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Abstract

We discuss approaches to computing in the Shafarevich—Tate group of Jacobians of higher genus
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Tate group of Jacobians. We derive an explicit parametrised infinite family of genus 2 curves whose
Jacobians have nontrivial members of the Shafarevich—Tate group. Finally, we prove that under cer-
tain conditions, the visualisation dimension for order 2 cocycles of Jacobians of certain genus 2
curves is 4 rather than the general bound of 32.
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1. Introduction

In this article, we concern ourselves with the problem of determining the free rank of
the Mordell-Weil group J(K) of an Abelian variety J over a number field K. There are
two main methods available for this problem:

(1) Analytic methods. When K = QQ and dim J = 1 then J is known to be modular. Fur-
thermore, if the analytic rank of J(Q) is at most 1 then, due to work of Kolyvagin,
Gross and Zagier (see [15,16,19]), the Birch and Swinnerton-Dyer conjecture (BSD)
is known to hold and therefore rk J(Q) can be read off from the L-series associated
to J. If the analytic rank of J(Q) is greater than 1, BSD still predicts that rk J(Q)
should be computable via this analytic route.

For dimJ > 1 or K # Q, the Abelian variety J is not necessarily modular. When it is,
however, one can get some information conditional on BSD, see [1].

While analogues of BSD can still be conjectured to hold for non-modular Abelian
varieties, we are far from making such analytic methods unconditional.

(2) Descent methods. Let m € Z~1. Apart from torsion, tk J(K) can be read off from
#J(K)/mJ(K). The group J(K)/mJ(K) can be approximated by a local (or adelic)
analogue, the Selmer group S"™(J/K), which is effectively computable. Since
#J(K)/mJ(K) < #S"™(J/K), the Selmer group can provide an upper bound on
rk J(K).

Due to failures of the local-to-global principle, the bounds obtained from Selmer groups
need not be sharp. The Shafarevich-Tate group of J over K measures this failure and the
standard exact sequence

0— J(K)/mJ(K)— S™(J/K) — IL(J/K)[m] = 0

gives the relation between the Selmer group and J(K)/mJ (K).

If§ e S(’”)(J/K) does come from an element in J(K)/mJ(K), one can show this by
exhibiting a point P € J(K) that maps to §. Since such a point is of finite height, one can
find it in finite time.

The converse is harder to decide. Suppose that § € S (J/K) represents a suspected
nontrivial element in II1(J/K)[m]. Since we do not have an upper bound on the smallest
height of a possible point P € J(K) that maps to §, a failure to find such a point does not
prove that § is not in the image of J(K).

Several methods are available to refine the bounds on #J (K)/mJ (K ) and thus possibly
decide if § € S” (J/K) represents a nontrivial element in ITI(J/K).

(1) Different descents. Choose n distinct from m (say coprime), and compute S Mg /K).
If I(J/K)[n] is trivial, then the ensuing bound on J(K)/nJ(K) will be sharp. This
will then give an upper bound on rk J(K) that is lower than the previous one, and show
that II1(J/K)[m] is nontrivial. If one can find points in J(K) that generate the image
in S”(J/K) then one can show that § is not in it and therefore represents a nontrivial
element of III(J/K)[m] (see [22]).
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One problem is that, while in principle Selmer groups are effectively computable, in
practice it is very computationally intensive. For general elliptic curves only m = 2, 3 are
feasible. Another problem is that it is only conjectured that II1(J/K) is finite. In principle
it could have torsion of all orders.

The computational complexity can be alleviated in special cases, using isogeny-Selmer
groups. For example, following [26,28], the (1 — ¢5)-Selmer group shows that the Mordell—
Weil group of the Jacobian J of ¥ = X — 13 has rank 0, where s is a primitive fifth root
of unity. On the other hand, using the techniques in [27], the 2-Selmer bound on the rank
is 2, proving the existence of a nontrivial member of II1(J/Q)[2].

(2) Deeper descents. Choose n = m¢ for some e > 1 and compute S (J/K). If
HI(J/K)[m]/(m¢YHIII(J/K)[m¢] is nontrivial then this leads to a sharper bound
on rk J (K). By comparing $"(J/K) and m¢~' S (J/K) one can immediately recog-
nise elements that represent nontrivial elements in III(J/K)[m]/ (me~YHII(J/K)[me].
The same computational restrictions as for the method above apply. However, for elliptic
curves over number fields, 4-descent (or second descent) is practically feasible (see [8,20,
29]).

(3) Isogenous Abelian varieties. If J and J' are isogenous Abelian varieties then
tk J(K) =1k J'(K). One may well have that II1(J/K)[m] 2 II1(J'/K)[m] if the degree
of the isogeny is not coprime to m. Therefore, the bounds on rk J (K) from S m(J/K) and
S (J'/K) may well be distinct. Since Abelian varieties generally have very few isoge-
nies apart from the multiplication maps, which yield no useful information in this setting,
this method is rather limited in its applicability.

For elliptic curves, it is fairly easy to obtain these isogenies. For more general Abelian
varieties, say Jacobians of curves, not all isogenous Abelian varieties will again be Jaco-
bians of curves. That can make computations rather complicated. For hyperelliptic curves
of genus 2, there are Richelot isogenies. In particular, for a curve

C: Y?’= G1G,G3
= (g12X? + g1 X + 210) (g22X* + g21 X + g20) (g2 X* + g31 X + g30), (1)

the Jacobian of C is isogenous to the Jacobian of
D: AY?= (G/2G3 — GzGé)(GéG] - G3G/1)(G/1G2 - G]G/Z), 2)

where A = det(g;;). See [6] for a description of this isogeny. If one performs a
complete 2-descent on both Jac(C) and Jac(D) then one can sometimes demonstrate
a nontrivial member of IIT(Jac(C)/Q). For example, consider the curve C: Y2 =
(X2 +4)(X? —45)(2X? — 98X — 41). The 2-Selmer group bounds the rank of Jac(C)(Q)
by 4, whereas the same computation on the Richelot-isogenous Jacobian of the curve D:
Y% =X (X% 4 X —4)(X? — X 4+ 45) bounds the rank by 0, proving that ITI(Jac(C)/Q)[2]
has order 16 (see also [14] for other examples of III(Jac(C)/Q)[2] killed by isogenies,
and [23, Section 6], for a Selmer group computation using isogenies).
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(4) Visualisation. Since Abelian varieties in general have very few isogenies, the idea
above has only very limited applicability. However, given an Abelian variety J, we can
construct another Abelian variety B such that the product J x B does have a nontrivial
isogenous Abelian variety A. The relevant groups for product varieties are easily expressed
in terms of the factors:

(J x B)(K) ~ J(K) x B(K)
S™(J x B/K)~S"™ (J/K) x S™(B/K)
II(J x B/K) ~11I(J/K) x II[(B/K).

It follows that rk A(K) = rk J(K) + rk B(K). By comparing S” (A/K) and S (J x
B/K) one may be able to conclude that II1(J x B/K)[m] is nontrivial and a further analy-
sis may allow the conclusion that IIT(J/K)[m] is nontrivial.

For applications of these methods to modular Abelian varieties, see [1,2,13]. For appli-
cations to elliptic curves over number fields, see [7,14].

(5) Annihilation by base field extension. This is really just a special case of method (4),
where A is taken to be the Weil restriction of scalars of J with respect to a suitable ex-
tension L of K in the following way. Let § € S"(J/K) represent a nontrivial element
8 € III(J/K)[m]. As we will see in Section 2, we have III(J/K) C H'(K, J). We take
L to be an extension such that the restriction of § from Gal(K /K) to Gal(K /L) is trivial.
See [7] for a full account of the situation where m =2 and dim J = 1.

Remark 1. The term visualisation under method (4) originates from Mazur and refers to
the fact that the homogeneous spaces represented by the relevant elements of S (J/K)
occur as fibres of the map A — B. This description of the homogeneous spaces is consid-
ered so explicit that the homogeneous space is visualised. Given a short exact sequence of
Abelian varieties

0—-J—>A—B—0,
one defines the visualised subgroup of H' (K, J) by
0— Visg (J - A) — H'(K,J) — H' (K, A) - H' (K, B).
It is straightforward to check that for 8§ € S (J/K), one can only expect to prove that the

class 8 of 8 in ITT(J/K) is nontrivial via comparison with S") (A/K) if § € Visg (J — A).
If that is the case, by abuse of terminology we will say that § is visualised in A.

In this article we will be concerned with extending explicit versions of the methods (4)
and (5) to Jacobians of hyperelliptic curves. In Section 4 we develop some general tools to
extract information on visualised elements of IT1I(J/K)[m]. Proposition 6 gives the most
powerful relation between S (J/K) and S" (A/K).
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Independently of visualisation methods, in Sections 5 and 6 we show that if C is a curve
of genus 2 with a rational Weierstrass point then § € H'!(K, J[2]) has a degree 4 del Pezzo
surface V; related to it. If § € §® (J/K) and Vj has no rational points then § represents a
nontrivial element of IT1(J/K)[2]. We can use the Brauer—Manin obstruction on del Pezzo
surfaces of degree 4 to infer information about III(Jac(C)/K)[2] for curves C of genus 2.
In fact, in Section 6 we shall find the following explicit infinite family.

Proposition 2. Let

A+2 344
Y =X (x - ) x—-n[x-22""),
Cex ( )< )\+1)( )( 2/\+3)

and let Jg . be the Jacobian of Cq 5. There exists a nontrivial member of I11(J 2k, —13/8/
Q)[2] for any k of the form

k=80 =1 +1)°((° =t +1)* +10)° + (=1 +1)* = 10)*, 3)
forany t € Q. Furthermore, J_y; 13,3 is absolutely simple.

There are also infinite families of nontrivial III(J/Q)[2] in [10,21], but the nature of
our examples (being a family of twists) and the method of proof (using the Brauer—-Manin
obstruction on degree 4 del Pezzo surfaces) is quite different.

In Section 7 we study the applicability of method (5) to Jacobians J of hyperelliptic
curves C of genus d with a rational Weierstrass point.

As a consequence, we recover a proof of [2, Proposition 2.3] that any element
of HY(K, J) represented by § € H I(K, J[2]) can be visualised in an Abelian variety of
dimension at most 422¢. In fact, we prove the small improvement that if § € S® (J/K)
and C has at least dim J rational Weierstrass points then it can be visualised in an Abelian
variety of dimension at most d224~1,

Finally, in Section 8, we consider visualising varieties that are Jacobians of hyperelliptic
curves, obtained via a fibre product construction. We prove:

Proposition 3. Let Cy: y?> = f(x) be a curve of genus 2 over a number field K, with a
rational Weierstrass point at x = 0o and let J = Jac(C). Let § € H' (K, J[2]) be such that
Vs has a rational point. Then § can be visualised in the Jacobian of a genus 4 hyperelliptic
curve.

Conditional on the conjecture that the Brauer—Manin obstruction is the only obstruction
for del Pezzo surfaces having rational points, it would follow that one can either show
that 8 represents a nontrivial element in H'(K, J) by local methods or the Brauer-Manin
obstruction on Vj, or § can be visualised in an Abelian variety of dimension 4. This is
better than than the general bound of 32 on the visualisation dimension.
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2. Review of Selmer groups

Let K be a number field and let J be an Abelian variety over K of dimension g. The
Mordell-Weil theorem asserts that J(K) is a finitely generated Abelian group:

J(K)~7Z" x J(K)*.

Furthermore, the finite subgroup J (K)™", consisting of the rational points of finite order,
is in theory effectively computable and is quite easily determined in many practical cases.
Therefore, from the basic observation that:

#J(K)/mJ (K) =m" - #(J(K)/mJ (K)'"),

it is clear that the free rank r of J(K) can be read off from J(K)/mJ(K). The latter
has a cohomological interpretation in terms of Galois cohomology, via the standard exact
sequence

0— J(K)/mJ(K)— H' (K, Jim]) > H'(K, J).

Therefore, if we can determine Ker(H' (K, J[m]) - H (K, J)), we can compute the free
rank r of J(K). Unfortunately, there is no known algorithm to compute this kernel. We can,
however, approximate it everywhere locally. Let p be a prime (finite or infinite) of K and
consider the restriction map H' (K, J) - H'(K p» J). Taking the product over all possible
primes p, we can define the m-Selmer group of J over K as

SM(J/K) = Ker<H1 (K, Jim]) — ]_[ HY(K,, J)).
4

This group is finite, effectively computable and J(K)/mJ(K) < S" (J/K). Therefore,
we can effectively compute an upper bound for r.

The obstruction for this bound to equal the actual rank is contained in the K-cocycles
that restrict to trivial ones at all primes p. This is defined to be the Shafarevich—Tate group
of J over K:

I(J/K) := Ker(Hl(K, J)— HHl(K,,, J)).
14

The m-torsion of this group is easily seen to be the exact obstruction. We have the exact
sequence

0— J(K)/mJ(K)— S™(J/K)— II(J/K)[m] — 0.
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3. Isogenies and Selmer groups

Let J be an Abelian variety over a number field K and let ¢: J — A be an isogeny,
defined over K. Let ¢3 : A — J be anisogeny such that 450(2) = (mn)|A and$o¢ = (mn)|J.
If J and A are principally polarised then one can take é to be the isogeny dual to ¢.
Otherwise, one has to compose with the appropriate polarisations.

Itis easy to see that if J and A are isogenous Abelian varieties, then rk J(K) = rk A(K).
The same does not hold for Selmer-groups. In fact, the maps ¢, $ also induce the commu-
tative diagram

H\K. 1) — = H'(K. 4)
I NGE
HY(K,J)
which suggests one may well have that
II(J/K)[m] C Ker(H' (K, J) — H' (K, A)).
Therefore, it may well happen that #111(J/K)[m] # #111(A/K)[m] and therefore that

S (J/K) and S"™ (A/K) yield different bounds on the free rank.
Indeed, examples of this happening abound.

Example 4. Let K = QQ and consider the isogeny
¢: J: yzzx3 —8x24+x — A:vi=ud+16u?+60u,

x2—8x+1 xzy—y)
5 .

(x,y) & (

X ’ X
One can show that
SPU/Q) = (Z/22)°,  SP(A/Q) = (Z/27)*,
J(QY =(2/27),  AQ)" = (Z/27)*

It follows that rkJ(Q) = rkA(Q) = 0 and that II(J/Q)[2] = (Z/ZZ)Z, while
I(A/Q)I[2] =0.

4. Abelian product varieties
As we have seen in the previous section, one way to exhibit nontrivial elements of

II(J/K) is by comparing information obtained from isogenous Abelian varieties. This is
a rather limited strategy, since in general, Abelian varieties have no nontrivial isogenies
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defined over the base field. One can interpret the phenomenon that Cremona and Mazur
(see [13]) labelled as visualisation as a generalisation of the construction discussed in
Section 3, where one no longer requires the maps to be isogenies. Therefore, consider we
have Abelian varieties J and A, such that we have two morphisms

p*:J—A and p,:A—J

such that p, o p* = (nm®)|;. We will assume that n is coprime to m. In most applications,
m will be prime (in fact, m will be 2). We will also assume that p* is injective.
These maps link the m-descent sequences of J and A:

J(K) " J(K) —— = gY(K, Jim])
e K ¢ X 0 K

A(K) AK) — gk, Alm)

A O e

J(K) J(K) —— = gY(K, J[m))

m

We consider the subgroup G C H 1(K , J[m]) such that for all § € G, there exists a point
b e A(K) with p,(b) =0 and 4 (b) = p*(5).

Note that for j € J[nm°](K), § = us(j) and b = p*(j), we have wa(b) = p*$
and p,(b) =0, so uy(J[nm®](K)) C G is not a restriction. We write B(K) = {a €
A(K): pi(a) =0}.

Remark 5. In the situation where n = e =1 and J and B are both Abelian subvarieties
of A and J x B is isogenous to A, we have that G represents exactly the visible part
of H'(K, J), as defined in Remark 1. If we write ¢, : A — B for the relevant projection
onto B, we have that an element § € Visx (J — A), interpreted as a principal homogeneous
space of J, is isomorphic to g, 1(b). In fact our goal will be to minimize references to B
and express all relevant data in terms of J and A.

The general idea is that tk A(K) > tk B(K) 41k J(K). Thus, a lower bound on rk B(K)
together with an upper bound on rk A(K) yields an upper bound on rk J(K). In the fol-
lowing propositions we make this relation a little more precise. When e = 1 there is a very
close relation between G Ny (J(K)) and 4 (A(K)). We get a very satisfying result:

Proposition 6. With the notation as above and with e = 1, we have

G N 1s (J(K)) C pepta(AK)) + s (JIm)(K)).
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Proof. Suppose that § € 7 (J(K)) N G. Then there is a point j € J(K) with p;(j) =94
and a point b € A(K) with p,(b) =0 and pu4(b) = p*(8). It follows that there is a point
a € A(K) such that

ma = p*(j) —b.

It follows that mp.(a) = mnj and hence that nj € p,(a) + J[m](K). The statement fol-
lows by applying u; and by noting that multiplication by n is an invertible operation on
HY(K,J[m]). O

One can use this proposition in the following way. Suppose one suspects that § €
S (J/K) represents some nontrivial element of ITI(J/K). If one can design an Abelian
variety A L% J such that § G, then one can test if § € p,us(A(K)) + sy (J[m](K)). If
not, then Proposition 6 guarantees that § ¢ 7 (J(K)). See Example 19 for an application.

When e > 1, control is less complete. The assumptions in the following theorem are
often met in practice. It is also possible to get similar results for other conditions.

Proposition 7. With the notation above and with the assumption that A[m](K) C
p*(J(K)) + Ker(py), we have

#(1a(A(K)) N p; ' (G)) - #Ker(p* |, (k) - #JIm](K)

#J(K)/mJ (K) < G

Proof. First note that p*(J(K)) gives rise to a subgroup with wua(p*(J(K))) =
p*(uy(K)). Note furthermore that p,(ua(p*(J(K)))) =0C G.

Writing B = Ker(px|4), we have p*(G) C ug (B(K)). Note that B(K) N p*(J(K)) =
p*(J[nm°](K)). Therefore, writing V' = B(K) + p*J(K), we see that

#p*(ns (J(K)) - #p*(G)

#V' /mV' > .
#p*(J [nm?](K)) /mp*(J [nm?](K))

Let V be the m-saturation of V' C A(K), that is,
V ={a € A(K): there is an exponent f > 0 such that m'ae V')

It easy to see that #V/mV > #V'/mV’. Because V is m-saturated in A(K), it follows that
ua(V)~V/mV.It remains to show that p,(ua(V)) C G + pny(J[nm®](K)).

Suppose that a € V, i.e., m/a = b — p*(j) for some b € B(K) and j € J(K). Apply-
ing p., we find m/ p,(a) =nm¢;.

We see that if f < e then uy(nm®=/ j) =0 and thus p,(ua(a)) € ny(J[m71(K)).

For f > 1 we need ua(b — p*(j)) =0, and thus p*(uy(j)) = ua(d) € p*(G). This
implies that u;(j) € G.

If f = e we find m¢p.(a) =nmej, so pa(p«(a)) € npuy(j) +pny(JIml(K)) CG.

If f > e we define ] = —p,a and b = nma — p*p,a € B(K), we have m(b — p*J) =
nm¢*tla. Using that A[m](K) C p*J(K) + B(K), it follows that nma € p*J(K) +
B(K). O
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In order to get a cleaner statement, we make some further assumptions that often apply.

Corollary 8. With the notation above, suppose that p*: S (J/K) — S™(A/K) is in-
Jjective. Suppose furthermore that J[m](K) = {0} and A[m](K) = {0}. Then

#(S™(A/K)N pyH(G))

#(K)/mJ (K) < G

Proof. Of course, the corollary follows by specialising Proposition 7. We give an indepen-
dent proof as well. Using that p, p*u;(J(K)) = {0} C G, it follows that

wy (J(K)) = p* g (J(K)) C pa(AK)) N p, ' (G).

On the other hand, note that p,(B(K)) = {0}, whereas p,p*J(K) = nm®J(K). Since
A(K) is assumed to be torsion-free, it follows that B(K) is independent of p*J(K) and
that B(K) is saturated in A(K). Hence, we have an exact sequence

0= s (J(K)) = na(AK)) — na(B(K)).

From the definition of G it follows that p*G C u4 (B(K)). The corollary follows by ob-
serving that 14 (A(K)) C S"™(A/K). O

Remark 9. The main feature of the corollary above is that it is not the entire group
S (A/K) which appears, but only the part that is mapped onto G by p,. Should A(K)
be unexpectedly larger, or should III(A/K)[m] be nontrivial, but represented by elements
notin p, 1(G), then the bounds obtained from the corollary are indeed stronger than what
could be obtained from a mere rank bound comparison between A, B and J.

In order to use the corollary one needs information on G. Trivial bounds one can use
are S (A/K) N p;1(G) c S"™(A/K) and p*G D {0}. By exhibiting points in B(K),
one can improve these bounds. Points might be there by construction or one can search for
them. See Example 17 for an application of Corollary 8.

5. 2-Selmer groups of hyperelliptic Jacobians

In order to apply the results of Section 4 to Jacobians of hyperelliptic curves, we need a
detailed description of their Selmer-groups. We limit our study to curves with a model

C: Y=f(x)=x"+ fux" '+ 4+ fo, wheren=2d+1

and f € K[x] is a square-free polynomial. We allow d =1 as well, so our results apply to
elliptic curves and hyperelliptic curves with a rational Weierstrass point.3

3 The advantage being that with a rational Weierstrass point, a nice description of H Lk, 712D is readily
available. Without it, the analogous construction only yields a quotient of H! (J, J[2]). See [27].
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We write J = Jac(C). Note that a nonzero element D € J(K) can be represented by
polynomials gp, hp € K[x], where gp is monic and 0 < deghp < deg gp < d such that

D={g(x)=0, y=h(x)}-C — (deg(g))oo.
We define A = K[0] = K[x]/(f(x)) and
A’ =Ker(Najk : A* — K*/K*?).
Then H'(K, J[2]) ~ A’/ A** and the connecting homomorphism can be given as
w: J(K)— H'(K, J[2])
D> (D)%) gp9) if ged(gp. /) =1. @)

Note that {1,6,...,92d} is a basis of A as a K-vector space. If § = Z(Sié‘i € A rep-
resents an element in w(J(K)), then there exists a monic g € K[x] of degree < d and
ugp, ...,uzq € K such that

2d 2
g(6) = (—l)deg@)a(Zu,»e") : 5)

i=0

and such that there is an i (x) € K[x] for which
{g)=0}-C={g(x) =0,y =h(0)} U{g(x) =0,y = ~h(x)}.

Remark 10. Our goal is to develop methods that allow us to decide whether § € S (J/K)
lies in w(J(K)). Since we assume that J(K)'™ is easy to determine, only the class
of 8 in S@(J/K)/u(J(K)©) is important. In particular, we can multiply § by elements
from J[2](K) if we want. This allows us to ensure that gcd(g, f) = 1.

Furthermore, if § ¢ p(J(K)™) then § can only be in wu(J(K)) if rk J(K) > 0. This
implies that there are infinitely many points D € J(K) such that 4 (D) = 6 and not all of
them will meet the closed condition deg(g) < d. Therefore, we may as well assume that
deg(g) =d.

For § € A* we define Qs ; € Kluo, ..., u2q] by

2d _ 2 24 _
6(2%) =Y Qsiwo'.
i=0 i=0

From the discussion above it follows that if § € ;(J(K)) then we can find a rational point
on the projective variety

Vs: Osar1(w) =---= 0s52¢m) =0.
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In order to capture the other conditions, we introduce some notation. We write

_a, Qa1 4 Q50
SO =2 = W 0s.0(w)

and g for the image of x in K (u)[x]/(g(x)). Using the relation g(8) = 0, we define the
rational functions Fs; € K (1) by

f(B)=Fso) + Fs 1B+ -+ Fsa—1w)B~".
Similarly, we expand
d—1 ' 2 41 _
(Zwﬂ’) =) Vs y)B"
i=0 i1=0

The remaining conditions on the leading coefficient of g and the fact that g should define
a locus on the x-line that splits when pulled back to C can now be expressed as

[ o:---iuag) €V,
T {Fa,,-@):n,i(g,z) fori=0,....d—1. ©®

Since we divided by the leading coefficient Qs 4(u) to obtain g(x), it would seem we need
an additional condition on its square class to ensure that a rational point on 7 leads to a
divisor D € J(K) with (D) = §. In fact, this condition is already implied:

Lemma 11. Suppose that (u,y) € T5(K) and that N8 € K*2. Then there is a z € K
such that B

(=17 Qs.aw) =2*.
Proof. First note that if Qs 4(u) = 0 then z = 0 works. However, in that case we would

have bigger trouble elsewhere. We assume the conditions of Remark 10.
Note that

d
Q5.aWg®) =) Q5; w06’ =8 (mod A*)
i=0
and, since § has square norm, it follows that

Q5.4 T 'Nask (80)) = Najk (0s5.4w)g(©)) € K*2.

On the other hand, we have

Nask (20)) = Naggyk 0 — B) = (=D Nk (£ (B))-
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Since the equations for 75 imply that f(B) is a square in K[8], we see that
(—D?Nask (30)) € K*2.
The lemma follows. O

It is clear that if D € J(K) with u(D) = § satisfying the conditions of Remark 10
then there is a rational point on T corresponding to D. Conversely, we can write down
g € K(uw)[x] and h € K (u, y)[x] such that a rational point on Ts corresponds to a rational
divisor given by g, i, provided that Qs 4(u) # 0 and that g is coprime to f. Since the latter
are open conditions and the construction of T is functorial, one can conclude that T is
birational to the homogeneous space corresponding to the class of § in H' (K, J)[2], if T3
is indeed irreducible.

We illustrate the construction in the case of elliptic curves and genus 2 curves.

Example 12. If d = 1 we recover the traditional construction of homogeneous spaces for

full 2-descent.

\—’ o~
\/ /

Vs: Qs.2(uo,u1,uz) =0

We find

and homogenizing the equations

. Os5.2u) =0,
To: { 051 (w) = —

We conclude that 75 can be described as the fibre product Ts = J Xp1 Vs.

If § € S®(J/K) then Tj has points everywhere locally and therefore Vs has points
everywhere locally as well. Together with Hasse-Minkowski, this implies that V; is iso-
morphic to P! over K. Substituting a parametrization of Vj into Ty realizes T3 as the
familiar

v = quartic in u.

Example 13. For d = 2 the configuration is slightly more complicated. We write J =
Jac(C) and IC = J/(—1) for the associated Kummer surface. We write
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1:C—>C

(.X, )’)'—> (X7_Y)

for the hyperelliptic involution on C. A model of the Jacobian J can be obtained by
blowing down an exceptional line on Sym?(C), the symmetric square of C. We have the
following diagram:

) blow down
CxC——Sym"(C) ——

J
CxC/(txt) —=Sym*(C)/(t x 1) —= K
|

|

N

| |

P! x P! ——— Sym?(P!) ——— p?
The line that is blown down is the image of the antisymmetric embedding

C—>CxC

P+ (P,x'P).
Since the images of the symmetric and the antisymmetric embedding of C coincide in P2,
we see that the induced map K — P? is only a rational map, because the image of the

blown down component is indeterminate. Representing elements of J by divisors of the
form

[{g(x) = g0+ g1x + g2x> =0, y=ho+hix} - C —200]

taken with the right kind of multiplicities, coordinates on P2 can be taken to be (go:g1:
g2). We assume for now that go = 1 (see Remark 10) and write 8 for a formal root of g. If
g(x) indeed belongs to a point in J(K) then there are yg, y; € K such that

F(B) = (yo + By

Expanding this equation with respect to the K basis {1, 8} and taking a resultant with
respect to yp yields the equation
(87 —4g0)y1 + (—4fo + 2181 + 4280 — 2 f281 — 638081 +2387 —4fag5
+8 48087 — 2fag} + 108581 — 108087 +287)¥7
+ fE =201 1281 = 2f1 380+ 211 381 + 411 fagog1 — 21 fagi + 2185 — 6 fig08]
+2/f181 + f281 + 2238081 — 2f2f381 — 4f2fagogi +2f2fa8) —2f28581
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+ 6128081 — 2287 + f185 — 2138081 + fi81 — 413 f48581 + 63 28081
—2f31a8) — 21380 + 838081 — 8f38081 + 2138} +4 £ g8t —4figog!

+ £ +4fugigr — 14 faglei + 10fag08) — 2 fag] + g0 — 68387 + 11gdst
— 6808} + &} =0.

This equation expresses (up to birationality), J as a degree 4 cover of P2. As one can see,
the equation above is quadratic in y%. Putting

Vi=X+ fr— f3g1+ f187 + g0g1 — &5

therefore gives a double cover of P2, corresponding to /. In fact, this particular substitu-
tion yields a quartic equation in gg, g1, X that corresponds to the standard model of the
associated Kummer surface.

Note that if two points [P} + Q1 — 200] and [P> + Q2 — 200] map to the same point
on P2, then in fact we must have (up to relabelling) {Pr, Q2} = {P1,'Q1} or { P>, Q2} =
{'P1,' Q1}. It follows that [P} + Q1 — P, — Q2] =2[Q1 —oc]or [P1 + Q1 — P, — Q2] =
2[P1 + Q1 —20¢]. We see that the class of D € J(K) in J(K)/2J(K) can already be read
off from its image in P2, The variety

Qs.3(wo, ur,uz, u3,ug) =0,
Vs: ’ 7
’ {Q8,4(uo,u1,u2,u3,u4) =0 @

encodes that, with the map

Vs — P?
@) = (Qs,0@) : Q5,1(w) : Q52)).
Thus, in this situation, we also get, up to birationality,
Ts >~ Vs xp2 J.

Note however that Vj is a degree 4 del Pezzo surface and it is known that these do not
necessarily satisfy the Hasse principle. That is to say, even if § € S (J/K) and therefore
Ts has points everywhere locally, it does not follow that Vs has a rational point (in which
case it would be birational to P? over K). If V5(K) = @, however, it does follow that
8 ¢ u(J(K)). See Section 6 for an example of this.

On can define an interesting intermediate object

Ks = Vs xp2 K.
Rational points on Ks (outside some well-defined bad locus, see Remark 10) correspond

to points D on some quadratic twist J @ (K) such that (D) =68 in H' (K, J@D[2]) =
HY(K, J[2]).
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6. Using the Brauer—Manin obstruction to exhibit ITI(J/K)[2]

In this section we expand on the remark at the end of Example 13 that for Jacobians J
of curves of genus 2, the variety Vs need not satisfy the Hasse principle. This gives us a
way to show that u(J(K)) # S @ (J/K) that does not occur for elliptic curves, because
there Vs does satisfy the Hasse principle.

The following result from [4] is an example of a degree 4 del Pezzo surface defined
over Q, which violates the Hasse principle.

Lemma 14. The Hasse principle is violated by the degree 4 del Pezzo surface
2 2\ _ 2 2\
vovr — (v — 5v3) =0, (vo + v1)(vo + 2v1) — (vy — 5vy) =0, ®)

For other examples, see [11,12,17,18,24], all of which are due to the Brauer—-Manin
obstruction. We now backwards-construct a genus 2 curve C : Y I=F (X) and value of
8 € S® (Jac(C)/K) such that Vj is isomorphic to (8).

It is straightforward to check that C should admit a model of the form

Cpt y* =b(x —1)det(Q3 +x Q4),

where O3, Q4 are identified with the symmetric matrices representing the quadrics defin-

ing the surface in Lemma 14. We substitute x = %, t = ﬁ and, remembering

that Cp,; is ramified at x = oo, obtain a model:

Y2 = Fp(X) = (X% —e1)(X — e2)(X — e3)(X — es),

_A+2 _ 3r+4
B T2 +3

where e1 =2, e

es=A, e ©9)
We find that
K[01=K[X1/Fp,(X) ~Q(v2) x Q x Q x Q.

We denote elements § € K[0]* by § = [§o + S1./e1, 62, 83, 84] with the §; € Q. In this
representation, we obtain

widix— HY(Q, J12021): (g, h) = 1988 [g(Ver ), g(e2). g(e3), g(es)],

or, more explicitly,

e[ e yi) + (x2, y2) —200] = [(x1 — Ver ) (x2 — Ver ). (x1 — e2) (x2 — e2),

(x1 —e3)(x2 — e3), (x1 — e4) (x2 — e4) . (10)
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If we now let the u; be as introduced in (5), and perform a linear change of variable to
the w; defined by

4 4
wo+wiver =Y ui(Jer)'. wj = ue’, forj=234, an

i=0 i=0
then the existence of w; € Q for which
2
w%(xl - \/6_1)(X2 — JZ) = (50+51\/a)(w0+w1\/a) ,
wi(x —ej)(x2 —ej) =8;wj, forj=2,3,4, (12)

is a prerequisite for § € im . On eliminating x1, x2, ws, one is left with the quadratic
forms Qs.3, Os.4 of Vs in (7). On solving for these to be the same as (8) up to a linear
change of variable, we obtain the following curves and value of §.

Lemma 15. Let Cy ;. Y= Fy 2 (X), a curve of genus 2, and § be given by

A+2 3n+4
Y2=FX)=¢(X*>=-2)[Xx-—2 )X -1 X - ,
ea(X) = £( )< A+1>( )< 2x+3>

5:[1—ﬁ,—1,5,5]eA:K[X]/F“(X). (13)

Let w be as defined in (10). Then § ¢ im p.

Proof. First note that (242 4 81 + 4) — (242 + 44 + H)V2 = (1 — V2)(2 — Av/2)2, so
that 222 4+ 81 +4) — A2 + 41 +4)V/2 is interchangeable with 1 — /2 modulo squares.
Substituting

So=222+8r+4, Si=—(2A%+4r+4), S=-1, 8&=5 = =5

into (12) and eliminating x1, x2, ws, one is left with the quadratic forms Qs 3, Q5.4 of V;
in (7), expressed in terms of the variables w; of (11). On further performing the linear
change of variable to the v; given by

vo = 2(A* — 2)uy, v =2(% = 2uy, V3 =u3,
v = A+ Duo, vg = 2L 4+ 3)uy,

these quadratic forms become (8), which by Lemma 14 has no Q-rational point. There-
fore Vs, and so Ty of (6), has no Q-rational point, giving that § ¢ imu. O

Of course, the above result does not guarantee members of I11(J/Q)[2] for all values
of £, . We are guaranteed that § ¢ im ; and that Vj has points everywhere locally. This
means that § € III(J/Q)[2] precisely when, for all primes p of bad reduction, at least
one of the local solutions to Vj lifts to a local solution of Ts. This does not happen for
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£ =1, A =1, when there are no members of II1(J/Q)[2], but it does happen for £ = —2,
Ar=-—13/8.

Lemma 16. Let C_» _13/8 and § be as in Lemma 15 with £ = =2, . = —13/8:

3 13 7
C_2—13/8: Y?= F_p 13/8(X) = —2(X2 — 2) (X + g) (X + ?) <X — 5),
§=[1-+2,-1,5,5]
Then § € III(J_2, —13/3/Q)[2].

Proof. We first show that § € S@(J_» _13 /8/Q), the 2-Selmer group, equivalent to T
having points every locally. It is sufficient to check the primes of bad reduction p =
2,5,41, co. Rather than writing out the equations of Ts explicitly, a simpler approach
is to check, for each p, that there exists a member of J_» _13/8(Q,) which maps un-
der u,, to 6 modulo local squares, where ji, is as defined in (10), except with Q replaced
by Q,. Let €, ¢ € Q2 be such that €= F_> _13/8(3/2) and 2= F_» _13/8(17); these
both exist, since F_» _13/3(3/2) = %105 and F_» _13/8(17) = —12700611/5, with 105
and —12700611/5 both = 1 (mod 8). We now compute

.[(_3/5 0) + (7/2.0) _200] . 2 58+/2 2825761 1681 2825761
Hoo: ' ' 5 5 7 50000 ° 80 ° 1600 |’

pa: O [1,1,1,1],

59 1542 1681 2825761 2825761
ps:[(—13/8,0) 4 (7/2,0) — 200 > | == — — — ,

4 2 7 1007 81920 ~ 1280
3 55 3742 924 3725
M21[<§,6)+(17,§)—200]f—> [——i - —,—27},

where O is the identity element in J_» _13/8(Q). Each of the above members of the
image of u, is equal to [1 — ﬁ, —1,5,5] modulo local squares at p. Hence § =
[1-+2,-1,5,5]€ S(z)(J_z,_B/g/(@). Furthermore, we already know, from Lemma 15,
that § ¢ im u, so that § € IIT(J_2,_13,8/Q)[2], as required. O

For curves of the form Y2 = F¢ 5.(X) there is also the available alternative of trying
to show the existence of members of III(J, ; /Q)[2] using the Richelot isogeny (1), (2),
when there might be a difference between the 2-Selmer bounds for C and D. For the above
example § can alternatively be shown to be a member of II(J_»,13/8/Q)[2] by comparing
the 2-Selmer bound of 3 for the rank of J_» _13,8(Q), with the 2-Selmer bound of 1 for
the Richelot-isogenous Jacobian of the curve Y2 = —205(80X?% + 260X — 209)(29X? +
2X +58)(4X%+ 13X +8), obtained from (1), (2) with G| = —2(X* —2), G» = X + 13/8,
Gz = (X 4+ 3/5)(X — 7/2). Note, however, that ITI persists when one uses the Richelot
isogeny with G| = —2(X?> —2), Go = X +3/5, G3 = (X 4+ 13/8)(X — 7/2). It would be
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interesting to see the methods in [4] extended to degree 4 del Pezzos for which det(M +1N)
has an irreducible factor of degree > 2.

One nice consequence of our approach in Lemma 16, which has an advantage over
case by case attempts via Richelot isogenies, is that we can find a parametrised family of
curves Y% = F_2,—13/8(X) all of which are guaranteed to contain a nontrivial member
of II(J_2k,—13/8/Q)[2], provided that k comes from a family for which the local proper-
ties of § are not affected.

Proof of Proposition 2. We already know, from Lemma 15, that § =[1 — \/5, —1,5,5] ¢
im p for any k and, from Lemma 16, that § € S(z)(.l_zk’_m/g/(@) when k& = 1. It is there-
fore only necessary to choose k so that 75 of (6) continues to have solutions at 2, 5, 41, oo,
and at any new bad primes introduced by k. Since the map u is only affected by translating
some entries multiplicatively by k, the following conditions on k are sufficient.

() ke (R*? Gi) ke (Q3), Gii) & € (Qz)%,
(iv) —1e (@)’ @ 1£v2€(Q,(v2))% i 5e(@)’ (4
for p =41 and any p # 2,5 with v, (k) odd.

First note that —1,5 € (Q}))? and 1 £ v/2 € (Qu1(v/2)*)% = (Q})?, so that (iv), (v), (vi)
need only be checked for all p # 2,5 with v, (k) odd. Condition (v) is satisfied when
1+4/2= (u + v«/z)z, for some u, v € Q,, giving u? + 2v% = +2uv = 1; after eliminat-
ing v, we have Qu* —1)2+1=0, for some u € Qp- So let

k:%((ZrZ—1)2+1)=2r2(r2—1)+1, forr € Q. s5)

For any odd prime p with v, (k) odd, we clearly have r € Z, and Qr2—12+1=0
(mod p), which lifts to a solution in Z, of (2u? — 1) + 1 = 0. Hence (v) is satisfied, as
clearly is (iv), applying a similar argument to y> 4+ 1 =0 (mod p), where y = 2r> — 1.
Furthermore, k& > 0, so that (i) is also satisfied. In order to ensure that (vi) is satisfied, it is
equivalent (in view of (iv)) to force —5 € (Q}‘,)z, for which it is sufficient that 10(+2 — 1)
is square, since then we would have 20r%(square) = —1 (mod p), and could apply the
same argument as before. The genus O curve, 10(r2 — 1) = square, can be parametrised as
r = (14 10s%)/(1 — 10s?). Substituting this into (15) gives

1+10s2\?/  40s2
k=2 0 ~__)+1
1—10s2) \(1— 10s2)2

=80s2(1 + 10s2)2 +(1- 10s2)4 modulo squares. (16)

So far, we have guaranteed that (i), (iv), (v), (vi) are always satisfied for any k in (16) and
any s € Q. Furthermore
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k= 80a2(b2 + 10a2)2 + (b2 - 10412)4 modulo squares,
where s=a/b, witha,be€Z and gcd(a,b)=1. 17

The right-hand side of (17) is congruent to 1 both modulo 8 and modulo 5, giving (ii),
(iii), provided that ged(2, b) = ged(5, b) = 1, that is, provided s € Q N Zy N Zs. In order
to obtain a family with an unrestricted parameter ¢ € Q, we can take s =1/ (=141,
which satisfies |s|2, |s|5 < 1 for any ¢ € Q. Substituting this into (16) gives the family (3),
as required.

We finally note that J_ox, 13,8 can be shown to have absolutely simple Jacobian, using
the method in [25] (also described in [9, p. 158]) at p=13. O

The family of Lemma 15 typically gives rise to absolutely simple examples of Jp ; (asin
the example above), but there are the values A = 1, =2, —7/5 where J;  is reducible. For
example, a virtually identical argument shows that the family of reducible Jacobians Jo 1
has § € II(Jak,1/Q)[2] for all k of the form (3).

The above family of examples used Lemma 14, which was the application in [4] of the
Brauer—Manin obstruction to a specific degree 4 del Pezzo surface. The general method for
applying the Brauer—Manin obstruction to any degree 4 del Pezzo surface is outlined in [3].

7. Visualisation via Weil-restriction

We consider a curve C with its Jacobian J over a number field K of the type described
in Section 5. Given a cocycle § € H 1 (K, J[2]), we construct an Abelian variety A of the
type described in Section 4.

There is a finite extension L of K such that the restriction res’L( (8) € u(J(L)). In the
language of Section 5, T5(L) # ¥, and subject to Remark 10, we can assume that the
rational point lies outside certain bad loci. We take A = My k (J), the Weil restriction
of J with respect to L/K (see [5, Section 7.6]). Base extension gives us an injection p*:
J — A and the norm map with respect to L/K gives a morphism p,:A — J. Writing
[L: K]=nm¢, wehave p,op* = (nm®)|;. By design, we now have a point b € A(K) with
ua(b) = p*(8). In practice, nearly all constructions of b and L guarantee that p,(b) = 0.
In fact, in case p.(b) # 0, we have constructed a nontrivial point on J, which may yield
new information on J (K).

For the case of elliptic curves (Example 12), we get T as an intersection of two quadrics.
Hence, any hyperplane section would yield points on 75 of degree at most 4. In fact, if
8 € SP(J/K) then due to the Hasse principle, Tj is a double cover of a P!, so we can
always choose L to be a quadratic extension of K. This is extremely fortunate, because this
allows us to apply Proposition 6 to obtain new information about whether § € u(J(K)).
See [7] for a detailed description of this approach.

Since for higher genus we do not have a proof that 75 has quadratic points, we avoid
using that Vs ~ P! and demonstrate how one can use Corollary 8 to infer extra information
about rk J (K).
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Example 17. The elliptic curve
E: y2=)c3 —7x* -1

has rank 0 over Q.
Proof. Of course, this statement can be proved by analytic methods (see [15,16]). How-
ever, for the purpose of illustration, we will ignore this fact and use Weil restriction together
with Corollary 8. Writing 6° — 762 — 1 = 0, we have that

S@(E/Q) ~ (0> - 76,07 — 60 — 7).
Taking 8 = 6% — 60 — 7, we find

Ts: V2= —u*+3u3 —u® —du—1.
As announced, we ignore that 75 has many obvious quadratic points here and use a quartic
extension, generated by a, given by a* — 3a® + a? + 4 + 2. It is clear that («, 1) € T5(K).
This leads to the rational point

(=170 4 3a® + 4o + 10) /4, (—41a® +292a* + 4900 +220)/8) € E(K).

Subject to the Generalised Riemann Hypothesis, we find that

S@(E/K) = (0% — 70,67 — 60 — 7).
It is straightforward to verify that E[2](Q) = E[2](K) = {0}. What is more, by con-
struction we have #p*G > 2, where G is as defined in Section 4, just before Remark 5.
Therefore, we already see that #E (Q) /2 E(Q) < 2 and hence that #I11(E /Q)[2] > 2. If we
assume that IIT(E/Q) is always a square, then it follows that in fact rk £(Q) = 0. In fact
we can prove this, because for § = 0% — 70 we find

Ty: v* = —du* + 8u’ + 8u® — 8u — 11
and
((«® = 30* —a +6) /4, (3e” — 8a* + 4o + 11)/4) € T5(K).
This yields
((—70390t3 + 160198a% — 1743060 — 17232)/30625,
(—84198490” — 61373757 + 126116579« + 102767863)/5359375) € E(K).

It follows that p*(G) = S®(E/K) and thus that rk £(Q) = 0. Note that in order to get
this result, we unfortunately had to search for the second point above; only the first point
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was there by construction. This problem does not arise when one can apply Proposition 6
(see [7D). O

The question arises whether we can bound the degree [L : K] necessary to visualise
agiven§ € H' (K, J[2]) in A = R kJ. An answer is given by the proof of [2, Propo-
sition 2.3]. It should not come as a surprise that our present setup, which is an explicit
version of the construction used by Agashe and Stein [1], allows us to give a simpler proof
and, sometimes, a slight improvement.

Proposition 18. Let J, 8, Ts, Vs be as in Section 5.

(a) There are extensions L/K with [L : K] < 24 such that Vs (L) is non-empty.

(b) If P € V5(L) satisfies the conditions of Remark 10 and M is the field of definition of a
point on Tg above P, then [M : L] < 24,

(c) If§ € SP(J/K) and f has at least d — 1 linear factors then there are extensions L] K
with [L: K] < 24=1 such that Vs(L) is non-empty.

Proof. (a) Vs is a complete intersection of d quadrics in P>, Intersecting V; with a d-
plane yields points of degree at most 2¢.

(b) This is an exercise in Galois theory. For the generic point P € Vs(K(Vs)),
the splitting field of K (Vs)[B] over K (Vs) has Galois group S;. Write B1,..., B4 for
the conjugates. The variety Ts would definitely have a point above P over the field
K (Vs)[/B1, ..., /Bal. This has Galois group Sz x (52)?. Since we do not have to be able
to distinguish the §; individually but only need to be able to tell their square roots apart, we
can take a subfield corresponding to some Sy C Sy X (Sz)d. Since [S; X (Sz)d 28] =24,
we see we need a degree 2¢ extension of K (V;). For any particular point, we would get a
specialization of these function field extensions and hence a degree of at most 2¢.

(c)Let6,...,0,_1 beroots of f in K. As a K -algebra, we have A ~ K9~! x A, where
A is some cofactor. It is straightforward to check that with a linear change of variables
from u to v, we can ensure that Qs ;(v) are all diagonal in, say, vo, ..., vgz—2. It follows
that Vj is contained in a quadric W that involves only vg_1, ..., v24. Since v%, e v§72 are
quadratic forms in vg_1, ..., V24, we see that Vj is a degree 24=1 cover of W considered
as a quadric in P4. From 8 € S2(J/K) it follows that Vs and hence W are everywhere
locally solvable. Since W satisfies the Hasse principle, we see that W has rational points
and therefore Vj has points of degree 2¢~1. O

Finally, we give an example to illustrate that, even though in the case d = 2 we cannot
prove a degree 2 extension will always work, it may still sometimes work because s may
have a rational point.

Example 19. Let J be the Jacobian over Q of
C: y?> =x° — 8lx — 243.

Then J(Q) = {0} and IT11(J/Q)[2] = (Z/27Z)>.
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Proof. Itis straightforward to verify that S (J/Q) = (#>+9, 6/3) and that #J (Q)"*" = 1.
We first consider 8§ = 62 4+ 9. We find

2uouy + 18uqusz + 18ujuy + 162uqug + 162uru3
Vs: + 486114 + 243u3 + 1458u3u4 + 2187uj =0,
2ugus + 18uous + u? + 18uus + 9u3 + 162usus + 81u3 + 486uzus + 729u3 = 0.

From the presentation of § it already follows that P = (1:0:0:0:0) € V5(Q). Specializ-
ing the equation for 75 from Section 5 we find

yi(yi —27) =0,

By solving for yg, ylz, we find that ks has a rational point above P, with (yoz, ylz) =
(—243,0) or (y3, y7) = (0, 27). Furthermore, it shows that over Q(+/3) or Q(v/=3), the
variety Ts has a rational point as well. We choose L = Q(+/—3). We find S® (J/L) =
(6% +9,0/3). Therefore Ny k(S (J/L)) = {1} and we see that § ¢ Ny x (SP (J/L)).
By Proposition 6 it follows that § ¢ 1« (J(Q)) and thus represents a nontrivial element in
I(J/Q)[2]. Note that the only ingredients we needed were a rational point on Vs and the
computation of S?)(J/L). This involves computing class group and unit information for
Q(8, ~/—3) and some local computations. We do not have to look for rational points on
any twists of J oron J(L).
In fact, for § = 6/3, we find

1 1 2
92+189+27=8(§93+§02+9—3>

and /Cs has a rational point above P = (—3:1:1/3:1/9:0) € V5(Q) with (yg, ylz) =
(—3-632,—3%-42%) or (2, y}) = (—189%/2, —105%/2). Hence, also § gets visualised in
S@(J/L) and therefore the computation above also verifies that 6/3 ¢ 1 (J(Q)).

Another way to see that tk J(Q) = 0 is by considering J(=3, the Jacobian of
C3: y2 = —3(x — 81x — 243). It is easily checked that g; (x) = x>+ 9 and g»(x) = x
give rise to two independent points on J (=3)(Q) and hence that rk J3(Q) > 2. Since
J3 and J are isomorphic over L = Q(+/—3), it follows that

tk J (L) =1k J(Q) + 1k J T (Q).

The Selmer group computation above implies that rkJ(L) < 2 and therefore that
kJ(@Q) =0. O

8. Visualisation using fibre products

In this section we consider a slightly more general construction of visualising Abelian
varieties for hyperelliptic Jacobians. The construction from Section 7 with quadratic exten-
sions can be considered a degenerate limit case (with ¢ — 00) of the construction presented
here.
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Let K be a number field. We consider a hyperelliptic curve of genus d with a model
C=Cy: yi = f(x),

where f € K[x]is amonic polynomial of degree 2d + 1. For parameters b € K* and ¢ € K
such that f(c) # 0, we consider the curve

Ca: y3 =b(x — ) f(x).

We consider the fibre product D = C; xp1 C2. These curves fit in the diagram below.

yj Ci: yi = f(x),
¢ ! Cy: y3=b(x —c) f(x),
i L: yé:b(x—c),
IP)]

D: yi = f(y3/b+o).

x
C
DNV
It follows that D is a hyperelliptic curve of genus 2d. We write J = Jac(Cy), B = Jac(C>)
and A = Jac(D). It is straightforward to check that J, A, B together with the pullback and
push forward maps p* and p, fit the description in Section 4, with p, o p* =2|;.
In fact J[2] = B[2] as Galois-modules, and A = J x B/A where A is the antidiagonal
embedding of J[2] into J[2] x B[2]. As a consequence, we also have HY K, J[2]) ~

H'(K, B[2]). One can see this isomorphism in the following way. By considering the
coordinates

bf(c) b?f(c)?t!
(u,v) =< y)

x—c¢ x-—c
we obtain a model
Cy: v> = f(u)

with f € K[u] monic and of degree 2d + 1. Note that points D € B(K) can be represented

as divisors on Cj. If the divisor is supported outside x = oo then D € B(K) can be de-

scribed as [{g(x) =0,y = h(x)} - C» — deg(g)(c, 0)]. In this representation, we get the
4

map

n2: B H'(K,J[2]),
d
(g, h) > D™D g(c)g(6).
4 The fact that modulo K * the map should be (g, h) —> g(0) is fairly easy to see. The scalar factor can be

computed from the fact that the image should have square norm and a calculation like the one in the proof of
Lemma 11.
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This generalises the case where C is an elliptic curve, which is discussed at length in [7].
It is proved there that, for a given § € H LK, J[2]), the V; that belongs to B is actually
isomorphic to the Vs belonging to J. Hence, to construct a B such that § € u2(B(K)) it
is sufficient to have a point P € Vs(K). One maps P to x(P) € P! below and solves b, ¢
such that x(P) is in x(C2(K)). Then f}g = C xp1 Vs has a rational point.

For curves of genus 2 we can proceed similarly.

Proof of Proposition 3. We follow the notation of Section 5. The statement that V; has a
rational point means that there are §; € K such that

8=080+810+80> (mod A*?).

If 8, =8, =0 then 8y € K*? (§ is invertible and of square norm, after all), so § =1
(mod A*?). In this case there is nothing to visualise. We can take any valid pair of val-
ues for c, b.

If 8o =0, write 8 = —380/81. Pick any ¢ € K such that f(c) # 0 and put b =
(B—0c)f(B). Now g =x — B and h = b specify a point in B(K) with u»(g,h) =46, and
therefore § is visualised in A.

If §2 #~ 0 then we define g = x2 + 81/82x + 80/82, so that § = §,g(0). Writing K[B] =
K[x]/(g(x)), we pick yo, y1 € K such that yg + By; € K[B]*. We solve b, ¢ € K from the
equation

b(B— ) f(B) = o+ By1)*

It follows that with these choices, B indeed has a point over K with the given g and that
g(c) =67 (mod K *2). Therefore § is visualised in A. O

We finally summarise the resulting procedure for attempting to show that a given § €
SO /K) represents a nontrivial element of II1(J/K)[2]:

(1) Compute the Brauer—Manin obstruction for Vs to have rational points. If there is such
an obstruction, then T3 has no rational points and hence § represents a nontrivial ele-
ment of ITI(J/K)[2] and we are done.

(2) Search for a rational point on V. If the Brauer—Manin obstruction is the only obstruc-
tion for rational points on del Pezzo surfaces, then this step succeeds in finite time.

(3) Use Proposition 3 to construct a visualising Abelian variety A and, appealing to Propo-
sition 6, test whether § € p*S(z) (A/K). One can compute S (A/K) using [27], or at
least a quotient of it, the fake Selmer group. This is good enough, since p, will factor
through it (see [7]). Even if § ¢ 2I11(J/K)[4], there is no guarantee this will actually
show that 6 ¢ u(J(K)). However, note that multiple choices for b, ¢ are possible.
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