
SPARSE APPROXIMATE INVERSES AND TARGET MATRICES �RUTH M. HOLLANDy, ANDY J. WATHENz, AND GARETH J. SHAWxAbstra
t. If P has a pres
ribed sparsity and minimizes the Frobenius norm kI � PAkF it is
alled a sparse approximate inverse of A. It is well known that the 
omputation of su
h a matrix Pis via the solution of independent linear least squares problems for the rows separately (and thereforein parallel). In this paper we 
onsider the 
hoi
e of other norms, and introdu
e the idea of `target'matri
es. A target matrix, T , is readily inverted and thus forms part of a pre
onditioner whenkT � PAk is minimized over some appropriate sparse matri
es P . The use of alternatives to theFrobenius norm whi
h maintain parallelizability whilst dis
ussed in early literature does not appearto have been exploited.Key words. pre
onditioning, sparse approximate inverses, target matri
es1. Introdu
tion. We 
onsider the derivation of algebrai
 pre
onditioners forlarge, sparse, linear systems Ax = b. The 
onstru
tion of sparse approximate inversepre
onditioners by minP2SP kI � PAk �or minP2SP kI �APk� (1.1)has been 
onsidered in [Ben73℄, [KY86℄, [CDG92℄,[GH97℄,[GS98℄ where k:k is widelytaken to be the Frobenius norm k:kF and SP denotes a set of matri
es with pres
ribedsparsity pattern, i.e. for a set of indi
es IP � f(i; j) : 1 � i; j � ng we have thatSP = fP 2 Rnxn : Pij = 0 for (i; j) =2 IP g where n is the dimension of A. Forthis norm the 
onstru
tion of P 
an be broken down so that ea
h row (or 
olumn)is 
al
ulated by the solution of an independent small least squares problem, meaningthat all rows 
an be 
omputed in parallel. In the notation of the work we will introdu
ein this paper, we reinterpret (1.1) as 
onstru
ting P su
h that the produ
t PA (orAP ) targets the identity. We need not restri
t ourselves to the identity but 
an instead
onsider: minP2SP kT � PAk �or minP2SP kT �APk�i.e. �nd a pre
onditioner P su
h that PA (or AP ) targets T (whi
h we term the`target' matrix), whereby our pre
onditioned system be
omes T�1PA. This approa
hrequires that the a
tion of T�1 is readily available. Easy parallelization is preservedwhen a target matrix, T , is employed.Sparse approximate inverse pre
onditioners were introdu
ed by Benson [Ben73℄,and developed to in
lude a dynami
 method of 
hoosing SP by Cosgrove, Diaz, andGriewank [CDG92℄, Grote and Hu
kle [GH97℄, and Gould and S
ott [GS98℄. Theunderlying idea was further developed to �nd P in fa
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2Yeremin [KY93℄. Computing approximate inverses using other methods has also re-
eived attention: Benzi and Tuma 
onstru
t a fa
tored form of approximate inverseby a method of A-bi
onjugation [BMT96℄, [BT98℄, [BMT99℄, whereas Chow and Saaduse sparse-sparse iterations in their pro
edure [CS98℄. We refer the survey [BT99℄whi
h 
ompares these pre
onditioners.In this paper we 
onsider the use of target matri
es and re
onsider the use ofalternative norms. In se
tion 2 we will 
omment on the 
hoi
e of norm, dis
ussingFrobenius H�norms (generalized Frobenius norms) de�ned bykBk2F;H =< B;B >F;H = tra
e �BHBT � (1.2)where H is symmetri
 positive de�nite. These were introdu
ed in this 
ontext byKolotilina and Yeremin in [KY86℄ and des
ribed by Axelsson in [Axe96℄, p.322. Inparti
ular we will 
onsider minimization in k:kF;A�1 whi
h 
an be a
hieved withoutexpli
it knowledge of A�1 and requires n independent small linear solves. In se
tions3 and 4 we will introdu
e two types of target matrix. Firstly a target with a spe
i�edsparsity pattern, and se
ondly a spe
i�
 target matrix. We give results for the formerin se
tion 3 and for the latter in se
tion 5 where we in parti
ular show its use as anoptimal pre
onditioner for low Pe
let number adve
tion-di�usion problems. Finallywe draw some 
on
lusions.2. Frobenius H�Norms. In the Frobenius H�norm we 
onstru
t our `approx-imate inverse' (or more appropriately the multipli
ative part of our pre
onditioner),P , and our target matrix, T , by minimizing kT �PAkF;H (as de�ned in (1.2)), whi
h
an be de
omposed row-wise as follows.min kT � PAk2F;H = nXj=1min ktj � pjAk2F;Hwhere tj and pj represent the jth rows of T and P respe
tively. Note that for H = Ithis is the usual Frobenius norm. There are many possibilities forH , but an interestingone whi
h we would like to highlight is the use of the inverse of A. Curiously we areable to minimize with respe
t to this norm without any expli
it knowledge of theinverse itself, and moreover the 
onstru
tion of a pre
onditioner with respe
t to thisnorm is 
heaper than using the basi
 Frobenius norm. Though identi�ed by Kolotilinaand Yeremin, and Axelsson this observation has not been widely exploited.We show two versions of why the 
onstru
tion of the pre
onditioner in the Frobe-nius A�1norm be
omes so easy. The �rst is that used by Kolotilina and Yeremin.Consider minP2SP kT � PAkF;H = minP2SP FH (P ) (2.1)whereFH (P ) = tra
e(THT T )�Xi;j Pij [(AHT T )ji + (AHTT T )ji℄ +Xi;j;kPij(AHAT )jkPikThus we 
an �nd the minimum by �nding the stationary points for ea
h pij ; (i; j) 2IP . i.e. solve for (i; j) 2 IP :�FH(P )�Pij =�(THTAT )ij � (THAT )ij + (PAHTAT )ij + (PAHAT )ij = 0 (2.2)



3For the 
ase when H = A�1, when A is symmetri
 positive de�nite, this gives usthat: Tij = (PA)ij for (i; j) 2 IP (2.3)i.e. T�j = P�kAkj for (i; j) 2 IP where * represents the row 
ontaining the elementsin IP . Thus 
al
ulating a row of P is equivalent to solving a small, dense, symmetri
square system whi
h just 
ontains the rows and 
olumns of A whi
h 
orrespond to thesparsity pattern of the required row of P . This 
an be a
hieved by using a Choleskyfa
torization for example. Figure 2.1 highlights the elements of A whi
h are neededto form this system.
Fig. 2.1. Diagram showing how the rows and 
olumns of A are sele
ted to �nd thepre
onditioner with respe
t to the A�1norm. The darkest entries are those of the requiredsmall square matrix.A se
ond way of thinking about this problem is in terms of best approximations.When A is symmetri
 positive de�nite solving (2.1) 
an be 
onsidered as �ndingP 2 SP su
h that PA is the `best approximation' to T in k:kF;A�1 from the set SPA,i.e. < T � PA; V A >F;A�1 = 0 forV 2 SP< T � PA; V >F;I = 0 forV 2 SP< T; V >F;I =< PA; V >F;I forV 2 SPi.e. take V = Eij for (i; j) 2 IP where we use the `delta' blo
ks Eij as the basisfun
tions, i.e. Eij has one element in the (i; j) position equal to 1 and zeros elsewhere,and 
onsider P =P(r;s)2IP prsErs. So we obtain< T;Eij >F;I = * X(r;s)2IP prsErsA;Eij+F;I for (i; j) 2 IPTij = X(r;s)2IP prs (ÆirAsj) for (i; j) 2 IPTij = (PA)ij for (i; j) 2 IPwhi
h we �nd is identi
al to equation (2.3). This view is an adaptation of the work ofGuillaume, Huard and Le Calvez from [GHLC03℄ where they 
onsider blo
k 
onstantapproximate inverses in a similar fashion.The above are 
al
ulations ne
essary to produ
e a left pre
onditioner, and we willuse this version in the remainder of the paper. However, it is just as straight forward



4to �nd a right pre
onditioner. To do this it is natural to 
onsider the `dual' FrobeniusH�norm whi
h is de�ned bykAkF;H = �tra
e �ATHA��1=2 :The k:kF;A�1 norm 
an also be used when 
hoosing the sparsity pattern dynami-
ally, for details see [Hol03℄. In this paper we restri
t ourselves to 
hoosing a sparsitypattern a priori, namely that of the transpose of A.When we wish to solve a system whi
h is not symmetri
, our 
hoi
e of H shouldnot rely on A but on the symmetri
 part of A. Rather than using the A�1norm we
onsider the A�1 +A�T norm. Note that this 
hoi
e of H will be positive de�nite forpositive real A. Substituting into equation (2.2) we obtain(T (A�1AT + I))ij = (P (A+AT ))ij for (i; j) 2 IP (2.4)whi
h unfortunately in
ludes A�1. However, sin
e we are 
onstru
ting an approximateinverse T�1P � A�1 we 
an use T�1P in (2.4) to obtain(T (T�1PAT + I))ij � (P (A+AT ))ij for (i; j) 2 IPTij � (PA)ij for (i; j) 2 IPWe will use this form for the non-symmetri
 adve
tion di�usion problems in se
tion 5.3. Using Target Matri
es with Spe
i�ed Sparsity Patterns. We 
onsidertwo ways to use target matri
es. In the �rst we merely 
hoose a sparsity pattern forT in a similar manner as that in whi
h a (usually di�erent) sparsity pattern is 
hosenfor P , and minimize over the possible 
hoi
es for ea
h. i.e.kT � PAk2 = minP̂2SP minT̂2ST kT̂ � P̂Ak2= nXj=1 minpj2Spj mintj2Stj ktj � pjAk2In order for us to have a viable pre
onditioner we need to be able to 
heaply solvesystems involving T . Options available in
lude for instan
e banded, triangular, andHessenberg matri
es.In order not to obtain a trivial result one has to 
hoose a normalization for T . Aswe 
onsider this an extension of the approximate inverse te
hnique we have normalizedby setting the diagonal entries to be 1, though there are other options available. Then,where in the jth row there is a non-zero entry in the ith position of T (where i 6= j)we 
an set tj(i) = Pk pj(k)aki. That is we make tj � pjA zero in these positions.Therefore to minimize over Stj and Spj we merely remove these 
olumns from tj andA and then solve the resulting smaller problem.Unfortunately for this version of the target, the Frobenius A�1norm is not appli-
able as it requires the solution of a square system initially and so removing 
olumnswould 
ause the system to be
ome under-determined. However for the Frobeniusnorm we redu
e the size of the least squares problems, see Figure 3.1. Then the en-tries of tj 
an be formed via small dot produ
ts. Thus the 
onstru
tion of both atarget matrix and P requires less work than that of P alone! As well as removing
olumns of A be
ause of the introdu
tion of the target matrix we 
an also removeany 
olumns whi
h are zero in the sele
ted (dark) rows, let's 
all these `zero rows'.
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Fig. 3.1. Diagram showing how the rows of A are sele
ted (dark) to �nd the pre
onditionerwith respe
t to the usual Frobenius norm, whereas the 2 identi�ed 
olumns are removed fromthe target problem as these 
orrespond to non-zero (and non-diagonal) elements of T.O

asionally too many entries in P and T 
ould lead to the problem of obtaining anunder-determined system. This happens for row j ifdimension(A) �#zero rows � nnz(tj) + 1 � nnz(pj):This happens rarely and 
an be easily remedied, for instan
e by 
hoosing to removeentries in pj and/or tj .We will now show some results of iteration 
ounts where su
h pre
onditionershave been used to solve the 5-point Lapla
ian problem. This problem is diÆ
ult forsparse approximate inverse pre
onditioners as the inverse of su
h an operator is notonly dense but also exhibits slow de
ay of the entries away from the main diagonal,and we try to approximate it with a sparse banded matrix. We have given results (seeTable 3.1) for no pre
onditioning, for the usual Frobenius norm sparse approximateinverse, and for a tridiagonal, lower triangular, and lower Hessenberg target in 
om-bination with a matrix P . In the latter 
ases we use only the 
orresponding non-zeroentries of A to pres
ribe the sparsity pattern for T .grid no pre
 P; k:kF T tridiagonal T lower triangular T lower Hessenberg T8x8 22 13 12 13 1016x16 43 24 21 23 1832x32 82 46 39 42 3364x64 153 84 70 84 63Table 3.1Iteration Counts of (full) GMRES for the 5-point Lapla
ian ProblemWe see that using a tridiagonal or Hessenberg target 
an give us reasonable im-provements, and as we have dis
ussed these pre
onditioners are 
heaper to 
onstru
tthan P alone. The improvement is not dramati
 however, and we have not found realproblems for whi
h this is the 
ase.4. Using Spe
i�
 Target Matri
es. The se
ond version of the target matrixis when we spe
ify the exa
t matrix (as oppose to just the sparsity pattern). This ideawas brie
y mentioned in [CS98℄ where they suggested using a blo
k diagonal matrix,although as we dis
ussed previously, our only real restri
tion is that T should be easilyinverted. One of our motivating ideas with spe
i�
 target matri
es is that we mayhave a problem 
onsisting of several operators and for one of whi
h we have a fastsolver (like multigrid or fast Fourier transforms). We may then target this operator,



6and use P to `move the problem 
loser' to this matrix. That is, we are using P tomap the more diÆ
ult problem towards our target, T , whi
h we 
an solve eÆ
iently.The 
onstru
tion of T and P is exa
tly equivalent to the 
onstru
tion of P alonein whi
hever norm is desired, with a row of T repla
ing the row of the identity in thesmall linear least squares problems (in the Frobenius norm), or the small linear solves(in the Frobenius A�1norm).For a partial di�erential equation boundary value problem, the equivalent oper-ator theory of Manteu�el and Parter in [FMP90℄ and [MP90℄ indi
ates that the useof a pre
onditioner with the same boundary 
onditions is advantageous. This 
an bea
hieved if ST � SA, though the role of P makes this less 
lear.5. Results. Let's 
onsider the adve
tion-di�usion equation.��r2u+ w:ru = f in 
 (5.1)u = u� on �where w is some `wind' fun
tion whi
h is 
ausing the adve
tion. Clearly this systemis naturally split into two distin
t parts. Firstly we have the di�usion of u, i.e. aLapla
ian system, and se
ondly the adve
tion term. If the former quantity is signif-i
ant it is sensible to target the Lapla
ian and to use a fast solver su
h as multigridfor the a
tion of T�1.We 
onsider two test problems taken from [ESW03℄: 
 = (�1; 1)x(�1; 1), withbilinear �nite elements on a uniform mesh of re
tangles (Q1), and the streamlineupwind Petrov-Galerkin formation [BH82℄. In ea
h 
ase the wind fun
tion is s
aledto have norm of O(1) and so the value of epsilon in equation (5.1) represents the ratioof di�usion to adve
tion in the problem.Example 1 Constant wind. w = �� sin �6 ; 
os �6�with boundary 
onditionsu(x;�1) = 0; x 2 (�1; 0); u(x;�1) = 1; x 2 (0; 1) u(x; 1) = 1;u(�1; y) = 0; u(1; y) = 1:whi
h 
ause both internal and boundary layer formulation.Example 2 Cir
ular wind. w = �2y(1� x2);�2x(1� y2)�with boundary 
onditionsu(x;�1) = 0; u(x; 1) = 0;u(�1; y) = 0; u(1; y) = 1:whi
h also has layers.In ea
h 
ase we target the 5-point Lapla
ian matrix, and the sparsity pattern ofP is that of AT .We solve iteratively the pre
onditioned systemT�1PAx = T�1PbWe 
ompare results using several versions of our pre
onditioner against the nopre
onditioning 
ase. We 
onsider pre
onditioning with:



7� the usual approximate inverse in the Frobenius norm� the usual approximate inverse in the Frobenius A�1norm� only a target (P = I)� a target and a diagonal P (denoted D for 
larity) in the Frobenius Norm� a target and a P in the Frobenius norm� a target and a P in the Frobenius A�1normThe number of iterations required for full GMRES to rea
h a stopping 
riterion ofa relative residual of 10�6 are tabulated in Tables 5.1 and 5.2. Left pre
onditioningwas used.� grid no pre
 P; k:kF P; k:kF;A�1 T T;D; k:kF T; P; k:kF T; P; k:kF;A�11.00 8x8 16 9 9 12 10 6 516x16 29 17 16 12 11 7 632x32 58 33 31 12 11 7 764x64 112 64 60 12 11 7 70.20 8x8 17 10 9 15 15 7 716x16 31 18 16 16 16 11 1132x32 56 32 30 16 16 12 1264x64 108 61 57 16 16 13 130.10 8x8 17 10 8 19 19 8 816x16 29 16 15 22 22 13 1332x32 53 30 28 22 22 18 1864x64 101 58 54 23 23 20 200.04 8x8 18 11 8 23 23 10 1016x16 28 17 13 32 31 14 1532x32 50 28 26 39 38 22 2264x64 94 53 49 39 38 33 330.02 8x8 19 12 9 25 25 11 1116x16 28 18 13 38 37 15 1632x32 49 27 24 49 48 23 2564x64 95 53 48 59 58 35 350.01 8x8 20 13 10 27 27 12 1216x16 30 19 15 43 42 17 1932x32 48 28 22 60 58 27 3064x64 92 49 44 75 74 41 43Table 5.1Iteration Counts of (full) GMRES for Example 1In ea
h of the problems when epsilon is fairly large the target works very well, andwe a
hieve a solution whi
h is independent of the size of the mesh. As the adve
tionoperator be
omes more important the 5-point Lapla
ian target is less e�e
tive, as wewould expe
t, but even when epsilon is as small as 0:01 we are still apparently doingbetter than the O(n2) 
omplexity that the usual approximate inverse pre
onditionersdisplay.



8� grid no pre
 P; k:kF P; k:kF;A�1 T T;D; k:kF T; P; k:kF T; P; k:kF;A�11.00 8x8 18 10 10 12 11 5 516x16 34 20 18 12 11 6 632x32 66 38 36 12 10 7 664x64 126 72 68 11 10 7 70.20 8x8 23 12 12 15 15 8 716x16 45 25 23 16 15 10 1032x32 86 49 45 16 15 12 1264x64 164 94 87 16 16 12 120.10 8x8 28 14 14 19 18 9 916x16 55 29 27 24 23 14 1432x32 106 59 54 23 23 18 1864x64 202 115 106 23 24 20 200.04 8x8 36 19 18 25 23 14 1316x16 76 38 34 34 30 19 1832x32 151 74 69 40 38 25 2464x64 286 154 143 42 40 32 340.02 8x8 43 22 22 31 30 17 1716x16 95 49 42 45 41 27 2432x32 196 91 81 58 51 37 3264x64 382 175 169 62 63 43 410.01 8x8 48 25 27 36 35 20 2016x16 117 63 52 60 55 38 3332x32 249 126 99 77 69 84 4664x64 498 218 195 92 85 93 56Table 5.2Iteration Counts of (full) GMRES for Example 2Finally we show that the results are not dependent upon the type of elements weare using. For a 
ir
ular wind problem and a random ve
tor b we present analogousresults to the above forExample 3 linear elements on uniform mesh of triangles (P1)Example 4 quadrati
 elements on uniform mesh of triangles (P2)Example 5 biquadrati
 elements on uniform mesh of re
tangles (Q2)The 
orresponding full GMRES iteration 
ounts are tabulated in Tables 5.3 - 5.5.6. Con
lusions. Target matri
es in the 
ontext of sparse approximate inversepre
onditioners have been des
ribed and demonstrated to be an e�e
tive method foran important 
lass of partial di�erential equation problems. The eÆ
ien
y inherentin the use of the Frobenius A�1norm in this 
ontext has been highlighted.A
knowledgements. We thank Howard Elman, Alison Ramage, and David Sil-vester for the use of their IFISS software whi
h we used to provide the problems forexamples 1 and 2. We also thank Daniel Loghin for the use of his 
odes from whi
h



9� grid no pre
 P; k:kF P; k:kF;A�1 T T;D; k:kF T; P; k:kF T; P; k:kF;A�11.00 8x8 20 11 11 6 4 4 416x16 43 24 23 6 5 4 432x32 87 48 45 6 4 4 464x64 172 94 89 6 4 4 40.20 8x8 21 12 13 8 7 7 616x16 50 27 26 8 8 7 732x32 104 57 53 9 8 8 864x64 207 113 107 9 8 8 80.10 8x8 25 13 14 12 11 8 816x16 58 31 30 13 12 11 1132x32 120 64 60 13 13 12 1264x64 246 132 124 13 13 12 120.04 8x8 31 17 20 19 18 12 1116x16 76 39 36 26 24 17 1732x32 162 82 76 27 25 22 2264x64 344 176 165 28 26 25 240.02 8x8 34 20 24 26 23 14 1416x16 95 45 44 37 34 23 2232x32 208 99 92 43 41 32 3264x64 440 216 202 45 43 39 380.01 8x8 36 22 27 31 27 17 1716x16 117 56 53 53 48 29 2932x32 270 117 106 65 62 43 4264x64 573 251 235 72 68 56 56Table 5.3Iteration Counts of (full) GMRES for Example 3 (P1)we obtained examples 3 to 5. REFERENCES[Axe96℄ O. Axelsson. Iterative Solution Methods. Cambridge University Press, 1996.[Ben73℄ M. W. Benson. Iterative solution of large s
ale linear systems. Master's thesis, LakeheadUniversity, Thunder Bay, Canada, 1973.[BH82℄ A. N. Brooks and T. J. R. Hughes. Streamline upwind/Petrov-Galerkin formulationsfor 
onve
tion dominated 
ows with parti
ular emphasis on the in
ompressibleNavier-Stokes equations. Comput. Methods Appl. Me
h. Engrg., 32(1-3):199{259,1982. FENOMECH '81, Part I (Stuttgart, 1981).[BMT96℄ M. Benzi, C. D. Meyer, and M. T�uma. A sparse approximate inverse pre
onditioner forthe 
onjugate gradient method. SIAM J. S
i. Comput., 17(5):1135{1149, 1996.[BMT99℄ M. Benzi, J. Mar��n, and M. T�uma. Parallel pre
onditioning with fa
torized sparseapproximate inverses. In Pro
eedings of the Ninth SIAM Conferen
e on ParallelPro
essing for S
ienti�
 Computing 1999 (San Antonio, TX), page 5, Philadelphia,PA, 1999. SIAM.[BT98℄ M. Benzi and M. T�uma. A sparse approximate inverse pre
onditioner for nonsymmetri




10� grid no pre
 P; k:kF P; k:kF;A�1 T T;D; k:kF T; P; k:kF T; P; k:kF;A�11.00 8x8 50 24 28 12 8 7 616x16 100 50 61 12 9 7 732x32 200 99 123 12 9 7 70.20 8x8 58 28 31 12 11 9 916x16 121 59 70 13 11 10 1032x32 242 120 149 13 12 10 100.10 8x8 64 31 34 18 15 12 1216x16 137 67 81 18 16 14 1432x32 282 137 171 19 16 15 150.04 8x8 82 37 40 32 26 18 1816x16 185 84 100 34 28 24 2332x32 391 183 229 35 30 28 270.02 8x8 101 45 49 45 38 25 2416x16 236 94 117 52 43 32 3032x32 505 214 276 56 47 40 400.01 8x8 122 56 63 63 54 34 3216x16 304 115 148 79 65 44 4432x32 663 240 317 86 72 55 55Table 5.4Iteration Counts of (full) GMRES for Example 4 (P2)� grid no pre
 P; k:kF P; k:kF;A�1 T T;D; k:kF T; P; k:kF T; P; k:kF;A�11.00 8x8 40 18 18 13 11 5 516x16 82 37 38 14 11 5 532x32 167 77 78 14 11 6 50.20 8x8 47 22 21 14 13 7 716x16 99 46 46 15 14 9 832x32 202 94 96 15 15 9 90.10 8x8 56 25 24 19 17 11 1016x16 115 53 53 19 18 12 1232x32 239 109 111 20 18 13 130.04 8x8 76 32 32 33 27 17 1616x16 166 69 71 36 30 21 2032x32 336 148 153 36 33 24 240.02 8x8 94 40 41 47 39 23 2216x16 220 83 86 55 43 30 2832x32 461 180 193 58 50 37 370.01 8x8 116 50 52 64 55 32 2916x16 283 104 111 83 63 42 4032x32 620 214 234 92 71 54 52Table 5.5Iteration Counts of (full) GMRES for Example 5 (Q2)
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