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Abstract

Answering conjunctive queries over ontology-enriched datasets is a core
reasoning task for many applications of semantic technologies. Conjunc-
tive query answering is, however, computationally very expensive, which
has led to the development of query answering procedures that sacrifice
either the expressive power of ontology languages, or the completeness
of query answers in order to improve scalability. This thesis describes a
hybrid approach to query answering over OWL 2 ontologies that com-
bines a datalog reasoner with a fully-fledged OWL 2 reasoner in order
to provide scalable “pay-as-you-go” performance. The key feature of this
hybrid approach is that it delegates the bulk of the computation to the
datalog reasoner and resorts to expensive OWL 2 reasoning only as nec-
essary to fully answer the query. Although the main goal of this thesis is
to efficiently answer queries over OWL 2 ontologies, the technical results
are more general and the approach is applicable to first-order knowledge
representation languages that can be captured by rules allowing for exis-
tential quantification and disjunction in the head; the only assumption is
the availability of a datalog reasoner and a fully-fledged reasoner for the
language of interest, both of which are used as “black boxes”. All tech-
niques proposed in this thesis are implemented in the PAGOdA system,
which combines the datalog reasoner RDFox and the OWL 2 reasoner
HermiT. An extensive evaluation shows that PAGOdA succeeds in pro-
viding scalable pay-as-you-go query answering for a wide range of OWL 2

ontologies, datasets and queries.
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Chapter 1

Introduction

Linked data is one of the most popular and useful semantic web technologies: it
allows for the publishing and deployment of RDF data (Manola and Miller, [2004))
on the web, and it is being adopted by an increasing number of data providers and
applications. Linked data allows entities from different resources to be connected to
each other arbitrarily via HT'TP (Fielding et al., [1999), so that interconnections and
context between real world entities can be preserved in the data and exploited for
better human and machine understanding.

Due to the large volumes of linked data, efficient data access has become a core
problem in the development of applications. In recent years, significant progress
has been made in the design and development of RDF data management stan-
dards and systems: W3C has provided the standard “SPARQL” query language
(Prud’hommeaux and Seaborne, 2008) for RDF based on the class of conjunctive
queries (Abiteboul et al,[1995), and state-of-the-art systems such as Hexastore (Weiss
et al [2008) and RDF-3X (Neumann and Weikum, [2010) have implemented highly
optimised data structures and query answering algorithms. Throughout this thesis,
RDF data and SPARQL queries are considered from a logic point of vieWE]

RDFS (Brickley and Guha, [2014) provides additional vocabulary with predefined
meaning that supports conceptual modelling for RDF data, enabling the specification
of, e.g., subclass relations between groups of entities, and the domain and range of
relations. Early systems, such as Jena (McBride, 2001)) and Sesame (Broekstra et al.|
2002)), were designed to store and manipulate data w.r.t. such RDFS schemas.

OWL, a successor of RDFS, was standardised by W3C in 2004 and revised (as
OWL 2) in 2009 providing a much richer conceptual schema language (Baader et al.,
2003; [Horrocks et al., [2003; (Cuenca Grau et al., 2008; [Motik et al., 2009b). OWL

'We treat RDF as a data model for triples denoting facts such as class membership (unary) and
role (binary) assertions, but do not focus on RDF specific details such as blank nodes, etc.



ontologief] are widely used to enhance the functionality of RDF-based applications,
e.g.,: (i) to unambiguously specify the meaning of data in the application; (i) to pro-
vide additional vocabulary and background knowledge needed for users and machines
to interpret the data; and (1) to enrich knowledge bases with information that is not
explicitly represented in the data. Datasets enriched with ontologies, called knowledge
bases, have been employed in a variety of realistic application domains, including bi-
ology, medicine and defence (Osumi-Sutherland et al 2012 Schulz et al., 2011} [Lacy
et al., 2005)).

Reasoning can be used to support conceptual modelling, e.g., for checking logical
consistency and computing implicit subclass relationships (Buchheit et al.,|1993; Hor-
rocks et al} 2000; Calvanese et al., 2001). With the arrival of big-data era, however,
there are more and more data-centric applications where the focus has shifted from
the conceptual schema to data access (Calvanese et al., [1999; Horrocks and Tobies,
2000; Motik and Sattler, |2006). A key reasoning task in such applications is to answer
queries (typically SPARQL queries) w.r.t. both a large dataset (typically RDF) and
a rich conceptual schema (typically OWL).

This thesis focuses on conjunctive query answering over knowledge bases that
combine an OWL 2 ontology with an RDF dataset. Query answering over such
knowledge bases is of very high worst-case complexity (Glimm et al. [2008; Eiter
et al., 2012)), even when measured only w.r.t. the size of the dataset (so-called data
complezity). Although heavily optimised, existing systems for query answering, such
as HermiT (Glimm et al.| 2014)), Pellet (Sirin et al., 2007) and RacerPro (Haarslev
et al., 2012)), can process only small to medium size datasets (Sirin et al., 2007} [Moller
et al., 2013} [Wandelt et al., |2010; Kollia and Glimm)|, |2013) and hence fall far short
of that what is demanded in realistic applications. This has led to the development
of query answering procedures that sacrifice expressive power of ontology languages
or the completeness of query answers in order to improve scalability.

Conjunctive query answering is tractable w.r.t. data complexity for many frag-
ments of OWL 2, three of which were standardised as so-called profiles in OWL 2
(Motik et al., 2009a). The OWL 2 QL and OWL 2 EL profiles are based on the
DL-Lite (Calvanese et al., 2007) and the £L£ (Baader et al., |2005) families of de-
scription logics; the OWL 2 RL profile corresponds to a fragment of the rule-based
language datalog (Grosof et al. [2003; [Dantsin et al., |2001)). Conjunctive query an-

swering systems for OWL 2 profiles have been shown to be highly scalable in practice.

2Strictly speaking, an OWL ontology can include both conceptual schema and data, but in
practice OWL ontologies are often used as conceptual schemas for data stored as RDF.



Existing systems include OWLim (Bishop et al., 2011), Oracle’s native inference en-
gine (Wu et al., 2008), RDFox (Motik et al., 2014), Virtuoso (Erling and Mikhailov),
2009), KARMA (Stefanoni et al., 2013)), QuOnto (Acciarri et al., 2005), MASTRO
(Calvanese et al., 2011)), Owlgres (Stocker and Smith) 2008), Rapid (Chortaras et al.,
2011), Prexto (Rosati, 2012), Ontop (Bagosi et al., [2014)), and so on. The more
favourable computational properties of these fragments make them natural choices
for data-intensive applications, but they also come at the expense of a loss in ex-
pressive power. Many ontologies used in applications are not captured by any of the
profiles, such as the NCI Thesaurus’| and FMA[]

Among all profiles; OWL 2 RL aims at applications that require scalable data
reasoning without sacrificing too much expressive power. It is defined based on DLP—
the overlap between OWL 2 and datalog (Grosof et al., 2003). RL reasoners and
datalog reasoners are typically implemented by means of materialisation, where query
answers are computed against a saturated dataset. In contrast to OWL 2, datalog
cannot capture disjunctive knowledge such as that expressed in the following axiom,

which states that every mammal is a herbivore or a meat eater:
Mammal(x) — Herbivore(z) V MeatEater(z) (1.1)

nor can it capture existentially quantified knowledge such as that expressed in the

following axiom, which states that each mammal must eat something:
Mammal(xz) — Ty eats(zx, y)

These restrictions limit the applicability of datalog reasoners in semantic web ap-
plications since disjunctive and existentially quantified statements abound in OWL
ontologies. For example, NCI contains many disjunctive statements, while ontolo-
gies such as SNOMEDE] (Spackman and Campbell, |1998)), FMA, and Fly Anatomyﬁ
contain thousands of existentially quantified statements.

Although the capabilities of reasoners specialised for fragments of OWL 2 are
intrinsically limited, they are typically flexible enough to process arbitrary ontologies
on a “best efforts” basis, as a reasoner can simply ignore axioms that are outside
its target language. In such cases, query answers for conjunctive queries are still

guaranteed to be sound (the computed answer set includes only correct answers), but

3http://evs.nci.nih.gov/ftpl1/NCI_Thesaurus/
‘http://sig.biostr.washington.edu/projects/fm/
Shttp://www.ihtsdo.org/snomed-ct
Shttp://obofoundry.org/cgi-bin/detail.cgi?id=fly_anatomy_xp
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may not be complete (the computed answer set may not include all correct answers);
thus, the answer set returned by such a reasoner can be thought of as a lower bound
on the query answers.

This inspires an alternative way to improve scalability—to sacrifice completeness
of query answers. Scalable query answering procedures have been developed that
exploit scalable reasoning techniques specialised for light-weight languages, at the
expense of computing only approximated query answers. For most existing techniques
(Pan and Thomas|, 2007; [T'serendorj et al., 2008)), the computed set of answers is sound
but incomplete. One way to realise such a procedure is to weaken an input ontology
until it falls within one of the OWL 2 profiles, and then to use a scalable procedure for
the relevant fragment. As mentioned before, the required weakening can be trivially
achieved by throwing away axioms, but more sophisticated techniques may try to
reduce or even minimise information loss (Console et al., [2014). Some techniques
provide an upper bound by computing a complete but unsound set of answers (Pan
et al., 2009; Wandelt et al., 2010). The existing techniques for upper bound query

answers are, however, of much higher computational complexity.

1.1 Contributions and Applications

The objective of this research is to develop a practical algorithm to answer conjunctive
queries over OWL 2 ontologies. This thesis proposes a sound and complete hybrid
approach that combines a scalable datalog reasoner with a fully-fledged OWL 2 rea-
soner. Given an ontology, a dataset and a query, the hybrid approach uses the datalog
reasoner to efficiently compute both lower bound and upper bound query answers. If
lower and upper bounds coincide, they obviously provide a sound and complete set of
answers. Otherwise, a relevant subset of the input ontology and dataset is identified
efficiently by relying on the datalog reasoner alone. The key property of this subset
is that it is typically much smaller than the input, yet it is still sufficient to test the
correctness of answers in the “gap” between lower and upper bounds. Then the gap
answers need to be checked w.r.t. the identified subset using the fully-fledged reasoner.
Since the number of gap answers can be significant in some cases, more optimisations
are exploited to further reduce the number and size of reasoning problems. It is worth
mentioning that the approach is also applicable to check satisfiability of the input,
which is a prerequisite for query execution.

The key feature of this hybrid approach is its “pay-as-you-go” behaviour: in most

cases, the bulk of the computational workload is delegated to the datalog reasoner



while expensive OWL 2 reasoning is used only as necessary to fully answer the query.
Furthermore, the extent to which the fully-fledged reasoner is needed will depend on
interactions between the ontology, the dataset and the query, so even when the input
ontology uses the full power of OWL 2, queries can often be largely or even fully
processed using the datalog reasoner. Moreover, this approach has the additional
advantage that lower bound answers can be quickly returned, even in cases where
completion of the answer requires more time-consuming computations. Although
the main goal of this thesis is to efficiently answer conjunctive queries over OWL 2
ontologies and datasets, the technical results presented here are very general and the
approach is not restricted to ontology languages based on description logics. More
precisely, given a knowledge representation language £ that can be captured by first-
order rules, the only assumption for this hybrid approach is the availability of a

fully-fledged reasoner for £, which is used as a “black box”, and a datalog reasoner.

Improving Lower Bound Answers A datalog reasoner is able to compute a lower
bound of query answers by throwing away out-of-profile axioms in the input ontology.
Such a lower bound itself is useful in some applications in pressing need for scalable
query answering where incompleteness is tolerable. However, the incompleteness of
such a lower bound is not evenly distributed—the answers may be complete or nearly
complete for some queries and highly incomplete for the others for the same ontology
and dataset. In the latter case, it is not unusual for the computed set of answers
to be empty. To improve the lower bound, this thesis presents a way to extend an
input knowledge base with some deterministic information that can be obtained from
disjunctive knowledge. Moreover, due to the monotonicity of conjunctive queries,
we further consider different fragments of the input knowledge base and combine
the lower bound answers computed for each fragment. Instead of considering these
subsets independently, the proposed approach aggregates them to provide a even

tighter bound of query answers.

Computing Upper Bound Answers This thesis also proposes several techniques
to compute complementary upper bounds by the datalog reasoner. Such upper bounds
are useful in practice for (at least) two reasons. First, as illustrated in [Figure 1.1} it
allows us to bound the incompleteness of the computed lower bound by partitioning
all possible answers into three sets: those that are definitely answers (marked with
‘v"’), those gap answers that may be answers (marked with ‘?”), and those that are

definitely not answers (marked with *-’). Second, it narrows down candidates that
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Figure 1.1: Combination of lower and upper bounds

need to be verified from a potentially huge number of possible answers (as illustrated
in to only the gap answers. Please note that the gap can be trivial in some
cases, i.e. the lower bound is empty and the upper bound contains all substitutions
from answer variables to constants in the knowledge base, however, this is extremely
rare. It does not happen in our thorough evaluation and our experiments have shown
that in practice the lower and upper bound coincide in most of the cases.

In order to compute a better upper bound of query answers, we introduce new
chase techniques that handle both existentially-quantified statements and disjunctive
statements to compute finite datasets that preserve query answers w.r.t. the input
knowledge base. The upper bounds of query answers computed against each of the
datasets can be combined by taking the intersection of them.

The proposed techniques to compute upper bound query answers can be applied

to other scenarios rather than query answering, e.g. to generate facet names and

values in SemFacet (Arenas et al. 2014)[] SemFacet is a faceted search system for

knowledge bases. In contrast to traditional faceted search systems, SemFacet gener-
ates facet names and values dynamically according to the current search result. In
this context, a fast response time is critical, and completeness is more important than
soundness; this makes dynamic facet generation a perfect application for the upper

bound computation.

Extracting Relevant Subsets Although the complexity remains the same to
check the validity of gap answers compared with query answering from scratch, the

checking times required to call the fully-fledged reasoner can be significantly reduced.

"SemFacet is available at http://www.cs.ox.ac.uk/isg/tools/SemFacet/.
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Sometimes, checking of gap answers may still be too hard in practice. Even satisfiabil-
ity check for large knowledge bases is not always feasible for a fully-fledged reasoner.
On the other hand, it is well-known that query answering in datalog is in polynomial
w.r.t. data complexity, which is proved to be efficient in practice. This thesis there-
fore introduces novel techniques exploiting a datalog reasoner to reduce the size of the
knowledge base that should be passed to the fully-fledged reasoner. This is done by a
proof tracing technique to identify a relevant subset of the input knowledge base that
is large enough to check the validity of gap answers and hopefully small enough to be
processed by a fully-fledged reasoner. This approach to compute relevant subsets can
be reused in other scenarios to reduce the size of reasoning problems. For instance,
MORe (Armas Romero et al., 2015) reuses the subset extraction technique for the

classification problem in OWL 2 ontologies.

Optimisations before Fully-fledged Reasoning Although, the subset extrac-
tion technique allows to reduce the size of the input to a fully-fledged reasoner, it
is still very costly to perform verification for each gap answer using a fully-fledged
reasoner. This thesis therefore introduces several novel optimisations aiming at fur-
ther reducing the workload assigned to the fully-fledged reasoner. First, the use of
summarisation techniques inspired by the SHER system allows us to quickly identify
spurious answers (Dolby et al., 2007, |2009). Afterwards, endomorphism relations and
other heuristics are exploited to build a dependency graph between all gap answers.
Finally, the dependency graph is used reduce the number of calls to the fully-fledged
reasoner. These optimisations are applicable to more general settings. For any con-
junctive query answering approach, they can be adopted to pre-filter some spurious

query answers and to exploit more information from verified query answers.

The PAGOdA System and Evaluation This pay-as-you-go approach is not only
theoretically appealing, but also practically realisable. It has been implemented in
PAGOdA using the datalog reasoner RDFox (Motik et al., 2014) and the fully-fledged
OWL 2 reasoner HermiT (Glimm et al., [2014). PAGOdA is named as an acronym
for “pay-as-you-go OWL query answering system” F| This thesis also presents an
extensive evaluation using a wide range of realistic and benchmark datasets and
queries. In the evaluation, PAGOdA is compared with some of the state-of-the-art

query answering engines. The evaluation suggests that PAGOdA is able to deal

8A different project with the same name can be found on the website http://pagoda.lri.fr/
using PAGODA as an acronym for “Practical Algorithm for Ontology-based Data Access”.
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with complex and expressive ontologies with hundreds of millions of facts, which is
well beyond the capabilities of the state-of-the-art: in almost all cases, it is able to
completely answer queries without resorting to OWL 2 reasoning, and even when this
is not the case, relevant subset extraction and summarisation are effective in reducing

the size of the problem to manageable proportions.

In summary, the major contributions of this thesis are listed as follows.

e To the best of my knowledge, it is the first time to present an sound and
complete query answering approach that combines two different reasoners, one

of which is an efficient datalog reasoner in particular.

e [t is novel to take into account existential and disjunctive rules in the computa-
tion of query bounds. Even though, the techniques adopted to handle existential

and disjunctive rules have been exploited in some other contexts.

e The idea to extract a relevant subset using a datalog encoding appears for the

first time.

e It is new to adopt the notation of endomorphism to reduce the number of calls

to a fully-fledged reasoner.

o [t defines a general class of conjunctive queries that is decidable in OWL 2 and

provides a decision procedure for these queries.

1.2 Outline and Structure of this Thesis

This thesis deals with the conjunctive query answering problem over OWL 2 ontolo-

gies. The remainder of the thesis is organised as follows.

In [Part I we recapitulate logical foundations that are exploited in this thesis and

review existing work on conjunctive query answering.

e This part starts with a recapitulation of definitions and notations in first-order
logic in [Chapter 2| In particular, we specify a rule-based knowledge represen-
tation language and its sub-languages. Since hyperresolution is rather involved
in proofs presented later in this thesis, the basic machinery of hyperresolution

is introduced at the end of this chapter.



e In [Chapter 3| the description logic SROZQ is introduced, as well as the rea-
soning tasks over ontologies. Due to the close connection between description
logic and OWL ontology language, the web ontology languages OWL 2 is then
introduced, as well as the three profiles of it. The choice of using OWL 2 as
the target language is mainly due to its rich expressivity and the availability of
fully-fledged OWL 2 reasoners. Afterwards, different fragments of OWL 2 are

introduced to be exploited for computing approximated query answers.

e Two prominent query languages are discussed in[Chapter 4—conjunctive queries
and SPARQL queries. For conjunctive queries, we first give its syntax and

semantics and then identify classes of conjunctive queries that are decidable for
OWL 2 ontologies. Similarly, for SPARQL queries, we first give the syntax and

then specify its semantics under OWL 2 Direct Semantics entailment regime.

e Chapter B the very last chapter of this part, gives a survey on complexity
results of ontological query answering. We also briefly discuss existing query
answering techniques for different ontology languages and their corresponding

implemented systems.

art Il presents the “pay-as-you-go” approach step by step.
Part I ts the “pay-as-you-go” h step by st

o presents the techniques to compute and refine lower bound query
answers. More precisely, two different treatments are adopted by our approach
to improve the basic lower bound computed by discarding non-datalog rules.
The two treatments are aimed at extracting some deterministic information

from disjunctive and existential rules, respectively.

e Techniques to compute upper bound answers are discussed in where
the basic idea is first presented and followed by two refinements for handling
existential and disjunctive rules. The computation of upper bound answers can
be done efficiently using a materialisation-based datalog reasoner that supports

incremental data addition.

° explains the intuition and gives an algorithm to compute relevant
subsets for queries and gap answers by reusing a datalog reasoner. More opti-
misations are followed aiming at further reducing the size of extracted subsets
or speeding up the extraction process. One of the optimisations is rather tech-

nically involved, for which we just give the intuition and a simple example in

this chapter. Its definitions and proofs are deferred to [Appendix Al

9



e More optimisations are discussed in aiming at further reducing the
usage of a fully-fledged reasoner. Given a knowledge base, a query, and a set
of possible answers to be verified, we adopt two optimisations to reduce the
number of possible answers that need to be verified and the number of calls to

the fully-fledged reasoner.

e In 9, the approach to compute lower and upper bound query answers
is presented in a generic way to deal with arbitrary conjunctive queries. To

answer conjunctive queries over OWL 2 ontologies, an OWL 2 reasoner is used
in to verify query answers. Existing OWL 2 reasoners, however,
are typically capable to answer only a restricted class of conjunctive queries.
Therefore, in [Section 10.2] we show how to use an existing OWL 2 reasoner
to answer more general class of internalisable queries by reducing internalisable
query answering into entailment of data assertions and ontology satisfiability

by means of rolling-up.

In [Part ITI| we describe the system PAGOdA implementing the “pay-as-you-go”

approach in detail and provide an extensive evaluation.

e Chapter [11] specifies the query language of PAGOdA and provides a systematic
description for architecture and work flow of PAGOdA.

e Chapter [12] presents a comprehensive evaluation of PAGOdA. First PAGOdA
is compared with some of the state-of-the-art query answering systems on the
quality of query answers. Then more experiments are presented to test scalabil-
ity of PAGOdA and other compared systems. Finally, we conduct experiments

to measure the effectiveness of individual techniques implemented in PAGOdA.

Finally, we conclude with discussions on our current approach and present several

possibilities for future work.

Some of the techniques and results in this thesis have previously been published
and these techniques will not be included in any other thesis. Initially, the idea
of computing a complementary upper bound by reusing a datalog reasoner (Zhou
et al., 2013b)) was published in WWW 2013. Later, a subset extraction technique was
developed for Horn ontologies by using backward chaining with tabling (Zhou et al.,
2013a), which was published in ISWC 2013. Then the subset extraction approach

was extended to arbitrary OWL 2 ontologies and more optimisations were proposed
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in the interaction with a fully-fledged reasoner (Zhou et al.; 2014) in a work that was
published and presented in AAAI 2014. Recently, an extension that combines these
three works has been accepted by JAIR.
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Foundations
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Chapter 2

Preliminaries

This chapter defines the basic notions needed in this thesis. We start with a recapitu-

lation of first-order logic in [Section 2.1] [Section 2.2| describes rule languages that will
be used throughout this thesis as knowledge representation languages. In[Section 2.3|

we define the basic machinery for hyperresolution, which will be exploited later as a

sound and complete calculus for query answering.

2.1 First-order Logic

In this section, we briefly recapitulate standard syntax and semantics of first-order
logic, e.g. see (Ebbinghaus et al., [1996)) for a standard textbook. We consider first-
order logic without equality, that is, we treat the equality predicate ~ as an ordinary

binary predicate without predefined meaning.ﬂ

Syntax

A signature S of a first-order logic language contains the following symbols:

(a) x,y,z... (variables),

(b) —,A,V,— (negation, conjunction, disjunction, and implication),
(c) V,3 (universal and existential quantifiers),

(d) (1) a set N& of n-ary predicates for each n > 0 with 1. € NP,

(2) a set Nj of n-ary function symbols for each n > 1, and
(3) a set N¢ of constants,

where N% NL ... ,NL Nz, ... and N¢ are pair-wise disjoint.

"'We choose first-order logic without equality because some existing datalog reasoners do not
support native equality reasoning.
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We use X,y,z,... to denote vectors of variables. With slight abuse of notation,
we sometimes refer x to the set containing all variables in x and write x € x for each

variable x occurring in x.

The set of S-terms is as the smallest set such that:

e cvery variable is an S-term,
e every constant in Ng is an S-term, and

o if ty,...,t, are S-terms and f € N7, then f(t,...,t,) is an S-term.

An S-atomic formula (or S-atom) is in the form of L or P(ty,...,t,) where
t1,...,t, are S-terms and P € Nj. A literal is an atom, called a positive literal, or

the negation of an atom, called a negative literal.

The set of S-formulas is defined as the smallest set such that:

e any S-atomic formula is an S-formula,
e if ¢ is an S-formula, then —¢ is also an S-formula,
e if ¢ and ¢ are S-formulas and o € {A,V, —}, then (p o) is an S-formula, and

o If pis an S-formula and x is a variable, then Vzy and Jxp are also S-formulas.

We write Vx(resp. 3x) as an abbreviation for Va,...Vap (resp. dz;...3zx). An
occurrence of variable z in a formula ¢ is bound if it belongs to a subformula of the
form V) or dzip; otherwise, it is free. An S-sentence is an S-formula with no free
variables. Let ¥ be a set of first-order sentences, Sig(X) is defined as the smallest
signature such that X is a set of S-sentences.

A term, an atom or a formula is ground if it contains no variables. Moreover, a
fact is a function-free ground atom.

A formula can contain both free and bound occurrences of the same variable. We
can avoid such cases by renaming the bound occurrences of variables. Similarly, we
also assume that all the bound variables are different in a formula.

A substitution is a mapping from variables to terms which is the identity on all
but finitely many variables. The expression {z; + t1,...,x, — t,} (or simply write
x — t) denotes a substitution ¢ mapping the variable x; to ¢; for each 1 <i < n and
any other variable to itself. The domain of o, written dom(o), is defined as the set
of variables {zi,...,z,}. The projection of o on a vector of variables y of arity m,
written oy, is defined the substitution {y; — o(v1),...,Ym — 0(Ym)}. The result of

applying o on a terms ¢, written to (or t|x), is defined inductively as follows:
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e co = c¢ for a constant ¢ € Ng,

t, ifx=ux; with1 <17 <n,
® Lo = .
r otherwise,

o (f(tr,...,tn))o = f(tio,... t,0) with f € Nj.
The result of applying ¢ on a formula ¢, written ¢o (or ¢|x.t), is defined as follows:
o lo=1,

o (P(ty,...,tn))o = P(tyo,...,t,0) for P € N},

o (mp)o = ~(po),
e (pow))o =wooo for o € {A,V,—},

o (Qry)o = Qx(po,) for Q € {V,3} where o,(z) = { Z<y) i Z i ';’ .

The application of a substitution o can be extended to atoms, sets of terms, sets of

atoms, and sets of formulas naturally.

Since we consider first-order logic without equality, the semantics of the equality
predicate ~ has to be axiomatised if & is include in a signature. For convenience, we
write s &~ t for a binary atom = (s,t). Let S be a first-order signature including ==.
The equality aziomatisation of S consists of the following first-order sentences where
sentence is instantiated for each n-ary predicate P € Nj and each 1 <1 < n,
and sentence is instantiated for each n-ary function symbol f € N and each
1< <n.

Va(z ~ x) (REF)

VaVy(x =~y — y = x) (SYM)

VaVyVz(z Ry ANy~ 2z = o = 2) (TRA)

VxVal(x; = 2 AN P(x) = P(zy,...,25, ..., 2,)) (REPp)
VxVa(z; = xf — f(x) = f(ar, ..., 2, .. 2,)) (REPg)

Semantics

A interpretation T = (AZ,T) consists of a non-empty set AT, called the domain of
Z, and a function -Z, which defines the extension of constants, function symbols, and

predicates such that:

e cvery constant ¢ € N is mapped to an element ¢ € AZ.
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e cvery function symbol f € N7 is mapped to a function fZ from (AT)" to AZ,

e cvery predicate P € NP is mapped to a proposition P? € {FALSE, TRUE} and
17 = FALSE, and

e every predicate P € N3 is mapped to P% a subset of (A%)™.

For any ground term ¢, we will define recursively the element ¢ that is assigned
tot by Z. If t is a constant in N¢ then ¢ is part of the interpretation Z. For any
functional term of the form f(t,...,t,) with f € N2, tZ is defined by fZ(tf,... t).
Now we are ready to define ¢ for every sentence ¢. For each nullary predicate

P € N9, PT is part of the interpretation Z. Otherwise, we define

(Pt b)) = { TRUE if (tf,...,tL) € PZ,

| raLse if (¢F,...,t1) & PT,

o (=)t =(p"),

o (pop)t = oyt for o € {A,V,—1},

o (Vzp)t = TRUE if ¢|,,q = TRUE for all d € A7, and
e (Jzp)* = TRUE if p|,. .4 = TRUE for some d € AZ.

Let Z be an interpretation, and let ¢ be a first-order sentence. We say that 7
satisfies (or models) o, written Z |= ¢, if ¥ = TRUE. Let ¥ be a set of first-order
sentences, Z = ¥ (or Z is a model of V) if T |= ¢ for each ¢ € ¥. The set of
sentences WV is satisfiable if there exists an interpretation satisfying it; otherwise, it is
unsatisfiable. U entails a first-order sentence ¢ (symbolically, ¥ |= ¢) if every model
of U satisfies ¢.

Let W, and W, be sets of first-order sentences. We say that Uy is a conservative
extension of Wy if for every model Z; of Wy, there exists a model Zy of W, that agrees

with Z; on all the symbols in Sig(¥;).

If U, is a conservative extension of Wy, Wy preserves all first-order entailments
over Sig(Wy); that is, for each first-order sentence ¢ over Sig(V;), Uy = ¢ iff U; = .
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Herbrand Interpretations Let S be a first-order signature, the Herbrand universe
Ug of S is the set of all ground S-terms; the Herbrand base Bg is the set of all ground
S-atoms. A Herbrand interpretation M over S is a subset of Bg with L & M.
A Herbrand interpretation M is deemed as the following standard interpretation
Ty = (AD Iar),

ATV = [

v

A =Lty ot f(ty, .. 1))} for each f € N
pTu _ | TRUE it Pe M,

FALSE if P ¢ M,
PE = {(t,,... t,) | P(ty,...,t,) € M} for cach P € N7

= ¢ for each ¢ € N¢

for each P € N}

Let ¥ be a set of first-order sentences over S. A Herbrand interpretation M over S
is a Herbrand model of W if Z); = V. For an arbitrary set of ground atoms M, it
can be seen as a Herbrand interpretation over Sig(M). When saying that “a set of
ground atoms M is a model of U7, we actually mean that that the corresponding

interpretation Z,; is a model of W.

Finally, we will also exploit the standard notation of homomorphism applicable

to sets of atoms, formulas and substitutions.

Let S and T be two set of ground atoms, a homomorphism from S to T is a
mapping 7 from ground terms in S to ground terms in 7' such that ¢ € S implies
o1 € T. Let a and b be two vectors of ground terms in S of the same arity n, a
homomorphism 7 from S to S is an endomorphism from a to b in S if 7(a;) = b;
for each 1 < ¢ < n. The application of a homomorphism 7 can be extended to
atoms, formulas and substitutions naturally, e.g. a7 is the atom P(ti7,...,t,7) for
an atom « = P(ty,...,t,), and o7 is the substitution {z — zo7 | z € dom(c)} for a

substitution o.

Let ¥ be a set of first-order sentences. A Herbrand model M; of ¥ is a univer-
sal model of W if, for any Herbrand model My of W, M; can be homomorphically
embedded into Ms.

2.2 Rule-based Knowledge Representation

Rule languages are well-known knowledge representation (KR) formalisms, which
have been adopted by deductive databases and logic programming. In this thesis, we

restrict ourselves to monotonic rules (i.e. rules without negation as failure).
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A dataset is a finite set of facts. A rule r is a function-free first-order sentence of

the form

VXYY (B1(%,¥) A=+ A Bu(x,y) = \/ Tzipi(x, 2,)) (2.1)
i=1
where X,y,z; are pairwise disjoint vectors of variables, f;(x,y) is an atom different

from | with free variables in x Uy, and either
e m=1and ¢i(x,2;) = L, or

e m > 1 and for each 1 < j < m the formula ¢;(x,z;) is a conjunction of atoms

different from L with free variables in x U z;.

For brevity, the universal quantifiers VxVy are omitted in rules. The conjunction
of atoms £1(x,¥) A -+ A Bu(X,y) is the body of r and is denoted by body(r). The
formula \/}" | 3z;p;(x, 2;) is the head of r, denoted head(r). We assume that rules are
safe; that is, every variable in x is mentioned in body(r). Rules of this form are very
general and are able to capture most first-order rule languages for KR such as datalog
(Abiteboul et all [1995)), existential rules and datalog® (Beeri and Vardi, [1984), as
well as datalog™" (Alviano et al. 2012b). A rule 7 is

e disjunctive datalog if head(r) contains no existential quantifiers;
e cristential or Horn if m = 1; and
e datalog if it is both disjunctive datalog and Horn.

Let £ be a specific rule language. An L-knowledge base K = ¥ U Dy consists of
a finite set Xx of L-rules and a dataset Dy where each predicate in Dy is assumed to
occur in Y. We further assume that each knowledge base K that uses &~ axiomatises
its semantics in the usual way; that is, the knowledge base must contain equality
axiomatisation of Sig(K). As the sentence is not safe, in the equality axioma-
tisation of a knowledge base, it is replaced by all instances of for each n-ary
predicate P in Sig(K) and each 1 < i < n.

Vx(P(x) — z; = ;) (REF")

Please note the signature of a knowledge base is function-free. So the equality ax-

iomatisation of a knowledge base contains no rules of the form (REPg)).
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Normalised Rules In order to simplify the presentation of our technical results,

we restrict ourselves to rules a particular normal form, which we specify next.

A rule r is normalised if it is of one of the following forms, where m > 1 and each

vi(x,2;) is a single atom:

61 (X> Y) ARERNA Bn(xa y) -1 (J_—NOI'III)
Bi(x,y) A A Ba(x,y) = Fzim1(%, 21) (3-Norm)
B1(X,¥) A ABp(x,y) = 11(X) Ve Vyn(x) (V-Norm)

A knowledge base Y U Dy is normalised if all rules in Yx are normalised.

The restriction to normalised knowledge bases is w.l.o.g. since every set of rules
¥ of the form ({2.1)) can be transformed in polynomial time into a set of normalised

rules ¥’ that is a conservative extension of ¥ as given next.

Proposition 2.1. Let ¥ be a set of rules of the form (2.1). Then there exists a set
of normalised rules X' that is a conservative extension of X and can be computed in

polynomial time in the size of 3.

Proof. For each rule r € ¥ and each 1 < i < m, let x; be a vector of free variables in
the subformulas 3z;p;(x, z;) of head(r), then x; C x. Furthermore, let E,, be fresh
predicates of arity |x;| and let C,, be fresh predicates of arity |x;| + |z;| uniquely

associated to r and i. Then, ¥’ consists of the following rules{]

m

Bl(xv Y) JARERA Bn(x> Y) — \/ E%(Xi), (22)
i=1
E,, (x;) — 3z, C,,(x;,2;) for each 1 <1i <m,

7

(23)
Cyp,(x;,2;) — 7y for each 1 <7 < m and each atom 7 in ¢;(x, z;), (2.4)
©i(x,2;) = E,,(x;) for each 1 <i <m, (2.5)

(2.6)

©0i(x,2;) = Cyp,(%;,2;) for each 1 <7 <m.

Let Z = (AZ,7) be a model of ¥. We construct an interpretation J = (A7, -7) by

2Although rules (2.2)—(2.4) are sufficient to form a conservative extension of ¥ in normal form,
we additionally introduce rules (2.5)—(2.6) in order to facilitate the computation of upper bound
query answers (see Section and [8.3)).
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extending Z on those fresh introduced predicates £, and C,,. Formally,

A7 = AT,

¢7 = ¢, for each constant ¢;

P7 = PZif P is in Sig(®);
J T\ |x; z;

CJ = {t]te (Al and 7 = o,
J VARG

B ={t[te(A )Xil and 7 = 3z,

(xi,zi)r—>t};

Xﬂ—)t}'
Let r € X be of the form (2.1). We next prove that 7 is a model of any rules ' in
(2.2)-(2.6) for r.

e If 7’ is of the form (2.2)), let (a,b) be a tuple such that |a| = |x|, |b| = |y| and

J E {Bi(a,b),...,Bu(a,b)}, and let a; be the tuple X;|xa. Since Z |= r, for
some 1 < i < m, we have 7 |= Jz;0;(a, z;) and hence a; € E. So J =1

o If v’ is of the form (2.3), let a be a tuple that J = E,,(a) for some 1 < i < m.
By the definition of 7, we have Z |= 3z;¢;|x,5a. Again by the definition of 7,
there exists a tuple e of arity |z;| such that (a,e) € C. So J =1’

e If v is of the form (2.4)—(2.6]), the fact J | r’ is guaranteed by the definition
of CJ and EJ.

Therefore, J is a model of ¥/ and hence ¥/ is a conservative extension of 3. m

Skolemisation We frequently use Skolemisation to interpret rules in a correspond-

ing Herbrand universe. Skolemisation is formally defined as follows.

Definition 2.2. For each rule r of the form (2.1)) and each existentially quantified
variable z;;, let f; be a function symbol globally unique for r and z;; of arity x.
Furthermore, let 6y be the substitution such that O (z;;) = Z;(x) for each z;; € z;.
The Skolemisation of sk(r) of 7 is the following first-order sentence, which by slight
abuse of notation we refer to as a Skolemised rule:
Brx,y) A A Ba(x,y) — \/ ©i(X, Z;)Bsk
i=1
Let ¥ be a set of rules. The Skolemisation sk(X) of ¥ is obtained by Skolemising
each individual rule in ¥. The definitions of head and body on rules are extended to

skolemised rules naturally. &

It is well-known that Skolemisation is an entailment-preserving transformation;

that is, for an arbitrary set of rules ¥ and any first-order sentence ¢ in Sig(X), ¥ = ¢
iff sk(X) = ¢.
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Skolem Chase Let K = ¥ UDx be a Horn knowledge base. There is a universal
model of K that can be characterised by chase (Abiteboul et all |1995; (Cali et al.|
2013). Here, we use the Skolem chase variant (Marnette, [2009; |Cuenca Grau et al.|
2013).

Definition 2.3. Let K be a Horn knowledge base. The Skolem chase sequence of K is
the sequence of sets of ground atoms {B'};>9, where B = Dy, and B! is inductively

defined as follows:
B' U {head(sk(r))o | 7 € Sk, o a substitution, and B’ |= body(r)o}.
The Skolem chase of IC, written as skChase(KC), is defined as | J;5, B &

The key property of the Skolem chase is that it computes the least Herbrand
model of K if IC is satisfiable. The least Herbrand model I is a universal model that
can be used as a “database” for answering conjunctive queries. Formally, the Skolem
chase of K satisfies that K is satisfiable iff 1 ¢ skChase(K), and if K is satisfiable,
then skChase(K) is homomorphically embeddable into any Herbrand model of K by
a homomorphism 7, in such a way that a constants in the domain of 7 is mapped
to itself. Such a homomorphism 7 is called constant-preserving. An easy observation
of composition between a substitution and a constant-preserving homomorphism will

be exploited frequently later in proofs.

Proposition 2.4. Let 7 be a constant-preserving homomorphism between two sets of

ground atoms, let B be a atom and let o be a substitution from free variables in f3,

(Bo)r = B(oT).

The relation between Skolem chase and a Herbrand model over Horn knowledge

bases can be formulated as follows.

Lemma 2.5. Let K = X UDx be a satisfiable Horn knowledge base, and let M be a
Herbrand model of IC over an arbitrary signature. There exists a constant-preserving

homomorphism T from skChase(IKC) to M
Proof. Since Y is Horn, any r € ¥ is of the form ([2.7)).
B1(X) A+ A Bp(x) = Fy(n(x,y) A A(X,y)) (2.7)

We first define a function e that maps a rule in X of the form ({2.7) and a tuple of
arity |x| to a tuple of arity |y| as follows. If {$i(a),...,B.(a)} C M, then €(r,a) is
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defined as a tuple e such that v;(a,e) € M for all 1 < i < k. Because M satisfies K,
¢ is well-defined. We next define a mapping from terms in skChase(K) to terms in M

as follows. For each term ¢ in skChase(K),

(0 = ¢ if ¢ is a constant;
T = (5(7‘7 t))] if t is of the form f;(t)

Clearly, 7 is constant-preserving. So it suffices to prove that 7 is a homomorphism
from skChase(K) to M. Let B°,B',... be the Skolem Chase sequence of K. We

proceed inductively to show that 7 is a homomorphism from B? to M on index i.

Base case: Clearly, B° = Dx. Since 7 is constant-preserving, for each atom « € D,
ar =a € M.

Inductive step: Assuming the claim holds for ¢, we next prove 7 is a homomorphism
from B to M. So Bit C M, and then it suffices to show that (B! \ BY)r € M.
Let o € B!\ B', there exists a rule r of the form (2.7)), a tuple a such that B' |=
Bi(a) A--- A By(a) and o = ;(a,y)bs for some 1 < i < k where 0y maps each y;
in 7 to f7(x). By the induction hypothesis, {#i(a7),...,8.(a7)} € M. Therefore,
by the definition of € we know that ~;(ar,e(r,ar)) € M. For each 1 < j < |y|,
YO = f7(x)7 = (e(r,t));. Consequently,

at = v;(a,y)0«t = vi(ar, yb«r) = vi(ar, e(r,ar)) € M.
Because skChase(K) = (J;, B, 7 is a homomorphism from skChase(KC) to M. O

Note that skChase(K) might contain infinitely many atoms. If ¥k is datalog,
however, skChase(K) is guaranteed to be finite as the Herbrand universe of K is
finite. In this case, we often refer to skChase(K) as the materialisation of IC. The

materialisation of K contains precisely all facts logically entailed by IC.

2.3 Hyperresolution

Reasoning over knowledge bases can be realised by means of the hyperresolution

calculus (Robinson and Voronkov} |2001)), which we briefly recapitulate in this section.

Let {t1,...,t,} be a set of terms. A substitution o is a wnifier of {ti,..., t3} if
tio =--- =t,0. A unifier o of {t1,...,t,} is a most general unifier (MGU) if there
exists a substitution 7 such that o7 = ¢’ for any unifier o’ of {t;...¢,}. If a most

general unifier exists for a set of terms, it is unique up to renaming (Lloyd, 1984),
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and we denote it as MGU(¢y,...,t,). And the notion can be extended to atoms and

sets of atoms naturally.

A clause is a disjunction of literals of the form

BV VBV Ve Vo, (2.8)

where 3; and 7, are atoms for each 1 < ¢ < n,1 < j < m. A clause is positive if
n = 0; it is ground if it contains no variables. We assume that L does not occur in
clauses and denote with [J the empty clause. Furthermore, we treat disjunctions of
ground atoms as sets and hence we do not allow for duplicated atoms in a disjunction.
The Skolemisation sk(r) of a normalised rule r is logically equivalent to the clause
containing each atom different from L in head(sk(r)) and the negation of each atom
in body(sk(r)), so we sometimes abuse notation and use sk(r) to refer to a Skolemised

rule or its corresponding clause.

Definition 2.6. The inference rule for hyperresolution (Robinsonl, [1965)) is

XiVar ... XaVa, _‘51V\/—‘5n\/¢
X1V Vxy Vo

where each x; and 1 are positive ground clauses, and ¢ = MGU(«;, ;) for each
1 <7 < n. The positive ground clause x1 V -+ V X, V Yo is a hyperresolvent of
x1Vai,...,xnVa, and =5, V--- V=4, V. The inference is called a hyperresolution
step, where the clause =, V - -+ V =3, V ¢ is the main premise. &

Hyperresolution is closely related to ordered resolution with maximal selection.
The inference rule of ordered resolution with maximal selection is the same as hyper-
reolution with additional requirements (Bachmair and Ganzinger, [2001)). Therefore
ordered resolution inference with maximal selection is a more restrictive and optimised

inference system than hyperresolution.

Definition 2.7. Let K = Y U Dx be a normalised knowledge base and let x be a
positive ground clause. A derivation of x from K is a pair p = (T, \) where T is a
tree, A is a labeling function that maps each node in T to a ground clause, and for

each v in T
(1) A(v) = x if v is the root;

(2) A(v) € Dk if v is a leaf; and
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(3) if v has children wy,...,w,, let r € ¥ be such that sk(r) is the main premise
in this hyperresolution step to obtain A(v). Then A(v) is a hyperresolvent of
AMwi), ..., Mwy,) and sk(r).

The support of p, written support(p), is the set of facts in Dy and rules in ¥ partic-
ipating in hyperresolution steps in p. &

We write IC = x to denote that there is a derivation of x from K. Hyperresolution
is sound and complete in the following sense: K is unsatisfiable if and only if I - [J;
furthermore, if K is satisfiable then K | « if and only if £ F « for an arbitrary

ground atom a.
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Chapter 3

Description Logics and Ontologies

In this chapter, we define the syntax and semantics of the Description Logics (DLs)
underpinning the W3C standard ontology language OWL 2. Typically, the predicates
in DL signatures are restricted to be unary and binary; the former are called concepts
and the latter are referred as roles. DLs provide two special concepts C'| (the bottom
concept) and Ct (the top concept), which are mapped by every interpretation to the

empty set and the interpretation domain, respectively.

3.1 The Logic SROIQ

SROIQ is the logic underpinning the web ontology language OWL 2. Each axiom
in SROZQ corresponds to a first-order sentence containing only unary and binary
predicates. summarises the naming conversion in DLs, cf. (Baader et al.,
2003)). For instance, SROZQ stands for an extension of the DL ALC with transitiv-
ity (S), complex role inclusions (R), nominals (Q), inverse roles (Z) and quantified

cardinality constraints (Q).

3.1.1 Syntax and Semantics

Similar to the introduction of first-order logic in [Section 2.1 we start with syntax
and semantics of SROZQ (Horrocks et al., [2006)).

Syntax

A signature of SROZQ contains the following symbols:
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C —C complex concept negation Z R inverse role

S ALC with transitivity H R C S role hierarchy

U CU D concept disjunction O {0} nominal

N > nR,< nR cardinality constraint

Q >nR.C,<nR.C quantified cardinality constraint

R Rio---0R, C R complex role inclusion

Table 3.1: Symbols for DL constructors

(a) —,MuC (negation, conjunction, disjunction, and implication),
(b) V,3, (universal and existential quantifiers,

> < min and max cardinality),
(¢c) —,o (inverse, composition),

(d) Ref,lrr,Sym, Asy, (reflexive, irreflexivity, symmetry, asymmetry,
Tra, Dis, Func transitivity, disjointness, functionality),
(e) Self (self constructor),

(f) (1) a set Nj of unary predicate including Cr, C',
(2) a set N2 of binary predicates,
(3) a set N¢ of constants,
where N¢, N}, and N2 are pair-wise disjoint.
In DL terminologies, predicates in Nj other than C| are called atomic concepts,

predicates in N3 are called atomic roles. We treat C'| as the negation of Cr.

Roles The set of roles is {R, R~ | R € N3} where R~ is called the inverse role of

R. For convenience, we denote by inv(R) the inverse of a role

) R~ if R is an atomic role,
inv(R) =

S if R =S~ with an atomic role S,
and ar(R, t1,1s) the first-order atom for a role R and terms ¢y, to.

R(t1,ty) if R is an atomic role,
S(ta,t1) if R =S~ with an atomic role S.

ar(R,ty,t) = {

Concepts SROZQ-concepts are formed according to the following gammar:

C,D — A|C.|{a}|CD|CUD|~C|
VR.C'| 3R.C | 35.Self | >n S.C' | <nS.C
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where A denotes an atomic concept, a an individual, C, D concepts, S, R roles and n

a positive integer.

Axioms A role axiom is in one of the forms Ref(R), Irr(R), Sym(R), Asy(R), Tra(R)
and Dis(R, S) for roles R and S. A role inclusion is of the form Ryo---o R, C R
where o denotes composition of roles. A role inclusion is complex if n > 1. A general
concept inclusion (GCI) is of the form C' T D, where C, D are SROZQ-concepts.

An ontology consists of a finite set of role axioms, role inclusions and GCls.

Data Assertions A data assertion is in one of the following forms: C(a), R(a,b),
or = R(a,b) for constants a and b, a concept C', and a role RE] Given a data assertion
of the form C(a), we say that constant a is an instance of concept C. If a set consists
of data assertions of the form A(a) for an atomic concept A or P(a,b) for an atomic
role P, the set is a dataset. Depending on context, we sometimes refer to an ontology

as a finite set of axioms and data assertions.

Syntax Restrictions In order to ensure decidability of reasoning tasks, SROZQ
specialises a number of additional restrictions. First, role hierarchies are restricted to
the regular ones, which involve a regular order. A partial ordering < on roles is called
a reqular order if < satisfies, additionally, S < R < inv(S) < R, for any role R and
an atomic role S. A role inclusion S;jo---0S,, CE R is <-regular if R is a role name
and (i)n =1,5, =inv(R); or (i) n =2,5, = Sy = R; or (iii) S; = R and S; < R for
each 1 <i<njor (iw)S,=Rand S; < R for each 1 <i <n;or (v)S; <R for each
1 < i < n. Finally, a role hierarchy is regular if there exists a regular order < such
that all role inclusions in it are <-regular. This syntax restriction is a sufficient but
not necessary condition for decidability, and a more relaxed condition is described by
Kazakov] (2010).

Second, the usage of transitive roles are restricted. A role is called simple if it has
no transitive subroles, which is formally defined as follows. The set of roles that are
simple in an ontology O inductively define as follows: (i) an atomic role is simple if
it doesn’t appear in the right-hand-side of any role inclusion in O; (7i) an inverse role
R~ is simple if R is; and (ii7) R is simple if, it only appears in role inclusions of the

form S £ R with S a simple role. In SROZQ, roles occurring in role axioms of the

IPlease note negative concept assertions are implicitly supported as C' is complex and it can be
the negation of another concept.

29



forms Irr(.S), Asy(S) and Dis(S;, Se) and concepts of the forms 35.Self, >n S.C' and
<n S.C' are restricted to simple ones.

SROIZIQ with the above syntax restrictions underpins the web ontology language
OWL 2. The logic foundation of its predecessor OWL DL is SHOZN, which is ob-
tained by disallowing complex role inclusions, and restricting cardinality restrictions
to be of the form >n R.Ct and <n R.C.

Semantics

A first-order interpretation Z = (AZ,-T) over a DL signature defines the extension of
atomic concepts, atomic roles and constants, where the extension of Ct and C is
restricted such that C%Z = A% and C% = ().

Let Z = (A%, 7) be an interpretation over a SROZQ signature. For an atomic
role R, the extension of R is already defined in Z and the extension of the inverse role
R~ is defined as

(R7)" ={(b.a) | (a,b) € R*}.

For any roles R and S, the extension of the composition R o S is defined as
(RoS)F ={{a,) | (a,b) € R, (b, c) € S7}.

For concepts C, D, roles R, .S, and a positive integer n, the extension of atomic con-
cepts are already defined in Z, otherwise, the extension of (complex) concepts is
defined inductively by the following equations where (M) denotes the cardinality of
the set M.

{a)" ={a’},  (2O) =AT\C7,
cubDY=c*up*, (CcnD¥=ctnD*
S.Self)r = {a | {(a,a) € ST},
R.C)r = {a| 3 (a,b) € R* and b € C*},
) = {a | Vb{a,b) € R* implies b € C*},
Y ={a|t{b]| (a,b) € S* and b € CT} > n},
OY = {a|t{b]| {a,b) € ST and b € C*} < n}.

(
(
3
3
(VR
(=
(<

For an interpretation Z that satisfies a role axiom, a role inclusion, a GCI or a
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data assertion, we have

7 = Ref(R) if (a,a) € RE, for each a € AL;

Z = 1rr(S) if (a,a) ¢ S*, for each a € A%;

7 = Sym(R) if (a,b) € R* implies (b,a) € R;

7 |= Asy(S5) if (a,b) € ST implies (b,a) & S*;

7 |= Tra(R) if (a,b) € R and (b, c) € R* implies (a,c) € R;
7T = Dis(Sy, S) if ST NST =,

TE=R CR,y if RT C R

IE=CCD if C* € D%; T k= R(a,b) if (a”,b%) € R%;
T = C(a) if o € OF; T = -R(a,b) if (a,b7) ¢ R

Let O be an arbitrary ontology and let D be a finite set of data assertions. An
interpretation Z satisfies (is a model of) O U D, written as Z = O U D, if 7 satisfies
each role axiom, each role inclusion, each GCI and each data assertion in O U D.
O U D is satisfiable if there exists such a model of it. Let a be either a role axiom,
a role inclusion, a GCI or an data assertion, then OUD = o if Z = O U D implies
7 |= « for any interpretation Z.

In general, we restrict ourselves to data assertions of the form A(a) and P(a,b)

with an atomic concept A and an atomic role P. This is w.l.o.g. since

OU{ALCC, A(a)} is a conservative extension of O U {C(a)},
O U{P(b,a)} is equivalent to O U{P (a,b)},
O U {Dis(S, P), P(a,b)} is a conservative extension of O U {—S(a,b)}

where O is an arbitrary ontology, A is a fresh atomic concept and P is a fresh atomic

role. Under this restriction, a finite set of data assertions becomes a dataset.

3.1.2 Translation to Rules
For convenience, we restrict ourselves to ontologies in a particular normal form.

Definition 3.1. An ontology axiom is normalised if it is in one of the forms in the
left-hand-side of [Table 3.2l An ontology is normalised if it consists of normalised

axioms only.

2 We omit axioms of the form A T >n R.B as they can be simulated by A T 3R.B;, B; C B and
B;MB; C 1 for 1 <i<j<n where each B; is a fresh concept.
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Axioms Rules

(O1)  [L, A CCy Nz Ai(z) — L
(02) [1Z;4C |_|§:1 B Nizy Ai(z) — V§:1 Bj(x)
(03) JRBCA ar(R,z,y) A B(y) — A(x)
(04) JR.Self C A ar(R,z,z) — A(x)
(05) A C3R.B A(z) — Jy(ar(R, z,y) A B(y))
(06) A C 3R.Self A(x) — ar(R, z, x)
*(07) A CVR.B A(z) Nar(R,z,y) — B(y)
*(08) AC <nRB  A@) ANZ ar(R,2,5:) ABWi) = Vicicicnsr Yi ® Y
(09) A C {a} Alz) vz ~a
(010) RCS ar(R,z,y) — ar(R, z,y)
(011) RoSLCT ar(R,z,z) Nar(S,z,y) = ar(T, z,y)
(012) Dis(R, S) ar(R,z,y) Nar(S,z,y) — L

where n,m, ¢ > 0, A and B are atomic concepts, and R,.S,T are roles.
*If Ais Ct in (O7) and (O8), A(x) can be eliminated from the body of the translation.

Table 3.2: Translation from normalised DL axioms to rules

Each normalised axiom corresponds to a single rule, as given on the right-hand-
side of Concept C| is translated as the specially nullary predicate L,
whereas C'7 is translated as an ordinary unary predicate, the meaning of which is
axiomatised. Let 7 be the function that maps a normalised ontology axiom « to its

corresponding rule in {Table 3.2] and let O be a normalised OWL 2 ontology. Then,

m(QO) is the smallest knowledge base containing:
o 7(a) for each a € O;
e arule A(x) — Ct(x) for each atomic concept A in O; and
e rules R(z,y) — Cv(z) and R(z,y) — Ct(y) for each atomic role R in O.

Note that since 7(O) is a knowledge base, it must contain equality axiomatisation of
equality for its signature whenever = is required to translate an axiom in . The
translation from ontology axioms to rules is entailment-preserving; that is, OUD |= ¢
iff 7(O) UD |= ¢ for any first-order sentence .

Note that the translation of an axiom « of the type (O5) does not lead to a

normalised rule; however, 7(«) can be seamlessly brought into normal form using the

transformation in [Proposition 2.1 by introducing a fresh binary predicate Rp.

A(r) — 3y Rp(x,y) R(z,y) A B(y) — Rp(z,y)
Rp(z,y) — R(z,y) Rp(z,y) — B(y)
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Proposition 3.2. An arbitrary OWL 2 ontology can be normalised into a set of
axioms of the forms in the left-hand-side of [Table 3.3 in polynomial time.

Proof Sketch. Normalisation of ontologies can be seen as a variant of the well-known
structure transformation (Nonnengart and Weidenbach| 2001)). Each GCI in O can

be brought into a normal form in polynomial time

m 4
[1cic| | D (3.1)
i=1 j=1

where each C; and D; are formed according to the following grammar with A an

atomic concept, R a role and n a positive integer (Motik et al., [2009c)).

C — A|3R.A| 3R .Self,
D— A|C, |{a}|3R.A|3RSelf [YR.A| <nR.B| >nR.B.

A GCI 7 of the normal form (3.1)) can be straightforwardly translated into axioms

of the type (O1)-(09) given in [Table 3.2

vy if v is of a form in [Table 3.2|
— m 0
A =93 (A 4eC (] Ap,,C; € Ac,, Ap, C D;}  otherwise
j=1

i=1
where Aq is C' itself if C' is an atomic concept, otherwise, a fresh atomic concept Ac
that is uniquely associated with the complex concept C.

Each role axiom or role inclusion can be normalised into axioms of the type (O1),

(04), (06) or (010)-(012) in [Table 3.2 as follows:

A(Ref(R)) = {Cr C 3R.Self}, 06
A(lrr(R)) = {3R.Self C Ag, AR C C }, 04, O1
A(Sym(R)) = {R Cinv(R)}, 010
A(Asy(R)) = {Dis(R,inv(R))}, 012
A(Tra(R)) ={Ro RC R}, 011
A(RyowC R)=A(R, 0 P,C R)UAWE P,) o11

where Ap is a fresh atomic concept uniquely associated to a role R, and P, is a fresh
atomic role that is unique for the role composition w.

Given an arbitrary OWL 2 ontology consisting of GClIs of the form , role
axioms and role inclusions, A(O) = (J, o A(7) consists of normalised axioms and

A(O) can be computed in polynomial time. ]

33



3.1.3 Inference Problems

Traditional reasoning tasks in DLs include satisfiability checking, concept subsump-
tion tests and instance retrieval. Let O be an ontology, let D be a set of data
assertions, and let C, D be two concepts in the signature of O.

Satisfiability checking is to verify if there exists a model of O U D when given
O and D as input. Satisfiability is the prerequisite of any other reasoning task. If
O U D is unsatisfiable, it trivially entails every axiom and assertion in its signature.
Concept subsumption tests are usually performed w.r.t. an ontology only. The concept
subsumption test in O for C' C D determine if the extension of C' is a subset of the
extension of D in all models of . This task is crucial to construct a taxonomy
(a.k.a. concept hierarchy) in the domain of interest. In DL terminologies, the task to
compute all concept subsumptions of atomic concepts is called classification over an
ontology. In particular, the subsumption test C' C ', for a concept C' also determines
the satisfiability of C' in a ontology. If C' C (' is entailed, then C' is unsatisfiable in
the ontology, otherwise, satisfiable. Instance problem of concept C' is to compute the
instances of C' in all models of O UD.

In addition to the aforementioned traditional reasoning tasks above, querying
answering plays a more and more important role in data-intensive applications. The
instance checking problem of atomic concepts corresponds a basic kind of queries
— instance queries. Different query languages with specific semantics are available
to form more complex and realistic queries (see details in . Moreover,
entailment of data assertions is to determine if O UD |= « for a data assertion a.

Subsumption tests can be reduced to instance problem as follows. Let ac be a

fresh individual that does not appear in O,
OECLCDIff OU{C(ac)} E D(ac).

Therefore, classification can be reduced to a set of instance problems.
In most DLs, instance problem and entailment of data assertions can be reduced

to satisfiability checking in the following sense. For example, for any constant a,
OUD [ Cla) iff OUDU{C(a), CNC C C.} is unsatisfiable.

These basic inference problems are of very high computational complexity for
OWL-DL and OWL 2. Satisfiability checking is NExpTIME for SHOZQ (Tobies,
2000) and 2NExPTIME for SROZQ (Kazakov, 2008). This leads the development

of logic fragments that are computationally easier.
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3.2 Logic Fragments

The OWL 2 standard addresses its high computational complexity by introducing
trimmed down profiles that “trade some expressive power for the efficiency of reason-
ing”, including OWL 2 QL profile, OWL 2 EL profile, and OWL 2 RL profile. All
profiles are Horn, where we say a normalised ontology is Horn if every axiom of type
(02) satisfies ¢ = 1 and every axiom of type (O8) satisfies n = 1 in [Table 3.2

3.2.1 OWL 2 QL

OWL 2 QL profile is defined based on a family of lightweight DLs, called DL-Lite.
DL-Lite is specially tailored to capture basic ontology languages without sacrificing
scalability for reasoning tasks. In addition to supporting standard reasoning services,
DL-Lite is designed for applications over large datasets where query answering is the
most important reasoning task (Calvanese et al., 2007). There are different variants
in the DL-Lite family, among which DL-Liter provides the logical underpinning for
OWL 2 QL. In OWL 2 QL, concepts are defined by the following syntax:

C — A|C.|3R

where A is an atomic concept, R is a role. A GCI in OWL 2 QL is of the form
C C D for OWL 2 QL concepts C' and D; complex role inclusions are not allowed in
OWL 2 QL; and role axioms allowed in OWL 2 QL are restricted to Ref(R), Sym(R),
Asy(R), and Dis(R, S) with roles R, S. Please note that OWL 2 QL captures qualified
existential restrictions in the right-hand-side of GCI implicitly through an interaction

between role inclusions and inverse roles, e.g. an axiom in the form of A C 3R.B can
be captured by {A C 3Rp, R C R, 3R; C B} with Rp a new predicate.

Proposition 3.3. An arbitrary OWL 2 QL ontology can be normalised into a set of

azioms of the type (01)-(06), (010), and (0O12) in|Table 3.2,

A normalised Horn ontology is in OWL 2 QL if it consists of axioms of type (O1)—
(06), (010), and (O12) where every axiom of type (O3) satisfies B = C7, every
axiom of type (O4) satisfies A C (', and every axiom of type (O6) satisfies A = C'r.

The language DL-Lite o is the basis of the whole family, which can be obtained by
disallowing role inclusions and role axioms in DL-Liter. Other variants of DL-Lite
have also been described in the literature, e.g. DL-Lite 4 (Poggi et al. 2008|) and
DL-Litepyr, (Artale et al., |2009).
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In OWL 2 QL, polynomial time algorithms exist for satisfiability checking and
concept subsumption tests; and query answering can be done in LOGSPACE (actually
in AC?) w.r.t. data complexity (Calvanese et al., 2007).

3.2.2 OWL 2 EL

OWL 2 EL is based on the £L£ family of DLs. In OWL 2 EL, concepts are formed

according to the following syntax:
C,D — A|Cy|{a}|CND|3P.C|IPSelf

where A denotes an atomic concept, and P an atomic role. A GCI in OWL 2 EL is
of the form C' © D for OWL 2 EL concepts C' and D; roles are restricted to atomic
roles; (complex) role inclusions are allowed; and role axioms are restricted to Ref(R)
and Tra(R). Additionally, range restrictions of the form Ct C VR.A are allowed in
OWL 2 EL.

Proposition 3.4. An arbitrary OWL 2 EL ontology can be normalised into a set of
azioms of the type (01)—(07) and (09)—(011) in|Table 3.2.

We say that a normalised Horn ontology is in OWL 2 EL if it consists of axioms
of type (O1)—(07) and (09)—(0O11), where all roles occurring in the ontology are
restricted to atomic roles, every axiom of type (O7) satisfies A = C, and every axiom

of type (O11) satisfies R =5 =T.

A fragment of OWL 2 EL, called ELHO', will be exploited as a light-weight

ontology language to compute a lower bound of query answers (see|Chapter 7)), which
extends £ELH with the bottom concept, nominals, and range restrictions. We say

that a normalised Horn ontology is in ELHO'| if it does not contain axioms of the
type (04), (06), (08), (O11), or (0O12), every axiom of type (O7) satisfies A = C,
and roles occurring in any axioms are restricted to atomic roles. Rules corresponding

to ELHO', axioms can be syntactically characterised as follows.

Definition 3.5. A rule is in ELHO'| if it is of one of the following forms:

P q l;

A Ailx) A N\[Rs(@y5) A\ Bily)] = (), (EL1)

i=1 j=1 k=1

Ri(z,y) = Ro(z,vy), (EL2)
R(x,y) = A(y). (EL3)

where p(z) is either L, or of the form A(x), z =~ ¢, or JyR(z,y)
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3.2.3 OWL 2 RL

Description Logic Programs (DLP) (Grosof et al., 2003) forms the logic foundation
of OWL 2 RL, which corresponds to the “intersection” between DL and datalog. So
query evaluation in OWL 2 RL is PTIME-complete w.r.t. the size of data (Abite-
boul et al.l [1995). Sub-concepts C' and super-concepts D in OWL 2 RL are formed

according to the following syntax.

Cc — B|{CL}|01[—|CQ|HRC
D — B|C.|~C|VR.D|3R{a} | <1R.C.

where B is an atomic concept other than Ct, each Cj;) a sub-concept and R a role.

Proposition 3.6. An arbitrary OWL 2 RL ontology can be normalised into a set of

azioms of the type (01)-(03), (07), (08), (010)-(012) in[Table 3.3

We say that a normalised Horn ontology is in OWL 2 RL if it contains axioms of
type (0O1)—(03), (O7), (08), and (010)—(012) where every axioms of type (O2) the

left-hand-side concept of any axiom in the ontology is not C-.

As discussed in the introduction, although OWL 2 RL captures a substantial
fragment of OWL 2, it doesn’t allow disjunctions and existential quantifiers in the
right-hand-side of a GCI. Moreover, though OWL 2 RL is closely related to datalog,
there are several kinds of OWL 2 axioms that are captured by datalog, but are
not included in the RL profile. For instance, axioms satisfying one of the following
conditions is not in OWL 2 RL.

e All GCIs that the Self constructor is involved, like C' C dR.Self and dR.Self C

D, as well as reflexivity of roles;
e GCIs of the form C C {a}; and

e GCIs with Ct as the left-hand-side concept.

Comparison between Profiles Traditional reasoning tasks for the three OWL 2
profiles, QL, EL and RL, are in polynomial time w.r.t. the size of an input ontology
and a set of individual assertions. Query answering is also in PTIME to the number
of input data assertions.

All three profiles in OWL 2 are Horn, so disjunctive knowledge is not captured.
For instance, the OWL 2 axiom Mammal C Herbivore LI MeatEater, that is equivalent
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OWL 2 QL OWL 2 EL OWL 2 RL

(A1) Heats.Herbivore = MeatEater X v v
(A2) tra(isSameGenus) X v v
(A3) Mammal C Jeats v v X
(A4) Herbivore C Veats.Plant X X v
(A5) Habitat C Jgrowsln™ v X X

Table 3.3: Comparison between OWL 2 profiles

to rule ((1.1)) in the introduction, is not expressible in any of the profiles. On the other
hand, the expressivity of different profiles is incomparable. gives several
example axioms that distinguish the expressivity of three OWL 2 profiles.

e OWL 2 QL support very limited kinds of role axioms, and quantified existential

concepts are note allowed in the left-hand-side of a GCI.

e OWL 2 EL doesn’t capture (A4) since the left-hand-side concept in an axiom
of type (O7) is restricted to C; it doesn’t capture (A5) since inverse roles are

not allowed.

e OWL 2 RL doesn’t capture (A3) since existential quantifiers are not allowed in
the right-hand-side of a GCI.
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Chapter 4

Query Languages for Ontologies

An important aspect of semantic web technologies is the ability to retrieve answers
to queries. To achieve this goal, different query languages have been developed. We

next introduce two kinds of widely used query languages in ontologies—conjunctive

queries in and SPARQL queries in [Section 4.2 They are also closely

related to each other.

4.1 Conjunctive Queries

A conjunctive query is a function-free first-order formula ¢(x) = Jyp(x,y) where

©(x,y) is a conjunction of equality-free atoms over variables x Uy. A query is
e ground if |y| = 0;
e atomic if it is ground and ¢ consists of a single atom;
e Boolean if |x| = 0; or
e an instance query if it is an atomic query over a unary predicate.

For simplicity, we sometimes omit free variables in queries and write ¢ instead of
q(x). Furthermore, we treat conjunctions of atoms in queries as sets and hence we
do not allow for duplicated atoms in a query. The sets of free variables, existentially
quantified variables, and constants in ¢ are denoted by f-var(q), e-var(q) and const(q),
respectivelyll| By slight abuse of notation, we sometimes write o € ¢ for an atom o if

Q occurs in q.

L Please note that f-var(q) and e-var(q) may be referred as distinguished and non-distinguished
variables, respectively, in other literature.
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Example 4.1. The query ¢..(x) = Jyleats(z,y) A Plant(y)] is a conjunctive query
that asks for all objects that eat a plant. &

Let K be a knowledge base. A substitution ¢ to constants is a possible answer
to ¢ w.r.t. IC, if dom(o) = x. A possible answer is a (certain) answer to ¢ w.r.t. K
if K = qo; the set of certain answers is denoted by cert(q, K). Note that, if p(x,y)
is Boolean, then the set of certain answers is either empty or it contains the empty
substitution. We treat unsatisfiability as a special Boolean query where p(x,y) = L,
which holds w.r.t. K iff IC is unsatisfiable. For convenience and by slight abuse of
notation, in our examples, we also treat a tuple a of constants from K of the same arity
as X as a possible answer and say that a is a certain answer, written as a € cert(q, K),
if € = q(a).

Conjunctive queries can be alternatively represented using single datalog rules.
To this end, each query ¢ is uniquely associated with a predicate F,, where we take

P, = 1 and a set R, of rules as follows.

_J0 q=1
Ra = { {p(x,y) = P,(x)} otherwise. (4.1)

In this way, certain answers can be characterised by means of entailment of single
facts. Then, o € cert(q,K) if CUR, = P,(x)o.

Answering conjunctive queries w.r.t. knowledge bases is computationally very
hard, and decidability for knowledge bases stemming from OWL 2 remains open.
A modification of the first-order semantics, called the ground semantics, however,
can be exploited to regain decidability. The ground semantics that is adopted by the
standard query language SPARQL 1.1 (W3C SPARQL Working Group, 2013) can be
formulated as follows: a possible answer o is a ground answer to q(x) = Jyp(X,y)
w.r.t. a knowledge base IC if there exists a substitution ¢’ from y to constants of K
such that K |= poo’. Clearly, every ground answer is a certain answer, but not vice
versa. The set of ground answers to ¢ w.r.t. K is denoted by ground(q, K).

It is easy to see that the first-order semantics of ¢ w.r.t. K is equivalent to the

ground semantics in the following situations:
e K is a datalog knowledge base, or
e ¢ is a ground conjunctive query.
In general, however, there is a discrepancy between both semantics. This is the case,

for example, if K contains existentially quantified rules.
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Figure 4.1: The dataset and query for [Example 4.3

Example 4.2. Consider a set ¥ consisting of a single rule Mammal(z) — Jy eats(z, y),

O

a dataset D = {Mammal(tiger), eats(python, rabbit)} and a query q(z) = Jy eats(z, y).
We have cert(q, X U D) = {tiger, python}, but ground(q, ¥ U D) = {python}. Since
eats(python, rabbit) is explicit in the dataset, we have that python is a certain answer
and a ground answer to q. The certain and ground answers to ¢, however, differ on
the constant tiger. Since tiger is an instance of Mammal, we have that tiger is con-
nected in every model of > U D via the eats relation to some domain element. Thus,
the existentially quantified variable y in ¢ can always be matched to such a domain

element in every model. We have that tiger is a certain answer to q. &

Rules with disjunctions in the head in K may also lead to different query answers

under the first-order and ground semantics.

Example 4.3. Consider a set ¥ consisting of a single rule A(z) — B(z) vV C(z), a
dataset D depicted in and a query

q(z) = FyIzz[R(x,y) A R(y, z1) A B(z1) A R(y, 22) A C(22)].

We have that cert(¢, X U D) = {a}, but ground(q, X U D) = (). From the fact A(c,)
and the rule in X, we know B(cy) or C(c2) holds. If C(c2) holds, the substitution
o1 ={x +— a,y — b,z — ¢1,29 — ¢} maps ¢ the a subset of D, and hence ¢(a)
holds in this case. Otherwise, if B(cz) holds, o9 = {x — a,y — b, 21 > 9, 20 — c3}
maps ¢ to a different subset of D. So a € cert(q, ¥ U D). However, neither qo; or qos
is entailed by ¥ U D. Therefore, the ground answers to ¢ is empty. &

In OWL 2 ontologies, predicates are restricted to be either unary (for atomic
concepts) or binary (for atomic roles). Therefore, conjunctive queries for ontologies
are restricted to mention only unary predicates and/or binary predicates in atoms.
For the reminder of this chapter, we restrict ourselves to such queries.

As already mentioned, the decidability of conjunctive query answering over OWL 2

ontologies is still open. We next recapitulate classes of queries, for which query
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Figure 4.2: Term graphs of queries in |[Example 4.5

answering is decidable over OWL 2. To define these classes of queries, we use an

undirected graph representation of queries.

Definition 4.4. Let g be a conjunctive query. The term graph U(q) = (V, E) is the

undirected multi-graph defined as follows:
e 1/ is the set of all terms in ¢, and

e [/ is the set of undirected edges ep,, connecting terms v and v for each atom
P(u,v) € q. &

Note that U(q) is a multi-graph, and hence self-loops and multiple edges between
two terms are allowed. Furthermore, each edge is unique for a triple (P, u,v); thus,
if a query contains atoms P(u,v) and P(v,u), its term graph contains two different
edges for (P, u,v) and (P, v, u).

Example 4.5. gives the term graphs of the following queries, where free

variables are underlined.

q(z) = Fy[R(z,y) A S(y,y)]

q(z) = 3y[R(z,y) A R(y, )]

¢) q(z,2) =FyIwIyY[P(x,2) A Ri(x,y) A Ro(w,z) A R3(y, 2) A Ry(z,w) N A(y)]
q(z) = JyF23w[Ry (7, y) A Si(y, 2) A Ra(y, w) A Sa(z, w)]

A self-loop occurs in |[Figure 4.2a for the atom S(y, y), and there are two edges between
x,y in [Figure 4.2b labeled with different triples for R(z,y) and R(y,x). &
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Tree- and Forest-shaped Queries Tree- and forest-shaped queries are well-known
classes of queries that are supported by OWL 2 reasoners. Tree-shaped queries are

especially important in DLs, as they can be transformed into single concepts.

Definition 4.6. The query ¢ is forest-shaped if the subgraph obtained from U(q)
by removing all edges involving only free variables is a forest rooted at f-var(q). A

forest-shaped query is tree-shaped if it contains a single free variable. &

The DL concept that corresponds to a tree-shaped query can be defined induc-
tively as follows based on the parent function of its term graph (deemed as a tree

rooted at the only free variable).

Definition 4.7. Let ¢ be a tree-shaped query, let x be the only free variable in ¢,
and let pa(-) be the parent function of U(q) rooted at x. The rolled-up concept C,,

for each term w in U(q) is defined bottom-up on the structure of the rooted tree.

c.= [l cn [] 3R{unc)n [] 3RC.
Cu)€q

u=pa(v), u=pa(v),
ar(R,u,v) € q, ar(R,u,v) €q,
v € const(q) v € e-var(q)
Finally, the rolled-up concept C, of ¢ is defined as C,. &

Let £ be a DL language. A tree-shaped query is said to be in £ if the rolled-up
concept of ¢ is an L-concept. Answering tree-shaped queries in £ over L-ontologies

can be reduced to instance queries.

Theorem 4.8. Let K be a knowledge base. For any tree-shaped query q and any
constant a, we have a € cert(KC, q) iff K = Cy(a).

Proof. Let Z be a model of K. We next prove by induction on the depth of the tree
corresponding to ¢ that Z |= ¢(a) iff £ = C,(a) for any tree-shaped query ¢. In this
proof, we simply use the depth of a tree-shaped query ¢ to refer the depth of the tree
U(q) rooted at the free variable.

Base case: The tree corresponding to ¢ is of depth zero; that is, the tree contains
only the root x. Assume that q(z) = Aj(x) A--- AN A,(z) then C,, = A;M---MA,. So
by the semantics of query answers and the semantics of DLs, Z |= q(a) iff Z = C,.(a).

Inductive step: The induction hypothesis is that Z = ¢'(a) iff Z = Cy(a) for
any query g of depth less than k. We next prove that this claim holds for ¢ of
depth k. Let g be a tree-shaped query of depth k& with the free variable z, and
let vy,..., v, be the children of x in U(gq). So each sub-tree rooted at v; in U(q)
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corresponds to a tree-shaped query ¢; of depth less than k. Then ¢ is of the form
q(x) = 3y1 ... Fym Nity (Ri(z, v:) Agi(y;)). Then Cp = 3R,.CiA---A3R,,.Chp,. Let C;
be the rolled-up concept of ¢; for each 1 <4 < m. By induction hypothesis, we have
7 = qi(a) iff 7 |= Ci(a) for any constant a. So by the semantics of query answers and
the semantics of DLs, Z = q(a) iff Z = Cy(a). O

Example 4.9. The query ¢(z) = Jy[R(z,y) A R(y,x)] depicted in |Figure 4.2p is
not tree-shaped since its term graph contains a cycle. The query g, in

and ¢(y) = Jz[eats(z, y) A Plant(y)] are both tree-shaped, and the rolled-up concepts
of them are Jeats.Plant and Jeats™ I Plant, respectively. Considering the ELHO']
fragment of OWL 2, we have only ¢, is in ELHO', since Jeats.Plant is a ELHO' -
concept but Jeats™ M Plant is not. O

Internalisable Queries We next define the class of internalisable queries, which
extends tree- and forest-shaped queries. Answering internalisable queries in OWL 2
ontologies can be reduced to entailment of data assertions as well as to satisfiability,

which implies decidability of the problem. We discuss the reduction in detail in

dection 10.2

Definition 4.10. A conjunctive query q is internalisable if the term graph U(q) does

not contain a cycle of length at least two involving only variables from e-var(q). <

Any ground query ¢ is internalisable as e-var(q) = (). Similarly, any instance query
is internalisable. Moreover, every forest-shaped query ¢ is also internalisable, as it

contains no cycles.

Example 4.11. None of the queries in is forest-shaped. However, all
but that in are internalisable. Although (a), (b), (c) contain cycles in
their term graph, they are still internalisable since each of the cycles involves some
free variables. The query in (d) is not internalisable, as it contains a cycle y, z, w

involving only existentially quantified variables. &

We conclude this section by introducing two extensions of conjunctive queries—
unions of conjunctive queries and datalog queries. They are also common target

languages for rewriting techniques to answer conjunctive queries over ontologies in

light-weight DLs (see |Section 5.2.3)).

Union of Conjunctive Queries A union of conjunctive queries (UCQ) is a query
of the form ¢(x) = V.2, yipi(x,y:) where each Jy;p;(x,y;) is a conjunctive query.

Thus, a conjunctive query is a UCQ consisting of a single disjunct.
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Datalog Queries In addition to an ontology language, datalog can also be seen as a
query language that extends UCQs with recursion (Abiteboul et al., [1995)). A datalog
query q is of the form (P,,3) where ¥ is a set of datalog rules and P, is a unique
predicate for the query ¢. As mentioned before, a conjunctive query ¢; = Jyp(X,y)
can be alternatively represented by the datalog query (P, ,{p(x,y) — P, (x)}).
Similarly, a UCQ ¢ = Vi~ 3yipi(x,y;) can be expressed by the datalog query
(P, {pi(x,y) = P,(x) | 1 <i<m}). A datalog query ¢ is linear if for each rule
in ¢, there is at most one body atom whose predicate is mutually recursive with the

predicate in the head.

4.2 SPARQL

SPARQL (W3C SPARQL Working Group, 2013)) is a W3C standard query language
to retrieve and manipulate data stored in RDF format, in the same way as SQL is

standardised for relational databases.

RDF Graphs

The Resource Description Framework (RDF) is a widely used data model to represent

description of web resources by means of simple statements.

The signature of an RDF graph consists of pair-wise disjoint sets of International
Resource Identifiers (IRI) I, RDF literals L, and blank nodes (syntactically specified
by _name) B. The set T' of RDF terms is defined as I U L U B. A triple of the form
(s po) from (I UB) x I xT is called an RDF triple, where s is called the subject, p
the predicate, and o the object. An RDF graph is a finite set of RDF triples.

We generally abbreviate IRIs using prefixes rdf:, rdfs: and owl: to refer to the RDF,
RDFS and OWL namespaces, respectively. Moreover, we fix a prefix : for a default
namespace. An RDF graph G corresponds to a directed labeled graph consisting of
edges from s to o labeled with p for each triple (s p o) in G.

Syntax and Semantics

The basic building blocks of a SPARQL query are triple patterns of the form (s p o) €
(IUBUV)x (IUV)x (TUV) where V is a set of query variables (syntactically
specified by 7x for a variable z) disjoint with the set 7" of RDF terms. A basic graph
pattern (BGP) is a finite set of triple patterns.
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Any function-free unary and binary atom in first-order logic can be mapped into a
triple pattern. In the mapping between triple patterns and first-order atoms, IRIs are
used to identify first-order predicates and some of first-order constants; RDF literals
correspond to first-order constants; query variables and blank nodes are mapped to
first-order variables. For convenience, we map a query variable 7z to variable x and
a blank node _:y to variable y. For example, (7x rdf:type :Plant) is a triple pattern
to represent the unary atom Plant(z), and (7x :eats _:y) can be used to express
the binary atom eats(x,y). Since variables are allowed in any predicate and object
position, some triple patterns do not directly correspond to first-order atoms. For
instance, (sheep rdf:type 7x) and (sheep 7y grass), both of which can be seen as
extended first-order atoms x(sheep) and y(sheep, grass) where variables are allowed
in places of predicates.

A SPARQL conjunctive query is an expression of the form
SELECT ?zy...7x, WHERE { s1 p1 01 . ... Spm Dm Om }

where each query variable in {7zy,...,7z,} appears a triple pattern (s; p; 0;), and
triple patterns in the WHERE clause are separated by a full stop. The BGP of this
query is defined as {(s1 p1 01),-.-,(Sm Pm O0m)}. The set of answer variables of this

query is defined as {z1,...,2,}.

Example 4.12. The conjunctive query g, in can be represented by the
following SPARQL conjunctive query

SELECT 7z WHERE { 7z :eats 7y . 7y rdf:type :Plant }. &

The semantics of SPARQL conjunctive queries over RDF graphs is based on sub-
graph matching. Formally, a solution for a SPARQL conjunctive query ¢ is a mapping
o from variables and blank nodes in ¢ to nodes in the queried RDF graph G, such
that the application of o to the BGP of ¢ results in a subgraph of G. Answers to a
SPARQL conjunctive query are the projections on answer variables of all solutions.
Please note that blank nodes play a similar role to variables in SPARQL queries
with the main difference being that blank nodes cannot occur in the SELECT clause.
Furthermore, blank nodes in SPARQL queries cannot refer to specific blank nodes in

the queried graph.
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OWL 2 Direct Semantics Entailment Regime

The semantics of SPARQL queries w.r.t. OWL 2 ontologies is specified by OWL 2
Direct Semantics entailment regime (Glimm and Ogbuji, 2012).

RDFS/OWL provides a vocabulary extension of RDF, so that ontology axioms
and data assertions can be mapped into a set of RDF triples. For instance, the
predicate rdfs:subClassOf in the reserved vocabulary of RDFS can be used to map the
axiom Herbivore T Mammal to the triple (:Herbivore rdfs:subClassOf :Mammal). For

further details, we refer interested readers to the W3C specification for the mapping
between OWL structural objects to RDF triples (Motik et al., 2009b))

Syntax OWL 2 entailment regime is defined on a set of legal graphs that can be
mapped into OWL 2 ontologies and a set of legal queries for each legal RDF graph. A
BGP satisfies the typing constraints of the entailment regime if no variable is declared
as being of more than one type in OWLP] A SPARQL conjunctive query is legal for a
legal RDF graph G if it satisfies the typing constraints and its BGP can be mapped to
an extended OWL 2 ontology where variables are allowed in any places of predicates

or constants as specified in the declaration axioms in G.

Example 4.13. The following RDF graph G is a legal graph under OWL 2 entailment

regime. For brevity, we ignore OWL declaration axioms in legal graphs.

{(:rabbit rdf:type :Herbivore),  (:sheep :eats :grass), (:grass rdf:type :grass),
(Mammal rdfs:subClassOf C'), (C' rdf:type owl:Restriction),

(C' owl:onProperty :eats), (C' owl:someValuesFrom :Plant)}
The RDF graph G corresponds to the following OWL 2 ontology O.
O = {Herbivore(rabbit), eats(sheep, grass), Mammal C Jeats.Plant}

Query [Q1]is legal for G since its BGP corresponds to an extended ontology {eats(z, y),

Plant(y)} where variables are allows in places of constants.

SELECT 7z WHERE { 7z :eats 7y . 7y rdf:type :Plant } (Q1)

2 Types in OWL include owl:Class, owl:ObjectProperty, owl:DatatypeProperty, owl:NamedIndividual.
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Similarly, query is legal for G as it can be mapped to an extended ontology

{3eats.Plant(x)} where variables are allowed in places of constants.

SELECT 7z WHERE {

?x  rdf:type C .
?C rdf:type owl:Restriction. (Q2)
?C" owl:onProperty :eats .

7C' owl:someValuesFrom :Plant

}

Moreover, the following queries and are legal for G since their BGPs can
be mapped to the extended ontologies {x C Mammal} and {z(grass)}, respectively,

where variables are allowed in places of concepts and roles.

SELECT 7z WHERE { 7z rdfs:subClassOf :Mammal } (Q3)
SELECT 7z WHERE { grass rdf:type 7z } (Q4)

In contrast, the following query [Q5] is not legal for G.

SELECT 7z WHERE {
?x rdf:type owl:TransitiveProperty .
?x rdf:type owl:lrreflexiveProperty

}

According to the syntax restrictions of OWL 2 (see|Section 3.1]), an atomic role cannot
be both transitive and irreflexive, and then {Tra(x), Irr(z)} is not an extended OWL 2
ontology with variables. &

(Q5)

Semantics Given a legal RDF graph G, a solution for a legal query ¢ under the
entailment regime is a mapping o from variables and blank nodes in ¢ to nodes in G
such that the application of o to the BGP of ¢ corresponds to an OWL 2 ontology
that is entailed by the OWL 2 ontology corresponding to G.

Example 4.14. Consider the legal RDF graph G in [Example 4.13] and the con-
junctive query ¢(z) = 3Jyleats(z,y) A Plant(y)]. Since O [ eats(sheep, grass) A

Plant(grass), we have that the mapping {z ~— sheep,y — grass} is a solution
for under the entailment regime. For any other mappings o from {z,y} to
terms in G, O [ eats(x,y)o. Therefore, sheep is the only answer to under
the entailment regime. An easy observation is that captures the ground seman-
tics of ¢. The solution for is {rabbit, sheep} since O |= Jeats.Plant(rabbit) and
O [ Jeats.Plant(grass). Thus, under the entailment regime captures the first-

order semantics of q. &
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Conjunctive Queries and SPARQL Conjunctive queries under the first-order
semantics and SPARQL conjunctive queries under OWL 2 entailment regimes are
incomparable query languages. On the one hand, some SPARQL conjunctive queries

are not, captured by conjunctive queries.

e SPARQL queries involving reserved vocabulary of RDF, RDFS or OWL other
than rdf:type do not directly correspond to conjunctive queries, e.g.

e As mentioned before, some triple patterns do not directly correspond to first-
order atoms. So SPARQL conjunctive queries involving such triple patterns do
not directly correspond to conjunctive queries. For example, SELECT 7y WHERE
{ 7z rdf:type 7y } or SELECT 7y WHERE { 7z 7y :grass }.

On the other hand, some conjunctive queries can not be captured by SPARQL under

OWL 2 entailment regime. For example,

q(z) = 3y13y23ys[A(x) A R(w,y1), AS(y1,y2) A S(y2, y3) A S(ys, y1)]-

This query contains a cycle yi, 2, y3 of existentially quantified variables. As there
were no OWL 2 ontologies that can present a cycle of existentially quantified variables,
this query cannot be expressed in the entailment region. Note that the query can be
directly translated into SPARQL atom by atom as the follows.

SELECT 7z WHERE {7z rdf:type A. 72 S 7y;. 7y1 S Tya. 7y2 S 7ys. 7ys S 7y1.}

The semantics of the above query, however, is different from the conjunctive query
due to the ground semantics of SPARQL.
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Chapter 5

Query Answering in Ontologies

Conjunctive query answering over ontologies has received a great deal of attention
in recent years. Its computational complexity has been thoroughly investigated for
a wide range of KR languages and a number of practicable algorithms have been
proposed in the literature and implemented in reasoning systems. In [Section 5.1], we
discuss relevant complexity results for conjunctive query in different KR languages.
Next, in we revisit existing techniques for conjunctive query answering
over DL ontologies, such as tableau-based, materialisation-based, rewriting-based and
combined approaches. Finally, we conclude this chapter by discussing

some prominent existing work on approximated reasoning in different KR languages.

5.1 Computational Complexity

The decision problem associated to conjunctive query answering is conjunctive query
entailment (CQE), namely to decide whether K |= ¢(x)o when given as input a
conjunctive query ¢, a possible answer o, and a knowledge base K expressed in a
(fixed) language £. This problem is well-known to be undecidable in general, even
if ¢ is restricted to be atomic and L is the language of existential rules (e.g., see
(Dantsin et al., [2001)).

Decidability of CQE for knowledge bases stemming from OWL DL ontologies
was established under the assumption that the query does not mention transitive
relations (Rudolph and Glimm, 2010). Decidability of CQE for unrestricted OWL DL
or OWL 2 ontologies remains an open problem. Even in the cases where CQE is
decidable, it is typically of very high computational complexity. CQE is 2-EXPTIME-
complete for the expressive DLs SHZQ and SHOQ (Glimm et al| |2008; Eiter et al.,
2009)). Hardness results for 2-EXPTIME can be obtained already for relatively weak
DL ALCZ (Lutz, 2008), SH (Eiter et al.,2009), as well as for the logic Horn-SROZQ

o1



which underpins the Horn fragment of OWL 2 (Ortiz et al. [2011). CQE for ALC
and SHQ, where inverse roles are not involved, is EXPTIME-complete (Lutz, [2008)).
Single exponential time results are also obtained for Horn DLs by disallowing complex
role inclusion axioms: CQE is EXpTiME-complete Horn-SHOZQ, which underpins
the Horn fragment of OWL DL (Ortiz et al., 2011).

Due to the high complexity of CQE, there has recently been an increasing interest
in lightweight DLs for which CQE is computationally easier. Such lightweight DLs
have been incorporated in the OWL 2 standard as profiles (Motik et al.| 2009a). CQE
in the OWL 2 EL profile is PSPACE-complete (Stefanoni et al. 2014)). Furthermore,
the complexity of CQE drops to NP if complex role inclusions (with the exception
only of transitivity and reflexivity) are disallowed in OWL 2 EL (Stefanoni and Motikl,
2015). The latter complexity is rather benign since CQE over databases is already
NP-hard. Finally, CQE for the OWL 2 QL profile is also NP-complete (Calvanese
et al., 2007).

Regarding data complexity, CQE is cONP-complete for non-Horn DLs, such as
ALE (Schaert], |1993) and SHZQ (Ortiz et al.| [2008; Glimm et al.; 2008). In contrast,
data complexity is PTIME-complete for Horn DLs that can encode recursion, such as
Horn-SROZQ and OWL 2 EL (Ortiz et al) 2011; Stefanoni et al., [2014). Finally,
CQE in OWL 2 QL is known to be in LOGSPACE (and actually in AC?) in data
complexity as the problem is FO-rewritable (Calvanese et al., 2007)).

The complexity of CQE is also well understood for rule-based knowledge represen-
tation languages. For plain datalog, it is EXPTIME-complete in combined complexity
and PTIME-complete w.r.t. data complexity (Abiteboul et al.,[1995). For disjunctive
datalog, combined complexity increases to CONEXPTIME-complete, whereas data
complexity increases to CONP-complete. We refer the reader to (Dantsin et al.
2001)) for details. Datalog® refers to a family of decidable knowledge representa-
tion languages based on existential rules (Cali et al., 2012). This includes guarded
(Cali et all 2013), sticky (Cali et al., [2011]), and acyclic (Cuenca Grau et al., |2013))
datalog®. The combined and data complexity in sticky TGDs is EXPTIME-complete
and in AC?, respectively. The complexity increases to 2-EXPTIME-complete in com-
bined complexity and PTiME-complete in data complexity for guarded TGDs. The
extension of datalog® languages with disjunctive rules has been recently studied in
(Alviano et al., 2012b} Bourhis et al., [2013)).

Finally, we refer to ground query entailment (GCQE) as the problem of checking

whether a substitution o is a ground answer to ¢(x) = Jye(x,y) w.r.t. K. In ontology
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languages that allow for existentially quantified rules or disjunctive rules, the restric-
tion to ground answers typically makes CQE easier: the definition of ground answers
means that GCQE can be trivially reduced to satisfiability checking. Consequently,
GCQE is decidable for OWL 2.

5.2 Query Answering Approaches

Different query answering approaches have been implemented in existing systems.
These systems are, however, limited in terms of expressiveness of the supported ontol-
ogy languages, completeness of query answers and/or scalability of datasets they can
efficiently process. We will revisit existing techniques for conjunctive query answering
over DL ontologies. The tableau-based approaches in are based on sound
and complete tableau calculi for expressive DLs. Materialisation-based approaches
described in are widely used in practice for rule-based KR languages.
Rewriting-based and combined approaches for lightweight Horn DLs are briefly re-
viewed in and [Section 5.2.4] respectively. Although, materialisation-
based, rewriting-based, and combined approaches are highly scalable, their applica-
tions are limited as they are sound and complete for only a restricted fragment of
OWL 2. If an input ontology is outside the supported ontology language, the com-
puted query answers are not guaranteed to be complete. Finally, hybrid approaches
that combine more than two kinds of approaches are discussed in[Section 5.2.5] Hybrid
approaches have been introduced for a trade off between scalability and expressivity

of ontology languages.

5.2.1 Tableau-based Approaches

Tableau-based calculi have been successfully applied to traditional reasoning problems
in DLs. Some off-the-shelf tableau-based DL reasoners, such as Pellet (Sirin et al.,
2007), HermiT (Glimm et al., 2014) and Racer (Haarslev et al., 2012) also provide lim-
ited support for query answering. However, despite intensive efforts at optimisation,
fully-fledged OWL reasoners can only deal with modestly-sized datasets. (Haarslev
and Moller, 2008)). Consequently, there has also been intensive work on optimising
query answering in DL systems, including the filter-and-refine technique (Wandelt
et al., [2010), ordering strategies of query atoms (Kollia and Glimm)| 2013)), and data
summarisation (Dolby et al., [2009). Optimising query answering in DL reasoners is

complementary to our approach, as the use of a more optimised DL reasoner could
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significantly improve the performance of PAGOdA on hard queries that require fully-

fledged reasoning.

Pellet Pellet (Sirin et al., 2007) was the first sound and complete OWL DL reasoner
that supports conjunctive query answering. It implements a tableau-based algorithm
with extensive optimisations. Pellet provides support for conjunctive queries under

ground semantics. Under first-order semantics, Pellet is able to answer tree-shaped
conjunctive queries using the rolling-up technique (see details in |[Section 10.2)).

HermiT HermiT (Glimm et al., 2014) is a fully-fledged OWL 2 reasoner based on
the hypertableau calculus (Motik et al., |2009¢). It focuses on standard reasoning
tasks, such as satisfiability, subsumption check and instance retrieval. In contrast
to Pellet, it does not provide a SPARQL or conjunctive query answering API and it
only supports conjunctive queries in the form of (complex) DL concepts. Moreover,
it supports checking entailment of data assertions, which can be exploited to answer

conjunctive queries.

Racer Racer was among the first reasoners to implement and optimise reasoning
over ontologies with large datasets. It implements a tableau-based algorithm for the
DL SHZQ and adopts a variety of optimisations for query answering. In particular,
it implements the filter-and-refine technique for instance retrieval (Wandelt et al.
2010). It supports the query language nRQL (Haarslev et al., [2004)), which provides
support for conjunctive queries under the ground semantics extended with negation

as failure and a number of aggregation operators.

5.2.2 Materialisation-based Approaches

RDF triple stores implement materialisation-based (a.k.a. forward chaining) reasoning
algorithms, and queries are typically answered by evaluating them over the resulting
materialisation. Materialisation-based approaches are applicable to typically frag-
ments of datalog. Triple stores like Jena (McBride, [2001)), Sesame (Broekstra et al.,
2002) and Virtuoso (Erling and Mikhailovj 2009) aim at providing efficient query
answering for large repositories over RDFS. Moreover, Oracle’s native inference en-
gine (Wu et al. |2008), OWLim (Bishop et al., 2011) and RDFox (Motik et al., [2014))
provide extended suppport for ontologies in OWL 2 RL, where RDFox additionally
supports arbitrary datalog programs over unary and binary predicates. Finally, DLV

is a system for answer set programming implementing sound and complete reasoning
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for (extensions of) disjunctive datalog (Leone et al. 2006). Although triple stores
exhibit appealing scalability, they can support only restricted ontology languages.
Similar to the case for fully-fledged OWL reasoners, improving the scalability of
materialisation-based systems is complementary to our approach, and advances in
this area can be directly exploited in our system PAGOdA.

Materialisation-based approaches are also known as forward chaining algorithm
in datalog context. The state-of-the-art OWL 2 RL or datalog reasoner are typ-
ically materialisation-based. Backward chaining is an alternative approach to an-
swer queries in datalog programs. Backward chaining with tabling is a well-known
technique to evaluate queries in datalog programs (Tamaki and Sato|, 1986} Sagonas
and Swift} [1998)). Magic set algorithm implements backward chaining in a forward-
chaining fashion (Bancilhon et al., [1986). It is worth mentioning that magic set is
related to the subset extraction technique in PAGOdA (see Section @ The purpose
for them are, however, different: magic set is used to make the materialisation process
query-oriented so that it won’t derive unrelated facts, whereas, our subset extraction
starts with a fully materialised dataset and aims at identifying what facts are used

in deriving relevant consequences.

5.2.3 Query Rewriting Approaches

Conjunctive query answering over Horn ontologies is often realised by means of query
rewriting. Given an ontology O, the rewriting of a conjunctive query ¢ in O is a
query ¢’ that captures all information from O necessary to answer ¢ over an arbi-
trary dataset. Such query ¢ is typically either a UCQ or a datalog query. Query
rewriting allows to reuse optimised database management systems: UCQs can be
evaluated using standard relational databases, whereas datalog queries correspond-
ingly can be evaluated by datalog reasoners. In contrast to materialisation-based ap-
proaches, query rewriting techniques do not require modifying the data. Hence, query
rewriting is well-suited for applications requiring frequent data updates. Although
some of systems implemented the query rewriting approaches have been successfully
applied in large scale applications, they are only applicable to deal with Horn ontolo-
gies. Furthermore, query rewriting sometimes suffers from an exponential blow-up in

the size of the rewritten query (Calvanese et al., 2007).

Rewriting in DL-Lite Query rewriting approaches have been successfully applied
to the DL-Lite family, for which rewritability into UCQ is guaranteed. Perfect re-

formulation is a way to rewrite a conjunctive query into UCQ w.r.t. OWL 2 QL
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ontologies (Calvanese et al.l |2007)). Perfect reformulation has been implemented in
QuOnto (Acciarri et al., [2005), which is further integrated in the OBDA system MAS-
TRO (Calvanese et al. 2011)). A well-known issue of perfect reformulation is that the
number of the rewritten queries may be exponential with respect to the size of the
input query. Therefore, different optimisations have been proposed to reduce the size
of the rewritten query, which are implemented in a number of existing DL-Lite sys-
tems like Owlgre (Stocker and Smith) 2008)), Rapid (Chortaras et al., 2011)), Prexto
(Rosati, 2012)), and Ontop (Bagosi et al., [2014]).

Rewriting in ££ Query rewriting into UCQs can be only applied to DLs with data
complexity in AC®. When data complexity increases to PTIME, the rewritability into
UCQ is not guaranteed. Conjunctive queries in £L£ can be rewritten into a data-
log query (Rosati, [2007)); concept queries in EL£ can be rewritten into non-recursive
datalog rewriting if the query is FO-rewritable (Hansen et al., 2014]).

A resolution-based query rewriting approach for ELHZO™ has been implemented
in REQUIEM (Pérez-Urbina et al.,2010). The DL ELHZO™ covers both DL-Lite and
EL. Given an ELHTIO™ ontology, a dataset and a conjunctive query, the rewriting is
obtained by computing a saturated set of rules under certain resolution calculus, and
then removing all rules containing functional terms. If the input ontology is expressed
in DL-Liter, the rewriting is a UCQ); if the input ontology is in DL-Lite™, which is
the resulting language of DL-Lite.,.. by disallowing C'; and additionally allowing
JR.A as concept, the rewriting is a linear datalog query; if the input ontology is in

certain sub-languages of ELHZO, the rewriting is a datalog query.

Rewriting in Expressive Horn-DLs Clipper implements a rewriting-based algo-
rithm for query answering over Horn-SHZQ ontologies (Eiter et al., 2008). Different
from other query-rewriting based systems listed in this section, Clipper also modifies
the dataset during the query answering process. It takes as input a Horn-SHZQ
ontology, a dataset and a conjunctive query ¢. First all transitivity axioms are elim-
inated by a known transformation (Kazakov, 2009). Then the ontology is saturated
by a set of special tailored inferences and the dataset is materialised w.r.t. all data-
log rules in the saturated ontology. Finally, the input query is rewritten against the
existentially quantified rules in the ontology and the rewriting is evaluated against
the augmented dataset. The saturated ontology and the query rewriting might be of

exponential in the size of the input ontology and the input query.
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5.2.4 Combined Approaches

A technique for conjunctive query answering over lightweight DLs that is receiving
increasing attention is the so-called combined approach. Combined approaches have
been applied to logics of the £L family, e.g. ELH' — the extension of ELH with
the bottom concept L and range axioms (Lutz et al., 2009) and ELHO' (Stefanoni
et al.; 2013), as well as the DL-Lite family, like DL-Lite{l\ém — DL-Litepor, extended
with number restrictions (Kontchakov et al., [2011)) and DL-Liteg (Lutz et al. [2013)).
Same as query rewriting approaches, the combined approaches are only applicable to
Horn ontology languages.

In combined approaches the dataset is first augmented with new facts in a query-
independent way to build (in polynomial time) a canonical model of the ontology.
This model can be exploited for query answering in two equivalent ways. In the
approach proposed by [Lutz et al. (2009) or Kontchakov et al.| (2011), an input query
is first rewritten and then evaluated against the constructed model. Alternatively, in
the work of Lutz et al.| (2013)) or Stefanoni et al. (2013), a query is first evaluated
over the canonical model and then unsound answers are discarded by means of a
polynomial time filtration process. One of the motivations for the second treatment
is to avoid an exponential blow-up in query rewriting for certain combinations of DL
constructors, e.g. DL-Lite]?\ (Kontchakov et al., 2011]).

In this thesis, we exploit a filtration-based combined approach for ELHO'| (Stefanoni
et al], [2013) to compute the aggregated lower bound (see Section [7.3)).

Canonical Model The basic idea to compute canonical model is rather similar

for different combined approaches. Any input ontology can be translated into a
knowledge base K as described in [Section 3.1.2| and further to datalog program (with

function symbols) sk(K) by Skolemisation (see [Definition 2.2)). The least Herbrand
model of sk(K) is a universal model of K, which is typically infinite. By replacing each

YR
obtain a finite model of I that is logically stronger than the least Herbrand model.

functional terms f7;(t) in the least Herbrand model of sk(K) with a constant of;, we
This finite model is the canonical model of I, which is exactly the materialisation of
a function-free datalog D(K) program obtained from sk(/C) by replacing functional
terms f7:(x) with constants oj;. All such constants are called auziliary constants.

For some combined approaches, two auxiliary constants are introduced for each
function symbol to obtain a polynomial procedure to filter out spurious answers, see
e.g. filtration-based combined approach for DL-Liter (Lutz et al. 2013)).
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Filtration |Stefanoni et al. (2013) has introduced a filtration-based combined ap-
proach for ELHO', . Several additional notations are needed to define the filtration
procedure. We say that a constant a in D(K) is real-auziliary if no constant ¢ exists
in K such that D(K) |= a = ¢. Since D(K) is datalog, it takes only polynomial time
in data complexity to determine if a constant is real-auxiliary. Let ~, denote the
smallest reflexive-transtive closure on the set of terms in ¢ that is closed under the
following relation.

s~y t! R(s,s’) and P(t,t') occur in ¢, and
S~y t 7(s') is a real-auxiliary constant.

(fork)

Clearly ~, is an equivalent relation, which can be computed in polynomial time in
the size of q. For any term ¢ in ¢, let [¢] be the equivalent class of ¢t w.r.t. ~,, and let
v be a mapping from each term ¢ in ¢ to an arbitrary but fixed representative of [t].

Let K, ¢ be a knowledge base and a conjunctive query of the form Ixp(x,y),
respectively, and let 7 be an answer to ¢(x,y) against the canonical model. The

auxiliary graph of ¢ and 7 is the directed graph G = (V| E) such that

e I/ contains a vertex ~y(t) for each term ¢ in ¢ such that = (t) is a real-auxiliary

constant; and

e F contains a directed edge (y(s),v(t)) for each atom of the form R(s,t) in ¢
such that {v(s),~v(t)} C V.

The construction of the auxiliary graph can be done in polynomial time in the
size of q. Now, we are ready to define the filtration process: 7 is a spurious answer
iff any of the following conditions holds. Clearly, the procedure for a possible answer

7 is in polynomial time in the size of ¢.
(a) Free variable x € x exists such that m(z) is an auxiliary constant.
(b) Terms s and t occurring in ¢ exist such that s ~, t but D(K) = n(s) = m(t).

(¢) The auxiliary graph of ¢ and 7 contains a cycle.

5.2.5 Hybrid Approaches

PAGOdA is based on a hybrid approach that combines a datalog reasoner and a
fully-fledged OWL 2 reasoner. Hydrowl is very similar to PAGOdA in spirit in that
it combines an OWL 2 RL reasoner with a query rewriting system, and a fully-

fledged DL reasoner to answer conjunctive queries over OWL 2 knowledge bases
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(Stoilos|, |2014b). The techniques in Hydrowl are, however, rather different to those
in PAGOdA. Hydrowl uses two different query answering strategies. The first one
is based on repairing (Stoilos, 2014a) and query rewriting, which is applicable only
to ontologies for which a suitable repair exists. The second strategy exploits a set
of atomic queries, called query base that can be fully answered using the triple store
for a given ontology and an arbitrary dataset. The query base is computed in a
pre-processing phase before answering any queries. Given an input query ¢, Hydrowl
checks if ¢ is “covered” by query base (Stoilos and Stamou, 2014)). If it is, then ¢
can be completely evaluated using the OWL 2 RL reasoner; otherwise, the fully-
fledged reasoner is used to answer ¢q. The computation of the query base, however,

does not appear to be correct in general,E] and we believe that this accounts for the

incompleteness of Hydrowl in some of our tests (see [Section 12.3.1). In contrast to

PAGOdA, Hydrowl doesn’t improve the performance of satisfiability check, in the
sense that it fully relies on HermiT to check satisfiability. However, satisfiability

check over large datasets is often infeasible in practice.

5.3 Approximated Reasoning

The problem to approximate expressive languages into less expressive ones are widely
explored and well-understood. Theory approximation was first described in the sem-
inal paper by (Selman and Kautz, 1996). The idea in theory approximation is to
approximate a logical theory ¥ by two theories ¥y, (the model lower bound) and X
(the model upper bound) such that ¥, = X | X, both ¥y, and X, are in a “more
tractable” language than X, and ¥, and X, are “as close as possible” to X. Selman
and Kautz| (1996) studied this problem for ¥ in propositional logic and the bounds
expressed in its Horn fragment. Val (2005) studied the problem for first-order logic.
This line of research has focused mostly on the computation of the “best” model
upper bounds; however, in terms of query answers, the model lower bounds can be
exploited to compute query upper bounds, which have received little attention. The
idea of transforming the ontology, data, and/or query to obtain upper bound query
answers has also received some attention in the semantic web community. Efficient
approximation strategies for rule-based KR languages are again complementary to
our approach, as they can be exploited by PAGOdA in order to refine lower and

upper bound query answers.

IStoilos (2014b) mentions “a limitation in automatically extracting [the atomic queries]”.
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Screech The SCREECH system (Tserendorj et al., |2008) first exploits the KAON2
reasoner (Hustadt et al.l 2007) to rewrite a SHZQ ontology into a (possibly exponen-
tial size) disjunctive datalog program in such a way that ground answers to queries
are preserved. It provides no guarantee for certain answers of conjunctive queries.
Subsequently, Screech exploits different (unsound or incomplete) techniques to trans-
form disjunctive datalog into plain datalog. In this way, Screech computes only an
approximation of the set of answers. The exponential blow-up in the translation to
disjunctive datalog means that, in practice, KAON2 may be unable to process large
or complex ontologies; for example, KAON2 was reported to fail on the DOLCE
ontology (Motik and Sattler, 2006).

SHER Another system SHER implements a tableau-based algorithm complete for

SHIN that provides also effectively instance retrieval. SHER system uses summari-

sation (see [Section 10.1.1| for details) to efficiently compute an upper bound answer,

with exact answers then being computed via successive relaxations (Dolby et al.,
2009). The technique has been shown to be scalable in practice, but it is only known

to be applicable to SHZN and instance queries.

TrOWL TrOWL (Thomas et al.;|2010) exploits approximation techniques to trans-
form an OWL 2 ontology into OWL 2 QL (Pan et al., [2009). The approximation is
based on two concepts—axiom set and entailment set. The aziom set for a given
ontology O in DL-Lite is the set of DL-Lite axioms that can be constructed in the
signature of O, where the entailment set is a subset of the axiom set that are en-
tailed by O. As a result, the entailment set is an under-approximation of O. Given
an input query ¢, TrOWL adds query-dependent axioms to the entailment set to
obtain a so-called enriched entailment set. The set of query answers to ¢ w.r.t. the
enriched entailment set is an upper bound of answers to ¢ w.r.t. the input ontol-
ogy. Each entailment test requires the use of a fully-fledged OWL reasoner, which
can be expensive; also, the enriched entailment set cannot be reused as it is both

query-dependent and dataset-dependent.

An alternative way to approximate an arbitrary OWL 2 ontology O into an OWL
2 QL ontology O has also been proposed by [Wandelt et al.| (2010) to provide an
upper bound of query answers. Each axiom C' C D in O is transformed into an OWL
2 QL axiom C" C D', where C' is subsumed by C’ and D’ is subsumed by D (w.r.t.
). The transformation algorithm, however, is non-deterministic and there can be

exponentially many C’ and D’ satisfying the required properties. Furthermore, as
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reported in this work, it is often the case that for a given dataset D such that O UD
is satisfiable, @’ U D is unsatisfiable, regardless of the choices made when computing
O'. The large degree of non-determinism means that computing @’ can be expensive,

even for small ontologies.

So far, we have discussed about program approximation. On the other hand, there
have been a lot of existing works on query approximation. Techniques to provide
lower and upper bound answers for SPARQL queries have been proposed for OWL
ontologies (Glimm et all 2015), as well as an optimisation called query extension.
Query approximation has also been extensively explored in databases. Some prior
works are quite similar to PAGOdA in the spirit of computing a lower and an upper
bound of query answers, such as, Barcelo et al. (2012)’s work in the relational setting,
Fink et al. (2013)’s work in the probabilistic and relational setting, and |Gatterbauer

and Suciu| (2015)’s work on query approximation by data and query manipulation.
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Part 11

The “Pay-as-you-go” Approach
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Chapter 6

Overview

In this chapter we provide a high-level overview of our approach to query answering.

We assume the availability of two reasoners:

e a datalog reasoner that is sound and complete for answering conjunctive queries

over datalog knowledge bases; and

e a fully-fledged reasoner that is sound and complete for answering a given class of
conjunctive queries @ (which includes the unsatisfiability query) w.r.t. knowl-

edge bases in a given ontology language L.

We will describe our approach in its most general form, where we make no assumptions
about the two reasoners, treating them as “black-box” query answering procedures.

The kind of queries and knowledge bases that can be dealt with using this approach
ultimately depends on the capabilities of the fully-fledged reasoner. For instance,
OWL 2 reasoners can typically process arbitrary OWL 2 knowledge bases; however,
the query language is limited to tree-shaped queries, e.g. (Sirin et al., [2007). In turn,
the scalability of our approach ultimately depends on how much of the reasoning
workload can be delegated to the datalog reasoner; our goal is to delegate the bulk
of the computation to the datalog reasoner and to restrict the (expensive) use of the
fully-fledged reasoner to the bare minimum.

Here, and in the rest of [Part Tl we fix an arbitrary normalised knowledge base
K = Y UDg. Given an arbitrary conjunctive query ¢ (which may be the special
unsatisfiability query) containing only symbols from /C, the core of our approach relies

on exploiting the datalog reasoner for accomplishing the following tasks:

e lower and upper bound computation, where we exploit the datalog rea-
soner to compute both a lower bound L? and an upper bound U of the cer-
tain answers to ¢ w.r.t. K. If these bounds match (i.e. LY = UY), then the
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query has been fully answered by the datalog reasoner; otherwise, the differ-
ence G? = U7\ L? provides a set of “gap” answers that need to be verified using

the fully-fledged reasoner. The relevant techniques for computing these bounds

are described in [Chapter 7 and [§} and

e knowledge base subset computation, where we exploit the datalog reasoner
to compute a (hopefully small) subset K9 of IC that is sufficient to check if
answers in G? are in cert(q, K); that is, o € cert(q, K) iff o € cert(g, K£?) for each
o € G7. The details on how to compute such K? are given in [Chapter 9|

We then proceed according to the following steps when given an input query g:
Step 1. Check satisfiability of K.

(a) Compute bounds L+ and U~ for the unsatisfiability query L. If Lt # 0,
then terminate and report that K is unsatisfiable. If U+ = (), then
proceed to Step [2[ (K is satisfiable).

(b) Compute the subset K+ of K.

(c) Use the fully-fledged reasoner to check the satisfiability of . To min-
imise the computational workload of the fully-fledged reasoner, we pro-

ceed as follows:

i. Construct a summary of K1 (see |Section 10.1.1)), and use the fully-

fledged reasoner to check if it is satisfiable; if it is, proceed to Step
(KC is satisfiable).

ii. Use the fully-fledged reasoner to check the satisfiability of K+ if it
is unsatisfiable, then terminate and report that I is unsatisfiable.
Otherwise, proceed to Step 2 (K is satisfiable).

Step 2. Compute bounds L? and U?. If G? = (), then terminate and return LY.
Otherwise, proceed to Step 3.

Step 3. Compute the subset K¢ of K based on K, ¢, and GY.

Step 4. For each o € GY, use the fully-fledged reasoner to check whether K? = go.

To minimise the computational workload, this step is carried out as follows:

(a) Construct a summary of K? (see [Section 10.1.1)) by merging constants.

For each o € G, use the fully-fledged reasoner to check whether the
summary of ¢ is not a certain answer to ¢ w.r.t. the summary of K9,

and remove o from GY if it is not the case.
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Mammal(tiger) (D1) Mammal(wolf) (D6) Mammal(howler) (D11)
Mammal(lion) (D2) MeatEater(wolf) (D7) Folivore(howler) (D12)
MeatEater(python) (D3) eats(wolf, sheep)  (D8) Mammal(a_hare) (D13)
eats(python, rabbit) (D4) Herbivore(sheep) (D9) Folivore(a_hare) (D14)
Herbivore(rabbit) (D5) eats(sheep, grass) (D10) eats(a_hare, willow) (D15)
Carnivore(xz) — Mammal(z) (R1)

Herbivore(z) — Mammal(m) (R2)

Folivore(x) A MeatEater(z) — (R3)

Herbivore(x) A eats(x,y) — Plant( ) (R4)

Mammal(x) — Herbivore(z) VV MeatEater(z) (R5)

MeatEater(z) — Jyleats(z,y) A Herbivore(y)] (R6)

Mammal(xz) — Ty eats(x, y) (R7)

Folivore(x) — Jyleats(z,y) A Leaf(y)] (R8)

Leaf(z) — Plant(z) (R9)

ez (z) = Jy[eats(z,y) A Plant(y)]
cert(geq, Kez) = {rabbit, sheep, howler, a_hare}

Figure 6.1: Running example knowledge base K., and query g,

(b) Compute a dependency relation between the remaining answers in G4

such that if a possible answer ¢ depends on a possible answer 7, and o

is a spurious answer, then so is 7. (See [Section 10.1.2]).

(c) Remove any remaining spurious answers from GY, where an answer is
spurious if it is not entailed by K7 or if a spurious answer depends on it;
use the fully-fledged reasoner to check relevant entailments, arranging

checks by heuristics w.r.t. the dependency relation.

Step 5. Return L?U G1.

In the following chapters, we describe each of these steps formally. We will also
introduce a number of improvements and optimisations, some of which rely on the
additional assumption that the datalog reasoner is materialisation-based—that is, for
a datalog knowledge base H and query ¢, it computes query answers cert(q, H) by
first computing the materialisation skChase(#) as defined in and then
evaluating ¢ over the resulting materialisation. This is a reasonable assumption in

practice since most datalog reasoners in semantic web applications (e.g., OWLim,
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RDFox, Oracle’s native inference engine) are materialisation-based. In such cases, we
further assume that we have direct access to the materialisation.

We will illustrate all our techniques using a running example consisting of the
knowledge base K., = ¥k, UDx,, and the query g, given in [Figure 6.1 Note that
rules and in Yy . are not normalised; however, they can be easily brought

into normal form by introducing fresh binary predicates eatsy and eatsy as described

in Section 3.1.2

MeatEater(z) — Jyeatsy(x,y) (ROp) Folivore(z) — Jyeatsy(z,y) (R8A)
eats(z,y) A Herbivore(y) — eatsy(z,y) (R6p) eats(z,y) A Leaf(y) — eatsy(z,y) (R8p)
eatsy (z,y) — eats(z,y) (R6k) eatsy(z,y) — eats(z,y) (R8k)

eatsy (z,y) — Herbivore(y) (R6d) eatsy(x,y) — Leaf(y) (R8d)

Our core techniques described in Chapter [f{9]are applicable to any knowledge base
and any query. In order to simplify the presentation of our definitions and technical
results of those sections we fix, in addition to the knowledge base K = ¥ U Dy, an

arbitrary query ¢(x) = Jyp(x,y) (which may be the unsatisfiability query L).
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Chapter 7

Lower Bound Computation

A straightforward way to compute lower bound answers using the datalog reasoner is
to evaluate ¢ w.r.t. the datalog subset of K consisting of all facts in Dy and datalog
rules in Y. By the monotonicity of first-order logic (Besnard, 1989) all certain
answers w.r.t. such subset are also certain answers w.r.t. K. Furthermore, if the

subset is unsatisfiable, then so is K.

Example 7.1. The datalog subset of our example K., consists of rules (R1))—(R4]),
(R9), (R6B)—(REH), and (R3P)—(R8H) together with all facts (DI)—(D15]). The mate-

rialisation of the datalog subset of ., results in the following dataset{]]
D., U {Mammal(rabbit), Mammal(sheep), Plant(grass)}.

When evaluating ¢., against the materialisation we obtain sheep as an answer. <

This basic lower bound can be rather imprecise in practice since rules featuring
disjunction or existential quantification typically abound in OWL 2 ontologies. To
improve this bound, we exploit techniques that allow us to deterministically derive
(also via datalog reasoning) additional consequences from K that do not follow from

its datalog subset.

7.1 Program Shifting

To deal with disjunctive rules, we adopt a variant of shifting—a polynomial program
transformation commonly used in Answer Set Programming (Eiter et al. 2004). We

next illustrate the intuition behind this transformation with an example.

'Through out the running example, we ignore derived facts over predicates introduced during
the normalisation for brevity.
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Example 7.2. Let us consider the information in /., about an Arctic hare a_hare.
From and , one can deduce that a_hare is not a MeatEater, and it further
follows by rule (R5)) and fact that a_hare is a Herbivore. Since a_hare eats
willow in (D15]), we can deduce Plant(willow) from and hence a_hare is an
answer to ¢.,. Although is a disjunctive rule, this reasoning process is fully
deterministic and can be captured in datalog. To this end, we introduce a predicate
MeatEater which intuitively stands for the complement of MeatEater. We can then
extend the datalog subset of IC., with rules encoding the intended meaning of the
fresh predicate. In particular, and are two such rules, which are obtained

from (R3] and (R5]), respectively.

Folivore(z) — MeatEater(z) (R3)

Mammal(x) A MeatEater(xz) — Herbivore(z) (R3)

We can exploit these rules to derive MeatEater(a_hare) and Herbivore(a_hare). Fur-
thermore, we can derive Plant(willow) by (R4). &

We now define the shifting transformation formally.

Definition 7.3. Let r be a normalised disjunctive datalog rule of the form 5; A... A
Bn = 71V ...V Y. For each predicate P in r let P be a fresh predicate of the same
arity. Furthermore, given an atom « = P(t), let @ be the atom P(t). The shifting of

r, written shift(r), is the following set of rules:

e if r of the form (L-Norm), then

shift(r) = {r}U{BiA---ABiii ABiga A ABy — B; | 1 <i <n};

e if 7 of the form (V-Norm), then shift(r) consists of the following rules: (i) the
rule (S1); (ii) all rules for each 1 < j < m; and (i7) all rules for each

1 <% < n such that each variable in (; also occurs in some other atom in the

rule.
BN ABu ATy A AT, — L (S1)
PiNee s NBa AL AN ATy AT N Ay = (S2)
BN ABia ABa Ao A B AF A - AT, = B (S3)

Let X be a set of normalised disjunctive datalog rules. Then, the shifting of ¥ is

defined as the following set of datalog rules:

shift(S) = | J shift(r) &

rey
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Note that shifting is a polynomial transformation. For a disjunctive datalog rule r
with n atoms in the body and m atoms in the head, shift(r) contains at most m+n+1

datalog rules. Furthermore, as shown in the following theorem, it is also sound.

Theorem 7.4. Let 2P be the subset of disjunctive datalog rules in Y ; furthermore,
let K' = shift(X2P) UDx. Then, cert(q,K') C cert(q, K).

Proof. Let {B'} be the Skolem chase sequence of K’ defined in [Definition 2.3| and
let L be the natural number such that skChase(K') = BY (recall that K’ is a datalog
knowledge base and hence its Skolem chase is finite). We show by induction that the

following properties hold for each 0 < i < L and each a € B':
(a) if @« = L, then K is unstisfiable;

(b) if @« = P(a), then K = P(a); and

(c) if @ = P(a), then K = —=P(a).

Base case: Clearly, B’ = Dx and the properties trivially follow from the fact that
D C K.

Inductive step: Assume that properties @)f hold for every a € B’. We show
that they also hold for every a € B!\ B’. There must exist a rule 7' € K’ and
a substitution o such that B’ = body(r’)o and a = head(r’)o. Since every atom in
body(r')o is in B, then properties (a)-(c) hold for all these atoms by the induction
hypothesis. Furthermore, there must exist a rule » € K of the form of 51 A---A B, —
7 V-V, such that ' € shift(r).

(a) If @« = L, we distinguish two cases. (i) head(r) = L, in which case r =" and by
the induction hypothesis, K = {fi0,..., 8,0} and hence K = L; (i) head(r) #
1, in which case r’ is of the form and (yo0,...,0,0 and 7,0,...,%,,0 are
in B'. By the induction hypothesis, K entails 5,0, .., 8,0 and =0, ..., Ym0,
and hence K |= —ro. Since r € K, we obtain that K is unsatisfiable.

(b) If @« = P(a), then 7’ is of the form and v;0 = P(a). Hence, B’ contains all
atoms 510, ...,,0, 7,0,...7;_10 and 7,40, ...,7,,0. By induction hypothesis,
K entails Bio,..., B0, = m0,...,7yj_10, and =y;410,...,7y,0. Since r € K
and y;o0 = P(a) it must be the case that K = P(a).
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(c) If a = P(a), we have the following cases. (i) head(r) = L, in which case by
induction K = {0, ..., Bj-10, Bjt10, ..., Byo}; but then, since Sy A---AS, — L
is also a rule in K, we obtain that K = —f;0, as required. (i) head(r) # L, in
which case 1’ is of the form and ;o = P(a); then, B’ contains all atoms
Bio, ..., Bj-10, Bjt10, ..., Byo, and 7, 0,...,7,,0 and by the induction hypothesis
K entails atoms B0, ..., 8,10, Bjt10,..., B0 and =y 0,...,=y,0. Sincer € K,
we obtain that K = —P(a).

If g = L, then the theorem follows from property (a). Otherwise, let ¢(x) = Jy ¢(x,y)
and let o be a certain answer to ¢ w.r.t. K'. Since K’ is datalog, there exists a
substitution ¢’ from y to constants in K’ such that B* = ¢(x,y)oo’. Then, by (b)
we have K | «a for each a in ¢(x,y)oo’, and hence K = ¢(x)o. O

Note that shifting only captures some of the consequences related to the disjunc-

tive datalog rules in K and hence it is an incomplete program transformation.

Example 7.5. Consider a disjunctive datalog knowledge base consisting of the fact
GreenSeaTurtle(turtle), the rules (R1)), (R2) and

GreenSeaTurtle(z) — Herbivore(x) V Carnivore(x).

Clearly, Mammal(turtle) follows from the knowledge base. The shifting consists
of fact GreenSeaTurtle(turtle) and the following rules, where predicates Carnivore,

GreenSeaTurtle, Herbivore and Mammal have been abbreviated as, respectively, C, G,
H and M:

C(x) AM(x) — L C(x) = M(x) M(z) — C(x)

H(z) AM(z) — L H(z) — M(z) M(z) — H(z)

G(z) AH(z) AC(z) — L G(z) AH(z) = C(x) G(z) A C(z) = H(x)
H(x) A C(z) — G(z)

It can be checked that fact Mammal(turtle) does not follow from the shifting. &

7.2 The Combined Approach for ELHO',

Existentially quantified rules are ubiquitous in large-scale and complex ontologies,
especially in life sciences applications. The EL profile of OWL 2 was specifically

designed for such applications, and many large ontologies used in practice can be
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seen as consisting of a large EL backbone extended with a small number of axioms
outside the profile.

Given the prevalence of EL axioms in realistic ontologies, it is natural to consider
the OWL 2 EL subset of K for computing lower bound answers. CQ answering for
OWL 2 EL is, however, PSPACE-complete (Stefanoni et al., |2014) and no system
currently supports CQ answering for the whole of OWL 2 EL. Complexity, however,
drops to NP in the case of ELHO' (Stefanoni et al., 2014). In our setting, the re-
striction to ELHO'| ontologies has the added practical benefit that we can exploit the
so-called combined approach to delegate most of the computational work associated
with CQ answering to a datalog reasoner (Stefanoni et al., 2013} |Lutz et al., 2009)—a
technique currently supported by systems such as KARMA P| Although datalog-based
CQ answering techniques are also available for richer languages, such as the extension
of ELHO' with inverse roles, the resulting datalog programs can be hard to compute
and are of exponential size in the worst case (Pérez-Urbina et al., [2010)). This is in
contrast to the combined approach to ELHO'| , where the relevant datalog programs
can be straightforwardly constructed without the need for reasoning, and are of linear
size (see Related Work section for further details).

To compute query answers that depend on existentially quantified rules, we con-
sider the subset of ELHO', rules in K. As mentioned in [Section 5.2.4] the combined

approach for ELHQO'| can be conceptualised as a three-step process.

1. The first step is to compute the canonical model M of the ELHO', knowledge
base. If M contains |, then the knowledge base is unsatisfiable. Otherwise M

is a model of the knowledge base.

2. The second step is to evaluate the query ¢q over M. This model M, however,
is not universal. Thus, the evaluation of queries over M may lead to unsound

answers w.r.t. the ELHO'| knowledge base.

3. In the third step, unsound answers obtained from the second step are discarded

using a polynomial time filtration algorithm.

We next specify the transformation from ELHQO'| knowledge bases to datalog used
in the first step, which will also be exploited later on in for computing
upper bound query answers. The filtration process has been briefly described in
Here, we assume the availability of a procedure soundAnswers that

Zhttp:/ /www.cs.ox.ac.uk/isg/tools/KARMA /
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solves Steps 2 and 3; that is, given ¢ and the model computed in Step 1, it returns
all certain answers to ¢ w.r.t. the input ELHO', knowledge base.

The computation of the datalog program from a ELHO'| knowledge base in Step
1 relies on a form of Skolemisation where existentially quantified variables are mapped

to fresh constants (instead of functional terms).

Definition 7.6. For each rule r of the form (2.1)

VXYY (Bi(%,¥) A<+ A Bu(x,y) = \/ Fzipi(x, 2,))

i=1

and each existentially quantified variable z;;, let o; be a constant globally unique for
r and z;;, and let f.q be the substitution such that 6y (2;;) = 05 for each z;; € z;.

The c-Skolemisation c-sk(r) of r is given as follows:

ﬁl(xu y) JARRIAN Bn(xv Y) — \/ @i<x> Zi)ec—sk-

i=1

Let K be a knowledge base, we define c-sk(K) = {c-sk(r) | r € Xy} U Dy. &

Note that the application of c-Skolemisation to an ELHQO'| rule of the form (EL1))—
(EL3|) in [Definition 3.5 always results in a datalog rule. Note also that, in contrast to

standard Skolemisation, c-Skolemisation is not a satisfiability or entailment preserving

transformation. Let H be a knowledge base. There may be query answers w.r.t.
c-sk(#H) that are unsound w.r.t. H. If H is ELHO'], however, it can be shown that H
is satisfiable iff c-sk(#) is satisfiable (Stefanoni et al., 2013). We can obtain a lower

bound on the query answers to ¢ in I as follows:
e extract the subset LEF of all ELHO'] rules in Yi;
e compute the materialisation M of c-sk(3EL) U Dx; and
e if ¢ = | then return unsatisfiable iff L € M; otherwise, return soundAnswers(q, M).

By monotonicity of first-order logic, we have the set of sound answers computed

from the ELHO'| subset is lower bound of query answers in K.
Proposition 7.7. cert(q, SEX U D) C cert(q, K).

Example 7.8. Consider again our running example. The ELHO'| fragment of K.,

consists of all facts (D1))—(D15]) together with all rules except for (R4)) and (R5). From
fact (D12]) and rule (R8|) we deduce that howler eats a leaf, which must be a plant
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by rule (R9Y)). Hence howler is an answer to g.,. This answer can be identified using
the aforementioned steps. The c-Skolemisation of (R8pl) leads to the datalog rule

Folivore(z) — eatsy (z, 03) (IRSRIU)

The materialisation of the datalog program consisting of all facts and rule (R8pU))
contains the fact Plant(o3) and hence substitution {z +— howler,y +— o3} matches g,

to the materialisation. This match is deemed sound by the filtration procedure. <

7.3 Aggregated Lower Bound

The techniques in this section can be seamlessly combined to obtain a lower bound
L9 which is hopefully close to the actual set of certain answers. Given K and ¢, we

proceed as follows:

1. Let X2P be the subset of disjunctive datalog rules in ¥x. Construct the datalog
program shift(X2P) and compute the materialisation ML of shift(X2P) U Dy.

2. Let BEL be the subset of ELHO' rules in Y. Construct the datalog program
c-sk(XEL) and compute the materialisation M¥ of c-sk(XEF) U M} by reusing

the materialisation from the previous step.

3. If g = L, then LY = cert(q, ML). Otherwise, LI = soundAnswers(q, ML).

Theorem 7.4|ensures that K | « for any atom o € M{ in the signature of K, and

hence ML can be used as the initial dataset for the second step. The properties of
c-Skolemisation and filtration discussed in then ensure that every answer
in LY is indeed a certain answer of ¢ w.r.t. K. Furthermore, if L € ML, then K
is indeed unsatisfiable. Finally, note that the materialisation M{ obtained in the
first step is “pipelined” into the second step; as a result, L9 is a (sometimes strict)
superset of the answers we would obtain by simply computing the answers to ¢ w.r.t.
shift(X2P) U Dx and c-sk(ZEF) U Dy independently and then unioning the results.

Example 7.9. For our running example I.,, the aggregated lower bound L., is
{sheep, a_hare, howler}

where sheep follows from the datalog subset of K.,, a_hare follows from shift(K..),
and howler follows from the ELHO'| subset of K. &
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Chapter 8

Upper Bound Computation

In many practical cases the lower bound L¢ described in Section constitutes a
rather precise approximation of the actual set of certain answers. Furthermore, it
can also be computed very efficiently by resorting only to the datalog reasoner. The
lower bound computation, however, gives no indication as to the accuracy of its
answers: without a corresponding upper bound, every other possible answer remains
a candidate answer, which needs to be either confirmed or discarded.

In this chapter, we describe our approach to efficiently computing an upper bound
to the set of certain answers. If lower and upper bounds coincide, then the query
has been fully answered; otherwise, the gap between lower and upper bounds not
only provides a margin of error for the lower bound, but also narrows down the set
of candidate answers whose verification may require more powerful computational

techniques.

8.1 Strengthening the Knowledge Base

Our first step towards computing an upper bound will be to construct a (polynomial
size) datalog knowledge base K’ such that if K is unsatisfiable, then K’ entails a
nullary predicate L, and cert(q,K) C cert(q, K') otherwise. Roughly speaking, such
K, which we refer to as the datalog strengthening of K, is obtained from K by

1. replacing L by a fresh nullary predicate 1, with no predefined meaning;
2. splitting the disjuncts in the head position into different datalog rules; and
3. Skolemising existentially quantified variables into constants as in |Definition 7.6|

It is convenient for subsequent definitions and proofs to explicitly define the split-

ting of IC, written split(K), as the intermediate knowledge base resulting from Steps
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1 and 2 above, which is both satisfiable and disjunction-free[] The datalog strength-
ening of IC is then defined as the result of further applying Step 3 by replacing each

existentially quantified rule in split(}C) with its c-Skolemisation.

Definition 8.1. The splitting of a rule r of the form (2.1
VXYY (Bi(x,y) A A Ba(x,y) = \/ Fzipi(x, 7))
i=1
is the following set of rules:

e if head(r) = L, then split(r) = {f1 A--- A B, — L}, where L is a fresh nullary

predicate with no predefined meaning; and
e otherwise, split(r) = {S1 A -+ A B, — Jzj0i(x,2z;) | 1 < j<m}.

The splitting of K = X U D is defined as split(K) = U, 5, split(r) U Di. Finally,
the datalog strengthening of IC is defined as str(K) = c-sk(split(K)). &

Example 8.2. Consider our example knowledge base K.,. The splitting of K., is

obtained by replacing rule (R5|) with rules (R5Ual) and (R5[UD), and rule (R3)) with
(R3).

Mammal(z) — Herbivore(z) (RHUa)
Mammal(x) — MeatEater(x) (R5HUD)
Folivore(x) A MeatEater(z) — L (R3[U)

Finally, str(K) is obtained by further replacing the existentially quantified rules (R6p)),
(R7) with the following rules (R6g[U)), (R7U)

MeatEater(z) — eatsy(x,01) (R6
Mammal(z) — eats(z, 05) (R7U)

and replacing rule (R8p) with rule (R8aU)) given in [Example 7.8 &

Note that if K does not contain rules with L in the head, then str(K) logically
entails IC: splitting amounts to turning disjunctions in the head of rules into conjunc-
tions, while c-Skolemisation restricts the possible values of existentially quantified
variables to fixed constants. Thus, cert(q,str(K)) constitutes an upper bound to

cert(q, K), which is formally stated in the following proposition .

I The splitting of a knowledge base is a different notation from the “splitting of logic programs”
in existing literature (Lifschitz and Turner, (1994)).
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Proposition 8.3. if K is satisfiable, then we have cert(q, K) C cert(q, str(K)).

This is, however, no longer the case if K is unsatisfiable. In this case, cert(q, K)
contains all substitutions from x to constants in K, whereas str(K)) is always satisfi-
able since L is replaced with an ordinary predicate L, without a predefined meaning.
So, in this special case, cert(q,str(K)) is a subset of cert(q,KC). The rationale be-
hind this replacement is to provide a meaningful upper bound even in cases where
splitting disjunctions and c-Skolemising existentially quantified variables would make
the strengthened knowledge base unsatisfiable. The example below provides some

intuition for this rationale.

Example 8.4. Consider the datalog strengthening K., = str(K.,) of our example
knowledge base. Since howler is a Mammal, we have by rule that it is also a
MeatEater. But then, since Folivore(howler) is a fact in Ko, we can derive L using
rule . Note that, had we not replaced the falsehood predicate | with L, the
datalog strengthening of K., would be unsatisfiable, in which case no meaningful

upper bound could be obtained for any query. %

We next show that the datalog strengthening str(KC) can be exploited to compute
a meaningful upper bound for any input query, despite the fact that L is stripped

of its built-in semantics in first-order logic. The following lemma establishes the

key property of the splitting transformation in |Definition 8.1} if a ground clause

Y =ayV---Vaq, is derivable from K via hyperresolution, then the Skolem chase of

split(K) contains every atom «; for 1 <i <n.

Lemma 8.5. Let p = (T, ) be a hyperresolution derivation from K and let H =
split(KC). Then, for every node v € T and ground atom « occurring in A\(v), we have
that o € skChase(H).

Proof. We prove the claim by bottom-up induction on the structure of T'.

Base case: If v is a leaf in T, then A(v) € Dx. Since Dx C H we have a €
skChase(H).

Inductive step: Assume that the induction hypothesis holds for all children vy, ..., v,
of a node u in T'; we next prove that the lemma holds for u. Let r be the rule in K
such that sk(r) is the main premise in the hyperresolution step to obtain A\(u) with
MGU o, ie. AM(u) = oV x1 V -+ V x, is the hyperresolvent of A(v;) = Bio V x;
for 1 < i < nandsk(r) = =5 V-V p, V. By the induction hypothesis, all

the disjuncts in each y; are in skChase(H), so we only need to show the claim for
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each disjunct in ¢o. We distinguish the following cases depending on the form of the

normalised rule 7.
e If r is of the form (L-Norml), 1o is empty. So the claim holds vacuously.

o If r is of the form (J-Norm), then ¢ = ~,6. By the induction hypothesis,
each [0 is in skChase(H), and since split(r) = r and hence r € H, we obtain
M 0sko € skChase(H).

e Ifris of the form (V-Norm), then ¢ = V- - -V~,,. By induction hypothesis, each
Bio is in skChase(H), and for each 1 < ¢ < m, since the rule 5y A+ A B, = ¥

is in H, we obtain that each atom ~;o is also in skChase(#), as required. O

We can now exploit the completeness of hyperresolution to show that split(X)
satisfies the required properties. Furthermore, the fact that str(K) = split() im-
mediately implies that str(K) satisfies those properties as well and hence it can be

exploited to compute upper bound query answers.

Theorem 8.6. The following properties hold for H = split(K) as well as for H =
str(K): (i) cert(L,K) C cert(Ly,H), i.e. if K is unsatisfiable, then H | L,; and
(i) if IC is satisfiable then cert(q, KC) C cert(q, H).

Proof. We first show that properties (i) and (ii) hold for H = split(K). If K is
unsatisfiable, then there is a hyperresolution derivation of the empty clause from /.
Thus, there must exist a rule r of the form in Yx and a substitution o such
that each atom S;0 for 1 < i < n is also derivable from K. But then, by
we have that B;0 € skChase(#H). Since H contains the rule Sy A--- A B, — L, we
have L, € skChase(H) and H |= L, as required. Assume now that K is satisfiable.
If cert(q, ) = 0, cert(q, K) C cert(q,H) holds trivially; otherwise let o be a certain
answer to ¢ w.r.t. K. So K |= ¢go and hence CUR, = P,(x)o. Since cert(L,K) = 0,
we have ¢ # L. Using the completeness of hyperresolution and we obtain
that P,(x)o is in the chase of U R,. But then, the aforementioned splitting also
entails P,(x)o and since split(K UR,) = H U R, we have o € cert(q, H), as required.
Finally, properties (i) and (i) hold for str(KC) as a direct consequence of the fact that

str(KC) = split(K). O

Example 8.7. |[Figure 8.1 depicts the materialisation of str(K.,), where edges for
predicates introduced during the normalisation are ignored and all edges in the figure

represent the binary predicate eats. Explicit facts in IC.,. are depicted in black; implicit
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Figure 8.1: Materialisation of datalog strengthening of K.,

facts are depicted using different colours to facilitate the subsequent illustration of
further refinements of the materialisation that will allow us to tighten the upper
bound. We obtain the following upper bound of cert(g.,, K..) by evaluating g., against

the materialisation:
cert(qes, str(KCer)) = {tiger, lion, python, rabbit, wolf, sheep, howler,a_hare, 01}

As already mentioned, str(K.,) = Lg; however, the obtained upper bound is still
meaningful since it does not contain all possible answers in IC.., such as grass or
willow. Please note that oy is a certain answer to g., w.r.t. str(K.;); however, constant

01 is not in Sig(KC,,) and hence it is not a possible answer to g, w.r.t. K. &

8.2 Refined Handling for Existential Rules

The upper bound obtained from str(K) can be rather coarse-grained in practice: as
discussed in [Example 8.7 python, tiger, lion and wolf are contained in the upper
bound, where none of them is a certain answer to ... In this section, we show how to
refine the upper bound by restricting the application of c-Skolemisation to existential
rules. Instead of computing the upper bound of ¢ by constructing the strengthened
knowledge base str(K) and then evaluating ¢ over (the materialisation of) str(K), we

proceed as follows.

1. Apply to K a variant of the Skolem chase, which we refer to as the c-chase by

first splitting the disjuncts occurring in head position into different rules.

2. Apply Skolem chasing on split(K) with the following modifications: (i) similarly
to the restricted chase (Cali et al,|2013)), existential rules are applied only when

the rule head is not already satisfied; and

(1) rather than Skolemising existentially quantified variables (using a functional

81



term) whenever an existential rule is applied, we resort to c-Skolemisation in-
stead. Due to the latter modification, the c-chase does not compute the least
Herbrand Model of split(XC), but rather just some model of split(KC).

3. Evaluate ¢ over the result of the aforementioned chase, thus obtaining an upper

bound to the certain answers of ¢ w.r.t. split(K), and thus also w.r.t. .

The following example motivates the practical advantages of this approach.

Example 8.8. Consider again the materialisation of str(/C.;) in As al-
ready mentioned, python is returned as an upper bound answer since q., is mapped to
the materialisation by substitution {x — python,y + o1}. The fact eats(python, o)
is obtained from eatsy (python, o1), which is included in the materialisation to satisfy
the c-Skolemised rule in str(KCe;), and also the existentially quantified rule
in Kqp. In the case of python, however, rule in K., is already satis-
fied by the fact eatsy (python,rabbit), which is derived from eats(python, rabbit) and
Herbivore(rabbit) in the dataset and rule (R6p]). Please note that rule is of the
form in the normalisation of . Rule ensures that if is satis-
fied for any substitution, then is also satisfied for the same substitution. To
obtain an upper bound it suffices to construct a model of K, (rather than a model
of str(KCe;)); thus, we can prevent the application of rule on {z — python}

during the chase, and thus dispense with eats(python, o;) in the materialisation. <
We are now ready to define the c-chase formally.

Definition 8.9. Let H = split(K), let 3%, be the subset of datalog rules in ¥4, and
3¢ = Yy \ X% The c-chase sequence of K is the sequence of datasets {B'};>o, where
B° = Dy (i.e. B® = Dx), and B! is inductively defined as given next. Let S;t! and

Si*1 be defined as follows:

St = {head(r)o | r € S, B | body(r) and B' | head(r)}
S = {head(c-sk(r)o | r € 35,, B' |= body(r)o and B = head(r)}

Then, B+ = B'U ST if Si™ # 0, and B! = B' U S otherwise. Finally, we
define the c-chase of K as c-Chasex = [J;{B'}- &

Note that the the c-chase of IC is a finite set since the only terms that can occur

in it are constants from c-sk(split(K)).
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Figure 8.2: The c-chase of IC,,

Example 8.10. The c-chase of K., is depicted in[Figure 8.2 This materialisation is a
strict subset of that in [Figure 8.1 where the (orange-coloured) binary facts presented
by dashed lines are no longer derived. Consequently, python is no longer derived as

an answer to qeg. &
The relevant properties of the c-chase are summarised in the following lemma.

Theorem 8.11. The following properties hold: (i) cert(L,KC) C cert(L,, c-Chasex),
i.e. if IC is unsatisfiable, then Ly € c-Chasex; (i) if K is satisfiable, cert(q,KC) C
cert(q, c-Chasey).

Proof. We first prove that c-Chasex is a model of split(K). Since Dx. C c-Chasey it is
clear that it satisfies all facts in split(KC). Let r € split(K); we distinguish two cases:

e The rule r is datalog. If c-Chasex = body(r)o for some substitution o the
definition of c-chase ensures that head(r)o € c-Chasex and hence the rule is
satisfied.

e Otherwise, r is of the form (J-Norm|). If c-Chasex = body(r)o for some sub-
stitution o the definition of c-Chasey, ensures that head(c-sk(r))o € c-Chasex;
thus, c-Chasex = head(r)o and hence the rule is satisfied.

We now show the contrapositive of the first property. Assume that 1 ¢ c-Chasex.
Because c-Chasex is a model of split(K), we have split(K) K& L, and hence K is
satisfiable by Finally, assume that K is satisfiable. If cert(q, ) = 0,
cert(q, ) C cert(q, H) holds trivially; otherwise let o be a certain answer to ¢ w.r.t.
K. By [Theorem 8.6 we obtain o € cert(g, split(K)). Because c-Chasex |= split(K), we
have o € cert(q, c-Chasex). O
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8.3 Refined Handling for Disjunctive Rules

Although the technique described in the previous section can be quite effective in
practice, its main limitation is that in split(C) all disjunctions in the heads of rules
in IC have effectively been turned into conjunctions. In this section, we show how
to refine the upper bound by exploiting an extension of c-chase that uses a similar
approach to deal with disjunctive rules as well as existential rules.

Specifically, we extend c-chase to deal with disjunctive rules r of the form (V-Norm)
such that (i) r is applied only when none of the disjuncts in the head of the rule is
already satisfied; and (i7) when r is applied, only one of the disjuncts is included in
the chase (rather than all of them). In order to avoid non-determinism during chase
expansion and reduce the computational cost, disjuncts are selected deterministically

by means of an (efficiently implementable) choice function.

Example 8.12. Consider a knowledge base H consisting of the following axioms.
A(x) - B(x)vC(x) C(z)NE(x)— L A(a) FE(a)

Assume that a choice function choose C(a) over B(a)VC(a). Then {A(a), E(a),C(a)}
is the resulted dataset by applying A(x) — B(z) V C(x) on x — a. Finally, we end
up with the dataset {A(a), E(a),C(a), Ls} that satisfies the knowledge base obtained
from H by replacing L with L;. In this case, the answer {x +— a} to the query

q(z) = B(z) is missing if we evaluate the query against the resulted dataset. &

Therefore, besides efficiency, one of the criteria to design a choice function is to

avoid deriving 1, in the computed dataset.

Example 8.13. Consider again our running example. First observe that wolf is an
answer to ge,; w.r.t. the c-chase of K, shown in [Figure 8.2 Indeed, Herbivore(wolf)
is derived from Mammal(wolf) and the rules in the split of (RF)); thus, Plant(sheep)
is also derived using rule (R4). Note, however, that wolf is a spurious answer: given
that MeatEater(wolf) is an explicit fact in KC,,, rule is already satisfied for wolf
and hence we can dispense with fact Herbivore(wolf) in the materialisation.

Finally, since our goal is to construct a model of K¢, it is reasonable to pick dis-
juncts whose predicate is unrelated to L in K.,. Since 1 depends only on MeatEater
and Folivore (by rule (R3), it makes sense to include a fact Herbivore(b) in the mate-
rialisation whenever the disjunctive rule is applied to a constant b. &
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(Herbivore)  (Herbivore) (Mammal) MeatEater (Mammal) Folivore Folivore
(Herbivore)  (Herbivore)

Figure 8.3: The c-chase’ of K.,

For further details we refer the reader to Section where the specific choice
function implemented in PAGOdA is described.
We can now define our extended notion of c-chase, where an efficiently imple-

mentable choice function is given as an additional parameter.

Definition 8.14. Let H be the knowledge base obtained from X by replacing L
with the nullary predicate 1, let Z% be the set of all datalog rules in ¥4, and let
¥ = Yy \ 24, Furthermore, let f be a polynomially computable choice function
that given a positive ground clause y and a dataset returns a disjunct in y. The

c-chase sequence of K w.r.t. f is the sequence of datasets {B'};>g, where B° = Dy

(i.e. B® = D), and B! is defined as given next. Let 87 and St be as follows:

Sy = {head(r)o | r € X3, B' |= body(r)o and B' [/ head(r)}
Sl = { f(head(c-sk(r))o, B)) | r € B, B' = body(r)o and B’ [~ head(r)}

Then, B+ = B'U ST if Si™' # 0, and B! = B' U S otherwise. Finally, we
define the c-chase of K w.r.t. f as c-Chasel. = UisotB'}- &

Example 8.15. Consider the aforementioned choice function f that picks Herbivore(b)
whenever rule is applied to a fact Mammal(b). depicts the facts in
c—Chase,fCEz. It can be observed that c—Chaseéez is a strict subset of the materiali-
sation in , where the (brown-coloured) facts presented in brackets or by
dotted lines are no longer derived. We can see that wolf is not an answer to ¢,
w.r.t. c—Chaseéw and hence it can be identified as spurious. Furthermore, the nullary

predicate L, has not been derived and hence we can determine that ., is satisfiable.

o

The relevant properties of this variant of the c-chase are as follows.

Theorem 8.16. Let f be a choice function as required in [Definition 8.14. If 1, &
c—Chase,]é, then c—Chase,’; is a model of IC and cert(q, K) C cert(q,c—Chase,fC).
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Proof. The dataset Dy is contained in c—Chase,J;, so it suffices to show that c—Chase,J;

satisfies each rule » € K. We distinguish the following cases:

e 7 is of the form (L-Norm). Since L, ¢ c—Chase,’;7 there cannot exist a substitu-

tion o such that c-Chasel. = body(r)o and hence c-Chasel. satisfies r vacuously.

e 7 is of the form (G-Norm)). Pick a substitution o such that c-Chase}- = body(r)o.
The definition of c-Chasel ensures that head(c-sk(r))o € c-Chase). and hence

c—Chase,’; satisfies r.

e 1 is of the form (V-Norm). Pick a substitution ¢ such that c-Chase]- = body(r)o.
By the definition of c-Chase}., we have f(head(c-sk(r)), S’ )o € c-Chase}. for some

set of atoms S! in the chase sequence, and then c—Chaseﬁ satisfies r.

If ¢ = L, then cert(q,K) = 0 and cert(q, ) C cert(q,c—Chaseé) holds trivially;
otherwise, cert(q, ) C cert(q,c—Chaseé) follows directly from the fact that c—Chase,];
is a model of K. O

8.4 Combined Upper Bound

We have introduced three different techniques for computing upper bounds of cert(q, K).

1. Compute the materialisation MY of str(K), and evaluate ¢ w.r.t. MY to obtain

a set of possible answers U} to ¢ w.r.t. IC (cf. [Section 8.1)).

2. Compute the c-chase of K, denoted by MY, and evaluate ¢ w.r.t. MY to obtain

a set of possible answers Uj to g w.r.t. IC (cf. [Section 8.2)).

3. Fix a choice function f, compute the c-chase of K w.r.t. f, denoted by MY and

evaluate ¢ w.r.t. MY to obtain a set of possible answers U to ¢ w.r.t. K (cf.

Section 8.3).

It can be trivially seen that Uj and Uj are at least as precise as U{, i.e. U3 C U{ and

Ui C U{. As shown in the following example, Ui and Uy are, however, incomparable.

Example 8.17. Consider a knowledge base H consisting of facts A(ay), R(a,b),
B(by), A(ag), R(ag,by), B(by) and rules B(z) — C(x)V D(x), R(z,y) A C(y) —
S(x,y) and A(z) — JyS(z,y). Let o be the freshly introduced constant for B(x) —
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JyS(z,y), and let f be a choice function that picks the disjunct D(b;) in every clause
C(b;) vV D(b;). Then,

C_ChaseH - D’H U {O(b1)7 D(b1)7 S(ala bl)u O(b2)7 D(b2)7 S<a27 b2>}7 and
c-Chasej, = Dy U{D(b),S(as,0), D(by),S(b1,0)}.

For ¢1(z) = Jy(S(z,y) AC(y) AD(y)), the upper bound computed using the c-Chasey
contains two additional answers a; and ay compared with that computed using
c—ChaseL. But for ga(x1,22) = Jy(S(x1,y) A S(xe,y)), the upper bound computed
using c-Chase}, has additional answers (a1, az) and (ag,a;) compared with that com-

puted using c-Chasey,. &

There are, however, tradeoffs to be considered. Clearly, the upper bound U{ is
the most convenient from an ease of implementation point of view: once str(K) has
been constructed, the bound can be directly computed using an off-the-shelf datalog
reasoner without modification. Furthermore, the upper bound U{ has an important
shortcoming: it is of no use whenever | is derived, as we will show in the following

example.

Example 8.18. Consider a choice function g that picks MeatEater(a) for any dis-
junction of the form Herbivore(a) VV MeatEater(a). Then the c-chase of K., w.r.t. g
will derive MeatEater(howler) from the fact Mammal(howler) and the disjunctive rule
(RA). Using fact Folivore(howler) and rule it will then derive L. Thus we can
see that, although howler is in cert(qes, Ke.), Herbivore(howler) is not in the c-chase
of e, w.r.t. g, and hence howler is not in the upper bound computed using it; this is
in contrast to the other two upper bounds, where Herbivore(howler) is in the materi-
alisation of str(/Ce,) and the c-chase of K, and hence howler is in the upper bound

computed w.r.t. them. O

Therefore, if L, & c—Chase,’;, we can intersect Uj and Uj to compute a hopefully

more precise upper bound; otherwise, we can simply use Usj.
Definition 8.19. The combined upper bound query answer U? to ¢ in K is formally
defined as follows:

Ul=< UInU? if g # 1L and 1, ¢ c-Chasel;
Uj otherwise. &
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Example 8.20. The combined upper bound for ¢., in ., gives:
Ue, = {tiger, lion, rabbit, sheep, howler, a_hare}.

If we compare this upper bound with the aggregated lower bound L., given in
ample 7.9| we can identify a gap G, = {tiger, lion,rabbit}. &

The computation of both lower and upper bound is in polynomial time to the
size of the dataset. This statement is straightforward for lower bound since the data
complexity of conjunctive query answering in datalog is PTIME. Regarding the upper

bound, the computation is still polynomial because of the following two reasons.

e When applying existential rules, we use c-Skolemisation instead of the rule itself.
So the number of freshly generated constants are bounded by the number of

rules in the program.

e For disjunctive rules, the approach simply makes one choice between the dis-
juncts using a choice function without back-tracking. So it is treated “deter-

ministically” for a given choice function.

So the query bounds computation only adds a polynomial delay to the fully-fledged
reasoning, even when the bounds are trivial. Moreover, it is witnessed by our evalu-

ation that the lower and upper bounds are very effective in pruning answers.

Example 8.21. Consider another query for our running example g(x) = Plant(x).
It is clear that Plant(grass) is entailed by the datalog subset of KC.,. Moreover, as
shown in[Example 7.2 willow is an answer in the lower bound as well. For this query,

we have

L7 = {grass,willow}

U = {09, grass, oz, willow}

Since it is trivial that o, and o3 can not be certain answers of ¢ in .., we can
ignore both of them in U?. Therefore, we have cert(q, K..) = {grass, willow} after

computing the lower and upper bounds.
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Chapter 9

Reducing the Size of the
Knowledge Base

In cases where there is a non-empty gap G? between lower and upper bound (e.g.,
our running example) we need to verify whether each answer in G? is spurious or not.
Accomplishing this task using a fully-fledged reasoner can be computationally very
expensive: verifying each answer in G? typically involves at least one satisfiability
test, which can be infeasible in practice for large-scale knowledge bases.

In this section we propose a technique for identifying a (typically small) subset
K of the knowledge base K that are sufficient for verifying all answers in G? (i.e.
o € cert(q,K) iff o € cert(q,K9) for each 0 € G9). The idea to restrict the dataset
to a relevant subset has been exploited in some other contexts, e.g. for bounded-
evaluable queries in database (Cao et al., |2014)). It is essential that these subsets be,
on the one hand, as small as possible and, on the other hand, efficiently computable.
These requirements are in conflict: computing minimal-sized subsets can be as hard
as answering the query, whereas subsets that can be easily computed may be almost
as large as the initial knowledge base.

The main idea behind our approach is to construct a datalog knowledge base
whose materialisation identifies all rules and facts in K?. Such a knowledge base is
of size polynomial in the sizes of K and ¢ and it does not include predicates of arity
higher than those in IC or ¢. In this way, subset computation can be fully delegated to
the scalable datalog reasoner, hence addressing the efficiency requirement. The key
property of K%, which ensures that it contains all the relevant information in C, is
the following: for each rule or fact o ¢ K? we can show that o does not occur in any
hyperresolution proof of OJ (resp. a gap answer in G9) from K UR, for ¢ = L (resp.
q # 1). The completeness of hyperresolution then guarantees that all excluded facts

and rules are indeed irrelevant.
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9.1 Overview of the Approach

Let us motivate the main ideas behind our approach using our running example.
Since L, has not been derived in MY N MY we know that cert(L,K.,) = (), and
hence that K., is satisfiable (see . However, we still need to determine
whether answers in G, = {tiger, lion, rabbit} from the combined upper bound are in
cert(qes, ez ), 1-€., if they are certain answers to ge,.

We now sketch the construction of a datalog knowledge base track(Kes, Ger, Ger)
from which the subset of K., relevant to the answers in G, is derived. The key
property of this knowledge base is that its materialisation “tracks” all the rules and
facts that may participate in a hyperresolution proof of a gap answer and thus encodes
the contents of the subset K%=. The relevant information is recorded using fresh

predicates and constants:

e a fresh predicate P® for each predicate P in K., the extension of which in the

materialisation of track(KCes, Gex, Ger) Will give us the facts in the subset;

e a fresh constant d,. for each rule r in K., and a special unary predicate Rel, the
extension of which in the materialisation of track(K.,, Ges, Ger) Will give us the

rules in the subset.

The key step in the construction of this knowledge base is to “invert” each rule
r € K., into a set of datalog rules A(r) by (i) moving all head atoms of 7 into the
body while replacing their predicates with the corresponding fresh ones (e.g., replace
P with PT); (i) “copying” all the atoms that were originally in the body of r into
the (now empty) head while replacing predicates with the corresponding fresh ones
and adding the special atom Rel(d,) as an additional conjunct; and (i) eliminating
the conjunction in the head of r by splitting r into multiple rules, one for each head
conjunct.

Consider as a first example the datalog rule (R4]) in .., which is inverted into

the following rules:

Plant™(y) A Herbivore(z) A eats(x,y) — Herbivore(x) (9.1)
Plant™(y) A Herbivore(x) A eats(z,y) — eats™(z, %) (9.2)
Plant™(y) A Herbivore(z) A eats(x,y) — Rel(dza) (9.3)

The head Plant(y) of (R4) has been moved to the body and predicate Plant replaced
with Plant®; the body Herbivore(z) A eats(z,y) has been “copied” into the head as
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the conjunction Herbivore®™(z) Aeats”(z,%), and then conjoined with the special atom
Rel(dza); and finally the head conjunction has been eliminated by splitting the rule
into three separate rules.

These rules reflect the intuitive meaning of the freshly introduced predicates. If
fact Plant™(c) holds for some constant ¢, this means that fact Plant(c) may participate
in a hyperresolution proof in K, of an answer in the gap. Additionally, if Herbivore(b)
and eats(b, ¢) also hold for some b, then these facts and the rule could also partic-
ipate in one such proof since Plant(c) is a hyperresolvent of Herbivore(b), eats(b, ¢) and
rule (R4), which is recorded as facts Herbivore®(b), eats™(b,c), and Rel(dgg). Thus,
rules — faithfully “invert” hyperresolution steps involving rule (R4]).

Similarly, the disjunctive rule is inverted into the following two rules:

Herbivore®™(z) A MeatEater™(z) A Mammal(z) — Mammal®(2) (9.4)
Herbivore®(z) A MeatEater™(z) A Mammal(z) — Rel(dgg) (9.5)

In this case, the disjunctive head Herbivore(z)V MeatEater(z) of has been moved
to the body as the conjunction Herbivore®(2) AMeatEater”(z) over the fresh predicates
Herbivore™ and MeatEater™. If facts Herbivore™(c) and MeatEater(c) hold for some
¢ (which means that both facts Herbivore(c) and MeatEater(c) may participate in a
relevant proof in IC.,) and Mammal(c) holds, then we also deem fact Mammal(c) and
rule relevant.

The situation is different when it comes to inverting an existentially quantified

rules, in which case we no longer capture relevant hyperresolution steps in K., faith-

fully. Consider rule (R7), which is inverted as follows:

eats”(z,y) A Mammal(z) — Mammal®(x) (9.6)

eats™(x, y) A Mammal(z) — Rel(dgz) (9.7)

In this case, the existentially quantified head Jyeats(z,y) is moved to the body as
the atom eats™(x,y). If eats™(b, c¢) holds for some b and ¢ (and hence this fact may
participate in a relevant proof), and Mammal(b) also holds, then we record both
and Mammal(b) as relevant (the latter by means of the fact Mammal®(b)). The
hyperresolvent of Mammal(b) and is an atom eats(b,t), with ¢ a functional term
over b, which may be unrelated to eats(b, ¢) and hence irrelevant to proving an answer
in the gap.

In addition to inverting the rules in .., the construction of track(Ke., Ger; Gez)

also needs to take the query and gap answers into account. For this, we encode the
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query eats(z,y) A Plant(y) — P, (z) into the rules

PE () A eats(z, y) A Plant(y) — eats”™(z,y) (9.8a)

Gex

P% (2) A eats(z,y) A Plant(y) — Plant®(y) (9.8b)

Gex

and add a fact P;fz (c) for each ¢ € G¢,. These query-dependent rules are used to
initialise the extension of the fresh predicates, which subsequently makes the other
rules in track(Kez, Gex, Gez) applicable.

The query answers in the gap stem from the upper bound; consequently, in order
for rules and to be applicable the data in track(Kes, Gez, Gez) is obtained
from the upper bound materialisation of IC.,. In the following section we show that it
suffices to include all facts in the c-chase of K, in order to ensure that the computed

subset will contain all the necessary facts and rules.

9.2 Subset Definition and Properties

We are now ready to formally define the datalog knowledge base used for subset

computation as well as the corresponding relevant subset.

Definition 9.1. Let G be a set of possible answers to ¢, let Rel be a fresh unary
predicate and let d, be a fresh constant unique to each r in KUR,. Furthermore, for
each predicate P in K U R,, let P® be a fresh predicate of the same arity as P and,
for an atom o = P(t), let aff denote P%(t). For any normalised rule r € K UR,, let

move(r) be the following conjunction of atoms:

e Pl if r of the form ((L-Norm);

e v[{(x,2;) if r of the form (F-Norm); and

o V(x) A+ Ayl (x) if r of the form (V-Norm).
Then, A(r) is the following set of rules:
A(r) = {move(r) A body(r) — Rel(d,)} U {move(r) A body(r) — B | B in body(r)}.
The tracking knowledge base track(K, ¢, G) is the smallest knowledge base containing

(1) all facts in the c-chase of K;

(i) all rules in U, ¢, Ar);
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(i1i) a fact Pl(x)o for each o € Gﬂ and
(iv) a fact PIif q # L.

The subset of K relevant to ¢ and G, denoted by K%, is the smallest knowledge base

containing

e cach rule r € ¥ such that track(KC, ¢, G) = Rel(d,.); and

e cach fact a € Di such that track(K, ¢, G) = oF.

For brevity, we write K7 for the particular case where G is the set of gap answers

U, \ L, as defined in and [8.4] &
Note that K1 is a subset of K¢ since track(KC, L, G*) is a subset of track(KC, ¢, G9):

in [Definition 9.1} point (i) is the same for track(KC, 1, G*) and track(K, ¢, G9); further-

more, the set of rules from (7i) for track(K, 1, G*) is a subset of that for track(K, ¢, G9)
since K UR, C KUTR,; finally, the fact P, which is included in track(KC, L, G*) by
point (ii1), also belongs to track(KC, ¢, G?) by point (iv).

Example 9.2. Consider again our running example, where G, = {tiger, lion, rabbit}.

The subset of K., relevant to ¢., and Ge, consists of rules [R2] [R4] [R5] [R6, and
and facts DT, [0 03} [D3, [0, 09, and D11 5

We next give an example illustrating why facts in track(C, ¢, G) (point (i) in
Definition 9.1)) are obtained from c-Chasex the materialisation underpinning the upper

bound in [Section 8.2, rather than c—Chase,fC in [Section 8.3|

Example 9.3. Consider a query ¢(z) = F(z) and a knowledge base K consisting of

the following rules and facts.

A(z) = B(x) vV D(x) D(z) — E(x)
B(z) — E(z) A(a)

Let f be a function choosing B(a) over D(a), then c-Chasel. = {A(a), B(a), E(a)}
and constant a is an answer to ¢(x) in the gap between the (empty) lower bound and
the upper bound. Suppose that we were to define track(K, ¢, G) as in
but replacing the facts in point (i) with those in c—Chase,fC. Since D(a) does not hold
in c-Chase]- the corresponding subset will not contain the rule D(z) — E(z), which
is essential to derive E(a). O

If P, is of arity more than two and the underlying datalog reasoner supports predicates of arity
no more than two, this item can be equivalently replaced by all rules in A(p(x,y) — Py(x))o for
each o € G.
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In the following, we define a notation of query goal to facilitate proofs related to
subset extraction. Let G be a set of possible answers to ¢, we define a set (¢, G) of
query goals for ¢ and G to facilitate proofs.

_ A0 if g = L;
T(e, ) = { {P,(x)0 | 0 € G} otherwise.
The key properties of computed subsets are established by the following theorem.

We conclude this section with the theorem and its proof.
Theorem 9.4. The following properties hold:

(1) Assume that L+ = 0. Then, K is unsatisfiable iff K+ is unsatisfiable.

(2) Let q be different from L and let G be any non-empty set of possible answers to
q w.r.t. K. If K is satisfiable, then o € cert(q,K) iff o € cert(q, K¢C) for every
oced.

Proof. The “if” direction of (1) and (2) follows directly from the monotonicity of first-
order logic. The “only if” direction of both (1) and (2) follows from the completeness
of hyperresolution and the following claim, which establishes that for any ¢ and a

non-empty G, K%“ contains the support of all hyperresolution derivations of a query
goal in Y (g, G) from K U R, where

Claim (&) If p = (A, T) is a hyperresolution derivation of a goal from Y(g, G) from
K UR,, then support(p) C K%C.

To show the “only if” direction of (1), assume that K is unsatisfiable. By
irem 8.11} [Theorem 8.16| and (8.19)), we have U+ # () and thus G*+ # . There exists
a hyperresolution derivation p; of O from K. Since T(L,G+) = {00}, we know that
support(p;) € K+ by (). So K+ is unsatisfiable. To show the “only if” direction of
(2), assume that o € G and o € cert(q, ). Then there exists a hyperresolution ps of
P,(x)o from K UR,. Similarly, by (&), we know that support(ps) C K%¢ and hence
o € cert(q, K*Y).

We next show inductively a statement from which (&) will follow. Let p = (A, T)
be a derivation of a goal in Y(¢,G) from K U R,, and let H = split(K). We have
already established (see proof of [Theorem 8.11)) that c-Chasex is a model of H. By
there exists a constant-preserving homomorphism 7 from skChase(H) to

c-Chasex. We show the following properties inductively for every node v in 7.

a. track(K, q, G)  afit, for each atom « in A(v); and
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b. track(KC, ¢, G) = Rel(d,.), if sk(r) is the main premise used to obtain A(u) where u

is the parent of v.

We proceed by top-down induction on the structure of T'.

Base case: In the base case we have that v is the root of T'. Property (b) follows

vacuously since v has no parent in p.

o If ¢ = L, then p is a derivation of the empty clause and A(v) is the empty

disjunction and. So property (a) also follows vacuously.

e Otherwise, A(v) = P,(x)o for some 0 € G. By the definition of track(kC, ¢, G)
(point (4)) we have that (A(v))® € track(K,q, G) and hence property (a) also
holds.

Inductive step: Assuming that properties (a) and (b) hold for a node u, we show
that they also hold for the children vy, ..., v, of u. Let r be the rule in K such that
sk(r) is the main premise in the relevant hyperresolution step with MGU o, i.e., A(u) =
MoV VYoV x1V- - -V Xy is the hyperresolvent of sk(r) = =51 V- - V=8, Vy1 V- -V,
and \(v;) = B0 V x; for 1 <i < n, using o.

By [Lemma 8.5|in [Section 8.1| we have that each ;0 € skChase(H) for each 1 <
i < n. Since 7 is a homomorphism from skChase(#) into c-Chasex we then have that
(Bio)T € c-Chasex and by [Proposition 2.4} §;(07) € c-Chasex for 1 < i < n. We next
show that track(/C, ¢, G) = move(r)oT.

e If m = 0, then move(r) = P. We distinguish two cases.

— if ¢ # 1, PR e track(K, ¢, G) by point (iv);
—if ¢ = 1, we have 1, € c-Chasex and hence PqR € track(K, ¢, G) by
point (%ii).

e Otherwise, by the induction hypothesis, we also have that track(K, ¢, G)
(v;0)f7 and again by |Proposition 2.4|7 track(KC, ¢, G) = 7]3(07') for 1 <7 <m.

Therefore track(KC, ¢, G) |= move(r)o7. Then the body of rules in A(r) is satisfied by
the substitution o7 and hence track(K, ¢, G) = Rel(d,), and track(K, ¢, G) = B (oT)
for 1 < ¢ < n. Again by [Proposition 2.4} track(K,q,G) | (BFo)r for 1 < i < n.
In addition, by the induction hypothesis, we have track(K,q,G) & xIr, for each
1 <i < n. Hence, have shown that (a), (b) hold for each child v; of u.

It only remains to be shown that (a) and (b) imply (&). Indeed, take any a €
support(p).
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e If o is a fact in K, then it is a leaf node of p; hence, by property (a) we have
that track(K, ¢, G) = off 7. But then, since « is a fact in Dx the definition of
homomorphism ensures that a7 = a®. By the definition of X%¢ this implies
that a € K2¢.

e If @ is a rule in I, then by property (b) we have that track(/C, ¢, G) = Rel(d,,).
Again, the definition of K%¢ ensures that oo € K%¢.

This completes the proof of the theorem. O

Comparison with Magic Sets The idea of inverting rules for recording relevant
information has been heavily exploited in Logic Programming. In particular, the
magic set transformation (Bancilhon et al., [1986) is a technique that, given a program
and a query, optimises the materialisation process so as to derive only facts that are
relevant to the query. Similarly to our tracking encoding, the magic sets technique
uses auxiliary predicates, called “magic” predicates, to identify the relevant facts.
This technique was originally developed for datalog, and was subsequently extended
to to handle also negation as failure (Beeri et al. [1987; Kemp et al. [1995) and
disjunctions (Alviano et al., 2012a).

In contrast to magic sets, the goal of our transformation is not to reduce the size of
the materialisation, but rather to compute a relevant fragment of a knowledge base
potentially given in a very expressive (even undecidable) language, and to reduce
this computation to datalog reasoning. In this sense, our technique is orthogonal to
magic sets. Indeed, the benefits of our technique are only relevant for knowledge bases
containing existentially quantified and/or disjunctive rules (if K is datalog, then the
query would have been fully answered by the lower bound).

Furthermore, it is worth noticing that the way we invert (datalog) rules is also
different from magic sets and yields a more “precise” tracking. This is so because
our assumption is that tracking starts with an already computed materialisation (see
Point (i) in Definition[0.1]). For instance, given an already adorned rule A(z)AB(z) —
C(z), magic sets would produce the following rules for deriving the magic predicates
AM for A and BM for B:

CM(z) — AM () CM(z) A A(z) — BM(x)

These rules can be used to derive a fact AM(a) from CM(a), even if A(a) cannot be

used to derive C(a) because the aforementioned rule is not applicable (e.g., if B(a)
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does not hold and C(a) is derived using other rules). Our transformation, in contrast,

would yield the more restrictive rules
CH(z) A A(z) A B(x) — A%(x) CH(z) A A(z) A B(x) — Bf(x)

which are applicable to a only if both A(a) and B(a) hold in the materialisation.

9.3 Optimisations of the Datalog Encoding

To conclude this section, we present three optimisations of the datalog encoding in

that we will exploit in our system PAGOdA.

9.3.1 Subsumption in Hyperresolution

The first optimisation aims at reducing the size of the computed subsets. Recall
that the key step in the construction of the tracking knowledge base track(KC, ¢, G)
was to invert the rules in K to capture hyperresolution proofs in a “backwards”
fashion. Consider the inversion (9.4) of rule (R5) in our running example. The
effect of the inversion is to capture the applicability of hyperresolution: if facts
Mammal(rabbit), Herbivore®(rabbit) and MeatEater™(rabbit) hold, then we include
rule (R5) in the subset since there may be a proof in K involving a step where a
ground clause Herbivore(rabbit) V MeatEater(rabbit) V £ is obtained by resolving (R5)
with Mammal(rabbit) Vv €.

Note, however, that such a step is redundant should Herbivore(rabbit) already be
contained in C, in which case (R5) may not be needed in the relevant subset. We
can capture this observation by distinguishing in the tracking knowledge base those
facts in the c-chase of I that were not already present in the original dataset Dyx. We
encode these “implied” facts by instantiating fresh predicates P! for each predicate
P in K. In our running example, a fact MeatEater’ (rabbit) in the tracking knowledge
base establishes that MeatEater(rabbit) was not present in the original data. We then
use atoms over these predicates as guards in the inverted rules, e.g. rule (9.4) would

now be written as follows:

Herbivore’ (x) A MeatEater’ () A Herbivore®(z)

A MeatEater(z) A Mammal(z) — Mammal®(x)

Formally, [Definition 9.1| can be optimised as given next.
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Definition 9.5. Let K, ¢, G and predicates P¥ be as in Definition . For each
predicate P, let P! be a fresh predicate of the same arity as P. We now redefine

move(r) for each rule r as the following conjunction of atoms:

o PRif r of the form ((L-Norm);
o 7l(x,21) ANyE(x,21) if r of the form (F-Norm)); and
® N A A (X) A (x) A+ Agpi(x) i 7 of the form (V-Norm).

Then, A(r) is as in [Definition 9.1} and track(K, ¢, G) is also as in [Definition 9.1 but

extended with the addition of a fact P(x)o for each fact P(x)o that is in c-Chasex
but not in Di. $

It is easy to see that this optimisation does not affect the correctness of
rem 9.4} if a disjunction of atoms is derived via hyperresolution, where one of the
atoms is already present in the data, then the disjunction is subsumed and can be
dispensed with.

Furthermore, we could also start with facts derived in the datalog materialisation
MY (see Step 1 in rather than Dy. The reason behind is that we know all
facts in ML are sound, and so there is no need to trace back the proof of these facts.
In this case, the extracted dataset is a subset of M rather than Dyx. For simplicity
in presentation, we use Dy through out the theoretic work. In the experiment, we

tried both and finally chose to use M{ as the start point.

9.3.2 Native Equality Reasoning

The second optimisation can be used to obtain a more succinct encoding for datalog
reasoners that support equality reasoning natively (such as RDFox). As already
mentioned, the built-in semantics of the equality predicate can be axiomatised within
datalog. However, axiomatisation can lead to performance issues, and scalability can
be improved by a native treatment of equality where equal objects are “merged” into
a single representative of the whole equivalence class.

The axiomatisation of equality has a significant effect in our tracking encoding.
For example, the replacement rules r of the form are inverted into the following

rules in A(r) for each predicate P:

PR(xlv‘"7Ii—17y7xi+17"‘7xn>/\P(xlw"wrn)/\xi%y%PR(‘rla'”axn) (99&)

PR(xh ey L1, Y, Tty - - 7xn) N P(xh s 7'1;71) NT; = Yy _>%R (x27y> (99b)
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where is an tautology and can be dispensed with, but rule is required. If

the datalog reasoner has native support for equality, then we do not need to include

in the tracking knowledge base the inversion of equality axioms (REF]), (SYM) or (TRA)),
and we only need to include rules in order to ensure that the computed subset

has the required properties. The result is a more succinct encoding that can be

materialised more efficiently.

Example 9.6. Consider a knowledge base K consists of facts { R(a1,b), R(az,b), A(a1)}

and the following rules.

A(z) = B(z) vV C(x) B(z) — D(x)
R(z1,y) A R(xe,y) — o1 = X9 C(z) = D(x)

Let ¢ = D(z), the gap G between lower and upper bounds to ¢ is {ay, as}. It is easy
the see that rule R(z1,y) A R(z2,y) = x1 & x5 is essential to derive ¢(ay). To ensure

that this rule is in the fragment K%%  we have to track a, ~ ay using an instance of

rule . &

9.3.3 A 1-Related Optimisation

The third optimisation is a more fine-grained treatment for 1. As briefly discussed

after [Definition 9.1, Kt of K is a subset of the relevant subset of an arbitrary query

¢, ie. K+ C K7C for any set of possible answers G to ¢’. Sometimes, K should be

included into relevant subsets of queries due to the interaction between rules of the

form (L-Norm|) and rules of the form (V-Norm).

Example 9.7. Consider a query ¢(z) = Q(x) and a knowledge base consisting of the

following rules and facts.
A(z) = B(xz) v C(x) vV D(x) C(z) = Q(x) D(z) = Q(x)
R(z,y) N B(z) — L A(a) R(a,b)

Then K+ = {R(z,y) NC(z) — L, R(a,b)}. In this case K is necessary to derive the

certain answer a as the rule R(z,y) A B(z) — L and the fact R(a,b) together rule
out the possibility to derive B(a) for the first rule on {z — a}. &

It is, however, suboptimal to include Kt into relevant subsets for queries all the
time since there can be queries that has no interaction with L, which is illustrated

the following simple example.
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Example 9.8. Consider a query ¢(x) = Q(z) and a knowledge base consisting of the

following rules and facts.

A(x) — B(z) vV D(x) C(z) = E(x) V F(x)
B(z) = Q(x) E(x)NF(z) — L
D(x) = Q(x) A(a) C(c)

Then K+ = {C(x) — D(z)V E(x), D(z) A E(x) — L,C(c)}. Tt is not difficult to tell
that none of rules or facts in K participates in a hyperresolution derivation of q(a)
since the predicate @ occurring in ¢ doesn’t depend on D or E. That means Kt is

irrelevant to verify answers to q. &

Inspired by the above examples, we have developed techniques to compute a finite
set {1, K+2, ...} of subsets of K+ and then to decide which subsets are relevant.
Intuitively, we can treat each occurrence of L as a different nullary predicate 1; and

compute relevant subsets K¢ for each L.

Example 9.9. Consider a query ¢(z) = Q(z), and a knowledge base K consisting of

the following rules and facts.

A(x) = B(x) vV D(z) V F(x) C(z) —» D(z)V E(x) A(a)
R(xz,y) ND(x) — L D(x)NE(z) — L R(a,b)
B(z) = Q(x) F(z) = Q(x) C(c)

Then K+ = K\ {B(z) = Q(z), F(x) — Q(x)}, and the computed relevant subset for

q and {a} under Definition 9.1|is I itself. In order to treat each occurrence of L sep-
arately, we first assign a positive number N (r) for each rule r of the form (L-Norm)).

Let N (R(z,y) A D(z) — 1) =1and N, (D(z) A E(x) — L) = 2. Then K+ can be

further separated into two parts as follows.

Kt = {A(z) = B(z) v D(x) V F(z), R(z,y) AD(x) — L, A(a), R(a,b)},
K+ = {C(z) = D(x) vV E(z), D(z) A E(z) — L, C(c)}.
We can observe that K1t is relevant to ¢ and {a} as it blocks the application of

A(z) — B(z) vV D(x) V F(z) on {z + a} deriving D(a). Moreover, K*2 is not

relevant to ¢ and {a} since it does not lead to any facts about constant a. &

The definition of tracking knowledge base with this optimisation, as well as the

correctness proof, is technically involved. So we defer them to [Appendix A] This
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optimisation allows to exclude some rules and facts in the relevant subset of L from
relevant subsets of queries, and hence we can compute smaller subsets for the later

verification of gap answers.

Example 9.10. By adopting this optimisation on _L-related subsets, we can get

the K+t and K12 in [Example 9.9, Finally, the computed relevant subset of ¢ and
{a} is K\ K*2, which is a strict subset of KX—the computed relevant subset under
[Definition 9.1
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Chapter 10

Fully-fledged Reasoning

In this chapter, let ¢ be an input query different from the unsatisfiability query L.
Once K+ and K? have been computed, we still need to check, using the fully-fledged
reasoner, the satisfiability of K+ as well as whether K¢ entails each candidate answer
in G9. This can be computationally expensive if these subsets are large and complex,
or there are many candidate answers to verify. So two additional optimisations have
been deployed to before calling a fully-fledged reasoner (see . Moreover,
the capability of existing fully-fledged OWL 2 reasoners to answer conjunctive queries
are restricted to queries of a certain shape, such as, ground queries or tree-shaped
queries. In we introduce a rolling-up technique that allows to answer a

more general class of conjunctive queries.

10.1 Optimisations

The first optimisation aims at filtering out some spurious answers by merge constants
that are “similar” to each other. The resulted knowledge base is called a summary
which becomes logically stronger. The purpose of the second optimisation is to reduce
the number of calls to the fully-fledged reasoner by extracting endomorphism relations

from possible answers in the gap.

10.1.1 Summarisation

We exploit summarisation techniques (Dolby et al.; 2007)) in an effort to further reduce
the number of candidate answers. The idea behind summarisation is to “shrink” the
data in the knowledge base by merging all constants that instantiate the same set of
unary predicates. Since summarisation is equivalent to extending the knowledge base

with equality assertions between constants, the summary knowledge base entails the
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original one by the monotonicity of first-order logic. Consequently, we can exploit

summarisation as follows:

1. If the satisfiability of K remains undetermined, we construct the summary of
K+ and check its satisfiability. If it is satisfiable, then K+ (and thus also K) is

also satisfiable.

2. Construct the summary of 9 and then use the fully-fledged reasoner to check
whether if the summary of a gap answer is entailed to be a certain answer of
the corresponding summary of ¢ in the summary of K%, discarding any answers

that are not so entailed.
Formally, summarisation is defined as follows.

Definition 10.1. A type T is a set of unary predicates; given a constant ¢ in K,
we say that 7' = {A | A(c) € K} is the type for ¢. For each type T, let ar be
a fresh constant uniquely associated with 7. The summary function over K is the
substitution § mapping each constant c in K to ar, where T is the type for c¢. Finally,
the summary of IC is 6. &

The following proposition shows how summarisation can be exploited to detect
spurious answers in our setting. Since summarisation can significantly reduce data
size in practice, and the relevant subsets K+ and K¢ are already significantly smaller
than K, checking the satisfiability of K+ and of each gap answer against K¢ becomes
feasible in many cases, even though doing so implies resorting to the fully-fledged

reasoner.

Proposition 10.2. Let 0 be the summary function over K. We have cert(q, )0 C
cert(q, K0) for every conjunctive query q.

Proof. Let G(K) be the knowledge base
GK)=KU{cmar |T={A]| A(c) € K}}.

Then we have G(K) is a conservative extension of K and G(K)# = K6. Due to
the monotonicity of first-order logic, we have G(K) = K. So we have cert(q,K) C
cert(q, G(K)) and hence cert(q, K)0 C cert(q, G(K))0. 1t is easy to verify from both
directions that cert(q, G(K))8 = cert(qf, K60). Thus, cert(q,K)0 C cert(qd, K0). O

104



Example 10.3. In the case of our running example, the remaining gap answers are
rabbit, tiger, and lion. Constants tiger and lion both have type {Mammal}, and are
therefore mapped to a fresh constant, say tpmammalr, that is uniquely associated with
type {Mammal} whereas the constant rabbit is mapped into the constant tyerbivore-
Since tpammal 1S Not a certain answer to g., w.r.t. the summary of .., we can de-
termine that both tiger and lion are spurious answers. Now it remains only a single

answer rabbit to be verified. &

10.1.2 Analysis of Answer Dependencies

If summarisation did not suceed in pruning all candidate answers in GG, we try in a last
step to further reduce the calls to the fully-fledged reasoner by exploiting dependencies
between the remaining candidate answers such that, if answer o depends on answer
7, and o is spurious, then so is 7.

Consider two possible answers 7 and ¢ in G9. Suppose that we can find an
endomorphism 7 from x7 to xo in the dataset Dy. If we can determine (by calling
the fully-fledged reasoner) that o is a spurious answer, then so must be 7; as a result,
we no longer need to call the fully-fledged reasoner to verify w. Such endomorphisms

are defined next.

Definition 10.4. ¢ = (¢y,...,¢,) and d = (dy, ..., d,) be n-tuples of constants from
K. An endomorphism from c to d in K is a mapping n from constants to constants
such that (i) ¢;n = d; for each 1 < i < n; (i) P(ty,...,t,)n € Dx for each fact
P(ty,...,tm) € Dx; and (i) rn € X for each r € X O

The relevant property of endomorphisms is given in the following proposition.

Proposition 10.5. Let 7,0 be two possible answers to q and let n be an endomor-

phism from xm to xo in K. Then, m € cert(q,K) implies o € cert(q, K).

Proof. Since 7 € cert(q, K), we know that K |= ¢(x)7. So there is a hyperresolution
derivation p = (T, \) of P,(x)r from K UR,. It is easy to check that (T, X on) is
a hyperresolution derivation of P,(x)o from K UR,. Then, K = ¢(x)o and hence
o € cert(q, K). O

Example 10.6. Consider a knowledge base consisting of rules and facts A(z) —
C(z), A(a), A(b), B(b). There is an endomorphism from a to b in the dataset. In this
case, for query ¢(z) = C(z), if we find that x — a is a certain answer to ¢, we know

that x — b is also a certain answer without resorting to a fully-fledged reasoner. <
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We exploit this idea to compute a dependency graph having candidate answer
tuples as nodes and an edge (7, o) whenever an endomorphism in Dy exists mapping
x7 to xo. Computing endomorphisms is, however, a computationally hard and we
will resort in practice to a sound greedy algorithm to compute a partial dependency

graph.

10.2 Query Internalisation

As described in the beginning of this chapter, our approach relies on a fully-fledged
reasoner to check conjunctive query entailment. In general, conjunctive query en-
tailment is challenging and computationally expensive. Decidability for knowledge
bases stemming from OWL 2 remains open. Existing OWL 2 reasoners, however, are
typically capable to answer conjunctive queries that are ground or tree-shaped. In

this chapter, we show how to use an existing OWL 2 reasoner to answer the more

general class of internalisable queries defined in [Definition 4.10]

In [Section 10.2.1] we introduce the notion of query graph, which will be exploited

to formalise our rolling-up technique in [Section 10.2.2, Later, in [Section 10.2.3| we

exploit our rolling-up technique to show that answering internalisable queries can be

reduced to entailment of data assertions and ontology satisfiability.

10.2.1 Query Graphs

Before defining query graphs, we introduce a mixed notation of DL and first-order

logic that will be exploited in query graphs.

Definition 10.7. Query concepts are formed according the following syntax:
C —{c}|{z} | A|3RSelf | JR.C | C1 Ny

where A stands for an atomic concept, ¢ a constant, x a variable, and R a role. A
query atom is of the form C(t) for a query concept C' or P(ty,ts) for an atomic role
P. A query atom is ground if it contains no variables.

The application of a substitution can be extended to query concepts naturally.

The result of applying ¢ to a query concept C'is defined as follows:

{o(z)} if C' is of the form {z} with variable z,
Co — dR.(C'o) if C' is of the form 3R.C",

(Cyo) M (Cyo) if C is of the form C; M Cy,

C otherwise.
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The application of o to query atoms C(t)o and P(ty,t2)o are defined as query atoms
(Co)(to) and P(ti0,ts0), respectively. O

Now we are ready to define query graphs.

Definition 10.8. A query graph G = (V;, V., V., E,p) is a labeled directed multi-
graph where

- Vi, Ve, Ve are pair-wise disjoint sets of free variables, existentially quantified

variables and constants, respectively,
- p maps each term u in Vy UV, UV, to a set p(u) of query concepts, and

- F is a set of directed edges u £ 4 from u to v labeled with an atomic role P.

A query graph is atomic if p(u) is a set of atomic concepts for each u € V.

Each edge u L v € E is associated with two sides, written as u L vandvZ u
We write for a side u = v € G if an edge in F is associated with this side.

An e-cycle in G is defined as a sequence wuy u Uy LN u, such that n > 2,
Uy = Up, U; € V. and u;_q & u; € G for each 1 < i < n, and R;_; # inv(R;) or
u;—o 7 u; for each 2 < i < mn. The set of all e-cycles in G is denoted by e-cyc(G). The
query graph G is e-acyclic if e-cyc(G) = 0. A term in V; UV, UV, is isolated in G if

it has no incoming edges or outgoing edges. &

Semantics of Query Graphs Let Z = (AZ,.Z) be an interpretation, let G =
(Vi, Ve, Vo, E, p) be a query graph, and let ¢ be substitution from V; to AT. A

witness of G and ¢ in 7 is a substitution ¢’ from V, to A such that
e 7 E (P(u,v))oc’ for each u L veE, and
e 7= (C(u))oo’ for each u € V and C € p(u).

The interpretation Z satisfies G and o if there exists a witness of G and ¢ in Z. By
slight abuse of notation, we write Z = Go to denote that Z satisfies G and o and
call such a substitution o an answer to G in Z. Since all query atoms P(u,v)oo’ and
C(u)oo’ are ground, the semantics of Z |= P(u,v)o0o’ and T |= (C(u))oo’ is defined
by the semantics of DLs.
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Figure 10.1: Internalisation of queries

Canonical Graph of Queries FEach conjunctive query can be seen as an atomic

query graph defined as follows.

Definition 10.9. Let ¢ be a conjunctive query. The canonical graph G(q) is the
following atomic query graph (Vy, V., V., E, p):

o Vi =f-var(q), V. = e-var(q), V. = const(q),

o p(u) ={A| A(u) € ¢} for each term v € V, and

oE:{u5y|P(u,v)€q}. ¢
In contrast to term graphs as in [Definition 4.4] edges in canonical graphs are di-

rected and each term is labeled with a set of query concepts. Despite these differences,
we can alternatively characterise internalisable queries by their canonical graphs by

the following proposition.
Proposition 10.10. A conjunctive query q is internalisable iff G(q) is e-acyclic.

The correctness of the proposition is trivial as the term graph U(q) of a query ¢

can be obtained from G(g) by ignoring edge directions and term labels. Then, by the

definition of e-cycle in [Definition 10.8 we have that an e-cycle in G(q) corresponds to

a cycle of length at least two involving only existentially quantified variables in U(q).

Example 10.11. [Figure 10.1] presents the canonical graphs of queries (c¢) and (d)
in [Figure 4.2 where free variables are underlined. The cycle y, z,w in

.
corresponds to the e-cycle y B2 w2 y in |Figure 10.1p. O
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A key property of the canonical graph of a conjunctive query is that it preserves

entailment of query answers w.r.t. an interpretation.

Proposition 10.12. Let q be a conjunctive query, let T = (AT, ) be an interpreta-

tion, and let o be a substitution from f-var(q) to AT. Then

I Eqoiff T G(q)o.

Since G(q) is atomic, the semantics of Z = G(q)o coincides with the semantics of

7 |= go and hence the proposition holds.

10.2.2 Rolling-up

Our rolling-up technique is an extension of the rolling-up for ALC (Horrocks and
Tessaris, 2000). We first define our rolling-up operation on query graphs and then

show that the operation preserves answers w.r.t. an interpretation.

Definition 10.13. Let G = (V}, V., V., E, p) be a query graph. A term y € V, is
a leaf if it is connected to a single incoming edge or a single outgoing edge. A side
u L v E G is applicable if v is a leaf or u € V, and v € {u} UV;U V.. Moreover, a
query graph is complete if it contains no applicable sides.

The rolling-up operation €(-,-) is defined on a query graph and an applicable side
in the graph. Let u 2 v be an applicable side in G, and let e € E be the edge
associated with this side. Then Q(G,u £ v) is defined as the following query graph
G = <Vf7 Ve/> Vcl7 £, :0/>:

o Vi=Vy, V=V, V=V, \ {v},

o /' =F\{e}, and

e o is given as follows for each term w in ViU VU V.

p(w) if w # u,
ooy ) pw) U{3R.(MpepwyD)} if w=wuand v €V,
plw) = p(w) U {3R.Self} if w=wuand u =,
p(w) U{3IRA{v}} ifw=wandveV,UV.. &

Clearly, the range of p' is a set of query concepts since 3R.([ |, D), IR.Self and
dR.{v} for each v € V; UV, are all query concepts. The rolling-up operation is

answer-preserving over query graphs, which can be formulated as follows.
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Lemma 10.14. Let G = (V;, V., V., E, p) be a query graph, let u L v be an applicable
side in G, let G' = Q(G,u i3 v), let T be an arbitrary interpretation, and let o be a
substitution from Vy to AT. We have

IEGoiffTECGD..

Proof. Let G" = (V{, V., V!, E, p). To prove the “only if” direction, we assume that 7

is a model of Go. Let ¢’ be a witness of G and o. It suffices to show that Z |= C'(u)oo’
for the concept C' added to p'(u) in this rolling-up step. We distinguish three cases:

- if u = v, then C' = FR.Self. Then Z |= ar(R, u,u)oo’ since there is a self-loop
in G labeled with the atomic role for R.

- ifv € V¢, then C' = 3R.([|pe, ) D). Then I |= ar(R,u,v)o0’ and Z |= D(v)oo’
for each D € p(v). Thus, T |= (3R.([pe ) D)) (w)oo’

-ifv € V; UV, then C = 3R{v}. Then 7 |= ar(R,u,v)o0’" and hence Z |=
(IRAv})oo’.

So the projection ¢’ to V! is a witness of G’ and ¢ in Z and hence Z = G'o.
To prove the “if” direction, we assume that Z is a model of G'o. Let ¢” be a

witness of G' and ¢ in Z. We distinguish three cases:
- if u = v, then Z |= FR.Self(u)oo”. Then 7 k= ar(R, u,u)oo’ for the self-loop in
G labeled with the atomic role for R.

- if v € Vi, then Z |= 3R.([pe () D)oo”. Then there exists a constant ¢, in A*
such that Z |= ar(R, u, ¢,)o0” and Z |= D(¢,)o0’ for each D € p(v). Extend o”
to map v to ¢,. Thus, Z |= (3R.([1pe ) D)) (w)od”.

-ifv e Vs UV, then T |= 3R{v}ooc”. Then T = ar(R,u,v)o0” and hence
7T = (3R A{v})oo”.

So the (extended) ¢” is a witness of G and ¢ in Z and hence Z = Go. O

An easy observation for the rolling-up operation is that it also preserves e-cycles

in a query graph G, since all sides involved in an e-cycle are not applicable in G.

Proposition 10.15. Let G be a query graph, and let u L 0 be an applicable side in
G. Then, e-cyc(G) = e-cyc(QG,u £ v)).
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10.2.3 Internalisation

The internalisation process of a conjunctive query ¢ amounts to exhaustively applying

the rolling-up operation to the canonical graph of q.

Definition 10.16. Let ¢ be a conjunctive query. Let < be an arbitrary but fixed
total ordering over all sides in G(q). The internalisation sequence of ¢ w.r.t. < is the

sequence of query graphs G°, G',...,G™ such that
e G'=G(q), G" is complete, and

. R R . ..
e for each 1 < ¢ < n, G; = QG;_1,u — v), where v — v is the minimum

applicable side of G~ w.r.t. <.
Finally, G™ is called the rolled-up graph of q. &

In each step of internalisation, an edge is removed from the query graph and a
concept is added to the label of a term. So the internalisation process can be done in
linear time w.r.t. the number of atoms in an input query. Moreover, the total size of
the labels on V; UV, UV, is bounded by the number of total number of the labels in
the canonical graph, and hence it is linear to the size of the input query.

Let G be a rolled-up graph of a query ¢q. Then G is complete and it contains
no applicable sides. So occurrences of existentially quantified variables in G are
restricted. If ¢ is internalisable, occurrences of existentially quantified variables in G

are further restricted.

Theorem 10.17. Let G = (V;, V., V., E, p) be the rolled-up graph of a conjunctive
query q. Then, q is internalisable iff each y € V, is isolated.

Proof. To show the “if” direction by contraposition, we assume that ¢ is not internal-

isable. Then G(q) contains an e-cycle by [Proposition 10.10l By [Proposition 10.15] we

have that this e-cycle is preserved in G. So all variables involved in this e-cycle are
not isolated. We prove “only if” direction by contraposition as well. Assuming that
a non-isolated y € V, exists, we next prove by induction on the index ¢ that there
exists an infinite sequence udl Y1 LCN yn such that each y; € V., ;1 5 v € G

for each 1 <i <nand R;_; # inv(R;) or y;_o # y; for each 2 <i < n.

Base case: [i < 1] The existence of a side y, is guaranteed by our assumption that
V. contains a non-isolated term. Let yo be such a non-isolated term in V, and let 1
be a term connected to yp in G. Then R; exists that yo & y1. As G contains no

applicable sides, we have y; € V..
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Inductive step: [ > 2] The induction hypothesis is that the side y;_o fu Y; exists.
Since G contains no applicable sides, GG has no leaf either. So there are at least two
edges connected to y;_1 in G, and y;_; has at least another edge other than the one
corresponds to y;_o fis y;. Let y; be the destination of the other edge. Then R;
exists such that y;_, kil y; € G and inv(R;) # R;_y or y; # y;—2. Since y;_ i y; is
not applicable, we have y; € V.

Since V is finite, there must exists a pair ¢ < j such that y; = y; in the sequence.

.. . .. .. Rit1 Riyo R; . .
Let 4, j such a pair that j is minimum. Then y; — ;41 — ... — y; is an e-cycle in

G. By [Proposition 10.15| and [Proposition 10.10] we have G is not internalisable. [

Example 10.18. For each example query ¢ in we use the following order

<, for the internalisation of ¢: for any terms w,v in ¢, u <, v if

- u € e-var(q) and v € const(q) U f-var(q); or
- u € const(q) and v € f-var(q); or
- u,v are from the same set of either e-var(q), const(q) or f-var(q), and u is the
lexicographically smaller than v.
The order <y is extended to sides of G(q) as follows: (u x v) < (v us o) if (i)

v < v, or (i) v =12 and

- R= P, and R' = P; for binary predicates P;, P, from ¢, or

- R=P (resp. R= P ), R = P, (resp. R = P, ) for binary predicates Py, P, in
q, and P; is lexicographically smaller than P,

or (i) v =v, R = R and u <y . |Figure 10.1| depicts the the internalisation
sequence of each query w.r.t. <. As we have discussed in [Example 4.11] the query
shown in is not internalisable. We can also observe that the e-cycle in
in the canonical graph remains in the rolled-up graph. O

Now we are ready to characterise answers to an internalisable query by its rolled-up
graphs. Given an OWL 2 ontology and a dataset, checking answers of an internalisable

query can be reduced entailment of data assertions and ontology satisfiability.

Theorem 10.19. Let O be an OWL 2 ontology, let D be a dataset, and let q(x)
be an internalisable query, and let G = (Vy, V., V., E, p) be the rolled-up graph of q.
Moreover, let o be a possible answer to ¢ in O UD. Then o is a certain answer to q
iff the following conditions hold.
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1. OUD = C(u)o for each uw e V; UV, and C € p(u);

2. OUDU{[ oeyy Co E CL} is unsatisfiable for each y € Ve; and

3. OUD = P(u,v)o for each edge u LvekE.

Proof. Let T = (AZ,-1) be an arbitrary model of 7(O)UD. To show the “only if” di-
rection, we assume that o € cert(q, 7(O)UD). Then Z = go and by [Proposition 10.12|
we have Z = G(q)o. By we have 7 = Go. For each u € V; UV, and
C € p(u), I = C(u)o since C(u)o is ground. For each u L v e B, we have P(u,v)o
is ground by [Theorem 10.17, Thus, we have Z = P(u,v)o for each edge u LvekE.
Let 0’ be a witness of G and o in Z. For each y € V, and C € p(y), we have o/(y) € AT
and Z |= C(o'(y))o. So I}~ [Noey,) Co E Cu.

We next prove the “if” direction. For each y € V., we have Z is not a model
of OUDU{[]eey, Co T Ci}. So there exists a constant ¢, € AT such that
¢y € (Mg Co)F- So ¢, € CF for each C' € p(y). Let o’ be the substitution that
maps each y € V. to ¢,. Then ¢’ is a witness of G and o in Z and hence Z = Go. By

Lemma 10.14] we have Z |= go. Therefore, o € cert(q, 7(O) U D). O

Let £ be a DL language, and let ¢ be an internalisable query. We say that q

is internalisable in L if there exists an ordering < such that the rolled-up graph

G = (Vy, V., V., E, p) of ¢ w.r.t. < satisfies the following conditions.
e For each u € Vy, p(u) is set of L-concepts.
e For each y € V,, |_|C€p(y) CCC,isaGClin L.

Example 10.20. Let ¢ = {z +— a,,z — a.} be a possible answer to the query
shown in w.r.t. a ontology O and a dataset D. Then o is an answer iff
OUD = {P(as,a,),IR13R3.{a.}(a;),IRsIRs.{a, }(a,)} and OUDU{AC C,} is
unsatisfiable. &

Therefore, the decidability of answering internalisable queries over OWL 2 on-
tologies is implied by the decidability of entailment checking of data assertions and

satisfiability checking.
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Part I1I
The PAGOdA System
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Chapter 11

System Description

We have implemented our approach in a system called PAGOdA, which is writ-
ten in Java and is available under an academic license. Our system integrates the
materialisation-based datalog reasoner RDFox (Motik et al., 2014) and the fully-
fledged OWL 2 reasoner HermiT (Glimm et al., 2014), and we also exploit the com-
bined approach for ELHO, (see implemented in KARMAE] PAGOdA
exploits all improvements and optimisations described in [Part II} the realisation of
our approaches is discussed in this chapter.

PAGOdA accepts as input arbitrary OWL 2 ontologies, datasets in turtle formatf|
and queries in an SPARQL-style syntax, which we specify next.

11.1 Query Language of PAGOdA

PAGOdA accepts as input queries in a SPARQL-style syntax. We deviate from the

standard SPARQL syntax and semantics for the following reasons.

e PAGOdA was designed to support arbitrary conjunctive queries. As already
discussed in [Section 4.2] conjunctive queries that do not correspond to OWL 2
ontologies are not legal according to the OWL 2 entailment regime. Although
PAGOdA is not guaranteed to be complete for all of such queries due to a
limitation of the underlying OWL 2 reasoner, it is capable to fully answer some
of such queries if the computed lower and upper bounds coincide. Furthermore,
PAGOdA is also guaranteed to be complete for arbitrary conjunctive queries if
an input ontology is in OWL 2 RL or ELHO', .

'KARMA is available at http://www.cs.ox.ac.uk/isg/tools/KARMA/.
Zhttp://www.w3.org/TR/turtle/
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e We also aim at providing a flexible mechanism at the syntax level to specify
which variables in a query should be interpreted under the first-order semantics

or the ground semantics.

Syntax A SPARQL conjunctive query ) is admissible if it is of the form
SELECT ?zy...7x, WHERE { s1 p1 01 . ... Spm Dm Om } (11.1)

where (i) each p; is an IRI, (i) o; is an IRI whenever p; is rdf:type, (i) no name
exists such that both ?name and _name occur in the query, and (i) no IRI in the
query with the only exception of rdf:type is in the reserved vocabulary of RDF, RDFS
or OWL.

Conditions (i) and (4i) ensure that variables do not occur in the places of predi-
cates, so that each triple pattern in the BGP of an admissible query directly corre-
sponds to a first-order atom. Condition (7i) guarantees that a variable and a blank

node in @) correspond to different first-order variables.

Example 11.1. Consider the legal queries in [Example 4.13] Only query is ad-
missible for PAGOdA. Queries [Q2] and [3] are not admissible since they contain IRIs

from the reserved vocabulary of RDFS and OWL other than rdf:type; query is

also not admissible as it contains a variable in a place of predicates. &

Semantics We define a translation function I' from RDF terms and query variables
to first-order terms as follows.
x if t is a variable of the form 7z,

['(t) =< y iftis a blank nodes of the form _:y,
t otherwise.

The translation function extends to triple patterns in admissible queries as follows.

o 0i(T(sy) if p; is rdf:type,
[(si pi 0;) = { pi(T'(s:),T(0;)) otherwise.

The application of the translation function extends to sets naturally. Let ) be an
admissible query for PAGOdA of the form , and let V', B be the sets of query
variables and blank nodes in @), respectively. The vector of answer variables xg of
@ is defined as (z1,...,x,); the vector of ground variables zg of @) is defined as a

vector (uq, ..., uy,) such that {u,...,u,} =I'(V) \ x¢; and the vector of existential
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variables y¢ is defined as a vector (yi,...,ys) such that {y1,...,y,} = I'(B). Then

the query g corresponding to () is defined as the following conjunctive query.

n

40(xq,2q) = Jyol\ T(si pi 01))-
i=1
The set of answers to @ in a knowledge base K computed by PAGOdA is the set of
projections on x¢ of certain answers of gg w.r.t. K.

The semantics of an admissible query in PAGOdA coincides with the standard
SPARQL semantics if no blank nodes appear in the query, but both semantics differ in
the presence of blank nodes. PAGOdA treats blank nodes as existentially quantified
variables in conjunctive queries, which can be mapped to arbitrary domain elements

in models of an input knowledge base.

Example 11.2. Consider again the legal queries in the semantics of
in PAGOdA is exactly the same as the standard SPARQL semantics. In contrast,

the following query [Q4] differs both semantics.
SELECT 7z WHERE { 7z eats _y. _y rdf:itype Plant } (Q4)

The semantics of in PAGOdA is based on the first-order semantics of gggz(r) =
Jyleats(z,y) A Plant(y)], and hence it captures the standard SPARQL semantics of
Q2 which is not admissible for PAGOdA. &

This syntax and semantics are flexible enough to express arbitrary conjunctive
queries. Moreover, in this way, we can capture the ground semantics of conjunctive
queries, the first-order semantics or a mixture of both. As mentioned before in
the class of queries that can be fully answered by PAGOdA depends on the
capability of the underlying OWL 2 reasoner. Let () be an admissible query, and fix
an arbitrary input knowledge base. Using HermiT as the underlying OWL 2 reasoner,
PAGOdA’s behaviour for @ is listed as follows.

o If g is internalisable, PAGOdA is sound and complete for Q).

o If ¢p is not internalisable but the computed lower and upper bounds for
coincide, PAGOdA is sound and complete for Q.

o If g¢ is not internalisable and the computed bounds for @) differ, PAGOdA is
able to provide a set of sound answers and an upper bound for query answers

to estimate how incomplete the sound answers are.
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Figure 11.1: The architecture of PAGOdA

11.2  Architecture of PAGOdA
The architecture of PAGOdA is depicted in [Figure 11.1] Each box in

represents a component of PAGOdA, and indicates any external systems that are ex-
ploited within that component. We could, in principle, use any materialisation-based
datalog reasoner that supports conjunctive query evaluation and the incremental addi-
tion of facts, and any fully-fledged OWL 2 reasoner that supports entailment checking
of data assertions and satisfiability checking.

PAGOdA uses four instances of RDFox (one in each of the lower bound, c-chase,

c-chase/ and subset extractor components) and two instances of HermiT (one in each
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of the summary filter and dependency graph components).

The process of fully answering a query can be divided into several steps. Here,
we distinguish between query independent steps and query dependent ones. As we
can see in [Figure 11.1] the “loading ontology and data” and “materialisation” steps
are query independent. Therefore, both of them are counted as pre-processing steps.
“Computing query bounds”, “extracting subset” and “fully-fledged reasoning” are
query dependent, and are called query processing steps. We next describe the each

component, following the process flow of PAGOdA.

Loading Ontology and Data PAGOdA uses the OWL API to parse the input
ontology O. The dataset D is given separately in turtle format. The normaliser then
computes the set of rules corresponding to the axioms in the ontology. PAGOdA’s
normaliser is an extension of HermiT’s clausification component (Glimm et al., [2014)),
which transforms axioms into so-called DL-clauses (Motik et al.,|2009¢). The dataset
is loaded directly into (the four instances of ) RDFox.

After normalisation, the ontology is checked to determine if it is inside OWL 2 RL
or ELHO', . If an input ontology is in OWL 2 RL (resp. ELHO'} ), then RDFox (resp.
KARMA) is already sound and complete, and in such cases PAGOdA simply processes
the ontology, dataset and queries using the relevant component. Otherwise, PAGOdA
uses a dedicated program shifting component to enrich the deterministic part of the
ontology with additional information from disjunctive rules (see, resulting

in a set of rules Y.

Materialisation There are three components involved in this step, namely lower
bound, c-chase and c-chase/. Each of these takes as input ¥ and D, and each computes
a materialisation (shown in as ellipses). The lower bound component per-
forms Step [1] and 2] from in order to compute an aggregated lower bound
MZE. The c-chase and c-chase/ components compute the MY and MY upper bound
materialisations as described in and using a dedicated implementation
of the c-chase algorithm. The chase sequence is stored in RDFox, and the applica-
bility of existential and disjunctive rules is determined by posing SPARQL queries to
RDFox. When applying a disjunctive rule (while computing MY), PAGOdA uses a
choice function to select one of the disjuncts. As discussed in [Section 8.4] the choice
function should try to select disjuncts that will not (eventually) lead to a contradic-
tion. To this end, PAGOdA implements the following heuristics.
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e We construct a standard dependency graph containing an edge from predicate
P to @ if there is a rule where P occurs in the body and @ in the head. Then,
we compute a preference ordering on the predicates occurring in a disjunction
according to their distance from | in the dependency graph, preferring those
that are furthest from 1.

e We exploit the result of materialising D using the shifting enriched rules in X
(see [Section 7.1)). If a fact of the form P(a) is obtained in the materialisation,
then —P(a) follows from the knowledge base. Hence, if we have obtained P(a),
then we try to avoid choosing P(a) from a disjunct P(a) V x during chase

computation.

If ML contains a contradiction, then the input ontology and dataset is unsatis-
fiable, and PAGOdA reports this and terminates. If 1, is derived in MY, then the
computation of the materialisation is aborted and MY is no longer used. If MY
contains 1 ,, then PAGOdA checks the satisfiability of > U D; in effect, it computes
cert(L,X U D). If the answer to this query is non-empty, then the input ontology
and dataset is unsatisfiable, and PAGOdA reports this and terminates; otherwise the
input ontology and dataset is satisfiable, and PAGOdA is able to answer queries.

Computing Query Bounds Let () be an admissible query for PAGOdA. PAGOdA
computes the lower bound answers L% of @) obtained by first evaluating ¢g(xg, zg) in
the lower bound materialisation MJ and then projecting its answers to xg. In order
to do this it exploits KARMA’s implementation of the filtration procedure (algorithm
soundAnswers in , but for clarity this step is shown separately (as a circle
with an ‘F’ in it) in . If 1, was not derived when computing the MY
materialisation, the upper bound answers to @ is obtained by U? = cert(qg, MY) N
cert(qg, MY); otherwise U9 = cert(qqg, MY). In either case U? is computed directly
by using RDFox to answer the conjunctive query gg w.r.t. the relevant materialisation.

The gap between lower and upper bound query answers to the input query is defined

as G9 = {o e U | 0|, & L9}

Extracting Subsets The tracking encoder component implements the datalog en-

coding based on with the optimisations described in [Section 9.3 The
resulting datalog knowledge base of K, gg and G? is added to the rules and facts

in the c-chase component, and RDFox is used to extend the c-chase materialisation

accordingly. The freshly derived facts (over the tracking predicates introduced by
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the tracking encoder) are then passed to the subset extractor component, which uses
these facts to identify all the facts and rules that are relevant for checking gap an-
swers, and computes the intersection between relevant facts and the input dataset D

by querying an instance of RDFox containing D only.

Fully-fledged Reasoning PAGOdA uses HermiT to verify gap answers in G¥. As
HermiT is capable of entailment checking of data assertions and satisfiability check-
ing over OWL 2 ontologies, we have also implemented the rolling-up technique in
to transform answer checking of internalisable queries into entailment
checking of data assertions and satisfiability checking. In the summary filter com-

ponent, PAGOdA uses HermiT to filter out gap answers that are not entailed by a

summary of K¢ (see [Section 10.1.1). The remaining gap answers G’ C G% are then

passed to the endormorphism checker, which exploits a greedy algorithm to compute
an (incomplete) dependency graph between answers in GG'. This graph is used by the

heuristic planner to optimise the order in which the answers in G’ are checked using

HermiT (see [Section 10.1.1)). The projections on x¢ of verified answers from G’ and

the lower bound L€ are returned as the answers to Q.
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Chapter 12

Evaluation

We have evaluated our query answering system PAGOdA on a wide range of realistic
and benchmark ontologies, datasets and queries, and we have compared its perfor-

mance with state-of-the-art query answering systems. Our test data and the systems

used for comparison are introduced in [Section 12.1jand [12.2] respectively. Our results
are discussed in [Section 12.3] Experiments were conducted on a 32 core 2.60GHz In-
tel Xeon E5-2670 with 250GB of RAM, and running Fedora 20. All test ontologies,
queries, and results are available online.[]

The empirical results have shown that PAGOdA outperforms the state-of-the-art

query answering systems in different aspects including the quality of the computed

answers and the efficiency to compute answers. Moreover, the scalability test on
systems has revealed that the processing time for PAGOdA to answer queries appears
to be polynomial in most of the cases. Finally, we have shown that each individual

technique proposed in the thesis does make impact in the experiment.

12.1 Test Ontologies and Queries

[Table 12.7] summarises our test data. The first two columns in the table indicate
the total number of DL axioms in each test ontology as well as the total number
of rules after normalisation. We are interested in ontologies that are not captured
by OWL 2 RL and hence cannot be fully processed by RDFox; thus, the number
of rules containing existential quantifications and disjunctions is especially relevant
and is given in the third and fourth colummns of the table, respectively. Finally, the

rightmost column lists the number of facts in each dataset.

Thttp://www.cs.ox.ac.uk/isg/tools/PAGOdA/2015/jair/
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faxioms frules f3-rules fV-rules ffacts

LUBM(n) 93 133 15 0 nx10
UOBM(n) 186 234 23 6 2.6n x 10°
FLY 14,447 18,013 8396 0 8 x 103
NPD 771 778 128 14 3.8 x 108
DBPedia® 1,716 1,744 11 5 2.9 %107
ChEMBL 2,593 2,960 426 73 2.9 x 10
Reactome 559 575 13 23 1.2 x 107
Uniprot 442 459 20 43 1.2 x 108

Table 12.1: Statistics for test datasets

LUBM and UOBM  are widely-used reasoning benchmarks (Guo et al., 2005; |Ma
et al., 2006). The ontology axioms in these benchmarks have been manually created
and are considered fixed, whereas the data is synthetically generated according to
a parameter n that determines its size. LUBM and UOBM come with 14 and 15
standard queries, respectively. To make the tests on LUBM more challenging, we
extended the benchmark with 10 additional queries for which datalog lower-bound

answers are not guaranteed to be complete (as is the case for the standard queries).

FLY is a realistic ontology that describes the anatomy of the Drosophila and which
is currently integrated in the Virtual Fly Brain toolE] Although the data is rather
small compared to other test cases (about 8, 000 facts), the ontology is very rich in
existentially quantified rules, which makes query answering especially challenging.

We tested 6 realistic queries that were provided by the developers of the ontology.

NPD FactPages is an ontology describing the petroleum activities in the Norwe-
gian continental shelf. The ontology comes with a realistic dataset containing 3.8
million facts. Unfortunately, for NPD we have no realistic queries so we tested all

atomic queries over the signature of the ontology.

DBPedia contains information about Wikipedia entries. Although the dataset is
rather large, the ontology axioms are simple and can be captured by OWL 2 RL. To
provide a more challenging test, we have used the ontology matching system LogMap
(Jiménez-Ruiz and Cuenca Grau, 2011) to extend DBPedia with a tourism ontology
containing both existential and disjunctive rules. As in the case of NPD we have no

example test queries, so we focused our evaluation on atomic queries.

Zhttp://www.virtualflybrain.org/site/vfb_site/overview.htm
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ChEMBL, Reactome, and Uniprot are realistic ontologies that have been made
publicly available through the European Bioinformatics Institute (EBI) linked data
platform | These ontologies are especially interesting for testing purposes. On the
one hand, both the ontology axioms and data are realistic and are being used in a
number of applications; on the other hand, the ontologies are rich in both existentially
quantified and disjunctive rules, and the datasets are extremely large. Furthermore,
the EBI website provides a number of example queries for each of these ontologies.
In order to test scalability on these datasets as well as to compare PAGOdA with
other systems we implemented a data sampling algorithm based on random walks
(Leskovec and Faloutsos, |2006) and computed subsets of the data of increasing size.
We have used for evaluation those example queries that correspond to conjunctive

queries as well as all atomic queries over the relevant signature.

12.2 Comparison Systems

We compared PAGOdA against four ontology reasoners: HermiT (v.1.3.8), Pellet
(v.2.3.1), TrOWL-BGP (v.1.2), and Hydrowl (v.0.2). With the single exception of
TrOWL, all these systems implement sound and complete algorithms for standard
reasoning tasks over OWL 2 ontologies, including ontology satisfiability checking and
concept instance retrieval. Additionally, all but HermiT provide support to answer
SPARQL queries.

As pointed out in the Chapter [0 there are many other systems that can answer
queries over ontologies. However, these systems have generally been designed for spe-
cific fragments of OWL 2, and are incomplete for ontologies outside these fragments.
Although TrOWL is also incomplete for OWL 2, it has been included in the evaluation
because it is, on the one hand, a widely-used system in semantic web applications
and, on the other hand, it is similar to PAGOdA in that it exploits ontology approx-
imation techniques. In what follows, we describe the capabilities of these systems in

more detail.

HermiT is a fully-fledged OWL 2 reasoner based on the hypertableau calculus
(Motik et al., 2009¢; Glimm et al., 2014). HermiT focuses on standard reasoning tasks
in DLs. It does not provide a query answering API, but it is capable of answering

(complex) concept queries and checking entailment of data assertions.

3http://www.ebi.ac.uk/rdf/platform
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Pellet is a tableau-based OWL reasoner with support for conjunctive query answer-
ing (Sirin et al., 2007)). Pellet provides a SPARQL API, and hence it can compute
the set of all ground answers to arbitrary conjunctive queries. Moreover, Pellet is
also capable of computing certain answers to tree-shaped conjunctive queries by a

rolling-up technique.

TrOWL is a system based on approximated reasoning. It accepts as input an arbi-
trary OWL 2 ontology and a conjunctive query in SPARQL, and aims at computing
ground answers to the given query (Thomas et al. [2010). TrOWL exploits a tech-
nique that approximates the input ontology into the OWL 2 QL profile, and it does

not provide completeness guarantees.

Hydrowl (Stoilos, 2014b) is a hybrid reasoning system that is similar in spirit to
PAGOdA (see for a detailed comparison). Hydrowl integrates the triple
store OWLim and the OWL 2 reasoner HermiT. It accepts as input an arbitrary OWL
2 ontology and conjunctive queries as datalog rules, and then computes the ground

answers to a given query.

12.3 Experiments and Results

We have performed three different sets of experiments. In the first set, we compared
PAGOdA with the above mentioned systems, with respect to both the quality of
their answers (i.e., the number of correctly answered queries) and their performance
relative to PAGOdA. In the second set, we evaluated the scalability of PAGOdA
by considering datasets of increasing size. Finally, in the last set, we evaluated the

effectiveness of each of the different reasoning techniques implemented in PAGOdA.

12.3.1 Comparison with Other Systems

We have compared PAGOdA with the other systems on our test ontologies. We
used LUBM(1) and UOBM(1) since they are already rather hard for some of the
systems. Similarly, we used relatively small samples of the EBI platform ontologies
(1% of the data for ChEMBL and UniProt, and 10% for Reactome) that can be
processed by the majority of systems. For each test ontology we computed all ground

answers to the corresponding test queries, and whenever possible we used the rolling-

up technique (see [Definition 10.13) to additionally compute all certain answers of

tree-shaped queries. In the case of FLY, all test queries yield an empty set of ground
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Figure 12.1: Quality of the answers computed by each system

answers, so in this case we computed only the certain answers (all FLY queries are
tree-shaped). We set timeouts of 20 minutes for answering each individual query, and
5 hours for answering all the queries over a given ontology.

summarises the quality of the answers computed by each reasoner.
Each bar in the figure represents the performance of a particular reasoner w.r.t. a
given ontology and set of test queries. We use green to indicate the percentage of
queries for which the reasoner computed all the correct answers, where correctness
was determined by majority voting, and blue (resp. purple) to indicate the percentage
of queries for which the reasoner was incomplete (resp. unsound). Red, orange and
grey indicate, respectively, the percentage of queries for which the reasoner reported
an exception during execution, did not accept the input query, or exceeded the time-
out. Under our criterion of correctness, PAGOdA was able to correctly compute all
answers for every query and test ontology within the given timeouts. Consequently,
the performance of PAGOdA is not represented in the figure.

summarises the performance of each system relative to PAGOdA, but
in this case we considered only those queries for which the relevant system yields
an answer (even if the computed answer is unsound and/or incomplete). This is
not ideal, but we chose to consider all such queries (rather than only the queries for
which the relevant system yields the correct answer) because (i) the resulting time
measurement is obviously closer to the time that would be required to correctly answer
all queries; and (i) correctness is only relative as we don’t have a gold standard for

query answers. For each ontology and reasoner, the corresponding bar shows t5/t; (on
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Each bar depicts the total time to answer all queries for an ontology in comparison with PAGOdA.

Figure 12.2: Performance comparison with other systems

a logarithmic scale), where ¢, (resp. t2) is the total time required by PAGOdA (resp.
the compared system) to compute the answers to the queries under consideration; a
missing bar indicates that the comparison system failed to answer any queries within
the given timeout. Please note that two different bars for the same ontology are not
comparable as they may refer to different sets of queries, so each bar needs to be
considered in isolation.

We can draw the following conclusions from the results of our experiments.

o TrOWL is faster than PAGOdA on LUBM with rolling up, UOBM with rolling
up and FLY with rolling up, but it is incomplete for 7 out of 14 LUBM queries
and 3 out of 4 UOBM queries. For ChEMBL, TrOWL exceeds the timeout while
performing the satisfiability check. For the remaining ontologies, PAGOdA is
more efficient in spite of the fact that TrOWL is incomplete for some queries,

and even unsound for several UniProt queries.

e Pellet is one of the most robust systems in our evaluation. Although it times
out for the FLY ontology, it succeeds in computing all answers in the remaining
cases. We can observe, however, that in all cases Pellet is significantly slower

than PAGOdA, sometimes by more than two orders of magnitude.

e HermiT can only answer queries with one free variable, so we could not eval-
uate atomic binary queries. We can see that HermiT exceeds the timeout in

many cases. In the tests where HermiT succeeds, it is significantly slower than

PAGOdA.
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e Although Hydrowl is based on a theoretically sound and complete algorithm, it
was found to be incomplete in some of our tests. It also exceeded the timeout
on all queries for three of the ontologies, ran out of memory on all queries for
another two of the ontologies, and reported an exception for ChEMBL 1%. In

the remaining cases, it was significantly slower than PAGOdA.

12.3.2 Scalability Tests

We tested the scalability of PAGOdA on LUBM, UOBM and the ontologies from the
EBI linked data platform. For LUBM we used datasets of increasing size with a step
of n = 100. For UOBM we also used increasingly large datasets with step n = 100
and we also considered a smaller step of n = 5 for hard queries. Finally, in the case of
EBI’s datasets, we implemented a data sampling algorithm based on random walks
and computed subsets of the data of increasing sizes from 1% of the original dataset
up to 100% in steps of 10%. We used the test queries described in[Section 12.1for each

of these ontologies; as in [Section 12.3.1] we computed ground answers and, whenever

possible, used the rolling-up technique to additionally compute certain answers. For

each test ontology we measured the following:

e Pre-processing time. This includes all pre-processing steps in as well

as satisfiability checking (i.e., query processing for the Boolean unsatisfiability

query).

e Query processing time. This is the time to perform the query processing steps
for a query in the given ontology. We organise the test queries into the following
three groups depending on the techniques exploited by PAGOdA to compute

their answers:

— G1: queries for which the lower and upper bounds coincide;

— G2: queries with a non-empty gap, but for which summarisation is able

to filter out all remaining candidate answers; and

— G3: queries where the fully-fledged reasoner is called over an ontology

subset on at least one of the test datasets.

In the scalability test, we set a timeout of 5 hours for answering all queries and
2.5 hours for each individual query. For LUBM and UOBM, we increased the size of
the dataset until PAGOdA exceeded the timeout; for the other ontologies, PAGOdA

was able to answer all queries within the timeout, even with the largest dataset.
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Figure 12.3: Scalability tests on benchmarks

Pellet was the only compared system found to be sound and complete for our
test ontologies and queries, so we have also conducted scalability tests on it. The
scalability of Pellet is, however, limited: it already failed on LUBM(100), UOBM(5),
as well as ChEMBL 10% and Uniprot 10%. The only dataset were Pellet managed to
process at least two data samples was Reactome, where it succeeded on all samples
smaller than 40%. The case for Reactome is discussed in detail later on.

Our results are summarised in [Figure 12.3] and [12.4. For each ontology, we plot

time against the size of the input dataset, and for query processing we distinguish

different groups of queries as discussed above. PAGOdA behaves relatively uniformly
for queries in G1 and G2, so we plot only the average time per query for these groups.
In contrast, PAGOdA’s behaviour for queries in G3 is quite variable, so we plot the

time for each individual query.

LUBM(n) As shown in [Figure 12.3a}, pre-processing is fast, and times appear to
scale linearly with increasing dataset size. All LUBM queries belong to either G1

or G3 with the latter group containing just two queries. illustrates the
average query processing time for queries in G1, which never exceeds 13 seconds, as
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Figure 12.4: Scalability tests on EBI linked data platform

well as the time for each of the two queries in G3 (Q32 and Q34), which reaches 8,000
seconds for LUBM(800), most of which is accounted for by HermiT.

UOBM(n) processing times never exceeds 8 seconds from UOBM(1) to UOBM(500).
We found one query in G2. Processing times for this query were somewhat longer
than for those in G1 and reached 569s for UOBM(500). Finally, we found one query
(Q18) that, due to UOBM’s randomised data generation, was in different groups for
different datasets: in UOBM(1), UOBM(10) and UOBM(50) it was in G3, and Her-
miT was called on the relevant subsets to fully answer the query; in UOBM(40) it

was in G2, and HermiT was called on only the summary of the relevant subset; and
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in all the remaining cases shown in it was in G1, and the lower and
upper bounds coincided. This query timed out in UOBM(50), due to the time taken
by HermiT to reason over the relevant subset, but we have shown the times for the
remaining G1 and G2 queries up to UOBM(500).

We next take a closer look at the most difficult query in G3 of UOBM. The query
is q(x) = PeopleWithManyHobbies(z). The concept PeopleWithManyHobbies appears
in an equivalence axiom PeopleWithManyHobbies = > 3like. The translation of this

axiom into rules contains in the following disjunctive rule.

like(x, 1) A like(z, y2) A like(x, y3) — PeopleWithManyHobbies(x) V

Y1 =R Y2 VY1 XysVys =Yz

In the upper bound computation with the refined handling for disjunctive rules, the
choice function always prefer PeopleWithManyHobbies(x) over qualities atoms. The
reason is that it is very difficult to choose the correct equality atoms to avoid deriving
1, so it is a conservative choice to choose PeopleWithManyHobbies(x). However, this
results in a large number of spurious answers for this query in the upper bound. A
potential solution is to look into the choice function and design a more advanced one,

which is left as a future work.

ChEMBL As shown in [Figure 12.4a}, pre-processing times are significant but man-
ageable, and again appear to scale linearly with dataset size. All test queries were
contained in G1. illustrates the average processing times for all queries,

which was less than 0.5s for all datasets and increases smoothly with dataset size.

Reactome As shown in pre-processing times again appear to scale
quite smoothly. Groups G2 and G3 each contained one query, with all the remaining

queries belonging to G1. Query processing times are shown in [Figure 12.4d] Average
query processing time for queries in G1 never exceeded 10 seconds. Average process-
ing times for G2 queries appeared to grow linearly to the size of datasets, and average
time never exceeded 10 seconds. Finally, it can be seen that the G3 query (Q65) is
much more challenging, but it could still be answered in less than 900 seconds, even
for the largest dataset.

As already mentioned, we also tested the scalability of Pellet on Reactome, where
Pellet is able to process the samples of size 10%, 20% and 30%. The pre-processing
time of Pellet on these datasets is comparable with PAGOdA as shown in [Figure 12.4d
Average query-processing times for queries in G1 and G2 are slightly higher than
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LUBM(100) UOBM(I) FLY NPD DBPedia

Total 35 20 6 478 1247
L+ U 26 4 0 442 1240
Lo, +Un 33 4 5) 442 1241
Ly + Uy 33 12 O 442 1241
Ly + Uy 33 16 5) 473 1246

ChEMBL 1% Reactome 10% Uniprot 1%

1896 130 240

1883 82 204

1883 82 204

1883 98 204

1896 128 236

Table 12.2: gQueries answered by different bounds

those of PAGOdA. In contrast, times for query Q65 were significantly higher: 445s,
518s and 2,626s for Reactome 10%, 20% and 30%, respectively (see [Figure 12.4d).
Processing times for Q65 in PAGOdA, however, grow smoothly thanks to the effec-
tiveness of the subset extraction technique, which is able to keep the input to the

fully-fledged reasoner small, even for the largest datasets.

Uniprot In contrast to the other cases, Uniprot as a whole is unsatisfiable; our
sampling technique can, however, produce a satisfiable subset. illustrates
pre-processing times. As can be seen, these drop abruptly for unsatisfiable samples
(50% and larger); this is because unsatisfiability can be efficiently detected in the
lower bound. The figure shows that time to detect inconsistency for 100% is even less
than that for 90%; this is because the time is dominated by loading time, and I/O
performance varies from run to run. Query processing times were only considered for
satisfiable samples (see [Figure 12.4f). There were no queries in G3, and only four in
G2. We can observe that average times for all queries appear to scale linearly with

data size for both groups.

12.3.3 Effectiveness of the Implemented Techniques

We have evaluated the effectiveness of the various reasoning techniques implemented
in PAGOdA by comparing the numbers of test queries that can be fully answered

using the relevant technique.
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Query Bounds In[Chapter 7/and [§we described different techniques for computing
lower and upper bound query answers. illustrates the effectiveness of each
of these bounds in terms of the number of queries for which the bounds coincided on
our test ontologies. In the table, we refer to the lower bound described in
as L, and to the aggregated lower bound described in as Ly. Similarly,
we refer to the three upper bound computation techniques discussed in as
Ui, Us, Uz and the combined upper bound Us3. We can observe the following from

our experiments:

e The basic lower and upper bounds suffice to answer most of the queries in many
test ontologies. In particular, L; and U; matched in 26 out of the 35 queries for
LUBM(100), 442 out of 478 for NPD, 240 out of 1247 for DBPedia, 1883 out of
1896 for ChEMBL, and 204 out of 240 for Uniprot.

e The aggregated lower bound Ly was very effective in the case of FLY, where
the basic bounds did not match for any query. It was also useful for LUBM,

yielding matching bounds for 7 more queries.

e The refined treatment of existential rules described in [Section 8.2 which yields
the upper bound U,, was especially effective for UOBM(1) and Reactome, where
many existentially quantified rules were already satisfied by the lower bound

materialisation.

e Finally, the refined treatment of disjunctive rules in[Section 8.3 which yields the
combined upper bound Uy3, was instrumental in obtaining additional matching
bounds for non-Horn ontologies. We could answer an additional 4 queries for
UOBM(1), 31 for NPD, 5 for DBPedia, 13 for ChEMBL, 30 for Reactome, and
32 for Uniprot.

Overall, we obtained matching bounds for most queries in all our test ontologies:
we could answer all queries for ChEMBL, and all but 1 for FLY and DBPedia, all but
2 for Reactome and LUBM(100), all but 4 for UOBM(1) and Uniprot, and all but 5
for NPD.

Subset Extraction shows, for each dataset, the maximum percentage
of facts and rules that are included in the relevant subset over all test queries with
non-matching bounds. We can observe that subset extraction is effective in all cases

in terms of both facts and rules. For Uniprot and DBPedia, the reduction in data
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LUBM UOBM Fly NPD DBPedia Reactome Uniprot

Facts 05% 104% 7.3% 16.5% 9 x 107°% 52% 4 x 1071%
Rules 3.7%  10.9% 0.9% 18.4% 2.4% 5.3% 1.1%

Table 12.3: Size of the largest subsets

LUBM UOBM FLY

Ly+ Uy 26 14]264 112 1470 264 | 344
+Sum 26 14|264 0 1444 264 | 344
+Dep 1 1| 1 0 11 7

DBPedia NPD Reactome UniProt

10 | 326 | 18 52 168
0 0 0 22 0
0 0 0 37 0

Table 12.4: gHard calls to HermiT to fully answer each query

size was especially dramatic. It is also interesting to observe the large reduction in
the number of rules for FLY, which is a rather complex ontology. Finally, subset
extraction was least effective for NPD and UOBM, but even in these cases there was

a reduction of almost one order of magnitude in the size of both ontology and dataset.

We now turn our attention to summarisation and dependency analysis. The effec-
tiveness of these techniques was measured by the number of “hard” calls to HermiT
that were required to fully answer each query, where a call to HermiT is considered
hard if the knowledge base passed to HermiT is not a summary. The first row of
shows the number of gap answers for each query where the Ly and Uy
bounds don’t match. Without optimisation, we would have to call HermiT this num-
ber of times to fully answer each query. Row 2 (resp. row 3) shows the number of
hard calls to HermiT after applying summarisation (resp. summarisation plus de-
pendency analysis). As we mentioned above, there are respectively 5 and 4 queries
with non-matching bounds for NPD and UniProt. However, for each of these groups,
summarisation and dependency analysis have identical effects on all the queries in

the group, so we present just one representative query for each ontology.

Summarisation As already discussed, summarisation enables PAGOdA to fully
answer a number of test queries with non-empty gaps. It was instrumental in fully
answering one query for each of UOBM(1), DBPedia and Reactome, as well as 5

queries for NPD, and 4 queries for Uniprot. Even in the cases where summarisation
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did not suffice to fully answer the query, it was effective in reducing the size of the
gap. For instance, for one of the queries for UOBM(1) we obtained 1,470 gap answers,

of which 26 were ruled out by summarisation.

Dependency Analysis In LUBM(100) there were two queries with a gap of 26
answers and 14 answers, respectively; in both cases, all answers were merged into a
single group, and hence a single call to HermiT sufficed to complete the computation.
Similarly, in UOBM(1) a single call to HermiT was again sufficient, even though the
three queries with a gap involved a large number of candidate answers. For FLY,
there are 344 answers remaining to be verified after summarisation, but only 7 hard
calls to HermiT were required. Finally, in the case of Reactome one query had 52

gap answers, but dependency analysis reduced the number of calls to HermiT to 37.
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Chapter 13

Discussion

This thesis proposes a novel “pay-as-you-go” approach for conjunctive query answer-
ing that combines a datalog reasoner with a fully-fledged reasoner. The key feature
of this approach is that it delegates the bulk of the computation to the scalable dat-
alog reasoner and resorts to the expensive fully-fledged reasoner only as necessary to
fully answer a query. The proposed techniques are very general and applicable to
a wide range of reasoning problems. The main goal in practice, however, has been
to realise this approach in a highly scalable and robust query answering system for
OWL 2 ontologies, which is called PAGOdA. An extensive evaluation has not only
confirmed the feasibility of this pay-as-you-go approach in practice, but also that
the PAGOdA system significantly outperforms state-of-the art reasoning systems in
terms of both robustness and scalability. In particular, the experiments using the
ontologies in the EBI linked data platform have shown that PAGOdA is capable of
fully answering queries over highly complex and expressive ontologies and realistic

datasets containing hundreds of millions of facts.

Future Work

The work in this thesis opens up numerous exciting possibilities for future research.

Syntactical Conditions As we mentioned in [Chapter 11| if an input ontology
is captured by OWL 2 RL or ELHO',, the aggregated lower bound is tight for an
arbitrary conjunctive query and hence PAGOdA can exploit RDFox or KARMA to
fully answer queries over the input ontology. Since the aggregated lower bound is tight
for both OWL 2 RL and £LHO', ontologies, it could be tight for a more expressive
ontology language that covers both. If there is a syntactical condition for such a

target language, it can be easily incorporated into PAGOdA.
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Similarly, it is possible that our upper bound is tight for certain ontology lan-
guages. We could also investigate the syntactical conditions of such languages. If an
input ontology is captured by one of such languages, PAGOdA could fully answer
queries over this ontology without resorting to a fully-fledged reasoner, even when
the lower and upper bounds do not match.

Moreover, for a given ontology language, it might be possible to identify classes
of conjunctive queries that can be fully answered by the lower or upper bound w.r.t.

knowledge bases stemming from ontologies in the target language.

Fine-grained Existential Expansion For Horn knowledge bases, oblivious chase
(Cali et al., 2013)) is both sound and complete, although the termination of chase
procedure is not guaranteed. However, there has been some work on syntactical con-
ditions to ensure chase termination (Cuenca Grau et al., 2013). On the one hand,
in some cases, we will probably get a tighter lower bound by introducing some new
anonymous individuals for existentially quantified rules without affecting the termi-
nation of the procedure. If the chase termination is not guaranteed, we could ignore
existential rules after a certain number of expansion steps. On the other hand, it is
possible to expand our upper bound materialisation by introducing fresh individuals
first and then reusing existing individuals. Consider an ontology {A C 3R.A} and
a dataset {A(a1), A(az), A(az)}. The current approach for existentially quantified

rules results in the lower and upper bound materialisation in [Figure 13.1aand [13.1¢],

respectively. It is easy to see that the bounds computed w.r.t. the refined approach

shown in [Figure 13.1b]and [13.1d| turn out to be tighter. There are interesting topics

for this fine-grained existential expansion, e.g. what is the best expanding depth of a
specific input ontology, how to trade off between the size of the lower/upper bound
materialisation and tightness of query answer, and if it is possible to do this existential

expansion on demand.

Datalog Rewriting No rewriting exists from disjunctive datalog to datalog that
preserves conjunctive query answers. A reason here is that the complexity of two
problems is different. However, we could exploit sound or complete datalog rewriting
for disjunctive datalog rules to obtain better lower and upper bound query answers.
Moreover, it is also worth exploring rewriting techniques into datalog in the presence
of both disjunctive rules and existentially quantified rules. Such rewriting techniques

can be seamlessly incorporated into PAGOdA.
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(a) current lower bound (b) proposed lower bound
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O {A,3R.A} Q {A,3R.A}

R R
(¢) current upper bound (d) proposed upper bound

Figure 13.1: Existential expansion

Caching Query Answers This direction is very promising for applications like
SemFacet (Arenas et al. 2014). Because a query composed by SemFacet is specified
by a sequence of mouse clicks on facet values, two consecutive queries are closely
related to each other, that is, the set of atoms of former one is typically a subset of
the next one. Let g1, g2 be two consecutive queries. The certain answer to ¢; is also
an upper bound to ¢y. Potentially, this kind of information can be used to compute
certain answer to ¢u. Such techniques can be also exploited to optimise execution for

queries with many atoms.

Query Answering Software If full OWL 2 reasoning is involved for an input
query, it can be very costly to answer such a query. Otherwise, PAGOdA is able to
compute query answers efficiently. It would be ideal to provide software to visualise
of the query answering process inside PAGOdA, with an indication of how long it will
take to finish. Users could then decide to either make do with incomplete answers or

wait for complete answers.
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Appendix A

The |-Related Optimisation

In we described an optimisation to compute smaller relevant subsets of
queries and gap answers without giving definitions and a correctness proof. In this
chapter, we formalise this optimisation and prove the completeness of the computed
relevant subsets. To this end, we fix an arbitrary normalised knowledge base K, and

an arbitrary conjunctive query ¢ that might be the unsatisfiability query, and let N
be the number of rules of the form (L-Norm) in K.

To illustrate all aspects of this optimisation, we adopt the knowledge base and

the query depicted in as an running example.

Example A.1. Consider the knowledge base I, in [Figure A.1} the query q,(z) =
B(z) and the set of answers G, = {{z — a}}. The relevant subset for ¢, and G,

computed by [Definition 9.1]is I, itself. However, it is not hard to check that r; and
rg are not relevant the ¢ since the query predicate B is not reachable from predicates
G and H by any means. However, they are included in the relevant subset because

they are relevant to derive L from rg. &

This example motivates us to look for more refined treatment for |-related sub-
sets. For this purpose, instead of renaming L in IC by a single predicate 1, we rename
different occurrences of L in K to a fresh nullary predicates 1; without predefined

meaning that is unique for each ¢ and then process each 1; separately.

Example A.2. Consider the knowledge base K, in there are four Ls,
each of which occurs in 73,74, rg, 3.

K = {rs, 75, T(a,b), 2, A(a)}

K2 = {ry, T(a,b),rs}

Kk = {rg,r1, Ala),r}

KH = {rg,Q(a, c), 7, Ala)}
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r1: Ax)
ro: A(x) = C(x) vV E(x)

EICQ :{Tl,...,Tg}
rs: S(x,y) ANC(z) — L

, Dx. ={T(a,b), Q(a,c), Ala
s . T(x,y) — S(J}’y) \Vi F(y) qa
r¢ . P(x,y) NE(x) — L Go = {{z — a}}

r7: Alx) — G(z) vV H(z)
rs 1 Q(z,y) N H(z) — L

Bf(a) v C*1(a)
S+1i(a,b)

B(a L3(a, g(a
S+1(a,b) vV FL2(b) B¥(a) v P~ (a, g(a))
™

A% (a)

T+1+2(a,b)

Figure A.1: Running example for the L-related optimisation

It is not hard to observe that K14 is not relevant to any proof of ¢(a), since
predicates G and H could never lead to B. &

Next we formalise the renaming of L in a knowledge base.

Definition A.3. Let {ry,...,ry} be the subset of rules of the form (L-Norm|) in
Y, let Ly,..., Ly be N different fresh predicates. The L-extension ext(K) of I is

defined as the smallest knowledge base containing all rules and facts from
KA\ A{r1,....,rn} U{body(r;) - L;, L, = L[1<i<N}.

For each rule r € IC of the form (L-Norm|), the L-index of r, written N, (r), is defined
as the number ¢ such that body(r) — L, is a rule in ext(K). &

It is obvious that ext(K) is a conservative extension of X and ext(K) = K. The

relevant subset of 1; in K are formally defined next.

Definition A.4. Consider the knowledge base K and the number NV, let b; be a fresh
unique constant for each 1 < ¢ < N, let Rel; be a fresh unary predicate for each
1 <7< N, and let d, be a fresh unique constant to each r in ox. Moreover, for each
predicate P in ext(K), let P+t ... Pt~ P44 be fresh predicates of the same arity as
P. Furthermore, let overlap be a fresh transitive and symmetric relation. For each

1 <i< N and aruler € K, let move;(r) be the following set of conjunction of atoms:
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o {J_JL\}L(T)} if r of the form (L-Norml);
o {7i7(x,21)} if r is of the form (F-Norm); and

o LGN AYAB) A AT () A Aia(x) | 1< j < mlif 7 is of

m
the form (V-Norm).

Then, A;(r) is the set of following rules:
- X A body(r) — Rel;(d,.) for each x € move;(r),
- x A body(r) — Bkli for each atom fj in body(r) and y € move;(r), and

- Nizj yiA (X)/\’y]-Li (%) Ay (x) Abody(r) — overlap(b;, by) forany 1 < j < k < m
and 1 < /¢ < N.

The L-tracking knowledge base track, () is the smallest knowledge base containing
(1) all facts in the c-chase of ;

(i7) all rules in A;(r) for each 1 <i < N and each rule r in ;

(iii) a fact L3 for each 1 <i < N;

(iv) overlap(z,y) — overlap(y, x), overlap(x,y) A overlap(y, z) — overlap(z, z); and
(v) arule Pti(x) — P*+4(x) for each 1 <4 < N and each predicate P in ext(K).

For each 1 <i < N, K is the smallest knowledge base with each r € ¥ such that
track, (K) = Rel;(d,) and each o € Dy such that track, (K) | ati. &

Now we are ready to define relevant subsets for conjunctive queries including the

unsatisfiability query.

Definition A.5. Let N, b;, P+, P14 overlap, d,, and track, (K) be as required in

[Definition A.4l Let G be a set of possible answers to ¢, let b, be a fresh constant for

query ¢, and let Rel be a fresh unary predicate. Furthermore, for each predicate P in
KUR,, let PR, PE4 be fresh predicates of the same arity as P. For arule r € CUR,,

let move(r) be the following set of conjunction of atoms:

e () if r is of the form (L-Norm);

¢ {Vﬁ(xa z1)} if 7 is of the form (J-Norm); and
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o (M)A AR AT ) AAE) A Aa(x) [ 1< 5 < mbif rif of
the form (V-Norm).

Then, A(r) is the set of following rules:
- x A body(r) — Rel;(d,) for each y € move(r),
- x A body(r) — B for each atom 3; in body(r) and y € move(r), and
- if r is of the form (L-Norml),
P Abody(r) — overlap(bg, by, (r));

otherwise, for any 1 <i,j7 <m,i# jand 1 </ <N,

/\ Yot (x) A YR (x) A leé (x) A body(r) — overlap(by, be).
k1,5

The tracking knowledge base track(K, ¢, G) is the smallest knowledge base containing
(1) all facts in the materialisation of track  (K);
(it) all rules in A(r) for each rule r in K UR(q);
(i1i) a fact Pl(x)o for each o € G,
(iv) overlap(z,y) — overlap(y, x), overlap(z,y) A overlap(y, z) — overlap(z, z); and
(v) rules P14(x) — PRa(x) and P®(x) — P®4(x) for each predicate P in ext(K),

The subset of K relevant to ¢ and G, denoted K%¢, is the smallest knowledge base

containing
e all rules and facts in K1i for each track(K, ¢, G) |= overlap(b,, b;);
e rules € X such that track(C, ¢, G) |= Rel(d,); and

e facts o € Dx such that track(K, ¢, G) | of'. %

The properties in still hold under our new definition of tracking
knowledge base.

Theorem A.6. Under|Definition A.J, the following properties hold:

1. Assume that L+ = 0. Then, K is unsatisfiable iff KLU* s unsatisfiable.
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2. Let q be different from 1 and let G be any non-empty set of possible answers to
q w.r.t. K. If K is satisfiable, then o € cert(q,K) iff o € cert(q, K&%) for every
oced.

The following lemma is the key to prove [Theorem 9.4 We first give the lemma,
and then show [Theorem 9.4 follows from the lemma.

Lemma A.7. Let p = (T, \) be a hyperresolution derivation from K UR, of a query
goal from Y(q,G), then support(p) C K&,

Proof of [Theorem A.6 The “if” direction of [Theorem A.6|[T] and [Theorem A.6][2] fol-

lows directly from the monotonicity of first-order logic. To show the “only if” direction
of [Theorem A.G|[1, assume that K is unsatisfiable. By [Theorem 8.11], [Theorem 8.16|
and [Definition 8.19, we have U+ # () and thus G+ # (. Then there exists a hy-
perresolution derivation p; of O from K. Since Y(L,G*Y) = {00}, we know that

support(p;) € K+ by [Lemma A.7l So Kt is unsatisfiable. To show the “only if”
direction of [Theorem A.€]2] assume that o € G and o € cert(q, K). Then there exists

a hyperresolution py of P,(x)o from K UR,. Similarly, by , we know that
support(py) C K2¢ and hence o € cert(q, K¢%). O

From now on, we fix an arbitrary G and a hyperresolution derivation p = (T, \)

of o € T(q,G) from KUR,. Let H = split(K). We have already established (see the
proof of [Theorem 8.11]) that c-Chasex is a model of H. By there exists a

constant-preserving homomorphism 7 from skChase(#) to c-Chasex. For convenience,

we will use [Proposition 2.4] implicitly in the rest of this chapter.

Example A.8. Consider the example depicted in [Figure A.T] the relevant fragment
for ¢, and G, is now K, \ {Q(a, ), 77,73} using the refined treatment for L. &

Proposition A.9. [If track(K,q,G) = o', then track, (K) | a't.

The proposition is trivial as predicates of the form P*¢ never appear in the head

of any rules in track(C, ¢, G).

Definition A.10. Symbols of the form R or L; for any 1 < ¢ < £ are called super-
scripts. We next inductively define a series of superscripts functions é such that 9,

for each node u in 7' that maps each atom in A(u) to a set of superscripts.

e For the root u of T, 0,(ar) = {R} for each atom « in A(u).
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e Consider a node u in T that ¢, is defined. We define superscript functions for
its children vy, ..., v, accordingly. Let r be the rule in L UR, such that sk(r) is
the main premise in the hyperresolution step to obtain A(u) with MGU o, i.e.
AMu) =710V -V y,0Vx1 V-V Xy, is the hyperresolvent of A(v;) = B;0 V x;
for 1 <i<nandsk(r)==06,V---VaB,Vy V-V,

{Ln .} if m=0;
oy, (Bio) = ¢ {R} if 0u(v;0) = {R} for any 1 < j < m;
Uiz, du(vjo)  otherwise;

0y, (@) = 0y (v) if o is an atom in x;.

Furthermore, the result of applying d,, to a ground clause is defined as the union of

the result applying d, to each atom in it, i.e. §,(aq V -+ V ) = Ule du ;). &

Example A.11. Consider the hyperresolution derivation depicted in|Figure A.1l The
superscripts function values of it are also presented in the graph as superscripts in
on the predicate of each atoms. The intuition behind is if 1; is in the superscripts
of an atom «, then the atom « is involved in a process to derive L ;, otherwise, « is
involved to derive a query answer. For instance, the left leaf A(a) is used to derive
C(a) V E(a), which are eliminated in the latter steps by S(z,y) A C(z) — L and
P(z,y) N E(z) — L respectively. The right leaf A(a) has the superscript R and the

superscript is preserved until the root node. &

By and that 7 is a constant-preserving homomorphism from skChase(#)
to c-Chasey, we then have the following property.

Proposition A.12. For each resolution step in p, let o be the MGU in this step, and
let r be the rule in KK U R, such that sk(r) = =1 V-V =B, V1 V-V, is the

main premise in this step. We have
pioT € track, (K) for 1 <i<n.

Lemma A.13. For each node u in T, each atom o occurs in A(v) and each super-
script, S € §,(a) track(K, ¢, G) = (at)3.

Proof. We proceed by induction top-down on the structure of 7.

Base case: In the base case we have that v is the root of T.

e If A\(v) =[O, then this claim holds vacuously.
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o If \(v) = P,(x)o, then by the definition of track(/C, ¢, G) (Point i) we have
that PqR(X)J € track(KC, ¢, G) and hence the property holds.

Inductive case: For the inductive step, assume that the property hold for a node .
We next show that they also hold for the children vy, ..., v, of u. Let r be the rule
in LU R, such that sk(r) is the main premise in the hyperresolution step to obtain
A(u) with MGU o, i.e. A(u) = 710V -+ V4,0 V x1 V -+ V X, is the hyperresolvent
of Mv;) = BioVx; for 1 < i < nandsk(r) ==V ---ValB,Vy V-V,
By induction hypothesis, we have track(K, ¢, G) | (a7)® for each a in y; and each
S € M\, (). Therefore, it suffices to show that track(K, ¢, G) | (B8;07)° for each i and
each S € \,,(8;0). To this end, we distinguish three cases by the structure of .

e If m =0, then for each 1 < i <n we have 6,,(5;0) = {L¢} with £ = N, (r). By
IProposition A.12} the fact 1;* € track, (K) and the rule L;* A body(r) — ;-
are in track, (K), we have track, (K) = (B8;07)¢ and hence track(K, ¢, G)

(B;oT)¢ as facts.

o If 6,(yjo0) = {R} holds for some 1 < j < m. Then 6,,(5;0) = {R} for each 1 <
i < n. By the induction hypothesis, we have that track(K, ¢, G) = (y,07)° for
each 1 < k < m and each S € 6,(yx0). Then track(K, ¢, G) E (yr07)f4, since
rules of the form PF(x) — PRa(x), Pt4(x) — PR4(x) and P1¢(x) — P14(x)
are satisfied by the materialisation of track(/C, ¢, G). Because [Proposition A.12|
and that Y74 A - A 7%‘1 A Wf A 7ff1 A AyEa Abody(r) — BE is a rule in
track(K, ¢, G) for each 1 < i < n, we have track(K, ¢, G) = (BioT)™.

e Otherwise, we have d,,(8i0) = -, 0u(yj0). For each 1 < i < m, we have
0 C du(vio) C{Ly,..., Ly} By the induction hypothesis, for each S € 6,(vio),
we have track(K, ¢, G) | (7507)% and then track, (K) = (y:07)° by
tion A.9. Because all rules of the form P1¢(x) — Pt4(x) are in track (K),
track  (K) & (yior)*4 for each i. For each S € §,,(8;0), by [Proposition A.12|

and that ¥4 A AY AYS AL A Aysa Abody(r) — B is a rule in
track, (K), we have track  (K) = (Bio7)3. O

Lemma A.14. For each node w in T, if { L, Ly} C () for an atom a in A(w),
then track  (KC) = overlap(by, by).

Proof. Let 1,, Ly be two superscripts that satisfies the condition in this claim. Let

U1, ...,ur, be the sequence from w to the root of T, and let k£ be the smallest number
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that 1 < k < L, {1y, Ly} C 0y, ,(a) for an atom o in A ug—1), but {L,, Ly} &
Oy, (@) for any atom o' in A(uy). The existence of k is guaranteed by facts that
{Ly, Ly} C 0y, () for an atom v in A(uq) and { Ly, Ly} Z 5, (o) for any atom o’ in
Aup). Let u be such a node wuy, let vq,..., v, be the children of u, let r be the rule
in LU R, such that sk(r) is the main premise in the hyperresolution step to obtain
Au) with MGU o, i.e. A(u) =710V - V4oV x1 V- -V X, is the hyperresolvent of
AMv)) = BioV x; for 1 <i<mnandsk(r)=—pV---ValB, VY V-V,

o If ¢ = (', we have L, € §,,(A(v;)) but Ly & §,(A(u)). Then r is of the form

(L-Norm) that N, (r) = ¢. Therefore, L,;* A body(r) — overlap(b, by) is a rule
in track (k). By [Proposition A.12and 1, € track, (K), we have track, (K) |=
overlap(by, by)

e Otherwise r can only be a disjunctive rule with m > 1, {_L,, Ly} C ;" du(i0)
and R ¢ J", 0u(vi0). Thus, O C 0,(vi0) C {Ly,..., Ly} for each i. Let k, &’
be two indexes such that 1, € §,(yx0) and Ly € 6, (o). Thus, we have k # £/
since there is no o in A(u) such that { Ly, Ly} C §,(a’). W.lo.g. we can assume
that £ < k’. By we have track(KC, q, G) = (y;07)% for some j;.
Since rules of the form PLi(x) — P14(x) are included in track (K), we have
track(KC, ¢, G) |= (i07)44. So track  (K) [= (yioT)*4. Since A, o7 A A
*y;‘” A body(r) — overlap(by, by) is a rule in track, (K) and [Proposition A.12
holds, we know that track, (KC) = overlap(by, by ). O

Example A.15. Consider the derivation in [Figure A1 L;, 1, both appear in the
superscripts of T'(a, b). So u; is the leftmost node T'(a,b). So {uy,...,us} in the proof
corresponds to

(T(a,b), S(a,b) V F(b), S(a,b), B(a)}

in the figure. Then u = us, and 1, 15 are merged in a resolution step with the main

premise sk(r5). Since
ST (z,y) A F2 AT (2, y) — overlap(by, by)

is a rule in track (KC,), overlap(by, bs) is derived in track  (K,). &

Lemma A.16. For each node w in T, if R & 6,(A(uw)) and { Ly, Lo} C 5,(A(u)), then
we have track(IC, ¢, G) = overlap(by, by).
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Proof. We prove this lemma by bottom-up induction on the structure of 7.

Base case: If u is a leaf node, then A\(u) is a single atom and this claim is entailed
by [Cemmma .13

Inductive case: Let vyq,...,v, be the children of u, and let r be the rule in KUR,
such that sk(r) is the main premise in the hyperresolution step to obtain A\(u) with
MGU o, i.e. AMu) = ¢o V x1 V ---V x, is the hyperresolvent of A(v;) = 5,0 V x; for
1<i<nandsk(r)==8V---V-p, V.

e If r is of the form (L-Norm), A(u) = x1 V-V x,, and 8,,(a) = 6,(c) for each
a € x; and 4,,(Bi0) = {Ln, (n}- By the induction hypothesis, we have that
the claim holds for each child v;. So track(KC, ¢, G) = overlap(bn(), be) for each
1, € 6,(x:) and each i. Since overlap is both transitive and symmetric, then we

have the claim holds for w.

e Otherwise, since R ¢ 0,(\(u)), ¢ exists such that 1, € §,(¢po). Then 1, €
0y, (Bio) for each i. By the induction hypothesis, we have that the claim holds
for each child v;. So track(KC,q,G) = overlap(bs, by) for each Ly € 6,(x;) and
each i. Since overlap is both transitive and symmetric, then we have the claim
holds for wu. m

The intuition behind the above proof is that if R is not in the superscripts of
a node, all the superscripts of the node will be preserved to its children, and two

superscripts can only be merged by disjunctive rules.

Example A.17. Consider the derivation in 14, 15 both occur in the
superscripts of S(a,b) V F(b); Ly, L occur in the superscripts of C(a) VvV E(a). For
both cases, the superscripts are merged in the next step and hence they are in the

superscripts of a leaf node. O

Lemma A.18. For each nodew in T, if {R, L,} C §,(A(u)), we have track(KC, ¢, G) =
overlap(b,, be).

Proof. We prove this lemma by bottom-up induction on the structure of 7.

Base case: If v is a leaf in T, then d,(A(u)) = {R} or @ C §,(A(u)) C {Ly,..., Ln}.

So this claim holds vacuously.

Inductive case: If {R, L,} C d,(\(u)), let vy, ..., v, be the children of u and let r be
the rule in K UR, such that sk(r) is the main premise in the hyperresolution step to
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obtain A(u) with MGU o, i.e. A(u) = y10V+ - VYoV x1 V- -V, is the hyperresolvent
of Nv;) = fiocVy;for 1 <i<nandsk(r)=-06V- VB, Vyu V-V, If
{R, L;} C 0,(A(v)) for a children v, then this claim holds by induction hypothesis.

So we next assume that there is no such child.

e If r is of the form , 1N, @) € 0y,(Bio) for each i. Then there are two
children v and v" of w such that R € §,(A(v)) and L, € 6,,(A(v')). By induction
hypothesis, we have track(KC, q,G) = overlap(bg, by, () and track(KC,q,G) =
overlap(bg, by, (). Since overlap is both transitive and symmetric, we have
track(K, ¢, G) |= overlap(bg, by).

e Otherwise, we distinguish two cases.

— If there exists k such that 0,(yx0) = {R}, then 6,,(5i0) = {R}. If
1y € 6u(x;) for some i, then the claim holds due to the induction hy-
pothesis. So we assume that &’ exists such that 1, € §,(yw0). By
we have k # k'; by we have track(K,q,G) =
{(ywor)te, (yeor)E}. Due to[Proposition A.12/holds and that Nz AFAN
YENy  Abody(r) — overlap(bg, by) is in track(K, ¢, G), we have track(K, ¢, G) |=
overlap(bg, by).

— Otherwise, 0 C V2, du(vi0) € {Li,...,Ln}. So there exists two chil-
dren vy and vy such that R € &, (A(vx)) and L, € d,,, (A(vp)). We can
further assume that & # k' and R & d,,,(A(vr)), because otherwise the
claim is entailed by the induction hypothesis. Since ¢ exists such that
Lo € Vit 0u(yio), then Ly € 6, (AM(v)) and Ly € 0y, (A(vpr)). By in-
duction hypothesis, we have track(/C, ¢, G) = overlap(b,, bs). Moreover,

by [Lemma A.16, we have track, (K) = overlap(bs, by). Since overlap is

transitive and symmetric, we have track(/C, ¢, G) |= overlap(bg, by). O

Example A.19. Consider the node B(a) V C(a) in [Figure A.1, the superscripts of
it is {R, L1}. In the hyperresolution step to obtain it, the superscripts are splitted
into {1y, L3}, {R, L3} to its children. Then if overlap(b;, b3) and overlap(b,, b3), then

overlap(by, b1) holds. So we can prove it inductively. O

Lemma A.20. For each node w in T, if L, € §,(A(w)), then track(K,q,G) [
overlap(by, by).
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Proof. We proceed by top-down induction on the structure of T
Base case: The claim holds vacuously for the root node of T'.

Inductive case: Let u be a node for which the claim holds. We next prove that
the claim holds for all its children vy,...,v,. Let r be the rule in K U R, such that
sk(r) is the main premise in the hyperresolution step to obtain A(u) with MGU o,
ie. Au) =v0V---Vy,0Vx1V---VYx, is the hyperresolvent of A(v;) = ;0 V x; for
1<i<nandsk(r)=-8V--VaB,Vy V- Vy,. If ris not of the form ,
then U7, 0y, (A(v3)) € 0,(A(u)) and hence the claim holds. So we assume that r is of
the form (L-Norm|). Then it suffices to show that overlap(b,, by) with £ = N, (r).

o If A(u) # O, there exists ¢ such that x; is not empty. Let ¢ be such a number. If
R € 4,,(xi), then {R, L,} C 6,,(A(v;)) and hence track(KC, ¢, G) |= overlap(b,, by)
is entailed by [Lemma A.18 Otherwise, there exists k that Ly, € d,,(x;). Then
{1y, Ls} C 0,,(A(v;)). By induction hypothesis, we have track(KC,q,G) =

overlap(by, b;). By [Lemma A.16| we know track(KC, ¢, G) |= overlap(by, by). Be-

cause overlap is transitive and symmetric, track(KC, ¢, G) |= overlap(bg, by).

e Otherwise, ¢ = L. By [Definition A.5| the fact Pf and the rule P® Abody(r) —
overlap(b,, by) are in track(K, ¢, G). By|Proposition A.12| we have track(K, ¢, G) =
overlap(by, by). O

Now we are ready the prove the main [Lemma A.7|

Proof of[Lemma A.7. For each fact « € support(p), there is a leaf v such that A(v) =
a. If §,(a) = {R}, then track(K, ¢, G) = (1) by [Lemma A.13|and hence o € K%,
otherwise, 1, € §,(a) and hence o € K¢ C K% since track(K, ¢, G) = overlap(by, by)
is implied by Therefore, all facts in support(p) are contained in K%,

We next prove that each rule that corresponds to the main premise of a hyperres-
olution step in p is contained in K%, Consider a hyperresolution step in p. Let r be
the rule in L UR, such that sk(r) is the main premise in the hyperresolution step to
obtain A(u) with MGU o, i.e. A(u) = 110V V74,0V X1 V- - -V X, is the hyperresolvent
of Mv;) = BioV x; for 1 <i<mandsk(r)==V---ValB,Vy V-V,

e If there exists j such that &,(y;0) = {R}, then track(K,q,G) [ (yioT)fA
for each 1 < i < n and track(K,q,G) | (yj07)®. By [Definition A.5| and

Lemma A.13) track(K, ¢, G) = Rel(d, ).
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o If m=0,let { =N, (r). Foreach 1 <i<n, L, € A, (A(v;)). By |Lemma A.20|
we have track(KC, ¢, G) k= overlap(bg, by) and hence K¢ C K%C . The rule L, A

body(r) — Rely(d,) in track, (). By [Proposition A.12| we have track, (K) =
Rely(d,) and hence r € K¢,

e Otherwise, a tuple (ki,...,k,) exists that Ly, € d,(v;0). By and
IProposition A.9] we have track, (K) = (y;07)**. Since track (K) | P¢(x) —
Pta(x) for each 1 < ¢ < N, we have track (K) & (v;o7)*4 for each i. Let
k = k; for any j. Because the rule A _, A A 'ij" A body(r) — Reli(d,) in
track (). By [Proposition A.12| we have track, (K) | Reli(d,) and hence
r € Kt+. By track(KC, ¢, G) |= overlap(b,, by.) and hence r € K%C.

Therefore, r € K%¢ for each r € support(p). O
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