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Abstract

Bayesian Statistics has been increasingly popular in the last five decades. Be-

sides having decision theoretic foundation, the Bayesian approach found pop-

ularity thanks to the simple and intuitive framework that it offers to model

phenomena, allowing the statistician to include prior knowledge in the in-

ference procedure. Each unknown quantity in the model is endowed with a

prior distribution which encodes our prior belief, and Bayes’ rule functions as

a probabilistic tool to update the prior belief after observing the data. The

result of the inference scheme is the posterior distribution, which, being a

probability distribution on the unknown parameters, automatically provides

a principled way to quantify the uncertainty of our estimation and make pre-

diction. The choice of the prior distribution can be crucial for the performance

of the Bayesian model. In particular, restricting the prior distribution to a

finite-dimensional space can lead to a model which may not fit the data prop-

erly. Very frequently in applications, in order to capture complex patterns

of the data, statistical models include infinite-dimensional parameters, and in

such cases the model is referred to as nonparametric.

The first part of this thesis is dedicated to Bayesian Nonparametric modelling.

In particular the focus will be on modelling two discrete random structures:

random partitions and random feature allocations. These two objects are the

building blocks for several models used for clustering, feature modeling, net-

work modeling, regression, density estimation. They allow to describe dataset

of increasing complexity, such as collections of labelled observations with an in-

creasing number of labels, and observations showing features with the number

of features growing over time. A recurrent assumption in Bayesian modelling

is the exchangeability of the data. Despite being a reasonable and convenient

assumption, it leads to strict asymptotic behaviour of the model. In clus-

tering application for instance, exchangeability in random partition models

implies that the size of each cluster grows linearly with the number of obser-



vations. Analogously, in feature modelling, exchangeable feature allocation

models have the number of objects sharing the same feature grow linearly

with the number of objects observed. Such restrictive asymptotic properties

are intrinsic in exchangeable models and are not appropriate for some applica-

tions, therefore it is necessary to go beyond exchangeability in order to design

priors with a broader range of asymptotic properties. Moreover, we show that

the proposed priors retain good properties already achieved by exchangeable

models, suche as the power-law property, which is ubiquitous in real-world

applications.

On the one hand Bayesian modelling gives freedom by allowing to choose the

prior distribution which best reflects our prior belief. On the other hand, espe-

cially in nonparametric settings, the design of such priors could be challenging

and one would rather opt for standard and objective priors to use in practice.

One way to validate and compare priors consists in a frequentist analysis of

the posterior distribution. Consistency of the posterior distribution for exam-

ple, ensures that the effect of the prior knowledge vanishes as an increasing

amount of data is collected, while posterior contraction rates can be used to

compare different priors. In the second part of the thesis we study asymptotic

properties for different priors in Functional Data Analysis. The latter has

gained an increasing attention in the last decades thanks to the raise of data

collected over fine grids, making it reasonable to model them as functions.

While Functional Data Analysis has been thoroughly studied in the frequen-

tist literature and widely used in Bayesian modelling, asymptotic analysis of

Bayesian methods are rather scarce. We will focus on two models: Functional

Linear Regression and Functional Single-Index Model, both in the setting of

functional predictor and scalar response. In particular we will show that for

two classes of priors used for Bayesian Functional Linear Regression, minimax

posterior contraction rates can be achieved. Moreover, posterior contraction

rates are derived for a class of priors for the Bayesian Functional Single-Index

Models.
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Chapter 1

Introduction

This thesis contains a collection of three research projects described in three

main Chapters, two of which are presented in the form of papers. All the

papers include literature review, bibliographic and supplementary materials.

The paper in Chapter 2 is under major revision to the Annals of Statistics

journal; the paper in Chapter 3 has been accepted for publication in the Pro-

ceedings of the International Conference on Artificial Intelligence and Statis-

tics; Chapter 4 is a technical report which will be submitted in the future.

This first Chapter covers some background material and gives motivation for

the presented works. The last Chapter is a discussion about possible directions

that could be explored and which are left for future work.

1.1 Bayesian Modeling with Discrete Random

Structures

Discrete random structures play a central role in Statistics. Random parti-

tions and random binary matrices are two remarkable examples which are the

building blocks of several models used for clustering, classification, regression,

dimensionality reduction, just to mention a few. In many application it is

reasonable to assume that the data can be gathered into subgroups sharing

specific features. The inference objective is to recover such underlying pattern

in the data and predict how it can evolve as the number of observation in-
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creases. Depending on the application under consideration, the subgroups we

wish to unveil may be disjoint or overlapping. In the former case, the prob-

lem is referred to as clustering, while in the latter it is usually called feature

allocation problem.

Random partition models

In clustering applications, observations belonging to the same subgroup are

assumed to share similar characteristics, therefore they can be modelled as

samples from a particular distribution, with different subgroups described by

different distributions. Mixture models provide a natural way to solve the

clustering. Assuming that n observations X1, . . . , Xn are gathered into k < n

disjoint clusters, the members of each cluster j = 1, . . . , k are assumed to be

sampled from a distribution F (dX | θj) characterised by a cluster parameter

θj which belongs to some measurable space Θ. The distribution of the data

can therefore be modelled as

P (dX) =
k∑

j=1

ωj F (dX | θj)

where ωj is the probability that the observation belongs to cluster j. Denoting

the cluster label of Xi by ci, we can write ωj = P(ci = j). The parameters

of interest in this model are the weights (ωj)1:k of the mixture, belonging to

the (k − 1)-dimentional simplex, and the kernels’ parameters (θj)j=1:k. These

two vectors of parameters can be interpreted as an atomic measure π over the

space Θ, also referred to as mixing measure, and the mixture model can be

written as follows

P (dX) =

∫

Θ

F (dX | θ) π(dθ)

π(dθ) =
k∑

j=1

ωj δθj(dθ)

where δθ is the Dirac delta mass at θ. The space of parameters in this statisti-

cal model is the space of atomic measures with k atoms over the space Θ. For

2



example, if the observations’ space is the real line X = R, one might consider

the kernel to be a Gaussian distribution with location-scale parameter θ =

(µ, σ2) ∈ R×R+. Following a frequentist approach, the MLE for the parame-

ters of the mixing measure can be found by an Expectation-Maximisation algo-

rithm (see [Dempster et al., 1977] and [Friedman et al., 2001]). In a Bayesian

framework instead, the user is allowed to place a prior distribution Π over

the parameter π, and the statistical model can be described in the following

hierarchical way:

π ∼ Π

θ |π ∼ π

X | θ ∼ F (· | θ).

The weights ω = (ωj)j=1:k of π and its atoms’ locations θ = (θj)j=1:k can be

chosen independently. Hence a prior Πω over the simplex and a prior Πθ over

Θ have to be specified, and the model takes this form

ω ∼ Πω

θ ∼ Πθ

c |ω ∼ Discrete(ω)

X | c,θ ∼ F (· | θc).

For instance Πω can be chosen to be a Dirichlet distribution, and Πθ a Gaussian-

Inverse-Gamma distribution in the Gaussian kernel example. After observ-

ing the data, the prior belief can be updated by using Gibbs sampler (see

[Robert and Soubiran, 1993]). As a result, we are given an approximation of

the posterior distribution over the parameters of interest, and over the clus-

ters’ membership parameters (c1, . . . , cn). The former are of particular interest

if the objective is to approximate the distribution of data, while the latter are

useful to cluster the observations.

However, in the mixture model just described, the number of components is

assumed to be fixed apriori. In some situations the information about the
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number of subgroups is given, but in most of the applications this quantity is

unknown and has to be included in the inference scheme. Being it unknown,

the number of clusters is considered to be random in the Bayesian paradigm,

therefore the prior would concentrate on the product space of atomic measures

with finite components ([Richardson and Green, 1997]). Nonetheless, in many

applications the number of clusters is believed to grow as the number of data

points increases. Under this assumption, it is more appropriate and convenient

to define a prior on the atomic measures with infinite number of components

leading to infinite mixture models ([Escobar and West, 1995], [Neal, 2000],

[Rasmussen, 2000])

P (dX) =
∞∑

j=1

ωj F (dX | θj).

In this setting it is interesting to understand the properties of the prior we

place on the sequence of weights of the mixing measure π. By choosing a

prior, the user automatically imposes specific asymptotic behaviours on the

partition structure of the data. As such, she needs to be aware of the prior

properties since those should reflect her prior beliefs. In the nonparametric

clustering problem it is essential to figure out how fast the number of clusters

grow with the number of data points, as well as the asymptotic proportion of

clusters of a given size, and how fast the clusters grow with respect to the size

of the dataset. The Bayesian Nonparametrics’ literature is rich with prior dis-

tributions on infinite-dimensional simplex which cover a wide range of asymp-

totic regimes for the partition’s statistics mentioned above ([Aldous, 1985],

[Pitman, 2003], [Lijoi et al., 2007], [Lijoi et al., 2005],[Lijoi et al., 2010]). In

the following section we will recall more in detail the most popular Bayesian

random partition models: the so called Chinese Restaurant Process and its

two-parameter generalisation, the Pitman-Yor process. At the end of the sec-

tion we will highlight the limitation of these models and how more flexibility

can be achieved.
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Feature allocation models

A generalisation of the clustering problem consists in allowing the same obser-

vation Xi to belong to multiple subgroups, which could represent features that

an item possesses. Assuming there are k ∈ N possible features, the label pa-

rameter ci ∈ {1, . . . , k} is replaced by a binary vector Zi = (zij)j=1:k ∈ {0, 1}k
indicating which features are present in Xi, and modelled as a Bernoulli ran-

dom vector with parameters p = (p1, . . . , pk) ∈ [0, 1]k. Therefore the bi-

nary matrix Z = (zij)i=1:n, j=1:k is the discrete object that describes the fea-

tures’ allocation in a dataset of size n. Denoting the features’ parameters

by θ = (θj)j=1:k, a kernel which depends on the vector Zi ⊗ θ = (zijθj)j=1:k

describes the distribution of the observation Xi. This models are suitable for

various applications such as image processing ([Dang and Chainais, 2017]),

genetics ([Bernardo et al., 2003]), topic modelling ([Williamson et al., 2010],

[Archambeau et al., 2014]). In the Bayesian framework, to complete the model

specification, one needs to choose a prior distribution to place on the unknown

Bernoulli parameters and on the parameter θ. Therefore the Bayesian facto-

rial model, which generalises the mixture model, can be written as follows:

p ∼ Πp

θ ∼ Πθ

Z |p ∼ Bernoulli(p)

X |Z,θ ∼ F (· |Z ⊗ θ).

An example of prior for the features’ parameters pj could be a Beta distribu-

tion, and it is worth noting that the vector p of features’ probabilities does

not need to sum to one, as in the mixture model case. As for the clustering

problem, the number of features is usually unknown, and it has to be con-

sidered as a parameter to be inferred. Moreover, for some applications, the

number of features increases with the number of observations. This requires

to design a prior distribution on the space of binary matrices with infinite

number of rows, and with each column representing the features displayed by

each observation. Therefore the need of understanding the asymptotic prop-
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erties of such distribution comes into play. The first requirement is sparsity:

feature allocation models are often used to obtain a lower-dimensional repre-

sentation of the data, and even if it is assumed that the complexity —in terms

of number of features— increases with the size of the dataset, it is desirable

to assume that each observation only displays a small number of features.

Furthermore, as the number of data points increases, the asymptotic number

of features shown by the observations, the proportions of features shared by a

given number of objects, the number of objects displaying a specific feature,

are of interest to design an appropriate prior for the problem under consid-

eration. Over the years, priors for feature allocations have been studied in

the Bayesian nonparametric setting. The most remarkable examples are the

Indian Buffet Process and its three-parameter generalisation. Those priors

will be recalled later in this chapter and their limitations will be discussed.

1.1.1 Poisson Random Measures

Most of the Bayesian nonparametric priors for discrete random structures

build on Poisson random measures. We present here the main definitions and

some results. For a complete and detailed description we refer to the books

[Kingman, 1992], [Daley and Vere-Jones, 2007], [Ghosal and Van der Vaart, 2017].

Definition 1 (Poisson Random Measure). Let (X,X ) a Polish space and ν

a measure on it. A Poisson random set Π is subset of at most countably

many point such that N(A) := #(Π ∩ A) is a random variable for every

A ∈ X , and such that N(Ai)
ind∼ Poi(ν(Ai)) for each collection of disjoint

subsets A1, . . . , Ak ∈ X . A Poisson random measure N with mean measure ν

is the counting measure of Π.

Poisson random measures are characterised by the Laplace functional, which

can be written for every function f : X :→ R as follows

LN(f | ν) =

∫

M
e−

∫
f dNP(dN | ν) = exp

(
−
∫

(1− e−f(x))ν(dx)

)

whereM is the space of measures on (X,X ) and P(dN | ν) is the distribution

of the Poisson random measure N with mean measure ν.
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Completely Random Measures

In Bayesian Nonparametrics, of particular interest are the functionals of the

Poisson random measures of the following form, when X = R+ ×Θ:

µ(dθ) =

∫
ωN(dω, dθ) =

∑

j

ωjδθj(dθ)

for the mean measure ν(dω, dθ) = ρ(dω)α(dθ), with α a sigma-finite and

atomless measure and ρ satisfying
∫

min(1, ω)ρ(dω) < ∞. This defines a

random discrete measure called Completely Random Measure (CRM) with-

out fixed atoms (see [Kingman, 1967] or [Kingman, 1992] for a more general

definition). CRMs are ubiquitous in Bayesian nonparametric modelling and

they represent the most used tool to build models based on discrete random

structures.

Some remarkable examples are the following:

• Genearlised Gamma Process denoted by µ ∼ GGP(α, σ, ζ) characterised

by the mean measure

ν(dω, dθ) =
ω−1−σ

Γ(1− σ)
e−ζωdω α(dθ)

with α a measure on Θ, (σ, ζ) ∈ (−∞, 0] × (0,∞) or (σ, ζ) ∈ (0, 1) ×
[0,∞). Noteworthy subcases are the Gamma process obtained for σ = 0

and ζ > 0, the Stable process for σ ∈ (0, 1) and ζ = 0, and the Inverse-

Gaussian process for σ = 1/2 and ζ > 0.

• Stable-Beta process denoted by µ ∼ SBP(α, σ, c) with mean measure

ν(dω, dθ) =
Γ(1 + c)

Γ(1− σ)Γ(c+ σ)
ω−1−σ(1− ω)c+σ−1dω α(dθ)

with α a measure on Θ, σ ∈ [0, 1), c > −σ. The Beta process corre-

sponds to the case σ = 0.

Both these examples are used to define some of the random partition models

and feature allocation models popular in Bayesian Nonparametrics, and later
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we will see that the case σ > 0 is particularly interesting, since it gives to

these structures the so called power-law property.

Posterior charcterisation

The Poisson Partition Calculus, developed in [James, 2002], represents an

intuitive framework to derive conditional distributions of the CRM µ given the

points θ = (θ1, . . . , θn), and more generally conditional distributions of a large

class functionals of Poisson random measures which includes CRMs. Therefore

the goal is to derive a disintegration formula for the joint distribution of the

random variables {θ1, . . . , θn, µ}:

P(dµ | ν)
n∏

i=1

µ(dθi) = P(dµ |θ)M(dθ1, . . . , dθn)

where P(dµ |θ) can be seen as the posterior distirbution of µ given θ, and

M(dθ1, . . . , dθn) as the marginal joint measure of θ.

In particular, Proposition 3.1 in [James, 2002] provides the following disinte-

gration formula which can be used to derive posterior distributions in models

built on CRMs:

e−
∫
fdN

n∏

i=1

µ(dθi)P(dµ | ν) = P (dµ | e−fν,θ)LN(f | ν)
kn∏

j=1

κ(mn,j | ρ)α(dθ∗j )

where

• kn is the number of unique elements θ∗i in θ and mn,j := #{θi = θ∗j}

• κ(m | ρ) :=
∫
ωmρ(dω) is the m-th moment of the measure ρ

• P (dµ | ν,θ) is the law of µ +
∑kn

j=1 ω
∗
j δθ∗j with fixed atoms having in-

dependent weights whose distribution P(ω∗j ∈ dω |θ) is proportional to

ωmn,jρ(dω).

Therefore the posterior of the CRM µ given the n points (θ1, . . . , θn) is dis-

tirbuted as the CRM µ∗+
∑kn

j=1 ω
∗
j δθ∗j with fixed atoms θ∗1, . . . , θ

∗
kn

, where the
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component µ∗ is a CRM with mean measure e−fν and it is independent of the

fixed atoms compoment.

1.1.2 Chinese Restaurant Process

In clustering problems, the unknown partition of the data is the object of

interest, and in the Bayesian paradigm this needs to be endowed with a prior.

Discrete probability measures with infinite support are useful to induce ran-

dom partitions of N, and CRMs can be used for this purpose. If µ is a CRM

on a measurable space Θ with ν(dω, dθ) = ρ(dω)α(dθ) such that µ(Θ) < ∞
almost surely and ρ(R+) =∞, then it can be normalised giving a distribution

µ̄ = µ/µ(Θ) on the space of discrete probability measures on Θ with count-

able many atoms. Random discrete probability measures can induce random

partitions on integers: taking a sequence of conditionally iid random variables

P
d
= µ̄

θ1, θ2, . . . |P iid∼ P

the integers i and j are in the same cluster if and only if θi = θj (see

[Aldous, 1985], [Pitman, 1995]). The normalised Gamma process CRM with

parameter ζ = 1, called Dirichlet Process and first introduced by [Ferguson, 1973],

induces the most known random partition model in Bayesian Nonparametrics:

the Chinese Restaurant Process (CRP). The latter can be defined in numerous

different ways, the simplest being through the sequence of predictive distri-

butions. Discarding the actual values of the observations (θi)i, the random

partition on the integers can be defined in a sequential fashion. Denoting the

cluster label of the i-th observation by ci, we have

P(cn+1 = j | c1, . . . , cn) =





mn,j
η+n

j = 1, . . . , kn

η
η+n

j = kn + 1

where kn is the number of clusters formed by the first n observations and mn,j

their sizes for j = 1, . . . , kn. Unfortunately, this simple model, containing
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only one parameter, has rather strict asymptotic properties. As shown in

[Korwar et al., 1973], the number of clusters grows logarithmically with the

number of observations kn ∼ α(Θ) log n almost surely, and the number of

clusters of size r ≥ 1, denoted by kn,r, is such that kn,r = o(kn) as n goes

to infinity ([Gnedin et al., 2007]). However, the introduction of an additional

parameter σ ∈ (0, 1) can provide a model with more flexible properties. The

Pitman-Yor process ([Pitman, 2003]), also called two-parameter CRP, is a

generalisation of the previous model and can be defined as follows

P(cn+1 = j | c1, . . . , cn) =





mn,j−σ
η+n

j = 1, . . . , kn

η+σkn
η+n

j = kn + 1
.

For this model, the asymptotic regime of the number of clusters is polynomial

in this case and can be tuned by the parameter σ: kn/n
σ converges almost

surely to a finite random variable as n tends to infinity. Moreover, the power-

law property is gained for the proportion of clusters of given sizes: kn,r/kn ∼
Cr−1−σ for r � 1, n→∞ and C a positive constant, which is encountered in

many real world datasets. Figure 1.1 shows two examples where the power-

law behaviour for the proportion of clusters of given sizes appears. The first

dataset is a collection of movies’ reviews from the Amazon website, which are

clustered according to the movies they correspond to. The second dataset

contains the answers in the Mathoverflow blog, clustered according to the

questions they refer to.

1.1.3 Indian Buffet Process

As discussed above, nonparametric feature allocation models can be described

by a sequence of Bernoulli parameters (ωj)j ∈ [0, 1]∞, and the features’s al-

location Zi = (zij)j for the i-th observation by a sequence of independent

Bernoulli random variables with parameters (ωj)j. By definition, the Stable-

Beta Process µ =
∑

j ωjδθj has random weights in ωj ∈ [0, 1], therefore it can

be adopted as a prior on the sequence of Bernoulli parameters and on the

features’ values θj ∈ Θ. Therefore the features of the i-th observation can be

10
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Figure 1.1: Left: Log-log plot of the proportion of movies with a given number
of reviews in the Amazon dataset. Right: Log-log plot of the proportion of
questions with a given number of answers in the Mathoverflow dataset.

conveniently described by conditionally iid random measures Zi =
∑

j zijδθj

over the features’ space Θ. Hence the Bayesian features’ allocation model can

be written as follows:

µ =
∑

j

ωjδθj ∼ SBP(α, σ, c)

zij |µ ind∼ Bernoulli(ωj)

Zi
d
=
∑

j

zijδθj .

Posterior distribution can be derived using the Poisson Partition Calculus

([James, 2017]) and the predictive distribution allows to define the process in

a sequential manner: the first object displays a Poisson number of features:

Z1(Θ) =
∑

j z1j ∼ Poi(η), while for the subsequent observations the following

holds:

Zn+1 |Z1, . . . , Zn
d
= Z∗n+1 +

kn∑

j=1

zn+1,jδθj

11



with Z∗n+1 and zn+1,j’s independent and such that

Z∗n+1(Θ) ∼ Poi

(
α(Θ)

Γ(1 + c)Γ(n+ c+ σ)

Γ(n+ 1 + c)Γ(c+ σ)

)

zn+1,j ∼ Bernoulli

(
mn,j − σ
n+ c

)

where kn is the number of features appeared in the first n observations,

and mn,j =
∑n

i=1 zij is the number of objects showing the j-th feature.

This feature model is referred to as three-parameter Indian Buffet Process

([Teh and Gorur, 2009]), which is a generalisation of the Indian Buffet Process

(IBP) ([Griffiths and Ghahramani, 2011], [Ghahramani and Griffiths, 2006],

[Thibaux and Jordan, 2007]) which is recovered for σ = 0. As in the CRP for

clustering, the introduction of the parameter σ adds interesting asymptotic

properties to model, namely the number of features kn grows as nσ, and the

proportions of features shared by r ≥ 1 items is asymptotically equivalent to

r−1−σ, which corresponds to a power-law behaviour. In Figure 1.2 we can see

it appearing in two datasets. The first dataset lists the actors who played

in the movies present in the IMDB website, while the second one links the

authors to the corresponding papers in the ArXiv website.
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Figure 1.2: Left: Log-log plot of the proportion of actors who played in a given
number of movies in the IMDB dataset. Right: Log-log plot of the proportion
of authors who wrote a given number of papers in the ArXiv dataset.
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1.1.4 Beyond Exchangeability

All the models reviewed in the previous sections are constructed by modelling

the observations as conditionally independent. It is easy to show that this

implies exchangeability, in other words, the distribution of the data is invariant

under permutations. Remarkably, the converse also holds, as stated in the

renowed de Finetti’s Theorem ([De Finetti, 1937]).

Theorem 2 (de Finetti). The sequence or random variables (θi)i is exchange-

able if and only if there exists a probability measure Q on the space PΘ of the

probability measures on (Θ, E), called de Finetti measure, such that for any

n ≥ 1 and any measurable sets {Ai}i=1:n ⊂ E

P(θ1 ∈ A1, . . . , θn ∈ An) =

∫

PΘ

n∏

i=1

µ(Ai)Q(dµ).

For example, in the CRP random partition model the Dirichlet Process is the

de Finetti measure, while in the IBP feature allocation model the Beta process

is the mixing measure in the display above.

However, if on the one hand the exchangeability justifies the Bayesian ap-

proach thanks to the de Finetti Theorem and proves to be convenient when it

comes to inference, on the other hand it represents a strong modelling assump-

tion, which limits the flexibility of the models. In particular, in two models

of interest, the exchangeability assumption limits the asymptotic properties

that the model can capture.

About random partition models, Kingman’s representation Theorem ([Kingman, 1978],

[Pitman, 1995]) states that any exchangeable random partition model can be

described by an exchangeable sequence of random variables, in the same way

the CRP has been introduced above. By the strong law of large number,

the conditionally independent structure implies that the size of each cluster

grows linearly with the number of observations: conditionally on the random

measure

mn,j ∼ ωj n a.s.

as n tends to infinity, with ωj being the j-th cluster’s frequency. Such be-

13



haviour is not suitable for modelling datasets where the number of clusters is

assumed to grow but with each cluster growing slowly or remaining relatively

small. As pointed out in [Miller et al., 2015], linear growth of clusters’ sizes

would not be appropriate for applications like entity resolution, where the

goal is to cluster corrupted copies of the same record —or more in general

observations relating to the same entity—, and usually the size of the clusters

grow very slowly.

Using the same datasets described in Section 1.1.2, we can illustrate how

the linearity in the clusters’ sizes growth is not appropriate. In Figure 1.3

two examples of clusters’ sizes trajectories are shown for the two real-world

datasets. In the first one movies’ reviews from Amazon website are clustered

according to the movie they refer to, while in the second one answers to

questions in the Mathoverflow blog are clustered according to the question

they answer to. Datapoints are provided with a temporal ordering, and it is

evident that the growth of the clusters is sublinear.
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Figure 1.3: Left: number of reviews per movie with respect to the number
total number of reviews in the Amazon dataset. Right: number of answer to
different questions with respect to the total number of answers in the Math-
overflow dataset.

Analogously, the same phenomenon occurs for exchangeable feature alloca-

tion models, where the number of items sharing a particular feature, also

referred to as feature’s size, grows linearly with the number of items observed.

However, such property might not fit some applications, where the growth is

instead sublinear. In Fig 1.4 the features’ sizes in the two datasets presented

in Section 1.1.3 are considered. In the first one, data are collected from the
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IMDB movies’ website consisting of lists of actors who played in movies. In

the feature allocation paradigm, movies are considered as observations and

actors as features. Analogously, in the second dataset from the ArXiv web-

site, the publications are considered observations displaying their authors as

features. It is reasonable to assume, and as also evident from Fig 1.4, that

the features’ sizes grow sublinearly with the size of the data.

Figure 1.4: Left: Number of movies per actor in the IMDB dataset. Right:
Number of articles per author in the ArXiv dataset.

In order to gain more flexibility in these discrete random structures, the ex-

changeability assumption needs to be dropped. This motivates the works pre-

sented in Chapters 2 and 3, where non-exchangeable models are designed to

achieve sublinearity in clusters’ and features’ sizes, without giving up the nice

asymptotic properties captured by exchangeable models, such as the power-

law properties.

1.2 Frequentist analysis of Bayesian methods

Despite the Bayesian approach makes it possible to incorporate prior knowl-

edge into the model, it could be the case that the statistician lacks of such

prior information, but still being willing to adopt a Bayesian procedure, which

conveniently provides a posterior probability distribution over the parameter

as the result of the inference scheme. In this situations one would rather

opt for a default prior that can be used in the model. However, especially

in the nonparametric setting, specifying a prior could lead to some undesired
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consequences ([Diaconis and Freedman, 1986]). As more and more observa-

tions are collected, it is desirable that the prior influence vanishes, so that

two Bayesians, starting with different priors, will obtain the same result as

the number of observations grows —this is usually referred to as “merging of

opinions” property. One way to validate the Bayesian approach is to perform

a frequentist analysis: assuming there is a true value of the parameter of in-

terest θ0 ∈ Θ, we can ask if the posterior distribution is able to recover it.

This property is referred to as posterior consistency. Let (Xn, Pθ : θ ∈ Θ) be a

statistical model with measurable parameter space (Θ, E), assuming that the

distribution of the observations Xn = (X1, . . . , Xn) is dominated with density

pθ = dPθ/dλ for some measure λ on the observations’ space. Denoting by Π

the prior distribution over Θ, the posterior mass on a measurable set B ∈ E
can be written as

Π(B |Xn) =

∫
B
pθ(X

n)Π(dθ)∫
Θ
pθ(Xn)Π(dθ)

(1.1)

and denoting by d a loss function, the posterior distribution is said to be

consistent with respect to d if for every ε > 0

E(n)
0 Π(d(θ, θ0) > ε |Xn)

n→∞−→ 0

where E(n)
0 denotes the expectation with respect to the true distribution of the

data. Doob’s Theorem ([Doob, 1949]) proves under very mild assumptions,

that posterior distributions are consistent at θ0 for Π-almost every θ0. This

result might sound reassuring, and indeed it is if the parameter space Θ is finite

or countable. However, in the infinite-dimensional setting, null-sets under the

prior can be quite large in a topological sense, and ensuring consistency at

every point apart from a prior null-set is not good enough. As a matter

of fact, it is possible to find examples where nonparametric priors lead to

non-consistent posterior distributions (see for example [Freedman, 1963] and

[Diaconis and Freedman, 1986]).
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1.2.1 Posterior contraction rates

In 1965 Schwartz ([Schwartz, 1965]) paved the way for the frequentist analysis

of nonparametric Bayesian models, providing sufficient conditions for posterior

consistency. In the last two decades, the seminal papers [Ghosal et al., 2000]

and [Ghosal et al., 2007] strenghtened Schwartz’s conditions in order to study

at which speed posterior distributions converge to the true parameter value.

The general posterior contraction rates result is recalled here, together with a

sketch of the proof:

Theorem 3 (Posterior constraction rates). Let (εn)n be a sequence such that

εn → 0 and nε2n →∞. If there exists a constant c > 0 such that:

• Kullback-Leibler condition: Π(Sn) ≥ e−cnε
2
n with

Sn = {θ : KLn(θ0, θ) ≤ nε2n, Vn(θ0, θ) ≤ nε2n}

with KLn(θ0, θ) and Vn(θ0, θ) being the first and second moments of the

loglikelihood ratio log(pθ0/pθ)(X
n) with respect to Pθ0.

• Test condition: there exists a sequence of test functions (φn)n such that

E(n)
0 [φn] = o(1), sup

θ:d(θ,θ0)>εn

E(n)
θ [1− φn] = o(e−(c+2)nε2n)

Then Eθ0Π(d(θ, θ0) > εn |Xn)
n→ 0.

Proof. By multiplying the numerator in Equation 1.1 by (φn + 1 − φn), the

expectation of the posterior mass outside the εn ball around θ0 can be bounded

as follows

E(n)
0 Π(d(θ, θ0) > εn |Xn) = E(n)

0 [φn(Xn)] + E(n)
0 [(1− φn(Xn))Π(d(θ, θ0) > εn |Xn)]

where the first term in the bound goes to zero by assumption. Using equa-
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tion 1.1, the second term can be written as

E(n)
0

[∫
{d(θ,θ0)>εn}(1− φn(Xn)pθ(X

n)/pθ0(Xn)Π(dθ)
∫

Θ
pθ(Xn)/pθ0(Xn)Π(dθ)

]
.

By splitting the integral in the numerator over the setAn := {
∫

Θ
pθ(X

n)/pθ0(Xn)Π(dθ) >

e−2cnε2n} and its complement, and applying Fubini’s Theorem, we can upper

bound the previous quantity by

e2cnε2n sup
θ:d(θ,θ0)>εn

E(n)
0 [1− φn] + P

(n)
0 (Acn).

P
(n)
0 (Acn)

n→ 0 by applying Markov’s inequaliy (see Lemma 10 in [Ghosal et al., 2007]),

while the remaining term goes to zero by assumption.

The first condition ensures that the prior assigns enough mass around a

Kullback-Leibler neighbourhood of the true parameter θ0, while the second

condition requires the constructions of test functions testing H0 : θ = θ0 ver-

sus the alternative H1 : d(θ, θ0) > Mεn. Usually the test condition is unlikely

to be satisfied on the whole parameter space, therefore it can be replaced

by two requirements. The first one consists in defining test functions testing

H0 : θ = θ0 versus balls of alternatives H1 : d(θ, θ1) < ξεn with ξ ∈ (0, 1) and

θ1 such that d(θ0, θ1) ≥ εn. The second one is the definition of an increasing

subset of the parameter space Θn ⊂ Θ, usually referred to as sieve, such that

the prior assigns most of the probability mass to it, namely Π(Θc
n) ≤ e−3cnε2n ,

and such that its complexity can be controlled in terms of the covering num-

ber, in particular the number N(ξεn, d,Θn) of d-balls of radius ξεn needed to

cover Θn can be bounded by e2cnε2n .

This version of the Theorem will be recalled in Appendix A, and based on

this result, in Chapter 4 posterior contraction rates will be derived for differ-

ent nonparametric priors for Functional Linear Regression (FLR) and Func-

tional Single-Index Model (F-SIM), both with functional predictor and scalar

respose.
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1.3 Contributions and Thesis Outline

The thesis is organised into three main Chapters: Chapters 2 and 3 contain

two papers which represent the contribution to Bayesian Nonparametric mod-

elling. Chapter 4 contains the results obtained on Bayesian Asymptotics for

Functional Data Analysis. All the papers included in the chapters contain

supplementary material and bibliography, and for all of them I am the main

contributor on both modeling, theoretical and application aspects. In Chap-

ter 5 we summarise the results and discuss further development left for future

work. As follows, the methodology adopted and the contribution to each topic

are briefly summarised.

1.3.1 Bayesian Nonparametric Methods for Microclus-

tering

The paper [Di Benedetto et al., 2017] included in Chapter 2 defines a novel

class of non-exchangeable random partition models. This work is motivated

by the microclustering problem, first introduced in [Miller et al., 2015], where

slow growth of clusters’ sizes are required for specific applications such as

entity resolution. In order to satisfy this requirement, the exchangeability

assumption has to be dropped, since it would imply a linear growth of the

clusters’ sizes. In the proposed non-exchangeable model, the distribution of

the random partition is induced by a latent Cox process on the space R+ ×
R+: the first n points sampled from the point process, ordered according to

their first coordinate, form a continuous time embedding of the partition of

the first n observations. This construction is inspired by the poissonisation

technique used in Probability (see [Gnedin et al., 2007]): defining the model

in continuous time provides a convenient framework to derive its asymptotic

properties. As a matter of fact, asymptotic results for the number of clusters,

the proportions of clusters of given size, and the clusters’ sizes are derived for

the proposed model. The techniques used to prove these results rely on the

properties of the CRMs —which are used to define the mean measure of the

Cox process and give the nonparametric nature to the model—, and results
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about regularly varying functions.

The main contribution of this work consists in designing a class of random par-

tition models which simultaneously satisfy the projectivity property —which

is desirable to make prediction on the evoultion of the partition—, the micro-

clustering property, and the power-law property. Moreover, two interpretable

parameters of the model allow to independently tune the asymptotic regimes

of the quantities characterising the last two properties. A secondary contri-

bution consists in a novel representation of the Chinese Restaurant Process,

which can be derived from the point process defined in our work.

The inference scheme follows an empirical Bayes approach. The parameters

of the model are estimated by the MLEs, approximated by Sequential Monte

Carlo algorithm which provides an approximation of the distribution of latent

point process as well. For clustering application, when the partition of the

data is unknown, a likelihood for the observations can be added to the model,

and the cluster labels’ distribution can be estimated by the Sequential Monte

Carlo sampler. Experiments on both synthetic and real data show that the

non-exchangeable model can provide a better prediction performance when

compared to the exchangeable two-parameter Chinese Restaurant Process.

The paper is under major revision to the Annals of Statistics journal. The

ArXiv preprint is referenced as follows.

• Di Benedetto, G., Caron, F. and Teh, Y.W., 2017. Non-exchangeable

random partition models for microclustering. arXiv preprint arXiv:1711.07287.

1.3.2 Bayesian Feature Allocation Models

Chapter 3 includes the paper [Benedetto et al., 2020], which presents a Bayesian

non-exchangeable feature allocation model. A feature allocation is a collection

of possibly overlapping clusters which generalises the definition of partition,

allowing the same object to belong to multiple clusters. Feature allocation

models are therefore useful to describe a collection of objects sharing a cer-

tain number of features. In the nonparametric setting the number of features

is assumed to grow with the size of the dataset. It is therefore interesting to
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study the asymptotic properties of the quantities that characterise the model,

such as the total number of features, the number of objects sharing a particular

feature —also called feature’s size—, and the proportions of features shared

by a given number of objects. The goal of this work is to extend the currently

known spectrum of asymptotic regimes for these statistics. In particular, the

model we propose satisfies the power-law property for the proportions of fea-

tures shared by a given number of objects, which is very frequently observed

in real data and was already satisfied by the three-parameter Indian Buffet

Process introduced by [Teh and Gorur, 2009]. Besides, sublinear rates for the

features’s sizes can be captured by the non-exchangeable model and tuned by

one of its parameters. This property represents the main contribution of this

work, and it provides flexibility for modeling data such as bipartite graphs

with temporal ordering. In such cases, the non-exchangeable nature of the

model provides a better prediction of the evolution of the graph compared

to exchangeable alternatives. This is empirically shown in the paper with

experiments on both synthetic and real data.

The proposed feature allocation model builds on a latent point process con-

struction which is similar to the one introduced in [Di Benedetto et al., 2017],

and it includes the three-parameter Indian Buffet Process as a special case.

CRMs have a central role in the definition of the model, with their parameters

tuning the asymptotic properties of interest. Results on CRMs and regularly

varying functions are used to prove the results presented in the paper. Con-

sistent estimators are derived for the parameters of the model that tune the

asymptotic properties, while a Gibbs algorithm is adopted to sample from the

posterior distribution of the CRM weights, which are used to make prediction.

The paper has been accepted for publication in the Proceedings of the Inter-

national Conference on Artificial Intelligence and Statistics 2020. The ArXiv

preprint is referenced as follows.

• Di Benedetto, G., Caron, F. and Teh, Y.W., 2020.Non-exchangeable

feature allocation models with sublinear growth of the feature sizes.

arXiv preprint arXiv:2003.13491.
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1.3.3 Asymptotic results in Bayesian Functional Data

Analysis

In Chapter 4 we present theoretical results on posterior contraction rates

in Bayesian Functional Data Analysis (FDA). Frequentist analysis of the

Bayesian procedures, especially in the nonparametric setting, has become

extremely popular in the recent years, and it has provided a framework to

validate and compare different priors. This work presents two main contri-

butions to the field of Bayesian Asymptotics. Firstly, we study the Bayesian

Functional Linear Regression problem with functional predictor and scalar re-

sponse, which represents the simplest and plausibly the most popular model

in applications related to FDA. Posterior contraction rates are derived for two

well-known classes of nonparametric priors on the functional slope parameter,

namely the sieve priors and the Gaussian process priors. The regression model

is studied as an inverse problem, and from this perspective it is interesting

to find posterior contraction rates for the loss functions corresponding to the

direct and the inverse problems. Up to our knowledge, the only result about

posterior contraction rates in Bayesian Functional Linear Regression can be

found in [Lian et al., 2016], where the authors solve the direct problem for

the Gaussian process prior. We extend their result by showing that minimax

posterior contraction rates can be achieved in the inverse problem as well, and

for both the two priors mentioned above.

The second contribution resides in asymptotic results for the Bayesian Func-

tional Single-Index model with functional predictor and scalar response in-

troduced by [Müller et al., 2005]. This model could be viewed as the first

step towards nonlinearity in FDA, and it is extremely popular in the para-

metric setting, thanks to the fact that it does not suffer from the so called

curse of dimensionality, typical of the general nonlinear regression models.

While this and several other functional models have been studied in depth

in the frequentist literature, asymptotic theory of the Bayesian approaches to

FDA has been left rather unexplored. Our work therefore provides the first

results about posterior contraction rates for Functional Single-Index models.

We shown that the one of the priors studied for Functional Linear Regression
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can be used here as priors for the functional index parameter, while a hybrid

location-scale mixture of normals prior ([Naulet and Rousseau, 2017]) can be

chosen for the link function.

The method used to prove the results contained in this Chapter relies on

the standard Theorem developed in [Ghosal et al., 2007], while the inverse

problem in the Functional Linear Regression model is solved by using the

sieve strategy described by [Knapik and Salomond, 2014].
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Chapter 2

Non-exchangeable random

partition models for

microclustering

Under Major Revision in the Annals of Statistics journal
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NON-EXCHANGEABLE RANDOM PARTITION MODELS
FOR MICROCLUSTERING

By Giuseppe Di Benedetto∗, François Caron∗ and Yee Whye
Teh∗,†

University of Oxford∗ and Google Deepmind†

Many popular random partition models, such as the Chinese
restaurant process and its two-parameter extension, fall in the class
of exchangeable random partitions, and have found wide applicabil-
ity in various fields. While the exchangeability assumption is sensi-
ble in many cases, it implies that the size of the clusters necessarily
grows linearly with the sample size, and such feature may be un-
desirable for some applications. We present here a flexible class of
non-exchangeable random partition models which are able to gener-
ate partitions whose cluster sizes grow sublinearly with the sample
size, and where the growth rate is controlled by one parameter. Along
with this result, we provide the asymptotic behaviour of the number
of clusters of a given size, and show that the model can exhibit a
power-law behavior, controlled by another parameter. The construc-
tion is based on completely random measures and a Poisson embed-
ding of the random partition, and inference is performed using a
Sequential Monte Carlo algorithm. Experiments on real datasets em-
phasize the usefulness of the approach compared to a two-parameter
Chinese restaurant process.

1. Introduction. Random partitions arise in a wide range of different
applications such as Bayesian model-based clustering [43, 56], population
genetics [40], ecology [47] or network modelling [7]. A partition of a set
[n] = {1, . . . , n} is a set of disjoint non-empty subsets An,j ⊆ [n], j =
1, . . . ,Kn with ∪jAn,j = [n] where Kn ≤ n is the number of clusters and
An,j denotes the set of integers in cluster j. A random partition Πn of [n]
is a random variable taking values in the finite set of partitions of [n]. A
random partition of N is a sequence Π = (Πn)n≥1 of random partitions
of [n], defined on a common probability space, that satisfy the Kolmogorov
consistency condition: for every 1 ≤ m < n, Πn restricted to [m] is Πm [39, 1,
61, 59]. For many applications, it is important to characterize the properties
of the random partition model as the number of items n grows. Of particular
importance are the asymptotic behavior of (i) the number of clusters, (ii)
the proportion of clusters of a given size, and (iii) the cluster sizes.

In some contexts a natural and useful assumption is the exchangeability
of the random partition: Π is said to be exchangeable if for every n ≥ 1 the

1
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2 G. DI BENEDETTO ET AL.

distribution of Πn is invariant to the group of permutations of [n]. Arguably
the best known exchangeable random partition model is the Chinese Restau-
rant Process (CRP) [1]. This model has a single parameter, a very simple
generative process and well established asymptotic properties; the number
of clusters Kn grows logarithmically with n [42], while the proportion of
clusters of any given size goes to zero. Such behaviour is not appropriate for
some applications such as natural language processing or image segmenta-
tion [67, 66], where these proportions typically exhibit a power-law behavior.
This asymptotic property can be achieved by considering the two-parameter
CRP [62], another exchangeable random partition model which generalizes
the one-parameter CRP. Beyond these two popular models, the class of ex-
changeable random partitions offers a rich, flexible and tractable framework,
including models based on normalised random measures [64, 33, 48, 35],
Poisson-Kingman processes [60] or Gibbs-type priors [31, 25, 20, 3].

Although exchangeability is a sensible assumption in many applications,
it has strong implications regarding the growth rate of the cluster’s sizes:
Kingman’s representation theorem indeed implies that the size of each clus-
ter grows linearly with the sample size n. As recently noted by Miller et
al. [55] and Betancourt et al. [68], this assumption may be unrealistic for
some applications, such as entity resolution, which require the construction
of random partition models where the cluster sizes grow sublinearly with
the sample size; Miller et al. [55] call it the microclustering property.

The objective of this article is to present a general class of models for
non-exchangeable random partitions of N which retains the wide range of
asymptotic properties of exchangeable partition models, while capturing the
microclustering property. The model allows:

• Flexibility in the asymptotic growth rates of (i) the number of cluster,
and (ii) the proportion of clusters of a given size, tuned by interpretable
parameters; in particular, it is possible to obtain the same growth rates
as with the two-parameter CRP, including the power-law regime.
• Flexibility in the asymptotic sublinear growth rates of the cluster sizes,

tuned by interpretable parameters.

The paper is organized as follows. In Section 2 we provide background
on completely random measures (CRM), exchangeable random partitions,
and give a derivation of the partition associated to a normalised completely
random measure via a Poissonization technique. In Section 3 we present
our novel class of non-exchangeable random partition models that builds
on the same Poissonization idea. Section 4 develops the properties of this
class of models and posterior inference. In Section 5, we describe how our
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NON-EXCHANGEABLE RANDOM PARTITION MODELS 3

model can also be used to build sparse random multigraph models with
an asymptotic power-law degree distribution and sublinear degree growth.
Section 6 discusses related approaches in the literature. Section 7 provides
comparisons between the proposed non-exchangeable model and the two-
parameter CRP on two datasets. Most proofs and some definitions can be
found in the Appendix.

2. Background material.

2.1. Completely random measures. Completely random measures, intro-
duced by Kingman [38], have found wide applicability as priors over func-
tional spaces in Bayesian nonparametrics [64, 50], due to their flexibility
and tractability; the reader can refer to [19, Chapter 10.1] or [50] for an
extended coverage. A homogeneous CRM on R+ without fixed atoms nor
deterministic component is almost surely discrete and takes the form

W =
∑

j≥1

ωj δϑj

where {(ωj , ϑj)}j≥1 are the points of a Poisson process on (0,∞) × R+

with mean measure ν(dω, dθ). The measure decomposes as ν(dω, dθ) =
ρ(dω)α(dθ) where α is a non-atomic Borel measure on R+, called the base
measure, such that α(A) <∞ for any bounded Borel set A, and ρ is a Lévy
measure on (0,∞). We write W ∼ CRM(α, ρ). We will also assume in the
following that the base measure α(dθ) is absolutely continuous with respect
to the Lebesgue measure with density α̃ and

(2.1)

∫

(0,∞)×R+

ρ(dw)α(dθ) =∞.

Let

(2.2) ψ(t) =

∫ ∞

0

{
1− e−wt

}
ρ(dw)

be the Laplace exponent and define, for any integer m ≥ 1 and any u > 0

κ(m,u) =

∫ ∞

0
ωme−uωρ(dω).

A remarkable example of CRM is the generalized gamma process [8] (GG)
with mean measure

ν(dω, dθ) =
1

Γ(1− σ0)
ω−1−σ0e−ζ0ωdω α(dθ)
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4 G. DI BENEDETTO ET AL.

with σ0 ∈ (0, 1) and ζ0 ≥ 0 or σ0 ∈ (−∞, 0] and ζ0 > 0. We write W ∼
GG(α, σ0, ζ0). The GG has been a popular model in Bayesian nonparamet-
rics due to its flexibility and attractive conjugacy properties [33, 49, 48, 14].
It includes several important models as special cases: the gamma process for
σ0 = 0, ζ0 > 0; the inverse gaussian process for σ0 = 1/2, ζ0 > 0 and the
stable process for σ0 ∈ (0, 1) and ζ0 = 0.

2.2. Exchangeable random partitions. For an exchangeable partition Π =
(Πn)n≥1 of N we have, for every n ≥ 1

P(Πn = {An,1, . . . , An,kn}, Kn = kn) = p(|An,1|, . . . , |An,kn |)

where the sets An,j are considered in order of appearance and p is a sym-
metric function of its arguments called exchangeable partition probability
function (EPPF). Therefore, by definition, the ordering in which we observe
the data is not taken into account and the only information that affects
the distribution of the random partition is the size of the clusters. For an
infinite sequence of random variables (θ(1), θ(2), . . .) taking values in R+, let
Π(θ(1), θ(2), . . .) be the random partition of N defined by the equivalence re-
lation “i and j are in the same cluster” if and only if θ(i) = θ(j) [59]. By
Kingman’s representation theorem [39], every exchangeable random parti-
tion has the same distribution as Π(θ(1), θ(2), . . .), where the random vari-
ables θ(1), θ(2), . . . are conditionally independent and identically distributed
from some random probability distribution P.

A popular model for this random probability distribution is a normalised
completely random measure [64, 34, 35], defined as P = W/W (R+), where
W ∼ CRM(ρ, α) and α(R+) <∞. This condition, together with the condi-
tion (2.1), ensures that 0 < W (R+) < ∞ almost surely, and the model is
thus properly defined.

2.3. Continuous-time embedding of exchangeable random partitions via
Poissonization. Let (θ(1), θ(2), . . .) be an infinite sequence of random vari-
ables taking values in R+ and Π(θ(1), θ(2), . . .) be the random partition of N
defined by the equivalence relation “i and j are in the same cluster” if and
only if θ(i) = θ(j). Let 0 < τ(1) < τ(2) < . . . be an infinite sequence of arrival
times. Define the continuous-time partition-valued process (Π(t))t≥0 as

Π(t) := ΠN(t) = Π(θ(1), . . . , θ(N(t))), t ≥ 0

where N(t) =
∑

i 1τ(i)≤t with 1τ≤t = 1 if τ ≤ t and 0 otherwise. (Π(t))t≥0

defines a continuous-time embedding of the partition Π. Note that we have

Πn = Π(τ(n)) n ≥ 1.
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(a) Poisson embedding of an exchange-
able random partition

(b) Poisson embedding of the non-
exchangeable random partition

Fig 1. (a) The Chinese restaurant process obtained via a Poisson embedding. Points (τi, θi)
are drawn from a Poisson point process on R+ × [0, 1] with mean measure µ(dτ, dθ) =
dτ W (dθ)1θ≤1 where W is a gamma random measure with base measure α(dθ) = α0dθ and
ζ = 1. The red sticks on the θ-axis represent the jumps of the Gamma random measure
W . Points on the same horizontal line are in the same cluster. The random partition
Π(θ(1), θ(2), . . .) of N induced by the sequence of points θ(1), θ(2), . . . ordered by their arrival
times τ(1) < τ(2) < . . . is the CRP. (b) Non-exchangeable random partition model via a
Poisson embedding. Points (τi, θi) are drawn from a Poisson point process on R+ × R+

with mean measure µ(dτ, dθ) = dτ W (dθ)1θ≤τ where W is a CRM. Note that the CRM is
not normalised. The red sticks on the θ-axis represent the jumps of the CRM W . Points
on the same horizontal line are in the same cluster.

A remarkable feature of exchangeable random partitions is that they ad-
mit a continuous-time embedding via a Poisson process. Poissonization is a
classical technique used in combinatorial problems in order to derive ana-
lytical properties of exchangeable partitions and urn schemes [37, 30, 9].

We focus on the important case where the partition is obtained from a
normalised CRM [64, 57, 45, 46, 48, 35], which includes as a special case
the one-parameter CRP. Let Q = {(τi, θi)}i≥1 be a Poisson (Cox) process
on R+ × R+ with random mean measure

µ(dτ, dθ) = dτ W (dθ)1θ≤1

where W ∼ CRM(α, ρ) with base measure α(dθ) = α0 dθ with α0 > 0 and
Lévy measure ρ satisfying

∫∞
0 ρ(dω) =∞. The point process Q has support

on R+ × [0, 1] and we can write it as follows

W ∼ CRM (α, ρ)

Q |W ∼ Poisson(dτ W (dθ)1θ≤1)
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6 G. DI BENEDETTO ET AL.

where Poisson(µ) denotes a Poisson point process with mean µ. This is
illustrated in Figure 1(a). Note, importantly, that the CRM is not normalised
in the above construction. The distribution of the first n points given W is

P(θ(i) ∈ dxi, τ(i) ∈ dti for i = 1, . . . , n |W ) =
[
n∏

i=1

W {dxi}
]
e−tnW (1)1t1<t2<...<tn dt1 . . . dtn(2.3)

where W (t) =
∫ t

0 W (dθ) =
∑

i≥1 ωi1ϑi≤t. Let us denote by mn,j the number
of points in the j-th cluster An,j after having observed n points, and by
(θ∗j )j=1,...,Kn the unique values in (θ(1), . . . , θ(n)), ordered by arrival times.
Using the results in [33, Proposition 3.1 page 18], we can obtain the expec-
tation of (2.3) with respect to the CRM W

P(Πn = {An,1, . . . , An,kn}, θ∗j ∈ dx∗j for j = 1, . . . , kn,Kn = kn, τ(i) ∈ dti for i = 1, . . . , n)

= e−α0ψ(tn)αkn0



kn∏

j=1

κ(mn,j , tn) dx∗j


 1t1<...<tn , dt1 . . . dtn.

Integrating over the arrival times τ(i) and the cluster locations θ∗j gives

P(Πn) =

∫ ∞

0
e−α0ψ(u)αkn0



Kn∏

j=1

κ(mn,j , u)


 u

n−1

Γ(n)
du,

and one recovers the EPPF of the exchangeable random partition asso-
ciated to a normalised completely random measure [60, Corollary 6], [35,
Proposition 3]. In the gamma process case, κ(m,u) = Γ(m)/(1 + u)m and
ψ(u) = log(1 + u), yielding

P(Πn) =
αKn0

Γ(n)



Kn∏

j=1

Γ(mn,j)



∫ ∞

0

un−1

(1 + u)n+α0
du =

αKn0 Γ(α0)

Γ(α0 + n)



Kn∏

j=1

Γ(mn,j)




which is the EPPF of the Chinese Restaurant process.

3. Non-exchangeable random partitions. In this section, we build
on the Poissonization idea in order to derive a class of non-exchangeable
random partitions. This class is shown to have the microclustering property
in the next section. The Cox Process Q = {(τi, θi)}i≥1 that defines our
non-exchangeable random partition model has the following random mean
measure

(3.1) µ(dτ, dθ) = 1θ≤τW (dθ)dτ
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NON-EXCHANGEABLE RANDOM PARTITION MODELS 7

therefore the points will lie under the bisector as shown in Figure 1(b). The
overall model is therefore defined as

W ∼ CRM (α, ρ)

Q |W ∼ Poisson(1θ≤τ dτ W (dθ))

The random partition Π = (Πn)n≥1 of N is obtained by considering the
points ((τ(i), θ(i)))i≥1 of the point process Q ordered by their arrival time,
and let Πn = Π(θ(1), . . . , θ(n)) be the partition induced by the first n points
for any n ≥ 1. The random partition model is completely specified by the
base measure α and the Lévy measure ρ.

The crucial difference with the previous construction is the support of the
point process. In the continuous time version of the CRP, every atom of W in
[0, 1] was allowed to be chosen at any time, hence the set of potential cluster
labels was constant over time. Now, for every fixed t > 0, all the clusters
whose θ are greater than t cannot be chosen before that time, therefore
the set of potential cluster labels increases with t, if for instance the base
measure α has unbounded support on R+. This property intuitively leads
to both the non-exchangeability of the random partition induced on N, but
also to the microclustering property.

Samples from the process are represented in Figure 2 whenW ∼ GG(α, σ, 1)
with base measure α(dθ) = ξθξ−1dθ, for different values of ξ and σ.

Proposition 1. Let W be a homogeneous CRM(α, ρ) and a point pro-
cess Q = {(τi, θi)}i≥1 on R2

+ with mean measure µ(dτ dθ) = 1θ≤τdτ W (dθ).
Let ((τ(i), θ(i)))i≥1 be the sequence of points ordered in time, that is such that
τ(1) < τ(2) < . . .. For any n ≥ 1, let Πn be the random partition of {1, . . . , n}
defined by the equivalence relation “i and j are in the same cluster” if and
only if θ(i) = θ(j). For any n ≥ 1, we have

P(Πn = {An,1, . . . , An,kn}, θ∗j ∈ dx∗j for j = 1, . . . , kn,Kn = kn, τ(i) ∈ dti for i = 1, . . . , n)

=



kn∏

j=1

κ(mn,j , tn − x∗j )α(dx∗j )




(3.2)

× e−
∫ tn
0 ψ(tn−θ)α(dθ)

[
n∏

i=1

1x∗ci≤ti

]
1t1<t2<...<tn dt1 . . . dtn

where θ∗j , j = 1, . . . , kn, are the unique values of (θ(1), . . . , θ(n)), mn,j =
|An,j | their multiplicities and ci ∈ {1, . . . , kn} is such that i ∈ An,ci.
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Fig 2. Samples from the Cox Process Q where W ∼ GG(α, σ, 1) with base measure α(dθ) =
ξ θξ−1 dθ, for different values of σ and ξ.

Proof. The derivation is similar to the derivation for the exchangeable
case described in the previous section. Given W , the set of points (τi)i≥1 is
an inhomogeneous Poisson point process on R+ with rate W (t), hence

P(τ(i) ∈ dti for i = 1, . . . , n |W ) = e−
∫ tn
0 W (t)dt

[
n∏

i=1

W (ti)

]
1t1<...<tndt1 . . . dtn.

Given the n time variables, the θ(i)’s are distributed as follows

P(θ(i) ∈ dxi for i = 1, . . . , n | τ(1:n),W ) =
n∏

i=1

W (dxi)

W (τ(i))
1xi<τ(i) .

It follows that

P(τ(i) ∈ dti, θ(i) ∈ dxi for i = 1, . . . , n |W )

=

[
n∏

i=1

W (dxi)1xi≤ti

]
e−

∫ tn
0 W (t)dt1t1<...<tn dt1 . . . dtn(3.3)

where
∫ τ(n)

0 W (t)dt =
∑

j ωj(τ(n) − ϑj)+ = W (gτ(n)) with gt(x) = (t −
x)+ = max(0, t − x). Using [33, Proposition 3.1], we can integrate over W
to obtain the final result.
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NON-EXCHANGEABLE RANDOM PARTITION MODELS 9

Integrating Equation (3.2) over the cluster allocations (θ∗j )j=1,...,kn and the
arrival times τ(1:n), we would obtain the distribution of the random partition
Πn. To the best of our knowledge, there is however no analytical expression
for this distribution. We can nonetheless simulate random partitions by using
the cluster allocations and arrival times as latent variables. In particular, for
the generalized gamma process, we have the following result.

Proposition 2. Let W ∼ GG(α, σ0, ζ0), and Q = {(τi, θi)}i≥1 be the
points of a Cox process with mean measure µ(dτ, dθ) = 1θ≤τW (dθ)dτ . Then
the predictive distribution of τ(n) is given by

P(τ(n) ∈ dtn | (θ(i), τ(i))i=1,...,n−1) ∝



Kn−1∏

j=1

1

(tn − θ∗j + ζ0)mn−1,j−σ0


 e−

∫ tn
0 ψ(tn−θ)α(dθ)

×
(
Kn−1∑

j=1

mn−1,j − σ0

tn − θ∗j + ζ0
+

∫ tn

0

α(θ)

(tn − θ + ζ0)1−σ0 dθ

)
1tn>τ(n−1)

dtn

where ψ(t) = log(1 + t/ζ0) for σ0 = 0, while ψ(t) = ((t+ ζ0)σ0 − ζσ00 ) /σ0

for σ0 ∈ (0, 1). The conditional distribution for θ(n) is a convex combination
of a discrete distribution and a diffuse one,

P(θ(n) ∈ dxn | (θ(i), τ(i))i=1,...,n−1, τ(n)) ∝ Hτ(n)(dxn)+

Kn−1∑

i=1

mn−1,i − σ0

τ(n) − θ∗i + ζ0
δθ∗i (dxn)

where Ht is a diffuse distribution defined as

(3.4) Ht(A) =

∫

A

1θ≤t
(t− θ + ζ0)1−σ0 α(dθ)

for every Borel set A ⊂ R+.

For example, if W is a gamma process (σ0 = 0) and α(dθ) = dθ, we obtain

P(τ(n) ∈ dtn | (θ(i), τ(i))i=1,...,n−1)

∝



Kn−1∏

j=1

1

(tn − θ∗j + ζ0)mn−1,j


 e−tn

(
1 +

tn
ξ0

)−tn−ξ0

×
(
Kn−1∑

j=1

mn−1,j

tn − θ∗j + ζ0
+ log(1 + tn/ζ0)

)
1tn>τ(n−1)

dtn,
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10 G. DI BENEDETTO ET AL.

and
{

P(θ(n) = θ∗j | (θ(i), τ(i))i=1,...,n−1, τ(n)) = Cn
mn−1,j

τ(n)−θ∗j+ζ0
for j = 1, . . . ,Kn−1

P(θ(n) is new | (θ(i), τ(i))i=1,...,n−1, τ(n)) = Cn log(1 + τ(n)/ζ0)

where Cn is the appropriate normalising constant.

4. Properties and inference.

4.1. Asymptotic properties. In this section, denote Xt ∼ Yt, Xt = o(Yt)
andXt = O(Yt) respectively forXt/Yt → 1,Xt/Yt → 0 and lim suptXt/Yt <
∞. The notation Xt � Yt means both Xt = O(Yt) and Yt = O(Xt) hold.
When Xt and/or Yt are random variables the asymptotic relation is meant
to hold almost surely.

The properties we are most interested in are the asymptotic behaviour of
the cluster sizes mn,j , of the number Kn of clusters and the number Kn,r of
clusters of size r in the random partition. We show in this section that our
non-exchangeable model allows for a sublinear growth of the clusters’ sizes
while retaining desirable properties for the other quantities. Let us list the
assumptions on the CRM W to derive the asymptotic results.

(A1) W has finite first two moments, that is

κ(1, 0) =

∫ ∞

0
ωρ(dω) <∞ and κ(2, 0) =

∫ ∞

0
ω2ρ(dω) <∞.

(A2) The Lévy tail intensity ρ̄(x) =
∫∞
x ρ(dω) is a regularly varying function

at 0, that is
ρ(x) ∼ ` (1/x)x−σ

as x → 0+, where ` is a slowly varying function at infinity and σ ∈
[0, 1].

(A3) The improper cumulative distribution α(t) =
∫ t

0 α(dx) of the base
measure α is a regularly varying function at infinity, that is

α(t) ∼ L(t) tξ

as t → ∞, where ξ > 0 and L is a slowly varying function. Assume
additionally that the base measure α is dominated by the Lebesgue
measure, and admits a continuous and monotone density denoted α̃(θ).

The moment assumption (A1) excludes the stable process that has infinite
first moment. (A2) controls, through the parameter σ, the power-law be-
haviour of the proportion of clusters of a given size, while condition (A3)
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is used to prove the microclustering property and control the sublinear rate
of the clusters’ size. It is worth noting that the last condition is very mild
and allows to pick the density of the base measure from a very large class
of functions. Assumptions (A1-A2) are satisfied for the GG with parame-
ters σ0 ∈ (−∞, 1) and ζ0 > 0. In this case, we have σ = max(σ0, 0) and
`(t) ∝ log t for σ = 0 and `(t) is constant otherwise.

Recall that
N(t) =

∑

i≥1

1τi≤t

denotes the number of points of Q such that τi ≤ t. For each atom ϑj , j ≥ 1,
of the CRM W , let

Xj(t) =
∑

i≥1

1τi≤t1θi=ϑj .

For j ≥ 1, let

Mj(t) =
∑

i≥1

1τi≤t1θi=θ∗j

the size of cluster j, ordered by appearance, at time t. Note that N(τ(n)) = n
and Mj(τ(n)) = mn,j .

Proposition 3. Let W =
∑

j≥1 ωjδϑj be a CRM with mean measure
α(dθ)ρ(dω) satisfying Assumptions (A1-A3). Let {(τi, θi)}i≥1 be a Poisson
point process with mean measure µ(dτ dθ) = 1θ≤τdτ W (dθ). We have, almost
surely as t tends to infinity,

N(t) ∼ κ(1, 0)

ξ + 1
tξ+1L(t)

and, for j ≥ 1

Xj(t) ∼W ({ϑj})t
Mj(t) ∼W ({θ∗j})t.

Proposition 3 implies the microclustering property for the random parti-
tion Πn: almost surely, Mj(t)/N(t) → 0 as t → ∞, hence mn,j/n → 0 as
n → ∞. In the following theorem, which follows from properties of inverse
of regularly varying functions [5, Proposition 1.5.15] or [30, Lemma 22], we
obtain exact rates of growth for the cluster sizes.
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Theorem 4 (Microclustering property). We have

(4.1) t ∼
(
ξ + 1

κ(1, 0)

)1/(ξ+1)

L∗ξ+1(N(t))N(t)1/(ξ+1)

almost surely as t → ∞, where L∗ξ+1 is a slowly varying function defined
in equation (B.1) in the Appendix. It follows that the cluster sizes mn,j =
Mj(τ(n)) verify, for any j ≥ 1,

(4.2) mn,j ∼W ({θ∗j})
(
ξ + 1

κ(1, 0)

)1/(ξ+1)

L∗ξ+1(n)n1/(ξ+1)

almost surely as n tends to infinity. The random weights ω∗j = W ({θ∗j})
admit the following construction. Denoting by τ∗j the arrival time of the j-th
cluster, we have that

τ∗j = Φ−1(γj)

P(θ∗j ∈ dx | τ∗j ) =
Hτ∗j (dx)

Hτ∗j (R+)

P(ω∗j ∈ dwj | θ∗j , τ∗j ) =
wje

−(τ∗j −θ∗j )wjρ(dwj)

κ(1, τ∗j − θ∗j )

where Hτ (dθ) = κ(1, τ − θ)1θ<τα(dθ), γj =
∑j

k=1 ek where e1, e2, . . . are iid
Exp(1) and Φ(t) =

∫∞
0

∫∞
0

(
1− e−ω(t−θ)+) ρ(dω)α(dθ) =

∫∞
0 ψ(t− θ)α(dθ).

In the specific case of the GG with parameters α, σ0 and ζ0, Ht takes the
form (3.4) and

ω∗j | θ∗j , τ∗j ∼ Gamma(1− σ0, τ
∗
j − θ∗j + ζ0)

Note that the growth rate of the cluster sizes only depends on the pa-
rameters ξ and L of the base measure α, and not on the properties of the
Lévy measure ρ. For example, taking α(t) = γtξ, with ξ, γ > 0, we have
L(t) = γ and mn,j � n1/(ξ+1) and the cluster sizes grow at a rate of na

where 0 < a < 1.
We now provide results on the asymptotic rates of the number of clusters

and number of clusters of a given size, showing that we can have the same
range of behaviour as for exchangeable random partitions. Let

K(t) =
∑

j≥1

1Xj(t)>0
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NON-EXCHANGEABLE RANDOM PARTITION MODELS 13

be the number of different clusters in Π(t) at time t and

Kr(t) =
∑

j≥1

1Xj(t)=r

the number of clusters of size r at time t.

Proposition 5. Let W =
∑

j≥1 ωjδϑj be a CRM with mean measure
α(dθ)ρ(dω) satisfying Assumptions (A1-A3). Define

{
`σ(t) = Γ(1− σ)`(t) if σ ∈ [0, 1)
`1(t) =

∫∞
t y−1`(y)dy if σ = 1.

Let {(τi, θi)}i≥1 be a Poisson point process with mean measure µ(dτ dθ) =
1θ≤τdτ W (dθ). We have, almost surely at t tends to infinity,

K(t) ∼ Γ(σ + 1)Γ(ξ + 1)

Γ(σ + ξ + 1)
L(t)`σ(t) tσ+ξ.

For r ≥ 1, if σ = 0 then Kr(t) = o(K(t)), if σ ∈ (0, 1),

Kr(t) ∼
σΓ(r − σ)

r!Γ(1− σ)
K(t) .

If σ = 1, K1(t) ∼ K(t) and Kr(t) = o(K(t)) for all r ≥ 2.

By noting that Kn = K(τ(n)) and Kn,r = Kr(τ(n)), we can combine the
results of Proposition 5 and Equation (4.1) to obtain asymptotic expressions
for the number Kn of clusters and the number Kn,j of clusters of size j in
Πn.

Corollary 6. We have, almost surely as n tends to infinity,

Kn ∼ ˜̀(n)n(σ+ξ)/(ξ+1)

where ˜̀ is a slowly varying function defined in equation (B.2) in the Ap-
pendix.

For r ≥ 1, if σ = 0 then Kn,r = o(Kn); if σ ∈ (0, 1),

Kn,r

Kn
→ σΓ(r − σ)

r!Γ(1− σ)
.(4.3)

This corresponds to a power-law behaviour for the proportion of clusters of
size r, as

σΓ(r − σ)

r!Γ(1− σ)
� 1

r1+σ

for large r. If σ = 1, Kn,1 ∼ Kn and Kn,r = o(Kn) for all r ≥ 2. In this
case, the proportion of clusters of size 1 tends to one almost surely.
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Example 7. If W ∼ GG(α, σ, 1) with σ ∈ (0, 1) and base measure
α(dθ) = γξθξ−1dθ with ξ, γ > 0 we have `(t) = 1

σ Γ(1−σ) and L(t) = γ,
therefore

Kn ∼
Γ(σ + 1)Γ(ξ + 1)

σΓ(σ + ξ + 1)
(ξ + 1)

σ+ξ
1+ξ γ

1−σ+ξ
1+ξ n

σ+ξ
1+ξ

and for all r ≥ 1

Kn,r

Kn
→ σΓ(r − σ)

r!Γ(1− σ)

almost surely as n tends to infinity. This power-law behavior is illustrated
on Figure 3.

It is worth noting that although the asymptotic behaviour of the number
of clusters and the number of clusters of a given size depend also on the base
measure α, the power-law exponent in the proportion of clusters of a given
size is solely tuned by the Lévy measure ρ through the parameter σ. The
asymptotic proportion of clusters of a given size, given by Equation (4.3), is
indeed the same as that obtained with a two-parameter Chinese restaurant
process [61] with strictly positive discounting parameter, with a normalised
generalized gamma process [48] with parameter σ0 > 0 and more generally
with a Poisson-Kingman partitions exhibiting α-diversity [60].

Remark 8. The number of points sampled by the point process up to
time t is distributed as the number of points sampled up to time t by a Cox
process with mean measure 1θ≤L(τ)τξW (dθ)dτ , where the CRM W has base
measure α(dθ) = dθ. The same asymptotic result would hold and the proof
are analogous and follow by a change of measure.

Remark 9. The counts Kn and Kn,r are asymptotically equivalent to
deterministic quantities, contrary to what happens in normalised completely
random measures, and more generally in Poisson-Kingman random parti-
tions, where the asymptotics include a random component (see section 6.1
about α-diversity in [60]). The reason lies in the fact that our construc-
tion involves a CRM with a growing support as the number n (or t) grows,
whose mass W ([0, t)) → ∞ almost surely as t → ∞. Informally, a law of
large numbers is therefore at play, which implies W ([0, t))/E(W ([0, t))→ 1
almost surely as t → ∞, resulting in the appearance of the term κ(1, 0) =
E[W ([0, t))]/α(t) in the depoissonization step (see Equations (4.1) and (B.2)).
We refer to the Appendix for a formal proof. Our results hold in the case
where α is regularly varying with index ξ > 0. It would be interesting to in-
vestigate the slowly varying case (ξ = 0) as a random component may arise
in this situation.
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Fig 3. Log-log plot of the proportions of clusters of given size r for the GG with α(dθ) = dθ,
ζ0 = 0.1, σ = 0.3, 0.7 and sample size 100k. Dots represent samples from the model
(n=100k) and lines represent the asymptotic proportions as n → ∞, as given by Equa-
tion (4.3).

4.2. Inference.

4.2.1. Posterior characterization. Assuming we observe the first n time-
ordered points (τ(i), θ(i))i=1,...,n from the Cox process Q, we want to charac-
terize the conditional distribution of the CRM W given the time-ordered ob-
servations. The following posterior characterization follows from [33, Propo-
sition 3.1 page 18].

Proposition 10. Given the first n time-ordered observations (τ(i), θ(i))i=1,...,n

from the Cox process Q, with unique cluster labels θ∗1, . . . , θ
∗
kn

, the conditional
distribution of the CRM W is given by

W ′ +
kn∑

j=1

ω∗j δθ∗j

where the random positive weights (ω∗1, . . . , ω
∗
kn

) are independent of the ran-
dom measure W ′. W ′ is an inhomogeneous CRM with mean measure ν ′(dω, dθ) =
e−ω(τ(n)−θ)+ρ(dω)α(dθ). The masses of the fixed atoms are conditionally in-
dependent given the data with density

P(ω∗j ∈ dwj | (τ(i), θ(i))i=1,...,n) =
ρ(dwj)w

mn,j
j e−wj(τ(n)−θ

∗
j )

κ(mn,j , τ(n) − θ∗j )
.

In particular, when W is a generalized gamma process the masses are con-
ditionally gamma distributed

ω∗j | (τ(i), θ(i))i=1,...,n ∼ Gamma(mn,j − σ0, ζ0 + τ(n) − θ∗j ).
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16 G. DI BENEDETTO ET AL.

4.2.2. Parameter estimation and prediction. We consider the CRM with
base measure α(dθ) = ξ θξ−1dθ and generalized gamma Lévy measure with
parameters σ0 and ζ0. The set of parameters is therefore η = (ξ, σ0, ζ0).
Having observed a partition Πn, we aim at estimating the parameters η
and predict Πn+m for m ≥ 1. However, unlike in the CRP, the marginal
likelihood P(Πn|η) is intractable. We use a sequential Monte Carlo algo-
rithm [23, 22] with target distribution P(dθ(1:n), dτ(1:n)|Πn, η) in order to get
unbiased estimators of the marginal likelihoods P(Πn|η) for a grid of val-
ues of η, and compute the maximum likelihood estimate η̂ (see Appendix C
for details). Since the model is not Markovian, the time complexity of the
SMC algorithm is of order O(nKn). The proposal distribution for the ar-
rival times τ(n) is a truncated normal on [τ(n−1),∞), while the proposal for
the cluster location of a new cluster is uniform on [0, τ(n)]. We also use a
sequential Monte Carlo algorithm in order to sample from the predictive
P(Πn+m|Πn, η̂) using Proposition 10.

We also consider experiments where the partition is not observed. In
this setting, we consider a classical Bayesian hierarchical construction, see
e.g. [43]. We assume that the observations (y1, . . . , yn) are conditionally in-
dependent, with

(4.4) yi|Πn, U1, . . . , Ukn ∼ FUci
where FU is a known probability distribution parameterized by U , with pdf
fU , and the (U1, . . . , Ukn) are the cluster parameters, iid from some distri-
bution G0 on Θ. This leads to the following factorization of the likelihood

(4.5) p(y1, . . . , yn|Πn) =

kn∏

j=1

g(yAn,j )

where yA = {yi|i ∈ A} and

(4.6) g(yA) =

[∫

Θ

∏

i∈A
fU (yi)

]
dG0(U)

We will assume that G0 is a conjugate prior for fU , so that g, and therefore
the likelihood (4.5) can be evaluated analytically. We use a sequential Monte
Carlo algorithm with target distribution P(dθ(1:n), dτ(1:n),Πn|η, y1:n) in order
to get unbiased estimators of the marginal likelihoods P(y1:n|η) for a grid of
values of η, and compute the maximum likelihood estimate η̂. More details
about the algorithm are contained in the Appendix C.
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5. Random partitions and random multigraphs. The non-exchangeable
random partition model proposed can be used to derive models for random
multigraphs, see [7]. Recall that Πn = (An,1, . . . , An,Kn), where the blocks
are sorted in order of appearance. For each i = 1, 2, . . ., let ci be the index of
the cluster to which item i belongs, that is i ∈ An,ci for all n ≥ i. An undi-
rected multigraph G = Φ(Π), possibly with self-loops and with a countably
infinite number of edges, is derived from the random partition Π by

G = ((c1, c2), (c3, c4), . . .)

where each pair (c2n−1, c2n) represents an undirected edge between the ver-
tex c2n−1 and the vertex c2n. The set of vertices is either {1, . . . ,K} if the
partition has a finite number of blocks, or the set N. Let Gn be the restric-
tion of G to the first n edges that is, to the first 2n items of Π. Then K2n,
the number of clusters in Π2n, is also the number of vertices of Gn, m2n,j is
the degree of vertex j, j = 1, . . . ,K2n and K2n,j/K2n is the proportion of
vertices of degree j.

The multigraphs G obtained by transformation of an exchangeable ran-
dom partition form a subclass of the edge-exchangeable graphs [18, 10].
This subclass is called rank one edge-exchangeable graphs by Janson [36].
Of particular interest is the so-called Hollywood model [18], obtained from
a two-parameter CRP random partition. In this case, inherited from the
properties of the associated random partition [61], one can obtain sparse
multigraphs with power-law degree distribution. A consequence of the ex-
changeability assumption is the fact that the degree sequence grows linearly
with the number of edges: for any vertex j, its degree m2n,j � n almost
surely as the number of edges n tends to infinity. As shown in the following
corollary of the results of Section 4, our construction allows to obtain sparse
multigraphs with power-law degree distribution and sublinear growth rate
for degree sequences.

Corollary 11. Let Π be a non-exchangeable partition with parameters
α and ρ verifying assumptions (A1-A3). Let G = Φ(Π) the associated ran-
dom multigraph. For a subgraph Gn corresponding to the first n edges, let
K2n be the number of vertices, m2n,j the degree of vertex j and K2n,r the
number of vertices of degree r ≥ 1. Then, almost surely as the number of
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18 G. DI BENEDETTO ET AL.

edges n tends to infinity

m2n,j � L∗ξ+1(n)n1/(1+ξ), j ≥ 1

K2n ∼ ˜̀(n)(2n)(σ+ξ)/(1+σ)

K2n,r

K2n
→ σΓ(r − σ)

r!Γ(1− σ)
, r ≥ 1

where the slowly varying functions L∗ξ+1 and ˜̀are defined in Equations (B.1)
and (B.2).

6. Discussion. To obtain random partitions with the microclustering
property, one option is to give up the exchangeability assumption, as we did
in this paper. An alternative approach is to drop the Kolmogorov consistency
assumption discussed in the introduction. Miller et al. [55] and Betancourt et
al. [68], who derived random partition models with the microclustering prop-
erty, take this option, and consider a collection (Πn)n≥1 of finitely exchange-
able random partitions of [n] that do not define a (Kolmogorov-consistent)
random partition of N. Another related contribution is the work of [69]
where the authors also define a collection (Πn)n≥1 of finitely exchangeable
random partitions of [n] that do not satisfy Kolmogorov consistency prop-
erty; the authors emphasize that it is indeed a desirable feature for modeling
frequencies of frequencies, which motivates their work. Their model is also
based on some Poissonization idea. Other random partition models that do
not satisfy Kolmogorov consistency are also described in [4].
In [24] the authors present a multitype Yule process that can be seen as a
non-exchangeable generalization of the CRP, where a new customer sits at
a new table with constant probability r ∈ (0, 1) and otherwise randomly
picks one of the previous customers and sits at his table. This model has
a very simple urn construction, and has the microclustering property, as
mn,j � n1−r. The asymptotic properties of Kn and Kn,j are however very
different from those obtained with our model. The number of clusters Kn

increases linearly with n, and the model exhibits a power-law behavior for
the proportion of clusters of a given size within an intermediate range. That

is
∑

r≥SKnr � nS−
1

1−r valid for 1 � S � n1−r. In contrast, our model
induces a sublinear growth of the number of clusters Kn, as for exchange-
able random partitions, and the same asymptotic power-law behavior as the
two-parameter Chinese restaurant process for the proportion of clusters of
a given size.

There has been a lot of interest over the past years in the development
of non-exchangeable partitions based on dependent Dirichlet processes and
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more generally dependent random measures [53, 32, 13, 29, 6, 16, 51, 11, 12].
The focus of these works is rather different though, as they do not aim to cap-
ture/characterize the microclustering property. The model presented here
builds on a Poisson construction on an augmented space, and is therefore
somewhat reminiscent of the work of [63, 52, 17].

The authors of [7] considered a general class of exchangeable and non-
exchangeable random partitions of N, motivated by preferential attachments
models for random multigraphs. For certain values of the parameters, it can
generate partitions with the microclustering property, but with a somewhat
different asymptotic behavior for the number of clusters. The microclustering
property is obtained whenever the number of clusters grows linearly with
the dataset [7, Theorem 7]. In our approach, the number of clusters always
grows sublinearly, and the rate can be controlled by the properties of the
Lévy measure ρ.

7. Experiments. In what follows we compare our non-exchangeable
model to the two-parameter Chinese restaurant process [61]. For the non-
exchangeable model, we consider a GG with mean measure ρ(dw)α(dθ) =
1/Γ(1 − σ)w−1−σe−ζwdwξθξ−1dθ where the parameters ξ ∈ {1, 2, 3}, σ ∈
[0, 1) and ζ > 0 are unknown. For the two-parameter CRP, the two param-
eters σ2 ∈ [0, 1) and κ2 > 0 are considered unknown. We present two sets
of experiments. In the first set of experiments, the partition is observed for
a training set, and we aim at predicting the size of the clusters on a test
set. In the second set of experiments, we consider an application to (semi-
supervised) clustering, where the partition is not completely observed and
has to be inferred from data. In each set of experiments the data are par-
titioned into a training set of size ntrain and a test set of size ntest where
ntrain + ntest = n.

7.1. Observed partition. In order to best assess the performance of the
two random partition models we first assume that the partition is observed.
The parameters of each model are estimated on the training data using
maximum likelihood with a grid of values for the parameters: 25 equidis-
tant points in [0, 1) for σ, ξ ∈ {1, 2, 3}, and a grid obtained by dichotomic
search on the interval [0, 100] for ζ, and similarly for the two-parameter CRP.
The EPPF P(Πntrain |σ2, κ2) of the two-parameter CRP has an analytic form
and is calculated directly. For our method, we approximate the likelihood
P(Πntrain |ξ, σ, ζ) using sequential Monte Carlo methods with 10000 particles,
as described in Section 4.2.

For each cluster j = 1, . . . ,Kntrain in the training set, we then aim at

predicting its size mk,j for k = ntrain + 1, . . . , n. Let m
(true)
k,j be the true size
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of cluster j in the partition of size k and consider the L2 error

E =
1

Kntrain

Kntrain∑

j=1

1

ntest

n∑

k=ntrain+1

(
mk,j −m(true)

k,j

)2
≥ 0.

We are interested in the distribution of the predictive error

(7.1) P (E ∈ dE | Πntrain , η̂)

where η̂ are the fitted parameters, under the two-parameter CRP or our
model. Additionally, we want to check that the model can still capture the
distribution of the cluster sizes adequately. To this aim, we also report 95%
predictive credible intervals for the proportion of clusters of a given size in
the test set, and compare this to the empirical distribution.
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Fig 4. Evolution of the clusters’ sizes mj,n with respect to the sample size n for the (a)
synthetic, (b) Amazon and (c) Math Overflow datasets.

Synthetic data. In order to validate the inference procedure, we first run
experiments on a simulated dataset, where the data are simulated from our
model with parameters set to (ξ, σ, ζ) = (1, 0.41, 10). In this model, the
cluster size grows at a rate of

√
n, as can be seen from Figure 4(a) that

shows the growth of the cluster sizes with respect to the sample size n.
Additionally, the proportion of clusters of a given size has an asymptotic
power-law distribution, see the top row of Figure 7. As shown in Figure 5,
the SMC estimate of the log-likelihood is rather accurate, and we recover the
true parameters. The mean and quantiles of the predictive error under our
model and the two-parameter CRP are reported in Table 1. As expected,
the predictive under our model outperforms the two-parameter CRP, which
is misspecified in that case. Posterior predictive of the proportion of clusters
of a given size is reported in the first row of Figure 7.
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Fig 5. Loglikelihood estimates for ζ = 10 and different values of ξ and σ. For every grid
point, 10 SMC estimates are obtained, and the mean and ±1 standard deviation error bars
are reported.

Real data. We consider two datasets from the SNAP database [44] of the
same size n = 15000 with ntrain = 5000. The first one is the Amazon dataset
of movies’ reviews [54] where each movie represents a cluster containing its
reviews, which are ordered. The second dataset is a time-ordered collection
of answers to questions in the Math Overflow website1 where the clusters
contain answers to the same question. Evolutions of the cluster sizes are
reported in Figure 4(b-c) for these datasets. We aim at predicting, based
on the training set, the number of reviews to a given movie for the Amazon
dataset, and the number of questions answered to a given question for the
Math Overflow dataset. In both cases our non-exchangeable model provides
better predictions of the cluster sizes (see Table 1 and Figure 6). Estimates
and credible intervals for the parameter σ and σ2 are reported in Table 2.
Figure 7 shows that both models give reasonable predictive fit to the pro-
portion of clusters of a given size.

Table 1
Mean and quantiles of the predictive error using 100 samples from the predictive

distributions, when the partition is observed.

Non-exchangeable Two-parameter CRP
L2 error 90% CI L2 error 90% CI

Synthetic 6.92 [6.37, 7.42] 14.9 [13.4, 16.2]
Amazon 6.14 [5.58, 6.96] 8.43 [7.35, 9.42]

Math Overflow 1.08× 102 [1.01, 1.22]× 102 1.67× 102 [1.58, 1.77]× 102

1https://mathoverflow.net/
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Table 2
MLE for the the parameter σ of the non-exchangeable model and the discount parameter
σ2 of the two-parameter CRP model, and 0.025 and 0.975 quantiles of their posterior

distributions, when the partition is observed.

Non-exchangeable Two-parameter CRP
MLE of σ [q0.025, q0.975] MLE of σ2 [q0.025, q0.975]

Synthetic 0.41 [0.38, 0.45] 0.46 [0.41, 0.51]
Amazon 0.63 [0.57, 0.66] 0.65 [0.60, 0.69]

Math Overflow 0.37 [0.34, 0.40] 0.30 [0.24, 0.36]

5000 10000 15000
0

25

50

75
real data

ne predictive

py predictive2-CRP

Fig 6. Amazon dataset. Observed (plain line) and predicted sizes of some clusters (in
different colours) from the non-exchangeable (dotted line) and the two-parameter CRP
models (dashed line).

7.2. Partially observed partition. In this subsection we consider that ob-
servations are word counts in documents, which are modeled using a hi-
erarchical Dirichlet-Multinomial model, and we aim at finding a partition
of the documents into topics, and predicting the growth of these topics.
Let V denote the size of the vocabulary, and let yi, i = 1, . . . , n, be a V -
dimensional vector of word counts in document i. Assume that Πn follows
our non-exchangeable random partition model with GG(α, σ, ζ) and base
measure α(dθ) = ξθξ−1dθ, and

Uj
iid∼ Dirichlet(h, . . . , h) j = 1, . . . , kn

yi | Πn, U1, . . . , Ukn
ind∼ Multinomial(Ni, Uci) i = 1, . . . , n

where Uj is a V -dimensional probability vector defining the word frequencies
for the j’s cluster/topic and h > 0 is the scale parameter of the Dirichlet
distribution.

As before, we are interested in predicting the growth of the clusters’ sizes
and consider the following error which generalizes the error measure defined
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Fig 7. Empirical proportions of clusters of given size (red dots) and 95% posterior predic-
tive credible intervals (blue) for our non-exchangeable model (left) and the two-parameter
CRP (right).

in the previous subsection to the case of unobserved partitions:

Ẽ =
1

ntest

Kntrain∑

k=1

((mk,n −mk,ntrain
)− (m̂k,n − m̂k,ntrain

))2
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where m̂k,n is the size of the k-th cluster at time n inferred by the model.
In the following experiments we consider two datasets of size n = 4000, and
split each dataset into three subsets. The first npre-train = 1000 observations
are provided with labels and are used in the pre-training stage to tune
the parameters of the random partition models, which are estimated with
MLEs for both the non-exchangeable model and the two-parameter CRP, as
done in the previous experiments. Given the estimates of the parameter, the
objective is to infer and predict the partition of the remaining unlabelled
observations. For this purpose, the following ntrain = 1000 observations are
used to infer the partition, and the last ntest = 2000 points are used to
compare prediction performances.

For the non-exchangeable model the partition is inferred using a SMC
algorithm which gives an approximation of the distribution of the cluster
labels, as described in Section 4.2.2, while a Gibbs sampler is used for the
two-parameter CRP model.

For each dataset we consider two scenarios, corresponding to the cluster-
ing task in the semi-supervised and unsupervised settings. In the first one,
the first 200 observations in the training set of size ntrain = 1000 are pro-
vided with labels, while in the second case the partition of the training set
is fully unobserved.

Synthetic data. A dataset of n = 4000 observations (y1, . . . , yn) is sampled
with parameters (ξ, σ, ζ) = (1, 0.5, 1), V = 15, Ni = 1000, h = 1. Tables 5
reports the estimates of the power-law parameters, and both models obtain
rather precise estimates. Tables 3 and 4 shows that the non-exchangeable
model outperforms the two-parameter CRP in predicting the partition of the
observations in the test set. It is worth noting that providing the labels for
the first 200 observations in the training set does not improve the predictive
performances significantly. This is due to the fact that the number of counts
Ni per observation is much bigger than the dimensionality V of the Dirichlet
parameters, which facilitates the clustering. This in not the case in the real
data example, where predictive performances will differ between the semi-
supervised and unsupervised cases.

Real data. We use again the Amazon dataset of movies’ reviews, and con-
sider the actual reviews as observations in a bag-of-words representation. We
preprocess the dataset using the text-mining R package tm [26, 27] retaining
the first time-ordered n = 4000 reviews. Estimates of the parameters σ and
σ2 can be found in Tables 5 and the prediction errors in Tables 3 and 4,
showing that the proposed model provides more accurate predictions than
the two-parameter CRP for this dataset.
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Table 3
Mean and quantiles of the predictive error using 100 samples from the predictive
distributions when the partition of the data is partially observed. Lower is better.

Non-exchangeable Two-parameter CRP
L2 error 90% CI L2 error 90% CI

Synthetic 3.83 [2.99, 4.46] 4.00 [3.47, 4, 64]
Amazon 17.06 [9.66, 30.29] 336.02 [303.96 366.31]

Table 4
Mean and quantiles of the predictive error using 100 samples from the predictive

distributions when the partition of the data is unknown. Lower is better.

Non-exchangeable Two-parameter CRP
L2 error 90% CI L2 error 90% CI

Synthetic 3.85 [3.12, 4.62] 4.07 [3.30 4.90]
Amazon 117.70 [96.85, 137.51] 605.46 [556.84 654.93]

Table 5
MLE for the the parameter σ of the non-exchangeable model and posterior mean of the
discount parameter σ2 of the two-parameter CRP model, and 0.025 and 0.975 quantiles

of their posterior distributions.

Non-exchangeable Two-parameter CRP
MLE of σ [q0.025, q0.975] Posterior mean of σ2 [q0.025, q0.975]

Synthetic 0.54 [0.50, 0.58] 0.43 [0.37, 0.49]
Amazon 0.58 [0.54, 0.62] 0.65 [0.60, 0.70]
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Supplementary material. A demo of the simulation and inference
for the non-exchangeable random partition model can be found at https:

//github.com/giuseppedib/microclustering.
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APPENDIX A: PROOF OF THE MAIN THEOREMS

Proof of proposition 2. From Eq. (3.2), the joint distribution of ((θ(i), τ(i))i=1,...,n)
is given by

P(Πn = {An,1, . . . , An,kn}, θ∗j ∈ dx∗j for j = 1, . . . , kn,Kn = kn, τ(i) ∈ dti for i = 1, . . . , n)

=

{
kn−1∑

i=1



kn−1∏

j=1
j 6=i

κ(mn−1,j , tn − x∗j )α(dx∗j )


κ(mn−1,i + 1, tn − x∗i )α̃(x∗i ) δx∗i (dx

∗
kn)

+



kn−1∏

j=1

κ(mn−1,j , tn − x∗j )α(dx∗j )


κ(1, tn − x∗n)α(dx∗kn)

}

× e−
∫ tn
0 ψ(tn−x)α(dx)

[
n∏

i=1

1x∗ci<ti

]
1t1<t2<...<tndt1 . . . dtn.

Integrating over the location of the n-th point, we obtain

P(Πn−1 = {An,1, . . . , An−1,kn−1}, θ∗j ∈ dx∗j for j = 1, . . . , kn−1,

Kn−1 = kn−1, τ(i) ∈ dti for i = 1, . . . , n)

=

{
kn−1∑

i=1



kn−1∏

j=1
j 6=i

κ(mn−1,j , tn − x∗j )α(dx∗j )


κ(mn−1,i + 1, tn − x∗i )α̃(x∗i )

+



kn−1∏

j=1

κ(mn−1,j , tn − x∗j )α(dx∗j )



∫ tn

0
κ(1, tn − x)α(dx)

}

× e−
∫ tn
0 ψ(tn−x)α(dx)

[
n−1∏

i=1

1x∗ci<ti

]
1t1<t2<...<tndt1 . . . dtn.

In the Generalised Gamma Process case we have

κ(m,u) =
1

Γ(1− σ)

Γ(m− σ)

(ζ + u)m−σ
.
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Therefore κ(m+ 1, u) = κ(m,u)m−σζ+u and

kn−1∑

i=1



kn−1∏

j=1
j 6=i

κ(mn−1,j , tn − x∗j )α(dx∗j )


κ(mn−1,i + 1, tn − x∗i )α(dx∗i )

=



kn−1∏

j=1

κ(mn−1,j , tn − x∗j )α(dx∗j )



kn−1∑

i=1

mn−1,i − σ
tn − x∗i + ζ

hence

P(Πn−1 = {An,1, . . . , An−1,kn−1}, θ∗j ∈ dx∗j for j = 1, . . . , kn−1,

Kn−1 = kn−1, τ(i) ∈ dti for i = 1, . . . , n)

=
1

Γ(1− σ)kn−1



kn−1∏

j=1

Γ(mn−1,j − σ)α(dx∗j )

(tn − x∗j + ζ)mn−1,j−σ




×
(
kn−1∑

j=1

mn−1,j − σ
t− x∗j + ζ

+

∫ tn

0

α(dx)

(tn − x+ ζ)1−σ

)

× e−
∫ tn
0 ψ(tn−x)α(dx)

[
n−1∏

i=1

1x∗ci<ti

]
1t1<...<tndt1 . . . dtn.

from which we obtain the results of the theorem.

Proof of proposition 3 and theorem 4. Given W , N(t) is a non-
homogeneous Poisson process with rate W (t) =

∑
j≥1 ωj1ϑj≤t. Hence, using

Fubini’s and Campbell’s theorems,

E[N(t)] = E
[∫ t

0
W (x)dx

]
= α(t)κ(1, 0)

where α(t) =
∫ t

0 α(t). Similarly,

var(N(t)) = var(E[N(t) |W ]) + E[var(N(t) |W )] = var(W (t)) + E[W (t)]

= κ(2, 0)

∫ t

0
(t− θ)2α(dθ) + κ(1, 0)α(t)

= κ(2, 0)

∫ t

0
α(x)dx+ κ(1, 0)α(t)
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Using Karamata’s theorem [5, Proposition 1.5.8] and Assumption (A3), we
obtain that

E[N(t)] ∼ κ(0, 1)

ξ + 1
tξ+1L(t) and var(N(t)) ∼ κ(2, 0)

(ξ + 1)(ξ + 2)
tξ+2L(t).

Therefore, for any 0 < a < ξ we have var(N(t)) = O(t−aE[N(t)]2). Using
[15, Lemma B.1], we conclude that, almost surely as t tends to infinity

N(t) ∼ E[N(t)] ∼ κ(1, 0)

ξ + 1
tξ+1L(ξ).

Conditional on W , Xj(t) is a non-homogeneous Poisson process with rate
ωj1ϑj>t hence

Xj(t) ∼ ωjt
almost surely as t tends to infinity. It follows similarly that Mj(t), the size,
at time t, of the jth cluster to appear, satisfies

Mj(t) ∼ ω∗j t

where ω∗j = W ({θ∗j}). Additionally, in the same fashion as in [58, Theorem
4.5], Proposition 1 implies that, denoting by τ∗j the arrival time of the j-th
cluster and by ω∗j , θ

∗
j its weight and location respectively,

{τ∗j , θ∗j , ω∗j }j≥1 ∼ Poisson
(
ω e−ω(τ−θ)+1θ<τdτ α(dθ)ρ(dω)

)

from which it follows that, given a sequence of iid ek ∼ Exp(1), the clusters’
arrival times are defined as τ∗j = Φ−1(γj), where γj =

∑j
k=1 ek. Proposition 2

then implies the result.

Proof of proposition 5. Observe that P(Xj(t) > 0 | W ) = 1 −
e−ωj(t−ϑj)+ . By the marking theorem [41, Chapter 5], for each t, {(ωj , ϑj) |
j ≥ 1, Xj(t) > 0} is a Poisson point process with mean measure ρ(dω)α(dθ)(1−
e−ω(t−θ)+). It follows that

E[K(t)] = var[K(t)] =

∫ ∞

0

∫ t

0

(
1− e−(t−θ)ω

)
α(dθ)ρ(dω) =

∫ t

0
ψ(t−θ)α(dθ).

Similarly to [30, Proposition 2], it follows from the monotonicity of K(t)
and the Borel-Cantelli lemma that K(t) ∼ E[K(t)] almost surely as t →
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∞. Using the Tauberian theorems [28, Chapter XIII, Section 5] recalled in
Lemma 13, Lemma 14 and α(t) ∼ ξtξ−1L(t), we obtain

E[K(t)] ∼ Γ(σ + 1)Γ(ξ + 1)

Γ(σ + ξ + 1)
L(t)`σ(t) tσ+ξ

as t tends to infinity.
We proceed similarly for Kr(t). For each t > 0 and r ≥ 1, {(ωj , ϑj) | j ≥

1, Xj(t) = r} is a Poisson point process with mean measure ρ(dω)α(dθ)
ωr(t−θ)r+

r! e−ω(t−θ)+ .
It follows that

E[Kr(t)] = var[Kr(t)]

=

∫ t

0

∫ ∞

0

(t− θ)r
r!

ωre−(t−θ)ωρ(dω)α(dθ)

=

∫ t

0

(t− θ)r
r!

κ(r, t− θ)α(dθ).

Using Lemma 13 and 14, we obtain: if σ = 0, E[Kr(t)] = o(L(t)`(t))tσ+ξ; if
σ ∈ (0, 1),

E[Kr(t)] ∼
σΓ(r − σ)

r!Γ(1− σ)

Γ(σ + 1)Γ(ξ + 1)

Γ(σ + ξ + 1)
L(t)`σ(t) tσ+ξ.

If σ = 1, E[K1(t)] ∼ Γ(σ+1)Γ(ξ+1)
Γ(σ+ξ+1) L(t)`σ(t) tσ+ξ and E[Kr(t)] = o(L(t)`(t))tσ+ξ

for all r ≥ 2. For the almost sure result, we proceed as for K(t), using the

monotonicity of
∑

r≥sKr(t) [30, Corollary 21], the equality var
[∑

r≥sKr(t)
]

=

E
[∑

r≥sKr(t)
]

and the fact that E[Kr(t)] � K(t) for σ ∈ (0, 1), E[Kr(t)] =

o(K(t)) for σ = 0 and E[K1(t)] ∼ K(t) for σ = 1.

Proof of proposition 10. The result follows from known results in
Poisson partition calculus. Let us define f(ω, θ) = (τ(n) − θ)+ω and denote
by P(dW | ν) the distribution of the CRM W with Lévy measure ν, then
Proposition 3.1 part (ii) in [33] provides the Bayes formula for our model:
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the joint distribution of the CRM W and (τ(i), θ(i))i=1,...,n can be written as

e−
∫ τ(n)
0 W (t)dt

[
n∏

i=1

1θi<τ(i)

]
1τ(1)<···<τ(n)dτ(1) . . . dτ(n)P(dW | ν)

= P (dW | e−fν)



kn∏

j=1

κ(mn,j , tn − x∗j )α(dx∗j )


 e−

∫ tn
0 ψ(tn−θ)α(dθ)

×
[
n∏

i=1

1x∗ci≤ti

]
1t1<t2<...<tn dt1 . . . dtn

where the first term P (dW | e−fν) is the posterior distribution of W and the
remaining terms describe the marginal distribution as in Proposition 1. The
result then follows from formulas (33) and (34) in [33].

APPENDIX B: BACKGROUND ON REGULAR VARIATION AND
TECHNICAL LEMMA

We recall the following definitions which can be found in [5] and [65].

Definition 12 (Regularly varying function). A measurable function f :
R+ → R+ is regularly varying at ∞ with index ξ ∈ R if for every x > 0

lim
t→∞

f(tx)

f(t)
= xξ.

If ξ = 0 we say that the function is slowly varying. An important property
of the regularly varying function is that they can be written as f(x) = `(x)xξ

where ξ is the exponent of variation and ` is a slowly varying function.

Let L# be the de Brujin conjugate [5] of a slowly varying function L.
Regularly varying functions f(x) = L(x)xξ of index ξ > 0 admit asymptotic
inverse g(x) = L∗ξ(x)x1/ξ which are regularly varying of index ξ−1 (see [5,
Proposition 1.5.15] or [30, Lemma 22]) with slowly varying part

L∗ξ(x) = {L1/ξ(x1/ξ)}#.(B.1)

Note that if L(t) = c, then L∗ξ(t) = c1/ξ. From Equation (4.1) and Proposi-
tion 5, it follows that the slowly varying function appearing in Corollary 6
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is

˜̀(n) =
Γ(σ + 1)Γ(ξ + 1)

Γ(σ + ξ + 1)

(
ξ + 1

κ(1, 0)

)(σ+ξ)/(ξ+1)

L∗ξ+1(n)σ+ξ

× L
{(

ξ + 1

κ(1, 0)

)1/(ξ+1)

n1/(ξ+1)L∗ξ+1(n)

}
`σ

{(
ξ + 1

κ(1, 0)

)1/(ξ+1)

n1/(ξ+1)L∗ξ+1(n)

}
.

(B.2)

The following lemma is a compilation of Tauberian results in Propositions
17, 18 and 19 in [30]. See also [28, Chapter XIII].

Lemma 13. Let ρ be a Lévy measure on (0,∞) with tail Lévy intensity
ρ(x) =

∫∞
x ρ(dω). Assume

ρ(x) ∼ x−σ`(1/x)

as x tends to 0, where σ ∈ [0, 1] and ` is a slowly varying function at infinity.
For any σ ∈ [0, 1),

ψ(t) ∼ Γ(1− σ)tσ`(t)

and for r = 1, 2, . . .

{
κ(r, t) ∼ tσ−r`(t)Γ(r − σ) if σ ∈ (0, 1)
κ(r, t) = o(tσ−r`(t)) if σ = 0

as t tends to infinity. For σ = 1,

ψ(t) ∼ t`1(t)

κ(1, t) ∼ `1(t)

and
κ(r, t) ∼ t1−r`(t)Γ(r − 1)

for all r ≥ 2 as t tends to infinity, where `1(t) =
∫∞
t x−1`(x)dx.

Lemma 14. Let f and g be locally bounded, regularly varying functions
with f(x) = `f (x)xa and g(x) = `g(x)xb where a, b > −1 and `f , `g are
slowly varying functions. Then as t tends to infinity

∫ t

0
f(x)g(t− x)dx ∼ Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
tf(t)g(t)

∼ Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
`f (t)`g(t)t

a+b+1.
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Proof. Let us split the integral in the following way

∫ t

0
f(x)g(t− x)dx =

∫ t
2

0
f(x)g(t− x)dx+

∫ t
2

0
f(t− x)g(x)dx.

Let δ ∈ (0,min(a, b)+1). From Potter’s Theorem [5, Theorem 1.5.6], there
is X such that for all t > 2X, u ∈ [X/t, 1/2],

f(tu)

f(t)
≤ 2ua−δ,

g(t(1− u))

g(t)
≤ 2(1− u)b−δ.

Take t > 2X. We have

∫ t
2

X

f(x)g(t− x)

tf(t)g(t)
dx =

∫ 1
2

0

f(ut)

f(t)

g((1− u)t)

g(t)
1u∈[X/t,1/2] du

where the integrand function is bounded by 4ua−δ(1 − u)b−δ which is in-

tegrable, hence we have convergence to
∫ 1

2
0 ua(1 − u)bdu ∈ (0,∞) by the

dominated convergence theorem. We proceed analogously for the second in-
tegral. Since

∫ 1
0 u

a(1− u)bdu = Γ(a+1)Γ(b+1)
Γ(a+b+2) , we have the result.

APPENDIX C: ALGORITHM’S DETAILS

This section presents details about the parameter estimation in the non-
exchangeable model in the case the partition in not observed and the obser-
vations follow the model described in Equations 4.4-4.6. The random par-
tition model’s parameters η = (ξ, σ0, ζ0) are estimated by the MLE η̂, and
marginal likelihood estimats are obtained with a Sequantial Monte Carlo
algorithm. Let us denote the unobserved variables as xi = (ci, θ(i), τ(i)) for
i = 1, . . . , n. Defining for each n ∈ N

f(n) :=



kn−1∏

j=1

κ(mn−1,j , τ(n) − θ∗j )
κ(mn−1,j , τ(n−1) − θ∗j )




× e−
∫ τn
0 ψ(τ(n)−θ)α(dθ)+

∫ τn−1
0 ψ(τ(n−1)−θ)α(dθ)1θ(n)<τ(n)1τ(n−1)<τ(n)

the predictive distribution can be written as

p(xn |x1:n−1, η) =




f(n)

mn−1,j−σ
τ(n)+θ

∗
j−ζ

cn = j ∈ {1, . . . , kn−1}
f(n)

α(θ(n))

(ζ+τ(n)−θ(n))1−σ cn = kn−1 + 1

Denoting by Np the number of particles in the SMC sampler, the marginal
likelihood estimate can be computed using the importance weights of the
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particles (see [21],[2]): p̂(y1:n | η) = p̂(y1 | η)
∏n
t=2 p̂(yt | y1:t−1, η) with p̂(yt | y1:t−1, η) =

1
Np

∑Np
j=1w

(j)
t and

w
(j)
t =

p(x
(j)
t , yt |x(j)

1:t−1, y1:t−1, η)

q(x
(j)
t |x

(j)
1:t−1, y1:t, η)

for all j = 1, . . . , Np

where q denotes the proposal distribution which we define as

q(xn|x1:n−1, y1:n, η) = q(τ(n) | τ(n−1)) q(cn | τ(n), x1:n−1, yn, η)1cn∈{1,...,kn−1}
+ q(τ(n) | τ(n−1)) q(cn | τ(n), x1:n−1, y1:n, η) q(θn | τ(n))1cn=kn−1+1

with q(τ(n) | τ(n−1)) being the density of truncate Gaussian distributions cen-
tred at τ(n−1), q(θn | τ(n)) = 1/τ(n), and

q(cn | τ(n), x1:n−1, y1:n, η) ∝





mn−1,j−σ
τ(n)−θ∗j+ζ

g(yAn−1,j∪{n})

g(yAn−1,j
) cn = j ∈ {1, . . . , kn−1}

Hτ(n)(R+) g(y{n}) cn = kn−1 + 1

where g is defined in Equation4.5 and Hτ(n) in Equation 3.4. Therefore we
have that the importance weight of the j-th particle at time t can be written
as

w
(j)
t =





Sf(t)

q(τ
(j)
(t)
| τ (j)

(t−1)
)

ct = j ∈ {1, . . . , kt−1}
Sf(t)

q(τ
(j)
(t)
| τ (j)

(t−1)
)q(θ

(j)
(t)
| τ (j)

(t)
)H

τ
(j)
(t)

(R+)
ct = kt−1 + 1

where S is the normalising constant.
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de Saint-Flour XIII—1983 1–198.

[2] Andrieu, C., Doucet, A. and Holenstein, R. (2010). Particle markov chain monte
carlo methods. Journal of the Royal Statistical Society: Series B (Statistical Method-
ology) 72 269–342.

[3] Bacallado, S., Favaro, S. and Trippa, L. (2015). Looking-backward probabilities
for Gibbs-type exchangeable random partitions. Bernoulli 21 1–37.

[4] Betz, V., Ueltschi, D. and Velenik, Y. (2011). Random permutations with cycle
weights. The Annals of Applied Probability 21 312–331.

[5] Bingham, N. H., Goldie, C. M. and Teugels, J. L. (1987). Regular variation 27.
Cambridge university press.

[6] Blei, D. and Frazier, P. I. (2011). Distance dependent Chinese restaurant pro-
cesses. Journal of Machine Learning Research 12 2461–2488.

[7] Bloem-Reddy, B. and Orbanz, P. (2017). Preferential Attachment and Vertex
Arrival Times. arXiv preprint arXiv:1710.02159.

imsart-aos ver. 2014/10/16 file: DiBenedettoCaronTeh_AoS_MR.tex date: April 21, 2020



NON-EXCHANGEABLE RANDOM PARTITION MODELS 35

[8] Brix, A. (1999). Generalized gamma measures and shot-noise Cox processes. Ad-
vances in Applied Probability 929–953.

[9] Broderick, T., Jordan, M. I. and Pitman, J. (2012). Beta processes, stick-
breaking and power laws. Bayesian analysis 7 439–476.

[10] Cai, D., Campbell, T. and Broderick, T. (2016). Edge-exchangeable graphs and
sparsity. In Advances in Neural Information Processing Systems 29 (D. D. Lee,
M. Sugiyama, U. V. Luxburg, I. Guyon and R. Garnett, eds.) 4249–4257. Curran
Associates, Inc.

[11] Camerlenghi, F., Lijoi, A., Orbanz, P., Prünster, I. et al. (2019a). Distribution
theory for hierarchical processes. The Annals of Statistics 47 67–92.

[12] Camerlenghi, F., Dunson, D. B., Lijoi, A., Prünster, I., Rodŕıguez, A. et al.
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Abstract

Feature allocation models are popular mod-
els used in different applications such as un-
supervised learning or network modeling. In
particular, the Indian buffet process is a flex-
ible and simple one-parameter feature allo-
cation model where the number of features
grows unboundedly with the number of ob-
jects. The Indian buffet process, like most
feature allocation models, satisfies a symme-
try property of exchangeability: the distri-
bution is invariant under permutation of the
objects. While this property is desirable in
some cases, it has some strong implications.
Importantly, the number of objects sharing
a particular feature grows linearly with the
number of objects. In this article, we describe
a class of non-exchangeable feature allocation
models where the number of objects sharing
a given feature grows sublinearly, where the
rate can be controlled by a tuning parameter.
We derive the asymptotic properties of the
model, and show that such model provides a
better fit and better predictive performances
on various datasets.

1 Introduction

Feature allocation models are probabilistic models over
multisets (Broderick et al., 2013), which represent the
allocation of a set of objects to a (potentially un-
bounded) set of features. Contrary to models on parti-
tions, where each object is assigned to a single group,
these models allow each object to be allocated more
than one feature. For example, the objects may be

Proceedings of the 23rdInternational Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2020, Palermo,
Italy. PMLR: Volume 108. Copyright 2020 by the au-
thor(s).

movies, and the features correspond to the actors per-
forming in that movie. Movies have different number
of actors, and actors participate to a different num-
ber of movies. Informally, feature allocations models
can be interpreted as distributions over sparse binary
matrices whose rows represent the objects and whose
columns represent the features; non-zero entries indi-
cate the allocation of features to objects. Feature allo-
cation models have been used in various applications,
including topic modeling (Williamson et al., 2010b),
image analysis (Zhou et al., 2011a), network model-
ing (Palla et al., 2012; Cai et al., 2016) or inference in
tumor heterogeneity (Lee et al., 2015; Xu et al., 2015).

A classical assumption is that of exchangeability: the
feature allocation model is invariant over permutations
of the objects. Taking the interpretation as a binary
matrix, the matrix is invariant over permutations of
its rows. The most remarkable example of an ex-
changeable feature allocation is the Indian buffet pro-
cess (IBP) (Ghahramani and Griffiths, 2006; Thibaux
and Jordan, 2007; Griffiths and Ghahramani, 2011)
which has a simple and intuitive generative model.
The model allows the number of features Kn to grow
unboundedly with the number of objects n at a loga-
rithmic rate. The IBP admits a three-parameter gen-
eralisation, the stable IBP (Teh and Gorur, 2009),
which is also exchangeable. For some values of its
parameters, the stable IBP can capture a power-law
behavior, where the number of features grows at a rate
of nσ for some σ ∈ (0, 1).

While the exchangeability assumption is reasonable for
many applications and has computational advantages,
it may not be adequate in some cases. In particu-
lar, assuming exchangeability implies that, out of n
objects, the number mn,j ≤ n of objects having a par-
ticular feature j (called feature’s size) scales linearly
with the number of objects n (see Figure 4(b) for an
illustration). Such assumption may be undesirable.
For instance, even if she’s a prolific actress, one does
not expect the filmography of Meryl Streep to scale
linearly with the overall number of movies released.
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The objective of this article is to present a model that
can have a sublinear growth of the size of the features,
while retaining the properties of the (stable) Indian
buffet in terms of overall growth of the number of fea-
tures and power-law properties. The article is organ-
ised as follows. Section 2 provides some background
on feature allocation models and the IBP. Our non-
exchangeable model is presented in Section 3 and its
asymptotic properties given in Section 4. In Section 5
we derive a Gibbs sampler for posterior inference. Ex-
perimental results are presented in Section 6. Related
approaches are discussed in Section 7.

2 Background

2.1 Feature allocation models and the Indian
buffet process

A feature allocation (Broderick et al., 2012) fn =
{An,1, . . . , An,Kn} is a multiset of a set of objects
{1, . . . , n} such that An,k, k = 1, . . . ,Kn are (pos-
sibly overlapping) non-empty subsets of {1, . . . , n};
An,k represents the set of objects having feature
k and Kn is the number of different features
shared by the n objects. For example, f4 =
{{1, 3}, {1, 3}, {3, 4}, {4}, {4}} indicates that object 1
has features 1 and 2, object 2 has no feature, object 3
has features 1, 2, 3 and object 4 has features 3, 4 and
5. Note that the labelling of the features as 1 to 5 is
arbitrary.

A feature allocation model is a distribution over
a growing family of random feature allocations
(fn)n=1,2,.... The most popular feature allocation
model is the Indian buffet process, where fn has dis-
tribution proportional to

Pr(fn) ∝ ηKn
Kn∏

k=1

(m̃n,k − 1)!(n− m̃n,k)!

n!
(1)

where m̃n,k is the number of objects having feature
k, for k = 1, . . . ,Kn and η > 0 is a tuning parame-
ter. The IBP admits a three-parameter generalisation,
called stable IBP (Teh and Gorur, 2009), where1

Pr(fn) ∝ ηKn

Γ(1− σ)Kn

Kn∏

k=1

Γ(m̃n,k − σ)Γ(n− m̃n,k + ζ)

Γ(n+ ζ − σ)

(2)
with η > 0, σ ∈ (−∞, 1) and ζ > 0. It reduces to
the one-parameter IBP when ζ = 1 and σ = 0. When
σ > 0, the model exhibits power-law properties.

A convenient way to encode a feature allocation
model is via a collection of atomic random measures

1Note that we use a slightly different parameterisation
compared to that of Teh and Gorur (2009).

(Z1, . . . , Zn) on some space (here R+) where for i =
1, . . . , n,

Zi =
∑

j≥1

zijδθj (3)

with zij = 1 if object i has feature j and (θj)j≥1 are
continuous random variables on R+ whose distribution
is irrelevant here. Note that in this notation there is
no particular ordering of the features, and we now use
the index j instead of k to emphasize this difference.

2.2 Completely random measures

A homogeneous completely random measure (CRM)
(Kingman, 1967; Lijoi and Prünster, 2010) on R+ =
[0,∞) is an almost surely discrete random measure

B =
∑

j≥1

ωjδθj (4)

where {(ωj , θj)j≥1} are points of a Poisson point pro-
cess on (0,∞) × R+ with mean measure ν(dω, dθ) =
ρ(ω)dωα(θ)dθ where ρ and α satisfy
∫ ∞

0

(1− e−ω)ρ(ω)dω <∞ and

∫

A

α(θ)dθ <∞

for any bounded set A ⊂ R+. The above condition
ensures that B(A) < ∞ almost surely. The CRM is
said to be infinite-activity if

∫∞
0
ρ(ω)dω =∞. In this

case, the measure B has a countably infinite support
on any non-empty interval A ⊂ R+.

The (stable) Indian buffet process admits the following
hierarchical construction via CRMs (Thibaux and Jor-

dan, 2007; Teh and Gorur, 2009). Let B̃ =
∑
j πjδθj

be a homogeneous CRM with

ρ(π) =
η

Γ(1− σ)
π−1−σ(1− π)ζ−1 1π∈(0,1) (5)

and α(θ) = 1θ≤1. The parameter πj can be interpreted
as the popularity of feature j. For i = 1, . . . , n define
the atomic measure Zi as in Equation (3) with

zij | πj ∼ Ber(πj)

for j ≥ 1, where Ber(π) denotes the Bernoulli distri-
bution with parameter π ∈ [0, 1].

2.3 An alternative construction for the
Indian buffet process

We present here an equivalent construction for the
IBP. It relies on the introduction of latent Poisson
processes, similar to the construction proposed by
Di Benedetto et al. (2017) for non-exchangeable ran-
dom partitions, adapted to feature models. This ap-
proach will give the intuition for the generalisation of
the IBP introduced in the next section.
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(a) Beta-Bernoulli process (b) Continuous time IBP (c) Non-exchangeable point
process

Figure 1: Point process defining the feature models: red sticks represent weights of the CRM, points and bars
of the same colour refer to the same feature. (a) Beta-Bernoulli process; (b) Point process construction of the
IBP: each rectangle of basis [Ti−1, Ti] represents the i − th object whose features are depicted by the coloured
bars, which are present if at least one of the corresponding points falls in the rectangle; (c) Non-exchangeable
point process.

Using the change of variable ωj = − log(1 − πj) ∈
(0,∞), the random measure B =

∑
j ωjδθj is itself a

CRM with α(θ) = 1θ≤1 and

ρ(ω) =
η

Γ(1− σ)
e−ζω(1− e−ω)−1−σ. (6)

We call (6) a transformed stable beta (TSB) Lévy
measure, and the associated random measure B a
TSB process (TSBP). Consider for each j a homoge-
neous Poisson process Nj(t) on R+ with rate ωj . Let
zij = 1Nj(i)−Nj(i−1)>0 be a binary variable indicating
if there is any event in the time interval [i−1, i). Then

Pr(zij = 1 | ωj) = Pr(Nj(i)−Nj(i− 1) > 0 | ωj)
= 1− e−ωj = πj .

This construction is illustrated in Figure 1.

3 Non-exchangeable feature allocation
model

Let B =
∑
j≥1 ωjδθj be a homogeneous completely

random measure on R+. While the model can be de-
fined for a general CRM, we focus here on the case
where α(θ) = 1 and ρ is either the transformed sta-
ble beta measure (6), or the generalised gamma (GG)
measure (Hougaard, 1986), given by

ρ(ω) =
η

Γ(1− σ)
ω−1−σe−ζω1ω>0 (7)

where η > 0, σ ∈ (−∞, 1), ζ > 0. As we will show
in Section 4, both models lead to the same asymptotic
behavior. The GG measure has however a conjugate
form that makes it more amenable to posterior infer-
ence, as detailed in Section 5. A CRM with mean
measure (7) will be called a Generalised Gamma Pro-
cess (GGP).

Inspired by the work on random partition models by
Di Benedetto et al. (2017), let (Yn)n≥1 and (Tn)n≥1 be
two increasing sequences of positive reals defined as

Tn = n
1
ξ+1 , Yn = n

ξ
ξ+1 (8)

where ξ ≥ 0 is a tuning parameter. Define the se-
quence (∆n)n≥1 by ∆n := Tn − Tn−1. The feature
allocation of an object i is represented by a random
measure Zi on R+ as in Equation (3) where

zij | ωj , θj ∼ Ber
(

1− e−ωj∆i1θj≤Yi
)
. (9)

Note that zij = 0 a.s. if θj > Yi.

The model admits the following construction using a
latent Poisson process. For each j, let (Nj(t))t>0 be
a homogeneous Poisson process with rate ωj . Then
the binary variable zij = 1Nj(Ti)−Nj(Ti−1)>01θi≤Yi has
distribution (9). See the illustration in Figure 1(c).

Note that if one sets ξ = 0, we have ∆i = Yi = 1. The
distribution in the right-handside of Equation (9) does
not depend on i and the associated feature allocation
model is therefore exchangeable. If additionally we use
the mean measure ρ as in Equation (6), we recover the
three-parameter IBP as a special case.

The model is parameterised by the four parameters η,
σ, ζ and ξ. In the next section we show how these pa-
rameters tune the asymptotic properties of the model.
The critical parameter is the parameter ξ and we show
that for ξ > 0, the features’ sizes grow sublinearly with
n, at a rate controlled by this parameter.
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4 Asymptotic Properties

4.1 Notations

In this section we use the following notations for
asymptotics. an

n→∞∼ bn means that limn→∞
an
bn

= 1

and an
n→∞� bn means lim supn→∞

an
bn

< ∞ and

lim supn→∞
bn
an

< ∞ (that is, an is of the same order
as bn). Let

Zi(R+) =
∑

j≥1

zij

be the number of features for object i. For each feature
j = 1, 2, . . ., let us define its size as

mn,j =
n∑

i=1

zij

i.e. the number of objects having that feature, and let

mn =
∑

j≥1

mn,j =
n∑

i=1

∑

j≥1

zij

be the total number of features allocated to the n ob-
jects. Denote

Kn =
∑

j

1mn,j>0

the number of unique features, and

Kn,r =
∑

j

1mn,j=r

the number of unique features allocated to r objects,
where r ≥ 1. Note that

∑
rKn,r = Kn.

We will use the following notation for the Laplace ex-
ponent and the tilted moments

ψ(t) =

∫ ∞

0

{
1− e−ωt

}
ρ(ω)dω

κ(m,u) =

∫ ∞

0

ωme−uωρ(ω)dω.

for any integer m ≥ 1 and any u > 0. κ(m, 0) cor-
respond to the m-th moment of the measure ρ. For
the GG measure, we have ψ(t) = η

σ ((t+ ζ)σ − ζσ) and

κ(m,u) = η Γ(m−σ)
Γ(1−σ) (u+ ζ)σ−m. For the TSB, we have

ψ(1) = ηΓ(ζ)
Γ(ζ+1−σ) , but there is no analytical expression

for ψ(t) and κ(m,u).

4.2 Asymptotic properties when ξ = 0

We first recall here, for comparison, the asymptotic
properties of our model for ξ = 0 when B is a GGP
or a TSBP. As mentioned in Section 3, the model is

exchangeable in that case and if B is the TSBP, it re-
duces to the three parameter IBP, whose asymptotic
properties are well known (Ghahramani and Griffiths,
2006; Thibaux and Jordan, 2007; Teh and Gorur, 2009;
Broderick et al., 2012). Asymptotics when B is the
GGP model are similar. First, for the number of fea-
tures of object i,

Zi(R+) ∼ Poisson (ψ(1)) (10)

where ψ(1) = ηΓ(ζ)
Γ(ζ+1−σ) for the TSBP and ψ(1) =

η
σ ((ζ + 1)σ − ζσ) for the GGP.

Given the CRM B, we have almost surely

mn,j
n→∞∼ n(1− e−ωj ) (11)

mn
n→∞∼ n

∑

j≥1

(1− e−ωj ). (12)

Hence both the features’ sizes and the total number
of features grow linearly with n, as a consequence of
the exchangeability assumptions. For the number of
unique features, we have almost surely

Kn
n→∞∼

{
η log(n) σ = 0
η
σn

σ σ ∈ (0, 1)
. (13)

Finally we have, for the proportions of features allo-
cated to r objects for σ ∈ (0, 1)

Kn,r

Kn
→ σΓ(r − σ)

r!Γ(1− σ)
(14)

almost surely as n tends to infinity, and Kn,r/Kn → 0
almost surely otherwise for all r ≥ 1. Equation (14)
corresponds to a power-law behaviour as Γ(r−σ)/r! '
r−(1+σ) for large r.

4.3 Asymptotic properties when ξ > 0

When ξ > 0, the model is non-exchangeable. In this
case, most of the properties of the exchangeable case
are retained, such as the Poisson number of features
per object (see Proposition 1 below), the linear growth
of the total number of features (Proposition 2) and the
power-law behaviour, solely controlled by the parame-
ter σ (Proposition 5). The number of unique features
Kn still grows sublinearly, but at a rate now controlled
by both σ and ξ (Proposition 4). The key difference
is that, as shown in Proposition 3, the features’ sizes
grow at a rate n1/(1+ξ), which is sublinear for ξ > 0.

Propositions 1, 2 and 3 are valid for any choice of Lévy
measure ρ. Propositions 4 and 5 hold for any Lévy
measure ρ such that

ψ(t)
t→∞∼

{
η log(t) σ = 0
η
σ t
σ σ ∈ (0, 1)

. (15)
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(a) IBP (b) ξ = 0.25 (c) ξ = 1 (d) ξ = 2

Figure 2: Evolution of the features’ sizes with the sample size for different synthetic datasets: (a) IBP; (b-d)
Non-exchangeable model for ξ = 0.25, 1, 2. The feature size growth is (a) n, (b) n0.8, (c) n1/2 and (d) n1/3.

Equation (15) holds in particular for the GGP and
the TSBP. The proofs are given in the Supplementary
Material.

The first proposition shows that the number of fea-
tures per object is Poisson distributed, with a rate
converging to a constant.

Proposition 1 (number of features per object). Con-
sider the model of Section 3 with a generic ρ and ξ > 0.
For each object n, we have

Zn(R+) ∼ Poisson (E [Zn(R+)]) (16)

where

E [Zn(R+)] = Ynψ(∆n)→ (1 + ξ)−1κ(1, 0),

with κ(1, 0) = ηζσ−1 for the GGP.

The next result is on the asymptotic behaviour of the
total number of features observed in the first n objects.

Proposition 2 (total number of features). Consider
the model of Section 3 with a generic ρ and ξ > 0. The
total number of features observed in the first n objects
satisfies

mn
n→∞∼ (1 + ξ)−1κ(1, 0)n.

The following proposition describes the growth of the
features’ sizes mn,j with respect to n.

Proposition 3 (number of objects per feature). Con-
sider the model of Section 3 with a generic Lévy mea-
sure ρ and ξ ≥ 0. For each j ≥ 1 and conditionally on
the CRM B, we have that, almost surely,

mn,j
n→∞∼ ωjTn = ωjn

1/(1+ξ).

The features’ sizes therefore grow linearly if ξ = 0,
and sublinearly when ξ > 0, with a rate decreasing at
ξ increases. This is illustrated in Figure 2.
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Figure 3: Log-log plot of the proportions of features
shared by a fixed number of objects. Simulated exam-
ples for σ ∈ {0.1, 0.4, 0.7}, with ξ = 1 and η = 30.

Proposition 4 (number of unique features). Consider
the model of Section 3 with ξ ≥ 0 and a Lévy measure
ρ whose Laplace exponent ψ satisfies Equation (15).
The number of unique features Kn is such that

Kn
n→∞∼

{
η n

ξ
ξ+1 log(n) σ = 0

η Γ(ξ+1)Γ(σ)
Γ(σ+ξ+1) n

ξ+σ
ξ+1 σ ∈ (0, 1)

. (17)

Analogously to the three-parameter IBP model, the
proposed non-exchangeable feature allocation model
exhibits the power-law property for the number of fea-
tures shared by a given number of objects (see Figure 3
for an illustration of this property).

Proposition 5 (power-law properties). Consider the
model of Section 3 with ξ > 1− σ and a Lévy measure
ρ whose Laplace exponent ψ satisfies Equation (15).
We have, almost surely as n tends to infinity

Kn,r

Kn
→ σΓ(r − σ)

r!Γ(1− σ)
.

We conjecture that the condition ξ > 1−σ introduced
in the above proposition, which is needed for the proof,
is not a necessary condition, and that the above propo-
sition actually holds for any ξ ≥ 0.
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5 Inference

5.1 Data augmentation and conditional
distribution

For posterior inference, we introduce a latent process,
similar to that of Caron (2012). For i = 1, . . . , n, let
Ui =

∑
j≥1 uijδθj where uij = 1 if zij = 0, and

uij | zij = 1, ωj ∼ tExp(∆iωj , 1) (18)

tExp(λ, T ) denotes the right-truncated exponential
distribution with rate λ > 0 and truncation T > 0 with
probability density function λe−λx(1 − e−Tλ)−11x<T .
Note that by construction, zij = 1uij<1 is a determin-
istic function of uij .

Denote θ̃1, . . . , θ̃Kn the set of θj ’s such that
mn,j > 0, ω̃1, . . . , ω̃Kn the corresponding weights,
(ũi,k)i=1,...,n;k=1,...,Kn the corresponding latent vari-
ables, (z̃i,k)i=1,...,n;k=1,...,Kn the corresponding binary
variables and m̃n,1, . . . , m̃n,Kn the associated features’
sizes. For k = 1, . . . ,Kn, let Y ∗k = infi{Yi : z̃ik = 1}.
With analogous calculations to Caron (2012) it is pos-
sible to write down the conditional distributions

P(U1, . . . , Un |B)

= e
−∑n

i=1 ∆i

(
B̄(Yi)−

∑Kn
k=1 ω̃k1

θ̃k<Yi

)( n∏

i=1

∆
∑Kn
k=1 z̃ik

i

)

(
Kn∏

k=1

ω̃
m̃n,k
k e

−ω̃k
∑n
i=1 ∆iũik 1

θ̃k<Yi1θ̃k<Y ∗
k

)

where B̄(Yi) = B((0, Yi)) =
∑
j ωj1θj<Yi . Using the

results on Poisson partition calculus (James, 2002), we
can marginalize out the CRM

P(U1, . . . , Un) = e−
∫ Yn
0

ψ(fn(θ))dθ

(
n∏

i=1

∆
∑Kn
k=1 z̃ik

i

)

×
Kn∏

k=1

κ

(
m̃n,k,

n∑

i=1

∆iũik1θ̃k<Yi

)
1θ̃k<Y ∗

k

(19)

with fn(θ) :=
∑n
i=1 ∆i1θ≤Yi . The conditional distri-

bution is

B | (ũik)
d
= B∗ +

Kn∑

k=1

ω̃kδθ̃k (20)

where B∗ is an inhomogeneous CRM with Lévy mea-
sure ν∗(dω, dθ) = e−ω

∑n
i=1 ∆i1θ<Yiρ(ω)dωdθ, and it is

independent of (ω̃k, θ̃k)k=1,...,Kn which are indepen-
dent (in k), with joint posterior probability density

p(ω̃k, θ̃k| (ũik)) ∝ ω̃m̃n,kk e
−ω̃k

∑n
i=1 ∆iũik1

θ̃k<Yiρ(ω̃k)1θ̃k<Y ∗
k
.

5.2 Gibbs sampler

Assume that we have observed the binary feature al-
locations (z̃i,k)i=1,...,n,k=1,...,Kn . We take an empirical
Bayes approach, and wish to approximate the poste-
rior distribution

p((ũi,k), (ω̃k), (θ̃k) | (z̃i,k), φ̂) (21)

where φ̂ is a point estimate of the hyperparameters
φ = (ξ, σ, η, ζ). We explain in the next section how to
obtain consistent estimators of the hyperparameters
using our asymptotic results. For the GGP, a Gibbs
sampler with target distribution (21) can be derived
as follows

• For i = 1, . . . , n, k = 1, . . . ,Kn, such that z̃i,k = 1
sample ũik | rest ∼ tExp(∆iω̃k, 1).

• For k = 1, . . . ,Kn, sample

ω̃k | rest ∼ Gamma

(
m̃n,k − σ, ζ +

n∑

i=1

∆iũik1θ̃k<Yi

)
.

• For k = 1, . . . ,Kn, sample

θ̃k | rest ∼ e−ω̃k
∑n
i=1 ∆iũik1

θ̃k<Yi1θ̃k<Y ∗
k
.

The last distribution is piecewise constant, and one
can therefore straightforwardly sample from it.

5.3 Estimation of the Hyperparameters

We use here the asymptotic results of Section 4 to de-
rive consistent estimators of the hyperparameters. The
parameter ξ controls the features’ growth and is con-
sistently estimated using Proposition 3, while Propo-
sition 5 can be used to consistently estimate the pa-
rameter σ from the proportion of features of size one:

ξ̂ =
log n

log maxk=1,...,Kn m̃n,k
− 1, σ̂ =

Kn,1

Kn
.

Using Propositions 2 and 4 we have the following con-
sistent estimators for the parameters η and ζ (GGP):

η̂ =
Γ(σ̂ + ξ̂ + 1)

Γ(σ̂)Γ(ξ̂ + 1)

Kn

n
ξ̂+σ̂
1+σ̂

, ζ̂ =

(
(ξ̂ + 1)mn

η̂ n

) 1
σ̂+1

.

Although these estimators are consistent, it should be
noted that ξ̂ depends logarithmically on the sample
size, leading potentially to a slow convergence. How-
ever, as shown in the simulated experiments (see sec-
tion 6 and Table 1), the estimated values of the hyper-
paramenters ξ and σ are close to the true values.
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(a) Synthetic - NE (b) Synthetic - IBP (c) Movies (d) ArXiv (e) Amazon

Figure 4: Evolution of some of features’ sizes with respect to the sample size for different datasets.

Non-exchangeable Indian Buffet process
σ̂NE L2 error 90% CI σ̂IBP L2 error 90% CI

Synthetic 0.61 15.41 [15.32, 15.50] 0.51 19.93 [19.72, 20.13]
Synthetic IBP 0.41 30.47 [30.37, 30.54] 0.39 31.19 [31.11, 31.28]
IMDb movies 0.31 21.27 [21.20, 21.35] 0.07 36.78 [36.59, 37.04]

Arxiv 0.48 7.96 [7.89, 7.96] 0.31 13.95 [13.81, 14.08]
Amazon 0.57 142.06 [141.74, 142.38] 0.61 142.62 [142.25, 143.02]

Table 1: Estimated values for the parameter σ obtained by the Indian Buffet process (σ̂IBP) and our non-
exchangeable model (σ̂NE). Mean and quantiles of the L2 predictive error.

6 Experiments

In this section we present some experiments to com-
pare the proposed model with GG measure against the
three-parameter IBP. We estimate the parameters on
a training set, and compute the empirical normalized
L2 error between the true and predicted features’ sizes
on a test set

Err =
1

ntest

Kntrain∑

k=1

ntrain+ntest∑

i=ntrain+1

(m̃true
i,k − m̃i,k)2

where m̃true
i,k is the observed size of feature k, ntrain

and ntest are the numbers of objects in the train-
ing set and test set respectively and Kntrain is the
number of features observed in the training set. We
aim at reporting the posterior mean L2 error E[Err |
(z̃ik)i=1,...,ntrain,k=1,...,Kntrain

] and the 90% credible in-
terval of the posterior distribution of the L2 error.
Details on the posterior predictive under our non-
exchangeable model are given in Section A of the Sup-
plementary Material. In what follows we denote the
total number of objects in the dataset as n. Given
the closed form expression (2), the hyperparameters
(η, σ, ζ) of the three-parameter IBP are estimated by
maximum likelihood.

Synthetic data. The models are first tested on syn-
thetic datasets. We generate a binary matrix with
n = 3000 rows from our non-exchangeable model with
parameters (η, σ, ξ, ζ) = (30, 0.5, 1, 1), with a training
set of size ntrain = 1000. Figure 4 shows that the

feature’ sizes are clearly sublinear, and as expected
the prediction error is higher under the IBP model, as
shown in Table 1. The second synthetic dataset of size
n = 10000 is generated from the IBP model with pa-
rameters (η, σ, ζ) = (20, 0.4, 2.4), with ntrain = 3000.
The estimated value for the parameter ξ in the non-
exchangeable model is close to zero (ξ̂ = 0.04). This
shows that our model is able to capture the linearity in
the feature size, typical of the exchangeable datasets.
Both models are able to recover the parameter σ cor-
rectly and the prediction errors are about the same
(see Table 1 and Figure 4).

Amazon data. This real dataset contains time-
ordered reviews of movies from Amazon2. We consider
the first n = 4000 reviews and use ntrain = 1000 re-
views for training. In this context the binary matrix
represents the presence of words in the reviews. Fig-
ure 4 shows that the presence of words in the reviews
increases linearly with the number of reviews, which
is expected to be observed in most of text data. As
a consequence, the estimated parameter ξ̂ = 0.01 is
very close to zero and the prediction errors of the two
models are the same (see Table 1 and Figure 4).

ArXiv data. The ArXiv dataset3 contains time-
ordered articles uploaded on the Arxiv website. Each
article is represented as a binary array that encodes its
authors. Features size then represents the number of

2https://snap.stanford.edu
3https://www.kaggle.com/neelshah18/arxivdataset
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(a) Synthetic - NE (b) Synthetic - IBP (c) Movies (d) ArXiv (e) Amazon

Figure 5: Log-log plots of the empirical proportions (Kn,r/Kn)r≥1 (red dots) and 95% posterior predictive
intervals (blue). Top: Indian Buffet Process (IBP); bottom: non-exchangeable model (NE).

Figure 6: Movies dataset: sizes of some of the features
(solid lines, training set in black), predicted features’
sizes by the non-exchangeable model (dot lines), pre-
dictions by the IBP (dash-dot lines).

articles published by an author as a function of all the
articles published on ArXiv. It is therefore expected a
sublinear trend of the features’ sizes, which is shown
in Figure 4. We considered the first n = 5000 movies
and used the first ntrain = 1000 for training. The non-
exchangeable model captures this asymptotic property
(ξ̂ = 0.96) resulting in a better predictive performance
compared to the IBP (see Table 1 and Figure 4).

Movies data. This dataset4 contains time-ordered
movies listed in Wikipedia and IMDB. Here the fea-
tures are represented by the actors who have per-
formed in the movie. The number of movies in which
a specific actor has performed is obviously sublin-
ear. We consider a subset of n = 5000 movies with
ntrain = 2000. The sublinear trend of the features’
sizes is correctly modelled by our model (ξ̂ = 0.45)
which outperforms the IBP in the prediction error (see
Table 1 and Figure 4 and 6).

4http://udbms.cs.helsinki.fi/?datasets/film dataset

Finally, Figure 5 shows the posterior predictive of the
proportions of features shared by a given number of ob-
jects. Both models have the same asymptotic power-
law property for this statistic and their fit is similar
across all the datasets as expected.

7 Discussion

Various feature allocation models have been proposed
in the literature that relax the exchangeability as-
sumption. In particular dependent Indian buffet pro-
cesses (Caron and Doucet, 2009; Williamson et al.,
2010a; Zhou et al., 2011b; Ren et al., 2011; Miller et al.,
2012; Gershman et al., 2014; Perrone et al., 2017) in-
clude models with covariates (time, space, graph, etc.),
so that objects with similar covariates have similar fea-
ture weights; see (Foti and Williamson, 2013) for a
review. Contrary to this line of work, the aim here
is to derive feature allocation models with provable
sublinear growth of the features’ sizes, retaining the
good asymptotic properties of the exchangeable mod-
els, namely the power-law behaviour and the control
on the number of unique features. The proposed class
of models allows to control these quantities by inter-
pretable and tunable parameters, and inference is car-
ried out by a simple Gibbs algorithm. Finally, the
problem addressed in this paper is closely related to
the problem of microclustering (Miller et al., 2015),
which aims at finding models for random partitions
where the size of the clusters grows sublinearly.
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In this document we provide the proofs of the Propo-
sitions stated in the main paper, together with the
posterior predictive distribution of the feature alloca-
tions.

A Posterior predictive distribution of
feature allocations

The data augmentation described in Section 5 in the
main paper allows us to compute the posterior predic-
tive distribution of the n + 1-th object given the first
n ones.

Zn+1 |U1, . . . , Un
d
= Z∗n+1 +

Kn∑

k=1

z̃n+1,kδθ̃k

where Z∗n+1 is independent of the z̃n+1,k which are
distributed as follows

z̃n+1,k |U1, . . . , Un ∼

Ber


1−

κ
(
m̃nj , ∆n+1 +

∑n
i=1 ∆iũij1θ̃k≤Yi

)

κ
(
m̃nj ,

∑n
i=1 ∆iũij1θ̃k≤Yi

)


 .

By the marking theorem for Poisson point processes

and Equation (20), Z∗n+1 =
∑Kn+K∗

n+1

k=Kn+1 δθ̃k is a
Poisson random measure on R+ with mean measure

µ∗n+1(dθ) =
∫∞

0

(
1− e−ω∆n+11θ≤Yn+1

)
dν∗(dω, dθ),

where we recall that

ν∗(dω, dθ) = e−ω
∑n
i=1 ∆i1θ≤Yiρ(ω)dωdθ

=

(
1θ>Yn +

n∑

i=1

e−ω(Tn−Ti−1)1Yi−1<θ≤Yi

)

× ρ(ω)dωdθ

where T0 = Y0 = 0. Therefore, the number K∗n+1 =
Z∗n+1(R+) of new features of the n+1 object is Poisson

distributed with mean

E[Z∗n+1(R+)]

=

∫ ∞

0

∫ ∞

0

(
1− e−ω∆n+11θ≤Yn+1

)
dν∗(dω, dθ)

If follows that

E[Z∗n+1(R+)]

=

n+1∑

i=1

(Yi − Yi−1)

∫ ∞

0

(
1− e−ω∆n+1

)
e−ω(Tn−Ti−1) ρ(ω)dω

(A.1)

The locations θ̃Kn+1, . . . , θ̃Kn+K∗
n+1

are sampled iid

from the piecewise constant distribution on [0, Yn+1]
with pdf proportional to

n+1∑

i=1

1Yi−1<θ≤Yi

∫ ∞

0

(
1− e−ω∆n+1

)
e−ω(Tn−Ti−1) ρ(ω)dω

(A.2)

If B is a GGP, the integral in Equations (A.1) and
(A.2) is tractable and we have

∫ ∞

0

(
1− e−ω∆n+1

)
e−ω(Tn−Ti−1) ρ(ω)dω

=

{
η
σ [(Tn+1 − Ti−1 + ζ)σ − (Tn − Ti−1 + ζ)σ] σ > 0

η log
(

1 + ∆n+1

Tn−Ti−1+ζ

)
σ = 0

Proof. We have

Pr(z̃n+1,k = 1 |ω̃k, U1, . . . , Un) = 1− e−ω̃k∆n+1

and

p(ω̃k | U1, . . . , Un) =
ω̃
m̃n,k
k e

−ω̃k
∑n
i=1 ∆iũij1θ̃k≤Yiρ(ω̃k)

κ
(
m̃n,k,

∑n
i=1 ∆iũij1θ̃k≤Yi

)
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Hence

Pr(z̃n+1,k = 1 | U1, . . . , Un)

= 1−
κ
(
m̃n,k,∆n+1 +

∑n
i=1 ∆iũij1θ̃k≤Yi

)

κ
(
m̃n,k,

∑n
i=1 ∆iũij1θ̃k≤Yi

)

The conditional distribution of the latent point process
Un+1 can be written as follows:

p(ũn+1,k | z̃n+1,k = 1, ũ1:n,k)

∝ κ
(
m̃n,k + 1,∆n+1ũn+1,k +

n∑

i=1

∆iũik

)
1un+1,j<1

Proof. We have

p(ũn+1,k | ω̃k, z̃n+1,k = 1, ũ1:n,k)

=
∆n+1ω̃ke

−ũn+1,k∆n+1ω̃k1ũn+1,k<1

1− e−∆n+1ω̃k

and

p(ω̃k | z̃n+1,k = 1, U1, . . . , Un)

∝ (1− e−∆n+1ω̃k)ω̃
m̃n,k
k e

−ω̃k
∑n
i=1 ∆iũij1θ̃k≤Yiρ(ω̃k)

B Proofs

B.1 Proof of Proposition 1

By the marking theorem for Poisson point processes,
the set of points {(ωj)j≥1 | zij = 1} is drawn
from a Poisson point process with mean measure
Yi(1−e−∆iω)ρ(ω)dω. The total number of such points
Zi(R+) is therefore Poisson distributed with mean
E [Zi(R+)] = Yiψ(∆i). Using integration by part, we
have

ψ(t) = t

∫ ∞

0

e−wtρ(w)dw

where

ρ(x) =

∫ ∞

x

ρ(w)dw. (B.1)

Hence, by monotone convergence,

lim
t→∞

ψ(t)

t
=

∫ ∞

0

ρ(w)dw = κ(1, 0)

and it follows that

Ynψ(∆n)
n→∞∼ Yn∆nκ(1, 0)

Finally note that ∆n
n→∞∼ (1 + ξ)−1n−ξ/(ξ+1), hence

Yn∆n → (1 + ξ)−1.

B.2 Proof of Proposition 2

The number of features observed in the first n objects
can be written as

mn :=
n∑

i=1

∑

j≥1

zij =
n∑

i=1

Zi(R+)

Since E[Zn(R+)] = E[mn] − E[mn−1], it follows by
Stolz-Cesàro theorem that

E[mn]
n→∞∼ (1 + ξ)−1κ(1, 0)n.

In order to get the almost sure convergence of mn

to its expectation we can use the Kolmogorov strong
law of large numbers which, under the assumption∑
n≥1 Var

(
Zn(R+)

n

)
<∞, gives

mn − E[mn]

n
→ 0 almost surely.

Recall that Var(Zn(R+)) = E[Zn(R+)]. Therefore the
summability condition on the variance boils down to
the convergence of the sum

∑
n≥1

1
n2Yn ψ(∆n), which

holds true since the elements of the sum are of order
n−2.

B.3 Proof of Proposition 3

Since E[mn,j |B] =
∑n
i=1

(
1− e−ωj∆i

)
1θj<Yi , we have

E[mnj |B]−E[mn−1 j |B]
Tn−Tn−1

= 1−e−ωj∆n

∆n
1θj<Yn → ωj , then by

Stolz-Cesàro theorem we have that

E[mnj |B]
n→∞∼ ωjTn.

We have

Var(mn,j |B) =
n∑

i=1

(
1− e−ωj∆i

)
e−ωj∆i1θj<Yi

≤ E[mn,j |B].

Using the sandwiching argument in Proposition 2 of
Gnedin et al. (2007) it follows that, conditionally on
B,

mnj
E[mnj |B] → 1 almost surely.

B.4 Proof of Proposition 4

Applying Campbell’s theorem

E[Kn] = E[E[Kn | B]]

= E


∑

j

Pr(mn,j > 0 | B)




=

∫ ∞

0

∫ ∞

0

(
1− e−ωfn(θ)

)
ρ(ω)dωdθ

=

∫ Yn

0

ψ(Tn − g(θ))dθ
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where

fn(θ) :=
n∑

i=1

∆i1θ≤Yi = (Tn − g(θ))1θ≤Yn (B.2)

with g(θ) :=
∑∞
i=1 ∆i1θ>Yi is a monotone increasing

step function satisfying, for all θ ≥ 0

max(0, g1(θ)) ≤ g(θ) ≤ g2(θ) (B.3)

where g1(θ) = (θ(ξ+1)/ξ − 1)1/(ξ+1) and g2(θ) = θ1/ξ.

Note that g1(θ)
θ→∞∼ g2(θ)

θ→∞∼ θ1/ξ. As ψ is an
increasing function, it follows

∫ Yn

0

ψ(Tn − g2(θ))dθ ≤ E[Kn] ≤
∫ Yn

1

ψ(Tn − g1(θ))dθ

+ ψ(Tn).

Using a change of variable, we obtain

∫ Yn

0

ψ(Tn − g2(θ))dθ = ξ

∫ Tn

0

ψ(Tn − θ) θξ−1dθ

Finally, noting that

ψ(t)
t→∞∼ tσ`(t)

where

`(t) =

{
η log(t) σ = 0
η
σ σ ∈ (0, 1)

and using (Di Benedetto et al., 2017, Lemma 14), we
obtain
∫ Yn

0

ψ(Tn − g2(θ))dθ
n→∞∼ Γ(ξ + 1)Γ(σ + 1)

Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 `(n)

Similarly, we have

∫ Yn

1

ψ(Tn − g1(θ))dθ
n→∞∼ Γ(ξ + 1)Γ(σ + 1)

Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 `(n).

It follows by sandwiching that

E[Kn]
n→∞∼ Γ(ξ + 1)Γ(σ + 1)

Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 `(n).

Using Campbell’s theorem again,

Var[Kn] = Var[E[Kn | B]] + E[Var[Kn | B]]

=

∫ (
1− e−ωfn(θ)

)
e−ωfn(θ)ρ(dω)dωdθ

+

∫ (
1− e−ωfn(θ)

)2

ρ(dω)dωdθ

=

∫ (
1− e−ωfn(θ)

)
ρ(dω)dωdθ

therefore the almost sure asymptotic equivalence fol-
lows by Chebyshev inequality and the strong law of
large numbers for Kn (see (Gnedin et al., 2007, Propo-
sition 2)).

B.5 Proof of Proposition 5

We have the following inequality, for any x ≥ 0

0 ≤ x− (1− e−x) ≤ x2

2
. (B.4)

Let us recall that

Kn,r =
∑

j≥1

1mn,j=r.

where mn,j =
∑n
i=1 zij . Conditional on the CRM B

we have

E[Kn,r |B] =
∑

j≥1

Pr
(
mn,j = r

∣∣∣B
)
.

Note that Pr
(
mn,j = r

∣∣∣B
)

only depends on (θj , ωj).

Write Sn,r(θj , ωj) = Pr
(
mn,j = r

∣∣∣B
)

. Let us de-

note qi(θj , ωj) := Pr(zij = 1 | B) = 1 − e−∆iωj1θj≤Yi ;
λn(θj , ωj) :=

∑n
i=1 qi(θj , ωj). Conditional on B the

random variable mn,j has a Poisson-Binomial distribu-
tion with parameters (q1(θj , ωj), . . . , qn(θj , ωj)). For
each fixed (ωj , θj) Le Cam’s inequality Le Cam (1960)
and inequality (B.4) give

∑

r≥0

∣∣∣∣∣Pr(mn,j = r | B)− Poisson (r;λn(θj , ωj))

∣∣∣∣∣

≤ 2

n∑

i=1

qi(θj , ωj)
2 ≤ 2ω2

j

n∑

i=1

∆2
i 1θj≤Yi . (B.5)

where Poisson(r;λ) denote the probability mass func-
tion of a Poisson random variable with rate parameter
λ evaluated at r. Note that for any 0 < λ1 ≤ λ2, using
coupling inequalities (see. e.g. (Roch, 2015, Example
4.10 p. 154))

∑

r≥0

∣∣∣∣∣Poisson(r;λ1)− Poisson(r;λ2)

∣∣∣∣∣ ≤ 2(λ2 − λ1).

Noting that λn(θj , ωj) ≤ ωjfn(θj), where fn is defined
in Equation (B.2), and using inequality (B.4), we ob-
tain

∑

r≥0

∣∣∣∣∣Poisson(r;λn(θj , ωj))− Poisson(r;ωjfn(θj))

∣∣∣∣∣

≤ 2
n∑

i=1

(
ωj∆i − (1− e−ωj∆j )

)
1θj≤Yi

≤ ω2
j

n∑

i=1

∆2
i 1θj≤Yi



Supplementary material

Combining the above inequality with the inequality
(B.5), we obtain the total variation bound

∑

r≥0

∣∣∣∣∣Pr(mn,j = r | B)− Poisson (r;ωjfn(θj))

∣∣∣∣∣

≤ 3ω2
j

n∑

i=1

∆2
i 1θj≤Yi . (B.6)

Using Campbell’s theorem,

E


∑

j≥1

ω2
j

n∑

i=1

∆2
i 1θj≤Yi


 = κ(2, 0)

n∑

i=1

Yi∆
2
i

n→∞� n1/(1+ξ). (B.7)

Using Campbell’s theorem again,

E


∑

j≥1

Poisson (r;ωjfn(θj))




=
1

r!

∫ ∞

0

∫ ∞

0

e−ωfn(θ)ωrfn(θ)r ρ(ω) dωdθ

=
1

r!

∫ ∞

0

κ(r, fn(θ))fn(θ)rdθ

=
1

r!

∫ Yn

0

κ(r, Tn − g(θ))(Tn − g(θ)))rdθ

We use again the inequality (B.3) to bound the above
expression. The upper bound is given by

1

r!

∫ Yn

0

κ(r, Tn − g2(θ))(Tn − g1(θ))rdθ

Using a change of variable, we obtain

ξ

r!

∫ Tn

0

κ(r, Tn − θ)(Tn − g1(θξ)))rθξ−1dθ

=
ξ

r!

∫ Tn

0

κ(r, θ)(g1(θξ))r(Tn − θ)ξ−1dθ. (B.8)

Noting that κ(r, θ)
θ→∞∼ ηθσ−r Γ(r−σ)

Γ(1−σ) and

(g1(θξ))r
θ→∞∼ θr, and using (Di Benedetto et al., 2017,

Lemma 14), we obtain that (B.8) is asymptotically
equivalent to

η
Γ(ξ + 1)Γ(r − σ)

r!Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 .

A similar asymptotic equivalence is obtained for the
lower bound, and we conclude by sandwiching that

E


∑

j≥1

Poisson (r;ωjfn(θj))




n→∞∼ η
Γ(ξ + 1)Γ(r − σ)

r!Γ(σ + ξ + 1)
n
ξ+σ
ξ+1

Combining the above asymptotic result with Equa-
tions (B.6) and (B.7), and assuming ξ + σ > 1, we
conclude

E[Kn,r] = E


∑

j≥1

Pr
(
mn,j = r

∣∣∣B
)



n→∞∼ η
Γ(ξ + 1)Γ(r − σ)

r!Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 .

The variance of Kn,r can be written as

Var[Kn,r] = Var[E[Kn,r |B]] + E[Var[Kn,r |B]]

=

∫
Sn,r(θ, ω)ρ(ω)dωdθ

+

∫
Sn,r(θ, ω)(1− Sn,r(θ, ω)) ρ(ω)dωdθ

= E[Kn,r].

Using the result below Proposition 2 in Gnedin et al.

(2007), we obtain, almost surely, E
[∑

r≥j Kn,r

]
n→∞∼∑

r≥j Kn,r. Using a proof similar to that of Corollary
21 in Gnedin et al. (2007), we obtain

Kn,r
n→∞∼ η

Γ(ξ + 1)Γ(r − σ)

r!Γ(σ + ξ + 1)
n
ξ+σ
ξ+1 . (B.9)

Combining Equation (B.9) with Equation (17) gives
the final result.
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Chapter 4

Posterior contraction rates in

Bayesian Functional Regression

models

In this Chapter posterior contraction rates are derived for two Bayesian func-

tional regression models: Functional Linear Regression and Functional Single-

Index Model both with random predictor and scalar response.

4.1 Background

Functional Data Analysis (FDA) has gained increasing attention in the last

decades, thanks to the rising of data being recorded over very fine grids,

making it reasonable to model data as random functions. The models devel-

oped in this area have found applications in various fields such as econometrics

([Laurini, 2014]), neuroimaging ([Lila et al., 2016]), linguistics ([Gubian et al., 2015]),

meteorology ([Jamaludin and Yusop, 2016]), just to mention a few. We refer

to [Ramsay, 2005] and [Ferraty and Vieu, 2006] for a detailed review of Func-

tional Data Analysis. Among the numerous models belonging to FDA, proba-

bly the simplest and most popular one is the functional linear regression (FLR)

with functional predictor and scalar response. This model have been widely

studied in the frequentist literature and asymptotic properties have been de-
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rived for different estimators ([Cardot et al., 1999], [Chagny and Roche, 2016],

[Cai and Hall, 2006], [James et al., 2009]). Asymptotic results of the Bayesian

approaches, on the other hand, are rather scarse, and up to our knowledge,

[Choi et al., 2011] is the only work where the posterior contraction rates with

respect to the prediction error are provided for the functional slope parameter,

endowed with a Gaussian process prior. In this Chapter we will study FLR

as an inverse problem, and show that different priors can be used to achieve

minimax posterior contraction rates with respect to the prediction loss and the

norm of the Hilbert space where the functional predictor and parameter live,

which are the loss functions in the direct and inverse problem respectively.

However, the assumption of linear dependence is too strong to model some

phenomena, and a nonlinear model is necessary. It is known that nonlinear

regression models suffer from the curse of dimensionality: in the finite dimen-

sional case, the minimax rate of convergence is n−
α

2α+d where α and d are the

regularity of the regression function and the dimensionality of the predictor re-

spectively. In the functional setting, the convergence deteriorates to logarith-

mic rates. Single-index models are used to tackle this issue, providing inter-

pretability and flexibility, while retaining good asymptotic properties. Several

works have studied the functional single-index model with a functional link and

a finite dimensional index paramenter ([Roy et al., 2017], [Jiang et al., 2011],

[Alquier and Biau, 2013], [Dhara et al., 2018], [Ganti et al., 2017], [Antoniadis et al., 2004]),

and frequentist estimators has been proposed when the index parameter is in-

finite dimensional ([Chen et al., 2011], [Ma, 2016]). In this Chapter, where we

will focus on the functional single-index model with functional predictor and

scalar response, we derive posterior contraction rates and give an example of

prior that can achieve such rates.

This Chapter is organized in two main sections. In section 4.2, posterior

contraction rates for Bayesian FLR are derived with respect to the prediction

error and the Hilbert norm. Such rates are achieved by the sieve priors and the

Gaussian process priors, and the proofs rely on the construction of tests with

vanishing errors, following the techniques introduced in [Ghosal et al., 2007].

In section 4.3 posterior contraction rates are derived for the Bayesian F-SIM
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with respect to the empirical prediction loss. In that section we show that the

sieve prior used for FLR can be adopted for the index function, while a hybrid

location-scale mixture of normals prior can be chosen for the link function.

We prove that these priors induce a prior on the nonlinear function which

achieves contration rate which is the maximum between the rate for FLR and

the rate for nonlinear regression.

4.2 Functional Linear Regression model

In functional linear regression models the scalar response Y ∈ R is modelled

as

Y = 〈β,X〉+ ε

with functional covariate X and slope parameter β living in a Hilbert space

(H, 〈·, ·〉) endowed with its norm which will be denoted by ‖·‖. The responses

are observed up to an error ε ∼ N (0, σ2) which is assumed to be centred

and uncorrelated with the covariate. In Bayesian FLR a prior is assigned to

the unknown slope parameter, and the goal here is to investigate about the

convergence of the posterior distribution to the true parameter β0. The rates

will be described for two different norms: the norm of the Hilbert space, and

a norm which depends on the covariate distribution. Deriving the rates for

these two norms is equivalent, when looking at the regression problem as an

inverse problem, to solve both the direct and the inverse problem. The direct

problem will be solved using the standard Theorems developed in the seminal

papers [Ghosal et al., 2007], which requires the design of a sequence of test

functions with vanishing errors. We will provide such tests and show that

both sieve priors and a Gaussian process priors can achieve the minimax rates

of convergence in the direct problem. The inverse problem is instead tackled

using the same approach of [Knapik and Salomond, 2014].

In what follows we will denote the Sobolev norm by ‖·‖α, defined as ‖β‖2
α =

∑
j j

2αβ2
j where α ∈ R and (βj)j is the sequence of coefficients of β with respect

to some orthonormal (ON) basis of H. Hα = {β : ‖β‖2
α <∞} will denote the

Sobolev space of regularity α ∈ R, and B(β, r, ‖·‖α) a ball of radius r with
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respect to some norm ‖·‖α centered in β, while Cα denotes the space of Hölder

functions with exponent α > 0. Henceforth a sequence of n iid observations

will be denoted by (Xn, Y n) = {(Xi, Yi)}ni=1 consisting of pairs of predictors

Xi and responses Yi. The prior on the parameter of interest and its posterior

will be denoted by Π(·) and Π(· |Xn, Y n) respectively. P(n)
0 will denote the

distribution of n observations under the true value of the parameter, and

E(n)
0 its expectation. In what follows `n(β) will denote the log-likelihoood of n

observations given β. KL(f, g) =
∫

log(f/g)fdµ denotes the Kullback-Leibler

divergence between two densities f and g, and V (f, g) =
∫
| log(f/g)|2fdµ.

With abuse of notation, KLn(β0, β) and Vn(β0, β) will denote the expectation

and variance of the log-likelihood ratio of n observations with respect to β0

and β respectively. Inequalities up to a constant will be denoted by . and &,

the notation an � bn is used for sequences an and bn satisfying an . bn and

bn . an.

4.2.1 Assumptions on the functional covariate

The functional predictor X is assumed to be a centered stochastic process with

trajectories in H with finite second moment E ‖X‖2 < ∞. This assumption

ensures the existence of the covariance operator Γ : H → H defined as Γf =

E[〈X, f〉X], through which the functional linear regression problem can be

viewed as an inverse problem. As pointed out in [Cardot and Johannes, 2010],

by multiplying the linear equation by X and taking the expectation, we get

the functional equation E[Y X] = Γβ. Therefore the problem consists in in-

verting the covariance operator Γ. Another link to inverse problem is de-

scribed in [Meister, 2011], where it is shown the asymptotic equivalence of

FLR and a white noise inverse problem involving Γ1/2. However, the co-

variance operator is a trace-class operator and therefore it does not admit

a continuous inverse in H, hence the inverse problem is said to be ill-posed.

The properties of the covariance operator imply a spectral decomposition of

Γ: there exist a nonnegative and summable sequence of eigenvalues (λj)j

and a sequence of eigenfunctions (ϕj)j that form a ON basis of H. There-

fore the stochastic process X admits a series representation, called Karhuen-
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Loéve expansion, which is a functional principal components decomposition:

X =
∑

j

√
λjξjϕj where the (ξj)j is a sequence of centered and uncorre-

lated random variables such that E ξ2
j = 1. The operator Γ induces norm:

‖β‖2
Γ = 〈Γβ, β〉2 =

∥∥Γ1/2β
∥∥2

=
∑

j λjβ
2
j , weaker than the Hilbert norm, mak-

ing the recovery of the true parameter β0 with respect to the Hilbert norm

more difficult. The metric induced by this norm is also called prediction loss

and can be written as

‖β − β0‖2
Γ = E[〈X, β − β0〉2] =

∑

j≥1

λj(βj − β0j)
2.

The degree of ill-posedness of the inverse problem depends on how fast the

eigenvalues converge to zero, and two regimes are considered in the literature:

the mildly ill-posed inverse problem refers to the polynomial decrease λj �
j−2η, while severely ill-posed refers to the exponential descrease λj � e−j

p
. In

this Chapter we focus on the mildly ill-posed case.

The assumptions on the functional covariate are summarized as follows:

• E[X] = 0, E[‖X‖2] < ∞, and there exists a positive constant C such

that

P

(
n∑

i=1

‖Xi‖2 ≤ C n

)
n→ 1

.

• The covariance operator Γ has eigenvalues λj = j−2η, with η > 1/2.

• There exist constants C1 > 0 and t > 0 such that for every β ∈ {β :

‖β − β0‖ ≤ t}

E[〈X, β − β0〉4] ≤ C1 E[〈X, β − β0〉2]

The first and third assumption are useful to prove the convergence rates in

the direct problem, in particular to show that the sequence of likelihood ratio

tests have exponentially decreasing errors.
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4.2.2 Prior models and results

Contraction rates results are presented for two different priors: the sieve prior

and the Gaussian process prior. Both can be represented as a series with

respect to a ON basis of H:

β
d
=

K∑

j=1

βjϕj. (4.1)

with the number of components K ∈ N ∪ {∞}. For the sieve prior K is

finite but random, while for the Gaussian process prior K =∞ almost surely.

Assumptions on the distribution of the coefficients βj needs to be specified in

order for the prior to satisfy the conditions of the Theorem used to solve the

direct problem.

Sieve Prior Sieve priors represent a very well known class of non-parametric

priors in the Bayesian literature (see for example [Arbel et al., 2013] and

[Rousseau and Szabo, 2016]). Such priors are defined over finite dimensional

spaces, with the number of dimension being itself random. In the functional

setting, the distribution of the unknown slope parameter can be written in a

hierarchical fashion:

β
d
=

K∑

j=1

βjϕj (4.2)

K ∼ π

(β1, . . . , βK) |K ∼ ΠK

where π is a random distribution on N and Πk is a distribution on Rk satisfying

some conditions on the tails which are described in [Arbel et al., 2013] and

recalled here:

• There exist two positive constants b1 and b2 such that e−b1kL(k) ≤ π(k) ≤
e−b2kL(k) for all k ∈ N with L slowly varying function.

• As in [Arbel et al., 2013], we assume that for all k ≥ 1 the distribution
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Πk is absolute continuous with respect to the Lebesgue measure with

Πk(θ) =
∏k

j=1
1
τk
g
(
θj
τj

)
with scale parameters such that τ ≤ τj ≤ τ

for all j ≥ 1 and for τ and τ positive constants. The density function

g is such that g(x) ≤ G1e
−G2|x|γ for all x ∈ R with G1, G2, γ positive

constants, and we assume there exists a compact subset X0 ⊂ R such

that g(x) ≥ c for all x ∈ X0 and c > 0.

Gaussian Process prior An alternative and widely used prior for functions

is the Gaussian process:

β ∼ GP(0,Λ) (4.3)

characterized by the covariance function Λ(s, t) =
∑

j j
−2γ−1ϕj(s)ϕj(t), with

(ϕj)j being the sequence of eigenfunctions of the covariance operatore Γ of X.

The parameter γ > 0 tunes the smoothness of the prior: the Sobolev space

Hγ+1/2 is the reproducing kernel Hilbert space associated to Λ. The prior on

β can be written in a series representation as in 4.1, with an infinite number

of components

β
d
=
∑

j≥1

βjϕj

where βj = j−γ−1/2Zj and Zj
iid∼ N (0, 1).

Posterior contraction rates

The direct problem is solved using the Theorem by [Ghosal et al., 2007], re-

called in section 4.4. In order to solve the inverse problem we use the Theorem

2.1 from [Knapik and Salomond, 2014], which requires the design of a sieve

where the norms corresponding to the direct and inverse problems are equiv-

alent. The proofs of the following posterior contraction results are given in

Section 4.4.

Sieve prior
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Theorem 4. Let β0 ∈ Hα1 and define the sequences εn = n
− α1+η

2(α1+η)+1 (log n)a1,

un � n
− α1

2(α1+η)+1 (log n)a2 and jn = nε2n
logn

, with a1 and a2 non-negative constants.

Let Π be a sieve prior on β described in 4.2 such that

bjnc∑

j=1

|θ0j|γ
τ γj

. jn log n

then the posterior distribution converges to β0 with respect to the prediction

error and the Hilbert norm with rates εn and un respectively:

E(n)
0 Π (β : ||β − β0||Γ > εn|Xn, Y n)

n→ 0

E(n)
0 Π (β : ||β − β0|| > un|Xn, Y n)

n→ 0.

The conditions are satisfied for example by taking Gaussian or Laplace densi-

ties with constant scaling parameters τj = 1. While for the distribution on the

number of components a Poisson or a Geometric distribution can be chosen.

The condition required in the Theorem is used to prove that the prior assigns

enough mass to a Kullback-Leibler neighbourhood around the true value β0.

Gaussian process prior In order to prove contraction rates in the di-

rect problem, we apply the Theorem in [van der Vaart and van Zanten, 2008],

which provides conditions for the Gaussian process prior to satisfy the Kullback-

Leibler condition required in the standard Theorem in [Ghosal et al., 2007].

Theorem 5. Let β0 ∈ Hα1 and define the sequences εn = n
− α1∧γ+η

2(α1+η)+1 (log n)a1

and un � n
− α1∧γ

2(α1+η)+1 (log n)a1 with a1 and a2 non-negative constants. Let Π

be a Gaussian process prior on β described in 4.3 with the regularity param-

eter γ > max(0, α1 − 1/2). Then the posterior distribution converges to β0

with respect to the prediction error and the Hilbert norm with rates εn and un

respectively:

E(n)
0 Π (β : ||β − β0||Γ > εn|Xn, Y n)

n→ 0

E(n)
0 Π (β : ||β − β0|| > un|Xn, Y n)

n→ 0.
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Adaptive methods for Gaussian process prior exist in the literature ([Szabó et al., 2013],

[Knapik et al., 2016]), in particular the work of [Knapik et al., 2016] describes

two strategies for inverse problems: an empirical Bayes approach and a full

hierarchical Bayes one. In the latter, a prior is assigned to the unknown regu-

larity parameter γ, which needs to satisfy mild assumptions (see Assumption

1 in [Knapik et al., 2016]) met for instance by gamma, inverse gamma, and

exponential distributions. The hierarchical prior leads to the rates n
− α1+η

2(α1+η)+1

and n
− α1

2(α1+η)+1 for direct and inverse problems respectively, up to logarithmic

terms. As expected, the rate for the inverse problem is slower due to com-

pactness of the covariance operator. As a matter of fact, the equivalence of

the norms in the sieve involves an increasing term, which represent the dete-

rioration factor of the contraction rate of the direct problem. See Section 4.4

for details. It is worth noting that, up a logarithmic term, the posterior dis-

tribution achieves minimax rates for both the direct and inverse problem in

the mildly ill-posed case (see for example [Cardot and Johannes, 2010]).

4.3 Functional Single-index Model

The linear assumption can be too strong for many application, hence it is desir-

able to have more flexibility in modeling the relation between the covariate and

the response. However, the very general non-parametric functional regression

problem Y = f(X) suffers of the curse of dimensionality, leading to logarith-

mic rates of convergence for estimators of f (see [Chagny and Roche, 2016]).

Therefore one would need to constraint the nonlinearity in order to have a

good flexibility in modeling real-world phenomena and retaining good asymp-

totic properties. This trade-off can be achieved by the single-index model

Y = f(〈X, β〉) + ε

where β is an element in a separable Hilber space (H, 〈·, ·〉), f : R → R
is a real function and ε ∼ N (0, σ2) independent of X which is assumed to

be a centered random variable with values in the Hilbert space. For the

sake of simplicity, the error variance is assumed to be known, however, as
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mentioned in [Arbel et al., 2013], the same results would hold for σ unknown,

by assigning an inverse Gamma prior to the unknown σ and studying the

three different regimes σ/σ0 < 1/2, σ/σ0 > 3/2 and σ/σ0 ∈ [1/2, 3/2]. It is

worth noting that the domain of the link function f cannot be restricted to a

compact. This assumption does not hold in this case, since we cannot bound

the product 〈X, β〉. In this section we will show how the sieve prior used to

achive minimax rate of convergence for both the direct and inverse problem in

functional linear regression can be used to build a prior in nonlinear functional

regression models.

4.3.1 Assumptions

In the functional single-index model, the parameter space is

Θ = {g : H→ R, ∃β ∈ H, f : R→ R such that ∀X ∈ H, g(X) = f(〈β,X〉)}

and the objective is to recover the generating function g0(·) = f0(〈β0, ·〉).
Analogously to the finite dimensional case, in order to ensure identifiability,

the link function has to be non-constant and the index function β0 is required

to satisfy ‖β0‖ = 1 (see [Geenens and Delecroix, 2006]). The prior Πg on the

function g : H→ R can be induced by setting a prior Πβ on β and a prior Πf

on f . The recovery of the function g0 is studied with respect to the empirical

prediction error defined as

dn(g, g0) =

(
1

n

n∑

i=1

(g(Xi)− g0(Xi))
2

)1/2

and the posterior contraction rates will depend on the rates to recover β0 in

the functional linear regression derived in the previous sections, and the rates

to recover the link function f0 in the one-dimensional nonlinear regression.

The assumptions we make to prove the posterior convergence result are the

following:

• Covariate:
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– E[X] = 0 and E[‖X‖2] <∞

– Defining ξj :=
〈X,ϕj〉
λj

and λj = Var(〈X,ϕj〉) for all j ≥ 1, there

exists p ≥ 2 such that

sup
j≥1

E[|ξj|p] ≤ C2

– The eigenvalues of the covariance operator Γ of X decrease poly-

nomially: λj = j−2η with η > 1/2

• Regularity: We assume that the true link function to be f0 ∈ Cα2 ∩
L1
〈β0,X〉, where L1

〈β0,X〉 is the space of integrable functions with respect

to the distribution of 〈β0, X〉, and the index function β0 ∈ Hα1 .

• Prior: The prior Π on g, induced by the priors on the index and link

functions, satisfies the following conditions

(P1) Π(‖β − β0‖Γ < εβ,n) ≥ e−cnε
2
β,n for a sequence εβ,n

n→ 0

(P2) Let εf,n
n→ 0 and Jn such that εβ,n = CJ2

n 2−α2Jn with C > 0

constant, there exists Mn ⊂ Cα2 ∩ L1
〈β0,X〉 such that Π(Mn) >

e−cnε
2
f,n , and for all f ∈Mn:

|f(x)− f0(x)| . Jn ∀x ∈ R

|f(x)− f0(x)| . J2
n2−α2 j ∀j = 0 . . . , Jn ∀x ∈ Aj

with Aj = [−22α2(Jn−j)/p, 22α2(Jn−j)/p].

(P3) There exists a sieve Fn ∈ Θ such that logN(ξεn,Fn, dn) . nε2n for

ξ ∈ (0, 1) and Π(F cn) ≤ e−(c+2)nε2n , with εn = max
(
ε

min(α2,1)
β,n , εf,n

)

The assumptions on the prior ensure that the contraction rate result can be

proven using the standard Theorem in [Ghosal et al., 2007]: the first prior

assumption requires Πβ to assign enough mass to a Kullback-Leibler neigh-

bourhood which is equivalent to a ball in the norm induced by Γ. The second

prior assumption requires Πf to assign enough mass to a set of functions that

can approximate f0 both uniformly and on a sequence of balls Aj, this is
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needed since the domain of the function f is not compact. The third prior

assumption requires the existence of a sieve with enough prior mass and with

bounded complexity measured with the logarithm of the covering number, this

assumption is required to build a sequence of test with exponentially decreas-

ing errors which are needed in the proof of the Theorem. The proof of the

following Theorem can be found in Section4.4.2.

Theorem 6 (Contration rates in functional single-index models). Under the

assumptions listed above, the posterior distribution of g converges to g0 with

respect to the dn distance:

E0[Π(dn(g, g0) & εn |Y n, Xn)]
n→ 0

at rate

εn = max
(
ε

min(α2,1)
β,n , εf,n

)

with εβ,n and εβ,n being the rates of the direct problem in the functional linear

regression and the nonlinear regression problem respectively.

The minimax rate for the direct problem in functional linear regression can be

achieved by the priors described in the previous sections. Regarding the non-

linear regression, minimax rates are still unknown in the setting of non com-

pact domain, and up to our knowledge, the best rate in the case is achieved by

the hybrid location-scale mixture prior introduced in [Naulet and Rousseau, 2017].

In the next Section we provide an example of prior that satisfies the assump-

tions required by the Theorem above.

4.3.2 Example of prior for the Functional Single-Index

Model

Let the prior on the functional index β be the sieve prior described in Sec-

tion 4.2.2 and satisfying the assumptions of Theorem 4. A class of priors

introduced in [Naulet and Rousseau, 2017] can be used for the link function

in single-index models. We will show that such priors satisfy the assumptions

required for Theorem 6 to hold. Let us recall the hybrid location-scale mixture

91



of normals prior:

f(x) =

∫

R
e−

(x−µ)2

ω dM(ω, µ)

where M ∼ ΠA is a random signed measure distributed as a symmetric

Gamma process (see for instance [Wolpert et al., 2011], [Naulet and Barat, 2018],

and [Naulet and Barat, 2018]) with parameter A being a random measure dis-

tributed as follows

Pω ∼ Πω

A = APω ⊗Gµ, A > 0

where Πω is a distribution on the space of probability measures on R+ such

that

Πω

(
Pω : Pω(ω > x) ≥ exp(−a1x

b1/2)
)
≤ C1 exp(−a2x

b1)

Πω

(
Pω : Pω(ω < 1/x) ≥ exp(−a3x

b2/2)
)
≤ C2 exp(−a4x

b2)

for some positive constants c1, c2, a1, a2, a3, a4, b1, b2, and for all r ≥ 1 there

exist positive constants a5, b3, c3 such that for J large enough

Πω

(
J⋂

j=0

{Pω : Pω([2−j, 2−j(1 + 2−Jr)]) ≥ 2−J}
)
≥ c3 exp(−a5J

b32J).

while Gµ is a probability measure on R satisfying, for some positive constants

c4, b4, b5,

Gµ(|µ− x| ≤ t) ≥ c4t
b4(1 + |x|)−b5 ∀t ∈ (0, 1).

As shown in [Naulet and Rousseau, 2017], the Dirichlet process, under some

conditions on its base measure, can satisfy the conditions required for Πω (see

Proposition 1 in [Naulet and Rousseau, 2017]), and it is worth noting that

if Πω is a Dirichlet process, the hybrid location-scale mixture prior assigns

positive probability to mixtures with two or more components sharing the
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same scale parameter. Under these assumptions on the prior for the link

function, we have the following result, whose proof is given in Section 4.4.

Theorem 7. Let f0 ∈ Cα2 ∩ L1
〈β0,X〉 and β0 ∈ Hα1. Let Πf be the Hybrid

location-scale mixture of normals prior for the link function described above,

and Πβ the sieve prior satisfying the assumptions of Theorem 4. Then the

posterior distribution converges to g0 with respect to the empirical prediction

loss at rate εn = max
(
ε

min(α2,1)
β,n , εf,n

)
:

E(n)
0 [Π(dn(g, g0) > εn|Xn, Y n)]

n→ 0

where

εβ,n = n
− α1+η

2(α1+η)+1 , εf,n =




n
− α2

2α2+max(1,min(α2+1,2α2/p)) if 0 < p ≤ 2α2

n
− α2

2α2+1 if p > 2α2

up to logarithmic terms.

4.4 Proofs

Here we recall the conditions required by the standard Theorem of [Ghosal et al., 2007]

to obtain posterior contraction rates. Xn = (X1, . . . , Xn) denotes a vector

dataset of n observations whose distribution is described by the parameter

θ ∈ Θ, which in this Chapter is the functional slope β in FLR, and the non-

linear function g(·) = f(〈β, ·〉) in F-SIM. Let us denote the loss function by d,

and the true value of the parameter of interest by θ0. Let (εn)n be a sequence

such that εn → 0 and nε2n →∞. Let us assume that the following conditions

hold true:

• Kullback-Leibler condition:

Π
(
BKL
n (θ0, εn)

)
≥ e−cnε

2
n

with BKL
n (θ0, εn) := {θ ∈ Θ : KLn(θ0, θ) ≤ nε2n, Vn(θ0, θ) ≤ nε2n} and

c > 0 a constant.
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• Sieve condition: there exists Fn ⊂ Θ such that

Π(F cn ≤ e−(c+4)nε2n)

and the logarithm of the covering number of Fn with balls of radius ξεn

with respect to d, with ξ ∈ (0, 1) constant, satisfies the following:

logN(ξεn,Fn, d) ≤ nε2n.

• Tests condition: for ξ ∈ (0, 1) constant and for each θ1 ∈ Fn with

d(θ0, θ1) ≥ εn, there exist a sequence of test functions (φn)n such that

E(n)
0 φn ≤ e−Cnε

2
n , sup

θ∈Fn:d(θ,θ1)<ξεn

E(n)
θ [1− φn] ≤ e−Cnε

2
n

with C > 0 constant.

Then the posterior distribution converges to θ0 at rate εn:

E(n)
θ0

Π(d(θ, θ0) & εn |Xn)
n→ 0

For the test condition, standard likelihood ratio tests can be used for both the

FLR and the F-SIM models. They can be defined for the general nonlinear

regression problem with functional predictor and scalar response Y = g(X)+ε,

where ε ∼ N (0, σ2) uncorrelated with the predictor, and with respect to the

empirical prediction loss, as stated in the following result.

Lemma 8. In the nonlinear regression problem Y = g(X) + ε, for ξ ∈ (0, 1)

and every g1 such that dn(g0, g1) ≥ rεn, there exist a sequence of test func-

tions (φn)n, defined as φn(g) = 1(`n(g) − `n(g0) > δ0ndn(g, g0)2) with δ0 > 0

constant, such that for C > 0 constant

E(n)
0 [φn|Xn] ≤ e−Cnε

2
n sup

g:dn(g,g1)<ξεn

E(n)
g [1− φn|Xn] ≤ e−Cnε

2
n

Proof. See Appendix A.
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4.4.1 Proofs for posterior contraction rates in FLR

The definition of the test functions are independent of the prior used. There-

fore Lemma 8 can be adopted for both the sieve priors and the Gaussian

process priors.

The next Subsections 4.4.1 and 4.4.1 provide the Kullback-Leibler and sieve

conditions to solve the direct problem in FLR. The strategy to solve the inverse

problem requires the definition of a sieve Gn where the norms associated to

the direct and inverse problems are equivalent. The rate of convergence is

then given by a quantity called modulus of continuity defined in this case as

ω(Gn, εn) = sup
β∈Gn:||β−β0||Γ<εn

||β − β0||.

Given the contraction rate result for the direct problem, the only condition to

show is posterior consistency in the sieve: E(n)
0 Π(Gcn |Y n, Xn)→ 0. The latter

is implied by exponentially decreasing prior mass assigned to the complement

of the sieve Sn: Π(Gcn) . e−2cnε2n , with c > 0 used in the Kullback-Leibler

condition. For both priors the same sieves defined for the direct problem are

used to invert the covariance operator as shown below.

Proofs for sieve prior in FLR

Under the assumption β ∈ Hα1 , the following lemmas provide the condi-

tions for the contraction rate result in the direct problem with rate εn �
n
− α1

2(α1+η)+1 (log n)a1 . The proof for the next lemma is analogous to the proof

of Lemmas 2 in [Arbel et al., 2013] and therefore it is omitted.

Lemma 9. Under the assumptions of Theorem 4 there exists c > 0 such that

Π(BKL
n (β0, εn)) & e−cnε

2

.

The second condition allows us to focus on a sequence of increasing subsets

Fn ⊂ H when defining the sequence of test functions required by the Theorem

in [Ghosal et al., 2007]. For the sieve prior, a finite dimensional sieve Fn is
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defined as

Fn =

{
β =

jn∑

j=1

βjϕj : ‖β‖2 ≤ nH

}

with H > 0 and jn � nε2n
logn

→ ∞. The next Lemma shows that the sieve

condition is satisfied.

Lemma 10. Under the assumptions of Theorem 4,

Π(F cn) . e−(c+4)nε2n

logN(ξεn,Fn, d) . nε2n.

Proof. See Appendix A.

Lemma 11. For ξ ∈ (0, 1) constant and for every β1 ∈ Fn with ‖β1 − β0‖ ≥
εn, there exist tests (φn)n such that

E(n)
0 [φn] ≤ e−Cnε

2
n sup

β:‖β−β1‖Γ<ξεn
E(n)
β [1− φn] ≤ e−Cnε

2
n

Proof. See Appendix A.

It is worth noting that, in the sieve Fn, the covariance operator is continuously

invertible, namely the two norms are equivalent up to a term that vanishes to

zero as n→∞: for all β ∈ Fn

‖β − β0‖2
Γ ≤ ‖β − β0‖2 ≤

jn∑

j=1

(βj − β0j)
2 +

∑

j>jn

β2
0j

≤ j2η
n

jn∑

j=1

j−2η(βj − β0j)
2 + j−2α1

n

∑

j>jn

j2α1β2
0j

≤ j2η
n ‖β − β0‖2

Γ + Cj−2α1
n

The Kullback-Leibler condition and the sieve condition are sufficient for the

consistency in the sieve. Therefore ω(Fn, εn) = jηnεn � n
− α1

2(α1+η)+1 (log n)a2 is

the rate of convergence for the inverse problem.
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Proofs for Gaussian process prior in FLR

Solving the direct problem is equivalent to recover Γ1/2β0 with respect to

the Hilbert space norm. In the Gaussian process case, the covariance operator

induces a Gaussian process prior on Γ1/2β ∼ GP(0,Γ1/2ΛΓ1/2), whose RKHS is

the Sobolev space Hγ+η+1/2. The contraction rate of the posterior distribution

depends on the small ball probabilty and on the position of Γ1/2β0 with respect

to the RKHS. Theorem 2.1 in [van der Vaart and van Zanten, 2008] shows

that the prior mass condition is satisfied if the concentration function can be

upper bounded by nε2n, where εn = n
− α1∧γ+η

2(α1+η)+1 (log n)a1 will be the posterior

contraction rate. The proof of the following lemma can be found in chapter

10 of [Ghosal and van der Vaart, ] and it is therefore omitted.

Lemma 12. Under the assumptions of Theorem 5, let the concentration func-

tion be defined as

φΓ1/2β0
(εn) = inf

h∈Hγ+η+1/2

||h−Γ1/2β0||≤ εn

1

2
||h||2γ+η+1/2 − logP(||Γ1/2β|| < εn)

If φΓ1/2β0
(εn) ≤ nε2n then

Π(β : ‖β − β0‖Γ < 2εn) ≥ e−nε
2
n

Regarding the sieve condition, as done in in the sieve prior case, we will define

a sieve such that its complexity, in tems of covering number, can be controlled,

and such that the norms relative to the direct and inverse problems are equiv-

alent up to a vanishing term. The former requirement on the complexity is

used for bounding the type II error of tests uniformly in the sieve, while the

latter is used to apply the Theorem in [Knapik and Salomond, 2014] to solve

the inverse problem. Let us define the sieve Fn as

Fn =

{
β :
∑

j>jn

β2
j < Qξ2

n,

jn∑

j=1

β2
j < v2

n

}

with Q > 0 constant, and the sequences ξn
n→ 0, jn

n→∞ and vn
n→∞ defined
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as

jn � n
1

2(γ+η)+1 , vn > jγn, ξn � n−
α1∧γ

2(γ+η)+1 .

The following Lemma provides upper bounds for the prior mass assigned to

the complement of the sieve and for the logarithm of its covering number:

Lemma 13. Under the assumptions of Theorem 5 we have

Π(F cn) . e−cnε
2
n

logN(εn,Fn, ‖·‖) . cnε2n

Proof. See Appendix A.

The next Lemma provides the test condition for the direct problem. Its proof

is analogous to the one given for the sieve prior.

Lemma 14. For ξ ∈ (0, 1) and for every β1 ∈ Fn with ‖β1 − β0‖ ≥ εn, there

exist tests (φn)n such that

E(n)
0 [φn] ≤ e−Cnε

2
n sup

β:‖β−β1‖Γ<ξεn
E(n)
β [1− φn] ≤ e−Cnε

2
n

The last three Lemmas ensure that the direct problem is solved with rate

εn = n
− α1∧γ+η

2(α1+η)+1 . The rate depends on the degree of ill-posedness η, the

regularity of the true parameter α1 and the smoothness of the prior γ, and the

optimal rate is achieved when the prior smoothness matches the smoothness

of the truth β0.

In order to solve the inverse problem we can apply Theorem 2.1 in [Knapik and Salomond, 2014]

whose conditions are satisfied by Lemmas 12 and 13, ensuring that the pos-

terior mass vanishes exponentially fast outside the sieve Fn. The change of

metric in the sieve gives the rate of convergence in the inverse problem and

can be computed as follows

‖β − β0‖2 ≤
jn∑

j=1

(βj − β0j)
2 +

∑

j>jn

β2
j +

∑

j>jn

β2
0j

≤ j2η
n ‖β − β0‖2

Γ +Mξ2
n + j−2α1

n ‖β0‖2 ≤ ω(Fn, εn)
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with ω(Fn, εn) � n−
α1∧γ

2(γ+η)+1 . Therefore we obtain the rate of convergence for

the inverse problem ω(Fn, εn) = n
− α1∧γ

2(α1+η)+1 , where the optimal rate is again

achieved when γ = α1.

4.4.2 Proofs for posterior constraction rates in F-SIM

We present here the proof of Theorem6.

Proof. The standard Theorem of [Ghosal et al., 2007] requires the existence

of a sequence of test functions (φn)n such that

E(n)
g0

[φn|Xn] = o(1) , sup
g: dn(g,g0)>Cεn

E(n)
g [1− φn|Xn] ≤ e−(c1+2)nε2n

Likelihood ratio tests can be used to test g0 against balls of alternatives, as

shown in Lemma 8. Tests whose type II errors are uniformly bounded on Fn
can be defined in the same way it is done for the FLR case. Regarding the

Kullback-Leibler condition, it is worth noting that the prior mass assigned to

the Kullback-Leibler neighbourhood Sn = {g ∈ Θ : E0[(g(X)−g0(X))2] ≤ ε2n}
can be lower bounded by the taking f ∈ Mn. By restricting the parameter

space by selecting f in the set Mn, the KL distance can be upper bounded

by the sum of two terms:

Eg0 [(g(X)−g0(X))2] ≤ 2‖f0‖2
αEg0 [〈β−β0, X〉2]min(α2,1)+CJ4

n2−2αJnEg0 [〈β,X〉p].
(4.4)

This bound can be proven as follows:

E0[(g0(X)−g(X))2] ≤ 2E0[(f0(〈β0, X〉)−f0(〈β,X〉))2]+2E0[(f0(〈β,X〉)−f(〈β,X〉))2].

From the regularity assumption on f0 and using Jensen’s inequality, the first

term can be bounded by

E0[(f0(〈β0, X〉)− f0(〈β,X〉))2] ≤ ‖f0‖2
αE0[|〈β0 − β,X〉2 min{α2,1}]

≤ ‖f0‖2
αE0[|〈β0 − β,X〉2]min{α2,1}
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The second term can be bounded using the assumptions of the approxi-

mating set Mn, in particular the integral can be split over the partition

{I0, . . . , IJn , A
c
0} of R, with Ij := Aj \ Aj+1 for j = 0, . . . , Jn − 1 and IJn =

AJn = [−1, 1]. In each Ij the expectation can be bounded as

E0[(f0(〈β,X〉)− f(〈β,X〉))21(〈β,X〉 ∈ Ij)] ≤ C1J
3
n2−2jαP0

(
|〈β,X〉| > 22α2(Jn−j)/p)

≤ C1J
3
n22JnαEg0 [|〈β,X〉|p]

Analogously we have

E0[(f0(〈β,X〉)− f(〈β,X〉))21(〈β,X〉 ∈ Ac0)] ≤ C2J
3
nP0

(
|〈β,X〉| > 22α2Jn

)

≤ C2J
3
n2−2α2JnE0[|〈β,X〉|p]

hence the KL distance upper bound 4.4 is proven. The p-th moment appearing

in equation 4.4 can be bounded using Cauchy-Schwarz inequality and the

assumption on the covariate:

E0[|〈β,X〉|p] ≤ 2p−1E0 [‖X‖p (‖β0‖p + ‖β − β0‖p)] . C

since β0 is in a Sobolev ball and ‖β − β0‖ is bounded with high probability

by assumption on the sieve prior. By assumption εf,n = J4
n2−2Jnα2 , hence it

follows that Π(Sn) ≥ e−cnε
2
n with εn = max

(
ε

min(α2,1)
β,n , εf,n

)
.

Proofs for location-scale mixture prior for the link function and sieve

prior for the index function

The hybrid location-scale of normals prior satisfies the prior condition (P2)

as shown in Propositions 7 and 8 of [Naulet and Rousseau, 2017]. Condi-

tion (P1) is satisfied by the sieve prior on the index function presented in

the Section 4.2.2. In what follows we show that there exists a sieve satify-

ing condition (P3). The sieve Fn used for the function non-linear function

g(·) = f(〈β, ·〉) is defined using sieves Fβ,n and Ff,n for the functions β and

f . The sieve for the link function f is analogous to the one introduced in

[Naulet and Rousseau, 2017], while the sieve for β is a finite dimensional ball
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with respect to Hilbert space norm:

Fn =





g = f(〈β,X〉) : f(·) =
∫
e−

(·−µ)2

2σ2 dM(σ, µ), M =
∑

j≥1 ujδσj ,µj
∑

j≥1 |uj| ≤ n,
∑

j≥1 |uj|1(|uj| ≤ 1
n
) ≤ εn

∑
j≥1 |uj|1(σ2

j < n−1/b2) ≤ εn,
∑

j≥1 |uj|1(σ2
j > n1/b1) ≤ εn

|{j : |uj| > n−1, n−1/b2 ≤ σ2
j ≤ n1/b1}| ≤ Hnε2n

logn

β =
∑Kn

j=1 βhϕj : ‖β‖2 =
∑Kn

j=1 β
2
j ≤ nb3





for positive constants H, b1, b2, b3, and for Kn = bnε2β,n/ log nc. In order to

control its complexity, let us define the set

F̃n =





g = f(〈β,X〉) : f(·) =
∫
e−

(·−µ)2

2σ2 dM(σ, µ), M =
∑

j∈I ujδσj ,µj , |I| ≤ Hnε2n
logn

∀j ∈ I : µj ∈ Rn, σj ∈ Qn,
∑

j≥1 |uj| ≤ n,∀j ∈ I : uj = kn−3/2

H
, k ∈ Z, β ∈ B∗n





where B∗n = {β∗1 , . . . , β∗Nβ(n)} is the set of centers of εn-covering balls of {β =
∑Kn

j=1 βjφj : ‖β‖2 ≤ n1/b3} with respect to the Hilbert space norm; J =

N ∪ {∞}, K = {i : |ui| > n−1}, L = {i : µi ∈ Sn}, I = J ∩ K ∩ L;

Rn = {µ ∈ R : µ = kn−(3/2+1/b2), k ∈ Z} ∩ Sn; Sn = ∪ni=1 ∪
Nβ(n)
j=1 {z ∈ R :

|z − 〈β∗j , Xi〉|} ≤ 4n1/b1 log n}; Qn = {σ = n−1/b2(1 + n−(1+1/b1+1/b2)εn)k, k ∈
N, n−1/b2 ≤ σ ≤ n1/b1}.

Lemma 15. F̃n is a Cεn-net covering Fn with respect to the empirical pre-

diction loss dn.

Proof. We need to prove that for each m1 ∈ Fn there exist m2 ∈ F̃n such that

dn(m1,m2)2 =
1

n

n∑

i=1

(m1(Xi)−m2(Xi))
2 . ε2n

Let β∗ be such that ‖β − β∗‖ ≤ εn, and define

m1(x) =
∑

j≥1

ujφσj(〈β, x〉 − µj), m2(x) =
∑

j∈I
u′jφσ′j(〈β

∗, x〉 − µ′j)
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then

dn(m1,m2)2 =
1

n

n∑

i=1

(∑

j≥1

ujφσj(〈β,Xi〉 − µj)−
∑

j∈I
u′jφσ′j(〈β

∗, Xi〉 − µ′j)
)2

≤ 2

n

n∑

i=1

(∑

j≥1

ujφσj(〈β,Xi〉 − µj)−
∑

j∈I
u′jφσ′j(〈β,Xi〉 − µ′j)

)2

+
2

n

n∑

i=1

(∑

j∈I
u′jφσ′j(〈β,Xi〉 − µ′j)−

∑

j∈I
u′jφσ′j(〈β

∗, Xi〉 − µ′j)
)2

.

The first term in the last display can be bounded by 2ε2n, since for the indices

j ∈ I, u′j and µ′j can be chosen such that |uj−u′j| ≤ n−3/2/H and
∥∥µj − µ′j

∥∥ ≤
n−(3/2+1/b2) (see Section 4.1.2 of [Naulet and Rousseau, 2017]). With abuse of

notation we denote the vector of the first Kn coordinates of the functions β

and β∗ in the series representaion by β and β∗. The second term in the display

above is bounded by

2

n

n∑

i=1

(∑

j∈I

u′j
σ2
j

〈β − β∗, Xi〉
)2

≤ 2

n

n∑

i=1

(∑

j∈I
n1+2/b2〈β − β∗, Xi〉

)2

≤ 2n2+4/b22(β − β∗)T
(

1

n

n∑

i=1

X i,KnX
T

i,Kn

)
(β − β∗)

where X i,Kn = (Xi1, . . . , XiKn) is the vector of the first Kn coefficients in

the Karhuen-Loéve expansion Xi =
∑

j Xijϕj, since β and β∗ live in a Kn-

dimensional space. The quantity in the last display can be bounded using

Cauchy-Schwarz inequality by

2n2+4/b22‖β − β∗‖2 tr

(
1

n

n∑

i=1

X i,KnX
T

i,Kn

)
≤ 2n2+4/b22ε2β,n

1

n

n∑

i=1

Kn∑

j=1

X2
ij.

By Markov inequality, we can bound the probability of the sum involving the

covariates being larger that a small quantity Ln � nH1 with H1 > 0 constant:

P

(
1

n

n∑

i=1

Kn∑

j=1

X2
ij > Ln

)
≤ 1

nLn

n∑

i=1

Kn∑

j=1

E[X2
ij] =

1

Ln

Kn∑

j=1

j−2η n→ 0

102



which vanishes to zero for H1 > 0. Therefore with high probability and for

appropriate choice of H1, we can bound the empirical distance

dn(m1,m2)2 ≤ 2n2+4/b22 ε2nLn ≤ ε2n

Lemma 16. The prior mass vanishes exponentially fast outside the sieve:

Π(F cn) . e−c2nε
2
n

Proof. Denoting by Fβ,n and Ff,n the sieves for the functions β and f respec-

tively, we have that the prior mass outside the sieve Fn for g is exponentially

small:

Π(F cn) ≤ Π(F cf,n) + Π(F cβ,n) . e−c2nε
2
n

where the first term is bounded as in [Naulet and Rousseau, 2017] and the

second term can be bounded as in the functional linear regression model (see

4.2.2).

Lemma 17. The complexity of the sieve can be controlled as follows

logN(ξεn,Fn, dn) . nε2n

Proof.

logN(ξεn,Fn, dn) ≤ logNf (n) + logNβ(n) . nε2n

since logNβ(n) ≤ nε2n and logNf (n) ≤ nε2n are the logarithms of the covering

numbers of the sieves Fβ,n and Fβ,n respectively.

It follows that the prior on g induced by hybrid location-scale mixture of

normals prior for the link function f and by the sieve prior presented in 4.2.2

for the index function β satisfy the conditions of Theorem 6.
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Chapter 5

Discussion

This Chapter concludes the dissertation by summarizing the results presented

and describing possible extensions which have been left for future work.

5.1 Summary

The contributions that this manuscript brings to the Bayesian Nonparamet-

rics’ literature are twofold. From the statistical modelling perspective, Chap-

ters 2 and 3 present two nonparametric models for discrete random structures,

extending the number of applications Bayesian nonparametric methods can

be used for. The first model consists in a class of non-exchangeable random

partitions which captures the so called microclustering property, allowing the

growth of clusters’ sizes to be tuned with a parameter of the model. The

second model is a non-exchangeable feature allocation model which satisfies a

similar property, capturing sublinear trends for the features’ sizes. Both mod-

els retains the good asymptotic properties of the exchangeable counterparts

such as the power-law property, and manage to outperform them on real-world

datasets.

From the statistical theory perspective, this thesis presents new asymptotic

results for posterior distributions in Functional Data Analysis. In particular,

posterior contraction rates are derived for Functional Linear Regression and

Functional Single-Index Models for well-know priors used in Bayesian Non-
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parametrics.

5.2 Future directions

Some questions regarding the topics presented are still unanswered. In the

following we highlight some future directions that could be interesting to in-

vestingate.

5.2.1 Efficient inference scheme for Microclustering

Despite the non-exchangeable random partition models presented in Chap-

ter 2 is attractive because of the flexibility it provides, the proposed in-

ference scheme results to be computationally expensive. As described in

[Di Benedetto et al., 2017], in order for the model to estimate the unobserved

cluster labels, it has to infer the points (τi, θi)i of a latent point process. Based

on the results obtained in the paper, we have studied a similar model where

the arrival times (τi)i are set deterministically to their asymptotic values. We

prove the microclustering property for this model, however the alternative in-

ference scheme which is derived for the new model does not seem to benefit

from the removal of the sequence of arrival times in the estimation procedure.

Details are provided in the Appendix B.

5.2.2 Network modelling

As shown in Section 5 of Chapter 2, the proposed non-exchangeable random

partition model can be used to model sparse multigraphs with power-law de-

gree distribution and sublinear growth rate for degree sequences. The ideas

and a similar point process construction presented in Chapters 2 and 3 could

be adapted to network modeling, in particular to design a generative model

for sparse networks with dense communities. Let us recall that a network

is said to be sparse if the number of edges grows subquadratically with the

number of nodes, namely n(e) = o (n2), where n(e) is the number of edges in a

graph of n nodes; otherwise it is said to be dense. Communities are subgraphs
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whose nodes share similar characteristics. Several work have focused on mod-

eling networks with community structures, such as the stochastic block-model

([Holland et al., 1983]). In some applications it is reasonable to assume that

such subgraphs contain many connections between their members, implying

that communities are dense. At the same time, most of the networks observed

are also sparse. These two assumptions lead to a necessary condition of sub-

linearity of the number of nodes of a community j, denoted by mn,j, with

respect to the overall number of nodes n in the network. To prove this, let us

assume by contradition that mn,j � n. The above assumptions can be written

as n
(e)
j � m2

n,j (dense communities) and n(e) = o (n2) (sparse graph). It follows

that n(e) = o
(
n2
j

)
; since n

(e)
j ≤ n(e) we have n

(e)
j = o

(
m2
n,j

)
which contradicts

the assumption of dense communities. Therefore in the case each node be-

longs to only one community, the non-exchangeable random partition model

presented in Chapter 2 might be adapted to design a solution that satisfies

the asymptotic requirements mentioned above.

5.2.3 Non-exchangeable trait allocation models

The non-exchangeable model presented in [Di Benedetto et al., 2017], being a

feature allocation model, assumes that each observation i shows a collection

of features or equivalently belongs to a latent subgroup. This is encoded

by a binary sequence Zi = (zij)j for each i = 1, . . . , n. However, for some

applications it is desirable to describe observations showing different levels of

belonging to each subgroup. In this case Zi can be modelled as a random

sequence of integers. This models are referred to as trait allocations, and

we refer to [Campbell et al., 2018] for more details and for a representation

Theorem that applies to exchangeable trait allocations (see also [Zhou, 2014]).

In particular, this de Finetti representation result implies that sum of all the

levels of belongings to a particular subgroup (trait) grows linearly with the

size of the data.

The model presented in Chapter 3 can be generalised to a non-exchangeable

trait allocation model. Using the same notation, one could substitute the

Bernoulli distribution for the variables zij in Equation (9) of [Di Benedetto et al., 2017]
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with a Poisson distribution:

zij |ωjθj ∼ Poi (ωj∆i1θj≤Yi).

It is easy to show, following the same proof of the paper, that a sublinear

trend for the traits’ sizes can be captured: conditionally on the CRM defining

the model,

mn,j =
n∑

i=1

zij
n→∞∼ ωjTn = ωjn

1
1+ξ .

The asymptotics for the number of traits remains unchanged, since P(zij >

0 |ωjθj) = 1 − e−ωj∆i1θj≤Yi which is equal to the Bernoulli parameter in the

feature allocation model. Same asymptotics also holds for the number of total

traits mn =
∑n

i=1

∑
j≥1 zij.

5.2.4 Recovery of link and index functions in Func-

tional SIM

While in Chapter 4 we provide we provide posterior contraction rates for FLR

models with respect to the norms of the direct and inverse problems, in F-

SIM the rates are derived only with respect to the empirical loss function.

Therefore it would be interesting to marginalise out the predictor and derive

the posterior contraction rates with respect to the prediction loss. Moreover,

it would be worth studying the also to separately recover the two functional

parameters of the model: the link and the index functions. A second direction

that would be worth considering consists in doing an empirical analysis of

the Bayesian F-SIM with the prior described in Chapter 4, together with

applications on real datasets. A Gibbs sampler that alternates updates for

the two functional parameters could be used for sampling from the posterior.

If a sieve prior is used on the index function, a Reversible Jump Monte Carlo

Markov Chain algorithm can be adopted to make the updates. Analogously, if

the hybrid location-scal mixture of normals is used for the link function, then

a Reversible Jump Monte Carlo Markov Chain ([Green, 1995]) similar to the

one introduced in [Wolpert et al., 2011] might be used for updating the link
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function in the Gibbs step.
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Appendix A

Technical proofs of Chapter 4

Proof of Lemma 8. Let us consider the likelihood ratio tests defined as

φn(β) = 1(Zn(β) > δn(β))

where Zn(g) = `n(g) − `n(g0) and δn(g) = δ0nd
2
n(g, g0), with the empirical

distance defined as d2
n(β, β0) = 1

n

∑n
i=1(g(Xi)−g0(Xi))

2. The aim is to bound

type I and II errors by exp(−cnε2n), conditionally on Xn. The type I error can

be written as

E(n)
0 [φn(g)|Xn] = P(n)

0 (Zn(g) > δn(g)|Xn)

Given Xn, Zn(β) is a Gaussian random variable with mean E(n)
0 [Zn(β)|Xn] =

− 1
2σ2

∑n
i=1(g(Xi)−g0(Xi))

2 and variance Var
(n)
0 [Zn(β)|Xn] = 1

σ2

∑n
i=1(g(Xi)−

g0(Xi))
2, therefore using Gaussian tail inequality we have

E(n)
0 [φn(g)|Xn] ≤ exp

{
− 1

2

(δn(g)− E(n)
0 [Zn(g)|Xn])2

Var
(n)
0 (Zn(g)|Xn)

}

= exp

{
−
(
δ0nd

2
n(g, g0) + n

2σ2d
2
n(g, g0)

)2

2n
σ2d2

n(g, g0)

}
≤ e−cnd

2
n(g0,g)

with the positive constant c = 1
2σ2

(
δ0σ

2 + 1
2

)2
.

Recalling εi = Yi − g(Xi), we have that the type II error can be written as
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follows

E(n)
g [1− φn(β1)|Xn] = P(n)

g (`n(g1)− `n(g0) < δn(g1)|Xn)

= Pg

(
n∑

i=1

εi(g1(Xi)− g0(Xi)) + g(Xi)(g1(Xi)− g0(Xi)) +
g0(Xi)

2

2
− g1(Xi)

2

2
< δn(β1)

)

= Pg

(
n∑

i=1

εi(g1(Xi)− g0(Xi)) +
n

2
d2
n(g0, g1) +

n∑

i=1

(g0(Xi)− g1(Xi))(g1(Xi)− g0(Xi))

︸ ︷︷ ︸
∆n

< δn(β1)

)

= Pg

(
−

n∑

i=1

εi(g1(Xi)− g0(Xi)) >
n

2
d2
n(β0, β1)− δn(β1) + ∆n

)

Since |∆n| ≤ (
∑n

i=1(g(Xi)− g1(Xi))
2)

1/2
(
∑n

i=1(g1(Xi)− g0(Xi))
2)

1/2 ≤ ndn(g0, g1)2

it follows that

E(n)
g [1− φn(β1)|Xn] ≤ e−cndn(g0,g)2

.

Proof of Lemma 10. The proof of the first statement about the sieve prior

mass is analogous to the proof of Lemma 3 in [Arbel et al., 2013]. Regarding

the complexity of the sieve, Fn is a ball of radius nH in Rjn , hence if rn = ξεn

is the radius of the covering balls, its entropy number logNn can be bounded

as follows

logN(rn,Fn, ‖ · ‖) ≤ jn log

(
nH
√
jn

2rn

)
≤ jn log

(
nHj

1
2

+2η
n

)

≤
(
H +

1
2

+ 2η

2(α1 + η) + 1

)
jn log n . nε2n

where jn � nε2n
logn

.

Proof of Lemma 14. From Lemma 8, in the linear case, the unconditional type

I error of the likelihood ratio tests can be bounded by taking the expectation

with respect to Xn. Therefore we have

E(n)
0 [φn(β)] ≤ E

[
n∏

i=1

exp
{
−c2〈Xi, β0−β〉2

}]
=

(
E
[

exp
{
−c2〈X, β0−β〉2

}])n
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By the fourth moment assumption, described in Section 4.2.1, we have that

for t > 0 small enough E[〈X, β−β0〉4] ≤ c1E[〈X, β−β0〉2] when ‖β − β0‖2 < t,

therefore using the inequality 1− x ≤ e−x ≤ 1− x+ x2/2 valid for x > 0, we

have that

E
[
e−c〈X,β−β0〉2

]
= E

[
e−c〈X,β−β0〉2

]
1‖β−β0‖<t + E

[
e−c〈X,β−β0〉2

]
1‖β−β0‖≥t)

The first term can be bounded as follows:

E
[
e−c〈X,β−β0〉2

]
1‖β−β0‖<t ≤ E

[
1−

(
c− c1c

2

2

)
〈X, β − β0〉2

]
1‖β−β0‖<t

≤ (1− c̃ ‖β − β0‖2
Γ)1‖β−β0‖<t

≤ e−c̃‖β−β0‖2Γ1‖β−β0‖<t

In order to bound the second term let us take a constant s ∈ (0, t] and denote

δ := s β−β0

‖β−β0‖ , then we can write

E
[
e−c〈X,β−β0〉2

]
= E

[
e−

c2‖β−β0‖2
s2

〈X,δ〉2
]
≤ 1− c2 ‖β − β0‖2

s2

(
1− c2 ‖β − β0‖2

s2
c1

)
E〈X, δ〉2

≤ e
− c

2‖β−β0‖2
s2

(
1− c

2‖β−β0‖2
s2

c1

)
s2

‖β−β0‖2
E〈X,β−β0〉2

Let us further split the space and first consider β ∈ H such that ‖β − β0‖2 ≥ s2

c1c2

E
[
e−c〈X,β−β0〉2

]
= E

[
e−

c‖β−β0‖2
s2

〈X,δ〉2
]
≤ E

[
e
− 1
c1
〈X,δ〉2

]

≤ e−c̃E〈X,δ〉
2 ≤ e

−c̃t2 ‖β−β0‖2Γ
‖β−β0‖2 ≤ e−c̃t

2

where in the second inequality follows analogously from the previous calcula-

tion. For the case ‖β − β0‖2 < s2

c1c2
we have

E
[
e−c〈X,β−β0〉2

]
≤ e−c

2‖β−β0‖2Γ
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Therefore we have that the type I error is exponentially decreasing

E(n)
0 [φn(β)] ≤ e−c5nε

2
n .

About the type II error, in the linear case, following the proof of Lemma 14,

|∆n| can be bounded by ‖β − β1‖ ‖β1 − β0‖
∑n

i=1 ‖Xi‖2
2 and

∑n
i=1

‖Xi‖2
n
≤ 2,

hence |∆n| ≤ ξ n ‖β1 − β0‖2
Γ is implied by ‖β − β1‖ ≤ ξ

‖β1−β0‖2Γ
2‖β1−β0‖ , which is true

if

‖β − β1‖ ≤
ξ

λ−1
jn

+ c12

ε2n

≤ ξεn

since ‖β1 − β0‖Γ > εn and ‖β1 − β0‖2 =
∑jn

j=1(β1j − β0j)
2 +

∑∞
j=jn+1 β

2
0j ≤

λ−1
jn
‖β1 − β0‖2

Γ +bjn with bjn decreasing to zero. Therefore, applying Gaussian

tail inequality we get

E(n)
β (1−φn(β1)|Xn) ≤ exp

{
−
(
ξnd2

λ(β0, β1) + n
4
d2
n(β0, β1)

)2

2nd2
n(β0, β1)

}
≤ exp

{
− 1

32
nd2

n(β0, β1)

}

In order to maginalize out Xn we can use the same technique used to bound

the type I error, obtaining

sup
β:‖β−β1‖Γ<ξεn

E(n)
β [1− φn(β1)] ≤ e−c5nε

2
n .

Proof of lemma 13. The prior mass of F cn can be bounded from below as fol-

lows:

P

(
jn∑

j=1

j−2γ−1Z2
j > v2

n

)
≤ e−sv

2
n

jn∏

j=1

Ees j−2γ−1Z2
j ≤ e−sv

2
n+ s

1−2s
j2γn ≤ e−v

2
n/8 ≤ e−nε

2
n/8

by Markov inequality setting s = 1
8

and for vn > jγn.

P

(∑

j>jn

j−2γ−1Z2
j > Mξ2

n

)
≤ e−sMξ2

n

∏

j>jn

(1− 2sj−2γ−1)−1/2

taking the log on both sides and using the inequality log x ≥ −x
1−x , we have the
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upper bound

−sMξ2
n +

∑

j>jn

sj−2γ−1

1− 2sj−2γ−1
≤ −sMξ2

n +
2γ + 1

2γ

sj−2γ
n

1− 2sj−2γ−1
n

≤ cnε2n

by taking s = j1+2γ
n

4
and j2γ

n ≥ 22γ+1
γM

ξ2
n.

The complexity of the sieve is measured with the number of covering balls

of radius rn = ξεn. By assumption on ξn and vn, it is sufficient to cover

a jn-dimensional ball, since for every two points β, β′ ∈ Fn we have that

‖β − β′‖2 =
∑jn

j=1(βj − β′j)2 + 2Mξ2
n ≤ c3v

2
n for c3 > 0 constant. Therefore we

can cover the ball of radius c3vn using balls of radii rn. Hence the logarithm

of the covering number can be bounded as follows

logN(rn,Fn, ‖·‖) ≤ jn log

(
vn
√
jn

2rn

)
. nε2n
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Appendix B

Details about extension of the

random partition model for

microclustering

Deterministic arrival times model

Given the asymptotic results of the random partition model defined in the pa-

per [Di Benedetto et al., 2017], we ask whether the random partition model

still satisfies the microclustering property when the arrival times are defined

deterministically following Theorem 4 in [Di Benedetto et al., 2017], where

the asymptotic arrival time τ(n) of the n-th observation is derived. Keeping

the same notation of the paper, let us denote α(t) =
∫ t

0
α(s)ds and the de-

terministic arrival time of the n-th element as f(n) := α
−1

(n), up to a slowly

varying factor. Starting from the point process construction described in the

paper, we can remove the random arrival times, and sample the clusters’ lo-

cations (θ(k))k as follows

W ∼ CRM(α, ρ)

θ(k) |W ind∼ W (dθ)

W (f(k))
1(θ(k)<f(k)), k ∈ N (B.1)

It can be proved that this model satisfies the microclustering property as

shown in the Proposition below.
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Proposition 18. The random partition model given by (B.1) satisfies the

microclustering property, in particular as n→∞ conditionally on W

mn,j ∼a.s. W (θ∗j ) f(n)

Proof. Let us denote the number of observations with cluster location param-

eter ϑj by Xn,j =
∑n

k=1 1(θ(k) = ϑj), where ϑj is an atom of W . Conditionally

on W , the indicator random variables Yk := 1(θ(k) = ϑj) are independent

Bernoulli distributed random variables with parameters
ωj

W (f(k))
. The objec-

tive is to prove
Xn,j
f(n)
→ C ∈ (0,∞) as n → ∞ a.s. conditionally on W . The

Kolmogorov SLLN can be used, with scaling sequence f(n) and partial sum

Xn,j. The condition to prove is the summability of the variances:

∑

k≥1

Var

(
Yk
f(k)

)
= ωj

∑

k≥1

(
W (f(k))− ωj
W (f(k))2

1

f(k)2

)
.

By assumption and from the results in the paper, we have that f ∈ RV 1
ξ+1

and

W (t) ∈ RVξ, since W (t)
α(t)
→ κ(1, 0) a.s. as t→∞. It follows that the addends

in the infinite sum are evaluations of a regularly varying function with index

− ξ+2
ξ+1

< −1, therefore the infinite sum is convergent. In fact, for any function

h ∈ RVa with a < −1, we can observe that the function hε(k) := ka+ε with

ε > 0 and a+ ε < −1 is such that hε(k) ≥ h(k) for k large and its infinite sum

converges. The Kolmogorov SLLN gives

Xn,j − E[Xn,j]

f(n)
→ 0 a.s.

We now need to prove that
E[Xn,j ]

f(n)
→ c ∈ (0,∞). We can prove that using

Stolz-Cesàro theorem. Let us use the notation g := W ◦ f ,

1

f(n)

n∑

k=1

1

g(k)
=

∑n
k=1 akbk∑n
k=1 bk

(B.2)

with ak = 1
g(k)(f(k)−f(k−1))

and bk = f(k) − f(k − 1). Then, if limk ak = c

and
∑n

k=1 bk is strictly increasing, it follows that the ratio in (B.2) converges
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to c. Now, denoting by `f and `f the slowly varying parts of the f and g

respectively, we have

lim
k
g(k)(f(k)− f(k − 1)) = lim

k
`g(k)k

ξ
ξ+1

(
`f (k)k

1
ξ+1 − `f (k − 1)(k − 1)

1
ξ+1

)

and considering the case α(t) = tξ, the previous limit converges to a non-zero

constant

lim
k
k

ξ
ξ+1

(
k−

ξ
ξ+1

ξ + 1
+ o

(
k−

ξ
ξ+1

))
=

1

ξ + 1

from which the result follows.

Inference

An alternative way to sample from the model would consist in a two step

procedure. Let us define the random variables uj = W ([f(j − 1), f(j)]) and

for each n ∈ N, let us introduce n random variables π
(n)
1 , . . . , π

(n)
n summing up

to 1, defined as π
(n)
i = ui∑n

k=1 uk
. Given the variables u1:n, we can sample the

interval, among {[f(j − 1), f(j)]}j=1,...,n, that each θi belongs to. Let us index

the interval sampled for the i-th observation by zi. In particular we have that

z1 = 1 a.s.,

z2 =





1 wp π
(2)
1 = u1

u1+u2

2 wp π
(2)
2 = u2

u1+u2

and in general zk = j with probability π
(k)
j =

uj∑
m≤k um

for k ∈ {1, . . . , n} and

j ∈ {1, . . . , k}. Henceforth we omit the superscript of the variables πi’s. We

can write

p(z1:n |u1:n) = us1−1
1

n∏

j=2

u
sj
j

n−1∏

j=2

(
j∑

`=1

u`

)−1

where sj =
∑n

`=1 1(z` = j) is the number of points falling in the j-th segment.

In what follows we will marginalize out the variables u1:n in the case the CRM

is a Gamma Process.
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Gamma Process case

In the case W ∼ GP(α), then π1:n ∼ Dir(α1:n) with αj := α([f(j − 1), f(j)]).

Therefore we have that

p(π1:n | z1:n) ∝ πα1+s1−2
1

n∏

j=1

π
αj+sj−1
j

n−1∏

j=2

(∑

`≤j
π`

)−1

which is the Generalized Dirichlet distribution defined by [Connor and Mosimann, 1969].

In order to find the parameters of the distributions, let us introduce n inde-

pendent random variables X1:n such that X1 = 1 a.s. and Xi ∼ Beta(ai, bi)

for i = 2, . . . , n; define Y1:n as Yj = Xj

∏
k>j(1−Xk). It follows that Y1:n is a

neutral to the left vector since Yi
1−∑k>j Yk

= Xi are independent, and we get

E[Yj] =
aj

aj + bj

∏

k>j

bk
ak + bk

In order to get the joint distribution of Y1:n we can just apply a change of

variable to

p(X2:n = x2:n) ∝
n∏

j=2

x
aj−1
j (1− xj)bj−1

obtaining

p(Y1:n = y1:n) ∝



n−1∏

j=2

y
aj−1
j

(
1−

∑

k>j

yk

)2−(aj+bj)(
1−

∑

k≥j
yk

)bj−1



× yan−1
n (1− yn)bn−1

n−1∏

j=2

(
1−

∑

k<j

yk

)−1

= yb2−1
1

(
n∏

j=2

y
aj−1
j

)
n−1∏

j=2

(∑

k≤j
yk

)bj+1−(aj+bj)
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In the distribution of π1:n | z1:n the parameters are

a
(n)
j = αj + s

(n)
j

b
(n)
j =

∑

k<j

(αk + s
(n)
k )− (j − 2)

for j = 2, . . . , n, therefore

p(zk = j | z1:k−1) = Eπ1:n | z1:n−1 [ p(zn | π1:n) ]

=
a

(k−1)
j

a
(k−1)
j + b

(k−1)
j

∏

`>j

b
(k−1)
`

a
(k−1)
` + b

(k−1)
`

.

After having sampled the segments the θ(n) belongs to, we have

P(θ(n) ∈ dx |θ(1:n−1), zn) =
α(dx)

αj + sj
+

1

αj + sj

∑

k | zk=zn

δθ(k)
(dx)

which means that conditioning on the segment variables, the partition of

points belonging to the same segment is distributed according to the CRP.

Denoting by c1:n the partition of the first n observations, we have

p(ck = j, zk | c1:k−1, z1:k−1) =

(
mj

a
(k)
zk + b

(k)
zk

k∏

`=zk+1

b
(k)
`

a
(k)
` + b

(k)
`

)
δ(j < Kk) (B.3)

+

(
αzk

a
(k)
zk + b

(k)
zk

k∏

`=zk+1

b
(k)
`

a
(k)
` + b

(k)
`

)
δ(j = Kk + 1)

where Kn is the number of clusters in {1, . . . , n} and mj is the number of

observations in the j-th cluster.

Assuming we observe the true partition, we now have a single layer of latent

variables z1:n to infer. The weights of the particles are updated by comput-

ing (B.3) which involves a product with a large number of factors in the

case zk takes a low value. It is therefore worth inverstigating, at least em-

pirically, which values such latent variables takes more often. Let us denote

the CMR’s weight associated to the j-th cluster by ω∗j := W (θ∗j ), and by
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ω∗j =
∑n

k=1 ω
∗
k 1(zk=j) the sum of masses given by the CRM to the cluster lo-

cations falling in the j-th segment. Let us recall f(n) = α
−1

(n) and denote

g(n) = α(f(n)). Therefore we have that conditionally on W , as n→∞

aj(n) ∼ g(j)− g(j − 1) + ω∗j f(n)

bj(n) ∼ g(j − 1) + f(n)
n−1∑

l=1

ω∗l

hence

bj(n)

aj(n) + bj(n)
∼
∑n−1

l=1 ω
∗
l∑n

l=1 ω
∗
l

aj(n)

aj(n) + bj(n)
∼ ω∗j∑n−1

l=1 ω
∗
n

and

p(zn = j | z1:n−1) ∼ ω∗j∑n−1
l=1 ω

∗
n

n∏

i=k+1

∑i−1
l=1 ω

∗
l∑i

l=1 ω
∗
l

=
ω∗j∑n
i=1 ω

∗
i

The conditional probability p(zn = j | z1:n−1) scales as the mass proportion

of the j-th segment. As shown in B.1, the variables zi’s are more likely to

take smaller values, making the computation of the probabilities in (B.3) very

expensive.

0 250 500 750 1000

-10

-9

-8
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-5

-4 log p(z_1000 | z_1:999)

Figure B.1: Mean of the conditional log probabilities of z1000 using 30 samples
with ξ = 1.
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(2004). Bayesian estimation in single-index models. Statistica Sinica, pages

1147–1164.

[Arbel et al., 2013] Arbel, J., Gayraud, G., and Rousseau, J. (2013). Bayesian

optimal adaptive estimation using a sieve prior. Scandinavian journal of

statistics, 40(3):549–570.

[Archambeau et al., 2014] Archambeau, C., Lakshminarayanan, B., and

Bouchard, G. (2014). Latent ibp compound dirichlet allocation. IEEE

transactions on pattern analysis and machine intelligence, 37(2):321–333.

[Benedetto et al., 2020] Benedetto, G. D., Caron, F., and Teh, Y. W. (2020).

Non-exchangeable feature allocation models with sublinear growth of the

feature sizes.

[Bernardo et al., 2003] Bernardo, J., Bayarri, M., Berger, J., Dawid, A., Heck-

erman, D., Smith, A., and West, M. (2003). Bayesian factor regression

models in the “large p, small n” paradigm. Bayesian statistics, 7:733–742.

121



[Blackwell et al., 1973] Blackwell, D., MacQueen, J. B., et al. (1973). Fergu-
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