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A B S T R A C T 

The population of radio pulsars is observed to demonstrate certain polarization properties not explained by the conventional 
picture of pulsar polarization, namely frequency evolution of polarization, deviations of the linear polarization angle from a curve 
of geometric origins, and the presence of features in the circular polarization. We present the partial-coherence model as a way to 

explain the co-occurrence of these features and to provide an origin for circular polarization in radio pulsar profiles. We describe 
the mathematics of the model and demonstrate how it can explain these observed features, both on a population level and for 
the idiosyncrasies of individual pulsars. The partial coherence model can account for complex polarization behaviour, enabling 

impro v ed access to information about pulsar geometries. We discuss the scientific implications of this for our understanding of 
pulsar radio emission and propagation. 

Key words: polarization – pulsars: general – pulsars: individual: PSR J0820–1350 – pulsars: individual: PSR J1157–6224 –
pulsars: individual: PSR J0134–2937. 
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 I N T RO D U C T I O N  

olarimetric observations have long been a source of important
nformation of the physics of radio pulsars. The angle of linear
olarization (position angle or PA) was identified as being related
o the geometry of the pulsar beam through the rotating vector model
RVM) by Radhakrishnan & Cooke ( 1969 ). Subsequent observations
f PA profiles revealed jumps of 90 ◦ which are evidence of the pulsar
adio emission being composed of two orthogonally polarized modes
f emission (OPMs; e.g. Manchester, Taylor & Huguenin 1975 ).
ichel ( 1987 ) theorized that the handedness of circular polarization

hould change with viewing direction, something experimentally
ndorsed by the circular polarization handedness measurements
f the precessing pulsar J1906 + 0746 (Desvignes et al. 2019 ) and
bservations of pulsars with interpulses (Johnston & Kramer 2019 ).
hese papers also provide the best observational evidence for the
VM as an explanation for the shape of pulsar PA profiles. Con-
iderable observ ational e vidence for the incoherent combination of
rthogonal modes has also been documented since that first evidence
f 90 ◦ PA jumps, including studies of single pulse polarization states
e.g. Cordes, Rankin & Backer 1978 ) and the appearance of a new
omponent in the pulse profile of PSR J0738 −4042 with polarization
roperties that are orthogonal to those of the surrounding profile
Karastergiou et al. 2011 ). Ho we ver, this description is insuf ficient to
xplain the full variety of polarization features seen across the pulsar
opulation, which includes not only orthogonal jumps but also other
omplexities in both the PA profile and in the frequency-dependent
olarization evolution. 
 E-mail: lucy.oswald@physics.ox.ac.uk 
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Theoretical understanding of pulsar emission has developed
longside this profileration of observational evidence. We defer a
etailed explanation of the theoretical context to Section 5.2 , but a
ualitative description is useful for showing how new observations
an be best used to extend that understanding. That description is
s follows. Two orthogonal modes of emission are generated in the
ulsar magnetosphere; these propagate through the magnetosphere,
ikely along different paths and experiencing refraction with different
efractiv e indices; the y may transform into each other coherently,
ither along the propagation path or in some polarization limiting
e gion; generalized F araday rotation may be important; and there
xists a polarization limiting radius where the plasma density is
ow enough that there is no longer any appreciable influence of
he pulsar’s magnetosphere on the polarization of the radio emission.
rom this point the polarization state may be considered fixed and any
urther effects are the result of propagation through the interstellar
edium. Under this description, the polarization observed at a given

ulse phase and frequency will depend on the following: the nature of
he paths and refracti ve ef fects on the modes and of their interactions
ith each other, combined with the projection effects of how the
bserver’s viewing angle cuts the beam at a given pulse phase, and
nally the nature of observations as being either single pulses or the
ombination of many single pulses to create an integrated profile.
tudies of both individual pulsars and of the pulsar population as a
hole provide information about the nature of any such propagation

ffects. 
In Oswald et al. ( 2023 ), we presented an in-depth study of

he polarization properties of 271 pulsars as captured by broad-
and observations with Murriyang, the Parkes radio telescope.
ur particular focus was to categorize polarization behaviour not

ccounted for in the traditional picture of pulsar radio polarization.
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e found that circular polarization played a key role in the o v erall
olarization properties of a pulsar, and described how these properties 
volved with Ė across the population. In particular, we identified 
 link between the presence of circular polarization features in 
ulse profiles and departures of the PA profile from an RVM-like 
hape, something that was also linked with frequency evolution of 
olarization. Furthermore, frequency evolution and phase evolution 
f polarization are seen more for pulsars with low Ė (particularly 
eviations from the RVM), along with low polarization fractions 
nd a large proportion of that polarization being circularly polarized, 
hereas higher- ̇E pulsars have simpler profiles and are strongly 

inearly polarized, as has been previously noted by Johnston & 

 eisberg ( 2006 ). W e also sho wed that frequency e volution of pulsar
olarization tends to follow similar evolution from low to high 
requency as is seen across the pulsar population from high to 
ow Ė : pulsars simultaneously depolarize and increase the relative 
ontribution of circular polarization. 

One idea which can explain these characteristics is that the 
rthogonal modes do not simply add incoherently, but also have 
 coherent addition contribution. This would mean that the observed 
olarization is the incoherent sum of three contributions: the two 
odes and their coherent combination. Recent studies of single 

ulses for individual pulsars have demonstrated complex polarization 
ffects that are well explained as resulting from coherent mode 
nteraction: see for example the work of Dyks ( 2019 ) and Primak
t al. ( 2021 ). It is therefore important to consider the polarization
ehaviour of the whole pulsar population to investigate whether 
olarization complexities more generally can be similarly explained 
n this way. 

In this paper, we present a simple and straightforwardly moti- 
ated way of parametrizing the diverse effects described in Oswald 
t al. ( 2023 ) as resulting from partially coherent orthogonal mode
nteraction. We define a model which captures this partially coherent 
ehaviour through just three parameters: the ratio of the orthogonal 
odes’ strengths, the phase offset between the modes, and the extent 

o which they interact coherently rather than incoherently. We then 
est whether allowing these parameters to evolve in a sensible way 
an account for the polarization effects we observe in the pulsar
opulation. 
In Section 2 , we describe the moti v ations for our parametrization

nd explain the observational effects that will result from varying 
ach of the three parameters in the model. We describe how the
bservational results from Oswald et al. ( 2023 ) can be interpreted in
he context of this model in Section 3 . In Section 4 , we show how the
athematics of the model can be applied to conv ert observ ed Stokes

arameters to mode interaction parameters. Applying this to three 
ndividual sources, we demonstrate that their complex polarization 
ehaviour is simply explained as a smooth varying of one of the
hree model parameters with the other two held constant. Finally, in 
ections 5 and 6 , we discuss the extent to which the model describes

he observed polarization behaviour of radio pulsars, consider the 
hysics underlying the model in the context of historical theoretical 
erspectives and elaborate on directions for future work. 

 T H E  PA RT I A L - C O H E R E N C E  M O D E L  

e define the partial-coherence polarization model: that pulsar 
olarization at a giv en wav elength is the result of two orthogonally
olarized modes of emission which combine both coherently and 
ncoherently to produce the observed polarization. This means that 
he observed polarization is made up of the incoherent sum of three
ontributions: the two orthogonally polarized modes and a third 
ontribution made up of the coherent sum of these two modes.
his picture is moti v ated by simplicity: the model relies only on

hree parameters. These are the mode strength ratio R , mode phase
ffset η and coherence fraction C . In practice these parameters are
l w ays applied to finite bandwidth data: it is therefore necessary
o use narrow bandwidths when comparing observations to model 
arameters. The two orthogonal modes may be either entirely linearly 
olarized or elliptically polarized: in the latter case there will be
ome contribution to circular polarization from the initial mode 
llipticity in addition to that resulting from the coherent addition. 
e describe the behaviour of each model parameter in general 

erms before investigating how observations can be interpreted 
ithin this model, both on a population scale and for individual

ources. We discuss the rele v ant mathematics of the model in the
ontexts of these observations and defer the full deri v ations to
ppendices A –C . 

.1 Mode strength ratio 

hen considering polarization as a fraction of total intensity, 
nformation about the actual strengths of the two orthogonal modes 
s unnecessary; ho we ver, the ratio of those strengths R will clearly
e important. The impact of relative mode strength is clearest when
onsidering the two extreme cases: equal strength modes ( R = 1)
nd one mode completely dominating the other. When one mode 
ominates, the observed polarization will be 100 per cent polarized. 
hen the two modes are equal, the observed polarization could 

e anything from 100 per cent polarized to completely unpolarized, 
nd could have any level of circular polarization, depending on the
oherence fraction and phase offset parameters. 

.2 Mode phase offset 

he phase offset η between the two orthogonal modes dictates 
he amount of circular polarization generated by their coherent 
ombination. In the case of linearly polarized orthogonal modes, 
f η = 0 ◦, then coherent addition of the modes will simply lead to
inearly polarized radiation rotated by some angle. If η = 90 ◦, then
ll of the coherently added radiation will be circularly polarized. For
lliptical modes equi v alent behaviour is seen, but there will be some
ircular polarization even when η = 0 ◦. 

.3 Coherence fraction 

he coherence fraction C defines what proportion of the two 
odes is added coherently and what proportion gives an incoherent 

ontribution to the total polarization observed. As described in more 
etail in Appendix A , the final polarization from this model consists
f three Stokes parameter contributions added together. These are 
he individual contributions from each orthogonal mode, and the 
ontribution from the coherent combination of the modes. The 
elative fraction of the coherently combined part, compared to the 
riginal modes, is given by C . 
As a result, the coherence fraction, combined with the mode 

trength ratio, dictates the o v erall polarization fraction of the ob-
erved polarization. If C = 0, then the polarization fraction will
e dependent entirely on the strength ratio of the two incoherently
ombined modes, R : for example, equal strength modes would result
n no net polarization. If C = 1 then the resultant pulse profile
ill be 100 per cent polarized, with the angle of linear polariza-

ion and the amount of circular polarization being dependent on 
 and η. 
MNRAS 525, 840–853 (2023) 
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 INTER P R ETATION  O F  OBSERVATIONS  

ITHIN  T H E  PA RT I A L - C O H E R E N C E  M O D E L  

n the partial-coherence model picture, the observed polarization
tate is expected to result from a combination of two effects. First,
he pulsar’s rotation and its geometry dictate the sweep of the PA
rofile as described in the RVM. Then, the partial-coherence model
escribes the rotation of the PA away from that RVM curve, alongside
he generation of circular polarization. The observed link between
eviations from the RVM in the PA profile and features in the circular
olarization, as described in Oswald et al. ( 2023 ), is arguably the
learest evidence for a coherent addition explanation of the origin of
ome, or possibly all, of the circular polarization in pulse profiles.
oherently combining two orthogonal modes with 0 ◦ < η < 90 ◦ will

esult in rotation of the linear polarization angle and simultaneous
ntroduction of circular polarization. If the PA of a mode is set by
he RVM, then the coherent combination will lead to rotation that

anifests as deviation from that RVM profile at a given phase bin. 
The link between RVM deviations of the PA and the presence of

ircular polarization was also found to be related to pulse profiles
hat e xhibited frequenc y evolution of the polarization. If the PA is
et by the pulsar geometry alone, then there should be no evolution
f the PA with frequency. Ho we ver, it is easy to include frequency
volution in the partial-coherence model, simply by allowing the
ode interaction parameters to evolve with frequency. We now

onsider more carefully how the parameters of the partial-coherence
odel map onto observable polarization properties, and interpret the

requency-dependent polarization behaviour of the pulsar population
n that context. 

.1 Mapping model parameters onto polarization obser v ations 

e make use of four key observable parameters defined in Oswald
t al. ( 2023 ) for comparing polarization behaviour with the param-
ters of the partial-coherence model. These are the total, linear and
bsolute circular polarizations as a fraction of intensity ( p , l , and
 v| ) and the circular contribution θ . The pairings l –| v| and p –θ can
e derived from each other and all are derived from the Stokes
arameters I , Q , U , and V . The definitions are as follows: 

 = 

√ 

Q 

2 + U 

2 /I ≡ p cos ( θ ) (1) 

 v| = | V | /I ≡ p sin ( θ ) (2) 

 = 

√ 

Q 

2 + U 

2 + V 

2 /I ≡
√ 

l 2 + | v| 2 (3) 

= arctan 
(
| V | / 

√ 

Q 

2 + U 

2 
)

≡ arctan ( | v| /l) . (4) 

Varying the model parameters R , η, and C leads to variations in the
inear and circular polarization fractions l and | v| (and hence p and θ ),
nd to the angle of linear polarization (PA) and handedness of circular
olarization. Allowing the model parameters to evolve smoothly
cross both pulse phase and frequency for individual pulsars, and
cross the population as a whole, would lead to a large range of
redicted polarization behaviours. We focus first on the observed
ehaviour of the population as a whole, before moving onto detailed
tudy of individual pulsars in Section 4 . 

Fig. 1 sho ws ho w the R , η, and C parameters map onto the
arameter space of the measurable polarization properties p and θ , in
he case where the orthogonal modes are entirely linearly polarized.

e focus on linearly polarized modes as the simplest case and then
iscuss how the observational picture is modified for elliptical modes.
n each subplot, the solid lines show varying R with C and η held
onstant, the dashed lines sho w v arying C with R and η held constant,
NRAS 525, 840–853 (2023) 
nd the dotted lines show varying η with R and C held constant. The
rrows mark the directions of the variables increasing. We can see
rom the curved gridlines in the top-left subplot that small values of
 (close to 0) correspond to high polarization fraction ( p close to 1)

hat is strongly linear ( θ close to 0). Large values of R (close to 1) and
 are required to attain strongly circular polarization ( θ close to 90 ◦).
Whereas varying R and C causes the observed polarization

arameters to follow curved tracks in the p –θ diagram, varying η
with R and C constant) has no impact on polarization fraction p .
his leads to a vertical track on the p –θ diagram (see dotted lines

n top-middle and top-right subplots). We can search for ordered
ehaviour in the p –θ diagram, such as vertical lines of this nature,
nd infer its link to these model parameters. For example, horizontal
racks with θ � 15 ◦ would result from varying R (or possibly varying
 , but only if η is very small). Tracks following curved paths from
ottom right towards top left would also indicate varying R , whereas
racks following curved paths from bottom left to top right would
ndicate varying C . Vertical tracks would indicate varying η, unless
 � 0.3 or p � 0.8, in which case it could also be varying R . 
Fig. 2 shows how the R –η–C gridlines are altered in the cases

f elliptical orthogonal modes with increasing degrees of ellipticity.
ssentially, the gridlines are shifted vertically to account for the fact

hat circular polarization is present even in the absence of coherent
ddition, but the behaviour is otherwise unchanged. This justifies
ur approach of keeping the model conceptually simple by focusing
n linearly polarized orthogonal modes in our comparisons with
bservations in the coming sections. 

.2 Frequency evolution of polarization: comparing past 
nterpretations and modern observations with the 
artial-coherence model 

e observed in Oswald et al. ( 2023 ) that pulsars tend to depolarize
ith increasing frequency ( p decreases) whilst circular contribution
increases. Karastergiou, Johnston & Manchester ( 2005 ) proposed

hat the frequency dependence of orthogonal jumps in pulsar profiles,
nd the depolarization at increasing frequency, could be explained
y the two (incoherently-combining) modes having different spectral
ndices. This would lead directly to an evolution of R with frequency
n our description. Gangadhara ( 1997 ) suggested that, as increasing
requency reduces the coherence-length for mode interaction, modes
ill combine together more incoherently at higher frequencies: this
e can conceptualize as a decrease in C with frequency. 
The e xplanations giv en in those papers do not directly address

he relationship between depolarization and increasing relative con-
ribution of circular polarization. Ho we ver, in the partial-coherence
odel, the two are directly linked to each other. Fixing C and η and

llowing R to vary causes p and θ to track along a curved line that
ends to go from high- p , lo w- θ to lo w- p , high- θ . An example of this is
ndicated by the solid thicker red line on the top-left subplot of Fig. 1 ,
hich shows varying R for C = 0.5 and η = 90 ◦. The same solid red

ine is also indicated on the top-right, bottom-left, and bottom-right
ubplots as part of the full mapping of this set of 3 parameters. 

In Fig. 3 , we show the frequency-dependent data results taken
rom fig. 7 of Oswald et al. ( 2023 ) plotted on a graph of θ̄ versus p̄
both parameters averaged across pulse phase), but now with the R –C
arameter-space grid (with η = 90 ◦) mapped on top of it. It can be
een that, qualitatively, the grid-lines map onto both the distribution
f points for the population as a whole, and the frequency-dependent
volution marked out for individual pulsars. We see that for p �
.3 the frequency evolution is predominantly horizontal, with θ �
0 ◦, whereas for p � 0.3 the frequency evolution is either diagonal
r vertical. This behaviour is most concisely explained as resulting
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Figure 1. Grids showing the relationship between observable polarization parameters p and θ and partial-coherence model parameters R , η, and C (all defined 
in the text). The bottom three plots show grids of pairs of partial-coherence model parameters (the third being held at a constant value indicated in the subplot 
title), indicated with dotted, dashed, and solid lines. The top three plots show how those grids map onto the p –θ diagram. The same line patterns are used 
throughout: lines of varying R are solid, lines of varying C are dashed, and lines of varying η are dotted. Thicker red lines are used to indicate a particular set of 
parameters, with the arrows indicating the direction of increase of a parameter. 
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rom frequency evolution of the ratio of mode strengths R , with
 small amount of coherent mode addition taking place. It would 
e insufficient to have purely incoherent mode addition, even with 
lliptical modes, as it is impossible for incoherent addition alone to 
esult in the observed diagonal or vertical tracks on the p –θ diagram.

 I N D I V I D UA L  PULSARS  A N D  T H E  

A RT I A L - C O H E R E N C E  M O D E L  

he three parameters of the partial-coherence model can be combined 
n a large number of different ways, which has the potential to
ead to considerable complexity in observ ations. Ho we ver, it is
nstructive to consider what happens to observable polarization when 
wo parameters are held constant and a third is varied smoothly with
ither pulse phase or frequency. This provides both a clear example 
f model behaviour and evidence in fa v our of the partial-coherence
odel successfully explaining the observed polarization complexity 

n a simple way. Moti v ated by the population-level polarization 
ehaviour of Fig. 3 , we searched for ordered polarization tracks 
n p –θ space for individual pulsars. We present here some individual 
xamples of pulsars for which just such a scenario can neatly explain
he observed polarization behaviour. 

.1 Inferring model parameters from obser v ed Stok es 
arameters 

n order to investigate individual pulsars, we first need to consider
recisely how the mathematics of the model can be related to real
bservations. The three parameters of the partial-coherence model 
ay be used to generate normalized model-Stokes parameters with 

he following formulas, derived in Appendix A : 

I m 

= 

(
(1 − C) 2 + C 

2 
)

( 1 + R ) 

 m 

= 

(
(1 − C) 2 + C 

2 
)

( 1 − R ) 

U m 

= 2 
√ 

R C 

2 cos η

V m 

= 2 
√ 

R C 

2 sin η (5) 

These parameters are normalized and derived with respect to a 
articular set of ax es. The y are therefore not directly comparable
o the observational Stokes parameters I d , Q d , U d , and V d , where
MNRAS 525, 840–853 (2023) 
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M

Figure 2. Figure set-up as described in Fig. 1 , but now showing the impact on observed polarization of using elliptically polarized natural modes. The ellipticity 
set-up for this example is described with parameters α = −β = 0.1 and χ = −ψ = 45 ◦ (see Appendix A4 for an explanation of these parameters). 

Figure 3. A reproduction of fig. 7 from Oswald et al. ( 2023 ) showing the 
frequency evolution of polarization on the p –θ diagram for the observed 
pulsar sample of that paper. Overlaid is the grid of lines of varying R and C 

for η = 90 ◦, as visualized in the top-left subplot of Fig. 1 . 
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he subscripts ‘d’ and ‘m’ refer to data and model, respectively.
o we ver, if we kno w the geometry of a pulsar, then the RVM defines

he phase-dependent basis underlying the geometrical part of the PA.
he model Stokes parameters then describe deviations away from

his basis that result from the coherent combination of the modes,
xplaining the simultaneous presence of deviations from the RVM
n the PA profile and the presence of circular polarization. 

If we do not know the pulsar geometry, it is still possible to make
se of the model without reference to the parameter basis for a
iven pulsar. We can consider only the absolute fractions of linear
nd circular polarization, and neglect polarization angle and circular
olarization handedness. Doing so results in two key limitations
NRAS 525, 840–853 (2023) 
n the inferred model parameters. We can infer the ratio of mode
trengths, R , but not which mode is stronger, so 0 ≤ R ≤ 1 al w ays.
 or e xample, if one mode is twice the size of the other, b ut we ha ve
o information about which is which, by default the maths will infer
 = 0.5 rather than R = 2. We can also infer the size of the phase
ffset, but not the basis from which that is measured, so 0 ◦ ≤ η ≤ 90 ◦

l w ays. F or e xample, in terms of the relativ e magnitudes of linear and
ircular polarization, a phase offset η = 120 ◦ is equivalent to a phase
ffset η = 180 ◦ − 120 ◦ = 60 ◦, and by default the maths will infer
= 60 ◦. Care must therefore be taken to recognize these limitations

nd, if possible, account for them with additional information. 
This basis-free inference of partial-coherence model parameters

s done as follows. Unlike the model Stokes parameters, fractional
inear polarization and fractional absolute circular polarization are
irectly comparable for the data and the model: 

l = L d /I d = L m 

/I m 

= 

√ 

Q 

2 
m 

+ U 

2 
m 

/I m 

 v| = | V d | /I d = | V m 

| /I m 

, (6) 

ince these do not require the angle of linear polarization or the
bsolute mode strength. We have already described mapping the
odel parameters R , η, and C onto these polarization fractions in
ection 3.1 . Now we are seeking to mo v e in the opposite direction and

nfer the partial-coherence model parameters from our polarization
bservations. 
We can convert observed Stokes parameters ( I d , Q d , U d , V d )

o model parameters ( R , η, C ) by combining and rearranging
quation blocks ( 5 ) and ( 6 ). In this set-up, we have two input data
arameters ( l and | v| ) and three output parameters ( R , η, and C ).
his means that it is only possible to invert the model if we make an
ssumption about the value of one of the model parameters. Here, as
n example, we assume we know the value of η so that we can infer
 and C . We present the equations here and describe their deri v ation

n detail in Appendices B and C : 

 = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

1 −l 
1 + l 

, if η = 90 ◦, 

1 −
√ 

l 2 −
( | v| 

tan η

)2 

1 + 

√ 

l 2 −
( | v| 

tan η

)2 
, otherwise , 

(7) 
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Figure 4. Frequency-dependent polarization of PSR J0820 −1350. Left: pulse profile properties at 1400 MHz: (a) polarization as a fraction of total intensity, 
p , (b) position angle, (c) ellipticity, (d) total intensity (black), linear polarization (red) and circular polarization (blue) all in normalized units. The variables 
in subplots (a), (b), and (c) are shown only where p < 1 and p > 3 σ I , where σ I is the standard deviation of the off-pulse region of the total intensity pulse 
profile. Right: p̄ –θ̄ diagram sho wing ho w the phase-averaged parameters v ary with frequency between 809 and 3782 MHz, with gridlines of varying R and C 

o v erplotted. Points from successive frequencies are linked by lines and the value for the lowest frequency is marked with a red circle. 
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 = 

{ 

1 
2 , if 2 | v| = | α| , 
| v |−√ | v | ( | α|−| v | ) 

2 | v |−| α| , otherwise , 
(8) 

here α = 

√ 

(1 − l 2 ) sin 2 η + | v| 2 cos 2 η. 
For a given pair of l and | v| , we can infer the upper and lower

ounds on the model parameters in the following way. Without 
nformation about the mode basis provided by the pulsar geometry, 
he maximum possible value of η will al w ays be ηmax = 90 ◦, as this
eans that all coherent addition will generate circular polarization 

nly. The minimum possible value inferred value of η is given by 
min = θ = arctan ( | v| /l) . A smaller value of η would not be able 
o generate the amount of circular polarization measured. Note that 
his assumes that 0 ◦ ≤ η ≤ 90 ◦: the symmetry of η about 90 ◦ means
hat the inferred ηmin could equi v alently result from ηtrue = 180 ◦ −
min . With this in mind, for a given ηmax and ηmin we can then infer
 ( ηmax ), R ( ηmin ), C ( ηmax ), and C ( ηmin ). This is the technique we
mploy in the following subsections to investigate the polarization 
ehaviour of PSRs J0820 −1350, J1157 −6224, and J0134 −2937. 
or this work we use observations made with Murriyang, the Parkes 
adio telescope, as described in Oswald et al. ( 2023 ). 

.2 PSR J0820 −1350: frequency dependence of mode phase 
ffset 

uilding on the context of Fig. 3 , we begin by investigating
he frequency-dependent polarization behaviour of an individual 
ulsar. In Fig. 4 , we show the pulse profile of PSR J0820 −1350 at
400 MHz (left) and how the phase-averaged polarization values 

¯ and θ̄ vary with observing frequency (right). Note that, unlike 
he definitions given in equations ( 3 ) and ( 4 ) we are considering

hase-averaged parameters here: p̄ = 
 ( 
√ 

Q 

2 + U 

2 + V 

2 
BC 

) /
 I 

nd θ̄ = arctan ( 
 ( | V | ) BC /
 ( 
√ 

Q 

2 + U 

2 ) BC ) where 
 indicates 
 sum across pulse phase and the superscript BC indicates that 
he polarization variables have been bias-corrected according to 
he prescriptions of Everett & W eisberg ( 2002 ). W e see that the
requenc y-dependent av erage polarization forms a vertical track on 
he p̄ - ̄θ diagram: as we mo v e from low to high observing frequency,
ircular polarization is being converted to linear polarization with 
otal polarization fraction staying constant. From Fig. 1 (top-middle 
nd top-right subplots), we see that such a vertical track can be
onceptualized as a smooth variation of mode phase offset η with R
nd C held constant. It should be noted that since we are using phase-
veraged inputs, there is likely to be a loss of information associated
ith the phase-averaging when we translate to the model parameters: 
e label them R 

′ 
, η

′ 
, and C 

′ 
to emphasize this. We investigate how

ell such a picture describes the observed polarization. 
We model the average polarization of PSR J0820 −1350 as 

ollows. First, since we are assuming that all frequency-dependent 
olarization changes result only from changes of η, this means 
he phase-averaged polarization fraction p̄ is constant across fre- 
uency. We set it equal to the mean of the polarization fraction
easurements: μ( p ) = 0.185. These measurements have a standard
MNRAS 525, 840–853 (2023) 
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M

Figure 5. Lambert projection of the Poincar ́e sphere, showing the phase- 
averaged Stokes parameters of PSR J0820 −1350 at eight successive frequen- 
cies. As in Fig. 4 , the lowest frequency is marked with a red circle. 
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eviation of σ ( p ) = 0.006, so this is a reasonable assumption in this
ase. 

Next, we wish to identify an observing frequency at which θ̄ =
0 ◦: this would constrain η

′ = 90 ◦, allowing us to infer the model
arameters R 

′ 
and C 

′ 
. We could then fix R 

′ 
and C 

′ 
and hence infer

′ 
at every other frequency. Ho we ver, it can be seen from Fig. 4 that

one of our measurements of θ̄ lie close to 90 ◦. We therefore look to
he Poincar ́e sphere for additional information to help constrain η

′ 
. 

In Fig. 5 , we show the Stokes parameters Q , U , and V on the
oincar ́e sphere, averaged across pulse phase and normalized by
veraged total intensity. It is important to note that, because we are
hase-averaging, the values on the Poincar ́e sphere in Fig. 5 are not
he same as the values in the p̄ –θ̄ plot in Fig. 4 . For the former, we are
umming Stokes parameters Q , U, and V across pulse phase, whereas
o generate the parameters p̄ and θ̄ we use the phase-summed total
olarization, linear polarization and absolute circular polarization. 
Nevertheless, we can use the Poincar ́e sphere to give a general

ndication of the angular dependence of the polarization state with
requency. We can see that in Fig. 5 the lowest frequency polarization
tate (red circle) lies on the other side of the ne gativ e Stokes V pole
rom the rest of the polarization states at higher frequencies (black
rosses). From θ̄ alone, we know only that θ̄ ≤ η′ ≤ 180 ◦ − θ̄ at a
iv en frequenc y. From the Poincar ́e sphere, we can constrain that
f η

′ 
> 90 ◦ at the lowest frequency, then η

′ 
< 90 ◦ at the higher

requencies. Alternatively, if η
′ 
< 90 ◦ at the lowest frequency, then

′ 
> 90 ◦ at the higher frequencies. 
The frequency, ν, at which η

′ 
is most tightly constrained is the

owest frequency, because at this frequency the pulsar has its largest
alue of θ̄ . Calling that frequency ν0 , we know that θ̄ ( ν0 ) ≤ η′ ( ν0 ) ≤
80 ◦ − θ̄ ( ν0 ). We have also inferred that η

′ = 90 ◦ lies between ν0 

nd the next-lowest frequency: this means either that η
′ 
( ν0 ) ≥ 90 ◦

nd η
′ 
( ν �= ν0 ) < 90 ◦, or vice versa. We choose the former with no

oss of generality. 
NRAS 525, 840–853 (2023) 
We therefore have a defined range of η
′ 

at the lowest frequency:
0 ◦ ≤ η′ ( ν0 ) ≤ 180 ◦ − θ̄ ( ν0 ). This gives us limits on R 

′ 
and C 

′ 
at this

requency as follows: 

′ 
min ( ν0 ) = 90 ◦, (9) 

 

′ ( η′ 
min ( ν0 ) , ν0 ) = 0 . 80( ±0 . 01) , (10) 

 

′ ( η′ 
min ( ν0 ) , ν0 ) = 0 . 294( ±0 . 004) (11) 

nd 
′ 
max ( ν0 ) = 180 ◦ − θ̄ ( ν0 ) = 127 ◦ ± 3 ◦, (12) 

 

′ ( η′ 
max ( ν0 ) , ν0 ) = 1 . 0( + 0 . 0 − 0 . 1) , (13) 

 

′ ( η′ 
max ( ν0 ) , ν0 ) = 0 . 32( + 0 . 00 − 0 . 01) , (14) 

espectively. Fixing R 

′ 
and C 

′ 
as constants, we can then calculate

′ 
( ν) as a function of frequency, being careful to choose η

′ 
( ν) < 90 ◦

t all other frequencies. 
We find that η

′ 
changes quickly at low frequency and more slowly

t higher frequency, as shown in the first subplot of Fig. 6 . If we
et η

′ 
( ν0 ) = 90 ◦, the trend can be described as varying linearly

ith wavelength-squared ( λ2 ) and if we set η′ ( ν0 ) = 180 ◦ − θ̄ ( ν0 ) =
27 ◦, the trend is better described as varying linearly with λ3 . We
how these two trends in the second and third subplots of Fig. 6 . 

In summary then, switching to wavelength dependence rather than
requency dependence, for η′ 

min ( λ0 ) = 90 ◦ we have 

 

′ = 0 . 80( ±0 . 01) , (15) 

 

′ = 0 . 294( ±0 . 004) , (16) 

′ ( λ) = 

(
604 ◦/m 

2 ± 17 ◦/m 

2 
)
λ2 + (7 ◦ ± 1 ◦) . (17) 

here η
′ 

is measured in degrees and λ in metres. Similarly, for
′ 
max ( λ0 ) = 180 ◦ − θ̄ ( λ0 ) = 127 ◦ we have 

 

′ = 1 . 0( + 0 . 0 − 0 . 1) , (18) 

 

′ = 0 . 32( + 0 . 00 − 0 . 01) , (19) 

′ ( λ) = 

(
2268 ◦/m 

3 ± 142 ◦/m 

3 
)
λ3 + (6 ◦ ± 3 ◦) . (20) 

.3 PSR J1157 −6224: pulse phase dependence of mode phase 
ffset 

n addition to the frequency-dependent polarization properties de-
cribed in Oswald et al. ( 2023 ) and shown in Fig. 3 , we witnessed
any individual cases in our pulsar sample where polarization

volves with pulse phase, such that total polarization fraction stays
ear -constant, b ut the linear and circular fractions vary. A clear ex-
mple of this is the phase-dependent linear and circular polarization
f PSR J1157 −6224. As shown on the left of Fig. 7 , in the right half
f the central component (shaded blue region) the linear polarization
ecreases with increasing phase as the circular polarization increases,
nd then vice versa, such that the total polarization fraction remains
ear-constant. The phase-dependent polarization track is indicated
n the Poincar ́e sphere in the middle of Fig. 7 and shows evidence of
 transition of polarization state between linear and circular. Since
n this case we are studying phase-resolved polarization, this means
hat, unlike the case of J0820 −1350, there is a direct relationship
etween the values on the Poincar ́e sphere and those on the p –
diagram. The polarization behaviour of this region of the pulse
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Figure 6. Modelled values for frequency-dependent η
′ 

for PSR J0820 −1350, shown plotted against frequency ν (left), wavelength-squared λ2 (middle), and 
wavelength-cubed λ3 (right). The vertical line marks ν0 (or equi v alently λ2 

0 or λ3 
0 ), the frequency at which η

′ 
( ν0 ) is fixed at either η′ 

min ( ν0 ) = 90 ◦ (cross) or 

η′ 
max ( ν0 ) = 180 ◦ − θ ( ν0 ) = 127 ◦ (point). The values of η

′ 
at every other phase are then inferred for constant R 

′ 
and C 

′ 
, as described in the text, and plotted with 

crosses and points. Two best-fitting straight lines are o v erplotted: the dashed line in the middle subplot is the best fit to the crosses of a linear relationship with 
λ2 and the solid line in the right subplot is the best fit to the points of a linear relationship with λ3 . 

Figure 7. Phase-dependent polarization of PSR J1157 −6224. Left: pulse profile properties at 1400 MHz as described in Fig. 4 . Shaded blue phase region 
identifies the phase bins plotted on the middle and left subplots. Middle: Lambert projection of the Poincar ́e sphere, showing Stokes parameters for the 
blue-shaded phase region of the pulse profile. Points from successive phase bins are linked by lines and the value for the highest phase bin is marked in black: 
this corresponds to the phase bin marked by a vertical black line in plots (a) to (d). Right: p –θ diagram of the blue-shaded phase region, with gridlines of varying 
R and C o v erplotted. As for the Poincar ́e sphere, points from successiv e phase bins are linked by lines and the value for the highest phase bin is marked in black. 
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rofile of PSR J1157 −6224 can be visualized as a vertical track on
he p - θ diagram that rises and falls, as shown on the right of Fig. 7 .
 vertical track once more suggests that η is changing whilst R and
 are held constant. 
We model this phase-region of PSR J1157 −6224 as follows. First,

ust as for J0820 −1350, we require the polarization fraction p to be
onstant across pulse phase. We use μ( p ) = 0.41 ± 0.05. Next, we
alculate the model parameters R , C and η for the pulse phase with
he highest value of θ , as it is at this phase bin that the parameters
ill be most constrained. Calling this phase bin φ0 , we infer the

ollowing parameters: 

min ( φ0 ) = θ ( φ0 ) = 88 ◦ ± 3 ◦ (21) 

( ≡ 180 ◦ − θ ( φ0 ) = 92 ◦ ± 3 ◦) , (22) 

( ηmin ( φ0 ) , φ0 ) = 1 . 00( + 0 . 00 − 0 . 06) , (23) 

( ηmin ( φ0 ) , φ0 ) = 0 . 4543( + 0 . 0000 − 0 . 0005) , (24) 

s one set of constraints. Similarly, we calculate the model parameters
or ηmax = 90 ◦, giving 

max ( φ0 ) = 90 ◦, (25) 

( ηmax ( φ0 ) , φ0 ) = 0 . 97( ±0 . 03) , (26) 

( ηmax ( φ0 ) , φ0 ) = 0 . 4542( + 0 . 0001 − 0 . 0005) (27) 

s the other set. The error on ηmin ( φ0 ) is given as the error on θ ( φ0 ),
hich is inferred from the standard deviation of the off-pulse region
f the Stokes parameters. Varying the input parameters θ and φ by
his amount changes R and C by a small amount, which gives the
recisions to which we have quoted the values above. 
Next, we make the assumption that R and C are constants and

o not vary with pulse phase. This means we now have enough
nformation to calculate η( φ) at every other pulse phase. We note
hat, when considering only the total linear and absolute circular
olarization and not making use of the phase information, we are
nly able to calculate a value of η between 0 ◦ and 90 ◦, since every
alue of η > 90 ◦ would lead to an equivalent ratio of linear and
ircular polarization as a value of η within this range. Ho we ver, from
he Poincar ́e sphere in Fig. 7 we see that the circular polarization
ncreases to a maximum and then decreases again, such that the linear
olarization continues to rotate around the sphere. It is therefore
ogical to infer from this that the value of η actually increases beyond
0 ◦ at the higher phases (or indeed the mirror image – it could start
ut greater than 90 ◦ and decrease with phase.). 
Taking this into account, we find that η varies linearly with pulse

hase. This is true for both limiting parameter sets ( ηmin and ηmax ),
s is shown in Fig. 8 . We therefore perform a least-squares fit for
inear dependencies of η on φ in both cases: the best fits are plotted in
ig. 8 and are very similar to each other, so this behaviour is tightly
onstrained. 

In summary, the phase-dependent polarization behaviour for this
egion of the profile of PSR J1157 −6224 can be described by
onstant R , constant C and phase-varying η( φ). By calculating the
onstraints on the initial choice of η( φ0 ), we infer the parameter
anges that describe the whole region. 

For ηmin ( φ0 ) = θ ( φ0 ) = 88 ◦ we have 

 = 1 . 00( + 0 . 00 − 0 . 06) , (28) 

 = 0 . 4543( + 0 . 0000 − 0 . 0005) , (29) 
NRAS 525, 840–853 (2023) 
( φ) = (14 . 6 ± 0 . 2) φ + (9 ± 1) (30) 

here η and φ are both measured in degrees. Note that the zero-point
or rotational phase φ can be defined as any point in the pulsar’s
otation and shifting the zero-point will alter the intercept but not the
radient of the fit to η. For simplicity we have defined φ = 0 ◦ to be the
rst phase bin of the phase region being investigated. Equi v alently, η
ould have a negative gradient, at which point the intercept i would
e given by 180 ◦ − i instead. 
Similarly, for ηmax ( φ0 ) = 90 ◦ we have 

 = 0 . 97( ±0 . 03) , (31) 

 = 0 . 4542( + 0 . 0001 − 0 . 0005) , (32) 

( φ) = (14 . 6 ± 0 . 2) φ + (10 ± 1) . (33) 

.4 PSR J0134 −2937: pulse phase dependence of mode 
trength ratio 

inally, we consider the case of PSR J0134 −2937. As can be seen
rom Fig. 9 , the selected phase region of the pulsar follows a diagonal
ath on the p - θ diagram with a ne gativ e slope, unlike the behaviour
f PSR J1157 −6224. We test whether we can model this behaviour
s resulting from a smooth variation of mode strength ratio R , with
 and η held constant. 
Following a similar method as for the previous case, we identify

hat η (now a constant) must be at least as large as the largest
alue of θ for this phase region, or it will not be possible to
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Figure 9. Figure set-up as for Fig. 7 but now showing PSR J0134 −2937. 
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se the same value of η to describe the whole phase region. We
btain 

min = θ ( φ0 ) = 43 ± 3 ◦( ≡ 180 ◦ − θ ( φ0 ) = 137 ◦ ± 3 ◦) , (34) 

max = 90 ◦. (35) 

Now we hold η constant across pulse phase and calculate both 
 ( φ) and C ( φ) as functions of phase. Doing so, we find that for
max = 90 ◦, the polarization is well modelled with constant C and

inearly varying R ( φ), as shown in Fig. 10 . When ηmin = θ ( φ0 ) =
3 ◦, C is still well modelled as a constant but R is somewhat less
ell constrained as varying linearly with φ (see Fig. 10 ). This may
e evidence towards the true value of η being at or close to 90 ◦. 
In summary, we find that for ηmin = θ ( φ0 ) = 43 ◦( ≡ 137 ◦) we have

( φ) = ( −0 . 064 ± 0 . 009) φ + (0 . 71 ± 0 . 05) , (36) 

 = 0 . 56 ± 0 . 02 , (37) 

or ηmax = 90 ◦ we obtain 

( φ) = ( −0 . 029 ± 0 . 003) φ + (0 . 38 ± 0 . 01) , (38) 

 = 0 . 48 ± 0 . 02 . (39) 

 DISCUSSION  

.1 Applicability of model to obser v ations 

he partial-coherence model can e xplain man y of the key observable
eatures of pulsar polarization that relate to circular polarization. 

hereas the concept of varying mode ratio has been discussed many 
imes before in the context of orthogonal jumps, the inclusion of
oherent addition into the model via parameters C and η enables 
s to explain more complex polarization phenomena under the same 
icture. It successfully explains the co-occurrence of deviations from 
he RVM in the PA with features in circular polarization as a rotation
rom Stokes U into Stokes V ; it can explain the frequency depen-
ence and phase dependence of polarization features in individual 
ulsars as resulting from the evolution of the model parameters in
redictable ways; and it can be used to explain the trends in relation
o polarization fraction and circular contribution, both across the 
opulation and across frequency for individual pulsars. 
MNRAS 525, 840–853 (2023) 
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The three pulsars we investigate in this paper show organized
olarization behaviour for which our model reduces the number of
egrees of freedom required to describe the polarization, in compar-
son to using Stokes parameters. Each pulsar exhibits polarization
v olution beha viour that can be fully described by holding two of
he partial-coherence model parameters constant and allowing the
hird to vary in a straightforward way. These individual cases show
ariation of R and η with phase and η with frequency, and it seems
ikely that other pulsars may exhibit other parameter variations. 

We constrained the parameters based on upper and lower bounds
n η. It is interesting to note that in the cases of PSRs J0134 −2937
nd J0820 −1350 the best-fitting solution was that for which C
as smaller (J1157 −6224 is tightly constrained and the difference
etween its upper and lower bounds on C is negligible). This tendency
owards smaller C is perhaps reflected on the population scale: it can
e seen in Fig. 3 that there exist no p –θ measurements in the top-right
orner of the plot, which corresponds to no measurements at a large
alue of C . We further note that the polarization measurements we use
n this paper are all taken from the incoherent sum of single pulses to
roduce an integrated pulse profile, and that the frequency-dependent
olarization measurements shown in Fig. 3 are also phase-averaged
s well. This incoherent summing may result in a reduction of the
agnitude of the measured coherence fraction C compared to that
hich might perhaps be measured from individual (bright) single
ulses. 
A strength of the partial-coherence model is that it presupposes

othing about pulsar magnetosphere properties in order to model
olarization and make predictions. Indeed, the mathematics of the
odel are simply a reparametrization of the Stokes parameters into

he three-parameter collection R , η, and C , giving us a way to recon-
eptualize the relationship between linear and circular polarization
nd the pulse profile features we observe. From this perspective, the
xact physical process by which Stokes U is converted to Stokes V is
nconstrained, and the focus is more on understanding the frequency-
ependent behaviour of relative mode intensities, and the ways in
hich the PA is rotated away from the underlying geometrical profile

hape. As demonstrated with the examples in Section 4 , the partial-
oherence model can provide a simplistic description of what appear
o be quite complex polarization phenomena when viewed purely in
erms of Stokes parameters. 

This paper has focused on polarization fractions l and | v| ,
ather than Stokes parameters Q , U , and V , which depend on the
hoice of basis. Ho we ver, the partial-coherence model can also be
uccessfully applied to the full basis-dependent picture of pulsar
olarization, where we include the information about the angle of
inear polarization and sign of circular polarization. Future work
ill involve simultaneously fitting the PA profile for both the RVM

nd for the deviations resulting from the partially coherent mode
ddition. Using the partial-coherence model to account for the RVM
eviationa, circular polarization, and frequency dependence, would
nable impro v ed measurements of pulsar geometries, building our
nderstanding of the spin-evolution of pulsars across their lifetimes.

.2 Physical moti v ation for the partial-coherence model 

lthough this model successfully explains many observational po-
arization effects in the pulsar population, both collectively and for
ndividual cases, there remain the questions of why the orthogonal
odes for a given pulsar have a particular set of parameter values, and
hat the reasons are for those values evolving with phase, frequency

nd spin-down energy Ė . We therefore briefly review the historical
evelopment of theories related to orthogonal mode interaction in
NRAS 525, 840–853 (2023) 
he pulsar magnetosphere to provide some physical context for our
odel. Further information is summarized in the recent re vie w of

ulsar magnetospheres and their radiation by Philippov & Kramer
 2022 ). 

The key observational factors that theory has sought to explain
re the following: change in mode dominance with pulse phase;
eneration of circular polarization; frequency dependence of po-
arization behaviour; and pulsar behaviour, including polarization,
arying with Ė . The key theoretical concepts explored to explain
hese observations are generalized Faraday rotation, mode coupling,
efraction and the effect of different heights of radio emission. 

Most theoretical approaches to considering pulsar polarization
onsider the natural wave modes of the pulsar plasma to be linearly
olarized, as that is more physically tractable (Melrose & Stoneham
977 ). We have further shown in this paper that allowing only inco-
erent combination of elliptically polarized orthogonal natural modes
oes not permit the frequency evolution of circular contribution we
bserve. The circular polarization observed in pulse profiles must
hen be generated as a propagational effect. 

Kennett & Melrose ( 1998 ) described in detail how generalized
araday rotation (GFR, also known as Faraday conversion) of pulsar
adio emission could result from interaction with the medium through
hich the radio waves travel. This would result in the generation
f circular polarization, with the effect being frequency-dependent.
he case of PSR J0820 −1350 shows a rotation of polarization state

rom linear to circular in a way that can be modelled as depending
n either wavelength-squared or wa velength-cubed. Wa velength-
ependent conversion between linear and circular polarization could
e explained by GFR, for which the exact wavelength relationship
epends on the physical model invoked – for example Kennett &
elrose ( 1998 ) predict a λ3 relationship, whereas the treatment

f Lyutikov ( 2022 ) predicts λα where 1 ≤ α ≤ 2. Alternatively,
eniamini, Kumar & Narayan ( 2022 ) showed that GFR effects could
lso originate through multipath propagation of radio waves through
 magnetized scattering screen in the interstellar medium. Although
his work focused on Fast Radio Bursts, they pointed out that such
 mechanism would also frequency-dependent polarization features
n pulsar observations. 

Circular polarization could also arise as a propagation effect
nvolving mode coupling (e.g. Melrose 1979 ). Lyubarskii & Petrova
 1998a ) and Petrova ( 2001 ) developed the theoretical grounding
or this picture, describing the effects of refraction, conversion
etween ordinary and extraordinary modes and mode coupling in the
olarization limiting region as an origin for both circular polarization
nd non-orthogonal PA jumps. 

Refraction in the magnetosphere would cause OPMs to travel
long different paths, resulting in angular separation of the modes and
ffecting pulse widths, component separations and polarizations, in-
luding the observation of orthogonal jumps (Barnard & Arons 1986 ;
yubarskii & Petro va 1998b ; Petro va & Lyubarskii 2000 ). We note

hat angular separation of the modes, under the case of a changing
agnetic geometry, could lead to the observed combination of non-

rthogonal modes. Since our model provides only for orthogonal
odes, this leads to an inherent limitation that we must make the

ssumption that this angular separation is small. von Hoensbroech,
esch & Kunzl ( 1998 ) described the observational predictions of
aving two modes with different, frequency-dependent, refractive
ndices as being the following: 

(i) increasing frequency should be linked with decreasing linear
nd increasing circular polarization (as also described by Melrose &
toneham 1977 ); 



Partial-coherence model 851 

s

h

s

f
b  

w
r

o
a  

e  

t
t
t
p
A  

w
t
t
y
e
w  

y  

r

i
t
A
p
r
l
r
h
f
d
f
r
o

6

M
i  

c
o
w  

R
a
m
i
b
a
w
s
t
u  

c  

i

A

W  

p
p  

j  

a
W
L

D

T  

t

R

B
B
C
D
D
E
G
J
J
K
K
K  

K
L
L
L
M
M
M
M
O
P
P
P
P  

R
R
v
W

A
P

A

W
a
c
t  

g  

1  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/525/1/840/7232540 by guest on 27 Septem
ber 2023
(ii) there should be a correlation between linear polarization and 
pin-down energy Ė at frequencies abo v e a few GHz; 

(iii) long-period pulsars should have weaker linear polarization at 
igh frequencies; 
(iv) the difference between mode refractive indices should be 

maller at higher frequencies, leading to depolarization. 

All of these predictions have been verified in pulsar observations, 
or example Weltevrede & Johnston ( 2008 ) demonstrated the link 
etween linear polarization and Ė at 1.5 GHz. In Oswald et al. ( 2023 )
e demonstrated that broad-band observations of a large sample of 

adio pulsars provide evidence for every one of these predictions. 
If the polarization behaviour we observed is strongly dependent 

n the propagation paths of the modes in the pulsar magnetosphere, 
s indicated by the theory described abo v e, then the height of
mission abo v e the pulsar surface will be important in determining
hat polarization. Ruderman & Sutherland ( 1975 ) described the 
heory of radius-to-frequency mapping to as a way of explaining 
he frequency dependence of pulse widths: such a picture could also 
rovide insight into the frequency dependence of pulsar polarization. 
nother explanation is that presented by Karastergiou et al. ( 2005 ),
ho proposed that frequency-dependent depolarization results from 

he orthogonal modes having different spectral indices. They added 
hat this may also explain the differing polarization behaviour of 
oung pulsars with high spin-down energy Ė . The impact of differing 
mission heights may also affect how polarization is observed to vary 
ith Ė : Karastergiou & Johnston ( 2007 ) presented a model in which
ounger (high Ė ) and older (low Ė ) pulsars emit from different height
anges, leading to differing beam shapes and polarization behaviour. 

Our model brings together the effects of mode propagation and 
nteraction (affected by emission height, refraction and/or GFR) 
o result in observed partially coherent polarization behaviour. 
lthough the partial-coherence model makes no claims about the 
hysical origins of polarization behaviour, the context of past 
esearch indicates that frequency-dependent behaviours could be 
inked to some combination of frequency-dependent mode strengths, 
efractive indices and emission heights and the Ė -dependent be- 
aviour could also be linked to differing emission height behaviour 
or low- and high- ̇E pulsars. Disentangling the impacts of these 
ifferent physical explanations may require clearer predictions about 
requency-dependent behaviour and a closer look at the phase- 
esolved polarization of pulsar emission, and perhaps how it changes 
 v er time. 

 C O N C L U S I O N S  

oti v ated by the observations of broad-band radio pulsar polar- 
zation detailed in Oswald et al. ( 2023 ), we develop the partial-
oherence model to describe how the interaction of orthogonal modes 
f radio emission generates circular polarization in co-occurrence 
ith other key polarization features: rotation of the PA away from the
VM, frequency evolution of polarization, pulse profile complexity, 
nd polarization fraction. The partial-coherence model is a simple 
athematical description of linearly polarized orthogonal modes 

nteracting to generate circular polarization and is fully described 
y three parameters: the mode strength ratio, mode phase offset, 
nd coherence fraction. Partial coherence is the clearest and easiest 
ay to explain the diverse complexity of polarization behaviour 

een in broad-band radio pulsar profiles. Future work will extend 
he model description beyond the average-polarization-fraction set 
p here to encompass the angle of linear polarization and sign of
ircular polarization, and use it to model deviations from the RVM
n PA profiles to impro v e measurements of pulsar geometries. 
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hen generalize to the elliptical case in Section A4 . Without loss of
enerality we set up the basis describing the modes such that mode
 is projected along the x -axis and mode 2 along the y -axis. In this
MNRAS 525, 840–853 (2023) 

https://ror.org/05qajvd42
http://dx.doi.org/10.1086/163979
http://dx.doi.org/10.1093/mnras/stab3730
http://dx.doi.org/10.1086/156328
http://dx.doi.org/10.1126/science.aav7272
http://dx.doi.org/10.1093/mnras/stz1690
http://dx.doi.org/10.1086/320652
http://dx.doi.org/10.48550/arXiv.astro-ph/9707168
http://dx.doi.org/10.1093/mnras/stz2865
http://dx.doi.org/10.1111/j.1365-2966.2006.10263.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12237.x
http://dx.doi.org/10.1111/j.1365-2966.2005.08909.x
http://dx.doi.org/10.1111/j.1365-2966.2011.18697.x
http://dx.doi.org/10.1071/AS98211
http://dx.doi.org/10.1023/A:1001872805645
http://dx.doi.org/10.3847/2041-8213/ac786f
http://dx.doi.org/10.1086/153395
http://dx.doi.org/10.1071/PH790061
http://dx.doi.org/10.1086/165775
http://dx.doi.org/10.1093/mnras/stad070
http://dx.doi.org/10.1051/0004-6361:20011297
http://dx.doi.org/10.1146/annurev-astro-052920-112338
http://dx.doi.org/10.1051/0004-6361/202140811
http://dx.doi.org/10.1086/153393
http://dx.doi.org/10.48550/arXiv.astro-ph/9804318
http://dx.doi.org/10.1111/j.1365-2966.2008.13950.x


852 L. S. Oswald, A. Karastergiou and S. Johnston 

M

s

M

w  

ω

 

w  

e  

m  

w  

a  

r

M

A  

p

M

A

W  

c  

a  

m  

i  

s  

b  

p  

s

M

M

W

a  

s  

t  

f

A

W  

p  

t

Q

T

Q

Q

Q

 

p

Q

 

t  

i  

i  

m  

S  

p  

f
 

h  

A  

t  

e  

m  

i  

S  

R

A
m

M  

M

M

 

 

c  

β

M

 

m  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/525/1/840/7232540 by guest on 27 Septem
ber 2023
et-up, we can write the two modes as x–y column vectors as follows: 

 1 = A 1 sin ( ωt + φ1 ) 

(
1 
0 

)
, M 2 = A 2 sin ( ωt + φ2 ) 

(
0 
1 

)
, (A1) 

here mode amplitudes are A 1 and A 2 , phase offsets are φ1 and φ2 ,
 is the wave frequency, and t represents time. 
We are only interested in the relative mode amplitudes and phases

hich means we can drop the time-varying term in subsequent
quations. We can also define the mode amplitude ratio γ = A 2 / A 1 and
ode relative phase offset η = φ2 − φ1 . Without loss of generality
e define the x –y basis such that the brighter of the two modes points

long the x -axis. This means that A 2 ≤ A 1 so that 0 ≤ γ ≤ 1. We
ewrite the mode equations in complex phase notation as 

 1 = A 1 exp iφ1 

(
1 
0 

)
, M 2 = γA 1 exp i( φ1 + η) 

(
0 
1 

)
. (A2) 

gain, as we are interested only in relative mode amplitudes and
hases, we can choose to set A 1 = 1 and φ1 = 0, giving 

 1 = 

(
1 
0 

)
, M 2 = γ exp iη

(
0 
1 

)
. (A3) 

2 Partially coherent combination 

e define C as the fraction of each mode that is added together
oherently to produce a third mode. It is through this coherent
ddition that circular polarization is generated from the two linear
odes. The remainder of each mode (a fraction 1 − C ) remains as an

ncoherent contribution to the final observ ed polarization. F or model
implicity, we assume that the same coherence fraction applies to
oth of the original orthogonal modes, rather than having a different
arameter for each one. Applying this partially coherent combination
tep generates three modes as follows: 

 a = (1 − C) M 1 

 b = (1 − C) M 2 

M c = C( M 1 + M 2 ) . (A4) 

riting these out in full, we obtain 

M a = 

(
(1 − C) + 0 i 

0 + 0 i 

)

M b = 

(
0 + 0 i 

(1 − C) γ ( cos η + i sin η) 

)

M c = 

(
C + 0 i 

Cγ ( cos η + i sin η) 

) (A5) 

s our three mode contributions to the observed polarimetric re-
ults. Thus our model is dependent on only three parameters:
he mode amplitude ratio γ , mode phase offset η and coherence
raction C . 

3 Stokes parameters 

ith the modes set up in this way, we can calculate the Stokes
arameters associated with each individual mode contribution using
he following equations: 

I = | E x | 2 + | E y | 2 
 = | E x | 2 − | E y | 2 

U = 2 	 ( E x E y ∗) 

V = −2 � ( E x E y ∗) . (A6) 
NRAS 525, 840–853 (2023) 
his gives us 

I a = (1 − C) 2 

 a = (1 − C) 2 

U a = 0 

V a = 0 (A7) 

I b = (1 − C) 2 γ 2 

 b = −(1 − C) 2 γ 2 

U b = 0 

V b = 0 (A8) 

I c = C 

2 
(
1 + γ 2 

)
 c = C 

2 
(
1 − γ 2 

)
U c = 2 γC 

2 cos η

V c = 2 γC 

2 sin η (A9) 

Summing together the three contributions gives the final Stokes
arameters of the simulation as 

I = I a + I b + I c = 

(
(1 − C) 2 + C 

2 
) (

1 + γ 2 
)

 = Q a + Q b + Q c = 

(
(1 − C) 2 + C 

2 
) (

1 − γ 2 
)

U = U a + U b + U c = 2 γC 

2 cos η

V = V a + V b + V c = 2 γC 

2 sin η (A10) 

We have set up these simulated Stokes parameters only in
erms of their relative amplitudes. They therefore do not give any
nformation about the actual intensity of observed emission, making
t impossible to compare them directly to the Stokes parameters
easured for actual data. Ho we ver, the relati ve relationships of the
tokes parameters are comparable: it is possible to compare Stokes
arameters, or combinations thereof, provided we calculate them as
ractions of total intensity. 

When starting from a mathematical origin, as we have done
ere, it is logical to make use of the mode amplitude ratio , γ =
 2 / A 1 , to describe the relationship between the amplitudes of the

wo electric fields of the modes. Ho we ver, when considering the
ffects of the parameters, it brings greater clarity to consider the
ode strength ratio , R = I b / I a , in terms of a ratio of powers

nstead, as this is more directly comparable to the observable
tokes parameters. The relationship between the two is given by
 = γ 2 . 

4 Generalization to elliptical modes and non-orthogonal 
odes 

ore generally, we can set up the two initial modes as being elliptical.
odifying equation ( A1 ): 

 1 = 

(
A 1 ,x sin ( ωt + φ1 ,x ) 
A 1 ,y sin ( ωt + φ1 ,y ) 

)
, M 2 = 

(
A 2 ,x sin ( ωt + φ2 ,x ) 
A 2 ,y sin ( ωt + φ2 ,y ) 

)
. 

(A11)

As before, we set γ = A 2, y / A 1, x and η = φ2, y − φ1, x , and we
hoose to set A 1, x = 1 and φ1, x = 0. We further define α = A 1, y / A 1, x ;
= A 2, y / A 2, x ; χ = φ1, y ; and ψ = φ2, x − η. This gives: 

 1 = 

(
1 

α exp iχ

)
, M 2 = γ exp iη

(
β exp iψ 

1 

)
. (A12) 

The calculation of Stokes parameters from these more general
odes then follows the same prescription as described abo v e for the
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inear-mode case. The model Stokes parameters equi v alent to those 
hown in equation ( A10 ) are as follows: 

 = 

(
(1 − C) 2 + C 

2 
) (

1 + γ 2 + α2 + β2 γ 2 
)

+ C 

2 ( 2 βγ cos ( η + ψ) + 2 αγ cos ( η − χ ) ) (A13) 

 = 

(
(1 − C) 2 + C 

2 
) (

1 − γ 2 − α2 + β2 γ 2 
)

+ C 

2 ( 2 βγ cos ( η + ψ) − 2 αγ cos ( η − χ ) ) (A14) 

 = 2 C 

2 
(
γ cos η + α cos χ + αβγ cos ( η + ψ − χ ) + βγ 2 cos ψ 

)
+ 2(1 − C) 2 

(
α cos χ + βγ 2 cos ψ 

)
(A15

 = 2 C 

2 
(
γ sin η + α sin χ − αβγ sin ( η + ψ − χ ) − βγ 2 sin ψ 

)
+ 2(1 − C) 2 

(
α sin χ + βγ 2 sin ψ 

)
(A16) 

We can see that we return to the linear mode case by setting
= β = 0. There are two key additional cases to consider here:

on-orthogonal modes and orthogonal elliptical modes. For the 
ormer, there is no relationship between the behaviours of modes 
 and 2, so the two new amplitude parameters α and β can take
ny values between 0 and 1, and the two new phase parameters χ
nd ψ can take any value between 0 ◦ and 360 ◦. A non-orthogonal
ode set-up seems unlikely to be helpful, as the results it generates

re completely general. To obtain orthogonal elliptical modes, we 
equire α ≡ −β and χ ≡ −ψ . Even in this case, the introduction of 
wo additional parameters mean that the elliptical generalization is 
 xcessiv ely fle xible. We present this generalization for completeness, 
ut the model is only really useful for comparison to observations 
nd making predictions when restricted to the linear mode case. 

PPEN D IX  B:  C A L C U L AT I O N  O F  R IN  TE RMS  

F  F R AC TIONA L  P O L A R I Z AT I O N S  

e use equation block A10 to write l 2 = ( L d /I d ) 2 = ( L m 

/I m 

) 2 =
 Q m 

/I m 

) 2 + ( U m 

/I m 

) 2 = 

(
1 −γ 2 

1 + γ 2 

)2 
+ (( V m 

/I m 

) / tan η) 2 .

sing | v| = | V d | / I d = | V m 

| / I m 

we can convert this to

bservational parameters: 
(

1 −γ 2 

1 + γ 2 

)2 
+ (( V m 

/I m 

) / tan η) 2 = 

1 −γ 2 

1 + γ 2 

)2 
+ (( | V d | /I d ) / tan η) 2 = 

(
1 −γ 2 

1 + γ 2 

)2 
+ ( | v| / tan η) 2 . 

earranging this gives the mode strength ratio R = γ 2 in 
erms of observational parameters l and | v| , and phase offset model
arameter η, as 

 = γ 2 = 

1 −
√ 

l 2 −
(

| v| 
tan η

)2 

1 + 

√ 

l 2 −
(

| v| 
tan η

)2 
. (B1) 
2023 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
hen η = π/ 2, this simplifies to 

 = 

1 − l 

1 + l 
. (B2) 

his equation gives results in the range 0 ≤ γ ≤ 1, as expected from

he model set-up. It is valid for 

√ 

l 2 −
(

| v| 
tan η

)2 
≤ 1. The left side of

hat equation is maximized for η = π/ 2, giving 0 ≤ l ≤ 1, which is
lready required from the physics. 
PPENDI X  C :  C A L C U L AT I O N  O F  C IN  TERMS  

F  FRAC TI ONA L  P O L A R I Z AT I O N S  

rom equation ( A10 ), we can write absolute circular polarization
raction | v| = | V d | / I d = | V m 

| / I m 

as follows: 

 v| = 

∣∣2 γC 

2 sin η
∣∣(

(1 − C) 2 + C 

2 
) (

1 + γ 2 
) . (C1) 

ow define α = 2 γ sin η/(1 + γ 2 ) and substitute this in. From
quation ( B1 ) we can see that α may also be written as

= 

√ 

(1 − l 2 ) sin 2 η + | v| 2 cos 2 η, a convenient parameter for 
omparing to | v| . This gives 

 v | = 

| α| C 

2 (
(1 − C) 2 + C 

2 
) . (C2) 

ultiplying both sides by the right-hand side denominator and 
actoring out terms gives a quadratic equation: 

2 | v| − | α| ) C 

2 + ( −2 | v| ) C + | v| = 0 , (C3) 

hich can be solved in the usual way with the quadratic formula.
his gives the required result, but with two possible roots: 

 ± = 

| v| ± √ | v| ( | α| − | v| ) 
2 | v| − | α| . (C4) 

F or an y pair of parameters | v| and l (defined such that 0 ≤ | v| ≤
, 0 ≤ l ≤ 1 and l 2 + | v| 2 ≤ 1) we require the root for which 0 ≤ C

1. We find that C + 

< 0 for | v| < | α| /2 and C + 

> 1 for | v| > | α| /2,
hereas 0 ≤ C − ≤ 1 everywhere other than | v| = | α| /2. Hence we
uote C − in equation ( 8 ) for all cases other than other than at the
ivergent points | v| = | α| /2. 
To solve for C at these divergent points, return to equation ( C3 ) and

ubstitute in | v| = | α| /2. The term in C 

2 vanishes and the resulting
inear equation immediately gives C = 1/2. 

Note also that the square root in the numerator means that real
nswers are only possible for | α| ≥ | v| . This can be rearranged as l 2 

 | v| 2 (1 − cos 2 η) ≤ 1. The left-hand side is largest when η = π/ 2,
iving l 2 + | v| 2 ≤ 1, which is already a requirement from the physics.
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