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Abstract

The theory of fusion 1-categories has received much attention, and is there-
fore well established. Fusion 2-categories were recently introduced as a
categorification of the notion of a fusion 1-category. The present thesis is

devoted to the study of the general properties of fusion 2-categories.

At the heart of the definition of a fusion 2-category is the concept of finite
semisimple 2-category over an algebraically closed field of characteristic
zero. We generalize this concept by presenting the notion of a compact
semisimple 2-category, which is sensible over an arbitrary field. Further,
over an algebraically closed field or a real closed field, we prove that com-

pact semisimple 2-categories are always finite.

Algebras in fusion 1-categories play a key role in the theory of fusion
1-categories. Accordingly, it is natural to study algebras in fusion 2-
categories. We focus our attention on rigid algebras in fusion 2-categories,
a notion which generalizes the definition of a fusion 1-category. In par-
ticular, we study the 2-categories of bimodules over rigid algebras. We
also consider separable algebras, which are particularly well-behaved rigid
algebras, and prove that a rigid algebra in a fusion 2-category is separable

if and only if the associated 2-category of bimodules is finite semisimple.

Categorifying the notion of Morita equivalence between fusion 1-categories,
we set up the Morita theory of fusion 2-categories. In particular, we give
three equivalent characterizations of Morita equivalence between fusion
2-categories based on the 3-category of separable module 2-categories, the

dual fusion 2-category, and the fusion 2-category of bimodules.

A crucial property of fusion 1-categories over an algebraically closed field
of characteristic zero is that their Drinfeld centers are finite semisimple
1-categories. Categorifying the aforementioned result, we show that the
Drinfeld center of any fusion 2-category over an algebraically closed field of
characteristic zero is a finite semisimple 2-category. Our proof consists in

a careful analysis of the Morita equivalence classes of fusion 2-categories.
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Introduction

Fusion 1-categories are prominent objects of study in contemporary Mathematics.
One reason is their truly ubiquitous nature. Namely, fusion 1-categories naturally
arise in representation theory [BK01], as well as in functional analysis via the study
of subfactors [JMS14]. Moreover, fusion 1-categories also feature outstandingly in low
dimensional topology [Tur94], where they serve as the input of various 3-dimensional
topological quantum field theories. Relatedly, fusion 1-categories have also found
many applications in quantum Physics [MS89], more specifically in conformal field
theory [FRS02], and in condensed matter Physics [Kit06].

A systematic study of the properties of fusion 1-categories was undertaken in
[ENOOQ5], where the authors coined the term fusion 1-category for a finite semisim-
ple monoidal 1-category with duals and simple monoidal unit. Moreover, working
over an algebraically closed field of characteristic zero, Etingof, Nikshych, and Os-
trik prove that the global dimension of a fusion 1-category is always non-vanishing.
This property is absolutely crucial in applications. For instance, to any monoidal
1-category, one can associate a braided monoidal 1-category called its Drinfeld center
[Dri87, [JS91]. It was established in |[Miig03b] that the Drinfeld center of a fusion
1-category of non-zero global dimension is a braided fusion 1-category. Thanks to the
non-vanishing of the global dimension, this implies that the Drinfeld center of any
fusion 1-category over an algebraically closed field of characteristic zero is a braided
fusion 1-category. Further, the aforementioned results also ensures that there is a
well-behaved notion of Morita equivalence between such fusion 1-categories [ENOO5].

The non-vanishing of the global dimension of fusion 1-categories is also a crucial
property for the constructions of invariants of 3-manifolds. Namely, this hypothesis is
needed in order to extend the Turaev-Viro construction to spherical fusion 1-categories
[BW96], and to extend the Reshetikhin-Turaev construction to modular 1-categories
[Tur92]. Fusion 1-categories are also related to topological quantum field theories
through the cobordism hypothesis of [BD95| and [LurlQ], which asserts that framed
fully extended TQFTs can be constructed by specifying a fully dualizable object in



a symmetric monoidal higher category. Conceptually, full dualizability should be
thought of as a very strong finiteness condition. In [DSPS21], the authors considered
the symmetric monoidal 3-category TC of finite tensor 1-categories, and exhibited
fully dualizable objects, i.e. 3-dualizable objects, therein. More precisely, they showed
that a fusion 1-category C, or more generally a finite semisimple monoidal 1-category
with duals, is a fully dualizable object of TC if and only if it is separable, meaning
that C as a C-C-bimodule 1-category is equivalent to the 1-category of modules over a
separable algebra in CXIC™. In addition, it was shown in [DSPS21] that a fusion 1-
category is separable if and only if its Drinfeld center is finite semisimple. But, over an
algebraically closed field of characteristic zero, this last condition is always satisfied as
we have recalled above, so that every fusion 1-category over such a field is separable,
and therefore yields a framed fully extended 3-dimensional TQFT. Moreover, two
fusion 1-categories are equivalent as objects of TC if and only if they are Morita
equivalent. In particular, Morita equivalent fusion 1-categories yield equivalent 3-
dimensional TQFTs.

Fusion 2-categories were introduced in [DR1§] as a categorification of the notion of
a fusion 1-category over an algebraically closed field of characteristic zero. More pre-
cisely, over such a field, fusion 2-categories are by definition finite semisimple monoidal
2-categories with duals and simple monoidal unit. Since their first appearance, these
objects have found many applications ranging from condensed matter physics [JE22]
to quantum algebra [JFR24] by way of high energy physics [BBFP22, BBSNT22].
Categorifying the result of [DSPS21], Douglas and Reutter have conjectured that
fusion 2-categories are fully dualizable objects, that is 4-dualizable objects in an ap-
propriate symmetric monoidal 4-category, and therefore yield 4-dimensional TQFT's
through the cobordism hypothesis.

Using the theory of higher condensations introduced in [GJF19], and under some
assumptions on the behaviour of colimits in higher categories, the construction of the
appropriate symmetric monoidal 4-category was given in [JF22]. Moreover, Johnson-
Freyd sketched a characterization of the fully dualizable objects of this 4-category.
In a different context, it was proven in [BJS21] that every braided fusion 1-category
is a fully dualizable object of the symmetric monoidal 4-category BrFus of braided
fusion 1-categories. This is related to the theory of fusion 2-categories. Namely, to
any braided fusion 1-category B, one can associate the fusion 2-category Mod(B)
of finite semisimple B-module 1-categories. Such fusion 2-categories are called con-
nected, and it was shown in [JFR24|] that connected fusion 2-categories have finite

semisimple Drinfeld centers. One of the main contributions of the present thesis is to



generalize this last result to all fusion 2-categories over an algebraically closed field
of characteristic zero. More precisely, we prove that every fusion 2-category over an
algebraically closed field of characteristic zero is separable, and show that the Drin-
feld center of any such fusion 2-category is a braided fusion 2-category. We expect
that these results will play a key role in the proof of the conjecture raised in [DR18§].

More broadly, we develop the algebraic theory of fusion 2-categories.

Compact Semisimple 2-Categories

Working over an algebraically closed field of characteristic zero, Douglas and Reutter
introduced in [DR18] the notion of a finite semisimple 2-category. Their definition is
not only a categorification of the notion of a finite semisimple 1-category, but also gives
an abstract characterization of the 2-categories Mod(C) of finite semisimple module
1-categories over a multifusion 1-category C. Now, in the decategorified setting, the
definition of a finite semisimple 1-category makes sense over any field. We explain how
to generalize the notion of finite semisimple 2-category over an algebraically closed
field of characteristic zero to a corresponding notion over an arbitrary field k.

One might expect that the definition of finite semisimple 2-category from [DR1S]
translates directly to arbitrary fields. However, this is not quite the case because
the finiteness requirements are too strong over a general field. Namely, given a finite
semisimple tensor 1-category C over k, we certainly want the 2-category Mod(C) of
separable module 1-categories over C to be an example of the desired categorified
notion. In fact, the appropriate definition should give an abstract characterization of
these 2-categories. However, even though Mod(C) is always a semisimple 2-category
in the sense of [DRI§], it might not be finite, i.e. it can have infinitely many equiv-
alence classes of simple objects. This explains why we introduce the notion of a
compact semisimple 2-category, which relaxes slightly the finiteness assumptions to
accommodate our desired examples. More precisely, the existence of non-zero 1-
morphisms between non-equivalent simple objects organizes the set of simple objects
of a semisimple 2-categories into connected components. We say that a semisim-
ple 2-category is compact if it is locally finite and has only finitely many connected

components. Using this definition, we prove the following result.

Theorem [2.1.4.6,. Let € be a compact semisimple 2-category. Then, there exists a
finite semisimple tensor 1-category C such that € ~ Mod(C).



We also introduce the notion of a locally separable compact semisimple 2-category,
provided k is perfect, which abstracts the features of the semisimple 2-category
Mod(C) when C is a separable tensor 1l-category. In particular, every compact
semisimple 2-category over a field of characteristic zero is locally separable.

We then investigate the conditions that are necessary to ensure that a compact
semisimple 2-category is finite. We prove that, if k is a field whose separable closure
is an infinite extension, there exists no finite semisimple 2-category over k. Now, if
k is a perfect field whose separable closure is a finite extension, then k is either real

closed or algebraically closed. In this case, we obtain the following theorem.

Theorem [2.2.2.1| Let C be a multifusion 1-category over an algebraically closed field
or a real closed field. The 2-category Mod(C) of separable C-module 1-categories is a

finite semisimple 2-category.

Corollary 2.2.2.2| Over an algebraically closed field or a real closed field, a semisim-
ple 2-category is finite if and only if it is compact.

We go on to establish a categorification of the well-known equivalence between
the 2-category of finite semisimple 1-categories and the Morita 2-category of finite
semisimple algebras. More precisely, we show that, over a perfect field, the 3-category
of locally separable compact semisimple 2-categories is equivalent to the Morita 3-
category of separable finite tensor 1-categories. We use this equivalence to show that
the Yoneda embedding of any locally separable compact semisimple 2-category € is
an equivalence, a result which was established in [DRI§] over an algebraically closed
field of characteristic zero. Then, generalizing the notion of fusion 2-categories to an
arbitrary field, we introduce compact semisimple tensor 2-categories, and explore their
fundamental properties. In addition, recall that, in the decategorified setting, the
Deligne tensor product provides a canonical operation to combine finite semisimple
tensor 1-categories together [Del90]. Categorifying this operation, we review the
construction and the properties of the 2-Deligne tensor product of compact semisimple

tensor 2-categories.

Rigid and Separable Algebras in Fusion 2-Categories

A key ingredient in the study of fusion 1-categories is the notion of an algebra in
a fusion 1-category [EGNOI5|. This provides motivation for the study of algebras
in a fusion 2-category, or, more generally, a compact semisimple tensor 2-category.

However, this notion turns out to be too general. For instance, let 2Vect denote

4



the fusion 2-category of finite semisimple 1-categories over an algebraically closed
field. Then, algebras in 2Vect are finite semisimple monoidal 1-categories. Instead
of studying all algebras, we focus on the notion of a rigid algebra as introduced in
[Gail2]. A finite semisimple monoidal 1-category A is rigid in the sense of [Gail2]
if the monoidal product of A has a right adjoint as an A-A-bimodule functor. This
notion of rigidity agrees with the classical one, which would require that .4 has duals.
Namely, it was established in [BJS21] that an algebra in 2Vect is rigid in the sense of
[Gail2] if and only if it is a multifusion 1-category, i.e. has duals. We are interested in
replacing 2Vect by an arbitrary fusion 2-category, and, more generally, by a suitable
monoidal 2-category € with product [J. In this more general context, we say that
an algebra A is rigid if the multiplication 1-morphism m : ALJA — A of A has a
right adjoint m* as a 1-morphism of A-A-bimodules. We obtain a characterization of

rigidity for algebras in €.

Theorem Let € be a monoidal 2-category that has left and right adjoints for
1-morphisms, and let A be an arbitrary algebra in €. Then, A is rigid if and only if
Bimod¢(A), the 2-category of A-A-bimodules in €, has right adjoints. In this case,
Bimod¢(A) has left adjoints.

Now, one of the main take aways of [DSPS21] is that, over an algebraically closed
field, separable multifusion 1-categories are much better behaved than arbitrary mul-
tifusion 1-categories. Abstracting the definition of a separable multifusion 1-category,
we are led to consider the notion of separable algebra in a compact semisimple
monoidal 2-category € over an arbitrary field, that is a rigid algebra A such that
the counit of the adjunction between m and m* has a section as an A-A-bimodule
2-morphism. The following theorem gives a characterization of separability for rigid

algebras in a compact semisimple monoidal 2-category.

Theorem [3.2.1.7. Let A be a rigid algebra in a compact semisimple monoidal 2-
category €, and write Z(A) for the 1-category of A-A-bimodule 1-endomorphisms of
A in €. Then, A is separable if and only if Z(A) is finite semisimple. If either of

these conditions is satisfied, Bimodg(A) is a compact semisimple 2-category.

We note that the above result is crucial for the definition of Morita equivalence
between compact semisimple tensor 2-categories. Namely, all the compact semisimple
2-categories that are Morita equivalent to a compact semisimple tensor 2-category €
are of the form Bimodg(A) for some algebra A in €. The above theorem allows us

to focus our attention on separable algebras.



Over an algebraically closed field of characteristic zero, it follows from [DSPS21]
that every rigid algebra in 2Vect is separable. Based on this evidence, the question of
whether every rigid algebra in a fusion 2-category over an algebraically closed field of
characteristic zero is separable was raised in [JER24]. This motivates the introduction
of an invariant generalizing the global dimension of fusion 1-categories. To this end,
we call an algebra in a compact semisimple monoidal 2-category € connected provided
that its unit 1-morphism is simple. Over an algebraically closed field and with € =
2Vect, connected rigid algebras are precisely fusion 1-categories. Then, working over
an algebraically closed field, to any connected rigid algebra A in a finite semisimple
monoidal 2-category €, we associate a scalar Dimg(A), called its dimension, and we

establish the following theorem.

Theorem [3.2.2.4. Over an algebraically closed field, a connected rigid algebra A in
a finite semisimple monoidal 2-category € is separable if and only if its dimension

Dimg(A) is non-zero.

In the case € = 2Vect, we show that our notion of dimension coincides with the
global dimension of a fusion 1-category. Further, we give a formula to compute the
dimension of a connected rigid algebra in a connected fusion 2-category. Over an
arbitrary field, there is no well-defined notion of dimension for a general connected
rigid algebra in a compact semisimple monoidal 2-categories. Nonetheless, we do give

a related criterion that can be used to check that such an algebra is separable.

The Morita Theory of Fusion 2-Categories

In the theory of fusion 1-categories, the notion of Morita equivalence plays an essential
role. For instance, it is used in the study of the Drinfeld center [Miig03bj, [ENOO5],
group-graded extensions [ENO10], and group-theoretical fusion 1-categories [ENOT11].
The first definition of Morita equivalence between fusion 1-categories, which uses
Frobenius algebras, was introduced in [FRS02], and [Miig03a], where it was used to
study conformal field theories, and subfactors, respectively. Categorifying the original
definition of Morita equivalence between algebras introduced in [Mor5§|, it is also
natural to say that two fusion 1-categories are Morita equivalent if the associated 2-
categories of module 1-categories are equivalent. More precisely, over an algebraically
closed field of characteristic zero, we say that two multifusion 1-categories C and D
are Morita equivalent if the finite semisimple 2-categories Mod(C) and Mod(D) are

equivalent. Alternatively, given M a finite semisimple left C-module 1-category, we



can consider Ende(M), the multifusion 1-category of left C-module endofunctors of
M. Following [EO04], we use C}, to denote Endc(M), and call it the dual tensor 1-
category to C with respect to M. We may then say that C and D are Morita equivalent
if there exists a faithful finite semisimple left C-module 1-category C together with a
monoidal equivalence between C}, and D™, that is D equipped with the opposite
monoidal structure. It follows from [ENOI0] that this notion coincides with the
notion of Morita equivalence recalled above. Moreover, it follows from [Ost03b] that
there exists an algebra A in C such that M is equivalent to Modc(A), the 1-category
of right A-modules in C. This implies that there is a monoidal equivalence between
Ende(M) and Bimodc(A)™, the monoidal 1-category of A-A-bimodules in C. Let
us also note that, by [ENOOQS], the algebra A is necessarily separable, i.e. A is a
special Frobenius algebra. It then follows that C and D are Morita equivalent if and
only if there exists a faithful separable algebra A in C together with an equivalence
D ~ Bimodc(A) of monoidal 1-categories. This recovers the original notion of Morita
equivalence introduced in [FRS02] and [Miig03a]. Let us also remark that, over an
arbitrary field, the above discussion remains sensible provided that all the module 1-
categories under consideration are assumed to be separable in the sense of [DSPS21],
that is are equivalent to Mode(A) for some separable algebra A in C. In fact, a
finite semisimple left C-module 1-category M is separable if and only if C}, is a finite
semisimple 1-category.

We now explain how to categorify the equivalent characterizations of Morita equiv-
alence between multifusion 1-categories recalled above. Given a compact semisimple
tensor 2-category €, we begin by showing that the 2-category Bimod¢(A) of bimod-
ules over a separable algebra A in € has a canonical monoidal structure. Namely, we
show that the relative tensor product over A exists in €. More generally, we establish
the existence of the relative tensor product of modules over a separable algebra in
any monoidal 2-category that is Karoubi complete in the sense of [GJE19]. In fact,
we go further and construct the Morita 3-category Mor*?(€) of separable algebras,
bimodules, and their morphisms in €.

We then switch perspective and study left €-module 2-categories as defined in
[Déc21], for an arbitrary monoidal 2-category €. Namely, building on the construction
of the 3-category of 2-categories given in [Gurl3], we show that left €-module 2-
categories form a 3-category, which we denote by LMod(€). Further, provided that
¢ has duals, we prove that a left €&-module 2-functor, which has a 2-adjoint as a plain

2-functor, has a 2-adjoint as a left €-module 2-functor.



Now, it was shown in [Déc21] that the 2-category Mod¢(A) of right A-modules in
¢ admits a canonical left €-module structure. By analogy with the decategorified set-
ting, we wish to compare the monoidal 2-categories Bimod¢(A) and End¢(Mode(A)).
If € is a compact semisimple tensor 2-category, we say that a left €-module 2-category
9 is separable if it is equivalent as a left €-module 2-category to Mod¢(A) for some
separable algebra A in €. Further, we write LMod*¥ (&) for the full sub-3-category
of LMod(€) on the separable module 2-categories. We note that, if our base field
is perfect and € is locally separable, it was established in [Déc21] that any compact
semisimple left €-module 2-category I is equivalent as a left €-module 2-category to
Mod¢(A) for some rigid algebra A in €. This categorifies a theorem of [Ost03b], and
shows that separability is a reasonable condition to impose on a compact semisim-
ple left €-module 2-category in this case. Using the above concepts, we prove the

following twice categorified version of the classical Eilenberg-Watts theorem.

Theorem [4.3.1.2 Let € be a compact semisimple tensor 2-category. There is a

linear 3-functor, contravariant on I1-morphisms,
Mod : Mor®*?(¢) — LMod*¥(€)

that sends a separable algebra in € to the associated separable left €-module 2-category

of right modules. Moreover, this 3-functor is an equivalence.

Let us now assume that the compact semisimple tensor 2-category € is locally

separable. Bringing together various of our results, we obtain the following theorem.

Theorem [4.3.3.2| Let k be a perfect field, and A a separable algebra in a locally

separable compact semisimple tensor 2-category €. Then, the monoidal 2-category
El’ld@(MOd@(A)) ~ BimOdQ(A)mOp
18 a compact semisimple tensor 2-category.

In particular, given a separable €-module 2-category 9, we call Endg(90%) the dual
tensor 2-category to € with respect to 91, which we denote by €3;. Using the main
result of [Déc21] recalled above, we obtain three equivalent characterizations of Morita

equivalence between locally separable compact semisimple tensor 2-categories.

Theorem4.3.4.3. For any two locally separable compact semisimple tensor 2-categories
¢ and ® over a perfect field k, the following are equivalent:

1. The 3-categories LMod*?*(€) and LMod*? (D) are equivalent.

8



2. There exists a faithful separable left €-module 2-category M, and an equivalence

of monoidal 2-categories D™P ~ &

3. There exists a faithful separable algebra A in &€, and an equivalence of monoidal
2-categories © ~ Bimodg(A).

If any of the above equivalent conditions is satisfied, we say that € and ® are Morita

equivalent.

Drinfeld Centers and Morita Equivalence Classes of
Fusion 2-Categories

Given an arbitrary monoidal 2-category €, its Drinfeld center, denoted by 2(€),
was defined in [BN95]. Its objects are given by objects of € equipped with a half
braiding and coherence data. In particular, Z(€) is canonically a braided monoidal
2-category. We now work over an algebraically closed field of characteristic zero. Let
¢ be a multifusion 2-category, that is a finite semisimple monoidal 2-category with
duals. We prove that the Drinfeld center of € is invariant under Morita equivalence.
Unlike in the case of fusion 1-categories [Ost03a], Morita equivalence classes of fusion
2-categories are not completely characterized by their Drinfeld centers. This failure
can be attributed to the existence of fusion 2-categories that are not Morita trivial but
are Morita invertible. Namely, given any non-degenerate braided fusion 1-category B,
the fusion 2-category Mod(B) is invertible [DN21} [JER24]. But, Mod(B) is Morita
trivial if and only if the class of B is trivial in the Witt group of non-degenerate
braided fusion 1-categories. As this Witt group is non-zero [DMNOT3]|, there does
indeed exist Morita invertible fusion 2-categories that are not Morita trivial.

We then investigate the notion of Morita equivalence between connected fusion
2-categories over an algebraically closed field of characteristic zero, that is fusion 2-
categories of the form Mod(B) with B a braided fusion 1-category. Specifically, for
any symmetric fusion 1-category &£, the concept of Witt equivalence between braided
fusion 1-categories with symmetric center £ was introduced in [DNO13]. Given two
braided fusion 1-categories By and By, we show that the fusion 2-categories Mod (B )
and Mod(B;) are Morita equivalent if and only if B; and By both have symmetric
center £, and we have that By and By are Witt equivalent over £.

We go on to study Morita equivalence classes of fusion 2-categories. Recall from

[JEY21] that a strongly fusion 2-category is a fusion 2-category whose braided fusion



1-category of endomorphisms of the monoidal unit is the symmetric monoidal 1-
category of (super) vector spaces. We show that every fusion 2-category over an
algebraically closed field of characteristic zero is Morita equivalent to the 2-Deligne
tensor product of a strongly fusion 2-category and an invertible fusion 2-category.
Our proof of this result is inspired by the classification of topological orders [JE22],
and relies on the minimal non-degenerate extension conjecture established in [JER24].

Building on this result, we go on to prove the following theorem.

Theorem [5.3.2.1L. Over an algebraically closed field of characteristic zero, every

fusion 2-category is Morita equivalent to a connected fusion 2-category.

In particular, we obtain a complete classification of the Morita equivalence classes of
fusion 2-categories in term of quotients of the Witt-groups W(E) of braided fusion
1-categories with symmetric center £ as introduced in [DNO1T3].

We continue by explaining various consequences of our last theorem. For instance,

we affirmatively answer the question raised in [JER24] and recalled earlier.

Theorem [5.4.1.1| FEvery rigid algebra in a fusion 2-category over an algebraically

closed field of characteristic zero is separable.

The above theorem holds more generally for any multifusion 2-category over an al-
gebraically closed field of characteristic zero. Let us call a multifusion 2-category €
separable if it is separable when viewed as a left €X €™°P-module 2-category. Thanks

to our last theorem above, we obtain the following categorification of corollary 2.6.8
of [DSPS21].

Corollary [5.4.2.3. Over an algebraically closed field of characteristic zero, every

multifusion 2-category is separable.

Further, by relying on a sketch of proof given in [JE22|], we outline an argument
showing that separability is equivalent to 4-dualizability for multifusion 2-categories.

Using the notion of dimension of a connected rigid algebra we have developed, we
then define the dimension Dim(€) of a fusion 2-category, and we derive the following
result, which is a categorification of theorem 2.3 of [ENOO05].

Corollary [5.4.2.6|. Owver an algebraically closed field of characteristic zero, the di-

mension of any fusion 2-category is non-zero.
Finally, we explain how to derive the following corollary from our previous theorems.

Corollary [5.4.3.1L The Drinfeld center of any multifusion 2-category over an alge-

braically closed field of characteristic zero is a finite semisimple 2-category.
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Structure of the Thesis

In chapter I} we review the graphical language from [Déc21] and [Déc23d] that we
use to work with monoidal 2-categories. We go on to recall the definitions of algebras
and modules in a monoidal 2-category, and establish a useful coherence result.

Then, chapter [2] follows [Déc23a] with a few additions from [Déc22b| and [Déc24].
We define compact semisimple 2-categories over an arbitrary field, and explore their
elementary properties. Using criteria on the base field, we precisely explain when com-
pact semisimple 2-categories are finite. We study the 3-category of compact semisim-
ple 2-categories, and give properties of compact semisimple tensor 2-categories.

Chapter 3| consists of [Déc23d]. We study rigid and separable algebras in monoidal
2-categories. In particular, we give an equivalent characterizations of both rigidity and
separability for an algebra in a compact semisimple monoidal 2-category in terms of
the associated 2-category of bimodules. Then, we define the dimension of a connected
rigid algebra in a compact semisimple monoidal 2-category, and explain its relation
with separability.

Next, chapter {4l is taken from [Déc23b]. We give three equivalent characteri-
zations of Morita equivalence between locally separable compact semisimple tensor
2-categories. In order to do so, working over a fixed compact semisimple tensor 2-
category, we study and compare the Morita 3-category of separable algebras with the
3-category of separable module 2-categories.

Finally, chapter [5| follows [Déc22a]. Working over an algebraically closed field of
characteristic zero, we study the Drinfeld centers and Morita equivalence classes of
fusion 2-categories. In particular, we give two equivalent sets of representatives for the
Morita equivalence classes of fusion 2-categories. Using one of them, we show that the
dimension of any fusion 2-category over an algebraically closed field of characteristic

zero is non-zero, and that its Drinfeld center is a finite semisimple 2-category.
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Chapter 1

Preliminaries

1.1 Graphical Conventions

1.1.1 2-Categories, 2-Functors, and 2-Natural Transforma-
tions

Throughout this thesis, we will be working within certain (weak) 2-categories. In this
context, there is a well-established graphical calculus of string diagram developped in
[GS16]. More precisely, regions correspond to objects, strings to 1-morphisms, and
coupons to 2-morphisms. We take the convention that our string diagrams are read
from top to bottom (composition of 1-morphisms) and from left to right (composition
of 2-morphisms). We use the symbols Id4 and 1 to denote the identity 1-morphism
on a given object A, but we will occasionally omit such 1-morphisms. As an example,
the composite of the 2-morphisms v : f = ¢ and the 1-morphism h in some 2-category

¢, provided it is defined, is depicted using the following diagram:

In section 4.2, we will also consider 2-functors and 2-natural transformations. We
now recall from [Déc21] how to extend the above graphical calculus to these objects.
In detail, given F : %A — B a (weak) 2-functor, we write ¢%f : Idpa) = F(Ida)
for the 2-isomorphism witnessing that F' preserves the identity 1-morphism on the
object A in 2, and ¢}, : F(g) o F(f) = F(go f) for the 2-isomorphism witnessing
that F' preserves the composition of the two composable 1-morphisms f and g in 2.
These 2-isomorphisms satisfy well-known compatibility conditions. Now, given any

2-morphism v : go f = ko h in 2, we set:

12



F(f) F(h)

= F _l-F . AF )
(¢k,h) (v) 9.f

We extend this convention in the obvious way to the image under a 2-functor of a
general 2-morphism, and note that it is well-defined thanks to the coherence axioms
for a 2-functor.

Now, let F;G : 2 — B be two 2-functors, and let 7 : FF = G be 2-natural
transformation. This means that, for every object A in 2, we have a 1-morphism
T4 : F(A) — G(A), and for every l-morphism f : A — B in 2, we have a 2-
isomorphism

F(A) 5 G(A)
) A Jew
F(B) —» G(B),
The collection of these 2-isomorphisms has to satisfy the obvious coherence relations.
In our graphical language, we will depict the 2-isomorphism 7 using the following

diagram on the left, and its inverse using the diagram on the right:

F(f) T T F(f)
T ~G() e~ T

1.1.2 Monoidal 2-Categories

In fact, we will generally work with a monoidal 2-category €, that is a 2-category €
equipped with a 2-functor J : € x € — €, and unit object I in €, as well as various
adjoint 2-natural equivalences and modifications ensuring the unitality of / and that
[0 is coherently associative (see [SP11], [GS16], or [Déc21] for details). Thanks to
the coherence theorem for monoidal 2-categories proven by Gurski in [Gurl3], every
monoidal 2-category is equivalent to one that is strict cubical. Recall that a strict
cubical monoidal 2-category € is a strict 2-category, equipped with a monoidal struc-
ture for which the unit I is strict, and [J is strictly associative. In particular, we
may omit the symbol I as well as the parentheses. Further, the 2-functor [J becomes
strict when it is restricted to either variable. However, it is not a strict 2-functor in
general. Namely, given a pair of composable 1-morphisms fi, fo, and ¢1, g2 in €, the

interchanger
¢(D/f2792),(f1791) : (f2Dg2> © (legl) = (f2 ° fl)[j<g2 © 91)7
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that is the 2-isomorphism ensuring that [J respects composition, is non-trivial in
general. The strict cubical hypothesis on € guarantees that ¢'(jf2 o) (Fr.g1) is an identity

2-morphism if either fo = 1 or g; = 1. Given 1-morphisms f and g in €, the composite

(Dr) " Piranng © (FO1) o (10g) = (10g) o (fO1)

will be depicted in our graphical language by the string diagram below on the left,
and its inverse by that on the right:

1g f1 /1 1g

N —
f1 ~_lg g~ f1

Note that we have omitted the symbol [ to make the diagrams more easily readable.

We will be interested in studying right (and left) adjoints for 1-morphisms in the
2-category €. If f is a 1-morphism in € that has a right adjoint f*, we will use the
string diagram depicted below on the left for the unit 1/ of this adjunction, and the

one on the right for the counit €/:

! I

Y

Note that the triangle identities for the adjunction correspond graphically to the so-
called snake-equations. We use a similar convention for left adjoints. Finally, given
f as above, the 1-morphism 1f obtained by taking the monoidal product of f with
some identity 1-morphism has a canonical right adjoint given by 1f* with unit 1n/
and counit 1e/. We shall always consider adjuntion data of this form on such a 1-
morphism, and we adopt the analogous convention for the 1-morphism f1. Finally,
given two l-morphisms f and ¢ in € with right adjoints f* and ¢g* together with a
2-morphism v : f = g, we set

1.2 Algebras & Modules in Monoidal 2-Categories

1.2.1 Algebras

Throughout, we assume that € is strict cubical. Let us begin by recalling the definition

of an algebra (also called a pseudo-monoid in [DS97]). For the definition presented
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using the same graphical calculus in a general monoidal 2-category, we invite the

reader to consult [Déc21].
Definition 1.2.1.1. An algebra in € consists of:
1. An object A of ¢;

2. Two 1-morphisms m : ALJA — Aand i: [ — A;

3. Three 2-isomorphisms

A A AAA — AA
D I At lm %ﬂ”\
AA, AA —— A, A M,
satisfying:
a. We have:

11m Iml mll

11m mll

We will use the following coherence properties in what follows.

Lemma 1.2.1.2. Given any algebra A, the following two equalities hold:

Qi »

i1 L (1.4)
e

m
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Proof. See section 6.3 of [Hou07]. O

Example 1.2.1.3. Let k be an arbitrary field. Recall that a k-linear 1-category is
called finite if it is equivalent to the 1-category Mod(R) of finite dimensional left R-
modules with R a finite dimensional k-algebra. We write FinCat for the 2-category
of finite k-linear 1-categories, right exact functors, and natural transformations. It
is well-known that the Deligne tensor product X endows FinCat with a symmetric
monoidal structure (for instance, see [EGNOI5]). It is easy to check that algebras
in FinCat are precisely finite monoidal 1-categories, whose product is right exact in

both arguments separately.

1.2.2 Right Modules

Let us now recall the definition of a right A-module in €, which we assume is strict

cubical. Once again, the definition in a general monoidal 2-category may be found in
[Déc21].

Definition 1.2.2.1. A right A-module in € consists of:
1. An object M of €&;
2. A 1-morphism n™ : MOA — M;

3. Two 2-isomorphisms

MAA M prA MA
l/]W 17 n]%
lml /7 lnM / UpM
MA T M, M M,
satisfying:
a. We have:

b. We have:
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(1.6)

We will need the following coherence result for right A-modules. As we have found

no proof in the literature, we include one for completeness.

Lemma 1.2.2.2. Given any right A-module M, we have the following equality:

(1.7)

Proof. We begin by proving the following equality:
11i1 1141
lml\ o1 1ml *
B Im Im
n[\l ”]\1 ”1\1 ”1\[

In order to establish this equality, we use the diagrams depicted in section [1.3.1]
Let us begin with figure . Applying equation to the blue coupon, we arrive
at figure . Then, moving the coupon labelled 1\~! up, we get to figure Using
equation on the blue coupons yields figure . Finally, equation applied
to the blue coupons brings us to figure [I.5, The desired equality follows from that
between figures and by cancelling the bottom coupons labelled vM.

Let us now prove that the coherence equation holds. Figure depicts the
left hand-side of equation . Creating a pair of cancelling coupons labelled p™
and pM in the blue region, we obtain figure . Moving the coupon labelled p™ o
to the left and the top string attached to it up, we arrive at figure [I.8] Now, we can
use the equality derived above on the blue coupons to get to figure|1.9] Bringing the
indicated string down gets us to figure [1.10, Finally, we can cancel the pair of blue

coupons, and this brings us to the right hand-side of equation (|1.7)). n

Remark 1.2.2.3. As A is canonically a right A-module, we get a coherence relation
for A.

We also recall the definitions 1-morphism and 2-morphism of right A-modules.
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Definition 1.2.2.4. Let M and N be two right A-modules. A right A-module 1-
morphism consists of a 1-morphism f : M — N in € together with an invertible

2-morphism

MA s M

f
n| Y s

NA—N>N,

subject to the coherence relations:

a. We have:
f11 m nM1 f11 nM1
(1.8)
b. We have:
1i
e
1L (= (1.9)

Definition 1.2.2.5. Let M and N be two right A-modules, and f,g: M — M two
right A-module 1-morphisms. A right A-module 2-morphism f = g is a 2-morphism
~v: f = g in € that satisfies the following equality:

1 @ g1 nM f1 nM
oW :
nN g nN g

Finally, let us recall lemma 3.2.10 of [Déc21].

Lemma 1.2.2.6. Right A-modules, right A-module 1-morphisms, and right A-module
2-morphisms form a 2-category, which we denote by Mod¢(A).

Example 1.2.2.7. Let us fix a finite monoidal 1-category A, whose monoidal product
is right exact in both variable separately. This is precisely the data of an algebra in
FinCat. Then, right A-modules in FinCat are exactly finite right A-module 1-

categories, for which the action is right exact separately in both variables.
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1.2.3 Left Modules

Let A be an algebra in a strict cubical monoidal 2-category €.
Definition 1.2.3.1. A left A-module in € consists of:

1. An object M of €&;

2. A 1-morphism M : ALDM — M;

3. Two 2-isomorphisms

M M AAM ——
N A llM
satisfying:
a. We have:

1M 1ml mll 1M mll

Definition 1.2.3.2. Let M and N be two left A-modules. A left A-module 1-

morphism consists of a 1-morphism f : M — N in € together with an invertible

2-morphism

AMLM

o ]

AN —— N,
lN

subject to the coherence relations:
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(1.13)

Definition 1.2.3.3. Let M and N be two left A-modules, and f,g: M — M two
left A-module 1-morphisms. A left A-module 2-morphism f = ¢ is a 2-morphism
v: f = g in € that satisfies the following equality:

1f @ 1g N 1M
O L
w g v Y

1.2.4 Bimodules

Let now A and B be two algebras in the strict cubical monoidal 2-category €. In
the definition below, we write m4 for the multiplication 1-morphism of A and m? for
that of B. We now recall the definition of an A-B-bimodule in €. Below, we review

the definitions of 1-morphisms and 2-morphisms of A-B-bimodules.
Definition 1.2.4.1. An A-B-bimodule in € consists of:

1. An object P of C;
2. The data (P, AP k") of a left A-module structure on P;
3. The data (P,n”, v pf) of a right B-module structure on P;

4. A 2-isomorphism

APB X1, pB
P
1nPl g /7 lnP
AP l—P> M,

satisfying:
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a. We have

P
11n? V! mA11 11n? mA11
-

(1.14)

b. We have:

(1.15)

Definition 1.2.4.2. Let P and ) be two A-B-bimodules. An A-B-bimodule 1-
morphism consists of a 1-morphism f : P — @Q in € together with the data (f,¢/) of
a left A-module structure and (f, /) of a right B-module structure satisfying:

1f1 "1

(1.16)

Definition 1.2.4.3. Let P and ) be two A-B-bimodules, and f,g : P — @ two
A-B-bimodule 1-morphisms. An A-B-bimodule 2-morphism f = ¢ is a 2-morphism
v : f = ¢ in €, which is both a left A-module 2-morphism and a right B-module

2-morphism.

Lemma 1.2.4.4. Given two algebras A and B in €, A-B-bimodules, A-B-bimodule
1-morphisms, and A-B-bimodule 2-morphisms form a 2-category, which we denote by
Bimod¢(A, B).

Proof. The proof is easy and left to the reader. We only point out that, as we have
assumed that € is strict cubical, Bimod¢ (A, B) is in fact a strict 2-category. ]

1.3 Diagrams
1.3.1 Proof of Lemma [1.2.2.2]
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Figure 1.1: Equality (Part 1)

1121
1ml \’ n1

1m

nM

Figure 1.3: Equality (Part 3)

1121

1m 1

Figure 1.5: Equality (Part 5)

Figure 1.9: Coherence (Part 4)
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Figure 1.2: Equality (Part 2)
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Figure 1.4: Equality (Part 4)
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Figure 1.6: Coherence (Part 1)
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Figure 1.10: Coherence (Part 5)



Chapter 2

Compact Semisimple 2-Categories

2.1 Definition

2.1.1 Cauchy Complete 2-Categories

The notion of an n-condensation monad in an n-category was introduced in [GJET19].
These objects categorify the notion of an idempotent in a 1-category to an n-category.
In particular, a 1-condensation monad is an idempotent in a 1-category. Below, we

recall the definition in the case n = 2.

Definition 2.1.1.1. Let € be a (not necessarily linear) 2-category. A 2-condensation

monad in € consists of:

1. An object A;

2. A 1l-morphism e : A — A;

3. Two 2-morphisms p:eoe=eand ) : e = eoe,

such that

a. The pair (e, ) is a (non-unital) associative algebra;

b. The pair (e,0) is a (non-counital) coassociative coalgebra;

c. The Frobenius relations hold, i.e. d is an (e, e)-bimodule map;
d. We have: u -6 = Id..

Remark 2.1.1.2. More concisely, a 2-condensation monad on A in € is a non-unital
non-counital special Frobenius algebra in the monoidal category Endg(A). If the spe-
cial Frobenius algebra is unital, this recovers the notion of separable monad considered

in [DRIS.
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Generalizing the notion of a split surjection in a 1-category, [GJF19] also intro-
duced the notion of an n-condensation in an n-category. The case n = 2 is reviewed

in the definition below.
Definition 2.1.1.3. Let € be a 2-category. A 2-condensation in € consists of:
1. Two objects A and B;
2. Two 1-morphism f: A— B and g: B — A;
3. Two 2-morphisms ¢ : fog= Idg and v: Idg = fog
such that

a. We have: ¢ -v = Idjq,.

Given a 2-condensation as above, observe that the induced structure on the object

A alone is precisely that of a 2-condensation monad.

Definition 2.1.1.4. Given a 2-condensation monad (A4, e, i, d) in €, a splitting, or,
more precisely, an extension of this 2-condensation monad to a 2-condensation, is a

2-condensation (A, B, f, g, ¢,7) together with a 2-isomorphism 6 : go f = e such that
p==0-(gogof) (071 0b7"),

§=(00f)-(govyof) 07"

Remark 2.1.1.5. Extensions of a 2-condensation monad to a 2-condensation are pre-

served by 2-functors (upon insertion of the relevant coherence 2-isomorphisms).
Categorifying the notion of being idempotent complete [GJE19] makes the follow-

ing definition.

Definition 2.1.1.6. A 2-category € is Karoubi complete if it is locally idempotent

complete, and every 2-condensation monad can be extended to a 2-condensation.

If k is a field, and we are considering k-linear 2-categories, the following definition

gives the appropriate notion of completion.

Definition 2.1.1.7. A k-linear 2-category € is Cauchy complete if it is locally Cauchy
complete, it has direct sums for objects, and every 2-condensation monad can be

extended to a 2-condensation.

24



Remark 2.1.1.8. Theorem 2.3.2 of [GJEF19] states that if € is a locally idempotent
complete 2-category, then the 2-category of extensions of any 2-condensation monad
to a 2-condensation is either empty or contractible. (This is the categorified version
of the statement that if an idempotent in a 1-category splits, it does so uniquely up

to unique isomorphism.)

Remark 2.1.1.9. In [DR1§], the authors introduced a different notion of Cauchy com-
pleteness for locally Cauchy complete linear 2-categories, which is based on the split-
tings of separable monads. It follows from theorem 3.1.7 of [GJE19] that these two
notions of Cauchy completeness coincide for locally Cauchy complete 2-categories

that have right adjoints for 1-morphisms.

Remark 2.1.1.10. Given a locally Cauchy complete linear 2-category €, [GIJEF19] con-
structs a Cauchy completion for €, i.e. a 2-category Cau(€) that is Cauchy complete
and is equipped with a canonical fully faithful inclusion t¢ : € < Cau(€). More
precisely, Cau(€) is given by the 2-category whose objects are the 2-condensation
monads in €, I-morphism are bimodules, and 2-morphisms are bimodule maps. It
was established in [Déc22b| that the linear 2-functor i : € — Cau(€) enjoys a 3-
universal property. Namely, ¢¢ is an initial object in the 3-category of linear 2-functors

from € to a Cauchy complete linear 2-category.

2.1.2 Semisimple 2-Categories

Let k be an arbitrary field. All of the categories and functors we will consider from

now until the end of this chapter are k-linear.
Definition 2.1.2.1. Recall the following standard definitions:

e An object of an abelian 1-category is called simple if it is not zero, and it has no
nontrivial subobject. The endomorphism space of a simple object is a division

algebra over k.

e An abelian 1-category is called semisimple provided that every object splits as

a finite direct sum of simple objects.

e An abelian 1-category is called finite it is is equivalent to the category of finite-

dimensional modules over a finite-dimensional k-algebra.

Remark 2.1.2.2. There is an intrinsic characterization of finite 1-categories (for in-
stance, see [DSPS19]). In particular, such a 1-category has finitely many equivalence

classes of simple objects, and finite-dimensional Hom-spaces.
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Definition 2.1.2.3. A semisimple 2-category is a locally semisimple k-linear 2-

category that has right and left adjoints for 1-morphisms and that is Cauchy complete.

Remark 2.1.2.4. Observe that by theorem 3.1.7 of [GJE19], a locally semisimple 2-
category with adjoints is Cauchy complete if and only if it has direct sums and every
separable monad splits. Thus, our definition of a semisimple 2-category is equivalent
to definition 1.4.1 of [DR18] over an arbitrary field.

Definition 2.1.2.5. An object X of a semisimple 2-category € is called simple if its
identity 1-morphism Idy is a simple object of Endg(X).

The categorical Schur lemma (proposition 1.2.19 of [DR1§|) continues to hold in

our more general context. In fact, we record an even more general version.

Lemma 2.1.2.6. Let f : X — Y, and g : Y — Z be two nonzero 1-morphisms of a

semisimple 2-category such that'Y is simple. Then, g o f is nonzero.

Proof. Let ¢g* : Z — Y be a right adjoint to g, and write € : ¢* 0o g = Idy for the
counit. As ¢ is non-zero and Idy is simple, there exists a section v of €. In particular,
the composite 2-morphism (v o f) - (e o f) is the identity on f, and factors through

g*ogo f. As f is non-zero, this shows that g o f is non-zero. O

In fact, it turns out that most of the theory of semisimple 2-categories developed

in [DR18] holds over an arbitrary field. Let us make explicit the following results.

Lemma 2.1.2.7. Let C be an object of a semisimple 2-category €. Then, a decom-
position Idc = @], f; of Idc into a direct sum of non-zero 1-morphisms induces a

decomposition C' ~ 8 C; of C' into a direct sum of non-zero objects C; of €.

Proof. By remark [2.1.2.4] our notion of a semisimple 2-category is equivalent to def-
inition 1.4.1 of [DRI18] over an arbitrary field. In particular, the proof of proposition
1.3.16 of [DR18] also applies in our context. O

Proposition 2.1.2.8. In a semisimple 2-category &, every object splits as a direct
sum of simple objects. Further, this splitting is unique up to permutation and equiv-

alence.

Proof. Let C' be an object of €. Then, as Endg(C) is a semisimple 1-category, we
can pick Ide = @7, f; a decomposition of Id¢ into a direct sum of simple objects of
Endg(C). Lemma [2.1.2.7| then yields the first part of the result. To get the second

part, observe that, in fact, splittings C' >~ H}_,C; of C into a direct sum of simple
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objects C; up to equivalence, correspond to splittings Ide = @, f; of Ids into a
direct sum of simple objects of Endeg(C). Thence, the second part of the result
follows from the uniqueness of the splitting of an object as a direct of simple objects

in a semisimple 1-category. O]

Finally, over algebraically closed fields of characteristic zero, the following objects

play a central role in [DRI§]. We shall say more about their existence over arbitrary
fields in section [2.21

Definition 2.1.2.9. A semisimple 2-category is finite if it is locally finite, i.e. its
Hom-categories are finite 1-categories, and has finitely many equivalence classes of

simple objects.

2.1.3 2-Categories of Separable Module 1-Categories

Recall the following definitions from [DSPS21]:

e A tensor l-category is a linear 1-category equipped with a rigid monoidal struc-

ture.

e Over an algebraically closed field or a real closed field, a multifusion 1-category
is a finite semisimple tensor 1-category. A fusion l-category is a multifusion

1-category whose monoidal unit is a simple object.

e Let C be a monoidal 1-category. A right C-module 1-category is a 1-category
M equipped with a bilinear right action M x C — M that is suitably coherent
(see [DSPS21] definition 2.2.6).

Now, let us fix C a finite semisimple tensor 1-category. Given a finite semisimple
right C-module 1-category M, Ostrik’s theorem (in the generality of theorem 2.18 of
[DSPS19]) asserts that there is an algebra object A in C, and an equivalence of right
C-module 1-categories between M and Mod¢(A) the 1-category of left A-modules in
C.

Definition 2.1.3.1. A finite semisimple right C-module 1-category M is called sep-
arable if the algebra A is separable, i.e. the multiplication map my : A® A — A
admits a section as a map of A-A-bimodules. We then say that M is a separable

right C-module 1-category.
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Remark 2.1.3.2. There is also an intrinsic characterization of separable right C-module
1-categories. Namely, it is shown in theorem 1.5.4 of [DSPS21] that a finite semisimple
right C-module 1-category M is separable if and only if the 1-category Fune(M, M)

of linear right C-module functors M — M is finite semisimple.

Lemma 2.1.3.3. Let M and N be two separable right C-module 1-categories. Then,
Fune (M, N) is finite semisimple.

Proof. Let A, B be separable algebras in C such that Mod¢(A) ~ M, and Mod¢(B) ~
N as right C-module 1-categories. Theorem 2.2.17, corollary 2.4.11, and corollary
2.4.14 of [DSPS21] together prove that

Fune(M, N) ~ Bimod¢(A, B).

Furthermore, the right hand-side is a finite 1-category, so it only remains to prove
that every object is projective. Let M be an A-B-bimodule in C. We write m4
for the multiplication of A, and A4 for its splitting as a map of A-A-bimodules.
Similarly, we write mp for the multiplication of B, and Ap for its splitting as a map
of B-B-bimodules. The bimodule map

A®s M ®p B 24241WE885 (4 & A) @, M @5 (B ® B)

is a splitting for the canonical bimodule map
(AR A) @4 M ®p (B® B) - A®4 M ®5p B.

Thus, we find that M is a direct summand of a free bimodule, which proves the

claim. O
We are now ready to given our first examples of semisimple 2-categories.

Proposition 2.1.3.4. The 2-category Mod(C) of separable right C-module 1-categories

1s a semisimple 2-category that is locally finite.

Proof. The proof follows using the argument given in the proof of theorem 1.4.8 of
[DR18]. We give some key points for the reader’s convenience. Firstly, observe that
given two separable right C-module 1-categories M, and N, then Hompioa(cy(M,N)
is finite semisimple by lemma [2.1.3.3] The existence of adjoints for 1-morphisms
follows from [DSPS19]. Moreover, it is clear that Mod(C) has a zero object and direct
sums for objects. Thus, it only remains to prove that every 2-condensation monad
splits. Now, it follows from sections 2.2 and 2.4 of [DSPS21] that Mod(C) is equivalent
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to the 2-category of separable algebras, bimodules, and bimodule morphisms in C.
Finally, by theorem 3.1.7 of [GJEF19], the 2-category of separable algebras in C is
equivalent to C'au(BC), the 2-category 2-condensation monads in BC, which is Cauchy

complete by construction. O]

It is useful to describe the simple objects of Mod(C) more explicitly.

Lemma 2.1.3.5. A separable right C-module 1-category M is simple as an object of
Mod(C) if and only if it is indecomposable.

Proof. By definition, an object M of Mod(C) is simple if and only if the monoidal unit
of Endmode)(M) is simple. But, this finite semisimple tensor 1-category is exactly
Fune (M, M), whose monoidal unit is simple if and only if M is indecomposable as

a right C-module 1-category. ]

Proposition 2.1.3.4] gives us plenty of examples of semisimple 2-categories. Let us

examine one in particular.

Example 2.1.3.6. Let k = [F, for a prime p. By the above proposition, 2Vecty =
Mod(Vecty) is a semisimple 2-category. Let us prove that it has infinitely many
equivalence classes of simple objects. Given any positive integer ¢, write V, for the
finite semisimple 1-category of finite-dimensional Fpq.-vector spaces. The 1-category
V), admits an obvious coherent right action by Vecty. Further, these 1-categories are
pairwise non-equivalent. Therefore, it suffices to show that the right Vect-module 1-
categories V, are separable. This follows from the fact that [F,, is a separable algebra
in Vecty (see corollary 4.5.8 of [Forl7]). Namely, we have that Modvyect, (Fpe) >~ V,
as right Vecti-module 1-categories, which proves the claim. In fact, this describes
all the finite semisimple Vecty-module 1-categories.

More generally, given a finite group GG, we can consider C the finite semisimple
tensor 1-category of G-graded finite-dimensional F,-vector spaces. We have that
Mod(C) is a semisimple 2-category. Given a subgroup H C G, a positive integer
¢, an action o of H on I, by field automorphisms, and a 2-cocycle v for H with
coefficients in Fj, twisted by o, then we can consider the twisted group algebra
. [H]. Equipped with the tautological grading, this defines an algebra in C. We
write M(H,~y) := Mod¢(F),[H]), and note that this is a finite semisimple right C-
module 1-category. In fact, this yields all indecomposable finite semisimple right
C-module 1-categories, but there is some redundancy in this description (see [Nat17]
for a related result over an algebraically closed field of characteristic zero). Further,
one can check that [F),[H] is separable if and only if p { |H|. This follows from a slight

elaboration on the argument used in the proof of lemma 1.8 of [Déc23d].
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2.1.4 First Properties of Compact Semisimple 2-Categories

Example [2.1.3.6| shows that we can not expect Mod(C) to be a finite semisimple
2-category in general. Nevertheless, such 2-categories still have reasonable finiteness

properties. In order to capture them, we need the following definition.

Definition 2.1.4.1. Let € be a semisimple 2-category. T'wo simple objects X and Y

of € are said to be connected if there is a non-zero 1-morphism between them.

As is explained in [DR18] over an algebraically closed field of characteristic zero,
the categorical Schur lemma shows that being connected defines an equivalence rela-
tion on the set of simple objects of a given semisimple 2-category. But the categorical

Schur lemma holds over an base field (see lemmal2.1.2.6)), so we can make the following

definitions.

Definition 2.1.4.2. The set my(€) is the quotient of the set of simple objects of
¢ under the equivalence relation of being connected. A semisimple 2-category € is

connected if my(€) is a singleton.

Definition 2.1.4.3. A semisimple 2-category € is compact if it is locally finite and
mo(€) is finite.

We now show that Mod(C) is a compact semisimple 2-category for every finite

semisimple tensor 1-category C.

Theorem 2.1.4.4. Let C be a finite semisimple tensor 1-category. The 2-category of

separable right C-module 1-categories is a compact semisimple 2-category.

Proof. Let us begin by observing that for any nonzero separable right C-module M,
there exists a right C-module functor F': C — M. Namely, pick an object M in M,
and set F(C') = M ® C with the canonical right C-module structure. By proposition
[2.1.2.8] we know that C splits as a direct sum of finitely many simple objects. Thus,
we have shown that any simple object of Mod(C) admits a nonzero 1-morphism from

a direct summand of C. This finishes the proof. m
In fact, the converse also holds.

Definition 2.1.4.5. We say that a semisimple 2-category € has a generator if there
exists X in € such that the inclusion BEnds(X) < € is a Cauchy completion.

Theorem 2.1.4.6. Let € be a compact semisimple 2-category. Then, € has a gen-
erator. In particular, there exists a finite semisimple tensor 1-category C such that

¢ ~ Mod(C).
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Proof. Let us pick a simple object X; in every equivalence class of my(€). We define
X :=H,X;, which is an object of €, and write C := End¢(X). Now, the inclusion
BC — ¢
* = X

is full on 1-morphisms and fully faithful on 2-morphisms. As the right hand-side is

Cauchy complete, we get a linear 2-functor
F :Mod(C) ~ Cau(BC) — €,

which is still full on 1-morphisms and fully faithful on 2-morphisms. Thence, it only
remains to prove essential surjectivity. Given that Mod(C) has direct sums, it is
enough to show that every simple object in € is in the essential image of F'. In order
to do so, we prove that for any simple object Y of €, there exists a 2-condensation
monad on X, whose splitting is Y. Let f : X — Y be a simple 1-morphism, which
exists by construction of X. We write f* for its right adjoint, €/ : f o f* = Idy for
the corresponding counit. As f is non-zero, and Idy is simple, ¢/ admits a section,
which we denote by 7. It follows from the definitions that the data (X,Y, f, f*,€,7)
defines a 2-condensation. In particular, there exists a 2-condensation monad on X

whose splitting in € is Y as desired. [

2.1.5 Locally Separable Compact semisimple 2-Categories

We now assume that k is a perfect field. Let us recall the following definition from
[DSPS21].

Definition 2.1.5.1. A finite semisimple tensor 1-category is called separable if it is

separable as a right C™°? X C-module 1-category.

Remark 2.1.5.2. Tt is shown in [DSPS21] that a finite semisimple tensor 1-category
is separable if and only if its Drinfeld center is finite semisimple. Furthermore, they
show that over a field of characteristic zero, every finite semisimple tensor 1-category

is separable.

Let C be a finite semisimple tensor 1-category. Following [EGNO15|, a decompo-
sition of the unit into simple summands induces an equivalence of finite semisimple
tensor 1-categories
1Cr - 1Gy
Cx| 0 0
for some integer n, where the monoidal unit of ;C; is simple for all i.
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Lemma 2.1.5.3. A finite semisimple tensor 1-category C is separable if and only if

the finite semisimple tensor sub-1-categories ;C; are separable for all i.

Proof. Let us begin by assuming that C is connected, i.e. ;C; is non-zero for every 1, j.
In this case, C is Morita equivalent to 1Cy, so the statement follows from the fact that
the Drinfeld center is a Morita invariant. More generally, C is Morita equivalent to a
finite semisimple tensor 1-category of the form @;¢;;C; for some subset J C {1,...,n}.
It follows from the definitions that @;c;,C; is separable if and only if each of the finite

semisimple tensor 1-category ;C; is. [

Definition 2.1.5.4. A compact semisimple 2-category € is locally separable if Endg(X)

is a separable finite semisimple tensor 1-category for every simple object X of €.

Remark 2.1.5.5. Thanks to lemma|2.1.5.3] in order to check that a compact semisimple
2-category € is locally separable, it is enough to prove that Endg(X;) is a separable
finite semisimple tensor 1-category, where the X; are simple objects representing the

equivalence classes in ().

Theorem 2.1.5.6. Let C be a separable finite semisimple tensor I1-category. The
2-category of separable right C-module 1-categories is a locally separable compact

semisimple 2-category.

Proof. Let M be an indecomposable separable right C-module 1-category. Then,
Endc(M) is Morita equivalent (via M) to a finite semisimple tensor sub-1-category
of C. As all such finite semisimple tensor sub-1-categories are separable the statement
follows. 0

Theorem 2.1.5.7. Let € be a locally separable compact semisimple 2-category. Then,
there exists a separable finite semisimple tensor 1-category C such that € ~ Mod(C).

Proof. The argument used to prove theorem [2.1.4.6| applies, but, thanks to our hy-

pothesis, the finite semisimple tensor 1-category we construct is separable. O]

Remark 2.1.5.8. As k is a perfect field, and C is separable, Mod(C) may also be
described as the 2-category of finite semisimple right C-module 1-categories as can be

seen using proposition 2.5.10 of [DSPS21].

Example 2.1.5.9. Let GG be a finite group, and k be an algebraically closed field.
Define C to be the finite semisimple tensor 1-category of finite dimensional G-graded
k-vector spaces. We now describe the structure of the compact semisimple 2-category
Mod(C). Proposition 4.1 of [EO04] (see also [Natl7]) shows that the equivalence
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classes of indecomposable finite semisimple right C-module 1-categories are given by
pairs consisting of a subgroup H C G and a cohomology class ¢ € H?*(H;k*), under a
suitable equivalence relation induced by conjugation. Further, it follows from lemma
1.8 of [Déc23h] that the indecomposable finite semisimple right C-module 1-category
associated to (H,¢) is separable if and only if char(k) t |H|. Thus, there are only
finitely many equivalences classes of simple objects in Mod(C), i.e. it is a finite
semisimple 2-category. Finally, C is separable if and only if char(k) 1 |G|, then C is
separable, so that Mod(C) is locally separable if and only if char(k) t |G|.

2.2 Finite Semisimple 2-Categories

The objective of this section is to give examples of finite semisimple 2-categories. Our
first task is to identify when the base field allows for such 2-categories to exist. Having
done so, we prove that over an appropriate base field, every compact semisimple 2-

category is finite.

2.2.1 Non-examples

Given C a finite semisimple tensor 1-category. Example [2.1.3.6|suggests that there is,
in general, no hope for the 2-category of separable right C-module 1-categories to be
finite semisimple if our base field has infinitely many non-equivalent finite separable

extensions. We begin by making this precise.

Proposition 2.2.1.1. Let k be a field whose separable closure k*P is an infinite
extension. Then, given any non-zero finite semisimple tensor 1-category C over k,
the compact semisimple 2-category Mod(C) has infinitely many equivalence classes

of simple objects.

Proof. Let M, be any separable right C-module 1-category. For instance, take M, =
C. We let

N (M) := min{dimy (Endy(X))|X € M, X simple} € N.

We claim that there exists indecomposable separable right C-module 1-categories M;
for every non-negative integer i, such that N(M;) tends to infinity as i tends to
infinity. This readily implies the statement of the proposition.

To this end, let k; be an increasing sequence of separable finite field extensions
of k, which must exist by assumption. In particular, k; is a separable k-algebra

for all ¢ by corollary 4.5.8 of [Forl7]. We claim that the Deligne tensor product
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./T/l\i := Vecty, X M over k is a separable right C-module 1-category. Namely, by
hypothesis, there exists a separable algebra A in C such that M ~ Mod¢(A) as right
C-module 1-categories. We then find that

Vecty, X M ~ Mod¢(k; @ A),

as right C-module 1-categories, and as k; ® A is a separable algebra in C, this proves
the claim.

Note that ./T/l\z might not be indecomposable, so we pick an indecomposable sum-
mand M;. But, by construction, M\i, and therefore also M, is a k;-linear 1-category.
Thus, we find that

dimy (k;) < N(M,).

As the sequence dimy(k;) tends to infinity as ¢ tends to infinity, this finishes the proof
of the result. 0

It turns out that we can describe those fields whose separable closure is a finite
extension quite explicitly using a slight elaboration on the Artin-Schreier theorem.

This is carried out in theorem 4.1 of [Con], which we now recall.

Theorem 2.2.1.2. Let k be a field whose separable closure is a finite extension.
Then, either k is separably closed, or k is a real closed field, i.e. char(k) =0, k is
not algebraically closed, and k[\/—1] is algebraically closed.

Remark 2.2.1.3. Examples of real closed fields include R, but also R* = Q N R the
subfield of algebraic numbers. There are more exotic examples such as the fields of

hyperreal numbers.

Finally, it is well-known that there is no nontrivial finite dimensional division
algebra over an algebraically closed field. We need a weaker version of this statement

for finite dimensional division algebras over real closed fields.

Lemma 2.2.1.4. Let k be a real closed field. There are finitely many equivalences

classes of finite dimensional division algebras over k.

Proof. The proof of the Frobenius theorem on division algebras given in [Pal68| applies
verbatim to any real closed field, showing that there are three equivalence classes of
finite division rings occurring in this case: k, k[v/—1], and the ring of quaternions.

This completes the proof. n
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2.2.2 Examples

Let us fix a field k, which satisfies the condition of theorem [2.2.1.2] Further, let
us assume that k is perfect, as we are mainly interested in developing our theory
over such fields. This means that k is either algebraically closed or real closed, as a

separably closed field is algebraically closed if and only if it is perfect.

Theorem 2.2.2.1. Let C be a multifusion 1-calegory over an algebraically closed
field or a real closed field. The 2-category of separable right C-module I1-categories is

a finite semisimple 2-category.

Proof. By theorem [2.1.4.4] it is enough to prove that there are finitely many equiv-
alence classes of indecomposable separable right C-module 1-categories. We mimick
the argument of corollary 9.1.6 of [EGNO15].

By proposition 3.4.6 of [EGNOT5], there are only finitely many indecomposable
Z..-modules over Gr(C), the Grothendieck ring of C. Moreover, as there are only
finitely many equivalence classes of finite division algebras over k, there are only
finitely many non-equivalent ways to categorify every such Z, -module. Therefore,
it is enough to prove that for any finite semisimple 1-category M, there are, up to
equivalence, only finitely many separable right C-module structures on M. In order
to do so, we will reduce this problem to a question about tensor functors, and appeal
to theorem [2.2.3.3] below.

Supplying a right C-module structure on M is equivalent to giving the data of
a tensor functor F' : C™? — Fun(M, M). Observe that the right hand-side is a
multifusion 1-category as k is perfect. If the chosen right C-module structure on M
is separable, we claim that the tensor functor F' above exhibits Fun(M, M) as a
separable C" X C-module 1-category. Namely, proposition 2.4.10 of [DSPS21] gives
an equivalence

Fun(M, M) ~ Fun(M, Vecty) X M,

as C-C-bimodule 1-categories, which we can view as an equivalence of right C™P X C-
module 1-categories. Now, because the right C-module 1-category M is separable,
there exists a separable algebra A in C such that M ~ Mod¢(A) as right C-module 1-
categories. Combining proposition 2.4.9 and corollary 2.4.13 of [DSPS21], there is an
equivalence of left C-module 1-categories between Fun(M, Vecty) and the 1-category
of right A-modules in C. Equivalently, there is an equivalence of right C™°P-module
1-categories F'un(M, Vecty) ~ Modemer (A%), where A% is A viewed as a separable
algebra in C™°P. Finally, proposition 3.8 of [DSPS19] shows that
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Fun(M, Vecty) X M ~ Modemorge (A% K A),

and it is straightforward to check that A%’ X A is a separable algebra in C"? X C.
Consequently, it is enough to prove that there are only finitely many equivalence
classes of tensor functors F' : C™P? — Fun(M, M), which exhibits the right hand-
side as a separable right C"™? X C-module 1-category. This is precisely the content
of theorem This proves that there are finitely many equivalences classes of

indecomposable separable right C-module 1-categories. O]

Corollary 2.2.2.2. Over an algebraically closed field or a real closed field, a semisim-

ple 2-category is finite if and only if it is compact.

Over algebraically closed fields of positive characteristic, example [2.1.5.9] demon-
strates that local separability is an independent property. When char(k) = 0, more

can be said.

Corollary 2.2.2.3. Over an algebraically closed field of characteristic zero or a real

closed field, every compact semisimple 2-category is finite and locally separable.

Proof. Over a field of characteristic zero, every multifusion 1-category is separable by
corollary 2.6.8 of [DSPS21]. O

Example 2.2.2.4. We work over R. Lemma [2.2.1.4]implies that the simple object of
Mod(Vectg) are given by Vectg, Vectc, and Vecty. But, note that Mod(Vect()

has only one simple object, Vectc itself.

Let us conclude by examining an example of a compact semisimple 2-category

over a separably closed but not algebraically closed field.

Example 2.2.2.5. Let k = F,(2)*?, the separable closure of the function field of F,,.
We claim that Mod(Vecty) has only one equivalence class of simple object, Vecty
itself. Namely, as k is separably closed, so is every finite extension. Further, the
Brauer group of a separably closed field is trivial. Thus, the equivalence classes of
indecomposable finite semisimple right Vecti-module 1-categories are given by the 1-
categories Vecty for all finite extensions k' of k. But, if k’ is a non-trivial extension,

the right Vecty-module 1-category Vecty is clearly not separable.
This leads us to ask the following question.

Question 2.2.2.6. Over a separably closed field, is every compact semisimple 2-

category finite?
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2.2.3 Absence of Deformations for Tensor Functors

Throughout, we work over k a perfect field. Let C, D be finite semisimple tensor
1-categories, and F' a tensor functor C — D. The tensor functor F' endows D with
the structure of a C-C-bimodule 1-category, or equivalently of a right C™°? X C-module
1-category.

Following [Dav97|, [Yet98], and [Yet03], we define C})y (F'), the Davydov-Yetter

cochain complex of F' by setting for every integer n > 0:

ng(};ﬂ) — Nat(@”*l o Fxn’®n71 o Fxn)’

The cohomology groups of the cochain complex Cfy (F) are denoted by H}py (F),
and called the Davydov-Yetter cohomology groups of . These cohomology groups

describe the deformations of the tensor functor F.

Proposition 2.2.3.1. Provided that D is separable when viewed as a right C"™P K C-

module 1-category, the group Hpy (F) is trivial for every integer n > 1.

Proof. We claim that the argument of corollary 3.18 of [GHS23] applies verbatim in
our more general context. Namely, the only thing we have to check is that Zz-Mod
is finite semisimple (see subsection 3.3 of [GHS23] for the definition). In order to do
so, observe that Zp-Mod ~ Z:(D) the relative Drinfel’d center by proposition 3.10 of
[GHS23]. Now, we have assumed that D is separable as a C"?XIC-module 1-category,
thus Z¢(D) ~ Funemorge(C, D) is a finite semisimple 1-category, which concludes the

proof. O]

Remark 2.2.3.2. The condition of proposition is always satisfied if C is sep-
arable. Namely, under this hypothesis, C"™? K C is separable by corollary 2.5.11 of
[DSPS21]. Thus, as D is finite semisimple, it it separable as a right C™°? X C-module
1-category.

Our goal is now to generalize theorem 2.31 of [ENOO5| (see also theorem 9.1.5 of
[EGNO15]), which holds over an algebraically closed field of characteristic zero. We
wish to point out that it is asserted in section 9 of [ENOOQ5| that their theorem 2.31
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holds over an arbitrary algebraically closed field, so long as C is separable. When
the base field is algebraically closed, our proof is inspired by that given in section 9
of [EGNO15] in which they work over an algebraically closed field of characteristic
zero, though we give a detailed explanation as to why certain orbits of an action of
an algebraic group are open. When the base field is real closed, the setup of classical
algebraic geometry is no longer adequate, and we need to use ideas coming from real

algebraic geometry (see [BCRIS]).

Theorem 2.2.3.3. Let k be an algebraically closed, or a real closed field. A tensor
functor F' : C — D satisfying the hypothesis of proposition|2.2.53.1| does not admit any
non-trivial deformation. In particular, the number of such functors up to equivalence

(for fized source and target) is finite.

Proof. Case 1: k is algebraically closed

Defining the algebraic group action: We may assume that C and D are skeletal.
We write C;, i = 0, ...,n for the set of simple objects of C. We think of the assignment
C; — D; := F(C;) as fixed. As k is algebraically closed, this is exactly the data of a
linear functor F’ : C — D. A choice of tensor structure for the functor ¥’ : C — D
corresponds to the choice of isomorphism ¢c, ¢, : F'(C;) ® F'(C;) — F'(C; ® Cj)
in finite dimensional k-vector space for every i, j satisfying finitely many polynomial
conditions. Thus, there is a (potentially non-irreducible) variety X over k whose
closed points are exactly the possible choices of tensor structure on F".

Similarly, we define G to be the algebraic group over k of natural isomorphisms
A F' = F'. As the underlying scheme of G is again a (potentially non-irreducible)
variety, it is reduced, which implies that G is smooth (see proposition 1.18 of [Mill7]).
The algebraic group G acts on the variety X by sending (), {¢c; 0, }is) in G X X to
{/\Ci®cj¢ci,cj(/\6il ® )\5]1)}” in X.

Openness of orbits: Fix x a closed point of X, and write F, for the corresponding
tensor functor. We wish to consider the action map [, : G — X given by sending
g to g - x. The differential of [, at e € G is a map (dl,). : T.G — T, X. It fol-
lows from the definition of the Davydov-Yetter chain complex that T, X = Z%,(F,),
the set of 2-cochains, and that (dl,).(T.G) = B%y(F,), the set of 2-coboundaries.
Now, if F}, exhibits D as a separable right C"™° X C-module 1-category, Hoy (F,) =
Z%y(F,)/ B2y (F,) is trivial by proposition [2.2.3.1] so (dl,). is a surjection.

We now wish to prove that every x in X such that (dl,). is a surjection is a smooth
point. Let z in X be such a point. We claim that there exists a subvariety Y in X

containing x, which is stable under the action of GG, and for which z is a smooth

38



point. Namely, if x is not a smooth point of X, it belongs to the singular locus Y; of
X, which is stable under the action of G. If x is a smooth point of Y}, we are done. If
not, x belongs to the singular locus of Y7, etc. This process eventually stops because
the singular locus of an irreducible variety is a proper closed subset of the original
variety by theorem 1.5.3 of [Har06]. Now, let Y be the desired variety. The inclusion

Y — X induces a commutative diagram

(dly)e

T.G s T,
T.Y

In particular, the map 7,,Y — T, X is an isomorphism. This implies that the inclusion

X.

induces an isomorphism Oy, = Ox, of local rings (the first ring is regular), and so
X and Y agree locally around x, which proves that x is a smooth point of X.

We can now put our discussion together to prove the first part of the result.
Namely, fix  a closed point of X such that (dl,). is surjective. As G is an algebraic
group, this implies that for every closed point g of G, the map (dl,), : T,G — T, X
is surjective. Thanks to the discussion above, this implies that [, : G — X lands in
a smooth subvariety of X. But, by proposition I11.10.4 of [Har(6], this implies that
I, is smooth, and by corollary 14.34 of [GW10], we get that [, is open. Thus, we find
that the set-theoretic image [,(G), i.e the orbit G - z, is open in X. In particular,
this applies to those closed points x for which the tensor functor F), : C — D exhibits
D as a separable right C"°? X C-module 1-category, in which case this shows that F,
admits no non-trivial deformations. In particular, this applies to the tensor functor
F itself.

Conclusion: Let us write X' for the smooth subscheme of X given by the union

of the orbit under G of the closed points z of X for which (dl,). is surjective. By

X = UG-x.

zeX’

definition, we can write

But, as X’ is an open subset of a variety, it is quasicompact, so X’ is the union of
finitely many orbit. The second part of the theorem follows from this last fact by
combining it with lemma [2.4.1.7 Namely, this lemma asserts that there are finitely
many homomorphisms of Z, -rings from Gr(C) to Gr(D), i.e. there are only finitely
many assignments C; — D;, as we have fixed at the start of the proof, that can be

made into tensor functors.

Case 2: k is a real closed field
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Deformations of linear functors: We may assume that C and D are skeletal. We
write Cj, i = 0, ..., n for the set of simple objects of C. We fix an assignment C; — D;
an objects of D. Now, k is not algebraically closed so this does not determine a linear
functor C — D uniquely. But, we claim that there are only finitely many equiva-
lence classes of such functors. Namely, upgrading the above assignment to a functor
amounts to choosing a homomorphism of k-algebras f; : End(C;) — End(F(C;)) for
all 7. Note that it is enough to prove that up to conjugation by an invertible element
of End(F(C;)), there are only finitely many such homomorphisms. Namely, if f; and
f! are two choices of homomorphisms such that for every i, we have f; = a;fla; '
for some invertible a; in End(F(C;)), then the a; define a natural isomorphism be-
tween the functor defined using the homomorphisms f; and that defined using the
homomorphisms f;.

So it is enough to prove that for every finite dimensional division algebra A over k,
and finite semisimple k-algebra B, there are finitely many k-algebra homomorphisms
A — B up to conjugation by invertible elements of B. Without loss of generality,
we may assume that B is simple, i.e. B is the algebra of m x m-matrices on k,
k[v/—1], or the quaternions. Now, if B is the algebra of m x m-matrices on k, or
the quaternions, the claim follows from the Skolem-Noether theorem (see theorem
2.7.2 of [GS06]). Thus, it only remains to check the claim when B is the algebra
of m x m-matrices on k[/—1]. If A =k, the statement is trivial. If A = k[\/—1],
then a k-algebra homomorphism f : A — B is uniquely determined by the image of
VvV—1. But f(v/=1)? = Id, so f(v/—1) is conjugate to a diagonal matrix with entries
++/—1. There are clearly finitely many of those up to conjugation. Finally, if A is the
quaternions, let f’ : A ® k[v/—1] — B be the extension of f to a homomorphism of
k[v/—1]-algebras. It is enough to prove that there are finitely many k[/—1]-algebra
homomorphisms A ® k[v/—1] — B up to conjugation by invertible elements of B.
But A ® k[v/—1] =& Maty(k[/—1]) is simple, so the claim follows again from the
Skolem-Noether theorem.

Defining the algebraic group action: Let us now fix a k-linear functor F’ : C — D.
A choice of tensor structure on I’ amounts to the choice of an isomorphism ¢¢, ¢; :
F'(X;) ® F'(X;) = F'(X; ® Xj) in a finite dimensional k-vector space for every
1,7. Furthermore, these isomorphisms have to satisfy certain polynomial equations
guaranteeing that ¢ is a natural transformation and suitably coherent. Thus, there is
a (potentially non-irreducible) Zariski-open subset X of an algebraic set in k*¥ for
some positive integer N, whose points are exactly the possible tensor structures on F'.

Similarly, we define G to be the Zariski-open subset k*™ with M a positive integer,
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whose points are the natural isomorphisms A\ : F/ = F’. Observe that the Zariski-
open subset GG carries a natural continuous action given by composition. Moreover,
G acts on X by sending (X, {¢c, ¢, }ij) in G x X to {Acec,dc,.c;,(Ac @ )\531)}” in
X. This action is continuous in the Zariski topology.

Openness of orbits: We claim that X is smooth. To see this, fix a closed point
r € X, and write F, for the corresponding tensor functor. We consider the action
map [, : G — X given by sending ¢g to g - x. Its differential at e € G is a map
(dly)e : T.G — T,X between the Zariski tangent spaces. Now, it follows from the
definition of the Davydov-Yetter chain complex that T,X = Z3,(F,) the set of 2-
cochains, and that (dl,).(T.G) = B%,(F,) the set of 2-coboundaries. By corollary
2.6.9 of [DSPS21], the separability assumption of proposition is satisfied, so
that H2y (F,) = Z%y(F,)/B%y(F}) is trivial, and (dl,). is surjective.

Using an inductive argument similar to the one we have used in the previous case
together with proposition 3.3.14 of [BCRI8], we can construct an algebraic subset
Y of X containing x as a smooth point, and stable under the action of G. This
implies that [, factors through Y, so that (dl,). factors through 7,Y. But (dl,). is
surjective, which implies that the canonical inclusion 7, Y — T, X is an isomorphism.
This shows that Y is a Zariski-open subset of X containing x, and proves that X is
smooth at z.

In order to finish our argument, we need to consider a finer topology than the
Zariski topology. Namely, as k is a real closed field, it is in particular well-ordered
by theorem 1.2.2 of [BCRO8]. This allows us to consider the Euclidean topology
on the spaces k*V and k*M, which is strictly finer than the Zarisky topology. For
the remainder of the proof, we will exclusively work with the Euclidean topology.
In particular, we think of the algebraic sets X, and G as being endowed with the
Euclidean topology, i.e. we think of X, and G as semi-algebraic sets in the terminology
of [BCROS].

Let us fix a point z in X, we will now prove that the orbit of x in X under the
action of GG is open in the Euclidean topology. As x is a smooth point of an algebraic
set, proposition 3.3.11 of [BCRI8] shows that there exists an open subset U of z in X,
an open subset V of k*F, and a Nash diffeomorphism ¢ : U = V. (A Nash function
between semi-algebraic sets is a smooth semi-algebraic map.) Let us now consider the
Nash function ¢ol, : I71(U) — V, which maps ¢ in ;1 (U) C G to ¢(g-x). But (di,).
is surjective, thence it follows from proposition 2.9.7 of [BCR9§| that the image of
¢ol, contains an open neighborhood of ¢(x). Given that ¢ is a Nash diffeomorphism,
this implies that the image of [, : G — X contains an open neighborhood of z. As
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x was arbitrary we find that G - x is an open subset of X, i.e. the associated tensor
functor F, admits no non-trivial deformations.

Conclusion: Proposition 2.2.7 of [BCR9§| shows that for any z in X, G - x is
semi-agebraic. As the orbits in X under the action of G are disjoint, we therefore
find that G - x is an open and closed semi-algebraic subset of X, i.e. a union of

semi-algebraically connected components of X. But,

X:UG'x,

zeX

and X is a finite union of semi-algebraically connected components by theorem 2.4.4
of [BCRO8]. Thus, X is the union of finitely many orbits under the action of G. The

second part of the statement now follows from lemma [2.4.1.7] O

Example 2.2.3.4. Let k = Q, and write C for the separable finite semisimple ten-
sor l-category of finite dimensional Z/2-graded Q-vector spaces. Then, there are
infinitely many non-equivalent tensor functors C — Vecty. Namely, such functors up
to equivalence correspond exactly to classes in H?(Z/2;Q*) = Q*/(Q*)?, and this
group is infinite. In the notation of the proof of theorem 2.2.3.3), X = Q*, G = Q*,
and G acts on X by (g,7) — g¢*r. If we view X and G as sets, the orbits of this
action are manifestly not open. However, if we view them as schemes, it is possible to
show that the orbits are indeed open. The reason for this discrepancy is that schemes

over Q have many closed points which are not Q-points.

2.2.4 Absence of Deformations for Separable Multifusion 1-
Categories

Let us assume that k is an algebraically closed field or a real closed field. We begin by
briefly explaining how the methods of the previous section can be used to generalize
theorem 2.30 of [ENOOQ5], which holds over an algebraically closed field of character-
istic zero. Further, over an algebraically closed field of positive characteristic, this
statement appears in section 9 of [ENOO05], and a proof can be obtained using the
techniques developed in their article. We sketch a proof in the algebraically closed
case both for completeness, and in order to introduce some notations that will be
used in what follows. We emphasize that the real closed case has not been previously

considered in the literature.

Theorem 2.2.4.1. Let C be a separable multifusion 1-category over an algebraically

closed or real closed field. Then, C has no non-trivial deformations. Consequently,
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the number of equivalence classes of separable multifusion 1-categories with a fized

Grothendieck ring is finite.

Proof. The proof is entirely analogous to that of theorem [2.2.3.3] so that we only
indicate the key steps.

Case 1: k is algebraically closed
We may assume that C is skeletal. We write C;, i = 0, ..., n for its simple objects,
and assume that Cy = [ is the monoidal unit. The tensor structure of C establishes
17

we think as fixed. As C is rigid and skeletal, for any ¢, the left dual C} is equal to

for us an assignment (C;,C;) — EBknijk for some non-negative integers n¥., which

Cy«, for some integer i* in {0,...,n}. We fix left and right coevalutation morphisms
coev; : I — C;®@Cy and coev) : I — Cyp@C; for every i in C. Let us now define Z to be
the (potentially non-irreducible) variety over k whose closed points are precisely the
data necessary to turn the above assignment into a tensor 1-category, i.e. the coherent
choices of associators, and evaluation morphisms compatible with the associators and
the fixed coevaluation morphisms. Similarly, we define a smooth algebraic group H
whose closed points are the automorphisms of the identity functor on C (viewed as a
linear 1-category). The group structure is given by composition, and H acts on Z.

Given a point z in Z, write C, for the corresponding multifusion 1-category. We
consider the action map I, : H — Z given by h — h - 2. The differential of [, at
e is a map (dl,). : T.G — T, X. If C, is separable, the Davydov-Yetter cohomology
group H3y (C.) vanishes. This can be seen by following the original argument given
in [ENOOQ5| carefully. More straightforwardly, it is also also possible use the fact that
the proof of theorem 9.1.3 of [EGNOI5| applies to any separable fusion 1-category
over an algebraically closed field. (One may alternatively appeal to proposition
above.) As a consequence, we find that (dl,). is surjective. As in the proof of theorem
, any point z for which (dl,). is surjective is smooth. Moreover, the orbit H - z
of any such point z is open, so that C, admits no nontrivial deformations. This applies
in particular to C.

Finally, write Z’ for the smooth subvariety of Z given by the union of the orbits

under H of the closed points z in Z such that (dl.). is surjective. Then, we have
Z'=|JH =
zeZ’

But, Z" being an open subset of a variety, it is quasi-compact, which shows that Z’

is the union of finitely many orbits. This proves the second part of the statement.
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Case 2: k is a real closed field

Without loss of generality, we may assume that C is skeletal. Analogously to the
algebraically closed case, we define a (potentially non-irreducible) Zariski open subset
Z of an algebraic set in k> for some positive integer N, whose points parameterise
the tensor structure on C. We also define H to be the Zariksi-open subset of k*M
with M a positive integer, whose points are the automorphisms of the identity functor
on the linear 1-category C. Observe that H acts on Z in a canonical way.

Given a point z in Z, write C, for the corresponding multifusion 1-category. We
consider the action map [, : H — Z given by h + h - z. The differential of [, at
e, the identity of H, is a map (dl,). : T.G — T,X. Thanks to proposition
and the fact that every multifusion 1-category over k is separable, the Davydov-
Yetter cohomology group H3) (C.) vanishes. As a consequence, we find that (dl,).
is surjective for every z, and the argument used in the proof of theorem then
shows that Z is smooth. Further, by passing to the Euclidean topology, which is
possible as k is a real closed field, one shows that the orbit H - z of any point z
in Z is an open semi-algebraic subset. This implies that C, admits no nontrivial
deformations.

Finally, for any z in Z, the subset H - z is open and closed, meaning that it is a

union of semi-algebraically connected components of Z. Further, we have

Z:UH%

z€Z

But, by theorem 2.4.4 of [BCROS], Z is a finite union of semi-algebraically connected
components. This implies that Z is the union of finitely many orbits under the action

of H, thereby establishing the second part of the theorem. O

Remark 2.2.4.2. Over a general field, the statement of theorem [2.2.3.3| does not hold.
Namely, working over F,,, Vecty , is a finite semisimple tensor 1-category for every
positive integer ¢. These finite semisimple tensor 1-categories are manifestly separable

and non-equivalent. Furthermore, they all share the same Grothendieck ring, Z.

Over an algebraically closed field, corollary [2.2.4.3| first appeared in [Ste97], and
corollary [2.2.4.4] follows from remark 2.33 of [ENOO5|. Over a real closed field, both

corollaries are new.

Corollary 2.2.4.3. There are only finitely many equivalence classes of semisimple

and cosemisimple Hopf algebras of a fixed dimension d.
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Proof. Recall that, for any Hopf algebra H of dimension d, the Frobenius-Perron
dimension of the fusion 1-category Rep(H) is d. Further, from the reconstruction
theorem, it follows that there is a bijection between equivalence classes of semisimple
Hopf algebras of dimension d and fusion 1-categories equipped with a tensor functor
to Vecty. But, for a semisimple Hopf algebra H, it is argued in section 9.1 of [EO04],
that Rep(H) is separable if and only H is cosemisimple. The proof is finished by
appealing to theorems [2.2.3.3| and [2.2.4.1] O

Corollary 2.2.4.4. There are only finitely many equivalence classes of braidings on

a giwen separable fusion 1-category.

Proof. A braiding on a fusion 1-category C can equivalently be described as an tensor
functor C — Z(C) whose composite with the forgetful tensor functor Z(C) — C is the
identity. Now, if C is separable, Z(C) is a finite semisimple 1-category. Furthermore,
Z(C) is a separable fusion 1-category. Over an algebraically closed field, this follows
from theorem 2.15 of [ENOOQ5], and, over a real closed field, every fusion 1-category

is separable. In particular, theorem [2.2.3.3| applies, which proves the result. O

Finally, let us recall corollary 9.1.8 of [EGNOT5| as corollary below, and
give the appropriate generalizations in corollaries 2.2.4.7] and 2.2.4.8. Let us also
mention that corollary is certainly known to experts, as it is mentioned in
subsection 4.5 of [Etil§].

Corollary 2.2.4.5. Let k be an algebraically closed field of characteristic zero, then
any multifusion 1-category, tensor functor between them, finite semisimple module

1-category over them, and semisimple Hopf algebra is defined over Q.

Proof. Clearly, Q is a subfield of k. Now, observe that the variety Z over k used in the
proof of theorem is defined over Z. Let us write P(Z) for the corresponding
algebraic set in k*™, which is also defined over Z. Then, using lemma below,
we see that the set of Q-points of P(Z) is dense in the Zariski topology. Let C be a
multifusion 1-category corresponding to a point z € P(Z) (i.e. a closed point of 7).
As the orbit H - z is open in P(Z), there exists a point 2’ in H - z whose coordinates
are in Q. This proves the claim for multifusion 1-categories.

In order to establish the claim for tensor functors, one can use the result we have
just proven, and therefore assume that our multifusion 1-categories are defined over
Q. This implies that the variety X over k used in the proof of theorem is
defined over Q. Then, we can apply the same reasoning as above to deduce the

desired result.
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Let C be a multifusion 1-category, which we can assume to be defined over Q. Note
that for any finite semisimple 1-category M, End(M) is canonically defined over Q.
Now, observe that a finite semisimple right C-module 1-category M is defined over
Q if and only if the corresponding tensor functor C™ — End(M) is defined over Q.
Thus, the result for finite semisimple module 1-categories follows from that for tensor
functors.

Finally, let H be a semisimple Hopf algebra. By what we have prove above,
there exists a fusion 1-category C defined over Q, which is equivalent to Rep(H).
Furthermore, there is a tensor functor F' : C — Vect defined over Q, which is
equivalent to the canonical tensor functor C ~ Rep(H) — Vect. Applying the
reconstruction theorem to F' yields a Hopf algebra H’, which is defined over Q, and

equivalent to H. O
The following lemma is certainly well-known. We include a proof for completeness.

Lemma 2.2.4.6. Letk C K be algebraically closed fields. Let f, ..., f be polynomials
in K[z, ..., x,], and write Vi, Vi respectively, for the vanishing sets of the f;’s in k*™,

K*™ respectively. Then, Vi is dense in Vi with respect to the Zariski topology.

Proof. We have to show that if a polynomial in K[z, ...,x,] vanishes on Vi, then it
vanishes on Vk. We prove the converse, i.e. that any polynomial ¢ in K[z, ..., x,]
which does not vanish on Vi, does not vanish on Vi. Let (pi,...,p,) be a point in
Vi for which g(pi,...,pn) # 0. Let us consider A the k-subalgebra of K generated
by the coefficients of g, the p;’s, and ¢(py,...,p,)"". Let m be a maximal ideal of
A. As A is finitely generated and k is algebraically closed, we have A/m = k. Let
¢, -, qn be the images of py,..,p, along the quotient A — A/m = k. We have
9(@1, s qn) = g(p1, ..., pn) in A/m, which is a unit by construction. ]

Corollary 2.2.4.7. Let k be an algebraically closed field of characteristic p, any sepa-
rable multifusion 1-category, separable module 1-category over a separable multifusion
1-category, tensor functor between separable multifusion 1-categories, semisimple and

cosemisimple Hopf algebra is defined over Fp.

Proof. With the obvious modifications, one can use the argument used to prove corol-

lary o

Corollary 2.2.4.8. Let k be a real closed field, then any multifusion 1-category,
tensor functor between them, finite semisimple module 1-category over them, and
finite semisimple Hopf algebra is defined over R* = Q NR.
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Proof. Modifying the argument used to prove corollary [2.2.4.5| by replacing Q by R%9
and by appealing to proposition 5.3.5 of [BCR9§| instead of lemma [2.2.4.6| yields the
desired result. O

2.3 Additional Properties of Compact Semisimple
2-Categories

We explain how a number of important results in the theory of finite semisimple

2-categories generalize to compact semisimple 2-categories over an arbitrary field k.

2.3.1 An Equivalence of 3-categories

In the spirit of [Déc22b], we establish an equivalence between two 3-categories. In
order to introduce the first one, recall from [DSPS21] following [JESIT] that, over
any base field, there is a 3-category TC of finite tensor 1-categories, finite bimodule

1-categories, bimodule functors, and bimodule natural transformations.

Theorem 2.3.1.1. Finite semisimple tensor 1-categories, right separable bimodule

1-categories, bimodule functors, and bimodule natural transformations define a sub-
3-category TC™? of TC.

Proof. 1t is enough to prove that right separable bimodule 1-categories compose. This
is precisely what the proof of theorem 2.5.5 of [DSPS21] shows. O

Remark 2.3.1.2. Let k be a perfect field, the full sub-3-category of TC"*® on the
separable finite semisimple tensor 1l-categories is denoted by TC*?* in [DSPS21].
Namely, proposition 2.5.10 of [DSPS21] shows that TC*® can also be described as the
3-category of separable finite semisimple tensor 1-categories, right separable bimodule

1-categories, bimodule functors, and bimodule natural transformations.

Definition 2.3.1.3. We write CSS2C for the 3-category of compact semisimple

2-categories, linear 2-functors, 2-natural transformations, and modifications.

Theorem 2.3.1.4. Owver an arbitrary field k, there is an equivalence of linear 3-
categories
Mod : TC™® = CSS2C.
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Proof. The proof follows that of theorem 2.2.2 of [Déc22b]. As Vecty is a finite

semisimple tensor 1-category, we have a linear 3-functor
HomTCTSEP (Vect]k, —) : TC™ — 2Cat]k,

to the 3-category of k-linear 2-categories. Given a finite semisimple tensor 1-category
C, Homrycgrser(Vecty, C) is by definition the 2-category of separable right C-module
1-categories, whence the above 3-functor factors through the full sub-2-category
CSS2C. We denote this linear 3-functor by

Mod : TC™* — CSS2C.

We will prove that Mod is an equivalence by showing that it is essentially sur-
jective and induces equivalences on Hom-2-categories. Essential surjectivity follows
from theorem [2.1.4.6| Now, let C, D be two finite semisimple tensor 1-categories. It

remains to prove that the linear 2-functor
T : Homygrser(C, D) — Fun(Mod(C), Mod (D))

induced by Mod(—) is an equivalence. By construction, this 2-functor sends the
C-D-bimodule 1-category M, which is separable as a right module 1-category, to the

1-functor

Mod(C) — Mod(D)
N — N&c M.

A pseudo-inverse to T is given by the linear 2-functor
R : Fun(Mod(C),Mod(D)) — Homycrse» (C, D)

defined by sending the 2-functor F' : Mod(C) — Mod(D) to F(C). Note that F(C)
inherits a left action by C from the canonical left action of C on itself. The functoriality
of F' ensures that it is compatible with the given right action by D, so that F'(C) is a
C-D-bimodule 1-category, which is separable as a right D-module 1-category. Then,
it is not hard to check directly that R o T is equivalent to the identity 2-functor on
Homycrser(C, D). Finally, similarly to what is done in the proof of theorem 2.2.2
of [Déc22b], one can use the 3-universal property of the Cauchy completion (see
definition 1.2.1 of [Déc22b]) to show that T o R is equivalent to the identity 2-functor
on Fun(Mod(C), Mod(D)). O

Corollary 2.3.1.5. Over a perfect field k, the equivalence of theorem restricts
to an equivalence between the full sub-3-categories on the separable tensor 1-categories

and on the locally separable compact semisimple 2-categories.
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Proof. This is a consequence of theorems [2.1.5.6] and [2.1.5.7] O

Corollary 2.3.1.6. Ifk is an algebraically closed field or a real closed field, the equiv-
alence of theorem becomes an equivalence between the 3-category of multifusion

1-categories and that of finite semisimple 2-categories.

Proof. This follows from theorem [2.2.2.1] O]

2.3.2 The Yoneda Embedding

In [DR18], the authors prove that the absolute Yoneda embedding of a finite semisim-
ple 2-category over an algebraic closed field of characteristic zero is an equivalence
(proposition 1.4.11). Assuming that k is a perfect field, their proof generalizes to lo-

cally separable compact semisimple 2-categories. We present here a slightly different

argument using theorem [2.3.1.4]

Proposition 2.3.2.1. Le k be a perfect field, and € be a locally separable compact

semisimple 2-category. The Yoneda embedding
& : ¢ — Fun(¢'”, 2Vecty)

18 an equivalence.

Proof. Thanks to theorem [2.1.4.6, we may assume that € = Mod(C) for some sepa-

rable tensor 1-category C. Moreover, we have
Mod(C™) ~ Cau(B(C™)) ~ Cau(B(C)'") ~ Cau(B(C))*? ~ Mod(C)'*.

Under this equivalence, the finite semisimple right C-module 1-category Modcmer (A%)
is sent to Mod¢(A).

Now, by theorem and the above equivalence, Fun(€'?, 2Vecty) is equiva-
lent to the 2-category LMod(C™?P) of finite semisimple left C"°P-module 1-categories
via evaluation at C. More precisely, given a 2-functor F' : € — 2Vecty, we view
F(C) as a left C™P-module 1-category by precomposition using the left action of C
on itself. Under these identifications, the Yoneda embedding is given by

M = Fune(C, M).

Observe that the right hand-side is equivalent to M viewed as a left C"P-module
1-category. This 2-functor is therefore manifestly an equivalence, so the proof of the

result is complete. O
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Remark 2.3.2.2. We have to assume that k is perfect in the statement of proposition
. Namely, if k is arbitrary, the 2-functor & may not make sense as Homg(C, D)
is a priori only a finite semisimple k-linear 1-category, and not a separable k-linear
1-category. Explicitly, let us set k = F,(z), and define K = F,(¢/z). If we take
¢ = 2Vecty, and C' = Vecty, D = Vectg, then Home(C, D) = Vectg, which is not
a separable k-linear 1-category.

Similarly, assuming that k is perfect alone is not enough. Namely, theorem
identifies Fun(Mod(C)'°?, 2Vecty) with the 2-category of left C™P-module
1-categories whose underlying 1-category is separable. Note that, in this case, the 2-
functor & does indeed exist. Taking k = F,, and C to be the finite semisimple tensor
1-category of Z/p-graded finite dimensional k-vector spaces, we see that Vecty is a
left C™°P-module 1-category whose underlying 1-category is separable. However, it

cannot be in the image of X as it is not separable as a left C"™°P-module 1-category.

Corollary 2.3.2.3. Let k be a perfect field, €, O be two compact semisimple 2-
categories, and P : DP x ¢ — 2Vecty be a bilinear 2-functor. If ® is locally
separable, there exists a linear 2-functor F' : € — ® such that P and Homg(—, F(—))

are 2-naturally equivalent.

Proof. By hypothesis, P defines a linear 2-functor @ : € — Fun(D'?, 2Vecty).
Composing () with a pseudo-inverse of X, we obtain a linear 2-functor F : € — ©.

For every C in €, and D in ®, there are natural equivalences

Homg (D, F(C)) ~ Hompypoior 2veety) (& (D), & (F(C)))
= HomFun(Qloi”zVect]k)( & (D>> Q(C>>
~ (Q(C))(D) = P(D,C).

This proves the result. O

2.3.3 Compact Semisimple Tensor 2-Categories

The following definitions are straightfoward categorifications of the definitions of ten-
sor l-category and of (multi)fusion 1-category recalled in [2.1.3] In this section, we

work over an arbitrary field k.
Definition 2.3.3.1. A tensor 2-category is a rigid monoidal linear 2-category.

Definition 2.3.3.2. Over an algebraically closed field or a real closed field, a multi-
fusion 2-category is a rigid monoidal finite semisimple 2-category. A fusion 2-category

is a multifusion 2-category whose monoidal unit is a simple object.
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Example 2.3.3.3. Let k be any field. Let us call a k-linear 1-category perfect if it
is finite semisimple and the endomorphism algebra of any object is separable. We
write 2Vecty for the 2-category of perfect 1-categories, linear functors, and natural
transformations. The Deligne tensor product X preserves perfect categories, so that
2Vect is a symmetric monoidal full sub-2-category of FinCat, the 2-category of
finite 1-categories. Further, we note that 2Vecty is equivalent to Mod(Vecty), so
that 2Vecty is a symmetric compact semisimple tensor 2-category. If the base field

kk is clear from the context, we will often omit it from the notation.

Remark 2.3.3.4. If we assume that the field k is perfect, then every finite semisimple
1-category is perfect, so that 2Vect coincides with the symmetric monoidal 2-category
of finite semisimple 1-categories. In fact, it follows from the fact that a k-algebra R
is separable if and only R ® R is semisimple that a finite semisimple 1-category A
is perfect if and only if A X A is finite semisimple. However, for an arbitrary field,
FinCatgg, the full sub-2-category on the finite semisimple 1-categories, is not closed

under the Deligne tensor product.

The results of section 2.4 of [Déc22c] also apply to compact semisimple tensor
2-categories. We highlight the generalized versions of some of them below. We omit

the proofs as they are virtually identical to those given in [Déc22¢].

Proposition 2.3.3.5. Let B be a braided finite semisimple tensor 1-category. Then,
Mod(B) is a compact semisimple tensor 2-category with monoidal structure given by

the balanced Deligne tensor product M.

Definition 2.3.3.6. Let € be a compact semisimple tensor 2-category with monoidal
unit /. We write Q€ for the braided finite semisimple tensor 1-category Ende(l) of

endomorphisms of the monoidal unit.

Proposition 2.3.3.7. Let € be a compact semisimple tensor 2-category. Then, €2,
the connected component of the identity of €, is a compact semisimple tensor 2-

category. Moreover, there is an equivalence of monoidal 2-categories €° ~ Mod(Q€).

Example 2.3.3.8. Let us work over R, and examine the fusion rule of the fusion
2-categories Mod(Vectr) and Mod(Vectc). From example we know that
the latter has only one simple object, which is the monoidal unit, so the fusion rule is
completely determined. We also know that the former has three equivalence classes
of simple objects given by Vectgr, Vectc, and Vecty. Clearly, Vecty is the monoidal

unit. Now, the remaining products are given by:

Vectc Myect, Vecte ~ Vectc H Vectc,
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Vectc Myect, Vecty >~ Vecty Myect, Vecte >~ Vectc,

Vecty Myect, Vecty >~ Vecty.

Example 2.3.3.9. Let us examine the structure of the compact semisimple tensor 2-
category Mod(Vecty,) for some fixed prime p. Equivalence classes of simple objects
are classified by finite separable division algebras over F,. But, by the Wedderburn
theorem, every such algebra is isomorphic to F,. for some positive integer ¢g. This
means that a set of representatives for the equivalence classes of simple objects of
Mod(Vecty,) is given by Vecty , for all positive integer q. For any two positive

integers ¢ > r, we have
Vecty , &Vectmp Vecty , ~ Eﬂ;-":lVectqu.
Namely, Fpo ® Fpr = @_;F,q. A similar identity holds if r < g.

Example 2.3.3.10. Let p be a prime number, and k be an algebraically closed field
such that char(k) # p. We work with Vecty),, the fusion 1-category of finite dimen-
sional Z/p-graded k-vector spaces. A braiding b on Vecty/, is completely determined
by

b, i, k1 @k — ky @ ky,

where k; is the one dimensional k-vector space concentrated in degree 1 € Z/p.
Furthermore, the braiding axioms imply that by, x, has to be a p-th root of unity ¢.
Conversely, any choice of a p-th root of unity ¢ describes a braiding on Vecty,, via
the assignment by, i, = (.

On one hand, if p = char(k), then it follows from example that the finite
semisimple 2-category Mod(Vectyz,,) has a unique equivalence class of simple objects
given by Vecty,,. Further, in this case, 1 is the unique p-th root of unity, so there is
a unique braiding ¢riv on Vectz,,. We write C for the corresponding braided fusion
1-category. The fusion rule of Mod(C) is then completely described by Vectyz,, X
Vecty,, ~ Vecty,,, as Vecty, is the monoidal unit.

On the other hand, if p # char(k), then we have seen how to describe the equiva-
lence classes of simple of Mod(Vectyz,,) in example . In this setting, there are
two equivalence classes of simple objects, Vecty,, with the canonical right action (cor-
responding to the zero subgroup with the trivial cohomology class), and Vect with
the trivial right action (corresponding to the group Z/p with the trivial cohomology

class).
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Let us denote by C the braided fusion 1-category obtained by giving Vecty, the
braiding specified by 1 in k, and by D the braided fusion 1-category obtained by
endowing Vectz,, with the braiding 8 specified by a fixed primitive p-th root of
unity ¢ in k. We now describe the fusion rules of the associated compact semisimple
tensor 2-categories. In either case, the simple object Vecty/, is the monoidal unit, so
we only have to describe the product of Vect by Vect. In Mod(C), we have

Vect X Vect ~ H!_, Vect,
and in Mod(D), we have
Vect Xp Vect ~ Vecty,.

This can be seen by generalizing the argument of section 2.5 of [Déc22¢c| to the char-
acteristic p case. Namely, the argument only relies on the field being algebraically
closed. More generally, the fusion rule of Mod(Vect?) with A a finite abelian group,
and ¢ : A — k* a quadratic form may be found in [Déc23c]|.

Example 2.3.3.11. Let G be a finite group whose order is coprime to char(k).
We write BG for the 2-category with one object %, and Endpg(x) = G. We may
consider the compact semisimple 2-category Fun(BG, 2Vect) of (finite perfect) 2-
representations of G, denoted by 2Rep(G). Said differently, the objects of 2Rep(G)
are perfect 2-vector spaces equipped with a G-action. The symmetric monoidal struc-
ture of 2Vect endows 2Rep(G) with the structure of a symmetric compact semisim-
ple 2-category. More precisely, given V' and W two 2-vector spaces with a G-action,
their monoidal product is given by the Deligne tensor product V' X W endowed with
the diagonal G-action. The compact semisimple 2-category 2Rep(G) is in fact rigid
as can be seen either directly or from lemma below. We also note that this
construction associated more generally a fusion 2-category to any 2-group G provided
that the order of m(G), the group of equivalence classes of objects of G, is coprime
to char(k).

The next lemma gives an alternative description of the symmetric monoidal 2-
category 2Rep(G) of perfect 2-representations of a finite group G. To this end, let
us write Rep(G) for the symmetric fusion 1-category of finite dimensional represen-
tations of G.

Lemma 2.3.3.12. Let G be a finite group whose order is coprime to char(k). The
symmetric monoidal compact semisimple 2-categories Mod(Rep(G)) and 2Rep(G)
are equivalent. In particular, 2Rep(G) is rigid.
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Proof. This follows from a slight elaboration on theorem 8.5 of [Grel(]. For complete-
ness, we give a proof using the theory of compact semisimple tensor 2-categories. By
definition, the monoidal unit I of 2Rep(G) is Vect, the 1-category of finite k-vector
spaces, equipped with the trivial G-action, and inspection shows that Q22Rep(G) ~
Rep(G) as symmetric finite semisimple tensor 1-categories. Finally, note that the
compact semisimple 2-category 2Rep((G) is connected, so that the desired equiva-

lence of symmetric monoidal compact semisimple 2-categories follows from proposi-

tion 2.3.3.7 above. O

Example 2.3.3.13. Given a finite 2-group G, we can consider the fusion 2-category
2Vectg of G-graded 2-vector spaces as in construction 2.1.13 of [DR18]. Succinctly,
2Vectg is constructed as follows. We define a monoidal 2-category by X := G x B2k,
the free k-linear monoidal 2-category on G. We then write X for its local Cauchy
completion, and finally set 2Vectg := Cau(%). More generally, given a 4-cocycle 7 for
G with coefficients in k*, we can consider the fusion 2-category 2Vectg of m-twisted
G-graded 2-vector spaces (see construction 2.1.16 of [DR18]). Namely, the 4-cocycle
7 provides us with the Postnikov data necessary to form the 3-group G x™ B2k*,
which we think of as a non-linear monoidal 2-category. After linearization, we obtain
a linear monoidal 2-category 2) := G x™ B2k, which is a twisted variant of X above.

We then set 2Vectg := C’au(@), with 9) the local Cauchy completion of ).

2.3.4 Algebras in Compact Semisimple Tensor 2-Categories

Let k be a field. We give various examples of algebras in monoidal 2-categories, and

in compact semisimple monoidal 2-categories over k.

Example 2.3.4.1. Algebras in 2Vect correspond precisely to perfect monoidal 1-
categories. Fixing such an algebra A, right A-modules in 2Vect are exactly perfect

right A-module 1-categories.
The above example can be generalized in various different directions.

Example 2.3.4.2. Let us fix G a finite group. We write 2Vect for the compact
semisimple tensor 2-category of G-graded perfect 1-categories. It is easy to check that
algebras in 2Vect are exactly given by G-graded perfect monoidal categories such
that the monoidal structure preserves the grading. Right modules admit a similar
explicit description. More generally, if we are in addition given a 4-cocycle w for G
with coefficient in k*, we can use w to twist the coherence of the monoidal 2-category
2Vect (see construction 2.1.16 of [DSPS21] and [Del22]). Doing so, we get another
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compact semisimple tensor 2-category, which we denote by 2Vecty. If H C G is a
subgroup such that there exists a 3-cochain v : H x H x H — k* with dy = w|g, then
Vect};, the monoidal category of finite dimensional H-graded k-vector spaces with
associator twisted by «, is an algebra in 2Vect. The 2-category of right modules

over Vect), is equivalent to 2Vectq,/y.

Example 2.3.4.3. Let B be a braided finite semisimple tensor 1-category. We wish to
describe algebras in the compact semisimple tensor 2-category Mod(B) of separable
right B-module 1-categories. Following [BJS21], a B-central monoidal 1-category is a
monoidal linear 1-category C equipped with a braided monoidal functor F' : B — Z(C)
to the Drinfeld center of C. This notion has also appeared under different names in
[IDGNO10], [HPT23] and [MPP1§]. Note that this provides both a right and a left 13-
module structure on C. We will call a finite semisimple B-central monoidal 1-category
C separable if C is separable as a (left, or equivalently right) B-module 1-category. It
follows from proposition 3.2 of [BJS21] that algebras in Mod(B) correspond precisely
to separable B-central monoidal 1-categories. If C is such an algebra, it is easy to
check that right C-modules in Mod(B) are exactly finite semisimple right C-module

1-categories, which are separable as a right B-module 1-category.

Example 2.3.4.4. Let G be a finite group of order coprime to char(k). Algebras
in 2Rep(G) are given exactly by perfect monoidal 1-categories with a G-action.
Further, algebra 1-homomorphisms are monoidal functors preserving the G-actions,

and monoidal natural transformations preserving the G-action.

2.3.5 The 2-Deligne Tensor Product

The Deligne tensor product is well-known operation between finite (semisimple) 1-
categories. In this section, we survey the construction and the properties of the
2-Deligne tensor product of compact semisimple 2-categories introduced in [Déc24],
to which we refer the reader for further details. Given two Cauchy complete linear
2-category € and D, one can form their Cauchy completed tensor product €RD =
Cau(¢ ®®). Further, there is a canonical bilinear 2-functor ® : € x ® — ¢XD that
is 3-universal with respect to bilinear 2-functor from € x © to a Cauchy complete
linear 2-category (see proposition 3.4 of [Déc24]).

Moreover, if € and ® are compact semisimple 2-categories over the perfect field Ik,
then it was shown in theorem 3.7 of [Déc24] that €&D is again a compact semisimple

2-category, which we denote by € X ©, and call the 2-Deligne tensor product of €
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and ©. More precisely, if € ~ Mod(C) and © ~ Mod(D) for some finite semisimple

tensor 1-categories C and D, then we have
CX D ~ Mod(C X D).

In particular, provided k is perfect, it follows from theorem [2.1.5.7] that locally
separable compact semisimple 2-categories are closed under X. For later use, we also

record the following proposition from [Déc24].

Proposition 2.3.5.1. Let € and ® be two compact semisimple 2-categories. For any

objects C,Cy in € and Dy, Dy in ®, there is an equivalence of categories:
HOmQ‘gg(Cl X Dl, 02 X Dg) ~ Homg(C’l, Cg) X Homg(Dl, Dg)
Moreover, this equivalence commutes with composition up to natural isomorphism.

We note however that not every object of €X2 is of the form C'X D in general! For
instance, over an algebraically closed field of characteristic zero, it follows from [Nat17]
that Mod(Vectz,,) X Mod(Vectz/,) has exactly six equivalence classes of simple
objects, whereas Mod(Vectz/,) has two. On the other hand, if k is an algebraically
closed field, then my(€X D) = 7y(€) X m(D).

Using the 3-universal property of the 2-Deligne tensor product, one may show
that the 2-Deligne tensor product of two compact semisimple monoidal 2-categories
inherits a canonical monoidal structure. Building on this result, the following theorem
was established in [Déc24].

Theorem 2.3.5.2. Given € and ® two compact semisimple tensor 2-categories over
a perfect field. Their 2-Deligne tensor product €X' is a compact semisimple tensor
2-category. Further, the 2-functor X : € x D — €X D is monoidal.

In addition, we note that, for any compact semisimple tensor 2-categories € and 9,
we have Q€K D) ~ Q€ X QD as finite semisimple braided tensor 1-categories.

2.4 Weak Based Rings

The goal of the last section of this chapter is to state a version of proposition 3.4.6
of [EGNO15] that applies to weak based rings. As indicated in exercise 3.8.1 therein,
such a statement does hold. We provide a proof for completeness. Further, we also
prove lemma [2.4.1.7], as it features prominently in the proof of our main theorem, and
we have not been able to locate a proof in the literature. We begin by recalling the

necessary definitions from [EGNO15] section 3.1 and section 3.8.
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Definition 2.4.1.1. A Z,-ring is a ring A, which is free as a Z-module, together
with a basis {b;};e; such that 1 =Y, a’b; for non-negative integers a’ and, for every
k

i, j we have bb; = >, cf;b for non-negative integers cj;.

Given a Z,-ring A, we write [y for the finite subset of I corresponding to the

non-zero a'’s. We define 7 : A — Z to be the group homomorphism given by

() = {1 if 1 € I

0 otherwise.

Definition 2.4.1.2. A Z,-ring A with basis {b; }:cs is called a weak based ring if there

exists an involution ¢ + ¢* of I such that the induced map on A is an anti-involution,

f>0ifi=
T(bibj): .>. 1 Z g
0if 7 # 7%

If t; = 1 for all 4, then we say that A is a based ring.

and

The following example also appears in [EG12].

Example 2.4.1.3. The Grothendieck ring Gr(C) of a finite semisimple tensor 1-
category C with unit [ is a weak based ring with basis given by the equivalence
classes of simple objects and involution induced by the dual functor. Namely, the
usual proof shows that right and left duals agree up to a non-canonical isomorphism.

Namely, for any simple object C' of C, we have
Home(C*,*C) = Home(C @ C*, 1) = Home(I,C @ C*) =2 Home(C, C).
For any simple objects C, D in C, there is an isomorphism
Home(C* @ D, 1) = Home(D,C),

and, as the right hand-side is non-zero if and only if C' and D are isomorphic, this
shows that Gr(C) is a weak based ring. Note that if k is algebraically closed and I is
simple, then the Grothendieck ring of C is a based ring.

Definition 2.4.1.4. Let A, C be two Z,-rings with bases {b;}icr, and {d;};c; re-
spectively. A homomorphism of Z,-rings f : A — C is a homomorphism of rings

such that for every i, f(b;) = > ied gg d; for some non-negative integers gf :

Definition 2.4.1.5. Let A, C' be two weak based Z,-rings. A homomorphism of
weak based Z,-rings f : A — C is a homomorphism of Z-rings which preserves the

involution.
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Example 2.4.1.6. A tensor functor F' : C — D between two finite semisimple tensor
1-categories induces a homomorphism of weak based Z.-rings Gr(F') : Gr(C) —

Gr(D) by sending the equivalence class of the simple object C to F/(C).

Lemma 2.4.1.7. The set of homomorphisms of weak based Z.-rings between two

weak based Z. -rings of finite rank is finite.

Proof. Let A, C be two Z,-rings with bases {b;}icr, and {d;};es respectively. For
any j,k in J, we have d;d, = ), cé-kdl for some non-negative integers cé»k. We write
bi. We

have b* = )., n'b;, for some non-negative integers n;, and we write N := max{n,}.

[+ A — C for some homomorphism of Z,-rings. Let us define b := >,

Further, we also have f(b;) =3, ; gld; for some non-negative integers g/. Summing

over i, we write f(b) = > ieJ ¢’d; for some non-negative integers ¢. We now compute

f(0?) =3 e, €d; in two different ways. Firstly, we have

O = O nib) = Y gln'd,

iel i€l je

from which we find 37, e/ < N 37, ¢’. Secondly, we have

FO) =0 dd)> gtdr) = dypg'gtdi.
jeJ keJ Gkl
As f is a homomorphism of weak based Z,-rings, and b = b*, we have f(b) = f(b)*.
This together with the above equation implies that Y., e > >~ .(¢7)?. Putting both
inequalities together, we have 3 (¢?)* < N'3_. g7, which forces ¢/ < |J|N for all j,

whence the proof is complete. O
We now recall two definitions from section 3.4 of [EGNO15].

Definition 2.4.1.8. Let A be a Z,-ring with basis {b; };c;. A Z-module over A is a
right A-module M, which is free as a Z-module, together with a basis {m,};c; such

that for all 4, [, we have myb; = >, aflmk for some non-negative integers afl.

Definition 2.4.1.9. A Z_,-module M over A is called indecomposable if it cannot be
written as the direct sum of two non-zero Z -modules over A. A Z,-module M over
A is called irreducible if no proper non-empty subset of the basis generates a proper

submodule over A.

Example 2.4.1.10. Let C be a finite semisimple tensor 1-category, and M a fi-
nite semisimple right C-module 1-category. Then, the action of Gr(C) on Gr(M)
the Grothendieck group of M, endows Gr(M) with the structure of Z -module
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over Gr(C). Further, there is a bijective correspondence between Z,-submodules
of Gr(M) that are closed under the action of Gr(C), and finite semisimple right
C-module sub-1-categories of M. This shows that M is indecomposable as a right
C-module 1-category if and only if Gr(M) is indecomposable as a Z,-module over

Gr(C).
The following lemma generalizes proposition 7.7.2 of [EGNOI5].

Lemma 2.4.1.11. Let M be a finite semisimple right C-module 1-category. Then,
the Z-module Gr(M) over Gr(C) is irreducible.

Proof. Let N be a proper Z,-submodule of Gr(M) stable under Gr(C). These con-
ditions ensures that there exists a proper finite semisimple right C-submodule 1-
category N of M such that Gr(N) = N. Similarly, if we write N+ for the proper
Z..-submodule of Gr(M) spanned by the basis vector of Gr(M) not in N, there ex-
ists a proper finite semisimple subcategory N+ of M such that Gr(N*) = N+. We
claim that Nt is stable under the right action of C. Provided this is true, we have
exhibited M as a direct sum of the two non-trivial finite semisimple right C-module
1-categories N and N'*, a contradiction.

Let us now prove the claim. Let C' in C, M in N+, and N in A be arbitrary

objects, there is an isomorphism
Homm(M @ C,N) = Hompm (M, N @ C*).

Thus, we see that A/ is stable under the action of C if and only if Nt is, which proves
the claim. O

The next proposition is proposition 3.4.6 of [EGNOI15] stated in the setting of

weak based rings. We follow their proof very closely.

Proposition 2.4.1.12. Let A be a weak based ring of finite rank. Then there are

only finitely many equivalences classes of irreducible Z., -modules over A.

Proof. As A has finite rank, so will any irreducible Z, -modules over A. Namely, let M
be an irreducible Z,-modules over A with basis {m;},c. Given any [ in L and i in I,
we write myb; =), ., fEmy, for some non-negative integers fr. If we let b := Y icr bis
we have myb = >, ., fFmy, with f} = 3., ff, which is positive as A has a unit.
We let (I) := {k € L|ff # 0}, which is finite, and claim that the Z,-submodule of

M generated by my, with k € (I) is stable under the action of A. Namely, for any k
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in (1), my, appears in m;b. On the other hand, (m;b)b = m;(b?) = D el kel n; fmy,.
This proves the claim. Further, as M is irreducible, we have L = ().
In A, we have b* = ).,

N := max{n;}, which is a positive integer independent of M. We also set f; :=

n;b; for some non-negative integers n;, and we define

Y kel fF. Now, pick lp in L such that f, is minimal amongst the f;’s. We now

compute m;,b* = > wer kMg in two different ways. Firstly, we have

(mlob>b = Z fljofjkmka

j,keL

from which we deduce ), cx > fl%. Secondly, we have

my, (0°) = Z nifl];imh
iel kel
from which we get N fi, > >, ., cx. Putting everything together, we find N f;, > fﬁ),
and so N > lp. As L = (lp) because M is irreducible, this bounds the rank of M.
Moreover, we also get N* > >, ¢ = > kel fljofjk As fljD is positive for every j,
there are only finitely many non-negative integers ff satisfying this inequality. This

completes the proof of the proposition. m
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Chapter 3

Rigid and Separable Algebras in
Fusion 2-Categories

3.1 Properties of Rigid Algebras

3.1.1 Definitions in Detail

We fix € a monoidal 2-category, which we assume to be strict cubical without loss

of generality. Following [Gail2] (see also [JER24]), we say that an algebra A in €

is rigid if its multiplication map m : ALJA — A has a right adjoint as a map of

A-A-bimodules. For later use, we spell out what this means in detail.

Definition 3.1.1.1. A rigid algebra in € consists of:

1.

2.

An algebra A in € as in definition [1.2.1.1}

A right adjoint m* : A — AA in € to the multiplication map m with unit ™

and counit €” (depicted below as a cup and a cap);
Two 2-isomorphisms
AA ————— A AA — ™ o 4
AAA ——— AA, AAA ——— AA;
satisfying:

The 2-morphism ¢ endow m* with the structure of a left A-module 1-morphism:
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11m* 1m ml 11m* ml

1ml

(3.1)

c. The structures of left and right A-module 1-morphisms on m* constructed above

are compatible, i.e. they turn m* into an A-A-bimodule 1-morphism:

(3.5)

(3.6)

(3.7)




e. The 2-morphism 1™ is an A-A-bimodule 2-morphism:

(3.8)

S s
5@35

= m (3.9)

m*

As we now explain, many familiar objects are rigid algebras in a certain monoidal

2-category.

Example 3.1.1.2. By proposition 1.3 of [BJS21], a finite monoidal 1-category A
whose monoidal product is right exact in both variables separately is tensor, i.e. has
right and left duals for objects, if and only if A is a rigid algebra in the sense of the
above definition. In particular, every finite semisimple tensor 1-category is a rigid

algebra in FinCat.

Example 3.1.1.3. Fixing G a finite group, a slight elaboration on the argument of
the above example shows that rigid algebras in 2Vect correspond exactly to perfect

G-graded tensor 1-categories.

Let B be a finite semisimple braided tensor 1-category. We have seen in exam-
ple 2.3.4.3 above that algebras in Mod(B) are exactly given by separable B-central

monoidal 1-categories. We now characterize those algebras that are rigid.

Lemma 3.1.1.4. A separable B-central monoidal 1-category C is a rigid algebra in
Mod(B) if C is tensor. If the underlying 1-category of C is perfect, this holds if and

only if C 1is tensor.

Proof. As C is separable as a B-module 1-category, C Xz C is finite semisimple. In
particular, the canonical functor m : C g C — C has a right adjoint. Thus, if C is
rigid, it follows from [DSPS19] that m has a right adjoint as a C-C-bimodule functor.
This proves the first part of the statement.

Let us now assume that C is perfect, but not a priori tensor. Observe that it
is enough to prove that the canonical C-C-bimodule functor G : CXC — C Xz C
has a C-C-bimodule right adjoint. As both the target and the domain of G are finite
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semisimple, we find that G is exact, so that it has a right adjoint G* as a linear functor.
Further, by separability of C as a B-module 1-category, Ends(C) is a finite semisimple
tensor 1-category, thence it follows from [DSPS19] that G* has an Endg(C)-Endp(C)-
bimodule structure. Restricting this bimodule structure on G* along the monoidal

functor C — Endp(C) proves the claim. O

Remark 3.1.1.5. We now record one particularly noteworth consequence of lemma
2.3.3.12 Let G be a finite group whose order is coprime to char (k). As Mod(Rep(Q))
and 2Rep(G) are equivalent as symmetric monoidal 2-categories, the associated (sym-
metric monoidal) 2-categories of algebra, algebra 1-homomorphisms and algebra 2-
homomorphisms are equivalent. In particular, this induces an equivalence between
the full sub-2-categories on the rigid algebras. Thanks to the last lemma above, we
therefore get an equivalence between the 2-category of perfect tensor 1-categories with
a G-action, and the 2-category of perfect Rep(G)-central tensor 1-categories. Over
an algebraically closed field of characteristic zero, this is a well-known result (see the-
orem 4.18 of [DGNOI0]). In addition, we get an equivalence between the (symmetric
monoidal) 2-categories of braided rigid algebras. That is there is an equivalence be-
tween the 2-categories of perfect braided tensor 1-categories with a braided G-action
and perfect braided tensor 1-categories equipped with a braided functor from Rep(G)
into its Miiger center. Over an algebraically closed field of characteristic zero, this is

also a classical result (see proposition 4.22 of [DGNO10]).

Remark 3.1.1.6. It is well-known that algebras in Cat the 2-category of 1-categories
equipped with the Cartesian product as monoidal structure are precisely monoidal
1-categories. One can check directly that rigid algebras in Cat are all equivalent to
the monoidal 1-category with one object and one morphism. This also follows from
the general observation that the object underlying a rigid algebra is always self-dual.

Thus, in this context, the classical notion of rigidity is more appropriate.

We also give in detail the definition of a separable algebra

Definition 3.1.1.7. A separable algebra in € is a rigid algebra A in € equipped with

a 2-morphism ™ : Idy4 = m o m* such that:

a. The 2-morphism «™ is a section of €™, i.e. €™ -y™ = Idyq4,,

b. The 2-morphism ™ is an A-A-bimodule 2-morphism:
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We will explore this notion further in the next section, which will allow us to give

many examples in section |3.2.3

Remark 3.1.1.8. Any separable algebra is a 3-condensation monad in the sense of
[GJET9]. In fact, if € is a compact semisimple tensor 2-category, then it follows from
the proof of theorem 3.17 of [GJE19] that every 3-condensation monad is equivalent
to a separable algebra. We decide to work with separable algebras because they are

more familiar algebraic objects.

3.1.2 Adjoints in 2-Categories of (Bi)Modules

Let us fix A a rigid algebra in the strict cubical monoidal 2-category €, and let M be
a right A-module. Note that the I-morphism n™ has a canonical structure of a right
A-module 1-morphism supplied by ™. Our first goal is to show that n? has a right
adjoint as a right A-module 1-morphism. We begin by defining

pM = (nOA) o (MOm*) o (Mi) : M — MOA, (3.12)

a l-morphism in €, together with a 2-morphism in € given by

Lemma 3.1.2.1. The 2-morphism 9P endows the 1-morphism p™ with the structure

of a right A-module 1-morphism.
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Proof. We need to check that ¢P satisfies the two coherence axioms of definition
[[.2.2.4] In order to do this, we will use the diagrams depicted in appendix [3.3.1]
We begin by checking axiom a: Figure depicts the right hand-side of axiom a
for . Using naturality to move the coupons labelled 1x and v*11, we find that
this 2-isomorphism is equal to that depicted in figure [3.2] Now, we use equation
on the blue coupons, and equation on the green ones to get that this is
equal to the 2-isomorphism given in figure 3.3} In order to get to figure [3.4], we apply
equation to the blue coupons, and use naturality to move the coupon labelled
vM11. Using equation on the blue coupons, we find that this 2-isomorphism is
equal to that depicted in figure . Equation shows that this string diagram
represents the same 2-isomorphism as that given in figure . Using equation
on the blue coupons, and equation for A on the green coupons, we get that this
is equal to figure[3.7] But, figure manifestly depicts the left hand-side of axiom a
of definition [[.2.2.4]

We proceed to check that axiom b also holds. Firstly, note that figure depicts
the right hand-side of axiom b of definition [.2.2.4] Naturality implies that the 2-
isomorphism described by this string diagram is the same as that described by figure
. Using equation ((1.6) on the blue coupons, we find that this also corresponds to
the figure . Equation above applied to the blue coupons shows further that
it is equal to the 2-isomorphism depicted by figure |3.11} Using equation twice,
once on the blue coupon, and once on the green coupons, we find that figure also
describes the same 2-isomorphism. To derive the equality with figure [3.13] we use
equation on the blue coupons. Finally, naturality allows us to assert that the
2-isomorphism described by figure agrees with the previous ones. As this last
string diagram also corresponds to the left hand-side of axiom b of definition [I.2.2.4]

we are done. N

We now define two 2-morphisms in €, which will be the unit and counit of the

desired adjunction:
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Lemma 3.1.2.2. The 2-morphisms n™ and € in € depicted above are right A-

module 2-morphisms.

Proof. The proof that €M is right A-module 2-morphisms follows by successively ap-

plying equations (1.5, (3.6)), (1.7), (3.7), and finally (1.6). We now prove that n™ is

right A-module 2-morphisms. As this is more subtle, we explain the proof in details
using the figures given in appendix[3.3.2] Figure depicts the left hand-side of the
equation of definition for eM. Using naturality, we move the indicated coupons
along the blue arrows, which gets us to figure . Then, applying equation (|1.5) to
the blue coupons, we arrive at figure . Using equation on the blue coupons,
leads us to contemplate figure [3.18] In order to get to figure [3.19] we use equation
on the blue coupons, as well as equation for the right A-module A on the
green ones. Applying equation to the blue coupons produces figure Now,
we can use equation in the blue region, to obtain figure m Then, the two blue
coupons are manifestly each other’s inverse, so we can fuse them together to obtain
figure . Using equation ((3.9) on the blue coupons gets us to figure m Finally,
we can use naturality to move the left most coupon to the right, which produces the
right hand-side of the equation of definition for €. The proof is therefore
complete. O

Lemma 3.1.2.3. The right A-module 2-morphisms n™ and € witness that p™ is a
right adjoint of n™ in the 2-category Mode(A) of right A-modules.

Proof. We have to check that €M and nM satisfy the triangle identities. In order to
do so, we use the diagrams depicted in appendix [3.3.3] One of the triangle identities
corresponds to showing that the 2-isomorphism depicted in figure is the identity
on nM. Using equation on the blue coupons, we find that the 2-isomorphism
depicted by this string diagram is equal to that given in figure [3.25, The latter is
equal to the one depicted in figure |3.26, as can be seen by first using naturality to
move the cap to the left, and then equation . Using the triangle identity to
straighten the blue line, we get to the string diagram depicted in figure [3.27] Finally,
the blue coupons cancel each other out by equation , and similarly the green
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coupons cancel each other out by equation . Thus we are left with a single string
labelled n™, which establishes one of the triangle identity.

We now show that the second triangle identity holds, that is we show that the
2-isomorphism depicted in figure is the identity on p*. Using naturality to move
some coupons, we find that this first string diagram represents the same 2-morphism
as that given in figure . Now, equation applied to the blue coupon, and
equation applied to the green ones show that this is also equal to the 2-morphism
described by figure [3.30, Cancelling the two blue coupons out, we arrive at figure
3.31L  We make use equation to arrive at figure m Using equation (|1.2))
on the blue coupons, and equation ((1.6) on the green ones gets us to figure m
Equation (3.1)) proves that the 2-morphism described by this last figure is equal to
that represented by figure . Now, applying equation to the blue coupons,
and equation to the green ones imply that this is equal to figure m Finally,
we can naturality followed by the triangle equation for m to straighten the blue line,
and equation on the green coupons, resulting in a string diagrams representing

the identity 2-morphism on p. This proves the second triangle identity holds. O]

Putting the above lemmas together, we get the following result, which generalizes
proposition 3.11 of [BZBJI18] (see also proposition D.2.2 of [Gail2] for a similar result

in a different context).

Proposition 3.1.2.4. Let A be a rigid algebra in €, and M a right A-module with
right action n™ : MOA — M. Then, the right A-module 1-morphism p™ : M —
MDA defined in equation is a right adjoint to n™ in Modg(A).

We will use the above proposition in our proof of the following result.

Proposition 3.1.2.5. Let A be a rigid algebra in &€, and f: M — N a I-morphism
of right A-modules. If f has a left adjoint in €, then [ has a left adjoint in Modg¢(A).

Proof. Let f: M — N be a right A-module 1-morphism, which has a left *f adjoint
as a 1-morphism in Mod¢(A). We have to endow the 1-morphism * f in € with a right
A-module structure such that the unit n/ : Idy = fo*f and counit €/ : *fo f = Idy,
of this adjunction in € are right A-module 2-morphisms. We begin by making the

following definition:
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Then, by proposition [3.1.2.4, we have explicit left adjoints for p™ and p?. Using

these, we let
v =)
As ¢/ is clearly invertible, so is ¢"f. It is possible to check the coherence axioms of

definition [1.2.2.4|for 1"/ directly, but this is tedious. We give an alternative approach.

Let us set

We claim that &/ is the inverse of 1"/. Assuming this is true, it is easy to see that
¢7 satisfy the inverse of the equations giving the axioms of definition , and so
proves that * f is a right A-module map. Moreover, it is not hard to check that n/
and ¢/ are right A-module 2-morphisms.

We prove the above claim using the diagrams depicted in appendix [3.3.4] The
composite &7 -1’/ is depicted in figure m By moving the coupon labelled 1/
down and to the left, whilst using the triangle identity for f, we arrive at figure [3.37]
Equation applied to the blue coupons yields figure . Moving the coupon
labelled 19" to the right along the blue arrow, and using equation on the
green coupons brings us to figure [3.39, Now, we can move the cap to the left along
the blue arrow, and then appeal to equation on the green coupons. Then, taking
the coupon labelled 1p~! to the right along the red arrows leads us to contemplate
figure . At this point, we can move the coupon labelled 1A\~! to the right along
the blue arrow, straighten the green curve, and use equation ({1.7]) on the red coupons
to arrive at figure . Appealing to equation on the blue coupons produces
figure m Finally, straightening the blue curve, and using equation on the
green coupons shows that the last figure depicts the identity 2-morphism of n™ o* f1,
which proves that £/ -/ = Idrig gy

We now consider the composite 1"/ - ¢/ depicted in figure [3.43l Dragging the
coupon labelled ¥/ to the right as well as straightening the green curve brings us to
figure . Appealing to equation on the blue coupons produces figure m
for us. Then, we move the indicated cap along the blue arrow, which gives us figure
m after rearranging the strings a little. Using equation for N on the blue
coupons gives figure . We can now apply equation to the blue coupons,
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and arrive at figure . Straightening the curve in blue, and using equation ({1.9))
on the green coupons gives figure m Finally, applying equation to the blue
coupons, equation applied to the green ones, and straightening the red curve
shows that this last figure depicts the identity 2-morphism on * f on’. Thus, we have
prove that ¢/ - ¢/ = Id.,,~, which finishes the proof of the claim, whence of the

proposition. 0

Remark 3.1.2.6. If we take € = FinCat, A a finite tensor category, and F': M — N
a right A-module functor between finite categories, then proposition [3.1.2.5| recovers
the statement that if F' has a left adjoint as a linear functor (i.e. is right exact),
it has a left adjoints as an A-module functor (see section 3.3 of [EOO04]). This also
generalizes theorem 5.21 of [BJS21].

Adapting the proof of proposition [3.1.2.5 one can prove the following proposition.

Proposition 3.1.2.7. Let A, B be rigid algebras in €, and f : P — @ an A-B-
bimodule 1-morphism. If f has a left adjoint in €, then it has a left adjoint as an
A-B-bimodule 1-morphism.

Proof. We leave the details to the zealous reader. O
The following theorem is the main application of the above results.

Theorem 3.1.2.8. Assume that the monoidal 2-category € has left and right adjoints,
and let A be an arbitrary algebra in €. Then, A is rigid if and only if Bimodg¢(A)

has right adjoints. In this case, Bimode(A) has left adjoints, and Mod¢(A) has left
and right adjoints.

Proof. Let us begin by the following observation: We can consider the strict opcu-
bical monoidal 2-category €2°? obtained from € by reversing the direction of the
2-morphisms. If A is an algebra in €, then (A, m,i,a™ !, p~* A71) is an algebra in

€2 which we denote by A?°?. Furthermore, inspection shows that
(Mode(A4))*” = Modger (A7) and (Bimode(A))*” = Bimodgz., (A%7).

Let us now assume that A is a rigid algebra, it follows from proposition [3.1.2.7]
that Bimodg(A) has left adjoints. Via the second of the above equivalences, this
implies that the 2-category Bimodg2or(A?°P) has right adjoints, so that A?*? is a
rigid algebra. Propositions [3.1.2.5] and [3.1.2.7| then show that Modg2er(A%°P) and

Bimod,z2., (A%P) have left adjoints. The first of the two equivalences above proves
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that Modg(A) has right adjoints, while the second demonstrates that Bimodg(A)
has right adjoints.

Assume that Bimod¢(A) has right adjoints. Then as m : ADA — A is an A-A-
bimodule map, it has a right adjoint. This shows that A is rigid, and completes the
present proof. m

3.2 Separable Algebras in Compact Semisimple
Monoidal 2-Categories

Throughout, we fix a compact semisimple monoidal 2-category € over an arbitrary

field k. Without loss of generality, we assume that € is strict cubical.

3.2.1 Characterizing Separable Algebras

We begin by the following lemma, which elaborates on the results of the previous

section.

Lemma 3.2.1.1. Let A be a separable algebra, there exists a right A-module 2-
morphism ™M such that (MOA, M,n™ pM M ~M) s a 2-condensation in Modg(A).

Proof. We let v be the 2-morphism in € given by the following string diagram:

It follows immediately from the definitions that €M - ¥ = Id, s . Thus, in order
to show that (MOA, M,nM, pM M ~M) is a 2-condensation in Modg(A4), it only
remains to prove that 4™ is a right A-module 2-morphism. Starting from the left
hand-side of the equation of definition for ¥, we can successively apply

equations (1.5)), (3.11), (1.5), (1.6), (3.10), and (1.7)) to get to the right hand-side.

This finishes the proof of the lemma. O

Proposition 3.2.1.2. Let A be a separable algebra in €. Then, Mod¢(A) is a com-

pact semisimple 2-category.
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Proof. 1t follows from theorem that Mod¢(A) has right and left adjoints.
Further, Mod¢(A) is Cauchy complete as was proven in proposition 3.3.8 of [Déc21].

We now show that Modg(A) is locally finite semisimple. Given any right A-
module N, and object C of €, lemma 3.2.13 of [Déc21] provides us with the following

equivalence of linear 1-categories
Hom,(COA, N) ~ Home(C, N).

By definition, the right hand-side is a finite semisimple 1-category. Now, we use
the fact proven in lemma that every right A-module M is the splitting of a
2-condensation monad on the free right A-module MA. Together with the above
equivalence and the fact that 2-condensations are preserved by every 2-functor, this
implies that Hom (M, N) is the splitting of a 2-condensation monad on Home(M, N)
in FinCatg. But we show in lemma/[3.2.1.3|below that FinCatg is Cauchy complete,
so that Hom4(M, N) is indeed a finite semisimple 1-category.

We have just proven that Modg(A) is a semisimple 2-category, so it only remains
to prove that mo(Mod¢(A)) is finite. Let us write C; for a finite set of simple objects
of € representing the equivalence classes in my(€). We claim that, for every simple
object M in Mod¢(A), there exists a non-zero 1-morphism C;JA — M for some i.
Assuming that this holds, it follows from lemma [2.1.2.7 that every equivalence classes
in mo(Mod¢(A)) is represented by a simple right A-module summand of C;0A for
some i. But, as Mod¢(A) is locally finite semisimple and m(€) is finite, there are
only finitely many such summands.

Let us prove the claim. For any simple summand D of M in €, the composite
DOA < MOA ™25 M is a non-zero right A-module 1-morphism, as precomposition
with DU is 2-isomorphic to the inclusion D < M. By construction, there exists
a non-zero l-morphism C; — D for some ¢, and the composite C; — M is non-
zero. Thus, the composite C;JA — MOA —n—M—> M is a non-zero right A-module

1-morphism. This concludes the proof of the claim. O

Lemma 3.2.1.3. The 2-category FinCatgs of finite semisimple 1-categories is Cauchy

complete.

Proof. Let us begin by noting that FinCatgs has right and left adjoints for 1-morphisms,
as every functor is exact. Further, recall that FinCatgg is equivalent to the 2-category
of finite semisimple k-algebras, finite dimensional k-bimodules, and homomorphisms
of bimodules. Under this perspective, it is clear that FinCatgg is locally Cauchy

complete and has direct sum for objects. It therefore only remains to prove that
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every 2-condensation monad splits. By theorem 3.1.4 of |[GJF19], it is in fact enough
to check that unital 2-condensation monads splits.

Let (A, e, pu,d,t) be a unital 2-condensation monad in FinCatgs, that is a 2-
condensation monad such that ¢ is a unit for p. Unfolding what this means, we
find that the A-A-bimodule e has the structure of a finite dimensional k-algebra,
which we denote by E. Further, the algebra F is equipped with a morphism A — E
of k-algebras such that the canonical map F ®4 E — FE is split by 0 as a map of
E-E-bimodules. We claim that E is a semisimple algebra. Namely, let M be a left
E-module. Then, the canonical map £ ®4 M — M splits. But, as A is semisimple,
M viewed as a left A-module is a direct summand of a A™ for some n > 0. This
implies that M is a direct summand of E™, so that E is semisimple.

In order to conclude the proof, let B := E as an object of FinCat, f be the
I-morphism from A to B given by the A-FE-bimodule E, g the 1-morphism from B
to A given by the E-A-bimodule E, ¢ the 2-morphism corresponding to the map of
E-FE-bimodules gF ®4 Er — gFEg induced by the multiplication of E, and ~ the
2-morphism corresponding to the map of E-FE-bimodules gEFr — pE ®4 Eg given by
9. This defines a 2-condensation, which extends (A, e, u,d,¢) as desired. O

Proposition 3.2.1.4. Let A and B be separable algebras in the compact semisimple

monoidal 2-category €. Then, Bimodg(A, B) is a compact semisimple 2-category.

Proof. The proof of proposition |3.2.1.2| can be adapted to the bimodule case. We
leave the details to the reader. O

Definition 3.2.1.5. Let B be an arbitrary algebra in an arbitrary monoidal 2-
category ©. The partial center of B, denoted by Z(B), is the monoidal 1-category of
B-B-bimodule endomorphisms of B.

Remark 3.2.1.6. We call Z(B) the partial center of B to distinguish it from the full
center, which is a braided algebra in the Drinfeld center of ©. We will explore the
properties of the full centre in an upcoming article, in the meantime, we refer the
reader to [Davl10] for the decategorified version of this story. Now, if B is a rigid
algebra in a compact semisimple 2-category, then, by theorem , Z(B) is arigid
monoidal 1-category. If, in addition, ® is compact semisimple, we expect that Z(B)

is a finite 1-category.

Theorem 3.2.1.7. Let A be a rigid algebra in a compact semisimple monoidal 2-
category €. Then, A is separable if and only if Z(A) is finite semisimple. If either of

these conditions is satisfied, then Bimodg(A) is a compact semisimple 2-category.
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Proof. 1f A is separable, it follows from proposition that Bimod¢(A) is com-
pact semisimple, so that, a fortiori, Z(A) is finite semisimple. Now, for the backward
direction, let us assume that Z(A) is a finite semisimple 1-category. We first es-
tablish the result under the additional assumption that A is indecomposable, i.e.
that Ids : A — A is a simple object of Z(A). In that case, because Bimodg(A)
has right adjoint by theorem the A-A-bimodule 1-morphism m : ALDA — A
has a right adjoint (as an A-A-bimodule 1-morphism), which we denote by m*. Let
us write €™ for the counit of this adjunction. We claim that ¢™ has a section in
Bimod¢(A). Namely, we have assumed that Id, is a simple object of Z(A), so that
either €™ : mom* = Id4 has a section or it is zero. But, as m is not the zero map,
the latter is not possible. This proves that A is a separable algebra in this case.

Moving on to the general case, let us write

Idy=fi®...ef,

for a decomposition of /d 4 into a direct sum of simple objects of Z(A). As Bimod¢(A)
is Cauchy complete (this follows from proposition 3.3.8 of [Déc21]), we can use propo-

sition 1.3.16 of [DRI§] to obtain a direct sum decomposition
A=A H..HA,

of A in Bimod¢(A). In particular, each object A; defines an algebra in € using the
restriction of the algebra structure on A. Further, it follows from the above direct
sum decomposition that the restriction of m : ALDA — A to A;JA; can only be non-
zero if 1 = j. Thence, A is the direct sum of the algebras A; in €. This implies that
Z(A) = Z(A) @ ... ® Z(A,), so that Ida, = f; is simple as an A-A-bimodule if and
only if it is simple as an A;-A;-bimodule. In particular, each A; is indecomposable.
Finally, as A was assumed to be rigid, so is each A;. The special case proven above

allows us to conclude the proof. O

The following result is well-known when k is a perfect field (see corollary 2.5.9 of
[DSPS21]).

Corollary 3.2.1.8. Quver any field k, a perfect tensor 1-category C is separable as a
rigid algebra in 2Vect if and only if its Drinfeld center Z(C) is finite semisimple.

Proof. Recall that Z(C) is identified with the 1-category of C-C-bimodule endofunc-
tors of C. Thus, the result follows from theorem [3.2.1.7] O
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3.2.2 The Dimension of a Rigid Algebra

Definition 3.2.2.1. An algebra A in € is called connected if the unit i : I — A is a

simple 1-morphism.
To help with our intuition, let us examine an example.

Example 3.2.2.2. A perfect monoidal 1-category A with unit I viewed as an algebra
in 2Vect is connected if and only if End4(I) is a simple k-algebra. Note that this

implies that End4 (1) is a field, as it is necessarily a commutative algebra.

We now fix a connected rigid algebra A in €. In particular, Ende(i), the finite
dimensional k-algebra of 2-endomorphisms of ¢ in €, is a division k-algebra. In fact,
as A is an algebra, Endg(i) has two compatible composition operations, so that
the product is necessarily commutative by the Eckman-Hilton argument. Thence,

Endg(i) is a finite field extension of k. Further, under the equivalence

Homa_a(AOA,A) = Home(I,A)
f — f o (ii)
the unit ¢ : I — A corresponds to m : ALJA — A viewed as an A-A-bimodule 1-
morphism. This implies that K := Enda_4(m), the endomorphism algebra of m in
Bimod¢(A), is a finite field extension of k.

As € is a compact semisimple 2-category, it has right adjoints. In particular,
m* : A — ALA has a right adjoint in €, which we denote by m** : ALJA — A. Thanks
to theorem [3.1.2.8] m** is right adjoint to m* as an A-A-bimodule 1-morphism. But,
in any finite semisimple tensor 1-category, the right and left dual of any object are
non-canonically isomorphic. This means that we have m™ = m in €. This can be

substantially refined. Namely, the equivalence above factors as
Homy_ A(AOA, A) - Home(AOA, A) — Home(I, A),

and m, m** are both objects of the left hand-side, which become isomorphic in the
middle step. As the composite is an equivalence of 1-categories, there must exist
a 2-isomorphism g : m*™ = m of A-A-bimodule 1-morphisms. Note that p is not
unique, it is determined up to a non-zero scalar in K.

Let us now fix an A-A-bimodule 2-isomorphism g : m** = m. We define a 2-

morphism Tr(u), the trace of p, by

m m




As all of the 2-morphisms used in the definition of Tr(u) are A-A-bimodule 2-morphisms,
so is Tr(u). Thus, we think of Tr(u) as a scalar in K. Analogously, we define the
A-A-bimodule 2-morphism Tr((px~1)*) by

m**

Te((u 1)) =

m m

The scalars Tr(p) and Tr((p~1)*) depend not only on the 2-isomorphism p : m = m**,
but also on the adjunction data for m, m*, and m**. However, if k is algebraically
closed, then by multiplying them together we obtain a scalar which is independent of
any choice. This is precisely the same trick that is used to define the squared norm

of a simple object in a multifusion 1-category (see definition 7.12.2 of [EGNO15]).

Definition 3.2.2.3. Over an algebraically closed field k, the dimension of a connected
rigid algebra A in € is the scalar in K 22 k defined by

Dimg(A) := Tr(p) - Tr((p)*).

The importance of the dimension is witnessed by the following result, which is a
generalization of theorem 2.6.7 of [DSPS21].

Theorem 3.2.2.4. A connected rigid algebra A in a compact semisimple monoidal
2-category € is separable if and only if there exists an A-A-bimodule 2-isomorphism
w:m = m*™ such that Tr(p) is non-zero. Over an algebraically closed field, this holds

if and only if Dimg(A) is non-zero.

Proof. Let us define a 2-morphism of A-A-bimodules 7 by

As Tr(p) is a scalar in K, if it is non-zero, then it is in fact invertible. Now, Tr(u)
is obtained by precomposing 7 with m. But, at the level of 2-morphisms in €, pre-
composition along m induces a split inclusion Ende(Ida) — Endg(m) of k-algebras.
This implies that 7 is invertible as a 2-morphism in €. A direct check then shows

that 7 is invertible as a 2-morphism of A-A-bimodules. Thus, we can set

m m* —1

"= (pom™) g™ T,
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which is an A-A-bimodule 2-morphism, and satisfies €.y = Id 4. Thus, 7" upgrades
the rigid algebra A to a separable algebra. Moreover, if k is algebraically closed, and
Dimg(A) is non-zero, then Tr(u) is necessarily non-zero.

Conversely, if A is separable, then it follows from theorem that the 2-
category Bimodg(A) is compact semisimple. Moreover, as A is connected, we have
seen above that Ends_a(m) = Ende(i) is a field, which establishes that m is a
simple 1-morphism in Bimod¢(A). Now, left and right adjoints are non-canonically
isomorphic in a compact semisimple 2-category. Given that m is a simple A-A-
bimodule, and 4™ is non-zero, we find that 4™ : Idx = m om* is a unit witnessing
that m* is left adjoint to m. Let us write 0™ : m* om = Ida, for a compatible
counit. Taking u = Id,,, we find that Tr(x) = Id,,. This concludes the first part of
the proof.

Let us now assume that k is algebraically closed. It is enough to show that
Tr((™1)*) = mo (6™ - n™) is non-zero. In order to do so, we will argue that the

k-linear pairing

P: Homa_a(m*om,Idsa) Xx Homa_a(Idga,m*om) — Enda_a(m)

(o, B) —  mo(a-f)

is non-degenerate. Namely, recall that K = Ends_4(m), but as k is algebraically
closed, we have K = k. This implies that Homs_4(m* o m,Idaa) = k and that

Homa_a(Idga, m* om) = k. Further, there is a right action

HomA_A(m*om,]dAA) XEndA_A(m) — HomA_A(m*om,]dAA).
(a, ) = a-(m*o7y)
Likewise, there is a left action of Enda_a(m) on Homu_s(Idas,m* om), and the

pairing P is balanced under these actions of Enda_4(m). It is therefore enough to

show that P is non-zero. We claim that the map
Homa_a(m*om,Idsa) — Homyu_ a(mom*om,m).
Q@ > mo
is non-zero. Namely, ™ is a counit witnessing an adjunction between m and m*, so
that mod™ is non-zero. In particular, there exists a simple A-A-bimodule 1-morphism

f: AOA — AOA, which is a summand of both Id44 and m* om, and such that mo f

is non-zero. This demonstrates that P is non-zero. O

Remark 3.2.2.5. Let us assume that k is algebraically closed. For later use, let us
record a few additional facts about the pairing P considered in the second half of the

proof of the theorem above. Given that m is a simple A-A-bimodule 1-morphism, we
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find that there are unique, up to scalar in k*, non-zero A-A-bimodule 2-morphisms
a:m*om = Idagsand 3 : Idsa = m*om. In particular, we have that the composite
-8 Idag = Idagais ascalar multiple A € k of the projection onto a simple summand
f of Idss. This holds because m is a simple object of the finite semisimple tensor
1-category Enda_4((AOA) B A), where the result is standard. Further, the pairing

P precisely measures the scalar .

Example 3.2.2.6. Over a general field, the dimension of a connected rigid algebra
might not be well-defined as we now explain. Let us take k = R, and € = 2Vect.
We consider the fusion 1-category C of C-C-bimodules in Vect. We have that
Ende_¢(C) ~ Vect. In particular, C is a separable algebra in 2Vect by theorem
[3.2.1.7 On the other hand, for any choice of C-C-bimodule natural isomorphism p,
the scalar 7 defined in the proof of theorem lies in R. But g is defined up to
a non-zero element of C, so that there must exist a non-zero u such that Tr(u) = 0.
Moreover, a slight generalization of the second part of the proof of theorem [3.2.2.4]
shows that the R-bilinear pairing P : C x C — R is C-balanced. Thus, as C is sep-
arable, it corresponds equivalently to a non-zero R-linear map C — R. This shows

that there exists choices of y for which Tr(p) - Tr((u#1)*) is non-zero.

Remark 3.2.2.7. Tt has been conjectured in [JFR24] that every rigid algebra in a
fusion 2-category over an algebraically closed field of characteristic zero is separable.
Thanks to our result above, in order to establish their conjecture, it would suffice to
prove that the dimension of every rigid algebra is non-zero. We discuss some examples

below.

Remark 3.2.2.8. The following question was brought to our attention by Theo Johnson-
Freyd: Is the dimension of a connected rigid algebra a Morita invariant. More pre-
cisely, let A and B be two connected rigid algebras in a finite semisimple monoidal
2-category € over an algebraically closed field. The associated 2-categories of right
modules Mod¢(A), and Modg(B) are left €-module 2-categories by proposition 3.3.1
of [Déc21]. Then, the precise question is: If Mod¢(A) ~ Modg(B) as left €-module
2-categories, do we have Dim¢(A) = Dimg(B)? In the case € = 2Vect, this is a stan-
dard result in the theory of fusion 1-categories (see [ENOOQ5]). As evidence for the
viability of this question, we will see in remark below that, under additional
assumptions on €, the non-vanishing of the dimension of a connected rigid algebra is

Morita invariant.

Remark 3.2.2.9. For the sake of completeness, let us also comment on the case of non-

connected rigid algebras. Let A be an algebra with unit ¢ in a compact semisimple
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monoidal 2-category €. In particular, we may decompose i = i1 @ ... ® 1, into a direct
sum of simple 1-morphisms in €, and this induces a decomposition of the algebra A
as

1A 1A,

AL e AL
where ;A; is a connected algebra with unit ¢;, and ;A is an ;jA;-;Ag-bimodule for
every 7, k. Now, if we assume that A is rigid, then it is easy to check that ;A; is a rigid
algebra for every j. In particular, if k is algebraically closed and € = 2Vect, then this
is precisely the well-known decomposition of a mutlifusion 1-category into a matrix
of finite semisimple bimodule categories with fusion categories along the diagonal.

Over an arbitrary compact semisimple 2-category, we expect that A is separable if

and only if ;A; is separable for every j.

3.2.3 Examples

When working with fusion 1-categories over an algebraically closed field, there is a
well-known notion of global (or categorical) dimension. We begin relating the notion

of dimension we have just introduced with this classical notion.

Proposition 3.2.3.1. Assume that k is algebraically closed, and let C be a fusion
1-category with simple unit I, i.e. a connected rigid algebra in 2Vect. Then, the
dimension of C in the sense of definition coincides with dim(C), its global
dimension in the sense of definition 2.6.3 of [DSPS21).

Proof. Instead of working with C-C-bimodules, we will equivalently work with left
C X C™P-modules. As C is a fusion 1-category, so is C K C™?. We write [ for the
simple unit of CKC™P and ® for its monoidal product. By subsection 2.6 of [DSPS21],
there exists a Frobenius algebra R in C X C™ with multiplication m : R® R — R,
unit v : [ — R, comultiplication A : R - R ® R, and counit A : R — [ such that
C is equivalent to Modegemor (R), the 1-category of right R-modules in C K C™P as
a left C X C™°P-module category. By the construction given in [DSPS21], it follows
that Endg(R), the algebra of endomorphisms of R as a left R-module, is given by
k. Furthermore, we may assume that A o u = 1, so that the R-R-bimodule map
moA: R — R is given by multiplication by dim(C).

Now, let us also identify C X C with Modegemer(I) as a left C X C™P-module 1-
category. Under these identifications, the left C X C™°P-module functor ® : CKC — C
is given by (—) ® Rg. In particular, its right adjoint (as a C X C™°P-module functor)
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is given by (=) ®g Ry : Modegemor(R) — Modegemer(1). The unit for this adjunction
is induced by the unit u : I — R of R, and the counit of this adjunction is induced by
the multiplication m : R ® R — R viewed as a map of R-R-bimodules. The triangle
identities follow from the fact that R is an algebra.

But, (—) ®g Ry is also the left adjoint of (—) ® Rgr. Namely, A supplies a map of
R-R-bimodules R — R ® R, which gives us the desired unit, and A provides us with
the desired counit. These maps clearly satisfy the triangle identities. This means
that the double right adjoint of (—) ® Rg is (—) ® Rpg itself. Thus, we may take
i to be the natural isomorphism of left C X C™°P-module induced by the identity
map on R (viewed as a map of left R-modules). Using the above data, we find that
Tr(u) = dim(C) and Tr((p')*) = 1, where we have used Endg(R) = k. Putting
everything together, we find Dim(C) = dim(C) as desired. O

Remark 3.2.3.2. 1f k is algebraically closed, it follows from theorem 2.6.7 of [DSPS21]
that the fusion 1-category C is separable as an algebra in 2Vect if and only if it is
separable in the sense of definition 2.5.8 of [DSPS21]. In particular, if we assume in
addition that k has characteristic zero, then every fusion category has non-zero global

dimension by [ENOO5|, and so is separable.

Proposition 3.2.3.3. Let B be a perfect braided tensor 1-category with simple unit,
and C be a separable B-central tensor 1-category with simple unit. If B is a separable
tensor 1-category, then C is separable as an algebra in Mod(B) if and only if C is a

separable tensor 1-category.

Proof. We begin by proving that C is perfect. In order to do so, it is enough to show
that C X C is a finite semisimple 1-category. Now, C is a separable right B-module
category, thence it follows from the definition that there exists a separable algebra R
in B such that C ~ Modg(R) as right B-module 1-categories. By proposition 3.8 of
[DSPS19], C X C ~ Modpxs(R X R) is a separable right B X B-module 1-category.
But, BX B is finite semisimple, so we find that C X C is finite semisimple.

Let us denote by P : BX B — B the monoidal structure of B, and T : CXC — C
the monoidal structure of C. As C is a B-central tensor 1-category, we can factor the
C-C-bimodule functor T as

cxcSexsc Lo

In fact, the canonical C-C-bimodule functor ) : C X C — C Kz C coincides with the
functor obtained by applying C Kz (—) Xz C to P.

80



Let us pick 7 : P* = P a natural isomorphism of B-B-bimodule functors. As B

is separable, we may assume that

We also pick v : T* =~ T a natural isomorphism of C-C-bimodule functors. Then,
wi=v-(CRgmXpC): T =T is a natural isomorphism of C-C-bimodule functors.
Thus, Tr(u) is given by

)
~ O

By construction, the inner loop of the last diagram above evaluates to 1, so we may
remove it, and we find that Tr(u) = Tr(v) o Q. As precomposition by @ is faithful,
we find that Tr(u) is non-zero if and only if Tr(v) is non-zero, which concludes the

proof of the result. O

Over an algebraically closed field, more can be said. More precisely, we can
compute the dimension of most connected rigid algebras in a connected fusion 2-

category.

Proposition 3.2.3.4. Assume that k is an algebraically closed field. Let B be a
braided fusion I1-category, and C be a separable B-central fusion I1-category, then we
have

dlm(C) = DimMod(B) (C) : dlm(B)

Proof. We continue to use the notations introduced in the proof of proposition 3.2.3.3
In particular, we have picked 7 : P** = P a natural isomorphism of B-B-bimodule
functors. If dim(B) = 0, then Tr(7r) = 0, so that Tr(x) = 0, and therefore dim(C) = 0
as we are working over an algebraically closed field. Thus, we may assume that
dim(B) is non-zero, and choose m such that Tr(u) = Tr(v) o @ as in the proof of the
previous proposition. Further, it follows from remark that the diagram

T+
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viewed in Bimodneq(s)(C) corresponds to a scalar A € k times the projection onto
a simple summands of the identity C-C-bimodule 1-morphism on C Xz C. If \ is zero,
then both dim(C) and Dimpoa(s)(C) are zero, so we are done. We will therefore
assume that A is non-zero. In fact, it follows from remark that we can chose
v such that A = 1. This implies that Tr(x) = Dimnea(s)(C). Moreover, we also find
that

= dim(B).

Q

Q
T

~

Namely, the inner loops evaluate to 1, as A = 1. Finally, we find that
dim(C) = Tr(u) - Tr((4™")") = Ditnntoa(s)(©) - dim(B),
as desired. [

Remark 3.2.3.5. Let B be any braided finite semisimple tensor 1-category, then there
exists connected separable algebras in Mod(B). For instance, B viewed as a B-central

tensor 1-category is such a connected separable algebra.

Remark 3.2.3.6. Let us assume that k has characteristic zero, and let B be a finite
semisimple braided tensor 1-category. We claim that every finite semisimple B-central
tensor 1-category C is separable. We use C™ to denote the multifusion 1-category
obtained from C by reversing the order of the monoidal product. Note that there
is a canonical B-central structure on C™°?. Then, inspection shows that there is an

equivalence

Bimodneq(s)(C) ~ Mod(C™ Kz C)

of 2-categories. Moreover, it follows from theorem 6.2 of [Grel0] that C™ Ky C is
a rigid monoidal 1-category. Further, it is finite semisimple by corollaries 2.5.11 and
2.6.8 of [DSPS21]. This shows that C is indeed separable as an algebra in B.

The 2-category Bimodnoeq(s)(C) is the 2-category of finite semisimple B-balanced
C-C-bimodule 1-categories in the sense of definition 3.24 [Lau20]. Namely, the author
assumes that C is a B-augmented monoidal 1-category as in definition 3.12 therein, but
only the underlying B-central structure on C is relevant for the definition of B-balanced
C-C-bimodule 1-categories. Similarly, let us also point out that the equivalence of 2-

categories given above is essentially theorem 3.27 of [Lau20].
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Now, let k be algebraically closed, and let F' : € — ® be a monoidal linear 2-
functor between finite semisimple monoidal 2-categories. As F' is monoidal and right
adjoints are preserved by 2-functors, it follows that F'(A) is a rigid algebra in ©. If we
assume that F'(A) is connected, then it is natural to ask how the dimensions of A and
F(A) compare. More precisely, F' induces a map of k-algebras from Enda_a(m) =k
to Endpay—ra)(F(m)) =2k, which is an isomorphism.

Lemma 3.2.3.7. Assume that k is algebraically closed. Let F : € — ® be a
monoidal linear 2-functor between finite semisimple monoidal 2-categories, and A a

connected rigid algebra in € such that F(A) is connected. Then, we have Dimg(A) =
Dimg(F(A)) in k.

Proof. This follows from an explicit computation. O

Corollary 3.2.3.8. Let G be a finite group, and k an algebraically closed field of

characteristic zero. Then, every connected rigid algebra in 2Vectq is separable.

Corollary 3.2.3.9. In the notation of example the connected algebra Vect);
in 2Vect(, is rigid. Further, if k is algebraically closed, it has dimension |H|.

Proof. As  trivializes w|y, we can use it to construct a monoidal linear 2-functor
F : 2Vecty — 2Vecty, which induces the inclusion 4 C G on equivalence classes
of simple objects. In particular, we have F(Vecty) = Vect};,. But Vecty is clearly
rigid as a monoidal 1-category, so that it is a connected rigid algebra in 2Vecty
by example 3.1.1.3] Now, let us assume that k is algebraically closed, and write
U : 2Vecty — 2Vect for the monoidal linear 2-functor forgetting the grading. The
rigid algebra U(Vect?;) in 2Vect is exactly the tensor category of finite H-graded

k-vector spaces, which has dimension |H|. This proves the result. O

Corollary 3.2.3.10. If k is algebraically closed, and char(k) 1 |H|, then the 2-

category of Vect}),-Vect),-bimodules in 2Vecty, is compact semisimple.
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3.3 Diagrams
3.3.1 Proof of Lemma [3.1.2.1]

1411 nMq

1m*11

nM111

Figure 3.2: Axiom a (Part 2)



g8

Figure 3.4: Axiom a (Part 4)



1m*11

1i11 nM1

Figure 3.8: Axiom b (Part 1)
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Figure 3.13: Axiom b (Part 6)
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Figure 3.14: Axiom b (Part 7)
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3.3.2 Proof of Lemma 3.1.2.2]

Figure 3.16: Module 2-Morphism (Part 2)



68

Figure 3.18: Module 2-Morphism (Part 4)



Figure 3.22: Module 2-Morphism (Part 8)
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1m

Figure 3.23: Module 2-Morphism (Part 9)

3.3.3 Proof of Lemma [3.1.2.3

Figure 3.26: Triangle 1 (Part 3)
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Figure 3.30: Triangle 2 (Part 3)
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1i

1m*

M 1

Figure 3.34: Triangle 2 (Part 7) Figure 3.35: Triangle 2 (Part 8)
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3.3.4

Proof of Proposition |3.1.2.5

M

Figure 3.36: The 2-morphisms 1"/ and &/ are inverses. (Part 1.1)
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Figure 3.37: The 2-morphisms "/ and ¢/ are inverses. (Part 1.2)

ol

S5, —
@ , @) @

*fl

n}\{

Figure 3.38: The 2-morphisms "/ and &/ are inverses. (Part 1.3)

Figure 3.39: The 2-morphisms "/ and ¢/ are inverses. (Part 1.4)
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Figure 3.40: The 2-morphisms "/ and &/ are inverses. (Part 1.5)

Figure 3.41: The 2-morphisms 1"/ and ¢/ are inverses. (Part 1.6)

Figure 3.42: The 2-morphisms "/ and &/ are inverses. (Part 1.7)
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L6

Figure 3.43: The 2-morphisms v/ and &/ are inverses. (Part I1.1)



Figure 3.46: The 2-morphisms "/ and &/ are inverses. (Part 11.4)
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Figure 3.47: The 2-morphisms "/ and &/ are inverses. (Part I1.5)

Figure 3.48: The 2-morphisms 1"/ and &/ are inverses. (Part 11.6)

Figure 3.49: The 2-morphisms 1"/ and &/ are inverses. (Part 11.7)
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Chapter 4

The Morita Theory of Fusion
2-Categories

4.1 The Relative Tensor Product over Separable
Algebras

Throughout this section, we work with a fixed monoidal 2-category €, which we
assume to be strict cubical without loss of generality. Our first goal is to explain the
2-universal property of the relative tensor product of a right and a left module over an
arbitrary algebra A. We then prove that if € is Karoubi complete and A is separable,
then the relative tensor product over A always exists. Using this fact, we construct

the Morita 3-category of separable algebras, bimodules, and their morphisms in €.

4.1.1 Definition and Existence

Let A be an algebra in €. We fix M a right A-module in €, N a left A-module in €.
We begin by defining A-balanced morphisms out of the pair (M, N).

Definition 4.1.1.1. Let C be an object of €. An A-balanced 1-morphism (M, N) —

C consists of:
1. A l-morphism f: MON — C in €;

2. A 2-isomorphisms

nM1
MAN — MN

uNl ﬂf/’ lf
MN — C,

satisfying:
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a. We have:

1y Iml nM11 1N nM11

b. We have:

(4.2)

Definition 4.1.1.2. Let C' be an object of €, and f,g : (M,N) — C be two A-
balanced 1-morphisms. An A-balanced 2-morphism f = ¢ is a 2-morphism v : f = ¢
in € such that

1N nM1 1N nM1
IO O
f g f 9

Using the above definitions of A-balanced morphisms, we can give the definition

of the relative tensor product over A.

Definition 4.1.1.3. The relative tensor product of M and N over A, if it exists, is an
object MO N of € together with an A-balanced 1-morphism t4 : (M, N) — MOsN

satisfying the following 2-universal property:

1. For every A-balanced 1-morphism f : (M, N) — C, there exists a 1-morphism
f: MO4N — C'in € and an A-balanced 2-isomorphism ¢ : fo taZ= f.

2. For any 1-morphisms g, h : MOO4N — C'in €, and any A-balanced 2-morphism
v :goty = hoty, there exists a unique 2-morphism ¢ : ¢ = h such that

Cota=1.

Remark 4.1.1.4. Observe that, for any object C' in €, A-balanced 1-morphisms and
2-morphisms out of (M, N) form a l-category, which we denote by Bals(M, N;C).
Furthermore, this assignment is functorial in M, N, and C. Definition [4.1.1.3] may
be rephrased as asserting that precomposition with ¢4 induces an equivalence of 1-
categories

Homg(MUOyN,C) ~ Bala(M, N;C),
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which is natural in the object C' in €. Let us also note that it follows readily from
the definition that the 2-category of relative tensor products M4 N is either empty

or a contractible 2-groupoid.

Remark 4.1.1.5. Over an algebraically closed field, with € = 2Vect, and C a mul-
tifusion 1-category, then definition recovers the relative tensor product over
C given in definition 3.3 of [ENOI0]. As C is automatically separable in this case,
theorem HL.1.1.6] below recovers the well-known statement that the relative tensor
product of two finite semisimple C-module 1-categories exists and is a finite semisim-
ple 1-category. Other particular cases of definition have already appeared in
definition 3.2 [DSPS19] and definition 3.3 of [BZBJ1§].

Theorem 4.1.1.6. Let A be a separable algebra in a Karoubi complete monoidal 2-
category €. Then, the relative tensor product of any right A-module M and any left
A-module N in € exists, and is given by the splitting of a 2-condensation monad on
MTUON.

Proof. Let us consider the 2-condensation monad (MUON, e, u,d) in € given by
e := (MOIY) o (R"™OAON) o (MO(m* 0 i)ON),

and

141
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1i1

Clearly, u-0 = Id.. We now prove that y is associative using the diagrams depicted
in section m Figure depicts the composite - (e o p). We begin by moving the
two indicated coupons labeled 1Y and v 11 to the left along the corresponding
arrows, which brings us to figure . We then using equation on the blue
coupons and equation on the green coupons to arrive at figure . We go on
by moving the coupon labeled 115" up, as well as the coupons labeled v 711111,
M 7111, and 171111 to the left along the green arrow. Having arrived at figure
4.4] we move the coupon labeled yM11111 up, and that labelled vM71111 down.
Further, we also move the left most cap along the red arrow, and in doing so, use
equations and , which brings us to figure . Now, we use equations
on the blue coupons to get to figure . We then move the coupon labeled 1711111
to the right, as well as the coupon labeled 111 up in order to apply equation to
the green coupons, and use equation on the red coupons, bringing us to figure
. We can then make use of equation on the blue coupons, and cancel the
green coupons to arrive at figure [£.8] Finally, reorganising the diagram along the
depicted arrows leads us to figure , which represents p - (10 ). Thence, we have
established the associativity of i as desired. The coassociativity of d can be proven
similarly.

Let us now move on to proving that (oe)-(eod) = § - using diagrams depicted
in section [4.4.1] Figure depicts the left hand-side of this equality. By moving
the coupons labeled 15V and vM11 to the right, we arrive at figure m Then,
applying equation to the blue coupons, and equation to the green ones, we
get to contemplate figure [£.12] We proceed to move some coupons along the depicted
arrows, and use equation on the blue coupons, and equation on the green
coupons, which brings us to figure . Using equation on the blue coupons,
and moving the coupons labeled 19" '1 and 1xY ' to the right yields the diagram
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given in figure m Then, we first apply equation to the blue coupons, and
then equation on the green coupon together with the coupon labeled 1441, which
was just created. This brings us to figure [£.15] Finally, using in succession equation
on the blue coupons, equation on the green coupons, and equation on
the red coupons, leads us to figure [4.16, which depicts 0 - . This proves the desired
equality. The equality (eo u)-(doe) =0 - pu can be proven using a similar argument.

In order to prove that the relative tensor product of M and N over A exists,
we will use the reformulation given in remark [£.1.1.4. To this end, recall that 2-
condensation monads are preserved by all 2-functors, so that applying Home(—,C)
to (MON, e, p, 6) yields a 2-condensation monad on the 1-category Home(MON, C).
In fact, this yields a 2-condensation monad on the 2-functor Home(MON, —). We
claim that Bals(M, N;C) is a splitting this 2-condensation monad. Namely, to see
this, let U : Bala(M,N;C) — Home(MUON,C) be the forgetful functor, and let
E : Home(MON,C) — Bala(M,N;C) be the functor given by g + g o e, with
A-balanced structure on the composite goe supplied by the 2-isomorphism (39°¢ given
by

ﬁgoe =

uv @ uvy

g g

The fact that this defines an A-balanced structure can be seen as follows. Let us start
with the right hand-side of equation for 59°¢. We begin by applying equation
(3.5)) after having moved some coupons, then we use equation . We continue by
appealing to equations and , followed by and . At last, we can
use equations and for A as well as reorganise the string diagram to get to
the left hand-side of . Equation for p9°¢ follows similarly. Now, observe
that both U and E are 2-natural in C'. Further, let us define natural transformations

p:EolU = Idand s: Id= EoU by
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for every A-balanced 1-morphism f : (M,N) — C. Again, note that s and p are
2-natural in C'. Further, we have p-s = Id, so that

(HO’I?’L@(MDN, _)7 BalA(M7N; _)7Ea U7p7 S)

is a 2-condensation. It remains to check that this splits the 2-condensation monad on
Home(MUON, —) induced by (MON, e, i, d). To see this, it is enough to prove that
for every 1-morphism g : MON — C'in €, we have pgo. = g - pt and sgoe = g - 0. The
first equality follows by applying equations , , followed by equation

for A, and then by using successively equations (1.6, (3.2)), and (1.4). The second
equality is obtained in a similar fashion.

Finally, as € is Karoubi complete, the 2-condensation monad (MON, e, i, d) ad-
mits a splitting in €, which we denote by M[I4N. Now, the splitting of a 2-
condensation monad is preserved by any 2-functor, so that Home(MO4N, —) is also a
splitting of the 2-condensation monad on Home(MON, —) induced by (MON, e, p, 6).
But, the 2-category of splittings of a 2-condensation monad is a contractible 2-

groupoid, so that we get the desired equivalence. O

Remark 4.1.1.7. In the language of [CMV02], the 1-category Bala(M,N;C) is the

pseudo-coequalizer for the descent object
Home(MN, C) ¥——— Home(MAN,C) ————f Home(MAAN,C)
obtained by applying Home(—, C') to the canonical codescent object
MOADADON ——— MOAON &———— MON.
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Theorem {4.1.1.6/shows that the 2-functor Bala(M, N; —) is corepresented by M4 N,

so that M4 N is the pseudo-coequalizer of the above codescent object.

Thanks to the definition of the relative tensor product using a 2-universal property,

the following result is an immediate consequence of the above theorem.

Corollary 4.1.1.8. If € is a Karoubi complete 2-category, and A is a separable

algebra, the relative tensor product over A defines a 2-functor
La MOdQ(A) X LMOd@(A) — .

Remark 4.1.1.9. For completeness, let us note that if € is a linear monoidal 2-category,
then it follows from the 2-universal property of [14 and the fact that [J is a bilinear

2-functor that 4 is a bilinear 2-functor.

4.1.2 The Morita 3-Category

Our goal is now to explain how to construct the Morita 3-category of separable
algebras in a Karoubi complete monoidal 2-category. In order to do so, we need to

generalize the setup of the previous section to bimodules.

Definition 4.1.2.1. Let A, B, C be algebras in €, and let M be an A-B-bimodule,
N be a B-C-bimodule, and P be an A-C-bimodule. A B-balanced A-C-bimodule
l-morphism (M, N) — P is an A-C-bimodule 1-morphism f : MON — P together
with an A-C-bimodule 2-isomorphism 8/ : f o (MOIYN) = f o (n"MON) providing f
with an A-balanced structure. A B-balanced A-C-bimodule 2-morphism is an A-C-

bimodule 2-morphism that is also B-balanced.

Proposition 4.1.2.2. Let A, B, C' be algebras in €, with B separable. Let M be an
A-B-bimodule, and N be a B-C-bimodule, the relative tensor product tg : MOIN —
MUOgN can be endowed with an A-C-bimodule structure such that it is 2-universal

with respect to B-balanced A-C-bimodule morphisms.

Proof. Note that if M and N are bimodules in the proof of theorem [£.1.1.6] then the 2-
condensation monad (MON, e, 1, 0) in € can be upgraded to a 2-condensation monad
in Bimod¢(A, C). The remainder of the proof can be straightforwardly adapted to
accommodate for the bimodule case. The only noteworthy change is that one needs
to use the fact that Bimod¢(A, C) is Karoubi complete, which follows from the proof
of proposition 3.3.4 of [Déc21] as € is Karoubi complete. In particular, this constructs
a 2-universal B-balanced A-C-bimodule 1-morphism {5 : MON — MOgN. But, as
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splittings of 2-condensation monads are preserved by all 2-functors, the underlying
B-balanced 1-morphism ¢ : MON — MOgN in € satisfies the 2-universal property
of definition 4.1.1.3, This finishes the proof of the proposition. O

Remark 4.1.2.3. Let us sketch an alternative proof of proposition £.1.2.2] It fol-
lows from the construction of theorem [£.1.1.6] and the fact that 2-condensation are
preserved by all 2-functors that AQtg : MON — AO(MOpgN) is 2-universal with
respect to B-balanced 1-morphisms. The 2-universal property of the relative tensor
product over B can then be used repeatedly to endow tp : MUN — MUgN with a
left A-module structure. Similarly, we can construct a right C-module structure on
tg, which is compatible with the left A-module structure. Finally, one can directly
check that the B-balanced A-C-bimodules 1-morphism tp is 2-universal with respect
to B-balanced A-C-bimodule morphisms.

Corollary 4.1.2.4. Let A, B, C be arbitrary algebras in € with B separable. The

relative tensor product over B induces a 2-functor
Op : Bimod¢(A, B) x Bimod¢(B,C) — Bimod¢(A, C).

We now prove a unitality property of the relative tensor product that will play a

crucial role later on.

Lemma 4.1.2.5. Let A and B be arbitrary algebras in €. There is a 2-natural adjoint

equivalence

M AOuP~ P
for any A-B-bimodule P in €.

Proof. Let P, @ be two A-B-bimodule in €. Observe that [ : ALDP — P is an A-
balanced A-B-bimodule 1-morphism via 8" := k. We claim that this 1-morphism
satisfies the 2-universal property defining the relative tensor product. Namely, given
f: AOOP — @ an A-balanced A-B-bimodule 1-morphism, we define ¢ as the compos-
ite right B-module 1-morphism

g: P25 anp L Q.

In addition, the 2-isomorphism
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endows g with a compatible left A-module structure. Further, it follows from the

definitions that the 2-isomorphism & : g o ¥ = f given by

is an A-balanced A-B-bimodule 2-morphism as desired. Now, let g, h : P — () be two
A-B-bimodule 1-morphisms, and 7 : go ¥ = holf be an A-balanced A-B-bimodule
2-morphisms, then it is not hard to check that ¢ := v o (:JP) is an A-B-bimodule
2-morphism satisfying ( o [P = ~. This finishes the proof of the claim. Finally, using
the 2-universal property of the relative tensor product, one can readily construct the

desired adjoint 2-natural equivalence ™. O

For our purposes, it is also necessary to examine the relative tensor product of

multiple bimodules.

Definition 4.1.2.6. Let A, B, C', D be algebras in €, and let M be an A-B-bimodule,
N be a B-C-bimodule, P be a C-D-bimodule, and ) an A-D-bimodule in €. A
(B, C)-balanced A-D-bimodule 1-morphism (M, N, P) — @ consists of:

1. An A-D-bimodule 1-morphism f: MONOP — @,
2. Two A-D-bimodule 2-isomorphisms ﬂf; and ﬁé given by

MBNP ™Y MNP MBNP "4 MNP
Bh 8L
uN 1l = lf 111Pl = lf
MNP —— Q, MNP ——— @,
satisfying:
a. The 2-isomorphism @J; endows f : (M, NOP) — @ with a B-balanced structure,
b. The 2-isomorphism Bé endows f : (MON, P) — @ with a C-balanced structure,

¢. The 2-isomorphisms /Bé and /Bé commute in the sense that

(4.3)

A (B, C)-balanced A-D-bimodule 2-morphism is an A-D-bimodule 2-morphism
that is both B-balanced and C-balanced.
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Lemma 4.1.2.7. Let A, B, C, D be algebras in €, and let M be an A-B-bimodule,
N be a B-C-bimodule, and P be a C-D-bimodule. If € is Karoubi complete, and B,
C' are separable algebras, then both MOg(NOcP) and (MOgN)cP are 2-universal
with respect to (B, C)-balanced A-D-bimodule morphisms. In particular, there exists

an adjoint 2-natural equivalence
ayt np  (MOpN)OcP ~ MOg(NOcP).

Proof. Let us show that the (B, C')-balanced A-D-bimodule 1-morphism

moNOp 2o MONOeP) £ MOp(NOP)
is 2-universal with respect to (B, C)-balanced A-D-bimodule morphisms. In or-
der to prove this, note that the C-balanced A-D-bimodule 1-morphism Mts :
MONOP — MO(NOeP) is 2-universal with respect to C-balanced A-D-bimodule
morphism.
Now, let @ be an A-D-bimodule, and let f : (M, N, P) — @ be a (B, C')-balanced

A-D-bimodule 1-morphism. This gives us the solid arrow part of the diagram below

MO(NOGP)
M[Ity .

MONOP T MOg(NOeP)

As f is in particular a C-balanced A-D-bimodule 1-morphisms, there exists an A-D-
bimodule 1-morphism f’ : MO(NOcP) — @, and a C-balanced A-D-bimodule 2-
isomorphism &o : f o (MOte) = f. But, thanks to equation and the 2-universal
property of M[ts, the B-balanced structure of f induces a B-balanced structure on
f’. Thus, there exists an A-D-bimodule 1-morphisms f: MOgp(NOcP) — @, and
a B-balanced A-D-bimodule 2-isomorphism (g fo tg = f'. It follows from the
definitions that the composite A-D-bimodule 2-isomorphism &¢ - (€5 o (MOt¢)) is
(B, C)-balanced, so that fis the sought after factorization of f.

Finally, let g,h : MOg(NOcP) — @ be two A-D-bimodule 1-morphisms, and
v:gotgo(MOte) = hotgo(MUtc) a (B, C)-balanced A-D-bimodule 2-morphism.
It follows immediately from the 2-universal property of Mt that there exists an
A-D-bimodule 2-morphism ¢’ : gotg = hotg such that ( o (MOts) = . But, using
the 2-universal property of MUts again together with the fact that v is B-balanced,
we find that (' is necessarily B-balanced. Thence, by the 2-universal property of ¢z,
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there exists an A-D-bimodule 2-morphism ¢ : ¢ = h such that ( oty = (’. Putting
everything together, we find that ( o tg o (Mts) = v as desired. This proves that
MOp(NOeP) is 2-universal with respect to (B, C)-balanced A-D-bimodule mor-
phisms.

One proceeds analogously to show that the (B, C)-balanced A-D-bimodule 1-
morphism

MONOP 225 (MOzN)OP % (MOgN)OeP

is 2-universal with respect to (B, C')-balanced A-D-bimodule morphisms. The second

part of the statement then follows readily by appealing to the 2-universal property. [
We are now ready to explain the main construction of this section.

Theorem 4.1.2.8. Let € be a Karoubi complete monoidal 2-category. Separable
algebras in €, bimodules, bimodule 1-morphisms, and bimodule 2-morphisms form a

3-category, which we denote by Mor*®(C).

Proof. Let A, B, C, be separable algebras in €. We set
Homnporser(e) (B, A) := Bimod(A, B).
Then, the bilinear 2-functor
Op : Bimod¢(A, B) x Bimod¢(B, () — Bimod¢(A, C)

of corollary [4.1.2.4 provides us with the necessary composition 2-functor. Further, the
identity 1-morphism on the algebra A is given by the canonical A-A-bimodule A. It
remains to prove that these operations can be made suitably coherent in the sense of
definition 4.1 of [Gurl3]. Firstly, note that lemma[4.1.2.5 provides us with an adjoint
2-natural equivalence /™. Using a similar argument, one can construct a 2-natural
equivalence r™ given on the A-B-bimodule P by »™ : POgB ~ P. Moreover, lemma

4.1.2.7|provides us with an adjoints 2-natural equivalence o™

witnessing associativity
of the composition of 1-morphisms.
Secondly, we have to supply invertible modifications AM, ™, pM, and 7™ between

specific composites of M, M and a™. Let us explain how to construct AM. Let M
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be an A-B-bimodule and N a B-C-bimodule in €, and consider the diagram

AOMON
M
(ADAM)ON i NG Vi W
AOL(MOgN),

where the three unlabeled arrows are the canonical (A, B)-balanced A-B-bimodule
1-morphisms, and the three top triangles are filled by canonical (A, B)-balanced A-
B-bimodule 2-isomorphisms. Thanks to the 2-universal property of ALDMON —
(AO4M)OpN, there exists an A-B-bimodule 2-isomorphism

M M ~ M M
)‘M,N Dy UpN = ZMDBN Oy M N-

Using the 2-universal property again, it is easy to check that these 2-isomorphisms
define an invertible modification. The invertible modifications ™ and pM are con-
structed similarly.

It remains to construct the invertible modification 7. Given separable algebras
A, B, C, D, E, one defines (B, C, D)-balanced A-E-bimodule morphisms by adapting
definition [4.1.2.6]in the obvious way. Following the proof of lemma [4.1.2.7 one then
shows that for any A-B-bimodule M, B-C-bimodule N, C-D-bimodule P, and D-
E-bimodule @, the canonical (B, C, D)-balanced A-E-bimodule 1-morphisms to the
different ways of parenthesising MU NUsPUpQ are all 2-universal with respect
(B, C, D)-balanced A-FE-bimodule morphisms. Analogously to the above arguments,
7™M is constructed using this 2-universal property.
Finally, one has to check that the equation between these invertible modifications
given in definition 4.1 of [Gurl3] are satisfied. All of them follow readily from the 2-

universal property of the relative tensor product over either three or four algebras. [

Remark 4.1.2.9. Over a perfect field, the 3-category Mor*®(2Vect) constructed
above is the underlying 3-category of the symmetric monoidal 3-category TC*? of
separable multifusion 1-categories considered in [DSPS21]. Over an algebraically
closed field of characteristic zero, and given B a braided fusion 1-category, the 3-
category Mor*?(Mod(B)) corresponds to the Hom-3-category from B to Vect in
the symmetric monoidal 4-category BrFus of braided fusion 1-categories considered
in [BJS21].
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Remark 4.1.2.10. Let € be a Karoubi complete monoidal 2-category. In [GJE19], the
authors outlined the construction of a 3-category Kar(B€) of 3-condensation monads,
condensation bimodules, and their morphisms. Using variants of the results proven
in section 3 of [GJE19], we expect that one can prove that the 3-category Mor*?(€)
considered above is equivalent to Kar(B€). In particular, this would show that
Mor*?*(€) satisfies a 4-universal property. (We refer the reader to [Déc22b| for a

precise discussion of the 2-categorical case.)

Remark 4.1.2.11. Our proof of theorem [4.1.2.8| also applies to other setups. Namely,
given any monoidal 2-category € and any set &7 of algebras in € such that for any al-
gebras A, B, and C'in &/ the relative tensor product over B of any A-B-bimodule and
B-C-bimodule exists. The above proof constructs a 3-category Mor” (€) of algebras
in .7, bimodules between them, and their bimodule morphisms. In particular, if ev-
ery codescent diagram admits a pseudo-coequalizer in €, and that [J commutes with
them, then it follows from remark that the relative tensor product over any
algebra in € exists. In this case, we can therefore consider the 3-category Mor(€)
of all algebras in €, bimodules and their bimodule morphims. We note that this
last example has already been thoroughly examined in [Haul7] in an oo-categorical

context.

For later use, let us also record the following corollary.

Corollary 4.1.2.12. Let A be an algebra in €. Giving an algebra B in the monoidal
2-category Bimod¢(A) is equivalent to giving an algebra B in € together with an
algebra 1-homomorphism A — B. Furthermore, if € is compact semisimple, then the
algebra B in Bimodg(A) is rigid, respectively separable, if and only if the underlying

algebra B in € is rigid, respectively separable.

Proof. Inspection of the proof of theorem {4.1.2.8 shows that the forgetful 2-functor
Bimod¢(A) — € is lax monoidal. This yields the forward direction of the first part.
The backward direction follows by the 2-universal property of the balanced tensor
product over A. For the second, note that, if we write ® := Bimod¢(A), then it
follows 2-universal property of the relative tensor product over A that the forgetful
2-functor Bimodg(B) — Bimod¢(B) is an equivalence. The result then follows
from theorems [3.1.2.8 and [3.2.1.1 above. O
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4.2 Module 2-Categories

We recall the definitions of a module 2-category, module 2-functor, module 2-natural
transformation, and module modification and show that, over a fixed monoidal 2-
category, these objects assemble into a 3-category. We then review the definition of
a 2-adjunction between two 2-functors, and explain how this concepts interacts with
that of a module 2-functor over a rigid monoidal 2-category. Theses results are quite
technical in nature, but will play a determining role in the last part of the present

thesis.

4.2.1 The 3-Category of Module 2-Categories

Let € be a cubical monoidal 2-category. Our goal is to construct a 3-category whose
objects are left €-module 2-categories in the sense of definition 2.1.3 of [Déc21]. Now,
it follows from proposition 2.2.8 of [Déc21] that every pair (€,9%) consisting of a
monoidal 2-category € and a left €-module 2-category 9 is equivalent to a pair in
which both € and 90 are strict cubical (see definition below). Thus, there is
no loss of generality in assuming that € and 9 are strict cubical. In fact, by remark

2.2.9 of [Déc21], this strictification procedure holds for any set of module 2-categories.

Definition 4.2.1.1. Let 9t be a strict 2-category. A strict cubical left €-module
2-category structure on 9 is a strict cubical 2-functor [J : € x M — M such that:

1. The induced 2-functor I0J(—) : MM — M is exactly the identity 2-functor,

2. The two 2-functors
((—)D(—))D(—) CX XM — M, and (—)D((—)D(—)) EXEXM—->M
are equal on the nose.

Notation 4.2.1.2. It is straightforward to extend the graphical conventions intro-
duced in for strict cubical monoidal 2-categories to strict cubical left €-module

2-categories. Throughout this section, we use this extended graphical language.

Remark 4.2.1.3. If k is a field, and € is a monoidal k-linear 2-category, then, by
definition, [0 : ¢J€ — € is a bilinear 2-functor. Likewise, if 91 is a k-linear 2-
category left €-module 2-category, we require that [0 : € x 9 — 9 is a bilinear

2-functor.
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Definition 4.2.1.4. Let 9t and O be two strict cubical left €-module 2-categories.
A left €-module 2-functor is a (not necessarily strict) 2-functor F': 9t — 91 together
with:

1. An adjoint 2-natural equivalence k% given on A in €, and M in 9 by

kh y t AOF(M) — F(AOM);

2. Two invertible modifications w’’, and v given on A, B in € and M in 9 by

AOF(BOM)

IdADkB M A,BOM
/ H“’A B 1\\
AOBOF(M > F(AOBOM),
kADB M

Subject to the following relations:

a. For every A, B,C' in €, and M in 9, the equality

11kF 11kF

holds in Homg(AOBOCOF(M), F(ADBOCOM)),

b. For every A in €, and M in 901, the equality

1kF 1kF
/(‘F kF k?F
holds in Homn(AOIOF (M), F(AOM));
c. For every B in €, and M in 91, the equality
1kF 1kF 16"

=
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holds in Homy(IOBOF (M), F(BOM)).

Definition 4.2.1.5. Let F, G : 9t — 91 be two left €-module 2-functors as in defini-
tion .2.1.4l A left ¢€-module 2-natural transformation is a 2-natural transformation
0 : F = @ equipped with an invertible modification I1? given on A in €, and M in
I by
AG(M) <X~ AF(M)
w| S |
G(AM) 5 F(AM);

Subject to the following relations:

a. For every A, B in €, and M in 9, the equality

holds in Homg(AOBOF (M), G(AOBOM));

b. For every M in 91, the equality

19
. )
6 =
e {0 “—@

holds in Homn(IOF (M), G(M)).

Definition 4.2.1.6. Let 6,7 : F' = G be two left €-module 2-natural transforma-
tions. A left €-module modification is a modification = : § = 7 such that for every
Ain €, and M in 91 the equality

16 k¥
F
" D
O O
kG T e

holds in Homn(AQOF (M), G(AOM)).
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Fixing two strict cubical left €-module 2-categories 91 and N, it was shown in
proposition 2.2.1 of [Déc21] that left €-module 2-functors, left €-module 2-natural
transformation, and left €-module modifications form a 2-category, which we denote
by Fung (91, 91). In particular, given 6,5,5 : I = G left €-module 2-natural trans-
formations, and two left €-module modifications = : 0 = 6, Z : § = 5, the vertical
composite Z e = is a left €-module modification. Further, given two left €-module
2-natural transformations 6 : ' = G and 7 : G = H, their composite is the 2-natural

transformation 7 - 6 equipped with the invertible modification
7% .= (117 - §) e (7 - 119).

Thanks to our strictness hypotheses, the above composition of left €&-module 2-natural
transformations is in fact strictly associative and unital. Thence, Fung(9%,91) is in
fact a strict 2-category. For later use, we now assemble all of these 2-categories

together.

Theorem 4.2.1.7. Let € be a monoidal 2-category. Left €-module 2-categories, left
C-module 2-functors, left €-module 2-natural transformations, and left €-module mod-

ifications form a 3-category, which we denote by LMod(€).

Proof. In section 5.1 of [Gurl3|, the author constructs a 3-category of 2-categories.
Our proof is precisely a left €-module version of this argument. In order to do this,
it is enough to upgrade the structures defined in section 5.1 of [Gurl3] with suitable
left €-module actions. Furthermore, thanks to proposition 2.2.8 and remark 2.2.9 of
[Déc21], we may assume without loss of generality that € and every left €-module
2-category is strict cubical.

Let 90T, O, and ‘P be strict cubical left €-module 2-categories. We begin by

constructing the 2-functor
o . F‘lll’l@(m, q3) X ]_:\lll’lg(m, ‘ﬂ) — P‘llne(m, &B)

providing us with the composition of left €-module 2-functors. Given two left &€-
module 2-functors F' : M — N and G : N — P, we endow their composite G o F
with a left €-module structure using the following assignments. We define the adjoint

2-natural equivalence k&°F by

kgoz\? = G(ki,M> © kg,F(M)a

for every A in ¢ and M in 9, and the two invertible modifications w&¥, and y&°F

by
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It is not hard to show that the above data satisfies the axioms of definition [£.2.1.4
Then, given a left €-module 2-natural transformation 6 : F} = F5 between two
left €-module 2-functors Fi, Fy : 91 — N, we endow the 2-natural transformation

G o 0 with a left €-module structure by setting

1G(9) kS
Gof >
%" = e G(kM)

G (k") @ G(6)

Likewise, given a left €-module 2-natural transformation 7 : G; = G5 between
two left €-module 2-functors G, G5 : D — P, we may similarly define a left €-module

structure on the 2-natural transformation 7 o F' by

Now, recall from the proof of proposition 5.1 of [Gurl3] that 700 = (Gy080)- (70 F}),
so that the 2-natural transformation 7 o € inherits a €-module structure. These
assignments can be straightforwardly extended to left €-module modifications, so

that we obtain a functor
N&tQ(Gl, GQ) X NatQ(Fl, FQ) — Natg(Gl ¢} Fl, GQ o F2>

between the 1-categories of left €-module 2-natural transformations. The additional
structure constraints needed to define a 2-functor are the invertible modifications
given in proposition 5.1 of [Gurl3], and one checks easily that they respect the rele-
vant left €-module structures defined above. Thus, we obtain the desired 2-functor
o : Fune(91,P) x Fung (M, N) — Fune (M, P). Moreover, the unit on M for the com-
position of left €-module 2-functors is given by the identity 2-functor Id : 9t — M

with its canonical left €-module structure.
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Proposition 5.3 of [Gurl3|] defines an adjoint 2-natural equivalence o witnessing
the associativity of the composition of (plain) 2-functors. Now, let 9%, 91, B, and Q
be strict cubical left €-module 2-categories, and let F' : 9 — N, G : N — P, and
H : P — Q be left €-module 2-functors. It follows from proposition 5.3 of [Gurl3]
that aggr : (HoG)o F ~ H o (G o F) is the identity 2-natural transformation.
Further, the left €-module structures of (H o G) o F and H o (G o F') are equal, so
that we can upgrade ay ¢ r to a left €-module adjoint 2-natural equivalence using the
identity modification. The collection of these assignments promote « to an adjoint
2-natural equivalence witnessing the associativity of the composition of left €-module
2-functors.

Analogously, the adjoint 2-natural equivalences [, and r constructed in proposition
5.5 of [Gurl3], witnessing that composition of 2-functors is unital, can be promoted to
left €-module adjoint 2-natural equivalences. Namely, as we are working with strict
2-categories, these adjoint 2-natural equivalences are in fact both given by the identity
2-natural adjoint equivalence. Thus, given a €-module 2-functor F' : 9T — 91 between
strict cubical left €-module 2-categories, the 2-natural transformations [r and rr can
canonically be upgraded to left €-module adjoint 2-natural equivalences. With these
additional pieces of data, [ and r define adjoint 2-natural equivalence witnessing the
unitality of the composition of left €-module 2-functors. The proof is then completed
by checking that the invertible modification 7, u, A, and p given in proposition 5.6
of [Gurl3] are compatible with the left €-module structures we have defined. This is
immediate as it follows from our strictness assumptions that =, p, A, and p are all

identity modifications. O

Remark 4.2.1.8. It follows immediately from our proof of theorem [4.2.1.7| that there
is a forgetful 3-functor LMod(€) — 2Cat to the 3-category of 2-categories.

Corollary 4.2.1.9. Let M be a left €-module 2-category. Then, Ende(IN) is a
monoidal 2-category. Further, given I be any left €-module 2-category, the 2-category
Fune(9, M) is an Ende(9)-Ende(9N)-bimodule 2-category.

We end this first section on module 2-categories with the following proposition,
which will constitute a key ingredient in our study of the Morita theory of fusion

2-categories.

Proposition 4.2.1.10. Let M be a left €-module 2-category. The action of Ende(9N)
on M given by evaluation defines a left Ende(9M)-module structure on M. Further,
this structure is compatible with the left €-module one, so that M is a left Ende(9N) x
C-module 2-category.
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Proof. One may directly check that evaluation of 2-functors Endg(9t) x Ot — M
provides 9 with a left Ende(90%)-module structure. By definition, this left Ende(90)-
module structure on M is compatible with the left €-module structure, so that 9t
has a left Endg(901) x €-module structure. O

4.2.2 Module 2-Functors and 2-Adjunctions

The goal of this section is study the interaction between the notion of a module 2-
functor recalled above, and that of a 2-adjunction between 2-functors, which we now

recall.

Definition 4.2.2.1. Let 91 and 9N be two 2-categories, and F' : 9 — N and G :
N — M be two 2-functors. A 2-adjunction between F' and GG consists of two 2-natural
transformations u’’, called the unit, and ¢, called the counit, given on M in 9% and
N in 0N by

ub, o M — G(F(M)), and ck : F(G(N)) — N,

together with two invertible modifications ® and ¥, called triangulators, given on
M in 9t and N in 9 by

(I)f/[ . C?(M) ¢) F(uﬂ) = IdF(M),

Uk G(ch) o ug(N) = Idgwy-
We also say that F'is a left 2-adjoint to G, or that G is a right 2-adjoint to F'.

Definition 4.2.2.2. Let € be a monoidal 2-category, 9t and I be two left €&-module
2-categories, and F' : M — N and G : N — M be two left €-module 2-functors. A
left €-module 2-adjunction between F' and G is a 2-adjunction between F' and G as
in definition such that " and ¢ are left €-module 2-natural transformations,

and ®F and U are left ¢-module modifications.

Let € be a rigid monoidal 2-category, and assume that both 99t and 91 are left
¢-module 2-categories. The categorified version of corollary 2.13 of [DSPS19] holds,
as we show in the next two propositions. In fact, our proof also establishes the

categorifications of their lemmas 2.10 and 2.11.

Proposition 4.2.2.3. Let € be a rigid monoidal 2-category, and let F': 9N — N be a
left €-module 2-functor between left €-module 2-categories. If F has a right 2-adjoint
G, then G can canonically be upgraded to a left €-module right 2-adjoint to F'.
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Proof. Thank to proposition 2.2.8 and remark 2.2.9 of [Déc21], we may assume that €
is strict cubical, and that both 9t and 91 are strict cubical left €-module 2-categories.
Further, let us denote by (w® ')* and (7" )* the 2-isomorphisms given by

where the cups and the caps denote the unit and counit 2-isomorphisms witnessing
that k¥ and (k%)® form an adjoint 2-natural equivalence.
We begin by proving that G' can be endowed with a lax left €-module structure.

Given A in €, and M in 9, we let the 2-natural transformation £“ be given by

Fye CF
G((k7)*) GQ );

kS 2 ADG(M) 5 G(F(AOG(M))) G(AOF(G(M))) G(AOM),

where (kf)® is the pseudo-inverse of k" provided in the data of a left €-module 2-

functor. The invertible modifications w® and ¢ are given by

Using the axioms of definition for I, it is easy to check that w® and ¢ satisfy
the axioms of £.2.1.4

We now show that k¢ can be upgraded to an adjoint 2-natural equivalence. As
every 2-natural equivalence can be upgraded to an adjoint 2-natural equivalence (see
section 1 of [Gurl2)), it is enough to exhibit for every A in € and M in 9, a pseudo-
inverse (k’G);L y for the 1I-morphism kg, v Let 24 be a left dual for A in € with unit
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I-morphism iy : I — AFA, counit 1-morphism ey : *A00A — I and 2-isomorphisms
OA : (eADﬁA) ¢} ((ﬁA)DZA) = IdﬁA, and DA : IdA = (AD@A) o (ZADA) We define

(k9% 0 - GADOIM) 2% AD(FA)OG(AOM) 25 ADGF(*ADG(ADM))
LODY, ADG(FADFG(ADM))

190, ADG(¢FADADM) 29 AnG (M),

where (k')® denotes the canonical pseudo-inverse of k' supplied by the definition of

a module 2-functor. The two 2-isomorphisms

uF

G((k")")

witness that (k:G);L u 18 a pseudo-inverse for k‘i a as desired.

It remains to upgrade uf and ¢ to left €-module 2-natural transformations, and
show that ® and ¥F define invertible left ¢-module modifications. For the first part,
we endow u!" and ¢ with left ¢-module structures using the modifications 1*" and
I specified by
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It is easy to check that I1*" and I1¢" satisfy the axioms of definition [4.2.1.5, Finally,

using naturality together with axioms a and b of definition |4.2.1.4] for G, one can

readily check that ®F and ¥¥ are compatible with the left ¢-module structure on u*

and ¢! defined above, which finishes the proof of the result. O
The analogue of proposition for left 2-adjoints also holds.

Proposition 4.2.2.4. Let G : 91 — M be a left E-module 2-functor. If G has a left
2-adjoint F, then F' can canonically be upgraded to left €-module left 2-adjoint to G.

Proof. This follows by applying proposition 4.2.2.3|to €1°?, the monoidal 2-category

obtained from € by reversing the direction of the 1-morphisms. O
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4.3 Dual Tensor 2-Categories and Morita Equiva-
lence

In general, it is difficult to work with arbitrary compact semisimple module 2-categories
over a fixed compact semisimple tensor 2-category €. Motivated by the decategorified
situation studied in [DSPS21], we therefore restrict our attention to a particularly nice
class of compact semisimple module 2-categories called separable module 2-categories.
We prove that the 3-category of separable algebras in € is equivalent to the 3-category
of separable left €-module 2-categories. Under the assumption that € be locally sep-
arable, we then show that the monoidal 2-category of bimodules over a separable
algebra in € is a compact semisimple tensor 2-category. This allows us to define the
dual tensor 2-category of € with respect to a separable module 2-category. We end
by giving three equivalent characterizations of Morita equivalence between locally
separable compact semisimple tensor 2-categories. Throughout, we work over a fixed
field k, meaning that all (monoidal) categories and functors under consideration are

k-linear.

4.3.1 Separable Module 2-Categories

Let us fix € a compact semisimple tensor 2-category.

Definition 4.3.1.1. A compact semisimple left €-module 2-category 9 is called

separable if there exists a separable algebra A in € such that
M~ MOd@(A)
as left €-module 2-categories.

In theorem [4.2.1.7] we have proven that left €-module 2-categories form a 3-
category, which we denote by LMod(€). We will write LMod*?(€) for the full sub-
3-category whose objects are the separable module 2-categories. We are now ready to
state our next theorem, of which a closely related variant was conjectured in remark
5.4.9 of [Déc21]. Let us mention that if k is algebraically closed of characteristic
zero and € = 2Vect, we recover the main result of [Déc22b] as every multifusion
1-category is separable. More generally, if k is perfect and € = 2Vect, the theorem
below also recovers corollary above thanks to proposition 2.5.10 of [DSPS21].

Theorem 4.3.1.2. Let &€ be a compact semisimple tensor 2-category. There is a

linear 3-functor, contravariant on 1-morphisms,

Mod¢ : Mor*?(¢) — LMod*¥(¢)
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that sends a separable algebra in € to the associated separable left €-module 2-category

of right modules. Moreover, this 3-functor is an equivalence.

Proof. Without loss of generality, we may assume that € is strict cubical. The
monoidal unit I of € is canonically a separable algebra in €. Thanks to theorem
4.1.2.8 this yields a contravariant linear 3-functor

Homyjorser(e)(—, I) : Mor*?(€) — 2Caty,

to the 3-category of k-linear 2-categories. But, Endyiorser(e) (£, 1) = Bimode(/) = €
as monoidal 2-categories thanks to our strictness hypothesis. In particular, for every
separable algebra A in €, the 2-category Hompjorser(¢)(A4, ) has a canonical left
¢-module structure, which is compatible with bimodule morphisms in the variable
A. Further, Homygopser(e) (A4, I) = Bimode¢(I, A) = Modg(A) is a separable left ¢-
module 2-category. Thus, the 3-functor Homygorser(¢)(—, /) can canonically be lifted

to a 3-functor
Modg : Mor*?(¢€) — LMod*? ().

It remains to prove that Mod¢ is an equivalence of 3-categories, i.e. that it is
essentially surjective and induces equivalences on Hom-2-categories. Essential surjec-
tivty follows immediately from the definition of a separable left €-module 2-category.
Therefore, it is only left to prove that for every separable algebras A, B in €, the
2-functor

F: Bimod¢(A,B) — Fun¢(Mod¢(A),Mod¢(B))
P — (—)DAP

induced by Modg is an equivalence of 2-categories. In order to exhibit a pseudo-
inverse to F', consider the following 2-functor

B: Fung(Mod¢(A), Mod¢(B)) — Bimod¢(A, B),
F > F(A)

where the left A-module structure on F(A) arises from the canonical A-A-bimodule
structure on A. This assignment can straightforwardly be extended to left €-module
2-natural transformations and left €-module modifications. Further, for any A-B-
bimodule P in €, we have that BoF(P) = AO4P as an A-B-bimodule in €. Thence,
by lemma we find that Bo F ~ Id as desired.

Now, let F': Mod¢(A) — Mod¢(B) be a left €&-module 2-functor. By definition,
for any right A-module M, we have that (FoB(F))(M) = MO,F(A). We claim that
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MOQF(A) ~ F(M) as A-B-bimodules. Namely, as splittings of 2-condensation mon-
ads are preserved by all 2-functors, it follows from the last part of theorem [£.1.1.6] that
F(AOM) — F(AO4M) is 2-universal with respect to A-balanced A-B-bimodule mor-
phisms. Then, by comparing the 2-universal properties, we find that the 1-morphism
kyra : MOF(A) ~ F(MOA) induces an equivalence MO4F(A) ~ F(MO4A) in
Bimod¢(A, B). Thanks to lemma we have F(MO4A) ~ F(M) as A-B-
bimodules, which established the claim. Finally, it follows from its construction that
the equivalence MO4F(A) ~ F(M) is 2-natural both in M and in F, so that we get
F o B ~ Id. This finishes proving that F and B are pseudo-inverses. O]

The above theorem yields two equivalent characterizations of Morita equivalence
for separable algebras in €. In specific examples, the second one can be unfolded

further as we explain below.

Corollary 4.3.1.3. Let A and B be two separable algebras in €, then the following

are equivalent:
1. The left €-module 2-categories Mode(A) and Mod¢(B) are equivalent.
2. The separable algebras A and B are equivalent as objects of Mor*®(€).
If either of these conditions is satisfied, we say that A and B are Morita equivalent.

Example 4.3.1.4. Let € = 2Vect for some finite group G, and, for simplicity,
let us also assume that k is algebraically closed of characteristic zero. Then, two
G-graded multifusion 1-categories C and D are Morita equivalent in the sense of 2 of
corollary if and only if there exists an invertible G-graded finite semisimple
C-D-bimodule 1-category M. It follows from proposition 4.2 of [ENOI0] that M is
invertible if and only if D™ ~ Endc(M) as G-graded multifusion 1-categories.

In particular, if C and D are faithfully G-graded, then they are Morita equivalent
in the sense of 2 of corollary if and only if they are graded Morita equivalent
in the sense of definition 4.10 of [GJS22|. Then, the finite semisimple case of theorem
4.16 of [GJS22] asserts that C and D are graded Morita equivalent if and only if
Modavect (C) and Modavect, (D) are equivalent as 2-categories with a G-action.
This is exactly the content of corollary with € = 2Vect.

Example 4.3.1.5. If € = 2Rep(G) for some finite group G, and k is algebraically
closed of characteristic zero, then point 2 of corollary 4.3.1.3| can be unpacked fur-
ther. Namely, let C be a multifusion 1-category C with G-action, and let M be finite
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semisimple 1-category equipped with a G-action and a compatible left C-module struc-
ture. Then, the multifusion 1-category Endc(M) of all left C-module endofunctors on
M carries a canonical G-action. It follows from proposition 4.2 of [ENOI0] that two
multifusion 1-categories C and D with G-actions are Morita equivalent if and only if
there exists a left C-module 1-category M as above such that D™ ~ End¢(M) as

multifusion 1-categories with a G-action.

We now prove an alternative characterization of separability for a compact semisim-
ple left €-module 2-category 99T under mild assumptions on the underlying 2-categories
of € and M. More precisely, following [Déc23al, if k is perfect, we say that a compact
semisimple 2-category 2 is locally separable if for every simple object A of 2, the
finite semisimple tensor 1-category Endgy(A) is separable in the sense of [DSPS21].

Proposition 4.3.1.6. Let k be a perfect field, and € be a locally separable compact
semisimple tensor 2-category. A locally separable compact semisimple left €-module

2-category M is separable if and only if Endg(9N) is a compact semisimple 2-category.

Proof. The forward direction follows by combining theorem above with propo-
sition . Conversely, let us assume that Endg(901) is compact semisimple.
Thanks to theorem 5.1.5 and remark 5.1.11 of [Déc21], there exists an algebra A in
¢ such that Modg(A) ~ M as left €-module 2-categories. We will use the 2-functor

B : End¢(Mod¢(A)) — Bimod¢(A),

sending a left €-module 2-functor to its value on the canonical A-A-bimodule A.
Firstly, observe that the image under B of the identity 2-functor Id on Modg(A)
is given by A. Further, if we write £ : Mod¢(A) — Mod¢(A) for the canonical
left €-module 2-functor given by M — MOA, then we have B(F) = F(A) = ATA.
Secondly, observe that for any right A-module M, n™ : MOA — M defines a left
¢-module 2-natural transformation n : F = Id such that B(n) = m : ADA — A
with its canonical A-A-bimodule structure. But Ende(9) has right adjoints for 1-
morphisms by hypothesis, so that n has a right adjoint n* with counit €”. As right
adjoint are preserved by 2-functors, B(n*) is a right adjoint for m as an A-A-bimodule
1-morphism with counit B(e"). This implies that A is rigid. Thirdly, note that the
2-morphism €” : n - n* = Id is surjective. Namely, for every simple object M of
9 ~ Mod¢(A), the 2-morphism €%, is surjective as n™ : MOA — M is a non-zero
l-morphism. But End¢(90) is compact semisimple, so that € has a section v as a
left €-module modification. Then, B(+") is a section of B(e") as an A-A-bimodule

2-morphism so that A is separable, and the proof is complete. n
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The proof of the above proposition also establishes the following result (over any

field k and compact semisimple tensor 2-category €).

Corollary 4.3.1.7. Assume that N is a separable left €-module 2-category, and let
B be any algebra such that M ~ Mode(B) as left €-module 2-categories, then B is

separable.

Remark 4.3.1.8. Let us call two arbitrary algebras A, and B in € Morita equivalent
if Mod¢(A) ~ Mod¢(B) as left €-module 2-categories. Corollary above
may then be succinctly reformulated as the statement that separability is a Morita
invariant property. Further, rigidity is also a Morita invariant property. On one hand,
if A is a rigid algebra, then Mod¢(A) has right adjoints by theorem so that
Ends(Modg(A)) has right adjoints. On the other hand, the proof of proposition
above, proves that if End¢(Mod¢(A)) has right adjoints, then A is rigid.

We end this section by examining an example in detail.

Example 4.3.1.9. Let G be a finite group whose order is coprime to char(k). Then,
the monoidal forgetful 2-functor 2Vect; — 2Vect provides 2Vect with a canoni-
cal left 2Vectg-module structure. We claim that Endavect, (2Vect) >~ 2Rep(G) as
2-categories. Namely, let F' : 2Vect — 2Vect be a left 2Vects-module 2-functor.
As 2Vect is generated by Vect under direct sums and splittings of 2-condensation
monads, the underlying linear 2-functor F' is determined by V := F(Vect), a perfect
1-category. Further, unfolding the definition, we find that the left 2Vects-module
structure on F yields a G-action on V. But 2Vect is the Cauchy completion of the
monoidal 2-category G x 2Vect, so that this G-action on V characterizes F' com-
pletely up to equivalence. A similar argument deals with 2Vectg-module 2-natural
transformations and 2Vectg-module modifications, establishing the desired equiva-
lence Endavect, (2Vect) ~ 2Rep(G) of 2-categories. An immediate consequence of
the above equivalence is that 2Vect is a separable 2Vectg-module 2-category. Over
an algebraically closed field of characteristic zero, this equivalence was first observed
in section 3.2 of [Del22].

For later use, we now wish to upgrade this to an equivalence of monoidal 2-
categories. Observe that the identity 2Vectg-module 2-endofunctor of 2Vect cor-
responds to the object I = Vect of 2Rep(G) under the above equivalence. It
follows from the proof of lemma that 2Rep(G) is a connected compact
semisimple 2-category. By proposition , the monoidal structure on 2Rep(G)

is therefore completely determined by the braiding S on the finite semisimple ten-

sor 1-category Endarep(c)(I) ~ Rep(G). But, by proposition [4.2.1.10, 2Vect is a
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left Mod(Rep”(G))-module 2-category. Thus, by definition, there exists a braided
monoidal functor Rep”(G) — Z(Vect) = Vect. As this functor is necessarily faith-
ful, this forces the braiding 5 to be the trivial one, so that Endavect,(2Vect) ~
2Rep(G) as monoidal 2-categories.

4.3.2 Indecomposable Module 2-Categories

Let € be a compact semisimple tensor 2-category, and 991 a compact semisimple left
¢-module 2-category. It is useful to know when the compact semisimple monoidal
2-category Endg(91) has simple monoidal unit. We now explain when this is the

case.

Definition 4.3.2.1. A compact semisimple left €-module 2-category 9 is indecom-
posable if there exists a simple object M of 90T such that for any simple object N of
M, there exists an object C' in € and a non-zero 1-morphisms CLOM — N.

Example 4.3.2.2. A left 2Vect-module 2-category is indecomposable if and only if
the underlying compact semisimple 2-category is connected. More generally, if € is
a connected compact semisimple tensor 2-category, then a left €-module 2-category
is indecomposable if and only if the underlying compact semisimple 2-category is

connected.

Lemma 4.3.2.3. Let 9N be a compact semisimple left €-module 2-category. There
exists a decomposition

M~ B0
into a direct sum of indecomposable compact semisimple left €-module 2-categories.

Proof. Let €0(9) denote the finite set of equivalence classes of simple objects of 9.
Let M, N be two (equivalence classes of) simple objects in 9, we write M ~ N
if there exists an object C of € and a non-zero 1-morphism f : CLOM — N. This
relation is evidently reflexive, symmetry follows from lemma 2.2.10 of [Déc21], and
transitivity from lemma 2.2.11 of [Déc21]. Let us write O(9M)/ ~ = {X1, ..., X»},
and let 91; be the full compact semisimple sub-2-category of 9 generated under
direct sums and splittings of 2-condensation monads by the simple objects in Xj.
As the relation ~ is coarser than that of being connected, the sub-2-categories I;
and 2M; do not contain any common simple object. Furthermore, it is immediate
from the definition of ~ that 9%, inherits a left €-module structure, under which it is

indecomposable. Thence, we find 91 ~ H |9, as left €-module 2-categories. ]
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Lemma 4.3.2.4. Let M be a compact semisimple left €-module 2-category. Then,
the identity left €-module 2-functor on I splits as the direct sum of the projectors
onto the 9M;. Further, if M is separable, every such projector is a simple object of
End¢ ().

Proof. The first assertion is immediate. Let us assume that 901 is separable, and
M ~ H' 9N, be a decomposition of M as a direct sum of indecomposable compact
semisimple left €-module 2-categories. We wish to prove that the projection P; :
M — M; — M is a simple object of Ende(IM). To this end, let Q, R : 9 — M be
two €-module 2-functor such that P, = QHER. Let us additionally assume that Q(M)
is non-zero for some M (necessarily in 901;). Then, it follows from the proof of lemma
[4.3.2.3|that given any simple object N of 9;, there exists an object C' of € and a non-
zero 1-morphism CUON — M. In particular, M is the splitting of a 2-condensation
monad supported on CON. But splittings of 2-condensation monads are preserved
by all 2-functors, so that M is the splitting of a 2-condensation monad on Q(CON).
As M is non-zero, so must be Q(CON). Now, @ is a left €-module 2-functor, so
that Q(CON) ~ COQ(N), which implies that Q(N) is non-zero. Finally, we have
N = P(N) = Q(N)HB R(N), and N is simple, so that R(N) = 0 by proposition
above. As N was arbitrary, we find that R = 0, which finishes the proof of

the lemma. O

Corollary 4.3.2.5. Let I be a separable left €-module 2-category. Then M is inde-
composable if and only if Ende(9M) has simple monoidal unit.

Given the equivalence of 3-categories established in theorem [4.3.1.2] it is only
natural to examine what property of a separable algebra corresponds to indecompos-

ability of the associated module 2-category.

Definition 4.3.2.6. Let A be a separable algebra. We say that A is indecomposable

if A is simple as an A-A-bimodule.

Corollary 4.3.2.7. A separable algebra A is indecomposable if and only if Mode(A)

18 1ndecomposable.

Remark 4.3.2.8. In particular, this shows that being indecomposable is a Morita
invariant property of separable algebras in €. Further, it follows from lemma 5.2.6 that
any separable algebra A may be split into a direct sum of indecomposable separable
algebras. A direct proof of this fact is given in the proof of theorem above.
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Finally, definition [4.3.2.1] admits an obvious analogue for bimodule 2-categories.

This yields a notion of indecomposability for compact semisimple tensor 2-categories.

Definition 4.3.2.9. We say that the compact semisimple tensor 2-category € is

indecomposable if it is indecomposable as a €-€-bimodule 2-category.

The proof of lemmal4.3.2.3|can be adapted in the obvious so as to give the following

result.

Lemma 4.3.2.10. Every compact semisimple tensor 2-category € splits as a direct

sum of finitely many indecomposable compact semisimple tensor 2-categories.

4.3.3 Dual Tensor 2-Categories

In this section, we assume throughout that k is perfect. The following technical result
is needed to prove our main theorem over fields of positive characteristic. Recall that
a compact semisimple 2-category € is locally separable if for every simple object C
of €, the finite semisimple tensor 1-category Endq(C) is separable in the sense of
[DSPS21]. We remark that, over fields of characteristic zero, they show that every
finite semisimple tensor 1-category is separable, so that every compact semisimple

2-category is locally separable over such fields.

Proposition 4.3.3.1. Let € be a locally separable compact semisimple monoidal 2-

category, and A a separable algebra in €. Then, Mod¢(A) is locally separable.

Proof. By theorem[2.1.5.7], there exists a separable finite semisimple tensor 1-category
C such that Mod(C) ~ € as 2-categories. It follows from theorem [4.3.1.2] that

End(¢) ~ Bimod(C)™.

Further, as € is locally separable, theOremabove and corollary 2.5.9 of [DSPS21]
imply that Bimod(C) is compact semisimple. Then, thanks to corollary ,
we find that separable algebras in Bimod(C) are precisely given by separable fi-
nite semisimple tensor 1-categories D equipped with a monoidal functor C — D.

Now, observe that the separable algebra A in € yields a separable algebra A in
End(¢) ~ Bimod(C)™ via C' +— CUOA. Further, it follows from the definition that

Mod¢(A) ~ Mod¢(A),

where, on the right hand-side, we use the canonical right End(€)™°P-module structure

on €.
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Now, note that End(C), the finite semisimple tensor 1-category of linear endo-
functors of C, is a separable algebra in Bimod(C) via the left action of C on itself.

Further, there are equivalences of right Bimod(C)-module 2-categories
LModgimed(c)(End(C)) ~ Bimod(End(C),C) ~ Mod(C) ~ €,

as End(C) and Vect are Morita equivalent finite semisimple tensor 1-categories.

Putting everything together, we find that there are equivalences of 2-categories

MOd@(A) >~ BimodBimod(c)(End(C), .A)
~ Bimod(End(C), A) ~ Mod(End(C)™" K A).

But it follows from corollary 2.5.11 of [DSPS21] that End(C)™? X A is a separable
finite semisimple tensor 1-category, so that Mod(End(C)™? K. A) is locally separable

by theorem [2.1.5.6| O

We are now in the position to prove the following theorem.

Theorem 4.3.3.2. Let k be a perfect field, and A a separable algebra in a locally

separable compact semisimple tensor 2-category €. Then, the monoidal 2-category
El’ld@(MOd@(A)) ~ BimOdQ(A)mOp
18 a compact semisimple tensor 2-category.

Proof. The equivalence of monoidal 2-categories is an immediate consequence of the-
orem [£.3.1.2] Furthermore, it follows from theorem that the underlying 2-
category of Bimod¢(A) is compact semisimple. Thus, it only remains to establish
the existence of duals. We will show that End¢(Mod¢(A)) satisfies this property.
Namely, it follows from proposition that Modg(A) is locally separable. Then,
corollary shows that every linear 2-functor Mod¢(A) — Mod¢(A) has a
right 2-adjoint 2-functor. In particular, proposition applies to every object of
Ends(Modg(A)), which proves that Ende(Modg(A)) has right duals. By corollary
1.3.4 of [Déc22c], End¢(Modg(A)) also has left duals, which concludes the proof of
the result. ]

Remark 4.3.3.3. The assumption that € be locally separable in theorem might
not be necessary. Namely, we believe that it is possible to show directly that for
any separable algebra A in a compact semisimple tensor 2-category, the monoidal
2-category Bimod¢(A) has duals. We leave it to the interested reader to pursue this

line of investigation.
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Thanks to the above theorem, the following definition is sensible.

Definition 4.3.3.4. Let € be a locally separable compact semisimple tensor 2-
category, and let 91 be a separable left €-module 2-category. We write €3 for the com-
pact semisimple tensor 2-category End¢(90), and call it the dual tensor 2-category
to € with respect to 9.

Combining the theorem {4.3.3.2l above with corollary [2.2.2.3] we obtain the follow-

ing result.

Corollary 4.3.3.5. Let k be an algebraically closed field of characteristic zero, € a
multifusion 2-category, and M a separable left €-module 2-category. Then, €y, the

dual tensor 2-category to € with respect to M, is a multifusion 2-category.
The following corollary follows from corollary |3.2.3.10] above.

Corollary 4.3.3.6. Let G be a finite group, and 7 a 4-cocycle for G with coefficients
in k*.  Further, let H C G be a subgroup of order coprime to char(k) and v a
3-cochain for H with coefficients in k*. Then, BimoszeCtg (Vect};) is a compact

semisimple tensor 2-category.
We end this section by examining some examples of dual tensor 2-categories.

Example 4.3.3.7. Let k be an algebraically closed field, and let C be a separable fu-
sion 1-category. The locally separable compact semisimple 2-category Mod(C) admits
a canonical left 2Vect-module structure. We claim that 2Vecty,q(c) =~ Mod(Z(C))
as monoidal 2-categories. Note that Z(C) is a finite semisimple tensor 1-category
thanks to corollary 2.5.9 of [DSPS21]. Theorem provides us with an equiva-
lence of monoidal 2-categories 2Vectyjoqc) =~ Bimod(C)™. Provided k has char-
acteristic zero, theorem 1.3 of [Grel(] gives an equivalence of monoidal 2-categories
Bimod(C) ~ LMod(Z(C)), to the monoidal 2-category of finite semisimple left Z(C)-
module 1-categories. Finally, we have LMod(Z(C)) ~ Mod(Z(C)P°) as monoidal
2-categories, which concludes the proof.

Alternatively, over an arbitrary algebraically closed field k, as C is a separable
fusion 1-category, C™° X C is also a separable fusion 1-category, so that the com-
pact semisimple 2-category Bimod(C) ~ Mod(C™ X C) is connected. Thus, by
proposition in order to determine the monoidal structure on Bimod(C), it
is enough to understand the braiding on the fusion 1-category Endc.c(C) of endo-

morphisms the monoidal unit. Inspection shows that it is equivalent to Z(C)™ as
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a braided monoidal 1-category. But, there is an equivalence of braided monoidal 1-
categories Z(C)™ ~ Z(C)P°. Thus, we have Ende.c(C) ~ Z(C)?° as braided fusion

1-categories.

Example 4.3.3.8. We now discuss a generalization of example[1.3.3.7] For simplicity,
we will assume that k is an algebraically closed field of characteristic zero. Let B
be a non-degenerate braided fusion 1-category, and C a B-central fusion 1-category.
We claim that there is an equivalence of monoidal 2-categories Mod(B)3y, ac) =
Mod(A), where A is the centralizer of B in Z(C), which is non-degenerate by theorem
3.13 of [DGNO10]. By corollary 5.9 of [DMNO13], this implies further that B and A
are Witt equivalent non-degenerate braided fusion 1-categories.

In order to prove the claim, observe that, as C is a separable algebra in Mod(B),
corollary establishes that Mod(B)yeq(c) ~ Bimodmoas) (€)™ is a fusion 2-
category. Moreover, after having unfolded the definitions, we find Bimoduoa(s)(C) =~
Mod(C™? K C) as finite semisimple 2-categories. As B is non-degenerate, it follows
from theorems 2.26 and 3.20 of [BJSS21] that there is an equivalence

C"P R C ~ End(C)

of multifusion 1-categories. In particular, Bimodna(s)(C) ~ Mod(C" Xz C) is
a connected finite semisimple 2-category. The above equivalence of multifusion 1-
categories implies that A =~ Endemerx,c(C) as fusion 1-categories, so that the en-
domorphism fusion 1-category of C in Bimodwoq(s)(C) is given by A. But C is
the monoidal unit of Bimodyioq(s)(C). Thence, appealing to proposition 2.4.7 of
[Déc22d], it is enough to understand the braiding on the fusion 1-category A of en-
domorphisms of C in Bimodyiea(s)(C).

To this end, note that the forgetful 2-functor Bimodnioa(s)(C) — Bimod(C)
induces the canonical inclusion of fusion 1-categories A — Z(C)?°. But the forgetful

monoidal 2-functor
Endnioas) (Mod(C))"” — End(Mod(C))™

is identified via theorem |4.3.1.2)to Bimodwoq(s)(C) — Bimod(C). This shows that
the monoidal inclusion A < Z(C)P? is in fact braided, thereby establishing the

desired equivalence Bimodnoa(s)(C) ~ Mod(A”P) of monoidal 2-categories.

Remark 4.3.3.9. As one can readily observe from example 4.3.1.9 the non-degeneracy

condition in example [4.3.3.8 above can not be omitted in general.

We now generalize example [4.3.1.9| to finite 2-groups.

133



Proposition 4.3.3.10. Let k be a field of characteristic zero, and let G be a finite
2-group. The dual of 2Vectg with respect to 2Vect is 2Rep(G).

Proof. Observe that there is a monoidal 2-functor U : 2Vectg — 2Vect. Namely, by
definition, 2Vectg is the Cauchy completion of the monoidal 2-category G x B%k. The
monoidal 2-functor U is induced by taking the Cauchy completion of the canonical
monoidal 2-functor G x B2k — B?k. In particular, 2Vect is canonically a left 2Vectg-
module 2-category. As 2Vectg is the Cauchy completion of the monoidal 2-category
G x B2k, it follows from the 3-universal property of the Cauchy completion (see
[Déc24]) that the data of a left 2Vectg-module structure on a 2-functor, 2-natural
transformation, or modification is equivalent to the data of a left G x B?k-module
structure. Moreover, all the 2-functors that we consider are linear, so that the latter
structures are completely determined by their underlying G-module structures. This

means that we have an equivalence of monoidal 2-categories
Endsvect, (2Vect) ~ Endg(2Vect).

Furthermore, as 2Vect ~ Mod(Vect), any left G-module 2-endofunctor on 2Vect is
completely determined by its value on Vect, which is a 2-representation of G. Thus,

there is an equivalence of 2-categories

Endg(2Vect) — 2Rep(G).
F —  F(Vect)

Its pseudo-inverse is given by the 2-functor sending the 2-representation R of G to the
2-endofunctor Fg on 2Vect given by Fg(V) := RX V with left G-module structure
induced by the action of G on R. Direct inspection shows that this pseudo-inverse is

a monoidal 2-functor, so that there is an equivalence of monoidal 2-categories
Endg(2Vect) ~ 2Rep(G).

This concludes the proof as 2Rep(G) is symmetric monoidal. O]

Remark 4.3.3.11. The above proposition can be slightly generalized. Namely, monoidal
(linear) 2-functors G x B*k — B2k are parametrised up to equivalence by H3(BG, k).
Thus, given a 3-cocycle v for G with coefficients in k*, we can define a monoidal 2-
functor U” : 2Vectg — 2Vect. This endows 2Vect with a left 2Vectg-module
structure, and we write 2Vect” for this module 2-category. We again find that the
dual of 2Vectg with respect to 2Vect” is 2Rep(G). Namely, a left G-module 2-

endofunctor on 2Vect” is completely determined by its evaluation on Vect together
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with its left action by G, which is exactly the data of a 2-representation of G. Fur-
thermore, it is not necessary to assume that k has characteristic zero. The above

proof goes through so long as the characteristic of k is coprime to both |r;(G)| and

|m2(9)]-

4.3.4 Morita Equivalence

Let us fix k a perfect field. We give three equivalent characterizations of Morita
equivalence between locally separable compact semisimple tensor 2-categories. Before
doing so, we need a definition.

Let € be a compact semisimple tensor 2-category. It follows from proposition
that there is a splitting I ~ HI; of the monoidal unit of € into a finite direct

sum of simple objects.

Definition 4.3.4.1. Let 91 be a left €-module 2-category. We say that 9 is faithful
if the action of I; on 9 is non-zero for every i. Let A be an algebra in €, we say that
A is faithful if Mod¢(A) is a faithful left €&-module 2-category.

Remark 4.3.4.2. If € has simple monoidal unit, then every non-zero module 2-category
is faithful. This holds more generally if € is indecomposable. In fact, if € ~ HC, is a
splitting of € into a finite direct sum of indecomposable compact semisimple tensor
2-categories, then an algebra A in € is faithful if and only if its underlying object has

a summand in &, for every n.

Theorem 4.3.4.3. For any two locally separable compact semisimple tensor 2-categories

¢ and ® over a perfect field k, the following are equivalent:
1. The 3-categories LMod**(€) and LMod*? (D) are equivalent.

2. There exists a faithful separable left €-module 2-category M, and an equivalence

of monoidal 2-categories D™P ~ &,

3. There exists a faithful separable algebra A in €, and an equivalence of monoidal
2-categories © ~ Bimodg(A).

If any of the above equivalent conditions is satisfied, we say that € and ® are Morita

equivalent.

Proof. The equivalence between 2 and 3 follows from theorem [4.3.1.2] Let us now
assume that there is an equivalence of 3-categories F : LMod*?(¢) ~ LMod*¥ (D),
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with pseudo-inverse G. As there is a canonical equivalence of monoidal 2-categories

Endg(®) ~ D™ and G induces an equivalence
Ends (D) ~ Ende(G(D))

of monoidal 2-categories, we find that ®™P ~ Q:*G(D)' Now, suppose that there is a
simple summand /; of the monoidal unit / of € that acts as zero on G(®). Then,
we have Fung(Mod¢(/;), G(D)) = 0. On the other hand, as F is an equivalence of

3-categories, we have that
Ell’l@(MOd@(Ii), G(@)) ~ EIHQ(F(MOCI¢<IZ)), @),

and the right hand-side is non-zero by proposition [4.2.2.3] so that G(D) is a faithful
left €-module 2-category.

Conversely, let A be a faithful separable algebra A in € such that ® := Bimod¢(A)
is a locally separable compact semisimple tensor 2-category. Without loss of general-
ity, we may assume that € is strict cubical. Firstly, we claim that there is a faithful

separable algebra B in ® such that
Bimody(B) ~ ¢

as monoidal 2-categories.

To see this, recall from corollary [£.1.2.12|that separable algebras in © are precisely
separable algebras in € equipped with an algebra 1-homomorphism from A. Now, we
fix C' an object of € that has a simple summand in every connected component of €,
and write (*C, C,ic, ec, Ec, F¢) for a coherent left dual for C' in the sense of [Pst14]
(see also [Déc22c]). We take B to be the algebra in € whose underlying object is
AOCO(*C)OA, and with unit and mutliplication 1-morphisms given by

BT AT 44 22l AC(FO)A,

111m111

mP . ACCPC)AAC(FC)A —"—= AC(FC)AC(*C)A
llec11 AC(ﬁC)A,

1114*111
e

AC(C)C(FC)A

where ¢* is a right adjoint in € for the unit ¢ of A. The coherence 2-isomorphisms are
defined in the obvious way. Further, it follows from the definition that (1ic1) o m* :
A — B is an algebra 1-homomorphism in €. Moreover, we have that € ~ Mod¢(B)
as left €-module 2-categories via D +— DO(*C)0A for every D in €. Namely, as
A is faithful, AOC is a €-generator of € in the sense of definition 5.1.2 of [Déc21].
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In particular, we can apply theorem 5.1.5 of [Déc21] with M := AOC, or more
precisely the generalization given in remark 5.1.11. The assertion then follows by
combining example 4.1.3 of [Déc21] with the fact that A is a self-dual object of €
with coevaluation 1-morphism m* o ¢ and evaluation 1-morphism ¢* o m. For later
use, we also record that the 2-functor € — LMod¢(B) given by D — AOCOD is
an equivalence of right €-module 2-categories. This follows from the above argument
applied to €™°?. Finally, theorem implies that there is an equivalence of
monoidal 2-categories € — Bimod¢(B), which is given by D — AOCODO(*C)OA.
This concludes the proof of the claim.

Secondly, observe that there is a 3-functor
Fung(Modg(A), —) : LMod*¥(¢) — LMod(D).

Up to the equivalence of 3-categories of theorem [4.3.1.2 this 3-functor is equivalent
to Bimod¢ (A4, —) : Mor*#(¢€) — LMod(®). Thanks to the claim above, there is

also a 3-functor
Fung(Mody(B), —) : LMod**(®) — LMod(¢).

This last 3-functor is equivalent to Bimodg(B,—) : Mor*?(®) — LMod(¢) via
the equivalence of 3-categories of theorem [4.3.1.2] Further, up to the identification
¢ ~ Bimod¢(B), it follows from the claim above and its proof that Bimodg (B, —) ~
Mod¢(—) as left €-module 2-categories. In particular, Fung(Modg(B), —) factors
through LMod*?(¢). Putting the above discussion together, we find that there are

equivalences of 3-functors

Fung(Modg(A), Fung(Modp(B), Modgp(—)))
~ Fun¢(Mode(A), Bimodo (B, —))
~ Fung(Mod¢(A), Mode(—))
~ Bimod¢(A, —) ~ Modgp(—).
This shows that the composite of the 3-functor Fung(Modg(B), —) together with
Fung(Modg(A), —) is equivalent to the identity on LMod*? (D).
Finally, one can run the above argument starting with ® and B. This shows that

the 3-functor Fung(Modg(B), —) has both a left and a right pseudo-inverse, so that
it induces an equivalences of 3-categories LMod*? (D) ~ LMod*¥*(€) as desired. [

Let us record the following corollary of the proof of theorem [4.3.4.3]
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Corollary 4.3.4.4. Let € be a locally separable compact semisimple tensor 2-category,
and let M be a separable left €-module 2-category. Then, M is a separable left €5p-
module 2-category. Furthermore, if I is faithful, the canonical monoidal 2-functor

C — (Chn)in i an equivalence.

Proof. The first part is immediate. For the second part, we use the notations of
the proof of theorem [4.3.4.3l In particular, there is an equivalence of monoidal 2-
categories

(C)am =~ Bimod¢(B).
Under this equivalence, the canonical monoidal 2-functor € — (€3;)%; is identified
with the 2-functor € — Bimodg(B) given by D — ADCODO(*C)UA. But, this

2-functor was shown to be an equivalence in the course of the proof of theorem

4343 O

We now examine two examples.

Example 4.3.4.5. Let G be a finite group whose order is not divisible by char(k).
It follows from example above that the locally separable compact semisim-
ple tensor 2-categories 2Vects and 2Rep(G) are Morita equivalent. In particular,
the 3-categories of separable left 2Vects-module 2-categories and of separable left

2Rep(G)-module 2-categories are equivalent.

Example 4.3.4.6. Let k be algebraically closed of characteristic zero, and By, By be
two non-degenerate braided fusion 1-categories. It follows from example that
the fusion 2-categories Mod(B;) and Mod(B;) are Morita equivalent if and only if
the non-degenerate braided fusion 1-categories B; and By are Witt equivalent in the
sense of [DMNO13].

For later use, we also record the following technical lemmas, which show that

Morita equivalence is compatible with the 2-Deligne tensor product.

Lemma 4.3.4.7. Let € and ® be two compact semisimple monoidal 2-categories. For

any separable algebras A in € and B in ®, there is an equivalence
MOdq(A> X MOC].@(B) ~ MOdQ‘g@ (A X B)

of left €K D -module 2-categories.
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Proof. Thanks to the 3-universal property of the 2-Deligne tensor product obtained
in theorem 3.7 of [Déc24], the bilinear 2-functor

MOd@(A) X MOd@(B) — MOd@g@ (A X B)
(M, N) — MEKEN

induces a linear 2-functor K : Mod¢(A) X Modp(B) — Modexo (A X B). Further-
more, this 2-functor is compatible with the left € X ®-module structures. Now, it
follows from the proof of proposition above that Modege(A X B) is gener-
ated under Cauchy completion by the full sub-2-category on the objects of the form
(COD) X (AOB) with C'in € and D in ®. Likewise, it follows from its construction
that Mod¢(A) X Modg(B) is generated under Cauchy completion by the full sub-2-
category on the objects of the form (COA) X (DOB) for every C' in € and D in D.
But, we have that K((COA) X (DOB)) = (COD) K (AOB). Furthermore, it follows
by combining proposition 4.1 of [Déc24] and lemma 3.2.13 of [Déc21| that K induces
an equivalence between these two full sub-2-categories. This establishes that K is an

equivalence as desired. O

Lemma 4.3.4.8. Let € and ® be two compact semisimple tensor 2-categories. For

any separable algebras A in € and B in ®, there is an equivalence
Bimod¢(A) X Bimodyg(B) ~ Bimodexo (A X B)
of compact semisimple tensor 2-categories.

Proof. The proof is analogous to that of the previous lemma. O]

Remark 4.3.4.9. In particular, the 2-Deligne tensor product is compatible with Morita

equivalences of locally separable compact semisimple 2-categories.

139



0vt

4.4 Diagrams
4.4.1 Proof of Theorem [4.1.1.6
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Chapter 5

Drinfeld Centers and Morita
Equivalence Classes of Fusion
2-Categories

5.1 The Drinfeld Center

In this section, we begin be reviewing the definition of the Drinfeld center of a
monoidal 2-category. We go on to prove some of its elementary properties. Finally,
we show that the Drinfeld center of a multifusion 2-category is invariant under Morita

equivalence.

5.1.1 Definition

Let € be a strict cubical monoidal 2-category. We recall from [Cra98] the definition
of the Drinfeld center Z(€) of €, which is a braided monoidal 2-category (see also
[BN95]). For a version the definition of the Drinfeld center of a weak monoidal 2-
category, we refer the reader to [KTZ20].

An object of Z(€) consists of an object Z of € equipped with a half braiding,

that is an adjoint 2-natural equivalence by given on C' in € by
(by)e - zOC = COZ,

together with an invertible modification Rz given on C, D in € by

such that, for every objects C, D, F in €, we have
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(5.1)

in Home(ZCDE,CDEZ).
A l-morphism in Z(€) from (Y, by, Ry) to (Z,bz, Rz) consists of a 1-morphism
f:Y — Z in € together with an invertible modification R; given on C in € by

yoco -2 coy
fll Rf/’ llf
20C —— COZ

such that, for every objects C, D in €, we have

in Home(YCD,CDZ).
A 2-morphism in Z(€) from (f, Ry) to (g, R,), two 1-morphisms from (Y, b,, Ry)
to (Z,bz, Rz), is a 2-morphism 7 : f = ¢ in € such that, for every object C' in €, we

have

f1 @ by . f1 bz
in Home(YC,CZ).

The identity 1-morphism on the object (Z, bz, Rz) of 2°(€) is given by (Idz, Idy,).
Given two l-morphisms (f, Ry) from (X,bx,Rx) to (Y,by,Ry) and (g, R,) from
(Y,by,Ry) to (Z,bz,Rz) in Z(C) their composite is the 1-morphism (g o f, (R, o
f1)-(1g o Ry)). This endows Z(€) with the structure of a strict 2-category.

The monoidal structure of 2(€) is given as follows. The monoidal unit is I,
the monoidal unit of €, equipped with the identity adjoint 2-natural equivalence,
and identity modification. The monoidal product of two objects (Y, by, Ry) and
(Z,bz, Rz) of Z(€) is given by

(Y, by, Ry)d(Z,bz, Rz) = (YOZ, (by[1) o (10by), Ry 2),
where Ry 7 is the invertible modification given on C, D in € by
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lbzl

1’)2 by 11

(RYZ)C,D =

in Home(YZCD,CDY Z). The monoidal product of two 1-morphisms (f, Ry) and
(g, Ry) of Z(€) is given by (f, Rf)O(g, Ry) = (fOg, (R/Og) - (fOR,)). Finally, the
monoidal product of two 2-morphisms v and 0 in Z(€) is given by v[J§. Using the
interchange ¢~ of the monoidal product of €, we can upgrade the above assignment
to a 2-functor that defines a strict cubical monoidal structure on 2°(€) as in [Cra9§].
Furthermore, it follows from the definitions that the forgetful 2-functor 2(€) — € is
monoidal.

Finally, in the notation of definition 2.3 of [SP11], the braiding on Z(€) is given
as follows. For any two objects (Y, by, Ry), and (Z,bz, Rz) of Z(€), we define the
braiding b by by.z := (by)z. Further, b is promoted to an adjoint 2-natural equivalence
in an obvious using the definitions of the objects and 1-morphisms in Z(¢). For
any three objects (X,by, Rx), (Y,by, Ry), and (Z,bz, Ry) of Z(€), we also define
invertible modifications Rxyz ‘= (Rx)vz and Sxyyz = Idxyz. It follows from

[Cra9g| that these assignments define a braiding on 2(€).

5.1.2 Elementary Properties

As € is a monoidal 2-category, it has a canonical structure of €-€-bimodule 2-category
(see definition 2.1.1 of [Déc21]). We begin by the following familiar observation, which
will be generalized in proposition [5.1.3.1] below.

Lemma 5.1.2.1. There is an equivalence % (€) ~ End¢_¢(€) of monoidal 2-categories.

Proof. This is a straightforward verification. We leave the details to the keen reader.
O

Using €"°? to denote € with the opposite monoidal structure, we may equivalently

think of € as a €-€-bimodule 2-category or as a left € x €"™?-module 2-category. By

combining the above lemma with propositions|4.2.2.3land 4.2.2.4] we therefore obtain

the following result.

Corollary 5.1.2.2. If € is a rigid monoidal 2-category, then its Drinfeld center 2 (<)

15 a rigid monotidal 2-category.
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We also record the following lemma, where Z(€)™ denotes the braided monoidal
2-category obtained from 2°(€) by using the opposite braiding. More precisely, given
(Yby, Ry) and (Z,bz, Rz) in 2(€)", the braiding on the objects is given by b3, ; :
YUZ — Z0Y, the prescribed adjoint equivalence of by .

Lemma 5.1.2.3. There is an equivalence 2 (€™P) ~ Z (&)™ of braided monoidal

2-categories.
Proof. This follows by direct inspection. O]

From now on, we will work over a fixed field k. In particular, we will assume that

¢ is a monoidal k-linear 2-category.

Lemma 5.1.2.4. Let € be a Cauchy complete monoidal 2-category. Then, Z(€) is
Cauchy complete.

Proof. Let (Y,e, p,0) be a 2-condensation monad in Z(€). By hypothesis, the un-
derlying 2-condensation monad in € can be split by a 2-condensation (Y, Z, f, g, ¢,7)
and 2-isomorphism 6 : go f = e. We begin by upgrading Z to an object of Z(¢).
To this end, recall that splittings of 2-condensation monads are preserved by all 2-
functors. In particular, for any C' in €, by : YOC ~ COY induces an equivalence
between two 2-condensation monads. By the 2-universal property of the splitting of
2-condensation monads (see theorem 2.3.2 of [GJF19]), this induces an equivalence
bzco : ZUC ~ COZ. Further, thanks to the 2-universal property these 1-morphisms
assemble to given an adjoint 2-natural equivalence by. Likewise, the invertible modifi-
cation Ry induces an invertible modification Rz on Z, which satisfies equation (|b.1]).
Similarly, one can endow both f and g with the structures of 1-morphisms in 2(€),
and check that ¢, v, and 0 are 2-morphisms in Z°(€). This concludes the proof. [

Let € and ® be two Cauchy complete monoidal linear 2-categories. It follows from
theorem 5.2 of [Déc24] that the completed tensor product €®® inherits a monoidal
structure. It is therefore natural to attempt to compare its Drinfeld center with that

of € and ®. In this direction, we prove the following technical result.

Lemma 5.1.2.5. Let € and ® be two Cauchy complete monoidal 2-categories. Then,
there is a canonical braided monoidal 2-functor 2 (€)% (€) — Z(CRD) that com-

mutes with the forgetful monoidal 2-functors to €D up to equivalence.
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Proof. We claim that there is a bilinear 2-functor

Z(@)x (D) — Z(ERD).
(Y, 2) = Y®Z

Namely, given Y in 2(¢) and Z in Z(D), we can equip the object Y®Z of €D
with the adjoint 2-natural equivalence by ®b,, which is defined for all objects of €&D
of the form C®D. But, by the construction given in the proof of proposition 3.4 of
[Déc24], €D is the Cauchy completion of its full sub-2-category on the objects of the
form C&®D with C in € and D in ©. Thus, thanks to the 3-universal property of the
Cauchy completion (see [Déc22h]), by ®bz can be canonically extended to an adjoint
2-natural equivalence defined on all the objects of €®®. An analogous argument
shows that the invertible modification Ry &Ry can be canonically extended to all of
€®D. Further, it follows from its construction that this extension satisfies equation
, so that Y®Z is indeed an object of 2°(€®®). This assignment is extended to
morphisms using the same techniques.

Thanks to lemma [5.1.2.4] above and the 3-universal property of the completed
tensor product obtained in proposition 3.4 of [Déc24], the bilinear 2-functor above in-
duces a linear 2-functor 2 (€)R.2 (D) — 2 (¢®D). By construction, this is a braided

monoidal 2-functor, and it is compatible with the forgetful monoidal 2-functors. [

Example 5.1.2.6. If k is an algebraically closed field of characteristic zero and G is a
finite group. Then, the Drinfeld center 2°(2Vect¢) of the fusion 2-category 2Vectq
was shown to be a finite semisimple braided monoidal 2-category in [KTZ20]. Thence,
it follows from that 2°(2Vect) is in fact a fusion 2-category. Algebras in
Z(2Vect) are in particular G-graded finite semisimple monoidal 1-categories. But,
objects of this Drinfeld center are in addition equipped with a coherent action of G,
which is given by conjugation on grading. Thus, algebras in Z'(2Vect) are exactly
finite semisimple G-crossed monoidal categories (originally introduced in section 2.1
of [Tur00], see also definition 5.1 of |Gall7]). In fact, rigid algebras in Z'(2Vectq)
are precisely G-crossed multifusion 1-categories. In particular, we see that G-crossed

braided fusion 1-categories yield algebras in Z'(2Vect).

5.1.3 Morita Invariance

Let us now fix € a multifusion 2-category over an algebraically closed field k of char-
acteristic zero, and 91 a separable left €-module 2-category. Thanks to proposition
2.2.8 of [Déc21], we may assume without loss of generality that € and 9 are strict

cubical in the sense of definition 2.2.7 of [Déc21]. Now, it is shown in proposition
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4.2.1.10| above that 9 can be canonically viewed as a left € x €,-module 2-category.
Further, this left action is multilinear, so that we may view 97 as a left €X€5;-module

2-category.

Proposition 5.1.3.1. Let 9 be a faithful separable left €-module 2-category. Then,
there is an equivalence

(CX ) =~ Z(C)
of monoidal 2-categories.

Proof. By definition, we have that (€ X €5;)3; = Endexey, (9). In fact, as the left
action of € x €, on M is multilinear, it follows from the 3-universal property of the
2-Deligne tensor product obtained in [Déc21] that (&€ X &G )5n =~ Endexes, (M), Fur-
ther, note that left € x €j;-module 2-endofunctors on 9 are exactly left €3-module
2-endofunctors on 9 equipped with a left €-module structure, whose coherence data
consists of left €5;-module 2-natural transformations and left €3-module modifica-
tions. More succinctly, € x €j;-module 2-endofunctors are exactly 2-endofunctors
equipped with commuting left actions by € and €5;. Similar descriptions hold for left
¢x €-module 2-natural transformations, as well as left € x €;;-module modifications.

Given (Z,bz, Rz) in Z°(€), we can consider the 2-endofunctor J(Z) on 9t given
by M — ZUOM. For any F' in €3, the left €-module structure on F' yields an adjoint
2-natural equivalence (x%,,)* : F(ZOM) ~ ZOF(M) and invertible modification,
which endow J(Z) with a canonical left €,-module structure. Furthermore, J(Z) car-
ries a compatible left €-module structure given by by ;LM : COZUM ~ ZUCUM.
This assignment can be extended to morphisms in the obvious way, so that we have
a 2-functor J : Z(€) — Endexe, (). Further, it follows by inspection that J is
monoidal.

Corollary implies that the canonical monoidal 2-functor € — Ende; (901)
given by C'+ {M > CTOM} is an equivalence. In particular, objects of Endexey, (97)
are identified with 2-endofunctors M +— ZLIM for some Z in € equipped with a left
action by €. More precisely, for every C in €, we have a left €-module adjoint 2-
natural equivalence CUZUM ~ ZJCUOM. By the above equivalence of monoidal 2-
categories, this corresponds exactly to an adjoint 2-natural equivalence 0% . : CUZ =~
Z0C. An analogous argument shows that the invertible modification witnessing
the coherence of the left €-action corresponds precisely to the data of an invertible
modification Ry satisfying . This shows that J is essentially surjective on objects.
One proceeds similarly to show that J is essentially surjective on 1-morphisms and

fully faithful on 2-morphisms. This concludes the proof. n
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We are now ready to prove the main theorem of this section.

Theorem 5.1.3.2. Let € and ® be Morita equivalent multifusion 2-categories, then
there is an equivalence Z (&) ~ Z (D) of braided monoidal 2-categories.

Proof. Thanks to theorem [£.3.4.3] there exists a faithful separable left €-module 2-
category I and an equivalence © =~ (&,)™ of monoidal 2-categories. Thus, by
lemma it is enough to prove that Z(€3,)"™ ~ Z(€). Thanks to the proof
of proposition , we know that the canonical monoidal 2-functor J : Z(€) —
Endgyxe;, (M) that sends Z in Z°(€) to M — ZOM is an equivalence. But, thanks
to corollary corollary we have that D3, ~ €™ as monoidal 2-categories.
This implies that the canonical monoidal 2-functor K : 2°(&5;) — Endexeg, (9) that
sends F'in Z(&5;) to M — F(M) is an equivalence.

Now, given any object Z in Z(€), the left €-module 2-endofunctor M +— ZOM
can be canonically upgraded to an object of Z°(&},). Namely, for every object F' of
oy, the left €-module structure on F' provides us with an adjoint 2-natural equivalence
Xy : ZOF(M) ~ F(ZOM), and an invertible modification satisfying . This
define a half braiding on M — ZOM, and yields a monoidal 2-functor L : 2°(¢) —
Z(€y). Further, observe that the following diagram of monoidal 2-functors is weakly

commutative:

7(€) - r Z(Cy)

\%

Endgxggﬁ (Sﬁ) .

It follows from the first part of the proof that both J and K are equivalences, so that
L is an equivalence of monoidal 2-categories.

Finally, let (Y,by,Ry) and (Z,bz, Rz) be objects of Z(€). By the definition
recalled in section above, the braiding on L(Y') and L(Z) in 2°(y) is given by

brov Lz (M) = Xy = byyOM : YOZOM — ZOYOM.

Thus, L yields an equivalence Z(€) — 2 (&)™ of braided monoidal 2-categories.
This concludes the proof. O

Remark 5.1.3.3. The proof of theorem [5.1.3.2| constructs for every Morita equivalence
between € and ® an equivalence 2 (€) ~ Z(®) of braided monoidal 2-categories.
With € = ©, we expect that this assignment defines a homomorphism of groups
® : BrPic(€) — Aut’ (Z(€)), from the group of Morita autoequivalences of € to the

group of braided monoidal autoequivalences of 2°(€). This is a partial categorification
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of theorem 1.1 of [ENOI10]. On the other hand, it is well-known that two fusion
1-categories are Morita equivalent if and only if their Drinfeld centers are braided
equivalent (see theorem 3.1 of [ENO11]). This is not the case for fusion 2-categories!
Namely, it follows from lemma 2.16 and theorem 2.52 of [JFR24] that, for any non-
degenerate braided fusion 1-category B, there is an equivalence Z°(Mod(B)) ~ 2Vect
of braided fusion 2-category (see also proposition 4.17 of [DN21]]). Further, by example
or theorem below, Mod(B) is Morita equivalent to 2Vect if and only if
B is Witt equivalent to Vect. But, the Witt group of non-degenerate braided fusion
1-categories is known to be non-trivial (see [DMNO13]).

Corollary 5.1.3.4. There is an equivalence of braided fusion 2-categories
Z(2Vecty) ~ Z(2Rep(G)).

Remark 5.1.3.5. Corollary [5.1.3.4] has one particularly noteworthy consequence, which
we now explain. Namely, as 2 (2Vect) and Z°(2Rep(G)) are equivalent as braided
monoidal 2-categories, the associated (monoidal) 2-categories of algebras, and their
homomorphisms are equivalent. In particular, this induces an equivalence between
the full sub-2-categories on the rigid algebras. On one hand, it follows by inspection
that rigid algebras in Z°(2Vect) are precisely G-crossed multifusion 1-categories in
the sense of [Gall7] (see [Tur00] for the original definition). On the other hand, rigid
algebras in Z(2Rep(G)) are exactly multifusion 1-categories C equipped with two
braided monoidal functors Rep(G) = Z(C) lifting Rep(G) — C. This correspon-
dence appears to be new.

In addition, we also get an equivalence between the 2-categories of braided rigid
algebras. More precisely, we get an equivalence between the 2-category of G-crossed
braided multifusion 1-categories and that of braided multifusion 1-categories equipped
with a braided monoidal functor from Rep(G) (see table 1 of [DN21] for the second
identification). This is a well-known result in the theory of fusion 1-categories, which
dates back to [Kir01l] and [Miig03a].
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5.2 The Morita Theory of Connected Fusion 2-
Categories

In this section, we study the notion of Morita equivalence between connected fusion 2-
categories. Throughout, we work over an algebraically closed field k of characteristic

Zero.

5.2.1 Comparison with Witt equivalence

We begin by introducing a notion of Witt equivalence between arbitrary braided
fusion 1-categories.

Given a braided fusion 1-category B with braiding 3. We use Z)(B) to denote
the symmetric center of B, that is the full fusion sub-1-category of B on those objects
B for which

Be,s © Be,c = ldpsc

for every object C' of B. It follows from the definition that Z)(B) is a symmetric
fusion 1-category.

Let C be a B-central fusion 1-category C. We write /3 for the braiding on Z(C),
and F' : B — Z(C) for the braided monoidal functor supplying C with its central
structure. Then, we use Z(C, B) to denote the centralizer of the image of B in Z(C),
that is the full fusion sub-1-category of Z(C) on those objects Z for which

5F(B),Z o BZ,F(B) = ]dZ®F(B)
for every object B of B.

Definition 5.2.1.1. Let B; and B; be two braided fusion 1-categories whose sym-
metric centers are given by the symmetric fusion 1-category €. We say B; and B,
are Witt equivalent provided that there exists a fusion 1-category C, together with
a fully faithful braided embedding B; < Z(C) and a braided monoidal equivalence
By ~ Z(C,By)"".

Let £ be a symmetric fusion 1-category. A braided fusion 1-category over &,
also known as an E-central braided fusion 1l-category, is a pair (B, F) consisting
of a braided fusion 1-category B and a braided embedding F : & — B. We say
that (B, F), a braided fusion 1l-category over &, is non-degenerate if F' induces an
equivalence £ ~ Z9(€). In [DNOI13], the authors introduced a notion of Witt

equivalence over £ between non-degenerate braided fusion 1-categories over £. More
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precisely, (By, F1) and (Bs, Fy) are Witt equivalent over £ if there exists a fusion
1-category C, together with a fully faithful braided embedding B; — Z(C) and a
braided monoidal equivalence By ~ Z(C,B;)"" such that the two braided functors
€ — Z(C) are equivalent. We now explain how this is related to the notion of Witt

equivalence we have introduced above.

Lemma 5.2.1.2. Let By and By be two braided fusion 1-categories whose symmetric
centers are given by the symmetric fusion I1-category £. Then, By and By are Witt
equivalent in the sense of definition |5.2.1.1] if and only if there exists identifications
Fy €& ~ Z(9(By) and Fy : £ ~ Z5)(By) such that (B, Fy) and (Bs, F>) are Witt
equivalent over € as in definition 5.1 of [DNOI13].

Proof. Let us fix an identification Fy : £ ~ Z)(B;). If there exists a fusion 1-
category C, together with a fully faithful braided embedding B; — Z(C) and a

braided monoidal equivalence By ~ Z(C, B1)"", then there is a canonical identification
Fy : € ~ Z9)(B>) such that

B, K B ~ B, K¢ Z(C,B) ~ Z(C, E)

by proposition 4.3 of [DNO13]. This shows that (By, F1) and (B5%, F}") define op-
posite elements in the Witt group W(E) in the sense of [DNO13], so that (B, F})
and (Ba, F») are Witt equivalent over £ in the sense of definition 5.1 of [DNO13]. The

converse follows by running the argument in reverse. ]

Remark 5.2.1.3. We emphasize that Witt equivalence over £ does not in general co-
incide with the notion of Witt equivalence we have introduced above. Namely, given
a braided fusion 1-category B and identifications Fi, I, : € ~ Z(5)(B), then (B, F})
and (B, Fy) are Witt equivalent over £ if and only if there exists F, an autoequiv-
alence of B as a braided fusion 1-category, such that F; and F o F, are equivalent
as braided functors. But, it was pointed out to us by Dmitri Nikshych that there
exists braided fusion 1-categories B such that the canonical group homomorphism

Aut™ (B) — Aut" (Z(5)(B)) is not surjective. For instance, given a prime p > 3, the

22

braided fusion 1-category Vect Jp2z associated to the quadratic form ¢(z) := (—1)

exhibits such behaviour.

We can now state the main theorem of this section, which completely characterizes
which connected fusion 2-categories are Morita equivalent. In particular, it generalizes
example[£.3.4.6)above. The proof relies on the technical results derived in section|[5.2.2]

below.
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Theorem 5.2.1.4. Let By and By be two braided fusion 1-categories. Then, Mod(B)
and Mod(Bs) are Morita equivalent fusion 2-categories if and only if By and By have

the same symmetric center £ and they are Witt equivalent.

Proof. Assume that Mod(B;) and Mod(B,) are Morita equivalent fusion 2-categories.
Then, it follows from theorem [5.1.3.2f that

% (Mod(B,)) ~ % (Mod(By))

as braided fusion 2-categories. Thanks to lemma 2.16 of [JEFR24] or corollary |5.2.2.3
below, we find that

as symmetric fusion 1-categories. We denote by £ this symmetric fusion 1-category.
Now, as Mod(B;) and Mod(B;) are Morita equivalent fusion 2-categories, there
exists a fusion 1-category C equipped with a braided monoidal functor F': B; — Z(C),
and a monoidal equivalence Bimodyioa(s,)(C) ~ Mod(B,) of fusion 2-categories.
Let us write A for the image of B; in Z(C), which is a braided fusion 1-category by
definition. Then, it follows from proposition 4.3 of [DNOT3] and from the definitions
that
Z)(A) = Z(2(C, A)) = Z)(2(C, By))

as symmetric fusion 1-categories. On the other hand, by lemmal5.2.2.1 below, we find
that Z(C, B1)" ~ B, as braided fusion 1-categories. This implies that Z)(A) ~ &.
Thence, it follows from corollary 3.24 of [DMNO13| that F' is fully faithful, so that
B and By are Witt equivalent.

On the other hand, if B; and B, are Witt equivalent, then, by definition, there
exists a Bj-central fusion 1-category C such that By — Z(C) is a fully faithful embed-
ding, and an equivalence Z(C, B1)"" ~ B, of braided fusion 1-categories. By corollary
below, the B;-central fusion 1-category C witnesses the desired Morita equiv-

alence. []

Corollary 5.2.1.5. Let B be a braided fusion 1-category, and C a fusion 1-category
with B-central structure given by F: B — Z(C). Then, Bimodnea(s)(C) is connected
if and only if F' is fully faithful.

Remark 5.2.1.6. More generally, it would be interesting to understand the connected

components of the fusion 2-category Bimodwoqs)(C). For instance, with B =
Rep(G) for some finite group G, and C = Vect, it was shown in example |4.3.1.9
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that Bimodneqs)(C) ~ 2Vectq, which has |G| connected components. On the
other hand, with B = Rep(G x G?) and C = Rep(G), it follows from lemma
and corollary that Bimodwoeas)(C) ~ Z'(2Vecty). It was shown
in [KTZ20] that the connected components of the underlying finite semisimple 2-
category of Z°(2Vect) are parameterised by the conjugacy classes of G.

The technical results used in the proof of the above theorem will be established
below. But first, we record the following corollary. Let us fix £ a symmetric fusion 1-
category. A non-degenerate braided fusion 1-category B equipped with a fully faithful
embedding of £ is called minimal if the centralizer of £ in B is exactly £. The set
of minimal non-degenerate extensions of £ forms a group (see [LKW17]), which is
denoted by Mext(E). We say that a minimal non-degenerate extension B of & is
Witt-trivial if the class of the non-degenerate braided fusion 1-category B is trivial in
the Witt group W. This is equivalent to requiring that B is braided equivalent to the
Drinfeld center of a fusion 1-category. We note that the set of Witt-trivial minimal
non-degenerate extensions of £ is a subgroup of Mext(€) thanks to theorem 3.6.20
of [Sun22].

Corollary 5.2.1.7. Let £ be a symmetric fusion 1-category. Then, there is a bijective
correspondence between Morita autoequivalences of Mod(E) and pairs consisting of
a Witt-trivial minimal non-degenerate extension of £ and an equivalence class of

symmetric monoidal functor £ ~ &.

Proof. 1t follows readily from corollary that every Morita autoequivalence of
Mod(€) is given by an E-central fusion 1-category C such that Z(C,&) = £ together
with a braided autoequivalence of £. On the other hand, any two &£-central fusion
1-categories C; and Cy with Z(Cy,&) = € = Z(Cy, &) can induce the same Morita
equivalence only if Mod(C;) and Mod(C,) are equivalent as left Mod(&)-module
2-categories. This implies that C; and C, are Morita equivalent fusion 1-categories
so that we have an equivalence Z(C;) ~ Z(Cs) of braided fusion 1-categories (see
theorem 1.1 of [ENOI0]). Finally, Mod(C;) and Mod(C;) are equivalent as left

Mod(€)-module 2-categories if and only if the diagram of braided monoidal functors

&
OO
Z(Cy) = > Z(Cy)

commutes up to braided natural equivalence. This is the case if and only if Z(C)

and Z(C2) are equivalent minimal non-degenerate extensions of £. This concludes
the proof. O
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Remark 5.2.1.8. Let G be a finite group. It follows from the above corollary and
example 2.1 of [Nik22] that there is a bijection of sets BrPic(Mod(Rep(G))) =~
H3(G;Kk*) x Aut’ (Rep(G))). Namely, every minimal non-degenerate extension of
Rep(G) is Witt-trivial. In this case, we expect that the group homomorphism
® : BrPic(Mod(Rep(G))) — Aut”(Z(Mod(Rep(G)))) of remark is an
isomorphism.

On the other hand, the above corollary shows that BrPic(2SVect) ~ 0. Namely,
the group of minimal non-degenerate extensions of SVect is identified with Z/167Z by
example 2.2 of [Nik22], and only one of the sixteen minimal non-degenerate extensions
of SVect is Witt-trivial (see appendix A.3.2 of [DGNO10]). But, every minimal non-
degenerate extension C of SVect induces a braided autoequivalence of % (2SVect).
In detail, the left 2SVect-module 2-category Mod(C) induces a braided monoidal
2-functor Z'(2SVect) ~ 2 (2SVect X Mod(C)), and, thanks to corollary
below, the right-hand side is canonically equivalent to 2°(2SVect) X 2 (Mod(C)) ~
Z(2SVect) as a braided monoidal 2-category. In fact, it was sketched in section 2.3 of
[JE21] that this construction induces a bijection of sets Aut’ (2 (2SVect)) = Z/16Z.
We therefore expect that the map ® : BrPic(2SVect) — Aut’ (2°(2SVect)) is not
an isomorphism, so that the full version of theorem 1.1 of [ENO10] can not be naively

categorified.

Let £ be a symmetric fusion 1-category. The group W(E) of classes of non-
degenerate braided fusion 1-categories over £ up to Witt equivalence over & was
introduced in [DNO13|. The group Aut (&) acts on W(E). Namely, given F : £ ~ &
an equivalence of symmetric fusion 1-categories, and (B, F') a non-degenerate braided
fusion 1-category over &£, we can consider (B, F' o E). Further, it is clear that this
assignment is compatible with Witt equivalence over £. We write )7\/\(8) for the
quotient of W(E) under the action of Aut’(£). The next result follows by combing
lemma [5.2.1.2] with theorem [5.3.2.7]

Corollary 5.2.1.9. Morita equivalence classes of connected fusion 2-categories cor-

respond precisely to pairs consisting of a symmetric fusion 1-category € and a class

Remark 5.2.1.10. Let us fix £ a symmetric fusion 1-category. A Mod(€)-central fu-
sion 2-category, or a fusion 2-category over Mod(&), is a fusion 2-category € equipped
with a braided monoidal 2-functor F : Mod(€) — Z(€). A Morita equivalence be-
tween two Mod(&)-central fusion 2-category (&1, F;) and (€, F;) is a Morita equiv-

alence between the underlying fusion 2-categories €; and € such that the induced
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diagram of braided monoidal 2-functors
Mod(€)

D@F((’:l) — > QP(QQ)

commutes up to braided monoidal 2-natural equivalence. Now, the data of a Mod(&)-
central structure for a connected fusion 2-category Mod(B) corresponds exactly to
a symmetric monoidal functor F': £ — Z(9)(B). Namely, we have Q2 (Mod(B)) ~
Mod(Z)(B)), and any monoidal 2-functor F : Mod(£) — 2°(Mod(B)) is com-
pletely determined by the braided monoidal functor QF. In particular, if B; and
B, are braided fusion 1-categories, and Fy : £ ~ Z(9(B1) and F : £ ~ Z9)(B;) are
equivalences of symmetric fusion 1-categories, it follows from theorem [5.2.1.4] that the
Mod(€)-central fusion 2-category (Mod(B;), Mod(F})) and (Mod(B,), Mod(F}))
are Morita equivalent if and only if (B, F1) and (Bg, I,) are Witt equivalent over &£
in the sense of [DNO13].

5.2.2 Technical Results

We establish the technical lemmas that were used in the proof of theorem [5.2.1.4]

Lemma 5.2.2.1. Let B be a braided fusion 1-category, and C a B-central fusion

1-category. There is an equivalence
Bimodpeas) (C)” ~ Mod(Z(C, B)"")
of monoidal 2-categories.

Proof. We have seen in example [2.3.4.3| above that there is an equivalence of 2-
categories
BimOdMod(B) (C) >~ MOd(CmOp &B C)

Further, as observed in remark [3.2.3.6] the 2-category on the left hand-side is the 2-
category of finite semisimple B-balanced C-C-bimodule 1-categories as considered in
section 3.4 of [Lau20]. Now, C with its canonical B-balanced C-C-bimodule structure
is the monoidal unit of Bimodaea(s)(C). Let us write End5.(C) for the braided
fusion 1-category of endomorphisms of C in Bimodnoq(s) (C). Now, observe that the
forgetful 2-functor

Bimodyieq(s)(C) — Bimod(C)

169



is monoidal. On the monoidal unit, this 2-functor induces a braided monoidal func-
tor End3.(C) — Endcc(C). But, by example [4.3.3.7, we know that there is an
equivalence Endec(C) ~ Z(C)™ of braided fusion 1-categories. Moreover, it fol-
lows from definition 3.24 of [Lau20] that End5.(C) is the full fusion sub-1-category
of Endec(C) ~ Z(C)™ on those objects centralizing the image of B™" in Z(C)".
Thus, we find that End5.(C) ~ Z(C,B)" as braided fusion 1-categories. Finally,
the proof is concluded by appealing to proposition 2.4.7 of [Déc22c]. ]

Remark 5.2.2.2. As already mentioned in remark [Lau20] works with B-
augmented tensor 1-categories, which are B-balanced tensor 1-categories equipped
with additional structure. Nonetheless, the results of section 3.4 of |[Lau20] hold for
any B-central tensor 1-category. On the other hand, this is not the case for all the
results of section 3 of [Lau20]. More precisely, corollary 3.46 of [Lau20] does not hold
for an arbitrary B-central tensor 1-category. Namely, if B = Rep(G), and C = Vect,
then C™P K C ~ H e Vect and C is not a faithful C™” Xy C-module 1-category.

We recover lemma 2.16 of [JER24].

Corollary 5.2.2.3. Let B be a braided fusion 1-category, then we have
fo(MOd(B)) ~ Z(2)<B).

Proof. Thanks to lemma we can identify 2°(Mod(B)) with the dual to the
fusion 2-category Mod (B’ X B) with respect to Mod(B). It follows from corollary
4.4 of [DNO13| and theorem 3.10 (ii) of [DGNOI0] that Z(B, B X B) ~ Z)(B),
which establishes the result. O

We now give a sufficient criterion for the fusion 2-category Bimodpeas)(C) to

be connected.

Lemma 5.2.2.4. Let B be a braided fusion 1-category, and C a B-central fusion 1-
category such that the composite B — C is fully faithful. Then, Bimodeas)(C) is a

connected fusion 2-category.

Proof. Let us identify Bimodeas)(C) ~ Mod(C™ g C) as 2-categories. Thanks
to proposition 2.3.5 of [Déc22b], in order to prove that this finite semisimple 2-
category is connected, it is enough to show that C™ Kz C is a fusion 1-category.
But, the canonical functor C"™? X C — C™? Kz C is monoidal. Further, the im-
age of B in C may be identified with B by hypothesis. Thus, the monoidal unit of
C™mP K C is given by the image of the monoidal unit I X I of B™? X B under the
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canonical monoidal functor B™? X B — B™P Xz B ~ B. As B is a fusion 1-category

by hypothesis, the proof is complete. O
We need the following slightly more general version of the previous lemma.

Lemma 5.2.2.5. Let B be a braided fusion 1-category, and C a fusion 1-category with
B-central structure F' : B — Z(C) given by a fully faithful braided monoidal functor.

Then, Bimodyioq(s) (C) is a connected fusion 2-category.

Proof. Let us consider the fusion 2-category Bimodnioq(s)(Z(C)), where Z(C) is
endowed with its canonical B-central structure. Thanks to lemma [5.2.2.4] above, it is
connected. On the other hand, by theorem [4.3.3.2] above, there is an equivalence of

fusion 2-categories
Bimodyieq(s)(Z(C)) ~ Bimodyeas) (C™ X C).
More precisely, C™? X C is equipped with the braided monoidal functor
BL Z(C)—» Z(C™PYR Z(C) ~ Z(C"P K C).

Then, as Z(C) and C™ X C are Morita equivalent fusion 1-categories, Mod(Z(C))
and Mod(C™? X C) are equivalent finite semisimple 2-categories. Furthermore, this
Morita equivalence of fusion 1-categories is compatible with the B-central structures

as the following diagram of braided monoidal functors commute

Z(Cmr R C) = Z(2(0)).

But, as the B-central structure on C™° X C factors through C, we have that
BimodMod(B) (Cmop X C) >~ BimOd(CmOp> X BimodMod(B) (C)

as fusion 2-categories. Finally, Bimod(C™?) and Mod(Z(C™)) are equivalent fu-
sion 2-categories (see example |4.3.3.7| above). But, thanks to lemma 4.3 of [Déc24],
the set of connected components of a 2-Deligne tensor product is the product of the

set of connected components, so that Bimodyoq(s) (C) is indeed connected. ]

Corollary 5.2.2.6. Let B be a braided fusion 1-category, and C be a B-central fusion
1-category such that the braided monoidal functor B — Z(C) is fully faithful. Then,
the dual to Mod(B) with respect to Mod(C) is given by Mod(Z(C, B)).
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5.3 Fusion 2-Categories up to Morita Equivalence

We analyze the Morita equivalence classes of fusion 2-categories. More precisely, we
show that every fusion 2-category is Morita equivalent to the 2-Deligne tensor prod-
uct of a strongly fusion 2-category and an invertible fusion 2-category. Further, we
show that every strongly fusion 2-category is Morita equivalent to a connected fusion
2-category. In particular, this establishes that every fusion 2-category is Morita equiv-
alent to a connected fusion 2-category. Throughout, we work over a fixed algebraically

closed field k of characteristic zero.

5.3.1 Strongly Fusion and Invertible

We begin by introducing invertible multifusion 2-categories, and we characterize them

explicitly.
Definition 5.3.1.1. A multifusion 2-category € is invertible if Z(¢) ~ 2Vect.

Remark 5.3.1.2. Let € be an invertible multifusion 2-category. It follows from propo-
sition that € is separable as a left € X €™?-module 2-category. Then, lemma
implies that the Morita equivalence class of € X €™ is trivial. This justifies
the name. In fact, thanks to theorem the latter gives an equivalent character-

ization of invertibility.

Lemma 5.3.1.3. A fusion 2-category is invertible if and only if it is equivalent to

Mod(B) with B a non-degenerate braided fusion 1-category.

Proof. Let € be an invertible fusion 2-category. This means that the dual to €X &™meP
with respect to € is 2Vect. Thanks to corollary [£.3.4.4] this implies that the dual
to 2Vect with respect to € is € X €™°P, Thus, by combining proposition and
corollary [£.3.2.5 we get that € is indecomposable as a finite semisimple 2-category,
i.e. it is connected. Let B be a braided fusion 1-category such that Mod(B) ~ € as
fusion 2-category. As 2'(Mod(B)) ~ 2Vect, it follows from lemma 2.16 of [JFR24],
or corollary above, that Z)(B) ~ Vect, so that B is non-degenerate. O

Let us now recall the following definition from [JFY21].

Definition 5.3.1.4. A bosonic strongly fusion 2-category is fusion 2-category € for
which 2€ ~ Vect as braided fusion 1-categories. A fermionic strongly fusion 2-
category is fusion 2-category € for which Q€ ~ SVect, the symmetric fusion 1-

category of super vector spaces.
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Before stating the first theorem of this section, we will establish a technical lemma.

In order to do so, it is convenient to introduce the generalize the above terminology.

Definition 5.3.1.5. We say that a fusion 2-category € is bosonic if the symmetric fu-
sion 1-category Z(9)(2€) is Tannakian, i.e. there exists a symmetric monoidal functor
Z2)(2€) — Vect. Otherwise, we say that € is fermionic.

Lemma 5.3.1.6. Every bosonic fusion 2-category € is Morita equivalent to a fusion
2-category ® with Q2 a non-degenerate braided fusion 1-category. Everey fermionic
fusion 2-category € is Morita equivalent to a fusion 2-category © with Q2 a slightly-
degenerate braided fusion 1-category, i.e. Z()(£29) = SVect.

Proof. Let € be a bosonic fusion 1-category. We write £ := Z5)(2€). By hypothesis,
there exists a symmetric monoidal functor £€ — Vect. We define a braided fusion
1-category D := Q€K Vect. By proposition 4.30 of [DGNOI0], D is non-degenerate.
Further, we view D as a connected rigid algebra in Mod(Q€) ~ €° using the canonical
braided monoidal functor Q€ — D — Z(D). It follows from example 2.3.4.3|that D is
a separable algebra. Thus, by theorem[4.3.4.3] the multifusion 2-category Bimode¢(D)
is Morita equivalent to €. Further, as D is connected, it is necessarily indecomposable,
so that it follows from corollary [£.3.2.5 that Bimod¢ (D) is in fact a fusion 2-category,
and we set © := Bimodg(D). It remains to analyze D°. As D is an algebra in
€9, corollary 2.3.6 of [Déc22c] shows that the underlying object of any simple D-D-
bimodule in € is contained in a single connected component of €. In particular, we

have an equivalence
D" ~ (Bimodg (D)) ~ (Bimoded(ae) (D))"
of fusion 2-categories. Moreover, it was shown in lemma above that
(Bimodoea(ae) (D))’ ~ Mod(Z(D, Q¢))

as fusion 2-categories. Finally, as D is non-degenerate, we have that Z(D) ~ DX D"
by proposition 3.7 of [DGNOI10]. Further, the canonical braided monoidal functor
Q€ — D is surjective (in the sense of definition 2.1 of [DGNO10]), so that Z(D, Q€) ~
Drev as braided fusion 1-categories. This concludes the proof in this case.

If € is fermionic, then it follows from [Del02] that there exists a dominant sym-
metric monoidal functor £ — SVect. We then define a braided fusion 1-category
D = Q€ K¢ SVect. By proposition 4.30 of [DGNOI0], D is slightly-degenerate.
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Then, the argument used above shows that © := Bimodweae) (D) is a fusion 2-
category with D% ~ Mod(Z(D, Q¢)) as fusion 2-categories. It follows from proposi-
tion 4.3 of [DNO13] that Z(D, Q¢) is slightly-degenerate as desired, thereby finishing
the proof. n

Theorem 5.3.1.7. Every bosonic, respectively fermionic, fusion 2-category is Morita
equivalent to the 2-Deligne tensor product of a bosonic, respectively fermionic, strongly

fusion 2-category and an invertible fusion 2-category.

Proof. Let € be a fusion 2-category, and write £ for the symmetric fusion 1-category
Z2)(2C). We treat the cases of bosonic and fermionic fusion 2-categories separately.
Case 1: We assume that the fusion 2-category € is bosonic. In that case, it follows
from lemma that there exists a fusion 2-category © that is Morita equivalent
to €, and such that B := Q9 is a non-degenerate braided fusion 1-category. Let
us now define § := © X Mod(B"*"), so that QF ~ B X B’ by proposition 5.1
of [Déc24]. In particular, equipping B with the canonical braided monoidal functor
BX B — Z(B), we can view B as a separable algebra in the fusion 2-category
Mod(BX B") ~ F°. Let us write & for the fusion 2-category given by Bimodg(B).

By example [4.3.3.7], see also lemma [5.2.2.5] we find that
6 = Bimodg (B) ~ 2Vect.

This shows that & is a bosonic strongly fusion 2-category.

Finally, it follows from lemma that Morita equivalence is compatible with

the 2-Deligne tensor product. As 2Vect is Morita equivalent to Mod(5"¢")XMod(B),
we have that € is Morita equivalent to the fusion 2-category €XMod(B™")XMod(B).
Furthermore, the above discussion shows that € X Mod(B"") X Mod(B) is Morita
equivalent to & X Mod(B). But, Morita equivalence is an equivalence relation by
theorem [4.3.4.3] so that we get the desired result in this case.
Case 2: We assume that the fusion 2-category € is fermionic. In that case, it follows
from lemma that there exists a fusion 2-category ® that is Morita equivalent
to €, and such that B := Q9 is a slightly degenerate braided fusion 1-category. Now,
thank to the main theorem of [JER24], there exists a non-degenerate braided fusion
1-category C together with a braided embedding B C C, such that the centralizer of
B in C is exactly SVect. Let us write € for the fusion 2-category Bimodg(C). By
lemma [5.2.2.5| above, we find that

¢’ = Bimodgo(C) ~ Mod(SVect X C").

174



Namely, as C is a non-degenerate braided fusion 1-category, we have that Z(C) ~
C X C™ by proposition 3.7 of [DGNO10], so that Z(C, B) ~ SVect KC" as braided
fusion 1-categories. Then, we consider the fusion 2-category § := € X Mod(C).
Using the same argument as the one used in the proof of the first case, we find that
& := Bimod;(C) is a fermionic strongly fusion 2-category.

Finally, as 2Vect is Morita equivalent to Mod(C) XMod(C™"), we have that € is
Morita equivalent to the fusion 2-category € X Mod(C) X Mod(C"). Furthermore,
the above discussion implies that € X Mod(C) XK Mod(C") is Morita equivalent to
& X Mod(C™"). This concludes the proof. O

Remark 5.3.1.8. We emphasize that the invertible fusion 2-category supplied by the-
orem is not unique. Namely, if C is any minimal non-degenerate extension
of SVect, then it follows from theorem that 2SVect X Mod(C) is Morita
equivalent to 2SVect. Further, in the fermionic case, the strongly fusion 2-categories
is not quite unique either, as will be explained in [JE]. On the other hand, we expect
that in the bosonic case the strongly fusion 2-category supplied by theorem is
unique up to monoidal equivalence, and that the invertible fusion 2-category is unique

up to Morita equivalence.

5.3.2 Connected

We presently establish the second main theorem of this section.

Theorem 5.3.2.1. Every fusion 2-category is Morita equivalent to a connected fusion

2-category.

Proof. By theorem every fusion 2-category is Morita equivalent to the 2-
Deligne tensor product of a strongly fusion 2-category and an invertible fusion 2-
category. It is therefore enough to establish that every strongly fusion 2-category is
Morita equivalent to a connected fusion 2-category.

We fix € a strongly fusion 2-category, and write €* for the monoidal sub-2-category
of € on the invertible objects and the invertible morphisms. As € is a monoidal k-
linear 2-category, there is an equivalence of monoidal 2-categories €* ~ G x™ B2k*
for some finite 2-group G and 4-cocycle 7 for G with coefficients in k*. We consider
the fusion 2-category 2Vectg from example Then, the monoidal inclusion
¢* — € induces a monoidal 2-functor J : 2Vect; — €. This follows from the fact
2Vectg is constructed from €* through linearization, local Cauchy completion, and

Cauchy completion, which are all operations satisfying sufficient universal properties.
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Moreover, because € is a strongly fusion 2-category, the main results of [JEY21] yield
that every simple object of € in invertible. As a consequence, we find that J is
essentially surjective on objects.

Now, if follows lemma below that there exists a finite group H and a
monoidal 2-functor H x B2k* — G x™ B%2k* ~ ¢*, which is essentially surjective on
objects. After linearization, local Cauchy completion, and Cauchy completion, this
yields a monoidal 2-functor K : 2Vecty — 2Vect between fusion 2-categories such
that the composite J o K is essentially surjective on objects. The fusion 1-category
Vect ; equipped with the non-trivial grading by H defines a connected rigid algebra in
2Vecty, which is separable thanks to corollary [3.2.3.8] We write A for the separable
algebra J(K(Vecty)) in €. We note that A is connected. In fact, its unit 1-morphism
1 : I — Ais given by the inclusion of the monoidal unit of €. This holds as the unit
I-morphism of the algebra Vecty is given by the inclusion of the monoidal unit of
2Vecty. In addition, we also record that, by construction, the underlying object of
A contains every simple object of € as a direct summand.

Finally, we check that Bimod¢(A) is a connected fusion 2-category. As A is
connected, it is a fortiori indecomposable, which ensures that Bimodg(A) is a fusion
2-category by corollary [£.3.2.5] Let P be any simple A-A-bimodule. There exists a
simple object C' of € and a non-zero 1-morphism AOCOA — P of A-A-bimodules.
For instance, pick any summand of P viewed as an object of €, and consider the
induced map of A-A-bimodules. We claim that ALJCOA is a simple A-A-bimodule.

Namely, under the adjunction
Homa 4(AOCUOA, ADCOA) ~ Home(C, AOCOA),

the identity A-A-bimodule 1-morphism on P corresponds to the 1-morphism (171 d-[Ji
in €. But, the 1I-morphism ¢ : [ < A is the inclusion of a summand by construc-
tion. As every simple object of € is invertible, it follows that i(1ldc[i is a simple
1-morphism in €, which establishes that ACICJA is a simple A-A-bimodule. Now, ob-
serve that the composite A-A-bimodule 1-morphism ACOCOA — ACJACA — ACJA is
non-zero. Thence, every simple object of Bimodg(A) is in the connected component

of the simple object ACJA, concluding the proof of the theorem. O

Lemma 5.3.2.2. Let G be any finite 2-group, and w any 4-cocycle for G with co-
efficients in k*. Then, there exists a finite group H and an essentially surjective

monotdal functor K : H — G such that the pullback of m along K is a coboundary.
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Proof. Let us write G := m1(G) for the finite group of equivalence classes of objects of
G, and A := my(G) for the finite abelian group of automorphisms of the monoidal unit
of G. Further, G acts on A by conjugation. It was shown in [Sin75] that the finite
2-group G is uniquely determined by the above data together with w, a 3-cocycle for
G with coefficients in A. In order to prove the lemma, we begin by observing that
there exists a finite group é’, and a surjective group homomorphism p : G — G such
that p*w is a coboundary. Namely, the case when A is cyclic is proven in [Opo94],
and the general case follows from the Lyndon—Hochschild—Serre spectral sequence
[HS53] using a similar argument. In particular, the data of p together with a cochain
trivializing p*w induces an essentially surjective monoidal functor p : G—G. Then,
p*m, the pullback of 7 along p, is a 4-cocycle for G with coefficients in k*. By theorem
1 of [Opo94], there exists a finite group H and a surjective group homomorphism
q: H— G such that ¢*p*m is a coboundary. Taking K := p o ¢ concludes the proof

of the lemma. O

Remark 5.3.2.3. Tt follows from theorem [5.3.2.1] and corollary that Morita
equivalence classes of fusion 2-categories correspond exactly to pairs consisting of
a symmetric fusion l-category £ and a class in )7\/\(8), the quotient of the Witt
group W(E) under the action of Aut’(£). Furthermore, it was shown in theorem
5.5 of [DNO13] that every class in W(E) is represented by a unique completely E-
anisotropic braided fusion 1-category over £. Thus, every class in )7\/\(8) is repre-
sented by a unique completely £-anisotropic braided fusion 1-category. Fixing B a
completely £-anisotropic braided fusion 1-category, the fusion 2-categories that are
Morita equivalent to Mod(B) are classified by the indecomposable finite semisimple
left Mod(B)-module 2-categories. By theorem , the later are exactly given by

the Morita equivalence classes of B-central fusion 1-categories.

Our last theorem has the following interesting consequence.

Corollary 5.3.2.4. The property of being bosonic, respectively fermionic, is preserved

under Morita equivalence of fusion 2-categories.

Proof. Let B be a braided fusion 1-category, and C be a B-central fusion 1-category.
We will show that the symmetric center of Z(C, B) is Tannakian if and only if the
symmetric center of B is Tannakian. By virtue of theorem [5.3.2.1] and lemma [5.2.2.1},
this yields the statement of the corollary. Let us write A for the image of B in Z(C),
which is a braided fusion 1-category, and note that Z(C,B) ~ Z(C,.A) as braided
fusion 1-categories. It follows from corollary 3.2.4 of [DMNO13| that the symmetric
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center of A is Tannakian if and only symmetric center of B is Tannakian. Finally,
proposition 4.3 of [DNOI3| establishes that Z)(A) ~ Z2(Z2(C,.A)) as symmetric

fusion 1-categories. This concludes the proof of the claim. O
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5.4 Separability

We begin by proving that every rigid algebra in a fusion 2-category is separable. As a
consequence, we find that every multifusion 2-category is separable. Following [JE22],
we comment on the relation between the separability of multifusion 2-categories and
the fact that multifusion 2-categories are fully dualizable objects of an appropriate
symmetric monoidal 4-category. We also introduce a notion of dimension for fusion
2-categories, and check that it is always non-vanishing. Finally, we show that the
Drinfeld center of any fusion 2-category is a finite semisimple 2-category. Throughout,

we work over a fixed algebraically closed field k of characteristic zero.

5.4.1 Rigid Algebras

Thanks to theorem [5.3.2.1} we have an extremely good control over the Morita equiv-
alence classes of fusion 2-categories. We use this to prove the following deep result
on the structure of rigid algebras in fusion 2-categories, which internalizes corollary
2.6.8 of [DSPS21], and positively answers a question raised in [JER24].

Theorem 5.4.1.1. Every rigid algebra in a fusion 2-category is separable.

Proof. Let € be any fusion 2-category. Thanks to theorems [4.3.4.3 and [5.3.2.1] there

exists a connected fusion 2-category ®, a separable algebra A in ©, and a monoidal

equivalence € ~ Bimodg(A) of fusion 2-categories. Under the above equivalence,
it follows from corollary that any rigid algebra in € corresponds to a rigid
algebra B in © equipped with an algebra 1-homomorphism A — B. But, as ®
is connected, remark implies that B is a separable algebra in ©. Thence,
corollary demonstrates that the corresponding rigid algebra in € is separable
as desired. O

Corollary 5.4.1.2. FEvery rigid algebra in a multifusion 2-category is separable.

Proof. Every multifusion 2-categories can be split into a direct sum of finitely many
indecomposable multifusion 2-categories by lemma [4.3.2.10] In particular, this in-
duces a decomposition of any algebra into a finite direct sum of algebras contained
in exactly one indecomposable multifusion 2-category. It is therefore enough to show
that any rigid algebra in an indecomposable multifusion 2-category is separable. In
order to see this, note that every indecomposable multifusion 2-category is Morita
equivalent to a fusion 2-category as can be seen from remark [£.3.4.2] The result then

follows from the proof of theorem [5.4.1.1] above. O
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By combining the last corollary with theorems 5.1.5 and 5.4.7 of [Déc21], we get

the following result.

Corollary 5.4.1.3. FEvery finite semisimple module 2-category over a multifusion

2-category is separable.

Remark 5.4.1.4. Provided we are working over an algebraically closed field of char-
acteristic zero, we find a posteriori that all the results of section hold even with
the separability hypothesis removed. In particular, for any multifusion 2-category €,
there is an equivalence between the Morita 3-category of rigid algebra in € and the
3-category of finite semisimple left €-module 2-categories. This verifies the content
of remark 5.4.9 of [Déc21].

Remark 5.4.1.5. Let € be a multifusion 2-category. As a consequence of the above re-
sults, one can show that the relative 2-Deligne tensor product of any finite semisimple
¢-module 2-categories exists. In particular, it then follows from [JES17] that multifu-
sion 2-categories, finite semisimple bimodule 2-categories, and bimodule morphisms
form a symmetric monoidal 4-category, which we denote by F2C. Let us also consider
BrFus, the Morita 4-category of braided multifusion 1-categories studied in [BJS21].
We expect that the assignment

Mod(—) : BrFus — F2C

given by sending a braided multifusion 1-category B to the associated multifusion
2-category Mod(B) extends to a symmetric monoidal 4-functor (see the second proof
of theorem 1 of [JE22] for a related result). Theorem proves that the 4-functor
Mod is essentially surjective on objects. Moreover, it follows from theorem
and lemma 2.2.6 of [Déc21] that Mod induces equivalence between Hom-3-categories.
Thus, provided it exists, the symmetric monoidal 4-functor Mod is an equivalence.
As braided multifusion 1-categories are fully dualizable objects of BrFus thanks to
[BJS21], it would then follow that multifusion 2-categories are fully dualizable objects
of F2C. We give another approach to establishing the full dualizability of multifusion

2-categories in remark |5.4.2.4] below.

5.4.2 Fusion 2-Categories

We work with a fixed multifusion 2-category €. The following definition categorifies
definition 2.5.8 of [DSPS21].
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Definition 5.4.2.1. The multifusion 2-category € is called separable if it is separable

as a finite semisimple left € X €™?-module 2-category.

We now associate a canonical rigid algebra to any multifusion 2-category. This
construction should be compared with that of section 2.6 of [DSPS21], in which a

canonical Frobenius algebra is associated to any fusion 1-category.

Construction 5.4.2.2. As € X €™ is a multifusion 2-category acting on the finite
semisimple 2-category €, it follows from theorem 4.2.2 of [Déc21] that € can be given
the structure of a € X €™P-enriched 2-category. More precisely, for any C, D in €,
the Hom-object Hom(C, D) in € X €™ is characterized by the adjoint 2-natural
equivalence

Home(HOC, D) ~ Homegemer (H, Hom(C, D)),

for every H in € X €™, [t was established in proposition 4.1.1 of [Déc21] that such
an object Hom(C, D) of €X &P always exists. We write R for the algebra End(I)
in € X ¢ and observe that R¢ is rigid by theorem 5.4.7 of [Déc21]. Moreover,
the monoidal unit I of € generates € under the action of € X €™ in the sense of
definition 5.1.2 of [Déc21]. Thus, by theorem 5.1.5 of [Déc21], there is an equivalence

Q: ~ Modgggmop (RQ‘)

of left €XIEC™P-module 2-categories. For later use, let us also record that, if we assume
that € is a fusion 2-category, then R¢ is connected. Namely, its unit 1-morphism

corresponds to the identity 1-morphism I — I under the adjunction above.

Thanks to theorem 5.4.1.1}and corollary [5.4.1.2] the rigid algebra R is in fact sep-
arable. This yields the following result, which categorifies corollary 2.6.8 of [DSPS21].

Corollary 5.4.2.3. FEvery multifusion 2-category is separable.

Remark 5.4.2.4. We now comment on the relation between 4-dualizability and sep-
arability for multifusion 2-categories. We begin by recalling the setup considered
in section 2 of [JE22]. Let us write Cau2Caty for the linear 3-category of Cauchy
complete k-linear 2-categories, and note that the completed tensor product & en-
dows this 3-category with a symmetric monoidal structure. We will assume that
Cau2Cat, is closed under colimits and that ® preserves them. Then, thanks to the
results of section 8 of [JES17], we can consider the symmetric monoidal 4-category
Mor;(Cau2Caty) of Cauchy complete monoidal 2-categories, Cauchy complete bi-

module 2-categories, and bimodule morphisms. Theorem 1 of [JF22] then sketches
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a proof of the fact that a multifusion 2-category € is a fully dualizable object, that
is a 4-dualizable object, of Mor;(Cau2Caty) if and only if it is 2-dualizable. More
precisely, let T': € X €™P — € denote the canonical left € X €™P-module 2-functor.
The proof of theorem 1 of [JF22] outlines that the multifusion 2-category € yields a
4-dualizable object of Mor;(Cau2Caty) if and only if there exists a left € X ¢"P-
module 2-functor A : € — € X €™ guch that the composite left € X €™°P-module
2-endofunctor To A on € can be extended to a 3-condensation in the sense of [GJEF19]
with splitting Idg as a € X €™P-module 2-functor.

We now argue that this is possible given that the multifusion 2-category € is
separable. Through the equivalence of left € X €™°P-module 2-categories of con-
struction [5.4.2.2] the 2-functor T is identified with the left € X €™P-module 2-
functor € X €M — Modegemor(Re) given by H +— HORe. We let A be the
forgetful 2-functor Modggemor(Re) — € X €™P. Then, the composite T o A :
Modegemor(Re) — Modggemor (Re) is identified with the 2-functor H — HOR.
But, theorem 4.3.1.2] exhibits an equivalence between the Morita 3-category of sep-
arable algebras in € X €™ and the 3-category of separable left € X ¢€™P-module
2-categories. Under this equivalence, the composite left € X €™°P-module 2-functor
T o A corresponds to the R¢-Re-bimodule Re[IRy. Conversely, the identity left
CXEmP-module 2-functor Idg corresponds to the Re¢-Re-bimodule Re. Finally, as €
is separable, then R is a separable algebra, so that the Re-Re-bimodule Re[dR¢ can
be extended to a 3-condensation with splitting Re. We therefore find that 7o A can

be extended to a 3-condensation with splitting /de, which proves the desired result.

We explain how to categorify the notion of the global (also called categorical)
dimension of a fusion 1-category. If € is a fusion 2-category, we have obtained in con-
struction a connected rigid algebra R¢ in €XE™P. Then, via the construction
given in section , one can associate to R¢ a well-defined scalar Dimgggmor (Re),

called its dimension.
Definition 5.4.2.5. The dimension of a fusion 2-category € is
Dim(€) := Dimeggemer (Re).

Thanks to theorem [5.4.1.1] the rigid algebra R is actually separable. Combining
this observation with theorem |3.2.2.4] yields the following result, which categorifies
theorem 2.3 of [ENOO5].

Corollary 5.4.2.6. The dimension Dim(€&) of any fusion 2-category € is non-zero.
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Remark 5.4.2.7. A notion of dimension for finite semisimple 2-categories was intro-
duced in definition 1.2.28 of [DR18]. We do not know how this notion compares with
ours in general, though these two notions agree in the examples considered below.
However, we point out that there is a priori no reason to expect that they agree, as

the definition given in [DRI8] does not take into account the rigid monoidal structure.

Example 5.4.2.8. Let € be a bosonic strongly fusion 2-category, so that € is equiv-
alent to 2Vecty, for some finite group G and 4-cocycle 7 for G with coefficients in
Lk*. Without loss of generality, we set € := 2Vect[. Then, direct inspection shows

that we have
¢ X ¢™P = 2Vect, K (2Vecty )" ~ 2VectT %y,

as fusion 2-categories. By construction [5.4.2.2] we have that € ~ Modgemor(Re).
Now, given two elements g,h € G, we write Vect(, ) for the simple object of
2Vec gxngp given by Vect with grading (g, h). It follows from the definition above
that

Re = HyeaVect g 4-1)

as an object of € X €™, On the other hand, let ® be the fusion sub-2-category of
2Vectgxx7gfp generated by the simple objects of the form Vect, ,-1) with g € G. It is
clear that ® ~ 2Vect, and that R¢ is a connected rigid algebra in ©. It therefore
follows from corollary [3.2.3.9that R¢ has dimension |G/, so that Dim(2Vectf,) = |G|.

In this case, we note that the dimension of 2Vectg, in the sense of [DR1§] is also |G].

Example 5.4.2.9. Let B be a braided fusion 1-category, and write dim(B) for its
global dimension. We now compute the dimension of the connected fusion 2-category
Mod(B). In order to do so, we consider Mod(B) as a left module 2-category over
Mod(B) X Mod(B)" ~ Mod(B X B""). In this case, we find that the canonical
rigid algebra Rmoa(s) in Mod (B X B™") is given by B equipped with its canonical
B X B"’-central structure. In particular, it follows from proposition above
that
Dim(Mod(B)) = 1/dim(B).

In particular, for connected fusion 2-categories, our notion of dimension coincides
with that introduced in [DRI§|. Further, the above equality shows that the dimen-
sion of a fusion 2-category is not invariant under Morita equivalence. Namely, for
any finite group G, we have Dim(2Rep(G)) = 1/|G|, but we have seen above that
Dim(2Vects) = |G|.
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5.4.3 Finite Semisimplicity of the Drinfeld Center

In the previous section, we have associated a canonical separable algebra R¢ to any
multifusion 2-category € such that € ~ Modggemor(Re) as left € X €"P-module
2-categories. It then follows from theorem 4.3.1.2f and lemma [5.1.2.1] above that

Bimodm@mop (R@) >~ g(@)

as monoidal 2-categories. In particular, by appealing to theorem and corollary
2.2.2.2 we get the following corollary.

Corollary 5.4.3.1. The Drinfeld center of any multifusion 2-category is a finite

semisimple 2-category.

We end by recording some additional properties of the Drinfeld center of a fusion

2-category, which follow from the above theorems.

Corollary 5.4.3.2. For every two multifusion 2-categories € and ©, we have an
equivalence Z(CXR D) ~ Z (€)X (D) of braided monoidal 2-categories.

Proof. Let us write € := CX PR DK D™P ~ XD K (€ X D)"P. It follows
from combining construction and proposition 4.1 of [Déc24] that the separable
algebra Rexp in € is equivalent to R¢ X Rp. In particular, there is an equivalence
of monoidal 2-categories Z (€ X D) ~ Bimodg(Re X Rp). Furthermore, it follows
from lemma that there is an equivalence Bimode(Re X Ro) ~ Z(€) X
Z (D) of monoidal 2-categories. Finally, one checks that the composite monoidal 2-
functor Z(€) X Z(D) ~ Bimodg(Re X Rp) ~ Z(CX D) agrees with the canonical
braided monoidal 2-functor constructed in lemma [5.1.2.5] This finishes the proof of
the result. ]

Combining the above corollary with theorem [5.3.1.7 yields the following result.

Corollary 5.4.3.3. The Drinfeld center of any fusion 2-category is equivalent as a
braided fusion 2-category to the Drinfeld center of a strongly fusion 2-category.

Remark 5.4.3.4. We note that there are non-trivial braided monoidal equivalences be-
tween the Drinfeld centers of strongly fusion 2-categories. For instance, given a finite
group GG and a 4-cocycle 7 for G with coefficients in k*, any outer automorphism «

()

of (G induces an equivalence 2Vecty, ~ 2Vectg* of fusion 2-categories. In addition,
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such an equivalence can be twisted using a 3-cocycle for G with coefficients in k*.

Then, by taking the Drinfeld center, we get an induced braided monoidal equivalence
% (2Vect],) ~ % (2Vect? ™).

We expect that every braided monoidal equivalence between the Drinfel centers of
bosonic strongly fusion 2-categories arises this way. On the other hand, there are
more exotic braided monoidal equivalences between the Drinfeld centers of fermionic

strongly fusion 2-categories as is explained in [JE]. The case of 2SVect is discussed
above in remark [5.2.1.8

Remark 5.4.3.5. Let us write .# for the set of Morita equivalence classes of fusion
2-categories. This is a commutative monoidal under the 2-Deligne tensor product.
We use .#* to denote the maximal subgroup of .#Z. It follows from lemma
and theorem (see also example that .#* is isomorphic to W, the Witt
group of non-degenerate braided fusion 1-categories. Further, let us use ZF2C to
denote the set of braided monoidal equivalence classes of Drinfeld centers of fusion
2-categories. Theorem and corollary imply that the map 2 : # /W —
ZF2C sending a Morita equivalence class of fusion 2-categories to its Drinfeld center
is well-defined. As a generalization of proposition 4.1 of [JER24], we conjecture that
the map 2 : .4 /W — ZF2C is a bijection.

Corollary 5.4.3.6. For cvery multifusion 2-category &, the forgetful 2-functor F :
Z(€) — € is dominant, i.e. every object of € is the splitting of a 2-condensation

monad in € supported on an object in the image of F.

Proof. The monoidal 2-functor F is dominant if and only if € is an indecomposable
left Z(€)-module 2-category. But, the dual to 27(€) with respect to € is € X €,
a fusion 2-category. The result thus follows from corollary 4.3.2.5| m

Corollary 5.4.3.7. Let € be a multifusion 2-category, then Z(€) is a factoriz-
able braided multifusion 2-category, that is the canonical braided monoidal 2-functor
Z ()X Z(€) — Z(Z(C)) is an equivalence.

Proof. The multifusion 2-categories Z(€) and €XE™ are Morita equivalent, so that
Z(CO) R Z(@) ~ Z(Z(€)) as braided monoidal 2-category thanks to theorem
5.1.3.2l Inspection shows that the braided monoidal 2-functor constructed in this

proof agrees with the canonical one. O]
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Remark 5.4.3.8. Let 9B be a braided multifusion 2-category. We use Z(2)(B) to denote
its sylleptic center, as in section 5.1 of [Cra98|]. We expect that a braided multifusion
2-category ‘B is factorizable if and only if it is non-degenerate in the sense that there

is an equivalence Z{5)(*B) ~ 2Vect of sylleptic monoidal 2-categories.
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Outlook

In chapter [2 we have defined and studied the notion of compact semisimple 2-
categories over an arbitrary field, which is a 2-categorical version of the concept of a
finite semisimple 1-category. More generally, finite 1-categories have been defined in
[EO04], and it would be interesting to devise a notion of finite 2-categories. The defi-
nition of a finite 2-category should in particular include the 2-categories Mlod®*(C) of
exact module 1-categories over a finite tensor 1-category C as examples. Over a field
of characteristic zero, we expect that compact semisimple 2-categories are examples
of finite 2-categories. Over a general field, we suspect that compact semisimple 2-
categories are merely full sub-2-categories of finite 2-categories. Further, it would be
invaluable to investigate how to generalize the results that we have obtained in chap-
ters |3 and [4| from compact semisimple tensor 2-categories to finite tensor 2-categories.
In particular, we surmise that the 2-category of bimodules over a rigid algebra in a
finite tensor 2-category is again a finite tensor 2-category.

We have extensively developed the Morita theory of fusion 2-categories over an
algebraically closed field of characteristic zero. It is then natural to study fusion
2-categories up to monoidal equivalence. More precisely, in chapter [5] we have es-
tablished that Morita equivalence classes of fusion 2-categories correspond exactly
to pairs consisting of a symmetric fusion 1-category £ and a class in )7\/\(5 ), a quo-
tient of the Witt group W(E). But, for any braided fusion 1-category B, the fusion
2-categories that are in the Morita equivalence class of Mod(B) are all given by
the 2-categories of C-C-bimodules in Mod(B) for some B-central fusion 1-category
C. In particular, every fusion 2-category can be obtained through this construction,
albeit not uniquely. Nevertheless, the present discussion does suggest that fusion 2-
categories can be classified up to monoidal equivalence using only data associated to
braided fusion 1-categories.

It is also natural to examine the properties of fusion 2-categories equipped with
additional structure, such as a braiding. In chapter [§], we have encountered some

examples of braided fusion 2-categories in the form of the Drinfeld centers of fusion 2-
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categories over an algebraically closed field of characteristic zero. Some results about
braided fusion 2-categories, such as the existence of fiber 2-functors for symmetric fu-
sion 2-categories, have been obtained in [DY23]. More generally, one ought to attempt
to categorify the results derived in [DGNOT0] for braided fusion 1-categories. For in-
stance, it would be interesting to study equivariantization and de-equivariantization
for braided fusion 2-categories. A noteworthy application would be the classification
of braided fusion 2-categories using exclusively group-theoretic data. In fact, as is
explained in detail in [JER24], there is a close relationship between Witt groups of
braided fusion 1-categories and Drinfeld centers of fusion 2-categories, and the above
classification yields descriptions of these Witt groups.

Fusion 2-categories were originally introduced in [DR18|, where spherical fusion
2-categories are used to define a state-sum invariant for oriented 4-dimensional man-
ifolds. We believe that the Drinfeld center of a spherical fusion 2-category over an
algebraically closed field of characteristic zero inherits a spherical structure. In par-
ticular, it should be an example of a modular fusion 2-category, i.e. a non-degenerate
braided fusion 2-category equipped with a spherical structure. As braided fusion
2-categories can be classified, we believe that it is also possible to classify modular
fusion 2-categories. In a slightly different direction, unitary fusion 1-categories are
of particular interest in applications to quantum Physics. It would be invaluable to
come up with a definition of unitary fusion 2-category. We expect that most of the
results of this thesis admit generalizations to the unitary setting.

Finally, it is natural to attempt to study higher fusion categories. We expect that
most of the results in the present thesis hold for fusion n-categories. In particular, we
suspect that it is possible to show that every fusion n-category over an algebraically
closed field of characteristic zero is separable by following the outline of our proof in
the case n = 2. In addition, there should be an interesting relation between separable
algebras in a fusion (n + 1)-category, and flavours of fusion n-categories, generalizing
the many examples given in chapter 8] For instance, this may be used to give a
short and conceptual proof of the equivalences induced by equivariantization and de-
equivariantization for fusion n-categories. We note however that the computations
we have carried out using string diagrams in this thesis become unwieldy in monoidal
n-categories when n is larger than 3. Thus, in order to effectively study higher fusion
categories, one needs to use more refined tools coming from higher category theory

and homotopy theory.
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