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Abstract. We prove #W/[1]-hardness of (1) counting trees with k edges
in a given graph (2) the number of forests with k& edges in a given
graph and (3) counting bases of a given matroid of rank (or nullity) k
representable over an arbitrary field of characteristic two, where k is the
parameter.

1 Introduction

Parameterized counting complexity has produced results on the hardness of
counting the number of paths, cliques and cycles with k£ edges in a given graph.
One important step was the proof of #W/[1]-hardness for computing the number
of k-matchings in a simple graph [3]. This line of research culminated in a
classification theorem of Curticapean and Marx [4] for the following problem:
Given a graph H from a class of graphs H and an arbitrary graph G, compute
the number of all subgraphs of G that are isomorphic to H, parameterized by
|V (H)|. They proved that this problem is fixed-parameter tractable if the vertex
cover number of all graphs in H is bounded by a constant, and #W/1]-hard
otherwise.

This theorem does not cover the problem of counting all occurrences of all
subgraphs of a certain size that are contained in a fixed class H of graphs. This
leaves open the cases we consider, where H is the class of forests or trees.

Another problem that has yet escaped a parameterized analysis is the problem
of counting bases in matroids. Matroids have been studied over decades and play a
central role in numerous combinatorial applications (see e.g. [I3]). Although they
were treated in the parameterized world (see e.g. [5, Chap. 12] for an overview),
the problem of computing the number of bases was only addressed from the
classical point of view so far [I5T4T2]. It should be noted that this problem
comprises also a generalization of counting forests in a graph, which gives the
connection to the previously mentioned problems. Building on our results on
counting forests, this gap in knowledge is one we address in the subsequent
sections.

1.1 Related work

It is known that computing the number of all (labeled) trees and computing the
number of all forests are #P-hard problems, even on planar graphs [9/16/8]. A



general theorem of Eppstein implies their being fixed-parameter tractable on
planar graphs [6].

The problem of counting k-independent sets in a binary matroid is #P-hard.
This follows from the well-known fact that the k-forests of a graph G correspond
one-to-one to the k-independent sets of the binary matroid represented by the
incidence matrix of G over Fy (see e.g. [14]). Also, counting the bases of a binary
matroid is #P-hard (see e.g. [15]). On the other hand, the number of bases of a
regular matroid can be computed in polynomial time [12].

2 Preliminaries

The integers are denoted by Z. The polynomial ring over some ring R in the
variables x1, ..., x, is written R[x1,...,x,]. The set of matrices with m rows, n
columns and entries from a set X is Mat(n x m, X).

2.1 Parameterized counting complexity

We begin with basic definitions of parameterized counting complexity, following
closely Chapt. 14 of the textbook [7], which we recommend to the interested reader
for a more comprehensive overview of the topic. Our fundamental object of study
is the following. A parameterized counting problem (F, k) consists of a function
F: {0,1}" — N and a polynomial-time computable function k : {0,1}" — N,
called the parameterization.

A parameterized counting problem (F, k) is called fized-parameter tractable if
there is an algorithm A for computing F', a constant ¢ > 0 and a computable
function f : N — N such that A is running in time f(k(z))-|z|¢ for all z € {0,1}".
We say that such an algorithm runs in fpt-time. Let (F, k) and (F', k") be two
parameterized counting problems. Then, a function R : {0,1}" — {0,1}" is
called an fpt parsimonious reduction from (F,k) to (F', k') if

1. For all z € {0,1}", F(z) = F'(R(z)).

2. R runs in fpt-time.

3. There is some computable g : N — N such that &' (R(z)) < g(k(x)) for all
z € {0,1}".

An algorithm A with oracle access to F’ is called an fpt Turing reduction from
(F. k) to (F',K') if

1. A computes F.

2. A runs in fpt-time.

3. There is some computable g : N — N such that for all x € {0,1}" and for
all instances y for which the oracle is queried during the execution of A(z),

K (y) < g(k(x)).

The parameterized counting problem #£k-CLIQUE is defined as follows, and is
parameterized by k: Given a graph G and an integer k, compute the number of



cliques of size k in G. The class #W][1] is defined as the set of all parameterized
counting problems (F k) such that there is an fpt parsimonious reduction from
(F, k) to #k-Clique. A parameterized counting problem (F k) is called #W[1]-
hard if there is an fpt Turing reduction from #k-CLIQUE to (F k).

2.2 Matroids

A matroid is a pair M = (E,T) consisting of a finite ground set F and a family
T # ) of subsets of E that satisfies the following axioms:

1. Z is downward closed, i.e. if € Z and I’ C I, then I’ € 7.
2. T has the exchange property, i.e. if I1,Iy € Z and |I1]| < |I2|, then there is
some e € Iy — I such that I; U {e} € Z.

Note that this entails () € Z. The elements of Z are called independent sets, and
an inclusion-wise maximal element of 7 is called a basis of M. The exchange
property warrants that all bases have the same cardinality, and we call this
cardinality the rank of M, written as rk M. Furthermore we define (|E| — rk M)
as the nullity of M. The pair My = (E,Zy) with Z, = {I € 7| |I]| < k} is again
a matroid, called the k-truncation M; of M.

For a field F', a representation of M over F is a mapping p: E — V, where
V' is a vector space over F', such that for all A C E, A is independent if and only
if p(A) is linearly independent. M is called representable if it is representable
over some field. If there is such a representation, we call M representable over F,
or F-linear, and it holds that rk(p) = rk(M). Conversely, every matrix over a
field F' induces an F-linear matroid on its columns, where sets of columns are
independent if and only if they are linearly independent. A k-truncation of a
matrix is the matrix of a representation of the k-truncation of the corresponding
linear matroid, possibly over a different field. Recently, Lokshtanov et al. proved
that a k-truncation of a matrix can be computed in deterministic polynomial
time (see [10], Theorem 3.23).

In the following we will write F, for the field with ¢ elements.

Given a matroid M = (E,Z), the dual matroid M* of M is a matroid on the
same ground set as M, and B C F is a basis of M* if and only if £\ B is a
basis of M. Given a representation of a matroid M, a representation of M* in
the same field can be found in polynomial time (see e.g. [1]).

In the following, all matroids will be assumed to be representable, and
encoded using a representing matrix p and a suitable encoding for the ground
field. Furthermore, we can, without loss of generality, always assume that p has
rk(M) rows, because row operations (multiplying a row by a non-zero scalar,
and adding such multiples to other rows) do not affect linear independence of
the columns of p. Hence, any p’ obtained from p through row operations is a
representation of M. In particular, by Gaussian elimination, we may assume all
but the first rk(M) rows of p to be zero.



2.3 Graphs and matrices

We consider simple graphs without self-loops unless stated otherwise. Given a
graph G we will write n for the number of vertices of G and m for the number
of edges. A k-forest is an acyclic graph consisting of k edges and a k-tree is a
connected k-forest. We say that two graphs G1 = (Vi, E1) and Gy = (Va, Es)
are isomorphic if there is a bijection ¢ : V3 — V4 such that for all u,v € Vi,
{u,v} € Ey if and only if {¢(u), p(v)} € Ea. A k-matching of a graph G = (V, E)
is a subset of k edges such that no pair of edges has a common vertex. The
following was established by Curticapean.

Theorem 1 ([3]). Given a graph G and a parameter k, it is #WI[1]-hard to
compute the number of matchings of size k in G.

Given a graph G with vertices vy, ..., v, and edges ey, ..., e, we define the
(unoriented) incidence matriz M[G] € Mat(n x m,Fq) of G by M[G](i,j) :=1
if v; € e; and 0 otherwise. A subset of columns of M[G] is linearly independent
(over Fq) if and only if the corresponding edges form a k-forest in G.

3 Counting trees

Definition 1. Given a graph G and a natural number k, we denote the problem
of counting all acyclic, connected subsets of edges of G of size k as #k-TREES,
parameterized by k.

In this section we will prove the hardness of counting trees. For the proof, we
show hardness of an intermediate problem.

Definition 2 (Weighted k-trees). Given a graph G = (V, E) with edge weights
{we}eer and k € N, #k-WTREES is defined as the problem of computing

WTR(G) = > []we.

teTy(Q) et
where Ty (G) is the set of all acyclic, connected edge sets of size k in G.

Note that this polynomial bears some similarity with the multivariate forest
polynomial, to be defined in the next section. In fact, both polynomials have in
common that they can be viewed as the multivariate generating functions of the
respective structures in a graph.

Borrowing an idea from [I] in the context of counting forests, we first consider
the above polynomial on a modified graph, namely after adding an apex, and
show that this reveals information on the number of k-matchings in the original
graph. More precisely, edges incident to the apex will be assigned a weight z
which leads to the following intermediate problem.

Definition 3. Let k be a natural number, G = (V, E) be a graph with an apex
a € V, that is, a vertex that is adjacent to every other vertex, and edge weights
{we}ecr such that w, =1 for all edges e that are not adjacent to a and we, = z
for a fized z < k otherwise. Then we denote the problem of computing WT(G)
parameterized by k as #k-WAPEXTREES.



Lemma 1. #k-WAPEXTREES is #W[1]-hard.

Proof. First, we will outline the proof: The problem we are reducing from is the
problem of counting k-matchings. That is, given a graph G we want to compute
the number of k£ matchings by using an oracle for #k-WAPEXTREES. To do
so, we are going to add x isolated vertices to G and after that, add an apex a
(that is adjacent to every vertex in G and to every isolated vertex). We call the
resulting graph G,. The first step in the reduction is to count the number of trees
containing 2k edges such that exactly k edges are incident to a. This number
can be computed by assigning weight z to every edge incident to a (yielding a
graph we call G ), computing the value of WTg;, which is a polynomial in z,
for different values of z and then interpolating the coefficient of z*. Note that
we can compute this number for different values of x. After that we show that
those numbers induce a system of linear equations with a unique solution. Finally
we prove that one entry of the solution vector is the number of 2k-trees in Gy
such that (1) exactly k edges are incident to a and (2) for every of those edges
{v1,a},...,{vk,a} there exist uy,...,uy such that {uy,v1},..., {ug, vy} are also
contained in the tree. As trees do not contain cycles, we have that the u; are
pairwise different which implies that trees satisfying (1) and (2) correspond (up
to a factor of 2¥) to the k-matchings in G.

As stated before, we reduce from the problem of counting k-matchings. Let
G = (V, E) be a graph with n = |V|. For z and z we construct the graph G, , as
follows:

— Add x isolated vertices to G.

— Add a vertex a to G and connect a to all other vertices, including the isolated
ones (i.e., a is an apex).

— Assign weights to the edges as follows: If a ¢ e then set w, = 1. Otherwise
set we = 2.

The unweighted version of G, is just denoted by G,. Furthermore we denote the
set of edges adjacent to a as E%. Now fix z and compute for all i € {0, ..., 2k}
the value Pj(x) = WTo,(G,;) with an oracle for #k-WAPEXTREES. This

corresponds to evaluating the following polynomial in points 0, ..., 2k:
@e= ¥ Jlu- ¥ IUI- ¥ o5
t€T2,(Gy) €€ teTo,(Gy) €t el t€T2,(Ga)
ade ace

Therefore, we can interpolate all coefficients. In particular, we are interested in
the coefficient of z*, which is the number of trees of size 2k in G, such that
exactly k edges of the tree are adjacent to the apex a. We call these trees apez-fair,
and denote their set as F,,.. Now, consider an edge e = {v,a} of such an apex-fair
tree t that is adjacent to a. We call e apex-isolated if v is not incident to any
other edge of t. Otherwise we call e apez-connected, and we call the subtree t° of
t without apex-isolated edges apex-connected as We11E| Note that t€ is indeed a

! This terminology stems from the fact that the removal of a leaves v isolated



tree, not only a forest. Furthermore, t¢ is a tree in G as edges that are connected
to isolated vertices cannot be apex-connected.

We observe that for an apex-fair tree ¢ in G, the subtree t¢ in G has exactly
s — k apex-connected edges, where s is the number of edges in t°: Since ¢ is
apex-fair, we know that exactly k of the edges in ¢ are not incident to a, and
thus by definition, such an edge cannot be apex-isolated. Hence, these k edges
are also in t°, meaning that the remaining s — k edges in ¢t have to be incident
to the apex, and indeed, they have to be apex-connected, since all apex-isolated
edges were removed from ¢ when constructing ¢¢.

We can partition the set F, of apex-fair trees in G, by the number s of edges
that the corresponding apex-connected tree contains, say

2k

s=0

where B,(s) is the set of apex-fair trees ¢t in G, such that ¢¢ is of size s. Clearly,
this union is disjoint, and B, (i) = 0 for 0 < i < k, since we consider apex-fair
trees, meaning that |F,| = Ziik | B:(s)|. Now, consider a single apex-fair tree
t € By(s) for some fixed s, which is hence of size 2k. Then, as argued, t¢ has
exactly s — k apex-connected edges, and k edges not incident to the apex. This
leaves 2k — s edges of t to be chosen, and since there are already k edges present
in t¢ that are not incident to the apex, and ¢ is apex-fair, all these 2k — s edges
have be incident to the apex, and also have to be apex-isolated, since otherwise
they would be in t¢. By the construction of G, there are n+x possible choices for
the apex-isolated edges in total, but s of these are already occupied by t¢, leaving
n + x — s choices for the 2k — s remaining edges.Hence, for every apex-connected
tree t¢, there are exactly (”2';7:"') fair trees t' such that t'¢ = t¢. Letting S be
the number of apex-connected trees of size s, this amounts to

n+x—s
Bl =o ("3

2k n+x—s
|F,| = Z ﬁs-< ok s )

s=k-+1

and thus

For convenience, we perform an index shift on 3, and find

b n+x— (k+s)
|Fw|:;ﬁs+k'< k—s )

We can then evaluate |Fy| for x € {1,...,k} and solve for the 8s. To do so, we
show that the corresponding matrix A € N¥*¥ defined by

i+n—k—j
A”:< k- )



has full rank.
Its j-th column is an evaluation vector of the polynomial

Ry(x) (m+1]z_§3j)'

The degrees of the polynomials R; are pairwise distinct and hence, the polynomials
and the evaluation vectors are as well. It follows that A has full rank, i.e., we
can indeed compute the coefficients [.

Finally, consider fof: This is the number of apex-connected trees in Gy with
k edges in Gy and k apex-connected edges. It follows that these trees correspond
to k-matchings in G, more precisely, for every k-matching in G, there are 2* such
apex-connected trees. This concludes the proof. a

In the proof of Lemma [T] we exploited the fact that the weights of edges incident
to the apex can be used to enforce some desired structure via interpolation.
One might wonder why we explicitly enforced the edges with weight # 1 to be
incident to the apex and the weights of those edges to be equal in the definition
of #k-WAPEXTREES, instead of just defining a canonical edge-weighted variant
of the problem of counting trees. The reason for this is the fact that we need
this very structure in order to get rid of the weights and reduce to #k-TREES,
at least in our reduction. Before we do this reduction, we prove another lemma.

Lemma 2. Let G = (V, E) be a simple graph and A C E a subset of edges of size
z. Then, the problem of counting the number of (k + z) trees whose edges contain
A can be solved in time O(2%) - poly(|V]) if access to an oracle for #k-TREES is
provided.

Proof. Let S be a subset of edges of G. We define T as the set of all (k + z)
trees in G that do not contain any edge in S. Note that we can compute |Ts| by
deleting all edges in S and counting the number of (k 4 z) trees in G by posing
an oracle query. Furthermore, it holds that

Tsl N TSz - TleJSz (1)

for any two subsets of edges S; and S3. Let T be the set of all (k + z) trees in
G, i.e.,, T := Ty. Now we can express the number of (k + z) trees whose edges

contain A as
T\ | Tieyl-
ecA

Using the inclusion-exclusion principle, we get

VU Tl =M= 3 0P O T =T = 3 ()7 )

e€cA P#£JCA ecJ P#AJCA

where the second equality follows from . Finally, we observe that there are
exactly 2% summands, each of which can be computed by posing an oracle query
for the corresponding T;. O



This allows is to make the final step in the proof of Theorem [2}
Lemma 3. #k-WAPEXTREES is fpt Turing reducible to #k-TREES.

Proof. Let k be a natural number and G = (VU {a}, EUV x {a}) be a graph
with apex a and edge weights as in Definition [3] The goal is to compute

WTk(G) = Z Hwea

teTy(G) et

where w, = z if a € e and w, = 1 otherwise. First, we point out that Tj(G) can
be partitioned into trees (with k edges) that do not contain a and trees that do
contain a. We denote the set of the latter as Tj?(G). Then we have that

WT(G) = Z Hwe: Z Hwe+ Z Hwe

teTy (G) e€t teTr(G—{a}) ect teT2(G) e€t

TG~ {ap)l+ 3 .

teTH(G) et

Now |Ti(G — {a})| can be computed by querying the oracle. If z = 0 then
2tere(G) Llees we = 0 as well, that is, we are done. Otherwise we need to realise

the edges with weight z to compute ZteTa(G) [I.c; we. To do so, we construct
k
the graph G* = (V*, E#) from G as follows:

— Delete the apex and the adjacent edges.
— Add apices ay, ..., a, (including edges to all vertices in G).
— Add a vertex a and edges {a,a;} for all i € [z].

We first sketch the idea of the proof: Let T be the set of all trees with k + z
edges in G* such that all edges {a,a1},...,{a,a,} are met and let t € T As t is
connected, there is at least one vertex v in G — {a} such that {v,a;} is contained
in ¢ for an i € [z]. Furthermore, for every vertex v in G — {a} at most one of
the edges {v,a1},...,{v,a,} can be contained in ¢, because otherwise ¢ would
have a cycle. This means that taking one of the edges {v,a1},...,{v,a.} in G*
corresponds to taking edge {v,a} of weight z in G. We will prove that

T = > J]we-

teTy(G) e€t

Finally we will use Lemma [2] that is, an application of the inclusion-exclusion
principle, to compute |T|

Now let ¢ € T'. As stated above we claim that for every vertex v in G — {a} at
most one of the edges {v,a1},...,{v,a.} can be contained in ¢. Assuming not,
there is a vertex v in G — {a} and indices i # j such that {v,a;} and {v,q;}
are contained in ¢, but this induces the cycle (a,a;,v,a;,a) which contradicts
the fact that ¢ is a tree. Now we define a mapping f : T — T2(G) as follows:
For every edge e = {u,v} in G — {a}, e is contained in f(t) if and only if e is



contained in t and for every edge e, = {v,a}, e is contained in f(t) if and only if
there is an i € [z] such that {v,a;} is contained in ¢. Note that f(¢) contains a
as there is at least one vertex v in G — {a} such that {v,a;} is contained in ¢ for
an i € [z]. For a tree tg € T(G) we define g(tg) == {t € T | f(t) = tg}. Now let
T2(@)[€] be the set of all trees t¢ € T (G) such that there are exactly ¢ vertices
v in G — {a} such that {v,a} is contained in tg. For every such vertex, there are
= possibilities to construct a tree ¢ € T such that f(t) =t (by taking one of the
edges {v,a1},...,{v,a.}). Hence |g(tg)| = 2* if t¢ € T¢(G)[{]. Furthermore we

claim that )
= ta) -
UtGETka(G)g( c)

This follows from the observation that the sets g(tg) are the classes of the
equivalence relation t ~ t' < f(t) = f(¢'). Putting everything together we have

S ey Y -y X ¢

A

teTE(G) et (=1 teTP(G)le) e€t (=1 teTe(G)[Y)
k
=YY b= 0= U, ey tte)] = 17
=1 teTe (G0 teTa(G)

It remains to show how to compute |T| with an oracle for #k-TREES. This
can be done by applying Lemma [2| with A = {{a,a1},...,{a,a,}}. O

We can thus state:

Theorem 2. #k-TREES is #W[1]-hard when parameterized by k.

Proof. In Lemma [1| it was shown that #k-WAPEXTREES is #W/1]-hard and in
Lemma 3 we proved that #k-WAPEXTREES is fpt Turing reducible to #k-TREES.
It follows that #k-TREES is #W/[1]-hard as well.

4 Counting forests

In this section, we will prove that counting k-forests is #W/[1]-hard. This result will
be used to show hardness of counting matroid bases in fields of fixed characteristic.

Definition 4. Let G = (V, E) be a multigraph with edges labeled with formal
variables {we}ecr. Then the multivariate forest polynomial of G is defined as

F(Gi{we}eer) = Z H We .

ACE acyclic e€A

The polynomial obtained by replacing all weights w. with a fresh variable x, i.e.,
setting we = x for all e € E, is called the univariate forest polynomial of the
graph and is simply denoted F(G;x).



For a forest A in G, let c¢(A) be the family of all sets T' C V(G) such that T' # ()
and T is a maximal connected component in A. Adding an apex, that is, a new
vertex that is connected to all other vertices, to a graph G = (V, E) and labeling
each of the new edges with a new variable z makes the univariate forest polynomial
into a bivariate one, namely F(G’;x, z), where G’ is the described graph with an
added apex. In the following, G will always be the original graph, and G’ will
be the graph obtained in this way. Note that F(G';x, z) € Z[z, z] & (Z[z])[z]. In
particular, the coefficient of 2* in F(G’;z,2) is an element of Z[z]. To make this
very clear in the following, we shall refer to this element of Z[z] as the coefficient
polynomial of z* in F(G';x, 2).

Lemma 4. There is a polynomial-time Turing reduction from counting k-matchings
in a graph G to computing the coefficient polynomial of x* of the bivariate forest
polynomial F(G'; x, z) of the graph G', parameterized by k in both problems. In
particular, this reduction retains the parameter k and is thus even an fpt Turing
reduction.

Proof. The coefficient polynomial Cy(z) € Z[z] of z* in F(G’;x,z) can be
expressed in terms of G through

Ci(2) = > [T a+izl2),

AG(ZJ) acyclic in GTEc(4)

as follows immediately from Lemma 7 in [I] after specializing to x and z. Since a
forest in G with k edges can cover at most 2k nodes of G, at least n — 2k nodes
of G are left uncovered by T', and are thus present in ¢(A) as components T with
|T| = 1. This shows that the product [Jrc. 4)(1 + [T'|z) of each summand (and

hence also C(z)) is a multiple of (1 4 z)"~2%. Thus, the polynomial quotient

Qk(z) = Ck(Z)/(l 4 Z)n—2k=

is a well-defined element of Z|[z].

Observe that it is precisely the k-matchings of G that will have 2k covered and
n — 2k uncovered nodes, and such a k-matching has k components with |T'| = 2,
and n — 2k components with |T'| = 1. Therefore, the summand corresponding
to some A in Cy(2) is of the form (1 + 2)"~2*(1 + 22)* if and only if A is a
k-matching. Likewise, the number of k-matchings is precisely the number of such
monomials in Cj(z). In all other monomials, the factor (1 + z) is hence present
with degree at least n — 2k + 1. Denote with M}y the number of k-matchings in
G. After substituting z — y — 1 (hence, z = y + 1), this can be stated as follows:

Qr(y) = Crly) /y" 2 = My, - (2y — 1)* +y- R(y)

for some polynomial R(y). We see that for y = 0, y- R(y) = 0, and hence, keeping
in mind that z = y + 1, it follows

Qr(y =0) = Qu(z = —1) = My - (—1)*.



We now argue why this is an fpt Turing reduction. Note that in the coordinates
y®, the polynomial division is just a shift of coefficients. Therefore, an oracle to
the k-th coefficient of F(G';z, z), as provided in a Turing reduction, yields the
polynomial Ci(z). After a change of basis from z to y — 1 and a corresponding
shift of coefficients to perform the division by 4" 2¥, we can evaluate the resulting
polynomial Q(y) at y = 0 and obtain M, - (—1)¥ and thus Mj. This can clearly
be done in polynomial time in the size of G (and k, for that matter) once Cx(2)
was obtained, and the only oracle query involved does not alter the parameter
and is hence valid for an fpt Turing reduction. ad

This proves that the coefficient polynomial of z* in the bivariate polynomial
F(G';z, z) is hard to compute. We now want to show that this implies that the
k-th coefficient (which is a natural number, not a polynomial) of the univariate
polynomial is hard to compute. We do this by reducing the compution the
coefficient polynomial of z* in F(G’;x, z) to computing the k-th coefficient in a
suitable univariate forest polynomial.

We first show that, although the degree of the coefficient polynomial C(z)
(in the bivariate case) is not bounded by f(k), but £2(n), it suffices to know
O(k) coefficients of the coefficient polynomial Cy(z) in order to reconstruct the
whole coefficient polynomial. This is essentially an application of the Chinese
Remainder Theorem for polynomials, and is given in detail in the full version [2].

Lemma 5. There is an fpt Turing reduction from computing the coefficient
polynomial Cy(z) of ¥ in F(G';x,2) to computing the first k coefficients of
univariate forest polynomials on multigraphs.

Combining the above proves:

Theorem 3. Given a graph G and a number k, it is #W/[1]-hard to compute the
number of acyclic subsets of edges of size k in G, parameterized by k.

Proof. Combining Theorem [T] with Lemma [4] and Lemma [f] yields that computing
the first k coefficients of the univariate forest polynomial of multigraphs is #W/1]-
hard. Using Lemma 9 from [I] allows to express the forest polynomial of the
multigraph graph G as F(G;z) = p(x) - F(G'; g(x)), where G’ is a simple graph,
and p, g are functions such that ¢ is invertible. Now, observe that computing the
mapping G — Fi(G;x) is #W[1]-hard for each fixed x, where Fj(G;z) is the
forest polynomial F/(G;x) evaluated at x only over the first k coefficients: It is
easy to see that Fy(G;ax) = Fi,(G(a); x), where G is the graph obtained from G
by replacing each edge with a copies of weight x. By using & different values for
a, this would allow polynomial interpolation of the first k coefficients of F(G;x).
Employing now the equation Fy(G;x) = p(x) - F(G’; g(x)) and the properties of
g, this shows that computing the mapping G’ — Fi(G’; ) on simple graphs G’ is
#W)/1]-hard for all , and hence also for = 1, where it coincides with counting
forests.

O



5 Counting bases in matroids

Definition 5. The problem of counting the number of bases of a matroid param-
eterized by its rank (nullity) is denoted as #RANK-BASES (#NULLITY-BASES).

Lemma 6. The problem of counting k-forests in a simple graph is fpt Turing
reducible to the problem #RANK-BASES, even when the matroid is restricted to
be representable over a field of characteristic 2.

Proof. Given a graph G = (V, E) with |V| = n and |E| = m and a natural
number k, we want to count the k-forests of GG. Therefore we first construct
the incidence matrix M[G] € Mat(n x m,Fs) of G. Recall that the linearly
independent k-subsets of columns of M[G] correspond one-to-one to k-forests
in G. In the next step, we compute the reduced row echelon form of M[G] by
applying elementary row operations. As stated in the beginning, these operations
do not change the linear dependency of the column vectors. Then, we delete the
zero rows which also does not change the linear dependency of the columns. We
denote the resulting matrix as M™4[G]. Now, let 7 be the rank of M™4[G], which
equals the rank of M[G]. Note that M™4[G] € Mat(r x m,Fy). If r < k, then we
output 0, as G does not have any k-forests in this case. Otherwise, we k-truncate
M*4[G] in polynomial time by the deterministic algorithm of Lokshtanov et al.
[10] and end up with the matrix M*)[G] € Mat(k x m,Fy-+). Observe that the
linear dependency of the column vectors is preserved, i.e., whenever columns
c1,...,ck are linearly independent in M|[G], they are also linearly independent
in M®*)[G] and vice versa. Therefore, the rank of M(*)[G] is at least k, since
MG has rank greater or equal k. As M¥)[G] has only k rows, it follows that the
rank is ezactly k, i.e., M®)[G] has full rank. Furthermore, the number of linearly
independent k-subsets of columns of M*)[G] equals the number of k-forests
in G. As the rank of M*)[G] is full, we conclude that the number of bases of
the matroid that is represented by M®*)[G] equals the number of k-forests in G.
Finally, this matroid is representable over Fy-x—a field of characteristic 2—Dby
construction. ad

Lemma 7. The problem of counting k-forests in a simple graph is fpt Turing-
reducible to the problem #NULLITY-BASES, even when the matroid is restricted
to be representable over a field of characteristic 2.

Proof. We proceed as in the proof of Lemma @ Having M *) [G], we construct
its dual matroid M*[G], which can be done in polynomial time (see e.g. [11]). It
holds that the number of bases of M*[G] equals the number of bases of M*)[G].
Furthermore, the rank of M*[G] is n — k, i.e., its nullity is &, which concludes
the proof. ad

Theorem 4. #RANK-BASES and #NULLITY-BASES are #W/[1]-hard, even when
restricted to matroids representable over a field of characteristic 2.

Proof. Follows from Lemma [f], Lemma [7] and Theorem [3 O



One might ask whether the same is true for matroids that are representable
over finite fields. Due to Vertigan [I5], it is known that the classical problem of
counting bases in binary matroids is #P-hard. However, unless #W/[1] coincides
with the class of fixed-parameter tractable problems, this does not hold for the
parameterized versions:

Theorem 5. For every fized finite field F, the problems #RANK-BASES and
#NULLITY-BASES are fized parameter tractable for matroids given in a linear
representation over .

Proof (of Theorem @ We give an fpt algorithm for #RANK-BASES.
For #NULLITY-BASES, an algorithm follows by computing the dual matroid
before.

Let s be the size of the finite field, M be the representation of the given
matroid and let k be its rank. We can assume that M only has k rows. For
otherwise, we can compute the reduced row echelon form and delete zero rows,
which does not change the linear dependencies of the column vectors. If M has
only k rows, then there are at most s* different column vectors. Therefore, we
remember the muliplicity of every column vector and delete multiple occurences
afterwards. We end up with a matrix with at most s* columns. Then, we can
check for every k-subset of columns whether they are linearly independent. If
this is the case, we just multiply the multiplicities of the columns and in the
end, we output the sum of all those terms. The running time of this procedure is

bounded by (s,: ) - poly(n), where n is the number of columns of the matrix. 0O

6 Open Problems

The progress we made in this work is incremental in nature: We added three new
ones to the growing list of #W/[1]-hard problems. Remarkably, their complexity
was unknown despite their naturalness and the far-reaching classification results
that are available. Of course, this leaves open the question of parameterized
complexity for infinitely many other problems of similar flavor, namely, counting
combinations of subgraphs with a certain property. It would be very much
desirable to extend known dichotomy theorems to cover also these cases, so as to
ease the arduous task of classifying an infinite number of problems by hand.
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Appendix

Proof (of Lemma @) Let S be a subset of edges of G. We define T as the set
of all (k + z) trees in G that do not contain any edge in S. Note that we can
compute |Ts| by deleting all edges in S and counting the number of (k + z) trees
in G by posing an oracle query. Furthermore, it holds that

Tsl N TSQ - TS1USQ (2)

for any two subsets of edges S; and S3. Let T' be the set of all (k + z) trees in
G, ie., T :=Ty. Now we can express the number of (k + z) trees whose edges

contain A as
T\ | Tieyl-
ecA

Using the inclusion-exclusion principle, we get

TN Tl =1T1= 3 YT Tl =1T1= 32 ()M ]

ecA 0£JCA ecJ 0#£JCA

where the second equality follows from . Finally, we observe that there are
exactly 2% summands, each of which can be computed by posing an oracle query
for the corresponding T;. a

We will use the Chinese Remainder Theorem as stated in

Theorem 6 (Chinese Remainder Theorem). Let R = Q|[z], mg,...,m,—1 €
R pairwise coprime, and m = mqg---my_1, di =degm; > 1 for 0 <i<r,n=
degm = Z::_Ol d; and v; € R with degv; < d;. Then the unique solution f € R
with deg f < n of the system

f=vimodm; for0<i<r

can be computed using a polynomial number of bit operations in the d; and the
size of the coefficients of m.

Proof (of Lemma/[5). Define for A C E

Ma(z) == [ @+17Tl2).

Tec(A)

Note that these are precisely the products appearing as summands in Cy(z). This
is the univariate forest polynomial of a multigraph S4. Namely, we let S4 be
a star-graph with |c¢(A)| + 1 vertices, and for each vertex vy corresponding to
some component T' € ¢(A), S4 has |T| edges labeled with z between the center
and vp. The forests in S4 are precisely those edge sets that select at most one
edge between each node vr and the center. For each T' € ¢(A), we therefore have
the choice between any of the |T'| edges to the corresponding vertex vr, or we



can choose no edge to vr at all. In analogy to the Binomial Theorem, selecting
at most one of these |T'| edges then corresponds to the sum

l+z4+...+2=010+|T|2),
7]

and combining the selections for all vertices corresponds to the product.
This amounts to
Ma(z) = F(Sa;2).

Since we are considering the coefficient of z*, we know that A will have between
n — k and n — 2k single-vertex components. In other words, (1 + z)"~2* divides
F(Sy;2), or algebraically speaking,

F(Saiz) + (142" 2z = 0+ (1+ 2" - Z[2]. (3)

Additionally, suppose we know the first k& + 1 coefficients of F(Sa4;z), i.e. we
know a polynomial g of degree at most k such that

F(Sa;2) 4 28 Z]2] = g + 281 - Z]2]. (4)

Observing that (1+2)"~2* and z**! are coprime, the Chinese Remainder Theorem
guarantees a unique solution of degree at most n — 2k + k = n — k of the system
@), (). Since ¢(A) has at most n — k components, F(S4;z) is in fact of degree
at most n — k, and can be uniquely recovered.

This argument readily extends to a sum of forest polynomials: If we know
the sum of the first k coefficients of {F(Sa;2)}aca for some collection of forests
A of equal size, then we can reconstruct the sum of all coefficients of this set of
polynomials. For, all these polynomials have the required divisibility property,
and hence their sum has it as well.

We now turn to the issue of reconstructing the coefficients of 2?27 for i+j < 2k
when given access to the first 2k coefficients of the univariate forest polynomial.
Letting G’(a,b) be the graph obtained from G’ by replacing those edges labeled
x with a parallel edges, and by replacing those edges labeled z with b parallel
edges, and labeling all these edges with x, we have

F(G';az,bz) = F(G'(a,b);x) .

We write ¢;; for the coefficients of the monomial %27 in F(G’;z, z), and d(a, b);
for the coefficient of z* in F(G’(a,b);z). For t < 2k, this equality implies on the
monomial level that

zt- Z a'tiey; | =t d(a,b);.
itj=t

In particular, if d(a, b); is known for ¢ < 2k, and we are looking to reconstruct c;;
with ¢ 4 j < 2k, then this identity provides us with 2k + 1 linear equations in the



(sz) variables ¢;;. Using O(k) suitably chosen values for the pair (a,b), we can

solve the system for the ¢;; and obtain the coefficients of 227 for i + j < 2k. In
particular this implies that we can compute the coefficients of z*, z*z, ..., z*2*,
which is nothing else than the first k 4+ 1 coefficients of the sum of the forest
polynomials F(Sg4;z) for |A| = k. As argued above, this enables us to compute
the remaining coefficients of this sum, i.e. the coefficient (an element of Z[z]) of

% in F(G'; 2, 2). O
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