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Abstract

Let p be a prime, G be a p-adic Lie group and k be a field of characteristic p. The aug-

mented Iwasawa algebra kG is a noncommutative algebra extending the construction

of the Iwasawa algebra of a compact p-adic Lie group. In this thesis we investigate

the ring-theoretic properties of augmented Iwasawa algebras.

We prove that a split-semisimple group over a p-adic field F has a coherent aug-

mented Iwasawa algebra if and only if its root system is of rank one, and deduce that

kGLn(F ) is coherent precisely when n is at most two. We also characterise when cer-

tain solvable p-adic Lie groups have a coherent augmented Iwasawa algebra. When

kG is a coherent ring, the category of finitely-presented smooth representations of G

over k is abelian. We give a module-theoretic characterisation of the latter property,

and hence give examples of p-adic Lie groups for which it fails. These results are

achieved by developing the theory of augmented Iwasawa algebras in detail, includ-

ing their relation to smooth and admissible representations of G.

The Iwasawa algebra of a compact p-adic Lie group is always an Auslander-Gorenstein

ring. Thus finitely-generated modules over Iwasawa algebras have a canonical dimen-

sion. Let G be a compact p-adic Lie group whose Lie algebra is isomorphic to a split

simple F -Lie algebra. We prove that whenever F is a non-trivial finite extension of

the p-adic numbers, kG has no modules of canonical dimension one. Consequently

kG has a module of canonical dimension one only if the Lie algebra of G is isomorphic

to sl2(Qp). As a corollary we obtain a new upper bound on the Krull dimension of kG.

When G is an arbitrary p-adic Lie group, any smooth admissible representation V is

the dual of a kG-moduleM , finitely-generated over the Iwasawa algebra of a compact

open subgroup of G. The canonical dimension of M measures the rate of growth of

invariant subspaces of V . We prove a canonical dimension-theoretic criterion for V to

be a finite length representation. We deduce that the finite length smooth admissible

representations of GL2(Qp) with central character are precisely those whose duals

have canonical dimension at most one. Finally, let F be a non-trivial finite extension

of the p-adic numbers, G = GLn(F ), and V be a smooth admissible representation

of G with central character. A combination of our results shows that V has finite

length if its dual has canonical dimension two.
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1 Introduction

Notation. Throughout this thesis, p denotes a prime number. We denote the finite

field with p elements by Fp, the ring of p-adic integers by Zp, and the field of p-adic

numbers by Qp. Let F be a finite field extension of the p-adic numbers, unless oth-

erwise stated, and let OF be its ring of integers.

When G is a profinite group and we wish to study its representations over a coefficient

ring k, it is natural to replace the usual group algebra k[G] with the completed group

algebra kG. Since G is an inverse limit of finite groups, we define the completed group

algebra to be an inverse limit of finite group algebras. In particular, the completed

group algebra of a finite group is the usual group algebra. Studying the completed

group algebra is preferable to the usual group algebra because the latter construc-

tion essentially forgets the topological group structure on G. On the other hand,

the pseudocompact topology on kG ([Bru66]) algebraically encodes the topology on

G into the algebra, and matches up continuous representations of G with kG-modules.

Among all profinite groups, the subclass of compact p-adic Lie groups is a very special

and interesting one. For example, every closed subgroup of a compact p-adic Lie

group G is topologically finitely-generated. In particular every ascending chain of

closed subgroups in G must terminate. Consequently, kG must satisfy the ascending

chain condition on the corresponding ideals. In fact, the ascending chain condition

holds for all ideals due to the fundamental work of Lazard in [Laz65]:

Theorem 1.1 (Theorem 2.2, Theorem 3.32):

Let G be a compact p-adic Lie group, and k be either a field of characteristic

p or a complete discrete valuation ring with residue characteristic p. Then the

completed group algebra kG is a Noetherian ring.

When k is a field of characteristic p or a discrete valuation ring of residue character-

istic p, for example Fp or Zp, we call the completed group algebra kG an Iwasawa

algebra. When k = Zp and G = (Zp,+), the Iwasawa algebra Zp[[T ]] plays an im-

portant role in the subject of Iwasawa theory, so called due to Iwasawa’s study of

infinite towers of number fields. However, in this thesis we focus on noncommutative

Iwasawa algebras, giving rise to questions of a rather different nature.
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For the remainder of this introduction, let k be a field of characteristic p.

Much of the motivation in our work is due to a wish to understand better the repre-

sentation theory of p-adic Lie groups over the field k. In turn, this study plays a large

part in the mod p Langlands programme, which predicts a correspondence between

(certain) smooth admissible representations of GLn(F ) and (certain) n-dimensional

representations of the absolute Galois group of F .

Kohlhaase has defined in [Koh17] a generalisation of the Iwasawa algebra for a non-

compact p-adic Lie group G, called the augmented Iwasawa algebra, also denoted

kG. This terminology recognises that an augmented representation of G, defined

by Emerton in [Eme10], is exactly a module over the augmented Iwasawa algebra

of G, see Corollary 3.31. Augmented Iwasawa algebras arise naturally in the study

of smooth representations of G carried out in Section 4. For example, any smooth

representation of G has a unique kG-module structure, Corollary 3.18.

We can also characterise the duals of smooth admissible representations of G, as

follows.

Theorem 1.2 (Corollary 4.19):

Let V be a smooth representation of G and H ≤ G be a compact open subgroup.

The dual V ∨ = Homk(V, k) is a kG-module, and V is admissible if and only if

V ∨ is finitely-generated as a kH-module.

Combining Theorem 1.2 with Theorem 1.1, it follows that the smooth admissible

representations of any p-adic Lie group G form an abelian category, Corollary 4.26.

Theorem 1.1 plays a crucial role in the proof because a ring is Noetherian precisely

when its category of finitely-generated modules is abelian.

These results spur us to understand the ring-theoretic properties of augmented Iwa-

sawa algebras. The most obvious question to tackle is whether augmented Iwasawa

algebras are Noetherian. However, a non-compact p-adic Lie group G will typically

contain a non-terminating ascending chain of closed subgroups. Thus in contrast to

Theorem 1.1, the augmented Iwasawa algebra of G is almost never Noetherian.
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One might hope that augmented Iwasawa algebras are coherent rings, meaning that

every finitely-generated ideal is also finitely-presented. Equivalently, a ring is coher-

ent precisely when its category of finitely-presented modules is an abelian category.

Shotton has shown in [Sho20] that the augmented Iwasawa algebra of SL2(F ) is co-

herent, and we see in subsection 7.3 that the argument naturally extends to GL2(F ).

We also show that the augmented Iwasawa algebra of any unipotent group is coher-

ent, see Corollary 7.2.

However, one of the main purposes of this thesis is to prove that augmented Iwasawa

algebras are rarely coherent. We first state the result for semisimple groups over F .

Theorem A:

Let G be a split-semisimple affine group scheme defined over F . Let G = G(F ).

Then the augmented Iwasawa algebra kG is coherent if and only if the rank of

the root system of G is 1.

That is, any split-semisimple G = G(F ) has non-coherent augmented Iwasawa algebra

unless G = SL2 or PGL2. From Theorem A we can deduce the corresponding result

for general linear groups.

Corollary B:

The augmented Iwasawa algebra of GLn(F ) is coherent if and only if n ≤ 2.

In order to prove the above results, we consider solvable p-adic Lie groups. In this

case the augmented Iwasawa algebra may be constructed from Iwasawa algebras via

ring-theoretic tools such as skew polynomial rings and Ore localisation, see Section

6. By applying a result on the coherence of skew polynomial rings, subsection 6.4,

alongside careful study of two minimal counterexamples in Section 8, we obtain a

classification of coherence for a useful, relatively wide, class of solvable p-adic Lie

groups.

Deferring the full details until Section 9, we consider upper-triangular solvable groups

T ⋉U ≤ GLn(F ) where U has F -Lie algebra u and set of roots Φ. We define a group

homomorphism fG : T → ZΦ which records the p-adic valuations of the action of T

on u. The homomorphism fG must satisfy a restrictive condition for k(T ⋉ U) to be

coherent.
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Theorem C:

Let G = T ⋉ U be an upper-triangular subgroup of GLn(F ) as described above,

with set of roots Φ and group homomorphism fG : T → ZΦ. The augmented

Iwasawa algebra kG is a coherent ring if and only if the image fG(T ) ≤ ZΦ is a

cyclic subgroup, generated by an element of (Z≥0)
Φ.

An important case of the above appears when T is a split F -torus, in which case

T ⋉ U is a split-solvable group over F .

Corollary D:

Let G be a finite-dimensional split-solvable affine group scheme defined over F ,

and G = G(F ). If the root system of G has rank 2 or greater, then kG is not

coherent.

Crucially, the class of groups in Corollary D contains Borel subgroups of split-semisimple

groups. Theorem A and Corollary B are then a consequence of Corollary D combined

with a crucial faithful flatness result, proved in Section 5. Namely, Theorem 5.13

states that whenever G1 ≤ G is a closed subgroup of a p-adic Lie group, the aug-

mented Iwasawa algebra kG is a faithfully flat kG1-module. Since the property of

coherence descends along faithfully flat maps, Proposition 6.13, our results follow by

embedding solvable groups into semisimple groups and general linear groups.

Shotton has shown in [Sho20] that the category of finitely-presented smooth represen-

tations of G is an abelian category if the augmented Iwasawa algebra of G is coherent.

Our results raise the question of whether this category remains abelian in the absence

of the augmented Iwasawa algebra being coherent. Emerton, Gee, and Hellmann have

conjectured that this holds for the general linear groups in [EGH]. I do not know the

answer in this case, or for any other reductive or semisimple groups. However, in Sec-

tion 10 we give a module-theoretic criterion, which allows us to answer the question

in the negative for some solvable p-adic Lie groups. We also reprove the main result

of [Sho20] by a novel argument, reducing to a Borel subgroup and using Theorem C,

see Theorem 10.23.

See subsection 9.1 for the full statement of Theorem C, and subsections 9.2-9.4 for its

proof. Then, Corollary D and Theorem A are deduced in subsection 9.5. Corollary

B follows directly in subsection 9.6.
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Recall from Theorem 1.2 that the dual of any smooth admissible representation of

a p-adic Lie group is a finitely-generated module over an Iwasawa algebra. Because

Iwasawa algebras are Noetherian, we already know that the finitely-generated modules

form an abelian category, but the Iwasawa algebra has further useful ring-theoretic

properties with which to study these modules. The following was first shown in

[Ven02].

Theorem 1.3 (Theorem 2.2):

Let G be a compact p-adic Lie group. The Iwasawa algebra kG is an Auslander-

Gorenstein ring.

Auslander-Gorenstein noncommutative rings are a generalisation of Gorenstein com-

mutative rings (Noetherian of finite Krull and injective dimension) by the addition

of the Auslander condition. See, for example, [Lev92]. In particular, associated to

every finitely-generated module M over an Auslander-Gorenstein ring R is an integer

known as the canonical dimension, Cdim(M).

The canonical dimension is homologically defined, see Definition 2.4. However when

M is a module over an Iwasawa algebra kG, it is fruitful to notice that the canon-

ical dimension is the dimension of an affine variety associated to M , known as the

characteristic variety, see Theorem 2.10. We therefore are inclined to view Cdim(M)

as a measure of the “size” ofM , expressed as an integer lying between zero and dimG.

In fact, the canonical dimension directly measures “growth” in admissible represen-

tations. Let V be a (smooth) admissible representation of an arbitrary p-adic Lie

group G with compact open subgroup H ≤ G. The invariant subspaces V K form

an increasing chain of finite-dimensional vector spaces as K varies along a decreasing

chain of compact open subgroups. On the other hand, Theorem 1.2 tells us that

M = V ∨ is a finitely-generated module over the Iwasawa algebra kH, thus has a

canonical dimension. Emerton and Paškūnas have proved a formula connecting these

two phenomena in [EP20]: the asymptotic behaviour of the dimensions dimk V
K is

exponential, with growth rate Cdim(M), see Theorem 12.1. The canonical dimen-

sion also appears, although not by name, in conjectures on completed (co)homology

[CE12] and in the work of Gee and Newton, [GN20].
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More recently, and partially motivated by the works mentioned above, the canonical

dimension has been studied by Breuil, Herzig, Hu, Morra, Schraen, and Wang. Their

primary interest has been in representations associated with the mod p cohomology

of Shimura varieties, which are believed to realise a mod p (local) Langlands corre-

spondence. In [BHH+23] and [HW22], the canonical dimensions associated to such

representations of GL2(F ), when F is unramified, are determined and found to be

equal to the degree of the field extension |F : Qp|. In [BHH+], the authors make

numerous conjectures towards a mod p Langlands correspondence, and prove many

of their conjectures due to the results of [BHH+23] and [HW22].

We take a complementary perspective to that of the above authors: rather than

computing the canonical dimension for certain representations, we fix a group and

investigate, for a given integer, whether a representation exists with canonical dimen-

sion equal to that value.

This approach was taken by Ardakov and Wadsley in studying the Qp-Iwasawa al-

gebras (close cousins of those studied in this thesis). In [AW13] it is shown that the

canonical dimension of a finitely-generated module for QpG is bounded below by half

the dimension of a coadjoint orbit. Similar results are believed to hold for complex

representations and in characteristics different from p, [Vig, section 16]. However,

for characteristic p representations, little has been discovered in the fifteen to twenty

years since [Ard04] and [Wad07].

We consider compact p-adic Lie groups G whose Lie algebras L(G) – see Definition

2.6 – are simple and split over F . Examples include G = SLn(OF ), as well as others
corresponding to root systems of type B,C,D,E, F,G. These compact p-adic Lie

groups may be thought of as “almost simple” – the only closed normal subgroups are

either finite or of finite index. We show that the canonical dimension of a module

over the Iwasawa algebra cannot be 1 in many cases.

Theorem E:

Let g be a finite-dimensional F -Lie algebra which is simple and split over F .

Let G be a compact p-adic Lie group with associated Lie algebra L(G) ∼= g. If

|F : Qp| > 1, then the Iwasawa algebra kG has no finitely-generated modules of

canonical dimension one.
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From this, we deduce corollaries in two different directions. A restriction on the

canonical dimension of modules over a noncommutative ring gives an upper bound

on the Krull(-Gabriel-Rentschler) dimension of the ring, Proposition 11.22. Therefore

Theorem E implies a non-trivial upper bound on the Krull dimension of kG.

Corollary F:

Let g be a finite-dimensional F -Lie algebra which is simple and split over F .

Let G be a compact p-adic Lie group with associated Lie algebra L(G) ∼= g. If

|F : Qp| > 1, the Krull dimension of kG is at most dimG− 1.

In [Bru66] it was proved that the global dimension of kG is dimG (or infinity). Thus

Corollary F shows that the Iwasawa algebra has Krull dimension strictly less than its

global dimension. This generalises a result of Ardakov in [Ard04]. Moreover Corollary

F implies that a more precise conjecture of Ardakov and Brown holds for the group

SL2(OF ), when F is a quadratic extension of the p-adic numbers, see Question 4.30

and Corollary 11.24.

Let us mention that although Theorem E and Corollary F generalise results proved

when F = Qp in [Ard04], the methods used here are somewhat different. We explic-

itly rely on having a non-trivial finite field extension of Qp, and use group structures

most clearly found in SL2(OF ), which Ardakov’s methods cannot apply to.

Theorem E is a lower bound on the canonical dimension of infinite-dimensional mod-

ules for an Iwasawa algebra. This may be viewed as a first step towards a Bernstein’s

inequality for representations of p-adic Lie groups. In fact, this perspective gives our

second application of Theorem E, in the representation theory of non-compact p-adic

Lie groups.

We say that an infinite-dimensional representation V is holonomic when the canoni-

cal dimension Cdim(V ∨) is minimal among infinite-dimensional admissible represen-

tations of G (Definition 12.4). We prove a result showing that such a representation

is often of finite length.

Theorem G:

Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-

dimensional smooth representations over k. Every holonomic smooth admissible
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representation of G over k is of finite length.

For example, split-simple p-adic Lie groups such as SLn(F ) satisfy the condition of

Theorem G. One consequence is a characterisation, purely in terms of the canonical

dimension, of the admissible finite length representations of GL2(Qp) with central

character.

Corollary H:

The finite length smooth admissible representations V of GL2(Qp) with central

character are precisely those with Cdim(V ∨) ≤ 1.

In the case GLn(F ) ̸= GL2(Qp), we apply Theorem E to Theorem G and deduce that

any admissible representation with central character has finite length if its dual has

canonical dimension two.

Corollary J:

Let V be a smooth admissible representation of GLn(F ) with central character.

If |F : Qp| > 1 or n > 2, and Cdim(V ∨) = 2, then V is of finite length.

Therefore, the admissible representations of GL2(Qp2) considered in [BHH+23] and

[HW22] are necessarily of finite length, as conjectured in [BHH+] – see subsection 12.2.

Theorem E is proved in subsection 11.4, and Corollary F is then deduced in subsection

11.6. The proof of Theorem G may be found in subsection 12.1, with Corollary H

and Corollary J proved in subsection 12.2.

NB. Much of the content of this thesis has appeared in [Tim23] and [Tim]. The

reader looking for a more streamlined account may like to look there. I would like to

thank the anonymous referee whose careful reading greatly improved [Tim23]. Nico-

las Dupré and Marie-France Vignéras kindly informed me of typos in [Tim], which

have been corrected in this thesis. Benjamin Schraen offered helpful comments on an

earlier version of that article. Finally, I am grateful for the comments Dan Ciubotaru,

Karin Erdmann and Nikolay Nikolov made on early versions of the articles during

the transfer and confirmation of status processes at Oxford.
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2 Augmented Iwasawa algebras

2.1 p-adic Lie groups

We recall definitions and basic facts about six important types of topological groups.

A profinite group is a topological group isomorphic to an inverse limit of finite discrete

groups, or equivalently, a compact Hausdorff totally disconnected topological group.

A locally profinite group is a topological group with an open profinite subgroup, or

equivalently, a locally compact Hausdorff totally disconnected topological group.

A p-adic Lie group (also known as a p-adic analytic group) is a topological group

locally homeomorphic to Zdp for some d ≥ 0. Then d is known as the dimension of

the group. A compact p-adic Lie group is a p-adic Lie group which is compact, or

equivalently, a profinite group which is a p-adic Lie group. Moreover, a topological

group is a p-adic Lie group if and only if it has an open subgroup which is a compact

p-adic Lie group.

A pro-p group is a topological group isomorphic to an inverse limit of finite p-groups.

A uniform pro-p group [DDMS03, Definition 4.1] is a topologically finitely-generated

pro-p group with conditions on its p-th power and commutator subgroups. A topolog-

ical group is a p-adic Lie group if and only if it has an open uniform pro-p subgroup.

A topological group is a compact p-adic Lie group if and only if it contains a uniform

pro-p subgroup of finite index.

The following diagram summarises the inclusions between the six classes of groups

discussed.

pro-p groups profinite groups
locally profinite

groups

uniform pro-p
groups

compact p-adic
Lie groups

p-adic
Lie groups

⊆ ⊆

⊆ ⊆

⊆ ⊆ ⊆

In this thesis we will be particularly interested in (compact) p-adic Lie groups, with

uniform pro-p groups playing a useful technical role. However, many of our results

are stated in the greater generality of locally profinite groups.
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2.2 The Iwasawa algebra

When G is a profinite group, we can define its completed group ring as an inverse

limit of group rings of finite groups.

Definition 2.1:

Let G be a profinite group and R be a commutative ring. The completed group

ring is

RG = lim←−
U⊴oG

R
[
G⧸U

]
,

where the limit is taken over the inverse system of open normal subgroups of G,

with respect to reverse inclusion.

In the case when p is a prime, G is a compact p-adic Lie group, and k is a field

of characteristic p, the completed group ring kG is known as the (mod p) Iwasawa

algebra of G. In this case, the noncommutative ring kG has very nice properties,

which we summarise.

Theorem 2.2:

Let k be a field of characteristic p and G be a compact p-adic Lie group. The

Iwasawa algebra kG is a left and right Noetherian ring, which is Auslander-

Gorenstein of injective dimension dimG. When G has no p-torsion elements, kG

is moreover Auslander-regular.

Proof:

(The case k = Fp follows from Corollary 7.25 of [DDMS03], Theorem J of [AB07],

and Theorem 3.26 of [Ven02]. See also Lemma 6.2 of [Ard12].)

We assume that G is a uniform pro-p group, and show that the Iwasawa algebra

kG has a filtration such that gr kG is a polynomial ring over k in dimG variables.

When k = Fp, section 7.4 of [DDMS03] shows that under the I-adic filtration,

where I = Fp[G](G− 1), the completion F̂p[G] = FpG, and

grFp[G] ∼= grFpG ∼= Fp[X1, . . . , Xd],

where d is the dimension of G, [DDMS03, Theorem 7.24].

When k is an arbitrary field extension of Fp, we consider the Ik-adic filtration on

the group algebra k[G], where

Ik = k ⊗Fp I = k[G](G− 1).
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Clearly Ik
n = k ⊗Fp I

n, thus the associated graded ring is

gr k[G] = gr (k ⊗Fp Fp[G]) = k ⊗Fp grFp[G] ∼= k[X1, . . . , Xd].

Since G is uniform pro-p, it is straightforward that Ip
n

k = k[G](Gpn − 1) with

quotient ring k[G/Gpn ], where Gpn = {gpn | g ∈ G}. The inverse system (Gpn)n≥0

is cofinal in all open normal subgroups of G, and therefore

k̂[G] = lim←−
n≥0

k[G]/Ink = lim←−
U⊴oG

k[G/U ] = kG.

It follows that kG has a complete filtration with associated graded

gr kG = gr k[G] ∼= k[X1, . . . , Xd].

The polynomial ring k[X1, . . . , Xd] is (left and right) Noetherian, and Auslander-

regular (of global dimension d). Since the filtration on kG is complete, it follows

from [LVO96, Proposition II.2.2.1, Theorem III.2.2.5] that kG has the same

properties.

Now suppose G is an arbitrary compact p-adic Lie group. Let G′ be an open

normal uniform pro-p subgroup. By the arguments of section 2.3 of [AB06], kG

is a crossed product with a finite group over the Noetherian ring kG′,

kG ∼= kG′ ∗ (G/G′),

hence kG is Noetherian. Since kG′ is Auslander-regular, Lemma 5.4 of [AB07]

shows that kG is Auslander-Gorenstein. By Corollary 5.4 of [AB07], the injec-

tive dimension of kG is equal to the injective dimension of kG′, which in turn

equals the global dimension of kG′ by Remark 6.4 of [Ven02]. Thus Theorem 4.1

of [Bru66] implies kG has injective dimension dimG′ = dimG, and if G has no

p-torsion elements, that kG is Auslander-regular. □

These properties are easy to check directly when G is abelian.

Example 2.3

Let G = Zp and k be a field of characteristic p. The open normal subgroups of G

are the pnZp for n ≥ 0, with corresponding quotients Z/pnZ. Therefore

kZp = lim←−
n≥0

k
[
Z⧸pnZ

]
∼= lim←−

n≥0

k[X]⧸(Xpn)
∼= k[[X]],
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where 1 + X corresponds to the group element 1 + pnZ ∈ Z/pnZ for each n, and

hence corresponds to 1 ∈ Zp in kZp. Notice, (1 + X)p = 1 + Xp since k has

characteristic p.

Similar calculations also show that

kZdp ∼= lim←−
n≥0

k[X1, . . . , Xd]⧸(Xpn

1 , . . . , Xpn

d )
∼= k[[X1, . . . , Xd]],

for any d ≥ 0. This ring is clearly Noetherian, and it is straightforward to check

that it is Auslander-regular of injective dimension d.

However, our overriding focus in this thesis will be on non-abelian p-adic Lie groups,

for which explicit descriptions of the Iwasawa algebras are much harder to come by,

necessitating Theorem 2.2 as a crucial building block.

In fact, Theorem 2.2 may be seen as the source from which the principal problems and

results of this thesis flow; in Sections 5 to 9 we determine whether a generalisation

of the Noetherian property holds when G is no longer compact, whilst in Sections 11

and 12 we use the Auslander-Gorenstein property of the Iwasawa algebra to study

the modules for kG.

2.3 Canonical dimension and the Lie algebra

We turn to the second of the two problems mentioned above. In this subsection,

we assume that k is a field of characteristic p. Since kG is Auslander-Gorenstein,

Definition 4.5 of [Lev92] gives us the definition of canonical dimension below.

Definition 2.4:

Let G be a compact p-adic Lie group and M be a finitely-generated left kG-

module. The canonical dimension of M is

Cdim(M) = dimG−min{j ≥ 0 | ExtjkG(M,kG) ̸= 0}.

Many properties of canonical dimension are proved in section 4 of [Lev92], and a

summary can be found in subsection 5.3 of [AB06]. We will frequently work with an

alternative characterisation of canonical dimension, see Theorem 2.10. Recall also,

the definition of Krull dimension from section 6.2 of [MR01]. For R a ring, we denote

the Krull dimension of a left R-module M by K(M). The (left) Krull dimension of

the ring is the Krull dimension of R viewed as a free left R-module, denoted K(R).
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Proposition 2.5:

Let G2 be a compact p-adic Lie group and G1 ⊴o G2 be an open normal subgroup.

Then,

{Cdim(M) |M ∈ mod(kG1)} = {Cdim(M) |M ∈ mod(kG2)},

and the Krull dimensions K(kG1) = K(kG2).

Proof:

By the arguments of section 2.3 of [AB06], we have that kG2 is isomorphic to a

crossed product,

kG2
∼= kG1 ∗ (G2/G1).

Thus kG2 is a finitely-generated free kG1-module, and Corollary 6.5.3 of [MR01]

implies that K(kG1) = K(kG2).

Moreover, Lemma 5.4 of [AB07] implies that for any finitely-generated kG2-

module M ,

ExtnkG2
(M,kG2) ∼= ExtnkG1

(M,kG1),

and thus CdimkG2(M) = CdimkG1(M). So

{Cdim(M) |M ∈ mod(kG1)} ⊇ {Cdim(M) |M ∈ mod(kG2)}.

Conversely, let N be a finitely-generated kG1-module, and let N = kG2 ⊗kG1 M .

By Theorem 10.74 of [Rot09],

ExtnkG2
(N, kG2) ∼= ExtnkG1

(M,kG2) ∼=
m⊕
j=1

ExtnkG1
(M,kG1),

because kG2 is a free kG1-module of rank m = |G2/G1|. Thus ExtnkG2
(N, kG2) is

zero precisely when ExtnkG1
(M,kG1) is zero, from which it follows that CdimkG2(N) =

CdimkG1(M). Therefore

{Cdim(M) |M ∈ mod(kG1)} = {Cdim(M) |M ∈ mod(kG2)},

as required. □

Recall from section 4.5 of [DDMS03] that any uniform pro-p groupG has an associated

Zp-Lie algebra LG, which has underlying set G. We now extend the definition to any

compact p-adic Lie group, and the scalars to Qp.
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Definition 2.6:

Let G be a compact p-adic Lie group, and H ⊴o G be an open normal uniform

pro-p subgroup. The Qp-Lie algebra L(G) = L(H) = Qp⊗ZpLH with the obvious

Qp-linear Lie bracket.

Any compact p-adic Lie group has an open normal uniform pro-p subgroup, by Corol-

lary 8.34 of [DDMS03]. Since the open subgroups of G all have finite index, it is easy

to check that L(G) does not depend on choice of H up to isomorphism. We now

show that the canonical dimension of modules for the Iwasawa algebra, and its Krull

dimension, are determined only by the Lie algebra of G.

Corollary 2.7:

Let G1, G2 be compact p-adic Lie groups with L(G1) ∼= L(G2). Then

{Cdim(M) |M ∈ mod(kG1)} = {Cdim(M) |M ∈ mod(kG2)},

and the Krull dimensions K(kG1) = K(kG2).

Proof:

Let K1 ⊴ G1, K2 ⊴ G2 be open normal uniform pro-p subgroups of G1, G2. Let

ϕ be an isomorphism of Qp-Lie algebras,

ϕ : L(G1) = Qp ⊗Zp LK1 → Qp ⊗Zp LK2 = L(G2).

Then, ϕ(LK1), LK2 are Zp-Lie lattices in L(G2), so for some n ≥ 0,

pnϕ(LK1) = ϕ(pnLK1) ≤ LK2 .

Now, recall from Theorem 9.10 of [DDMS03] that the assignment G 7→ LG is

an equivalence of categories between uniform pro-p groups and powerful Zp-Lie
algebras. K1 is uniform pro-p, so LK1 is a powerful Lie algebra, hence pnLK1

and ϕ(pnLK1) are powerful. Then ϕ(p
nLK1) corresponds to a open uniform pro-p

subgroup K ≤ G2. The Zp-Lie algebra pnLK1 corresponds to Kpn

1 = {xpn | x ∈
K1} ≤ G1, and thus the restriction of ϕ gives us an isomorphism of compact

p-adic Lie groups ψ : Kpn

1 → K. Now, let

H =
⋂

g∈G2/K

gKg−1,
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so H is an open normal subgroup of G2. It follows that H is also normal in

K. So, we have open normal subgroups Kpn

1 ⊴o G1, H ⊴o K = ψ(Kpn

1 ), and

H ⊴o G2. By Proposition 2.5, it follows that

{Cdim(M) |M ∈ mod(kG1)} = {Cdim(M) |M ∈ mod(kKpn

1 )}

= {Cdim(M) |M ∈ mod(kK)}

= {Cdim(M) |M ∈ mod(kH)}

= {Cdim(M) |M ∈ mod(kG2)},

and K(kG1) = K(kKpn

1 ) = K(kK) = K(kH) = K(kG2). □

Alternatively to Definition 2.4, we may understand the canonical dimension as the

dimension of an affine variety known as the characteristic variety. When G is a

uniform pro-p group, kG is a non-commutative local ring with unique maximal ideal

J = Ker (kG→ k).

Proposition 2.8:

Let G be a uniform pro-p group. The J-adic filtration on kG is complete, and

the associated graded ring is isomorphic to a commutative polynomial ring in

dimG variables over k.

Proof:

Let G be as in the proof of Theorem 2.2, where it is shown that kG has a complete

filtration given by the ideals Jn = Ker (kG → k[G]/Ink ), with associated graded

ring

gr kG ∼= k[X1, . . . , XdimG].

Thus it is enough to show that Jn = Jn for all n ≥ 0. Clearly J = J1, and a

direct computation shows that (Jm + Jn)/Jn = (Jm + Jn)/Jn for all m,n ≥ 0.

Therefore the closure of Jm in kG is Jm (in the induced pseudocompact topol-

ogy on kG, see [Bru66]). But kG is Noetherian, hence Corollary 22.4 of [Sch11]

implies all ideals are closed, and the result follows. □

The characteristic variety of a module is given by the characteristic ideal in the

commutative ring gr kG coming from the J-adic filtration.
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Definition 2.9:

Let G be a uniform pro-p group, M be a finitely-generated kG-module. The

characteristic ideal of M is the radical ideal

J(M) =
√

Ann(grM) ⊆ gr kG,

where Ann(grM) = {x ∈ gr kG | x ·m = 0 ∀m ∈ grM} is the annihilator of the

graded module grM .

Note that J(M) is an ideal of gr kG, whilst the augmentation ideal J is a two-sided

ideal of kG.

Theorem 2.10:

Let G be a uniform pro-p group, M be a finitely-generated kG-module. The

canonical dimension of M is given by

Cdim(M) = K
(
gr kG⧸J(M)

)
.

The proof of Theorem 2.10 is essentially given in section 5.3 of [AB06], where it is

shown that Cdim(M) = K(grM), which is easily seen to be equal to K (gr kG/J(M)).

This integer can be naturally seen as the dimension of the variety associated to

J(M), which we do not define. We will frequently use Theorem 2.10 rather than

Definition 2.4 when discussing the canonical dimension of a kG-module. However, we

now leave the study of canonical dimension and Krull dimension, returning to it in

Section 11.

2.4 Augmented Iwasawa algebras

We now define the rings mentioned in the title of this thesis. Recall that the com-

pleted group ring of a profinite group was defined over arbitrary coefficient rings in

Definition 2.1. Kohlhaase has extended the definition to any locally profinite group,

see section 1, page 6 of [Koh17]. See also section 6.1 of [Ard21] for a generalised

construction. We summarise the definition as the following proposition, which is

Proposition 3.2 of [Sho20]. Recall that a locally profinite group is defined to be a

topological group with an open profinite subgroup.

Proposition 2.11:

Let G be a locally profinite group, R be a commutative ring. Let K ≤ G be an
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open profinite subgroup, with completed group ring RK. Then there is a unique

R-algebra structure on

RG = RK ⊗R[K] R[G]

such that the natural maps R[G] → RG and RK → RG are R-algebra homo-

morphisms. This R-algebra is independent of the choice of K, up to canonical

isomorphism.

This means that RG is generated as an R-algebra by RK and the elements of G.

In the case that G is a p-adic Lie group and k is a field of characteristic p, we call the

k-algebra kG the (mod p) augmented Iwasawa algebra of G. If G is compact, then

the Iwasawa algebra and the augmented Iwasawa algebra are isomorphic rings, so our

notation is unambiguous. The nomenclature “augmented” comes from the fact that

the augmented representations given in Definition 2.1.5 of [Eme10] are modules over

the augmented Iwasawa algebra, see Corollary 3.31.

Example 2.12

Let G = Q×
p and k be a field of characteristic p. Then G has an open profinite

subgroup Z×
p , and Q×

p /Z×
p
∼= Z. It follows that

kQ×
p
∼= kZ×

p [X,X
−1] ∼= k[[t]][Y ][X,X−1]/(Y p−1),

so in fact kQ×
p is a Noetherian ring. Similarly kF× ∼= kO×

F [X,X
−1] is Noetherian

if F is a finite extension of Qp.

In contrast to Theorem 2.2, it is uncommon for the augmented Iwasawa algebra kG

to be Noetherian if G is a non-compact p-adic Lie group (see also Example 6.8).
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3 Universal properties

In this section, we prove a number of results which assist in understanding and work-

ing with augmented Iwasawa algebras and their modules.

In general, it is useful to consider augmented Iwasawa algebras defined over a range of

coefficient rings. For example, as well as fields of characteristic p, we may be interested

in coefficients such as rings of integers OF of a p-adic field F , profinite commutative

rings such as Ẑ, or the complete local Noetherian OF -algebras considered in [Eme10]

and [Sho20]. The following definition, see the introduction of [Bru66], encompasses

all of these cases.

Definition 3.1:

A pseudocompact ring R is a complete Hausdorff topological ring which has a

neighbourhood basis of 0 consisting of two-sided ideals I with R/I an Artinian

ring.

Throughout the remainder of this section we will assume that k is a commutative

pseudocompact ring. Later on, we will specialise to the case of k being a field of

characteristic p (as in subsection 2.3), with the discrete topology.

Definition 3.2:

A pseudocompact k-algebra is a complete Hausdorff topological ring A, with a

continuous ring homomorphism from k to the centre of A, and such that A has a

neighbourhood basis of 0 consisting of two-sided ideals I with A/I a finite-length

k-module.

The completed group algebra of a profinite group is naturally a pseudocompact k-

algebra, see section 4 of [Bru66].

3.1 Universal property of completed group algebras

The completed group algebra kG of a profinite group satisfies the following prop-

erty, which is proved over profinite coefficient rings in Proposition 7.1.2 of [Wil98].

Throughout this section, the units A× of a topological ring A are given the subspace

topology from A, although this need not make A× a topological group.
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Proposition 3.3:

Let G be a profinite group, k a pseudocompact commutative ring, and A be a

pseudocompact k-algebra. Let ϕ : G → A× be a continuous group homomor-

phism to the units of A. There is a unique continuous k-algebra homomorphism

ϕ̃ : kG→ A extending ϕ.

Proof:

Let B be a neighbourhood basis of 0 consisting of two-sided ideals I with A/I

a finite-length k-module. For such an ideal I ∈ B, composition of ϕ with the

natural map A× → (A/I)× gives a continuous group homomorphism

ϕI : G→ (A/I)×.

Because I is open, NI = KerϕI is an open normal subgroup of G, and by the

universal property of group algebras, there is a unique k-algebra homomorphism

ϕ̃′
I : k[G/NI ]→ A/I

extending the natural group homomorphism ϕ′
I : G/NI → (A/I)×. To check

that ϕ̃′
I is continuous, note that the homomorphism from k to the centre of A

that makes A a k-algebra and ϕ̃′
I agree on the restriction

iI : k → A/I.

Because I is open, A/I is discrete and αI = Ker iI is an open ideal of k.

Then k[G/NI ]αI ⊆ k[G/NI ] is open because G/NI is finite, and Ker ϕ̃′
I contains

k[G/NI ]αI , hence is open. It follows that ϕ̃′
I is continuous.

By composing with the natural homomorphisms kG → k[G/NI ], we obtain a

system of continuous k-algebra homomorphisms

ϕ̃I : kG→ A/I,

which are compatible under composition with the maps A/I → A/J for I, J ∈ B
with I ⊆ J , because NI ≤ NJ . Since A is complete, it follows from the universal

property of inverse limit that there is a continuous k-algebra homomorphism

ϕ̃ : kG→ A

extending the ϕ̃I , thus extending ϕ. Moreover, there is a unique k-algebra homo-

morphism k[G]→ A extending ϕ, thus ϕ̃ is unique because k[G] is dense in kG. □
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This property is enough to define the completed group algebra kG up to canonical iso-

morphism of pseudocompact k-algebras. Moreover, associating the completed group

algebra to a profinite group gives a functor.

Proposition 3.4:

The mapping F given on objects by F (G) = kG, and on morphisms by F (ϕ) = ϕ̃,

is a functor from the category of profinite groups (with continuous group homo-

morphisms) to the category of pseudocompact k-algebras. The functor preserves

injectivity and surjectivity of morphisms.

Proof:

Let ϕ : G1 → G2 be a continuous group homomorphism. By Proposition 3.3,

there is a unique extension of ϕ : G1 → kG×
2 to a continuous k-algebra homo-

morphism ϕ̃ : kG1 → kG2, so F is well-defined. Clearly if G2 = G1 and ϕ = idG1 ,

then ϕ̃ = idkG1 . If ψ : G2 → G3 is another continuous group homomorphism,

then ψ̃ ◦ ϕ̃ : kG1 → kG3 extends ψ ◦ϕ, and therefore is equal to ψ̃ ◦ ϕ by unique-

ness. Therefore F is a functor.

Now, ϕ̃ is constructed by taking the inverse limit of the k-algebra homomorphisms

ϕU : k[G1/ϕ
−1(U)]→ k[G2/U ],

as U ranges over the open normal subgroups of G2. If ϕ is injective then ϕU is

injective for all U , so ϕ̃ is injective by left-exactness of the inverse limit.

If ϕ is surjective, the ϕU are all surjective. The transition maps that define the

inverse limit on each side are all surjective, meaning the strong Mittag-Leffler

condition is satisfied and so ϕ̃ is surjective, see Definition 4.8.3 and Theorem

4.8.5 of [EH76]. □

Propositions 3.3 and 3.4 can be used to prove basic facts about maps between com-

pleted group algebras. Motivated by this, we will generalise this universal property

to augmented Iwasawa algebras and to particular modules.

3.2 Profinite modules for an Iwasawa algebra

In this subsection, let H be a profinite group, and recall that k is pseudocompact.
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Definition 3.5:

A profiniteH-space is a compact Hausdorff totally disconnected topological space

X with a continuous action H ×X → X, and finitely many H-orbits.

Proposition 1.1.7 of [Wil98] tells us that the topological space X is the inverse limit

of its finite discrete quotient spaces, justifying the terminology here.

We impose the condition of having finitely many orbits because we will be most inter-

ested in the case where H acts transitively on X. (When a profinite group acts on a

profinite space continuously with infinitely many orbits, the notion of locally profinite

in Definition 3.33 may instead be applied.)

We now show that the topology on X can be defined by an inverse limit of finite

H-spaces.

Lemma 3.6:

In the category of topological spaces,

X ∼= lim←−
U⊴oH

OrbU(X),

where OrbU(X) is the space of U -orbits in X. Moreover, the isomorphism is

H-equivariant with respect to the natural H-actions.

Proof:

We show that {U · x | U ⊴o H, x ∈ X} is a basis for the topology on X.

Let U be an open normal subgroup of H. Let Z ⊆ X be an H-orbit, and consider

its U -orbits OrbU(Z). Because H acts transitively on Z, the finite group H/U

acts transitively on OrbU(Z), and therefore OrbU(Z) is finite. Because X has

finitely many H-orbits, it follows that OrbU(X) is finite. Now, U is profinite and

hence compact. Thus for any x ∈ X, the U -orbit U · x is a continuous image of

a compact set, so is compact. But X is Hausdorff, and therefore U · x is a closed

subset of X. Because the U -orbits are closed and give a finite partition of X, it

follows that any U -orbit is also open.

Now, let Y ⊆ X be an open subset and x ∈ Y . Let f : H × {x} → X be the

restriction of the map defining the H-action. Then f−1(Y ) is open, and hence

V = {h ∈ H | h · y ∈ Y } ⊆ H is open. But V contains the identity of H, and

therefore V contains an open subgroup of H, hence contains an open normal
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subgroup U because H is profinite. Then U · x ⊆ Y . It follows that Y is a union

of open sets of this form, and so {U · x | U ⊴o H, x ∈ X} forms a basis of X.

Moreover, suppose Y ⊆ X is both open and closed. Then Y is compact, so it is

a finite union of open sets in the above basis,

Y =
n⋃
j=1

Uj · yj.

Let U =
n⋂
j=1

Uj ⊴o H. Then Y is a union of finitely many U -orbits, which must

all be disjoint.

Now suppose we have a partition of X into subsets that are both open and closed,

X =
n⋃
j=1

Yj.

By the above, there exist Uj ⊴o H such that Yj is a union of Uj-orbits. Letting

U =
n⋂
j=1

Uj, we have that each Yj is a disjoint union of U -orbits, and U ⊴o H.

By Proposition 1.1.7 of [Wil98], X is the inverse limit of its finite discrete quotient

spaces X/ ∼. Given such a quotient space, let x1, . . . , xn be representatives of

the equivalence classes of ∼, and Yj = Π−1({Π(xj)}), where Π : X → X/ ∼
is the quotient map. Since X/ ∼ is discrete, each Yj is both open and closed,

so by the above paragraph there exists U ⊴o H such that each Yj is a disjoint

union of U -orbits. The orbit space OrbU(X) is a quotient space of X which is

finite, and discrete, since orbits are open. Thus we have a commuting diagram

of continuous maps

OrbU(X)

X X/ ∼

qU
ΠU

Π

where ΠU , qU are the natural quotient maps. So the inverse system of orbit

spaces OrbU(X) is cofinal in the inverse system of all discrete finite quotients, so

by Proposition 1.1.7 of [Wil98], we have that X ∼= lim←−
U⊴oH

OrbU(X).

Moreover, each of the natural maps ΠU : X → OrbU(X), ΠUV : OrbV (X) →
OrbU(X), for V ≤ U open normal subgroups of H, are easily seen to be H-

equivariant. Hence the above topological isomorphism is H-equivariant with

respect to the natural H-actions. □
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The above description of a profinite H-space X motivates us to define a “completed

module” associated to X.

Definition 3.7:

Let X be a profinite H-space. The completed module of X is the (left) kH-

module

kX = lim←−
U⊴oH

k[OrbU(X)].

The k-module kX is indeed a kH-module because each k[OrbU(X)] is a left k[H/U ]-

module, kH is the inverse limit of these k-algebras, and all morphisms are H-

equivariant. Moreover, the k[H]-module k[X] naturally embeds into kX, and is easily

seen to be dense by definition of the inverse limit topology.

Definition 3.8:

Let A be a pseudocompact k-algebra, M be a (left) topological A-module. M is

pseudocompact if and only if it is an inverse limit of discrete A-modules of finite

length.

Note that pseudocompact A-modules are automatically Hausdorff, by considering the

construction of an inverse limit as a subspace of a product, for example.

Lemma 3.9:

Let X be a profinite H-space. Then kX is a pseudocompact kH-module.

Proof:

Recall that X has finitely many H-orbits. Thus for each U ⊴o H, the kH-module

k[OrbU(X)] is a free k-module of finite rank. Let B be a basis of open ideals I

of k with k/I Artinian. Then

kX = lim←−
U⊴oH

k[OrbU(X)] ∼= lim←−
U⊴oH,I∈B

(k/I)[OrbU(X)],

and each (k/I)[OrbU(X)] is of finite length as a k-module, hence is a (discrete)

kH-module of finite length. Therefore kX is a pseudocompact kH-module. □

Lemma 3.10:

1. For X a profinite H-space, kX ∼=
⊕

Z∈OrbH(X)

kZ.

2. Let J ≤ H be an open subgroup, and ResHJ X be X considered as a profinite
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J-space. There is an isomorphism of kJ-modules iJ,H : k(ResHJ X)→ ReskHkJ kX.

Proof:

1. For each U ⊴o H, we have that

OrbU(X) =
⊔

Z∈OrbH(X)

OrbU(Z),

so there is a k[H/U ]-module isomorphism,

k[OrbU(X)] ∼=
⊕

Z∈OrbH(X)

k[OrbU(Z)].

By assumption, X has finitely many H-orbits, so this direct sum is also a direct

product. Since direct products commute with limits, taking inverse limits gives

the result.

2. Since J is open, it has finite index in H, and X has finitely many H-orbits,

so X has finitely many J-orbits. So X is indeed a profinite J-space. For a fixed

V ⊴o H with V ≤ J , the inverse system (V ∩U)U⊴oH is cofinal in both (U)U⊴oH

and (U ′)U ′⊴oJ . By considering the natural k[J/V ∩ U ]-module homomorphism

k[OrbV ∩U(Res
H
J X)]→ Res

k[H/V ∩U ]
k[J/V ∩U ] k[OrbV ∩U(X)],

and taking inverse limits, we obtain the desired isomorphism. □

We now prove a universal property of these modules which is analogous to Proposi-

tion 3.3.

Proposition 3.11:

Let X be a profinite H-space and M be a pseudocompact kH-module. Let

ϕ : X → M be a continuous H-equivariant map. There is a unique extension of

ϕ to a continuous kH-module homomorphism ϕ̃ : kX →M .

Proof:

Since M is a pseudocompact kH-module, let M = lim←−
i∈I

Mi where each Mi is

a discrete finite-length kH-module. The image of the natural H-equivariant

continuous map ϕi : X → Mi is both discrete and compact, hence finite. Let

Ui ⊴ H be the kernel of the natural continuous group homomorphism

H → Sym(ϕi(X)),
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so Ui is an open normal subgroup of H. It follows that ϕi has a reduction

ϕ̄i : OrbUi
(X) → Mi. This naturally extends to a continuous k[H/Ui]-module

homomorphism ϕ̄i
′
: k[OrbUi

(X)] → Mi, giving a continuous kH-module homo-

morphism ϕ̃i : kX → Mi. By construction, the ϕ̃i agree under the transition

morphisms on the Mi. Thus we define

ϕ̃ : kX →M = lim←−
i∈I

Mi

to be the continuous kH-module homomorphism constructed from the ϕ̃i.

To show uniqueness, note that there is a unique k-module homomorphism k[X]→
M extending ϕ. Since k[X] is dense in kX, it follows there is a unique continuous

extension kX →M . □

As for completed group algebras, it follows that the construction of the completed

module gives a functor.

Proposition 3.12:

The mapping F given on objects by F (X) = kX, and on morphisms by F (ϕ) =

ϕ̃, is a functor from the category of profinite H-spaces (with continuous H-

equivariant maps) to the category of pseudocompact kH-modules. The functor

preserves injectivity and surjectivity of morphisms.

Proof:

Let ϕ : X1 → X2 be a continuous H-equivariant map. By Proposition 3.11, there

is a unique extension of ϕ : X1 → kX2 to a continuous kH-module homomor-

phism ϕ̃ : kX1 → kX2, so F is well-defined. Clearly if X2 = X1 and ϕ = idX1 ,

then ϕ̃ = idkX1 . If ψ : X2 → X3 is another continuous H-equivariant map, then

ψ̃ ◦ ϕ̃ : kX1 → kX3 extends ψ ◦ ϕ, and therefore is equal to ψ̃ ◦ ϕ by uniqueness.

Therefore F is a functor.

Now, ϕ̃ is constructed by taking the inverse limit of the kH-algebra homomor-

phisms

ϕU : k[OrbU(X1)]→ k[OrbU(X2)],

as U ranges over the open normal subgroups of H. If ϕ is injective then ϕU is

injective for all U , so ϕ̃ is injective by left-exactness of the inverse limit.

If ϕ is surjective, the ϕU are all surjective. The transition maps that define the
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inverse limit on each side are all surjective, meaning the strong Mittag-Leffler

condition is satisfied and so ϕ̃ is surjective, see Definition 4.8.3 and Theorem

4.8.5 of [EH76]. □

3.3 Universal property of augmented Iwasawa algebras

Motivated by subsections 3.1 and 3.2, we now prove a similar universal property for

the augmented Iwasawa algebra. First, we must define an appropriate topology.

Definition 3.13:

Let G be a locally profinite group, with open profinite subgroup H. Then

kG =
⊕
g∈H\G

kH ⊗ g.

The topology on kG is given by the direct sum topology for the topological

abelian groups kH⊗ g, where the topology on kH⊗ g is defined by requiring the

natural right multiplication map kH → kH ⊗ g to be a homeomorphism.

A description of the direct sum topology on abelian topological groups can be found

in [CD03], Proposition 5, and a more special case in section 5.E of [Sch02].

Then, we can show kG has the following properties.

Proposition 3.14:

1. The topology on kG is independent of choice of open profinite subgroup

H ≤ G, and is Hausdorff.

2. The natural map G→ kG is a homeomorphism onto its image.

3. If K ≤ G is an open profinite subgroup, then K lies in the group of units of

a pseudocompact k-subalgebra of kG.

4. The subring k[G] is dense in kG.

Proof:

1. Let H ′ ≤ H ≤ G be open profinite subgroups of G. We first show that⊕
h∈H′\H

kH ′ ⊗ h ∼= kH

is a topological isomorphism, where the the left hand side has the direct sum

topology and the right hand side the inverse limit topology.
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Now, the inverse system X = {U | U ⊴o H,U ⊴o H
′} (under reverse inclusion)

is cofinal in both {U ⊴o H} and {U ⊴o H
′}. This follows from the fact that if

U is normal in H ′, then the group

V =
⋂
h∈H

hUh−1

is normal in H, and is a finite intersection of conjugates of U , since H ′ has finite

index in H. Therefore we have topological isomorphisms

kH ∼= lim←−
U∈X

k
[
H⧸U

]
, kH ′ ∼= lim←−

U∈X
k
[
H ′
⧸U
]
.

Then, we have topological isomorphisms⊕
h∈H′\H

kH ′ ⊗ h ∼=
⊕

h∈H′\H

(
lim←−
U∈X

k
[
H ′
⧸U
]
⊗ h
)
∼= lim←−

U∈X

( ⊕
h∈H′\H

k
[
H ′
⧸U
]
⊗ h
)
,

since the direct sums are finite. Then consider the natural isomorphism⊕
h∈H′\H

k
[
H ′
⧸U
]
⊗ h ∼= k

[
H⧸U

]
.

The left hand side has the direct sum topology, which coincides with the product

topology because the direct sum is finite. Since k[H ′/U ], k[H/U ] are free k-

modules of finite rank with the corresponding product topology, it follows that

the above isomorphism is a topological isomorphism. Thus⊕
h∈H′\H

kH ′ ⊗ h ∼= lim←−
U∈X

k
[
H⧸U

]
∼= kH

is a topological isomorphism.

It then follows that the topologies on kG defined by H ′, H are equivalent, due

to the isomorphism⊕
g∈H\G

kH ⊗ g ∼=
⊕
g∈H\G

⊕
h∈H′\H

kH ′ ⊗ hg ∼=
⊕

g∈H′\G

kH ′ ⊗ g.

For arbitraryH,H ′ ≤ G open profinite, we obtain an isomorphism by considering

H ∩H ′ ≤ G and applying the result twice.

The topology on kG is Hausdorff since the topology on each kH⊗g is Hausdorff.

2. First we show this result in the profinite case: let H be a profinite group, and
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consider the natural map i = iH : H → kH. The algebra kH has the inverse

limit topology with projection maps

ΠU,I : kH → lim←−
U⊴oH,I∈B

(k/I)[H/U ].

Here B is an open basis of ideals of k with each k/I Artinian. The map i is

continuous if and only if ϕU,I = ΠU,I ◦ i is continuous for all U, I. Now, the

image of ϕU,I : H → (k/I)[H/U ] is H/U , a finite set. Thus for any subset

X ⊆ (k/I)[H/U ], the inverse image ϕ−1
U,I(X) is a union of finitely many cosets of

U in H, which is open. Hence, ϕU,I is continuous. So, i is continuous.

Moreover, i is clearly injective, whilst H is compact and kH Hausdorff. Thus

i : H → i(H) is a homeomorphism.

Now, let G be a locally profinite group, and consider the natural map

iG : G→ kG =
⊕
g∈H\G

kH ⊗ g.

Clearly iG(x) = iH(xg
−1)⊗g when x ∈ Hg, for g ∈ H\G. So, for each g ∈ H\G,

the restriction

jg = iG|Hg : Hg → iH(H)⊗ g

is a homeomorphism. Clearly, the cosets Hg form a disjoint open cover of G,

whilst the sets iH(H)⊗ g are also disjoint. We show that each iH(H)⊗ g is also

open. For a fixed g′ ∈ H\G, let Ug′ = kH. When g′ ̸∈ Hg, let Ug ⊆ kH be a

proper two-sided ideal of kH – which exists since kH is a pseudocompact ring.

In this case, Ug ∩ iH(H) is empty. Let

U =
⊕
g∈H\G

Ug ⊗ g ≤ kG,

so U is an open subgroup of kG. Therefore U ∩ iG(G) = iH(H) ⊗ g′ is open in

iG(G). Thus {iH(H)⊗ g | g ∈ H\G} is a disjoint open cover of iG(G).

The restrictions jg = iG|Hg above give homeomorphisms between correspond-

ing parts of the disjoint open covers of G and of iG(G), from which it follows

straightforwardly that iG is a homeomorphism onto its image.

3. This is trivial, as K ≤ (kK)× and kK is a pseudocompact subalgebra of

kG = kK ⊗k[K] k[G].

4. We have that

k[G] =
⊕
g∈H\G

k[H]⊗ g ≤ kG,
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and k[H] is dense in kH. If C is a closed additive subgroup containing k[G],

then for all g ∈ H\G, C ∩ (kH ⊗ g) is closed in kH ⊗ g, but contains k[H]⊗ g.
Hence C ∩ (kH ⊗ g) = kH ⊗ g, and hence C = kG. Thus, k[G] is dense in kG.

□

To prove a universal property for kG similar to that of Proposition 3.3, we will need

a class of algebras to replace “pseudocompact k-algebras”, and which contains all

algebras kG where G is locally profinite. For this reason, and using the proposition

just proved, we define the following class of algebras.

Definition 3.15:

Let A be a topological k-algebra, that is, a topological ring with a continuous ho-

momorphism from k to the centre of A, and assume A is Hausdorff. Let G ≤ A×

be a subgroup of the units of A. The subgroup G makes A Iwasawa-like if and

only if the subspace topology makes G a topological group (that is, the inversion

map on G is continuous), and there is an open profinite subgroup K ≤ G and a

pseudocompact k-subalgebra B ≤ A such that K is a subgroup of B×.

The careful reader may notice that if A is Iwasawa-like via G, it is also Iwasawa-like

via an open profinite subgroup K ≤ G. This redundancy in the definition is removed

in Definition 3.21, for the purposes of Corollary 3.23. For the remainder of our results,

however, it is more convenient to work with Definition 3.15.

If G is a locally profinite group, the subgroup G ≤ (kG)× makes kG an Iwasawa-like

topological k-algebra, by the second and third statements of Proposition 3.14. The

ring of k-linear endomorphisms of a smooth representation is also Iwasawa-like.

Proposition 3.16:

Let V be a smooth representation of G. The ring of k-linear endomorphisms of

V is naturally an Iwasawa-like algebra.

This is proved in subsection 4.2. See also Definition 4.1 for our notion of smooth

representation. We can prove the following universal property for augmented Iwasawa

algebras.
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Proposition 3.17:

Let G be a locally profinite group. Let A be an Iwasawa-like topological k-

algebra, via subgroup L ≤ A×. Let ϕ : G → L be a continuous group homo-

morphism. There is a unique continuous k-algebra homomorphism ϕ̃ : kG → A

extending ϕ.

An application of Proposition 3.17 to the result of Proposition 3.16 gives the following

result on smooth representations.

Corollary 3.18:

Let V be a smooth representation of G. There is a unique kG-module structure

extending the k[G]-module action on V .

The proof of Corollary 3.18 can also be found in subsection 4.2. We now prove

Proposition 3.17, which requires the following weaker statement.

Lemma 3.19:

Let H be a profinite group. Let A be an Iwasawa-like topological k-algebra,

via subgroup L ≤ A×. Let ϕ : H → L be a continuous group homomorphism.

There is a unique continuous k-algebra homomorphism ϕ̃ : kH → A extending ϕ.

Proof of Proposition 3.17:

For any open profinite H ≤ G, the restriction of ϕ : G→ L to ϕ|H : H → L is a

continuous group homomorphism, and hence by Lemma 3.19, there is a unique

continuous k-algebra homomorphism ψH : kH → A extending ϕ|H . There is also
a unique k-algebra homomorphism ψG : k[G]→ A extending ϕ, by the universal

property of the usual group algebra. Then, the restrictions ψG|k[H] = ψH |k[H],

and ψH |kJ = ψJ if J ≤ H are open profinite subgroups of G.

For any open profinite subgroup H ≤ G, define the following k-bilinear map:

ϕ′
H : kH × k[G]→ A, ϕ′

H(x, y) = ψH(x)ψG(y).

The map ϕ′
H is also (kH, k[G])-bilinear, where kH, k[G] act on A via ψH , ψG.

Moreover if r ∈ k[H], then because ψG, ψH are ring homomorphisms and agree
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on k[H],

ϕ′
H(xr, y) = ψH(xr)ψG(y)

= ψH(x)ψH(r)ψG(y)

= ψH(x)ψG(r)ψG(y)

= ψH(x)ψG(ry)

= ϕ′
H(x, ry).

Thus, using the universal property of the tensor product, ϕ′
H induces a homo-

morphism of (kH, k[G])-bimodules

ϕ̃H : kH ⊗k[H] k[G]→ A,

where ϕ̃H(x⊗ y) = ψH(x)ψG(y).

We now show that the homomorphisms ϕ̃H for varying H agree, under appropri-

ate identifications.

Let J ≤ H be open profinite subgroups of G. Let i′J,H : kJ → kH be the natural

inclusion of their completed group algebras, and define

iJ,H : kJ ⊗k[J ] k[G]→ kH ⊗k[H] k[G], iJ,H(x⊗ z) = i′J,H(x)⊗ z.

We also define a map ΠJ,H in the opposite direction, in the following way. Let

α : kH → kJ ⊗k[J ] k[H]

be the natural (kJ, k[H])-bimodule isomorphism with α ◦ i′J,H = idkJ ⊗ 1. Let s

be the natural isomorphism of (kJ, k[G])-bimodules,

s : (kJ ⊗k[J ] k[H])⊗k[H] k[G]→ kJ ⊗k[J ] (k[H]⊗k[H] k[G]),

and β be the natural (k[H], k[G])-bimodule isomorphism

β : k[H]⊗k[H] k[G]→ k[G].

Then we have the maps

kH ⊗k[H] k[G]
α⊗1−−→ (kJ ⊗k[J ] k[H])⊗k[H] k[G]
s−→ kJ ⊗k[J ] (k[H]⊗k[H] k[G])

1⊗β−−→ kJ ⊗k[J ] k[G],
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so let

ΠJ,H = (1⊗ β) ◦ s ◦ (α⊗ 1).

Then ΠJ,H is an isomorphism since β, s, α are, and

ΠJ,H ◦ iJ,H(x⊗ z) = ΠJ,H(i
′
J,H(x)⊗ z)

= (1⊗ β) ◦ s(α(i′J,H(x)⊗ z))

= (1⊗ β) ◦ s((x⊗ 1)⊗ z)

= 1⊗ β(x⊗ (1⊗ z))

= x⊗ z

for all x ∈ kJ, z ∈ k[G]. Thus iJ,H , ΠJ,H are mutually inverse isomorphisms. We

will also write iH,J = ΠJ,H .

Now, the following diagram,

kH ⊗k[H] k[G] A

kJ ⊗k[J ] k[G]

ϕ̃H

ϕ̃J
iJ,H

commutes, because for all x ∈ kJ, z ∈ k[G],

ϕ̃H ◦iJ,H(x⊗z) = ϕ̃H(i
′
J,H(x)⊗z) = ψH(i

′
J,H(x))ψG(z) = ψJ(x)ψG(z) = ϕ̃J(x⊗z).

This uses that ψH ◦ i′J,H = ψJ , by uniqueness of the extensions ψJ , ψH . So, if

J ≤ H, then ϕ̃H ◦ iJ,H = ϕ̃J , and so ϕ̃H = ϕ̃J ◦ i−1
J,H = ϕ̃J ◦ iH,J also. For arbitrary

open profinite subgroups H,H ′ ≤ G, define iH,H′ = iH∩H′,H′ ◦ iH,H∩H′ . It then

follows that ϕ̃H ◦ iH′,H = ϕ̃H′ .

We now use these identifications to show that ϕ̃H is a ring homomorphism, for

any H ≤ G open profinite. Let g ∈ G, x ∈ kH. We consider the product

(1⊗ g)(x⊗ 1) ∈ kG = kH ⊗k[H] k[G]. The multiplication on kG is such that

(1⊗ g)(x⊗ 1) = gx = iK,H(gxg
−1 ⊗ g),

where K = gHg−1. Thus

ϕ̃H
(
(1⊗ g)(x⊗ 1)

)
= ϕ̃H ◦ iK,H(gxg−1 ⊗ g)

= ϕ̃K(gxg
−1 ⊗ g)

= ψK(gxg
−1)ψG(g).
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It remains to show that ψK(gxg
−1) = ψG(g)ψH(x)ψG(g)

−1. Let

d : kH → A, d(t) = ψK(gtg
−1)− ψG(g)ψH(t)ψG(g)−1.

Now, ψK , ψH are continuous and multiplication in A is continuous, so d is a

continuous function. If t ∈ k[H], then gtg−1 ∈ k[G], and

ψK(gtg
−1) = ψG(gtg

−1) = ψG(g)ψG(t)ψG(g)
−1 = ψG(g)ψH(t)ψG(g)

−1,

so d(t) = 0. Thus d(k[H]) = {0}, but k[H] is dense in kH and A is Hausdorff,

so {0} is closed and d(kH) = {0}. Thus,

ϕ̃H
(
(1⊗ g)(x⊗ 1)

)
= ψG(g)ψH(x)ψG(g)

−1ψG(g) = ψG(g)ψH(x).

Because ϕ̃H is a (kH, k[G])-bimodule homomorphism, for all z ∈ kH ⊗k[H] k[G],

ϕ̃H(zg) = ϕ̃H(z)ψG(g), ϕ̃H(yz) = ψH(y)ϕ̃H(z).

So, let x1, x2 ∈ kH and g1, g2 ∈ G. Then

ϕ̃H
(
(x1 ⊗ g1)(x2 ⊗ g2)

)
= ψH(x1)ϕ̃H

(
(1⊗ g1)(x2 ⊗ 1)

)
ψG(g2)

= ψH(x1)ψG(g1)ψH(x2)ψG(g2)

= ϕ̃H(x1 ⊗ g1)ϕ̃H(x2 ⊗ g2).

Therefore ϕ̃H is a ring (and hence k-algebra) homomorphism. Now, ψH is con-

tinuous, so ϕ̃H is continuous on kH ⊗ g, for any g ∈ H\G. Because

ϕ̃H =
⊕
g∈H\G

ϕ̃H |kH⊗g :
⊕
g∈H\G

kH ⊗ g →
⊕
g∈H\G

kH ⊗ g,

it follows that ϕ̃H is a continuous k-algebra homomorphism extending ϕ : G →
A×.

To show uniqueness, recall from Proposition 3.14 that k[G] is dense in kG. Thus

any two continuous maps kG → A agreeing on k[G] are equal, since A is Haus-

dorff. But ψG : k[G]→ A is the unique k-algebra homomorphism extending ϕ to

k[G], therefore ϕ̃ is the unique continuous k-algebra homomorphism extending

ϕ. □

We now prove Lemma 3.19.
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Proof of Lemma 3.19:

We have a continuous group homomorphism ϕ : H → L ≤ A×. Since L makes

A Iwasawa-like, let K ≤ L be an open profinite subgroup, and B ≤ A be a

pseudocompact k-subalgebra containing K in its units. Then, ϕ(H) ∩ K is an

open subgroup of ϕ(H), and so ϕ−1(ϕ(H) ∩K) is an open subgroup of H. Let

K ′ ≤ H be an open normal subgroup of H such that K ′ ≤ ϕ−1(ϕ(H)∩K), which

exists because H is profinite. So, we have a continuous group homomorphism

ϕ|K′ : K ′ → K ≤ B×.

By the universal property in Proposition 3.3, ϕ|K′ extends uniquely to a contin-

uous k-algebra homomorphism ψ : kK ′ → B.

Using the universal property of ordinary group algebras, let f : k[H] → A be

the unique k-algebra extension of ϕ. By uniqueness of these maps, we have that

f |k[K′] = ψ|k[K′]. Thus, define

ϕ̃ : kH → A, ϕ̃(x⊗ h) = ψ(x)f(h),

where we identify kH ∼= kK ′ ⊗k[K′] k[H], and transport the ring structure.

Then if x1, x2 ∈ kK ′ and h1, h2 ∈ H,

ϕ̃
(
(x1 ⊗ h1)(x2 ⊗ h2)

)
= ϕ̃

(
(x1 ⊗ 1)(h1x2h

−1
1 ⊗ h1h2)

)
= ϕ̃(x1h1x2h

−1
1 ⊗ h1h2)

= ψ(x1h1x2h
−1
1 )f(h1h2)

= ψ(x1)ψ(h1x2h
−1
1 )f(h1)f(h2).

Because k[K ′] is dense in kK ′, very similar reasoning as in the proof of Proposi-

tion 3.17 shows that

ψ(h1x2h
−1
1 ) = f(h1)ψ(x2)f(h1)

−1,

and so

ϕ̃
(
(x1 ⊗ h1)(x2 ⊗ h2)

)
= ψ(x1)f(h1)ψ(x2)f(h2) = ϕ̃(x1 ⊗ h1)ϕ̃(x2 ⊗ h2).

Thus ϕ̃ is a k-algebra homomorphism that extends ϕ. Because ψ is continuous

and kH can be identified with kK ⊗k[K] k[H], identical reasoning as in the proof

of Proposition 3.17 shows that ϕ̃ is continuous.

Since k[H] is dense in kH and f is the unique k-algebra homomorphism k[H]→ A

extending ϕ, it follows that ϕ̃ must be the unique continuous k-algebra homo-

morphism kH → A extending ϕ. □
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It follows from Proposition 3.17 that construction of the augmented Iwasawa algebra

gives a functor.

Proposition 3.20:

The mapping F given on objects by F (G) = kG and on morphisms by F (ϕ) = ϕ̃,

is a functor from the category of locally profinite groups (with continuous group

homomorphisms) to the category of Iwasawa-like topological k-algebras (with

continuous k-algebra homomorphisms). The functor preserves surjectivity of

morphisms and injectivity of closed morphisms.

Proof:

That F is a well-defined functor follows directly from Proposition 3.17, using an

identical argument as found in the proof of Proposition 3.4.

Let ϕ : G1 → G2 be a continuous group homomorphism between locally profinite

groups.

Suppose ϕ is injective and a closed map. Then ϕ(G1) is a closed subgroup of G2.

Let H2 ≤ G2 be an open profinite subgroup, and H1 = ϕ−1(H2). Then H1 is an

open subgroup of G1, and is isomorphic to ϕ(H1) = ϕ(G1) ∩H2 as a topological

group, hence is profinite. Now, ϕ̃|kH1 = ϕ̃|H1 is injective by Proposition 3.4, and

the natural map induced by ϕ on cosets,

H1\G1 → H2\G2, H1g 7→ H2ϕ(g),

is injective. Now, ϕ̃ is given by

ϕ̃ :
⊕

g∈H1\G1

kH1 ⊗ g →
⊕

g∈H2\G2

kH2 ⊗ g, ϕ̃(x⊗ g) = ϕ̃|kH1(x)⊗ ϕ(g),

therefore ϕ̃ is injective.

Suppose instead ϕ is a surjective continuous group homomorphism. Let H1 ≤ G1

be an open profinite subgroup. Because surjective maps between topological

groups are open, ϕ(H1) ≤ G2 is an open profinite subgroup. By Proposition 3.4,

ϕ̃|kH1 = ϕ̃|H1 is surjective, and so

ϕ̃ :
⊕

g∈H1\G1

kH1 ⊗ g →
⊕

g∈ϕ(H1)\G2

kϕ(H1)⊗ g

is surjective. □
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Proposition 3.20, and its proof, implies that if G′ ≤ G is a closed subgroup, then kG′

is identified with the subring of kG,⊕
g∈H\HG′

k(G′ ∩H)⊗ g,

where H\HG′ denotes (a set of representatives for) the set {Hg | g ∈ G′} ⊆ H\G,
for H ≤ G open profinite. The proposition also implies that if L is a quotient of G,

kL is a quotient ring of kG.

In fact, we can improve the functor G 7→ kG to a left-adjoint, and hence show it

commutes with colimits.

Definition 3.21:

The category LP is the full subcategory of the category of topological groups,

whose objects are locally profinite groups.

The category ILk is the category with objects (A,L) where A is an Iwasawa-like

algebra via L ⊆ A×, and morphisms (A1, L1) → (A2, L2) given by a continuous

k-algebra homomorphism f : A1 → A2 such that f(L1) ⊆ L2.

Proposition 3.22:

Let F : LP → ILk be the functor given on objects by F (G) = (kG,G) and

on morphisms by F (ϕ) = ϕ̃. Let H : ILk → LP be the functor given on

objects by H
(
(A,L)

)
= L and on morphisms ψ : (A1, L1) → (A2, L2) by

H(ψ) = ψ|L1 : L1 → L2. Then F is a left adjoint to H.

Proof:

Let G be a locally profinite group, and A be an Iwasawa-like algebra via L ⊆
A×, making (A,L) an object of ILk. For ϕ : G → L a morphism of locally

profinite groups, it is clear from Proposition 3.17 that H(F (ϕ)) = ϕ̃|G = ϕ. For

ψ : (kG,G)→ (A,L) a morphism of Iwasawa-like algebras, H(ψ) = ψ|G : G→ L

is a continuous group homomorphism since ψ is continuous. Then F (ψ|G) = ψ̃|G
is a continuous k-algebra homomorphism ψ̃|G : kG → A, extending ψ|G. By

uniqueness in Proposition 3.17, ψ̃|G = ψ. Thus, we have a bijection

HomILk

(
F (G), (A,L)

) ∼= HomLP
(
G,H(A,L)

)
,

and which is clearly natural in G and (A,L). So, F is left adjoint to H (respec-

tively, H is right adjoint to F ). □
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Because F is a left adjoint, F commutes with colimits. As a consequence, so does

construction of the augmented Iwasawa algebra.

Corollary 3.23:

If G = colimb∈B(Hb) is a colimit in the category of locally profinite groups (and

G is locally profinite), then kG ∼= colimb∈B(kHb).

Here we give G the colimit topology, defined below.

Definition 3.24:

Let G = colimb∈B(Hb) be a colimit of topological groups. The colimit topology

on G is the coarsest topology such that whenever (fb : G → G′)b∈B are com-

patible continuous group homomorphisms, there is a unique continuous group

homomorphism f : G→ G′ extending the fb.

This leads to a small subtlety: it may be the case that the group structure of a locally

profinite group can be realised as a colimit in the category of locally profinite groups,

but with its original locally profinite topology not agreeing with the colimit topology.

Fortunately, in our applications, this situation does not arise.

Lemma 3.25:

Let (Hb)b∈B be a diagram of topological groups. Let G be the abstract group

corresponding to the colimit. Suppose G has a topology τ making it a topologi-

cal group, such that there exists c ∈ B with Hc → (G, τ) an open map, and for

all b ∈ B, the map Hb → (G, τ) is continuous. Then the colimit topology on G

agrees with τ .

Proof:

Let τc denote the colimit topology. For each b ∈ B, we have a commutative

diagram

(G, τc) (G, τ)

Hb

α

β

ib
jb

,

where α, β are the identity maps, the continuous group homomorphisms ib come

from the colimit (Hb)b∈B, and the jb are continuous by assumption on τ . Since

α ◦ ib = jb is continuous for all b, it follows from the universal property of the
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colimit topology that α is continuous.

Conversely, if U ≤ (G, τc) is an open subgroup, i−1
c (U) = j−1

c (β−1(U)) is open

since ic is continuous. But since jc : Hc → (G, τ) is an open map between topo-

logical groups, it is straightforward to show that V ≤ G2 is open precisely when

j−1
c (V ) ≤ Hc is open – note V is a union of cosets of jc(j

−1
c (V )). Hence, β−1(U)

is open.

Thus β is continuous with continuous inverse, hence a homeomorphism; so τ and

the colimit topology agree. □

In particular, Lemma 3.25 implies that if a topological group is abstractly the colimit

of closed subgroups, at least one of which is open, then the colimit topology agrees

with the original topology. We can now give two main applications of Corollary 3.23.

Example 3.26

Suppose a locally profinite group G is a direct limit of open subgroups, G = lim−→
a∈A

Ga.

The colimit topology on G agrees with the original topology by Lemma 3.25, so by

Corollary 3.23, the augmented Iwasawa algebra kG ∼= lim−→
a∈A

kGa.

Example 3.27

The above is particularly useful when the Ga are profinite or compact p-adic Lie

groups. The additive group G = Qp is the direct limit of open subgroups p−nZp,
and therefore the augmented Iwasawa algebra of Qp is

kQp = lim−→
n≥0

k(p−nZp).

See also Example 6.8.

Example 3.28

Suppose a locally profinite group G = G1 ∗H G2 is an amalgamated product of two

closed subgroups G1, G2 ≤ G, over their intersection H = G1 ∩ G2. If H ≤ G is

open, then by Lemma 3.25 and Corollary 3.23, the augmented Iwasawa algebra is

given by

kG ∼= kG1 ∗kH kG2.

For an application see subsection 7.3.

43



3.4 Modules for an augmented Iwasawa algebra

In this subsection, let G be a locally profinite group. We define modules associated

to locally profinite G-spaces and prove a similar universal property for certain kG-

modules as in subsection 3.2.

Before doing this, it will be useful to prove the characterisation of kG-modules as

being the augmented representations defined in [Eme10].

Proposition 3.29:

Let M be a k[G]-module equipped with a kH-module structure for some open

profinite subgroup H ≤ G such that the two induced k[H]-actions coincide.

Suppose that M has a Hausdorff topology such that each element of G acts con-

tinuously on M , and the action kH ×M → M is continuous. Then M has a

unique kG-module structure which extends the action of k[G] and kH.

Proof:

Let αH : kH ×M → M denote the kH-module action on M and β : k[G] ×
M → M denote the k[G]-module structure. The actions agree on k[H], that is,

αH |k[H]×M = β|k[H]×M . Then the map

ϕ′
H : kH × k[G]×M →M, ϕ′

H(x, y,m) = αH(x, β(y,m))

is a k[H]-balanced map and so we get an induced map

ϕH : kH ⊗k[H] k[G]×M →M, ϕH(x⊗ y,m) = αH(x, β(y,m)).

Note ϕH extends αH and β, and is continuous on (kH ⊗ g) ×M for all g ∈ G,
thus is continuous.

Let g ∈ G and m ∈M . Consider the function

d : kH →M, d(x) = ϕH(gxg
−1, β(g,m))− β(g, αH(x,m)).

Now, αH is continuous, G acts continuously on kH by conjugation, and g acts

continuously on M (via β). Therefore d is a continuous function. If x ∈ k[H],

we have that x, gxg−1 ∈ k[G], so it follows by the module axioms for k[G] that

d(x) = 0. But, k[H] is dense in kH, therefore as M is Hausdorff, we have that

d(kH) = {0}.
It follows that

ϕH(gxg
−1, β(g,m)) = β(g, αH(x,m)),
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that is,

ϕH(gxg
−1, ϕH(g,m)) = ϕH(g, ϕH(x,m)),

for all x ∈ kH, g ∈ G, m ∈M . Moreover, by definition ϕH has the property that

ϕH(x
′zg′,m) = ϕH(x

′, ϕH(z, ϕH(g
′,m))),

for any x′ ∈ kH, z ∈ kG, g′ ∈ G. Combining these statements, it is straightfor-

ward to show

ϕH((x1⊗g1)(x2⊗g2),m) = ϕH(x1(g1x2g
−1
1 )g1g2,m) = ϕH(x1⊗g1, ϕH(x2⊗g2,m)),

for any x1, x2 ∈ kH, g1, g2 ∈ G. By k-linearity, it follows that for any z1, z2 ∈ kG,
we have the module axiom

ϕH(z1, ϕH(z2,m)) = ϕH(z1z2,m).

Thus ϕH defines a module action of kG = kH⊗k[H] k[G] on M . This extends the

actions of kH and of k[G], and moreover must be the unique such action because

these subrings generate kG. □

Here we had to make a topological assumption, thatM is Hausdorff. If kH is Noethe-

rian, this assumption may be dispensed with, as follows.

Lemma 3.30:

LetA be a left Noetherian pseudocompact k-algebra andM be a finitely-generated

left A-module. Then, there exists a unique topology on M such that the action

A×M →M is continuous. Moreover, M with this topology is a pseudocompact

module.

Proof:

Since A is Noetherian, any surjective A-module homomorphism As → M has

finitely-generated kernel, and hence there is an exact sequence

At
f−→ As

q−→M → 0.

Now we show that any A-module homomorphism f : At → As is continuous. By

properties of the product topology, it is enough to show this in the case s = 1.

Let B be a neighbourhood basis of open two-sided ideals as in Definition 3.2, and

I ∈ B. Then the submodules (I t)I∈B form a neighbourhood basis in At. Since I
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is two-sided, it is straightforward that I t ⊆ f−1(I), hence f−1(I) is open. So, f

is continuous as required.

By Theorem 22.3 of [Sch11], the image N = f(At) ≤ As is closed and pseudo-

compact. In fact, since As is a Noetherian A-module, every submodule is finitely-

generated and therefore closed. It follows that the homomorphism q : As → M

must be continuous whenever M has a topology that makes it a topological

A-module. But, q is a surjective continuous map of topological groups, hence

is an open map, and therefore M must have the quotient topology induced by

M ∼= As/N . Moreover, the quotient topology induced on M by the natural iso-

morphism M ∼= As/N is pseudocompact, again by Theorem 22.3 of [Sch11]. □

We call the unique topology determined by Lemma 3.30 the canonical topology, which

is Hausdorff since it is pseudocompact. A similar statement to Lemma 3.30 is proved

for k profinite in Proposition 2.1.3 of [Eme10].

Corollary 3.31:

Let M be a k[G]-module equipped with a kH-module structure for some open

profinite subgroup H ≤ G such that the two induced k[H]-actions coincide. If

kH is a Noetherian ring, thenM has a unique kG-module structure that extends

the action of k[G] and of kH.

Proof:

Since k is pseudocompact and H is profinite, kH is a pseudocompact k-algebra,

by section 4 of [Bru66]. Since kH is Noetherian, Lemma 3.30 implies that every

finitely-generated submodule ofM is pseudocompact with the canonical topology.

We give M the final topology corresponding to the inclusions N → M of all

finitely-generated submodules N of M . That is, U ⊆ M is open if and only if

U ∩N ⊆ N is open for every finitely-generated submodule N . We show that the

topology on M satisfies the assumptions of Proposition 3.29.

Firstly, the topology on M is Hausdorff, since it is Hausdorff on any finitely-

generated (pseudocompact) submodule N .

For N ≤M a finitely-generated kH-submodule, the kH-action kH ×N → N is

continuous, again by Lemma 3.30. That is, letting αH : kH ×M → M denote

the kH-module action, the restriction αH |kH×N is continuous for any finitely-

generated N . It is also straightforward to check that a subset U ′ ⊆ kH ×M is

open if and only if U ′ ∩ (kH × N) ⊆ kH × N is open for all N , using the fact
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that the inclusions N → N ′ of one finitely-generated submodule to another are

open continuous maps, so for any open subset V ⊆ N of any finitely-generated

submodule, V is open in M .

Now, let U ⊆M be an open subset of M . Then

α−1
H (U) ∩ (kH ×N) = (αH |kH×N)

−1(U ∩N)

is open in kH × N , for any finitely-generated submodule N . Therefore α−1
H (U)

is open, by the above. So αH is continuous.

Let g ∈ G. The action of g on M induces a natural bijection g : N → gN for

any finitely-generated submodule N . We show it is a homeomorphism.

Now, gN is a finitely-generated k(gHg−1 ∩ H)-submodule of M , and N is a

finitely-generated k(H ∩ g−1Hg)-submodule of M . The canonical topology on

N, gN is determined by these respective module structures. The map g : N →
gN naturally induces a bijective correspondence between k(H∩g−1Hg)-submodules

of N and k(gHg−1 ∩H)-submodules of gN . The open submodules of N, gN are

those of finite index, and since the action of g gives a bijection between N and

gN , it must therefore induce a bijective correspondence between open submod-

ules, (U ≤ N) 7→ (gU ≤ gN). Thus, g : N → gN is a homeomorphism.

Now, let U ⊆ M be open, and N be a finitely-generated kH-submodule of M .

Then U ∩ (kH · gN) is open in kH · gN and hence U ∩ gN is open in gN . Then

g−1(U) ∩N = g−1(U ∩ gN) is open, by the above. Thus by definition g−1(U) is

open. So the action g :M →M is continuous for any g ∈ G.
Thus, M satisfies the properties of Proposition 3.29. Therefore M has a unique

kG-module structure extending the k[G]-module and kH-module actions. □

A very important situation in which Corollary 3.31 holds is when G is a p-adic Lie

group and k is a field of characteristic p; in this case H is a compact p-adic Lie group

and kH is Noetherian by Theorem 2.2. The same result holds for certain complete

discrete valuation rings k.

Theorem 3.32:

Let H be a compact p-adic Lie group, and k be a complete discrete valuation

ring with residue field of characteristic p. Then kH is a Noetherian ring.
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Proof:

Let π ∈ k be a uniformiser, so that k/πk = F is a field of characteristic p. Since

k is π-adically complete,

kH = lim←−
U⊴oH

k
[
H⧸U

]
= lim←−

U⊴oH,n≥0

(
k⧸πnk

)[
H⧸U

]
= lim←−

n≥0

(
k⧸πnk

)
H

because we may commute the inverse limits. It follows that kH has a complete

descending filtration where the associated graded is a polynomial ring,

gr kH ∼=
⊕
n≥0

(
πnk⧸πn+1k

)
H ∼= FH[X],

the variable X corresponding to the degree one element π + π2k. Since FH is

Noetherian by Theorem 2.2, Hilbert’s basis theorem implies gr kH is Noetherian.

It follows from [LVO96, Proposition II.2.2.1] that kH is Noetherian. □

We now generalise Definition 3.5 to locally profinite groups and spaces.

Definition 3.33:

A locally profinite G-space is a locally compact Hausdorff totally disconnected

topological space X with a continuous G-action G×X → X.

Notice that for H an open profinite subgroup, the H-orbits of a locally profinite G-

space X are compact, Hausdorff and totally disconnected, and (trivially) each has

finitely many H-orbits, thus are profinite H-spaces. Unlike subsection 3.2, we make

no assumption on the number of orbits of G on X here. (In particular we are free to

take G and X to be profinite, with infinitely many G-orbits.)

Definition 3.34:

Let X be a locally profinite G-space, H be an open profinite subgroup of G. The

augmented completed module of X is

kX =
⊕

Z∈OrbH(X)

kZ,

with the direct sum topology, where each kZ has its natural pseudocompact

topology as in Lemma 3.9.

We now show that this definition gives a kG-module which does not depend on choice

of H.
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Proposition 3.35:

Let X be a locally profinite G-space. For any H ≤ G an open profinite sub-

group, there is a kG-action extending the left kH-module action on (kX)H =⊕
Z∈OrbH(X)

kZ. Moreover, each of these kG-modules are naturally isomorphic and

the topologies agree.

Proof:

Let J ≤ H be open profinite subgroups of G. For Z any H-orbit, there is a

kJ-module isomorphism

iZJ,H :
⊕

Z′∈OrbJ (Z)

kZ ′ → kZ,

using both parts of Lemma 3.10. Thus, define the kJ-module isomorphism

jJ,H =
⊕

Z∈OrbH(X)

iZJ,H : (kX)J → (kX)H .

We can extend this definition to arbitrary J,H ≤ G by

jJ,H = jJ∩H,H ◦ j−1
J∩H,J .

We define a kG-module action on (kX)H , by first defining a G-action on kX.

For Z an H-orbit of X and g ∈ G, we have the natural continuous action

g : Z → gZ. We can consider both Z and gZ as profinite H-spaces by letting H

act on gZ via the isomorphism H ∼= gHg−1. Thus we obtain a (bijective) map

g̃ : kZ → k(gZ), by Proposition 3.11. Note that gZ is a profinite gHg−1-space,

so linearly extending, we obtain a (continuous) map

g̃H : (kX)H → (kX)gHg−1 .

Define the action of g ∈ G on m ∈ (kX)H by g ·m = jgHg−1,H(g̃H(m)). It is easy

to check that

g̃H(jJ,H(m)) = jgJg−1,gHg−1(g̃J(m))

for any open profinite subgroups J,H ≤ G (by first considering the case J ≤ H).

Then for any g, g′ ∈ G and m ∈ (kX)H , it follows that (gg′) ·m = g · (g′ ·m),

because g̃g′H(g′)−1 ◦ g̃′H = g̃g′H by Proposition 3.12 and because jH2,H3 ◦ jH1,H2 =

jH1,H3 for any open profinite subgroups H1, H2, H3 ≤ G. So, the action of G on

(kX)H is a group action.
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Moreover, each isomorphism jJ,H isG-equivariant. The isomorphisms of Lemma 3.10

are easily seen to be topological isomorphisms, so each iZJ,H , therefore each jJ,H ,

is also a topological isomorphism. Hence, every g ∈ G acts continuously on

(kX)H , and (kX)H is Hausdorff because each kZ is Hausdorff. The G-action

is obviously k-linear, and agrees with the H-action induced from the natural

kH-action. Thus we have a k[G]-module action on (kX)H which agrees with the

kH-module action on k[H]. By Proposition 3.29, it follows that there is a unique

kG-module action on (kX)H extending these actions.

Since each jJ,H is a topological kJ-module isomorphism, and is G-equivariant, it

follows that (kX)J ∼= (kX)H as topological kG-modules whenever J ≤ H, and

this obviously extends to arbitrary open profinite subgroups J,H. □

Example 3.36

Let G = Q×
p and X = Qp with G acting by multiplication. A compact open

subgroup of Q×
p is H = Z×

p . The H-orbits in X are {pnZ×
p | n ∈ Z}∪{{0}}, and so

kX =
⊕
n∈Z

kZ×
p ⊕ k

as a kZ×
p -module, where k is the trivial module. The element pm ∈ Q×

p acts on

the infinite direct sum by the natural ”shift by m” among the isomorphic sum-

mands, and acts trivially on k. Since kQ×
p
∼= kZ×

p [X,X
−1], we have a kQ×

p -module

isomorphism

kQp
∼= kQ×

p ⊕ k.

Example 3.37

Let G be a locally profinite group, X be a locally profinite G-space such that X has

the discrete topology. For H ≤ G any open profinite subgroup, any H-orbit Z ⊆ X

is compact, hence finite, so kZ = k[Z]. It follows that the augmented completed

module

kX = k[X],

is the usual permutation module.

We now prove a universal property analogous to those in the previous three sub-

sections. Similarly to subsection 3.3, this requires us to define a class of modules

which generalises “pseudocompact kH-modules”, but which may look unnatural at

first sight.
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Definition 3.38:

LetM be a Hausdorff topological left kG-module. Let L ⊆M be a subset closed

under the action of G. The subset L makes M an Iwasawa-like kG-module if

and only if there is an open profinite subgroup H ≤ G such that every H-orbit

in L is contained in a pseudocompact kH-submodule of M .

For any locally profinite G-set X the kG-module kX is Iwasawa-like via X, because

for any open profinite H ≤ G and any H-orbit Z in X, we have that kZ ≤ kX is a

pseudocompact kH-submodule of kX.

In this case, any open profinite subgroup H ≤ G may be considered, and we now

show this holds for a general Iwasawa-like module.

Lemma 3.39:

Let M be an Iwasawa-like kG-module via L ⊆ M . For any open profinite sub-

group J ≤ G, every J-orbit in L is contained in a pseudocompact kJ-submodule

of M .

Proof:

Let H ≤ G be an open profinite subgroup such that every H-orbit of L is

contained in a pseudocompact kH-submodule. Clearly if J is a subgroup of H,

this property also holds for J .

Let J ≤ G be open profinite with H ≤ J . Without loss of generality, we may

assume H is small enough such that H is normal in J . Let Y be a J-orbit of L

and Z ⊆ Y be an H-orbit. By our assumption on H, there is a pseudocompact

kH-submodule N such that Z ⊆ N . Then, because H is normal in J , we have a

kH-submodule

P =
∑
j∈J

jN =
∑
j∈J/H

jN ≤M

which must contain

Z ′ =
⋃
j∈J

jZ

Moreover, the G-action on M restricts to a J-action on P extending the H-

action. Because kJ = kH ⊗k[H] k[J ], it follows that P is a kJ-module. More-

over, where N = lim←−
i∈I

N/Ni is an inverse limit of finite-length kH-modules, then

P = lim←−
i∈I

∑
j∈J/H

j(N/Ni) is an inverse limit of finite-length kJ-submodules, so P is

a pseudocompact kJ-submodule.
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So if H ≤ G has the property of Definition 3.38, so does any open profinite

subgroup contained in or containing H. Thus, by considering the inclusions

J ∩H ≤ J and J ∩H ≤ H, the statement follows. □

That is, for any kG-module M and subset L ⊆ M closed under the action of G, the

condition of Definition 3.38 holds for a particular open profinite subgroup H ≤ G if

and only if it holds for all open profinite subgroups.

Proposition 3.40:

Let X be a locally profinite G-space, M be an Iwasawa-like kG-module via

L ⊆ M , and ϕ : X → L be a continuous G-equivariant map. There is a unique

continuous kG-module homomorphism ϕ̃ : kX →M extending ϕ.

Proof:

By Lemma 3.39, any open profinite subgroup of G verifies the condition of Def-

inition 3.38, of M being Iwasawa-like via L. Let H ≤ G be open profinite, and

let Z be an H-orbit of X.

Then ϕ(Z) is an H-orbit of L, so there exists a pseudocompact kH-submodule

MZ ≤ M containing ϕ(Z). By Proposition 3.11, the continuous H-equivariant

map ϕ|Z : Z → MZ extends to a continuous kH-module homomorphism ψZ :

kZ →MZ . Define

ϕ̃H =
∑

Z∈OrbH(X)

ψZ : kX →M.

Clearly ϕ̃H is a kH-module homomorphism. We show that ϕ̃H is G-equivariant.

Recall the definition of the isomorphisms jJ,H from the proof of Proposition 3.35.

By Lemma 3.39, Proposition 3.12, and the second part of Lemma 3.10, ϕ̃H◦jJ,H =

ϕ̃J for any open profinite subgroups H, J ≤ G.

Now, let Z ∈ OrbH(X), m ∈ kZ, and g ∈ G. Then

ϕ̃H(g ·m) = ϕ̃gHg−1 ◦ jH,gHg−1(g ·m) = ψgZ(gm).

If m ∈ k[Z] then ψgZ(gm) = gψZ(m) because ϕ is G-equivariant and the ψ are

k-linear. Because the ψ are continuous, k[Z] is dense in kZ, and M is Haus-

dorff, it follows that ψgZ(gm) = gψZ(m) for all m ∈ kZ. Thus, by linearity,

ϕ̃H(g ·m) = gϕ̃H(m), for all m ∈ kX.

So ϕ̃H is G-equivariant, and is a kH-module homomorphism by Proposition 3.11,
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hence is a kG-module homomorphism, which is continuous since each ψZ is con-

tinuous.

Finally, k[X] is dense in kX by similar reasoning to the fourth part of Proposi-

tion 3.14, using that each k[Z] is dense in kZ, and

k[X] =
⊕

Z∈OrbH(X)

k[Z].

Now, M is Hausdorff, and clearly ϕ has a unique k-linear extension to k[X].

Therefore ϕ̃ = ϕ̃H : kX → M must be the unique continuous kG-module homo-

morphism extending ϕ. □

Proposition 3.41:

The mapping F given on objects by F (X) = kX and on morphisms by F (ϕ) = ϕ̃,

is a functor from the category of locally profinite G-spaces (with continuous G-

equivariant maps) to the category of Iwasawa-like topological kG-modules (with

continuous kG-module homomorphisms). The functor preserves surjectivity of

morphisms and injectivity of morphisms.

Proof:

By Proposition 3.40, and identical reasoning to that given in the proof of Propo-

sition 3.12, F is a functor.

Let ϕ : X → Y be a continuous G-equivariant map between locally profinite

G-spaces, and let H ≤ G be an open profinite subgroup. If Z is an H-orbit of

X, then ϕ(Z) is an H-orbit of Y .

If ϕ is injective, then each ϕ̃|kZ = ϕ̃|Z is injective by Proposition 3.12, and so ϕ̃

is injective since it is the direct sum of such maps.

If ϕ is surjective, then for all H-orbits Z ′ ⊆ Y , there is an H-orbit Z ⊆ X such

that ϕ(Z) = Z ′. Again by Proposition 3.12, each ϕ̃|kZ is surjective, so has image

kZ ′ ≤ kY . So ϕ̃(kX) contains the (direct) sum of all such kZ ′, which is equal to

kY . Thus ϕ̃ is surjective. □

Notice that a potential ambiguity appears given the two main constructions detailed

in this section. Namely, when G is a locally profinite group, G can be considered as

a locally profinite G-space, or simply as a locally profinite group, and the resulting

constructions of the object kG may differ, a priori. However, in fact the constructions
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agree. Let G,X be locally profinite groups and ϕ : G → X be a continuous group

homomorphism. We then have a group action of G on X given by

ϕ× idX : G×X → X, (g, x) 7→ ϕ(g)x.

This is easily seen to be a continuous group action, and hence by Proposition 3.35,

we obtain a continuous kG-module action on kX, which we denote

˜ϕ× idX : kG× kX → kX.

Alternatively, by Proposition 3.17, ϕ extends to a continuous k-algebra homomor-

phism

ϕ̃ : kG→ kX,

and this gives a continuous kG-module action on kX via

ϕ̃× idkX : kG× kX → kX, (y, x) 7→ ϕ̃(y)x.

Now, ˜ϕ× idX and ϕ̃× idkX agree on k[G]×k[X]. Thus, they must agree on kG×kX
because k[G]× k[X] is dense and kX is Hausdorff.

In particular, the construction of the module kG from the left multiplication action

of G on itself is the same as constructing the augmented Iwasawa algebra kG and

considering the rank one free left module.

3.5 Properties of augmented Iwasawa algebras

We now deduce some basic properties of augmented Iwasawa algebras from the uni-

versal property of Proposition 3.17.

Proposition 3.42:

Let G be a locally profinite group. Then kG is isomorphic to its opposite ring

(kG)op.

Proof:

Let A be an Iwasawa-like k-algebra, via the subgroup L ≤ A×. The opposite

algebra Aop has the same underlying set as A, but reversed multiplication. Then,

Aop is an Iwasawa-like algebra, via the subgroup Lop ≤ (Aop)×, where Lop is the

set L, with reversed group operation g · h = hg.

Let ϕ : G→ L be a continuous group homomorphism. Then, define ϕ′ : G→ Lop

by ϕ′(g) = ϕ(g)−1. Then, ϕ′ is also a continuous group algebra homomorphism,
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and so by the universal property of Proposition 3.17, ϕ′ extends to a continuous

k-algebra homomorphism ϕ̃′ : kG → Aop. Taking opposite algebras obtains a

continuous k-algebra homomorphism

ϕ̃ = ϕ̃′op : (kG)op → A.

Now, (kG)op is an Iwasawa-like algebra, via the subgroup Gop ≤ ((kG)op)×. This

is because the topology on (kG)op is the same as the topology on kG, and because

(kK)op is a pseudocompact subalgebra of (kG)op for any open profinite K ≤ G.

The map G → Gop, g 7→ g−1 is an isomorphism of topological groups. Thus we

have an injection j : G→ (kG)op, and ϕ̃ ◦ j = ϕ. So, ϕ̃ is a continuous k-algebra

homomorphism extending ϕ. It also must be the unique such map, because the

values on k[Gop] = k[G] are determined by the homomorphism property, and

k[Gop] is dense in (kG)op.

So, j embeds the group G into the units of the Iwasawa-like algebra (kG)op, such

that the universal property of Proposition 3.17 is satisfied. Therefore, (kG)op is

(canonically) isomorphic to kG. □

As a consequence, kG has a left property if and only if it has the corresponding right

property. For example, kG is left coherent (see Definition 6.1) if and only if kG is

right coherent, Thus we will often refer to augmented Iwasawa algebras as being co-

herent or not coherent, similarly for Noetherian, without a prefix “left” or “right”. It

also follows that kG ∼= k[G]⊗k[H] kH as a (k[G], kH)-bimodule.

To prove statements about quotients of augmented Iwasawa algebras, it is necessary

to define the augmentation ideal of a subgroup.

Definition 3.43:

Let G be a locally profinite group, H ≤ G be a closed subgroup. Consider

the locally profinite G-space G/H where G acts by left multiplication, the G-

equivariant quotient map qH : G → G/H, and its unique extension q̃H : kG →
k(G/H) to a continuous kG-module homomorphism, given by Proposition 3.40.

The augmentation ideal of H in G is ϵG(H) = Ker q̃H .

Notice that ϵG(H) is a closed ideal because q̃H is continuous and k(G/H) is Hausdorff.

By Proposition 3.41, q̃H is surjective, giving a natural isomorphism of left kG-modules

kG/ϵG(H) ∼= k(G/H) for any closed subgroup H ≤ G. We may occasionally write

ϵ(H) = ϵG(H), when G is clear from context.
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Proposition 3.44:

Let G be a locally profinite group, N a closed normal subgroup. There is a natu-

ral surjective ring homomorphism kG→ k(G/N), with kernel the augmentation

ideal ϵG(N).

Proof:

Note that the G-equivariant quotient map qN : G→ G/N is a continuous group

homomorphism. We can extend this to a continuous k-algebra homomorphism

kG → k(G/N) and to a continuous kG-module homomorphism kG → k(G/N),

by Propositions 3.17 and 3.40. By the remark at the end of subsection 3.4, these

homomorphisms may be identified, so we have a natural continuous ring homo-

morphism kG→ k(G/N) with kernel the (two-sided) ideal Ker q̃N = ϵG(N). □

We now prove some results on augmentation ideals which will be of later use.

Lemma 3.45:

Let G′ ≤ G be a closed subgroup. The augmentation ideal ϵG(G
′) = kG ⊗kG′

ϵG′(G′).

Proof:

Consider the trivial kG′-module k ∼= kG′/ϵG′(G′). We show that kG ⊗kG′ k is

isomorphic to k(G/G′). Suppose ϕ : G/G′ → M is a G-equivariant map to an

Iwasawa-like kG-module as in Proposition 3.40. There is a unique extension of

the composition ϕ ◦ qG′ : G → M to ϕ̃ ◦ qG′ : kG → M . Now, (ϕ ◦ qG′)|G′ is

constant, and therefore ϕ̃ ◦ qG′|kG′ : kG′ → M factors through a kG′-module

homomorphism θ : k →M . Then

f : kG× k →M, f(x, y) = xθ(y),

is a kG′-balanced k-bilinear map, and f(x, 1) = xϕ̃ ◦ qG′(1) = ϕ̃ ◦ qG′(x). By the

universal property of tensor product, there is a unique extension f̃ : kG⊗kG′ k →
M , which extends the original map ϕ, where gG′ ∈ G/G′ is identified as g ⊗ 1.

Any other extension of ϕ to kG⊗kG′ k → M must restrict to ϕ̃ ◦ qG′ on kG and

θ on k, so f̃ is unique. Therefore kG ⊗kG′ k satisfies the universal property of

Proposition 3.40, and we have a natural isomorphism k(G/G′) ∼= kG⊗kG′ k.
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By Proposition 5.10 (which does not depend on this lemma), kG is a flat right

kG′-module, so there is a commutative diagram with exact rows as follows.

0 ϵG(G
′) kG k(G/G′) 0

0 kG⊗kG′ ϵG′(G′) kG kG⊗kG′ k 0

∼= ∼=

Therefore the natural (inclusion) map kG ⊗kG′ ϵG′(G′) → ϵG(G
′) is an isomor-

phism. □

Clearly, the augmentation ideal of a closed subgroup H must contain the set {h− 1 |
h ∈ H}. In the cases of most interest, this set is a generating set.

Lemma 3.46:

Let G be a locally profinite group. Suppose G′ ≤ G is a closed subgroup such

that there is an open profinite H ≤ G′ with kH Noetherian. Then ϵG(G
′) =

kG{g′ − 1 | g′ ∈ G′}.

Proof:

By Lemma 3.45, it is enough to prove this in the case G′ = G. Since H ≤ G

is open, we have that G/H is discrete and k(G/H) ∼= k[G/H]. Considering the

chain of surjective homomorphisms

kG→ k(G/H)→ k = kG/ϵG(G),

it follows that ϵG(G) = ϵG(H) + kG{g − 1 | g ∈ G/H}.
Now consider the case G = G′ = H. Since kH is Noetherian, every left ideal

of kH is finitely-generated, hence closed by Corollary 22.4 of [Sch11]. From the

definition of the (inverse limit) topology on kH, the ideal kH{h− 1 | h ∈ H} is
dense in ϵH(H), but must be closed. So ϵH(H) = kH{h− 1 | h ∈ H}.
Thus, by Lemma 3.45,

ϵG(H) = kG⊗kH ϵH(H)

= kG⊗kH (kH{h− 1 | h ∈ H})

= kG{h− 1 | h ∈ H}.

It follows that

ϵG(G) = kG{h− 1 | h ∈ H}+ kG{g − 1 | g ∈ G/H}

⊆ kG{g − 1 | g ∈ G}.
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The reverse inclusion is obvious, completing the proof. □

If k is a field of characteristic p or a complete discrete valuation ring with characteristic

p residue field, then Lemma 3.46 holds whenever G is a p-adic Lie group, by Theorems

2.2 and 3.32

Lemma 3.47:

Let G be a p-adic Lie group, k be as above, and G′ ≤ G be a closed subgroup.

Let σ be a ring endomorphism of kG which restricts to a group homomorphism

G→ G. Then kGσ(ϵG(G
′)) = ϵG(σ(G

′)).

Proof:

By Lemma 3.46, any augmentation ideal ϵG(G
′) is generated abstractly by {g−1 |

g ∈ G′}. The left ideal kGσ(ϵG(G
′)) clearly contains {σ(g)− 1 | g ∈ G′}, hence

contains ϵG(σ(G
′)). Conversely, if x =

∑
g∈G′

cg(g − 1) ∈ ϵG(G
′), then σ(x) =∑

g∈G′

σ(cg)(σ(g)− 1) ∈ ϵG(σ(G′)), thus ϵG(σ(G
′)) must contain kGσ(ϵG(G

′)). □
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4 Representation theory of p-adic Lie groups

In this section we introduce some important types of representations of p-adic Lie

groups, namely the smooth and admissible representations, and explain how they

may be viewed in relation to modules over the (augmented) Iwasawa algebra.

4.1 Smooth and admissible representations

In fact, we will give definitions of smooth and admissible representations over locally

profinite groups.

Definition 4.1:

Let G be a locally profinite group, and k be a commutative pseudocompact ring.

A smooth representation of G over k is a k[G]-module V such that for any v ∈ V ,

there exists an open profinite subgroup H ≤ G and an open ideal I ⊆ k, such

that H · v = {v} and I · v = {0}.

This definition naturally generalises Definitions 2.2.1 and 2.2.5 of [Eme10]. Moreover,

if k is a field (with the discrete topology), we obtain the usual definition of smooth;

every vector of V has an open subgroup of G fixing it.

Definition 4.2:

Let G be a locally profinite group, k be a commutative pseudocompact ring and

V be a smooth representation of G over k. V is admissible if and only if for every

open profinite subgroup H ≤ G and open ideal I ⊆ k, the k-submodule

V H,I =
{
v ∈ V | H · v = {v}, I · v = {0}

}
has finite length.

When k is discrete and I = 0, we will write V H = V H,0. In the case k is a field, a

smooth representation V is admissible precisely when every V H is a finite-dimensional

k-vector space. Definition 4.2 generalises Definition 2.2.9 of [Eme10].

Example 4.3

Let G be a locally profinite group and X be a locally profinite G-space which has

the discrete topology. The augmented completed module of X is kX = k[X] by
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Example 3.37. Since X is discrete, the stabiliser of any x ∈ X is an open subgroup

of G, hence contains an open profinite subgroup Hx ≤ G. Given an element

y =
∑
x∈X

cxx ∈ k[X],

the finite intersection

H =
⋂
x∈X
cx ̸=0

Hx

is an open profinite subgroup of G, and fixes y. Thus if k is discrete, kX = k[X] is

a smooth representation of G.

4.2 Smooth representations are augmented Iwasawa modules

We now give a proof that any smooth representation is a module for the augmented

Iwasawa algebra kG, using Proposition 3.17. Showing that any smooth representa-

tion carries a kG-module structure requires working with finite-length k-submodules,

necessitating the following lemmas.

Lemma 4.4:

Let V be a smooth representation of G over k and M ≤ V be a k-submodule of

V . The following are equivalent:

� M is a finitely-generated k[H]-module for some open profinite subgroup H ≤ G.

� M is a finite-length k[H]-module for some open profinite subgroup H ≤ G.

� M is a finitely-generated k-module.

� M is a finite-length k-module.

Lemma 4.5:

If M is a finite-length k-module, then Endk(M) is a finite length k-module.

With input from these lemmas, we show that the endomorphism ring of any smooth

representation is an Iwasawa-like algebra, and deduce that there is a natural and

unique kG-module structure on any smooth representation of G.
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Proposition 3.16:

Let V be a smooth representation of G. The ring of k-linear endomorphisms of

V is naturally an Iwasawa-like algebra.

Proof:

Let A = Endk(V ) be the ring of k-linear endomorphisms of V . For any M a

finite-length k-submodule of V , define the left ideal of A,

IM = {f ∈ A | f(M) = 0}.

The collection of such ideals, {IM | M a finite-length k-submodule of V }, is

closed under finite intersections. Thus we give A the linear topology with an

open neighbourhood basis of 0 given by this collection, and we now show that

A is a topological ring. We show that the multiplication of A, which is given by

composition of functions,

c : A× A→ A, c(f, h) = f ◦ h,

is continuous. Given M a finite-length k-submodule of V , consider

c−1(IM) = {(f, h) ∈ A× A | f(h(M)) = 0}.

Note that for any h ∈ A, if f ∈ Ih(M) and h′ ∈ IM , then (f, h+h′) ∈ c−1(IM), so

Ih(M) × (h+ IM) ⊆ c−1(IM).

Moreover, c−1(IM) = {(f, h) ∈ A × A | f ∈ Ih(M)}. Thus we have a chain of

inclusions

c−1(IM) ⊆
⋃
h∈A

Ih(M) × {h} ⊆
⋃
h∈A

Ih(M) × (h+ IM) ⊆ c−1(IM),

in which equality must hold throughout. It follows c−1(IM) is open in A × A.
Thus c is continuous and A is a topological ring. Also, A is Hausdorff since by

Lemma 4.4, V is the union of its finite-length k-submodules, so the intersection

of all the IM is zero.

Moreover, A× is a topological group under the subspace topology. To show this,

let a ∈ A×, M be a finite-length k-submodule of V , and consider the open subset

Ua,M = (a+ IM) ∩ A× ⊆ A×. Then

U−1
a,M = {b ∈ A× | b(a+ f) = 1 for some f ∈ IM} = {b ∈ A× | (1− ba)(M) = 0},
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with inclusion of the third term in the second given by considering the choice

f = b−1(1− ba). It follows that

U−1
a,M = {b ∈ A× | (a−1 − b)(a(M)) = 0} = (a−1 + Ia(M)) ∩ A×

is open, and so the inversion map is continuous and A× is a topological group.

Now, for any open profinite H ≤ G, define the subring of A,

BH = {f ∈ A | f(N) ⊆ N for all finite-length k[H]-submodules N ≤ V }.

Then BH is a topological ring, which we show is a pseudocompact k-algebra. An

open neighbourhood basis of 0 ∈ BH is given by the collection of ideals of the form

IM ∩BH for M a finite-length k-submodule of V . But Ik[H]M ∩BH ⊆ IM ∩BH ,

and k[H]M is a finitely-generated k[H]-module, hence is a finite-length k[H]-

module and k-module by Lemma 4.4. Thus an open neighbourhood basis of

0 ∈ BH is given by the collection of ideals,

{IMH = IM ∩BH |M is a finite-length k[H]-submodule of V }.

Now, IMH is the kernel of the natural k-algebra homomorphism from BH to

Endk(M) given by restriction. This gives a natural k-algebra homomorphism

ψH : BH → lim←−
M

Endk(M) = {(fM)M | fM |N = fN if N ≤M} ⊆
∏
M

Endk(M).

Now, ψH is injective because V is the union of its finitely-generated, hence by

Lemma 4.4, finite-length k[H]-submodules. Given an element (fM)M of the in-

verse limit, we can define an element of BH by

f : V =
⋃
M

M → V, f(x) = fM(x) if x ∈M,

and then ψH(f) = (fM)M . So, ψH is an isomorphism.

By Lemma 4.5, Endk(M) is a finite-length k-module for any finite-length k-

submodule M ≤ V . Therefore, BH is a pseudocompact k-algebra under the

subspace topology induced from A.

Let ϕ : G → A× be the natural group homomorphism given by ϕ(g)(v) = g · v.
Because A× is a topological group under the subspace topology from A, the

continuity of ϕ can be checked on a basis of open neighbourhoods of 1 ∈ A×. Let

UM = U1,M ⊆ A× for M a finite-length k-submodule of V . Then

ϕ−1(UM) = {g ∈ G | (g − 1)(M) = 0} = {g ∈ G | g ·m = m, ∀m ∈M}.
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Let S be a finite generating set of M over k, and for each s ∈ S, choose an open

profinite subgroup Hs ≤ G that fixes s. Then the open profinite subgroup

H =
⋂
s∈S

Hs

fixes all elements of M , because the actions of G and of k commute. So H ≤
ϕ−1(UM), which implies ϕ−1(UM) is an open subgroup of G. Thus ϕ is continu-

ous.

Thus, ϕ : G→ ϕ(G) is a surjective continuous map of topological groups, hence

is an open map. Therefore ϕ(G) is a locally profinite group with open profinite

subgroup ϕ(H). Moreover, ϕ(H) is contained in the units of BH , which is a

pseudocompact subalgebra of A. This shows that A is an Iwasawa-like algebra,

via the subgroup ϕ(G) ≤ A×. □

Corollary 3.18:

Let V be a smooth representation of G. There is a unique kG-module structure

extending the k[G]-module action on V .

Proof:

Recall from the proof of Proposition 3.16 the natural group homomorphism

ϕ : G→ Endk(V )×,

given by ϕ(g)(v) = g · v. In that proof we showed that Endk(V ) is Iwasawa-like

via ϕ(G), and that ϕ is continuous. By Proposition 3.17, there is a unique con-

tinuous k-algebra homomorphism ϕ̃ : kG → Endk(V ) extending ϕ. This defines

a kG-module structure via x · v = ϕ̃(x)(v) for all x ∈ kG, v ∈ V . Hence, there

is a unique kG-module structure on the smooth representation V extending the

k[G]-module structure. □

We now give the straightforward proofs of Lemmas 4.4 and 4.5.

Proof of Lemma 4.4:

Suppose M is a finitely-generated k[H]-module, and let S be a finite set of

generators. For each s ∈ S, there exists an open normal subgroup Ks ⊴o H
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that fixes s, and an open ideal Is ⊆ k that annihilates s. Thus M is a finitely-

generated (k/I)[H/K]-module, where

I =
⋂
s∈S

Is, K =
⋂
s∈S

Ks.

Then, k/I is Artinian and H/K is a finite group, so (k/I)[H/K] is an Ar-

tinian ring, thus M has finite length as a k[H]-module. Moreover, (k/I)[H/K]

is finitely-generated as a k-module, so M is finitely-generated as a k-module.

If M is any finitely-generated k-module, there exist open ideals Is ⊆ k anni-

hilating each of the elements of a finite generating set S for M . Then M is a

finitely-generated k/I-module, and k/I is Artinian (where I is as above), so M

is of finite length as a k-module.

Thus, it remains to show that any finite-length k-submodule M is a finitely-

generated k[H]-submodule for some open profinite subgroup H ≤ G. Clearly

such an M is finitely-generated, let m1, . . . ,mn be generators for M as a k-

module. Because V is smooth, there exist open profinite subgroups Hj such that

Hj fixes mj, and so the open profinite subgroup

H =
n⋂
j=1

Hj

fixes eachmj, and soM is naturally a finitely-generated k[H]-submodule of V . □

Proof of Lemma 4.5:

We show that for any finite-length k-modulesM,N , that the k-module Homk(M,N)

is of finite length, inducting on the length of M . If M has length 1, then M is

simple and M ∼= k/I for some maximal ideal I ⊴ k. So Homk(M,N) is isomor-

phic to the submodule {x ∈ N | Ix = 0} of N , and hence is of finite length. If

M is of length greater than 1, let M ′ ≤ M be a submodule such that M/M ′ is

simple. Then Homk(M/M ′, N) is of finite length, and M ′ has length strictly less

than that of M , so Homk(M
′, N) is of finite length by induction. By considering

the exact sequence

0→ Homk(M
′, N)→ Homk(M,N)→ Homk(M/M ′, N),

it follows that Homk(M,N) is a finite-length k-module. Putting M = N gives

the result. □
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4.3 The dual of a smooth representation

We now turn our attention to the mod p representation theory of p-adic Lie groups.

Let G be a p-adic Lie group, and for the rest of this section, let k be a field of char-

acteristic p (given the discrete topology as usual).

We now define a duality between the category of smooth representations and a new

category. We will see that the augmented Iwasawa algebra and its module category

kG-Mod play a role on “both sides” of the duality. The results in this subsection are

essentially taken from section 1 of [Koh17] and section 2 of [Eme10].

Definition 4.6:

Let V be a k-vector space. The k-linear dual of V is V ∨ = Homk(V, k).

Definition 4.7:

Let V be a k-vector space with the discrete topology. Let (Vi)i∈I be a directed

system of finite-dimensional subspaces such that lim−→
i∈I

Vi = V . We give V ∨ the

inverse limit topology given by

V ∨ ∼= lim←−
i∈I

V ∨
i ,

where each V ∨
i is discrete.

It is straightforward to check that the topology given on V ∨ does not depend on the

choice of directed system, and thus we may take the directed system to comprise all

finite-dimensional subspaces of V , under inclusion.

Lemma 4.8:

When V is a discrete k-vector space, V ∨ is a pseudocompact k-module.

Proof:

This is straightforward: each V ∨
i is a finite-dimensional, hence Artinian, k-

module, thus V ∨ ∼= lim←−
i∈I

V ∨
i is pseudocompact. □

Definition 4.9:

Let M be a topological k-vector space. The continuous k-linear dual of M is

M∗ = {f ∈M∨ | f is continuous},
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which we give the discrete topology.

Lemma 4.10:

Let V be a k-vector space with the discrete topology andM be a pseudocompact

k-module. Then (V ∨)∗ = V and (M∗)∨ =M .

Proof:

Let eV : V → (V ∨)∗ be the k-linear map given by

eV (v)(f) = f(v)

for any v ∈ V , f ∈ V ∨. Firstly we show the map is well defined onto the

codomain. Notice that for any v ∈ V , eV (v) : V
∨ → k has kernel

Ker eV (v) = {f ∈ V ∨ | f(v) = 0} = Ker(V ∨ → (kv)∨).

Since kv is finite-dimensional, it follows that Ker eV (v) is open in V ∨ and eV (v)

is continuous. Next, since V ∨ is the full linear dual, it is straightforward that

eV is injective. Finally, let e : V ∨ → k be a continuous k-linear map. For each

finite-dimensional subspace W ≤ V , let πW : V ∨ → W∨ be the projection map.

Since Ker e ≤ V ∨ is an open subspace of V ∨, there exists a finite-dimensional

W such that e(KerπW ) = 0. Thus there exists a k-linear map e : W∨ → k such

that

e = e ◦ πW .

But since W is finite-dimensional, eW : W → (W∨)∨ is an isomorphism and

there exists a unique v ∈ W such that e = eW (v). Then e = eV (v).

So, eV is surjective, hence is a k-linear isomorphism V → (V ∨)∗. Both spaces

are discrete so eV is a topological isomorphism.

Similarly, let EM :M → (M∗)∨ be the k-linear map given by

EM(m)(f) = f(m)

for any m ∈ M , f ∈ M∗. Suppose m ∈ M is such that EM(m) = 0, that is,

f(m) = 0 for every continuous k-linear map f : M → k. It follows that m must

lie in the kernel of any continuous k-linear map from M to a finite-dimensional

k-vector space, but this forces m = 0 since

M = lim←−
W∈B

W
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is an inverse limit of finite-dimensional k-vector spaces. So, EM is injective.

To show EM is surjective, let E ∈ (M∗)∨, and note for each W , the natural

projection map

pW :M → W

induces an injective map

iW : W ∗ →M∗,

and since W is finite-dimensional, there exists a unique xW ∈ W such that

E ◦ iW = EW (xW ).

The xW must be compatible under the inverse system by uniqueness, and hence

there exists x ∈ M such that E = EM(x). So, EM is surjective. It is then

straightforward to check that the W ∈ B induce the pseudocompact topology on

(M∗)∨, and that EM is continuous, hence also a topological isomorphism. □

We now introduce the action of our p-adic Lie group G.

Definition 4.11:

Let V be a representation ofG over k. We give V ∨ theG-action by (g · f)(v) = f(g−1v)

for all g ∈ G, f ∈ V ∨, v ∈ V .

Definition 4.12:

Let M be a pseudocompact k-module with an action of G by continuous auto-

morphisms. We give M∗ the G-action by (g ·f)(m) = f(g−1m) for all g ∈ G, f ∈
M∗,m ∈M .

Lemma 4.13:

Let V be a smooth representation of G and H ≤ G be a compact open subgroup.

Then V ∨ has a (unique) kG-module structure which extends the k[G]-module

structure. Moreover this makes V ∨ a topological kH-module.

Proof:

Since V is a smooth representation (and k is a discrete field), we have that V is

a direct limit of invariant subspaces

V = lim−→
U⊴oH

V U ,
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and therefore

V ∨ = lim←−
U⊴oH

(V U)∨.

Since each V U is a k[H]-submodule, and thus a k[H/U ]-module, each (V U)∨ is a

k[H/U ]-module, from which it follows that V ∨ is a kH-module. The kH-module

action extends the k[H]-module action induced by the k[G]-module action defined

above. Since H is a compact p-adic Lie group, kH is Noetherian by Theorem 2.2,

thus Corollary 3.31 shows that V ∨ has a uniquely determined kG-module struc-

ture.

Then, for any W ≤ V a finite-dimensional subspace, since V is smooth there ex-

ists U ⊴o H such that W ≤ V U . Composing the action map with the continuous

map V ∨ → W∨, we obtain the map

ϕW : kH × V ∨ → W∨,

and ϕ−1
W (0) must contain ϵH(U) × V ∨. Since W∨ is discrete, it follows that ϕW

is continuous. This holds for all W , and thus the characteristic property of the

inverse limit (pseudocompact) topology on V ∨ implies that

kH × V ∨ → V ∨

is continuous – that is, V ∨ is a topological kH-module. □

Lemma 4.14:

Let M be a pseudocompact k-module, such that M has a kG-module structure

making it a topological kH-module for some compact open subgroup H ≤ G.

Then M∗ is a smooth representation of G.

Proof:

Let f ∈M∗ and α : kH×M →M be the continuous map giving the kH-module

structure. Since f :M → k is continuous, the composition

f ◦ α : kH ×M → k

is continuous. It follows that there exists an open ideal I ′ ⊆ kH and an open

submodule N ≤M such that

(f ◦ α)(I ′ ×N) = {0}.
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Since N is an open submodule of M and M is a pseudocompact k-module, the

quotient M/N is a finite-dimensional k-vector space. Let m1, . . . ,mn ∈ M be

such that

M = N + km1 + · · ·+ kmn.

Since the restriction

(f ◦ α)|kH×{mj} : kH × {mj} → k

is continuous, there exists an open ideal Ij ⊆ kH such that

(f ◦ α)(Ij × kmj) = {0},

for each j. Let

I = I ′ ∩
n⋂
j=1

Ij ⊆ kH.

Then I is an open ideal of kH, and by construction

(f ◦ α)(I ×M) = {0}.

That is, for all x ∈ I, m ∈ M , we have f(x · m) = 0. Since I is open, there

exists an open subgroup U ≤ H such that ϵH(U) ⊆ I, from which it follows that

u · f = f for all u ∈ U . The subgroup U is also open in G. Therefore M∗ is a

smooth representation of G (since k is discrete). □

In fact, a (k-pseudocompact) kG-module which is a topological kH-module is auto-

matically topological.

Proposition 4.15:

Let M be a kG-module which is pseudocompact as a k-module. Let H ≤ G be

a compact open subgroup. Then M is a topological kG-module if and only if M

is a topological kH-module.

Proof:

Here M has the topology given by the property of being a pseudocompact k-

module. If M is a topological kG-module, the restriction of the continuous

kG-action

αG : kG×M →M,
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to kH ×M is continuous, thus M is a topological kH-module.

Conversely, suppose αH is continuous. Let the pseudocompact topology on M

be given by the inverse limit of finite-dimensional k-vector spaces

M = lim←−
W

W,

with projection maps πW :M → W . To show that αG is continuous, it is enough

to show that

ϕW = πW ◦ αG : kG×M → W

is continuous (for all W ). By a similar argument to Lemma 4.14, we show that

there exists an open (two-sided) ideal I ⊆ kH such that

ϕW (I ×M) = {0}.

Namely, since W is discrete, there are I1 ⊴ kH, N ≤M open such that ϕW (I1×
N) = 0. Since M/N is finite-dimensional, there is an open I2 ⊴ kH such that

ϕW (I1 ∩ I2 ×M) = {0},

and I = I1 ∩ I2 is open. Let I ′ = IkG be the right ideal of kG generated by I.

Then I ′ contains ⊕
g∈H\G

I ⊗ g ⊆ kG,

and therefore is open in kG. Since ϕW (I ′ ×M) = {0}, it follows that ϕ−1
W ({0})

is open in kG×M . Since W is discrete, ϕW is continuous. So, αG is continuous

as required. □

Combining Proposition 4.15 with Lemma 4.14, Lemma 4.13 and Lemma 4.10, we

obtain a succinct dual characterisation of smooth representations.

Corollary 4.16:

Let V be a representation of G over k. V is smooth if and only if the k-

pseudocompact module V ∨ is a topological kG-module.
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4.4 The dual of an admissible representation

In Corollary 4.16 we have given a module-theoretic condition on V ∨ for V to be a

smooth representation. We continue this approach for the admissible representations.

Lemma 4.17:

Let V be a smooth admissible representation of G over k, and H ≤ G be a

compact open subgroup. Then V ∨ is a finitely-generated kH-module.

Proof:

Recall from Lemma 4.13 that V has a kG-module structure such that V is a

topological kH-module. Let K ⊴o H be an open pro-p subgroup. Since V is

admissible, the invariant subspace V U is finite-dimensional for any U ⊴o K.

Thus we have a topological isomorphism of pseudocompact k-modules

V ∨ ∼= lim←−
U⊴oK

(
V U
)∨
.

Since kK is Noetherian, ϵK(K) ⊆ kK is finitely-generated, from which it follows

that ϵK(K)V ∨ is both dense and closed inside, hence equal to, the kernel of the

continuous kH-module homomorphism

V ∨ → (V K)
∨
.

Therefore, the quotient
V ∨

⧸ϵK(K)V ∨ ∼= (V K)∨

is finite-dimensional over k. Now, ϵK(K) is the Jacobson radical of the Iwa-

sawa algebra kK by Proposition 19.7 of [Sch11]. Thus the topological Nakayama

lemma, Corollary 1.5 of [Bru66], implies V ∨ is a finitely-generated kK-module.

In particular V is a finitely-generated kH-module. □

Lemma 4.18:

Let M be a kG-module and H ≤ G be a compact open subgroup. If M is a

finitely-generated topological kH-module, then M∗ is a smooth admissible rep-

resentation of G, where M has the canonical topology of Lemma 3.30.
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Proof:

Notice that since M is a finitely-generated kH-module, the canonical topol-

ogy makes it a pseudocompact kH-module and a pseudocompact k-module. By

Lemma 4.14, M∗ is a smooth representation. To show that M∗ is admissible,

it is enough to show that (M∗)U is a finite-dimensional k-vector space for any

U ⊴o H. Given U , we have a surjective continuous kH-module homomorphism

M →M⧸ϵH(U)M,

which gives an injective map of smooth H-representations,(
M⧸ϵH(U)M

)∗
→M∗,

noticing that ϵH(U)M is closed in M . Since taking invariants is left exact, we

have an injective map (
M⧸ϵH(U)M

)∗
→ (M∗)U ,

but this map is also surjective since if f ∈ (M∗)U , the continuity of f implies

that f(ϵH(U)M) = 0. Now, since M is finitely-generated, M/ϵH(U)M is a

finitely-generated k[H/U ]-module, thus is finite-dimensional over k. It follows

that (M∗)U is finite-dimensional. So M∗ is admissible. □

The combination of Lemma 4.17, Lemma 4.18 and Lemma 4.10 implies the following.

Corollary 4.19:

Let V be a smooth representation of G and H ≤ G be a compact open subgroup.

The representation V is admissible if and only if the kG-module V ∨ is finitely-

generated as a kH-module.

4.5 Categories of modules and representations

In this subsection we write down category-theoretic versions of the statements proved

in the above subsections, and outline some open questions which motivate the re-

search carried out in this thesis.

First we summarise the results of subsections 4.2, 4.3 and 4.4 in category-theoretic

language.
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Recall that G is a p-adic Lie group and k is a field of characteristic p throughout this

section.

Definition 4.20:

The category Repsm
k (G) is the full subcategory of k[G]-modules consisting of the

smooth representations.

Definition 4.21:

The category Repad
k (G) is the full subcategory of Repsm

k (G) consisting of the

smooth admissible representations.

Naturally, we call Repsm
k (G) the category of smooth representations and Repad

k (G) the

category of (smooth) admissible representations.

Definition 4.22:

The category Modpc
k (G) has objects topological kG-modules whose topology is k-

pseudocompact, with morphisms being continuous kG-module homomorphisms.

Definition 4.23:

The category Modfg
k (G) is the full subcategory of kG-modules which are finitely-

generated kH-modules for some compact open subgroup H ≤ G.

We call Modpc
k (G) the category of pseudocompact kG-modules and Modfg

k (G) the cate-

gory of coadmissible kG-modules. Notice that kG is not (in general) a pseudocompact

k-algebra, thus the nomenclature of Modpc
k (G) should not be taken literally. How-

ever, in the case that G is compact, it is true that Modpc
k (G) is the category of

pseudocompact kG-modules in the sense of Definition 3.8.

Corollary 4.24:

The functors ( )∨, ( )∗ are quasi-inverse anti-equivalences of categories between

Repsm
k (G)←→ Modpc

k (G)

and

Repad
k (G)←→ Modsm

k (G).
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Proof:

By an anti-equivalence of categories C → D we mean an equivalence of categories

C → Dop. It is clear that ( )∨, ( )∗ are functors. Lemma 4.10 along with

Corollary 4.16 and Corollary 4.19 show that ( )∨, ( )∗ are essentially surjective.

Because k is a field, ( )∨ is exact from which it follows that ( )∨ is faithful. If

ϕ : W∨ → V ∨ is a morphism, and eV , eW are as inLemma 4.10, we define

ψ = e−1
W ◦ ϕ

∗ ◦ eV ,

and then ϕ = ψ∨. So, ( )∨ is also full. Similar reasoning applies to ( )∗. □

Corollary 4.25:

The category of smooth representations Repsm
k (G) and the category of pseudo-

compact kG-modules Modpc
k (G) are abelian categories.

Proof:

If V is a smooth representation, then any k[G]-submodule or quotient is also

smooth. If V1, V2 are smooth representations, then for any compact open sub-

group U ≤ G, the invariants

(V1 ⊕ V2)U = V U
1 ⊕ V U

2 .

Since direct sums commute with direct limits it follows that V1 ⊕ V2 is smooth.

It follows that Repsm
k (G) is an abelian category. Thus Modpc

k (G) is also abelian

since it is anti-equivalent to Repsm
k (G) by Corollary 4.24. □

Corollary 4.26:

The category of admissible representations Repad
k (G) and the category of coad-

missible kG-modules Modfg
k (G) are abelian categories.

Proof:

Let H ≤ G be a compact open subgroup. Because k is a field of characteristic p

and H is a compact p-adic Lie group, the Iwasawa algebra kH is a Noetherian

ring by Theorem 2.2. Because kH is Noetherian, when

0→M1 →M2 →M3 → 0
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is a short exact sequence of kG-modules,Mi is finitely-generated as a kH-module

if and only if Mj is a finitely-generated kH-module for both j ∈ {1, 2, 3}\{i}.
So, Modfg

k (G) is an abelian category. Then Repad
k (G) is also abelian since it is

an anti-equivalent category by Corollary 4.24. □

Now, there are functors between the four categories mentioned above, and the cate-

gory of all kG-modules kG-Mod, as follows.

Clearly the forgetful functor

Repad
k (G)→ Repsm

k (G)

is an inclusion. Next, Corollary 3.18 implies there is a functor

Repsm
k (G)→ kG-Mod

given by taking each smooth representation to its unique kG-module. This is also an

inclusion.

Now, where H ≤ G is a compact open subgroup, any finitely-generated kH-module

has a unique (pseudocompact) topology making it a topological kH-module, by

Lemma 3.30. This determines an inclusion functor

Modfg
k (G)→ Modpc

k (G)

which equips each module with its canonical topology. Finally, there is a forgetful

functor

Modpc
k (G)→ kG-Mod

which forgets the topology, taking each object to its underlying kG-module. The

composition

Modfg
k (G)→ Modpc

k (G)→ kG-Mod

is equal to the natural inclusion functor from Modfg
k (G) to kG-Mod, which has essen-

tial image lying in the finitely-generated modules kG-mod.

Including the anti-equivalences ( )∨ and ( )∗ of Corollary 4.24, we obtain the following

commutative diagram, a version of which appears in section 2.2 of [Eme10].
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kG-Mod Repsmk (G) Modpck (G) kG-Mod

Repadk (G) Modfgk (G) kG-mod

∨Corollary 3.18 forget

∗

∨

Lemma 3.30

∗

We now ask some category-theoretic questions that motivate the results of this thesis.

Question 4.27:

Is the category of smooth representations Repsm
k (G) a locally coherent category?

See, for example, [Kra97] for the definition of a locally coherent abelian category. It is

known that Repsm
k (GL2(Qp)) is a locally Noetherian category, by the work of Ollivier

in [Oll09]. Emerton, Gee and Hellmann conjecture that the answer to Question 4.27 is

always “yes” when G = GLn(F ), [EGH, Conjecture 6.1.4]. Question 4.27 is equivalent

to the following.

Question 4.28:

Let Repsm
k (G)fp be the full subcategory of smooth representations which are

finitely-presented – see Definition 10.3. Is Repsm
k (G)fp an abelian category?

In Section 10 we see that Question 4.28 has a positive answer for SL2(F ) and GL2(F ),

but not for the solvable p-adic Lie groups studied in Section 8.

In [Gab62], the Krull dimension of a (locally Noetherian) abelian category is defined.

Since the Iwasawa algebra kH of a compact open subgroup H ≤ G is always Noethe-

rian, the category Modfg
k (G) is a locally Noetherian abelian category. Moreover, the

Krull dimension of Modfg
k (G) is finite, since it is bounded above by K(kH) (itself

finite by [Ard04, Theorem A]).

Question 4.29:

What is the Krull dimension of Modfg
k (G)?

Since Modfg
k (G) is dual to the category of admissible representations, an answer to

this question gives a quantitative notion of size to Repad
k (G). The results of Section

12 are a first step towards answering Question 4.29.
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If G is a compact p-adic Lie group, then the category Modfg
k (G) is equal to the

category of finitely-generated modules kG-mod. Then, the Krull dimension of the

category Modfg
k (G) equals the Krull dimension K(kG). The following question is thus

a special case of Question 4.29, and first appeared as Question D of [AB06].

Question 4.30:

When G is a compact p-adic Lie group and g is the Lie algebra of G, is K(kG) =
λ(g)?

Here λ denotes the length of a Lie algebra, as defined in Corollary 11.23. The results

of subsection 11.6 give affirmative answers to certain cases of Question 4.30.

It would perhaps be remiss not to mention the below (less precise and very difficult)

open questions.

Question 4.31:

What are the irreducible smooth (admissible) representations of GLn(F )? Simi-

larly, can we classify the finite length objects of Modfg
k (GLn(F )) and Modpc

k (GLn(F ))?

Question 4.31 currently only has a satisfactory answer for GL2(Qp), [Bre03]. In all

other cases, the irreducible representations known as supersingular are extremely

challenging to understand. In Section 12, we contribute by proving that all modules

of minimal-positive dimension in Modfg
k (G) are of finite length.

Finally, the below related question may be seen as a concise but vague overview of

the (mod p) Langlands programme.

Question 4.32:

How does Repad
k (GLn(F )) relate to n-dimensional representations of the absolute

Galois group Gal
(
F⧸F

)
?

Again, this is currently satisfactorily understood for the group GL2(Qp) only.
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5 Faithful flatness for augmented Iwasawa alge-

bras

In this section we show that the mod p augmented Iwasawa algebra of any p-adic Lie

group is faithfully flat over the augmented Iwasawa algebra of any closed subgroup.

5.1 The compact case

Let k be a commutative pseudocompact ring throughout this section.

Theorem 5.1:

Let G be a profinite group, and H ≤ G be a closed subgroup. Then kG is a flat

right kH-module.

Proof:

In Lemma 4.5 of [Bru66], Brumer proved that kG is a projective object in the

category of pseudocompact kH-modules. This does not imply that kG is a

projective kH-module in the usual sense, so we cannot immediately deduce flat-

ness. However, Lemma 2.1 of [Bru66] implies that the completed tensor product

kG⊗̂kH is an exact functor and kG⊗̂kHM = kG⊗kHM for any finitely-generated

left kH-module M . It follows that if I ′ ⊆ kH is a finitely-generated left ideal,

applying kG⊗kH to the short exact sequence

0→ I ′ → kH → kH/I ′ → 0

gives a short exact sequence

0→ kG⊗kH I ′ → kG→ kG⊗kH (kH/I ′)→ 0.

Let I ⊆ kH be an arbitrary ideal of kH, and let I = lim−→
α∈A

Iα be the direct limit

of the finitely-generated ideals it contains. By the above, there is a short exact

sequence

0→ kG⊗kH Iα → kG→ kG⊗kH (kH/Iα)→ 0,

for each α ∈ A. By Theorem 2.6.15 of [Wei94], direct limits of kH-modules are

exact, so we have a short exact sequence

0→ lim−→
α∈A

(kG⊗kH Iα)→ kG→ lim−→
α∈A

(kG⊗kH (kH/Iα))→ 0.
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Since tensor products commute with direct limits, we have that

0→ kG⊗kH I → kG→ kG⊗kH (kH/I)→ 0

is exact. Therefore TorkH1 (kG, kH/I) = 0 for any left ideal I ⊆ kH, so by Propo-

sition 3.2.4 of [Wei94], kG is a flat right kH-module. □

In this section we will use a version of Mackey’s restriction formula to generalise this

result and deduce various corollaries.

5.2 Mackey’s restriction formula

If G is a finite group, Mackey’s restriction formula tells us how to compute restrictions

of a representation induced from a subgroup of G.

Theorem 5.2 (Mackey’s restriction formula):

Let K be any field, G be a finite group, H1, H2 ≤ G be subgroups. Let W be a

left K[H2]-module. Then

ResGH1
IndGH2

W ∼=
⊕

g∈H1\G/H2

IndH1

g(H2)g−1∩H1
Wg,

as left K[H1]-modules.

HereWg is the K-vector space of symbols g⊗W , with action ghg−1 ·(g⊗w) = g⊗hw
for all h ∈ H2. IndBA means the functor K[B]⊗K[A]. See [Ser77], Proposition 22, for

a proof of this result.

In the next subsection, we show that an analogous statement to Mackey’s restriction

formula for finite groups holds for locally profinite groups. To be precise, we will

prove the following theorem.

Theorem 5.3:

Let G be a locally profinite group. Let G1 ≤ G be a closed subgroup, and H ≤ G

be an open profinite subgroup. Let M be a left kG1-module. Then

ResGHInd
G
G1
M ∼=

⊕
g∈H\G/G1

IndHgG1g−1∩HMg,

as left kH-modules.

79



Here IndBA means the functor kB⊗kA, whilst ResBA means the kA-module restriction

of a kB-module. We interpret Mg similarly to the finite group case, as the k-vector

space of symbols g⊗M , with action gxg−1 ·(g⊗m) = g⊗xm for all x ∈ kG1, noticing

that k(gG1g
−1) is equal to g(kG1)g

−1 as subrings of kG.

5.3 Proof of the restriction formula

In this subsection let us fix G a locally profinite group, G1 ≤ G a closed subgroup,

and H ≤ G an open profinite subgroup.

Consider the functors which make up each side of the Mackey formula:

Definition 5.4:

The functors Mack1,Mack2 : kG1-Mod→ kH-Mod are

Mack1 = ResGHInd
G
G1
, Mack2 =

⊕
g∈H\G/G1

IndHgG1g−1∩H( )g.

Definition 5.5:

For g ∈ G, Mack2,g : kG1-Mod→ kH-Mod is the functor IndHgG1g−1∩H( )g .

The statement of Theorem 5.3 is then that Mack1(M) ∼= Mack2(M) for any M . We

will in fact show that there is a canonical such isomorphism, defined next. Recall

from Proposition 2.11 that the augmented Iwasawa algebra kG ∼= kH ⊗k[H] k[G] as a

left kH-module.

Definition 5.6:

Let M be a left kG1-module. We define the kH-module homomorphism

ψM : Mack2(M)→ Mack1(M)

to be

ψM =
⊕

g∈H\G/G1

ψM,g

where

ψM,g : Ind
H
gG1g−1∩HMg → ResGHInd

G
G1
M

is given by

ψM,g(r ⊗k(gG1g−1∩H) (g ⊗m)) = (r ⊗k[H] g)⊗kG1 m,

for all r ∈ kH,m ∈M .
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Proposition 5.7:

The kH-module homomorphism ψkG1 : Mack2(kG1) → Mack1(kG1) is an iso-

morphism.

Proof:

Throughout, let M = kG1, a left kG1-module under left multiplication. Fix a

set X ⊆ G of representatives for the double cosets H\G/G1.

Let g ∈ X. The left k(gG1g
−1)-module Mg is given by the symbols g ⊗M =

g⊗ kG1, and so as a left module may be considered as g⊗ kG1 = k(gG1g
−1)⊗ g.

Then, because gG1g
−1 ∩H is an open profinite subgroup of gG1g

−1,

k(gG1g
−1) = k(gG1g

−1 ∩H)⊗k[gG1g−1∩H] k[gG1g
−1],

as a left k(gG1g
−1 ∩H)-module. Therefore

IndHgG1g−1∩Hk(gG1g
−1) = kH ⊗k(gG1g−1∩H) k(gG1g

−1 ∩H)⊗k[gG1g−1∩H] k[gG1g
−1]

= kH ⊗k[gG1g−1∩H] k[gG1g
−1]

=
⊕

a∈(gG1g−1∩H)\gG1g−1

kH ⊗ a.

Hence, as Mg = g ⊗ kG1 = k(gG1g
−1)⊗ g,

Mack2,g(M) = IndHgG1g−1∩HMg =
⊕

a∈(gG1g−1∩H)\gG1g−1

kH ⊗ ag.

Note that each kH ⊗ ag is a free rank 1 left kH-module.

For each g ∈ X, choose a set of representatives Yg ⊆ gG1g
−1 for the right cosets

(gG1g
−1 ∩H)\gG1g

−1. It then follows that

Mack2(M) =
⊕

g∈H\G/G1

IndHgG1g−1∩HMg =
⊕

(g,a)∈S

kH ⊗ ag,

where S is the set

S = {(g, a) ∈ G×G | g ∈ X, a ∈ Yg}.

Then, Mack1(M) can be straightforwardly seen to be

Mack1(M) = ResGHInd
G
G1
kG1 = ResGH(kH ⊗k[H] k[G]) =

⊕
b∈H\G

kH ⊗ b.
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We thus have the homomorphisms, for each g ∈ X,

ψM,g :
⊕
a∈Yg

kH ⊗ ag →
⊕
b∈H\G

kH ⊗ b,

and their sum

ψM :
⊕

(g,a)∈S

kH ⊗ ag →
⊕
b∈H\G

kH ⊗ b.

Let g ∈ X, and a ∈ Yg. Let r ∈ kH. Using the identifications described above,

we have

ψM,g(r ⊗ ag) = ψM,g(r ⊗k(gG1g−1∩H) (g ⊗ g−1ag)) = (r ⊗k[H] g)⊗kG1 g
−1ag.

Then r ⊗k[H] g ∈ kG and g−1ag ∈ kG1, so their tensor product lies in kG, and

we have

(r ⊗k[H] g)⊗kG1 g
−1ag = r ⊗k[H] gg

−1ag = r ⊗k[H] ag ∈ kH ⊗ ag.

So ψM is the identity when restricted to kH ⊗ ag → kH ⊗ ag ≤ Mack1(M).

Thus, to show that ψM is an isomorphism, it is enough to check that Z = {ag |
(a, g) ∈ S} ⊆ G is a set of right coset representatives for H in G, that is, Z is a

set of representatives for H\G.
Because Yg is a set of representatives for (gG1g

−1 ∩H)\gG1g
−1, it is easy to see

that g−1Ygg is a set of representatives for (G1 ∩ g−1Hg)\G1. By Exercise I.8 of

[Lan02] (interchanging left and right), it follows that

{gy | g ∈ X, b ∈ g−1Ygg} = {ag | g ∈ X, a ∈ Yg} = Z

is a set of representatives for H\G. Therefore ψM is an isomorphism. □

Next we extend the result of Proposition 5.7 to arbitrary free modules.

Lemma 5.8:

Let M be a left kG1-module, and M ′ =
⊕
J

M , for some index set J . If ψM is

an isomorphism, then ψM ′ is an isomorphism.
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Proof:

Because Mack1,Mack2 are functors composed of direct sums of tensor products,

and because tensor products commute with arbitrary direct sums, we have that

Mack1(M
′) = Mack1

(⊕
J

M

)
=
⊕
J

Mack1(M),

Mack2(M
′) = Mack2

(⊕
J

M

)
=
⊕
J

Mack2(M),

and

ψM ′ = ψ⊕JM =
⊕
J

ψM : Mack2(M
′)→ Mack1(M

′).

It follows that if ψM is an isomorphism, so is ψM ′ . □

Corollary 5.9:

If F is a free kG1-module, then ψF is an isomorphism.

We can now extend to arbitrary modules, providing a proof of Theorem 5.3.

Proof of Theorem 5.3:

Let M be a left kG1-module. Then M has a free presentation

F1 → F0 →M → 0.

Now, each of the functors Mack1,Mack2 are (direct sums of) tensor products,

and hence are right exact functors. Therefore we have exact sequences

Mack1(F1)→ Mack1(F0)→ Mack1(M)→ 0

and

Mack2(F1)→ Mack2(F0)→ Mack2(M)→ 0.

Moreover, the homomorphisms ψM , ψF0 , ψF1 give us the following commutative

diagram, which has exact rows.

Mack1(F1) Mack1(F0) Mack1(M) 0 0

Mack2(F1) Mack2(F0) Mack2(M) 0 0

ψF1
ψF0 ψM ψ0 ψ0

By Corollary 5.9, ψF1 , ψF0 are isomorphisms and ψ0 is clearly an isomorphism.

Thus by the five lemma, ψM must be an isomorphism. So, Mack1(M) ∼= Mack2(M).

□
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5.4 Flatness of augmented Iwasawa algebras

The formula in Theorem 5.3 now allows us to prove results similar to Theorem 5.1,

for locally profinite groups.

Proposition 5.10:

Let G be a locally profinite group, G1 ≤ G be a closed subgroup. Then kG is a

flat right kG1-module.

Proof:

To show that kG is a flat kG1-module, we show that for any injection i :M → N

of kG1-modules, the induced map

j : kG⊗kG1 M → kG⊗kG1 N

is an injection. Let H be an open profinite subgroup of G.

Note that j = Mack1(i). For each g ∈ H\G/G1, let jg = Mack2,g(i), so that

jg : Ind
H
gG1g−1∩HMg → IndHgG1g−1∩HNg.

Since gG1g
−1 is a closed subgroup of G, we have that gG1g

−1 ∩ H is a closed

subgroup of H, and thus by Theorem 5.1, IndHgG1g−1∩H is a (left) exact functor,

as is ( )g. It follows that jg is injective.

By the proof of Theorem 5.3, we have that

j = Mack1(i) = ψN ◦Mack2(i) ◦ ψ−1
M .

Then

Mack2(i) =
⊕

g∈H\G/G1

Mack2,g(i) =
⊕

g∈H\G/G1

jg

is injective because each jg is injective. Because ψM , ψN are isomorphisms, j

must be injective. □

5.5 Faithful flatness of augmented Iwasawa algebras

In this subsection we restrict k to be a field of characteristic p or a complete discrete

valuation ring of residue characteristic p.
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Theorem 5.11:

Let G be a locally pro-p group, G1 ≤ G be a closed subgroup. Then kG is a

faithfully flat right kG1-module.

Given Proposition 5.10, clearly only the faithful part of the theorem requires proving,

and to do this we first show it for pro-p groups.

Lemma 5.12:

Let U be a pro-p group, H ≤ U be a closed subgroup. Then kU is a faithfully

flat right kH-module.

Proof:

We show that kU ⊗kH M ̸= 0 for any non-zero left kH-module. Because kU is

a flat right kH-module by Theorem 5.1, it is enough to show this for finitely-

generated modules M . Now, there is an obvious projection map from kU ⊗kHM
onto

kU ⊗kH M⧸ϵU(U)(kU ⊗kH M)
∼= kU⧸ϵU(U)⊗kH M

∼= k ⊗kH M ∼= M⧸ϵH(H)M.

But H is pro-p, since it is a closed subgroup of a pro-p group. Now, ϵH(H) is

the Jacobson radical of kH, by (the proof of) Proposition 19.7 of [Sch11]. By

Nakayama’s lemma, M/ϵH(H)M is non-zero, hence kU ⊗kH M ̸= 0. □

We can now prove the result for all locally pro-p groups.

Proof of Theorem 5.11:

Let M be a non-zero left kG1-module. Let H ≤ G be an open pro-p subgroup.

Then by Theorem 5.3,

ResGHInd
G
G1
M ∼=

⊕
g∈H\G/G1

IndHgG1g−1∩HMg.

But taking g = e ∈ G, we have that IndHH∩G1
M is identified with a submodule

of IndGG1
M , and is non-zero by Lemma 5.12. Thus kG⊗kG1 M ̸= 0. So, kG is a

faithfully flat right kG1-module, by Proposition 5.10. □

Any p-adic Lie group is locally pro-p, so the following result is immediate.
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Theorem 5.13:

Let G be a p-adic Lie group, G1 ≤ G be a closed subgroup. Then kG is a faith-

fully flat right kG1-module.
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6 Ring-theoretic definitions and results

6.1 Coherent rings

We recall the definition of a coherent ring.

Definition 6.1:

Let R be a ring. R is left coherent if and only if every finitely-generated left ideal

of R is finitely-presented.

Note that any left Noetherian ring is left coherent. We can also define the notion of

a coherent module.

Definition 6.2:

Let R be a ring. A left R-module M is coherent if and only if M is finitely-

generated, and every finitely-generated submodule of M is finitely-presented.

A ring R is left coherent if and only if it is coherent as a left R-module. A core

motivation for considering coherent rings in the context of representation theory

comes from the following proposition, see [Gla89], Theorems 2.5.1 and 2.1.2. (Tech-

nically only commutative rings are considered, but the proof works identically for

non-commutative rings.)

Proposition 6.3:

Let R be a ring. Then, R is left coherent if and only if the category of finitely-

presented left R-modules is an abelian subcategory of the category of left R-

modules.

Shotton makes use of Proposition 6.3 to deduce that the finitely-presented smooth

mod p representations of SL2(F ) form an abelian category, see Theorems 1.2 and 4.5

of [Sho20].

6.2 Skew polynomial rings

See Chapter 2 of [GW04] for an extensive treatment of the theory of skew polynomial

rings.
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Definition 6.4:

Let R be a ring, and σX : R→ R be a ring endomorphism of R. The skew poly-

nomial ring R[X;σX ] is the free left R-module
⊕
j≥0

RXj, given a ring structure

by addition being R-module addition, and multiplication given by

r1X
n1 · r2Xn2 = r1σ

n1
X (r2)X

n1+n2 ,

extended suitably.

In this thesis we consider only the skew polynomial rings of the above type. Discussion

of the more general theory can be found be in [GW04], Chapter 2, page 32. We will

often omit the endomorphism from our notation and write simply R[X;σX ] = R[X].

6.3 Extensions of coherent rings

It will be important to us to be able to transfer the property of coherence when

extending a ring in some fashion. The following was proved by Harris in Corollary

1.2 of [Har66].

Lemma 6.5:

Let R be a left coherent ring, and ϕ : R→ S be a ring homomorphism such that

S is finitely-presented as a left R-module. Then S is a left coherent ring.

One consequence of this lemma is an analogue, for coherent rings, of the fact that

any quotient of a Noetherian ring is Noetherian. See Theorem 2 of [Har67].

Lemma 6.6:

Let R be a left coherent ring, I ⊆ R be a two-sided ideal. Suppose that I is

finitely-generated as a left ideal. Then the ring R/I is left coherent.

The next result can be found as Theorem 2.3.3 of [Gla89] – the proof is identical for

commutative or non-commutative rings.

Lemma 6.7:

Let R be a ring such that R = lim−→
a∈A

Ra is a directed colimit of some left coherent

subrings Ra, ordered by inclusion, and such that R is a flat right Ra-module for

all a ∈ A. Then R is left coherent.
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In particular, a direct limit of Noetherian rings as in Lemma 6.7 will form a coherent

ring. For example the polynomial ring Z[X1, X2, X3, . . . ] in an infinite number of

variables is coherent.

Example 6.8

Let G = Qp. Then G is the direct limit of its compact open subgroups Hn = p−nZp,
and so the augmented Iwasawa algebra of G is a direct limit,

kG = lim−→
n≥0

kHn,

see also Example 3.27. If k is a field of characteristic p, then kHn is a left Noethe-

rian ring, hence left coherent. By Proposition 5.10, kG is a flat right kHn-module,

since Hn ≤ G is a closed subgroup. So by Lemma 6.7, kG is a left coherent

ring. Note, kG is not Noetherian since the ideals ϵG(H) form a non-terminating

ascending chain. Since Hn
∼= Zp, we have kG ∼= lim−→

n≥0

k[[X
1
pn ]], which we write as

kG ∼= k[[X]]
1

p∞ .

Example 6.9

More generally, if G = Qm
p , then

kG = lim−→
n≥0

k(p−nZmp ) ∼= lim−→
n≥0

k[[X
1
pn

1 , . . . , X
1
pn

m ]],

which we write as kG ∼= k[[X1, . . . , Xm]]
1

p∞ , and this ring is also coherent.

The following lemma was first proved, for commutative rings only, by Harris in

[Har66]. For the convenience of the reader, we have replicated this proof, with the

appropriate qualifications needed in the non-commutative case.

Lemma 6.10:

Let R be a left coherent ring. Let X ⊆ R be a left denominator set (a left

reversible Ore set). Let M be a left coherent R-module. Then X−1M is left

coherent as a X−1R-module.

Proof:

By Proposition 10.12 and Corollary 10.13 of [GW04], X−1R ⊗R A ∼= X−1A for
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any R-module A, and X−1R is a flat right R-module.

Let N ′ ≤ X−1M be a finitely-generated X−1R-module. Since

X−1M ∼= X−1R⊗RM,

and by Lemma 10.2 of [GW04], the generators of N ′ can be written with a

common left denominator, hence there exist m1, . . .mr ∈M such that

N ′ = X−1R · 1−1m1 + · · ·+X−1R · 1−1mr.

Let

N = Rm1 + · · ·+Rmr ≤M.

Let i : N → M be the natural R-module injection. Tensoring, we have the

induced map

j : X−1R⊗R N → X−1R⊗RM,

and because X−1R is flat as a right R-module, j : X−1N → X−1M is injective.

Clearly j(X−1N) = N ′, so X−1N ∼= N ′ as X−1R-modules.

Now, since M is coherent and N is finitely-generated, N is finitely-presented.

Let

0→ K → Rn → N → 0

be an exact sequence of R-modules with K finitely-generated. Again, because

X−1R is flat,

0→ X−1R⊗R K → (X−1R)
n → X−1N → 0

is exact. Then X−1R ⊗R K is finitely-generated, so N ′ ∼= X−1N is finitely-

presented. So X−1M is a coherent X−1R-module. □

Corollary 6.11:

Let R be a left coherent ring, and X ⊆ R be a left denominator set. If R is left

coherent, then X−1R is left coherent.

A less common way of extending rings is to take their amalgamated product. Åberg

showed that certain amalgamated products of coherent rings remain coherent, see

Theorem 12 of [Åbe82].
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Theorem 6.12:

LetA be a left Noetherian ring andB, C be left coherent rings. LetD = B∗AC be

the amalgamated product along injective ring homomorphisms A→ B, A→ C.

If D is a flat right module over each of A, B, C, then D is left coherent.

Åberg’s intended application of Theorem 6.12 was to group algebras; we utilise it for

augmented Iwasawa algebras in Corollary 7.11.

Finally, see Theorem 2 and Corollary 2.1 of [Har66] for a proof of the following result.

Proposition 6.13:

Let ϕ : R → S be a ring homomorphism such that S is a faithfully flat right

R-module, via ϕ. If S is left coherent, then R is left coherent.

Proposition 6.13 plays a crucial part in the results of this thesis; for its application

in our situation, see Proposition 7.1.

6.4 Coherence of a skew polynomial ring

The Hilbert basis theorem (which originates with Hilbert’s 1890 paper [Hil90]) tells

us that if R is a left Noetherian ring, then the polynomial ring R[X] is also left

Noetherian ([GW04, Theorem 1.9]).

Example 6.14

Let F be a finite field extension of Qp and F× be its group of units. Then F× =

O×
F × π

Z where π ∈ OF is a choice of uniformiser. Since O×
F is a compact p-adic

Lie group, kO×
F is a Noetherian ring by Theorem 2.2. It follows from the Hilbert

basis theorem that kO×
F [X] is Noetherian. Then the localisation

kF× ∼= kO×
F [X,X

−1]

is also a Noetherian ring, by [Kem11, Corollary 6.4].

There is a corresponding result for a nice class of skew polynomial rings, which we

call the non-commutative Hilbert basis theorem.

Theorem 6.15 (non-commutative Hilbert basis theorem):

Let R be a ring. Let σX : R → R be a ring automorphism. If R is left Noethe-

rian, then the skew polynomial ring R[X;σX ] is left Noetherian. If R is right

Noetherian, then R[X;σX ] is right Noetherian.
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A proof is given in [GW04], Theorem 1.14. Note that in Theorem 6.15, it is enough

in fact to assume that σX is a surjective endomorphism, since any surjective endo-

morphism of a Noetherian ring is also injective.

If we have a non-surjective ring endomorphism, then Theorem 6.15 can fail, see Exer-

cise 2P of [GW04], page 38. However, with appropriate hypotheses on a non-surjective

endomorphism, we can conclude that the skew polynomial ring is left coherent.

Theorem 6.16:

Let A be a left Noetherian ring, and σF : A → A be an injective ring endomor-

phism, such that A is flat as a right σF (A)-module. Then, the skew polynomial

ring A[F ;σF ] is left coherent.

This result is due to Emerton in [Eme]. For the reader’s convenience, we provide a

proof of Theorem 6.16 in the next subsection.

6.5 Coherence of a skew polynomial ring, proof

In this subsection we prove Theorem 6.16. We will often use the convention of omit-

ting the endomorphism, so writing A[F ] for A[F ;σF ].

Let A be a left Noetherian ring and σF : A→ A be an injective ring endomorphism.

A is naturally a right σF (A)-module, under right multiplication, and we suppose that

this right module is flat. We write R = A[F ] = A[F ;σF ] for the corresponding skew

polynomial ring.

The ring R is a free left A-module on the basis {1, F, F 2, . . . }. So

R = A[F ] =
∞⊕
j=0

AF j.

We define an increasing filtration on R given by F -degree,

R≤k =
k⊕
j=0

AF j.

This also defines a filtration on the free module Rn, and any left submoduleM ≤ Rn.

Let

J = RF =
∞⊕
j=1

AF j ⊆ R,

so J is the left ideal generated by F . Note that J is also a right ideal of R.
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Lemma 6.17:

The ideal J is a flat right R-module.

Proof:

Notice that the endomorphism σF can be naturally extended to R by defining

σF (F ) = F , and then σF (R) = σF (A)[F ]. Then, there is an (R,R)-bimodule

isomorphism

J = RF ∼= R⊗σF (R) (FR), rF 7→ r ⊗ F · 1, rσF (s)F ←[ r ⊗ Fs.

Moreover, for any leftR-moduleM , there is a natural leftA-module isomorphism,

R⊗σF (R)M ∼= A⊗σF (A)M,
( ∞∑
j=0

ajF
j
)
⊗m 7→

∞∑
j=0

aj⊗(F jm), a⊗m←[ a⊗m.

Because A is a flat right σF (A)-module, it follows that R is a flat right σF (R)-

module. Also, FR is a free right R-module because σF is injective, and so the

functor

J⊗R = R⊗σF (R) (FR)⊗R

is a composition of two exact functors, hence is exact. So J is a flat right R-

module. □

Proving that R is coherent relies on describing the finitely-generated submodules of

Rn.

Lemma 6.18:

Let M ≤ Rn be a left R-submodule of Rn. Then, M is finitely-generated as an

R-module if and only if M⧸JM is finitely-generated as an A-module.

This lemma allows us to show that R is coherent.

Proof of Theorem 6.16:

Let I ⊆ R be a finitely-generated left ideal of R. Then we have a short exact

sequence

0→M → Rn → I → 0.

Now, I is finitely-presented if and only if M is finitely-generated, by Lemma

2.1.1 of [Gla89]. By Lemma 6.18, M is finitely-generated if and only ifM/JM =
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R/J⊗RM is finitely generated as an A-module. Applying (R/J)⊗R to the short

exact sequence, we obtain the exact sequence

0→ TorR1 (R/J, I)→M/JM → An → I/JI → 0.

Since A is Noetherian, any submodule of An is finitely-generated. Thus M/JM

is finitely generated as an A-module if and only if TorR1 (R/J, I) is. Now, by

dimension shifting,

TorR1 (R/J, I) = TorR2 (R/J,R/I) = TorR1 (J,R/I).

But J is a flat right R-module by Lemma 6.17. Thus TorR1 (J,R/I) = 0. Hence

M is finitely-generated and I is finitely-presented.

So every finitely-generated left ideal of R is finitely-presented – therefore R is

left coherent. □

It remains, therefore, to prove Lemma 6.18. This will rely on the following description

of filtrations.

Lemma 6.19:

Let M be a left submodule of Rn. Then (JM)≤k = AFM≤k−1 for all k ≥ 1.

Proof:

Note JM = RFM = AFM because M is an A[F ]-module. Let m ∈ (JM)≤k.

Then there are x1, x2, . . . , xd ∈ A and m1,m2, . . . ,md ∈M such that

m =
d∑
j=1

xjFmj.

Let K ≥ k be such that m1,m2, . . . ,md ∈M≤K . Denote the coefficient of F r in

the ith component of an element z ∈ Rn by z(i,r) ∈ A. For any r ∈ {k, . . . , K},
i ∈ {1, . . . , n},

d∑
j=1

xjFm
(i,r)
j F r =

d∑
j=1

xjσF (m
(i,r)
j )F r+1 = 0,

so
d∑
j=1

xjσF (m
(i,r)
j ) = 0.
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Now, A is a flat right σF (A)-module. By Lemma 3.65 of [Rot09], there exist

bqj = σF (aqj) ∈ σF (A), yq ∈ A such that for all j ∈ {1, 2, . . . , d},

xj =
N∑
q=1

yqbqj,

and for all q ∈ {1, 2, . . . , N},

d∑
j=1

bqjσF
(
m

(i,r)
j

)
= σF

(
d∑
j=1

aqjm
(i,r)
j

)
= 0.

Thus

m =
d∑
j=1

xjFmj =
d∑
j=1

N∑
q=1

yqbqjFmj =
N∑
q=1

yqF

(
d∑
j=1

aqjmj

)
.

We define

m′
q =

d∑
j=1

aqjmj ∈M,

for all q ∈ {1, 2, . . . , N}. Then, by the properties of the bqj and because σF is

injective,

m′
q
(i,r)

=
d∑
j=1

aqjm
(i,r)
j = 0,

for all i ∈ {1, 2, . . . , n} and r ∈ {k, . . . , K}. Also, m′
q ∈

d∑
j=1

Amj ≤ M≤K , and

therefore m′
q ∈M≤k−1, for all q. Hence

m =
N∑
q=1

yqFm
′
q ∈ AFM≤k−1.

Therefore, (JM)≤k ⊆ AFM≤k−1, and the reverse inclusion is obvious. □

Now we can prove Lemma 6.18.

Proof of Lemma 6.18:

Let M be a submodule of Rn. If M is finitely generated, there is a surjection

RN →M . Applying (R/J)⊗R, we obtain a surjection AN →M/JM , and hence

M/JM is finitely generated as an A-module.
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Conversely, suppose that M/JM is finitely generated as an A-module. This

means that there is a finite set S ⊆M , such that

M = AS + JM.

Then, since S is finite, there exists d ∈ N such that S ⊆M≤d. Then

M =M≤d + JM.

We claim that M = RM≤d. If k ≤ d then trivially M≤k ⊆ RM≤d.

Let k > d, and m ∈M≤k. Let y ∈M≤d and z ∈ JM such that m = y+ z. Then

z = m − y ∈ M≤k and z ∈ JM , so z ∈ (JM)≤k = AFM≤k−1, by Lemma 6.19.

By induction, we may assume M≤k−1 ⊆ RM≤d, and therefore z ∈ RM≤d. So

m = y + z ∈ RM≤d. Hence M≤k ⊆ RM≤d, for all k. Therefore M = RM≤d.

Now, M≤d is a submodule of the finitely-generated A-module (Rn)≤d, hence is

finitely generated as an A-module, since A is Noetherian. Therefore M = RM≤d

is finitely-generated as an R-module. □

We conclude that A[F ] is a left coherent ring.

6.6 Two-variable skew polynomial rings

In this subsection we present a generalisation of Theorem 6.16, concerning skew poly-

nomial rings over a Noetherian base ring with two commuting variables. It will be

seen in Section 9 that such a ring need not be coherent, however, we show that it

nevertheless satisfies the pleasant property of 2-coherence.

Definition 6.20:

Let R be a ring, M be a (left) R-module, and n ≥ −1 be an integer. We say

that M is FPn if there exists an exact sequence

Rmn → · · · → Rm1 → Rm0 →M → 0.

Thus the finitely-generated and finitely-presented R-modules are precisely the FP0

and FP1 modules, respectively. Our convention is that any R-module is FP−1.

Definition 6.21:

Let R be a ring, n ≥ 0 be an integer. R is (left) n-coherent if every FPn R-

module M is FPn+1.
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Thus, a ring is left 1-coherent if and only if it is left coherent, and left 0-coherent if

and only if it is left Noetherian.

Theorem 6.22:

Let A be a left Noetherian ring, and σE, σF : A → A be commuting injective

ring endomorphisms such that A is flat as both a right σE(A)-module and as a

right σF (A)-module. The skew polynomial ring A[E,F ;σE, σF ] is left 2-coherent.

We may view R = A[E,F ;σE, σF ] as either of the iterated skew polynomial rings

R = A[E;σE][F ;σF ] or R = A[F ;σF ][E;σE] by extending the endomorphisms such

that σF (E) = E, σE(F ) = F .

Let J be the left ideal of R generated by the two skew variables, J = RE +RF .

Lemma 6.23:

The ideals RE, RF and REF are flat right R-modules, and there is a short exact

sequence

0→ REF → RE ⊕RF → J → 0

which is a flat resolution for J as a right R-module.

Proof:

When σ : A→ A is a ring endomorphism, we may extend it to a ring endomor-

phism of R by letting σ(E) = E, σ(F ) = F . Then for any left R-module M ,

there is a left A-module isomorphism

R⊗σ(R) M ∼= A⊗σ(A) M,( ∞∑
j,k=0

ajkE
jF k
)
⊗m 7→

∞∑
j,k=0

ajk ⊗ (EjF km),

a⊗m←[ a⊗m.

Now, if X = EjF k ∈ R is a monomial and σ = σjEσ
k
F , we have an (R,R)-

bimodule isomorphism

RX ∼= R⊗σ(R) XR, rX 7→ r ⊗X · 1, rσ(s)X ←[ r ⊗Xs.

Thus

RX⊗R = R⊗σ(R) XR⊗R .

Since A is a flat right module over σE(A), σF (A), A is a flat right σ(A)-module,

thus R⊗σ(R) is an exact functor, as is XR⊗R, hence RX⊗R is exact and RX is

97



flat. Putting X = E,F,EF shows that RE,RF,REF are flat right R-modules.

Define ϕ : RE ⊕ RF → J by ϕ(x, y) = x + y. Let ψ : REF → RE ⊕ RF ,

ψ(z) = (z,−z). Clearly ϕ ◦ ψ = 0, and ψ is injective. If (x, y) ∈ Kerϕ, then

y = −x and x ∈ RE ∩RF = REF . Thus ψ, ϕ define the exact sequence of right

R-modules in the statement. □

Lemma 6.24:

Let R = A[E,F ]. Let I ≤ Rm be a finitely-generated left submodule of Rm, with

presentation

0→ K → Rn → I → 0.

Then REK = (RE)n ∩K.

Proof:

It is clear that REK ≤ (RE)n ∩K. The quotient

(RE)n ∩K⧸REK = Ker
(
K⧸REK →

Rn
⧸(RE)n

)
= Ker

(
R⧸RE ⊗R K →

R⧸RE ⊗R R
n
)

∼= TorR1

(
R⧸RE, I

)
because Rn/K ∼= I. Dimension shifting, we have

TorR1

(
R⧸RE, I

)
= TorR2

(
R⧸RE,

Rm
⧸I
)
= TorR1

(
RE,R

m
⧸I
)
= 0,

because RE is a flat right R-module by Lemma 6.23. The result follows. □

An identical result holds, of course, for RFK. It follows that K/REK is naturally a

submodule of (R/RE)n = A[F ]n, and similarly K/RFK ≤ A[E]n.

Proposition 6.25:

Let I ≤ Rm be a finitely-generated left submodule, and K ≤ Rn be as in

Lemma 6.24. Then,K is finitely-generated as an R-module if and only ifK⧸REK
is finitely-generated as an A[F ]-module.

Proof:

Clearly if K is finitely generated, K/REK is a finitely-generated A[F ]-module.

Conversely, suppose K/REK is finitely-generated, as an A[F ]-module. Consider
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the natural ascending filtration by E-degree on R, Rn, and K, denoted by ( )≤d.

By identical reasoning as in Lemma 6.19, we can show that

(REK)≤k = (AEK)≤k = AEK≤k−1

for any k ≥ 1 (this does not require any Noetherianity assumption). Then,

copying the proof of Lemma 6.18, it follows that K is generated by K≤d as an

R-module, for some d ≥ 0.

It is then sufficient to prove that K≤d is a finitely-generated A[F ]-module. Note

that K≤d is an A[F ]-submodule of (Rn)≤d. By definition of the filtration by E-

degree, (Rn)≤d ∼= A[F ]n(d+1) is a finitely-generated free left A[F ]-module. Hence

by Lemma 6.18, K≤d is finitely-generated if and only if K≤d/AFK≤d is.

We now show that the inclusion of A[F ]-modules

AFK≤d ≤ AF (Rn)≤d ∩K≤d,

is an equality, by a similar method to Lemma 6.24. The quotient

AF (R≤d)n ∩K≤d
⧸AFK≤d = Ker

(
K≤d

⧸AFK≤d → R≤d
⧸AFR≤d

)
= Tor

A[F ]
1

(
A[F ]⧸A[F ]F ,

R≤d
⧸K≤d

)
because R≤d is a free, hence flat, left A[F ]-module. Now let

M = (Rn)≤d⧸K≤d = (Rn)≤d⧸R≤d ∩K
∼= (Rn)≤d +K⧸K ≤

Rn
⧸K = I.

Because I is a submodule of Rm, there is a natural injective A[F ]-module ho-

momorphism M → Rm. Since Rm is a free, hence flat, A[F ]-module, dimension

shifting shows that

Tor
A[F ]
1

(
A[F ]⧸A[F ]F ,M

)
= Tor

A[F ]
2

(
A[F ]⧸A[F ]F ,

Rm
⧸M

)
= Tor

A[F ]
1

(
A[F ]F,R

m
⧸M

)
,

but Lemma 6.17 implies the final Tor group is zero. Hence, we have equality

AFK≤d = AF (Rn)≤d ∩K≤d,

from which it follows that K≤d/AFK≤d is naturally an A-submodule of

(Rn)≤d⧸AF (Rn)≤d
∼= An(d+1).

Since A is Noetherian, K≤d/AFK≤d must be a finitely-generated A-module, from

which it follows that K≤d is a finitely-generated A[F ]-module, and therefore K

is a finitely-generated R-module. □
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Using Proposition 6.25, we can give a necessary and sufficient condition for a finitely-

generated ideal of A[E,F ] to be finitely-presented.

Theorem 6.26:

Let R = A[E,F ]. Let I ≤ Rm be a finitely-generated left R-submodule.

Let J = RE + RF . Then, I is a finitely-presented R-module if and only if

TorR1 (R/J, I) is finitely-generated as an A-module.

Proof:

Let I have presentation

0→ K → Rn → I → 0.

Then I is a finitely-presented R-module precisely when K is finitely-generated

as an R-module, that is, when K/REK is finitely-generated as an A[F ]-module,

by Proposition 6.25. But by Lemma 6.24, M = K/REK is naturally an A[F ]-

submodule of A[F ]n, and

M⧸AFM = K⧸AEK + AFK = K⧸JK.

So by Lemma 6.18, I is finitely-presented if and only if K/JK is a finitely-

generated A-module. But tensoring the presentation of I with R/J⊗R, we have

the exact sequence

0→ TorR1 (R/J, I)→ K/JK → An → I/JI → 0.

Since A is Noetherian, K/JK is a finitely-generated A-module precisely when

TorR1 (R/J, I) is, giving the result. □

We can now generalise Theorem 6.16.

Proof of Theorem 6.22:

It is enough to show that any finitely-presented submodule of Rm is FP2.

Let I ≤ Rm be a finitely-presented left R-submodule. Let

0→ K → Rn → I → 0.
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Then K is finitely-generated, and it is enough to show that K is also finitely-

presented. By Theorem 6.26, this is equivalent to showing that TorR1 (R/J,K) is

a finitely-generated A-module. By dimension shifting,

TorR1 (R/J,K) ∼= TorR2 (R/J, I)
∼= TorR3 (R/J,R

m/I) ∼= TorR2 (J,R
m/I).

But by Lemma 6.23, J has a flat resolution with only two non-zero terms, hence

TorR2 (J,M) = 0 for any R-module M . Thus TorR1 (R/J,K) = 0, and the result

follows. □

We will see in subsection 7.2 that Theorem 6.16, along with Corollary 6.11, allows us

to prove that certain augmented Iwasawa algebras are coherent. Unfortunately we do

not know if Corollary 6.11 has a generalisation to 2-coherent rings. This prevents any

immediate application of Theorem 6.22 to the study of augmented Iwasawa algebras.
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7 Coherent augmented Iwasawa algebras

One of the main results of this thesis is that many augmented Iwasawa algebras are

not coherent. However, in this section we build on the results presented in earlier

sections to give examples of augmented Iwasawa algebras that are coherent.

We can combine Proposition 6.13 with Theorem 5.13 to deduce the following. Through-

out this section, let k be either a field of characteristic p, or a complete discrete

valuation ring with residue field of characteristic p.

Proposition 7.1:

Let G be a p-adic Lie group, H be a closed subgroup of G. If kG is a coherent

ring, then kH is a coherent ring.

Notice that the contrapositive to this proposition says that kG cannot be coherent if

even one of its closed subgroups has a non-coherent augmented Iwasawa algebra.

7.1 Unipotent groups

We can use the results above to show that unipotent p-adic Lie groups always have a

coherent augmented Iwasawa algebra.

Corollary 7.2:

Let F be a finite field extension of Qp, Un be the affine group scheme of upper

unitriangular matrices in GLn. Let U be a closed subgroup of Un(F ) with the

p-adic topology. Then the augmented Iwasawa algebra kU is a coherent ring.

Proof:

First we show that Un(F ) is a direct limit of compact subgroups.

Let π ∈ F be a uniformiser, and vF be the discrete valuation on F . For each

j ∈ Z≥0, let

Gj =


1 π−jOF π−2jOF . . . π−(n−1)jOF

1 π−jOF
. . .

...
. . . . . . π−2jOF

1 π−jOF
1

 ⊆ Un(F ).

102



Then it is easy to check that Gj is a subgroup of Un(F ), and clearly it is com-

pact and closed. We also have that Gj ≤ Gj+1 for all j. If A ∈ Un(F ), let

N = −min{vF (Aij) | 1 ≤ i ≤ j ≤ n}. Then A ∈ GN . So, Un(F ) is the direct

limit of the Gj.

Then kUn(F ) = lim−→
j≥0

kGj by Corollary 3.23. Because the Gj are compact, each

kGj is a left Noetherian (by Theorem 2.2 or Theorem 3.32), hence left coherent,

subring of kUn(F ). Because the Gj are closed, kUn(F ) is a flat right kGj-module

for all j ≥ 0, by Proposition 5.10. Thus kUn(F ) is a direct limit of left coherent

subrings, satisfying the properties in Lemma 6.7, hence is left coherent.

Let U ≤ Un(F ) be a closed subgroup. Then by Proposition 7.1, kU is also left

coherent. □

7.2 A solvable example

Recall that in Corollary 7.2, we showed that all unipotent p-adic Lie groups have a

coherent augmented Iwasawa algebra. In this subsection, we give an example of a

solvable, non-unipotent p-adic Lie group with coherent augmented Iwasawa algebra.

The reasoning here is a precursor to that for Theorem 9.8.

Let G be the subgroup of GL2(Qp),

G =

(
pZ Qp

0 1

)
=

{(
pm x
0 1

)
| m ∈ Z, x ∈ Qp

}
.

In this subsection we show that the augmented Iwasawa algebra kG is a coherent

ring.

Lemma 7.3:

The augmented Iwasawa algebra kG is a skew-Laurent polynomial ring

kG = B[F, F−1;σF ],

where B is the subring

B = kH = k

(
1 Qp

0 1

)
= lim−→

n≥0

k[[t
1
pn ]] = k[[t]]

1
p∞ ,

and F corresponds to the group element

(
p 0
0 1

)
∈ G. Then σF is the k-algebra

automorphism of B given by σF (f(t
a)) = f(tpa).
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This ring structure is determined by first noting B = kH is naturally a subring of

kG, by Proposition 3.20. Then, we note kG is generated as a k-algebra by kH and

coset representatives for G/H.

Let A be the Iwasawa algebra of the compact subgroup H0 =

(
1 Zp
0 1

)
, so A =

k[[t]] ≤ B. Note that FgF−1 = gp for all g ∈ H0 (this corresponds to multiplication

by p on Zp). Thus σF restricts to a ring endomorphism σ′
F of A, given by σ′

F (f(t)) =

f(tp). Thus the subring of kG generated by A and F is a skew polynomial ring

A[F ] = A[F ;σ′
F ].

Proposition 7.4:

The skew polynomial ring A[F ] is left coherent.

Proof:

Note that A = k[[t]] is left Noetherian. Because σ′
F = σF |A and σF is an auto-

morphism, σ′
F is injective. Then, σ′

F (A) = k[[tp]], and so A is free of rank p as

a σ′
F (A)-module, hence flat. Therefore A[F ] is left coherent, by Theorem 6.16. □

From this we can use facts about coherent rings to show that kG is coherent.

Corollary 7.5:

The augmented Iwasawa algebra kG is coherent.

Proof:

For each n ≥ 0, let An = kHn, where Hn =

(
1 p−nZp
0 1

)
is a compact subgroup.

Then, An = k[[t
1
pn ]], and by similar reasoning to that above, An[F ] is a skew

polynomial ring. Then, σnF |An is a ring isomorphism onto A, and commutes with

the action of F , therefore An[F ] ∼= A[F ] is left coherent by Proposition 7.4.

Now, H = lim−→
n≥0

Hn, therefore B = kH = lim−→
n≥0

An. Now, each Hn is a closed sub-

group of H, therefore B is a flat right An-module by Proposition 5.10. It follows

that B[F ] is a flat right An[F ]-module, since there is a natural isomorphism of

left B-modules,

B[F ]⊗An[F ]M ∼= B⊗AnM,
( ∞∑
j=0

bjF
j
)
⊗m 7→

∞∑
j=0

bj⊗(F jm), b⊗m← [ b⊗m,
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for any leftAn[F ]-moduleM . BecauseB⊗An is an exact functor, so isB[F ]⊗An[F ].

Thus

B[F ] = lim−→
n≥0

An[F ]

is left coherent by Lemma 6.7. Then, kG = X−1B[F ], where X = {F n | n ≥ 0}
is a left denominator set, therefore kG is left coherent by Corollary 6.11. □

7.3 The groups SL2(F ) and GL2(F )

In this subsection we show that the augmented Iwasawa algebras kSL2(F ), kGL2(F )

are coherent when F is any finite extension of Qp. We reuse much of the notation

from section 5 of [Sho20], where the first of these results was shown. In particular,

let G = GL2(F ) and G
′ = SL2(F ) throughout the remainder of the subsection.

Definition 7.6:

Let

K1 = GL2(OF ), α =

(
1 0
0 π

)
∈ G, K2 = αK1α

−1,

and

K ′
1 = K1 ∩G′ = SL2(OF ), K ′

2 = K2 ∩G′ = αK ′
1α

−1.

Let

G0 = Ker
(
vF ◦ det : GL2(F )→ Z

)
,

where det : GL2(F )→ F× is the matrix determinant. Let

G+ = (vF ◦ det)−1(2Z),

and

z =

(
π 0
0 π

)
∈ G.

Let

H1 = ⟨K1, z⟩, H2 = ⟨K2, z⟩

be the (closed) subgroups generated by K1, K2 and z.

Theorem 7.7:

The p-adic Lie groups G′ and G0 are amalgamated products of subgroups,

G′ ∼= K ′
1 ∗K′

1∩K′
2
K ′

2, G0 ∼= K1 ∗K1∩K2 K2.
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Proof:

This follows from Theorem II.3 of [Ser80], and the topologies are uniquely deter-

mined by Lemma 3.25. □

In fact the larger group G+ is also an amalgamated product of open subgroups, but

for this we need to prove supplementary statements.

Proposition 7.8:

Let H = B ∗A C be an amalgamated product of groups, D be a group. The

amalgamated product of groups

(B ×D) ∗(A×D) (C ×D) ∼= H ×D.

Proof:

We show that H ×D satisfies the universal property of being a pushout.

LetH be the amalgamated product of B,C over A via the group homomorphisms

f : A→ B, g : A→ C, giving the following commutative diagram.

H B

C A

jB

jC

g

f

Let F = f × idD, G = g × idD, JB = jB × idD, JC = jC × idD, so we have

H ×D B ×D

C ×D A×D

JB

JC

G

F

and let iA : A→ A×D be the natural inclusion, similarly defining iB, iC , iH .

Now, let Q be a group, with group homomorphisms θ : B×D → Q, ϕ : C×D →
Q such that θ ◦ F = ϕ ◦G, as shown in the following diagram.

Q

H ×D B ×D

C ×D A×D

u

JB

θ

JC

ϕ

G

F

We show that there exists a unique group homomorphism u : H ×D → Q such

that the diagram commutes.
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Notice that F ◦ iA = iB ◦ f , JB ◦ iB = iD ◦ jB, similarly for G, JC , and that

θ ◦ iB = θ|B, ϕ ◦ iC = ϕ|C . Thus we have a commutative diagram,

Q

H B

C A

v

jB

θ|B

jC

ϕ|C

g

f

and there exists a unique v : H → Q such that v ◦ jB = θ|B, v ◦ jC = ϕ|C , by
the universal property of pushout for H. Also, θ ◦ F = ϕ ◦G, so θ|D = ϕ|D, and
all elements of θ(D) = ϕ(D) commute with all elements of v ◦ jB(B), v ◦ jC(C).
Since H is generated by jB(B), jC(C), it follows that θ(D) commutes with v(H).

Then by the property of direct product, there is a unique group homomorphism

u : H ×D → Q satisfying u ◦ iH = v and u|D = θ|D. Now,

u ◦ JB ◦ iB = u ◦ iH ◦ jB = v ◦ jB = θ|B, u|D = θ|D,

so u ◦ JB = θ, and

u ◦ JC ◦ iC = u ◦ iH ◦ jC = v ◦ jC = ϕ|C , u|D = ϕ|D,

so u ◦ JC = ϕ.

Let u′ : H × D → Q be any group homomorphism such that u′ ◦ JB = θ and

u′ ◦ JC = ϕ. Then u′|D = θ|D = ϕ|D = u|D. Also

(u′ ◦ iH) ◦ jB = u′ ◦ (iH ◦ jB) = u′ ◦ JB ◦ iB = θ|B = v ◦ jB,

and similarly (u′ ◦ iH) ◦ jC = v ◦ jC . Since H is generated by jB(B), jC(C), it

follows u′ ◦ iH = v. Therefore u′ = u.

Therefore, there is a unique group homomorphism u : H ×D → Q making the

diagram commute. So H ×D satisfies the universal property of pushout, as re-

quired. □

WhenX is a topological group andD is a discrete group, we makeX×D a topological

group by requiring the natural group homomorphism X → X ×D to be continuous

and an open map.
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Corollary 7.9:

Let H be a topological group and A,B,C ≤ H be open subgroups such that

H = B ∗A C as a group. Let D be a discrete group. There is an isomorphism of

topological groups

H ×D ∼= (B ×D) ∗(A×D) (C ×D).

Proof:

Since A,B,C ≤ H are open, the colimit topology on H = B ∗AC agrees with the

original topology on H by Lemma 3.25. Also, A×D ≤ H ×D is open, thus by

Proposition 7.8 and another application of Lemma 3.25, we have isomorphisms

of topological groups,

H ×D ∼= (B ∗A C)×D ∼= (B ×D) ∗(A×D) (C ×D),

where the last term has the colimit topology. □

We now show that G+ is an amalgamated product.

Corollary 7.10:

The p-adic Lie group G+ ∼= H1 ∗H1∩H2 H2 as topological groups.

Proof:

Notice that G+ = ⟨G0, z⟩ ∼= G0 × ⟨z⟩, where ⟨z⟩ ∼= Z is discrete. Also H1
∼=

K1 × ⟨z⟩ and H2
∼= K2 × ⟨z⟩. By Corollary 7.9 and Theorem 7.7, we have an

isomorphism of topological groups,

G+ ∼= G0 × Z ∼= (K1 ∗K1∩K2 K2)× Z ∼= H1 ∗H1∩H2 H2,

since K1, K2 are open in G0. □

Corollary 7.11:

The augmented Iwasawa algebras kG′, kG0, kG+ are coherent rings.

Proof:

Each of the groups G′, G0, G+ are an amalgamated product of open subgroups.

Moreover, the open subgroups have Noetherian augmented Iwasawa algebras.
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Since K1, K2, K1 ∩ K2, K
′
1, K

′
2, K

′
1 ∩ K ′

2 are compact p-adic Lie groups, their

Iwasawa algebras are Noetherian (Theorem 2.2). Then,

H1
∼= K1 × Z, H2

∼= K2 × Z, H1 ∩H2
∼= (K1 ∩K2)× Z,

are non-compact p-adic Lie groups, but k(K×Z) ∼= kK[X,X−1] is a Noetherian

ring whenever kK is Noetherian, by the usual Hilbert basis theorem (see also

Theorem 6.15).

Let H = G′, G0 or G+, and let H = B∗AC be the amalgamated product given in

Theorem 7.7 or Theorem 7.10. By Corollary 3.23, we have that kH = kB∗kAkC,
and by Proposition 5.10, the augmented Iwasawa algebra kH is flat over the

Noetherian subalgebras kA, kB, kC. Therefore, Theorem 12 of [Åbe82] implies

that kH is a coherent ring. □

We conclude that the degree two special linear and general linear groups have coherent

augmented Iwasawa algebras.

Theorem 7.12:

The augmented Iwasawa algebras kSL2(F ), kGL2(F ) are coherent rings.

Proof:

The case of G′ = SL2(F ) is treated in Corollary 7.11. For G = GL2(F ), notice

that G+ ≤ G is an open subgroup of index 2. Where H ≤ G+ is a compact open

subgroup, H is also open in G, and we have

kG =
⊕
g∈H\G

kH ⊗ g =
⊕

g∈H\G+

g′∈G+\G

kH ⊗ gg′ =
⊕

g∈G+\G

kG+g.

So, kG is a free kG+-module of rank 2. Hence, kG is a finitely-presented kG+-

module, and kG+ is coherent by Corollary 7.11. It follows from Lemma 6.5 that

kG is coherent. □

We will see in Section 10 that Theorem 7.12 implies that the categories of finitely-

presented smooth representations of SL2(F ) or GL2(F ) are abelian categories.
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8 Non-coherence for two groups

In this section we show that the augmented Iwasawa algebras of two particular p-adic

Lie groups are not coherent. These examples are crucial in proving our characterisa-

tion of when augmented Iwasawa algebras are coherent in Theorem C.

Throughout, let F be a finite extension of Qp of degree n, with discrete valuation

vF : F× → Z, and ring of integers OF . Let k be a field of characteristic p.

8.1 Statements

Theorem 8.1:

Let U′
3 be the affine group scheme of upper unitriangular matrices in GL3 with

(1, 2)-entry zero, and

U ′
3 = U′

3(F ) =

1 0 F
0 1 F
0 0 1

 .

Let u, v ∈ F× be such that vF (u) > 0, vF (v) < 0, and

t′ =

u v
1

 ∈ GL3(F ).

Let G3,t′ = ⟨t′, U ′
3⟩ ≤ GL3(F ). Then kG3,t′ is not coherent.

Theorem 8.2:

Let U3 be the affine group scheme of upper unitriangular matrices in GL3. Let

U3 = U3(F ) =

1 F F
0 1 F
0 0 1

 .

Let u, v ∈ F× be such that vF (u) > 0, vF (v) < 0, and

t =

u 1
v−1

 ∈ GL3(F ).

Let H3,t = ⟨t, U3⟩ ≤ GL3(F ). Then kH3,t is not coherent.
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8.2 Overview of the proof

We provide a summary of the arguments used to prove Theorem 8.1 and 8.2.

We first show Theorem 8.1. We wish to show that the augmented Iwasawa algebra

of the p-adic Lie group G3,t′ = ⟨t′, U ′
3⟩ is not (left) coherent.

� First, we choose a closed subgroup G3,g = ⟨g, U ′
3⟩ ≤ G3,t′ , where g is a power of

t′, the choice made to simplify later calculations.

By Proposition 7.1, it is enough to show that kG3,g is not left coherent.

� We choose a particular finitely-generated left ideal Ig ⊆ kG3,g. We will show it

is not finitely-presented.

� Next, we find the subgroup G3,D,E = ⟨D,E,U ′
3⟩ ≤ GL3(F ), where D,E ∈

GL3(F ) are particular diagonal elements such that DE−1 = g.

� Then G3,g is a closed subgroup of G3,D,E, and kG3,D,E is a (faithfully) flat right

kG3,g-module, by Theorem 5.13.

By the following lemma, to show Ig is not finitely-presented, it will be enough to show

that the corresponding left ideal of kG3,D,E, which is ID,E = kG3,D,E ⊗kG3,g Ig, is not

finitely-presented.

Lemma 8.3:

Let R ≤ S be rings, and I be a finitely-generated left ideal of R. If I is finitely-

presented as an R-module, then S ⊗R I is finitely-presented as an S-module.

Moreover, if S is a flat right R-module, then S ⊗R I is naturally identified with

a left ideal of S.

Proof:

The first part follows because S⊗R is a right exact functor. If S is a flat right

R-module, then tensoring the natural injection of left R-modules I → R gives

an injection S ⊗R I → S, of left S-modules. □

� Consider the compact unipotent group U′
3(OF ) ≤ G3,D,E, and let A = kU′

3(OF )
be its Iwasawa algebra. The subring of kG3,D,E generated by A and the elements

D,E is a skew polynomial ring A[D,E].
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� Then kG3,D,E is a flat right A[D,E]-module, and ID,E can be generated by

finitely many elements of A[D,E].

This gives a finitely-generated left ideal IA ⊆ A[D,E] such that

ID,E = kG3,D,E ⊗A[D,E] IA.

� We then compute an infinite set of relations S for IA, over the ring A[D,E].

The set of relations S for IA bijectively corresponds to a set of relations X for the

ideal ID,E.

� We show that no finite subset of X can be a set of relations for ID,E. This

proves that ID,E cannot be finitely-presented, by the following lemma.

Lemma 8.4:

Let R be a ring, M be a left R-module, X be a generating set of M . Suppose

that M is finitely-generated. Then M is generated by a finite subset of X.

Proof:

Let M have finite generating set Y . Each y ∈ Y can be written as a finite

R-linear combination of elements in X, let

y = r1yx1y + r2yx2y + · · ·+ rayyxayy, ay ∈ N, riy ∈ R, xiy ∈ X.

Let X ′ = {xiy | y ∈ Y, 1 ≤ i ≤ ay} ⊆ X. Then, X ′ is a finite subset of X, and Y

is contained in the module generated by X ′, so X ′ must generate M . □

As ID,E is not finitely-presented, it then follows that Ig is not finitely-presented, hence

kG3,g is not left coherent, so kG3,t′ is not coherent, proving Theorem 8.1.

We then deduce Theorem 8.2 as follows.

We wish to show that H3,t = ⟨t, U3⟩ is not left coherent.

� We note that Z(U3) is a normal subgroup ofH3,t, and that the quotientH3,t/Z(U3) ∼=
G3,t′ .

Then, the augmentation ideal J = ϵ(Z(U3)) ⊆ kH3,t is two-sided with quotient kG3,t′ .
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� Because Ig ⊆ kG3,g is not finitely-presented, the corresponding left ideal

I ′ = kG3,t′ ⊗kG3,g Ig ⊆ kG3,t′

is not finitely-presented, by faithful flatness.

� We find a finitely-generated left ideal I ⊆ kH3,t such that I contains J , we have

an isomorphism I/J ∼= I ′, and JI = J .

From this, we can show that since I ′ is not finitely-presented, I is not finitely-

presented. Therefore kH3,t is not left coherent, and Theorem 8.2 is proved.

8.3 Proof of Theorem 8.1: change of rings

As in the statement of Theorem 8.1, let U′
3 be the affine group scheme of upper

unitriangular matrices in GL3 with (1, 2)-entry zero, and

U ′
3 = U′

3(F ) =

1 0 F
0 1 F
0 0 1

 .

Then let u, v ∈ F× be such that vF (u) > 0, vF (v) < 0, and

t′ =

u v
1

 ∈ GL3(F ).

We define G3,t′ = ⟨t′, U ′
3⟩ ≤ GL3(F ).

Define n′ = vF (p). The field F is a finite extension of Qp, so Zp is a subring of OF ,
therefore vF |Q×

p
= n′vQp . It follows that

un
′
= pnuu0, vn

′
= (pnvv0)

−1,

for some positive integers nu, nv and elements u0, v0 ∈ O×
F , and we define

g = (t′)
n′
=

pnuu0
(pnvv0)

−1

1

 .

Definition 8.5:

G3,g = ⟨g, U ′
3⟩ ≤ G3,t′ .
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We describe the corresponding augmented Iwasawa algebra.

Now, OF is a free Zp-module of rank n, so fix a basis {x0, . . . , xn−1} with x0 = 1.

Then the Iwasawa algebra of OF is

kOF = k[[X0, . . . , Xn−1]],

where 1 +Xi = xi ∈ OF . Then the augmented Iwasawa algebra of F is

kF = lim−→
r≥0

k[[X
1
pr

0 , . . . , X
1
pr

n−1]] = k[[X0, . . . , Xn−1]]
1

p∞ ,

where 1 +X
1
pr

i = p−rxi ∈ p−rOF ≤ F .

Now, U ′
3
∼= F ⊕ F , and thus we write the augmented Iwasawa algebra as

kU ′
3 = k[[s0, . . . , sn−1, t0, . . . , tn−1]]

1
p∞ ,

where

1 + si =

1 0 xi
0 1 0
0 0 1

 , 1 + ti =

1 0 0
0 1 xi
0 0 1

 .

Then the augmented Iwasawa algebra of G3,g is a skew-Laurent ring kU ′
3[g, g

−1]. We

define a finitely-generated left ideal of this ring.

Definition 8.6:

Ig is the left ideal of kG3,g generated by {s0, . . . , sn−1, t0, . . . , tn−1, g − 1}.

We will show that Ig is not finitely-presented, by considering the ideal it generates

in a larger ring. This larger ring is given by considering a group containing G3,g,

splitting the element g into its diagonal components.

Definition 8.7:

The group G3,D,E = ⟨D,E,U ′
3⟩ ≤ GL3(F ), where

D =

pnuu0
1

1

 , E =

1
pnvv0

1

 ∈ GL3(F ).

Notice that g = DE−1, and so G3,g is a closed subgroup of G3,D,E. We have that

kG3,D,E is a skew-Laurent ring in two variables, that is,

kG3,D,E = kU ′
3[D,D

−1, E, E−1] = kU ′
3[D,D

−1, E, E−1;σD, σE],

where σD, σE are the automorphisms of kU ′
3 given by σD(x) = DxD−1, σE(x) =

ExE−1. Note that the group elementsD,E commute, therefore σD, σE are commuting

endomorphisms.
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Definition 8.8:

The left ideal ID,E = kG3,D,E ⊗kG3,g Ig ⊆ kG3,D,E.

By Lemma 8.3, if Ig is finitely-presented, then so is ID,E. Since D,E are units of

kG3,D,E, we have that ID,E is generated by the set {s0, . . . , sn−1, t0, . . . , tn−1, D−E}.
Let the natural presentation corresponding to these generators be

0→ KD,E → (kG3,D,E)
2n+1 → ID,E → 0.

We will determine a set of generators for KD,E, and then demonstrate that this set

cannot be reduced to a finite one. To determine a set of generators for KD,E, we will

restrict the calculations to a skew polynomial subring of kG3,D,E.

Definition 8.9:

The ring A = kU′
3(OF ) = k

1 0 OF
0 1 OF
0 0 1

.

Then A is the Noetherian subring k[[s0, . . . , sn−1, t0, . . . , tn−1]] ≤ kG3,D,E. Now, it

can be easily seen that σD(A), σE(A) ⊆ A, therefore σD|A, σE|A are (injective) ring

endomorphisms of A, and so the subring of kG3,D,E generated by D,E and A is a

skew polynomial ring A[D,E] = A[D,E;σD|A, σE|A]. Also, kG3,D,E is flat over this

subring. To prove this requires a minor result about localisations.

Lemma 8.10:

Let R be a ring, X ⊆ R be a left denominator set. Let M be a (R,R)-bimodule

such that M is a flat right R-module. Then X−1M is a flat right R-module.

Proof:

By Proposition 10.12 of [GW04], the functor X−1M⊗R is equal to the composi-

tion of functors X−1R ⊗R M⊗R. Since M is a flat right R-module, M⊗R is an

exact functor. By Corollary 10.13 of [GW04], X−1R is a flat right R-module, so

X−1R⊗R is an exact functor. Thus X−1M⊗R is an exact functor, hence X−1M

is a flat right R-module. □

Proposition 8.11:

The augmented Iwasawa algebra kG3,D,E is a flat right A[D,E]-module.
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Proof:

Because U′
3(OF ) ≤ U ′

3 is a closed subgroup, kU ′
3 is a flat A-module by Theo-

rem 5.13. For any left A[D,E]-module M , there is a natural isomorphism of left

kU ′
3-modules,

kU ′
3[D,E]⊗A[D,E] M ∼= kU ′

3 ⊗AM,(∑
i,j≥0

bijD
iEj
)
⊗m 7→

∑
i,j≥0

bij ⊗ (DiEjm),

b⊗m←[ b⊗m.

Since kU ′
3⊗A is exact, so is kU ′

3[D,E]⊗A[D,E], thus kU ′
3[D,E] is a flat right

A[D,E]-module. By Lemma 8.10, the localisation X−1kU ′
3[D,E] is also a flat

right A[D,E]-module, where X = {DaEb | a, b ≥ 0} is a left denominator set.

But kG3,D,E
∼= X−1kU ′

3[D,E]. □

Now, notice that ID,E is generated by elements which all lie in A[D,E]. So we can

consider the corresponding left ideal of A[D,E].

Definition 8.12:

IA is the left ideal of A[D,E] generated by {s0, . . . , sn−1, t0, . . . , tn−1, D − E}.

Then, we have that kG3,D,E⊗A[D,E] IA = ID,E, since kG3,D,E is a flat A[D,E]-module.

Let the natural presentation of IA be

0→ KA → A[D,E]2n+1 → IA → 0.

Again by flatness, it follows that kG3,D,E⊗A[D,E]KA = KD,E. So any set of generators

of KA gives a corresponding set of generators of KD,E. Let

ΠD,E : KD,E → (kG3,D,E)
2n, ΠA : KA → A[D,E]2n

be the maps giving projection onto the first 2n coordinates, and let

LD,E = Im ΠD,E, LA = Im ΠA.

Then ΠD,E,ΠA are injective, since D − E is not a zero divisor in kG3,D,E. So

KD,E
∼= LD,E and KA

∼= LA. It is clear that kG3,D,E ⊗A[D,E] ΠA = ΠD,E, and

thus kG3,D,E ⊗A[D,E] LA = LD,E by Proposition 8.11. So any set of generators of LA

is in bijection with a set of generators of LD,E, which in turn corresponds to a set of

generators for KD,E. In the next subsection we calculate a set of generators for LA,

and use this information to show that in fact KD,E cannot be finitely-generated.
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8.4 Proof of Theorem 8.1: calculation of generators

The following proposition gives a set of generators for LA. This information allows

us to prove Theorem 8.1, see subsection 8.5.

Proposition 8.13:

The left A[D,E]-module LA has a generating set S = S1∪S2∪S3, where S1, S2, S3

are as follows.

There exist elements bji, cji ∈ A for i, j ∈ {0, . . . , n− 1}, such that

bj = (−bj0E,−bj1E, . . . , D − bjjE, . . . ,−bj(n−1)E, 0
n) ∈ LA,

and

cj = (0n,−cj0D,−cj1D, . . . , E − cjjD, . . . ,−cj(n−1)D) ∈ LA,

for all j ∈ {0, . . . , n− 1}. Then

S1 = {bj | j ∈ {0, . . . , n− 1}},

and

S2 = {cj | j ∈ {0, . . . , n− 1}}.

Then,

S3 = {(0 . . . , tjEm, . . . , 0, 0, . . . ,−siDm, . . . , 0) | m ∈ Z≥0, 0 ≤ i, j ≤ n− 1},

where tjE
m is in the (i+ 1)st place, and −siDm is in the (n+ j + 1)st place, of

the 2n-tuple.

The calculation of these generators depends on understanding the action of D,E on

certain augmentation ideals.

Definition 8.14:

The affine group scheme U′
1,3 is the group scheme of matrices in U′

3 with (2, 3)-

entry zero.

The affine group scheme U′
2,3 is the group scheme of matrices in U′

3 with (1, 3)-

entry zero.
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Lemma 8.15:

Let m ∈ Z. The subring of kU ′
3(F ) corresponding to the Iwasawa algebra of

U′
1,3(p

mOF ) =

1 0 pmOF
0 1 0
0 0 1


is the subring k[[sp

m

0 , . . . , sp
m

n−1]]. The corresponding augmentation ideal ϵU′
1,3(p

mOF )(U′
1,3(p

mOF ))
is generated by {sp

m

0 , . . . , sp
m

n−1}.
An identical result holds for U′

2,3(p
mOF ).

This lemma is clear from the description of kF in subsection 8.3. It follows, by

the description of augmentation ideals in Lemma 3.46, that if U′
1,3(p

mOF ) is a sub-

group of any p-adic Lie group G, then ϵG(U′
1,3(p

mOF )) is the left ideal generated by

{sp
m

0 , . . . , sp
m

n−1}.

We can now prove Proposition 8.13, which we do in two parts.

Lemma 8.16:

There exist elements bji, cji ∈ A for i, j ∈ {0, . . . , n− 1}, such that

bj = (−bj0E,−bj1E, . . . , D − bjjE, . . . ,−bj(n−1)E, 0
n) ∈ LA,

and

cj = (0n,−cj0D,−cj1D, . . . , E − cjjD, . . . ,−cj(n−1)D) ∈ LA,

for all j ∈ {0, . . . , n− 1}.

Proof:

Note that LA is the set of tuples (λ0, . . . , λn−1, µ0, . . . , µn−1) ∈ A[D,E]2n such

that
n−1∑
j≥0

λjsj + µjtj ∈ A[D,E](D − E).

Let j ∈ {0, . . . , n− 1}. Then

Dsj = σD(sj)D = σD(sj)E + σD(sj)(D − E),

so

Dsj − σD(sj)E ∈ A[D,E](D − E).
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Now, notice that sj ∈ ϵU′
3(OF )(U′

1,3(OF )) and that σD is a ring endomorphism of

A = kU′
3(OF ) corresponding to a group endomorphism of U′

3(OF ). Moreover,

the image of U′
1,3(OF ) under this group homomorphism is U′

1,3(p
nuOF ). By

Lemma 3.47, it follows that

σD(sj) ∈ ϵU′
3(OF )(σD(U′

1,3(OF ))) = ϵU′
3(OF )(U′

1,3(p
nuOF )).

So by Lemma 8.15,

σD(sj) ∈ Asp
nu

0 + · · ·+ Asp
nu

n−1 ⊆ As0 + · · ·+ Asn−1.

So, there exist bj0, bj1, . . . , bj(n−1) ∈ A such that σD(sj) =
∑

0≤i≤n−1

bjisi, thus

Dsj − σD(sj)E = Dsj −
∑

0≤i≤n−1

bjisiE

= Dsj −
∑

0≤i≤n−1

bjiEsi

= (D − bjjE)sj +
∑

0≤i≤n−1,i ̸=j

−bjiEsi ∈ A[D,E](D − E).

So bj = (−bj0E,−bj1E, . . . , D − bjjE, . . . ,−bj(n−1)E, 0
n) ∈ LA, for all j.

Identical reasoning with the elements E, tj similarly gives the tuples cj ∈ LA. □

Proof of Proposition 8.13:

We can put a grading by total (D,E)-degree on the ring A[D,E]. Under this

grading, each of the elements s0, . . . , sn−1, t0, . . . , tn−1 is homogeneous of degree

zero, and D−E is homogeneous of degree 1. Therefore every element of LA will

be a sum of elements (x0, . . . , xn−1, y0, . . . , yn−1) where each xj, yj is homogeneous

of the same degree.

Let L′
A be the A[D,E]-submodule generated by S1∪S2, as given by Lemma 8.16.

We have that for any j,

bj = (0, . . . , D, . . . , 0, 0n)− (bj0E, bj1E, . . . , bj(n−1)E, 0
n) ∈ L′

A,

so for any j,

(0, . . . , D, . . . , 0, 0n) ∈ L′
A + (A[E]n, 0n).

Now, because DA[E] = σD(A)[E]D ⊆ A[E]D, left multiplying by D this equa-

tion gives that for any j,

(0, . . . , D2, . . . , 0, 0n) ∈ L′
A + (A[E]nD, 0n) = L′

A + (A[E]n, 0n),
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since L′
A is a left A[D,E]-module. Continuing by induction we see that

(0, . . . , Dm, . . . , 0, 0n) ∈ L′
A + (A[E]n, 0n)

for any m ≥ 0. Identical reasoning applies to show that

(0n, 0, . . . , Em, . . . , 0, ) ∈ L′
A + (0n, A[D]n).

It follows that if x, y ∈ A[D,E]n and (x, y) ∈ LA, then (x, y)+L′
A = (x′, y′)+L′

A

for some x′ ∈ A[E]n and y′ ∈ A[D]n. (Informally, the relations above give a way

to replace any Ds appearing in the first n places with polynomials in E, and vice

versa for the last n places.)

Then (x′, y′) ∈ LA and is the sum of its homogeneous parts, which also lie in LA,

as discussed above. Therefore, LA/L
′
A is generated by the image of homogeneous

elements (x′′, y′′) ∈ LA, with x′′ ∈ (AEm)n, y′′ ∈ (ADm)n for some m.

Now, for x′j, y
′
j ∈ A,

(x′0E
m, . . . , x′n−1E

m, y′0D
m, . . . , y′n−1D

m) ∈ LA

if and only if

n−1∑
j=0

x′jE
msj + y′jD

mtj =
n−1∑
j=0

x′jsjE
m + y′jtjD

m ∈ A[D,E](D − E)

if and only if
n−1∑
j=0

x′jsj + y′jtj = 0,

since Dm − Em ∈ A[D,E](D − E). Then, a generating set for

{
(x′0, . . . , x

′
n−1, y

′
0, . . . , y

′
n−1) ∈ A2n |

n−1∑
j=0

x′jsj + y′jtj = 0
}

is

S ′
3 = {(0 . . . , tj, . . . , 0, 0, . . . ,−si, . . . , 0) | 0 ≤ i, j ≤ n− 1},

and thus a generating set for LA⧸L′
A
is the image of

S3 = {(0 . . . , tjEm, . . . , 0, 0, . . . ,−siDm, . . . , 0) | m ≥ 0, 0 ≤ i, j ≤ n− 1}.

It follows that LA is generated by S = S1 ∪ S2 ∪ S3, as required. □
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8.5 Proof of Theorem 8.1: conclusion

We can now finish proving Theorem 8.1. We have a set S of generators for LA, and

hence for LD,E ∼= KD,E. Using the set S we show that a certain quotient of LD,E is

not finitely-generated, implying KD,E cannot be finitely-generated, and the theorem

follows.

Consider the left module V = kG3,D,E⧸kG3,D,E(D − E). Note that V is a cyclic

kG3,D,E-module, and is a free left kU ′
3-module, with basis

{zm = Em + kG3,D,E(D − E) | m ∈ Z}.

Let q : LD,E → V be the left kG3,D,E-module homomorphism given by

q(λ0, . . . , λn−1, µ0, . . . , µn−1) =
n−1∑
j=0

λjsj + kG3,D,E(D − E).

Let MD,E = Im q, so MD,E is a submodule of V . We will prove the following.

Proposition 8.17:

The left kG3,D,E-module MD,E is not finitely-generated.

From this we deduce the theorem.

Proof of Theorem 8.1:

Suppose kG3,t′ is left coherent. Then, since G3,g ≤ G3,t′ is a closed subgroup,

kG3,g is left coherent by Proposition 7.1. Now, Ig is a finitely-generated left ideal

of kG3,g, and so it is also finitely-presented. Then by Lemma 8.3, it follows that

the left ideal ID,E of kG3,D,E is finitely-presented, and therefore its relation mod-

ule KD,E is finitely-generated. Then, KD,E
∼= LD,E, and MD,E is a quotient of

LD,E, hence is finitely-generated. But this is a contradiction, by Proposition 8.17.

So kG3,t′ is not left coherent, and so also not right coherent. □

Now we prove the proposition.

Lemma 8.18:

The set T = {sitjzm | i, j ∈ {0, . . . , n − 1},m ≥ 0} generates MD,E as a left

kG3,D,E-module.
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Proof:

We have a generating set S = S1 ∪ S2 ∪ S3 for LD,E, and a surjection q :

LD,E → MD,E, so MD,E is generated by q(S). It is easy to compute that

q(S1) = q(S2) = {0} and q(S3) = T . □

Proof of Proposition 8.17:

Suppose, for a contradiction, that MD,E is finitely-generated. In Lemma 8.18,

we have an infinite generating set T for MD,E. By Lemma 8.4, a finite subset of

T generates MD,E, in particular there exists a non-negative integer N such that

TN = {sitjzm | i, j ∈ {0, . . . , n− 1}, 0 ≤ m ≤ N}

generates MD,E.

Then s0t0zN+1 ∈ MD,E = ⟨TN⟩. Now, kG3,D,E = kU ′
3[D,D

−1, E, E−1], and so

there exist N ′ ∈ N, cabijm ∈ kU ′
3, such that

s0t0zN+1 =
N∑
m=0

∑
−N ′≤a,b≤N ′

∑
i,j∈{0,...,n−1}

cabijmD
aEbsitjzm.

Now, DaEbzm = zm+a+b for any m, a, b, so we have that

s0t0zN+1 =
N∑
m=0

∑
−N ′≤a,b≤N ′

∑
i,j∈{0,...,n−1}

cabijmσ
a
Dσ

b
E(sitj)D

aEbzm

=
N∑
m=0

∑
−N ′≤a,b≤N ′

∑
i,j∈{0,...,n−1}

cabijmσ
a
Dσ

b
E(sitj)zm+a+b.

Because {zm | m ∈ Z} is a kU ′
3-basis of V , we can compare the coefficients of

zN+1 to obtain

s0t0 =
∑

−N ′≤a,b≤N ′

1≤a+b≤N+1

∑
i,j∈{0,...,n−1}

cabij(N+1−a−b)σ
a
Dσ

b
E(sitj).

Therefore s0t0 lies in the ideal of kU ′
3 generated by

{σaDσbE(sitj) | a+ b ≥ 1, 0 ≤ i, j ≤ n− 1}.

Then, σaDσ
b
E(sitj) = σaD(si)σ

b
E(tj) since D, tj and E, si commute. Now,

si ∈ ϵU ′
3
(U′

1,3(OF )), tj ∈ ϵU ′
3
(U′

2,3(OF )),
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as seen in Lemma 8.15, and

σD(U′
1,3(OF )) = U′

1,3(p
nuOF ), σE(U′

2,3(OF )) = U′
2,3(p

nvOF ).

So, again by Lemma 8.15, the element σaD(si)σ
b
E(tj) lies in the ideal of kU ′

3,

Jab = (sp
anu

0 , . . . , sp
anu

n−1 )(t
pbnv

0 , . . . , tp
bnv

n−1 ).

It follows that s0t0 lies in the ideal∑
a,b∈Z,
a+b≥1

Jab =
∑
a,b∈Z,

a≥1,b≥1−a

Jab +
∑
a,b∈Z,

b≥1,a≥1−b

Jab.

Since Jab ⊆ Ja′b′ ⇔ a ≥ a′, b ≥ b′, it follows that s0t0 lies in a finite sum of ideals,

s0t0 ∈
∑
a≥1

Jab′ +
∑
b≥1

Ja′b = J1b′ + Ja′1

for some integers a′, b′ ∈ Z. So

s0t0 ∈ (sp
nu

0 , . . . , sp
nu

n−1)(t
pb

′nv

0 , . . . , tp
b′nv

n−1 ) + (sp
a′nu

0 , . . . , sp
a′nu

n−1 )(tp
nv

0 , . . . , tp
nv

n−1).

But, since nu, nv > 0, this cannot occur, thus we have a contradiction. So MD,E

is not finitely-generated. □

8.6 Proof of Theorem 8.2

We recall the objects in the statement of Theorem 8.2. Let U3 be the affine group

scheme of upper unitriangular matrices in GL3, and U3 = U3(F ), so

U3 =

1 F F
0 1 F
0 0 1

 .

As in the above subsections, let u, v ∈ F× be such that vF (u) > 0, vF (v) < 0. Then

let

t =

u 1
v−1

 ∈ GL3(F ).

We define H3,t = ⟨t, U3⟩ ≤ GL3(F ).
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Note that

Z(U3) =

1 0 F
0 1 0
0 0 1


is a normal subgroup of H3,t. Moreover, the quotient group is

H3,t⧸Z(U3)
∼= G3,t′ ,

as seen in Theorem 8.1, where t′ = diag(u, v, 1). Then, by Proposition 3.44, we have

an isomorphism of augmented Iwasawa algebras,

ϕ : kH3,t⧸J
∼=−→ kG3,t′ ,

where J = ϵH3,t(Z(U3)) is the augmentation ideal of Z(U3), which is two-sided.

Let us define notation for the elements of the augmented Iwasawa algebras. We have

that

U3 = lim−→
r≥0

1 p−rOF p−2rOF

0 1 p−rOF
0 0 1

 ,

and so we write the augmented Iwasawa algebra as

kU3 = lim−→
r≥0

k[[s
1
pr

0 , . . . , s
1
pr

n−1, t
1
pr

0 , . . . , t
1
pr

n−1, w
1

p2r

0 , . . . , w
1

p2r

n−1]]

= k[[s0, . . . , sn−1, t0, . . . , tn−1, w0, . . . , wn−1]]
1

p∞ ,

where

1 + si =

1 xi 0
0 1 0
0 0 1

 , 1 + ti =

1 0 0
0 1 xi
0 0 1

 , 1 + wi =

1 0 xi
0 1 0
0 0 1

 .

Note that kU3 is non-commutative – it is a direct limit of non-commutative power

series rings – but the wj commute with any si, ti.

The augmentation ideal of Z(U3) is generated by {w
1
pr

0 , . . . , w
1
pr

n−1 | r ≥ 0}.

Then kH3,t = kU3[t, t
−1] is a skew-Laurent ring over kU3, and ϕ(t) = t′, ϕ(si) = si, ϕ(tj) = tj

with the labelling described above. Let y = tn
′
, where n′ is the positive integer de-

fined at the beginning of subsection 8.3, so that ϕ(y) = g = (t′)n
′ ∈ G3,t′ .

Consider the left ideal of kH3,t,

I = kH3,ts0 + · · ·+ kH3,tsn−1 + kH3,tt0 + · · ·+ kH3,ttn−1 + kH3,t(1− y).
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Let I ′ be the left ideal of kG3,t′ given by

I ′ = kG3,t′ ⊗kG3,g Ig,

that is explicitly,

I ′ = kG3,t′s0 + · · ·+ kG3,t′sn−1 + kG3,t′t0 + · · ·+ kG3,t′tn−1 + kG3,t′(1− g).

Lemma 8.19:

There is containment of ideals J ⊆ I, and I/J corresponds to the left ideal I ′

under the isomorphism kH3,t/J ∼= kG3,t′ .

Proof:

For all x ∈ I, x − x(1 − y) = xy ∈ I, so y−1xy ∈ I. Similarly, y−1(1 − y) =

y−1 − 1 ∈ I, and so y(x + x(y−1 − 1)) = yxy−1 ∈ I. Write σy for the ring

automorphism of kU3 given by σy(x) = yxy−1.

Then, by almost identical calculations as for D,E and g = DE−1 ∈ kG3,t′ , we

can compute how σy acts on the elements, and ideals, of kU3. We have that

σy(kU3t0 + · · ·+ kU3tn−1) = kU3t
p−nv

0 + · · ·+ kU3t
p−nv

n−1 .

Therefore tp
−r

0 ∈ I for all r ≥ 0. Then, a matrix calculation gives that

(1 + sj)(1 + tp
−r

0 )(1 + sj)
−1(1 + tp

−r

0 )−1 = 1 + wp
−r

j .

(This uses that the element x0 of the Zp-basis for OF is chosen to be x0 = 1.)

We can rearrange to find that

sjt
p−r

0 − tp
−r

0 sj = (1 + sj)(1 + tp
−r

0 )wp
−r

j .

Since 1 + sj, 1 + tp
−r

0 are units in kU3, it follows that w
p−r

j ∈ I, for any j, r.
Thus, I contains J , which is generated by such elements.

It is clear that g corresponds to y and the sj, tj correspond under the isomor-

phism kH3,t/J ∼= kG3,t′ , therefore I/J = I ′. □

Lemma 8.20:

The product of ideals JI = J .
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Proof:

Recall J is two-sided by Proposition 3.44 as Z(U3) is normal in H3,t. It is clear

that Jp = J , and hence J = J2. Since J ⊆ I, we have J = J2 ⊆ JI ⊆ J ∩ I = J ,

hence J = JI. □

We can then prove Theorem 8.2.

Proof of Theorem 8.2:

Consider the finitely-generated left ideal I ⊆ kH3,t. We show that I is not

finitely-presented.

For a contradiction, suppose that I is finitely-presented. Then we have a short

exact sequence

0→ K → (kH3,t)
2n+1 → I → 0

withK finitely-generated. We then apply the right exact functor (kH3,t/J)⊗kH3,t .

Note that (kH3,t/J)⊗kH3,t I = I/JI = I/J ∼= I ′. Thus we have an exact sequence

K/JK → (kG3,t′)
2n+1 → I ′ → 0.

Now K is a finitely-generated kH3,t-module, so K/JK is a finitely-generated

kG3,t′-module, and hence I ′ is a finitely-presented kG3,t′-module.

But, I ′ = kG3,t′ ⊗kG3,g Ig, and Ig is not finitely-presented (this follows from the

proof of Theorem 8.1). Since kG3,t′ is faithfully flat as a right kG3,g-module, I ′

cannot be finitely-presented, a contradiction.

So, the finitely-generated left ideal I is not finitely-presented, and hence kH3,t is

not left coherent. □
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9 Characterisations of coherence

In this section, we define a class of solvable p-adic Lie groups G and give a character-

isation of when kG is a coherent ring – Theorem C. By analysing solvable subgroups,

we deduce a characterisation of when a split-semisimple group or a general linear

group has a coherent augmented Iwasawa algebra – Theorem A and Corollary B.

9.1 The class of solvable groups

We define the class of solvable groups considered in Theorem C.

Let n ∈ N. Let Un be the affine group scheme of upper unitriangular matrices in

GLn over F . Let U be a closed affine group subscheme of Un, defined and split over

F . Let U = U(F ).
Let T be a closed subgroup – in the p-adic topology – of the diagonal elements

Dn(F ) ≤ GLn(F ), such that T normalises U . Let G = ⟨T, U⟩ ∼= T ⋉ U , so G is a

p-adic Lie group.

We define a set of roots of U with respect to T , similarly to section 8.17 of [Bor91].

Let u = Lie(U). Since T acts on U via conjugation, T acts on u. Let

X(T ) = {β : T → F× | β a continuous group homomorphism}

be the character group of T . For each β ∈ X(T ), define the subspace, called a weight

space,

uβ = {v ∈ u | t · v = β(t)v ∀t ∈ T} ≤ u.

The uβ are finite-dimensional subspaces of u, and may have dimension larger than 1.

We define the set of weights

Φ = {β ∈ X(T ) | uβ ̸= 0}.

Note that we allow the trivial character to be an element of Φ.

Let TU be the normaliser of U in Dn, so T is a subgroup of TU(F ). By Proposition

8.4 of [Bor91], TU(F ) acts diagonalisably on u, and hence so does T .

Thus u is the direct sum of its weight spaces:

u =
⊕
β∈Φ

uβ.

The uβ correspond to root subgroups Uβ ≤ U .

For β1, β2 ∈ X(T ), v1 ∈ uβ1 , v2 ∈ uβ2 , we have that t · [v1, v2] = [t · v1, t · v2] =
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β1(t)β2(t)[v1, v2] for all t ∈ T . We use additive notation β1+β2 to denote the character

t 7→ β1(t)β2(t). Thus, we have that

[uβ1 , uβ2 ] ≤ uβ1+β2 .

We define the group homomorphism fG by

fG : T → ZΦ, fG(t) =
(
vF (β(t))

)
β∈Φ,

where vF : F× → Z is the discrete valuation on F . For each β, we will write

nβ(t) = vF (β(t)), so that fG(t) = (nβ(t))β∈Φ. Note that if β1, β2 ∈ Φ are such that

β1 + β2 ∈ Φ, then for all t ∈ T ,

nβ1+β2(t) = vF (β1(t)β2(t)) = vF (β1(t)) + vF (β2(t)) = nβ1(t) + nβ2(t).

In the following three subsections, we prove Theorem C.

Theorem C:

Let G = T ⋉ U be an upper-triangular subgroup of GLn(F ) as described above,

with set of roots Φ and group homomorphism fG : T → ZΦ. The augmented

Iwasawa algebra kG is a coherent ring if and only if the image fG(T ) ≤ ZΦ is a

cyclic subgroup, generated by an element of (Z≥0)
Φ.

9.2 Non-coherence: The case of cyclic torus

In this subsection, assume that T is cyclic and choose a fixed generator t0 ∈ T . For

convenience, we will write nβ = nβ(t0) in this subsection.

The next two lemmas are basic Lie algebra facts we need for examining the structure

of u = Lie(U).

Lemma 9.1:

Let g be a Lie algebra over a field K, and

g = g1 ≥ g2 ≥ g3 ≥ . . .

be its lower central series. Let S be a generating set for g. Then, for any

m ∈ N, the quotient Lie algebra gm/gm+1 is generated by the image of the

m-fold commutators

Sm = {[s1, [s2, . . . , sm]] | s1, s2, . . . , sm ∈ S}.
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Proof:

Let hm be the Lie subalgebra of g generated by Sm. We proceed by induction.

The case m = 1 is clear. If m ≥ 1, then

gm+1 = [g, gm] = [g, hm + gm+1] = [g, hm] + gm+2,

by induction. Then [g, hm] is the Lie subalgebra generated by ∪r≥m+1S
k. If

r > m+ 1, then Sr ⊆ gm+2, and so

[g, hm] + gm+2 = hm+1 + gm+2,

therefore gm+1/gm+2 is generated by (the image of) hm, hence by Sm, as required.

□

Lemma 9.2:

Let g be a non-abelian nilpotent Lie algebra over a field K, generated by two

distinct 1-dimensional subspaces h1, h2. Let z ≤ g2 be a 1-dimensional subspace.

Let g′ be the subalgebra generated by h1, z. Then g′ is a proper subalgebra of g.

Proof:

Let x ∈ h1, y ∈ h2, z ∈ z be non-zero. Suppose that g = g′. Then g = g′ is

generated by x, z, so g2/g3 is generated by [x, z], by Lemma 9.1. But z ∈ g2,

so [x, z] ∈ g3, hence g2 = g3. Because g is nilpotent, g2 = 0, hence z = 0, a

contradiction. So g′ ̸= g. □

Recall the p-adic Lie groups G3,t′ , H3,t from Theorems 8.1 and 8.2. The following

proposition characterises when these groups appear as closed subgroups of G.

Proposition 9.3:

Suppose there exists α, β ∈ Φ such that nα > 0, nβ < 0. Then G contains a

closed subgroup of the form G3,t′ or H3,t.

Proof:

Let u′α ≤ uα and u′β ≤ uβ be 1-dimensional subspaces. The subalgebra v gen-

erated by these subspaces corresponds to a closed subgroup U ′ ≤ U that is

normalised by T = ⟨t0⟩, since T fixes uα and uβ. So, it is enough to prove that

U ′ contains a closed subgroup of the form G3,t′ or H3,t. That is, we may without
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loss of generality assume that u is generated by uα, uβ, and that these spaces are

1-dimensional.

We proceed by induction on dimU = dim u. Clearly dimU ≥ 2, and if dimU = 2,

then uα, uβ must commute, implying G is of the form G3,t′ .

If dimU > 2, notice that if we can find α0, β0 ∈ Φ with nα0 > 0, nβ0 < 0, and

subspaces u′α0
≤ uα0 , u

′
β0
≤ uβ0 such that u′α0

, u′β0 generate a proper subalgebra

v ≤ u, we are done by induction. This follows because v corresponds to a proper

closed subgroup V ≤ U with V normalised by T , and satisfying the hypothesis

of the proposition.

Let dimU > 2. Then uα, uβ do not commute. Let δ = α + β, and

u′δ = [uα, uβ] ≤ uδ.

If u′δ commutes with both uα and uβ, then G must be of the form H3,t.

If not, suppose nα + nβ = nδ > 0. Let v be the Lie subalgebra of u generated by

u′δ, uβ. As u
′
δ ≤ u2, by Lemma 9.2, v is a proper subalgebra and nδ > 0, nβ < 0,

so we are done by induction. If nα+ nβ = nδ < 0, the argument is very similar.

Suppose that nα + nβ = nδ = 0, and suppose that [uα, u
′
δ] ̸= 0. Let γ = α + δ,

and [uα, u
′
δ] = u′γ ≤ uγ. Then nγ = nα + nδ = nα > 0. Let v be the subalgebra

generated by uβ, u
′
γ. Then u′γ ≤ u3 ≤ u2, so by Lemma 9.2, the subalgebra v is

proper. Also nγ > 0, nβ < 0, so we are done by induction. If [uα, u
′
δ] = 0, then

[uβ, u
′
δ] ̸= 0 and the argument is very similar. □

Since kG3,t′ , kH3,t are not coherent, by Theorems 8.1 and 8.2, if the hypothesis of the

above proposition is satisfied, then kG is not coherent, by Proposition 7.1.

Corollary 9.4:

Suppose fG(t0) ̸∈ (Z≥0)
Φ ∪ (Z≤0)

Φ, and let G = ⟨T, U⟩ = ⟨t0, U⟩. Then the

augmented Iwasawa algebra kG is not coherent.

9.3 Non-coherence for solvable groups

Let G be as in subsection 9.1. We show that the class of groups G for which kG is

coherent is quite small.

Theorem 9.5:

The augmented Iwasawa algebra kG is coherent only if fG(T ) ≤ ZΦ is cyclic and
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generated by an element in (Z≥0)
Φ.

The proof of this theorem is a deduction from Corollary 9.4, using some information

about subgroups of ZN .

Lemma 9.6:

Let N ∈ N. Let x, y ∈ (Z≥0)
N . Suppose that the submodule

A = Zx+ Zy ≤ ZN

is contained in (Z≥0)
N ∪ (Z≤0)

N . Then A is generated by one element.

Proof:

Note that if x = 0 or y = 0 we are done so assume x, y ̸= 0. If there exist

i, j ∈ {1, 2, . . . , N} such that xi > yi but xj < yj, then x− y ̸∈ (Z≥0)
N ∪ (Z≤0)

N ,

a contradiction. So, without loss of generality, assume that xi ≥ yi for all i ∈
{1, 2, . . . , N}.
If there exists i ∈ {1, 2, . . . , N} such that xi = yi = 0, then we may consider A as

a submodule of ZN−1 by removing the ith component. Moreover, if there exists

i ∈ {1, 2, . . . , N} such that yi = 0 and xi > 0, let j ∈ {1, 2, . . . , N} be such that

yj > 0. Then, there exists m ∈ N large enough such that xj − myj < 0. But

xi −myi = xi > 0, thus x−my ̸∈ (Z≥0)
N ∪ (Z≤0)

N , a contradiction. Therefore,

we may assume that xi ≥ yi > 0 for all i ∈ {1, 2, . . . N}.
For each i, let qi = xiy

−1
i ∈ Q. Let q = min{qi | i ∈ {1, 2, . . . N}}, and by

reordering, assume that q = q1 without loss of generality. Let q =
a

b
for coprime

a, b ∈ N, and z = bx− ay ∈ A. Suppose z ̸= 0. Then z1 = 0 – but y1 > 0, so we

have a contradiction as seen above. Thus, z = 0.

So, bx = ay. By Euclid’s algorithm, ∃r, s ∈ Z such that ra − sb = 1, since a, b

are coprime. Then

x = (ra− sb)x = rax− sbx = rax− say = a(rx− sy),

y = (ra− sb)y = ray − sby = rbx− sby = b(rx− sy),

and so A is generated by rx− sy. □

Proof of Theorem 9.5:

Suppose kG is coherent. Note that for any t ∈ T , ⟨t, U⟩ is a closed subgroup of
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G, so by Proposition 7.1, k⟨t, U⟩ is coherent. Thus, by Corollary 9.4, fG(t) ∈
(Z≥0)

Φ ∪ (Z≤0)
Φ for all t ∈ T . That is,

fG(T ) ⊆ (Z≥0)
Φ ∪ (Z≤0)

Φ.

Now, fG(T ) is finitely-generated, thus by Lemma 9.6 and induction, fG(T ) is a

cyclic subgroup of ZΦ, and must be generated by an element of (Z≥0)
Φ. □

9.4 Coherence for solvable groups

In this subsection we show that the converse to Theorem 9.5 also holds.

First, we examine the structure of the subgroups of (F×)n.

Lemma 9.7:

Let T ≤ (F×)n be a closed subgroup. Then,

T ∼= Zd × (T ∩ (O×
F )

n)

as p-adic Lie groups, and T ∩ (O×
F )

n is compact.

Proof:

Note that (F×)n = (πZ × O×
F )

n, where π ∈ F is a uniformiser. So let q : T →
(πZ)n be the natural projection restricted to T . Then Im q is (isomorphic to)

a subgroup of Zn, hence is isomorphic to Zd for some d ≤ n. Then, Ker q =

T ∩ (O×
F )

n. Thus we have a short exact sequence of abelian groups

0→ T ∩ (O×
F )

n → T → Zd → 0,

which must split because Zd is a free Z-module. So T ∼= Zd × (T ∩ (O×
F )

n), and

T ∩ (O×
F )

n is a closed subgroup of the compact group (O×
F )

n, hence T ∩ (O×
F )

n is

compact. □

Theorem 9.8:

If fG(T ) ≤ ZΦ is cyclic and generated by an element of (Z≥0)
Φ, then the aug-

mented Iwasawa algebra kG is coherent.
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Proof:

By Lemma 9.7, T = T0×T1 where T0 ∼= Zd and T1 is a compact p-adic Lie group,

with T1 a subgroup of the group of diagonal matrices in GLn(OF ). Because U is

a subgroup of the upper unitriangular matrices in GLn(F ), we can show easily

that T1 ≤ Ker fG. Thus fG(T0) = fG(T ) is cyclic. If fG(T0) is non-trivial, let

{t1, . . . , td−1} ⊆ T0 generate Ker(fG|T0) and t0 ∈ T0 be such that fG(t0) generates

fG(T0). If fG(T0) is trivial, let {t0, t1, . . . , td−1} be any set of generators for T0.

Then T0 = ⟨t0⟩ × ⟨t1, . . . , td−1⟩ ∼= Z× Zd−1, and ⟨t1, . . . , td−1⟩ ≤ Ker fG.

Next, choose OF -Lie subalgebras of u,

v0 ≤ v1 ≤ v2 ≤ . . .

of the form

vm =
⊕
β∈Φ

vβ,m

where vβ,m ≤ uβ is an OF -lattice, and such that u = lim−→
m≥0

vm. These correspond

to compact open subgroups V0 ≤ V1 ≤ V2 ≤ . . . of U , and we have that Vm−1 is

an open (hence closed) subgroup of Vm for all m ≥ 1. Then,

t0 · vm =
⊕
β∈Φ

t0 · vβ,m =
⊕
β∈Φ

πnβ(t0)vβ,m,

where π ∈ F is the uniformiser of F . Thus t0 · vm has finite index in vm, and

so t0Vmt
−1
0 is a finite index subgroup of Vm. Thus t0Vmt

−1
0 ≤ Vm is an open

subgroup (since it is also closed). Moreover, t0 ·vm is an OF -Lie ideal of vm, thus
t0Vmt

−1
0 is an open normal subgroup of Vm.

Let V ′
m = ⟨T1, Vm⟩ = T1 ⋉ Vm for each m ≥ 0. Let v′m be the corresponding

Lie algebra. Because t0 · vm is a finite index Lie ideal of vm, it follows that

t0 · v′m is a finite index Lie ideal of v′m, for all m. Thus t0V
′
mt

−1
0 is a finite index,

closed, normal subgroup of V ′
m, and hence is also an open normal subgroup. By

Corollary 19.4 of [Sch11], it follows that the Iwasawa algebra kV ′
m is a free right

k(t0V
′
mt

−1
0 )-module.

Let V ′′
m = ⟨V ′

m, t1, . . . , td−1⟩ for each m ≥ 0. Now, each of the t1, . . . td−1 com-

mute with T1, and act, via conjugation, as an automorphism on Vm. Thus the

t1, . . . , td−1 act as automorphisms of V ′
m, and therefore as ring automorphisms of

the Iwasawa algebra kV ′
m. So, the augmented Iwasawa algebra of V ′′

m is a skew

Laurent polynomial ring, kV ′′
m = kV ′

m[t1, t
−1
1 , . . . , td−1, t

−1
d−1].
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By the non-commutative Hilbert basis theorem, Theorem 6.15, kV ′′
m is a Noethe-

rian ring for each m. Let

σt0 : kV
′′
m → kV ′′

m, σt0(x) = t0xt
−1
0

be the ring endomorphism given by conjugation by t0. Then σt0 is injective. Note

σt0 fixes the t1, . . . , td−1. The image of σt0 is

σt0(kV
′′
m) = k(t0V

′′
mt

−1
0 ) = k(t0V

′
mt

−1
0 )[t1, t

−1
1 , . . . , td−1, t

−1
d−1].

Thus kV ′′
m is a free, hence flat, right σt0(kV

′′
m)-module.

By Theorem 6.16, it follows that the skew polynomial ring kV ′′
m[t0;σt0 ] is a left

coherent ring, for all m ≥ 0. Now, since Vm is a closed subgroup of Vm+1, it

follows that V ′′
m is a closed subgroup of V ′′

m+1, therefore kV
′′
m+1 is a flat right kV ′′

m-

module, by Proposition 5.10. Hence kV ′′
m+1[t0] is a flat right kV ′′

m[t0]-module, for

all m ≥ 0. Thus, by Lemma 6.7, the direct limit

lim−→
m≥0

kV ′′
m[t0] =

(
lim−→
m≥0

kV ′′
m

)
[t0] = kG′[t0]

is a left coherent ring, where G′ = ⟨t1, . . . td−1, T1, U⟩. Then, the set {1, t0, t20, . . . }
is a left denominator set in kG′[t0], and

kG = kG′[t0, t
−1
0 ] = {1, t0, t20, . . . }−1kG′[t0].

Therefore, by Corollary 6.11, kG is a left coherent ring. □

We can conclude from Theorem 9.5 and Theorem 9.8 a necessary and sufficient cri-

terion for kG to be coherent.

Corollary 9.9 (Theorem C):

The augmented Iwasawa algebra kG is coherent if and only if fG(T ) ≤ ZΦ is a

cyclic subgroup generated by an element of (Z≥0)
Φ.

9.5 Coherence for algebraic groups

We now prove Corollary D, deducing Theorem A and Corollary B.
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Proposition 9.10:

Let U be an affine group subscheme of the upper unitriangular matrices Un, de-

fined and split over F . Let T be a split affine group subscheme of the diagonal

group Dn ≤ GLn such that T normalises U, and let G = T ⋉ U ≤ GLn. Let

G = G(F ) = T ⋉ U , where T = T(F ), U = U(F ).
If the rank of the root system of U with respect to T is at least two, then kG is

not a coherent ring.

Proof:

The character group of T is X(T) = {morphisms of group schemes T → Gm}.
Let T ∼= Gd

m. Then X(T) ∼= Zd, and T ∼= (F×)d, so

X(T ) = {α(j1,...,jd) | (j1, . . . , jd) ∈ Zd} ∼= Zd,

where

α(j1,...,jd) : T → F×, α(j1,...,jd)(t1, . . . , td) = tj11 . . . t
jd
d .

We have that Φ = {β ∈ X(T ) | uβ ̸= 0}. For β ∈ Φ, let (jβ1 , . . . , j
β
d ) ∈ Zd such

that β = α(jβ1 ,...,j
β
d )
.

Let t = (λ1, . . . , λd) ∈ T , and let ni = vF (λi) for each i ∈ {1, 2, . . . , d}. Then

vF (β(t)) = vF (λ
jβ1
1 . . . λ

jβd
d ) = jβ1 n1 + · · ·+ jβdnd.

LetM be the (|Φ|×d)-matrix with coefficientsMβi = jβi . Recall from subsection

9.1 the group homomorphism fG : T → ZΦ. Then, fG is given by

fG(t) =M ·

n1

. . .
nd

 ,

where ni = vF (λi). So, the image fG(T ) ≤ ZΦ is given by the Z-span of the

columns of M .

If kG is coherent, then by Theorem C, fG(T ) is cyclic, so Q ⊗Z fG(T ) ≤ QΦ is

either trivial or a 1-dimensional vector space. Hence the Q-rank of M is at most

1, and so the vectors {(jβ1 , . . . , j
β
d ) | β ∈ Φ} are contained in a 1-dimensional

vector subspace of Qd. So, the rank of the root system of U with respect to T is

at most 1.

Hence, if the rank of the root system of U with respect to T is 2 or greater, kG

is not coherent. □
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We then deduce Corollary D.

Corollary D:

Let G be a finite-dimensional split-solvable affine group scheme defined over F ,

and G = G(F ). If the root system of G has rank 2 or greater, then kG is not

coherent.

This follows directly from Proposition 9.10 because the class of groups considered is

the same. We can then show that nearly all split-semisimple groups over F have a

non-coherent augmented Iwasawa algebra.

Corollary 9.11:

Let G be a split-semisimple affine group scheme defined over F , with root system

of rank at least 2. Let G = G(F ). Then the augmented Iwasawa algebra kG is

not coherent.

Proof:

This follows by considering the Borel subgroup B ≤ G, with B = B(F ) ≤ G. We

have that B is a split-solvable affine group scheme with a root system of rank at

least 2, thus B is as in the statement of Corollary D, and hence kB is not coher-

ent. But B is a closed subgroup ofG, so by Proposition 7.1, kG is not coherent. □

Theorem A:

Let G be a split-semisimple affine group scheme defined over F . Let G = G(F ).

Then the augmented Iwasawa algebra kG is coherent if and only if the rank of

the root system of G is 1.

Proof:

The “only if” part of the statement follows from Corollary 9.11.

If the root system of G has rank 1, then G = SL2 or PGL2, by the classification

of split-semisimple linear algebraic groups, see for example Table 9.2 of [MT11].

If G = SL2, then Corollary 4.4 of [Sho20] shows kG = kSL2(F ) is coherent.

IfG = PGL2, thenG is isomorphic to a quotient of SL2(F ), namelyG ∼= SL2(F )⧸H,

where H = {I,−I} is the centre of SL2(F ). Then, by Proposition 3.44, the aug-

mented Iwasawa algebra kG ∼= kSL2(F )/ϵ(H). The two-sided ideal ϵ(H) is
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certainly finitely-generated as a left ideal, because H is finite. Thus, kG is co-

herent by Lemma 6.6, since kSL2(F ) is coherent. □

9.6 Coherence for the general linear group

Since kSLn(F ) is not coherent for n ≥ 3 by Theorem A, and the special linear group

is a closed subgroup of the general linear group, Proposition 7.1 implies the following.

Theorem 9.12:

If n ≥ 3, then the augmented Iwasawa algebra kGLn(F ) is not coherent.

Consequently we know precisely when the augmented Iwasawa algebra of each general

linear group is coherent.

Corollary B:

The augmented Iwasawa algebra of GLn(F ) is coherent if and only if n ≤ 2.
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10 The category of finitely-presented smooth rep-

resentations

Let k be a field of characteristic p throughout this section.

10.1 Finitely-presented representations

Schraen, Hu, Vignéras and Wu have previously studied finitely-presented representa-

tions of p-adic Lie groups, particularly those of GL2(F ). See [Sch15], [Hu12], [Vig11],

and [Wu21] respectively. Recently, Shotton has proved a link between coherence and

finitely-presented smooth representations – refer to Definition 1.1 and the proof of

Theorem 4.5 in [Sho20].

Theorem 10.1:

Let G be a p-adic Lie group. If kG is a coherent ring, then the category of

finitely-presented smooth representations of G over k is an abelian category.

In fact, it was recently conjectured in [EGH] that the latter statement holds whenever

G = GLn(F ). To make sense of this, it is of course necessary to explain what we

mean by a finitely-presented smooth representation. We give this definition in the

language of this thesis, but see also Definitions 2.1-2.3 of [Sho20]. Recall that any

smooth representation of G is a kG-module, Corollary 3.18.

Definition 10.2:

Let V be a smooth representation of G over k. V is a finitely-generated smooth

representation if there exists a compact open subgroup H ≤ G and a surjective

kG-module homomorphism

kG⊗kH U → V

for some finite-dimensional smooth representation U of H over k.

Definition 10.3:

Let V be a smooth representation of G over k. V is a finitely-presented smooth

representation if there exists H ≤ G compact open and a surjective kG-module

homomorphism

ϕ : kG⊗kH U → V

for some finite-dimensional smooth representation U of H over k, such that Kerϕ

is a finitely-generated smooth representation.
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Notice that kG⊗kH = k[G]⊗k[H] is equal to the compact induction functor on smooth

representations.

Proposition 10.4:

Let G be a p-adic Lie group, H ≤ G be a compact open subgroup, and U be

a finite-dimensional smooth representation of H. Then kG ⊗kH U is a finitely-

presented smooth representation and finitely-presented kG-module.

Proof:

Since U is a smooth representation of H, every vector u ∈ U is fixed by some

open subgroup Hu ≤ H. Every element v ∈ kG ⊗kH U may be written in the

form

v =
n∑
j=1

gj ⊗ uj,

for gj ∈ G, uj ∈ U . Then v is fixed by the open subgroup of G,

n⋂
j=1

gjHujgj
−1,

so kG ⊗kH U is smooth, and trivially is a finitely-presented smooth represen-

tation. Because U is finite-dimensional, U is a finitely-generated kH-module.

Since kH is Noetherian (Theorem 2.2), U is a finitely-presented kH-module.

Then Proposition 5.10 implies kG⊗kH U is a finitely-presented kG-module. □

Taking U = k to be the trivial representation in the above implies that

kG⊗kH k = kG⧸ϵG(H)
∼= k

(
G⧸H

)
is a finitely-presented smooth representation whenever H ≤ G is a compact open

subgroup (see also Example 4.3).

Lemma 10.5:

Let V be a smooth representation of G over k. V is a finitely-presented smooth

representation if and only if V is a finitely-presented kG-module.

Proof:

First note that if V is a finitely-generated smooth representation, then a con-

sequence of Proposition 10.4 is that V is a finitely-generated kG-module. Con-

versely if V is a finitely-generated kG-module, let v1, . . . , vn generate V . Since
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V is smooth there exists a compact open subgroup H ≤ G that fixes every vj.

Thus the kernel of the natural map kGn → V contains the submodule ϵG(H)n.

Hence there is a surjection

kG⊗kH U = (kG/ϵG(H))n → V,

where U = kn is the trivial n-dimensional representation of H, so V is a finitely-

generated smooth representation.

Let V be a finitely-generated smooth representation, and

ϕ : kG⊗kH U → V

be any kG-module surjection. Now, kG⊗kH U is a finitely-presented kG-module

by Proposition 10.4. By Theorem 2.1.2 of [Gla89], V is a finitely-presented kG-

module if and only if Kerϕ is a finitely-generated kG-module, if and only if (by

the above) Kerϕ is a finitely-generated representation. The result follows. □

Due to Lemma 10.5, we may say a smooth representation V is “finitely-presented”

without any ambiguity.

Definition 10.6:

The category of finitely-presented smooth representations Repsm
k (G)fp is the full

subcategory of the category of smooth representations Repsm
k (G) consisting of

the finitely-presented objects.

We need the following technical fact.

Proposition 10.7:

Let G be a p-adic Lie group. The inclusion of Repsm
k (G)fp into Repsm

k (G) is exact.

Proof:

We will denote the inclusion functor Repsm
k (G)fp → Repsm

k (G) by M 7→M .

Let ϕ : A → B be a morphism in Repsm
k (G)fp, and suppose it has a kernel

j : K → A. We show that j : K → A is the kernel of the morphism ϕ in

Repsm
k (G).

For each H ≤ G a compact open subgroup, consider the functor

HomkG(kG/ϵG(H), ) : Repsm
k (G)fp → k-Mod.
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These functors are left exact because kG/ϵG(H) ∈ Repsm
k (G)fp by Proposi-

tion 10.4. Moreover, for any kG-module M , there is a natural isomorphism

HomkG(kG/ϵG(H),M) ∼= MH = {x ∈M | hx = x for all h ∈ H}.

Thus, the homomorphism j|KH : KH → AH is the kernel of ϕ|AH : AH → BH .

We now show that j satisfies the universal property of the kernel of ϕ. Let

K ′ ∈ Repsm
k (G) be a smooth representation and j′ : K ′ → A be a kG-module

homomorphism satisfying ϕ ◦ j′ = 0. Then for any compact open subgroup H ≤
G, clearly ϕ|AH ◦j′|(K′)H = 0. So by the universal property for the kernel of ϕ|AH ,

there is a unique morphism uH : (K ′)H → KH such that j|KH ◦ uH = j′|(K′)H . If

H ≤ H ′, then uH |(K′)H′ = uH′ , by uniqueness. Moreover, K ′ is smooth, meaning

that

K ′ =
⋃

compact open
H≤G

(K ′)H .

Therefore we can define the morphism of smooth representations,

u : K ′ → K, u(x) = uH(x) if x ∈ (K ′)H ,

and it follows that j ◦ u = j′ because this holds on each (K ′)H by definition

of uH . If v is another morphism with this property, then v|(K′)H = uH by

uniqueness of uH , so v = u. Thus u is the unique such morphism. Therefore

j : K → A satisfies the universal property of the kernel. Thus the inclusion

functor Repsm
k (G)fp → Repsm

k (G) preserves kernels, so is left exact.

Furthermore, the cokernel of ϕ : A → B in Repsm
k (G)fp is B/ϕ(A) – notice B is

finitely-presented and ϕ(A) is finitely-generated, so B/ϕ(A) is finitely-presented

by Theorem 2.1.2 of [Gla89]. Thus the inclusion functor preserves cokernels, so

is right exact. □

Applying Proposition 10.7 and Lemma 1.6.2 of [Wei94] to the inclusion of categories,

and noticing that Repsm
k (G)fp is always closed under cokernels taken in Repsm

k (G) by

Lemma 10.5 and Theorem 2.1.2 of [Gla89], we have the following.

Corollary 10.8:

The category Repsm
k (G)fp of finitely-presented smooth representations is an abelian

category if and only if it is closed under kernels taken in the category Repsm
k (G)

of smooth representations, that is, kG-module kernels.
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We can now give a proof of Theorem 10.1.

Proof of Theorem 10.1:

Suppose kG is a coherent ring and let ϕ : V → W be a morphism in Repsm
k (G)fp.

By Lemma 10.5, V andW are finitely-presented kG-modules, so Kerϕ is finitely-

presented by Proposition 6.3. By Corollary 10.8, Repsm
k (G)fp is abelian. □

Combining Theorem 10.1 with Theorem 7.12 gives the following result.

Corollary 10.9:

Let G = SL2(F ) or GL2(F ). Then the category of finitely-presented smooth

representations of G is abelian.

This is an improvement on Theorem 1.2 of [Sho20]. Moreover it answers the GL2(F )

case of Conjecture 6.1.4 of [EGH] positively.

10.2 A module-theoretic characterisation

In Theorems 8.1 and 8.2, we have proved that not all p-adic Lie groups have a coherent

augmented Iwasawa algebra. It is natural to ask whether all p-adic Lie groups must

have the category of smooth mod p representations being abelian. We will show in

this subsection that this is also not the case – again the counterexamples are the

groups in Theorems 8.1 and 8.2. To do this, we improve the result of Theorem 10.1

to a necessary and sufficient module-theoretic condition.

Proposition 10.10:

Let G be a p-adic Lie group. The category of finitely-presented smooth repre-

sentations of G is abelian if and only if kG/ϵG(H) is a coherent kG-module, for

all compact open subgroups H ≤ G.

Proof:

Suppose the category of finitely-presented smooth representations of G is abelian.

Now, for any open compact subgroup H, the kG-module kG/ϵG(H) is a smooth

finitely-presented representation of G, by Proposition 10.4. Because kG/ϵG(H)

is smooth, any kG-submodule or quotient is also a smooth representation. If

N ≤ kG/ϵG(H) is a finitely-generated kG-submodule, we have a short exact

sequence of smooth representations

0→ N → kG/ϵG(H)→ (kG/ϵG(H))/N → 0,
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where the third and fourth terms are finitely-presented, by Proposition 10.4

and Theorem 2.1.2 of [Gla89]. Hence, N must also be finitely-presented by

Corollary 10.8. Thus kG/ϵG(H) is a coherent kG-module.

Conversely, suppose kG/ϵG(H) is a coherent kG-module for all open compact

H ≤ G. Let M be a finitely-presented smooth representation of G. Then, as in

the proof of Lemma 10.5, there is a surjection

(kG/ϵG(H))n →M,

for some compact open subgroup H ≤ G. Then (kG/ϵG(H))n is a coherent kG-

module by our assumption. BecauseM is a finitely-presented quotient, it follows

from Theorems 2.1.2 and 2.2.1 of [Gla89] that M is a coherent kG-module.

Therefore, the finitely-presented smooth representations of G are exactly the

smooth representations which are coherent kG-modules. The kernel of any ho-

momorphism between coherent kG-modules is itself a coherent kG-module by

Theorem 2.2.1 of [Gla89]. Thus the kernel of any map between finitely-presented

smooth representations must be a coherent, hence finitely-presented, representa-

tion. Therefore the category of finitely-presented smooth representations of G is

an abelian category, by Corollary 10.8. □

Lemma 10.11:

Let G be a p-adic Lie group, J ≤ G be an open pro-p subgroup. If kG/ϵG(J) is a

coherent kG-module, then kG/ϵG(H) is a coherent kG-module for any compact

open subgroup H ≤ G.

Proof:

Let H1 ≤ H2 be open compact subgroups of G. Suppose that kG/ϵG(H1) is a

coherent kG-module. We have a short exact sequence

0→ ϵG(H2)⧸ϵG(H1)
→ kG⧸ϵG(H1)

→ kG⧸ϵG(H2)
→ 0,

and ϵG(H2)/ϵG(H1) is finitely-generated becauseH2 is compact. Thus ϵG(H2)/ϵG(H1)

is coherent, hence so is kG/ϵG(H2).

Now suppose kG/ϵG(H2) is coherent, and that H1 is normal and of p-power index

in H2. Denoting the trivial module for the group H2/H1 by k, we have that

kG⧸ϵG(H2)
= kG⊗kH2 k,
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and
kG⧸ϵG(H1)

= kG⊗kH2 k[H2/H1].

Now, because H2/H1 is a finite p-group and k is of characteristic p, the only ir-

reducible k[H2/H1]-module is the trivial module k. Therefore the Jordan-Hölder

series of k[H2/H1] consists only of copies of k. That is, there exist k[H2/H1]-

modules M1, . . . ,Mn and short exact sequences

0→M1 →k[H2/H1]→ k → 0,

0→M2 →M1 → k → 0,

. . .

0→Mn →Mn−1 → k → 0,

0→ k →Mn → k → 0.

Now, kG⊗kH2 is an exact functor by Proposition 5.10. Applying it to the final

sequence, we obtain

0→ kG⊗kH2 k → kG⊗kH2 Mn → kG⊗kH2 k → 0.

But kG ⊗kH2 k is a coherent kG-module, and any extension of two coherent

modules is coherent, by Theorem 2.2.1 of [Gla89]. Thus kG⊗kH2 Mn is coherent.

Repeating this argument, we find that kG⊗kH2 Mj is coherent for all j, and so

kG⊗kH2 k[H2/H1] = kG/ϵG(H1)

is coherent.

We now apply the above reasoning, supposing that kG/ϵG(J) is a coherent kG-

module. Now, J ∩ H is an open subgroup of J , and so there exists an open

normal subgroup N ⊴ J contained in J ∩H. Because J is pro-p, N has p-power

index in J . Thus, because kG/ϵG(J) is coherent, kG/ϵG(N) is coherent. Then,

N ≤ H and kG/ϵG(N) is coherent, therefore kG/ϵG(H) is coherent. □

By combining Proposition 10.10 and Lemma 10.11, we can give a strengthening of

Theorem 10.1.

Corollary 10.12:

Let G be a p-adic Lie group. The following are equivalent:

� The category of finitely-presented smooth representations of G is abelian.
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� kG/ϵG(H) is a coherent kG-module, for all compact open subgroups H ≤ G.

� kG/ϵG(J) is a coherent kG-module, for some open pro-p subgroup J ≤ G.

Notice that if kG is a coherent ring, kG/ϵG(H) is a finitely-presented quotient by

Proposition 10.4, hence a coherent kG-module by Theorems 2.1.2 and 2.2.1 of [Gla89].

Moreover, we can translate conditions on the modules kG/ϵG(H) into ideal-theoretic

language.

Proposition 10.13:

Let G be a p-adic Lie group, H ≤ G be an open compact subgroup. The kG-

module kG/ϵG(H) is coherent if and only if every finitely-generated ideal of kG

containing ϵG(H) is finitely-presented.

Proof:

The finitely-generated submodules of kG/ϵG(H) are exactly I/ϵG(H) for I ⊆ kG

a finitely-generated left ideal containing ϵG(H). By considering the short exact

sequence

0→ ϵG(H)→ I → I/ϵG(H)→ 0,

by Corollary 6.25 of [Rot09] and Theorem 2.1.2 of [Gla89], I is finitely-presented

if and only if I/ϵG(H) is, since ϵG(H) is finitely-presented. The result follows. □

By Proposition 10.10, it follows that if kG has a finitely-generated ideal that contains

the augmentation ideal of an open compact subgroup, but I is not finitely-presented,

then the category of finitely-presented smooth representations of G is not abelian.

This situation occurs with the two groups we have studied in Section Section 8.

Example 10.14

Recall the p-adic Lie group

G3,g =

〈un′

vn
′

1

 ,

1 0 F
0 1 F
0 0 1

〉

and left ideal Ig ⊆ kG3,g from Definitions 8.5 and 8.6. By Lemma 8.15, Ig con-

tains the augmentation ideal of the compact open subgroup U′
3(OF ). The proof of

Theorem 8.1 shows Ig is finitely-generated but not finitely-presented. Thus the cat-

egory of finitely-presented smooth representations of G3,g is not an abelian category.
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Example 10.15

Recall the p-adic Lie group

H3,t =

〈u 1
v−1

 ,

1 F F
0 1 F
0 0 1

〉
and ideal I ⊆ kH3,t, as defined in subsection 8.6. By Lemma 8.19, I contains the

augmentation ideal of U3(OF ), and I is finitely-generated but not finitely-presented.

So the category of finitely-presented smooth representations of H3,t is not abelian.

Note, if G ≤ G′ is an open subgroup, then any compact open subgroup of G is com-

pact open in G′, and kG′ ⊗kG (kG/ϵG(H)) ∼= kG′/ϵG′(H). So by Corollary 10.12 and

Theorem 5.13, if the category of finitely-presented smooth mod p representations of

G is not abelian, neither is this category for G′. For example, we can apply this to

G = G3,g and G′ = G3,t′ or G3,D,E. However, if G′ ≤ G is a closed subgroup, we

cannot make such a deduction in general, since the functor kG′⊗kG may not preserve

smoothness.

10.3 Relation to the Borel subgroup

We have seen in subsection 7.3 that when G = SL2(F ) or GL2(F ), the augmented

Iwasawa algebra kG is a coherent ring. It follows from Theorem 10.1 that the category

of finitely presented smooth representations of G over k is abelian. This technique

relies on the convenient fact, utilised by Shotton in [Sho20], that G is the amalga-

mated product of two open subgroups with Noetherian (augmented) Iwasawa algebra.

However, this is a condition that appears rarely. In this subsection we give a more

general method independent of Shotton’s, which allows one to relate the category

of finitely-presented smooth representations of a p-adic Lie group to that of a Borel

subgroup, and thereby re-prove the results of subsection 7.3.

To motivate the next definition, notice that if G = SL2(F ) or GL2(F ) and B is the

subgroup of upper triangular matrices, then we may identify the “flag variety” G/B

with P1(F ) = P1(OF ), which is compact.

Definition 10.16:

Let G be a p-adic Lie group, B ≤ G be a closed subgroup. We say B is a co-

compact subgroup of G if the quotient topological space G/B is compact.
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The Iwasawa decomposition shows that Borel subgroups of many interesting groups

are cocompact.

Theorem 10.17 (Iwasawa decomposition):

Let G be a finite-dimensional split-semisimple affine group scheme defined and

split over F , or G = GLn. Let G = G(F ). Let B be a Borel subgroup scheme of

G, and B = B(F ) ≤ G. Let K ≤ G be a maximal compact subgroup of G. Then

G = KB = {xb | x ∈ K, b ∈ B}. In particular B is a cocompact subgroup of G.

Proof:

Note that if G = KB, there is a surjective continuous map K → G/B, hence

G/B is compact. When G is a finite-dimensional split-semisimple affine group

scheme, and K ≤ G is a maximal compact subgroup of G then K is also open,

and the result follows from the theory of buildings described in [AB08], specif-

ically Proposition 11.100. When G = GLn, the result is Proposition 4.5.2 of

[Bum96]. □

More generally, one may replace B by any closed subgroup containing a Borel sub-

group in the above theorem.

Lemma 10.18:

Let G be a p-adic Lie group and B ≤ G be a cocompact subgroup. For any

compact open subgroup H ≤ G, the restriction of the kG-module k(G/H) =

kG/ϵG(H) is finitely-generated as a kB-module.

Proof:

Notice that since H ≤ G is open,

{HgB/B | g ∈ H\G/B}

is a disjoint open cover of the compact topological space G/B. Hence, the double

cosets H\G/B are a finite set. Thus, the double cosets B\G/H are also a finite

set, from which it follows that the locally profinite B-space G/H has finitely

many orbits. Hence there exists a surjective morphism of locally profinite B-

spaces,

ϕ :
n∐

j=11

B → G⧸H,
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for some n ≥ 1. By Proposition 3.41,

ϕ̃ : kBn → k
(
G⧸H

)
is a surjective kB-module homomorphism, so k(G/H) is a finitely-generated kB-

module. □

Lemma 10.19:

Let G be a p-adic Lie group and B ≤ G be a cocompact subgroup. A smooth

representation V of G is finitely-generated as a kG-module if and only if it is

finitely-generated as a kB-module.

Proof:

If V is finitely-generated as a kB-module, clearly it must be finitely-generated

as a kG-module.

Conversely, suppose V is finitely-generated as a kG-module. Then there exists a

surjection of kG-modules

q : kGn → V.

Let e1, . . . , en be the standard generating elements of kGn, and vj = q(ej) for each

j. Because V is smooth, there exist compact open subgroups H1, . . . , Hn ≤ G

such that Hj acts trivially on vj. Therefore q factors through a surjection of

kG-modules

q :
n⊕
j=1

k
(
G⧸Hj

)
→ V.

By Lemma 10.18, the domain of q is finitely-generated as a kB-module, hence

so is V . □

The next two results replace the words “finitely-generated” in Lemma 10.19 with

“finitely-presented”.

Lemma 10.20:

Let B ≤ G be a cocompact subgroup. For any compact open subgroup H ≤ G,

the restriction of the kG-module k(G/H) = kG/ϵG(H) is finitely-presented as a

kB-module.
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Proof:

Because G/H has the discrete topology, and by the proof of Lemma 10.18, the

locally profinite B-space G/H is isomorphic to the finite disjoint union

n∐
j=1

BgjH⧸H

for some g1, . . . , gn ∈ G. But, it is clear that we have an isomorphism of locally

profinite B-spaces
BgH⧸H ∼=

B⧸B ∩ gHg−1

for any g ∈ G. Since gHg−1 ≤ G is a compact open subgroup of G, it follows

B ∩ gHg−1 is a compact open subgroup of B, therefore

k
(
BgH⧸H

)
∼= k

(
B⧸B ∩ gHg−1

)
is a finitely-presented kB-module by Proposition 10.4. It follows that

k
(
G⧸H

)
∼=

n⊕
j=1

k
(
BgjH⧸H

)
is a finitely-presented kB-module. □

Proposition 10.21:

Let B ≤ G be a cocompact subgroup. A smooth representation V of G is finitely-

presented as a kG-module if and only if it is finitely-presented as a kB-module.

Proof:

By Lemma 10.19, we may without loss of generality assume V is finitely-generated

as a kG-module (equivalently, as a kB-module). By the proof of Lemma 10.19,

there is a surjective kG-module homomorphism

ϕ : W → V

where W is a finite direct sum of modules of the form k(G/H), H a compact

open subgroup of G. By Proposition 10.4, W is a finitely-presented smooth

representation of G, and by Lemma 10.20, is also a finitely-presented smooth

representation of B. Let U = Kerϕ ≤ W , giving a short exact sequence

0→ U → W → V → 0.
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By Theorem 2.1.2 of [Gla89], V is a finitely-presented kG-module if and only if

U is a finitely-generated kG-module. But U is finitely-generated as a kG-module

if and only if U is finitely-generated as a kB-module, by Lemma 10.19. This

occurs precisely when V is a finitely-presented kB-module. □

We now prove the main result of this subsection.

Theorem 10.22:

Let G be a p-adic Lie group and B ≤ G be a cocompact subgroup. If the cate-

gory of finitely-presented smooth representations of B over k is abelian, then the

category of finitely-presented smooth representations of G over k is abelian.

Proof:

Suppose the category of finitely-presented smooth representations of B over k

is abelian. Let V1, V2 be finitely-presented smooth representations of G and

ϕ : V1 → V2 be a kG-module homomorphism. By Corollary 10.8 it is enough

to show that the kernel of ϕ is a finitely-presented kG-module. Since V1, V2 are

finitely-presented kG-modules, by Proposition 10.21, V1, V2 are finitely-presented

kB-modules. Because the category of finitely-presented smooth representations

of B over k is abelian, Kerϕ is a finitely-presented kB-module, hence, again by

Proposition 10.21, is a finitely-presented kG-module, as required. □

As a consequence, we can give a proof that the categories of finitely-presented smooth

representations of SL2(F ), GL2(F ) are abelian, independent of subsection 7.3.

Theorem 10.23:

Let F be a finite field extension of Qp and G = SL2(F ) or G = GL2(F ). The

category of finitely-presented smooth representations of G is abelian.

Proof:

Let G = G(F ) where G = GL2 or SL2, and B = B(F ) be the Borel subgroup.

Then B ≤ G is a cocompact subgroup by Theorem 10.17. Also, B is a solvable

p-adic Lie group as in subsection 9.1, so we may apply Theorem C. The unipo-

tent radical of B is 1-dimensional, thus the set of weights Φ contains a single

element. Therefore, every subgroup of ZΦ ∼= Z is cyclic and must be generated

by an element of (Z≥0)
Φ, so Corollary 9.9 implies kB must be a coherent ring.
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By Theorem 10.1, the category of finitely-presented smooth representations of

B over k is abelian, therefore Theorem 10.22 implies the category of finitely-

presented smooth representations of G over k is abelian. □
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11 Canonical dimension of modules for Iwasawa

algebras

We now return to the topic of modules over Iwasawa algebras of compact p-adic Lie

groups, and their canonical dimensions, see subsection 2.3.

Throughout Sections 11 and 12, k denotes a field of characteristic p.

11.1 The group associated to a Lie algebra

In Definition 2.6, we have seen that to any compact p-adic Lie group, a finite-

dimensional Qp-Lie algebra g may be associated. Multiple compact p-adic Lie groups

may share the same Lie algebra, thus in order to simplify later proofs, in this subsec-

tion we make a specific choice of group to represent each class.

Unless otherwise stated, isomorphisms of Lie algebras will be Qp-Lie algebra isomor-

phisms. Any F -Lie algebra is viewed as a Qp-Lie algebra via the usual restriction of

scalars.

Let g be a finite-dimensional F -Lie algebra which is simple and split over F .

We fix a uniform pro-p group Gg with Lie algebra L(Gg) ∼= g. Corollary 2.7 will

then show that proving Theorem E and Corollary F for Gg implies these results for

arbitrary G. We make the choice of Gg in the following way – see also section 3.4 of

[Ard04] for a similar construction.

Because g is split simple over F , let g = XF , where

X ∈ {Al, Bl, Cl, Dl, E6, E7, E8, F4, G2}

is an indecomposable root system. For any commutative ring R, there is a Chevalley

basis for the Lie algebra XR, and we can define the adjoint Chevalley group X(R) ≤
Aut(XR).

Consider the OF -Lie algebra XOF
, and notice that the subalgebra pXOF

is a powerful

OF -Lie algebra. Let Y be the uniform pro-p group constructed from pXOF
using the

Campbell-Hausdorff formula. Let Ad : Y → GL(pXOF
) be the group homomorphism

given by Ad(g)(u) = gug−1.
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Definition 11.1:

The compact p-adic Lie group Gg = Ad(Y ) is the image of the group homomor-

phism Ad.

It is straightforward to show that KerAd = Z(Y ) = {e}, so Ad is an injective

homomorphism. It is also clear that G = Gg has Lie algebra

L(G) = QpLG ∼= QpLY = QppXOF
= XF = g.

Lemma 11.2:

Gg is a normal subgroup of the Chevalley group X(OF ).

Proof:

This is similar to the proof of Lemma 3.13 of [Ard04]. Let B be the Chevalley

basis of XOF
. It is straightforward to show that Ad(puOF ) ⊆ X(OF ) for all

u ∈ B. There exists a Zp-basis {pv1, . . . , pvN} of pXOF
where each element is

contained in some puOF . Now, Y is equal to the product of the subgroups pvjZp
by Proposition 3.7 and Theorem 9.8 of [DDMS03], and Ad(pvjZp) ⊆ X(OF ) for
each j. So Gg = Ad(Y ) ⊆ X(OF ).
It is then straightforward to check that Gg is normal in X(OF ), using the Stein-

berg relations. □

From the above lemma it follows that the Chevalley group X(OF ) acts by automor-

phisms on Gg.

11.2 The microlocalised module

Recall the theory of algebraic microlocalisation from Chapter IV of [LVO96]. If S̄ ⊆
gr kG is a multiplicatively closed subset of homogeneous elements, we can extend kG

to a microlocalised algebra QS̄(kG). Similarly, for any finitely-generated kG-module

M , we can extend M to the microlocalisation QS̄(M).

We prove that a certain microlocalisation of M is isomorphic to a finite-dimensional

vector space.

Proposition 11.3:

Let G be a uniform pro-p group, and M be a finitely-generated left kG-module.

Let g ∈ G be a non-trivial element, H = ⟨g⟩ ≤ G, and S̄ = {σ(g − 1)n | n ≥ 0}.
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Suppose that S̄−1

(
gr kG

J(M)

)
is finitely-generated over S̄−1k[σ(g − 1)].

Then the microlocalisation QS̄(M) is a finite-dimensional K-vector space, where

K is the field Frac(kH) ∼= Frac(k[[g − 1]]) = k((g − 1)).

Proof:

Because J(M) is the radical of Ann(grM), and gr kG is a commutative Noethe-

rian ring, there exists r ∈ N such that J(M)r annihilates grM . Because grM is

finitely-generated over gr kG, it follows that there is a surjective homomorphism(
gr kG

J(M)r

)n
→ grM,

hence we have a surjective homomorphism

S̄−1

(
gr kG

J(M)r

)n
→ S̄−1grM,

for some n ∈ N. Now, the module S̄−1 (gr kG/J(M)r) has a series of subquotients

S̄−1

(
gr kG

J(M)

)
, S̄−1

(
J(M)

J(M)2

)
, . . . , S̄−1

(
J(M)r−1

J(M)r

)
.

Each of these subquotients is finitely-generated over S̄−1gr kG and annihilated by

S̄−1J(M). Therefore each is a finitely-generated module for the ring S̄−1 (gr kG/J(M)).

Because S̄−1 (gr kG/J(M)) is finitely generated as a S̄−1k[σ(g − 1)]-module, it

follows that each subquotient, and hence S̄−1 (gr kG/J(M)r) itself, is finitely-

generated over S̄−1k[σ(g−1)]. Considering the surjective homomorphism above,

it follows that S̄−1grM is a finitely-generated S̄−1k[σ(g − 1)]-module.

Now by Proposition 4.1.8 of [LVO96],

S̄−1k[σ(g − 1)] = S̄−1gr kH = grQS̄(kH),

and we have shown S̄−1grM ∼= grQS̄(M) is a finitely-generated grQS̄(kH)-

module. By Proposition 4.1.7 and Theorem 1.5.7 of [LVO96], the finite-generation

can be lifted since QS̄(M) has a complete filtration, thus QS̄(M) is a finitely-

generated QS̄(kH)-module. But

QS̄(kH) = Frac(kH) = K

is a field, so the statement follows. □
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We combine this with the following commutative algebra proposition, which is proved

later.

Proposition 11.4:

Let G be a uniform pro-p group, M be a finitely-generated left kG-module of

canonical dimension 1. Let g ∈ G be such that σ(g − 1) ̸∈ J(M). Then,

S̄−1

(
gr kG

J(M)

)
is finitely-generated over the algebra S̄−1k[σ(g − 1)].

Recall the uniform pro-p group Gg from Definition 11.1. We define some root sub-

groups of Gg.

Definition 11.5:

Let g = XF as in subsection 11.1, and α ∈ X. The root subgroup corresponding

to α is Aα = Ad(p(XOF
)α) ≤ Gg.

Corollary 11.6:

Suppose |F : Qp| > 1. Let M be a finitely-generated left kGg-module of canon-

ical dimension 1. Let α ∈ X be a root. Suppose there is a g ∈ Aα such that

σ(g − 1) ̸∈ J(M). Then the annihilator AnnkAα(QS̄(M)) is non-zero.

Proof:

The root subgroup corresponding to α is an abelian uniform pro-p group,

Aα ∼= OF ∼= Z|F :Qp|
p .

Since |F : Qp| > 1, let h ∈ Aα be non-trivial such that the closed subgroup of Aα

generated by g, h is 2-dimensional. Because g, h commute, h acts as a K-linear

map on QS̄(M). By Propositions 11.3 and 11.4, QS̄(M) is a finite-dimensional

vector space over the field K = k((g − 1)). The characteristic polynomial of h

gives a non-zero element of K[h] that annihilates QS̄(M). By clearing denomina-

tors, there exists a non-zero element of k[[g − 1]][h] ≤ kAα annihilating QS̄(M).

Thus the annihilator ideal is non-zero as claimed. □

11.3 Γ-invariant ideals

In this subsection we recall and slightly extend a result of Ardakov, which in our

situation classifies the prime ideals of the Iwasawa algebra kAα of a root subgroup
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invariant under the action of a torus. Recall the following definition from subsection

8.1 of [Ard12].

Definition 11.7:

Let A be a free abelian pro-p group of finite rank, and Γ be a closed subgroup

of the continuous automorphisms of A. Γ acts rationally irreducibly on A if and

only if every non-trivial Γ-invariant closed subgroup of A is open.

Equivalently, Γ acts rationally irreducibly if and only if the Qp-Lie algebra L(A) is

an irreducible module for the Lie algebra L(Γ). Ardakov has proved the following

restriction on Γ-invariant prime ideals in this situation, see Corollary 8.1 of [Ard12].

Theorem 11.8:

Suppose Γ acts rationally irreducibly on A and

(h · g)g−1 ∈ Ap = {xp | x ∈ A}

for all h ∈ Γ, g ∈ A. The only non-zero Γ-invariant prime ideal of kA is the

unique maximal ideal.

We extend this result slightly.

Proposition 11.9:

Suppose Γ acts rationally irreducibly on A and (h·g)g−1 ∈ Ap for all h ∈ Γ, g ∈ A.
If I is a non-zero Γ-invariant ideal of kA, then

√
I is maximal.

Proof:

Note that Γ acts continuously on kA by ring automorphisms. Let P be a minimal

prime over I, and ΓP = {h ∈ Γ | h · P = P}. Since kA is Noetherian, let P have

generators x1, . . . , xn ∈ kA. Then

ΓP =
n⋂
i=1

ϕ−1
i (P )

where ϕi is the restriction of the action map to Γ ∼= Γ× {xi} → kA. Because P

is closed in kA, each ϕ−1
i (P ) is closed. Hence ΓP is a closed subgroup of Γ. Now,

h ·P is a minimal prime over h · I = I for any h ∈ Γ, and there are finitely many

minimal primes over I, because kA is Noetherian. Therefore ΓP must be a finite

index closed subgroup of Γ, so is an open subgroup. Hence the inclusion map
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ΓP → Γ induces an isomorphism L(ΓP ) ∼= L(Γ), so ΓP acts rationally irreducibly

on A. Moreover, (h · g)g−1 ∈ Ap for all h ∈ ΓP because ΓP ≤ Γ.

By definition of ΓP , P is a non-zero ΓP -invariant prime ideal of kA. Thus by

Theorem 11.8, P is the unique maximal ideal of kA. So, the only minimal prime

over I is the unique maximal ideal, and hence the radical
√
I is maximal. □

We now apply this in the case that A and Γ are both subgroups of Gg. Recall Gg is

uniform pro-p and has Zp-Lie algebra pXOF
, which is a powerful OF -Lie algebra.

For the remainder of this section, fix Γ as follows.

Definition 11.10:

Let pt′ ≤ pXOF
be the maximal torus of pXOF

which corresponds to the root

system X. The subgroup Γ = Ad(pt′) ≤ Gg.

Then Γ is an abelian closed subgroup of Gg. Since pt′ normalises p(XOF
)α for any

root α ∈ X, it follows that Γ normalises any root subgroup Aα.

Lemma 11.11:

The group Γ acts rationally irreducibly, by conjugation, on Aα for any root

α ∈ X.

Proof:

We have that L(Aα) = gα and L(Γ) = t is the maximal torus of g correspond-

ing to the root system X. Both can be considered as F -Lie algebras, with

dimF gα = 1, and t acts via scalars given by α : t → F . Therefore L(Aα) is an
irreducible L(Γ)-module. So Γ acts rationally irreducibly. □

Lemma 11.12:

For all h ∈ Γ, g ∈ Aα, hgh−1g−1 ∈ Aαp, for all roots α ∈ X.

Proof:

This follows from the fact that LG = pXOF
is a powerful Lie algebra and that Γ

normalises Aα. □
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Combining Lemmas 11.11 and 11.12 together with Proposition 11.9, we have the

following.

Corollary 11.13:

Let α ∈ X. If I is a non-zero Γ-invariant ideal of kAα, then the radical of I is

the augmentation ideal
√
I = ϵAα(Aα).

11.4 The characteristic ideal

In this subsection we prove our first main result on canonical dimension, Theorem E.

We do this by finding many elements which must lie in the characteristic ideal of a

module of canonical dimension one.

Theorem 11.14:

LetM be a finitely-generated left kGg-module of canonical dimension 1. For any

root α ∈ X and any g ∈ Aα, σ(g − 1) ∈ J(M).

Proof:

For a contradiction, suppose not. Then by Corollary 11.6, there is an α ∈ X and

non-trivial g ∈ Aα such that the annihilator ideal

I = AnnkAα(QS̄(M)) ⊴ kAα

is non-zero, where S̄ = {σ(g − 1)n | n ≥ 0}. Now, because the microlocalisation

QS̄(M) has an action of kG, for any x ∈ I, h ∈ Γ, and m ∈ QS̄(M), we have

hxh−1 ·m = hx · (h−1m) = h · 0 = 0,

therefore hxh−1 ∈ I. So, I is a Γ-invariant ideal of kAα. By Corollary 11.13,√
I = ϵAα(Aα) contains g − 1, so (g − 1)n ∈ I for some n ≥ 1. But, QS̄(M) is a

vector space over K = k((g− 1)) and is annihilated by a non-zero element of K,

thus QS̄(M) = 0. So S̄−1grM = grQS̄(M) = 0, hence S̄ ∩ Ann(grM) ̸= ∅. It

follows that σ(g − 1) ∈ J(M), a contradiction. □

Corollary 11.15:

Let M be a finitely-generated left kGg-module of canonical dimension 1. For all

continuous group automorphisms ϕ : Gg → Gg, all roots α ∈ X and all g ∈ Aα,
the element σ(ϕ(g)− 1) ∈ J(M).
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Proof:

For ease we write G = Gg. Any continuous group automorphism ϕ extends to

a (filtered) ring automorphism ϕ̃ : kG → kG, which induces a (graded) ring

automorphism ϕ̄ : gr kG → gr kG. We then define a kG-module M ′ on the set

M via x ·m = ϕ̃(x)m. It is easy to see that J(M ′) = ϕ̄−1(J(M)), and therefore

M ′ is a module of canonical dimension 1. By Theorem 11.14, σ(g − 1) ∈ J(M ′)

for any α ∈ X, g ∈ Aα. Hence ϕ̄(σ(g − 1)) = σ(ϕ(g)− 1) ∈ J(M). □

We show that this forces the characteristic ideal J(M) to be too large, by showing

that J(M) must contain the entirety of the first graded piece J/J2 of gr kGg.

Lemma 11.16:

Let G = Gg. There is an isomorphism of k[Aut(G)]-modules,

J⧸J2 ∼= k ⊗Fp

(
G⧸Gp

)
∼= k ⊗Fp

(
pXOF⧸p2XOF

)
,

where σ(g − 1) + J2 7→ gGp and Ad(pv)Gp 7→ v + p2XOF
for g ∈ G, v ∈ XOF

.

Proof:

It suffices to prove the statement when k = Fp (by then applying the appropriate

tensor product).

In this case, the first isomorphism is given by Lemma 3.11 of [Ard04]. For the

second isomorphism, Corollary 4.18 of [DDMS03] implies that the identity map

ϕ : G→ LG is an isomorphism of Zp[Aut(G)]-modules. The image ϕ(Gp) = pLG,

and therefore

ϕ : G⧸Gp → LG⧸pLG
is an isomorphism of Fp[Aut(G)]-modules. Since LG = pXOF

, the statement

follows. □

We can now prove Theorem E.

Theorem E:

Let g be a finite-dimensional F -Lie algebra which is simple and split over F .

Let G be a compact p-adic Lie group with associated Lie algebra L(G) ∼= g. If

|F : Qp| > 1, then the Iwasawa algebra kG has no finitely-generated modules of

canonical dimension one.
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Proof:

By Corollary 2.7, we may assume that G = Gg is the uniform pro-p group of

Definition 11.1.

Suppose there exists a finitely-generated kG-moduleM with canonical dimension

1. We obtain a contradiction by showing that J(M) contains J/J2, as in this

case J(M) is the maximal graded ideal of gr kG, which forces Cdim(M) = 0.

By Lemma 11.16, let L be the image in k ⊗Fp

(
pXOF

/p2XOF

)
of the degree 1

elements of J(M). We adopt the notation of section 3.4 of [Ard04], so that XOF

is spanned by {eα, hα | α ∈ X} and the Chevalley group X(OF ) is generated by

elements {xα(t) | α ∈ X, t ∈ OF}.
Since L is a k-vector space, it is enough to show that L contains the OF/pOF -
Lie algebra pXOF

/p2XOF
. By considering the group elements Ad(pλeα) ∈ Aα,

Lemma 11.16 and Theorem 11.14 imply that for any λ ∈ OF and any α ∈ X,

pλeα + p2XOF
∈ L.

Moreover, by Lemma 11.2, the Chevalley group X(OF ) acts by automorphisms

on G. Thus by Corollary 11.15,

x · (pλeα + p2XOF
) ∈ L,

for any x ∈ X(OF ), λ ∈ OF and α ∈ X. Now, x−α(1) ∈ X(OF ) acts on

eα ∈ XOF
by

x−α(1) · eα = eα + h−α − e−α.

Since the images of pλeα, pλe−α lie in L, it follows that

pλh−α + p2XOF
= x−α(1) · pλeα + pλe−α − pλeα + p2XOF

∈ L,

for any λ ∈ OF . Since XOF
is spanned over OF by {eα, hα | α ∈ X}, it follows

that L contains pXOF
/p2XOF

, as required. □

11.5 Hilbert-Serre dimension

To finish the proof of Theorem E, we need only establish Proposition 11.4. We will

actually prove a stronger statement, namely the following.
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Proposition 11.17:

Let K be any field, and J be a graded ideal of the polynomial ring S =

K[X1, . . . , Xm], such that S/J has Krull dimension 1. Let f ∈ S be a non-zero ho-

mogeneous element of non-zero degree such that f ̸∈ J , and let T = {fn | n ≥ 0}.
Then T−1(S/J) is finitely-generated over the subalgebra T−1K[f ].

Of course putting S = gr kG, J = J(M) and f = σ(g− 1) gives Proposition 11.4. To

prove the proposition we introduce the notion of the Hilbert function for S/J .

Definition 11.18:

Let I ⊆ K[X1, . . . , Xn] be an ideal and A = K[X1, . . . , Xn]/I be an ideal. We

define the Hilbert function of I to be

hI : Z≥0 → Z≥0, hI(r) = dimK(Ar),

where Ar = {x + I ∈ A | deg(x) ≤ r} and the degree is given by the standard

total degree filtration on K[X1, . . . , Xn].

The Hilbert function is in fact eventually a polynomial, by the Hilbert-Serre theorem,

see Corollary 11.10 and Lemma 11.12 of [Kem11].

Theorem 11.19 (Hilbert-Serre theorem):

Let I ⊆ K[X1, . . . , Xn] be an ideal. There is a polynomial q = qI ∈ Q[X] such

that for some N ∈ Z≥0, whenever r ≥ N , the value of the Hilbert function

hI(r) = qI(r). Moreover if q, q′ are two such polynomials, then their degrees are

equal.

Definition 11.20:

Let I ⊆ K[X1, . . . , Xn] be an ideal, and qI be a polynomial as in Theorem 11.19.

The Hilbert-Serre dimension of A = K[X1, . . . , Xn]/I is the degree of qI .

It transpires that the Hilbert-Serre dimension of a finitely-generated commutative

algebra agrees with the Krull dimension, see Theorem 11.13 of [Kem11].

Theorem 11.21:

Let I ⊆ K[X1, . . . , Xn] be an ideal, and A = K[X1, . . . , Xn]/I. The Hilbert-Serre

dimension of A is equal to K(A).
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We can use this alternative characterisation of Krull dimension to give a proof of

Proposition 11.17.

Proof of Proposition 11.17:

Recall that we write S = K[X1, . . . , Xm] and let J ⊆ S be an ideal such that S/J

has Krull dimension 1. For f ∈ S a non-zero homogeneous element of positive

degree with f ̸∈ J , let

J ′ = {x ∈ S | fnx ∈ J for some n ≥ 0} ⊆ S.

Then J ′ is an ideal of S containing J , and is graded. Thus, S/J ′ is a quotient of

S/J , so has Krull dimension at most 1. Moreover, localising the natural quotient

map gives an isomorphism of T−1S-modules,

T−1(S/J) ∼= T−1(S/J ′),

due to the definition of J ′.

If S/J ′ has Krull dimension zero, then it is a finite-dimensional K-algebra, and

therefore must be finitely-generated as a K[f ]-module. It follows that T−1(S/J ′)

is finitely-generated as a T−1K[f ]-module, and hence so is T−1(S/J).

Thus, we assume from now on that the Krull dimension of S/J ′ is 1. By Theo-

rem 11.21, the Hilbert-Serre dimension of S/J ′ is also 1. Now, the grading on S

is inherited by S/J ′, and we write

S/J ′ =
⊕
r≥0

(S/J ′)r

for the graded pieces. Because the Hilbert-Serre dimension of S/J ′ is 1, it follows

from Definition 11.18 and Theorem 11.19 that for some N ∈ Z≥0,

dimK (S/J ′)r = dimK (S/J ′)N

whenever r ≥ N .

Now, notice that multiplication by f induces an injective map S/J ′ → S/J ′,

because if x ∈ S and fx ∈ J ′, it follows from the definition of J ′ that x ∈ J ′.

Since f is a homogeneous element, let its degree be d > 0. Then, multiplication

by f induces an injective K-linear map

(S/J ′)r → (S/J ′)r+d,
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for all r ≥ 0. When r ≥ N , dimK (S/J ′)r = dimK (S/J ′)r+d, and therefore by

the rank-nullity theorem, the above map must also be surjective. It follows that

S/J ′ is generated as a K[f ]-module by

N+d−1⊕
r=0

(S/J ′)r,

which is finite-dimensional over K. It follows that S/J ′ is a finitely-generated

K[f ]-module. Therefore, T−1(S/J) ∼= T−1(S/J ′) is a finitely-generated T−1K[f ]-

module. □

We comment that although the results of this subsection may be generalised to higher

dimensions, they do not necessarily combine to give sufficient restrictions on the char-

acteristic variety attached to a module of canonical dimension greater than one. To

give an imprecise illustration, a module of canonical dimension one has a charac-

teristic variety which corresponds to a projective variety of dimension zero, whereas

a module of canonical dimension at least two corresponds to a projective curve or

higher-dimensional variety, which have a more complicated structure. This is the prin-

cipal reason Theorem E does not straightforwardly generalise to modules of canonical

dimension two or higher.

11.6 Krull dimension

Following our result limiting the possible canonical dimensions of modules for kG, we

can bound the Krull dimension of the Iwasawa algebra above. This is a straightfor-

ward deduction from the following result for rings.

Proposition 11.22:

Let R be a complete filtered ring with R and grR both Noetherian and of finite

Krull dimension. Let a, b ≥ 0 and suppose that for all finitely-generated R-

modules M ,

K(grM) ̸∈ {a, a+ 1, . . . , a+ b− 1}.

Then K(R) ≤ K(grR)− b.

Proof:

The proof is very similar to the proof of Theorem 3.12(ii) of [Ard04]. Let Lat(S)

be the lattice of all (left) ideals of a ring S. There is an increasing map

gr : Lat(R)→ Lat(grR),
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given by putting the subspace filtration on left ideals of R.

Suppose Y ⊆ X ⊆ kG are left ideals such that M = X/Y is an a-critical

module (see 6.2.9 of [MR01]). Give M the subquotient filtration from R. Be-

cause the filtration on R is complete and filtered with gr kG Noetherian, this is a

good filtration, by Proposition 1.2.3 of Chapter II of [LVO96]. Then K(grM) =

K(grX/grY ) ≥ a, so in fact K(grM) ≥ a + b by our assumption. The result

then follows from the characterisation of Proposition 6.1.17 of [MR01] given in

Lemma 2.3 of [Ard04]. □

Theorem E gives a restriction on the canonical dimension of modules for an Iwasawa

algebra, hence by Theorem 2.10, we have a restriction as in Proposition 11.22. We

can now deduce Corollary F.

Corollary F:

Let g be a finite-dimensional F -Lie algebra which is simple and split over F .

Let G be a compact p-adic Lie group with associated Lie algebra L(G) ∼= g. If

|F : Qp| > 1, the Krull dimension of kG is at most dimG− 1.

Proof:

By Corollary 2.7, we may assume that G is uniform pro-p. By Theorem 2.10 and

Theorem E, it follows that K(grM) ̸= 1 for all finitely-generated kG-modules.

Applying Proposition 11.22 with R = kG and a = b = 1, the result follows, since

gr kG is a polynomial ring in dimG variables. □

We can combine this with Theorems A and B of [Ard04] to obtain the following.

Corollary 11.23:

Let F be a finite extension of Qp and g be a finite-dimensional F -Lie algebra

which is simple and split over F . Let G be a compact p-adic Lie group with

associated Lie algebra L(G) ∼= g. If g ∼= sl2(Qp), then K(kG) = 3. Otherwise,

λ(g) ≤ K(kG) ≤ dim g− 1,

where λ(g) is the maximum length of a chain of subalgebras of g, viewed as a

Qp-Lie algebra.
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In fact the lower bound of Corollary 11.23 holds for any compact p-adic Lie group G,

and Ardakov and Brown have conjectured that K(kG) = λ(g).

Corollary 11.23 means we can verify this in some cases. For example if G = SL3(Zp),
then g ∼= gl3(Qp), so dimQp(g) = 8 and λ(g) = 7. It follows from Corollary 11.23 that

K(kG) = 7, see Corollary B of [Ard04].

Our new result allows us to compute the Krull dimension of the Iwasawa algebra of

a 6-dimensional group.

Corollary 11.24:

Let F be a quadratic extension of Qp and G = SL2(OF ). Then K(kG) = 5.

Proof:

We have that g = L(G) ∼= sl2(F ), and dimQp g = 6, λ(g) = 5. By Corollary F

and [Ard04, Theorem A], it follows that K(kG) = 5. □

Finally, we can also deduce a bound on the Krull dimension of the Iwasawa algebras

of the compact general linear groups.

Proposition 11.25:

Let n ≥ 2 and F be any finite field extension of Qp. The Krull dimension

K(kGLn(OF )) = K(kSLn(OF )) + |F : Qp|.

Proof:

Let G = GLn(OF ) and Z = {cI | c − 1 ∈ pOF} ≤ G where I is the identity

matrix. Then Z is a closed central subgroup of G, and is uniform pro-p. We

have

L(G) = gln(F ), L(Z) = {cI | c ∈ F},

and we have a direct sum decomposition into Lie ideals,

gln(F ) = sln(F )⊕ {cI | c ∈ F}.

Therefore

L(G/Z) = L(G)/L(Z) ∼= sln(F ).

Since L(SLn(OF )) ∼= sln(F ), by Corollary 2.7 it follows that

K(k(G/Z)) = K(kSLn(OF )).
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Recall the augmentation ideals

ϵG(N) = kGϵN(N) = ϵN(N)kG

for closed normal subgroupsN ≤ G, by Lemma 3.46. Now, Z is a closed subgroup

of the open uniform pro-p normal subgroup

H = {X ∈ G | X − I ∈ pMatn(OF )} ≤ G.

In fact, the augmentation ideal ϵG(H) lies in the Jacobson radical of kG. To see

this, if a maximal left ideal M ⊆ kG does not contain ϵG(H), then

M + ϵG(H) =M + ϵH(H)kG = kG.

Since kG is a finitely-generated kH-module and the Jacobson radical of kH is

ϵH(H), Nakayama’s lemma implies M = kG, a contradiction. Thus ϵG(Z) ⊆
ϵG(H) is contained in the Jacobson radical of kG. Now, kZ is isomorphic to a

commutative power series ring on |F : Qp| elements, central in kG. Therefore the

augmentation ideal ϵG(Z) = kGϵZ(Z) is generated by |F : Qp| regular normal

elements lying in the Jacobson radical of kG. By Corollary 1.4 of [Wal72], the

Krull dimension of kG is given by

K(kG) = K(kG/ϵG(Z)) + |F : Qp| = K(k(G/Z)) + |F : Qp|.

The result then follows since K(k(G/Z)) = K(kSLn(OF )). □

Theorem 11.26:

Let n ≥ 2 and F be any finite extension of Qp. If n > 2 or F ̸= Qp, then

K(kGLn(OF )) ≤ n2|F : Qp| − 1.

Also, K(kGL2(Zp)) = 4, K(kGL3(Zp)) = 8, and K(kGL2(OF )) = 7 when F is a

quadratic extension of Qp.

Proof:

By Corollary 11.23 and Proposition 11.25, if n > 2 or F ̸= Qp,

K((kGLn(OF )) = K(kSLn(OF ) + |F : Qp|

≤ dim(sln(F ))− 1 + |F : Qp|.
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But theQp-vector space dimension dim(sln(F )) = (n2−1)|F : Qp|, so the claimed

inequality follows.

The equalities in specific cases follow by combining Proposition 11.25 with Corol-

lary A of [Ard04], Corollary B of [Ard04], and Corollary 11.24, respectively. □
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12 Finite length admissible representations

In this section, let G be an arbitrary p-adic Lie group, and recall that k is assumed to

be a field of characteristic p. We study some representation-theoretic consequences

of our canonical dimension results.

12.1 Holonomic representations

Recall from subsection 4.5 that the category of smooth admissible representations of

G is dual to the category Modfg
k (G). For any compact open subgroup H ≤ G, any

module M in Modfg
k (G) is a finitely-generated kH-module, hence has a canonical di-

mension. The arguments of Proposition 2.5 and Corollary 2.7 show that the canonical

dimension is invariant with respect to the choice of H, thus we unambiguously denote

it by Cdim(M).

We are now in a position to give the third characterisation of canonical dimension

appearing in this thesis, which was originally proved in Proposition 2.18 of [EP20].

Theorem 12.1:

Let G be a p-adic Lie group and V be a smooth admissible representation of G

over k. Let K be an open uniform pro-p subgroup of G. There exists an integer

N ≥ 0 and real numbers a, b > 0 such that for all n ≥ N ,

a(pn)d ≤ dimk V
Kn ≤ b(pn)d,

where Kn = {hpn | h ∈ K} are the p-power subgroups of K, and the canonical

dimension Cdim(V ∨) = d.

Thus, we see that the canonical dimension Cdim(V ∨) associated to an admissible

representation V measures the growth rate of its invariant subspaces. In particular,

V is finite-dimensional if and only if Cdim(V ∨) = 0.

When appropriate, we refer to Cdim(V ∨) as the GK-dimension of V . We stress that

this name is given only by analogy; Theorem 12.1 bears somewhat superficial simi-

larity to the definitions of the usual Gelfand-Kirillov dimension. However, Iwasawa

algebras are not Cohen-Macaulay with respect to the Gelfand-Kirillov dimension, and

in all interesting cases the true Gelfand-Kirillov dimension of a kH-module will be in-

finite, as discussed in subsection 5.6 of [AB06]. It is however the case that Cdim(V ∨)
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is equal to the Gelfand-Kirillov dimension of the graded module grV ∨, see Proposi-

tion 5.4 of loc. cit.

Theorem 12.1 shows that the GK-dimension may be computed without reference to

Iwasawa algebras, at least in principle. Of course, the results of this thesis would not

have been obtained without this perspective, for example we have the following.

Theorem 12.2:

Let G be a split-simple affine group scheme defined over F , and G = G(F ).

Suppose |F : Qp| > 1. There are no admissible representations of G over k of

GK-dimension 1.

Proof:

A compact open subgroup of G is H = G(OF ). Then, L(H) is isomorphic to a

finite-dimensional F -Lie algebra which is simple and split over F . By Theorem E,

kH has no finitely-generated modules of canonical dimension 1. In particular,

Modfg
k (G) has no objects of canonical dimension 1. Thus for every admissible

representation V of G, the GK-dimension Cdim(V ∨) ̸= 1. □

An immediate corollary to Theorem 12.2 is that any infinite-dimensional admissible

representation of G = G(F ) has GK-dimension at least two, when F is a non-trivial

extension of Qp. We expect that this lower bound will vary as G varies, and in general

will be higher than two.

We now turn our attention to representations that satisfy such a lower bound. When-

ever a module for the Weyl algebra (or more generally, a D-module) satisfies the lower

bound of Bernstein’s inequality, it is called holonomic, and holonomic modules are

always of finite length - see [Ehl87, Theorem 1.12, Definition 1.13, 1.16.1]. We now

prove the analogous result for representations of p-adic Lie groups.

Definition 12.3:

Let M be a module in Modfg
k (G). We say M has minimal-positive dimension if

Cdim(M) > 0 and any other module N of Modfg
k (G) has Cdim(N) ≥ Cdim(M)

or Cdim(N) = 0.
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Definition 12.4:

Let V be an admissible representation of G. V is holonomic if and only if V ∨

has minimal-positive dimension.

Notice that any admissible representation V with GK-dimension Cdim(V ∨) = 1 is

automatically holonomic.

Theorem G:

Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-

dimensional smooth representations over k. Every holonomic smooth admissible

representation of G over k is of finite length.

In fact, we show the equivalent result that if M ∈ Modfg
k (G) has minimal-positive

dimension, then M is of finite length. Some assumption on the group G is necessary

for this result to hold, as illustrated by the example of the free module of rank one

over the Iwasawa algebra kZp = k[[T ]]. In the next section we will show that SLn(F )

satisfies the hypothesis of Theorem G, see Corollary 12.14.

To use the condition of Theorem G, we consider the G-coinvariants of any module.

Recalling subsection 3.5, we write ϵ(G) for the two-sided augmentation ideal of the

augmented Iwasawa algebra kG.

Definition 12.5:

Let M be a left kG-module. The G-coinvariants of M are

MG =M/ϵ(G)M = kG/ϵ(G)⊗kGM,

which is also a left kG-module.

Notice that both MG and the submodule ϵ(G)M are in Modfg
k (G), because M is

finitely-generated over an Iwasawa algebra, which is a Noetherian ring. The module

MG may be characterised as the maximal trivial quotient of M .

Lemma 12.6:

Let M be a module in Modfg
k (G). The quotient MG is a finite-dimensional

trivial kG-module (possibly zero-dimensional), and for any proper submodule

L ≤ ϵ(G)M , the module M/L is not trivial.
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Proof:

Any moduleM of Modfg
k (G) is a finitely-generated kG-module. Since g−1 ∈ ϵ(G)

for all g ∈ G, it follows that every element of g acts trivially on MG, from

which it follows that MG is a finitely-generated module over the quotient ring

kG/ϵ(G) ∼= k. So MG is finite-dimensional over k.

Now, the kG-module ϵ(G)M is generated by {(g − 1)m | g ∈ G,m ∈ M}, so if

L is a proper kG-submodule of ϵ(G)M , there exists g ∈ G, m ∈ M such that

(g − 1)m ̸∈ L. Thus, G does not act trivially on the element m + L ∈ M/L, so

M/L is not trivial. □

Proposition 12.7:

Let G be as in Theorem G, and M be a module in Modfg
k (G). Then ϵ(G)M has

no non-zero trivial quotients.

Proof:

Because ϵ(G)M is finitely-generated, any trivial quotient ϵ(G)M/L is finite-

dimensional. Since MG = M/ϵ(G)M is finite-dimensional, it follows from the

short exact sequence

0→ ϵ(G)M/L→M/L→MG → 0

that M/L is finite-dimensional. By the assumption on G, the dual of M/L is

a trivial admissible representation. Hence M/L is a trivial kG-module, but by

Lemma 12.6, L = ϵ(G)M , thus ϵ(G)M/L = 0. □

We now introduce the notion of a critical module.

Definition 12.8:

We say that a module M in Modfg
k (G) is critical if for every non-zero submodule

N ≤M , Cdim(M/N) < Cdim(M).

Lemma 12.9:

Let G be as in Theorem G. Let M be a module in Modfg
k (G) with minimal-

positive dimension. Suppose M is critical and has no non-zero trivial quotients.

Then M is a simple object of Modfg
k (G).
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Proof:

Let N ≤ M be a non-zero proper submodule. Then Cdim(M/N) < Cdim(M)

because M is critical. Hence Cdim(M/N) = 0 because M has minimal-positive

dimension. Thus, by the assumption on G, M/N is a nonzero trivial module, a

contradiction. So, M has no nonzero proper kG-submodules, making it a simple

kG-module and a simple object in Modfg
k (G). □

Corollary 12.10:

LetG be as in Theorem G, andM be a critical module in Modfg
k (G) with minimal-

positive dimension. Then M is of finite length.

Proof:

Proposition 4.5 of [Lev92] says that

Cdim(M) = max(Cdim(ϵ(G)M),Cdim(MG)).

But by Lemma 12.6,MG is finite-dimensional so Cdim(MG) = 0, hence Cdim(ϵ(G)M) =

Cdim(M). Therefore, ϵ(G)M is critical becauseM is critical and for any nonzero

submoduleN ≤ ϵ(G)M , we have the inequality Cdim(ϵ(G)M/N) ≤ Cdim(M/N).

By Proposition 12.7, ϵ(G)M has no non-trivial quotients, thus is simple by

Lemma 12.9. It follows from the short exact sequence

0→ ϵ(G)M →M →MG → 0

that M is of finite length, since MG is finite-dimensional. □

We now need an analogue of Proposition 6.2.20 of [MR01].

Proposition 12.11:

Any module M ∈ Modfg
k (G) has a critical composition series. That is, there is a

sequence of submodules

M =M0 ≥M1 ≥M2 ≥ · · · ≥Ms = 0

such that Mj/Mj+1 is critical for all j.
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Proof:

Set M =M0. We choose the Mj inductively, as follows. Given Mj, choose Mj+1

to be a maximal submodule such that Cdim(Mj/Mj+1) = Cdim(Mj) – a maximal

such submodule exists because Mj is a finitely-generated submodule over the

Noetherian ring kH, so is a Noetherian module. By construction, Mj/Mj+1 is

critical.

Thus we need only check that Ms = 0 for some s ≥ 0. If not, then there is an

infinite chain of modules

Mm ≥Mm+1 ≥Mm+2 ≥ . . .

such that Cdim(Mj/Mj+1) = Cdim(Mm) for all j ≥ m. But by Proposition 4.5

of [Lev92] this cannot occur, a contradiction. □

Proof of Theorem G:

Given a holonomic representation V , its dual M = V ∨ has minimal-positive di-

mension. It is enough to show thatM has finite length, since the anti-equivalence

of categories Repad
k (G)↔ Modfg

k (G) preserves simple objects.

Let d = Cdim(M). By Proposition 12.11, there is a critical composition series

M =M0 ≥M1 ≥M2 ≥ · · · ≥Ms = 0.

Since M has minimal-positive dimension, it follows from Proposition 4.5 of

[Lev92] that Cdim(Mj/Mj+1) is equal either to d or to 0, for each j. By Corol-

lary 12.10, any critical module of canonical dimension d is of finite length. On

the other hand, any module of canonical dimension zero is finite-dimensional,

hence also of finite length. Therefore, for every j ∈ {0, . . . , s − 1}, the module

Mj/Mj+1 is of finite length, from which it follows that M is of finite length. □

12.2 Admissible representations of GLn(F )

We can deduce interesting corollaries about certain admissible representations from

Theorem G. First, we determine a large class of p-adic Lie groups whose finite-

dimensional smooth representations are trivial – we expect this is well-known to the

experts.
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Proposition 12.12:

Let F be a finite field extension of Qp and k be a field of characteristic p. All

finite-dimensional smooth representations of the additive group F are trivial.

Proof:

Let k be an algebraic closure of k. Consider an n-dimensional smooth represen-

tation of F , ϕ : F → GLn(k). Let x ∈ F and consider ϕ(x) ∈ GLn(k). There

exists P ∈ GLn(k) such that

A = Pϕ(x)P−1

is in Jordan normal form with Jordan blocks Jn1,λ1 , . . . , Jnm,λm . Here,

Jr,µ = µI + Ur ∈ GLr(k),

and Ur is the matrix with entries (Ur)ab = 1 if b− a = 1 and 0 otherwise. Note

U s
r = 0 if s ≥ r.

Since ϕ is a smooth representation, Kerϕ is an open subgroup of F , and hence

pN0x ∈ Kerϕ for some N0 ≥ 0. Then if N ≥ N0,

Ap
N

= Pϕ(x)p
N

P−1 = I.

If N ≥ N0 and furthermore pN ≥ n, then

Jp
N

ni,λi
= λp

N

i I + UpN

ni
= λp

N

i I = I,

for all i ∈ {1, . . . ,m}. But k is a field of characteristic p, therefore λi = 1 for all

i. So, A has Jordan blocks Jn1,1, . . . , Jnm,1.

Therefore, for any non-negative integer N such that pN ≥ n, the ith block of

Ap
N

is I + UpN

ni
= I, and so Ap

N

is the identity matrix.

Thus whenever pN ≥ n, ϕ(x)p
N

must be the identity matrix for every x ∈ F .

But, for any y ∈ F , there exists x ∈ F such that pNx = y. Then ϕ(y) = ϕ(x)p
N

is the identity. So, ϕ is the trivial homomorphism, as required. □

Proposition 12.13:

Let X be an indecomposable root system, F be a finite extension of Qp. Let

G = X(F ) be the adjoint Chevalley group over F . All finite-dimensional smooth

representations of G are trivial.
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Proof:

By definition of the Chevalley group X(F ), G is generated by subgroups

(Uα = {xα(t) | t ∈ F})α∈X ,

and clearly Uα ∼= F for all roots α ∈ X. If V is a smooth finite-dimensional

representation of G over k, then V is a smooth finite-dimensional representation

of each Uα under restriction. By Proposition 12.12, V is a trivial representation

for every Uα. Since the Uα generate G, it follows that V is a trivial representation

of G. □

By specialising the Chevalley group to be of type X = An we immediately obtain a

result for the special linear groups.

Corollary 12.14:

Let F be a finite field extension of Qp, n ≥ 2 and G = SLn(F ). All finite dimen-

sional smooth representations of G are trivial.

The following application of Theorem G is then straightforward.

Corollary 12.15:

Let V be a smooth admissible representation of SL2(Qp) with Cdim(V ∨) = 1.

Then V is of finite length.

Proof:

Since Cdim(V ∨) = 1, it is automatic that V is holonomic. By Corollary 12.14

and Theorem G, V is of finite length. □

Of course, Corollary 12.15 holds with SL2(Qp) replaced by any simple Chevalley

group over any extension F . However, Theorem E tells us that no representations of

GK-dimension one exist in this case, making the statement vacuous.

Frequently in the context of the (mod p) Langlands programme we are most inter-

ested in admissible representations of GLn(F ). However, we do not possess any useful

results limiting the canonical dimension of modules for kGLn(OF ) – note that many

modules of small canonical dimension exist, by inflation along the homomorphism

kGLn(OF ) → kO×
F given by the determinant. Moreover, GLn(F ) has non-trivial
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finite-dimensional smooth representations, so does not satisfy the hypothesis of The-

orem G.

Fortunately, many interesting representations of GLn(F ) have a central character,

and this allows us to apply Theorems H and J by reducing to the case of special

linear groups.

Definition 12.16:

Let V be a representation of a p-adic Lie group over the field k. V has a central

character if and only if every element of the centre Z(G) acts on V by a scalar in k.

Lemma 12.17:

Let V be a smooth admissible representation of GLn(F ) with a central charac-

ter. Then V is a smooth admissible representation of SLn(F ) under restriction.

Moreover CdimGLn(OF )(V
∨) = CdimSLn(OF )(V

∨).

Proof:

Let Z be the centre of G. Consider the representation V restricted to Z, giving

a smooth representation χ : Z → GL(V ). Because Z acts by scalars, K = Kerχ

is an open subgroup of Z.

Let H be an open subgroup of SLn(F ). Then, because K is open in Z, HK is

open in SLn(F )Z, and hence is open in GLn(F ). Because V is admissible, V HK

is finite-dimensional. But, K acts trivially on V by definition, so we have

V HK = (V K)H = V H .

Thus the fixed vectors of V under any open subgroup of SLn(F ) are finite-

dimensional, so V is an admissible representation of SLn(F ).

Now let N = GLn(OF ) ∩ K. Since K acts trivially on V , by Lemma 5.1.2 of

[BHH+23], the canonical dimension

CdimGLn(OF )(V
∨) = CdimGLn(OF )/N(V

∨).

But SLn(OF )N/N ⊴o GLn(OF )/N is an open normal subgroup, so the proof of

Proposition 2.5 implies that

CdimGLn(OF )/N(V
∨) = CdimSLn(OF )N/N(V

∨).
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Since SLn(OF )N/N is a quotient of SLn(OF ), another application of Lemma

5.1.2 of [BHH+23] gives the result. □

Theorem 12.18:

Let V be a smooth admissible representation of GL2(Qp), with central character,

such that Cdim(V ∨) = 1. Then V is of finite length.

Proof:

Since V has a central character, Lemma 12.17 implies V is a smooth admissible

representation of SL2(Qp) under restriction, and

CdimSL2(Qp)(V
∨) = CdimGL2(Qp)(V

∨) = 1.

By Corollary 12.15, V is a finite length representation of SL2(Qp), hence is of

finite length as a representation of GL2(Qp). □

The irreducible smooth admissible representations of GL2(Qp) were classified by

Breuil in [Bre03], and all have a central character by [Ber12]. The work of Morra

in [Mor13], which builds on that of Paškūnas in [Paš10], shows that these representa-

tions correspond to modules of canonical dimension either one or zero. From this we

can characterise the finite-length representations of GL2(Qp) with central character.

Corollary H:

The finite length smooth admissible representations V of GL2(Qp) with central

character are precisely those with Cdim(V ∨) ≤ 1.

Proof:

By the results of Morra and Breuil, all irreducible admissible representations of

GL2(Qp) have GK-dimension at most 1, since finite-dimensional representations

have canonical dimension zero. Given any short exact sequence of admissible

representations,

0→ V1 → V2 → V3 → 0,

the equality Cdim(V ∨
2 ) = max(Cdim(V ∨

1 ),Cdim(V ∨
3 )) holds by Proposition 4.5

of [Lev92]. Therefore all finite length admissible representations of GL2(Qp) have

GK-dimension at most 1.

Conversely, if V is a smooth admissible representation ofGL2(Qp) of GK-dimension
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at most 1, then either V is finite-dimensional, hence clearly finite length, or

Cdim(V ∨) = 1, so V is of finite length by Theorem 12.18. □

In [HW] many smooth admissible representations of (the units of) quaternion algebras

over Qp are exhibited, which have canonical dimension equal to one. As commented

by the authors, these representations are not of finite length, which can occur since

the quaternion algebras do not satisfy the condition of Theorem G.

We now use our new results on canonical dimension to find representations of finite

length over groups of higher dimension.

Theorem 12.19:

Let X be an indecomposable root system, and V be a smooth admissible repre-

sentation of X(F ) where |F : Qp| > 1 or X ̸= A1. If Cdim(V ∨) = 2, then V is

of finite length.

Proof:

If |F : Qp| > 1, then by Theorem 12.2, there are no admissible representations

of X(F ) with GK-dimension 1. Hence if Cdim(V ∨) = 2, then V is holonomic.

If F = Qp and X ̸= A1, then by Theorem 3.12 and Proposition 3.15 of [Ard04],

combined with Corollary 2.7, the Iwasawa algebra kX(Zp) has no modules of

canonical dimension one. Since X(Zp) is a compact open subgroup of X(Qp), it

follows that any admissible representation of X(Qp) of GK-dimension 2 is holo-

nomic.

In either case, Proposition 12.13 and Theorem G then imply V is of finite length.

□

In particular we may specialise Theorem 12.19 to the case of SLn(F ) – we now apply

this result.

Corollary J:

Let V be a smooth admissible representation of GLn(F ) with central character.

If |F : Qp| > 1 or n > 2, and Cdim(V ∨) = 2, then V is of finite length.
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Proof:

By Lemma 12.17, V is an admissible representation of SLn(F ) under restriction

and CdimSLn(F )(V
∨) = CdimGLn(F )(V

∨) = 2. By Theorem 12.19, V is a finite

length representation of SLn(F ), hence also of GLn(F ). □

Let us specialise to the case of the general linear group GL2(F ). In [BHH+], the

following category of smooth admissible representations is considered.

Definition 12.20:

Let G = GL2(F ) where F is a finite unramified extension of Qp. Consider the

pro-p Iwahori subgroup I1 ≤ GL2(F ) and its centre Z1. Let J ⊴ gr k(I1/Z1) be

the graded ideal given by equation (117) on page 113 of [BHH+]. We define the

category C to be the full subcategory of Repad
k (G) whose objects V have a central

character, such that grV ∨ is annihilated by some power of J .

Because Z1 is pro-p, its only one-dimensional smooth representations are trivial, hence

V ∨ is a k(I1/Z1)-module, so the above is well-defined. Note that the category C
considered above is not quite the same as the category with that name in [BHH+].

However, C is a full subcategory of that category, and the representations of most

interest, namely those appearing in [BHH+23, Theorem 1.1], lie in C.

Corollary 12.21:

Let F be an unramified quadratic extension of Qp, and G = GL2(F ). Let V be

a smooth admissible representation in the category C. Then V is of finite length.

Proof:

The quotient ring gr k(I1/Z1)/J is a commutative algebra generated by 2|F : Qp|
elements, with Krull dimension equal to |F : Qp|. Thus, when H ≤ I1/Z1 is an

open uniform pro-p subgroup, gr kH/(gr kH ∩ J) is also a commutative algebra

of Krull dimension |F : Qp|. Since V is in C, we have

(gr kH ∩ J)n ⊆ Jn ⊆ Ann(grV ∨)

for some n ≥ 1. By Theorem 2.10,

Cdim(V ∨) ≤ K
(
gr kH⧸gr kH ∩ J

)
= |F : Qp|.
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Since |F : Qp| = 2, Theorem 12.2 and Lemma 12.17 imply that the GK-dimension

Cdim(V ∨) is either 0 or 2. By Corollary J, and since representations of GK-

dimension 0 are finite-dimensional, it follows V is of finite length. □

It follows from Corollary 12.21 that the representations π considered in [BHH+23,

Theorem 1.1] are of finite length when F is a quadratic unramified extension of Qp.

This improves on some of the results of [BHH+]; when π is as in subsection 3.3.2

of op. cit, Corollary 12.21 implies that π is of finite length, removing the condition

πK1 ∼= D0(ρ̄) needed to prove this (in the case ρ̄ reducible split) in subsection 3.3.5

of op. cit. That is, Theorem 1.3.8 of [BHH+] holds outside of the so-called “minimal

case”, if F is a quadratic unramified extension of Qp.

Theorem 1.1 of [HW22] states that certain representations π(ρ̄) of GL2(F ) (here ρ̄ is

non-semisimple) have GK-dimension Cdim(π(ρ̄)∨) = |F : Qp| when F is an unramified

extension of Qp. Again by Corollary J, if F is a quadratic extension, then π(ρ̄) is of

finite length. Indeed, a stronger statement than this is shown in Theorem 1.7 of op.

cit. by different methods.
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