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e phase-field fracture with an explicit strength surface: an eigenstrain-based return-m

tion

eman

hesive phase-field fracture with an explicit, tuneable strength surface.

enstrains are updated by local return mapping at integration points.

nsistent tangents for smooth and non-smooth strength criteria are derived.

mulation is implemented in a standard finite-element framework.

nchmark cases show mesh-independence and phase-field length scale independence.
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t

phase-field fracture methods are rooted in brittle fracture theory and therefore do not inheren

material strength for crack nucleation, while also struggling to capture cohesive fracture behaviour.

in-based formulations overcome both limitations by introducing fracture eigenstrains that decou

surface from the fracture energy, but their implementation has so far relied on direct energy-minim

rks rather than standard finite-element procedures. In this work, we exploit the fact that the eige

o spatial gradients and reformulate the eigenstrain evolution as a local constitutive model, analo

ed in plasticity, that is resolved at each integration point. As a result, the cohesive phase-field

ional global degrees of freedom beyond those of a standard phase-field formulation and can be

d into existing finite-element codes. Two strength criteria are considered: a non-smooth criterion

t tensile and shear strengths, and a smooth Drucker-Prager-like criterion that captures pressure-de

ening under compression. Consistent tangent operators are derived for both criteria, ensuring rob

of the global Newton-Raphson solver. The framework is validated against three benchmark prob

h a hole under tension and compression, a single-edge notched plate under shear, and a notched pla

loading. The results demonstrate mesh-independent and phase-field length-scale-independent be

hat the fracture energy governs the transition between brittle and cohesive regimes, and show that

na such as crack branching under dynamic loading are naturally captured. All source codes are

.
s: Cohesive fracture, phase-field, eigenstrains, crack nucleation, finite element method
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lature

Body forces c Damping coefficient

Degradation function Dtan Consistent tangent stiffness

Young’s modulus fs Shear strength

Tensile strength Fd Degradable strength potential

Non-degradable strength potential G, Gi Eigenstrain directions

Fracture energy release rate I Identity matrix

Bulk modulus ℓ Phase-field length scale

Strain–displacement operator Nu, Nϕ Shape functions

Displacement γ(ϕ) Phase-field distribution function

Total strain εel Elastic strain

Reference strain (DP criterion) η Fracture eigenstrain

Residual strength parameter κt Residual stiffness parameter

Eigenstrain multipliers µ Shear modulus

Poisson’s ratio ρ Density

Cauchy stress τ External traction

Phase-field parameter Ψ Total energy

Domain Γc Crack surface

Crack driving force (history) tr(·) Trace operator

) Deviatoric operator ∥·∥ L2 norm

) First, second time derivative ⟨·⟩± Macaulay brackets

duction

the last decades, the phase-field method has become one of the most popular methods to model

ion [1, 2]. Fractures are described through a partial-differential equation rather than by explicitly i

ture faces, making integration within existing finite element software straightforward [3–5]. As a res

allows for arbitrary fracture paths, crack branching, and merging without special considerations

[6, 7]. Phase-field models have also been combined with a range of other physical phenomena,

s works on hydraulic fractures [8–11] and chemical degradation [12–15], where treating cracks as a

makes implementing these additional phenomena straightforward.

hase-field fracture method is based on Griffith’s theory, prescribing the energy dissipated by prop

d letting the fracture path itself follow from minimizing the total energy contained within the

, this origin in brittle fracture mechanics has also imposed a strong limitation [16, 17]: Griffith’

capture when cracks nucleate as it does not prescribe a material strength. Instead, it solely predic

opagate and the energy dissipated during this propagation [18]. As a result, phase-field methods in

issues, with crack propagation being modelled in a thermodynamically consistent manner, whi

n often uses ad-hoc criteria. For instance, while the phase-field length scale is introduced as a regula

er, defining the distance over which the discrete crack is distributed, treating it as a material pa
2
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llows a material strength to be defined [19, 20]. Other approaches to capture this material streng

be exceeded for cracks to nucleate include a series of stress-splitting schemes that split the elastic

a part that does, and does not, contribute to damage, thereby approximating strength surfaces [2

ond limitation of standard phase-field methods is the difficulty to capture ductile behaviour, st

m the method’s basis in brittle fracture mechanics. While the degradation function can be ca

the unloading behaviour expected [26, 27], this calibration is done through uni-axial tension ca

g this behaviour to multi-axial loading is often not possible [28]. Furthermore, the damage func

de any fracture energy. As a result, calibration becomes material-specific, limiting application of t

o a range of materials. Similarly, cohesive behaviour can be approximated based on the choice o

ribution function [29], but this turns the choice of how to distribute the fracture energy over a finit

aterial modelling choice rather than a mathematical concept. While this limitation can be overc

adding cohesive forces based on the displacement discontinuity, this adds extra complexity, requi

ent jump to be defined throughout the domain [30, 31]. Alternatively, the phase-field method

with a plasticity model, using part of the plastic energy dissipated as driving force for fractures

, if plasticity is only expected to occur near the crack tip, this approach is both computationally ex

a sufficiently fine mesh to resolve the plastic zone around the crack tip, and requires numerous ad

ive modelling choices.

t work by Vicentini et al. [35] and Bourdin et al. [36] has started to overcome these limitations, e

ing tuneable failure surfaces into phase-field formulations. By introducing fracture eigenstrains tha

racture release energy from the material strength, and including an explicit threshold below whic

ucleate, their formulations are able to capture material behaviour across a range of fracture ener

strengths without relying on tuning regularization parameters or damage functions. However, wh

ovide a thorough mathematical basis, their implementations solve for the eigenstrains as additio

through global energy-minimization frameworks that rely on the symbolic differentiation and optim

ies of the programming libraries used. This introduces additional global degrees of freedom, requi

oftware, and makes integration into standard finite-element codes, where constitutive models are ev

e at integration points, non-trivial. As a result, these formulations have so far only been demonstr

cademic configurations.

resent work builds directly on these eigenstrain-based formulations, and does not claim the fractur

xplicit strength surfaces, or the decoupling of crack nucleation from fracture energy as new mod

he contribution is instead computational: the eigenstrain evolution is reformulated as a local cons

t each integration point, rather than as additional global field variables. This local return-mapping

ous to standard plasticity algorithms, making the formulation compatible with conventional finite-

ntations and allowing consistent tangent operators to be derived for smooth and non-smooth stren

e resulting formulation is applied to standard phase-field benchmark problems, including mesh-refi

mixed-mode crack propagation, and dynamic crack branching, rather than being restricted to the

nd small-scale test cases considered so far. To the author’s knowledge, this is the first such demon

lass of cohesive phase-field models.
3
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alise this local formulation, the work focuses on: (i) defining eigenstrain directions for each streng

uding a new Drucker-Prager-like criterion that captures pressure-dependent strengthening under c

deriving consistent tangent operators in closed form for both smooth and non-smooth strength s

the non-trivial switching between active and inactive failure modes, and (iii) addressing the nu

ing challenges that arise from the near-singular tangent matrices at the onset of fracture. The

ns and governing equations are described in Section 2, followed by a detailed description of the

scheme and its consistent tangent stiffness matrix in Section 3. The benchmark problems used t

perties are then presented in Section 4. All codes used for these benchmark cases are openly a

for building upon or using the models for other applications, see the data availability section at

aper. Throughout this work, italic symbols denote scalars, bold-upright symbols denote vectors, an

bols denote matrices. Stress tensors are denoted in bold-italic, while their Mandel-vector represe

ted in bold-upright.

rning equations

onsider a domain Ω, described through the displacement u and the phase-field parameter ϕ. ϕ indic

hesive strength with ϕ = 0 indicating a fully intact material and ϕ = 1 indicating a full loss of s

contrast to standard phase-field descriptions where it is used to indicate the presence of cracks th

e stiffness. Following the method from [35], the elastic strains are composed of a displacement com

cture-eigenstrain component, using a small-strains assumption:

εel = ε − η = ∇su − η

e eigenstrains η allow for the representation of crack-like behaviour, by reducing the elastic st

the reduced stresses transferred through crack surfaces. This η is zero when no cracks are pres

tor of ε at the onset of cracks where the crack still allows for the transfer of stress through the

evolves to a comparable magnitude as the total strains once the crack opening exceeds the cohesive

nstrain is also used to enforce different behaviour normal and tangential to the crack surface, e.g.

al stresses to represent self-contact under compression while removing the transfer of shear stresse

ughout this work, we assume a linear-elastic bulk behaviour, such that the elastic energy stored

is given as a function of the elastic strains, Eq. (1), as:

Ψel =
∫

Ω

1
2Ktr2(ε − η) + µ∥dev(ε − η)∥2 dΩ

bulk modulus K and the shear modulus µ. tr indicates the trace operator, while dev() is used to

y the deviatoric component of the strains is used, dev(ε) = ε − 1
3 tr(ε)I. ∥ε∥ indicates the L

: ε. We note that the use of a linear-elastic, small-strain model is not a fundamental requiremen

framework, and more general constitutive models could in principle be incorporated in a similar

ndard phase-field models (e.g. finite strain [37–39] or hyperelasticity models [40–43]). The assu

elasticity is made here for simplicity and to focus on the implementation of the cohesive ph

model. The same solution scheme could in principle be combined with more complex bulk cons
4
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r material descriptions, but doing so would require problem-specific choices that are separate f

ntation issue addressed here. For example, for finite-strain or nonlinear material models, the

ins, stress measures, and tangent operators would need to be reformulated consistently within the

c setting before being incorporated into the same local-update structure, while heterogeneous or in

would require additional assumptions on how the strength surface and fracture energy vary across m

s. These questions are therefore not pursued in the present manuscript, which uses homogeneou

nchmark problems to isolate and verify the proposed return-mapping based formulation.

racture energy release rate, Gc, indicates the rate at which energy is released during fracture prop

values of Gc corresponding to brittle behaviour while higher values typically lead to a more ductile/

racture. Using this fracture energy, the energy dissipated through the opening of fractures is de

Ψc =
∫

Γc

Gc dΓc ≈
∫

Ω
γ(ϕ)Gc dΩ ∂γ(ϕ)Gc

∂t
≥ 0

KKT irreversibility condition ensuring that this is a purely dissipative mechanism [46]. The ph

ion function γ(ϕ) is used to distribute the energy released by a discrete crack over a finite region surr

. Specifically, a quadratic, AT2-type [47], phase-field distribution function is used, given by:

γ(ϕ) = 1
2ℓ

(
ϕ2 + ℓ2|∇ϕ|2

)

length scale ℓ. This length scale indicates the region over which the loss of cohesive strength is dist

the introduction of this length scale, mesh-size independent results can be attained even tho

ins representing the crack are localized. We note that the choice to use an AT-2 model was mad

n additional strength criterion on top of the strength potentials defined in Section 2.2. Instead, u

del would require the eigenstrains to exceed a certain length-scale dependent threshold before th

able can increase, thus resulting in initial cracks not starting to lose cohesion until this threshold is

igenstrains are used to represent the crack opening, this would result in a non-physical behaviou

n open without losing cohesion until a certain crack opening is reached. An AT-2 model does n

, as the phase-field variable can increase as soon as the eigenstrains start to develop, allowing for

representation of the cohesive behaviour.

k the phase-field functions and the fracture eigenstrains, a material strength potential is introduc

e shown later, the derivative of this potential will define the maximum stress that can be sustained

, and how this degrades as the phase-field parameter increases. The energy contribution of this s

l is given by:

Ψf =
∫

Ω
F (η) dΩ =

∫

Ω
d(ϕ)Fd(η) + Fi(η) dΩ

potentials Fd and Fi used in Section 2.2 to define the strength of the material and the non-pen

respectively. The degradation function is defined in a standard manner:

d(ϕ) = (1 − κ)(1 − ϕ)2 + κ

t the full strength potential Fd is used to describe the intact material, while degrading this potenti

ase-field parameter to represent the loss of cohesion as the cohesive crack evolves. The parameter κ
5
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e a residual strength, preventing the strength potentials from degrading fully such that their der

ell-defined. We note that this differs from standard phase-field formulations, where κ is a residual s

ly, we include dynamic effects through inertia and damping energy contributions, and loading thro

external forces energy contributions:

Ψi =
∫

Ω

1
2ρu̇2 dΩ +

∫

t

∫

Ω

1
2ρcu̇2 dtdΩ Ψb =

∫

Ω
b⊤u dΩ +

∫

Γ
τ ⊤u dΓ

e density ρ, body forces b, and external traction τ . Within the subsequent examples, the dam

to limit the impact of stress waves due to sudden material failure when considering cases und

whereas for cases explicitly considering dynamic loading it is set to zero. The inclusion of inert

loading, helps with spreading the crack propagation over multiple time increments, preventing the

racks propagating through the full domain within a single time/load step. Body forces are included

vation for completeness, but are set to b = 0 in the benchmark cases considered.

rgy minimization

overning equations follow from minimizing the energies contained within the material, Eqs. (2),

min (Ψ(u, η, ϕ)) = min(Ψel + Ψc + Ψf − Ψi − Ψb)

he total energy expression proposed by Vicentini et al. [35], who minimize it directly using

tion framework that treats u, η, and ϕ as independent field variables. In the present work, we

e governing equations and constitutive relations that follow from this energy, and resolve the eig

locally at each integration point. The governing equations are given through the derivatives with

isplacement u and phase-field parameter ϕ. First, using the derivative with respect to u, we ob

m of the momentum balance:

0 = ∂Ψ
∂u =

∫

Ω
δu⊤ (−∇ · σ + ρcu̇ + ρü − b) dΩ

tegration by parts has been used to obtain the divergence of stress term, to more clearly convey th

tions. When producing the finite element forms in Section 3, this will be reversed to remove the

ress gradients. Next, using the derivative of the total energy with respect to ϕ, we obtain the we

ase-field evolution:

0 = ∂Ψ
∂ϕ

=
∫

Ω
δϕ

(
Gc
ℓ

(ϕ − ℓ2∇2ϕ) + ∂d(ϕ)
∂ϕ

F
)

dΩ

his relation, the irreversibility condition is enforced by using the history parameter F , defined

achieved crack driving force:

F t+∆t(η) = max(F t+∆t
d (η), F t)

e superscripts t + ∆t and t are used to indicate the current and previous discrete time steps resp

ory parameter ensures the crack formation is a purely dissipative mechanism, ensuring that the ph

er ϕ can only increase, and thus the strength potential can only degrade, as the crack evolves.
6
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dition to these governing equations, the constitutive models result from minimizing the total ener

our internal variables, the total strains and fracture eigenstrains. Considering the total strains re

titutive models for the elastic stresses:

σ = ∂Ψ
∂ε

= Ktr(ε − η)I + 2µdev(ε − η)

idering the fracture-eigenstrain results in the material strength criterion:

≤ ∂Ψ
∂η

= − (Ktr(ε − η)I + 2µdev(ε − η)) + d(ϕ)∂Fd(η)
∂η

+ ∂Fi(η)
∂η

= d(ϕ)∂Fd(η)
∂η

+ ∂Fi(η)
∂η

− σ

stitutive model requires that the stress state of intact material remains within or on the deriv

gth potential functions, d(ϕ) ∂Fd(η)
∂η + ∂Fi(η)

∂η ≥ σ. When the stress reaches this potential surf

ins develop to retain the stress on the potential surface, while increasing the phase-field driving

n allows the phase-field variable ϕ to increase, decreasing the damage function d such that the s

l reduces. As such, the strength criterion decreases, representing the loss of cohesion as the eig

s the crack opening) increases.

he direction of the eigenstrains, we define these to follow the directions of the strains ε through a

that:

η = λG(ε)

se of a smooth failure surface, or in the case of a surface composed of multiple facets, using:

η =
∑

i

λiGi(ε)

multipliers λ to indicate the magnitude of the eigenstrains. Using these directions based on the s

e eigenstrains η to follow the same direction, thereby ensuring that the eigenstrains always act to

strains. As a result, we can reduce the strength criterion from Eq. (13) to solely require the str

tion of the currently applied strains not to exceed the fracture surface. This results in:

0 ≤ ∂Ψ
∂λi

= ∂η

∂λi
: ∂Ψ

∂η
=

(
∂η

∂λi

)
:
(

d(ϕ)∂Fd(η)
∂η

+ ∂Fi(η)
∂η

− σ

)

erion only requires the stresses to be within the failure surface in the potential directions of un

solely requiring the multipliers λ to be resolved rather than all components of η. It should also b

no spatial gradients of the eigenstrains are required, these multipliers can be solved on a point-b

her than requiring λ to be resolved as a complete field. As a result, the constitutive models can be

lar manner as for plasticity schemes, using an integration-point-local return mapping scheme.

ngth potentials

we will consider two combinations of strength potential and eigenstrain directions. The first i

used by Vicentini et al. [35], defined through the tensile strength ft and the shear strength fs:

Fd = ft ⟨tr(η)⟩+ + fs∥dev(η)∥ Fi = −106ft ⟨tr(η)⟩−

G1 = 1
3

tr(ε)
|tr(ε)|I G2 = dev(ε)

∥dev(ε)∥
7
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(a) Principal stress space (b) Plane-stress (σ3 = 0) (c) Plane-strain (ε3 = 0)

Strength surfaces for a fully intact material (ϕ = 0) using fs = 0.5ft, with the r1 criterion, Eq. (17), shown in blue

urs indicating the Drucker-Prager-like criteria, Eq. (18), using different values for εref.

e Macaulay brackets ⟨□⟩+ and ⟨□⟩− are used to indicate that this term is only non-zero if the qu

negative respectively, thereby enforcing a different behaviour under compression/tension. Specific

ive strength is set to −106× the tensile strength, and this compressive strength is not degraded,

that even when the material is fully damaged, d ≈ 0, it still correctly enforces a non-penetration co

ct. Furthermore, this compressive strength is set to be negative, such that once projected in the com

, it produces a positive value. The directions for the eigenstrains, G1 and G2, are used in a nor

ch that λi directly dictates the magnitude of these strains. This failure criterion is shown in Fig

, with the compressive strength limit/non-penetration condition, resulting from Fi, not shown as t

de the limits of the plot.

econd strength potential used is a combination of the r2 criterion from [35] under tension, and a D

ke cone under compression. This function is defined through the tensile and shear strengths

al parameter εref that dictates the strength increase under compression:

Fd =





√
f2

t tr2 (η) + f2
s ∥dev (η)∥2 if tr (ε) ≥ 0

fs

(
1 − tr(ε)

εref

)
∥dev (η)∥ if tr (ε) < 0

G =





ε
∥ε∥ if tr (ε) ≥ 0

dev(ε)
∥dev(ε)∥ if tr (ε) < 0

xplicitly enforce that the eigenstrains are in the deviatoric direction under compression through

eed to separately enforce non-penetration conditions. Altering the direction of the admissible

ins under compression achieves the same as the penalty term within Eq. (17): Allowing for shea

venting volume changes and thus the crack faces from interpenetrating. We also note the presenc

within the definition of the strength potential, which is required to obtain the strengthening effec
8



Journal Pre-proof

compress aterial.192

This fail193

3. Com194

The the dis-195

placemen196

(19)

using qu phase-197

field ϕn ed. For198

notation we will199

use Man200

(20)

where L verning201

equation202

(21)
203

(22)

where th driving204

force F tandard205

within p fracture206

eigenstra rged (or207

a maxim of the208

displacem egration209

are chose domain210

and refle amming211

library F antities,212

and the r). The213

resulting214

3.1. Ret215

The 12), are216

solved w q. (18),217

this sche218

(23a)

(23b)
Jo
ur

na
l P

re
-p

ro
of

ion. As tr(η) ≥ 0 per definition, η cannot be used to define the compressive strains acting on the m

ure surface is shown in Fig. 1 for different values of εref.

putational implementation

governing equations, Eqs. (9) and (10), are solved using the finite element method, discretizing

t and phase-field variable as:

u =
∑

el
Nuun ϕ =

∑

el
Nϕϕn

adratic Lagrange elements for both the displacements, Nu, and the phase-field, Nϕ. un and the

are the nodal values for the displacement and phase-field for the specific element being consider

al convenience of the derivatives of the strength surface, and the resulting tangent stiffness matrix,

del notation, defining the relation between displacements and strains as:

ε =
[
εxx εyy εzz

√
2εyz

√
2εxz

√
2εxy

]⊤
= LNuun

is the displacement-to-strain mapping matrix. Using this discretization, the weak forms of the go

are discretized as:

Fu =
∫

Ω
N⊤

u L⊤σ + ρcN⊤
u Nuu̇n + ρN⊤

u Nuün + N⊤
u b dΩ +

∫

Γ
N⊤

u τ dΓ = 0

Fϕ =
∫

Ω

Gc
ℓ

N⊤
ϕ Nϕϕn + Gcℓ (∇Nϕ)⊤ ∇Nϕϕn − 2(1 − κ)N⊤

ϕ (1 − N⊤
ϕ ϕn)F dΩ = 0

e stresses σ (and the tangent stiffness matrix required for the non-linear solver) and the crack

are calculated within each integration point through a return-mapping scheme, similarly as is s

lasticity models. A multi-pass staggered solution scheme is used, solving for the displacements and

ins first, then solving for the phase-field, and iterating several times until both fields are conve

um of 5 passes have been performed). A Newmark scheme is used for the time discretization

ents, using time-integration parameters β = 0.5625 and γ = 1.0. These values for the time-int

n to enforce sufficient numerical damping, preventing stress waves travelling through the complete

cting on the boundaries. The discretized equations are implemented using the finite-element progr

EniCSx [48], together with the numba library [49] for the calculation of per-integration-point qu

codes used to generate all results are openly available (see data availability at the end of this pape

staggered global solve and local integration-point update are summarized in Algorithm 1.

urn mapping scheme

strength criterion, Eq. (16), together with the relation between stresses and elastic energy, Eq. (

ithin each integration point. First considering the case with a single eigenstrain direction, e.g. E

me is described through the two residuals:

f1 = 0 = σ − ∂Ψel
∂ε

= 0

f2 = 0 =





λ if
(

∂η
∂λ

)⊤ (
∂F
∂η − σ

)
> 0

(
∂η
∂λ

)⊤ (
∂F
∂η − σ

)
+ κtKλ otherwise
9
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Algorith
1: for e

2: In

3: fo

4:

5:

6:

7:

8:

9:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22: e

23: end

where th hile the219

second c κtKλ is220

added to e failure221

surface b residual222

strength trength223

surface.224

The s d in the225

case whe226

(24)

using the as:227

(25)
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m 1 Staggered finite-element solution with local return mapping
ach time/load step t + ∆t do

itialize ut+∆t, ϕt+∆t, and F t+∆t from the converged state at t

r staggered pass k = 1, . . . , kmax do

Start the Newton-Raphson solve of the displacement problem

for each Newton iteration of the displacement solve do

for each integration point do

Compute the strain ε from the current displacement ut+∆t

Determine the active strength-surface condition

Solve the local return-mapping problem for λ or λi

Return σ and Dtan to the displacement residual and Jacobian, and store F
end for

Assemble and solve the linearized global Newton system

Update the displacement iterate ut+∆t

if the displacement residual has converged then

Break

end if

end for

Solve the phase-field problem using the updated history field F
if the staggered fields have converged then

Break

end if

nd for

for

e f2 = λ condition is used when the stresses are within the failure criterion, enforcing λ = 0, w

riterion solves for λ such that the stresses are on the fracture criterion. A small additional factor

the second equation, with this term providing a residual stiffness post-fracture by extending th

ased on the magnitude of the fracture eigenstrains. This stiffness is needed in addition to the

κ from Eq. (6) to ensure no unconstrained degrees of freedom arise when the stresses are on the s

ystem of equations from Eq. (23) is solved using an iterative Newton-Raphson scheme, describe

re the stresses exceed the failure function by:

K


dσ

dλ


 = −


f1

f2


 where K =


 I ∂2Ψ

∂ε2
∂η
∂λ(

∂η
∂λ

)⊤
κtK




tangent matrix K. This matrix is also used in constructing a consistent tangent stiffness matrix



∂σ
∂ε

∂λ


 = K−1


− ∂2Ψ

∂ε2

0




∂ε

10
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e top (6 × 6) sub-matrix, corresponding to the ∂σ
∂ε , is used within the non-linear solving scheme

m balance, Eq. (21). For this case, where only a single direction of the fracture eigenstrains is us

stiffness matrix can also be explicitly expressed in terms of the direction of the eigenstrains as:

Dtan = ∂2Ψel
∂ε2


I −

∂2Ψel
∂ε2

∂η
∂λ

(
∂η
∂λ

)⊤

(
∂η
∂λ

)
∂2Ψel
∂ε2

∂η
∂λ + κtK




early shows the role of the residual stiffness κt. Without this term, as soon as the stresses exc

surface the stiffness in the direction of the eigenstrains becomes zero. By including this term, the

a small value, avoiding issues with ill-constrained degrees of freedom. Furthermore, this slight off

gth surface also helps the iterative scheme from Eq. (23) by preventing the state from alternating

itions due to trying to return to the surface exactly.

tead we consider a non-smooth fracture criterion, e.g. Eq. (17), where the strength criterion is chec

strain develops in multiple independent directions, the residuals are defined in terms of stresses σ,

strain magnitudes λ1 and λ2 as:

f1 = 0 = σ − ∂Ψel
∂ε

= 0

f2 = 0 =





λ1 if
(

∂η
∂λ1

)⊤ (
∂F
∂η − σ

)
> 0

(
∂η
∂λ1

)⊤ (
∂F
∂η − σ

)
+ κtKλ1 otherwise

f3 = 0 =





λ2 if
(

∂η
∂λ2

)⊤ (
∂F
∂η − σ

)
> 0

(
∂η
∂λ2

)⊤ (
∂F
∂η − σ

)
+ κtKλ2 otherwise

r each direction the stresses need to stay within the individual strength surfaces, in this case se

for the volumetric and shear components. Following from these residuals, assuming eigenstrains

irections the iterative solution scheme is given as:

K




dσ

dλ1

dλ2


 = −




f1

f2

f3


 where K =




I ∂2Ψ
∂ε2

∂η
∂λ1

∂2Ψ
∂ε2

∂η
∂λ2(

∂η
∂λ1

)⊤
κtK 0

(
∂η
∂λ2

)⊤
0 κtK




, only one of the failure criteria is exceeded, the tangent matrix becomes:

K =




I ∂2Ψ
∂ε2

∂η
∂λ1

∂2Ψ
∂ε2

∂η
∂λ2(

∂η
∂λ1

)⊤
κtK 0

0 0 1


 or K =




I ∂2Ψ
∂ε2

∂η
∂λ1

∂2Ψ
∂ε2

∂η
∂λ2

0 1 0
(

∂η
∂λ2

)⊤
0 κtK




enstrains only develop in the λ1 or λ2 directions respectively. An explicit expression for the tangent

llows from using the Schur complement:

∂2Ψel
∂ε2

(
I − ∂2Ψel

∂ε2 gS−1g⊤
)

where g =
[

∂η
∂λ1

∂η
∂λ2

]
and S = g⊤ ∂2Ψel

∂ε2 g −


κtK

0

11
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(a) Plate with hole (b) Single edge notched plate (c) Dynamic fractures

Figure 2: Geometries and boundary conditions considered for the example cases.

he strength in one of the eigenstrain directions is exceeded, the direction that corresponds to th

in g is set to zero and the diagonal term is set to one to obtain the tangent stiffness. We no

f a Schur complement, rather than directly calculating the inverse of the K matrix is needed du

ditioning of this matrix. Convergence issues were encountered using K−1, whereas no such issu

g the Schur complement which obtained well-converging results for all cases considered, with conv

tween linear at the onset of fractures and quadratic when no new integration points start to f

residual histories are not reported here because they depend on the time/load increment (larger inc

ore iterations), mesh, and active crack-growth state (crack nucleation and bifurcation), and ther

ide a problem-independent convergence benchmark. However, the solver settings and scripts u

ples are included in the openly available source code, allowing the nonlinear convergence histori

d and inspected for each benchmark case.

hmark cases

monstrate the capabilities of the presented model, and explore the required element sizes, and infl

rameters, we will consider the three cases shown in Fig. 2: A plate with a hole under tension, a

under shear, and a notched specimen under dynamic loading. All cases use the same material para

Table 1, unless stated otherwise, and all cases assume plane-strain conditions.

e with hole

rst case considered consists of a unit square with a hole with a diameter of 0.2 m in the centre. The

main is fixed in horizontal and vertical direction, while a displacement is imposed at the top surf

ext = ±3 · 10−6 m/s. This strain rate is chosen low to limit the impact of inertia for most cases,

cting the obtained results for cases showing a snap-back type behaviour where the material sudden

under either tension (upwards displacement) or compression (downwards displacement) are con

e stress concentrations at the side of the hole, and the equal tensile and shear strength, cracks shou
12
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Young’s modulus E 200 GPa

Poisson ratio ν 0.3

Tensile strength ft 150 MPa

Shear strength fs 150 MPa

Fracture release energy Gc 100 kJ/m2

Phase-field length scale ℓ 0.05 m

Density ρ 8000 kg/m3

Damping coefficient c 106 s−1

Residual strength κ 10−3

Residual stiffness κt 10−9

Table 1: Material properties used unless otherwise stated for Sections 4.1-4.3.

-3 -2 -1 0 1 2 3

-100

-50

0

50

e 3: Effect of element size on load-displacement behaviour under compression (negative εyy) and tension (positive

cases at the sides of the hole. For the tensile cases, these cracks will propagate horizontally, whe

ression cases they will follow the direction of the maximum shear stress, propagating at an appr

e.

lement-size requirements

uidance when using standard phase-field methods is to use 2 − 5 elements per phase-field length s

his still holds for the presented method, compression and tension simulations are performed for a

sizes, shown in Fig. 3. When the element size is larger than the phase-field length scale, this elem

the region over which the fracture energy is distributed, causing a more ductile behaviour. Starti

, similar behaviour is observed for both tension and compression, with further mesh refinement ha

egligible effect, especially for the compressive cases. The near-overlapping curves for ℓ/dx ≥ 2 in F

the intended indication of mesh-independent behaviour, rather than a lack of resolution in the figu

-refinement study is summarized by the load-displacement curves, while the displacement and ph

plots are shown for representative coarse and refined meshes to illustrate the corresponding loca

r.
13
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(a) ℓ/dx = 1 (b) ℓ/dx = 3 (c) ℓ/dx = 5

Effect of element size on phase field for the tensile plate with hole case. Results shown at an applied strain of εyy =

0

1

2

3

4

(a) ℓ/dx = 1

-3

-2.5

-2

-1.5

-1

-0.5

0

(b) ℓ/dx = 1 (c) ℓ/dx = 1

-4

-3

-2

-1

0

(d) ℓ/dx = 2

-3

-2.5

-2

-1.5

-1

-0.5

0

(e) ℓ/dx = 2 (f) ℓ/dx = 2

Horizontal (a,d) and vertical (b,e) displacement, with deformations magnified by ×10 and showing the elements, a

ble (c,f) for the compressive plate-with-hole case, using a coarse and a finer mesh.
14
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Effect of the fracture release energy Gc on the load-displacement behaviour for the tensile and compressive plate

es using dashed lines correspond to the horizontal failure mode discussed in the text.

hase-field obtained for the extensional case, shown in Fig. 4 confirm this mesh dependence: Whe

a clear effect of element orientation and size is observed, with the phase-field following the orient

ents, causing a sawtooth-like crack. Upon mesh refinement, this pattern disappears and a smooth

tained starting from ℓ/dx = 3. However, the crack still shows a minor influence of the element orie

by the crack not being horizontal, up to ℓ/dx = 5 where a horizontal crack is obtained.

consider the compressive cases, Fig. 5, this element-orientation dependence is not exhibited as th

tches the element orientation, with ℓ/dx = 2 being sufficient to obtain mesh-independent results. N

ent jump shows a clear localization to a single row of elements, and hence the thickness of th

ch the displacement jump is distributed becomes smaller with mesh refinement. However, the us

ld distribution function to distribute the fracture release energy over a finite area suffices to regula

and allow mesh-independent load-displacement behaviour to be obtained despite the displaceme

g localized. This case also shows that, for compressive cases, the fracture criterion correctly en

ration condition, with the upper half of the domain slipping along the crack surface.

acture release energy

, we consider the effect of the fracture release energy, showing that the presented scheme correctly c

brittle behaviour expected at low energies, and the cohesive behaviour typical of higher fracture

Simulations were performed for a range of energies between Gc = 10 kJ/m2 and Gc = 1000

onstant phase-field length scale of ℓ = 0.05 m and characteristic element size ℓ/dx = 3. As in th

nt study, the full parameter sweep is summarized through the load-displacement curves, while conto

ided for the cases where the fracture pattern requires additional interpretation.

esulting load-displacement behaviour, shown in Fig. 6, shows the clear impact of the fracture release

nergies, an instantaneous drop in load is observed at the onset of fractures. As the energy is increa

educed, and a more gradual unloading is observed, confirming that the model is able to correctly

brittle and the cohesive regimes. For the lowest fracture energy under tension, where the beha

ttle and the cohesive zone is negligible, the peak load can be compared to an analytical estima
15
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(a) Gc = 10 kJ/m2 (b) Gc = 10 kJ/m2

(c) Gc = 25 kJ/m2 (d) Gc = 25 kJ/m2

Vertical displacement (a,c) with deformations magnified by ×10 and showing the elements, and phase-field variable

ith low fracture release energy.

ncentration factor for a circular hole in an infinite plate under uniaxial tension is Kt = 3 [50], such

applied stress at crack nucleation is σnuc ≈ ft/Kt = 50 MPa. This is in agreement with the num

peak stress for the most brittle case in Fig. 6, confirming that the prescribed strength surface c

he onset of fracture. We further note that an increased peak load is observed for the higher value

a consequence of the cohesion: when the fracture energy is low, the material fails as soon as the s

s reached, causing a sharp crack to propagate. While the stresses are still bounded by the failure

igher values of Gc, the cohesive zone behind the crack tip allows the total load transferred to

ack propagates, while also reducing the stress concentration at the crack tip. As a result, the to

ed increases initially as the crack propagates, causing the increased strength observed for higher v

onsistency between the crack-nucleation site and the onset of phase-field damage follows directly f

stitutive update. Fracture eigenstrains, and therefore the crack-driving history field F used in th

ation, can only develop at integration points where the stress state reaches the prescribed strength

nsile plate-with-hole case this occurs first at the sides of the hole, where the elastic stress conce

t. The agreement between the computed peak stress and σnuc ≈ ft/Kt therefore confirms tha

n is governed by the strength surface, rather than by the phase-field length scale or fracture energ
16
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transition can be understood by noting that the strength surface controls crack nucleation, w

the energy required to open and propagate a cohesive crack. Changing Gc changes the post-in

response: low Gc corresponds to a small amount of energy dissipation and a short cohesive/proce

aterial rapidly loses its load-carrying capacity once the strength surface is reached. Higher Gc requir

be dissipated during crack opening, increasing the characteristic cohesive length scale and allowing

to continue being transferred behind the crack tip. A useful estimate for this length is lch ≈ EG

or plane strain. Using the material parameters from Table 1, this gives lch ≈ 0.1 m for Gc = 10

much smaller than the 1 m specimen width, and lch ≈ 10 m for Gc = 1000 kJ/m2, which is larg

lated domain. The lowest-energy cases therefore behave close to a brittle crack, whereas at the

the complete crack path remains within the cohesive/process-zone scale, explaining the gradual un

eased apparent load capacity. These results furthermore confirm that the model correctly decou

length scale, introduced through the tensile strength and fracture release energy, from the numerica

roduced through the phase-field length scale.

ver, even though the load-displacement behaviour of all cases looks plausible, under compression

h the lowest fracture release energy, Gc = 10 kJ/m2 and Gc = 25 kJ/m2, showed a different failu

e phase field did not localize into a diagonal shear band from the onset. Instead, cracks initially pro

lly with the phase-field spreading over a region roughly twice the width of properly localized cr

Fig. 7. The displacements obtained within these two cases also show a clearly different behaviou

rial is crushed/squeezed horizontally, rather than slipping along a diagonal crack. As this ho

zone propagates sideways, it eventually localizes into diagonal cracks. This behaviour was ve

stent across time-step refinements, phase-field length scales, staggered iteration counts, and both

onsidered, confirming that it is not a numerical artefact. A plausible explanation follows from th

ion around a circular hole under far-field compression [50]: a tensile hoop stress develops at the

that decays rapidly with distance, alongside the far-field shear stress that sustains diagonal shea

c, the cohesive zone is negligible and the horizontal mode-I crack, driven by this tensile hoop str

e over a significant distance before the diminishing driving force arrests it. At higher Gc, the cohes

e arrests the horizontal crack after only short propagation, leaving the diagonal shear band, susta

eld stress state, as the dominant mode. This competition between crack modes is only observe

ion, where both tensile hoop stresses and shear stresses coexist, and not under tension, where th

mbiguously drives a horizontal mode-I crack.

ngth-scale dependence

ly, we consider the effect of the phase-field length scale ℓ, showing that within the presented mode

indicator of the width of the phase-field region, rather than impacting the physical behaviour. Sim

formed for a range of length scales between ℓ = 0.01 m and ℓ = 0.1 m. These simulations were pe

nstant fracture release energy of Gc = 100 kJ/m2 and characteristic element size ℓ/dx = 3. The r

lacement behaviour, Fig. 8, confirms that the phase-field length scale has negligible effect on the s

gy dissipation during fracture. An order of magnitude difference in length scale (and element size
17
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Figure 8: Effect of phase-field length scale on the load-displacement behaviour, and zooms on relevant regions.

an 5% difference in the obtained peak load. While the unloading behaviour, especially for the com

ows a slightly larger difference, with smaller length-scales experiencing a reduced drop in stres

fracture, this is still relatively minor and can be attributed to the reduced element size aiding w

ion of cracks and better resolving the increased stress concentrations.

btained phase-field solutions and displacements, shown in Fig. 9, confirm that the length scale only

h of the phase-field region. For both cases, the actual displacement discontinuity is limited to a sin

ts, despite the phase-field being distributed over a wider region for the larger length scales. Notab

he largest length scale is comparable to the size of the hole, it still localized properly to the side

wing that as the phase-field is driven by the fracture-eigenstrains, it is able to localize to the correct

n the length scale is large. One notable effect of the length scale is on the computational cost, w

gth scale requiring 100× more elements than the coarsest length scale, and thus a significantly in

tional time (close to a day for ℓ = 0.01 m compared to around 5 min for ℓ = 0.1 m). This highli

ons of having the length scale decoupled from the material strength: allowing for a length scale

as possible to limit the computational cost of simulations, with the main restrictions following f

f the features that are being resolved, while still obtaining the same crack paths and behaviour a

ed through fine length-scale simulations.

ore clearly convey this decoupling, Fig. 10 compares the cohesive phase-field model with convention

2 phase-field models for the tensile plate-with-hole case. The comparison is restricted to tension
18
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-0.5

0

(a) ℓ = 0.1 m (b) ℓ = 0.1 m

(c) ℓ = 0.01 m (d) ℓ = 0.01 m

Vertical displacements (a,c, deformations magnified by ×10) and phase-field (b,d) obtained for applied strains of ε =

rent phase-field length scales.

Comparison between the cohesive phase-field model (solid black line) and traditional AT-1 and AT-2 phase-fiel

dashed coloured lines) for the tensile plate-with-hole case with Gc = 100 kJ/m2. The coloured curves show the len

of the apparent strength in AT-1 and AT-2 when Gc is kept fixed.
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Load-displacement behaviour of the single-edge notched plate under shear loading, using the r1 and Drucker-P

o as “DP”) strength criteria, for a range of reference strains. The sudden load drops identify the shear-dominate

smoother hardening-like responses correspond to tensile/mixed-mode propagation, with intermediate curves represe

between these limits.

es in compressive/tensile driving-force splits do not affect the interpretation. In the cohesive form

c are prescribed independently of the numerical phase-field length scale, and the response in Fig. 8

nchanged when ℓ is varied. In conventional AT-1 and AT-2 models, by contrast, crack nucle

he regularization length: for the homogeneous one-dimensional response the apparent tensile st
√

3GcE/(8ℓ) and ft =
√

27GcE/(256ℓ), respectively. With the material parameters from Tabl

0 kJ/m2, matching the prescribed tensile strength ft = 150 MPa would require ℓ ≈ 0.33 m f

0.094 m for AT-2. For the present geometry, the AT-1 value is larger than the hole diameter, w

ue is comparable to the hole radius and to the largest length scale considered in the length-scal

lues are therefore dictated by strength calibration rather than by the geometric resolution of th

oosing a smaller ℓ to localize the crack more sharply necessarily increases the apparent nucleation s

oosing the strength-matching ℓ fixes the width of the regularized damage zone. The proposed

ion avoids this trade-off by using ℓ only to regularize the phase-field distribution, while the strength

ontrol crack nucleation and propagation separately.

le-edge notched plate

, we consider a single-edge notched plate under shear loading, shown in Fig. 2(b). The bottom

s fixed in horizontal and vertical directions, the top surface is fixed in vertical direction while a ho

ent is imposed at a rate of U̇Shear = 1 ·10−6 m/s. Due to the stress concentration at the tip of the

l form at this location. If fracture is driven by the shear stresses, the crack will propagate horizontal

iven by tensile stresses, the crack will propagate downwards under an approximate 45◦ angle. Mixe

will result in a fracture path in between these two extreme cases. We will consider both the r1 s

from Eq. (17) as well as the Drucker-Prager-like criterion from Eq. (18) with varying reference stra

g the increased strength in the compressive regime.

esulting load-displacement behaviour, shown in Fig. 11, indicates two distinct regimes for crack prop

e r1 criterion or the Drucker-Prager-like criterion with a high reference strain, a sudden drop in
20
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(a) r1 (b) Drucker-Prager-like, εref = 10−3 (c) Drucker-Prager-like, εref = 10−4

(d) r1 (e) Drucker-Prager-like, εref = 10−3 (f) Drucker-Prager-like, εref = 10−4

Horizontal displacements (a-c) and phase-field variable (d-f) obtained for the single-edge notched plate under shea

lied strain of εxy = 3 · 10−3, using the r1 and Drucker-Prager-like strength criteria. Colourbars are shared across

during crack propagation. Representative results for this regime are shown in Fig. 12(a,d),

crack propagation is driven by shear. In contrast, using the Drucker-Prager-like criterion wit

strain, Fig. 12(c,f), and thus a higher shear strength in compressive regions, the shear crack is p

ed with the initial crack propagating in a mixed-mode manner, before switching to a mode-I cra

petition between shear and tensile crack propagation is also observed in the load-displacement be

small drops in strength during the mixed-mode propagation, while showing a hardening-like be

ter propagation, where the crack is driven by tensile stresses only. The intermediate cases are t

ed as a transition between the shear-dominated and tensile/mixed-mode regimes, rather than as a s

ure mechanism.

bly, all cracks propagate either horizontally or downwards, with none of the cases showing cracks prop

. This is a consequence of the crack driving force expressions: The r1 expression from Eq. (17) e

compressive strains from the driving force by putting these in a non-damaged term, Fi, such that

e solely driven by extensional stresses. The resulting driving force in the compressive regime is so

oric stresses, hence causing horizontal crack propagation. For the Drucker-Prager-like criterion, E
21
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Figure 13: Impact of fracture energy release rate Gc on the combined crack length for the dynamic fracture case.

ic strains do not contribute to crack propagation as they are not aligned with the eigenstrain di

mpressive loading via the direction G. While the approaches to eliminate the contribution of com

to crack propagation differ between the two criteria, they both successfully achieve this, resultin

opagating upwards.

amic fracture

final case considered consists of a notched plate of 1 m × 0.5 m with an initial notch of 0.25 m

ft edge, shown in Fig. 2(c). An external traction of σext = 10 MPa is applied to the top and bottom

ase considers the dynamic behaviour, we set the damping coefficient to c = 0. To give a detai

crack paths, we also use a smaller phase-field length scale of ℓ = 0.01 m, with a corresponding

= ℓ/3. The fracture criterion uses the Drucker-Prager-like criterion from Eq. (18) with a referenc

1, practically removing the pressure dependence while retaining the smooth transition between

e-II cracks. The fracture release energy Gc is varied between 1 kJ/m2 and 100 kJ/m2, covering

ack propagation to a more cohesive behaviour. To get a measure of the length of the developed cr

the total crack length through the phase-field distribution function γ, Eq. (4), as:

Lcrack ≈
∫

Ω
γ(ϕ) dΩ

note that this only gives an estimate of the crack length for ductile cases. This is due to the ph

ion function being defined as the degradation of the fracture energy, rather than the presence o

ndard phase-field methods. Hence, when the material has a noticeable cohesive zone, where ϕ <

, the obtained length will be an underestimate of the actual crack length. For brittle cases, wh

ld is ϕ ≈ 1 along the crack, this estimate is more accurate.

volution of the crack length over time is shown in Fig. 13. As expected, the cases with the lowest

ergy have the fastest crack propagation, reaching the edges of the domain after 0.8 ms. Increasing t

cture energy reduces the rate of crack propagation, with the Gc = 10 kJ/m2 case showing approx

he crack length of the Gc = 1 kJ/m2 case. The curves for the higher fracture energies rema

orizontal axis because these cases do not develop measurable crack propagation over the simulat
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(a) Gc = 1 kJ/m2 (b) Gc = 1 kJ/m2

(c) Gc = 2.5 kJ/m2 (d) Gc = 2.5 kJ/m2

(e) Gc = 5.0 kJ/m2 (f) Gc = 5.0 kJ/m2

(g) Gc = 7.5 kJ/m2 (h) Gc = 7.5 kJ/m2

(i) Gc = 10.0 kJ/m2 (j) Gc = 10.0 kJ/m2

Phase-field (left column) and vertical displacement (right column, magnified by ×1000) obtained for the dynami

0.8 ms.
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The obtained fracture pattern for the Gc = 1 kJ/m2 case is shown in Fig. 14(a,b), showing th

short branches as it propagates to dissipate additional energy, and branches into two distinct cra

ure release energy is increased, Fig. 14(c,d), the formation of distinct branches is suppressed, w

that develop halting their propagation soon after forming. Higher values for Gc suppress these u

, creating two distinct crack branches without additional bifurcations, Fig. 14(e,f). Further incr

ure release energy, Fig. 14(g,h) and Fig. 14(i,j) fully suppress all crack branching, resulting in

pagating horizontally from the initial notch. As the fracture energy is increased beyond Gc = 10

ure becomes unable to propagate, instead creating a small region at the crack tip where the phase

.

onnection between Gc and branching follows from the dynamic energy balance. In the present form

ure dissipation rate is

Ψ̇c = Gc

∫

Ω
γ̇(ϕ) dΩ ≈ GcL̇crack.

ating crack therefore dissipates more elastic energy than a single straight crack, since multiple cr

ditional crack length over the same time interval. For low Gc, the energetic cost of this addition

s small relative to the elastic and kinetic energy released by the rapidly propagating crack, so

can form as an additional dissipation mechanism. At Gc = 5 kJ/m2, the available driving energy

ransition: a secondary branch initiates and grows, but further bifurcation is suppressed. For hig

fraction of the available energy is spent extending the main cohesive crack and maintaining the

ich reduces both the crack speed and the off-axis driving force. No additional branches are for

her Gc cases, and the solution evolves towards a single horizontal crack.

asymmetry of the damage zones in Fig. 14 follows from this same dynamic branching instability

is branch initiates, the elastic and kinetic energy available near the crack tip is redistributed

g crack paths. In the transitional cases, there is sufficient energy for a secondary branch to n

for both branches to develop into self-sustaining cracks. Small perturbations from the discretizatio

on, and nonlinear solution procedure therefore select one branch, which continues to grow and

sing branch, causing it to stagnate. The direction of this symmetry breaking is not prescribed

imilar to the diagonal crack direction selected in the compressed plate-with-hole case. The full spe

d here, rather than imposing a symmetry boundary condition, so asymmetric branching is not ar

ed.

ote that all the cases use the same strength surface, using the same values for the tensile an

, hence showing that these do not play a significant role in determining when cracks can propaga

rast to the previous cases that studied crack initialization, where the strength surface and tensile s

dominant role. As a result, this indicates that the presented scheme correctly captures the

r of crack nucleation and propagation, with the strength surface governing the former and the

nergy governing the latter, with both of these aspects being independent of the phase-field leng

the numerical regularization.
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lusions

is paper, we presented a computational framework for modelling cohesive fractures within the ph

paradigm. The main contribution is the return-mapping reformulation of an eigenstrain-based

ld model with an explicit strength surface, which turns the additional fracture-eigenstrain fields of p

inimization formulations into an integration-point-local constitutive update. This is significant

strength-controlled crack nucleation and energy-controlled cohesive propagation to be introdu

finite-element phase-field implementations without additional global eigenstrain degrees of freedom

ept of fracture eigenstrains from [35] and integrating this within a local constitutive model, we

re both brittle and cohesive fracture nucleation and propagation. The presented method is abl

th surface to predict the stress required for fracture nucleation, while the energy release rate

agation behaviour. Furthermore, due to the used local formulation, no additional degrees of

ired to capture the cohesive behaviour compared to standard phase-field formulations, with the c

behaviour solved on a per-integration-point basis comparable to plasticity models. As a result, the p

straightforward to integrate within existing codes, and an example implementation is provided (

ity statement).

hree benchmark cases confirm that crack nucleation is governed by the prescribed strength surfac

ion is controlled by the fracture energy release rate Gc, with both aspects independent of the ph

ale ℓ. Specifically, varying ℓ over an order of magnitude (from 0.01 m to 0.1 m) produced less t

in peak load for both tension and compression. The element-size study showed that mesh-inde

lacement responses are obtained for ℓ/dx ≥ 2, consistent with the guidance for standard ph

. For the dynamic branching case, reducing Gc from 10 kJ/m2 to 1 kJ/m2 increased the crack le

ately an order of magnitude and triggered crack branching, demonstrating the model’s ability to

fracture phenomena without ad-hoc criteria. Within this benchmark setting, the results demonstr

n-mapping formulation provides a practical route for introducing explicit strength surfaces and

behaviour into standard finite-element phase-field implementations. The conclusions are limited

eous, small-strain problems considered: applying the same local-update structure to nonlinear m

r, finite strains, heterogeneity, or interfaces would require additional constitutive choices beyon

d in this manuscript.

ailability

e element code used within this study, together with all input files required to reproduce the

in this paper, is available at https://github.com/T-Hageman/Cohesive-PhaseField-FenicsX
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layton, R. Duddu, T. Hageman, E. Mart́ınez-Pañeda, Modeling ice cliff stability using a new

lomb-based phase field fracture model, Journal of Glaciology 71 (2025) e70. doi:10.1017/jog.20

un, R. Duddu, Hirshikesh, A poro-damage phase field model for hydrofracturing of glacier cr

reme Mechanics Letters 45 (2021) 101277. doi:10.1016/j.eml.2021.101277.

iehe, S. Mauthe, S. Teichtmeister, Minimization principles for the coupled problem of Darcy–B

transport in porous media linked to phase field modeling of fracture, Journal of the Mechanics and

olids 82 (2015) 186–217. doi:10.1016/j.jmps.2015.04.006.

u, L. De Lorenzis, A phase-field approach to fracture coupled with diffusion, Computer Methods in

hanics and Engineering 312 (2016) 196–223. doi:10.1016/J.CMA.2016.05.024.

. Duda, A. Ciarbonetti, S. Toro, A. E. Huespe, A phase-field model for solute-assisted brittle fra

tic-plastic solids, International Journal of Plasticity 102 (2018) 16–40. doi:10.1016/J.IJPLAS.20

.
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