
Inference on Markov Random Fields:
Methods and Applications

Thibaut Lienart

University College, University of Oxford

A thesis submitted for the degree of Doctor of Philosophy

Michaelmas 2017

Abstract

This thesis considers the problem of performing inference on undirected graphical
models with continuous state spaces. These models represent conditional
independence structures that can appear in the context of Bayesian Machine
Learning. In the thesis, we focus on computational methods and applications. The
aim of the thesis is to demonstrate that the factorisation structure corresponding to
the conditional independence structure present in high-dimensional models can be
exploited to decrease the computational complexity of inference algorithms. First,
we consider the smoothing problem on Hidden Markov Models (HMMs) and discuss
novel algorithms that have sub-quadratic computational complexity in the number
of particles used. We show they perform on par with existing state-of-the-art
algorithms with a quadratic complexity. Further, a novel class of rejection free
samplers for graphical models known as the Local Bouncy Particle Sampler (LBPS) is
explored and applied on a very large instance of the Probabilistic Matrix
Factorisation (PMF) problem. We show the method performs slightly better than
Hamiltonian Monte Carlo methods (HMC). It is also the first such practical
application of the method to a statistical model with hundreds of thousands of
dimensions. In a second part of the thesis, we consider approximate Bayesian
inference methods and in particular the Expectation Propagation (EP) algorithm. We
show it can be applied as the backbone of a novel distributed Bayesian inference
mechanism. Further, we discuss novel variants of the EP algorithms and show that a
specific type of update mechanism, analogous to the mirror descent algorithm
outperforms all existing variants and is robust to Monte Carlo noise. Lastly, we show
that EP can be used to help the Particle Belief Propagation (PBP) algorithm in order
to form cheap and adaptive proposals and significantly outperform classical PBP.
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NOTATIONS

We list here notations used throughout the document that are considered to be com-
monly used in computational statistics. Non-standard notations will be introduced in
the document explicitly.

Vectors, matrices and functions

For a vector x ∈ Rd we write ‖x‖p the p-norm of x with ‖x‖pp =
∑

i=1:d |xi|
p for p ∈

[1,∞). For x, y ∈ Rd, we write 〈x, y〉 =
∑

i=1:d xiyi the inner product of x and y. For a
nonnegative vectorxuwewritexu ∝ x if there is a normalisation constantZ such that
x = Z−1xu has components summing to one. We write z+ to denotemax{0, z}. We
denote the transpose of amatrixA ∈ Rd×d byAt. A is said to be semi positive definite
if 〈x,Ax〉 ≥ 0 for all x ∈ Rd and positive definite if the inequality holds strictly for
all x 6= 0. We denote by Sd+ ⊂ Rd×d the set of symmetric positive definite matrices
and by Sd− the set of matrices B such that −B ∈ Sd+. For a real-valued measurable
function f on a set X ⊆ Rd, we write

∫
f(x)dx to denote the integral of f on the

whole of X . We write ‖f‖p = (
∫
|f(x)|p dx)1/p the p-norm of f for p ∈ [1,∞). We

writeL1(X ) the set of functions such that ‖f‖1 <∞ andP(X ) ⊂ L1(X ) denotes the
restriction to nonnegative functions integrating to one (probability density functions).
For a nonnegative function gu ∈ L1(X ) we write gu ∝ g to indicate that there is a
normalisation constant Z such that g = Z−1gu with g ∈ P(X ). For a real-valued,
di�erentiable function f onX , wewrite∇f its gradient and∇2f its Hessian provided
f is twice di�erentiable.

Probabilities and expected values

We consider continuous sample spaces X ⊆ Rd and, by default, we consider the as-
sociated Borel σ-algebra. Correspondingly, we use the shorthand (X ,P) to denote a
probability space with P the probability measure. We will solely consider probability
measures that admit a probability density function pwith respect to a basemeasure ν
with thereforeP(x ∈ A) =

∫
A
p(x)ν(dx) for any open subsetA ⊂ X . WewriteX ∼ p

i
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to denote a random variable associated to p and {X(i)}Ni=1 ∼iid p for a set of indepen-
dent such random variables. In particular, N ( · ;µ,Σ) denotes the multivariate nor-
mal distribution with mean µ ∈ Rd and covariance matrix Σ ∈ Sd+, δa(·) denotes the
Dirac-delta distribution with point-mass at a, B(ρ) is the Bernoulli with success-rate
ρ andM(α1, . . . , αd) is the multinomial distribution over d cases where αi denotes
the success-rate of case i. For such a probability space (X ,P) and a vector-valued
mapping ϕ : X → Rd, we write the expectation and the covariance matrix of ϕ with
respect to p as (Ep[ϕ(X)])i =

∫
X ϕi(x)p(x)ν(dx) andVp[ϕ(X)] = Ep[ϕ(X)ϕ(X)t]−

Ep[ϕ(X)]Ep[ϕ(X)]t respectively. We write KL(p, q) = Ep[log p(X)] − Ep[log q(X))]
the Kullback-Leibler divergence between two probability distribution functions p and
q onX .

Convex analysis
Let B ⊂ Rn denote the Euclidean unit ball with B = {x ∈ Rn | ‖x‖2 ≤ 1}. For
any subset C ⊆ Rn, we write int (C) the interior of C with int (C) = {x ∈ C | ∃ε >
0, x+ εB ⊂ C}. Correspondingly wewrite cl(C) the closure ofC with cl(C) = ∩{C+
εB | ε > 0}. A setC is convex if for any x, y ∈ C, (1− λ)x + λy ∈ C for all λ ∈ (0, 1).
LetΩ be an arbitrary connected and nonempty subset ofRn; a function f : Ω→ R is
said to be convex if f((1−λ)x+λy) ≤ (1−λ)f(x) +λf(y). For an arbitrary function
f : Ω→ R, we denote by f ? : R→ R∪{+∞} the convex-conjugate of f with f ?(y) =
supy∈Ω[〈x, y〉 − f(x)]. The set of minimisers of a function f on a open, nonempty set
C is denoted by arg minx∈C f(x) i.e. the set {x ∈ C | f(y) ≥ f(x), ∀y ∈ C}. For a
di�erentiable and strictly convex function ϕ : C → R, we denote by Bϕ(x, y) the
Bregman divergence associated to ϕ between x and y in C with Bϕ(x, y) = ϕ(x) −
ϕ(y)− 〈x− y,∇ϕ(y)〉.

Miscellaneous
We denote an undirected graph by a set of vertex labels V and edges E ⊆ V × V . For
a node u ∈ V we write ∂u = {v ∈ V | (u, v) ∈ E} the neighbourhood of node u.

We denote the complexity of an algorithm byO(h(N)) to indicate that it scales in
N like h(N) for largeN . If the algorithm isO(N) (resp.O(N2)) we say the algorithm
has linear (resp. quadratic) complexity in N . If the complexity is between linear and
quadratic, e.g.: O(N logN), we say the algorithm is sub-quadratic. We use the same
notations to describe the convergence of algorithms.

Abbreviations
We list below abbreviations that are used in this document by alphabetical order and
link to where they are first used or introduced in the document.

BIF Backward Information Filter (section 3.1)
BP/LBP (Loopy) Belief Propagation (section 5.4)
BPS/LBPS (Local) Bouncy Particle Sampler (section 2.3)
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HMM(s) Hidden Markov Model(s) (section 1.2)
MCMC Markov Chain Monte Carlo (section 2.1)
MRF(s) Markov Random Field(s) (section 1.1)
NBP Nonparametric Belief Propagation (section 7.1)
PBP Particle Belief Propagation (section 7.1)
PD Predictive Density (section 1.2)
PDMP Piecewise Deterministic Markov Process (section 2.3)
(I)PP (Inhomogeneous) Poisson Process (section 2.3)
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1 | INTRODUCTION

In this thesis, we consider the framework of Bayesian inference in Machine Learning

whereone is interested in combiningprior knowledgeabout theparameters of a given

model with the likelihood of the observed data given the model. This combination of

prior and likelihood leads to a posterior distribution on the parameters which is the

key object of interest in Bayesian inference. This can be written

p(θ | D) ∝ p(D | θ)p(θ) (1.1)

where p(θ) is the prior distribution function over the parameter of interest θ, p(D | θ)

denotes the likelihood of the data D for a given model parameter and p(θ | D) is the

posterior distribution over the parameters.

We focus on the problemof estimating expected valueswith respect to such apos-

terior distribution and in particular with respect to itsmarginals. Further, we consider

the casewhere the posterior factorises in a specificway and considermethods that at-

tempt to leverage the factorisation structure too�er estimators at a reducedcomputa-

tional cost. The thesis concentrates on computationalmethods to tackle the problem

in a number of important cases as well as applications and experiments.

1



2 1.1. Markov Random Fields

The thesis is divided in twoparts. In the first part –SamplingMethods–weconsider

“exact” methods that attempt to produce samples from the true marginals and lead

to estimators of expectations of interest that are exact in the limit of infinite computa-

tional power and infinite precision in the representation of numbers. These meth-

ods can work well when the dimensionality of the state-space associated with the

marginals of interest is not too high.

In the second part – Approximate Bayesian Inference – we consider approximate

methods that attempt to find proxies for the marginals in restricted probability dis-

tribution spaces. These methods can o�er a viable alternative to sampling methods

when the latter become too expensive to consider.1

In this introductory chapter we introduce the concept of Markov Random Fields

and present a few classical examples.

1.1 Markov Random Fields

A Markov random field (MRF) is a graph structure that represents joint distributions

functions that factorise in a specific way or, in other words, to represent a set of con-

ditional dependences between a set of random variables. In this document, we con-

sider graphs determined by a finite index set V , a set of edges E ⊆ V × V connecting

those nodes and potential functions on its cliques (fully connected components of the

graph). Each node i ∈ V corresponds to one random variable taking values in a sam-

ple spaceXi ⊆ Rdi for some dimension di ∈ N.

We restrictourselves tographswithpairwise interactions i.e., uniquelydetermined

1The separation between “exact” and “approximate” methods is a bit arbitrary. Another perspec-
tive can be to distinguish between “sampling” versus “distributional” approaches.
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by potential functions on their nodes and edges.2 Wewrite

ψi : Xi → R+, and ψij : Xi ×Xj → R+,

respectively a potential function on a node i ∈ V and on an edge (i, j) ∈ E . Such a

graph represents the factorisation structure of a class of probability density functions

on the product spaceX :=
∏

i∈V Xi that can be written as

p(x) ∝
∏
i∈V

ψi(xi)
∏
j∈∂i

ψij(xi, xj), (1.2)

where x = (xi)i∈V and ∂i := {j | (i, j) ∈ E} denotes the neighbourhood of the ith

node. A simple pairwise MRF is illustrated in figure 1.1.

w

x

zy

Figure 1.1: Illustration of a simple MRF corresponding to distributions over 4
random variables admitting the following factorisation structure:
p(w, x, y, z) ∝ ψw(w)ψx(x)ψy(y)ψz(z)ψwx(w, x)ψwz(w, z)ψwy(w, y).

In this work, we aremainly concerned in determining or approximatingmarginals

on the MRF i.e. the distributions pI(xI) for I ⊆ V with

pI(xI) :=

∫
p(x) dxV\I , (1.3)

where the integral is implicitly taken over
∏

i/∈I Xi.
2Considering only pairwise MRF is not too constraining since any MRF can be expressed as a pair-

wise MRF by the introduction of auxiliary variables although this may lead to a very complex graph
(Weiss and Freeman, 2000; Wainwright and Jordan, 2008).



4 1.2. Examples of MRFs

Aparticular caseof interest is I = {r}corresponding to thecaseof singletonmarginals

(Wainwright and Jordan, 2008, section 2.3). The integrals of the form (1.3) are typically

intractable but exploiting the underlying factorisation structure can lead to good ap-

proximation methods.

Wedistinguishbetween twoclassesof undirectedgraph structures: the connected

acyclic ones (trees) and the rest (loopy graphs). As wewill show, computingmarginals

on a tree is relatively simple in comparison to doing so on loopy graphs. Among the

trees, two graph structures are of particular interest in this document: the chain graph

and the star graph. We also illustrate one specific type of loopy graph: the grid graph.

1.2 Examples of MRFs

In this section, we present a brief overview of three examples of graph structures on

whichwewill focusmost of our e�ort throughout this document. We also present the

type of applications they are connected with.

1.2.1 Hidden Markov Models

Chain graphs, where the randomvariables on every node take value in the same state-

spaceX , form the underlying structure of Hidden Markov Models (HMM) an important

class of models. These can be illustrated as follows:

xt−1 xt xt+1 . . .. . .

yt−1 yt yt+1

Figure 1.2: HMMwith states {xt}Tt=1 and observations {yt}Tt=1.

HMMs are used in a broad range of applications from modelling time series data

to speech processing (see for example Ghahramani (2001); Gales and Young (2007);
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Zucchini et al. (2016)). In HMMs, the node potentials correspond to the likelihood of

the corresponding observation and the edge potentials correspond to the transition

density:

ψt(xt) = p(yt |xt), and ψt−1,t(xt−1, xt) = p(xt |xt−1).

A prior π0 ∈ P(X ) is assumed to be given for the first node so that we can write

p(x1 | y1) ∝ π0(x1)p(y1 |x1).

In the case of the HMM, obtaining or approximating the singleton marginals on

the nodes from 1 to T given the observations y1:T is known as a smoothing problem.

The marginals or smoothing densities can be written p(xt | y1:T ) to make explicit the

dependence on all available observations.

A related problem is the filtering problemwhere one is only interested in building

the last singleton marginal or, to put the problem in the same framework as before,

to build marginals taking into account only the observations available until the point

considered. This can be useful in an online setting where one is streaming data. The

filtering densities are written p(xt | y1:t). Correspondingly, we are o�en interested in

representing thepredictiondensity obtainedby integrating the filteringdensitieswith

the transition density:

p(xt+1 | y1:t) ∝
∫
p(xt+1 |xt)p(xt | y1:t) dxt. (1.4)

The linear-Gaussian case is a particular instance of HMM, usually expressed as:


π0(x1) = N (x1;µ0, Q0)

p(xt |xt−1) = N (xt;Atxt−1 + at, Qt)

p(yt |xt) = N (yt;Btxt + bt, Rt)
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whereµ0 aswell as theQt,Rt,At, at,Bt and the bt are fixed and deterministic. In such

a case, an analytical expression for both the filtering and the smoothing densities can

be obtained through the well-known Kalman filter and Kalman smoother (Anderson

and Moore, 1979).

However, in thegeneral casewhere the transition isnonlinearand/ornon-Gaussian,

the marginals are typically intractable. Approximation algorithms such as Sequential

Monte Carlo methods (SMC) have been developed in order to generate approximate

samples from thesemarginals and consequently be able to formMonte Carlo estima-

tors. We introduce these methods in more detail in chapter 2.

1.2.2 Star graphs

In this document, we define star graphs as corresponding to a structure with a single

random variable (possibly high-dimensional) with a node potential that factors into

several likelihood terms. The structure is illustrated in figure 1.3.

xy1

y2 . . .

yK

Figure 1.3: Star graph with hidden state x and observations {yk}Kk=1.

In this case, the singletonmarginal can simply be written as:

p(x | y) ∝ π0(x)
K∏
i=1

p(yk |x)

where the yk are subsets of the entire observed data and π0 is a prior on the hidden

state. This can be a useful representation for distributed inference where each of the

observation nodes can correspond to a distinct physicalmachinewith a portion of the

relevant data. Weexploit this structure to suggest a novelway to approachdistributed
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Bayesian inference in chapter 6.

1.2.3 Grid and loopy graphs

The examples listed above do not exhibit cycles. An example of a commonMRF struc-

ture with cycles which is encountered, for instance, in image processing, is the grid

graph illustrated in figure 1.4.

Figure 1.4: Generic structure of a grid graph.

In image processing, grid graphs can be used to model interactions between the

pixels of an image (Blake et al., 2011). In the case of image denoising for example, for

each pixel k a noisy value yk is observed andwe can have amodel for the likelihood of

yk given the true pixel value xk in the form p(yk |xk). These form the node potentials.

Additionally, we may have a similarity measure which can be used to penalise neigh-

bouring pixels being very dissimilar. These form the edge potentials.

The problem of finding or approximating the singleton marginals then corresponds

to finding the likelihood of a particular pixel taking a specific value given all the noisy

observations available. We consider the problemof approximatingmarginals on such

loopy graphs in chapter 7.

1.3 Exact vs Inexact Methods and Structure of the Thesis

While the unifying theme of this thesis is the inference problem on Markov Random

Fields, we consider two rather di�erent approaches forming the two main parts of
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the thesis. In the first approach – sampling methods – we consider methods to pro-

duce samples from the target densities (marginals of a MRF) from which Monte Carlo

estimators can be computed. These methods take the form of stochastic processes

which, asymptotically, are guaranteed to generate samples from the target distribu-

tion. These methods are considered “exact” because, asymptotically, they yield sam-

ples from the correct distribution. The di�iculty of course is to assess whether the

generating process has converged in the context of finite compute time and finite pre-

cision arithmetics.

In the second approach –approximatedBayesian inference –we considermethods

to produce proxies to the target densities and compute expected values with respect

to these proxies. Thesemethods are considered “inexact” because even in the limit of

infinite computational power or infinite precision arithmetic they do not lead to the

correct expected values.

Formally, let us denote p a target distribution of interest and ϕ a test function and

put ourselves in the realistic context of finite computational power and precision. The

aim is to compute the expected value ofϕwith respect to porEp[ϕ(X)]. The first class

ofmethods generates incorrect samples {x̂1, . . . , x̂n}which are hopefully statistically

not too far fromexact (butusually inaccessible) samples{x1, . . . , xn}drawn iid fromp.

Aswill be covered in section 2.1, the expected value of interestwill be approximated as

Ep[ϕ(X)] ≈ n−1
∑

i=1:n ϕ(x̂i). The second class of methods attempts to find a simple

distribution q which is close in some sense to the target distribution p, the expected

value of interest is consequently approximated asEp[ϕ(X)] ≈ Eq[ϕ(X)].

These two approaches rely on di�erent sets of tools. The first one relies primarily

on sampling/particle methods while the second relies more heavily on optimisation

tools. To simplify the presentation of the thesis, we therefore have two background

chapters beginning each of the two parts. Each part is then formed of two chapters

covering a specific method and discussing applications.



Part I

Sampling Methods



2 | BACKGROUND

In this chapter, we start with a brief overview of Monte Carlo estimators and associ-

ated samplingmethods focusing in particular on Sequential Monte Carlomethods for

the smoothing and filtering problem on HiddenMarkov Models. We also introduce an

alternative class of methods relying upon Piecewise Deterministic Markov Processes

and in particular the Bouncy Particle Sampler (BPS).

2.1 Monte Carlo Methods

In this section we review briefly the foundations of Monte Carlo methods as well as a

few key algorithms which will be discussed in the rest of the document.

2.1.1 From quadrature to sampling

We consider the problem of computing the expected value of a test function ϕ taking

value over a spaceX with respect to a distribution π ∈ P(X ) i.e.: I := Eπ[ϕ(X)]. As-

suming it cannotbecomputedanalytically, ageneral approach is toconsideraquadra-

10
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ture rule of the form:

I ≈ ÎN =
N∑
i=1

w(X(i))ϕ(X(i)) (2.1)

for some fixed pointsX(i) ∈ X and corresponding weights w(X(i)) ∈ R+. When the

number of dimensions is low, we can consider deterministic quadrature rules such as

the Gauss-Hermite quadrature (see e.g.: Davis and Rabinowitz (1975)). However, as

the dimensionality increases, the performance of these deterministic rules becomes

catastrophic even for a largenumberof integrationpoints (awell-knowne�ect related

towhatBellmancalled the curseofdimensionality in dynamicprogramming (Bellman,

1957; Bengtsson et al., 2008)). In such cases, a broadly studied approach is the Monte

Carlo integration with

X(i) ∼iid π, and w(X(i)) = N−1. (2.2)

The strong law of large numbers then indicates that ÎN → I almost surely with ap-

proximation error scaling like O(N−1/2) independently of the dimensionality of the

problem (see e.g. Robert and Casella (2004)). This is to be compared with determin-

istic rules which typically have approximation error scaling likeO(N−α/d) for a fixed

α > 0 depending on the quadrature rule (Caflisch, 1998). The problem then becomes

one of drawing iid samples from π which is o�en also an intractable problem. Note

that (2.2) in fact defines an empirical measure π̂ with

π̂(x) := N−1

N∑
i=1

δX(i)(x), (2.3)

and computing ÎN amounts to taking the expected value of ϕ(X)with respect to π̂.
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2.1.2 Importance sampling

In importance sampling (IS), samples are drawn fromaproposal distribution q ∈ P(X )

that is easy to sample from (e.g.: a Gaussian) and is similar to the target distribution

π. The quadratureweights are then adjusted to reflect that the samples are not drawn

from the true distribution:

X(i) ∼iid q(·), and w(X(i)) ∝ W (X(i)) =
π(X(i))

q(X(i))
, (2.4)

where the weightsw(X(i)) are normalised to sum up to one.

Provided the support of q includes that of π i.e., π(x) > 0⇒ q(x) > 0, the result-

ing importance sampling estimator can be shown to be consistent using the strong

law of large numbers; i.e., the estimator converges almost surely to the true expected

value:

N∑
i=1

w(X(i))ϕ(X(i))
a.s.−−−→

N→∞
Eπ[ϕ(X)], (2.5)

for a test functionϕ and the estimator is finite providedEπ[ϕ(X)2w(x)] <∞ (Robert

and Casella, 2004, chapter 3.3). Note that (2.4) also defines an empirical measure π̂

with

π̂(x) =
N∑
i=1

w(X(i))δX(i)(x). (2.6)

E�ective sample size

One way to assess the quality of an importance sampling estimator is to consider the

ratio of the variance of the corresponding Monte Carlo estimator and the variance of

the IS estimator. The general ratio is hard to handle and depends upon the test func-
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tion with respect to which the expected value is computed. Kong (1992) suggested

considering the following proxy known as the e�ective sample size:

ESS =
N

1 + Vq[W (X)]
, (2.7)

whereVq[W (X)] is the variance of the importance sampling weights. Using the sam-

ple variance of the normalised weights and simplifying the expression, the proxy that

is usually considered for the ESS nowadays is

ESS =

(
N∑
i=1

w(X(i))2

)−1

. (2.8)

This metric is bounded from below by 1 – the degenerate case where a single particle

is carrying all the weight – and from above by N – the ideal case where the samples

are comparable to ideal Monte Carlo samples.

2.1.3 Classical sampling algorithms

In this pointwementionbriefly a few standard algorithmsused to attempt to generate

samples from a distribution. Later on, we will compare alternative methods to these

standard algorithms. The list and descriptions are notmeant to be exhaustive andwe

refer to Robert and Casella (2004); Green et al. (2015) for a more complete overview.

Metropolis-Hasting

The Metropolis-Hasting algorithm (MH) is one of the most prominent member of the

class ofMarkovChainMonteCarlomethods (MCMC). InMCMCmethods, one considers

a sequence (chain) of random variablesX(1), X(2), . . . following a conditional proba-

bility density or transition kernelK withX(n+1) ∼ K(X(n), · ). The kernel is chosen in

such a way that the chain admits a stationary distribution, i.e.: a distribution π such
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that for n large enough, X(n) ∼ π implies that X(n+1) ∼ π. Further, the kernel is

chosen in such a way that the stationary distribution corresponds to the target distri-

bution.

TheMHalgorithmcorresponds to the transition kernel belowwhere q is a proposal

distribution and pu is the (unnormalised) target (Robert and Casella, 2004, chapter 6).

Algorithm 1 Metropolis-Hasting transition
1: sample Y (n) from q(·|X(n))
2: compute the acceptance rate

ρ← min

{
pu(Y (n))

pu(X(n))

q(X(n)|Y (n))

q(Y (n)|X(n))
, 1

}

3: generate β ∼ B(ρ) (Bernoulli)
4: compute the new state:X(n+1) ← βY (n) + (1− β)X(n)

In the MH algorithm, di�erent choices of q will lead to di�erent algorithms that

may be easier or harder to implement. For example taking a symmetric proposal with

q(x|y) = q(y|x) leads to a simplified acceptance ratio (see Green et al. (2015) for a

discussion).

Gibbs sampling

Gibbs sampling can be applied when targeting a multivariate distribution p ∈ P(X )

where X is d-dimensional and where it is possible to generate samples from the tar-

get’s full conditionals p1, . . . , pd (Robert and Casella, 2004, chapter 7).

Algorithm 2 Gibbs iteration

1: given x(n) = (x
(n)
1 , . . . , x

(n)
d )

2: for k = 1 : d do
3: sampleX(n+1)

k from pk(xk |x
(n)
−k) with x(n)

−k := (x
(n+1)
1 , . . . , x

(n+1)
k−1 , x

(n)
k+1, . . . , x

(n)
d )

4: end for

The potential advantage of themethod is that, at any given point, it only considers

uni-dimensional distributions. The major disadvantage of the method is that it goes



2. Background 15

sequentially over each dimensions rendering the method extremely slow as soon as

the dimensionality of the target distribution becomes substantial.

Hamiltonian Monte Carlo sampling

The Hamiltonian Monte Carlomethod (HMC) generates samples along a trajectory on

the theparametric surface (x,−U(x))where−U(x) := log πu(x)andπu is the (unnor-

malised) target distribution. The trajectory canbe interpreted as the time evolution of

a specific physical system described by a Hamiltonian depending on the target distri-

bution (potential) and amomentum term encouraging exploration of the state-space

(kinetic energy) withmomentum variable p. The Hamiltonian is defined as

H(x, p) := U(x) +
1

2

〈
p,M−1p

〉
(2.9)

whereM is a mass matrix that can be set to the identity or adjusted depending on

knowledge of the problem’s geometry (Betancourt, 2017; Barp et al., 2018). Since find-

ing the exact trajectory of a Hamiltonian system is usually intractable, numerical inte-

grators can be used and the leapfrog method is o�en used in HMC.

Algorithm 3 HMC iteration
1: draw amomentum variable P (n) ∼ N (0,M)
2: computeL steps of the leapfrog integrator from (X(n), P (n))→ (X?, P ?)
3: compute the acceptance ratio

ρ← min {exp (−∆H) , 1}

where∆H ← H(X?, P ?)−H(X(n), P (n)).
4: generate β ∼ B(ρ)
5: compute the new state:X(n+1) ← βX? + (1− β)X(n)

Thismethod generates aMarkov chain with stationary distribution corresponding

to the target distribution π. It is a very popular method in computational Bayesian

inference and tends to be preferred over approaches such as the MH algorithm (Neal,
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2011). We will show later in chapter 4 than in some cases a method that exploits the

factorisation structure of the target distribution explicitly may lead to better results.

2.2 Sequential Monte Carlo Methods

2.2.1 Sequential importance sampling

In the context of HMMs, we are usually interested in estimating a sequence of target

distributions {πt(x1:t)}Tt=1 which admit the following factorisation structure:

πt(x1:t) ∝ πt(xt |x1:t−1)πt−1(x1:t−1).

This led to the development of sequential Monte Carlo (SMC) methods (Robert and

Casella, 2004, chapter 14.3). The underlying principle of sequential importance sam-

pling is the same as that of importance sampling except that a di�erent proposal is

considered at every step t taking into account the previous draw of particles and the

evolution of the system:

qt(x1:t) ∝ qt(xt |x1:t−1)qt−1(x1:t−1).

Following this form, new samples or particles X(i)
t can be drawn from qt(xt |X(i)

1:t−1)

and the weights corresponding to the trajectories {X(i)
1:t} then need to be multiplied

by a factor α(i)
t with

α
(i)
t :=

πt(X
(i)
1:t)

πt−1(X
(i)
1:t−1)qt(X

(i)
t |X

(i)
1:t−1)

. (2.10)

The variance of an IS estimator is directly related to the variance of the associated

importance weights. In order to counter the increase of variance induced by the se-
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quential IS procedure, the proposal at step t should be such that the variance of the

update factors αt is as small as possible. In particular, the optimal proposal (Doucet

and Johansen, 2011) keeps it at zero with

qoptt (xt |x1:t−1) := πt(xt |x1:t−1). (2.11)

Additionally, since we cannot typically sample easily from the optimal proposal, we

have to resort to approximating distributions.

2.2.2 Particle filtering

In the filtering problem on a HMM, the target densities are πt(x1:t) = p(x1:t | y1:t) and

their marginals. The incremental update factors are given by

αt(x1:t) =
p(x1:t | y1:t)

p(x1:t−1 | y1:t−1)qt(xt |x1:t−1)

=
p(xt, yt |x1:t−1, y1:t−1)p(x1:t−1 | y1:t−1)p(y1:t−1)

p(x1:t−1 | y1:t−1)qt(xt |x1:t−1)p(y1:t)

∝ p(yt |xt)p(xt |xt−1)

qt(xt |x1:t−1)
, (2.12)

wherewe exploited the conditional dependence structure of the HMM. Consequently,

the optimal proposal is

qoptt (xt |xt−1) ∝ p(yt |xt)p(xt |xt−1), (2.13)

which could also have been obtained from applying (2.11).

Beyondsimplycorresponding tosequential importancesampling for the filteringprob-

lem, the particle filter adds an extra step: resampling. This step alleviates the prob-

lem of weight degeneracy whereby the variance of estimators grows over time when

one considers a suboptimal proposal distribution such as thebootstrapproposal. The
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resampling step consists of resampling particles with replacement depending upon

their weights. This, in practice, is done when the ESS comes under a pre-assigned

threshold (Del Moral et al., 2006). Several schemes exist with the simplest one being

the Multinomial Resampling where n particle indices are drawn from a Multinomial

with weights corresponding to the nweights of the initial particles.

Resampling is a crucial step needed to make SMC methods viable (Hol et al., 2006;

Doucet and Johansen, 2011). However, the methods discussed in this thesis do not

depend upon the resampling scheme and therefore wewill assume in the sequel that

a resampling scheme is applied without discussing it further. In the experiments we

use the standard multinomial resampling.

A skeleton of a particle filter algorithm is given below.

Algorithm 4 Particle filter

1: sampleX(i)
1 from q1 for i = 1, . . . , N

2: compute and normalise the weightsw1(X
(i)
1 ) ∝ π0(X

(i)
1 )p(y1 |X(i)

1 )/q1(X
(i)
1 )

3: for t = 2 : T do
4: sampleX(i)

t from qt(· |X(i)
t−1, yt)with qt ≈ q

opt
t for i = 1, . . . , N

5: update and normalise the weightsw(i)
t ∝ α

(i)
t w

(i)
t−1

6: resample the particles if necessary
7: end for
8: returnweighted set of particles {X(i)

1:T , w
(i)
1:T }Ni=1

The computational complexity of algorithm 4 is O(TN). Indeed, at each step t,

the algorithm samplesN particles and computes their corresponding weights which

has linear complexity in the number of particles.

Sampling directly from the optimal proposal is o�en an intractable problem by

itself. In the context of filtering, an alternative choice is thebootstrapproposal (Doucet

and Johansen, 2011) with

qbs(xt |xt−1) := p(xt |xt−1), (2.14)
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which is o�en easier to sample from. In that case, the update factor simply reduces to

α
(i)
t ∝ p(yt |X(i)

t ). However, since the likelihoodand the transitiondensitymaynot be

well aligned, those update factors can vary a lot incurring an increase in the variance

of the resulting estimator. This problem is particularly prevalent in high dimensions

when the distributions considered tend to bemore concentrated.

2.2.3 Particle smoothing

In the smoothing problem on a HMM, the target densities are p(xt | y1:T ). These den-

sities can be expressed as the marginals of joint densities over subsequent states:

p(xt | y1:T ) =

∫
p(xt, xt+1 | y1:T ) dxt+1.

Exploiting the conditional dependence structure of the HMM, the integrand can be

factorised leading to

p(xt | y1:T ) =

∫
p(xt |xt+1, y1:t)p(xt+1 | y1:T ) dxt+1

= p(xt | y1:t)

∫
p(xt+1 |xt)
p(xt+1 | y1:t)

p(xt+1 | y1:T ) dxt+1. (2.15)

This relation leads to the forward filtering, backwardsmoothing (FFBS)algorithm(Hürzeler

and Künsch, 1998; Doucet et al., 2000). Plugging the particle approximation to the fil-

tering distribution in equation (2.15) gives:

p̂(xt | y1:T ) = p̂(xt | y1:t)

∫
p(xt+1 |xt)∫

p(xt+1 |xt)p̂(xt | y1:t) dxt
p̂(xt+1 | y1:t+1) dxt+1

=
N∑
i=1

w
(i)
t |T δX(i)

t
(xt), (2.16)
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where the smoothing weights are given recursively by

w
(i)
t |T ∝ w

(i)
t

N∑
j=1

w
(j)
t+1 |T

[
p(X

(j)
t+1 |X

(i)
t )∑N

k=1w
(k)
t p(X

(j)
t+1 |X

(k)
t )

]
. (2.17)

In essence, the FFBS algorithm simply recycles a particle filter updating its weights

according to equation (2.17).

Thecomputationof theupdatedsmoothingweightshascomplexityO(TN2) since,

at each step, we need to consider the matrix of all pairwise interactions between the

particles at two subsequent steps: [p(X
(j)
t+1 |X

(i)
t )]Ni,j=1. Since the FFBS algorithm re-

cycles the particles from a particle filter, the performances of the resulting estimators

can su�er if the support of the filtering distribution at step t is significantly distinct

from that of the smoothing distribution at step t.

2.2.4 Convergence of particle filters and smoothers

The resampling mechanism considered in SMCmethods means that the particles are

no longer statistically independent which makes convergence results harder to get

than for vanilla sequential importance sampling (where convergence results can be

extended from those of importance sampling). However, there is a Central Limit The-

orem (CLT) for the estimator of Eπt [ϕ] using SMC in the broad sense showing conver-

gence in distribution to the true expected value (Chopin, 2004).

For the specific case of the particle filter, stronger results exist: under mild condi-

tions the empirical measure p̂(xt | y1:t) =
∑N

i=1w
(i)
t δX(i)

t
(xt) converges almost surely

to the true filtering distribution p(xt | y1:t) and estimators of expected values taken

with respect to it converge in themean-squared sense asN →∞ (Crisan andDoucet,

2002). These results can be extended particle smoothingmethods aswas done for ex-

ample in Godsill et al. (2004).
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2.3 SamplingwithPiecewiseDeterministicMarkovProcesses

The Bouncy Particle Sampler (BPS) of Bouchard-Côté et al. (2015) is inspired from an

algorithm in the physics literature (Peters and de With, 2012) and belongs to a wider

classof samplingmethodsbasedonPiecewiseDeterministicMarkovProcesses (PDMP)

(Bierkens et al., 2016, 2017; Wu and Robert, 2017; Vanetti et al., 2017).

The BPS algorithm considers a target distribution π onRd, proportional to a non-

negative function γ which can be evaluated pointwise: π(x) = Z−1γ(x) but the nor-

malisation constant Z is intractable. The objective is again the computation of ex-

pected values of the formEπ[ϕ] for an arbitrary test function ϕ : Rd → R.

Defining the energy function U as U(x) = − log γ(x) and assuming it is contin-

uously di�erentiable, the algorithm generates a piecewise linear path based on∇U .

Each segment is specified by an initial position x(i) ∈ Rd, a length τi+1 ∈ R+ and a

velocity v(i) with the recurrence x(i+1) = x(i) + v(i)τi+1. The times where the velocity

changes are given by the cumulative sums, ti =
∑i

j=1 τj with t0 = 0. The continuous

positions along the path are therefore given by

x(t) = x(i) + v(i)(t− ti), for t ∈ [ti, ti+1). (2.18)

Theauthors show that, if the lengths{τi}i≥1 are governedbya specific Inhomogenous

Poisson Process (IPP) and if the speeds are modified for each segment according to a

simple reflection mechanism, then the target expected values can be approximated

via an integral of the test function along the path given by (2.18):

Eπ[ϕ] ≈ T−1

∫ T

0

ϕ(x(t))dt

≈ T−1

(
n−1∑
i=1

∫ τi

0

ϕ(x(i−1) + v(i−1)s) ds+

∫ tn−T

0

ϕ(x(n−1) + v(n−1)s)ds

)
,
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and this estimator converges almost surely to the true expected value with T → ∞

(Bouchard-Côté et al., 2015, theorem 1).

In the BPS algorithm, the IPP governing the lengths of the trajectory segments has

intensity function λ : Rd × Rd → R+ with

λ(x, v) = 〈∇U(x), v〉+ . (2.19)

At the end of each segment, the trajectory “bounces” and the velocity is reflected

against the local level set of the energy U :

v′ = R(x)v = v − 2
〈∇U(x), v〉∇U(x)

‖∇U(x)‖2
2

. (2.20)

This is illustrated at the figure 2.1 below where n̂ := ∇U(x)/‖∇U(x)‖.

Figure 2.1: Illustration of the specular reflection. The new velocity vector v′ is ob-
tained by doing a specular reflection of the old vector v against the level
set of U passing by x (green line). This is obtained by subtracting twice
the projection (green arrow) of the velocity on the normal vector toU at
x (orange arrow). Figure best seen in colour.

The authors show that the velocities also need to be “refreshed” according to the

arrival timesof a (homogenous)Poissonprocess (PP)of intensityλref ≥ 0, a parameter

of the BPS. This ensures the algorithm explores the entirety of the space. The basic
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BPS algorithm is reproduced in algorithm 5 below.

Algorithm 5 Basic BPS
1: initialise (x(0), v(0)), set T , trajectory length, set t = 0 and i = 1
2: while t < T do
3: simulate first arrival time τbounce ∼ PP(χ(t))with

χ(t) = λ(x(i−1) + v(i−1)t, v(i−1))

4: simulate τref ∼ Exp(λref)
5: let τi ← min(τbounce, τref)
6: compute the next position x(i) ← x(i−1) + v(i−1)τi
7: if τi = τref then
8: sample next velocity v(i) ∼ N (0, I)
9: else if τi = τbounce then
10: reflect the velocity v(i) ← R(x(i))v(i−1)

11: end if
12: let t← ti ← ti−1 + τi
13: update i← i+ 1
14: endwhile

The process for two subsequent time steps is illustrated at the figure 2.2 below.

Figure 2.2: Illustrationof theprocess togo fromx(i−1) tox(i) in theBPS: abouncing
time τbounce is drawn from the IPPwith intensityχ(t)along the trajectory
x(i−1) + v(i−1)t (green line); a reference time τref is drawn from an ex-
ponential, the minimum of the two (here τbounce) leads to the position of
the next pointx(i)where either a bounce or a refreshment of the velocity
will happen (here a bounce). Figure best seen in colour.

Aswe saw, the algorithm requires to sample the first arrival time of an IPP of inten-

sity χ(t) = λ(x+ vt, v)where λ(x, v) = 〈∇U(x), v〉+. Sampling from an IPP is a well

explored topic in the literature and the authors summarise three possible approaches

which we list briefly below:
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• Time-scale transformation: this approach requires computing the inverse quan-

tile ofΞ(t) :=
∫ t

0
χ(s)dswhich is usually intractable but it can be computed nu-

merically if the target is strictly log-concave and di�erentiable. Given V drawn

fromaUniformon [0, 1], the first arrival timeof the IPP isgivenbyΞ
−1

(− log(V )).

• Adaptive thinning: this approach requires an upper boundsχs(t)withχs(t) = 0

for t < s and χs(t) ≥ χ(t) for s ≤ t ≤ s + ∆(s) where∆ is a positive function

(in the standard case,∆ = +∞). Additionally, it requires the ability to sample

from the IPP corresponding to χs. Let τ be such a sample with τ ≤ s+ ∆, there

is then an accept-reject step with rate χ(τ)/χ(τ). Ideally,∆ and χ/χs are large

(so that we do not have to simulate too many candidates which would incur an

increased computational cost).

• Superposition: if theenergyU canbedecomposed inasumU(x) =
∑m

j=1 U
[j](x)

and that each term can be targeted (via one of the first two methods), then we

can use the thinning method with bound
∑m

j=1 χ
[j](t).

The key elements when trying to deploy the Bouncy Particle Sampler in practice are

to select an appropriate λref (too low and the processus is essentially a randomwalk,

too high and some regions of space may be le� unexplored for a long time) and to

implement an appropriate way to sample the first arrival time of the IPP which will

depend on the target distribution.

An advantage of the BPS overmethods such as HMC is that it can work seamlessly

on constrained domains as is shown in Bierkens et al. (2017).



3 | BACKWARD INFORMATION

SMOOTHING

In this chapter, we focus on the problem of approximating the smoothing distribu-

tions for a HiddenMarkovModel (HMM)with continuous state-space. We assume that

a sequenceof empirical densities approximating the filteringdistributionshasalready

been obtained through a particle filtering step. We had seen at point 2.2.3 that the for-

ward filtering backward smoothing (FFBS) algorithm can produce an approximation

to the smoothing distributions by recycling a particle filter and updating its weights.

As shown in point 2.2.3, the FFBS algorithm has quadratic complexity andmay su�er

from the lack of resampling step if the smoothing distribution and the filtering distri-

bution have significantly di�erent support.

In this chapter, we introduce a class of algorithms that can be obtained from an-

other factorisation of the smoothing distributions than that used to obtain the FFBS.

We also introduce algorithms with a computational complexity that is sub-quadratic

inN and compare these algorithms in numerical experiments.

25
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3.1 Two Filter Smoothing

3.1.1 Two filter formula

An alternative to the FFBS approach is to exploit the two filter formula. To derive it,

note that the smoothing distribution can be written in the following way using the

definition of conditional probability:

p(xt | y1:T ) =
p(xt, y1:t−1, yt:T )

p(y1:T )
.

Then, exploiting the conditional dependences of the HMM, we get

p(xt | y1:T ) ∝ p(yt:T |xt, y1:t−1)p(xt, y1:t−1)

∝ p(xt | y1:t−1)p(yt:T |xt). (3.1)

This last factorised form is the two filter formulawhich leads to the two filter smoothing

(TFS) algorithm (Bresler, 1986; Kitagawa, 1996). The first term in (3.1) is the prediction

density (PD), the second term p(yt:T |xt) is called thebackward information filter (BIF).

To simplify developmentswe introduce the following (non-standard) notations for the

predictive density and the backward information filter:

PDt(xt) := p(xt | y1:t−1), and BIFt(xt) := p(yt:T |xt). (3.2)

Thepredictiondensity is obtainedby integrating the filteringdensitymultipliedby the

transition density:

PDt(xt) =

∫
p(xt |xt−1)p(xt−1 | y1:t−1) dxt−1. (3.3)
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an approximation to the prediction density can therefore easily be obtained by plug-

ging a particle representation of the filtering density in (3.3).

3.1.2 Targeting the backward information filter

The backward information filter cannot be directly targeted in a SMC framework in

general as it may not be proportional to a distribution in xt. In Briers et al. (2010), the

authors therefore suggest to introduce a sequence of artificial normalisation densities

{γt}Tt=1 ∈ P(X ) such that, for each step t, the product of γt and BIFt is normalisable.

Inotherwords, thenormalisingdistributionγt allows todefineanormalisedbackward

information filter inP(X )with

B̃IFt(xt) := Z−1
t γt(xt)BIFt(xt) (3.4)

for some normalising constant Z−1
t . Any normalisation γt ∈ P(X ) can be chosen as

long as it verifies the support condition i.e.: as long as its support covers that of the

backward information filter:

BIFt(xt) > 0 =⇒ γt(xt) > 0. (3.5)

In order to target the sequence of normalised BIF in a SMC framework, it is useful to

show that it verifies a factorisation structure similar to that of the filteringdistribution.

For this, we start by noting that

p(yt:T |xt, xt+1) = p(yt+1:T |xt, xt+1, yt)p(yt |xt, xt+1)

= p(yt |xt)BIFt+1(xt+1). (3.6)
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On the other hand, we also have that

p(yt:T |xt, xt+1) =
p(yt:T , xt, xt+1)

p(xt+1 |xt)p(xt)

=
p(xt+1 |xt, yt+1:T )BIFt(xt)

p(xt+1 |xt)
, (3.7)

where we have used the conditional independence structure of the HMM. Combining

(3.6) and (3.7) then leads to

BIFt(xt)p(xt+1 |xt, yt+1:T ) = p(yt |xt)p(xt+1 |xt)BIFt+1(xt+1). (3.8)

If we now introduce the normalisation densities γt and γt+1 and the corresponding

normalisation constantsZt andZt+1 in (3.8) we get

B̃IFt(xt)p(xt+1 |xt, yt+1:T ) =
Zt+1γt(xt)

Ztγt+1(xt+1)
p(yt |xt)p(xt+1 |xt)B̃IFt+1(xt+1).

By construction of the normalisation densities, we can integrate the previous expres-

sion over xt+1 to obtain

B̃IFt(xt) ∝ γt(xt)p(yt |xt)
∫
p(xt+1 |xt)

B̃IFt+1(xt+1)

γt+1(xt+1)
dxt+1.

Noting that BIFT (xT ) = p(yT |xT ) and iterating brings

B̃IFt(xt) =

∫
γt(xt)

T−1∏
`=t

p(x`+1 |x`)
T∏
k=t

p(yk |xk) dxt+1:T .

We can thus define a joint distribution B̃IFt(xt:T ) as the integrand of the above expres-

sion with the following sequential structure:

B̃IFt(xt:T ) ∝ γt(xt)p(xt+1 |xt)p(yt |xt)
γt+1(xt+1)

B̃IFt+1(xt+1:T ), (3.9)
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which lends itself well to the SMC framework with the optimal proposal:

qoptt (xt |xt+1) ∝ γt(xt)p(xt+1 |xt)p(yt |xt)
γt+1(xt+1)

. (3.10)

3.1.3 Two filter smoothing algorithm

Plugging a particle representation of the filtering distribution in (3.3), the prediction

density can be approximated by

P̂Dt(xt) =
N∑
i=1

w
(i)
t−1p(xt |X

(i)
t−1). (3.11)

Correspondingly, we can consider a particle representation of the normalised BIF ob-

tained by following a backward particle filter withM particles on (3.9). Let us denote

these by ̂̃BIFt with weights w̃(j)
t+1 and particles X̃

(j)
t+1, i.e.:

̂̃BIFt(xt) =
M∑
j=1

w̃
(j)
t+1δX̃(j)

t+1
(xt). (3.12)

By dividing these by the corresponding normalisation density γt, we can obtain ap-

proximations to the original BIF:

B̂IFt(xt) =
̂̃BIFt(xt)/γt(xt).

Combining both the estimators of the prediction density and the backward informa-

tion filter at step t, we can obtain a particle representation of the smoothing distribu-

tion with

p̂(xt | y1:T ) = ζ−1
t P̂Dt(xt)B̂IFt(xt), (3.13)
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where ζt is a normalisation constant. That is amixture ofNM terms and a further step

maybedesirable to reduce the number of components in the resulting representation

of the smoothing distribution. In particular, if we takeM = N , at each step we have

to consider a mixture with a quadratic number of terms inN and this, independently

of the choice of normalising densities meaning that the algorithm has inherently a

quadratic complexity. We consider this choice in what follows.

3.2 Backward Information Smoothing

In this section, we explore the choice of normalisation densities and suggest using an

approximation to thepredictivedensity. It came toourknowledge that this choicehad

in fact also been studied independently and earlier than this work by Taghavi (2012).

We show how the complexity of the resulting algorithm is quadratic in the number of

particles. We also discuss two modified versions with sub-quadratic complexity. The

first one, inspired by Fearnhead et al. (2010) and also discussed by Taghavi (2012), has

linear complexity but the resulting estimators cannot be shown to converge. The sec-

ond one, inspired by our paper (Lienart et al., 2015), has complexityO(NM)whereM

is sub-linear inN and leads to convergent estimators (in the sense of Chopin (2004)).

3.2.1 Choice of normalisation densities

The choice of normalisation densities in the TFS algorithm is, in theory, only con-

strained by the support condition (3.5). However, the quality of the corresponding

estimators for a finite sample size depends significantly on it. Combining (3.1) and

(3.9), we get

p(xt | yt:T ) ∝ PDt(xt)
γt(xt)

∫
B̃IFt(xt:T ) dxt+1:T



3. Backward Information Smoothing 31

so that we can write

p(xt:T | y1:T ) ∝ PDt(xt)B̃IFt(xt:T )

γt(xt)
. (3.14)

This expression suggests picking γ1 to be the prior distribution on the first stateπ0(x1)

since that leads directly to

p(x1:T | y1:T ) = B̃IF1(x1:T ). (3.15)

The last two equations (3.14) and (3.15) are crucial for the rest of the analysis. The first

one suggests that if we pick γt to be close to the predictive density then, then each

termB̃IFt(xt:T ) formsanestimator for thepartial joint smoothingdensitiesp(xt:T | y1:T );

the second one indicates that upon selecting γ1 to be the prior for the initial state, we

end up targeting exactly the joint distribution of interest, nomatter which admissible

sequence {γt}Tt=2 we picked earlier.

This suggests to build a good estimator of the prediction density, based partly or

entirely on a particle estimator of the filtering density; use it as normalisation density

and target the corresponding normalised BIF recursively. We explored this idea and

showed that it significantly outperforms the default choice used in Briers et al. (2010);

Fearnhead et al. (2010) where the authors also suggest taking γ1 as the prior π0 and

build the subsequent γt by propagation through the transition dynamic of the HMM:

γt(xt) =

∫
p(xt |xt−1)γt−1(xt−1)dxt−1 (3.16)

Note that this choice also su�ers from a tractability issue in a systemwith a transition

that is more complex than the linear and Gaussian one considered in Fearnhead et al.

(2010)where, inanycase, theoptimalKalmansmoother shouldbepreferred. Weshow

in the appendix (point A.1.1) how this normalising density can be obtained in the case
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of a simple linear Gaussian dynamic.

Upon selecting γt to be the approximation of the predictive density (3.11) based

entirely on a a particle estimator of the filtering density, we get what Taghavi calls the

backward informations smoothing (BIS) algorithm (Taghavi, 2012). This choice verifies

the support condition (3.5) provided the support of the transition density covers the

support of theBIF. Typically, the support of the transitiondensity is thewhole spaceX

which guarantees this. Theoptimal importance function for targeting the correspond-

ing normalised BIF with this specific choice of normalising density (γt(xt) = P̂Dt(xt))

is obtained by considering (3.9):

q̃optt (xt | X̃(j)
t+1) ∝ P̂Dt(xt)

P̂Dt+1(X̃
(j)
t+1)

p(X̃
(j)
t+1 |xt)p(yt |xt), (3.17)

where the {X̃(j)
t+1}Nj=1 are the particles from the previous smoothing step. These steps

are illustrated in algorithm 6.

Algorithm 6 Backward information smoother with quadratic complexity

1: run a PF targeting {p(xt | y1:t)}Tt=1 withN particles {X(i)
t , w

(i)
t }

T,N
t,i=1

2: let {X̃(j)
T , w̃jT } be the result of resampling (if required) the final PF particles

3: for t = T − 1 : 2 do
4: sample X̃(j)

t from q̃t(· | X̃(j)
t+1)with q̃t ≈ q̃optt for j = 1, . . . , N

5: update and normalise the weights w̃(j)
t ∝ α̃

(j)
t w̃

(j)
t+1

6: resample the particles if necessary
7: end for
8: same operations for t = 1 but with P̂D1 ≡ π0

9: returnweighted set of particles {X̃(j)
1:T , w̃

(j)
1:T }

At each step t and for each particle j, Algorithm6 ideally requires sampling a parti-

cle from P̂Dt(xt)p(X̃
(j)
t+1 |xt)p(yt |xt)which is amixture ofN terms. Additionally, com-

puting the updating factors for the weights requires computing P̂Dt+1(X̃
(j)
t+1)which is

also a sum ofN terms. Provided we useN particles to target the BIF, the complexity

of the BIS algorithm is therefore inherently quadratic in the number of particles. This
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is the same computational complexity as that of the FFBS algorithm.

As it is not trivial in general to sample from p(X̃
(j)
t+1 |xt)p(yt |xt), let alone when it

is combined with P̂Dt(xt), a possibility akin to the bootstrap proposal for the particle

filter is to simply sample from P̂Dt(xt). The disadvantage is that this choice does not

take into account all the information available (contained in X̃(j)
t and yt). Assuming

we can sample easily from the transition distribution, sampling from P̂Dt can be done

easily in two steps: first sample an index i? ∼ M(w
(1)
t−1, . . . , w

(N)
t−1) whereM denotes

amultinomial distribution and thew(i)
t−1 are the weights of the particle filter; and then

sample from the corresponding term p(xt |X(i?)
t−1). The update factor is then given by

α̃
(j)
t =

p(X̃
(j)
t+1 | X̃

(j)
t )p(yt | X̃(j)

t )

P̂Dt+1(X̃
(j)
t+1)

, (3.18)

which has linear complexity in the number of particles for each j so that, as expected,

the bootstrap backward information smoother also has quadratic complexity.

3.2.2 BIS with linear complexity

We have shown that the BIF algorithm is inherently quadratic in the number of par-

ticles given the form of the optimal proposal (3.17). A statistically equivalent way of

writing the optimal sampling step is to suggest sampling N particles from a mixture

ofN2 terms:

X̃
(j)
t ∼iid q̃mixt ∝

N∑
i,j=1

w
(i)
t−1w̃

(j)
t+1

s
(j)
t+1

p(xt |X(i)
t−1)p(yt |xt)p(X̃(j)

t+1 |xt), (3.19)

where s(j)
t+1 =

∑n
k=1 w

(k)
t p(X̃

(j)
t+1 |X

(k)
t ). Since this is equivalent to sampling from the

optimal proposal, no reweighting step is needed, provided we can sample exactly

from themixture.

Sampling from such a mixture can be done in two steps: first, sample a pair of la-
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bels (i?, j?) from a multinomial distributions withN2 weights β(i,j)
t corresponding to

the weight of the component (i, j) relative to the whole mixture qmixt ; second, sam-

ple from the component (i?, j?). Of course this does not simplify the problem: we

still have to sample N pairs of indices from a multinomial with N2 pair which is still

quadratic inN and, additionally, computing the mixture component weights β(i,j)
t is

intractable in general.

An approximation suggested first by Briers et al. (2005) in the wider context of

sampling from products of mixtures and exploited by Fearnhead et al. (2010); Taghavi

(2012) in the context of the TFS algorithm is to approximate i and j independently by

representing β(i,j)
t ≈ β

(i)
t β̃

(j)
t . The simplest form for this approximation, is therefore

to use β(i)
t = w

(i)
t−1 and β̃

(j)
t = w̃

(j)
t+1.

Sincesampling fromadensityproportional top(xt |X(i?)
t−1)p(yt |xt)p(X̃(j?)

t+1 |xt)may

still be intractable, we can resort to importance sampling for that term as well and

compute the corresponding importance weight w̃(j)
t as a result. With this approach,

sampling the indices is now an operationwith linear computational complexity in the

number of particles and the resulting algorithm consequently also enjoys linear com-

plexity. The steps are illustrated in algorithm 7.

Algorithm 7 BIS with linear complexity

1: run a particle filter targeting {p(xt | y1:t)}Tt=1 withN particles {X(i)
t , w

(i)
t }

T,N
t,i=1

2: set {X̃(j)
T , w̃

(j)
T }Nj=1 ← {X

(i)
T , w

(i)
T }Ni=1

3: for t = T − 1 : 2 do
4: sampleN pairs of indices with i?1:N ∼iid M(β

(i)
t ) and j?1:N ∼iid M(β̃

(j)
t )

5: for k = 1 : N do
6: sample X̃(k)

t ∼ q̃t ≈ q̃
opt,i?k,j

?
k

t (xt) ∝ p(xt |X
(i?k)
t−1 )p(X̃

(j?k)
t+1 |xt)p(yt |xt)

7: compute the unnormalised weights w̃(k)
t ∝ q̃opt,i

?
k,j

?
k

t (X̃
(k)
t )/q̃t(X̃

(k)
t )

8: end for
9: normalise the weights (and resample if necessary)
10: end for
11: same operations for t = 1 but with q̃opt1 (x1 | X̃(j)

2 ) ∝ π0(x1)p(X̃
(j)
2 |x1)p(y1 |x1)

12: returnweighted set of particles {X̃(j)
1:T , w̃

(j)
1:T }Nj=1
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Note that, in algorithm7, a resampling step canalsobe introduced if the ESSdrops

below a fixed admissible threshold as with the particle filtering algorithm. Note also

that the approximation inspired by Briers et al. (2005) used in this algorithm is what

leads to an algorithm with linear complexity but is biased and results in estimators

that do not enjoy the CLT property of standard SMC estimators.

3.2.3 Convergent BIS with sub-quadratic complexity

We discussed earlier the bootstrap BIS with quadratic complexity where one samples

from the approximation to the predictive density P̂Dt. This can in fact be simplified by

compressing the representation of the particle filter from N particles toM particles

by resampling. Taking M to be sub-linear in N (e.g.: M = O(logN)), the overall

algorithm isO(TMN) and sub-quadratic inN .

Algorithm 8 Bootstrap BIS with sub-quadratic complexity

1: run a PF targeting {p(xt | y1:t)}Tt=1 withN particles {X(i)
t , w

(i)
t }

T,N
t,i=1

2: sample r(T−1)
1:M fromM({w(i)

T−1}Ni=1)
3: for t = T − 1 : 2 do
4: sample r(t−1)

1:M fromM({w(i)
t−1}Ni=1)

5: sample X̃(j)
t from p(· |X

(r
(t−1)
j )

t−1 ) for j = 1, . . . ,M
6: compute the update factors

α̃
(j)
t =

p(X̃
(j)
t+1 | X̃

(j)
t )p(yt | X̃(j)

t )∑M
`=1w

(rt`)
t p(X̃

(j)
t+1 |X

(rt`)
t )

7: update and normalise the weights (and resample if required)
8: end for
9: same operations for t = 1 but samplingX(1)

1:N fromπ0 (or recycling from the particle filter)
10: returnweighted set of particles {X̃(j)

1:T , w̃
(j)
1:T }

Note that in the case where one can sample easily from the backward dynamic of

the HMM i.e.: sample from p(xt |xt+1) this bootstrap BIS can be reversed and ran for-

wardaswell asbackward. This is in fact a coreelementof the ideabehindourexpected

particle belief propagation (EPBP) algorithm to target the beliefs on an arbitrary MRF
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which we discuss in the second part of this thesis (see chapter 7).

3.2.4 Sub-quadratic FFBS

A similar idea than the one applied at the previous point can be applied in the con-

text of the FFBS algorithm (point 2.2.3). In the FFBS algorithm, a particle filter is run

forwards and the weights are then updated in a backward step:

w
(i)
t |T ∝ w

(i)
t

N∑
j=1

w
(j)
t+1 |T

[
p(X

(j)
t+1 |X

(i)
t )∑N

k=1w
(k)
t p(X

(j)
t+1 |X

(k)
t )

]
. (3.20)

Wehad indicated that the complexity of this algorithm is quadratic inN sinceweneed

to consider all the pairwise interactions p(X(j)
t+1 |X

(i)
t ). However, we can sample a vec-

tor r ofM indices following a multinomial with weights {w(j)
t+1 |T}Nj=1 and therea�er

modify the weight update (3.20) to

w
(i)
t |T ∝ w

(i)
t

M∑
j=1

w
(rj)

t+1 |T

[
p(X

(rj)
t+1 |X

(i)
t )∑N

k=1 w
(k)
t p(X

(rj)
t+1 |X

(k)
t )

]
(3.21)

whereM is sub-linear in N . The complexity of the corresponding algorithm is then

O(MN). Weshow in theexperimental section that thisalgorithmcompares favourably

with the full complexity FFBS.

3.3 Experiments

In this section we discuss the performances of the di�erent smoothing algorithms in

di�erent situations. In particular, we show that the default choice of normalisation

density (3.16) suggested in (Briers et al., 2010; Fearnhead et al., 2010) can underper-

form significantly compared to the BIS. It su�ices to look at a simple linear-Gaussian

model inspired from (Fearnhead et al., 2010) to show this.
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Wealso showthat the linear-complexity implementationof thebootstrapBIS com-

pares very favourably with the sub-quadratic and the quadratic implementation at a

much reduced computational cost. We then go on to compare the performances of

the sub-quadratic smoothing algorithms when the underlying dynamic is non-linear.

The key aim for this section is to present the simplest possible models in which a

clear di�erence in performance among the algorithms is shown. The metric for accu-

racy that is used is the RMSE, as in the main literature in the field (see e.g.: Arulam-

palam et al. (2002)). This metric is known to be flawed since Bayesian inference does

not try to optimise the RMSE but since, in this chapter, we are comparing Bayesian

methods, it already provides a good indicator of performance and it is easy to com-

pute.

3.3.1 Linear Gaussianmodels

Model 1 (low dimensionality)

TheHMMdynamicconsidered is inspired from(Fearnheadetal., 2010): a simple linear-

Gaussian dynamic with a two-dimensional latent space and a one-dimensional ob-

servation space. In their article, the authors discuss how the ratio of the amplitude of

the noise in the state dynamic to that of the observation dynamic impacts the perfor-

mances of their algorithm. We reproduce two simple cases where we show that the

choice of normalising density suggested in (Briers et al., 2010; Fearnhead et al., 2010)

underperforms that of the other smoothers. The dynamic is defined as follows:


xt+1 = Axt + εt

yt+1 = Bxt+1 + ηt+1

(3.22)
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where εt ∼ N (0, Q) and ηt ∼ N (0, R). The matrices are defined as follows:

A =

(
1 1

0 1

)
, B =

(
1 0

)
, Q =

ν

6

(
3 1

1 2

)
, R = τ (3.23)

where ν, τ > 0 define the amplitude of the noise processes. We compare two cases,

the first one (case A) has ν = 10 and τ = 1 and the second one (case B) has the op-

posite assignment ν = 1 and τ = 10. Case A corresponds to a case where Fearnhead

et al. (2010) indicate that the state has freedom to follow the observationswhich helps

smoothing algorithms. Case B corresponds to a casewhere Fearnhead et al. (2010) in-

dicate that the states are highly dependent through time which can cause smoothers

to struggle.

We run the dynamic for T = 50 steps with N = 200 particles and run the ex-

periments J = 50 times for each algorithm (the data is randomised each time). We

compare the average RMSE across the time steps computed as:

Ea
j =

1

K

K∑
k=1

∥∥xj,k − µ̂aj,k∥∥2
(3.24)

where j indicates the experiment run (j = 1, . . . , J ), the superscript a indicates the

algorithm, xj denotes the ground truth for the jth experiment and µ̂aj the recovered

mean from the algorithm. This is a crude measure of quality but is enough to show

how the di�erent algorithms compare (and, in particular, that the BIS outperforms

Fearnhead’s algorithm); Arulampalamet al. (2002) in their highly cited papermention

that the RMSE is widely used in the literature and facilitates quantitative comparison.

In the figures below, KF and KS refer to the Kalman filter and smoother, PF to a

bootstrap particle filter, FFBS to the forward filtering backward smoothing algorithm

applied a�er the PF and FFBSS to the sub-quadratic implementation (withM = 25).

The BIS symbols refer to the (bootstrap) backward information smoothers and the
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subscript indicates the version: Q for quadratic, L for linear, S for sub-quadratic (with

M = 25). Finally, FH refers to Fearnhead’s algorithm (the full description of Fearn-

head’s algorithm for this model is available in the appendix A.1). The main takeaways

of the results presented here is to show that:

1. the choice of normalisation density taken in Fearnhead’s algorithm can lead to

results that significantly underperform compared to other methods,

2. sub-quadratic methods do not significantly underperform as compared to the

quadratic methods.

In figure 3.1 it is already clear that the FH algorithm underperforms. It is also inter-

esting to observe that all three BISmethods o�er comparable performanceswhile the

BISL is computationally the least expensive. The FFBS algorithm performs quite well

as well which can be expected as the dynamic is simple and hence the FFBS results

does not su�er too much from the lack of resampling in the backward stage.

In figure 3.2 the FH algorithm significantly underperforms compared to all other

algorithms considered. The other algorithms behave in a way that is comparable to

our discussion of case A with, again, the BISL o�ering good performances while being

the least computationally expensive of the particle methods considered. We can also

observe that both sub-quadratic implementations (FFBSS and BISL) seem to su�er a

bit with performances that are a bit more spread out.

Model 2 (medium dimensionality)

In this second example, we consider a model with a 10-dimensional latent space and

a 6-dimensional observational space. The matrix A is defined as the identity plus a

perturbationmatrixE with elements eij = ηij/5with ηij drawn froma standardGaus-

sian. ThematrixB has elements bij drawn froma standard Gaussian. BothmatricesA

andB are normalised to prevent an explosive behaviour from the HMM. ThematrixQ
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Figure 3.1: Violin plots comparing the RMSE of the algorithms in case A over 50 runs
with the optimal Kalman smoother as reference. The FFBS and all BIS
have comparable performances while the FH underperforms with gen-
erally higher RMSE.
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Figure 3.2: Violin plots comparing the RMSE of the algorithms in case B over 50
runs. (le�) The FH significantly underperforms compared to the other
algorithms as can be seen compared to the KF which is reproduced on
both graph to give an idea of scale (FH is not reproduced on the right as
the scale is significantly di�erent from the other algorithms). (right) the
other smoothingalgorithmso�er performances in linewith the observa-
tionsmade in case A anddonot su�er asmuch from the decreased noise
ratio unlike the FH.

andR have random elements drawn in a similar fashion and both matrices are made

positive definite. BothQ andR are normalised and scaled such that ‖Q‖ = 1/5 and

‖R‖ = 1/20. We denote this model LG-10-6 for further reference.

The point of this example is to show that when the particle filter struggles (with
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a lot of particles with very low weight or, correspondingly, a low ESS) then naturally

both versions of the FFBS struggle. However, the algorithmswhich apply a resampling

of the representation of the particle filter (BISL and BISS) perform very well. Indeed,

this resampling guides the smoothing densities to regions of higher expected density

(throughmore concentrated normalising densities γt) resulting in better performance

overall. The performances are illustrated at figure 3.3.

KF KS PF FFBS FFBSS BISQ BISL BISS FH
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E

Figure 3.3: Violinplots comparing theRMSEof thealgorithms formodel LG-10-6over
50 runs. In this case, the sub-quadratic implementations of the BIS per-
form outstandingly well compared to the other algorithms which o�er
little performance gain over simply considering the particle filter. Note
that the flat base for some of the violin plots is an artefact of the plotting
toolbox used.

3.3.2 Nonlinear Gaussianmodels

In this point, we show how the sub-quadratic algorithms perform when the dynamic

of the HMM is not linear but defined as:
xt+1 = ft(xt) + εt

yt+1 = gt+1(xt+1) + ηt+1

. (3.25)

for some sets of functions {ft}Tt=1 and {gt}Tt=1 andwith innovation processes εt and ηt

drawn from centred multivariate Gaussians with covariance matricesQ andR.



42 3.3. Experiments

Model 3

Thismodel is drawn from the paper of Arulampalam et al. (2002) with the dimension-

ality of both the latent space and the observational space equal to one:


ft(x) = x/2 + 25x(1 + x2)−1 + 8 cos(1.2t)

gt(x) = x2/20

and Q = 10, R = 1. (3.26)

We call this model NL-1-1 for further reference. We useN = 50 particles and forK =

100 timesteps (as in theoriginalpaper) and run theexperiments50 timeswithM = 15

for the sub-quadratic algorithms.

Figure 3.4 shows the results of the comparisonof theRMSE for eachalgorithmcon-

sidered. No smoothing algorithm particularly stands out but it shows that the sub-

quadratic smoothing algorithms considered do not significantly underperform com-

pared to the full quadratic complexity ones evenwhen the underlying dynamic is non-

linear.
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Figure 3.4: Violin plots comparing the RMSE of the algorithms for model NL-1-1 over
50 runs. In this case, all smoothing algorithms considered o�er similar
performances showing that sub-quadratic smoothing algorithms can
also performwell in the case of a non-linear model.
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3.4 Discussion

In this chapterwe suggested and discussed three algorithmswith sub-quadratic com-

plexity. Two are approximations to the backward information smoother (BISL, BISS)

using the two filter smoothing algorithm while taking the normalising densities to

be approximations of the predictive densities based on a particle filter. The last one

(FFBSS) is an approximation to the forward filtering backward smoothing algorithm.

A criticism of the FFBS is that the smoothing step does not sample new particles

and just reweights existing particles which can harm the performance of the result-

ing estimator. In our experiments however, the FFBS and, more interestingly, its sub-

quadratic approximation typically perform well compared to other algorithms.

The BIS does perform a resampling step in the backward step and uses normalisa-

tion densities that aremore sensible and typically outperform the default choice sug-

gested in (Briers et al., 2010; Fearnhead et al., 2010). However, the optimal backward

sampling step is intractable in general and one may have to resort to the bootstrap-

BIS as we have in the experiments thereby potentially reducing the advantage of this

additional sampling step.

We showed in our experiments that the BISL and the BISS typically perform on par

with the naive implementation. There may be cases in which those algorithms do

not perform well but based on the results of the experiments, we would encourage

a user to consider the BISL as a first smoothing algorithm (provided the dynamic is

not linear).

We indicated that the estimators obtained through the BISL do not enjoy a CLT due

to the biased approximation in the sampling of the mixture indices. This, however,

seemed to have little impact on the results of the experiments. A possible explanation

for this is that, at the regime considered with relatively few particles, all estimators

are biased and there is too much variance to significantly distinguish between them.
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Note however that exploiting these algorithmswith significantlymore particles (a few

orders ofmagnitudemore) requires having to deal with numerical instabilities arising

from the representation of the range of weights associated with a large number of

particles, and this, even with resampling. This is a known issue, particularly when

the dimensionality of the problem is higher and some techniques exist to combat the

issue (Miguez and Eugenia, 2013).

Finally, we have only considered standard multinomial resampling in our algo-

rithms. It may be that alternative resampling procedures such as the onesmentioned

in Hol et al. (2006) lead to improved performances. This could be an avenue for fur-

therwork aswell as amore in depth quantification of the computational performance

consideringmore adequate error metrics such as the log-likelihood on a held out set.



4 | BOUNCY PARTICLE SAMPLER ON

MARKOV RANDOM FIELDS

In this chapter, we cover the Local Bouncy Particle Sampler (LBPS), a version of the

BPS introduced in chapter 2, section 2.3 for target distributions that factorise accord-

ing to a MRF.

The aim of this short chapter is to show that the LBPS algorithm can be used on

high-dimensionalmodels suchasprobabilisticmatrix factorisation andperformances

are not far those of the HMC algorithm thereby showing the potential of PDMP sam-

plers on complex Machine Learning models. For this, we used our open-source pack-

age PDSampler.jl coded in Julia.1

1https://github.com/alan-turing-institute/PDSampler.jl

45

https://github.com/alan-turing-institute/PDSampler.jl
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4.1 Local Bouncy Particle Sampler

In Bouchard-Côté et al. (2015), the authors consider the case where the target distri-

bution factorises as

π(x) ∝
∏
f∈F

γf (xf ) (4.1)

where xf is a restriction to a few elements of x, F is a set of factors and γf is an un-

normalised likelihood associated with the factor. In the specific case of a pairwise

MRF, the factors are the edges of the graph and the restrictions are the variables cor-

responding to each nodes. The energy associated to π consequently decomposes as

U ≡
∑

f∈F Uf .

For each factor, a local intensity λf and a local bouncing operator Rf can be de-

fined in the sameway as for the Bouncy Particle Sampler (BPS, see section 2.3) except

that∇Uf is set to have zero components for all variables not associated with the fac-

tor. We can then define a collection of intensities with

χf (t) = λf (x
(i−1) + v(i−1)t, v(i−1)). (4.2)

and consider the superposition principle with χ ≡
∑

f χf (see point 2.3).

Instead of modifying all velocity variables at a bounce as in the basic BPS, the

method samples a factor f with probability χf (τ)/χ(τ) and modifies only the vari-

ables connected to the sampled factor. This can significantly reduce the overall com-

putational cost associated with the algorithm and especially so when the underlying

MRF has a connection structure that is not too densely connected. Indeed, when an

update is triggered at a factor f all factors that share a variable with f are also trig-

gered. If that corresponds to a large portion of the graph, computational gains are
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lost compared to simply using the full BPS. The skeleton of the algorithm is shown

below.

Algorithm 9 Local BPS with Priority Queue
1: initialise (x(0), v(0)), set tclock = 0

2: simulate a first arrival time τ fbounce ∼ PP(χf (t)) for each factor f
3: initialise a priority queueQwith the couples {(τf , f)}f∈F
4: initialise event listsLf for each factor with (x

(0)
f , v

(0)
f , 0)

5: sample τref ∼ Exp(λref)
6: whilemore events requested do
7: pop (τf , f) fromQ based on the smallest bounce time
8: if τf > τref then
9: tclock ← tclock + τref
10: sample a new v ∼ N (0, I)
11: start a new queue Q where the positions for each factor is extrapolated linearly

until the refreshment time
12: else
13: tclock ← tclock + τf
14: extrapolate xf linearly until tclock
15: add xf to the listLf
16: for all neighbouring factors f ′ do
17: extrapolate x′f linearly until tclock
18: simulate the first arrival time τf ′ of a PP with intensity λf ′(xf ′ + tvf ′ , vf ′)
19: updateQwith these candidate bounce times
20: end for
21: end if
22: endwhile

4.2 Probabilistic Matrix Factorisation

Probabilistic Matrix Factorisation (PMF) (Salakhutdinov andMnih, 2008) is a Bayesian

approach to thematrix completion problem. In that problem, we consider amatrixR

of size n × p of ratings rij corresponding to user i and item j (e.g.: a movie) but we

only have access to a mask ofR, a very sparse subset of the ratings which we denote

R̂. The aimofmatrix completionmethods such as PMF is to try to construct a low-rank

factorisationR ≈ U tV based on the known entries, whereU is of size d× n and V of

size d× p and d is very small compared to n or p.
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4.2.1 Description of the Model

The model described in Salakhutdinov and Mnih (2008) assumes that each rating rij

is a realisation from a Normal random variable with mean 〈ui, vj〉 and standard devi-

ation σr. Further, the model assumes spherical Gaussian priors on all ui and vj with

standard deviation σu and σv respectively. Formally:

rij ∼ N ( · ; 〈ui, vj〉 , σ2
r), (i, j) ∈M

ui ∼ N ( · ; 0d, σ
2
uId), i ∈ 1, . . . , n (4.3)

vj ∼ N ( · ; 0d, σ
2
vId), j ∈ 1, . . . , p

whereM denotes the entries which are available, 0d and Id denote the zero vector in

Rd and the d× d identity matrix respectively. The negative log-posterior of interest is

therefore:

− log p(U, V |R̂) =
1

2σ2
r

∑
(i,j)∈M

(rij − 〈ui, vj〉)2 +
1

2σ2
u

‖U‖2
2 +

1

2σ2
v

‖V ‖2
2 (4.4)

In our experiments, we assume σr, σu and σv are fixed,2 more involved models exist

including hyper-priors which we will not consider here since our aim is primarily to

compare the local BPS and HMC on a large scale model rather than produce the best

performing PMFmethod.3

Finally, note that the full dimensionality of the model is n × d + p × d. Below we

consider an example where d = 10, n = 6000, p = 4000 and |M| = 106 meaning that

the full dimensionality of the model is 100000 with 1 million factors. For that kind of

2In practice, we compute sensible estimates from the data following the authors’ original code
available at http://www.cs.toronto.edu/~rsalakhu/BPMF.html.

3In Salakhutdinov andMnih (2008), the authors also suggest performing a few steps of Gibbs sam-
pling for the hyperparameters. We do not do this in order to simplify the computations and the com-
parisons.

http://www.cs.toronto.edu/~rsalakhu/BPMF.html
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scale, a method such as naive Gibbs sampling (see point 2.1.3) is impractical though

methods such as block Gibbs could be deployed (see e.g. Geyer (2005, section 2.5)).

4.2.2 Local BPS for the PMF

The factor graphcorresponding to thematrix factorisationproblemhasa simple struc-

ture: each rating rij for (i, j) ∈ M corresponds to a factor connected to the variables

ui and vj . This is illustrated in figure 4.1 below.

. . . rik rj` rjk rj` . . .

ui uj vk v` . . .. . .

Figure 4.1: Illustration of the factor-graph corresponding to the matrix comple-
tion problem. Each observed rating corresponds to a factor connected
to a corresponding u-node and v-node themselves corresponding to d-
dimensional variables. Each node also has its own factor corresponding
to a spherical Gaussian prior (empty squares).

The energy associated with one of the rating factor is also obtained by taking the

negative log-likelihood associated to rij (see (4.3)), we denote it Eij with

Eij(ui, vj) := 0.5σ−2
r (rij − 〈ui, vj〉)2. (4.5)

Correspondingly, the prior-factors are associated with Eui (ui) := 0.5σ−2
u ‖ui‖2

2 and

Evj (vj) := 0.5σ−2
v ‖vj‖2

2. The Inhomogeneous Poisson Processes (IPP) associated with

Gaussians can easily be sampled fromusing the inversionmethod. The IPPassociated

with the rating factors can also be easily sampled from using the inversion method

which we show below.
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Sampling the IPP associated with a rating factor

To simplify notation, we consider a single rating r associated with two d-dimensional

vectors u and v. We introduce the notation x := (u; v) and write xu = u and xv = v.

We also write e(x) := (〈xu, xv〉 − r). With these notations, we can write the energy

as E(x) = 0.5σ−2
r e2(x). As for the BPS, the intensity associated with this factor is

χ(t) = 〈∇E(x+ tw), w〉+ where w is a velocity-vector of the same dimension as x.

The gradient with respect to the u and v component can be written as


∇xuE(x) = γ(x)xv

∇xvE(x) = γ(x)xu

(4.6)

where γ(x) := σ−2
r e(x). It is straightforward to show that the inner product

〈∇E(x+ tw), w〉 is a third-order polynomial in twith

〈∇E(x+ tw), w〉 = γ(x+ tw) [〈xu, wv〉+ 〈xv, wu〉+ 2t 〈wu, wv〉] (4.7)

The intensity χ(t) of the IPP is therefore given by the positive part of this third-order

polynomial. The factor of t3 in (4.7) is positive which is already indicative of the shape

of the polynomial but the roots of the polynomial need to be studied in order to fully

characterise it. It is easy to obtain the root corresponding to the le�-parenthesis in

(4.7) which we denote t0 with t0 = −d(x,w)/2s(w) where d(x,w) := (〈xu, wv〉 +

〈xv, wu〉) and s(w) := 〈wu, wv〉. The other two roots are obtained by setting γ(x+ tw)

or equivalently e(x+ tw) to zero. All the roots of (4.7) are therefore given by:


t0 = −d(x,w)/2s(w)

t−,+ = t0 ±
√
t20 + e(x)/s(w)

. (4.8)
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Using the inversionmethod, sampling from the IPP can be done in two steps: gen-

erate a λ ∼ Exp(1) and then find t(λ) such that

λ = Ξ(t(λ)) =

∫ t(λ)

0

χ(s) ds. (4.9)

Since χ(t) is the positive part of a third-order polynomial, the integral can be com-

puted exactly and the inversion to obtain t(λ) amounts to finding a root of a fourth-

orderpolynomialwhich canbedonee�iciently usinganumerical solver. The situation

is illustrated in a case where t− > 0 in figure 4.2 below.

0 t− t(λ) t0 t+

0

λ

2
χ(s)

Ξ(s)

Figure 4.2: The intensityχ (blue) is the positive part of a third-order polynomial, its
integral Ξ (red) is represented and is a piecewise fourth-order polyno-
mial. For λ drawn from an Exp(1), we can find t(λ) corresponding to
the first arrival time of interest. (Best viewed in colours.)

4.2.3 Other algorithms considered

Singular Value Decomposition

As abaseline, we consider the Singular ValueDecomposition (SVD) algorithm. Indeed,

Eckart and Young’s theorem shows that for a matrixM , the truncated SVD is the best
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low-rank approximation in the sense of the Frobenius norm. In the matrix comple-

tion case, no guarantees are o�ered by the SVD since we only have access to a sparse

mask of the realmatrix (Srebro et al., 2004). LetRdenote the truematrixwe are trying

to reconstruct and R̂ the sparse matrix containing only the observed ratings (centred

around zero). The SVD decomposition of R̂ gives R̂ = UΣV t where U is an orthonor-

mal matrix of size n × p, Σ is a diagonal matrix of size p × p and V is an orthogonal

matrix of size p × p. Truncating Σ to its first d � p components leads to a rank-d ap-

proximation R̃ to R̂ which will be much less sparse than R̂. Letting USVD := Σ1/2U t

and VSVD := Σ1/2V t we have a first baseline factorisation R̃ = U t
SVDVSVD ≈ R.

Note that the problem of computing a truncated SVD decomposition of a large

sparse system is a well known problem in numerical linear algebra and very e�icient

methods exist (Sorensen, 1996).4

Hamiltonian Monte Carlo

We had already shown that the negative log posterior inU and V of themodel can be

directly obtained:

−2 log p(U, V |R̂) = σ−2
r

∑
(i,j)∈M

(rij − 〈ui, vj〉)2 + σ−2
u ‖U‖2

2 + σ−2
v ‖V ‖2

2.

Therefore, the gradient in ui and vj can easily be computed in closed form and it is

straightforward to apply HMC on this model (cf. algorithm 3). The main hurdle is that

each gradient evaluation requires a full pass over all observed ratings making itera-

tions computationally expensive.

4In the experiments, we use the svds function from Julia 0.6 uses the implicitly restarted Lanczos
iterations.
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4.2.4 Experiments

In our experiments, we consider the MovieLens 1M dataset.5 corresponding to 1 mil-

lion ratings of 4000 movies by 6000 users. We preprocess the ratings to centre them

around zero and scaled on [−1, 1] and take a random subset of 95% of the ratings as

training set using the remaining5%as test set. Following the literature,weused = 30;

we set σR = 1 and σU = σV = 10. The starting point is drawn from a standard mul-

tivariate Normal centred at the solution of the SVD algorithm. The Local BPS experi-

ments use the PDSampler.jl package, the HMC simulations use 2 leapfrog steps, the

stepsize is set to 0.01.6 The reported value is the RMSE over the test set. We run each

experiments ten times to account for the stochasticity of the algorithms. All results

were obtained using Julia 0.6 with a 2.3GHz Intel Core i5 computer.

The results displayed in figure 4.3 seem to show that the LBPS does a little bit bet-

ter in this case than the HMC algorithm. The improvement is not very significant but

confirms that the BPS and the LBPS can perform as well or better than the HMC algo-

rithm (a similar result had been obtained by (Bouchard-Côté et al., 2015) on a much

simpler factor graph).

Bothmethods underperform compared to the test-RMSE obtainedwith the sparse

SVD. The test-RMSE is computed as

RMSE =

√ ∑
(i,j)∈T

(rij − 〈ui, vj〉)2/(np) (4.10)

where T denotes the indices corresponding to the test set and 〈ui, vj〉 is clipped if it

is outside the range of possible values for the ratings.

5https://grouplens.org/datasets/movielens/
6Note that 2 leapfrog steps should not be expected to give excellent results though here we picked

this in order to get reasonable computational times for the experiments.

https://grouplens.org/datasets/movielens/
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Figure 4.3: RMSE on the test set of theMovieLens 1M dataset when using Probabilis-
tic Matrix Factorisation with HMC and the LBPS algorithm compared to
the result obtained with the Sparse SVD algorithm. The crosses indicate
the range of values obtained and ranges of times for each of the 10 runs
recorded for di�erent simulation lengths. The dashed lines connects the
means.

The choice of hyper parameters may be suboptimal though a�er trying a range of

possible hyper parameters we did not see major di�erences. In this case it may just

be that the SVDS algorithmperforms verywell and does not overfit the data rendering

the regularisation that appears in the PMFmodel useless.

In (Salakhutdinov and Mnih, 2008), the authors obtain results with the Bayesian PMF

that outperform the SVD significantly but it is unclear what SVD algorithm they use

and whether they use it on appropriately re-scaled data. Further they do not discuss

the time taken by the algorithms, in our experiments, the SVDS runs several orders

of magnitude faster than the LBPS or HMC algorithm though, of course, the SVD does

not provide uncertainty estimates. Further, their code does not show the SVD step but

suggests a scaling of the ratings on the [0, 1] range for the Bayesian PMF. If the SVD

algorithm is also applied on such ratings, it should be expected to performworse as it
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will not be able to exploit the sparsity of the data well.

4.3 Discussion

The main purpose of this chapter was to compare the HMC algorithm to the LBPS on

a very high-dimensional model with a rather sparse graphical model structure. We

showed in the experiments that the LBPS compares favourably with a simple version

of HMC in this case which gives hope for future use of the LBPS on large scale graph-

ical models. It should however be noted that the HMC algorithm we used here is not

particularly involved and better tuning could be applied (more leapfrog steps, better

sample size) though we wanted to keep the sampler simple to be fair to the local BPS

which is still quite unexplored.

A possible interesting avenue ofworkwould be to incorporate the local BPSwithin

a block-Gibbs sampler in order to avoid the triggering of wide-reaching node refresh-

ments when the matrix of ratings is not “su�iciently sparse”.

Much remains to be explored on how to better tune Piecewise Deterministic sam-

plers and in particular its local version for MRFs. To the best of our knowledge, this

was the first attempt to use the LBPS on a large-scale model in statistics or machine

learning.

A key element for the viability of the LBPS for a large scale graphical model is the

sparsity of the graph. As we hinted at earlier, if each variable node is connected to

many factors then every time a factor is triggered, every factor that shares a variable

with it is also triggered. If this is a large portion of the graph, the advantage of exploit-

ing the factorisation structure of the model is severely diminished. In figure 4.4, we

look at the distribution of the number of ratings per users. It shows that the distribu-

tion is heavy tailed with a significant number of users having over 250 ratings (1149

users). This along with the slow convergence we observed for the LBPS in figure 4.3
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Figure 4.4: Histogram of the number of ratings per users.

suggests that the LBPSmay be struggling due to the graph not being sparse enough.

Future work could look at other models which o�er a sparse conditional depen-

dence structure and compare the LBPS with the BPS. We suspect that for very sparse

models the LBPS will outperform the BPS as observed experimentally for Gaussian

Random Fields in (Bouchard-Côté et al., 2015).
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Approximate Bayesian Inference



5 | BACKGROUND

In this chapter, we start with a brief overview of approximate Bayesian inference. We

then cover tools necessary to understand and extend the Expectation Propagation al-

gorithm and the Loopy Belief Propagation algorithm. These methods and variants

form the core of this part of the thesis.

5.1 Overview of Approximate Bayesian Inference

In this thesis we define approximate Bayesian inference in broad terms as the class of

methods attempting to recover a distribution q in a restricted family of distributions

F ⊂ P(X ) such that q is a “good” proxy for a posterior distribution p of interest. This

definition leaves significant room to describe di�erent methods based on the defini-

tion of what a “good proxy” means.

LetD : P(X )×P(X )→ R+ denote a divergence between two probability distri-

bution functions. Then, the generic variational problem we consider is the minimisa-

tion of this divergence overF :

q? ∈ arg min
q∈F

D(q, p). (5.1)

58
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Techniques attempting to solve such problems rely upon exploiting at least one of the

three main characteristics:

• the definition of the discrepancy measureD,

• the definition of the restricted spaceF , and

• the structure of the target distribution p.

Many discrepancy measures can be considered such as the total variation distance,

theWassersteindistanceor f -divergences (Minka, 2004; Blei et al., 2016; Li andTurner,

2016; Bernton et al., 2017). However, most choices lead to the corresponding prob-

lem (5.1) being computationally very expensive to solve in general especially when

the space X is continuous. In this part we focus on the Kullback-Leibler divergence

(Kullback and Leibler, 1951) withKL(p, q) := Ep[log(p(X)/q(X))].

5.1.1 Variational inference

The KL divergence has beenwidely considered in the literature partly because it leads

to variational problems that are amenable to gradient descent-based algorithms. In

particular, considering the discrepancyKL(q, p) led to the development of the popu-

lar variational inference algorithms (Ho�man et al., 2013; Blei et al., 2016).

In the basic mean-field variational inference (MFVI), the approximating family of

distributionsF is taken to be the class of distributions that fully factorises:

FMFVI =

{
q ∈ P(X ) | q(x1, . . . , xd) =

d∏
i=1

qi(xi)

}
. (5.2)

This choice of distribution space, while rather restrictive, leads to the inference prob-

lem (5.1) being tractable. Indeed, writing q¬i(x¬i) =
∏

j 6=i qj(xj), we have

KL(q, p) = Eqi [log qi − Eq¬i [log p]] + Eq¬i

[∑
j 6=i

log qj

]
(5.3)
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suggesting to iterate over the components taking each time qi ∝ exp(Eq¬i log p). This

scheme can be used to provably decrease the objective function (Ho�man et al., 2013;

Kucukelbir et al., 2016; Blei et al., 2016); however, the problem is non-convex and no

practical guarantees exist as towhat the iterations converge to. In this thesis, we focus

on an alternative approximate Bayesian inference class of algorithms which exploits

the factorisation structure of the target distribution p directly instead of imposing a

factorisation structure a priori like in MFVI.

5.1.2 ADF, EP and LBP

The Assumed Density Filtering (ADF) algorithm and the Expectation Propagation (EP)

algorithm are two other popular methods that are also based on the KL divergence.

The choice of distribution space is usually the exponential family associated to a suf-

ficient statistic φ. Additionally, these methods assume that the target distribution p

factorises into terms that are easier to handle than p itself. We introduce these meth-

ods in sections 5.2 and 5.3.

The Belief Propagation (BP) algorithm and the Loopy Belief Propagation (LBP) al-

gorithm are message-passing algorithms which target distributions that factorise ac-

cording to a MRF. Thosemethods can also be shown to be fixed-point algorithms cor-

responding to a specific form of divergence (5.1) (Yedidia et al., 2001, 2002).

In this part of the thesis we focus on the use of EP and (L)BP algorithms for infer-

ence on MRFs and discuss applications. In point 5.3 we cover the ADF and EP algo-

rithmswith exponential family distributions and in point 5.4 we introduce the BP and

LBP algorithms.
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5.2 Exponential Family and Convexity

In this part we introduce the notations and tools from the theory of exponential fami-

lies and convex analysis. We refer toBrown (1986) for exponential family theory and to

Rockafellar (1970) for convexanalysis. Thenotationsusedhereare inspired fromthese

authors andWainwright and Jordan (2008) though the latter focuses on discrete state

spaces while we focus on continuous state spaces.

5.2.1 Log partition function and natural parameter space

We define the exponential family Fφ(X ) ⊆ P(X ) associated with a su�icient statistic

φ : X → Rd on a set X ⊆ Rn as the collection of probability distribution functions

indexed by a parameter θ ∈ Rd and of the form

qθ(x) = exp (〈θ, φ(x)〉 − A(θ)) (5.4)

with respect to a basemeasure ν onX . The log partition functionA is defined such as

to normalise qθ:

A(θ) = log

∫
exp 〈θ, φ(x)〉 ν(dx). (5.5)

The set of natural parameters Ω ⊆ Rd is defined as the set of parameters θ such that

A(θ) is bounded (and, therefore, qθ is a proper distribution):

Ω :=
{
θ ∈ Rd | A(θ) < ∞

}
. (5.6)

An exponential family is said to be regularwhen the corresponding setΩ is nonempty

and open. Additionally, an exponential family is said to be minimal provided there

does not exist a nonzero vector a ∈ Rd such that 〈a, φ(x)〉 is constant ν-almost every-
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where. A distribution in a minimal exponential family is therefore one-to-one with its

parameter θ ∈ Ω. In the rest of this document, we will assume that we are working

with a regular andminimal exponential family.

The log-partition function A is convex on Ω. Indeed, let θ1, θ2 ∈ Ω and λ ∈ [0, 1],

then using Hölder’s inequality with parameters (1− λ)−1 and λ−1, we can write:1

∫
exp 〈(1− λ)θ1, φ(x)〉 exp 〈λθ2, φ(x)〉 ν(dx)

≤ exp(A(θ1))1−λ exp(A(θ2))λ. (5.7)

Taking the logarithmof that inequality shows thatA is convex onΩ and therefore that

Ω itself is convex.

5.2.2 Gradient and convex-conjugate of the log-partition function

In a regular exponential family, it is well known (Brown, 1986, theorem 2.2) that the

log-partition function is infinitely continuously di�erentiable and that its gradient and

Hessian are related to the first twomoments of the su�icient statistic:

∇A(θ) = Eqθ [φ(X)], and ∇2A(θ) = Vqθ [φ(X)]. (5.8)

An important consequence is that, for a minimal exponential family, the covariance

matrix Vqθ [φ(X)] is positive definite which in turns implies that A is strictly convex

onΩ. Indeed, take any nonzero vector a ∈ Rd then by definition, 〈a, φ(X)〉 cannot be

constant ν-almost everywhere so thatVqθ [〈a, φ(X)〉] > 0 for any θ ∈ Ω and therefore:

0 < 〈a,Vqθ [φ(X)]a〉 , (5.9)

1For two real-valued measurable functions f and g, Hölder’s inequality with parameters p, q ∈
[1,∞] states that ‖fg‖1 ≤ ‖f‖p‖g‖q provided p−1 + q−1 = 1.
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so thatVqθ [φ(X)] is positivedefinite. LetM? denote the imageofΩunder thegradient

mapping∇A orM? = ∇A(Ω). Since A is strictly convex,∇A is a strictly monotone

mapand forms abijectionbetweenΩ andM?. Let θ? be the imageof a pointµ? ∈M?

through the inverse map (∇A)−1. This can be written as

θ? = {θ ∈ Ω | ∇A(θ) = µ?},

= {θ ∈ Ω | ∇(A(θ)− 〈θ, µ?〉) = 0}. (5.10)

Since (A(θ)−〈θ, µ〉) is a strictly convex function in θ, the last expression corresponds

to a first-order condition for its minimiser. 2 Therefore, we can write

θ? = arg min
θ∈Ω

A(θ)− 〈θ, µ?〉 (5.11)

which is related to the convex-conjugate ofA onM? defined as

A?(µ) := max
θ∈Ω

〈θ, µ〉 − A(θ). (5.12)

Note that A? is itself a convex function (Rockafellar, 1970, Theorem 12.2). Using this

definition, we have

A?(µ?) = 〈θ?, µ?〉 − A(θ?) (5.13)

and (θ?, µ?) is said to form a dual pair. Let us now consider an arbitrary θ+ ∈ Ω\{θ?}

and the corresponding µ+ = ∇A(θ+) ∈M?. Then, by strict convexity ofA, we have

A(θ?) > A(θ+) +
〈
θ? − θ+, µ+

〉
. (5.14)

2A first-order condition for a minimiser indicates that for a convex, di�erentiable function f on a
set Ω, {x ∈ Ω | ∇f(x) = 0} ⊆ arg minx f(x). If there exists a unique point x? ∈ Ω such that
∇f(x?) = 0 then it is also the uniqueminimiser of f and both sets are equal to that point (Rockafellar,
1970, theorem 27.1).
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Using the duality property (5.13) andwithµ? = ∇A(θ?), the previous inequality reads

−A?(µ?) + 〈θ?, µ?〉 > −A?(µ+) +
〈
θ+, µ+

〉
+
〈
θ? − θ+, µ+

〉
.

⇐⇒ A?(µ+) > A?(µ?) +
〈
µ+ − µ?, θ?

〉
. (5.15)

Since the inequality (5.15) holds for any µ+ 6= µ?, θ? is said to be a subgradient of A?

at µ?. Since the mapping∇A is one-to-one on Ω, θ? is necessarily the only such sub-

gradient. Therefore, A? is di�erentiable onM (Rockafellar, 1970, theorem 25.1) and

∇A? is the inverse mapping of (∇A)−1 fromM? to Ω. The relationship is illustrated

in figure 5.1 below.

Figure 5.1: Illustration of the bijection between the set of natural parametersΩ and
its image under∇A:M?.

5.2.3 Themean parameter space

It remains to characterise more precisely the setM? = ∇A(Ω). It is a subset of the

set of all realisablemean parameters associated with φ:

M? ⊆ M :=
{
µ ∈ Rd | ∃ p ∈ P(X ) s.t. µ = Ep[φ(X)]

}
. (5.16)

This spaceM is also known as themean parameter space associatedwith φ. It is easy

to see that this space is convex since P(X ) is convex. More interestingly, it can be

shown that, for a minimal exponential family,M? is in fact the interior ofM (Wain-

wright and Jordan, 2008, theorem 3.3). Note that, since the interior of a convex set is
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necessarily convex,M? is itself convex. Finally, note that sinceM? = int (M),A? can

be continuously extended onM by changing themax into a sup in (5.12). In a similar

fashion, for a point µ ∈ M\M?, we can consider a sequence of points µ1, µ2, . . . in

M? such that limi→∞ µi = µ and identify∇A?(µ) to limi→∞∇A?(µi) by continuity.

The extended operator is then defined as a mapping fromM to cl(Ω).

5.2.4 The case of the Gaussian distribution

The d-dimensional multivariate Gaussian distribution with mean µ0 ∈ Rd and covari-

ance matrix Σ ∈ Rd×d corresponds to an exponential family with su�icient statistics

φ(x) = (x, xxt/2).3 Correspondingly, the parametrisation in the natural parameter

space can be written θ = (Σ−1µ0,−Σ−1)withΩ = Rd × Sd− and the parametrisation

in the mean parameter space is µ = (µ0, (µ0µ
t
0 + Σ)/2). The transformation∇A and

∇A? therefore correspond to the mappings

∇A : (θ1, θ2) → (−θ−1
2 θ1, (θ

−1
2 θ1θ

t
1θ
−1
2 − θ−1

2 )/2), (5.17)

∇A? : (µ1, µ2) → ((2µ2 − µ1µ
t
1)−1µ1,−(2µ2 − µ1µ

t
1)−1), (5.18)

where θ1 = Σ−1µ0, θ2 = −Σ−1, µ1 = µ0 and µ2 = (µ0µ
t
0 + Σ)/2.

Therefore, we note thatM? = {(µ1, µ2) |µ1 ∈ Rd, µ2 ∈ Rd×d, (2µ2−µ1µ
t
1) ∈ Sd+}

and themean parameter spaceM contains pairs such that (2µ2−µ1µ
t
1) is symmetric

semi positive definite.

3We had defined the su�icient statistics as a mapping from X to Rd. Here however, φ(x) =
(x, xxt/2) ∈ Rp × Rp×p. Formally, we consider the vector formed of all the components of x and
xxt/2 but the results are obviously equivalent.
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5.3 AssumedDensityFilteringandExpectationPropagation

5.3.1 Approximate inference in the exponential family

We consider the context of approximate inference in the exponential familyFφ(X ). In

the previous section, we showed that a target distribution p could be associated with

a point µp ∈ M with µp = Ep[φ(X)] for a su�icient statistic φ. Further, we showed

that if the family is minimal and if µp ∈M?, themean parameter could be directly as-

sociated to a distribution inFφ(X )with parameter θ given by∇A?(µp). It is therefore

natural to consider this distribution qθ as potentially forming a good approximation to

p inFφ(X ). This is supported by the fact that this distribution actually minimises the

divergenceKL(p, qθ′). Indeed, observe that

KL(p, qθ′) = Ep[log p]− 〈θ′, µp〉+ A(θ′), (5.19)

which is a strictly convex function in θ′. By definition, a parameter θ = ∇A?(µp) is

such that ∇A(θ) = µp and therefore verifies the first order condition. This shows

that qθ minimises the divergence (5.19). It is useful at this point to define a projection

operatorPφ : P(X )→ cl(Ω) with

θ = Pφ[p] ⇐⇒ θ = ∇A?(Ep[φ(X)]). (5.20)

Provided Pφ[p] ∈ Ω, the parameter θ labels a proper distribution qθ ∈ Fφ(X ) that

minimises the KL (5.19) and equivalently verifies the global moment matching condi-

tion (GMMC)

(GMMC) Eqθ [φ(X)] = Ep[φ(X)]. (5.21)



5. Background 67

It will also be convenient to use the following abuse of notation: for an unnormalised

distributionpuwith somenormalisationconstantZ−1wewillwritePφ[pu] to implicitly

meanPφ[Z−1pu].

The application of this projection operator implicitly requires the ability to per-

form two computations. First, it requires the ability to compute the expected value

µp = Ep[φ(X)] which is typically intractable since we are in a context where we are

trying to approximate p for that very purpose. Then, provided we can compute µp,

we need to be able to apply the inverse mapping ∇A?(µp) which is not tractable in

general. We will introduce below contexts in which the first requirement can be ap-

proximately met. The second requirement e�ectively means that we are constrained

to exponential families for which computing the inverse mapping ∇A? can be done

explicitly or is cheap to approximate. For continuous, high-dimensional state spaces,

it is overwhelmingly the Gaussian distribution that is considered in the literature with

either a diagonal or a full covariance matrix (Kuss and Rasmussen, 2005; Herbrich,

2005; Herbrich et al., 2006; Yu et al., 2006; Hernandez-Lobato et al., 2013).

5.3.2 Online Bayesian learning and Assumed Density Filtering

Let us consider the context of online Bayesian learning where one is interested in the

evolution of a posterior distribution p(x | y1:t) given observed iid. data points y1:t up

to current time t and a new iid. data point yt+1. The new posterior is given directly by

Bayes rulewith p(x | y1:t+1) ∝ p(yt+1 |x)p(x | y1:t). In Opper (1998), the author consid-

ers that the exact posteriors are intractable but suggests constructing a sequence of

approximations in the exponential familyFφ(X ). Using the notations from the previ-

ous point, the algorithm corresponds to a sequence of iteration of the form

θt+1 ← Pφ[p(yt+1 | ·)qθt ], (5.22)
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where, at the first step, qθ0 is replaced by the prior π0. In words, the posterior up to

time t is approximated by the exponential family distribution qθt which then serves as

prior to form an approximate posterior p(yt+1 |x)qθt(x). Given that this approximate

posterior is not necessarily in the exponential family, it needs to be projected as per

(5.22). At time t+1, the distribution qθt+1 can nowbe interpreted as an approximation

of the posterior distribution given all the data up to that time or

qθt+1(x) ≈ p(x | y1:t) ∝ π0(x)
t+1∏
s=1

p(ys |x). (5.23)

We can therefore reinterpret the algorithmmore generally as targeting a distribution

p that factorises in a fixed number (sayK) of factors:

p(x | y1:t) ∝ π0(x)
K∏
i=1

ti(x) (5.24)

where the factors ti are nonnegative. This is the Assumed Density Filtering (ADF) al-

gorithm. Note that in this case there is no “natural ordering” as in the original online

learning case and the algorithm can be applied a�er any permutation of the factors.

Algorithm 10 Assumed Density Filtering
1: Let θ1 = Pφ[π0t1]
2: for i = 2 : K do
3: θi ← Pφ[qθi−1

ti] . parameter of the new approximation
4: end for
5: return θK

Let ωi = (θi − θi−1) denote the di�erence between subsequent parameters (with

ω1 = θ1). Correspondingly, θK =
∑K

i=1 ωi, and letting t̃i(x) := exp 〈ωi, φ(x)〉, which

can be interpreted as an approximation to the factor ti, we can write

qθK (x) ∝ π0(x)
K∏
i=1

t̃i(x). (5.25)
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The main issue with using ADF on a MRF is that the order in which the graph is read,

or equivalently the order in which the factors ti are considered, will a�ect the final

approximation qθK . A natural extension of the ADF algorithm to take this into account

is toperformmultiplepassesof ADFwhile considering randomorderingsof the factors

and correct for the fact that each factor is considered multiple times. This is the core

idea behind the Expectation Propagation algorithm.

5.3.3 Expectation Propagation

In the Expectation Propagation (EP) algorithm (Minka, 2001a,b; Seeger, 2007; Gelman

etal., 2014),weconsider thatwehavean initial approximation qθ ∈ Fφ(X ) thatwecan

write as in (5.25) (typically obtainedwith apass of ADF) and seek to iteratively improve

its parameter θ. At each step, a factor ti from the target distribution is considered and,

by contrast to ADF, we now consider the projection θi = Pφ[qθti/t̃i]. The di�erence

with ADF is therefore the removal of the previous factor approximation t̃i from the

current approximation qθ before the projection. ADF can also be reinterpreted as a

single pass of EP where, initially, all the factor approximations are set to t̃i ≡ 1.

Algorithm 11 Expectation Propagation

1: Initialise θ, ω1, . . . , ωK such that θ =
∑K

i=1 ωi ∈ Ω (e.g. via ADF)
2: for k = 1 : NEP do
3: Let σ be a random permutation of (1, . . . ,K)
4: for i = 1 : K do
5: θ ← Pφ[qθoldtσ(i)/t̃σ(i)] . parameter of the new global approximation
6: ωσ(i) ← ωσ(i) + θ − θold . parameter of the new factor approximation t̃σ(i)

7: θold ← θ
8: end for
9: end for
10: return θ

In Expectation Propagation, we denote by q−i ∝ qθ/t̃i a cavity distribution and by

qi ∝ q−iti a tilted distribution (Seeger, 2007; Gelman et al., 2014). Provided the EP

iterations converge, the global parameter θ is equal toPφ[qi] for all i. Put di�erently,
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it is such that all the local moment matching conditions (LMMC) are met:

(LMMC) Eqi [φ(X)] = Eqθ [φ(X)], i = 1, . . . , K. (5.26)

These conditions can be interpreted as a relaxation of the GMMC (5.21) and the EP

algorithm can be interpreted as a fixed point algorithm targeting the LMMC. We will

expand on this in chapter 6.

5.4 Belief Propagation

In this section we introduce the Belief Propagation (BP) algorithm for tree-structured

MRFswhich, we show, is an iterative algorithm that can recover functions – the beliefs

– proportional to the exact nodemarginals by passing “messages” through the graph

(Pearl, 1988; Wainwright and Jordan, 2008). We also show how this algorithm can be

related to the two-filter formula for smoothing on a HMM discussed in chapter 3.

We then introduce theLoopyBelief Propagation (LBP), anextensionof theBPalgo-

rithm on graphs with cycles. This algorithm does not lead to functions proportional

to the exact node marginals but recovers proxies for it which work well in practice

(Yedidia et al., 2002; Sudderth et al., 2003).

In line with the rest of this document we concern ourselves with the case where

the state-spaces associated with the graph nodes are continuous

5.4.1 Belief Propagation on a tree

The problem of computing singleton marginals on a tree is relatively easy since the

recursive structure of the problem can be exploited. Let s denote a node of interest so

that we are targeting themarginal p(xs). The full joint on the tree can then be written
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relative to that node:

p(x) ∝ ψs(xs)
∏
t∈∂s

ψts(xt, xs)
[
ψt(xt)φ∂t\s(xt, x∂t\s)

]
, (5.27)

where the φ∂t\s are given recursively by

φ∂t\s(xt, x∂t\s) =
∏
r∈∂t\s

ψrt(xr, xt)
[
ψr(xr)φ∂r\t(xr, x∂r\t)

]
,

and φ∅ ≡ 1 (for a leaf node). This decomposition is illustrated at figure 5.2.

sψs

tψt

ψts

φ∂t\s

Figure 5.2: Illustrationof theelementsof the factorisation (5.27): thenodepotential
ψs of the node of interest, the potential corresponding to the edge con-
necting it to one of its neighbour t: ψst, the potential at that node, and
the product of all subsequent potentials attached to that node φ∂t\s.

Using this recursive factorisation, and integrating out all variables apart from xs,

the marginal of interest can be written as

ps(xs) ∝ ψs(xs)
∏
t∈∂s

∫
ψts(xt, xs)

ψt(xt)
∫
φ∂t\s(xt, x∂t\s) dx∂t\s︸ ︷︷ ︸

=:κ(xt)

 dxt.

Exploiting the recursive structure of φ∂t\s, we can expand the κ term:

κ(xt) =
∏
r∈∂t\s

∫
ψrt(xr, xt)

[
ψr(xr)

∫
φ∂r\t(xr, x∂r\t)dx∂r\t

]
dxr.
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Consequently, we can write

ps(xs) ∝ ψs(xs)
∏
t∈∂s

mts(xs)

where themessagesmts are defined as

mts(xs) :=

∫
ψts(xt, xs)Mts(xt) dxt, (5.28)

and the pre-messagesMts as

Mts(xt) := ψt(xt)
∏
r∈∂t\s

mrt(xt), (5.29)

with, for a leaf node α,Mαs ≡ ψα. This is the BP algorithm which can be described

more compactly as starting with the pre-messages on the leaf-nodes of the tree and

propagating using the following equations:


Mst(xs) = ψs(xs)

∏
r∈∂s\tmrs(xs)

mts(xs) =
∫
ψst(xs, xt)Mts(xt) dxt

Bs(xs) = mts(xs)Mst(xs)

. (5.30)

TheBs(xs) are known as the beliefs and are proportional to the true marginals as we

showed with the development above.

5.4.2 Belief propagation on a chain

Aparticular case of interest is the chain graphwhich is associatedwithHiddenMarkov

Models introduced at section 1.2 and studied in more details at chapter 3. On the leaf

node, we have a prior π0(x1) and an observation with likelihood p(y1 |x1). Therefore,

we haveM12(x1) = π0(x1)p(y1 |x1) ∝ p(x1 | y1). Correspondingly, the messagem12
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is given by

m12(x2) ∝
∫
p(x2 |x1)p(x1 | y1) dx1 = p(x2 | y1).

Forwardmessages

Let us assume that mt−1,t ∝ p(xt | y1:t−1) (prediction density). Then, the next pre-

message is:4

Mt,t+1(xt) ∝ p(yt |xt)p(xt | y1:t−1) ∝ p(xt | y1:t). (5.31)

Consequently, the next message can be computed thereby verifying our earlier as-

sumption:

mt,t+1(xt+1) ∝
∫
p(xt+1 |xt)p(xt | y1:t) dxt = p(xt+1 | y1:t). (5.32)

Backwardmessages

Ina similarway,wenowstartwitha leafnodewithnoprior, i.e.:MT,T−1(xT ) = p(yT |xT )

and hence

mT,T−1(xT−1) =

∫
p(xT |xT−1)p(yT |xT ) dxT ∝ p(yT |xT−1).

Let us assume thatMt+1,t(xt+1) ∝ p(yt+1:T |xt+1). Noting that we can write the joint

distribution on (xt, xt+1, yt+1:T ) in two equivalent ways:

p(xt, xt+1, yt+1:T ) = p(xt+1 | yt+1:T , xt)p(yt+1:T |xt)p(xt)

= p(yt+1:T |xt+1)p(xt+1 |xt)p(xt)

4Using p(xt | y1:t) = p(xt, y1:t−1, yt)/p(y1:t) ∝ p(yt |xt)p(xt | y1:t−1).
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we have that p(xt+1 | yt+1, xt)p(yt+1:T |xt) = p(yt+1:T |xt+1)p(xt+1 |xt). Using the up-

date equation for a message and our earlier assumption about the form of the pre-

messages, we have

mt+1,t(xt) ∝
∫
p(xt+1 |xt)p(yt+1:T |xt+1) dxt+1

∝
∫
p(xt+1 | yt+1:T , xt)p(yt+1:T |xt) dxt+1

∝ p(yt+1:T |xt). (5.33)

We can then confirm our earlier assumption since

Mt,t−1 ∝ p(yt |xt)p(yt+1:T |xt) ∝ p(yt:T |xt), (5.34)

which shows that the backward messages on a HMM are p(yt+1:T |xt). Summarising,

on aHMM,we have that the forwardmessages (t to t+1) correspond to the predictive

densities and the forward pre-messages correspond to the filtering densities whilst

thebackwardpre-messages correspond to thebackward information filtersdiscussed

in chapter 3.

Beliefs

Now that the messages have been defined explicitly, we can write the beliefs as

Bt(xt) = mt−1,t(xt)Mt,t−1(xt)

∝ p(xt | y1:t−1)p(yt:T |xt) (5.35)

which is the two filter formula for the smoothing distribution p(xt | y1:T )whichwehad

introduced at point 3.1.1.



5. Background 75

5.4.3 Loopy Belief Propagation

In the presence of cycles in the graph (loopy graph), BP does not necessarily converge

and there may be more than one fixed point because propagating messages through

di�erent orderings of the nodes can lead to inconsistent messages (see 5.3 for an il-

lustration).

Figure 5.3: A simple graph with a loop. Starting from the leaf node (blue arrow),
the message can be propagated in the loop following a clock-wise or-
dering (green arrow) or a anti-clockwise ordering (orange arrow). The
two backwardmessages coming back to the leaf node do not necessar-
ily match. (This graph is best seen in colour.)

A common workaround is to perform the BP algorithm multiple times on di�er-

ent spanning trees of the graphs corresponding to di�erent ordering of the nodes and

hope that the iterations converge to a fixedpoint. This is knowas the loopybelief prop-

agation (LBP) algorithm (Pearl, 1988; Yedidia et al., 2002):


Mn

st(xs) = ψs(xs)
∏

r∈∂s\tm
n−1
rs (xs)

mn
ts(xs) =

∫
ψts(xt, xs)M

n
ts(xt) dxt

Bn
s (xs) = mn

ts(xs)M
n
st(xs)

. (5.36)

The initial messages are usually chosen among a class of simple distributions (e.g.,

the Normal distribution) potentially incorporating prior knowledge about the steady

state messages. Provided the algorithm converges to a fixed point, the beliefs cannot
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be guaranteed to be proportional to the truemarginals unlike the tree case. However,

the beliefs can provide good approximations to themarginals whichmakes the LBP a

popular method for approximate Bayesian inference on MRFs (Sudderth et al., 2003).

The fixed points of the LBP have been shown to correspond to extrema of the Bethe

free energy (Yedidia et al., 2002) and there exist conditions under which the LBP algo-

rithm provably converges (Heskes, 2004; Ihler et al., 2005).

Note that while it is known that the LBP algorithm can lead to good proxy to the

marginals, the updatesmay still be intractable. Indeed, the computation ofmessages

requires an integral which may be hard (or expensive) to compute accurately (e.g., if

the dimension of the random variable on a node is high).



6 | EXPECTATION PROPAGATION FOR

DISTRIBUTED BAYESIAN INFERENCE

In this chapter we discuss how the Expectation Propagation (EP) algorithm can be ex-

ploitedwhenattempting toperform(approximate)Bayesian inferencewithdistributed

data. We focus on how di�erent variants of the EP algorithm perform, how amenable

they are to scaling and how robust they are to noisy estimations of the EP updates.

While very related toourpaper (Hasenclever et al., 2017), this chapterdi�ers in that

a class of algorithms is defined and several algorithms are compared as opposed to

one (the SNEP algorithm). Further, the fixed-point perspective and relation tomirror-

descent is novel and the discussion of the limitation of the convergence claimed in

the paper is also novel. Finally, we show in this chapter that a simpler method can

lead to better performances than SNEP on simple models though more work would

be needed on larger experiments to make this result definitive.
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6.1 Distributed Bayesian Inference

In this section we consider the problem of performing Bayesian inference when the

relevant data is distributed across di�erent compute nodes. Let us assume that there

areK such compute nodes each holding independent parts of the data yi (with i =

1, . . . , K), such that these parts form a partition of the complete data y. In a Bayesian

setting, we are interested in the posterior distribution over a parameter of interest x

given the entire data y. We can write this posterior as the product ofK terms corre-

sponding to the parts yi:

p(x | y) ∝ π0(x)
K∏
i=1

p(yi |x) (6.1)

where π0 is a prior distribution. Each of the likelihood terms itself factors over the

individual data points of yi, i.e.: p(yi |x) =
∏Ni

j=1 p(yij |x)withNi the number of indi-

vidual data points held by the ith compute node.

It is important to stress that, in the setupconsideredhere, eachcomputenodeonly

has access to independent subsets of the data. In Hasenclever et al. (2017) we explain

that this situation can occur in large scale learning but also in cases when the data

cannot be shared directly (e.g.: for privacy reasons). This type of context is sometimes

knownasdivide-and-conqueror consensus inference (Kleiner et al., 2014;Batteyet al.,

2015; Zhao et al., 2016).

Defining ti to be nonnegative factors with ti(x) = p(yi |x), the factorised form

(6.1) readsπ0(x)
∏

i=1:K ti(x)which is the form (5.24) thatwehadused tomotivate the

introduction of the ADF and EP algorithms (cf. section 5.3). In the rest of this chapter,

we show how di�erent variants of the EP algorithm can be used to perform parallel

variational inference in the presence of distributed data.
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6.2 EP variants for Distributed Inference

The target distribution of interest has the form p(x) ∝ π0

∏
i=1:K ti(x)where the eval-

uation of one of the ti requires access to the compute node i. The aim is to construct

an approximation q ∈ Fφ parametrised by a vector θ with1

qθ(x) = π0(x) exp(〈θ, φ(x)〉 − A(θ)) = π0(x) exp(−A(θ))
K∏
i=1

t̃i(x) (6.2)

where t̃i(x) := exp 〈ωi, φ(x)〉 for parameters ωi such that
∑

i=1:K ωi = θ. The tilted

distributions associated with each of the factors are given by

qi(x) = π0(x)ti(x) exp(〈λi, φ(x)〉 − Ai(λi)) (6.3)

where λi = (θ− ωi) andAi(λi) is the corresponding log-partition function. Much like

the log-partition function of q, the Ai are convex and∇Ai(λi) = Eqi [φ(X)]. Indeed,

eachAi is simply the log-partition functions of the exponential-familyFφwith respect

to a modified base-measure including ti. In the EP setting, we seek to determine the

parameters ω1, . . . , ωK such that the LMMC (5.26) hold, i.e.: Eq[φ(X)] = Eqi [φ(X)]

for each i = 1, . . . , K. The general parallel computational framework iterates on the

following steps:

1. the master node sends a global parameter θ to each compute node,

2. each compute node i attempts to find a new ωi such that the corresponding

LMMC is (approximately) met and sends the updated ωi to the master node,

1we included a prior here unlike in (5.5), the log-partition function is therefore implicitly under-
stood to consider the prior as well with

A(θ) = log

∫
π0(x) exp 〈θ, φ(x)〉 ν(dx).
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3. the master node integrates the new ωi into θ.

This is illustrated in figure 6.1 drawn from our paper (Hasenclever et al., 2017).

Data

Likelihood

Posterior

Cavity

Likelihood
approximation

MCMC

Data

Likelihood

Cavity

Likelihood
approximation

MCMC

Data

Likelihood

Cavity

Likelihood
approximation

MCMC

Posterior Server

Worker WorkerWorker

Network

Figure 6.1: Illustration of the use of EP as the backbone for distributed Bayesian
learning. Each compute node or worker (bottom) has access to its data
and can compute the likelihood of that data. Including the cavity re-
trieved from the master and projecting on the exponential family leads
to an approximation of the global likelihood which can be sent back to
the master and combined with other such approximations sent back by
the other workers.

As we will see, there are di�erent ways to implement this general framework. We

will show empirically that a determining element in the performance of a particular

implementation is its robustness to Monte Carlo noise. Indeed, in our general setting

we do not assume that computingEqi [φ(X)] can be done exactly. Rather, we assume

that it is approximated by a Monte Carlo estimator.

6.2.1 Damped updates in the natural parameter space

In their paper, Xu et al. (2014) suggest a method to synchronise Monte Carlo samplers

running on independent compute nodes. They call it Sequential Moment Sharing or
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SMS for short. It was originally proposed to scale up MCMC methods and as such it

assumes that MCMC chains can be run formany iterations to convergence in between

communications with the master. E�ectively, SMS corresponds precisely to the case

mentioned at the previous point consisting of running EP across multiple physical

nodes while using noisy estimates of Eqi [φ(X)], the expected value of the su�icient

statisticsunder the tilteddistribution. Below,we introduce thealgorithmasadamped

fixed-point iteration in the natural parameter space. This will prove useful when com-

paring di�erent EP-like algorithms.

We showed that thebasic EPalgorithmcouldbe interpretedas a kindof fixedpoint

iteration targeting the Local Moment Matching Conditions (5.26) (LMMC). At a given

step of the algorithm, when considering the inclusion of the factor ti, the global pa-

rameter should therefore be updated such as to verify Eqθ [φ(X)] = Eqi [φ(X)]. Let us

define themoment of the local tilted distribution as µi := Eqi [φ(X)], the update then

amounts to finding θ such that∇A(θ) = µi or

θ ← ∇A?(µi). (6.4)

In the case where one is considering a Monte Carlo estimator for µi, these updates

are inexact and it is crucial to mitigate the e�ect of the noise by considering damped

updates. In fact, even when one uses the exact µi, it can be beneficial to the overall

convergence of the algorithm to consider dampedupdates (Heskes andZoeter, 2003).

Damping (6.4) leads to the modified update:

θ ← (1− κ)θ + κ∇A?(µ̂i), (6.5)

where κ ∈ (0, 1] is the damping parameter and µ̂i is an estimator for µi. As in the

gradient descent algorithm, the damping parameter can be decreased over iterations
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according to a schedule in order to further help convergence (in point 6.2.4 we ex-

pose in more details how EP can be understood in a gradient descent framework).

The damped update (6.5) can also be expressed in terms of the ωi (parameter of the

factor approximation t̃i) and the λi (parameter of the corresponding cavity):

ωi ← ωi + κ(∇A?(µ̂i)− λi). (6.6)

One can also swap the role of λi and ωi and obtain another valid damped update

mechanism. Both forms are amenable to parallelisation since they can be expressed

solely in terms of local parameters attached to the ith compute node.

The basic SMS algorithm operates synchronous updates. At step k, each node re-

ceives the current global parameter θ and computes the parameter corresponding to

the current tilteddistribution qi i.e.: λi = (θ−ωi). Eachnode then formsaMonteCarlo

estimator µ̂i of Eqi [φ(X)], computes the damped step (6.6) and returns the updated

local parameter ωi to the master node. The master node then aggregates all updated

local parameters and updates the global parameter:

θ ← (1− κ′)θ + κ′
K∑
i=1

ωi (6.7)

where κ′ ∈ (0, 1] is a global damping parameter which may also help overall conver-

gence. These steps are summarised at the algorithm 12 below.

It is easy to see how this algorithm can be altered to accommodate asynchronous

updates. Indeed, instead of waiting for all nodes to complete their tasks, each node

could asynchronously request the most recent global parameter θ available from the

master node while the master node would continuously integrate information it re-

ceives from the compute nodes. In fact, each node would then simply send the di�er-

ence δi = (ωnewi − ωoldi )which can be integrated directly into an update of θ.
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Algorithm 12 Sequential Moment Sharing (synchronous)

1: Initialise θ, ω1, . . . , ωK such that θ =
∑K

i=1 ωi ∈ Ω
2: for k = 1 : NEP do
3: Send current global parameter θ to each node
4: for node i = 1 : K do
5: Update the cavity parameter λi ← θ − ωi
6: Form an estimator µ̂i ofEqi [φ(X)]
7: Update the local parameter ωi ← ωi + κ(∇A?(µ̂i)− λi)
8: Send the updated ωi to the master node
9: end for
10: Update global parameter θ ← (1− κ′)θ + κ′

∑K
i=1 ωi

11: end for
12: return θ

6.2.2 Damped updates in themean parameter space

The main issue with the SMS algorithm which we will expose in more details in the

experiments (see section 6.3) is that it performs the projection of the noisy estimator

µ̂i before the damping step. Since this projection operator is in general non-linear and

potentially numerically unstable (in the Gaussian case, for example, it requires a ma-

trix inversion) this can hinder the performances of the algorithm. In the case of the

Gaussian distribution for instance, the projection e�ectively requires the inversion of

a noisymatrix (see (5.18)). It seems therefore sensible to suggest damping the estima-

tor before it gets projected. This leads to going from (6.5) to

∇A(θ) ← (1− κ)∇A(θ) + κµ̂i (6.8)

or, equivalently, to

θ ← ∇A?(∇A(θ) + κ(µ̂i −∇A(θ))). (6.9)

Of course, if κ = 1 (no damping), both approaches are equivalent. Readers familiar

with convex optimisation will also notice the similarity with themirror-descent algo-
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rithm (Nemirovski and Yudin, 1983; Beck and Teboulle, 2003). Wewill explore and dis-

cuss this similarity later in point 6.2.4. These updates can also be expressed in terms

of updates of the local parameters:

ωi ← ∇A?(∇A(θ) + κ(µ̂i −∇A(θ)))− λi. (6.10)

As in (6.6) the role ofωi andλi canbe swapped toobtain another valid dampedupdate

mechanism. The update (6.10) can be injected into the SMS algorithm 12 to obtain the

mean-parameter variant which we will callMP-EP to refer to the fact that the updates

are done in the Mean Parameter space by contrast to NP-EP (SMS) where the updates

are done in the Natural Parameter space.

6.2.3 The EP energy perspective

In Minka (2001c), the author presents the LMMC (5.26) as a min-max problem of an

objective function the author calls the EP energy function. One way to obtain this is

to decompose the KL divergence between p and q. To simplify notations over the next

fewequationsweomit the dependence of the functions inxwhich is obvious from the

context; all sums and products are assumed to go over the range i = 1, . . . , K withK

the number of factors. The KL divergence can then be written as

KL(p, q) = Ep

[
log

(
Z−1
p π0

∏
i

ti

)
− log q

]
. (6.11)

Consequently, the product ti can bemanipulated to make the qi appear:

∏
i

ti =
∏
i

π0 exp 〈λi, φ〉 ti
π0 exp 〈λi, φ〉

=

∏
i Ziqi

π0(Zqq)K−1,
(6.12)
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and using this in (6.11) leads to:2

KL(p, q) + logZp = (1−K)A(θ) +
∑
i

Ai(λi) + Ep [log qi/q] . (6.13)

The first part, denoted by E defines the EP energy with

E(θ, λ1, . . . , λK) = (1−K)A(θ) +
K∑
i=1

Ai(λi) (6.14)

under the constraint that θ = (K − 1)−1
∑K

i=1 λi. Note that its gradient in λi is simply

∇λiE = (µi − ∇A(θ)). The stationary points of E in λi therefore correspond to the

LMMC (5.26) that the EP algorithm attempts to satisfy. It is also interesting to briefly

look at the remainder of the right-hand side of (6.11). Discarding the terms that do not

depend on λi, we have

∇λiEp[log qi/q] = ∇λiEp

[
〈λi, φ〉 − Ai(λi)−

〈
(K − 1)−1

∑
i

λi, φ

〉
+ A(θ)

]
= Ep[φ]− µi −

1

K − 1
Ep[φ] +

1

K − 1
∇A(θ). (6.15)

Therefore the gradient of the complete right hand side of (6.11) (i.e. the gradient of

KL(p, q)) inλi is in fact proportional to (Ep[φ]−∇A(θ)) leading to the same stationary

points as the GMMC (5.21) as could have been expected.

In Heskes et al. (2005), the authors show that the energy (6.14) is in fact equivalent

to their Expectation Consistent free energy. Further, they indicate that several station-

ary points can exist and that the framework does not provide a criterion to pick an op-

timal one. Lastly, they remind the reader that since the energy is neither convex nor

2Note that considering the reverse KL leads to a very similar decomposition:

KL(q, p)− logZp = −E +
∑
i

KL(q, qi) .
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concave with respect to the parameters λi, it does not tell whether stationary points

are minimum, maximum or saddle points.3

6.2.4 Mirror Descent for the EP energy

Let us define Ei(λi) as the energy (6.14) with all λj fixed for j 6= i i.e.:

Ei(λi) = (1−K)A

(
(K − 1)−1(λi +

∑
j 6=i

λj)

)
+ Ai(λi) + C1 (6.16)

where C1 =
∑

j 6=iAj(λj) does not depend on λi. Letting η := (K − 1)−1 and θ−i :=

η
∑

j 6=i λj , we have −ηEi = A(ηλi + θ−i) − ηAi(λi) + C2 with C2 = −ηC1. On the

corresponding compute node, the aim is then to determine a stationary point λnewi for

Ei(λi)which is then equivalent to finding a stationary point for Gi(λi)with

Gi(λi) := A(θ−i + ηλi)− ηAi(λi). (6.17)

A common approach to finding stationary points of a function is to consider Newton’s

method which revolves around a local quadratic approximation of that function. Let

us denoteλi the current parameter andλnewi the newone. We can consider the follow-

ing development around λi:

Gi(λnewi ) ≈ Gi(λi) + η 〈λnewi − λi,∇A(θ)−∇Ai(λi)〉+

η2

2

〈
λnewi − λi,∇2Gi(λi)(λnewi − λi)

〉
. (6.18)

Taking thegradient inλnewi andsetting it to zero then leads toaNewton-like step. How-

ever, this requires the inversion of the Hessian of Gi which may be expensive and nu-

merically unstable to compute. An alternative can be obtained by observing that, if

3So in fact, energy is a bit of an unfortunate misnomer here.
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∇2Gi(λi) is positive definite, then the quadratic term in the approximation is simply a

measure of discrepancy between λnewi and λi. As in themirror-descent algorithm (Ne-

mirovski and Yudin, 1983; Beck and Teboulle, 2003) we could therefore try to replace

it by a Bregman divergence.4 In our case, it is convenient to consider the Bregman di-

vergence induced by the log-partition function A itself;5 this leads to the alternative

approximation:

Gi(λnewi ) ≈ Gi(λi) + η 〈λnewi − λi,∇A(θ)−∇Ai(λi)〉+ κη2BA(λnewi , λi),

where κ > 0 is a scaling factor. Taking the gradient of that approximation in λnewi and

setting it to zero then leads to a mirror-descent-like step:

λnewi ← ∇A? [∇A(λi) + κ′(µ̂i −∇A(θ))] (6.19)

whereκ′ = η/κcanbe interpretedasa step-sizeand µ̂i is anoisyestimatorof∇Ai(λi).

By analogy, we can also suggest the correspondingmechanism for an update in terms

of the local parameters ωi:

ωnewi ← ∇A? [∇A(ωi) + κ′′(µ̂i −∇A(θ))] (6.20)

which resembles the dampedupdates in themean-parameter space (6.10)we had ob-

tained earlier (wewill show in the experiments section 6.3 that it underperforms com-

pared to the updates (6.10)). More importantly, the updates (6.20) form the core of the

Stochastic Natural gradient Expectation Propagation (SNEP) algorithm we suggested

in Hasenclever et al. (2017). The update (6.20) can be injected into the SMS algorithm

12 to obtain the “SNEP” variant we use in the experiments.

4The Mirror Descent algorithm and its connection with the Natural Gradient algorithm is briefly
covered in the appendix A.2).

5Recall thatBA(λnewi , λi) := A(λnewi )−A(λi)− 〈λnewi ,∇A(λi)〉.
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6.3 Experiments

In this section, we compare the threemain versions of EP algorithms discussed in the

chapter: NP-EP where the updates are done in the natural parameter space (the SMS

algorithmwith update (6.6)), MP-EP (6.10) and SNEP (6.20) where updates are done in

themean parameter space. For the purpose of the experiments, all algorithms are ran

in a synchronous fashion.

6.3.1 Description of the experiments

Themodel considered isa simpleBayesian logistic regressionmodel. Whilst thismodel

is of moderate interest in itself, it has the nice property of being well behavedmaking

the analysis of the behaviour of di�erent inference algorithms easier. This is a similar

setup than the one considered in the SMS paper (Xu et al., 2014), generating a dataset

D = {(zc, yc)}Nc=1 with covariates zc ∈ Rd and response yc ∈ {0, 1}. The conditional

distribution of yc given zc and weights x ∈ Rd is

p(yc = 1|zc, x) = σ(〈zc, x〉) (6.21)

where σ denotes the logistic function: σ(s) = (1 + exp(−s))−1. A Gaussian prior

p0(x) = N (x; 0d, 10Id) is set on x and the aim is to construct an approximation to the

posterior p(x|D). We generate N = 5000 data points with d = 10 using iid draws

for the covariates, zc ∼ N (µ,Σ) where the d components of µ are drawn iid from a

Uniform U [0, 1] andΣ = PP T where the components of P are drawn from a Uniform

U [−1, 1]. The generating weight vector x? is drawn from the prior p0. The labels yc are

then sampled according to the model.

The data is sharded across five factors (corresponding to 5 compute nodes) each

with one fi�h of the data. To compute expected values against the tilted distribution,
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an importance sampling estimator is constructed with a varying number of samples

(5, 10, 50) as shown in figure 6.2. The proposal used is the last global approximation

shared with the compute node. Note that more involved samplers can be used (as

is done in Hasenclever et al. (2017) which uses a stochastic gradient MCMC method)

but the purpose here is primarily to explore the robustness of the algorithms toMonte

Carlo noise so that a simple sampler is adequate.

All algorithms use a fixed damping throughout the iterations and di�erent damp-

ings were used to exhibit the behaviour of the algorithm (see 6.2). All experiments

were run 5 times and averaged over those runs to account for the inherent stochastic-

ity of the algorithms.

As the base exponential family, we use a full-covariance Gaussian. We compare

the predictive RMSE
√∑

c |ŷc − yc|2/N obtained with ŷc = σ(〈zc, x〉) where x is the

currently estimated posteriormean of the global approximation. As a reference point,

we also show the RMSE corresponding to x?.

6.3.2 Results

We show in figure 6.2 the evolution of the predictive RMSE with increasing number of

iterations for the three algorithms considered when varying the number of iteration

per samples (corresponding to the amount of Monte Carlo noise) and the damping

parameter (indicated by d in the legends). Note that the computational complexity of

the iteration for eachof the threealgorithm is very similar, themaindi�erence residing

in the ordering of operations.6 As a baseline, the predictive RMSE corresponding to x?

(the generating set of weights) is drawn as a black line on each graph.

A range of damping parameters is selected to illustrate the behaviour of the algo-

rithm. The range is always taken with the largest damping parameter being on the

6In all the runs, an iterationofMP-EP is around5% faster thanan iterationofNP-EPandaround20%
faster than an iteration of SNEP but that is negligible compared to the factor of 2 speedup obtained by
the much faster convergence of the algorithm.
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verge of numerical instability for the algorithm. Indeed, when using a full-covariance

Gaussian as base exponential family, going from the mean-parameter space to the

natural parameter space or vice versa requires the inversion of a matrix. Doing the

update in themean parameter space helps the numerical stability of this step as does

increasing the damping (reducing the step-size).

It is clear from the results that the best performing algorithm is the MP-EP algo-

rithmwhich convergesmuch faster than SNEP and ismuchmore stable than NP-EP. It

is also the algorithm that o�ers themost robust performance in thepresenceofMonte

Carlo noise. Finally, this algorithm corresponds to a simpler mathematical develop-

ment than SNEP by being simply a mirror-descent version of the NP-EP updates.
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(a) NP-EP, 5 samples per iter.

0 100 200 300 400 500
Number of iterations

0.0

0.2

0.4

0.6

0.8

1.0

Pr
ed

ict
iv

e 
RM

SE

NP-EP nIS=10
d=0.02
d=0.03
d=0.04

(b) NP-EP, 10 samples per iter.
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(c) NP-EP, 50 samples per iter.
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(d)MP-EP, 5 samples per iter.
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(e)MP-EP, 10 samples per iter.
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(f)MP-EP, 50 samples per iter.
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(g) SNEP, 5 samples per iter.
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(h) SNEP, 10 samples per iter.
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Figure 6.2: Results of the EP experiments. Each curve corresponds to a di�erent
damping parameter indicated by d, taken in the range as close to nu-
merical instability as possible. (Figures best seen in colour).
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6.4 Discussion

In this chapter we showed that Expectation Propagation could be used as the back-

bone of a distributed approximate Bayesian inference mechanism. We showed that

di�erent variant of the EP algorithm could be used and that, in our experiments, per-

forming updates in themean parameter space can outperform updates in the natural

parameter space. In particular we showed that updates in themean parameter space

can be much more robust to noise introduced by following inexact EP updates when

themoments of the tilted distribution are computed via Monte Carlo estimators. This

is particularly important for complex models where the tilted distributions are com-

plex and sampling is very expensive so that cheap Monte Carlo estimators based on

a few sampling points are favoured (e.g.: graphical models (Heess et al., 2013; Eslami

et al., 2014; Jitkrittum et al., 2015), hierarchical Bayesianmodels (Gelman et al., 2014)

and approximate Bayesian computation (Barthelme and Chopin, 2011)).

Since Minka (2001a), there have been a substantial number of extensions and al-

ternatives to EP proposed. Stochastic EP (Li et al., 2015) and averaged EP (Dehaene

and Barthelme, 2015) assume that all factors can be well approximated by the same

exponential family factor via parameter tying. This saves memory storage and was

shown to work well when a lot of samples are available. This is an orthogonal idea

to our work, and it is possible to apply it to SNEP and MP-EP as well although in the

distributed learning setting considered, eachworkermust keep a copy of the parame-

ters anyway which means it would not reduce memory requirements. Convergent EP

(Heskes and Zoeter, 2003) is a similar algorithmwith (idealised) convergence guaran-

tees but it is extremely slow to run in practice.

A critique o�en raised against EP is that the algorithm does not o�er convergence

guarantees. In fact, Minka addresses this in his paper (Minka, 2001a) indicating that

when EP does not converge it is usually a sign of a poor choice of approximating fam-
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ily Fφ. Further to this, the convergence question may in fact be of little practical use

since, in any case, we do not know how good an approximation the fixed point corre-

sponding to the local moment matching conditions (LMMC) is to the fixed point cor-

responding to the global ones (GMMC) nor how good a proxy the latter is to the target

distribution. In fact, a similar criticism can be raised for Mean Field Variational Infer-

ence: the iterations provably decrease an energy and converge but it is unclear how

good a proxy it converges to. This situation is summarised in a conceptual manner in

figure 6.3.

Figure 6.3: Toy representation of the approximating distributions obtained through
MFVI or EPwhen targetingadistributionpof interest. The startingpoints
are denotedwith a superscript ◦. MFVI provably converges to a point q?MF
(solid green line) but we do not know how this point compares to a dis-
tribution q??MF that truly minimises the corresponding KL divergence.
Bycontrast, EP isnotguaranteed toconverge toa fixedpointq?EP (dashed
red line) andwe also do not know how it compares to q??EP that trulymin-
imises the corresponding KL divergence.
In both cases, we do not really know, in general, how theminimisers ob-
tained compare to the target distribution p (dashed purple lines). This
graph is best viewed in colours.

Finally, we note that the entirety of the EP variants discussed in this section can

be re-expressed in the general framework of “Power-EP” (Minka, 2004) where the dis-

crepancy ismoregeneral than thebasicKullback-Leiblerdivergence (Hernandez-Lobato

et al., 2015; Li and Turner, 2016). This, however, has little impact to the considerations

discussed in the chapter in that theonly element it changes is thedefinitionof thepro-

jection operatorPφ. We focused on “classical” EP for this reason and also because, to
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the best of our knowledge, the role of the exponent in Power-EP is poorly understood

in general.



7 | EXPECTATION PROPAGATION FOR

PARTICLE BELIEF PROPAGATION

In this chapter, we look atways to implement the loopy belief propagation (LBP) algo-

rithm on an arbitrary MRF with continuous state-spaces. We concentrate in particular

on the representation of the messages and the computation of message updates in

the LBP algorithm.

In this chapter, we consider the nonparametric belief propagation (NBP) algorithm

of Sudderth et al. (2003) and the particle belief propagation algorithm of Ihler and

McAllester (2009). We then discuss our expectation particle belief propagation (EPBP)

algorithm (Lienart et al., 2015) and discuss how it can improve upon both.

7.1 Loopy Belief Propagation on Continuous State-Spaces

At point 5.4.3, we had shown that, at iteration n of the LBP algorithm, the messages

are obtained by computing the following integral:

mn
ts(xs) =

∫
ψst(xs, xt)M

n
ts(xt) dxt (7.1)

95
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where the pre-messages are given by

Mn
st(xs) = ψs(xs)

∏
r∈∂s\t

mn−1
rs (xs). (7.2)

Ultimately, we are interested in computing the beliefs obtained by multiplying mes-

sage and pre-message: Bn
s (xs) = mn

ts(xs)M
n
st(xs). There are a few main computa-

tional problems to tackle when attempting to run this algorithm in a continuous state

space. First, the messages need to be represented in a tractable fashion. Second, the

message updates need to be computable and the results easily expressible in the cho-

sen representation system. Lastly, we need to be able to easily compute expected

values with respect to the resulting estimators for the beliefs. We discuss below two

existing methods attempting to tackle those issues.

7.1.1 Nonparametric Belief Propagation

In Sudderth et al. (2003), the authors suggest representing the messages in the LBP

iterations as mixtures of Gaussians:

m̂NBP
ts (xs) :=

M∑
i=1

wisN (xs;µ
i
s,Λs). (7.3)

They call their algorithm nonparametric belief propagation (NBP). In order to make

computations more e�icient, the authors restrict the covariance matrices to be diag-

onal. As indicated in the paper, the representation (7.3) makes sense only when the

messages are finitely integrable. To guarantee this, the authors require that all poten-

tials satisfy the following constraints:

sup
xt

∫
ψst(xs, xt) dxt < ∞, and

∫
ψs(xs) dxs < ∞, (7.4)
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where the integrals are taken over the range of admissible values for the relevant vari-

able. Provided theseassumptionshold, themessageupdatesarewell definedandcan

be explicitly (and e�iciently) computed. If these conditions are not met however the

message approximations are not well defined and the iterations may explode. Com-

puting the beliefs however, requires considering the product of mixtures ofM terms

leading to a complex representation and an explosion in computational cost. In order

to alleviate this, the authors suggest an importance sampling approach targeting the

beliefs and fittingmixtures of Gaussians to the resulting weighted particles. The com-

putation of themessage updates (7.1) is thereby always done over a constant number

of terms.

Main issues

A keyweakness of the NBP algorithm is that the conditions (7.4) do not hold in a num-

berof important cases (theauthors aknowledge this in a footnoteof their paper). First,

the node potentials ψu are usually proportional to likelihoods of the form p(yu |xu)

which need not be integrable in xu. In fact, for most non-Gaussian potentials, this is

the case. Then, there exist applications for which the first integrability condition on

edge potentials does not hold. In imaging applications for example, the edge poten-

tial can encode a measure of similarity between pixels which need not verify the first

integrability condition as in Nikolova (2000). Finally, by definition of NBP as an ap-

proximated representation with a fixed number of Gaussians, it will typically lead to

biased estimators of the LBPmessages.

7.1.2 Particle Belief Propagation

In Ihler and McAllester (2009), the authors suggest a way to overcome the shortcom-

ings of NBP by considering importance sampling to tackle the update of the LBPmes-

sages instead of working with mixtures of Gaussians. For a chosen proposal distribu-
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tion qu onnodeu andadrawofN particlesX(i)
u ∼iid qu, themessages are represented

via an importance sampling estimator of the corresponding integral:

m̂PBP
st (xt) :=

∑N
i=1 w

(i)
st ψst(X

(i)
s , xt), where (7.5)

w
(i)
st ∝

M̂PBP
st (X

(i)
s )

qs(X
(i)
s )

, and M̂PBP
st (xs) = ψs(xs)

∏
r∈∂s\t

m̂PBP
rs (xs).

They call their algorithm particle belief propagation (PBP). This algorithm has the

advantage that it does not explicitly require the integrability conditions (7.4) to hold.

In terms of choosing proposals, the authors suggest two potential choices: sampling

from the local potentialψs, or sampling from the current belief estimate on the node.

Main issue

The weak point of the PBP algorithm is the choice of proposal distributions. A poor

choice will lead to poor estimators of themessages which, over a few iterations of the

LBP algorithm, can lead to poor representations of the beliefs.

The first suggestion by the authors to sample from the local potential is only valid

if ψs is integrable which, as we have mentioned earlier, is not the case in general. The

second suggestion implies sampling from a distribution of the form

B̂PBP
s (xs) ∝ ψs(xs)

∏
r∈∂s

m̂PBP
rs (xs) (7.6)

which is a product of mixtures ofN components. As in nonparametric BP, naive sam-

pling of the proposal has complexityO(N |∂s|) and is thus, in general, too expensive to

consider.

Alternatively the authors suggest running a short MCMC simulation targeting it

which reduces the complexity to order O(|∂s|N2). Indeed, each MCMC iteration re-

quires evaluating B̂PBP
s point-wise which has complexity O(|∂s|N), and we need at
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leastO(N) iterations of the MCMC simulation to produce the samples. Note that it is

unclear how many more iterations are necessary to get N good samples. Running a

short MCMC chain (to reduce computational cost) will therefore almost certainly lead

to biased samples. In the code the authors shared with us, they run N parallel ran-

domwalkMetropolis-Hastings chains (Robert and Casella, 2004, chapter 6) for a fixed

number of steps. This choicemay have beenmotivated by a desire to control the com-

plexity of the algorithm more accurately but it is at the expense of the quality of the

samples obtained.

7.2 Expectation Particle Belief Propagation

As for thePBPalgorithm,we consider importance sampling tobuild particle represen-

tations of themessages. In ourmethod, however, we consider a sequence of proposal

distributions at each node from which one can cheaply sample particles at a given

iteration of the LBP algorithm (Lienart et al., 2015).

The novelty of the approach is to propose a principled and automated way of de-

signing a sequence of proposals in a tractable exponential family using the expecta-

tionpropagation (EP) algorithm. The resultingmethod,whichwe call ExpectationPar-

ticle Belief Propagation (EPBP), does not su�er from the restrictive integrability con-

ditions of the NBP algorithm and sampling is done exactly unlike the PBP algorithm

which implies that we obtain proper importance sampling estimators of the LBPmes-

sages with almost sure convergence guarantees.

Further, thedevelopmentof ourmethodalso formally shows that consideringpro-

posals close to the beliefs, as suggested by Ihler andMcAllester (2009), is a good idea.

Our core observation is that since sampling from a proposal of the form (7.6) using

MCMC simulation is very expensive, we should consider using a more tractable pro-

posal distribution instead. However it is important that the proposal distribution is
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constructed adaptively, taking into account evidence collected through the message

passing itself. We propose to achieve this by using proposal distributions lying in a

tractable exponential family, and adapted using EP.

7.2.1 Proposal selection for PBP

In this point we discuss the ideal choice of proposal distributions when considering

thePBPalgorithm. We consider two connectednodes s and t at a a given iteration and

assume we have already constructed particle based representations of all incoming

messages into both s and t apart from the messages from s to t and from t to s. We

therefore have both pre-messages M̂st and M̂ts of the form:

M̂st(xs) ∝ ψs(xs)
∏
r∈∂s\t

m̂rs(xs). (7.7)

This is illustrated in figure 7.1.

Figure 7.1: Illustration of the situation for an edge (s, t): all messages coming into s
and t have been approximated apart from the messages between s and
t. Therefore approximated pre-messages (denoted M̂ ) are available on
both nodes. Weare considering the problemof determining the best pro-
posals on s and t in order to approximate themessages between s and t
given the situation.

We would like to define qs and qt in a joint manner in such a way that all objects

remain coherent with the LBP iterations. For that reason, we consider the joint belief

Bst on s and t given the approximation to the pre-messages:

Bst(xs, xt) ∝ M̂st(xs)ψst(xs, xt)M̂ts(xt). (7.8)
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Themarginals of the joint belief are of the form

Bst(xs) ∝ M̂ts(xs)

∫
ψst(xs, xt)M̂ts(xt) dxt

∝ M̂st(xs)mts(xs), (7.9)

wheremts is the exact (but intractable) LBP message given the pre-message approx-

imation M̂ts. Following our point about defining qs and qt in a joint manner, let us

consider qsqt as a proposal for the joint belief Bst. We can then define an empirical

distribution for it:

B̂st(xs, xt) ∝
N∑

i,j=1

M̂st(X
(i)
s )ψst(X

(i)
s , X

(j)
t )M̂ts(X

(j)
t )

qs(X
(i)
s )qt(X

(j)
t )

δ
(X

(i)
s ,X

(j)
t )

(xs, xt). (7.10)

Marginalising this approximation over xt leads to

B̂st(xs) ∝
N∑
i=1

M̂st(X
(i)
s )m̂ts(X

(i)
s )

qs(X
(i)
s )

δ
X

(i)
s

(xs), (7.11)

where m̂ts is the importancesamplingestimator formts using qt asproposal. Of course,

marginalising (7.10) over xs leads to an expression analogous to (7.11). Focusing on

node s, the expression (7.11) indicates that the proposals should be given by

qs(xs) ∝ M̂st(xs)m̂ts(xs) = ψs(xs)
∏
r∈∂s

m̂rs(xs) (7.12)

where all m̂rs are importance sampling estimators built using the correspondingmost

recent qr as a proposal. Further, this shows that the proposals on nodes should corre-

spond to the most recent approximation of the belief at that node which aligns with

the suggestion in Ihler and McAllester (2009).
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7.2.2 The EPBP algorithm

As we showed in point 7.1.2, it is computationally expensive to use the particle ap-

proximated node belief as the proposal distribution. Our idea is therefore consider

an approximation qs drawn from a tractable exponential family Fφ with a structure

matching that of the belief (Bs(xs) = ψs(xs)
∏

r∈∂smrs(xs)):

qs(xs) ∝ η◦s(xs)
∏
r∈∂s

ηrs(xs). (7.13)

In the experiments we used a Gaussian family but the algorithm is – in theory – not

limited to this choice. Using the framework of expectation propagation (EP) that we

discussed in point 5.3.3, we can iteratively find good proxies to the node belief in the

exponential family.

For each r ∈ ∂s, we update the ηrs following the EP framework. We start by form-

ing the cavity q\rs = qs/ηrs and the corresponding tilted distribution proportional to

m̂rsq
\r
s . The updated distribution is then the projection of the tilted distribution onto

the exponential family manifold:

qs ← Pφ[m̂rsq
\r
s ], (7.14)

wherePφ is the projection operator defined in section 5.20. Consequently, the factor

ηrs is updated: ηrs ← qs/q
\r
s . Note that projection mechanisms that project with re-

spect to divergences other than the Kullback-Leibler divergence can be considered as

well.

In the algorithmaswehavedescribed it so far, the EP steps for each incomingmes-

sage into s and for the node potential are performed first in order to fit the proposal

to the current estimated belief at s. Then, this estimated belief is used to drawN par-

ticles which can be used to form the particle approximated messages from s to each
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of its neighbours. Alternatively, once each particle approximated message m̂st(xt) is

formed, we can update their exponential family projections ηst(xt) immediately. This

is the scheme described in algorithm 13.

Algorithm 13 Node update in the EPBP algorithm

1: sampleX(i)
s from qs for i = 1, . . . , N

2: evaluate the approximate representation of the belief:

B̂s(X
(i)
s ) = ψs(X

(i)
s )

∏
t∈∂s

m̂ts(X
(i)
s )

3: for t ∈ ∂s do
4: evaluate the approximate representation of the pre-message:

M̂st(X
(i)
s ) := B̂s(X

(i)
s )/m̂ts(X

(i)
s )

5: compute the corresponding normalised weights:

w
(i)
st ∝ M̂st(X

(i)
s )/qs(X

(i)
s )

6: update the estimator of the outgoing message:

m̂st(xt) =

N∑
i=1

w
(i)
st ψst(X

(i)
s , xv)

7: update η◦t to match the update qt ← Pφ[ψtqt/η◦t]

8: update ηst to match the update qt ← Pφ[m̂stqt/ηst]

9: end for

To clarify the steps of the previous algorithm, we distinguish two phases.

Phase 1 of algorithm 13

In the first phase, new samplesX(i) on node s are drawn from the current proposal qs.

Consequently, their importance weightsmust be obtained which requires computing

the B̂s(X
(i)
s ) and B̂s is obtained by evaluating the product of the message estimators

coming into s at those samples as illustrated on figure 7.3 below.
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Figure 7.2: Illustration of the first phase of the node update. All incoming message
estimators are evaluated at the new samplesX(i)

s andmultiplied along
with the value atψs to form the B̂s(X

(i)
s .

Themessage estimators aremixtures corresponding to the current weighted pop-

ulationof samplesalong theedge{(X(j)
t , w

(j)
ts )}Nj=1 i.e.: m̂ts(xs) =

∑N
j=1 w

(j)
ts ψts(X

(j)
t , xs).

Phase 2 of algorithm 13

In the second phase, the approximations for the outgoing messages m̂st(xt) for t ∈

∂s (resp. the prior) are formed as well as their EP representation ηst (resp η◦t). For

this, the importanceweights along each edge corresponding to the newpopulation of

samples need to be computed as per (7.5) Once theweights for the outgoingmessage

Figure 7.3: Illustration of the first part of the second phase of the node update.
All outgoing pre-message estimators are evaluated at the new samples
X

(i)
s and divided by the proposal qs to get the importance weights.

have been computed, a new approximation for the outgoingmessage is defined. This

mixture can then be projected onto the exponential family Fφ in order to get its new

EP representation ηst which will be used to update the proposal on the neighbouring

node t as per (7.13) (same for the prior).

Note that, in the EP step, if the projection leads to an invalid distribution (e.g., in

the Gaussian case, if it leads to an element with negative variance), we simply revert

the approximation to its previous value as in Minka (2001a).
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7.2.3 Projectionmechanisms

In thedescription above,weused theprojectionPφ from5.20. Computing this projec-

tion requires computing the moments of the tilted distribution. Since this is usually

intractable, we have to resort to numerical quadrature. In our scenario the moment

computation can be performed crudely on a small number of integration points since

it only concerns the updating of the importance sampling proposal. Since the dimen-

sionality of the tilted distribution in the EPBP algorithm is typically low, a simple de-

terministic quadrature rule can be used (Davis and Rabinowitz, 1975).

The key desired element for the projection is that the resulting updated proposal

distribution captures the support of the current estimator of the belief on the node.

Since this is a rather general requirement, the KL-projectionPφ does not necessarily

lead to the best proposals and in fact may su�er from the fact that we have to com-

pute the projection from the mean-parameter space to the natural parameter space

∇A? associated with the exponential family of interest whichmay be numerically un-

stable. This can be mitigated by damping as described at section 6.2 but alternative

projection schemes can be tried as well. In our experiments for example, we tried

considering the qs ∈ Fφ obtained by doing a maximum likelihood estimation of the

natural parameters based on a small number of evaluation points of the tilted distri-

bution. This proved to work well in practice and can be numerically more stable than

the original KL-projection.

7.2.4 Computational complexity

The steps that dominate in terms of computational complexity are the evaluation of

the approximate representation of the pre-message. Since the estimator for the be-

lief is a product of |∂s|mixtures ofN components, evaluating atN sampling points is

O(|∂s|N2). Further, the evaluation of the pre-message requires evaluating the mes-
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sage m̂ts atN sampling points. Since m̂ts is a mixture ofN components, this also has

quadratic complexity. The dominating complexity of the EPBP algorithm is therefore

O(KEN2)whereK is thenumberofpassesdoneover thegraph, andE is thenumber

of edges in the graph.

This inherent quadratic complexity can be reduced. Indeed, instead of we can fol-

low a method presented in Briers et al. (2005) to sample from a product of mixtures

where one draws, for eachmixture m̂st, a set ofM indices {i?`}M`=1 from amultinomial

with weights {wist}Ni=1 and samples from amixture of the correspondingM termsψi
?
`
st .

This reduces the cost of theevaluationof thebelief toO(|∂s|MN)whereM is taken to

be sub-quadratic inN . We show in the next section that this version of the algorithm

still compares favourably to the quadratic implementation withM = O(logN). Fi-

nally, note that this simplification leads to a biased algorithmbut, in our experiments,

the bias seems smaller than the ambient noisemaking this still a practical heuristic to

use.

7.3 Experiments

We investigate the performance of our method on two simple graphs. This allows us

to compare the performance of EPBP to the performance of PBP in depth. We also

illustrate the behaviour of the sub-quadratic version of EPBP. Finally we show that

EPBP provides good results in a simple denoising application, an example on which

the PBP implementation of Ihler and McAllester (2009) would struggle to give results

in a reasonable time due to high dimensionality.

7.3.1 Grid and tree experiments

We start by comparing EPBP to PBP as implemented by Ihler and McAllester (2009)

on a 3 × 3 grid (see figure 7.4 (le�)) with random variables taking values on R. The
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node and edge potentials are selected such that the marginals are multimodal, non-

Gaussian and skewed with
ψu(xu) = α1N (xu − yu;µ1, σ1) + α2G(xu − yu;µ2, β)

ψuv(xu, xv) = L(xu − xv;µ3, σ3)

(7.15)

where yu denotes the observation at node u,N (x;µ, σ) ∝ exp(−x2/2σ2) (density of

a Normal distribution), G(x;µ, β) ∝ exp(−[(x − µ)/β + exp(−(x − µ)/β)]) (density

of a Gumbel distribution) and L(x;µ, β) ∝ exp(−|x − µ|/β) (density of a Laplace

distribution). The parameters were set (arbitrarily) to:

α1 = 0.6, α2 = 0.4, µ1 = −2, µ2 = 2, µ3 = 0, σ1 = 1, σ2 = 2, β = 1.3.

The choice of model wasmainly driven by showing the performance on a control-

lable yet mildly multimodal and non-Gaussian setting. The model for the edge po-

tential corresponds to a distribution around an `1 discrepancy between neighbouring

nodes. While simple, the model already allows to clearly show that PBP underper-

forms as compared to EPBP.

Wecompare the twomethodsa�er 20LBP iterations.1 Wethen repeated theexper-

iments on a tree with 8 nodes (figure 7.4 (right)) where we know that, at convergence,

the beliefs computed using BP are proportional to the truemarginals. Again, the node

and edge potentials are picked such that themarginals aremultimodal with this time


ψu(xu) = α1N (xu − yu;µ1, σ1) + α2N (xu − yu; 1µ2, σ2)

ψuv(xu, xv) = L(xu − xv;µ3, σ3)

(7.16)

1The scheduling used alternates between the classical orderings: top-down-le�-right, le�-right-
top-down, down-up-right-le� and right-le�-down-up. One “LBP iteration” implies that all nodes have
been updated once.
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with the parameters also set in an arbitrary fashion to:

α1 = 0.3, α2 = 0.7, µ1 = −2, µ2 = 1, µ3 = 0, σ1 = 1, σ2 = 0.5, σ3 = 1.

On this second example, we also considered “pure EP” with Gaussians to compare

with EPBP and PBP.

1

2

3

4

5

6

7

8

9 5 8764

1

32

Figure 7.4: Illustration of the grid (le�) and tree (right) graphs used in the experi-
ments.

PBPaspresented in Ihler andMcAllester (2009) is implementedusing the samepa-

rameters than those inan implementation codeprovidedby theauthors: theproposal

on each node is the last estimated belief and sampledwith a 20-stepMCMC chain, the

Metropolis Hastings proposal is a normal distribution. For EPBP, the approximation

of the messages are Gaussians. The ground truth is approximated by running LBP on

a deterministic equally spaced mesh with 200 points. All simulations were run with

Julia on a Mac with 2.5 GHz Intel Core i5 processor, our code is available online.2 All

the experiments were run multiple times as shown on the figures to account for the

inherent stochasticity of the methods. The mean trends are also drawn.

Figure 7.5 compares the performances of bothmethods. The error is computed as

the mean absolute error (MAE) over all nodes between the estimated beliefs and the

2https://github.com/tlienart/EPBP.

https://github.com/tlienart/EPBP
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ground truth using the same equally spacedmesh used for the ground truth i.e.:

MAE = |V|−1
∑
i∈V

200∑
j=1

∣∣∣B̂i(xj)−BGT
i (xj)

∣∣∣ (7.17)

where the xj are the grid points.

One can observe that not only does PBP perform worse than EPBP but also that

the error plateaus with increasing number of samples. This is because the sampling

within PBP is done approximately and hence it does not correspond to a proper im-

portance sampling estimator which means any convergence guarantee is lost. Note

that for EPBP, one observes the expected 1/
√
N convergence of particlemethods dis-

cussed in Ihler and McAllester (2009).
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Figure 7.5: Comparison of the mean L1 error for PBP and EPBP for the 3 × 3 grid
example. EPBP is more accurate for the same number of samples.

Figure 7.6 compares the estimator of the beliefs obtained by the two methods for

three representative nodes (node 1, 5 and 9 as illustrated in figure 7.4 (le�)). The figure

also illustrates the last proposals constructed with our approach and one can notice

that their supports match closely the support of the true beliefs.

The speed-up o�ered by EPBP is very substantial as can be seen in figure 7.7 (le�).

Hence, although itwouldbepossible (andsensible) tousemoreMCMC iterationswithin
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Figure 7.6: Comparison of the beliefs on node 1, 5 and 9 (top le�, top right, bottom)
asobtainedbyevaluatingLBPonadeterministicmesh (truebelief),with
PBP and with EPBP for the 3 × 3 grid example. All three plots share the
same legend. The proposal used by EPBP in the last step is also illus-
trated. The results are obtained withN = 100 samples on each node
and 20 BP iterations. One can observe visually that EPBP outperforms
PBP.

PBP to improve its accuracy, it wouldmake themethod prohibitively expensive to use

compared to EPBP. Figure 7.7 (right) illustrates how the estimated beliefs converge as

compared to the true beliefs with increasing number of loopy belief propagation iter-

ations. One can observe that PBP converges more slowly and that the results display

more variability which is likely also due to the MCMC runs being too short.

The same experiments were also run on the tree example with similar results. Ad-

ditionally, we looked at how “pure EP” with normal distributions performs. We also

triedusing thedistributionsobtainedwithEPasproposals forPBP (referred toas “PBP

a�er EP” in figures). All those methods underperform compared to EPBP. In particu-



7. Expectation Propagation for Particle Belief Propagation 111

Number of samples per node
101 102 103

W
al

l-c
lo

ck
 ti

m
e 

[s
]

10-1

100

101

102

103

104

PBP
EPBP

Number of BP iterations
0 5 10 15 20

M
ea

n 
L1

 e
rro

r

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
EPBP
PBP

Figure 7.7: (le�) Comparison of the wall-clock time needed to perform PBP and
EPBP on the 3× 3 grid example. (right) Comparison of the convergence
inL1 errorwith increasingnumberofBP iterations for the3×3gridwhen
usingN = 30 particles.

lar one can observe in figure 7.8 that “PBP a�er EP” converges slower than EPBPwith

increasing number of samples.
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Figure 7.8: Comparison of the mean L1 error for EPBP and “PBP a�er EP” for the
tree example. EPBP is more accurate and converges faster.

Figure 7.9 compares theestimatorof thebeliefs obtainedbyall themethodson the

tree example for three representative nodes (node 1, 3 and 8 as illustrated in figure 7.4

(right)). As for the grid example, the figure illustrates how EPBP better recovers the

true beliefs.



112 7.3. Experiments

-2 0 2 4 6
0

0.2

0.4

0.6

0.8

1

1.2

-2 0 2 4 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

-2 0 2 4 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
True belief
Est. bel. (EPBP)
Est. bel. (PBP)
Est. bel. (EP)
Est. bel. (PBP after EP)

Figure 7.9: Comparison of the beliefs on node 1, 3 and 8 (top le�, top right, bottom)
asobtainedbyevaluating LBPonadeterministicmesh, usingEPBP, PBP,
EP and PBP using the results of EP as proposals. All three plots share
the same legend. This is for the tree example with N = 100 samples
on each node and 20 LBP iterations. Again, one can observe that EPBP
outperforms the other methods.

7.3.2 Sub-quadratic implementation and denoising application

As outlined at point 7.2.4, the inherent quadratic complexity of the EPBP algorithm

can be reduced toO(MN)whereM is the number ofmixture components e�ectively

considered to represent the messages. We also consider the maximum likelihood-

based projection mechanism as discussed in section 7.4 for the two experiments.

We apply thismethod to the 3×3 grid example in the casewhereM = O(log(N)):

forN = {10, 20, 50, 100, 200, 500}, we pickM = {5, 6, 8, 10, 11, 13}. The results are

illustrated in figure 7.10whereonecan see that theN logN implementation compares

very well to the original quadratic implementation at a much reduced cost.
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Figure 7.10: Comparison of the quadratic and O(NlogN) implementations. (le�)
Comparison of the mean L1 error, (right) comparison of the wall-clock
time. The sub-quadratic implementation performs almost as well as
the original implementation and o�ers a significant speedup.

We apply the same sub-quadratic method on a simple probabilistic model for an

image denoising problem. The aim of this example is to show that the method can

be applied to larger graphs and still provide good results. The model underlined is

chosen to showcase the flexibility and applicability of our method in particular when

the edge-potential is non-integrable (i.e. it would not meet the necessary condition

(7.4) for NBP). It is not claimed to be an optimal approach to image denoising.3

The node and edge potentials are defined as follows:


ψu(xu) = N (xu − yu; 0, 0.1)

ψuv(xu, xv) = Lλ(xu − xv; 0, 0.03)

, (7.18)

whereLλ(x;µ, β) = L(x;µ, β) if |x| ≤ λandL(λ;µ, β)otherwise. Thenodepotential

represents a simple Gaussian noise while the edge potential represents a clipped `1

similarity. In this example we set λ = 0.2. The value assigned to each pixel of the

reconstruction is the estimated mean of the belief obtained over the corresponding

node (figure 7.11). The image has size 50× 50 (therefore corresponding to a grid graph

3In this case in particular, an optimisation-based method such as that of Rudin et al. (1992) is very
likely to yield better results andmuch faster.
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of 2500 nodes) and the simulation was run withN = 30 particles per nodes,M = 5

and 10 BP iterations taking under 2 minutes to complete with the setup described

earlier. We compare it with the result obtained with EP on the same model. Running

PBP or any other quadratic method on this example is prohibitively expensive due to

the size of the underlying graph.

Figure 7.11: From le� to right: comparison of the original (first), noisy (second)
and recovered image using the sub-quadratic implementation of EPBP
(third) and with pure EP (fourth).

7.4 Discussion

In this chapter, we presented an original way to design adaptively e�icient and easy-

to-sample-from proposals for a particle implementation of the LBP algorithm. The

construction of proposals is done in the Expectation Propagation framework.

Wehavedemonstratedempirically that the resultingalgorithm is significantly faster

andmore accurate than an implementation of the PBP algorithm using the estimated

beliefs as proposals and sampling from them using MCMC as proposed in Ihler and

McAllester (2009). It is alsomore accurate than using plain EP due to the nonparamet-

ric nature of themessages ando�ers estimators of the LBPmessageswith almost sure

convergence guarantee.

A sub-quadratic version of themethodwas also outlined and shown to performal-

most aswell as the originalmethodonmildlymulti-modalmodels, it was also applied

successfully in a simple image denoising example illustrating that the method can be
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applied on graphical models with thousands of nodes at a reasonable computational

cost.

We believe that our method could be applied successfully to a wide range of ap-

plications requiring good approximation of themarginals of continuousMRFs such as

smoothing for Hidden Markov Models Briers et al. (2010), tracking or computer vision

Sudderth et al. (2004); Felzenszwalb and Huttenlocher (2004).

As discussed in point , other projection mechanisms than the KL projection can

be considered. We could also look at other discrepancy measure than the KL such as

α-divergences. This latter choicewould suggest considering the power-EP framework

(Minka, 2004) and could be justified if we seek to build representations of the mes-

sages with specific properties. It is unclear to us however how the choice of power in

power-EP a�ects the quality of the proposals representing the node beliefs nor how

it would a�ect the performances of the algorithm.



8 | CONCLUSION

In this chapter, weo�er a critical lookon the results obtained in this thesis and suggest

further lines of work.

The purpose of this thesis was to leverage factorisation structures in probabilistic

models inorder to reduce thecomputational cost associatedwith traditionalBayesian

inference methods. While a few interesting results were obtained, improving exist-

ing methods, it became clear during the analysis that some of the foundations of the

methods themselves had issues. We discuss this superficially below before elaborat-

ing for each of the approaches we considered of the thesis.

A first simplecriticismthat canbe leveraged towardsperforming inferenceonMRFs

is that the inference step is, in some sense, a secondary one. The first and arguably

most important one is to determine the model itself. In terms of the MRF this corre-

sponds to determining the topology of the graph and determining the potentials on

the cliques. This choice is potentially much more important than the inference al-

gorithm used therea�er. Therefore, discussing accuracies obtained by di�erent com-

putational methods can seem inappropriate when the uncertainty around the model

choice overwhelms the accuracy improvements obtained.

A second key criticism is that one of the justifications for attempting to perform

116
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Bayesian inference is to model uncertainty. However it became clear during the work

that led to this document that while the literature o�en mentions the need for un-

certainty estimates (for example in a recent Nature paper by Ghahramani (2015)), it

equally o�en omits tomention how exactly the quality of this uncertainty is assessed.

Further, much of the literature in “Bayesian Machine Learning” discusses accuracy

metrics suchas thepredictiveRMSEorothermetricsobtainedwith theposteriormean

rather than, for example, the log-likelihood on a held out set. This is odd since opti-

misation methods relying on an appropriately regularised maximum-likelihood esti-

mator will lead to similar (and likely better) metrics at a fraction of the computational

cost using optimisationmethods (see also Green et al. (2015)). Finally, using surrogate

distributions as has been popularised with computationally-cheap methods such as

stochastic variational inference (Ho�man et al., 2013) o�en leads to uncertainty esti-

mates that are inadequate as discussed byWang and Titterington (2005) which ques-

tions the reason for favouring suchmethods over regularisedmaximum likelihood es-

timation techniques.

8.1 On Sampling Methods

In the part on sampling methods, we started by considering the smoothing problem

on a well defined non-linear Hidden Markov Model. Standard approaches such as the

Forward Backward Smoothing Algorithm require a quadratic computational costs in

the number of particles used to represent themarginals. We showed that thesemeth-

ods do not su�er significantly when colliding populations of samples are subsampled

to reduce the total number of interactions that need to be considered. While this is

good news in terms of computational complexity, we can not help but note that the

overall performance of all particle smoothers we tested (quadratic or not) is rather

poor at recovering a signal close to the ground-truth and, more importantly, does not
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seemempirically to o�er a significantly better approximation than simply looking at a

Particle Filter. Thispointbecomesevenmoreobvious if the transitionandobservation

densities are not known precisely. Of course, this observation is model-dependent

and theremay be specific models for which a particle smoother will significantly out-

perform the particle filter in the sameway that the Kalman smoother can significantly

outperform the Kalman filter.

We then looked at applying the Local Bouncy Particle Sampler on the Probabilis-

tic Matrix Factorisation problem. While the applicationwas interesting in its own right

and thereby showed that the LBPS seems to be a viable option for inference on large

graphical models, the reader surely noticed that the reported results – RMSE on the

test set, the metric of choice of the corresponding literature – were blown out of the

water by an adequate application of the Sparse SVD algorithm. This may reflect the

data we considered (MovieLens 1M) since Salakhutdinov andMnih (2008) show better

performances of Bayesian PMF over SVD.1 The LBPS is still in its early days of develop-

ment and future work could look in more details at the selection of parameters such

as the refreshment rate λ which seem to play an important role in the quality of the

output trajectories. Exploring and interpreting results obtained on other large scale

graphical models would also add to the understanding of this interesting method.

8.2 On Approximate Bayesian Inference

In the part on Approximate Bayesian Inference, we presented versions of the Expecta-

tion Propagation (EP) algorithmwhich are robust to Monte Carlo noise and can there-

fore be used as the backbone of a distributed Bayesian inference mechanism. We

showed that a version of the EP algorithm inspired from theMirror Descent algorithm

performs much better than other versions considered. This is a positive result how-

1Though, as discussed earlier, it is important to note here that it is not specifiedwhat implementa-
tion of SVD they used nor whether they centred the data before applying the SVD.
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ever it is unclear whether the uncertainty estimates obtained with the procedure are

usable in complexmodels. Further, since (as per usual) it is the predictive RMSE that is

reported, more work should be done to compare the results obtained from applying

such amethod as compared to a optimisation-basedmethods such as downpour SGD

(Dean et al., 2012).2

Lastly, we looked at improving on the Particle Belief Propagation algorithm for ar-

bitrary undirected graphical models using proposals on graph nodes that were adap-

tively constructed using EP. The method clearly outperformed PBP and is computa-

tionally not too expensive making it an attractive alternative. However, the method

assumes that performing the Loopy Belief Propagation algorithm is an appropriate

way of recovering sensible marginals on the graph nodes which is not guaranteed.

The recovered beliefs may be good proxies for marginals but there are no guarantees

as how they compare to the true marginals.

8.3 On scalable Bayesian Methods

Recently there has beenmuch interest in applyingBayesianmethods in the “BigData”

setting as well as in Machine Learning. We refer here to two insightful reviews on the

topic: Green et al. (2015); Bardenet et al. (2017), both leading to a rather negative per-

spective on existing methods and approaches in the field.

Let us consider classical Machine Learningmodels based on a featurematrix of di-

mensionsn×pwheren is the number of instances and p the number of dimensions of

the feature space (state space). In the case of lown (hundreds or less) and low p (half a

dozen or less), Bayesian computations are known to be computationally practical and

useful (Gelman et al., 2013). In the case of large n and p� n, also known as tall data,

recent work has shown that Bayesian inference methods are not particularly useful

2Note that this was partially done in our paper (Hasenclever et al., 2017) but should be repeated in
a simpler setting where all the moving parts are appropriately controlled.
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and may in fact underperform significantly (Bardenet et al., 2017; Nagapetyan et al.,

2017). However, the case of increasing interest has p large or very large. The ques-

tion then becomes one of understanding the kind of conditional dependence struc-

ture that can be assumed on the features. Assuming a fully dependent model (dense

graph) o�en leads to computationally intractable problems. Assuming a fully inde-

pendentmodel (disconnected graph) or proxy like inMean-Field Variational Inference

or EPwith a diagonal Gaussian exponential family,maybe computationally cheapbut

may also be inappropriate and lead to grossly underestimated uncertainty estimates.

Further, a better approach in the case where one is willing to consider a disconnected

graphmay simply be to consider a regularised maximum likelihood estimator.

We believe that the case of a sparse graphicalmodel with a large number of nodes

is the most promising one for Bayesian methods. Indeed, when a large number of

nodes are present and the amount of data is limited in such a way that the poste-

rior is not too concentrated, we believe that Bayesian inference can o�er interesting

perspectives. Few inference methods truly leverage such structures though the Lo-

cal BPS seems to us to be a promising attempt and improvements are actively being

researched upon.

Naessethetal. (2015)havealsoproposedaSMC-like framework forgraphicalmodel

which o�ers another interesting avenue for further exploration. We believe that this

is an area of Bayesian computations where more work could lead to interesting and

practical methods corresponding to modern applications.
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A.1 Fearnhead’s Algorithm for a Linear-Gaussian Model

We describe here an algorithm corresponding to the description in (Fearnhead et al.,

2010) with a simple linear and Gaussian underlying dynamic:


π0(x1) = N (x1;µ0, Q0)

p(xt |xt−1) = N (xt;Atxt−1, Q)

We start by discussing the form of the normalising densities following the choice sug-

gested in (Briers et al., 2010) and considered in (Fearnhead et al., 2010) then discuss

how the corresponding normalised backward information filter (BIF) can be targeted

and finally how the particle filter and the normalised BIF can be coupled to yield esti-

mators of the smoothing densities.
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A.1.1 Normalising densities

The normalising density are defined with γ1 ≡ π0 and subsequently

γt(xt) =

∫
p(xt |xt−1)γt−1(xt−1) dxt−1, for 2 ≤ t ≤ T (A.1)

The integrand is a product of two Gaussian terms and so clearly γt will be a Gaussian

itself. Letµt−1 andΣt−1 denote themean and covariancematrix of γt−1. The quadratic

term corresponding to the integrand is (ignoring the constant terms in xt and xt−1):

xttQ
−1xt − 2xttA

tQ−1xt−1 − 2xtt−1Σ−1
t−1µt−1 + xtt−1A

tQ−1Axt−1 +

xtt−1Σ−1
t−1xt−1 − 2µtt−1Σ−1

t−1xt−1. (A.2)

In order for the integral (A.1) to simplify, we need to exhibit a Gaussian term in xt−1 so

that the term integrates out easily. Assembling the terms in xt−1 appropriately we get

xtt−1(AtQ−1A+ Σ−1
t−1)xt−1 − 2xtt−1(AtQ−1xt + Σ−1

t−1µt−1).

In order to form a complete Gaussian, we need to add a term corresponding to the

mean. Let us call the mean and covariance matrix of this Gaussian µ•t−1 and Σ•t−1 re-

spectively. We have:


(Σ•t−1)−1 = AtQ−1A+ Σ−1

t−1

(Σ•t−1)−1µ•t−1 = AtQ−1xt + Σ−1
t−1µt−1

.

The completion term isµ•t−1(Σ•t−1)−1µ•t−1 andmust nowbe removed from the remain-

ing terms in (A.2) to uncover the resulting Gaussian in xt. We finally obtain the follow-
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ing quadratic term in xt

xtt
(
Q−1 −Q−1AΣ•t−1A

tQ−1
)
xt − 2xt

(
Q−1AΣ•t−1Σ−1

t−1µt−1

)
.

This last expression gives the following recursion for themeanand the covariancema-

trices of the γt for t = 2, . . . , T :


Σ−1
t = Q−1 −Q−1AΣ•t−1A

tQ−1

µt = Σt

(
Q−1AΣ•t−1Σ−1

t−1µt−1

) (A.3)

A.1.2 Targeting the normalised BIF

Now that we have defined the normalising densities, we can sample backwards to

target the normalised BIF. Let us denote by X̃(j)
t and w̃(j)

t the particles andweights as-

sociatedwith the normalised BIF. The initial set of particles for step T can be sampled

from the optimal proposal γT (xt)p(yT |xT ) which is a Gaussian in xT ; using a similar

approach than in the previous point, it is easy to see that themean µ̃T and covariance

matrix Σ̃T are given by
Σ̃−1
T = Σ−1

T +BtR−1B

µ̃T = ΣT

(
Σ−1
T µT +BtR−1yT

)
The weights are uniform since the sampling is done from the optimal proposal. Sub-

sequently, the optimal proposal for the following steps is derived from (3.9):

q(xt | X̃(j)
t+1) =

γt(xt)p(xt+1 |xt)p(yt |xt)
γt+1(X̃

(j)
t+1)

,
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and the numerator is a Gaussian in xt and, again, it is easy to obtain
Σ̃−1
t = Σ−1

t +BtR−1B + AtQ−1A

µ̃t = Σt

(
Σ−1
t µt +BtR−1yt + AtQ−1xt+1

)
This time, theweightsneed tobeadapted to reflect the termγt+1(X̃

(j)
t+1)which is easily

computed as it is the likelihood of a Gaussian with knownmean and variance. There-

fore, we have for t = T − 1, . . . , 1:


X̃

(j)
t ∼ N (xt; µ̃t, Σ̃t)

w̃
(j)
t ∝ w̃

(j)
t+1/γ(X̃

(j)
t+1)

for j = 1, . . . , N.

A.1.3 Targeting the smoothing distributions

The last step of the algorithm is the combination of the representation of the predic-

tivedensity relyingonaparticle representationof the filteringdensities{X(i)
t , w

(i)
t }

N,T
i,t=1

with that of the normalised BIF. For this, as suggested in Fearnhead et al. (2010), we

follow the procedure below:


i? ∼ M({w(i)

t }Ni=1)

j? ∼ M({w̃(j)
t }Ni=1)

X
(j)

t ∼ ϕi?,j?(xt)

for j = 1, . . . , N , and t = 1, . . . , T

whereϕi?,j?(xt) = p(X̃
(j?)
t+1 |xt)p(yt |xt)p(xt |X

(i?)
t−1) and no reweighing step is needed

since we can sample from it exactly (it is a Gaussian) and it is the optimal proposal.

Using the same approach as in the previous two points, if we denote the parameters
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of the optimal proposal ϕi?,j? as µt andΣt then:


Σ
−1

t = Q−1 + AtQ−1A+BtR−1B

µt = Σt

(
AtQ−1X̃

(j?)
t+1 +Q−1AX

(i?)
t−1 +BtR−1yt

)

A.2 Mirror Descent and Natural Gradient

In this part we show briefly the reasoning behind themirror-descent algorithm focus-

ing on the case of the KL geometry that is considered in the core document.

A.2.1 Classical gradient descent

We start from the generic problem of unconstrained minimisation of a convex func-

tion f . Additionally, we assume that the function has a computable gradient∇f ev-

erywhere. The gradient descent algorithm considers the following iterative scheme:

xk+1 = xk − αk∇f(xk),

which, under some conditions on the sequence of step-sizes (αk)
∞
0 will converge to a

minimiser of the function i.e., an x? such that f(x?) ≤ f(x) for all x. This scheme is

equivalent to solving a sequence of optimisation problems:

xk+1 = arg min
x

{
〈x,∇f(xk)〉+

1

αk

‖x− xk‖2
2

2

}
. (A.4)

This re-formulation shows that the gradient-descent is explicitly linked to an isotropic

Euclidean geometry via the distance d(x, y) = ‖x− y‖2
2 /2. Other geometries can be

considered by considering other distances or divergences. In particular, when a Breg-

man divergence is considered we get the mirror descent algorithm as shown below.
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A.2.2 Bregman divergences

Consider a smooth, strictly convex functionϕ. By definition, this function is such that

for any couple of points (x, z) in its domain with x 6= z,

ϕ(z) > ϕ(x) + 〈z − x,∇ϕ(x)〉 .

We can therefore build a divergence by rearranging the previous inequality:

Bϕ(z, x) := ϕ(z)− ϕ(x)− 〈z − x,∇ϕ(x)〉 . (A.5)

Note that Bϕ(z, x) > 0 for all admissible z 6= x and Bϕ(x, x) = 0 for all admissible

x. Apart from the fact that such a Bregman divergence is not necessarily symmetric, it

has the same properties as a distance. A particular case is that of ϕ(x) = ‖x‖2
2 /2 in

which case the associated Bregman divergence is nothing but the Euclidean distance.

A.2.3 Mirror descent algorithm

Let us now consider the generalised gradient descent scheme with the Bregman di-

vergence associated with some strongly convex, smooth function ϕ:

xk+1 = arg min
x

{
〈x,∇f(xk)〉+

1

αk
Bϕ(x, xk)

}
. (A.6)

Multiplying the objective function by αk, rearranging and taking the gradient in x to

get the first order condition leads to:

αk∇f(xk) +∇ϕ(xk+1)−∇ϕ(xk) = 0.
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Rearranging and using (∇ϕ)
−1 ≡ ∇ϕ? leads to:

xk+1 = ∇ϕ? [∇ϕ(xk)− αk∇f(xk)] . (A.7)

This algorithm is known as themirror descent algorithm (Beck and Teboulle, 2003).

A.2.4 KL geometry and natural gradient descent

When considering an objective function J depending on a distribution qθ ∈ Fφ, one

can consider the geometry of the natural parameters i.e., iterate from θk to θk+1 using

the classical gradient descent scheme. However, θk and θk+1 will index two distribu-

tions qθk and qθk+1
and it therefore makes more sense to consider a divergence be-

tween those distributions rather than between their natural parameters. We consider

the KL divergence with for q, q′ ∈ Fφ:

KL(q′, q) = Eq[log q − log q′].

Since qθ ≡ exp(〈θ, φ〉 − A(θ)), this reduces to

KL(q′, q) = A(θ′)− A(θ)− 〈θ′ − θ, A(θ)〉

which is the Bregman divergence associated with the log-partition function A. The

corresponding mirror-descent algorithm reads:

θk+1 = ∇A? [∇A(θ)− αk∇J (θk)] , (A.8)

which is o�en known as the natural gradient descent algorithm in the machine learn-

ing community. For a deeper analysis of the reasoning behind using the natural gra-

dient descent in learning, we refer to the seminal paper by Amari (1998).
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