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Abstract

I critique three a priori claims present in the literature on the foundations of spacetime

theories:—

1. Spacetime structure has is chronogeometric significance necessarily.

2. The only candidates for representing physical quantities are objects which can

be specified in a coordinate-independent manner.

3. Symmetry- and duality-related models of physical theories may be regarded ab

initio as being physically equivalent.
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Introduction

In this thesis, I critique three a priori claims widespread in the literature on the foun-

dations of spacetime theories.

Part1

Claim: The geometrical object representing spacetime structure in the theory under consid-

eration has its chronogeometric significance of necessity.

Part I consists in three chapters. In Chapter 1, I first present cases in which ‘mini-
mal coupling’ (i.e., a restriction the allowed class of matter fields in general relativ-
ity (GR)) is incompatible with the ‘strong equivalence principle’ (i.e., the condition,
roughly speaking, that dynamical equations governing non-gravitational fields in GR
should be locally “special relativistic’)—pace widespread assumptions to the contrary.
I precisify the strong equivalence principle (SEP) in four ways, before drawing upon
this work in order to identify two unexplained coincidences—or ‘miracles’—in the
foundations of GR. Having done so, I argue that while a ‘geometrical’ view, accord-
ing to which the metric field of GR has its chronogeometric significance of necessity,
would be able to account for these ‘miracles’, there are good reasons to question such

a view.



Chapter 2 constitutes the “positive’ sequel to the above: I demonstrate that the
two ‘miracles” of GR admit of natural explanation in one candidate successor the-
ory to GR—uiz., perturbative string theory. There exists a parallel here with other
explanations of coincidences in historical spacetime theories on moving to successor
theories—e.g., the explanation of the coincidence of gravitational and inertial masses

in Newtonian gravitation theory (NGT) on moving to GR.

In Chapter 3, I consider the debate between the ‘dynamical’ versus ‘geometrical’
approaches to spacetime theories in more detail, and argue that, while the claim that
the metric field has its chronogeometric significance of necessity is indeed false, there
exists an alternative formulation of the geometrical approach which does not make
this claim. Thus, the geometrical approach should not be written off prematurely by

advocates of the dynamical approach.

Part 11

Claim: The only candidates for representing physical quantities are objects which can be

specified in a coordinate-independent manner.

In Part II—which consists of one chapter, Chapter 4—I address the (widespread)
claim that the only candidates for representing physical quantities are objects which
can be specified in a coordinate-independent manner. I do so obliquely, via reconsid-
eration of an ongoing debate regarding the status of gravitational energy in GR. By
deploying functionalist criteria for the definition of physical quantities, I argue that
not only does there exist a frame-independent notion of gravitational energy in some
models of GR, but also that one may define a frame-dependent notion of gravitational
energy, in all models of GR. I am not alone in regarding frame-dependent notions as

physical; for example, the moral of Chapter 4 is consonant with Rovelli’s writing that
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“Gauge quantities cannot be predicted, but can often be measured. They measure our

localization in time, our orientation in general relativistic space, in the internal space,

and similar.” [189, p. 101]

Part I11

Claim: Symmetry- and duality-related models of physical theories may be regarded ab initio

as being physically equivalent.

In Part III, I address the question of whether symmetry- and duality-related models
of physical theories may be regarded ab initio as being physically equivalent. Though
there exists a large body of literature endorsing such a claim, I resist it, and argue for
an alternative: symmetry- and duality-related models may only be regarded as being
physically equivalent once we have to hand a perspicuous account of the common

physical reality underpinning that equivalence.

The Part divides into two chapters; both are concerned largely with such issues in
the interpretation of dualities, though they draw upon parallel debates regarding the
interpretation of symmetry transformations. In Chapter 5, I address the question of in
what that common physical reality is supposed to consist in the case of dual theories;
the chapter should also serve as an introduction to issues in the interpretation of
duality-related theories more generally. In Chapter 6, I argue against the claim that
symmetry- and duality-related models of physical theories may be regarded ab initio

as being physically equivalent.
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Part 1

Dynamical and Geometrical

Approaches to Spacetime
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Chapter 1

Two Miracles of General Relativity

I approach the physics of minimal coupling in general relativity, demonstrating that in
certain circumstances this leads to (apparent) violations of the strong equivalence prin-
ciple, which states (roughly) that, in general relativity, the dynamical laws of special
relativity can be recovered at a point. I then assess the consequences of this result for
the dynamical perspective on relativity, finding that potential difficulties presented by
such apparent violations of the strong equivalence principle can be overcome. Next, I
draw upon my discussion of the dynamical perspective in order to make explicit two
‘miracles’ in the foundations of relativity theory. I close by arguing that the above
results afford insight into the nature of special relativity, and its relation to general

relativity.

1.1 Introduction

Recently, there has arisen a heightening of interest in the physics community in the

coupling of Maxwell electrodynamics to Einstein gravity. For example, the mini-
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mal coupling of electromagnetism to gravity leads to curvature terms in second (and
higher) order dynamical equations governing non-gravitational fields, written at any
point;' however, there also exist different possible coupling schemes, according to
which one recovers different dynamical equations at any point. In literature such
as [93,105], authors have attempted to elaborate the physical and mathematical de-

tails of these different possible coupling schemes.

The purpose of this chapter is to pursue a philosophical branch of enquiry into the
coupling of electromagnetism to gravity; this field provides fertile ground for foun-
dational insights into both special and general relativity (SR and GR, respectively). A
crucial starting point in this regard is that the existence of curvature terms in higher
order dynamical equations governing non-gravitational fields, written at any point,
indicates violations of the strong equivalence principle (sometimes: Einstein equivalence
principle?). In this thesis, I take the basic idea of the principle to be that (what are
typically understood to be) the dynamical laws of SR—i.e. dynamical laws governing
matter fields in a fixed Minkowski background, featuring no curvature terms—are

recovered in GR at any point. This observation that there exist apparent violations

In this thesis, I mean by ‘matter fields’, or ‘non-gravitational fields’, those for which there exists
an associated stress-energy tensor, and by ‘gravitational fields’ those for which there exists no such
stress-energy tensor—this distinction is in the spirit of [121]. In the context of general relativity, this
means that the metric field is identified as a gravitational field (see [42] for a proof against the ex-
istence of a tensorial expression of such stress-energy), whereas all other fields typically of interest
(e.g. Klein-Gordon fields, electromagnetic fields, etc.) are matter fields. There exist subtle issues re-
garding ‘gravitational stress-energy in general relativity—see e.g. [95,118,178] and Ch. 4 for further
discussion. Note also that this distinction between matter and gravitational fields may break down in
the case of other spacetime theories—for example, in Newtonian gravitation theory, it is possible to
define a stress-energy tensor associated with the potential ¢, in spite of this field naturally being re-
garded as ‘gravitational” (cf. [58]). Nevertheless, for my purposes, the above distinction will suffice. (I
am grateful to Dennis Lehmkubhl for suggesting that the distinction between matter and gravitational
fields be articulated in this manner.)

2See e.g. [29, §IV], and [164, p. 219]. 1 distinguish different ways of making this principle precise
in §1.3.2. Despite the fact that the principle has been named after Einstein, it should be noted that
Einstein himself meant something different when he spoke of the ‘equivalence principle’. Though
he subscribed both to his definition of the equivalence principle, and to the local validity of special
relativity, he saw the two principles as clearly distinct, as is most clear in [72]. For details of what
Einstein calls the ‘equivalence principle’, see [152]. For these reasons, I use the ‘strong equivalence
principle’ nomenclature in this thesis. (For more on different versions of the equivalence principle in
general, see [123].)
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of the strong equivalence principle (made by Eddington as early as 1923 [66, p. 176])
requires a rethinking of the foundations of GR, as this principle is still sometimes

asserted to be universally valid in texts on the subject (see e.g. [24, p. 169]).

To illustrate, the details of minimal coupling raise important questions regarding
the dynamical perspective on relativity (principally advanced in [24,27,28]), according
to which the metric field in GR, though ontologically distinct from matter fields, ac-
quires its chronogeometric significance via the way it couples to matter fields in accord
with the strong equivalence principle, and codifies the symmetries of local dynamical
laws. The claim that there exist violations of the strong equivalence principle raises
questions over whether this account can still go through. Though the subtleties pre-
sented by violations of this principle require one to make slight modifications to the
dynamical view in the context of GR, I argue that the problems for the dynamical

perspective presented by such cases can be overcome.

Having appreciated the details of such cases, other foundational results follow. In
particular, consideration of how the dynamical perspective should be understood in
GR in light of these results leads me to identify two crucial foundational aspects—
or ‘miracles’—in the context of GR.? In turn, this leads to an understanding of the
relation of SR to GR which extends the previous notion that dynamical laws in a
Minkowski background being recovered in GR at any point characterises this relation—
instead, I suggest a liberalised notion of what constitutes a ‘special relativistic” theory,
according to which the sole defining characteristic of such theories is the Poincaré in-

variance of dynamical laws governing matter fields.*

3The articulation of these two ‘miracles’ came out of fertile discussions with Harvey Brown in
2015—the nomenclature is his. By ‘miracle’,  mean something surprising or puzzling, the explanation
of which remains outstanding. Another example of such a ‘miracle’ in physics would be the propor-
tionality of gravitational and inertial masses in Newtonian mechanics. Just as, in that case, one has to
move to a successor theory (namely, GR) to account for such a ‘miracle’ (cf. [219]), in my view account-
ing for the two ‘miracles of GR” which I specify in this chapter will require recourse to considerations
from physical theories external to GR—see Ch. 2.

The distinction between ‘dynamical laws in a Minkowski background’ and ‘Poincaré-invariant
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The structure of this chapter is as follows. In §1.2, I discuss electromagnetism both
in fixed Minkowski spacetime, and in dynamical, generically curved spacetime—the
latter theory constructed on the basis of minimal coupling. In §1.3, I consider the
ramifications of the minimal coupling of electromagnetism to gravity for our under-
standing of the strong equivalence principle. In §1.4, I expound potential problems
for the dynamical perspective which arise from this work, showing that ultimately
such worries can be overcome. In §1.5, I highlight two ‘miracles’ in the foundations
of GR. In §1.6, I raise concerns about the ‘geometrical” alternative to the dynamical
approach in the context of GR—in particular, about those versions of the geometrical
approach committed to the claim that the metric field has its chronogeometric sig-
nificance of necessity (cf. Ch. 3 for alternative versions of the geometrical approach,
which do not commit to this claim). In §1.7,  make some remarks on the nature of SR

and its relation to GR. I close the chapter in §1.8 with conclusions and outlook.

1.2 Electromagnetism

1.2.1 Minkowski Spacetime

Consider Maxwell electrodynamics in a flat, static Minkowski background. In that
situation, the metric field 7, is a fixed field in the sense of [171, p. 13] (i.e. 7, is identi-
cally the same in all kinematically possible models), and the Maxwell equations can

be written:®

dynamical laws’ will be made clear in the body of this chapter.

>Throughout this thesis, abstract (i.e. coordinate-independent) indices are written in Latin script
beginning a, b, ¢, . . .; indices in a coordinate basis are written in Greek script; 3-vector indices in a coor-
dinate basis are written in Latin script beginning i, j, k, . . .; semicolons indicate covariant derivatives;
commas indicate partial derivatives; and the Einstein summation convention is used. Round brack-
ets around indices denote symmetrisation over those indices; square brackets around indices denote
antisymmetrisation. In addition, Isetep = po =c =Gy = 1.
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F®, = J°, (1.2.1)

Fiap = 0, (12.2)

where covariant derivatives are here taken with respect to the torsion-free derivative
operator compatible with 7, (see e.g. [128, p. 49]); Fu, = —F}, is the Faraday tensor;

and I define

F = peepbd ., (1.2.3)

with 7% the inverse of 7,. (1.2.1) can be derived from a variational principle: the

standard Lagrangian density for a sourced Maxwell field is given by

1
LM = - W — AT, (1.2.4)

where A” is the electromagnetic vector potential; A, := 1, A% and J* is a source term.

Recalling that F;, can be written as

Fuy = 240, (1.2.5)

and then applying Hamilton’s principle with respect to arbitrary variations in the

A,, one obtains (1.2.1). (1.2.2) follows from (1.2.5).° The stress-energy tensor for the

6If the derivative operator in (1.2.1) and (1.2.2) is not assumed to be metric-compatible, then a metric
field is only required to write down (1.2.1), and not (1.2.2). Cf. appendix 1.A.
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electromagnetic field is’

1
Tab = Fachc - Z—lnabFCdFCd. (126)

Finally, F; satisfies a wave equation, which can be derived by manipulation of (1.2.1)

and (1.2.2):

Flp® = 2Jj0s)- (12.7)

a

1.2.2 Dynamical Spacetime

In GR, the metric field g, is not fixed in all kinematically possible models, and more-
over is dynamically coupled to the matter fields via Einstein’s equation. Additionally,
one need not restrict ab initio the allowed form of the dynamical equations for mat-
ter fields (e.g., arbitrary contractions of the matter fields and the curvature tensor
R*,., associated with the torsion free, metric-compatible derivative operator V, are
permitted). However, that being said, one often restricts to dynamical equations for
non-gravitational fields which are minimally coupled. The prescription for construct-

ing such minimally coupled equations is the following:

Minimally coupled dynamical equations for matter fields in GR are con-
structed from dynamical equations for matter fields featuring coupling to
a fixed Minkowski metric field 7,, and no curvature terms, by replacing all

instances of 7,, with a generic Lorentzian metric field g,;, and replacing all

"Recall that the stress-energy tensor is defined through 7% = % [s‘;—sb, where g is the metric deter-

minant, and S is the action to which the matter Lagrangian—here Lgy—is associated.
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instances of the torsion-free derivative operator compatible with 7,, with

the torsion-free derivative operator compatible with ggy.

In the case of electromagnetism in the GR context, if one couples the F; to g, via

F®, = J°, (1.2.8)
Fabg =0, (1.2.9)
and
1
G® .= R — 5gabR = 8T, (1.2.10)

then one obtains Maxwell electrodynamics minimally coupled to Einstein gravity.
Here, T is the stress-energy tensor of Fy,; g is the inverse of g,; indices are lowered
with respect to g,; and raised with respect to g°; the derivative operator is torsion-free
and metric-compatible; and the Ricci tensor R, := R¢,, and Ricci scalar R := g** Ry,
are those associated to that derivative operator. (1.2.8) and (1.2.9) are Maxwell’s equa-
tions in this (dynamical and generically curved) spacetime; and (1.2.10) is Einstein’s

equation. In this case, 7% on the right hand side of (1.2.10) reads®

1
T% = F*F® — 1 g F. (1.2.11)

In this minimally-coupled Maxwell-Einstein system, the wave equation for F,

8More generally, 7" is the stress-energy tensor associated to all matter fields in the theory.
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becomes, after using (1.2.8), (1.2.9), and Ricci-like identities,’

F,

e’ = 2 (F Rype — RabeaF " + Jia)) - (1.2.12)
In (1.2.7), the two curvature terms on the right hand side of (1.2.12) were not present,
as the metric field was fixed to be 7,—ua fortiori flat—in all kinematically possible

models. Dropping this assumption leads to the generalised form (1.2.12).

There is an important feature of second-order equations such as (1.2.12), valid
in minimally-coupled Maxwell-Einstein dynamics. To see this, first recall that in a
coordinate basis {e,}, the connection components I'*, , associated to a derivative oper-
ator V, are defined by Ve, =: I'¥ e,. Then, where M is the spacetime manifold,
at any p € M we can choose normal coordinates, such that F“(Vp) (p) = 0 in those
coordinates; for a torsion-free derivative operator, we can in fact choose normal co-
ordinates such that I'*,  (p) = 0. (Note that the connection components away from
p will in general not vanish.) If the unique torsion-free, metric compatible deriva-
tive operator is used, then in normal coordinates we also have g,,., (p) = 0, and we
may find a subclass of normal coordinates at p such that g, (p) = diag (—1,1,1,1).1°
Since g¢,,, (p) takes this diagonal form—preserved under Poincaré transformations—
one might write g, (p) = 7, (cf. e.g. [141, p. 1055]). This notwithstanding, however,
any claim to the effect that the metric field ‘reduces’ to the Minkowski metric at p

in normal coordinates should be met with suspicion—for in general, second (and

higher) order derivatives of the metric field do not vanish at p, in these coordinates.

°Le. identities of the form (V.V4—VaV.)T" %, = R" T  + - +
e(‘dTa1 ebl by - R° lnchal ake b ]%eblcha1 akbl

10T say here ‘a subclass’, for the conditions on normal coorchantes at p are preserved under all affine

transformations, whereas the condition g, (p) = diag(—1,1,1,1) is preserved only under a subclass

of such transformations—uiz., Poincaré transformations. In the remainder of this chapter, I invariably

focus upon those normal coordinates in which this diagonalisation condition holds, without explicit

qualification.

R"
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This point will be of importance in what follows.

In normal coordinates at p, connection components vanish—and elements of the
class of frames in which such is the case, and in which g, (p) = diag (—1,1,1,1), are
related to one another by Poincaré transformations. Moreover, first order, minimally
coupled dynamical equations such as (1.2.8) and (1.2.9) do not feature curvature terms
at p. In this way, first order, minimally coupled dynamical equations recover their
‘Minkowski background” form at p. However, this is only generically true of first
order equations; equations that are second or higher order may contain curvature
pieces and higher order covariant derivatives—consider, for example, (1.2.12) versus
(1.2.7). Since curvature is represented by the Riemann tensor, this object cannot be
made to vanish at p. This implies that in GR it is not always the case that laws recover
their original ‘Minkowski background” forms at a point. Another way to see this is
to note that by expanding out the curvature and covariant derivative terms in such
equations, we obtain terms containing derivatives of connection coefficients, which

in general cannot be made to vanish at p in normal coordinates.!

1.3 Minimal Coupling and the Equivalence Principle

1.3.1 Local Dynamical Equations

What should one make of the observation that minimal coupling yields second or-
der equations such as (1.2.12) containing curvature terms which do not vanish at a

point? To answer this question, it is useful to distinguish two forms that the dynam-

11Cf. [29, §IV]. The present discussion goes further than that paper in several respects—for example,
in explicitly delineating precisifications of the strong equivalence principle which are in tension with
the above results.
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ical laws for non-gravitational fields might take in normal coordinates at any given
point p € M in GR: (a) Poincaré invariant, with no terms containing the Riemann
tensor or its contractions; or (b) Poincaré invariant simpliciter. In §1.2, we saw that
minimal coupling yields violations of the claim that, at any p € M, dynamical laws
take a Poincaré invariant form with no terms featuring the Riemann tensor or its con-
tractions (i.e., form (a)). However, this does not necessarily imply violations of the
analogous claim regarding such laws taking, at any p € M, a Poincaré invariant form

simpliciter (i.e., form (b)).

One important point to make regarding minimal coupling is the following: al-
though a certain form of dynamical law (i.e., those laws featuring coupling to a fixed
Minkowski metric field, and containing no curvature terms) is used to determine the
class of minimally coupled dynamical laws for non-gravitational fields in GR, there
exists no a priori restriction on the form that these general relativistic, minimally cou-
pled equations take locally, at any p € M—in particular, there exists no restriction
that we recover locally the dynamical laws from which we began. That said, it is
straightforward to show that such minimally coupled dynamical equations in GR
take a Poincaré invariant form—but not necessarily a form in which terms contain-
ing the Riemann tensor or its contractions vanish—at any p € M."? In this way, one
can consider (minimal) coupling to matter to restrict the local symmetry group of the

dynamical equations of GR to the Poincaré group.

Some further words on the ambiguity of the application of minimal coupling are in
order. Clearly, the minimal coupling prescription presented in §1.2.2 does not specify

the dynamical equations to which the procedure is to be applied. Though in §1.2.2,

12Cf. appendix 1.A. The work presented in that appendix also brings out when such local dynamical
equations are invariant under a broader symmetry group than the Poincaré group. The reader’s atten-
tion should also be drawn to §1.6 and appendix 1.B, in which cases are presented in which dynamical
equations for matter fields take a yet simpler form (in the sense that further terms in these equations
vanish) in a class of frames related by a subgroup of the Poincaré group.
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the procedure was applied to (1.2.1) and (1.2.2), yielding (respectively) (1.2.8) and
(1.2.9), which in turn were used to construct (1.2.12), it is not the case that, were the
minimal coupling procedure applied directly to (1.2.7), (1.2.12) would have been ob-
tained. Thus, there is a sense in which the minimal coupling prescription is ambigu-
ous.’ This is in line with Goenner’s observation that “such a procedure is unique

only for first-order partial differential equations” [87, p. 866].

A related point here is the following. One might think that it is no surprise that
equations such as (1.2.12) do not reduce to (1.2.7) (i.e., to a Poincaré invariant form,
with no curvature terms) in normal coordinates at any p € M, for (1.2.12) was not
obtained directly via minimal coupling. This thought, however, is ultimately by-the-

by, for even if minimal coupling were applied directly to (1.2.7), to obtain

Fop” = 2Jay), (1.3.1)
where now index contraction is taken with respect to a generic Lorentzian g, satisfy-
ing (1.2.10), and the unique torsion free derivative operator V, compatible with g, is
used, (1.3.1) would still not take at any p € M and in normal coordinates a Poincaré
invariant form with no curvature terms—the reason being that, in a coordinate ba-
sis, (1.3.1) features derivatives of connection components, which cannot be made to

vanish in normal coordinates.

1.3.2 The Strong Equivalence Principle

The work presented in §1.2 has important ramifications for the strong equivalence prin-

ciple. I here introduce two distinct formulations of this principle, which I call EP1 and

BFor discussion related to this point, see [141, §16.3].
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EP2:4

EP1: The dynamical equations for non-gravitational fields reduce to a Poincaré in-
variant form, with no terms featuring the Riemann tensor or its contractions, at

any p € M.

EP2: The dynamical equations for non-gravitational fields reduce to a Poincaré in-

variant form at any p € M.

The results of §1.2 indicate that EP1 is incompatible with minimal coupling for
higher-order dynamical equations like (1.2.12). Claims to the contrary can, however,
be found in the foundational literature; consider for example the following quote,

given by Brown at [24, pp. 170-171]:

[Minimal coupling involves the] claim that the matter fields do not couple
to the Riemann curvature tensor or its contractions. Recall that in SR, in-
ertial frames are global, which implies that the curvature vanishes every-
where, and hence trivially makes no appearance in the laws of physical
interactions. This feature is now absorbed into GR in the requisite local

context.

Since terms featuring in (1.2.12) contain the Riemann tensor, these cannot be made
to vanish at a point; this is in manifest contradiction with the above quote. In fact,
second order equations such as (1.2.12) constitute a straightforward counterexample
to any claims to the effect that EP1 may universally be regarded as holding when

dynamical equations for matter fields are constructed via minimal coupling. Note,

14Sometimes, EP1 and EP2 are referred to as “pointy’ versions of the strong equivalence principle—
for discussion, see [85,111,155].

22



however, that insofar as curvature terms may be ignored at p € M, EP1 may be regarded
as holding at p. Whether this is the case will principally depend upon the strength of
curvature effects relative to the experimental apparatuses available; if one’s experi-
mental apparatuses are insensitive to such effects, then the principle may be regarded
as holding approximately at p for the matter field measured by those apparatuses—
see below for further discussion. By contrast to EP1, note that curvature couplings
in higher-order minimally coupled dynamical equations for matter fields do not pose
problems for the validity of EP2 in the context of matter fields obeying such dynam-
ical equations—indeed, the results of §1.A demonstrate that there is no tension be-

tween EP2 and minimal coupling.

Recall now Brown’s discussion of the strong equivalence principle at [24, p. 169]:"°

There exists in a neighbourhood of each event preferred coordinates, called
locally inertial at that event. For each fundamental non-gravitational inter-
action, to the extent that tidal gravitational forces can be ignored, the laws
governing the interaction find their simplest form in these coordinates.

This is their special relativistic form, independent of spacetime location.

To understand this quote, it is useful to extend EP1 and EP2 to the neighbourhood

of any p € M:

EP1": The dynamical equations for non-gravitational fields reduce to a Poincaré in-
variant form, with no terms featuring the Riemann tensor or its contractions, in

a neighbourhood of any p € M.

15Other similar presentations of the strong equivalence principle can be found in e.g. [111, §3.4]
and [112, p. 874].
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EP2": The dynamical equations for non-gravitational fields reduce to a Poincaré in-

variant form in a neighbourhood of any p € M.

As with EP1, whether EP1' holds approximately will principally depend upon the
strength of curvature effects relative to the experimental apparatus available. (Ar-
guably, however, such assumptions are more plausible in the context of EP1' than of
EP1, since experimental apparatuses always occupy some extended region of space-
time.)!® In this case, however, the size of the neighbourhood is also relevant: in a
larger neighbourhood of p, one is more likely to be able to detect curvature effects
with one’s experimental apparatus—in which case, EP1' will not hold as an approx-
imate principle. To illustrate, consider Pound-Rebka experiments to detect gravita-
tional redshift.!” The fact that these experimental apparatuses are not sensitive to
curvature effects in their neighbourhood means that EP1' can be regarded as hold-
ing in that neighbourhood for the fields that those apparatuses measure; in light of
this, a flat spacetime account of the Pound-Rebka results can be offered. For further
details, see [29, §III]. (Though EP2'is principally introduced by analogy with EP2,
it is important to note that, like EP1', this principle also holds only approximately in
a neighbourhood for minimally coupled dynamical equations—for it relies upon the
metric field g,, to which the matter fields couple being approximately Minkowskian

in a neighbourhood.)

Clearly, it is important that one be precise about what is meant by ‘tidal gravita-
tional forces” in quotations such as that above. In the context of dynamical equations
for non-gravitational fields in the neighbourhood of some p € M, I understand ‘terms
representing tidal forces’ to mean terms in those equations featuring the Riemann ten-
sor or its contractions. As a result, in contexts in which terms representing tidal forces

can be ignored, EP1' and EP2' hold.

1®In this regard, cf. [157, §1.9], and discussion at [24, p. 170] and [112, p. 875].
7For the original Pound-Rebka paper, see [172].
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1.4 The Dynamical Perspective

With this understanding of the limitations to the holding of EP1 in hand, I now con-
sider potential ramifications of this result for positions in the foundations of relativity
theory. To that end, I assess in this section the consequences of the above work for
the dynamical perspective on relativity, as presented in [24,27,28]. I argue that difficul-
ties raised by violations of EP1 do not present damning problems for this view in the

context of GR.

1.4.1 Explanation and Codification

To begin the discussion, I must clarify what is meant by the dynamical perspective on
relativity. (This position will be elaborated in more depth in Ch. 3.) I first focus specif-
ically on the case of SR, and distinguish two positions on the nature of the Minkowski

metric field:

(A) The Minkowski metric field is an ontologically distinct and primitive entity; its
presence can explain certain facts about the dynamical laws governing matter

fields (namely, the fact that these laws are Poincaré invariant).

(B) The Minkowski metric field is not an ontologically distinct and primitive entity;
rather, it is a codification of certain facts about the dynamical laws governing

matter fields (namely, the fact that these laws are Poincaré invariant).

To endorse (B) is to endorse the dynamical perspective; the orthodox line is (A)—
sometimes referred to as the geometrical perspective. In advocacy of the (A)-view,

Maudlin writes:'8

18] take Maudlin’s speaking of Minkowski spacetime in vacuo to indicate his commitment to the view
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If we accept that in a vacuum there is no physical structure, except for
the structure of space-time itself, then the behaviour of light in a vacuum
implies that the geometry of spacetime alone determines the trajectory of the light
rays. That is, given any point in the space-time p, the structure of space-
time ought to fix where light emitted from that p (in any possible direction)

will go. [137, p. 68] (Emphasis in original.)

... the Minkowski geometry takes exactly the same form described in [any]
Lorentz coordinate system (by the symmetry of Minkowski spacetime),
and the laws of physics take exactly the same coordinate-based form when
stated in a coordinate-based language in any Lorentz coordinate system
(because the laws can only advert to the Minkowski geometry, and it has

the same coordinate-based description). [137, pp. 117-118]

By contrast, the (B)-view (principally advocated by Brown and Pooley—see [24, 27,

28]) is expressed in passages such as the following:'

The appropriate structure is Minkowski geometry precisely because the laws

of the non-gravitational interactions are Lorentz covariant. [24, p. 133]

The relative merits of (A) and (B) in the context of SR will be discussed further in

that the metric field of SR is primitive, and ontologically autonomous of matter fields. Other advocates
of the (A)-view arguably include e.g. Friedman [81]. A related view is that of Janssen [12,108], accord-
ing to whom one makes a ‘common origin inference’ from the Poincaré invariance of the dynamical
laws to Minkowski spacetime—understood as an expression of the universal Poincaré invariance of all
dynamical laws. On this position, the Minkowski metric field is not necessarily an ontologically au-
tonomous entity. For further discussion as to how Janssen’s views align with the (A)- and (B)-views,
see [1].

YNote that what Brown calls ‘Lorentz covariance” here is what I call ‘Poincaré invariance’ above.
Related to this, it is worth noting that arguably the essence of SR is more closely tied to Lorentz- than
Poincaré-invariance, for both pre-relativistic and relativistic dynamical laws governing matter fields
are locally invariant under translations—it is only the linear part of the class of affine transformations
under which such laws are invariant that changed on the transition to relativistic physics.
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Ch. 3. For the time being, I sketch how the debate between these two camps changes
on moving to GR. The first key difference in the case of GR is that the advocate of (B)
concedes that the metric field in this context is an autonomous agent, ontologically
distinct from the matter fields of the theory.*” Hence, for the extensions to GR of both

(A) and (B), the metric field is not reducible to properties of the matter fields.

Though advocates of (A) and (B) agree on the ontological autonomy of the metric
field in GR, they may disagree on its relation to chronogeometry. For the latter, the
dynamics of the metric field tell us that it is ‘just another field": “Nothing in the form
of the equations per se indicates that g, is the metric of space-time, rather than a (0, 2)
symmetric tensor which is assumed to be non-singular” [24, p. 160].? How, then,
does the metric field attain its chronogeometric significance in GR? For the proponent of
(B), the metric field “earns its spurs by way of the strong equivalence principle” [24,

p- 151]. The reasoning here can be stated explicitly as follows:

1. In the neighbourhood of any p € M, assuming that one’s experimental appara-
tuses are such that terms featuring the Riemann tensor or its contractions can

be ignored, we recover EP1', for the fields measured by those apparatuses.?

2. Inaddition, in such a scenario the dynamical metric field of GR manifests Poincaré
symmetries—for in this case, higher derivatives of the metric field can be re-

garded as vanishing.”

To claim that the metric field is reducible to the matter fields in GR is to endorse a certain form of
relationism about the metric field; there are profound difficulties with implementing this programme
in GR. An obvious illustration of this difficulty can be found in the existence of vacuum solutions in
the theory.

ZNotation in this quotation has been modified for consistency with the present chapter. For discus-
sion of coordinate-dependent versus -independent approaches in the foundations of spacetime theo-
ries, see [217].

Z2Note that this invocation of approximation means that, strictly speaking, we are dealing with the
approximate chronogeometric significance of the metric field in GR.

2By imposing the condition that terms representing tidal forces may be ignored, derivatives of the
metric field may be ignored, so this field may indeed be treated as the Minkowski metric field in the
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3. The symmetries of the dynamical laws governing non-gravitational fields in the
appropriate local neighbourhood of p therefore coincide with the symmetries of

the dynamical metric field in this neighbourhood.?*

4. As a result, inertially moving, stable physical rods and clocks survey this pri-
mordial metric field, and so afford it its chronogeometric significance, in the neigh-

bourhood of p.°

In summary, the point may be put as follows:

It is because of minimal coupling and local Lorentz covariance that rods
and clocks, built out of the matter fields which display that symmetry,
behave as if they were reading aspects of the metric field and in so doing

confer on [the metric] field a geometrical meaning. [24, p. 176]

It is worth making some comments on the (B)-view. First, the advocate of this
approach errs insofar as she universally endorses EP1 in conjunction with minimal
coupling, for we have seen cases in which the minimal coupling prescription ap-

plied to certain dynamical laws implies the negation of EP1 (cf. §1.3). This tension

relevant local vicinity of p. Note that thus far we have understood ‘symmetries’ to mean dynamical
symmetries—i.e. transformations upon dynamical equations which leave their form invariant. When
speaking of the (local) symmetries of the metric field, we are concerned with spacetime symmetries, which
Pooley defines as “groups of transformations that preserve spatiotemporal structure (as encoded in coor-
dinate systems)” [169, §3.1]. (Clearly, the advocate of the dynamical approach may resist the ab initio
identification of the metric field with ‘spacetime’; this, however, does not affect the above presentation
of the dynamical view.) I will make more of the distinction between these two classes of symmetries
in Ch. 3.

20On this point, one might ask, “Since this notion of symmetry coincidence is symmetrical, why
not say that the metric field surveys rods and clocks?” My response is that the asymmetry is broken
through the fact that stable rods and clocks can be built from matter fields (though cf. footnote 25),
which then read off intervals as given by the metric field—but it is not (it appears) the case that stable
rods and clocks can be built from the metric field, which then survey matter fields in the theory. I
concede, however, that this latter possibility is of interest, and deserves further exploration.

Note that the local coincidence of metric and dynamical symmetries, as delivered by the strong
equivalence principle, is only a necessary condition for the metric field to have chronogeometric sig-
nificance tout court. For example, as flagged above, the existence of stable rods and clocks built from
matter fields is an additional, non-trivial assumption.
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is not necessarily problematic, however, for what is sufficient for the (B)-view to go
through in the general relativistic context (for the reasons detailed above) is that, in
an appropriate neighbourhood of any p € M, terms featuring the Riemann tensor or

its contractions may be ignored—so that EP1' holds in this neighbourhood.?

What is a plausible (A)-type counterpart to the (B)-view in the context of GR? For
the purposes of this chapter, I take this to be the following: the metric field has a
primitive connection to spacetime geometry, and in the regime in which terms fea-
turing the Riemann tensor or its contractions may be ignored, the dynamical laws
governing non-gravitational fields in a suitable neighbourhood of any point p € M
are constrained to be invariant with respect to the local symmetries of this field in the
same manner as for the (A)-story in the context of SR. Hence, the existence of the
Lorentzian metric field explains the form of the local dynamical laws in the theory.”
This view—which I will later, in Ch. 3, call an “unqualified” geometrical view—thus
embodies the target claim: that the metric field has its chronogeometric significance

necessarily.

1.4.2 The Equivalence Principle and the Dynamical Perspective

Henceforth, I take (A) and (B) to refer to the above formulations of these views in the
context of GR. How, then, do these fare in light of §1.3? As we have seen, the advo-
cate of the (B)-view makes an inconsistent move insofar as she assumes the universal

validity of EP1 alongside minimal coupling. There is, however, a straightforward fix

26Gtrictly, the account given by the advocate of the dynamical perspective regarding the chronogeo-
metricity of the metric field can go through at a point p € M, so long as tidal forces may be ignored
at that point (so that EP1 holds approximately at that point). However, since (as discussed above) ex-
perimental apparatuses always occupy some extended region of spacetime, it is more natural to focus
upon a neighbourhood of any p € M, and thereby upon the approximate validity of EP1' for the fields
measured by those apparatuses.

] raise in §1.6 some worries regarding this account.
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available: she may simply maintain that, to the extent that terms featuring the Rie-
mann tensor or its contractions may be ignored, EP1' holds, and the metric field takes
the form of the Minkowski metric in the relevant neighbourhood. These latter results

suffice for the coherence of the dynamical approach in the context of GR.

The Poincaré invariance of local dynamical laws written in normal coordinates at
any p € M merits further discussion. In particular, one might worry that there exists a
tension between (I) the fact that such laws are invariant under translations, and (II) the
fact that these laws generically do not hold at some other ¢ € M in the neighbourhood
of p (now setting aside the dropping of terms representing ‘tidal forces’). To see this,
suppose that one takes an active interpretation of such translations. In that case, one
appears to find that the dynamical laws at p invariably also hold at ¢g—a contradic-
tion. Tension here can be resolved in the following way: one should not take an active
interpretation of such translations upon the dynamical equations at p.*® The reason
for this is that, in writing the minimally coupled dynamical equations of GR at p in
normal coordinates, information encoded in connection coefficients is not retained.”
An actively-interpreted translation upon these equations at p would tell us that con-
nection coefficients also vanish at ¢, in the same coordinate system—but we have prior
knowledge that this is not the case. Hence, one should not interpret actively transla-
tions performed upon such dynamical equations, once written in normal coordinates

atany p € M.

Z8Here, there are parallels with merely formal symmetries in the case of quantum mechanics, which
admit of no active interpretation—see [25, §3.1].

P Note that this is due to the mathematical fact that connection components vanish at p in normal
coordinates; no approximations are invoked in this discussion.

%This point is worth stressing, in order to avoid certain confusions. A metric field’s being
Minkowskian is a global rather than a local property of a manifold, for by definition all Minkowski
metric fields are geodesically complete (cf. footnote 44). Thus, geometrically speaking, it is not clear
how one can define ‘local’ Poincaré transformations, as discussed above—since from this point of
view, such transformations are usually understood to be the isometries generated by the Killing vec-
tor fields on Minkowski spacetime. The resolution is to view the Poincaré transformations discussed
above as passive only—their action is not on spacetime points at all, but rather on the chart space,
i.e. the codomain of the coordinate charts.
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1.5 Two Miracles of General Relativity

In response to claims to the effect that metric structure explains the symmetries of
the equations governing non-gravitational fields, and in particular the fact that they
are all Poincaré invariant, the advocate of (B) may reply that such an explanation is
“question begging” [24, p. 139]. Regardless of which side one endorses in this debate,
however, the fact that all such dynamical equations manifest the same symmetries is

at least an a priori mystery; one might call it the first miracle of relativity (MR1):

MR1: All non-gravitational interactions are locally governed by Poincaré invariant

dynamical laws.

MR1 holds in SR: it tells us that the dynamical laws governing all matter fields
are Poincaré invariant; the advocate of the dynamical view (B) takes this to be a brute
fact; the advocate of the geometrical view (A) attempts to rationalise this by appeal
to Minkowski spacetime.® The fact that MR1 holds has been discussed in [12,24],
and coheres well with the later thinking of Einstein: “The content of the restricted
relativity theory can accordingly be summarized in one sentence: all natural laws
must be so conditioned that they are covariant with respect to Lorentz transforma-
tions” [76, p. 329]. MR1 still obtains in the neighbourhood of any p € M in GR. In
addition to MR1, however, the work of §1.4 makes plausible that there exists in the

GR context a second miracle of relativity (MR2):

MR2: The Poincaré symmetries of the dynamical laws governing non-gravitational

310n MR1, David Wallace has posed the following question: “Why should one think it a miracle
that the intersection of the symmetry group of all the dynamical laws governing matter fields is the
intersection of the symmetry group of all the dynamical laws governing matter fields?” To this, I
respond as follows: the larger this intersection, the bigger the miracle. The fact that this intersection
(and indeed also the union of the symmetry group of all dynamical laws governing matter fields) is
the Poincaré group certainly qualifies, in my view, as ‘miraculous’, in the sense of footnote 3.
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tields in the neighbourhood of any point p € M coincide—in the regime in
which terms featuring the Riemann tensor or its contractions may be ignored—

with the symmetries of the dynamical metric field in that neighbourhood.*

In GR, there exists an ontologically autonomous (‘primordial’) metric field, and
this leads to MR2: why is it—assuming that terms representing tidal forces can be
ignored—that the symmetries of the dynamical laws governing non-gravitational
fields in a suitable neighbourhood of any p € M coincide with those of the primor-
dial metric field in that neighbourhood? Again, the advocate of the dynamical view
(B) may postulate this as a brute fact. By contrast, the advocate of the geometrical
view (A)—in particular, the ‘unqualified” geometrical view discussed in Ch. 3—may
attempt to argue that the ontologically primitive metric field explains the form of the
dynamical laws governing matter fields; however, as in SR, she faces an outstanding
burden to delineate how this is supposed to work.*®> For more details on this, see §1.6,

and Ch. 3.

One thing that the advocate of (A) may say here is the following: Minimally cou-
pled dynamical laws in GR feature the metric field g,;; as we have seen, the presence
of (or rather, the coupling to) this metric constrains the local form in the neighbour-
hood of any p € M of the dynamical laws of those fields to which it couples. Conse-
quently, the symmetries of the local dynamical laws must coincide with the symme-
tries of the metric field. This argument misses the point, however, for the very issue
in question is why the dynamical laws governing matter fields take such a form—

rather than another, with different local symmetry properties. In other words: why this

32 Another way to put MR2 would be the following: the signature of the metric field which codifies
the local symmetries of the dynamical laws governing matter fields (cf. [30, §5]) coincides with the
signature of the dynamical metric field appearing in Einstein’s equation.

3Even supposing that an explanation can be found for MR2, there exist further questions in this
vicinity. For example, why (with the programme of Callender in mind—cf. [34]) should the lobes of
the lightcone structure designated as timelike by (a) the primordial metric field, and (b) the metric field
which codifies the symmetries of the local dynamical laws, coincide?
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particular coupling? This is the essence of MR2, which remains untouched by such

arguments.

If one could argue that what had previously been regarded as the ontologically
independent metric field of GR was in fact reducible to a codification of symmetries
of the dynamical equations of matter fields (as with the (B)-account in SR), then this
would provide an explanation for MR2. Indeed, one might think there are hints that
this can be achieved: vacuum GR is essentially an affine theory, in the sense that the
tield equation of vacuum GR, R,;, = 0, only require an affine connection to be defined,
as the Riemann and the Ricci tensor can be defined in terms of the connection only,
without any need to refer to a metric tensor.** On the other hand, we do need a
metric tensor to define the Ricci scalar that, together with the Ricci tensor, makes
up the Einstein tensor that forms the left-hand side of the full Einstein equations.®
Hence, one can go a long way in GR without defining a metric field—but as soon as

one seeks to treat gravitational fields in the presence of matter, one must introduce a

metric field.3®

Note, however, that with only affine structure at one’s disposal, there is no way
to distinguish between four-dimensional space and four-dimensional spacetime. The
reason is that one needs conformal or metric structure to distinguish between spatial
and temporal dimensions, manifested in the signature of the metric (or of the con-
formal equivalence class of metrics). Thus, the claim that vacuum GR is essentially
an affine theory needs to be treated with caution: we still need to obtain a metric

or an equivalence class of metrics to make it a spacetime theory. Consequently, one

34T am grateful to Dennis Lehmkuhl for helpful discussions on these matters.

%The reason is that while the Ricci tensor can be obtained by contracting the one upper and one of
the three lower indices of the Riemann tensor, in order to obtain the Ricci scalar we first need to raise
one index of the Ricci tensor using the metric. This also means that we cannot define the standard
Einstein-Hilbert Lagrangian without a metric.

%This coheres with the results of [121], that in order to define the stress-energy tensor of generic
material systems, a metric tensor must be in place. We now find that both sides of the full Einstein
equations require a metric in order to be well-defined.
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must take even vacuum GR, understood as a theory of spacetime, to require metric

structure, thereby raising potential obstacles for this move to explain MR2.%

Alternatively, one might seek to account for MR2 by appeal to a particular form of
the relativity principle, which states that the laws of physics take the same form in all
inertial frames of reference. Recall that normal coordinates at any p € M are such that
Guv,p (p) = 0, and one may impose the further restriction that g,,, (p) = diag (—1,1, 1, 1).
It is plausible to regard such frames as inertial, since connection coefficients van-
ish therein; this means—via the geodesic equation—that motions of test bodies take
their simplest form in such frames, insofar as they follow Newtonian inertial trajec-
tories. Now consider a case in which non-gravitational fields governed by Galilean-
invariant dynamical laws are coupled—via their associated stress-energy tensor—
to Einstein’s equation in which the curvature tensor is associated (via the unique
torsion free, metric-compatible connection) to a Lorentzian metric field, gq;. Sup-
pose, for a given p € M, that there exists a normal coordinate system in which the
Galilean-invariant dynamical laws take their simplest form. Now transform to a new
coordinate system, via a Lorentz boost. Though this new coordinate system is still
normal—and so still inertial—the Galilean-invariant laws do not take the same form
in this frame. Thus, this form of the relativity principle is violated. If one holds this
principle to be sacrosanct, then one may, therefore, be able to account for MR2. Note,
however, that this again merely pushes the problem back, for one may ask: why such

a relativity principle?

37For presentations of GR in which affine structure is introduced before metric structure, see [128,
141,194]—though note that, in such sources, this order of presentation is often chosen for pedagogical
reasons, rather than to explore the extent to which it is possible to do GR with only affine structure, as
is my concern here.
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1.6 The Geometrical Perspective

The situation presented thus far stands as follows. (I): Minimal coupling implies
EP2, but does not in general imply EP1 (pace e.g. [24, ch. 9]). (II): When terms fea-
turing the Riemann tensor or its contractions in local dynamical equations for non-
gravitational fields can be ignored, EP1' holds in an appropriate neighbourhood of
any p € M. (III): Though philosophical positions such as the (B)-view are presented
as being interwoven with claims regarding the compatibility of the universal validity
of EP1 and minimal coupling (see e.g. [24, ch. 9]), such claims may be excised from
the position—for which suffices the approximate validity of EP1'. (IV): Some justifi-
cation for restricting the allowed class of dynamical equations for non-gravitational
tields in GR, or of the relativity principle, would suffice as an account of MR1 and

MR2.

By analogy with the case of SR, the advocate of the (A)-view (at least, what I will
call in Ch. 3 the ‘unqualified” (A)-view) is likely to claim that the sheer fact that non-
gravitational fields are situated in a spacetime manifesting (under the appropriate
conditions, i.e. when terms featuring the Riemann tensor or its contractions may be
ignored) local Poincaré invariance in the neighbourhood of any p € M explains the
local symmetries of their associated dynamical laws—and thereby explains MR1 and
MR2. As I see it, this is not correct. In this section, I present two interestingly distinct
problem cases, in which the reasoning central to the (A)-view appears insufficient
to account for the dynamical behaviour of matter fields. These two cases are the
Jacobson-Mattingly theory on the one hand, and certain bimetric theories on the other

(these theories are also discussed in [24, ch. 9]).38

30n my appeal to these theories, one might object: why is the fact that the (A)-view fails in such
counterfactual scenarios, in which e.g. the Jacobson-Mattingly theory holds, of any relevance? The
reason is that the (A)-view under consideration here postulates a strong modal constraint: all matter
fields must be such that they ‘advert’ to all and only the designated metric structure, in the sense that
the dynamical laws governing matter fields manifest (locally) the symmetries of that metric structure.
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In the former (presented in e.g. [36, 106]*), the action for a coupled Einstein-
Maxwell system is augmented with an additional term (via a Lagrange multiplier
tield \), imposing (as a field equation, via variation with respect to \) that the vector

potential A* be locally timelike:*

1
St [Gap, A A = /d4x\/—g (R - ZF“bFab + A (gabAaAb - 1)) . (1.6.1)

The imposition of this Lagrange multiplier term results in a violation of the relativ-
ity principle—though in a subtly different form to that presented in §1.5. The form of
the relativity principle that is violated by the Jacobson-Mattingly theory is the follow-
ing: dynamical laws for non-gravitational fields take their simplest form in all inertial
frames. (Here, the ‘simplest’ form of a dynamical equation is to be understood as the
form in which the greatest number of terms vanish—cf. appendix 1.B.) The reason
that this version of the relativity principle is violated is that the Lagrange multiplier
term in (1.6.1) picks out a preferred (timelike) direction in the neighbourhood of any
p € M; dynamical equations written in the subclass of inertial frames aligned with
that direction admit of further simplification, in the sense that further terms vanish

in those frames.*! This notwithstanding, however, the form of the relativity principle

Scenarios such as those discussed in this section demonstrate that this need not be the case. Now, I
leave open the possibility that there exist viable refinements of the (A)-view, which do not postulate such
strong modal constraints—indeed, such possibilities are discussed in Ch. 3. In such cases, I concede
that the force of the above cases may be mitigated. However, such developments of the (A)-view are
not my concern in this chapter.

¥1In fact, the version of the Jacobson-Mattingly theory discussed in this chapter is a special case of
that presented in [36, 106].

*0The first term is the Einstein-Hilbert action; F,; is the Faraday tensor associated to A% (see §1.2).

#For an illustration of how this term leads to the breaking of local Lorentz invariance—and so viola-
tions of this form of the relativity principle—see the discussion of a somewhat simpler (but analogous)
theory in appendix 1.B. I do not discuss that simpler theory in the body of this chapter, for it is a the-
ory set in fixed spacetime—whereas my concern in the above is (in part) to focus upon theories with
dynamical metric structure, which manifest (violations of) MR2. Nevertheless, it is worth noting that
the theory presented in appendix 1.B also raises questions regarding the kind of explanation for the
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presented in §1.5 is still satisfied, for the dynamical equations of this theory still take

the same Poincaré-invariant form in all inertial frames.

Note that the dynamical equations of the Jacobson-Mattingly theory could be con-
structed via minimal coupling;** this means that minimal coupling may lead to viola-
tions of certain forms of the relativity principle. In any case, however, the important
point to make from the perspective of this section is that, in the Jacobson-Mattingly
theory, the dynamical behaviour of non-gravitational fields does not reflect the local
(Poincaré) symmetries of the metric field—taken to represent spacetime. The advo-

cate of the (A)-view faces an outstanding burden to account for such cases.

Turn now to the second example: Bekenstein’s bimetric TeVeS (“Tensor-Vector-
Scalar’) theory, presented in [15,16]. As discussed in [24, §9.5.2], in this theory the
metric field which is surveyed by rods and clocks, the conformal structure of which
is traced by light rays, and the geodesics of which correspond to the motion of free
bodies, is not the ‘fundamental” metric field g, but rather a less ‘fundamental” metric
tield g, constructed from the other fields in the theory [24, p. 174]. Thus, one might
claim that the TeVeS theory presents another case in which the local symmetries of
the dynamical laws do not mirror the local (Poincaré) symmetries of the ‘background’

metric field—a necessary condition for the (A)-view to go through.

Still, in this case, both g,;, and g, are Lorentzian metric fields; moreover, the matter
fields in this theory obey (in the relevant regime) locally Poincaré invariant dynam-
ical laws. Thus, one might think that MR2 is satisfied in this case, and thus that the
example does not raise problems for the (A)-view. What is going on here? In fact,

TeVeS points to an interesting ambiguity in MR2. If this principle states that the local

dynamical behaviour of matter proffered by advocates of the geometrical approach. As a second point
on the Jacobson-Mattingly theory, the Lagrange multiplier term in the Jacobson-Mattingly action also
leads to a violation of gauge invariance—cf. [106, p. 3].

#2For example, the dynamical equation g,,A* A’ = 1 in the Jacobson-Mattingly theory could be con-
structed by applying the minimal coupling scheme to the associated dynamical equation 7,, A?A® = 1.
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symmetry group of the dynamical laws governing matter fields is the same (in the
relevant regime) as the local symmetry group of the metric field (in the sense given
above), then it is indeed satisfied in TeVeS. Note, however, that in TeVeS it is the met-
ric field §., and not the metric field g,,, which has chronogeometric significance—it
is this field which takes a diagonal form in the frames in which the dynamical equa-
tions governing matter fields take their simplest form. If one reads MR2 as demand-
ing this stronger condition (i.e., if one takes a strong reading of the word ‘coincides’
in MR2), then TeVeS violates this principle for the ‘fundamental” metric field g,;, for
the local symmetries of g,, do not coincide in this strong sense with those of the dy-
namical laws governing matter fields. Since it is this stronger reading of MR2 which
is relevant to a field’s having chronogeometric significance, it is this reading which
should be preferred—in which case, TeVeS does pose a problem for the (A)-view, for
it demonstrates that this local symmetry coincidence between the g, field and the

dynamical equations governing matter fields does not hold of necessity.

1.7 Special Relativity

With all the above in mind, I now reflect on the nature of SR, and its relation to GR.
Results such as (1.2.12) indicate that Poincaré invariance of dynamical laws in a space-
time theory is insufficient for that theory to be ‘special relativistic’, as such laws may
still contain curvature pieces and derivatives of connection coefficients. Hence, some
further criterion is needed to fully characterise ‘special relativistic” theories. This cri-
terion is that the inertial frames be global. To make sense of this, take the definition of
an inertial frame presented in the previous section. As we have observed, I'*,  (p) = 0
in normal coordinates at p (if the metric-compatible derivative operator is torsion-

free), so this result holds in a local inertial frame. However, this is only generically
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true at p: at neighbouring points the connection coefficients may be non-zero, i.e. par-
tial derivatives of the connection components may be non-zero in normal coordinates
at p; this leads to the possibility of curvature terms in higher order equations in local

inertial frames.

What happens, however, if we now specify that the inertial frames are global? In
that case, connection components vanish globally in normal coordinates, so it follows
that partial derivatives of the connection coefficients also vanish in these frames.*
Hence, the Riemann curvature also vanishes globally. In such a case, higher order dy-
namical equations for non-gravitational fields in GR at any point p € M and written
in normal coordinates take a Poincaré invariant form with no curvature terms, rather
than merely a Poincaré invariant form simpliciter. Moreover, this result holds at ev-
ery point in spacetime. Without specifying that the inertial frames are global, we do
not recover such dynamical equations, either globally or (in general) locally. Hence,
one might argue that ‘special relativistic’ theories are best characterised through two

criteria:

1. The dynamical laws governing matter fields are Poincaré invariant.

2. The inertial frames are global.

Deciding whether to characterise such theories via (1) and (2) together, or just via
(1), is a cost-benefit analysis. In the former case, we retain the notion that SR concerns
Poincaré invariant dynamical laws governing matter fields in a fixed Minkowski

44

spacetime.”* However, in following this route we can no longer maintain that SR

is in general recovered at a point in GR (although we can argue that it is approximately

#Note that I am not interested in the possibility of defining globally an arbitrary frame, but with the
possibility that a given, globally-defined frame satisfies globally the condition of inertiality.

#0r at least, we almost do: in order to obtain Minkowski spacetime proper, we must specify that
the manifold under consideration be diffeomorphic to R*, and geodesically complete.
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recovered, in the regime in which EP1' holds). By contrast, in the latter case we can
maintain that SR is locally recovered in GR. However, one has to greatly expand one’s
conception of the scope of SR to include the study of the dynamics of matter fields in

generically non-flat spacetimes.

Though it might seem that the ‘safe” option here is to endorse the former of the
two approaches, on which ‘special relativistic” theories are characterised by both (1)
and (2) (especially as (2) is, arguably, an essential conceptual assumption of SR—recall
that one of Einstein’s great insights on his quest towards GR was precisely the rejection
of (2)), it is at least worth countenancing the latter, more general account, according
to which a theory’s being “special relativistic” is tied to the Poincaré invariance of its
dynamical laws alone, and no further a priori restriction is made on the content of these
laws. On this view, the assumption of a fixed, background Minkowski spacetime is
supererogatory to the core of SR. Indeed, if one does choose to characterise special
relativistic theories through (1) alone, then, given certain restrictions on the form of
dynamical laws for matter fields (e.g., that they be constructed via minimal coupling),

GRitself is a locally special relativistic theory.

1.8 Conclusions and Outlook

There exist circumstances in GR in which minimal coupling leads to violations of
EP1. In this chapter, I have argued that this is unproblematic for advocates of the dy-
namical approach, for the relevant necessary condition for this view to account in the
context of GR for the chronogeometricity of the dynamical metric field is, rather, the
approximate validity of EP1', which obtains in the regime in which terms featuring
the Riemann tensor or its contractions in dynamical equations for non-gravitational
tields may be ignored. As a result, this position remains a live option for accounting
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for chronogeometricity in GR, when dynamical equations for non-gravitational fields

are selected in accordance with minimal coupling.

Exploring the above themes led me to identify MR2: that, when terms repre-
senting tidal forces may be ignored, the symmetries of the dynamical laws for non-
gravitational fields in the neighbourhood of any point p € M coincide with the sym-
metries of the primordial metric field in that neighbourhood. It appears, much as
with MR1, that—absent some deeper story—this must simply be treated as a brute
fact in GR. Though an explanation of minimal coupling, or certain forms of the rel-
ativity principle, would suffice to account for MR1 and MR2, no such explanation
appears to be forthcoming.*> Though the advocate of the (A)-view might claim to be
able to account for both of these ‘miracles’, I have presented two cases which call into

question such assertions.

Finally, I have reflected on the nature of SR. While one might choose to charac-
terise ‘special relativistic’ theories via two conditions—(i) that dynamical laws are
Poincaré invariant, and (ii) that inertial frames are global—in this chapter I have
raised the possibility that such theories may be characterised solely by (i). Decid-
ing which of these options is to be preferred is a nuanced business, worthy of future

philosophical attention.

1.A  Minimal Coupling and Poincaré Invariance

The goal of this appendix is to demonstrate that minimally coupled dynamical equa-
tions in GR manifest local Poincaré invariance, when written in normal coordinates

atany p € M. As a corollary, I derive some interesting results regarding when such

# At least within the domain of GR—it is possible that such an explanation can be found in e.g. per-
turbative string theory. See Ch. 2 for an exploration of this possibility.
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equations exhibit a broader symmetry group. To begin, consider any minimally cou-
pled dynamical equation in GR. In normal coordinates at some p € M, this equation

may schematically be written

O11- Oty +...+Op1 - Oy, = 0. (1.A.1)

Here, m indexes the term; n,, indexes the object in the m-th term.*® For such mini-
mally coupled dynamical equations in normal coordinates, the set of relevant objects
O, featuring in such equations consists of (a) tensors; (b) partial derivatives of tensors;
and (c) partial derivatives of connection components.”” Given this, [ now investigate

the class of transformations under which (1.A.1) is invariant.*®

Applying an arbi-
trary coordinate transformation to (1.A.1), I write each O; in the new, primed basis.
Accordingly, the investigation reduces to an exploration of the individual transfor-
mation properties of each the O; in such minimally coupled equations, in normal
coordinates. There are three cases to consider: (a)-(c). Suppose first (a): that O; is a
tensor. Then, trivially, O, transforms as a tensor under arbitrary coordinate transfor-
mations. So now suppose (b): that the O, in question consists of a finite number of

partial derivatives of a tensor. I claim that such an object transforms tensorially when

the transformation in question is affine—i.e. when the transformation reads

i ST M“lﬂ o 4 ot (1.A.2)

#Indices in (1.A.1) are neither abstract nor coordinate indices, in the sense of the rest of this chapter.

471 do not include connection components in this enumeration, since these vanish in normal coordi-
nates.

%A note on nomenclature. Consider an affine coordinate transformation z# = M M,u a4+ at
If an (r,s) tensor field T#-#r transforms under this coordinate change as T/, —

V1...Vg Vi...Vs
M “1#/ MM " M™y, M, T v » then I'say that it is covariant with this coordinate trans-
-

formation. If, on the other hand a dynamlcal equation retains the same form in either of the two
coordinate systems under consideration, then I say that it is invariant under the coordinate change.
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where the matrix elements M “’M and vector components a* are constant—in which

case we have

w ,
O\t (1.A.3)

oz #

To show this, proceed by induction. Base case: O; contains no partial derivatives of
a tensor, so is just a tensor (O; = T+ ). Then O; transforms tensorially under
all coordinate transformations, a fortiori affine transformations. Inductive hypothe-
sis: If O, consists of n partial derivatives of a tensor, O; = ... Oéll)T“l"'“’“Vlmys , then

a(nil) PN aé_ll)Tll/l---M'rul'

o (1) transforms tensorially under affine coordinate transforma-

Vs

tions. Inductive step: For a given tensor T~ if n partial derivatives of that

vi...Vs/

tensor transforms tensorially under affine transformations, then show: so too does

O, = Géﬁll )O,. Proof: By the inductive hypothesis, O; = ol ... gl mnn _ trans-

V...V,

forms tensorially under an affine coordinate transformation:

O‘ = a(n) e 8(1)TM1"'MT‘
) on o1 v

.Vs

/ ! !
= M, M7 MM M, MM

T V1

- MV%/S a((;/l) ce a‘(j}l)Tliﬁ---M;»yl . (1A4:)

1+Vs

where the M* . are as per (1.A.2). Given this, O; transforms as

0 - MU;H%H §nt1) { Mon

/
U7z+ 1 On

!
M MMM
1

Mo

v

M, A, 0o, L (1A S)
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Distributing the partial derivative using the product rule, all terms of the form 8((72111 ‘M N

vanish, leaving

!
/ Opt1 o! o! “1 r
Ol = Mg, M, o Mh, M™ oo M,

Mo
M”im ce A]\jl/éyS 852111)852) e aSI)TM/lu;yiy; . (1A6)
Hence, if the object O; consisting of n partial derivatives of a tensor T%-#:,  is

invariant under affine coordinate transformations, then so too is the object O; con-
sisting of (n + 1) partial derivatives of that same tensor. Thus, all partial derivatives
of tensors appearing in minimally coupled dynamical equations at p € M transform

tensorially under affine coordinate transformations.

Finally, consider (c). The claim now is that all partial derivatives of connection
components transform tensorially under affine coordinate transformations. To prove
this, again proceed by induction. Base case: O; = 9,I'" ,, i.e. O; consists of one partial
derivative of a connection component. Transforming to a new coordinate basis and

then expanding in terms of the old basis, we have

/ /

, Oz 9 (027 Oz, OxF  OxF D"
o Qar Owe (81:"' dzv' 7 Oxr N oz~ 8:6"'8:6”’)
0% 0xv, O Q27 OPav . Oa"
B R T e
dxP 07 dx” O r oz~ OxP 0z° dx” e o

/

K
Oz Ox° Oxv' Oxp  °Y Oxt  Oxf Ox° Oxv' Y OxrOxr

Oz O%xF 92z Oz Oz 9 0%z"

Oz OxPOxr Ox° xv'  Oxr' Oxr OxP Ox° Oxv'

(1.A.7)
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Five of the six terms in (1.A.7) contain second partial derivative pieces, which van-
ish when the coordinate transformation is affine. So, under an affine coordinate

transformation, this object transforms as a tensor. Inductive hypothesis: If O; con-

sists of n partial derivatives of a connection component, O; = o ... o v then
8((,?;_11)) .05 I'* | transforms tensorially under affine coordinate transformations. In-

ductive step: If O, consists of n partial derivatives of a connection component and
transforms tensorially under affine transformations, then show: so too does O; =
8((,7;:11)@. Proof: mutatis mutandis as for the inductive step of (b). Thus, all partial
derivatives of connection components appearing in minimally coupled dynamical

equations at p € M transform tensorially under affine coordinate transformations.

We have found that each of the O, featuring in any minimally coupled dynamical
equation in GR, written in normal coordinates at a point p € M, is covariant—i.e.,
transforms tensorially—under affine coordinate transformations. However, we have
yet to show that all such equations are invariant—i.e. take the same form—under
affine coordinate transformations. In fact, this is in general not the case: and whether
equations of the form (1.A.1) are so invariant, or rather are invariant under a restricted
class of affine transformations (most relevantly the Poincaré group) depends upon
context. To see this, first consider (1.2.9). Written in normal coordinates at some

p € M, the equation reads

Flua = 0. (1.A.8)

Transforming to a new coordinate basis under an affine transformation, (1.A.8) reads,
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using the above results,

MY, MY, MY, Flu o = 0. (1.A.9)

At this stage, however, assuming that the transformation matrices are invertible, we

may simply operate on (1.A.9) with the relevant matrix inverses, yielding

Fia = 0. (1.A.10)
Hence, (1.2.9) written in normal coordinates at any p € M is invariant under all affine

transformations with invertible linear transformation matrices. Now, however, con-

sider (1.2.8). In normal coordinates at some p € M, this reads

P = Jh, (1.A.11)

Transforming to a new coordinate basis under an affine transformation, (1.A.11) be-

comes

M* MY, MY FRY = MY, MY, MOy e FY Y = M Y (1.A.12)

v v/

While the /%, matrices can be cancelled (via multiplication by the relevant inverse

matrices) in (1.A.12), in order for this equation to be invariant under the affine coordi-
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nate transformation in question, we require the further condition that

MVV/ Ma)\/ Nve = N/ )\ - (1A13)

From this, we see that (1.2.8), written at some p € M in normal coordinates, is invari-
ant only under the more restricted class of Poincaré transformations—since (1.A.13) is
the definition of a Lorentz rotation. In general, whether the minimally coupled dy-
namical equations of matter fields in GR, written at a point in normal coordinates,
are invariant under all affine transformations (with invertible linear transformation
matrices), or only the Poincaré transformations, depends upon whether the metric

field is used to contract indices between the O;. To summarise:

* Objects of the form (a)-(c) transform tensorially under affine transformations;
since the dynamical equations of GR obtained via minimal coupling, written at
a point in normal coordinates, contain only objects of the form (a)-(c), all objects

in such equations are covariant under affine transformations.

* Due to the potential contraction of indices in some terms of such equations with
respect to the metric, we sometimes require further conditions on the affine
transformations in question for that equation to be invariant thereunder. Where
the metric is the Minkowski metric, this condition is that the transformations be

Poincaré transformations.

The latter point is important. To illustrate, consider (1.2.1). We do not know under
which affine transformations this equation is invariant until we specify the metric field
with respect to which index contraction takes place. If this is the Minkowski metric,

then such transformations are the Poincaré transformations, by the above reasoning.

47



If, however, this is some other metric, then the affine transformations under which

such objects are invariant will differ.*

1.B Lorentz Symmetry Breaking

Following [35, pp. 1231ff.], consider the Lagrangian for electrodynamics set in a fixed

Minkowski spacetime as per §1.2.1, but now augmented with a Chern-Simons term,*

1 .
Lcry = Ly — §paAbFab~ (1.B.1)

Here, Fo := le®d[F,, is the dual electromagnetic tensor. This modification couples

1
2
electromagnetism to an (as yet unspecified) vector field, p*.”" At the level of kinemat-
ically possible models, p” is specified to be spacelike, so that p,p* = m? > 0. Varying

the action associated to (1.B.1), one obtains a generalisation of (1.2.1),

P = J% + p B (1.B.2)

by contrast, (1.2.2) still holds. (Note that p, := n,p°.) Given that p® is spacelike, one

Ct. [94,237]. As noted in [93,105], the specific spacetime metric implicit in one’s theory of electro-
dynamics is specified by the so-called constitutive relations; for a certain simple form of the constitutive
relations involving the Hodge dual operator, this is the Minkowski metric.

UFor background on Chern-Simons theory, see e.g. [62]. Another theory which could be used to
illustrate the same point is SR with a homogeneous dust field, the four-velocity field of which generates
a timelike geodesic congruence.

51 As with the Minkowski metric field 7, in the version of electromagnetism introduced in §1.2.1,
the vector field p® may be understood to be a fixed field, in the sense of [171, p. 13].
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can select a frame in which p® = 0, in which case (1.B.2) reduces to

FU = JY 4 p (1.B.3)

Together, (1.B.3) and (1.2.2)*? are the simplest forms of the dynamical equations for
this theory. The question, then, is: under which coordinate transformations are the
forms of these equations preserved? Recalling from appendix 1.A that (1.2.1) is invari-
ant under Poincaré transformations, while (1.2.2) is invariant under all affine trans-
formations with invertible linear transformation matrix, it is clear that the forms of
(1.B.3) and (1.2.2) will together be invariant under the subgroup of Poincaré transfor-
mations that preserve the condition p® = 0. Our task now, then, is to identify this

class of transformations.

By acting upon p* with an arbitrary transformation matrix, one finds that the co-
ordinate transformations which preserve p” = 0 are the Galilean transformations.”
Thus, the class of transformations which preserve (1.B.3) and (1.2.2) together consists
of the intersection of the Poincaré and Galilean transformations—these are the trans-
lations and spatial rotations. Thus, in this modified theory of electrodynamics, the
presence of the p® vector field ‘breaks’ Lorentz symmetry, reducing the class of trans-
formations under which the dynamical equations of the theory hold in their simplest
form from the Poincaré transformations to the translations and spatial rotations. This

is reconcilable with the Poincaré invariance of (1.B.2) and (1.2.2) together, since in

52The latter written in a coordinate basis.

3To see this, first act with a generic linear transformation matrix M*, (associated to an affine co-
ordinate transformation z'* = M* z" 4+ a*—here I have moved the primes from indices to the new
coordinates, i.e. have written z’* rather than z*', for clarity of exposition) upon p* (this geometrical
object now being written in some coordinate basis), subject to the condition that the temporal compo-
nent also vanishes in the new coordinate system, i.e. p’ o —o. Doing so, one finds that the time-space
component MY of the transformation matrix vanishes. Given this, it follows that z’ O — M %2 + a°
and o'’ = M%) a® + M*, 27 + a'; these are precisely the Galilean transformations.
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this case these do not constitute the simplest forms of the dynamical equations of the
theory. A similar result holds for the local dynamical equations at any p € M for the

general relativistic Jacobson-Mattingly theory [36,106], discussed in §1.6.
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Chapter 2

On Miracles and Spacetime

What were dubbed in the previous chapter the two ‘miracles” of general relativity
remain, I have argued, unaccounted for in that theory. In this chapter, I demonstrate
that these two ‘miracles” admit of a natural explanation in one particular successor
theory to general relativity—namely, perturbative string theory. I argue that this point
has important implications when considering both the ‘chronogeometricity” (that is,
the object in question being surveyed by rods and clocks built from matter fields)
and spatiotemporal status of the dynamical metric field in both general relativity and

perturbative string theory.

2.1 Introduction

In the previous chapter, I drew attention to two ‘miracles’—i.e., features surprising

or puzzling, the explanation of which remains outstanding—in the foundations of
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general relativity (GR).! These ‘miracles’, labelled respectively MR1 and MR2, can be

stated as follows:

MR1: All non-gravitational interactions are locally governed by Poincaré invariant

dynamical laws.

MR2: The Poincaré symmetries of the dynamical laws governing non-gravitational
tields in the neighbourhood of any point in the manifold coincide—in the regime
in which terms featuring the Riemann tensor or its contractions can be ignored—

with the symmetries of the dynamical metric field in that neighbourhood.

In this chapter, after briefly recalling the details of MR1 and MR2, I demonstrate
that while these two results are indeed ‘miraculous’ in GR, they cease to be so in one
particular successor theory of quantum gravity to GR, namely perturbative string the-
ory. Not only is this a noteworthy observation in itself, but (I contend) it has impor-
tant consequences when assessing both the ‘chronogeometricity’ (that is, the object in
question being surveyed by rods and clocks built from matter fields?) and spatiotem-
poral status of the dynamical metric field in both general relativity and perturbative

string theory.

To see the sense in which this is so, note two points. First, MR1 and MR2 con-
stitute important conditions for the dynamical metric field in GR to acquire what is
referred to in [24,29,180] as its ‘chronogeometric significance’—that is, for it to be

surveyed by rods and clocks built from matter fields (see §2.3). In brief, the reason

To repeat: the reader is urged not to be distracted by the nomenclature of ‘miracles’; cashing out
exactly what qualifies as a ‘miracle’ is the central concern of neither the previous nor the present
chapter. Rather, the above-quoted characterisation is fully sufficient for our purposes.

ZRecall that, roughly speaking, by ‘surveyed by rods and clocks built from matter fields’, I mean
that rods and clocks built from matter fields can be used to read off intervals of the metric field; this
notion is drawn from the work of Brown (see e.g. [24, ch. 9]), and is discussed in more detail in §2.3
below.
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for this is that MR2 ensures a surveying of the metric field by rods and clocks; MR1
ensures the irrelevance of the constituents of rods and clocks.> Second, if one fol-
lows Knox in defining ‘spacetime” functionally, so that “the spacetime role is played
by whatever defines a structure of local inertial frames” [113, p. 9], then, as we shall
see, the obtaining of MR1 and MR2 is also an important condition for the metric field
in GR to qualify as spatiotemporal. The fact that MR1 and MR2 are contingent in GR
means that both chronogeometricity and spatiotemporality in GR is also contingent.
Not so in perturbative string theory, where these two ‘miracles’ follow ineluctably

from the formalism of the theory.

Consequently, both the chronogeometricity and spatiotemporality of the (non-
fundamental) dynamical metric field in perturbative string theory have a stronger
status than in GR. This prompts me to distinguish (A) the objects which play the
functional role of spacetime 4 la Knox being fundamental in the theory, from (B)
the objects which play the functional role of spacetime doing so necessarily rather
than contingently. While GR exemplifies (A) but not (B), the situation in perturbative

string theory is the reverse: the theory exemplifies (B), but not (A).

The structure of this chapter is as follows. In §2.2, I discuss MR1 and MR2, and
why these ‘miracles” are merely contingent in GR. In §2.3, I discuss the chronogeo-
metric and (for Knox) spatiotemporal status of the metric field in GR. In §2.4, I recall
the relevant details of perturbative string theory, and demonstrate that, in this theory,
MR1 and MR2 are necessary rather than contingent, and admit of a natural expla-
nation in the string-theoretic context—thereby rendering them miraculous no more.
In §2.5, I say a few more words on the logic underlying these ‘miracles’. In §2.6, I

draw upon these results in order to compare the spatiotemporal status of the dynam-

3Note, though, that MR1 and MR2 do not in themselves constitute sufficient conditions for such
chronogeometricity, for one must also presuppose e.g. the existence of stable rods and clocks built from
matter fields.
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ical metric field in perturbative string theory, versus in GR. In §2.7, I discuss how
Huggett’s arguments in [100] that ‘target space’ in perturbative string theory is not

‘Phenomenal space’ connect with these matters.

2.2 Two Miracles

In this section, I recall the content of MR1 (§2.2.1) and MR2 (§2.2.2) and their contin-
gent status in GR, as a prelude to demonstrating in §2.4 how this situation changes

on moving to perturbative string theory.

2.2.1 The First Miracle: Universal Local Poincaré Invariance

In order to understand MR1, one must recall some details regarding the dynamical
equations of GR. The kinematically possible models (KPMs) of GR are picked out by
triples (M, gap, ©), where M is the a four-dimensional differentiable manifold; g, is a
generic Lorenzian metric field on A; and @ is a placeholder for matter fields in the
theory. Dynamically possible models (DPMs) of GR are those KPMs the geometrical

objects of which obey certain specified dynamical equations: the Einstein equation,

1
Gab = Rab — EgabR = 87TTab, (221)

i.e. the dynamical equation associated with g, plus dynamical equations for the mat-

ter fields.* (Here, T, is the stress-energy tensor associated with the matter fields ®.)

“Strictly, independence of these dynamical equations from the Einstein equation depends on the
case in question—for discussion of this point, see [24, §9.3] and [141, §20.6].
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Ab initio, there is no restriction on the possible dynamical equations for matter
tields in GR. However, one often restricts consideration to equations which are mini-
mally coupled. Recall from Ch. 1 that the prescription for constructing such minimally

coupled equations is the following;:

Minimally coupled dynamical equations for matter fields in GR are con-
structed from dynamical equations for matter fields featuring coupling to
a fixed Minkowski metric field 7., and no curvature terms, by replacing all
instances of 7,;, with a generic Lorentzian metric field g,;,, and replacing all
instances of the torsion-free derivative operator compatible with 7,, with

the torsion-free derivative operator compatible with gg;.

Sometimes, this is referred to as the ‘comma-to-semicolon” prescription. To make
turther progress in understanding minimal coupling, recall again from Ch. 1 some ba-
sic facts regarding pseudo-Riemannian geometry. In a coordinate basis {e, }, the con-
nection components I'*,  associated to a derivative operator V, are defined by V e, =:
I, .. Then, at any p € M, we can choose normal coordinates, such that I, (p) = 0
in those coordinates; for a torsion-free derivative operator, we can in fact choose
normal coordinates such that I'#,, (p) = 0. (Note that the connection components
away from p will in general not vanish.) If the unique torsion-free, metric compatible

derivative operator is used, then in normal coordinates we also have d,g,, (p) = 0,

and we may further restrict to the subclass of normal coordinates at p such that

g (p) = diag (—1,1,1,1).

Minimally coupled dynamical equations for non-gravitational fields in GR take
a Poincaré invariant form in normal coordinates at any p € AM—see Ch. 1. Indeed,
the work of that chapter demonstrates that any dynamical equation featuring cou-

pling to (a) gas; (b) its associated curvature tensor; (c) the matter fields in the theory,
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will also take Poincaré invariant form in normal coordinates at any p € M—even if
such a dynamical equation is not obtained via the minimal coupling prescription. On
the other hand, many dynamical equations are possible in GR which are not locally
Poincaré invariant—for example, there is nothing to rule out dynamical equations for

non-gravitational fields in GR which are locally Galilean invariant.’

The question posed by MR1, then, is: why should the dynamical equations for
non-gravitational fields be such that all are Poincaré invariant? Given that other cou-
pling schemes are possible in which such local Poincaré invariance does not obtain,
that such is the case constitutes a ‘free lunch’. Within GR, it does not appear that
this result can be delivered without further input assumptions—e.g., the restriction
to minimally coupled dynamical equations. But in any case, satisfaction of MR1 must
ultimately simply be postulated; it does not appear that any deeper explanation of this

‘miracle’ is possible, within the framework of GR.®

2.2.2 The Second Miracle: Metric Symmetry Coincidence

Turn now to an explication of MR2. First, recall that, in normal coordinates at p,
0,9, (p) = 0, and one may further restrict to the subclass of normal coordinates such
that ¢, (p) = diag (—1,1, 1, 1); however, higher derivatives of the metric field do not

necessarily vanish at p. Second, assume that we are dealing with matter fields which

5Presumably, KPMs here would be picked out by tuples (M, gup, tans h V., ®), where g4, is a
generic Lorentzian metric field satisfying (2.2.1); (M, tu, h, V,) is the structure of ‘classical space-
time’ (in the sense of [128, ch. 4]) necessary to write down Galilean invariant laws for non-gravitational
fields; ® are the matter fields, which obey Galilean invariant dynamical laws; and the stress-energy
tensor T, in (2.2.1) is that associated with the ®. In this scenario, g,;, dynamically evolves in response
to the stress-energy content of the ®, but the ® are not so sensitive to g,;,—for this metric field does not
feature in their associated dynamical equations. For this reason, we seem to have here instantiation of
a strange, reverse violation of the action-reaction principle, since the metric field is responsive to matter
fields but not vice versa (for further discussion of the action-reaction principle, see [24,26]).

®For further (tentative) reflections on this point, related to the so-called geodesic principle in GR, see
Ch. 3.
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do all satisfy Poincaré invariant dynamical laws at any p € M. Third, note that such
dynamical equations for matter fields may still feature curvature terms, even at p
(for an extended discussion of this point, see Ch. 1). Since higher derivatives of the
metric field do not vanish at p, it would be misleading to state that the metric field
gap ‘Teduces’ to the Minkowski metric field 7,, at p. However, since non-vanishing
higher derivatives of the metric field are associated with non-vanishing derivatives of
connection components, which in turn are associated with non-vanishing curvature,
we can say that, in the regime in which terms featuring derivatives of connection components
can be neglected (whether this is so depends upon the strength of one’s experimental
apparatus relative to the strength of the ‘tidal gravitational forces” represented by
these terms—for detailed discussion, see Ch. 1), the metric field g,;, does recover the
form of a Minkowski metric 7, at p, and the dynamical laws governing matter fields

reduce to a Poincaré invariant form with no curvature terms, at p.

What this means is that, in such a regime, the symmetries of the metric field at
p € M—i.e., the coordinate transformations under which the metric at p retains the
same form—coincide with the symmetries of the dynamical laws governing matter
fields at p—i.e., the coordinate transformations under which these dynamical equa-
tions retain the same form. That such is the case is a statement of MR2—again, this
constitutes a contingent ‘miracle” in GR, for it is in principle possible that all matter
fields are governed by dynamical equations with the same local symmetries, which
nevertheless do not coincide with those local symmetries of the metric field—the
above example of all matter fields obeying Galilean invariant local dynamical laws

constitutes just such a case.
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2.3 Chronogeometry and Spacetime

Why is it that intervals of the metric field g,, in GR can be read off from rods and
clocks constructed from matter fields? An important condition for the metric field of
GR to have ‘chronogeometric significance’ in this sense is that MR1 and MR2 hold.
To see this, suppose that these principles hold, so that all dynamical laws for matter
tields have the same symmetries, which locally coincide (in the appropriate regime)
with those of the metric field. Now consider a stable rod or clock built from matter
fields, in a particular frame.” If such a rod or clock is a ‘good’ rod/clock in that
frame (if, one might say, it is ‘ideal’ in that frame), then it can be used to measure
intervals as given by the metric field, in that frame. But now, since MR1 and MR2
are assumed to hold, in a Poincaré-transformed frame such is still the case, for metric
and dynamical equations for matter fields transform in the same way—meaning that
this stable rod/clock yields a robust means of measuring such metric intervals in all

frames related by Poincaré transformations.®

Since MR1 and MR2 are contingent in GR, so too is this chronogeometric signif-
icance of the metric field: if different matter fields obeyed different dynamical laws,
then the metric field would not have (universal) local chronogeometric significance; if
the symmetries of dynamical laws for matter fields did not coincide locally with those
of the metric field, then, again, the metric field would not have local chronogeomet-
ric significance. Indeed, not only is the chronogeometric significance of the metric
field in GR a contingent matter, but so too is its spatiotemporal status, on a spacetime
functionalist approach such as that of Knox [111-113]. Recall again Knox’s slogan: “I

propose that the spacetime role is played by whatever defines a structure of local

"Recall from footnote 3 that the existence of such stable rods and clocks constitutes an important
additional condition for the metric field of GR to have chronogeometric significance.

8By contrast, suppose that one has a rod/clock built from matter fields which obey Galilean invari-
ant laws; then, in a Poincaré-transformed frame, that rod/clock would in general not obey dynamical
equations of the same form—and so would in general not be a “‘good’ rod/clock in that frame.
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inertial frames” [113, p. 9]. The idea is to functionally define spacetime as any struc-
ture which itself picks out a structure of local inertial frames. In turn, Knox gives the

following characterisation of inertial frames: [111, p. 348]

In Newtonian theories, and in special relativity, inertial frames have at

least the following three features:

1. Inertial frames are frames with respect to which force free bodies

move with constant velocities.

2. The laws of physics take the same form (a particularly simple one) in

all inertial frames.

3. All bodies and physical laws pick out the same equivalence class of

inertial frames (universality).

Any structure which picks out a “structure of local inertial frames”, i.e. a struc-
ture of local frames which satisfy these properties (initially identified as significant
in the Newtonian/special relativistic context) qualifies definitionally as ‘spacetime’,
for Knox. But note that, in GR, MR1 and MR2 precisely guarantee that this field be
considered spatiotemporal, in this sense. The reason is that, locally, the symmetries
of the dynamical metric field coincide with those of the dynamical equations govern-
ing matter fields; in any frame in which these dynamical equations take their simplest
form, the metric field itself takes the form diag (—1, 1,1, 1). Thus, the metric field picks

out a structure of local inertial frames.
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2.4 Perturbative String Theory

The above in hand, I turn now to perturbative string theory—one candidate quantum
theory of gravity.” Classically, a string can be regarded as a special case of a p-brane,
which is an object with p dimensions and tension 7, = 1/ (27a’), where ' is the
‘Regge slope parameter’.!’ The classical motion of a p-brane extremises the (p + 1)-
dimensional volume V' that it sweeps out in a D-dimensional ‘target space’.!’ Thus,
there is a p-brane action given by S, = —7,V. In the case of the fundamental string,
which has p = 1, V is the area of the string worldsheet and the action is called the
Nambu-Goto action [22, p. 10]

a b 1/2
Sng = —— / d%—[—detab (aX 0X )} , (2.4.1)
>

2ma! Jdo Oob "lab

where ¥ denotes the string worldsheet; the functions X (o, 7) describe the target
space embedding of the worldsheet; 7 = ¢ and ¢ = ¢! are coordinates on the world-
sheet (the parameter 7 is the worldsheet ‘time” coordinate, while o parametrises the
string at a given worldsheet ‘time’); d*c = drdo; and Fraktur script denotes world-

sheet indices. Classically, the Nambu-Goto action is equivalent to the string sigma-

?String theory goes further than other theories of quantum gravity (e.g. loop quantum gravity),
since it purports to realise the more ambitious goal of unifying all four fundamental forces into one
(quantum mechanical) framework. That is, string theory purports to be a ‘theory of everything’,
whereas other quantum gravity theories need not do so. For more details on theories of quantum
gravity, see Ch. 5.

9The Regge slope parameter is equal to the square of the fundamental string length—see e.g. [14,
165] for details.

HRecently, in light of so-called dualities in string theory (see e.g. [184], and Chs. 5 and 6), Huggett has
argued that “phenomenal spacetime” is not equivalent to target space [100]—see §2.7 for an extended
discussion of this point.
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model action, also known as the Polyakov action [22, p. 13]

1
Sp(y) = /Z d?o/ —hh® 1e0. X 20, X °, (2.4.2)

Y e

where hy, (7, 0) is an auxiliary'? worldsheet metric with inverse h* (7,0); and h :=
det hgp. The Euler-Lagrange equation for Ay, can be used to eliminate it from (2.4.2)
and recover (2.4.1)."® Quantum mechanically, instead of eliminating hq, via its classi-
cal field equations, one should perform a path integral, using standard machinery to
deal with the local symmetries and gauge fixing.!* Doing this, one finds that there is

a conformal anomaly'® unless the target space dimension is D = 26.1°

For a closed string, one imposes periodicity in ¢. Choosing its range to be T,
one identifies both ends of the string X* (7,0) = X* (7,0 + 7). After quantising and
defining suitable ladder operators (see e.g. [14, p. 53]), one can act on the ground
state of the string with raising operators to study its spectrum. For the closed string,
there exist three distinct first excited states, denoted f.;, Bay, and ®. f,,—suggestively

christened the graviton—is symmetric and traceless in its target space indices, and

12Tn the sense that hp is a new variable, a priori independent of the pullback of the target space metric
to the worldsheet.

BVarying (2.4.2) with respect to h°®, we obtain the equation of motion 74,0, X%9 X" —
2haph™ne0. X0, X = 0; back-substitution then returns (2.4.1).

41.e. path integral quantisation @ la Faddeev-Popov—see e.g. [22, §3.4].

15 An anomaly arises when a symmetry of a classical theory is not manifested in the associated quan-
tum theory. In more technical language, though the classical action is invariant under the symme-
try, the associated path integral measure—used to define the quantum theory—is not. The confor-
mal anomaly arises on quantisation of classical string theory, and breaks the conformal invariance of
the string worldsheet. This anomaly manifests itself as an extra term in the Virasoro algebra, which
comprises the generators of the conformal group of the string worldsheet; this extra term vanishes—
thereby circumventing the anomaly—only in the case of target space dimension D = 26 for the bosonic
string, or D = 10 for the fermionic string. For a philosophically-oriented introduction to anomalies,
see [99, §4].

16 As mentioned in footnote 15, analogous analysis for superstrings (i.e. strings for which supersym-
metry is added—either on the worldsheet as in the so-called RNS sector, or to the background target
space as in the GS sector)—gives the critical dimension D = 10 [14, p. 7]. In this chapter I focus solely
on bosonic string theory.
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transforms under SO (D — 2) as a massless,'” spin-two particle. B, transforms under
SO (D — 2) as an antisymmetric, second-rank tensor. The trace term ® is a massless

scalar, which is called the dilaton [14, p. 53].

In (2.4.2), I considered only a fixed, flat background 7,,. One can analyse more
general possibilities by introducing the fields f,;, B, and @ into the worldsheet ac-

tion as background fields. The appropriate action is then [22, p. 429]

1

Ve

SP(+£,B,8) =

/ dQU\/—_h<hab5aXaabXb (Nab + far (X))
)

+ 9 X9, X By (X) + o/ OR (h)), (2.4.3)

where conventions are such that e = +1/v/—h. Thus, in perturbative string theory
there is a move from finding the excited states of strings, to treating the associated
quantum fields as background fields in which the dynamics of further strings can be

analysed.'®

Consider a string propagating in background fields, as per (2.4.3). This action may
be regarded as that of a conformal field theory (of the X fields) on the string world-
sheet. It turns out, remarkably, that this conformal invariance requires for consistency
that the background fields be dynamically coupled together in the Einstein field equa-

tions, plus higher order corrections.” This follows since the beta function® associated

17For how the masses of such states are determined, see e.g. [14, p. 53].

18 Attempting to make sense of this move is a philosophically nuanced task—see e.g. [99,102,175]. In
this chapter, I pass over the subtleties which arise in this vicinity, and simply assume that it is legitimate
to treat excited states of strings as background fields, as in (2.4.3).

YFor original sources on this result, see e.g. [33]; for textbook discussion, see [90, pp. 167f£.]; for a
presentation in the philosophical literature, see [102, §3].

n quantum field theory, a beta function 3 (g) = 0g/0log (1) encodes the dependence of a coupling
parameter g upon an energy scale y. Since a conformal field theory does not depend upon an energy
scale, the beta function associated to its coupling parameters must vanish. See e.g. [159,197] for further
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to each of the background fields (each such background field being treated as a cou-
pling parameter in the worldsheet conformal field theory) can be computed perturba-
tively; conformal invariance then requires these beta functions to vanish. For exam-
ple, for the closed bosonic string with background fields g, B, and ®, and D = 26,
one finds the following one-loop beta functions associated to each of the background

tields, having performed a conformal rescaling g,, — e®/%g.5,% [33, p. 597]

Gap = 87T, (2.4.4)
V,Ved + %eq’/?’H? =0, (2.4.5)
e 3V, HY, =0, (2.4.6)

with

1 1 1
Tab = <HacdHCdb - ggabHabcHabc) 6_¢/3 + 6 (vaq)vb<I> - igabvaévaq)) ) (247)

and G, the (26-dimensional analogue of the) Einstein tensor. Analogous results for
the heterotic superstring (in which there also exists a one-form background field A,)

yield more familiar coupled Maxwell-Einstein systems (see [33, §4]).

Allowed background fields in perturbative string theory are restricted to those

which correspond to the excited states of strings; one such field (9o, = Map + fab,

details.

21Here, H,;. is the generalised Faraday tensor associated to B,,—so that, in the notation of differ-
ential forms, H = dB.

Z2These results are not presented explicitly in order to avoid technical subtleties regarding super-
string theories; the above will suffice for my purposes.
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where f,, is the graviton field) corresponds to a Lorentzian metric field; the other
fields are identified as non-gravitational fields.*® Conformal invariance of the string
worldsheet metric—itself required for the consistency of the theory, and hence not an
input assumption therein—guarantees that g, satisfies the Einstein field equations,
and that all matter fields obey Poincaré invariant dynamical laws. Thus, in perturba-
tive string theory, unlike GR, one is not free to choose matter field couplings; rather,
the dynamical equations governing the behaviour of matter fields on target space are
an ineluctable consequence of the formalism. In other words, the space of DPMs for
the background fields in a given string theory has a fixed set of dynamical equations
for matter fields. For this reason, MR1 is, in string theory, a necessary principle. In-
deed, such is also the case for MR2: it is again a consequence of the formalism that
(in the relevant regime) the local Poincaré symmetries of the metric field g, coincide
with those of the dynamical equations governing matter fields. Thus, on moving to a

successor theory to GR, MR1 and MR2 both cease to be miraculous.

2.5 Logic of the Miracles

It is worth taking some time to reflect upon the logic of the status of MR1 and MR2 as
they appear in GR, versus as they appear in perturbative string theory. In the former
case, MR1 must simply be postulated as an input assumption;, MR2 then follows
once it is noted that there also exists in GR an autonomous Lorentzian metric field,
the symmetries of which happen to coincide with the symmetries of the dynamical
laws governing matter fields in the theory, assuming MR1. Thus, the situation in GR

is as follows:

ZRecall from Ch. 1 that I regard ‘matter’/‘non-gravitational’ fields as being those with an associated
stress-energy tensor, and ‘gravitational’ fields as being those with no associated stress-energy tensor.
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MR1

MR1 + Lorentzian g, in KPMs = MR2

Contrast this with the case of perturbative string theory. In that case, one posits a
Minkowski metric field 7,, on the target space, but having done so MR1 and MR2 fol-
low as consequences of the formalism, with no additional input assumptions. Thus,

the situation in perturbative string theory is as follows:

Ny in KPMs = MR1 -+ MR2

Clearly, this is not to say that there are no input assumptions in perturbative string
theory at all; it is, rather, to say two things: (a) the number of input assumptions in
perturbative string theory versus GR is reduced; (b) what were two unexplained co-
incidences in GR (viz., MR1 and MR2) admit of a deeper, overarching explanation in

the case of perturbative string theory.*

To put matters differently, in the case of GR, MR2 consists of two points: (i) a
restatement of MR1, and (ii) the observation that one is dealing with a Lorentzian
metric field g, in the KPMs of the theory. Clearly, it is (ii) that is the extra component
of MR2, over and above MR1. But note that this extra assumption is analogous to the
sole input assumption in string theory, that one is dealing with a Minkowski metric

field 74, in the KPMs of the theory.® In the case of string theory, this extra assumption

2Getting up the logic of the two miracles in this way raises an interesting question: would it be the
case that one would recover the analogues of MR1 and MR2 in string theories with the structure of
Galilean spacetime on the target space (cf. e.g. [88])? Absent the calculations, it is hard to be concrete
on this point—though I agree that this is an interesting question worthy of future pursuit.

BIn fact, this latter assumption is somewhat stronger, for in the case of string theory one assumes
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suffices, ultimately, to account for MR1, whereas such is not the case in GR. Thus,

while in GR there exist two input assumptions, in string theory there exists only one.

2.6 Emergent Spacetime

The observation that MR1 and MR2 must hold in perturbative string theory has im-
portant implications for the emergence of spacetime in quantum gravity. Drawing
upon Knox’s discussion at [111, §1], distinguish two senses in which the ‘emergence
of spacetime” might be understood. On the former, such emergence arises whenever
an object (or collection of objects) in a given theory is not fundamental—in the sense
of its not being defined at the level of KPMs of the theory, but rather being consti-
tuted out of those fundamental objects specified in the KPMs, in a possibly limited
range of physical circumstances—but which nevertheless plays the functional role of
spacetime as characterised in §2.3. Knox claims (correctly) that one need not look to
theories of quantum gravity to find illustrations of this phenomenon—for example,
teleparallel gravity (an alternative theory of classical gravity to GR, in which curva-
ture degrees of freedom are put into torsion in the connection—for Knox’s discussion
of this theory, see [110, 111]; for further philosophical details, see [175, 183]) seems
to instantiate just such a point, for in this theory those spatiotemporal degrees of
freedom are composite objects, built from fundamental fields specified at the level of

KPMs.*

The second sense in which spacetime can be emergent is the following: a given

object’s playing the functional role of spacetime a4 la Knox is not a necessary conse-

a specific form of the target space metric field (namely, that it is the Minkowski metric), whereas in
GR one assumes only that this metric field be Lorentzian. Many thanks to Nick Huggett for useful
discussion on this point.

26 Another classical theory which exemplifies the emergence of spacetime in this sense is Bekenstein’s
bimetric TeVeS (‘“Tensor-Vector-Scalar”) theory, presented in Ch. 1.
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quence of the formalism, in the sense that this object (fundamental or not) plays that
functional role in all models of the theory, but is rather contingent, in the sense that
such an object plays the spacetime role in some models of the theory, but not others.
Again, Knox correctly observes at [111, §1] that one does not need to look to theories
of quantum gravity for illustrations of this case—GR, for the reasons outlined in §2.3,

constitutes a clear example of this latter sense of emergence.

Though GR exemplifies the emergence of spacetime in the latter sense, it does not
exemplify it in the former sense, for in this theory it is the fundamental metric field g,
which plays the functional role of spacetime. The situation is very different in pertur-
bative string theory, in which the object playing the functional role of spacetime is the
composite g, built out of the Minkowski metric field 7,, and graviton field f,, the
latter itself a coherent state of strings in an excited graviton mode.” Since this object
is non-fundamental, it qualifies as emergent spacetime in the former sense; however,
it does not qualify as emergent spacetime in the latter sense, for this object necessarily
plays the functional role of spacetime, in all models of the theory. In other words,
GR and perturbative string theory are, in a certain sense, ‘dual’ vis-a-vis emergent
spacetime in these theories, for while spacetime in GR is fundamental but contingent,

spacetime in perturbative string theory is non-fundamental but necessary.

Now, it is worth noting that perturbative string theory does not, of course, ex-
haust the string-theoretic picture. While the above story might be correct for per-
turbative string theory, it might not hold in general for a non-perturbative formula-
tion of the theory. For example, it has been conjectured that some solutions of ‘M-
theory’—perhaps the best-known candidate for a non-perturbative formulation of

string theory—will not rely, fundamentally or otherwise, upon spatiotemporal con-

ZFor some discussion of the extent to which the 7, field can be eliminated in perturbative string
theory, see [175, ch. 8].
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cepts.® If that is correct, then it may be that the idea of spacetime being necessary in
non-perturbative string theory does not hold water, unlike the situation in the pertur-
bative case. Though these observations do not undermine the claims of the current

chapter, they certainly do deserve to be flagged.

2.7 Dualities

Up to this point, I have taken it for granted that, on a spacetime functionalist ap-
proach, the target space metric field g, := 1. + fa» represents spacetime. However,
at this juncture I must acknowledge recent work by Huggett, in which it is argued
that this target space metric field cannot represent “phenomenal spacetime”, i.e., “the
geometrical space we take ourselves to experience in the everyday, including the ex-
perience of three large dimensions” [100, p. 7]. The reason for this has to do with the

phenomenon of T-duality in string theory.”

T-duality is just one of a broad class of ‘dualities” in theoretical physics in general,
and string theory in particular. For the purposes of this thesis, a duality can be taken
to be a mapping between the spaces of DPMs of two theories, such that any two
models related by that mapping are empirically equivalent (in turn, the empirical
equivalence of two models can be defined in terms of their agreeing on all empirical
substructures, in the sense of van Fraassen [210, pp. 67ff.]).° In the case of T-duality,
models of perturbative string theory on a target space product manifold M x S! with

radius of the periodic dimension R are found to be dual to models of perturbative

2The question of whether M-theory may or may not deploy spatiotemporal concepts was the sixth
open question on string theory presented by Strominger at the Strings 2014 meeting—cf. [201]. For
some philosophical discussion of this matter, see [133, p. 14].

PSee [103, §2.4] for related discussion, and [133] for an extension of Huggett’s arguments to other
string-theoretic dualities.

30For more on the definition of dualities, see e.g. [48,51,184]; dualities will constitute the focus of
Part III of this thesis.
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string theory on the target space product manifold M x S with radius of the periodic

dimension equal to o/ / R (see e.g. [14, ch. 6]).

Within the literature on dualities, some (e.g. [184,187]) have taken it that duality-
related models should be regarded ab initio as representing the same possible world
(i.e. as being not just empirically equivalent, but also physically equivalent); others
(e.g. [48]) have resisted this conclusion. (I fall into the latter camp—see Ch. 6.) As-
suming that one endorses the former approach, then, since duality-related models of-
ten have very different mathematical structures, there exists a burden to account for
the common ontology which such models are taken to represent; one popular option
is to seek an explication in terms of the mathematical structure common to both mod-
els (cf. Ch. 5). Not only does Huggett fall into the former interpretative camp—that is,
he takes it that duality-related models should be regarded ab initio as representing the
same physical state of affairs™—but, in addition, he maintains that the physical state
of affairs represented by such duality-related models should be explicated in terms

of their common structure [100, §2.3].

In light of this, Huggett’s position on the interpretation of T-dual models of pertur-
bative string theory can be summarised as follows. While “[i]t is natural when first in-
troduced to string theory, to think that target space is simply the same space we ordi-
narily experience, or at least space as conceived in contemporary physics” [100, p. 8],
ultimately “T-duality shows that a definite radius for target space ... [is] not physical,
but only [an artefact] of the representation” [100, p. 10], for this radius is not part
of the structure common to the two models under consideration. Since this aspect
of the target space metric field is unphysical, for Huggett, it follows that the target
space metric field g,, cannot always represent phenomenal spacetime; rather, what

does represent phenomenal spacetime must be constructed from the shared structure

31 At least for theories which are supposed to constitute descriptions of the entire universe—see [100,
§2.2], and [48, §3.1] for further discussion.
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of the T-dual models. In fact, following arguments by Brandenberger and Vafa [23],
Huggett maintains that phenomenal spacetime always coincides with the target space

of the larger radius between two T-dual models.*?%

If Huggett is correct here, then does this pose a problem for our verdict that
spacetime is ‘non-fundamental but necessary’ in perturbative string theory? On the
one hand, one might be inclined to answer this question in the negative, for (one
might say) there is nothing to stop an object in a theory playing the functional role of
spacetime, while at the same time not being a candidate for representing phenome-
nal spacetime, or ultimately being regarded as ‘surplus structure’. Nevertheless, one
might feel that there is more to be said here, and that an affirmative answer to the
above question is also possible. In particular, Huggett’s discussion of phenomenal
space as being that construct which is surveyed by macroscopic rods and clocks might
make one think that whatever plays the functional role of spacetime should also sat-
isfy this criterion. In that case, one should be disturbed by the verdict of Knox’s
spacetime functionalism, that what plays the functional role of spacetime need not

coincide with phenomenal spacetime in this sense.

If one buys this reasoning, then one might read this discussion of T-duality as
highlighting that Knox’s functional definition of spacetime as that structure which

“defines a structure of local inertial frames” cannot be sufficient for the identification

32 Note, though, that Huggett does not maintain that phenomenal spacetime just is the target space
of the larger radius, for the model under consideration with the smaller radius will also (of necessity, in
light of the duality) manifest the mathematical structure needed to represent phenomenal spacetime,
while not exhibiting fundamentally a target space of large radius. Thanks to Nick Huggett for stressing
this point.

3There is some tension between this claim that, in the case of T-dual models, phenomenal spacetime
always coincides with the target space of the larger radius, and Huggett’s earlier claim that phenome-
nal spacetime is “the geometrical space we take ourselves to experience in the everyday, including the
experience of three large dimensions” [100, p. 7]—for the former, at least as presented above, will have
more than three “large” spacetime dimensions. Here is one way to resolve the tension: by “phenome-
nal spacetime”, Huggett means the classical structures which represent the spatiotemporal data which
we would experience, were we to be ‘embedded’ in the model under consideration. If that is right, then
(e.g.) having three dimensions is not, in fact, necessary for a given structure to qualify as “phenomenal
spacetime”.
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of spatiotemporal structure, for if what qualifies functionally as spacetime must also
qualify as phenomenal spacetime, then this object should, as Huggett notes, also be
surveyed by macroscopic rods and clocks. Only one of the T-dual target space metric
tields does as much; thus, with this extra criterion imposed, our above conclusions
must be revised, and we should—it appears—conclude that spacetime in perturba-

tive string theory is neither fundamental nor necessary, in the senses of §2.6.

In fact, however, the situation on these matters is even more subtle, for one can
argue that, in any model of T-dual perturbative string theories, one can (in light of
the formal duality map) always identify some structure corresponding to phenome-
nal spacetime. It that is correct, then one may be able to argue that every model of
T-dual string theory does possess some structure corresponding to spacetime, even on
the above-proposed revised Knoxian account. In that case, spacetime in T-dual per-
turbative string theories would be non-fundamental but necessary after all. Indeed,
it would be doubly non-fundamental, for not only are the target space metric fields g,
composite objects, but, in addition, what represents (phenomenal) spacetime should

not (as Huggett stresses) be identified straightforwardly with those objects.

Let me recapitulate the dialectic of this section. First, I observed that Knox’s orig-
inal functionalist approach to spacetime would, it appears, identify the target space
metric fields g,, in models of perturbative string theory as being spatiotemporal. On
that view, spacetime in perturbative string theory is non-fundamental, but necessary.
I then observed (following Huggett), however, that target space metric fields need
not be identified as spatiotemporal, for they need not be surveyed by macroscopic
rods and clocks. If one augments Knox’s functional definition of spacetime to include
also this criterion, then (it appears—so long as one continues to focus one’s atten-
tion upon the target space metric fields) that spacetime in perturbative string theory

is non-fundamental and contingent. Finally, however, I reflected further upon phe-
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nomenal spacetime. Since every model of T-dual perturbative string theory possesses
sufficient mathematical structure to represent phenomenal spacetime (in light of the
existence of the duality map—so even those models of perturbative string theory with
small target space radius possess some structure corresponding, via the duality map,
to a target space of large radius, which coincides with phenomenal spacetime), and
since this structure does qualify as spatiotemporal on our proposed augmented Knox-
ian functional definition of spacetime, it seems that, ultimately, even on this revised
functional definition, spacetime in perturbative string theory is non-fundamental but

necessary after all.

2.8 Conclusions

A number of tasks have been accomplished in this chapter. Having recalled from
Ch. 1 MR1 and MR2 and their ‘miraculous’ status in GR in §2.2, and their connec-
tions with the chronogeometricity and spatiotemporality of the metric field in §2.3, I
turned to perturbative string theory in §2.4. In that section, I demonstrated that MR1
and MR2 cease to be miraculous in this theory of quantum gravity—rather, they are
necessary consequences of the formalism. This done, I considered the chronogeo-
metricity and spatiotemporality of the target space metric field g,, in perturbative
string theory; since MR1 and MR2 hold of necessity in this theory, so too (on a Knox-
ian account) does the spatiotemporal status of g,,. I clarified the logic of these argu-

ments in §2.5.

In §2.6, I distinguished two senses of ‘emergent spacetime”: (A) the object which
plays the spatiotemporal role in a given theory not being part of the fundamental
ontology of that theory (as specified in its KPMs); versus (B) the object which plays
the spatiotemporal role doing so in some, but not all, models of the theory. I argued
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that while (again on a Knoxian account) GR exemplifies (B) but not (A), perturbative
string theory exemplifies (A) but not (B). Finally, in §2.7 I drew upon Huggett’s dis-
cussion of T-duality and phenomenal space to reflect upon whether these verdicts are
reasonable, and whether both they, and Knox’s spacetime functionalism more gener-

ally, should be revised.

There are several important upshots of this work. First, (i) the coincidence of iner-
tial and gravitational mass, or (ii) the geodesic principle, are arguably ‘miraculous’—
unexplained—in theories prior to GR, but find natural explanation in that context.*
The observation that MR1 and MR2 admit of natural explanation in perturbative
string theory, where none was forthcoming in GR, can be seen as a continuation of this
trend of accounting for apparent coincidences in one’s physics by recourse to a more
‘fundamental” theory. Second, this work is useful for clarifying senses of emergent
spacetime, some of which apply to GR, and others to string theory; this illustrates
that there is no univocal notion of the ‘emergence of spacetime’ in a given theory.
Third, consideration of phenomenal spacetime in Huggett’s sense re-emphasises that
more needs to be done to understand fully the spatiotemporal picture with which

perturbative string theory presents us.

Possible extensions of investigations into the extent to which MR1 and MR2 ad-
mit of explanation in successor theories to GR abound. Essentially, what one needs
in order to account for these ‘miracles’ is the existence of a unified origin for dynam-
ical and metric symmetries. There are some hints that this can be attained not just
in perturbative string theory, but also via ‘supergravity’ and ‘“double field theory’.®
The exploration of such matters should constitute a philosophically fertile research

programme for the future.

3See e.g. [24,219] for discussion of such matters. For some discussion calling into question such
claims regarding the geodesic principle in particular, see [127,227,228].

%Many thanks, respectively, to Richard Dawid and Nic Teh for these suggestions. For introductions
to these areas of theoretical physics, see respectively [148] and [2].
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Chapter 3

Explanation, Geometry, and

Conspiracy in Relativity Theory

I discuss the debate between dynamical versus geometrical approaches to spacetime
theories, in the context of both special and general relativity. In Ch. 1, I argued that
this debate takes a substantially different form in special versus general relativity, and
that there exist problems for a certain, strong version of the geometrical approach. I
now extend this discussion in several respects. First, I argue that different versions of
the geometrical approach—only some of which are viable—should be distinguished.
Second, I argue that, in general relativity, there is no difference between the most
viable version of the geometrical approach (which I call the ‘qualified” geometrical
approach) and the dynamical approach. Third, I demonstrate that the two ‘miracles’
of general relativity admit of no resolution from within general relativity, on either the
dynamical or ‘qualified” geometrical approaches, modulo some possible hints that the
second ‘miracle’ may be resolved by appeal to recent results regarding the ‘geodesic

principle’ in general relativity.
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3.1 Introduction

It is roughly a decade since the groundbreaking work of Brown and Pooley [24,27,28]
brought into the mainstream philosophy of physics literature the debate between dy-
namical versus geometrical approaches to spacetime theories—a debate which has al-
ready been introduced in Ch. 1, but which I will now address more directly. At the
most general level, this debate centres upon the following question: whence the chrono-
geometric significance of the metric field? That is, why is the metric field (in theories
such as special and general relativity) surveyed by rods and clocks built from matter
fields? While the geometrical approach maintains that the metric field (in some sense)
explains or constrains the form of the dynamical laws for matter fields, such that those
tields behave such as to survey the metric field, advocates of the dynamical approach,
by contrast, claim that an account of the chronogeometric significance of the metric
tield may begin from considerations regarding only the dynamical laws governing

matter fields themselves.

Of course, this is vague; in §3.3 of this chapter, I sharpen significantly the above
presentation of the debate. Nevertheless, even at this early stage, a number of genuine

and substantial questions arise:

1. Does the dynamical/geometrical debate take the same form in the context of
theories with fixed metric structure (such as special relativity (SR)) as it does in
theories with dynamical metric structure (such as general relativity (GR))? (In
Ch. 1, we have seen that the answer to this question is negative; in the current

chapter, I will expand this account.)

2. What notion of explanation is at play in this debate? Does answering this ques-

tion reveal multiple different senses in which the dynamical/geometrical ap-
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proaches may be understood?

3. Are the dynamical and geometrical approaches truly distinct from one another

at all?

4. How does the dynamical approach relate to e.g. the ‘spacetime functionalism’

of Knox [111-113], or recent discussion on these matters by Weatherall? [228, §6]

In brief, my answers will run as follows. On (1), I argue in §3.3 of this chapter—
developing upon Ch. 1—that there exist significant differences regarding this debate
as it occurs in the context of SR, versus as it occurs in GR. The principal reason for
this is that, while the advocate of the dynamical approach may be regarded as seeking
to ontologically reduce the metric field in theories with fixed metric structure (such as
SR) to the symmetry properties of matter fields (cf. [29,147]), she does not attempt to

make such a move in theories with dynamical metric structure, such as GR.!

On (2), I argue in §3.4 that it is important to distinguish between what I call ‘qual-
ified” versus ‘unqualified” explanations in the context of this debate.”? Once this dis-
tinction is made, the geometrical approach bifurcates into two positions, which I call,
respectively, the ‘qualified” and “unqualified” geometrical approaches. In §3.5, I ar-
gue that distinguishing between these two positions is crucial, for while the former

version of the geometrical approach is tenable, the latter is not.

In light of the fact that the advocate of the dynamical approach does not attempt to undertake
an ontological reduction of the above-described kind in the context of GR, one might be inclined to
conclude: “‘So much the worse for the dynamical approach in the context of GR, as a distinct view in
the landscape’. Below, I will argue that there is something to this concern, for (I maintain) there is no
difference in the GR context between the dynamical approach and the most defensible version of the
geometrical approach.

21t is worth flagging that I will offer these two notions of explanation without claiming (or seeking)
to give a full conceptual analysis of the notion of scientific explanation; in my view, the distinction be-
tween ‘qualified” and “unqualified” explanations is still a valuable and comprehensible one (providing,
as I see it, at least some of the “explanatory concepts” which Norton suggests may be necessary for “a
full understanding of constructivism [i.e., the dynamical approach]” [153, p. 824]), even in the absence
of such an analysis. (In this regard, cf. the methodology of [227, pp. 15-16].)
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On (3), I argue in §3.5 that, while the ‘unqualified” version of the geometrical ap-
proach is distinct from the dynamical approach in the context both of theories such
as SR and of theories such as GR, the ‘qualified” geometrical approach, by contrast, is

only distinct from the dynamical approach in the former context.

On (4), I argue that there is an important sense in which Knox’s spacetime func-
tionalism, according to which “the spacetime role is played by whatever defines a
structure of local inertial frames” [113, p. 22], constitutes an extension of the dynam-
ical approach—in essence stating that whichever structure has chronogeometric sig-
nificance may be identified as playing the functional role of spacetime, and therefore,
on a functionalist approach to the definition of physical quantities, may be identified
as being spatiotemporal tout court.® In addition, I argue that Weatherall in [228, §6] is
most plausibly read as both (a) embracing spacetime functionalism, and (b) embrac-

ing either the dynamical or the ‘qualified” geometrical approach.

Along the way, a number of other tasks are accomplished. Most notably, I demon-
strate that what were labelled in Ch. 1 the two ‘miracles” of GR—(1) that all dynam-
ical laws for matter fields have the same local (Poincaré) symmetry properties; and
(2) that these local symmetries coincide (in the relevant regime in which curvature
effects may be ignored) with the symmetries of the ontologically autonomous metric
tield in the theory—admit of no resolution from within GR, on any plausible form of
the dynamical or geometrical approaches, modulo some hints from recent work on

the so-called ‘geodesic principle” in GR regarding the second ‘miracle’.

3Cf. Ch. 2. By contrast, there is a sense in which advocates of the dynamical approach need not
speak of ‘spacetime’ at all—cf. [30, §3.1].
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3.2 Background

Before proceeding to the matters outlined above, I review in this section some stan-
dard discussion regarding (i) the formulation of classical spacetime theories (§3.2.1);
(ii) symmetries in such theories (§3.2.2); and (iii) presentations of special and general
relativity (§3.2.3). Though there is some repetition here from the preceding chapters,
the level of detail of the presentation in the current chapter is higher—which will be

important in the ensuing.

3.2.1 Spacetime theories

Let us say—following e.g. [5,169,171,207]—that the kinematically possible models (KPMs)
of a given spacetime theory are picked out by tuples (M, ®,,...,®,), with (a) M a
(four-dimensional) differentiable manifold; and (b) the ®4,...,®, various (tensor)
fields on M.* Given a class of KPMs for a given theory, let us then say that the dynam-
ically possible models (DPMs) of that theory are those KPMs the @4, ..., ®, of which

satisfy certain specified dynamical equations.

To illustrate, consider two examples. First, take a special relativistic massless
Klein-Gordon theory (call it KGS). In this theory, KPMs are triples (M, 14, ), where
Nap 1S a fixed Minkowski metric field on M (fixed identically in all KPMs—see [171,
p- 115]), and ¢ is a real scalar field on M. DPMs of KGS are picked out as those

“In principle, we should not exclude other types of field on M—e.g. spinor fields; pseudotensors;
tensor densities; etc. (For arguments for taking these latter two classes of object seriously, see [160,
161].) In this chapter, however, I focus exclusively upon the case in which the ®; are tensor fields.
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KPMs the fields of which satisfy the massless Klein-Gordon equation,”

N V2V = 0. (3.2.1)
As a second example, consider a general relativistic Klein-Gordon theory (call it
KGG). In this case, KPMs are again triples (M, g.5, ¢)—this time, however, g, is a

generic Lorentizan metric field on M, not fixed in all DPMs of the theory. In this case,

DPMs are picked out by the GR Klein-Gordon equation,®

9V V0 =0, (32.2)

and the Einstein field equations,

Gab = 87TTab, (323)

where T, is the stress-energy tensor associated with (.

3.2.2 Symmetries

I now draw a standard distinction between metric symmetries, and dynamical symme-

tries (cf. e.g. [64, §3.4]).

For a given metric field, let us say that a coordinate transformation is a metric

symmetry (sometimes: an isometry) just in case the metric field is unaltered by the co-

5Here, V, is the torsion-free derivative compatible with 7,3, so that V. = 0.
6The torsion-free derivative operator V, now compatible with g4, so that V,gy. = 0.
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ordinate transformation. For example, the symmetries of the Minkowski metric field

na Of special relativity are the Poincaré transformations—those affine transformations’

- A“H/a:“l + a” (3.2.4)

the linear transformation matrix components A", of which satisfy

A'LL/MAV/VT’HV = Nw'v's (325)

and which are hence Lorentz transformations. By contrast, the metric field g,, of GR
need not in general have any non-trivial symmetries—although it might, in particular

models of the theory (cf. Ch. 4).

In addition to the notion of metric symmetries, it is useful to introduce the notion
of a dynamical symmetry. A coordinate transformation is a dynamical symmetry just in
case the dynamical equations governing non-gravitational fields take the same form
in coordinate systems related by that transformation. For example, transforming the
SR Klein-Gordon equation (3.2.1) from one coordinate system to a second via an affine

transformation®

nuuvuvy@ =0 (326)

— M, MY, VNV o =0, (3.2.7)

"Here, 1 switch to a coordinate-based description—hence the transition from Roman (abstract) to
Greek indices.

8Here, again, I use a coordinate-based description; in this case the linear transformation matrix
components in this affine transformation are written M" ' for reasons which shall become clear. Note
that I do not transform the fixed fields—cf. [171, p. 115].
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one finds that such an equation is invariant under the transformation when (3.2.5)
is satisfied—i.e. if the affine transformation is a Poincaré transformation. Thus, the
dynamical symmetries associated with (3.2.1) at least include the Poincaré transfor-

mations.

3.2.3 Special and general relativity

Having introduced the necessary details regarding spacetime theories and their sym-
metries, in this section I characterise—with both greater precision and generality—
what it means for a given theory to be ‘special relativistic” (§3.2.3.1), versus ‘general

relativistic’ (§3.2.3.2).

3.2.3.1 Special relativity

In this chapter, I take special relativistic theories to be characterised by the following

two criteria:

o KPMs (M, 1, @1, ..., P,) at least include a fixed Minkowski metric field 7,y

¢ DPMs are picked out by the requirement that dynamical equations for the 1, . ..

be Poincaré invariant.

The latter criterion is referred to by Brown as the big principle—see e.g. [24,§8.4.1].°
Note that, by construction, metric and dynamical symmetries coincide in special rel-

ativistic theories.

%In his 1908 paper [139], Minkowski referred to this principle as the world-postulate—for discussion,
see [24, §8.1].
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3.2.3.2 General relativity

Turn now to the question of what it is for a spacetime theory to be general relativis-
tic. For the purposes of this chapter, I take such theories to be characterised by the

following two criteria:

e KPMs (M, gup, 1, ..., D,) at least include a Lorentzian metric field g,

* DPMs are picked out by dynamical equations for the @, .. ., ®,, along with the
Einstein field equations G,, = 87T,;,, where T}, is the stress-energy tensor for

the (1)1,...,(1)”.

This characterisation of a general relativistic theory is very weak—note, in particu-
lar, that there is no guarantee in general relativistic theories so understood that metric
symmetries coincide locally with dynamical symmetries (as was the case for special
relativistic theories, as presented above).!® Such requirements may be imposed via
restriction to those models of GR which satisfy further conditions; from the point of
view of the matter of symmetry coincidence, one particular auxiliary condition which

will be of significance is:'!

* Instantiation of the strong equivalence principle (SEP).

Whence this third assumption? What exactly is the SEP, and why need it be im-

posed in one’s characterisation of a general relativistic theory? A full answer to these

190ne further observation about the distinction between special versus general relativistic theories
as characterised above: Since the metric field 7, of SR is fixed identically in all KPMs, so too is the
manifold M on which that field is defined. Not so for GR: since it is not definitional of a general
relativistic theory that it contain a certain fixed field, there may exist models with distinct manifolds
M.

11Other conditions which one may be interested in imposing upon the class of GR solutions in which
one is interested are e.g. energy conditions, for such conditions are often understood to be tied to the re-
striction to “physically reasonable” matter (for example, to conditions that energy cannot be negative).
For a recent virtuoso study of energy conditions, see [41].
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questions will require some detailed discussion. (For more on the SEP, cf. Ch. 1.)

The SEP is intended to capture facts regarding the ‘local validity” of SR in GR.

Recall from Ch. 1 that Brown puts the point thus:

There exists in a neighbourhood of each event preferred coordinates, called
locally inertial at that event. For each fundamental non-gravitational inter-
action, to the extent that tidal gravitational forces can be ignored, the laws
governing the interaction find their simplest form in these coordinates.
This is their special relativistic form, independent of spacetime location. [24,

p- 169]

Here, there exist a number of subtleties regarding what is meant by the qualifi-
cation “to the extent that tidal gravitational forces can be ignored”, and moreover
regarding whether other foundational principles GR—for example minimal coupling,
which is a heuristic prescription for the construction of dynamical laws for non-
gravitational fields in GR from those in SR—are compatible with the SEP as formu-
lated above. These issues have already been discussed in Ch. 1. In this chapter, the
essential aspect of the SEP is the imposition that, in the neighbourhood of any p € M
in GR, laws of physics recover their ‘special relativistic form’—where I shall under-
stand this to mean: a Poincaré invariant form. Clearly, this is a particular restriction on

the matter sector in the theory.

To illustrate, consider again the general relativistic Klein-Gordon equation (3.2.2).

Written in an arbitrary coordinate basis, this reads

G 0”0+ T, & p = 0. (3.2.8)
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In normal coordinates at p € M (the details of which were presented in Ch. 1), this

takes a particularly simple form at p:

nuua“aygp = 07 (329)

moreover, this form (with the metric field diagonalised) is retained in all frames re-
lated by Poincaré transformations. This illustrates the sense in which certain dynam-
ical equations for non-gravitational fields recover locally a Poincaré invariant form.
That all dynamical laws for non-gravitational fields in GR manifest this quality is a
statement of the SEP. Importantly, note that, absent the imposition of the SEP, it is not
the case that all dynamical equations for matter fields in GR need be locally Poincaré
invariant. For example, there exists no a priori prohibition on the existence of mat-
ter fields obeying dynamical laws which are locally Galilean invariant, in a spacetime
theory with a dynamical, Lorentzian metric field satisfying the Einstein field equa-

tions.?

Why should one restrict to those solutions of GR in which the SEP is satisfied? The
reason is that this principle—which ensures that, locally, the (Poincaré) symmetries
of the metric field™ coincide with the (Poincaré) symmetries of the dynamical laws
governing matter fields—is typically regarded to constitute an important condition
for the chronogeometricity of the metric field—that is, for intervals as given by the
metric field to be read off by stable rods and clocks built from matter fields. That
is, the SEP is, it is argued, an important condition for the metric field g,, in GR to
have (local) operational meaning. These matters have already been discussed in detail

in Ch. 1. I return to discuss further the SEP, in light of the so-called geodesic principle

12This possibility was already raised in Ch. 2.
13 Again, modulo subtle issues regarding the qualification “to the extent that tidal gravitational forces
can be ignored”—see Ch. 1 for discussion.
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in GR, in §3.6.

3.3 The dynamical/geometrical debate

The above in hand, in this section I demonstrate how the dynamical/geometrical
debate plays out in the context of both SR (§3.3.1) and GR (§3.3.2);'* a detailed recon-
sideration of the geometrical approach will follow in §§3.4-3.5. At the most general

level, the dynamical/geometrical debate centres upon the following question:
Whence the metric field’s chronogeometric significance?

Taking, as elaborated in Ch. 1, the (local) coincidence of metric and dynamical
symmetries to be an important condition which must be fulfilled in one important
means via which the metric field acquires its chronogeometric significance (viz., via
the SEP), one antecedent question which one might seek to address in order to answer

the above is the following:"
Why do metric symmetries coincide (locally) with dynamical symmetries?'®

It is upon this latter question that much of the dynamical /geometrical debate has
focussed. Prima facie, the dynamical approach (developed in particular by Brown and
Pooley [24,27,28]) appears to offer a very different account of this coincidence of sym-

metries to the geometrical approach (advocated by, for example, Friedman and Maudlin

YThere is a sense in which the lessons of §§3.3.1 and 3.3.2 can be generalised to all theories with,
respectively, fixed versus dynamical metric structure—see [30, §5].

I5For the time being, my focus is on this mode of gaining operational access to the metric field—
though I concede that there may be other means, as discussed in §3.6 below.

18The ‘locally” qualification is of particular significance in GR, since the SEP ensures the local coinci-
dence of metric and dynamical symmetries, in the neighbourhood of a given point p € M.
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[81,137]). In the remainder of this section, I discuss the dynamical/geometrical de-

bate in the context of both SR (§3.3.1) and GR (§3.3.2)."7

3.3.1 Special relativity

In this subsection, I consider the account of the coincidence of metric and dynamical
symmetries in SR proffered on the part of advocates of the geometrical (§3.3.1.1) and

dynamical (§3.3.1.2) approaches.

3.3.1.1 The geometrical approach

Why;, in special relativistic theories, do dynamical symmetries coincide with symme-
tries of the Minkowski metric field 7,,? Advocates of the geometrical approach to space-
time theories seek to answer this question via some appeal to 7, itself. To be specific,
in this chapter I focus upon a version (later: versions) of the approach according to
which the Minkowski metric field 7,, of SR is ontologically autonomous and primitive,
and (somehow; in some sense to be cashed out) constrains the possible form of dy-
namical equations for matter, such that metric symmetries coincide with dynamical

symmetries. Recall again the following passage from Maudlin: [137, pp. 117-8]

... the Minkowski geometry takes exactly the same form described in [any]
Lorentz coordinate system (by the symmetry of Minkowski spacetime),
and the laws of physics take exactly the same coordinate-based form when
stated in a coordinate-based language in any Lorentz coordinate system

(because the laws can only advert to the Minkowski geometry, and it has the

7In Ch. 1, the geometrical and dynamical approaches were sometimes referred to, respectively, as
the ‘(A)-view’ and ‘(B)-view’, respectively.
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same coordinate-based description). (My emphasis.)

That a notion of constraint is at play on this view is manifest in the italicised
portion of the above quotation. While advocates of the dynamical approach often
object that such a notion of constraint or explanation is mysterious—for example,
Brown writes “It is wholly unclear how this geometrical explanation is supposed to
work.” [24, p. 134]—I will assess in §3.4 the extent to which such objections find their
mark against all possible versions of the geometrical approach. In the meantime, I

turn to the dynamical approach to SR.

3.3.1.2 The dynamical approach

The dynamical approach offers a very different perspective on the coincidence of met-
ric and dynamical symmetries in SR. According to this view, the metric field 7, is
not ontologically autonomous and primitive; rather, it is a codification of the symme-
try properties of the dynamical equations governing matter fields. (One may, there-
fore, understand the dynamical approach to SR—and to theories with fixed metric
structure more generally—as an ontological thesis; as a form of relationalism—ct. [169,
§6.3.2].) As Brown puts it: (Cf. also [28, p. 80], and Ch. 1, where this quote was also

given.)

The appropriate structure is Minkowski geometry precisely because the laws
of physics of the non-gravitational interactions are Lorentz covariant. [24,

p- 133]

In other words (those of Myrvold), on the dynamical view,
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[T]he connection between spacetime [metric] structure and dynamical sym-

metries and asymmetries is analytic. [147, p. 13]

If such a view regarding the analytic connection between metric and dynamical
symmetries can be made to hold together, then that metric and dynamical symmetries
coincide in SR follows automatically; in this way, a straightforward account of this

coincidence is, apparently, available.

The question of whether the dynamical approach to SR is viable has been widely
discussed—see e.g. [1,24,98,108,153,169,199,200]. In this chapter, I focus on a different
issue: whether ‘geometricians’ can, in fact, offer a coherent answer to the question of
why metric and dynamical symmetries coincide, in SR. Before doing so, however, 1
consider how the nature of the dynamical/geometrical debate shifts on moving to

GR.

3.3.2 General relativity

Recall from Ch. 1 that in the GR context, advocates of both the dynamical and ge-
ometrical approaches agree that the metric field g, is an ontologically autonomous
entity, obeying its own dynamical equations, and not straightforwardly reducible to
(symmetries of dynamical equations governing) matter fields, as per the dynamical
approach to SR."® However, the two approaches prima facie continue to issue different
verdicts on the question of why metric and dynamical symmetries may be taken (lo-
cally) to coincide. In this subsection, I review the geometrical (§3.3.2.1) and dynamical

(83.3.2.2) approaches to GR.

8This said, the question of whether an ontological excision of the metric field in GR is possible re-
mains of philosophical and conceptual interest—particularly to advocates of the dynamical approach,
for whom this would afford a means of bringing their approach to GR into line with their approach to
SR.
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3.3.2.1 The geometrical approach

Advocates of the version (later: versions) of the geometrical approach to GR un-
der consideration in this chapter maintain that, locally in the neighbourhood of any
p € M (and in the regime in which ‘tidal gravitational forces” may be ignored—
cf. §3.2.3.2), metric and dynamical symmetries coincide (in accordance with the SEP),
because the metric field g,, (somehow; in some sense to be cashed out) constrains the
possible form of dynamical equations for matter, such that metric symmetries coin-
cide (locally) with dynamical symmetries. While, again, the advocate of the dynami-
cal approach may find the notion of constraint here mysterious, I discuss in §§3.4-3.5
the extent to which these matters can be accounted for by advocates of the geometri-

cal approach.

3.3.2.2 The dynamical approach

Assuming that the metric field in GR is not ontologically reducible to (symmetries of
dynamical laws governing) matter fields, the foregoing (cf. §3.3.1.2) proffered expla-
nation on the part of advocates of the dynamical approach to SR cannot be applied
in the GR context. Thus, for the advocate of the dynamical approach, there are two
brute facts in GR—MR1 and MR2—which lack further explanation from within the
theory. Recall that these read as follows: (Cf. Ch. 1.)

MR1: All non-gravitational interactions are locally governed by Poincaré invariant

dynamical laws.

MR2: The Poincaré symmetries of the dynamical laws governing non-gravitational

fields in the neighbourhood of any point p € M coincide—in the regime in
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which terms featuring the Riemann tensor or its contractions may be ignored—

with the symmetries of the dynamical metric field in that neighbourhood.

There are two points to make here. First, note that MR1 held also in SR: that all
non-gravitational interactions are (locally) governed by Poincaré invariant dynami-
cal laws is a brute fact—an outset assumption—in both theories, which (the advocate
of the dynamical approach contends) admits of no further explanation from within
each theory. Second, as I argue in §3.5.3, while an untenable form of the geometrical
approach may purport to account for both MR1 and MR2, any acceptable form of the
geometrical approach must also accept these two miracles of GR. In this sense, the existence

of these two miracles is independent of the dynamical /geometrical debate.

3.4 Qualified and unqualified explanations

In §3.5, I consider whether a defensible version of the geometrical approach can be
articulated. Before doing so, however, I first distinguish between what I call qualified

versus unqualified explanations:

* (Qualified explanations.) Consider one particular dynamical equation featuring
coupling to a metric field—for example, the special relativistic Klein-Gordon
equation (3.2.1), or the general relativistic Klein-Gordon equation (3.2.2). Then
ask: might the metric field in the theory in question (7, in the case of KGS;
ga» in the case of KGG) feature in an explanation of the form (in particular, of
the symmetries) of that dynamical equation, and of the behaviour of the mat-
ter field(s) (here ¢) to which it is coupled? Call this the question of qualified

explanation—for the concern here is with accounting for the form of one, given
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dynamical equation, and for the behaviour of the particular fields coupled in

that equation.

(Unqualified explanations.) Consider all possible dynamical equations consistent
with a given theory, such as SR or GR.!? Then ask: does the metric field in the
theory in question (7, in the case of SR; g, in the case of GR) explain the form
(in particular, the symmetries) of all those possible equations consistent with the
theory, and (in a certain particular way to be articulated) the behaviour of all
possible matter fields, such that assumptions made in the formulation of the
theory regarding the form of those equations and the behaviour of matter fields
(e.g., that massless particles in GR traverse null geodesics) are, ultimately, re-
dundant? For example, can 7, explain the fact that all dynamical laws govern-
ing matter fields in SR are Poincaré invariant, or can g, in GR explain the SEP?

Call this the question of unqualified explanation.

3.5 The geometrical approach

In this section, the above distinction between qualified and unqualified explanations

is brought to bear on the question of whether there exists any viable form of the

geometrical approach. My answer will be the following: while the form of the geo-

metrical approach considered in e.g. [24,28,30] and Ch. 1 is not viable, there exists a

weaker version of the approach, which can be defended.

The section proceeds as follows. In §3.5.1, I distinguish between these two ver-

sions of the geometrical approach, before exploring the different accounts they give

YThere is some ambiguity regarding what is meant by a ‘theory” here. To be clear, by ‘theory’ is
meant here a theoretical framework such as that for SR or GR as presented in §3.2.3, rather than specific
theories within those frameworks, such as KGS or KGG.
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regarding the role of the metric field in explanations of the coincidence of (local) met-
ric and dynamical symmetries, and of the behaviour of matter fields to which they
couple, in both SR (§3.5.1.1) and GR (§3.5.1.2). In §3.5.2, I explore some further conse-
quences of what I take to be the more defensible version of the geometrical approach.
In §3.5.3,  demonstrate that this version of the geometrical approach does not account

for MR1 and MR2.

3.5.1 Two geometrical approaches

The geometrical approach, in both SR (§3.3.1.1) and GR (§3.3.2.1), may be understood
in (at least) two different ways. Drawing upon the distinction presented in §3.4, the
versions of the approach that I consider in this chapter are dubbed the qualified versus

unqualified geometrical approaches:

* (Qualified geometrical approach.) Consider a particular dynamical equation gov-
erning the behaviour of a particular set of non-gravitational fields ®,,...,®,.
Insofar as that equation features coupling to a metric field (as in e.g. (3.2.1) in
KGS, or (3.2.2) in KGG), that metric field may contribute to an explanation of
the symmetries of that dynamical equation, and of the dynamical behaviour of

those &4, ..., d, fields.

* (Unqualified geometrical approach.) Consider the metric field associated with a
particular theory (for example, 7,, in SR, or g, in GR). That metric field con-
strains the form of all possible dynamical laws for non-gravitational fields con-
sistent with that theory, such that assumptions about (local) dynamical symme-
tries are redundant in the formulation of the theory, and such that certain facts

about the behaviour of matter fields are fixed.
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In the following, I abbreviate ‘the qualified geometrical approach” to QGA, and
‘the unqualified geometrical approach” to UGA. On QGA, a particular metric field
coupling to a particular set of non-gravitational fields in a particular dynamical equa-
tion may be understood to contribute to a qualified explanation (in the sense in §3.4)
of the symmetries of that dynamical equation, and of the dynamical behaviour of
those non-gravitational fields. On UGA, a particular metric field is taken to explain
the symmetries of all possible dynamical equations in a given theory, and to fix certain
facts about the behaviour of all possible matter fields, such that we need not, in fact,
make any assumptions regarding dynamical symmetries, or about those dynamical
facts, in that theory. (Importantly, I take both QGA and UGA to maintain the ontolog-
ical autonomy of the metric field in both SR and GR.) It is principally UGA which is
considered in Ch. 1 and attacked in [24,28,30], and it is this version of the geometrical

approach which is (I maintain) untenable.

3.5.1.1 Special relativity

The reasons why UGA is untenable are similar in both the SR and GR cases; I begin
with the former. The worry regarding UGA is put clearly by Brown and Pooley: [28,
p- 84]

As a matter of logic alone, if one postulates spacetime structure as a self-
standing, autonomous element in one’s theory, it need have no constrain-
ing role on the form of the laws governing the rest of the theory’s models.
So how is its influence supposed to work? Unless this question is an-
swered, spacetime cannot be taken to explain the Lorentz covariance of

the dynamical laws.
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The point here is that it is consistent to have dynamical laws for non-gravitational
fields in a theory featuring a Minkowski metric field 7,,, which nevertheless do not
manifest the Poincaré symmetries of that metric field. As a concrete (trivial!) exam-
ple, consider a modified version of KGS—call it LAS—KPMs of which are quadru-
ples (M, nap, dap, ), Wwhere 4, is a four-dimensional fixed Euclidean metric field,” and
DPMs of which are picked out by the four-dimensional Laplace equation (hence my

chosen nomenclature),?!

5y V2V = 0. (3.5.1)

The dynamical symmetries of (3.5.1) do not include the Poincaré transformations
(as for (3.2.1)); rather, they include the Euclidean transformations: those affine trans-

formations the linear transformation matrix of which satisfies (cf. (3.2.5))

M, "M, 8 = Gy (35.2)

LAS illustrates that a theory’s featuring a certain metric field in its KPMs is insuf-
ficient for that theory’s dynamical equations for non-gravitational fields to manifest
the symmetries of that metric field, or for that metric field to play any constraining
role in the dynamics of the matter fields in that theory, for those non-gravitational
tields may couple to other fields (in this case, d,), such that metric symmetries and
dynamical symmetries do not coincide, and such that the matter fields manifest other
dynamical behaviour (than that which they would manifest if they were coupled to

the metric field under consideration, here 7,,). Of course, one may wish to exclude

20The notation & is chosen to emphasise the analogy with the Kronecker delta §¢,; strictly, however,
these are different objects, and should not be confused.

ZNote that (3.5.1) is simply (3.2.1), with 7, replaced by &,;; in making this move, the dynamical
equation becomes an elliptic, rather than hyperbolic, partial differential equation.
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coupling to such other fields; however, note that we then return to the situation in
which the dynamical equations for matter fields manifesting certain symmetries, and
yielding certain behaviour for those matter fields (e.g., that massless particles prop-
agate on null geodesics), is an input assumption—it does not follow from (e.g.) 7a»

alone.

On the other hand, QGA faces no such problems, for in this case the concern is
not with generic, unqualified claims, but rather with the form of one particular dy-
namical equation and with the dynamical behaviour of the matter fields coupled in
that equation. Why is (3.2.1) Poincaré invariant? Because it features coupling to the
Nap field—cf. §3.2.2. Why is (3.5.1) Euclidean invariant? Because it features coupling
to 9. Changing 7, in (3.2.1) to 4 in (3.5.1) changes the behaviour of ¢ accordingly
(after all, it is now governed by a different dynamical equation)—and it is very plau-
sible to regard this as constituting a legitimate (if partial, for other factors may also
be relevant to the dynamics of the field in question) explanation of the behaviour of
. Thus, I take it that, in SR (and indeed, in the context of theories with fixed metric
structure more generally), it is incorrect to regard as viable the explanation for the dy-
namical behaviour of matter proffered on the part of advocates of UGA, but correct to
so regard the explanations proffered on the part of advocates of QGA. I discuss QGA
further in §3.5.2.

3.5.1.2 General relativity

Similar points to those made above apply in the case of GR. According to advo-
cates of UGA, the metric field g, in GR accounts for the local behaviour of all non-
gravitational fields, such that the assumption of the SEP in the presentation of general

relativistic theories in §3.2.3.2 is redundant, and such that matter fields must exhibit
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certain behaviour (e.g., such that test particles propagate on null geodesics). How-

ever, against such a claim, problem cases may also be identified.

One such example is the Jacobson-Mattingly theory, introduced in Ch. 1. Recall that
the imposition of the Lagrange multiplier term in the action for this theory means
that the dynamical behaviour of non-gravitational fields does not reflect the local
(Poincaré) symmetries of the metric field. Rather, the (local) symmetries of the dy-
namical laws are a proper subset of the (local) metric symmetries. Given this, how-
ever, we appear to have in our possession a problem case for UGA, according to
which the metric field constrains dynamical equations to manifest its own symme-

tries.

As with LAS in the case of SR, such cases appear to find their mark against UGA,
for in the Jacobson-Mattingly theory, metric symmetries manifestly do not coincide
with dynamical symmetries—so how could g,; be constraining the local form of dy-
namical equations in this strong sense? On the other hand, QGA again does not
appear to face such problems. For example, consider (3.2.2)—as in the SR context, it
is perfectly reasonable to claim that the coupling in this equation of ¢ to g, offers an
explanation of the dynamical behaviour of ; moreover, the fact that no unqualified
claim is made regarding possible form of dynamical equations for non-gravitational
tields means that cases such as the Jacobson-Mattingly theory do not find their mark

against QGA (for further discussion, see §3.5.2.2).

3.5.2 The qualified geometrical approach

I have argued that QGA is a defensible version of the geometrical approach, whereas
UGA is not. In this subsection, I explore some further consequences of QGA. Specif-

ically, I consider in §3.5.2.1 the sense in which the metric field in a given theory may,
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in fact, be understood to account for the form of all dynamical laws in that theory. In
§3.5.2.2, I consider whether an account of the dynamical behaviour of matter in terms
of metric structure is available on QGA, even in problematic cases such as those de-
scribed above, in which (local) metric symmetries do not coincide with (local) dy-
namical symmetries.?? I close in §3.5.2.3 by drawing a more fine-grained distinction

within QGA.

3.5.2.1 Univocal explanation

In both SR and GR, there is a sense in which, on QGA, the metric field can explain the
form of all dynamical laws in the theory—once the restriction to a certain form of dynam-
ical equations is made. For example, given the restriction in SR to dynamical equations
for non-gravitational fields which take a Poincaré invariant form, we may write all
such equations in coordinate-free notion featuring coupling to 7,,>>—in which case,
n. may feature in explanations of the dynamical behaviour of the matter fields un-
der consideration. This does not explain the initial restriction to Poincaré invariant
dynamical laws for non-gravitational fields, but it does mean that 7,, may feature in
explanations for the behaviour of all matter fields, once such an assumption is made.
Similarly in GR, the metric field g,, may not be able to account for the initial restric-
tion to dynamical equations for matter fields obeying the SEP, but it may feature in
explanations of the form of all dynamical laws for non-gravitational fields in GR,
once this assumption is made—for in making this assumption, it is natural to consider

dynamical equations in which matter fields are coupled to this very g, field.**

ZGtrictly, I will have to generalise the notion of a ‘metric symmetry’ in §3.5.2.2, to account for the
examples given in that section. This, however, will be of no consequence.

BCt. [30, §5].

241t is worth making two related points here. (1): Technically, such coupling is not essential, for we
might instead couple to e.g. a fixed Minkowski metric field 7, or to a generic Lorentzian metric field
which satisfies not the Einstein field equations, but some other set of dynamical equations. In the cases
in which all dynamical laws feature coupling to g.;, however, this metric field may feature in expla-
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3.5.2.2 Partial explanation

A further subtlety regarding QGA pertains to the issue of partial explanation. I make
the following claim: even in the cases in which metric and dynamical symmetries do
not coincide, the metric field may feature in explanations of the dynamical behaviour
of matter, on QGA. To see this, it is useful to consider three sub-cases: (i) situations
in which dynamical symmetries form a proper subset of metric symmetries; (ii) situ-
ations in which dynamical symmetries form a proper superset of metric symmetries;

(iii) cases where dynamical symmetries partially overlap with metric symmetries.

In order to discuss each of these cases, it is useful to introduce here three ver-
sions of Newtonian gravitation theory (NGT). First, let a Leibnizian structure be a triple
(M, tu, h**), where M is a four-dimensional differentiable manifold; ¢, is a fixed tem-
poral ‘metric’ field on M of signature (1,0,0,0); and h® is a fixed spatial (inverse)
‘metric’ field on M of signature (0,1,1,1).” The t,, and h* fields are orthogonal, so

that

h%t, = 0; (3.5.3)

furthermore, I restrict in this chapter to structures (Leibnizian or otherwise; see be-

low) which are temporally orientable, so that there exists a continuous (globally de-

nations of the form of all these laws. (2): One need not make the assumption that all dynamical laws
manifest certain (local) symmetries so explicitly—one might instead make assumptions of (e.g.) univer-
sal coupling of the metric field to matter fields in all dynamical equations for the latter; this may, then,
entail the relevant facts about the symmetries of those laws. This, indeed, appears to be Maudlin’s
stance, when he writes that “the fundamental requirement of a relativistic theory is that the physical
laws should be specifiable using only the relativistic space-time geometry. For Special Relativity, this
means in particular Minkowski space-time.” [137, p. 117] The point here is that, on QGA, one may
appeal to the metric field in giving certain generic explanations of the behaviour of matter fields in a
certain restricted class of models of the theory—but the metric field itself does not account for those
restrictions.

BScare quotes are included on ‘metric” here, for strictly neither t,;, nor h*® satisfies the metric non-
degeneracy condition—cf. [128, §4.1].
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tined) one-form ¢, that satisfies the decomposition condition ¢,, = t,t; at every point

[128, p. 251].

In contrast with the notion of a Leibnizian structure, let a Galilean structure be
a quadruple (M, ., h*, V,), consisting of a Leibnizian structure, together with a

derivative operator V, on M satisfying the compaibility conditions

Vatbc = O; (354)

V. k" = 0. (3.5.5)

Finally, let a Newtonian structure be a tuple (M, t., h,V,,0), consisting of a

Galilean structure, together with a fixed vector field o on M, such that

tapo” # 0. (3.5.6)

Since none of Leibnizian, Galilean, or Newtonian structures are themselves metric
fields, the notion of a metric symmetry cannot be applied in these cases.*® However,
the relevant notion easily generalises to the structures now under consideration: I
say that a coordinate transformation is a structure symmetry just in case the structure
under consideration is invariant under that transformation. Applying such a notion
to Leibnizian, Galilean, and Newtonian structures, one finds that their associated
structures symmetries are given by (no surprise!) the Leibniz, Galilean, and Newton

groups.”’

26For details regarding Leibnizian, Galilean, and Newtonian structures, see [64, ch. 2].
¥The exact mathematical forms of these groups are not relevant for our purposes—see [169, §3.1]
for details.
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With these three structures in hand, we can consider three different theories—
viz., Newtonian gravitation theory set in each of these three structures. Consider first
Newtonian mechanics set in a Galilean structure.®® KPMs of this theory are tuples
(M, ta, h®, V4, 0, p), where ¢ and p are real scalar fields on M, which will be taken
to represent the gravitational potential and matter density, respectively. DPMs of this

theory are picked out by the field equations®

Rabcd - 0, (3.5.7)

hV Vo = 47p. (3.5.8)

(3.5.7) imposes flatness of V,; (3.5.8) is the Newton-Poisson equation. Finally,
the gravitational force on a point (test) particle of mass m is given by —mh®V,y; it
follows from Newton’s second law that, if this particle is subject to no forces except

gravity, and given that it has four-velocity £¢, then it satisfies

—V% = £PV,¢9. (3.5.9)

Note that all elements of the Galilean structure feature in these dynamical equa-
tions; one can use this structure to offer a qualified explanation (in the sense of §3.4)

of the form of these dynamical laws.

A Galilean structure is traditionally considered to be the ‘most appropriate’ spacetime setting
for NGT, for in this case structure symmetries and dynamical symmetries (are claimed to) co-
incide, thereby satisfying Earman’s “adequacy conditions” on spacetime theories (see [64, §3.4]).
For recent philosophical discussion calling into question whether this orthodoxy is correct, see
[67,112,192,206,218,224,226]; I do not discuss further such matters in this thesis.

2Here, R%,_, is the Riemann tensor associated with the derivative operator V, defined in the
Galilean structure.
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Newtonian mechanics set in Galilean spacetime is a case in which structure sym-
metries coincide with dynamical symmetries.* Now consider a more nuanced case,
in which dynamical symmetries constitute a proper subset of structure symmetries.
One illustration of this is Newtonian mechanics set in a Leibnizian structure. KPMs of
this ‘theory’ are tuples (M, t.,, h®, o, p) with (M, t., h®) a Leibnizian structure, and
¢ and p defined as in the Galilean case; DPMs are (allegedly) picked out by (3.5.7)-
(3.5.9). For the sake of argument granting that such a ‘theory’ is coherent,” we have
a case in which dynamical symmetries are a proper subset of structure symmetries.
What I contend here is that, in spite of the fact that structure symmetries and dynam-
ical symmetries do not coincide, the fact that the Leibnizian structure still features in
the DPMs of this theory means that it can still offer a partial (but not complete, since
the laws also advert to other structure) explanation of the dynamical behaviour of

matter in this case, in the qualified sense delineated in §3.4 above.

Next consider the case in which dynamical symmetries are a proper superset of
structure symmetries.*? An illustration of such a scenario is Newtonian mechanics
set in a Newtonian structure. In this case, KPMs are tuples (M, t ., h®, V., 0% ¢, p),
where (M, to, h®, V,, o) is a Newtonian structure (in which the integral curves of o°
are taken to represent the worldlines of the persisting points of Newtonian absolute
space), and ¢ and p are understood as above; DPMs of this theory are again picked out
by (3.5.7)-(3.5.9). Though this theory is coherent,® as Earman states [64, §3.4], there

is a sense in which it is nevertheless malformed, for the dynamical laws do not advert

30Getting aside the issues indicated in footnote 28.

3Indeed, I here include scare quotes on the word ‘theory’, as there are good grounds to question
whether such a “theory’ is really coherent, since it does not have sufficient structure in its KPMs to be
able to write down the dynamical equations used to fix its DPMs—cf. [198, p. 6]. (Belot puts the point
pithily, when he accuses those working with such theories of “arrant knavery” [17, p. 571]; for further
related discussion, cf. [57, pp. 268-269].)

320n this possibility, cf. Pooley’s discussion at [169, p. 94].

3 At least on QGA—it is questionable whether this theory is coherent on the dynamical approach,
according to which (as discussed above) metric/structure symmetries in theories with fixed met-
ric/structure (such as both SR and NGT) just are dynamical symmetries. Cf. [30, §3.1].
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to all the Newtonian structure available in the KPMs of the theory (it is this which
results in dynamical symmetries being a proper superset of structure symmetries).
While I concur with Earman on this point, what I wish to register here is that, in
this case, Newtonian structure may still be appealed to in explanations of the form
of the dynamical laws governing matter fields—it is just that this structure has other,

redundant explanatory apparatuses available to it (viz., the o¢ field).

Thus, on QGA, in the case in which dynamical symmetries are a subset of struc-
ture symmetries, the relevant structure (whether metric, or e.g. Leibnizian or Galilean
or Newtonian) may feature in partial explanations of the dynamical behaviour of mat-
ter. In the case in which dynamical symmetries are a superset of structure symmetries,
by contrast, the relevant structure may feature in total but redundant explanations of
the dynamical behaviour of matter. Note that Jacobson-Mattingly theory instantiates

the former case, in which dynamical symmetries are a subset of metric symmetries.

Finally, consider the case in which dynamical symmetries partially overlap with
structure symmetries—i.e., are neither a subset nor a superset of structure symme-
tries. One example of this is LAS, presented in §3.5.1.1. In this case, dynamical sym-
metries include the Euclidean transformations; symmetries of the Minkowski met-
ric field 7, are the Poincaré transformations. The intersection of the Euclidean and
Poincaré groups is the group of translations and spatial rotations (cf. Ch. 1); therefore,
the corresponding degrees of freedom associated to the 7, field may still be used to
account for these dynamical symmetries, in this case. (Though of course, an obvi-
ous question arises: why not instead appeal to d,;, when giving this kind of qualified

explanation of dynamical symmetries in this case?)

3Though in this case the theory is coherent, in a way that arguably NGT set in a Leibnizian structure
is not—cf. footnote 31.
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3.5.2.3 Confident and cautious qualified approaches

Suppose that one embraces QGA, and suppose that one is considering a theory in
which the metric/structure under consideration can be appealed to in order to offer
a qualified explanation of the symmetries of the dynamical laws governing matter
tields. For example, suppose that one is considering theories such as KGS, or New-
tonian mechanics set in a Galilean structure. Even in such cases, there exists a fur-
ther question relevant to the chronogeometric significance of this metric/structure,
on which one might take different views. Namely: do there actually exist rods and

clocks which survey this metric/structure?

Different possible answers to this question distinguish two sub-views within QGA.
On the one hand, one might maintain that, when the metric/structure features in
a qualified explanation of the symmetries of the dynamical laws governing matter
fields in the above sense, there always exist physical rods and clocks built from mat-
ter fields which survey that metric/structure. Call this view confident QGA.* On
the other hand, one might reject the claim that, when the metric/structure features
in a qualified explanation of the symmetries of the dynamical laws governing mat-
ter fields in the above sense, there always exist physical rods and clocks built from

matter fields which survey that metric/structure. Call this view cautious QGA.

Clearly, in order to call into question confident QGA, it suffices to present a sin-
gle problem case. In fact, there exist several such cases; here I mention two. First,
Pitts presents in [162] the example of universally coupled massive scalar gravity. In such

theories, there exist two Lorentizan metic fields: a dynamical field g¢,;, and a fixed

% Arguably, Maudlin falls into this camp, for he both (a) speaks of restricting dynamical equations
in SR to those which couple universally to 7, thereby placing him in QGA (cf. footnote 24); and (b)
argues that, in any model of SR, there exists a clock which satisfies the clock hypothesis, and thereby (by
definition) correctly reads off intervals along its worldline as given by the metric field (cf. [137, ch. 5]).
There are good reasons to doubt (b)—cf. [140], discussed further below.
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Minkowski metric field 7,; the Lagrangian includes the following graviton mass

piece:*

R A Ve e Vi
Lmass = 647G |w —1 * w(l—w)  w (3:510)

(Here, w is a free parameter, which may be fixed to yield specific theories.) The
important point to note about such theories is put clearly by Pitts: “Massive scalar
gravity lacks Minkowskian behavior of rods and clocks, though it has the Minkowski
metric (among other things) and the Poincaré symmetry group. ... [TThe chronogeo-
metrically observable conformally flat metric g,, = 7as(— g)l/ *isn’t clearly the One
True Geometry [i.e., n,5].”¥ [162, p. 6] Thus, theories of this kind appear to pose prob-
lems for confident QGA, for rods and clocks generally do not survey 7,, in spite of
the fact that this field couples to the matter fields in the theory, and so may feature in

a qualified explanation of their symmetries.

As a second example, the authors of [140] (including the author of the present
piece) demonstrate, drawing upon recent work by Asenjo and Hojman [6], that there
should be no expectation that physical rods and clocks (such as light clocks) correctly
survey the metric field g,, of GR in particular solutions of this theory—namely in ro-
tating solutions, such as the Godel and Kerr solutions. The reasons are subtle, but
essentially involve the fact that physical propagating media, such as light waves, do
not travel at a fixed speed in such solutions, but rather manifest spacetime location-
dependent propagation speeds. The central point here is a simple one: there is again
reason to doubt confident QGA, for in these cases one has dynamical equations gov-

erning matter fields which feature coupling to g,, so that this metric field may feature

36For the full details, see [162].
¥Indices in this passage have been altered for consistency with the present paper; there is no change
in content.
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in a qualified explanation of the symmetries of these equations and the behaviour of
matter fields; nevertheless, rods and clocks do not survey this metric field, so that the

chronogeometric significance of this field is questionable.

For these reasons, I take it that cautious QGA is to be preferred—no a priori as-
sumptions should be made regarding the behaviour of physical rods and clocks, even
in cases in which a partial explanation of (e.g.) the symmetries of the dynamical equa-
tions in the theory under consideration via a given metric/structure is possible. In
the remainder of this paper, I set this distinction aside for simplicity—though (for the
above reasons) it should be taken that reference to QGA always means reference to

cautious QGA.

3.5.3 Two miracles, reprise

With these subtleties regarding QGA addressed, I close this section by arguing that
this approach does not account for MR1 and MR2; indeed, there is a sense in which

MR1 and MR2 are more miraculous on QGA, than on the dynamical approach.

To see this, consider first SR on QGA. As in the case of the dynamical approach,
on QGA it is conspiratorial—a ‘miracle’—that all dynamical laws manifest the same
symmetry properties, for recall that, unlike UGA, QGA seeks no explanation for this
coincidence from within SR, in terms of 7,,. Put in other words, it is a brute fact on
QGA that we do not consider other structures, such as d,;, to which the matter fields
in the theory could couple, and as a result of which coupling their dynamical laws

would manifest different symmetries. Thus, MR1 holds also on QGA.

Since the advocate of QGA also considers even fixed metric structure such as 7, to

be ontologically autonomous, however, a second coincidence arises even in SR: why
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is it that the symmetries of this metric field coincide with the symmetries of all dy-
namical laws? Clearly, this is just MR2—again, another way to put the question is the
following: why should the structure to which all dynamical laws for matter fields ‘ad-
vert’ be precisely the designated metric structure under consideration? From this, we
see therefore that on QGA, both MR1 and MR2 hold even in the SR context. Since the
dynamical approach faces the single miracle MR1 in SR (since it ontologically reduces
metric structure in this theory to dynamical symmetries), this is, arguably, reason to

tavour the dynamical approach over QGA in SR.

In the GR context, QGA also faces both MR1 and MR2—for exactly the reasons
delineated in §3.3.2.2. Given this, a new question arises: given that both the dynam-
ical approach and QGA agree in the GR context that the g, field cannot be ontolog-
ically reduced to matter fields, and that both MR1 and MR2 hold in that context, is
there really such a difference between the views, in this case? Absent the story of
ontological reduction, there appears to be very little between the views. In light of
this, I make the following claim: While the dynamical approach and QGA are distinct in
the context of theories with fixed metric structure such as SR (for they make different ontolog-
ical claims regarding this fixed structure), they are not distinct in the context of theories with

dynamical metric structure, such as GR.%®

38n this regard, cf. [169, p. 63], where Pooley writes, “What, then, is at stake between the metric-
reifying relationalist and the traditional substantivalist? Both parties accept the existence of a substan-
tival entity, whose structural properties are characterised mathematically by a pseudo-Riemannian
metric field and whose connection to the behaviour of material rods and clocks depends on, inter alia,
the truth of the strong equivalence principle. It is hard to resist the suspicion that this corner of the
debate is becoming merely terminological.”
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3.6 The geodesic principle

So far, I have: (a) clarified the distinction between the dynamical and geometrical
approaches—the latter itself coming in two distinct varieties: UGA and QGA; (b) ar-
gued that while QGA is viable, UGA is not; (c) demonstrated that MR1 and MR2
hold both on the dynamical approach and on QGA; (d) argued that there is no differ-
ence between QGA and the dynamical approach in the context of GR. In this section,
I consider the connections between this work, and recent and important results on the
geodesic principle. I also reflect upon work by Knox [111-113] and Weatherall [228, §6]

pertinent to the themes of this chapter.

I begin with the geodesic principle. Contemporary work on this result stems
largely from a 1975 theorem of Geroch and Jang [83]. Though more sophisticated
extensions of this result now exist (in particular, see [67,84]), I focus for the time be-

ing upon the Geroch-Jang theorem itself; this reads as follows:*

Theorem 1. (Geroch and Jang (1975)) For a given (M, gu), where gqp, is a Lorentzian
metric field on M, let vy : I — M be a smooth, embedded curve. Suppose that, given any open
subset O of M containing ~y (1], there exists a smooth, symmetric field T with the following

properties:

1. T satisfies the strengthened dominant energy condition, i.e. given any timelike

vector £ at any point p € M, T®E,&, > 0 and either T® = 0 or T&, is timelike;
2. T satisfies the conservation condition, i.e. V,T% = (;
3. supp (T“b) C O; and

4. there is at least one point p € O for which T (p) # 0.

%Here, I use the notation of [228, p. 6].
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Then ~ is a timelike curve that may be reparameterised as a geodesic.

The Geroch-Jang theorem makes precise the essence of the geodesic principle: that
small bodies move on geodesics. In [228, §6], Weatherall draws a number of philo-
sophical lessons regarding geodesic theorems such as the above (and its more sophis-
ticated successors), which he takes to be consonant with the dynamical approach; it
is to these putative lessons that I now turn.*’ Begin with Weatherall’s summary of the

import of results such as the Geroch-Jang theorem:*!

[E]stablishing that small bodies respect the inertial structure encoded by
a given derivative operator V, requires one to establish that the 7 field
associated with matter is divergence-free, or “conserved”, with respect to

V.42 228, p. 36]

Weatherall takes the fact that 7 is conserved with respect to a specific derivative
operator V, to deliver a connection between satisfaction of the geodesic principle and
spacetime geometry—with this being particularly apparent if that derivative operator

V., is that which is compatible with some metric field: [228, p. 38]

From this perspective it is also fair to say that, as Brown argues in Physical

#For Brown’s own discussion of the geodesic principle, see [24, §9.3]. With Brown’s central
contention—that geodesic motion of small bodies in GR is a consequence of the Einstein field equa-
tions, and is therefore automatic in GR, in a way that it is not in antecedent theories (“It is no longer
a miracle.” [24, p. 163])—Weatherall is in disagreement, for (a) geodesic motion is, in fact, indepen-
dent of the Einstein field equations; (b) similar results can be derived in other theories, e.g. NGT, and
Newton-Cartan theory. (For the details of Newton-Cartan theory, in which the gravitational potential
¢ of NCT is absorbed into a (curved) derivative operator, see [128, ch. 4], or Ch. 6.) For Weatherall’s
work on the geodesic principle, see [220-222,227,228]; I am in agreement with him on these matters.
Also worthy of mention in this regard are remarks in a similar vein to (a) made by Pooley [169, p. 543];
and an earlier paper of Malament [127], in which it is pointed out (pace Brown) that geodesic motion
in GR follows only on the assumption of the strengthened dominant energy condition.

“'Here, Weatherall’s notation has been amended slightly: I use ‘V,’ rather than ‘V’.

#In addition to the satisfaction of the strengthened dominant energy condition—again, see the
Geroch-Jang theorem as stated above.
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Relativity, spacetime structures such as the metric may be viewed as “a
codification of certain key aspects of the behaviour of particles and fields”
(p. 142), at least as regards the link between free, small-body motion and
the privileged class of curves picked out by a metric and/or derivative

operator.

Though I am in agreement with Weatherall as far as the above statements go, there
remains more to be said here, on two fronts. First, though it is true that some connec-
tion between matter fields and geometry is forged insofar as the stress-energy tensor
associated with these fields is conserved with respect to a specific derivative opera-
tor, and moreover insofar as that matter thereby follows geodesics of that derivative
operator, in accordance with the Geroch-Jang theorem (or its extensions), thus far the
connection proceeds in terms of the motion of small bodies alone. To move from such
results regarding the geodesic motion of small bodies, to the behaviour of matter
fields tout court, is in effect to demand that the local symmetry properties of all mat-
ter fields be derivable from such geodesic motions; that is, it is, in effect, to demand
a proof of a result akin to Schiff’s conjecture.*> Only in that case could something like

the SEP be delivered by this work on the geodesic principle.**

®In the words of Thorne et al., “Schiff’s conjecture states that any complete and self-consistent gravita-
tion theory that obeys [the weak equivalence principle] must also, unavoidably, obey [the strong equivalence
principle]” (emphasis in original) [207, p. 3575]. In turn, the weak equivalence principle is defined as
follows: “If an uncharged test body is placed at an initial event in spacetime, and is given an initial velocity
there, then its subsequent worldline will be independent of its internal structure and composition” (emphasis in
original) [207, p. 3571]; the strong equivalence principle is defined as: “(i) [The weak equivalence prin-
ciple] is valid, and (ii) the outcome of any local test experiment—gravitational or nongravitational—is
independent of where and when in the universe it is performed, and independent of the velocity
of the (freely falling) apparatus” [207, p. 3572]. For the original presentation of Schiff’s conjecture,
see [195, p. 343]; for ensuing discussion and attempted proofs of restricted versions of the conjecture,
see [39,126,151,207]. Clearly, the version of Schiff’s conjecture under consideration in this chapter is
different to that above—the gap to be bridged here is between the geodesic motions of small bodies,
and the symmetries of matter fields tout court.

#Geroch and Weatherall demonstrate in [84] that source-free Maxwell fields ‘track’ null geodesics—
a new result. Since the geodesic theorems demonstrate that massive matter moves on timelike
geodesics, this gives access to both conformal and projective structure, respectively. One might think,
therefore, that one may appeal to the Ehlers-Pirani-Schild result [68] (itself a generalisation of Weyl’s
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Second, it is important to be clear that this work does not provide a resolution
to MR1. Even supposing that a connection is forged between geodesic motion and
the local behaviour of matter fields more generally (@ la Schiff’s conjecture), that the
mystery of MR1 remains can be demonstrated through asking the following ques-
tion: why should all matter fields have associated stress-energy tensors, the diver-
gences of which vanish with respect to the same derivative operator? If this were not
the case, then it need not be the case that all matter fields survey the same “practical
geometry’, in the manner explicated by Weatherall. Though it is true that, as Weather-
all observes [228, p. 11], the Einstein field equations tell us (via the contracted Bianchi
identity) that the covariant divergence of the total stress-energy content of any partic-
ular solution of GR vanishes, this is (again, as Weatherall observes—see [228, p. 12])
insufficient to infer that the divergences of the stress-energy tensors associated with
all individual matter fields vanish with respect to the same derivative operator. Thus,
these results on the geodesic theorem do not place sufficient restrictions on the be-
haviour of even small bodies built from different matter fields in order to resolve

MR1.

The situation regarding the bearing of these results upon MR2 is more nuanced.
Suppose that if the dynamical laws governing matter fields all manifest the same
symmetries, then the stress-energy tensors associated with such matter fields (which
satisfy the strengthened dominant energy condition, and the other conditions of the
Geroch-Jang theorem and its generalisations) have covariant divergences which van-
ish with respect to the same derivative operator. Now suppose that the dynami-
cal laws governing matter fields all manifest the same symmetries. Then (by the

above), the stress-energy tensors associated with such matter fields have covariant

theorem—cf. [230]), that (subject to extra constraints) conformal and projective structure fixes metric
structure, to strengthen the connection between these geodesic theorems and geometry. While such re-
sults do indeed yield a further sense in which local geometry may be inferred from geodesic motions,
they continue to leave unbridged the gap between the geodesic motions of small bodies, and the local
dynamics of matter tout court. That is, Schiff’s conjecture remains unproven, in general.
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divergences which vanish with respect to the same derivative operator. Then, the
divergence of the total stress energy tensor (being a sum of the stress-energy tensors
associated with the individual matter fields) with respect to this same derivative op-
erator will also vanish; so, via the Einstein field equations, the left-hand side of the
field equations will also have vanishing divergence with respect to this derivative
operator—implying that the derivative operator is compatible with the metric field
appearing in the Einstein tensor. In that case, small bodies built from all matter fields
‘track” geodesics of a derivative operator associated with the Lorentzian metric field
appearing in the Einstein field equations. In turn, one expects that in such a case the
symmetries of the dynamical laws governing matter fields, and of this metric field,
coincide, thereby delivering MR2. Of course, this reasoning is heuristic—but renders
it prima facie plausible that these results regarding the geodesic principle may have

application in resolving MR2.

In any case, let us now set aside these considerations regarding MR1 and MR2,
and focus upon Weatherall’s general morals drawn in [228, §6]. Consider the follow-

ing passage:

[T]he reason that a metric (or metrics) and derivative operator are able to
codify the behavior of (generic) matter in the way characterized by the
geodesic principle is precisely that that metric and derivative operator are
the ones that appear in the dynamics of (all) matter in the relevant ways.

And this, I think, is ultimately what is at the heart of the matter.

As I see it, the most perspicuous explication of what one means, or at least
what one should mean, by the claim that spacetime has some geometry,
represented by a given metric (or metrics) and derivative operator, is pre-
cisely that one can express the dynamics of (all) matter in such a way that

all inner products are taken relative to that metric and all derivatives are
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taken relative to that derivative operator. This is the physical content of
the claim that there are facts about distances, angles, and duration: phys-
ical processes occur in such a way that changes in a quantity at a time
depend on the state of that quantity and those facts about distances, an-
gles, and duration. And so, one is left with the conclusion that spacetime
structures codify certain facts about the behavior of matter because the
dynamics of (all) matter is adapted to those spacetime structures, which is
just another way of saying that spacetime has that geometry. [228, pp. 39-
40]

Though I am essentially in agreement with Weatherall on these matters, three
points are important to note regarding this passage. First, and most straightfor-
wardly, Weatherall (correctly) makes no appeal to UGA—he makes no claim to the
effect that the metric field constrains all possible dynamical equations in a given the-
ory, such that assumptions about the symmetry properties of those laws need not be

made.

Second, nothing in this passage commits Weatherall either to the dynamical ap-
proach, or to QGA. Insofar as Weatherall takes e.g. NGT set in a Newtonian struc-
ture to be a coherent theory, there is perhaps some reason to take him to favour the
latter, for recall that the coherence of this theory is questionable on the dynamical
approach—cf. [30, §3.1].> Even in this case, however, one might take Weatherall’s
anticipated assessment that this theory is “theoretically equivalent’ (in a technical,
category-theoretic sense—cf. [223,225,229]) to NGT set in a Galilean structure, com-
bined with an implicit commitment to such theoretical equivalence being sufficient

for physical equivalence, to indicate that he does not consider such to be the case—

#In more detail, recall from footnote 33 that, on the dynamical approach, metric/structure symme-
tries in theories with fixed metric/structure just are dynamical symmetries—so how could it be the
case that there exists a theory in which such symmetries do not coincide?
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meaning that perhaps he should be regarded as siding with advocates of the dynam-

ical approach after all.*

Third, Weatherall’s views as expressed in the above passage are very consonant
with the ‘spacetime functionalism” of Knox [111-113], according to which “the space-
time role is played by whatever defines a structure of local inertial frames” [113,
p- 22] (cf. §3.1). To see this, some details regarding this programme of Knox must
be recalled. Note first that, in GR, the chronogeometricity of the metric field pre-
cisely guarantees that this field be considered spatiotemporal, in Knox’s sense. The
reason is that, locally, the symmetries of the dynamical metric field coincide with
those of the dynamical equations governing matter fields; in any frame in which
these dynamical equations take their simplest form, the metric field itself takes the
form diag(—1,1,1,1). Thus, the metric field picks out a structure of local inertial
frames—if one characterises such frames as those in which dynamical equations for

non-gravitational fields take their simplest form (cf. [111, §2]).

Now recall that, for Weatherall, “what one means, or at least what one should
mean, by the claim that spacetime has some geometry, represented by a given metric
(or metrics) and derivative operator, is precisely that one can express the dynamics
of (all) matter in such a way that all inner products are taken relative to that metric
and all derivatives are taken relative to that derivative operator” [228, p. 40]. But, so

coupling the dynamical equations governing matter fields will in general ensure that

%] concede that it is somewhat strained to seek to read Weatherall as an advocate of the dynamical
approach; a reading on which he endorses something like QGA is more natural. Nevertheless, it is
at least worth noting that advocation of the dynamical approach is consistent with Weatherall here.
(Moreover—and interestingly—Weatherall has questioned in personal communication whether fixed
metric structure, such as the Minkowski metric field of SR, should be regarded as being ontologically
autonomous—in which case, his views are arguably closer to the dynamical approach than one might
initially think. Whether, however, it is best to read Weatherall as endorsing the dynamical approach
versus e.g. the version of the geometrical approach due to Janssen [12,107,108], in which the ontolog-
ical autonomy of the metric field in e.g. SR is denied, remains unclear absent further work. Since the
issues here are subtle, and it would take significant work to do justice to Janssen, these matters will
have to wait for a future piece.)
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those equations have certain local symmetry properties—as, for instance, our discus-
sion of KGG illustrated. In particular, it will in general ensure that metric symmetries
coincide (locally) with dynamical symmetries—that is, it will ensure that the metric
field qualifies as spatiotemporal, on Knox’s programme.” Thus, when Weatherall
states that such coupling is sufficient for “spacetime to have some geometry”, I take

it that he is endorsing a view very much akin to Knox’s spacetime functionalism.*

3.7 Conclusions

In the context of SR (and of theories with a fixed metric/structure*” more generally),
advocates of the dynamical approach maintain that such a metric/structure is onto-
logically reducible to (symmetries of the dynamical laws governing) non-gravitational
fields. By contrast, in the context of GR (and of theories with a dynamical met-
ric/structure more generally), no such claim is made on the part of advocates of the
dynamical approach. As a result of this, the dynamical approach arguably collapses
into QGA in the GR context. While the dynamical approach is distinct from UGA in
both SR and GR, there are good reasons to doubt the plausibility of UGA.

On QGA, we can appeal to the metric field of e.g. SR or GR to explain certain
universal facts about the dynamics of matter fields—but only once further restric-
tions on the allowed class of models under consideration are imposed (for example,
assumptions regarding the symmetries of the dynamical laws for non-gravitational

tields, or—relatedly—assumptions of the universal coupling of the metric field under

#This coupling will ensure that a necessary condition on the metric field’s having chronogeometric
significance is satisfied—cf. §3.3.

0Of course, it is also worth remaining conscious of the differences between Knox and Weatherall—
for example, Weatherall makes no explicit commitment to inertial structure as the sine qua non of space-
time.

#9'Structure’ construed here in the sense of §3.5.2.2.
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consideration to the matter fields in those dynamical equations, etc.). Thus, on both
the dynamical approach and QGA, as yet no complete account of MR1 and MR2 ex-
ists within GR. Indeed, while the dynamical approach faces only MR1 in the context
of SR, QGA faces both MR1 and MR2 in that theory; arguably, this reduction in the
number of ‘conspiracies’ in SR constitutes reason to favour the former view over the
latter. While work on geodesic principles establishes some connection between the
dynamics of matter and the metric field of GR, this is in itself insufficient to account
for MR1. Though there exist some hints that such results may be used to resolve

MR2, more remains to be done in rendering these connections precise.

Weatherall may be understood as embracing Knox’s spacetime functionalism, along-
side either the dynamical approach, or QGA. Since both the dynamical approach and
QGA are defensible, this is unproblematic. Indeed, advocates of the dynamical ap-
proach would do well to avoid writing off QGA too quickly—for this approach is
perfectly viable, and makes no problematic a priori claim regarding the chronogeo-
metric significance of the metric field in SR or GR, as with UGA. While I still incline
to the dynamical view—essentially on grounds of ontological parsimony in theories
such as SR—I hope this chapter may be of some value in demonstrating that the views
of essentially all parties in this debate do not stand in such a state of conflict as one

may prima facie be inclined to think.
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Part 11

Gravitational Energy
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Chapter 4

Functional Gravitational Energy

Does the gravitational field described in general relativity possess genuine stress-
energy? I answer this question in the affirmative, in (i) a weak sense applicable in a
certain class of models of the theory, and (ii) arguably also in a strong sense, appli-
cable in all models of the theory. In addition, I argue that one can be a realist about
gravitational stress-energy in general relativity even if one is a relationist about space-
time ontology. In each case, my reasoning rests upon a functionalist approach to the

definition of physical quantities.

4.1 Introduction

In the study of general relativity (GR), a range of claims have been advanced regard-
ing the nature of stress-energy in the theory, and its status as a conserved quantity. For
example, the intuition that stress-energy must be conserved in GR sometimes leads to
the expression V,7" = 0 being treated as the conservation law for the stress-energy

of matter fields (see, for example, [141, p. 152]); yet, on reflection, one may question
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whether this is a genuine conservation law at all. On the other hand, it is sometimes
claimed that gravitational stress-energy exists in GR, but is non-local [91,141,196]. In
this chapter, I argue that gravitational stress-energy does exist in the theory, in both
(i) a weak sense applicable in a certain class of models of the theory, and (ii) arguably
also in a strong sense, applicable in all models of the theory. In each case, my reason-

ing rests upon a functionalist approach to the definition of physical quantities.

In §4.2, I provide an interpretationally neutral presentation of the various stress-
energy ‘conservation laws’ in GR. In §4.3, I argue for the existence of the above weak
notion of gravitational stress-energy in certain models of GR, and also raise the pos-
sibility of a strong notion of gravitational stress-energy in the theory, applicable in all
models of the theory. In §4.4, I consider ways in which the related debate between
substantivalism and relationism on the ontology of spacetime connects with the de-

bate on gravitational stress-energy in GR.

4.2 Dramatis Persona

In this section, I introduce all mathematical concepts essential to foundational dis-
cussions of gravitational stress-energy in GR. In §4.2.1, I introduce the kinemati-
cally and dynamically possible models of GR; I then discuss in §4.2.2 differential
and integral conservation laws in physical theories; before in §4.2.3 presenting spe-
cific stress-energy conservation laws which arise in special and general relativity. In
§4.2.4, I introduce the mathematical apparatus of isometries and Killing vector fields,
before finally discussing in §4.2.5 a conservation law for total (that is, matter-plus-

gravitational) stress-energy in GR.
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4.2.1 General relativity

Kinematically possible models (KPMs) of GR are picked out by triples (M, gap, @),
where M is a four-dimensional differentiable manifold;' g¢,, is a Lorentzian met-
ric field on M; and @ is a placeholder for matter fields in the theory. Associated
to (M, gu) there exists a unique derivative operator V,, which is: (i) torsion free—
in the sense that the associated torsion tensor 79, defined through 7% X°’Y¢ =
X'V, Y —YPV, X — [X, Y], vanishes—and (ii) metric compatible—in the sense that
Vugse = 0. Since this derivative operator V, is uniquely determined by (M, g.), it is

not included as an independent variable in the KPMs of GR.

Dynamically possible models (DPMs) of GR are those KPMs the geometrical ob-

jects of which satisfy the Einstein field equations?

Gy = 87T (4.2.1)

—the dynamical equations of the theory, which relate g, to the stress-energy tensor

Ty of the @—in addition to the dynamical equations of the ®.

!One should avoid, at this stage, asserting M to be the ‘spacetime manifold’, for to do so is to
conflate the mathematical model under consideration with the possible world to which that model is
ultimately interpreted as corresponding. Indeed, in light of the debate over the hole argument [65], it
is not necessarily correct to interpret M as representing substantial spacetime—see §4.4.1.

2Until §4.4, I restrict to the sector of GR with vanishing cosmological constant A. For A # 0, (4.2.1)
reads Gap + Agap = 87T gp.

119



4.2.2 Differential and integral conservation laws

4.2.2.1 Case 1: flat connection

For a given derivative operator V, and tensor field 7**", suppose

V,, T = (), (4.2.2)

In a coordinate basis, (4.2.2) reads

Oy, THx-tn L ¥ OH2ebin oy P THLbn=10 — g THLbn . AR2in — () (4,2.3)
H1 op1 "1

ol

where the I'#, = are the connection components associated to the derivative operator
V, in this coordinate basis,® and I have introduced the notation A#2-#n to represent
the terms featuring connection components in the above expression. In GR,* at any
p € M we can find Riemann normal coordinates such that connection components

vanish, and (4.2.3) becomes

8, T (p) = 0. (4.2.4)

This results holds only at p. If we wish (4.2.4) to obtain at some other ¢ € M in the

neighbourhood of p, we require that derivatives of connection components vanish—

3In a coordinate basis {e,, }, the connection components are defined through Ve, =: T*, o€
%S0 using the derivative operator V, introduced in §4.2.1.
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and a fortiori that the derivative operator V, be flat.” In this case, we may write

Oy, TH -+ = 0. (Par-T)

Given the local validity of (Par-T), we may integrate over a volume V' C M and apply

Gauss’ theorem, to obtain (n® is a unit normal vector to S = 9V; n, = gun®)

/ N, TH-#ndS = 0. (Int-T)
S=0V

Note that (Par-T) is invariant only under affine transformations—that is, only re-
tains the same form in coordinate systems related by such transformations.® This
means that an equation of the form (Int-T) also holds only in such coordinate sys-
tems. If one applies a non-affine transformation z* — z* = f* (z*) to (Par-T),”
one will generically pick up extra terms (which we may schematically represent by

©#2#n), so that this equation reads instead®

Oy TH1Hn 4 @H2tn = (), (4.2.5)

>Since in a coordinate basis, the (unique) Riemann tensor R?, ., associated to V,—defined through
R“bcdgb = —2V[.Vg&® for all smooth fields §* [128, p. 68]—reads R*,,, = J,I'",, — 0,I",, +
| e AL

6Con51der an affme coordinate transformation z* = M “/M o+ at If an (r,s)
tensor field F#1-- transforms under this coordinate change as F#1#r, —

1. Vs

M*L, MM, M Viyl LMY, FRR lryiu ., then we say that it is ‘covariant’ with this coordi-
nate transformation. If a dynamical equation retains the same form in either of the two coordinate
systems under consideration, then we say that it is ‘invariant” under the coordinate change.

’The notation z#' = f# (z*) signifies that in this case #* may be defined in terms of arbitrary
contractions with z#, provided that there is one free primed index.

8To take an explicit example (relevant to our discussions of stress-energy below), consider the

. . . . ’ ’ .
expression 0, T"" = 0. Transformmg to a new coordinate basis z#* — z* = f* (z*), one obtains
’
aMIT/ﬂu’ + ozt 9%zt T)\ v’ + TXU’ — 8M,T/L’u' + (,_,)l// =0

zH
Oxt ggr’ g

l/1...l/S

= 925
393’ Az dxo’
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Integrating over the volume V' as before, we have by analogy with (Int-T),

/ My T dS = — / OHzHndy. (4.2.6)
S=0V \%

4.2.2.2 Case 2: non-flat connection

Consider now the case in which V, is not flat. In that scenario, (Par-T) does not hold
in the neighbourhood of p,” and one may not integrate to construct a result of the
form (Int-T). Instead, one has only the more general equation (4.2.3); integrating this

expression and applying Gauss’ theorem, one obtains

/ Ry T4 dS = — / Abztin gy, (4.2.7)
S v

In a new coordinate basis 2# = f* (z), (4.2.3) transforms to the same expression
written in primed indices;!® integrating and applying Gauss’ theorem, one obtains
(4.2.7) written in primed indices. Since the right-hand side of (4.2.7) is coordinate-
dependent (in the sense that it consists of non-tensorial geometrical objects), in gen-
eral the value of the integral on the left-hand side of (4.2.7) will differ when this ex-

pression is written in unprimed versus primed coordinates.

From these results, one concludes the following. If the derivative operator V,
is flat, then an equation of the form (Par-T) holds in a class of frames related by
affine transformations;'! given this, an equation of the form (Int-T) also holds in such

frames. In a generic coordinate system at p € M, however, such results do not hold

“Rather, (Par-T) holds only at p.
19This result is straightforward: (4.2.3) follows from (4.2.2), which involves only tensorial quantities.
"Defined through specifying normal coordinates at p € M.
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(even when V, is flat)}—one has, rather, (4.2.5) and (4.2.6). If the derivative opera-
tor in question is not flat, then in general equations of the form (Par-T) or (Int-T) do
not hold; one has instead equations of the form (4.2.3) and (4.2.7). Since the right-
hand side of (4.2.7) is coordinate-dependent (in the sense of being composed of non-

tensorial quantities), so too is the value of the integral on the left-hand side.

4.2.2.3 Conservation laws

In physics, one often speaks both of differential and integral conservation laws—
the former of form (Par-T); the latter of form (Int-T). To illustrate why these are re-
ferred to as ‘conservation laws’, substitute the second rank tensor (74" + T%.) for
THievi—with Tg” here interpreted as the stress-energy tensor of the ith matter field
(in the coordinate basis under consideration). In this case, the above two laws become
O, (Th! +T5Y) = 0and [yn, (T4 +Th,) dS = 0, respectively. Trivially, moving the

terms for @, to the right hand side, we obtain for (Par-T)

8, To = —9,TL", (4.2.8)

and for (Int-T)

/ 0, TLdS = / 0, TEVdS. (4.2.9)
S S

(4.2.8) tells us that, at any point, any change in the stress-energy of the ®; field
must be balanced by an equal and opposite change in the stress-energy of the @,
tield; stress-energy is therefore conserved between ¢, and @, at that point. Analo-
gously, (4.2.9) tells us that any change in the stress-energy of ®; across a boundary of
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a spacetime region S C M must be balanced by an equal and opposite change in the
stress-energy of ®, across that boundary; stress-energy is therefore conserved in the

volume enclosed by S.

Prima facie, both (Par-T) and (Int-T) are legitimate conservation laws. In a sense
though, the differential conservation law (Par-T) is stronger than the integral con-
servation law (Int-T), as while the former implies the latter, the reverse is not true.
Though I return to this point in §4.3.2, I emphasise at this stage that there is no rea-
son to think that (Par-T) and (Int-T) are not both legitimate conservation laws, albeit

different in scope.

4.2.3 Conservation equations in special and general relativity

4.2.3.1 Special relativity

The above in hand, consider the role of stress-energy conservation laws in the context
of relativity theory. In special relativity (SR), the ‘differential conservation law’ for

the stress-energy tensor of matter fields 7% reads

V., T =0, (Cov-T)

where V, is the unique torsion-free derivative operator compatible with the fixed
Minkowski metric field 7,; of SR.!? Crucially, this derivative operator is flat—meaning
that the discussion of §4.2.2 applies, and in SR we have a differential conservation

law for the stress-energy tensor of matter fields of the form (Par-T) in the neighbour-

12 A5 discussed by Pooley [171, p. 115], and unlike the case of the metric field g, of GR, one may
understand 7, as being fixed identically in all KPMs of SR. Otherwise, KPMs of SR—as with GR—are
again denoted by triples, this time of the form (M, 1,4, ?).

124



hood of a given p € M, when (Cov-T) is written in normal coordinates at p, for all
frames related to such coordinates by affine transformations. By integrating, we ob-
tain a well-defined ‘integral conservation law” of the form (Int-T)—in the same class
of frames in which the associated ‘differential conservation law’ holds. When the

above conditions are not satisfied, (Cov-T) instead takes the form (4.2.5).

4.2.3.2 General relativity

In GR, the fixed metric field 7,, of SR is replaced with a generic Lorentizan metric
tield g,, and the derivative operator V,, is now the unique torsion-free such operator
compatible with g,;.1 In this case, V, can no longer be assumed to be flat; moreover,
the operator is rendered dynamical, due to the coupling of curvature and matter de-
grees of freedom via (4.2.1). Given this, in GR, (Cov-T) yields ‘conservation laws” of

the form (4.2.3) and (4.2.7).

4.2.3.3 Discussion

Though many textbooks claim that (Cov-T)—subject to its GR interpretation—is the
differential conservation law for matter stress-energy in GR (see, for example, [141,
196,214]), foundational authors often claim to the contrary that this is not a legitimate
conservation law (see, for example, [7,95,118, 155]). To assess such claims, first con-
sider the form (4.2.3) to which (Cov-T), subject to its GR interpretation, reduces in a
coordinate basis. Since (4.2.3) does not take the form (Par-T), it cannot prima facie be
understood as a differential conservation law in the sense of §4.2.2.3 [7,95,118]. In

fact, a common interpretation of (Cov-T), subject to its GR interpretation and writ-

B3Performing these two replacements in any dynamical equations of SR, to obtain general relativis-
tic dynamical equations, is sometimes dubbed ‘minimal coupling’. For philosophical discussion, see
Ch. 1.
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ten in a coordinate basis, is that locally no rest mass or momentum is created, except
by the interaction between the gravitational field and matter fields. Indeed, for this
reason Ohanian states ‘[(4.2.3)] is really a non-conservation law!” [156, p. 3]. While it
is true that (4.2.3) does not take the canonical form (Par-T), there are two immediate

problems with this interpretation:

1. To claim that A#1#» terms in equations such as (4.2.3) represent interactions be-
tween the gravitational and matter fields is to overlook a debate in the history
and philosophy of GR as to which mathematical object should be identified
with the gravitational field. Specifically, while some argue that the metric field
gab Tepresents the gravitational field [120, §4.3], others (arguably including Ein-
stein [77]') argue that the connection coefficients I'*, , (in any given coordinate
basis) play this role, and still others argue that the gravitational field is repre-
sented by the Riemann tensor R, [203, p. 8]."° Though ultimately one may be
able to argue that the gravitational field is best represented by the connection
coefficients I'*,  (a point to which we return shortly), to simply assert this is to

overlook an important debate in the foundations of GR.

2. To claim that A#*#» terms in (4.2.3) denote interactions between the gravita-
tional and matter fields is to conflate the ® in a given KPM of GR with the
associated stress-energy tensor T;;,. These objects are not the same, so saying
that such terms represent the interaction of matter with the gravitational field

must be accompanied with a precise explication of the sense in which this is so.

We return to the first of these points in the forthcoming sections. For now, it suf-

4To claim that Einstein identified the gravitational field with the connection coefficients may be to
oversimplify his position. In fact, Einstein saw GR as unifying gravity and inertia, in the same way
that SR had unified electricity and magnetism. If one takes this view, then perhaps one need never
speak of the gravitational field in GR. See [29,122].

5For further discussion of these matters, see [120].
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tices to note that the fact that (4.2.3) contains extra terms which result in it not taking
the form (Par-T) results in difficulties in interpreting this as a standard differential

conservation law.

While the problems with treating (Cov-T) subject to its GR interpretation as a con-
servation law are widely discussed in the literature, the analogous case of (Cov-T)
subject to its special relativistic interpretation also merits consideration. In that case,
in an arbitrary frame of reference in the neighbourhood of a point p € M, the very
same points as outlined above apply, for in such a case the differential and integral
‘conservation laws’ for the theory become, respectively, (4.2.5) and (4.2.6). Thus, one
can say that it is only in particular frames of reference—those related to a choice of
normal coordinates at p by affine transformations—that one can construct uncontro-
versial differential and integral conservation laws (respectively (Par-T) and (Int-T)) in
SR. In the following section I introduce some further mathematical apparatus, which

will enable me to shed light upon this result.

4.2.4 Killing vector fields and spacetime isometries

A diffeomorphism ¢ : M — M is said to be a ‘symmetry transformation” of a ten-
sor field T just in case ¢, 7" = T, where ¢,T is the push-forward of 7. A symmetry
transformation of the metric field is called an ‘isometry’. Such isometries can be char-

acterised by their generators—that is, their associated Killing vector fields—defined
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through Killing’s equation,'

V) = 0. (4.2.10)

To every such Killing vector field there corresponds an integral stress-energy con-
servation law. To see this, note that if a given (M, g,;) possesses a Killing vector field

K°, then one can build the quantity 7°"K,, with vanishing divergence:

Vo (TKy) = VT Ky + TV Ky = TV (. Ky = 0. (4.2.11)

In the penultimate step here, I have used the symmetry of 7%; in the final step [ have
used (4.2.10). To see how this leads to a well-defined integral conservation law even

in the case in which V,, is not flat, now recall the covariant divergence theorem,

/ A"/ 9|V X = / A" Lz\/[h|n. X, (4.2.12)
M oM

which holds whenever 0 is timelike or spacelike; X is a vector field on M; V,, is
the unique torsion-free derivative operator compatible with g,,; g denotes the deter-

minant of g,,; and h denotes the determinant of the metric on M induced by pulling

18The “Lie derivative’ LxT of a tensor field T represents how that tensor field changes as one acts
with a diffeomorphism along the integral curves of a vector field X¢; the condition ¢,T" = T imposes
that LxT = 0. Since the Lie derivative of the metric field reads (Lxg),, = 2V (4 Xp) (assuming that the
unique metric-compatible, torsion free derivative operator V, is used), this condition yields V, X;) =
0, which is Killing’s equation. See [214, pp. 437-444]. Note also that K, = gas K b,
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back the metric on M. Using (4.2.12), one may integrate (4.2.11) to obtain

/ V,TPK,dV = / n T KydS = 0, (4.2.13)
\% S=0V

where n® is the unit normal to S (n, = gun’), and dS and dV are respectively sur-
face and volume elements. This integral formulation unequivocally means (non-
gravitational) stress-energy conservation, with respect to the integral curves of the
Killing vector field K°. (4.2.13) shows that we can have (non-gravitational) stress-
energy integral conservation laws in curved spacetime in cases where this latter in-
stantiates certain global symmetries; namely, when spacetime structure remains sta-

tionary along the integral curves of a Killing vector field.'®*

How does this relate to the work undertaken above? To see the connection, first
recall that a special relativistic ‘spacetime” (M, n,,) has ten independent Killing vec-
tor fields; these correspond to the generators of Poincaré transformations.?’ Thus,

if one projects V, 7 onto such a Killing vector K as in (4.2.11) at every point in

7See [214, pp. 433-434].

8This does not preclude the possibility of other unspecified ways of obtaining genuine (non-
gravitational) stress-energy conservation in curved spacetime: it specifies sufficient but not necessary
conditions.

YThe covariant divergence theorem can only be applied to vector fields, but not to higher rank
tensor fields: this is why we obtained in (4.2.13) an integral conservation law from V, (T“be) =0,
but we cannot obtain an analogous integral conservation law from V, 7 = 0.

Consider a Killing vector field K associated to (M, g,,), which by definition satisfies (4.2.10) (the
derivative operator V, in this equation is the unique torsion-free such operator compatible with g.s,
as usual). From this, one can derive straightforwardly that K must also satisfy V,V,K¢ = R¢, K.
Restricting to the special relativistic case (M, n,p), one has R, = 0, in which case V,V,K¢ = 0.
Then, restricting to normal coordinates at some p € M, one has that 0,0, K, = 0—and integrating
this equation, one finds that K,, = a,,x" + b, where b, is a constant one-form, and the coefficients of
a,, are also constant. Therefore, the components K, are linear functions of the inertial frame coordi-
nates. Now, substituting this result into (4.2.10) reveals that a,, must be antisymmetric—i.e. has six
independent components. Since b, has four independent components, in total we find that there are
ten independent Killing vector fields associated to the ‘spacetime’ (A, 14s); these are the isometries of
the Minkowski metric 7,;. Since the Poincaré group is the group of coordinate transformations which
leave the Minkowski metric invariant, we see that this group must have ten independent generators,
each corresponding to a Killing vector field.
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the neighbourhood of some p € M, one projects onto the integral curves of a vector
tield which generates Poincaré transformations—and so along which the conserva-
tion laws (Par-T) and (Int-T) hold (see §4.2.2). By using the covariant divergence the-
orem, one is then able to construct an integral conservation law (4.2.13) which holds

in any arbitrary frame.

4.2.5 The gravitational stress-energy pseudotensor

We have seen in §4.2.2.1 that in SR, a conservation law of the form (Par-T) holds
in a class of frames related by Poincaré transformations (in fact, all affine transfor-
mations); this can be expressed in covariant language through contraction with the
Killing vector fields K* associated to the isometries of (M, 7,), as per (4.2.13). In GR,
by contrast, no such move is possible in general (see §4.2.2.2)—as can be seen through
the fact that in general a ‘spacetime” (M, g,) satisfying (4.2.1) possesses no non-trivial
Killing vector fields. This notwithstanding, however, one might seek to construct an

alternative stress-energy conservation principle in GR.

One way to reconcile one’s intuition that stress-energy must be conserved in GR
with the observation that (Cov-T)—subject to its GR interpretation—is not a conser-
vation law of the form (Par-T) is to argue that there instead exists a conservation law

of the form (Par-T) in models of the theory for material plus ‘gravitational” stress-
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energy (represented in a given coordinate basis by #*?!):

BT = 8, (T" + ") = 0. (Par-Tt)

The idea is that, though generically 7" alone is not conserved (in every frame,
at some p € M) in the sense of (Par-T) in GR, perhaps a quantity representing the
stress-energy of the gravitational field exists such that the sum of the two is a con-
served quantity (that is, such that (Par-Tt) holds in every frame, at a given p € M).
The vanishing of 9, 7" can be encoded in terms of an antisymmetric ‘superpotential’

Urv = Ur), by writing (see, for example, [118,209])

TH 4t = UMY, (4.2.14)

Bearing in mind (4.2.1) and (4.2.14), one may choose to define ¢*” (in a given frame)

via

1
th = O\UMN — — G, (4.2.15)
8

In fact, there is a freedom of choice of the superpotential, since (Par-Tt) does not

specify this object uniquely. This leads to distinct, non-equivalent expressions for ¢,

ZThree notes on t,, are in order. (1) This term and the notation used to denote it were originally
introduced by Einstein in [71,78]. Einstein went on to state in 1918 that “nearly all my colleagues
raise objections to my definition of the momentum-energy theorem” [74, p. 448]; here he had in mind
particularly Levi-Civita [124], Schrodinger [193], and Bauer [13], with whom he had corresponded
heavily on this topic in the preceding four years. (2) Some, such as Hoefer [95, p. 193] and Nerlich [149,
p- 162], have taken t*” to be defined implicitly through (4.2.3). Unfortunately, this does not work out
smoothly, as there is more than one candidate for t** (as discussed below), so (4.2.3) is not sufficient
to fix t*¥ uniquely. (3) For simplicity in this chapter I use the symbol ¢*¥ to refer both to the object
representing gravitational stress-energy, and to its components in a given coordinate basis.
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including (among others) the so-called ‘Einstein pseudotensor” and ‘Landau-Lifschitz
pseudotensor’.?> For my purposes, it is crucial to note that t*” does not transform as
a tensor under a coordinate change; it is for this reason that it is often referred to as
the gravitational stress-energy “pseudotensor’. In particular, at any point p € M there

is a coordinate system in which ¢** vanishes.

It is worth emphasising that what I am referring to as ‘the’” gravitational stress-

energy psuedotensor is doubly ambiguous, in the following sense:

A. There are many distinct but non-equivalent choices for this pseudotensor, based
upon one’s choice of superpotential. Hence, when one refers to ‘the” gravitational
stress-energy pseudotensor, one is implicitly supposing that a choice has been

made from the family of possible candidates.

B. Once one such definition of this pseudotensor is chosen, the resulting object is still

a frame-dependent (that is, non-tensorial) quantity.

With these points regarding the gravitational stress-energy pseudotensor in hand,
I consider in §4.3 possible interpretations of (Par-Tt). Before doing so, however, one
turther observation is in order: the requirement that there be a conservation principle
of the form (Par-Tt) in GR which holds in every frame is prima facie a very strong
condition—for typically one does not consider such a conservation principle to hold
even in SR (see §4.2.3.1). That said, she who requires (Par-Tt) to hold in every frame
in GR could (in principle) define an analogous principle to hold in every frame in SR.

This issue is discussed further in §4.3.

22There exist interesting questions regarding which of these non-equivalent versions of the gravita-
tional stress-energy pseudotensor best describes gravitational stress-energy. See [209, pp. 190-191].
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4.3 Interpreting Conservation Laws for Total Stress-Energy

In this section, I assess whether putative conservation laws for total (i.e. matter-plus-
gravitational) stress-energy in GR such as (Par-Tt) can indeed be regarded as legit-
imate conservation principles, and whether there is any physical significance to the
notion of ‘gravitational stress-energy” in models of GR. To this end, in §4.3.1 I consider
possible interpretations of (Par-Tt), finding that one’s verdict on whether this equa-
tion counts as a conservation law for total stress-energy in GR depends upon one’s
view on whether non-tensorial objects such as ¢** may represent physical quantities.
In §4.3.2, I use (Par-Tt) to construct an integral conservation law, initially drawing
similar conclusions. However, I then show that in certain physical circumstances,
this integral version of (Par-Tt) yields a notion of gravitational stress-energy at least
as robust as that in SR. In §4.3.3, I reflect on the correct attitude that one should take
towards this quantity, and therefore on whether one should be a realist about gravi-

tational stress-energy in GR in this sense.

4.3.1 The differential conservation law for total stress-energy

Does (Par-Tt) qualify as a conservation law for total stress-energy in GR? One’s an-
swer to this question hinges upon one’s understanding of which mathematical objects
in a theory should be taken to represent physical entities. In modern works on GR,
something like the following is often asserted: “Since different coordinate representa-
tions are just different mathematical descriptions, relevant physical entities are usu-
ally taken to correspond to coordinate-independent entities” [118, p. 1018]. On this
understanding, the coordinate-dependence (i.e., non-tensorial nature) of t** shows
that this object is unphysical, and there can be no local notion of gravitational stress-
energy. Accordingly, on this view (Par-Tt) cannot express a conservation principle re-
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lating physical quantities in GR. I dub this position ‘antirealism” about non-tensorial

objects, and in particular ¢*.

On the other hand, the historical Einstein did not endorse this position. Instead,
Einstein maintained that the stress-energy pseudotensor could represent a physical
quantity, writing “I do not see why only those quantities with the transformation
properties of the components of a tensor should have physical meaning” [73, p. 167].
On this second understanding, one views t*” as a physical but frame-dependent
quantity; I dub this ‘realism” about ¢**. This is in accord with Einstein’s view that
the presence of a gravitational field is intimately tied to the non-vanishing of connec-
tion coefficients [71,77]:%® since the connection coefficients are frame-dependent, it is
prima facie plausible that gravitational stress-energy also be frame-dependent.** For

the realist, (Par-Tt) is a legitimate but frame-dependent conservation principle.”

Let us reflect further on what follows if one is a realist about pseudotensorial
quantities, such as t*”. There are several questions which deserve consideration here,
for example: (i) If one asserts that coordinate-dependent objects such as pseudoten-
sors are candidates for representing real physical quantities, which coordinate sys-
tem is the ‘right” one for accurately so representing such quantities? (ii) Are coordi-
nate systems supposed to be associated with observers in some way? (iii) If so, are

pseudo-tensors relative quantities, like relative velocity?

One plausible line of reasoning which may be advanced in response to these ques-
tions proceeds as follows. In every coordinate system, the gravitational stress-energy

pseudotensor t*” will take some value (possibly zero). Just as Einstein understood

ZThough see footnote 14.

24This position is also advanced at [120, p. 94]; see in addition [21, p. 197] and [122, §5].

ZFor a recent attempt to make sense of (Par-Tt) as a legitimate conservation principle, see [161].
In a sense, Pitts’ view is a halfway house between realism and antirealism: though he argues that
pseudotensors are “physically meaningful” [161, p. 15] with “no vicious coordinate dependence” [161,
p- 14], he does this by demonstrating that they can be unified into an infinite-component geometric
object. For further discussion of Pitts” position, see [118, §5] and [63].
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the connection coefficients I'*, . to represent the value of the gravitational field in a
given frame of reference, so too may the realist about ¢** understand this to represent
the magnitude of gravitational stress-energy in a given frame of reference. Accord-
ingly, on this view there is no ‘right” frame for accurately representing the quantity
of gravitational stress-energy. Rather, on this position gravitational stress-energy is
always defined with respect to a given frame of reference—so the above-suggested

analogy with relative velocity is indeed apt.

4.3.2 The integral conservation law for total stress-energy

I return to whether one should be a realist about pseudotensorial quantities such as
t" in §4.3.3.3. In this section, however, I consider the possibility of the construction
of integral conservation laws for total stress-energy in GR. Note first that (Par-Tt)
can be used to construct an integral conservation law describing the interchange of

stress-energy between gravitational and matter stress-energy:

(T + ), =0 = / AV (T + "), = / dS(T™ + "), = 0. (4.3.1)
\% S=0V

This tells us that any change in matter stress-energy (from 7*") in a region must
be balanced by an opposite change in gravitational stress-energy (from ¢*”); it thereby
encodes total stress-energy exchange within a volume S C M. However, as Hoefer
[95, p. 194] notes, there exist here conceptual difficulties: the pseudotensorial nature
of t* results in (4.3.1) being ill-defined and coordinate-dependent in general. The

sense in which this is so is clear: moving the part of the integral in (4.3.1) involving
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t"” to the right hand side, we obtain

/ T"n,dS = — / t"*n,dS. (Int-Tt)
S=ovV S=aV

Since ¥ is coordinate-dependent in general, the same is true of the right hand side
of (Int-Tt); hence the left hand side—that is, the surface integral of the matter stress-
energy tensor—is also coordinate-dependent. In other words, although the integral
of the sum of matter and gravitational stress-energy in (4.3.1) evaluates to zero, the
(equal) magnitudes of these quantities are in general not well-defined, and hence
this integral ‘conservation principle’ is still frame-dependent. This being said, it is
important to note that there do exist physical circumstances in which one can obtain
well-defined results for the left and right hand sides of (Int-Tt). One set of sufficient

conditions is the following: (see [95, p. 194])

1. Integrals must be taken in the limit r — oo.
2. Asymptotic flatness of the spacetime is assumed: g,, — 14 as r — oo.

3. The coordinate system must be Lorentzian asymptotically, but can vary arbi-

trarily in the interior.

As Nerlich states [149, p. 159], these conditions ‘impose time translation symmetry
in a cryptic form’. In effect, imposing condition (2)—asymptotic flathess—allows one
to treat the bulk spacetime and its content as a physical system on a Minkowski back-
ground; in this way one recovers the isometries of Minkowski space and their associ-
ated Killing vector fields, and thereby the associated conserved quantities when con-
structing integral conservation laws (in the » — oo limit: condition (1)) with respect

to the integral curves of these Killing vector fields (condition (3)), a la (4.2.13). Hence,
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by the work of §4.2.4, the amount of matter stress-energy in the volume V' must be
well-defined (with respect to the integral curves of these Killing vector fields). Then,
by (4.3.1), the amount of gravitational stress-energy in the volume 1V must also be
well-defined. In fact, this is easy to see mathematically, by contracting (Int-Tt) with

the components of a Killing vector field K in this coordinate basis (K, = g., K°):

/ t" K, n,dS = —/ T" K,n,dS = 0. (Int-TtK)
S=0V S=0v

Here, we have rearranged (Int-Tt) and used (4.2.13) and the symmetry of the
stress-energy tensor. Hence, in this case we find that just as matter stress-energy is
conserved with respect to the integral curves of the Killing vector field K¢, the same is
true of gravitational stress-energy. Thus the amounts of both matter and gravitational
stress-energy in the volume are well-defined, so the splitting in (4.3.1) is well-defined.
This is why conditions (1)-(3) yield a well-defined (that is, frame-independent) con-

servation principle for total stress-energy.

When conditions (1)-(3) hold, (4.3.1) can be applied in order to calculate (for ex-
ample) stress-energy loss by a system due to gravitational wave transportation; such
calculations agree with observations on binary star/pulsar pairs [95, p. 194]. Hence,
in such cases there appears to exist a well-defined quantity (with respect to a class of
frames) which balances any change of matter stress-energy of the system, in exactly
the same manner as in SR. Regardless of whether one is a realist or antirealist about
t" in the sense above, this new quantity is prima facie a candidate for a well-defined

notion of gravitational stress-energy in GR.?

Finally, with the above in hand, we are in a position to understand why some

%Localisability is a stronger condition than satisfying an integral conservation principle, because it
is possible to have the latter in the absence of the former, as is the case in (4.3.1) when satisfying (1)-(3).
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authors (for example [7,95,118]) have claimed that only integral conservations laws
should be considered conservation principles “properly speaking’, contra §4.2.2.3. It is
likely that such claims are made post hoc, in light of the frame-dependence of expres-
sions such as (Par-Tt). However, there exist at least two issues with this view. First,
such a position is highly revisionary: it is more in line with physical practice to state
that both differential and integral conservation laws are a priori legitimate; it is only if
these contain non-tensorial quantities and one is an antirealist about these quantities
that one can claim that such conservation laws are not genuine. Second, this position
faces the obvious objection that some integral conservation laws such as (4.3.1) are

also generically ill-defined.”

4.3.3 Gravitational stress-energy

The logic of the previous two subsections was as follows: Though (Par-Tt) has the
form of a differential conservation law (Par-T), one of its relata is a frame-dependent
quantity. Whether one views (Par-Tt) as a legitimate conservation law (that is, as a
conservation law relating physical entities) will therefore depend upon whether one
thinks that frame-dependent mathematical objects such as t*” can represent physical
quantities. Whatever one’s take on this though, it is also true that in some physical
circumstances, an integral version of (Par-Tt)—that is, (Int-TtK)—appears to relate
frame-independent physical quantities, one of which corresponds to a notion of grav-
itational stress-energy.”® The question to be pursued now is whether such a quantity

does indeed represent gravitational stress-energy as a physical magnitude.

#’This may be evaded straightforwardly if one claims that being an integral conservation law is a
necessary but not sufficient condition to be a conservation principle ‘properly speaking’.

2Recall from §4.2.4 that, while conserved quantities such as energy strictly only exist in frames
related by the appropriate coordinate transformations, by projecting onto the Killing vector fields as-
sociated with such transformations, one can obtain results which hold in any frame. It is this which I
mean by a ‘frame-independent’ notion of gravitational stress-energy—even though strictly such stress-
energy (sans projection) is conserved only in a restricted class of frames.
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In this subsection, I evaluate two positions in the literature on this point. Accord-
ing to the former (advocated by Hoefer [95]) there exists no genuine gravitational
stress-energy in GR in any sense. According to the latter (advocated by Lam [118]),
there does exist frame-independent gravitational stress-energy in GR, in the sense
that the conservation law (Int-TtK) holds in some models of the theory. Though both
Hoefer and Lam take an antirealist attitude towards " (in the sense of §4.2.5), the

position of Lam is compatible with a realist understanding of ¢**.

4.3.3.1 Against weak gravitational stress-energy?

Based upon the results of the previous section, Hoefer argues that in GR: (a) the
stress-energy of the gravitational field is ill-defined both locally (that is, at a point)
and globally (that is, in the sense of an integral conservation law); and (b) there is no
general principle of total stress-energy conservation in GR. He claims: “[W]e should
abandon this effort to gloss over the facts. Let the textbooks admit openly that gravi-
tational field stress-energy is not well-defined or fundamental, and that neither it nor

ordinary stress-energy is conserved” [95, p. 195].

Hoefer adopts an antirealist line regarding pseudo-tensorial quantities, and thereby
rejects both (Par-Tt) and (4.3.1) as conservation principles. (While Hoefer also argues
that equations such as (Par-Tt) should be rejected as conservation principles on the
grounds that they are not integral conservation laws, we have seen above that such
reasoning is misguided.) With this in mind, the most interesting of Hoefer’s claims
is the assertion that genuine gravitational stress-energy does not exist in GR even
when a frame-independent quantity playing this functional role exists in the theory,
as with (Int-TtK). Hoefer argues that the stringent limitations on the applicability

of (Int-TtK) imposed by (1)-(3) make this no genuine conservation principle in these
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circumstances either, for two reasons:

(i) The actual world is not asymptotically Minkowski, so “[(Int-TtK)] does not ap-

ply to gravity in the actual world” [95, p. 194].

(ii) Holding (Int-TtK) as an important physical result “goes against the most im-
portant and philosophically progressive approach to spacetime physics: that of
downplaying coordinate-dependent notions and effects, and stressing the in-
trinsic, covariant and coordinate-independent as what is important” [95, pp. 194-

195].

What should one make of these two claims? Beginning with (i), one might object
to this on various grounds. First, the first statement of (i) is undeniable in the sense
that the entire universe is not asymptotically Minkowski. Nevertheless, this does not
preclude us from applying (Int-TtK) when modelling certain physical systems in the
actual world (for example binary star systems). Hence, it appears that the second
claim of (i) does not follow from the first, at least when physical systems within the

world are considered in isolation.?

A second, related reason to object to (i) is the
following: every theory of physics is an idealisation and does not ‘apply to the actual
world” in this strong sense. So, Hoefer’s objection levied at (Int-TtK) seems at the

same time to apply to an unacceptably broad class of physical laws and theories.

In addition, one might object to (i) on the grounds that our concern is not with the
specific DPM of GR (see §4.2.1) which is taken to model the (cosmology of) the actual
world, but rather with the entire space of DPMs of GR. If a frame-independent phys-
ical quantity corresponding to gravitational stress-energy can be defined in a certain

subclass of those DPMs, then that is sufficient to conclude that a frame-independent

YIn other words, the notion of gravitational stress-energy may still be applicable to (subsystems of)
the actual world at an approximate, functional level—see §4.3.3.3 below.
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notion of gravitational stress-energy does exist in GR. On this way of understanding
the dialectic, consideration of the actual world is broadly irrelevant to the question of

whether a frame-independent notion of gravitational stress-energy exists in GR.

Once this point is recognised, one is also capable of responding to any objection
to the statement that a frame-independent notion of gravitational stress-energy ex-
ists in GR on the grounds that the models of the theory in which this notion may
be defined are ‘rare’, or ‘unstable’—in the sense that perturbing the model slightly
yields a new model of GR in which such a notion of frame-independent gravitational
stress-energy cannot be applied.?® The nature of this response is straightforward: such
issues are (once again) irrelevant to the question of whether a frame-independent no-

tion of gravitational stress-energy can be defined in GR simpliciter.

On (ii), this claim is again objectionable. First, it is clear that the statement is a
mixture of an appeal to a majority view (if indeed this is a majority view, as Hoefer
asserts) and a re-assertion of the antirealist position presented in §4.3.1, with no con-
crete argument presented for this position. Indeed, even if Hoefer can argue for this
antirealist position, it is not clear it applies in the case under consideration, that is
(Int-TtK). This is because here we have a frame-independent notion of gravitational

stress-energy, which seems to match the desiderata laid out in (ii) anyway!

Perhaps Hoefer has in mind the following worry: although in such cases we ap-
pear to have a frame-independent notion of gravitational stress-energy, this is only
after projecting onto Killing vector fields. In fact, as we saw in §4.3.2, stress-energy
in GR (sans such projection) is only a well-defined quantity in a restricted class of
frames. While this is true, commitment to the view that we do not have total stress-

energy conservation law in GR due to the fact that the relevant conservation princi-

30For example, in a model of GR in which conditions (1)-(3) are satisfied, it suffices to introduce a
small perturbation in the metric field such that it is not asymptotically Minkowski at infinity for the
above notion of frame-independent gravitational stress-energy to no longer be applicable.
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ples do not hold in every frame leads to potentially undesirable consequences. Most
notably, such a claim would also commit one to the statement that there exists no
genuine stress-energy conservation law in SR—a theory in which the conservation of
total stress-energy typically is taken to be uncontroversial. While Hoefer is free to

adopt such a position, he does not appear to do so (see, for example, [95, p. 189]).

A further worry regarding such general antirealism about gravitational stress-
energy in GR is the following. As Baker [7, p. 1305] notes, the advocate of a Hoefer-
type view is apparently committed to the denial of the claim that gravitational waves
and other forms of purely gravitational radiation are energetic. For example, for
the case of a binary star system where conditions (1)-(3) hold and (Int-TtK) is well-
defined, textbook accounts state that the matter stress-energy of the system decreases
as some stress-energy is carried away in gravitational radiation (see, for example,
[91,141,196]). For Hoefer, such a story cannot be told. Instead, he will have to as-
sert that the matter stress-energy of the system just decreases, and stress-energy is
not conserved. Though it is likely that Hoefer will bite the bullet on this point, it is

certainly a revisionary view.

4.3.3.2 Gravitational stress-energy relative to background structure

The above in mind, it does not appear that strong reasons have been given to support
the view that no genuine gravitational stress-energy exists in GR. Let us now lay
out an alternative perspective on gravitational stress-energy, presented by Lam, who
makes the weaker claim that “the very notion of energy—gravitational or not—is well
defined in the theory only with respect to some background structure” [118, p. 1012].
What is meant by ‘background structure’ here? Suppose that for a given (M, g,;) there

exists a Killing vector field K. Then there exists an isometry ¢.ga, = ga» generated
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by K“ where ¢ is a diffeomorphism along the integral curves of K. In this sense, the
Killing vector field is associated with spacetime structure ‘stationary” under ¢, and
can thereby be taken to indicate non-dynamical ‘background structure” with respect
to which integral stress-energy conservation can be demonstrated. By contrast, a
fully dynamical metric will in general lack the above stationarity and so preclude the

existence of integral conservation laws.

With the above characterisation of ‘background structure’ in hand, Lam’s posi-
tion can be presented as follows: (a) conserved quantities such as stress-energy are
only well-defined in the presence of a Killing vector field (the ‘background struc-
ture’); (b) conditions (1)-(3) provide a specific situation in which Killing vector fields
can be constructed in GR, with associated integral conservation laws; (c) in such
cases, the stress-energy (including gravitational stress-energy) associated with those
Killing vector fields, constructed via the integral conservation law (Int-TtK), is a
frame-independent quantity and therefore (Lam claims) genuine. In light of this,
Lam concludes “in the cases in which total energy-momentum is well defined (and

conserved), it is a global notion” [118, pp. 1022-1023]).

The advocate of this view will therefore maintain that there appear to be con-
texts in which sufficient ‘background structure” exists that conditions such as (1)-(3)
hold for the system under consideration; here a frame-independent quantity repre-
senting gravitational stress-energy is well-defined, and in such contexts (including
real-world contexts, such as binary star systems®') it does make sense to speak of the
gravitational stress-energy of the system, and of (4.3.1) as being a legitimate conser-
vation law. Though I concur with Lam on this point, I diverge in the interpretation of

pseudotensorial quantities such as t**—see below.

31 At least at an approximate level—see footnote 29.
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4.3.3.3 Functionalism about gravitational stress-energy

The above two positions in mind, one must ask two questions: (a) is it correct to call
the quantity appearing in (Int-TtK) associated with ¢*” ‘gravitational stress-energy’,
and (b) does such ‘gravitational stress-energy’ really exist in GR?** Begin with (a).
As Lam notes, “energy and mass might not be fundamental properties of the world,
in the sense that they make sense only in some particular (but very useful) settings;
this does not lessen the fact that the notions of energy and mass constitute extremely
powerful tools for many concrete and practical cases” [118, p. 1023].>* This point is
important: gravitational stress-energy a la (Int-TtK) is not a fundamental concept in
GR, insofar as it is only applicable in a limited range of DPMs of the theory—namely,
those in which certain Killing vector fields may be defined. (That is, the term ‘grav-
itational energy’ is associated with structures—namely terms such as that on the left
hand side of (Int-TtK)—which are not used to construct the space of DPMs of GR,
but rather which are only well-defined in a certain subset of those DPMs.) Never-
theless, in such instances it is extremely useful to make use of this term, within that
subclass of DPMs. Hence, at a practical level, it is legitimate to call such a quantity

gravitational stress-energy.

Clearly though, this does not settle the putative ontological issue (b), concerning
whether gravitational stress-energy ‘really” exists in GR. In my view, it is plausible to
maintain that in situations such as those in which (Int-TtK) holds, there exists a quan-
tity in GR which fulfils the functional role of gravitational stress-energy. The reasons
for this are the following. First, for a structure in a certain model of a theory to play

the ‘functional role of gravitational stress-energy’, it must (i) fulfil a function analo-

32Note that (b) is not the same as asking whether gravitational stress-energy really exists in the
(possibly general relativistic) actual world, for the reasons delineated in §4.3.3.1.

3Here, Lam is referring to both matter and gravitational (stress-)energy. Note also that Lam says
‘properties of the world’, rather than “properties in GR’. For my purposes, it is legitimate (and prefer-
able) to read him as making the latter, more general statement (see footnote 32).
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gous to that of gravitational energy as traditionally conceived—namely, as a quantity
(gravitational potential energy) in Newtonian gravitation, which balances the matter
(in Newtonian mechanics: kinetic) energy of the system in question such that their
sum is conserved; and (ii) bear some relation to the ‘gravitational” degrees of freedom
in the theory in question. Second, arguably terms such as that on the left hand side of
(Int-TtK) do satisfy (i) and (ii)—the former holds in virtue of a comparison of the form
of (Int-TtK) with Newtonian energy conservation equations; the latter in virtue of the
connections between ¢,, and, for example, the connection components—themselves
(at least, on views such as those indicated by Einstein mentioned above) understood
to be associated with ‘gravitational” degrees of freedom, as elaborated in §§4.2.3.3
and 4.3.1.>* A functionalist may, therefore, speak of the existence of gravitational
stress-energy in such situations.®> On the assumption that (i) and (ii) are satisfied,
the alternative to functionalism is to say that ‘the structure of certain DPMs of GR is
such that it appears that there exists gravitational stress-energy in those models, but
really there is no such stress-energy there’; the payoff to be gained from making such

a claim is unclear.

Still, doubts may linger. In particular, one might argue as follows: ‘Surely there is a
much more plausible alternative that disputes that gravitational energy ‘really” exists,
which says that we can describe everything that is going on in terms of solutions to
(4.2.1) (and its consequences, including (Cov-T)), without any need to help ourselves
to talk involving t,,.” With this point, I am in broad agreement: one could indeed
explain all general relativistic phenomena, in any model of the theory, simply using

the apparatus used to pick out the DPMs of the theory. Nevertheless, I respond that

3Though one should recall the caveats of §4.2.3.3 regarding the question of which object in GR
should be associated with the ‘gravitational field’, strictly speaking.

%Such a line accords with general functionalist attitudes in science. Wallace [215, p. 58] summarises
this as follows: “Science is interested with interesting structural properties of physical systems, and
does not hesitate at all in studying those properties just because they are instantiated ‘in the wrong
way’.”
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there may be other well-defined structures applicable only in certain models of the
theory, which play certain functional roles. As I see it, there is nothing illegitimate in
regarding such structures as also existing in (the worlds represented by) those mod-
els of the theory—and, moreover, doing so may open up more perspicuous avenues
for the explanation of phenomena within those models (recall from §4.3.3.2 the case
of gravitational radiation from binary star systems). Thus, while I concur with the
above argument, in my view this does not constitute an objection to a notion of func-
tional gravitational energy in GR, since advocates of such a concept simply have more

explanatory apparatus available to them.

Thus, a functionalist may assert that gravitational stress-energy in the sense of
(Int-TtK) does exist in GR, but only in a restricted class of situations; this aligns with
the case of SR. Since we have already found Hoefer’s objections to the existence of
gravitational stress-energy in GR wanting, and since such functionalist principles
are practical and simple, I conclude that in such situations (corresponding to cer-
tain models of GR) it is best to state that a quantity which plays the functional role of
gravitational stress-energy does exist in the theory, and hence should be labelled as
genuine. I conclude that frame-independent gravitational stress-energy does exist in

GR, in the limited sense above.

Whether one also maintains that a frame-dependent notion of gravitational stress-
energy exists in GR will, for the reasons discussed, depend upon whether one is a re-
alist or antirealist about pseudotensorial quantities, in particular ¢*”. Note, however,
that realism about such quantities is arguably compatible with the above functionalist
principles: in each given frame of reference, one may define a quantity, represented
by t*, such that total stress-energy is conserved. Again, this plays the functional
role of gravitational stress-energy in that frame, for (i) and (ii) as delineated above are

both satisfied. Thus, it is also the case that speaking of frame-dependent gravitational
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stress-energy may be justified on functionalist grounds.

On this latter point, there exist connections with other, ongoing debates in the
foundations of spacetime theories—in particular, over the primacy of coordinate-
dependent versus -independent explanations. According to advocates of the latter,
such as Friedman [81] and Maudlin [137], explanations of physical phenomena within
models of a given spacetime theory should proceed by appeal only to coordinate-
independent structures. By contrast, according to advocates of the latter, such as
Brown [24] and Wallace [217], presentations of spacetime theories need not proceed
in a coordinate-independent manner; rather, spacetime theories may be defined in
terms of equations written in a coordinate basis and their transformation properties
(this is what Brown [24, p. 9] and Wallace [217, p. 5] refer to as the ‘Kleinian concep-
tion of geometry’®), and explanations may be given by appeal to those laws, written
in a coordinate basis. On the former programme, in the context of, for example, SR,
explanations of phenomena proceeding by appeal to coordinate-dependent effects
(for example, the twin paradox differential in terms of the relativity of simultane-
ity, assuming some clock synchrony convention) are to be rejected, as the associated
physical effects not considered ‘real’; on the latter approach, there is nothing wrong
with issuing such explanations, and with viewing such effects as physical. Those
who buy into the latter programme may view the notion of gravitational energy in

question as frame-dependent, but no less real for all that.

3T set aside here the question of the extent to which this ‘Kleinian conception’ is faithful to the
definition of geometry in Klein’s Erlangen program [109].
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4.4 Gravitational Stress-Energy and Spacetime Ontology

4.4.1 Relationism and gravitational stress-energy

In the above, I endorsed a position according to which gravitational stress-energy
does exist in GR, in at least (i) a weak sense applicable in a certain class of frames of a
certain class of models of the theory, and arguably also (ii) a strong sense, applicable
in all frames of all models of the theory. Nevertheless, there exists a residual worry,
related to the debate between substantivalism and relationism about spacetime ontol-
ogy. In this chapter, I take substantivalists to claim that spacetime exists as an entity in
its own right, and relationists to deny this—that is, to claim that all talk of spacetime
is reducible to talk of (relational properties of) matter fields. This in mind, the worry
regarding gravitational stress-energy runs as follows: if one is a relationist, how can
one maintain that there indeed exists gravitational stress-energy in the world? The
thought that relationism implies the nonexistence of gravitational stress-energy (or,
equivalently, that genuine gravitational stress-energy implies substantivalism) is in-

tuitive. In this section, however, I argue that it is not correct.

There are two different pictures of the substantivalism/relationism debate which
are relevant here. Let (M, gq, P) be a model of GR. Then, according to ‘manifold
substantivalism’, spacetime is identified with )M to be a relationist is to maintain that
manifold points do not have an ontological status independent of the fields defined
upon them. On the other hand, according to ‘metric substantivalism’, a spacetime is
identified with (M, g,,)—that is, with both the manifold and the metric field. To be a
relationist is then to maintain that neither manifold points nor the metric field have

a distinct existence over and above the matter fields ®. Clearly, it is harder to be a
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relationist in the second sense than the first.”

For the purposes of this chapter, it is more relevant to consider relationism in the
second sense above, since we are concerned with the ontological status of quantities
associated with g,. In this case, the question becomes: how can those who do not
believe that the metric field is fundamental (insofar as they think it reducible to prop-
erties of matter fields) maintain the existence of genuine gravitational stress-energy?
On the face of it, such a claim is implausible, and indeed many (for example, [7,95])

maintain that the answer is a simple negative: they cannot.

I answer to the contrary. My positive story runs as follows. Whether one is a re-
lationist or a substantivalist, it is a fact that there are some situations in which results
such as (Int-TtK) are well-defined, and there appears to be a well-defined quantity in
the theory which plays the functional role of frame-independent gravitational stress-
energy. Of course, the account given by the relationist of this quantity will differ from
that given by the substantivalist: the relationist will assert that this quantity is asso-
ciated (in some way to be made precise) with the metric field, which is in turn a cod-
ification of properties of the fields; the substantivalist will appeal to the metric field
simpliciter. In either case though, this quantity exists in the theory: the two sides are

not debating its existence, but rather the fields to which it is ultimately attributable.

%Two points are in order here. First, work such as [121] demonstrates that the stress-energy tensor
T of the matter fields ® of GR in fact presupposes metric structure in its definition. It is perhaps then
misguided to attempt to reduce g, to T4 That said, one should of course recall that one should not
conflate matter fields ® with their associated stress-energy tensor 7%°. Thus, even if it is misguided to
attempt to reduce g, to T, perhaps it is still possible to reduce gq, to ®.

The second point is related: suppose one does seek to reduce g, to ®. To do so is to endorse a
version of ‘Mach’s principle’ [122, p. 455]. There exist problems with attempting to achieve this in
GR—for example, one faces the problem that a priori the metric field has ten independent components,
whereas the electromagnetic field tensor (for example) has only six—so there is a question of how the
former can be reduced to the latter. Another problem in this vicinity lies in the existence of vacuum
solutions in GR (cf. Ch. 1). As a result, it is questionable whether the form of relationism considered
here is ultimately defensible in GR—so the work of this section is best viewed as (a) a response to [7,95],
where it is claimed that such views are incompatible with the existence of gravitational energy; and (b)
an exploration of the consequences of the functionalism about gravitational stress-energy developed
above.
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4.4.2 The cosmological constant

Finally, it is worth commenting on Baker’s claims regarding the bearing of the possi-
bility of a non-zero cosmological constant A on both the substantivalism/relationism
debate, and the existence of gravitational stress-energy [7, §4]. Including a cosmolog-

ical constant term, (4.2.1) reads

Gap + Ngap = 87Ty, (4.4.1)

Let us focus on the following two claims made by Baker:

1. A # 0 commits us to (manifold-plus-metric) substantivalism, because this quan-
tity is associated with spacetime yet cannot be reduced to relations amongst the

matter fields [7, §4.1].

2. A # 0 results in a non-zero vacuum energy density, for which a relationist can-

not account [7, §4.2].

(1) questions whether relationism is compatible with a non-zero cosmological con-
stant. (2) assumes that such is the case, but claims that relationism nevertheless can-
not account for the vacuum energy density arising from non-zero A. Let us first con-
sider (1). In fact, there are several reasons to be suspicious of this claim. First, Baker

justifies that A is “associated with spacetime” as follows: [7, p. 1301]

[A’s] role in the field equations [(4.4.1)] is to influence, by itself or in com-
bination with other terms, the metric structure of spacetime, and thereby

to affect the physical behaviour of matter. This is exactly the sort of influ-
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ence that accounts for gravitational forces in GR, the only difference being

that A does not depend on matter as its source.

This claim is suspect, because Baker has not ruled out the possibility that the A
term in (4.4.1) can appear on the right hand side of this equation, with A being treated
as another matter field; such an interpretation of (4.4.1) is also prima facie possible, yet
the above assertion does nothing to rule it out. Therefore, Baker needs to do more
to make convincing any claim that A is ‘associated with spacetime’. Indeed, there is
an ongoing debate in cosmology over whether to consider the cosmological constant
term in (4.4.1) as being attributable to spacetime (that is, as sitting on the left hand
side), or as another type of matter-like field (that is, as sitting on the right hand side);

Baker cannot simply presuppose an answer to this question.

Second, the claim that A cannot be reduced to relations among the matter fields is

also too quick. On this, Baker states: [7, p. 1306]

I do not doubt that a persistent relationist could describe A’s effects as
mere relational properties, but the price will be high. Considering [the]
example of distant objects moving apart under the influence of A, the re-
lationist would have to posit a brute fact that material objects possess a
tendency to accelerate away from one another at a rate proportional only

to the distance between them.

In fact, this seems to be roughly in line with the relationist-type approach to the
metric field in relativity theory in the context of SR outlined in [24]. More generally,
Baker cannot infer from the fact that such a programme appears to be undesirable

to him that it cannot be done (and indeed, he openly admits that it can be done), or
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even that such a task might not be desirable or acceptable in some relationist research

programmes.

On (2), Baker claims that a relationist cannot account for the vacuum energy den-
sity po = A/87G implied by a non-zero A:*® “I can see no easy way for the relationist
to explain the energy density of empty space” [7, p. 1310]. In fact though, this is not
so: the relationist can account for the energy density of empty spacetime. To see this,
suppose that the cosmological constant can be reduced to properties of matter fields.
Then, as with gravitational stress-energy in the previous subsection, the equations of
the theory will still state that there exists a quantity which plays the functional role of
a vacuum energy density. Once again, the only difference will be the story that is told
to account for this quantity. While the substantivalist will appeal directly to g,, and
A, the relationist will resort to an elliptic story about how this quantity arises from
properties amongst the matter fields themselves. But on either account, a functional

vacuum energy density exists according to the theory.

4.5 Conclusion

In this chapter, I have reconsidered the existence of gravitational stress-energy in GR;
adopting a functionalist attitude to the definition of physical quantities, I have argued
that gravitational stress-energy can be considered to exist in GR, in both (i) a weak
sense applicable in a certain class of frames of a certain class of models of the theory
(namely, models which instantiate certain symmetries, and therefore which possess
Killing vector fields), and (ii) arguably also in a stronger sense (as represented by the

gravitational stress-energy pseudotensor in a given frame), applicable in all frames of

38 As Baker states, this does not mean that A arises from the non-zero p,; rather, its role in the field
equations is equivalent to an energy density of empty space [7, p. 1309].
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all models of the theory. This latter approach runs against contemporary orthodoxy,

but is in line with the thinking of the historical Einstein [73, p. 167].

In addition, I have adopted a revisionary line regarding whether gravitational
stress-energy is compatible with relationism, arguing that regardless of whether one
thinks that the metric field g, is reducible to properties of matter fields, gravitational
stress-energy still exists in the theory, if one again embraces functionalism about
physical quantities. Accordingly, one’s position on the ontology of spacetime does
not affect one’s commitment to gravitational stress-energy in GR; this point also ap-
plies to the claim that a non-zero vacuum energy density is incompatible with rela-

tionism.
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Part 111

Symmetries and Dualities

154



Chapter 5

Duality and Ontology

A “duality’ is a formal mapping between the spaces of solutions of two empirically
equivalent theories. In recent times, dualities have been found to be pervasive in
string theory and quantum field theory. Naively interpreted, duality-related theo-
ries appear to make very different ontological claims about the world—differing in
e.g. spacetime structure, fundamental ontology, and mereological structure. In light
of this, duality-related theories raise questions familiar from discussions of underde-
termination in the philosophy of science: in the presence of dual theories, what is one
to say about the ontology of the world? In this chapter, I undertake a comprehen-
sive survey of the landscape of possible ontological interpretations of duality-related

theories.

5.1 Introduction

Contemporary physics is built upon two prima facie mutually incompatible frame-

works: the theory of general relativity on the one hand, and the standard model
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of particle physics—a certain quantum field theory—on the other. Although these
two frameworks are strikingly effective at describing the actual world in their rele-
vant domains (viz., astrophysical and cosmological scales for general relativity, and
atomic and subatomic scales for the standard model), they rest upon very different
assumptions. For example, one central feature of general relativity is that spacetime
is rendered dynamical (that is, it is not a fixed background, but rather ‘curves’ in re-
sponse to its matter content); by contrast, spacetime remains a fixed background in

the standard model of particle physics.

This notwithstanding, various fields of physics—such as the study of the early
universe, or of black holes—lie at the intersection of the domains of these two theo-
ries, and thereby call for a quantum theory of gravity.! Constructing such a theory ca-
pable of overcoming the tensions between general relativity and the standard model
is an ongoing matter of profound difficulty; at present, there exist several candidate

options which remain the subject of active research.?

According to the naive ontological picture presented by string theory—arguably
the most popular extant research programme in quantum gravity—reality is con-
stituted by one-dimensional strings, as well as by other higher-dimensional entities
called ‘branes’. Moreover, reality is not made up of four spacetime dimensions (three
spatial and one temporal), but rather of ten, or eleven. But string theory embodies
another intriguing notion that should be of profound interest to philosophers and

metaphysicians—the notion of duality.

IStrictly, one might distinguish different senses of a ‘quantum theory of gravity’—this could be
e.g. (i) a quantised version of a theory which describes gravity, such as a quantised version of general
relativity; or (ii) a theory which unifies general relativity and the quantum-mechanical standard model
of particle physics; or perhaps (iii) something else. (Sometimes, theories of type (ii) are called ‘theories
of everything’, since they encompass all four fundamental interactions.) It is the notion of a theory
of quantum gravity of type (ii) which is my concern here. (For further discussion on these matters,
see [101,236].)

2For a philosophical overview of such options, see [103].
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Associate with every theory a class of ‘models’, equivalently ‘solutions’. As van
Fraassen puts it, a model is “Any structure which satisfies the axioms of a theory”
[210, p. 43]. (We have already seen much of this framework with our discussion
of KPMs and DPMs in the preceding chapters of this thesis.) In turn, take it that
two solutions are ‘empirically equivalent’ just in case they agree on all ‘physically
observable data’, i.e. on empirical substructures, in the sense of van Fraassen [210,
p- 64]. Then, a duality is a mapping between the spaces of solutions of two theories,

such that models related by that map are empirically equivalent.’

There exists not just one string theory, but rather five, related by an intricate web
of dualities.* That is to say, each model of a given string theory possesses (via the du-
ality map under consideration) a dual model, which prima facie makes very different
ontological claims about the world, while nevertheless being empirically equivalent.
The four best-known examples of dualities arising in string theory are “T-duality’,
‘mirror symmetry’, ‘S-duality’, and the “AdS/CFT correspondence’. In the case of
T-duality (already discussed in the context of the bosonic string in Ch. 2), type IIA su-
perstring theory (one of the five superstring theories) on a product manifold M x S!
with radius of the periodic dimension R is found to be dual to type IIB superstring
theory (another of the five superstring theories) on the product manifold M x S*
with radius of the periodic dimension proportional to 1/R [14, ch. 6]. Mirror sym-

metry is a generalisation of T-duality to the case of topologically inequivalent man-

3Such is the definition of dualities presented in e.g. [131,178], which will suffice for my purposes
in this chapter and the next. Note that one might augment the criterion of ‘empirical equivalence’
by requiring that all quantities regarded as being physically meaningful (whether observable or not)
be preserved under the duality map. I agree that the most striking examples of dualities—including
examples of dualities from string theory—satisfy this stronger definition. However, in this thesis I
choose to work with the weaker notion of a duality proceeding in terms of empirical equivalence alone,
for this will suffice to make all necessary points regarding the interpretation and ontology of duality-
related theories. For more detailed and comprehensive approaches to the definition of dualities, see
e.g. [48,51]. Note also that it need not be the case that the duality map is one-one—it might instead be
that a class of solutions of the first theory is mapped to a single solution of the second theory under
the duality. This will be of relevance below.

4Since these string theories incorporate supersymmetry, they are sometimes known as ‘superstring
theories’.
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ifolds. (For a philosophical introduction to mirror symmetry, see [186].) S-duality
relates solutions of one superstring theory with string coupling constant g, to solu-
tions of another superstring theory with string coupling constant 1/g; it is thus a
so-called ‘strong/weak’” duality. For example, strongly /weakly coupled type I super-
string theory is dual under S-duality to weakly/strongly coupled SO (32) heterotic
string theory [14, §8.2]. Finally, in the AdS/CFT correspondence, a string theory in
so-called “AdS spacetime’ (the ‘bulk theory’) is dual to a conformal field theory (CFT)
in a lower number of spacetime dimensions (the ‘boundary theory’) [14, ch. 12].° In
this chapter, the relevant aspects of these dualities will be introduced when needed

in the course of the dialectic.

At first blush, dualities instantiate the underdetermination of theory by empirical ev-
idence familiar from the philosophy of science. In the case of dualities, however, this
underdetermination is peculiar, as the empirical equivalence of the solutions under
consideration was often not expected ab initio, but rather came as a profound sur-
prise, in light of their apparently diverging ontological pictures.® In this chapter, I
undertake a comprehensive survey of the terrain of possible interpretative options
for ascertaining the ontology of duality-related models of physical theories in such a
way as to resolve any threat of underdetermination, introducing several novel obser-

vations and options along the way.’

>The AdS/CFT correspondence was originally introduced by Maldacena in [129].

®This is, at least, the case for the superstring dualities—though of course, given one theory, one
could construct retrospectively a class of dual theories (here, the Poincaré disc model comes to mind—
cf. [163]).

7Por other philosophically-oriented introductions to dualities—including all the theories and their
respective dualities mentioned in this chapter—see e.g. [166,184]. For an introduction to the philoso-
phy of quantum gravity more generally, see [132].
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5.2 Review

In the recent literature, one finds the above-mentioned claim that string-theoretic du-
alities present a case of underdetermination of theory by evidence—that is, a situation
in which there exist multiple theories, each of which (prima facie) makes different on-
tological claims about the world, yet which are all adequate to exactly the same stock
of (possible) empirical data. Such underdetermination is typically understood to be
problematic for the scientific realist, for how can one plausibly maintain that one’s
preferred theory is true, if a range of other theories are also consistent with the data?
Ine.g.[131,176], authors began to compile a taxonomy of interpretative options avail-
able to the realist, in order to ‘break’ the putative underdetermination arising in the
case of dualities. The (allegedly) most plausible options in this regard were claimed

to be the following:

* (Discrimination.) Privilege the ontological claims of just one of the two dual
theories. That is, consider two dual theories, 71 and 7;, with (respectively) so-
lutions M; and M, related by the duality map. Naively interpreted,® M, and
M, represent two distinct worlds, respectively W and W, (hence a case of un-
derdetermination). However, according to this discriminatory strategy, only one

of W, and W, is a legitimate description of the actual world.® Though coherent,

8What do I mean, when I speak of the ‘ontological claims’ of (solutions of) a theory, or of the
‘naive interpretation” of (solutions of) that theory? In this thesis, I take the ‘ontological claims’ of a
theory to be given by its ‘naive interpretation’; in turn, I understand this to be an interpretation of
the theory in question (a fortiori its solutions) such that the worlds represented by the solutions of
that theory are ‘isomorphic’ to those solutions. (Here, I set aside legitimate concerns that speaking
of isomorphism between mathematical structures and worlds constitutes a category error—cf. [212,
ch. 1].) More technically, my focus is upon internal interpretations, in the sense of [48,55].

‘Throughout this chapter, by the ‘actual world’, I mean a hypothetical world in which the empirical
data consistent with two dual solutions are observed. Though this use is somewhat non-standard, it
will simplify the discussion. It is also worth clarifying what I mean by ‘legitimate description’. Sup-
pose that one observes certain empirical data, and one has to hand a certain range of mathematical
models consistent with that data. In spite of all such models being consistent with the data, it may
be that one discounts certain models, for certain super-empirical, philosophical reasons (more on this

159



this approach faces an obvious problem: principled reasons for privileging the
ontological claims of just one of the two dual solutions appear (in general) to be

lacking (cf. [176,204]).

* (Common core.) ‘Break’ the underdetermination by interpreting only the ‘com-
mon core’ of the solutions related by the duality map as representing physical
states of affairs. In more detail, consider again two dual theories, 7; and 75,
with (respectively) solutions M; and M related by the duality map. On this
position, the ‘naive” interpretation of M; and My, according to which these so-
lutions represent distinct worlds IW; and W), is not correct. Rather, we should
identify the mathematical structure common to those solutions, and interpret M,
and M, in terms of only that common structure—call it M.. In so doing, the
underdetermination is (apparently) broken, for in so interpreting M; and M,
these solutions may be regarded as representing the same world—call it W,.—the

ontology of which is taken to be represented by M...

In this chapter, my concerns are twofold: (1) I contend that both the discriminatory
and common core approaches are more subtle than has hitherto been appreciated—
and in fact, both approaches are consistent with a number of distinct, more fine-
grained views, only some of which overcome the putative underdetermination in the
case of dualities. (2) I maintain that there exist (at least) two further approaches for
addressing the underdetermination which arises in the case of dualities—these I call
‘nihilism” and ‘pluralism’. Roughly speaking, nihilism is the view that no solutions
of dual theories constitute legitimate descriptions of the actual world;'? pluralism is

the view that all dual solutions may be taken to represent the same actual world—but

below). Such models are, then, taken to not constitute legitimate candidates for representing the actual
world. The complement of this set of available models is the set of legitimate candidates for represent-
ing the actual world.

1%One might wonder how nihilism can be compatible with scientific realism; we shall see in §5.7
multiple senses in which this could be the case.
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not because such a world is represented by the common core of those solutions, but

rather because the structure of all dual solutions may be instantiated simultaneously."!

In the remainder of this chapter, I undertake the following tasks. In §5.3, I propose
an expanded taxonomy of options for the interpretation of dualities. In §5.4, I present
and set aside various ‘antirealist” and ‘structuralist” approaches to dualities—for my
concern in this chapter is to interpret dual theories realistically; that is, to get a handle
on what dual theories tell us about what the world is really like. In §8§5.5-5.8, I discuss
each of the above-mentioned realist interpretative options in turn, and assess whether

they succeed in resolving the putative underdetermination arising from dualities.

5.3 Taxonomy

What I call above ‘discrimination” and the ‘common core” approach form just two of a
substantially broader range of interpretative options vis-a-vis dualities. To make this
explicit, consider figure 5.1. Here, M, ..., M; represent (respectively) five solutions
of five theories 71, ..., 75, which are dual to one another.!> The solution M, to the
right of the My, ..., M; consists in the common mathematical structure of each of
the five dual solutions.'®!* Beneath each of the My, ..., Mj; are sets of possible worlds

(1)-(6), to which the solutions are interpreted as corresponding.” If such a world is to

The idea of pluralism is owed to Baptiste Le Bihan.

121 here include five solutions with an eye to the five superstring theories. However, any number of
dual solutions greater than or equal to two would suffice for my purposes.

13The rightward arrow indicates that M.. is typically constructed once the M, ..., Ms are given.

4What exactly does this ‘common mathematical structure’ consist in? This is a question worthy
of considered attention; thankfully, authors in the philosophy of dualities have already done much to
clarify these matters. See in particular [51, §2], in which this ‘common core’ is taken to consist of a ‘bare
theory’—in itself understood to be a triple (S, Q, D) of (respectively) states, quantities, and dynamics,
isomorphic representations of which are contained in the structure of each of the dual theories under
consideration (along with, potentially, further theory-specific structure). For my purposes, it suffices
to know that the common mathematical core of two dual theories can be constructed in a well-defined
manner.

Via ‘naive interpretation’, in the sense of footnote 8.
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Figure 5.1: Five dual solutions Mj,..., M;, and their common mathematical core,

M.. ‘Naively interpreted’, such solutions may be understood as representing certain
worlds (to which they are ‘isomorphic’—cf. footnote 8). If one such world is green,
this indicates that this world is regarded as being a legitimate candidate for being the
actual world. If the world is red, on the other hand, this indicates that this world
is not regarded as being a legitimate candidate for being the actual world. Options
(1)-(6) categorise different verdicts on which of these worlds are regarded as being
candidates for being the actual world in this sense.

be regarded as being a legitimate candidate for being the the actual world, I colour it

green; otherwise, I colour it red.

Clearly, a range of interpretative options are possible. If each of the worlds as-
sociated with M, ..., M; are regarded as being legitimate candidates for being the
actual world (cases (1) and (2)), then we have a case of underdetermination: for given
a set of empirical data compatible with one of these solutions, we do not know which
of these five worlds is the actual world. Within this situation, two further options are
possible: either the world represented by M, is also a legitimate candidate for being
the actual world (case (1)), or it is not (case (2)). I discuss the underdetermination

approach in §5.5.

Suppose instead that just one of the original dual solutions is regarded as being a

legitimate candidate for being the actual world (cases (3) and (4)); this is the discrim-
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inatory approach.16 Within this scenario, two sub-scenarios again arise: either W, is
regarded as also being a legitimate candidate for being the actual world (case (3)), or

it is not (case (4)). In §5.6, I reappraise the discriminatory approach.!”

Finally, suppose that none of the worlds represented by M, ..., M; are regarded
as being legitimate candidates for being the actual world (cases (5) and (6))—this is
the nihilist gambit. Again, within such a scenario, either V. may be regarded as itself
being a legitimate candidate for being the actual world (case (5)), or it may not (case

(6)). I discuss nihilism in §5.7.

16Clearly, the decision to regard M; as representing this world in figure 5.1 is made without loss of
generality.

7Let me demonstrate that (3) and (4) are distinct options by way of an analogy with a well-known
case in the literature on symmetry transformations. Consider models of Newtonian gravitation theory,
set in Newtonian spacetime (cf. [64, ch. 2]); let M1, ..., M5 correspond to solutions of this theory
which differ only with regard to the absolute velocity of (the centre of mass of) the entire material
content of the universe; let M, in particular, be the model which states that the absolute velocity of
(the centre of mass of) the entire material content of the universe is zero; and let M. be the model of
Newtonian mechanics set in Galilean spacetime corresponding to My, ..., M5, in which the notion of
absolute velocity has been excised. Note that M; and M. make different ontological claims about the
world: the former states that the absolute velocity of the material content of the universe is zero; the
latter states that this is undefined. (Cf. [210, pp. 45-46].)

With this in mind, consider (3) and (4), beginning with the latter. According to this position, only M;
of My, ..., M5 is alegitimate candidate for representing the actual world. Why would one think this?
One reason would be on the grounds of the principle of sufficient reason (PSR)—i.e. (roughly speaking)
Leibniz’s principle that God must have a sufficient reason to realise one of a class of symmetry-related
models of a given theory (more on Leibniz’s principles below). Maudlin articulates the point clearly,
in the context of the same example:

But on reflection, the PSR argument cannot get off the ground in the case of absolute
velocity. Suppose that God wishes to create the material world in a heretofore empty
absolute space. God could give the material world, as a whole, any absolute velocity in
that space without affecting the relative positions and motions of bodies. Among all of
these possible velocities, one stands out as special: absolute rest. For if God should give
the material world any nonzero velocity, He would have to choose a direction in absolute
space for that velocity to point. [137, p. 48]

If one accepts such reasoning, one may embrace option (4) in my taxonomy of options. In addition,
however, there still remains the question whether M. —which, recall, represents (naively interpreted)
a distinct world to M, in which there is no meaningful notion of absolute velocity—is a legitimate
candidate for representing the actual world. If one does think this, one will be pushed to (3)—one will
think that either the universe is at rest, or that the actual world does not contain facts about absolute
velocity at all. If one does not think that M_ is a legitimate candidate for representing the actual world
(perhaps if one is strongly wedded to a notion of absolute velocity in order to maintain the coherence
of one’s metaphysics), one will remain with option (4).

163



Setting things up in the above manner is significantly more nuanced than extant
taxonomies of interpretative options. For example, this framework illustrates that the
discriminatory approach—represented in cases (3) and (4)—is not to be regarded as

disjoint from the common core approach—represented by cases (1), (3), and (5).

After discussing options (1)-(6) in §8§5.5-5.7, I consider in §5.8 whether there exist
any alternatives to the common core approach. I identify two: (i) a tactic—common
in the physics literature—of attempting to embed the two dual theories into some
‘deeper’ theory (§5.8.1); and (ii) the ‘pluralist’ strategy indicated above, in which the

structures of all dual solutions are regarded as being jointly instantiated (§5.8.2).

5.4 Antirealism and structuralism

Before I discuss the above-outlined realist strategies for the interpretation of dualities,
it is worth taking some time to present and set aside certain positions in the philoso-
phy of science, which bear upon the interpretation of dualities, but which I will not

consider further in this chapter.

The first class of such positions consists in ‘antirealist’” views, which (in some
sense) deny that questions of ‘ontology” are meaningful, or at least worthwhile. Stronger
versions of antirealism are to be found in logical positivism and logical empiricism.
Loosely, advocates of these views prioritise the observable, and claim that ‘meta-
physical” questions regarding the (unobservable) ‘ontology” of the world are, strictly
speaking, nonsensical.'® A weaker view is the constructive empiricism of van Fraassen
[210], according to which we should be agnostic about claims read off from our theo-

ries of science regarding the unobservable, and have credence only in the statements

18For some contemporary discussion of the logical positivist movement, and its transmutation into
logical empiricism, see e.g. [40,82,86].
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read off from our theories regarding observable phenomena."

Since both strands of antirealism deny (in some sense) that it is of value to be
concerned with answers to questions of ontology, I set them aside in the remainder
of this chapter—for it is precisely such questions which I investigate, and which are
regarded (at least prima facie) as being legitimate and worthwhile in the context of

investigations into the ontological commitments of theories related by dualities.

As a halfway house between realism and antirealism, one may embrace a “struc-
tural realist’ thesis. There are many brands of structural realism—see e.g. [80,114,116,
235]. One version of structuralism of interest is the following: (i) the solutions of our
best theories of physics are constituted formally by certain mathematical objects; (ii)
we should take the world represented by that solution to be ‘isomorphic” to the so-
lution itself;? (iii) such a world may or may not be amenable to description in terms
of extant ontological categories—but regardless of whether that be so, we should still

believe that the solution of the theory in question describes some possible world.?!

This brand of structuralism is certainly an interesting thesis, which merits much
investigation. However, I elide further such discussion in this chapter, for two rea-
sons. First (and to repeat), I am interested in saying something, in light of our best
theories of physics (and especially in light of dualities), about what the world is really
like; this does not appear possible in general on the above structuralist view. Second,

I incline towards a more cautious attitude, according to which we may only regard a

Thus, there is a sense in which the antirealism of van Fraassen is ‘epistemological’, whereas the
antirealism of the logical positivists and empiricists is ‘metaphysical’.

20Cf. footnote 8. Note that there are some subtleties here. First, such a claim can only strictly hold
true for fundamental theories, in which we believe that the totality of the world is modelled by that
solution of the theory in question. Second, such a claim effaces important issues regarding gauge
redundancies—i.e., aspects of the formalism of a given theory which we do not believe to have repre-
sentational capacities.

HPotentially the actual world, if the empirical substructures of that solution match the empirical
data from the actual world.
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particular solution of a particular theory as representing a possible world (rather than
being mere mathematics) when we have in hand a clear picture of what that solution is

supposed to represent. In this latter regard, see Ch. 6 for detailed discussion.

5.5 Underdetermination

I return now to the taxonomy of realist options for the interpretation of dualities pre-
sented in §5.3; I begin with the underdetermination view. One might not regard the
putative underdetermination presented by dualities as being problematic. Indeed,
according to the underdetermination interpretation, solutions of dual theories are in
fact all legitimate candidates for representing the actual world—and we cannot as-
certain which of the worlds associated with those dual solutions (naively interpreted)

is the actual world.

Should one rest satisfied with the underdetermination interpretation? Arguably
no, for in cases of underdetermination, it is impossible to ascertain which of a class
of empirically equivalent worlds—all empirically adequate to the actual world—is,
in fact, the actual world. Thus, underdetermination gives rise to a sceptical chal-
lenge: absent a means of determining which of a class of worlds is the actual world,

we have at hand no determinate picture of what the world is really like.

One might seek to overcome such underdetermination in the following way: iden-
tify the ‘common mathematical core” of the duality-related solutions under consid-
eration, and take the actual world to be represented by this common mathematical
core.”? This, in effect, takes us from scenario (2) of figure 5.1, to scenario (1). Note,

however, that in itself such a move is insufficient to resolve the underdetermination

2Guch a position is common in the literature on dualities—see e.g. [48,51,100,133].
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under consideration. Indeed, there is a sense in which, absent further philosophical
details, such a move has made the situation worse: we have, in effect, identified a

further world which is empirically adequate to the actual world.

If such a ‘common core approach’ is to constitute a viable route to resolving the
underdetermination, then it must be augmented by some philosophical reasoning, such
that the original dual solutions do not in fact constitute legitimate descriptions of the
actual world. One option here would be to appeal to putative super-empirical virtues
of just one of the solutions under consideration (typically, though not necessarily,
the common core solution M.)—e.g., simplicity, explanatory power, etc.—in order to
break the underdetermination. However, there remains a gap to be bridged between
such putative virtues, and truth-conduciveness (cf. [210, §4.1]). Only if such a bridge
is constructed will appeal to such virtues move us from scenario (1) to scenario (3)/(5)
of figure 5.1. I return to this issue of breaking the underdetermination in §5.6, on the

discriminatory approach.

In this connection, one might think that another philosophical principle deliver-
ing scenario (3)/(5) from scenario (1), and thereby breaking the underdetermination,
is Occam’s razor—i.e., the principle that, all else being equal, otiose structure should
not be introduced into one’s ontology. Note, though, that as with the virtues dis-
cussed above, such a principle is first and foremost a practical principle, reminding
us that it is (in general) preferable to work with (solutions of) more parsimonious
physical theories.” Again, however, such a principle in itself does nothing to rule

out as candidates for representing the actual world the other dual solutions under

BIn fact, there is a sense in which this is not true in the case of dualities. For example, electromag-
netism formulated in terms of a vector potential A® is ‘theoretically equivalent’ (for my purposes: dual)
to electromagnetism formulated in terms of the Faraday tensor Fy; (cf. [223,225,229]). Though the for-
mer theory has more structure (i.e., degrees of freedom) than the latter, and so is in this sense ‘less
parsimonious’, there nevertheless exist many practical virtues of using the former over the latter—
e.g. its amenability to variational principles; locality principles; etc. (cf. [56,150]). Of course, strictly
speaking this is compatible with Occam’s razor, for in the foregoing language, all else is not equal.
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consideration.

What is needed is a more robust metaphysical principle to exclude all but one
of the dual solutions under consideration as being candidates for representing the
actual world. One obvious option here is Leibniz’s “principle of the identity of indis-
cernibles” (PII), which (applied to worlds) can be understood (for our purposes) to
state that there can be no ‘distinctions without a difference’—that is, no empirically
equivalent but physically distinct worlds, which vary with respect to unobservable
structure.”* Embracing such a metaphysical thesis seems to deliver us from scenario
(1) to scenario (5)—since only W, does not possess the variant undetectable structure
under consideration, and is thereby compatible with this principle. Of course, how-
ever, the question naturally arises at this juncture: why should we commit ourselves

to such a metaphysical principle?

5.6 Discrimination

In this section, I examine the discriminatory approach, according to which only one
of the dual solutions under consideration is a legitimate candidate for representing
the actual world. This approach is represented in scenarios (3) and (4) of figure 5.1.
Claims appearing to be consonant with this approach are found in particular in the
literature on the AdS/CFT correspondence. As Oriti points out, many string theo-
rists speak as if the four-dimensional spacetime of the boundary theory is real, with
the bulk spacetime appearing only as an auxiliary construction [158]. For example,
Horowitz and Polchinski note that the AdS/CFT correspondence is a little different

from other dualities in that the conformal field theory side is exactly understood,

24The PII was famously presented by Leibniz in the Leibniz-Clarke Correspondence [3]. For contempo-
rary discussion of Leibniz’s principles, and in particular the PII, see [188,191].
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whereas the string theory side is only approximately understood. Building on this,

they write,

In the AdS/CFT case, the situation may not be so symmetric, in that for
now the gauge side has an exact description and the string/gravity side
only an approximate one: we might take the point of view that strings and
spacetime are “emergent” and that the ultimate precise description of the

theory will be in variables closer to the CFT form. [96, p. 230]

Here, Horowitz and Polchinski appear to claim that since one of a pair of dual the-
ories (here, the conformal field theory) is better understood, we should privilege the
ontological claims associated with solutions of that theory over those of its dual (here,
the bulk string theory). Faced with such a passage, the question arises naturally: why
should the epistemological fact about what human beings happen to currently know
about two dual theories relative to one another warrant the metaphysical conclusion
that the theory about which we currently know more must give the correct descrip-
tion of the world? Such worries have been expressed by Teh [204, §4], and most
explicitly by Dieks, van Dongen, and De Haro [49,59]. What is needed is some argu-
ment to the effect that one description of the world has metaphysical priority over its
dual; such authors, however, treat this with suspicion—for example, Teh writes, “We
have no good reason to think of the gravitational side of the duality as metaphysically

emergent from the gauge theory side, or vice versa” [204, p. 310].

Is this response to Horowitz and Polchinski reasonable? In fact, there is perhaps
room to defend the discriminatory apporach to dualities such as the AdS/CFT corre-
spondence in the face of such criticism. Here is an alternative way to read Horowitz
and Polchinski: it is not that we simply better understand one of the two dual theories

(namely, the CFT); rather, it is that we only have available the full mathematical struc-
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ture of the CFT, whereas the other dual theory—the AdS string theory—is only partly
constructed (our understanding of the AdS side of the AdS/CFT duality is inherently
perturbative—cf. [4]). The question here is not (pace the argument above) one of our
only investing with ontological import those physical theories which we best under-
stand, but rather one of our only investing with ontological import those physical
theories which which we actually have to hand. Absent a completion of the AdS string
theory, why take seriously its ontological claims (naively interpreted)—or even think

that such a coherent completion and subsequent interpretation is to be had?®

Though it seems to me that such a defence of the discriminatory approach is rea-
sonable in context of dualities such as the AdS/CFT correspondence, in which the
full structure of only one of the duality-related theories is available, I consider now
other ways in which the metaphysical primacy of one of the dual theories might be
established. Such principles might be e.g. the super-empirical, or metaphysical, prin-
ciples introduced in §5.5. However, as we have already seen, such super-empirical
principles do not go far enough, for they do not preclude certain worlds from be-
ing legitimate candidates for being the actual world; moreover, while metaphysical
principles such as the PII arguably do not face such difficulties, we appear to lack

independent reason to embrace such principles.

It is worth dwelling a little longer upon how a defence of the discriminatory ap-
proach based upon the PII might proceed. Consider the situation in which two theo-
ries 77 and 7; are dual, with each solution of 7; corresponding to a class of solutions of
7.2 If one also embraces the PII, then one should not regard the elements of this class
of solutions of 7, as representing distinct worlds. But which (unique) world should

one take these solutions to represent? One natural answer is that one should take

BThere is some parallel between the caution advanced in the above paragraph, and that presented
in the context of dualities in Ch. 6.
26Cf. footnote 3.
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this world to be that represented by the unique solution of 7; (naively interpreted) to

which this class of solutions of T; corresponds.”

Note that here the PII is being put to a different use to that in §5.5. While in that
case, the principle was used to establish that neither dual solution represents the actual
world (rather, only their mathematical common core does so), here the principle is
used to establish, in light of ‘gauge redundancy’ in one of the two dual theories under
consideration, that the ontological claims of the other dual theory are to be preferred.
These are, then, inter- versus intra-theoretic applications of the PII; in my view, both

are in principle legitimate.

5.7 Nihilism

If all dual theories are to be considered on a par vis-i-vis the legitimacy of their on-
tological claims, then one must advocate either interpretations (1) and (2) in figure
5.1 (viz., underdetermination interpretations), or interpretations (5) and (6). It is these
latter two approaches which I now discuss; I call these ‘nihilist” strategies. In partic-
ular, I focus on (6), for we have seen above circumstances in which one may be led to
interpretation (5)—e.g., through embracing both the common core interpretation and
the PII, the latter in order to exclude the legitimacy of the original dual solutions qua

descriptions of the actual world.

As I see it, one might endorse nihilism for two reasons. The first applies in cases
in which the dual theories under consideration are not expected to be final theories.
In this case, one might claim that solutions of non-final theories (naively interpreted)

simply cannot be understood to represent any possible world. There is something

¥ This, indeed, is exactly the standard answer given in the case of e.g. the theoretical equivalence of
Newtonian gravitation theory set in Galilean spacetime, and Newton-Cartan theory—cf. [82,128,223].
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to be said for this view, for consider e.g. solutions of Newtonian mechanics—an un-
controversial case of a non-final theory. It is well-known that the stability of matter
cannot be accounted for in this theory; for this, one must proceed to some quantum-
mechanical successor. But in that case, how could solutions of this non-final theory
constitute legitimate candidates for representing the actual world? Thus, in this re-
gard, one might be a nihilist about the ontological claims of any non-final dual theory,
while still remaining a scientific realist—for in this case, one might still maintain that
solutions of a final theory could constitute legitimate candidates for representing the

actual world.

The second sense in which one might be a nihilist is the following. Suppose that,
for antecedent reasons, one is unsympathetic to a particular research programme,
e.g. string theory. In that case, one might reject (for said to-be-articulated antecedent
reasons) solutions of all e.g. dual string theories as being legitimate candidates to
describe the actual world, while remaining a realist, for one might think that solutions
of other theories (e.g. loop quantum gravity, or extensions thereof) may legitimately

describe the actual world.

In brief, then: nihilism is compatible with scientific realism just so long as there is
some solution of some theory which one takes to constitute a legitimate description of
the actual world. Perhaps such a solution is provided by looking to the mathematical
common core of the dual solutions under consideration—in which case, one finds
oneself in situation (5) of figure 5.1. Otherwise, one finds oneself in situation (6) of
tigure 5.1. But what solutions could describe the world, if not the common core, and
not the original dual solutions under consideration? It is to this question that I now

turn.
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5.8 Alternatives to the common core

So far, I have considered underdetermination, discriminatory and nihilist approaches
to the interpretation of dualities—these correspond respectively to options (1) and (2),
(3) and (4), and (5) and (6) of figure 5.1. In this section, I consider whether there exist
any alternatives to the ‘common core approach’ (options (1), (3), and (5) in figure 5.1).
In my view, there exist (at least) two such options: (i) rather than construct a theory
which represents the ‘common core” of the original dual theories, construct a new
theory in which each of the dual theories are embedded (§5.8.1); (ii) argue that each

dual theory describes, correctly but partially, the same one world (8§5.8.2).

5.8.1 Overarching theories

The common core approach purports to identify a possible world ‘isomorphic” to the
mathematical structure common to the dual solutions under consideration. Though
this approach is popular in the philosophy of physics literature (see e.g. [48,100,131,
133,184]), it is not the only live interpretative option purporting to break the underde-
termination. Indeed, a distinct position—widely embraced in the physics community
in the context of string-theoretic dualities—is to embed the spaces of solutions of the

two dual theories under consideration into that of some deeper, ‘overarching’ theory.

What is meant by an ‘overarching’ theory? The answer to this question is best
given by way of example. It is sometimes claimed that the five superstring theories
are certain ‘limits” of some deeper, “‘M-theoretic” structure, in exactly the sense that
their solutions spaces can be embedded into that of this deeper theory—cf. figure 5.2.
Such an ‘M-theory’ is conceptually distinct from the common core of the dual string

theories under consideration.
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Figure 5.2: The spaces of two dual theories 77 and 75, embedded into the solution

space of an ‘overarching’ theory, 7.

A parallel example of this manoeuvre can be drawn from the history of physics: con-
sider the relation between Heisenberg matrix mechanics and the (putatively) empir-

ically equivalent Schrédinger wave mechanics, in the 1920s and 30s.%

Ultimately,
the unification of these two theories did not proceed by finding their mathematical
common core; rather, the two theories were embedded into a deeper theory—what we
now refer to as orthodox quantum mechanics (see [146, §5]). This latter theory has a

richer space of solutions than that of the two original theories—again, the structure is

as per figure 5.2.

What to make of this approach with regard to the problem of underdetermina-
tion arising in the context of dualities? Merely embedding the spaces of solutions of
the two dual theories into that of some ‘deeper’ theory does not in itself resolve the
underdetermination—for again, given the empirical evidence compatible with one
dual solution, it is not clear whether one should embrace the ontological claims of

that solution, or of its dual, or of the overarching theory.

In fact, the situation here is even more subtle, and merits more detailed consid-
eration; two scenarios are possible. First, if this ‘embedding’ of (the solution spaces

of) two dual theories 7; and 7; into that of some overarching theory 7 is such that

ZFor a detailed study of the relations between these two early approaches to quantum mechanics,
see [145, 146].
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solutions of 7; and 7, just are solutions of T, then it is clear that, for those solutions,
T (naively interpreted) does not offer a distinct ontological picture over and above
that of 7; and 7;. In that case, we cannot interpret the ontology of these solutions in
terms of the ontology of 7 that is, the introduction of 7 does nothing to resolve the
problem of underdetermination which arises in the context of string-theoretic duali-
ties. In such a case, one seeking this end would need recourse to (for example) one of

the other interpretative options elaborated in this chapter.”

Second, suppose that (somehow, in some sense not fully captured by e.g. figure
5.2) solutions of 7 (naively interpreted) are taken to offer a distinct ontological picture
from solutions of 7; and 7;. In that case, one may say that the problem of underdeter-
mination is resolved by interpreting solutions of 7; and 7; in terms of the ontology
associated to the solutions of 7—however, as before, the problem is only truly re-
solved if some further, metaphysical principle is embraced—to the effect that worlds
represented by solutions of 7; and 7, are not legitimate candidates for being the actual
world, whereas those represented by solutions of 7 are legitimate such candidates. In
this case, however, it is unclear that e.g. the PII could deliver this verdict—for it need
not be the case that the solutions of 7 have less structure than those of T: and 75 (as
was the case in the common core approach)—but this is a crucial assumption of PII-
style arguments, which are used to conclude that the ontology of the ‘new’ theory
under consideration is to be preferred. Perhaps some explanatory thesis may be advo-
cated here instead: ‘since the overarching theory can account for more physical sce-
narios in its enriched space of solutions, that approach is to be preferred.” However,
again, it is not clear whether touting of such super-empirical virtues truly resolves
the metaphysical problem of underdetermination. Moreover, it is not clear that such

explanatory reasoning is sound, for recall that in the context of classical gravity, the

#In this sense, the overarching theory approach can be combined with the common core approach.
For further detailed discussion of the differences between these two approaches, and the extent to
which they can be combined, see [50].
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fact that the solution space of general relativity is enriched over that of the alternative
programme of ‘shape dynamics’ is sometimes taken to constitute an advantage of the

latter theory over the former.”

5.8.2 Pluralism

The second alternative to the common core approach is ‘pluralism’.®’ On this ap-
proach, we consider the (distinct) structures of each of the dual solutions under con-
sideration as describing co-instantiated structures in the actual world. That is, on this
view, dual solutions may be taken to represent parts of one world. Each dual de-
scribes a seemingly different reality, but each of the structures under consideration
represents a numerically distinct part of one world. Thus, according to pluralism, the

physical world is in a certain sense fragmented.*

The pluralist strategy must pass a number of hurdles, if it is to be regarded as
being successful. First, if pluralism is to resolve the putative underdetermination
arising in cases of dualities, then, as before, some principled argument according to
which the original dual solutions are not legitimate candidates for representing the
actual world must be issued. Note, though, that this is not a problem particular to

pluralism.

As I see it, there exist two central (and serious) issues for pluralism: an overde-

termination problem, and an ontological problem. On the former, since each of the

%The claim here is that, since shape dynamics has a restricted space of solutions as compared with
general relativity, it is ‘more predictive’. See e.g. [9,138] for further discussion.

31 Again: the idea for this position is due to Baptiste Le Bihan.

32Pluralism is incompatible with my definition of the common core approach, since according to
the latter we should read the ontology in (roughly speaking) the intersection of the mathematical
structures of the two duals under consideration, rather than the union of those structures as on the
pluralist approach. Nevertheless, a ‘fragmented” ontology could, in principle, be consistent with the
common core approach.
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individual dual solutions has certain empirical substructures, taken to correspond to
the body of empirical data in the actual world, it seems that the pluralist strategy
has, in a certain sense, swapped a problem of underdetermination for a problem of
overdetermination, for now all of the dual structures may be taken to account for that
body of empirical data. On the latter, the ontological problem is to understand what

such a ‘fragmented” world might look like, and whether the notion is consistent.

Let us focus upon the overdetermination problem. There exist two central options
available by way of response to this issue: either the pluralist may claim (a) that only
one of the co-instantiated dual structures accounts for the observed empirical data
in the actual world, or she may claim (b) that that all such structures account non-
redundantly for that data. In my view, there exist legitimate concerns regarding both

proposals; let us discuss them in turn.

On the former view—(a)—the observed empirical data in the actual world may be
accounted for by appeal to just one of the dual structures—though we do not know
which one. Clearly, such an option is problematic, for it merely pushes the putative
underdetermination arising in the case of dualities from the question of which of a
number of worlds (i.e., those corresponding to the dual solutions, naively interpreted)
could be the actual world, to the question of which of a number of distinct structures

within a world could be that which accounts for the observed empirical data.

In order to maintain the latter view—(b)—the pluralist will argue that, in fact, all
of the co-instantiated dual structures are necessary for accounting for the observed
body of empirical data in the actual world.* It is not, however, clear that such a view
is compelling, for it certainly appears that each of the dual structures could account

for the observed empirical data in and of themselves. This point is best illustrated by

30ne recent notion in metaphysics to which the pluralist might appeal here is that of ‘multiple
grounding’—cf. [44].
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way of example.

Consider electromagnetism, formulated in terms of the vector potential A®. It
is well-known that the space of solutions of this theory partitions into equivalence
classes of solutions, elements of each of which are related by a U (1) gauge transfor-
mation, and are regarded as being empirically equivalent (since each of these gauge-
equivalent solutions gives rise—up to isomorphism—to the same Faraday tensor Fy;,
which is taken to encode the observable data in the theory). In this case, we face an
apparent problem of underdetermination analogous to that arising in the case of du-
alities,** for one might ask: ‘which of the gauge-related solutions of electromagnetism

instantiates the structure of the actual world?’

Of course, in this case it is standard to maintain that the “true” ontology of so-
lutions of the vector potential formulation of electromagnetism is that represented
by the associated solution of the Faraday tensor formulation of electromagnetism.®
Nevertheless, let us consider how the pluralist strategy would pan out in this case.
On the analogue of the pluralist view here, each of the gauge-related solutions in a
particular equivalence class of the theory, the empirical substructures of which cor-
respond to the empirical data in the actual world, is instantiated in the actual world.
But—and here is my response to this position—since each of these structures could
individually give rise to that observed empirical data, it simply does not seem correct
to state that all structures together must be co-instantiated in order to account for this

data. To claim otherwise appears metaphysically otiose.® In my view, the central

%Indeed, one might treat the U (1) gauge symmetry of the vector potential formulation of electro-
magnetism as giving rise to a ‘self-duality’, in which case this example just is a case of underdetermi-
nation of the kind considered in this chapter.

%This is, in a sense, the analogue of the common core approach discussed above; for the (heterodox)
analogue to the discrimination approach, see Maudlin’s suggestion that there is “one true gauge” [136,
p. 367].

%My mention of the co-instantiation of all gauge-related structures may remind the reader of Pitts’
approach to gravitational energy in general relativity [160] (cf. Ch. 4). Exploring the overlap—if ulti-
mately any—between this view and pluralism would constitute an interesting task for future pursuit.
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challenge for the pluralist is to articulate a sense in which the above analogy does
not hold, the co-instantiated structures do non-redundantly account for the observed

empirical data, and therefore the problem of overdetermination is evaded.

Thus, pluralism faces a number of challenges, if it is ultimately to be regarded as
being a compelling resolution to the problem of underdetermination in the case of
dualities. Nevertheless, for the purpose of fully mapping the terrain on this topic, the

view certainly deserves to be mentioned.

5.9 Conclusion

In this chapter, I have cut the issue of the interpretation of dualities along two distinct
axes. First, which of the dual solutions under consideration should be taken to con-
stitute a legitimate description of the actual world. The options here divide into three
categories: underdetermination, discrimination, and nihilism. Second, candidate re-
placements for the ontology represented by the dual solutions under consideration,
naively interpreted. Though the best-known approach in the philosophical literature
in this regard is the common core approach, I have identified in this chapter two
others: (a) appeal to an overarching theory; (b) what I have dubbed ‘pluralism’. This
latter position offers a novel avenue for the interpretation of dualities—albeit one that

currently faces difficulties.
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Chapter 6

Motivating Dualities

There exists a common view that for theories related by a ‘duality’, dual models typi-
cally may be taken ab initio to represent the same physical state of affairs, i.e. to corre-
spond to the same possible world. In this chapter, I question this view, by drawing a
parallel with the distinction between “interpretational” and ‘motivational” approaches

to symmetries.

6.1 Introduction

The phenomenon of ‘duality’ is pervasive in theoretical physics—particularly string
theory. As discussed in Ch. 5, I take in this thesis two physical theories to be dual
when there exists an isomorphism between their spaces of dynamically possible mod-
els, such that models related by that isomorphism are empirically equivalent. Accord-
ing to a common view in the philosophical literature, duality-related models typically
may be construed ab initio as representing the same physical state of affairs, i.e. as cor-

responding to the same possible world—in which case duality-related models are not
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only empirically equivalent, but also physically equivalent. Two motivations for this

view are often advanced:

(1) This view of dualities aligns with a general conception of the philosophical import
of symmetry transformations—namely, that models related by a symmetry transfor-

mation typically may be understood ab initio as being physically equivalent.

(2) This view of dualities accords with a perceived consensus within the contempo-

rary theoretical physics community.

In this chapter, I question both (1) and (2). On (1), I deny that dual models may
be regarded as physically equivalent absent a coherent explication of the common
ontology underpinning this physical equivalence; and by the same token, I deny that
symmetry-related models may be regarded as physically equivalent in the absence
of such an explication. Thus, I argue for a reconstrual of the import of dualities and
symmetries: dualities invariably at most motivate one to seek an understanding of how
it is that dual models are to be regarded as physically equivalent; and by the same
token, symmetries also invariably at most motivate one to seeck an understanding how
it is that symmetry-related models are to be regarded as physically equivalent. On
(2), I cite a variety of evidence from the physics literature which calls into question

whether this perception of such a consensus is correct.!

The format of this chapter is as follows. In §6.2, I recall again some of the central
features of the semantic approach to scientific theories. In §6.3, I introduce Moller-
Nielsen’s distinction (drawn at [142, §2]) between the ‘interpretational” and ‘motiva-
tional” approaches to symmetries, using Newtonian gravitation theory as an illustra-

tive example; I go on to defend the motivational approach.? In §6.4, I present no-

!In this regard, I follow the methodology of [20].
?In this regard, this chapter may be viewed as continuous with [142], offering further reasons to
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tions of ‘underdetermination” and ‘theoretical equivalence” which will prove useful
in my subsequent discussion of dualities in §6.5—in which I introduce a distinction
between the interpretational and motivational approaches to dualities, and (again)
defend the latter approach. Finally, in §6.6 I assess the extent to which the interpreta-
tional approach—a common view in the philosophical literature—is embraced in the

theoretical physics community.

6.2 Models and Gauge

As discussed in previous chapters, on the semantic conception of scientific theories, a
theory is associated with a class of models.? For a given theory T, I take the most gen-
eral class of associated models to be that of ‘kinematically possible models” (KPMs)
IC, which consists in tuples of specified geometrical objects. For example, the KPMs
of general relativity (GR) are picked out by all triples of the form (M, ga, ), where
M is a four-dimensional differentiable manifold; g,; is a Lorentzian metric field on

M; and @ is a placeholder for the matter fields of the theory.

Classically, a theory 7, with KPMs (M, Oy, ... O,) (Where the O, are geometrical
objects), comes with a set of dynamical equations for the O;. The KPMs of 7 in which
the O, obey those dynamical equations form a subset D C K, the ‘dynamically possi-

ble models’ (DPMs) of 7. For example, in the case of GR, only those triples (M, gqp, P)

endorse the motivational approach, as well as providing an extended application of the interpreta-
tion/motivation distinction to the case of dualities.

3One should distinguish the claim that a given theory has an associated class of models from the
(more controversial) claim that a theory should be identified with such a class of models. In this thesis,
I embrace the former, but remain agnostic on the latter.
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the geometrical objects of which satisfy the Einstein field equations

Gy = 87T (6.2.1)

—the dynamical equations of the theory, which relate g,;, to the stress-energy tensor
Ty of the ®—in addition to the dynamical equations of the ¢, are DPMs. Quantum
mechanically, the story changes: some of the O, in the KPMs of 7" are understood to be
operator-valued; DPMs are picked out as those KPMs the geometrical objects of which
satisfy certain correlation functions (for relevant aspects of the structure of quantum
tield theory, see e.g. [61,159,197]; for further philosophical details regarding the above
approach, see [175, ch. 5]).

Models of a theory 7 are interpreted as representing possible worlds. Sometimes,
however, we may wish to interpret two or more distinct models as representing the
same world. In that case, the space of KPMs K of T is partitioned into classes of
‘gauge-equivalent’ models—which are interpreted as representing the same world—
and the multiplicity of models representing the same world is an example of a ‘gauge
redundancy’.* In the case in which the interpretation of 7 leads to gauge redundancy,
one may construct a reduced space of models K, in which gauge-related models are

mathematically identified.” This in turn induces a reduced space of DPMs, D C K.°

4Tt should be stressed that the term ‘gauge redundancy’ is deployed in this thesis in a broader sense
than that typically found in the physics literature, where the term is often reserved for certain ‘internal’
symmetries associated with Yang-Mills type theories. For philosophical discussion, see e.g. [92,216,
225].

>For a concise expression of these points in the language of category theory, see [223,225,229].

®One assumes that two models cannot be gauge-equivalent if they satisfy different dynamics. While
one might worry that this understanding of gauge redundancies effaces the possibility that two models
with different dynamics may correspond to the same possible world (and thereby pose problems for
the interpretation of dualities—see §6.4 below), this is not correct, for nothing in the above precludes
the possibility that there exist other relations which may allow for inter-theoretic model identification.
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6.3 Interpretation and Motivation

6.3.1 Two Approaches to Symmetries

The above is purely formal; there remains an outstanding question concerning when
two models of 7 should be interpreted as representing the same possible world. One
popular line (found—although not necessarily endorsed—in e.g. [8,18, 38,47, 54, 60,
89,104,154,190,232]) is the following: two models of T typically may be regarded ab
initio as representing the same possible world when they are related by a symmetry

transformation—even absent a coherent explication of their shared ontology.”®

According to this ‘interpretational” approach—first articulated by Meller-Nielsen
in [142, §2]—in the presence of symmetry-related models, we are (a) typically war-
ranted in interpreting those models as representing the same possible world—even
absent a coherent explication of their common ontology; then may (but are not re-
quired to) go on to (b) identify such models, to construct a reduced space of KPMs
K; and finally (c) seek to explicate the ontology of the models of K. This is in con-
trast with the “motivational” approach [142, §2], according to which the existence of
symmetry-related models first (a) motivates us to provide an explication of the shared
ontology of these models; but only once such an explication is forthcoming should we
(b) interpret those models as representing the same possible world; and (potentially)

(c) identify those models to construct a reduced space of KPMs, K.’

’Clearly, such a claim has substance only once an appropriate definition of a ‘symmetry transfor-
mation’ is provided; this matter is addressed in detail below.

8What is meant by such an explication will be made explicit over the following subsections. This
explication must cohere both internally, and with the structure of the models under consideration (it
is, therefore, insufficient to simply assert that the two models under consideration be interpreted as
corresponding to some arbitrary possible world).

Here, I say potentially, for there does not necessarily exist any pressure to construct such a K. To
illustrate, consider the case of models related by a hole diffeomorphism in GR: even one who interprets
such models as corresponding to the same possible world is not obliged to construct such a reduced
theory. Cf. §6.3.2.6 below.
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Why ‘typically’, in the above presentation of the interpretational view? A sup-
porter of this view may impose certain further criteria for when symmetry-related
models are to be regarded as physically equivalent—and so need not always actu-
ally interpret such models as being physically equivalent. For example, even for
the interpretationalist it is plausible that not all symmetry-related models should
be interpreted as corresponding to the same possible world, for consider e.g. the
case of Galileo’s ship, in which only a subsystem in a model of Newtonian mechan-
ics is boosted—in this case, we have two symmetry-related models, which neverthe-
less clearly do not correspond to the same possible world."’ Inserting this “typically’
clause does not obscure the interpretational view, however—for the salient point is
the following: on the interpretational approach, the decision to interpret symmetry-
related models as being physically equivalent need not wait upon an explication of their

shared ontology."!

Clearly, if the above “interpretational” claim, and its ‘motivational” alternative, are
to have substance, an appropriate definition of a symmetry transformation must be
provided. Suppose first that one defines such a transformation to be one upon the
O; in the KPMs of any given theory 7, such that DPMs of T are always taken to
DPMs. Such a definition clearly will not do, for, as Belot points out, it is much too

broad: [19, p. 6]

Ordinarily, symmetries of theories are hard to come by. But some remark-
able theories have atypically large symmetry groups. The definition above
effaces this sort of distinction between theories. For if we allow arbitrary

permutations of the solutions of a theory to count as symmetries, then the

0For some discussion of such issues, see [48,89,176]; in this chapter (modulo some brief consider-
ations in §6.5.3), I set these complications aside by considering only symmetry transformations which
act ‘globally” upon the O; of KPMs of T, rather than upon proper subsystems in those models.

My thanks to Neil Dewar for helpful discussion on this point.
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size of a theory’s group of symmetries depends only on the size of its space

of solutions.

Given this, a more nuanced definition of a symmetry transformation is required;
following e.g. [38,45,104], in this chapter I take this to be one of empirical equivalence.
Accordingly, I define a symmetry transformation as follows: a symmetry of a theory
T is any automorphism of the space of DPMs of T, such that models related by that
transformation are empirically equivalent.'> By ‘empirical equivalence’, I mean in turn
that all the structures in the models under consideration corresponding to ‘physically
observable data” are identical between those models—that is, that the ‘empirical sub-

structures’ of these models in the sense of van Fraassen [210, p. 64] coincide."

It is important to be clear that I am not endorsing the above epistemic definition of
a symmetry transformation (or the parallel epistemic definition of a duality presented
in §6.4.1). Rather, I am merely taking it as given in this chapter that symmetry-related
models are empirically equivalent, while bracketing questions such as (i) whether
that criterion should constitute part of the ‘correct” definition of a symmetry transfor-
mation; and (ii) whether it is universally true that symmetry transformations relate
(all and) only empirically equivalent models. It is, however, worth noting that for
models to even potentially be physically equivalent, they must at the very least be
empirically equivalent. Thus, even if one rejects the above definition of ‘symmetry’,
one should recognise that the ‘symmetries’ relevant to my discussion here will satisfy
the condition of being empirically equivalent. For a further critical discussion of these

and related issues, see [143].

12This definition of a symmetry transformation has the merit of being broadly analogous with my
construal of dualities, presented in Ch. 5 and §6.4.1.

13Bach of [38,45,104] offer more nuanced ways of cashing out the ‘empirical equivalence’ criterion in
the above definition of a symmetry transformation—for example, Dasgupta appeals both to a notion
of how things look’ [45, §6.3], and to Quinean ‘observation sentences’ [45, §6.3] (for details of such
observation sentences, see [173,174]).

186



On the first definition of a symmetry transformation above—uiz., that consid-
ered and dismissed by Belot—not only would it be incorrect to interpret ab initio
all symmetry-related models as being physically equivalent (for then all models of
the theory in question would be afforded the same interpretation), but, moreover,
one would clearly not even be motivated to find an interpretation according to which
such models are physically equivalent. Thus, the motivational approach is incom-
patible with such a definition of a symmetry transformation. Prima facie, neither of
these points holds for the revised definition of a symmetry transformation, featur-
ing the additional criterion of empirical equivalence. The reason for this is that such
a definition is more restrictive—so it might be the case that one can argue that all
symmetry-related models may be regarded ab initio as being physically equivalent,
in line with the interpretational approach; moreover, one is apparently motivated to
find a coherent interpretation according to which such models are physically equiv-
alent, essentially on the grounds of Occam’s razor: since any structure leading to
such models being interpreted as physically distinct would not be part of the empir-
ical substructures of those models (which are identical), that structure is variant yet

undetectable—so we have good prima facie grounds for seeking to excise it.

6.3.2 Newtonian Gravitation Theory

In order to clarify and develop further the distinction between the interpretational
and motivational approaches to symmetries, I consider in this section the case of
Newtonian gravitation theory (NGT).™ In §§6.3.2.1, 6.3.2.2 and 6.3.2.3, I introduce (re-
spectively) the KPMs, fundamental interpretational postulates, and DPMs of NGT. In
§6.3.2.4, I introduce three important classes of symmetries of NGT, before in §§6.3.2.5

and 6.3.2.6 discussing the interpretational and motivational approaches in the context

4For rigorous presentations of this theory, see e.g. [64,81,128,170].
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of these classes of symmetries.

Those readers uninterested in the technical details of NGT are advised to skip
straight to §6.3.2.4. In my view, it is necessary to spell out the technical details of
this theory, because I seek to provide a fully worked out example of what it means
to fully explicate symmetry-related models” underlying ontology. More specifically,
in my view the best way of conveying what a “full explication” (or ‘transparent un-
derstanding’) of the reality underlying symmetry-related models amounts to is by
analogy. Hence, the relevant technical details of this example should be spelled out in
tull, even though the basic ideas can plausibly be understood without them. (There
is some overlap in the following with Ch. 3; however, the material presented here is

at a higher level of detail, and used to make a distinct philosophical point.)

6.3.2.1 Kinematically Possible Models

In its field-theoretic formulation, KPMs of NGT (set in Newtonian spacetime—see
[64, pp. 33ff.], and discussion below) are picked out by tuples (M, t.p, h®, V,, 0%, @, p),
where MM is a four-dimensional differentiable manifold; ¢, is a temporal ‘metric’ field
on M of signature (1,0, 0, 0); h® is a spatial ‘metric’ field on M of signature (0,1, 1, 1);"°
V. is a derivative operator on M; 0 is a vector field; and ¢ and p are scalar fields that
represent the gravitational potential field and matter density, respectively. At the

level of KPMs, the following four conditions hold:

15Strictly, neither t,;, nor h% is a metric field—see e.g. [128, p. 250]. Insofar as they are not metric
fields, t,, and h? are still tensor fields of rank (0,2) and (2, 0), respectively.
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h%ty, = 0, (6.3.1)

vaﬁbc - O; (632)
V.h =0, (6.3.3)
tao’ # 0. (6.3.4)

I refer to (6.3.1) as an ‘orthogonality” condition, and (6.3.2) and (6.3.3) as ‘compatibil-
ity’ conditions. (6.3.4) ensures that 0* has a component in the temporal direction,'
and so that the images of its integral curves may be used to represent the persisting

points of absolute space.

6.3.2.2 Interpretative Principles

Following Malament [128, p. 252], I now introduce the following interpretive princi-

ples in NGT. Let I be an open interval in R. Then, for all smooth curves v : I — M:

* v is timelike! if its image 7 [/] could be the worldline of a point particle.

* ~ can be reparameterised so as to be a timelike geodesic (with respect to V) iff

7 [{] could be the worldline of a free point particle.

¢ Clocks record the ¢,,-length of their worldlines.

161 e. is timelike, in the sense of footnote 17.

7Given any vector 6 at a point p € M, we can take its ‘temporal length’ to be (¢,,6"6") "2 1further
classify 6 as either ‘timelike” or ‘spacelike’, depending on whether its temporal length is positive or
zero, respectively. I understand a smooth curve to be ‘timelike” (respectively ‘spacelike’) if its tangent
vectors are of this character at every point along the curve. Note that (6.3.4) ensures that o is a timelike
vector field.
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If a particle has the image of a timelike curve as its worldline, then we call the
tangent field £ of that curve the ‘four-velocity’ field of the particle, and call £°V,£® its
‘four-acceleration’ field (note that strictly this is a spacelike quantity, representing the
instantaneous rate of change of the three-velocity of the body in question, as deter-
mined by an inertial observer). If the particle has a mass m, then its four-acceleration

field satisfies

F* = m&®Vv,¢°, (6.3.5)

where F'* is a spacelike vector field (on the image of its worldline) that represents the
net force acting on the particle. This is the generalised form of Newton’s second law

for NGT.

6.3.2.3 Dynamically Possible Models

With these principles in mind, I am now in a position to make explicit the DPMs of

NGT."® In NGT, one first imposes flatness of V, via the field equation

Rabcd — O (6.3.6)

A second field equation of NG is Poisson’s equation,

RV Yy = 4mp. (6.3.7)

80ne may question whether these laws faithfully represent Newton'’s thinking on these matters,
since they make no reference to the persisting point of absolute space, as picked out by ¢*. For an
arguably less anachronistic presentation of the laws of NGT set in Newtonian spacetime, see [170, §4.4].
The presentation of the dynamical laws of this subsection will suffice for the purposes of this chapter.
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Finally, the gravitational force on a point particle of mass m is given by —mh®V,p. It
follows from (6.3.5) that if the particle is subject to no forces except gravity, and if it

has four-velocity £%, then it satisfies

—V%p = £V,¢°. (6.3.8)

6.3.2.4 Symmetries of Newtonian Gravitation Theory

The above presentation of NGT in hand, consider now the symmetries of this theory.
The symmetry group of NGT includes three kinds of transformations that are worth
singling out: (A) the ’static shift’, which involves a time-independent translation of
the total matter content of the original solution; (B) the ‘kinematic shift’, which in-
volves a time-independent velocity ‘boost” of the total matter content of the original
solution; and (C) the ‘dynamic shift’, which involves a time-dependent translational
acceleration of the total matter content of the original solution, plus an appropriate

transformation of the gravitational potential field."

It is possible—and useful—to characterise all of these symmetries model-theoretically.
Taking our original model to be M = (M, t ., h®®, V., 0%, ¢, p), a static-shifted model
can be written Mo, = (M, tap, %, V4, 0% d*p, d*p), where d is the appropriate diffeo-
morphism corresponding to a spatial translation. Straightforwardly—or ‘literally’—
understood, the world represented by M., differs from that represented by M with
regard to which particular points of space are underlying various parts of the matter

fields. For instance, if M represents the centre of mass of the universe® as being lo-

YThe terms “static shift’ and ‘kinematic shift’ are relatively standard in the literature, and are orig-
inally due to Maudlin [135, §3]. The term ‘dynamic shift’ is slightly less standard, and is due to
Huggett [97, §8.3].

200One worry regarding speaking of the ‘centre of mass of the universe’ is the following: this notion
may only be well-defined under a certain restricted set of circumstances (for example, when the mass
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cated here, then M, will represent the centre of mass of the universe as being located

e.g. 3m to the left of here.

Consider now the kinematic shift. The generic model yielded by applying the
kinematic shift to M can be written My, = (M, ta, h®, V,, 0%, d* o, d*p), where d is
now the appropriate diffeomorphism corresponding to a velocity boost. Straightfor-
wardly understood, the world represented by My, differs from that represented by
M with regard to the absolute velocity of the material universe. For instance, if M
represents the centre of mass of the universe as being absolutely at rest, then M, will

represent it as moving e.g. 3ms™~! due North.

Finally, the generic model yielded by applying the dynamic shift to M can be writ-
ten Mgy = (M, tap, h®, V4, 0%, d*¢, d*p), where d is a diffeomorphism corresponding
to an element of the so-called ‘Maxwell group’ of transformations, and where the
gravitational potential field is transformed by an appropriate ‘internal” transforma-
tion.?! Thus, straightforwardly understood, the world represented by My, differs
from that represented by M with regard to what the absolute translational accelera-
tion of the material universe is alleged to be. For instance, if M represents the mate-
rial universe as being absolutely non-accelerating, then My, will represent its centre of
2

mass as accelerating in a straight line under a gravitational force-field, at e.g. 3ms™

due North.

In sum: the symmetries of NGT include transformations that map DPMs to other
DPMs that prima facie represent physically distinct worlds. Nevertheless, no observer

‘embedded’ in any of these worlds can determine which world is hers: the worlds

density p is asymptotically zero at infinity). Given this, it may be preferable to resort to the following
fix: use instead the centre of mass of some arbitrary body of matter. My thanks to Neil Dewar for
raising this point.

ZPollowing [64, §2.3], the Maxwell group of transformations is defined as # — @ = RZ + a(t);
t — t' = t + d. The “internal’ transformation on ¢ is defined as ¢ — ¢/ = ¢ — @- @ + f (t). For further
details, see [112].
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represented by these models are ‘empirically indistinguishable’—so these symmetry-
related models are indeed ‘empirically equivalent’, in line with the definition of a
symmetry transformation presented in §6.3.1. This is because all relative distances
and velocities between material systems are preserved among the worlds in ques-
tion, and all an observer has empirical access to are (ratios of) such distances and
velocities.?> Thus, such an observer would not be able to determine whether she is
stationary, moving uniformly, or accelerating relative to the persisting points of abso-

lute space: all of these scenarios are underdetermined by the empirical phenomena.

6.3.2.5 Interpretation and Motivation in Newtonian Gravitation Theory

So much for the symmetries of NGT. How do the interpretational and motivational
approaches discussed in §6.3.1 play out in this theory? In the present context, the
distinction can be stated easily. Consider again the models M, Mg,i, Myin, and M gyy.
According to the former view, it is legitimate to take ab initio all of these models—
which prima facie represent distinct physical scenarios—to in fact represent the same
state of affairs, i.e. the same possible world, even absent a coherent picture of their

common ontology.

The motivational view, on the other hand, denies that it is permissible to so re-
gard symmetry-related models as being physically equivalent. Rather, on this view,
the symmetries of a theory invariably at most motivate one to seek a clear understand-
ing of the common ontology underpinning such models” physical equivalence. That
is, according to this view, models related by a symmetry transformation cannot be
regarded as physically equivalent simpliciter. Instead, construing such models as

physically equivalent is only justified once one has a clear understanding of the re-

228y ‘ratios of” distances and velocities, I have in mind such notions relative to a pre-defined stan-
dard of measurement—e.g. the Parisian ‘metre rod’.
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ality allegedly underlying them: a clear understanding that we are, according to the
motivational view, invariably motivated to seek by the symmetry in question. Thus,
on the motivational view, absent a clear understanding of how it could be that M,
Mtat, Min, and Mgy, are to be regarded as physically equivalent (in terms of a clear
explication of their common ontology), we may not regard them as so being physi-

cally equivalent, i.e. as corresponding to the same possible world.

6.3.2.6 Mathematical Reformulation

Importantly, and as Moller-Nielsen stresses [142, §3], the motivational approach is not
committed to the view that whenever one is presented with a theory 7 with a symme-
try between mathematically distinct models, one is motivated to mathematically refor-
mulate T so as to remove any such (alleged) representational redundancy (such that
models of the reformulated theory are constructed by quotienting the space of mod-
els of the original theory by the action of the symmetry in question).” Rather—and
this will become important in the discussion of dualities in §6.5—such a mathemati-
cal reformulation is motivated only when the models in question are not isomorphic,
i.e. when (straightforwardly understood) they differ more than merely with regard
to which objects play which qualitative roles.?** As I will now discuss, this means
that, according to the motivational view, in the case of NGT only the kinematic and
dynamic shifts motivate us to mathematically reformulate the theory so as to remove

any representational redundancy.

Z0One may here understand ‘mathematical reformulation’ to mean: an alteration of the space of
models of the theory (whether KPMs or DPMs). This will become clear through the examples pre-
sented in this subsection.

2 Here, ‘object’ refers to any substructure of the model in question—rather than (necessarily) to the
geometric objects O; introduced in the KPMs of a generic theory 7 in §6.2.

2Note that isomorphism of two spaces of models (e.g. D; and Ds, associated respectively to two the-
ories 77 and 73)—as introduced in §6.1, and discussed further in §6.4.1 below—should not be confused
with isomorphism of a given pair of models themselves. It is the latter that is under consideration here.
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The static shift in NGT is crucially distinct from the kinematic and dynamic shift—
for the reason that the models in question in this case are isomorphic. And indeed,
there exists a straightforward means of understanding such isomorphic models’ phys-
ical equivalence, which necessitates no mathematical reformulation of the theory.
This view goes by a variety of names in the literature: in spacetime contexts, it is
most commonly referred to as ‘sophisticated substantivalism’.?® The sophisticated
substantivalist denies that spacetime points possess primitive transworld identities;
instead, they are ‘contextually individuated’ [115, §5]: they are not to be construed
as being anything less, or more, than ‘nodes’ in the relational, geometrical structures
in which they are embedded. This view is still a version of substantivalism, in the
sense that it is committed to points of space being fundamental, basic elements of
reality. Crucially, however, this view denies that there are any primitive, singular
(haecceitistic) facts about spacetime points (e.g. this particular point of space is mate-
rially occupied) which would even allow for a physical distinction between statically

shifted scenarios to be drawn.

Analogous considerations apply in the context of more modern physical theories;
the diffeomorphism invariance of GR provides a case in point. Just as for the static
shift in NGT, the existence of this symmetry is alleged to commit the substantivalist to
a plurality of physically distinct, but nevertheless empirically indistinguishable, pos-
sibilities. Once again, we can phrase this in model-theoretic terms: taking a generic
DPM of GR, M = (M, ga, ), we can apply an arbitrary diffeomorphism d to yield
a new DPM, M’ = (M, d*ga, d*®). A popular allegation—the canonical version of
which can be found in [65, §4]—is that the spacetime substantivalist is committed
to regarding the two worlds represented by these models as differing with regard to

which particular points of the spacetime manifold are underlying various parts of the

26Gee, e.g., [169, p. 575]. Other names for this view include ‘moderate structural realism” about
spacetime [69, pp. 31-2] and ‘non-reductive relationalism” [190, §5].
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metric and matter fields.?

It should be clear that, if adopting sophisticated substantivalism constitutes a le-
gitimate response to the alleged problem of NGT’s static shift symmetry, it should
count as an equally legitimate response to the alleged problem of GR’s diffeomor-
phism symmetry. That is, adopting sophisticated substantivalism should be suffi-
cient for one to be able to understand, in a perfectly transparent way, how it is that
diffeormorphism-related models in GR are to be regarded as physically equivalent,
without any mathematical reformulation of the theory being necessitated—just as in

the case of the shift symmetry of NGT.*

Now return to the case of non-isomorphic symmetry-related models in NGT, namely
M, Myin, and May,. ‘Literally understood’, such models do not represent possible
worlds which differ merely haecceitistically. Hence, adopting sophisticated substan-
tivalism is by itself insufficient to be able to understand how such models are to be
regarded as physically equivalent.” Thus, we are motivated to mathematically refor-
mulate the theory so as to obtain a coherent understanding of the common ontology

underpinning such models’ physical equivalence.?

Such a mathematical reformulation of the theory is indeed possible. In fact, for the
kinematic shift, it is trivial: one simply excises ¢ from KPMs of the theory—so that

the question of two otherwise-identical models differing only in the absolute velocity

Z’Here I ignore the related (but distinct) ‘indeterminism’ objection to substantivalism in the context
of GR raised at [65, §5]. The reasons for this are twofold. First, this objection is not directly related
to the static shift argument in NGT. Second, sophisticated substantivalism also seems sufficient as a
response (for more on this latter point, see [167, §4.1.4]).

BCf. footnote 9. Of course, sophisticated substantivalism constitutes just one of many positions
available in the vicinity of discussions of the hole argument. For a recent review of the literature,
see [169, §7].

ZFor the parallel point in the case of dualities, see [176, §5.3]. Cf. §6.5.1.

3Note that, since the mathematically reformulated theory will have a different space of models to
the original theory (cf. footnote 23), it may best be regarded as a new theory, distinct from the original
(on the setup of §6.2).
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of the centre of mass of the matter content they represent does not arise. In other
words, one moves from Newtonian spacetime—where the persistence of points of
space through time is assured (since, recall, the histories of these points are associated
with the integral curves of the o field), and where the associated notion of absolute
velocity is physically meaningful—to Galilean spacetime, where the persistence of
points of space through time and the associated notion of absolute velocity no longer
make physical sense, but where the difference between straight (inertial) and curved

(accelerating) trajectories through spacetime remains physically meaningful.*!

In the case of the dynamic shift, reformulation is also possible—though somewhat
less straightforward. Here—having already eliminated ¢ from the models of the
theory—one replaces the flat derivative operator V, of NGT with a (partly) dynam-
ical derivative operator V,,%>® for which the DPMs then require that the associated

curvature tensor R%, , satisfies

A

Rbc = 47Tptbtc, (639)
Rabcd - Ecdab, (6.3.10)
R® =0, (6.3.11)

$1For further discussion, see e.g. [64, §2.4] and [137, pp. 54-66]. Although such a reformulation of
NGT may appear trivial from a modern four-dimensional, differentio-geometric perspective, it cer-
tainly would not have appeared so to Newton or his contemporaries. This appearance of triviality is
arguably reinforced by the fact that, in setting up NGT, I have (following the canonical literature on
this subject, in particular [81, pp. 71-94]) formulated the laws directly in terms of V,, rather than o
For more on this point, see [170, p. 134]; for a discussion of NGT which puts particular emphasis on
the non-triviality of the move to Galilean spacetime, see [137, pp. 54-66].

2V, is related to V, by V, = (V,,C%,), with C%_ = —t,t.V%p; bracket notation for deriva-
tive operators means that V,, V,, and C%_ are related by (V. — Vc> oyl = agy Gy 4+
agtgr (0, —afererom - agll_'_'_‘;:’ldCa"C ., and ¢, is a covector field which may (locally)
be defined from ¢4, via t.5 = ¢l in a ‘temporally orientable” spacetime—for details, see [128, pp. 250-
251].

31 say ‘partly’ rather than ‘fully’ dynamical in light of the compatibility conditions (6.3.2) and (6.3.3),
which hold also for V,,.
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and one also eliminates the gravitational potential ¢ from KPMs of the theory—so
that they are quintuples (M, o, k%, Vg, p). (6.3.9) is the geometrised version of Pois-
sion’s equation (6.3.7); (6.3.10) holds in a classical spacetime iff this admits, at least
locally, a smooth, unit timelike field £ that is geodesic (£°V,¢* = 0) and twist-free
(Viegtl = 0) [128, p. 281]; (6.3.11) holds throughout M iff parallel transport of space-
like vectors in M is, at least locally, path-independent [128, p. 279]. The resulting

theory is known as ‘Newton-Cartan theory” (NCT).

It can be shown—via Trautman’s geometrisation and recovery theorems*—that
the class of models of NGT which differ by a dynamic shift all map (up to isomor-
phism) to the same model of NCT. Moreover, for all timelike curves of M with four-
velocity field €%, particles subject to a gravitational force in NGT (so that £°V,¢* =
—V%p) move along geodesics in NCT (so that £V, = 0). In other words, in NCT

gravity is no longer a force, as in NGT.

For my purposes, the crucial point to note is the following: by reformulating NGT
a la NCT as per the above, one constructs a mathematical reformulation of the theory
which eliminates the gauge redundancy (in the sense of §6.2) manifest in the possibil-
ity of a dynamic shift in NGT. Note also the important point that moving to NCT is
not by itself sufficient to be able to understand as physically equivalent all symmetry-
related models of Newtonian theory set in flat spacetime. This is because—as men-
tioned in the previous paragraph—such symmetry-related models will typically cor-
respond to a single model of NCT only up to isomorphism. Thus, in order to have a
fully transparent understanding of how it is that symmetry-related models of New-
tonian theory set in flat spacetime can correspond to a single model of NCT, a sophis-

ticated substantivalist conception of spacetime ontology is also required.*

3For original sources, see [209]; for contemporary discussion and proofs, see [128, pp. 267ff.].
% A similar moral applies in the case of moving to Galilean spacetime as a response to NGT’s boost
invariance. Many thanks to David Wallace for this point.

198



To summarise: According to the interpretational approach, it is typically legiti-
mate ab initio to regard symmetry-related models as being physically equivalent, even
absent a coherent explication of their common ontology. According to the motiva-
tional approach, by contrast, it is not legitimate ab initio to regard symmetry-related
models as being physically equivalent. Rather, symmetries invariably at most mo-
tivate one to seek a coherent explication of the common ontology underpinning such
models” physical equivalence. When the symmetry-related models in question are
not isomorphic, one is motivated to mathematically reformulate the theory. On the
other hand, when they are isomorphic, one is not motivated to mathematically re-
formulate the theory: adopting ‘moderate structuralism’—which, in the spacetime
context, I take to be equivalent to sophisticated substantivalism®*—is invariably suf-

ficient.

6.3.3 Motivating Motivation

Up to this point, I have remained officially neutral between the interpretational and
motivational approaches to symmetry transformations. Here, however, developing
upon [142, §4], I wish to argue explicitly for the latter. One argument in favour of this
position is the following: even if the central claim of the interpretational approach—
that one may legitimately regard certain symmetry-related models of a theory as be-
ing physically equivalent even in the absence of a coherent picture of their common
ontology—is true, on this approach, the reality in terms of which this physical equiva-
lence is to be understood will, absent further details, remain opaque. That is, without

further work, the advocate of the interpretational approach offers no explanation as

%] draw the term ‘moderate structuralism’ from [69]; compare also the ‘modest structuralism’
of [168, p. 102]. According to this view, objects (e.g. points of spacetime) are construed as being nothing
more (or less) than ‘nodes’ in the relational structures in which they are embedded; and the possibility
of purely haecceitistic distinctions between worlds is denied. Construed in this way, moderate struc-
turalism encompasses sophisticated substantivalism—but is a stronger thesis due to the latter clause.
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to how such physical equivalence is to be construed, or how it could even be said to
arise. To the extent that the interpretational view is not supposed to reduce to an un-
interesting form of instrumentalism, it is unclear what realistic picture of the world
is being propounded by the defender of this position; it is opaque what, according to

her, the world really is like.

Here, one must separate two closely-related points. First, the advocate of the in-
terpretational approach may be regarded as shirking her responsibility to provide
a coherent explication of the common ontology associated with symmetry-related
models; this, however, is where much of the most interesting work in the foundations
of physics is done.*” Second, the advocate of the interpretational approach makes at
the outset an assumption that certain symmetry-related models admit of a coherent
interpretation which makes manifest their physical equivalence.® In my view, it is
more cautious to avoid such an assumption: to only regard symmetry-related models
as being physically equivalent once an explication of their common ontology can be
provided; to consider us always motivated to attempt to construct such an explica-

tion; and thereby to favour the motivational over the interpretational approach.

Having said this, it is worth distinguishing two sub-views within the motivational
approach. According to the former, more confident view, symmetry-related models
may only be regarded as being physically equivalent once an interpretation affording
a coherent explication of their common ontology is provided, but such an interpreta-

tion is always guaranteed to exist. By contrast, according to the latter, more cautious

%For example, the staunchest advocate of the interpretational approach would likely not be moti-
vated to consider whether NGT can be reformulated in terms of Galilean spacetime, or NCT: the bare
assertion that models of NGT related by kinematic or dynamic shifts are physically equivalent effec-
tively eliminates motivation for the advocate of the interpretational approach to pursue this research
programme.

3Cf. footnote 8. Here, the advocate of the interpretational approach may be guided by overarching,
a priori principles, connecting certain features of the symmetry-related models under consideration
with their physical equivalence. However, unless a necessary connection between such features and
the physical equivalence of the models can be forged, the point in the body of this paragraph stands.
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view, symmetry-related models may only be regarded as being physically equiva-
lent once a coherent explication of their common ontology is provided, and there is no
guarantee that such an interpretation exists. It should be clear from the foregoing that I
favour the latter, more cautious strand of motivationalism.* Articulating these two
distinct versions of the motivational approach will prove illuminating, when it comes
to constructing a taxonomy of the views of philosophical authors in the parallel case

of dualities—cf. in particular §6.5.3.

6.4 Equivalence and Duality

In the previous section, I distinguished the interpretational and motivational ap-
proaches to symmetry transformations, and defended the latter, expanding upon
[142, §4]. In this section, I introduce the notions of ‘theoretical equivalence” and ‘un-
derdetermination’, both of which will prove important in my defence of the motiva-

tional approach to dualities in §6.5.

6.4.1 Theoretical Equivalence and Duality

I now introduce a notion of ‘theoretical equivalence’. Given two theories 7; and
T2, with respective spaces of DPMs D; C Ky and D, C K, I say (broadly follow-
ing [223,225,229]) that these are ‘theoretically equivalent’ iff (i) there exists an iso-

morphism between D, of T; and D, of T34 and (ii) the empirical predictions corre-

%1 owe the nomenclature of ‘confident’ versus ‘cautious’ versions of the motivational approach to
Jeremy Butterfield.

“Recall from §6.2 that, for a given theory 7, D denotes the gauge-reduced space of DPMs of 7.
Note also that one may introduce a graded notion of theoretical equivalence, by imposing restrictions
on the structure of the models preserved by this isomorphism. Though important to note, this latter
point will be set aside in this chapter.
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sponding to each M, € D, are identical to the empirical predictions corresponding
to the associated M, € D,.*! If (i) holds of two theories but not (ii), then I say that
they are (merely) ‘formally equivalent’; if (ii) holds of two theories but not (i), then
I say that they are (merely) ‘empirically equivalent’.*> Two theories are theoretically

equivalent iff they are formally equivalent and empirically equivalent.

Turn now to the notion of duality: a pervasive phenomenon in string theory, al-
ready introduced and considered at length in Ch. 5. In this chapter, I ask the follow-
ing question: in addition to being theoretically equivalent (indeed, I take in this thesis
theoretical equivalence to be the definition of a duality), should duality-related models
also be understood as being physically equivalent—i.e., as representing the same pos-
sible world? Before I attempt to answer this question, two related points are worth
stating. First, dualities are (more) analogous to the kinematic and dynamic shifts
than to the static shifts of §6.3.2.4—for the reason that dual models are generically
not isomorphic: straightforwardly understood, they represent worlds which differ
more than purely with regard to which particular objects are playing which qualita-
tive roles (see e.g. [176, p. 224]). Hence—as I will elaborate—dualities in general moti-
vate mathematical reformulation; adopting moderate structuralism is by itself insuffi-
cient to understand satisfactorily the (alleged) physical equivalence of duality-related
models. Second, the apparent physical difference between duality-related models can
be much more striking than in the case of e.g. models of NGT related by kinematic
and dynamic shifts: naively understood, the possible worlds they represent are very
different. For instance, models related by an AdS/CFT-type duality differ in the num-
ber of dimensions they (appear to) attribute to spacetime; models related by mirror

symmetry differ in the topology they (appear to) attribute to spacetime.

#Each M, € D; and M3 € D, which correspond to the same empirical predictions in this way may
be said to be ‘empirically equivalent’—cf. §6.3.1. Note that two models may be empirically equivalent
without the theories to which they belong being empirically equivalent, in the sense given below.

2The map between M; € D; and M, € D, may not be one-one in the absence of formal equiva-
lence.
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6.4.2 Underdetermination

The distinction between formal and empirical equivalence is of value when discussing
whether a pair of theories exhibits ‘strong underdetermination of theory by evidence’.
I say that two theories 7; and 7, present such a case when they are empirically equiv-
alent, yet there exists at least one pair of empirically equivalent models M, € D, and
M, € D, which are nevertheless interpreted as corresponding to distinct possible

worlds, respectively W, and W.

To have a case of strong underdetermination, the two theories must be empiri-
cally equivalent; however, one may ask whether formal equivalence is also relevant.

Distinguish:

(A) T and 7; being empirically equivalent and formally equivalent.

(B) 71 and 7; being empirically equivalent but not formally equivalent.

Any argument to the effect that instances of (A) cannot lead to strong underde-
termination® is (roughly) in line with the Quinean position according to which theo-
ries related by reconstrual of predicates (the analogue of formal equivalence) are un-

].44,45

derstood not to lead to such underdetermination [174 However, consider again

models related by e.g. the AdS/CFT correspondence, or mirror symmetry. In spite of

e, to the effect that each M; € D; and its associated My € Dy must correspond to the same
world.

#For a critical discussion of the Quinean approach to theoretical equivalence, see [10]. With the
conclusion of that paper—"If one takes Quine equivalence as the standard for theoretical equivalence,
one underestimates the threat of underdetermination” [10, p. 483]—I am in agreement. Cf. also [11].

#To allay any possible misunderstanding: Quine’s view on this matter is not that theories with
isomorphic spaces of solutions are always theoretically, or even empirically, equivalent. Rather, Quine
holds a strictly stronger view on what it is for two theories to be theoretically equivalent: if theories
are related by a suitable reconstrual of predicates, then such theories are theoretically equivalent. This,
plausibly, entails that their respective spaces of solutions are isomorphic. But, for Quine, the fact that
theories have isomorphic spaces of solutions does not by itself entail that they are theoretically or even
empirically equivalent.
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an instantiation of formal equivalence, such models of these theories at least appear to
be ontologically distinct, and thus to correspond to distinct possible worlds.* Now,
when it comes to deciding whether (A) can indeed lead to strong underdetermina-
tion, one can be aided by one’s prior commitments in the philosophy of science: even
if one is a realist, it may be that by e.g. giving some structuralist account, one can
make plausible that models of such theories correspond to the same world (in this
regard in the context of dualities, see [131]).*/*® Nonetheless, examples such as this
demonstrate that instances of (A) might, prima facie, give rise to strong underdetermi-
nation (cf. [131, p. 474])—pace Quine, who argued in [174] that only instances of (B)
could constitute genuine cases of strong underdetermination.* The relevance of this

for my views on the interpretation of dualities will become apparent in §6.5.

4The concern, therefore, is over the adequacy of formal equivalence—which is, indeed, a formal
notion—to capture an informal or semantic notion: that of two models representing the same possible
world. My thanks to Jeremy Butterfield for suggesting that I put the matter in this way.

#This said, Rickles has recently suggested that cases such as the AdS/CFT correspondence may give
rise to structural underdetermination [184, 185, 187]. (I concur with this view; cf. footnote 48 below.)
Note that if this is so, then even the structuralist may not be able to argue that such pairs of formally
equivalent models correspond to the same possible world.

In my view, adopting structural realism as a means of identifying symmetry-related models suc-
ceeds only if the models in question are ‘naively” understood as representing at most haecceitistically
distinct possible worlds. In that case, it is clear how adopting structural realism allows us to iden-
tify such (putatively) distinct physically possibilities as (actually) not distinct after all. However, if
the models in question are ‘naively’ understood as representing more than haecceitistically distinct
possible worlds, then adopting structural realism (by itself) is insufficient to provide grounds for un-
derstanding the models in question as corresponding to the same possible world.

41f this is correct, then I concur with De Haro et al. that “we will need to allow that formal isomor-
phisms do not in general imply sameness of content” [53, §3.1]. Cf. footnote 46.
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6.5 Duality as Motivation

6.5.1 Interpretation and Motivation, Reprise

Above, we saw the prima facie plausibility of interpreting duality-related models as
representing distinct possible worlds. This, however, runs against a common view,
that duality-related models may typically be taken ab initio to represent the same

possible world. For example, Rickles writes:™

[D]ual theories are simply examples of theoretically equivalent descrip-
tions of the same underlying physical content: I distinguish them from
cases of genuine underdetermination on the grounds that there is no real
incompatibility involved between the descriptions. The incompatibility
is at the level of purely unphysical structure. I argue that dual pairs are
in fact very strongly analogous to gauge-related solutions ... I conjecture
that dualities always point to a more fundamental (intrinsic) description,
namely that in which the representational redundancy is eliminated. [187,

p- 62]

This position bears striking similarity to the interpretational approach to symme-
tries.”! Indeed, by analogy, one may define at this juncture an interpretational ap-
proach to dualities. According to this, when presented with a pair of duality-related
theories, we are (a) typically warranted in first interpreting duality-related models

as representing the same possible world—even absent a coherent explication of their

UFor further clear expression of this position, see e.g. [133,134].

10One might argue that the final sentence here is in line with the motivational approach. Even if this
is true, however, in my view it is not correct to read Rickles as endorsing the motivational approach, in
light of the preceding sentences in the quote—see below.
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common ontology;** then may (but are not required to) go on to (b) identify those
pairs of dual models, thereby constructing the space of KPMs K of a new theory T,
which represents the ‘common core’ (in the language of [48, §2.2], and Ch. 5) of the
duality-related theories; and (c) having constructed such a K, seek to provide a co-

herent picture of the ontology of the models M € K.

In contrast with this interpretational approach to dualities, one may also define a
motivational approach to dualities. According to this view, the existence of a duality
between two theories first (a) motivates us to provide a coherent picture of the com-
mon ontology of the pairs of models of these two theories related by the duality; but
only once such a characterisation is constructed should we (b) interpret those models
as representing the same possible world; and (potentially) (c) identity those models
to construct a space of KPMs K of some new theory 7, which represents the ‘common

core’ of the duality-related theories.

It is important to distinguish two sub-positions within the interpretational view.
On the first such view, the existence of a duality motivates us to seek a clear picture of
the ontology alleged to underlie the dual-related models.” On the second view—by
contrast—no such search for a coherent understanding of the common ontology of
the dual models is required.* Importantly, however (and to reiterate), both of these
sub-positions are consistent with the interpretational view. By contrast, the advocate
of the motivational approach to dualities maintains that it is only legitimate to regard
duality-related models as being physically equivalent if one possesses a clear picture

of the common ontology of the dual models.

Following §6.3.3, one can also introduce two sub-positions within the motiva-

2Here, the same points from §6.3.1 regarding the ‘typicality’ clause arise again.

3This view appears more popular in the literature; cf. again e.g. [187, p. 62], and footnote 51.

%4This can be considered the analogy of Dewar’s approach to symmetries in the case of dualities [54,
p. 322].
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tional approach to dualities—according to the former, more confident view, duality-
related models should not be regarded as being physically equivalent absent a coher-
ent explication of their common ontology, but such an explication is always guaran-
teed to be found; according to the latter, more cautious view, duality-related models
should not be regarded as being physically equivalent absent a coherent explication
of their common ontology, and no such explication is guaranteed to be found. This
distinction between sub-positions within the motivational approach will prove to be
illuminating in §6.5.3, when I consider the views of certain authors vis-a-vis the inter-

pretation of duality-related models.

Regardless of where they may stand in the above debate, many authors—both
physicists and philosophers—maintain that string-theoretic dualities motivate us to
seek a mathematical reformulation of the dual string theories.” Since duality-related
models are generically non-isomorphic, I concur with this verdict (cf. §6.4.1). Where
the advocate of the motivational approach disagrees with some of such authors, how-
ever, is on the question of whether, in the absence of any mathematical reformulation
of string theory, it is legitimate to regard duality-related models as being physically
equivalent: in her view, it is not. Moreover, it is precisely on this issue that I disagree

with the commonly-held interpretational view.”

>QOr quantum field theories, in the case of e.g. the AdS/CFT correspondence.

*Perhaps it is true that many recent philosophical authors’ views on dualities are more subtle than
a straightforward endorsement of the interpretational approach, 4 la Rickles [187, p. 62]. This notwith-
standing, however, a reader unfamiliar with the literature on dualities may obtain the impression that
the interpretational approach is widely embraced. Here is some prima facie evidence to support this
claim: “[DlJual [theories] should be understood as giving physically equivalent descriptions” [100,
pp. 87-88]; “In all dualities, it is the theories that are equivalent. ... [Clertain transformations ‘don’t
matter’. The only difference between these [dual] transformations and standard gauge symmetries is
that they seem to relate things that look like they really should matter!” [187, p. 64]; “[Our] conception
of duality meshes with two dual theories being ‘gauge-related’, in the general philosophical sense of
being physically equivalent. For a string duality, such as T-duality and gauge/gravity duality, this
means taking such features as the radius of a compact dimension, and the dimensionality of space-
time, to be ‘gauge”’ [53, p. 68]; “The stance adopted [in this paper] is ... to avoid a literal reading of
the elementary/composite interchange and, on this basis, to avoid mixing the question of its mean-
ing with the question of physical fundamentality. The attitude is analogous to the one shared in this
volume [a recent special issue of Studies in the History and Philosophy of Modern Physics devoted to dual-
ities] about how to understand apparently puzzling features such as the interchange of tiny and huge
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Given the importance of this point for the purposes of this chapter, it is worth
repeating. When presented with two symmetry- or duality-related models, the inter-
pretationalist will typically say that it is legitimate to regard such models as physi-
cally equivalent. The motivationalist will deny this: for her, the mere fact that mod-
els are related by a symmetry or duality transformation is not a sufficient reason to
regard them as physically equivalent. This is what crucially separates the interpreta-

tionalist and motivationalist positions.

The motivationalist will go on to say that, for any two symmetry- or duality-
related models, we are motivated to try to provide an explication of the common
ontology that is alleged to underlie them. The interpretationalist will not always agree.
Some interpretationalists (e.g. Rickles [187]) will claim that that we are so motivated.
But not all will (e.g. Dewar [54]). In other words, the interpretationalist and the moti-
vationalist do not invariably agree about motivation. Thus, merely claiming that dualities
motivate us to formulate (e.g.) ‘M-theory””’—which is conjectured to be the theory
which would transparently explain dual string theories” physical equivalence—is not

sufficient to make one a motivationalist.

To close this subsection, it is worth reflecting further on the nature of the ontology
‘common’ to two dual models; two broad attitudes are possible here. First, given two
theories understood to be dual, one may attempt to identify the ‘shared structure’
across duality-related models;” one may then use this as a guide to the interpreta-
tion of the dual theories (cf. Ch. 5). This austere approach to the interpretation of

dualities is advanced in e.g. [48, §2.2]. On the other hand, one may be more ambi-

dimensions connected with T-duality in string theory, or the duality of dimension under the AdS/CFT
(gauge/gravity) correspondence. The underlying idea is that, what the dual descriptions do not agree
upon, should not be attributed a real physical significance. In fact, this means nothing else than saying
that the physics (including its ontology) remains the same under the duality. What changes, is just the
way of looking at it” [37, p. 101].

See below for further discussion of this theory. Cf. also Ch. 5.

That is, the formal structure preserved across duality-related models—cf. [48,55]. This is the ‘com-
mon core’ of the two dual models, in the sense given above.

208



tious. For example, one may construct a new theory, such that dual models of the
original theories each constitute (partial) descriptions of certain models of the new
theory. The approach of attempting to find an overarching ‘M-theory’, of which all
five superstring theories are ‘limits” (in some appropriate sense—cf. §6.5.2), fits natu-
rally into this latter category (again, cf. Ch. 5). It is worth remarking, however, that as
it stands the existence of such a theory—as well as our ability to discover it—remains

conjectural; for further discussion, see [184, §5.2] and [176, §5].*

6.5.2 Motivating Dualities as Motivation

As with the debate between advocates of the interpretational and motivational ap-
proaches to symmetries (cf. §6.3.3), I endorse the latter approach to dualities over the
former. My reasons for doing so broadly mirror those given in §6.3.3. First, just as
in the case of symmetry transformations, the interpretationalist may be regarded as
shirking her responsibility to provide a coherent explication of the common ontology
associated to duality-related models. Second, the interpretationalist assumes at the
outset that certain duality-related models admit of a coherent interpretation which
makes manifest their physical equivalence. In my view, however, it is more cautious
to drop such an assumption: to only regard duality-related models as being phys-
ically equivalent once an explication of their common ontology can be provided; to
consider us always motivated to attempt to construct such an explication; and thereby
to favour the motivational over the interpretational approach to dualities. (I return in

a moment to the distinction between two strands of motivationalism drawn in §§6.3.3

and 6.5.1.)

With the above in mind, recall now that some authors, such as Polchinski, de-

YFor a recent, detailed clarification of the distinction between these two approaches to explicating
the ontology ‘common’ to duality-related models, see [50].
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fine duality such that “we have a single quantum system that has two classical lim-
its” [166, p. 7] —from which one concludes that “it is fruitless to argue whether [7] or
[7"] provide [sic] the fundamental description of the world; rather, it is the full quan-
tum theory” [166, p. 7].%° If one approaches dualities in this manner, then one begins
with a single theory—models of which may be interpreted as corresponding to cer-
tain possible worlds—and constructs two further (dual) theories therefrom. In that
case, one is already in possession of a coherent account of the physical equivalence of
models of the two dual theories, in terms of the ontology of models of the ‘quantum’

theory from which they are constructed.

If one follows this approach, then one may argue that the interpretational account
of dualities is favoured over the motivational—for one may indeed interpret duality-
related models as being physically equivalent ab initio, via an explication of the ontol-
ogy of their underlying ‘quantum’ theory. Note, however, that this is also consistent
with the motivational account: since such an explication can be provided in every
case, motivation for regarding the duality-related models as being physically equiv-

alent is automatically secured—so we are indeed warranted in doing so.

One may, however, question whether Polchinski’s account of dualities is most
appropriate—for it is not the case that we always construct dual theories from such
an underlying theory. For example, in the case of the AdS/CFT correspondence,
neither the string theory in anti-de Sitter space, nor the boundary conformal field
theory, was constructed from a third, ‘quantum’ theory. Indeed, this is also true in the
case of string-theoretic dualities: though certain dual string theories are conjectured

to be limits of an underlying so-called M-theory (introduced by Witten in [233]), the

%9Such an approach to dualities is also implicit in [133,134]. In these passages, by a “quantum
system”, Polchinski means a quantum theory; by two “classical limits”, he means two theories for
which perturbation theory is applicable, which may be defined from the original quantum theory—
see [166, pp. 6ff.].
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existence of this theory was postulated post facto®—and it is not the case that these
string theories were initially defined therefrom. Nevertheless, there is overwhelming
evidence (in terms of matching of correlation functions, etc.; see e.g. [14,52]) that such

theories are dual, in the sense of §6.4.1.%>

It is these cases—in which a duality between theories is discovered after the fact,
and the existence of an underlying, third theory is only conjectured—which are most
interesting from the point of view of the interpretational /motivational distinction. In
such cases, I take it that one needs to give a coherent account of the shared ontol-
ogy (i.e. an appropriate interpretation) of duality-related models, before one declares
those models to be physically equivalent; moreover, there appears to exist no set of a
priori principles by which one may deductively infer that such an interpretation ex-
ists. For these reasons, I believe that (a) the definition of duality presented in this
chapter is broader, more flexible, and more faithful to string theory history than that
proposed by Polchinski; and (b) that the right approach to such dualities is the moti-

vational approach.®

6.5.3 Confident and Cautious Motivational Approaches
Other authors working in the foundations of quantum gravity—most notably De
Haro—also appear to endorse something akin to the motivational approach to du-

alities:

Duality in mathematics is a formal phenomenon: it does not deal with

61The facto here being the construction of the two original, dual theories.

2Specifically, vis-a-vis both their theoretical equivalence and their empirical equivalence.

31f one endorses these views, then one will argue that more needs to be done to demonstrate the
physical equivalence of duality-related models of certain string theories—in terms of exploring the
mathematics and interpretation of M-theory—before such physical equivalence can be declared by
appeal to this (conjectured) theory.
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physically interpreted structures ... But this is also how the term is used
by physicists: it is attached to the equivalence of the formal structures of
the theories, regardless of their interpretations, i.e. without it necessarily
implying the physical equivalence of the theories which describe two con-

crete systems. ...

Duality, then, is one of the ways in which two theories can be theoretically
equivalent, without its automatically implying their physical equivalence.

[48, p. 9]

I concur with this verdict, though it is worth exploring further De Haro’s position.
To do so, first follow De Haro in distinguishing (i) ‘extendable” and ‘unextendable’
theories—i.e. “theories which do, respectively do not, admit suitable extensions in
their domains of applicability” [48, p. 4]—and (ii) ‘external” and ‘internal” interpreta-
tions of theories—i.e. “interpretations which are obtained from outside (i.e. by cou-
pling the theory to a second theory which has already been interpreted), respectively
from inside, the theory” [48, p. 4].%

De Haro argues that, since extendable theories may be coupled to further theo-

ries, they should not be regarded as being physically equivalent.®®

His reasoning here
is motivated by Galileo ship-type scenarios. To see this, consider the same physical
system (e.g. the ship), coupled to two further different physical systems (e.g. the shore
at rest versus the shore in motion)—we should (De Haro claims) not necessarily re-
gard these two extendable models as being physically equivalent tout court, in light
of possible couplings to other physical systems which suffice to reveal their phys-

ical distinctness. The same point applies to dual extendable theories: though they

are intertranslatable via the formal duality map, they should not be regarded as being

For further details, see [48, §1]. Cf. also [55], in which a very similar distinction is drawn.
85 For further discussion of these matters in the symmetries literature, see [89,205]; cf. also footnote
10.
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physically equivalent, in light of possible further couplings to other physical systems.

Though I concur with De Haro on this point—indeed, ultimately I fully agree with
De Haro (and his close collaborator, Jeremy Butterfield) on these matters—it is worth
reflecting further upon his writings (and those of Butterfield), since doing so brings
to light two different sub-views within the motivational approach (viz., the confident
and cautious versions of the motivational approach, discussed in §§6.3.3 and 6.5.1). To

this end, consider the following passage from Butterfield: [32, p. 5]

. De Haro proposes a sufficient condition for one to be justified in in-
terpreting two duals to be physically equivalent. This sufficient condition
has two conjuncts. The first is that each dual is unextendable: which means,
roughly speaking, that the dual, i.e. the theory, both is a complete descrip-
tion of its intended domain and cannot be extended to a larger domain.
The second is that each dual has an internal (as against external) interpre-
tation: i.e. an interpretation that does not proceed by coupling to another
theory, often one which describes measurements of the given theory’s do-
main. These conjuncts are linked in that De Haro argues that unextend-
ability implies that one is justified in using an internal interpretation: (jus-

tified but not obliged—there can still be external interpretations).

I fully agree with this passage. Indeed, Butterfield goes on to write that “a state-
ment of the bare theory, and an internal interpretation, are not automatic, given a
proven duality” [32, p. 43], and to argue that (e.g.) Newton and Clarke were right not
to move from Newtonian mechanics formulated in Newtonian spacetime to Newto-
nian mechanics formulated in Galilean (or Newton-Cartan) spacetime, as they did
not have the relevant internal interpretation to hand (cf. [45, p. 854]). This resistance

to ab initio declarations of physical equivalence is, of course, very consonant with the
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motivational approach—to which, for such reasons, I take Butterfield and De Haro to

subscribe.

That said, the above, extended passage from Butterfield is ambiguous between a
‘confident’ version of motivationalism, according to which the internal interpretation
on which dual (unextendable) theories may be regarded as being physically equiv-
alent always exists, and a ‘cautious’ version of motivationalism, according to which
there is no guarantee that such an internal interpretation exists. One of the central
contributions of the present chapter is the delineation of these distinct sub-views,

hitherto overlooked in the literature.®®

As I see it, the cautious version of the motivational approach is to be preferred.
Let me explain why; I have, in particular, three points to make. First, it seems pos-
sible to envisage (admittedly artificial) cases in which duality-related models do not
possess sufficiently rich common structure to afford a coherent physical interpreta-
tion: imagine that the two models agree on empirical substructures, in addition to
having extra structure, which is not isomorphic between the two models. In that case,
the only ‘common’ structures may be the empirical substructures of both models—
but the empirical substructures alone are insufficient for a realist understanding of

what the mathematical model is supposed to represent in the world.

Second, some philosophers, notably Dasgupta, would maintain that we do not yet
have a coherent explication of the common ontology underlying models of Newto-
nian mechanics related by static shifts, or models of GR related by hole diffeomorphisms—
for, Dasgupta argues, standard responses such as sophisticated substantivalism make
appeal to problematic “bare modal claims” [43, p. 120]; moreover, any alternative ap-

proach, such as an appeal to so-called ‘Einstein algebras’ (cf. e.g. [64, ch. 9]), will face

6] thank Jeremy Butterfield and Sebastian De Haro for discussion on these matters; in private com-
munication, both have indicated that they favour the cautious motivational approach.
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similar problems. In such a case, for authors such as Dasgupta (who, incidentally, also
endorses something like the motivational approach to symmetries—cf. [45, pp. 853-
854]), no such coherent explication of the common ontology underlying the models
in question is forthcoming; nor is it guaranteed to exist. Thus, this particular case
illustrates one of the ways in which one would be pushed towards the more cautious

motivational view.

Third and finally, my preferred version of the motivational approach is, I contend,
the most epistemically cautious interpretative attitude possible towards models of
physical theories related by symmetries/dualities.®” In my view, it is therefore unrea-
sonable to demand that the burden of justification lies with this position; rather, there
exists a positive burden of justification—here to argue that there always exists a co-
herent explication of the common ontology underlying symmetry- or duality-related
models—for advocates of riskier approaches, such as the confident motivational ap-

proach, or the interpretational approach.

6.6 Consensus

In §6.1, I highlighted two oft-advanced reasons for regarding duality-related models
as being physically equivalent in the absence of a coherent explication of their com-
mon ontology: (1) such a position—the interpretational approach to dualities—fits
with the parallel interpretational approach to symmetries; (2) such a position accords
with a perceived consensus in contemporary theoretical physics. Up to this point,

I have focussed on arguing against (1)—by arguing against the interpretational ap-

’There is some analogy here with van Fraassen’s constructive empiricism [210], often justified on
the grounds that “belief in the empirical adequacy of accepted theories [is] the weakest attitude one can
attribute to scientists at the same time that one is still able to make sense of their scientific activity” [144,
§2.2].
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proaches to both symmetries and dualities, and for their motivational alternatives. In
this section, I turn to (2), giving evidence that the interpretational approach to duali-

ties does not, in fact, represent a consensus in the relevant areas of theoretical physics.

To begin, recall from §6.5.3 De Haro’s observation that, in physics, the term ‘dual-
ity” “is attached to the equivalence of the formal structures of the theories, regardless
of their interpretations” [48, p. 12]. That is, in theoretical physics the term ‘duality” is
often applied to theories which are solely theoretically equivalent—physical equiva-

lence notwithstanding. It is not hard to identify explicit evidence for De Haro’s claim

in the literature. For example, Vafa defines a duality thus: [213, pp. 4-5]%

Consider a physical system () (which I will not attempt to define). And
suppose this system depends on a number of parameters [\;]. Collec-
tively we denote the space of the parameters \; by M which is usually
called the moduli space of coupling constants of the theory. ... Typically
physical systems have many observables which we could measure. Let us
denote the observables by O,. Then we would be interested in their cor-
relation functions ... The totality of such observables and their correlation
functions determine a physical system. Two physical systems @ [M, O,],
Q [M, @a] are dual to one another if there is an isomorphism between M
and M and O <> O respecting all the correlation functions.*”

Vafa’s focus is clearly upon the formal, mathematical equivalence of the two the-
ories in question (i.e. upon formal equivalence, in the sense of §6.4.1). If one under-

stands correlation functions as being the empirical substructures of the theories under

®For philosophical discussions drawing upon Vafa’s definition of a duality, see [134, §3] and [176,
§2l.

%Here, by a ‘physical system’ (), we can understand Vafa to mean a physical theory T; one may
then identify M with our reduced space of DPMs, D (note that the tilde here refers to the quotienting
of D by gauge-equivalent models, rather than to the space of DPMs of the dual theory). By O, we
understand Vafa to mean the set of observables O, for the theory in question.
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consideration (in the sense of [210, pp. 67ff.]), then one may be able to argue in addi-
tion that Vafa is interested in the empirical equivalence of such theories. However, for
my purposes the essential point here is that no claim regarding the physical equiva-
lence of duality-related models is advanced. This accords with the view that, in the
physics literature, the term ‘duality’ is often applied to cases of theoretical equiva-
lence, without (explicit) assumptions being made regarding the physical equivalence

of the models in question.

For a second piece of evidence to this end, consider the following quote from

Maldacena [130, p. 61], made in the context of the AdS/CFT correspondence:

What does it really mean for the two [dual] theories to be equivalent? First,
for every entity in one theory, the other theory has a counterpart. The en-
tities may be very different in how they are described by the theories: one
entity in the interior might be a single particle of some type, correspond-
ing on the boundary to a whole collection of particles of another type,
considered as one entity. Second, the predictions for corresponding enti-
ties must be identical. Thus, if two particles have a 40 percent chance of
colliding in the interior, the two corresponding collections of particles on

the boundary should also have a 40 percent chance of colliding.

Maldacena is making two claims here. First, he is saying that, given two dual theories,
every entity in each theory has a ‘counterpart’ entity in the corresponding dual theory.
Second, he is saying that dual theories must be empirically equivalent. With regard
to the first point: to say that each such entity has a ‘counterpart’ in the corresponding
dual theory is, of course, very different from saying that they are truly one and the
same thing. (The relation of counterparthood is not the identity relation!) And with

regard to the second point: empirical equivalence is, of course, very different from
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physical equivalence. (Physical equivalence implies empirical equivalence, but not

vice versa.)

To be clear, it is not my intention here to try to answer the (tricky) question of
when exactly physicists do and do not call an isomorphism between spaces of solu-
tions a duality. Rather, my purpose in this section is less ambitious: I seek merely to
emphasise that physicists do not invariably regard dual models as being physically
equivalent, and (relatedly) that they do not invariably regard the notion of ‘duality’
as involving the notion of physical equivalence. To do this, it is clearly not required
that one gets a grip on the question of when exactly physicists call an isomorphism
between spaces of solutions a ‘duality’—though I admit that this is indeed an inter-

esting question worthy of further scrutiny.

6.7 Close

In this chapter, I have argued that it is not invariably legitimate to regard duality-
related models as being physically equivalent; rather, the existence of a duality at
most motivates one to seek a coherent explication of the ontology underpinning their
physical equivalence—and only once such an explication is secured may one indeed
take the models in question to be physically equivalent. In order to achieve this goal, I
have both (in §6.5) appealed to an analogous distinction in the case of dualities to that
between the interpretational and motivational approaches to symmetry transforma-
tions; and argued (in §6.6)—for what it is worth—that physicists” understanding of
duality-related models vis-a-vis their physical equivalence is less clear-cut than some
philosophers take it to be. The moral of these investigations is a familiar one in the
philosophy of physics: that the situation—here regarding dualities—is less straight-
forward than one might at first think. This chapter may be judged a success to the ex-
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tent that the (in my view) over-simplified, false impression that duality-related mod-

els may always be taken to represent the same physical state of affairs is dispelled.
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