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Abstract

Let p be a prime, GG be a p-adic Lie group and k be a field of characteristic p. The aug-
mented Iwasawa algebra kG is a noncommutative algebra extending the construction
of the Iwasawa algebra of a compact p-adic Lie group. In this thesis we investigate

the ring-theoretic properties of augmented Iwasawa algebras.

We prove that a split-semisimple group over a p-adic field F' has a coherent aug-
mented Iwasawa algebra if and only if its root system is of rank one, and deduce that
kGL,(F) is coherent precisely when n is at most two. We also characterise when cer-
tain solvable p-adic Lie groups have a coherent augmented Iwasawa algebra. When
kG is a coherent ring, the category of finitely-presented smooth representations of G
over k is abelian. We give a module-theoretic characterisation of the latter property,
and hence give examples of p-adic Lie groups for which it fails. These results are
achieved by developing the theory of augmented Iwasawa algebras in detail, includ-

ing their relation to smooth and admissible representations of G.

The Iwasawa algebra of a compact p-adic Lie group is always an Auslander-Gorenstein
ring. Thus finitely-generated modules over Iwasawa algebras have a canonical dimen-
sion. Let G be a compact p-adic Lie group whose Lie algebra is isomorphic to a split
simple F-Lie algebra. We prove that whenever F' is a non-trivial finite extension of
the p-adic numbers, kG has no modules of canonical dimension one. Consequently
kG has a module of canonical dimension one only if the Lie algebra of G is isomorphic

to sl3(Q,). As a corollary we obtain a new upper bound on the Krull dimension of kG.

When G is an arbitrary p-adic Lie group, any smooth admissible representation V' is
the dual of a kG-module M, finitely-generated over the Iwasawa algebra of a compact
open subgroup of GG. The canonical dimension of M measures the rate of growth of
invariant subspaces of V. We prove a canonical dimension-theoretic criterion for V' to
be a finite length representation. We deduce that the finite length smooth admissible
representations of GLy(Q,) with central character are precisely those whose duals
have canonical dimension at most one. Finally, let F' be a non-trivial finite extension
of the p-adic numbers, G = GL,(F'), and V be a smooth admissible representation
of G with central character. A combination of our results shows that V has finite

length if its dual has canonical dimension two.
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1 Introduction

Notation. Throughout this thesis, p denotes a prime number. We denote the finite
field with p elements by [F,, the ring of p-adic integers by Z,, and the field of p-adic
numbers by @Q,. Let F' be a finite field extension of the p-adic numbers, unless oth-

erwise stated, and let Op be its ring of integers.

When G is a profinite group and we wish to study its representations over a coefficient
ring k, it is natural to replace the usual group algebra k[G] with the completed group
algebra kG. Since G is an inverse limit of finite groups, we define the completed group
algebra to be an inverse limit of finite group algebras. In particular, the completed
group algebra of a finite group is the usual group algebra. Studying the completed
group algebra is preferable to the usual group algebra because the latter construc-
tion essentially forgets the topological group structure on GG. On the other hand,
the pseudocompact topology on kG ([Bru66]) algebraically encodes the topology on

G into the algebra, and matches up continuous representations of G with kG-modules.

Among all profinite groups, the subclass of compact p-adic Lie groups is a very special
and interesting one. For example, every closed subgroup of a compact p-adic Lie
group G is topologically finitely-generated. In particular every ascending chain of
closed subgroups in G must terminate. Consequently, kG must satisfy the ascending
chain condition on the corresponding ideals. In fact, the ascending chain condition
holds for all ideals due to the fundamental work of Lazard in [Laz65]:

Theorem 1.1 (Theorem Theorem [3.32)):
Let G be a compact p-adic Lie group, and k be either a field of characteristic
p or a complete discrete valuation ring with residue characteristic p. Then the

completed group algebra kG is a Noetherian ring.

When £ is a field of characteristic p or a discrete valuation ring of residue character-
istic p, for example [, or Z,, we call the completed group algebra kG an lwasawa
algebra. When k = Z, and G = (Z,,+), the Iwasawa algebra Z,[[T]] plays an im-
portant role in the subject of Iwasawa theory, so called due to Iwasawa’s study of
infinite towers of number fields. However, in this thesis we focus on noncommutative

Iwasawa algebras, giving rise to questions of a rather different nature.



For the remainder of this introduction, let &£ be a field of characteristic p.

Much of the motivation in our work is due to a wish to understand better the repre-
sentation theory of p-adic Lie groups over the field k. In turn, this study plays a large
part in the mod p Langlands programme, which predicts a correspondence between
(certain) smooth admissible representations of GL,(F') and (certain) n-dimensional

representations of the absolute Galois group of F.

Kohlhaase has defined in [Kohl7] a generalisation of the Iwasawa algebra for a non-
compact p-adic Lie group G, called the augmented Iwasawa algebra, also denoted
kG. This terminology recognises that an augmented representation of G, defined
by Emerton in [Emel0], is exactly a module over the augmented Iwasawa algebra
of GG, see Corollary Augmented Iwasawa algebras arise naturally in the study
of smooth representations of G carried out in Section [l For example, any smooth
representation of G has a unique kG-module structure, Corollary [3.18|

We can also characterise the duals of smooth admissible representations of G, as

follows.

Theorem 1.2 (Corollary [4.19):
Let V' be a smooth representation of G and H < G be a compact open subgroup.
The dual V¥ = Homg(V, k) is a kG-module, and V is admissible if and only if
V'V is finitely-generated as a kH-module.

Combining Theorem with Theorem [1.1] it follows that the smooth admissible
representations of any p-adic Lie group G form an abelian category, Corollary [4.26]
Theorem plays a crucial role in the proof because a ring is Noetherian precisely

when its category of finitely-generated modules is abelian.

These results spur us to understand the ring-theoretic properties of augmented Iwa-
sawa algebras. The most obvious question to tackle is whether augmented Iwasawa
algebras are Noetherian. However, a non-compact p-adic Lie group G will typically
contain a non-terminating ascending chain of closed subgroups. Thus in contrast to

Theorem [I.T] the augmented Iwasawa algebra of G is almost never Noetherian.



One might hope that augmented Iwasawa algebras are coherent rings, meaning that
every finitely-generated ideal is also finitely-presented. Equivalently, a ring is coher-
ent precisely when its category of finitely-presented modules is an abelian category.
Shotton has shown in [Sho20] that the augmented Iwasawa algebra of SLy(F') is co-
herent, and we see in subsection [7.3|that the argument naturally extends to G Lo(F).
We also show that the augmented Iwasawa algebra of any unipotent group is coher-
ent, see Corollary [7.2]

However, one of the main purposes of this thesis is to prove that augmented Iwasawa

algebras are rarely coherent. We first state the result for semisimple groups over F'.

Theorem A:
Let G be a split-semisimple affine group scheme defined over F'. Let G = G(F).
Then the augmented Iwasawa algebra kG is coherent if and only if the rank of

the root system of G is 1.

That is, any split-semisimple G = G(F") has non-coherent augmented Iwasawa algebra
unless G = SLy or PG Ly. From Theorem @ we can deduce the corresponding result

for general linear groups.

Corollary B:
The augmented Iwasawa algebra of GL,(F) is coherent if and only if n < 2.

In order to prove the above results, we consider solvable p-adic Lie groups. In this
case the augmented Iwasawa algebra may be constructed from Iwasawa algebras via
ring-theoretic tools such as skew polynomial rings and Ore localisation, see Section
[6l By applying a result on the coherence of skew polynomial rings, subsection [6.4]
alongside careful study of two minimal counterexamples in Section [§] we obtain a
classification of coherence for a useful, relatively wide, class of solvable p-adic Lie

groups.

Deferring the full details until Section [9] we consider upper-triangular solvable groups
TxU < GL,(F) where U has F-Lie algebra u and set of roots ®. We define a group
homomorphism fg : T — Z® which records the p-adic valuations of the action of T
on u. The homomorphism fg must satisfy a restrictive condition for k(7 x U) to be

coherent.



Theorem C:
Let G =T x U be an upper-triangular subgroup of GL,(F) as described above,
with set of roots ® and group homomorphism fo : T — Z®. The augmented
Iwasawa algebra kG is a coherent ring if and only if the image fo(T) < Z® is a

cyclic subgroup, generated by an element of (Zxq)®.

An important case of the above appears when T is a split F-torus, in which case

T x U is a split-solvable group over F.

Corollary D:
Let G be a finite-dimensional split-solvable affine group scheme defined over F,
and G = G(F'). If the root system of G has rank 2 or greater, then kG is not

coherent.

Crucially, the class of groups in Corollary [D]contains Borel subgroups of split-semisimple
groups. Theorem [A]and Corollary [B]are then a consequence of Corollary [D] combined
with a crucial faithful flatness result, proved in Section [} Namely, Theorem [5.13
states that whenever G; < G is a closed subgroup of a p-adic Lie group, the aug-
mented Iwasawa algebra kG is a faithfully flat kG -module. Since the property of
coherence descends along faithfully flat maps, Proposition [6.13] our results follow by

embedding solvable groups into semisimple groups and general linear groups.

Shotton has shown in [Sho20] that the category of finitely-presented smooth represen-
tations of GG is an abelian category if the augmented Iwasawa algebra of GG is coherent.
Our results raise the question of whether this category remains abelian in the absence
of the augmented Iwasawa algebra being coherent. Emerton, Gee, and Hellmann have
conjectured that this holds for the general linear groups in [EGH]. T do not know the
answer in this case, or for any other reductive or semisimple groups. However, in Sec-
tion |10 we give a module-theoretic criterion, which allows us to answer the question
in the negative for some solvable p-adic Lie groups. We also reprove the main result
of [Sho20] by a novel argument, reducing to a Borel subgroup and using Theorem ,
see Theorem [10.23]

See subsection for the full statement of Theorem [C] and subsections 9.4] for its
proof. Then, Corollary [D] and Theorem [A] are deduced in subsection [9.5] Corollary
[B] follows directly in subsection



Recall from Theorem that the dual of any smooth admissible representation of
a p-adic Lie group is a finitely-generated module over an Iwasawa algebra. Because
Iwasawa algebras are Noetherian, we already know that the finitely-generated modules
form an abelian category, but the Iwasawa algebra has further useful ring-theoretic

properties with which to study these modules. The following was first shown in
[Ven02].

Theorem 1.3 (Theorem [2.2)):
Let G be a compact p-adic Lie group. The Iwasawa algebra kG is an Auslander-

Gorenstein ring.

Auslander-Gorenstein noncommutative rings are a generalisation of Gorenstein com-
mutative rings (Noetherian of finite Krull and injective dimension) by the addition
of the Auslander condition. See, for example, [Lev92]. In particular, associated to
every finitely-generated module M over an Auslander-Gorenstein ring R is an integer

known as the canonical dimension, Cdim(M).

The canonical dimension is homologically defined, see Definition [2.4, However when
M is a module over an Iwasawa algebra kG, it is fruitful to notice that the canon-
ical dimension is the dimension of an affine variety associated to M, known as the
characteristic variety, see Theorem We therefore are inclined to view Cdim(M)

as a measure of the “size” of M, expressed as an integer lying between zero and dim G.

In fact, the canonical dimension directly measures “growth” in admissible represen-
tations. Let V' be a (smooth) admissible representation of an arbitrary p-adic Lie
group G with compact open subgroup H < G. The invariant subspaces V¥ form
an increasing chain of finite-dimensional vector spaces as K varies along a decreasing
chain of compact open subgroups. On the other hand, Theorem tells us that
M = VV is a finitely-generated module over the Iwasawa algebra kH, thus has a
canonical dimension. Emerton and Paskiinas have proved a formula connecting these
two phenomena in [EP20]: the asymptotic behaviour of the dimensions dimj V* is
exponential, with growth rate Cdim(M), see Theorem m The canonical dimen-
sion also appears, although not by name, in conjectures on completed (co)homology
[CE12] and in the work of Gee and Newton, [GN20].

10



More recently, and partially motivated by the works mentioned above, the canonical
dimension has been studied by Breuil, Herzig, Hu, Morra, Schraen, and Wang. Their
primary interest has been in representations associated with the mod p cohomology
of Shimura varieties, which are believed to realise a mod p (local) Langlands corre-
spondence. In [BHH'23] and [HW22], the canonical dimensions associated to such
representations of GLo(F'), when F' is unramified, are determined and found to be
equal to the degree of the field extension |F : Q,|. In [BHHT], the authors make
numerous conjectures towards a mod p Langlands correspondence, and prove many
of their conjectures due to the results of [BHH"23| and [HW22].

We take a complementary perspective to that of the above authors: rather than
computing the canonical dimension for certain representations, we fix a group and
investigate, for a given integer, whether a representation exists with canonical dimen-

sion equal to that value.

This approach was taken by Ardakov and Wadsley in studying the Q,-Iwasawa al-
gebras (close cousins of those studied in this thesis). In [AW13] it is shown that the
canonical dimension of a finitely-generated module for Q,G is bounded below by half
the dimension of a coadjoint orbit. Similar results are believed to hold for complex
representations and in characteristics different from p, [Vig, section 16]. However,
for characteristic p representations, little has been discovered in the fifteen to twenty

years since [Ard04] and [Wad07].

We consider compact p-adic Lie groups G whose Lie algebras £(G) — see Definition
— are simple and split over F. Examples include G = SL,,(OF), as well as others
corresponding to root systems of type B,C, D, E, F,G. These compact p-adic Lie
groups may be thought of as “almost simple” — the only closed normal subgroups are
either finite or of finite index. We show that the canonical dimension of a module

over the Iwasawa algebra cannot be 1 in many cases.

Theorem E:
Let g be a finite-dimensional F-Lie algebra which is simple and split over F.
Let G be a compact p-adic Lie group with associated Lie algebra £(G) = g. If
|F': Q,| > 1, then the Iwasawa algebra kG has no finitely-generated modules of

canonical dimension one.

11



From this, we deduce corollaries in two different directions. A restriction on the
canonical dimension of modules over a noncommutative ring gives an upper bound
on the Krull(-Gabriel-Rentschler) dimension of the ring, Proposition[11.22] Therefore
Theorem [E] implies a non-trivial upper bound on the Krull dimension of kG.

Corollary F:
Let g be a finite-dimensional F-Lie algebra which is simple and split over F.
Let G be a compact p-adic Lie group with associated Lie algebra £(G) = g. If
|F: Qp| > 1, the Krull dimension of kG is at most dim G — 1.

In [Bru66] it was proved that the global dimension of kG is dim G (or infinity). Thus
Corollary [F]shows that the Iwasawa algebra has Krull dimension strictly less than its
global dimension. This generalises a result of Ardakov in [Ard04]. Moreover Corollary
implies that a more precise conjecture of Ardakov and Brown holds for the group

SLy(Or), when F'is a quadratic extension of the p-adic numbers, see Question m
and Corollary [11.24]

Let us mention that although Theorem [E] and Corollary [F] generalise results proved
when F' = Q, in [Ard04], the methods used here are somewhat different. We explic-
itly rely on having a non-trivial finite field extension of QQ,, and use group structures

most clearly found in SLy(Op), which Ardakov’s methods cannot apply to.

Theorem [El is a lower bound on the canonical dimension of infinite-dimensional mod-
ules for an Iwasawa algebra. This may be viewed as a first step towards a Bernstein’s
inequality for representations of p-adic Lie groups. In fact, this perspective gives our
second application of Theorem [E] in the representation theory of non-compact p-adic

Lie groups.

We say that an infinite-dimensional representation V' is holonomic when the canoni-
cal dimension Cdim(V") is minimal among infinite-dimensional admissible represen-
tations of G (Definition . We prove a result showing that such a representation
is often of finite length.

Theorem G:
Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-

dimensional smooth representations over k. Every holonomic smooth admissible

12



representation of G over k is of finite length.

For example, split-simple p-adic Lie groups such as SL, (F') satisfy the condition of
Theorem [G] One consequence is a characterisation, purely in terms of the canonical
dimension, of the admissible finite length representations of GL2(Q,) with central

character.

Corollary H:
The finite length smooth admissible representations V' of GL4(Q,) with central
character are precisely those with Cdim(V") < 1.

In the case GL,,(F) # GL3y(Q,), we apply Theorem [E| to Theorem |G|and deduce that
any admissible representation with central character has finite length if its dual has

canonical dimension two.

Corollary J:
Let V' be a smooth admissible representation of GL, (F') with central character.
If |[F:Qp] >1o0rn>2 and Cdim(V") = 2, then V is of finite length.

Therefore, the admissible representations of GLy(Q,2) considered in [BHH"23| and
[HW22] are necessarily of finite length, as conjectured in [BHH™| — see subsection m

Theorem [E]is proved in subsection[I1.4] and Corollary [F]is then deduced in subsection
11.6l The proof of Theorem [G] may be found in subsection [12.1} with Corollary [H]
and Corollary [J] proved in subsection [12.2

NB. Much of the content of this thesis has appeared in [Tim23] and [Tim]. The
reader looking for a more streamlined account may like to look there. I would like to
thank the anonymous referee whose careful reading greatly improved [Tim23]. Nico-
las Dupré and Marie-France Vignéras kindly informed me of typos in [Tim|, which
have been corrected in this thesis. Benjamin Schraen offered helpful comments on an
earlier version of that article. Finally, I am grateful for the comments Dan Ciubotaru,
Karin Erdmann and Nikolay Nikolov made on early versions of the articles during

the transfer and confirmation of status processes at Oxford.
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2 Augmented Iwasawa algebras

2.1 p-adic Lie groups

We recall definitions and basic facts about six important types of topological groups.

A profinite group is a topological group isomorphic to an inverse limit of finite discrete
groups, or equivalently, a compact Hausdorff totally disconnected topological group.
A locally profinite group is a topological group with an open profinite subgroup, or

equivalently, a locally compact Hausdorff totally disconnected topological group.

A p-adic Lie group (also known as a p-adic analytic group) is a topological group
locally homeomorphic to ZZ for some d > 0. Then d is known as the dimension of
the group. A compact p-adic Lie group is a p-adic Lie group which is compact, or
equivalently, a profinite group which is a p-adic Lie group. Moreover, a topological
group is a p-adic Lie group if and only if it has an open subgroup which is a compact

p-adic Lie group.

A pro-p group is a topological group isomorphic to an inverse limit of finite p-groups.
A uniform pro-p group [DDMS03] Definition 4.1] is a topologically finitely-generated
pro-p group with conditions on its p-th power and commutator subgroups. A topolog-
ical group is a p-adic Lie group if and only if it has an open uniform pro-p subgroup.
A topological group is a compact p-adic Lie group if and only if it contains a uniform

pro-p subgroup of finite index.

The following diagram summarises the inclusions between the six classes of groups

discussed.

pro-p groups C  profinite groups C locally profinite

groups
Ul Ul Ul
uniform pro-p - compact p-adic p-adic
groups = Lie groups —  Lie groups

In this thesis we will be particularly interested in (compact) p-adic Lie groups, with
uniform pro-p groups playing a useful technical role. However, many of our results

are stated in the greater generality of locally profinite groups.

14



2.2 The Iwasawa algebra

When G is a profinite group, we can define its completed group ring as an inverse

limit of group rings of finite groups.

Definition 2.1:
Let G be a profinite group and R be a commutative ring. The completed group
ring is
RG = lim R [G/U} ,
U<,G
where the limit is taken over the inverse system of open normal subgroups of G,

with respect to reverse inclusion.

In the case when p is a prime, G is a compact p-adic Lie group, and k is a field
of characteristic p, the completed group ring kG is known as the (mod p) Iwasawa
algebra of G. In this case, the noncommutative ring kG has very nice properties,

which we summarise.

Theorem 2.2:
Let k be a field of characteristic p and G be a compact p-adic Lie group. The
Iwasawa algebra kG is a left and right Noetherian ring, which is Auslander-
Gorenstein of injective dimension dim G. When G has no p-torsion elements, kG

is moreover Auslander-regular.

Proof:
(The case k = F, follows from Corollary 7.25 of [DDMS03], Theorem J of [AB07],
and Theorem 3.26 of [Ven02]. See also Lemma 6.2 of [Ard12].)

We assume that G is a uniform pro-p group, and show that the Iwasawa algebra
kG has a filtration such that gr kG is a polynomial ring over k in dim G variables.
When k = F,, section 7.4 of [DDMS03| shows that under the I-adic filtration,

—

where I = F,[G](G — 1), the completion F,[G] = F,G, and
grF,[G] = grF,G =F,[X,..., X4,

where d is the dimension of G, [DDMS03, Theorem 7.24].
When £ is an arbitrary field extension of FF,,, we consider the I;-adic filtration on

the group algebra k[G], where
I = k&g, I = K[G)(G—1).

15



Clearly I, = k ®, I", thus the associated graded ring is
grk|G] = gr (k @, F,[G]) = k ®r, gr F,[G] = k[ X1, ..., X4].

Since G is uniform pro-p, it is straightforward that I’ = k[G](G?" — 1) with
quotient ring k[G/GP"], where G*" = {¢*" | g € G'}. The inverse system (G*"),>o
is cofinal in all open normal subgroups of G, and therefore

KIG) = lm k[G)/I} = lim K[G/U] = KG.

n>0

It follows that kG has a complete filtration with associated graded
grkG = grk[G] = k[ Xy,..., X4

The polynomial ring k[ X1, . .., X,] is (left and right) Noetherian, and Auslander-
regular (of global dimension d). Since the filtration on kG is complete, it follows
from [LVO96l, Proposition I1.2.2.1, Theorem II1.2.2.5] that kG has the same
properties.

Now suppose G is an arbitrary compact p-adic Lie group. Let G’ be an open
normal uniform pro-p subgroup. By the arguments of section 2.3 of [AB06], kG

is a crossed product with a finite group over the Noetherian ring kG’
kG = kG’ (G/G'),

hence kG is Noetherian. Since kG’ is Auslander-regular, Lemma 5.4 of [ABQT]
shows that kG is Auslander-Gorenstein. By Corollary 5.4 of [ABOT7], the injec-
tive dimension of kG is equal to the injective dimension of £G’, which in turn
equals the global dimension of kG’ by Remark 6.4 of [Ven02]. Thus Theorem 4.1
of [Bru66] implies kG has injective dimension dim G’ = dim G, and if G has no

p-torsion elements, that kG is Auslander-regular. [

These properties are easy to check directly when G is abelian.

Example 2.3
Let G' = Z, and k be a field of characteristic p. The open normal subgroups of GG
are the p"Z, for n > 0, with corresponding quotients Z/p"Z. Therefore

Kz, = limk [Znz) = tim MY ) 2 k][],
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where 1 4+ X corresponds to the group element 1 + p"Z € Z/p"Z for each n, and
hence corresponds to 1 € Z, in kZ,. Notice, (1 + X)? = 1 4+ X? since k has
characteristic p.

Similar calculations also show that

kZ4 2 Jim FLX - Xal 2 KX, X
p = im xr L xemy = kI Xl
for any d > 0. This ring is clearly Noetherian, and it is straightforward to check

that it is Auslander-regular of injective dimension d.

However, our overriding focus in this thesis will be on non-abelian p-adic Lie groups,
for which explicit descriptions of the Iwasawa algebras are much harder to come by,
necessitating Theorem [2.2] as a crucial building block.

In fact, Theorem may be seen as the source from which the principal problems and
results of this thesis flow; in Sections [f to [9] we determine whether a generalisation
of the Noetherian property holds when G is no longer compact, whilst in Sections
and [12] we use the Auslander-Gorenstein property of the Iwasawa algebra to study
the modules for kG.

2.3 Canonical dimension and the Lie algebra

We turn to the second of the two problems mentioned above. In this subsection,
we assume that k is a field of characteristic p. Since kG is Auslander-Gorenstein,

Definition 4.5 of [Lev92| gives us the definition of canonical dimension below.

Definition 2.4:
Let G be a compact p-adic Lie group and M be a finitely-generated left kG-

module. The canonical dimension of M is
Cdim(M) = dim G — min{j > 0 | Ext],(M, kG) # 0}.

Many properties of canonical dimension are proved in section 4 of [Lev92], and a
summary can be found in subsection 5.3 of [AB06G]. We will frequently work with an
alternative characterisation of canonical dimension, see Theorem [2.10] Recall also,
the definition of Krull dimension from section 6.2 of [MRO1]. For R a ring, we denote
the Krull dimension of a left R-module M by K(M). The (left) Krull dimension of
the ring is the Krull dimension of R viewed as a free left R-module, denoted KC(R).
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Proposition 2.5:
Let GG be a compact p-adic Lie group and G; <, G5 be an open normal subgroup.
Then,

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kGs)},

and the Krull dimensions K(kG;) = K(kG3).

Proof:
By the arguments of section 2.3 of [AB06], we have that kG5 is isomorphic to a
crossed product,

kGQ = k’Gl * (Gg/Gl)

Thus kG5 is a finitely-generated free kG;-module, and Corollary 6.5.3 of [MROI]
implies that K(kG1) = K(kG2).
Moreover, Lemma 5.4 of [ABO7] implies that for any finitely-generated kGs-
module M,

Extyq, (M, kGy) = Extiq, (M, kG1),

and thus Cdimyg, (M) = Cdimgg, (M). So
{Cdim(M) | M € mod(kG;)} D {Cdim(M) | M € mod(kGs)}.

Conversely, let N be a finitely-generated kG1-module, and let N = kG ®@pq, M.
By Theorem 10.74 of [Rot09],

Extye, (N, kG2) 2 Extle, (M, kGy) = @Extkal M, kGy),

because kG is a free kG1-module of rank m = |G2/G4|. Thus Extiq, (N, kGs) is
zero precisely when Extj, (M, kG) is zero, from which it follows that Cdimye, (V) =
Cdimgg, (M). Therefore

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kGs)},

as required. []

Recall from section 4.5 of [DDMS03] that any uniform pro-p group G has an associated
Z,-Lie algebra L¢, which has underlying set G. We now extend the definition to any

compact p-adic Lie group, and the scalars to Q,,.
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Definition 2.6:
Let G be a compact p-adic Lie group, and H <, G be an open normal uniform
pro-p subgroup. The Q,-Lie algebra £(G) = L(H) = Q,®z, Ly with the obvious
Qp-linear Lie bracket.

Any compact p-adic Lie group has an open normal uniform pro-p subgroup, by Corol-
lary 8.34 of [DDMS03]. Since the open subgroups of G all have finite index, it is easy
to check that £(G) does not depend on choice of H up to isomorphism. We now
show that the canonical dimension of modules for the Iwasawa algebra, and its Krull

dimension, are determined only by the Lie algebra of G.

Corollary 2.7:
Let Gy, G2 be compact p-adic Lie groups with £(G1) = £(G3). Then

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kG3)},
and the Krull dimensions K(kG;) = K(kG3).
Proof:

Let K1 < Gy, K3 < G5 be open normal uniform pro-p subgroups of G, G5. Let

¢ be an isomorphism of Q,-Lie algebras,
¢ L(G1) = Q®z, Li, = Qp ®z, Li, = L(G2).

Then, ¢(Lg,), Lk, are Z,-Lie lattices in £(Gs), so for some n > 0,

pn¢(LK1> = ¢(anK1) < LKz'

Now, recall from Theorem 9.10 of [DDMS03|] that the assignment G — Lg is
an equivalence of categories between uniform pro-p groups and powerful Z,-Lie
algebras. K is uniform pro-p, so Lk, is a powerful Lie algebra, hence p" Lk,
and ¢(p" Lk, ) are powerful. Then ¢(p" Lk, ) corresponds to a open uniform pro-p
subgroup K < Gy. The Z,-Lie algebra p" L, corresponds to K?" = {2 | z €
K;} < G4, and thus the restriction of ¢ gives us an isomorphism of compact

p-adic Lie groups ¢ : K" — K. Now, let
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so H is an open normal subgroup of G5. It follows that H is also normal in
K. So, we have open normal subgroups Kfn <, G, H <, K = w(Kfn), and
H <, Gy. By Proposition [2.5] it follows that

n

{Cdim(M) | M € mod(kG,)} = {Cdim(M) | M € mod(kK? )}
= {Cdim(M) | M € mod(kK)}
= {Cdim(M) | M € mod(kH)}
= {Cdim(M) | M € mod(kGs)},

and K(kG,) = K(kK?") = K(kK) = K(kH) = K(kG5). O

Alternatively to Definition [2.4] we may understand the canonical dimension as the
dimension of an affine variety known as the characteristic variety. When G is a

uniform pro-p group, kG is a non-commutative local ring with unique maximal ideal

J = Ker (kG — k).

Proposition 2.8:
Let G be a uniform pro-p group. The J-adic filtration on kG is complete, and
the associated graded ring is isomorphic to a commutative polynomial ring in

dim G variables over k.

Proof:
Let G be as in the proof of Theorem [2.2] where it is shown that kG has a complete
filtration given by the ideals J,, = Ker (kG — k[G]/I}}), with associated graded
ring
grkG = k[Xq,. .., Xaima]|-

Thus it is enough to show that J, = J" for all n > 0. Clearly J = J;, and a
direct computation shows that (J™ + J,,)/Jy = (Jm + Ji)/Jp for all m,n > 0.
Therefore the closure of J™ in kG is J,, (in the induced pseudocompact topol-
ogy on kG, see [Bru66]). But kG is Noetherian, hence Corollary 22.4 of [Schll]

implies all ideals are closed, and the result follows. [J

The characteristic variety of a module is given by the characteristic ideal in the

commutative ring gr kG coming from the J-adic filtration.
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Definition 2.9:
Let G be a uniform pro-p group, M be a finitely-generated kG-module. The

characteristic ideal of M is the radical ideal

J(M) = +/Ann(gr M) C gr kG,

where Ann(gr M) = {x € grkG | - m = 0Vm € gr M } is the annihilator of the
graded module gr M.

Note that J(M) is an ideal of gr kG, whilst the augmentation ideal J is a two-sided
ideal of kG.

Theorem 2.10:
Let G be a uniform pro-p group, M be a finitely-generated kG-module. The

canonical dimension of M is given by

The proof of Theorem is essentially given in section 5.3 of [ABOG|], where it is
shown that Cdim (M) = K(gr M), which is easily seen to be equal to K (gr kG/J(M)).
This integer can be naturally seen as the dimension of the variety associated to
J(M), which we do not define. We will frequently use Theorem rather than
Definition [2.4] when discussing the canonical dimension of a kG-module. However, we

now leave the study of canonical dimension and Krull dimension, returning to it in

Section [11].

2.4 Augmented Iwasawa algebras

We now define the rings mentioned in the title of this thesis. Recall that the com-
pleted group ring of a profinite group was defined over arbitrary coefficient rings in
Definition 2.1} Kohlhaase has extended the definition to any locally profinite group,
see section 1, page 6 of [Koh17]. See also section 6.1 of [Ard21] for a generalised
construction. We summarise the definition as the following proposition, which is
Proposition 3.2 of [Sho20]. Recall that a locally profinite group is defined to be a

topological group with an open profinite subgroup.

Proposition 2.11:
Let G be a locally profinite group, R be a commutative ring. Let K < G be an
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open profinite subgroup, with completed group ring RK. Then there is a unique
R-algebra structure on
RG = RK OR[K] R[G]

such that the natural maps R[G] — RG and RK — RG are R-algebra homo-
morphisms. This R-algebra is independent of the choice of K, up to canonical

isomorphism.
This means that RG is generated as an R-algebra by RK and the elements of G.

In the case that GG is a p-adic Lie group and & is a field of characteristic p, we call the
k-algebra kG the (mod p) augmented Iwasawa algebra of G. If G is compact, then
the Iwasawa algebra and the augmented Iwasawa algebra are isomorphic rings, so our
notation is unambiguous. The nomenclature “augmented” comes from the fact that
the augmented representations given in Definition 2.1.5 of [Emel0] are modules over
the augmented Iwasawa algebra, see Corollary [3.31]

Example 2.12
Let G = Q) and k be a field of characteristic p. Then G has an open profinite
subgroup Z, and Q) /Z,; = Z. It follows that

kQy = KZy [X, X7 = k[)[Y][X, X1/ (VP ,

so in fact kQ) is a Noetherian ring. Similarly kF* = kOF[X, X '] is Noetherian

it F' is a finite extension of Q,.

In contrast to Theorem [2.2] it is uncommon for the augmented Iwasawa algebra kG

to be Noetherian if G is a non-compact p-adic Lie group (see also Example .
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3 Universal properties

In this section, we prove a number of results which assist in understanding and work-

ing with augmented Iwasawa algebras and their modules.

In general, it is useful to consider augmented Iwasawa algebras defined over a range of
coefficient rings. For example, as well as fields of characteristic p, we may be interested
in coefficients such as rings of integers O of a p-adic field F', profinite commutative
rings such as Z, or the complete local Noetherian O p-algebras considered in [Emel0]
and [Sho20]. The following definition, see the introduction of [Bru66], encompasses

all of these cases.

Definition 3.1:
A pseudocompact ring R is a complete Hausdorff topological ring which has a
neighbourhood basis of 0 consisting of two-sided ideals I with R/I an Artinian

ring.

Throughout the remainder of this section we will assume that k£ is a commutative
pseudocompact ring. Later on, we will specialise to the case of k being a field of
characteristic p (as in subsection [2.3)), with the discrete topology.

Definition 3.2:
A pseudocompact k-algebra is a complete Hausdorff topological ring A, with a
continuous ring homomorphism from k to the centre of A, and such that A has a
neighbourhood basis of 0 consisting of two-sided ideals I with A/I a finite-length

k-module.

The completed group algebra of a profinite group is naturally a pseudocompact k-

algebra, see section 4 of [Bru66].

3.1 Universal property of completed group algebras

The completed group algebra kG of a profinite group satisfies the following prop-
erty, which is proved over profinite coefficient rings in Proposition 7.1.2 of [Wil9§].
Throughout this section, the units A* of a topological ring A are given the subspace

topology from A, although this need not make A* a topological group.
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Proposition 3.3:
Let G be a profinite group, k£ a pseudocompact commutative ring, and A be a
pseudocompact k-algebra. Let ¢ : G — A be a continuous group homomor-
phism to the units of A. There is a unique continuous k-algebra homomorphism
¢ : kG — A extending ¢.

Proof:
Let B be a neighbourhood basis of 0 consisting of two-sided ideals I with A/I
a finite-length k-module. For such an ideal I € B, composition of ¢ with the

natural map A* — (A/I)* gives a continuous group homomorphism
¢ G— (A/D)".

Because I is open, N; = Ker ¢; is an open normal subgroup of G, and by the

universal property of group algebras, there is a unique k-algebra homomorphism
& k[GIN)) — A/I

extending the natural group homomorphism ¢} : G/N; — (A/I)*. To check
that gb~’I is continuous, note that the homomorphism from k to the centre of A

that makes A a k-algebra and <5’I agree on the restriction
ir: k— A/I

Because [ is open, A/I is discrete and oy = Keri; is an open ideal of k.
Then k[G/N;]a; C k[G/N;] is open because G/Nj is finite, and Ker ¢, contains
k[G/Ny]az, hence is open. It follows that ¢/ is continuous.

By composing with the natural homomorphisms kG — k[G/N;|, we obtain a

system of continuous k-algebra homomorphisms

b kG — AJI,

which are compatible under composition with the maps A/I — A/J for I,J € B
with I C J, because N; < N;. Since A is complete, it follows from the universal

property of inverse limit that there is a continuous k-algebra homomorphism
¢: kG — A

extending the ¢~ 1, thus extending ¢. Moreover, there is a unique k-algebra homo-

morphism k[G] — A extending ¢, thus ¢ is unique because k[G] is dense in kG. [J
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This property is enough to define the completed group algebra £G up to canonical iso-
morphism of pseudocompact k-algebras. Moreover, associating the completed group

algebra to a profinite group gives a functor.

Proposition 3.4:
The mapping F given on objects by F(G) = kG, and on morphisms by F(¢) = ¢,
is a functor from the category of profinite groups (with continuous group homo-
morphisms) to the category of pseudocompact k-algebras. The functor preserves

injectivity and surjectivity of morphisms.

Proof:
Let ¢ : G; — G3 be a continuous group homomorphism. By Proposition [3.3]
there is a unique extension of ¢ : G; — kG5 to a continuous k-algebra homo-
morphism ¢ : kGy — kG, so F' is well-defined. Clearly if Go = G; and ¢ = 1dgy,
then gz; = idyg,. If ¥ : Gy — G5 is another continuous group homomorphism,
then 1; ogz~5 : kG1 — kG5 extends 1 o ¢, and therefore is equal to m by unique-
ness. Therefore F' is a functor.

Now, QNS is constructed by taking the inverse limit of the k-algebra homomorphisms
¢u : k[G1/¢7 (U)] = K[Gy /U],

as U ranges over the open normal subgroups of Gs. If ¢ is injective then ¢y is
injective for all U, so ¢ is injective by left-exactness of the inverse limit.

If ¢ is surjective, the ¢y are all surjective. The transition maps that define the
inverse limit on each side are all surjective, meaning the strong Mittag-Leffler
condition is satisfied and so QNS is surjective, see Definition 4.8.3 and Theorem
4.8.5 of [EHT6]. O

Propositions [3.3] and [3.4] can be used to prove basic facts about maps between com-
pleted group algebras. Motivated by this, we will generalise this universal property

to augmented Iwasawa algebras and to particular modules.

3.2 Profinite modules for an Iwasawa algebra

In this subsection, let H be a profinite group, and recall that &k is pseudocompact.

25



Definition 3.5:
A profinite H-space is a compact Hausdorff totally disconnected topological space

X with a continuous action H x X — X, and finitely many H-orbits.

Proposition 1.1.7 of [Wil98] tells us that the topological space X is the inverse limit

of its finite discrete quotient spaces, justifying the terminology here.

We impose the condition of having finitely many orbits because we will be most inter-
ested in the case where H acts transitively on X. (When a profinite group acts on a

profinite space continuously with infinitely many orbits, the notion of locally profinite

in Definition may instead be applied.)

We now show that the topology on X can be defined by an inverse limit of finite
H-spaces.

Lemma 3.6:

In the category of topological spaces,

X = lim Orby(X),
U< H
where Orby (X) is the space of U-orbits in X. Moreover, the isomorphism is

H-equivariant with respect to the natural H-actions.

Proof:

We show that {U -z | U <, H,z € X} is a basis for the topology on X.

Let U be an open normal subgroup of H. Let Z C X be an H-orbit, and consider
its U-orbits Orby(Z). Because H acts transitively on Z, the finite group H/U
acts transitively on Orby(Z), and therefore Orby(Z) is finite. Because X has
finitely many H-orbits, it follows that Orby (X)) is finite. Now, U is profinite and
hence compact. Thus for any x € X, the U-orbit U - x is a continuous image of
a compact set, so is compact. But X is Hausdorff, and therefore U - x is a closed
subset of X. Because the U-orbits are closed and give a finite partition of X, it
follows that any U-orbit is also open.

Now, let Y C X be an open subset and x € Y. Let f : H x {x} — X be the
restriction of the map defining the H-action. Then f~(Y) is open, and hence
V={heH|h-yeY} C H isopen. But V contains the identity of H, and

therefore V' contains an open subgroup of H, hence contains an open normal
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subgroup U because H is profinite. Then U -x C Y. It follows that Y is a union
of open sets of this form, and so {U -z | U <, H,x € X} forms a basis of X.
Moreover, suppose Y C X is both open and closed. Then Y is compact, so it is

a finite union of open sets in the above basis,

j=1

Let U = ﬂ U; <, H. Then Y is a union of finitely many U-orbits, which must
j=1
all be disjoint.

Now suppose we have a partition of X into subsets that are both open and closed,

By the above, there exist U; <, H such that Yj is a union of Uj-orbits. Letting
n

U= ﬂ U, we have that each Yj is a disjoint union of U-orbits, and U <, H.
j=1

By Proposition 1.1.7 of [Wil9§]|, X is the inverse limit of its finite discrete quotient
spaces X/ ~. Given such a quotient space, let z1,...,x, be representatives of
the equivalence classes of ~, and Y; = II7'({Il(z;)}), where IT : X — X/ ~
is the quotient map. Since X/ ~ is discrete, each Y; is both open and closed,
so by the above paragraph there exists U <, H such that each Yj is a disjoint
union of U-orbits. The orbit space Orby(X) is a quotient space of X which is
finite, and discrete, since orbits are open. Thus we have a commuting diagram

of continuous maps

OI'bU(X>
s
X"t Xx/~
where I, qu are the natural quotient maps. So the inverse system of orbit

spaces Orby (X)) is cofinal in the inverse system of all discrete finite quotients, so

by Proposition 1.1.7 of [Wil98|, we have that X = Jim Orby (X).
U<oH
Moreover, each of the natural maps Iy : X — Orby(X), yy : Orby(X) —

Orby(X), for V' < U open normal subgroups of H, are easily seen to be H-
equivariant. Hence the above topological isomorphism is H-equivariant with

respect to the natural H-actions. [J
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The above description of a profinite H-space X motivates us to define a “completed

module” associated to X.

Definition 3.7:
Let X be a profinite H-space. The completed module of X is the (left) kH-

module

kX = lim k[Orby(X)].

U<oH
The k-module kX is indeed a kH-module because each k[Orby (X)] is a left k[H/U]-
module, kH is the inverse limit of these k-algebras, and all morphisms are H-
equivariant. Moreover, the k[H]-module k[X] naturally embeds into kX, and is easily

seen to be dense by definition of the inverse limit topology.

Definition 3.8:
Let A be a pseudocompact k-algebra, M be a (left) topological A-module. M is
pseudocompact if and only if it is an inverse limit of discrete A-modules of finite

length.

Note that pseudocompact A-modules are automatically Hausdorff, by considering the

construction of an inverse limit as a subspace of a product, for example.

Lemma 3.9:

Let X be a profinite H-space. Then kX is a pseudocompact kH-module.

Proof:
Recall that X has finitely many H-orbits. Thus for each U <, H, the kH-module
E[Orby (X)) is a free k-module of finite rank. Let B be a basis of open ideals I
of k with k/I Artinian. Then

EX = lim KOrby (X)) = lim  (k/D[Orby(X))

U<oH U<.H,IeB

and each (k/I)[Orby(X)] is of finite length as a k-module, hence is a (discrete)
kH-module of finite length. Therefore kX is a pseudocompact kH-module. [J

Lemma 3.10:

1. For X a profinite H-space, kX = @ kZ.
ZGOFbH(X)
2. Let J < H be an open subgroup, and Reslf X be X considered as a profinite
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J-space. There is an isomorphism of k.J-modules iy : k(Res’ X) — Res{ kX

Proof:
1. For each U <, H, we have that

Orby(X)= || Orby(2),

ZGOI‘bH(X)

so there is a k[H/U]-module isomorphism,

KOrby(X)] = @D k[Orby(Z)].
ZeO0rby (X)

By assumption, X has finitely many H-orbits, so this direct sum is also a direct
product. Since direct products commute with limits, taking inverse limits gives
the result.

2. Since J is open, it has finite index in H, and X has finitely many H-orbits,
so X has finitely many J-orbits. So X is indeed a profinite J-space. For a fixed
V <, H with V < J, the inverse system (V NU)y4, g is cofinal in both (U)pya,n
and (U')yrq,s. By considering the natural k[.J/V N U]-module homomorphism

k[Orbyry (Res X)) — Resy Ak [Orby e (X)),

and taking inverse limits, we obtain the desired isomorphism. []

We now prove a universal property of these modules which is analogous to Proposi-
tion 3.3l

Proposition 3.11:
Let X be a profinite H-space and M be a pseudocompact kH-module. Let
¢ : X — M be a continuous H-equivariant map. There is a unique extension of

¢ to a continuous kH-module homomorphism ¢ : kX — M.

Proof:
Since M is a pseudocompact kH-module, let M = lgle where each M; is
iel
a discrete finite-length kH-module. The image of the natural H-equivariant
continuous map ¢; : X — M, is both discrete and compact, hence finite. Let

U; < H be the kernel of the natural continuous group homomorphism
H — Sym(¢:(X)),

29



so U; is an open normal subgroup of H. It follows that ¢; has a reduction
¢; : Orby,(X) — M;. This naturally extends to a continuous k[H/U;]-module
homomorphism ¢; k[Orby, (X)] — M;, giving a continuous kH-module homo-
morphism gzgZ : kX — M;. By construction, the b; agree under the transition

morphisms on the M;. Thus we define

¢ : kX — M = lim M,
to be the continuous kH-module homomorphism constructed from the qu
To show uniqueness, note that there is a unique k-module homomorphism k[ X| —
M extending ¢. Since k[X] is dense in kX, it follows there is a unique continuous
extension kX — M. [J

As for completed group algebras, it follows that the construction of the completed

module gives a functor.

Proposition 3.12:
The mapping F' given on objects by F/(X) = kX, and on morphisms by F(¢) =
b, is a functor from the category of profinite H-spaces (with continuous H-
equivariant maps) to the category of pseudocompact kH-modules. The functor

preserves injectivity and surjectivity of morphisms.

Proof:
Let ¢ : X7 — X5 be a continuous H-equivariant map. By Proposition there
is a unique extension of ¢ : X; — kX5 to a continuous kH-module homomor-
phism QNS : kX1 — kXy, so F'is well-defined. Clearly if Xy = X; and ¢ = idx,,

then g% = tdrx,. If ¥ : X9 — X3 is another continuous H-equivariant map, then

@ o (5 : kX, — kX3 extends 1 o ¢, and therefore is equal to ¥ o ¢ by uniqueness.
Therefore F' is a functor.
Now, ¢ is constructed by taking the inverse limit of the kH-algebra homomor-
phisms

ou - k[Orby(X;)] — k[Orby(Xs)],

as U ranges over the open normal subgroups of H. If ¢ is injective then ¢y is
injective for all U, so gz~5 is injective by left-exactness of the inverse limit.

If ¢ is surjective, the ¢y are all surjective. The transition maps that define the
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inverse limit on each side are all surjective, meaning the strong Mittag-LefHler
condition is satisfied and so QNS is surjective, see Definition 4.8.3 and Theorem
4.8.5 of [EHT76]. O

3.3 Universal property of augmented Iwasawa algebras

Motivated by subsections and [3.2, we now prove a similar universal property for

the augmented Iwasawa algebra. First, we must define an appropriate topology.

Definition 3.13:
Let G be a locally profinite group, with open profinite subgroup H. Then

KG= P kH®g.
geH\G
The topology on kG is given by the direct sum topology for the topological
abelian groups kH ® g, where the topology on kH ® g is defined by requiring the
natural right multiplication map kH — kH ® g to be a homeomorphism.

A description of the direct sum topology on abelian topological groups can be found
in [CDO03], Proposition 5, and a more special case in section 5.E of [Sch02].

Then, we can show kG has the following properties.

Proposition 3.14:
1. The topology on kG is independent of choice of open profinite subgroup
H < @, and is Hausdorff.
2. The natural map G — kG is a homeomorphism onto its image.
3. If K < @ is an open profinite subgroup, then K lies in the group of units of
a pseudocompact k-subalgebra of kG.
4. The subring k[G] is dense in kG.

Proof:
1. Let H' < H < G be open profinite subgroups of G. We first show that

@ kH @ h >~ kH
he H'\H

is a topological isomorphism, where the the left hand side has the direct sum

topology and the right hand side the inverse limit topology.
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Now, the inverse system X = {U | U <, H,U <, H'} (under reverse inclusion)
is cofinal in both {U <, H} and {U <, H'}. This follows from the fact that if
U is normal in H', then the group

V= ﬂ hUL™
heH

is normal in H, and is a finite intersection of conjugates of U, since H' has finite

index in H. Therefore we have topological isomorphisms
KH = lim k [H/U} . RH' = lim k [H'/U] .
Uex Uex
Then, we have topological isomorphisms
D rroh> @ <1'£1k[H'/U} ®h) ~ Jim ( D k[H'/U} ®h>,
heH'\H heH\H ~UeX UeX NheHN\H
since the direct sums are finite. Then consider the natural isomorphism
!
@ k [H/U] QR h=Ek [H/U} .
heH'\H

The left hand side has the direct sum topology, which coincides with the product
topology because the direct sum is finite. Since k[H'/U], k[H/U] are free k-
modules of finite rank with the corresponding product topology, it follows that

the above isomorphism is a topological isomorphism. Thus
P k' ©h=limk [H/U} ~ LH
he H\H veX

is a topological isomorphism.
It then follows that the topologies on kG defined by H', H are equivalent, due

to the isomorphism

P rEeg= P P rHehg= P kH @4

geH\G gEH\G he H'\H geH\G

For arbitrary H, H' < G open profinite, we obtain an isomorphism by considering
H N H' < G and applying the result twice.
The topology on kG is Hausdorff since the topology on each kH ® g is Hausdorft.

2. First we show this result in the profinite case: let H be a profinite group, and
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consider the natural map ¢+ = iy : H — kH. The algebra kH has the inverse

limit topology with projection maps

My kH — 1&1 (k/I)[H/U].
U<,H,I€B

Here B is an open basis of ideals of k with each k/I Artinian. The map i is
continuous if and only if ¢y = Iy o ¢ is continuous for all U, 1. Now, the
image of ¢y; : H — (k/I)[H/U] is H/U, a finite set. Thus for any subset
X C (k/I)[H/U], the inverse image ¢571[(X ) is a union of finitely many cosets of
U in H, which is open. Hence, ¢y 1 is continuous. So, ¢ is continuous.
Moreover, i is clearly injective, whilst H is compact and kH Hausdorff. Thus
i: H — i(H) is a homeomorphism.

Now, let G be a locally profinite group, and consider the natural map

ic:G—kG= P kH®g.
geH\G
Clearly ig(r) = ig(rg ') ®g when x € Hg, for g € H\G. So, for each g € H\G,
the restriction
Jg =iclng: Hg —in(H) ® g

is a homeomorphism. Clearly, the cosets Hg form a disjoint open cover of G,
whilst the sets iy (H) ® g are also disjoint. We show that each iy (H) ® g is also
open. For a fixed ¢' € H\G, let Uy = kH. When ¢’ ¢ Hg, let U, C kH be a
proper two-sided ideal of kH — which exists since kH is a pseudocompact ring.
In this case, U, Nig(H) is empty. Let

U= P U,®g<kG,
geH\G
so U is an open subgroup of kG. Therefore U Nig(G) = iy(H) ® ¢’ is open in
i¢(G). Thus {ig(H) ® g | g € H\G} is a disjoint open cover of i¢(G).
The restrictions j, = i¢|n, above give homeomorphisms between correspond-
ing parts of the disjoint open covers of G and of ig(G), from which it follows
straightforwardly that i¢ is a homeomorphism onto its image.
3. This is trivial, as K < (kK)* and kK is a pseudocompact subalgebra of
kG = kK @k k[G].
4. We have that
WG = @) MH @9 < k¢,

geH\G
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and k[H] is dense in kH. If C is a closed additive subgroup containing k[G],
then for all g € H\G, C N (kH ® g) is closed in kH ® g, but contains k[H] ® g.
Hence C N (kH ® g) = kH ® g, and hence C' = kG. Thus, k[G] is dense in kG.
U

To prove a universal property for kG similar to that of Proposition [3.3] we will need
a class of algebras to replace “pseudocompact k-algebras”, and which contains all
algebras kG where G is locally profinite. For this reason, and using the proposition

just proved, we define the following class of algebras.

Definition 3.15:
Let A be a topological k-algebra, that is, a topological ring with a continuous ho-
momorphism from k to the centre of A, and assume A is Hausdorfl. Let G < A*
be a subgroup of the units of A. The subgroup G makes A Iwasawa-like if and
only if the subspace topology makes G a topological group (that is, the inversion
map on G is continuous), and there is an open profinite subgroup K < G and a

pseudocompact k-subalgebra B < A such that K is a subgroup of B*.

The careful reader may notice that if A is Iwasawa-like via G, it is also Iwasawa-like
via an open profinite subgroup K < (. This redundancy in the definition is removed
in Definition [3.21] for the purposes of Corollary For the remainder of our results,

however, it is more convenient to work with Definition [3.15

If G is a locally profinite group, the subgroup G < (kG)* makes kG an Iwasawa-like
topological k-algebra, by the second and third statements of Proposition [3.14] The

ring of k-linear endomorphisms of a smooth representation is also Iwasawa-like.

Proposition 3.16:
Let V be a smooth representation of G. The ring of k-linear endomorphisms of

V' is naturally an Iwasawa-like algebra.

This is proved in subsection See also Definition for our notion of smooth
representation. We can prove the following universal property for augmented Iwasawa

algebras.
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Proposition 3.17:
Let G be a locally profinite group. Let A be an Iwasawa-like topological k-
algebra, via subgroup L < A*. Let ¢ : G — L be a continuous group homo-
morphism. There is a unique continuous k-algebra homomorphism gz~5 kG — A

extending ¢.

An application of Proposition [3.17]to the result of Proposition [3.16] gives the following

result on smooth representations.

Corollary 3.18:
Let V be a smooth representation of G. There is a unique kG-module structure

extending the k[G]-module action on V.

The proof of Corollary can also be found in subsection 4.2l We now prove

Proposition [3.17] which requires the following weaker statement.

Lemma 3.19:
Let H be a profinite group. Let A be an Iwasawa-like topological k-algebra,
via subgroup L < A*. Let ¢ : H — L be a continuous group homomorphism.

There is a unique continuous k-algebra homomorphism gg : kH — A extending ¢.

Proof of Proposition [3.17}

For any open profinite H < G, the restriction of ¢ : G — L to ¢|g: H — Lis a
continuous group homomorphism, and hence by Lemma [3.19] there is a unique
continuous k-algebra homomorphism ¢y : kH — A extending ¢|g. There is also
a unique k-algebra homomorphism v : k[G] — A extending ¢, by the universal
property of the usual group algebra. Then, the restrictions Yq|en) = Vu/|km),
and |y = ¢y if J < H are open profinite subgroups of G.

For any open profinite subgroup H < G, define the following k-bilinear map:

Oy kH X K[G] = A, ¢y(,y) = ¥r(z)da(y).

The map ¢ is also (kH, k[G])-bilinear, where kH, k[G] act on A via ¥y, g.

Moreover if r € k[H], then because 1g, ¥y are ring homomorphisms and agree

35



on k[H],

Or(ar,y) = Yu(zr)va(y)
= Yu(@)n(r)ve(y)
= Y (x)e(r)va(y)
= Yu(z)a(ry)
=z, ry).

Thus, using the universal property of the tensor product, ¢} induces a homo-
morphism of (kH, k[G])-bimodules

where QEH(x ®@y) = vr(x)Ya(y).

We now show that the homomorphisms ¢ for varying H agree, under appropri-
ate identifications.
Let J < H be open profinite subgroups of GG. Let @f,H : kJ — kH be the natural

inclusion of their completed group algebras, and define
igm s kJ @ k(G = EH @) KIG], dgn(z®z) =i 4(2) ® 2.
We also define a map II; 5 in the opposite direction, in the following way. Let
a:kH — kJ @y k[H]

be the natural (kJ, k[H])-bimodule isomorphism with oo i}y = idy; ® 1. Let s
be the natural isomorphism of (kJ, k[G])-bimodules,

st (kJ @ k[H]) Qi k|G] — kJ @iy (K[H] Qi k[G)),
and (8 be the natural (k[H], k[G])-bimodule isomorphism
B 1 k[H] Qg k[G] — k[G].
Then we have the maps

kH @) K[G) “= (kJ @y MH]) @iy KIC)
= kJ @y (K[H] @iy k[G])
28, kT @y (G,
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so let
HJyH:(1®B)OSO(C¥®1).

Then II; 5 is an isomorphism since (3, s, a are, and

g oigu(r®z) =1 y(r) @ 2)
= (1@ f) o s(a(iyy(r) @ 2))
=(1®pf)os((z®1)®2)
=1®4z® (1®z2))
=r®z

for all # € kJ, z € k[G]. Thus i, g, I1; 5 are mutually inverse isomorphisms. We
will also write iH,J = HJ’H.

Now, the following diagram,

kH @y k[G) —225 A

iJ,HT %

kJ i kG

commutes, because for all x € kJ, z € k[G],

or0ign(r®z) = ol g(v)©2) = V(i) g (2))e(2) = Vs (2)da(z) = ds(z@2).

This uses that ¥y o zf, y = ¥j, by uniqueness of the extensions 1,V y. So, if
J < H, then Q;H Olyg = (;SJ, and so (;SH = QEJOi}}I = &JOZ‘H”] also. For arbitrary
open profinite subgroups H, H < G, define ig = tanm,m © tgpnpe. 1t then
follows that <5H olp g = (5[{/.

We now use these identifications to show that ¢ is a ring homomorphism, for
any H < G open profinite. Let g € G, z € kH. We consider the product
(1®g)(x®1) € kG = kH Q) k[G]. The multiplication on kG is such that

(1®g)(z®1) =gz =ign(gzg ' @g),
where K = gHg . Thus

on((1®g)(x®1)) = by oigulgrg™ @ g)
= ox(grg™" ® g)
= i (grg™ " )ba(g).
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It remains to show that ¥ (grg™") = 1¥g(9)vu(2)va(g) ™. Let
d:kH — A, d(t) = Yx(gtg™") — vYe(9)vn(t)va(g) ™

Now, ¥, 1y are continuous and multiplication in A is continuous, so d is a
continuous function. If ¢ € k[H], then gtg~' € k[G], and

Ui (gtg™") = valgtg™) = Ya(9)vet)va(g) ™ = va(g)va(t)a(g)

so d(t) = 0. Thus d(k[H]) = {0}, but k[H] is dense in kH and A is Hausdorff,
so {0} is closed and d(kH) = {0}. Thus,

or((1®9)(z® 1)) = vYa(9)vu(x)ve(g) Walg) = Ya(g)u(z).

Because ¢y is a (kH, k[G])-bimodule homomorphism, for all z € kH @1 k[G],

or(z9) = on(2)vac(g), on(yz) = vu(y)dm(2).

So, let x1,x9 € kH and g1, g2 € G. Then

O (21 ® g1) (22 ® 92)) = V(1) dn (1 @ g1) (w2 ® 1)) ¥ (g2)
= Y (21)Ya(91)Vr(T2)Va(g2)
= QNSH(% ® gl)ng(wQ ® ga).

Therefore ¢y is a ring (and hence k-algebra) homomorphism. Now, ¢y is con-

tinuous, so éH is continuous on kH ® g, for any g € H\G. Because

on= O uline,: P kH0g— D kHy,

geH\G geH\G geH\G
it follows that ¢p is a continuous k-algebra homomorphism extending ¢ : G —
A
To show uniqueness, recall from Proposition that k[G] is dense in kG. Thus
any two continuous maps kG — A agreeing on k|G| are equal, since A is Haus-
dorff. But ¢¢ : k[G] — A is the unique k-algebra homomorphism extending ¢ to

k|G|, therefore ¢ is the unique continuous k-algebra homomorphism extending
. O

We now prove Lemma [3.19
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Proof of Lemma [3.19k
We have a continuous group homomorphism ¢ : H — L < A*. Since L makes
A Iwasawa-like, let K < L be an open profinite subgroup, and B < A be a
pseudocompact k-subalgebra containing K in its units. Then, ¢(H) N K is an
open subgroup of ¢(H), and so ¢ *(¢(H) N K) is an open subgroup of H. Let
K' < H be an open normal subgroup of H such that K’ < ¢~ *(¢(H)NK), which

exists because H is profinite. So, we have a continuous group homomorphism
ol K' — K < B”.

By the universal property in Proposition , ¢|k extends uniquely to a contin-
uous k-algebra homomorphism v : kK’ — B.

Using the universal property of ordinary group algebras, let f : k[H] — A be
the unique k-algebra extension of ¢. By uniqueness of these maps, we have that
fleign) = Ylkigr- Thus, define

O:kH = A, ¢l @h) =v(@)f(h),
where we identify kH = kK’ @k k[H], and transport the ring structure.
Then if 21,29 € kK’ and hy, hy € H,
O((71 ® hi) (22 ® h2)) = ¢((v1 @ 1) (hz2hy' @ hihs))
¢(z1hzahy @ hihs)
d(@ilwahi") f(hihs)
= Y(x1)P(nwahi") f(ln) f ().

Because k[K'] is dense in kK’ very similar reasoning as in the proof of Proposi-
tion shows that

Y(haahy') = f(h) () f(he) ™,

and so

Q;((xl ® hy)(72 ® h2)) = (1) f(h1)Y(22) f(h2) = Qg(fl & hl)ﬁg(@ ® ha).

Thus é is a k-algebra homomorphism that extends ¢. Because v is continuous
and kH can be identified with kK ®x) k[H], identical reasoning as in the proof
of Proposition shows that ¢ is continuous.

Since k[H] is dense in kH and f is the unique k-algebra homomorphism k[H] — A
extending ¢, it follows that ¢ must be the unique continuous k-algebra homo-
morphism kH — A extending ¢. [J

39



It follows from Proposition that construction of the augmented Iwasawa algebra

gives a functor.

Proposition 3.20:
The mapping F given on objects by F(G) = kG and on morphisms by F(¢) = ¢,
is a functor from the category of locally profinite groups (with continuous group
homomorphisms) to the category of Iwasawa-like topological k-algebras (with
continuous k-algebra homomorphisms). The functor preserves surjectivity of

morphisms and injectivity of closed morphisms.

Proof:

That F' is a well-defined functor follows directly from Proposition [3.17] using an
identical argument as found in the proof of Proposition [3.4]

Let ¢ : G; — G5 be a continuous group homomorphism between locally profinite
groups.

Suppose ¢ is injective and a closed map. Then ¢(G) is a closed subgroup of Gs.
Let Hy < G5 be an open profinite subgroup, and H; = gb_l(HQ). Then H; is an
open subgroup of Gy, and is isomorphic to ¢(H;) = ¢(G1) N Hy as a topological
group, hence is profinite. Now, gE| kH, = gﬂ; is injective by Proposition , and

the natural map induced by ¢ on cosets,
H\Gy — H\G2, Hig — Hx¢(g),
is injective. Now, g?) is given by

o: P kHiog— P kHaog, ¢r®g) =l (r) @ (g),

g€H1\G1 gEHQ\GQ

therefore ¢ is injective.

Suppose instead ¢ is a surjective continuous group homomorphism. Let H; < Gy
be an open profinite subgroup. Because surjective maps between topological
groups are open, ¢(H;) < G5 is an open profinite subgroup. By Proposition ,

Qg‘kHl = ¢|y, is surjective, and so

o: P kHieg— P ko(H)®g

geH1\G1 g€d(H1)\G2

is surjective. [J
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Proposition [3.20] and its proof, implies that if G’ < G is a closed subgroup, then kG’
is identified with the subring of kG,
P k& nH) gy,
geH\HG'
where H\HG' denotes (a set of representatives for) the set {Hg | g € G'} C H\G,
for H < G open profinite. The proposition also implies that if L is a quotient of G,
kL is a quotient ring of kG.

In fact, we can improve the functor G — kG to a left-adjoint, and hence show it

commutes with colimits.

Definition 3.21:
The category LP is the full subcategory of the category of topological groups,
whose objects are locally profinite groups.
The category ZLy, is the category with objects (A, L) where A is an Iwasawa-like
algebra via L C A*, and morphisms (A, L) — (A, Ls) given by a continuous
k-algebra homomorphism f : A} — Ay such that f(L1) C Lo.

Proposition 3.22:
Let F' : LP — ZL; be the functor given on objects by F(G) = (kG,G) and
on morphisms by F(¢) = ¢. Let H : IL; — LP be the functor given on
objects by H((A,L)) = L and on morphisms ¢ : (A4;,L;) — (A, Ly) by
H(¢) =|p, : L1 — Ly. Then F is a left adjoint to H.

Proof:

Let G be a locally profinite group, and A be an Iwasawa-like algebra via L C
A*, making (A, L) an object of ZL;. For ¢ : G — L a morphism of locally
profinite groups, it is clear from Proposition m that H(F(¢)) = ¢|q = ¢. For
YV (kG,G) — (A, L) a morphism of Iwasawa-like algebras, H(v)) = ¢|qg : G — L
is a continuous group homomorphism since 1 is continuous. Then F(¢|q) = :ﬂ;
is a continuous k-algebra homomorphism m; : kG — A, extending ¢|g. By
uniqueness in Proposition , E]g = 1. Thus, we have a bijection

Homze, (F(G), (A, L)) = Homep (G, H(A, L)),

and which is clearly natural in G and (A, L). So, F is left adjoint to H (respec-
tively, H is right adjoint to F'). O
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Because F' is a left adjoint, F' commutes with colimits. As a consequence, so does

construction of the augmented Iwasawa algebra.

Corollary 3.23:
If G = colimyep(Hy) is a colimit in the category of locally profinite groups (and
G is locally profinite), then kG = colimyeg(kHy).

Here we give GG the colimit topology, defined below.

Definition 3.24:
Let G = colimpep(Hp) be a colimit of topological groups. The colimit topology
on G is the coarsest topology such that whenever (f, : G — G')yep are com-
patible continuous group homomorphisms, there is a unique continuous group

homomorphism f : G — G’ extending the fj.

This leads to a small subtlety: it may be the case that the group structure of a locally
profinite group can be realised as a colimit in the category of locally profinite groups,
but with its original locally profinite topology not agreeing with the colimit topology.

Fortunately, in our applications, this situation does not arise.

Lemma 3.25:
Let (Hp)pep be a diagram of topological groups. Let G be the abstract group
corresponding to the colimit. Suppose G has a topology 7 making it a topologi-
cal group, such that there exists ¢ € B with H, — (G, 7) an open map, and for
all b € B, the map H, — (G, 1) is continuous. Then the colimit topology on G

agrees with 7.

Proof:
Let 7. denote the colimit topology. For each b € B, we have a commutative
diagram
B
VS

(G,1.) — (G,T)

H,

where «, § are the identity maps, the continuous group homomorphisms i, come
from the colimit (H,)pep, and the j, are continuous by assumption on 7. Since

a o1, = 7J, is continuous for all b, it follows from the universal property of the
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colimit topology that « is continuous.

Conversely, if U < (G, 7.) is an open subgroup, 4. (U) = j. (87 (U)) is open
since i, is continuous. But since j. : H. — (G, T) is an open map between topo-
logical groups, it is straightforward to show that V < G5 is open precisely when
jo (V) < H, is open — note V is a union of cosets of j.(j.'(V)). Hence, 3~(U)
is open.

Thus S is continuous with continuous inverse, hence a homeomorphism; so 7 and

the colimit topology agree. [J

In particular, Lemma [3.25|implies that if a topological group is abstractly the colimit
of closed subgroups, at least one of which is open, then the colimit topology agrees

with the original topology. We can now give two main applications of Corollary |3.23]

Example 3.26

Suppose a locally profinite group G is a direct limit of open subgroups, G = hg G,.
acA
The colimit topology on GG agrees with the original topology by Lemma |3.25, so by

Corollary [3.23 the augmented Iwasawa algebra kG = 1‘113 kG,.

acA

Example 3.27
The above is particularly useful when the G, are profinite or compact p-adic Lie
groups. The additive group G' = Q, is the direct limit of open subgroups p™"Z,,
and therefore the augmented Iwasawa algebra of Q, is

kQp = liﬂk(p‘”Zp).

n>0

See also Example [6.8]

Example 3.28
Suppose a locally profinite group G = G xy G5 is an amalgamated product of two
closed subgroups G, Gy < G, over their intersection H = G1 NGy, If H < G is
open, then by Lemma and Corollary [3.23] the augmented Iwasawa algebra is
given by
kG = kG xpg kGs.

For an application see subsection [7.3]
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3.4 Modules for an augmented Iwasawa algebra

In this subsection, let G' be a locally profinite group. We define modules associated
to locally profinite G-spaces and prove a similar universal property for certain kG-
modules as in subsection 3.2

Before doing this, it will be useful to prove the characterisation of kG-modules as

being the augmented representations defined in [Emel0].

Proposition 3.29:
Let M be a k[G]-module equipped with a kH-module structure for some open
profinite subgroup H < G such that the two induced k[H]-actions coincide.
Suppose that M has a Hausdorff topology such that each element of G acts con-
tinuously on M, and the action kH x M — M is continuous. Then M has a
unique kG-module structure which extends the action of k|G| and kH.

Proof:
Let oy : kH x M — M denote the kH-module action on M and f : k[G] x
M — M denote the k[G]-module structure. The actions agree on k[H], that is,

op|kfixmr = Blrgxar- Then the map
&y kH X E[G] x M — M,  ¢y(x,y,m) = ag(z, By,m))
is a k[H|-balanced map and so we get an induced map
¢m  kH @ k[G] x M — M, ¢p(r @y,m) = ay(z, By,m)).

Note ¢y extends ay and [, and is continuous on (kH ® g) x M for all g € G,
thus is continuous.
Let ¢ € G and m € M. Consider the function

d:kH — M, d(x):ng(gxg_l,ﬁ(g,m))—5(g,aH(x,m)).

Now, ay is continuous, G acts continuously on kH by conjugation, and ¢ acts
continuously on M (via ). Therefore d is a continuous function. If x € k[H],
we have that z, grg™' € k[G], so it follows by the module axioms for k[G] that
d(x) = 0. But, k[H] is dense in kH, therefore as M is Hausdorff, we have that
d(kH) = {0}.
It follows that

ou(grg™", Blg,m)) = B(g, am(w,m)),
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that is,
Ou(grg™", dulg,m)) = ou(g, pulz, m)),

forallx € kH, g € G, m € M. Moreover, by definition ¢ has the property that
ou(a'zg',m) = ou(2', ou(z, du(g’,m))),

for any 2’ € kH, 2z € kG, ¢’ € G. Combining these statements, it is straightfor-

ward to show

Ou((11001)(22092),m) = du(21(91729; ) 9192, M) = G (21091, P (22Q92, M),

for any x1, x5 € kH, g1, 9, € G. By k-linearity, it follows that for any 21, 25 € kG,

we have the module axiom

Ou (21, 0 (z2,m)) = ¢ (2129, m).

Thus ¢ defines a module action of kG = kH ®yp k[G] on M. This extends the
actions of kH and of k[G], and moreover must be the unique such action because

these subrings generate kG. [J

Here we had to make a topological assumption, that M is Hausdorff. If kH is Noethe-

rian, this assumption may be dispensed with, as follows.

Lemma 3.30:

Let A be a left Noetherian pseudocompact k-algebra and M be a finitely-generated
left A-module. Then, there exists a unique topology on M such that the action
A x M — M is continuous. Moreover, M with this topology is a pseudocompact

module.

Proof:

Since A is Noetherian, any surjective A-module homomorphism A®* — M has

finitely-generated kernel, and hence there is an exact sequence
PRI V)

Now we show that any A-module homomorphism f : A" — A® is continuous. By
properties of the product topology, it is enough to show this in the case s = 1.
Let B be a neighbourhood basis of open two-sided ideals as in Definition [3.2] and
I € B. Then the submodules (I");c5 form a neighbourhood basis in A*. Since I
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is two-sided, it is straightforward that I' C f~'(I), hence f~'(I) is open. So, f
is continuous as required.

By Theorem 22.3 of [Sch1l], the image N = f(A") < A® is closed and pseudo-
compact. In fact, since A® is a Noetherian A-module, every submodule is finitely-
generated and therefore closed. It follows that the homomorphism ¢ : A> — M
must be continuous whenever M has a topology that makes it a topological
A-module. But, ¢ is a surjective continuous map of topological groups, hence
is an open map, and therefore M must have the quotient topology induced by
M = A®*/N. Moreover, the quotient topology induced on M by the natural iso-
morphism M = A®/N is pseudocompact, again by Theorem 22.3 of [Schil]. O

We call the unique topology determined by Lemma the canonical topology, which
is Hausdorff since it is pseudocompact. A similar statement to Lemma [3.30]is proved

for k profinite in Proposition 2.1.3 of [Emel0)].

Corollary 3.31:
Let M be a k[G]-module equipped with a kH-module structure for some open
profinite subgroup H < G such that the two induced k[H|-actions coincide. If

kH is a Noetherian ring, then M has a unique kG-module structure that extends
the action of k[G] and of kH.

Proof:

Since k is pseudocompact and H is profinite, kH is a pseudocompact k-algebra,
by section 4 of [Bru66|]. Since kH is Noetherian, Lemma implies that every
finitely-generated submodule of M is pseudocompact with the canonical topology.
We give M the final topology corresponding to the inclusions N — M of all
finitely-generated submodules N of M. That is, U C M is open if and only if
UNN C N is open for every finitely-generated submodule N. We show that the
topology on M satisfies the assumptions of Proposition |3.29

Firstly, the topology on M is Hausdorff, since it is Hausdorff on any finitely-
generated (pseudocompact) submodule V.

For N < M a finitely-generated kH-submodule, the kH-action kH x N — N is
continuous, again by Lemma |3.30, That is, letting ay : kH x M — M denote
the kH-module action, the restriction ap|rpxn is continuous for any finitely-
generated N. It is also straightforward to check that a subset U’ C kH x M is
open if and only if U' N (kH x N) C kH x N is open for all N, using the fact

46



that the inclusions N — N’ of one finitely-generated submodule to another are
open continuous maps, so for any open subset V' C N of any finitely-generated
submodule, V' is open in M.

Now, let U C M be an open subset of M. Then

aF (U)N (kH x N) = (aglemxn) - (UNN)

is open in kH x N, for any finitely-generated submodule N. Therefore aj'(U)
is open, by the above. So ay is continuous.

Let g € GG. The action of g on M induces a natural bijection g : N — gN for
any finitely-generated submodule N. We show it is a homeomorphism.

Now, gN is a finitely-generated k(gHg ' N H)-submodule of M, and N is a
finitely-generated k(H N g~'Hg)-submodule of M. The canonical topology on
N, gN is determined by these respective module structures. The map g : N —
gN naturally induces a bijective correspondence between k(HNg ™' Hg)-submodules
of N and k(gHg ' N H)-submodules of gN. The open submodules of N, gN are
those of finite index, and since the action of g gives a bijection between N and
gN, it must therefore induce a bijective correspondence between open submod-
ules, (U < N)+— (gU < gN). Thus, g: N — gN is a homeomorphism.

Now, let U C M be open, and N be a finitely-generated kH-submodule of M.
Then UN (kH - gN) is open in kH - gN and hence U N gN is open in g/N. Then
g HU)NN =g (U NgN) is open, by the above. Thus by definition g~ *(U) is
open. So the action g : M — M is continuous for any g € G.

Thus, M satisfies the properties of Proposition [3.29. Therefore M has a unique
kG-module structure extending the k[G]-module and kH-module actions. [

A very important situation in which Corollary holds is when G is a p-adic Lie
group and k is a field of characteristic p; in this case H is a compact p-adic Lie group
and kH is Noetherian by Theorem 2.2l The same result holds for certain complete

discrete valuation rings k.

Theorem 3.32:
Let H be a compact p-adic Lie group, and k be a complete discrete valuation

ring with residue field of characteristic p. Then kH is a Noetherian ring.
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Proof:
Let m € k be a uniformiser, so that k/mk = F is a field of characteristic p. Since
k is m-adically complete,
kH = lim k[H/U] = lm (k:/ﬂ"k:> [H/U] = jim (kywnk)H
U<,H U<oHn>0 n>0
because we may commute the inverse limits. It follows that kH has a complete

descending filtration where the associated graded is a polynomial ring,

erkH =P (”"k/ﬂnﬂ,ﬂ)ﬂ ~ FH[X],
n>0
the variable X corresponding to the degree one element 7 + 72k. Since FH is
Noetherian by Theorem [2.2] Hilbert’s basis theorem implies gr kH is Noetherian.
It follows from [LVO96, Proposition 11.2.2.1] that kH is Noetherian. [J

We now generalise Definition [3.5] to locally profinite groups and spaces.

Definition 3.33:
A locally profinite G-space is a locally compact Hausdorff totally disconnected
topological space X with a continuous G-action G x X — X.

Notice that for H an open profinite subgroup, the H-orbits of a locally profinite G-
space X are compact, Hausdorff and totally disconnected, and (trivially) each has
finitely many H-orbits, thus are profinite H-spaces. Unlike subsection we make
no assumption on the number of orbits of G on X here. (In particular we are free to
take G and X to be profinite, with infinitely many G-orbits.)

Definition 3.34:
Let X be a locally profinite G-space, H be an open profinite subgroup of G. The

augmented completed module of X is
EX= P kz
Ze0rby (X)

with the direct sum topology, where each kZ has its natural pseudocompact

topology as in Lemma [3.9]

We now show that this definition gives a kG-module which does not depend on choice
of H.
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Proposition 3.35:
Let X be a locally profinite G-space. For any H < G an open profinite sub-
group, there is a kG-action extending the left kH-module action on (kX)y =

@ kZ. Moreover, each of these kG-modules are naturally isomorphic and

Ze0rby (X)
the topologies agree.

Proof:
Let J < H be open profinite subgroups of G. For Z any H-orbit, there is a

kJ-module isomorphism

7y @ kZ —kz
Z'€0rb;(2)

using both parts of Lemma [3.10, Thus, define the kJ-module isomorphism

Ze0rby (X)

We can extend this definition to arbitrary J, H < G by
JH = JInHH © J .-

We define a kG-module action on (kX)gy, by first defining a G-action on kX.
For Z an H-orbit of X and ¢ € G, we have the natural continuous action
g Z — gZ. We can consider both Z and gZ as profinite H-spaces by letting H
act on gZ via the isomorphism H = gHg '. Thus we obtain a (bijective) map
g:kZ — k(gZ), by Proposition Note that ¢Z is a profinite gH g '-space,

so linearly extending, we obtain a (continuous) map
Ju - (kX)H — (kX)gHg—l.

Define the action of g € G on m € (kX)gy by g-m = jyug—1 y(gu(m)). It is easy
to check that

9u (G (M) = Josg—1.gmg-(9s(m))
for any open profinite subgroups J, H < G (by first considering the case J < H).
Then for any g,¢' € G and m € (kX)g, it follows that (g¢') -m = g- (¢’ - m),
because gy (g1 © gy = gl?H by Proposition and because ju, m; © JH, 0, =
Jm,, 1, for any open profinite subgroups H;, Hy, Hs < (. So, the action of G' on

(kX)p is a group action.
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Moreover, each isomorphism j; i is G-equivariant. The isomorphisms of Lemmam
are easily seen to be topological isomorphisms, so each z§ i, therefore each j; g,
is also a topological isomorphism. Hence, every g € G acts continuously on
(kX)pg, and (kX)g is Hausdorff because each kZ is Hausdorff. The G-action
is obviously k-linear, and agrees with the H-action induced from the natural
kH-action. Thus we have a k[G]-module action on (kX )y which agrees with the
kH-module action on k[H]. By Proposition [3.29] it follows that there is a unique
kG-module action on (kX )y extending these actions.

Since each j; g is a topological kJ-module isomorphism, and is G-equivariant, it
follows that (kX); = (kX)g as topological kG-modules whenever J < H, and
this obviously extends to arbitrary open profinite subgroups J, H. [

Example 3.36
Let G = Q, and X = Q, with G acting by multiplication. A compact open
subgroup of Q, is H = Z,. The H-orbits in X are {p"Z) | n € Z} U{{0}}, and so

kX =Rz ok
nez
as a k:Z;—module, where k is the trivial module. The element p™ € Q; acts on
the infinite direct sum by the natural "shift by m” among the isomorphic sum-
mands, and acts trivially on k. Since kQ, = kZ;[X, X 11, we have a kQ, -module
isomorphism

kQ, = kQ @ k.

Example 3.37
Let G be a locally profinite group, X be a locally profinite G-space such that X has
the discrete topology. For H < GG any open profinite subgroup, any H-orbit Z C X
is compact, hence finite, so kZ = k[Z]. It follows that the augmented completed

module

kX = k[X],

is the usual permutation module.

We now prove a universal property analogous to those in the previous three sub-
sections. Similarly to subsection [3.3] this requires us to define a class of modules
which generalises “pseudocompact kH-modules”, but which may look unnatural at
first sight.
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Definition 3.38:
Let M be a Hausdorff topological left kG-module. Let L C M be a subset closed
under the action of GG. The subset L makes M an Iwasawa-like kG-module if
and only if there is an open profinite subgroup H < G such that every H-orbit

in L is contained in a pseudocompact kH-submodule of M.

For any locally profinite G-set X the kG-module kX is [wasawa-like via X, because
for any open profinite H < GG and any H-orbit Z in X, we have that kZ < kX is a
pseudocompact kH-submodule of k.X.

In this case, any open profinite subgroup H < G may be considered, and we now

show this holds for a general Iwasawa-like module.

Lemma 3.39:
Let M be an Iwasawa-like kG-module via L. C M. For any open profinite sub-

group J < G, every J-orbit in L is contained in a pseudocompact k.JJ-submodule
of M.

Proof:

Let H < G be an open profinite subgroup such that every H-orbit of L is
contained in a pseudocompact kH-submodule. Clearly if J is a subgroup of H,
this property also holds for J.

Let J < G be open profinite with H < J. Without loss of generality, we may
assume H is small enough such that H is normal in .J. Let Y be a J-orbit of L
and Z CY be an H-orbit. By our assumption on H, there is a pseudocompact
kH-submodule N such that Z C N. Then, because H is normal in .J, we have a

kH-submodule
P=) iN=2 iN<M

jeJ jeJ/H

7 =)iz

JjeJ

which must contain

Moreover, the G-action on M restricts to a J-action on P extending the H-
action. Because kJ = kH ®ym k[J], it follows that P is a kJ-module. More-

over, where N = I.LHN /N; is an inverse limit of finite-length kH-modules, then
il
P = lim Z J(N/N;) is an inverse limit of finite-length kJ-submodules, so P is
el jeJ/H
a pseudocompact k.J-submodule.
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So if H < G has the property of Definition so does any open profinite
subgroup contained in or containing H. Thus, by considering the inclusions
JNH<Jand JNH < H, the statement follows. [

That is, for any kG-module M and subset L. C M closed under the action of GG, the
condition of Definition holds for a particular open profinite subgroup H < G if
and only if it holds for all open profinite subgroups.

Proposition 3.40:
Let X be a locally profinite G-space, M be an Iwasawa-like kG-module via
L C M, and ¢ : X — L be a continuous G-equivariant map. There is a unique
continuous kG-module homomorphism gg : kX — M extending ¢.

Proof:

By Lemma |3.39, any open profinite subgroup of GG verifies the condition of Def-
inition [3.38] of M being Iwasawa-like via L. Let H < G be open profinite, and
let Z be an H-orbit of X.

Then ¢(Z) is an H-orbit of L, so there exists a pseudocompact kH-submodule
My < M containing ¢(Z). By Proposition , the continuous H-equivariant
map ¢|z : Z — My extends to a continuous kH-module homomorphism v :
kZ — M. Define

b= Y  tz:ikX oM

Z€0rby (X)
Clearly ¢y is a kH-module homomorphism. We show that ¢y is G-equivariant.
Recall the definition of the isomorphisms j; g from the proof of Proposition W
By Lemma @, Proposition m, and the second part of Lemma , q} HOJJH =
¢ for any open profinite subgroups H, J < G.
Now, let Z € Orby(X), m € kZ, and g € G. Then

‘Z;H(g -m) = QBgHg‘1 0 jHgrg-1(9 - M) = Ygz(gm).

If m € k[Z] then ¢,2(gm) = gpz(m) because ¢ is G-equivariant and the ¢ are
k-linear. Because the v are continuous, k[Z] is dense in kZ, and M is Haus-
dorff, it follows that v,z (gm) = gipz(m) for all m € kZ. Thus, by linearity,
éH(g -m) = g&H(m), for all m € kX.

So ¢y is G-equivariant, and is a kH-module homomorphism by Proposition m,
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hence is a kG-module homomorphism, which is continuous since each 5 is con-
tinuous.

Finally, k£[X] is dense in kX by similar reasoning to the fourth part of Proposi-
tion [3.14] using that each k[Z] is dense in kZ, and

KXl= k2.
ZeOrby (X)
Now, M is Hausdorff, and clearly ¢ has a unique k-linear extension to k[X].
Therefore ¢ = ¢p : kX — M must be the unique continuous kG-module homo-
morphism extending ¢. [

Proposition 3.41:
The mapping F given on objects by F(X) = kX and on morphisms by F(¢) = ¢,
is a functor from the category of locally profinite G-spaces (with continuous G-
equivariant maps) to the category of Iwasawa-like topological kG-modules (with
continuous kG-module homomorphisms). The functor preserves surjectivity of

morphisms and injectivity of morphisms.

Proof:
By Proposition [3.40|, and identical reasoning to that given in the proof of Propo-
sition [3.12] F is a functor.
Let ¢ : X — Y be a continuous G-equivariant map between locally profinite
G-spaces, and let H < G be an open profinite subgroup. If Z is an H-orbit of
X, then ¢(Z) is an H-orbit of Y.
If ¢ is injective, then each QNS] bz = ¢TZ is injective by Proposition , and so qz~5
is injective since it is the direct sum of such maps.
If ¢ is surjective, then for all H-orbits Z' C Y, there is an H-orbit Z C X such
that ¢(Z) = Z'. Again by Proposition each qglkz is surjective, so has image

kZ' < kY. So ¢(kX) contains the (direct) sum of all such kZ’, which is equal to
kY. Thus gf; is surjective. [J

Notice that a potential ambiguity appears given the two main constructions detailed
in this section. Namely, when G is a locally profinite group, G can be considered as
a locally profinite G-space, or simply as a locally profinite group, and the resulting

constructions of the object kG may differ, a priori. However, in fact the constructions

93



agree. Let G, X be locally profinite groups and ¢ : G — X be a continuous group

homomorphism. We then have a group action of G on X given by
pxidy GxX =X, (g,2)— ¢(g9)r.

This is easily seen to be a continuous group action, and hence by Proposition [3.35]

we obtain a continuous £G-module action on kX, which we denote
& X idy - kG x kX — kX.

Alternatively, by Proposition [3.17] ¢ extends to a continuous k-algebra homomor-
phism
¢ kG — kX,

and this gives a continuous kG-module action on kX via

¢ X idpx 1 kG X kX = kX, (y,x) = ¢(y)x.

Now, ¢ x idy and ¢ X idyx agree on k[G] x k[X]. Thus, they must agree on kG x kX
because k[G] x k[X] is dense and kX is Hausdorff.

In particular, the construction of the module kG from the left multiplication action
of G on itself is the same as constructing the augmented Iwasawa algebra kG and

considering the rank one free left module.

3.5 Properties of augmented Iwasawa algebras

We now deduce some basic properties of augmented Iwasawa algebras from the uni-

versal property of Proposition [3.17]

Proposition 3.42:
Let G be a locally profinite group. Then kG is isomorphic to its opposite ring
(kG)°P.

Proof:
Let A be an Iwasawa-like k-algebra, via the subgroup L < A*. The opposite
algebra A’ has the same underlying set as A, but reversed multiplication. Then,
A% is an Iwasawa-like algebra, via the subgroup L < (A%)*, where L is the
set L, with reversed group operation g - h = hg.
Let ¢ : G — L be a continuous group homomorphism. Then, define ¢’ : G — L

by ¢'(9) = ¢(g)"". Then, ¢ is also a continuous group algebra homomorphism,
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and so by the universal property of Proposition ¢’ extends to a continuous
k-algebra homomorphism ¢/ : kG — A°. Taking opposite algebras obtains a

continuous k-algebra homomorphism
¢=¢": (kG)P — A

Now, (kG)? is an Iwasawa-like algebra, via the subgroup G < ((kG)?)*. This
is because the topology on (kG)? is the same as the topology on kG, and because
(kK)P is a pseudocompact subalgebra of (kG)? for any open profinite K < G.
The map G — G, g — ¢~ ' is an isomorphism of topological groups. Thus we
have an injection j : G — (kG)?, and $oj=¢. So, ¢is a continuous k-algebra
homomorphism extending ¢. It also must be the unique such map, because the
values on k[G?] = k[G] are determined by the homomorphism property, and
k[G?P] is dense in (kG)®.

So, j embeds the group G into the units of the Iwasawa-like algebra (kG)?, such
that the universal property of Proposition is satisfied. Therefore, (kG) is
(canonically) isomorphic to kG. O

As a consequence, kG has a left property if and only if it has the corresponding right
property. For example, kG is left coherent (see Definition if and only if kG is
right coherent, Thus we will often refer to augmented Iwasawa algebras as being co-
herent or not coherent, similarly for Noetherian, without a prefix “left” or “right”. It
also follows that kG =2 k[G] Q) kH as a (k[G], kH)-bimodule.

To prove statements about quotients of augmented Iwasawa algebras, it is necessary

to define the augmentation ideal of a subgroup.

Definition 3.43:
Let G be a locally profinite group, H < G be a closed subgroup. Consider
the locally profinite G-space G/H where G acts by left multiplication, the G-
equivariant quotient map qy : G — G/H, and its unique extension gy : kG —
k(G/H) to a continuous kG-module homomorphism, given by Proposition [3.40}
The augmentation ideal of H in G is eq(H) = Ker ¢j.

Notice that eg(H) is a closed ideal because ¢y is continuous and k(G /H) is Hausdorf.
By Proposition [3.41], ¢ is surjective, giving a natural isomorphism of left kG-modules
kG/eq(H) = k(G/H) for any closed subgroup H < G. We may occasionally write

€(H) = ec(H), when G is clear from context.
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Proposition 3.44:
Let GG be a locally profinite group, N a closed normal subgroup. There is a natu-
ral surjective ring homomorphism kG — k(G /N), with kernel the augmentation
ideal eg(N).

Proof:
Note that the G-equivariant quotient map gy : G — G/N is a continuous group
homomorphism. We can extend this to a continuous k-algebra homomorphism
kG — k(G/N) and to a continuous kG-module homomorphism kG — k(G/N),
by Propositions [3.17] and [3.40} By the remark at the end of subsection [3.4] these
homomorphisms may be identified, so we have a natural continuous ring homo-
morphism kG — k(G /N) with kernel the (two-sided) ideal Ker gy = eg(N). O

We now prove some results on augmentation ideals which will be of later use.

Lemma 3.45:
Let G' < G be a closed subgroup. The augmentation ideal e(G') = kG Qg
EG/(G,).

Proof:
Consider the trivial kG'-module k = kG'/eq/(G'). We show that kG Qe k is
isomorphic to k(G/G"). Suppose ¢ : G/G' — M is a G-equivariant map to an

Iwasawa-like kG-module as in Proposition [3.40 There is a unique extension of

the composition ¢ o qor : G — M to ¢poqe : kG — M. Now, (¢ o qe)|c is
constant, and therefore ¢ o qg/|per : kG' — M factors through a kG’-module
homomorphism 6 : &k — M. Then

[ kG xk—= M, f(x,y)=20(y),

is a kG'-balanced k-bilinear map, and f(z,1) = a:qb/o\&;(l) = gzﬁ/o\E]E/ (). By the
universal property of tensor product, there is a unique extension f kG Qe k —
M, which extends the original map ¢, where ¢G' € G/G’ is identified as g ® 1.
Any other extension of ¢ to kG ®re k — M must restrict to ¢ o ¢ on kG and

0 on k, so f is unique. Therefore kG ®i k satisfies the universal property of
Proposition [3.40] and we have a natural isomorphism k(G/G’) = kG Quq k.
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By Proposition m (which does not depend on this lemma), kG is a flat right

kG’-module, so there is a commutative diagram with exact rows as follows.

0 — eq(G) » kG y k(G/G") —— 0

A

0 —— kG Rrqr EG/(G/> > kG > kG RQrqr k—— 0

Therefore the natural (inclusion) map kG Qe €a(G') — ec(G') is an isomor-

phism. [

Clearly, the augmentation ideal of a closed subgroup H must contain the set {h —1 |

h € H}. In the cases of most interest, this set is a generating set.

Lemma 3.46:
Let G be a locally profinite group. Suppose G' < G is a closed subgroup such
that there is an open profinite H < G’ with kH Noetherian. Then eq(G') =
kG{g — 1|4 € G'}.

Proof:
By Lemma [3.45] it is enough to prove this in the case G’ = G. Since H < G
is open, we have that G/H is discrete and k(G/H) = k[G/H|. Considering the

chain of surjective homomorphisms
kG — k(G/H) — k = kG/eq(G),

it follows that eq(G) = eq(H) +kG{g—1|g € G/H}.

Now consider the case G = G’ = H. Since kH is Noetherian, every left ideal
of kH is finitely-generated, hence closed by Corollary 22.4 of [Sch1l]. From the
definition of the (inverse limit) topology on kH, the ideal kH{h — 1| h € H} is
dense in ey (H), but must be closed. So eg(H) =kH{h—1|h € H}.

Thus, by Lemma [3.45]
ec(H) = kG Qi eg(H)
— kG @ (KH{h — 1| h € H})
—kG{h—1|he H).
It follows that
ec(G)=kG{h—1|he H}+kG{g—1| g€ G/H}
CkG{g—1]geG}.
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The reverse inclusion is obvious, completing the proof. [J

If k is a field of characteristic p or a complete discrete valuation ring with characteristic
p residue field, then Lemma holds whenever G is a p-adic Lie group, by Theorems
2.2 and 3.32)

Lemma 3.47:
Let G be a p-adic Lie group, k be as above, and G’ < G be a closed subgroup.
Let o be a ring endomorphism of kG which restricts to a group homomorphism
G — G. Then kGo(eq(G")) = eq(a(G")).

Proof:
By Lemma any augmentation ideal eg(G’) is generated abstractly by {g—1 |
g € G'}. The left ideal kGo(eg(G")) clearly contains {o(g) — 1| g € G'}, hence

contains eg(o(G")). Conversely, if z = ch(g — 1) € eg(G'), then o(x) =
geG’

Z o(cg)(o(g9) — 1) € eg(o(G")), thus eq(0(G")) must contain kGo(eq(G')). O

geG’
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4 Representation theory of p-adic Lie groups

In this section we introduce some important types of representations of p-adic Lie
groups, namely the smooth and admissible representations, and explain how they

may be viewed in relation to modules over the (augmented) Iwasawa algebra.

4.1 Smooth and admissible representations

In fact, we will give definitions of smooth and admissible representations over locally

profinite groups.

Definition 4.1:
Let G be a locally profinite group, and k£ be a commutative pseudocompact ring.
A smooth representation of G over k is a k[G]-module V' such that for any v € V,

there exists an open profinite subgroup H < G and an open ideal I C k, such
that H -v ={v} and I - v = {0}.

This definition naturally generalises Definitions 2.2.1 and 2.2.5 of [Emel0]. Moreover,
if k is a field (with the discrete topology), we obtain the usual definition of smooth;

every vector of V' has an open subgroup of G fixing it.

Definition 4.2:
Let GG be a locally profinite group, k£ be a commutative pseudocompact ring and
V' be a smooth representation of G over k. V' is admissible if and only if for every

open profinite subgroup H < G and open ideal I C k, the k-submodule
VI ={veV |H v={v}, I -v={0}}

has finite length.

When k is discrete and I = 0, we will write V¥ = V9 In the case k is a field, a
smooth representation V' is admissible precisely when every V# is a finite-dimensional
k-vector space. Definition 4.2f generalises Definition 2.2.9 of [Emel0)].

Example 4.3
Let G be a locally profinite group and X be a locally profinite G-space which has
the discrete topology. The augmented completed module of X is kX = k[X] by
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Example [3.37] Since X is discrete, the stabiliser of any = € X is an open subgroup

of G, hence contains an open profinite subgroup H, < G. Given an element
y = Zczx € k[X],
zeX

the finite intersection

H= () H
rzeX
e #0
is an open profinite subgroup of G, and fixes y. Thus if k is discrete, kX = k[X] is

a smooth representation of G.

4.2 Smooth representations are augmented Iwasawa modules

We now give a proof that any smooth representation is a module for the augmented
Iwasawa algebra kG, using Proposition [3.17] Showing that any smooth representa-
tion carries a kG-module structure requires working with finite-length k-submodules,

necessitating the following lemmas.

Lemma 4.4:
Let V' be a smooth representation of G over k and M <V be a k-submodule of

V. The following are equivalent:
e M is a finitely-generated k[H]-module for some open profinite subgroup H < G.
e M is a finite-length k[H]-module for some open profinite subgroup H < G.
e M is a finitely-generated k-module.

e M is a finite-length k-module.

Lemma 4.5:
If M is a finite-length k-module, then Endy (M) is a finite length k-module.

With input from these lemmas, we show that the endomorphism ring of any smooth

representation is an Iwasawa-like algebra, and deduce that there is a natural and

unique kG-module structure on any smooth representation of G.
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Proposition 3.16:
Let V be a smooth representation of G. The ring of k-linear endomorphisms of

V' is naturally an Iwasawa-like algebra.

Proof:
Let A = Endg(V) be the ring of k-linear endomorphisms of V. For any M a
finite-length k-submodule of V', define the left ideal of A,

M={feA|f(M)=0}

The collection of such ideals, {I* | M a finite-length k-submodule of V'}, is
closed under finite intersections. Thus we give A the linear topology with an
open neighbourhood basis of 0 given by this collection, and we now show that
A is a topological ring. We show that the multiplication of A, which is given by

composition of functions,
c:AxA— A cf,h)=foh,
is continuous. Given M a finite-length k-submodule of V', consider
MY = {(f,h) € Ax A | [(h(M)) = 0}.
Note that for any h € A, if f € "™ and b’ € I, then (f, h+ 1) € ¢ (IM), so
"D s (b4 TMY C e HIM).

Moreover, ¢ Y(IM) = {(f,h) € Ax A | f € I"™)}. Thus we have a chain of

inclusions

MMy [ MM s {py < | 1M x (4 T C NI,
heA heA

in which equality must hold throughout. It follows ¢ (1)) is open in A x A.
Thus c¢ is continuous and A is a topological ring. Also, A is Hausdorff since by
Lemma [4.4] V' is the union of its finite-length k-submodules, so the intersection
of all the I is zero.

Moreover, A* is a topological group under the subspace topology. To show this,
let @ € A*, M be a finite-length k-submodule of V', and consider the open subset
Usnt = (a+I")N A* C A*. Then

Uy ={be A~ | b(a+ f) =1 for some f € M} ={bec A* | (1 —ba)(M) = 0},
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with inclusion of the third term in the second given by considering the choice
f=0b""(1—ba). It follows that

Uiy ={be A | (a' =b)(a(M)) =0} = (a™" + [*™)n A

is open, and so the inversion map is continuous and A* is a topological group.

Now, for any open profinite H < G, define the subring of A,
By ={f€A| f(N)C N for all finite-length k[H]-submodules N < V'}.

Then By is a topological ring, which we show is a pseudocompact k-algebra. An
open neighbourhood basis of 0 € By is given by the collection of ideals of the form
IM N By for M a finite-length k-submodule of V. But I*¥IM 0 B, C 1M N By,
and k[H]M is a finitely-generated k[H]-module, hence is a finite-length k[H]-
module and k-module by Lemma 4.4, Thus an open neighbourhood basis of

0 € By is given by the collection of ideals,
{1} =™ N By | M is a finite-length k[H]-submodule of V'}.

Now, I% is the kernel of the natural k-algebra homomorphism from By to

Endy (M) given by restriction. This gives a natural k-algebra homomorphism
M M

Now, 1y is injective because V is the union of its finitely-generated, hence by
Lemma [4.4] finite-length k[H]-submodules. Given an element (fu)as of the in-

verse limit, we can define an element of By by

fV={M=V, f2)=fulz)ifzeM,
M

and then ¥y (f) = (far)a- So, ¥y is an isomorphism.

By Lemma Endg (M) is a finite-length k-module for any finite-length k-
submodule M < V. Therefore, By is a pseudocompact k-algebra under the
subspace topology induced from A.

Let ¢ : G — A™ be the natural group homomorphism given by ¢(g)(v) = g - v.
Because A™ is a topological group under the subspace topology from A, the
continuity of ¢ can be checked on a basis of open neighbourhoods of 1 € A*. Let
Uy = Uy € A* for M a finite-length k-submodule of V. Then

o Un)={9€G|(g—1)(M)=0}={ge€G|g-m=m,Vme M}.
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Let S be a finite generating set of M over k, and for each s € S, choose an open

profinite subgroup H, < G that fixes s. Then the open profinite subgroup

H:ﬂm

ses

fixes all elements of M, because the actions of G and of k£ commute. So H <
¢ (Upr), which implies ¢~ *(Uy;) is an open subgroup of G. Thus ¢ is continu-
ous.

Thus, ¢ : G — ¢(G) is a surjective continuous map of topological groups, hence
is an open map. Therefore ¢(G) is a locally profinite group with open profinite
subgroup ¢(H). Moreover, ¢(H) is contained in the units of By, which is a
pseudocompact subalgebra of A. This shows that A is an Iwasawa-like algebra,
via the subgroup ¢(G) < A*. O

Corollary 3.18:
Let V be a smooth representation of G. There is a unique kG-module structure

extending the k[G]-module action on V.

Proof:
Recall from the proof of Proposition the natural group homomorphism

¢: G — Endg(V)*,

given by ¢(g)(v) = g - v. In that proof we showed that Endg (V') is Iwasawa-like
via ¢(@G), and that ¢ is continuous. By Proposition there is a unique con-
tinuous k-algebra homomorphism ¢ : kG — Endg (V) extending ¢. This defines
a kG-module structure via z - v = ¢(z)(v) for all z € kG, v € V. Hence, there
is a unique kG-module structure on the smooth representation V' extending the
k[G]-module structure. O

We now give the straightforward proofs of Lemmas [4.4] and
Proof of Lemma [4.4}

Suppose M is a finitely-generated k[H]-module, and let S be a finite set of

generators. For each s € S, there exists an open normal subgroup K, <, H
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that fixes s, and an open ideal I, C k that annihilates s. Thus M is a finitely-
generated (k/I)[H/K]-module, where

I=(L, K=()K.

ses ses

Then, k/I is Artinian and H/K is a finite group, so (k/I)[H/K] is an Ar-
tinian ring, thus M has finite length as a k[H|-module. Moreover, (k/I)[H/K]
is finitely-generated as a k-module, so M is finitely-generated as a k-module.

If M is any finitely-generated k-module, there exist open ideals I, C k anni-
hilating each of the elements of a finite generating set S for M. Then M is a
finitely-generated k/I-module, and k/I is Artinian (where [ is as above), so M
is of finite length as a k-module.

Thus, it remains to show that any finite-length k-submodule M is a finitely-
generated k[H]-submodule for some open profinite subgroup H < G. Clearly
such an M is finitely-generated, let mq,...,m, be generators for M as a k-
module. Because V' is smooth, there exist open profinite subgroups H; such that

H; fixes mj, and so the open profinite subgroup

fixes each m;, and so M is naturally a finitely-generated k[H]-submodule of V. [J

Proof of Lemma [4.5:
We show that for any finite-length k-modules M, N, that the k-module Homy (M, N)
is of finite length, inducting on the length of M. If M has length 1, then M is
simple and M = k/I for some maximal ideal I < k. So Homy (M, N) is isomor-
phic to the submodule {z € N | Iz = 0} of N, and hence is of finite length. If
M is of length greater than 1, let M’ < M be a submodule such that M/M’ is
simple. Then Homy (M /M', N) is of finite length, and M’ has length strictly less
than that of M, so Homy(M', N) is of finite length by induction. By considering

the exact sequence
0 — Homy(M', N) — Homy (M, N) — Homy(M/M', N),

it follows that Homy (M, N) is a finite-length k-module. Putting M = N gives
the result. [J
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4.3 The dual of a smooth representation

We now turn our attention to the mod p representation theory of p-adic Lie groups.
Let G be a p-adic Lie group, and for the rest of this section, let k£ be a field of char-

acteristic p (given the discrete topology as usual).

We now define a duality between the category of smooth representations and a new
category. We will see that the augmented Iwasawa algebra and its module category
kG-Mod play a role on “both sides” of the duality. The results in this subsection are

essentially taken from section 1 of [Koh17] and section 2 of [Emel0].

Definition 4.6:
Let V be a k-vector space. The k-linear dual of V' is V'V = Homy(V, k).

Definition 4.7:
Let V' be a k-vector space with the discrete topology. Let (V;);c; be a directed
system of finite-dimensional subspaces such that @% = V. We give V" the
i€l
inverse limit topology given by

VY lim V)Y,

where each V" is discrete.

It is straightforward to check that the topology given on V" does not depend on the
choice of directed system, and thus we may take the directed system to comprise all

finite-dimensional subspaces of V', under inclusion.

Lemma 4.8:

When V is a discrete k-vector space, V" is a pseudocompact k-module.

Proof:
This is straightforward: each V;” is a finite-dimensional, hence Artinian, k-

module, thus V" = 1&1‘/1\/ is pseudocompact. [
el

Definition 4.9:

Let M be a topological k-vector space. The continuous k-linear dual of M is
M*={f e M| fis continuous},
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which we give the discrete topology.

Lemma 4.10:
Let V' be a k-vector space with the discrete topology and M be a pseudocompact
k-module. Then (VY)* =V and (M*)" = M.

Proof:
Let ey : V — (VY)* be the k-linear map given by

for any v € V, f € VY. Firstly we show the map is well defined onto the
codomain. Notice that for any v € V, ey (v) : V¥ — k has kernel

Kerey(v) ={f e VY| f(v) =0} = Ker(V"Y — (kv)").

Since kv is finite-dimensional, it follows that Ker ey (v) is open in V¥ and ey (v)
is continuous. Next, since V" is the full linear dual, it is straightforward that
ey is injective. Finally, let e : V¥ — k be a continuous k-linear map. For each
finite-dimensional subspace W <V, let my : V¥ — W be the projection map.
Since Kere < V'V is an open subspace of V", there exists a finite-dimensional
W such that e(Kermy) = 0. Thus there exists a k-linear map & : W — k such
that

€ = €O Ty.

But since W is finite-dimensional, ey, : W — (W)Y is an isomorphism and
there exists a unique v € W such that é = ey (v). Then e = ey (v).

So, ey is surjective, hence is a k-linear isomorphism V' — (V¥)*. Both spaces
are discrete so ey is a topological isomorphism.

Similarly, let Ey : M — (M*)Y be the k-linear map given by

for any m € M, f € M*. Suppose m € M is such that Ey/(m) = 0, that is,
f(m) = 0 for every continuous k-linear map f : M — k. It follows that m must
lie in the kernel of any continuous k-linear map from M to a finite-dimensional
k-vector space, but this forces m = 0 since

le'gnW
WeB
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is an inverse limit of finite-dimensional k-vector spaces. So, E); is injective.
To show FEj; is surjective, let E € (M*)", and note for each W, the natural
projection map

pw M —W
induces an injective map
Tw w* — ]\4*7
and since W is finite-dimensional, there exists a unique xy € W such that

The zy must be compatible under the inverse system by uniqueness, and hence
there exists x € M such that E = Ey(x). So, Ej is surjective. It is then
straightforward to check that the W € B induce the pseudocompact topology on

(M*)Y, and that E); is continuous, hence also a topological isomorphism. [J

We now introduce the action of our p-adic Lie group G.

Definition 4.11:
Let V be a representation of G over k. We give V" the G-action by (g - f)(v) = f(g~'v)
forallge G, fe VY veV.

Definition 4.12:
Let M be a pseudocompact k-module with an action of G' by continuous auto-
morphisms. We give M* the G-action by (g- f)(m) = f(g"'m) forall g € G, f €
M*,m e M.

Lemma 4.13:
Let V' be a smooth representation of G and H < G be a compact open subgroup.
Then V" has a (unique) kG-module structure which extends the k[G]-module

structure. Moreover this makes V" a topological kH-module.

Proof:
Since V' is a smooth representation (and k is a discrete field), we have that V' is

a direct limit of invariant subspaces

V= lim VY,
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and therefore
vV o__ : U\V

Vv L}gH(V )7
Since each VY is a k[H]-submodule, and thus a k[H/U]-module, each (VY)" is a
k[H/U]-module, from which it follows that V" is a kH-module. The kH-module
action extends the k[H]-module action induced by the k[G]-module action defined
above. Since H is a compact p-adic Lie group, kH is Noetherian by Theorem [2.2]
thus Corollary shows that V¥ has a uniquely determined kG-module struc-
ture.
Then, for any W < V a finite-dimensional subspace, since V' is smooth there ex-
ists U <, H such that W < VY. Composing the action map with the continuous
map V¥ — WV, we obtain the map

W:kHXVV%WV,
¢

and ¢! (0) must contain ex(U) x V. Since W is discrete, it follows that ¢y
is continuous. This holds for all W, and thus the characteristic property of the

inverse limit (pseudocompact) topology on V" implies that
kHxVY = VY

is continuous — that is, V'V is a topological kH-module. [J

Lemma 4.14:
Let M be a pseudocompact k-module, such that M has a kG-module structure
making it a topological kH-module for some compact open subgroup H < G.

Then M™ is a smooth representation of G.

Proof:
Let f € M* and o : kH x M — M be the continuous map giving the kH-module

structure. Since f : M — k is continuous, the composition
foa:kHxM — k

is continuous. It follows that there exists an open ideal I’ C kH and an open
submodule N < M such that

(foa)(I"x N)={0}.
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Since N is an open submodule of M and M is a pseudocompact k-module, the
quotient M /N is a finite-dimensional k-vector space. Let mq,...,m, € M be
such that

M=N+kmi+---+km,.

Since the restriction
(f Oa>|kH><{mj} ckH x {m]} — k

is continuous, there exists an open ideal I; € kH such that

(f e a)(l; x km;) = {0},

for each j. Let
I=I'n(\I CkH.
=1

Then [ is an open ideal of kH, and by construction

(f 0 a)(I x M) = {0}.

That is, for all x € I, m € M, we have f(x-m) = 0. Since I is open, there
exists an open subgroup U < H such that ey (U) C I, from which it follows that
uw- f = fforall ue€ U. The subgroup U is also open in G. Therefore M* is a

smooth representation of G (since k is discrete). O

In fact, a (k-pseudocompact) kG-module which is a topological kH-module is auto-

matically topological.

Proposition 4.15:

Let M be a kG-module which is pseudocompact as a k-module. Let H < G be
a compact open subgroup. Then M is a topological kG-module if and only if M
is a topological kH-module.

Proof:

Here M has the topology given by the property of being a pseudocompact k-
module. If M is a topological kG-module, the restriction of the continuous
kG-action

ag kG x M — M,
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to kH x M is continuous, thus M is a topological kH-module.
Conversely, suppose ay is continuous. Let the pseudocompact topology on M

be given by the inverse limit of finite-dimensional k-vector spaces
M = lim W,
W

with projection maps my : M — W. To show that a is continuous, it is enough
to show that
ow =mwoag:kGXM—W

is continuous (for all W). By a similar argument to Lemma [4.14] we show that
there exists an open (two-sided) ideal I C kH such that

ow (I x M) = {0}.

Namely, since W is discrete, there are Iy < kH, N < M open such that ¢y (I3 X
N) = 0. Since M/N is finite-dimensional, there is an open I < kH such that

ow (I N1y x M) = {0},

and I = I; N I, is open. Let I’ = IkG be the right ideal of kG generated by I.

Then I’ contains

@ I ® g C kG,

geH\G

and therefore is open in kG. Since ¢w (I’ x M) = {0}, it follows that ¢y ({0})
is open in kG x M. Since W is discrete, ¢y is continuous. So, ag is continuous

as required. [

Combining Proposition with Lemma [4.14] Lemma and Lemma [4.10] we

obtain a succinct dual characterisation of smooth representations.

Corollary 4.16:
Let V' be a representation of G over k. V is smooth if and only if the k-

pseudocompact module V" is a topological kG-module.
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4.4 The dual of an admissible representation

In Corollary we have given a module-theoretic condition on V" for V to be a

smooth representation. We continue this approach for the admissible representations.

Lemma 4.17:
Let V be a smooth admissible representation of G over k, and H < G be a
compact open subgroup. Then V" is a finitely-generated kH-module.

Proof:
Recall from Lemma (.13 that V' has a kG-module structure such that V is a
topological kH-module. Let K <, H be an open pro-p subgroup. Since V is
admissible, the invariant subspace VY is finite-dimensional for any U <, K.
Thus we have a topological isomorphism of pseudocompact k-modules
Ve dim (VY)".
UK
Since kK is Noetherian, ex(K) C kK is finitely-generated, from which it follows
that ex(K)V" is both dense and closed inside, hence equal to, the kernel of the

continuous k£H-module homomorphism
VY o (VEY.

Therefore, the quotient
\Y%

V/EK(K)Vv = (V)Y

is finite-dimensional over k. Now, ex(K) is the Jacobson radical of the Iwa-
sawa algebra kK by Proposition 19.7 of [Sch1l1]. Thus the topological Nakayama
lemma, Corollary 1.5 of [Bru66], implies V" is a finitely-generated kK-module.

In particular V' is a finitely-generated kH-module. [

Lemma 4.18:
Let M be a kG-module and H < G be a compact open subgroup. If M is a
finitely-generated topological kH-module, then M* is a smooth admissible rep-

resentation of G, where M has the canonical topology of Lemma [3.30]
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Proof:
Notice that since M is a finitely-generated kH-module, the canonical topol-
ogy makes it a pseudocompact kH-module and a pseudocompact k-module. By
Lemma [4.14] M* is a smooth representation. To show that M* is admissible,
it is enough to show that (M *)U is a finite-dimensional k-vector space for any

U <, H. Given U, we have a surjective continuous kH-module homomorphism

M =M

which gives an injective map of smooth H-representations,

(Megwynr) =0

noticing that eg(U)M is closed in M. Since taking invariants is left exact, we

have an injective map

M * w\U

< /eH(U)M) — (M*)7,
but this map is also surjective since if f € (M *)U, the continuity of f implies
that f(eg(U)M) = 0. Now, since M is finitely-generated, M /ey (U)M is a
finitely-generated k[H/U]-module, thus is finite-dimensional over k. It follows
that (M*)Y is finite-dimensional. So M* is admissible. ]

The combination of Lemma[4.17, Lemma[4.18 and Lemma[4.10implies the following.

Corollary 4.19:
Let V' be a smooth representation of G and H < G be a compact open subgroup.
The representation V is admissible if and only if the kG-module V" is finitely-

generated as a kH-module.

4.5 Categories of modules and representations

In this subsection we write down category-theoretic versions of the statements proved
in the above subsections, and outline some open questions which motivate the re-

search carried out in this thesis.

First we summarise the results of subsections [4.2] and in category-theoretic

language.
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Recall that G is a p-adic Lie group and k is a field of characteristic p throughout this

section.

Definition 4.20:
The category Rep;"(G) is the full subcategory of k[G]-modules consisting of the

smooth representations.

Definition 4.21:
The category Repid(G) is the full subcategory of Repi™(G) consisting of the

smooth admissible representations.

Naturally, we call Rep™(G) the category of smooth representations and Repi?(G) the

category of (smooth) admissible representations.

Definition 4.22:
The category Mod}“(G) has objects topological kG-modules whose topology is k-

pseudocompact, with morphisms being continuous £G-module homomorphisms.

Definition 4.23:
The category Modzg(G) is the full subcategory of kG-modules which are finitely-

generated kH-modules for some compact open subgroup H < G.

We call ModY“(G) the category of pseudocompact kG-modules and Modi,g(G) the cate-
gory of coadmissible kG-modules. Notice that kG is not (in general) a pseudocompact
k-algebra, thus the nomenclature of Mod}“(G) should not be taken literally. How-
ever, in the case that G is compact, it is true that Mod}(G) is the category of
pseudocompact kG-modules in the sense of Definition

Corollary 4.24:

The functors ()Y, ()* are quasi-inverse anti-equivalences of categories between
Repi™(GQ) «+— Mod}*(G)

and
Repid(G) +— Modj™(G).
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Proof:
By an anti-equivalence of categories C — D we mean an equivalence of categories
C — D. Tt is clear that ( )Y, ( )* are functors. Lemma along with
Corollary and Corollary show that ()", ()* are essentially surjective.
Because k is a field, () is exact from which it follows that ()" is faithful. If
¢ WY — V"V is a morphism, and ey, ey are as inLemma , we define

=€y 0¢ oey,

and then ¢ = ¢". So, ()" is also full. Similar reasoning applies to ()*. O

Corollary 4.25:
The category of smooth representations Rep;"(G) and the category of pseudo-

compact kG-modules Mod}“(G) are abelian categories.

Proof:
If V' is a smooth representation, then any k[G]-submodule or quotient is also
smooth. If V;, V5 are smooth representations, then for any compact open sub-

group U < (G, the invariants
el = eV

Since direct sums commute with direct limits it follows that V; & V5 is smooth.
It follows that Rep}™(G) is an abelian category. Thus Mod}‘(G) is also abelian
since it is anti-equivalent to Repy™(G) by Corollary [4.241 [J

Corollary 4.26:
The category of admissible representations Repzd(G) and the category of coad-

missible £G-modules Mod#(G) are abelian categories.

Proof:
Let H < GG be a compact open subgroup. Because k is a field of characteristic p

and H is a compact p-adic Lie group, the Iwasawa algebra kH is a Noetherian
ring by Theorem [2.2] Because kH is Noetherian, when

0—> M — My — M;—0
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is a short exact sequence of kG-modules, M; is finitely-generated as a kH-module
if and only if M; is a finitely-generated kH-module for both j € {1,2,3}\{i}.
So, Mod#(G) is an abelian category. Then Repid(G) is also abelian since it is
an anti-equivalent category by Corollary [4.24] [J

Now, there are functors between the four categories mentioned above, and the cate-
gory of all kG-modules kG-Mod, as follows.

Clearly the forgetful functor
Repi(G) — Repi™(G)

is an inclusion. Next, Corollary implies there is a functor
Rep;™(G) — kG-Mod

given by taking each smooth representation to its unique kG-module. This is also an
inclusion.

Now, where H < GG is a compact open subgroup, any finitely-generated kH-module
has a unique (pseudocompact) topology making it a topological kH-module, by

Lemma [3.300 This determines an inclusion functor
Mod®(G) — ModX(G)

which equips each module with its canonical topology. Finally, there is a forgetful
functor
Mod?*(G) — kG-Mod

which forgets the topology, taking each object to its underlying kG-module. The
composition

Mod#(G) — Mod>(G) — kG-Mod

is equal to the natural inclusion functor from Modzg(G) to kG-Mod, which has essen-

tial image lying in the finitely-generated modules £G-mod.

Including the anti-equivalences ()" and ( )* of Corollary [4.24] we obtain the following

commutative diagram, a version of which appears in section 2.2 of [Emel0).
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Corollar orge
kG-Mod «— Repi™(G) —— Mod?(G) % kG-Mod

I Jemem |

Rep?d(@) —Hz Mod#(G) —— kG-mod

We now ask some category-theoretic questions that motivate the results of this thesis.

Question 4.27:

Is the category of smooth representations Rep;™(G) a locally coherent category?

See, for example, [Kra97] for the definition of a locally coherent abelian category. It is
known that Repy™ (G L2(Q),)) is a locally Noetherian category, by the work of Ollivier
in [OII09]. Emerton, Gee and Hellmann conjecture that the answer to Questionis
always “yes” when G = GL,(F), [EGH| Conjecture 6.1.4]. Question[1.27]is equivalent
to the following.

Question 4.28:
Let Repi™(G)P be the full subcategory of smooth representations which are
finitely-presented — see Definition Is Reps,;“(G)fp an abelian category?

In Section [10] we see that Question has a positive answer for SLy(F') and GLo(F'),
but not for the solvable p-adic Lie groups studied in Section [§|

In [Gab62], the Krull dimension of a (locally Noetherian) abelian category is defined.
Since the Iwasawa algebra kH of a compact open subgroup H < G is always Noethe-
rian, the category Modzg (G) is a locally Noetherian abelian category. Moreover, the
Krull dimension of Mod(G) is finite, since it is bounded above by K(kH) (itself
finite by [Ard04, Theorem A]).

Question 4.29:
What is the Krull dimension of Mod#(G')?

Since Modzg (G) is dual to the category of admissible representations, an answer to
this question gives a quantitative notion of size to Repi?(G). The results of Section

are a first step towards answering Question 4.29
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If G is a compact p-adic Lie group, then the category Modff(G) is equal to the
category of finitely-generated modules kG-mod. Then, the Krull dimension of the
category Modzg(G) equals the Krull dimension K(kG). The following question is thus
a special case of Question and first appeared as Question D of [ABOG].

Question 4.30:
When G is a compact p-adic Lie group and g is the Lie algebra of G, is K(kG) =

Ag)?

Here A denotes the length of a Lie algebra, as defined in Corollary [11.23] The results

of subsection [11.6| give affirmative answers to certain cases of Question [4.30}

It would perhaps be remiss not to mention the below (less precise and very difficult)

open questions.

Question 4.31:
What are the irreducible smooth (admissible) representations of GL,,(F)? Simi-
larly, can we classify the finite length objects of Mod!®(GL,(F)) and Mod?*(G L,,(F))?

Question currently only has a satisfactory answer for GLy(Q,), [Bre03]. In all
other cases, the irreducible representations known as supersingular are extremely
challenging to understand. In Section [12], we contribute by proving that all modules

of minimal-positive dimension in Modzg(G) are of finite length.

Finally, the below related question may be seen as a concise but vague overview of

the (mod p) Langlands programme.

Question 4.32:
How does Rep?!(G L, (F)) relate to n-dimensional representations of the absolute

Galois group Gal (F/F>?

Again, this is currently satisfactorily understood for the group GL2(Q),) only.
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5 Faithful flatness for augmented Iwasawa alge-
bras

In this section we show that the mod p augmented Iwasawa algebra of any p-adic Lie

group is faithfully flat over the augmented Iwasawa algebra of any closed subgroup.

5.1 The compact case

Let k be a commutative pseudocompact ring throughout this section.

Theorem 5.1:
Let G be a profinite group, and H < GG be a closed subgroup. Then kG is a flat
right kH-module.

Proof:

In Lemma 4.5 of [Bru66], Brumer proved that kG is a projective object in the
category of pseudocompact kH-modules. This does not imply that kG is a
projective kH-module in the usual sense, so we cannot immediately deduce flat-
ness. However, Lemma 2.1 of [Bru66] implies that the completed tensor product
kG®pp is an exact functor and kG®y M = kG ®,y M for any finitely-generated
left kH-module M. It follows that if I’ C kH is a finitely-generated left ideal,
applying kG®.y to the short exact sequence

0—=I'-kH—KkH/I' =0
gives a short exact sequence
0— kG @y I' = kG — kG @iy (kH/I') — 0.

Let I C kH be an arbitrary ideal of kH, and let I = hﬂ 1, be the direct limit
acA
of the finitely-generated ideals it contains. By the above, there is a short exact

sequence
0= kG Qg I, = kG — kG Qg (KH/1,) — 0,

for each o € A. By Theorem 2.6.15 of [Wei94], direct limits of kH-modules are

exact, so we have a short exact sequence

0— lig(kG Rk 1o) = kG — lim (kG @y (kH/I,)) — 0.

acA a€A
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Since tensor products commute with direct limits, we have that
0= kG&kg I - kG — kG @y (KH/I) — 0

is exact. Therefore Tor®™ (kG kH/I) = 0 for any left ideal I C kH, so by Propo-
sition 3.2.4 of [Wei94], kG is a flat right kH-module. [J

In this section we will use a version of Mackey’s restriction formula to generalise this

result and deduce various corollaries.

5.2 Mackey’s restriction formula

If G is a finite group, Mackey’s restriction formula tells us how to compute restrictions

of a representation induced from a subgroup of G.

Theorem 5.2 (Mackey’s restriction formula):
Let K be any field, G be a finite group, Hy, Ho < G be subgroups. Let W be a
left K[Hs)-module. Then

G G ~ H
Res§ Ind§, W = @ Ind! o, W,
geH1\G/H>

as left K[H,|-modules.

Here W, is the K-vector space of symbols g W, with action ghg™" - (g®@w) = g®hw
for all h € Hy. Ind’ means the functor K[B]®g4. See [SerT7], Proposition 22, for

a proof of this result.

In the next subsection, we show that an analogous statement to Mackey’s restriction
formula for finite groups holds for locally profinite groups. To be precise, we will

prove the following theorem.

Theorem 5.3:
Let G be a locally profinite group. Let G; < G be a closed subgroup, and H < G
be an open profinite subgroup. Let M be a left kG;-module. Then

ResiIndg, M =~ @ Indlf 10y M,,
gEH\G /Gy

as left kH-modules.
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Here IndA];3 means the functor kB®y 4, whilst Resﬁ means the kA-module restriction
of a kB-module. We interpret M, similarly to the finite group case, as the k-vector
space of symbols g® M, with action grg™'-(g@m) = g@xm for all z € kG, noticing
that k(gG1g™") is equal to g(kG1)g~" as subrings of kG.

5.3 Proof of the restriction formula

In this subsection let us fix G a locally profinite group, G; < G a closed subgroup,
and H < G an open profinite subgroup.

Consider the functors which make up each side of the Mackey formula:

Definition 5.4:
The functors Mack;, Mack, : kG1-Mod — kH-Mod are

Mack;, = Resglndgl, Mack, = @ IndfclgflmH( )g-
geH\G/G1

Definition 5.5:
For g € G, Macky , : kG1-Mod — kH-Mod is the functor Indlqulgqu( )g -

The statement of Theorem [5.3|is then that Mack, (M) = Macky(M) for any M. We
will in fact show that there is a canonical such isomorphism, defined next. Recall
from Proposition that the augmented Iwasawa algebra kG = kH @y k[G] as a
left kH-module.

Definition 5.6:
Let M be a left kG;-module. We define the kH-module homomorphism

s - Macke (M) — Mack, (M)

to be
(VS @ 7/’M7g
geH\G/G1
where
Untg  Indl 1My — ResfIndg M
is given by

Unrg(r Ok(gG1g—1nH) (g@m)) = (r QkH] 9) ke, M,

forallr € kH,m € M.
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Proposition 5.7:
The kH-module homomorphism g, : Macks(kG1) — Mack;(kG1) is an iso-

morphism.

Proof:
Throughout, let M = kG, a left kGi-module under left multiplication. Fix a
set X C G of representatives for the double cosets H\G/G.
Let g € X. The left k(gG1g~")-module M, is given by the symbols g @ M =

g ® kG4, and so as a left module may be considered as ¢ ® kG, = k(9G1g™ ') ®g.

Then, because ¢G1¢g~* N H is an open profinite subgroup of ¢G1g™ ",

k(9Gig™") = k(9Grg™" N H) Qkjycrg-1nm klgGrg™ ],
as a left k(gG1g~' N H)-module. Therefore

Ind% 1nik(9G1g™") = kH Qugarg-1nm k(9G19™" N H) Qpjgerg-1nm kl9Gig ™)
= kH ®k[gGlgfllﬁlH] k[gGlg_l]

= @ kH ® a.

ac(9G1g~1NH)\gG1g~1

Hence, as My, = g ® kG = k(gGlgfl) ® g,

Macks ,(M) = IndfGlgquMg = @ kH ® ag.

a€(9G1g~INH)\gG19~1

Note that each kH ® ag is a free rank 1 left kH-module.
For each g € X, choose a set of representatives Y, C gG g~ " for the right cosets
(9G1g7' N H)\gG1g~". Tt then follows that

Macky (M) = ED IndfGlgflmHMg: @ kH ® ag,
geH\G/G1 (g,a)es

where S is the set

S={(g,a) e GxG|ge X, aeY,}

Then, Mack; (M) can be straightforwardly seen to be

Mack; (M) = Res@Indg, kG = Res§j (kH @uu k[G]) = @) kH @b,
beH\G
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We thus have the homomorphisms, for each g € X,

Uirg : @D kH @ ag - P kH®,

and their sum

vy @ kH®ag— P kH®D.
(

g,a)€S beH\G
Let g € X, and a € Y. Let r € kH. Using the identifications described above,

we have

Untg(r ® ag) = Yarg(r xgcrg-1nm (9@ g7 'ag)) = (r Qum 9) Okcy 9 ag.

Then 7 @ g € kG and g 'ag € kG4, so their tensor product lies in kG, and

we have
(r Qkm) 9) ke 91 ag =1 Qi 99 'ag =1 Qi ag € kH @ ag.

So 1y is the identity when restricted to kH ® ag — kH ® ag < Mack; (M).
Thus, to show that v is an isomorphism, it is enough to check that Z = {ag |
(a,g) € S} C G is a set of right coset representatives for H in G, that is, Z is a
set of representatives for H\G.

Because Y is a set of representatives for (¢G1g~' N H)\gG1g™", it is easy to see
that g7'Y,g is a set of representatives for (G; N g~ ' Hg)\G;. By Exercise 1.8 of
[Lan02] (interchanging left and right), it follows that

{gylge X, beg Vygt ={ag|lge X acY,} =2

is a set of representatives for H\G. Therefore 1, is an isomorphism. OJ

Next we extend the result of Proposition to arbitrary free modules.

Lemma 5.8:

Let M be a left kGi-module, and M’ = @M, for some index set J. If ¢,/ is

J
an isomorphism, then ¢, is an isomorphism.
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Proof:
Because Mack;, Mack, are functors composed of direct sums of tensor products,

and because tensor products commute with arbitrary direct sums, we have that

Mack; (M) = Mack, (@ M) = @ Mack, (M),
J J

Macky(M') = Macks (EB M> = EB Macky (M),
J J

and
Yar = Va,m = €Dt : Macky (M') — Mack, (M’).
J

It follows that if ¥y, is an isomorphism, so is ¥y. O

Corollary 5.9:

If F'is a free kG1-module, then ¢ is an isomorphism.
We can now extend to arbitrary modules, providing a proof of Theorem [5.3]

Proof of Theorem [5.3k
Let M be a left kGi-module. Then M has a free presentation

F,— Fy— M — 0.

Now, each of the functors Mack;, Macky are (direct sums of) tensor products,

and hence are right exact functors. Therefore we have exact sequences
Mack; (Fy) — Mack, (Fp) — Mack, (M) — 0
and
Macks (Fy) — Macky(Fy) — Macke(M) — 0.
Moreover, the homomorphisms ¥y, Vg, ¥, give us the following commutative
diagram, which has exact rows.
Mack; (Fy) —— Mack, (Fy) —— Mack, (M) > 0 > 0
wFIT wFOT wMT on on
> 0 > 0

Macky(F)) —— Macky(Fy) —— Macky (M)

By Corollary [5.9 ¥r,, %5, are isomorphisms and ty is clearly an isomorphism.
Thus by the five lemma, 15, must be an isomorphism. So, Mack; (M) = Macky(M).
Ul
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5.4 Flatness of augmented Iwasawa algebras

The formula in Theorem now allows us to prove results similar to Theorem [5.1]

for locally profinite groups.

Proposition 5.10:
Let G be a locally profinite group, G; < G be a closed subgroup. Then kG is a
flat right £G;-module.

Proof:
To show that kG is a flat kG1-module, we show that for any injection ¢ : M — N
of kG1-modules, the induced map

J kG Qe M — kG Qke, N

is an injection. Let H be an open profinite subgroup of G.
Note that j = Mack; (7). For each g € H\G/G1, let j, = Macks 4(7), so that

H
9G1g~

H

Jg : Ind 1ng My = Ind g —10y Ny

Since ¢gG1g~' is a closed subgroup of G, we have that ¢Gig~' N H is a closed
subgroup of H, and thus by Theorem , IndfG -1nm 18 a (left) exact functor,
as is (),. It follows that j, is injective.

By the proof of Theorem [5.3, we have that
j = Mack, (i) = 1 o Macky(i) o 93,

Then
Macky(i) = €D Mackey(i) = € Jg

geH\G /G geH\G/G1
is injective because each j, is injective. Because 1y, %y are isomorphisms, j

must be injective. [J

5.5 Faithful flatness of augmented Iwasawa algebras

In this subsection we restrict k to be a field of characteristic p or a complete discrete

valuation ring of residue characteristic p.
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Theorem 5.11:
Let G be a locally pro-p group, G; < G be a closed subgroup. Then kG is a
faithfully flat right £G;-module.

Given Proposition [5.10] clearly only the faithful part of the theorem requires proving,

and to do this we first show it for pro-p groups.

Lemma 5.12:
Let U be a pro-p group, H < U be a closed subgroup. Then kU is a faithfully
flat right £H-module.

Proof:
We show that kU ®xy M # 0 for any non-zero left kH-module. Because kU is
a flat right kH-module by Theorem [5.1] it is enough to show this for finitely-
generated modules M. Now, there is an obvious projection map from kU &y M

onto

KU @ M kU N M
R N (UYRU @pr M) = e (1) @t M 2= ke @ M=y

But H is pro-p, since it is a closed subgroup of a pro-p group. Now, ey(H) is
the Jacobson radical of kH, by (the proof of) Proposition 19.7 of [Schll]. By
Nakayama’s lemma, M /ey (H)M is non-zero, hence kU Qky M # 0. O

We can now prove the result for all locally pro-p groups.

Proof of Theorem [5. 11k
Let M be a non-zero left kGi-module. Let H < GG be an open pro-p subgroup.
Then by Theorem [5.3]

ResglndglM = @ Ind*

gG’lgflﬂHMg'
geH\G/G,

But taking g = e € G, we have that IndgmGlM is identified with a submodule
of IndglM, and is non-zero by Lemma m Thus kG ®kg, M # 0. So, kG is a
faithfully flat right £G;-module, by Proposition U

Any p-adic Lie group is locally pro-p, so the following result is immediate.
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Theorem 5.13:
Let G be a p-adic Lie group, G; < G be a closed subgroup. Then kG is a faith-
fully flat right £G;-module.
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6 Ring-theoretic definitions and results

6.1 Coherent rings

We recall the definition of a coherent ring.

Definition 6.1:
Let R be aring. R is left coherent if and only if every finitely-generated left ideal
of R is finitely-presented.

Note that any left Noetherian ring is left coherent. We can also define the notion of

a coherent module.

Definition 6.2:
Let R be a ring. A left R-module M is coherent if and only if M is finitely-

generated, and every finitely-generated submodule of M is finitely-presented.

A ring R is left coherent if and only if it is coherent as a left R-module. A core
motivation for considering coherent rings in the context of representation theory
comes from the following proposition, see [Gla89], Theorems 2.5.1 and 2.1.2. (Tech-
nically only commutative rings are considered, but the proof works identically for

non-commutative rings.)

Proposition 6.3:
Let R be a ring. Then, R is left coherent if and only if the category of finitely-
presented left R-modules is an abelian subcategory of the category of left R-

modules.

Shotton makes use of Proposition to deduce that the finitely-presented smooth
mod p representations of SLs(F') form an abelian category, see Theorems 1.2 and 4.5
of [Sho20)].

6.2 Skew polynomial rings

See Chapter 2 of [GW04] for an extensive treatment of the theory of skew polynomial

rings.
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Definition 6.4:
Let R be a ring, and ox : R — R be a ring endomorphism of R. The skew poly-

nomial ring R[X;ox] is the free left R-module @ RX7 given a ring structure
>0
by addition being R-module addition, and multiplication given by

n ne __ n ni+n
7’1X L. T'QX 2= 7'10'X1 (Tz)X ! 2,

extended suitably.

In this thesis we consider only the skew polynomial rings of the above type. Discussion
of the more general theory can be found be in [GWO04], Chapter 2, page 32. We will

often omit the endomorphism from our notation and write simply R[X;ox]| = R[X].

6.3 Extensions of coherent rings

It will be important to us to be able to transfer the property of coherence when
extending a ring in some fashion. The following was proved by Harris in Corollary
1.2 of [Har66].

Lemma 6.5:
Let R be a left coherent ring, and ¢ : R — S be a ring homomorphism such that
S is finitely-presented as a left R-module. Then S is a left coherent ring.

One consequence of this lemma is an analogue, for coherent rings, of the fact that

any quotient of a Noetherian ring is Noetherian. See Theorem 2 of [Har67].

Lemma 6.6:
Let R be a left coherent ring, I C R be a two-sided ideal. Suppose that I is
finitely-generated as a left ideal. Then the ring R/I is left coherent.

The next result can be found as Theorem 2.3.3 of [Gla89] — the proof is identical for

commutative or non-commutative rings.

Lemma 6.7:

Let R be a ring such that R = %ﬂ R, is a directed colimit of some left coherent
a€A
subrings R,, ordered by inclusion, and such that R is a flat right R,-module for

all a € A. Then R is left coherent.
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In particular, a direct limit of Noetherian rings as in Lemma [6.7 will form a coherent
ring. For example the polynomial ring Z[X;, Xs, X3,...] in an infinite number of

variables is coherent.

Example 6.8
Let G = Q,. Then G is the direct limit of its compact open subgroups H,, = p~"Z,,

and so the augmented Iwasawa algebra of G is a direct limit,

kG =limkH,,
see also Example |3.27] If k is a field of characteristic p, then kH,, is a left Noethe-
rian ring, hence left coherent. By Proposition kG is a flat right kH,-module,
since H, < G is a closed subgroup. So by Lemma [6.7 kG is a left coherent
ring. Note, kG is not Noetherian since the ideals e (H) form a non-terminating

ascending chain. Since H,, = Z,, we have kG = hﬂk[[X z%"]], which we write as
n>0

kG 2 K[[X]]7.

Example 6.9
More generally, if G = Q}', then

KG = lim k(p "Z") = i K[[X7" ..., X&)

n>0 n>0

which we write as kG = k[[ X1, . .. ,Xm]]r%'", and this ring is also coherent.

The following lemma was first proved, for commutative rings only, by Harris in
[Har66]. For the convenience of the reader, we have replicated this proof, with the

appropriate qualifications needed in the non-commutative case.

Lemma 6.10:
Let R be a left coherent ring. Let X C R be a left denominator set (a left
reversible Ore set). Let M be a left coherent R-module. Then X 'M is left

coherent as a X ! R-module.

Proof:
By Proposition 10.12 and Corollary 10.13 of [GW04], X 'R®r A = X 'A for

89



any R-module A, and X 'R is a flat right R-module.
Let N' < X 'M be a finitely-generated X ! R-module. Since

XM =X"'"Roz M,

and by Lemma 10.2 of [GW04], the generators of N’ can be written with a

common left denominator, hence there exist mq,...m, € M such that
N=X'R-17'my+---+X'R-1"'m,.

Let
N=Rm;+---+ Rm, <M.

Let © : N — M be the natural R-module injection. Tensoring, we have the
induced map
j: X ''Rr N - X 'R®p M,

and because X 'R is flat as a right R-module, j : X 'N — X 'M is injective.
Clearly j(X 'N) = N', so X "'N = N’ as X ' R-modules.
Now, since M is coherent and N is finitely-generated, N is finitely-presented.
Let

0—-K—-R'"-N-—=0

be an exact sequence of R-modules with K finitely-generated. Again, because
X7'R is flat,
0> X'"RerK — (X 'R)" = X'N =0

is exact. Then X 'R ®p K is finitely-generated, so N’ = X !N is finitely-
presented. So X 'M is a coherent X 'R-module. O

Corollary 6.11:
Let R be a left coherent ring, and X C R be a left denominator set. If R is left
coherent, then X 'R is left coherent.

A less common way of extending rings is to take their amalgamated product. Aberg
showed that certain amalgamated products of coherent rings remain coherent, see
Theorem 12 of [Abe82].
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Theorem 6.12:
Let A be a left Noetherian ring and B, C be left coherent rings. Let D = Bx4C be
the amalgamated product along injective ring homomorphisms A — B, A — C.
If D is a flat right module over each of A, B, C, then D is left coherent.

Aberg’s intended application of Theorem was to group algebras; we utilise it for
augmented Iwasawa algebras in Corollary [7.11]
Finally, see Theorem 2 and Corollary 2.1 of [Har66| for a proof of the following result.

Proposition 6.13:
Let ¢ : R — S be a ring homomorphism such that S is a faithfully flat right
R-module, via ¢. If S is left coherent, then R is left coherent.

Proposition plays a crucial part in the results of this thesis; for its application
in our situation, see Proposition [7.1]

6.4 Coherence of a skew polynomial ring

The Hilbert basis theorem (which originates with Hilbert’s 1890 paper [Hil90]) tells
us that if R is a left Noetherian ring, then the polynomial ring R[X] is also left
Noetherian ([GW04, Theorem 1.9]).

Example 6.14
Let F' be a finite field extension of Q, and F* be its group of units. Then F* =
Oy x 7% where © € O is a choice of uniformiser. Since O} is a compact p-adic
Lie group, kOp is a Noetherian ring by Theorem . It follows from the Hilbert
basis theorem that kO [X] is Noetherian. Then the localisation

kF* =2 EOS[X, XY

is also a Noetherian ring, by [Kem11, Corollary 6.4].

There is a corresponding result for a nice class of skew polynomial rings, which we

call the non-commutative Hilbert basis theorem.

Theorem 6.15 (non-commutative Hilbert basis theorem):
Let R be a ring. Let ox : R — R be a ring automorphism. If R is left Noethe-
rian, then the skew polynomial ring R[X;ox] is left Noetherian. If R is right
Noetherian, then R[X;ox] is right Noetherian.
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A proof is given in [GW04], Theorem 1.14. Note that in Theorem [6.15 it is enough
in fact to assume that ox is a surjective endomorphism, since any surjective endo-
morphism of a Noetherian ring is also injective.

If we have a non-surjective ring endomorphism, then Theorem can fail, see Exer-
cise 2P of [GW04], page 38. However, with appropriate hypotheses on a non-surjective

endomorphism, we can conclude that the skew polynomial ring is left coherent.

Theorem 6.16:
Let A be a left Noetherian ring, and o : A — A be an injective ring endomor-
phism, such that A is flat as a right or(A)-module. Then, the skew polynomial
ring A[F; 0| is left coherent.

This result is due to Emerton in [Eme|]. For the reader’s convenience, we provide a
proof of Theorem in the next subsection.

6.5 Coherence of a skew polynomial ring, proof

In this subsection we prove Theorem [6.16, We will often use the convention of omit-
ting the endomorphism, so writing A[F| for A[F; o]

Let A be a left Noetherian ring and oz : A — A be an injective ring endomorphism.
A is naturally a right oz (A)-module, under right multiplication, and we suppose that
this right module is flat. We write R = A[F] = A[F; 0| for the corresponding skew

polynomial ring.

The ring R is a free left A-module on the basis {1, F, F?,...}. So
R=A[F] = P AF’.
=0
We define an increasing filtration on R given by F-degree,
k
RF = P AFY.
=0

This also defines a filtration on the free module R", and any left submodule M < R".
Let

J =RF =P AF’ CR,
j=1
so J is the left ideal generated by F'. Note that J is also a right ideal of R.
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Lemma 6.17:
The ideal J is a flat right R-module.

Proof:
Notice that the endomorphism op can be naturally extended to R by defining
op(F) = F, and then op(R) = op(A)[F]. Then, there is an (R, R)-bimodule

isomorphism
J=RF =2 R®,.r (FR), "F—=r®F-1, rop(s)F <ir®Fs.

Moreover, for any left R-module M, there is a natural left A-module isomorphism,
R®gpryM = AQq 4y M, <Zaij>®m — Z a;@(F'm), a®m « a®@m.
§=0 5=0

Because A is a flat right op(A)-module, it follows that R is a flat right op(R)-
module. Also, F'R is a free right R-module because o is injective, and so the
functor

JOr = R Qop(r) (FR)®R

is a composition of two exact functors, hence is exact. So J is a flat right R-
module. [J

Proving that R is coherent relies on describing the finitely-generated submodules of

R".

Lemma 6.18:
Let M < R" be a left R-submodule of R". Then, M is finitely-generated as an
R-module if and only if M/ ‘70 1s finitely-generated as an A-module.

This lemma allows us to show that R is coherent.

Proof of Theorem [6.16k
Let I C R be a finitely-generated left ideal of R. Then we have a short exact

sequence
0—-M—->R"—=1-—0.

Now, [ is finitely-presented if and only if M is finitely-generated, by Lemma
2.1.1 of [Gla89]. By Lemma|6.18] M is finitely-generated if and only if M/JM =
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R/J®gr M is finitely generated as an A-module. Applying (R/J)®pg to the short

exact sequence, we obtain the exact sequence
0 — Torf(R/J, 1) = M/JM — A" — I/JI — 0.

Since A is Noetherian, any submodule of A" is finitely-generated. Thus M /JM
is finitely generated as an A-module if and only if Tor?(R/J,I) is. Now, by

dimension shifting,
Tort(R/J, 1) = Tory(R/J, R/I) = Tor{*(J, R/I).

But J is a flat right R-module by Lemma m Thus Torf(J, R/I) = 0. Hence
M is finitely-generated and [ is finitely-presented.

So every finitely-generated left ideal of R is finitely-presented — therefore R is
left coherent. [

It remains, therefore, to prove Lemma/|6.18 This will rely on the following description

of filtrations.

Lemma 6.19:
Let M be a left submodule of R". Then (JM)<F = AFM=F"! for all k > 1.

Proof:
Note JM = RFM = AFM because M is an A[F]-module. Let m € (JM)=F.
Then there are x1, s, ...,x4 € A and my, mo,...,myg € M such that

d
m = g x;F'm;.
j=1

Let K > k be such that mi;,ms,...,myg € M=% Denote the coefficient of F" in
the ith component of an element z € R" by 2" € A. For any r € {k,..., K},
ie{l,...,n},

d d
Z ijmg.i’r)F’” = Z l‘jO’F(mgi,r))FTJrl =0,
=1 =1

SO

d
Z iL‘jO’F<m§~Z’T)) = 0.
=1
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Now, A is a flat right or(A)-module. By Lemma 3.65 of [Rot09], there exist
by = or(ag) € op(A), y, € A such that for all j € {1,2,...,d},

N
Tj = E :yqbqjv
g=1

and for all ¢ € {1,2,..., N},

d
quJUF (”) —UF <Zaqy (”)) 0.

j=1
Thus
d d N N d
m = ijij = Z qubqumj = quF <Z aqjmj> .
j=1 j=1 ¢=1 q=1 Jj=1
We define ;
m, = Zaqjmj e M,
j=1

for all ¢ € {1,2,..., N}. Then, by the properties of the b,; and because op is
injective,

m;(”) = Z aqjmg-l’r) =0,

J=1

d
for all 4 € {1,2,...,n} and r € {k,...,K}. Also, m; € ZAmj < M=K and
j=1
therefore m; € M <k=1 for all g. Hence

N
m = y,Fmj, € AFM=*"".

q=1

Therefore, (JM)S* C AFM=F"' and the reverse inclusion is obvious. (]

Now we can prove Lemma [6.18]

Proof of Lemma [6.18:

Let M be a submodule of R". If M is finitely generated, there is a surjection
RN — M. Applying (R/J)®g, we obtain a surjection A~ — M/JM, and hence
M/JM is finitely generated as an A-module.
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Conversely, suppose that M/JM is finitely generated as an A-module. This
means that there is a finite set S C M, such that

M=AS+ JM.
Then, since S is finite, there exists d € N such that S € M=¢. Then
M=M=+ JM.

We claim that M = RM=¢. If k < d then trivially M=F C RM=?,

Let k > d, and m € M=F. Let y € M=% and z € JM such that m = y+ 2. Then
z=m—y € M*and 2 € JM, so z € (JM)=F = AFM=F"" by Lemma.
By induction, we may assume M=F"1 C RM=¢ and therefore = € RM=%. So
m=y+z € RM=% Hence M=¥ C RM=? for all k. Therefore M = RM=?.
Now, M=% is a submodule of the finitely-generated A-module (R")=¢  hence is
finitely generated as an A-module, since A is Noetherian. Therefore M = RM=?

is finitely-generated as an R-module. [J

We conclude that A[F] is a left coherent ring.

6.6 Two-variable skew polynomial rings

In this subsection we present a generalisation of Theorem [6.16] concerning skew poly-
nomial rings over a Noetherian base ring with two commuting variables. It will be
seen in Section [9] that such a ring need not be coherent, however, we show that it

nevertheless satisfies the pleasant property of 2-coherence.

Definition 6.20:
Let R be a ring, M be a (left) R-module, and n > —1 be an integer. We say

that M is FP,, if there exists an exact sequence
R™ — ... R™ — R™ — M — 0.

Thus the finitely-generated and finitely-presented R-modules are precisely the FP,

and FP; modules, respectively. Our convention is that any R-module is FP_;.

Definition 6.21:
Let R be a ring, n > 0 be an integer. R is (left) n-coherent if every FP, R-
module M is FP,, ;.
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Thus, a ring is left 1-coherent if and only if it is left coherent, and left O-coherent if

and only if it is left Noetherian.

Theorem 6.22:
Let A be a left Noetherian ring, and og,or : A — A be commuting injective
ring endomorphisms such that A is flat as both a right og(A)-module and as a

right or(A)-module. The skew polynomial ring A[F, F'; o, oF] is left 2-coherent.

We may view R = A[E, F;op,0r] as either of the iterated skew polynomial rings
R = A[E;0g|[F;oFr]) or R = A[F;op][E;o0g| by extending the endomorphisms such
that op(F) = E, og(F) = F.

Let J be the left ideal of R generated by the two skew variables, J = RE + RF.

Lemma 6.23:
The ideals RE, RF and REF are flat right R-modules, and there is a short exact

sequence

00— REF —- RE®RF —J—0

which is a flat resolution for J as a right R-module.

Proof:
When o : A — A is a ring endomorphism, we may extend it to a ring endomor-
phism of R by letting o(E) = E,0(F) = F. Then for any left R-module M,

there is a left A-module isomorphism
R ®qr) M = A Q) M,

( Z ajkEij> ®m Z ajr @ (E7FFm),
J,k=0 J.k=0
a®@m<a@m.

Now, if X = F'F¥ € R is a monomial and o = ook, we have an (R, R)-

bimodule isomorphism
RX 2 RQop XR, rX—=r®X- -1, ro(s)X «—r®Xs.

Thus

RX®gr = R®O’(R) XR®g.
Since A is a flat right module over og(A),op(A), A is a flat right o(A)-module,
thus R®,(r) is an exact functor, as is X R®g, hence RX®p is exact and RX is
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flat. Putting X = E, F, EF shows that RE, RF, REF are flat right R-modules.
Define ¢ : RE@® RF — J by ¢(z,y) = v+ y. Let v : REF — RE @& RF,
¥(z) = (2,—2). Clearly ¢ op = 0, and 9 is injective. If (z,y) € Ker ¢, then
y=—zand x € RENRF = REF. Thus 9, ¢ define the exact sequence of right

R-modules in the statement. [J

Lemma 6.24:
Let R = A[E, F]. Let I < R™ be a finitely-generated left submodule of R™, with
presentation
0=+ K—=R"—1—0.

Then REK = (RE)"N K.

Proof:
It is clear that REK < (RE)" N K. The quotient

(REY'NE g i = Ker (K/REK — RTL/(RE)”)
= Ker(R/RE ®Qr K — R/RE QR R”)
o Torf(R/RE, I)
because R"/K = I. Dimension shifting, we have
Torf (R g, 1) = Tor (B, 7p) = Tor (RE,R/7) =0,

because RE is a flat right R-module by Lemma [6.23] The result follows. [J

An identical result holds, of course, for RFK. It follows that K/REK is naturally a
submodule of (R/RE)" = A[F|", and similarly K/RFK < A[E]".

Proposition 6.25:
Let I < R™ be a finitely-generated left submodule, and K < R" be as in
Lemmal6.24] Then, K is finitely-generated as an R-module if and only if K/ REK

is finitely-generated as an A[F]-module.

Proof:
Clearly if K is finitely generated, K/REK is a finitely-generated A[F]-module.
Conversely, suppose K/REK is finitely-generated, as an A[F]-module. Consider
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the natural ascending filtration by E-degree on R, R", and K, denoted by ( )Sd.

By identical reasoning as in Lemma |6.19] we can show that
(REK)SF = (AEK)<F = AEK=F!

for any k£ > 1 (this does not require any Noetherianity assumption). Then,
copying the proof of Lemma , it follows that K is generated by K=? as an
R-module, for some d > 0.

It is then sufficient to prove that K=% is a finitely-generated A[F]-module. Note
that K=?is an A[F]-submodule of (R")=%. By definition of the filtration by F-
degree, (R™)=? =2 A[F]™t1) is a finitely-generated free left A[F]-module. Hence
by Lemma m K=" is finitely-generated if and only if K<?/AFK=% is.

We now show that the inclusion of A[F]-modules
AFK=? < AF(R")='n K7,

is an equality, by a similar method to Lemma |[6.24. The quotient

<d\n <d <d =4
AF(RENKS, = Ker(K7 g presa = 7 g pped)

A =d
because R=? is a free, hence flat, left A[F]-module. Now let
n\ <d n\ <d n\ <d n
M:(R)/Kﬁd:(R)/RSdeg(R) _'_K/KSR/K:]

Because [ is a submodule of R™, there is a natural injective A[F]-module ho-
momorphism M — R™. Since R™ is a free, hence flat, A[F]-module, dimension

shifting shows that
Tor‘lA[F} (A[F]/A[F]F> M) = Tor’;m (A[F]/A[F]F7 m/M>
= Tor!""(A[FIF, R ),
but Lemma |6.17] implies the final Tor group is zero. Hence, we have equality
AFK="= AF(R")=n K=,
from which it follows that K=?/AFK=% is naturally an A-submodule of

n\<d
Iy gy = A0,

Since A is Noetherian, K<?/AF K=% must be a finitely-generated A-module, from

which it follows that K=? is a finitely-generated A[F]-module, and therefore K
is a finitely-generated R-module. [J
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Using Proposition [6.25] we can give a necessary and sufficient condition for a finitely-
generated ideal of A[E, F] to be finitely-presented.

Theorem 6.26:
Let R = A[E,F]. Let I < R™ be a finitely-generated left R-submodule.
Let J = RE + RF. Then, [ is a finitely-presented R-module if and only if
Torf(R/J, 1) is finitely-generated as an A-module.

Proof:

Let I have presentation
0—-K—>R"—1—0.

Then I is a finitely-presented R-module precisely when K is finitely-generated
as an R-module, that is, when K/RFEK is finitely-generated as an A[F]-module,
by Proposition [6.25] But by Lemma [6.24, M = K/RFEK is naturally an A[F]-
submodule of A[F]", and
M _K _K
/AFM = "/AEK + AFK = /K-

So by Lemma [6.18] I is finitely-presented if and only if K/JK is a finitely-
generated A-module. But tensoring the presentation of I with R/J®p, we have

the exact sequence
0 — Torf(R/J, 1) = K/JK — A" — I/JI — 0.
Since A is Noetherian, K/JK is a finitely-generated A-module precisely when

Torf(R/J, I) is, giving the result. O]

We can now generalise Theorem [6.16

Proof of Theorem [6.22k
It is enough to show that any finitely-presented submodule of R™ is FPs.
Let I < R™ be a finitely-presented left R-submodule. Let

0K —-R"—-1—0.
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Then K is finitely-generated, and it is enough to show that K is also finitely-
presented. By Theorem m, this is equivalent to showing that Torf(R/J, K) is
a finitely-generated A-module. By dimension shifting,

Torf(R/J, K) = Tor¥(R/J, I) = Torf(R/J, R™ /1) = Tor}(J, R™/I).

But by Lemma [6.23] J has a flat resolution with only two non-zero terms, hence
Tor¥(J, M) = 0 for any R-module M. Thus Torf(R/J, K) = 0, and the result
follows. [

We will see in subsection [7.2] that Theorem [6.16] along with Corollary [6.11] allows us
to prove that certain augmented Iwasawa algebras are coherent. Unfortunately we do
not know if Corollary has a generalisation to 2-coherent rings. This prevents any
immediate application of Theorem to the study of augmented Iwasawa algebras.
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7 Coherent augmented Iwasawa algebras

One of the main results of this thesis is that many augmented Iwasawa algebras are
not coherent. However, in this section we build on the results presented in earlier

sections to give examples of augmented Iwasawa algebras that are coherent.

We can combine Proposition with Theorem to deduce the following. Through-
out this section, let k£ be either a field of characteristic p, or a complete discrete

valuation ring with residue field of characteristic p.

Proposition 7.1:
Let G be a p-adic Lie group, H be a closed subgroup of G. If kG is a coherent

ring, then kH is a coherent ring.

Notice that the contrapositive to this proposition says that kG cannot be coherent if

even one of its closed subgroups has a non-coherent augmented Iwasawa algebra.

7.1 Unipotent groups

We can use the results above to show that unipotent p-adic Lie groups always have a

coherent augmented Iwasawa algebra.

Corollary 7.2:
Let F' be a finite field extension of Q,, U,, be the affine group scheme of upper
unitriangular matrices in GL,,. Let U be a closed subgroup of U, (F") with the

p-adic topology. Then the augmented Iwasawa algebra kU is a coherent ring.

Proof:
First we show that U, (F) is a direct limit of compact subgroups.

Let m € F' be a uniformiser, and vp be the discrete valuation on F. For each

j € ZZ()? let
1 7T_jOF W_QjOF e W_(n_l)jOF
1 W_jOF .
G; = L a2, | S UKE)
1 WﬁjOF
1
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Then it is easy to check that G; is a subgroup of U,(F'), and clearly it is com-
pact and closed. We also have that G; < G4, for all j. If A € U,(F), let
N = —min{vr(4;;) | 1 <i < j <n}. Then A € Gy. So, U,(F) is the direct
limit of the Gj.

Then kU, (F) = %ﬂij by Corollary |3.23] Because the G; are compact, each

kG, is a left Noet]hzeorian (by Theorem [2.2] or Theorem , hence left coherent,
subring of kU,,(F'). Because the G; are closed, kU, (F) is a flat right kG;-module
for all j > 0, by Proposition Thus kU, (F) is a direct limit of left coherent
subrings, satisfying the properties in Lemma [6.7], hence is left coherent.

Let U < U,(F) be a closed subgroup. Then by Proposition , kU is also left

coherent. [

7.2 A solvable example

Recall that in Corollary we showed that all unipotent p-adic Lie groups have a
coherent augmented Iwasawa algebra. In this subsection, we give an example of a
solvable, non-unipotent p-adic Lie group with coherent augmented Iwasawa algebra.

The reasoning here is a precursor to that for Theorem

Let G be the subgroup of GLy(Q,),

G:(poz Qip):{(p: T) \mEZ,xEQp}.

In this subsection we show that the augmented Iwasawa algebra kG is a coherent

ring.

Lemma 7.3:

The augmented Iwasawa algebra kG is a skew-Laurent polynomial ring
kG = B[F, F';0p),

where B is the subring

B=kH =k (é Qil’) — iy K[[E]] = K{E)7

n>0

and F' corresponds to the group element € G. Then oy is the k-algebra

p
01
automorphism of B given by op(f(t*)) = f(t").
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This ring structure is determined by first noting B = kH is naturally a subring of
kG, by Proposition [3.20, Then, we note kG is generated as a k-algebra by kKH and

coset representatives for G/H.

Let A be the Iwasawa algebra of the compact subgroup Hy, = (é Zip >, so A =

k[[t]] < B. Note that FgF~" = ¢* for all g € Hy (this corresponds to multiplication
by p on Z,). Thus o restricts to a ring endomorphism o of A, given by o (f(t)) =

f(t?). Thus the subring of kG generated by A and F is a skew polynomial ring
A[F] = A[F; o%].

Proposition 7.4:
The skew polynomial ring A[F] is left coherent.

Proof:
Note that A = k[[t]] is left Noetherian. Because o = or|4 and op is an auto-
morphism, o is injective. Then, 0%.(A) = E[[t"]], and so A is free of rank p as
a 0-(A)-module, hence flat. Therefore A[F] is left coherent, by Theorem U

From this we can use facts about coherent rings to show that kG is coherent.

Corollary 7.5:

The augmented Iwasawa algebra kG is coherent.

Proof:

For each n > 0, let A,, = kH,,, where H,, = ((1] p 1Zp) is a compact subgroup.

Then, A, = k[[tz%”]], and by similar reasoning to that above, A,[F] is a skew
polynomial ring. Then, o}|4, is a ring isomorphism onto A, and commutes with
the action of F, therefore A,[F] = A[F] is left coherent by Proposition [7.4]

Now, H = LHEHn, therefore B = kH = liﬂAn. Now, each H,, is a closed sub-

n>0 n>0

group of H, therefore B is a flat right A,,-module by Proposition [5.10, It follows
that B[F]| is a flat right A,[F]-module, since there is a natural isomorphism of

left B-modules,

B[F|®a,mM = B®4, M, (ijFj> @mi Yy b@(Fim), bem i bam,
=0 =0
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for any left A,,[F]-module M. Because B® 4, is an exact functor, so is B[F|®4,,[r]-
Thus

B[F] = lim A,,[F]
is left coherent by Lemma . Then, kG = X 'B[F], where X = {F" | n >0}
is a left denominator set, therefore kG is left coherent by Corollary [6.11] OJ

7.3 The groups SLy(F) and GLy(F)

In this subsection we show that the augmented Iwasawa algebras kS Ly(F'), kGLy(F)
are coherent when [ is any finite extension of Q,. We reuse much of the notation

from section 5 of [Sho20], where the first of these results was shown. In particular,
let G = GLy(F) and G' = SLy(F) throughout the remainder of the subsection.

Definition 7.6:

Let

K1 = GLQ(OF), a = (é 7?_) € G, K2 = OéKlOéil,
and

K=K\ NG =SLy(0p), K)=K,NG =aKja "
Let

G° = Ker(vp o det : GLy(F) — Z),

where det : GLy(F') — F* is the matrix determinant. Let

Gt = (vp odet)™(27),

T 0
z<0 7T>€G.

Hy = (Ky,z), Hy= (K, 2)

and

Let

be the (closed) subgroups generated by K, Ky and z.

Theorem 7.7:
The p-adic Lie groups G and G are amalgamated products of subgroups,

! ! ! 0
G =K *K|NK) Ky, G = K *gnk, K.
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Proof:
This follows from Theorem I1.3 of [Ser80], and the topologies are uniquely deter-
mined by Lemma [3.25 O

In fact the larger group G is also an amalgamated product of open subgroups, but

for this we need to prove supplementary statements.

Proposition 7.8:
Let H = B x4 C' be an amalgamated product of groups, D be a group. The

amalgamated product of groups
(B x D) xaxpy (Cx D)= H x D.

Proof:
We show that H x D satisfies the universal property of being a pushout.
Let H be the amalgamated product of B, C over A via the group homomorphisms
f:A—= B, g: A— C, giving the following commutative diagram.

Te ™ ]

C+— A
LetF:indD,G:gXidD,JB:jB XidD,JC:jc><idD, so we have

HxD<+— BxD
JB

e A

CxD+% AxD

and let i4 : A — A x D be the natural inclusion, similarly defining ig,ic,ig.
Now, let () be a group, with group homomorphisms 0 : BxD — Q, ¢ : C'x D —
@ such that § o F' = ¢ o GG, as shown in the following diagram.

CxD+% AxD

We show that there exists a unique group homomorphism v : H x D — () such

that the diagram commutes.
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Notice that F oiq = igo f, Jgoig = ip o jp, similarly for G, Js, and that

Ooig=0|p, poic = ¢|c. Thus we have a commutative diagram,

015

Be " 4]

C 2 A

and there exists a unique v : H — @ such that vo jp = 0|5, vo jo = ¢|c, by
the universal property of pushout for H. Also, # o F' = ¢ o G, so 0|p = ¢|p, and
all elements of (D) = ¢(D) commute with all elements of v o jg(B),v o jo(C).
Since H is generated by jg(B), jo(C), it follows that §(D) commutes with v(H ).
Then by the property of direct product, there is a unique group homomorphism

u: H x D — @ satisfying uoiyg = v and u|p = 0|p. Now,
uoJpoig=wuoigojg=vojpg==0|g, ulp=~0p,
souoJg=40,and
uoJooic=uoiyojc=vojc=>dlc, ulp=9|p,

souo Jo = ¢.
Let ' : H x D — @ be any group homomorphism such that v’ o Jg = 6 and
v o Jo = ¢. Then u'|p =0|p = ¢|p = u|p. Also

(W' oiy)ojp=1u"o(igojp)=uoJpoip=10lp=vojp,

and similarly (u' oig) o jo = v o jo. Since H is generated by jg(B),jc(C), it
follows v’ 0 iy = v. Therefore v’ = .

Therefore, there is a unique group homomorphism u : H x D — () making the
diagram commute. So H x D satisfies the universal property of pushout, as re-

quired. [J

When X is a topological group and D is a discrete group, we make X x D a topological
group by requiring the natural group homomorphism X — X x D to be continuous

and an open map.
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Corollary 7.9:
Let H be a topological group and A, B,C' < H be open subgroups such that
H = B x, C as a group. Let D be a discrete group. There is an isomorphism of

topological groups
H x D = (B x D) *axp) (C x D).

Proof:
Since A, B, C' < H are open, the colimit topology on H = Bx* 4 C' agrees with the
original topology on H by Lemma [3.25] Also, A x D < H x D is open, thus by
Proposition |7.8| and another application of Lemma [3.25 we have isomorphisms

of topological groups,
HxD=(BxyC)xD=(BxD)x*uxp) (C x D),

where the last term has the colimit topology. [J

We now show that G is an amalgamated product.

Corollary 7.10:
The p-adic Lie group G = H, *g,nm, Ho as topological groups.

Proof:
Notice that Gt = (G",2) =2 G° x (z), where (2) = Z is discrete. Also H; =
Ky x (z) and Hy = K5 x (z). By Corollary and Theorem [7.7, we have an

isomorphism of topological groups,
Gt 2 G X 7Z = (K| *x,nK, K2) X Z = Hy *5,nm, Ho,

since K1, Ky are open in Gy. [J

Corollary 7.11:

The augmented Iwasawa algebras kG’, kG°, kG are coherent rings.

Proof:
Each of the groups G', G°, G are an amalgamated product of open subgroups.

Moreover, the open subgroups have Noetherian augmented Iwasawa algebras.
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Since Ky, Ko, K1 N Ky, K}, K, K] N K} are compact p-adic Lie groups, their

Iwasawa algebras are Noetherian (Theorem [2.2)). Then,
nglez, HQgKQXZ, HlﬂHQ%(KlﬂKQ)XZ,

are non-compact p-adic Lie groups, but k(K x Z) = kK[X, X '] is a Noetherian
ring whenever kK is Noetherian, by the usual Hilbert basis theorem (see also
Theorem .

Let H=G', G° or G, and let H = Bx4C be the amalgamated product given in
Theorem [7.7)or Theorem [7.10] By Corollary we have that kH = kB x4 kC,
and by Proposition [5.10] the augmented Iwasawa algebra kH is flat over the
Noetherian subalgebras kA, kB, kC. Therefore, Theorem 12 of [Abe82] implies
that £H is a coherent ring. [J

We conclude that the degree two special linear and general linear groups have coherent

augmented Iwasawa algebras.

Theorem 7.12:
The augmented Iwasawa algebras kSLo(F'), kGLo(F') are coherent rings.

Proof:
The case of G' = SLy(F) is treated in Corollary For G = GLy(F), notice
that GT < @ is an open subgroup of index 2. Where H < G is a compact open

subgroup, H is also open in GG, and we have

K= P kHeg= @ kHogd = @ kG'y.

geH\G geH\GT geGT\G
g’ eGT\G

So, kG is a free kGT-module of rank 2. Hence, kG is a finitely-presented kG-
module, and kG is coherent by Corollary It follows from Lemma [6.5| that
kG is coherent. [

We will see in Section [T10] that Theorem implies that the categories of finitely-

presented smooth representations of SLs(F') or GLy(F) are abelian categories.
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8 Non-coherence for two groups

In this section we show that the augmented Iwasawa algebras of two particular p-adic
Lie groups are not coherent. These examples are crucial in proving our characterisa-
tion of when augmented Iwasawa algebras are coherent in Theorem [C]

Throughout, let F' be a finite extension of @, of degree n, with discrete valuation

vp : F* — 7Z, and ring of integers Op. Let k be a field of characteristic p.

8.1 Statements

Theorem 8.1:
Let Uj be the affine group scheme of upper unitriangular matrices in G Lz with

(1,2)-entry zero, and

1 0 F
U, =U,(F)=|0 1 F
0 0 1
Let u,v € F* be such that vp(u) > 0,vr(v) < 0, and
u
t/ = (% € GLg(F)

1

Let G3p = (t',Us) < GL3(F). Then kG5 is not coherent.

Theorem 8.2:

Let Us be the affine group scheme of upper unitriangular matrices in GL3. Let
F F

Us =Us3(F) = 1 F

0 1

O O =

Let u,v € F* be such that vp(u) > 0,vp(v) < 0, and

u
t= 1 € GL3(F).

1)71

Let Hs; = (t,Us) < GL3(F). Then kHj, is not coherent.
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8.2 Overview of the proof

We provide a summary of the arguments used to prove Theorem [8.1] and

We first show Theorem [8.I] We wish to show that the augmented Iwasawa algebra
of the p-adic Lie group Gsy = (t', U3) is not (left) coherent.

e First, we choose a closed subgroup G, = (g9,Us) < Gsy, where g is a power of

t', the choice made to simplify later calculations.
By Proposition [7.1} it is enough to show that kG54 is not left coherent.

e We choose a particular finitely-generated left ideal I, C kG5 ;. We will show it

is not finitely-presented.

e Next, we find the subgroup Gspr = (D,E,U;) < GL3(F), where D, E €
G L3(F) are particular diagonal elements such that DE™! = g.

e Then G, is a closed subgroup of G p g, and kG3 p g is a (faithfully) flat right
kG g-module, by Theorem [5.13]

By the following lemma, to show I, is not finitely-presented, it will be enough to show
that the corresponding left ideal of kG'3 p g, which is Ip g = kG3 p g @ras, Iy, is not

finitely-presented.

Lemma 8.3:
Let R < S be rings, and I be a finitely-generated left ideal of R. If I is finitely-
presented as an R-module, then S ®p [ is finitely-presented as an S-module.
Moreover, if S is a flat right R-module, then S ®p I is naturally identified with
a left ideal of S.

Proof:
The first part follows because S®p is a right exact functor. If S is a flat right
R-module, then tensoring the natural injection of left R-modules I — R gives
an injection S ®z I — 5, of left S-modules. [J

e Consider the compact unipotent group U;(Or) < G3 p g, and let A = kU5(Op)
be its Iwasawa algebra. The subring of kG p g generated by A and the elements
D, E is a skew polynomial ring A[D, E].
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e Then kGspp is a flat right A[D, E]-module, and Ip g can be generated by
finitely many elements of A[D, E].

This gives a finitely-generated left ideal I, C A[D, E] such that
Ip g =kGspE ®ap,E) 14
e We then compute an infinite set of relations S for 14, over the ring A[D, E].

The set of relations S for I4 bijectively corresponds to a set of relations X for the

ideal [D,E-

e We show that no finite subset of X can be a set of relations for Ip . This

proves that Ip g cannot be finitely-presented, by the following lemma.

Lemma 8.4:
Let R be a ring, M be a left R-module, X be a generating set of M. Suppose
that M is finitely-generated. Then M is generated by a finite subset of X.

Proof:
Let M have finite generating set Y. Each y € Y can be written as a finite

R-linear combination of elements in X, let
Y = T1yT1y + ooy + -+ + TayyTayys ay € Nyry € R,y € X,

Let X' ={z;, |y€Y,1<i<a,} CX. Then, X'is a finite subset of X, and Y

is contained in the module generated by X', so X’ must generate M. [J

As Ip g is not finitely-presented, it then follows that I, is not finitely-presented, hence
kGs g is not left coherent, so kG is not coherent, proving Theorem [8.1]

We then deduce Theorem [8.2 as follows.

We wish to show that Hs; = (t,Us) is not left coherent.

e We note that Z(Us;) is a normal subgroup of Hj;, and that the quotient Hs;/Z(Us) =

G
Then, the augmentation ideal J = €(Z(Us)) C kHs; is two-sided with quotient kG's 4.
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e Because [, C kGj 4 is not finitely-presented, the corresponding left ideal
I'=kGsyp QrGs, Ig C kG3p
is not finitely-presented, by faithful flatness.

e We find a finitely-generated left ideal I C kH3,; such that I contains .J, we have
an isomorphism [/J = I' and JI = J.

From this, we can show that since I’ is not finitely-presented, I is not finitely-
presented. Therefore kHj, is not left coherent, and Theorem is proved.

8.3 Proof of Theorem [8.1; change of rings

As in the statement of Theorem , let Uj be the affine group scheme of upper

unitriangular matrices in G L3 with (1,2)-entry zero, and

Uj = Uy(F) =

O O
O = O

F
F
1

Then let u,v € F* be such that vp(u) > 0,vp(v) < 0, and

u

t/ = (Y € GL3<F>

We define G3 = (t',Us) < GL3(F).

Define n’ = vp(p). The field F is a finite extension of Q,, so Z, is a subring of Op,

therefore vp|gx = n'vg,. It follows that

’ n/

n n n -1
u = ptug, v = (p UUO) )
for some positive integers n,, n, and elements ug, vy € O, and we define

Uz

b "Uo

Definition 8.5:
G379 = (g, U3/,> < GB,t’-
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We describe the corresponding augmented Iwasawa algebra.

Now, OF is a free Z,-module of rank n, so fix a basis {zo,..., 7,1} with zy = 1.

Then the Iwasawa algebra of Op is
kEOr = k[[Xo, ..., Xn_1]],

where 1 + X; = z; € Op. Then the augmented Iwasawa algebra of I is

) L L 1
RE =l KIXE o X0 ]) = Kl X, Xa i),

r>0

1
where 1 + X/ =p "z, € p"Op < F.

Now, U3 = F & F, and thus we write the augmented Iwasawa algebra as

kUé = k[[SO, Cey Snfl,t()y CRCIS 7tn71]]p%’

where
1 0 x 1 0 0
0 0 1 0 0 1

Then the augmented Iwasawa algebra of G, is a skew-Laurent ring kUj|g, g '. We

define a finitely-generated left ideal of this ring.

Definition 8.6:
I, is the left ideal of kG3 , generated by {so,...,Sn—1,%0,- -, tn-1,9 — 1}.

We will show that I, is not finitely-presented, by considering the ideal it generates
in a larger ring. This larger ring is given by considering a group containing G's g4,
splitting the element g into its diagonal components.
Definition 8.7:

The group Gs pr = (D, E,Us) < GL3(F), where
P ug 1

D= 1 , E= P vy € GLs(F).
1 1

Notice that ¢ = DE™', and so G4 is a closed subgroup of Gsp . We have that

kGs p g is a skew-Laurent ring in two variables, that is,
kGspp=kUyD,D' E,E™'| = kU}D,D™',E,E " 0p, 0],

where op,0op are the automorphisms of kUj given by op(z) = DxD ™' og(z) =
ExzE~'. Note that the group elements D, E commute, therefore op, o are commuting

endomorphisms.
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Definition 8.8:
The left ideal [D,E = k’G37D7E ®kG3,g Ig g kG37D7E.

By Lemma [8.3] if I, is finitely-presented, then so is Ip p. Since D, E are units of
kGs.p g, we have that Ip g is generated by the set {sq,...,sn—1,%0,..,tn_1,D — E}.

Let the natural presentation corresponding to these generators be
0— KD,E — (/{ZG37D7E)2n+1 — ID,E — 0.

We will determine a set of generators for Kp g, and then demonstrate that this set
cannot be reduced to a finite one. To determine a set of generators for Kp g, we will

restrict the calculations to a skew polynomial subring of kG’ p .

Definition 8.9:
1 0 Op

The ring A = kU (Op) =k |0 1 Op
00 1

Then A is the Noetherian subring k[[so, ..., Sn—1,t0, ..., tn—1]] < kG3p g. Now, it
can be easily seen that op(A),op(A) C A, therefore op|a,0p|a are (injective) ring
endomorphisms of A, and so the subring of kG p g generated by D, E and A is a
skew polynomial ring A[D, E] = A[D, E;op|a,og|al. Also, kG5 p g is flat over this

subring. To prove this requires a minor result about localisations.

Lemma 8.10:
Let R be aring, X C R be a left denominator set. Let M be a (R, R)-bimodule
such that M is a flat right R-module. Then X 'M is a flat right R-module.

Proof:
By Proposition 10.12 of [GW04], the functor X 'M®p is equal to the composi-
tion of functors X 'R ®r M®p. Since M is a flat right R-module, M®p is an
exact functor. By Corollary 10.13 of [GW04], X 'R is a flat right R-module, so
X1R®p is an exact functor. Thus X 'M®p is an exact functor, hence X M
is a flat right R-module. [J

Proposition 8.11:
The augmented Iwasawa algebra kG3 p g is a flat right A[D, E]-module.
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Proof:
Because U3 (OF) < Uj is a closed subgroup, kUj is a flat A-module by Theo-
rem [5.13] For any left A[D, E]-module M, there is a natural isomorphism of left

kUs-modules,
kUé[D, E] ®ap,py M = kUé ®@a M,
(Y DB ) @mis Y by @ (D'E/m),
4,520 4,520
b@®m<b®m.
Since kU;z®4 is exact, so is kUs(D, E]®aip,g), thus kUs[D, E] is a flat right
A[D, E]-module. By Lemma [8.10} the localisation X 'kUj[D, E] is also a flat

right A[D, E]-module, where X = {D“E" | a,b > 0} is a left denominator set.
But kGs.pp = X~ 'kU.[D, E]. O

Now, notice that Ip g is generated by elements which all lie in A[D, E]. So we can

consider the corresponding left ideal of A[D, E].

Definition 8.12:
I4 is the left ideal of A[D, E] generated by {so,...,Sp_1,%0,---,tn_1,D — E}.

Then, we have that kGs p g ®ap,r) 14 = Ip g, since kGs p g is a flat A[D, E]-module.

Let the natural presentation of I, be
0— K4 — A[D,EP*"™ =1, —0.

Again by flatness, it follows that kG's p. g @ aip,r) K4 = Kp g. So any set of generators

of K4 gives a corresponding set of generators of Kp . Let
Upp:Kpr— (kGspgp)™, Tli:Ka— AD,E*"
be the maps giving projection onto the first 2n coordinates, and let
Lpp=ImIlpp, Lis=ImIl,.

Then IIp g,1I14 are injective, since D — E is not a zero divisor in kG3pr. So
Kpg = Lpp and Ky = Ly. It is clear that kG3pr ®ap,r Ia = Ilpg, and
thus kGs p.r ®ap,r) La = Lp,g by Proposition . So any set of generators of L4
is in bijection with a set of generators of Lp g, which in turn corresponds to a set of
generators for Kp . In the next subsection we calculate a set of generators for Ly,

and use this information to show that in fact Kp g cannot be finitely-generated.
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8.4 Proof of Theorem [8.1; calculation of generators

The following proposition gives a set of generators for L,. This information allows
us to prove Theorem [8.1] see subsection [8.5]

Proposition 8.13:
The left A[D, E]-module L4 has a generating set S = S1US;USs3, where Sy, S5, S3
are as follows.
There exist elements bj;, c;; € A for 4,5 € {0,...,n — 1}, such that

bj = (=bjoE, by E,....D—=bj;E,...,=bjmn-1)E,0") € Ly,

J

and

Cj (On, —CjoD, —leD, c. ,E — ijD, ey —Cj(nfl)D) € LA,

for all j € {0,...,n —1}. Then

and
522{0j|j€{0,...,n—1}}.
Then,
Sy ={(0...,t;E™,...,0,0,...,—s,D™, ...,0) | m € Z>p,0 <14,j <n—1},

where ¢;E™ is in the (i 4+ 1)st place, and —s; D™ is in the (n + j + 1)st place, of
the 2n-tuple.

The calculation of these generators depends on understanding the action of D, E on

certain augmentation ideals.

Definition 8.14:
The affine group scheme U 5 is the group scheme of matrices in Uy with (2, 3)-
entry zero.
The affine group scheme Uy 5 is the group scheme of matrices in Uy with (1,3)-

entry zero.
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Lemma 8.15:

Let m € Z. The subring of kU;(F) corresponding to the Iwasawa algebra of

1 0 meF
Um0 = (0 1 0
0 0 1
is the subring k[[sgé, ...,s""]]. The corresponding augmentation ideal evy o) (U5 (0" OF)
is generated by {s§ ,...,sh_;}.

An identical result holds for Uy 5(p™Op).

This lemma is clear from the description of kF in subsection 8.3l It follows, by
the description of augmentation ideals in Lemma m that if U 3(p™OF) is a sub-
group of any p-adic Lie group G, then e (U] 5(p™OF)) is the left ideal generated by

{sb,...;s" 1}
We can now prove Proposition [8.13, which we do in two parts.

Lemma 8.16:
There exist elements b;;, c;; € A for 4,5 € {0,...,n — 1}, such that

bj - (—bjoE, —ble, cee 7l) - bij, ey —bj(nfl)E, On) S LA,

and
C; = (On, —CjoD, —leD, . ,E — ijD, ey _Cj(n—l)D) S LA,

for all j € {0,...,n —1}.

Proof:
Note that L, is the set of tuples (Ao, ..., An_1, o, - - fin_1) € A[D, E]*" such
that
n—1
> " \js;j + pit; € AD,E)(D - E).
Jj=0

Let j € {0,...,n — 1}. Then
Ds; = op(s;)D = op(sj)E+op(s;)(D — E),

Ds;—op(s;)E € AID, E|(D — E).
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Now, notice that s; € eyy(0,)(U) 3(OF)) and that op is a ring endomorphism of
A = kUj(OpF) corresponding to a group endomorphism of Uj(OF). Moreover,
the image of Uj 5(Op) under this group homomorphism is U 5(p"Op). By
Lemma [3.47], it follows that

op(s;) € euy0) (00 (U} 3(OF))) = euy0p) (Ui 3(p™ OF)).
So by Lemma [8.15]
op(s;) € Ash™ -+ AsP" C Asg + -+ As,_1.

So, there exist bjo, bj1, ..., bjm-1) € A such that op(s;) Z bjis;, thus

0<i<n—1

DS]‘ — O'D(Sj)E = DSj - Z bjiSiE

0<i<n-—1
0<i<n—1
=(D—b;;E)s;+ Y —byEs; € AD,E|(D - E).
0<i<n—1,i#£j
So bj = (—bjoE, —ble, ce ,D - bij, ce _bj(n—l)E7 On) S LA, for all j

Identical reasoning with the elements F, ¢; similarly gives the tuples ¢; € L4. U

Proof of Proposition [8.13}

We can put a grading by total (D, E)-degree on the ring A[D, E]. Under this
grading, each of the elements sq,...,S,_1,%0,...,tn_1 is homogeneous of degree
zero, and D — FE is homogeneous of degree 1. Therefore every element of L, will
be a sum of elements (o, ..., Zn_1,%0, - - - , Yn—1) Where each x;, y; is homogeneous
of the same degree.

Let L', be the A[D, E]-submodule generated by S; U Ss, as given by Lemma[8.16]
We have that for any j,

b =(0,...,D,....0,0") = (bjoE,bj E, ..., bjm_1)E,0") € Ly,

so for any j,

(0,....D,...,0,0") € L', + (A[E]", 0").
Now, because DA[E]| = op(A)[E]|D C A[E]D, left multiplying by D this equa-
tion gives that for any j,

0,...,D*...,0,0") € Ly + (A[E]"D,0") = L', + (A[E]",0"),
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since L'y is a left A[D, E]-module. Continuing by induction we see that
0,...,D™, ...,0,0") € L', + (A[E]",0")

for any m > 0. Identical reasoning applies to show that
(0™,0,...,E™ ...,0,) € L'y + (0", A[D]").

It follows that if z,y € A[D, E]" and (x,y) € La, then (z,y)+ L, = («',¢/)+ L,
for some 2’ € A[E]" and 3 € A[D]". (Informally, the relations above give a way
to replace any Ds appearing in the first n places with polynomials in F, and vice
versa for the last n places.)

Then (z',9) € L4 and is the sum of its homogeneous parts, which also lie in L 4,
as discussed above. Therefore, L /L', is generated by the image of homogeneous
elements (z”,y") € La, with 2" € (AE™)",y" € (AD™)" for some m.

Now, for 2,y € A,

(xgE™, ... 2l E™ y,D™, ...y, _D™) € Ly

if and only if

n—1 n—1
Zx;Emsj +y; D"ty = Z tis; E™ +yit; D™ € A[D, E|(D — E)
=0 =0

if and only if
n—1
Z]};Sj + y;tj = O,
j=0

since D™ — E™ € A[D, E|(D — E). Then, a generating set for

n—1
{@h @ty v € A7 s+t = 0
=0
is
Sy ={0...,t;,...,0,0,...,=8;,...,0) | 0< 4,5 <n—1},

and thus a generating set for LA/ L, is the image of
53:{(0...,tjEm,...,O,O,...,—S,L'Dm,...,()) ‘ mZ0,0SZ,] Sn—l}

It follows that L, is generated by S = 57 U .Sy U S3, as required. [
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8.5 Proof of Theorem [8.1: conclusion

We can now finish proving Theorem We have a set S of generators for L4, and
hence for Lp p = Kp g. Using the set S we show that a certain quotient of Lp f is
not finitely-generated, implying Kp p cannot be finitely-generated, and the theorem

follows.

Consider the left module V' = kG3’D’E/kG3DE(D — B) Note that V' is a cyclic

kG3 p g-module, and is a free left kUj-module, with basis
{Zm =FE" 4+ k’G&D’E(D — E) ’ m € Z}

Let ¢ : Lp g — V be the left kG35 p g-module homomorphism given by

n—1

q(Aos -y Ant, Hos -+ oy fn—1) = Z Ajsj + kG pe(D — E).

§=0
Let Mp g =1Im g, so Mp g is a submodule of V. We will prove the following.

Proposition 8.17:
The left kG5 p g-module Mp g is not finitely-generated.

From this we deduce the theorem.

Proof of Theorem [8.1k
Suppose kG is left coherent. Then, since Gg, < Ggy is a closed subgroup,
kG 4 is left coherent by Proposition . Now, I, is a finitely-generated left ideal
of kG5 4, and so it is also finitely-presented. Then by Lemma , it follows that
the left ideal Ip g of kG3 p g is finitely-presented, and therefore its relation mod-
ule Kp g is finitely-generated. Then, Kp p = Lp g, and Mp g is a quotient of
Lp g, hence is finitely-generated. But this is a contradiction, by Proposition .

So kG is not left coherent, and so also not right coherent. [

Now we prove the proposition.

Lemma 8.18:
The set T = {sitjzm | .7 € {0,...,n — 1},m > 0} generates Mp g as a left

kG's p, p-module.
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Proof:
We have a generating set S = S; U S, U S3 for Lp g, and a surjection ¢ :

Lpr — Mppg, so Mp g is generated by ¢(S). It is easy to compute that
q(S1) = q(S2) = {0} and ¢(S3) =T. O

Proof of Proposition [8.17}:
Suppose, for a contradiction, that Mp g is finitely-generated. In Lemma [8.18]
we have an infinite generating set T" for Mp . By Lemma , a finite subset of

T generates Mp g, in particular there exists a non-negative integer N such that
TN:{Sit]’Zm ‘ Z,j € {0,,n—1},0§m§N}

generates Mp g.
Then sptozn+1 € Mpp = (Tx). Now, kG3pr = kUs[D, D' E, E'], and so
there exist N’ € N, cupijm € kUs, such that

N
a b
SolozN+1 = E E E Cabijm D E”sil 2.
m=0 —N'<a,b<N'i,je{0,....n—1}
Now, D?E’2,, = Zpmiais for any m, a,b, so we have that

SOtOZN+1 Z Z Z Cabzymo-Do-E(sz )DaEme

m=0 —N'<a,b<N' i j€{0,...

a b
E : E : E CabijmOpOp(Siti)Zm+a+b-

N’<a,b<N’i,je{0,..,n—1}

Because {z,, | m € Z} is a kUj-basis of V, we can compare the coefficients of

zZn+1 to obtain

Soto = Z Z Cabij(NJrlfafb)O%o—bE(sitj)'

—N’'<a,b<N'1i,je{0,....n—1}
1<aFb<N+1

Therefore sotg lies in the ideal of kUj generated by
{ohoh(sit;)) |a+b>1,0<4d,j<n-—1}

Then, 09,05 (sit;) = 0% (s:)o%(t;) since D,t; and E,s; commute. Now,
si € ey (U1 5(OF)), t; € ey (Uy5(Op)),
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as seen in Lemma [8.15] and

op( ,1,3(OF>) =Ul5(p™0F), o5( /2,3(01?)) = U, 5(p™ Op).

So, again by Lemma m, the element 0%, (s;)o%(¢;) lies in the ideal of kU},

bny

b
Jay = (s s ),

It follows that sgtg lies in the ideal

Z Jab = Z Jab + Z Jab-

a,be’Z, a,be’Z, a,beZ,
a+b>1 a>1,b>1—a b>1,a>1-b

Since Ju, C Jyy < a > a',b >V, it follows that sgty lies in a finite sum of ideals,

Soto € Z Jap + Z Jarv = Jw + Jan

a>1 b>1

for some integers o', b’ € Z. So

’ ’
(m b ny pa Ny

b’ ,
soto € (55" S ) ().

But, since n,, n, > 0, this cannot occur, thus we have a contradiction. So Mp g

is not finitely-generated. []

8.6 Proof of Theorem [8.2

We recall the objects in the statement of Theorem Let Uz be the affine group

scheme of upper unitriangular matrices in G L3, and Us = U3(F), so

1 F F
ng 0 1 F
0 0 1

As in the above subsections, let u,v € F* be such that vp(u) > 0,vp(v) < 0. Then

u

Ufl

We define Hs; = (t,Us) < GL3(F).
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Note that

is a normal subgroup of Hsz;. Moreover, the quotient group is

H ~
z,) = Gars

as seen in Theorem [8.1] where ¢ = diag(u,v, 1). Then, by Proposition [3.44] we have

an isomorphism of augmented Iwasawa algebras,
o: Mgy S kG,

where J = ep, ,(Z(Us)) is the augmentation ideal of Z(Us), which is two-sided.
Let us define notation for the elements of the augmented Iwasawa algebras. We have

that
1 p"Or p*Or
Uy=lim |0 1 p7Op |,
>0 \(Q 0 1

and so we write the augmented Iwasawa algebra as

1 1 1 1 1 B
kUs = lim k[[sg ..., 82 t0 .t Lwl™ . wi ]
1
:k[[SOa"'7Sn—17t07'"7tn—l7w07---7wn—l“pw7
where

1 z; 0 1 0 0 1 0 x;
l1+s,=(0 1 0}, 1+t=(01 z;|, 1+w;,=10 1 0
0 0 1 0 0 1 0 0 1

Note that kUs is non-commutative — it is a direct limit of non-commutative power

series rings — but the w; commute with any s;, .
1 a1
The augmentation ideal of Z(Us) is generated by {wg" ,...,w! | | r > 0}.

Then kHy, = kUs[t,t '] is a skew-Laurent ring over kUs, and ¢(t) = t', ¢(s;) = s;, b(t;)
with the labelling described above. Let y = t”l, where n’ is the positive integer de-
fined at the beginning of subsection , so that ¢(y) = g = ()" € Gy

Consider the left ideal of kHj,,

I = kﬁHg’tSO + -4 k’H:J,,tSn_l + kﬁHgﬂgtO + 4 kH&ttn—l + ]’CHgﬂg(l — y)
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Let I' be the left ideal of kG5, given by
I' = kG3p ®pas, Ly,
that is explicitly,
I'=kGspso+ -+ kGspsn_1+ kGspto+ -+ kGspt,1 + kG3 (1 — g).

Lemma 8.19:
There is containment of ideals J C I, and I/J corresponds to the left ideal I !
under the isomorphism kHs,/J = kG5 .

Proof:
Forallz € I, x — (1 —y) = 2y € I, so y ‘wy € I. Similarly, y (1 —y) =
y'—1¢€l, and so y(z + 2(y' — 1)) = yay ' € I. Write o, for the ring
automorphism of kUs given by o,(z) = yry .
Then, by almost identical calculations as for D, E and ¢ = DE™' € kG3y, we

can compute how o, acts on the elements, and ideals, of kUs;. We have that

—ny

b KUY

ny

O'y(k?Uggto + -+ kUgtn_l) = ]ngt‘g_

Therefore t) € I for all 7 > 0. Then, a matrix calculation gives that

T

(L+s)(1+t YA+s) 1+t ) =1+uw) .

(This uses that the element zy of the Z,-basis for Op is chosen to be zy = 1.)

We can rearrange to find that
sith  —th sy = (1+s;)(1+th Hw?

Since 1 + 55,1+ tgir are units in kUs, it follows that wfﬁ € I, for any j, r.
Thus, I contains J, which is generated by such elements.

It is clear that g corresponds to y and the s;, ¢; correspond under the isomor-
phism kHs;/J = kGsy, therefore [/J =1'. O

Lemma 8.20:
The product of ideals JI = J.
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Proof:
Recall J is two-sided by Proposition as Z(Us) is normal in Hs,. It is clear
that J? = J, and hence J = J?. Since J C I, we have J = JPCJrcini = J,
hence J = JI. O

We can then prove Theorem [8.2]

Proof of Theorem [8.2k
Consider the finitely-generated left ideal I C kHs,;. We show that I is not
finitely-presented.
For a contradiction, suppose that [ is finitely-presented. Then we have a short

exact sequence

0— K — (kHz)*""' -1 -0

with K finitely-generated. We then apply the right exact functor (kHs;/J)®yw, -
Note that (kHs;/J)®km,, I = I/JI =1/J = I'. Thus we have an exact sequence

K/JK — (kG3)*"*t — I' = 0.

Now K is a finitely-generated kHjs;-module, so K/JK is a finitely-generated
kG5 p-module, and hence I’ is a finitely-presented kG3-module.

But, I' = kG ®kas, 1g, and I is not finitely-presented (this follows from the
proof of Theorem . Since kG3y is faithfully flat as a right kG5 ,-module, I’
cannot be finitely-presented, a contradiction.

So, the finitely-generated left ideal I is not finitely-presented, and hence kHs; is
not left coherent. [J
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9 Characterisations of coherence

In this section, we define a class of solvable p-adic Lie groups GG and give a character-
isation of when kG is a coherent ring — Theorem [C| By analysing solvable subgroups,
we deduce a characterisation of when a split-semisimple group or a general linear

group has a coherent augmented Iwasawa algebra — Theorem [A] and Corollary [B]

9.1 The class of solvable groups

We define the class of solvable groups considered in Theorem [C]

Let n € N. Let U, be the affine group scheme of upper unitriangular matrices in
GL, over F'. Let U be a closed affine group subscheme of U,,, defined and split over
F. Let U =U(F).

Let T be a closed subgroup — in the p-adic topology — of the diagonal elements
D,.(F) < GL,(F), such that T normalises U. Let G = (T,U) 2 T x U, so G is a
p-adic Lie group.

We define a set of roots of U with respect to T, similarly to section 8.17 of [Bor91].

Let u = Lie(U). Since T acts on U via conjugation, 7" acts on u. Let
X(T)={p:T — F* | a continuous group homomorphism}

be the character group of T'. For each § € X (T'), define the subspace, called a weight
space,

ug={veul|t-v=3001tvVteT} <u
The ug are finite-dimensional subspaces of u, and may have dimension larger than 1.
We define the set of weights

= {8 €X(T)|us #0}.

Note that we allow the trivial character to be an element of ®.
Let Ty be the normaliser of U in I, so T is a subgroup of Ty(F'). By Proposition
8.4 of [Bor91], Ty(F) acts diagonalisably on u, and hence so does T

Thus u is the direct sum of its weight spaces:
u= @ ug.
Bed
The ug correspond to root subgroups Ug < U.
For p1,02 € X(T), v1 € ug,,vy € ug,, we have that ¢ - [v;,va] = [t - vy, T - va] =
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B1(t)B2(t) vy, ve] for all t € T. We use additive notation /31 + s to denote the character
t — B1(t)Ba(t). Thus, we have that

[uﬁlvuﬁz] < Ug;+8,-

We define the group homomorphism fs by

fo T —Z%  fa(t) = (vr(B())) seqr

where vp : F* — Z is the discrete valuation on F. For each 3, we will write
ng(t) = vp(B(t)), so that fo(t) = (ns(t))see. Note that if £y, € @ are such that

f1+ P2 € @, then for all t € T,

46, (1) = vr(B1(1)B2()) = vr(Pi(t)) + vr(Ba(t)) = np, (t) + 1, (1)

In the following three subsections, we prove Theorem [C]

Theorem C:
Let G =T x U be an upper-triangular subgroup of G L, (F) as described above,
with set of roots ® and group homomorphism fo : T — Z®. The augmented
Iwasawa algebra kG is a coherent ring if and only if the image fo(T) < Z® is a

cyclic subgroup, generated by an element of (Z)?.

9.2 Non-coherence: The case of cyclic torus

In this subsection, assume that T is cyclic and choose a fixed generator tq € T. For

convenience, we will write ng = ng(ty) in this subsection.

The next two lemmas are basic Lie algebra facts we need for examining the structure
of u= Lie(U).

Lemma 9.1:

Let g be a Lie algebra over a field K, and
g=g >¢">¢">...

be its lower central series. Let S be a generating set for g. Then, for any

m+1

m € N, the quotient Lie algebra g™/g is generated by the image of the

m-fold commutators
S™ = {[817[827"-7Sm]] | 81,82,...,8m € S}
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Proof:
Let ™ be the Lie subalgebra of g generated by S™. We proceed by induction.

The case m =1 is clear. If m > 1, then

g™t =1g,0" =g, 0"+ g™ =[g,h"] + g™,

by induction. Then [g,h™] is the Lie subalgebra generated by U.sp.1S*. If
r>m+ 1, then S” C g™, and so

[g’ bm] + gm+2 — [,Jm—i—l + gm+2’

m—+1 /gm—|—2

therefore g is generated by (the image of) h™, hence by S™, as required.

g

Lemma 9.2:
Let g be a non-abelian nilpotent Lie algebra over a field K, generated by two
distinct 1-dimensional subspaces by, h. Let 3 < g° be a 1-dimensional subspace.

Let g’ be the subalgebra generated by b, 3. Then g’ is a proper subalgebra of g.

Proof:
Let x € b1,y € b,z € 3 be non-zero. Suppose that g = g’. Then g = ¢ is
generated by z,z, so g*/g” is generated by [z, z], by Lemma . But z € ¢,

3

so [z,2] € g*, hence g° = g°. Because g is nilpotent, g*> = 0, hence z = 0, a

contradiction. So g’ # g. O

Recall the p-adic Lie groups Gsy, Hs; from Theorems and 8.2l The following

proposition characterises when these groups appear as closed subgroups of G.

Proposition 9.3:
Suppose there exists o, 5 € ® such that n, > 0,n3 < 0. Then G contains a
closed subgroup of the form G5 or Hs;.

Proof:
Let u’a < u, and ug < ug be 1-dimensional subspaces. The subalgebra v gen-
erated by these subspaces corresponds to a closed subgroup U’ < U that is
normalised by T' = (to), since T fixes u, and ug. So, it is enough to prove that

U’ contains a closed subgroup of the form Gs; or Hs;. That is, we may without
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loss of generality assume that u is generated by u,,ug, and that these spaces are
1-dimensional.

We proceed by induction on dim U = dimu. Clearly dim U > 2, and if dim U = 2,
then u,, us must commute, implying G is of the form G .

If dimU > 2, notice that if we can find «ap, By € ¢ with n,, > 0,15, < 0, and

/
g’

subspaces 1, < Uqg,, W, < ug, such that uj, ,uj generate a proper subalgebra
v < u, we are done by induction. This follows because v corresponds to a proper
closed subgroup V' < U with V normalised by T', and satisfying the hypothesis
of the proposition.

Let dim U > 2. Then u,,ug do not commute. Let 6 = o + 3, and

Uy = [uq, ug] < us.

If u commutes with both u, and ug, then G must be of the form Hj,.

If not, suppose n, +mng = ns > 0. Let v be the Lie subalgebra of u generated by
ws, ug. As uf < u®) by Lemma , b is a proper subalgebra and ns; > 0,n5 < 0,
so we are done by induction. If n, +ng = ns < 0, the argument is very similar.

Suppose that n, + ng = ns = 0, and suppose that [u,,us] # 0. Let v = a + 4,
and [u,, uy] = u’y <u,. Then ny, = n, +ns = ny > 0. Let v be the subalgebra
generated by ug, . Then u < u?® < u?, so by Lemma the subalgebra v is
proper. Also n, > 0,n5 < 0, so we are done by induction. If [u,,u5] = 0, then

[ug, u5] # 0 and the argument is very similar. [J

Since kG3 4, kHs, are not coherent, by Theorems [8.1] and if the hypothesis of the
above proposition is satisfied, then kG is not coherent, by Proposition [7.1]

Corollary 9.4:

Suppose fa(to) € (Z=0)® U (Z<)®, and let G = (T,U) = (to,U). Then the

augmented Iwasawa algebra kG is not coherent.

9.3 Non-coherence for solvable groups

Let G be as in subsection [9.1] We show that the class of groups G for which kG is

coherent is quite small.

Theorem 9.5:

The augmented Iwasawa algebra kG is coherent only if fo(T) < Z® is cyclic and
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generated by an element in (Zsg)®.

The proof of this theorem is a deduction from Corollary using some information

about subgroups of Z.

Lemma 9.6:
Let N € N. Let z,y € (ZZO)N. Suppose that the submodule

A=Zx+Zy <7V

is contained in (Zxo)" U (Z<y)". Then A is generated by one element.

Proof:
Note that if + = 0 or y = 0 we are done so assume z,y # 0. If there exist
i,j € {1,2,..., N} such that ; > y; but 2; < y;, then z —y & (Z=0)" U(Z<)",
a contradiction. So, without loss of generality, assume that z; > y; for all i €
{1,2,...,N}.
If there exists ¢ € {1,2,..., N} such that z; = y; = 0, then we may consider A as
a submodule of Z"¥~! by removing the ith component. Moreover, if there exists
i€{1,2,...,N} such that y; = 0 and x; > 0, let j € {1,2,..., N} be such that
y; > 0. Then, there exists m € N large enough such that z; — my; < 0. But
z; —my; = ; > 0, thus 2 — my & (Zso)" U (Z<)", a contradiction. Therefore,
we may assume that z; > y; > 0 for all i € {1,2,... N}.
For each i, let ¢; = x;y;" € Q. Let ¢ = min{g | i € {1,2,...N}}, and by
reordering, assume that ¢ = ¢; without loss of generality. Let ¢ = a4 for coprime
a,b € N, and z = bx — ay € A. Suppose z # 0. Then z; =0 — but y; > 0, so we
have a contradiction as seen above. Thus, z = 0.
So, br = ay. By Euclid’s algorithm, Jr, s € Z such that ra — sb = 1, since a,b

are coprime. Then

x = (ra — sb)x = rax — sbxr = rax — say = a(rx — sy),

y = (ra — sb)y = ray — sby = rbx — sby = b(rz — sy),

and so A is generated by rz — sy. [

Proof of Theorem [9.5k
Suppose kG is coherent. Note that for any ¢ € T, (t,U) is a closed subgroup of
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G, so by Proposition [7.1] k(t,U) is coherent. Thus, by Corollary 0.4 fs(t) €
(Z50)® U (Z<)® for all t € T. That is,

fa(T) C (Z30)® U (Z<o)®.

Now, fo(T) is finitely-generated, thus by Lemma and induction, fg(T) is a

cyclic subgroup of Z®, and must be generated by an element of (ZZO)(I). O

9.4 Coherence for solvable groups

In this subsection we show that the converse to Theorem [0.7 also holds.

First, we examine the structure of the subgroups of (F*)".

Lemma 9.7:
Let T < (F*)" be a closed subgroup. Then,

T=Z4x (TN (05"

as p-adic Lie groups, and T'N (Of)" is compact.

Proof:
Note that (F*)" = (7% x OF)", where m € F is a uniformiser. So let ¢ : T —
(%)™ be the natural projection restricted to 7. Then Im ¢ is (isomorphic to)
a subgroup of Z", hence is isomorphic to Z¢ for some d < n. Then, Kerq =

TN (Of)". Thus we have a short exact sequence of abelian groups
0—=TNON" =T =70,

which must split because Z? is a free Z-module. So T'= Z% x (T N (OF)™), and
TN (OF)" is a closed subgroup of the compact group (O5)", hence T'N (OF)" is

compact. [l

Theorem 9.8:
If fo(T) < Z% is cyclic and generated by an element of (Z()®, then the aug-

mented [wasawa algebra kG is coherent.
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Proof:

By Lemma T = Ty x Ty where Ty =2 Z¢ and T} is a compact p-adic Lie group,
with T} a subgroup of the group of diagonal matrices in GL,(Op). Because U is
a subgroup of the upper unitriangular matrices in GL,(F'), we can show easily
that Ty < Ker fo. Thus fo(To) = fo(T) is cyclic. If fo(Tp) is non-trivial, let
{t1,...,ta—1} C Tj generate Ker(fg|r,) and ty € Tj be such that f(ty) generates
fa(To). If fo(Ty) is trivial, let {tg,t1,...,t4_1} be any set of generators for Tj.
Then Ty = {to) x (t1,...,ta1) 2 Z x Z** and (t,,...,t4 1) < Ker fq.

Next, choose Op-Lie subalgebras of u,

v < <py <.

of the form
om = P osm
BeD

where vg,, < ugis an Op-lattice, and such that u = lim v,,. These correspond
m>0
to compact open subgroups Vo) < Vi <V, < ... of U, and we have that V,,_; is

an open (hence closed) subgroup of V,, for all m > 1. Then,

to- 0 =P to - vp.m = P 7" 0s,0.
Bed BED

where m € F is the uniformiser of F'. Thus ¢y - v,, has finite index in v,,, and
so toVinty ! is a finite index subgroup of V,,. Thus toVinty 1' <V, is an open
subgroup (since it is also closed). Moreover, ty- v, is an Og-Lie ideal of v,,, thus
toVinty !'is an open normal subgroup of V,,.

Let V! = (T1,V,,) = Ty X V,, for each m > 0. Let v/ be the corresponding
Lie algebra. Because t; - v,, is a finite index Lie ideal of v,,, it follows that
to - v is a finite index Lie ideal of v/, for all m. Thus ¢,V t;" is a finite index,
closed, normal subgroup of V|
Corollary 19.4 of [Sch1l], it follows that the Iwasawa algebra kV is a free right
k(toV! ty")-module.

Let V! = (V! ti,...,tq_1) for each m > 0. Now, each of the t;,...t4 1 com-

mute with 77, and act, via conjugation, as an automorphism on V,,. Thus the

and hence is also an open normal subgroup. By

t1,...,tq_1 act as automorphisms of V! and therefore as ring automorphisms of
the Iwasawa algebra £V . So, the augmented Iwasawa algebra of V" is a skew

Laurent polynomial ring, kV, = kV,/ [t t7", ... ta1,t ).
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By the non-commutative Hilbert basis theorem, Theorem [6.15, kV." is a Noethe-

rian ring for each m. Let
o1 KV = KV oy (x) = toxty

be the ring endomorphism given by conjugation by #y. Then oy, is injective. Note

oy, fixes the ¢1,...,t45_;. The image of oy, is
o1, (V) = k(toViits ") = k(toVitg Dttt - tai, th)-

Thus kV)" is a free, hence flat, right o, (kV,")-module.

By Theorem [6.16] it follows that the skew polynomial ring kV)'[to; 0y,] is a left
coherent ring, for all m > 0. Now, since V,, is a closed subgroup of V,, 1, it
follows that V. is a closed subgroup of V., therefore kV,, , is a flat right kV}.-
module, by Proposition m Hence kV,, ,,[to] is a flat right &V} [to]-module, for
all m > 0. Thus, by Lemma [6.7], the direct limit

lim KV [to] = (gn wn’;) to] = kG [t

is a left coherent ring, where G’ = (ty,...tq_1,Ty,U). Then, the set {1,to,t3,...}

is a left denominator set in kG'[to], and
kG = kG'[to, ty '] = {1,t0, 2, ... } TRG[to].

Therefore, by Corollary [6.11, kG is a left coherent ring. [J

We can conclude from Theorem [9.5] and Theorem 9.8 a necessary and sufficient cri-

terion for kG to be coherent.

Corollary 9.9 (Theorem [C):
The augmented Iwasawa algebra kG is coherent if and only if fo(T) < Z% is a

cyclic subgroup generated by an element of (Zsg)®.

9.5 Coherence for algebraic groups

We now prove Corollary [D] deducing Theorem [A] and Corollary
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Proposition 9.10:
Let U be an affine group subscheme of the upper unitriangular matrices U,,, de-
fined and split over F'. Let T be a split affine group subscheme of the diagonal
group D, < GL, such that T normalises U, and let G = T x U < GL,. Let
G=G(F)=TxU, where T'="T(F), U =U(F).
If the rank of the root system of U with respect to T is at least two, then kG is

not a coherent ring.

Proof:
The character group of T is X (T) = {morphisms of group schemes T — G,,}.
Let T= G%. Then X(T) = Z% and T = (F*)%, so

X(T) = {aGy.in | G-+, Ja) € 27} = 27,

.....

where

Oz(jl 7777 jd)IT—>FX, a(jl 7777 ]d)(tl,,td):tjlltild

We have that ® = {8 € X(T) | ug # 0}. For § € @, let (j7,...,57) € Z% such
that ﬂ = Oé(jlg ..... jg).
Let t = (A1,...,Aq) € T, and let n; = vp()\;) for each i € {1,2,...,d}. Then

.8 B
vp(B(t)) = vp(AL N = 00y 4+ 0.

Let M be the (|®| x d)-matrix with coefficients Mz; = j°. Recall from subsection
the group homomorphism fg : T — Z®. Then, fq is given by

ny

fe®y=M-|...],
nq

where n; = vp();). So, the image fo(T) < Z* is given by the Z-span of the
columns of M.

If kG is coherent, then by Theorem , fa(T) is cyclic, so Q ®z fo(T) < Q% is
either trivial or a 1-dimensional vector space. Hence the Q-rank of M is at most
1, and so the vectors {(j7,...,57) | B € ®} are contained in a 1-dimensional
vector subspace of Q. So, the rank of the root system of U with respect to T is
at most 1.

Hence, if the rank of the root system of U with respect to T is 2 or greater, kG

is not coherent.
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We then deduce Corollary [D]

Corollary D:
Let G be a finite-dimensional split-solvable affine group scheme defined over F,
and G = G(F). If the root system of G has rank 2 or greater, then kG is not

coherent.

This follows directly from Proposition because the class of groups considered is
the same. We can then show that nearly all split-semisimple groups over F' have a

non-coherent augmented Iwasawa algebra.

Corollary 9.11:
Let G be a split-semisimple affine group scheme defined over F', with root system
of rank at least 2. Let G = G(F). Then the augmented Iwasawa algebra kG is

not coherent.

Proof:
This follows by considering the Borel subgroup B < G, with B = B(F) < G. We
have that B is a split-solvable affine group scheme with a root system of rank at
least 2, thus B is as in the statement of Corollary [D], and hence kB is not coher-
ent. But B is a closed subgroup of G, so by Proposition[7.1] kG is not coherent. [

Theorem A:
Let G be a split-semisimple affine group scheme defined over F'. Let G = G(F).
Then the augmented Iwasawa algebra kG is coherent if and only if the rank of

the root system of G is 1.

Proof:
The “only if” part of the statement follows from Corollary
If the root system of G has rank 1, then G = SL, or PG L, by the classification
of split-semisimple linear algebraic groups, see for example Table 9.2 of [MT11].
If G = SLy, then Corollary 4.4 of [Sho20] shows kG = kSLy(F') is coherent.
If G = PG Ly, then G is isomorphic to a quotient of SLy(F'), namely G = SLZ(F)/H,
where H = {I, —I} is the centre of SLy(F). Then, by Proposition [3.44] the aug-
mented Iwasawa algebra kG = kSLy(F)/e(H). The two-sided ideal e(H) is
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certainly finitely-generated as a left ideal, because H is finite. Thus, kG is co-
herent by Lemma since kS Lsy(F') is coherent. [

9.6 Coherence for the general linear group

Since kSL,(F') is not coherent for n > 3 by Theorem , and the special linear group
is a closed subgroup of the general linear group, Proposition implies the following.

Theorem 9.12:
If n > 3, then the augmented Iwasawa algebra kG L, (F) is not coherent.

Consequently we know precisely when the augmented Iwasawa algebra of each general

linear group is coherent.

Corollary B:
The augmented Iwasawa algebra of GL,(F') is coherent if and only if n < 2.
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10 The category of finitely-presented smooth rep-
resentations

Let k be a field of characteristic p throughout this section.

10.1 Finitely-presented representations

Schraen, Hu, Vignéras and Wu have previously studied finitely-presented representa-
tions of p-adic Lie groups, particularly those of GLy(F'). See [Schl5], [Hul2], [Vigli],
and [Wu21] respectively. Recently, Shotton has proved a link between coherence and
finitely-presented smooth representations — refer to Definition 1.1 and the proof of
Theorem 4.5 in [Sho20].

Theorem 10.1:
Let G be a p-adic Lie group. If kG is a coherent ring, then the category of

finitely-presented smooth representations of GG over k is an abelian category.

In fact, it was recently conjectured in [EGH] that the latter statement holds whenever
G = GL,(F). To make sense of this, it is of course necessary to explain what we
mean by a finitely-presented smooth representation. We give this definition in the
language of this thesis, but see also Definitions 2.1-2.3 of [Sho20]. Recall that any
smooth representation of G is a kG-module, Corollary [3.18]

Definition 10.2:
Let V' be a smooth representation of G' over k. V' is a finitely-generated smooth
representation if there exists a compact open subgroup H < G and a surjective

kG-module homomorphism
kG @y U =V

for some finite-dimensional smooth representation U of H over k.

Definition 10.3:
Let V' be a smooth representation of G over k. V is a finitely-presented smooth
representation if there exists H < G compact open and a surjective kG-module

homomorphism

¢ kGRrpU =V

for some finite-dimensional smooth representation U of H over k, such that Ker ¢

is a finitely-generated smooth representation.
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Notice that kGRury = k[G]@k[ ] 1s equal to the compact induction functor on smooth

representations.

Proposition 10.4:
Let G be a p-adic Lie group, H < G be a compact open subgroup, and U be
a finite-dimensional smooth representation of H. Then kG ®py U is a finitely-

presented smooth representation and finitely-presented kG-module.

Proof:
Since U is a smooth representation of H, every vector u € U is fixed by some

open subgroup H, < H. Every element v € kG ®,z U may be written in the

v = Zgj ®uj7
j=1

for g; € G, u; € U. Then v is fixed by the open subgroup of G,

form

ﬂ ngujgj_17

Jj=1

so kG ®ry U is smooth, and trivially is a finitely-presented smooth represen-
tation. Because U is finite-dimensional, U is a finitely-generated kH-module.
Since kH is Noetherian (Theorem , U is a finitely-presented kH-module.
Then Proposition [5.10] implies kG @iy U is a finitely-presented kG-module. [

Taking U = k to be the trivial representation in the above implies that

ok = ()

is a finitely-presented smooth representation whenever H < (G is a compact open
subgroup (see also Example .

Lemma 10.5:
Let V' be a smooth representation of G over k. V is a finitely-presented smooth

representation if and only if V' is a finitely-presented kG-module.

Proof:
First note that if V' is a finitely-generated smooth representation, then a con-
sequence of Proposition is that V' is a finitely-generated kG-module. Con-

versely if V' is a finitely-generated kG-module, let vy, ..., v, generate V. Since

139



V' is smooth there exists a compact open subgroup H < G that fixes every v;.
Thus the kernel of the natural map kG" — V' contains the submodule eq(H)".

Hence there is a surjection
kG @pn U = (kG eq(H))" =V,

where U = k™ is the trivial n-dimensional representation of H, so V' is a finitely-
generated smooth representation.

Let V' be a finitely-generated smooth representation, and
¢ kGRrpU =V

be any kG-module surjection. Now, kG ®p U is a finitely-presented kG-module
by Proposition [10.4f By Theorem 2.1.2 of [Gla89], V' is a finitely-presented kG-
module if and only if Ker ¢ is a finitely-generated kG-module, if and only if (by

the above) Ker ¢ is a finitely-generated representation. The result follows. O

Due to Lemma [10.5] we may say a smooth representation V is “finitely-presented”

without any ambiguity.

Definition 10.6:
The category of finitely-presented smooth representations Repzm(G)fp is the full
subcategory of the category of smooth representations Rep;™(G) consisting of

the finitely-presented objects.

We need the following technical fact.

Proposition 10.7:
Let G be a p-adic Lie group. The inclusion of Repi™(G)® into Repi™(G) is exact.

Proof:
We will denote the inclusion functor Rep;™(G)® — Repi™(G) by M — M.
Let ¢ : A — B be a morphism in Rep{™(G)™, and suppose it has a kernel
J K — A We show that j : K — A is the kernel of the morphism ¢ in
Repi™(G).

For each H < G a compact open subgroup, consider the functor

Homyq (kG /eq(H), ) :Repi™(G)*® — k-Mod.
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These functors are left exact because kG/eq(H) € Repi™(G)™ by Proposi-
tion [10.4. Moreover, for any kG-module M, there is a natural isomorphism

Homy (kG /eq(H), M) = M" = {x € M | ha = x for all h € H}.

Thus, the homomorphism jxn : K" — AM is the kernel of [P Al - BH.
We now show that j satisfies the universal property of the kernel of ¢. Let
K' € Rep;"(G) be a smooth representation and j' : K’ — A be a kG-module
homomorphism satisfying ¢ o 4" = 0. Then for any compact open subgroup H <
G, clearly ¢|n 05| (xrym = 0. So by the universal property for the kernel of ¢| 4,
there is a unique morphism uy : (K')¥ — K* such that Jlgr oun = j'|gnm. If
H < H', then uy|gnu = wpr, by uniqueness. Moreover, K’ is smooth, meaning
that
K= |J &"
compact open
H<G

Therefore we can define the morphism of smooth representations,
w: K'— K, u(r) =uy()if v € (K,

and it follows that j o u = j" because this holds on each (K')" by definition
of ug. If v is another morphism with this property, then v|xnr = ugy by
uniqueness of ug, so v = u. Thus u is the unique such morphism. Therefore
j « K — A satisfies the universal property of the kernel. Thus the inclusion
functor Repi™(G)® — Repi™(G) preserves kernels, so is left exact.

Furthermore, the cokernel of ¢ : A — B in Rep™(G)? is B/$(A) — notice B is
finitely-presented and ¢(A) is finitely-generated, so B/¢(A) is finitely-presented
by Theorem 2.1.2 of [Gla89]. Thus the inclusion functor preserves cokernels, so

is right exact. [

Applying Proposition and Lemma 1.6.2 of [Wei94] to the inclusion of categories,
and noticing that Rep{™(G)™ is always closed under cokernels taken in Rep{™(G) by
Lemma and Theorem 2.1.2 of [Gla89], we have the following.

Corollary 10.8:

The category Rep{™(G)™ of finitely-presented smooth representations is an abelian
category if and only if it is closed under kernels taken in the category Repy™(G)

of smooth representations, that is, kG-module kernels.
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We can now give a proof of Theorem [10.1]

Proof of Theorem [10.1k
Suppose kG is a coherent ring and let ¢ : V' — W be a morphism in Rep;™(G)™.
By Lemmal[l0.5] V and W are finitely-presented kG-modules, so Ker ¢ is finitely-
presented by Proposition . By Corollary , Rep;™(G)™ is abelian. [

Combining Theorem [10.1| with Theorem [7.12] gives the following result.

Corollary 10.9:
Let G = SLy(F) or GLo(F). Then the category of finitely-presented smooth

representations of GG is abelian.

This is an improvement on Theorem 1.2 of [Sho20]. Moreover it answers the G' Ly (F)

case of Conjecture 6.1.4 of [EGH] positively.

10.2 A module-theoretic characterisation

In Theorems [8.I]and [8.2] we have proved that not all p-adic Lie groups have a coherent
augmented Iwasawa algebra. It is natural to ask whether all p-adic Lie groups must
have the category of smooth mod p representations being abelian. We will show in
this subsection that this is also not the case — again the counterexamples are the
groups in Theorems [8.1 and [8.2] To do this, we improve the result of Theorem [10.1

to a necessary and sufficient module-theoretic condition.

Proposition 10.10:
Let G be a p-adic Lie group. The category of finitely-presented smooth repre-
sentations of G is abelian if and only if kG /ec(H) is a coherent kG-module, for
all compact open subgroups H < G.

Proof:
Suppose the category of finitely-presented smooth representations of G is abelian.
Now, for any open compact subgroup H, the kG-module kG /eq(H) is a smooth
finitely-presented representation of GG, by Proposition Because kG/eq(H)
is smooth, any kG-submodule or quotient is also a smooth representation. If
N < kG/ec(H) is a finitely-generated kG-submodule, we have a short exact

sequence of smooth representations

0—= N — kG/eg(H) = (kG /eq(H))/N — 0,
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where the third and fourth terms are finitely-presented, by Proposition [10.4
and Theorem 2.1.2 of [Gla89]. Hence, N must also be finitely-presented by
Corollary [10.8f Thus kG/eg(H) is a coherent kG-module.

Conversely, suppose kG /eq(H) is a coherent kG-module for all open compact
H < G. Let M be a finitely-presented smooth representation of G. Then, as in
the proof of Lemma [I0.5] there is a surjection

(kG /ea(H))" = M,

for some compact open subgroup H < G. Then (kG/eq(H))" is a coherent kG-
module by our assumption. Because M is a finitely-presented quotient, it follows
from Theorems 2.1.2 and 2.2.1 of [Gla89] that M is a coherent kG-module.
Therefore, the finitely-presented smooth representations of G are exactly the
smooth representations which are coherent kG-modules. The kernel of any ho-
momorphism between coherent kG-modules is itself a coherent kG-module by
Theorem 2.2.1 of [Gla89]. Thus the kernel of any map between finitely-presented
smooth representations must be a coherent, hence finitely-presented, representa-
tion. Therefore the category of finitely-presented smooth representations of G is
an abelian category, by Corollary [10.8] O

Lemma 10.11:
Let G be a p-adic Lie group, J < G be an open pro-p subgroup. If kG /eq(J) is a
coherent kG-module, then kG /eq(H) is a coherent kG-module for any compact
open subgroup H < G.

Proof:
Let H; < Hs be open compact subgroups of G. Suppose that kG/eq(H;) is a
coherent kG-module. We have a short exact sequence

0— 6G(H2)/€G

(Hy) "

EG(Hl) - kG/EG'(HQ) - O’

and eg(Hsy)/eq(Hy) is finitely-generated because Hs is compact. Thus eg(Hs)/eq(H)
is coherent, hence so is kG/eq(Ha).

Now suppose kG /eq(H,) is coherent, and that H; is normal and of p-power index

in Hy. Denoting the trivial module for the group Hs/H; by k, we have that

kG/

EG(H2> = kG RkH, k,
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and
kG T/

ec(Hy) = kG Qpm, k|Hs/H|.

Now, because Hy/H; is a finite p-group and k is of characteristic p, the only ir-
reducible k[Hy/H;]-module is the trivial module k. Therefore the Jordan-Holder
series of k[Hs/H;| consists only of copies of k. That is, there exist k[Hy/H;]-

modules M, ..., M, and short exact sequences

0 — My —k[Hy/Hy| — k — 0,
0— My —-M; — k—0,

0— M, -M,_1 — k—0,

0—>k—>M, —k—0.

Now, kG®xp, is an exact functor by Proposition [5.10] Applying it to the final

sequence, we obtain
0 = kG ®rm, k — kG Qppy, My, — kG Qip, k — 0.

But kG ®kp, k is a coherent kG-module, and any extension of two coherent
modules is coherent, by Theorem 2.2.1 of [Gla89]. Thus kG ®yp, M, is coherent.
Repeating this argument, we find that kG ®xp, M, is coherent for all j, and so

kG Qpp, k[Hg/Hl] = kG/Eg(Hl)

is coherent.

We now apply the above reasoning, supposing that kG/eg(J) is a coherent kG-
module. Now, J N H is an open subgroup of J, and so there exists an open
normal subgroup N < J contained in J N H. Because J is pro-p, N has p-power
index in J. Thus, because kG/eq(J) is coherent, kG /e(N) is coherent. Then,
N < H and kG/eg(N) is coherent, therefore kG /ec(H) is coherent. [

By combining Proposition [10.10| and Lemma [10.11] we can give a strengthening of
Theorem [10.1]

Corollary 10.12:
Let G be a p-adic Lie group. The following are equivalent:

e The category of finitely-presented smooth representations of G is abelian.
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e kG /eq(H) is a coherent kG-module, for all compact open subgroups H < G.

e kG /eq(J) is a coherent kG-module, for some open pro-p subgroup J < G.

Notice that if kG is a coherent ring, kG/eq(H) is a finitely-presented quotient by
Proposition hence a coherent kG-module by Theorems 2.1.2 and 2.2.1 of [Gla89].
Moreover, we can translate conditions on the modules kG /eq(H) into ideal-theoretic

language.

Proposition 10.13:
Let G be a p-adic Lie group, H < G be an open compact subgroup. The kG-
module kG /eq(H) is coherent if and only if every finitely-generated ideal of kG

containing eg(H) is finitely-presented.

Proof:
The finitely-generated submodules of kG//eq(H) are exactly I/eq(H) for I C kG
a finitely-generated left ideal containing e (H). By considering the short exact

sequence

0—eq(H)—=1—1/ec(H)— 0,

by Corollary 6.25 of [Rot09] and Theorem 2.1.2 of [Gla89), I is finitely-presented
if and only if I/eg(H) is, since eg(H) is finitely-presented. The result follows. [J

By Proposition [10.10} it follows that if kG has a finitely-generated ideal that contains
the augmentation ideal of an open compact subgroup, but I is not finitely-presented,
then the category of finitely-presented smooth representations of GG is not abelian.

This situation occurs with the two groups we have studied in Section Section

Example 10.14
Recall the p-adic Lie group

U 1 0 F
G4 = < o 10 1 F >
1 0 0 1

and left ideal I, C kGj3, from Definitions and By Lemma [8.15] I, con-

tains the augmentation ideal of the compact open subgroup U;(Op). The proof of
Theorem shows I, is finitely-generated but not finitely-presented. Thus the cat-

egory of finitely-presented smooth representations of G 4 is not an abelian category.
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Example 10.15
Recall the p-adic Lie group

U 1 F F
Hgvt:< 1 lo 1 F >
vt 0 0 1

and ideal I C kHs,, as defined in subsection [8.6l By Lemma [8.19] I contains the
augmentation ideal of Us(OF), and I is finitely-generated but not finitely-presented.

So the category of finitely-presented smooth representations of Hs, is not abelian.

Note, if G < G’ is an open subgroup, then any compact open subgroup of G is com-
pact open in G, and kG’ Qie (kG/eq(H)) = kG'Jec:(H). So by Corollary and
Theorem if the category of finitely-presented smooth mod p representations of
G is not abelian, neither is this category for G’. For example, we can apply this to
G = Gs4 and G' = Gsp or G3 pp. However, if G' < G is a closed subgroup, we
cannot make such a deduction in general, since the functor kG’ ®yc may not preserve

smoothness.

10.3 Relation to the Borel subgroup

We have seen in subsection that when G = SLy(F) or GLy(F'), the augmented
Iwasawa algebra kG is a coherent ring. It follows from Theorem that the category
of finitely presented smooth representations of G' over k is abelian. This technique
relies on the convenient fact, utilised by Shotton in [Sho20], that G is the amalga-
mated product of two open subgroups with Noetherian (augmented) Iwasawa algebra.
However, this is a condition that appears rarely. In this subsection we give a more
general method independent of Shotton’s, which allows one to relate the category
of finitely-presented smooth representations of a p-adic Lie group to that of a Borel

subgroup, and thereby re-prove the results of subsection [7.3]

To motivate the next definition, notice that if G = SLy(F') or GLy(F') and B is the
subgroup of upper triangular matrices, then we may identify the “flag variety” G/B
with P! (F) = P'(Op), which is compact.

Definition 10.16:
Let G be a p-adic Lie group, B < G be a closed subgroup. We say B is a co-
compact subgroup of G if the quotient topological space G/B is compact.
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The ITwasawa decomposition shows that Borel subgroups of many interesting groups

are cocompact.

Theorem 10.17 (Iwasawa decomposition):
Let G be a finite-dimensional split-semisimple affine group scheme defined and
split over F, or G = GL,,. Let G = G(F). Let B be a Borel subgroup scheme of
G, and B =B(F) < G. Let K < G be a maximal compact subgroup of G. Then
G = KB ={zb|x € K,b e B}. In particular B is a cocompact subgroup of G.

Proof:
Note that if G = KB, there is a surjective continuous map K — G/B, hence
G/B is compact. When G is a finite-dimensional split-semisimple affine group
scheme, and K < G is a maximal compact subgroup of G then K is also open,
and the result follows from the theory of buildings described in [ABOS], specif-
ically Proposition 11.100. When G = GL,, the result is Proposition 4.5.2 of
[Bum96]. O

More generally, one may replace B by any closed subgroup containing a Borel sub-

group in the above theorem.

Lemma 10.18:
Let G be a p-adic Lie group and B < G be a cocompact subgroup. For any
compact open subgroup H < @G, the restriction of the kG-module k(G/H) =
kG /eq(H) is finitely-generated as a kB-module.

Proof:
Notice that since H < G is open,

{HgB/B|g € H\G/B}

is a disjoint open cover of the compact topological space G/B. Hence, the double
cosets H\G/B are a finite set. Thus, the double cosets B\G/H are also a finite
set, from which it follows that the locally profinite B-space G/H has finitely
many orbits. Hence there exists a surjective morphism of locally profinite B-
spaces,

o: [ B~ %m

j=11
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for some n > 1. By Proposition [3.41
é:kB" — k(G/H>

is a surjective kB-module homomorphism, so k(G/H) is a finitely-generated kB-
module. [J

Lemma 10.19:
Let G be a p-adic Lie group and B < G be a cocompact subgroup. A smooth
representation V' of G is finitely-generated as a kG-module if and only if it is

finitely-generated as a kB-module.

Proof:
If V' is finitely-generated as a kB-module, clearly it must be finitely-generated
as a kG-module.
Conversely, suppose V' is finitely-generated as a kG-module. Then there exists a

surjection of kG-modules

q:kG" = V.
Let ey, ..., e, be the standard generating elements of kG", and v; = ¢(e;) for each
j. Because V' is smooth, there exist compact open subgroups Hy,...,H, < G

such that H; acts trivially on v;. Therefore ¢ factors through a surjection of

kG-modules .
g @k(G/Hj> SV
j=1

By Lemma [10.18] the domain of g is finitely-generated as a kB-module, hence
sois V.

The next two results replace the words “finitely-generated” in Lemma [10.19] with

“finitely-presented”.

Lemma 10.20:
Let B < G be a cocompact subgroup. For any compact open subgroup H < G,
the restriction of the kG-module k(G/H) = kG /eq(H) is finitely-presented as a
kB-module.
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Proof:
Because G/H has the discrete topology, and by the proof of Lemma [10.18| the
locally profinite B-space GG/H is isomorphic to the finite disjoint union

H BgiH
j=1

for some ¢1,...,g9, € G. But, it is clear that we have an isomorphism of locally

profinite B-spaces
BgH, ~ B
I g = /Br‘lgHg_1

for any ¢ € G. Since gHg ' < G is a compact open subgroup of G, it follows
BngHg™' is a compact open subgroup of B, therefore

K ) = 5V 1011y )

is a finitely-presented kB-module by Proposition [10.4. It follows that
k (G/H> ~ Dk (ngH/H>
j=1

is a finitely-presented kB-module. [

Proposition 10.21:
Let B < G be a cocompact subgroup. A smooth representation V' of G is finitely-

presented as a kG-module if and only if it is finitely-presented as a kB-module.

Proof:
By Lemma|10.19] we may without loss of generality assume V' is finitely-generated
as a kG-module (equivalently, as a kB-module). By the proof of Lemma [10.19]

there is a surjective kG-module homomorphism
oW =V

where W is a finite direct sum of modules of the form k(G/H), H a compact
open subgroup of G. By Proposition W is a finitely-presented smooth
representation of GG, and by Lemma [10.20] is also a finitely-presented smooth

representation of B. Let U = Ker ¢ < W, giving a short exact sequence
0—=U—=W-=V—=0.
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By Theorem 2.1.2 of [Gla89], V' is a finitely-presented kG-module if and only if
U is a finitely-generated kG-module. But U is finitely-generated as a kG-module
if and only if U is finitely-generated as a kB-module, by Lemma [10.19] This

occurs precisely when V' is a finitely-presented k£B-module. [J

We now prove the main result of this subsection.

Theorem 10.22:
Let G be a p-adic Lie group and B < G be a cocompact subgroup. If the cate-
gory of finitely-presented smooth representations of B over k is abelian, then the

category of finitely-presented smooth representations of GG over k is abelian.

Proof:
Suppose the category of finitely-presented smooth representations of B over k
is abelian. Let Vj, V5 be finitely-presented smooth representations of G and
¢ : Vi — V5 be a kG-module homomorphism. By Corollary it is enough
to show that the kernel of ¢ is a finitely-presented kG-module. Since Vi, V, are
finitely-presented kG-modules, by Proposition [10.21] Vi, V5 are finitely-presented
kB-modules. Because the category of finitely-presented smooth representations
of B over k is abelian, Ker ¢ is a finitely-presented kB-module, hence, again by

Proposition [10.21} is a finitely-presented kG-module, as required. [

As a consequence, we can give a proof that the categories of finitely-presented smooth
representations of SLy(F'), GLy(F) are abelian, independent of subsection

Theorem 10.23:
Let F' be a finite field extension of Q, and G = SLy(F) or G = GLo(F). The

category of finitely-presented smooth representations of G is abelian.

Proof:
Let G = G(F') where G = GLy or SLy, and B = B(F) be the Borel subgroup.
Then B < G is a cocompact subgroup by Theorem [10.17] Also, B is a solvable
p-adic Lie group as in subsection [9.1] so we may apply Theorem [C| The unipo-
tent radical of B is 1-dimensional, thus the set of weights ® contains a single
element. Therefore, every subgroup of Z* 2 7 is cyclic and must be generated

by an element of (Zs)®, so Corollary implies £B must be a coherent ring.
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By Theorem [10.1] the category of finitely-presented smooth representations of
B over k is abelian, therefore Theorem [10.22] implies the category of finitely-

presented smooth representations of G over k is abelian. [
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11 Canonical dimension of modules for Iwasawa
algebras

We now return to the topic of modules over Iwasawa algebras of compact p-adic Lie

groups, and their canonical dimensions, see subsection [2.3|
Throughout Sections [11] and [12] k£ denotes a field of characteristic p.

11.1 The group associated to a Lie algebra

In Definition [2.6f we have seen that to any compact p-adic Lie group, a finite-
dimensional Q,-Lie algebra g may be associated. Multiple compact p-adic Lie groups
may share the same Lie algebra, thus in order to simplify later proofs, in this subsec-

tion we make a specific choice of group to represent each class.

Unless otherwise stated, isomorphisms of Lie algebras will be ,-Lie algebra isomor-
phisms. Any F-Lie algebra is viewed as a Q,-Lie algebra via the usual restriction of

scalars.
Let g be a finite-dimensional F-Lie algebra which is simple and split over F.

We fix a uniform pro-p group Gy with Lie algebra £(G,) = g. Corollary will
then show that proving Theorem [E} and Corollary [F| for Gy implies these results for
arbitrary GG. We make the choice of G in the following way — see also section 3.4 of

[Ard04] for a similar construction.

Because g is split simple over F', let g = Xp, where
X S {Al7 Bla Cla Dl7 Eﬁa E77 E87 F47 GZ}

is an indecomposable root system. For any commutative ring R, there is a Chevalley
basis for the Lie algebra Xz, and we can define the adjoint Chevalley group X (R) <
Aut(Xpg).

Consider the Op-Lie algebra X, and notice that the subalgebra p X, is a powerful
Op-Lie algebra. Let Y be the uniform pro-p group constructed from p Xy, using the
Campbell-Hausdorff formula. Let Ad: Y — GL(pXo,.) be the group homomorphism

given by Ad(g)(u) = gug™".
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Definition 11.1:
The compact p-adic Lie group Gy = Ad(Y") is the image of the group homomor-
phism Ad.

It is straightforward to show that Ker Ad = Z(Y) = {e}, so Ad is an injective

homomorphism. It is also clear that G = G has Lie algebra
£<G) = @pLG = QpLY - QprOF = XF =4

Lemma 11.2:

(g is a normal subgroup of the Chevalley group X (Op).

Proof:

This is similar to the proof of Lemma 3.13 of [Ard04]. Let B be the Chevalley
basis of Xp,. It is straightforward to show that Ad(puOr) C X(OF) for all
u € B. There exists a Z,-basis {pv1,...,pvn} of pXo, where each element is
contained in some puOp. Now, Y is equal to the product of the subgroups pv;Z,
by Proposition 3.7 and Theorem 9.8 of [DDMS03], and Ad(pv;Z,) C X(Op) for
each j. So Gy = Ad(Y) C X(Op).

It is then straightforward to check that Gy is normal in X (Op), using the Stein-

berg relations. [

From the above lemma it follows that the Chevalley group X (Or) acts by automor-

phisms on Gj.

11.2 The microlocalised module

Recall the theory of algebraic microlocalisation from Chapter IV of [LVO96]. If S C
gr kG is a multiplicatively closed subset of homogeneous elements, we can extend kG
to a microlocalised algebra Qg(kG). Similarly, for any finitely-generated kG-module
M, we can extend M to the microlocalisation Qz(M).

We prove that a certain microlocalisation of M is isomorphic to a finite-dimensional

vector space.

Proposition 11.3:
Let G be a uniform pro-p group, and M be a finitely-generated left kG-module.
Let g € G be a non-trivial element, H = (g) < G, and S = {o(g —1)" | n > 0}.
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gr kG
J(M)
Then the microlocalisation Qg(M) is a finite-dimensional K-vector space, where
K is the field Frac(kH) = Frac(k[[g — 1]]) = k((g — 1)).

Suppose that S* is finitely-generated over S~ 'k[o(g — 1)].

Proof:
Because J(M) is the radical of Ann(gr M), and gr kG is a commutative Noethe-
rian ring, there exists r € N such that J(M)" annihilates gr M. Because gr M is

finitely-generated over gr kG, it follows that there is a surjective homomorphism

(557

) — gr M,

hence we have a surjective homomorphism

52 (&)~ 5w

for some n € N. Now, the module S~ (gr kG'/J(M)") has a series of subquotients

o (310, (). ()

Each of these subquotients is finitely-generated over S~'gr kG and annihilated by
S~1J(M). Therefore each is a finitely-generated module for the ring S~ (gr kG /J(M)).
Because S~* (gr kG/J(M)) is finitely generated as a S~ 'k[o(g — 1)]-module, it
follows that each subquotient, and hence S~ (grkG/J(M)") itself, is finitely-
generated over S™'k[o (g —1)]. Considering the surjective homomorphism above,

it follows that S~'gr M is a finitely-generated S™'k[o (g — 1)]-module.

Now by Proposition 4.1.8 of [LVO96],

S7'klo(g —1)] = S~ grkH = gr Qz(kH),

and we have shown S~ 'gr M = grQg(M) is a finitely-generated gr Qg(kH)-
module. By Proposition 4.1.7 and Theorem 1.5.7 of [LVO96], the finite-generation
can be lifted since Qg(M) has a complete filtration, thus Qg(M) is a finitely-
generated Qg(kH )-module. But

Qg(kH) = Frac(kH) = K

is a field, so the statement follows. []
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We combine this with the following commutative algebra proposition, which is proved

later.

Proposition 11.4:
Let G be a uniform pro-p group, M be a finitely-generated left kG-module of
canonical dimension 1. Let g € G be such that o(g — 1) ¢ J(M). Then,

St (i%) is finitely-generated over the algebra S™'k[o(g — 1)].

Recall the uniform pro-p group G, from Definition [11.1, We define some root sub-
groups of G.

Definition 11.5:
Let g = Xr as in subsection [11.1} and o € X. The root subgroup corresponding
to ais Ay, = Ad(p(Xo,)a) < Gy.

Corollary 11.6:
Suppose |F': Q,| > 1. Let M be a finitely-generated left kGy-module of canon-

ical dimension 1. Let a € X be a root. Suppose there is a g € A, such that
o(g—1) ¢ J(M). Then the annihilator Anng,_(Qg(M)) is non-zero.

Proof:

The root subgroup corresponding to « is an abelian uniform pro-p group,
A, 2 0p 2 7)1

Since [F': Q,| > 1, let h € A, be non-trivial such that the closed subgroup of 4,
generated by g, h is 2-dimensional. Because g, h commute, h acts as a K-linear
map on Qg(M). By Propositions and [11.4] Qg(M) is a finite-dimensional
vector space over the field K = k((g — 1)). The characteristic polynomial of h
gives a non-zero element of K [h] that annihilates Qg(M). By clearing denomina-
tors, there exists a non-zero element of k[[g — 1]][h] < kA, annihilating Qg(M).

Thus the annihilator ideal is non-zero as claimed. [

11.3 TI'-invariant ideals

In this subsection we recall and slightly extend a result of Ardakov, which in our

situation classifies the prime ideals of the Iwasawa algebra kA, of a root subgroup
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invariant under the action of a torus. Recall the following definition from subsection
8.1 of [Ard12].

Definition 11.7:
Let A be a free abelian pro-p group of finite rank, and I' be a closed subgroup
of the continuous automorphisms of A. I' acts rationally irreducibly on A if and

only if every non-trivial I'-invariant closed subgroup of A is open.

Equivalently, I' acts rationally irreducibly if and only if the Q,-Lie algebra L£(A) is
an irreducible module for the Lie algebra £(I'). Ardakov has proved the following

restriction on I'-invariant prime ideals in this situation, see Corollary 8.1 of [Ard12].

Theorem 11.8:

Suppose I' acts rationally irreducibly on A and
(h-g)g ' € AP = {aP |z € A}

for all h € I',g € A. The only non-zero I'-invariant prime ideal of kA is the

unique maximal ideal.

We extend this result slightly.

Proposition 11.9:
Suppose I acts rationally irreducibly on A and (h-g)g~' € AP forallh € T', g € A.

If I is a non-zero ['-invariant ideal of kA, then VT is maximal.

Proof:
Note that I acts continuously on kA by ring automorphisms. Let P be a minimal
prime over [, and I'p = {h € I' | h- P = P}. Since kA is Noetherian, let P have

generators 1, ...,r, € kA. Then

where ¢; is the restriction of the action map to I' 2 I" x {x;} — kA. Because P
is closed in kA, each ¢; 1(P) is closed. Hence I'p is a closed subgroup of I'. Now,
h- P is a minimal prime over h-I = I for any h € I', and there are finitely many
minimal primes over I, because kA is Noetherian. Therefore I'p must be a finite

index closed subgroup of I', so is an open subgroup. Hence the inclusion map
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I'p — I' induces an isomorphism £(I'p) = L(I'), so I'p acts rationally irreducibly
on A. Moreover, (h-g)g~" € AP for all h € I'p because I'p <T.

By definition of I'p, P is a non-zero I'p-invariant prime ideal of kKA. Thus by
Theorem [11.8] P is the unique maximal ideal of kA. So, the only minimal prime

over [ is the unique maximal ideal, and hence the radical VT is maximal. OJ

We now apply this in the case that A and I' are both subgroups of G. Recall G| is

uniform pro-p and has Z,-Lie algebra pXe,, which is a powerful Op-Lie algebra.

For the remainder of this section, fix I" as follows.

Definition 11.10:
Let pt' < pXop, be the maximal torus of pXp, which corresponds to the root
system X. The subgroup I' = Ad(pt') < G,.

Then I' is an abelian closed subgroup of G,. Since pt' normalises p(Xp, ), for any

root a € X, it follows that I" normalises any root subgroup A,.

Lemma 11.11:
The group I' acts rationally irreducibly, by conjugation, on A, for any root
ae X.

Proof:
We have that £(A,) = g, and L(I') = t is the maximal torus of g correspond-
ing to the root system X. Both can be considered as F-Lie algebras, with
dimp g, = 1, and t acts via scalars given by « : t — F. Therefore L(A,) is an
irreducible £(I')-module. So I' acts rationally irreducibly. O

Lemma 11.12:
Forall h €T, g€ A, hgh™'g~' € AP, for all roots o € X.

Proof:

This follows from the fact that Lg = pXoe, is a powerful Lie algebra and that I

normalises A,. [J
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Combining Lemmas [11.11| and [11.12] together with Proposition [11.9] we have the

following.

Corollary 11.13:
Let a € X. If I is a non-zero I'-invariant ideal of kA, then the radical of I is
the augmentation ideal VI = €4, (Aqa).

11.4 The characteristic ideal

In this subsection we prove our first main result on canonical dimension, Theorem [E]
We do this by finding many elements which must lie in the characteristic ideal of a

module of canonical dimension one.

Theorem 11.14:
Let M be a finitely-generated left kG -module of canonical dimension 1. For any

root @ € X and any g € A,, o(g — 1) € J(M).

Proof:
For a contradiction, suppose not. Then by Corollary [11.6], there is an o € X and

non-trivial g € A, such that the annihilator ideal

I = Annga, (Qs(M)) Q kA,

is non-zero, where S = {o(g — 1)" | n > 0}. Now, because the microlocalisation
Q5(M) has an action of kG, for any x € I, h € I, and m € Qg5(M), we have

haxh™ -m=hz - (h'm)=h-0=0,

therefore hah™ € I. So, I is a T-invariant ideal of kA,. By Corollary [11.13]
VT = €4, (Ay) contains g — 1, so (g — 1)" € I for some n > 1. But, Q5(M) is a
vector space over K = k((g — 1)) and is annihilated by a non-zero element of K,
thus Qg(M) = 0. So S~'gr M = grQg(M) = 0, hence S N Ann(gr M) # . It
follows that o(g — 1) € J(M), a contradiction. [J

Corollary 11.15:
Let M be a finitely-generated left £Gg-module of canonical dimension 1. For all

continuous group automorphisms ¢ : Gy — Gy, all roots aw € X and all g € A,
the element o(¢(g) — 1) € J(M).
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Proof:
For ease we write G = G;. Any continuous group automorphism ¢ extends to
a (filtered) ring automorphism 5 : kG — kG, which induces a (graded) ring
automorphism ¢ : gr kG — grkG. We then define a kG-module M’ on the set
M via - m = ¢(x)m. It is easy to see that J(M') = ¢~'(J(M)), and therefore
M’ is a module of canonical dimension 1. By Theorem [11.14] o(g — 1) € J(M')
for any a € X, g € A,. Hence ¢(o(g — 1)) = o(é(g) — 1) € J(M). O

We show that this forces the characteristic ideal J(M) to be too large, by showing
that J(M) must contain the entirety of the first graded piece J/J? of gr kG,.

Lemma 11.16:
Let G = Gy. There is an isomorphism of k[Aut(G)]-modules,

J/J2 =k Qr, (G/Gp> =k Qr, (pXOF/p2X@F> ,

where o(g — 1) + J? = ¢gG? and Ad(pv)G? +— v + p*Xp, for g € G, v € Xp,.

Proof:
It suffices to prove the statement when k& = F,, (by then applying the appropriate
tensor product).
In this case, the first isomorphism is given by Lemma 3.11 of [Ard04]. For the
second isomorphism, Corollary 4.18 of [DDMS03] implies that the identity map
¢ : G — L is an isomorphism of Z,[Aut(G)]-modules. The image ¢(G?) = pLg,
and therefore

g_b : G/Gp — LG/pLG

is an isomorphism of F,[Aut(G)]-modules. Since Lg = pXe,, the statement
follows. [

We can now prove Theorem [E]

Theorem E:
Let g be a finite-dimensional F-Lie algebra which is simple and split over F.
Let G be a compact p-adic Lie group with associated Lie algebra £(G) = g. If
|F': Q,| > 1, then the Iwasawa algebra kG has no finitely-generated modules of

canonical dimension one.
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Proof:
By Corollary we may assume that G = G is the uniform pro-p group of
Definition M1.11
Suppose there exists a finitely-generated kG-module M with canonical dimension
1. We obtain a contradiction by showing that J(M) contains J/J?, as in this
case J(M) is the maximal graded ideal of gr kG, which forces Cdim(M) = 0.

By Lemma , let L be the image in k ®g, (pX@F/p2XoF) of the degree 1
elements of J(M). We adopt the notation of section 3.4 of [Ard04], so that Xo,.
is spanned by {eqn, ho | @ € X} and the Chevalley group X (OpF) is generated by
elements {z,(t) | a € X,t € Op}.

Since L is a k-vector space, it is enough to show that L contains the Op/pOp-
Lie algebra pXo, /p*Xo,. By considering the group elements Ad(pAe,) € A,
Lemma [11.16| and Theorem [11.14] imply that for any A € O and any o € X,

preq + p°Xo, € L.

Moreover, by Lemma the Chevalley group X (Op) acts by automorphisms
on GG. Thus by Corollary [11.15]

x - (pAey +p2XoF) €L,

for any © € X(Op), A € Op and a € X. Now, z_,(1) € X(Op) acts on
€ € XOF by

T o(l)-eq =€a+h_o—e_,.

Since the images of pAe,, pAe_, lie in L, it follows that
PA_o +1* X0, = 2_o(1) - pAeq + pAe_q — PAeq + P* Xo, € L,

for any A € Op. Since Xp, is spanned over Op by {e,, ho | @ € X}, it follows
that L contains pXo, /p°Xo,., as required. [J

11.5 Hilbert-Serre dimension

To finish the proof of Theorem [E], we need only establish Proposition [11.4 We will

actually prove a stronger statement, namely the following.
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Proposition 11.17:
Let K be any field, and J be a graded ideal of the polynomial ring S =
K[X1,...,X;], such that S/.J has Krull dimension 1. Let f € S be a non-zero ho-
mogeneous element of non-zero degree such that f ¢ J, and let T'= {f" | n > 0}.
Then T1(S/J) is finitely-generated over the subalgebra T ' K[f].

Of course putting S = grkG, J = J(M) and f = o(g — 1) gives Proposition |11.4} To

prove the proposition we introduce the notion of the Hilbert function for S/.J.

Definition 11.18:
Let I C K[Xy,...,X,] be an ideal and A = K[X},...,X,]/I be an ideal. We
define the Hilbert function of I to be

h[ : ZZO — Zzo, h[(T) = dil’IlK(Ar),

where A, = {x + 1 € A | deg(z) < r} and the degree is given by the standard
total degree filtration on K[X7,..., X,].

The Hilbert function is in fact eventually a polynomial, by the Hilbert-Serre theorem,
see Corollary 11.10 and Lemma 11.12 of [Keml1].

Theorem 11.19 (Hilbert-Serre theorem):
Let I C K[X3,...,X,] be an ideal. There is a polynomial ¢ = ¢; € Q[X] such
that for some N € Zso, whenever » > N, the value of the Hilbert function
hi(r) = qr(r). Moreover if ¢, ¢ are two such polynomials, then their degrees are

equal.

Definition 11.20:
Let I C K[Xj,...,X,] be an ideal, and ¢; be a polynomial as in Theorem [11.19|
The Hilbert-Serre dimension of A = K[X;,...,X,]/I is the degree of q;.

It transpires that the Hilbert-Serre dimension of a finitely-generated commutative
algebra agrees with the Krull dimension, see Theorem 11.13 of [Kem11].

Theorem 11.21:
Let I C K[Xy,...,X,] beanideal, and A = K[X3,...,X,]/I. The Hilbert-Serre
dimension of A is equal to K(A).
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We can use this alternative characterisation of Krull dimension to give a proof of

Proposition [I1.17]

Proof of Proposition [11.17}
Recall that we write S = K[X3,..., X,,] and let J C S be an ideal such that S/.J

has Krull dimension 1. For f € S a non-zero homogeneous element of positive
degree with f & J, let

J ={x eS| ftx e Jforsomen>0}CS.

Then J' is an ideal of S containing J, and is graded. Thus, S/J' is a quotient of
S/J, so has Krull dimension at most 1. Moreover, localising the natural quotient

map gives an isomorphism of 7' S-modules,
TS/ T) =TS/ ),

due to the definition of J'.

If S/J" has Krull dimension zero, then it is a finite-dimensional K-algebra, and
therefore must be finitely-generated as a K[f]-module. It follows that 7-'(S/.J")
is finitely-generated as a 7' K[f]-module, and hence so is T~'(S/.J).

Thus, we assume from now on that the Krull dimension of S/J' is 1. By Theo-
rem , the Hilbert-Serre dimension of S/J" is also 1. Now, the grading on S
is inherited by S/J', and we write

S/ =@ (1),

r>0
for the graded pieces. Because the Hilbert-Serre dimension of S/.J" is 1, it follows
from Definition [11.18 and Theorem [11.19| that for some N € Zx,
dimg (S/J'), = dimg (S/J') x

whenever r > N.

Now, notice that multiplication by f induces an injective map S/J — S/J',
because if z € S and fx € J', it follows from the definition of J’ that x € J'.
Since f is a homogeneous element, let its degree be d > 0. Then, multiplication

by f induces an injective K-linear map

(5/J) = (5/T)spa
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for all » > 0. When r > N, dimg (S/.J'), = dimg (S/J'),.,,, and therefore by

the rank-nullity theorem, the above map must also be surjective. It follows that
S/J" is generated as a K[f]-module by

r+d’

N+d—1

P (/)

r=0
which is finite-dimensional over K. It follows that S/J' is a finitely-generated
K[f]-module. Therefore, T~*(S/J) = T(S/J') is a finitely-generated T~ K|[f]-
module. [J

We comment that although the results of this subsection may be generalised to higher
dimensions, they do not necessarily combine to give sufficient restrictions on the char-
acteristic variety attached to a module of canonical dimension greater than one. To
give an imprecise illustration, a module of canonical dimension one has a charac-
teristic variety which corresponds to a projective variety of dimension zero, whereas
a module of canonical dimension at least two corresponds to a projective curve or
higher-dimensional variety, which have a more complicated structure. This is the prin-
cipal reason Theorem [E| does not straightforwardly generalise to modules of canonical

dimension two or higher.

11.6 Krull dimension

Following our result limiting the possible canonical dimensions of modules for kG, we
can bound the Krull dimension of the Iwasawa algebra above. This is a straightfor-

ward deduction from the following result for rings.

Proposition 11.22:
Let R be a complete filtered ring with R and gr R both Noetherian and of finite
Krull dimension. Let a,b > 0 and suppose that for all finitely-generated R-
modules M,
KgrM) & {a,a+1,...,a+b—1}.

Then K(R) < K(gr R) — 0.

Proof:
The proof is very similar to the proof of Theorem 3.12(ii) of [Ard04]. Let Lat(S)

be the lattice of all (left) ideals of a ring S. There is an increasing map
gr: Lat(R) — Lat(gr R),
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given by putting the subspace filtration on left ideals of R.

Suppose Y C X C kG are left ideals such that M = X/Y is an a-critical
module (see 6.2.9 of [MRO1]). Give M the subquotient filtration from R. Be-
cause the filtration on R is complete and filtered with gr kG Noetherian, this is a
good filtration, by Proposition 1.2.3 of Chapter II of [LVO96]. Then KC(gr M) =
K(gr X/grY) > a, so in fact K(gr M) > a + b by our assumption. The result
then follows from the characterisation of Proposition 6.1.17 of [MRO1] given in
Lemma 2.3 of [Ard04]. O

Theorem [E] gives a restriction on the canonical dimension of modules for an Iwasawa
algebra, hence by Theorem [2.10] we have a restriction as in Proposition [11.22 We

can now deduce Corollary [F]

Corollary F:
Let g be a finite-dimensional F-Lie algebra which is simple and split over F.
Let G be a compact p-adic Lie group with associated Lie algebra £(G) = g. If
|F': Qp| > 1, the Krull dimension of kG is at most dim G — 1.

Proof:
By Corollary 2.7, we may assume that G is uniform pro-p. By Theorem [2.10] and
Theorem [E] it follows that K(gr M) # 1 for all finitely-generated kG-modules.
Applying Proposition [11.22] with R = kG and a = b = 1, the result follows, since

gr kG is a polynomial ring in dim G variables. [J

We can combine this with Theorems A and B of [Ard04] to obtain the following.

Corollary 11.23:
Let F' be a finite extension of Q, and g be a finite-dimensional F-Lie algebra

which is simple and split over F. Let G be a compact p-adic Lie group with
associated Lie algebra £(G) = g. If g = sl5(Q,), then K(kG) = 3. Otherwise,

Ag) < K(kG) < dimg — 1,

where A(g) is the maximum length of a chain of subalgebras of g, viewed as a
Q,-Lie algebra.
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In fact the lower bound of Corollary holds for any compact p-adic Lie group G,
and Ardakov and Brown have conjectured that IC(kG) = A(g).

Corollary means we can verify this in some cases. For example if G = SL3(Z,),
then g = gl5(Q,), so dimg, (g) = 8 and A(g) = 7. It follows from Corollary that
K(kG) =17, see Corollary B of [Ard04].

Our new result allows us to compute the Krull dimension of the Iwasawa algebra of

a 6-dimensional group.

Corollary 11.24:
Let F' be a quadratic extension of Q, and G = SLy(Op). Then KL(kG) = 5.

Proof:
We have that g = £(G) = sly(F), and dimg, g = 6, A(g) = 5. By Corollary
and [Ard04, Theorem A], it follows that IC(kG) = 5. O

Finally, we can also deduce a bound on the Krull dimension of the Iwasawa algebras

of the compact general linear groups.

Proposition 11.25:
Let n > 2 and F' be any finite field extension of Q,. The Krull dimension

K(kGLn(OF)) = K(kSL,(OF)) + |F : Q.

Proof:
Let G = GL,(Of) and Z = {cl | ¢ — 1 € pOr} < G where I is the identity
matrix. Then Z is a closed central subgroup of GG, and is uniform pro-p. We

have
L(G) =gl (F), L(Z)=Acl|ceF},

and we have a direct sum decomposition into Lie ideals,
gl (F) =sl,(F)®{cl|ce F}.

Therefore
L(G]Z)=L(G)/L(Z) = sl,(F).

Since L(SL,(OF)) = sl,,(F), by Corollary [2.7]it follows that

K(k(G/2)) = K(ESLu(OF)).
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Recall the augmentation ideals
e(N) = kGen(N) = en(N)kG

for closed normal subgroups N < G, by Lemma(3.46| Now, Z is a closed subgroup

of the open uniform pro-p normal subgroup
H={XeG|X—-1¢epMat,(Or)} <G.

In fact, the augmentation ideal e (H) lies in the Jacobson radical of kG. To see
this, if a maximal left ideal M C kG does not contain eg(H ), then

M + GG(H> =M+ €H<H)]€G = kG.

Since kG is a finitely-generated kH-module and the Jacobson radical of kH is
eg(H), Nakayama’s lemma implies M = kG, a contradiction. Thus eg(Z) C
ec(H) is contained in the Jacobson radical of kG. Now, kZ is isomorphic to a
commutative power series ring on |F' : Q,| elements, central in kG. Therefore the
augmentation ideal eq(Z) = kGez(Z) is generated by |F : Q,| regular normal
elements lying in the Jacobson radical of kG. By Corollary 1.4 of [Wal72|, the
Krull dimension of kG is given by

K(kG) = K(kG/ea(Z)) + |F - Qp| = K(K(G/2)) + |F: Q.

The result then follows since K(k(G/Z)) = K(kSL,(OF)). O

Theorem 11.26:
Let n > 2 and F' be any finite extension of Q,. If n > 2 or F' # Q,, then

K(kGL,(OF)) < n?|F : Q,| — 1.

Also, K(kGLy(Zy)) = 4, K(kGL3(Zy)) = 8, and K(kGLy(OF)) = 7 when F' is a

quadratic extension of Q.

Proof:
By Corollary [11.23 and Proposition [I1.25] if n > 2 or F' # Q,,

K((kGLn«QF)) = IC(kSLn(OF> + |F : @p|
< dim(sl,(F)) =1+ |F : Q,|.
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But the Q,-vector space dimension dim(sl,(F)) = (n*—1)|F : Q,], so the claimed

inequality follows.
The equalities in specific cases follow by combining Proposition [L1.25|with Corol-
lary A of [Ard04], Corollary B of [Ard04], and Corollary [11.24] respectively. [J
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12 Finite length admissible representations

In this section, let G be an arbitrary p-adic Lie group, and recall that k is assumed to
be a field of characteristic p. We study some representation-theoretic consequences

of our canonical dimension results.

12.1 Holonomic representations

Recall from subsection that the category of smooth admissible representations of
G is dual to the category Modzg(G). For any compact open subgroup H < G, any
module M in Mod¥(G) is a finitely-generated kH-module, hence has a canonical di-
mension. The arguments of Proposition and Corollary [2.7/ show that the canonical
dimension is invariant with respect to the choice of H, thus we unambiguously denote
it by Cdim(M).

We are now in a position to give the third characterisation of canonical dimension

appearing in this thesis, which was originally proved in Proposition 2.18 of [EP20].

Theorem 12.1:
Let G be a p-adic Lie group and V' be a smooth admissible representation of G
over k. Let K be an open uniform pro-p subgroup of G. There exists an integer
N > 0 and real numbers a, b > 0 such that for all n > N,

a(p”)d < dim, VE» < b(pn)d,

where K, = {h*" | h € K} are the p-power subgroups of K, and the canonical
dimension Cdim(V") = d.

Thus, we see that the canonical dimension Cdim(V") associated to an admissible
representation V' measures the growth rate of its invariant subspaces. In particular,
V is finite-dimensional if and only if Cdim(V") = 0.

When appropriate, we refer to Cdim(V") as the GK-dimension of V. We stress that
this name is given only by analogy; Theorem bears somewhat superficial simi-
larity to the definitions of the usual Gelfand-Kirillov dimension. However, Iwasawa
algebras are not Cohen-Macaulay with respect to the Gelfand-Kirillov dimension, and
in all interesting cases the true Gelfand-Kirillov dimension of a kH-module will be in-
finite, as discussed in subsection 5.6 of [AB06]. It is however the case that Cdim (V")
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is equal to the Gelfand-Kirillov dimension of the graded module gr V"V, see Proposi-

tion 5.4 of loc. cit.

Theorem shows that the GK-dimension may be computed without reference to
Iwasawa algebras, at least in principle. Of course, the results of this thesis would not

have been obtained without this perspective, for example we have the following.

Theorem 12.2:
Let G be a split-simple affine group scheme defined over F', and G = G(F).

Suppose |F : Q,| > 1. There are no admissible representations of G over k of

GK-dimension 1.

Proof:
A compact open subgroup of G is H = G(Op). Then, L(H) is isomorphic to a
finite-dimensional F-Lie algebra which is simple and split over F.. By Theorem [E]
kH has no finitely-generated modules of canonical dimension 1. In particular,

Modzg (G) has no objects of canonical dimension 1. Thus for every admissible
representation V' of G, the GK-dimension Cdim(V") # 1. O

An immediate corollary to Theorem is that any infinite-dimensional admissible
representation of G = G(F') has GK-dimension at least two, when F is a non-trivial
extension of Q,. We expect that this lower bound will vary as G varies, and in general

will be higher than two.

We now turn our attention to representations that satisfy such a lower bound. When-
ever a module for the Weyl algebra (or more generally, a D-module) satisfies the lower
bound of Bernstein’s inequality, it is called holonomic, and holonomic modules are
always of finite length - see [EhI87, Theorem 1.12; Definition 1.13, 1.16.1]. We now

prove the analogous result for representations of p-adic Lie groups.

Definition 12.3:
Let M be a module in Modfgg (G). We say M has minimal-positive dimension if
Cdim(M) > 0 and any other module N of Mod}#(G) has Cdim(N) > Cdim(M)
or Cdim(N) = 0.
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Definition 12.4:
Let V be an admissible representation of G. V is holonomic if and only if V"

has minimal-positive dimension.

Notice that any admissible representation V' with GK-dimension Cdim(V") = 1 is

automatically holonomic.

Theorem G:
Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-
dimensional smooth representations over k. Every holonomic smooth admissible

representation of G over k is of finite length.

In fact, we show the equivalent result that if M € Modzg(G) has minimal-positive
dimension, then M is of finite length. Some assumption on the group G is necessary
for this result to hold, as illustrated by the example of the free module of rank one
over the Iwasawa algebra kZ, = k[[T']]. In the next section we will show that SL,,(F)
satisfies the hypothesis of Theorem [G] see Corollary

To use the condition of Theorem [G] we consider the G-coinvariants of any module.
Recalling subsection [3.5] we write €(G) for the two-sided augmentation ideal of the

augmented Iwasawa algebra kG.

Definition 12.5:
Let M be a left kG-module. The G-coinvariants of M are

Mg = M/e(G)M = kG /e(G) ®ra M,

which is also a left £kG-module.

Notice that both Mg and the submodule e(G)M are in Mod#(G), because M is
finitely-generated over an Iwasawa algebra, which is a Noetherian ring. The module

Mg may be characterised as the maximal trivial quotient of M.

Lemma 12.6:
Let M be a module in Mod*(G). The quotient Mg is a finite-dimensional
trivial kG-module (possibly zero-dimensional), and for any proper submodule
L < ¢(G)M, the module M/L is not trivial.
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Proof:

Any module M of Modff(G) is a finitely-generated kG-module. Since g—1 € €(G)
for all ¢ € G, it follows that every element of g acts trivially on Mg, from
which it follows that Mg is a finitely-generated module over the quotient ring
kG /e(G) = k. So Mg is finite-dimensional over k.

Now, the kG-module ¢(G)M is generated by {(¢ — 1)m | g € G,m € M}, so if
L is a proper kG-submodule of ¢(G)M, there exists g € G, m € M such that
(9 —1)m ¢ L. Thus, G does not act trivially on the element m + L € M/L, so
M/L is not trivial. O

Proposition 12.7:
Let G be as in Theorem , and M be a module in Mod}#(G). Then ¢(G)M has

no non-zero trivial quotients.

Proof:
Because €(G)M is finitely-generated, any trivial quotient e¢(G)M/L is finite-
dimensional. Since Mg = M/e(G)M is finite-dimensional, it follows from the

short exact sequence
0—e¢G)M/L— M/L — Mg — 0

that M/L is finite-dimensional. By the assumption on G, the dual of M/L is
a trivial admissible representation. Hence M /L is a trivial kG-module, but by
Lemma |12.6, L = ¢(G)M, thus ¢(G)M/L = 0. O

We now introduce the notion of a critical module.

Definition 12.8:
We say that a module M in Modzg(G) is critical if for every non-zero submodule
N < M, Cdim(M/N) < Cdim(M).

Lemma 12.9:
Let G be as in Theorem . Let M be a module in Mod#(G) with minimal-
positive dimension. Suppose M is critical and has no non-zero trivial quotients.
Then M is a simple object of Mod#(G).
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Proof:
Let N < M be a non-zero proper submodule. Then Cdim(M/N) < Cdim(M)
because M is critical. Hence Cdim(M/N) = 0 because M has minimal-positive
dimension. Thus, by the assumption on G, M/N is a nonzero trivial module, a

contradiction. So, M has no nonzero proper kG-submodules, making it a simple
kG-module and a simple object in Mod#(G). O

Corollary 12.10:
Let G be as in Theorem , and M be a critical module in Mod#(G) with minimal-

positive dimension. Then M is of finite length.

Proof:
Proposition 4.5 of |[Lev92] says that

Cdim(M) = max(Cdim(e(G)M ), Cdim(Mg)).

But by Lemmal[12.6] M is finite-dimensional so Cdim(M¢) = 0, hence Cdim(e(G)M) =
Cdim(M). Therefore, e(G)M is critical because M is critical and for any nonzero
submodule N < ¢(G)M, we have the inequality Cdim(e(G)M/N) < Cdim(M/N).

By Proposition m ¢(G)M has no non-trivial quotients, thus is simple by
Lemma [12.9| It follows from the short exact sequence

0—=eGIM - M — Mg — 0

that M is of finite length, since Mg is finite-dimensional. [J

We now need an analogue of Proposition 6.2.20 of [MRO1].

Proposition 12.11:

Any module M € Modzg(G) has a critical composition series. That is, there is a

sequence of submodules
M=M,>M >My>--->M;=

such that M;/M;, is critical for all j.
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Proof:
Set M = M,. We choose the M; inductively, as follows. Given M}, choose M,
to be a maximal submodule such that Cdim(M,;/M;;,) = Cdim(M,) — a maximal
such submodule exists because M; is a finitely-generated submodule over the
Noetherian ring kH, so is a Noetherian module. By construction, M;/M;,; is
critical.
Thus we need only check that M; = 0 for some s > 0. If not, then there is an

infinite chain of modules
Mszm—f—l ZMm—I—Z 2

such that Cdim(M;/M;+1) = Cdim(M,,) for all 7 > m. But by Proposition 4.5

of [Lev92| this cannot occur, a contradiction. [J

Proof of Theorem
Given a holonomic representation V, its dual M = V" has minimal-positive di-
mension. It is enough to show that M has finite length, since the anti-equivalence
of categories Repid(G) <> Modi#(G) preserves simple objects.
Let d = Cdim(M). By Proposition there is a critical composition series

M=My>M >My>-->M, =0

Since M has minimal-positive dimension, it follows from Proposition 4.5 of
[Lev92) that Cdim(M;/M;44) is equal either to d or to 0, for each j. By Corol-
lary [12.10] any critical module of canonical dimension d is of finite length. On
the other hand, any module of canonical dimension zero is finite-dimensional,
hence also of finite length. Therefore, for every j € {0,...,s — 1}, the module
M;/M;4 is of finite length, from which it follows that M is of finite length. O

12.2 Admissible representations of GL,(F)

We can deduce interesting corollaries about certain admissible representations from
Theorem [G] First, we determine a large class of p-adic Lie groups whose finite-
dimensional smooth representations are trivial — we expect this is well-known to the

experts.
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Proposition 12.12:
Let F be a finite field extension of @, and k be a field of characteristic p. All

finite-dimensional smooth representations of the additive group F' are trivial.

Proof:
Let k be an algebraic closure of k. Consider an n-dimensional smooth represen-
tation of F', ¢ : F' — GL,(k). Let € F' and consider ¢(z) € GL,, (k). There
exists P € GL,(k) such that

A = P(z)P!

is in Jordan normal form with Jordan blocks J,, »,,. .., Jn . Here,

777.7)\m
Jpp=pl + U, € GL,(k),

and U, is the matrix with entries (U, ), = 1 if b — a = 1 and 0 otherwise. Note
U:=0if s >r.

Since ¢ is a smooth representation, Ker ¢ is an open subgroup of F', and hence
pNOx € Ker ¢ for some Ny > 0. Then if N > N,

AP = pe(z)P Pl =1
If N > Ny and furthermore pN > n, then

T =N UL =X =1,

n

for all i € {1,...,m}. But k is a field of characteristic p, therefore \; = 1 for all
i. S0, A has Jordan blocks J,, 1,...,J,
Therefore, for any non-negative integer N such that p”¥ > n, the ith block of
A s T+ Ufl’jv =1, and so A”" is the identity matrix.

Thus whenever p"¥ > n, gb(x)pN must be the identity matrix for every x € F.
But, for any y € F, there exists x € F such that pz = y. Then ¢(y) = gb(az)pN

is the identity. So, ¢ is the trivial homomorphism, as required. [

m,1e

Proposition 12.13:
Let X be an indecomposable root system, F' be a finite extension of Q,. Let
G = X (F) be the adjoint Chevalley group over F. All finite-dimensional smooth

representations of G are trivial.
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Proof:
By definition of the Chevalley group X (F), G is generated by subgroups

Ua = A{za(t) [t € F})sex s

and clearly U, = F for all roots o € X. If V is a smooth finite-dimensional
representation of G over k, then V' is a smooth finite-dimensional representation
of each U, under restriction. By Proposition [12.12 V' is a trivial representation
for every U,. Since the U, generate G, it follows that V' is a trivial representation

of G. I

By specialising the Chevalley group to be of type X = A,, we immediately obtain a

result for the special linear groups.

Corollary 12.14:
Let F be a finite field extension of Q,, n > 2 and G = SL,(F). All finite dimen-

sional smooth representations of G are trivial.

The following application of Theorem [G]is then straightforward.

Corollary 12.15:
Let V be a smooth admissible representation of SLy(Q,) with Cdim(V") = 1.
Then V is of finite length.

Proof:
Since Cdim(V") = 1, it is automatic that V is holonomic. By Corollary [12.14
and Theorem [G], V is of finite length. [J

Of course, Corollary [12.15| holds with SLy(Q,) replaced by any simple Chevalley
group over any extension F'. However, Theorem [E]| tells us that no representations of

GK-dimension one exist in this case, making the statement vacuous.

Frequently in the context of the (mod p) Langlands programme we are most inter-
ested in admissible representations of G L, (F). However, we do not possess any useful
results limiting the canonical dimension of modules for kGL,(Or) — note that many
modules of small canonical dimension exist, by inflation along the homomorphism
kGL,(Or) — kOj given by the determinant. Moreover, GL,(F) has non-trivial
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finite-dimensional smooth representations, so does not satisfy the hypothesis of The-
orem [G]

Fortunately, many interesting representations of G'L,(F) have a central character,
and this allows us to apply Theorems [H] and [J] by reducing to the case of special

linear groups.

Definition 12.16:
Let V' be a representation of a p-adic Lie group over the field k. V has a central

character if and only if every element of the centre Z(G) acts on V by a scalar in k.

Lemma 12.17:
Let V' be a smooth admissible representation of GL, (F) with a central charac-
ter. Then V' is a smooth admissible representation of SL, (F’) under restriction.

Moreover Cdimgy,, (0 (V") = Cdimgy,, 0, (V).

Proof:
Let Z be the centre of G. Consider the representation V' restricted to Z, giving
a smooth representation x : Z — GL(V'). Because Z acts by scalars, K = Ker x
is an open subgroup of Z.
Let H be an open subgroup of SL,(F). Then, because K is open in Z, HK is
open in SL,(F)Z, and hence is open in GL,(F). Because V is admissible, V7%

is finite-dimensional. But, K acts trivially on V' by definition, so we have

Thus the fixed vectors of V' under any open subgroup of SL,(F) are finite-
dimensional, so V' is an admissible representation of SL,,(F).

Now let N = GL,(Op) N K. Since K acts trivially on V', by Lemma 5.1.2 of
[BHHT23|, the canonical dimension

CdimGLn(oF) (VV) = CdimGLn(Op)/N(Vv) :

But SL,(Or)N/N <, GL,(Of)/N is an open normal subgroup, so the proof of
Proposition [2.5/ implies that

Cdimgr,0p)n (V") = Cdims, op) v (V).
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Since SL,(Or)N/N is a quotient of SL,(OF), another application of Lemma
5.1.2 of [BHH"23| gives the result. OJ

Theorem 12.18:
Let V be a smooth admissible representation of G L2(Q),), with central character,

such that Cdim(V") = 1. Then V is of finite length.

Proof:
Since V' has a central character, Lemma implies V' is a smooth admissible

representation of SLy(Q,) under restriction, and
CdimSLQ(QP)G/v) = CdimGLQ(Qp)(V\/) = 1.

By Corollary [12.15, V' is a finite length representation of SLs(Q,), hence is of
finite length as a representation of GL2(Q,). O

The irreducible smooth admissible representations of GLy(Q,) were classified by
Breuil in [Bre03], and all have a central character by [Ber12]. The work of Morra
in [Mor13], which builds on that of Paskunas in [Pas10], shows that these representa-
tions correspond to modules of canonical dimension either one or zero. From this we

can characterise the finite-length representations of GLo(Q,) with central character.

Corollary H:
The finite length smooth admissible representations V' of GL4(Q,) with central
character are precisely those with Cdim(V") < 1.

Proof:
By the results of Morra and Breuil, all irreducible admissible representations of
G'L2(Q,) have GK-dimension at most 1, since finite-dimensional representations
have canonical dimension zero. Given any short exact sequence of admissible
representations,
0—=Vi=Vo = V3 =0,

the equality Cdim(V,’) = max(Cdim(V,"), Cdim(V4,")) holds by Proposition 4.5
of [Lev92]. Therefore all finite length admissible representations of GLy(Q,) have

GK-dimension at most 1.

Conversely, if V' is a smooth admissible representation of GLy(Q,) of GK-dimension
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at most 1, then either V' is finite-dimensional, hence clearly finite length, or
Cdim(VY) =1, so V is of finite length by Theorem [12.18] [

In [HW] many smooth admissible representations of (the units of) quaternion algebras
over QQ, are exhibited, which have canonical dimension equal to one. As commented
by the authors, these representations are not of finite length, which can occur since

the quaternion algebras do not satisfy the condition of Theorem [G]

We now use our new results on canonical dimension to find representations of finite

length over groups of higher dimension.

Theorem 12.19:
Let X be an indecomposable root system, and V' be a smooth admissible repre-
sentation of X (F) where |F : Qy] > 1 or X # A;. If Cdim(V") = 2, then V is
of finite length.

Proof:
If |[F: Qp| > 1, then by Theorem , there are no admissible representations
of X(F) with GK-dimension 1. Hence if Cdim(V") = 2, then V is holonomic.
If F=Q,and X # A;, then by Theorem 3.12 and Proposition 3.15 of [Ard04],
combined with Corollary the Iwasawa algebra kX (Z,) has no modules of
canonical dimension one. Since X(Z,) is a compact open subgroup of X (Q,), it
follows that any admissible representation of X (Q,) of GK-dimension 2 is holo-
nomic.
In either case, Proposition and Theorem [G] then imply V' is of finite length.
O

In particular we may specialise Theorem [12.19|to the case of SL,(F) — we now apply

this result.

Corollary J:
Let V' be a smooth admissible representation of GL, (F') with central character.
If |[F:Qp >1o0rn>2 and Cdim(V") = 2, then V is of finite length.
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Proof:
By Lemma [12.17, V' is an admissible representation of SL,,(F') under restriction
and Cdimgy,, (7 (V") = Cdimgy, (7 (V") = 2. By Theorem [12.19 V is a finite
length representation of SL,(F), hence also of GL,,(F). O

Let us specialise to the case of the general linear group GLy(F). In [BHHT|, the

following category of smooth admissible representations is considered.

Definition 12.20:
Let G = GLy(F) where F is a finite unramified extension of Q,. Consider the
pro-p Iwahori subgroup I} < GLy(F') and its centre Z;. Let J <Jgrk(l,/Z;) be
the graded ideal given by equation (117) on page 113 of [BHH']. We define the
category C to be the full subcategory of Rep??(G) whose objects V have a central

character, such that gr V" is annihilated by some power of J.

Because Z; is pro-p, its only one-dimensional smooth representations are trivial, hence
VY is a k(I;/Z;)-module, so the above is well-defined. Note that the category C
considered above is not quite the same as the category with that name in [BHH].
However, C is a full subcategory of that category, and the representations of most

interest, namely those appearing in [BHH'23, Theorem 1.1], lie in C.

Corollary 12.21:
Let F' be an unramified quadratic extension of Q,, and G = GLy(F). Let V be

a smooth admissible representation in the category C. Then V is of finite length.

Proof:
The quotient ring gr k(1 /Z,)/J is a commutative algebra generated by 2|F : Q,|
elements, with Krull dimension equal to |F' : Q,|. Thus, when H < [,/Z; is an
open uniform pro-p subgroup, grkH/(gr kH N J) is also a commutative algebra

of Krull dimension |F : Q,|. Since V is in C, we have
(grkHNJ)" C J" C Ann(gr V")
for some n > 1. By Theorem [2.10]

Cdim(VY) < K (grkH/grkH N J) = [F: Q.
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Since |F' : Q,| = 2, Theorem and Lemma|12.17|imply that the GK-dimension
Cdim(V"Y) is either 0 or 2. By Corollary , and since representations of GK-

dimension 0 are finite-dimensional, it follows V' is of finite length. [J

It follows from Corollary that the representations 7 considered in [BHHT23,
Theorem 1.1] are of finite length when F' is a quadratic unramified extension of Q,.
This improves on some of the results of [BHH'|; when 7 is as in subsection 3.3.2
of op. cit, Corollary implies that 7 is of finite length, removing the condition
751 2 Dy(p) needed to prove this (in the case p reducible split) in subsection 3.3.5
of op. cit. That is, Theorem 1.3.8 of [BHH"| holds outside of the so-called “minimal

case”, if I is a quadratic unramified extension of @Q,.

Theorem 1.1 of [HW22] states that certain representations m(p) of GLo(F') (here p is
non-semisimple) have GK-dimension Cdim(7(p)") = |F : Q,| when F is an unramified
extension of Q,. Again by Corollary , if F'is a quadratic extension, then 7(p) is of
finite length. Indeed, a stronger statement than this is shown in Theorem 1.7 of op.
cit. by different methods.
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