with (a:}o), U}O), 0)
5: sample Tref ~ Exp(Aref)
6: while more events requested do
T pop (7, f) from Q) based on the smallest bounce time
8: if Tf > Tref then
9: Telock <= Telock T Tref
10: sample a new v ~ N(0,1)
1 start a new queue ) where the positions for each factor is extrapolated linearly
until the refreshment time
12: else
13: Lelock < Telock + T
14: extrapolate s linearly until ¢¢jock
15: add zs tothelist Ls
16: for all neighbouring factors f’ do
17: extrapolate x} linearly until ¢¢ock
18: simulate the first arrival time 74 of a PP with intensity A g (x4 tvpr, vyr)
19: update @@ with these candidate bounce times
20: end for
21 end if
22: end while

Probabilistic Matrix Factorisation

Probabilistic Matrix Factorisation (PMF) (Salakhutdinov and Mnih, 2008) is a Bayesian
approach to the matrix completion problem. In that problem, we consider a matrix R
of size n x p of ratings r;; corresponding to user i and item j (e.g.: a movie) but we
only have access to a mask of R, a very sparse subset of the ratings which we denote
R. The aim of matrix completion methods such as PMF is to try to construct a low-rank
factorisation R ~ U'V based on the known entries, where U is of size d x n and V of

size d x pand d is very small compared to n or p.
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Description of the Model

The model described in Salakhutdinov and Mnih (2008) assumes that each rating r;;
is a realisation from a Normal random variable with mean (u;, v;) and standard devi-
ation o,.. Further, the model assumes spherical Gaussian priors on all u; and v; with

standard deviation ¢, and o, respectively. Formally:

rig  ~ N('§<U¢,Uj>,0'72.), (Zuj)EM
u; ~ N(-;04,021), i€l,...,n (4.3)

vj o o~ N('Qodaggﬂd), JEL....p

where M denotes the entries which are available, 0, and I; denote the zero vector in
R? and the d x d identity matrix respectively. The negative log-posterior of interest is

therefore;

20

il ]

R 1 1 1
—logp(UVIR) = = > (ry— (ui,vj>)2+rﬂHUHgnLTﬂHVH% (4.4)
(i,5)EM w v

In our experiments, we assume o,, o, and o, are fixed,?> more involved models exist
including hyper-priors which we will not consider here since our aim is primarily to
compare the local BPS and HMC on a large scale model rather than produce the best
performing PMF method.?

Finally, note that the full dimensionality of the modelisn x d + p x d. Below we
consider an example where d = 10, n = 6000, p = 4000 and | M| = 10° meaning that

the full dimensionality of the model is 100000 with 1 million factors. For that kind of

2|n practice, we compute sensible estimates from the data following the authors’ original code
available athttp://www.cs.toronto.edu/ rsalakhu/BPMF.html.

3In Salakhutdinov and Mnih (2008), the authors also suggest performing a few steps of Gibbs sam-
pling for the hyperparameters. We do not do this in order to simplify the computations and the com-
parisons.
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scale, a method such as naive Gibbs sampling (see point 2.1.3) is impractical though

methods such as block Gibbs could be deployed (see e.g. Geyer (2005, section 2.5)).

Local BPS for the PMF

The factor graph corresponding to the matrix factorisation problem has a simple struc-
ture: each rating r;; for (4, j) € M corresponds to a factor connected to the variables

u; and v;. This s illustrated in figure 4.1 below.

Figure 4.1: lllustration of the factor-graph corresponding to the matrix comple-
tion problem. Each observed rating corresponds to a factor connected
to a corresponding u-node and v-node themselves corresponding to d-
dimensional variables. Each node also has its own factor corresponding
to a spherical Gaussian prior (empty squares).

The energy associated with one of the rating factor is also obtained by taking the

negative log-likelihood associated to r;; (see (4.3)), we denote it &;; with

Eij(ui,v;) = 0.50,2(ryj — (us, v;))% (4.5)

Correspondingly, the prior-factors are associated with £*(u;) := 0.50,2||u;]|3 and
E¥(v;) := 0.50,%||v;|3. The Inhomogeneous Poisson Processes (IPP) associated with
Gaussians can easily be sampled from using the inversion method. The IPP associated
with the rating factors can also be easily sampled from using the inversion method

which we show below.
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Sampling the IPP associated with a rating factor

To simplify notation, we consider a single rating r associated with two d-dimensional
vectors u and v. We introduce the notation = := (u;v) and write z,, = v and z,, = v.
We also write e(z) := ((z,,z,) — 7). With these notations, we can write the energy
as £(xr) = 0.50,%¢*(z). As for the BPS, the intensity associated with this factor is
x(t) = (VE(x + tw), w)" where w is a velocity-vector of the same dimension as .

The gradient with respect to the u and v component can be written as

Ve &(x) = ~(@)n,

Ve, £(2) = y(2)zy

where v(z) := o %¢(x). Itis straightforward to show that the inner product

r

(VE(x + tw), w) is a third-order polynomial in ¢ with

(VE(x +tw),w) = ~(x+tw) [(zy, wy) + (Ty, wy) + 2t (Wy, Wy)] (4.7)

The intensity x(¢) of the IPP is therefore given by the positive part of this third-order
polynomial. The factor of £2 in (4.7) is positive which is already indicative of the shape
of the polynomial but the roots of the polynomial need to be studied in order to fully
characterise it. It is easy to obtain the root corresponding to the left-parenthesis in
(4.7) which we denote ¢, with tg = —d(x,w)/2s(w) where d(z,w) = ((zy,w,) +
(xy,w,))and s(w) := (w,, w,). The other two roots are obtained by setting v(x + tw)

or equivalently e(x + tw) to zero. All the roots of (4.7) are therefore given by:

ty = —d(xz,w)/2s(w)

ty = tot /B +e(x)/s(w)
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Using the inversion method, sampling from the IPP can be done in two steps: gen-

erate a A ~ Exp(1) and then find ¢(\) such that

t(\)
A= E(tWN) = /0 X(s)ds. (4.9)

Since x(t) is the positive part of a third-order polynomial, the integral can be com-
puted exactly and the inversion to obtain #(\) amounts to finding a root of a fourth-
order polynomial which can be done efficiently using a numerical solver. The situation

isillustrated in a case wheret_ > 0 in figure 4.2 below.

] I I
—x(s)
21 |—E(s) a

0t t(\) to ty

Figure 4.2: The intensity x (blue) is the positive part of a third-order polynomial, its
integral = (red) is represented and is a piecewise fourth-order polyno-
mial. For \ drawn from an Exp(1), we can find t()\) corresponding to
the first arrival time of interest. (Best viewed in colours.)

4.2.3 Other algorithms considered

Singular Value Decomposition

As a baseline, we consider the Singular Value Decomposition (SVD) algorithm. Indeed,

Eckart and Young’s theorem shows that for a matrix M, the truncated SVD is the best
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low-rank approximation in the sense of the Frobenius norm. In the matrix comple-
tion case, no guarantees are offered by the SVD since we only have access to a sparse
mask of the real matrix (Srebro et al., 2004). Let R denote the true matrix we are trying
to reconstruct and R the sparse matrix containing only the observed ratings (centred
around zero). The SVD decomposition of R gives R = UXV* where U is an orthonor-
mal matrix of size n x p, 3 is a diagonal matrix of size p x pand V' is an orthogonal
matrix of size p x p. Truncating X to its first d < p components leads to a rank-d ap-
proximation R to R which will be much less sparse than R. Letting Usyp := X'/2U*
and Vyp := 212Vt we have a first baseline factorisation R = UlpVswo =~ R.

Note that the problem of computing a truncated SVD decomposition of a large
sparse system is a well known problem in numerical linear algebra and very efficient

methods exist (Sorensen, 1996).*

Hamiltonian Monte Carlo

We had already shown that the negative log posteriorin U and V' of the model can be

directly obtained:

—2logp(U,VIR) = o.* (ri = (ui, v;)* + o2 IU3 + o2 V][5
(4,5)EM

Therefore, the gradient in u; and v; can easily be computed in closed form and it is

straightforward to apply HMC on this model (cf. algorithm 3). The main hurdle is that

each gradient evaluation requires a full pass over all observed ratings making itera-

tions computationally expensive.

*In the experiments, we use the svds function from Julia 0.6 uses the implicitly restarted Lanczos
iterations.
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Experiments

In our experiments, we consider the MovieLens 1M dataset.” corresponding to 1 mil-
lion ratings of 4000 movies by 6000 users. We preprocess the ratings to centre them
around zero and scaled on [—1, 1] and take a random subset of 95% of the ratings as
training set using the remaining 5% as test set. Following the literature, we use d = 30;
we set og = 1and oy = oy = 10. The starting point is drawn from a standard mul-
tivariate Normal centred at the solution of the SVD algorithm. The Local BPS experi-
ments use the PDSampler. j1 package, the HMC simulations use 2 leapfrog steps, the
stepsize is set to 0.01.° The reported value is the RMSE over the test set. We run each
experiments ten times to account for the stochasticity of the algorithms. All results
were obtained using Julia 0.6 with a 2.3GHz Intel Core i5 computer.

The results displayed in figure 4.3 seem to show that the LBPS does a little bit bet-
terin this case than the HMC algorithm. The improvement is not very significant but
confirms that the BPS and the LBPS can perform as well or better than the HMC algo-
rithm (a similar result had been obtained by (Bouchard-Coté et al., 2015) on a much
simpler factor graph).

Both methods underperform compared to the test-RMSE obtained with the sparse

SVD. The test-RMSE is computed as

RMSE = (rij — (us,v5))?/(np) (4.10)

where 7 denotes the indices corresponding to the test set and (u;, v;) is clipped if it

is outside the range of possible values for the ratings.

Shttps://grouplens.org/datasets/movielens/
®Note that 2 leapfrog steps should not be expected to give excellent results though here we picked
this in order to get reasonable computational times for the experiments.
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Figure 4.3: RMSE on the test set of the MovieLens IM dataset when using Probabilis-
tic Matrix Factorisation with HMC and the LBPS algorithm compared to
the result obtained with the Sparse SVD algorithm. The crosses indicate
the range of values obtained and ranges of times for each of the 10 runs

recorded for different simulation lengths. The dashed lines connects the
means.

The choice of hyper parameters may be suboptimal though after trying a range of
possible hyper parameters we did not see major differences. In this case it may just
be that the SVDS algorithm performs very well and does not overfit the data rendering
the regularisation that appears in the PMF model useless.

In (Salakhutdinov and Mnih, 2008), the authors obtain results with the Bayesian PMF
that outperform the SVD significantly but it is unclear what SVD algorithm they use
and whether they use it on appropriately re-scaled data. Further they do not discuss
the time taken by the algorithms, in our experiments, the SVDS runs several orders
of magnitude faster than the LBPS or HMC algorithm though, of course, the SVD does
not provide uncertainty estimates. Further, their code does not show the SVD step but
suggests a scaling of the ratings on the [0, 1] range for the Bayesian PMF. If the SVD

algorithm is also applied on such ratings, it should be expected to perform worse as it
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will not be able to exploit the sparsity of the data well.

Discussion

The main purpose of this chapter was to compare the HMC algorithm to the LBPS on
a very high-dimensional model with a rather sparse graphical model structure. We
showed in the experiments that the LBPS compares favourably with a simple version
of HMC in this case which gives hope for future use of the LBPS on large scale graph-
ical models. It should however be noted that the HMC algorithm we used here is not
particularly involved and better tuning could be applied (more leapfrog steps, better
sample size) though we wanted to keep the sampler simple to be fair to the local BPS
which is still quite unexplored.

A possible interesting avenue of work would be to incorporate the local BPS within
a block-Gibbs sampler in order to avoid the triggering of wide-reaching node refresh-
ments when the matrix of ratings is not “sufficiently sparse”.

Much remains to be explored on how to better tune Piecewise Deterministic sam-
plers and in particular its local version for MRFs. To the best of our knowledge, this
was the first attempt to use the LBPS on a large-scale model in statistics or machine
learning.

A key element for the viability of the LBPS for a large scale graphical model is the
sparsity of the graph. As we hinted at earlier, if each variable node is connected to
many factors then every time a factor is triggered, every factor that shares a variable
with itis also triggered. If this is a large portion of the graph, the advantage of exploit-
ing the factorisation structure of the model is severely diminished. In figure 4.4, we
look at the distribution of the number of ratings per users. It shows that the distribu-
tion is heavy tailed with a significant number of users having over 250 ratings (1149

users). This along with the slow convergence we observed for the LBPS in figure 4.3
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Figure 4.4: Histogram of the number of ratings per users.

suggests that the LBPS may be struggling due to the graph not being sparse enough.

Future work could look at other models which offer a sparse conditional depen-
dence structure and compare the LBPS with the BPS. We suspect that for very sparse
models the LBPS will outperform the BPS as observed experimentally for Gaussian

Random Fields in (Bouchard-Coté et al., 2015).
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5 | BACKGROUND

In this chapter, we start with a brief overview of approximate Bayesian inference. We
then cover tools necessary to understand and extend the Expectation Propagation al-
gorithm and the Loopy Belief Propagation algorithm. These methods and variants

form the core of this part of the thesis.

Overview of Approximate Bayesian Inference

In this thesis we define approximate Bayesian inference in broad terms as the class of
methods attempting to recover a distribution ¢ in a restricted family of distributions
F C P(X) suchthat g is a “good” proxy for a posterior distribution p of interest. This
definition leaves significant room to describe different methods based on the defini-
tion of what a “good proxy” means.

Let D : P(X) x P(X) — R, denote a divergence between two probability distri-
bution functions. Then, the generic variational problem we consider is the minimisa-

tion of this divergence over F:

* in D . 5.1
¢" € argmin (¢,p) (5.0)

58
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Techniques attempting to solve such problems rely upon exploiting at least one of the

three main characteristics:

e the definition of the discrepancy measure D,
e the definition of the restricted space F, and

e the structure of the target distribution p.

Many discrepancy measures can be considered such as the total variation distance,
the Wasserstein distance or f-divergences (Minka, 2004; Blei etal., 2016; Li and Turner,
2016; Bernton et al., 2017). However, most choices lead to the corresponding prob-
lem (5.1) being computationally very expensive to solve in general especially when
the space X is continuous. In this part we focus on the Kullback-Leibler divergence

(Kullback and Leibler, 1951) with KL(p, ¢) := E,[log(p(X)/q(X))].

Variational inference

The KL divergence has been widely considered in the literature partly because it leads
to variational problems that are amenable to gradient descent-based algorithms. In
particular, considering the discrepancy KL(q, p) led to the development of the popu-
lar variational inference algorithms (Hoffman et al., 2013; Blei et al., 2016).

In the basic mean-field variational inference (MFVI), the approximating family of

distributions F is taken to be the class of distributions that fully factorises:

fMFVI = {QE,P(X)‘(](.Tl,,Jid)Iqu(Iz)} (52)

This choice of distribution space, while rather restrictive, leads to the inference prob-

lem (5.1) being tractable. Indeed, writing ¢—;(z—;) = H#i ¢;(z;), we have

KL(¢q,p) = Eg [logg —E,, [logp]] +E,,

Z log qj] (5.3)

JFi
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suggesting to iterate over the components taking each time ¢; o exp(E,-; log p). This
scheme can be used to provably decrease the objective function (Hoffman et al., 2013;
Kucukelbir et al., 2016; Blei et al., 2016); however, the problem is non-convex and no
practical guarantees exist as to what the iterations converge to. In this thesis, we focus
on an alternative approximate Bayesian inference class of algorithms which exploits
the factorisation structure of the target distribution p directly instead of imposing a

factorisation structure a priori like in MFVI.

ADF, EP and LBP

The Assumed Density Filtering (ADF) algorithm and the Expectation Propagation (EP)
algorithm are two other popular methods that are also based on the KL divergence.
The choice of distribution space is usually the exponential family associated to a suf-
ficient statistic ¢. Additionally, these methods assume that the target distribution p
factorises into terms that are easier to handle than p itself. We introduce these meth-
ods in sections 5.2 and 5.3.

The Belief Propagation (BP) algorithm and the Loopy Belief Propagation (LBP) al-
gorithm are message-passing algorithms which target distributions that factorise ac-
cording to a MRF. Those methods can also be shown to be fixed-point algorithms cor-
responding to a specific form of divergence (5.1) (Yedidia et al., 2001, 2002).

In this part of the thesis we focus on the use of EP and (L)BP algorithms for infer-
ence on MRFs and discuss applications. In point 5.3 we cover the ADF and EP algo-
rithms with exponential family distributions and in point 5.4 we introduce the BP and

LBP algorithms.
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Exponential Family and Convexity

In this part we introduce the notations and tools from the theory of exponential fami-
lies and convex analysis. We refer to Brown (1986) for exponential family theory and to
Rockafellar (1970) for convex analysis. The notations used here are inspired from these
authors and Wainwright and Jordan (2008) though the latter focuses on discrete state

spaces while we focus on continuous state spaces.

Log partition function and natural parameter space

We define the exponential family F,(X) C P(X') associated with a sufficient statistic
¢ : X — R¥onaset X C R" as the collection of probability distribution functions

indexed by a parameter § € R? and of the form

go(x) = exp ({0, 9(x)) — A(0)) (5.4)

with respect to a base measure v on X. The log partition function A is defined such as

to normalise g¢q:

AO) = log / exp (6, 6(x)) v(dz). (5.5)

The set of natural parameters Q0 C R is defined as the set of parameters 6 such that

A(0) is bounded (and, therefore, gy is a proper distribution):
Q = {#eR|A(f) < oo}. (5.6)

An exponential family is said to be regular when the corresponding set €2 is nonempty
and open. Additionally, an exponential family is said to be minimal provided there

does not exist a nonzero vector a € R? such that (a, ¢()) is constant v-almost every-
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where. A distribution in a minimal exponential family is therefore one-to-one with its
parameter § € 2. In the rest of this document, we will assume that we are working
with a regular and minimal exponential family.

The log-partition function A is convex on (2. Indeed, let 6,,0, € Qand A € [0, 1],

then using Holder’s inequality with parameters (1 — X\)~! and A~!, we can write:'

/ exp (1 — A6y, 6(2)) exp (M, () v(dx)
< exp(A(@l))l_)‘ exp(A(Qg))’\. (5.7)

Taking the logarithm of that inequality shows that A is convex on €2 and therefore that

Q) itself is convex.

Gradient and convex-conjugate of the log-partition function

In a regular exponential family, it is well known (Brown, 1986, theorem 2.2) that the
log-partition function is infinitely continuously differentiable and that its gradient and

Hessian are related to the first two moments of the sufficient statistic:
VA®B) = E,[B(X)], and V’A(M) = V,[6(X). (5.8)

An important consequence is that, for a minimal exponential family, the covariance
matrix V,, [¢(X)] is positive definite which in turns implies that A is strictly convex
on €. Indeed, take any nonzero vector a € R? then by definition, (a, ¢(X)) cannot be

constant v-almost everywhere so thatV,, [(a, (X))] > Oforany§ € (2and therefore:

0 < {a,Vy[p(X)]a), (5.9)

TFor two real-valued measurable functions f and g, Holder’s inequality with parameters p,q €
[1,00] states that || fg|l1 < || fl|,lgllq provided p~! +¢~* = 1.
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sothatV,, [¢(X)]is positive definite. Let M* denote theimage of Q2 under the gradient
mapping VA or M* = VA({). Since A is strictly convex, V A is a strictly monotone
map and forms a bijection between (2and M*. Let 8* be theimage of a point u* € M*

through the inverse map (V A)~!. This can be written as

07 = {0eQ|VA®O) ="},

= {0 Q|V(A®W®) — (0,u")) =0}. (5.10)

Since (A(0) — (0, uy) is a strictly convex function in 6, the last expression corresponds

to a first-order condition for its minimiser. > Therefore, we can write

0 = argmin A(0) — (6, u*) (5.1)

e

which is related to the convex-conjugate of A on M* defined as

A(p) = max (0, u) — A(6). (5.12)

Note that A* is itself a convex function (Rockafellar, 1970, Theorem 12.2). Using this

definition, we have

AM(pr) = (07, p7) — A(67) (5.13)

and (0*, i/*) is said to form a dual pair. Let us now consider an arbitrary 6 € Q\{0*}

and the corresponding ™ = VA(6T) € M*. Then, by strict convexity of A, we have

A0%) > AN+ (0" — 0%, 7). (5.14)

2A first-order condition for a minimiser indicates that for a convex, differentiable function f on a
setQ, {x € Q| Vf(z) = 0} C argmin, f(z). If there exists a unique point * €  such that
V f(«*) = Othenitis also the unique minimiser of f and both sets are equal to that point (Rockafellar,
1970, theorem 27.1).
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Using the duality property (5.13) and with y* = V A(6*), the previous inequality reads

— AN () (0" ) > A () (0T ) (0 =07, )

= A > AW+ {(ut—per). (5.15)

Since the inequality (5.15) holds for any u™ # u*, 6* is said to be a subgradient of A*
at p*. Since the mapping V A is one-to-one on 2, 6* is necessarily the only such sub-
gradient. Therefore, A* is differentiable on M (Rockafellar, 1970, theorem 25.1) and
V A* is the inverse mapping of (VA)~! from M* to Q. The relationship is illustrated

in figure 5.1 below.

/VA\
Q M
VA

Figure 5.1: /llustration of the bijection between the set of natural parameters Q) and
its image under V A: M*.

The mean parameter space

It remains to characterise more precisely the set M* = VA(Q). Itis a subset of the

set of all realisable mean parameters associated with ¢:
M C M = {peR?|IpeP(X)st pu=E,p(X)]}. (5.16)

This space M is also known as the mean parameter space associated with ¢. Itis easy
to see that this space is convex since P(X) is convex. More interestingly, it can be
shown that, for a minimal exponential family, M* is in fact the interior of M (Wain-

wright and Jordan, 2008, theorem 3.3). Note that, since the interior of a convex set is
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necessarily convex, M* is itself convex. Finally, note that since M* = int (M), A* can
be continuously extended on M by changing the max into a sup in (5.12). In a similar
fashion, for a point u € M\ M*, we can consider a sequence of points yiy, pio, . .. in
M* such that lim; ., pt; = p and identify VA*(u) to lim;_, ., VA*(;) by continuity.

The extended operator is then defined as a mapping from M to cl(€2).

The case of the Gaussian distribution

The d-dimensional multivariate Gaussian distribution with mean 1y € R and covari-
ance matrix ¥ € R%? corresponds to an exponential family with sufficient statistics
d(x) = (x,z2'/2).*> Correspondingly, the parametrisation in the natural parameter
space can be written § = (X7, —X71) with Q = R? x S? and the parametrisation
in the mean parameter space is i = (o, (poply + X)/2). The transformation VA and

V A* therefore correspond to the mappings

VA:  (61,6,) — (=656, (6,'6:1610;" — 651)/2), (5.17)

VA*: (i, p2) = (2po — pph) o, —2pe — pap) ™), (5.18)

where 01 = E_lﬂo, 92 = —E_l, M1 = Mo and Mo = (IUOIU/B + E)/Q
Therefore, we note that M* = { (11, pto) | 11 € RY, po € R4 (209 — pypit)) € S}
and the mean parameter space M contains pairs such that (2 — 1 4%) is symmetric

semi positive definite.

3We had defined the sufficient statistics as a mapping from X' to R%. Here however, ¢(z) =
(z,zzt/2) € RP x RP*P, Formally, we consider the vector formed of all the components of z and
xaxt /2 but the results are obviously equivalent.
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Assumed Density Filtering and Expectation Propagation

Approximate inference in the exponential family

We consider the context of approximate inference in the exponential family 7, (&X'). In
the previous section, we showed that a target distribution p could be associated with
a point u, € M with u, = E,[¢(X)] for a sufficient statistic ¢. Further, we showed
that if the family is minimal and if 1, € M™*, the mean parameter could be directly as-
sociated to a distribution in F4(X') with parameter 6 given by VA*(y,). Itis therefore
natural to consider this distribution ¢y as potentially forming a good approximation to
pin Fy(X). This is supported by the fact that this distribution actually minimises the

divergence KL(p, gy ). Indeed, observe that
KL(p.qo) = Eyfllogp] — (¢, 1) + A(0), (5.19)

which is a strictly convex function in ¢’. By definition, a parameter § = VA*(u,) is
such that VA(f) = p, and therefore verifies the first order condition. This shows
that g9 minimises the divergence (5.19). It is useful at this point to define a projection

operator P, : P(X) — cl(€2) with
0 = Pyp] <= 0 = VA(E[o(X))). (5.20)

Provided P,[p] € €, the parameter ¢ labels a proper distribution gy € F,(X) that
minimises the KL (5.19) and equivalently verifies the global moment matching condi-

tion (GMMC)

(GMMC)  E,[o(X)] = E,[6(X)]. (5.1
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It will also be convenient to use the following abuse of notation: for an unnormalised
distribution p,, with some normalisation constant Z ~! we will write P 4[p.] toimplicitly
mean P,[Z 'p,).

The application of this projection operator implicitly requires the ability to per-
form two computations. First, it requires the ability to compute the expected value
1, = E,[¢(X)] which is typically intractable since we are in a context where we are
trying to approximate p for that very purpose. Then, provided we can compute y,,
we need to be able to apply the inverse mapping VA*(y,) which is not tractable in
general. We will introduce below contexts in which the first requirement can be ap-
proximately met. The second requirement effectively means that we are constrained
to exponential families for which computing the inverse mapping VA* can be done
explicitly or is cheap to approximate. For continuous, high-dimensional state spaces,
itis overwhelmingly the Gaussian distribution that is considered in the literature with
either a diagonal or a full covariance matrix (Kuss and Rasmussen, 2005; Herbrich,

2005; Herbrich et al., 2006; Yu et al., 2006; Hernandez-Lobato et al., 2013).

Online Bayesian learning and Assumed Density Filtering

Let us consider the context of online Bayesian learning where one is interested in the
evolution of a posterior distribution p(x | y1.;) given observed iid. data points y;.; up
to current time ¢ and a new iid. data point y;,1. The new posterior is given directly by
Bayes rule with p(x | y1.441) < p(yes1 | ©)p(x | y14). In Opper (1998), the author consid-
ers that the exact posteriors are intractable but suggests constructing a sequence of
approximations in the exponential family 7, (X'). Using the notations from the previ-

ous point, the algorithm corresponds to a sequence of iteration of the form

O Pylp(yes1]-)aa.l, (5.22)
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where, at the first step, gy, is replaced by the prior 7. In words, the posterior up to
time t is approximated by the exponential family distribution gy, which then serves as
prior to form an approximate posterior p(y;11 | ©)qe, (x). Given that this approximate
posterior is not necessarily in the exponential family, it needs to be projected as per
(5.22). Attime t 4 1, the distribution gy, , can now be interpreted as an approximation

of the posterior distribution given all the data up to that time or

t+1
q9t+1<x> ~ p(l’ | yl:t) X 7TO(I) Hp(ys | I) (5'23)
s=1

We can therefore reinterpret the algorithm more generally as targeting a distribution

p that factorises in a fixed number (say K) of factors:

K

pla|yry) o mx) [[t(x) (5.24)

i=1

where the factors t; are nonnegative. This is the Assumed Density Filtering (ADF) al-
gorithm. Note that in this case there is no “natural ordering” as in the original online

learning case and the algorithm can be applied after any permutation of the factors.

Algorithm 10 Assumed Density Filtering

Let 01 = P¢[7T0t1]
fori =2: Kdo
0; < Pylgo, ,ti] > parameter of the new approximation
end for
return

a kw2

Letw; = (0; — 0;_1) denote the difference between subsequent parameters (with
wy = 6;). Correspondingly, O = 3% w;, and letting #;(z) := exp (w;, ¢(x)), which

can be interpreted as an approximation to the factor ¢;, we can write

Gorc (x) o< mo(x) Hi-(x)- (5.25)
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The main issue with using ADF on a MRF is that the order in which the graph is read,
or equivalently the order in which the factors ¢; are considered, will affect the final
approximation gy, . A natural extension of the ADF algorithm to take this into account
is to perform multiple passes of ADF while considering random orderings of the factors
and correct for the fact that each factor is considered multiple times. This is the core

idea behind the Expectation Propagation algorithm.

Expectation Propagation

In the Expectation Propagation (EP) algorithm (Minka, 2001a,b; Seeger, 2007; Gelman
etal.,2014), we consider that we have an initial approximation gy € F,(X) that we can
write asin (5.25) (typically obtained with a pass of ADF) and seek to iteratively improve
its parameter 6. At each step, a factor ¢; from the target distribution is considered and,
by contrast to ADF, we now consider the projection §; = Py[qet;/t;]. The difference
with ADF is therefore the removal of the previous factor approximation ¢; from the
current approximation ¢y before the projection. ADF can also be reinterpreted as a

single pass of EP where, initially, all the factor approximations are setto ¢; = 1.

Algorithm 11 Expectation Propagation

1: Initialise 0, w1, ..., wg suchthatd = Zfil w; € Q2 (e.g. via ADF)
2: fork=1: Ngpdo

3 Let o be a random permutation of (1,..., K)

4 fori=1: Kdo

5 0 < Pglqpoato()/ fa(i)] > parameter of the new global approximation
6 Wo(i) & Wo(i) + 6 — gold > parameter of the new factor approximation t}(i)
7: 6o < ¢

8: end for

9: end for

10: return 6

In Expectation Propagation, we denote by q_; o gy /1; a cavity distribution and by
q; X q_;t; a tilted distribution (Seeger, 2007; Gelman et al., 2014). Provided the EP

iterations converge, the global parameter 6 is equal to P, [¢;] for all i. Put differently,
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it is such that all the local moment matching conditions (LMMC) are met:
(LMMC) B, [6(X)] = E, (X)), i=1... K (5.26)

These conditions can be interpreted as a relaxation of the GMMC (5.21) and the EP
algorithm can be interpreted as a fixed point algorithm targeting the LMMC. We will

expand on this in chapter 6.

Belief Propagation

In this section we introduce the Belief Propagation (BP) algorithm for tree-structured
MRFs which, we show, is an iterative algorithm that can recover functions - the beliefs
- proportional to the exact node marginals by passing “messages” through the graph
(Pearl, 1988; Wainwright and Jordan, 2008). We also show how this algorithm can be
related to the two-filter formula for smoothing on a HMM discussed in chapter 3.

We then introduce the Loopy Belief Propagation (LBP), an extension of the BP algo-
rithm on graphs with cycles. This algorithm does not lead to functions proportional
to the exact node marginals but recovers proxies for it which work well in practice
(Yedidia et al., 2002; Sudderth et al., 2003).

In line with the rest of this document we concern ourselves with the case where

the state-spaces associated with the graph nodes are continuous

Belief Propagation on a tree

The problem of computing singleton marginals on a tree is relatively easy since the
recursive structure of the problem can be exploited. Let s denote a node of interest so

that we are targeting the marginal p(x;). The full joint on the tree can then be written
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relative to that node:

p(x) o y(ws) H Vi (4, x5) [l/ft(xt)ﬁbat\s(xt;xat\s)} ) (5.27)

teds

where the ¢4\, are given recursively by

¢8t\s<xta xat\s) = H wrt(mr; xt) [%(%)%r\t(%m xar\tﬂ ;

redt\s

and ¢y = 1 (for a leaf node). This decomposition is illustrated at figure 5.2.
¥s
2/}ts Y
(N

Gon\s

Figure 5.2: /llustration of the elements of the factorisation (5.27): the node potential
1, of the node of interest, the potential corresponding to the edge con-
necting it to one of its neighbour t: 14, the potential at that node, and
the product of all subsequent potentials attached to that node ¢y .

Using this recursive factorisation, and integrating out all variables apart from x4,

the marginal of interest can be written as

pow) o ) TT [ vatonn) |uen) [ o o von) de | da

teos —
=:k(wt)

Exploiting the recursive structure of ¢4, s, we can expand the « term:

k(zy) = H / Upy (7, ) [@Dr(:&«) / Gor\t (Tr, Tore)dTor\¢ | ATy

redt\s
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Consequently, we can write

ps<xs) X ws<xs)Hmts(xs)

t€s

where the messages m;, are defined as

mus(zs) = / Vs (0, 20) Mio() .

and the pre-messages M, as

Mts(ilft) = ?/Jt(xt) H mrt(xt)7

redt\s

5.4. Belief Propagation

(5.28)

(5.29)

with, for a leaf node o, M,; = 1,. This is the BP algorithm which can be described

more compactly as starting with the pre-messages on the leaf-nodes of the tree and

propagating using the following equations:

Mst(xS) wS(J]S) Hreas\t mTS(xS)
mts<iUs) = fwst(xsaxt)Mts(xt> dx; -
By(ws) = mys(ws) Mg (xs)

\

(5.30)

The B(z,) are known as the beliefs and are proportional to the true marginals as we

showed with the development above.

Belief propagation on a chain

A particular case of interest is the chain graph which is associated with Hidden Markov

Models introduced at section 1.2 and studied in more details at chapter 3. On the leaf

node, we have a prior mo(x1) and an observation with likelihood p(y; | x1). Therefore,

we have Mis(z1) = mo(z1)p(y1 | £1) o p(xq | y1). Correspondingly, the message mo
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is given by
mia(r2) o /p(l’z |z)p(z1 [y1)dey = plo2|y).

Forward messages

Let us assume that m;_1; « p(z:|y14—1) (prediction density). Then, the next pre-

message is:*
Mt,t+1($t) o¢ p(ye | we)p(@e | yre-1) o< plae | Y1) (5.31)

Consequently, the next message can be computed thereby verifying our earlier as-

sumption:
mt,t+1(l‘t+1) X /p(17t+1 |l‘t)p(33t|y1:t)dxt = p($t+1|y1;t)- (5.32)

Backward messages

Inasimilar way, we now start with a leaf node with no prior,i.e.: My r_1(27) = p(yr | 1)

and hence

mT,T—l(IT—1) = /p(xT ‘ iUT—l)P(yT | IT) dzy o p(yT | «TT—I)-

Let us assume that M1 +(2111) < p(Ys41.7 | 24+1). Noting that we can write the joint

distribution on (zy, 11, ys11.7) in two equivalent ways:

p(xt, Tt41, yt+1:T> = P($t+1 | Yt+1:T ﬂft)p(ytH;T | xt)p(l't)

= p(yt+1:T \ 56t+1)p(13t+1 |13t)p(13t)

4U5ingp(33t ly1:6) = P(@e, Y1:e—1,¥e) /(W) X D(ye | ) p(Te | Y1:0—1)-
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we have that p(x11 | Y1, ©)p(Yesrr | ©1) = p(Yesrr | Tes1)p(xe4q | 24). Using the up-
date equation for a message and our earlier assumption about the form of the pre-

messages, we have

p($t+1 | Yt+1:T, ﬂft)p(ytJrl:T | $t) dzip

mt+1,t($t) X /p($t+1 ’xt)p(yt+1:T|xt+1)dxt+l
« |

o¢ P(Yerr | 1) (5.33)

We can then confirm our earlier assumption since

My o< p(ye | 2)p(Yesrr | 2) o< p(yer | z1), (5.34)

which shows that the backward messages on a HMM are p(y;+1.7 | ;). Summarising,
on a HMM, we have that the forward messages (t to ¢t + 1) correspond to the predictive
densities and the forward pre-messages correspond to the filtering densities whilst
the backward pre-messages correspond to the backward information filters discussed

in chapter 3.

Beliefs

Now that the messages have been defined explicitly, we can write the beliefs as

Bt(xt) = mt—l,t(xt)Mt,t—l(xt)

X p(xt | y1:t—1)P(yt:T | It) (5.35)

which is the two filter formula for the smoothing distribution p(x; | y1.7) which we had

introduced at point 3.1.1.
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5.4.3 Loopy Belief Propagation

In the presence of cycles in the graph (loopy graph), BP does not necessarily converge
and there may be more than one fixed point because propagating messages through

different orderings of the nodes can lead to inconsistent messages (see 5.3 for an il-

O=—0O—

N

lustration).

Figure 5.3: A simple graph with a loop. Starting from the leaf node (blue arrow),
the message can be propagated in the loop following a clock-wise or-
dering (green arrow) or a anti-clockwise ordering (orange arrow). The
two backward messages coming back to the leaf node do not necessar-
ily match. (This graph is best seen in colour.)
A common workaround is to perform the BP algorithm multiple times on differ-
ent spanning trees of the graphs corresponding to different ordering of the nodes and

hope that the iterations converge to a fixed point. This is know as the loopy belief prop-

agation (LBP) algorithm (Pearl, 1988; Yedidia et al., 2002):

My(zs) = ws(‘%S)Hreas\tm?s_l(xS)
m?s(xs> = f¢ts(xtaxs)Mg($t)dl't : (536)

Bi(zs) = my(ws) Mg (zs)

\

The initial messages are usually chosen among a class of simple distributions (e.g.,
the Normal distribution) potentially incorporating prior knowledge about the steady

state messages. Provided the algorithm converges to a fixed point, the beliefs cannot
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be guaranteed to be proportional to the true marginals unlike the tree case. However,
the beliefs can provide good approximations to the marginals which makes the LBP a
popular method for approximate Bayesian inference on MRFs (Sudderth et al., 2003).
The fixed points of the LBP have been shown to correspond to extrema of the Bethe
free energy (Yedidia et al., 2002) and there exist conditions under which the LBP algo-
rithm provably converges (Heskes, 2004; Ihler et al., 2005).

Note that while it is known that the LBP algorithm can lead to good proxy to the
marginals, the updates may still be intractable. Indeed, the computation of messages
requires an integral which may be hard (or expensive) to compute accurately (e.g., if

the dimension of the random variable on a node is high).



6 | EXPECTATION PROPAGATION FOR

DISTRIBUTED BAYESIAN INFERENCE

In this chapter we discuss how the Expectation Propagation (EP) algorithm can be ex-
ploited when attempting to perform (approximate) Bayesian inference with distributed
data. We focus on how different variants of the EP algorithm perform, how amenable
they are to scaling and how robust they are to noisy estimations of the EP updates.
While very related to our paper (Hasencleveretal., 2017), this chapter differsin that
a class of algorithms is defined and several algorithms are compared as opposed to
one (the SNEP algorithm). Further, the fixed-point perspective and relation to mirror-
descent is novel and the discussion of the limitation of the convergence claimed in
the paper is also novel. Finally, we show in this chapter that a simpler method can
lead to better performances than SNEP on simple models though more work would

be needed on larger experiments to make this result definitive.

7
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Distributed Bayesian Inference

In this section we consider the problem of performing Bayesian inference when the
relevant data is distributed across different compute nodes. Let us assume that there
are K such compute nodes each holding independent parts of the data y; (with i =
1,..., K), such that these parts form a partition of the complete data 3. In a Bayesian
setting, we are interested in the posterior distribution over a parameter of interest z
given the entire data y. We can write this posterior as the product of K terms corre-

sponding to the parts y;:

K

plely) o mle) [ o) (6.1)

i=1

where 7, is a prior distribution. Each of the likelihood terms itself factors over the
individual data points of y;, i.e.: p(y; | ) = H;V;'l p(yi5 | ) with IV; the number of indi-
vidual data points held by the ith compute node.

Itisimportant to stress that, in the setup considered here, each compute node only
has access to independent subsets of the data. In Hasenclever et al. (2017) we explain
that this situation can occur in large scale learning but also in cases when the data
cannot be shared directly (e.g.: for privacy reasons). This type of context is sometimes
known as divide-and-conquer or consensus inference (Kleiner et al.,2014; Battey et al.,
2015; Zhao et al., 2016).

Defining ¢; to be nonnegative factors with ¢;(z) = p(y; | x), the factorised form
(6.1) reads mo(z) [ [,_,.x ti(x) whichis the form (5.24) that we had used to motivate the
introduction of the ADF and EP algorithms (cf. section 5.3). In the rest of this chapter,
we show how different variants of the EP algorithm can be used to perform parallel

variational inference in the presence of distributed data.
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EP variants for Distributed Inference

The target distribution of interest has the form p(z) oc 7 [ [,_,.x ti(x) where the eval-
uation of one of the t; requires access to the compute node i. The aim is to construct

an approximation g € F, parametrised by a vector 6 with'
K
a(z) = m(x)exp((0, ¢(x)) — A(0)) = m(z)exp(—A©0)) [[f:(z) (62)
=1

where #;(z) := exp (w;, #(z)) for parameters w; such that >°._, - w; = 6. The tilted

distributions associated with each of the factors are given by
G(z) = mo(x)ti(z) exp((Ai; ¢(x)) — Ai(Ni)) (6.3)

where \; = (6 — w;) and A;(\;) is the corresponding log-partition function. Much like
the log-partition function of ¢, the A; are convex and VA;(\;) = E,,[¢(X)]. Indeed,
each A, is simply the log-partition functions of the exponential-family F, with respect
to a modified base-measure including ¢;. In the EP setting, we seek to determine the
parameters wy, ..., wg such that the LMMC (5.26) hold, i.e.: E [¢(X)] = E,[¢(X)]
foreachi = 1,..., K. The general parallel computational framework iterates on the

following steps:

1. the master node sends a global parameter 6 to each compute node,

2. each compute node i attempts to find a new w; such that the corresponding

LMMC is (approximately) met and sends the updated w; to the master node,

'we included a prior here unlike in (5.5), the log-partition function is therefore implicitly under-
stood to consider the prior as well with

AB) = tog [ mo(o)exp (8,6(2) v(do).
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3. the master node integrates the new w; into 6.

This isillustrated in figure 6.1 drawn from our paper (Hasenclever et al., 2017).

Posterior Server

Posterior

——

/
A

A

Cavity

A

Cavity i
MENE Likelihood
approximation

MCMC

Likelihood
approximation

Likelihood
approximation

Likelihood Likelihood Likelihood
< < <
Worker Worker Worker

Figure 6.1: /llustration of the use of EP as the backbone for distributed Bayesian
learning. Each compute node or worker (bottom) has access to its data
and can compute the likelihood of that data. Including the cavity re-
trieved from the master and projecting on the exponential family leads
to an approximation of the global likelihood which can be sent back to
the master and combined with other such approximations sent back by
the other workers.

As we will see, there are different ways to implement this general framework. We
will show empirically that a determining element in the performance of a particular
implementation is its robustness to Monte Carlo noise. Indeed, in our general setting
we do not assume that computing E . [¢(.X')] can be done exactly. Rather, we assume

that it is approximated by a Monte Carlo estimator.

6.2.1 Damped updates in the natural parameter space

In their paper, Xu et al. (2014) suggest a method to synchronise Monte Carlo samplers

running on independent compute nodes. They call it Sequential Moment Sharing or
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SMS for short. It was originally proposed to scale up MCMC methods and as such it
assumes that MCMC chains can be run for many iterations to convergence in between
communications with the master. Effectively, SMS corresponds precisely to the case
mentioned at the previous point consisting of running EP across multiple physical
nodes while using noisy estimates of E,, [¢(.X)], the expected value of the sufficient
statistics under the tilted distribution. Below, we introduce the algorithm as a damped
fixed-pointiteration in the natural parameter space. This will prove useful when com-
paring different EP-like algorithms.

We showed that the basic EP algorithm could be interpreted as a kind of fixed point
iteration targeting the Local Moment Matching Conditions (5.26) (LMMC). At a given
step of the algorithm, when considering the inclusion of the factor ¢;, the global pa-
rameter should therefore be updated such as to verify E , [¢(X)] = E,, [¢(X)]. Let us
define the moment of the local tilted distribution as y; := E,, [¢(X)], the update then

amounts to finding 6 such that VA(6) = y; or

0 VA (). (6.4)

In the case where one is considering a Monte Carlo estimator for u;, these updates
are inexact and it is crucial to mitigate the effect of the noise by considering damped
updates. In fact, even when one uses the exact 1, it can be beneficial to the overall
convergence of the algorithm to consider damped updates (Heskes and Zoeter, 2003).

Damping (6.4) leads to the modified update:

0« (1—k)0+rVA (1), (6.5)

where k € (0, 1] is the damping parameter and ji; is an estimator for y;. As in the

gradient descent algorithm, the damping parameter can be decreased over iterations
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according to a schedule in order to further help convergence (in point 6.2.4 we ex-
pose in more details how EP can be understood in a gradient descent framework).
The damped update (6.5) can also be expressed in terms of the w; (parameter of the

factor approximation #;) and the ); (parameter of the corresponding cavity):

One can also swap the role of )\; and w; and obtain another valid damped update
mechanism. Both forms are amenable to parallelisation since they can be expressed
solely in terms of local parameters attached to the :th compute node.

The basic SMS algorithm operates synchronous updates. At step k, each node re-
ceives the current global parameter 6 and computes the parameter corresponding to
the currenttilted distribution ¢; i.e.: \; = (0 —w;). Each node then forms a Monte Carlo
estimator /i; of E,, [¢(X)], computes the damped step (6.6) and returns the updated
local parameter w; to the master node. The master node then aggregates all updated

local parameters and updates the global parameter:
K
0 «— (1—rY0+F sz- (6.7)
i=1

where k' € (0, 1] is a global damping parameter which may also help overall conver-
gence. These steps are summarised at the algorithm 12 below.

It is easy to see how this algorithm can be altered to accommodate asynchronous
updates. Indeed, instead of waiting for all nodes to complete their tasks, each node
could asynchronously request the most recent global parameter 6 available from the
master node while the master node would continuously integrate information it re-
ceives from the compute nodes. In fact, each node would then simply send the differ-

ence §; = (W — w®) which can be integrated directly into an update of 6.
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Algorithm 12 Sequential Moment Sharing (synchronous)
K

i=1

1: Initialise @, w1, . ..,wr suchthatd = > .7, w; € O
2: fork =1: Ngpdo
3 Send current global parameter 6 to each node

4 fornodei=1: K do

5: Update the cavity parameter \; «+ 0 — w;

6 Form an estimator /i; of Ey, [¢(X)]

7 Update the local parameter w; <+ w; + kK(VA*(i1;) — ;)
8 Send the updated w; to the master node

9 end for
10: Update global parameter 6 < (1 — )0 + &' S5 | w;
11: end for

12: return ¢

Damped updates in the mean parameter space

The main issue with the SMS algorithm which we will expose in more details in the
experiments (see section 6.3) is that it performs the projection of the noisy estimator
[1; before the damping step. Since this projection operator is in general non-linear and
potentially numerically unstable (in the Gaussian case, for example, it requires a ma-
trix inversion) this can hinder the performances of the algorithm. In the case of the
Gaussian distribution for instance, the projection effectively requires the inversion of
a noisy matrix (see (5.18)). It seems therefore sensible to suggest damping the estima-

tor before it gets projected. This leads to going from (6.5) to

VA®B) «— (1—r)VA®) + ki (6.8)

or, equivalently, to

0 < VAY(VA®O) + s, — VA(D))). (6.9)

Of course, if Kk = 1 (no damping), both approaches are equivalent. Readers familiar

with convex optimisation will also notice the similarity with the mirror-descent algo-
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rithm (Nemirovski and Yudin, 1983; Beck and Teboulle, 2003). We will explore and dis-
cuss this similarity later in point 6.2.4. These updates can also be expressed in terms

of updates of the local parameters:

w; <+ VA (VA®O) + k(i — VA(D))) — \i. (6.10)

Asin (6.6) the role of w; and \; can be swapped to obtain another valid damped update
mechanism. The update (6.10) can be injected into the SMS algorithm 12 to obtain the
mean-parameter variant which we will call MP-EP to refer to the fact that the updates
are done in the Mean Parameter space by contrast to NP-EP (SMS) where the updates

are done in the Natural Parameter space.

The EP energy perspective

In Minka (2001c), the author presents the LMMC (5.26) as a min-max problem of an
objective function the author calls the EP energy function. One way to obtain this is
to decompose the KL divergence between p and g. To simplify notations over the next
few equations we omit the dependence of the functions in z which is obvious from the
context; all sums and products are assumed to go overtherangei = 1,..., K with K

the number of factors. The KL divergence can then be written as

KL(p7 Q) = EP

log (Zplﬂ'g Hu) — log q] : (6.11)

Consequently, the product ¢; can be manipulated to make the ¢; appear:

- Toexp (A, ) t; 1L Zia:
Hti N H o exp (i, @) B 7TO(Z<1CI>K_17 (612)
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and using this in (6.11) leads to:?
KL(p,q) +1logZ, = (1— ) + Z A;(N)+E,loggi/ql.  (6.13)

The first part, denoted by £ defines the EP energy with
EO N, ... M) = (L—EK)A@0)+ > Ai(\) (6.14)

under the constraint that# = (K — 1)~' 3% | \;. Note that its gradient in )\, is simply
V€ = (i — VA(B)). The stationary points of £ in \; therefore correspond to the
LMMC (5.26) that the EP algorithm attempts to satisfy. It is also interesting to briefly
look at the remainder of the right-hand side of (6.11). Discarding the terms that do not

depend on \;, we have

ViaEpllogagi/ql = VA\E,

(Aiy @) — Ai(Ni) — <(K -1 Z)‘i7¢> + A(0)

1
0]+ e VA(). (615

= ]Ep[qé] — M —

Therefore the gradient of the complete right hand side of (6.11) (i.e. the gradient of
KL(p, ¢))in \;isinfact proportional to (E,[¢] — V A(6)) leading to the same stationary
points as the GMMC (5.21) as could have been expected.

In Heskes et al. (2005), the authors show that the energy (6.14) is in fact equivalent
to their Expectation Consistent free energy. Further, they indicate that several station-
ary points can exist and that the framework does not provide a criterion to pick an op-

timal one. Lastly, they remind the reader that since the energy is neither convex nor

ZNote that considering the reverse KL leads to a very similar decomposition:

%
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concave with respect to the parameters \;, it does not tell whether stationary points

are minimum, maximum or saddle points.®

Mirror Descent for the EP energy

Let us define &;(\;) as the energy (6.14) with all ), fixed for j # i i.e.:

EN) = 1-K)A ((K — D'\ + Z )\j)> + A;(N) + Cy (6.16)

J#i
where Cy = >, A;();) does not depend on ;. Letting n := (K — 1)tandb_; :=
TIZ#Z- A, we have —n&; = A(nX; + 0_;) — nAi(\;) + Cy with Cy = —nCy. On the
corresponding compute node, the aim is then to determine a stationary point A€ for

&i(A\i) which is then equivalent to finding a stationary point for G;(\;) with

A common approach to finding stationary points of a function is to consider Newton’s
method which revolves around a local quadratic approximation of that function. Let
us denote \; the current parameter and \7¢" the new one. We can consider the follow-

ing development around \;:

Gi(ANY) = Gi(\) + (N = A\, VA(O) — VA;(N)) +

T AL VPG — ) (618

(2

Taking the gradientin \7¢" and setting it to zero then leads to a Newton-like step. How-
ever, this requires the inversion of the Hessian of G; which may be expensive and nu-

merically unstable to compute. An alternative can be obtained by observing that, if

3S0 in fact, energy is a bit of an unfortunate misnomer here.
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V2G;(\;) is positive definite, then the quadratic term in the approximation is simply a
measure of discrepancy between A7*" and ). As in the mirror-descent algorithm (Ne-
mirovski and Yudin, 1983; Beck and Teboulle, 2003) we could therefore try to replace
it by a Bregman divergence.” In our case, it is convenient to consider the Bregman di-
vergence induced by the log-partition function A itself;> this leads to the alternative

approximation:

Gi(A) =~ Gi(N) (A — N, VA(O) — VA(N)) + 5n® Ba(A1, ),

where k > 0 is a scaling factor. Taking the gradient of that approximation in A\7*" and

setting it to zero then leads to a mirror-descent-like step:

ANV VAT [VAN) + K (s — VA(0))] (6.19)

where k' = n/k canbeinterpreted as a step-size and ji; is a noisy estimator of VA, (\;).
By analogy, we can also suggest the corresponding mechanism for an update in terms
of the local parameters w;:

W VA [VA(w) + K (i — VA())] (6.20)

(3

which resembles the damped updates in the mean-parameter space (6.10) we had ob-
tained earlier (we will show in the experiments section 6.3 that it underperforms com-
pared to the updates (6.10)). More importantly, the updates (6.20) form the core of the
Stochastic Natural gradient Expectation Propagation (SNEP) algorithm we suggested
in Hasenclever et al. (2017). The update (6.20) can be injected into the SMS algorithm

12 to obtain the “SNEP” variant we use in the experiments.

4The Mirror Descent algorithm and its connection with the Natural Gradient algorithm is briefly
covered in the appendix A.2).
Recall that B4 (AW, \;) := A(AT®Y) — A(\;) — (APW, VA(N,)).
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Experiments

In this section, we compare the three main versions of EP algorithms discussed in the
chapter: NP-EP where the updates are done in the natural parameter space (the SMS
algorithm with update (6.6)), MP-EP (6.10) and SNEP (6.20) where updates are done in
the mean parameter space. For the purpose of the experiments, all algorithms are ran

in a synchronous fashion.

Description of the experiments

The model considered is asimple Bayesian logistic regression model. Whilst this model
is of moderate interest in itself, it has the nice property of being well behaved making
the analysis of the behaviour of different inference algorithms easier. This is a similar
setup than the one considered in the SMS paper (Xu et al., 2014), generating a dataset
D = {(2.,y.) }Y, with covariates z. € R? and response y. € {0, 1}. The conditional

distribution of y, given z, and weights z € R?is

p(ye = 1ze, ) = o({ze,x)) (6.21)

where o denotes the logistic function: o(s) = (1 + exp(—s))~!. A Gaussian prior
po(x) = N (x;04,101,) is set on z and the aim is to construct an approximation to the
posterior p(z|D). We generate N = 5000 data points with d = 10 using iid draws
for the covariates, z. ~ N (u,X) where the d components of  are drawn iid from a
Uniform [0, 1] and ¥ = PPT where the components of P are drawn from a Uniform
U[—1,1]. The generating weight vector x* is drawn from the prior py. The labels y. are
then sampled according to the model.

The data is sharded across five factors (corresponding to 5 compute nodes) each

with one fifth of the data. To compute expected values against the tilted distribution,
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an importance sampling estimator is constructed with a varying number of samples
(5,10, 50) as shown in figure 6.2. The proposal used is the last global approximation
shared with the compute node. Note that more involved samplers can be used (as
is done in Hasenclever et al. (2017) which uses a stochastic gradient MCMC method)
but the purpose here is primarily to explore the robustness of the algorithms to Monte
Carlo noise so that a simple sampler is adequate.

All algorithms use a fixed damping throughout the iterations and different damp-
ings were used to exhibit the behaviour of the algorithm (see 6.2). All experiments
were run 5 times and averaged over those runs to account for the inherent stochastic-
ity of the algorithms.

As the base exponential family, we use a full-covariance Gaussian. We compare

the predictive RMSE /> |J. — y.|?/N obtained with §. = o((z.,T)) where T is the
currently estimated posterior mean of the global approximation. As a reference point,

we also show the RMSE corresponding to x*.

Results

We show in figure 6.2 the evolution of the predictive RMSE with increasing number of
iterations for the three algorithms considered when varying the number of iteration
per samples (corresponding to the amount of Monte Carlo noise) and the damping
parameter (indicated by d in the legends). Note that the computational complexity of
theiteration for each of the three algorithmis very similar, the main difference residing
in the ordering of operations.® As a baseline, the predictive RMSE corresponding to z*
(the generating set of weights) is drawn as a black line on each graph.

A range of damping parameters is selected to illustrate the behaviour of the algo-

rithm. The range is always taken with the largest damping parameter being on the

8In all the runs, an iteration of MP-EP is around 5% faster than an iteration of NP-EP and around 20%
faster than an iteration of SNEP but that is negligible compared to the factor of 2 speedup obtained by
the much faster convergence of the algorithm.
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verge of numerical instability for the algorithm. Indeed, when using a full-covariance
Gaussian as base exponential family, going from the mean-parameter space to the
natural parameter space or vice versa requires the inversion of a matrix. Doing the
update in the mean parameter space helps the numerical stability of this step as does
increasing the damping (reducing the step-size).

It is clear from the results that the best performing algorithm is the MP-EP algo-
rithm which converges much faster than SNEP and is much more stable than NP-EP. It
is also the algorithm that offers the most robust performance in the presence of Monte
Carlo noise. Finally, this algorithm corresponds to a simpler mathematical develop-

ment than SNEP by being simply a mirror-descent version of the NP-EP updates.
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Figure 6.2: Results of the EP experiments. Each curve corresponds to a different
damping parameter indicated by d, taken in the range as close to nu-

merical instability as possible. (Figures best seen in colour).
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Discussion

In this chapter we showed that Expectation Propagation could be used as the back-
bone of a distributed approximate Bayesian inference mechanism. We showed that
different variant of the EP algorithm could be used and that, in our experiments, per-
forming updates in the mean parameter space can outperform updates in the natural
parameter space. In particular we showed that updates in the mean parameter space
can be much more robust to noise introduced by following inexact EP updates when
the moments of the tilted distribution are computed via Monte Carlo estimators. This
is particularly important for complex models where the tilted distributions are com-
plex and sampling is very expensive so that cheap Monte Carlo estimators based on
a few sampling points are favoured (e.g.: graphical models (Heess et al., 2013; Eslami
et al., 2014; Jitkrittum et al., 2015), hierarchical Bayesian models (Gelman et al., 2014)
and approximate Bayesian computation (Barthelme and Chopin, 2011)).

Since Minka (2001a), there have been a substantial number of extensions and al-
ternatives to EP proposed. Stochastic EP (Li et al., 2015) and averaged EP (Dehaene
and Barthelme, 2015) assume that all factors can be well approximated by the same
exponential family factor via parameter tying. This saves memory storage and was
shown to work well when a lot of samples are available. This is an orthogonal idea
to our work, and it is possible to apply it to SNEP and MP-EP as well although in the
distributed learning setting considered, each worker must keep a copy of the parame-
ters anyway which means it would not reduce memory requirements. Convergent EP
(Heskes and Zoeter, 2003) is a similar algorithm with (idealised) convergence guaran-
tees but it is extremely slow to run in practice.

A critique often raised against EP is that the algorithm does not offer convergence
guarantees. In fact, Minka addresses this in his paper (Minka, 2001a) indicating that

when EP does not converge it is usually a sign of a poor choice of approximating fam-
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ily F4. Further to this, the convergence question may in fact be of little practical use
since, in any case, we do not know how good an approximation the fixed point corre-
sponding to the local moment matching conditions (LMMC) is to the fixed point cor-
responding to the global ones (GMMC) nor how good a proxy the latter is to the target
distribution. In fact, a similar criticism can be raised for Mean Field Variational Infer-
ence: the iterations provably decrease an energy and converge but it is unclear how

good a proxy it converges to. This situation is summarised in a conceptual manner in

figure 6.3.
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Figure 6.3: Toy representation of the approximating distributions obtained through
MFVIor EPwhen targeting a distribution p of interest. The starting points
are denoted with a superscript o. MFVI provably converges to a point gfy
(solid green line) but we do not know how this point compares to a dis-
tribution gjr that truly minimises the corresponding KL divergence.

By contrast, EPis not guaranteed to converge to a fixed point g7 (dashed
red line) and we also do not know how it compares to q}5 that truly min-
imises the corresponding KL divergence.

In both cases, we do not really know, in general, how the minimisers ob-
tained compare to the target distribution p (dashed purple lines). This
graph is best viewed in colours.

Finally, we note that the entirety of the EP variants discussed in this section can
be re-expressed in the general framework of “Power-EP” (Minka, 2004) where the dis-
crepancy is more general than the basic Kullback-Leibler divergence (Hernandez-Lobato
et al., 2015; Li and Turner, 2016). This, however, has little impact to the considerations

discussed in the chapterin that the only elementit changesis the definition of the pro-

jection operator P,. We focused on “classical” EP for this reason and also because, to
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the best of our knowledge, the role of the exponent in Power-EP is poorly understood

in general.
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7 | EXPECTATION PROPAGATION FOR

PARTICLE BELIEF PROPAGATION

In this chapter, we look at ways to implement the loopy belief propagation (LBP) algo-
rithm on an arbitrary MRF with continuous state-spaces. We concentrate in particular
on the representation of the messages and the computation of message updates in
the LBP algorithm.

In this chapter, we consider the nonparametric belief propagation (NBP) algorithm
of Sudderth et al. (2003) and the particle belief propagation algorithm of Ihler and
McAllester (2009). We then discuss our expectation particle belief propagation (EPBP)

algorithm (Lienart et al., 2015) and discuss how it can improve upon both.

Loopy Belief Propagation on Continuous State-Spaces

At point 5.4.3, we had shown that, at iteration n of the LBP algorithm, the messages

are obtained by computing the following integral:

m?s(xs) = /¢st($saxt)Mg(xt) dl't (71)

95
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where the pre-messages are given by

My(zs) = s(xs) H mys (). (7.2)

reds\t

Ultimately, we are interested in computing the beliefs obtained by multiplying mes-
sage and pre-message: Bl'(zs) = m} (vs) ML (xs). There are a few main computa-
tional problems to tackle when attempting to run this algorithm in a continuous state
space. First, the messages need to be represented in a tractable fashion. Second, the
message updates need to be computable and the results easily expressible in the cho-
sen representation system. Lastly, we need to be able to easily compute expected
values with respect to the resulting estimators for the beliefs. We discuss below two

existing methods attempting to tackle those issues.

Nonparametric Belief Propagation

In Sudderth et al. (2003), the authors suggest representing the messages in the LBP

iterations as mixtures of Gaussians:
M
MNP (g) = > wiN(wpl, A). (7.3)
=1

They call their algorithm nonparametric belief propagation (NBP). In order to make
computations more efficient, the authors restrict the covariance matrices to be diag-
onal. As indicated in the paper, the representation (7.3) makes sense only when the
messages are finitely integrable. To guarantee this, the authors require that all poten-

tials satisfy the following constraints:

sup/wst(xs,xt)dxt < oo, and /ws(xs)dxs < o0, (7.4)
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where the integrals are taken over the range of admissible values for the relevant vari-
able. Provided these assumptions hold, the message updates are well defined and can
be explicitly (and efficiently) computed. If these conditions are not met however the
message approximations are not well defined and the iterations may explode. Com-
puting the beliefs however, requires considering the product of mixtures of M terms
leading to a complex representation and an explosion in computational cost. In order
to alleviate this, the authors suggest an importance sampling approach targeting the
beliefs and fitting mixtures of Gaussians to the resulting weighted particles. The com-
putation of the message updates (7.1) is thereby always done over a constant number

of terms.

Main issues

A key weakness of the NBP algorithm is that the conditions (7.4) do not hold in a num-
ber ofimportant cases (the authors aknowledge this in a footnote of their paper). First,
the node potentials 1, are usually proportional to likelihoods of the form p(y, | z,)
which need not be integrable in z,,. In fact, for most non-Gaussian potentials, this is
the case. Then, there exist applications for which the first integrability condition on
edge potentials does not hold. In imaging applications for example, the edge poten-
tial can encode a measure of similarity between pixels which need not verify the first
integrability condition as in Nikolova (2000). Finally, by definition of NBP as an ap-
proximated representation with a fixed number of Gaussians, it will typically lead to

biased estimators of the LBP messages.

Particle Belief Propagation

In Ihler and McAllester (2009), the authors suggest a way to overcome the shortcom-
ings of NBP by considering importance sampling to tackle the update of the LBP mes-

sages instead of working with mixtures of Gaussians. For a chosen proposal distribu-
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tion ¢, on node u and adraw of N particles x¥ ~iid Gu, the messages are represented

via an importance sampling estimator of the corresponding integral:

PP (2e) = S0 w (XL, 2,),  where (7.5)

. ]/\/[\PBP Xs(i)
o o (X57)

7 /PBP _ ~ PBP
0y and  MIPP(z,) = vi(xs) [ A (x.).
s\ As reds\t
They call their algorithm particle belief propagation (PBP). This algorithm has the
advantage that it does not explicitly require the integrability conditions (7.4) to hold.
In terms of choosing proposals, the authors suggest two potential choices: sampling

from the local potential /s, or sampling from the current belief estimate on the node.

Main issue

The weak point of the PBP algorithm is the choice of proposal distributions. A poor
choice will lead to poor estimators of the messages which, over a few iterations of the
LBP algorithm, can lead to poor representations of the beliefs.

The first suggestion by the authors to sample from the local potential is only valid
if 1, is integrable which, as we have mentioned earlier, is not the case in general. The

second suggestion implies sampling from a distribution of the form

B (z,) o vu(x,) [] miP(a, (7.6)

reds

which is a product of mixtures of N components. As in nonparametric BP, naive sam-
pling of the proposal has complexity O(N1?%!) and is thus, in general, too expensive to
consider.

Alternatively the authors suggest running a short MCMC simulation targeting it
which reduces the complexity to order O(|0s|N?). Indeed, each MCMC iteration re-

quires evaluating BP®" point-wise which has complexity O(|ds|N), and we need at
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least O(N) iterations of the MCMC simulation to produce the samples. Note that it is
unclear how many more iterations are necessary to get NV good samples. Running a
short MCMC chain (to reduce computational cost) will therefore almost certainly lead
to biased samples. In the code the authors shared with us, they run N parallel ran-
dom walk Metropolis-Hastings chains (Robert and Casella, 2004, chapter 6) for a fixed
number of steps. This choice may have been motivated by a desire to control the com-
plexity of the algorithm more accurately but it is at the expense of the quality of the

samples obtained.

Expectation Particle Belief Propagation

As for the PBP algorithm, we considerimportance sampling to build particle represen-
tations of the messages. In our method, however, we consider a sequence of proposal
distributions at each node from which one can cheaply sample particles at a given
iteration of the LBP algorithm (Lienart et al., 2015).

The novelty of the approach is to propose a principled and automated way of de-
signing a sequence of proposals in a tractable exponential family using the expecta-
tion propagation (EP) algorithm. The resulting method, which we call Expectation Par-
ticle Belief Propagation (EPBP), does not suffer from the restrictive integrability con-
ditions of the NBP algorithm and sampling is done exactly unlike the PBP algorithm
which implies that we obtain proper importance sampling estimators of the LBP mes-
sages with almost sure convergence guarantees.

Further, the development of our method also formally shows that considering pro-
posals close to the beliefs, as suggested by Ihler and McAllester (2009), is a good idea.
Our core observation is that since sampling from a proposal of the form (7.6) using
MCMC simulation is very expensive, we should consider using a more tractable pro-

posal distribution instead. However it is important that the proposal distribution is
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constructed adaptively, taking into account evidence collected through the message
passing itself. We propose to achieve this by using proposal distributions lying in a

tractable exponential family, and adapted using EP.

Proposal selection for PBP

In this point we discuss the ideal choice of proposal distributions when considering
the PBP algorithm. We consider two connected nodes s and ¢t at a a given iteration and
assume we have already constructed particle based representations of all incoming
messages into both s and ¢ apart from the messages from s to ¢t and from ¢ to s. We

therefore have both pre-messages ]\//Tst and ]\/J\ts of the form:

M(x,) o y(xs) J] wsls)- (7.7)

reds\t

Thisisillustrated in figure 7.1.

—_ —
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Mg, M.
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Figure 7.1: /llustration of the situation for an edge (s, t): all messages coming into s
and t have been approximated apart from the messages between s and
t. Therefore approximated pre-messages (denoted M ) are available on
both nodes. We are considering the problem of determining the best pro-
posals on s and t in order to approximate the messages between s and t
given the situation.

We would like to define ¢, and ¢; in a joint manner in such a way that all objects
remain coherent with the LBP iterations. For that reason, we consider the joint belief

B, on s and t given the approximation to the pre-messages:

—~

Ba(zg, ) o My(2)thst (s, 20) My (1), (7.8)
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The marginals of the joint belief are of the form

Bu(ws) o M) / ot (e, 20) Vs (1) ity

—~

X Mg (zs)mys(xs), (7.9)

where my, is the exact (but intractable) LBP message given the pre-message approx-
imation ]\/J\ts. Following our point about defining ¢, and ¢; in a joint manner, let us
consider g;q; as a proposal for the joint belief B,;. We can then define an empirical

distribution for it:

N M (XY (X, XM, (X))

- : /5 50
0:(X)a (X)) e

(x5, 2¢). (7.10)

Marginalising this approximation over z, leads to

N T (xOVa (x®
~ Mg (X7 )mys(Xs”)
Bg(xs) E - 00 (xs), (7.11)
i=1 qs(Xé)) e

where m,, istheimportance sampling estimator for m;, using ¢; as proposal. Of course,
marginalising (7.10) over x, leads to an expression analogous to (7.11). Focusing on

node s, the expression (7.11) indicates that the proposals should be given by

—

QS<xS) X Mst(xs)mts<xs) = ws(xs) Hmrs<x5) (712)

where all m,., are importance sampling estimators built using the corresponding most
recent g, as a proposal. Further, this shows that the proposals on nodes should corre-
spond to the most recent approximation of the belief at that node which aligns with

the suggestion in lhler and McAllester (2009).
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The EPBP algorithm

As we showed in point 7.1.2, it is computationally expensive to use the particle ap-
proximated node belief as the proposal distribution. Our idea is therefore consider
an approximation ¢, drawn from a tractable exponential family F; with a structure

matching that of the belief (B, () = ¥s(xs) [ [,cs mrs(s)):

go(rs) o os(s) T sl (7.13)

reds

In the experiments we used a Gaussian family but the algorithm is - in theory - not
limited to this choice. Using the framework of expectation propagation (EP) that we
discussed in point 5.3.3, we can iteratively find good proxies to the node belief in the
exponential family.

For each r € 0s, we update the 7, following the EP framework. We start by form-
ing the cavity q}" = ¢s/n:s and the corresponding tilted distribution proportional to
mmqy. The updated distribution is then the projection of the tilted distribution onto

the exponential family manifold:
g5 — Pyliq)], (7.14)

where P is the projection operator defined in section 5.20. Consequently, the factor
nrs 1S updated: 7, <+ qs/qy. Note that projection mechanisms that project with re-
spect to divergences other than the Kullback-Leibler divergence can be considered as
well.

In the algorithm as we have described it so far, the EP steps for each incoming mes-
sage into s and for the node potential are performed first in order to fit the proposal
to the current estimated belief at s. Then, this estimated belief is used to draw NV par-

ticles which can be used to form the particle approximated messages from s to each
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of its neighbours. Alternatively, once each particle approximated message my(z;) is
formed, we can update their exponential family projections 7 (x;) immediately. This

is the scheme described in algorithm 13.

Algorithm 13 Node update in the EPBP algorithm

1: sample Xﬁi) fromgsfori=1,..., N

2: evaluate the approximate representation of the belief:

/BSS(XE)) = wS(Xéi)) H mtS(Xg))
teos

3: fort € dsdo
4 evaluate the approximate representation of the pre-message:

Ma(X7) i= By(X0) /(X (V)
5: compute the corresponding normalised weights:

wl? o Myp(X0) /g5 (X D)

6: update the estimator of the outgoing message:
N ] )
() = Y w e (XD, 2,)
=1

7 update 7. to match the update g; < P g[1)1q /1ot)
8: update 7, to match the update g; <— Py [ms:qs /7t
9: end for

To clarify the steps of the previous algorithm, we distinguish two phases.

Phase 1 of algorithm 13

In the first phase, new samples X ) on node s are drawn from the current proposal ¢,.
Consequently, theirimportance weights must be obtained which requires computing
the ES(XS)) and B, is obtained by evaluating the product of the message estimators

coming into s at those samples asillustrated on figure 7.3 below.
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7/7\74&5 5

Figure 7.2: Illustration of the first phase of the node update._ All incoming message
estimators are evaluated at the new samples X ﬁl) and multiplied along
with the value at 15 to form the BS(X‘Ez).

The message estimators are mixtures corresponding to the current weighted pop-

ulation of samples alongthe edge { (X7, w'?) Nler iy (z,) = Zévzl w (XD 2y).

Phase 2 of algorithm 13

In the second phase, the approximations for the outgoing messages m/(z;) fort €
0s (resp. the prior) are formed as well as their EP representation 7 (resp 7). For
this, the importance weights along each edge corresponding to the new population of

samples need to be computed as per (7.5) Once the weights for the outgoing message

Mis s
N
t ] ¢ | s
N~
M,

Figure 7.3: /llustration of the first part of the second phase of the node update.
All outgoing pre-message estimators are evaluated at the new samples
X and divided by the proposal ¢ to get the importance weights.

have been computed, a new approximation for the outgoing message is defined. This
mixture can then be projected onto the exponential family F, in order to get its new
EP representation 1, which will be used to update the proposal on the neighbouring
nodet as per (7.13) (same for the prior).

Note that, in the EP step, if the projection leads to an invalid distribution (e.g., in
the Gaussian case, if it leads to an element with negative variance), we simply revert

the approximation to its previous value as in Minka (2001a).
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Projection mechanisms

Inthe description above, we used the projection P, from 5.20. Computing this projec-
tion requires computing the moments of the tilted distribution. Since this is usually
intractable, we have to resort to numerical quadrature. In our scenario the moment
computation can be performed crudely on a small number of integration points since
it only concerns the updating of the importance sampling proposal. Since the dimen-
sionality of the tilted distribution in the EPBP algorithm is typically low, a simple de-
terministic quadrature rule can be used (Davis and Rabinowitz, 1975).

The key desired element for the projection is that the resulting updated proposal
distribution captures the support of the current estimator of the belief on the node.
Since this is a rather general requirement, the KL-projection P, does not necessarily
lead to the best proposals and in fact may suffer from the fact that we have to com-
pute the projection from the mean-parameter space to the natural parameter space
V A* associated with the exponential family of interest which may be numerically un-
stable. This can be mitigated by damping as described at section 6.2 but alternative
projection schemes can be tried as well. In our experiments for example, we tried
considering the ¢, € F, obtained by doing a maximum likelihood estimation of the
natural parameters based on a small number of evaluation points of the tilted distri-
bution. This proved to work well in practice and can be numerically more stable than

the original KL-projection.

Computational complexity

The steps that dominate in terms of computational complexity are the evaluation of
the approximate representation of the pre-message. Since the estimator for the be-
lief is a product of |0s| mixtures of N components, evaluating at NV sampling points is

O(|0s|N?). Further, the evaluation of the pre-message requires evaluating the mes-
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sage My, at N sampling points. Since m, is a mixture of N components, this also has
quadratic complexity. The dominating complexity of the EPBP algorithm is therefore
O(K EN?)where K isthe number of passes done over the graph, and E isthe number
of edges in the graph.

This inherent quadratic complexity can be reduced. Indeed, instead of we can fol-
low a method presented in Briers et al. (2005) to sample from a product of mixtures
where one draws, for each mixture M, a set of M indices {i} }}Z, from a multinomial
with weights {w, } ¥ | and samples from a mixture of the corresponding M terms wz‘;
This reduces the cost of the evaluation of the belief to O(|0s| M N) where M is taken to
be sub-quadraticin V. We show in the next section that this version of the algorithm
still compares favourably to the quadratic implementation with M = O(log N). Fi-
nally, note that this simplification leads to a biased algorithm but, in our experiments,
the bias seems smaller than the ambient noise making this still a practical heuristic to

use.

Experiments

We investigate the performance of our method on two simple graphs. This allows us
to compare the performance of EPBP to the performance of PBP in depth. We also
illustrate the behaviour of the sub-quadratic version of EPBP. Finally we show that
EPBP provides good results in a simple denoising application, an example on which
the PBP implementation of Ihler and McAllester (2009) would struggle to give results

in a reasonable time due to high dimensionality.

Grid and tree experiments

We start by comparing EPBP to PBP as implemented by lhler and McAllester (2009)

on a3 x 3 grid (see figure 7.4 (left)) with random variables taking values on R. The
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node and edge potentials are selected such that the marginals are multimodal, non-

Gaussian and skewed with

77ZJu(xu) = alN(xu_yu;M1701)+a2g(xu_yu;,u%ﬁ)
(7.15)

wuv(xuaxv) = »C(xu_xv;ﬂ?)aO'Ii)

where y, denotes the observation at node u, N'(z; i, o) o< exp(—z?/20?) (density of
a Normal distribution), G(z; u, 8) o exp(—[(z — p)/5 + exp(—(z — 1)/ 5)]) (density
of a Gumbel distribution) and L(x; u, 5) x exp(—|z — p|/B) (density of a Laplace

distribution). The parameters were set (arbitrarily) to:

06120.6, @220.4, /L1:—2, IUQIQ, /1320, 0'1:17 0'222, ﬁ:l?)

The choice of model was mainly driven by showing the performance on a control-
lable yet mildly multimodal and non-Gaussian setting. The model for the edge po-
tential corresponds to a distribution around an ¢, discrepancy between neighbouring
nodes. While simple, the model already allows to clearly show that PBP underper-
forms as compared to EPBP.

We compare the two methods after 20 LBP iterations." We then repeated the exper-
iments on a tree with 8 nodes (figure 7.4 (right)) where we know that, at convergence,
the beliefs computed using BP are proportional to the true marginals. Again, the node

and edge potentials are picked such that the marginals are multimodal with this time

1/@(%) = OélN(qu — Yus M1, Ul) + O‘2N(xu = Yu; 1”27 UQ)
(7.16)

%w(%ﬁv) = E(mu_$vaﬂd>ad)

The scheduling used alternates between the classical orderings: top-down-left-right, left-right-
top-down, down-up-right-left and right-left-down-up. One “LBP iteration” implies that all nodes have
been updated once.
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with the parameters also set in an arbitrary fashion to:
o = 03, Qg = 07, M1 = —2, Mo = 1, M3 = 0, g1 = 1, 09 = 05, 03 = 1.

On this second example, we also considered “pure EP” with Gaussians to compare

with EPBP and PBP.

Figure 7.4: /llustration of the grid (left) and tree (right) graphs used in the experi-
ments.

PBP as presentedin Ihlerand McAllester (2009) isimplemented using the same pa-
rameters than those in animplementation code provided by the authors: the proposal
on each node is the last estimated belief and sampled with a 20-step MCMC chain, the
Metropolis Hastings proposal is a normal distribution. For EPBP, the approximation
of the messages are Gaussians. The ground truth is approximated by running LBP on
a deterministic equally spaced mesh with 200 points. All simulations were run with
Julia on a Mac with 2.5 GHz Intel Core i5 processor, our code is available online.? All
the experiments were run multiple times as shown on the figures to account for the
inherent stochasticity of the methods. The mean trends are also drawn.

Figure 7.5 compares the performances of both methods. The error is computed as

the mean absolute error (MAE) over all nodes between the estimated beliefs and the

https://github.com/tlienart/EPBP.
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ground truth using the same equally spaced mesh used for the ground truth i.e.:

200

MAE = VST ]R-(xj) — BS(x,) (717)
ey j=1
where the z; are the grid points.

One can observe that not only does PBP perform worse than EPBP but also that
the error plateaus with increasing number of samples. This is because the sampling
within PBP is done approximately and hence it does not correspond to a proper im-
portance sampling estimator which means any convergence guarantee is lost. Note
that for EPBP, one observes the expected 1/+/N convergence of particle methods dis-

cussed in lhler and McAllester (2009).

10°

——PBP
——EPBP

Mean L1 error
-
o

Number of samples per node

Figure 7.5: Comparison of the mean L' error for PBP and EPBP for the 3 x 3 grid
example. EPBP is more accurate for the same number of samples.

Figure 7.6 compares the estimator of the beliefs obtained by the two methods for
three representative nodes (node 1, 5and 9 asiillustrated in figure 7.4 (left)). The figure
also illustrates the last proposals constructed with our approach and one can notice
that their supports match closely the support of the true beliefs.

The speed-up offered by EPBP is very substantial as can be seen in figure 7.7 (left).

Hence, although it would be possible (and sensible) to use more MCMCiterations within
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Figure 7.6: Comparison of the beliefs on node 1, 5 and 9 (top left, top right, bottom)
asobtained by evaluating LBP on a deterministic mesh (true belief), with
PBP and with EPBP for the 3 x 3 grid example. All three plots share the
same legend. The proposal used by EPBP in the last step is also illus-
trated. The results are obtained with N = 100 samples on each node
and 20 BP iterations. One can observe visually that EPBP outperforms
PBP.
PBP to improve its accuracy, it would make the method prohibitively expensive to use
compared to EPBP. Figure 7.7 (right) illustrates how the estimated beliefs converge as
compared to the true beliefs with increasing number of loopy belief propagation iter-
ations. One can observe that PBP converges more slowly and that the results display
more variability which is likely also due to the MCMC runs being too short.
The same experiments were also run on the tree example with similar results. Ad-
ditionally, we looked at how “pure EP” with normal distributions performs. We also

tried using the distributions obtained with EP as proposals for PBP (referred to as “PBP

after EP” in figures). All those methods underperform compared to EPBP. In particu-
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Figure 7.7: (left) Comparison of the wall-clock time needed to perform PBP and
EPBP on the 3 x 3 grid example. (right) Comparison of the convergence
in L* error with increasing number of BP iterations for the 3 x 3 grid when

using N = 30 particles.

lar one can observe in figure 7.8 that “PBP after EP” converges slower than EPBP with

increasing number of samples.

10

+ EPBP
o PBP after EP

]

Mean L1 error
-
o

1

10—2 L
10" 10? 10°
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Figure 7.8: Comparison of the mean L' error for EPBP and “PBP after EP” for the
tree example. EPBP is more accurate and converges faster.
Figure 7.9 compares the estimator of the beliefs obtained by all the methods on the
tree example for three representative nodes (node 1, 3 and 8 as illustrated in figure 7.4
(right)). As for the grid example, the figure illustrates how EPBP better recovers the

true beliefs.
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Figure 7.9: Comparison of the beliefs on node 1, 3 and 8 (top left, top right, bottom)
asobtained by evaluating LBP on a deterministic mesh, using EPBF, PBF,
EP and PBP using the results of EP as proposals. All three plots share
the same legend. This is for the tree example with N = 100 samples
on each node and 20 LBP iterations. Again, one can observe that EPBP
outperforms the other methods.

7.3.2 Sub-quadratic implementation and denoising application

As outlined at point 7.2.4, the inherent quadratic complexity of the EPBP algorithm
can be reduced to O(M N) where M is the number of mixture components effectively
considered to represent the messages. We also consider the maximum likelihood-
based projection mechanism as discussed in section 7.4 for the two experiments.

We apply this method to the 3 x 3 grid example in the case where M = O(log(N)):
for N = {10, 20, 50, 100, 200, 500}, we pick M = {5,6,8,10, 11, 13}. The results are
illustrated in figure 7.10 where one can see that the NV log N implementation compares

very well to the original quadratic implementation at a much reduced cost.
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Figure 7.10: Comparison of the quadratic and O(NlogN) implementations. (left)
Comparison of the mean L1 error, (right) comparison of the wall-clock
time. The sub-quadratic implementation performs almost as well as
the original implementation and offers a significant speedup.

We apply the same sub-quadratic method on a simple probabilistic model for an
image denoising problem. The aim of this example is to show that the method can
be applied to larger graphs and still provide good results. The model underlined is
chosen to showcase the flexibility and applicability of our method in particular when
the edge-potential is non-integrable (i.e. it would not meet the necessary condition

(7.4) for NBP). It is not claimed to be an optimal approach to image denoising.?

The node and edge potentials are defined as follows:

Py (Ty) = N(zy—44;0,0.1)
(7.18)

i/fuu(%,%) = £A(CCU—Z'U;O,O.O3>

where L2 (z; 1, B) = L(x; 1, B) if |z| < Xand L(\; i, 8) otherwise. The node potential
represents a simple Gaussian noise while the edge potential represents a clipped ¢,
similarity. In this example we set A = 0.2. The value assigned to each pixel of the
reconstruction is the estimated mean of the belief obtained over the corresponding

node (figure 7.11). The image has size 50 x 50 (therefore corresponding to a grid graph

3n this case in particular, an optimisation-based method such as that of Rudin et al. (1992) is very
likely to yield better results and much faster.
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of 2500 nodes) and the simulation was run with N = 30 particles per nodes, M = 5
and 10 BP iterations taking under 2 minutes to complete with the setup described
earlier. We compare it with the result obtained with EP on the same model. Running
PBP or any other quadratic method on this example is prohibitively expensive due to

the size of the underlying graph.

Figure 7.11: From left to right: comparison of the original (first), noisy (second)
and recovered image using the sub-quadratic implementation of EPBP
(third) and with pure EP (fourth).

7.4 Discussion

In this chapter, we presented an original way to design adaptively efficient and easy-
to-sample-from proposals for a particle implementation of the LBP algorithm. The
construction of proposals is done in the Expectation Propagation framework.

We have demonstrated empirically that the resulting algorithm is significantly faster
and more accurate than an implementation of the PBP algorithm using the estimated
beliefs as proposals and sampling from them using MCMC as proposed in Ihler and
McAllester (2009). Itis also more accurate than using plain EP due to the nonparamet-
ric nature of the messages and offers estimators of the LBP messages with almost sure
convergence guarantee.

A sub-quadratic version of the method was also outlined and shown to perform al-
most as well as the original method on mildly multi-modal models, it was also applied

successfully in a simple image denoising example illustrating that the method can be
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applied on graphical models with thousands of nodes at a reasonable computational
cost.

We believe that our method could be applied successfully to a wide range of ap-
plications requiring good approximation of the marginals of continuous MRFs such as
smoothing for Hidden Markov Models Briers et al. (2010), tracking or computer vision
Sudderth et al. (2004); Felzenszwalb and Huttenlocher (2004).

As discussed in point , other projection mechanisms than the KL projection can
be considered. We could also look at other discrepancy measure than the KL such as
a-divergences. This latter choice would suggest considering the power-EP framework
(Minka, 2004) and could be justified if we seek to build representations of the mes-
sages with specific properties. It is unclear to us however how the choice of power in
power-EP affects the quality of the proposals representing the node beliefs nor how

it would affect the performances of the algorithm.
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In this chapter, we offer a critical look on the results obtained in this thesis and suggest
further lines of work.

The purpose of this thesis was to leverage factorisation structures in probabilistic
modelsin orderto reduce the computational cost associated with traditional Bayesian
inference methods. While a few interesting results were obtained, improving exist-
ing methods, it became clear during the analysis that some of the foundations of the
methods themselves had issues. We discuss this superficially below before elaborat-
ing for each of the approaches we considered of the thesis.

Afirstsimple criticism that can be leveraged towards performing inference on MRFs
is that the inference step is, in some sense, a secondary one. The first and arguably
most important one is to determine the model itself. In terms of the MRF this corre-
sponds to determining the topology of the graph and determining the potentials on
the cliques. This choice is potentially much more important than the inference al-
gorithm used thereafter. Therefore, discussing accuracies obtained by different com-
putational methods can seem inappropriate when the uncertainty around the model
choice overwhelms the accuracy improvements obtained.

A second key criticism is that one of the justifications for attempting to perform

116
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Bayesian inference is to model uncertainty. However it became clear during the work
that led to this document that while the literature often mentions the need for un-
certainty estimates (for example in a recent Nature paper by Ghahramani (2015)), it
equally often omits to mention how exactly the quality of this uncertainty is assessed.
Further, much of the literature in “Bayesian Machine Learning” discusses accuracy
metrics such as the predictive RMSE or other metrics obtained with the posterior mean
rather than, for example, the log-likelihood on a held out set. This is odd since opti-
misation methods relying on an appropriately regularised maximume-likelihood esti-
mator will lead to similar (and likely better) metrics at a fraction of the computational
cost using optimisation methods (see also Green et al. (2015)). Finally, using surrogate
distributions as has been popularised with computationally-cheap methods such as
stochastic variational inference (Hoffman et al., 2013) often leads to uncertainty esti-
mates that are inadequate as discussed by Wang and Titterington (2005) which ques-
tions the reason for favouring such methods over regularised maximum likelihood es-

timation techniques.

On Sampling Methods

In the part on sampling methods, we started by considering the smoothing problem
on a well defined non-linear Hidden Markov Model. Standard approaches such as the
Forward Backward Smoothing Algorithm require a quadratic computational costs in
the number of particles used to represent the marginals. We showed that these meth-
ods do not suffer significantly when colliding populations of samples are subsampled
to reduce the total number of interactions that need to be considered. While this is
good news in terms of computational complexity, we can not help but note that the
overall performance of all particle smoothers we tested (quadratic or not) is rather

poor at recovering a signal close to the ground-truth and, more importantly, does not
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seem empirically to offer a significantly better approximation than simply looking at a
Particle Filter. This point becomes even more obvious if the transition and observation
densities are not known precisely. Of course, this observation is model-dependent
and there may be specific models for which a particle smoother will significantly out-
perform the particle filter in the same way that the Kalman smoother can significantly
outperform the Kalman filter.

We then looked at applying the Local Bouncy Particle Sampler on the Probabilis-
tic Matrix Factorisation problem. While the application was interesting in its own right
and thereby showed that the LBPS seems to be a viable option for inference on large
graphical models, the reader surely noticed that the reported results - RMSE on the
test set, the metric of choice of the corresponding literature - were blown out of the
water by an adequate application of the Sparse SVD algorithm. This may reflect the
data we considered (MovieLens 1M) since Salakhutdinov and Mnih (2008) show better
performances of Bayesian PMF over SVD.' The LBPS is still in its early days of develop-
ment and future work could look in more details at the selection of parameters such
as the refreshment rate A which seem to play an important role in the quality of the
output trajectories. Exploring and interpreting results obtained on other large scale

graphical models would also add to the understanding of this interesting method.

On Approximate Bayesian Inference

In the part on Approximate Bayesian Inference, we presented versions of the Expecta-
tion Propagation (EP) algorithm which are robust to Monte Carlo noise and can there-
fore be used as the backbone of a distributed Bayesian inference mechanism. We
showed that a version of the EP algorithm inspired from the Mirror Descent algorithm

performs much better than other versions considered. This is a positive result how-

"Though, as discussed earlier, it is important to note here that it is not specified what implementa-
tion of SVD they used nor whether they centred the data before applying the SVD.
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ever it is unclear whether the uncertainty estimates obtained with the procedure are
usable in complex models. Further, since (as per usual) it is the predictive RMSE that is
reported, more work should be done to compare the results obtained from applying
such a method as compared to a optimisation-based methods such as downpour SGD
(Dean et al., 2012).2

Lastly, we looked at improving on the Particle Belief Propagation algorithm for ar-
bitrary undirected graphical models using proposals on graph nodes that were adap-
tively constructed using EP. The method clearly outperformed PBP and is computa-
tionally not too expensive making it an attractive alternative. However, the method
assumes that performing the Loopy Belief Propagation algorithm is an appropriate
way of recovering sensible marginals on the graph nodes which is not guaranteed.
The recovered beliefs may be good proxies for marginals but there are no guarantees

as how they compare to the true marginals.

On scalable Bayesian Methods

Recently there has been much interest in applying Bayesian methods in the “Big Data”
setting as well as in Machine Learning. We refer here to two insightful reviews on the
topic: Green et al. (2015); Bardenet et al. (2017), both leading to a rather negative per-
spective on existing methods and approaches in the field.

Let us consider classical Machine Learning models based on a feature matrix of di-
mensions n x pwhere n is the number of instances and p the number of dimensions of
the feature space (state space). In the case of low n (hundreds or less) and low p (half a
dozen or less), Bayesian computations are known to be computationally practical and
useful (Gelman et al., 2013). In the case of large n and p < n, also known as tall data,

recent work has shown that Bayesian inference methods are not particularly useful

2Note that this was partially done in our paper (Hasenclever et al., 2017) but should be repeated in
a simpler setting where all the moving parts are appropriately controlled.



120 8.3. On scalable Bayesian Methods

and may in fact underperform significantly (Bardenet et al., 2017; Nagapetyan et al.,
2017). However, the case of increasing interest has p large or very large. The ques-
tion then becomes one of understanding the kind of conditional dependence struc-
ture that can be assumed on the features. Assuming a fully dependent model (dense
graph) often leads to computationally intractable problems. Assuming a fully inde-
pendent model (disconnected graph) or proxy like in Mean-Field Variational Inference
or EP with a diagonal Gaussian exponential family, may be computationally cheap but
may also be inappropriate and lead to grossly underestimated uncertainty estimates.
Further, a better approach in the case where one is willing to consider a disconnected
graph may simply be to consider a regularised maximum likelihood estimator.

We believe that the case of a sparse graphical model with a large number of nodes
is the most promising one for Bayesian methods. Indeed, when a large number of
nodes are present and the amount of data is limited in such a way that the poste-
rior is not too concentrated, we believe that Bayesian inference can offer interesting
perspectives. Few inference methods truly leverage such structures though the Lo-
cal BPS seems to us to be a promising attempt and improvements are actively being
researched upon.

Naesseth etal. (2015) have also proposed a SMC-like framework for graphical model
which offers another interesting avenue for further exploration. We believe that this
is an area of Bayesian computations where more work could lead to interesting and

practical methods corresponding to modern applications.
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Fearnhead’s Algorithm for a Linear-Gaussian Model

We describe here an algorithm corresponding to the description in (Fearnhead et al.,

2010) with a simple linear and Gaussian underlying dynamic:

7'('0(371) = N(xl;NO7QO>

p(It|It—1) = N(xt;Atxt—17Q)

We start by discussing the form of the normalising densities following the choice sug-
gested in (Briers et al., 2010) and considered in (Fearnhead et al., 2010) then discuss
how the corresponding normalised backward information filter (BIF) can be targeted
and finally how the particle filter and the normalised BIF can be coupled to yield esti-

mators of the smoothing densities.
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Normalising densities

The normalising density are defined with ~; = 7y and subsequently

%@t) = /p(l"t | fEt—l)’Yt—l(fEt—l) dzyq, for2<t<T (A1)

The integrand is a product of two Gaussian terms and so clearly v; will be a Gaussian
itself. Let ;1 and 3;_; denote the mean and covariance matrix of 7;_1. The quadratic

term corresponding to the integrand is (ignoring the constant terms in z; and z;_1):

Q7w — 200 A QT 208 S+l ATQT Ay +

xiflx;llxt,l — 2,&;;712;71133}/,1. (A2)

In order for the integral (A.1) to simplify, we need to exhibit a Gaussian term in z;_; so

that the term integrates out easily. Assembling the terms in x;_; appropriately we get
xi—l(AtQ_lA + E1:_—11>$1t—1 - 2$§—1(AtQ_137t + Z;—l1ﬂt—1)~

In order to form a complete Gaussian, we need to add a term corresponding to the
mean. Let us call the mean and covariance matrix of this Gaussian pf_, and 37 _, re-

spectively. We have:

(Z)7 = AQTA+E

()t = AQ 7w+ S

The completion termis p? (X2 ;)" 'us_, and must now be removed from the remain-

ing terms in (A.2) to uncover the resulting Gaussian in x;. We finally obtain the follow-
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ing quadratic termin x;
(@ QAT AQ ) - 20 (@ AST S ).

This last expression gives the following recursion for the mean and the covariance ma-

tricesofthey, fort =2,...,T:

Et—l _ Q—l _ Q_IAE;_lAtQ_I
(A.3)

W= X (Q‘lAZ;_lz;llut_l)

Targeting the normalised BIF

Now that we have defined the normalising densities, we can sample backwards to
target the normalised BIF. Let us denote by f(t(j) and wt(j) the particles and weights as-
sociated with the normalised BIF. The initial set of particles for step T can be sampled
from the optimal proposal v (x¢)p(yr | ) which is a Gaussian in z7; using a similar
approach than in the previous point, it is easy to see that the mean /i and covariance

matrix Y1 are given by
St = S '+ B'R'B
fir = Yr (37 ur + B'R 'yr)

The weights are uniform since the sampling is done from the optimal proposal. Sub-

sequently, the optimal proposal for the following steps is derived from (3.9):

Ye(@)p(@eg1 | 20)p(Ye | 74)
’7t+1(Xt(i)1)

(x| X)) =

)
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and the numerator is a Gaussian in x; and, again, it is easy to obtain

' = NP+ BRTIIBHA'QTA

fe = S (3w + B' Ry 4+ A'Q 7wy )

Thistime, the weights need to be adapted to reflect the term ;4 (f(,fi)l) whichis easily
computed as it is the likelihood of a Gaussian with known mean and variance. There-
fore,we havefort =7 —1,...,1:
X9~ Nz ii. S
t (45 fie, Xt

forj=1,...,N.
o) ol (X))

Targeting the smoothing distributions

The last step of the algorithm is the combination of the representation of the predic-
tive density relying on a particle representation of thefiltering densities {Xt(i), wﬁi)}fvi’zl
with that of the normalised BIF. For this, as suggested in Fearnhead et al. (2010), we

follow the procedure below:

"~ M{w"}H)

5~ M({wt(j)}iN:ﬂ forj=1,...,N,andt=1,...,T

()
Xt] ~ o Pix g (¢)

\

where p;« i« (x;) = p()N(t(fl) | z0)p(ye | ) p(ae | Xt(i*l)) and no reweighing step is needed
since we can sample from it exactly (it is a Gaussian) and it is the optimal proposal.

Using the same approach as in the previous two points, if we denote the parameters
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of the optimal proposal ;- ;- as i, and 3, then:

Y, = Q'+ AQ'A+B'R'B

B = X (AtQ_IXg-*l) + Q_IAXt(i*l) + BtR_th)

Mirror Descent and Natural Gradient

In this part we show briefly the reasoning behind the mirror-descent algorithm focus-

ing on the case of the KL geometry that is considered in the core document.

Classical gradient descent

We start from the generic problem of unconstrained minimisation of a convex func-
tion f. Additionally, we assume that the function has a computable gradient V f ev-

erywhere. The gradient descent algorithm considers the following iterative scheme:

Thy1 — $k—Oszf([L‘k),

which, under some conditions on the sequence of step-sizes («y)5° will converge to a
minimiser of the function i.e., an z* such that f(z*) < f(z) for all z. This scheme is

equivalent to solving a sequence of optimisation problems:

. 1 ||z — ap)?
tpt = argmin {<x,w<xk>>+a—k%}. (A4)

This re-formulation shows that the gradient-descent is explicitly linked to an isotropic
Euclidean geometry via the distance d(z, y) = ||z — y||> /2. Other geometries can be
considered by considering other distances or divergences. In particular, when a Breg-

man divergence is considered we get the mirror descent algorithm as shown below.
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Bregman divergences

Consider a smooth, strictly convex function . By definition, this function is such that

for any couple of points (z, z) in its domain with = # z,

p(z) > @)+ (2 -, Vo(x)).

We can therefore build a divergence by rearranging the previous inequality:

By(z,z) = ¢(2) —¢(z) — (z —z,Vp(z)). (A.5)

Note that B,(z,z) > 0 for all admissible z # = and B,(x,z) = 0 for all admissible
x. Apart from the fact that such a Bregman divergence is not necessarily symmetric, it
has the same properties as a distance. A particular case is that of p(z) = ||z[|3 /2 in

which case the associated Bregman divergence is nothing but the Euclidean distance.

Mirror descent algorithm

Let us now consider the generalised gradient descent scheme with the Bregman di-

vergence associated with some strongly convex, smooth function ¢:

Tpy1 = argmmin {(x,Vf(mk)>+aikB¢(a:,xk)}. (A.6)

Multiplying the objective function by «y, rearranging and taking the gradient in z to

get the first order condition leads to:

Oszf<£Ek) + V@(Ik_H) - Vgo(xk) = 0.
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Rearranging and using (V) = V¢* leads to:

T = Vo' V() — apV ()] - (A.7)

This algorithm is known as the mirror descent algorithm (Beck and Teboulle, 2003).

KL geometry and natural gradient descent

When considering an objective function 7 depending on a distribution ¢y € F,, one
can consider the geometry of the natural parameters i.e., iterate from 6, to 6, using
the classical gradient descent scheme. However, 6, and 6.1 will index two distribu-
tions gs, and g, ., and it therefore makes more sense to consider a divergence be-
tween those distributions rather than between their natural parameters. We consider

the KL divergence with for ¢, ¢’ € F,:

KL(¢',q) = Egflogq —logq].

Since g = exp((0, ¢) — A(#)), this reduces to

KL(¢',q) = A(0') = A(6) — (0 — 0, A(6))

which is the Bregman divergence associated with the log-partition function A. The

corresponding mirror-descent algorithm reads:

which is often known as the natural gradient descent algorithm in the machine learn-
ing community. For a deeper analysis of the reasoning behind using the natural gra-

dient descent in learning, we refer to the seminal paper by Amari (1998).
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