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Highlights

Cohesive phase-field fracture with an explicit strength surface: an eigenstrain-based return-mapping

formulation

Tim Hageman

o Cohesive phase-field fracture with an explicit, tuneable strength surface.

« Eigenstrains are updated by local return mapping at integration points.

Consistent tangents for smooth and non-smooth strength criteria are derived.
e Formulation is implemented in a standard finite-element framework.

e Benchmark cases show mesh-independence and phase-field length scale independence.
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Abstract

Standard phase-field fracture methods are rooted in brittle fracture theory and therefore do not inherently pre-
scribe a material strength for crack nucleation, while also struggling to capture cohesive fracture behaviour. Recent
eigenstrain-based formulations overcome both limitations by introducing fracture eigenstrains that decouple the
strength surface from the fracture energy, but their implementation has so far relied on direct energy-minimization
frameworks rather than standard finite-element procedures. In this work, we exploit the fact that the eigenstrains
require no spatial gradients and reformulate the eigenstrain evolution as a local constitutive model, analogous to
those used in plasticity, that is resolved at each integration point. As a result, the cohesive phase-field requires
no additional global degrees of freedom beyond those of a standard phase-field formulation and can be readily
integrated into existing finite-element codes. Two strength criteria are considered: a non-smooth criterion with in-
dependent tensile and shear strengths, and a smooth Drucker-Prager-like criterion that captures pressure-dependent
strengthening under compression. Consistent tangent operators are derived for both criteria, ensuring robust con-
vergence of the global Newton-Raphson solver. The framework is validated against three benchmark problems: a
plate with a hole under tension and compression, a single-edge notched plate under shear, and a notched plate under
dynamic loading. The results demonstrate mesh-independent and phase-field length-scale-independent behaviour,
confirm that the fracture energy governs the transition between brittle and cohesive regimes, and show that complex
phenomena such as crack branching under dynamic loading are naturally captured. All source codes are openly
available.
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Nomenclature

b Body forces c Damping coefficient

d(¢) Degradation function Dy, Consistent tangent stiffness
E Young’s modulus fs Shear strength

f Tensile strength Fy Degradable strength potential
E Non-degradable strength potential G, G; Eigenstrain directions

G, Fracture energy release rate I Identity matrix

K Bulk modulus l Phase-field length scale

L Strain—displacement operator Ny, N,  Shape functions

u Displacement ¥(0) Phase-field distribution function
€ Total strain Eel Elastic strain

Eref Reference strain (DP criterion) n Fracture eigenstrain

K Residual strength parameter Kt Residual stiffness parameter
A A Eigenstrain multipliers 1 Shear modulus

v Poisson’s ratio p Density

o Cauchy stress T External traction

1) Phase-field parameter v Total energy

Q Domain T, Crack surface

F Crack driving force (history) tr(-) Trace operator

dev(-) Deviatoric operator Il Ly norm

(), ()

First, second time derivative

Macaulay brackets

1. Introduction

Over the last decades, the phase-field method has become one of the most popular methods to model fracture
propagation [1, 2]. Fractures are described through a partial-differential equation rather than by explicitly inserting
new fracture faces, making integration within existing finite element software straightforward [3-5]. As a result, this
method allows for arbitrary fracture paths, crack branching, and merging without special considerations of these
features [6, 7]. Phase-field models have also been combined with a range of other physical phenomena, e.g., the
numerous works on hydraulic fractures [8-11] and chemical degradation [12-15], where treating cracks as a diffuse
interface makes implementing these additional phenomena straightforward.

The phase-field fracture method is based on Griffith’s theory, prescribing the energy dissipated by propagating
cracks and letting the fracture path itself follow from minimizing the total energy contained within the system.
However, this origin in brittle fracture mechanics has also imposed a strong limitation [16, 17]: Griffith’s theory
does not capture when cracks nucleate as it does not prescribe a material strength. Instead, it solely predicts when
cracks propagate and the energy dissipated during this propagation [18]. As a result, phase-field methods inherited
the same issues, with crack propagation being modelled in a thermodynamically consistent manner, while crack
nucleation often uses ad-hoc criteria. For instance, while the phase-field length scale is introduced as a regularization

parameter, defining the distance over which the discrete crack is distributed, treating it as a material parameter
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instead allows a material strength to be defined [19, 20]. Other approaches to capture this material strength that
needs to be exceeded for cracks to nucleate include a series of stress-splitting schemes that split the elastic energy
between a part that does, and does not, contribute to damage, thereby approximating strength surfaces [21-25].

A second limitation of standard phase-field methods is the difficulty to capture ductile behaviour, stemming
again from the method’s basis in brittle fracture mechanics. While the degradation function can be calibrated
to match the unloading behaviour expected [26, 27], this calibration is done through uni-axial tension cases, and
extending this behaviour to multi-axial loading is often not possible [28]. Furthermore, the damage functions do
not include any fracture energy. As a result, calibration becomes material-specific, limiting application of the same
models to a range of materials. Similarly, cohesive behaviour can be approximated based on the choice of phase-
field distribution function [29], but this turns the choice of how to distribute the fracture energy over a finite region
into a material modelling choice rather than a mathematical concept. While this limitation can be overcome by
explicitly adding cohesive forces based on the displacement discontinuity, this adds extra complexity, requiring the
displacement jump to be defined throughout the domain [30, 31]. Alternatively, the phase-field method can be
combined with a plasticity model, using part of the plastic energy dissipated as driving force for fractures [32-34].
However, if plasticity is only expected to occur near the crack tip, this approach is both computationally expensive,
requiring a sufficiently fine mesh to resolve the plastic zone around the crack tip, and requires numerous additional
constitutive modelling choices.

Recent work by Vicentini et al. [35] and Bourdin et al. [36] has started to overcome these limitations, explicitly
introducing tuneable failure surfaces into phase-field formulations. By introducing fracture eigenstrains that decou-
ple the fracture release energy from the material strength, and including an explicit threshold below which cracks
cannot nucleate, their formulations are able to capture material behaviour across a range of fracture energies and
material strengths without relying on tuning regularization parameters or damage functions. However, while these
works provide a thorough mathematical basis, their implementations solve for the eigenstrains as additional field
variables through global energy-minimization frameworks that rely on the symbolic differentiation and optimization
capabilities of the programming libraries used. This introduces additional global degrees of freedom, requires spe-
cialized software, and makes integration into standard finite-element codes, where constitutive models are evaluated
pointwise at integration points, non-trivial. As a result, these formulations have so far only been demonstrated on
simple academic configurations.

The present work builds directly on these eigenstrain-based formulations, and does not claim the fracture eigen-
strains, explicit strength surfaces, or the decoupling of crack nucleation from fracture energy as new model ingre-
dients. The contribution is instead computational: the eigenstrain evolution is reformulated as a local constitutive
update at each integration point, rather than as additional global field variables. This local return-mapping strategy
is analogous to standard plasticity algorithms, making the formulation compatible with conventional finite-element
implementations and allowing consistent tangent operators to be derived for smooth and non-smooth strength sur-
faces. The resulting formulation is applied to standard phase-field benchmark problems, including mesh-refinement
studies, mixed-mode crack propagation, and dynamic crack branching, rather than being restricted to the mathe-
matical and small-scale test cases considered so far. To the author’s knowledge, this is the first such demonstration

for this class of cohesive phase-field models.
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To realise this local formulation, the work focuses on: (i) defining eigenstrain directions for each strength crite-
rion, including a new Drucker-Prager-like criterion that captures pressure-dependent strengthening under compres-
sion, (ii) deriving consistent tangent operators in closed form for both smooth and non-smooth strength surfaces,
handling the non-trivial switching between active and inactive failure modes, and (iii) addressing the numerical
conditioning challenges that arise from the near-singular tangent matrices at the onset of fracture. The energy
expressions and governing equations are described in Section 2, followed by a detailed description of the return-
mapping scheme and its consistent tangent stiffness matrix in Section 3. The benchmark problems used to assess
these properties are then presented in Section 4. All codes used for these benchmark cases are openly available,
allowing for building upon or using the models for other applications, see the data availability section at the end
of this paper. Throughout this work, italic symbols denote scalars, bold-upright symbols denote vectors, and bold-
italic symbols denote matrices. Stress tensors are denoted in bold-italic, while their Mandel-vector representations

are denoted in bold-upright.

2. Governing equations

We consider a domain 2, described through the displacement u and the phase-field parameter ¢. ¢ indicates the
loss of cohesive strength with ¢ = 0 indicating a fully intact material and ¢ = 1 indicating a full loss of strength.
This is in contrast to standard phase-field descriptions where it is used to indicate the presence of cracks through a
loss of the stiffness. Following the method from [35], the elastic strains are composed of a displacement component

and a fracture-eigenstrain component, using a small-strains assumption:
ga=e—n=Vu—n (1)

where the eigenstrains n allow for the representation of crack-like behaviour, by reducing the elastic strains to
represent, the reduced stresses transferred through crack surfaces. This n is zero when no cracks are present, is a
small factor of € at the onset of cracks where the crack still allows for the transfer of stress through the cohesive
zone, and evolves to a comparable magnitude as the total strains once the crack opening exceeds the cohesive length.
This eigenstrain is also used to enforce different behaviour normal and tangential to the crack surface, e.g. allowing
for normal stresses to represent self-contact under compression while removing the transfer of shear stresses.
Throughout this work, we assume a linear-elastic bulk behaviour, such that the elastic energy stored in the

material is given as a function of the elastic strains, Eq. (1), as:

1
¥, = / SKu(e =) + pldev(e — )| a0 (2)
Q

using the bulk modulus K and the shear modulus u. tr indicates the trace operator, while dev() is used to indicate
that only the deviatoric component of the strains is used, dev(e) = & — 3tr(e)I. ||| indicates the Ly norm,
|e||> = € : €. We note that the use of a linear-elastic, small-strain model is not a fundamental requirement of the
presented framework, and more general constitutive models could in principle be incorporated in a similar manner
as in standard phase-field models (e.g. finite strain [37-39] or hyperelasticity models [40-43]). The assumption
of linear elasticity is made here for simplicity and to focus on the implementation of the cohesive phase-field

fracture model. The same solution scheme could in principle be combined with more complex bulk constitutive
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models or material descriptions, but doing so would require problem-specific choices that are separate from the
implementation issue addressed here. For example, for finite-strain or nonlinear material models, the fracture
eigenstrains, stress measures, and tangent operators would need to be reformulated consistently within the chosen
kinematic setting before being incorporated into the same local-update structure, while heterogeneous or interfacial
fracture would require additional assumptions on how the strength surface and fracture energy vary across material
interfaces. These questions are therefore not pursued in the present manuscript, which uses homogeneous small-
strain benchmark problems to isolate and verify the proposed return-mapping based formulation.

The fracture energy release rate, G, indicates the rate at which energy is released during fracture propagation,
with low values of G corresponding to brittle behaviour while higher values typically lead to a more ductile/cohesive
type of fracture. Using this fracture energy, the energy dissipated through the opening of fractures is defined as
[44, 45]:

- ~ 97(¢)Ge
W, _/F G dT, ~ /ny(qﬁ)GC a0 520 (3)

c

with the KKT irreversibility condition ensuring that this is a purely dissipative mechanism [46]. The phase-field
distribution function y(¢) is used to distribute the energy released by a discrete crack over a finite region surrounding

the crack. Specifically, a quadratic, AT2-type [47], phase-field distribution function is used, given by:

19) = o7 (6 + CIVSP) (1)

using the length scale ¢. This length scale indicates the region over which the loss of cohesive strength is distributed.
Through the introduction of this length scale, mesh-size independent results can be attained even though the
eigenstrains representing the crack are localized. We note that the choice to use an AT-2 model was made to not
impose an additional strength criterion on top of the strength potentials defined in Section 2.2. Instead, using an
AT-1 model would require the eigenstrains to exceed a certain length-scale dependent threshold before the phase-
field variable can increase, thus resulting in initial cracks not starting to lose cohesion until this threshold is reached.
As the eigenstrains are used to represent the crack opening, this would result in a non-physical behaviour where
cracks can open without losing cohesion until a certain crack opening is reached. An AT-2 model does not have
this issue, as the phase-field variable can increase as soon as the eigenstrains start to develop, allowing for a more
physical representation of the cohesive behaviour.
To link the phase-field functions and the fracture eigenstrains, a material strength potential is introduced [35].
As will be shown later, the derivative of this potential will define the maximum stress that can be sustained by the
material, and how this degrades as the phase-field parameter increases. The energy contribution of this strength
potential is given by:
vi= [ P ae = [ d)Fu + R a9 (5)
with the potentials Fy and F} used in Section 2.2 to define the strength of the material and the non-penetration

condition respectively. The degradation function is defined in a standard manner:

d(¢) = (1-r)(1-¢)° +r (6)

such that the full strength potential Fy is used to describe the intact material, while degrading this potential based

on the phase-field parameter to represent the loss of cohesion as the cohesive crack evolves. The parameter « is used
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to provide a residual strength, preventing the strength potentials from degrading fully such that their derivatives
remain well-defined. We note that this differs from standard phase-field formulations, where k is a residual stiffness.
Finally, we include dynamic effects through inertia and damping energy contributions, and loading through the

body and external forces energy contributions:

1 1
xpi:/ —pu? dQ+// —pe? dtdQ \Ifb:/bTu dQ+/rTu dr (7)
Q2 tJa 2 Q r

using the density p, body forces b, and external traction 7. Within the subsequent examples, the damping is
included to limit the impact of stress waves due to sudden material failure when considering cases under slow
loading, whereas for cases explicitly considering dynamic loading it is set to zero. The inclusion of inertia, even
for slow loading, helps with spreading the crack propagation over multiple time increments, preventing the need to
resolve cracks propagating through the full domain within a single time/load step. Body forces are included within

this derivation for completeness, but are set to b = 0 in the benchmark cases considered.

2.1. Energy minimization

The governing equations follow from minimizing the energies contained within the material, Egs. (2), (3), (5)
and (7):
min (¥V(u,n,¢)) = min(Ve + Ve + ¥y — U; — Uy (8)

This is the total energy expression proposed by Vicentini et al. [35], who minimize it directly using a global
optimization framework that treats u, 1, and ¢ as independent field variables. In the present work, we instead
derive the governing equations and constitutive relations that follow from this energy, and resolve the eigenstrain
evolution locally at each integration point. The governing equations are given through the derivatives with regards
to the displacement u and phase-field parameter ¢. First, using the derivative with respect to u, we obtain the
weak form of the momentum balance:

O—a—u—

/5uT(—V-a+pcﬁ+pﬁ—b) dQ (9)
Q

where integration by parts has been used to obtain the divergence of stress term, to more clearly convey the strong
form relations. When producing the finite element forms in Section 3, this will be reversed to remove the need to
obtain stress gradients. Next, using the derivative of the total energy with respect to ¢, we obtain the weak form

of the phase-field evolution:

9d(¢)

0= - o) (CZC@ — 2V ) + }‘> dQ (10)

9 g o
Within this relation, the irreversibility condition is enforced by using the history parameter F, defined as the

maximum achieved crack driving force:
]_-H—At(n) — max(FéJrAt(n),]-'t) (11)

where the superscripts ¢t + At and ¢ are used to indicate the current and previous discrete time steps respectively.
This history parameter ensures the crack formation is a purely dissipative mechanism, ensuring that the phase-field

parameter ¢ can only increase, and thus the strength potential can only degrade, as the crack evolves.
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In addition to these governing equations, the constitutive models result from minimizing the total energy with
regard to our internal variables, the total strains and fracture eigenstrains. Considering the total strains results in

the constitutive models for the elastic stresses:

o= (Z—\: = Ktr(e — n)I + 2udev(e — m) (12)

and considering the fracture-eigenstrain results in the material strength criterion:

ov OF4(n) N OFi(n)

0< 5, =~ (Ktrle —m)I + 2udev(e —m)) +d(6) =5 o OFa(n) | OFi(n)

on on

=d(9)

—o (13)

This constitutive model requires that the stress state of intact material remains within or on the derivative of
the strength potential functions, d(qﬁ)a%}]m + 81:;‘7;") > o. When the stress reaches this potential surface, the
eigenstrains develop to retain the stress on the potential surface, while increasing the phase-field driving force F.
This then allows the phase-field variable ¢ to increase, decreasing the damage function d such that the strength
potential reduces. As such, the strength criterion decreases, representing the loss of cohesion as the eigenstrain
(and thus the crack opening) increases.

For the direction of the eigenstrains, we define these to follow the directions of the strains e through a function

G, such that:
n=AG(e) (14)

in the case of a smooth failure surface, or in the case of a surface composed of multiple facets, using:
n=>Y_ M\Gie) (15)
i

using the multipliers A to indicate the magnitude of the eigenstrains. Using these directions based on the strains e
allows the eigenstrains 1 to follow the same direction, thereby ensuring that the eigenstrains always act to reduce
the total strains. As a result, we can reduce the strength criterion from Eq. (13) to solely require the stresses in

the direction of the currently applied strains not to exceed the fracture surface. This results in:

oV _ dn 0¥ _ (gf) : (d(é)a%j,(,n) + al;i?(?n) _G>

This criterion only requires the stresses to be within the failure surface in the potential directions of unloading,

0< = : =
— o\ O\; (9’)’]

(16)

thereby solely requiring the multipliers A to be resolved rather than all components of 1. It should also be noted
that, as no spatial gradients of the eigenstrains are required, these multipliers can be solved on a point-by-point
basis, rather than requiring A to be resolved as a complete field. As a result, the constitutive models can be resolved

in a similar manner as for plasticity schemes, using an integration-point-local return mapping scheme.

2.2. Strength potentials

Here, we will consider two combinations of strength potential and eigenstrain directions. The first is the r1

criterion used by Vicentini et al. [35], defined through the tensile strength f; and the shear strength f;:

Fa= £ (o) + fldevn)| B = 10, (sx(m)~ (17)
_ 1 tr(e) _ dev(e)
=3l 2T el (170)
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Figure 1: Strength surfaces for a fully intact material (¢ = 0) using fs = 0.5f¢, with the r1 criterion, Eq. (17), shown in blue, and the

other colours indicating the Drucker-Prager-like criteria, Eq. (18), using different values for &,¢f.

where the Macaulay brackets (D>+ and ()~ are used to indicate that this term is only non-zero if the quantity is
positive/negative respectively, thereby enforcing a different behaviour under compression/tension. Specifically, the
compressive strength is set to —10%x the tensile strength, and this compressive strength is not degraded, thereby
ensuring that even when the material is fully damaged, d = 0, it still correctly enforces a non-penetration condition
on contact. Furthermore, this compressive strength is set to be negative, such that once projected in the compressive
direction, it produces a positive value. The directions for the eigenstrains, G; and Go, are used in a normalized
form, such that \; directly dictates the magnitude of these strains. This failure criterion is shown in Fig. 1 as a
blue line, with the compressive strength limit/non-penetration condition, resulting from F}, not shown as this falls
far outside the limits of the plot.

The second strength potential used is a combination of the 2 criterion from [35] under tension, and a Drucker-
Prager-like cone under compression. This function is defined through the tensile and shear strengths and an

additional parameter €,.r that dictates the strength increase under compression:

2 VIR () + f2lldev ()] i tr(e) =0 (18a)

fo(1-22) fdev(m)|  if tr(e) <0

Eref

i if  tr(e)>0
G={" (18b)
dev .
|\dcv8|| if  tr(e) <0

As we explicitly enforce that the eigenstrains are in the deviatoric direction under compression through G, we
do not need to separately enforce non-penetration conditions. Altering the direction of the admissible fracture
eigenstrains under compression achieves the same as the penalty term within Eq. (17): Allowing for shear cracks
while preventing volume changes and thus the crack faces from interpenetrating. We also note the presence of the

strains € within the definition of the strength potential, which is required to obtain the strengthening effect under
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compression. As tr(n) > 0 per definition, 77 cannot be used to define the compressive strains acting on the material.

This failure surface is shown in Fig. 1 for different values of €.

3. Computational implementation

The governing equations, Eqgs. (9) and (10), are solved using the finite element method, discretizing the dis-

placement and phase-field variable as:
u=>» N, ¢=» Nyo, (19)
el el

using quadratic Lagrange elements for both the displacements, IN,, and the phase-field, N4. u, and the phase-
field ¢,, are the nodal values for the displacement and phase-field for the specific element being considered. For
notational convenience of the derivatives of the strength surface, and the resulting tangent stiffness matrix, we will

use Mandel notation, defining the relation between displacements and strains as:

T
€= |:Ezz Eyy Ezz \/igyz \/5512 \/Egzyi| = LNUun (20)

where L is the displacement-to-strain mapping matrix. Using this discretization, the weak forms of the governing

equation are discretized as:

Fu:/NJLTa+chuTNuan+pNJNuﬁn+NJb dQ+/NuTT dr'=0 (21)
Q T

F, = /Q %N;an +Gel (VNg) ' YNy, —2(1 - 5)NJ (1 - N[ ,)F d2 =0 (22)
where the stresses o (and the tangent stiffness matrix required for the non-linear solver) and the crack driving
force F are calculated within each integration point through a return-mapping scheme, similarly as is standard
within plasticity models. A multi-pass staggered solution scheme is used, solving for the displacements and fracture
eigenstrains first, then solving for the phase-field, and iterating several times until both fields are converged (or
a maximum of 5 passes have been performed). A Newmark scheme is used for the time discretization of the
displacements, using time-integration parameters f = 0.5625 and v = 1.0. These values for the time-integration
are chosen to enforce sufficient numerical damping, preventing stress waves travelling through the complete domain
and reflecting on the boundaries. The discretized equations are implemented using the finite-element programming
library FEniCSx [48], together with the numba library [49] for the calculation of per-integration-point quantities,
and the codes used to generate all results are openly available (see data availability at the end of this paper). The

resulting staggered global solve and local integration-point update are summarized in Algorithm 1.

3.1. Return mapping scheme
The strength criterion, Eq. (16), together with the relation between stresses and elastic energy, Eq. (12), are
solved within each integration point. First considering the case with a single eigenstrain direction, e.g. Eq. (18),

this scheme is described through the two residuals:
a\IJel

fi=0=0 9 — 0 (23a)
oo if (%)T(g{—a)w 31
T (8—")1— (B—F — (r) + kKA otherwise
A an t
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Algorithm 1 Staggered finite-element solution with local return mapping

1: for each time/load step ¢ + At do
2: Initialize u**2t, ¢!+t and F*HA* from the converged state at t

3: for staggered pass k =1, ..., knax do

4: Start the Newton-Raphson solve of the displacement problem

5: for each Newton iteration of the displacement solve do

6: for each integration point do

7 Compute the strain € from the current displacement ut+t4?
8: Determine the active strength-surface condition

9: Solve the local return-mapping problem for A or \;

10: Return o and Dy, to the displacement residual and Jacobian, and store F
11: end for

12: Assemble and solve the linearized global Newton system

13: Update the displacement iterate u*+4*

14: if the displacement residual has converged then

15: Break

16: end if

17: end for

18: Solve the phase-field problem using the updated history field F
19: if the staggered fields have converged then

20: Break

21: end if

22: end for

23: end for

where the fo = A condition is used when the stresses are within the failure criterion, enforcing A = 0, while the
second criterion solves for A such that the stresses are on the fracture criterion. A small additional factor s K\ is
added to the second equation, with this term providing a residual stiffness post-fracture by extending the failure
surface based on the magnitude of the fracture eigenstrains. This stiffness is needed in addition to the residual
strength k from Eq. (6) to ensure no unconstrained degrees of freedom arise when the stresses are on the strength
surface.

The system of equations from Eq. (23) is solved using an iterative Newton-Raphson scheme, described in the

case where the stresses exceed the failure function by:

2y 9
do I egam
K =— h where K = o\ T gt A (24)
dx s (g) i K
using the tangent matrix K. This matrix is also used in constructing a consistent tangent stiffness matrix as:
felo) _2v
o | _ K71 Ot (25)
g 0
Oe
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where the top (6 x 6) sub-matrix, corresponding to the %—g, is used within the non-linear solving scheme for the

momentum balance, Eq. (21). For this case, where only a single direction of the fracture eigenstrains is used, this

tangent stiffness matrix can also be explicitly expressed in terms of the direction of the eigenstrains as:

%W O (811)—r

0%V Je2 A \ oA
Dtan = 8&261 I-— on 862\1/ on (26)
el
(ﬁ) get ox T K

which clearly shows the role of the residual stiffness x¢. Without this term, as soon as the stresses exceed the
strength surface the stiffness in the direction of the eigenstrains becomes zero. By including this term, the stiffness
is set to a small value, avoiding issues with ill-constrained degrees of freedom. Furthermore, this slight offset from
the strength surface also helps the iterative scheme from Eq. (23) by preventing the state from alternating between
two conditions due to trying to return to the surface exactly.

If instead we consider a non-smooth fracture criterion, e.g. Eq. (17), where the strength criterion is checked and
the eigenstrain develops in multiple independent directions, the residuals are defined in terms of stresses o, and the

two eigenstrain magnitudes Ay and \s as:

flzozqia(;lfsel 0 (27a)
h—o=dM 0 (&) () >0 (27)
2=v= (ﬂ)T(al_G)+ﬁtKAl otherwise

O on
o [ ) (o) o
3=0= (BJ)T (@ 7 0) + kK )y otherwise

Oz on

where for each direction the stresses need to stay within the individual strength surfaces, in this case separately
checking for the volumetric and shear components. Following from these residuals, assuming eigenstrains develop

in both directions the iterative solution scheme is given as:

3*w 0 2%wv 9
do fi I . e 87)]\11 Oe? &
Klan| =- | where K = (5’—;1) e 0 (28)
5 T
dAg fa (32) 0 KK

If instead, only one of the failure criteria is exceeded, the tangent matrix becomes:

I %W o 9%¥ On I 8%V on 9%V On
T Oe? 8>\1 Oe? BA2 Og? 8/\1 Oe? 8A2
K = (adT\l) kK 0 or K = 0 1 0 (29)
T
el
0 1 () o wK

when eigenstrains only develop in the Ay or Ay directions respectively. An explicit expression for the tangent stiffness

matrix follows from using the Schur complement:

920, 920, 92, kK 0
D., = L1 - lgs1gT where g= [GJ 37“} and S=g' lg — [
0g? Oe? 0 ke K

(30)

11



245

246

247

248

249

250

251

252

253

255

256

257

258

259

260

261

262

263

264

265

266

267

I 1m

A
v

5 0.01 rﬁI_—l E o niI::-
TR

(a) Plate with hole (b) Single edge notched plate (¢) Dynamic fractures

w g0

<
<
<&
<

Figure 2: Geometries and boundary conditions considered for the example cases.

If only the strength in one of the eigenstrain directions is exceeded, the direction that corresponds to the intact
strength in g is set to zero and the diagonal term is set to one to obtain the tangent stiffness. We note that
the use of a Schur complement, rather than directly calculating the inverse of the K matrix is needed due to the
poor conditioning of this matrix. Convergence issues were encountered using K ~!, whereas no such issues were
seen using the Schur complement which obtained well-converging results for all cases considered, with convergence
rates between linear at the onset of fractures and quadratic when no new integration points start to fracture.
Detailed residual histories are not reported here because they depend on the time/load increment (larger increments
require more iterations), mesh, and active crack-growth state (crack nucleation and bifurcation), and therefore do
not provide a problem-independent convergence benchmark. However, the solver settings and scripts used for
all examples are included in the openly available source code, allowing the nonlinear convergence histories to be

generated and inspected for each benchmark case.

4. Benchmark cases

To demonstrate the capabilities of the presented model, and explore the required element sizes, and influence of
model parameters, we will consider the three cases shown in Fig. 2: A plate with a hole under tension, a notched
specimen under shear, and a notched specimen under dynamic loading. All cases use the same material parameters,

shown in Table 1, unless stated otherwise, and all cases assume plane-strain conditions.

4.1. Plate with hole

The first case considered consists of a unit square with a hole with a diameter of 0.2 m in the centre. The bottom
of the domain is fixed in horizontal and vertical direction, while a displacement is imposed at the top surface at a
rate of Uext =+3.1076 m/s. This strain rate is chosen low to limit the impact of inertia for most cases, with it
only affecting the obtained results for cases showing a snap-back type behaviour where the material suddenly fails.
Loading under either tension (upwards displacement) or compression (downwards displacement) are considered.

Due to the stress concentrations at the side of the hole, and the equal tensile and shear strength, cracks should form
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Young’s modulus E | 200 GPa

Poisson ratio v 0.3
Tensile strength fo | 150 MPa
Shear strength fs 150 MPa

Fracture release energy G. | 100  kJ/m?
Phase-field length scale ¢ | 0.05 m

Density p | 8000 kg/m?
Damping coeflicient c 108 st
Residual strength k | 1073
Residual stiffness ke | 1079

Table 1: Material properties used unless otherwise stated for Sections 4.1-4.3.
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Figure 3: Effect of element size on load-displacement behaviour under compression (negative €y,) and tension (positive eyy).

for both cases at the sides of the hole. For the tensile cases, these cracks will propagate horizontally, whereas for
the compression cases they will follow the direction of the maximum shear stress, propagating at an approximate

45° angle.

4.1.1. Element-size requirements

The guidance when using standard phase-field methods is to use 2 — 5 elements per phase-field length scale. To
confirm this still holds for the presented method, compression and tension simulations are performed for a range of
element sizes, shown in Fig. 3. When the element size is larger than the phase-field length scale, this element size
dictates the region over which the fracture energy is distributed, causing a more ductile behaviour. Starting from
¢/dx =~ 2, similar behaviour is observed for both tension and compression, with further mesh refinement having an
almost negligible effect, especially for the compressive cases. The near-overlapping curves for £/dx > 2 in Fig. 3 are
therefore the intended indication of mesh-independent behaviour, rather than a lack of resolution in the figure. The
full mesh-refinement study is summarized by the load-displacement curves, while the displacement and phase-field
contour plots are shown for representative coarse and refined meshes to illustrate the corresponding localization

behaviour.
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Figure 4: Effect of element size on phase field for the tensile plate with hole case. Results shown at an applied strain of eyy = 3 - 103,
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field variable (c,f) for the compressive plate-with-hole case, using a coarse and a finer mesh.
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Figure 6: Effect of the fracture release energy G¢ on the load-displacement behaviour for the tensile and compressive plate with hole

cases. Cases using dashed lines correspond to the horizontal failure mode discussed in the text.

The phase-field obtained for the extensional case, shown in Fig. 4 confirm this mesh dependence: When using
¢/dx =1 a clear effect of element orientation and size is observed, with the phase-field following the orientation of
the elements, causing a sawtooth-like crack. Upon mesh refinement, this pattern disappears and a smooth phase-
field is obtained starting from ¢/dx = 3. However, the crack still shows a minor influence of the element orientation,
observed by the crack not being horizontal, up to ¢/dx = 5 where a horizontal crack is obtained.

If we consider the compressive cases, Fig. 5, this element-orientation dependence is not exhibited as the crack
path matches the element orientation, with ¢/dx = 2 being sufficient to obtain mesh-independent results. Notably,
displacement jump shows a clear localization to a single row of elements, and hence the thickness of the band
over which the displacement jump is distributed becomes smaller with mesh refinement. However, the use of the
phase-field distribution function to distribute the fracture release energy over a finite area suffices to regularize the
problem and allow mesh-independent load-displacement behaviour to be obtained despite the displacement jump
remaining localized. This case also shows that, for compressive cases, the fracture criterion correctly enforces a

no-penetration condition, with the upper half of the domain slipping along the crack surface.

4.1.2. Fracture release energy

Next, we consider the effect of the fracture release energy, showing that the presented scheme correctly captures
both the brittle behaviour expected at low energies, and the cohesive behaviour typical of higher fracture release
energies. Simulations were performed for a range of energies between G. = 10 kJ/m? and G. = 1000 kJ/m?,
using a constant phase-field length scale of £ = 0.05 m and characteristic element size £/dx = 3. As in the mesh-
refinement study, the full parameter sweep is summarized through the load-displacement curves, while contour plots
are provided for the cases where the fracture pattern requires additional interpretation.

The resulting load-displacement behaviour, shown in Fig. 6, shows the clear impact of the fracture release energy.
At low energies, an instantaneous drop in load is observed at the onset of fractures. As the energy is increased, this
drop is reduced, and a more gradual unloading is observed, confirming that the model is able to correctly capture
both the brittle and the cohesive regimes. For the lowest fracture energy under tension, where the behaviour is

most brittle and the cohesive zone is negligible, the peak load can be compared to an analytical estimate. The
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the cases with low fracture release energy.

stress concentration factor for a circular hole in an infinite plate under uniaxial tension is Ky = 3 [50], such that the
expected applied stress at crack nucleation is oyye ~ fi/Ky = 50 MPa. This is in agreement with the numerically
obtained peak stress for the most brittle case in Fig. 6, confirming that the prescribed strength surface correctly
governs the onset of fracture. We further note that an increased peak load is observed for the higher values of G,
which is a consequence of the cohesion: when the fracture energy is low, the material fails as soon as the strength
surface is reached, causing a sharp crack to propagate. While the stresses are still bounded by the failure surface
for the higher values of G., the cohesive zone behind the crack tip allows the total load transferred to increase
as the crack propagates, while also reducing the stress concentration at the crack tip. As a result, the total load
transferred increases initially as the crack propagates, causing the increased strength observed for higher values of
Ge.

The consistency between the crack-nucleation site and the onset of phase-field damage follows directly from the
local constitutive update. Fracture eigenstrains, and therefore the crack-driving history field F used in the phase-
field equation, can only develop at integration points where the stress state reaches the prescribed strength surface.
In the tensile plate-with-hole case this occurs first at the sides of the hole, where the elastic stress concentration
is largest. The agreement between the computed peak stress and on,e = fi/K; therefore confirms that crack

nucleation is governed by the strength surface, rather than by the phase-field length scale or fracture energy.
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This transition can be understood by noting that the strength surface controls crack nucleation, while G,
controls the energy required to open and propagate a cohesive crack. Changing G. changes the post-initiation
cohesive response: low G corresponds to a small amount of energy dissipation and a short cohesive/process zone,
so the material rapidly loses its load-carrying capacity once the strength surface is reached. Higher G, requires more
energy to be dissipated during crack opening, increasing the characteristic cohesive length scale and allowing cohesive
tractions to continue being transferred behind the crack tip. A useful estimate for this length is I, ~ EFG./(1 —
v?)/f2 for plane strain. Using the material parameters from Table 1, this gives I, ~ 0.1 m for G. = 10 kJ/m?2,
which is much smaller than the 1 m specimen width, and I, ~ 10 m for G. = 1000 kJ/m?, which is larger than
the simulated domain. The lowest-energy cases therefore behave close to a brittle crack, whereas at the highest
energies the complete crack path remains within the cohesive/process-zone scale, explaining the gradual unloading
and increased apparent load capacity. These results furthermore confirm that the model correctly decouples the
physical length scale, introduced through the tensile strength and fracture release energy, from the numerical length
scale, introduced through the phase-field length scale.

However, even though the load-displacement behaviour of all cases looks plausible, under compression the two
cases with the lowest fracture release energy, G. = 10 kJ/m? and G, = 25 kJ/m?, showed a different failure mode
where the phase field did not localize into a diagonal shear band from the onset. Instead, cracks initially propagated
horizontally with the phase-field spreading over a region roughly twice the width of properly localized cracks, as
shown in Fig. 7. The displacements obtained within these two cases also show a clearly different behaviour, where
the material is crushed/squeezed horizontally, rather than slipping along a diagonal crack. As this horizontal
damage zone propagates sideways, it eventually localizes into diagonal cracks. This behaviour was verified to
be consistent across time-step refinements, phase-field length scales, staggered iteration counts, and both failure
criteria considered, confirming that it is not a numerical artefact. A plausible explanation follows from the stress
distribution around a circular hole under far-field compression [50]: a tensile hoop stress develops at the sides of
the hole that decays rapidly with distance, alongside the far-field shear stress that sustains diagonal shear bands.
At low G, the cohesive zone is negligible and the horizontal mode-I crack, driven by this tensile hoop stress, can
propagate over a significant distance before the diminishing driving force arrests it. At higher G, the cohesive zone
resistance arrests the horizontal crack after only short propagation, leaving the diagonal shear band, sustained by
the far-field stress state, as the dominant mode. This competition between crack modes is only observed under
compression, where both tensile hoop stresses and shear stresses coexist, and not under tension, where the stress

state unambiguously drives a horizontal mode-I crack.

4.1.8. Length-scale dependence

Finally, we consider the effect of the phase-field length scale ¢, showing that within the presented model this is
solely an indicator of the width of the phase-field region, rather than impacting the physical behaviour. Simulations
were performed for a range of length scales between ¢ = 0.01 m and ¢ = 0.1 m. These simulations were performed
with a constant fracture release energy of G, = 100 kJ/m? and characteristic element size ¢/dx = 3. The resulting
load displacement behaviour, Fig. 8, confirms that the phase-field length scale has negligible effect on the strength

and energy dissipation during fracture. An order of magnitude difference in length scale (and element size) results
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Figure 8: Effect of phase-field length scale on the load-displacement behaviour, and zooms on relevant regions.

in less than 5% difference in the obtained peak load. While the unloading behaviour, especially for the compression
cases, shows a slightly larger difference, with smaller length-scales experiencing a reduced drop in stress at the
onset of fracture, this is still relatively minor and can be attributed to the reduced element size aiding with the
localization of cracks and better resolving the increased stress concentrations.

The obtained phase-field solutions and displacements, shown in Fig. 9, confirm that the length scale only impacts
the width of the phase-field region. For both cases, the actual displacement discontinuity is limited to a single row
of elements, despite the phase-field being distributed over a wider region for the larger length scales. Notably, even
though the largest length scale is comparable to the size of the hole, it still localized properly to the sides of the
hole, showing that as the phase-field is driven by the fracture-eigenstrains, it is able to localize to the correct regions
even when the length scale is large. One notable effect of the length scale is on the computational cost, with the
finest length scale requiring 100x more elements than the coarsest length scale, and thus a significantly increased
computational time (close to a day for £ = 0.01 m compared to around 5 min for £ = 0.1 m). This highlights the
implications of having the length scale decoupled from the material strength: allowing for a length scale that is
as large as possible to limit the computational cost of simulations, with the main restrictions following from the
details of the features that are being resolved, while still obtaining the same crack paths and behaviour as would
be obtained through fine length-scale simulations.

To more clearly convey this decoupling, Fig. 10 compares the cohesive phase-field model with conventional AT-1

and AT-2 phase-field models for the tensile plate-with-hole case. The comparison is restricted to tension so that
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Figure 11: Load-displacement behaviour of the single-edge notched plate under shear loading, using the r1 and Drucker-Prager-like
(referred to as “DP”) strength criteria, for a range of reference strains. The sudden load drops identify the shear-dominated regime,
while the smoother hardening-like responses correspond to tensile/mixed-mode propagation, with intermediate curves representing the

transition between these limits.

differences in compressive/tensile driving-force splits do not affect the interpretation. In the cohesive formulation,
ft and G, are prescribed independently of the numerical phase-field length scale, and the response in Fig. 8 remains
nearly unchanged when ¢ is varied. In conventional AT-1 and AT-2 models, by contrast, crack nucleation is
tied to the regularization length: for the homogeneous one-dimensional response the apparent tensile strengths
are f, = \/3G.E/(8() and f, = \/m , respectively. With the material parameters from Table 1 and
G. = 100 kJ/m?, matching the prescribed tensile strength f; = 150 MPa would require ¢ =~ 0.33 m for AT-1
and ¢ =~ 0.094 m for AT-2. For the present geometry, the AT-1 value is larger than the hole diameter, while the
AT-2 value is comparable to the hole radius and to the largest length scale considered in the length-scale study.
These values are therefore dictated by strength calibration rather than by the geometric resolution of the crack
path: choosing a smaller ¢ to localize the crack more sharply necessarily increases the apparent nucleation strength,
while choosing the strength-matching ¢ fixes the width of the regularized damage zone. The proposed cohesive
formulation avoids this trade-off by using ¢ only to regularize the phase-field distribution, while the strength surface

and G. control crack nucleation and propagation separately.

4.2. Single-edge notched plate

Next, we consider a single-edge notched plate under shear loading, shown in Fig. 2(b). The bottom of the
domain is fixed in horizontal and vertical directions, the top surface is fixed in vertical direction while a horizontal
displacement is imposed at a rate of Ugpear = 1-107° m/s. Due to the stress concentration at the tip of the notch, a
crack will form at this location. If fracture is driven by the shear stresses, the crack will propagate horizontally, while
if it is driven by tensile stresses, the crack will propagate downwards under an approximate 45° angle. Mixed-mode
fracture will result in a fracture path in between these two extreme cases. We will consider both the r1 strength
criterion from Eq. (17) as well as the Drucker-Prager-like criterion from Eq. (18) with varying reference strains eyef,
controlling the increased strength in the compressive regime.

The resulting load-displacement behaviour, shown in Fig. 11, indicates two distinct regimes for crack propagation:

Using the r1 criterion or the Drucker-Prager-like criterion with a high reference strain, a sudden drop in load is
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observed during crack propagation. Representative results for this regime are shown in Fig. 12(a,d), showing
that the crack propagation is driven by shear. In contrast, using the Drucker-Prager-like criterion with a low
reference strain, Fig. 12(c,f), and thus a higher shear strength in compressive regions, the shear crack is partially
suppressed with the initial crack propagating in a mixed-mode manner, before switching to a mode-I crack only.
This competition between shear and tensile crack propagation is also observed in the load-displacement behaviour,
showing small drops in strength during the mixed-mode propagation, while showing a hardening-like behaviour
during later propagation, where the crack is driven by tensile stresses only. The intermediate cases are therefore
interpreted as a transition between the shear-dominated and tensile/mixed-mode regimes, rather than as a separate
third failure mechanism.

Notably, all cracks propagate either horizontally or downwards, with none of the cases showing cracks propagating
upwards. This is a consequence of the crack driving force expressions: The rl expression from Eq. (17) explicitly
removing compressive strains from the driving force by putting these in a non-damaged term, Fj, such that mode-I
cracks are solely driven by extensional stresses. The resulting driving force in the compressive regime is solely due

to deviatoric stresses, hence causing horizontal crack propagation. For the Drucker-Prager-like criterion, Eq. (18),
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Figure 13: Impact of fracture energy release rate G on the combined crack length for the dynamic fracture case.

volumetric strains do not contribute to crack propagation as they are not aligned with the eigenstrain directions
under compressive loading via the direction G. While the approaches to eliminate the contribution of compressive
stresses to crack propagation differ between the two criteria, they both successfully achieve this, resulting in no

cracks propagating upwards.

4.8. Dynamic fracture

The final case considered consists of a notched plate of 1 m X 0.5 m with an initial notch of 0.25 m at the
centre-left edge, shown in Fig. 2(c). An external traction of eyt = 10 MPa is applied to the top and bottom edges.
As this case considers the dynamic behaviour, we set the damping coefficient to ¢ = 0. To give a detailed look
into the crack paths, we also use a smaller phase-field length scale of £ = 0.01 m, with a corresponding element
size of dx = £/3. The fracture criterion uses the Drucker-Prager-like criterion from Eq. (18) with a reference strain
of .ot = 1, practically removing the pressure dependence while retaining the smooth transition between mode-I
and mode-II cracks. The fracture release energy G. is varied between 1 kJ/m? and 100 kJ/m?2, covering purely
brittle crack propagation to a more cohesive behaviour. To get a measure of the length of the developed cracks, we

estimate the total crack length through the phase-field distribution function 7, Eq. (4), as:

Lerack ~ /QV(Qs) dQ (31)

where we note that this only gives an estimate of the crack length for ductile cases. This is due to the phase-field
distribution function being defined as the degradation of the fracture energy, rather than the presence of cracks
as in standard phase-field methods. Hence, when the material has a noticeable cohesive zone, where ¢ < 1 along
the crack, the obtained length will be an underestimate of the actual crack length. For brittle cases, where the
phase-field is ¢ ~ 1 along the crack, this estimate is more accurate.

The evolution of the crack length over time is shown in Fig. 13. As expected, the cases with the lowest fracture
release energy have the fastest crack propagation, reaching the edges of the domain after 0.8 ms. Increasing the value
of the fracture energy reduces the rate of crack propagation, with the G. = 10 kJ/m? case showing approximately
10% of the crack length of the G, = 1 kJ/m? case. The curves for the higher fracture energies remain close

to the horizontal axis because these cases do not develop measurable crack propagation over the simulated time
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Figure 14: Phase-field (left column) and vertical displacement (right column, magnified by x1000) obtained for the dynamic fracture

case at ¢ = 0.8 ms.
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interval. The obtained fracture pattern for the G. = 1 kJ/m? case is shown in Fig. 14(a,b), showing the crack
develops short branches as it propagates to dissipate additional energy, and branches into two distinct cracks. As
the fracture release energy is increased, Fig. 14(c,d), the formation of distinct branches is suppressed, with the
branches that develop halting their propagation soon after forming. Higher values for G. suppress these unstable
branches, creating two distinet crack branches without additional bifurcations, Fig. 14(e,f). Further increases to
the fracture release energy, Fig. 14(g,h) and Fig. 14(i,j) fully suppress all crack branching, resulting in a single
crack propagating horizontally from the initial notch. As the fracture energy is increased beyond G, = 10 kJ/m?2,
the fracture becomes unable to propagate, instead creating a small region at the crack tip where the phase-field is
increased.

The connection between G and branching follows from the dynamic energy balance. In the present formulation,

the fracture dissipation rate is
¥, =G, / 4(¢) dQ ~ GeLerack- (32)
Q

A bifurcating crack therefore dissipates more elastic energy than a single straight crack, since multiple crack tips
create additional crack length over the same time interval. For low G, the energetic cost of this additional crack
surface is small relative to the elastic and kinetic energy released by the rapidly propagating crack, so off-axis
branches can form as an additional dissipation mechanism. At G. = 5 kJ/m?, the available driving energy is close
to this transition: a secondary branch initiates and grows, but further bifurcation is suppressed. For higher G,
a larger fraction of the available energy is spent extending the main cohesive crack and maintaining the cohesive
zone, which reduces both the crack speed and the off-axis driving force. No additional branches are formed for
these higher G, cases, and the solution evolves towards a single horizontal crack.

The asymmetry of the damage zones in Fig. 14 follows from this same dynamic branching instability. Once
an off-axis branch initiates, the elastic and kinetic energy available near the crack tip is redistributed between
competing crack paths. In the transitional cases, there is sufficient energy for a secondary branch to nucleate,
but not for both branches to develop into self-sustaining cracks. Small perturbations from the discretization, time
integration, and nonlinear solution procedure therefore select one branch, which continues to grow and shields
the opposing branch, causing it to stagnate. The direction of this symmetry breaking is not prescribed by the
model, similar to the diagonal crack direction selected in the compressed plate-with-hole case. The full specimen is
simulated here, rather than imposing a symmetry boundary condition, so asymmetric branching is not artificially
suppressed.

We note that all the cases use the same strength surface, using the same values for the tensile and shear
strength, hence showing that these do not play a significant role in determining when cracks can propagate. This
is in contrast to the previous cases that studied crack initialization, where the strength surface and tensile strength
played a dominant role. As a result, this indicates that the presented scheme correctly captures the physical
behaviour of crack nucleation and propagation, with the strength surface governing the former and the fracture
release energy governing the latter, with both of these aspects being independent of the phase-field length scale

used for the numerical regularization.
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5. Conclusions

In this paper, we presented a computational framework for modelling cohesive fractures within the phase-field
fracture paradigm. The main contribution is the return-mapping reformulation of an eigenstrain-based cohesive
phase-field model with an explicit strength surface, which turns the additional fracture-eigenstrain fields of previous
energy-minimization formulations into an integration-point-local constitutive update. This is significant because
it allows strength-controlled crack nucleation and energy-controlled cohesive propagation to be introduced into
standard finite-element phase-field implementations without additional global eigenstrain degrees of freedom. Using
the concept of fracture eigenstrains from [35] and integrating this within a local constitutive model, we are able
to capture both brittle and cohesive fracture nucleation and propagation. The presented method is able to use
a strength surface to predict the stress required for fracture nucleation, while the energy release rate governs
the propagation behaviour. Furthermore, due to the used local formulation, no additional degrees of freedom
are required to capture the cohesive behaviour compared to standard phase-field formulations, with the complete
cohesive behaviour solved on a per-integration-point basis comparable to plasticity models. As a result, the presented
model is straightforward to integrate within existing codes, and an example implementation is provided (see data
availability statement).

The three benchmark cases confirm that crack nucleation is governed by the prescribed strength surface, while
propagation is controlled by the fracture energy release rate G, with both aspects independent of the phase-field
length scale ¢. Specifically, varying ¢ over an order of magnitude (from 0.01 m to 0.1 m) produced less than 5%
variation in peak load for both tension and compression. The element-size study showed that mesh-independent
load-displacement responses are obtained for ¢/dx > 2, consistent with the guidance for standard phase-field
methods. For the dynamic branching case, reducing G, from 10 kJ/m? to 1 kJ/m? increased the crack length by
approximately an order of magnitude and triggered crack branching, demonstrating the model’s ability to capture
complex fracture phenomena without ad-hoc criteria. Within this benchmark setting, the results demonstrate that
the return-mapping formulation provides a practical route for introducing explicit strength surfaces and cohesive
fracture behaviour into standard finite-element phase-field implementations. The conclusions are limited to the
homogeneous, small-strain problems considered: applying the same local-update structure to nonlinear material
behaviour, finite strains, heterogeneity, or interfaces would require additional constitutive choices beyond those

addressed in this manuscript.

Data availability

The finite element code used within this study, together with all input files required to reproduce the results

presented in this paper, is available at https://github.com/T-Hageman/Cohesive-PhaseField-FenicsX.
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