Submitted to the Annals of Applied Probability

QUANTITATIVE CLTS ON THE POISSON SPACE
VIA SKOROHOD ESTIMATES AND p-POINCARE INEQUALITIES

BY TARA TRAUTHWEIN

lDepartmenl of Statistics, University of Oxford , tara.trauthwein @stats.ox.ac.uk

We establish new explicit bounds on the Gaussian approximation of Pois-
son functionals based on novel estimates of moments of Skorohod integrals.
Combining these with the Malliavin—Stein method, we derive bounds in the
Wasserstein and Kolmogorov distances whose application requires minimal
moment assumptions on add-one cost operators — thereby extending the re-
sults from (Last, Peccati and Schulte, 2016). Our applications include a cen-
tral limit theorem (CLT) for the Online Nearest Neighbour graph, whose va-
lidity was conjectured in (Wade, 2009; Penrose and Wade, 2009). We also
apply our techniques to derive quantitative CLTs for edge functionals of the
Gilbert graph, of the k-Nearest Neighbour graph and of the Radial Spanning
Tree. In most cases, even the qualitative CLTs are new.
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1.1. Overview. The aim of this paper is to establish a new collection of probabilistic
inequalities, yielding quantitative CLT's for sequences of Poisson functionals under minimal
moment assumptions. We will see below that our findings substantially extend and refine the
second-order Poincaré inequalities proved in [40] (see also [37, 70, 71]), and heavily rely on
new moment inequalities for Skorohod integrals (see Theorem 4.2) that we believe to be of
independent interest. As demonstrated in Section 5, our findings are specifically tailored, but
not limited, to deriving quantitative CLT's for functionals of spatial random graphs, based on
Poisson inputs, in critical or near-critical regimes. Following the publication of the preprint
version of this article, our results have also been applied in [9, 10] to derive CLTs for spatial
integrals of solutions to a stochastic linear wave equation with space-time pure-jump Lévy
white noise, thereby illustrating that applications of our findings go beyond the context of
stochastic geometry.

One prominent example dealt with in the present work is the Online Nearest Neighbour
Graph (ONNG), devised by Berger et al. in [12] as a simplified version of the FKP model
of the internet graph (see [22]). The set-up is the following: Take a Poisson measure on
R? x [0, 1], in such a way that each point of the measure has a spatial coordinate in R? and an
arrival time in [0, 1]. Within a bounded observation window, connect each point to its nearest
neighbour in space which has smaller arrival time. The resulting ONNG is a tree growing
in time — a simple model for an expanding network. Other graphs of interest include the
Gilbert graph, where two points are connected if they are close enough to one another, or
nearest-neighbour type graphs like the k-Nearest Neighbour graph and the Radial Span-
ning Tree (see Section 5).

For graphs like these, one quantity of interest is the total edge-length, or more generally,
the a-power weighted total edge-length:

(1.1) F=>"le|

e edge

The main question is to understand how such a sum fluctuates as the graph expands. For the
ONNG, convergence to the normal law was shown by Penrose [57] in the exponent range
o€ (0, %) and conjectured in [78, 61] for the range o € [%, %] . This conjecture has remained
open until now: as an application of our abstract bounds, we settle it in this article by provid-
ing a quantitative central limit theorem for the centred and rescaled sum of power-weighted
edge-lengths with powers o € (0, %] (see Theorem 5.3).

Power-weighted edge lengths have been studied in a variety of contexts, for the minimal
spanning tree in e.g. [32, 57, 34, 13], as well as for other graphs in e.g. [58, 59, 61, 69]. In
applications, the idea is that large positive powers favour long edges, powers close to zero
weight all edges equally, and negative powers favour short edges. Negative power weights
are used in spatial statistics for inverse distance weighting, an interpolation method, as well
as to compute proximity matrices for spatial autocorrelation (see e.g. [46, Chapter 13.1.4],
[79, Chapter 7.4] and [31, pages 65-69]).

1.2. Main contributions. As announced in Section 1.1, our theoretical findings refine the
main bounds in [40], where the authors proved second-order Poincaré inequalities on config-
uration spaces — thus extending the Gaussian second-order Poincaré estimates established
in [16, 51, 76, 20] to the Poisson case. The results of [40] are based on the combination of
Stein’s method [17, 50, 54] and Malliavin Calculus on configuration spaces [38, 43].

The starting point of Stein’s method is the fact that a real-valued random variable N is
standard Gaussian if and only if

(1.2) Ef(N)N =Ef'(N)
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for a suitable collection of functions f : R — R. This allows one to represent the distance
between the distributions of a random variable F' and a standard normal N as

(1.3) d(F,N) = sup |Efy(F)F —Ef;(F)|,
heH

where H is a suitable collection of functions depending on the choice of distance and the
function f, is the canonical solution to the differential equation

(1.4) fu(@) =z fu(z) + h(z) — ER(N).

The crucial idea behind the results of [40] is that, for random variables F' = F'(n) depending
on a Poisson measure 1 on a space X, one can control quantities such as (1.3) by using
integration by parts formulae involving the add-one cost operator

(1.5) D F(n) = F(n+ ) — F(n),

where x € X and J,, is the Dirac measure in x, as well as its iteration D% =D,Dy F. As
demonstrated in [40, 37, 70, 34, 71, 72] such an approach leads to flexible bounds in the
Kolmogorov and Wasserstein distances, bounds that are particularly adapted for dealing with
functionals displaying a form of geometric stabilisation — see e.g. [62, 57, 63, 37, 34] for
a discussion of this concept, as well as [32] for the first seminal contribution on the topic.

One of the shortcomings of the bounds established in [40, 37, 70, 34, 72] is that their use
in concrete applications typically requires one to uniformly bound over X the moments of
order (4 + ¢) (with € > 0) of D F and D® F. Such a uniform bound is not achievable in
many relevant applications, e.g. for edge functionals of the ONNG in the exponent range o €
[%, %], the range where the central limit theorem was conjectured to hold. We substantially
extend the main results from [40] in two ways:

(1) In Theorem 3.4 we establish explicit bounds in the Kolmogorov and Wasserstein
distances, whose use only requires one to uniformly bound the moments of order 2 + € of
add-one cost operators. (See also [75] for qualitative CLTs requiring both bounds on the
moments of order 2 + ¢ and weak stabilisation). To motivate the reader, we will now give a
simple example of a consequence of Theorem 3.4.

Let v be a centred probability measure on R such that

(1.6) c::/ lu|? v (du) < oo
R

for some € > 0. Define o := ([, u?v(du)) /2 and let 1) be a Poisson measure on R x [0, 00)
with intensity v(du) ® ds. Let T' > 0 and define

(1.7) Fp:= / un(d(u,s)).
Rx[0,7]

Then Fr is equal in law to Zz]i(lT ) X;, where X1, Xo,...arei.i.drandom variables distributed
according to v and independent of N (T"), a Poisson distributed random variable with param-
eter T'.

One can compare this to the random variable

(1.8) Gui= 3" X,

where the number of points is deterministically given by n. By an extension of the classical
Berry—Esseen theorem given by Petrov in [64, Theorem 6, p. 115], one has the following
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bound on the Kolmogorov distance between the laws of (no?)~/2G,, and a standard Gaus-
sian V:

Gn € . -p/2
(1.9) di (\/EUN> <02+pn ;
where 0 < p < min{e, 1}. For the functional Fr, our Theorem 3.4 implies

FT 2c
1.10 dw | —=,N | < TP/
(110 w <ﬁa > o277
and
Fe N\ (40)7

111 die [ 22 N} < B9 povies
(1.11) K (ﬁa’ > =

for the Wasserstein and Kolmogorov distances respectively, where 0 < p < min{e, 1} and
0 < ¢ < min{¢,2}. The speed of convergence in Wasserstein distance corresponds exactly
to the one given by Petrov. For the Kolmogorov distance we find a slightly slower speed,
which is however still converging much faster than the square root of the Wasserstein dis-
tance, which is implied by the classic estimate dg (., N) < 2¢/dw (., N) (see e.g. [50, Re-
mark C.2.2]). We note that for the special example of F7r as defined in (1.7), the bound (1.11)
can be improved further by applying techniques tailored to the unique properties of Fr. Start-
ing from the bound we give in Theorem 3.2, one can apply a concentration inequality similar
to the one developed in [17, Lemma 3.1] and derive the following result of presumably opti-
mal rate of convergence (see also [17, Theorem 10.6]):

Fr (20 + V2m)e, . (29PN
(112) dK <\/T"O-’N> < WT + O’2+p T B

where 0 < p < min{e, 1}.

In Section 5, we apply Theorem 3.4 to edge-statistics of the form (1.1) of the Online
Nearest Neighbour Graph in the exponent range o € (0, g) and of the Gilbert graph for
exponents « € (—%,oo) (extending existing results from [67]); we also deal with the k-
Nearest Neighbour Graph and the Radial Spanning Tree for a general class of decreasing
functions ¢ : (0,00) — (0, 00) applied to the edge-lengths.

In all our applications, we find the same speeds in the Wasserstein and Kolmogorov
distances. Roughly speaking, a 2p-moment bound leads to a speed of convergence of
Var(F)Y/P=1, where p € (1,2]. If p = 2, we recover the speed of order ‘square root of the
variance’, which corresponds to the speed of convergence in the classical Berry-Esseen theo-
rem and is often presumed to be optimal in other contexts. If the variable F' is integer-valued,
it has been shown e.g. in [71, inequality (2.27)] that this speed cannot be improved.

If we need to lower the moment condition by choosing p < 2, then the resulting speed
will be slower. Comparing with the above example and setting 2p = 2 + ¢, it corresponds to

_ e/2
=477 in both Wasserstein and Kolmogorov distances. Whether or not this speed is optimal
seems to be a challenging open question. As illustrated by the example (1.7), one can do better

if the second add-one cost Dg?; F is zero. If this term is however non-zero, it hints at a much
richer and more complex structure of the underlying random variable F’, indicating that a
speed of t~¢/2 might be too much to expect. In general, the literature on lower bounds for
convergences of quantities satisfying only sub-optimal moment conditions is rather sparse
and an interesting avenue for future research.
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(ii) The case of an edge functional of the type (1.1) with a = g for the ONNG is of a
different nature. The variance contains an additional logarithmic factor (as conjectured and
partially shown in [78], and fully established in Theorem 5.3) and a 2 + ¢ moment bound
proves too strong a condition. To deal with this particular case, we develop in Theorem 3.3
an estimate of the Wasserstein distance that depends on a time parameter. Taking 7 to be a
Poisson measure on a space X x [0, 1] with intensity A ® ds, the estimate contains moments of

(2) . (2)
E[Dss) F|nixx(o,s)] and E] D) () F|nixcx(o,svu) ] instead of D, ) F and Do) wan F-
This distinction is crucial and leads to a quantitative central limit theorem in the critical case

o= %, stated in Theorem 5.3.

The underlying result making these improved estimates possible is a new inequality, stated
in Theorem 4.2, providing a bound on the pth moment of a Skorohod integral §(h) (see Sec-
tion 2 for a definition), with p € [1,2]. Even more generally, a bound is provided for quanti-
ties of the type |[E¢(d(h))|, where ¢ : R — R is differentiable with (p — 1)-Holder continuous
derivative for some p € (1, 2]. To the best of our knowledge, no comparable inequality exists
to date and this result is of independent interest. In particular, Theorem 4.2 implies gener-
alisations of the classical Poincaré inequality according to which for a Poisson functional
F € L*(PP,), it holds that

(1.13) E [F?] —E[F]Qg]E/(DxF)ZA(dx).

As shown in Corollary 4.3 and Remark 4.4, the Poincaré inequality remains true (up to a
multiplying constant) if the exponent 2 is replaced by p, thus for p € [1,2]:

(1.14) E|F|P — |EFP < 22_7’1E/ D, F|P \(dz).
X

If the functional F' is non-negative or centred, this inequality follows from modified log-
Sobolev type inequalities shown in [15] and also [1]. We stress, however, that the bound in
Theorem 4.2 is much more general and not directly deducible from [15, 1].

If we work over the time-augmented space X x [0, 1], it has been shown by Last and
Penrose in [41, Thm. 1.5] that

1
(1.15) Var(F) =E / / E[D () Flnjsexio.n]*dtA(dz).
XJO

Correspondingly, the inequality in Corollary 4.3 can be refined even further by conditioning
on the information up to time ¢:

1
L1y BIFP - [EFP <2 7B | [ EDqs Flicagon] | dN(da),
XJO

This inequality is of great importance for improving estimates of both Wasserstein and Kol-
mogorov distances. Another consequence of Theorem 4.2 is a more technical inequality given
in Corollary 4.7, this one being crucial when refining the bound on the Kolmogorov distance.
The proof of Theorem 4.2 relies on a new version of Itd’s formula, shown in Theorem 4.1.
In contrast to the classical Itd formula for Poisson point processes as given in [30, Theo-
rem IL.5.1], our version does not assume the process to be a semi-martingale or the integrand
to be predictable. In turn, we only use the term corresponding to the integral with respect to a
compensated Poisson measure. A detailed discussion of differences and similarities with the
classical 1t6 formula and comparable results in the literature is provided in Section 4.1. We
believe this result also to be of independent interest, as to the best of our knowledge no such
formula for anticipative integrands and general Poisson processes exists in the literature.



REMARK 1.1. As demonstrated in the forthcoming Section 5, the principal achievement
of this paper is the derivation of probabilistic bounds requiring minimal moment assump-
tions, that one can directly apply to a variety of models without implementing truncation or
smoothing procedures. That said, it is plausible to expect that alternate bounds to some of
those derived in Section 5 could be derived by combining the results of [40] with a trunca-
tion procedure similar to the ones implemented e.g. in [80, proof of Theorem 1.1] or [52,
proof of Corollary 3.2]. In order to keep the length of this paper within reasonable limits, the
comparison between the two approaches (in situations where both apply) will be discussed
elsewhere.

Outline of the paper: In Section 2 we provide a short background on Poisson processes and
Malliavin Calculus, with a more detailed account to be found in Appendix 6. In Section 3,
we discuss second-order p-Poincaré inequalities, while Section 4 contains our version of
Itd6’s formula and the new estimates for Skorohod integrals. Applications are discussed in
Section 5, in particular the ONNG is dealt with in Section 5.1. The later sections contain
the proofs of our principal results: Section 7 contains the proof of Theorem 4.2, and the
second-order Poincaré inequalities (Theorems 3.2, 3.3 and 3.4) are shown in Section 8. All
other proofs can be found in the Supplementary Material [74]: Theorem 4.1 is shown in [74,
Section 1], the Corollaries 4.3 and 4.7 are proven in Sections 2 and 3 of [74] respectively,
whereas the proofs for the Gilbert graph, the k-Nearest Neighbour graphs, the Radial Span-
ning Tree and the Online Nearest Neighbour graph can be found in Sections 4, 5, 6, and 7 of
[74] respectively.

2. Framework and notations. We provide here an overview of the most relevant (in
the context of this article) properties of Poisson point processes and elements of Poisson
Malliavin calculus, as well as a very short introduction to Stein’s method. Further definitions
and properties that will be necessary for the proofs can be found in Appendix 6. We refer the
reader to [38, 43] for an exhaustive discussion of the material presented below.

Poisson random measure. Let (W,V,v) be a o-finite measure space and let Nyy be the set
of Ny U {oo}-valued measures on (W, V). Define the o-algebra Ayy on Nyy as the smallest
o-algebra such that for all W € W, the map Nw > £ — {(W) € NU {oo} is measurable. If
it is clear from context which space we refer to, we will write N and A instead of Ny and
Ny

A Poisson random measure with intensity v is a (N, NV')-valued random element y de-
fined on some probability space (2, F,P) such that

« for all W € W and all k € Ny, we have P(x(W) = k) = exp(—(W)) W0 with the
convention that x (W) = oo (resp. x (W) = 0) P-a.s. if v(W) = oo (resp. v(W) = 0);

o for W1,...,W,, € W disjoint, the random variables x (W1),..., x(W,,) are mutually inde-
pendent.

Existence and uniqueness of such a measure is shown in [43, Chapter 3]. We denote by P,
the law of y in (N, V) and we say that x is a (W, v)-Poisson measure.

In view of the o-finiteness of (W, /) and using [43, Corollary 6.5] we can and will assume
throughout the paper that the Poisson measure y is proper, i.e. that there exist independent
random elements X7, Xo,... € W and an independent Ny U {oo}-valued random variable x
such that P-a.s.

2.1) X=> 0x,,
n=1
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where §,, is the Dirac mass at the point w € W. All our results only depend on the law of
X, hence this assumption has no impact on them. In this context, we will often identify x
with its support, i.e. with the random collection of points { X, X3, ...}. Note that in the case
where v has atoms, these points might appear with higher multiplicities.

Poisson functionals. For p > 0, denote by LP(IP,) the set of random variables F such that
there is a measurable function f : N — R such that F' = f(x) P-a.s. and, if p > 0, such that
E|F|P < co. We call I' a Poisson functional and f a representative of F'. All results that
follow do not depend on the choice of the representative f and hence, throughout the article,
we will use the symbol F' indiscriminately to represent both f and F'.

Add-one cost and Malliavin derivative. For a Poisson functional ' € L°(P,) and w € W,
define the add-one cost operator of F' as

(2.2) Dy F:=F(x + 0w) — F(X),

and inductively set Dg?,...,wn F:=D,, Dgﬁ?}?wnﬂ Fforn>1andwy,...,w, €W, where

DO F = F and DV F = DF. It can be shown that, given a representative f of F, the
function (wy,...,wy,X) — D,E;?,,,,,wn f(x) is measurable and symmetric in wq, ..., w, (cf.
[38, p. 5]). We denote by dom D the set of all F' € LQ(IP’X) such that

(2.3) E / (Dy, F)*v(dw) < co.
W

The restriction of the operator D to dom D is called the Malliavin derivative of F' (see [38,
Theorem 3]). Note that D F is well-defined for ' € L°(P,), and, if F € L'(P,), condition
(2.3) is sufficient for F' to be in dom D (as follows from the Ll(]P’n)—Poincaré inequality as
stated in [38, Cor. 1]).

For F,G € L°(P, ) and for all w € W, we have the following formula for the add-one cost of
a product:

(2.4) Dy(FG) = (Dy F)G + F(Dy G) + (Dy F)(Dyy G).

Chaotic decomposition. For a function g € L?(W", v(")) and n € N, denote by I,,(g) the nth
Wiener-Ito integral of g (see [38, equation (25) on page 8] for a detailed definition). Then
for F € L*(P, ), we have the Wiener-Itd chaos expansion

2.5) F =Y 1(fa),
n=0

where fp,(w1,...,wy,) = %EDSZ),...,wn F, and fo = EF with Iy(fo) = fo, and the series
converges in L?(P,,) (cf. [38, Theorem 2]). If in addition F' € dom D, then D F € L?(P,, ®v)
and it holds [P, —a.s. and for v—a.e. w € W that

(2.6) DwF:ZnInfl(fn(wa'))a
n=1
cf. [38, Theorem 3].

Mecke’s formula. Denote by LP(N x W) the quotient set of all measurable functions 5 :
N x W — R such that, if p > 0, one has & [}, [h(x, w) [Pv(dw) < co.




Next, we introduce the so-called Mecke formula (cf. e.g. [38, formula (7)]), which holds
for h € L'(N x W) and for h: N x W — [0, 00) measurable:

(2.7) E/Wh(x,w)x(dw)—Eﬁvh(x—i—%,w)v(dw).

In particular, combined with the fact that y is assumed to be proper, this implies that for a
function h € L'(IN x W), the integral

(2.8) / h(x — 0w, w)x(dw)
W
is well-defined.

Skorohod integrals. If h € L*>(N x W), then for v-a.e. w € W, we have h(.,w) € L*(Py)
and thus by (2.5) we can write

2.9) hx,w) = T(hn(w,.),
n=0

with hy, (w,wr, ..., w,) = LEDE . h(x,w) (cf. also [38, equation (42)]). We say that
h € dom§if h € L*(N x W) and

[e.9]

(2.10) Z(n + 1)!/ h2dy"t < oo,
n:O Wn+1
where h,, is the symmetrisation of h,, given by
B 1 n+1
(211) hn(w17 s awn-l—l) = n+1 Z hn(wk7w17 sy W1, Wi 15 - -+ 7wn+1)-
k=1

For h € dom ¢ we define the Skorohod integral of h by
2.12) §5(h) == Ty (hm),
n=0

which converges in LQ(IF’X). Note that, by [38, Theorem 5], the following condition is suffi-
cient for h € L?(N x W) to be in dom d:

(2.13) E/ / (De h(x,y))? v(da)v(dy) < oc.
wJw

If h € LY(IN x W) Ndom d, then by [38, Theorem 6], we have P-a.s.

(2.14) 5() = [ = 8w wixtn) ~ [ hxw(du),
W W

where the RHS is well-defined for any h € L' (IN x W) by (2.8).

Extension to a marked space. It will often be convenient to endow the space W with marks
representing time. As we are only interested in the law of the Poisson functionals in
question, we can always suppose that the (W, v)-Poisson measure x is the marginal of a
(W x [0,1], v ® ds)-Poisson measure 7. Indeed, n(. x [0,1]) has the same law as x when
both are regarded as random elements in Nyy. For a functional F' € L°(P, ), define

(2.15) Gr(n) = F(n(. x[0,1])).
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Then G'r(n) has the same law under P, as F'(x) under P,. Moreover, for any (z,s) € W x
[0,1],

(2.16) D(x,s) GF(U) =D, F(Tl( X [07 1]))7

which is equal in law to D, F'().

Predictability. We call a measurable function A : Nyyy0,1) X W x [0, 1] — R predictable if
for all (y,s) € W x [0,1] and all v € Nyy o 1]

(2.17) h(V,y,S) = h<V|W><[O,s)7y78)'

This definition of predictability appears e.g. in [42, equation (2.5)], where it is argued that
this version of predictability is comparable to predictability in the classical sense (as defined
e.g. in [30, Definition 1.5.2]). It is also shown in [42, Proposition 2.4] that if h € L2(N X
W x [0,1]) satisfies (2.17), then h € dom 4.

Conditional expectations and Clark—Ocoéne formula. Let n be a (W x [0,1], v ® ds)-Poisson
measure. Using that the measures 7y« [o,s) and 7wx[s,1) are independent, one can define a
version of conditional expectation for any non-negative or integrable random variable G €
L’ (Pn) by

2.18) E[Gmmxo.)] = / G 0.9y + E)TLL(dE),

where I is the law of 7y s 1]- If it is finite, the conditional expectation E[G |y o,s)] 18
predictable (cf. [41, formula (2.3)] and the discussion thereafter). In particular, the following
summarizes results obtained in [42] (see in particular the discussion on page 1591, equation
(2.16) and Theorem 2.1):

Let F € L*(P,). Then the function h : N x W x [0,1] — R defined by h(n,z,s) :=
E[D(z,) Flmwxo,s)] is well-defined, finite and predictable. Moreover, h € L?(N x W x
[0,1]) Ndom 6 and the following Clark—Ocone type formula holds (see also [80, 29]):

(2.19) F=EF+65(h) P-—as.

This formula will be essential in the proof of Corollary 4.3.

Generic sets. Let n C R be a finite set. We say that y is generic if all pairwise distances
between points are distinct. We say that a set 4 C R? is generic with respect to points
r1,..., 2, €RY, for n €N, if x1,...,2, ¢ p and g U {x1,...,7,} is generic. Note that
for compact sets H C R?, any (H,dx)-Poisson measure y can a.s. be identified with its
support and this support is a.s. generic. To simplify the presentation, we will at times adopt
the notation

(2.20) F(p):=F(&),  whereg, = 4,
TEN

for a finite set ;« € R? and a measurable functional F' : N« — R. Similar notation will be
used for D F (1), D) F(p) etc.

Stein’s Method. For an integrable random variable F' and a standard Gaussian NV, the Wasser-
stein distance between the distributions of F' and N is given by

2.21) dyw (F,N) = sup |Eh(F) — Eh(N)|
heH
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where H is the set of Lipschitz-continuous functions h : R — R with Lipschitz constant
|h]|z < 1. On the other hand, the Kolmogorov distance between the distributions of F' and
N is defined as
(2.22) dg(F,N)=sup|P(F <z)—P(N <2)|.

z€R
See e.g. [50, Appendix C], and the references therein, for a discussion of the basic properties
of dyy and d . Given h € H and ®(u) = P(NN < u), Stein’s equation

(2.23) (@) =axf(z)+ h(x) — / h(u)®' (u)du, z € R,
R

admits a canonical solution f; defined as

(2.24) fulw) ="/ / " (h(y) ~ BN 2dy,

satisfying the two properties: (a) f5, € C*(R) and || f} ||cc < \/% and (b) f; is Lipschitz-
continuous with || f7 || < 2, see e.g. [54, Theorem 3, Chapter 6] and the references therein.
In particular, one has that

(2.25) dw (F,N) = sup | f,(F) — F fu(F)|.
heH

Similarly, for fixed z € R, the canonical solution f, to Stein’s equation
(2.26) FU@) = 2fo(@) + Loz (2) — B(2),  zER,

is differentiable everywhere except at z, where it is customary to define f.(z) = zf,(2) +
1 — ®(z). One has that

* [ Floo < Y3 and || ]l oo <1
* |zf.(z)| <1forall x € R and the function x — x f,(x) is non-decreasing for all z € R,

(see e.g. [17, Lemma 2.3]). We consequently have that
(2.27) dic (F,N) = sup| f;(F) = Ff-(F)|.
ze

2.1. Notation. For x € R? and r > 0, we write B%(x,r) to indicate the (open) ball of
centre 2 and radius 7. For a measurable set A C R, we denote by | A| the Lebesgue measure
of A, unless A is finite, in which case |A| denotes the number of elements in A. We use
A to denote the closure of A. Unless otherwise indicated, 114 Will denote the restriction of
the measure 7 on some space (W,)V) to a mesurable set A C W. Throughout this paper,
kaq = |B%(0,1)|. We use the symbols A (resp. V) to denote a minimum (resp. maximum) of
two elements. We shall use LHS and RHS to denote ‘left hand side’ and ‘right hand side’
and use |z| to denote the Euclidean norm of z € R?. The supremum norm of a function

f:R —Ris denoted by || f]|co- By 2 and -% we mean equality and convergence in distri-
bution respectively. We use the symbol ~ (resp. <) if there is equality (resp. inequality) up
to multiplication by a positive constant.

3. Second order p-Poincaré inequalities in Wasserstein and Kolmogorov distances.
In this section we state our new bounds on the distance between the distribution of a Poisson
functional and the Normal law. These bounds are called second-order p-Poincaré inequalities,
following a nomenclature coined in [16], where bounds of this type were given for the first
time in a Gaussian context. We make use of the well-established Malliavin—Stein method,
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which was pioneered in [49] in the Wiener case, used for the first time in the Poisson case
in [55] and subsequently extended and developed in a wide range of articles — see the refer-
ences given in [40], the survey [6], the monograph [54] and the website [48]. Related bounds
in the Kolmogorov distance have been studied in various places [21, 68, 40, 34].

Recall from (2.21) and (2.22) the definitions of the Wasserstein distance dy (F, N) and
the Kolmogorov distance dx (F, N') respectively, for an integrable random variable F' and a
standard Gaussian N.

REMARK 3.1. For the rest of this section, we fix a o-finite measure space (X, X, \).
Before we state our main theorems, we introduce some simplified notation to improve legi-
bility of the following results. Write Y := X x [0,1] and A = A ® dt. We introduce a partial
order on Y by saying that z < y if z = (2, s), y = (w,u) and s < u. In the following, n will
be a (Y, \)-Poisson measure and y will be a (X, \)-Poisson measure. We will write 7, for
Mxx[0,s)- Integrals with respect to )\ are taken over Y and integrals with respect to \ are taken
over X.

The next statement contains the general abstract bounds on which our analysis will rely.

THEOREM 3.2. Let F € L?(P,)) N domD such that EF = 0. Then for any q € [1,2],

(3.1 dW(F,N)g\/EE‘l—/DyFE[DyF]ny])\(dy)’
Y

L 9E / [E[D, Fln,]| - | Dy FlIAdy),

and

(3.2) dK(F,N)g]E'l—/DyFE[DyFMy]X(dy)‘
Y

+52£EA|E[DyF]ny}\DyF-Dy(FfZ(F)+11{F>2})A(dy),

where f, is the canonical solution to Stein’s equation in the Kolmogorov case, as defined in
(2.26).

As a next step, we derive the upper bounds we use in applications. Define the following
quantities for p,q € [1,2]:

B 225?\?02</Y</YE[EUD1’FM]2PP

(2) 2p Y P Hr
B [E[IDE) Fllne]) ] * e ) X))

2/p 1/p _ p 1/p
() ._ 2 -2 (2) 2p] /P
N </Y UJ”““”E EIDE) Flln )] ) ) )

B?(f” = 20_(q+1)E/ [E[D, F|n,] ’qﬂj‘(dy)a
Y

o 1/2 1/2 _ _
80 =270 [ [ 14,8 [BID, Fln?] "B [[EIDE) Flua ] " o))

)
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The following statement is our first bound on Wasserstein distances, expressed in terms of
moments of the first and second-order add-one costs conditional on past behaviour.

THEOREM 3.3.  Let 1 be a (Y, \)-Poisson measure and let F € L*(P,)) N dom D. Define
o :=+/Var(F) and F := 0= Y(F —EF). Let p,q € [1,2]. Then

(3.3) dw (B, N) < 8P + 8P + 80 4 g0,

The proof can be found in Appendix 8. Now define for p, g € [1, 2],
1/p

1= 22/5;/50‘2 ( /X ( /X B (|D, P75 5 |02, PP7] A(dy))pw:c)) :

2/p 1/ P 1/p
(. 2 -2 @) 2p| P
N (/X </XE{DWF‘ RECHYRCIRE

7 = 20_(q+1)/EDy P71 \(dy),
X

and

W
T
=
»,
<
M
s
_S
>
—~
N
N
N———
—
~
=

1/2

/p
)" B (1D, P A(dy)A(dm)l ,

W= (8p / / (BIDE), F17)™ - (BID, FI7)
X JX

o\ 1-1/P 1/p
- <E|DyF| p) )\(dy)/\(da:))
Note that the quantities B%p A f) and ﬂp ). ,vép ) contain only expressions related to

DF and D@ F.
The next statement contains our main estimates on Wasserstein and Kolmogorov distances,
given in terms of moments of first and second-order add-one costs (without conditioning).

THEOREM 3.4. Let x be a (X, \)-Poisson measure and let F € L*(P,,) N dom D. Define
o:=+VarF and F := o~ (F —EF). Let p,q € [1,2]. Then

(3.4) dw (F,N) < AP 44 1 480
and
(3.5) dic(B,N) <507 + 50+ 497+ +4.

REMARK 3.5. Using Holder’s inequality, one can replace the term fyép ) by the slightly

larger but simpler bound

1 N 1/p
36 o’ <8p / / (E\DQ?LFPP)%-(E!D:CFPP)I‘M(da:)A(dy)) ,
XJX
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where p € [1,2]. We will use this bound in the proof of Theorem 5.8 in the context of the
Radial Spanning Tree.

REMARK 3.6. The inequalities (3.3), (3.4) and (3.5) hold for any choice of p,q € [1,2],
even though the LHSs do not depend on the parameters p and ¢ at all. In general, it is prefer-
able to choose p and ¢ as large as possible to achieve faster rates of convergence. However,
when chosen too large, the RHSs of the inequalities might not converge at all due to integra-
bility and moment constraints.

REMARK 3.7 (Discussion of literature). Our results in this section are a substantial ex-
tension of [40]. The bounds given in [40, Theorems 1.1 and 1.2] contain moments of first and
second-order add-one costs with exponent 4 (or even 4 + ¢, see [40, Proposition 1.4]). While
this is a very powerful tool for showing asymptotically Gaussian behaviour, a finite 4th mo-
ment is too strong a condition for some applications, most notably for the ONNG discussed in
Section 5.1. Our Theorem 3.4 reduces this condition to finite 2p moments, where p € (1,2],
while retaining similar bounds in the case p = 2. In particular, [40, Theorem 6.1 and Proposi-
tion 1.4] follow from our Theorem 3.4. (See also [75] for qualitative results requiring bounds
on moments of order 2p under weak stabilisation assumptions).

The proofs of Theorems 3.2, 3.3 and 3.4 follow in spirit the ideas from [40] and [34, The-
orem 1.12] (for the Kolmogorov distance). However, we work on a space X x [0, 1] extended
by a time component and systematically replace the operator L~! by the conditional expec-
tation E[D(m) -|77|XX[O¢)] (see [65] for a similar approach for Poisson measures on the real
line). Moreover, we apply the inequalities established in Section 4 to achieve the improve-
ment in the exponent. For the Wasserstein distance, we also use an improvement due to [11]

to obtain the terms B:gq) , ,BZEQ),'yéq). For the Kolmogorov distance, our bound in Theorem 3.4
makes use of an improvement implemented in [34], but we remove a strong condition on
F. The resulting bound is close in spirit to the one given in [40, Theorem 1.2], but with an
improvement from 4th moments to 2pth moments. Moreover, our bound does not need the

term corresponding to [40, term 'y(q), p. 670] and replaces the term corresponding to [40,

term ’yip ), p. 671] by a term depending only on the add-one cost operators of F' instead of

EF4.

In Theorem 3.3, we do not take moments of the first and second-order add-one costs of our
functionals, but of their expectation conditional on ‘past behaviour’. A bound of this type is
new and the distinction is crucial to solve the critical case of the ONNG (see Theorem 5.3).
As of now, such a bound is only available in the Wasserstein distance.

4. Ancillary results: new estimates for Skorohod integrals.

4.1. A version of Itd’s formula. We start this section by giving a version of It6’s formula
for Poisson integrals with anticipative integrands. This is a crucial ingredient for the proof
of the new estimates given in Theorem 4.2. In the following, we will take 7 to be a (X x
[0,1], X ® B([0,1]), A(dzx) ® ds)-Poisson measure, where (X, X', \) is a o-finite measure
space.

THEOREM 4.1 (Itd’s formula for non-adapted integrands). Let h,g € L*(IN x X x [0, 1])
and assume h to be bounded. Let X € R. Fort € [0, 1], define

(4.1) Xt(n):ZXo+/ h(n—5<y,s),y’8)n(d(y’8))—/X/O 9(n,y,s)ds\(dy).

Xx[0,t]
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Then the process (Xt);e[o,1) is well-defined and P-a.s. cadlag. Let ¢ € CY(R). Then, for all
te€[0,1],

(42) o(Xy) = p(Xo) + / (¢ (Xs— +h(n—0(y5),y,5)) — p(Xs—)) n(d(y,s))

Xx[0,t]

t
- /X/O ' (Xs)g(n,y,s)ds\(dy) P-a.s.
and the quantities in (4.2) are well-defined.

In the next three items we compare our version of Itd’s formula (in the case h = g) with
the classical one given in [30, Theorem I1.5.1].

1. The main difference between (4.2) and [30, Thm. I1.5.1] consists in the fact that we do not
assume the integrand h to be predictable. There exist Itd-type formulae for anticipative
integrands in various settings, e.g. in the Wiener case in [3] and [53]) and for pure jump
and general Lévy processes in [19] and [2] respectively. To the best of our knowledge, our
setting of a general Poisson point process is new.

2. Assume h to be predictable in the sense of (2.17). It follows that h(n — 0(y ), ¥, ) =
h(n,y,s) for all (y,s) € X x [0, 1]. For ¢ € C%(R), formula (4.2) is now roughly equiva-
lent to the It6 formula given in [30, Theorem II.5.1] in the special case where the semi-
martingale in the statement of [30, Theorem I1.5.1] has the following properties:

* the point process in question is a Poisson point process;
* the only non-zero part is the one with respect to the compensated Poisson measure;
« the integrand h is both in L? and in L'.

3. Our setting is thus both more general (¢ € C*(R) and h anticipative) and more restrictive
(h € L' N L? instead of h € L' and the Gaussian, finite variation and non-compensated
Poisson terms are zero) than the one given by Ikeda and Watanabe. The proof of our result
relies however on the same ideas as the proof of [30, Theorem IL.5.1].

4.2. Moment Inequalities. In this section, we present a number of functional inequalities
that are of independent interest and also crucial to the improved bounds on Wasserstein and
Kolmogorov distances presented in earlier sections.

To the best of our knowledge, Theorem 4.2 is the first bound of its kind on functionals of
general Poisson—Skorohod integrals. Partial results are known in the particular case where
h is predictable, see Corollary 4.3 and the discussion thereafter. In particular, Theorem 4.2
below contains the first general estimate in terms of add-one costs for p-moments of the
Skorohod integral, where p € [1,2], the cases p = 1 and p = 2 being the only ones known.
See also [39].

In the special case ¢(z) = 22, the theorem below follows immediately from the isometry
relation reported in formula (6.4) of Appendix 6.

THEOREM 4.2. Let h € L*(N x X x [0,1]) satisfy (2.13). Let ¢ : R — R be a differen-
tiable function with (p — 1)-Holder continuous derivative, for some p € (1,2] and assume
that $(0) = 0. Then

1
c
Eo(6(0)| <E [ Ady) [ ds [n(n.p. )P
p X 0
1 S
+C¢E/X)\(dy)/0 ds/X)\(d:U)/o dt |Dy.s h(n,z,t)| - ’D(m)h(n,y,s)‘p_l

1 s
(4.3) + 2¢4E / A(dy) / ds / A(dx) / dt |Dey.s) (0,2, 8)| - |h(n.y,s) P,
X 0 X

0
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where cy is the Holder coefficient of ¢'. In particular, this inequality holds with ¢(x) = |z|P
and cy, = p2°7P, for p € [1,2].

Our first corollary is a version of the above inequality for predictable functions h and
contains a generalisation of the classical Poincaré inequality.

COROLLARY 4.3. Let h € L>(N x X x [0,1]) be predictable in the sense of (2.17). Let
¢ : R — R be a differentiable function with (p — 1)-Holder continuous derivative, for some
p € (1,2]. Assume ¢(0) = 0. Then

C¢ 1 p
(4.4) [E6(5(1)] < 2B / /0 (1, 5)[PdsA(dy).

Moreover, for F € L*(P,) and p € [1,2],
1
(4.5) E|F|? — [EF|? < 2*7PE / / [E[D () Flnpsexpo,o]|” dtA(da).
xJo

REMARK 4.4. 1. We can extend inequality (4.5) to F' € L!(P,)) at the cost of introduc-
ing an additional absolute value on the RHS:

1
(4.6) E|FP — \EF|p<22_pE// E| Daty Fl|mxx 0,0} dtA(dz).
XJO

This can be seen easily by approximating F' by F,, := (F'An)V (—n) and using monotone
and dominated convergence.

2. When removing the conditional expectation in (4.5) using Jensen’s inequality, the inequal-
ity can be extended to functionals G € L! (Py), where x is a (X, \)-Poisson measure with-
out time component. Indeed, as discussed in Section 2, the marginal 7(. x [0, 1]) has the
same law as , which means one can see GG as a functional on Ny, [o ;). We have then

4.7 E|G|P — [EG]P < 22—PE/ D, G|P M(dx).
X

REMARK 4.5 (Literature review). The proof of Theorem 4.2 relies on a combination
of the Clark—Ocdne type representation result (2.19) and the version of Itd’s formula given
in Theorem 4.1. This method of combining a Clark—Oco6ne result with Itd formulae to de-
duce functional inequalities has been applied before in various settings, e.g. in [80] and [15],
where it was used to deduce a modified log-Sobolev inequality and ®-Sobolev inequalities
respectively.

Inequalities (4.4), (4.5) and (4.7) can be seen as part of a larger family of functional in-
equalities on the Poisson space. The first to mention is the classical Poincaré inequality,
given e.g. in [38, Theorem 10] (see also [28, Cor. 4.4] for a very early appearance of this in-
equality). Our inequality extends the classical one, which is (4.7) in the case p = 2. Another
well-known inequality is the modified log-Sobolev inequality shown in [80] (see also [4]). It
is extended in [15, equation (5.10)] to the so-called ®-Sobolev inequalities, which in the case
®(x) = 2P, imply (4.7) when F > 0 or EF = 0. Similarly, the Beckner type p inequalities
discussed in [1, Section 4.6] imply (4.7) when F' > 0 or EF' = 0, albeit with a worse constant.
[81, Theorem 3.3.2] gives a version of (4.4) for p-norms in martingale type p Banach spaces.
Although we did not check the details, it is reasonable to assume that one can deduce (4.4)
in the case ¢(z) = || from such a result when applied to R?.

REMARK 4.6 (Comparison with the Gaussian case and extensions when p > 2).
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1. Inequality (4.7) for p < 2 does not hold for functionals of Gaussian random measures, as
can be seen by taking G = W, and letting ¢ — 0, with W a standard Brownian motion.
This is in contrast with the classical Poincaré inequality (p = 2) which holds in both
Gaussian and Poisson settings.

2. Inequality (4.7) (and hence also (4.5)) is false in general for p > 2. Indeed, consider
(X,\) = (R4, dz) and G = x(A) — A\(A) for some measurable A C R%. Then EG = 0,
EG? = M\(A) and D, G = 1 4(z). On the LHS we have E|G[P > (EG?)P/2 = A(A)?/? by
Jensen’s inequality and on the RHS

(4.8) / E| D, G[PA(dz) = A(A).
X

However, since p > 2, we have A\(A)P/2 > \(A) for \(A) large enough. Hence the in-
equality fails for any multiplying constant.

3. Moment estimates for p > 2 are given in [26, Theorem 4.1] and [1, Proposition 4.20]. The
RHSs of these inequalities involve related, but different quantities.

The versatility of Theorem 4.2 can be appreciated when considering the following corol-
lary, which will be crucial in finding a bound on the Kolmogorov distance.

COROLLARY 4.7. Let h € LY(N x X x [0,1]) and G € L°(P,) bounded by a constant
cg > 0. Then for any p € [1,2],

1
‘E// h(n,,s) Dy s) GdsA(dx)
xJo

1
<co(278 [ [ Intnsopasia)
XJO
1 1
+p22_pE// // | D(z,5) (1, y,u)[PdsA(dz)du(dy)
XJo JXJO

1 1
“9) 12t / / / / 1,y Bl Dy bz, 5)P]/7
XJO XJ0

1/p
E[|h(n,y,u)|p]1_1/pds)\(dx)du/\(dy)> .

REMARK 4.8. Provided that we upper bound the indicator in the third term on the RHS
of (4.9) by 1, this inequality can be extended to a space X without time component.

5. Applications. In this section, we look at four types of graphs built on Poisson mea-
sures and assess the speeds of convergence to Normality of a-power-weighted edge-lengths
such as (1.1). As was found in previous work [40, 69], we find for certain ranges of expo-
nents « that the speed is given by ¢~%2, which corresponds to the order of the square root of
the variance. This is the presumably optimal speed corresponding to the one in the classical
Berry—Esseen theorem (see e.g. [64, Theorem 4, p. 111]). Beyond a certain threshold, we
find a slower speed of convergence that depends on «.. Generally speaking, a 2pth moment
integrability of the first and second-order add-one costs of the functionals leads to a speed of
convergence of t~“1~1/P) Whether this speed is optimal or not is an open question.
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5.1. Online Nearest Neighbour Graph. Let ;i C R% x [0,1] be a finite set such that the
projection of 1 onto R is generic and does not contain any multiplicities and the projections
onto [0, 1] are distinct. The ONNG on  is an (undirected) graph in R constructed as follows:

* Vertices are given by {z € R?: (z,5) € u}

e Let (z,5) € p. If pN (R? x [0, 5)) is non-empty, then the online nearest neighbour of (z, s)
is given by the point (z,u) € N (R? x [0, s)) which minimises |z — z|. In this case there
is an edge from z to z and we denote this event by {(z,s) — (z,u) in p}.

For a point (z,s) € p, the coordinate s can be seen as the arrival time of the point 2 € R?, or
its mark. Any point (z, s) € p has exactly one online nearest neighbour, except for the point
in o whose mark is minimal, which has none. Even though the graph is undirected, we think
of arrows going from a point to its nearest neighbour, as this simplifies the discussion.

The ONNG is a relatively simple model for networks growing in time. Already mentioned
in [73], the Online Nearest Neighbour graph came to general attention in [12], where it was
presented as a simplified version of the FKP model developed in [22], used to model the
internet graph. The name of the graph was coined in [57], where the martingale method is
used to show central limit theorems for stabilising random systems satisfying a 4th moment
condition.

To define our functional of interest, let

inf{|z — 2| : (z,u) e uN (RY % [0,5))}, if pn (R?x[0,5)) #0

0, otherwise,

5.1 e(z,s,p):= {

for (x,s) € u. This is the length of the edge from z to its online nearest neighbour if there
is one, and zero otherwise. Note that one can find a unique online nearest neighbour in y for
any point (,s) € R? x [0, 1] such that the time coordinate s and the position z do not occur
in z1. For convenience, we shall extend the above definitions to any such (z,s) € R? x [0, 1]
and tacitly adopt the corresponding notation.

We will be studying the sums of power-weighted edge-lengths defined as follows: for
a >0, let

(5.2) F@(p) = Z e(x,s,pu)*.

(z,8)ER

Note that here we make use of the convention explained in Section 2 to identify a set of points
1 with the point measure whose support is given by .

Let 7 be a Poisson measure on R? x [0,1] with Lebesgue intensity. Let H C R? be a
convex body. For ¢ > 1, define

(5.3) Ft(a) = F@ (Merx[0,1))-

For this functional, a CLT is shown in [57]:

THEOREM 5.1 ([57, Theorem 3.6]). For 0 < a < %, there is a constant o, q > 0 such
that as t — o0,

Ft(a) . EFt(a)

td/2 i>./\/'((),O'%d).

5.4 t~Var (Ft(a)) — Oa,qd and
A quantitative counterpart to this result is shown in [34]. Our Theorem 5.3 provides a
speed of convergence that is faster than the one given in [34].

In [57, 60, 78], results similar to Theorem 5.1 were conjectured to hold for o € [%, %] .In
particular, part of the Conjectures 2.1 and 2.2. in [78] states
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CONJECTURE 5.2 ([78]). For a € [4,4), there is a constant 044 > 0 such that (5.4)
holds.

For a = %, there is a constant o4 > 0 such that

F(OC) —E F(Oé) d
— — (03
(5.5) log(t) 1t 4 Var (Ft( )> — 04 and W — N(0,04).

Our forthcoming Theorem 5.3 confirms this conjecture by giving quantitative central limit
theorems for a € (0, %] and upper and lower bounds for the variances that match the conjec-
tured orders. Upper bounds of the conjectured orders were already given in [78, Theorem 2.1]
for the variances involved. They are shown for an ONNG built on n uniformly distributed ran-
dom variables and the corresponding result for the Poisson version follows by Poissonisation.
For the sake of completeness, we give purely Poissonian proofs of the upper bounds in the
Supplementary Material [74] (see [74, Proposition 7.14]), following however a similar strat-
egy as in [78]. A law of large numbers is shown in [77] and the case a > % is discussed in
[60] (especially for d = 1) and in [78], where it is shown that a limit exists in this case, but is
non-Gaussian for o > d. For more related results we refer to the survey [61] (for results up
to 2010) and to the paper [44].

THEOREM 5.3. For 0 < a < %, and for every 1 < p < % such that p < 2, there is a
constant c1 > 0 such that for all t > 1 large enough

Ft(a) _ EFt(O‘) N Ft(a) _ EFt(a)

St T dp | et
Var (Ft(a)) v/ Var (Ft(a))

where N denotes a standard normal random variable. Moreover, there are constants co, Co >
0 such that for all t > 1 large enough

5.7 et < Var(Ft(a)) < Oyt
d
§J

(5.6)  max{ dy N gclt—d(l—i)

)

For o = 3, there is a constant c3 > 0 such that for all t > 1 large enough

B2 g pd/?)

(5.8) dw N | <eszlog(t)™L.

Var (F*?))
Moreover, there are constants cq, Cy > 0 such that for all t > 1 large enough
(5.9 cst?log(t?) < Var(Ft(d/Q)) < Cyt?log(t9).

The constants c1,cs,Cs, c3,cq4,Cy may depend on H, «, d and p.

Note that, if one chooses o = 0, then Ft(a) =n(tH x [0,1]) — 1, and hence
FY—BF™ 4 X, —t9H]|
Var(F) VT H|

where X is a Poisson distributed random variable with parameter t%||. One can derive a
CLT for this quantity from e.g. (1.9) and (1.12). The speed of convergence is of the order
t~%/2 which corresponds to the square root of the order of the variance. This speed is in fact
optimal, as follows from e.g. [71, inequality (2.27)].

In the case 0 < a < %, Theorem 5.3 also gives a speed of convergence of t~%2. As such,
our bound is a natural extension of the optimal speed achieved when a = 0.

In the case % <a< g, the choice of p in Theorem 5.3 depends on « and we can achieve

(5.10)

any speed strictly slower than ¢t~(4=2%)_ Note however that the constant ¢; implicitly contains
the factor (d — 2pa)~!, and hence it will explode when p — %.
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5.2. Gilbert Graph. For a finite set ;1 C R? and a real number ¢ > 0, the Gilbert graph
G(p, €) has vertex set p and an edge between x,y € u, x # y if and only if |z — y| < e. To
construct our functional of interest, we consider

o W c R% a convex body;
« for every t > 0, we take 1’ a (W, t dx)-Poisson measure;
* (&)e>0 a sequence of positive real numbers s.t. ¢, — 0 as ¢t — oo.

Then for o« € R, define
(@) ._ _1
(5.11) L= Y lel*=5 D Lgeycerlr -yl
e€G(nt,e) z,YEN TFY

where e denote the edges of the graph and |e| their length.
Define

@ LY -EL™
¢ ()
Var (L;")

(5.12) L

REMARK 5.4. For the sake of continuity with the article [67], we use the convention
that the intensity ¢dx of n' grows and the observation window W stays constant. In the
other applications presented in this article, we keep the intensity constant and instead let the
observation window grow as tW. Note that one can pass from one setting to the other by a
simple rescaling. Indeed, consider 7} a Poisson measure on R¢ with Lebesgue intensity and
for s > 1, construct a Gilbert graph on 7,7 by connecting two points = # y € 7, if and
only if |x — y| < €. For a € R, let

(6% 1 o

(5.13) F == N Igeycenlz =yl
T,YETN|sw  TEY

(34)

be deduced from the one for L\*.

Then Ft(a) is equal in law to s*L 5’ with e,« = s~1&;. The central limit theorem for Ft(a) can

The first mention of the Gilbert graph was by Gilbert in [23], in dimension d = 2. It has
been treated in many works under various names: geometric or proximity graph, interval
graph (when d = 1) or disk graph (when d = 2). The book [56] provides a vast background
and literature review and we also refer to [33, 35] for central limit theorems of generalisa-
tions of the Gilbert graph and [66] for a quantitative CLT on a sum of weighted edge-lengths.
For a comprehensive overview of the Gilbert graph in the context of U-statistics, see [36],
especially Section 4.3. See also [45, 47, 27, 14, 18, 25]. In [67], the authors give a com-

plete picture of the asymptotic behaviour of ﬁia) for a € R. In particular, they show that

for a > —%, the quantity ﬁga) converges in distribution to a standard Gaussian as ¢t — oo,
provided that t?¢? — co. They also give a quantitative bound on the speed of convergence
in Kolmogorov distance in the case o > —%. As an application of our estimates, we recover
this speed of convergence below and extend to the case —g <a< —%. The authors of [67]

show that CLTs hold also for —d < a < —% with different rescalings; however, establishing
corresponding speeds of convergence in this range is still an open problem.

THEOREM 5.5. Let o > —% and assume that t?¢} — 0o as t — co. Then for t > 1 large
enough
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e ifa> —%, there is a constant c¢1 > 0 such that
(5.14) max {dW (ﬁff“),N) Jdi (ﬁga>,N) } <a (t_1/2 v (t%gl)—l/?) .
. if—% <a< —%, then forany 1 < p < —%, there is a constant ca > 0 such that

(5.15  max {dW (ﬁga),N) dx (ﬁﬁ“), N)} <e (t‘lﬂ/p v (t%;i)—lﬂ/p) .

REMARK 5.6. A careful inspection of the bounds applied to 7§q> in the proof of The-

orem 5.5 reveals that in the sparse regime (tef — 0) when —% < o< —%, a slightly im-
d

proved rate can be found for the Wasserstein distance. Indeed, for any 1 < p < —g~- and any
0<r< —g — 2, there is a constant ¢ > 0 such that

(5.16) dw (L, N) < ¢ (t—1+1/P v (thf)—T/Q) .

Since 5 € (0, — 5 — 1) andl—% €(0,1+2)and 1 + 2% < — L — 1, one can choose § >

1- %. This then gives a slightly faster convergence rate. As an illustrating example, consider

the case where ¢/ = ¢~% with 1 < 6 < 2. Then tef — 0 and t2¢} — co. Theorem 5.5 provides

the rate of convergence t(in)(Q*@)

1 v 529 with r>1-— 117.

, and by following this strategy it can be improved to

5.3. k-Nearest Neighbour graphs. For a finite generic set 1 C R? and a positive integer
k € N, the k-Nearest Neighbour graph has vertex set ¢ and an edge between x,y € p if and
only if y is one of the k nearest points (in Euclidean distance) to = or vice-versa.

For our functional of interest, consider the following framework:

+ H c R%is a convex body;
+ nis an (R?, dx)-Poisson measure;
* ¢:(0,00) = (0,00), a decreasing function, and > 2 are such that

1
(5.17) / B(s) s tds < 0.
0
For any finite generic set 1 C R?, define
1
(5.18) F(:U') = 5 Z H{IEN(y,M) 0ry6N(x,u)}¢(|x - y’)7
TYEpTFY

where N (x, ) is the set consisting of the k nearest neighbours of x in u. For ¢ > 1, define
F, == F () and set F, := (F, — EF}) Var(F,)~'/2.

The k-nearest neighbour graph is a model frequently used in e.g. social sciences or ge-
ography, see [77] for a discussion of applications. Quantitative central limit theorems for
edge-related quantities were shown in [5, 63] and subsequently improved in [40]. For a dis-
cussion of the literature, we refer to [40].

In [40], the authors give a quantitative central limit theorem for the sum of power-weighted
edge-lengths with powers o > 0, at a speed of convergence of t=92, We complement this
result by dealing with the case o € (—g, 0). Note that in this case, the CLT is new even in
its qualitative version. Power-weighted edge-length statistics with negative powers are used
in spatial statistics, where spatial proximity implies a high correlation between quantities
(see e.g. [46, Chapter 13.1.4], [79, Chapter 7.4] and [31, pages 65-69]). In the regime « €
(—%, 0), we recover the same, presumably optimal, speed of convergence of t~%2 as in [40],
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whereas in the case o € (—g, —%] , we find a speed of convergence that decreases as «

approaches —g. It is natural to ask what happens when a < —%. We consider this a separate
issue and leave it open for further research.

THEOREM 5.7.  Under the conditions stated above, for any p € (1,2] such that p < g,
there is a constant ¢ > 0 such that, for t > 1 large enough,

(5.19) max {dW (Fu, ), di (Ft,N)} < d(/p1)

This inequality holds in particular for the function ¢(x) = = with 0 < o < %, for any
p € (1,2] such that p < %.

5.4. Radial Spanning Tree. Let  C R?\ {0} be a finite set, generic with respect to the
point 0. The radial spanning tree on i, in short RST (), is constructed as follows:

* The set of vertices is given by p U {0};

« for every = € p1, we add exactly one edge to the point z € (N B%(0,|z])) U {0} which
minimises |z — z|. We call z the radial nearest neighbour of = and say ‘z connects to z’,
denoted by ‘z — z in p’. We denote the length |z — z| by g(z, u).

In order to define our functional of interest, consider the following setting:

+ H C R% a convex body such that B%(0,¢) C H for some € > 0;
+ 7 is an (R?, dx)-Poisson measure;
* ¢:(0,00) = (0,00), a decreasing function, and r > 2 are such that

1
(5.20) / P(s) s Lds < o0.
0
For any finite set 1 C R? generic with respect to 0, define
(5.21) F(u)=)_ é(g(z,p))
TEN

and for ¢ > 1, define F} := F (). Set I, := (F, — EF,) Var(F;)~Y/2.

Aside from an earlier reference in [24] under the name of ‘exodic graph’, the radial span-
ning tree was developed in [7] as a model related to the minimal directed spanning tree and to
Poisson forests. The paper also discusses various applications, most notably in communica-
tion networks. Further work on the radial spanning tree has been done in [61, 8, 69]. In [69],
the authors give a quantitative central limit theorem for sums of power-weighted edge-lengths
of the radial spanning tree for powers o > 0. The framework is one where the intensity of
the Poisson measure increases while the observation window stays constant. After rescaling
to our framework of a constant intensity and a growing window, one obtains by [69, The-
orem 1.2] a speed of convergence of t~%2. We add quantitative central limit theorems for
o€ (—g, O) , recovering the same speed of t~%2 for o € (—%, 0). Note that this CLT is new

even in its qualitative version. As for the k-Nearest Neighbour graph, the case o < —g will
be the object of further research.

THEOREM 5.8.  Under the conditions stated above, for any p € (1,2] such that p < g,
there is a constant ¢ > 0 such that for t > 1 large enough,

(5.22) max {dW (£, N), dic (Er, N)} < d(/p1)

This inequality holds in particular for the function ¢(x) = x~* with 0 < o < %, for any
p € (1,2] such that p < %.

The rest of the paper is devoted to providing the proofs of the results in Sections 3 to 5.
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6. Background on Malliavin Calculus. In this section, we present several useful no-
tions related to Malliavin calculus. Unless otherwise indicated, these results are explained in
[38]. We work in the setting of Section 2: in particular, y indicates a (W, v)-Poisson measure.

We start with three useful isometry relations.

Let f € L? (W",»(™) and g € L? (W™, (™). Then

(6.1) ELn(f)Lm(9) = Lm=nyn! /W J(@)(x) v (dz),
where f and g are the symmetrisations of f and g defined by
~ 1
(6.2) f(mla--wxn):m Z f(xa(1)7-"a$a(n))a
gEeY,

the set ¥, being the set of all permutations of {1,...,n}. See [38, Lemma 4] and the remark
thereafter on page 10 for a proof.

Relation (6.1) implies that for F, G € LQ(IP’X) having an expansion (2.5) with kernels f;,
and g, respectively,

(6.3) EFG=EFEG+» n! [ fu(z)gn(z)v™ (dz).

n=1 Wn

By [38, Theorem 5], if h € L?(N x W) satisfies (2.13), then

6.4) E&(h)*= E/ h(x,w)*v(dw) + E/ / D, h(x,w) Dy h(x, 2) v(dz)v(dw).
W wJwW
A well-known relation in Malliavin calculus is the so-called integration by parts formula:
for '€ domD and h € dom d, we have E [, h(x,w) Dy Fr(dw) = E[F§(h)] (cf. [38, The-
orem 4]). The condition on F' is however suboptimal in our context, which is why we need a
version of integration by parts under slightly different assumptions.

LEMMA 6.1. Let h € doméN LY(N x W) and F € L°(P,,) bounded. Then

(6.5) E/K\Wh(x,w) Dy Frv(dw) =E[F§(h)].

PROOF. Since h € domdN L' (N x W), itis easy to check that the expectations appearing
in the statement are well-defined and finite. Note that

E [ D Ph(x wn(du) =B [ (FOcH6.) = OO0 w)r(d)

(6.6) _E / F(x+ 8u)h(x, w)w(dw) — E / F)R(x w)v(dw),

where the last line is justified by the fact that F is bounded and h € L*(IN x W), so both
integrals are well-defined. We now apply Mecke’s formula (2.7) to deduce that (6.6) equals

67) E / FOOA(X — S0y w)x(dw) — E / FO)h(xw)v(dw)

=27 () [ = Suw)tan) - [ nGvwian)).

Since h € dom§ N L' (N x X), the result follows by (2.14). [ |
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Next, we introduce the Ornstein—Uhlenbeck operators P, for 7 € [0, 1]. For F € L!(P,)
and 7 € [0, 1], we define

6.8) P.F(x) = / E[F( + )| x]TL(df),

where x7 is a 7-thinning of x (see [38, p. 24] and the reference given therein) and IL; is
the law of an independent Poisson measure with intensity measure (1 — 7)v. It follows by
Jensen’s inequality that for all p > 1, one has

(6.9) E|P,F|P <E|FP.
By [38, Lemma 6], for all F' € LQ(IP’X) and all 7 € [0, 1], for vae. wy,...,w, € W it
holds P-a.s. that

(6.10) D . (PrF)=7"P,D{) . F.

Wi yeeey yeenyWn

This implies that for all F' € LQ(PX), the following expansion holds (see also [38, equation
(79D):

(6.11) P.F=EF+) 7"In(fn).

n=1

The following lemma summarises some useful approximation properties of the Ornstein—
Uhlenbeck operator.

LEMMA 6.2. Let h € L?>(Nw x W) and let 7 € (0,1). Then P.h satisfies condition
(2.13) and P;h — hin L*(Nw x W) as 7 — 1. Moreover, for w,z € W, and all p > 1,

(6.12) E|P-h(x, w)[P < E[h(x,w)[?
and
(6.13) E| D, Prh(x,w)|P <E|D, h(x,w)|P.

Under the additional assumption that h € domd, it holds that §(Prh) — 6(h) in L?(Py) as
T— 1

PROOF. Combining the expansion formulae (6.11), (2.9) and (2.6), we derive that
(6.14) Dy Prh(x,2) = 7" Ty 1(hn(z,w,.)).
n=1
Applying now the isometry property (6.3), it follows that
(6.15) E/ / (D Poh(x )2 u(dw)(dz) = 3 n- n v 2
WJW n=0
where ||.||,, is the norm in L?(W", (™). Now note that sup,,>; nT2" < oo and
(6.16) > nl|hnl? s :/ Eh(w)?v(dw) < oo,
n=0 w

hence P;h satisfies (2.13). Similarly using the expansions, we deduce that

(6.17) E/W (Prh(xw) = h(x,w)) w(dw) =Y 0l (7" = 1) halln 41
n=1
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By dominated convergence, this expression tends to 0 as 7 — 1. Properties (6.12) and (6.13)
follow immediately from (6.9) and (6.10). For the last point, note that

6.1 S(Poh) = 5(h) =3 Laa (7" — 1))
n=0
and
(6.19) E (5(Prh) = 8(h))* = i(n + UL =72 711
n=0
which converges to 0 as 7 — 1 by dominated convergence since i € dom 6. |

The following lemma is used on several occasions:

LEMMA 6.3 ([41, Theorem 1.5]). Let n be a (W x [0,1],v ® ds)-Poisson measure and
let F,G € L*(P,). Then

1
(6.20) E//E[D(y,s)F!an[o,u]QdS/\(dy)<Oo,
W JO

and an analogous estimate holds for G. Moreover,
1
(6.21) Cov(F,G)=E /W/O E[D(y,s) Flmwx0,)[E[D y,s) Gl o,s)|dsA(dy).

7. Proofs of Theorem 4.2 and Corollaries 4.3 and 4.7.

LEMMA 7.1.  For p € (1,2], the function ¢ : R — R : x> |x|P is continuously differen-
tiable and its derivative ¢' is (p — 1)-Hélder continuous with Hélder coefficient cy = p227P,

PROOF. We want to show that

_ ¢/ (a) — ¢'(b)]
o © R e
a,beR

= p227P.

First we observe that ¢/(x) = psgn(x)|z[P~!, with the convention that sgn(0) = 1. Let a # b
and assume without loss of generality that |a| > |b| > 0. Then a # 0 and

sen(a)la ! —sgn(e)prt| _[1—sen ()[4

72 ja — bl =2

It follows that

1 —sgn(x) |z[" "

(7.3) Cy =P sup =:p sup f(x
¢ ve-1,1)  (L—m)p~! z€[-1,1) (=)

The function f is differentiable on [—1,1) with derivative f'(z) = (p — 1)(1 —x) P(1 —
|z[P~2) <0, so f is decreasing and therefore

(7.4) fla) < f(=1) =277
We conclude that ¢, = p227P. [ |
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PROOF OF THEOREM 4.2. We start by showing the result for an approximation of h. Let
(Um)men C Xs.t. |, U, =X and for all m € N, A(U,,) < oo and Uy, C Uy 41. Define for
weN, (y,s) € X x[0,1]:

(7.5) hm(l%ya S) = [(h(:u?ya 3) A m) \ (_m)] 11{yEUm}'

Now hy, € LY (N x X x [0,1]) N L2(N x X x [0, 1]) and hy,, — hin L? as m — oo. Moreover,
|hm| < ‘h‘ and |D(ac,t) hm(%@b S)| < |D(ac,t) h(nvya S)| for all (l‘,t), (yv 8) € X x [07 1] This
implies that h,, satisfies (2.13) and hence h,, € dom .

Finally, h,, is also bounded. In particular, for any p € N, (y,s) € X x [0, 1],

(7.6) |hm(M>y75)| < m]l{yEUm}'
We conclude that §(h,,) is well-defined and has by (2.14) the pathwise expression

1
AT (k) = / (1 — 8109, 5)0(d(y, 5)) — / / B (1,9, 8)dsA(dy).
Xx[0,1] xJo

Define X as in Theorem 4.1 with g = h = h,,, and Xy = 0. Then 6 (h,,,) = X7 and we infer
from (4.2) that

(7.8) (Zs(é(hm)) - (25(0) = / (¢(Xs— + hm(n - 5(y,s)7ya S)) - ¢(Xs—)) n(d(ya 3))

Xx[0,1]

1
- / / ¢ (X hm(n,y,8)dsA(dy)  P-as.
XJ0

We would now like to take expectations on both sides of (7.8), but in order to do so, we must
first show that the terms in question are in L!(PP,)). Start with a simple estimate for ¢ that
uses Holder continuity of ¢’. Let a,b € R. Then

1
[$(a+b) — p(a)] = /0 &/ (a + ub)bdu

1
<16 (a)b| + /0 - | (a+ ub) - ¢(a)) du

1
<16/(0)8] + ¢/ (a) — #(0)] - 16| + [t /0 colublPdu
(7.9) < |8/ (0)] - || + colalP~" - |b] + %W.

We are also going to need a bound on sup,cjg {max {|X,|,|Xs—(n+ 65|} }. Using
(7.6), we find the following:

1
max{\XS|,]XS_(n—i—é(y’S))]}é/ m]l{zeUm}n(d(m,t))—i—// m]l{erm}dt)\(dx)
Xx[0,1] xJo

(7.10) <m (N(Um < [0,1]) + A(Un)) -
Using that ¢(0) = 0 and (7.9) with a = 0 and b = 6(h,,,), we get for the LHS in (7.8)

(7.11) E |6(8(hm))| < [6/(0)] - E|5 ()| + %Ew(hm)w,
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which is finite since 6(hy,) € L*(P,). To show that the first term on the RHS in (7.8) is
integrable, we first apply Mecke’s formula (2.7) to get

(7.12) E

/ (S(Xa + i — y0.4:8)) — S(Xa)) 1(d(y, )
Xx[0,1]

<8 [ [ 60K 0 800) + 080 = X+ 80| ).
Now we combine (7.9), (7.10) and (7.6) to get that the RHS of (7.12) is bounded by

1
(7113) E / /0 (r¢'<o>|‘mﬂ{yeymwcwm(nwm><[0,1]>+A<Um>>\pl‘mﬂ{yeym}
+ c;mpﬂ{yeUm}> dsA(dy)

CpTv -1
<mA(Un) <\¢,(0)’ +cymP'E {(n(Um x [0,1]) + )\(Um))l’—l} + ¢pp> 7

which is finite since n(Up,, x [0,1]) is a Poisson random variable with parameter \(U,,)
and thus all its moments are finite. This also shows that ¢(Xs— (7 + (y.s)) + hm(1,y,5)) —

P(Xs—(n+08y5))) € L'(N x X x [0,1]). The second term on the RHS can be treated by the
same method.

We can now take expectations on both sides of (7.8) and apply Mecke’s formula (2.7) to
get:

(7.14)
/ / (X o (04 Bg) + (1, 11,5)) — S(Xar (0 + 1y.0)) )dsA(dy)

E / / & (Xo(0) (7, 5)ds A (dy).

Now add and subtract the integral of ¢(Xs— (1) + hm(n,y,s)) — ¢(Xs—(n)) (which can be
shown to be in L' (N x X x [0, 1]) by the same methods as above). We obtain:

// H(Xae (14 6y.09) + Fn (1, 8)) — H(Xae (1 + By0))
(X (1) + B, 5)) + S(Xo_ (1)) dsA(dy)
LE / / o(X o (1,9,8)) — B(Xa— (1))

¢'(Xs(n) (1, y, 8)ds\(dy)
(7.15) =11+ Ir.
To deal with I1, note that for a,b,c € R

b
a0 = 0a) = 6(6-+0) +6(0)| = | [ (6/(u+0)— o)) du

aVvb
</ colclP~ du
a

(7.16) =cgla—b| - |c[PL.
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Hence

1
AL INTAPIN: / / | Xom (0 + S(y)) = Xom ()] - [ (m, . ) P " dsA(dy):
XJO

Now we bound and rewrite part of the integrand on the RHS of (7.17) to find

| X (1 + 8y.5)) — Xs— ()]

/ (14 8(5) — S0y n(d( ) — / / (7 By, ) dEA(d)
Xx[0,s) XJOo

_/ hin (N = Oz ), T, t)n(d(2, 1)) // m(n, z, t)dt\(dx)
Xx[0,s)

/ Dy,5) hn (1 = O (a1, 2, t)n(d(, 1)) //D(ys)h (n, x,t)dtA(dzx)
Xx[0,s)

(7.18)
g/ ’D(y,s)hm(n—5(27t),x,t)’n(d(x,t))+// |D(y’s)hm(77,m,t)‘dt)\(dx).
Xx[0,s) XJo

Multiplying this by |h,, (1, x,t)[P~! and taking expectations, after an application of Mecke’s
formula (2.7) we deduce that

(7.19) || < C¢E/ dy/ds/ dx/dt\Dys m (1, z,1)]

(1 (1 + 0y, 95 )P~ + [ (0,9, )P
Since |a — bP~! < |a|P~! +|bP~? for all a,b € R, one has that

(7.20) |hm(77 + 5(:):,t) 'Y, S) |p71 < | D(m,t) hm(nv Y, S) |p*1 + ’hM(nv Y, S)‘pil'
This implies that

|Il|<c¢IE/)\ dy) / ds/)\ (dx) / dt‘DyS m(n, , t)’ |D (x’t)hm(n,y,sﬂp_l

(7.21) +26¢E/ (dy) / ds/ (dx) / dt |Dy,s) an (1,2, 8)| - | (0,7, 9) [P

Now we consider |/2|. For this, note that for a,b € R,

b
[6(a+b) — 6(a) — & (a)b] = /0 (¢/(a+u) - () du

[o]
<c¢/ uPdu
0

(7.22) N
P

Applying this to a = X(n) and h = hy, (1, y, s) yields

1
C,
7.23) Bl < 8 / / (., 8) PdsA(dy).
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Observe that in the previous computation we implicitly used the fact that, P-a.s., the set
{s€]0,1] : X5(n) # Xs—(n)} has zero Lebesgue measure. We have therefore shown the fol-
lowing inequality:

[E¢(6(hm))]
1
S s s)|P

p

1 s
b [ M) [ ds [ 2da) [ at Dy bon(2.0)] 1Dy o35
X X
(7.24)
1 s
26,8 [ Mdy) [ ds [ Ade) [ de Dy o6 T, 5)P
X 0 X 0

By the construction of h,,, the RHS of this inequality is upper bounded by
C¢ 1
725 8 [ May) [ dslnia.p. o)
p X 0
1 s
+ C¢E/X)\(dx)/0 ds/x)\(da:)/o dt |Dy.5) h(n,2,t)| - | Dz h(n,y,s)P~?

1 s
+26¢E//\(dy>/ dS/A(dw)/ dt |Dyy,sy h(n,2,t)] - [h(n,y,5) [P~
X 0 X

0

In order to conclude the proof, it remains to show that E¢(d(hy,)) — Ep(d(h)), as m — oo.
For this, we use (7.9) with a = §(h) and b = 6(h,,) — d(h) to get

(7.26) El(8(hm)) — H(3(1)]
<EJ6(h) — 5(h)] (r¢'<o>\ 6P+ () ~ 5<h>rp-1) |

Using, in order, the Cauchy—Schwarz, Minkowski and Jensen inequalities, we obtain

El¢(0(hm)) — ¢(3(h))|

12 1/2

2
<E[(6(h) ~o(0)"] B [<¢’<o>| P+ Lok P ) ]

(7.27)
<E [8(hm —1)?]) ' (W(o)y + o [|6(R)]2] % + %E [16(hm — 1)) (p—1>/2> .

By the isometry property (6.4) and the Cauchy—Schwarz inequality, we infer that
(7.28)

E [[6(h)[?]

gE/X/Olh(n,y,s)stA(dy)+]E/X/01/X/01 (Day (1,9, 8))* dsA(dy)dtA(dz)



QUANTITATIVE CLTS ON THE POISSON SPACE 29

and
(7.29)

1
EWMm—hW}<@4[:wmmw»»—Mm%@V@M@n

1 1
+E /X /0 /X/O (D(a:,t) hm(n7 Y, 8) - D(:U,t) h(777 Y, 8))2 dSA(dy)th(d.’L’)

The RHS of (7.28) is finite because h satisfies (2.13), and the RHS of (7.29) tends to 0 as

m — oo by dominated convergence and the assumption (2.13). This implies convergence to

0 on the RHS of (7.27).

To show that the inequality holds in particular for ¢(x) = |z|? with p € (1,2], it suffices to

note that by Lemma 7.1, this function satisfies the conditions of the theorem. For ¢(z) = |z|,

we define h,, as in (7.5). Then h,, € L*(IN x X x [0,1]) N L?(N x X x [0,1]) Ndom § and

the pathwise representation (2.14) holds. By the triangle inequality, we have

(7.30)
E[5(hn)| <E |

1
hwxn-—aysdhsnn<duhs>>+4Ej/j/|hwxn4hsndaudy»
Xx[0,1] xJo

By Mecke’s formula (2.7) and the fact that |k, | < |h|, inequality (4.3) follows with h,,, on
the LHS instead of h, and the second and third term on the RHS being zero. As we have
shown before, 6(hy,,) — d(h) in L*(P,) as m — oc, and hence the inequality follows for
h. |

8. Proofs of Theorems 3.2, 3.3 and 3.4. Throughout this section, we work with the
simplified notation adopted in Remark 3.1; recall also the definitions of the distances dy/
and dx given in (2.21) and (2.22), as well as the definitions and properties of the canonical
solutions f, and f, as given in (2.21), (2.22) and thereafter. Let N ~ A (0,1).

PROOF OF THEOREM 3.2. We will show the upper bounds in (3.1) and (3.2) by exploit-
ing the representations (2.25) and (2.27). The proof is divided into three steps. First, we are
going to derive the first terms on the RHSs of (3.1) and (3.2) for both Wasserstein and Kol-
mogorov distances at the same time. Second, we deduce the second term on the RHS of (3.1)
and, as a last step, we find the second term on the RHS of (3.2). Throughout the proof, we fix
h € H and z € R and consider the corresponding canonical solutions f;, and f,.

Step 1. Write f for either f}, or f,. Then, f is Lipschitz and there is a version of f’ which is
bounded. Since F' € domD and f’ is bounded, the expression

(8.1) Ef'(F) /Y D, F E[D, F|ny|\(dy)

is well-defined. Add and subtract this term to Ef’(F') — EF f(F) and bound the resulting
first term as follows:

‘EfGU—EfﬁjéDyFEDyﬂwwa‘
<EWGWw1—ADﬂWW%NwMMw
82) <LMREP—4Dqu%N%HMwW

As || f1 ]l < \/g and || f1|loo < 1, the bounds follow.
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We are left to deal with
(8.3) EFf(F)— Ef’(F)/DyF E[D,, F|n,]A(dy)] -
Y
Since f is Lipschitz and F' € L?(P,), it follows that f(F) € L*(P,). Hence by Lemma 6.3

84 BFS(F)=Cov(F. () =E [ BID, Fln,) EID, f(F)ln,|Ad).

Again by Lipschitzianity of f, it follows that | D, f(F')| < |D, F'| and hence an application
of the Cauchy—Schwarz inequality, together with the fact that /' € dom D, justifies that

8.5) EFS(F)=E | EID, Fln,ID, f(F)Ady).
Therefore we are left to bound
(8.6) /|IED Flny)| - | f/(F)Dy F — Dy f(F)| A(dy).

Step 2. To bound (8.6) for the Wasserstein distance, we use an argument borrowed from the
proof of [11, Theorem 3.1] to upper bound | f1,(b) — fr(a) — f; (a)(b—a)|. Let a,b € R. Then
by the properties stated above, f}, is Lipschitz and hence

®.7) [fn(b) = fula) = fu(a)(b— a)| < |fa(b) — fula)| + [ fr(a |<2\[Ib—a|
But at the same time by Lipschitzianity of f;,
[ s -

We deduce that for any ¢ € [1, 2]

8.9 [fu(b) — fala) = fr(a)(b— a)| < 2min{[b —al, (b — a)*} <2[b— a|".
It follows that

F1(FYDy F =Dy ful(F)| = |fu(F 1+ 6,)) — Fu(F(m) — F1(F)(F(n +8,) — F(n))
(8.10) <2|D, F|",
and therefore (8.6) is bounded by

(8.8) | fn(b) = fu(a) = fa(a)(b—a)| = | <2(b—a)”.

(8.11) 21@:/ IE[D, F|n,]| | Dy F|9\(dy).
Y

The required bound in the Wasserstein distance follows suit.
Step 3. We reason as in the proof of [34, Theorem 1.12] to conclude

(8.12) |f2(F)Dy F =Dy f.(F)| <Dy F - Dy(Ff(F) + Lips2y)-
Thus (8.6) is upper bounded by
(8.13) /|ED Flny]| Dy F-Dy (Ff2(F) + Lips.y) Mdy).

The desired bound now follows by taking the supremum over all z € R. ]
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PROOF OF THEOREM 3.3. We apply Theorem 3.2 and bound the ensuing RHS of (3.1).
The proof will be split into two steps.
Step 1. We start by showing that under the conditions of the theorem,

(8.14) E ‘1 _ / DyFE[Dyme]X(dy)‘ < \/§6§p) + \/gﬂé”).
Y

We can assume that EF' = 0 and o = 1 (indeed, the result then follows since D F=¢"1D F).
For ease of notation, define

(8.15) G::/DyFE[Dyme])\(dy) — 1.
Y

As a first step, we show that EG = 0. As F' € domD, we can use Fubini’s theorem and
Lemma 6.3 to deduce

(8.16) IE/DyFE[Dyme]/\(dy):E/]E[DyF|ny]2)\(dy):Var(F):l.
Y Y

Now by the modification (4.6) of Corollary 4.3 given in Remark 4.4 and since G € L'(P,),
we have for p € [1,2],

_ 1/p
817 iG] < BIGI)'” < (278 [ BID, Gln M)
Y
Let us now study the term
(8.18) DxG:DJ;/YDyFE[DyFMy]/\(dy)
and define
(8.19) h(n,y) := D, FE[D, F|n,].

We want to show that since h € L'(N x Y),

(8.20)

Dx/Yh(n,y)X(dy)| </Y|th(?7,y)lﬂ(dy)-

and to do so we need an argument taken from the proof of [40, Proposition 4.1]: Assume the
RHS of (8.20) to be finite (if it is not, then the inequality (8.20) is trivially true). Then

8.21) / 1 + b2, ) A (dy) < / D h(m, )] + [, )| Ady) < 00
and hence
(8.22) D, /Y h(n,y)A(dy) = /Y D, h(n,y)A(dy).

The inequality (8.20) follows. We have therefore shown

Elcl < (22_1’E/YE M{!Dx h(n,y)|A(dy) nx]pA(dx))l/p
(8.23) = (22—p/YE (/YEUD:C h(my)H%];\(dy))p;\(dx)) l/p7
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where the second line follows from Tonelli’s theorem. By Minkowski’s integral inequality,

824) E (/Y]E[IDx h(n,y)}nxﬁ(dy)y < (/YE[E[IDx h(n,y)l\nm}p]l/p/_\(dy))p-
By the formula (2.4) for products,

Dy h(n,y) = Dz (Dy FE[Dy F[ny])
(8.25) =D F-E[D, F|n,] + D, F - D, E[D, Fln,] + D&) F - D, E[D,, F|n,].

Since E[D,, F'|n,] depends on 7 only through 7,, it follows that D, E[D,, F'|,] = 0 when-

ever = > y. Moreover, since F' € L?(P,) implies that D, F, Dg(f% F € LY(P,) by [41, Theo-
rem 1.1], if x <y, we can put the add-one cost operator inside the conditional expectation.
Therefore

(8.26) D E[Dy Fli,] = Lz<,p EIDL) Flny).
By Minkowski’s norm inequality, it follows that

1/p
E[E[|D, h(n,9)l|n.]"]"" <E[E[| DR F -E[D, Fln,]l|n.]"]

1/p
+E [EU D, F- ]1{x<y}1E[D§f) F\nymnz]p}

1/p
(8.27) +E [E[|DE) F - 10y EDS Flnyll[n.]"]
By the properties of conditional expectations and splitting the first term into two parts, (8.27)
is bounded by

1/p
1y<n)E | [E[ D) Fln.]? - EIDy Flp,] |

r 1/p
+ 1(oy)E |E[E[ D) Flln,] - [EID, Flny||.)"

r 1/p
+ 1oy E |E[E[ D, Fln,] - [EIDE) Flny||1.)"

r 1/p
(828) + Loy E [E[E(DE) Fljn] - [EDE) Pl l|n]7]

By an application of Jensen’s inequality (8.28) is now bounded by

1/p
E|[EID, Fln, " -E[| D) F[n2v, ]|

)

1/
+ Lacy B [E[’DyFH”y]p‘ [E[DE) F|n,] ’p] ’

1/
(8.29) + 1y E [EU DY) Fl[n] Qﬂ g

Plugging the conclusion from (8.24) — (8.29) into (8.23) and applying Minkowski’s norm
inequality again yields

E|G|

<2 </Y (/YE [[EDy Flny]|” - E[IDE) Fllnav, )] 1/p)\(dy)>p>\(dx)) "
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2/p-1 p @) P11/ < p_ 1/p
+ 2 /Y /Y]l{z<y}E [EU D, F’|77y] . ‘E[D%yFMyH ] Mdy) ) Adz)
(8.30)

#2207 ([ ([ 1B 2008 2] 2 ) Aeam)

which is in turn bounded by

2 </Y (/YE [E[|D, Fl[n,]” - E[IDE), Fl[nav,)"| v A(dy))p)\(dx)> v

(8.31) 4 2%/r1 1 E[EUD(?)FH ]QP]l/pX(d) pX(dx) v
: L Uy {z<y} zy L1y Yy :

The result follows by an application of the Cauchy—Schwarz inequality.
Step 2. We want to show that

(8.32) E / [E[D, Fln,]| - | D, FI"A(dy) < 18 + 1819
Y

Again it suffices to show (8.32) for F' with EF = 0 and EF? = 1. Assume the Béq), ﬁf) to
be finite (otherwise there is nothing to prove). Then, in particular

(8.33) IE/ IE[D, F|n,]|“"! A(dy) < 0o
Y

and we can add and subtract this term to the LHS of (8.32), yielding Béfﬁ and the following
rest term:

]E [ 1ED, Finl 1D, Fitaay - = [ \E[DyFrny]q“Mdy)\
Y Y
_ 'E [ 1ED, P B D, Pl 5 - | |E[DyF|ny1|q+1X<dy>\
Y Y

834 <E / IE[D, Fln,]|- [E[|D, F|4|n,] — [E[Dy F|n,]|’ | Mdy),

where the equality is justified by the fact that E[G|,] is defined for all G € L°(P,) which
are integrable or non-negative (see the definition (2.18)).
The term E[| D, F|9|n,] — |E[Dy, F'| n,]|? can be rewritten as

(8.35) Elgy ()| — [Egy(x)4,

where g, (x) =D, F(n, + x) and E is the expectation with respect to , a Poisson measure
on the space {x € Y : x > y} with intensity A ® ds, independent of . As F' € dom D, it can
be shown that g, € L?(P,) fora.e. y €Y.

By (4.5) in Corollary 4.3,

(8.36) Elgy (x)|* — [Eg, (x)|* < 22"fl*3/Y Liy<a} |EDz gy () Ixa]|“A(da).
Plugging (8.36) into (8.34), we deduce that the RHS of (8.34) is upper bounded by

(8.37) 22_qE/Y’E[DyF’nyH/Yﬂ{yéx}me[D;tgy(X)’Xw]|q/_\(d$)5‘<dy)'
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Since x and 7 are independent and have the same intensity measure,

(8.38) Liy<at Dy Flny]| - E[EDq gy (00 Ixal|*

has the same law as

(8.39) Ly<s}[E[Dy Flny]| - E[[E[DE), Fln.]|*|ny].

This implies finally that the RHS of (8.34) is upper bounded by

40 275 [ [ 10 [BD, Flnl- [EIDE) Fln]"Ad)A )

and the result follows by the Cauchy—Schwarz inequality. ]

PROOF OF THEOREM 3.4. It suffices to prove this result for F' such that EF' = 0 and
o = 1. If Theorem 3.4 holds for all o-finite spaces X, it holds in particular for the space
X x [0,1]. In fact, it suffices to prove Theorem 3.4 for functionals F' € L%(P,) N domD,
where 7 is a (X x [0,1], A ® ds)-Poisson measure. Indeed, as discussed in Section 2, we
can regard any functional F' € L?(P,), with the (X, \)-Poisson measure Y, as a functional

of n without changing the law of F or its add-one costs. If we replace X by X x [0,1]

and x by 7 in the terms 'y]Ep ), e ,'yép ), the expressions do not change either since for any

F € L?(P,) N domD, the integrands do not depend on time. For the rest of this proof, we
let thus F' € L?(P,;) Ndom D and recall the notation from Remark 3.1 where Y := X x [0, 1]
and \ := \ ® ds are explicitly defined.

We divide this proof into two steps: first, we discuss the bound on the Wasserstein distance,
second, we show the bound on the Kolmogorov distance.

Step 1. By a combination of Theorem 3.2 and the proof of Theorem 3.3, we see that

2 _ _
dw(F,N) < \[T E \1 - / DyFE[Dyme]A(dy)\ +2E / [E[D, Fln,]| - |Dy F|7A(dy)
@4 <6P+ 40 +28 [ [BID, Fln,) - D, FltAdy).
Y
To bound ﬁ;p ) and ﬂép ), we simply apply Jensen’s inequality and bound 1,y by 1. This
gives

(8.42) B + 8 <P 4480

For the second term, apply Holder’s inequality to deduce
843 E [ [EID, Fln,)|- D, FI?A(dy)
Y

1/(g+1) 1—1 1) ~
< [ (BED, Ayt @D, £ Y Sy,

A further application of Jensen’s inequality yields the result.
Step 2. We start from inequality (3.2) in Theorem 3.2. The first term was dealt with in
Step 1 of this proof. Let us deal with the second term. Define

(8.44) h(Ua?J) =Dy F- ‘E[DyF‘Uy”
and for z € R,
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The term we want to bound is thus given by

(8.46) supE / h(n,y) Dy Z.\(dy).
z€R Y

Since F' € dom D, it follows by Cauchy—Schwarz inequality that h € L'(N x Y). Moreover,
by the properties of f,, we have |Z,| < 2 for all z € R. Hence we can apply Corollary 4.7
and get for any p € [1, 2]

E/Yh(n,y)Dy Z.A(dy)
<2 (22-% / Ih(n, 9)PA(dy)
| 2> PE / / D, (. 2) P A(dy)A(dx)

- - 1/p
#9270 [ [ 1) @D, b)) (8 |h<n,y>\p>1‘”’“<dy>“dm)>

= (Il + 1o+ 13)1/p

(8.47)
< (Il)l/p + ([2)1/10 + (13)1/10’

since |a + b|1/? < |a|'/P + |b|1/P.
Let us first look at I;. By applying the Cauchy—Schwarz and Jensen inequalities, it follows
that

I =4E [ D, P [E[D, FlPAdy)

(8.48) <4/ [IDy FI*] A(dy).
Y

Now we deal with I5. By the formula (2.4),
(8.49)
Dy h(n,x) = DE) F - Dy |E[D, Fln,]| + D) F - [E[D, Fn]| + Dy F - Dy [E[D, Flg] |-

)

By Minkowski’s norm inequality,

<E/Y/Y Dy h(n,z)|” X(dy)j\(dx)>1/p
( //’D F D, [ED, Fln,]||"
( / / D) F - [EID: Flne)

1/p
(8.50) ( // | Dy F - Dy [E[Dy Flna]| [P A(dy) (da;)) :

By the triangle inequality, and as in the proof of Theorem 3.3,
(8.51) }D |E[Dy F[n,] H l{y<x}‘D E[Dg Flng]| < ‘E[ F|77m]|

_ 1/p
<dy>A<dx>)

1/p
<dy>X<dw>)
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By the Cauchy—Schwarz and Jensen inequalities,
1 1 2) 2] 3 Vr
(1) < (a9 [ [ 102, FP) Aa)aan)

(852)  42%/rHipl/r E[D@)F”}UQ.E D FIZ1Y2 X Lp
' P sy Fl (1D, F[2] 2 Ndy)A(dz) ) .
Y JY

)

Lastly, we look at the term 3. Since E[D,, F'|n,] depends only on 7,,, we get

(8.53) 1(s<yy Dy [E[D; Fl,]| = 0.
Hence

1 p 1/p
(8.54) Lipeyy (E[Dy h(n,2)P )P = 1epy (E \Dg; F-E[D, F|n.] ) .

Applying Cauchy—Schwarz and Jensen again yields

i 1 1-1/p _ _
(8.55) I3 < Sp// (E\ D%Fpp) - (E| D, F|*P) > - (]E|DyF|2P> p)\(dy))\(dx).
Y Jy
This inequality concludes the proof. |
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