SCATTERING DIAGRAMS, STABILITY CONDITIONS, AND
COHERENT SHEAVES ON P?

PIERRICK BOUSSEAU

ABSTRACT. We show that a purely algebraic structure, a two-dimensional scattering
diagram, describes a large part of the wall-crossing behavior of moduli spaces of Bridge-
land semistable objects in the derived category of coherent sheaves on P2. This gives
a new algorithm computing the Hodge numbers of the intersection cohomology of the
classical moduli spaces of Gieseker semistable sheaves on P2, or equivalently the refined
Donaldson-Thomas invariants for compactly supported sheaves on local P2.

As applications, we prove that the intersection cohomology of moduli spaces of
Gieseker semistable sheaves on P? is Hodge-Tate, and we give the first non-trivial nu-
merical checks of the general x-independence conjecture for refined Donaldson-Thomas
invariants of one-dimensional sheaves on local P2
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0. INTRODUCTION

0.1. Overview. The concept of scattering diagram comes from the work of Kontsevich-
Soibelman and Gross-Siebert in mirror symmetry. In this context, a scat-
tering diagram is an algebraic structure which is supposed to encode the behavior of
holomorphic discs with boundary on torus fibers of the Strominger-Yau-Zaslow fibra-
tion . Essentially the same algebraic structure appears in an a priori completely
different setting: the wall-crossing behavior of Donaldson-Thomas counts of semistable
objects in a Calabi-Yau triangulated category of dimension 3, upon variation of the stabil-
ity condition |[KS08,JS12,[KS14]. A precise connection between scattering diagrams and
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spaces of stability conditions for quivers with potential has been established by Bridge-
land [Bril7], recently followed by Cheung-Mandel [CM19], and has been used by the au-
thor and Argiiz [AB21] to prove new results on the structure of quiver Donaldson-Thomas
invariants such as the flow tree formula conjectured by Alexandrov-Pioline |[AP19] .

The aim of the present paper is to explore further this connection between stability
conditions and scattering diagrams in a specific geometric example. We consider the
complex projective plane P2 and the space of Bridgeland stability conditions Stab(IP?)
[Bri07] on the bounded derived category D(P2) of coherent sheaves on P2. The space
Stab(PP?) is a complex manifold of complex dimension 3. We focus on a particular subset
U of Stab(P?) of complex dimension 1. Using as input the intersection cohomology of
the moduli spaces of semistable objects in D’(IP?) at various points of U, we construct a
scattering diagram @Ei} on U. On the other hand, we give a purely algorithmic definition
of another scattering diagram S(Di,) on U.

Our main result is that these two scattering diagrams coincide.

Theorem 0.1 (=Theorem [5.9). We have
O = ().
We stress that the left-hand side CDE?U encodes some complicated geometry of the moduli

spaces of semistable objects in D?(P?), whereas the right-hand side S(®) is completely
algorithmic and can be easily implemented on a computer.

As the notion of Gieseker stability can be recovered as a limiting case of Bridgeland
stability condition, Theorem gives a new algorithm to compute intersection cohomol-
ogy of the classical [HL10] moduli spaces of Gieseker semistable sheaves on P2. Using this
algorithm, we prove that the intersection cohomology of the moduli spaces of Gieseker
semistable sheaves on P? is concentrated in Hodge bidegrees (p,p) (Theorem [0.2)), and we
make the first non-trivial numerical checks of the general y-independence conjecture for
intersection cohomology of moduli spaces of Gieseker semistable one-dimensional sheaves
(Conjecture [0.4} Theorem [0.6)).

We have phrased our main result in terms of the derived category of coherent sheaves
on P2. One motivation for this choice is that moduli spaces of Gieseker semistable sheaves
on P2 are classical objects of algebraic geometry and the study of their intersection coho-
mology is an interesting topic on its own. Nevertheless, an alternative more modern point
of view would be to consider Theorem as a statement about Kp2, the non-compact
Calabi-Yau 3-fold total space of the canonical line bundle of P2, also known as local P2.
Indeed, U can also be viewed as a subspace of the space of Bridgeland stability conditions
of the category Dg(sz) of coherent sheaves on Kpe set-theoretically supported on the
zero-section, and the intersection cohomology of moduli spaces of semistable objects in
D®(P2) involved in the definition of Z)Ei} coincides with the refined Donaldson-Thomas
invariants of Kp2. In particular, the combinatorial understanding of @Ei} provided by
Theorem is an expression of the Kontsevich-Soibelman wall-crossing formula [KSO08|
for Donaldson-Thomas invariants of Calabi-Yau 3-folds.

In the follow-up paper |[Boul9b|, we will combine Theorem with the main result
of Gréfnitz [Gra20] to prove N. Takahashi’s conjecture [Tak01,[CvGKT18b] on genus-0
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Gromov-Witten theory with maximal tangency of the pair (P?, E'), where F is a smooth
cubic curve in P2. We will also establish in [Boul9b] a new sheaves/Gromov-Witten
correspondence, relating Betti numbers of moduli spaces of one-dimensional Gieseker
semistable sheaves on P2, or equivalently refined genus-0 Gopakumar—Vafa invariants
of local P2, with higher-genus maximal contact Gromov—-Witten theory of (P?, F). In
combination with the work [BFGW21] on the Gromov-Witten side, this will give the first
mathematical proof of a non-trivial example of the general structure properties (finite
generation, quasimodularity, holomorphic anomaly equation) expected from string theory
for the refined topological string on Calabi-Yau 3-folds [HK12|.

The rest of the introduction is organized as follows. In §0.2| we give a more detailed
description of the objects @va and S(D},) involved in the statement of Theorem In
J0.3] we briefly describe the technical tools used in the proof of Theorem [0.1} In §0.4] we
state precisely our results on moduli spaces of Gieseker semistable sheaves on P2. Finally,
we discuss connections with related works in §0.5

0.2. Description of the scattering diagrams S(®,) and DF,.

0.2.1. Scattering diagrams. Both S(D,) and @Ei} are scattering diagrams on U for the
Lie algebra g,,. Here, U is the open subset of R? defined by

U:={(z,y) e R*|2* + 2y > 0},
and g,,, the Q(u*z,v*2)-Lie algebra
Guo = @ Quz,0%2)z"
meZ?

with Lie bracket given by

(m.m) (m,m')

[z, 2 ] i= (1)) ((wo) 72 = (uw) ™2 )2,

where
(=, -\Z*x7? > 7
{(a,b),(a’,b")) :=3(a’b-ab’).
For the purposes of the present paper, a scattering diagram ® on U for g, is a collection
of rays 0 = (|9, Hy), where:

(i) Hy € Q(u*z,v*2)z™ for some m, € Z2 called the class of the ray 0.
(ii) 9| is an oriented line segment or half-line contained in U, of direction —m,, and
called the support of the ray 0.

To every ray 0 = (0|, Hy) of a scattering diagram, we attach the group element
D, = exp(H,)

in the group G := exp(g.) with Lie algebra g, , defined by the Baker-Campbell-Hausdorff
formula. In fact, in order to make sense of G and of the exponential map exp:g,, = G,
one needs to work with various completions of g,,. In this introduction, we ignore this
issue and we refer to {I] for details.
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A scattering diagram © on U for g,, is consistent if for every o € U the product of

the group elements @;D(a), taken over all the rays 0 of ® passing through ¢ and in the
anticlockwise order around o, is the identity. Here, we set €;,(0) = +1 depending if the
orientation of ? points towards ¢ or not.

An elementary but important fact going back to Kontsevich-Soibelman [KS06] gives a
systematic way to construct consistent scattering diagrams. Let us start with a scattering
diagram ®. Then ® is not necessarily consistent: there can exist a point ¢ € U such that
the product of group elements (I>§°(U) around o is not the identity. Then, Kontsevich-
Soibelman [KS06| proved that there is a unique way to add rays starting at o in order
to form a new scattering diagram such that the composition of the group elements CIDSD(U)
around o is now equal to the identity. The rays that need to be added are completely
determined by the consistency condition and so by the Lie bracket of the Lie algebra g, .
The new scattering diagram is now consistent around o, but due to the newly added rays,
there are now maybe new points ¢’ € U where consistency fails, and the construction needs
to be iterated by successive additions of new rays. Dealing with the convergence issues
of this potentially infinite process (as done carefully in , we end up with a consistent
scattering diagram. In other words, starting with any scattering diagram ®, there is a
canonical way to produce a consistent one, that we denote by S(®). Each time rays of
® intersect, new rays are added to guarantee the consistency and the process is iterated.
This explains the scattering terminology: when rays meet, they ‘scatter’ and produce
new rays in a completely algorithmic way.

0.2.2. The scattering diagram S(D,). The scattering diagram S(Di,) is obtained by
the consistent completion ® — S(®) described above for a specific choice of initial scat-
tering diagram @}, which can be explicitly described. We first remark that the boundary
of U is the parabola in R? of equation x2? + 2y = 0. The support of the rays of DIt are the

. . : 2 : “
tangent lines to this parabola at the points s, := (n,—%-). More precisely, we denote by
[0;;| the oriented tangent half-line of direction —m;, where m}, = (-1,n), and by [0;,| the
oriented tangent half-line of direction —m;,, where m;, = (1,-n). Then the rays of D,

are given by o7 , = ([0;], H ) and 0, , = ([o;|, H,, ), n € Z, £> 1, where

1 1

H:L—Z - __ , : Zémjl c @(uiéjvi%)zém; ’
’ 14 (uv)z — (uv)~2
and
- 1 1 m; +1 LI\ emo
H, = 2 e Q(utz, v*2)

£ (u)? = (uv)2
We refer to Figure 1| for a pictorial representation of the support of D, and to Figure

for a pictorial representation of the support of the first steps of S(DI,).

0.2.3. The scattering diagram 9521;- The scattering diagram 5‘352@ is constructed in terms
of the moduli spaces of Bridgeland semistable objects in the bounded derived category
D°(P2) of coherent sheaves on P2. We denote T' = Z3 = Ky(P?) and v = (r,d,x) € T,
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FIGURE 1. The scattering diagram D1,

where r stands for the rank, d for the degree, and x for the Euler characteristic of an
object in D?(P2).

Recall from that every Bridgeland stability condition o on D’(P?) comes with
the data of an additive map

Z°%:1' - C,
v Z7,
called the central charge. The notion of stability specified by ¢ is determined by the
relative phases of the central charges Z7.

Bridgeland stability conditions for polarized surfaces, such as P?, have been well studied
[Bri08,/ABCH13BM11|. In particular, it is known how to construct an explicit half-space
H := {(s,t) € R2|t > 0} of stability condition on D’(P?). The central charge for the
stability (s,t) € H is given by

1 3
74 = _5(32 —t)r+ds+1r+ §d—X+i(d— sr)t.

The main idea to construct scattering diagrams from stability conditions is to consider
loci of stability conditions ¢ indexed by v € I' and defined by the condition that the
central charge Z7 remains of constant phase. In terms of the (s,t) coordinates on H,
these loci are parabola in H and not straight lines. Our main remark is that the map

H-U
1
(50) = (7,9) = (5,5 (= )
is a bijection, such that, for every v = (r,d, x) € I, the locus Re Zg = 0 has equation
ry+dm+r+;d—x=0,

in terms of (z,y) € U, and so is a straight line in U. From now on, we use this identification
H ~ U to view U as a space of stability conditions on D’(IP?). In other words, we obtained
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U from H by defining on H an integral affine structure such that the functions o = Re Z7
become integral affine coordinates. The elementary change of variables (s,t) ~ (z,y)
gives a new perspective on the standard upper half-plane H of stability conditions and is
the key observation which makes the appearance of a scattering diagram possible.

For every v € I'and o € U, we have a projective variety M¢ parametrizing S-equivalence

classes of g-semistable objects of class v in D’(P?). We refer to for details. The
projective varieties M7 are in general singular, due to the existence of strictly semistable
objects. Nevertheless, the intersection cohomology groups I H k(M;’ ,Q) behave as well
as the cohomology groups of a smooth projective variety [GMS80, GM83, BBD&2|, and
in particular carry naturally a pure Hodge structure of weight £ [Sai90]. We denote
by [hp4 (MEY’ ) the corresponding Hodge numbers, which can be organized into signed
symmetrized intersection Hodge polynomial

dim M7
Thg(uz,v%) = (—(uv)z)~ M Zo (-L)PHaIhPI (M7 )uPv? € Z[u*2, v*2].
p,q=
]P)Q

u,I

To describe the scattering diagram
Hodge polynomials and to define

it is actually more convenient to reorganize these

—0, 1 1 1
Q (uz,v2) == ) 7

~'el’
y=by

!

This formula might seem a bit unmotivated from the point of view of the classical ge-
ometry of moduli spaces of sheaves on P2. However, it is the familiar way to package
Donaldson-Thomas invariants in the presence of strictly semistable objects [KS08.|JS12].
Intuitively, the denominator in the formula comes from the fact that every stable object
has a group of automorphisms equal to C*.

The scattering diagram @E’ij is then defined as follows. For every v € I', we consider
the set R, of points ¢ € U such that Re ZJ = 0 and such that ﬁi(u%,v%) # 0. It happens
that R, is a half-line, contained in the straight line of equation Re Z7 = 0. Denoting
m. = (r,—d) € Z*, we attach to every point o of R, the generating series

nyT = ﬁz(ué,’l)%)zm” € Q(ui%71}i%)zmv .

and the generating series HJ are locally const&:nt away from points where they jump in
a discontinuous way. At such points, where R, crosses walls in the space of stability
conditions, the notion of semistability for objects of class v changes. These points of
wall-crossing give a subdivision of I, into line segments R, ;. We attach to each line
segment R, ; the corresponding generating series H., ; := HY which is now independent
of 0 € R, by construction. By definition, ’DE?U is the scattering diagram on U for g, ,
whose rays are the (R, ;, H, ;) for all v €I" and for all j.

As a function of ¢ € R,, the moduli spaces M7, and so the Hodge numbers Ih?4(M7)
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0.2.4. Terminology. 1t is worth pointing that we use the terminology ‘scattering diagram’
in a slightly extended sense: ’Dﬁfv is really a structure in the sense of |[GS11] or a wall-
crossing structure in the sense of [KS14]. In other words, it is an infinite collection of local
scattering diagrams in the sense of [GS11]. Our terminology choices come from trying
to avoid the potential confusion between the usages of the word ‘wall’ in the mirror
symmetry context and in the stability conditions context.

One should also remark that ’DEZU is really a quantum scattering diagram, in the sense
that the generating series HJ are elements of the quantum torus Lie algebra. In the
classical limit, generating series HJ reduce to generating series of Euler characteristics of
the intersection cohomology of moduli spaces of semistable objects.

0.3. Structure of the proof of the main result. The scattering diagram S(D» )
is defined starting with a simple initial scattering diagram ®  and then taking its
consistent completion. The proof of Theorem , that is, of the equality @Ei} =S5(®),
has correspondingly two parts. We first show that ®F’ is consistent, and then that ©F
has the same initial data as S(D1 ). Then, the result follows from the uniqueness of the

consistent completion.

0.3.1. Consistency from wall-crossing formula. The most non-trivial property about the
scattering diagram @E’ij that we have to prove is its consistency. This is equivalent to a
wall-crossing formula for the Hodge numbers of intersection cohomology of moduli spaces
of semistable objects upon variation of the stability condition.

The key point is the relation between intersection cohomology and Donaldson-Thomas
invariants, which goes back to Meinhardt-Reineke [MR17]. This relation has been ex-
tended to Gieseker semistable sheaves on surfaces with negative canonical line bundles
in [MM18| and to some abstract framework for categories of homological dimension one
in [Meil5].

The crucial input that will enable us to use this class of techniques is a result of Li-
Zhao |LZ19b|: for every o € U and for every class v, the stack of o-semistable objects
of class 7 is smooth. More precisely, the Ext®-group between two o-semistable sheaves
of class v vanishes if v is not the class of a zero dimensional sheaf. This vanishing is
well-known and obvious for Gieseker semistable sheaves, but is not obvious at all if o is a
general stability condition in U, so we are really using the non-trivial content of |[LZ19b].
Once we know this vanishing, we can apply the machinery described in [Meil5] to get that
indeed Hodge numbers of intersection cohomology of moduli spaces of semistable objects
satisfy the wall-crossing formula of Kontsevich-Soibelman [KS08| and Joyce-Song [JS12].

Alternatively, we could consider the derived category D§(Kp2) of coherent sheaves on
the total space of the canonical line bundle Kp2 = Opz(-3) of P? which are set-theoretically
supported on the zero-section P2. As Dj(Kp2) is a Calabi-Yau triangulated category of
dimension 3, it is a natural place for Donaldson-Thomas theory and the wall-crossing
formula.

In fact, U can also be viewed naturally in the space Stab(Kpz) of Bridgeland stability
conditions on Dj(Kp2). We should note that the spaces Stab(PP?) and Stab(Kp2) behave
globally in very different ways, and that it is only in restriction to U that we can identify
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FIGURE 2. First steps of the scattering diagram S(D ). Figure due to
Tim Gréfnitz [Gra20].
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them. Adapting the proof of [CMT18, Proposition 3.1] given for Gieseker semistable
sheaves, it follows from the vanishing result of Li-Zhao [LZ19b| that for every o € U, o-
semistable objects in Dg(sz) have cohomology sheaves scheme-theoretically supported
on P2, and so coincide with o-semistable objects in D’(P?). Therefore, the Hodge numbers
of intersection cohomology of moduli spaces of g-semistable objects in D’(IP?) are really
(refined) Donaldson-Thomas invariants of Kp.

The conclusion is that we think conceptually about Kp2 but we work technically on P2
Refined Donaldson-Thomas theory in the context of general Calabi-Yau 3-folds requires
a discussion of orientation data, and we refer to |[Shil8] for a discussion precisely in the
case of Kpz2, but thanks to the smoothness of the moduli stack of semistable objects, we
don’t have to go into these technical aspects of the general story.

0.3.2. Initial data. The combinatorial definition of the scattering diagram S(®i,) in-
volves very simple initial data, and then a completely algorithmic completion which
guarantees its consistency. Once we know that the scattering diagram ’DE?U is consistent,
it is enough to show that it has the same initial data as S(®I,) in order to conclude the

equality 33]5,2@ = S(®i,) which is the statement of Theorem
We will show that the initial rays 97, , and ?; , of S(D;7,) correspond respectively from

the point of view of DE’, to the line bundles O(n) and their shift O(n)[1], for n € Z. They
come out from the points s, in the boundary parabola of U where the central charge of
O(n) vanishes. In order to prove that D, has the same initial data as S(Di,), it is

enough to show that, in the region in U near the boundary parabola, @Eij consists only
of the rays associated to O(n) and O(n)[1].

This comes from the fact that this region can be decomposed into triangles in corre-
spondence with exceptional collections of objects in D?(P2). A stability condition in the
interior of such a triangle is equivalent to a stability condition with quiver heart. Using
the fact that the class of an object in a quiver heart is a linear combination with nonneg-
ative coefficients of the classes of the three simple quiver representations, we can show
that no object has Re Z = 0 inside each triangle, and so that the scattering diagram @E’fv,
defined in terms of the condition Re Z =0, is trivial in the interior of all the triangles.

In order to have such a simple picture, with initial data in correspondence with line
bundles and determining everything else by wall-crossing, it is essential to restrict our
attention to semistable objects with a fixed phase of the central charge, such as the
semistable objects with Re Z7 = 0 entering in the definition of @Ei}. Indeed, there is no
point in U where the set of all semistable objects is really simple, and so the naive idea
to find a point in U where the set of all semistable objects is simple, and then to move to
a more complicated point by wall-crossing, does not work. By considering the scattering
diagram @Ei,, we are only looking at semistable objects with Re Z7 = 0, and according
to the previous paragraph, there is a region in U where the set of such semistable objects

is simple.

0.4. Applications to moduli spaces of Gieseker semistable sheaves. For every
v = (r,d,x), let M, be the moduli space of S-equivalence classes of Gieseker semistable
sheaves of class v on P2. A reference for the classical topic of moduli spaces of Gieseker
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semistable sheaves is the book [HL10]. For every v € I', M., is a projective variety, singular
in general. Nevertheless, the intersection cohomology groups I H*(M,,, Q) behave as well
as the cohomology groups of a smooth projective variety, and in particular carry naturally
a pure Hodge structure of weight k. We denote by IhP4(M.,) the corresponding Hodge
numbers and by Ib;(M,) the corresponding Betti numbers.

For every v € I, we have M9 = M, for 0 = (x,y) € U with y large enough. Theorem
gives an algorithmic way to compute the intersection Hodge numbers Ih#¢(M¢7), and so
the intersection Hodge numbers Ih?4(M.,). Using this algorithm, we prove the following
result.

Theorem 0.2 (=Theorem [6.2)). For every v eI, we have IhP4(M,) =0 if p+q.

If v is primitive then semistability coincides with stability, M., is smooth, intersection
cohomology coincides with ordinary cohomology, and in this case Theorem is classical
[ESm93,Bea9h,|Mar07]. In general, under the extra assumption r > 0, a different proof of
Theorem [0.2] could be extracted from [MM1§].

The fact that the lines bundles O(n) for n € Z generate D°(P?) goes back to Beilin-
son [Bei78]. The scattering diagram @Ei, gives an explicit way, at the level of intersection
cohomology of moduli spaces, to reconstruct Gieseker semistable sheaves from line bun-
dles by successive exact triangles in the derived category. In particular, we obtain a de-
composition indexed by trees of the intersection cohomology of moduli spaces of Gieseker
semistable sheaves, which seems to be new. We refer to for details.

We also prove an analogue of Theorem involving the real algebraic geometry of the
moduli spaces M,. We refer to for details.

Theorem 0.3. For every v €', and for every 0 < p < dim M,, the complex conjugation
in Gal(C/R) acts as (1) on IH?(M,,,Q).

Our final results on moduli spaces of Gieseker semistable sheaves concern sheaves sup-
ported on curves, that is with v = (0,d,x) and d > 1. The intersection Betti num-
bers 1 bj(M(O,d,x)) are refined Donaldson-Thomas invariants for one-dimensional sheaves
on Kpz, and so can be viewed as refined genus-0 Gopakumar-Vafa invariants of Kp2
(see [Boul9b| for details). Tensor product with O(1) and Serre duality induce isomor-
phisms M 4y) = M©dx+d) and May) = M,q4-y)- On the other hand, if d > 3 and
X" # +x mod d, then the algebraic varieties M q,) and M4, are not isomorphic
by [Wool3, Theorem 8.1]. This makes the following conjecture particularly non-trivial.

Conjecture 0.4. E| For every fivred d > 1, the intersection Betti numbers 1b;(My,) do
not depend on x.

It is a general conjecture due to Joyce-Song |JS12, Conjecture 6.20] (see also |[Tod12,
Conjecture 6.3]) that (unrefined) Donaldson-Thomas invariants for one-dimensional sheaves
on Calabi-Yau 3-folds should be y-independent. This conjecture is known for Kpz (see

[CMT18, Appendix A] and [Boul9b]). Conjecture [0.4]is the refined version of the Joyce-
Song conjecture.

!Note added in the final version (08/2021): this conjecture has now been proved by Maulik and
Shen [MS20].
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Using Theorem as an essential ingredient, we will prove in [Boul9b| a special but
already quite non-trivial case of Conjecture [0.4]

Theorem 0.5. ( [Boul9b, Theorem 0.5.2]) For every fized d > 1, we have Ib;(M ay)) =
Ibj(Mo,ay)) as long as ged(d, x) = ged(d, x").

Using the algorithm given by Theorem to compute the intersection Betti numbers
Ib;(Mo,4,x)), we can practically test Conjecture in low degrees.

Theorem 0.6. Conjecture [0.4] holds for d < 4.

As the intersection Betti numbers are computed by the scattering diagram S(®ir,),
one might hope for a combinatorial proof of Conjecture [0.4, This seems quite difficult.
In particular, we will see explicitly in the proof of Theorem in that the tree
decompositions of the Betti numbers are different for different values of x, and only the
total sum over the trees is y-independent in a seemingly miraculous way.

0.5. Relations with previous and future works. In this section we briefly mention
some related works.

0.5.1. Bridgeland. The idea to consider objects with fixed argument of the central charge
in order to make a connection between scattering diagrams and stability conditions, in
the context of quivers with potentials, is already contained in [Bril7]. Given (Q,W) a
quiver with potential, let @y be its set of vertices and I' = Z%0 the lattice of dimensions
for representations of ). We denote I'V := Hom(I',Z) and I'} := I'V ®; R. Let C be
the triangulated category of dg-modules with finite-dimensional cohomology over the
Ginzburg dg-algebra of (Q, W) [G06, KY11]. It is a triangulated category, Calabi-Yau
of dimension 3, with a natural bounded t-structure of heart the abelian category A of
finite-dimensional representations of the Jacobi algebra of (Q,W). We have a natural
embedding
['y = Stab(C),

6 = (Z6’7 'A) )
with the central charge Z%:T' - C given by
7% =-0+i6,
where
0:I' > 7Z
(V)je@o = 2, Vi
JeQo

is the total dimension for representations of ). The main result of [Bril7] is the con-
struction, in terms of Donaldson-Thomas invariants of C, of a scattering diagram D(@W)
on I'y, supported on the loci of points ¢ € I'j; such that there exists v € I' such that

Re Z% = -0(y) = 0 and such that there exists a f-semistable object of class 1.

Our construction of the scattering diagram DY on U is similar, but there is one main

difference. In [Bril7], the stability space I'j has a natural structure of vector space and
the scattering diagram ©(@W) is local, that is, everything non-trivial happens near 0 € I'},,
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corresponding to the fact that the abelian heart A is fixed. By contrast, in our setting,
the stability space U is only a piece of an integral affine manifold, and the scattering
diagram C‘D]ffv involves infinitely many such local scatterings, corresponding to the fact
that the abelian heart is moving in the triangulated category D°(P2).

Another result of [Bril7] is a correspondence between the chamber structure of ®(@:W)
and the mutations of (Q,W). We will establish in a follow-up paper a similar correspon-
dence between the chamber structure of @Eij and the exceptional collections of D(IP?)
related by mutations, see for more details.

For every choice of exceptional collection £ on IP?, there is a quiver with potential
(Qg, We) describing D§(Kp2), and so we can apply [Bril7] to obtain a scattering diagram
D(@eWe) in R3. It would be interesting to obtain a precise comparison between ®(Qe:We)

2
and ©F .

0.5.2. Kontsevich-Soibelman. In [KS14], Kontsevich-Soibelman introduce a general no-
tion of wall-crossing structure and give several, mainly conjectural, constructions. Under
some assumptions, they construct a wall-crossing structure on the base B of an holo-
morphic integrable system 7: M — B. When m: M — B is of Hitchin type, there is an
associated noncompact Calabi-Yau 3-fold Y and a conjectural embedding of (the univer-
sal cover of) the complement By of the discriminant locus into the space of Bridgeland
stability conditions of the Fukaya category F(Y) of Y. General Donaldson-Thomas
theory, conjecturally applied to F'(Y), naturally defines a wall-crossing structure on B.
Kontsevich-Soibelman conjecture that the wall-crossing structures on B coming from the
holomorphic integrable system 7: M — B and from Donaldson-Thomas theory of F(Y")
coincide.

In [Boul9b, §6], we explain how our main result fits into this general framework, by
taking for M the mirror of (P2, E') and for Y the mirror of Kp2. In particular, combining
hyperkahler rotation and mirror symmetry, we will obtain a conceptual heuristic expla-
nation for why the main connection established in [Boul9b| between sheaf counting on
Kpe2 and relative Gromov-Witten theory of (P2, E') should be true: under hyperkahler
rotation, holomorphic curves in P2 — E turn into open special Lagrangians in M, which
after suspension turn into closed special Lagrangians in Y, which under mirror symmetry
turn into objects of D°(Kp2).

Remark that M is not of Hitchin type and so we are slightly outside of the strict
framework of [KS14] but we are in a natural extension of it. The main reason why we
are able to extract non-conjectural statements from this story is that, in this specific
example, Y has a reasonable mirror Kp2, and so we can work with the algebro-geometric
DP(Kp2) instead of the a priori complicated looking symplectic Fukaya category F(Y).

0.5.3. Physics. Hodge numbers of intersection cohomology of moduli spaces of Bridgeland
semistable objects in DY (Kp2) are BPS indices of the N = 2 supersymmetric 4-dimensional
theory obtained by compactifying type ITA string theory on the local Calabi-Yau 3-fold
Kp.

Even if our slice U in the space of stability conditions is defined by a polynomial
central charge, we claim that the resulting scattering diagram would stay the same for
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the slice given by the vector multiplet moduli of the A = 2 theory, that is, by the stringy
Kahler moduli space of Kp2, where the central charge is given by the periods solutions
of the mirror Picard-Fuchs equation (see e.g. [BM11} §9]). More details on this claim are
given in [Boul9bl §3.4]. In fact, the main constructions of the present paper were first
tested using the physical central charge given by the periods. We choose to write the
present paper using polynomial central charge for convenience: contact with the existing
mathematical litterature is easier and change of variables given by algebraic functions
are easier to study than those given by transcendental functions. Nevertheless, in order
to generalize the present paper to more general geometries, polynomial central charges
might not be good enough in general, and the use of the honest stringy Kéahler moduli
space might be ultimately necessary.

The N = 2 theory obtained by compactifying type ITA string theory on Kp: has been
studied early on [DFRO5] (and in fact, as part of a series of physics works which motivated
the definition of Bridgeland stability conditions). At the time of [DFRO05|, the wall-
crossing formula of Kontsevich-Soibelman and Joyce-Song was not known and only some
qualitative aspects of the question of relating the BPS spectrum near the orbifold point
to the BPS spectrum near the large volume point were studied. Using the wall-crossing
formula, the scattering diagram @Ei) gives a complete answer to this physics question, in
a form which does not seem to have appeared before in the physics literature. At the level
of terminology, the scattering diagram C‘D]}fv is made of K-walls in the sense of [GMN13].

The study of the BPS spectrum of Kp2 has been revisited more recently using spectral
networks |[ESW17] and partial results have been obtained. Our approach is orthogonal:
whereas the spectral networks live on appropriate projections of the mirror curves to Kp2,
our scattering diagram naturally lives on the base of the family parametrizing these mirror
curves (see §@I} In physics language, the scattering diagram @}fv is a mathematical
version of the string junction description of the BPS spectrum in the D3-brane probe
realization of the N =2 theory (see [MNS98| and follow-ups).

0.5.4. Manschot. An alternative algorithm to compute Hodge numbers of intersection
cohomology of moduli spaces of Gieseker semistable sheaves on P2, at least for sheaves of
positive rank, has been developed by Manschot [Man11,Man13,Man17,MM18|. The idea,
going back to Yoshioka [Y0s94,[Yos95] in rank 2, is to blow-up one point on P2, reduce
the problem to the blown-up surface by a blow-up formula, and then solve the problem
on the blown-up surface by wall-crossing in the space of polarizations of the blown-up
surface.

This algorithm and the algorithm given by our Theorem are similar in the sense
that they both use wall-crossing in a space of stability conditions. But there is an im-
portant difference: the space of stability conditions in Manschot’s algorithm is a space
of polarizations, at the cost of working with an auxiliary geometry and using a blow-up
formula, whereas our algorithm only uses the geometry intrinsic to P2, at the cost of
going deep in the interior of the space of Bridgeland stability conditions. Another dif-
ference is that Manschot’s algorithm works rank by rank, and seems limited to sheaves
of positive rank, whereas our algorithm considers all ranks at once and is able to treat
sheaves supported in dimension 1.
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With his approach, Manschot is able to get explicit formulas for generating series of
invariants at fixed rank and degree, at least in low ranks. It is not clear how to do the
same with our algorithm and it is a possibly interesting question to explore.

0.5.5. Ezceptional vector bundles and mutations. As we will review in [Boul9b, §3], a
specialization S(DX,) of S(D1,) naturally appears in the Gross-Siebert description of
mirror symmetry for the pair (P2, E), where E is a smooth cubic curve in P? |[CPS10].
The scattering diagram S(D2,) has been further studied following this point of view
in [Pri20]. In particular, the main result of [Pri20] is the existence in the complement
of the support of S(D2,) of a decomposition in triangle chambers naturally indexed and
related by combinatorial mutations [ACGK12].

On the other hand, exactly the same combinatorics of mutations is well-known to
describe exceptional collections in D°(PP?) [DLP85,|Dre86|,|Dre87, GR87, Rud88|. As we
define the scattering diagram ©F’ in terms of D’(P?), and our main result (Theorem

is the equality S(D},) = @Ei,, it is natural to ask if the decomposition in triangles
of |[Pri20] has a natural interpretation in terms of exceptional collections from the point
of view of DL .

One can show that it is indeed the case, the sides of these triangles are of the form
Re Z,(p) = 0, Re Zy(g,) = 0, Re Z,(g,) = 0 for (£, Ey, E3) an exceptional collection in
D®(P2), and the combinatorial mutations of triangles match the mutations of exceptional
collections. In particular, the equality S(Di,) = ’DEZ gives a new and intrinsic to P?
explanation of the common appearance of the combinatorics of mutations in the mirror
construction for (P2, E) and in the structure of D(P?). Here intrinsic means without
using Q-Gorenstein degenerations of P2, which are naturally related to both combinatorial
mutations and to exceptional collections [Hac13|. To find such explanation was in fact
one of our original motivations for Theorem

In order to keep the length of the present paper finite, the claims of the above paragraph
will be discussed in a follow-up paper. Finally, our proof of Theorem is logically
independent of the classical results of Drézet and Le Potier [DLP85] on the classification
of exceptional vector bundles and on the criterion for nonemptiness of the moduli spaces
of Gieseker semistable sheaves. Therefore, we might expect Theorem to give a new
approach to these results, and we also refer to some future work.

0.6. Plan of the paper. In §I| we introduce general notions about scattering diagrams
and we define in a purely algorithmic way a scattering diagram S(D,). In §2 we in-
troduce specific coordinates on a slice of the space of Bridgeland stability conditions on
D’(P?) and we use them to define a scattering diagram @Ei} in terms of intersection
cohomology of Bridgeland semistable objects. In §3| we prove that the scattering diagram
D is consistent. In § we show that the scattering diagrams D%, and S(Di?,) have the
same initial data. In ~< we prove Theorem , that is, the equality @Ei, =5(®Dk,). In
we discuss various applications to moduli spaces of Gieseker semistable sheaves.
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1. THE SCATTERING DIAGRAM S(Dir)

In we review the notion of local scattering diagram. In we give a definition of
scattering diagram specifically designed for our future needs. A slightly unusual feature
is the consideration of real-valued and not just integral-valued functions ¢ as ‘regulator’
of the scattering computations. In we give a general construction of initial scattering
diagrams D™ and of their consistent completions S(D™™). We specialize this construction
in in order to define scattering diagrams S(®ir,), S(®), and S(Dh.). In we
establish a symmetry property of the scattering diagram S(D1,).

We follow to various degrees the notation and conventions of the references |GS11,
GPS10,/Grol1,Boul8|, except that what we call local scattering diagrams are the scat-
tering diagrams of |GS11], and what we call scattering diagrams are the wall structures
of [GS11|. This slight change in terminology is designed in order to avoid possible confu-
sions with the terminology usually used in the context of Bridgeland stability conditions,
which will enter the story in §2]

1.1. Local scattering diagrams. In this section, we fix M ~ Z? a two-dimensional
lattice,

oM —R
m— p(m),

an additive real-valued function on M, and

g= @ 9m >
meM
a M-graded Lie algebra over Q (that is, with [gm, 8m/] € @mems) such that [g,, g ] =0 if
m and m’ are collinear.
As ¢ is additive and g is M-graded, the subspace g, c g defined by
go= B om

meM
p(m)>0
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is a Lie subalgebra of g. For every k € R,o, we denote by my the Lie ideal

D om

meM
p(m)>k

of g, and by g’; := g, /my, the quotient Lie algebra. We say that an element z € g, is of
order> k if x € my. We denote by

ko._ k
Gs@ = eXp(g@)
the group whose elements are formal exponentials exp(g) of elements of g’;;, and whose
product is given by the Baker-Campbell-Hausdorff formula

1
exp(g1) exp(ge) = exp(g1 + ga + 5[91,92] +...).

Because we work modulo my, the Baker-Campbell-Hausdorff contains only finitely many
nonzero terms and so this definition of G% makes sense.

Definition 1.1. For every nonzero m € M, a local naked ray of class m is a subset of
Mg = M ®R of the form either Rygm or —R,om.

Definition 1.2. For every nonzero m € M, a local ray 0 of class m for (M,p,g) is a
pair (|o|, Hy), where:

(i) [9] s a local naked ray of class m.
(ii) Hy is a nonzero element of g,.

The local ray 0 = (|9], Hy) of class m is outgoing if [0| = -R,om, and ingoing if [0| = Rygm.
The local naked ray [d| is called the support of the local ray 9.

It follows from Definition that the class of a local ray is uniquely determined by
the local ray.

Definition 1.3. We denote by my € M the class of a local ray 0.
Definition 1.4. A local scattering diagram for (M, p,g) is a collection © of local rays
0= (]|, Hy) for (M, p,g), such that:

(i) For every nonzero m € M, there is at most one ingoing local ray of class m in D,
and at most one outgoing ray of class m in 2.
(ii) For every ray 0 = (|, Hy) in ©, we have ¢(my) > 0. In particular, Hy € g,.
(i1i) For every k € Ry, there are only finitely many rays 0 = (|9, Hy) in © with
@(mg) < k7
that s, with
HD +#0 mod my .

Definition 1.5. Let © be a local scattering diagram for (M, p,g). For every ray 0 =
([pl, Hy) of ® and for every positive integer k, we denote by @y the group element

Dy 1, = exp(Hy) € G]:au

where we view Hy as an element of gk .
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Definition 1.6. Let © be a local scattering diagram for (M,p,g). We fix a positive
integer k, and a smooth path
p:[0,1] — Mg - {0}

T—p(7),
with transverse intersection with respect to all the rays 0 = (|, Hy) € © with Hy # 0
mod my. Let 01,...,0n be the successive rays 0 of ® with Hy #+ 0 mod my, intersected by
the path p at times 71 < --- < 7n. Then, the order k path-orderd product along p, denoted
by ®2, , is the following product in the group G’;:

p?k"
D . EN €1
Q= (I)aN,k e q)al,k ,

where, for every 7=1,...,N,
€5 1= sign(det(p'(1;), ma, ) € {£1}
Remarks:

(i) The ordering of the rays 04, ...,0y by times of intersection with the path is slightly
ambiguous as different rays can have the same support. By the assumption
[, gm] = 0 if m and m’ are collinear, the group elements associated to rays
with the same support commute. It follows that @ik is well-defined despite this
ambiguity:.

(ii) The definition of @gk makes sense as there are only finitely many rays 0 in ® with
H, #0 mod my, by condition (2) of Definition [1.4]

Definition 1.7. Let k be a nonnegative integer. A local scattering diagram ® for
(M, p,g) is consistent at order k if for every smooth loop, that is, smooth path

p:[0,1] — Mg - {0},

T—p(7),
with p(0) = p(1), with transverse intersection with respect to all the rays 0 = (|9|, Hy) in
© with Hy # 0 mod my, the order k path-ordered product along p is the identity:

P =1eGh.

In order to check order k consistency of a local scattering diagram 9, it is enough to
show that @fk =1 for p a simple smooth loop in Mg —{0} encircling 0 and with transverse
intersection with respect to all rays of ©.

Definition 1.8. A local scattering diagram © for (M, ¢, g) is consistent if it is consistent
at order k for every nonnegative integer k.

The following Proposition states that, under some condition on the order of the
initial rays, any local scattering diagram can be completed in a consistent one. The shape
of this result goes back to Kontsevich-Soibelman |[KS06, Theorem 6]. Many variants exist
in the literature, see for example [GPS10, Theorem 1.4]. We write down below the ‘usual’
proof in order to check that it goes through our slightly unusual conventions, such that
the fact that ¢ is R-valued (and not Z-valued).
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Proposition 1.9. We fix ¢ a real number such that ¢ > 1. Let © be a local scattering
diagram for (M, p,g) such that, for every ray 0 in ®, we have @(my) > c. Then, there
exists a unique sequence (Si(D))ren of local scattering diagram for (M, p,g), such that:
(i) So(®) is the set of ingoing rays of ©.
(ii) For every k € N, Si1(®) is obtained by adding to Si(D) rays 0 such that k <
o(my) <k +1 and o(my) > c.
(iii) For every k e N, Si(®) is consistent at order k.
For every k € N, we call Sy(®D) the order k consistent completion of ©. We denote by
S(®) the limiting consistent local scattering diagram for (M, p,g) obtained for k — +oo,
and we call it the consistent completion of .

Proof. We prove the existence and uniqueness of S(®) by induction on k € N.

For k = 0, we take for Sy(®) the union of ingoing rays of ®. By condition (ii) of
Definition for every ray 0 = (|9|, Hy) of ©, we have Hy =0 mod mg, so ®,0=1. In
particular, So(®) is consistent at order zero. The uniqueness of Sy(D) is clear.

Let k € N be such that Si(®) has been constructed and proved to be unique. We wish
to construct and prove the uniqueness of Si,1(D). Let

p:[0,1] » Mg - {0},
be a simple anticlockwise loop around 0 € Mg. By the induction hypothesis, S,(D) is

consistent at order k£ and so @f’}g(g) =1in Gf;. It follows that the element ‘I)?Z(ﬁ) of G’;*l
is of the form

Sk (D
OE) = exp(HD)

where H*+1 e ghtl satisfies H* 1) =0 mod my, and so is of the form

H(k+1) — Z Gim »
meM
k<p(m)<k+1

where ¢,, € gm.

It follows from @ (my) > ¢ > 1 for every ray 0 of Sk(®), from condition (iii) of Definition
satisfied by Si(®), and from the Baker-Campbell-Hausdorff formula defining the
product in G&*! that the set M*+1) of m e M such that g,, # 0 is finite, and that, for
every such m € M*+1  we have p(m) > c.

We define Sy,1(D) as being the set of the following rays:

(i) The ingoing rays of ®, which are also the ingoing rays of Si(®D) by induction
hypothesis.
(ii) The outgoing rays of Si(D).
(iii) For every m € M+ the outgoing ray

(_R>0m7 _gm) .

By construction, Si,1(®) is consistent at order k£ + 1. Indeed, by the Baker-Campbell-
Hausdorff formula defining the product in sz“, it is consistent up to terms whose order
is at least the one of the commutators of the form

[HD7 gm] € Imo+m »



SCATTERING DIAGRAMS, STABILITY CONDITIONS, AND COHERENT SHEAVES ON P? 19

where 0 is either an incoming ray or an outgoing ray of Sx(®), so with ¢(m,) > ¢, and
where m € M(#+1) so p(m) > k, or of the form

[gma gm’] € Om+m/ 5

where m, m’ € M*+1) and so with ¢(m +m’) > 2¢ > 2 and @(m +m’) > 2k. In the first
case, the order of the commutator is strictly greater than c+k > k+1. In the second case,
if k=0, we have p(m+m')>2>1=k+1, and if £ > 1, we have o(m+m') >2k >k + 1,
and so the order of the commutator is also strictly greater than k£ + 1 in any case.

It remains to show the uniqueness of Sy,1(®D). The outgoing rays 0 of Si1(®) with
©(my) < k are uniquely fixed by the uniqueness of S, (D) given by the induction hypoth-
esis. The same study of orders of commutators as above shows that the order k+1 group
element associated with the outgoing rays 9 of Si,1(®) with ¢(my) > k commute with
the order k + 1 group element associated with rays of Si(®), and so outgoing rays 9 of
Sk+1(®) are uniquely determined by the condition of consistency at order k + 1 in terms
of g, as above. O

Remarks:

(i) The proof of Proposition is the ‘usual’ proof of existence of a consistent com-
pletion of a scattering diagram, as in [KS06, Theorem 6] or [GPS10, Theorem
1.4]. The only possibly subtle point is that ¢ is R-valued, whereas in the ‘usual’
situation, ¢ is Z-valued. One might worry that this could allow a phenomenon
of accumulation of values of ¢ at some finite value, preventing the induction step
to go from k to k+ 1. The above proof shows that it does not happen under the
additional assumption that ¢(ms,) > 1 for every ray 0 in ®.

(ii) It is clear from the proof of Proposition that the construction of S(®) from
® is completely algorithmic, involving finitely many computations for any fixed
order k.

The following Lemma motivates the scattering terminology: if ingoing rays come in a
given cone of directions, then the outgoing rays of the consistent completion are ‘emitted
forward’.

Lemma 1.10. Let © be a local scattering diagram for (M,p,g) consisting entirely of
ingoing rays contained in a strictly conver cone of My delimited by two ingoing rays 0\
and . Then, all the outgoing rays of S(D) are contained in the strictly convex cone
~Rs0mgin =Rsomyn, delimited by two outgoing rays 0™ and 93", respectively of class mym
and myin, and with Hygw = Hyin and Hygw = Hypn.

Proof. We use the perturbation trick of [GPS10, §1.4] in order to reduce the question to
the case of an ‘elementary’ local scattering diagram, as [GPS10, Lemma 1.9] (see [Man15,
Lemma 2.9] for the case of a general Lie algebra g), for which the result is clear. Indeed,
a consistent elementary local scattering diagram has two ingoing rays of class m; and mo,
and three outgoing rays of class mq, my and my + mo. Furthermore, the outgoing rays of
class m; and my are continuations of the two ingoing rays. U
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1.2. Scattering diagrams. In this section, we fix M ~ Z? a two-dimensional lattice and

9= D om,

meM
a M-graded Lie algebra over Q (that is, with [gm, @m/] € @m+ms) such that [g,, gm ] =0 if
m and m’ are collinear.
We also fix U an open subset of R2, of closure U in R2. For every o € U, we think
about Mr = M ® R as being the tangent space to U at o.

Definition 1.11. For every m € M, a naked ray of class m in U is a subset 0| of U of
the form
|D| = Inlt(b) - R;om,
for some Init(d) € U, or of the form
[o| = Init(d) - [0, Ty ]m,

for some Init(d) € U and some T, € Ryy.
In both cases, we call Init(d) the initial point of |. If |d| is bounded, that is, if
[o| = Init(d) — [0, Ty ]m, we call Init(d) — Tym the endpoint of [9].

Definition 1.12. For every m € M, a ray 0 of class m in U for (M, g) is a pair (|9|, Hy),
where

(i) 0| is a naked ray of class m in U,
(ii) Hy is a nonzero element of gy, .

It follows from Definition that the class of a ray is uniquely determined by the
ray.

Definition 1.13. We denote by my € M the class of a ray 0.

In §1.1] the notion of local scattering diagram depends on a choice of function ¢: M — R.
This function plays the role of ‘regulator’ for local scattering diagrams: for every k, there
are only finitely many local rays of class m with ¢(m) < k. In this section, we are in
a global setting and the ‘regulator’ function will depend on the point o € U: for every
o € U, we introduce a function ¢, that will play the role of ‘regulator’ for the part of the
scattering diagram localized around o.

Definition 1.14. For every o = (x,y) € U, we denote
QOO': MR e R
(a,b) — 2(-ax -b).

The function that we denote by ¢, should be denoted by -, using the notation
of |[GS11,Grol1]. Given our conventions in Definition , the descriptions are equivalent.
The notation of |[GS11,|Grol1] is the most natural from the point of view of the mirror
construction, but, for the purposes of the present paper, we prefer to incorporate a minus
sign once and for all in the definition of ¢, in order to have less signs in the later formulas.
For every o € U, the function ¢, restricted to M is an additive real-valued function on
M.
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Lemma 1.15. Let 0 = (9|, Hy) be a ray in U. Then the function given by
R20 —> R

T > Pmit(0)-7rmo (ma)
if 9] = Init(?) — Rygmy, or by
[0,T,] — R
T = @mit(d)-rmo (ma)

if [0] = Init(d) - [0, T3 Jma, is increasing. More precisely, writing my = (a,b), this function
15 strictly increasing if a # 0 and constant if a = 0.

Moreover, if [0| = Init(d) — [0, Ty |mo, writing Init(d) = (x4, y;) and Init(d) — Tym, =
(zf,yf), we have

SDInit(a)—Tama(ma) - (plnit(a)(mb) 2 2|$f -zl

Proof. We write my = (a,b). If a > 0, then the z-coordinate z(7) of Init(d) — 7m, is an
decreasing function of 7, and S0 Qit(2)-rme (M) = 2(-ax(7) - b) is an increasing function
of 7, strictly increasing if a # 0 and constant if a = 0.

Similarly, if a < 0, then the z-coordinate x(7) of Init(?) — 7m, is an increasing function
of 7, and S0 Yit(d)-rme (M) = 2(—ax(7) = b) is a strictly increasing function of 7. O

Definition 1.16. A collection © of rays 0 = (9|, Hy) in U for (M,g) is normalized if:

(i) For every o € U and for every nonzero m € M, there is alt most one ray 0 in ® of
class m such that o belongs to the interior of [0].

(i) There do no exist rays 01 = (01|, Hy,) and 0y = (02|, Hy,) in © such that the
endpoint of [01] coincides with the initial point of 95|, and such that Hy, = H,,.

Given a collection ® of rays in U for (M, g), there is a canonical way to produce a
normalized collection of rays that we call the normalization of ©. The normalization of
9 is obtained by repeated use of the following operations:

(i) If 01 = (|01], Hy,) and 05 = (|02, Hy,) are two rays of the same class m with
[01] N |92 of nonempty interior, replace 9; and 0y by the rays ([91] - [0 N 03|, Hy, ),
(|02| - |Dl 002|,H02), (|01| n |02|7H01 + H02)'

(i) If 9y and 0y are two rays of ® such that the endpoint of |91 coincides with
the initial point of 05 and such that H,, = H,,, replace 9; and 05 by the ray
([o1] v oo, Hoy ).

Definition 1.17. A scattering diagram on U for (M,g) is a collection © of rays 0 =
(]|, Hy) in U for (M,g), such that:

(i) The collection ® is normalized.
(i7) If 0 = (|9, Hy) is a ray in ©, then ¢,(my) >0 for every o € [o|nU.
(i1i) For every compact set K in U and for every k € Ry, the set of rays 0 = (9|, Hy)
in ® such that there exists o € [o| n K such that ¢,(my) < k is finite.
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Definition 1.18. The singular locus Sing(®) of a scattering diagram D is the set of the
wnitial points of the rays and of the non-trivial intersection points of the rays, that is,
Sing(D) := ([ J{Init(d)} u U (Jo1] N [o2]) -
€D 01,0260
dim [01n[o2]=0

Let © be a scattering diagram on U for (M, g), and let 0 € U. We explain how to define
a local scattering diagram ®, for (M, ¢,,g) in the sense of . The local scattering
diagram 2, is a local picture of ® around the point o, Mr = M ® R being identified with
the tangent space to U at 0. More precisely, local rays of ®, are constructed from rays
of ® as follows:

(i) Let o = (|9|, Hy) be a ray of class m, of © such that Init(d) = 0. Then we define

0, := ~Rsomyp and we view 0, := (|9,|, Hy) as a (outgoing) local ray of D,.
(i) Let 0 = (|9|, Hy) be a ray of class m, of © such that o € [0 and o # Init(?). Then
we define [0, put| := ~Rsomep and we view 05 ot := (|95.0ut|, Hy) as a (outgoing) local

ray of ®,. We also define [0, 5| := Rygmy and we view 0,4, = (|95, Hy) as a
(ingoing) local ray of ©,.

Lemma 1.19. The collection of local rays ®, is a local scattering diagram for (M, ¢y, g)
in the sense of Definition [1.4)

Proof. Conditions (i)-(2)-(3) of Definition [1.4] for D, follow respectively from conditions
(1)-(2)-(3) of Definition for ©. O

Definition 1.20. Let k be a nonnegative integer. A scattering diagram O on U for
(M, g) is consistent at order k if, for every o € UnSing(®), the local scattering diagram
D, for (M, p,,g) is consistent at order k in the sense of Definition [1.7

Definition 1.21. A scattering diagram ® on U for (M, g) is consistent if it is consistent
at order k for every nonnegative integer k, or equivalently if for every o € U n Sing(®),
the local scattering diagram ®, for (M, ¢,, @) is consistent in the sense of Definition .

1.3. The scattering diagrams S(®D™). In this section we construct specific examples
of scattering diagrams in the sense of §1.2l We consider the open subset U of R? given
by

22
Us={(z,y) eR*|y>-7}.
Its closure in R? is )
U={(x.y) eR?|y>-7},
and so its boundary OU := U - U is the parabola of equation y = —%.
Lemma 1.22. Let 0 € U and m € M such that p,(m) >0. Then
oc-RyymcU.

Proof. We write o = (z,y) € R? and m = (a,b) € Z2. For every 7 € R,g, we have o — 7m =
(x-7a,y-7b) and

(z-7a)?+2(y —7b) = 2% + 2y + 27(~ax - b) + 72a* > 2% + 2y + 27 (~ax - 1) .
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As 0 € U, we have z2 + 2y > 0. On the other hand, we have ¢,(m) = 2(-az - b) > 0. It
follows that (z —7a)?+2(y—7b) >0, that is, c —tm e U. O

Lemma 1.23. Let d be a ray in U such that @,(my) > 0 for every o € P|nU. Then,
writing Init () — 7my = (x(7),y(7)) for every T € Ry, the function given by

R,y — R
7 2(7)% + 2y(7)
if 9] = Init(?) — Rygmy, or by
[0,T,] — R
7— 2(7)%* + 2y(7)
if [o] = Init(9) — [0, Ty |mo, is strictly increasing.
Proof. Writing m, = (a,b) € Z2, we have, for every o = (z(7),y(7)) e[| n U,

()2 + 25(7)) = 2-ax(r) =) = po(ma) > 0.

As [9|nU is at most a point (indeed, [d| ¢ U and U is a parabola), and 7~ z(7)2 +2y(7)
is continuous, we conclude that 7+~ xz(7)2? + 2y(7) is strictly increasing. O

Definition 1.24. For every n € Z, we denote
n?.
Sp 1= (n,—;) eU-UcR?

o= (1,-n) e Z?

m! = (-1,n) e Z*.

m

Definition 1.25. For every n € Z, we define naked rays

1
03] = 50— [0, 2,
2
and
;] [0, 2)m;
=5, -0, =|m,, .
n 2

We have [0}|nU = s, - (0,3]m} and [0;|n U := s, — (0,1]m;, that is, [0}] and [0;]
are contained in U, except for their initial point s, which is on the boundary of U. In
particular, [0}] and [9;| are naked rays in U in the sense of Definition This is related
to the fact that, for every n € Z, the line Rm,, = Rm} is the tangent at the point s, to
the parabola y = —%, that is, to the boundary of U.

Lemma 1.26. For every n € Z, we have
1 1 1 n?2 n
0310 Rl = 50— 7 = st = g = (4 5, -0 )

2 2 2 2

Proof. Elementary computation. U
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Lemma 1.27. For every n € Z, we have

‘P\Dmﬂlaﬁﬂl(m;) = SDIOZIOID;LHI(mr_Hl) =1.

Proof. Using Definition and Lemma [1.26] we have

1
Phogloioy, ol (mn) = 2(n+ 5 —n) =1,

and

. 1
gl (Mier) = 2(-n =5 +n+1) = 1.

FI1GURE 3. The parabola y = —% and the tangent lines Rm; = Rm;} at the
points s,.

Let

g= @gmu

meM

a M-graded Lie algebra over Q (that is with [g,, @m] € Gmems) such that [gy, gm] =0
if m and m’ are collinear. For every n € Z and for every integer ¢ > 1, we fix nonzero
elements

Hy y € Gomy;
and

HT;,[ € Gtm; -
For every n € Z and for every integer ¢ > 1, (|9}|, H,) and ([o;|, H,,) are rays in U in
the sense of Definition [[.12]

Lemma 1.28. The set D™ of rays 0, , = (05|, Hy ,), 0, ,:= ([0,], Hy, ), for alln € Z and
for every integer £ > 1, is a scattering diagram on U for (M,g) in the sense of Definition

[L.17
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Proof. As the rays of ©™ have distinct classes (¢m;, = (=€, ¢n) for 0} , and ¢m; = (¢, ~{n)
for aﬁ,e)? and as there do not exist rays 0; and 0, of ©™ with the endpoint of 9; coinciding
with the initial point of 95, ©™ satisfies condition (i) of Definition m

If o =(x,y) €[0}|nU, then z >n, so, for every £ > 1, p,(¢m}) = {(x—n) >0. Similarly,
if 0= (z,y) €[0,|nU, then x < n, so, for every £ > 1, ¢,(¢m;,) =(-x +n) > 0. It follows
that D satisfies condition (ii) of Definition [1.17]

Let K be a compact in U and k € Ryy. As K is compact in U, there exists C' > 0 such
that o = (z,y) € K implies |z| < C, and there exists € > 0 such that o = (z,y) € K implies
|z —n| > € for all n € Z. Therefore, if we have o € K n [9}| such that ¢, (¢m;) < k, then
Uz -n)<k, |z|<C, |zt -n|>¢ 50 |n|<k+C and £ < k/e: in particular, there are finitely
many such n and /.

Similarly, if we have o € K n|0;,| such that ¢,(¢m;) < k, then ¢(n - x) <k, |z| < C,
|z —n|>e€ so0 |n| <k+C and ¢ < kfe. There are again only finitely many such n and ¢.
This shows that D™ satisfies condition (iii) of Definition [1.17] O

Proposition 1.29. There exists a unique sequence (Si(D™))ren of scattering diagrams
on U for (M,g) such that:

(i) Sp(Dn) =Din,
(ii) For every k € N, S,1(®™) is obtained by adding to Sk(®™) rays 0 such that
P c U, k< omit)(mo) <k +1 and prige)(mo) > 1.
(ili) For every k e N, Si(D™) is consistent at order k.

For every k € N, we call Sp(D™) the order k consistent completion of ©™. We denote
by S(D™) the limiting consistent scattering diagram on U for (M,g) and we call it the
consistent completion of D",

Proof. We prove the existence and uniqueness of Sj.(D™) by induction on k € N.

For k = 0, the scattering diagram D™ is trivially consistent at order 0, and we set
So(Din) := D", According to Lemma and Lemma [1.27 the only o € U n Sing(D™)
are the points [9;;|n [0, ,,/, and at such point o, the function ¢, evaluated on the classes
of the ingoing rays of the corresponding local scattering diagram is equal to 1.

Let k € N be such that S,(®D™) has been constructed and proved to be unique. We
wish to construct and prove the uniqueness of Si,1 (D).

For every o € U n Sing(Si(®™)), let Sp(®™), be the corresponding local scattering
diagram for (M, ¢y, ), given by Lemma [1.19] By induction hypothesis, we know that
¢(my) > 1 for every ray 0 of Si(D™),. Using Proposition [L.9] it follows that the local
scattering diagram S; (D), can be canonically completed in an order k+1 consistent local
scattering diagram Sy,1(Sp(D™),), by adding outgoing rays ? with k < ¢,(my) < k+1
and @, (my) > 1.

For every o € U n Sing(Sx(®™)) and for every 0 = (-Ryomy, Hy) outgoing ray of
Sir1(Sk(D™M),) added to Si(D™), we define a ray 9 in U by

0:= (0 = Ryoma, Hy) .
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We have by construction k < ¢pi5y(m;) < k+1 and ¢ (m5) > 1. Remark that
according to Lemma [1.22] the condition ¢, (me) > 1> 0 implies that o - Rygm, ¢ U, and
so 0 is indeed a ray in U.

We denote by Si,1(D™) the union of the rays of S(D) and of all the rays 0 con-
structed above. We define S,1 (D) as being the normalization of Sy,;(D™) (see Remark
following Definition [L.16)), so that Sy.1(D™) satisfies condition (i) of Definition [1.17]

By construction, Si.;(®D™") satisfies condition (ii) of Definition m Therefore, in
order to show that Sy.1(®™) is a scattering diagram on U for (M, g), it remains to check
condition (iii) of Definition [I.17] It follows from the second part of Lemma that
for every compact subset K of U, there exists a positive integer N such that every ray
0 = (9|, Hy) in Sks1(®™) comes by successive local scatterings from the initial rays 9,
0, with |n| < N. In particular, there are only finitely many such rays, and so condition
(iii) of Definition is satisfied.

We claim that the scattering diagram Sy,;(®™) is consistent at order k+ 1. Indeed, let
o € UnSing(Sy,1(D™M)) and let Sk,1(D™), be the corresponding local scattering diagram.
If 0 € UnSing(S,(D™)), then Si,1 (D), is obtained from Si,1(Si(D™),) by adding rays
0 with ¢,(my) > k and p,(my) 2 1, coming in ingoing-outgoing pairs (local picture of a
ray passing through o: see Definition of ©, in §1.2)). By construction, Sk1(Sk(D™),) is
consistent at order k£ + 1. On the other hand, the group elements attached to the added
rays commute with the group elements attached to the rays of Si.;(S,(®™),) and with
each other up to terms of order strictly greater than k+1, so the group elements attached
to ingoing-outgoing pairs cancel each other and so Si,1 (D), is consistent at order k+ 1.

If 0 ¢ UnSing(Sp(®™)), then all the rays ? of Si,1(®™) are newly added rays, with
0o (my) > k and p(my) > 1, coming in ingoing-outgoing pairs (local picture of a ray passing
through o: see Definition of ©, in . The group elements attached to the added rays
commute with each other up to terms of order strictly greater than max(2k,2) > k+1, so
the group elements attached to ingoing-outgoing pairs cancel each other and so Sy,1 (D),
is consistent at order k + 1.

It remains to prove the uniqueness of Sg.1(D™). Let © be a scattering diagram on
U satisfying the same properties that Si.1(D™) stated in Proposition . Let 0 be a
ray of ® which is not in Sp(D™). As @mi) < kK +1, 0 cannot be produced by a local
scattering containing as incoming ray a ray of © added to S(®D™), and so Init(d) €
U n Sing(Sx(D")). It follows by consistency of © and uniqueness of the local consistent
completion given by Proposition that 0 is one of the rays of Si,1(D™). O

The proof of Proposition [1.29]is a variant of a rather simple case of the construction
of wall structures in the sense of Gross-Siebert (e.g. see [Groll} §6.3.3], or |[GS11] for a
much more general context). The main difference is that we do not work with polyhe-
dral decompositions and Z-valued piecewise linear functions, but with R-valued linear
functions ¢,

It is clear from the proof of Proposition that the construction of S(®™") from
Din is completely algorithmic: it is an iterative application of the construction of local
consistent completions, Proposition [1.9] which is itself completely algorithmic.
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1.4. The scattering diagrams S(D1,), S(D1) and S(D2.). For every g a M-graded
Lie algebra over Q such that [g,,, @] =0 if m and m’ are collinear, and for every choice
of nonzero elements H;,e € grm: and Hﬁ,z € Gom-, N € Z, £ > 1, we have defined in i
a scattering diagram D™ and constructed its consistent completion S(D™"). Below, we
apply this construction in several more specific cases.

We consider the skew-symmetric non-degenerate bilinear form

(-2 N\ M -7
given by
((a,b),(a',b")) =3(a’b—ab").
The choice of (-, -) is dictated by the skew-symmetrized Euler form of D’(IP2), see Lemma
2.3

Definition 1.30. We denote by g, the @(ui%,vi%)—Lie algebra
Guw = @ Q(ui%avi%)zm
meM
with Lie bracket given by

[, 2™ ] = (= 1)) ((uw) 5 = (uv) 5 )2
Definition 1.31. We denote by g, the @(qi%)—Lie algebra

9¢- = @ Q(qi%)zm

meM

with Lie bracket given by

,m') {m,m

(2, 2™ ] i= (=1 )(mm) (g5 = gy g

Definition 1.32. We denote by g,+ the @(q*%)—[jie algebra
g = D @(qi%)zm

meM
with Lie bracket given by
2, 2] = (g8 — g5 e
Definition 1.33. We denote by g.- the Q-Lie algebra
ga- = P Q"
meM

with Lie bracket given by
[Zm7zm’] - (_1)(m,m')<m7ml>zm+m’ )
Definition 1.34. We denote by g,+ the Q-Lie algebra
o1t = @ sz
meM
with Lie bracket given by

[2™, 2™ = (m,m') 2™
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Remarks:

(i) g4 is the specialization u = v = q% of gy

(ii) gq- is the semiclassical limit q% -1 of g, .

(iii) gq+ is the semiclassical limit q% -1 of gg+.

(iv) In the remaining part of the present paper, we will only work with g, , and its
specializations g, and g.-, which are relevant for describing the wall-crossing of
Donaldson-Thomas invariants. However, in this section, we also introduce gq-
and g.+ because they appear naturally and will be used in the interpretation

of the scattering diagrams in terms of log Gromov—Witten invariants presented
in [Boul9b.

Definition 1.35. We denote by D, the scallering diagram D™ of obtained for
0 = Quw, and, for every n € Z and for every integer £ > 1,

1 1

Hy=— Zimn ¢ (Guw)ems
' ¢ (uv)é - (uv)_g T
and . )
- /m7
nt =77 ] zon e (gu,v)fm; .
* 4 (uv)g - (uv)’g

We denote by S(D1,) the consistent completion of DI, given by Proposition .

Definition 1.36. We denote by @gi the scattering diagram D™ of obtained for
g =0, and, for every n € Z and for every integer £ > 1,

11,
Hy = _Zg—_gze "€ (8g- ) emz 5
g2 —q 2
and ) .
H, , = _Zg—_gzem; € (8¢ )ems, -
g2 —q 2

We denote by S(@;rl) the consistent completion of @f;l given by Proposition .
Definition 1.37. We denote by @;ﬁ the scattering diagram D™ of obtained for

g =94+, and, for every n € Z and for every integer £ > 1,
+ . (_1)£_1 1

me; € (gtf )Em,ﬁ s

me l q% — q‘%
and (1)1 .
H,, = 7 [ 2 € (9 )emy, -
qz —q 2

We denote by S(@gi) the consistent completion of D giwen by Proposition .

Definition 1.38. We denote by Dg‘, the scattering diagram D™ of obtained for
g =0, and, for every n € Z and for every integer £ > 1,

1
nl = _6_22 " € (gcl’ )Em;; )
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and

R
Hn,f = _g_zze " e (gcl’)ﬁm; .

We denote by S(’Dgll,) the consistent completion of ’Dgl{ given by Proposition .

Definition 1.39. We denote by Dglﬂ the scattering diagram D™ of obtained for
g =0+, and, for every n € Z and for every integer £ > 1,

—1)¢-1
;Z = ( 62 Zém;; € (gd* )Zm; )

and

—1)¢-1 B
iy 42 2 e (garYom -

We denote by S(@lcrlh) the consistent completion of @gp given by Proposition .

Lemma 1.40. (i) Under the change of variables q% = (uv)%, we have the equality of
scattering diagrams S(D) = S(Diy,).
(ii) The scattering diagram S(D™.) is the semiclassical limit g2 > 1 of the scattering
diagram S(DM).
(iii) The scattering diagram S(D™M.) is the semiclassical limit q% — 1 of the scattering
diagram S(DX.).

Proof. The result is true at the level of the scattering diagrams ™ from their explicit
description. The result follows by uniqueness of the consistent completion given by Propo-
sition [1.291 U

Corollary 1.41. For every ray 9 = ([0, Hy) of S(®I,), we have
Hy € Q(q*2),
where we view Q(q*2) inside Q(u*2,v*2) via the change of variables ¢z = (uv)?.
Proof. Tt is an immediate consequence of the first point of Lemma [1.40] O

1.5. Action of ¢/(1) on scattering diagrams. In this section we establish a symmetry
¥(1) of the scattering diagram S(Di,) defined in .

Definition 1.42. We denote by (1) the affine transformation of R? given by
Y(1):R? - R?

1
($,y)9($+1,y—$—§),

and dy[1] its linear part, given by
dy(1):R?* - R?
(a,b) » (a,b-a).
Lemma 1.43. For every (x,y) € R?, writing ¥(1)((z,y)) = («',y"), we have
()2 +2y = 2% +2y.
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Proof. We have
1
(') +2y = (x+1)2+2(y—x—§):x2+2y.

Lemma 1.44. The affine transformation (1) of R? preserves U.
Moreover the restriction of ¥ (1) to U is a bijection from U to U.

Proof. Recall that (x,y) € U if and only if 22 + 2y > 0. Therefore, the fact that (1)
preserves U follows directly from Lemma [1.43]

In order to show that 1(1)|y:U — U is a bijection, we note that (1):R? - R? is a
bijection, of inverse given by

(1) HR? - R?

1
(flj,y) g (33— 1ay+x_§)'
The fact that 1(1)~! preserves U follows from Lemma [1.43] O

Definition 1.45. Let d = (|, Hy) be a ray of class my in U for (M, gu,). Writing
Hy = 2™ € (guw)m,, we define (1)(0) := (¥ (1)([o]), (1) (Hy)), where (1)([o]) is the
image of [o| by ¥(1), and where (1)(Hy) := Qpzdv(me),

The notation (1) will be justified in Lemma [2.24] where it will be shown that, after

identification of U with a space of stability conditions on D?(P?), the action of 1/(1) on
U coincides with the action of the autoequivalence — ® O(1) of D°(P2).

Lemma 1.46. If0 is a ray of class my in U for (M, gy.), then ¥(1)() is a ray of class
dw(ma) in U fOT (M, gu,v)'

Proof. The only not completely obvious point is that 1(1)(|0]) is contained in U, but this
follows from Lemma [[.44] O

Definition 1.47. Let © be a scattering diagram on U for (M,g,.,). We denote by
P(1)(D) the collection of rays ¥(1)(0), for all d ray of ®.

Lemma 1.48. Let © be a scattering diagram on U for (M,gy,). Then ¢¥(1)(®D) is a
scattering diagram on U for (M, gy.)-

Proof. We have to check conditions (i)-(ii)-(iii) of Definition [1.17] Condition (i) is clear
as 1(1) restricted to U is a bijection from U to U according to Lemma [1.44]

Let 0 be a ray of © and let o = (x,y) € [o| nU. Writing m, = (a,b), we have p,(my) =
2(-ax - b) > 0 by condition (ii) of Definition satisfied by ©. So we have

Pu) @) (dY(1)(ma)) = 2(-a(z + 1) = (b= a)) = 2(-az = b) = ¢;(ma) > 0.

It follows that ¢ (1)(®) satisfies condition (ii) of Definition
Condition (iii) of Definition for ¢(1)(®) follows from condition (iii) of Definition

for © as 1(1) is a proper map. O

Recall that we defined the scattering diagram S(®D ) in §1.4, The following result
expresses the fact that ¢(1) is a symmetry of S(D,).
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Proposition 1.49. We have (1)(S(Di,)) = S(DL,).
Proof. We first remark that we have 1(1)(D%,) = D2 . Indeed, for every n € Z, we have

n? (n+1)2

n2
v(1)(5) = ()1 -0)) = (n+ 1,2
dy(my,) =do((1,-n)) = (1,-n-1) =m, .,
dy(my) =do((-1,n)) = (-1,n+1) =mg.,,
and so, for every n € Z and for every integer ¢ > 1, we have ¥(1)(0d},) = ?
V(1)) =051
The fact that 1(1)(S(Dir,)) = (D) then follows from the uniqueness of the consis-
tent completion given by Proposition [1.29 U

1
77,—5):(77,4'1,— ):8n+17

+

n+1,4 and

2. THE SCATTERING DIAGRAM D%,

In §2.1) we fix our notation for coherent sheaves on P2. In we review Bridgeland
stability conditions on the derived category of coherent sheaves on P2 and we introduce
a special set of coordinates on a particular slice of the space of these stability conditions.
In we review properties of moduli spaces of Bridgeland semistable objects. In §2.4]
we introduce numerical invariants of these moduli spaces, in particular Hodge numbers
of the intersection cohomology. In §2.5] we use these numerical invariants to construct
a scattering diagram @Ei}. In we establish a symmetry property of the scattering

diagram @Ei).
2.1. Coherent sheaves on P2. Let Coh(P?) be the abelian category of coherent sheaves
on P2. Given E a coherent sheaf on P2 we denote by r(FE) its rank, d(F) its degree,
X(F):=dim H°(E) - dim H'(F) + dim H?(FE) its Euler characteristic, and

Y(E) = (r(E),d(E),x(E)) e Z*.
We call 7(E) € Z3 the class of E. Remark that F — v(FE) is additive: for every E and
F coherent sheaves on P2, we have 7(E @ F') = y(E) +v(F). The data of y(F) € Z3 is

equivalent to the data of the Chern character of E. Indeed, by the Hirzebruch-Riemann-
Roch formula, we have

chy(E) = r(E) ,chy (E) = d(E) ,cho(E) = X(E) - r(E) - 3d(E).

Let D°(P2) be the bounded derived category of the abelian category Coh(P?). The
Grothendieck group
I':= Ko(D°(P?)) = Ko(Coh(P?))
is isomorphic to Z? via the map
I~73
[E] = ~(E) = (r(E),d(E),x(E)) -
For every object E of D’(P?), we denote by v(E) its class in T' ~ Z3.

For every n € Z, we have the degree n line bundle O(n) on P2. For every object F in
D’(P?), we denote E(n):= E® O(n).
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Definition 2.1. We denote by
(-,-):I'el' —Z
78y — (1,7)
the bilinear form on T given by, for v = (r,d,x) and v = (r',d',x"),
(v,7") ==3dr' —rr' —dd +rx" + xr'.

Lemma 2.2. The bilinear form (-,—) on I' coincides with the Euler form on I' =
Ko(D*(P?)), that is, for every objects E and E' of D°(P?), the Euler characteristic

x(E,E") := dimHom(E, E') - dim Ext'(E, E') + dim Ext*(E, E')
18 given by
X(E,E") = (v(E),v(E")) .

Proof. Let E and E’ be two objects of D*(P2). We denote y(E) = (r,d, x) and (E') =
(r',d', x"). By the Hirzebruch-Riemann-Roch formula, we have, denoting H = ¢;(O(1)),

(B, E') = [P ch(EY) ch(E') td(P?) = [P 2(r—dH+ch2(E))(r’+d’H+ch2(E’))(1+§H+H2)

=rr’ + ;(rd’ —dr') +rchy(E") + chy(E)r' —dd'.
Using that cho(E) = x —r - 3d and chy(E") = ' -1’ - 2d’, we get the desired formula. [
Lemma 2.3. For every v,~" €', we have
(7,7 = (7',7) = (my,mf).
Proof. Let v,~" € I". We denote v = (r,d, x) and 7' = (', d’, x"). We recall from Definition

that m., = (r,-d), m, = (+',-d"), and from that
((a,b),(a’,b")) =3(a'b-ab").
Therefore, we have
(M, moy) = 3(rd —dr') .
On the other hand, using Definition we have
(7)) - (,vy) =3(rd - dr') .
U
The skew-symmetric bilinear form v ® v — (v,7") = (7/,7) on I' can be viewed as

the Euler form of the Calabi-Yau-3 category Dj(Kp2) of coherent sheaves on Kpe set-
theoretically supported on P2.
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2.2. Stability conditions. We first recall the classical notions of p-stability and Gieseker
stability. We refer to [HL10] for details.

Definition 2.4. Let E be a coherent sheaf on P2 with r(E) #0. The slope of E is

u(E) = %

Definition 2.5. A coherent sheaf E on IP? is u-semistable (respectively p-stable) if E is
purely of dimension 2 (that is, the dimension of every nonzero subsheaf of E is2), and, for
every nonzero strict subsheaf F' of E, we have u(F) < u(E) (respectively u(F) < u(E)).

Definition 2.6. Let E be a coherent sheaf on P2. The reduced Hilbert polynomial is the
monic polynomial

where ag is the leading coefficient of the Hilbert polynomial x(E(n)).

Definition 2.7. A coherent sheaf E on P? is Gieseker semistable (respectively stable) if
E is of pure dimension (that is, every nonzero subsheaf of E has support of dimension
equal to the dimension of the support of E), and, for every nonzero strict subsheaf F of
E, we have pr(n) < pp(n) (respectively pr(n) < pe(n)) for n large enough.

We now recall the notion stability condition in the sense of Bridgeland |Bri07], in the
particular case of the triangulated category D’(P?).

Definition 2.8. A prestability condition o on D*(P?) consists of a pair o = (Z, A), such
that:

(i) A is the heart of a bounded t-structure on D"(IP?).

(ii) Z is a linear map Z:T' - C, called the central charge.

(i) For every monzero object E of A, we have Z(E) = p(E)e™E) with p(E) € Ry,
and 0 < ¢(E) < 1, that is Z(F) is contained in the upper half-plane minus the
nonnegative real axis.

(iii) A nonzero object F' of A is o-semistable if for every nonzero subobject F' of F in
A, we have ¢(F") < ¢(F). We require the Harder-Narasimhan property, that is,
that every nonzero object £ of A admits a finite filtration

OCE()CEI"'CE,Z:E
in A, with each factor F; := E;[E;_y o-semistable and ¢(Fy) > ¢(Fy) >--- > ¢(F},).

Definition 2.9. Given o = (Z, A) a prestability condition on D°(P?), an object F of
D°(P2) is called o-stable if F is a nonzero object of A, and, for every nonzero strict
subobject F' of F' in A, we have ¢(F") < ¢(F).

Definition 2.10. A stability condition o = (Z,A) on D*(IP?) is a prestability condition
satisfying the support property, that is, such that there exists a quadratic form Q) on the
R-vector space I' ® R such that:

(i) The kernel of Z in T ® R is negative definite with respect to @,
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(ii) For every o-semistable object, we have Q(y(E)) > 0.

Remarks:

(i) If o = (Z, A) is a stability condition on D?(P?) which satisfies the support property,
then the image by Z:I" — C of the set of v € I' such that there exists a o-semistable
object of class v is discrete in C.

(ii) The support property is a notion due to Kontsevich-Soibelman [KS08|, §1.2]. We
refer to [BM11, Appendix B] for a comparison with earlier notions of finiteness
for stability conditions.

We denote by Stab(P2) the set of stability conditions on D?(P2). According to [Bri07],
Stab(PP?) has a natural structure of complex manifold of dimension 3, such that the map
Stab(P?) - Hom(T",C) ~ C?
o=(Z,A)~Z

is a local isomorphism of complex manifolds (locally on Stab(PP?)).

Following [Bri08,/AB13,[BM11,JABCH13], we review a standard way to construct ex-
amples of stability conditions on D°(P?).

Definition 2.11. For every s € R, we denote:

(i) Coh**(P?) the subcategory of Coh(P?) generated (by extensions) by u-semistable
sheaves of slope < s.
(ii) Coh™(P2) the subcategory of Coh(P?) generated (by extensions) by p-semistable
sheaves of slope > s and torsion sheaves.
(iii) Coh™(IP2) the subcategory of D°(P?) of objects E such that Hi(E) = 0 fori+ -1,0,
HL(E) is an object of Coh™*(P2), and HO(E) is an object of Coh™(IP2).

The category Coh**(IP2) is obtained from Coh(P?) by tilt of the torsion pair
(Coh™ (P?), Coh**(P?)).
In particular, Coh**(IP2) is an abelian category and the heart of a bounded t-structure
on D"(IP?).

Definition 2.12. For every (s,t) € R2 with t > 0, let Z&O: T - C be the linear map
defined by

v = (rd,x) = 2y
~ 3
Zﬁs’t) = —g(s +it)? +d(s+it) + 7+ Ed -X-
We have . 3
Z(,S’t) =r (—5(52 -t%) - ist) +d(s+it)+r+ §d -X
1 3
= —é(sz—tz)r+ds+r+éd—x+i(d—sr)t.
If E is an object of D*(IP?) of class v(F) €T, then we can write

Z(s,t) - _ [PQ e—(s+it)H Ch(E) 7
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where H :=¢;(O(1)).
According to [Bri08,|/AB13,BM11], for every (s,t) € R? with ¢ > 0, the pair
(Z(1, Coh™ (P?))

is a stability condition on D’(P?). In particular, we get an embedding of the upper
half-plane {(s,t) € R?|t > 0} into Stab(PP?).

We now do something new, which is to describe the same slice inside Stab(IP?), but
using coordinates (z,y) different from the usual coordinates (s,t). This will replace the

upper half-plane {(s,t) € R?|t > 0} by the ‘upper parabola’ U = {(z,y) € R?|y > —%},
which already appeared in §1.3|

Definition 2.13. For every (z,y) € U = {(z,y) € Ry > -2}, let Z@»):T - C be the
linear map defined by

V= () 2.
Z§x’y) :=ry+dx+r+;d—x+i(d—rx)\/m.
Proposition 2.14. For every o = (v,y) € U, the pair (Z@) Coh™ (IP?)) is a stability
condition on D°(P2).
Proof. According to |[Bri0O8,/AB13,BM11], for every (s,t) €e R? with ¢ > 0, the pair
(Z(H Coh™ (P?))

is a stability condition on D?(P?2).
The map

(5.0) & (5,5 (>~ )

defines a bijection between the upper half-plane
{(s,t) e R*t >0}

and
22
U= {(,0) e Ry > -5},
of inverse
V:(z,y) = (2,22 +2y),
such that Z@w) = Z¥(@y) O
Remarks:
(i) Proposition [2.14] gives a map

U - Stab(P?)
o = (2,y) = (Z¥), Coh™ (P?))

which is injective. Viewing U as an open subset of R? ~ C, this map is holomor-

phic. From now on, we use the same notation o for a point o = (z,y) in U or for
the corresponding stability condition o = (27, .47) = (Z®¥) Coh**(P2)).
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(ii) If E'is a skyscraper sheaf k(p), p € P?, then y(E) = (0,0,1) and Z7 ) = -1 for
every o € U.

(iii) The choice of the coordinates (z,y) instead of the more traditional coordinates
(s,t) is motivated by the fact that the real part of the central charge,

Re Z$:Ty+dx+r+gd—x,

is affine in (x,y) (but quadratic in (s,t)). This will be the key point enabling us
to make contact with scattering diagrams in §2.5

2.3. Moduli spaces and walls. For every o € U and v € I', we denote by 97 the
moduli stack of o-semistable objects in D(P?) of class . According to [ABCH13], the
Artin stack 97 admits a good moduli space M7 which is in fact a projective scheme
whose closed points are in one-to-one correspondence with S-equivalence classes of o-
semistable objects of class v. This follows from a description of M? as moduli space
of quiver representations, see [ABCH13, Proposition 7.5]. The moduli space MJ™* of
o-stable objects of class 7 is a quasiprojective scheme, open in M.
We introduce the rank 1 sublattice

D= {(0,0,)| x € Z} < T.

If E is a coherent sheaf on P2, then v(E) € I'Y if and only if £ is supported in dimension
0. According to |[LZ19b], we have Ext*(E, E) = 0 for every o-semistable object E with
Y(E) ¢ I'?, and so the stacks Mg of o-semistable objects and the moduli spaces MJ™* of
o-stable objects are smooth if v ¢ I'0.

If E is a o-semistable object of class ¢ I'0, then, using that Ext*(E, E) = 0 and Lemma
[2.2] we find that the dimension of 97 at £ is dim Ext' (E, E) - dim Ext’(E, E) = =(y,7).
In short, if 4 ¢ %, the moduli stack 917 is smooth and equidimensional of dimension

dim 9T = -(7,7).

If £ is a o-stable object of class v ¢ I'0, then, using that Ext*(E,E) = 0, that
dimExt’(E,E) = 1 as a stable object is simple, and Lemma , we find that the di-
mension of M7~ at F is dimExt'(E,E) =1~ x(E,E) =1-(v,7). In short, if ¢ I'°,
the moduli space M7~ is smooth and equidimensional of dimension

dim M7 =1 - (v,7).

In fact, Mgt is also smooth and equidimensional if v € I'?, as it is P* if v = (0,0, 1), and
the empty set else (this follows from Lemma 6.3 and Lemma 10.1 of [Bri08]). The moduli
spaces M7 of o-semistable objects are singular in general.

Our main interest is in the study of MY as a function of o. Such study, mainly from
the birational point of view, has been done in [ABCH13, BMW14} CH16, CH14}|CH15,
CHW17, Huil6,|LZ18,LZ19a,[Mar17,|Ohk10, Wool3]. The result is that, for a fixed 7,
there are finitely many curves in U, called actual walls for ~, such that if ¢ moves in
a given connected component of the complement of the walls in U, then MJ does not
change. In other words, M, as a function of o, only changes when o crosses an actual
wall.
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Every 4/ € I" not collinear with v defines a potential wall W, ., for y, defined as the set
of o € U such that Z7 and Z 7, are positively collinear. It follows from the explicit formula
giving Z?, Definition [2.13] that each potential wall is either a parabola or a vertical line
in U. Every actual wall for ~ is contained in a potential wall for . Not every potential
wall for ~ is an actual wall for v: there are only finitely many actual walls for v but in
general infinitely many potential walls for . An algorithm to determine the actual walls
for ~ is presented in [LZ19a].

We will not be interested in the study of M7 as a function of o from the birational
point of view, but from the point of view of numerical cohomological invariants: Euler
characteristics, Betti numbers, Hodge numbers. We will consider these invariants for
intersection cohomology rather than for singular cohomology: as the moduli spaces M7
are in general singular, we will obtain invariants with better properties this way.

2.4. Intersection cohomology invariants. We refer to |[BBD82,|dCMO09,Sai90], for
general notions on intersection cohomology, perverse sheaves and mixed Hodge modules,
and to [MR17,[Meil5] for applications in the context of Donaldson-Thomas theory, which
will be ultimately relevant for us.

We recall that given X a projective variety, Z an equidimensional subvariety of X, and
L a variation of pure Hodge structures on an open subset Z° of the smooth part of Z,
then there is a canonical pure Hodge module ICz(L) on X such that ICz(L)|z = L.

For every o € U and 7 € I', we apply this construction to X = M7, Z = M7~ the
closure of M7= in M7, Z° = M7, and L = Q viewed as a trivial variation of pure
Hodge structures of type (0,0). Remark that M7 is equidimensional by . We
obtain a mixed Hodge module I C’W(Q) on MJ. By Saito theory of mixed Hodge

modules [Sai90|, for every k € Z, the cohomology group

[Hk(M$7@) = H’f(M” ICMU +(Q))

is naturally a pure Hodge structure of weight &, and so has Hodge numbers, that we denote
ThPa(M¢7). We organize these intersection Hodge numbers into a signed symmetrized
intersection Hodge polynomial

dlmM”
Ihg(uz,v7) = (~(uw)3)~MmMT S (LR (MO )uPo? € Z[u*s, v*2 ]

P,q=0
We organize the intersection Betti numbers
Ib;(MY) = dimH](M" IC’MU +(Q)) = Z ThPa(MY7),
p+q=j
into a signed symmetrized intersection Poincaré polynomial
2dim Mg

105(q7) = (=q7)~ ™ M7 S (“1)71b;(M2)g? € Z[q*2].

J=0
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Finally, we can consider the intersection Euler characteristic

2dim MJ

e} = ZO (~1)71b;(M?) € Z,
J=

and its signed version
' 2dim M7 ‘
Tey? = (=1)WmMT X (1) 1b;(MS) € Z.
=0
We have the obvious specialization relations:
165(q?) = Ihg(u = g3 ,v% = ¢2),

. oy 1
Te2? =1b7(q2 =1).

If Mg~ = M7, which happens for example if 7 is a primitive element of the lattice T,

then M7 is a smooth projective variety and the intersection Hodge numbers, Betti num-

bers, Euler characteristic of M coincide with the usual Hodge numbers, Betti numbers,
Euler characteristic of M.

2.5. Scattering diagrams from stability conditions. .

In this section we use the intersection Hodge polynomials I hg(u% , v3 ), the intersection
Poincaré polynomials 107 (q%), and the intersection Euler characteristics Ieg, defined in
3. to construct scattering diagrams on U, in the sense of Definition @Ei,, @Ej and
’D]fli, respectively for (M, gu.), (M, g4+ ), and (M, gg+). We recall that the Lie algebras
Gu,0, 0¢+ and gq+ have been defined in §I.4]

The scattering diagram ©F” will be constructed in terms of particular combinations

u,v

ﬁi (u%,v%) of the intersection Hodge polynomials I hg(u%,v%), defined as follows.
Definition 2.15. For every v eI', we denote
I, :={y el'|y=0yfor some { € L3},
that is, I', is the finite set of elements in the lattice I' dividing .
Definition 2.16. For every v el and o € U, we define
1 Ih;’,(ué,vg)

(%

ﬁv(u%,v%) =—

S, )z = (uv) s
y=ty'

The formula defining ﬁf{(u% ,v?) might seem a bit unmotivated from the point of view of
the classical geometry of moduli spaces of sheaves on P2. However, it is the familiar way
to package Donaldson-Thomas invariants in the presence of strictly semistable objects
[KS08,J512]. Intuitively, the denominator in the formula comes from the fact that every
stable object has a group of automorphisms equal to C*.
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By the Mobius inversion formula, we have
50, L ¢
11 w(l) Q’y’(uzva)
[hg(u27’(j2) = — Z

Ja, € (uv)s - (w)E
=ty

where g is the Mobius function. In particular, the knowledge of the invariants (7 hg(u% , v%))vfepW
is equivalent to the knowledge of the invariants (ﬁz(u%,v%))yepv.
For every v = (r,d, x) € ', we define
Ly={0eU|Z] €iRs}.
Using the explicit formula for Z7 given in Definition we find that

Lw:{(x,y)GU|7‘y+d$+7"+gd—x=0,—m+d>0}.

Remark that L, = L. if v and «" are positively collinear in I'.
More explicitly, we have the following cases according to the sign of r and d:

(i) If » >0, then L, is the intersection of the line of equation
3
ry+da;+r+§d—><:0
with U and with the right half-plane z < ¢

T

(ii) If r <0, then L, is the intersection of the line of equation
3
fry+d:c+r+§d—x=0
with U and with the left half-plane z > 4

;.
(iii) If r =0 and d > 0, then L., is the intersection of the vertical line of equation

_3_X
]
with U.
(iv) If =0 and d <0, then L, is empty.

For every € I', we denote by L., the closure of L, in U.
Definition 2.17. For every v €', we define
R, ={0eU|Z3 €iRu, . (uz,v7) # 0}
By definition, for every v € I', R, is a subset of L,. We denote by R, the closure of R,
in U: it is a subset of L,.
The moduli spaces M9, and so the intersection Hodge polynomials [ hf‘y,(u%,v%), are

2
constant as a function of ¢ for ¢ lying in a given connected component of the complement

in U of the finitely many actual walls for the classes 7/ € I'y. It follows that, for every
v eI, we have a natural decomposition
Ry = U Ry,

Jedy
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where:

(i) J, is the finite set indexing connected components of R, minus the intersection
points with the finitely many actual walls for classes 4" € I', where ﬁ:(u%,v%)
jumps.

(ii) R,; is the closure in R, of the corresponding connected component indexed by
j € J,. We denote by Rw the closure of R, ; in U.

Each R, ; is either a bounded line segment contained in L. or a half-line contained in
L.,. For every j € J,, we denote by Qw(m v?) the common value of the invariants
ﬁz(w,m) for o in the interior of R, ;.

Definition 2.18. For every v = (r,d, x) € ', we denote m., := (r,—-d) e M = Z?.

Remark that, for every v € I, the integral vector m,, is a direction for L,.
If R, ; is a bounded line segment, then there exists a unique way to write

R, ; =nit(2, ;) - [0, Ty, ;Jm,,

with Init(?, ;) € U, and T, , a positive real number. If R, ; is a half-line, then there
exists a unique way to write

R, j = nit(2,,) — Rsom.,
with Init(9, ;) € U. It follows that for every yeI' and j € J, we can naturally view R%j

as a naked ray of class m, in U in the sense of Definition [1.11} We denote by |9, ;| this
naked ray of class m,.

Definition 2.19. For every v eI and j € J,, we denote by 0. ; the ray of class my in U
for (M, gy.), in the sense of Deﬁnit@'on given by ([0, 4], H. ), where

an,yj = ﬁ'yj(uéavé)zmﬁY € (gu v)mv .
Definition 2.20. We denote by Z)P the collection of rays 0. ;, where yeT', je J,.

Proposition 2.21. The collection of rays ’Dw is a scattering diagram on U for (M, gy.)
in the sense of Definition |[1.17.

Proof. Let 0 = (x,y) € U and let m € M. Let 0 be a ray of @P of class m and such that
o belongs to the interior of [d]. We have 0 = 9., ; for some v € I' and j € J,. The class

= (r,d, x) is uniquely determined by the condition m., = (r,-d) = m (using Definition
and the condition o € L., that is, x = ry+dz +r+ %d. The element j € J, is uniquely
determined by the fact that o belongs to the interior of |0, ;| and that the interiors of
0,.;,] and [0, ;| are distinct for ji,js € J, j1 # jo. It follows that DE” satisfies the first

u,v

condition of Definition [I.16 [L.16l As J, is defined in terms of the jumps of the invariants

Q, ](uz vz) @Ev also satisfies the second condition of Definition |1.16| In conclusion,

DY is normalized, that is, D%, satisfies condition (i) of Definition [1.17]
If o=(z,y)e |DW|OU, then, by definition of L., we have Z7 € iRy, so, using Definitions

.14 and 2.13

Im Z°
0o (m,) =2(-rx+d) =2————=>0.

12+ 2y
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It follows that @Eij satisfies condition (ii) of Definition .
We fix K a compact set in U and k € Ryq. As K is compact in U, there exists C' >0
such that 1\/22 +2y < C for every (z,y) € K. In particular, if o = (z,y) € K, then, for

every v € I', we have Im Z7 = 5\/22 + 2y ¢,(m,) and so
Im Z7 < Cp,(m,) .

If 0 = (2,y) € K, then, the set of v € I' such that M7 is nonempty, Re Z7 € [-1,1] and
¢o(m,) <k is contained in the set F, of v € I' such that M7 is nonempty, Re Z € [-1,1]
and Im Z7 < Ck, which is finite according to the support property satisfied by the stability
condition o.

By definition of the topology on the space of stability conditions and by the support
property, there exists an open subset U, of K containing ¢ such that F,. c F, for every
o' € U,. By compactness of K, there exists finitely many o1, ..., 0; such that K = nglUgj.
In particular, the set of v € I such that there exists o € K such that M is nonempty,
Re Z7 =0 and Im Z7 < Ck is contained in Ué.:lFUj, which is finite. It follows that @Ei}

satisfies condition (iii) of Definition [1.17 O
Definition 2.22. We define similarly a scattering diagram @g’f, resp. Z‘D]gf, on U for
(M,g,-), resp. (M,gq+), by repeating the previous construction with

R,={0eU|Z3 €iRy,I0(q?) # 0},

and
176, 5(q2) |
HD%J - Z Z] _L z E(gtJ‘)Ww’
yer, b gt —q2
y=ty'
TESP.
11by;(q2) | ,,
HD’YJ = (_1)(%7) ' Z zj — |~ T€ (gff)m'v
yely v 42 —q 2
y=tv'

Recall that we introduced the Euler bilinear form (-, -):I' ® I' - Z in Definition [2.1]
Definition 2.23. We define similarly a scattering diagram @52_, resp. @fﬁ, on U for
(M, go-), resp. (M,gq+), by repeating the previous construction with

Ry={oeU|Z] €iRyy,Ie] # 0},
and

1 - m
Hy, ==, 6—2167% 2" € (gar Im., »

v'ely
y=t'



42 PIERRICK BOUSSEAU

resp.

- | m
H, = (-1t 3 6—2167,’]- 2™ € (gat )m, -

~'el,
y=tv'
2.6. Action of (1) on DF . In this section we establish a symmetry ¢(1) of the
scattering diagram D, defined in
There is a natural action of the group of autoequivalences Aut(D’(P2)) on Stab(P?)
(see [Bri07, Lemma 8.2]): if T ¢ Aut(D’(P?)) and o = (Z, A) € Stab(PP?), the action of T
on o is defined by T- 0 := (Z o T~1, T(A)).
In the remaining of this section we take T' = (-® O(1)) € Aut(D’(P2)). Recall that we
defined in an action ¢ (1) on U.

Lemma 2.24. The action of T on Stab(IP?) preserves U. Moreover, the action of T
restricted to U on U coincides with the action of 1(1) on U.

Proof. Let o = (x,y) € U. We have to compute T -o. T - 0. We have T(A®Y)) =
T(Coh* (P2)) = Coh™*!(P?) = A¥M((@w)) . Indeed, if E is a p-semistable sheaf of slope
x, then F(1) is pu-semistable of slope

d(E(1)) _ d(E)+r(E) _ d(FE)
r(E£(1)) r(E) r(E)
Recall from Definition that if v = (r,d, x), then

. 3 .
Zf/ ) ::ry+dx+r+id—x+z(d—m)\/:p2+2y.

Using that r(E(-1)) = r(E), d(E(-1)) = d(E) - r(E), x(E(-1)) = x(E) + “& -
(3r(E) +d(E)), we find

T_l(’Y) = T_l((r7d7X)) = (T,d—T’,X—T—d) :

+1=z+1.

Thus, we have

® 3 ,
Z:(F_’}’()v) :ry+(d—7“)x+r+i(d—r)—X+r+d+z(d—r—m’)\/9g2+2y

=T(y—x+%)+d(m+1)+r+;d—x+i(d—r(x+1))\/x2+2 :

and so, using Lemma [1.43| we have

(xy)  _ 7o) ((zy))
ZT’l(v) = Zy :

We conclude that 7o =9 (1)(0). O

We recall that in we also defined an operation (1) on scattering diagrams on U
for (M, gu.).

Proposition 2.25. We have ¢(1)(D%,) = D%,



SCATTERING DIAGRAMS, STABILITY CONDITIONS, AND COHERENT SHEAVES ON P? 43

Proof. The scattering diagram @Ei} is defined in terms of the moduli spaces MY of o-

semistable objects in D°(P2) for o € U. As T € Aut(D"(P?)), we have Mg = M%(f/) for

every o € U and for every v € I'. According to Lemma [2.24] we have T -0 = ¢(1)(c) for
every o € U. It follows that ¢ (1)(DE,) = DL, O

3. CONSISTENCY OF D,

3.1. Statement of Theorem We introduced the scattering diagram @Eij in .
The main result of the present section is the consistency of 915,2@1

]P)Q

U,

Theorem 3.1. The scattering diagram ®
of Definition [1.21].

The proof of Theorem takes the remaining part of this section. According to
Definition [1.21] we have to show that for every o € U n Sing(D%’,), the local scattering
diagram (®Y,), is consistent in the sense of Definition . Using the framework of
[MR17] and [Meil5], we will show that it is essentially a version of the wall-crossing
formula in Donaldson-Thomas theory.

We fix o = (20, y0) € U nSing(DF*), k a nonnegative integer, and we will show that the
local scattering diagram (’DE?U)U is consistent at order k in the sense of Definition . By
definition, (@EZ)U is a local scattering diagram in Mg = R? identified with the tangent
space to U at o.

We start proving general results on (95,2@)0 in . In we review motivic nu-
merical invariants which can be extracted from mixed Hodge theory. In §3.4] we use
the Donaldson-Thomas theory framework of [MR17] and [Meil5] to prove Proposition
3.8l In §3.5] we prove Proposition [3.12] which is a form of the wall-crossing formula in
Donaldson-Thomas theory. Finally, we combine Proposition [3.8] and Proposition to
end the proof of Theorem [3.1]in §3.6]

on U for (M, g..) is consistent in the sense

3.2. Local structure near a wall. Recall from Deﬁnitionthat Yo Mg - R is given
by (a,b) = 2(-az - b). Recall from Definition [1.2] that a ray d of (DE,), is outgoing if
[o| = —R,omy,, and ingoing if [9| = Rygmy. Also, by Definition of a local scattering
diagram, we have ¢,(my) > 0 for every ray d of (D%,),. Thus, the ingoing rays of
(DL,), are contained in the open half-plane ¢, > 0 of Mg, whereas the outgoing rays of
(@[5,2@)0 are contained in the open half-plane ¢, < 0 of Mg.

We label 9i,...,0% the finitely many ingoing rays  of (D%,), with ¢,(m,) < k, in
such way that

<ma§ln, mbi;) < 0

if a <a’. We label 99", ..., 99" the finitely many outgoing rays 0 of D with ¢, (m,) <k,
in such the way that

(magut , mag}lt ) 2 0
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if b<b’. The order k consistency of (@Ei})g is then to equivalent to the equality of order
k path-ordered products
Din ... Pyin = Poout ... Ppoue
in the group G% .
By definition, (®© M)U is a local picture of @uv at 0. It follows that, for every a =
1,...,K (resp. b = 1,...,L), there exists unique v € I" and j € J,, such that o € |0, ],
Main =My, and Hom = Hy_ ; (resp. mague = m., and Hyou = Hy_ ;). We denote 7 := 7 and

Jini=j (vesp. v =y and gt = g).

Lemma 3.2. The sublattice I of I generated by v*, 1 <a < K, and 43", 1 <b< L, is
of rank 2.

Proof. As o € UmSing(@Hji}), the sublattice I'” has rank > 2. As the lattice I" is of rank 3,
it remains to show that the sublattice I'? is not of rank 3. As the rays 0 m jin, 1 <a < K,

and .ou jour, 1 <b < L, meet at o, all the central charges Z7,, 1 < a < K and Z°¢,

<bg L are purely imaginary. If the sublattice I' had rank 3 we Would conclude that
Z 9 is purely imaginary for every v € I'. But it cannot be the case as Z7 (0.0.1) = -1 for every

o' e U, see Remarks following Proposition [2.14} U

out

1n ) out Y

The fact that all the rays 0, jm, 1 <a < K and 0, out jout, 1 < b < L, meet at o implies
that all the central charges 77, 1 < K and Z"Om, < b < L, are purely imaginary,

with positive imaginary parts “and so in partlcular are positively collinear. Therefore,
there exists a potential wall W, passing through o, characterized by the alignement of
the central charges Z, for v € I'?. According to Lemma , the lattice I'? is of rank 2,
and so W, is the only potential wall passing through o which is a potential wall for some
vyelv“.

By the local finiteness of actual walls reviewed in §2.3] there exists U, open convex
neighborhood of ¢ in U such that every actual wall for any of m, 1 < a < K, Yoout,
1 < b < L, intersecting U,, necessarily coincides with W, in restriction to U,. Up to
shrinking further U,, we also assume that W, is the only potential wall intersecting U,
of the form W. 1< <K, or W 1<b,b < L.

’Y m 773111 ? 'Yaout fYDout I

1n Y

Lemma 3.3. The tangent line to the wall W, at the point o = (xg,yo) is the line in U of
equation

(x —mo)zo + (Y —10) =0.
In other words, identifying Mg with the tangent space to U at o, it is the line of equation
Y, =0
Proof. By definition of a wall, there exists 71 = (r1,d1,x1),72 = (r2,da, x2) € ' with
rodi —r1dy # 0 such that W, is defined by the condition that Z,, and Z,, are positively

collinear. It follows from the explicit formula given in Proposition for the central
charge that W, is defined by the equation F(x,y) =0, where

3 3
F(x,y) = (dy —rix)(ray + dox + 19 + §d2 = x2) = (dy —rex)(ry + dix + 11 + Edl -X1),
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and so the tangent line to W, in a point of coordinates (z, o) is given by the equation

(0:F) (0, y0) (2 — 20) + (8, F) (20, y0)(y —40) = 0.
If we take (x¢,y0) = 0, defined by the conditions Re Z,, = Re Z., =0, then we find the
particularly simple formulas

(0:F)(0,v0) = (r2dy — r1de)xo , (OyF ) (0, Y0) = rady — r1ds .

Using that rody — rids # 0, we deduce that the tangent line to W, at o is given by the
equation (z — o)z + (y — 4o) = 0. O

It follows from Lemma that all the rays 0, jm, 1 <a < K, are on one side of the
wall W, and that all the rays 0ot jout, 1 < b < L, are on the other side of the wall W,.
Let Ul be the connected component of U, — (W, nU,) containing all the rays 0 m ji,
1<a< K, and let U2 be the connected component of U, — (W, nU,) containing all the
rays D,ygut’jl(;ut, 1 < b < L

We choose a point oy, € U™ between W, and 0. i, and a point g,y € U2" between

Y1 5J1 7
Wo and 0.jout jout. As there are only countably mangf 50tential walls, we can assume that
o and oo, are away from every potential wall. Finally, as according to Lemma the
tangent line to W, at o is never vertical, we can assume that o;, and 0., have the same
x-coordinates, that is, that the line passing through oy, and o,y is vertical.

Figure 4| gives a schematic summary of the notation introduced above.

aWi)ut,ji}ut Ovzutd‘zut
out
Us
Oout
.
> {¢s =0}
°
Oin W,
in
UU D in sin 0 in sin
Y1 5J1 T JIK
FIGURE 4.

Lemma 3.4. We have Re Z7 < 0 (resp. Re Z7 < 0) for every 1 < a < K (resp.
a b

1<b<L)

Proof. The support of each ray 0.m jm is contained in the line of equation Re Z i = 0.

Using that, if v = (r,d,x), Re Z, =ry+dz +r + %d— X, and m, = (r,—d), we see that the

condition

<m70in ? m’yain ) g 0 (resp <m'YDout ) mVDout> 2 0) )
a af b 4
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if a <a’ (resp. b< V'), is equivalent to the fact that the support of 0w jin (vesp. D,Y;))llthut)
is contained in the half-plane Re Zyn <0 (resp. Re Zojin < 0)if a<a (resp. b< V). As oy,
(resp. Oout) is between W, and 0. ji (resp. Dou jou), it follows that Re Z7 < 0 (resp.
Re Z;’g&tt <0) for every 1 <a< K (resp. 1<b< L). O

3.3. Numerical invariants from mixed Hodge theory. In this section we review
some definitions and facts which will be useful in the proof Theorem [3.1]in

For every X quasiprojective variety over C, the cohomology groups with compact sup-
port H2(X,Q) come with a natural mixed Hodge structure [Del71,Del74]. In particular,
we have an increasing weight filtration W on H (X,Q) and a decreasing Hodge filtration
F on Hg(X, C). For every p,q € Z, we define virtual Hodge numbers

2dim X
hEI(X) = Z% (-1)7 dim Gr.Gr)}  HI(X,C) € Z.
p=

If X is smooth and projective, the virtual Hodge numbers coincide with the usual Hodge
numbers up to the sign (-1)P*9. We organize the virtual Hodge numbers in a virtual
Hodge polynomial (also called E-polynomial):

h(X)(u,v) =Y WX )uPv? € Z[u,v] .

vir

Setting u=v = q%, we get a virtual Poincaré polynomial:
1 i 1
b(X)(q2) = Y bjwin(X)q? € Z[q2],
J

where the virtual Betti numbers are given by
bj,vir(X) = Z hp’q(X) eZ.

piai vir
The key property that we will use is that the virtual Hodge polynomial is motivic, in the
sense that:

(i) If Z is a closed subvariety of a quasiprojective variety X over C, then
MX)=h(Z)+h(X-2).
(ii) If X and Y are two quasiprojective varieties over C, then h(X xY) = h(X)h(Y").

The motivic property follows from the compatibility of the mixed Hodge structure with
the excision long exact sequence in cohomology with compact support and with the
Kiinneth formula. The virtual Hodge polynomial X ~ h(X) is uniquely determined by
its values on the smooth projective varieties and by the motivic property.

According to [Toé05, Theorem 3.10] (see also [Joy07b]), the virtual Hodge polynomial

X » h(X) € N[u,v]

with X quasiprojective variety over C can be naturally extended in a virtual Hodge
rational function

X o h(X) € Z[u,v][(uo) ™ { ()" = 1) es1] © Z(u,v)
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with X Artin stack of finite type with affine stabilizers. Setting u = v = q%, we get a
virtual Poincaré rational function

X e b(X) € Z[g2][g7 {(q" = 1) D] € Z(g?).
We have for example, denoting BC* the classifying stack of C*,

h(BC)(u,v) = ——

uw—-1"

and
WBC) () = ——
qg-1
If X is an Artin stack of finite type with affine stabilizers, writing X as a finite disjoint
union of locally closed equidimensional substacks X, we define a symmetrized version of

the virtual Hodge rational function by

(X)) (u?,03) = Y (=(u0) ) N (X) (u,v) € Z[u, v]((u0)?) € Z(u?, 0%).

Setting u = v = 2, (uv)? = ¢2, we get a symmetrized version b(X)(q?) € Z(q2) of the
virtual Poincaré rational function.
We have for example, using that dim BC* = -1,

N () L 1
h(B(C )(u - )_ uv -1 - (uv)% — (uv)_% 7
and .
b(BC*)(q7) = ———— .
qz —q 2

Beware that X ~ B(X ) does not satisfy the same motivic property than X ~ h(X).

3.4. Donaldson-Thomas formalism. In this section we prove Proposition [3.8] which
will be used in the the proof of Theorem in §3.60 We use systematically the notation
introduced in §3.2]

Let A%» be the abelian category heart of the stability condition oy,, and let A4%ut be
the abelian category heart of the stability condition o... As we have chosen o, and ooyt
with the same z-coordinate, it follows from Definition that A%n = A% In what
follows, we denote by A this abelian category.

For every nonzero v € I' and o’ € U, we denote

| ,
o =—ArgZ7 .
¢ = Arg Z7
In particular, we have ¢g' = % if and only if Zﬁ;' € 1R,p.

Shrinking U, if necessary, it follows from the support property for stability conditions
that there exists an interval I c (0,1) containing 3 and closed in [0, 1] such that:

(i) The set of v € T such that ¢,(m,) <k and ¢ € I does not depend on o’ € U,.
We denote by A the union of this finite set with {0} (which depends on ¢ and k).
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(ii) For every o’ € Uy, the set of € I such that ¢, (m,) <k, ¢g €I and Ih;"(u%,v%) *
0 is contained in the set of vy, 1 <a < K, and Yogut, 1 < b< L.

In general, [ is a small interval around % The objects U,, A and I will play a fundamental
in our proof of the consistency of @Eij around o, as U, parametrizes the set of stability

conditions in a neighborhood of o, I contains all the relevant phases and A parametrizes
all the relevant classes locally around o.

Definition 3.5. For every ¢ € I, we denote A%n(¢p) (resp. A%ut(p)) the abelian subcat-
egory of A whose objects are 0 and the nonzero oy, (resp. Tou )-semistable objects E with

¢$i€}3) = ¢ (resp. Cb:,c(mEt) =9¢).
The categories A% (¢) and A%ut(¢) are indeed abelian by [Bri07, Lemma 5.2].

Definition 3.6. As oy, (resp. oou) is away from every potential wall, for every ¢ €I,
the lattice of v € I' such that ¢" = ¢ (resp. ¢7°" = ¢) is of rank 1. In particular, there
exists 7} € I' (resp. 43" €T') such that

{yeD|¢gn = ¢, MIn &} ¢ N1
(resp. {7 €T |65 = 6, + ) € o),

Note that by varying ¢ € I, each 7, 1 <a < K (resp. Yogur, 1 <b< L) will appear in
some Ny (resp. Nyg™).

We apply the formalism of Donaldson-Thomas theory, such as described by Mein-
hardt [Meil5| (see in particular Example 3.34 for a discussion of surfaces) to the abelian

categories A% (¢) and A% (¢).

Lemma 3.7. For every ¢ € I, the abelian categories A%n(¢p) and A% () satisfy the
technical conditions required to apply (Meil5, Theorem 1.1].

Proof. Technical conditions 1)-6) of [Meil5| are general assumptions about moduli spaces
and deformation theory of objects in an abelian category. They follow for the abelian
categories A% (¢) and A%ut(¢) from the fact that the moduli stacks and moduli spaces of
o’-semistable in D°(P?) have a description as moduli stacks and moduli spaces of quiver
representations for every o’ € U, see [ABCH13, Corollary 7.6].

Technical condition 7) of [Meil5] is the smoothness of the moduli stacks of objects,
or equivalently the locally constant behaviour of dim Hom(E, F) - dimExt'(E, F). As
Z;" € R for every 7 € I'? and for every o’ € U (see Remarks after Proposition , and
as ¢ is neither 0 or 1, the class 7 of an object in A%n(¢) or A%ut(¢) is never in I'0.
Li-Zhao [LZ19b] have shown that, for every ¢’ € U, and for every o’-semistable objects E
and F' with QS:/(E) = qbf/'(F) and y(E),v(F) ¢ I'°, we have Ext*(E, F) = 0. It follows that
A7in(¢) and A%ut(¢) satisfy technical condition 7).

Technical condition 8) of [Meil5| is the symmetry of the pairing dim Hom(E, F') -
dim Ext'(E, F). Let E and F be objects of A%x(¢) (resp. A% (¢)). Then we have seen
in the check of technical condition 7) that Ext*(E, F) = 0. So we have

dim Hom(E, F) - dimExt'(E, F) = x(E, F),
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which by the Hirzebruch-Riemann-Roch formula is given by

(B, F) = [Pz ch(EY) ch(F) td(P?).

Jin —

As we have chosen oy, (resp. ooy) away from every potential wall, the fact that gb,y( B) =

Oy = @ (resp. OTehy = D0 = ¢) implies that v(F) and v(F'), and so ch(FE) and ch(F),

are collinear, which by the above formula implies the symmetry y(E, F) = x(F, E). O

The application of the Donaldson-Thomas formalism of [Meil5| to Gieseker semistable
sheaves on del Pezzo surfaces is discussed in [Meil5, Example 3.34] and in [MM1§].
Lemma will able us to apply this formalism to Bridgeland semistable objects in
D°(P?).

Recall from § that for every v € I' and ¢’ € U, the moduli stack E)ﬁi‘y' of o’-semistable

objects of class v in D?(P?) is smooth. The symmetrized virtual Hodge rational functions
h(?)ﬁg')(u%,v%) are defined according to .

Proposition 3.8. For every ¢ € I, we have the equality
hoi"m(ug Ug)

Z h zm“mm u2 m)z v exp| - Z Z o

730 w1510 (w)? - (uwv) s

of power series in 28 with coefficients in Q(u%,v%), and the equality

£ £
[h”o‘;tut(ui v?)
nMm_out Inm_out

Zh(ﬂﬁ""“ut)(m v2)z 8 = exp —ZZ— -z o |,

n>0 161 (uv)E - (uv) 72

m
of power series in z ' with coefficients in Q(u%,v%).

Proof. We apply [Meil5, Theorem 1.1] to A% (¢) and A% (¢). The required assumptions
have been checked in Lemma 3.7

More precisely, the main result of |Meil5] (Theorem 1.1 combined with the formula
defining the Donaldson-Thomas invariants in Lemma 5.1) is an equality between gener-
ating series with coefficients in the Grothendieck group of mixed Hodge structures over
C with addition of a square root Lz of the Tate motive, and inversion of L%, (L~ -1),
n > 1. We get numerical identities by application of the virtual Hodge function (extended
such that h(L2) = —(uv)%). O

3.5. Wall-crossing formula. In this section, we prove Proposition [3.12, which will be
used in the the proof of Theorem [3.1]in §3.6] We continue using the notation introduced

in 3 1
Recall from the definition of the interval I in that we denote by A the finite subset
of I' given by

A= {0} U{yeTlp,(m,) <k,67" €I} = {0} u{y e D], (m,) < kg € I}
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Definition 3.9. We denote by A, the associative noncommutative Q(u%,v%)-algebm,
given as a Q(u%,v%)—vector space by

Ay = @Q(u%,v%)zm ,

veA
and with the product defined by

msy,m )

( 0l
My L Myt (_1)(m7,mﬂ{/)(uv)fzm7+m,yr
if v+ €A, and
ZM 2 =0
if v+ ¢ A
Definition 3.10. For every ¢ € I, we define
A= (0} U (y €Al 65n =)

and

A= {0hu{y e Al = o).

A=A =JAg".
pel ¢el

We have

Definition 3.11. We denote

—

[

pel
for an ordered product where the factors with higher value of ¢ are on the left of those
with lower value of ¢.

Proposition 3.12. We have the following equality in the Q(u%,vé)—algebm Ap:

[T > aemge)(uz,vz)m | =TT S Az (uz,vz)em™
gel \ yeAlr Gel \ yeAgnt

The proof of Proposition takes the remaining part of

We follow the logic of the proof of [Joy08, Proposition 6.20], in which Joyce considers
Gieseker semistable sheaves on a surface S with Kg' nef. We refer to [Bril2] and [Joy07a]
for details on definitions and on the use of motivic Hall algebras.

For every v eI, let 9, be the algebraic stack of objects of A of class 7, and let

m:=Jm,.
vyell
Let H(9) be the corresponding motivic Hall algebra. Elements of H(9) are motivic
stack functions on 9, that is, classes [Z — 9] defined up to scissor relationships, with
Z an Artin stack of finite type with affine stabilizers (see |Bril2]). As a vector space, we
have a ['-grading
H(M) =P HO,),

vyel’
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where H (901, ) is the space of motivic stack functions supported on 9., that is of [Z — 9]
factoring through M., — M. The associative product * on H (M) is I'-graded, that is,
has components, for every v, v € I,

*: H(mt71> ® H(mw) - H(mMJr’Yz) ’

determined by pullback and pushforward to and from the stack of extensions in A of
objects of class v by objects of class ~;.
We denote

Hp(9M) = P H (M)

~veA
with product, for vy, v, € A,

*: H(mt71> ® H(mw) - H(mMJr’Yz) )

restricted from H(9M) if v, + 72 € A, and set to 0 if 73 + 42 ¢ A. This defines a structure
of associative algebra on H(91).

For every 7 € A, the characteristic function of the stack 3™ (resp. M) of oy~
semistable (resp. o,u-semistable) objects in A of class v defines an element

5;“ = [T~ M
(resp. 09" = [T — M) of Ha(M). For every ¢ € I, we define
(5i¢n = Z 5;“ € Hy(OM),
'yeAg‘

and

9% = 3T 5o e Hy(9).

'ye/\‘(;;1t

From the existence and uniqueness of the Harder-Narasimhan filtration for the stability
conditions o, and o.y of heart A, we have the identity

H 5in — H 6;)Sut
¢el ¢el
in H(91). If we denote by ¢",..., ¢} the values of ¢ € I such that 03 # 1 € Hy(9M),
ordered such that
lln >l > gb}% ,
and by ¢, ..., % the values of ¢ such that ogt#lel A(9), ordered such that
B> > G,
we can rewrite the above identity as

in in _ gout out
5¢i1n *---*5¢1Nn —5¢c1,m * *5@5%.
Given the motivic property reviewed in §3.3], we can apply the virtual Hodge polynomial

h to an element [Z — 9] of the motivic Hall algebra H(9) to obtain a Z(u,v)-valued
constructible function h([Z — 9M]) on M. Recall that we introduced the bilinear Euler
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form (-,-):T'® " - Z in Definition . Multiplying further by (=(uv)2)() the restric-
tions to each component 9., we get an equality of A-valued constructible functions on

N

Z( (uv) )(7 ) h((5m - 5$n)|9)17) My

yeA

1 ou 011 m.
= X ()0 (ot «o x5, ) 2™

YE
For every v = (71, .. ,Yn) € AN we denote by INT™ the stack of objects £ with oy,-Harder-
Narasimhan factors Fy, ..., Ey of class v1,...,yy. Similarly, for every v = (y1,...,7n37) €

AN we denote by imi"“t the stack of objects E with o,,-Harder-Narasimhan factors
Ey, ..., Enoof class yp, ...,y

As we have 1 .
X (-(u) ) (01, « e e 0 ), ) 2™
ye
- Z (_(UU)% )(’YI+N+’YN771+W+’YN) h (((517? N 52;\])|m:m) A
leAN s
and
2%( (uv)3)) b (( ut 5;%1;”%27) S
ve
Z (_(uv)%)('YH...WN/,VH.-.WN:) h (((52;1t . 5out)|m out)zm71+"'+m%v' 7
zeAN'

Proposition follows from the following Lemma [3.13]

Lemma 3.13. For every v = (71,...,7n) € AN, we have an equality of Ax-valued con-
structible functions on IMN:

(—(uv)%)('71+~..+7N7’Yl+~-.+’YN) h((;;,? . 6;1;)Zm,71+...+m7]v

N (GO B R 10 ) EE (GO D R ICS) B
Similarly, for every vy = (V1. nr) € AN we have an equality of Ax-valued constructible

functions on IN:

(—(uv)% )(71+-~.+"/N/,’Y1+...+7N1) h((;out .o 50ut )Zm,y1 ety

(( (uv) )" dlmf)ﬁUOuth((Sout ) mvl,,,(( (UU) ) dim 99 N (501 ) My

YN

Proof. We prove the formula for o;,. The proof of the formula for o, is formally identical.
According to |[LZ19b], for every E oy,-semistable object of class 7, we have

Ext*(E,E) =0,
and so, using Lemma [2.2] we have
dim M7= = dim Ext'(E, E) - dimHom(E, E) = ~x(E, E) = —(7,7).
On the other hand, by Definition of the product in Ay, we have

ZMm 2N = (—(UU)%)Zi<]‘(%ﬁj)zm71+~--+m,w 7
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which can be rewritten using Lemma [2.3| as
My 2N = (—(uv)%)zkj(’Yiv’Yj)_ij ('Yiv'Vj)Zm’Yl Tty

Thus, given the identity

(Z% Z’Yj) = Z(%%’) = Z(%%’) + 2,0 75) + 20 ()

i<j >]

= Zi:(vi,vi) + (;(%’/h’) - ;(%,%)) +2 ;(%,w) ,
Lemma follows from the following equality of Z(u,v)-constructible functions on 9t:
R(ER % weex 01 ) = (uw) Eveesr Cemd p(50) - p(dn ).
We prove by induction over n that, for every 1 <n < N, we have
R(SR 5 eeex 610 ) = (wv) ™ Enoist 0D p(510) L R(6).

The case n =1 is trivial. Let us assume that the result is known for n—1 and that we wish
to prove it for n. By existence and uniqueness of the oy,-Harder-Narasimhan filtration,
an object E in the support of (612 x---x§i? )% 4" can be uniquely written as an extension

O-F->FE->FE,-0

with E,, oi,-semistable of class 7,,, and with Y of Harder-Narasimhan factors Fi, ..., E,_1
of class 71, ...,7,-1. It follows from the arguments used in [LZ19b| that, for every G and
G’ o;,-semistable objects with (bgi(“c) < Qﬁgi(“g,), we have

Ext*(G,G") = 0.

In particular, we have Ext*(E,, E;) = 0, for every 1 < j <n -1, and as F is obtained by
successive extensions of the E;, 1< j <n -1, we have also Ext*(E,, F) = 0.

From the explicit description of the product in the motivic Hall algebra (see [Bril2,
Proposition 6.2] or [Joy07a, Corollary 5.15]), the fiber of (622 ---x 0, )02 at the point
(F,Ey,) of 9™ x M is given by

Ly ¥n-1)
[Extl(En, F)/Hom(E,, F)] = [Al]dimExtl(En,F)—dimHom(En,F) .
As Ext*(E,, F) = 0, we have, using Lemma [2.2]
dim Ext'(E,, F) —dimHom(E,, F) = ~X(En, F) = ~(Yn, Y1+ + Yn-1) »
hence, using h(A') = uwv, the desired relation

B(E o 6w G0 ) = (un) O )RS x5 YR(S).

Tn-1
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3.6. End of the proof of Theorem [3.1]
Lemma 3.14. We have the following equalities in the Q(u%,v%)—algebm Ap:

= 1 Thgn(us,vs =
Hexp - Z ZZ Wg( : _)g 2L = H exp (HD,Yin jin) )
el vein 51 © (wv)? = (uv) "2 1<a<K aJa

and

— Oout 3 3 —
[eo|- 5 3 HCSD o ) [ (1)
el yeAgut 31 (uv)2 — (uv) ™3 1<6<L 75
Proof. As oy, and 0. jin (resp. oyt and Dyeus jou) are both in U (resp. Ug™), and so are
not separated by walls for 4" (reps. vou), we have M;T;:: = M;’;:n (resp. M;’g,fﬁ = M;’éut), for
every o' € U, n0? (resp. o’ € U,N09"). By the construction of I, every v € I with ¢35 € [
(resp. ¢ e I) and ¢, (my) < k is of the form i* (resp. 72"*) for some 1 < a < K (resp.
<b< L).

It remains to show that the ordering according to decreasmg value of ¢35 (resp. ¢5°™)
agrees with the ordering according to decreasing value of 1 <a < K (resp. 1 <b< L).

We consider a small parametrized path py, (resp. Pout) in Uj,n (resp. US") starting at
Tin (r€Sp. Oout) and intersecting successively the rays 0, jin (resp. djou jout) in the order of
increasing 1 < a < K (resp. 1 <b< L). According to Lemma we have Re Z7* <0 (resp.
Re Z";’Sﬁ <0) for every 1 <a < K (resp. 1 <b< L). Recall that by definition of U,, there
1<a,d < K, (resp. I/Vv <b b <L)

Oin

is no potentlal wall of the form W,

m 7'Yam ’ out 7'Ybout )

intersecting U™ (resp. Ugw). It follows that the relative orderlng of the phases (b
coincides with the relative ordering according to which py, (resp. pout) intersects the rays
D,y(iln’jian (reSp. D,ygut’jgut). I:'

We can now end the proof of Theorem [3.1] According to §3.2] we need to show the
equality

(pai;(x e (bailn = @D%ut e @acl)ut
of order k path-ordered products in the group fo%. By Definition , the group element
®, attached to a ray 0 is given by
D, = exp(H,) -

As the commutator in the associative algebra A, coincides with the Lie bracket in the
Lie algebra g,, (compare Definitions and [1.30), the above equality in the group G¥_
is equivalent to the following equality in A,:

— —
H eXp (Ha,yin jin ) = H eXp (‘Hbvout’jout ) :
I<a<K “ b

e 1<b<L
According to Lemma this is equivalent to

erXp ~ Z Zl [hg”‘(u2 ’02) =1:Iexp B Z Zl Ih%‘”(uz Uz)

b\ B @)t o) E ) e\ e B (u)E - (o) E

Y
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which by Proposition [3.8] is equivalent to

— —

[Tl > hemg=)(uz,vz)m | =TT S Amges)(uz,vz)2m

gel \ yeAin el \ yeA

But this last equality is exactly Proposition [3.12] and this ends the proof of Theorem [3.1]

4. INITIAL DATA FOR D,

In this section, we prove that the scattering diagrams D%, and S(Dir,) have the same
initial data. More precisely, we prove Theorem 1.5 according to which the scattering
diagrams D%, and S(D,) coincide in restriction to a neighbourhood U™ of the boundary
of U. We define U™ in and we state Theorem [4.5]in §4.2 We introduce a description
of D’(P2) in terms of quiver representations in §4.3, which is then used in to prove
Theorem [4.5]

4.1. The initial region U™®. Recall from that for every n € Z, we introduced naked
rays [0}] = s, — [0, 5]m}, and [0;] = s, — [0, 3 ]m;,, which were then used to define the initial
scattering diagrams DI, .

Lemma 4.1. For every n € Z, the line segments |0}| and 05| are contained in the line of
equation

n2

+nr—-—=0
y+nw 5 )
that s,
(zy)  _
Re Z'y((’)(n)) =0.

Proof. The fact that [0} and [0;] are contained in the line of equation

2
y+nx—%:()

is immediate given that [0}| = s, - [0, 2]m} and |0;| = s, - [0, 3]m;,;, with s, = (n,—";),

2 i) n
my, = (1? _n)a m;rz = (—1,”).
It remains to show that y + nx — % = ( is equivalent to Re Zsa(‘né/gn)) = (0. Recall from
Definition that, writing v = (r,d, x), we have

Re ng,y) =ry+d:p+r+gd—x.
On the other hand, we have

ywmnqu§+%+n.
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Definition 4.2. For every n € Z, we define
= {0 = (2,y) € U[Re Z Som-1)) S0, Re Z7 51y <0}

={(x,y) eU|y<—(n—1)x+§(n—1)2,y<—(n+1)x+§(n+1)2}.

For every n € Z, the boundary of U" is the union of:

(i) The line segment s,_1 — [0, 1]m*_,, contained in the line of equation

My_1s
1
y+(n—1)x—§(n—1)2:

that is, Re Z¢ TOm-1)) = =0.

(ii) The line segment s,,1 —[0,1]m contained in the line of equation

n+17

1
y+(n+1)x—§(n+1)2:

that is Re Z'y(O(n+1)) 0.
(iii) The arc of the parabola y = —%- boundary of U, delimited by the points s,_; and
Sn+1-

Remark that the line segments s,y — [0,1]m;_; and s,41 — [0, 1]m,,,, intersect at the
point

(n- 1,—1(n— 1) = (<Ln-1) = (n+ 1,—1(n A1) = (1—(n+1)) = (n,—%(nQ 1)),

which is the intersection point of the lines Re Z¢ JOm-1y) = =0 and Re Z° TOm1)) = =0.
The line of equation y + nx — % = 0, that is, Re Z¢ TOm) = = 0, divides U into three
regions. We have
O = Uity 0 Ty, Ui,
where:
(i) U i“T is the triangle delimited by the three lines Re Z” 1)) = =0, Re Z° S o)) = =0

and Re Z7(,,,1y = 0. Remark that we have {Re Z7 ) =0} n Uin = [0z uo;].
(ii) UmL is delimited by the lines Re Z¢ TOm-1y) = 0, Re Z°¢ Tomy =0, and the arc of

the parabola y = —7 Elehmlted by the points s, and Sn. Remark that we have
{Re Z5 o 1y) =0 n U, = 1054 and {Re Z7,,), = 0} n U, = [0
(iii) U‘nR is delimited by the lines Re Z° S0y = 0s Re 256

the parabola y = -%- ° delimited by the points s,, and s,,;. Remark that we have
{Re Z7 V(O(n+1)) ~ }ﬁ U;LHR 0,1/ and {Re Z7 ~Om) = 0fn U;ZHR 05

Figure |p| gives a schematic summary of some of the notation introduced above.

Definition 4.3. We denote

al-

= 0, and the arc of

Ure=Jor.

nez

Lemma 4.4. U™ is a neighbourhood in U of the boundary OU = {(z,y)|ly = -%} of U.
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Re Z°

YOy =0 Re Z7

Som-1y) =0

FIGURE 5.

Proof. For every n € Z, U is a neighbourhood in U of the arc of the parabola y = —%
defined by n—1 <z <n+1. The result follows from the fact that every point (x,y) of the
parabola y = —% satisfies n — 1 < x <n+ 1 for some n € Z. Equivalently, one can remark
that

_ 2 1 _.
{(x,y)€U|y<—%+§}cUm.

4.2. Statement of Theorem [4.5]

Theorem 4.5. The scattering diagrams D%, and S(Dit,) coincide in restriction to U™.

The proof of Theorem takes the remaining part of §4]

Recall that we defined an action ¥ (1) on U in . We first remark that, for every
n € Z, we have ¢(1)(Uir) = U . We also defined in an action (1) on scattering
diagrams on U. According to Proposition , ¥ (1) preserves S(Dir ) and according to
Proposition , (1) also preserves @Ei,. Therefore, in order to prove Theorem , it
is enough to show that the scattering diagrams ’DE?U and S(D1,) coincide in restriction
to Uin.

We describe S(Dir,) in restriction to Ui It follows from Lemma that S(D},)
restricted to U™ consists in the following rays:

(i) For every integer £> 1, d; , = (|05, Hy,) and 0, = (|og|, Hy,) (see §1.3-§1.4)
(ii) For every integer £>1, 0%, , = ([o*,|, H* ;) and 07, = (|o7], H7,) (see §L.
(iii) For every integer ¢ > 1, 7

9 1 -
on Q) = (s - [1/2, ity HY )

and
-(1) . S
oY = (51— [1/2,1]my, Hy,) -
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In order to prove Theorem , it remains to show that ©F

», restricted to U™ has an
identical description.

4.3. Quiver description. In this section we review a description of D(P?) in terms
of quiver representations, which will be used in the proof of Theorem in A
similar discussion can be found in [Ohk10, §4.3]. In order to compare with the notation
of [Ohk10], we recall that the exterior product Qpz ® Qpz - A2Qp2 = Kp2 = O(-3) induces
an isomorphism Tpz ~ Qp2(3).

We denote by Tpe the tangent bundle of P? and we consider the strong exceptional
collection [GR&7|

O(1), T2, 0(2),
of objects in D’(P?). We denote
T=01)eTpe0(2).
It follows from the Beilinson spectral sequence |[Bei78] that, introducing the algebra
Ap == Hom(T, T)°P,
and Ay the abelian category of finitely generated left Ag-modules, the functor
Db(P?) - D°(Ap)
E - RHom(T, E)

is an equivalence of triangulated categories. Using this equivalence, we view A, as a
subcategory of D°(IP2).
As
Hom(O(1),Tp2) = H*(Tp2(-1)) =~ C3,

Hom(Tpz, O(2)) = H(Qp2(2)) = C?
Hom(O(1),0(2)) = H'(O(1)) ~ C?,

the algebra A is the path-algebra of the quiver )y, consisting of three vertices v_q, vy,
vy, three arrows from v_; to vy, three arrows from vy to v;, and six linearly independent
relations coming from the kernel of the composition map

Hom(O(1), Tp2) ® Hom(Tpe, O(2)) - Hom(O(1),O(2)).

Denoting by &g, 01, d2 the three arrows from v_; to vy, and by 7, 71, 72 the three
arrows from vy to vy, one can write the relations as ~,;6; +v;0; = 0, for every 4,5 = 0,1, 2,

see [Ohk10, §4.3].

V-1 Vo (%1
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The abelian category A is the category of finite-dimensional representations of ()g. In
particular, the dimension of a quiver representation, that is, the triple of dimensions of
the vector spaces attached to the three vertices, defines an isomorphism

dim: Ko(Ay) ~ Z?,
such that dim([V']) e N3 if V' is an object of Ay.

The simple objects S_1, Sy, Sy of Ay, one-dimensional representations of )y supported
at the vertices v_1, vy, v; of Qp, of dimensions (1,0,0), (0,1,0), (0,0,1), correspond
respectively to the objects

o(-1)[2],0[1],0(1),
of D°(P2). The indecomposable projective objects P_y, Py, Py of Ay, characterized by
Ext*(P;, Sk) = 6;4C, correspond respectively to the objects
0(2),Tp2,0(1),
of D’(P2). They correspond to quiver representations of dimension (1,3,3), (0,1,3),
(0,0, 1) respectively. In Ay, we have natural projective resolutions of the simple objects:
00— Pl - 51 g O,
O—>P1@3—>P0—>So—>0,
O—>P1®6—>P593—>P_1—>S_1—>0.

We now focus on the simple objects O(-1)[2], O[1], O(1), of Ay. We can describe A,
as the extension-closed subcategory of D?(P2) generated by O(-1)[2],0[1],0(1). The
only nonzero Ext-groups between these objects are

Ext'(O(-1)[2],0[1]) = H*(O(1)) = C?,

Ext'(O[1],0(1)) = H(O(1)) = C°,

Ext*(O(-1)[2],0(1)) = H(O(2)) = C°.

In particular, the ordered collection
O(-1)[2],0[1],0(1),

is Ext-exceptional in the sense of [Mac07, Definition 3.10]. Therefore, by [Mac07, Lemma
3.16], if o = (Z,.A) is a stability condition on D?(P2) such that O(-1)[2], O[1], O(1)
belong to A, then A = A,.

Definition 4.6. We denote by K3 the quiver with two vertices Vi, Vo and three arrows
from Vi to V5.

K3 =
/\

Vi—— W

One way to obtain the quiver K3 is to restrict the set of arrows of )y to those starting
and ending at v_; and vy, or to restrict the set of arrows of )y to those starting and
ending at vy and v;. In other words, K3 is in two possible ways a subquiver of ().
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Lemma 4.7. Let o be a Bridgeland stability condition on the derived category of repre-
sentations of K3, of heart the category of representations of Ks. If V is a o-semistable
representation of K3 of dimension (ni,ns) € N2 with ny > 1, then we have

ng <3N .

Proof. If the moduli space of o-semistable representations of K3 of dimension (ny,ns) is
nonempty, then (e.g. see [Kin94]) this moduli space has dimension 3n;ny—n?-n3+1. In
particular, we have 3n;ny—n?-n2+1 20, so for ny > 1, we have ny(3n; —ng) 2n?-120,

so as ny 2 0, we have 3n; > ns. O

We end this section by a review of a natural operation on stability conditions that will
be useful in . It is a particular case of a more general action of the group C?E;(R), the
universal covering space of GL}(R), on spaces of stability conditions, see [Bri07, Lemma
8.2]. For every 0 < ¢ <1 and o = (Z, A) a stability condition on D’(P?), we can construct
a new stability condition o[¢] := (Z[#], A[Z, ¢]) on D’(P2). For every v € T, we define
Z[¢]y = e™Z,. Let Ay be the subcategory of A generated (by extensions) by the o-
semistable objects E with %Arg Z(E) > ¢, and let F, is the subcategory of A generated
(by extensions) by the o-semistable objects E with 1 Arg Z(E) < ¢. Then, denoting 1
the cohomology functors with respect to the bounded t-structure of heart A, A[Z, ¢] is
the subcategory of D*(P?) of objects E such that % = 0 for i # -1,0, H ;' (E) is an object
of Fy, and HY(FE) is an object of As,.

For every 0 < ¢ < 1 and o = (Z, A) a stability condition on D’(IP?), moduli spaces
of o-semistable (resp. o-stable) objects coincide with moduli spaces of o[¢]-semistable
(resp. o[¢]-stable) objects. More precisely:

(i) o-semistable (resp. o-stable) objects with < Arg = ¢ > ¢ are identified with o[¢]-
semistable (resp. o[¢]-stable) objects with 1 Arg Z[¢] = - ¢.

(ii) o-semistable (resp. o-stable) objects with + Arg Z = ¢ < ¢ are identified with o[¢]-
semistable (resp. o[¢]-stable) objects with 2 Arg Z[¢] = 1+ (¢ - ¢) via E — E[1].

4.4. Proof of Theorem [4.5] In this section we end the proof of Theorem 4.5 that is,
that the scattering diagrams ®%, and S(Di,) coincide in restriction to U™. We will use
the notions and notation introduced in the previous §4.3|

For every o = (x,y) € U such that -1 < z < 1, it follows from Definition that
O(-1)[1] and O(1) belong to the heart A° of the stability condition defined by o.

As v(O(-1)) = (1,-1,0), v(O) = (1,0,1), and v(O(1)) = (1,1,3), we have by Defini-
tion for every (z,y) e U:

x L
Zi(g()_l)):y—az—g—z(x+1)\/:c2+2 :
Zif(g)) =y —iz\/2? + 2y,

z .
ng(g()l)) =y+x— 5 —i(z—1)\/x?2+2y.
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IP:Q

u,v

Lemma 4.8. The scattering diagram ®-,, is empty in restriction to the interior of US?T.
In other words, the scattering diagrams ©F°, and S(Di)) coincide in restriction to the

u,v
; ; [ 7in
interior of Ug'p.

Proof. Let o be a point in the interior of UéflT. Then O(-1)[1] and O(1) belong to A°,
with

Re ZZonny = ~Re Zio1y) > 0,
and
Re Z;’(O(l)) <0.
We also have
Re Zf;(o) >0,

and, depending if > 0 or z < 0, O belongs to A? or O[1] belongs to A°. In any case,
the objects O(-1)[2], O[1], and O(1) belong to A°[Z7,1/2], and so A°[Z7,1/2] = Ay.
On the other hand, we have

Re Z7 o) <0, Re Ziopy) <0,Re Zo)) < 0.

As Ay is a category of quiver representations, with simple objects O(-1)[2], O[1]
and O(1), we have that, for every E nonzero object of A°[Z7,1/2], the central charge
Z°[1/2](E) is contained in the cone of linear combinations with nonnegative coefficients
of ZU[l/Q]V(O(,l))[2])7 ZU[1/2]7(0[1]), 20[1/2]7(0(1)). As ZU[1/2]7 = —Z'Z%7 for every v e,
we have

Im Z7[1/2]o¢-1y[2) > 0,Im Z7[1/2] o7y > 0,Im Z7[1/2] 0y > 0.

and so we conclude that
Im Z7[1/2](E) > 0.

Thus, if F is a o-semistable object of A7, then
(i) either, £ Arg Z7(E) > 4, and so Re Z7(E) <0,

29

(ii) or, 2 Arg Z°(E) < 3, and so E[1] is a o[1/2]-semistable object of A”[Z7,1], so

Im Z°[1/2](E[1]) > 0, and so Re Z°(E) > 0.
In any case, we have Re Z7(E) # 0. It follows that DF, restricted to the interior of U(i)f‘T,
is empty, as (D).
_ Figure: an example of configuration of central charges for o = (z,y) in the interior of
Uy, with z < 0. If £ is a o-semistable object of A”, then Z7(E) belongs to the dotted
region.
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Lemma 4.9. We have ’DEZ = S(Di,) in restriction to the boundary of UéflT.
Proof. The proof is similar to the proof of Lemma Let o be a point in the interior

of the boundary of U, we have o € {Re Z% o1y = 0}, or o € {Re Z7,y = 0}, or
o€ {Re ny’(o(l)) =0}. We apply a limit version of the argument for o in the interior of

(7011}11 given in the proof of Lemma There exists € > 0 such that A°[Z7, 3 €] = Ay, and
one shows that the only v € I' such that Zg € iR are positive multiples of v(O(-1)[1]),
or v(O(1)), or v(O), or v(O[1]). In each case, the corresponding moduli space of stable
objects is a moduli space of representations of Qg of dimension vector (n,0,0), or (0,n,0),
or (0,0,n), so is empty if n > 1 (a representation of dimension (n,0,0) is necessarily the
direct sum of n copies of the simple representation of dimension (1,0,0), and so cannot be
stable if n > 1), and is a point if n = 1. So, using Definition and Definition , the
scattering diagrams @Ei and S(D},) coincide in restriction to the boundary of US?T. O
]P>2

Lemma 4.10. The scattering diagram D,,,, 1s empty in restriction to the interior of UoiflR

and in restriction to the interior of UX,. In other words, we have D%, = S(D) in

u,v

restriction to the interior of Ui, and in restriction to the interior of UL, .

Proof. Let o = (x,y) be a point in the interior of Ui";. Then O(-1)[1], O(1), and O[1]
belong to 47, with

Re Zl oy > 0:Re Z3 o)) <0,Re Z3 oy > 0.

We claim that Arg ij(o[l]) > Arg Z;’(O(_l)[l]

(2.9) _ 1 .
Zv(g(—l))[l] i AR A i(r+1)\/22+2y,

Zifé’[)l]) = —y+ix\/ 22+ 2y,

) Indeed, using y <0, z >0, ~y+x+3>0,
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this inequality is equivalent to
T r+1
—_— > —l ,
Yy —y+T+;
that is,
s T

> -z’ - —.
y>-T 9

But as (z,y) is in the interior of Ui, we have y > _z

z- z
2

2
;and x>0, s0 =% > -2 - £.

Z5 o))
Z3 o1

Z3 o)

Z3o(-1)[2))

It follows from the previous inequalities that, denoting ¢ := %Arg ij(o(_l)m), the ob-
jects O(-1)[2], O[1], and O(1) belong to A?[Z°, ¢], and so A?[Z7, $] = Ap. In terms of
quiver representations, O(1) correspond to the simple representation S; of @)y, which is
a subrepresentation of every representation of ¢y of dimension (nq,ns,n3) with ng > 1.
So if V is a stable representation of Qg of dimension (ni,ng,m3) with n3 > 1, then
Arg Z°[¢](V) > Arg Z7[¢](O(1)).

If V' is a stable representation of )y of dimension (ny,ny,n3) with nz =0 and ny # 0, it
follows from Lemma that ny < 3n;. For every nonnegative integers ny, ny with ny # 0
and ny < 3ny, we have

mRe Z5 o1y + n2Re Zopyy SmRe Z5 o1y +3m Re Z5 oy

1 1
<n1(y—ff—§—3y)=n1(—29—$—§)7

and, for0<x<1andy>—§,

1 1 1 3 1
—Qy—l’—§<$2—$—§=($—§)2—Z<—§<0.
It follows that, for every E nonzero o-stable object of A%, we have either Arg Z7(FE) <

Arg Z7 51y and so Re Z7(E) >0, or Re Z7(E) <0. In particular, Re Z7(E) # 0.

Thus, the scattering diagram ’DE?U restricted to the interior of US?R is empty, as S(D},).
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Figure: an example of configuration of central charges for o = (7,y) in the interior
of Uy's. If Eis a o-stable object of A7, then Z2(E) belongs to the dotted region (it is

indeed possible to show that Arg(Z°

..........
......
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...........
............
............
............
.............
.............
.............
..............

(O(-1)[2])

+3Z501)) > A8 2 01)))-

........
.........
..........
...........
............

ZJ o112

The proof for U(i)flL instead of Ué?R is completely analogous. Let o = (z,y) be a point in
the interior of Uéf‘L. Then O(-1)[1], O(1), and O belongs to A°, with

Re Z°

We claim that Arg Z:(O(l))

Sy > 0,Re 230y <0,Re Z ) <0.

> Arg Z7 - Indeed, using y <0, 2 <0, -y -z + >0,

Zf{fg)) =y —ix\/ 2%+ 2y,

Za%g()n) =y+ax-— % —i(x - 1)\/m,
this inequality is equivalent to
- 1-z
that is,
x
y>-x°+ 3
But as (z,y) is in the interior of (_]é?L, we have y > —%, and x <0, so —%2 > -+ 5.
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Z5 o)
Z3 o)
Z50)

Z5on)

Z5o-1)2))

It follows from the previous inequalities that, denoting ¢ := %Arg Z,‘;(O), the objects

O(-1)[2], O[1], and O(1) belong to A°[Z7, ¢], and so A°[Z7, ¢] = Ap. In terms of quiver
representations, O(—1)[2] correspond to the simple representation S_; of (g, which is
a representation quotient of every representation of @)y of dimension (ny,ns,n3) with
ny > 1. So, if V is a stable representation of )y of dimension (ny,ns,n3) with n; > 1,
then Arg Z7[6](O(-1)[2]) > Arg Z7[6](V).

If V is a stable representation of (g of dimension (ny,no,n3) with n; =0 and n3 # 0, it
follows from Lemma that ny < 3ng. For every nonnegative integers ny, ns with ng # 0
and no < 3n3, we have

naRe Zlopy) +nsRe Zioy) < 3nsRe Zopy) +nsRe 2oy

1 1
<n3(—3y+y+x—§):ng(—2y+x—§),

and, for -1 <z <0 and y>—%2,

1 1 1 3 1
t+r--—<2irr--=(x+=-)?-><-=<0.
yro-g<wrrog=(@rg)-y<g

It follows that, for every E nonzero o-stable object of A, we have either Arg Z7(FE) <
Arg Z7 5 1y and so Re Z7(E) >0, or Re Z7(E) <0. In particular, Re Z7(E) # 0.

Thus, the scattering diagram 5‘35,2@ restricted to the interior of US?L is empty, as S(D,).

Figure: an example of configuration of central charges for o = (7,y) in the interior
of US?L. If £ is a o-stable object of A%, then Z?(E) belongs to the dotted region (it is

indeed possible to show that Arg Z;f(O(—U[Q]) > Arg(Z;’(O(l)) + 3Zj7(0[1]))).
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Lemma 4.11. We have @Ei, = S(Di,) in restriction to the boundary of Uéf‘R and in

restriction to the boundary of U(ifL.

Proof. Lemma is a limiting case of Lemma in the same way as Lemma [4.9]is a
limiting case of Lemma [4.8]

On the boundary [o]| (resp. [o7]) of [_](i)?R, the only v € I' such that Z7 € iR, are positive
multiples of v(O[1]) (resp. v(O(1))). The corresponding moduli space of stable objects
is a moduli space of representations of )y of dimension vector (0,n,0) (resp. (0,0,n)),
so is empty if n > 1 (a representation of dimension (0,n,0) is necessarily the direct sum
of n copies of the simple representation of dimension (0, 1,0), and so cannot be stable if
n > 1), and is a point if n = 1. So, using Definition and Definition , the scattering
diagrams D%, and S(Di,) coincide in restriction to the boundary of Uéf‘R.

Similarly, on the boundary [o;| (resp. [0%,]) of US?L, the only v € I' such that Z7 € iR,
are positive multiples of v(Q) (resp. 7(O(-1)[1])). The corresponding moduli space of
stable objects is a moduli space of representations of @)y of dimension vector (0,n,0)
(resp. (n,0,0)), so is empty if n > 1, and is a point if n = 1. So, using Definition and
Definition [1.35, the scattering diagrams ®F> and S (Di,) coincide in restriction to the

U,V

boundary of Uy . O

We can now end the proof of Theorem : the scattering diagrams ®%, and S(Dr,)
coincide in restriction to U, according to Lemma 4.8 and Lemma in restriction to
Uir and Ul according to Lemma and Lemma {4.11} and so, as

rrin _ 7rin rrin rrin
Uy' =Upr v Uy vUYR,

in restriction to U", and so, using the action of ¢(1), in restriction to U™.
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5. THE EQUALITY @Ei} = S(Din,)

In we prove that a consistent scattering diagram which has the same initial data
as S(®i,) in fact coincides with S(Dir, ). In we use Theorem [3.1] and Theorem
to show that @Ei} satisfies this criterion, and so we get our first main result, Theorem

, stated as Theorem 0.1 in the introduction, that is the equality ’DE?U =S(D,).

5.1. Criterion for © = S(D},). In we defined a scattering diagram S(®D,) on U
for (M, gu,»). In this section we prove Proposition , which gives a sufficient criterion
to prove that a scattering diagram ® on U for (M, g.,,) coincides with S(D},).

Definition 5.1. Let © be a scattering diagram on U for (M, g,.), and let ® and d' be
two rays of ®. The ray 0 is a parent of the ray o' if:
(i) 9 is bounded, that is, we have || = Init(d) — [0, Ty |my for some Ty € Ryy.
(i) the endpoint of ® coincides with the initial point Init(d’) of o'
(iii) 0" defines an outgoing ray of the local scattering diagram Diyi(v)-
(iv) 0 defines an ingoing ray of the local scattering diagram D i)
(V) <P1nit(a')(ma) < SOInit(D’)(mD’)-
It follows from condition (ii) in the Definition of a scattering diagram that a given
ray 0’ has finitely many parents.

Lemma 5.2. Let © be a scattering diagram on U for (M, g..), and let d and d' be two
rays of ©. If 0 is a parent of ¥', then

Pmit2) (M) < Pmitery (Mar) -

Proof. By Definition [5.1], the endpoint of 9 is the initial point of ?’, and so we have
Pnit(0) (M2) < Pmit(e) (M) by Lemma [1.150 On the other hand, we have @iy (ma) <
Pnit(oy (o) by Definition (V) Il

Definition 5.3. Let © be a scattering diagram on U for (M, g,.), and let ® and d' be
two rays of ®. The ray 0’ is a descendant of the ray 0 of if there exists a finite sequence
of rays 0; of ®, for 0< j < N, such that:
(1) DO =0.
(ii) oy =0’
(ili) For every 0<j< N -1, the ray 0, is a parent of the ray 0.1.

Definition 5.4. Let © be a scattering diagram on U for (M, g,.,), and let d be a ray of
D. A ray 0 of ® is an absolute ancestor if 0 has no parent.

Lemma 5.5. Let © be a scattering diagram on U for (M,g,.), and let 0 and 0" be
two rays of © such that ' is a descendant of 0. Then, writing Init(d) = (x,y) and
it (?') = (', y"), we have
, 1
|l' - x| < §¢Init(a')(ma’)-

Proof. 1t is a consequence of Definition [5.3| and Lemma [1.15] U
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Lemma 5.6. Let © be a consistent scattering diagram on U for (M, g,.) such that ®
coincides with S(DW,) in restriction to U™, and let 9’ be a ray of ©. Then there exists
a ray 0 of ©, which is an absolute ancestor, such that 0" is a descendant of 0.

Proof. Writing Init(?’) = (xy, Yo ), we denote
_ _ 1
Uy ={(2,y) e U |x2 +2y < acg, + 24, |7 — 2| < §¢Init(a')(ma’)} .

According to Lemma [I.23| and Lemma [5.5], if 0 is a ray of © such that 0’ is a descendant
of 9, then we have Init(d) € Uy.
We denote

1 1
Ky ={(z,y) e U] 1S 2+ 2y < 3y + 2y, [T — | < §<Plnit(0’)(m0’)} :

The set Ky is a compact subset of U and we have Uy — Ky c U,

As ® is consistent, every ray of ® is either an absolute ancestor or is the descendant
of an other ray. So, if we assume by contradiction that 9’ is not the descendant of an
absolute ancestor, we can find an infinite sequence of rays 9;, j € N, such that 9y = 9,
and such that, for every j € N, 0,,; is a parent of 0;. If there exists j € N such that
Init(d;) € U™, then we get a contradiction as by assumption D coincides with S(D™)
and every ray of S(®™) is a descendant of an absolute ancestor. If not, then we have
Init(0;) € Ky for every j € N, and as @mia,)(70;) < Pmitery (7o) for every j € N by
Lemma [5.2] we get a contradiction with condition (iii) of Definition of a scattering
diagram. O

Lemma 5.7. Let © be a consistent scattering diagram on U for (M, guy). Then, every
absolute ancestor ray of © intersects U™.

Proof. Let d be an absolute ancestor ray of ®%,. We claim that Init(d) € U™. Indeed,
assume by contraction that Init(d) ¢ U™. Then we have in particular Init(d) € U and
consistency of © at the point Init(d) contradicts the assumption that 0 is an absolute
ancestor ray. U

Proposition 5.8. Let © be a consistent scattering diagram on U for (M, @) which
coincides with S(D},) in restriction to U™. Then, we have ® = S(D},).

Proof. We prove by induction on k € Zs that ® coincides with S(®1,) in restrictions to
the set of rays 0 such that i) (1m0) < k.

We first show the result for k£ = 0. A ray 0 with @) (m0) = 0 is necessarily an absolute
ancestor: if not, a parent 9’ of @ would have to satisfy @) (m0o) < 0 by Lemma , and
this would be a contradiction with (ii) of the Definition of a scattering diagram on
U. By Lemma , every absolute ancestor ray of ® intersects U™, and so the assumption
that © and S(DI",) coincide in restriction to U™ implies that ® and S(Di,) have the
same rays 0 with Qi) (me) = 0.

Before treating the induction step, we remark that a similar argument also shows that
for any point ¢ € U around which we have a non-trivial local scattering, and for any
ray 0 of © containing o, we have ¢,(m,) > 1. Indeed, by Lemma [5.6] every ray d of
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D is descendant from absolute ancestors, and by Lemma [5.2] ¢(m,) is increasing from
ancestors to descendants, so it is enough to prove the result for points o where we have
a non-trivial local scattering of absolute ancestors of ®. But by Lemma and the
assumption that ® and S(D) coincide in restriction to U™, this follows from the same
property for S(Di? ), which holds by the explicit description of S(®I,) (see Lemmas
1.2611.27)).

We can now treat the induction step. Assume that the result holds for k. Let 0 be a
ray of © with k < @ity (o) <k + 1. Then Init(d) € U (else d would be an initial ray of
S(Din,) with @ity (me) = 0), and so by the previous remark, we have @iy (M) > 1
for every ray ' of © containing Init(d). Arguing as in the proof of Proposition [1.29] it
follows that the ray 0 is uniquely determined by the local consistency of © around Init(0)
from the rays 0’ of © containing Init(?) and satisfying SOInit(a)(ma') < k. The same is true
for S(Di,). By Lemma , these rays 0’ satisfy @ity (Mor) < Pmise) (M) <k, and so
by the induction hypothesis are identical for ® and S(D"). O

5.2. Proof of the main result. In we have defined S(D1,) a scattering diagram
on U for (M,g,,), in a completely algorithmic way: as consistent completion of an
explicitly given initial scattering diagram D}, . In we have defined ’DE?U, a scattering
diagram on U for (M, g,,), in terms of intersection Hodge polynomials of moduli spaces

of Bridgeland semistable objects in D’(IP2). Our main result, stated as Theorem in
the Introduction, is that these two scattering diagrams coincide:

Theorem 5.9. We have the equality CDE’ZU = S(D,) of scattering diagrams on U for
(M, Gu,)-

Proof. According to Proposition , it is enough to show tha:c the scattering diagram 91572@
is consistent and coincides with S(®I)) in restriction to U™. The scattering diagram
D is consistent by Theorem and coincides with S(Di) in restriction to U™ by

u,v

Theorem [4.5] O

Theorem 5.10. We have the equality @15? = S(@;‘i) of scattering diagrams on U for
(M, g,-). Similarly, we have the equality @ICPQ, = S(@lcrll) of scattering diagrams on U for
(Mv gcl’)'

Proof. This 1follovvs from Theorem by the specialization u = v = q% and the semiclas-
sical limit g2 — 1. U
Theorem 5.11. We have the equality ’D]qpf = S(CD;E) of scattering diagrams on U for
(M, gg4+). Similarly, we have the equality @E’i = S(®M,) of scattering diagrams on U for
(M, gar)-

Proof. 1t will follow from Theorem[5.10[ We have to compare the Lie algebras g,- and gg-.
The Lie bracket of g, _ is the commutator of the associative algebra A, = @,,cps Q(q*%),
where 2™ - 2" = (—1)<mvm'>q<m’2m’>zm+m'. Similarly, the Lie bracket of g, _ is the commu-

(m,m')

tator of the associative algebra Ay = @,,ens Q(q*%), where 2. zm' = g2z,
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We consider 0: M = Z2? — {£1}, (a,b) = (=1)®*2* One checks easily (or see [Boul8|
Lemma 8.3]) that o is a quadratic refinement, in the sense that

o(m+m') = (1) (m)o(m')

for every m,m’ € M. It follows that F,: A, — A,, 2™ — o(m)z™ is an isomorphism
of associative algebras. If © is a scattering diagram for g,-, of rays d = (9|, Hy), we
denote by F,(®) the scattering diagram for g, of rays 0 = (|9|, F,(H,)). As F, is an
isomorphism, F,,(®) is consistent if and only if © is consistent.

From the explicit description of the scattering diagrams DX and D in Definitions
and , we have F,,(@i;i) = ’Df;i (indeed o(¢m?}) = o(fm;) = (=1){+n+1) = (=1)¢ for
every n € 7Z and ¢ > 1). By uniqueness of the consistent completion given by Proposition
1.29) we deduce that F,(S(D*)) = S(DR).

On the other hand, we claim that FU(Z‘D]gf) = ’D]};f. From the explicit description given
by Definition [2.22] it is enough to show that, for every v € T', we have (-1)("") = g(m.).
But for v = (r,d, x), we have by Definition 2.1 (v,7v) = =3dr —r2 —d?+2ry, so (=1)(»") =
(~1)dr+r+d and as m, = (r,—d) by Definition [2.18 we also have o(m.,) = (-1)@r+r+d.

Thus, we get the equality ’fo = S(D) by applying F, to the equality @E)f =S5(D)
given by Theorem The equality @fﬁ = S(Dm,) follows by taking the semiclassical
limit q% - 1. O

6. APPLICATIONS TO MODULI SPACES OF GIESEKER SEMISTABLE SHEAVES

In §6.1) we show how Theorem can be used to obtain an algorithm computing
intersection Hodge numbers of moduli spaces M, of Gieseker semistable sheaves. As an
application, we prove Theorem stated as Theorem [0.2] that is, the fact that these
intersection Hodge numbers are concentrated in bidegree (p,p). In we prove results
on the cohomology of the moduli spaces M, viewed as real algebraic varieties. In
we explain that our scattering algorithm leads naturally to a decomposition indexed by
trees of the Poincaré polynomial of M., and we give explicit examples.

6.1. Algorithm. For every v € I', we denote by M, the moduli space of S-equivalence
classes of Gieseker semistable sheaves on IP? of class . The moduli space M, is a projective
scheme, singular in general, which can be constructed by geometric invariant theory, see
for example [HL10]. The moduli space M5 of Gieseker stable sheaves is a quasiprojective
scheme, open in M,. It follows directly from Serre duality and from the definition of
Gieseker semistability that Ext*(E, E) = 0 for every Gieseker semistable sheaf E with
Y(E) ¢ IV, and so the moduli space M:* of stable object is smooth if ¢ I'Y. In fact the
moduli space M5 is also smooth if y € I'?, as it is P? if v = (0,0,1), and the empty set
else.

As in for M9, we define intersection Hodge numbers Ih?4( M, ), intersection Betti
numbers [b,(M,), and intersection Euler characteristics Te*(M,). If M, = M:', which
happens for example if v is a primitive element of the lattice I', then M, is a smooth
projective varieties and the intersection Hodge numbers, Betti numbers, Euler character-
istics, are the usual Hodge numbers, Betti numbers, Euler characteristics of M.
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The following Lemma gives the relation between the moduli spaces M of Bridgeland-
semistable objects and the moduli spaces M, of Gieseker semistable sheaves. It is a
precise version of the general idea that the notion of stability in the sense of Gieseker can
be recovered as an asymptotic version of Bridgeland stability condition.

Lemma 6.1. We fiz v = (r,d,x) €' such that r >0. Then:

i) If r=0 and d =0, we have MS = M., and M7= = M** for every o € U.
() v v Y Y y
(ii) If r =0 and d > 0, we have M3 = M, and M7t = M5 for o = (x,y) € U with y
large enough.
iii) If r >0, we have M2 = M., and Mot = M5t for o = (z,y) e U, x < ¢ and y large
8l g v v r
enough.

Proof. See the proof of [ABCH13| Proposition 6.2]. O

We now explain how Theorem [5.9]gives an algorithm to compute the intersection Hodge
numbers [ThP4(M.,).

We fix yeI'. If v=(0,0,1), then M, = M3 =P2 so Th*?(M,) = h*4(P?). If v € ' and
v #(0,0,1), then M5t is empty so ITh?4(M,) =0, for every p and q.

So we can assume that « ¢ I'?. In such cases, it follows from the explicit description of
L., given in and from Lemma that L, intersects the region in U where MY, = M.,

M=t = M3, and so Ihp’q(]\{;’,)l: IhPa(M.,) for every v/ € I'y. Let Qv(u%,v%) defined
from the polynomials Ih. (uz,v2) as in Definition m If there exists j € J, such that
R, ; is a half-line, then we have H, ; = Qv(u%,v%)zmv (and Qy(u%,vé) #0). If not, this
means that Qw(u%,v%) = 0. In all cases, one can read off Qv(u%,v%) from @E”QD. So,

after having determined by induction the Ih%j(u%,v%) for v eIy, v # 7, we can read
off Ihv(u%,v%) from @Ei,. But according to Theorem , we have @E’ij = S(Dn,). As
S(®Di,) can be computed in an algorithmic way (see the remark ending , it is also
the case for ]hw(u%,v%).

In order to get an effective algorithm, we have to know, for a given v € I', how to bound
the number of steps necessary in the construction of S(®I,) to compute I hv(u%,vé).
Li-Zhao |[LZ19a] have given an algorithm to compute the actual walls for 4, and from
there, we can get a bound on the value 22 + 2y for the initial point (z,y) of the half-line
Rw’- Using Lemma , we get a bound on the x-coordinates of the relevant initial rays
of S(®r,). Thus, we can algorithmically compute a compact set K, in U such that
Ih,y(u%,vé) is computed by the restriction of S(D® ) to K,. On the other hand, by
combination of Lemma and Lemma we know that ¢,(my) is increasing when
moving from the initial rays by successive local scatterings. Thus, we can bound ¢, (m;)
for 0 a ray contributing by successive scatterings to the formation of R, ;, and for o € [0],
by ©(z4)(my). By condition (iii) of Definition m and the description of (D) in
restriction to U™ at the beginning o7 the restriction of S(Di)) to K, contains
finitely many such rays . By Lemma we know when they are exhausted: when all
the newly added rays have @ity (10) > Q) ().
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We can now prove that, for every « € Z3, the intersection cohomology of M., is concen-
trated in Hodge bidegrees (p, p), that is Theorem of the introduction.

Theorem 6.2. For every v €', we have Th*4(M,) =0 if p # q.

Proof. As we explained above how to compute the intersection Hodge polynomials
dim M-
Thy(uz,07) = (=(uv)z)~ WM S ()P ppa (M, YuP vl
P,q=0
from the scattering diagram ©F, = S(Dir,), the result follows from Corollary m In
short, the result is true for the initial rays of DI, (the corresponding moduli spaces are
points), and then propagates by wall-crossing. Il

As we recalled in the Introduction, Theorem is well-known [ESm93,|Bea9d5,[Mar(7]
if v is primitive: in this case, semistability coincides with stability, M, is smooth, in-
tersection cohomology coincides with ordinary cohomology, and one can show that the
cohomology ring is generated by the Kiinneth components of the Chern classes of the
universal sheaf. In general, M, is singular and Theorem is much less clear. In fact,
Theorem does not seem to appear previously in the literature, even if, with the extra
assumption r > 0, a different proof can be obtained from the results proved in [MM18].

Theorem [6.2] implies immediately the following Corollary [6.3]

Corollary 6.3. For every v el', we have:

(i) Iboks1(M,) =0 for every k e N.
(ii) Te*(M,) €N, and, if M5 is nonempty, Ie*(M.,) € Zs,.

6.2. Real algebraic geometry. We now discuss an application to the real algebraic
geometry of the moduli spaces M,. We equip P? with its natural real structure whose
real locus is the real projective plane RIP2. As the definition of Gieseker semistable sheaves
makes sense over essentially any base, it follows that for every v € Z3, the moduli space M,
has a natural real structure and we denote by M, (R) its real locus. In particular, there is
a natural action of Gal(C/R) = Z/2 on the intersection cohomology groups I H*(M,,Q).

Theorem 6.4. For every v €I, and for every 0 < p < dim M., the complex conjugation
in Gal(C/R) acts as (-1)? on IH?*(M,,,Q).

Proof. In all the arguments used in the proof of Theorem [5.9] we can replace the inter-
section Hodge polynomials valued in Z[u,v] by the class of the intersection cohomology
in the Grothendieck group of the category of mixed Hodge structures with action of
Gal(C/R). In all the explicit formulas defining S(®D¥,), we only have to replace uv
by H2(A',Q). The analogue of Theorem is then an equality of scattering diagrams
with values in the Grothendieck group of the category of mixed Hodge structures with
action of Gal(C/R). The result then follows from the fact that the complex conjugation
in Gal(C/R) acts as -1 on H2(A!,Q). In short, the logic is identical to the one used
to prove Theorem : the result is true for the initial rays of DI (the corresponding
moduli spaces are points), and then propagates by wall-crossing. Il
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If 7 is primitive, then M, is smooth, so M, (R) is a compact manifold. We denote by
e(M,(R)) its topological Euler characteristic.

Corollary 6.5. For every v €' primitive, we have

dim M, dim M,

e(M,(R)) = Z:(:) (=1)Pbyy (M) = z:(:) (—1)PRPP(M,) .

Proof. For ~ primitive, M, is smooth, intersection cohomology coincides with usual coho-
mology, and so the result follows from Theorem by the Lefschetz fixed point formula
applied to the complex conjugation. O

It is possible to give a simpler proof of Corollary According to [ESm93,|Beadb,
Mar07] if + is primitive, then the cohomology ring of M, is generated by the Kiinneth
components of the Chern classes of the universal sheaf on M, x P2. So the result follows

from the fact that complex conjugation acts as (=1)? on the p-th Chern class of a real
sheaf, and as (-1)? on H?(P2,Q).

6.3. Tree decompositions. According to Theorem [6.2] the study of the intersection
Hodge numbers Ih?(M.,) can be reduced to the study of the intersection Betti numbers
Ibyy,(M,). In particular, the intersection Poincaré polynomial

dim My

P(M,) == Z_;) Ibyy, (M) q"

has nonnegative coefficients.
The scattering algorithm of induces a decomposition

P(Mv) = TZ;’ PT(MV) )

where T, is a set of oriented weighted trees immersed in U, and where each Pr(M.,)
is a polynomial in ¢ with integer coefficients. Each T € 7, is contained in the support
of 915,21; = S(Dir)), has roots at some of the initial points s, of D},, and has a unique
unbounded leave coinciding with R%j, where j is the unique j € J, such that Rw’ is a
half-lines. Each edge of T is weighted by a positive integer and oriented in the direction
of increasing value of ¢, (my). Each non-root vertex of T has finitely many ingoing edges
and one outgoing edge, and the tropical balancing condition is satisfied at each such
vertex. The only obstruction to the embedding of T in U is the fact that two roots of
T can map to the same initial point s,. It is related to the fact that, in the support of
D, there are two rays coming out from each s,,, and 7" might contain these two rays.
Indeed, such trees naturally index the various terms obtained by successive local scat-
terings in the algorithmic construction of S(®D1,). The fact that the contribution of each
tree is a polynomial in ¢ with integer coefficients follows from the formalism of admissi-
ble series of Kontsevich-Soibelman (see [KS11, §6]). We conjecture that the coefficients
of the polynomials Pr(M,) are nonnegative, and that ¢-(dimM,-degPr(M:)) Pr(M) are

palindromic polynomials with constant term 1.
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Even if our result holds only at the numerical level of Betti numbers, we can think of
the various terms indexed by 7" as coming from various locally closed strata in M., of
codimension dim M, —deg Pr(M,,), parametrizing Gieseker semistable sheaves which are
obtained from the line bundles O(n) by a precise pattern of exact triangles in D°(IP?).

This decomposition of P(M,) seems to be new in general and probably deserves further
study. We make only one observation. The moduli spaces of Gieseker semistable sheaves
supported in dimension 1, that is with v = (0,d, x), have been quite explicitly studied for
low values of d in [DM11|Maill,Mail3a,|/CM14,|CC15,BMW14,Yual4d|. One key aspect
of these studies is the construction of explicit locally closed decompositions of the moduli
spaces M(g.q4,y) (for low degree, d < 6), whose strata are characterized by the existence of a
resolution by a direct sum of line bundles of some numerical type. For d < 5, one can check
explicitly that our decomposition according to the trees T' € 7, matches the decomposition
of P(M.,,) induced by these decompositions, and for d = (6, 1), it matches the slightly more
refined decomposition according to the first destabilizing wall, see [CC15].

A quite simple example: shape of the unique tree T' contributing to v = (0,1,1) (the
precise embedding in U can be recovered from the explicit description of the initial rays
of Dt and from the tropical balancing condition):

S_1 S0

Above the vertex, extensions of O(-1)[1] by O become stable, corresponding to the fact
that all the elements of M1y are of the form O; for [ a line in P?, and so admit a
resolution of the form

0>0(-1) >0 >0, >0.

We can check that Pr(Mq1,1)) = 1+ ¢+ ¢*, which is indeed the Poincaré polynomial of
M1,1) ~ P2. More complicated examples are given in the proof of Theorem in the
following section §6.4

The above trees can be viewed as examples of tropical disks in the sense of [CPS10,
Definition 5.1] and are essentially identical to the attractor trees discussed in a more
general and partially conjectural context in [KS14) §3.2]. They are of the same nature
as the attractor flow trees of the supergravity literature [Den00|, except that, in the
supergravity context, the trees can have a root at an attractor point, which is a smooth
point of the moduli space, analogue of our U, whereas all our trees end at a singular
point of the moduli space (the points s,, where the central charge of O(n) goes to 0).
The supergravity context should be relevant for compact Calabi-Yau 3-folds, whereas the
present paper is about the noncompact Calabi-Yau 3-fold Kp2.

6.4. Test of the y-independence conjecture: proof of Theorem [0.6, We prove
Theorem [0.6] that is, for every d <4, the intersection Poincaré polynomial P(Mq,)) is
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independent of x. In order to save space, we will use Theorem , proved in [Boul9b],
according to which P(Mq,)) only depends on x through ged(d, x).

For d = 1 and d = 2, the moduli space M 4, is isomorphic to the linear system of
degree d curves and so does not depend on x: there is nothing to prove.

For d = 3, there are two cases to consider, that we can choose to be x =1 and x = 3,

and there is something to prove. For every n € N, we denote [n], := Y7, ¢*.

Proposition 6.6. We have

P(M(O,&l)) = P(M(07313)) = [Q]Q[3]q :
In particular, Theorem holds for d = 3.
Proof. There is a unique tree contributing to v = (0,3,1):

T =

2

S_9 S_1 S0

The uniqueness of T" is related to the fact that every sheaf E in M 3 1) admits a resolution
of the form

0-0(-2)*2-0(-1)e0-E-0,
see [DM11]. We can check running the scattering algorithm that
P(Mo3,1)) = Pr(Mos,) = [9]4[3]q-

There are two trees contributing to v = (0,3, 3):

S_1 So
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S_9 S1

The tree Tj corresponds to the codimension 0 stratum in M 3 3y of sheaves £ admitting
a resolution of the form

0-0(-1)®-0% > E -0,

and the tree T; corresponds to the codimension 1 stratum in M 3 3y of sheaves E admit-
ting a resolution of the form

0-0(-2)->0(1)> E->0,
see [DM11]. We can check running the scattering algorithm that
PTO(M(Ov373)) = [Q]Q(l + q2) Y

PTl(M(07373)) = [9]qq’
and so
P(M33)) = Pr,(M33)) + Pr,(Mo33) = [9]4[3] -
]

For d = 4, there are three cases to consider, that we can chose to be y =1, x = 2, and
X =4.

Proposition 6.7. We have

P(Man) = P(M@az2) = P(Moas) = [12],(1 +q+4¢° +4¢° + 4" + ¢° + ¢°) .
In particular, Theorem holds for d = 4.
Proof. There are two trees contributing to v = (0,4,1):
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S_3 S_1 So
Using the notation of [DM11} §3], Ty corresponds to the codimension 0 stratum X in
Mo,4,1) of sheaves E' admitting a resolution of the form
0-0(-3)->0(-1)"e0—-FE -0,

and Ty corresponds to the codimension 2 stratum X in M4, of sheaves I/ admitting
a resolution of the form

0-0(-3)00(-1) - 0% - E 0.
We can check running the scattering algorithm that
Pry(Man) =[12]4(1+ ¢ +3¢* +3¢° + 3¢" + ¢° + ¢°)
Pry (M) = [12]4[3],4%,
and so
P(Many) = Pry(Moany) + Pr,(Moaz2) = [12],(1 + ¢+ 4¢* + 4¢°> + 4¢* + ¢° + ¢°)..

The moduli space My 4,1) is smooth and its Poincaré polynomial has been previously
computed by torus localization in [CM14].
There are three trees contributing to v = (0,4,2):

T0=



78 PIERRICK BOUSSEAU

S_3 S1
Using the notation of [DM11, §4], Ty corresponds to the codimension 0 stratum X in
Mp,4,2) of sheaves E' admitting a resolution of the form
0-0(-2)%* - 0% - E -0,

Ty corresponds to the codimension 1 stratum X; in M4y of sheaves £ admitting a
resolution of the form

0> 0(-2)280(-1) > O(-1) 8 0% > E >0,

and 75 corresponds to the codimension 3 stratum X, in Mg 49) of sheaves £ admitting
a resolution of the form

0-0(-3)-0(1)->E-0,
We can check running the scattering algorithm that
PTO(M(OA,?)) = [12]q(1 + 2(]2 + 2q4 + q6) s
Pr,(Ma,2)) = [12]49(1 +2¢ + 3¢ + 2¢° + ¢*) ,
Pr,(Mo42)) = [12]4¢°,
and so
P(M(()A’Q)) = [12]q(1 +q+ 4(_[2 + 4(_[3 + 4(]4 + q5 + q6) .
There are two trees contributing to v = (0,4,4):
T() =
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S_1 S0

S_o S_q S0 51
Using the notation of [DM11, §5], Ty corresponds to the codimension 0 stratum X, in
M9,4,4) of sheaves E admitting a resolution of the form

0-0(-1)* - 0% > E -0,

and T} corresponds to the codimension 1 stratum X; in M 44) of sheaves E' admitting
a resolution of the form

0->0(-2)20(-1) >0 0O(1) > E>0.
We can check running the scattering algorithm that
Pry(Moaa)) = [12],(1 +2¢* + ¢* + 2¢* + ¢°)
Pr,(Moa,4y) = [12],[3]24,

and so
P(Maa) =[12],(1+ g +4¢° +4¢° + 4¢" + ¢° + ¢°) .
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