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Abstract

In recent years the field of real numbers expanded by a multiplicative sub-
group has been studied extensively. In this thesis, the known results will
be extended to expansions of the real field. I will consider the structure
R consisting of the field of real numbers and an irrational power function.

Using Schanuel conditions, I will give a first-order axiomatization of ex-
pansions of R by a dense multiplicative subgroup which is a subset of the
real algebraic numbers. It will be shown that every definable set in such
a structure is a boolean combination of existentially definable sets and
that these structures have o-minimal open core. A proof will be given
that the Schanuel conditions used in proving these statements hold for
co-countably many real numbers.

The results mentioned above will also be established for expansions of R
by dense multiplicative subgroups which are closed under all power func-
tions definable in R. In this case the results hold under the assumption
that the Conjecture on intersection with tori is true.

Finally, the structure consisting of R and the discrete multiplicative sub-
group 2% will be analyzed. It will be shown that this structure is not
model complete. Further I develop a connection between the theory of
Diophantine approximation and this structure.
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Chapter 1

Introduction



In this introduction we start by discussing the context of this thesis. Then all
results of this thesis will be stated and it will be explained how they fit into the

broader perspective. Finally the structure of this work will be explained.

1.1 Introduction

Let R = (R,<,+,-,0,1) be the field of real numbers. In [vdD85] van den Dries
described the theory of (R, 2%) and showed that this theory is near model complete,
ie. that every formula is equivalent to a boolean combination of existential formulas.
The main tool in his proof was a valuation-theoretic result known as the valuation
inequality. Van den Dries himself generalized this valuation-theoretic machinery in
[vdD97] to arbitrary power-bounded o-minimal expansions of a real closed field. This
allowed Miller to extend van den Dries’ results on (R, 2%) to certain expansions of
R. Miller used van den Dries’ valuation-theoretic method to give an axiomatization
for structures consisting of an o-minimal expansion % of R which is polynomially
bounded with field of exponents Q, and the group 2Z. In [M05-2] he also proved that
the theory of this structure is d-minimal, which means that every definable set in
any model of the theory is the union of an open set and finitely many discrete sets.

Miller’s work directly implies the following corollary.

Theorem 1.1.1 Let R be a model-complete, o-minimal expansion of R, which is

polynomially bounded with field of exponents Q. Then (R,2%) is model-complete.

These results were then extended by Friedman and Miller to expansions of o-minimal
structures by fast sequences in [FMO05] and by Miller and Tyne to expansions of o-

minimal structures by iterating sequences in [MT06].

Another line of research was started by van den Dries in [vdD98-2], where dense
pairs of o-minimal structures were investigated. Given an o-minimal theory T ex-
tending the theory of real closed fields, and two models A, B of T', where A is dense
in B, let £7 be the language of T' and £7(U) obtained from £7 by adding a unary
relation symbol U, and consider (B, A) as an £7(U)-structure. Van den Dries showed
that

Theorem 1.1.2 Every subset of B™ definable in (B, A) is a boolean combination of
subsets of B™ defined by

Elylayn U(yl) ARTA U(yn) A (,0(1'1, vy Ty Y1, --'ayn)a

where ¢ is an Lp-formula.



Let B be a model of an arbitrary theory and U a subset of B. We will say that (B, U)
is near model complete, if it satisfies the conclusion of the above theorem.

In [vdDGO06] van den Dries and Giinaydin succeeded in relaxing the assumptions on A
in Theorem 1.1.2. They started to analyze the structure consisting of the real field R
and a dense multiplicative subgroup I'. They gave an axiomatization of the structure
(R,T) in the case that I' has the Mann property. The Mann property was introduced
in the model-theoretic study of structures consisting of a field and a multiplicative
subgroup by Zilber in [Z90]. Zilber used this tool to show that the complex numbers
with a predicate for a subgroup of the roots of unity is w-stable. Further in [Z03] he
proved with the help of the Mann property that the real field with a predicate for
the complex roots of unity is near model complete. The Mann property is defined as
follows: Let G be any subgroup of the multiplicative group R*. Consider equations
of the form

axy + ... + a,z, =1,

where ay, ..., a, € Q. We say a solution (b, ...,b,) € G™ is non-degenerate if for every
non-empty subset I of {1,...,n} >, ;a;b; # 0. Then G has the Mann property if
every equation of the above type has only finitely many non-degenerate solutions in
G™. Examples of groups satisfying the Mann property are all subgroups of R*, which
are in the divisible closure of a finitely generated subgroup of R*. So in particular
20 and 2%3%. They considered the case of a dense subgroup I' of the multiplicative
subgroup R*, which satisfies the Mann property and for which the group I'/T'" is
finite for every n € N. Note that T'" is the subgroup {¢"|g € T'} and not the n-th
cartesian power of I'. Let £ be the language of R and let £(G) be the language
obtained from £ by adding a unary relation symbol G.

Theorem 1.1.3 LetI' be a multiplicative subgroup of R satisfying the Mann property.
IfT /T s finite for alln € N, then every subset of R™ definable in (R,T) is a boolean
combination of subsets of R™ defined in (R,T) by

Fy1..Fyn G(y1) A oo AG(Yn) A @(T1, ooy Tiny Y1y ooy Yn )
where ¢ is a quantifier-free £-formula.

Independently, Belegradek and Zilber showed in [BZ08] that Theorem 1.1.3 also
holds for the real field augmented by a binary relation which is a subgroup of C*

contained in the the divisible hull of a finitely generated subgroup of the unit circle.



The work of this thesis also fits into a research program of Miller. The aim is
to decide which expansions of o-minimal structures defines the set of integers and
which have o-minimal open core (see [M05-2], [M05], [DMS08]). In [MS99], Miller
and Speissegger asked the question whether (R,2%3%) has o-minimal open core and
whether (R, 2%, 3%) defines the integers. While the first question was answered posi-
tively by Berenstein, Ealy and Giinaydin in [BEGO7|, there is no known solution for
the second question. Not much is known in the second case except that Giinaydin
shows in [GO8] that (R, 223%, 2Z) is near model complete. Note further that Giinaydin
also shows that the group 3% is not definable in (R, 223%, 2%).

1.2 Summary

In this thesis, we extend some of the above results. The main question considered is
whether Theorem 1.1.3 can be extended to o-minimal expansions of the real field. The
proof of Theorem 1.1.3 is algebraic and the main problem is to extend this machinery
to analytic situations. This does not work in every situation. Consider for example
case of the real field with restricted analytic functions R,, (see Chapter 2 Section 2
for a precise definition of R,,). Note that R,, satisfies all assumptions of Theorem
1.1.1, and hence (R,,,, 2%) is model-complete. But (R,,, 29) is not tame at all:

Theorem 1.2.1 (R,,,29) defines the integers.

Proof: First note that the function logs|(2,4) is definable in R,,. Thus the set QN(1,2)
is definable in (R,,, 2?) and hence Q is definable in (R,,,2%). But by [R59], (Q, +, )
already defines Z.

O

This result suggests that we need to consider structures which not even locally de-

fine the logarithm. In this thesis we restrict ourselves to structures of the form

~ 7, x>0,
R = R, +-0 1z — {0, z <0.

minimal and polynomially-bounded with field of exponents Q(7). The main result

), where 7 € R — Q. This structure is o-

of this thesis will be to show that for R and certain dense multiplicative subgroups
Theorem 1.1.3 holds.

We will consider two different classes of multiplicative subgroups: the subgroups
which are orthogonal to the new power functions, and subgroups which are closed

under all definable power functions. Consider for example, the subgroups 22 and
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207 The difference between 22 and 297 is that 227 is closed under all power
functions definable in R, ie. for all g € 22(") and all p € Q(7) we have that g7 € 227,
In contrast, 29 is surely not even closed under z — 7. In fact, 29 is orthogonal
to these power functions in the following sense: for n > 2 and for every Q-linearly

independent py, ..., p, € Q(7),
(2p1)<@ N (2172)@ C (Qpn)Q ={1}.

We need to fix some notation. Let M be a model of the theory of R. Let m € N and
let @y, ...,an € M and p; = (pi; - DiJp) € Q(7)Pil for i = 1,...,m. We write af for
the tuple

(ab*, ... d"") € MPi

)

We say that allﬁ, ...,aPm are multiplicatively dependent if there are 1; € ZPil for i =
1, ...,m such that

The main difference between the theory of R and the theory of R is that the theory
of R, though model complete, does not eliminate quantifiers. In order to handle
the difficulties arising from this difference, we need to make use of the Schanuel
condition. Let m € N and for every i = 1, ..., m let p; be an element of Q(7)P!|, whose
coordinates are linearly independent over Q. The Schanuel condition states that for
every ap, ..., a, € R, if

m
tr.degg(alt, ..., abm) < Z pi| —m,
i=1

then a’lﬁ, ..., aP™ are multiplicatively dependent (see Condition 3.1.2). We will use this
condition and a uniform version of it (see Condition 3.1.4), in order to give a first
order axiomatization of the structures investigated. It is known that these conditions
actually hold for co-countably many 7 € R. In Chapter 3 Section 2 we will give a
proof of this result which is nearly exactly Wilkie’s proof in [W03].

For the following, we fix a multiplicative subgroup I' of R. Let £ be the language
of R and let L5 be the language £7 plus one constant symbol 7 for every v € I
Further let £.(G) be the language £ plus an extra unary predicate G. Note that

(R, (y € T")) is a £f-structure and let T" be its theory. We will always identify I" with

the set of the interpretations of all constants 4, where v € T'.



1.2.1 The theory of groups orthogonal to irrational power
functions.

First consider dense multiplicative subgroups of R satisfying
(G1) every g € I is algebraic over Q,
(G2) |I': TIM| < 0o for n € Ny,

(G3) for every Q-linearly independent (p1, ..., p,) € Q(7)", the group I'lPil.Tlp2]  .Tlpa]
has the Mann property,

(G4) for n > 2, for every Q-linearly independent (py, ..., p,) € Q(7)",

el qle2l . plea] — = {1},

where for every p € Q(7), I'P is the set {gP|g € T'}. Note that (G1) implies that T
is countable. Further, for every 7 the group 29 satisfies (G1)-(G4) (see Proposition
4.1.2 for a proof). We consider the class of all £.(G)-structure (M, G) satisfying the

following not obviously first-order axioms:

(A1) M is a model of T,

(A2) @G is a dense multiplicative subgroup of M with pure subgroup T,
(A3) [T : Tl| = |G : G|, for all n € N,

(A4) all Mann solutions of GIP1l . GIP2l. . GlPn] are actually in the subgroup I'- T'Pil.
-Tlel for all (py, ..., pn) € Q(7)",

(A5) for n > 2, for every Q-linearly independent (py, ..., p,) € Q(7)",

Gl nglezl . qlen] — = {1},

(A6) for all p€ Q(7)7, if gy, ..., g € G and y1, ...y, € M satisfy

t’f’.de‘g(@(gf 77777 ggb) (yllja ) yg) < 7’L|]51 -n,
then gf s GP yf , ..., yP are multiplicatively dependent,
(A7) for every £7-0-definable function f(z1,...,z,), the set

{CL S M|vglv o 9n € G f(g17 7gn) # a}

is dense in M.



We will show that this set of axioms is actually first-order under Schanuel condition
3.1.4 and we will call this theory T'U dmGrp. Our first main result is then

Theorem 1.2.2 Assume Schanuel condition 3.1.4 for 7. Then (R,T) = T'U dmGr.
Further T U dmGr is complete and every subset of R™ definable in (R,T) is a boolean
combination of subsets of R™ defined in (R,T) by a formula of the form

Fyp...Fyp3z1..320 G(y1) A oo AG(Yn) A @(T1y ooy Tiny YLy ooy Yniy 215 05 21,
where ¢ is a quantifier-free £.-formula.

Remember that Condition 3.1.4 is known to be true for co-countably many 7 € R.
Further in Chapter 6, we will use the work of Berenstein, Ealy and Giinaydin from
[BEGO07] to show that

Theorem 1.2.3 Assume Schanuel condition 3.1.4 for 7. Then (R,T) has o-minimal

open core.

In fact, this implies that Theorem 1.2.2 and Theorem 1.2.3 hold for a wider class
of groups. Let d € N. Suppose I satisfies (G1)-(G4) and suppose 7 is not algebraic
of degree less or equal than d. Of course, the group I'- 'l . ... I is definable
in (R,F ). Since 7 is not algebraic of degree less or equal than d, we have that
AT g¢r-rr. .. Tl for every v € T'. Hence the subgroup I'- Tl . . T is not
closed under all power functions and further T is definable in (R, T - T . . D)
by the £7(G)-formula

G)AGE ) A .. AGE™).
This implies that (R,T) and (R,T - Tl - .. T7') have the same definable subsets.
In particular, Theorem 1.2.2 and Theorem 1.2.3 also hold for this subgroup:

Theorem 1.2.4 Assume Schanuel condition 3.1.4 for T and 7 is not algebraic of
degree less or equal than d. Then (R,T-Tl7 .. TN has o-minimal open core and
every subset of R™ definable in (R,T - T . .. is a boolean combination of
subsets of R™ defined in (R,T-T . . TNy by a formula of the form

Fyp...ypIz1..320 G(y1) A oo AGYn) A @(T15 ooy Tiny YLy ooy Yniy 215 05 21,
where ¢ is a quantifier-free £.-formula.

Further note that for algebraic 7, the closure of I' under all power functions is also
definable in (R, I'). Unfortunately, the above Theorem does not apply to the group

2% . 227 since 2% is not a dense subgroup of R*.
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1.2.2 The theory of groups closed under all definable power
functions.

We will also examine dense multiplicatve subgroups of R with the following property

(H1) there is I C Q such that I' = {g}{* - ... - g?» | n € N, g; € I, p; € Q(7)}, and
(H2) T has the Mann property.

We call groups satisfying (H1) algebraically Q(7)-generated. Note that (H1) implies
that I is divisible and countable. Under Schanuel condition 3.1.2 for 7, 2%7) satisfies
(H1) and (H2) (see Theorem 3.4.5 for a proof). In this case, consider the class of all
L£7.(G)-structure (M, G) satisfying the following axioms:

(B1) M is a model of T

(B2) G is a dense multiplicative subgroup of M with subgroup I' and is closed under

all power functions definable in R,
(B3) all Mann solutions of G are actually in the subgroup I,

(B4) for all 7€ Q(7)7, if gy,..., gm € G and yy, ...y, € M satisfy

t’f’.de‘g(@(gf 77777 gg;) (y;fa seny yfz) < 7’L|]51 -n,

then yy, ..., y, are multiplicatively dependent over G,

(B5) for every £]-0-definable function f(xy,...,z,), the set

{a € M|Vg1,....,90 € G f(g1,..., 9n) # a}

is dense in M.

The case of groups closed under all definable power functions is more complicated,
since not every group element is algebraic. Nevertheless, it will be shown that in two
cases these axioms are first-order definable and we will call this theory T'U KmdG

(see Chapter 5 Section 4). These two cases are the following:

(i) 7 is algebraic and the Uniform Schanuel Condition 3.1.4 holds for T,

(ii) 7 is arbitrary, Schanuel Condition 3.1.2 holds for 7, the Conjecture on intersec-
tion with tori 5.3.3 holds and further the set I witnessing (H1) for I is finite.



Theorem 1.2.5 Let 7 € R either satisfy (i) or (ii). Then (R,I') = T U KdmG.
Further TUKdmG is complete and every subset of R™ definable in (R, T) is a boolean
combination of subsets of R™ defined in (R,T) by a formula of the form

Fyq...Fyn 321320 G(y1) A oo AG(Yn) A @(T1, ooy Tony YLy ovs Yy 215 05 21) 5

where ¢ is a quantifier-free £.-formula.

Note that it is not known whether the Uniform Schanuel Condition 3.1.4 holds
for any algebraic 7. Nor is it known whether the Conjecture on intersection with tori
holds.

Again as in the case of the orthogonal groups, it will be shown in Chapter 6 that

Theorem 1.2.6 Let T € R satisfy either (i) or (ii). Then (R,T) has o-minimal open

core.

Further in Chapter 6 it will be shown that the case of groups closed under all definable
power functions can not be reduced trivially to the case of groups orthogonal to the

irrational power functions.

Theorem 1.2.7 Let 7 € R either satisfy (i) or (ii). Then 22 is not definable in
(R’ 20(7),

1.2.3 Irrational powers and 2%

Another open question is whether the structure consisting of R and the discrete group
27 is tame in some sense. In Chapter 7 we will show that for this expansion Theorem

1.1.1 does not hold anymore.
Theorem 1.2.8 (R, 27%) is not model complete.

It is not known whether (R, 22) is near model complete or whether it defines
the integers. There is however a close connection between this structure and the
Diophantine approximations of 7. In Chapter 7 Section 3 it will be shown that the
definable sets of (R, 22) depend on the Diophantine approximation of 7 and that some
very special quantifiers can be eliminated for almost all 7. It is not clear whether these
results can be used to prove a more general quantifier elimination statement. Hence

the question about near model completeness and definability of Z remains open.



Finally note that if 7 is not algebraic of order 2, then the subgroup 2%22%7 is dense

and 27 is definable in (R, 222%27) by
{x € 27277 | 7 € 27277},

Hence showing any tameness result for (R, 272) is equivalent to showing a tameness
result for (R, 2%277).

1.3 Outline of the main argument

We will now outline the main argument and the structure of this thesis. The crucial

part of the proof of Theorem 1.1.3 is the following lemma:

Lemma 1.3.1 [[udDG06] Lemma 5.12.] Let F be a real closed field and G a multi-
plicative subgroup. Let I" be a subgroup of G such that for alln > 1 and aq, ...,a, € Q

the equation a1xy + ... + a,x, = 1 has the same non-degenerate solutions in I' as in
G. If g € G is algebraic over Q(T') of degree d, then g% € T.

The main difficulty in proving Theorem 1.2.2 is establishing the following gen-
eralization of Lemma 1.3.1. Consider a multiplicative subgroup I' of R* satisfying

(G1)-(G4).

Theorem 1.3.2 Let (M,G) = T U dmGr and H be a pure subgroup of G, which

contains all interpretations of the constants v, where v € I'. Then
cy(H)NG = H,
where clr () denotes the definable closure operation in T .

The difference between the proof of Lemma 1.3.1 and Theorem 1.3.2 comes from
the fact that T does not eliminate quantifiers. We now give a sketch of the argument
of the proof of Theorem 1.3.2. Suppose there is g € I" such that g € clp(hy, ..., ~hp),
where hq, ..., h,, € I'. We can assume by model completeness that there are y1, ..., 4, €

M and p € Q(7)! and polynomials qi, ..., ¢,+1 with coefficients in Q such that
(B, WE P YY) = 0

Qi1 (WY, s BB gP ) =

10



and hence
trdegous, . i, o (vl ..y yt) < n|p] —n. (1.3.1)

See Chapter 2 Section 3 for details. Now assume n > 0 and minimal with the above

property. We can further assume that
hlf, o hE g yf, ...,y are multiplicatively independent. (1.3.2)

See Chapter 2 Section 4 for details. Since hq, ..., h,,g € I', we know that hq, ..., hy,, g

are algebraic. Hence
tr.dego(h?, ..., hE gP P . yP) < (n+m+1)|pl — (n+m + 1), (1.3.3)

By the Schanuel Condition 3.1.2, this contradicts (1.3.2). Hence we can assume that
n = 0 and hence that there is a polynomial ¢ with coefficients in Q such that

q(hf, . hP gP) = 0.

m

In this case the methods of the proof of Lemma 1.3.1 can be used.

In the above argument, we have assumed hq, ..., h,,g to be in I' rather than in G.
But using the Uniform Schanuel Condition 3.1.4, we can show that axiom (A5) holds
in (R,T) and is first-order expressible (see Chapter 4 Section 2). This allows us to
conclude multiplicative dependency from inequality (1.3.1), even if hy, ..., h,, g are
not algebraic themselves and hence inequality (1.3.3) does not necessarily hold (see
Chapter 4.4 for details). In the rest of Chapter 4, it will be shown that Theorem 1.2.2
follows from Theorem 1.3.2 as Theorem 1.1.3 follows from Lemma 1.3.1.

A result similar to Theorem 1.3.2 also holds for subgroups I' which satisfy (H1)-(H2)
instead of (G1)-(G4). But the proof is slightly different, because not every element
of T is algebraic. In fact, in order to show that axiom (B4) is first-order expressible,
we need to assume that either 7 is algebraic or the Conjecture on intersection with
tori holds. The details can be found in Chapter 5.

In Chapter 6 we will show that Theorem 1.3.2 and Theorem 1.2.2 imply that under
certain sufficient assumptions, (R, ') has o-minimal open core. As already noted, in
[BEGO7] Berenstein, Ealy and Giinaydin used Lemma 1.3.1 and Theorem 1.1.3 to
show that the real field together with a dense multiplicative subgroup satisfying the
Mann property has o-minimal open core. We will see that their proof can easily be
adjusted to the situation of (R, T).

Finally Chapter 7 is independent of the rest of the thesis. It will consider the previ-

ously mentioned results on (R, 2%) and (R, 2%2%7).

11



Chapter 2

O-minimality
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In this chapter we will review the basic notions used in the text. In particular,
polynomially bounded o-minimal structures will be defined and further examples will
be given. In Section 2 we will review Miller’s results from [M94] on adding power
functions to o-minimal structures. Finally in Section 3, the structure consisting of the
real field and one irrational power function will be the focus of the discussion. Jones
and Wilkie’s results from [JWO08] will be used to give a characterization of definable

sets in this structure.

2.1 Basic definitions

In this first section, we will recall the notion of o-minimality and state some basic

results.

Definition 2.1.1 A structure R = (R, <,...) is called o-minimal, if < is a dense
linear order without endpoints on R and every definable set S C R is a union of

finitely many intervals and points.

We will now state several classical result for o-minimal theories, which will be used
in the rest of this text. For proofs, see [vdD98|. Let now R = (R, <,+,—,-,0,1,...)

be an o-minimal extension of an ordered field. Let a,b € R U {—00, 00}.

Theorem 2.1.2 (Monotonicity Theorem) Let f : (a,b) — R be definable. Then there
are points a; < ... < ai in (a,b) such that on each subinterval (a;, a;+1) the function

f 1s continuous and either constant or strictly monotonic, where ag = a and axy; = b.

Theorem 2.1.3 Let f : (a,b) — R be definable. Then there are ay,...,a, € (a,b)
such that f is differentiable at all points x € (a,b)\{a1, ...,a}.

A consequence of these two theorems is that every definable function f : R — R is
ultimately continuous and differentiable. Further in R the Theorem of Rolle holds

and so does its important consequence, the Mean Value Theorem. Let a,b € R.

Theorem 2.1.4 (Mean Value Theorem) Let f : [a,b] — R be definable, continuous
and differentiable at all points in (a,b). Then there is a ¢ € (a,b) such that
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This implies that every o-minimal expansion of an ordered field is in fact an expansion

of a real closed field.

The Monotonicity Theorem also generalizes to higher dimension. Therefore we

need the following definition of a cell.

Definition 2.1.5 A cell is a definable subset of R" obtained by induction as follows
(i) {r} C R is a cell for every r € R,
(ii) the interval (ri,7m3) C R is a cell for every ri,r9 € RU{+o0},

(iii) if C C R" is a cell and f : C — R is a continuous definable function, then the
graph of f is a cell as well,

() if C C R"™ is a cell and f,g : C — R are either continuous definable function

or identically —oo or 400, then
{(@b)e R |aeCAf@<b<g@}
s a cell.

Theorem 2.1.6 For every definable set X in 'R, there are finitely many cells C4, ..., Cy,
such that
X=CU..UcQC,.

Further note that every o-minimal group & = (5, <,+,0) has only the trivial
definable subgroups. Thus in the case of an o-minimal expansion of an ordered field
R, we get that

Proposition 2.1.7 (R, +,0) and (R>°,-,1) have only trivial definable subgroups.

Another nice property of an o-minimal expansion of an ordered field R is the

existence of definable choice functions.

Theorem 2.1.8 (Definable Choice) If A C R™" is definable, and © : R™™™ — R™
is the projection to the first m coordinates, then there is a definable function f :
m(A) — R"™ such that the graph of f is a subset of A.

14



As a corollary, we get that for any two models R and S of a complete o-minimal
theory T extending RCF with R < S, and for any @ € S™, the structure R(a) :=
{f(@)|f is a definable function in R} is a model of 7" and R < R(@). Further note
that this implies that the set of O-definable elements P in T is the prime model of
T. Given @ in any model S of T, we write cly(a) for P(a). We will call cly(@) the
definable closure of @ under T'. The Monotonicity Theorem implies that cly has the

Steinitz Exchange Property and hence that

Theorem 2.1.9 cly is a pregeometry.

2.1.1 Power-boundedness

Let R = (R,<,+,—,-,0,1,...) be an o-minimal expansion of an ordered field.

Definition 2.1.10 A power function of R is a definable endomorphism of the mul-
tiplicative group (R7°,-,1).

In fact, since R is real closed, for every ¢ € Q the function z +— z7 is a power function.
Of course, the derivative of this function at 1 is ¢. In general, every power function
f is differentiable. To see this note that

fleth) = f@) _ flo) f0+5) -1

h x h

T

Since f is ultimately differentiable, it is differentiable at 1, and hence everywhere
on R”Y with f'(z) = @f’(l). Suppose now ¢ is a second power function. By the

standard rules of derivations, we have

(f9)'(1) = (1) +4'(1). (2.1.1)

Note that é and £ are also power functions. By equation (2.1.1) we get (é)’(l) =
—¢'(1). Further this gives us (%)/(1) = f'(1) — ¢'(1). Soif f'(1) = ¢'(1), then
(f/9) (1) = 0. Hence (f/g)'(z) = 0 for all z € R”° and thus f = g. So every power

function is uniquely determined by the value of its derivative at 1.

Definition 2.1.11 K := {f'(1) | f is a power function} is called the field of expo-
nents of R.

We want to note some facts about the field of exponents. Firstly, K is a field.
Equation (2.1.1) shows that K is closed under addition and substraction. Further 0

is the value of derivative of the constant power function x — 1 at 1 and 1 itself is
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the value of the derivative of the power function z — x. So it is only left to show
that K is closed under multiplication and taking the multiplicative inverse. Let f,g
be two power functions, then g o f is a power functions. By the chain rule, we get
(go f)(1) = f'(1)g’(1). Thus K is closed under multiplication. Now assume that f is
not equal to z — 1. Since both the kernel and the image of f are definable subgroups
of (R7?, -, 1), the image of f is R>? and its kernel is {1} by Proposition 2.1.7. Hence f
is bijective. Let g be its inverse. Since g is a again a power function and ¢'(1) = ﬁ,
we have that K is closed under taking the multiplicative inverse and hence K is a
field.

Further note that Q C K, since x — x? is a power function for all ¢ € Q. In this

spirit, for every r € K we write " for the power function f with f'(1) =r.

Definition 2.1.12 We say R is power-bounded, if for all definable f : R — R, there
is ar € K such that for every big enough x € R, |f(z)| < 2".

Definition 2.1.13 We say R s polynomially-bounded, if for all definable f : R —
R, there is a n € N such that for every big enough x € R, |f(z)] < z".

Note that for a power-bounded structure R, R is polynomially bounded iff K is
archimedean. Miller proved in [M96] that R is either power-bounded or an expo-
nential function is O-definable in R. This implies that for every complete o-minimal
theory T extending RCF, all models of T" are power-bounded iff one model of T is
power-bounded. We call such a theory T" power-bounded. Further Miller showed that
for power-bounded R, every element r € K and its power function 2" are O-definable
and that for every theory T', every model of T" has up to isomorphism the same field
of exponents.

In the case of a power-bounded structure R, for every definable function f there is a
¢ € R and an « € K such that lim, ... (f(z)/(cz®)) = 1. Miller even proved that

Theorem 2.1.14 [[M96] Theorem 4.2] Let f : A x R — R be definable, A C R™,
such that for all a € A the function x — f(a,x) is ultimately nonzero. Then there
exrists aq, ..., o, € K and a definable function ¢ : A — R* such that for all a € A

lim (f(a,z)/(c(a)z®)) = 1,

T—00

for some i € {1,....,n}.
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2.2 Examples

In this section, we will give some examples of the notions defined in the previous
section. The easiest example of an o-minimal structure is (R, <), where < is a
dense linear order. By the Tarski-Seidenberg Theorem, ie. the fact that the the-
ory of real closed fields has quantifier elimination, every real closed field, especially

R :=(R,<,+,—,-0,1), is o-minimal. In [W96] Wilkie showed that also the field of

real numbers together with the exponential function is o-minimal.

Another important example of an o-minimal structure mentioned in the introduc-
tion is the field of real numbers R together with all restricted analytic function. This
structure is usually denoted by R, and defined as follows. Let I = [—1,1] and let
J be the set of analytic functions defined on a neighborhood of I"™. Then for every

f € J define

foy. ) @), zel™

fx) = { 0, otherwise.
Now let R,, be the structure consisting of the real field and all functions f for f € J.
In [vdD86] van den Dries showed that R,, is o-minimal and polynomially bounded
with field of exponents Q. Note in particular that polynomially boundedness implies
that the exponential function is not definable in R,,. But in fact its restriction to
any subinterval is definable, as is the restriction of the logarithm function. As noted

in the first chapter, the function log, |(2,4) is definable in R,,.

The next structure we want to consider is the structure of the real field together

with an irrational power function. Therefore let 7 € R — Q, and let f, : R — R be
defined by
7, x> 0;
f(z) = { 0, otherwise.

Now let R, be the structure (R, f;). In [M94] Miller showed that the structure R, is
o-minimal, model complete and polynomially-bounded with field of exponents Q(7).
In the following, we will sometimes write R instead of R, if it is clear which 7 is

meant.

2.3 Definability in R,

In this section we will take a closer look at the structure R,. Let T be the theory of

RT. We will analyze when an element b is definable over other elements aq, .., a,. It
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will be shown how multiplicative dependencies can be used to simplify the way b is
definable by aq, ..., a,.
2.3.1 Regular solutions

First we need to fix some notation. Given a polynomial ¢ € @[X' , 17], where X , Y are
not necessarily of the same length, and a vector b of elements in some field extension

of Q, we will write g; for the polynomial
a(b,~) € QY.

Further, let M be a model of T" and f1, ..., f, : M™ — M be differentiable with p < n.

The Jacobian matriz of fi,..., f, is defined as the matrix

Vi
Jn(.fla"'afp) =
Vf;lh
where Vf : M™ — M" is the function defined by
_of of

@ (G @), o (@),

Finally let Q4 ., : M™ — M be the function which maps @ € M" to the sum of
squares of all determinants of p x p submatrices of J,,(f1, ..., f,)(@).
As already mentioned in the introduction, for every element a € M and every tuple

7= (p1,....,pn) € Q(7)", we write a” for the tuple
(aP,...,aP") € M".

Now we turn to a result on definability in R which follows from work of Jones and
Wilkie in [JWO08]. The following proposition is an instance of their Theorem 4.2 with
F being {z — 27 }.

Proposition 2.3.1 Let M = T and ay,...,a, € M. Ifb € cly(aq,...,ay), there is
n €N, pe Q(r)? and for every i € {0,...,n}, there is

e c,eM
and for every i € {1,...,n+ 1} there is

e ¢ € Q[Xy,..., Xy, where d := (m +n+ 1)|p],
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such that co = b and

qn+1(a117, wab b cf:) =0,

and
Qn-‘f-l,Ql,...,QnJrl (007 ceey Cn) ;é 07 (231)

where Q; : M™ — M is the function defined by

—

Qi(ym Y1, -y yn) = qi(azl)v LR agw yg7 ylfv LR yg)

Definition 2.3.2 With the notation of Proposition 2.3.1, we say that the cq, ..., ¢,

define b over ay, ..., @y, via (P, q1, -, Gua1)-
Corollary 2.3.3 With the notation of Proposition 2.5.1,

if Q1,01 0ns1 (Cor v €0) 0, then Qg o gy (ch, i) #0, (2.3.2)
where n = (n+ 1)|p| and @ := (..., ")

Proof: By the chain rule, we know that for k=1,...n+1andi=0,...,n

|71

an Ok , 7 . 1
(b, s pc ™.
ayi Z 8x]+l\lﬂ " Py

Hence we get by elementary manipulations of columns and of rows of
J,

7,91,a@5---9n+1,a

(. ..., cP), a matrix with a (n4 1) X (n+ 1)-submatrix which is equal to
Jn41,01,...0ns1 (Cos ooy €p). Since the determinant of the latter one is non-zero, this is
also true for some (n+1) x (n+1)-submatrix of J, ¢, +..q0i1. (..., ). By definitions,
this implies that the condition on the right hand side of (2.3.2) holds.

Hence Proposition 2.3.1 and Corollary 2.3.3 imply

Corollary 2.3.4 Let M = T and ay,...,am,b,c1,...;cn € M. If ¢1,...,c, define b
0Ver ay, ..., Gy, then there is a Q-linearly independent tuple § € Q(7)P such that

tr.degQ(a,;m’a,;)(bﬁ, & @) < (n+ )P — (n+1).
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2.3.2 Definability and multiplicative dependency

In fact, in Proposition 2.3.1 and so in Definition 2.3.2 we could assume that 1 occurs in

the vector p. Further by increasing n, we could assume that the variables representing

PL
7,7

add this assumptions in Definition 2.3.2, the following Theorem 2.3.5 would not hold.

where p; # 1, do not appear in any of the polynomials ¢, ...¢,1. If one would

Theorem 2.3.5 With notation of Proposition 2.3.1, let ay, ..., Qm, Co, ..., € M and
suppose that c1, ..., ¢, define b over ay, ..., ay,. If there are l;, k; € Q(7) such that

m
=1 ]

=1

(2.3.3)

3
“.:ll
o
NZ'?‘

then ¢y, ...,c,_1 define b over aq, ..., ap,.

Proof: We can assume that q,,; witnesses the multiplicative dependency given by
equation (2.3.3) and that 1, ko, ..., k,—1 and [y, ..., 1, occur in the vector p. Define
Vi:M"— M by

V(y0>' - Yn— 1 H il Hyz

Since g,+1 witnesses equation (2.3.3), we have

Qn+l(y0> cey yn) =Yn — V(y07 "'ayn—l)-

This implies that V(cg,...,¢p_1) = ¢, and fori =1,...,n —1

a_v(c c ) o _aQn-i-l
8yl 0y +ee9ybn—-1) — ayl

(Coy ey Cn)- (2.3.4)

Let t1,....t; € Q(7) be such that pi,...,py, t1,....t; is a basis of the Q-vector space
generated by

{pl, ,pm} U {pj . ll‘j = 1, cery |]31,’L = 1, ,m} U {pj . ]{32|j = 1, ceey ‘ﬂ,l = 0, ey N — 1}

Set

P = (P1y Py by s ).

Hence for every v = 1, ..., |p], there exist s; j, u; ; € Z such that

n—1

m|p| ,
— Pjsi.g
= a;

i=1 j=1

=0 j

uzj

(2.3.5)

i E =0
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We now replace the variables representing c in qi, ..., ¢, according to equation (2.3.5).
Let T1,...,Tn € @(Xl, couy X(n+m)|l;’|)

the construction of 7;, there are a; ; € N such that

be the rational function obtained in this way. By

(n+m)|p/|

I x5 e QX1 s Xy (2.3.6)

Further for any ¢ = 1,...,n, define for j =1,....m

Gij = Zai,(j—1)~|m+k Py € Q(7)
k=1

and for j =0,....,n—1

v
Vig = D Cifmeg) gk Py € Q(7)

k=1

Let W; : M™*! — M be the function defined by

- o - -
p

Wi(y(b Y1, "'7yn—1) = wi(al PRRES] a;z;vygla "'7y£—1)

In order to show that ¢, ..., ¢,—; defines b over aq, ..., a,, via (ﬁ,wl, <y Wy), it is only
left to show that the matrix J, (Wi, ...,W,,)(¢) has non-zero determinant. Therefore

note that by equation (2.3.6) and the definition of r;

m n—1
WiYo; Y1, s Yn—1) = Hafi’j H y?i’jQi(yo, Y1, - Yn-1, V (Y0, Y1, +-Yn—1)).
j=1 j=0

Set ¢ := (cq, ..., Cp_1). Since Q;(¢, V(€)) = 0, we get by equation (2.3.4) that

3, 0 =1l ﬂ S+ SEEvE) 5 @)
= an an aQn—i—l -
1;[ 1;[ l(‘?y] &en) 6yn( &cn)- Ay, (C’C")]'

Note that %(a ¢,) = 1. Now perform the following operations on the matrix

Jn+1(Q17 ceey Qn-‘rl)(a C”):
(i) For i =1,...,n multiply the i-th row by [[}", a ”‘ [Tr=s et #

(ii) For every j = 0,...,n — 1, add to the j + 1-th column the n + 1-th column
multiplied by — BQ"“ (€, cn).
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By the above, this operations yield the following matrix

Tn(Wi, o, Wi)(@) (2.3.7)
o - 0 1

Since the matrix J,41(Q1, ..., @ni1)(C ¢,) has non-zero determinant, by (2.3.7) the

matrix J, (Wi, ..., W,,)(€) has also non-zero determinant.
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Chapter 3

Schanuel conditions and the Mann
property
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In this chapter we consider the two main tools needed in the proofs of the results
in the subsequent chapters. We will first consider certain uniform Schanuel conditions
for a real number 7 and show that these conditions hold for co-countably many real
numbers. This will be achieved by slightly modifying the proof given by Wilkie in
[WO03]. Further the Mann property will be introduced and we will prove that for
certain groups the Mann property is implied by the Schanuel condition. Finally, in

Section 5, results from [RZ60] on regularly dense groups will be reviewed.

3.1 Schanuel condition

First consider the following Schanuel condition for x — 27:

Condition 3.1.1 Let m € N and, fori=1,...,m, let a; € R. If

T
m

T T
tr.degg(ay,ai, ag,al, ..., am,ay,) < m

T

then ay,af, as, a3, ..., am, ar, are multiplicatively dependent.

Wilkie showed in [W03] that Condition 3.1.1 holds at least for co-countably many
7 € R. For this thesis we have to consider more general Schanuel conditions. We will
use the following convention: Let m € N, let a; € R and p; € Q(7)/%l fori = 1,...,m.
We say that a’lﬁ, ...,aPm are multiplicatively dependent if there are 1; € ZIP!! for i =

1,...,m such that not all n; ;’s are 0 and

m  |pil
i1 j=1

Condition 3.1.2 Let m € N and fori=1,...,m let p; € Q(7)Pil, whose coordinates
are Q-linearly independent. Then for every (ay, ..., a,) € R™, if

m
tr.degg(dl’, ..., abm) < Z Ipi| —m,
i—1

then a‘fl, ..., aP™ are multiplicatively dependent.

One directly sees, that for p; = (1,7), Condition 3.1.2 implies Condition 3.1.1. Now

consider the following uniform version of the Schanuel condition.
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Condition 3.1.3 Letm € N, and fori = 1,...,m let p; € Q(7)P!!, whose coordinates
are Q-linearly independent. Further fori=1,...m+ 1, let ¢; € Q[ X1, ..., Xsm gl
Then there is an N(Pi, ..., Dmy G1y - Gm+1) € N such that if (aq, ..., an) € R™ is such
that

gi(a,..,al) =0, foralli=1,..,m+1, (3.1.1)

and
Qe Lgismsr (A ey A1) £ 0, (3.1.2)
then there exists, for every i = 1,..,m and every j = 1,...,|pi|, elements m;; € Z,

not all zero, such that

(111) |m; ;| < N foralli=1,..,m and j=1,..,|pi|, and

(iv) TI7 T2, @ = 1.

Using the argument which Kirby and Zilber developed in [KZ06], one can show
that Condition 3.1.2 implies Condition 3.1.3. In the rest of this text, we need the
following uniform version of Condition 3.1.2, which is not only uniform in elements
satisfying given polynomial equations, but which is uniform in all elements which

satisfy some polynomial equations in a fixed degree:

Condition 3.1.4 Let d > 1, m € N and fori = 1,...m let p; € Q(7)7l, whose
coordinates are Q-linearly independent. Then there is an N(d,pi,...,pm) € N such
that if

(i) a; € R, fori=1,...m, and

(ii) there is a polynomial q; € Q[X;, oy Xyom ] fori=1,...,m+1, where each g;

has degree at most d,

such that
qi(afl, ,aPm) =0, foralli=1,...m+1, (3.1.3)
and
Qi 01, g (A1 ooy aB) £ 0, (3.1.4)
then there exists, for every i = 1,....m and every j = 1,...,|p;|, elements m;; € Z,

not all zero, such that
(i1i) |m; ;| < N foralli=1,..,m and j=1,..,|pi|, and
(iv) TI7, T2 @ = 1.

Note that it is not known whether Condition 3.1.2 implies Condition 3.1.4. The
method used in [KZ06] is not applicable to this case.
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3.2 Schanuel condition for generic 7

In this section we show that Condition 3.1.4 actually holds for co-countably many

elements 7 of R.

Theorem 3.2.1 Let 7 € R, and assume T is not 0-definable in R.,,. Then Condition
3.1.4 holds for T.

The proof is based on the following theorem of Ax which is statement (SD) on page
253 of [AT1].

Theorem 3.2.2 Let F be a field and D a derivation on F with field of constants
C2OQ. Letyr, ..., Yn, 21, -ovy 2n € F* with

(1) Dy; = [;?i, fori=1,...,n, and
(2) (Dy, ..., Dy,) linearly independent over Q.

Then
tr.degoC(Yny ooy YUny 215 ooy Zn) = 10+ 1.

The next lemma is a corollary of Ax’s Theorem. The proof given is from the unpub-
lished paper [W03] by Wilkie.

Lemma 3.2.3 Let (F,0) be a differential field with fields of constants C 2 Q and let
m,r > 1,d > 0. Suppose that

(i) by, ..., by, are elements of F' linearly independent over Q,

(ii) H is a subfield of F closed under §,

(iii) HNC = Q,

(i) dimgV = d, where V is the H-vector space generated by by, ..., by, inside F,
(v) Hy is any subfield of F' containing both H and C with tr.degc(Hy) =,

(vi) ey, ...,em are non-zero elements of F' satisfying d(e;) = e; - 0(b;) fori=1,...,m.

Then
tr.degeCl(ey, ...,en) >m —d—1r+ 1. (3.2.1)

26



Proof: Note that all the hypotheses and the conclusion are unaffected if we replace
(b1, ..., b)) by (b1, ..., b ) A and the ey, ..., e, by the corresponding multiplicative com-
binations, where A is any non-singular m x m matrix over Q. Assume this has been

done such that ¢ > 0 is maximal such that

(vil) by,...,b, € C.

This implies that

(viil) no non-trivial linear combination of by1, ..., by, with Q-coeflicients lies in C.

Note that if d > m, we get the conclusion (3.2.1), since 7 > 1. So we can assume
(ix) d < m.

Now by (i), b, ..., b, are linearly independent over Q. In fact, if ¢ > 0, then
(x) by, ..., b, are linearly independent over H.

Proof: Suppose that for 1 <t < g, by, ..., b; are linearly independent over H and there
are hq, ..., hy € H such that

t
bvr = ) hibi.
i=1

By (viii), by, ..., b1 are in C, and we have

t

0=0(bs1) = > 6(hi)bi.
i=1
By (ii), d(h1),...,0(hy,) € H and by the hypothesis on by, ..., by, we have d(hy) = ... =
d(hy) = 0 and hence hy,...,h, € C. Thus (iii) implies that hy,...,h; € Q. But then
b1 = Zle h;b; contradicts (i).

D(x)

By reordering the bgy1, ..., by, we may now assume that by, ..., by, byy1, ..., bq is a
basis of V' as an H-vector space.

Now we consider the subfield Ky := C(bgs1, -, b, €g1, -y €m) of F and try to
compute an upper bound for tr.degcKy. Therefore define K := C'(by41, ..., by ). First
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note that by, ..., b, € C and that by, ..., b, can be written as an H-linear combination
of by, ...,bq. Thus we get that

tr.dego Ky = tr.degoC(bgt1, -, bin)
< tr.degcHi(bgs1, -, bim)
= tr.degcHy(bg+1, -, ba)
<trdegcH,+d—q=1r+d—q.

Suppose now for a contradiction that tr.degcC/(ey, ..., em) < m —d —r. Thus

tr.degc Ko = tr.dege K1 + tr.degr, Ky
<(r+d—q)+(m—-d—r)=m—-—qg<m.

We now apply Theorem 3.2.2. This implies that 6(by41), ..., 0(by,) are Q-linearly de-

pendent. This contradicts (viii).
(]

Proof of Theorem 3.2.1: Let £¢ be the language of differential rings augumented by

constant symbols
[ ] (.U,

o foreveryi=1,...,mand j=1,...[pi|: b;; and e;;

where M = Z:il |Dil.

In the following definition of T; we will write ¢; for the polynomial

a(l a(M
Z qz,aXl()ij( )
ac{0,...,d{1-- M}

Further for i = 1,...,m and j = 2, ..., |pi|, let r; ; € Q(X) be such that r; ;(1) = 22

i1’

So let T, be an £3-theory defined by the following axioms:
(Ty1) Axioms for differential fields of characteristic zero,
(T42) Ow =1,

(Ta3) bij =1 j(w) b1, fori=1,...,mand j=2,..|p,
(Tad) D20, D75 mijbiy # 0, for m, ; € Z, not all zero,

28



T45) Oe;; =e;;0b; i, fori=1,...mand j=1,.. |pi,
7] 7] 7]
(T46) Oqio =0, for every i = 1,....,m+ 1 and « € {0, ..., d}{1M}
T,7) qi(e11, .y myz) =0, fori=1,...,m—+ 1.
’ 7‘p1|

(Td8) QM,IH ~~~~~ GmyGm+1 (61717 <oty em,\pﬂ) > 0.

Now let (F,0,...) E Ty, where, with the usual abuse of notation, we denote the
interpretation of the constants by the respective constants symbol. Let C' be the field
of constants of (F,d). Without loss of generality, we can assume that Q C C. Set
H :=Q(w), Hy = C(w) and r := 1 and apply Lemma 3.2.3. This implies that

tr.degeC(e1, s emjpm|) = Z |pi| — d,
i=1

where d is the H-linear dimension of the H-vector space generated by by 1, ..., by pm,|-

By (7,3), we know that d < m. Hence the last equation gives
tr.degcC(e1,1, s €myjpra|) = Z |pi| — m.
i=1

This contradicts (7,7) and (7,8). Hence Ty is inconsistent. So there is a natural
number N = N(d) such that T} y is inconsistent, where T} y is the same the theory

as Ty expect that (T,4) is replaced by:
(Tan4) D200, > 5o mijbiy # 0, for my ; € Z, not all zero and [m; ;| < N.

We now want to show that N is the natural number we are searching for in

-----

-----

zero and |m; ;| < N, such that

m  |pil
i1 j=1

Therefore let ay, ..., a, € R and qi, ...,q, € Q[X1, ..., Xa] satisfy (3.1.3) and (3.1.4).
Now it’s only left to show that the assumptions of the theorem give us a model of
Ty minus (744). Since 7 is not definable in R.,,, we have that dim{7} = 1 in the
pregeometry clr,, , where Tiy, is the theory of R.,,. Hence there exists a set B C R
such that {7} U B is a basis for the pregeometry cly,,,. Let C be cly, (B), the
model generated of T.,, generated by B. Let £, be the language of R.,, and let
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£e o be the language £, plus a constant symbol for every ¢ € C. Since {r} U B is a
basis, 7 ¢ C, but for any a € R there exists an £, ¢-0-definable function y : R — R
such that x(7) = a. Since R.,, is o-minimal, by Theorem 2.1.3, the function x(z) is
differentiable at all but finitely many points. Since x is £.-definable with parameters
in C, these finitely many points lie in C. Hence Yy is differentiable on an open interval
around 7. Further suppose there is another £, o-0-definable function £ : R — R with
&(7) = a. By o-minimality, the boundary of the set {x € R | x(z) = £(z)} is finite
and £, ¢-0-definable. Hence x(z) and &(z) agree on an open interval around 7. The
same statement also holds for the derivates of £ and y. Thus the function § : R — R,
which sends an element a € R to %(T) where x : R — R is any £, ¢-0-definable

function with x(7) = a, is well-defined.
(1) 0 is a derivation on the field R with field of constants C.

Proof: Let a,b € R and let £, x be £, c-0-definable functions with £(7) = a and
X(7) = b. Then the function o(—) := x(—)-&(—) is £ c-0-definable with o(7) = a - b.
By the Leibniz-rule,

do _d_x

Sab) = (1) = Do) -er) +

Since all elements of C' are definable by a constant £, ¢-0-definable function, 6(C') = 0.

(1) - x(7) =d(a)b+ d(b)a.

Hence ¢ is a derivation whose field of constants contains C. In fact, let o € R with
d(a) = 0. Let x be an £, ¢-0-definable function, with x(7) = o and Z—’;(T) = 0. Hence
by o-minimality, there are by, by € C such that 7 € (by,bs) and x(2E2) = . Hence

o € C. Thus the field of constants of § is C.
O(1)

So (Ty1) is satisfied by (R, d). Since 6(7) = 1, (142) is also satisfied by (R, 6, 7).
Now let b;; := p; log(a;) for i = 1,....m and j = 1,...,|p;|. This definition im-
plies (733), if we interpret the b; ;’s as respective constants in the structure (R, d, 7).

Further set e;; := exp(b;). In fact, e;; = al™’. If we also interpret the €;;’s as
respective constants, we can satisfy (7;5). Finally by interpreting the coefficient of
the g1, ..., ¢m+1 as the constants of the form ¢; ,, our assumptions (3.1.3) and (3.1.4)
imply (7;7) and (T,8). Since the gy, ..., ¢m+1 are polynomials over Q and Q C C, we
also satisfy (7;6). By the above, this model does not satisty (74 y4). Hence there are

m;; € Z, not all zero and |m; ;| < N, such that

m |pil

Z Z mi7jbz~7j =0.

i=1 j=1
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Pij
%

), we finally have

m  |pil
i1 j=1

Since b; ; = log(a

3.3 Mann property

In this section, we consider the second main tool which is used in this text: the Mann
property. Let I’ be a field and G be any subgroup of the multiplicative group F*.

Consider equations of the form
axy + ... + a,z, =1,

where aq, ..., a, € Q. We say a solution (b1, ..., b,) € G" is non-degenerate if for every
non-empty subset I of {1,...,n}, > ..;a;b; # 0. Further we say that G has the Mann
property if every equation of the above type has only finitely many non-degenerate
solutions in G™. We also call these solutions Mann solutions. In fact, it follows from
work of Evertse in [E84] and van der Poorten and Schlickewei in [PS91] that

Theorem 3.3.1 FEvery multiplicative subgroup of finite rank has the Mann property.

See also [ESS02] Theorem 1.1 for a uniform bound on the number of non-degenerate
solutions in the subgroup. The rank of an abelian group G is the dimension of the
Q-vector space G ® Q, where G and QQ are viewed as Z-modules. Examples of groups
with finite rank are 2% 2@ 223Z or 22 . (27)2 Another well known example is the
multiplicative subgroup U of roots of unity in the field of complex numbers.

Now consider a homogenous equation
a1ry + ... + apx, =0, (3.3.1)

with aq,...,a, € Q. Again we say a solution (by,...,b,) € G" is non-degenerate if
for every non-empty subset I of {1,...,n} Y .., a;b; # 0. We now describe the set of
non-degenerate solutions of equation (3.3.1). Assuming a, # 0, let S be the set of
non-degenerate solutions of
ai an—1
——Y— . —

a’l’L n

Yn—1 = 1.
Then the set of non-degenerate solutions of equation (3.3.1) is

U @b, )G

(bl,---ybnfl)es

This fact directly implies the following statement.
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Proposition 3.3.2 Let H C G be two groups with the Mann property. Suppose that
all Mann solutions of G are already in H. Then for every non-degenerate (gy, ..., gn) €
G satisfying an equation of the form (3.3.1), there are hy,...,h, € H and g € G such
that fori=1,...n

gi=hi-g.

3.4 Schanuel condition implies Mann property

In this section we will show a connection between the Schanuel condition 3.1.2 and

the Mann property.

Definition 3.4.1 Let I' be a multiplicative subgroup of R. For p € Q(7), the sub-
group of p-powers of I' is defined by

PP= {47 [y €T},
The Q(7)-closure of T" is defined by

PO = fyfr -t

neNy el peQ(r)}

Lemma 3.4.2 Let I" be a multiplicative subgroup of R of finite rank. Then for every
(p1, ..., pn) € Q(7)", the group TPl . Tle2l . . Tleal has the Mann property.

Proof: Since I is of finite rank, for every (pi,...,pn) € Q(7)" the group 'l . ['lP2l .
... - I'lPnl has finite rank as well. Thus this group has the Mann property by Theorem
3.3.1.

O

Corollary 3.4.3 Assume T is algebraic. Let I' be a multiplicative subgroup of R of
finite rank, then T'Q7) has the Mann property.

Proof: This directly follows from Lemma 3.4.2 and the fact that if 7 is algebraic of
degree d, then

d—l}

re@ —p.plA. .l
O

An obvious question is now whether this also holds for non-algebraic 7. It turns out
that this is actually the case if the group I is algebraic enough and 7 satisfies Schanuel
condition 3.1.2.
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Definition 3.4.4 Let I' be a multiplicative subgroup of R. We say I' is point-wise
algebraic if every g € I' is algebraic.

Theorem 3.4.5 Assume Condition 3.1.2 holds for T. Let I' be a multiplicative sub-
group of R. If I' is point-wise algebraic and has the Mann property, every Mann
solution in TN s in T and thus T'®0] has the Mann property.

Proof: Let ay,...,a, € Q, pi, ..., p, be tuples with coordinates in Q(7) and g1, ..., g,
be tuples with coordinates in I' with |g;| = |p;| for i = 1,...,n. We write
|G|
=1Lt
Suppose that
W GiPt + ..+ angiPr =1 (3.4.1)
and for all I C {1,...,n}

Z ;g # (3.4.2)

Further take {t,...,t,,} be a @—linearly independent subset of

{L,p11s D pi]> P2,15 o Prjpil }

with t; = 1 and set t := (t1,...,tm). If m = 1, we have gPieTfori=1,..,nand
j=1,....|gi]- So it is just left to show that m = 1.

For a contradiction, suppose that m > 1. Let hq, ..., hy be a maximal subset of

{gij li1=1,on, j=1,...1gl},

such that ht;, ey h'}; are multiplicatively independent. Hence we have for j =1,...,n

e 101 (G

i=1r=1

where «; ;, € Z. Then we get a rational function ¢ € @(lel, <oy Xk,m) defined by

> o [T -

i=1r=1

Since m > 1, there is r > 1 such that there is ¢ € {1,....,k} and 57 € {1,...,m}
with «; ;, # 0. Hence ¢ is not in the subfield Q(Xj 1, ..., Xj.1), which is the field of
rational functions in variables X;; where i = 1, ..., k. By equation (3.4.1), ¢ vanishes

at (ht, ... hi).
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(1) g does not vanish everywhere.

Proof: If ¢ vanishes everywhere, then ¢ = 0. Since not all «;;, are zero, there is
J C{1,...,n} such that

kK m
ai,j,r' . .
aj - H H X, 7" is non-constant for every j € J,

i=1r=1

and further .

n

) Qijor
> o [TTIXE
=1

i=1 r=1

is identically zero. This implies that
> agi” =0.
jed
This contradicts inequality (3.4.2). Thus ¢ does not vanish everywhere.
O(1)

By (1) ¢ is a non-trivial element of Q(X7 1, ..., Xp.m) — Q(X11, ..., Xp1). Since h; € Q,
this implies that
tr.degg(hL, ..., hk) < k|| — k.

Hence by Condition 3.1.2 h{, - h}z are multiplicatively dependent. This is a contra-

diction against our assumptions about Al ..., hl. Hence m = 1.

3.5 Regularly dense groups

We will revise some results on regularly dense groups which Robinson and Zakon
proved in [RZ60]. See also [vdDGO6] p. 71.

Definition 3.5.1 An ordered abelian group G is regularly dense, if G # {1} and for
every g,h € G with g < h and every n € Ny, there is a k € G with g < k™ < h.

Note that for an abelian group G being regularly dense means that for every
n € Ny the subgroup G is dense in G. First note the following easy fact about

subgroups in real closed fields.

Proposition 3.5.2 Let R be a real closed field and G a dense multiplicative subgroup
of R~g. Then G is reqularly dense.
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Proof: Take g,h € GG. Since g,h > 0 and R real closed, we know that g%, h» € R.
1

Since G is dense in R, there is k € G N (gv_ll, hw). Hence g < k™ < h.

Proposition 3.5.3 Let G, G’ be regularly dense ordered groups such that for every
n € Nyg

G : G| = |G G'M).
Let H be a pure subgroup of G, H' be a pure subgroup of G' and 5 : H — H' be
an ordered group isomorphism. Further suppose that G is |H|"-saturated. Then for
every g € G — H, there exists an h € G' — H' such that for all k € H,m € Z and
n € Ny,

(i) k < g™ iff B(k) < h™, and
(ii) kg™ € G iff p(k)h™ € G,
Further note that in the situation of Proposition 3.5.3, the isomorphism [ extends to

an isomorphism ~ from the divisible closure of H and g in G to the divisible closure

of H and ¢’ in G’ sending g to ¢'.

Let £, be the language (<, 1,-,71), the language of the theory of ordered groups.
Further, let T¢; be the £4-theory of regularly dense ordered abelian groups G' with
fixed

G G| = o(n) < .

Further let 2; be the language £, augmented by a new unary predicate D, for every
n € Nyg. Then define T to be the £, -theory consisting of the axioms of T and

the following axioms: for every n € Ny,
Va(Dn(z) < Jy(z =y")).
Theorem 3.5.4 [RZ60] (T;)" admits elimination of quantifiers.

Robinson and Zakon only proved model completeness in [RZ60], but van den
Dries and Giinaydin noted in [vdDGO06] Lemma 7.7 that the Robinson and Zakons

construction directly gives the stated quantifier elimination result.
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Chapter 4

Groups orthogonal to the power
functions
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In this chapter we will analyze the structure (R,I"), where I' is orthogonal to
the power functions definable in R. To be precise, we consider dense multiplicative

subgroups of R satisfying
(G1) every g € T is algebraic over Q,
(G2) |I': TIM| < 0o for n € Ny,

(G3) for every Q-linearly independent (p1, ..., pn) € Q(7)", the group I'lPil.Tlp2l  .Tlpx]
has the Mann property,

(G4) for n > 2, for every Q-linearly independent (p1, ..., p,) € Q(7)",

el qle2l . plea] — {11,

where for every p € Q(7), I'™ is the set {gP|g € I'}. Note that (G1) implies that I is

countable.

4.1 Groups satisfying (G1)-(G4)

In this section we show which kind of groups satisfy (G1)-(G4). Especially we will

prove that 29 is one of these groups.

Lemma 4.1.1 Let I" be a multiplicative subgroup of R of finite rank. Then I" satisfies
condition (G3).

Proof: Since I' is of finite rank, for every Q-linearly independent (py, ..., p,) € Q(7)"
the group ['P1.T'lP2l. . TlPal has finite rank. Thus this group has the Mann property
by Theorem 3.3.1.

|

Proposition 4.1.2 Let 7 € R—Q, then the group 2% satisfies conditions (G1)-(G4).

Proof: First note that conditions (G1) and (G2) are obviously satisfied and condition
(G3) follows from Lemma 4.1.1, since 22 is of rank 1. Now for condition (G4), let
(p1,...,pn) be a Q-linearly independent tuple in Q(7)". Suppose (2™)P» € (29)il .
(2@l .. (2Q)lPn-1]. Then there are Iy, ...,1,_; € Q such that

(Qm):nn — (211)101 . _'.(217%1)%71.
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This directly implies that

0= pn-m-108(2) — pr_ilp_1log(2) — ... —p1 - Iy - log(2).
and thus
O=pn-m—ppilp1—...—p1-l.
Since (p1, ..., pn) are Q-linearly independent, we get m =1 = ... = [,,_1 = 0. Hence

2™ = 1. Thus 29 satisfies also condition (G4).

|

Note that the the group 2737 is finite rank, but still is not suitable for 7 = loga(3).
The equation 27 = 3 contradicts condition (G4).

Lemma 4.1.3 Let ' be a multiplicative subgroup of R. If Q(7) is linearly disjoint
from Q(log(T")) over Q, then I satisfies condition (G4).

Proof: Let (p1,...,p,) be a Q-linearly independent tuple in Q(7)" and g € I'. For
a contradiction suppose that (g)P» € TPl . . TWPn-1l and g # 1. Then there are
hi,...,h,_1 € I" such that

[ N
This directly implies that
0 =py, -log(g) — pn_1log(hy) — ... — p1 - log(hy—1).

Since log(g) # 0, we get that (py,...,p,) is linearly dependent over Q(log(I")). Since
Q(7) is linearly disjoint from Q(log(I")) over Q, (p1, ..., p,) are linearly dependent over

Q. This is a contradiction to our assumptions. Hence I" satisfies condition (G4).

O

Corollary 4.1.4 Let 7 € R with Q(7) linearly disjoint from Q(log(2),log(3)) over
Q. Then 2237 satisfies (G1)-(G4).
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4.2 Schanuel conditions for the group

For the following, we fix a multiplicative subgroup I' of R. Recall from page 5 that
L£7.(G) is the language £7 plus an extra unary predicate G and one constant symbol

4 for every v € I.

Definition 4.2.1 An £[(G)-formula p(z1,...,xmy) is of Schanuel-type if there are
l e N withl <m and

(i) there is a Q-linearly independent tuple p’ € Q(7)”!
(ii) there is ¢ € Q[ X1, ..., Xpp), fori=1,...,m—1+1,

such that o(z1, ..., Ty) is the conjunction of the following formulas

ql(xf, s zfl) =0,

qm_lH(x’f, wnxb ) =0,
l
i=1

and
Q(m—l)\1317Q1,g7---,qm71+1,g(x;ln+17 3 :L"fn) # 0, (4'2'1>

where

g = (af, ..., a]).

For the definition of Q see Chapter 2. For a given Schanuel-type formula ¢, we write
P, 1y, qf for the objects witnessing that ¢ is of Schanuel-type.

The following proposition will show that every tuple of elements satisfying a Schanuel
formula ¢ will be multiplicatively dependent. The multiplicative dependency will hold
uniformly and hence this property is first-order expressible. In fact, this property is

axiom (A6) from the introduction.

Proposition 4.2.2 Assume 7 satisfies Condition 3.1.4 and T' satisfies (G1). Let
o(T1, ..., T) be a formula of Schanuel-type. Then there is a natural number N(p)
such that for ay, ..., a, € R, if (R,T') = @(ay, ..., an), then there are m;; € Z, not all
zero and |m; ;| < N(p) such that

m |p¥] S
II[«"" =1 (4.2.2)
i=1 j=1
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Proof: This is a direct corollary of Condition 3.1.4. Let ¢(xy,...,z,,) be a formula
of Schanuel-type and d be the maximal degree of the {¢/|i = 1,...,m —l, + 1}. Set
N(p) to be N(d, (p?)i=1

77777 m) given by Condition 3.1.4. It is now only left to show
that N (y) satisfies the conclusion of the proposition. Therefore let ay, ..., a,, € R with
(R, I') = ¢(ai1,...,an). Since ¢ is of Schanuel-type, this implies that ay,...,a;, € I'.
Since I satisfies (G1), every element in I' is algebraic. Hence for every i = 1, ..., [,

the polynomial

1, if i=1;

T = XS(Z-) — a;, where s(i) = { (1 —1)|p¥| + 1, otherwise.

is a polynomial over Q and r;(a? ,...,a?’) = 0. If the inequality

(aP ... aP") 40 (4.2.3)

m

holds, we can apply Condition 3.1.4 on d, (p¥)*, and get the desired m;; € Z, not
all zero and |m; ;| < N(g), such that equation (4.2.2) holds. Thus it is only left to

prove (4.2.3). To see this, note that g{] = 0 iff i # s(¢). This implies that the matrix

o I
m‘w‘yrl 7777 le,qf 7777 q’fl*l¢+1 (al LA am )

B :=

has an (I, + (m — 1,)[p]) x (I, + (m — {,)|p]) submatrix of the form

1
) (4.2.4)
* x A
where A is the matrix
I 1) 51,45 g q,fl,lww(aipﬂa e aby).
and
Q= (af,..a).

Since ¢ is of Schanuel-type, condition (4.2.1) implies that A has an (m — [, + 1) x
(m — 1, + 1) submatrix with non-zero determinant. Thus by (4.2.4), the matrix B
has a (m+1) x (m+ 1) submatrix with non-zero determinant. Hence we get equation
(4.2.3) by definition of Q.
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4.3 Axioms dmGr

For this section, let I' be a dense multiplicative subgroup of R which satisfies (G1)-
(G4). We can now define the first order axioms for dense multiplicative subgroups
dmGr in the language £1.(G). In the definition of dmGr we will use the following
two abbreviations. For every (pi,..,p,) € Q(7)", let

(GGl . Gy () = Ty, Elyn(/\ (yi) Az = Hy

Further for all m € N and @ € Q™, and for each tuple p’ := (p1,...,pn) € Q(7)", let
MS(p, @) be the finite set of non-degenerate solutions in T'P1). . . T'lP»] of the equation

a1y + ... + = 1.
Definition 4.3.1 We define the £].(G)-theory dmGr by the following set of axioms:
(dmG1) Vx> 0Vy > 0((z < y) — (F2(G(z) Nz < 2 < y))),
(dmG2) Vavy((G(x) A G(y) — G(z - y)),
(dmG3) Vavy(G(z) Nz -y =1) — G(y)),
(dmGl,) G(%), 46 = (07), 1 = 1,4(v1) =1, for all 7,6 €T,
(dmG5,, ) ~GM(%), for ally € T and n € N with v ¢ '

(dmG6,.) 31Ty A CW) A (e, mpis o Cle) Aa® £ yy) AVa(Gla) —

(Vi 32G(x) A 2" = zy; ")), for alln € N with m = |T : T,
(dmG7z) Yo(GP(z) A (G2 - . GlPn=al) (gPn)) — 2 = 1), for every Q-linear tuple =
(pla apn) € Q(T)n7

(AmG8jsna) V1.V (AL (GP - G (@) AT iy = LA Apeom Doiep Qii #0) —
(Vs m)entsa) /\i:1 i =), for allm € N and a € Q™, and for all tuple

.....

ﬁ:: (ph 7pn) € @(T>n7

(dmG9,) p(x1, ..., Tm) — fif’l:l... N*"p o= I 1HW‘ kg , for all £1.(G)-formulas
@ of Schanuel-type,

(dmG10,5) Vy¥avbdz a < z < b A (VZ(G(T) — (/\Z i@, Y) # 2))), for all d € N, and
L£1.-0-definable functions f;(Z,7y), i = 1,...,d.



Note that (dmG1), (dmG2), (dmG3) and (dmG4) force the interpretation of G to
be a dense multiplicative subgroup of R with subgroup I'. Further (dmG5) gives us
that T is pure in the interpretation of G. The axiom (dmG6) implies that |I" : TI"l| =
|G : G|, when G is the interpretation of the predicate G. Further axiom (dmG7)
forces G to be orthogonal to all power functions definable in R. The axiom (dmG8)
states that for every (pi,...,p,) € Q(7)" all Mann solutions of GIP1l . Glp2l . . Glp]
are actually in the subgroup I'Pl. . TlPal. Then axiom (dmG9) forces solutions of
formulas of Schanuel-type to be multiplicatively dependent. Finally axiom (dmG10)
is the statement that for a finite number of £f-definable function, in every interval

there is an element which is not in the image of the subgroup under these functions.

Corollary 4.3.2 Assume that T satisfies Condition 3.1.4. If T' satisfies (G1)-(G4),
then (R,T) = T'U dmGry.

Proof: Except for (dmG10), this statement is just the combination of the conditions
(G1)-(G4) and Proposition 4.2.2. For (dmG10) note that the image of a countable
set under a finite number of £ -definable function is countable. Since I' is countable
and every interval is uncountable, there is an element which is not in the image, but

in the interval.

4.4 Main lemma

First note that the axiom (dmG9) gives us the following Schanuel condition for every
model of T'U dmGr:

Proposition 4.4.1 Let (M,G) E T U dmG, g1,....,9m € G, Y1, ..., yn € M and p be
a Q-linearly independent tuple over Q(7). If

tr.degQ(gﬁ gg)(yfa ---,yf{) < n|p| —n,

------
then gf, s gP yf, .., yP are multiplicatively dependent.

As noted in the introduction, the following lemma is the crucial bit of the proof.
It is a generalization of Lemma 5.12 of [vdDGO6]. In contrast to that result, we will

have to take care of the fact that the theory 7" doesn’t have quantifier elimination.

This is the point where the Schanuel conditions come in.
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Lemma 4.4.2 Let (M,G) = T U dmGr and H be a pure subgroup of G containing

all interpretations of the constants v, where v € I'. Then
clr(H)NG = H.

Proof: The inclusion H C clp(H) NG is trivial. It is just left to show that whenever
g € clp(H)NG, then g is alsoin H. Solet g € clp(H)NG, m € Nand hy, ..., h, € H
such that g € clp({h1,..., hn}). We can assume that hq, ..., h,, are clp-independent.
Further note that since all interpretation of the constants 4 are in H, for all Q-linearly

independent py, ..., p; € Q(7) all the Mann-Solutions of GIP1 . ... . GP{ are already in

.....

trdegg s iy (9") <t —1. (4.4.1)

------
Suppose that (4.4.1) is witnessed by
q(BE, ..., WP gP) = 0,

where ¢ is a polynomial with coefficients in Q. Further let ¢(X1, ..., X;us, Y1, ..., Y;) be

of the form

%
S i (X, o XYY, (4.4.2)

veNt j=1

where ¢, ; is a monomial in X, ..., X, and a, ; € Q. Set
71/7‘7' = qu7j(h'€7 ) hfﬂ)'

Since ¢ witnesses (4.4.1), there are two different 1, o € N* such that [,, > 0 and

L,

E :a'/"’ivj’y/*’/ivj 7é 0’
Jj=1

for i = 1,2. Let > .\ [, be the minimal natural number for which there is a poly-
nomial of the form (4.4.2) witnessing inequality (4.4.1). By definition, (v, ;¢"7?) is a

solution of the equation

L
E E ay,2,; =0,

v j=1
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where v - p'is the scalar product of p and v. By minimality of > this solution

l
veNt vy
is non-degenerate. Hence by Proposition 3.3.2 there is m € Gl . ... GPd and for

every v € N! and every j € {1,...,1,} there is m,; € HP . ... HIP!l such that
Vu,jgu.ﬁ =m-my;.

For i =1,2 we get
vip
fyyiyluig ’ =m: ml’iylui °

Hence

g Pvef _ My 1, Yool

c gled . L gled

Mug Ly Vol
Thus there are ky, ..., k; € H such that

g R

Let i € {1,...,t} with v1; # 15,. This implies that

gPi(Vl,i —v2;)

i € GGkl . . gl gleal . Gled,

By (dmG7) g"+i~"2¢ = k;. Hence ¢g"*+7"2¢ € H. Since H is pure in G, g € H.

Case II: Otherwise.

By Proposition 2.3.1, there is n € N and vy, ..., y, € M such that 4, ...,y, defines ¢
over hy, ..., h,,. Now take n minimal. By Corollary 2.3.4, this implies that there is a
7 € Q(7)/P, whose coordinates are Q-linearly independent, such that

tr.degogs (&%, yP) < (n+1)|p] — (n+1). (4.4.3)

Case II.1: tr.degQ(h,;___vh%gﬁ)(yf, o yP) < n|pl —n.

By Proposition 4.4.1, Y ..., h? | g yf, ..., yP are multiplicatively dependent. If g, hlf, ., b
are multiplicatively dependent, we are back in Case I. Since we have assumed that

hi, ..., h,, are clp-independent, h’f , ..., WP are not multiplicatively dependent. Hence

we can assume that there are k; ;,1; ; € Z with
n—1 ‘ ‘ k
y gz k)(),jpj H i,5Pj H h 1JpJ
i=1
where r 1= Z'fﬂ:l kn ;p; # 0. Hence

E] 1 ki, jPj 22 i gPy

Yn Tkomﬂyz O

i=1
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By Theorem 2.3.5, this implies that v, ...,y,-1 define g over hy, ..., h,,. But this
contradicts the minimality of n.
Case I1.2: Otherwise, ie.
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4.5 Proof of completeness

In this section we will show that T'U dmGr is complete. Note that the argument in
the following proof is the same van den Dries and Giinaydin used in [vdDGO6]. In

previous sections, we have shown the following Main Lemma.

Theorem 4.5.1 Let (M,G) = T U dmGr and H be a pure subgroup of G, which

contains all interpretations of the constants v, where v € I'. Then
clr(H)NG = H.
Further note the following corollaries of the Main Lemma.

Corollary 4.5.2 Let (M,G) =T UdmGr and H be a pure subgroup of G containing
all interpretations of the constants v, where v € I'. If A is clp-independent over G,
then

clr(A,H)NG = H.

Proof: As in the Main Lemma 4.5.1, H is obviously a subset of clr(A, H) N G. By
the Main Lemma 4.5.1 it is only left to show that

clr(A, H) NG C elp(H) N G. (4.5.1)

So let z € clp(A, H) NG and A" a minimal subset of A such that z € clp(A", H)NG.

For a contradiction, suppose that A’ is non-empty and let a € A. By minimality of
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A’ we have z ¢ clp(A" — {a}, H). But then the Steinitz Exchange Principle implies
that a € clp(A" — {a}, z, H). Since z € G, we get that

a € clp(A" —{a},G).

This is a contradiction to the cly-independence of A over G. Hence A’ is empty and
z € clp(H)NG. Thus (4.5.1) holds.

O

Corollary 4.5.3 Let (M,G) =T UdmGr and H be a pure subgroup of G containing
all interpretations of the constants v, where v € I'. If A is clp-independent over G
and g € G — (clp(A, H)), then

clr(A, H,g) NG = Hg(g) = {(h-g")"/™ | h € H,k,m € N, hg" € G"™}.

Proof: Since clr(A, H, g) is real closed, Hz(g) C clp(A, H, g) N G. Because Hg(g) is
pure in G, Corollary 4.5.2 implies that

HG<g> = CIT(A> HG<g>) nG 2 ClT(Aa H> g) NnG.
O

Let N := (M,G(N)),N" := (M',G(N")) be two (|T'|) *-saturated models of TUdmGr-.
Then M, M’ are models of T'. Let £ be the set of all £].-elementary maps from M to
M'. Let S be the set of all 5 € £ such that there exist

e a finite subset A of M, and a finite subset A" of M’,

e a pure subgroup H of G(N) of cardinality at most |I'| and a pure subgroup H’
of G(N’) of cardinality at most |I'|

such that
1. B is an £f(G)-isomorphism between (clr(A, H), H) and (clp(A', H'), H'),

2. A is clp-independent over G(N), and A’ is clpy-independent over G(N') with
plA) = A,

3. T<H,T<H.

Note that by Corollary 4.5.2, (cly(A, H), H) resp. (clp(A’, H'), H') from the above
definition is an £].(G)-substructure of (M, G(N)) resp. (M',G(N')).
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Lemma 4.5.4 S is a back-and-forth-system of £1.(G)-isomorphisms.

Proof: In order to prove this statement, we will show that for every 5 € S and every
a € N, there is a v € S such that v extends § and a € dom(y). In fact, this is
enough, because of the symmetry of the setting.

Let 8 € S and a € N. We can assume that a ¢ dom(3). Further let A, A’, H, H’
witness that g € S.

Case 1: a € G(N).

First note that by Proposition 3.5.2, G(N) is regularly dense in M and G(N') is
regularly dense in M’. So by Proposition 3.5.3(ii), there is an a’ € G(N’) such that
forall h € H, k € Z and n > 0, we have

a*h € G(N)M iff o’*5(h) € G(N), (4.5.2)

In order for a’ to have the correct T-type over clp(A’, H'), let C' be the cut of a in
clr(A, H). Further let C’ be the cut in clp(A’, H') corresponding to C' under 3. Since
N is saturated, there are p, ¢ € M’ such that all elements in the interval (p, q) realize
C’. Since G(N') is dense in M’, we can assume that p, ¢ € G(N'). Further since G(N’)
is regularly dense and N’ is saturated, we can assume that (°—, G(N’)[" is dense in
G(N'). Thus take g € >, G(N')" such that p < ga’ < g. Since ga’ realize the cut
C’ and T is o-minimal, there is an isomorphism = : clp(A, H,a) — clp (A’ H', gad’)

extending ( with y(a) = ga’. We set
L:=clp(A H,a)NG(N) and L' :=clp(A, H',ga') N G(N').

By Corollary 4.5.3, we have that L = Hgv)(a) and L' = H( v (ga’), and that L
and L' are pure subgroups of G(NN) resp. G(N’). Thus by condition (4.5.2), we get
that h € L iff v(h) € L’. Hence ~y is an isomorphism between (clr(A, H,a), L) and
(clp (A, H  ga'), L).

Case 2: a € clp(A,G(N)).

Let g1, ..., g, € G(N) such that a € cly (A, {g1,...,g.}). By using Case 1 n times, we
get a p € S such that g, ..., g, € dom(u) and A C dom(u). Since dom(p) is a model
of T', we have a € dom(u) with p € S.

Case 3: Otherwise, ie. a ¢ clr(A4,G(N)).

As in Case 1, let C' be the cut of a in clp(A, H) and let C’ be the corresponding
cut of C' under 8 in clp(A’, H'). Again by saturation, we can assume that there
p,q € N’ such that every element in the interval (p, q) realizes the cut C’. Let d be
the set A written as a tuple. Let fi,..., f,, be 0-definable functions in 7. By axiom
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(degm(ﬁ ,,,,,
tuple g of elements of G(N')

), we know that there is a b € (p, ¢) such that for ¢ = 1, ..., n and every

fi(g,d) #b.
Thus by saturation, there is an a’ € (p,q) such that @’ ¢ clp(A’, G(N')). Since a’

realizes the cut C’, there is an £]-isomorphism v from cly (A4, a, H) to clp(A',d’, H')
extending # and sending a to a’. Since a ¢ clp(A, G(N)) and d’ ¢ clp (A, G(N')), we
get that

clp(Aa, H)NG(N) = H and clp(A',d', HYNG(N') = H'.

Since B(H) = H' and v extends (3, we get that v is an £](G)-isomorphism from
(CIT(Aa a, H)a H) to (CIT(A/> a/a H/)> H/) and ﬁ(A U {a}) = ﬁ(A/ U {a/})‘

Theorem 4.5.5 T'U dmGr is complete.

Proof: It is enough to show that S is non-empty. Let P := clp(0) € M and P’ :=
cly(0) € M'. Since M, M' = T, there is an £]-isomorphism 7 between (P,T") and
(P',T"). Note that I' is pure in G(N) resp. G(N’), because of the axiom (dmGb5).
Hence 7 is an £7.(G)-isomorphism and v € S.

4.6 Proof of the near model completeness

In this section we finally prove Theorem 1.2.2. With this aim in mind, we fix the

following notations.

Definition 4.6.1 (i) Define the language L£.(G)" as the language L£.(G) together
with predicates Py for every £.(G)-formula ¢ of the form

I3z (T, 7,Z) A /\ G(z), (4.6.1)

where Y is a quantifier-free £1.-formula.
(i1) the £1.(G) " -theory (TUdmGr) ™" is the theory TUdmGr together with the following
azioms: for every £L.(G)-formula ¢ of the form (5.8.1) add the axiom

Py(T) = ().
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Remember that £, is the language of ordered groups. Let £, be £, augmented
by a constant symbol 7 for every v € I.

Definition 4.6.2 Let ¢ be a £,r-formula. We say that the G-restriction of ¢, ¢g
is the £1.(G)-formula inductively defined by

Yg = if @ is atomic,
e = g if o=,

e = Xxe NVa if o =xNY,
v = Az (G(x) ANdg) if ¢ = Az,

Proposition 4.6.3 Let ¢(x) be an £, -formula, then ¢ is equivalent to an £F.(G)-

formula of the form

32(e(@,2) A \ G(2),
where (T, z) is a quantifier-free £.(G)-formula.

Proof: By quantifier elimination for the ordered group G (see Theorem 3.5.4), we

know that ¢ is a boolean combinations of formulas for the form

k1 kn _
Ly xnn -

k1 kn
riteext <1

k1 kn [d]
xy z,m € G'Y,

where k; € Z and d € N.;. Since G4 has only finitely many coset in G and each

non-trivial coset contains an element ; of I', the negation of z* - ...z* € Gl is

\/xlfl ok ey GHL

Hence ¢ is of the required form.

O

Below, S denotes the back-and-forth system between two models A/, N of T'UdmGr

constructed in the previous section. For showing Theorem 1.2.2, we have to show

Theorem 4.6.4 (T'U dmGr)" has quantifier elimination.
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Proof: In order to show that (T'U dmGr)"™ has quantifier-elimination, let @ =
(ay,...,am) € N and b = (by, ..., b,,) € N’ having the same quantifier-free (£7.(G))*-
type. We will now show that then there is an element in the back-and-forth-system
S sending @ to b. This implies that @ and b have the same (£7(G)) " -type. By [H93]
Theorem 8.4.1, this implies that (7"U dmGr)" has quantifier-elimination.

Let (ay, ..., a,) be clp-independent over clr(G(N)).

(1) (by,...,b,) is clp-independent over clr(G(N')).

Proof: For a contradiction, suppose (by, ..., b,) is cly-dependent over cly(G(N')). Then
there are L£f-formulas ¢(Z,9),(Z,y) without parameters and there are ¢y, ..., g, €
G(N') such that 1 (z,y) is the formula

(p(f/g) AVz ((QP(Z,[L’Q, "'>$T>g)) - (Z = 1’1))

and N = ¢(by,...,b,, g1, ..., ). By model completeness of T', we can assume that
is of the form

Jux(z,y, ),
where x is a quantifier-free £-formula. Hence

n

N &= 3g3tx(by, ... by, 5, 3) A\ (i)
i=1
Since @ and b have the same quantifier-free £7.(G)*-type,

n

N & 3gdux(ar, ... ar, ,0) A N\ Gys).

i=1

But this contradicts the clp-independence of (ay, ..., a,.) over clp(G(N)).
D(1)

By symmetry, we can take » maximal such that, perhaps after rearranging the a;’s,
(aq,...,a,) is a maximal such independent subtupel of a and (b1, ..., b,) is a maximal
such independent subtupel of b. Now let ¢y, ..., g; € G(N) such that

Apy1y ey O € Clp({ag, .oy ar, g1y ooy Gi})-

Suppose ¢1(7), ..., pn(y) are £, p-formulas and ¢1(Z,7), ..., ¥ (Z,y) are £]-formulas
such that

t l

NE /\%‘G(Qh e GI) A /\%’(al, ey Gy Gy oy 1) N /\G(gi)-

=1 =1 i=1

50



Since T' is model complete and because of Proposition 4.6.3, we can assume that the

formula
I

/\ Cic(y) N /\@Dz‘(i%??) A /\ G(yi)

i=1 i=1

is of the form

i=1 =1

where y is quantifier-free £f-formula. Thus

l ||

N ): Elgjflu?flix(u_), 27 A1y ey Amy Y1, "'7yl) A /\ G(yl) A /\ G(zl)

i=1 i=1
Since (aq, ..., ay,) and (by, ..., by, ) have the same quantifier-free (£7.(G))*-type, we have

l ||

Nl ): 3@3@32){(@, 2) bla sy bm7yla "'7yl) A /\ G(yl) A /\ G(zl)

i=1 i=1

Hence by saturation we can get that there are hq, ..., h, € G(N’) such that for every
£, r-formula ¢(y) and every £7-formula (7, z),

N = oc(gr, o q) N = pa(ha, ... )
N ’: w(glv ...y g1, a1, ...,CLm) iff N’ ’: ¢(h17 ...,hl,bl, 7bm>

Hence there is an £f-elementary map 3 with

B:clr({ay,...ar, g1, ..., q1}) — clp({b1, ..., by, ..., By })
a; — b, fori=1,..m

gir—hy,  fori=1,...1

and B(Tavy (91, - 91)) = Lawvy(ha, ..., ). Since {ay, ..., a,} is clp-independent over
G(N), {b1,...,b.} is clp-independent over G(N’) and B({ay, ...,a,}) = {b1,...,b.}, we
get that g € S.
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Chapter 5

Groups closed under all definable
power functions
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5.1 Introduction

In this chapter, we will examine subgroups closed under all definable power functions.
Therefore let 7 € R — Q. Remember that Q(7) is the field of exponents of R :=
7, x>0,
0, z<O0.
R with the following properties

(R,+,-,0,1, 2 — ). Now consider a dense multiplicative subgroup I" of

(H1) there is a I C Q such that I' = 1@ = fgP1. . gpn

ne N7g2 € ]7p2 € @(T)}v
(H2) T has the Mann property.

We call groups satisfying (H1) algebraically Q(7)-generated. Note that (H1) implies
that I" is divisible, since Q C Q(7). Further (H1) gives us that I" is countable, since
Q(7) is countable. Under Schanuel condition 3.1.2 for 7, 2%(7) satisfies (H1) and (H2)

(see Theorem 3.4.5 for a proof). Generally consider the following case.

Proposition 5.1.1 Assume Condition 3.1.2 holds for . Let I" satisfy (H1) and
assume that there is a finite set I C Q witnessing (H1). Then T satisfies (H2).

Proof: Consider the divisible group generated by I = (iy, ..., ), ie. the group z?zg
This group has rank at most n. By Theorem 3.3.1, this implies that it has the Mann
property. But if the subgroup z? -...-i¥ has the Mann property, Theorem 3.4.5 implies
that I has the Mann property as well. Hence I' satisfies (H2).

|

Let I" be a dense multiplicative subgroup of R satisfying (H1) and (H2) and let I be
the set witnessing (H1). In the first three sections of this chapter we will examine the

following Theorem:

Theorem 5.1.2 Let (M, G) = Th(R,T) and let p(z1, ..., ©,) be a formula of Schanuel-
type. If ay,...,am € M and (M, G) = p(ay, ...,an), then

af:ﬂ, ey aﬁf are multiplicatively dependent over G.

It will be shown that Theorem 5.1.2 holds in the following two cases:

(1) the Conjecture on intersection with tori (see Conjecture 5.3.3) holds, Condition
3.1.2 holds for 7 and [ is finite,

(2) 7 is algebraic and Condition 3.1.4 holds for 7.
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The case (1) will be considered in Section 2 and 3, while case (2) will be examined in
Section 4. For I' satisfying (H1) and (H2), we will give a precise first-order axioma-
tization of Th(f&, I') in Section 5. Similar to the previous chapter, we will prove the
Main Lemma, completeness and near model completeness in the last three sections
of this chapter.

Finally note that these results do not follow from the result in Chapter 4. Theorem
6.2.7 in Chapter 6 will show that if (1) or (2) holds for 7, the subgroup 2 is not
definable in (R, 2%(").

5.2 Predimension condition

For rest of this section, let I' be a group satisfying (H1) and let I C Q be a finite set
witnessing (H1). By Proposition 5.1.1, I' satisfies (H2) as well. In the following we
define the Predimension condition for I' and show that under the Schanuel Condition
3.1.2 it holds for T'.

Given two sets S and F, we will write mult.dimp(S) for the maximal number of

multiplicatively independent elements of S over F'. The Predimesion condition states

Condition 5.2.1 Let ' be a group satisfying (H1) and let I C Q be a finite set
witnessing (H1). Let g1, ..., gm €T, y1, .., yn € R, and fori =1,...,n, let p; € Q(7)IPi,

whose coordinates are Q-linearly independent. Then
tr.deg@(w)(y{ﬁ, Lyt — mult.dim(w)(y{ﬁ, oyt > .
Note that is just axiom (B4) from the introduction.

Theorem 5.2.2 Assume Condition 3.1.2 holds for 7. Let I be a group satisfying
(H1) and let I C Q be a finite set witnessing (H1). Then the Predimension condition
holds.

Proof: Without loss of generality, we can assume that I, ¢ are multiplicatively inde-
pendent. Since I, g are multiplicatively independent, we can assume that there are
hy,...,h € I and qi, ..., ¢ Q-linearly independent tuples of Q(7) with ¢;; = 1 for all
1 =1,.., [, such that

(1,9) = (b, ..., hfH).
Further, by possibly reducing n and the length of the p;, we can also assume that
Y, .., yPr are multiplicatively independent over (A, ...,h;ﬁ). For a contradiction,

suppose
tr.degQ(h?’m’h?;)(yfl, Y — mult.dz’m(h({l7.“7h?~l>(yf1, oyt < —n.
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By our assumptions, we know that

n

mult.dim g () = 17
i=1

This implies that
=1

By inequality (5.2.1) and the fact that hq, ..., h; are algebraic, we have

l n

trdego(hf, ., Ly, oyl < G+ Y Ipil = (n+1).
i=1 i=1

Thus A%, .., h;ﬁ,y{ﬁ, ..., yPn are multiplicatively dependent by Condition 3.1.2. But
this contradicts the fact that h‘{l, o h;ﬁ are multiplicatively independent and y{ﬁ, oy yPn

are multiplicatively independent over I, g.

5.3 CIT

In this section, it will be shown that under the Conjecture on intersection with
tori (CIT), Condition 5.2.1 is first-order expressible. Unfortunately, it is not known
whether CIT holds. For corollaries of CIT and its connection to Schanuels Conjecture
see [Z02]. Note that 7 is arbitrary in this section. In the next section we will consider

the special case that 7 is algebraic.
Definition 5.3.1 A torus S C (C*)" is a set defined by equations of the form

yit ey =1, (5.3.1)
where my, ...,m,, € Z. Further S is said to be proper if S # (C*)".

To state the Conjecture on intersection with tori, we further need the concept of

an atypical component.

Definition 5.3.2 Let W C C" be an algebraic variety defined over Q, S C (C*)" be
a torus and V' be an irreducible component of the variety W N S. We say V is an

atypical component of the W NS if

dimV > dimW +dim S — n.
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Conjecture 5.3.3 (CIT) Let W C C" be an algebraic variety defined over Q. Then
there is a finite set T (W) of proper tori such that for every other torus S and any
wrreducible component V-.C W NS with

dimV > dim W + dim S — n,
there is an S" € T (W) such that V C §'.

The next lemma will show that for elements in the group I', equality holds in the

Predimension condition.

Lemma 5.3.4 Assume Condition 3.1.2 holds for 7. Let T be a group satisfying (H1)
and I C Q be a finite set witnessing (H1). Let gy, ..., gm € T, then

tr.deg(I, g1y ..., gm) — mult.dim(1, gy, ..., gm) = —mult.dim(I).

Proof: With out loss of generality, we can assume that I, g1, ..., g,, are multiplicatively
independent. As in the proof of Theorem 5.2.1, we can assume that I, gy, ..., gn, is
of the form h‘{l, s h;ﬂ, where h; € I and ¢; € Q(7)!%! is Q-linearly independent and
¢;1 = 1. Note that in this case mult.dim(I) = [. Further

l
mult.dim/(RT ..., hi") Z (5.3.2)
=1

Since I C Q,
1

tr.deg(R9, ..., I Z G —1. (5.3.3)

Thus it is only left to show that in (5.3.3) equahty holds. For a contradiction, suppose
tr.deg(h®, ... hI) < S2'_ |G| — 1. By Condition 3.1.2, this implies that (A%, ..., hf")
is multiplicatively dependent. This is a contradiction to equation (5.3.2). Hence
tr.deg(h®, .. nI) =S |G| —1 and

I I
tr.deg(L, gi, ..., gm) — mult.dim(1, g1, ..., gm) = Z |G — 1+ Z G| = —

|

Let [ := mult.dim(I) and hq,...,h, € [ with | = mult.dim(hy, ..., h;). Remember
for the following that Q. s : R" — R is the function which maps @ € R" to
the sum of the of squares of all determinants of p x p submatrices of the Jacobian
In(f1s o, [p)(@). See Chapter 2 Section 3 for details.

In the following we finally show that the Predimension condition and hence axiom

(B4) from the introduction is first-order expressible.
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Proposition 5.3.5 Assume the Conjecture on intersection with tori 5.3.3 holds and
Condition 3.1.2 holds for 7. Let T' be a group satisfying (H1) and I C Q be a finite
set witnessing (H1). Let 7 be an element of Q(7)!", whose coordinates are Q-linearly
independent, and gv, ..., gm € L', Y1, ..., yn € R. Further let W C RH™HIB pe ¢ variety
with dim W < m 4+ n - |p] — n and which is defined by polynomials qy, ..., qnii+1 with
coefficients in Q and q; = X; — h; fori=1,... 1. If (I.§,y".....y?) € W and

7 7
Q”'|ﬁ1,ql+1,(1,§)7~~~7ql+n+1,(1,§) (yl’ ey yn) #0,

then there is a torus S € T(W) such that (I,§,y",...,y7) € S.

Proof: By Condition 3.1.2 and Theorem 5.2.2, the following instance of the Predi-

mension condition holds:

—

tr’deg(@(lygl ----- gm) (y%l[)7 (RS yg) - mU‘lt'dim(Lgl ----- Qm) (y?l: Tt yg) Z —n.

Note that this and Lemma 5.3.4 imply

tr.deg(1, g, yt, ..., yf:) = tr.deg(I, §) + tr.degor,g (V1 ---» yf:)
> mult.dim (1, §) — 1 + mult.dim; 5 (o, .y —n
= mult.dim(I, g, yf, Py —n— 1.
Let W’ be the variety defined by polynomial equations over Q which are satisfied by
(1,9, yf ..., yP). Further let Sy be the torus defined by all the multiplicative equations

of the form (5.3.1) satisfied by (I, 7, 4", ..., y?). Note that dim W’ > dim Sy —n — [ by
the above. Then

dimW +dim Sy —m — 1l —n|pl <m+n-|p| —n+ dim Sy — m — | — n|p]
=dim Sy —n—1<dimW'.

Thus W’ is an atypical component of W N Sy and so by Conjecture 5.3.3 there is a
torus S € T (W) such that

(I,4,97,....,y") € S.

|

The definition of a formula of Schanuel-type and Proposition 5.3.5 directly imply the

following corollary. For given i € Q(7)", we write I? for the tuple (i, ..., ).
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Corollary 5.3.6 Assume that the Conjecture on intersection with tori 5.3.3 holds
and Condition 3.1.2 holds for 7. Let T be a group satisfying (H1), I C Q be a finite
set witnessing (H1) and let (x4, ..., xmy1) be a formula of Schanuel-type. Then there
is a finite set T(p) of proper tori such that for all ay,...,am € R with (R,T) =
o(I,aq,...,a,) there is S € T (p) with (]p?o,aﬁ;w, LAY eSs.

Proof: This corollary directly follows from Proposition 5.3.5. Let n be the natural
number with [I| = n. Further let I = {ij,...,i,} and let r; be the polynomial
X,; —i;. Then the set 7 (y) is just the set 7 (W), where W is the variety given by

J
the polynomials rq, ...,7, and ¢, ..., qyﬁ_lﬁl.
O

In particular, note that because of the finiteness of 7 (), Corollary 5.3.6 is first-order
expressible. This allows us to add it as an axiom to the axiomatization of the theory
of (R, T).

5.4 Group Schanuel condition for algebraic 7

In this section we consider the special case, where 7 is algebraic of degree d. Further
let " be a dense multiplicative subgroup of R satisfying (H1) and (H2). Note that in
this section, we do not assume that (H1) is witnessed by a finite set I.

We will show that in this case, the Uniform Schanuel Condition 3.1.4 implies the
following Theorem which is a version of the Predimension condition 5.2.1. Note that
the conclusion of the Theorem is first-order expressible. More generally, note that
we only know that Condition 3.1.4 holds for generic 7, but we do not know anything

about the case when 7 is algebraic.

Theorem 5.4.1 Assume that 7 is algebraic of degree d and satisfies Condition 3.1.4.
Let T be group satisfying (H1) and (H2). Let @(x1,...,x,) be a formula of Schanuel-
type. Then there is a natural number L(p) such that for ay,...,am € R, if (R,T) =
o(ay, ..., am), then there are m; j € Z, not all zero and |m; ;| < L(p) such that

m  |p?|

1T Ha?i'”"”f el. (5.4.1)

i=lp+1 j=1
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In order to prove this statement, we need two lemmata. We fix the following notation.
Let I C Q be the set that witnesses (H1) for I'. We define a group A by

A=l i ne Ny, i, €L qhy g € Q)
Because I is divisible, A is a subgroup of I'. Further note that A is a subset of Q.
Lemma 5.4.2 T is definable in (R, A).

Proof: Since 7 is algebraic of degree d, I' = A - Al7l. .. A" This is definable in
(R, A) by

d—1
¥(y) = 3xg...3x44 /\ Gzi) Ny =zo 2] ... -:cgd_’f.
i=0

O

Lemma 5.4.3 Assume 7 satisfies Condition 3.1.4. Let t,m € N with t < m,
let p; € Q(7)P be a Q-linearly independent tuple, for i = 1,...,m, and let ¢; €
QXy,.... Xsom yal, fori = 1,..,m —t+ 1. Then there is a natural number N =
N(t,q1, ooy Gmets1, D1y ---s Pm) Such that for every ay,...,a; € A and ayiq,...,a, € R
with

i Dt Ptt1 m\ -
g(ait, ...ai,ay, ..,abm) =0, foralli=1,...m—1t+1,
and

. Pri1 Pm
Qz?ltﬁ»l Ipi‘7QI,§7"'7Qm7t+l,§(at+1 1ty am ) % 0’

where

g:=(a', ... af"),

there are m; ; € Z, not all zero and |m; ;| < N such that

m  |pil
I« " =1 (5.4.2)
i=1 j=1

Proof: First note that A is a subset of Q and hence it satisfies Condition (G1). The
proof of Proposition 4.2.2 can be easily adapted to this case. The only difference
between the two settings is that now p; is not necessarily equal to pj, for ¢ # j. But

this difference was not used in the proof of Proposition 4.2.2.
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By the uniformity in Lemma 5.4.3, we get that the result also holds in arbitrary
models of the theory of (R, A).

Corollary 5.4.4 Assume 7 satisfies Condition 3.1.4. Letm € N and let p; € Q(7)!P
be a Q-linearly independent tuple, for i = 1,...,m. Further let (M,G) = Th((R,A))
and ay, ...,a,, € M. If there is | < m such that a; € G for alli=1,...,1 and

tr.aleg(@(a,lf1 ..... al7)(a§)-l++11’ L alm) < Z Ipi| — (m —1+1),
i=l+1

then a’lﬁ,. aPm are multiplicatively dependent.

coy oy Wiy

Proof of Theorem 5.4.1: By Lemma 5.4.2, I' is definable in (R,A). Suppose
(M,G) = Th((R,A)) and let H := G- Gl . ... G, By the definability of H
and T, this implies that (M, G, H) = Th((R,A,T). Let ay,...,a, € M such that
(M, H) = (a1, ..., a,). For readability set ¢:= p,, and set v := [,.

(1) a?:rl, ...,al are multiplicatively dependent over H.

Proof: First note that (M, H) = ¢(as, ..., a,,) implies that ay,...,a, € H and

.....

tr.degQ(aiy ag)(agﬂ, nal)y < (m—v+1)|g — (m—(v+1)).
By the definition of H, for every i = 1, ..., v there are b;, ..., b; 41 € G such that
a; = by BTy - Dy
Let ¢y, ...,cx € G be a maximal multiplicatively independent subset of
{bi;|i=1,..0:j=0,.,d—1}
and let tq,...,t5 be a basis of the Q-vector space generated by
L., g, .y qq with 2, = 1.

Set £ := (ti,...,ts) € Q(7)*. Then

.....

For every i = 1,..., k we can now take a subvectors 7; of ¢ such that 7, = 1, ¢{*, ..., ¢}*

are multiplicatively independent and

—

157".deg(@(cr~1 C:k)(agﬂ, wnal)y < (m—v4+1)|g — (m— (v+1)).

By Corollary 5.4.4, we know that cfl, - cg“, a‘z FETR ad are multiplicately dependent.
Since c’fl, o c?“ are multiplicatively independent, ag s aZ must be multiplicatively
dependent over ¢/i,...,¢i*. But ¢, € H for every i,j, and hence ag+1, ..,al are

multiplicatively dependent over H.

60



O(1)

The statement now follows from compactness: let £, be the language of (R,A,F )
augmented by constant symbols ¢y, ..., c,. Let T, be the theory of (R, A, T') together

with the following axioms:

(T.1) p(ery.ycn),

(T22) TIyn 17, "% ¢ T, for m,; € Z not all zero.

j=1%

By (1) T, is inconsistent. Hence by compactess, there is a natural number L such
that the theory of (R, A,T) together with the axiom (7,1) and

(Te2p) TIpn H‘j‘ﬂ:l ¢ ¢ T, for m,;; € Z not all zero and |m; ;| < L,

is inconsistent. Hence this natural number L has the property that for all a4, ..., a, €
R with (R,T') = (a4, ..., a,), there are m, ; € Z, not all zero and |m; ;| < L such that

m |ql

H Hazni’j'qj el

i=t+1 j=1

holds.

5.5 Axioms KdmG

For this section, let I" be a dense multiplicative subgroup of R satisfying (H1) and
(H2). We now can define the first order axioms of algebraically Q(7)-generated dense
multiplicative subgroups KdmG in the language £1.(G). In the definition of KdmG
we will use the following abbreviation. For all m € N and @ € Q™, let M.S(&) be the

finite set of non-degenerate solutions in I' of the equation
a1 + ... + oy, = 1.
Definition 5.5.1 We define the £1.(G)-theory KdmG by the following set of axioms:
(KdmG1) Vx> 0Vy > 0((z < y) — (F2(G(2) ANz < z < y))),
(KdmG2) Vavy((G(x) A G(y) — Gz - y)),

(KdmG3) Vavy((G(z) A -y =1) — G(y)),
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(KdmGA, ;) G(3), 40 = (67), 1 =1,5(y"1) =1, for all 4,6 € T,
(KdmG5,) Vr(G(x) — G(aP)), for all p € Q(7),

(KdmG6,,.4) V1. vxm((/\lﬂ L G(5) A 27;1 a;x; = 1A /\Dczm ZieD T # 0)
(V(yl Ym)EM S(P,d) /\7;1 Ti = 72))7 fO’f’ allm € N and d € Qm;

.....

(KdmGT,) o(ar. o) — (VEZ, Lo VED L GTE, TIZ ™), for all 64(G)-
formulas ¢ of Schcmuel type over G,

(KdmG8,7) Vyva¥b3z a < z < b A (VZ(G(T) — (AL, £:(T,7) # 2))), for all d € N, for all
i <d let f;(Z,7) be a LL-0-definable function.

Note that (KdmG1), (KdmG2), (KdmG3), (KdmG4) and (KdmG5) force the
interpretation of G to be a dense multiplicative subgroup of R with subgroup I' and
to be closed under all power function definable in R. The axiom (KdmG6,) states
that all Mann solutions of G are actually in the subgroup I'. Axiom (KdmG7,)
forces solutions of formulas of Schanuel-type to be multiplicatively dependent over
the group G. Finally axiom (KdmG8) is the statement that for a finite number of
L£7-definable functions, in every interval there is an element which is not in the image

of the subgroup GG under these functions.

Corollary 5.5.2 Assume that T is algebraic and satisfies Condition 3.1.4. Let " be
a group satisfying (H1) and (H2). Then (R,T) =T U KdmG.

Proof: Except for (KdmG8), this statement follows from (H1)-(H2) and Theorem
5.4.1. For (KdmG8) note that the image of a countable set under a finite number
of £[-definable function is countable. Since I' is countable and every interval is

uncountable, there is an element which is not in the image, but in the interval.

|

Further consider the case that (H1) is witnessed by finite set I C Q. Consider the

following sentences:

n

(KmdG7) o(I,21,....,2,) — \/SGT(@)(Ipr,xf&,...,xp@) € S, for all £1(G)-formulas ¢ of
Schanuel-type over G.

Let KmdG' be theory KmdG after replacing (KdmG7) by (KmdGT').
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Corollary 5.5.3 Assume that Conjecture 5.3.3 holds and that Condition 3.1.2 holds
for 7. Let T be a group which satisfies (H1), and let I C Q be a finite set witnessing
(H1) for T. Then (R,T) =T U KdmG'.

Proof: The statement directly follows from Corollary 5.3.6 and the proof of Corollary
5.5.2.

5.6 Main lemma

In this section, we will show that the Main Lemma holds for 7"U KdmG. First note
that by (KdmG7), we have:

Theorem 5.6.1 Let (M,G) = T U KdmG and let ¢(z1,...,2,) be a formula of
Schanuel-type. If ay, ..., a, € M and (M, G) = ¢(aq, ..., a,), then

p? p?
Ay e O

D" are multiplicatively dependent over G.

In fact, in the case that (H1) for I" is witnessed by a finite set I, the same holds for
any model of T'U KdmG'.

Theorem 5.6.2 Let (M,G) = T U KdmG' and let ¢(x1,...,xy) be a formula of
Schanuel-type. If ay, ..., a,, € M and (M, G) = ¢(aq, ..., a,), then

ey aﬁf are multiplicatively dependent over G.

Proof: Let I = {iy,...,%11}. Let ¥(y1, ..., yj1; ©1, ..., Tm) be the formula defined by

1]

ﬂmWJMAAGw)

It directly follows from ¢ being a formula of Schanuel-type that ¢ is a formula of
Schanuel-type as well. Further note that (M,G) = ¢(I,ay,...,ay,). By maybe de-
creasing [, and changing the qzﬁ , we can assume that

z"fw s if;', a’fw ey aip are multiplicatively independent. (5.6.1)

Note by (KdmGS5), these are all elements of G. Further by (KmdGT') this implies
that

=0

07 PP DY p¥
By e D)y A1 e Gy

are multiplicatively dependent and hence by (5.6.1) afj 1 a?? are multiplicatively

m

dependent over G.
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In the following we will use T for either TU KdmG or TUKdmG'. If T is TUKdmG’,
we assume from now on that a finite set I witness that I" satisfies (H1).
In order to show the Main Lemma, the following proposition shows that the axiom

(KdmG6) implies a general Schanuel-style condition for models of 7.

Proposition 5.6.3 Let (M,G) =T, hy,....h, € G and fe Q(r)P. If g € G with

then there is v € I’ such that g7, hy, ..., hyn,y are multiplicatively dependent.

Proof: Set m := |p] and suppose

q(h'h ceey h’n7 gp> = 07

where ¢ is a polynomial with coefficients in Q witnessing the algebraic dependency of
g? over hy, ..., h,. Further let ¢(X1, ..., X,,, Y1, ..., ;) be of the form

%
D g (X, Xn)Y, (5.6.2)

veN™ j=1

where ¢, ; is a monomial in X3, ..., X,, and a, ; € Q. Set
f}/l/,j = qy7j(h1’ ceuy hn)

We can assume that there are two different ji1, o € N™ such that [,,, > 0 and

Ly,

E :a'/"’ivj’y/*’/ivj 7é 0’
Jj=1

fori=1,2. Let )

nomial of the form (5.6.2) witnessing the algebraic dependency of ¢¥ over hy, ..., h,,.

venm Ly be the minimal natural number for which there is a poly-

By definition (7, ;¢"?) is a solution of

L
E E ay,;2,; =0,

v j=1

where v - p'is the scalar product of p'and v. By minimality of > _\m [, this solution
is non-degenerate. Note that by (KdmG6) G has the Mann property and further all
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Mann solutions of G are in I". Hence by Proposition 3.3.2 there is m € G such that
for every v € N™ and every j € {1,...,1,} there is m, ; € I with

Vu,jgu.ﬁ =M -My,;.
Since [, >0, [,, > 0, we get

1P .
7/11,%19 =m m/ﬂ»lul'

and
p2p .
f}/ﬂmlug g =m mﬂ27lu2 .

Hence
D i gyl — (5:63)
mMZ 7lM2 7/1271#2

Set v = my, ., - (Myyy,,)"" € T. Then by equation (5.6.3), g7, hi, ..., hy,7 are

multiplicatively dependent.

O

After establishing this Schanuel-style condition for models of T, we are now ready to

prove the Main Lemma.

Lemma 5.6.4 Let (M,G) =T and H be a subgroup of G, which is closed under
all definable power function in M and contains all interpretations of the constants 7,
where v € I'. Then

cr(H)NG = H.

Proof: The inclusion H C clp(H) NG is trivial. It is just left to show that whenever
g € clp(H)NG, then g is alsoin H. Solet g € clp(H)NG, m € Nand hy, ..., h, € H
such that g € clp({hq, ..., hm}).

By Proposition 2.3.1, there is n € N, and vy, ..., 4, € M such that y, ..., y, define g
over hq, ..., h,,. Now take m and hy, ..., h,, such that n is minimal, ie. such that there
are no s € N, hy,....hs € H,l € N and yy, ..., y; € M satisfying

(1) I <n and

(2) y1,...,y; define g over hy, ..., h.
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By Corollary 2.3.4, we know that there is a Q-linearly independent € Q(7)"” such
that

tr.degg s ) (9% yls ) < (0 + Dl = (n +1). (5.6.4)
We can further assume that p; = 1.
Case I: t?”.deg@(h;177___7h§;7g5) (yfv 0 yg) < n|p] — n.
We will now show that this contradicts the minimality of n. Therefore we have to
consider the following to cases. With out loss of generalization we can assume that
there is [ € N with [ < n such that yq,...,y; € G and yjil, ..., y? are multiplicatively
independent over G. Since G is closed under all power function, this implies that
Yy’ € Gforalli=1,..,land j=1,..,|p]
Case La: tr'deg@(h’;...,hgl,gﬁ,yf,...,yf)(y{il’ s yB)y < (n=DIpl — (n—=1).
By Theorem 5.6.1 resp. Theorem 5.6.2 and our assumption for Case I.a imply that
Yisl, - Yo are multiplicatively dependent over . This is a contradiction to our
assumption about vy, ..., Yy.
Case 1.b: Otherwise, ie.

tr'degQ(hfv---7hgmvgﬁvyfv"'vyf) (yén—i_l’ Y yf:) Z (n N l)‘ﬂ B (n B l)

This implies together with the assumptions for Case I that

trdegog... g, W - 07)
— trdeg@(hﬂ..,h{i,gﬁ) (P, .. yP) — tr.degQ(h;;___7hgmgﬁvyf,,,,,yf) (?ﬁila )
<n|pl =n—((n=DIpl = (n 1))
=lp] -1

So we can assume that

tr-degQ(hﬁ hgl,gﬁ,yf,...,yffl)(yl% < ‘ﬁ‘

12

Because y1, ..., y; € G, Proposition 5.6.3 implies that

] n 1A =
" j=1 UpJ:fY'llllhidpJ'll ||yl ’Jpﬂ’ (565)
i=1 j=1 i=0 j=1

where k; ;,0;; € Z, v € T', yp := g and Z‘jﬁ:ll kijpi; # 0. Trivially, since yi, ..., yn
define g over hq, ..., h,,, we also know that v, ...y, define g over ~, hq, ..., h,,. Note
further that equation (5.6.5) implies that

m -1
y="T]n T
=1 =0
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where s;,t; € Q(7). Hence we get by Corollary 2.3.5 that already y1, ..., Yi—1, Yis1s -, Un
define g over v, hy, ..., h,,. This contradicts the minimality of n.

Case II: Otherwise, ie.

1ssltm

77777777777777

< (n+ DIp] — (n+1) — (] — n)
=171

Hence by Proposition 5.6.3 there is v € I' such that g7, hlf ,...,hP .~y are multiplica-
tively dependent. Because H is closed under all power functions and contains all

interpretation of constant symbols +, we get that g € H.

|

Corollary 5.6.5 Let (M,G) =T and H be a subgroup of G, which is closed under
all definable power functions and contains all interpretations of the constants 7, where
v el If A is clp-independent over G, then

clr(A,H)NG = H.

Proof: We use the same proof as in the case of Corollary 4.5.2. First note that H is
obviously a subset of clp(A, H)NG. By the Main Lemma 5.6.4 it is only left to show
that

clr(A,H)NnG Cclpy(H)NG. (5.6.6)

So let z € clp(A, H) NG and A" a minimal subset of A such that z € clp(A', H)NG.
For a contradiction, suppose that A’ is non-empty and let a € A. By minimality of
A", we have z ¢ clp(A" — {a}, H). But then the Steinitz Exchange Principle implies
that a € clp(A" — {a}, z, H). Since z € G, we get that

a € clp(A"—{a},G).

But this is a contradiction to the cly-independence of A over GG. Hence A’ is empty
and z € clp(H) N G. Thus (5.6.6) holds.
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Corollary 5.6.6 Let (M,G) =T and H be a subgroup of G, which is closed under
all definable power functions and contains all interpretations of the constants 7, where
v e . If A is clp-independent over G and g € G — (clp(A, H)), then

clp(A H,9)NG = H{g) :={hg" | he H k€ Q(r)}.

Proof: Since clp(A, H, g) is a model of T" and by (KdmGb5) the subgroup G is closed
under all definable power functions, the inclusion H(g) C clr(A, H,g) N G holds.

Because H(g) is closed under all power functions, Corollary 5.6.5 implies that

H{g) =clr(A, Hg(9)) NG D clyr(A, H,g) NG.

5.7 Proof of completeness

In this section we will give the proof of the completeness of T, where T is either
TUKmdG or TUKdmG'. Note that the argument in the following proof is the same
used in [vdDGO6] and Chapter 4 of this text. It differs from that proof only by the
fact that the groups considered here are divisible. This even simplifies the proof.

Let N := (M,G(N)),N" := (M',G(N")) be two (|I'|)"-saturated models of 7.
Then M, M’ are models of T'. Let £ be the set of all £].-elementary maps from M to
M'. Let S be the set of all 5 € £ such that there exist

e a finite subset A of M, and a finite subset A’ of M’,

e a subgroup H of G(N) of cardinality at most |I'| and a subgroup H’ of G(N')

of cardinality at most ||
such that
1. B is an £](G)-isomorphism between (clr(A, H), H) and (clp(A', H'), H'),

2. A is clp-independent over G(N), and A’ is clp-independent over G(N') with

3. T<HT<H,

4. H,H' are closed under all power function definable in R.
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Note that by Corollary 5.6.5, (clr(A, H), H) rsp. (clp(A’, H'), H') from the above
definition is a £](G)-substructure of (M, G(N)) rsp. (M',G(N')).

Lemma 5.7.1 S is a back-and-forth-system of £1.(G)-isomorphisms.

Proof: In order to prove this statement, we will show that for every 5 € S and every
a € N, there is a v € S such that v extends 8 and a € dom(y). In fact, this is
enough, because of the symmetry of the setting.
Let 8 € S and a € N. We can assume that a ¢ dom(3). Further let A, A’ H, H’
witness that 8 € S.
Case 1: a € G(N).
Let C be the cut of a in clp(A, H). Further let C’ be the cut in clp(A’, H') correspond-
ing to C' under 3. Since N is saturated, there are p,q € M’ such that all elements
in the interval (p, q) realize C’. Since G(N') is dense in M’, there is a’ € G(N') and
a’ € (p,q). Hence a' realizes the cut C’. Since @’ realize the cut C’ and T is o-minimal,
there is an isomorphism v : clp(A, H,a) — clp(A’, H',a') extending (§ with v(a) = o'
We set

K :=clp(A H,a) NG(N) and K" :=clp(A', H',d') N G(N').

By Corollary 5.6.6, we have that K = H(a) and K’ = H'(da’), and that K and K’ are
subgroups of G(N) rsp. G(N’) which are closed under all power functions definable
in R. Thus we get for all h € G(N) that h € K iff y(h) € K’. Hence v is an
isomorphism between (clr(A, H,a), K) and (clp(A’, H',d'), K').

Case 2: a € clp(A, G(N)).

Let g1, ..., 9, € G(N) such that a € clp(A, {g1,...,9,}). By using Case 1 n times, we
get a p € S such that g, ..., g, € dom(u) and A C dom(u). Since dom(p) is a model
of T, we have a € dom(u) with p € S.

Case 3: Otherwise, ie. a ¢ clp(A, G(N)).

As in Case 1, let C' be the cut of a in clp(A, H) and let C’ be the corresponding
cut of C' under (3 in clp(A’, H'). Again by saturation, we can assume that there are
p,q € N’ such that every element in the interval (p,q) realizes the cut C’. Let d
be the set A written as a tuple. Let fi,..., f, O-definable functions in 7. By axiom
(Kde7n7(f1
every tuple g of elements of G(N’)

), we know that there is a b € (p, ¢) such that for i = 1,...,n and

.....

fi(g,d) #b.

Thus by saturation, there is an o’ € (p,q) such that o’ ¢ clp(A’, G(N')). Since o

realizes the cut C’, there is an £]-isomorphism v from cly (A4, a, H) to clp(A’,d’, H')
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extending # and sending a to a’. Since a ¢ clp(A, G(N)) and d’ ¢ clp(A', G(N')), we
get that

clr(A,a, H)NG(N) = H and clp(A’,d', H)NG(N') = H'.

Since B(H) = H' and v extends 3, we get that v is an £[-isomorphism from
(clr(A,a,H),H) to (clp(A’,a’,H'),H"). Since (AU {a}) = A" U {d'}, we have
sesS.

Theorem 5.7.2 T is complete.

Proof: It is enough to show that S is non-empty. Let P := clp(0) C M and P’ :=
cly(0) € M'. Since M, M' = T, there is an £]-isomorphism 7 between (P,T") and
(P',T"). Hence 7 is an £1.(G)-isomorphism and v € S.

5.8 Proof of near model completeness

Definition 5.8.1 (i) Define the language L£[.(G)" as the language L£.(G) together
with predicates Py for every £.(G)-formula ¢ of the form

3z (T, 7, Z) A /\G(zi), (5.8.1)

where 1 is a quantifier-free £].-formula.
(i1) the £7(G)T-theory (T U KdmG)*t is the theory T U KdmG together with the
following azioms: for every £L.(G)-formula ¢ of the form (5.8.1) add the azxiom
Py(T) < o(T).
For showing near model completeness of T'U KdmG, it is therefore to show

Theorem 5.8.2 (T'U KdmG)" has quantifier elimination.

Let £, be the language of ordered groups. Let £, be £, augmented by a constant
symbol ¥ for every v € I'. Remember from Chapter 4 that for a £, p-formula ¢, we
say that the G-restriction of ¢, g is the £7.(G)-formula inductively defined by

g = if  is atomic,
pc = g if ¢ = =),

v == Xxc N g if o =xANY,
v = Jx(G(x) AN g) if p = Jaeh.
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Proposition 5.8.3 Let p(x) be an £, r-formula, then ¢¢ is equivalent to a quantifier-
free £1.(G)-formula.

Proof: This directly follows from quantifier elimination for ordered divisible abelian
groups G. (See e.g. [M02] Theorem 3.1.17)

|

Proof of Theorem 5.8.2: In order to show that (7" U KdmG)* has quantifier-
elimination, let @ = (ai,...,am) € N and b = (by,...,b,) € N’ having the same

quantifier-free (£7.(G))"-type. We will now show that then there is an element in the
back-and-forth-system S sending @ to b. This implies that @ and b have the same
(£1(@))*-type and hence that (T'U KdmG)™ has quantifier-elimination.

Let (ay, ..., a,) be clp-independent over clp(G(N)).

(1) (by,...,b,) is clp-independent over clr(G(N')).

Proof: For a contradiction, suppose (by, ..., b,) is clp-dependent over cly(G(N')). Then
there are formulas £f-formula ¢, without parameters and there are gy,...,9, €
G(N') such that

¥(z,y) is the formula

(p(f/g) AVz ((QP(Z,[L’Q, "'>$T>g)) - (Z = zl))

and N’ E ¢(by, ..., b, g1, ..., g ). By model-completeness of T', we can assume that

is of the form
Jux (7, y, u),
where y is a quantifier-free £f-formula. Hence

n

N 3g3ax(br, o b, 7, 0) A N\ G(y)-

i=1

Since @ and b have the same quantifier-free £7.(G)™-type,

n

N & 3gdux(ar, ... ar, ,0) A N\ Gys).

i=1

But this contradicts the clpy-independence of (ay, ..., a,) over clp(G(N)).
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By symmetry, we can take r maximal such that, perhaps after rearranging the a;’s,
(a1, ...,a,) is a maximal such independent subtupel of @ and (b, ..., b,) is a maximal
such independent subtupel of b. Now let gy, ..., g; € G(N) such that

Apy1y ey O € Clp({ag, .o;ar, g1y ooy Gi})-

Suppose ©1(7), ..., on(y) are £, p-formulas and ¢1(Z,7), ..., ¥+(Z,y) are Li-formulas

such that
!

n t
N ): /\ gpiG(gla "'agl) A /\ ,lvbi(ala vy Qi 91, "'7.gl) A /\ G(gl)
i=1 =1

i=1
Since T' is model complete and because of Proposition 5.8.3, we can assume that the

formula
l

/vm@AAM@@AAmw

is of the form 1

Jwx(w, z,5) A [\ Gys),
i=1
where x is quantifier-free £f-formula. Thus

l
N ): 3@3'&]){(@,&1, vy Ay, Y1, '-'>yl) A /\ G(yz)

i=1
Since (ay, ..., a,,) and (by, ..., by, ) have the same quantifier-free (£7.(G))-type, we have
l
Nl ’: ElgE'U_)X(U_), b17 sy bm7 Yty - yl) A /\ G(yl)
i=1
Hence by saturation we get that there are hq,...,h, € G(N’) such that for every
£, r-formula ¢(y) and every £7-formula (7, z),

N ’: @G(gla "'7gl) iff N/ ’: @G(hlv (XY hl)
N ): ¢(gl7 ""gl? a/].? ) a’m) iﬁ‘ Nl ): w(h].? ) hl? bl? ) bm)'
Hence there is an £f-elementary map 3 with
ﬁ : CIT({al, Oy g1y eeny gl}) — CIT({bl, -~-br> h'1> ceey hl})
a; — b, fori=1,...m

gir—h;,  forv=1,...1

and 5(I'(g1,...,q1)) = I'(hy,...,hy). Since {ay,...,a,} is clp-independent over G(N)
and {by,...,b.} is clp-independent over G(N'), we get that § € S.
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Chapter 6

Induced structure and o-minimal
open core
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This chapter considers a few corollaries from the work done in Chapter 4 and
Chapter 5. We will start by analyzing the induced structure on I' in the structure
(R,T). In fact, it will be shown that for divisible I’ this structure will be weakly
o-minimal. Further we will show that all the structures (R,T") we have examined so
far, have o-minimal open core. We will see that the result directly follows from the
results of Chapter 4 and Chapter 5 and from the work Berenstein, Ealy and Giinaydin
done in [BEGO7].

6.1 Basic definitions and notation

In this section we will give the definition of weak o-minimality and open core.

Definition 6.1.1 Let R = (R, <,...) be an expansion of a dense linear order (R, <)
without endpoints. R is weakly o-minimal, if every definable subset of R is a finite

union of convex sets.

Of course, every o-minimal structure is weakly o-minimal. Now consider the real
field R together with a dense multiplicative subgroup I' which is divisible and has
the Mann property. In [vdDGO6] van den Dries and Giinaydin proved that the group
[ with the structure induced by (R,T') is weakly o-minimal. In Section 2, it will be
shown by the same method that this also holds in the cases considered in Chapter 4
and 5.

Definition 6.1.2 Let R = (R, <, ...) be an expansion of a dense linear order (R, <)
without endpoints. We call the structure (R, (U)), where U ranges over all open,
definable sets in R of all arities, the open core of R. We say R has o-minimal open

core, if the open core of R is o-minimal.

For results on o-minimal open cores, see for example [MS99] and [DMS08]. Further
note that Berenstein, Ealy and Giinaydin showed in [BEGO7] that the real field to-
gether with a dense multiplicative subgroup having the Mann property has o-minimal
open core. Again, we will use their work in Section 3 of this chapter to show that

this also holds in the cases we have considered so far.

Let T be one of TUdmG, T UKmdG or T U KdmG’.

Definition 6.1.3 Let (M,G) = T. We say that a subgroup H of G is Q(7)-pure in
G, if for every h € H and p € Q(7)

W e Hiff h? € G.
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Further note that in the case T being TUdmG, H is Q(7)-pure in G iff H is pure in
G. For T being either U KmdG or T U KdmG’, H is Q(7)-pure in G iff it is closed

under all definable power functions.
Definition 6.1.4 Let (M,G) = T, H be a Q(7)-pure subgroup of G and § :=
(91, -, gn) € G™. We define the Q(7)-closure of H and g in G by

Hy (@) = {(h- T] o) | h e Hpe Q) q e Q). h-T[ o € G},
i=1 i=1

Obviously, this definition implies the following lemma.
Lemma 6.1.5 Let (M,G) =T, H be a Q(7)-pure subgroup of G and § € G™. Then
HZ(G) is Q(7)-pure in G.

6.2 Induced structure

Let m € Q(7) and k = (ki, .., k,) € Q(7)". Let D, 7(@1, ..., z,) be the £1(G)-formula

/\G(xz) Ay Gly) At -k =™,

n
i=1

We also write D, i for the set defined by the above formula. Note that D,  is the

set
{(91, s ) €G™ | g - .. g € GIM).

Obviously, (GI™)" is a subset of D,, - Since (GI™h" is dense, D, is dense as well.

Lemma 6.2.1 Let (R,G) =T U dnGr. Let g € Q(7) and p' € Q(7)*. Then there
are s €N, ap € Z" and a £7-formula p(x1, ..., z,) such that

Doy = Dsay ({T € R | (R,G) |= »(2)}.
Proof: Let ¢ € Q(7), p'e Q(7)" and ¢ € G with g € D, 5. Since
P1
gt gt =hTiff g - gt =,

we can assume that ¢ € N. Further suppose 1,1, ..., %; is a basis of the Q-vector space

generated by 1,p1,...,p,. Let a;; € Q be such that

Di = Qo + ai,ltl + ...+ ailtl-
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Then

ai,o a1ty ay it az,0

. Ay gt
gifl'...'gzn:hq lﬁgl gl '...'gl 'g2 '...'gn o :hq.

By multiplying all exponents on each side by the product of denominators of the
a;;’s, we can assume that a;; € Z for all i = 1,...,n and j = 0, ...,I. Then g;"’ € G

foralle=1,..,n and j =0, ..., and further
g¢111,1t1 - gfutz _g¢212,1t1 - g;lln,ltl e G[tﬂ - G[tn} naG.

Suppose

ai,1ti a it az,1t1 an, it
91 SRS B D) cegn #L

Hence 1,14, ..., t; must be Q-linearly dependent by (dmGT7). But this a contradiction.

Hence we have that
gzlzlyltl . _g;lutz . ggz,1t1 . _gzn,ztz -1 (6'2'1)

and

ai,0 an,0 _ 1,9
gy gt = R

Let ¢(x1, ..., x,) be the £7-formula given by (6.2.1). Let ap := (a1, ..., anp). So the

above implies that
ﬁgi" e Gl iff ﬁgf‘”o € G and ¢(gy, ..., gn)-
i=1 i=1
Hence we get that
Dy = Dy N{T € R | (R, G) = ¢(T)}.

O

In Chapter 4 and 5 we have proven the Main Lemma for 7. This generalizes to

the following statement:

Theorem 6.2.2 Let (R,G) =T and H be a Q(7)-pure subgroup of G containing all
interpretations of the constants 4, where v € I'. If A is clp-independent over G and
g€ (G—clp(A H))", then

clr(A, H,§) NG = Hg(g).
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Proof: For T = T U KdmG the statement follows from Corollary 5.6.6 and the fact
that G is closed under all power functions. In the case of T = T U dmGr note that
by Lemma 6.2.1

Hy(§) C{(h-§)" | he H e Z" g eN,h-§ € G},
Hence Corollary 4.5.3 implies the statement in this case.

|

The following Theorem is a generalization of Proposition 53 from [BEGO07] and
Theorem 7.5 from [vdDGO6]. In their proof Berenstein, Ealy and Giinaydin use
Lemma 5.12 of [vdDGO06]. We will use Main Lemma 6.2.2 instead. Let (R,G) be a
model of T'.

Theorem 6.2.3 Let X C G" be definable in (R,G). Then X is a boolean combination
of sets of the form Y N gD, i, where Y is an £1-definable set, g € I, m € Q(1) and
ke Q).

Proof: Let N' = (M,G(N)),N" = (M',G(N")) be two |R|"-saturated elementary
extensions of (R,G). Let & be the back and forth system of £].(G)-isomorphisms
between N and N’ constructed in Chapter 4, Section 5 and Chapter 5, Section 6.
Let § € G(N)™ and h € G(N')" be such that for every £7-formula ¢ with parameters
in R, and all m,k € Q(7) and v € G

N E @@ AD,, 15(8) N = @o(h) AD,, 5 (7,h). (6.2.2)

Now by [H93] Theorem 8.4.1, it is only left to show there is § € S such that § maps
g to h.
Since ¢ and h satisfy the same £f-type over R, there is an £]-isomorphism 3 over R
mapping g to h. So we only need to show that §is in S. First let C' be a subset of
R such that

clr(C,G) =R and C' is clp-independent over G.

Since N, N are elementary extensions of (R, G), C is also clp-independent over G(N)
and G(N'). Hence note by Theorem 6.2.2 that

clr(C,§) NG(N) = Gan (D),
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and that this group is Q(7)-pure. Further note that 3(Gov)(9)) = gG(N,)<E>, since
by (6.2.2) for all v € G, k € Q(7)" and m € Q(7)

(vﬁgfi) € G(N)"™ iff (y f[ hk) € GN) I,

1=1

Hence € S.

We directly get the following corollaries.

Corollary 6.2.4 Let I' satisfy (G1)-(G4) and let X C G™ be definable in (R,G).
Then X s a boolean combination of sets of the form Y N gD, . where Y is an
£r-definable set, € I™, m € N, and k € Z".

Proof: First note that the only difference to Theorem 6.2.3 is that m is in N and not
just in Q(7) and that & is a tuple with coordinates in Z and not just in Q(7). This
implies that the statement directly follows from Lemma 6.2.1 and Theorem 6.2.3.

O
Corollary 6.2.5 Let " be divisible and satisfy (G1)-(G4). Then X C G" is definable
in (R,G) if and only if X =Y NG" for some L£f-definable Y. Further G with the

induced structure by (R,G) is weakly o-minimal.

Proof: Because I' is divisible, for every m € N and ke Z|E|, D, iis glEl. Hence the

statement directly follows from the previous corollary.
O
Corollary 6.2.6 LetI' satisfy (H1)-(H2). Then X C G" is definable in (R, G) if and

only if X =Y NG" for some L£f-definable Y. Further G with the induced structure
by (R,G) is weakly o-minimal.

Proof: Remember that (H1) says that I' is closed under all power functions. Hence
for every m € Q(7) and k € Q(7)¥, D, 7 1s just GIFl,

O

Further, we are now able to solve a question raised in Chapter 5. In the introduction
to Chapter 5, the question was asked whether the subgroup 2% is definable in the
structure (R, 2Q()), Using the above results, we can show that it is not, at least

under Conjecture 5.3.3 and Condition 3.1.2 for 7.
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Theorem 6.2.7 Assume Conjecture on intersection with tori 5.3.3 and Condition
3.1.2 for 7. Then 22 is not definable in (R,291).

Proof: By Corollary 6.2.7, every definable subset of 22(7) is a finite union of convex
subsets. Suppose for a contradiction that 22 is definable in (R, 2Q()). Then there are
convex subsets C1, ..., C,, such that |JI, C; N 2% = 22 Then there is j € {1, ...,n}
such that there are z,29 € C; with 2y < x3. Since Cj is convex, we have that
the interval (z1,z9) of 22 is a subset of C;. But then there is y € 22 such that
Y™ € (21, 1), since (29)[7) is dense in R>?. This is a contradiction to C; N 2% C 2Q,

|

6.3 O-minimal open core

In this section, we will show that the structure (R, ') has o-minimal open core. Again

if I is a dense multiplicative subgroup satisfying (H1) and (H2), we assume that either
(i) 7 is algebraic and the Uniform Schanuel Condition 3.1.4 holds for 7, or

(ii) 7 is arbitrary, Schanuel Condition 3.1.2 holds for 7, the Conjecture on inter-
section with tori 5.3.3 holds and, further, the set I witnessing (H1) for I' is
finite.

In order to show that in these cases the considered structures have o-minimal open
core, we will use a result from [BEGO7]. The following Theorem is an instance of
their Corollary 49.

Theorem 6.3.1 Let I' be any dense multiplicative subgroup of the real field. If
(+) (R,T) is near model complete and

(%) for each (R,G) = Th(R,T), each @ € R and D C G", with D being £5.(G)-
definable over d, there are an L£]-definable set E and an £1.(G)-definable set S,
which is dense in G", such that ENS = D, and furthermore, ifn =1, D is a
finite union of such ENS, where S is 0-definable,

then (R,T) has o-minimal open core.
First note that Theorem 5.8.2, Corollary 6.2.6 and Theorem 6.3.1 imply the following.

Corollary 6.3.2 Let I satisfies (H1) and (H2) and T satisfies (i) or (ii). Then (R,T)

has o-minimal open core.
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So for the following, suppose that I" satisfies (G1)-(G4). The argument now presented

is in essence the argument given in [BEGO7] Section 5.

Lemma 6.3.3 Let (R,G) = T U dmGr and D C G" be definable in (R,G). Then
there is d € N such that D is a finite union of sets of the form E N §(G19)", where
g eI and E is definable in R.

Proof: By Corollary 6.2.4, we can assume that D is a finite boolean combination of
sets of the form E N g*Dm,,;, where E is definable in R, m € N and k € Z". Because
(G™)™ is a subgroup of D D,, 7 has finite index in G", since (G"™)™ has. Hence
gD, i can be replaced by F(G™)™ for some 4 € I'™. Also note that as in Proposition
4.6.3 the R — 7(G™H™ is just the set

m,k’

U F(GM™h"where 41 - GI™ .., 47 - GI™ are the all the cosets of (GI™)™ in G™.
it
Further note that if ¢ is the least common multiple of m; and ms, then GI™INGIm2] =

G, This all implies that D can be written as the union of sets of the form
EN5(G)", where d € N,7 € T™ and E is definable in R. (6.3.1)

It is only left to show that we can choice d to be the same for all the sets in the union.
Therefore just note that for m dividing ¢, GI™ = | Seam ViG 1 where ;-G ..., -Gl
are all the cosets of Gl and v; € T

|

Note that for d € N and §,h € G, the two sets G(G¥)™ and h(G)™ are either the
same or their intersection is empty. Since (GI)™ is dense in G, both these sets are

dense in G as well.

Lemma 6.3.4 Let (R,G) &= T U dmGr and let S; C G" be sets which are dense in
G", and let A; C R"™ be £F-definable sets with (VA; = 0. Then |J~,S; — A; is dense
g.

Proof: Set S := ;- S; — A;. Let U be an open ball in R”. By the cell composition
Theorem 2.1.6 for o-minimal structures, and since (| A; = (), we can assume that
there is an 7 € {1,...,m} such that UN A; = (). Suppose for a contradiction that SNTU
is empty. Then we get for every i € {1,...,m} that S; " U C A;. But by the above,
this implies that there is an 7 € {1,...,m} with §; N U = (). This is a contradiction to
S; being dense in G".
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Theorem 6.3.5 Assume Condition 3.1.4 holds for . Let I' satisfies (G1)-(G4).

Then (R,T) has o-minimal open core.

Proof: We only need to show that the Conditions (x) and (*%) of Theorem 6.3.1 are
satisfied. Condition (*) holds by Theorem 4.6.4. Therefore it is only left to show that
Condition (*x*) holds as well. Let (R,G) = T'UdmGr and D C G" be definable in
(R,G). We first need to show that D is of the form E NS, where E is definable in R
and S is dense in G". By Lemma 6.3.3 we know that D is of the form U:’;l E;, NS;,

where E; is definable in R and S; is dense in G". Now define

m

F;:= (| JE)) - E,E:= GEZ- and S == | J(S; — Fy).

i#j i=1 i=1

Since the intersection of the F; is empty, we get that S is dense in G" by Lemma 6.3.4.
Note that D = ENS.

Finally we just need consider the case of n = 1. By Lemma 6.3.3 we know that D is
of the form J* | E; NS;, where E; is definable in R and S; is of the form ;G [9 where
v; € I'. Since £] has a constant for each v € I', the S; are 0-definable. Hence all the

conditions of Theorem 6.3.1 are satisfied and hence (R,T') has o-minimal open core.

O
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Chapter 7

Discrete group and irrational
powers
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In this chapter we discuss the model theory of the structure (R, 2%). Since for 7
not algebraic of order 2 the subgroup 27 is definable in (R, 2%2%7) by

{2 € 2525 | o7 € 27277},

this is the same as analyzing the structure consisting of R and the dense subgroup
2LLT,

These structures have a strong connection to other analytic structures. Miller and
Speissegger showed in [MS06] that these occur naturally in the study of expansions
of R,,, by trajectories of analytic planar vector fields.

In Section 1 of this chapter we will show that (R, 2Z) is not model complete. The rest
of the chapter will then consider the connection between this structure and Diophan-

tine approximation of 7.

7.1 (R,2%) is not model complete

In this section an argument will be presented that shows that (R, 27%) is not model
complete. It is not known whether there is any ’small’ expansions of the language
which would make the structure model complete. The following is based on the
argument used by Marker in [M06] to show that the complex field together with ex-
ponentiation is not model complete.

Therefore note that an F,-set is a countable union of closed sets. A countable inter-
section of open sets is called a Gy-set. The following lemma is a well-known corollary

from the fact that the image of a compact set under a continuous function is compact.

Lemma 7.1.1 Let f : R" — R™ be a continuous function. Then the image of a

closed set under f is an F,-set.

The main tool in this section is the Baire Category Theorem.

Theorem 7.1.2 FEvery intersection of countably many dense open sets of a non-

empty complete metric space is dense.
For more details, see for example [R73].

Corollary 7.1.3 Let D C Ry be dense and countable. Then D is not a Gg-set.
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Proof: Suppose for a contradiction that D is a intersection of countably many open
A; C Ryp. Since D is dense in R, every A; is dense in R.y as well. Further note
that R>o — D is a Gs-set, because

RZO — D == ﬂ RZO — {d}
deD

Now we have that

0= (\Reo—{d} N[ A

deD ieN
Thus there is a countable intersection of dense open sets which intersection is empty.

This is a contradiction to Theorem 7.1.2.

|

Again let £ be the language of R and let £7(G) be the language £7 augmented by

a unary predicate G.
Theorem 7.1.4 (R,2%) is not model complete.

Proof: Suppose for a contradiction that (R,2%) is model complete. Let A C R be
definable in (R,2%). First we want to show that A is a projection of a closed set.
Therefore note that model completeness of (R, 22) would imply that A is defined by

formula of the form
Y1 Fyn (2, Y1, -0, Yn),

where ¢ is a boolean combination of atomic £7(G)-formulas. Now we can replace

occurrences of =G(z) in ¢ by
Jy Gly) Ny <z < 2y.

Further z # 0 can be replaced by 3y -y = 1 and x < y by 3z x + 22 = 3. Hence by
modifying ¢ and increasing the number n of existential quantifiers, we can assume
that the set {(a,b) € R*"|(R,2%) |= ¢(a,b)} is closed. Hence A is a projection of a
closed set.

We will now show that this gives us a contradiction. Because the projection is contin-
uous, we get by Lemma 7.1.1 that A is a F,-set. Further note that R — A is definable
as well and hence it is an F,-set as well. Since the complement of a F,-set is a G-set,
A is also a Gjs-set. Now note that 2% - 27% is dense in R.o and further definable
in (R,2%). Hence 2% - 277 is a countable, dense Gs-set. This is a contradiction to
Corollary 7.1.3.
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7.2 ) and p-arithmetic

In this section, we will consider two (R,2%)-definable functions A : Ryy — 27 and
w22 — 22272 [1,2]. We will show some easy properties of these functions which

will be used in the next section.

Definition 7.2.1 For a given positive real number ¢, we define A(c) to be the unique
element of 2% such that
Ac) < e < 2X(c).

Further for every g € 2%, we set

n(g) = W

First note that A(g) = g if and only if g € 2%. Further note that u(g) € [1,2]. Also
note that
27\ T < g < AT
Hence p(g™") = 2u(g) ™"
Proposition 7.2.2 Let g, h € 2%. Then

(9) - pu(h), if u(g) - u(h) <2;
nlgh) = { Z(g) : Z(h) 2271 otﬁefwis’z

Proof: By definition, we have that A(¢7) < ¢7 < 2A\(¢7) and A(h7) < h7 < 2X(h7).
Hence

AlgT) - A(RT) < (gh)" <4-A(g") - A(hT).

Thus ' ) N N
o= { KA, 20

Corollary 7.2.3 Let g,h € 2. Then
_ -ulh —1’ ; > u(h);
(g™ :{ uig) - p(h)~, if plg) > p(h)

w(g) - u(h)=t-2, otherwise.
Proof: Proposition 7.2.2 implies that
(gh—1) = { 1lo)- p(h)~h if p(g)pu(h™1) <25
9 w(g) - p(h)=t- 271 otherwise.

Note that by the remark before Proposition 7.2.2, we have that

Hence p(g)u(h™1) < 2 if and only if u(g) < u(h).

85



O

In the earlier results on dense multiplicative subgroups, it was critical that certain
subgroups like the subgroup of n-th powers are dense as well. In the following, we
note some similar results on the density of p(A) in (1,2), where A is some subset of
2%, Therefore for n € N, let P,(x) be the £7(G)-formula defined by

G(x) ANy G(y) Ny™ = z.

Lemma 7.2.4 Let n € N and let ¢,d € (1,2) with ¢ < d. Then there is a g € 2%
such that ¢ < u(g) < d and P,(g).

Proof: By the density of 1(2%) in (1,2), there is h € 2% such that 1 < en < p(h) <
dw < 2. Then by Proposition, 7.2.2 ¢ < u(h)" < d.

O

Proposition 7.2.5 Let | € N. Let n;,m; € N and h; € 2% for every i = 1,...,1 and
let ¢,d € (1,2) with ¢ < d. If there is g € 2% with P,,(¢g™h;) for every i = 1,...,1,
then there is a g € 2% such that ¢ < u(g) < d and P, (g™ h;) for everyi=1,..,1.

Proof: Let gy € 2% satisfy Py, (gq""h;) for all i = 1,...,1. If ¢ < u(go) < d, the proof
is complete. So assume that this is not the case. Take g; € 2% such that PHl-flm (91)

and
< < (g1) < d if ¢ > p(go)
w(go) Y lg0) Higo
2c 2d .
1(90) < plg1) < 1(90) if d < p1(go)-

Now for i = 1,...,1, we get that P, ,((g1 - o)™ h;). First suppose ¢ > pu(go). Since
1(g1) - 1(go) < d < 2, we have

¢ < p(g)p(go) = p(g1 - go) < d.

Now suppose ¢ < d < 1(go). Then p(g1) - p(go) > 2¢ > 2. Hence

¢ < p(gr) - p1(go) - 271 = plg1 - go) < d.
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7.3 Connection to Diophantine approximation

In this section, we explore the connection between (R, 22) and Diophantine approx-
imation. We will use results from Diophantine approximation in order to analyze
how definable sets depend on 7. We will see that statements on the Diophantine
approximation of 7 are expressible in this structure. First results on the structure
of such definable subsets of (R, 2%) will be given. Unfortunately, we can not answer
the question yet whether Z is definable in (R, 22). We will construct a small, dense
and co-dense definable subset S of (1,2) for which it is not known whether there are
any cly-dependency between S and 2%. This set S will be V3-definable. Such a set
is a candidate to be a counter example to the near model completeness of (R, 22). In
the last part of this section we will analyze certain V3V-definable sets in (R, 20). Tt
will be shown that under certain assumptions on 7, this sets are already definable in
R. Further analysis along these lines may lead to better results on the complexity of
definable subsets of (R, 27).

Note that everything proved in this section also holds, if one replaces R by any other

polynomially bounded expansion of the real field with field of exponents Q(7).

7.3.1 Approximable numbers

First we consider when a real number 7 is approximable by decreasing functions.

Definition 7.3.1 Let ¢ : N — Ryo with lim, ., ¥(z) = 0. We define the set of
y-approximable numbers W (1) by

{a €(0,1) | |pa —q| < ¥(q), for infinitely many p € Z,q € N}.

The following is Khinchin’s Theorem on Diophantine Approximation. A proof can
be found in [BD99).

Theorem 7.3.2 The Lebesque measure of W (1) is given by

(W ()| = { 0, if Yooy (i) < ooy

L, if D22, ¢(1) = 0o and 1 is non-increasing.
Corollary 7.3.3 The Lebesgue measure of T = (0,1) = Uyenaze W (@ = 279) is 1.

Proof: By Theorem 7.3.2 and the fact that for every d > 1 the sum Y ;- i converges,
we get that the Lebesgue measure of W (z +— 279) is 0 for every d € N-,. Because

the countable union of null sets is a null set, the Lebesgue measure of 7 is 1.
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Proposition 7.3.4 Let d € No; and f : R — R be a definable function in R which

converges to 0. Then
1
loga(1+ F(21) < -

for large enough n € N.
Proof: Note that
log, (1 + F(2")) < % 14 F(20) < 20
By polynomial boundedness of R, there is p € Q(7) with p < 0 and ¢ € R such that
f(2™) = ¢-2P" + o(2P™).
Hence

14 f(27) < 207 iff 1 4 ¢ 27" + o(2P") < 207

(
o(2/)  2n1 — 1

if ¢+ opn opm

The left hand side converges to ¢, while by the L'Hospital rule

1 1
2nd — 1 In(2) - (—=d) - n= @1 In(2)272
lim _ iy ) (Ed) o n(2)
n—oo opn n—oo p2p"
— lim (—d) . n—(d-i—l) ~p_1 . 2—pn+n*2

= 00, since p < 0.
O

Corollary 7.3.5 Let 7 € T, and let f : R — R be a definable function in R which
converges to 0. Then there are only finitely many g € 2% such that g > 1 and

1 <pu(g) <1+ f(g). (7.3.1)

Proof: Let d € N., with 7 € W (z +— 2¢). Suppose for a contradiction that there are
infinitely many m € N such that 1 < u(2™) < 1+ f(2™). For such an m, let [ € Z be
such that 2! = \(27™). This implies that

T-m

2
1< pu@2m) = 5= 2Tl < 1 4 f(2M).
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Thus
0<7-m—1<log(l+ f(2™)).

By Proposition 7.3.4, this implies that for all, but finitely such m
m-m—1<(1/m) (7.3.2)

But since 7 € W (z — %), there are only finitely m satisfying inequality (7.3.2). This

contradicts the assumption that there are infinitely many 2™ satisfying (7.3.1).

|

Corollary 7.3.6 Let 7 € T. Let f : R — R be definable in R with lim,_ f(z) = 1
and let ¢ € u(2%). Then there are finitely many g € 2% such that g > 1 and

c<plg) <c-f(g)

Proof: By o-minimality of R and Theorem 2.1.2, there is b € R such that f |(b,00) 18
strictly decreasing. Without loss of generality we can assume that f(z) = f(b) for all
0 <z < b. Hence f is decreasing. By Corollary 7.3.5, there is n € N such that there
are at most n many ¢ € 2% such that g > 1

1< u(g) < flg)

Let [y, ..., 1, be these elements of 22. Now let ¢ = pu(h) for some h € 2% and h > 1.
Suppose there is g € 2% with ¢ < u(g) < ¢+ f(g). This implies that % < f(g). Note

that p(g) > p(h) and hence u(gh™) = % by Corollary 7.2.3. Since f is decreasing,

we get that
p(gh™) < flg) < f(gh™). (7.3.3)

Hence there are at most n g > h satisfying (7.3.3) which are exactly h-ly,...,h-1,.
O
But Corollary 7.3.6 does not hold for arbitrary ¢ € R.

Proposition 7.3.7 Let 7 € R arbitrary. Let f : R — R be definable in R with
lim, ., f(z) =1, and let a,b € (1,2) be real numbers with a < b. Then there is a
real number ¢ € (a,b) such that there are infinitely many g € 22 with g > 1 and

c<pulg) <c-f(g)
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Proof: In order to construct such a real number ¢, we will define recursively an increas-
ing sequence (g,)nen of elements of 2% as follows. Let gy € 2% such that on (go, o0)
the function f is decreasing, larger than 1 and smaller than g Now by density of
w(2%) in (1,2), there is g; € 2% such that

af(go) < p(g1) <b.

Since f is decreasing and larger than 1, we also have

1(g1)
7o) < (g1)-

Suppose ¢; < ... < g, are already defined with

a <

a<u(91) _ <u(9n)

< plgn) < ... < plgr) <b.

flg) 7 flgn)
Let g1 € 2% be such that g, > g,
f(29n>

Tig o) < lgai) < ulga)

Since f is decreasing, this implies that

1(gn)  1(gnt1)  1(Gnt1)
flon) — f29n)  f(gns1)

Thus, we have defined a sequence (g,, € 2%),,ey such that

< i Gnt1) < pgn)-

e e , p(gi) _ 1(g;) Cevery i o i
9i > gj,1(9:) < p(g;) and o) (0) for every i > j.

Set ¢ := lim,,_. 4(g,). Note that

. p(gn) _ limy_os 1(gn)
w50 F(gn)  limn f(gn)

Thus for every n € N, we have that

= C.

11(gn)
f(gn)

a <

< c < p(gn) < b
O
The following Corollary follows directly from Corollary 7.3.6 and Proposition 7.3.7.

Corollary 7.3.8 Let 7 € T. Let f : R — R be definable in R with lim,_ o f(x) = 1.
Let Sy C R be the £7(G)-definable set

{ce(1,2) |[Vge2’3hc 2" h>gnec< u(h) <c- f(h)}.

Then Sy is dense and co-dense in (1,2) and Sy N wu(2%) is empty.
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Note that by definition Sy is V3-definable. It is not obvious how the set Sy looks
like. Especially, it is not clear whether there is any clp-dependency between element

of Sy and 2%. The only thing, one can prove is that S is small.

Proposition 7.3.9 Let 7 € T. Let f : R — R be definable in R with lim,_o f(z) =
1. Then Sy C R has Lebesque measure 0.

This directly implies that Sy # (1,2) — u(2%). For the proof of Proposition 7.3.9,

we need the Borel-Cantelli Lemma. See [B04] Lemma 1.3 for a proof.

Lemma 7.3.10 Let (E,)qen be a sequence of Lebesgue measurable subsets of R such
that 5o P(Ey,) converges, where P(E,) is the Lebesque measure of E,. Then the

Lebesgue measure of
Uz

N>1n>N
18 0.

Proof of Proposition 7.3.9: By definition S is equal to

N U e

N>1n>N

For every n € N the Lebesgue measure of (”(zng ,u(2m)) s

@
ny B2
w(2") — .
) Fen)
Since p(2") < 2, the Lebesgue measure is smaller than 2 - (1 — ﬁ) By the Borel-
Cantelli Lemma 7.3.10, it just left to show that for large enough n € N
1 1
1l—-——) < —. 7.3.4
(1= 5) < (734
Let g : R — R be the function defined by g(z) = (1 — ﬁ) Note that ¢ is definable

in R and lim,_ g(z) = 0. By polynomial-boundedness of R, there is a p € Q(7) and
¢ € R such that p < 0 and
g(x) =c-aP + o(2P).

This implies that
lim ¢(2") -n* = lim (c- 2" +0(2")) -n* = 0

Hence inequality (7.3.4) holds for large enough n.
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7.3.2 Best approximations

In this section, we consider V3dV-definable sets. In particular, we analyze formulas of
the form
Vk € G3g € G k < gAVh € G p(g,u(g),h, u(h)),

where ¢ is a £7-formula. While the formula
Vk € Gdg € Gk < gAVh € G (h < g) — (min{u(g)—1,2—pu(g)} < min{u(h)—1,2—u(h)})

surely holds in (R, 22), it depends heavily on 7 again whether or not for a given
function f : R — R definable in R the following formula ¢, holds in (R, 2%):
pr=VkeGlge Gk<gAVhed
(h < f(g) ANh#g) — (min{u(g) — 1,2 — u(g)} < min{u(h) — 1,2 — pu(h)})

We fix some further notation from the theory of Diophantine approximation.

Definition 7.3.11 Let n € N. We say n is a best rational approximation to 7 if
there is d € N such that for all m,c € N with m <n

In-17—d <|m-1—c.

Let (n.;)ien be the series of best rational approximations to 7. We set

) Tri+1
L, = limsup —"—.
1—00 nT,i

It directly follows from the definition of a best rational approximation that

Lemma 7.3.12 Let n € N. Then n is a best rational approzimation to T iff for all
h € 2%

(1 <h<2") — (min{p(2") — 1,2 — pu(2")} < min{u(h) — 1,2 — u(h)})

Theorem 7.3.13 Let 7 € R. Let f : R — R be definable in R, and let ¢ € R with
lim, o 2% = 1. If g < L., then

cxd

(R,2%) [ 5.

If ¢ > L., then
(R,2%) b= =gy
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Proof: We just consider the case of ¢ < L,. The case of ¢ > L, can be shown similarly.
Let N € N be so large such that for all ¢ > N

g<q < Britl (7.3.5)

and for all z € R with z > 2V
flx) < a?.

Let g = 2" € 2%, where n is a best rational approximation to 7. Suppose there is
h € 22 with 1 < h < f(g) and

min{u(g) — 1,2 — p(g)} <min{p(h) — 1,2 — p(h)}.

Since n is a best approximation, we have g < h < f(g) by Lemma 7.3.12. Further
since f(g) < g7, we know that h < g¢. Now let h be minimal above g and m € N
with 2™ = h. This implies that m itself is a best approximation. Because n and m
are consecutive best rational approximation of 7 and n > N and m > N, we have
that ¢ - n < m by (7.3.5). This is implies that ¢? < h, which is a contradiction.

By Theorem 2.1.14, we get the following quantifier elimination result.

Corollary 7.3.14 Let 7 € R and L, ¢ Q(7). Further let f : R* xR — R be a
0-definable function in (R,2%). Then the set

{@eR" | (R,2°) k vr@o)}
is already 0-definable in R.

Note that it is not known whether the condition L, ¢ Q(7) can be dropped from the
previous corollary. It is well known that the set of best rational approximations of
a irrational number 7 is determined by its continued fraction. For an introduction
to continued fractions see for example [L66], [B04] or [GO6]. The next theorem is
Theorem 6 of Chapter 1 in [L66].

Theorem 7.3.15 Let 7 € R — Q and let [ag; a1, aq,...] be the continued fraction

expansion of T. Then the best rational approximations are given recursively by

Nro=1,n1=a1 and n.; = a;ngi—1 + N9
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This theorem implies that one example for a real number 7 with L, € Q(7) is
¢ = 1+—2\/5, the golden ratio. The continued fraction expansion of ¢ is just [1;1,1,...].
Hence by Theorem 7.3.15 the set of best approximations to ¢ are the Fibonacci
numbers. Since the ratio between two consecutive Fibonacci numbers converges to

¢, we get that Ly = ¢. But again such behavior is the exception and not the rule.
Theorem 7.3.16 The set V of numbers T with L, < co has Lebesque measure 0.

Proof: If [ag; a1, as, ...] is the continued fraction expansion of a real number 7, we say
that (a;);en is sequence of partial quotients of 7. By Theorem 1.9 and Corollary 1.6
of [B04], the set of numbers whose sequences of partial quotients is bounded, has
Lebesgue measure 0. By Theorem 7.3.15, the sequence of partial quotients of real

number 7 is bounded if and only if L, < oco.

|

Note that all real quadratic number are in V. Examples for such real numbers which

are not in V are Euler’s number e and tan(1).

94



Bibliography

AT1]

[BZ08]

[BEGO7]

[BD99]

(B04]

[DMS08)]

[vdD85]

[vdD86]

[vdD97]

[vdD9g]

J. Ax, On Schanuel’s conjectures, Ann. of Math. 93 (1971) 252-268

O. Belegradek, B. Zilber, Definable relations in the real field with a
distinguished subgroup of the unit circle, to appear Journal London
Math. Soc. (2008)

A. Berenstein, C. Ealy, A. Giinaydin, Thorn independence in the field
of real numbers with a small multiplicative group, Annals of Pure and
Applied Logic 150 (2007) 1-18

V. I. Bernik, M. M. Dodson, Metric Diophantine Approximation on
Manifolds, Cambridge Tracts in Mathematics No. 137, Cambridge
University Press (1999)

Y. Bugeaud, Approximation by Algebraic Numbers, Cambridge
Tracts in Mathematics No. 160, Cambridge University Press (2004)

A. Dolich, C. Miller, C. Steinhorn, Structures having o-minimal open

core, to appear Trans. Amer. Math. Soc. (2008)

L. van den Dries, The field of reals with a predicate for the powers
of two, Manuscripta Math. 54 (1985) 187-195

L. van den Dries, A generalization of the Tarski-Seidenberg theorem,
and some nondefinability results, Bulletin of the American Mathe-
matical Society, 15 (1986) 189-193

L. van den Dries, T-Convexity and Tame Extensions II, The Journal
of Symbolic Logic, (1) 62 (1997) 14-34

L. van den Dries, Tame Topology and O-minimal Structures, Lecture
Note Series 248, London Mathematical Society (1998)

95



[vdD98-2]

[vdDGO06]

[£84]

[ESS02]

[FMO5]

(GO8

[GO6]

[H93)

[TWOS]

[KZ06]

[L66)]

L84]

[L.29]

L. van den Dries, Dense pairs of o-minimal structures, Fundamenta
Mathematica, 157 (1998) 61-78

L. van den Dries, A. Giinaydin, The fields of real and complex num-
bers with a small multiplicative group, Proc. London Math. Soc. (3)
93 (2006)

J.H. Evertse, On sums of S-units and linear recurrences, Compositio
Math. 53 (1984) 225-244

J.H. Everste, H.P. Schlickewei, W. M. Schmidt, Linear Equations in
Variables which Lie in a Multiplicative Group, The Annals of Math-
ematics, Second Series (3) 155 (2002) 807-836

H. Friedman, C. Miller, Expansions of o-minimal structures by fast
sequences, J. Symbolic Logic 70 (2005) 410-418

A. Giinaydin, The reald field with two small multiplicative subgroups,
Preprint, available at

http://www.math.uiuc.edu/~gunaydin/2groups.pdf

P. Guerzhoy, A short introduction to continued fractions, available

at http://www.math.hawaii.edu/~pavel/contfrac.pdf

W. Hodges, Model Theory, Encyclopedia of Mathematics and its Ap-
plications, Vol. 42, Cambridge University Press, (1993)

G.O. Jones, A.J. Wilkie, Locally polynomially bounded structures,
Bulletin London Math. Soc. (2) 40 (2008) 239-248

J. Kirby, B. Zilber, The Uniform Schanuel Conjecture Over the Real
Numbers, Bull. London Math. Soc. 38 (2006) 568-570

S. Lang, Introduction to Diophantine Approximations, Addison Wes-
ley (1966)

M. Laurent, Equations diophantiennes exponentielles, Invent. Math.
78 (1984) 299-327

P. Lévy, Sur les lois de probabilités dont dépendent les quotients com-
plets et incomplets d’une fraction continue, Bull. Soc. Math. France
57 (1929) 178-194.

96



IMO02]

[MOG6]

IM94]

[M96]

[MO5]

[M05-2]

IMS99]

[MS06]

[MTO6]

[PS91]

[RZ60]

[R59]

[R73]

D. Marker, Model Theory: An Introduction, Graduate Texts in
Mathematics 217, Springer-Verlag (2002)

D. Marker, A remark on Zilber’s pseudoexponentiation, Journal Sym-
bol. Logic, (3) 71 (2006) 791-798

C. Miller, Expansions of the real field with power functions, Annals
of Pure and Applied Logic 68 (1994) 79-94

C. Miller, A growth dichotomy for o-minimal expansions of ordered
fields, in W. Hodges, J. Hyland, C. Steinhorn, J. Truss, Logic: from
foundations to applications, OUP, (1996) 385-399

C. Miller, Avoiding the projective hierarchy in expansions of the real
field by sequences, Proc. of the American Mathematical Society, (5)
134 (2005) 1483-1493

C. Miller, Tameness in expansions of the real field, in Logic Col-
loquium ’01 (Vienna), Lect. Notes Log. 20, Assoc. Symbol. Logic,
(2005) 281-316.

C. Miller, P. Speissegger, Expansions of the Real Line by Open Sets:
O-minimality and Open Cores, Fund. Math., 162 (1999) 193-208

C. Miller, P. Speissegger, A trichotomy for expansions of R,,, by tra-
jectories of analytic planar vector fields, Unpublished note, available
at http://www.math.ohio-state.edu/~miller /trichot.pdf

C. Miller, J. Tyne, Expansions of o-minimal structures by iteration
sequences, Notre Dame J. Formal Logic 47 (2006) 93-99

A.J. van der Porten, H. P. Schlickewei, Additive relations in fields, J.
Austral. Math. Soc. 51 (1991) 154-170

A. Robinson, E. Zakon, Elementary Properties of Ordered Abelian
Groups, Transactions of the American Mathematical Society, (2) 96
(1960) 222-236

J. Robinson, The undecidability of algebraic rings and fields, Pro-
ceedings of the American Mathematical Society, 10 (1959) 950-957

W. Rudin, Functional Analysis, McGraw Hill, New York, (1973)

97



[W96]

[WO03]

[Z90]

202]

[Z03]

A. Wilkie, Model Completeness Results for Expansions of the Or-
dered Field of Real Numbers by Restricted Pfaffian Functions and

the Exponential Function, Journal of the American Mathematical
Society (4) 9 (1996) 1051-1094

A. Wilkie, A remark on Schanuel’s conjecture, Unpublished paper
(2003)

B. Zilber, A note on the model theory of the complex field with roots
of unity, Unpublished paper, available at
http://people.maths.ox.ac.uk/~zilber /Roots.dvi

B. Zilber, Exponential Sums Equations and the Schanuel Conjecture,
J. London Math. Soc. (2) 65 (2002) 27-44

B. Zilber, Complex roots of unity on the real plane, Unpublished
paper, available at

http://people.maths.ox.ac.uk/~zilber /complexrootsonrealplane.dvi

98



KdmG’, 63
KdmG, 62
A, 86
£7.5

£, 5
£1(G), 5
£, 35
€1, 49
I, 39

1, 86
N(p), 39
7. 39

Q, 18
Q(7)-pure, 75
q’, 39

R, 17
Ran, 17
Sy, 91

S, 46, 68
T, 88

@, 93

algebraically Q(7)-generated, 53

Conjecture on intersection with tori (CIT),
o6

definable closure, 15
formula of Schanuel-type, 39
Mann property, 3, 31

near model complete, 3

o-minimal, 13

o-minimal open core, 75

point-wise algebraic, 33
polynomially-bounded, 16
power function, 15

Predimension condition, 54
regularly dense, 34

Schanuel condition, 5, 24
Uniform, 25
subgroup of p-powers, 32

torus, 55

weakly o-minimal, 75

99



