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Abstract In this paper, we give an introduction to reasoning under uncer-
tainty, inconsistency, vagueness, and preferences in artificial intelligence (AI),
including some historic notes and a brief survey to previous approaches.

Keywords Uncertainty - inconsistency - vagueness - preferences - nonmono-
tonic reasoning - probability theory - possibility theory - fuzzy logic - ontology
languages - description logics - argumentation

After first successful years and promising applications of artificial intelli-
gence (AI) in the 50s and 60s of the past century, first failures provided a
plain, but deep insight: the real world is uncertain and dynamic, and every
computer system that is meant to be deployed in real-world scenarios must
be able to cope with uncertainty and changes, at least to an extent that must
be (reasonably) envisaged for the respective domain. However, not only tack-
ling problems brought about by uncertainty is a challenge, but also to find
out and take care of what can reasonably be expected. That is, uncertainty
is a multi-layered and multi-faceted problem that arises from incomplete and
possibly erroneous information in evolving scenarios. Information can also be
inherently uncertain, like information about future events, or generic informa-
tion that can be true or false in different scenarios. Moreover, information can
be imprecise, when even the degree of uncertainty is not precisely known, or
it can be vague, when clear-cut distinctions would not be appropriate (like in
commonsense modelling what a “tall person” is).

However, uncertainty is not only a burden, but also a chance, because rep-
resenting it explicitly and dealing with it adequately broadens and improves
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the toolbox for modelling real-world scenarios, making systems more effective
and successful (in general, however, less efficient, since handling uncertainty
nearly always has a price). From a cognitive point of view, uncertainty leaves
room for abstraction and condensing information, making at least the rep-
resentation of knowledge more efficient and more easily accessible. Humans
perform quite well using generic rules with exceptions or estimated probabil-
ities, often ignoring exceptions or impreciseness, until they are forced to take
them into account. When it comes to decision making, information about util-
ities (or preferences) is crucial, which is combined with (precise or imprecise)
degrees of uncertainty or vagueness to propose a best option. So, preferences
complete the picture of using knowledge for decision making, and since there
is also some similarity between uncertainty degrees and priority degrees, it
makes sense to look upon both in a joint topical scope.

We would like to emphasize that while uncertainty is often deemed to
be numerical, we find it more rewarding to consider both quantitative and
qualitative approaches to uncertainty together, since the structures under-
lying uncertain reasoning in any framework are conceptually similar. Nev-
ertheless, it is still a challenge to establish bridges between both paradigms,
because this always demands for understanding and overcoming slight but cru-
cial differences. The same holds for (quantitative) utilities and (qualitative)
preferences—although utilities combined with probabilities is the classical ap-
proach to decision theory, more general preference relations have become quite
popular for modelling human-like decision making [57,2].

A phenomenon that appears in all approaches to uncertain reasoning is
nonmonotonicity—previously drawn conclusions are revised when more in-
formation arrives: A physician might recommend a therapy A as the most
suitable treatment for a specific patient, but coming to know the results of
blood tests or genetical tests might completely change his mind. Most of the
conclusions that we draw in our everyday lives and on which we base (some-
times important) decisions are defeasible, prone to be given up when further
information arrives. This is in clear contrast to classical—e.g., propositional
or first-order—logics, which are monotone, i.e., their deductive conclusions
are preserved for eternity. It is due to monotonicity that all (correct) proofs
in mathematics are still valid, regardless of whatever new theories are be-
ing developed, but also that robots based on classical logics fail in uncertain,
incompletely specified environments. Nonmonotonicity changes nearly every-
thing that we appreciate in classical logics: Inference rules like modus ponens,
transitivity or contraposition do not hold any longer in general. Due to this
nonmonotonicity, knowledge is regarded more like subjective beliefs that an
agent holds in an uncertain environment.

The first nonmonotonic logics were proposed in the 80s of the past cen-
tury (cf. [50,44,45] for major approaches) focusing on default rules, which are
generic rules that allow for exceptions. Also approaches to modern belief re-
vision theory emerged in that time (as a seminal paper, cf. [1]; for a recent
overview, see [16]; for a textbook, cf., e.g., [23]). Nonmonotonic logics and be-
lief revision are closely related, since both deal with the rational processing
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of further, or new information [18]. Indeed, nonmonotonic reasoning is not
a (general) theory of just “jumping to conclusions” (in a maybe uncontrolled
way ), but rather should be looked upon as logic-based theories to approximate
the rationality of human reasoning. Similar remarks apply to belief revision
theory: Keeping in mind that changing is easy as long as one does not care
about consequences, AGM belief revision (named after the authors of [1]) is
a frame for rational belief change under logical closure. In both areas of non-
monotonic logics and belief revision, rationality postulates play a major role.
For nonmonotonic logics, system P [32] is currently the most widely used axiom
system that is based on well-known classical axioms but replaces monotony by
cautious monotony: If B can be plausibly inferred from A, then it can be still
plausibly inferred from A A C, if C is also a plausible consequence of A, i.e.,
monotony still holds under certain restrictions on the new information. The
semantical structures that guide system-P-compliant nonmonotonic reasoning
are so-called preference relations on possible worlds that can be interpreted
by saying that one world is preferred to another world, if the preferred world
is more plausible. So indeed, preferences and plausibilities share some for-
mal common grounds, although they express substantially different notions.
Preferential entailment [32,43] induces nonmonotonic inference relations that
are quite intuitive. However, system P is a current standard, but not a gold
standard. There is no sufficient proof that human reasoning obeys all axioms
of system P, although there is some evidence (cf., e.g., [46]), but one of the
most successful and practically relevant approaches to nonmonotonic reason-
ing, namely extended logic programming under the answer set semantics (cf.,
e.g., [21,36,20]) does not satisfy cautious monotony and so also not system P.
The AGM postulates in belief revision theory [1] are closely related to the ax-
ioms of system P [18] and can be effectively implemented via ranking preorders
such as epistemic entrenchment [19], or Spohn’s ordinal conditional functions
[62,53], which can also be regarded as preference relations.

Much earlier than nonmonotonic logics and the AGM theory, but deal-
ing with similar problems, probability theory has been offering a rich and
powerful framework for uncertain reasoning and belief revision: A conditional
probability Prob(B|A) can be drastically different from Prob(B|A A C), i.e.,
conditional probabilities behave nonmonotonically, and Bayes proposed with
his definition of conditional probability and his well-known rule immediate and
elegant ways to change probabilistic beliefs and perform uncertain reasoning,
which has been shown to be in line with the AGM theory [17] and hence with
nonmonotonic preferential entailment. Applying the principles of maximum
entropy and minimum cross-entropy improves the quality of probabilistic rea-
soning and probabilistic belief change considerably and induces high-quality
inference relations and belief change operators [27,29,30,48]. Paris even argued
that an optimal probabilistic commonsense reasoner should reason according
to the principle of maximum entropy [49].

There has been an extensive discussion in the literature on the difference
between probability /possibility theory and vagueness/fuzziness theory. We re-
call here some notes from [14] to clarify the role of these theories. A standard
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example that explains the difference between degrees of uncertainty and de-
grees of truth is that of a bottle [14]. In terms of binary truth values, a bottle
is either full or empty. However, if one accounts for the quantity of liquid in
the bottle, one may, e.g., say that the bottle is half full. Under this way of
speaking, “full” becomes a fuzzy predicate [59] and the degree of truth of “the
bottle is full” reflects the amount of liquid in the bottle. The situation is very
different when we say that the probability of the bottle being full is 0.5, which
does not mean that the bottle is half full, but that the bottle is either full or
empty, and that we are ignorant about which of the two is true.

More concretely, under (quantitative) uncertainty theory fall all those ap-
proaches in which statements rather than being either true or false, are true or
false to some probability or possibility (e.g., “it will rain tomorrow”). That is,
a statement is true or false in any world, but we are “uncertain” about which
world to consider as the right one, and thus we speak about, e.g., a proba-
bility distribution or a possibility distribution over the worlds. For example,
we cannot exactly establish whether it will rain tomorrow or not, due to our
incomplete knowledge about our world, but we can estimate to which degree
this is probable, possible, or necessary. As for the main differences between
probability and possibility theory, the probability of an event is the sum of
the probabilities of all worlds that satisfy this event, whereas the possibility
of an event is the maximum of the possibilities of all worlds that satisfy the
event. Intuitively, the probability of an event aggregates the probabilities of
all worlds that satisfy this event, while the possibility of an event is simply
the possibility of the “most optimistic” world that satisfies the event. Hence,
although both probability and possibility theory allow for quantifying degrees
of uncertainty, they are conceptually quite different from each other. That is,
probability and possibility theory represent different facets of uncertainty.

On the other hand, under vagueness/fuzziness theory fall all those ap-
proaches in which statements (e.g., “the tomato is ripe”) are true to some
degree, which is taken from a truth space. That is, an interpretation maps
a statement to a truth degree, because we are unable to establish whether a
statement is completely true or false, due to the involvement of vague con-
cepts, such as “ripe”, which only have an imprecise definition. For example,
we cannot exactly say whether a tomato is ripe or not, but rather can only say
that the tomato is ripe to some degree. Usually, such statements involve so-
called vague/fuzzy predicates [59]. Note that all vague/fuzzy statements are
truth-functional, i.e., the degree of truth of every statement can be calculated
from the degrees of truth of its constituents, while uncertain statements cannot
be a function of the uncertainties of their constituents [13]. More specifically,
in probability theory, only the negation of events is truth-functional, while in
possibility theory, only the disjunction (resp., conjunction) of events is truth-
functional in possibilities (resp., necessities) of events. Furthermore, fuzzy log-
ics are based on truly many-valued logical operators, while uncertainty logics
are defined on top of standard binary logical operators.

While uncertainty and vagueness on the base of propositional logic has
been well-explored, the combination of (fragments of) predicate logic with
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any form of uncertainty and vagueness is particularly demanding. Subjective
uncertainty (of an agent’s world view) collides with objective (or statistical)
uncertainty (concerning a population), and coming up with a coherent solution
that moreover matches human’s broad understanding of uncertainty is not an
easy task. However, the rising popularity and use of ontology languages (such
as description logics (DLs)) as (fragments of) predicate logic, and the need to
deal with uncertainty and vagueness in their typical application areas (e.g.,
in the Semantic Web and ontology-based data access (OBDA)) has increas-
ingly attracted the attention of many researchers and practitioners towards
ontology languages able to cope with uncertainty and vagueness.

Probabilistic ontology languages [39] can be classified according to the un-
derlying ontology language, the probabilistic semantics, and the supported
forms of probabilistic knowledge. Some early approaches [24,26] generalize
the central DL, ALC and are based on propositional probabilistic logics, while
others [31] generalize tractable DLs and are based on Bayesian networks as
probabilistic semantics. The approach in [37] generalizes the expressive DLs be-
hind the sublanguages OWL Lite and OWL DL of the Web Ontology Language
(OWL), and is based on probabilistic default logics, while [12] generalizes OWL
by probabilistic uncertainty as in multi-entity and standard Bayesian networks.
Other recent works explore probabilistic DLs for subjective uncertainty [40]
and lift query answering dichotomy results from probabilistic databases to
OWL2 QL over probabilistic data [28]. Similarly, there are several extensions
of ontology languages using the theory of fuzzy logic [39], which can be clas-
sified according to the underlying ontology language, the underlying fuzzy
logics, and the allowed fuzzy constructs. Prominent early works extend (frag-
ments of) ALC based on Zadeh logic [58,56,54]. Recent problems for fuzzy
ontology languages are the top-k retrieval problem (which has been adopted
from the context of relational databases) [55], as well as the decidability of
fuzzy DLs with general concept inclusions [4]. Closely related to degrees of
truth in ontology languages, the notion of similarity quantifies how close two
objects are from a conceptual point of view, and has especially been applied
to ontologies [41] and their parts (such as concepts) [9].

In contrast to uncertainty, where one lacks information, the notion of in-
consistency describes the case where we have “too much” information, i.e.,
the available information is logically inconsistent, which can especially be the
case when we integrate information from many different sources. Due to the
“ex falso quodlibet” principle, everything follows from an inconsistent collec-
tion of logical sentences, i.e., the classical model-theoretic semantics of log-
ics fails completely in such situations. Early solutions to this problem have
been developed in databases, where the areas of database repairing and con-
sistent query answering (CQA) have gained much attention since the work
of [3], which provided the model-theoretic construct of a database repair—
a consistent database that “minimally” differs from the original (inconsistent)
database instance. The most widely accepted semantics for querying a possi-
bly inconsistent database is that of consistent answers, which yields the set
of tuples (atoms) that appear in the answer to the query over every possible
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repair. CQA enforces consistency at query time as an alternative to enforcing
it at the instance level, as conventional data cleaning techniques do. The work
of [11] addresses the basic concepts and results of the area of CQA.

Recently, several works have focused on inconsistency handling for sev-
eral classes of DLs, adapting and specializing general techniques previously
considered for traditional logics. In [22], a comparison between four different
approaches to handling inconsistency in DL-based ontologies is presented: con-
sistent ontology evolution, repairing inconsistencies, reasoning with inconsis-
tent ontologies, and ontology versioning. In [5], a survey of existing approaches
(up to 2007) is presented; the authors analyze different works from the AT lit-
erature and their usability on practical problems. In contrast, [34] studies the
adaptation of CQA for DL-Lite ontologies. The complexity of the problem was
studied in [51] for a wider spectrum of DLs. In [35], the authors explore first-
order-rewritability of queries over DL-Lite ontologies under the IAR and ICAR
semantics (intersection of ABox repairs and closed repairs, respectively); both
semantics were first introduced in [34] as sound approximations of consistent
answers. Other work [38] generalizes the previous work for consistent answers
and the TAR semantics to Datalog+/— ontologies, and it proposes the k-lazy
semantics, which relaxes the notion of minimal repair by resolving conflicts
up to a certain budget. In [7], the author studies and formulates general con-
ditions for the existence or non-existence of an FO-rewriting for DL-Litecore
for consistent instance checking. Following that line of work, [8] provides a
fine-grained complexity analysis that aims to understand what makes con-
sistent answers so hard to compute even for simple ontologies consisting of
class subsumption and class disjointness. Furthermore, an alternative sound
approximation to consistent answers is presented: all answers that are implied
by the intersection of the closure of the repairs; this is a finer approximation
than the TAR semantics (but different from the ICAR semantics in [34]).

Another approach to dealing with inconsistency is based on paraconsistent
techniques, which allow contradictory information to be introduced and de-
rived without trivialization. In particular, in [47], the authors define a 3-valued
paraconsistent semantics for the DL SHZQ [25], while [42] proposes a four-
valued semantics for a DL that underlies OWL 2 and explores its impact on
several tractable DLs of the OWL 2 standard. The latter approach is reducible
to reasoning in DLs under classical semantics, and the transformation required
for this is linear in the size of the knowledge base; this is closely related to
fuzzy DLs, which can often also be reduced to DLs under classical semantics.

Quite a different methodology that makes use of various aspects of un-
certainty, conflict resolution, and preferences is argumentation theory [15,6].
Argumentation frameworks help to evaluate a claim by elaborating the argu-
ments that are in favor or against the claim. Arguments may form coalitions
to support or defend other arguments, and preference relations on arguments
induce notions of strength for arguments which are crucial to win an argu-
mentation dialogue. The broad applicability of argumentation frameworks for
reasoning and decision making in (multi-)agent scenarios and its closeness to
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human dialogues advanced argumentation to one of the most attractive topics
in knowledge representation over the past decade.

Given the wide variety of approaches to reasoning under uncertainty, in-
consistency, vagueness, and preferences, a major challenge is to find guidelines
for how to combine different approaches, and which combinations are partic-
ularly useful for which problem classes. Approaches to hybrid reasoning have
been developed successfully in recent years (cf., e.g., [33]), and multi-context
systems [10] may provide general adequate frameworks for this.
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